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ON THE STABILITY OF THE GENERALIZED QUADRATIC SET-VALUED
FUNCTIONAL EQUATION

HAHNG-YUN CHUT AND SEUNG KI YOO*

ABSTRACT. In this article, we focus on the n-dimensional quadratic set-valued functional equation
n n n . . n . .

(4- ")f(z1=1 ;) D Zi:l f(ijl 0(i,j)xj) = 421.:1 f(x;), where n > 2 is an integer. We prove

the Hyers-Ulam stability for the set-valued functional equation.

1. INTRODUCTION

The stability problem of functional equation concerning group homomorphisms had been first raised
by S. M. Ulam [18] in 1940.
Let (G, %) be a group and let (G, 9, d) be a metric group with the metric d(-,-). Givene > 0, does there
exists a § > 0 such that if a mapping h : G1 — Ga satisfies the inequality d(h(z * y), h(x) o h(y)) < §
for all z,y € Gy, then there is a homomorphism H : G1 — Go with d(h(z), H(z)) < € for allz € G1?
The first partial solution to Ulam’s question was provided by D. H. Hyers [8] for Banach spaces.
Hyers’ theorem was generalized by T. Aoki [1] for additive mapping. Th. M. Rassias [15] generalized
the result of Hyers as follows:
Let f : X = Y be a mapping between Banach spaces and let 0 < p < 1 be fived. If f satisfies the

inequality

1f (2 +y) = (@) = F)ll <Ol + [[yl]*) (1.1)

for some 8 > 0 and for all z,y € X, then there exists a unique additive mapping A : X — Y such that
|A(z) — f(z)|| < 525 ||2||P for all 2 € X. If f(tx) is continuous in t for each fived x € X, then A is

2-2p

linear.
Thereafter, P. Gavruta [7] provided a generalization of Th. M. Rassias’ theorem, more precisely
speaking, in which he replaced the bound e(]|z||?+||y||?) in (1.1) by control functions ¢(z,y) with more

general types for the existence of a unique linear mapping. The functional equation f(z+y)+ f(z—y) =

x Corresponding author

t The first author’s research has been performed as a subproject of project Research for Applications of Mathematical
Principles (No C21501) and supported by the National Institute of Mathematics Sciences(NIMS).

* The corresponding author was supported by Basic Science Research Program through the National Research Foundation
of Korea(NRF) funded by the Ministry of Education, Science and Technology (NRF-2012R1A1A2009512).

2010 Mathematics Subject Classification. Primary 39B82; 47THO04; 47H10; 54C60

Key words and Phrases. Hyers-Ulam stability, generalized quadratic set-valued functional equation.
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2f(z)+2f(y) is called the quadratic functional equation and every solution of the quadratic functional
equation is called a quadratic function.

The Hyers-Ulam stsbility of quadratic functional equation was proved by F. Skof [17] for a function
f : Ey = E, where E) is a normed space and Fs is a Banach space. P. W. Cholewa [3] considered
Skof’s theorem to a version of abelian groups. Skof’s result was generalized by S. Czerwik [6] who
proved the generalized Hyers-Ulam stability of quadratic functional equation in the spirit of Rassias
approach. Kang and Chu [10] extended the quadratic functional equation to the generalized form

(4=n)f(O0imy wa) + 20 f(O)=, 0, 5)xy) = 4370, f(x;) where n > 2 is an integer and the function

0 is defined by
1ifi#£y
0(i,j) = { L
—1lifi=y
and also investigated the Hyers-Ulam stability for the generalized quadratic functional equation. In
[12], Lu and Park defined the additive set-valued functional equations f(azx + By) = rf(x) + sf(y)
and f(x +y+2) = 2f( %) + f(2) and proved the Hyers-Ulam stability of the set-valued functional
equations. In [14], Park et al. investigated stability problems of the Jensen additive, quadratic, cubic
and quartic set-valued functional equation. Kenary et al. [11] proved the stability for various types
of the set-valued functional equation using the fixed point alternative. In recent years, Chu and Yoo
[5] studied the Hyers-Ulam stability of the n-dimensional additive set-valued functional equation. In
[4], they also investigated the Hyers-Ulam stability of the n-dimensional cubic set-valued functional
equation.

Let CB(Y) be the set of all closed bounded subsets of Y and CC(Y) the set of all closed convex
subsets of Y. Let CBC(Y) be the set of all closed bounded convex subsets of Y. For any elements
A, B of CC(Y), we denote A@® B = A+ B. If A is convex, then we obtain that (o + )4 = a4 + A
for all a, 3 € RT. Let f: X — CBC(Y) be a mapping. The quadratic set-valued functional equation
is defined by f(z +y) ® f(z —y) = 2f(z) ® 2f(y) for all z,y € X. Every solution of the quadratic
set-valued functional equation is said to be a quadratic set-valued mapping.

In this paper, we introduce the generalized n-dimensional quadratic set-valued functional equation

(4- Z @ZfZHzgz] —4Zfa:z (1.2)

i=1
where n > 2 is an integer and the function € is defined by
1ifi#j
0(i, ) = .
—1lifi=j
and investigate the Hyers-Ulam stability of the functional equation.
In the set-valued dynamics, every solution of the generalized n-dimensional quadratic set-valued

functional equation is called a n-dimensional quadratic set-valued mapping.
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For a subset A C Y, the distance function d(-, A) is defined by d(z, A) :=inf{|| z —y ||: y € A} for
x €Y. For A, B € CB(Y), the Hausdorff distance h(A, B) is defined by

h(A,B):=infla >0l AC B+ aBy,BC A+ aBy},

where By is the closed unit ball in Y. In [2], it was proved that (CBC(Y),®,h) is a complete metric
semigroup. Radstrom [16] proved that (CBC(Y),®, h) is isometrically embedded in a Banach space.

The following remark is easily proved by using the notion of the Hausdorff distance.

Remark 1.1. Let A, A’, B,B’,C € CBC(Y) and a > 0. Then we have that
(1) (A9 A", B B') < hA,B)+ WA, B);
(2) h(aA,aB) = ah(A, B);
(3) h(A,B)=h(AaC,Ba ().

This paper is organized as follows. In section 2, we prove that the generalized n-dimensional set-
valued mapping is actually general type of the quadratic set-valued mapping. We also investigate
Hyers-Ulam stability for the generalized n-dimensional set-valued funational equation.

As applications of the stability, we take to change the control function and obtain the different
approaches to unique generalized n-dimensional functional equation. In section 3, we also get the
Hyers-Ulam staility for the generalized n-dimensional set-valued functional equation by using the fixed

point method which is developed by Margolis and Diaz.

2. STABILITY OF THE SET-VALUED FUNCTIONAL EQUATION

In this section, we mainly deal with the Hyers-Ulam stability for the generalized n-dimensional
quadratic set-valued functional equation. We first study for properties of the n-dimensional quadratic
set-valued mapping. Next we prove the Hyers-Ulam stabilities for the generalized n-dimensional qua-
dratic set-valued equation. Especially when n is an even numbers, we find the precise control function
depending upon the original function and n-dimensional quadratic set-valued mapping. Similarly we
also obtain the precise control function in the odd case for the generalized n-dimensional quadratic

set-valued functional equation.
Proposition 2.1. Suppose that a mapping f : X — CBC(Y) defined by
A=n)fQ ) @Y S0 J)x) =4 f(x:) (2.1)
i=1 =1 j=1 i=1

forall z1,... ,z, € X. Then f has the following properties:

(1) f(0) = {0}
(2) f(z)=f(—x) foralze X
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(3) f is a quadratic set-valued mapping.

Proof. (1) Putting ; =0 (¢ =1,... ,n) in (2.1), we have f(0) = {0}.

(2) Puttingzy =z and 2; =0 (i = 2,... ,n)in (2.1), we get (4—n)f(x)® f(—2)B(n—1)f(z) = 4f(x).
Thus f(z) = f(—=z) for all x € X.

(3) Replacing 1 =z, 2o =yand z; =0 (¢ = 3,... ,n), we have (4—n)f(z+y) D f(—2+y) B f(z—y)D

(n—2)f(z+y) =4f(x)®4f(y)®(n—2)f(0). So we conclude that f(z+y)® f(z—y) = 2f(z) D2 (y).
This completes the proof. O

Next, we prove the stability of the generalized n-dimensional quadratic set-valued functional equa-
tion. To extended precisely to the stability theory for the set-valued functional equation, we state the

stability according to dimensions of the equation.

Theorem 2.2. Let n > 2 be an integer and let ¢ : X™ — [0,00) be a function such that
o(x1,... ,x, Z4l¢ ey, 20,) < oo (2.2)
for all zq,... ,xz, € X. Suppose that f : X — (CBC(Y),h) is a mapping with f(0) = {0} and

( Za: EBZfZGzyxj 4fol><¢x1,...,xn) (2.3)

for all x1,... ,x, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :

— (CBC(Y),h) such that

1 -
forallz e X.
Proof. Putting ©1 = 29 = and 23 = --- = ,, = 0 in (2.3), we have
1
w22 @) < Sow2,0,....,0) (2.
for all z € X. Replacing = by 2z and dividing by 4 in (2.5)
f(4x) 1
2 < —o(2x,2 2.
wS o) < 60,220, 0 (2.6
for all z € X. By (2.5) and (2.6), we get
1 1
for all x € X. Using the induction on ¢, we have that
r—1
2" 1 1 . )
w8 gy < 13 Loz, 0) 28)
i=0

for any positive integer r and for all z € X.
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Now, we show that the sequence {f 2 } converges for all x € X. For any positive integer r and s,

we divide inequality (2.8) by 4° and replace x by 2°xz. Then we obtain that the following inequality

Frtsz) f(25z),  11%a1 e
h <f7§:f G(2Fz, 2%, 0,... .0 2.9
(= T ) S Esla “ s 0) (29)

for all x € X. Since the right-hand side of the inequality (2.9) tends to zero as s tends to infinity,
f(2

(CBC(Y), h). Therefore, we can define a mapping

the sequence {5

T:X — (CBC(Y ) h) as T(z) := lim, 00 f(i,fc) for all z € X. It follows from the definition of 7" and
(2.2) that

h((4 )T ) @ S TS 06, j)zy), 4ZT(:EZ-)) < lim %m%h L 2z) =0 (2.10)
=1 =1 j=1 =1

for all 1,...,x, € X. Hence, we claim that T is an n-dimensional quadratic set-valued mapping.

By letting 7 — oo in (2.8), we have the desired inequality (2.4). Now we prove the uniqueness of T'.
Let T" : X — (CBC(Y), h) be another n-dimensional quadratic set-valued mapping satisfying (2.4).

Therefore, we get the following inequality

MT(x), T'(z)) = %h(T(er),T’(ZTz)) < quﬁ( "x,2"2,0,...,0)

for all x € X. Hence, letting r — oo, the right-hand side of above inequality goes to zero, and it

follows that T'(x) = T"(x) for all x € X. O

Corollary 2.3. Let n > 2 be an integer, 0 < p < 2 and 6 > 0 be real numbers and let X be a real

normed space. Suppose that f: X — (CBC(Y),h) is a mapping satisfying

h((4—n)f(2$i)®2f ZG i,5)x;), 4Zf X ) gQZHxiHI’
i=1 i=1 =1 i=1

for all x1,... ,x, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :

— (CBC(Y), h) that satisfies

h(f(2), T(2)) < o5, l=l”

forallx € X.

Proof. The result follows Theorem 2.2 by setting ¢(x1,...,2z,) = 0> ||a;||P for all z1,... ,z, €
X. ]

Theorem 2.4. Let n > 2 be an integer and let ¢ : X™ — [0,00) be a function such that

A1, @) ;:24%(%,... ,‘%‘)@o (2.11)
=1
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for all zy,... ,x, € X. Suppose that f : X — (CBC(Y),h) is a mapping and

h((4 ) oS 06, ) 4y f(xi)> < (@1, ) (2.12)
i=1 i=1  j=1 i=1
for all x1,... ,x, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :

X — (CBC(Y), h) such that

h(f(2),T(x)) < <é(z,2,0,...,0) (2.13)
forallz € X.
Proof. By (2.11) and (2.12), we get f(0) = {0}. Replacing 2 by § and multiplying by 4 in (2.5), we

have the following inequality

T 1 zx
=) < -oé(=,=,0,...
B @),41(5)) < 505,50, ,0)
for all x € X. The rest of the proof is similar to the proof of Theorem 2.3. O

Corollary 2.5. Let n > 2 be an integer, p > 2 and 6 > 0 be real numbers and let X be a real normed

space. Suppose that f: X — (CBC(Y),h) is a mapping satisfying

h(@=mf(w) @ Y FOS 0y, 43 J@) <03 [l

for all x1,... ,x, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :

X — (CBC(Y),h) that satisfies

4 p
WS (2), T(2)) < 55l

forallz € X.

Proof. The result follows Theorem 2.4 by setting ¢(z1,...,2,) = 0> ., ||lz;||P for all z1,...,z, €
X. ]

Let n be an even positive integer. In this case, we can obtain the control function for the Hausdorff

distence between the original mapping and n-dimensional quadratic set-valued mapping.

Theorem 2.6. Let n > 2 be even and let ¢ : X" — [0,00) be a function such that

- > 1 . )

d(x1,... @) = Z; 0@ 2) < oo (2.14)
forall xy,... 2, € X. Suppose that f : X — (CBC(Y'),h) is an even mapping with f(0) = {0} and

h((4 —wf(Yw) @ Y F(O 06 g)y). 4 f(xi)> < Bz, .. @) (2.15)
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for all x1,... ,x, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :

X — (CBC(Y),h) such that

1 -

h(f(ZC),T(.I')) < E(b(x’ T, T, =T,...,T, —Z‘) (216)
forallz € X.
Proof. Put x, = (—=1)*"'z (k=1,... ,n) in (2.15). Since f is even and the range of f is convex, we
have that

f(2z) 1
< — — —x,... — 2.1

W @) < 40l —o,2, 3, —) (217)

for all x € X. The rest of the proof is similar to proof of Theorem 2.2. |

Corollary 2.7. Let n > 2 be even, 0 < p < 2 and 08 > 0 be real numbers and let X be a real normed

space. Suppose that f: X — (CBC(Y),h) is an even mapping satisfying

(= Qe @Y 506G, 5)ws), 4 F@i) <0 aill”
=1 i=1 j=1 i=1 i=1

for all x1,... 2, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :

X — (CBC(Y), h) that satisfies

9 p
W), T(2)) < 5yl

forallz e X.
Proof. The result follows Theorem 2.6 by setting ¢(z1,...,2,) = 0> ., ||lz;||P for all z1,...,z, €
X. O

Theorem 2.8. Let n > 2 be even and let ¢ : X™ — [0,00) be a function such that

- o~ i Tl Tn
G(x1,. .. xn) ;:Zw(?“,...,ﬁ)@o (2.18)
=0

forall zy,... 2, € X. Suppose that f : X — (CBC(Y'),h) is an even mapping with f(0) = {0} and

n n n n
W(@=mf e ® 3 1O 06,7, 4 fl@) < dlar, .. @) (2.19)
i=1 i=1  j=1 i=1
for all x1,... ,x, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :

X = (CBC(Y),h) such that
h(f(x),T(x)) < %é(m, —T, L, —T,...,T,—T) (2.20)

forallx € X.
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xT

Proof. Replacing by § and multiplying by 4 in (2.17), we have the following inequality

z 1, 2z 22 =z r x
N < —o(=y—=y ==y, ——
M(I@), A1) € ~0(5,=5. 5505 —3)
for all z € X. The rest of the proof is similar to the proof of Theorem 2.3. 0

Corollary 2.9. Letn > 2 be even, p > 2 and 6 > 0 be real numbers and let X be a real normed space.

Suppose that f: X — (CBC(Y),h) is an even mapping satisfying

WA= f(Y e &Y FO 0 d)zy). 4D S@) <6 il

1=
for all x1,... ,x, € X. Then there ezists a unique n-dimensional quadratic set-valued mapping T :

X — (CBC(Y), h) that satisfies

0
M), T@) < s P

forallz € X.

Proof. The result follows Theorem 2.8 by setting ¢(x1,...,2z,) = 0> 1 ||a;||P for all z1,... 2, €
X. ]

As applications for the theorem, we get the Hyers-Ulam stability for the generalized n-dimensional

set-valued functional equation and especially we deal with the odd case for n.

Theorem 2.10. Let n > 2 be odd and let ¢ : X" — [0,00) be a function such that

o(x1,. .. an) = i éd)(i’)ixl, o, 3,) < oo (2.21)
i=0
forall zy,... 2, € X. Suppose that f : X — (CBC(Y'),h) is an even mapping with f(0) = {0} and
n n n n
n(=m e ® Y (306 9)a), 4 1)) < ol 1) (222)
i=1 i=1  j=1 i=1
for all x1,... ,x, € X. Then there emz’si‘s a unique n-dimensional quadratic set-valued mapping T :

X = (CBC(Y),h) such that

2 -

h(f(l'),T(Jf)) < m¢(x7 —L,T, =T,... ,—.ﬁ,.f) (223)
forallx € X.
Proof. Put x, = (—1)*7'z (k=1,...,n) in (2.22). Since f is even and the range of f is convex, we
have that

3 2

h(f(gm) ) f(x)) S m¢($7 — T, Ly, —Ty..., —$,$)

for all x € X. The rest of the proof is similar to proof of Theorem 2.2. O
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Corollary 2.11. Letn > 2 be odd, 0 < p < 2 and 6 > 0 be real numbers and let X be a real normed

space. Suppose that f: X — (CBC(Y),h) is an even mapping satisfying

n

h((@=mfw) @ Y FOS 06 d)zy). 43 T @) <03 [l

j=1
for all x1,... 2, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :
X — (CBC(Y),h) that satisfies

2n6

MA@ T@) S o5

[J]|”

forallz € X.

Proof. The result follows Theorem 2.10 by setting ¢(z1,... ,z,) = 0> 1 ||a;||P for all zq,... 2, €
X. O

Theorem 2.12. Let n > 2 be odd and let ¢ : X" — [0,00) be a function such that

~ > i X Tn
b1, .. ) ::ZQ¢(3iil,...,@)<oo (2.24)
=0

forallxy,... x, € X. Suppose that f : X — (CBC(Y),h) is an even mapping with f(0) = {0} and

h((4f O ey O 66, j)x;), 4Zf<xi)) <Gz, ,2n) (2.25)
i=1 i=1  j=1 i=1
for all x1,... ,x, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :

X — (CBC(Y),h) such that

h(f(x),T(ac)) S 1(5(.%,*1’,1’, —Zy. .. ,7%,1’) (226)
n—
forallx € X.
Proof. Put x, = (—1)*"'z (k=1,...,n) in (2.25). Since f is even and the range of f is convex, we
have that
z 2 r xx =z T T
h = <—(=,—=, =, —=, ..., ——, =
(9f(3)7f(x))—n_1¢(3? 3’37 3’ ) 3’3)
for all x € X. The rest of the proof is similar to proof of Theorem 2.2. O

Corollary 2.13. Letn > 2 be odd, p > 2 and 6 > 0 be real numbers and let X be a real normed space.

Suppose that f: X — (CBC(Y),h) is an even mapping satisfying

n

h(@=mfw) ® Y FOS 06y, 43 F@) <03 [l

j=1
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for all x1,... ,x, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :
X — (CBC(Y),h) that satisfies

2n6

M@, T@) < sy

[J]|”

forallz € X.

Proof. The result follows Theorem 2.12 by setting ¢(z1,... ,z,) = 0> 1 ||a;||P for all zy,... 2, €
X. O

3. STABILITY OF THE SET-VALUED FUNCTIONAL EQUATION BY FIXED POINT METHOD

As using the fixed point method, we get plenty of the results related to the generalized n-dimensional
quadratic set-valued functional equation. We first introduce the generalized metric on the given phase
space and recall fundamental results for the fixed point theory. Let X be aset. A functiond : X x X —

[0,00) is the generalized metric on X if d satisfies the following properties:

(1) d(z,y) =0 if and only if z = y;
(2) d(z,y) =d(y,x) for all z,y € X;
(3) d(z,z) < d(z,y) + d(y, z) for all z,y,z € X.

The following theorem is very useful for proving Hyers-Ulam stability which is due to Margolis and

Diaz [13].

Theorem 3.1. Let (X,d) be a complete generalized metric space and let J : X — X be a strictly
contractive mapping with Lipschitz constant L < 1. Then for each element x € X, either

d(J"z, J" T r) = 0o

for all nonnegative integers n or there exists a positive integer ng such that

(1) d(J"x, J"Tlz) < oo, VYn > ng;

(2) the sequence {J"x} converges to a fized point y* of J;

(3) y* is the unique fized point of J in the set Y = {y € X|d(J™x,y) < oo};
(4) d(y,y*) < 1=gd(y, Jy) for ally €Y.

Using the alternative fixed point theorem, we investigate the stability of the even dimensional

quadratic set-valued functional equation.
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Theorem 3.2. Let n > 2 be even. Suppose that an even mapping f : X — (CBC(Y),h) with
f(0) = {0} satisfies the inequality

h((4 e oS 06, j)y) 4y f(xi)) < (@1 an) (3.1)
i=1 i=1  j=1 i=1
forall xi,... ,x, € X, and there exists a constant L with 0 < L < 1 for which the function ¢ : X" —

[0,00) satisfies
o2z, -2z, 2z, —2x,... 2z, —2z) < AL¢(x,—x,z,—x,... ,@,—) (3.2)

for all z € X. Then there exists a n-dimensional quadratic set-valued mapping T : X — (CBC(Y), h)

: _ f(2*z)
given by T(x) = limg o0 =g such that

1

< mqﬁ(w, —T, L, —T, ... X, —T) (3.3)

h(f(x), T(x))

forallz e X.

Proof. Put x;, = (—=1)*7'2 (k =1,... ,n) in (3.1). Since f is even and the range of f is convex, we
have that
/(20) 1
< — - —Z,. .. - A4
B @) < Lot —a,a, w7 ) (3.4
for all z € X.

Let S:={g|g:X — CBC(Y), g(0) = {0}}. We define a generalized metric on S defined by

d(g1,g2) :=inf{p € (0,00) | h(g1(2), 92(2)) < pp(x, —z,x,—x,... ,z,—x),x € X}.

It is easy to show that (S,d) is complete (see [9]). Now, we define the mapping J : S — S given by
Jg(z) = Lg(2z) for all z € X. For g1, g2 € S, let d(g1,92) = p. Then
1

1 1
h(191(2x)7 192(2/1:)) § ZM¢(2$7 721’, 23’], —2z... a2$3 72%)

for all z € X. Then by (3.2), we have h(Jgi(x), Jg2(2z)) < pLop(x, —z,x,—x,... ,z,—x) for all z € X.
Therefore, we get d(Jg1, Jg2) < Ld(g1, g2) for any g1, g2 € S. Hence J is a strictly contractive mapping
with Lipschitz constant L. It follows from (3.4) that d(Jf, f) < ﬁ. By Theorem 3.1, the sequence
{Jkf} converges to a fixed point T : X — (CBC(Y),h) of J in the set {g € S | d(f,g) < oo} such
that {J¥f} — 0 as k — oo. This implies T(z) = limj_ f(izz) for all z € X. And we also have

d(f,T) < 25d(Jf, f) < m. This means that the inequality (3.3) holds. By (3.1),

n

h((4 )T ) @ S TS 06, j)xy), 4ZT(xi)) < lim 4%¢(m, —z,2,—x,... @, —x) =0
=1 i=1 =1

j=

Therefore, T' is a unique n-dimensional quadratic set-valued mapping as desired. (I
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Corollary 3.3. Let n > 2 be even, 0 < p < 2 and 0 > 0 be real numbers and let n > 2 be even.
Suppose that f: X — (CBC(Y),h) is an even mapping satisfying
p(@=n Qe @ FO 06 )wy), 43 () <0 il
i=1 i=1  j=1 i=1 i=1
for all x1,... ,x, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :

X — (CBC(Y),h) that satisfies

4 p
WS (2), T(2)) < 5yl

forallz e X.
Proof. The proof follows from Theorem 3.2 by setting ¢(z2, ... ,xn) = 0> i, ||z;||P forevery zq, ... ,a, €
X. Then we can choose L = 2P~2 and we get the desired result. O

Theorem 3.4. Let n > 2 be even. Suppose that an even mapping f : X — (CBC(Y),h) with
f(0) = {0} satisfies the inequality

n(@=n 3w e S FO 06, 5)w), 43 fz) < dlan, .. wn) (3.5)
i=1 i=1 =1 i=1
forall xi,... x, € X, and there exists a constant L with 0 < L < 1 for which the function ¢ : X" —

[0,00) satisfies

T Tr X T

T x L
——— =, =, =) < = - -z, ... - .
27 2727 27 727 2)7 4¢(x7 x7x7 x7 71.7 x) (36)

9(

for all x € X. Then there exists a n-dimensional quadratic set-valued mapping T : X — (CBC(Y),h)
given by T(z) = limy—,00 4 f () such that

L

h(f(z), T(x)) < mqﬁ(m, —X, T, —X,...,T,—T) (3.7

forallz € X.

T T X
22" 277

Proof. Replacing z by § and multiplying 4 in (3.4), we have
x
) 2’

L
_E) < 7¢($, —T, T, =T,...,T, _:L')

T 1 =z
h(f(x),4f(§)) < ﬁ¢(§’ 7)< 1

for all x € X. The rest of the proof is similar to proof of Theorem 2.2. O

Corollary 3.5. Let n > 2 be even, p > 2 and 60 > 0 be real numbers and let n > 2 be even. Suppose

that f : X — (CBC(Y),h) is an even mapping satisfying

h(@=mf(w) ® Y FOS 06 d)zy). 43 J@) <03 [l
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for all x1,... ,x, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :
X — (CBC(Y),h) that satisfies
0

A [ PAT2
(7). 7(a) < s ]
forallz e X.
Proof. The proof follows from Theorem 3.9 by setting ¢(z2, ... ,x,) = 0> 1, |lz;||P for every x1,... , 2, €
X. Then we can choose L = 227P and we get the desired result. O

Finally, we deal with the Hyers-Ulam stability for the odd dimensional quadratic set-valued func-

tional equation.

Theorem 3.6. Let n > 2 be odd. Suppose that an even mapping f : X — (CBC(Y),h) with
f(0) = {0} satisfies the inequality

(=) f e ® 3 106G, 1)ws), 4 f(@)) < 6w, . ) (3.8)
i=1 =1 j=1 i=1
forall xi,... ,x, € X, and there exists a constant L with 0 < L < 1 for which the function ¢ : X" —

[0,00) satisfies
¢(3x,—3x,3x,—3x,... ,—3x,3x) < 9Lo(x, —x,x, —x,... ,—T,T) (3.9)

for all x € X. Then there exists a n-dimensional quadratic set-valued mapping T : X — (CBC(Y), h)

: _ f(3*z)
given by T'(x) = limy,_, o —gr— such that

2
h(f(x),T(x)) S m(i)(lﬂ, —X, T, —T,... 7—x,x) (310)
forallz € X.
Proof. Put x;, = (=1)*"1z (k =1,... ,n) in (3.8). Since f is even and the range of f is convex, we
have that
x 2 r xx T T
d < e
hOFG) f@) < —2ra(3, -5 5 -2 2

for all x € X. The rest of the proof is similar to proof of Theorem 2.2.

Corollary 3.7. Letn > 2 be odd, 0 < p < 2 and 8 > 0 be real numbers and let n > 2 be odd. Suppose
that f : X — (CBC(Y),h) is an even mapping satisfying

h(@=mf(w) ® Y FOS 06y, 43 F@) <O [l
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for all x1,... ,x, € X. Then there exists a unique n-dimensional quadratic set-valued mapping T :

X — (CBC(Y),h) that satisfies

20
h T < ||2|?
().7@) € =gyl
forallxz € X.
Proof. The proof follows from Theorem 3.4 by setting ¢(z2, ... ,x,) = 0>, |lz;||P for every 21,... , 2, €
X. Then we can choose L = 37=2 and we get the desired result. ]
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COMMON BEST PROXIMITY POINTS FOR PROXIMALLY COMMUTING
MAPPINGS IN NON-ARCHIMEDEAN PM-SPACES

GEORGE A. ANASTASSIOU, YEOL JE CHO, REZA SAADATI, AND YOUNG-OH YANG*

ABSTRACT. In this paper, we prove new common best proximity point theorems for proximally com-
muting mappings in complete non-Archimedean PM-spaces. Our results generalized the recent results
of S. Basha [Common best proximity points: global minimization of multi-objective functions, J.
Global Optim. 49(2011), 15-21] and C. Mongkolkeha, P. Kumam [Some common best proximity
points for proximity commuting mappings, Optim. Lett. 7 (2013), 1825-1836].

1. Introduction

Best proximity point theorems provide sufficient conditions that ensure the existence of approximate
solutions which are optimal as well. In fact, if there is no solution to the fixed point equation Tx = x
for a non-self mapping T : A — B, then it is desirable to determine an approximate solution x such
that the error Fy 7y (t) is maximum.

A classical best approximation theorem was introduced by Fan [13], that is, if A is a nonempty
compact convex subset of a Hausdorff locally convex topological vector space B and T : A — B is a
continuous mapping, then there exists an element x € A such that d(z,Tz) = d(Txz, A). Afterward,
several authors, including Prolla [22], Reich [23], Sehgal and Singh [32, 33] and others, have derived
some extensions of Fan’s theorem in many directions. Other works of the existence of a best proximity
point for contractions can be seen in [2, 5, 12, 15].

In 2005, Anthony Eldred, Kirk and Veeramani [6] have obtained best proximity point theorems
for relatively nonexpansive mappings. Since then, best proximity point theorems for several types of
contractions have been established in [3, 4, 8, 12, 16, 17, 19, 20, 26, 27, 28, 29, 30, 36, 37, 38, 39, 40].

2. Preliminaries

Throughout this paper, the space of all probability distribution functions (briefly, d.f.’s) is denoted
by At = {F : RU{-o00,+00} — [0,1] : F is left-continuous and non-decreasing on R, F(0) = 0 and
F(4+00) = 1} and the subset DT C AT is the set DT = {F € AT : |7 F(+0c0) = 1}. Here I f(z)
denotes the left limit of the function f at the point z and I~ f(z) = lim,_,,— f(¢). The space AT is
partially ordered by the usual point-wise ordering of functions, i.e., F' < G if and only if F(t) < G(t)
for all ¢t in R. The maximal element for A" in this order is the d.f. given by

eolf) = 0, ift <o,
M 1L it >o.

Definition 2.1. ([31]) A mapping * : [0,1] x [0,1] — [0,1] is a continuous t-norm if * satisfies the
following conditions:
(a) * is commutative and associative;

(b) * is continuous;
(c) a*x1=aforall a€l0,1];

2010 Mathematics Subject Classification. Primary 90C26, 90C30; Secondary 47H09, 47H10.

Key words and phrases. Common best proximity point; common fixed point; proximally commuting mapping; PM-
space; non-Archimedean PM-space.
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(d) axb<cx*dwhenever a < cand ¢ <d, and a,b,¢,d € [0,1].
Two typical examples of continuous t—norm are a * b = ab and a * b = min(a, b).

A t-norm =« is said to be positive ([31]) if a *b > 0 whenever a,b € (0,1]. The notation * < %’ means
that axb < a+"b for all a,b € (0,1).

Definition 2.2. (1) A Probabilistic Metric space (briefly, PM-space) is a triple (X, F, %), where X is
a nonempty set, 7' is a continuous t—norm and F is a mapping from X x X into D% such that, if F, ,
denotes the value of F' at the pair (z,y), the following conditions hold:

(PM1) F, ,(t) =eo(t) for all t > 0 if and only if x = y;

(PM2) Fpy(t) = Fya(t);

(PM3) Fy.(t+s) > Fyy(t) * Fy .(s) for all z,y,2z € X and ¢,s > 0.

(2) If, in the above definition, the triangular inequality (PM3) is replaced by

(PM4) F, .(max{t,s}) > F, ,(t) « F, ,(s) for all z,y,z € X and ¢,s > 0,

then the triple (X, F, *) is called a non-Archimedean PM-space (briefly, NA-PM-space).

It is easy to check that the triangular inequality (PM4) implies (PM3), that is, every NA-PM-space
is itself a PM-space. It is easy to show that (PM4) is equivalent to the following condition:

(PM5) Fy .(t) > Fyy(t) * F, ,(t) for all z,y,2 € X and t > 0.

Example 2.3. Let (X,d) be an ordinary metric space and let 6 be a nondecreasing and continuous
function from (0, 00) into (0,1) such that lim; ., 0(t) = 1. Some examples of these functions are as

follows: i
Ot) = ——, Ot)=1—e"t, O(t)=e '/
() t 1’ () € Y () e

Let a b < ab for each a,b € [0,1]. For each t € (0, 00), define
Fu (1) = [0(1)] 1Y)

for all x,y € X. Then (X, F,*) is a NA-PM-space ([1]).

For more details and examples of these spaces see also [7], [9], [10], [11], [14], [18], [21], [24], [25],
[34], [35], [41] and [42].
Definition 2.4. Let (X, F,T) be a NA-PM-space.

(1) A sequence {x,} in X is said to be convergent to a point z € X if, for any ¢ > 0 and A > 0,
there exists positive integer N such that

Fp, z(e)>1—X

whenever n > N;
(2) A sequence {x,} in X is called a Cauchy sequence if, for any ¢ > 0 and A > 0, there exists

positive integer IV such that
F

Tn+psTn

() >1—A
whenever n > N and p € N;

(3) A PM-space (X, F,*) is said to be complete if every Cauchy sequence in X is convergent to a
point in X.

Definition 2.5. Let (X, F, %) be a PM-space. For each p in X and A > 0, the strong A-neighborhood
of p is the set
Ny(N) ={ge X :F,,(A\)>1-A\}

and the strong neighborhood system for X is the union Upev N,, where

Np = {Np(A) : A > 0}.
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The strong neighborhood system for X determines a Hausdorff topology for X.

Theorem 2.6. ([31]) If (X, F,*) is a PM-space and {p,} and {q,} are sequences such that p, — p
and g, — q as n — 0o, then lim,_,o Fp, 4, (t) = F} 4(t) for all continuity point t of F, 4.

Let A and B be two nonempty subsets of a PM-space and t > 0. The following notions and notations
are used in the sequel.

Fap(t) :=sup{F,,(t):x € Ay € B},
Ag:={x € A: F, ,(t) = Fa p(t) for some y € B},
By:={y € B: F,,(t) = Fap(t) for some z € A}.
Definition 2.7. A mapping T : X — X is said to be a contraction if there exists a constant k € [0,1)
such that
(2.1) Frary(kt) > Fyy(t)
for all z,y € X and t > 0.

Definition 2.8. A mapping T : X — X is said to be a weak contraction if
(22) FTm,Ty(¢(t)) * Fm,y(t) 2 Fm,y(¢(t))

for all z,y € X and ¢t > 0, where ¢ : [0,00) — [0,00) is a continuous and nondecreasing function such
that, for any ¢ > 0, 0 < p(t) < t.

Definition 2.9. A point x € A is said to be a best prozimity point of a mapping S : A — B if it satisfies
the following condition:

Fy50(t)) = Fa,B(t)
for all z,y € X and t > 0.

It can be observed that a best proximity reduces to a fixed point if the underlying mapping is a
self-mapping.

Definition 2.10. Let S: A — B and T : A — B be two mappings. An element z* € A is said to be a
common best proximity point if it satisfies the following condition:

Fx*,Sa:* (t) = Fw*7Tw* (t) = FA,B(t)
for each t > 0.

Observe that a common best proximity point is an element at which the multi-objective functions
T — Fys.(t) and @ — Fpr,(t) attain a common global maximum since Fy g, (t) < Fa p(t) and
Fac,Tm(t) < FA,B(t) for all z and ¢ > 0.

Definition 2.11. A mapping S: A — B and T : A — B is said to be a proximally commuting if they
satisfy the following condition:

[Fu,5:(t) = Fyrz(t) = Fap(t)) = Sv="Tu
for all u,v,z,€ A and t > 0.

It is easy to see that the proximal commutativity of self-mappings become commutativity of the
mappings.

Definition 2.12. Two mappings S : A — B and T : A — B are said to be a prozimally swapped if
they satisfy the following condition:

[Fyu(t)=F,,(t)=Fap(t), Su=Tv] = Sv="Tu
for all u,v,€ A, y € B and t > 0.
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Definition 2.13. A set A is said to be approximatively compact with respect to a set B if every
sequence {z,} in A satisfies the condition that F, . (t) — F, 4(t) for some y € B and for each ¢ > 0
has a convergent subsequence.

Observe that every set is approximatively compact with respect to itself. Also, every compact set
is approximatively compact with respect to any set. Moreover, Ay and By are nonempty set if A is
compact and B is approximatively compact with respect to A.

3. Main result
Now, we give our main results in this paper.

Theorem 3.1. Let A and B be nonempty closed subsets of a complete NA-PM-space (X, F, *) in which
the t—norm * is positive and * < min such that A is approximatively compact with respect to B. Also,
assume that Ag and By are nonempty. Let S: A — B, T : A — B be the non-self mappings satisfying
the following conditions:

(a) for each x and y are elements in A and t > 0,

FSz,Sy((b(t)) * FTa;7Ty(t) > FTz,Ty((b(t))v

where ¢ : [0,00) — [0,00) is a continuous and nondecreasing function such that, for any t > 0,
0<(t)<t;

(b) T is continuous;

(¢) S and T commute proximally;

(d) S and T can be swapped proximally;

(e) S(Ao) g BO and S(Ao) Q T(A())
Then there exists an element x € A such that Fy 1, (t) = Fa p(t) and Fy s4(t) = Fa p(t).

Moreover, if x* is another common best prozimity point of the mappings S and T, then it is necessary
that Fac,ﬂc* (t) > FA,B(t) * FA7B(t) fO’I" all t > 0.

Proof. Let xg be a fixed element in Ag. In view of the fact that S(Ag) C T'(Ao), there exists an element
x1 € Ap such that Sxg = Tz1. Again, since S(Ap) C T(Ap), there exists an element xzo € Ay such that
Sxzq = Txy. By the similar fashion, we can find a sequence {z,,} in Ay such that

(31) an—l - T:E’n

for all n € N. It follows that

(3.2) Fse, 8,41 (o(t)) * Fra, T, (t) > Fra, 1o, (o(t))
and

(3'3) stn751n+1 (¢(t)) * stnfh»SlEn (t) Z FS$n71,5$n (¢(t))
for all t > 0. Thus we have

(3~4) FS:cmSacn+1 (t) > FS:cn_l,an (t)

for all ¢ > 0, which means that the sequence {Fss, , sz, (t)} is non-decreasing and bounded above.
Hence there exists 7 < 1 such that, for any ¢t > 0,

(3.5) lim Fsg,_,,50,(t) =7

n— oo

If r < 1, then we have

(3.6) Fsu, . S0p1 (0(1) % Fsz, 1 Se,(t) = Fsz,_1 5e, (6(1))

for all ¢ > 0. Taking n — oo in the inequality (3.6), by the continuity of , we get a *x r > a, where
a =limy_y00 Fsg, 1.5z, (¢(t)), which is a contradiction unless r = 1. Therefore, it follows that

(3.7) Jim Fsq, 50, (t) = 1.

By the property of F, we conclude that Fg,, , sz, (t) tend to 1 for all ¢t > 0.
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Next, we prove that {Sxz,} is a Cauchy sequence. We consider two cases.
Case I. Suppose that there exits n € N such that Sxz,, = Sx,,+1. Then we observe that

FSCEn+1751’n+2 (¢(t)) * FTIn+1,TCEn+2 (t) > FTSCn+1,TIn+2 (¢(t))
and
Fan+1,Szn+2 (¢(t)) * FSrn,SrnJrl (t) Z FSJL‘",SJL‘"+1 ((b(t))
for all t > 0. Then we have
F5$n+1,51n+2 (t) =1

for all t > 0, which implies that Sz, 11 = Sz,42 and so, for each m > n, we conclude that Sx,, = Sz,.
Hence {Sz,} is a Cauchy sequence in B.

Case II. The successive terms of { Sz, } are different. Suppose that {Sz,} is not a Cauchy sequence.

Then there exists € > 0, ¢ > 0 and the subsequences {Sz,, }, {Szn, } of {Sx,} with ny > my > k such
that

(3'8) stnzk7swnk (t) S 1 - 5’ FSIWLkﬂswnkfl (t) > 1 —E&.
By using (3.8) and the triangular inequality, we have

1—¢ Z F,S'xmk,ank (t)
(3.9) > FSzmk,Sznkfl (t) * Fsmnk,l,Sznk (t)
> (1—¢)*Fsu, _, 50, (1)

Thus, using (3.9) and (3.7), we have

(3.10) Fso,, 52, (1) > 1—¢€

as k — 0o. Again, by the triangular inequality, we have

(3'11) FSImk,vank (t) 2 FS%nk,SfEkaA (t) * FS!E7VL,€+1,SI7L,C+1 (t) * stnk+1,31nk (t)
and

(3'12) FSwmk+1,S$nk+1 (t) 2 stmk+1,5$mk (t) = FSImk,Swnk (t) * FS?Enk,SLLkJrl (t)
From (3.7), (3.10), (3.11) and (3.12), it follows that

(313) FSzmk+1,Swnk+1 (t) —+1-e

as k — oo. In view of the fact that

(3.14) Fsmmk+1,5$nk+1 (o(1)) = FTka+1,T90nk+1 (t) = FT:Emk+l1Tznk+1 (o()),
we have

(3.15) FSa 11,500, 41 (o(1)) = Fss,,,, S2n, (t) = Fss,,, S2n, (o(1))-

Letting k — oo in the inequality (3.15), we obtain
ax(l—¢)>a,

where a = Fsy,, 52, .:(¢(t)), which is a contradiction by the property of ¢. Then we deduce that
{Sz,} is a Cauchy sequence in B. Since B is a closed subset a complete NA-PM-space X, there exists
y € B such that Sz, — y as n — co. Consequently, it follows that the sequence {T'z,} also converges
to y. From S(Ap) C By, there exists an element u,, € A such that

(316) FS:vn,un (t) = FA,B(t)
for all n € N and ¢ > 0. Thus it follows from (3.1) and (3.16) that
(3.17) Fro, u,.(t) = Fswp 1 uns (t)= FA,B(t)

for all n € N and ¢t > 0. By (3.16), (3.17) and the fact that the mappings S and T are proximally
commuting, we obtain
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for all n € N. Moreover, we have

Fy,A(t) y Un (t)

y S, (t) * Fsa, u, (1)

y Sa, (1) * Fap(t)
(t

Fy sa, (1) % Fy a(t),

for all ¢ > 0. Therefore, it follows that, for all ¢ > 0, F,,, (t) — F, a(t) as n — oo. Since A is
approximatively compact with respect to B, there exists a subsequence {uy,} of the sequence {u,}
such that {u,, } converges to some element v € A. Further, since F, ., _,(¢t) = F, a(t) for all £ > 0 and
A is approximatively compact with respect to B, there exists a subsequence {unk _1} of the sequence

(3.19)

VIV IV

{tn,—1} such that {um _1} converges to some element v € A. By the cont1nu1ty of the mappings S
and 7', we have

(3.20) Tu = lim Tunk = hm Sunk _1=25Sv
]—)
and
@) Fyalt) =l P, ()= Fan(0)
' Fyul® = 0 Pre, o, () = Fan(t).

Since S and T can be swapped proximally, we have
(3.22) Tv = Su.

Next, we prove that Su = Sv. Suppose that Su # Sv. Then, by (3.20), (3.21), (3.22) and the

property of ¢, we have

Fsu,50(9(1)) * Pru,ro(t) = Fru,r.(9(1))
and so

Fsu50(0(t)) * Fsu,50(t) > Fsu,s0(6(t))
for all ¢ > 0, which is a contradiction. Thus Su = Sv and also Tu = Su. Since S(Ap) is contained in
By, there exists an element « € A such that Fy 1, (t) = Fa p(t) and Fy g,(t) = Fa,p(t). Since S and
T are proximally commuting, we have Sx = Tx. Consequently, we have

(3.23) Fsu,s2(6(t)) * Fru,re(t) = Fror(4(t))
and so
(3.24) Fsu,5:(0(t)) * Fsu,s52(t) > Fsu,s2(6(t))

for all ¢ > 0, which is impossible if Su # Sz. Thus we have Su = Sz and hence Tu = Tz. It follows
that

FCE,TI(t) = FLE,T’U.(t) = FA,B(t)
and
Fm,Sa:(t) = Fw,Su(t) = FA,B(t)
for all ¢ > 0. Therefore, = is a common best proximity point of .S and T'.
To prove the uniqueness of the point x, suppose that z* is another common best proximity point of
the mappings S and T'. Then we have

F:c*,T:c* (t> = FA,B(t)a F:c*,S:c* (t) = FA,B(t)

for all ¢ > 0. Since S and T are proximally commuting, we get Sx = Tz and Sz* = Tx*. Consequently,
we have

(3.25) Fsoe 52(0(t)) % Frae 12(t) > Fro- 172(6(t))
and so
(3.26) Fgp+ 52(0(t)) * Fgr 55(t) > Fggr s2(6(t))
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for all £ > 0, which is impossible if Sz* # Sz. Thus we have Sx = Sx*. Moreover, it can be concluded
that
Fa:,w* (t) Z Fl‘,SJ; (t) * FSJ:,S.’L‘* (t) * FSJ;*,J;* (t)
> Fap(t)* Fap(t)

for all ¢ > 0. This completes the proof. O
Corollary 3.2. Let A be a nonempty closed subset of a complete NA-PM-space (X, F,*) in which the
t-norm * is positive and * < min such that A is compact. Let S : A - A, T : A — A be the self
mappings satisfying the following conditions:

(a) for each x and y are elements in A and t > 0,

FSm,Sy((b(t)) * FTm,Ty(t) > FTm,Ty(Qb(t))v

where ¢ : [0,00) — [0,00) is a continuous and nondecreasing function such that, for any t > 0,
0 < o(t) <t;

(b) T is continuous;

(¢) S and T commutative;

(e) S(A) C A and S(A) CT(A).

Then S and T have common fized point.
4. An example

Now, we give an example to illustrate Theorem 3.1.

Example 4.1. Consider the complete metric space R? with Euclidean metric. Define
_ t
t+ |z —yi| + |22 — o

F(wl,WZ)y(ylxy2)(t)

for all t > 0 and
F($1712)a(y1ay2)(t) =0
for all t < 0. It is easy to show that (X, F,-) is a NA-PM-space. Let

A={(z,1):0<2 <1}, B={(z,—-1):0<z<1}.
Define two mappings S: A — B, T : A — B as follows:
S(z,1)=(0,-1), T(z,1) = (x,—-1),

respectively. It is easy to see that Fa g(t) = H%, Ag = A and By = B. Further, S and T are continuous

and A is approximatively compact with respect to B.
First, we show that S and T are satisfy the condition (a) of Theorem 3.1 with ¢ : [0,00) — [0, c0)

t
defined by ¢(t) = 3 for all ¢ € [0,00). Let (z,1),(y,1) € A. Without loss of generality, we can take
2 > y. Then we have

Fs(e.1),5,0)(01) * Frenren®) = 1 gny

Y

- 2
5+lz—yl

= FT(%l),T(y,l) (d)(t))

for all ¢t > 0.
Next, we show that S and T are proximally commuting. Let (u, 1), (v,1),(z,1) € A be such that
t t
Flu1),8(2,1)(t) = Fap(t) = t+2’ Fo1),r@1)(t) = Fap(t) = t+2

for all t > 0. It follows that © = 0 and v = = and hence
S(v,1) = (0,-1) = (u,—1) = T(u,1).
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Finally, we show that S and T are proximally swapped. If it is true that

t

Fun, -0 = Fou,-n) = Fapt) = 7/, Su,1)=T(v,1)

for some (u,1),(v,1) € A and (y,—1) € B, then we get u = v =0 and so
S(v,1) =T(u,1).

Therefore, all the hypothesis of Theorem 3.1 are satisfied. Furthermore, (0,1) € A is a common best
proximity point of the mappings S and T since

Fo,1),500,1)(t) = Flo,1),00,-1)(t) = Flo,1),r((0,1)(t) = Fa,B(t)
for all ¢ > 0.
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Abstract

The purpose of this paper is to investigate the value distribution of some differ-
ence polynomials G1(z) = [[[L, f(2 +¢;) —af(2)", G2(2) = f(2)" [I]=, f(z +¢;)
and G3(2) = f(2)" [[],(f(z + ¢;) — f(2)), where f(z) is a meromorphic function
and a € C\ {0} and ¢j,j5 =1,2,...,m are complex constants.

Key words: meromorphic function; difference polynomial; zeros.

Mathematical Subject Classification (2010): 30D35, 39A10.

1 Introduction and main results

This purpose of this paper is to study some properties of value distribution of some
complex difference polynomials of meromorphic functions. The fundamental theorems
and the standard notations of the Nevanlinna value distribution theory of meromorphic
functions will be used(see [7, 15]). In addition, for meromorphic function f, we will
use S(r, f) to denote any quantity satisfying S(r, f) = o(T(r, f)) for all r outside a

possible exceptional set E of finite logarithmic measure lim, _ f[1 "B % < 00. We use

p(f), A\(f) and )\(%) to denote the order, the exponent of convergence of zeros and the
exponent of convergence of poles of f(z) respectively.

*This project is supported by the National Natural Science Foundation of China (11301233,
11261024, 61202313), the Natural Science Foundation of Jiangxi Province in China (20132BAB211001,
20132BAB211002, 20122BAB211005) and the Foundation of Education Bureau of Jiangxi Province in
China (GJJ14271,GJJ14272).
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Many people were interested in the value distribution of different expressions of mero-
morphic function and obtained lots of valuable theorems. In 1959, Hayman [8] studied
value distribution of meromorphic function and its derivatives, and obtained the following
famous theorems.

Theorem 1.1 [8]. Let f(z) be a transcendental entire function. Then

(i) forn > 3 and a # 0,V (z) = f'(2) — af(2)" assumes all finite values infinitely
often.

(ii) for n > 2, ®(z) = f'(2)f(2)™ assumes all finite values except possibly zero in-
finitely often.

However, Mues [12] proved that the conclusion of Theorem 1.1 is not true for n = 3
by providing a counter example and proved that f/(z) —af(z)* has infinitely many zeros.

Recently, the topic of difference product in the complex plane C has attracted many
researchers, a number of papers have focused on value distribution of differences and
differences operator analogues of Nevanlinna theory (including [2, 4, 5, 6, 11]).

In 2007, Laine and Yang [9] proved the following result, which is regarded as a differ-
ence counterpart of Theorem 1.1.

Theorem 1.2 [9]. Let f(z) be a transcendental entire function of finite order, and c
be a non-zero complex constant. Then for n > 2, ®1(z) = f(z + ¢) f(2)™ assumes every
non-zero value a € C infinitely often.

It is well known that Af(z) = f(z + ¢) — f(z), where ¢ € C\ {0} is a constant
satisfying f(z 4+ ¢) — f(z) # 0, which can be considered as the difference counterpart
of f'(z). Similarly, Af(z) — af(z)™ can be considered as the difference counterpart
1'(2) — af(2)™, where a € C\ {0}.

In 2011, Chen [1] considered the difference counterpart of Theorem 1.1 and obtained
the following theorems.

Theorem 1.3 [1]. Let f(z) be a transcendental entire function of finite order, and let
a,c € C\{0} be constants, with ¢ such that f(z+c) # f(z). Set U, (z) = Af(z) —af(z)"
and n > 3 is an integer. Then U, (z) assumes all finite values infinitely often, and for
every b € C one has A(¥,,(2) — b) = p(f).

Theorem 1.4 [1]. Let f(z) be a transcendental entire function of finite order with a
Borel exceptional value 0, and let a,c € C\ {0} be constants, with ¢ such that f(z+c) #
f(2). Then Wy(z) assumes all finite values infinitely often, and for every b € C one has

A(Wa(2) = b) = p(f)-

Theorem 1.5 [1]. Let f(z) be a transcendental entire function of finite order with a
finite nonzero Borel exceptional value d, and let a,c € C\ {0} be constants, with ¢ such
that f(z +c) # f(z). Then for every b € C with b # —ad?, Vo(z) assumes the value b
infinitely often, and A\(Va(2) —b) = p(f).

In 2013, Zheng and Chen [16] further investigated the value distribution of some
difference polynomial of entire function and obtained the following theorem.
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Theorem 1.6 [16]. Let f(z) be a transcendental entire function of finite order with a
finite nonzero Borel exceptional value d, and let a € C\ {0}, c1,¢a,...,¢m be complex
constants satisfying that at least one of them is non-zero. Then for 1 < m < n and every
b(# d™ —ad™) € C, G1(2) = H;nzl flz+cj)—af(z)" assumes the value b infinitely often
and A(G1(2) = b) = p(f).

Thus, it is natural to ask: On What condition can Theorem 1.6 still hold when f(z)
18 a transcendental meromorphic function?

The main purpose of this article is to study the above questions and obtain the
following theorem.

Theorem 1.7 Let f(z) be a transcendental meromorphic function of finite order with
two Borel exceptional values d, 0o, and let a € C\ {0}, ¢1,ca, ..., cm be complex constants
satisfying that at least one of them is non-zero. Then for 1 < m < n and every b(#
d™—ad") € C, G1(z) = H;nzl flz+cj)—af(z)" assumes the value b infinitely often and
A(G1(2) — ) = plf).

In addition, we further study the value distribution of some difference polynomials of
meromorphic function of more general form

m

Go(2) = F)" [T f(z i), Gale) = f(2)" [][F (= + ¢5) = f(2)]

j=1
and obtain the following results:

Theorem 1.8 Let f(z) be a transcendental meromorphic function of finite order with

two Borel exceptional values d, o0, and let c1,ca,...,cm be nonzero complex constants.
Then forn > 1, Go(z) assumes every value b(£ d" ™) € C infinitely often and \(G2(z)—
b) = p(f).

Corollary 1.1 Let f(z) be a transcendental meromorphic function of finite order with
two Borel exceptional values 0,00, and let c1,ca,...,cm be nonzero complex constants.
Then for n > 1, Ga(z) assumes every nonzero value b € C infinitely often and M(G2(z) —
b) = p(f).

Example 1.1 Let f(z) = %7 it is easy to see that 0,00 are not Borel exceptional
values. Let n =1,m = 2,¢1 = mi,co = —7i and b =1, then we have G2(2) = f(2)f(z +
c)f(z+e)—1= C;%Q has no zeros. Letn = 2,m = 2,¢; = wi,co = —7wi and b = 1,

then we have Go(2) = f(2)3f(z+c1)f(z+c2)—1 = % has no zeros. Hence, this shows

that the condition in Corollary 1.1 is sharp in a sense.

Theorem 1.9 Let f(z) be a transcendental meromorphic function of finite order with
two Borel exceptional values d, oo, and let c1,co,...,cn be nonzero complex constants
and f(z+c¢;) # f(z) for j = 1,2,...,m. Then for n,m > 1 are two integers, G3(z)
assumes every value b € C\ {0} infinitely often and A(G3(z) — b) = p(f).

z

Remark 1.1 When b = 0, the conclusion may not hold. For example, let f(z) = €?,
G3(2) = f(2)"[f(z + mi) — f(2)]. Then G3(z) = —2e"*Y* has no zeros.
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Corollary 1.2 Let f(z) be a transcendental entire function of finite order with a Borel
exceptional values d, and let ¢1,ca, . .., ¢y be nonzero complex constants and f(z +c;) #
f(z) forj=1,2,...,m. Then for n,m > 1 are two integers, G3(z) assumes every value
b € C infinitely often and \(G3(z) —b) = p(f).

Remark 1.2 [t is easily to see that Theorem 1.9 is an improvement of the result in [10,
Theorem 1.4], where they consider the case of m = 1 and the value b can replaced by a
small function «(z). In fact, our results also can allow the value b to be a polynomial,
even be a meromorphic function a(z) # 0 satisfying p(a) < p(f).

Example 1.2 Let f(z) = e* +2z,¢ = 2wi, a(z) = 4ez,n =1 and m = 1. Then we know
that f(z) has no Borel exceptional value, and we have G3(z) = f(2)Af(z) — 4cz = 2ce?,
which has no zeros. Hence, the condition on f(z) having a Borel exceptional value is
necessary in Corollary 1.2.

The following result of this paper is the value distribution of differential and difference
polynomial of entire function.

Theorem 1.10 Let f(z) be a transcendental entire function of finite order, and a, c1, . . .,
¢m be monzero complex constants. Then for any positive integers n > 2m + 3, ¥(z) =
F®)(z) [T, f(z +¢j) —af(2)" assumes all finite values b € C infinitely often.

Regarding Theorem 1.2, we pose the following question.

Question 1.1 What can be said if the condition n > 2m+3 in Theorem 1.10 is replaced
with 1 <n<2m+ 27

2 Some Lemmas

The following lemma is important in the fields of factorization and uniqueness theory
of meromorphic functions which is given by Gross [3]. In 2010, Xu and Yi [13] made a
small changed form as follows.

Lemma 2.1 [18]. Suppose that f;(2)(j = 1,2,...,n + 1) are meromorphic functions
and g;(j = 1,2...,n) are entire functions satisfying the following conditions.

(i) Y71 £i(2)e% %) = frpa.

(i) If 1 < j <n+1,1 <k <mn, the order of f; is less than the order of e9+(). If
n>21<j<n+1,1<h<k<n, and the order of f;(z) is less than the order of
e9h—9k

Then fij(2) =0(j =1,2,...,n+1).

Lemma 2.2 [15]. Let f be a nonconstant meromorphic function and P(f) = ap+ a1 f+
asf?+ -+ a,f", where ag,a1,az,--- ,a, are constants and a,, # 0. Then

T(r, P(f)) = nT(r, )+ 5(r, f).
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Lemma 2.3 [2, Theorem 2.1]. Let f(z) be a meromorphic function of finite order p and
let ¢ be a fixed nonzero complex number, then for each € > 0, we have

i (220 o (5 L) o) s

Lemma 2.4 [2, Corollary 2.5]. Let f(z) be a meromorphic function with order p =
p(f),p < 400, and let n be a fized nonzero complex number, then for each e > 0, we have

T(r, f(z+m) =T(r, f) + O@"~'*%) + O(log ).

Lemma 2.5 [2, Theorem 2.2]. Let f be a meromorphic function with exponent of con-
vergence of poles )\(%) = A < 400, ¢ # 0 be fixed, then for each ¢ > 0,

N(r, f(z+mn)) = N(r, f) + O(r*"1*%) + O(log ).

Lemma 2.6 [14]. If f(2) is a transcendental meromorphic function with exponent of
convergence of poles )\(%) =A< +o0, ¢ #0. Then, for each € > 0, one has

Nera) =2 () = 2 (a) =

Lemma 2.7 Let f(z) be a transcendental meromorphic function with exponent of con-
vergence of poles )\(%) =A< p(f) =p < +o0, and let ¢q,ca,...,cm be nonzero complex
constants, and n,m > 1 be integers. Then p(Gz2) = p(f).

Proof: We firstly prove that p(G2) < p(f). We can rewrite G2(z) as the form

L) = f(z)ntm 7/ te)
For each (0 < ¢ < p — \), it follows by Lemma 2.3 and (1) that
m(r, Ga) < (n+m)m(r, f)Jer(r,f(jf(J;)cj)) +0(1) 2)

= (n+m)m(r, f) + O(r"~17%).

By Lemma 2.5, we have

m

N(r,Ga) <nN(r, f) + > _ N(r, f(z +¢;)) (3)

j=1
< (n+m)N(r, f) + O(r*7*%) + O(log ).
Since A < p, it follows from (2) and (3) that

T(r,Gs) < (n+m)T(r, f) + O@r"~'¢) + O(log 7). (4)
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So, we can get that p(G2) < p(f) easily.
Next, we prove that p(G2) > p(f). From Lemma 2.3 and (1), we have

W+mWWJ%ﬂMnﬁ“WSmm0g+§)mnﬂfiw

j=1

)+0(1) (5)

=m(r,Gs) + O(r"~17%).

Since A(1/f) = X < p, for any given € > 0 there exists r9 > 0 such that for all » > o we

have
N(r, f) < e (6)
Thus, it follows from (5) and (6) that
1 — € g
T(r, f) < -y mm(r7 Ga) + O(rP~ 1) L O(re), 7> 1. (7)
Since A < p and 0 < & < p — A, it follows from (7) that p(G2) > p(f).
Hence, the proof of Lemma 2.7 is proved. a
By using the same argument as in Lemma 2.7, we can prove the following lemma
easily.

Lemma 2.8 Let f(z) be a transcendental meromorphic function with exponent of con-
vergence of poles max{)\(f),)\(%)} = X< p(f) = p < 40, and let c1,ca,... ¢y be
nonzero complex constants such that f(z+c¢;) # f(2)(j =1,2,...,m), and n,m > 1 be
integers. Then p(Gs) = p(f).

Lemma 2.9 [15, page 37]. Let f(z) be a nonconstant meromorphic function in the
complex plane and | be a positive integer. Then

T(r, fD(2)) <@+ DT (r, f) + S(r, f), N(r, fP(2)) = N(r, f) +IN(r, f).

3 Proofs of Theorems 1.7, 1.8 and 1.9

3.1 The Proof of Theorem 1.7

We first prove p(G1) = p(f). By Lemma 2.2 and Lemma 2.4, we have p(G1) < p(f). On
the other hand, it follows from Lemma 2.4 that

nT(r,f) =T(r,af")+ 0Q) =T | r, [[ f(z+¢j) = Gi(2) | +0(1)
j=1

T(r, f(z+¢;)) + T(r,Gi(2)) + O(1)

=mT(r, f) +T(r,G1(2)) + O(r"~ %) + O(log r),

.
Il

that is,
(n—m)T(r, f) < T(r,G1(2)) + O(r*~1¢) + O(log ). (8)
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Since 1 < m < n, it follows from (8) that p(f) < p(G1). Hence, we can prove that
p(G1) = p(f).

Since f(z) has two Borel exceptional values d, co, then f(z), f(z + ¢;) can be written
as the form

f(z)=d Mexp{azk}, f(z+cj):d+g(z+cj)

—NjlZ2)ex OéZk
p() ) eelat), )

where @ # 0 is a constant, k(> 1) is an integer satisfying p(f) = k, and g(z), h;(z) =
eke; =" HFac] are entire functions such that 9(2)hj(z) # 0,p(9) < k,p(h;) < k-1,
j=1,2...,m, and p(z) is the canonical product formed with the poles of f(z) satisfying
p(p) = Mp) = M($) < p(f). Set H(z) = 45} # 0, then we can see that p(H) < p(f).

Now we prove that AM(G; — b) = p(f). Suppose that A(G1 — b) < p(f). Since
p(G1) = p(f) = p(G1 —b), then \(G1 —b) < p(G1 —b) = p(f) = k and G1(z) — b can be
rewritten as the form
N g (Z) kv * k

Gi(z) —b= =< exp{Bz"} = H{(2) exp{5z"}, (10)
pi(2)

where B(3 0) is a constant, gj(z)(z 0) is an entire function satisfying p(gj) < k. Thus,
by Lemma 2.6, we have p(p}) = A(p}) < max{)\(ﬁ),)\(ﬂ%ﬁj)),j =1,2,...,m} =
M%) < p(f) = k. So, we have p(H;) < p(f) = k.

f
Thus, from (9), (10) and the definition of G1(z), we have

%

ﬁH<z+cj>hj<z>eW’“+---+dm‘2 S° H(z+c)H(z + ¢)hi2)hy(2) | €2

j=1 1<i<j<m

k

+dm! ZH(Z—i—cj)hj(z) e 4 qm
j=1

—a (d” + nd"_lH(z)e"‘Zk +-- 4 H(z)"e"‘“k) =b+ Hf(z)eﬁzk.

Since 1 < m < n,aH(2)H;(z) £ 0, by comparing growths of both sides of the above
equality, we have 8 = na. Thus, we can rewrite the above equality as the form

Fa(2)€"% 4 fri1(2)e™ D" 4 g f1(2)e% = fria(2), (11)

where f,11(z) = b—d™ + ad™, and f1,..., f, are algebraic expressions in the terms
a,d,n,m,H(z),H{ (z),H(z + ¢;),hj(2),j = 1,2,...,m, such as addition, subtraction
and multiplication. Since p(H) < p(f) = k,p(h;) < k—1 and p(HY) < p(f) = k, then
we have p(fi) < k = p(et‘“k) fort =1,2,...,n. Thus, by Lemma 2.1 and (11), we have
fi(z)=0fort =1,2,...,n+ 1, that is, b — d™ + ad™ = 0, which is a contradiction with
the assumption b # d™ — ad™. Hence, we have that A\(G1 — b) = p(f).

This completes the proof of Theorem 1.7.
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3.2 The proof of Theorem 1.8

Similar to the proof of Theorem 1.7, we can obtain (9).

Now we prove that A(G2 — b) = p(f). Suppose that A(G2 —b) < p(f).

By Lemma 2.7, we have p(G2) = p(f) = p(G2 —b), then \(G2 —b) < p(G2 —b) =
p(f) =k and Ga(z) — b can be rewritten as the form

Gale) —b = LE exp(5:t) = Hy () exp(5:), (12)

where B(3 0) is a constant, g3(z)(z 0) is an entire function satisfying p(g3) < k. Thus,
by Lemma 2.6, we have p(p3) = A(p}) < max{)\(f(z)) )\(f(z+cj)) Jj= 1,2,...,m} =
)\(%) < p(f) =k. So, we have p(H3) < p(f) = k.

From (9), (12) and the definition of Ga(z), we have

(d+ H(z) H [d—l—H z+c¢j)h;(z )eo‘zk} = b+ Hj(z)exp{Bz"}.

By simple calculation, we can rewrite the above equation as the form
Fram(2)e ezt L f ()™ 4 d T — b = H(2) exp{B2"}, (13)

where frim(2) = H(z)" H] 1H(z+¢j)hj(2) # 0 and fi, fa,..., fntm—1 are algebraic
expressions in the terms d,n, m, H(z), H(z+cj) hj(z),j =1,2,...,m, such as addition,
subtraction and multiplication. Since p(H) < ,o(f) = k,p(hj) < k—1and p(Hj) <
p(f) = k, then we have p(f;) < k = p(et‘”k) for t =1,2,...,n 4+ m. By comparing
growths of both sides of the above equality, we have § = (n+m)«. Thus, it follows from
(13) that

[frem(2) = Hy(2)]emFm™0" o fi(2)e®® = b—dmm, (14)

By Lemma 2.1, we have b = d"t™ a contradiction. Hence, we have A(G2 — b) = p(f).
This completes the proof of Theorem 1.8.

3.3 The proof of Theorem 1.9

Similar to the proof of Theorem 1.7, we can obtain (9).

Now we prove that A(Gs — b) = p(f). Suppose that A(Gs —b) < p(f).

By Lemma 2.8, we have p(G3) = p(f) = p(G3z —b), then \(G3 —b) < p(G3 —b) =
p(f) =k and G3(z) — b can be rewritten as the form

Ga() — b= B exp(p) = Hi(z)exp{s*). (15)

(2)
where B(# 0) is a constant, g5(z)(z 0) is an entire function satisfying p(g3) < k. Thus,
by Lemma 2.6, we have p(p}) = A(p3) < max{A( (z)) )\(Af(z )= (%) p(f) = k. So,
we have p(H3) < p(f) = k.
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From (9), (13) and the definition of G3(z), we have

d+ H(z)e™" ﬁ [H(z+ c;)hj(2) — H(2)]e® | = b+ H;(2) exp{Bz*}.
( ) 114 J

j=1

By simple calculation, we can rewrite the above equation as the form

fn+1(z)e(”+m)azk 4ot fl(z)eazk — b= Hj(z)exp{pz"}, (16)
where f,11(2) = H(2)" [12,[H(z + ¢j)hj(2) — H(2)] # 0 and

fis1(z) =Cld""H(z H (z+¢j)hj(z) —H(z)], i=0,1,...,n.

Since p(H) < p(f) = k,p(h;) < k—1 and p(H3) < p(f) = k, then we have p(f;) <
k= p(eto‘zk) fori=1,2,...,n+ 1. By comparing growths of both sides of (16), we have
B = (n+ m)a. Thus, it follows from (13) that

k
[fr41(2) = Hy (2)]eFM0 4o 4 fr(2)e?
By Lemma 2.1, we have fi(z) = 0, that is,

b, (17)

0,

H (2 + e)hy(2) = H(2)

which is a contradiction with the assumptions f(z+c;) # f(z) for j = 1,2,...,m. Hence,
we have A\(G3 — b) = p(f)-
This completes the proof of Theorem 1.9.

4 The proof of Theorem 1.10

We will take two case as follows into consideration by using the idea of Theorem 1 in
[16].

Case 1. Suppose that 0 < o(f) < co. We assume that there exists b € C such that
U(z) — b has finitely many zeros only. Set

F®(z) H f(z4¢j) =b

F(z) = = f o . (18)

It follows from (18) that T'(r, F') < (n+m+ 1)T(r, f) + S(r, f) and F(z) has only finite
1-points, i.e.,

N(r,

7o 1) = O(logr). (19)

Since f(z) is entire, from (18), we have that the poles of F'(z) occur only at zeros of f(z),

and those poles which are not zeros of f(¥)(2) H f(z+ ¢;j) — b having multiplicities > n
J_
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at the same time. Moreover, the zeros of F(z) can only occur at zeros of f*)(2) ] f(z+
j=
¢;) — b which are not poles of F/(z). Thus, it follows by Lemma 2.3 and Lemma 2.9 that
1 1 1
) < —N(r, F)+ N(r, =
ARIE )Hj 1 fz4¢) =0

)
1
< —T(r F)+T(r,f F®( Hfz+cj +0(1)
j=1

N(r,F)+ N(r ) (20)

g%T@Fﬂ%m+Uﬂﬁﬁ+50J)

By the second fundamental theorem, it follows from (19) and (20) that

T(r,F) < N(TF)—&—N(T,%)—FN(TF 1)—|—S(7‘F)
<%T&F)(m+nﬂnﬁ+S@J)
(1= Y10 8) < (m+ 176 1) + 50 5). (21)

On the other hand, we have

FPETIL f(= +¢5) - b)

nI'(r, f) =T(r, ") =T(r, aF(z)

T(r, f*)(z) H (z4+¢;))+T(r, F)+O(1)

<(m+1)T(r f)+T(r,F)+S(r,f),

i.e.,

(n—m—1)T(r,f) <T(r,F)+ S(r, f). (22)
Thus, it follows from (21) and (22) that

(1= T ) < 56 ) (23)

n n—m-—1

Since f(z) is a transcendental entire function and n > 2m + 3, from (23) we can deduce
a contradiction. Hence, for any b € C, ¥(z) — b has infinitely many zeros.
Case 2. Suppose that o(f) = 0, then ¥(z) is also of zero order. We assume that
U(z) is a polynomial, then
T(r,¥(z)) = O(logr). (24)

Thus, it follows from (24) and Lemma 2.4 that

m

T(r, fO () [[ £z +¢j) = b) = T(r, ¥(2) + af(2)") = nT(r, f) + S(r, f)- (25)

7=0
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On the other hand, we have

T(r, f*(z) H (z+¢)) f®(z H (z4¢)) (26)

Jj=1

f(’“)(Z)H-zl f(z+¢)
=m|r fm(z J
= < 7f ( ) f"H'l(Z)

*) (5
< (m+ o f) 4 (7 5 ) 4

N———

1

" ( f(jf<+2>6j)>

+0(1) +S8(r, f)
= (m+1)T(r, ) + 5(r, f)-

From (25), (26) and n > m + 2, we can deduce a contradiction with the assumption that
f is transcendental.

Thus, it is easy to see that for any b € C, ¥(z) — b is a transcendental entire function
with zero order and has infinitely many zeros.

Therefore, this completes the proof of Theorem 1.10.
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On properties of decomposable measures and pseudo-integrals
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Abstract

In this paper, we mainly discuss two classes of o-@-decomposable measures and the corresponding
pseudo-integrals: one is based on the generated pseudo-addition (g-case) and the other is based on
the idempotent pseudo-operation (sup and inf). In particular, we obtained the correlation between
the measure zero sets with respect to a o-@-decomposable measure and the corresponding pseudo-
integrals on them. As an application of the main results, we generalized the classical Radon-Nikodym
theorem to the decomposable measure theory based on pseudo-integrals.

Keywords: Pseudo-addition; Pseudo-multiplication; Pseudo-integral; Radon-Nikodym theorem

1 Introduction

Pseudo-analysis is a generalization of the classical analysis, where instead of the field of real numbers a
semiring is taken on a real interval [a, b] C [—00, +00] endowed with pseudo-addition @ and with pseudo-
multiplication ® (see [6, 22, 24, 25, 36]). Based on this structure there were developed the concepts of
@-measure (pseudo-additive measure), pseudo-integral, pseudo-convolution, pseudo-Laplace transform,
etc. The advantage of the pseudo-analysis is that there are covered with one theory, and so with unified
methods, problems (usually nonlinear and under uncertainty) from many different fields (system theory,
optimization, decision making, control theory, differential equations, difference equations, etc.). Pseudo-
analysis uses many mathematical tools from different field as functional equations, variational calculus,
measure theory, functional analysis, optimization theory, semiring theory, etc.

Similar ideas were developed independently by Maslov and his collaborators in the framework of
idempotent analysis and idempotent mathematics, with important applications [14, 15]. In particular,
idempotent analysis is fundamental for the theory of weak solutions to Hamilton-Jacobi equations with
non-smooth Hamiltonian, see [14, 15] and also [26, 27] (in the framework of pseudo-analysis). In some
cases, this theory enables one to obtain exact solutions in the similar form as for the linear equations.
Some further developments relate more general pseudo-operations with applications to nonlinear partial
differential equations, see [29]. Recently, these applications have become important also in the field of
image processing [27].

The classical measure theory is one of the most important theories in mathematics and based on
countable additive measures [11, 40]. Although the additive measures are widely used, they do not
allow modeling many phenomena involving interaction between criteria. For this reason, the fuzzy mea-
sure proposed by Sugeno as an extension of classical measure in which the additivity is replaced by a
weaker condition, i.e., monotonicity [39]. So far, there have been many different fuzzy measures, such
as the decomposable measure, the A-additive measure, the belief measure,the possibility measure and
the plausibility measure, etc. Among the fuzzy measure mentioned before, the decomposable measure
was independently introduced by Dubois and Prade [8] and Weber [42], because of the close relation
with the classical measure theory. Further developments of decomposable measures and related integrals
have been extensive studied [6, 23, 31, 32, 33, 35]. Decomposable measures include several well-known
fuzzy measures such as the A-additive measure and probability and possibility measures, and they are a
natural setting for relaxing probabilistic assumptions regarding the modeling of uncertainty [9, 34]. De-
composable measures and the corresponding integrals are very useful in decision theory and the theory
of nonlinear differential and integral equations [26, 28, 30, 38].

*Corresponding author. Tel.:+86-15123126186; Fax:+86-23-62471796; E-mail: donggiumath@163.com (D. Qiu).

1043 Dong Qiu et al 1043-1057



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.6, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Based on the above these, the notions of o-@®-decomposable measure (pseudo-additive measure) and
corresponding integral (pseudo-integral) based on this measure were introduced [22, 24, 25, 27, 36]. Since
integrals bases on non-additive measure have wide application, there were obtained generalizations of the
classical integral inequalities for integrals with respect to non-additive measures, such as the ineqalities
for Choqut and Sugeno integral were given in [2, 13, 18, 19, 41, 44] and the inequalities for the pseudo-
integrals with respect to o-@®-decomposable measure were considered in [1, 3, 4, 17, 20, 21]. In [37],
Sugeno generalize the classical Radon-Nikodym derivatives for functions with respect to fuzzy measures.

In this paper, we will discuss two classes of o-®-decomposable measures and the corresponding pseudo-
integrals: one is based on the generated pseudo-addition (g-case, see [16, 22]) and the other is based on
the idempotent pseudo-operation (sup and inf, see [23, 39]). In Section 2, we recall the notions of pseudo-
addition @ and pseudo-multiplication ® forming a real semiring on the interval [a,b] C [—o00, +00]. Then
we will give the notion of o-@-decomposable measure and corresponding pseudo-integral based on this
measure. In Section 3, we will discuss several important properties as monotonicity, continuous from
above and continuous from below for o-@®-decomposable measures, and will show the relationship be-
tween the measure zero sets with respect to a o-@-decomposable measure and the corresponding pseudo-
integrals on them. Finally, we will generalize the classical Radon-Nikodym theorem to decomposable
measure theory based on pseudo-integrals.

2 Preliminaries

Let [a, b] be a closed subinterval of [—oo, o0] (in some cases we will also take semiclosed subintervals).
The total order on [a,b] will be denoted by <. This can be the usual order of the real line, but it can
also be another order.

Definition 2.1 [17] A binary operation & : [a,b] x [a,b] — [a, ] is called a pseudo-addition, if it satisfies
the following conditions, for all x,y,z,w € [a,b]:

(1) x®dy=ydua; (commutativity)
(2) @z =ydw whenever x Xy and z <X w; (monotonicity)
(3) (x@y)®z=20(ys2); (associativity)

(4) 0® x = x, where 0 is a zero element (usually O is either a or b). (boundary condition)
Let [a,b]y ={z |z € [a,]],0 < z}.

Definition 2.2 [17] A binary operation © : [a,b] X [a,b] — [a,b] is called a pseudo-multiplication, if it
satisfies the following conditions, for all x,y, z € [a, b]:

(1) z0y=you; (commutativity)

(2) x®z=y®z whenever x <Xy and z € [a,b]; (positively monotonicity)
(3) (zOY)©z=20(yO©=2); (associativity)

(4) 1 x=x, where 1 € [a,b] is an unit element. (boundary condition)

We assume also 0 ® z = 0 and that © is a distributive pseudo-multiplication with respect to @, i.e.,
tOez)=(20y e@oz).

The structure ([a, b], ®, ®) is called a real semiring [1, 20]. In this paper we will consider semirings with
the following continuous operations:

Case 1: The pseudo-addition is an idempotent operation and the pseudo-multiplication is not.

(a) z ®y = sup(z,y), © is an arbitrary non-idempotent pseudo-multiplication on the interval [a, b].

We have 0 = a and the idempotent operation sup induces a total order in the following way: = <y if
and only if sup(z,y) = y. In order to keep the semiring structure, ® has to be pseudo-multiplication of
the first type, i.e., a ©@ b = a and then a # 1. Special important case is when this pseudo-multiplication
can be represented by a strictly increasing and continuous generator surjective function g : [a, b] — [0, oo],
i.e., ® is given with

rOy =g "(g(x) 9(y)),
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such that ¢g(0) = g(a) = 0, with the usual convention 0 - oo = 0.
(b) x ® y = inf(x,y), ® is an arbitrary non-idempotent pseudo-multiplication on the interval [a, b].
We have 0 = b and the idempotent operation inf induces a total order in the following way: = <y if
and only if inf(z,y) = y. In order to keep the semiring structure, ® has to be pseudo-multiplication of the
second type, i.e., a®b = b and then b # 1. Special important case is when this pseudo-multiplication can
be represented by a strictly decreasing and continuous generator surjective function g : [a,b] — [0, oo],
i.e., ® is given with

roy=g""(9(z) 9(v)),
such that g(0) = g(b) = 0.

Case 2: The pseudo-operations are defined by a strictly monotone and continuous generator surjective
function g : [a,b] — [0, o], i.e., pseudo-operations are given with

r®y =g "gx)+g(y) and z 0y =g ' (g9(z) - g(y)),

such that ¢g(0) = 0.

If the zero element for the pseudo-addition is a, we will consider increasing generators. Then g(a) =0
and g(b) = co. If the zero element for the pseudo-addition is b, we will consider decreasing generators.
Then g(b) = 0 and g(a) = oo. If the generator g is increasing (decreasing), then the operation @ induces
the usual order (opposite to the usual order) on the interval [a, b] in the following way: x < y if and only

if g(x) < g(y).

Case 3: Both operations are idempotent. We have

(a) x ®y = sup(x,y),  ©y = inf(z,y), on the interval [a,b]. We have 0 = a and 1 = b. The
idempotent operation sup induces the usual order (z < y if and only if sup(z,y) = y).

(b) x ®y = inf(x,y),  ©®y = sup(x,y), on the interval [a,b]. We have 0 = b and 1 = a. The
idempotent operation inf induces the usual order (z <y if and only if inf(z,y) = y).

Let X be a non-empty set, we shall denote by &7 and B are g-algebra and Borel o-algebra of subsets
of a set X, respectively.

Definition 2.3 [3] A set function m : &/ — [a,b]4 (or semiclosed interval) is called a o-®-decomposable
measure if it satisfies the following conditions:

(1) m(0) = 0;
(2)m(U E;) = ‘$1m(Ei) for any sequence {E;}ien of pairwise disjoint sets from <f , where % x; =
i=1 i=

i=1

lim @ x; for all {z;} C [a,b].
n—00 j—1

A o-®-decomposable measure m also is called o-sup-decomposable measure if @ y = sup(z,y) on
the interval [a,b]. A set E is called o-@-decomposable measure zero set if m(E) = 0. It is obvious that
(0 is o-@®-decomposable measure zero set.

We notice that if m is a o-@-decomposable measure, where @ has a generator g, then y =gom is a
o-additive measure, and if a set E is o-®-decomposable measure zero set, then F is a measure zero set
with respect to p. In fact, we have that

(1) u(®;= g(m(0)) = gogO) =0; N
@ (0 ) =g (m(0 £)) = o 3 m(E) = £ gom (5) =

i=1
of pairwise disjoint sets from &7
(3) It E is a o-@-decomposable measure zero set, then pu(E) = g(m(E)) = ¢g(0) = 0.
We call that m is g-finite, o-g-finite, totally g-finite, totally o-g-finite and g-complete, if g = gom is
finite, o-finite, totally finite, totally o-finite and complete (see [11]), respectively.

or

w (E;) for any sequence {E;}ien

i=1

Definition 2.4 If (X, o/) is a measurable space and m,v are two o-®-decomposable measure on /. v
is called absolutely @-continuous with respect to m, if v(E) = 0 for every measurable set E for which
m(E) = 0.
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It should be noted that if v is absolutely @-continuous with respect to m, where @ has a generator
g, then g o v is absolutely continuous with respect to g o m (see [11]).

Let f and h be two functions defined on X and with values in [a,b]. Then, for any € X and A € [a, ]
we define

(f @ h)(z) = f(z)® h(x),
(foh)(z) = fz)©h(),
Ao M) =10 f(2).
Definition 2.5 [/] The pseudo-characteristic function of a set E is defined with:

0, z¢F,
XE(””):{1 xiE

where 0 is zero element for & and 1 is unit element for ©.

Definition 2.6 A set function m : o/ — [a,b] (or semiclosed interval) is monotone if
m(E) < m(F)
whenever E,F € o and E C F.

Denote by p the usual Lebesgue measure on R. We have

m(E) = ess stip{m|x € E} = sup{a|u({z|z € E,z > a}) > 0}.

Further, m is a o-sup-decomposable measure [17]. More, Mesiar and Pap(see [17]) have showed that any
o-sup-decomposable measure generated as essential supremum of a continuous density can be obtained
as a limit of pseudo-additive measures with respect to generted pseudo-addition.

In this paper we will consider the semiring ([a, b], @, ®) for three (with completely different behavior)
cases, namely Case 1(a), 2 and 3(a). Observe that the Case 1(b) and 3(b) are linked to Case 1(a) and
3(a) by duality [21].

First, if the pseudo-operations are defined by a monotone and continuous surjective function g :
[a,b] — [0, 0] (i.e., Case 2), then the pseudo-integral for a measurable function f : X — [a,b] is given by

ff(adm=g‘1<){(gof)d(gom)>7

where the integral applied on the right side is the standard Lebesgue integral. In a special case, when
X = [e,d], o = B(X) and m = g~ ! o u, then the pseudo-integral reduces on the g-integral

o d
[]:ﬂ fdz =g7! <f9(f($))dx>-

Second, if the semiring is of the form ([a,d],sup,®) (i.e., Case 1(a) and Case 3(a)), then we shall
consider complete sup-measure (shortly sup-measure) m only and &/ = 2% i.e., for any family {E;};cr
of measurable sets,

m(J F;) = supm(E;).
i€l i€l

If X is countable (especially, if X is finite) then any o-sup-decomposable measure m is complete and,
moreover, m(E) = sup ¢(x), where ¢ : X — [a,b] is a density function given by ¢(x) = m({z}). Then
z€E

the pseudo-integral for a function f : X — [a,b] is given by

J £ 0 dm = sup(£(2) © (),
X reX

where function v defines o-sup-decomposable measure m.
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3 Main results

Theorem 3.1 A o-®-decomposable measure m : o/ — [a,b] is monotone, if & satisfies one of the
following conditions:

(1) z ®y = sup(z,y) on the interval [a,b];

(2) @ has a strictly monotone and continuous surjective generator g.

Proof. If E,F € & and E C F, then F — FE € &/. Since F'= EU (F — E), we get
m(F) =m(F — E) @ m(E).
If @ satisfies Condition (1), then we have
m(F) = sup{m(F — E),m(E)} > m(E),
i.e., sup{m(E),m(F)} = m(F). Hence, by x < y if and only if sup(z,y) =y for all z,y € [a, b], we have
m(E) 2 m(F).
If @ satisfies Condition (2), then we have

g(m(F)) = g(m(F — E)) + g(m(E)).

Since g(z) > 0 for all © € [a, b], we have g(m(F')) > g(m(E)). Hence, by x < y if and only if g(z) < g(y)
for all x,y € [a,b], we have

m(E) < m(F).

O
It is easy to see that if F' is a o-@-decomposable measure zero set with respect to m, where m is a

o-®-decomposable measure, then F is a o-®-decomposable measure zero set with respect to m, for all
ECF.

Theorem 3.2 Let (X, <7) be a measurable space. If m : of — [a,b] is a o-®-decomposable measure and
{E,} C & (X) is an increasing sequence for which lim FE, € o/ (X), then
n—oo

m ( lim En> = lim m(E,).
n—oo n—oo

Proof. We might write £y = (). Since {F,} is an increasing sequence, {E; — E;_1} is a sequence of

pairwise disjoint sets from &7, then

E,=U (E;—E;_1)and lim E, = | (E; — E;—1).
=1 n—r00 i=1

Hence, we have

m (E7 — Ei—l)

i=1

El
\

L
N
|
RS E

and

m ( lim En> —m (g (B — EH)) - ;élm (Ei — E;_1).

n—oo

By &z = lim & x; for all {z;} C [a,b], we have
i=1 1

n—00 j=

% m(El — Ei—l) = lim Gn9 m (Ez — Ei—l) .
=1

n—00 j=1

Consequently, we get m ( lim En) = lim m(E,). O
n—oo

n— oo

Theorem 3.3 Let (X, /) be a measurable space and m : &/ — [a,b] be a o-B-decomposable measure,
where @ has a strictly increasing (or decreasing) and continuous surjective generator g. If {E,} C o7 (X)
is a decreasing sequence, and there exists at least one | € N such that m(E;) < b (or m(E;) < a). Then
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m ( lim En) = lim m(E,).

n— oo n— oo

Proof. Suppose m(E;) < b for some [ € N. For the case m(E;) < a, we can prove it by a similar proof.
By Theorem 3.1 and {E,} is a decreasing sequence, we have

m(E,) X m(E;) <bforalln>1,
and therefore
m (i, Ba) <0

By the monotonicity of g, we get
g(m(E})) < 400 and g (m ( lim En)) < +o0.
n—oo
Since {E,} ia a decreasing sequence, {E; — E,,} is an increasing sequence. By Theorem 3.2, we obtain
m (El — lim En) —m ( lim (E; — En)) = lim m(E — E),
n—o0o n—00 n—00
i.e.,
g (m (El _ lim En)) —g ( lim m (E; — En)).
n— oo n—oo

By the continuity of g and g o m is a o-additive measure, we have

s o (. 52)) = o ( )
- o)
= lim g(m(E — Ep))

= g(m(E) ~ lim g(m(E,))

= gm(E))—g ( lim m(En)) .

n—o0

Since g(m(E};)) < +00, we have

o (m (Jim, ) = o (Jim m ()

By the strictly monotonicity of g, we get m ( lim En) = lim m(E,). O

n—oo n—oo

Lemma 3.1 [17] Let m be a o-sup-decomposable measure which is defined by

m(E) = esssup{u(r)le < B,

on ([0, 0], B), where ¢ : [0,00] — [0,00] is a continuous density. Then for any generator g there exist a
family {m\} of o-@®x-decomposable measures on ([0, 00|, B), where @y is generated by g* (the function g
on the power A), A € (0,00), such that )\lim my = m.

—00

Theorem 3.4 Let ([0, 00|, sup, ®) be a semiring with ® generated by a strictly increasing and continuous
surjective generator g. Let m be the same as in Lemma 8.1. If {E,} C B([0,0]) is a decreasing sequence,
m(E,) < b for at least one n € N, then

m ( lim En) = lim m(E,).

n— oo n— oo

Proof. Since m is the same one in Lemma 3.1, for the generator g there exist a family {my} of o-®y-
decomposable measures on ([0, 0o, B), where @, is generated by ¢g*, A € (0,00), such that

lim my = m.
A—o0

Let | € N such that m(FE;) < b. Thus we have
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m)\(El) <b, € (0,00)

Since f (z) = x* (u # 0) is strictly increasing, whenever y > 0, g* and g are comonotone functions.
Hence, by Theorem 3.3, we have

my ( lim En) = lim my (E,), A € (0,00).

n— oo n— oo

Consequently, we obtain that

I (1' E):l' li E,) = lim li E,),
n o B, B ) = B () = Jig g, (B)

ie, m ( lim En) = lim m(E,). O
n—oo n—oo

Theorem 3.5 Let (X, D,®) be a semiring with generated pseudo-operations by a strictly monotone and

continuous surjective generator g, and let m : @/ (X) — [a,b] be a o-@®-decomposable measure. If f :

X — [a,b] is a measurable function with respect to m and E is a o-®-decomposable measure zero set on

A (X), then
o
[ fodn=o0.
E

Proof. If the pseudo-operations are generated by a strictly monotone and continuous surjective generator
g,ie., x®dy =g (g(x)+g(y)) and Oy = g~ (g(x) - g(y)) for every z,y € [a,b]. Then the pseudo-integral
for a measurable function f: X — [a,b] is given by

@

[fodn=g""! (kngfdu>,

E

for every measurable set F/, where ; = gom is a og-additive measure. Since E is a set of o-@®-decomposable

measure zero on &/ (X ) and g(0) = 0, we have that E is a measure zero set with respect to u. Hence, by

Theorem C of § 25 of [11], we have [ go fdu = 0. Consequently, by the strictly monotonicity of g, we
E

@
obtain that [ f ®dm =g¢g~(0) =0. O
B

Example 3.1 Let X = R and let the pseudo-addition be represented by a strictly increasing and continu-
ous generator surjective function g : [0,400] — [0, +00|, which is defined by g(x) = x for all x € [0, 4+00].
It is easy to see that t By =x+y and x Oy =z -y for all z,y € [0,400]. Hence, we have 0 =0,1=1.
We define a set function m on B(X) by

m(E) = u(E)

for all E € B(X), where p is a Lebesgue measure. It is obvious that m satisfies (1) and (2) of Definition
2.83. Consequently, the set function m is a o-®-decomposable measure. Let E be the set of rational
numbers. Since u(E) = 0, thus m(E) = 0, i.e., E is a set of o-®-decomposable measure zero on B(X).
Hence, for any measurable function f we have

@
[ fedn=o0.
E

Theorem 3.6 Let (X,sup,®) be a semiring with ® generated by a strictly increasing and continuous

surjective generator g, and let m : &/ (X) — [a,b] be a o-sup-decomposable measure which is defined by

m(E) = sup ¢(z), where 1 : X — [a,b] is a density function given by Y(x) = m({z}). If f: X — [a,}]
zeE

is a measurable function with respect to m and E is a set of o-sup-decomposable measure zero on o7 (X),
then

sup

[ fodm=o.
E
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Proof. Let m : & — [a,b] be a o-sup-decomposable measure which is defined by m(E) = sup (),
zelE

where ¢ : X — [a,b] is a density function given by ¢ (z) = m({z}). Then the pseudo-integral for a
measurable function f: X — [a,b] is given by

sup

[ fodn=sup(f(z)®y(x)),
E zeFE

for every measurable set F, where function 1 defines o-sup-decomposable measure m. Since f(z) =<
sup f(x) and ¢(x) < sup ¢(x) = m(E) for all x € E, by the monotonicity of g, we have
zEE zelk

0(f @) <g (sup f <x>) and g (1) (z)) < g (m (E)),

zeEE

for all x € E. Hence, by g(x) > 0 for all = € [a, b], we have

zeE

9(f (@) g (@) <g (sup / <x>) g(m(E)),

which implies that

oo ()9 @) <o (s (s (sw @) -atm(en) ).
for all x € E. Since ® is generated by a generator g, i.e., y ® 2 = g~ 1(g(y)g(z)) for all y, z € [a,b], we
get that

g (f(@) () < g (sup @) o m<E>),

zeE

for all x € E. Hence, we obtain that

f(x) ©(x) = sup f(zx) © m(E)

zel

for all x € F, which implies that

sup(f(z) ©® ¢(x)) = sup f(z) © m(E).
zEE el

Since E is a set of o-sup-decomposable measure zero on &7 (X), we have sup f(z) @ m(E) = 0. Con-
zeE
sequently, we have sup(f(z) ® ¢(x)) < 0. By the monotonicity of g and g(y) > 0 for y € [a,b],
rck

we have 0 < g (sup(f(x) ®¢(x))> < g(0) =0, 1ie, g (Sup(f(x) @zb(a:))) = 0, which implies that
RIS D) rEE

[ fodn=0.0
E

Theorem 3.7 Let (X,sup,inf) be a semiring, and let m be the same as in Theorem 3.6. If f : X — [a, ]
is a measurable function with respect to m and E is a sel of o-sup-decomposable measure zero on o7 (X),
then

sup

[ fodm=o.
E

Proof. Let m be the same as in Theorem 3.6. Then the pseudo-integral for a measurable function
f: X — [a,b] is given by
sup

g f©dm = sup(f(z) ®p(x)),

z€E

for every measurable set E, where function ¢ defines o-sup-decomposable measure m. Since f(z) =<
sup f(z) and ¥ (z) < sup ¢¥(x) = m(FE) for all x € E, and y ® z = inf(y, z) for all y, z € [a, b], we have
zeE zel
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F(2) ©(x) = inf{ (), (a)} < inf {sup f(:c%m(E)} — sup f(z) © m(E),

z€E zelE

for all x € F, which implies that

sup(f(z) © ¢(z)) = sup f(z) © m(E).
zEE el

Since E is a set of o-sup-decomposable measure zero on &/ (X), we have sup f(z) ©m(E) = 0. Hence, we

RIS D)
have sup(f(z) ®¢¥(z)) 2 0. By y < z if and only if sup(y, z) = z and y ® z = sup(y, z) for all y, z € [a, ],
RSy D)

we obtain that

sup(f(z) ©¢(z)) ®0 = 0.

zeE

sup
By (4) of Definition 2.1, we have sup(f(z) ® ¢(z)) = 0, which implies that [ f®dm =0. O
zeE E

Theorem 3.8 Let (X, ®,®) be a semiring with generated pseudo-operations by a strictly monotone and
continuous surjective generator g, and let m : o7 (X) — [a, b] be a o-B-decomposable measure. If f : X —
[a,b] is a measurable function and 0 < f a.e. on a measurable set E with respect to m, and if

D
[fodm=o0,
E

then m(E) = 0.

Proof. If the pseudo-operations are generated by a strictly monotone and continuous surjective generator
g,ie, y®z =g Y g(y)+g(2)) and y©z = g~ (g(y)-g(2)) for every y, z € [a,b]. Then the pseudo-integral
for a measurable function f : X — [a, ] is given by

57
ngdm—glggOfdu>7

for every measurable set E, where = g o m is a o-additive measure.

Let £ = F1UFE; and EyNEy = (), where By = {z € E]0 < f (x) }. By y X zif and only if g(y) < g(z)
for all y, z € [a, b], the strictly monotonicity of g and ¢g(0) = 0, we obtain that g(f(z)) > 0 for all z € Es.
Since 0 < f a.e. on a measurable set E with respect to m, we have m(E;) = 0. Hence, by Theorem 3.5,

5]
we have [ f©® dm = 0, which implies that
Ey

® ® ® &
[fodn=[fodne [ fodn= [ f&odn.
E El Ez E2
S2]
If [ f®dm =0, then we get that
E

(&)
[ fodn=g" (ngfdu> =0,
E2 E2

ie, [gofdu= g(0)=0. By Theorem D of § 25 of [11], we have u(E>) = 0. Hence, we obtain that
E>

m(Ey) = g~ (u(E)) = 0. Consequently, m(E) = m(E;) ® m(E,) = 0. O

Theorem 3.9 Let (X,sup,®) be a semiring with ® generated by a strictly increasing and continuous
surjective generator g, and let m be the same as in Theorem 3.6. If f : X — [a,b] is a measurable
function and 0 < f a.e. on a measurable set E with respect to m, and if

sup

| fodn=o0,
E

then m(E) = 0.
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Proof. Let m be the same as in Theorem 3.6. Then the pseudo-integral for a measurable function
f:X — [a,b] is given by

sup

E[ f©dm = sup(f(z) ©P(x)),

el

for every measurable set F, where function ¢ defines o-sup-decomposable measure m. Let E = E; U Es
and By N Ey =0, where E; ={z € E|0 < f(z)}. If 0 < f a.e. on a measurable set F with respect to
m, then m(E7) = 0, which implies that

m(E) = sup{m(E1),m(E2)} = m(E>).

If Sjpf(adm = 0, then by ¢(0) = 0, we have g (Sjprdm> =g (sup(f(x) Qw(a:))) = 0. By the
2 E 2€E

strictly monotonicity of g, we have
o00) @ v1)) < g (sup(s(a) © w2 ) =0,
for all x € E. Since g(y) > 0 for all y € [a,
by a generator g, i.e., y ® z = g (g(y)g(z
9(f(@)) - 9(W(z)) = g(f(z) © ¢(z)) = 0.

Since 0 < f(x) for all x € Fs, we get g(f(z)) > 0 for all x € Ey. Thus, we have g(¢(z)) = 0, ie.,

Y(x) =0 for all x € E5 C E. Consequently, we obtain taht m(Es) = sup ¥ (z) = 0, which implies that
rEFy

b], we have g(f(x) ©¢(z)) =0, for all x € E. If ® is generated
)) for all y, z € [a, b], then we get that

m(E)=0. O

Theorem 3.10 Let (X, sup, inf) be a semiring, and let m be the same as in Theorem 3.6. If f : X — [a, ]
is a measurable function and 0 < f a.e. on a measurable set E with respect to m, and if

sup

| fodn=o0,
E

then m(E) = 0.

Proof. Let m be the same as in Theorem 3.6. Then the pseudo-integral for a measurable function
f:X — [a,b] is given by

sup

,;[ f©dm = sup(f(z) ©¢(x)),

z€E

for every measurable set E, where function ¢ defines o-sup-decomposable measure m.
Let E = EyUFE> and Ey N Ey = (), where B = {x € E|0 < f(z)}. If 0 < f a.e. on a measurable set

sup

E with respect to m, then m(E;) = 0. Hence, by Theorem 3.7, we have [ f® dm = 0, which implies
Eq
that
sup sup sup sup
[ fodn= [ fodnd [ fodn= [ fodn.
E E1 Ez E2
sup sup
If [ f®dm =0, then we get that [ f©®dm = sup (f(x) ®¢(x)) = 0. Hence, we obtain that
E E> TEF,

f(@) ©¢(x) 2 sup (f(x) ©(x)) =0 = f(x) ©0,

zeFEs

for all z € Ey. By 0 < f(x) for all x € E5 and (2) of Definition 2.2, we have ¢(z) < 0 for all z € Es,

which implies that m(E2) = sup ¢(z) < 0. Since f(z) < sup f(x) and ¥ (z) < sup ¥(x) = m(E2) for
RIS D r€F, z€E>
all x € Ey, and y ® z = inf(y, z) for all y, z € [a, b], we have

£(2) 0 ¥() = mf{f(z), (z)} < inf{ sup f<x>,m<E2>} — sup f(z) © m(Ey),

rEEy TEF,

10
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for all x € Ey, which implies that

sup f(z) ©0 =0 = sup (f(x) ©¢P(z)) 2 sup f(x) ©m(Ey).
RIS 0P} A r€E>

By 0 < f(z) for all x € E5 and (2) of Definition 2.2, we have 0 < m(E3). Consequently, we obtain that
m(Es) = 0, which implies that m(E) = m(E;) @ m(Es) = 0. O

Theorem 3.11 Let (X,®,®) be a semiring with generated pseudo-operations by a strictly monotone
and continuous surjective generator g, and let m be a o-®-decomposable measure on o/ (X) and f be a

&
measurable function with respect to m on X. Then [ f©®dm = 0 if and only if f = 0 a.e. for every
E

measurable set E.

Proof. If the pseudo-operations are generated by a strictly monotone and continuous surjective generator
g, i.e., we have

y®z=9"(9(y) +9(2) and Oy = g (9(y) - 9(2))

for every y, z € [a,b]. Then the pseudo-integral for a measurable function f : X — [a, b] is given by

@
[fodn=g" <fgofdu)
B B

for every measurable set E, where 4 = g o m is a o-additive measure.
S
Suppose [ f ® dm = 0 for every measurable set E. Since g(0) = 0, we have [ go fdu = g(0) = 0 for
E E

every measurable set E. By Theorem E of § 25 of [11], we have go f = 0 a.e. for every measurable set
E, which implies that f = 0 a.e. for every measurable set E.
Suppose f = 0 a.e. for every measurable set E. Let £y U Ey = E and E; N Ey = (), where

@

Ey = {z € E|f(z) = 0}. Then, we have m(E>) = 0. By Theorem 3.5, we have [ f ®dm = 0. Hence,
E>

we get that

@ @ @ @
Jfodn=[fodna [ fodn= [ f&dmn.
E E1 Ez El

Since f(z) =0 for all z € Ey, we have g(f(x)) =0 for all € E;. Hence, we obtain that | go fdu =0,
E;

D 5]
ie., [ f®dm=g"'0)=0. Consequently, [ f ®dm =g '(0)=0. O
B B

Theorem 3.12 Let (X,sup,®) be a semiring with ® generated by a strictly increasing and continuous

surjective generator g, and let m be the same as in Theorem 3.6 and f be a measurable function with
sup

respect to m on X. Then f fOdm =0 if and only if f = 0 a.e. for every measurable set E.
E

Proof. Let m be the same as in Theorem 3.6. Then the pseudo-integral for a measurable function
f: X — [a,b] is given by
sup
[ dm=sup(f(z) © (),
E zelk
for every measurable set E, where function v defines o-sup-decomposable measure m.
sup

Suppose [ f ® dm = 0 for every measurable set E. By ¢(0) = 0, we have
E

o (from) =g (s ove) -o

E zelE

By the strictly monotonicity of g, we have
11
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o130) @ v1)) < g (sup(s(a) © w2 ) =0,
for all z € E. Since g(y) > 0 for all y € [a,b], we have g(f(z) ® ¥(z)) = 0, for all z € E. Since © is
generated by a generator g, i.e., y ® z = g~ 1(g(y)g(2)) for all y, z € [a, ], we get that

9(f(2)) - g(¥(x)) = g(f(z) © ¥(x)) =0,

forallz € E. Let E = E1UE5 and E1 N Ey = (), where Ey = {z € E|f(z) = 0}. Then, we have f(z) #0
for all x € E5, which implies that g(f(z)) # 0 for all x € E5. Hence, we have g(¢¥(z)) =0, i.e., ¥(z) =0

for all x € F3 C E, which implies that m(FE3) = sup 9 (x) = 0. Hence, f = 0 a.e. for every measurable
rEEy
set E.

Suppose f = 0 a.e. for every measurable set E. Let Fy U Ey = E and Ey N Ey = (), where

sup

Ey = {z € E|f(x) = 0}, then m(E>) = 0. By Theorem 3.6, we have [ f® dm = 0. Hence, we get that

E>
sup sup sup sup
[ fedn= [ fodna [ fodn= [ f&dn.
E Eq E> Ey

Since f(x) = 0 for all x € E;, we have f(z) ® ¥(z) = 0 for all x € E;. Hence, we obtain that
sup

sup
[ f®dm = sup (f(z) ®¢(z)) = 0, which implies that [ f©®dm =0. O
B z€E B

Theorem 3.13 Let (X, sup,inf) be a semiring, and let m be the same as in Theorem 3.6 and [ be a
sup

measurable function with respect to m and 0 < f. Then [ f©dm = 0 if and only if f = 0 a.e. for
E

every measurable set E.

Proof. Let m be the same as in Theorem 3.6. Then the pseudo-integral for a measurable function
f: X — [a,b] is given by

sup

J f©dm=sup(f(z) ©¥(x)),
E zel

for every measurable set E, where function ¢ defines o-sup-decomposable measure m. For every mea-
surable set E, let E = F; U Ey and Ey N Ey = (), where By = {z € E|f(z) = 0}.

sup

Suppose | f ® dm = 0 for every measurable set E. By the proof of Theorem 3.10, we have m(E;) =
E

0. Hence, f = 0 a.e. for every measurable set E.
Suppose f = 0 a.e. for every measurable set E, then m(E;) = 0. By Theorem 3.7, we have

sup
J f ®dm = 0. Hence, we get that
E>

sup sup sup sup

[ fedn= [ fodna [ fodn= [ fodn.
E E1y E; Ey

Since f(x) = 0 for all x € E;, we have f(z) ® ¢(z) = 0 for all x € E;. Hence, we obtain that
sup

sup
[ f®dm = sup (f(z) ®¢(z)) = 0, which implies that [ f©®dm =0. O
B z€E B

Theorem 3.14 Let (X, ®,®) be a semiring with generated pseudo-operations by a strictly monotone and
continuous surjective generator g : [a,b] — [0,+00], and let m : & (X) — [a,b] be a o-®-decomposable
measure. For a measurable function f : X — [a,b] with respect to m, define the set functionv : X — [a, b]
by

o
v(E)=[f©®dnm,
E

for any measurable set E. Then v is a o-®-decomposable measure and absolutely ®-continuous with
respect to m.

12
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Proof. If the pseudo-operations are generated by a strictly monotone and continuous surjective generator
g:la,b] = [0, 400, ie., y® 2z =g~ (g(y) +9(2)) and y © 2 = g~ (g(y) - 9(2)) for every y, 2 € [a,b]. Then
the pseudo-integral for a measurable function f : X — [a, b] is given by

&
v(E)=[fodn=g" <L[90fdﬂ>7
E
for every measurable set F, where u = g o m is a o-additive measure. Hence, v is a set function of <7 to

[a,b].

(1) By 0 is o-®-decomposable measure zero set and Theorem 3.5, we have
e
v(®) = [ f®dm=0;
0

(2) For any sequence {E;};cn of pairwise disjoint sets from &7, we have

0 D
V(UEz) = [ gedn=gt{ [ gofi
i=1 U B U E;

=1

i

oo oo @
= g Z/QOfdu =g Dy /f®dm
izlEi i=1 :
5]
= ‘6_91 f@dm = ‘6_91 I/(Ei).
E;

Consequently, v is a o-®-decomposable measure. By Theorem 3.5, we obtain that v is absolutely &-
continuous with respect to m. O

Theorem 3.15 Let (X,®,0) be a semiring with generated pseudo-operations by a strictly monotone
and continuous surjective generator g, and let m : &/ (X) — [a,b] be a totally o-g-finite-decomposable
measure. If the o-g-finite-decomposable measure v is absolutely ®-continuous with respect to m, then
there exists a measurable function f on X and g(f(x)) < +oo for all x € X, such that

o
v(E)= [ f®dm,
E

D
for every measurable set E. The function f is unique in the sense that if also v (E) = [ h® dm, then
E

f =h a.e. with respect to m.

Proof. If the pseudo-operations are generated by a strictly monotone and continuous surjective generator
g, i.e.,

y®z=g"g(y) +9(2) and z 0y = g~ (g(y) - 9(2))

for every y, z € [a,b]. Then the pseudo-integral for a measurable function f : X — [a, b] is given by

D
gfcadng‘l(ggoj"du)

for every measurable set E, where 4 = g o m is a o-additive measure.

Since m is a totally o-g-finite-decomposable measure, we have p is a totally o-finite measure. If
the o-g-finite-decomposable measure v is absolutely continuous with respect to m, then g o v is o-finite
measure and absolutely @-continuous with respect to p. Hence, by Theorem B of § 31 of [11], there
exists a finite valued measurable function p with respect to g on X such that

g(v(E)) = gpdu,

for every measurable set E. By the strictly monotonicity of g, we have p(z) = (g(g~*(p(z)))) for all
r€X. Let f=g 'op, then

13
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g (E)) = [pdu= [go fdu,
E E

for all measurable set E/, which implies that
. @
v(E)=g~ (ggOfdu) = [fodnm,
E

ea

for every measurable set E. If v (E) = [ h © dm, then g(v(E)) = [ g o hdu. Hence go f = goh a.e. with
E E

respect to p, i.e., f = h a.e. with respect to m. O

4 Conclusions

In this paper, we mainly discussed two classes of o-@-decomposable measures and the corresponding
pseudo-integrals: one is based on the generated pseudo-addition (g-case, see [16, 22]) and the other
is based on the idempotent pseudo-operation (sup and inf, see [23, 39]). We got several properties
as monotonicity, continuous from above and continuous from below for o-@-decomposable measures. In
particular, we obtained the correlation between the measure zero sets with respect to a o-®-decomposable
measure and the corresponding pseudo-integrals on them. As an application of the main results, we
generalized the classical Radon-Nikodym theorem, which has been extensively studied and discussed
[5, 7, 10, 12, 43], to the decomposable measure theory based on pseudo-integrals. We also hope that our
results in this paper may lead to significant, new and innovative results in other related fields.
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ABSTRACT. In this paper, we use Young’s function to define Zygmund-Orlicz space. We
study boundedness and compactness of composition operator on Zygmund-Orlicz space.

1. INTRODUCTION

Let D be the unit disk of the complex plane C and H(ID) be the space of all holomorphic
function on D. Let p be a bounded, continuous and positive function denfined on D. A
function f € H(D) belongs to u—Zygmund space , denoted as f € Z*, if

£l = sup u(2)| f"(2)] < oo.
zeD

Clearly, if ju(z) = 1 — |z|?, the space Z* is just the Zygmund space, which is denoted by
Z, while when pu(z) = (1 — |2|?)® with a > 0, the space Z* becomes the a-Zygmund space
which is denoted by Z*. It is readily seen that Z* is a Banach space with the norm

[l ze = 1L O+ SO+ 1 -

For some more information of pu-Zygmund space on the unit disk see [3], while for composition
and integral-type operators between them on the unit disk see for example [4, 6, 7, 8, 9].

Let Aq, Ay be two linear subspaces of H (D). If ¢ is a holomorphic self-map of D, such
that f o ¢ belongs to A for all f € A;, then ¢ induces a linear operator Cy : A1 — As
defined as

Cof =[fo9,
called the composition operator with symbol ¢. This type of operator appears in studies on
isometries of various function spaces. Composition operator has been studied by numerous
authors on many subspaces of H(D) and in paticular on Zygmund spaces and p-Zygmund
spaces. In [5], Julio C. Ramos Ferndndez characterized boundedness and compactness of
composition operators on Bloch-Orlicz spaces denoted by B?, where ¢ is Young’s function.
More precisely, let ¢ : [0,00) — [0,00) be a strictly increasing convex function such that
©(0) =0 and tlim 7 = Jim @ =0,
— 00

B? ={f e H(D): jlelg(l — 2)e(Alf (2)]) < oo}

for some A > 0 depending on f.
It is easy to see that B¥ is a Banach space with the norm

1fllse = [£O) + [1f]l,

The work was supported in part by the National Natural Science Foundation of China (Grant Nos.
11371276; 11301373; 11201331).
*Corresponding author.
2010 Mathematics Subject Classification. Primary: 47B38; Secondary: 32H02, 30H05, 30H30, 47B33,
45P05
Key words and phrases. composition operator, Zygmund-Orlicz space, Young’s function.
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where || f||, = inf{k > 0: Sw(f?l) <1} is a Minkowski’s functional and S, (f) = sup,¢p(1 —
212)e(1f(2)])-

This paper is organized as follows: In section 2, we use Young’s function to define the
Zygmund-Orlicz space, as a generalization of Zygmund space. The spaces is defined in a
similar way as Korenblem-Orlicz space and Bloch-Orlicz space in [1, 2, 5]. We study some
of its properties and show that the Zygmund-Orlicz space is isometrically equal to certain
u-Zygmund space for a very special weight p. In section 3, we characterize boundedness
and compactness of composition operator on Zygmund-Orlicz space.

Throughout the rest of this paper, C' will denote a finite positive constant, and it may
differ from one occurrence to the other.

2. ZYGMUND-ORLICZ SPACES

In this section, we define the Zygmund-Orlicz space Z¥ using Young’s function. More
precisely, Z¥ is the class of all analytic functions f in D such that

sup(1 — [2[*)o(Alf"(2)]) < o0
zeD

for some A > 0 depending on f. The set Z¥ is an F-space which we call Zygmund-Orlicz
space associated to the function ¢. We can observe that when ¢(t) =t with ¢ > 0, we get
back the Zygmund spaces Z.

It is not hard to see that

"

I£lly = inf{k > 0: Sp(7~) < 1}

define a seminorm for Z¢, where S, (f) = sup,cp(1 — |2[2) (| f(2)])-
In fact, it can be show that Z¥ is a Banach space with the norm

[fllze = £+ £ ()] + I f]l- (2.1)
Also, we can observe that for any f € Z¥ \ {0}, the following relation
f// f//
S, ( )< S <1 2.2)
i) = %G, (

holds. The inequality above allow us to obtain that
1
" < —1
£ <o (el

for all f € Z¥ and for all z € D. Furthermore, we have

|z| 1
FEIrO+ 1Ol < 0+ [ o ol (@3

W
Lemma 1. The Zygmund-Orlicz space is isometrically equal to w-Zygmund space, where
1
o (=)
with z € D. Thus, for any f € Z%, we have || f|l, = || f|l. = sug,u(z)|f”(z)|.
z€

p(z) =

Proof. From (2.2), for any f € Z¥\ {0} and any z € D, we have

)

which implies that p(2)|f”(2)| < || fll, for all z € D. Thus Z¥ C Z* and || f||, < || flle-
Conversely, if f € Z*, then p(2)|f"(2)| < ||f|., for all z € D. From here, we have

’

sy,(ﬁ) < 1. Thus, f € 2% and ||fl, < | £, O

The following result will be very useful in the next section and it is a version of Lemma
6 in [5]. for completeness, we include an outline of its proof.
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Lemma 2. Let a € D fized. There exists a holomorphic function f, € H(D), such that

1—|af?
|1 —az|?

e(lfa(2)) =

for all z € D.

Proof. For z € D, we set u(z) = ¢~ }( ﬁ:laazl‘z ), then u is a real and continuously differentiable
function. Therefore, its partial derivatives exist and are continuous throughout D. It is clear
that function u satisfies u(z) > g@’l(ﬁ) > 0 for all z € D. Now we set f/(z) = u(z)e”(*)
where v is a real function defined on D. Then, in order for f! to be an analytic function
on D, its real parts U(z) = u(z) cosv(z) and its imaginary parts V(z) = u(z)sinv(z) must
satisfy the Cauchy-Riemann equations. We get the relation wv, = —u, and uvy = u,. We

can choose a C! real function v defined on D such that f! is an analytic function on D
1—|al?

satisfying ¢(|f2(2)) = =g,z Of course, fo(2) = Iy f2(Q)d¢ + f4(0) is an analytic function
on D, too. O

Remark. It is clear that for any a € D, the function go(2) = [ fa(s)ds with z € D and
fa is the function found in Lemma 2.2, belongs to the space Z%.

1—|af?

S(g!") = sup(1 — |2|? L = sup(l — |ou(2)]?) =1 2.4
(62) = sup(1 = ) ey = sup(1 ~ o () (2.4
where 04(2) = {2 denote the automorphism of the disk D. From (2.4), we get |gall, =1

for all a € D.

Lemma 3. The composition opreator Cy is compact on Z% if and only if given a bounded
sequence { fn} in Z% such that f, — 0 uniformly on compact subsets of D, then ||Cy frn|l, — 0
as n — 0o.

3. MAIN RESULTS

Theorem 1. Let ¢ be a holomorphic self-map of D. Then Cy : Z% — Z¥ is bounded if and

only if "
u(z
Jeb 1(9(2))

" L 1
iggu(@@ (2)] (1+/0 ¢ (1|¢(z)t2)dt) < 00.
Proof. Suppose that

|¢(2)|* < 0o and

p(2)

Lo =sup oy ¥ I <o
1
Lo = supp(2)(2) (1+ / wl(W)) dt < oo. (3.5)

Then for all f € Z¥\ {0}, We have the following estimate
[f"(6(2))¢"(2) + f’(¢(z))¢”(2)|)

(L1 + La) || fllze
[f"(6()I¢' (=) + \f’(¢(2))|\¢"(z)|)

(L1 + La) || f[| 2

S fll + (1 ¢-1<W>dt>|¢"<z>|||f||m)
(L1 + La) || fll z#
(L1 + Lo)[[ fll z# )

S”(W)

_ _ 2
Lo L) = Sl o (

zeD

IA
w0
=i

=
-

~

o

S~—"

S

IA
w0
=1
ko]
—~
—_
o
~—
S
=

INA
w
=
=
—
|
™
T
S—
BS)
N N
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where we have used the relations (2.1) (2.2) (2.3) and Lemma 2.1. From here, we can
conclude that ||Cyfll, < (L1 + L2)||f| z¢. Moreover from (3.5), take z = 0, we have

-1 " ! -1 1 00
W11+ [ ) <

and therefore

L 1

Hence with (2.1) (2.3)

A

|#(0)] |6(0)]
[F (@) + 11/ (¢(0)¢'(0)] < |f(0)|+/0 |f’(§)\|d€|+\f’(0)\+/0 LF(OIldd]

IN

[#(0)]
1fllze +201+ / PO 2o

1
1
= e +2(1 ——))dt @. .
Mz +20+ [ o Gepgmlles G)
Combined with (3.6) (3.7), we have ||Cyf||z¢ < C||f|z- for all f € Z%, and Cy : Z¥ — Z¥

is bounded.
Conversely, suppose that there exists a constant C' > 0 such that
1fodlly <Cllflly
for all f € Z¥. By taking the function f(z) = z € Z¥, we obtain
C f " z ¢// z
sup(1 — o) (LGN — qupa ) () < o
zeD z€eD
That is
sup 1i(z)[¢" (2)] < oo. (3.8)
zeD
For a € D, set go(2) = [; fa(s)ds and from the remark , we see that g, € Z¢ and ||ga |, = 1.
With (2. ) we have that
9a 0 9)" (2 fa(9(2))9” (2) + fa($(2))¢" (2
1o g (800 e MAOED0E) + L) ),
Cllgall» 2D c
Hence

w@)fa (@' ()] = p(= )I
< ()| fo(9(2))8"(2) + fa(o

A\

or

()| fa(S()S (2)]* < C+ ()] fa(e())l¢" (2)]-

For g, € Z%, we have g, € B?. That is to say f, € B? and from Lemma 2.1 we get f, € By,

— 1 Thus, from [11], we have
¥ (17|z|2)

where p(z) =

|2]
a2l <00+ / ﬁdt)llfal\m. (3.9)

Hence
/ / 2 |¢(Z)| 1 1/
iggu(Z)\fa(ab(Z))lw (2)" < C+Cu(z)(1 +/ @dt)\qﬁ I falls,- (3.10)

It is obvious that sup,cp pu(2)|fL(#(2))]|¢(2)|* < oo when |¢(2)| < 1
Now for % < |p(2)] < 1, fix a € D, we set

h()dt)
ha2) = (1= o) [ / n(t)dt — f‘“"" ")
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where h(t) = —() Then
1(Jy” h(t)dt)?
el = () / o f'a‘ h(t dt)
"(2) = (1 — |a]?)(ah(az 7ah(az) o lt)dt
ha(2) = (1 — |a[")(ah(az) T a

2
It is easy to see that hl,(a) = # fo‘a‘ h(t)dt and h!/(a) = 0. From above, we can see that
he € Z%, and ||hq||, < C. Therefore, ||Cyhqll, < C. Hence, we have

sup(1 — |2f2)p(LCee) Gl
zeD

"(p(z '(2)]? ' (&(z "(z

ol = oD G + (@0 )

z€D C

) < oo.
From above, put a = ¢(z), we obtain

" lp(=2)|>
bup,u 2)|¢" (= |/ —dt <C.

Combined with the boundedness of ¢, (3.8) and the followmg inequality of [12]

[(2)|? 1 o)1 1 [p(2)|? 1
/0 s /O O c/ St (3.11)
we have
" 1
sup()[6" (2)]19(2) / WW
6 (=
< itelgu 2)|¢" (2 \/
C+C IWH d 3.12
< " L )
< swpuEld (I + / ) < o (312)
Hence with (3.10), we have
/ / 2 N(Z) / 2
itelgu(Z)lfa(¢(2))l\¢ (2)]" = SUp ) o' ()" < C,

1
sup ()16 (21 + [ o7 (I <

zeD
This completes the proof. O

Theorem 2. Let ¢ be a holomorphic self-map of D. Then Cy : Z¥ — Z¥ is compact if and
only if Cy is bounded and
. w(z) ’ 2
lim @' (2)|* =
|#(2)|—1 u(aﬁ(Z))‘ )

(3.13)

tim ()"0 + | o (o = O (3.14)

[¢(z)| =1

Proof. Suppose first that Cy is bounded and (3.5) holds. Let {f,,} be a bounded sequence in

Z¥ converging to 0 uniformly on compact subsets of D. Then, by Lemma 2.3, it is sufficient

to show that||Cy fr ||, — 0 as n — oco. From (3.13) and (3.14), for e;,e2 > 0, we can find an
€ (0,1) such that

(2)
p(9(2))

GER<e and w0+ [ o G <e
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whenever r < |¢(z)| < 1. From here, we have that

WICofa) () < uEDIF G )P + £ 6E)]6" ()
< Oy,

pu(e(2)) 1
+ I+ [ ol 2
< | fallger + 1 fall zoe2. (3.15)
On the other hand, since { f,, } converges to 0 uniformly on compact subsets of D, sup |f/(¢(z))| —
0, and sup |f}(¢(z))] = 0 as n — oco. From the boundedness of Cy, set f(,‘:;(ggzre VAS
and f(;)’(;”i; € Z¥, we have
M, = sup u(2)|¢'(2)]? < o0, My = sup u(2)|¢”(2)] < oc. (3.16)

zeD z€D

Hence, we have

sup 1u(2)|(Co fn)" (2)]

j(r)l<r
< sup ()¢ ()1 (9(2)] + sup  pu(2)]@” ()IIf(6(2)]
[(r)|<r l6(r)]<r
< My osup [f(6(2)[+ Mz sup £ (6(2))] =0
o)l <r j(r)|<r

With (3.15), we obtain that Cy is a compact operator on Z¥.
Suppose that Cy : Z¥ — Z% is compact. It is clear that Cy : Z¥ — Z¥ is bounded. Let
{zn} be a sequence in D such that |w,| = |#(z,)| = 1 as n — co. Set

%@=L%@@—MNWS

then g, € Z¥ and ||gn||, = 1. Furthermore, g, — 0 uniformly on compact subsets of D as
n — oo. Hence

0 « ||C¢gn||uZu(zn)|gg(¢(2n))¢/2(2’n)+g;(¢(zn))¢”(zn)|
> (2| F oy (D) (20)

— 1z fo(en) (@(20)) = Fo(zn) (0)]10" (20)]- (3.17)
Since Uy is compact operator on Z¥, set
1 Z r(In(1 — wy())? _
w = — 2 —In(1 — w,() )dC.
50 (2) = T ) /0 (21n(1 e S S Q) de
It is easy to see that s, (w,) = —3% and s), (w,) =0. So sy, € Z? and s,,, — 0 uniformly

on compact subsets of D as n — oco. For €3 > 0, we have

1
€3 > ||C¢>SwnHM = 5 sup M(Zn)‘¢/l(zn)|a
zeD
which means
le w(zn)|d" (zn)] = 0. (3.18)

Set

(1l 2 z  punC - }(fow"c h(t)dt)2
m(e) = (=) [ ([ O = 5
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then {h,} C Z¥ and {h,} is a sequence converging to 0 uniformly on compact subsets of
D. Furthermore, for €4 > 0, we have

(I(C¢hn)”(2n)|>

sup (1 — |zn|2)g0 .

zZn €D

A (A GEDLE AR UL EN LAl
zn €D
1- |¢(zn>|2 " lo(zn)? 1
= s (1 - |z ( S ‘f ok )<54.
zn €D

That is to say, for 4 > 0,3N, such that f < |#(zn)| < 1 whenever n > N, we have

(22 1
‘¢(z” *, 2)|6 () |/ St <en (3.19)

Hence, with (3.18) (3.19), we obtain that

)l 16zl
N(ZH)W(Z”)'/O ﬁdt < u(zn)lsb”(zn)l(ClJrCz/O ﬁdt)

R CIEA N /'W"”Q !
Ces + C———————u(z, Zn ——dt
Cez + Cey. (3.20)

Therefore, with the boundedness of ¢ and (3.18) (3.20), we have
1
1
lim  wu(z)|¢" (2 1+/ Ho——)dt) =0
i @ @I [
and (3.14) hold. Moreover, with (3.17) we have that

IN

IN

Iwnl
11(20)| o (W) = fu, O)16" ()] < 11(z0)|0" (20)](1 +/O ﬁdt)ﬂfwn = fuw,(0)[B,
< (Cos+ Ce0)lfur = Fun(O)s,. (321)
From (3.17) (3.21), we obtain that
M(Zn) ’ 2 ’ / 2

< NCsgnlly + 1(z0)| fuon (i) = fu, (0)]1" (20)]

< Cgnllp + (Ces + Cea)|| fuo, — fuw, (0)]l5,-
This implies that

. ,U(Z) / 2

o oy )

and (3.13) holds. This completes the proof. O
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Multiple positive solutions for m-point boundary
value problems with one-dimensional p-Laplacian
systems and sign changing nonlinearity *
Hanying Feng', Jian Liu
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Abstract: In this paper, we consider the multipoint boundary value problem for the

one-dimensional p-Laplacian system

(9, (W) + @1 () f(t,u,v) =0, t € (0,1),
(¢P2 (UI))/ =+ qQ(t)g(tvuvv) =0,t¢€ (Ov 1)7

u(0) = aiu(;), ' (1) = pu'(0),

i~
—~
(en)
=
Il
Q

(&), (1) = pu'(0),

where ¢, (s) = |s

Pi2g p;>1,i=1,2, &, €(0,1) with0 < & <& < < &pa<
m—2

1 and a; € [0,1), Z a; <1, 8 €(0,1). By using the fixed point index theorem on
cones, we study tl;: 1existence of positive solutions for the m-point boundary value
problem with sign changing nonlinear term. Some sufficient conditions for the exis-
tence of multiple positive solutions are obtained. Finally, an example is also included
to illustrate the importance of the main result obtained.

Keywords: Multipoint boundary value problem, Fixed point theorem, Cone, Positive

solution, One-dimensional p-Laplacian.

2010 MR Subject Classification: 34B10, 34B15, 34B18

1 Introduction

In this paper, we study the existence of multiple positive solutions to the boundary value
problem (BVP for short) for the one-dimensional p-Laplacian system

{ (¢P1 (’U/))l + ql(t>f(t? u,v) =0,te ( 71)7 (1 1)
(¢p2 (v,)), + QQ(t)g(tvu’ U) =0, te (Ov 1)’ '

*Supported by NNSF of China (11271106) and HEBNSF of China (A2012506010).
TCorresponding author. E-mail address: fhanying@126.com (H.Feng).
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m—2
u(0) =Y au(&), v'(1) = pu'(0),
=1 (1.2)

m—2
v(0) = Z a;v(&), v'(1) = Bv'(0),

where ¢, (s) = [s[Pi72s, p; > 1, i=1,2, & € (0,1) with 0 < & <& <+ < &poa < L.

Multipoint boundary value problems of ordinary differential equations arise in a variety
of areas of applied mathematics and physics. For example, the vibrations of a guy wire
of a uniform cross-section and composed of N parts of different densities can be set up as
a multipoint boundary value problem (see [10]). The study of multipoint boundary value
problems for linear second-order ordinary differential equations was initiated by II'in and
Moiseev [2]. Since then there has been much current attention focused on the study of
nonlinear multipoint boundary value problems, see ([1, 3, 4, 5, 6, 8, 9, 11, 12, 13, 14, 15]).

Karakostas [4] proved the existence of positive solutions for the two-point boundary value
problem

2" (t) —sign(1 — a)q(t) f(z, 2" )2’ =0, t € (0,1),

with one of the following sets of boundary conditions:
z(0) =0, 2/(1) = a2’(0),

x(1) =0, /(1) = ax'(0),

where a > 0, « # 1. By using indices of convergence of the nonlinearities at 0 and at 4o0,
they provided a priori upper and lower bounds for the slope of the solutions.
Ma [11] proved the existence of positive solutions for the multipoint boundary value
problem
2"(t) —q(t) f(z,2")a" = 0, t €(0,1),

n—2
2(0) =Y _bia(&), 2/(1) = aa’(0),
=1

where & € (0,1) with 0 < &§ < & < -+ < &m_2 < 1, b; € [0,1), @ > 1. They provided
sufficient conditions for the existence of multiple positive solutions to the above BVP by
applying the fixed point theorem in cones.

Recently, Ji [3] investigated the following m-point boundary value problem

(¢p(u/)>/ + Q(t)f(tv u) =0, te (07 1)7

m—2 m—2
u(0) = Y au(&), u(l) =Y Bu(&).
i=1 =1

They obtained sufficient conditions that guarantee the existence of positive solutions by using
fixed point theorems on cones.

Motivated by these results, our purpose of this paper is to show the existence of multiple
positive solutions to multipoint BVP (1.1), (1.2). To date no paper has appeared in the
literature which discusses the multipoint boundary value problem for one-dimensional p-
Laplacian systems when nonlinearity in the differential equation may change sign. This
paper attempts to fill this gap in the literature. The interesting point of this paper is the
nonlinear terms f and g may change sign.

For convenience, we list the following assumptions:
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m—2

(Hy) a; € [0,1) satisfies > a; <1, B € (0,1);

=1
(Hs) f, g € C([0,1] X [0,400) x [0, 400), (—00,+00)) ;
(H3) q1, q2 € L'[0,1] are nonnegative on (0,1) and ¢i, g2 are not identically zero on any
1

1
subinterval of (0,1). Furthermore, ¢i, g2 satisfy 0 < / q(t)dt < +o0, 0 < / q(t)dt <
0 0
+00.

2 Preliminaries

For the convenience of readers, we provide some background material from the theory of
cones in Banach spaces. We also state in this section the fixed point index theorem on cones.
Definition 2.1. Let E be a real Banach space over R. A nonempty closed set K C FE is said
to be a cone provide that
(i) au+bv € K for all u,v € K and all a > 0,b > 0, and
(#4) u, —u € K implies u = 0.

Every cone K C F induces an ordering in F given by x <y if and only if y —z € K.

Definition 2.2. The map « is said to be a nonnegative continuous concave functional on a
cone K of a real Banach space E provided that o : K — [0,00) is continuous and

alte + (1—1)y) = ta(@) + (1 - Haly)
for all z, y € K and 0 < ¢t < 1. Similarly, we say the map - is a nonnegative continuous
convex functional on a cone K of a real Banach space E provided that v : P — [0,00) is
continuous and

Y(tz + (1= t)y) < ty(z) + (1 — t)y(y)
forall z, y € K and 0 <t <1.

To prove our results, the following fixed point theorem in cones is fundamental.

Theorem 2.1. ([7]) Let K be a cone in a real Banach space E. Let D be an open bounded
subset of E with D, = DN K # (). Assume that A : D), — K is completely continuous such
that A # Ax for x € D K. Then the following results hold:

(1) If ||Az|| < ||z|l, = € 0Dy, then ix(A, D) = 1.

(2) If there exists e € K\{0} such that z # Ax + Xe for all x € 9Dy and all A > 0, then
ix(A,Dy) =0.

(3) Let U be open in X such that U C Dy. If ix(A, Dg) = 1 and iy (A, Uy)

=0, then A has a
fixed point in Dy\Uj. The same result holds if iy (A, Di) = 0 and i3 (A, Uy,) =

1.
3 Related lemmas

In this paper, we denote C[0,1] = {z € C[0,1] : z(t) > 0, t € [0,1]}. ¢}, ¢, are,
respectively, the inverse function to ¢,,, ¢p,.

Let E = C[0,1] x C[0,1], define norm |[(u,v)|| = |lu|| + ||v||, where ||u| = m[ax} lu(t)],
t€[0,1
|lv]| = max |v(t)|, then E is a Banach space.
tel0,1]

Define the cone K C E by
K = {(u,v) € E| u(t), v(t) >0, u and v are concave and nondecreasing on [0, 1]} .
Lemma 3.1. Assume that (H;) — (H3) hold. Then, For any z, y € C*[0,1], the problem

{ )+ miOf2) =0, L 01 )
(6 (1)) + @2(t)g(ts,y) = 0, t € (0,1), |
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m—2
u(0) =Y au(&), v'(1) = pu'(0),
=1 (3.2)

m—2
v(0) = aw(&), v'(1) = B (0),
i=1
has the unique solution (u,v) as

u(t) :/Ot Yor </: 0 (r)f(r, 27, y(r )y + )

1- (bpl(ﬂ)
m—2

- &i 1
+ iq > /0 Do ( / @1 (r) f (7, 2(r),y(7))dr
1-— Z a; =1
=1

¢p, (B)
1- ¢p1 (ﬁ)

v(t) =/0t Py (/1 @ (T)g(r, (1), y(7))dr +

/ 1 (7)), ()i ) s

1
/ ql(T)f(T,w(T),y(T))dT) ds, (3.3)
0

Pps (B)
1- ¢p2 (ﬁ)
1 m—2

+ - mE:_Qai 2 a; /;i Dy (/81 @ (7)g(, z(1),y(7))dr

=1

S (B) [
I ¢p2 (ﬂ) /{] Q2(T)Q(T’$(T)7 y(T))dT) ds. (3.4)

Proof. For any z, y € C*|[0, 1], suppose (u, v) is a solution of BVP (3.1), (3.2). By integration
of (3.1), it follows that

u(t) = ¢y, <¢p1 (w'(0)) — /Ot q1(T)f(T,w(T),y(T))dT> ,

s

+

/ 1 (r)glra(r), ()i ) d

_l’_

) =u)+ [ o, (en )= [ )t utryir ) s

Using the boundary condition (3.2), we can easily have

p: (5)
1— ¢y, (0)

o | = (/ () 2(r), ()

/ 1 (7)), y(r))r ) ds

o) [
P, a0k

In a similar way, we can prove

v(t) =/0t Do (/1 @(T)g(,x(7), y(7))dr +

_l’_

Pp2(B)
1- ¢p2 (ﬂ)

S [ ([ et aar

/ (g x(7), y()r ) ds
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Lemma 3.2. Assume that (Hy) — (Hs) hold. If f(t,z,y), g(t,z,y) > 0, for x, y € C*[0, 1],
€ [0, 1], for the unique solution (u,v) of BVP (3.1), (3.2), then u(t) and v(¢) are concave,

and u(t), v(t) >0, u/(¢), v'(t) >0, t €[0,1].
Proof. From the fact that (¢,(u')) (t) = —q(t)f(t,z(t),y(t)) < 0, we have ¢,(u'(t)) is
nonincreasing. It follows that «/(¢) is also nonincreasing. Thus, we know that the graph of
u(t) is concave down on (0, 1). Then the concavity of u together with boundary «/(1) = fu/(0)
implies that «/(¢t) > 0 for ¢ € [0, 1]. Similarly, we can prove the graph of v(¢) is concave down
on (0,1) and v'(¢) > 0 for ¢t € [0,1].

From «/(t) > 0, we know that

u(&) > u(0), fori=1,2,...,m—2.
This implies

m—2 m—2
w(0) = > aiu(&) = > au(0).
i=1 i=1
m—2
By 1— > a; > 0, it is obvious that «(0) > 0. Hence u(1) > u(0) > 0. So from the concavity
i=1

of u, we know that u(t) > 0, t € [0,1]. In a similar way, we can know v(t) > 0, t € [0, 1].
Lemma 3.3. If (u,v) € K, n € (0,1), then u(t) > nljul, v(t) > ||, t € [n,1].
Proof. For u € K, we know u(t) and v(¢) are nonnegative, nondecreasing and concave on
[0, 1], then

u(t) = tu(1) = nu(1) = nllul, v(t) = to(1) = qo(1) = nloll, ¢ € ,1].
We define

p(t) =6t, 0 €(0,1),

m—2

> ai

— =1
L=1+-"——,

1— E Qg
=1

i (g [ ) 28 (b [ )
Y1 = min 77/77 (bpl 1_¢p1(ﬁ)/51 q(7)dr ) ds n/n D2 1_¢p2(5) /51 q2(T)dT ) ds
1 # ) - # 7
L¢p1 (1_¢p1(5)/0 ql(T)dT) L¢P2 <1_¢p2(ﬁ)/0 q2(T)dT>
Y=17,

Ky, ={(w,v) € K : ||(u,v)]| <p},
K ={(u,v) € K : pp(t) <u(t) +v(t) < p},
Qp = {(u,v) € K: nrgtigl(U(t) +o(t)) <7p}
= {(u,v) € K : 9[|(u,v)|| < nrélg<1(u(t) +v(t)) <}

Lemma 3.4. ([7]) Q, has the following properties:

(a) Q, is open relative to K.

(b) K, CQ, C K,.

(c) u € 09, if and only if min (u(t) + v(t)) = vp.
n<t<1

(

d) If u € 99Q,, then vp < u(t) < p, for t € [n,1].
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Now for convenience we introduce the following notations. Let

- f(tu,v) } { gt u,v) }
P =<¢ min ——2:u+v € [yp, , g0 =< min ="~ :u+v € [yp, ,
" {te[ml] Pp: (P) L SR P Pp2(P) bre, )

f(t,u,v) . _ g(t,u,’l)) .
Footy = {tgl[gff] o) +ve [/w(t),p]} s o) = {tren[% () +ve [W(t),p]} :

. f(t,u,v) . g(t,u,v)
= lim inf min ———, goo = lim nf min ———
f (u,v)—00 f ten,1] prl (u + ’U) g (u,v)—00 f te[n,1] ¢p2 (U + U)
) flt,u,v) . g(t,u,v)
= lim sup max ———2 ¢®° = lim sup max ————
/ (u,v)—00 P t€(0,1] Qf)pl (’LL + U) g (u,v)—00 pte[O 1] ¢p2 (’LL + U)
1 1 1 1 1
— =2L _1</ Td7'>,:2L _1< dT)
mi ¢p1 1- ¢p1 (ﬁ) 0 Q1( ) ma ¢p2 1- (Z)pz(

r b 1 ' L o 1
=2 ot (i [ o) o 5 =20 [ <1—¢m TR

where (u,v) — 00 & |lu|| + ||v]| — oo.
Remark 2.1. By (Hs), it is easy to see that 0 < mq,mg, My, My < 0o, and
My = Minyi < nmy < ma, Myy = Manyr < nma < ma.

4 Existence of positive solutions

We now give our results on the existence of multiple positive solutions of BVP (1.1), (1.2).
Theorem 4.1. Assume (H;) — (Hs3) hold. In addition, the following condition (H4) holds:
(Hy) There exist p1, p2, p3 € (0,00), with p; < yp2 < p2 < p3 such that

(1) f(t,u,v), g(t,u,v) >0, t €[0,1], u+v € [p1p(t),0);

( ) f;)ll@ < ¢p1 (ml) le(t) < ¢p2 (mQ) fvpfm > ¢p1 (MIFY)a ggfn > ¢p2 (M27>7

fpip )= < @, (M), 9£3<p( = < dp,(Mm2).
Then BVP (1.1), (1.2) has at least three positive solutions in K.
Proof. We assume that (Hy) holds. Denote

) [ ftu), u+v > pre(t),
f(t,u,v)—{ £, upm() u), 0<u+uv<pip(t).

* g(taua U)v u—+v Z Pl%p(t)a
t,u,v) =
g ) { g(t,u, prp(t) —u), 0<u+uv<pipt).

We can see that f*(t,u,v), g*(t,u,v) € C([0,1] x [0, +00) x [0, +00), (0,+00)).
Define the following integral equation systems:

A(u, v)(t) —/Ot ot </81QI(T>f*(Tvu(T)7U(T))dT

_In(B) 1 “(r,u(7),v(r))dr | ds
#2200 [ oo (). o) )

1 m—2 &i 1
+— az/ ¢;11 </ a1 (7)) f*(ryu(r),v(r)) dr

i=1 0 s

Zaz

¢p1(/3) ! *
b2 [ .o ) s (1)

6

1071 Hanying Feng et al 1066-1077



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.6, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

B0 = [ o) (/ () (rulr), o())dr

1
%/@ Q2(7)9*(T,U(7’),v(7))d7> ds

e — a ‘ 1 *(r,u(T),v(1)) dr
: 1/0%(/(12)(,(),())
1—2%21

1
%/0 qz(r)g*(r,u(T),v(T))dT> ds. (4.2)

+

+

Define operator

F(u,v)(t) = (Au, v)(t), B(u, v)(t)).

According to the definition of F' and Lemma 3.2, it is easy to show that F(K) C K. By
similar arguments in [5, 12], F': K — K is completely continuous.

Now we consider the following modified problem of (1.1) and (1.2):

{ (¢P1 (u/))/ +q (t)f*(tv u, U) =0, te (07 1)7 (4 3)
(¢p2 (U’)), + QQ(t)g*(tv u, U) =0, te (07 1)a '

m—2
= a;u(§ = pud/(0),
Mo (4.4)
v(0) = > aw(&), V(1) = Bv'(0),
i=1

From the condition (Hy), we have
Forky < $p(ma), 070 < py(ma), frps = ép (M), g3 > bpa(M27),
p

Pl%@
f*m( < dpy (M), g p(p() ¢p2(m2)

p3ep(t
Firstly, we show that ¢
In fact, by (4.1), (4.2), f;p; < gbpl(ml) and g"
have

[ A, 0) (1) = max [A(u, v) ()] = A(u, v)(1)

0<t<1

- ["6 ([ st vrin

p1<p( < ¢p2(m2)a for ( ) € 8K;17
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Pp: (B)
¢p1 (8)

= Zaz [ o ([ wtr et omar

+

/1 q1(7) f*(r, U(T),’U(T))d7'> ds

~—

¢p1 (ﬁ
1- ¢P1

1
< / gy ( / () (7w, ()

| 1 q1<T>f*<T,u<T>,v<T>>dT) ds

+

~~

1- ¢p1 (5)

/ 1 (7)), ol ) s

165! (1= | ) i tonar)

(S0 (my) [ o @)l
<rop! (PG [ r) = g = <

1B (u, 0)(B)]] = max [ B(u, v)(8)] = B(u, v)(1)

/¢p2 (/ o(7)g (7 u(r), 0(r))dr
-

1
%p. (6) / q2(7)g" (T,u(T),U(T))dT) ds

— ¢ ()

O (B) [ .

S/Ol s (/01CI2(T)9*(T7U(T)7U(T))dT

P (B) [ .

_|_

_l’_
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/ ()t utr).u(r))ir ) ds

—Lg;)! (1_;}2(@ / 1 q2<7)g*(7,u(7),v<7))d7>

D (01)palmn) [ o lw)l
<L¢”2< L= 6 () /o‘”“)dT) 2= = |

Therefore, || F(u,v)(#)|| = [[(A(u,v)(t), B(u,v)(t))|| = ||A(u o)) + [[B(u, 0)(#)[| < [|(u, v)]]
for (u,v) € 0K}, . By Theorem 2.1, we have in(F,K},) =
Secondly, we show that iy (F, sz)

Let (e1(t),ea(t)) = (%, %) for ¢t € [0, 1], then (e1(t),e2(t)) € 0K;1. We claim that

(u(t), v(t)) # F(u, v)(t) + Mea(t), e2(t)), (u,v) € 0Qp,, A = 0.
In fact, if not, there exist (ug,vp) € 9Q,, and Ag > 0 such that
(uo(t), vo(t)) = F(uo,v0)(t) + Ao(er(t), e2(t)).
Hence, from Lemma 3.3 and f}5; > ¢, (M17y), we have that for ¢ € [n,1],

uo(t) =Aluo, 10)(1) + Aoe1<>>nuA<uo7vo><>||+@ 1A (o, ) (1) +
B 1 ) 1 J
=1 [ 6 ([ s ot n(ryar
6n® [

"‘ q (1) f* (7, uo(7), 0(7’))d7'> ds

¢p1 (ﬂ 0

s 1
N bp, (B) /0 qu(7) f* (7, uo(7), 0(7-))d7-) ds+%
1 1
277/0 ¢p1 ( q1 Tuo ) O(T))dT

O (B) [ "
i Op, (B )/o () f7(7; uo(7), 0(7'))d7'> ds +

1—
1 1

- [ <z>( a1 (7 (7, (7, vo((r))dr
n

B [ X
1= 6,,(3) / a(r)f (7, uO(ﬂ,vo(T))dT) s+ 20

1 _1< 1 1 )
_ - dr ) ds + 22
n/ncbl 1_¢p1(ﬂ)/sql<>f<mo<> (r))dr ) ds +
1 1
o [ (B 0
n 1 S
A A
—MﬂpzZlMl—l-; %4—?0
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Similarly, from Lemma 3.3 and g352 > ¢p,(M27), we have that for ¢ € [n, 1], We can prove
A
vo(t) > % + ?0. This implies that Iiltlill( u(t) + v(t)) = yp2 > 7yp2 + Ao, which is a

contradiction. Hence, by Theorem 2.1, it follows that iy (F,2,,) = 0.

Finally, similar to the proof of zk(F K, ) =1, we can show that iy (F, K ) = 1. We can
get the BVP (4.3), (4.4) has at least three positive solutions (ui,v1), (u2,v2) and (us,vs3)
such that

(Ul,’Ul) S Kﬂl’ (ul,vl) S Qp2\ P (U3,U3) € K:;g\QpQ.

As a result, the BVP (4.3), (4.4) has at least three positive solutions (u1,v1), (uz2,v2) and
(us3, v3) such that uy + v, ug + ve,us + v3 € [p1p(t), ), and

f*(t,u,v) = f(t, U7U>v g*(t7u7v) = g(t, u?”)? u+v=> pl(ﬂ(wv
which mean (u1,v1), (u2,v2) and (us,v3) are also solutions of BVP (1.1), (1.2).

Similarly, we can obtain the following conclusions.
Theorem 4.2. Assume (H;) — (Hs) hold. In addition, the following condition (Hs) holds:
(Hs) There exist p1, p2, p3 € (0,00), with p; < p2 < yp3 such that

(1) f(t,u,v), g(t,u,v) >0, t€[0,1], u+v e [min{’ypl,pggo( )} 00);

(2) fVPél > ¢P1 (Ml'Y) g%il > ¢p2 (M2'7) fp2 < ¢P1 (m1)7 g < ¢p2 (m2)

p2p(t

703 = ¢p1 (MI’Y) g§%3 = ¢p2 (MQ’Y)
Then BVP (1.1) and (1.2) has at least two positive solutions in K.
Theorem 4.3. Assume (H;) — (H3) hold. In addition, the following condition (Hg) holds:
(Hg) There exist p1, p2 € (0,00), with p; < ypg such that
(1) f(t,u,v), g(t,u,v) > 0 t €0,1], u—l—v G [p1p(t), 00);
( ) f511<,0 < ¢P1 (ml)’ Pl@D(t) < ¢p2(m2) ’YP2 > ¢p1 (Ml’Y) 9’6,202 > ¢P2(M2'Y)v
0L < gy (1), 02 6% < by ().
Then BVP (1.1) and (1.2) has at least three positive solutions in K.
Proof. We show that (Hes) implies (Hy). Let k € (f*°, ¢p,(m1)). Then there exists r > po,

such that max] f(t,u,v) < kgp, (u+v) for u+v € [r,00) since 0 < f> < ¢p, (m1). Let

p2p(t

telo,1
_ tu,v) : pro(t) Sutv <o and p > o (G =8 ) 2f
o {tgl[aa’%f( ;U 0) 1 p1p( )—“"‘”—T} and ps max{gzﬁpl <¢p1(m)—k>7p2}

Then we have

Jmax f(tu,v) < k¢p1 (utv)+a < kop, (p3)+a < ¢p, (m1)dy, (p3), for u+v € [p1p(t), p3)-

This implies that p w(t < ¢p,(m1). Similarly, 0 < ¢ < ¢p,(meg) implies that QZio(t) <
¢p,(m2). Hence, (Hy) holds, by Theorem 4.1, BVP (1.1), (1.2) has at least three positive
solutions in K.
Theorem 4.4. Assume (H;) — (H3) hold. In addition, the following condition (H7) holds:
(H7) There exist p1, p2 € (0,00), with p; < pg such that

(1) F(t..0), g(t1,0) > 0. € [0,1). ut v € bmin{pn, paplt)}, o)

(2) ’YP1 2 ¢P1 (M17) g’/%1 = ¢p2 (MQ’Y) f52<p < ¢p1 (ml)’ g < ¢p2(m2)v

¢p1(Ml) < foo < o0, ¢p2(M2) < oo < 00.

Then BVP (1.1) and (1.2) has at least two positive solutions in K.
Proof. We show that (H7) implies (Hs). Since ¢p, (M1) < foo < 00, then there exists

p3 > @ such that
v’
tg[nn f(t u, U) > ¢P1 (u+v)¢p1 (Ml) = ¢p1 (7P3)¢p1 (Ml) ¢p1 (p3)¢p1 (Ml’Y)v u+tv e [7p37 P3)~
This implies that f{5, > ¢p, (My7y). Similarly, ¢p,(M2) < goo < oo implies that ¢55, >
¢po (Ma27y). Hence, (Hs) holds, by Theorem 4.2, BVP (1.1), (1.2) has at least two positive
solutions in K.
By the arguments similar to that of Theorem 3.1 and Theorem 3.2, we obtain the following

P2
p2(t)

10
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results.
Theorem 4.5. Assume (H;) — (H3) hold. In addition, the following condition (Hg) holds:
(Hg) There exist p1, p2 € (0,00), with p; < ypa such that
(1) f(t,u,v), g(t,u,v) >0, t€|0,1], u+v€[p1<,0() 00);
(2) f511¢ < ¢p, (M), glf;isﬂ(t) < dpo(ma), fH52 > bp (M17), g5y > bp, (Ma27).
Then BVP ( 1), (1.2) has at least one positive solutions in K.
Theorem 4.6. Assume (H;) — (Hs3) hold. In addition, the following condition (Hg) holds:
(Hg) There exist pi, p2 € (0,00), with p; < p2 such that
(1) f(tv u, U)v g(t,u,v) >0, te [O 1] utve [min{’ypl)pﬁo(t)}v OO)§
(2) f551 = bp (M17), ghpy = Ppa (M), fpzso( < @p, (ma), gz;(t) < @pa(m2).
Then BVP (1.1) and (1.2) has at least one positive solutions in K.

5 Example

Now we present an example to illustrate the main result.
Example 5.1. Consider the following BVP

{ (’ul(t”ul(t)), + QI(t)f(t7uvv) =0, te (07 1)7 (5 1)
([ @' () + a2(t)g(t, u,v) =0, t € (0,1), '

1 1 1 2 1
u(0) = % % % ;), u'(1) = PUI(O), (5.2)
5.2
0) = ~v(=)+-v(z), V(1) = =2'(0
where
(1+t)%(u+v—f)21+i 0<u+v<2
Ft,u,v) = 810 ; 4 ) 1035”7
b b l
80(1+t)2(2_1)21+ﬁ, U+U>2
1 1 t 1
—(141t)1 — )y 0< <2
g(t,u,0) = 410( - )4(““; 7 Ir jo@or VUt
s Wy 1
E(1+t)1(2—1)19+@, u+v>2
ql(t) = QQ(t) =1.
) 1 2 1 1
ObVIOUSIY7 pP1 = p2 = 35 ﬂ = 1) 51 = g) 52 g a1 = 57 a2 = Z Choose P11 = ]-7 P2 =
448f 1 1 t 33
03 00, n T 0 = 5 then o(t) = 5 We note ~ op M1 = M2
3
2\8f M; = My = 4. Consequently, f(t,u,v) satisfies

(1) f(t,u,v), g(t,u,v) >0, t €[0,1], u—i—ve[%,oo);
2) fm ) < 0.018 < gy, (1) = 0.034, g% < 0.03 < 6, (m2) ~ 0.034,

5, > 0.239 > 6y, (M1y) ~ 0.009, g2, > 0.147 > ¢, (M) ~ 0.009,
7 0026 < @y, (m1) = 0.034, ¢ < 0.011 < ¢, (ma) ~ 0.034.
Thus with Theorem (4.1), BVP (5.1), (5.2) has at least three positive solutions in K.

11
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An S-partially contractive mapping with a
control function ¢

K. Abodayeh!,

Department of Mathematics and Physical Sciences, Prince Sultan University
P. O. Box 66833, Riyadh 11586, Saudi Arabia

Abstract. In this article, we introduce a ¢-contraction principle in a partial S-metric space, we
show the existence of a fixed point for a self mapping in a partial S-metric space. Also, we show

that we have uniqueness only under some specific conditions.

Keywords. Partial S-metric space, Banach contraction principle, Fixed point.

1 Introduction and Preliminaries

Finding a fixed point for a self mapping on different types of metric spaces has been
one the main topics of research in pure mathematics. it starts with the Banach
contraction principle which was introduced by Banach in the early nineties.

Since the Banach contraction was introduced, many results were found in fixed
point theory field in different type of metric spaces, such as [13], [14], [15],[16],[22],
28], [24)[25), [4], [5], [6], [8].[9], [10]. [11]. [12], [19], [20], [21],[26].[27].[28]:

An S- metric space was introduced in [2].

Definition 1. [2] Let X be a nonempty set. An S-metric space on X is a function
S : X3 — [0,00) that satisfies the following conditions, for all z,y,z,a € X :

o S(z,y,2) >0,
o S(z,y,z) =0if and only if x =y = z,

d S(x,y,z) < S(ZE,:E,G)—’—S(y,y,CL) +S(Z,Z,CL).
The pair (X, S) is called an S-metric space.

In this article, we are interested in partial S-metric space which was introduced
in [1]. We recall some definitions of partial metric spaces and state some of their

!Corresponding Author E-Mail Address: kamal@psu.edu.sa
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properties.

Definition 2. [1] Let X be a nonempty set. A partial S-metric space on X
is a function S, : X*® — [0,00) that satisfies the following conditions, for all
x,y,z,t € X :

(P1) o =y if and only if Sy(z,z,z) = Sp(y,y,y) = Sp(x, x,y)
<P2) Sp(l'vya Z) S Sp(':v?'rvt) + Sp(yvy’ t) + Sp(z7 Za t) - Sp(t7t7t)
(P3) Sy(z,z,2) < Sp(x,vy, 2)

(P4) Sy(z,z,y) = Sp(y,y, ).

The pair (X, S,) is called a partial S-metric space.

We recall some definitions of partial S-metric spaces and state some of their
properties.

Definition 3. A sequence {x,}>°, of elements in X is called Cauchy if the limit
limy, ;o0 Sp(Tn, Tn, Tm) exists and finite. The partial S-metric space (X, S,) is
called complete if for each Cauchy sequence {z,}5°, there exists z € X such that

Sp(z,2,2) = lim S,(2, 2, x,) = im Sy (2, Tp, Tpy)-

Also, (X, S,) is a complete partial S-metric space if and only if (X,S;) is a
complete S-metric space. A sequence {x,}, in a partial S-metric space (X, .S,) is
called 0-Cauchy if limy, 100 Sp(Tn, Tn, Tm) = 0. We say that (X, S,) is 0-complete
if every 0-Cauchy in X converges to a point € X such that S,(z,z,z) = 0.

Example 1. (see [1]) Let X = QN [0,00) with the partial metric p(z,y,z) =
max{z,y,z}. Then (X,S,) is a 0-complete partial metric space which is not com-
plete.

Definition 4. Let (X,S,) be a complete partial S-metric space. Set p, =
inf{S,(z,y,2) : x,y,z € X} and define the set X, = {x € X : S,(z,2,2) = p,}.

The following Lemma summarizes the relation between certain comparison
functions that usually act as control functions in the studied contractive typed
mappings in fixed point theory. For such a summary and fixed point theory for
¢— contractive mappings, see [18].
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Lemma 1. Let ¢ : RY — R* be a function and relative to the function ¢ consider
the following conditions:

e (i) ¢ is monotone increasing.

(i) ¢(t) <t for all t > 0.

(iii) $(0) = 0.

(v) ¢ is right uppersemicontinuous.

(v) ¢ is right continuous.

(vi) lim,, o ¢™(t) = 0 for all t > 0.

Then the following are valid:

e (1) The conditions (i) and (ii) imply (iii).

(2) The conditions (i) and (v) imply (iii).

(3) The conditions (1) and (vi) imply (ii).

(4) The conditions (1) and (iv) imply imply (vi).

(5) If ¢ satisfies (i) then (iv) < (v).

2 Main Results

Now, we prove our main result.

Theorem 1. Let (X, S,) be a complete partial S-metric space. SupposeT : X — X
1 a given self mapping satisfying:

Sp(Tx, T, Ty) < max{p(Sp(z, 2,y)), Sp(, 2z, 2), Sp(y,4,9)}, (1)
where ¢ is defined as in Lemma 1. Then:
(1) the set X, is nonempty;

(2) there is a unique u € X, such that Tu = u;
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Proof. For any x € X, we have S,(Tz,Tx,Tx) < Sy(x,z,z) and hence the se-
quence {S,(T"z,T"x,T"x)},>0 is a nonincreasing sequence. Now Define

M, = Q[f_1(5p<x>37a Tx)) + Sp(w,x, x)],

where f(t) =t — ¢(t). Notice that f(0) = 0 (and hence f~1(0) = 0) and f(t) < ¢
for t > 0 and hence f~!(¢) >t for ¢ > 0. Now we prove by induction that

Sp(T"x, T"x,x) < M,, ¥Yn >0. (2)

Notice that the inequality (2) is true for n = 0,1 since: Sy(z,z,z) < M, and
S, (Tx, Tx,z) < f~YS,(Tx, Tz, x)) < M,.

Suppose that (2) is true for each n < ng — 1 for some positive integer ng > 2.
Then we have

Sy(T™x, Tz, x) < 2S,(T"x,T™x,Tx)+ S,(Tx,Tx,x)
< 2max{p(S,(T™ 'z, T" 1z, x)), Spy(T™ o, T" 1o, T 1),
Sp(x,x,2)} + Sp(Tx, Tz, x)
< 2max{e(S,(T™ 'z, T™ 'z, 1)), Sp(x, v, 2)} + Sp(Tx, Tz, 1)

Therefore, we have two cases.

Case 1:
Sy(Tox, Tz, z) < (S, (T™ o, T ‘o, Tx)) + S,(Tx, T, x)
< 2[p(f (ST, Tz, x)) + Sy(z,2,2))] + Sp(Tx, Tz, x)
= Q[f_l(Sp(Ta:,Tx,x)) + Sy(z,z,z) — f(f_l(Sp(Tx,Tx,x))
+S,(x, x,x))| + Sp(Tx, Tv, v)

< M, = 2f(f 7 (Sp(Tx, T, x)) + Sp(x, 2, 2)) + Sp(Tx, T, x)
= M, - S,(Tz,Tz,z) — Sy(z,z,x) < M,.

Case 2:

Sp(T™x, T™x, ) Sp(x,x,x) + Sp(Tx, Tx, x)

Sy(z,z,2) + f STz, Tz, 1)) = M,.

IAIA

Hence, we obtain (2). Next we prove that the sequence {S,(T"x, "z, T"x) },>0 is
Cauchy. Equivalently, we show that

lim S,(T"z, T"x, T"x) =1y, (3)

n,Mm—00
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where r, := inf, S,(T"z,T"z,T"z). Its clear that r, < S,(T"x,T"z,T"z) <
Sp(T"x, T"x, T™x) for all n,m. Also, given any e > 0, there exists ny € N such
that S,(T™0x, T"x, T™x) < 1, + € and ¢ (2M,) < r, + €. Therefore, for any
m,n > 2ny we have

re < Sy(T"z,T"z,T™x)

< max{¢(S,(T" ‘o, T" ta, T *2)), S, (T" o, T 1o, T" '2),
Sy(T™ Y, T™ o, T 12)}

< max{¢*(S,(T" 2z, T" ?x, T™ 1)), S,(T" 22, T" 2z, T" *z),
S, (T™ 22, T™ %2, T %z)}

< max{g" (S,(T" 0w, T "0x, T™ "0x)),
Sp(Trmox, T 0, T "0x), S, (T g, T "0x, T "0x)}

< max{@™ (S, (T" ™x, T" ™x,x) + Sp(T" ™x, T" ™x, 1)),

Sp(Trmog, T Mg, T 0x), S, (T g, T™ 0x, T 0x)}
< max{¢"(2M,), 1 + €,7, + €}
< T, t+E
Hence, we obtain (3). Since (X, S,) is a complete partial S-metric space, there ex-
ists z € X such that S,(z, 2z, z) = r,. Next, we show that S,(z, z,2) = p(T2, Tz, 2).

Next, we show that S,(z, 2z, 2) = Sy(z,2,T2) = S,(T2,Tz, z). For each natural
number n we have

Sp(z,2,T2) <2S,(2, 2, 2n) — Sp(2ns 2n, 2n) + Sp(T2, T2, 2,).

From the contraction condition of our theorem, we deduce that there exists a sub-
sequence of natural numbers {n;} such that S,(T'z, Tz, z,,,) < ¢(Sp(2, 2, 2n,-1)), for
1>1,0rSy(T2,Tz, 2n,) < Sp(z,2,2)forl > 1,0r S,(Tz, 2, 2n,) < Sp(2Zny—1, Zny—1, Zny—1),
for [ > 1, in all of these three cases, if we take the limit as [ goes toward oo we get
Sp(z,2,Tz) < S,(z, 2, z). But, we know by the property (iv) of the partial S-metric
space that S,(z, z,2) < S,(z, z,Tz). Therefore,

Sp(z,2,2) = Sp(z,2,Tz). (4)

Now we show that X, (see Definition 4) is nonempty. For each k € N choose
rp € X with S, (2, Tr, 1) < pp + 1/k, where x, = T*z. First, we prove that

m  Sy(2n, Zn, 2m) = Pp- (5)

m,n— 00

Given € > 0, take ng := [f~1(3/¢)] + 1. If k > ng, then

pp < Sp(Tz, Tz, Tz) < Sp(2k, 2k, 2k) = Ty, < Sp(Th, Ty Tx) < pp + 1/k
< pp+1/ng<p,+1/F1(3/e).
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Set Uy := Sy(2k, 2k, 2) — Sp(T2k, T2, T2x). Then Uy < 1/f71(3/€) for k > ny.
Thus, if m,n > ng then by (4) and the fact that f (and hence f~!) is increasing,
we have
Sp(Zns Zny 2m) < Sp(2ns 2ny T2n) + Sp(T2n, T2n, T2m) + Sp(T2m, T2, 2m)
—Sp (T2, T2, Tz,) — Sp(T 2, T2, T2
Up+ Up + Sp(T2,, Tz, Ty,
2/ (3/€) + max{¢(Sy(2n; 2n, Zm))> Sp(2n, Zns Zn), Sp(Zms Zms Zm) }
max{f~" (2/f7'(3/€)) .3/ (3/€) + pp}
masc{ £ (2€/3)), p, + €}
pp e+ f71(2¢/3).
Therefore, if we let € — 0 we get (5). Since (X, S,) is a complete partial metric
space, there exists u € X such that S,(u,u,u) = limy,, neo Sp(2n, 2ns 2m) = Pp-
Consequently, © € X, and hence X, is nonempty.

Now choose an arbitrary € X,. Then

pp < Sp(T2,T2,Tz) < S,(T2,Tz,2) = Sp(z,2,2) =1y = pp,

INIAN N A

which, using P2, implies that T2z = z. To prove uniqueness of the fixed point we
suppose that u,v € X,, are both fixed points of T. Then

o < Syl 0,0) = Sy(Tu, T, To) < mas{9(Sy(an, 0, ), Sy, 10, 0), S,(0,0, )}
S max{gb(p(u,v)),pp}.
Case 1: p, < Sy(u,u,v) < p, = Sp(u,u,v) = p, = Sp(u,u,u) = S,(v,v,v) =

u=wv.
Case 2:
SP(“? u, U) S Qb(SP( ) Uy U))

= Sp(u,u,v) — ¢(Sp(u,u,v)) <0
= f(Sp(u,u,v)) <0
= f(Sp(u,u,v)) =0
= Sp(u,u,v) =0
=  u=wv.

Thus, the fixed point is unique. O

Note that the above theorem does not guarantee uniqueness of the fixed point
in X. However, if (1) is replaced by the condition below, we can show uniqueness
in X.

In the next result, we change our contraction condition so that we obtain unique-
ness of the fixed point in the whole space X.
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Theorem 2. Let (X, S,) be a complete partial S-metric space. SupposeT : X — X
s a given self mapping satisfying:

8,0, T, Ty) < max {5, o)), DD ZSBIIL )

where ¢ : [0,00) — [0,00) is as in Theorem 1. Then there is a unique point z € X
such that Tz = z. Furthermore, z € X,.

Proof. Using Theorem 1 we only need to prove uniqueness. Suppose there exists
u,v € X such that Tu = v and Tv = v. Now

Sp(u, u,v) = Sp(Tu, Tu, Tv) < max {¢(Sp(u, w,v)), Sy (u, u,u) + Sp(v,v,v) } |

2
Case 1:
Sp<u> u, U) S ¢(Sp(u7 u, U))
= Sp(u,u,v) — ¢(Sy(u,u,v)) <0
= [(Sp(u,u,0)) <0
= f(Sp(u,u,v)) =0
= Sp(u,u,v)=0
= u=v
Case 2:
S (u,u,0) < Sp(u, u, u) —2|— Sp(v,v,v)
= 25,(u,u,v) — Sp(u,u,u) — Sy(v,v,v) <0
= 25,(u,u,v) — Sp(u, u,u) — Sp(v,v,v) =0
=  u=wv.
[
As a consequence of Theorem2, we obtain the following Corollary.
Corollary 1. Let (X,S,) be a 0-complete partial S-metric space. Suppose T :
X — X is a given self mapping satisfying:
Sp(Tx, Tz, Ty) < ¢(Sp(x, x,y)), (7)

where ¢ : [0,00) — [0,00) is an increasing function such that f(t) =t — ¢(t) is
increasing with f=' is right continuous at 0. Also assume lim,,_,., ¢"(t) = 0 for
allt > 0 (and hence ¢(0) = 0,¢(t) <t fort >0 ). Then there is a unique z € X
such that Tz = z. Also Sy(z,z,z) = 0.
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Example 2. Let X = [0,1] U [3,4]. Define S, : X* — [0,00), T : X — X and
¢ :[0,00) = [0,00) as follows:

Sp(x7 yv Z) = max{x, yv Z}

. £, xel01]
(95)_{% , 1z €[3,4]
o) = T

The above definitions satisfy the hypothesis of Theorem 2. In particular, we make
the following observations:

e (X,p) is a complete partial metric space.

o We can easily prove by induction that ¢™(t) = ﬁ which implies that lim,,_,., ¢"(t) =
0.

o T satisfies condition (6):

1) If {z,y,2z} N [3,4] # 0 then

Sp(Tx, Ty, Tz) = max{Tz,Ty Tz} =

Ot =

< max {05, (0.1:4).

p(xa x, IL’) + Sp(ya Y, y) }
2

2) If {x,y,z} C [0,1] then

S5, T, T2) = max(Ta. Ty, T2} = max (2,5, 2)

- {¢(Sp(x7y)), Sp(x,m, l’) ‘2i‘ Sp(ya y,y) } .

By Theorem 2, there is a unique fixed point which is z = 0.
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1 Introduction

In recent years, an intensive research has been conducted on polynomials and operators
in compact disks, such as [1], [3]-[8].

For a real function of real variable f: [0,00) — R, it is well known that the Gamma
operators are given by G, (f;x) = ﬁ(n) fooo f(t/n)t"te=t/dt, x € [0,00). In 2005, Zeng
[9] obtained the approximation properties of G,, defined above, supposed f satisfies expo-
nential growth condition. he studied the approximation properties to the locally bounded
functions and the absolutely continuous functions and obtained some good properties in
real disks.

In this paper, we introduce complex g-Gamma operators as follows

We give a suitable exponential growth condition in a parabolic domain for f(z). Let
Dgr={z € C;|z| < R} be with 1 < R < oo and suppose that f : [R,+00) UDgr — C is
continuous in [R, +00) U Dp, analytic in Dg, i.e. f(2) = > pep cx2", for all z € Dp, and

*Corresponding author.
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that there exist M,C,B >0 and A € (%, 1), with the property |c| < qu(kfl)mﬁ;, for
all k = 0,1, ..., which implies |f(2)] < ME,(A|z]) for all z € Dg and |f(z)| < CeP?, for
all z € [R, +00).

We recall some concepts of g-calculus. All of the results can be found in [7]. For any
fixed real number 0 < ¢ < 1 and each nonnegative integer k, we denote g-integers by [k,

1—g" )
[k]q — ﬁa q 7é 1a
k, q=1.

where

Also g-factorial and g-binomial coefficients are defined as follows:

1, k ,
and
[n] = nly! (n>k>0)
k q [k]q![n_k]q" N

The g-improper integrals are defined as

co/A > "\ ¢"

provided the sums converge absolutely.
The g—analogs e4(x) and E4(z) of the exponential function are given as

.z 1 1
€q\T) = - S | < ’ q <17
() kzzo[k]q! (1-(1-q), o 1-¢q i

o k

1y T 0o

Eg(z) = ¢"* 1)/27[]{;](], =1+ 1 -qa)y, lad <1,
k=0 )

where (1—2)° = [[32(1—¢’x). It is easily observed that e, () Eq(—z) = eq(—z)Ey(x) = 1.

The ¢-Gamma integral is defined as

o0o/A
Ly(t) = / e B (—qx)dyz, t >0, (2)
0

which satisfies the following functional equations: I'y(t + 1) = [t],I4(t), T'y(1) = 1.

2 Auxiliary Results

In the sequel, we suppose that e(t) = t*, k = 0,1,2,.... In order to obtain the main
results, we need the following lemmas:
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Lemma 2.1. Forn € N and z € C, we have the following identities:

Crgleriz) = Wem 3)
q: Mg
Gnq(ex; 2) WGH (ex—1;2). (4)

Proof. From (1) and (2), we have

1 /A g \NF qt
n ; = o1 TTEg | ——
Guales:?) = i | (m) t < z)d"t

) () ()

Ty(n+k)zF  [n+k— 1]

T -1 - 1l ()

so we proved (3), and (4) is easily obtained according to (3). O

Lemma 2.2. If f is analytic in Dg, f(z) = reyp cp2®, for all z € Dg, then for allm € N
and 1 <r < R, we have

o)

Gnq(f;2) = Z ck - Gnq(er; 2). (5)

k=0
Proof. By Lemma 2.1, we obtain that Gy 4(ex; 2) is a polynomial of degree < k, k =
0,1,2,... for all z € C. From the hypothesis on f in section 1, it follows that Gy, 4(f; 2)
is analytic in Dp (see [2], pp. 1171-1172 and p. 1178). Therefore, it is easy to obtain
Lemma 2.2. O

3 Main Results

We start with the following quantitative estimates of the convergence for complex ¢-
Gamma operators attached to an analytic function in a disk of radius R > 1 and center
0.

Theorem 3.1. Let Dr={z € C;|z| < R} be with 1 < R < oo and suppose that f :
[R, +00) |UDg — C is continuous in [R, +00)UDg, analytic in Dg, i.e. f(z) = > 5o, cxzF,
for all z € Dgr, and f(z) satisfies exponential-type growth condition in the statement of
section 1.

(i) Let 1 <r < % be arbitrary fived. For all |z| <r, n>2 (n € N), we have

Gg(f32) — £(2)] < ZanA,

[n]q

where Lg, A = Mr2A20q7T7A, Cyr,A s a constant depends only on q, r, A.
(ii) For the simultaneous approximation by complexr q-Gamma operators, we have: if 1 <
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r<r < % are arbitrary fized, then for all |z| <r and n,p € N, n > 2, we have

L Ir
®) (. .\ _ £ < q,r1,A b
‘Gn,q(.f’ Z) f (Z)‘ = [n]q (7,1 _ T)p+1 ’

where Lq,, A is defined at the above point ().

Proof. (i) Suppose that |z| < r, by Lemma 2.2, we have Gy, (f;2) = Y1 ckGnqler; 2),
SO we get

Gg(f32) \<Z|Ck! ngler; 2) — ex(z |—Z|Ck| ng(er; z) — ex(2)],

since Gy, q(€0; 2) = eg(z) =1 and Gy 4(e1;2) = e1(z) = 2.
By Lemma 2.1, for all |z| <r and n € N, we have

|Gn,q(ek; Z) - ek(z)‘

_ an,q(ek—l; z) — wek—l(z) + wek_l(z) — ex(2)
[n]q g "
< w . |Gn’q(ek_1;z)—ek_1(2)|+|€k(z)| . [n+l{7—1] 1'
[, [n)q
n - — Ugr*
< RGBT

step by step, we get by the above recurrence that

|Grgler; 2) — ex(2)]
m+k—1,n+k—2); [n+2),q¢"" N n+k—1),n+k—2, [n+3],q¢"[2s*

= Tl Wy [le [l l, Mle 7 [l
[n+k— 1]61 [”+k_2]q [n+4]q qn[3]q7'k [n+k— 1]61 [”+k_2]q qn[k_?’]qu
L PR 1 PR P W [l o
n+k—1],¢"k — Q]qu q"k—1]4r
[”]q [n]q [n]q
n+k—1n+k—2] [n+2]qun i @ [k —1]q
= T, My g <[n1q e T )
o Intk—1g A+ R+ .+ [k — 1) ¢ o Itk =1l [klglk — 1,7k
T 1l [n]q R N OV

for all |z] <7 and n € N.

From Lemma 2.2 and the hypothesis on ¢, immediately implies for all n > 2 and
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2l <

|Gng(fi2) = f(2)] < Z |ck| - |Gngler; 2) — ex(2)]
k=2

2 k=1, [K]g[k — 1) gFE/2 AR
- ; [+ 1gllnlg > [l (k]!
MT2A2 > n+k—1 rA k—2
| k-2 | (&)

by Heine’s binomial formula (see [7]), we have
i < rA >k 1
Tl = \n+2
k=0 q Il (1 - ﬁ)q
1
<1 _rA )n0+27
[nolq q

1 :§<W:€q<m>, e

_ra\” e 714! [nq
(1-#),

n+k+1
k

n = no,

IN

< Cq,r,Av

[nlq

where, ng is a finite number and C, 4 is a constant depends only on ¢, r, A. Thus

M?“zAchmA

[n]q

Gng(f;2) = f(2)] <

)

therefore we have
LW,A

[n]q

|Gng(f;2) = f(2)] <

where Ly, 4 = MT2A2Cq7r7A, foralll1 <r< %.

(ii) Denoting by 7 the circle of radius r; > r and center 0, since for any |z| < r and
v € 7, we have |v — z| > r; —r, by Cauchy’s formulas it follows that for all |z| < r and
n € N, n > 2, we have

®) () (D = P|[ Cralfiv) = fv)
L R T R e
Lq,rl,A pil 27y o Lq,n,A p!Tl
[nly 2w (rp —r)Ptt — [n], (rp —r)ptl
which proves (ii) and Theorem 3.1. 0

Next, we will give Voronovskaya type result in compact disks, for complex g-Gamma
operators attached to an analytic function in Dg, R > 1 and center O.
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Theorem 3.2. Suppose that f : WRU [R,0) — C is continuous and bounded in DrU[R, 00)
and analytic in Dg. Let 1 < r < 5 be arbitrary fized, n > 2 (n € N), then we have the

following Voronovskaya type result
2f”(z)
Gn, (f;z)_f( )
‘ ! [2]¢[nlq

qrA
()7

<

where Jyr 4 = ﬁ S opeglk — 2]3[1@ — 1]q(rA)k
Proof. Denoting E, i, n(2) = Gy q(€x; z)—ek(z)—W, since Eqon(2) = Eq1n(2) =
Eq2n(2) =0, then we have

AMOIPE S
Gng(fi2) = f(2) — < ekl [Egrn(2)],
2yl | = &
so, it remains to estimate Fgj (2) for £ > 3.
By Lemma 2.1 and simple calculation, we have
[n+k—1]qz qn[k_l]q[k’_Q]q ([n—l—k‘—l] {n]q) k
Eqpn(z) = ——FF—Eqr-1n(2) + 2%,
! [nlg ! [2]q[nl3
this implies, for all |z| <r, k>3, n €N,
[n+k—1],r q"[k — 15[k — 2]¢
|EBgin(2)] < B2 By (2] + (e
I [n]q ¢ [Q]q[”]g
taking in the last inequality, k = 3,4, ..., and reasoning by recurrence, we obtain
-1 -2 2)2
Eyen(2) < n+k—1,n+k ]q“_[n+3] [ ]grk
[”]q [n]q [n]q [2]q[n q
k=gt k=2, [+ 4, R B2
[n]q [”]q [”]q [Q]q[n]g
[n+k—1,q" [k —3lglk =27 ,  q"[k—2]gk—1]7 ,
+ 2 r 2 r
[nlq [2]q[n]3 [2]q[n]3
n+k—1];n+k—2] [n+3 q”r ]—1
N [n]q [n]q [n]q 3 = 3

n+k—1gn+k—2, [n+3], [k — 2glk — 1J5q"r*
[n]q [nq T [nlg [2]q[n]§ ’

by the hypothesis on ¢, we have

2 "
- Zm Egion(2)

1 i [n+k—1], [n+k_2]q [n+ 3]q [l{—Q]g[k—l]?](rA)k
[n]q[k —1]g [nlq[k —2]q [3]q[n]q 2]q[k]q

IN

IN

LS 920k - 1]y(r )
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for all |z| < 7 and n > 2 (n € N). Since the series Y jo uft! and its g-derivative
S oroalk+ 1],u* are uniformly and absolutely convergent in any compact disk included in
the open unit disk, therefore, for 1 <r < %, we have m S oreglk— 2]3[1@ — 1], (rA)*

00. O

Denoting with || Pg||, = max{|Px(2)| : |z| < r}, where Pg(z) is a complex polynomial
of degree < k. Now we will give the exact order of approximation by complex g-Gamma
operators.

Theorem 3.3. In the hypothesis of Theorem 3.1, if f is not a polynomial of degree < 1
in the case (i), we have

”qu(f)_erZ Ur(f), neN,

RS
[n]q
where the constant U,.(f) depends only on f and r.

Proof. Applying the norm || - ||, to the identity

Gn,q(f;Z)f(Z)Zl{ZQf”(Z)+1[[n]§ (Guats2) - 162 - )|}
2 % 1

(n]g [2]q [n]q [2]4[n]q
— — —|[n]? 2 .
o), - [ erond )

Since f is not a polynomial of degree < 1 in Dg, it follows that H[ f’|l» > 0. Indeed,

we get

f//

1
Gal$) = Fll = {

n,q(f) 7f*

supposing the contrary it follows that z2f”(z) = 0 for all z € ]D)R, therefore we get

f"(2) =0 for all z € Dg, by the uniqueness of analytic functions we get f”(z) = 0 for all

z € Dpg, that is f is a linear function in Dg, which is in contradiction with the hypothesis.
Now, by Theorem 3.2, we have

ZQf"(z)
[2lq[nlq

< Z (’I“A)

9 k=3

]Gn,qm 2~ 1) -

we have

2 o

Therefore, there exists an index ng (depending only on f and r) such that for all n > ny,
2 f//

&,

which implies

ng(f) —f— "

¢ 1 "
[Q]qfn]q 7«] - @He?f I

|Gng(F) = fllr =

orzllezf"llr,

Hq

for all n > nyg.
For 1 <n <ng—1, we have

([lllGrg(F) = Flls) = ——Von(f) > 0,

||Gn,q( ) fHT Z { ]q = [n]q
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Therefore, finally we obtain

||Gn,q(f)_f”r > Ur(f)a

L
[n]q
for all n, with U (f) = min { Vi1 (1), Vea(£)s s Veano (1), i llez "l }- O

Combining Theorem 3.1 with Theorem 3.3, we immediately get the following result:

Corollary 3.4. In the hypothesis of Theorem 3.1 and Theorem 3.3, we have

|Gnq(f) = fllr ~ =, neN.

Theorem 3.5. In the hypothesis of Theorem 3.1, if 1 < r <r; < % are arbitrary fized
and f is not a polynomial of degree < p — 1, then for all |z| <r and n,p € N (n > 2), we

h
ave 1

IGP () = FP|, ~ —.

[n)q
Proof. Taking into account the upper estimate in case (ii) of Theorem 3.1, it remains to
prove the lower estimate only.
Denoting by I' the circle of radius 71 > r and center 0, since for any |z| <r and v € T,
we have |v — z| > r; — r, by Cauchy’s formulas it follows that for all |z| < r and n € N,
we get,

Giyfiz) — 10(z) = £ [ CralTI 2L, (6)

2mi (v — z)pt+l

as we have the identity

Guat£:2) = 52) = o= {210 + oo [0 (Gt - 0 - o)) |,

applying (7) to (6), we have
Giia(f32) = FP(2)
_ i p'/ U2f”(v) 1 p! / [n]g [Gn,q(f;v) - flv) — ﬁfﬂ(v)]
r r

[n]g | 2mi de T [n]q 27i w2+l dv
- eaf"\ 1 opl Il [Gn,q(f; v) = f(v) = g (v )} d
a @ ( [2]q) [ ] 27TZ/F (v_z)p—H Vo,
applying the norm || - ||, to the above identity, we have
G 21 @),
1 e f” (») 1 || p! [n]g [qu(f;v) — flv) — n]q £(v) ]
T a m 27’[‘/ (,U — Z)p+1 v s

r
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by using Theorem 3.2, we have

U2
" /[n]é Gnaldi0) =50 — i @] N 2oy T aplr
r

< — ] = 2
2T (v — 2z)PtL Il = o (ry —r)ptl a,r1,A (ry —r)ptl’
T

by the hypothesis on f, we have

( 6[22 {q// ) (») T

’ > 0, reasoning exactly as in the proof of
Theorem 3.3, we immediately get the desired result.
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Abstract

In this paper, we shall study the uniqueness problems on meromorphic functions of
differential polynomials of finite order sharing a value. Our results improve or generalize
many previous results on value sharing of meromorphic functions, such as Fang and Hua,
Yang and Hua, Lin and Yi, Zhang, Xu, et al.
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Keywords and phrases: uniqueness, meromorphic function, value sharing.

1 Introduction and main results

Let C denote the complex plane and f(z) be a non-constant meromorphic function on C.
We assume the reader is familiar with the standard notion used in the Nevanlinna value
distribution theory such as T'(r, f), m(r, f), N(r, f) (see [7, 13, 14]), and S(r, f) denotes
any quantity that satisfies the condition S(r, f) = o(T'(r, f)) as r — oo outside of a possi-
ble exceptional set of finite linear measure. A meromorphic function a(z) is called a small
function with respect to f(z), provided that T'(r,a) = S(r, f).

Let f(z) and g(z) be two non-constant meromorphic functions. Let a € C|J{oco}, we say
that f(z), g(z) share a CM (counting multiplicities) if f(z)—a, g(2) —a have the same zeros
with the same multiplicities and we say that f(z), g(z) share a IM (ignoring multiplicities)
if we do not consider the multiplicities. Ng(r, f) denotes the truncated counting function
bounded by k.

Define the order of f as

+
o(f) = limsup log” T(r, /)

)
r—s00 logr

The following well known theorem in value distribution theory was posed by Hayman
and settled by several authors almost at the same time [2, 4].

*Correspoding author: E-mail: xbzhangl016@mail.sdu.edu.cn(X.B. Zhang); xujunf@gmail.com(J.F. Xu)
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Theorem A: Let f(z) be a transcendental meromorphic function, n > 1 a positive integer.
Then f™f' =1 has infinitely many solutions.

Fang and Hua [5], Yang and Hua [12] got a unicity theorem respectively corresponding
to Theorem A.

Theorem B: Let f and g be two non-constant entire (meromorphic) functions, n > 6(n >
11) be a positive integer. If f(2)f'(2) and g"(2)g'(z) share 1 CM, then either f(z) = c1e,
g(2) = coe %, where c1, ca and c are three constants satisfying 4(c1co)"c? = —1, or
f(z) =tg(2) for a constant t such that t"*1 = 1.

Note that f"(2)f'(z) = n%rl(f”“(z))’, Fang [6] considered the case of kth derivative
and proved

Theorem C: Let f and g be two non-constant entire functions, and let n, k be two positive
integers with n > 2k +4. If (f*(2))® and (¢"(2))*) share 1 CM, then either f(z) = c1e%,
g(2) = cae™, where ¢y, ca and ¢ are three constants satisfying (—1)*(cic2)™(nc)?* =1, or
f(z) =tg(2) for a constant t such that t" = 1.

Theorem D: Let f and g be two non-constant entire functions, and let n, k be two positive
integers with n > 2k + 8. If (f*(2)(f(z) — 1))®) and (¢"(2)(g(z) — 1))*) share 1 CM, then
1(2) = g(2).

For more results on this field, see [8, 9, 17]. Corresponding to Theorems C and D, It is
natural to ask the following question.

Question 1.1. Does Theorem C or D holds if f and g are meromorphic functions?

Remark 1.1. Question 1.1 seems to have been solved by Bhoosnurmath and Dyavanal [3],
but their proofs contain some gaps that were pointed out by Zhang [15, Annex remarks],
Xu et al [10, Remark 2], respectively. The gaps have not been filled as far as we know. Here
we give a partial answer to Problem 1.1.

Theorem 1.1. Let f(z) and g(z) be two non-constant meromorphic functions with o(f) <
+o00. Let n, k be two positive integers with n > max{3k + 8,2(c(f) — Dk}. If [f*(2)]®
and [g"(2)]®) share 1 CM, then one of the following two conclusions holds:

(1) f(2) =tg(z) for a constant t such that t" = 1;

(2) f = cse®, g = cue™ %, where c3,cq and d are constants such that (—1)¥(czcq)™(nd)?* =
1.

Remark 1.2. Theorem 1.1 affirmatively answered Problems 1.1. Namely, Theorem C
holds for the case of meromorphic functions of finite order, provided that n is sufficiently
large. But unfortunately, Theorems D fails if f(z) and g(z) are meromorphic functions
without the condition ©(oo, f) > 2/n, even if f and g share oo CM. We give the following
counterexample.

Example 1.1. Let

h(z)(1 —h" (2 1—-h"(z
R 1 (1)
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where n is a positive integer and h(z) is a non-constant meromorphic function.

We deduce from (1.1) that f*(f —1) = ¢g"(g — 1), thus f and g satisfy the conditions of
Theorem D, but f # g.
Note that

T(r,f)=T(r,gh) =nT(r,h) + S(r, f).

By the second fundamental theorem, we deduce

_ "1
N(va) = ZN(h—CL) > (n—2)T(T,h) +S(T7f)a
j=1 J
where a;(# 1) (j = 1,2, ,n) are distinct roots of the algebraic equation A" ! = 1.
Therefore,
: N(r, f)
O(co, f) =1 —limsup ———== < 2/n.
(00, f) mSup 7y <2/

When n > 3k + 8, then g5 +1 > %, so from Theorem 1.1 we have

Corollary 1.1. Let f(z) and g(z) be two non-constant meromorphic functions with o(f) <
3. Letn, k be two positive integers with n > 3k+8. If [f™(2)]®) and [¢"(2)]*®) share 1 CM,
then one of the following two conclusions holds:

(1) f(z) =tg(z) for a constant t such that t" = 1;

(2) f = cse®, g = cue™ % where c3,cy and d are constants such that (—1)¥(czcq)™(nd)?* =
1.

Consider IM sharing value and we have

Theorem 1.2. Let f(z) and g(z) be two non-constant meromorphic functions with o(f) <
+00. Let n, k be two positive integers with n > max{9k + 14,2(c(f) — 1)k}. If [f"(2)]*)
and [g"(2)]®) share 1 IM, then one of the following two conclusions holds:

(1) f(z) =tg(z) for a constant t such that t™ = 1;

(2) f = cse®, g = cue™ % where c3,cq and d are constants such that (—1)¥(czcq)™(nd)?* =
1.

Corollary 1.2. Let f(z) and g(z) be two non-constant meromorphic functions with o(f) <
6. Let n, k be two positive integers with n > 9k + 14. If [f*(2)]® and [g"(2)]*) share 1
IM, then one of the following two conclusions holds:

(1) f(z) =tg(z) for a constant t such that t" = 1;

(2) f = cse®, g = cue™ %, where c3,cy and d are constants such that (—1)¥(czcq)™(nd)?* =
1.

2 Preliminary lemmas and a main proposition

Lemma 2.1. [11] Let f(z) be a non-constant meromorphic function and let ag(z), a1(z),
,an(2)(Z 0) be small functions of f. Then

T(r, anf™ + an1f" L+ - +ag) =nT(r, f) + S(r, f).
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Lemma 2.2. [16] Let f(z) be a non-constant meromorphic function, s,k be two positive
integers. Then

N.(r, f}k)> < T(r, f®) — T(r, f) + Ness(r. }> S0 ),

! ) < ]CW(T, f) +Ns+k(’f’,}

Lemma 2.3. Let f(z) be a non-constant meromorphic function of finite order, and let k
be a positive integer. Suppose that f5) £ 0, then

Ni(r,

0 )+ 8(r, )

1 1
— r,=
f

Proof. Note that f is of finite order, by Lemma 1.4" in [14, P. 21], we have

f
'

)+ kN(r, f) + O(logr).

m(r

) = O(logr).

Now we prove m(r, #) = O(log r) by mathematical induction. Suppose that the conclusion

is true for the case of k = m, if Kk = m + 1, we have

f(m+1) f(m) , f(m) 1!

A I
Then we get
(m+1) (m) (m) '
w222y <m0 m L i £ o)
£y pam)
= m(r, (f{m)) ff) + O(log )
7
(5 m
< mlr, ) + m(r, =) + O(logr)
7
= O(logr).
Moreover, we have
1 1 (k) 1
m(r, ) < mlr. 555) + (. 2=) = m(r. S75) +Oflog)
Hence
1 1
T(T7 ) - N(T7 ?) < T(T, (k)) N(Ta W) + O(log ’I”)
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That is
N, f(lk)) < T(r, f®) = T(r, f) + N(r, ch) 1+ O(log )
— (e, f®) + N(r, f®) = T(r, f) + N(r, }) +O(log )
< mir, f) +mir, f}“) N )+ N f) = T(r ) + N, 5) + Ollog )
— N }) + kN (r, f) + O(log ).

This completes the proof of Lemma 2.3.

Lemma 2.4. [12] Let f(z) and g(z) be two non-constant meromorphic functions and n,k
be two positive integers, a be a finite nonzero constant. If f and g share a CM, then one of
the following cases holds:

(2) T(r, f) < Na(r,1/f) + Na(r,1/g) + Na(r, f) + Na(r,g9) + S(r, f) + S(r,g), the same
inequality holding for T(r,g);

(i) fg = a®; (iii) f = g.

Lemma 2.5. Let f(z) and g(z) be non-constant meromorphic functions, n, k be two positive
integers with n > k + 2, a be a finite nonzero constant. If [f*]*®) and [¢"|*) share a IM.
Then T(r, f) = O(T(r,g)), T(r,g) = O(T'(r, f)) and o(f) = o(g).

Proof. Let F' = f™. By the second fundamental theorem for small functions, we have

— 1 — 1

T(r, FO) < N(r, ) + N(r, 55) + N, 5—) + 5(r, F). (2.1)

By (2.1) and Lemma 2.1 and Lemma 2.2 with s = 1 applied to F', we have

nT(r, f) < Ny (r, %) + N (r, F(%_a) +N(r, f) + S(r, F)
— 1 — 1 ~
< (k-i-l)N(T’,?)—FN(ﬁW)+N(T7f)+S(T'f)

< (k+2T( f) + N(r Wl)_a) + 50 f).
Namely,
(n k=200 1) < N =) + 50 )

< n(k+1)T(r,9) + S(r, f).
Since n > k + 2, we have T'(r, f) = O(T(r,g)). Similarly we have T(r,g) = O(T'(r, f)).

Thus o(f) = o(g).
This completes the proof of Lemma 2.5.

By the arguments similar to the proof of Lemma 2.5, we get the following proposition.
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Proposition 2.1. Let f be a transcendental meromorphic function, n,k be two positive
integers with n > k + 2, a(z)(# 0,00) be a small function of f. Then [f"]®) — a(z) has
infinitely many zeros.

Lemma 2.6. [10] Let f and g be two non-constant meromorphic functions, k,n > 2k + 1
be two positive integers. If [f"]*) = [¢"|*), then f =tg for a constant t such that t"* = 1.

Lemma 2.7. Let f,g be two nonconstant meromorphic functions with o(f) < 400, n, k
be two positive integers with n > max{3k + 8,2(c(f) — V)k}. If [f"]®[g"]*) = 1, then
[ =c3e®, g =cie™%, where c3,cq and d are constants such that (—1)%(c3cq)(nd)?* = 1.

Proof. Note that n > k+2, [f*]*) and [¢"]*® share 1 IM. Then by Lemma 2.5 we get
o(f)=o0(g) < +oo.
First, we prove

f#0, g#0. (2.2)

Suppose that zg is a zero of f with multiplicity s, then zg is a pole of g, say multiplicity ¢,
and z is a zero of [f"](*) with multiplicity ns — k, a pole of [¢"]*) with multiplicity nt + k,
thus we have

ns —k=nt+k,
namley
n(s —t) = 2k. (2.3)

Note that n > 3k + 8 and we get a contradiction from (2.3). Thus f has no zero. Similarly,
g has no zero. Thus (2.2) holds.
Next we prove

N(r,f) =0O(logr), N(r,g) = O(logr). (2.4)

Rewrite [f"](®)[g"]*) =1 as

(™ = [gnl](k). (2.5)
We deduce from (2.5) that
NG (71%) = NG ) (26)

As N(r, [f"]®)) = nN(r, f)+EN(r, f), this together with (2.2), (2.6) and Lemma 2.3 implies
that

nN(r, f) + kN(r, f) < kN(r,g) + O(logr). (2.7)
Similarly we get
nN(r,g) + kN(r,g) < kN(r, f) + O(logr). (2.8)
6
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Combining (2.7) and (2.8) yields
N(r,f)+ N(r,g) = O(logr). (2.9)
Thus we obtain (2.4), which means that both f and g have at most finitely many poles. Let
() ohi(2)
I ON O
where p(z) and ¢(z) are polynomials with deg(p(z)) = p, deg(q(z)) = ¢, h(z) and hi(z) are

nonconstant entire functions. By Corollary 1 in [14, P. 65], h(z) and hi(z) are polynomials
with deg(h(z)) = deg(hi1(z)) = h = o(f). Then

enh(z) enhl(z)
= g" = . (2.11)

(2.10)

Let H(z) = nh(z), P(z) = p"(2), Hi(z) = nhi(z), Q(z) = ¢"(z). By mathematical
induction we get that

HOP(2) iy _ € EQk(2)

[fn](k) = PTl(Z)’ Y = W’ (2.12)

where Py(z) and Q(z) are two polynomials with deg(Py(z)) = k(h—1+np) and deg(Qr(z)) =
k(h — 1+ nq). By [f"]®[g"]*®) =1, we have

h(z) + hi(z) =C, (2.13)
where C is a constant. Furthermore, we get

deg(Py(2)) + deg(Qk(2)) = deg(P*(2)Q"(2)), (2.14)

which implies that

2k(h — 1) =n(p+ q). (2.15)
By (2.4), if
N(r, f)+ N(r,g) #0, (2.16)
then p+ ¢ > 1, we deduce from (2.15) that
n <2k(h—1)=2k(c(f) —1), (2.17)

which contradicts the assumption. Therefore

N(r,f)+N(r,g) =0, (2.18)
namely both f and g are entire functions and p = ¢ = 0. From (2.15) we obtain that h = 1.
Thus h(z) = dz + 13, hi(z) = —dz + l4.
Rewrite f and g as

dz

dz —
) g = 646 )

f=c3e

where c3, ¢4 and d are nonzero constants. We deduce that (—1)*(czcq)™(nd)? = 1.
This completes the proof of Lemma 2.7.
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Lemma 2.8. [1] Let f(z) and g(z) be two non-constant meromorphic functions and n,k be
two positive integers, a be a finite nonzero constant. If f and g share a IM, then one of the
following cases holds:

)T, £) < Na(r, 1/ )+ Na(r, 1/g)+ Nar, )+ Na(r, )+ 2N, 1/ 1)+ N(r, 1/g) +2N(r, f) +
N(r,g)+ S(r, f)+ S(r,g), the similar inequality holding for T(r, g);

(i1) fg = a%; (idi) f = g.

3 Proof of Theorem 1.1

Let F = [f"®), G = [¢"]®), F* = f*, G* = g", then F and G share 1 CM.

Thus by Lemma 2.5, one of the following cases holds:

() T(r,F) < Na(r,1/F) + Na(r,1/G) + Na(r, F') + Nao(r,G) + S(r, F) + S(r,G), the same
inequality holding for T'(r, G);

(i) FG = 1; (iii) F = G.

Case (7). By Lemma 2.1 and Lemma 2.2 with s = 2, we obtain

T(r,F*) < Niyo(r, 1/F*) 4 Niyo(r, 1/G") + (k +2)N(r,g) + 2N (r, f)
+S(r, f)+ S(r,g)

(k+2)N(r,1/f) + (k+2)N(r,1/g9) + (k +2)N(r,g) + 2N (r, f)
+S(r, f)+ S(r,g)

2k +4)T(r,g9)+ (k+4)T(r, f)+ S(r, f) + S(r,9),

IN

IN

namely
nT(r, f) < (2k + O)T(r,g) + (k + T (r, f) + S(r, f) + S(r, g). (3.1)
Similarly we have
nT(r,g) < (2k +4)T(r, f) + (k +4)T(r, g) + S(r, ) + S(r, 9). (3.2)
From (3.1) and (3.2) we deduce that
(n =3k = 8)(T(r, f) + T(r,g) < S(r, f) + 5(r.9), (3.3)
which is a contradiction since n > 3k + 8.

Case (ii). We have [f*]*)[g"](*) = 1. By Lemma 2.7 we get the conclusion (2) of Theorem
1.1.

Case (iii). We have [f"]*®) = [¢"]*). By Lemma 2.6 we get the conclusion (1) of Theorem
1.1.

This completes the proof of Theorem 1.1.
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4 Proof of Theorem 1.2

Let F = [f"]®), G = [¢"]®), F* = f*, G* = ¢g", then F and G share 1 IM.

Thus by Lemma 2.8, one of the following cases holds:

(i) T(r,F) < Ny(r,1/F) + No(r,1/G) + Na(r, F) + No(r,G) + 2N(r,1/F) + N(r,1/G) +
2N (r,F) + N(r,G) + S(r, F) + S(r,G), the same inequality holding for T(r, G);

(i) FG = 1; (iii) F = G.

Case (7). By Lemma 2.1 and Lemma 2.2 with s = 1,2, we obtain
T(r,F*) < Ngyo(r,1/F*) + Ngyo(r,1/G*) + (k + 2)N(r,g) + 2N (r, f)

2(Ny1(r,1/F*) + kN(r, f)) + Ngy1(r, 1/G*) + kN(r, g)
+2N(r, )+ N(r,g) + S(r, f) + S(r, g)

< Bk+4)N(r,1/f)+ 2k +3)N(r,1/g9) + 2k +4)N(r, f)
+(2k +3)N(r,g) + S(r, f) + S(r,9)
< Bk+8)T(r,f)+ 4k +6)T(r,g) + S(r, f) + S(r,9),
namely
nT(r, f) < (5k+8)T(r, f) + (4k + 6)T(r,g) + S(r, f) + S(r, 9). (4.1)
Similarly we have
nT(r,g) < (5k +8)T(r,g) + (4k + 6)T(r, f) + S(r, f) + S(r, 9). (4.2)

From (4.1) and (4.2) we deduce that
(n—9k —14)(T(r, f) + T(r,g) < S(r, f) + S(r,9), (4.3)
which is a contradiction since n > 9k + 14.

Case (ii). We have [f*]*)[g"]*) = 1. By Lemma 2.7 we get the conclusion (2) of Theorem
1.2.

Case (iii). We have [f"]*) = [¢"]*). By Lemma 2.6 we get the conclusion (1) of Theorem
1.2.

This completes the proof of Theorem 1.2.
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Regularized optimization method for determining the
space-dependent source in a parabolic equation without iteration™
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Abstract

In this paper, we consider an inverse problem of identifying a space-dependent source in
the parabolic equation which is a classical ill-posed problem. The inverse source problem
is formulated into a regularized optimization problem. Then, a non-iterative algorithm
based on a sequence well-posed direct problems solved by the finite element method is
proposed for solving the optimization problem. In order to obtain a reasonable regular-
ization solution, we utilize the damped Morozov discrepancy principle together with the
linear model function method for choosing regularization parameters. Numerical results
for one- and two-dimensional examples show that the proposed method is efficient and
robust with respect to data noise, especially for reconstructing the discontinuous source
functions. Furthermore, the proposed method is successfully used to solve a real example
of identifying the magnitude of groundwater pollution source.

Keywords: inverse source problem, parabolic equation, optimization, finite element
method, discrepancy principle.

1. Introduction

Inverse source identification problems arise in many branches of applied science and
engineering science, which aim to determine the unknown source from some measurable in-
formation related to the source. For example, Identification of a pollution source intensity
from some given measurements of the pollutant concentrations is crucial to environmental
safeguard in watersheds [1]. In this paper, we consider the inverse problem for determining
the unknown space-dependent source in a parabolic equation from a final measurement.
As we all know, this inverse source problem is ill-posed since small errors inherently pre-
sented in the practical measurement can induce enormous and highly oscillatory errors in
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reconstructing the unknown heat source.

The inverse problem of determining an unknown space-dependent source in the parabol-
ic equation has been considered in a few theoretical papers concerned with existence and
uniqueness of the solution[2, 3]. Recently, many authors are interested in numerical recon-
struction of the space-dependent source in parabolic equations [4, 5, 7, 6, 8, 9, 10, 11, 12].
In [4], the authors transferred the inverse heat source problems to the problems of numer-
ical differentiation for obtaining stable solutions. An effective meshless numerical method
and a finite difference approximate method were proposed in [7] and [6], respectively. In
[9], a regularization method based on the quasi-reversibility method together with the
error estimate was proposed for identifying an unknown space-dependent source in one
dimensional standard heat equation. In [10] and [11], two iterative methods were pro-
posed for finding the spacewise dependent source: one is an iterative algorithm based on a
sequence of well-posed direct problems; the other is a variational conjugate gradient-type
iterative algorithm which also need to solve a sequence of well-posed direct problems at
each iteration. The paper [12] is devoted to identify an unknown heat source depending
simultaneously on both space and time variables that is transformed into an optimization
problem. The aim of this paper is to construct a regularized optimization method, which
is a non-iterative method. We firstly formulate the inverse problem of determining the
spacewise dependent source into a regularized optimization problem. Then, the optimiza-
tion problem is reduced to a system of linear algebraic equations based on a sequence
well-posed direct problems solved by the finite element method.

This paper is organized as follows. In section 2, the source identification problem is
formulated and some properties of the solution of direct problem are given. In section 3,
a regularized optimization method is proposed for solve the source identification problem.
In section 4, implementations of the regularized optimization method are presented. In
section 5, numerical results for one- and two-dimensional examples are given to illustrate
the efficiency and stability of the proposed method with respect to data noise. Finally,
some conclusions are drawn.

2. Mathematical formulation of the source identification problem

Let © be a bounded domain possessing piecewise-smooth boundaries in the Euclidean
space R, n > 1. x = (x1, 22, -+ ,2,) denotes an arbitrary point in €2, and 0f is used for
the boundary of the domain Q. Let us denote by Qr a cylinder € x (0,7") consisting of
all points (x,t) € R"™! with z € Q and ¢ € (0, 7).

2.1. functional spaces

The space Ly(£?) is a Banach space consisting of all square integrable functions on the

domain 2 with the norm 12
fullso = ( [ tuto) e

(u, v) = /Q w(z)o(z)dz.

and the scalar product
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The Sobolev spaces W (), where [ is a positive integer, consists of all functions from
Ly(2) having all generalized derivatives of the first [ orders that are square integrable over
Q. The norm of the space W4(Q) is defined by

1/2
} /
a, |12

> > IDsul3q :

k=0 |a|=k
where a = (a1, a9, -+, a,) is a multi-index, and |a| = a3 + ag + -+ + ap,

«
Do olely
8x‘f‘18x N A

0
The space Wi(€2) is a subspace of Wi(2) in which the set all functions in  that are
infinite differentiable and have compact support is dense.
The Sobolev space Wél’b (Qr) with positive integers I; > 0,7 = 1,2 is defined as a
Banach space of all functions u belonging to the space La(Q7) along with their weak
x-derivatives of the first [1 orders and ¢-derivatives of the first Il orders. The norm of the

space Wzll’lz(QT) is defined by

1/2

s = { | Sy |Dau|2+Z|D ul?| deat
T

k=0 |a|=k

The space Wé}db (Qr) is a subspace of WQIl’l2 (Q7) in which the set of all smooth functions
in @7 that vanish on the lateral 9 x [0, 7] is dense.

2.2. The source identification problem

The source identification problem considered in this paper is stated as follows: find
the function wu(z,t) and the unknown source function f(z) which satisfy the following
parabolic equation and boundary conditions

ug(x,t) = (Lu)(z,t) + f(x), (z,t) € @ x(0,T),
u(z,0) =0, z € Q, (2.1)
u(z,t) =0, (z,t) € 02 x [0,T],

and the final over-specified measurement
u(z, T) = g(x), x € Q, (2.2)

where

n
0
Lu = — | a; bi( x)u.
Z 81‘]' < gl ) Z axl )
,j=1
Moreover, the operator L is supposed to be uniformly elliptic, which means that a;;(z) =

aji(x) and
0<V§2CZ < Zaw CiCjS,uZCZZ (2.3)

3,j=1 i=1
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with positive constants v and p, and arbitrary point ¢ = ({1, -+ ,(,) € R™. Considering
the practical engineering applications, we confine the coefficients of the operator L to
satisfying that

8aij (m)

aij($),bi($)’c(x) € C(Q)’ oxp

€C(Q),k=1,2,--,n. (2.4)
Remark 1. As mentioned in the introduction, there are many numerical methods [4, 5,
7, 6, 8, 9, 10, 11, 12, 22] for identifying the space-dependent source f(x) in parabolic
equations. However, these methods are mainly concerned and implemented in the one-
dimensional or standard parabolic equations. In other words, some of these methods maybe
not adapted to the generally parabolic equation in (2.1). Limited to our knowledge, we think
the methods proposed in [4, 6, 9, 10, 11, 22] should be adapted and extended to the general
n-dimensional inverse problem (2.1), but some new difficulties maybe occur and should
be overcome. For example, numerical differential problems of both the second order and
the first order, which are both ill-posed, should be computed in [4]. The finite difference
approzimation applied to reconstructing the source term in [6, 9] should be improved to
deal with any n-dimensional domain. We pay more attention to the two iteration methods
constructed for the generally problem (2.1) in [10, 11]. In the two iteration methods, the
boundary element method with fundamental solutions of parabolic equations is used to solve
a sequence of well-posed direct problems. Generally, the fundamental solutions of linear
parabolic equations with variable coefficients are very complex, and their existence is also
no general results [23]. Compared to these known methods, the regularized optimization
method proposed in this paper is very simple for solving the general n-dimensional inverse
source problem (2.1), and more suitable for parallel computing which greatly enhance the
efficiency of the reqularized method.

2.8. Properties of the direct problem

The direct problem is finding a solution u(z,t) satisfying the problem (2.1) when the
coefficients of the operator L and the source f(x) are known. From results of Chapter 1
in [13], we have the following lemma for the direct problem.

Lemma 1. Let the operator L be uniformly elliptic and its coefficients satisfy (2.4), and
let f(x) € La(2). Then the direct problem (2.1) has a solution u € W;’(}(QT), this solution
1s unique and the following estimate is valid:

2,1
lulls) < OWVT £l (2:5)
where the constant C7 does not depend on u.

Therefore, given f(x) € La(R2), u(x,T) is well defined since u(x,t) € W227’01(QT). More-
over, it is reasonable to assume that the over-specified measurement g(z) satisfies

g(x) € Wy (). (2.6)
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3. Regularized Optimization method

3.1. Regularized optimization functional

We now consider the inverse source problem (2.1)-(2.2) as the following constrained
optimization problem: finding a source function f(x) such that

i J(f) = /Q fu(z, T ) — g(z) Pdx + a /Q (@) P, (3.1)

where « is the regularization parameter and the constrained set is

&= {f(x) | [f (@) < M, f(x) € Lo()}, (3.2)

M is a constant. The solution u(z,t; f) in (3.1) with respect to the source term f(x) is a
weak solution of (2.1) which satisfies

u(x,0; f) =0 (3.3)

and the variational formulation

/Qutwdx—i—/ﬂ iaw T) Uy, Po; — Zb T )Ug, Y — c(x)urp da;—/gf(w)wdx (3.4)

ij=1

0
for any v (z) € W4 and a.e. t € (0,7).
Theorem 1. There exists a minimizer f(x) € ® such that

J(f) = min J(f).
(f) = min J(f)

Proof. From the non-negativeness of the functional J(f), it follows that J(f) has the
greatest lower bound inffeq J(f), which means that there exists a minimizing sequence
{fm} in ® such that

. 1
}gg J(f) < J(fm) < }22 J(f)+ -

with the associated weak solution w,, := u(z,; fn,). Obviously, there exists a constant Co
such that

[fmllz0 < Co,

where C5 is independent of m. Thus, we can extract a subsequence, again denoted by
{fm}, such that f,, converges weakly to f in @ due to the closure of ®.

From Lemma 1, we know that the sequence {u,,} is bounded in VV22 1(Qr). Hence,
we can also extract a subsequence, still denoted by {u,,}, such that w,, converges weakly
to u*. Therefore, the rest we need to prove that u* = wu(x,t; f) In order to do this,
multiplying both side of the equation

n

/Qum,twdwr/ﬂ Zaij( T) Uz Py — Zb T) Uz, — c(T)Um dﬂf—/ﬁfm(w)wdiv

i,j=1
(3.5)
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by any function y(t) € C1[0,T] with v(T) = 0, then integrating with respect to ¢ on [0, T},
we derive that

_/ u(z, wda:—/ /umwdmdwr/ / pa 1% VUi,V —

gbi(w)um,zﬂb - C(w)um¢> dxdt = / / fpdzdt + / / Fdadt.

The last term of the above equality converges to zero since f,, converges weakly to f .
Noting that u,, converges weakly to u* in W; ’1(QT) and Letting m — oo, we have

_/ u(z, wdx_/ /uwdxdtJr/ / pa aij (2 )uy, VY, —

1

n T _
;bz(x)u%w —c(x)u 1/1) dxdt :/0 'y/sz/)dacdt. (3.6)

Obviously, (3.6) is also true for any (t) € C5°(0,T’), this implies that

/Q uirhda + /Q > ag(@)uf e, — Zb — c(z)u* | do = /Q fla)vd

ij=1

0 -
for any ¢ (z) € W4 and u*(z,0) = 0. Hence, it follows that u* = u(z,t; f) by the definition
of u(x,t; f). Then, the weakly lower semi-continuity of J(f) ensures that f is a minimizer

of J(f).

3.2. Approximation by the finite element method

In this subsection, we introduce the finite element method for solving the continuous
minimization problems (3.1), (3.2) and (3.4). Similarly to that done in [14, 15], we first
triangulate the domain © with a regular triangulation 7" of simplicial elements, and define
Sj, to be the continuous piecewise linear finite element space defined over T". The space

0
Sh, in which all functions vanish on the boundary 9f), is a subspace of Sy. Let {Pl}f\i " be
the set of interior nodes, i.e., those that do not lie on the boundary 0f2. So, a function in

0
the space Sp, is uniquely determined by its value at the point P;, and the set of pyramid
0
functions {d)j}j]\ihl C Sh, defined by
L, i=7,

3.7
0, i 4. (3.7)

¢i(P;) = {

0 0
forms a basis of S,. Obviously, a function v(z) in S, can be extract that v(x) =
Zj]\/ihl vjp;(x), where v; = v(P;) is the value of v(z) at P;. The time interval [0,7] is
partitioned into N equal subintervals by using nodal points

O=to<thi < - <tny1<ty=T
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with ¢, = mAt and At = % Let ™ = u(x,t,,) for 0 < m < N. Then, we define the
difference quotient
u™ — um—l

D™ =
e At

for a given sequence {u™}N_, C L*(Q).

Let f(z) be extended to the boundary 9€2. Then, we define f5 = ZjK:hl fj¢j(x) that
approximate f(z) € Ly(f2) and project it into the space Sy, where K}, is the numbers of
all nodes of T", and f; is the value of f(x) at the j-th node. And now we can formulate
the continuous optimal problem (3.1) as the following finite element approximation

minJ(fy) = /Q i (fu) - g(x)Pda + o /Q (2, (3.8)

fesnNe

where u}*(fp,) = ij‘ihl u'¢j(x) for m =0,1,--- , N satisfies that

up(fn) =0 (3.9)
and

n

[ nDeait e [ {3 as @)@ (e (00)s,~

1,j=1

> bi(@) (uf (fn))eton — C(ﬂf)uhm(fh)%) dr = /th(x)¢hd$ (3.10)
=1

0
for any iy, € Sh.

Theorem 2. There exists at least a minimizer to the discrete minimization problem (3.8)-
(3.10).

The proof of Theorem 2 follows the same lines as the proof of Theorem 3.1 in [15].
So, we omit it. On the other hand, from results of [14, 15] we can also obtain that the
minimizer sequence of the discrete minimization problem corresponding to h and At has
a subsequence that converges to a minimizer of the continuous problem (3.1)-(3.4) as
h — 0,At — 0.

4. Implementations of the regularized optimization method

4.1. Regularized least square method

Due to the linearity of the governing equation and the homogenous boundary and initial
conditions, we easily see that the problem (2.1) satisfies the principle of superposition
in terms of the source function, which is noted in [16, 17] and used to construct inverse
methods for recovering the initial function. Here, we also use this principle of superposition
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to formulate the finite element approximation (3.8) into a linear algebraic system. Noting
that

Kp
fn=_ fid(@), (4.1)
j=1
we have
Ky,
up (fn) =Y fiup (65()), (4.2)
j=1

where ul (¢;(z)) is computed by the finite element method proposed in [18] when the
spatial domain is one-dimensional; otherwise, for the two-dimensional domain, u} (¢;(z))
is computed by the functions of PDE Toolbox in Matlab. Therefore, we rewrite the
approximation functional J(f3,) as the form of f= (f1, far-+  fr;,)T in the form

2 2
Ky,

~ Kn
J(f) = /Q ;fjuliv(@(w))—g(w) dz + a /Q j;fjaﬁj(w) dz, (4.3)

From the necessary condition for minimizing the approximation function J(f)

9 (f)
af;

we obtain the following linear algebraic system

=0,i=1,2,-,Kp, (4.4)

(A+aG)f =0, (4.5)

where A = (aij)KhXKh’ G = (gij)KhXKh’ b= (bl,bg,' e ,th)T, and

4 = /Q i (6i(x) )l (6 (2))dr, gij = /Q 6i(2) 65 () de, by = /Q u (61(2))g(z)dz. (4.6)

For a given regularization parameter «, the solution f* of equation (4.5) is a discrete
reconstruction of the unknown source f(x); and f = EjK:hl fio; (x) is an approximation
of f(z) in the space Sy. Hence, the algorithm for reconstructing the unknown source f(x)
from the final over-specified measurement g(x) = u(x,T) is summarized as the following
algorithm.

Algorithm 1 : Algorithm with non-iteration for reconstructing the unknown source.

Given the final measurement g(z) = u(z,T) and a regularization parameter «.

Step 1. Solve the direct problem (2.1) for each basis source term f(x) = ¢;(x) via the
finite element method, then obtain ul (¢;(z)).

Step 2. Compute the Matrices A and G and the vector b by using (4.6).
Step 3. Solve the regularized linear algebraic system (4.5).
Step 4. Reconstruct the source f(x) by using the formulation (4.1).
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Remark 2. The cost of Algorithm 1 is mainly taken in the first step if we run it by
serial computing. Fortunately, we note that the first step of Algorithm 1 can be computed
in parallel. Therefore, the efficiency of Algorithm 1 will be very high if we run it on a
parallel computer system. In addition, we can choose other bases instead of the continuous
piecewise linear finite element basis, such as the polynomial basis, and the trigonometric
function basis, which can greatly reduce the amount of computation if the number of the
basis functions is relatively small.

4.2. Strategy for choosing regularization parameters

Due to the ill-posedness of the inverse source problem, the regularization parameter «
play an important role for reconstructing a reasonable solution. The measurement noises
and the round-off errors may be highly amplified due to the choice of an unreasonable
regularization parameter and therefore making the inverse solution completely useless.
In this study, we employ the damped Morozov discrepancy principle [19, 20] to choose
regularization parameters, i.e., choosing regularization parameters a such that

2 2

Ky, Ky,
/ S fud (6(2)) — ¢ (@) do+a / S S| dv=cs?, (@)
=1 =1

where v is the damped coefficient, C' is a constant, § is the noise level which meet that
lg — ¢°|| < 6. Here, g is the exact data and ¢° is the measurement data. In order to
obtain regularization parameters in a stable and quick way, we adopt the linear model
function method proposed in [19, 20] to solve the discrepancy equation (4.7) with v = 1.5
and C' = 1.5.

5. Numerical examples

The solution of the governing equation in (2.1) with nonhomogeneous boundary con-
dition B(z,t) and initial condition ug(z) is not a linear mapping for the source term f(x).
Therefore, we first divide the problem with nonhomogeneous boundary conditions into the
following two problems, i.e.,

u(z, t; f) = uir(z, t; f) + ua(x, t), (5.1)
where ui(x,t; f) satisfies the problem
(w1)e(@,t) = (Lur)(z,t) + f(z), (z,t) € 2 x(0,T),

Ui (CC, 0) = 07 T € Qa (52)
ui(z,t) =0, (z,t) € 02 x [0,T7,

and wua(z,t) is the solution of the following homogeneous equation with nonhomogeneous
initial and boundary conditions

(u2)e(z,t) = (Lug)(z,t), (z,t) € 2 x (0,7),
uz(x,0) = up(x), x € Q, (5.3)
ug(z,t) = B(x,t), (z,t) € 9Q x [0,T].
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Then, By using the data g(x) —ua(x,T), Algorithm 1 can be implemented for reconstruct-
ing the source function f(x).

In all one-dimensional examples of this section, we divide [0, 1] into 100 equal subinter-
vals which means that there are 100 elements and 101 nodes; while in all two-dimensional
examples, we divide [0, 1] x [0, 1] into 50 x 50 equal sub-rectangles which indicates that
the mesh grid has a total of 5000 triangle elements and 2601 nodes. In the computational
process, we obtain actually the final data vector g = {g(F;)} at the points of the mesh grid
in our simulations, and add a random distributed perturbation to the data vector g with
relative noise level 4, i.e., ¢° = g+ 6(2*rand(size(g)) — 1) *g. The function rand(size(g)) in
Matlab generates a random vector whose elements are the standard uniform distribution
on the interval (0,1).

In the numerical results listed in Table 1, we report the relative noise levels 5, the reg-
ularization parameters, the relative error of the inverse solution computed by the formula

RelError = M

1£1l2

The comparisons between the exact solutions and the inverse solutions are showed in
Figure 1 to Figure 8, respectively.

Table 1. Some numerical results for examples 1-5.

Examples 0 a RelError
Example 1 0.001 | 4.2806e-006 | 3.8244e-003
0.01 | 4.1359¢-005 | 1.1608e-002
Example 2 0.001 | 2.7407e-007 | 3.6889e-002
0.01 | 3.5558e-006 | 9.3541e-002
Example 3 0.001 | 1.0017e-007 | 1.6677e-001
0.01 | 3.7607e-006 | 2.5831e-001
Example 4 0.001 | 4.7644e-008 | 1.9297e-002
0.01 | 4.9258e-007 | 5.7354e-002
Example 5 0.001 | 3.5247e-008 | 1.7401e-001
0.01 | 1.1364e-006 | 2.6286e-001

Example 1. We take Q = (0,1),7 =1, and Lu = Au = 2%y

T2 - Let

u(z,t) = (2 — exp (—7°t)) sin(rz), (z,t) € [0,1] x [0,1].

In this case, f(x) = 2n%sin(rx), ug(z) = sin(rx), u(0,t) =
measurement is given by

u(1,t) = 0, and the final

9(z) = u(x,1) = (2 — exp (—7?)) sin(nz), = € [0, 1].

The inverse solutions for different noise levels are showed in Figure 1.

10
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20 T 20 T
= < = Inversion of f(x) = - = Inversion of f(x)
181 Exact solution 9 181 Exact solution
16 1 16
14 1 14
12 1 12
10 1 10
8 8
6 6
4 4
2 2
0 . . . . 0 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) 6 = 0.001 (b) 6 = 0.01

Figure 1: The comparison between the exact solution and its inverse solution.

Example 2. Consider a piecewise smooth heat source:

0, z € [0,0.3],

)5z —-03),  2€(0.3,05]

f) = —5(z—0.7), ze€(0.5,0.7],
0, z € (0.7,1].

We take Q = (0,1),7 = 1, Lu = Au = 2% ug(z) = 0, u(0,t) = u(1,t) = 0. The final
over-specified measurement u(x,T') is computed by the finite element method proposed in
[18]. Numerical results for different noise levels are showed in Figure 2.

12

1.2

— = — Inversion of f(x) — = — Inversion of f(x)
Exact solution Exact solution

012 0.‘4 0.6 0‘,8 1 o 0‘.2 0.‘4 0.‘6 018 1
(a) 6 = 0.001 (b) 6 = 0.01

Figure 2: The comparison between the exact solution and its inverse solution.

11
1117 Zewen Wang et al 1107-1126



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.6, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Example 3. Consider a discontinuous source

0, z € [0,1/3),
flx) =91 z€[1/3,2/3],
0, z € (2/3,1].
In this example, we also take Q = (0,1),7 = 1, Lu = Au = %, and the homogenous

boundary and initial conditions. Because the source f(x) is a discontinuous function,
the direct problem has no analytic solution. So, we obtain the final over-specified mea-
surement u(x,T’) by solving the direct problem with the finite element method [18]. The
reconstructed solutions for different noise levels are showed in Figure 3.

1.2

T T T 1.2 T T T
— = — Inversion of f(x) — = — Inversion of f(x)
Exact solution & Exact solution
il ""\.‘4 - - oy ] i (ﬂ\‘
| \) z LS
i 1 d [}
0.8 I | ] 08F i A
! >
i B
0.6 1 0.6
d b o
[ | 1
0.4 1 | 0.4 ¢ ]
| | ! 3
? \ ! 1
02 ] \ 02t ? .
. ' y %
1 \ e »
0 . L1 et 0 .“. \
o S e g
02 . . . . _0.2 . . . .
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) § = 0.001 (b) 6 = 0.01

Figure 3: The comparison between the exact solution and its inverse solution (n = 100).

Example 4.[6] For this two-dimensional example, we take 2 = (0,1) x (0,1),7 =1,
Lu= %qt%, the initial value ug(z,y) = sin(mx) sin(7y), (z,y) € 2, and the homogenous
boundary conditions. The exact source function is defined by

fa,y) =exp (= [(@—m)* + - n)’]).

Note that when o is large enough the above source mimics a Dirac delta distribution
0(x — p1,y — p2). Here, we take o = 80, pu; = % and pg = % The final measurement,
u(z,y,T) is obtained by the functions of PDE Toolbox in Matlab. The exact solution is
showed in Figure 4. The reconstructed solutions and their errors are showed in Figure 5

and Figure 6 for 6 =0.001 and é = 0.01, respectively.

12
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Exact solution

Figure 4: The exact solution of example 4.

Inversion of f(x,y)

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2

0.1

(a) Inverse solution

Error of the inverse solution

0.015

0.01

0.005

-0.005

-0.01

-0.015

(b) Error of the inverse solution

Figure 5: The inverse solution and its error for § = 0.001.

13
1119

Zewen Wang et al 1107-1126



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.6, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Inversion of f(x,y) Error of the inverse solution

0.9 0.07
0.06
0.05
0.04
0.03
0.02

0.01

-0.01
-0.02

-0.03

(a) Inverse solution (b) Error of the inverse solution

Figure 6: The inverse solution and its error for § = 0.01.

Example 5. In this two-dimensional example, we consider a discontinuous function

0, (z,y) € {(a:,y) ‘0 <ay<1,\/(@— 052+ (y—052 > 0.25}
flz,y) =

1, (z,y) € {(:c,y) ‘\/(a: 052+ (y—05)2 < 0.25} .

We also take Q = (0,1) x (0,1), 7 =1, Lu = g%;“ + g%y“, and the homogenous boundary
and initial conditions. The final measurement u(z,y,T’) is also obtained by the functions
of PDE Toolbox in Matlab. The exact solution is showed in Figure 7. The reconstructed
solutions and their errors are showed in Figure 8 and Figure 9 for 6 =0.001 and 6 = 0.01,
respectively.

Exact solution

| \‘\“:‘ “‘\:“”\“““\U .

Figure 7: The exact solution of example 5.

14
1120 Zewen Wang et al 1107-1126



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.6, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Inversion of f(x,y) Error of the inverse solution

0.8
0.6
0.4

0.2

(a) Inverse solution (b) Error of the inverse solution

Figure 8: The inverse solution and its error for § = 0.001.

Inversion of f(x,y) Error of the inverse solution

(a) Inverse solution (b) Error of the inverse solution

Figure 9: The inverse solution and its error for § = 0.01.

6. Application to a real source determination[21, 22]

This real example is taken from references [21] and [22]. Consider acid contaminant
in the groundwater in Fengshui, Zibo of Shandong Province, China. The studied region
is a relatively integrated unit of hydrogeology whose area is about 45 km?. In this region,
the groundwater flow accumulated by atmosphere precipitation is gradually pressed when
it seeps from the southeast to the north-west until it encountered the coal-seam, and so
a strip containing rich groundwater is formed. For this reason, Yuedian and Zhanghua
wellsprings were established in 1980s. However, with the excess exploitation of mines, e.g.
the exploitation of coal-wells, groundwater pollution has become more and more serious
in this region. In particular, acid contaminant of SOi_ in Zhanghua wellspring becomes
higher and higher year after year. Based on the measured concentration data in this
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region from 1988 to 1999 along the groundwater flow direction, we are try to determine
the average magnitude of acid contaminant seeping into the aquifer every year.

Under some suitable assumptions on the aquifer, choosing the direction of groundwater
flow which is from Sijiaofang to Zhanghau as the direction of x axis, and Sijiaofang as
zero point, the year of 1988 as initial moment, then this real problem of acid contaminant
in the groundwater system can be characterized by the following system:

%:am}%—v%—/\u+m, O<z< L 0O<t<T,

u(0,t) = 7.96t +45.6,0 <t < T,
u(L,t) = 1.75t> + 331.6,0 < t < T,
u(z,0) = 0.07152 +45.6,0 < 2 < L,

(6.1)

where u = wu(z,t)[mg/l] is the solute concentration at time ¢ and space point x, and
the model parameters: v = 365[m/y] is the average pore water velocity, a;, = 1[m] is the
longitude dispersivity, A = 0.05[y~] is the attenuation coefficient, n, = 0.25[dimensionless]
is the effective porosity and f(z) represents an average magnitude of the pollutants seeping
into the aquifer every year. In addition, L = 4000[m] denotes the distance from Sijiaofang
to Zhanghau, and 7' = 11[y]. The boundary conditions and the initial condition in system
(6.1) are obtained by applying data fitting skills from the actually measured data, see [22].
The additional data at the final year of T = 11 is also obtained by the similar technique
as follows:

u(xz,T) = 0.1026x + 133.2,0 < = < L. (6.2)

The inverse problem considered here is to determine the source magnitude function f(x)
in (6.1) from the measured data u(z,T) by the regularized optimization method. In the
numerical implementation, we firstly transform this inverse problem into a dimensionless
form [21] by setting U = g#,y = £,7 = %, then apply Algorithm 1 to solve it by dividing
[0, 1] with 200 equal subintervals. Firstly, assuming that all of the initial boundary data in
the model (6.1) and the additional final data (6.2) are accurate, we reconstruct the source
with regularization parameter o = 0.5 x 10™*. Secondly, in the case of the additional
final data having random noises, we carry out similar computations with the linear model

function method for choosing regularization parameters.
Kp,
Case 1. Find a solution f; = >~ f7¢;(z) in the space Sj,. See Figure 10 and Table 2.
j=1

N,
Case 2. Find a solution as the form f; = f f;‘xj in the polynomial function space
j=0
Py, [z]. Based on analyses of [22], we only take N, = 1 and N, = 2 to reconstruct the
source, respectively. See Table 2.

To show accurateness and reasonableness of the above solutions, we substitute these
solutions into the model (6.1) and reconstruct the additional data denoted by u(x, T’ f5).
Then the residuals ||u(z,T; f;f) — u(z,T)||2 are computed at the 201 nodes and listed in
Table 2 as compared with the actually additional final data (6.2).

From Figure 10 and Table 2, we see that the source magnitude function f(z) in the
model (6.1) can be determined numerically from the additional final data by the proposed
regularized optimization method. We also find from the last column of Table 2 that the
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method used here is better than that in paper [22, 21] in the sense of smaller residuals.
In addition, Algorithm 1 is very fast in the above second case since only two of three final
data for the corresponding basis functions need to be computed.
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Tnversion of f(z) for 6 =0 .

8 o+ Inversion of f(z) for 5 =001

— = = Inversion of f(z) for § = 0.05
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2000
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2500 3000 3500 4000

Figure 10: Inverse solutions, where § is the relative noise level.

Table 2. Numerical results for Example 6.

Relative . llu(z, T fr)
Cases noise level @ Ti(@) —u(z,T)l2
Solutions in 0.00 5.0000e-005 See Figure 10(-) 7.0182e-001
the space S 0.01 5.1865e-004 See Figure 10(..) 9.5460e-001
PACE SR 1 0.05 | 3.8324e-003 |  See Figure 10(--) | 2.6560e-+-000
Solutions in 0.00 5.0000e-005 | 12.9974-0.0010584x 2.0369e-001
the space 0.01 1.0177e-001 | 13.0524-0.0010055z | 2.7136e-001
Py [z] 0.05 3.4462e-001 | 13.1294-0.00090556x | 9.7427e-001
. . 13.001+0.0010514x
Salll;t;cl))l;scén 0.00 5.0000e-005 £0.00000000192742:2 2.0386e-001
13.343+0.00048213x
Py[z] 0.01 9.4045e-002 £0.0000001546622 5.6136e-001
13.341+0.00039093z
0.05 3.5021e-001 £0.0000001729022 9.1224e-001
Results of 0.00 — 14.50740.000016411z | 3.2952e+000
21] 0.01 4.357e-3 14.507+0.000015817x | 3.2972e+000
0.05 1.274e-2 | 14.515+0.000011783x | 3.3075e+000

7. Conclusions

In this paper, we mainly study the inverse problem of determining a space-dependent
source in the parabolic equation. As we all know, the inverse source problem is a classical
ill-posed problem. Basing on a sequence well-posed direct problems solved by the finite
element method, we propose a regularized optimization method for solving the inverse
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source problem, and use the linear model function method to choose regularization pa-
rameters for obtaining a stable solution. The proposed method is a non-iterative method,
and can be extended to the parabolic equation with other boundary conditions, even
mixed boundary conditions. In addition, we find that the regularization parameter plays
an important role in numerically solving the regularized optimization problem. Numerical
results for one- and two-dimensional examples show that the proposed method together
with regularization parameter chosen strategy is efficient and robust with respect to data
noise, especially for reconstructing the discontinuous source functions. Furthermore, the
proposed method is successfully used to solve a real example of identifying the magnitude
of groundwater pollution source.

In Algorithm 1, Matlab is used to compute the final dada for each basis function, it
introduces some errors due to the finite element approximation. Therefore it is desirable
to keep this computational errors less than the noise level. Here, we thank the reviewers
very much for pointing out this fact. Obviously, the mesh grid is denser the error of the
finite element approximation is smaller. Consequently, the computation amount will be
increase if Algorithm 1 is run by serial computing. As mentioned above, we can improve it
by parallel computing. On the other hand, instead of using the linear finite element basis
we approximate the source function f(x) by applying the polynomial function basis such
as in the real life example, or the trigonometric function basis. In this case, the number
of computing the final data for each basis is independent on the mesh. Thereby, we can
improve greatly the efficiency of Algorithm 1 by selecting the number of the basis under
some ¢ priori information about the source function. Results of our numerical examples
show that the proposed regularized optimization method is robust to the error of the finite
element approximation. And we will study the error estimation of the proposed method
in our future work.
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Knowledge reduction in knowledge bases and its
algorithm *

Ningxin Xie'
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Abstract: One of rough set theory’s strengths is the fact that an unknown
target concept can be approximately characterized by existing knowledge struc-
tures in a knowledge base. In this paper, we investigate Knowledge reduction
in knowledge bases and give its algorithm.

Keywords: Knowledge base; Knowledge reduction; Necessary relation; Al-
gorithm.

1 Introduction

Rough set theory was proposed by Pawlak [10] as a mathematical tool for
data reasoning. It may be seen as an extension of classical set theory, has
been proved to be an effective approach to deal with intelligent systems char-
acterized by insufficient and incomplete information and has been successfully
applied to machine learning, intelligent systems, inductive reasoning, pattern
recognition, mereology, image processing, signal analysis, knowledge discovery,
decision analysis, expert systems and many other fields [6, 7, 8, 9].

Basic opinion in rough set theory is that knowledge (human intelligence)
is the ability to classify elements [1, 4]. That is to say, knowledge is a fam-
ily of classifications (or partitions) on the universe. Rough set theory mainly
consider equivalence relations on the universe, which determine partitions on
the universe. One deals with not only a single classification (or partition) on
the universe, but also a family of classifications (or partitions) on the universe.
This leads to the definition of a knowledge base, which is a important concept
in rough set theory.

For a given knowledge base, one of the tasks in data mining and knowledge
discovery is to generate new knowledge through known knowledge.

The purpose of this paper is to investigate knowledge reduction in knowledge
bases.
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2 Preliminaries

In this section, we recall basic concepts about rough sets and knowledge
bases.

Throughout this paper, U denotes a non-empty finite set called the universe,
2V denotes the set of all subsets of U, R* denote the set of all equivalence
relations on U. All mappings are assumed to be surjective.

For R C R*, denote ind(R) = () R. Obviously, ind(R) € R*. For R € R*,

RER
denote [x]r = {y € U : zRy}.

Let R € R*. The pair (U, R) is called a Pawlak approximation space. Based
on (U, R), one can define the following two rough approximations:

RX)={zeU:[z2lrC X}, RX)={xeU:[z]gNnX #0}.

R(X) and R(X) are called the Pawlak lower approximation and the Pawlak
upper approximation of X, respectively.

The boundary region of X, defined by the difference between these rough
approximations, that is Bndg(X) = R(X) — R(X).

A set is rough if its boundary region is not empty; Otherwise, it is crisp.
Thus, X is rough if R(X) # R(X).

Definition 2.1 ([13]). A pair (U,R) is called a knowledge base, if R C R*.

It is well-know that elements in a knowledge base are not of the same impor-
tance, some even are redundant. So we often consider knowledge reductions in a
knowledge base by deleting unrelated or unimportant elements with the require-
ment of keeping the ability of classification. This is the meaning of knowledge
reduction in knowledge bases.

Definition 2.2 ([13]). Let (U, R) be a knowledge base and P C R.

(1) P is called a coordinate subfamily of R, if ind(P) = ind(R).

(2) R € P is called independent in P, if ind(P — {R}) # ind(P); P is called
a independent subfamily of R, if V R € P, R is independent in P.

(3) P is called a knowledge reduction (for short, reduction) of R, if P is both
coordinate and independent.

In this paper, the set of all coordinate subfamilies (resp., all knowledge
reductions) of R is denoted by co(R) (resp., red(R)).
Obviously,

Pered(R) < Peco(R)andV¥ QCP,Q ¢ co(R).
3 Knowledge reduction in knowledge bases

Proposition 3.1. Let (U, R) be a knowledge base. Then there always exist a
knowledge reduction of R.
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Proof. Suppose V R € R, R — {R} & co(R). Then R € red(R).

Suppose 3 R; € R, R —{R1} € co(R). Then, we consider R — {R;}. Again
suppose VR € R—{R1}, (R—{R1})—{R} € co(R). Then R —{R;} € red(R).
Again suppose 3 Ry € R—{R1}, (R—{R1})—{R2} € co(R). Then, we consider
R — {Ri1, R2}. Repeat this process. Since R is finite, we can find a knowledge
reduction of R.

Thus, there always exist a knowledge reduction of R. O

Definition 3.2. Let (U, R) be a knowledge base. Put
D(z,y) ={R € R|(z,y) ¢ R} (z,y € V).

Then

(1) D(x,y) is called the discernibility subfamily of R on x and y.

(2) D(R) = (dij)nxn is called the discernibility matriz of R where U =
{1,290, - 2n} and dij = D(x;,x;) (1 <1,j <n).

Example 3.3. Let U = {1, 29, %3, 24,25, 26}. We consider the knowledge base
(U, R) where R = {R1, Ra, R3, R4} and
U/R1 = {{$1,$2,$5}, {£3,$4,$6}},
U/RQ = {{ll?l,xf)‘}, {132,503,56471‘5}},
U/R3 = {{z1, 22,75, 26}, {73, 24} },
U/Ry={{z1,22, 25}, {23, 4,26} }
We can obtain the discernibility matriz ©(R) as follows:

0 {Ry} R R {R2} {R1, Ra}
{R:} 0 {R1,Rs, Rs} {Ri,Rs, Ry} 0 {R1, Ry, Ry}
R {Rl,Rg,R4} @ @ {R1,R3aR4} {R27R3}
R {Ry, R3, Ry} 0 0 {R1,R3, Ry} {R2, R3}
{R2} 0 {R1,R3, Ry} {Ri,R3, Ry} 0 {R1,Ra, Ry}
{R1,Rs} {Ri,Ry, R4}  {Ro, Rs} {R2,R3}  {Ri, Rz, R4} 0
Proposition 3.4. Let (U, R) be a knowledge base. The ¥V x,y,z € U,
(1) D(z,z) = 0.
(2) D(z,y) = D(y,2).
(3) D(z,y) € D(z,2) UD(z,y).

Proof. (1) and (2) are obvious.

(3) Suppose D(z,y) € D(z,2)UD(z,y). Then D(z,y)—D(x,2)UD(z,y) # 0.
Pick

ReD(x,y) —D(x,2) UD(z,y).

R € D(z,y) implies (z,y) € R.

Since R & D(x,z) UD(z,y), we have R & D(x,z) and R ¢ D(z,y). Then
(z,2) € Rand (z,y) € R. So (z,y) € R. This is a contradiction.

Thus D(z,y) C D(x, z) UD(z,y). O
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Corollary 3.5. Let (U,R) be a knowledge base. Then d is a distance function
on U where

d(z,y) = [D(z,y)| (z,y € U).
Proposition 3.6. Let (U, R) be a knowledge base. Then

Peco(R) < If (z,y) €ind(R), then PND(x,y) # 0.

Proof. (1) “=". Since P € co(R), we have ind(P) = ind(R). Then (z,y) ¢
ind(P). So (z,y) & P for some P € P.
(z,y) ¢ P implies P € D(x,y). Then P € PND(x,y).
Thus P N D(z,y) # 0.
“<=". Suppose P & co(R). Then ind(P) # ind(R). This implies ind(P) —
ind(R) # (. Pick
(z,y) € ind(P) —ind(R).

Since (z,y) € ind(R), we have PN D(x,y) # 0.

Note that (z,y) € ind(P). ThenV P € P, (z,y) € P. So P ¢ D(x,y). Thus
P ND(x,y) = 0. This is a contradiction.

Thus P € co(R). O

The discernibility family can easily determine knowledge reductions.

Theorem 3.7. Let (U, R) be a knowledge base. Then P € red(R) <

(1) If (z,y) € ind(R), then PND(z,y) # 0;
(2)V ReP, 3 (zr,yr) € ind(R), (P —{R}) ND(xgr,yr) = 0.

Proof. This holds by Proposition 3.6. O
Definition 3.8. Let (U, R) be a knowledge base. Put

core(R) = n P.
Pered(R)

Then core(R) is called the core of R. Moreover,
(1) R € R is called a necessary relation, if R € core(R).
(2) R € R is called a relatively necessary relation, if R € Uy »P-

Pered(R)
core(R).
(3) R € R is called a absolutely dispensable relation, if Re R— |J P.
Pered(R)

(4) R € R is called a dispensable relation, if R € R — core(R).

Obviously, R is dispensable <= R is relatively necessary or absolutely dis-
pensable.

Proposition 3.9. Let (U, R) be a knowledge base. Then

[red(R)] =1 <= core(R) € red(R).
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Proof. Necessity. This is obvious.

Sufficiency. Denote red(R) = {Pr : 1 < k < n}. We only need to prove
n=1.

Suppose n > 2. Since core(R) € red(R), we have core(R) = P; for some

i. Pick j # i. Then P; = () Pr € P;. But P; # P;. Thus P; C P;. Since
k=1

P; € red(R), we have P; € co(R). Then P; ¢ red(R). This is a contradiction.

Thus n = 1. O

Discernibility family can easily determine the core.

Proposition 3.10. Let (U, R) be a knowledge base. The following are equiva-
lent:

(1) R is a necessary relation;

(2) R is independent in R;

(3) 3 z,yeU, D(x,y) = {R}.

Proof. (1) = (2). Suppose that R is not independent in R. Then
ind(R — {R}) = ind(R).

This implies R — {R} € co(R). Consider R — {R}. By Proposition 3.1, 3 P C
R —{R}, P €red(R).

P C R —{R} implies R ¢ P. Then R is not a necessary relation. This is a
contradiction.

(2) = (1). Suppose that R is not a necessary relation. Then 3 P € red(R),
R&P.SoP CR—{R}CR. This implies

ind(P) 2 ind(R — {R}) D ind(R).

By P € red(R), ind(P) = ind(R). Then ind(R — {R}) = ind(R). So R is
not independent in R. This is a contradiction.

(2) = (3). Since R is independent in R, we have ind(R — {R}) # ind(R).
Then ind(R — {R}) —ind(R) # (. Pick

(x,y) € ind(R — {R}) — ind(R).

Denote R = {R1, Ra,...,R,}. Then R = R; for some j < n. So

(l',y) € ﬂ Rif n R’L

1<i<n,i#j 1<i<n

This implies (z,y) ¢ R; and (x,y) € R; (i # j).
Thus D(z,y) = {R}.
(3) = (2). Since 3 z,y € U, D(x,y) = {R}, we have

(z,y) ¢ R, (z,y) € R (R #R).

Then (z,y) € ind(R — {R}). But (z,y) € ind(R).
Thus ind(R — {R}) # ind(R). Hence R is independent in R. O
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Proposition 3.11. Let (U, R) be a knowledge base. Denote

R*= |J ind(P—{R}).

Peco(R)

Then the following are equivalent:
(1) R is a absolutely dispensable relation;
(2) VP € co(R), ind(P —{R}) = ind(R);
(3) R* =ind(R);
(4) R* C R.
Proof. (1) = (2). By Proposition 3.1, 3 Q C P, Q € red(R). Since R is not
a necessary relation, we have R ¢ Q, which implies @ C R — {R}. Then

QCPN(R—-{R})=P—{R}CP.

We have
ind(Q) D ind(P — {R})) D ind(P).

Note that P € co(R) and Q € red(R). Then ind(P) = ind(R) = ind(Q).
Thus
ind(P — {R}) = ind(R).

(2) = (3) = (4) are obvious.

(4) = (1). Suppose 3 P € red(R), R € P. Then P — {R} C P. Since
P € red(R), we have P — {R} & co(R). Then ind(P — {R}) — ind(R) # 0.
P € red(R) implies ind(P) = ind(R). Then

ind(P — {R}) —ind(P) # 0.

Pick (z,y) € ind(P —{R}) —ind(P). Note that ind(P) = ind(P—{R})NR.
Then (z,y) ¢ R.

Since P € co(R) and R* C R, we have ind(P —{R}) C R. Then (z,y) € R.
This is a contradiction. O

Theorem 3.12. Let (U, R) be a knowledge base. Then
(1) R is necessary < R — {R} & co(R).
(2) R is relatively necessary < R — {R} € co(R) and R*  R.
(3) R is absolutely dispensable < R* C R.
(4) R is dispensable & R — {R} € co(R).

Proof. This holds by Proposition 3.10 and Proposition 3.11. U

Example 3.13. In Ezample 3.3, we have
(1) Ry is necessary.
(2) Ry and R4 are relatively necessary.
(3) R is absolutely dispensable.
(4) Ry, R3 and R4 are dispensable.
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4 A algorithm on knowledge reduction

It is more convenient to calculate knowledge reductions and the core in
knowledge bases by using the following discernibility function when there are
many equivalence relations in knowledge bases.

Below, we give a algorithm on the knowledge reductions with the help of
mathematical logic.

“\/” (disjunction), “/\” (conjunction), “—" (implication), “——” (biimplication)
are propositional connectives in mathematical logic. They are read as “or”,
“and”, “if-then”, “if and only if”, respectively.

Let (U, R) be a knowledge base. V R € R, we specify a Boolean variable
“R”. If D(z,y) = {R1,Ra,- -+, R} with z,y € U, then we specify a Boolean
function Ry V Ry V - - -V Ry.

Denote
k
\/{Ri.Ra. -, Riy or \/ Ri=RiV Ry V-V Ry,
i=1
k
N{Bi Ry, Ry or \ Ri=RiARyA--- ARy
i=1
We stipulate that V ) = 1 and A ) = 0 where 0 and 1 are two Boolean
constants.

Definition 4.1. Let (U, R) be a knowledge base where U = {x1,x2, -+, x,} and
D(R) = (dij)nxn the discernibility matriz of R. We define the discernibility
function A(R) of R as follows:

AR) = A\(V dij)-

Example 4.2. In FExample 3.3, we have
A(R) = RoA(R1VR2VR3VR)NRIVR)NRIVR3V Ry )A(R1V RV Ry)A(R2VR3).

Denote

LR)={\/dij : 1 <i,j <n}.
We define a binary relation “<” on L(R) as follows:
\/dij < \/dkl <= dij Cdy for any \/dija\/dkl € L(R).
For any \/ d;;,\/ dii € L(R), we denote
(\/ di;) |_|(\/ di) = \/(dij U di), (\/ dij) |_|(\/ di) = \/(dz’j N d).

Proposition 4.3. (L(R), <) is a poset.
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Proof. (1) \/ dij <\/ d;j for any \/d;; € L(R).

(2) Let Vdij7 vdkl S L(R) Suppose \/dU < \/dkl and vdkl < \/dlj Then
dij g dkl and dkl g d” This implies dij = dkl~ So \/dlj = \/dkl

(3) Let \/ dij, V dii, Vdny € L(R). Suppose \/di; < \/dy and \/dy <
\/d}w. Then dij g dk,l and dkl Q d}w. This implies dij g d}w. So Vdij S \/d}w.

Thus (L(R), <) is a poset. O

Proposition 4.4. Let (U, R) be a knowledge base where U = {x1, 29, - -, Zn}.
If {d;; : 1 <i,5 <n} is a topology on R, then (L(R),<,U,MN) is a lattice with
top element and bottom element.

Proof. Denote 7 = {d;; : 1 <i,j < n}. By Proposition 4.3, (L(R), <) is a
poset.

For \/ dij,\/ diu € L(R), since 7 is a topology on R, we have d;; U dy; €
T,d;; Ndy € 7. This implies

(\/ dij) |_|(\/ dy1) = \/(dij Udg) € L(R),
(\/ dij) |—|(\/ dig) = \/(dij Ndg) € L(R).

Thus (L(R), <,|],[]) is a lattice with top element and bottom element. O

Example 4.5. In Example 3.3, (\/ d23)[|(\/ de3) = Rs & L(R). Then (L(R), <
,U,M) is not a lattice.

q9 Pk
Definition 4.6. Let (U, R) be a knowledge base. If A(R) = \/ (A Ryi), where
k=1 1=1
q Pk
every Py, = {Rii : | < pr} C R has not repetitive elements, then \/ ( \ Ryi) is

k=1 I=1
called the standard minimum formula of A(R). We denote it by A*(R). That
18,

Example 4.7. In Example 3.3, we have
Ry < (R1VR2VR3VRy), Ry < (R1VRaVRy), Ry < (R3VR3), (R1VR4) < (R1VR3VRy).
Obviously,
Ry A(R1V ReV R3V Ry) =Ry, RoA(R1V RaV Ry) = R,

Ry A (Rg \/Rg) = R, (Rl \/R4)/\ (Rl \/R3VR4) =RV R,.
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Then A(R) =Ro A (Rl VRyV Rz V R4) N (Rl V R4) AN (Rl V Rg V R4) VAN (Rl \Y
Ry Vv R4) N (RQ \Y Rg)

— Ry A(RiV Ry)

— (Ry A R) V (R A Ry).

Thus A*(R) = (Rl A Rg) V (R2 A R4)

qa Pk
Theorem 4.8. Let (U, R) be a knowledge base. If A*(R) = \/ (A Ru) is
1

k=1 i=1
the standard minimum formula of A(R). Then red(R) = {Py : k < q} where
Pr={Rk : 1 < pr}

Proof. (1) Let Py, € {Pr : k < q}.
(7) Obviously, A*(R) = k\:/l(l§1 Ry) = k\:/1(/\ Pi). Then A\ P, — A*(R).
Since A*(R) = A(R) = A(V dij), we have

A*(R) — \/dij forany1<1i,j<n.

Then ¥V z,y € U, A Pr, — V D(z,y).

So V¥ (z,y) € ind(R), \ Pk, — V D(z,y).

Now A Pr, <= Ry, for any | < py, and \/ D(z,y) «— R for some R €
D(xz,y). Then V (z,y) € ind(R), Ry, for any | < pg, — R for some R €
D(x,y). SoV (z,y) € ind(R), there exists ly < pi, such that R = Ry, i.e.,
R € Py, N D(x,y). Thus V (z,y) € ind(R), Pk, N D(x,y) # 0.

By Proposition 3.6, Py, € co(R).

(#) To prove Py, € red(R), by Theorem 3.7, we only need to show that

V R € Pyy, 3 (xr,yr) € ind(R), (Pr, —{R}) ND(xgr,yr) = 0.

Suppose that 3 Ry € Py, such that (Pr, —{Ro})ND(x,y) # 0 for any (x,y) &
ind(R). Pick Ryy € (Pi, —{Ro}) ND(x,y). Then A(Px, — {Ro}) — Ryy and
Ry — VD(z,y). Thus V (z,y) ¢ ind(R), \(Pr, — {Ro}) — VD(z,y).

V (z,y) € ind(R), we have D(z,y) = 0. Then A\(Px, —{Ro}) — V D(z, ).

It follows that V x,y € U,

/\(Pko - {RO}) - \/D(I,y)

Since A*(R) contains all true explanations of A(R), we have Py, — {Ro} €

{Pr : k <gq}. Then
(A Pro) VIA(Pro, = {Fo}))

= ((A(Pry = {Ro})) A{Ro}) V((A(Pr, — {Ro})) A1)

= (A(Pr, —{Ro})) N{Ro} V1)

= (A(Pr, = {Ro})) A1

= A(Pr, — {Ro})-
This implies Py, & {Px : k < ¢}. This is a contradiction.

Thus Py, € red(R). This show red(R) 2 {Py : k < ¢}.
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(2) Let P € red(R). Then P € co(R). By Proposition 3.6, P N D(z,y) # 0
for any (z,y) € ind(R). Similar to the proof of (1) (i7), we have P € {Py : k <
q}-

Thus red(R) C {Px : k < q}. Hence red(R) = {Py, : k < ¢}.

O

Algorithms 4.9. Let (U, R) be a knowledge base. The algorithm of knowledge
reductions of R is shown as follows:

Input: the knowledge base (U, R);
Output: red(R) and core(R).

Step 1. Input the knowledge base (U, R);

Step 2. Calculate the discernibility matriz D(R) of R;

Step 3. Give discernibility function A(R) of R;

Step 4. Calculate standard minimum formula A*(R) of A(R);
Step 5. Output all knowledge reductions of R and the core of R.

Example 4.10. We consider Example 3.5.

In Step 1, we input the knowledge base (U, R).
In Step 2, we obtain the discernibility matriz D(R).
In Step 3, we obtain

A(R) = RyA(R1VR2VRsVR )N RV R ARV R3VR)A(RV RV R)A(RVR3).

In Step 4, we obtain A*(R) = (R1 A R2) V (Ra A Ry).
In Step 5, we obtain all knowledge reductions of R: {R1, Ra}, {R2, R4} and
core(R) = {Ra}.
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1 Introduction

Imprecision and uncertainty are two important aspects of incompleteness
of information. One theory for the study of insufficient and incomplete informa-
tion in intelligent systems is rough set theory [3]. Another important method
used to deal with uncertainty in information systems is D-S theory of evidence
[4]. There are strong connections between these two theory. It has been demon-
strated that various belief structures are associated with various approximation
spaces such that the different dual pairs of lower and upper approximation
operators induced by approximation spaces may be used to interpret the cor-
responding dual pairs of belief functions induced by belief structures [5, 8, 10].
Based on this observation, D-S theory of evidence may be used to analyze at-
tribute reduction and knowledge acquisition in information systems [7, 9, 12].
In the traditional rough set approach, the values of attributes are assumed to
be nominal data, i.e. symbols. In many applications, however, the decision
attribute-values can be linguistic terms (i.e. interval value fuzzy sets). The
traditional rough set approach would treat these values as symbols, thereby
some important information included in these values such as the partial order-
ing and membership degrees is ignored, which means that the traditional rough
set approach cannot effectively deal with interval value fuzzy initial data (e.g.
linguistic terms). Thus a new rough set model is needed to deal with such data.
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The purpose of this paper is to investigate belief reduction in IVF decision
information systems by using the generalized D-S theory of evidence and rough
set theory.

2 Preliminaries

Throughout this paper, “interval-valued fuzzy” denote briefly by “ IVF 7.
U denotes a finite and nonempty set called the universe. 2V denotes the family
of all subsets of U. F(U) denotes the set of all fuzzy sets in U. I denotes [0, 1]
and [I] denotes {[a,b] : a,b € I and a < b}.

2.1 IVF sets
Definition 2.1 ([1]). V a,b € [I], define

(1) a=b<sa =b", a" =b".
(2) a<bs=a <b,at<b"; a<b<e=a<b a#b.
3) a“=[,1]-a=1-a",1—a"].

Definition 2.2 ([1]). V {a;:i € J} C[I], define
(1) Vai=[Va, Vafl

i€ ieJ ieJ
(2) ANai=[Aa;, Aadfl.
i€J i€J icJ

Definition 2.3 ([1]). A mapping A : U — [I] is called an IVF set on U. Denote
Az) =[A"(2), AT (2)] (v €D).

Then A~ (x) (resp. At (x)) is called the lower (resp. upper) degree to which x
belongs to A. A~ (resp. A1) is called the lower (resp. upper) IVF set of A.

The set of all IVF sets in U is denoted by F®)(U).
Similar to fuzzy sets, the operators C, N, U and the complement of IVF sets
can be defined.

2.2 IVF decision information systems

Definition 2.4 ([6]). (U, AU D) is called an IVF decision information system,
where U = {xg,x1, -+ ,Tn_1} s the universe, A is a condition attribute set and
D={d, € FOWU):k=1,2,---,7} is a decision attribute set.

Example 2.5 ([6]). Table 1 gives an IVF decision information system (U, AUD)
where U = {xg, 1, - , 29}, A={a1,a2,a3}, D ={d1,ds,ds}.

Definition 2.6. Let (U, AU D) be an IVF decision information system. Then
B C A determines an equivalence relation as follows:

Rp ={(z,y) € U x U : a(z) = a(y) (a € B)}.
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Table 1: An IVF decision information system (U, AU D)

aq as as d1 d2 d3
0 2 1 3 [0.7,0.9] [0.15,0.2] [0.4,0.5]
o) 3 2 1 [0.3,0.5] [0.5,0.7] 0.35,0.4]
o 2 1 3 [0.7,0.8] [0.3,0.4] [0.1,0.2]
3 2 2 3 (0.15,0.2] [0.5,0.8] (0.2,0.3]
T4 1 1 4 [0.05,0.1] [0.2,0.3] 0.65,0.9]
5 1 1 2 [0.1,0.2] [0.35,0.5] [1.0,1.0]
6 3 2 1 0.25,0.4] [1.0,1.0] [0.3,0.4]
z7 1 1 4 [0.1,0.2] 0.25,0.4] [0.5,0.6]
g 2 1 3 (0.45,0.6] 0.25,0.3] 0.2,0.3]
o 3 2 1 0.05,0.1] [0.8,0.9] 0.05,0.2]

Rp forms a partition U/Rp = {[z]g : « € U} of U where [z]g = {y € U :

(z,y) € Rp}. 4
The lower and upper approzimations of X € F®)(U) with regard to (U, Rp)
as follows:
Rp(X)(x)= N X(), Rs(X)@)= \/ X(y) (x€U).

y€lz]p ye(z]p
Remark 2.7. Ify [z]p, then [yl = [z]p. So Rp(X)(y) = Re(X)(z) and
Rp(X)(y) = Rp(X)(z).
Denote Rp(X)([2]5) = Rp(X)(x), Rp(X)([z]p) = Rp(X)(x) (%)

Proposition 2.8. Let (U, AU D) be an IVF decision information system and
let C CBCA. ThenV X € FO(U),

(1) Rp(U — X) = U — Rp(X).
(2) B (X) € Rp(X) € X € Rp(X) C Ro(X).

Proof. (1) VzeU,

Rp(U-X)x)= N\ (U-X)y = (U(y) — X(y))

1
=
D
S
|
<
i
=

y€lz]p y€(z]s

=U@) ~ V X(y) = (U-Rp(X)(2).

y€Elz]B
Then Rp(U — X) = U — Rp(X).
(2) Since C C B,V x €U, [z]¢ 2 [z]g. Then

Ro(X)(x)= N\ X< A X() =Rp(X)().

y€Elz]c y€(z]s
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So Ro(X) € Rp(X).
Similarly, Rp(X) C Rc(X).
VezeU, z€[z]g. Then Rg(X)(x)= A X(y) <X(z). SoRg(X) C X.

Similarly, X C Rp(X).
Hence

3 The generalized D-S theory of evidence

3.1 Necessity IVF measures and possibility IVF measures

Zadeh’s theory of possibility [11] is based on the idea that the possibility
of an event is determined by its most favorable case only.
N® . FO(U) — [I] is called a necessity IVF measure if it satisfies

NO@®) =0, NO@) =[1,1], NO(XNY)=ND(X)ANO({Y).
@ . FO(U) — [I] is called a possibility IVF measure if it satisfies
@ @) =0, IO@) = [1,1], TY(X UY) = 0O (X) vIOY).

It can easily be checked that N : F()(U) — [I] is a necessity IVF measure
iff the function II? defined by

0(X) = [1,1] - NO(X) (vX & FOD))
is a possibility IVF measure.
Proposition 3.1. Let A € 2V. For X € FO(U), denote

NPX) = N X =[N\ X ), \ X+,

yeEA yeEA yeA
nyYx) =\ xw=1V x @, Xl
yEA yeEA yeEA

Then NX) (resp. HX)) is a necessity (resp. possibility) IVF measure.
Proof. The proof is obvious. O

3.2 IVF belief functions

Definition 3.2. Let (M, m) be a belief structure on U. Bel® : FO(U) —
[1] is called a IVF belief function induced by (M,m) on U, if BelP(X) =
> mNY(X).
{Yy:Yem}
It can be prove that Bel” is a IVF belief function iff (i) Bel® (@) = 0,

N~ Nk )
(i) Bel(U) = [1,1], (iii) Bel” (| X;) > z (~1)HBeD(N X;).
i=1 0#£JC{1,2,--- k} ieJ

=l
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4 Belief reduction in IVF decision information
systems

4.1 The similarity relation Rp
Definition 4.1. Let S = (U, AU D) be a IVF decision information system

where U = {xg, 1, - ,xn}, A is a condition attribute set, D = {dy,ds, - ,d,}
is a decision attribute set.
Denote

de(zi) =Dy (i=0,1,--- ,n—1, k=1,2,---,r),
Fori,j €{0,1,--- ,n—1}, define
Rp(xi ;) = \{[L.1] = Dig ADjy| : k=1,2,--- 7}

Obviously, Rp(x;,z;) = [1,1], Rp(zs,z;) = Rp(zj,z;). Then Rp is a
similarity relation on U. We can obtain the similar decision class Sp(z):

Sp(z)(y) = Rp(z,y) (y € U).

Denote

Z0 1 2 x3 T4 T5 Z6

Sp(@)(z0) | Sp(@:)(@1) | Sp (@) (@2) | Sp(@:)(@s) | Sp(@i)(@a) | Sp(@:)(@s) | Sp(wi)(ze)

Sp(x;) =

X7 g g
T Sp@ (@) | Sp(@@s) | Sp(@i)(@)
U/RD = {SD((E) S U}

(i=0,1,2,3,4,5,6,7,8,9),

Example 4.2. Consider the IVF decision information system S = (U, AU D)
in Example 2.5.

Sp(xo)(z1) = Rp(xo,21)
= ([1,1] = Do1 A D11) A([1,1] = Do2 A D12) A([1, 1] — Dos A D13)
= ([1,1] — [0.7,0.9] A [0.3,0.5]) A([1,1] — [0.15,0.2] A [0.5,0.7])
A([1,1] —[0.4,0.5] A [0.35,0.4])
([1,1] = ]0.3,0.5)) A([1,1] —[0.15,0.2]) A([1,1] — [0.35,0.4])
= [0.5,0.7]) A[0.8,0.85]) A[0.6,0.65]
= [0.5,0.65].

Similarly,
SD(xo)(xo) = [1, 1]7 SD(SUO)(.’I;Q) = [0.2,0.3}, SD(.’Eo)(.’l?g) = [0.7,0.8},

Sp(@o)(xa) =1[0.5,0.6], Sp(zo)(xs) =[0.5,0.6], Sp(zo)(ze)=[0.6,0.7],
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SD(.%‘())((E'r) = [0.5,0.6], SD(:L‘())(xg) = [0.4,0.55], SD(CE())(LL'Q) = [08,085}
Thus

o Z1 2 3 T4 Zs5 Ze x7 xg T9
Sp(ro) = ——+

1,1 05,065 0203 [07,08 0506 [0506  [0.6,0.7]  [0:5,0.6] [0.4,0.55]+[0.8,0.85]'

We can also calculate Sp(z;) (i =1,2,3,4,5,6,7,8,9). They record in Table

2.
Table 2: Sp(x;)(x;)
Lo T1 L2 T3 L4
0 [1,1] [0.5,0.65] 0.2,0.3] [0.7,0.8] [0.5,0.6]
a1 0.5,0.65] [1,1] [0.5,0.7] 0.3,0.5] 0.6,0.65]
o 0.2,0.3] [0.5,0.7] [1,1] 0.6,0.7] 0.7,0.8]
3 0.7,0.8] [0.3,0.5] [0.6,0.7] [1,1] 0.7,0.8]
T4 [0.5,0.6] [0.6,0.65] [0.7,0.8] [0.7,0.8] [1,1]
5 [0.5,0.6] [0.5,0.65]] 0.6,0.7] [0.5,0.65] 0.1,0.35]
6 [0.6,0.7] [0.3,0.5] 0.6,0.7] [0.2,0.5] [0.6,0.7]
x7 [0.5,0.6] 0.6,0.65] [0.4,0.75] 0.6,0.75] [0.4,0.5]
g [0.4,0.55] [0.5,0.7] [0.4,0.55] 0.7,0.75] [0.7,0.8]
o 0.8,0.85] [0.3,0.5] 0.6,0.7] [0.2,0.5] [0 7.0. 8]
Is Te X7 xIg Zg

o [0.5,0.6] 0.6,0.7] [0.5,0.6] 0.4,0.55] [0.8,0.85]
a1 0.5,0.65] 0.3,0.5] [0.6,0.65] [0.5,0.7] [0.3,0.5]
o [0.6,0.7] 0.6,0.7] [0.4,0.75] [0.4,0.55] 0.6,0.7]
3 0.5,0.65] 0.2,0.5] [0.6,0.75] 0.7,0.75] 0.2,0.5]
74 0.1,0.35] 0.6,0.7] [0.4,0.5] 0.7,0.8] [0.7,0.8]
5 [1,1] 0.5,0.65] [0.4,0.5] 0.7,0.75] 0.5,0.65]
6 0.5,0.65] [1,1] 0.6,0.7] 0.6,0.75] 0.1,0.2]
x7 [0.4,0.5] [0.6,0.7] [1,1] 0.7,0.75] 0.6,0.75]
s [0.7,0.75] [0.6,0.75] [0.7,0.75] [1,1] 0.7,0.75]
o [0.5,0.65] [0.6,0.75] [0.6,0.75] [0.7,0.75] [1,1]

4.2 Belief reduction

Denote the probability of X € F(U) by P(X). In [4], define P(X) =
2, X(@)P({z}).
re

Now we define the probability P (X) of X € F)(U) by

POX) =Y X(@)PO({a}) = [ X~ (2)PV({z}), Y X (@)PV({z})].

zecU zecU zeU
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Proposition 4.3. Let (U, AU D) be an IVF decision information system and
B C A. For X € FO(U), denote

Bely (X) = PO(Rp(X)) = Y Rp(X)(x)P({z}).
xzeU
Pick M = U/Rp = {Y, : ® € U}. Define the basic probability assignment
mp by
vl ,
mp(Y) = 07 if Y 6./\/1,
0, otherwise.
Then Belg) : FO(U) — [I] is an IVF belief function induced by (M,m) on U.
Proof.
Bely)(X) = PO(Rp(X)) = [Rp(X)(x)P({z})]
zeU
= D [PEH A Xl = DY 1D PU=hH( A\ X))
zeU YeEY, Y,eEM z€Y, YeEY,
= D PEIA X = D> m¥)( A\ X()
Y. eM YyEY, Y.eM YEY:
= Y mm)MX). (4.1)
{Yy: Y, eM}
Thus Belg) is an IVF belief function induced by (M, m) on U. O

Proposition 4.4. Let (U, AU D) be an IVF decision information system. If
CCBCAandX e FOU), then

Bel” (X) < Bel? (X) < X.
Proof. This holds by Proposition 4.3. O

Definition 4.5. Let S = (U, AU D) be an IVF decision information system.
(1) B C A is called a belief consistent set in S, if

Bell! (Sp(x)) = Bel{ (Sp(x)) (z € U).
(2) If B C A is a belief consistent set in S andV C' G B,
Bel? (Sp(x)) # Bel (Sp(x)) (x € U),
then B 1is called a belief reduction in S.

Lemma 4.6. Let S = (U, AUD) be an IVF decision information system. Then
B C A is a belief consistent set in S <~

> Bel (Sp(x)) = Y Bel} (8

zelU zeU
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Proof. *“ = 7 Suppose that B is a belief consistent set in S. Then

VaeU Bel?(Sp(x)) =Bel?(Sp(x)).

Thus ' 4
S Bel (Sp(x)) = Y Bel (8
zelU €U
“ <= 7 Suppose that > Belg)(S’D(x)) = > Belx)(SD(x)).
zeU zeU

Then by Proposition 4.4,
VaeU Bell?(Sp(x)) <Bel?(Sp(x)).

This implies that V 2 € U, Bell? (Sp(z)) = Bel'? (Sp(z)).

Thus B is a belief consistent set in S. O
Theorem 4.7. Let S = (U, AU D) be an IVF decision information system.
Then

B C A is a belief reduction in S <= 3 Belg) (Sp(x)) = > Belfj)(SD(x))
zeU zcU
and ¥V C C B, ZBel ZBel
xeU zeU

Proof. “ = 7 Suppose that B is of belief reduction in S. Then B is a belief
consistent set in S. By Lemma 4.6,

> Bel? (5p (z => Bel? (Sp(z

zeU zeU

By Definition 4.5, ¥ C € B, = € U, BelY (Sp(x)) # Bel'{ (Sp ().
By Proposition 4.4, ¥V C C B, x € U, Bel(é)(SD(x)) < Bel(j)(SD(a:)).

Thus _ 4
3" Beld (Sp(2)) < Y Bel{ (Sp(x))
xzeU zeU
“ = " Suppose that 3 Bel? (Sp(z)) = 3= Bel'? (Sp(z))
zelU zelU
and ¥ C C B, > Beld(Sp(x)) < Y Bel}(
zelU zeU

By Lemma 4.6, B is a belief consistent set in .S.
By Proposition 4.4, V z € U, Belg)(SD(:r)) < Belg)(SD(a:)).
Then

Bel! (Sp(x)) # Bely (Sp(x)).

Thus B is a belief reduction in S.
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Algorithms 4.8. Let S =

(U, AU D) be an IVF decision information system.

The algorithm of belief reduction in S is shown as follows:

Input: the IVF decision information system S.
Output: All belief reductions in S.

Step 1.
Step 2.
Step 3.
Step 4.
Step 5.
Step 6.

Example 4.9. Consider the IVF decision information system S =

m Example 4.2.

By (4.1) and Proposition 3.1,

Bely (Sp(x1)) =

> m(x;)

[Xol
o

yeX;

<\ Solo

yeXy
3
o< (02,03 +

[0.430, 0.525)]

Similarly, we can calculate that

Bel'{ (Sp(x1)) =

Bel? (5p (z3)
Bel? (Sp (x5)
Bel' (Sp (a7)

)
)
)
) (Sp (o))

Bel

Bel(y (Sp(wo)) =

Bel(é) SD ZTo

Belg) SD Te

(Sp(x2)) = [0.390,0.580],
Bely) (Sp (24)) =

(Sp(x)) = [0.380,0.515],
Bell? (Sp(ws)) =

[0.440, 0.590],

= [0.510,0.675],
= [0.470,0.610],
= [0.480,0.600],
= [0.460, 0.625]

[0.430, 0.515],

[ ]
[0.430, 0.560],
[ ]
]

[0.550,0.675],

Input the IVF decision information system S;
Pick B C A;
Cualculate the similar decision class Sp(x;);

Calculate BCIS (Sp(z;)) and Bcl(é (Sp(zj)
Compare Belx)(SD(:cj)) and Belg)(SD(x])),
By Theorem 4.7, B is a belief reduction in S.

A\ So(@1)()

| U

o
10

Bel'} (Sp (22)) =
Bel'} (Sp (24)) =
Bely (Sp(x5)) =
Bel{ (Sp (xs)) =

and

Belly) (Sp(21)) =

—

Bel 9

(Sp(x3)) =
) (Sp(as)) =
& (Sp(ar) =

Bely (Sp (1)) =

Bel

s W

e

Bel

)7

X
|

(U,AuD)

/\SDiL’()

y€Xs

[0.5,0.6]

[0.410, 0.590],

0.490,0.590],
0.400, 0.525],
0.550,0.675],

[0.420, 0.590),

0.490, 0.655],
0.380, 0.545],

[ ]
[ ]
[0.480, 0.600],
[ ]

0.440,0.605|.

By Lemma 4.6, B = {ay, a2} is not a belief consistent set in S.
Thus B = {ay,az} is not a belief reduction in S.
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5 Conclusions

In this paper, we have researched belief reduction in IVF decision informa-
tion systems. In future work, we will investigate knowledge acquisition in IVF
decision information systems.
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2 Wan Se Kim

1. Introduction

Let N > 3 and 2* := 2N/(N — 2). Let consider a Hilbert space
HY(RY) := {u € L*RY) : Vu € L*(RM)}

with the inner product
(u,v) = / (Vu - Vo + uwv)de
RN

and the corresponding norm

full = ([ (94 + Py "

By HY(RY), we denote its dual with the dual norm || - ||, and, by (,), the pairing of
HY(RY) with its dual. We denote by || - ||, the usual norm of LP(R") for p € [1, 00].
Let DY2(RY) := {u € L* (RY) : Vu € L*(R™)} be a Hilbert space with the inner
product [px Vu - Vo and the corresponding norm ||Vul|,.

In this paper, we are concerned with the multiple existence and bifurcation of
positive solutions of the following problem:

(P,) —Au+u=uv>""'+puf in RY,
g u>0in RN, N >3,

where p € RY, f € HYRY), f > 0and f # 0 in RY.
A well-known result for the homoneneous case is that all positive regular solution

of

*_
—Ay=u> !

N-2)/2
(eynv 2\
We = €2+|x|2

with € > 0. Every w, is a minimizer for the embedding D'?(RY) — L?"(RY). Namely,
the Sobolev constant

in RV are given by

fRN |Vu|?dx

S = inf -
2 d:r) 2/

0£u€DL.2(RN) (fRN u

is achived by w, and

(1,1) 1IVwe 3 = [lwell3- = $™(cf.[2,6]).

For convenience, we omit “R™” and “dx” in integration and, throughout this paper,
we will use the letter C' > 0 to denote the natural various contents independent of w.
Our attempt to show multiplicity of positive solutions for problem (P,) relies
on the Ekeland’s variational principle in [13] and the Mountain Pass Theorem in
[5]. Since our problem (P,) posesses the critical nonlinearity and the embedding
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HY(RN) < L?" (RY) is not compact, in taking the opportunity of variational structure
of problem, the (PS) condition is no longer valid and so the Mountain Pass Theorem
in [1] could not be applied directly. However, we can use the Mountain Pass Theorem
without the (PS) condition in [5] to get some (PS). sequence of the variational
functional for the second solution with ¢ > 0.

In the last decade, the existence and properties of solutions of the problem:

— Au+u=g(z,u),u>0in RY,

(Fo) 1N
we HY(RY), N >2

has been stuied by Struss[24], Lions[22, 23], Ding and Ni[12], Cao[7], Zhu[25] and other

authors for the case where g(x,0) = 0 on RY and g(x,t) has a subcritical superlinear

growth. On the other hand, the nonhomogeneous problem with 1 < p < 2* — 1:

{ —Au+u= |ulP2u+ puf,u>0in RY,

P
#) ue H'(RY), N>2

where p € RT, f >0, f € L*(RY) was studied in [26,11,14,15].

In the critical case p = 2*, the problem is much more difficult than the subcritical
case. As we mentioned, the Palais-Smale condition does not hold at some critical levels
and the effect of the nonhomogeneous term f to the multiple existence of solutions is
delicate. The multiplicity of the solutions of (P,) not only depends on the norm of
f but also the decay rate of f. In [10], it has shown that if 2 < N < 6 and |z|N~2f
is bounded, then there exists p©* > 0 such that problem (P,) possesses at least two
positive solutions with p €]0, u*[. In case that N > 6, there exist p**, u, > 0 with
e < p** such that for each p €]p™, p*[, problem (P,) possesses two positive solutions
and for p €]0, p1.[ problem (P,) has a unique positive solution. In [11], the authors
also gave similar multiplicity results for subcritical caseas. For critical case, In [18],
Hirano and Kim consider the multiplicity of solutions of (P,) with —A+1 replaced by
—A+al, a > 0. They assume that p = 2*, 3 < N <5, f € L>/Z-D(RN) 0 L>=(R")
with f >0 and f # 0, and |z|Y=2f is bounded. It was shown that there exist y, and
a function « : (0, ) — RT such that for each a € (0, a(u)), problem (P,) posesses
at least three solutions; the third solution is sign-changing if we assume that there
exist exactly two positive solutions. we also refer [21] for critical case. In [19], the
effact of the shape of the multiplicity of (P) was investigated when —A + I replaced
by —eA, € > 0.

In this paper, we do not assume the decay rate on f but assume only uniform
boundedness of f which is independent of solution u and z € RY. We study also
bifurcation phenomenon and get a bifurcation point of (P,). There seems to have
some progress on existence result in elliptic equations. We also refer a multiplicity
result on parabolic equations for subcritical case in [20, 16] and elliptic with Neumann
boundary condition in [17].

We now state our main results:

PROPOSITION 2.3.  Assume f € H*(RY), f >0, f Z0inRY and ||uf|] < Ch,
then problem (P,) has at least one positive solution u, such that

(2.1) I,(u,) :=c =inf{l, :u € Bg,},
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where B, = {u € H'(RY) : |Jul| < Ro} and Cf = 1 (545) (5) "2/ sV,

THEOREM 3.6. Assume f € HY(RYN), f > 0 f # 0 in RY and satisfies
||ef||« < CF. Then there exists a positive constant p* > 0 such that (P,) possesses
at least two positive solutions for 0 < u < p*, a unique solution for y = p* and no
positive solution if p > p*.

By U, we denote the second solution of (F,).

THEOREM 4.5. (i) The set {U,} is bounded uniformly in H'(RY),
(if) (p*,u,») is a bifurcation point.

2. Existence of minimal positive solutions

LEMMA 2.1.  The operator —A + I has the maximum principle in H'(RY).

Proof. Let h > 0 and —Au + u = h. Suppose that u_ # 0, where u (z) =
max{u(z),0} and u_(z) = min{u(z),0}. then 0 < [|Vu_|* + |u_|*) = [hu_dzx
which leads a contradiction. This completes the proof. .

In order to get the existence of positive solutions of (P,), we consider the energy
functional I, of the problem (F,) defined by

ptay = [(49aP s 1) = 5 [@ = [ fu. o we @)

First, we study the existence of a local mininum for energy functional 7, and its
properities. We denote

(N-2)/4
(2,1) % = 14 ol SN/,
2\N+2/)\N+2

LEMMA 2.2.  Assume f € H-YRY), f(x) >0, f(z) £ 0 and ||uf]||. < C}%, then
there exits a positive constant Ry > 0 such that I,,(u) > 0 for any u € 0Bg, = {u €
HY(RY) = [ul| = Ro}.

Proof.  We consider the function h(t) : [0, +00) — R defined by
1 1 x /g ,0%
ht) = ot — —S /321
(®) 2 2*

Note that h(0) =0, 2* —1 > 1 and h(t) - —oo as t — co. We can show easly there
a unique ty > 0 achieving the maxinum of h(t) at ¢y. Since

1 22—1
/ e —
h(t°>_2 o

o V@D s
to= | —— S -
" (2(2*—1))
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Hence, we have

1/ 4 N \We
(2.2) hlto) = 3 <N+2> (N+2) S

Taking Ry = t, for all u € 0Bg,,

1 1 x
L) =5 (el 4 ) = 5 [ = [ u
2,3 1 1 o .
29 > Nl = 528> Pl [l
= to [h(to) — [lpfl+]
From (2,2) and (2,3), we have [,,(u)|op,, > 0. This completes the proof. .

PROPOSITION 2.3. Assume f € HYRY), f(z) > 0, f(z) # 0 in RY and
||ef||« < C}, then problem (P,) has at least one positive solution u, such that

(2.4) I,(u,) :=c =inf{l, :u € Bg,},
where Br, = {u € HY(RY) : ||u|]| < Ro}.

Proof. By Sobolev inequality, the generalized Holder and Young’s inequality with
€ > 0, there exists C. > 0, we have

L) = 5 Q9+ 1) = 5 [ = u [ fu

1 1 .
> Sull® = 528722l 3 — [l f 1]l
2 2
1 1, .
> 5 =€) [lul® = S22 ull* = Cl|uf)2:
2 2
Taking € < %, then, for Ry = ty as in Lemma 2,2, we can find a Cg, > 0 small
enough such that
(2'5) IM(”)‘E)BRO > CRO for H:UfH* < C;f

Since there exists a C, > 0 such that |I,(u)| < Cg, for all u € Bg, and Bg, is a
complete metric space with respect to the metric d(u,v) = ||u — v||,u,v € Bg,, by
using the Ekeland’s variational principle, from (2.5), we can prove that there exists a
sequence {u,} C B R, and u, € B R, such that

(2.6) I,(u,) = c1,
(2.7) I, (up) — 0,
(2.8) U, — u, weakly in H'(RY),

. N
u, — u, a.e. in RY,

Vu, — Vu, ae. in RY
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and

u, > 7t — w,” "t weakly in (L2*(]RN))* as n — 00.

Therefore, u,, is a weak solution of (P,). Hence,
(2.9) (I (u,), ) =0 Vo € H'(RY).
Moreover, by Lemma 2.1, u,, is positive on RY where [ L is the Fréchlet derivative of
Iﬂ.Next, we are going to prove (2.4). In fact, by the definition of ¢;, we know that
I,,(u,) > ¢ since u, € Bp,, that is,

— u/fuu >

210) L) =5 [(Vul o+ )
By (2.9) and (2.10), we have

@) (5o5) [0vul P - (1= 5 ) u f e

On the other hand, by (2.6) - (2.8) and Fatou’s lemma, we get

¢y = lim inf <%—%> /(|Vun|2+]un| )—llmsup 1—— /fun

> (57 5) f0vultlul) = (1= 5 ) [ ru

Thus, (2.10) and (2.12) imply (2.4) holds. This completes the proof. n

(2.12)

REMARK. (i) ¢; <0, (ii) ¢; is bounded below, (iii) ||u,|| = o(1) as p — 0.
Indeed: (i) For ¢ > 0 and ¢ > 0, we have
2

Lite) =5 (V6P + 1) " i [ 1< Slell - un [ s

By taking ¢ > 0 sufficiently small, we can see ¢; < 0.
(ii) By (2.9) with ¢ = u,, and ¢; = I,,(u,), we have

a=(5-5) [0vul Py - (1-5 ) n [ fu,
(2.13) > (5= 3 ) ol = (1= 52 ) sl
> o (S0 )

by Young’s inequality.
(iii) Since ¢; < 0, from (2.13), we see that ||u,|| — 0 as p — 07. Hence, ||u,|| = o(1)
as ft — 07. We also have that ||u,|| is uniformly bounded with respect to p. We will
restate results relating to this remark in Proposition 3.4 more precisely.

PROPOSITION 2.4.  Problem (P,) possesses at least one minimal positive solution
of (P,).
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Proof. Let N be the Nehari manifold

N = {ue HY(RY) : /|Vu|2—|—|u|2 =

Yo fusu o),

Note that ||uf]|« < 1 for x4 small enough and for each v € H*(R™)\ {0}, there exists
a unique t,, > 0 such that

2 / Yl + Juf — / W —t, / wfu =0

and I,(t,u) > 0. Then
N ={tu : wve HRY)\{0}}

and
NSV ={ue H'RY) : |jul| =1}.
Hence,
HY(RY)=H UH,UN, H NHy=¢and0c H,
where

—ﬁu;ueH%wW\m}temtg
={tu : we H'(RY)\ {0}, t > t,}.
This implies that for t > 0 with ¢t < ¢,, tu € H;.
Here, we need to switch our view point, by associating with v a mapping
v : [0, 00[— H'(RY)
defined by
(v(t))z = v(x,t), =€ RY te0,00].

In other words, we consider v not as a function of  and t together, but rather as a
mapping v of ¢ into the space H*(RY) of a function of x.
We have, for any vy € H;, the solution v of the initial value problem:

d *
d_:_AU+U_ v N+ uf(z),
v(0) = vy,

converges to u, as t — 0o,

Indeed, in the proof of Proposition 2.3, we know that ,(v(t)) is decreasing and
limy o0 £, (v(t)) = I,(u,), where I,,(u,) is the local minimum.
Since
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we have, limg ;o0 H%UW = 0. Thus, v — 0 a.e. in RY as t — oo and hence,
(I',(v),) = 0, Yo € C=(RN). Therefore, we have v — u,, as t — oo, since I,,(v(t))
is decreasing and converges to the local minimum I,,(u,,).

Now, let vy = tu, where ¢t €]0,1[ and u is a positive solution. Then v € N and
vg € H;. Since vp < w and the solution v converges u, as ¢ — oo, by the order
preserving principle, v, < u . This completes the proof. .

PROPOSITION 2.5. Suppose that f € H-Y(RY), f > 0, f # 0 in RN and
|| f||« < C%. Then there exist fi > fi > 0 such that (P,) possesses a positive solution
for 0 < p < i and no positive solution for y > [i.

Proof. By Proposition 2.3, (P,) has a positive solution if < C¥/|| f||«. Suppose (P,)
has a positive solution for some p = fi. We show that (F,) has a positive solution for
any 0 < p < fi. For fixed 0 < p < fi, using the Lax-Milgram Theorem, we construct
a positive sequence {u,} as following;

Let
—Auy +uy = pf
and
(2.14) —Auy, +u, = u2 3+ puf for n>2.
Then, by the maximum principle, we have 0 < u,, < u,41 < --- < u for n > 1. And

[luall < pllf[]« and [[ur|lo- < STV |ur]] < S7/2p| f]].. Multiplying (2.14) by wu,, we
have ||u,|| < S72/2||a||*~' + p|| f||+. Therefore, there exists u in H'(RY) such that

u, — u weakly in H'(RY) as n — oo,

U, — u a.e. in RY as n — oo,
Vu, — Vu a.e. in RY,
u? 7' — u? 7! weakly in (L? (R™))* as n — oo.

Thus, u is a positive solution of (P,).
Next, let u be a positive solution of (P,). Then, for any € > 0, multiplying (F,)
by w?", we have

(2.15) —Auw? +uw? = v TN 4 pf(r)w?
Since 2* > 2, for any M > 0, there exists a constant C' > 0 such that
w7V > Mu—C Yu> 0.

Hence, we have, from (2.15),

- [awd s [wd = [(Otu- 0 4 @),

By Green’s formular, we have
/Auwf* = /quf*.
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Thus,
(2.16) /f w2<0/w —i—/(l—M—sz*)w*u
Since
Aw?  Ale+ |z)?)™N

o N+2 N
:2N(N+1)(6+\33|2) 2 (—N+1‘x|2_—]\f—|—16>
N +2

+ 02 — N ]
N+1 N+1

wZ (et [aP)N

=2N(N +1)(e +0%)72 (
= —2N% !

we get, from (2.16),

,u/f(x)wf* SC’/wE* + (2N26_1+1—M)/w62*u.

If we choose M = 2N?¢~! + 1, then, by (1.1), we have

C [w? C SN2
HE TR T @eE

Hence, there exists i > 0 such that

C [w?* CSN/2
2.17 i< fi=inf ——— = inf .
(2.17) P i e =l
Therefore, if p > i, then (P,) has no solution and this completes the proof. .

3. Multiplicity of positive solutions

From now on, we assume that f € H-}(RY), f >0, f £ 0 in R¥and f satisfies

| f]] < Cx.
We set

p*=sup{pu € R : (P,) has at least one positive solution in H'(RM)}.

Then, by Proposition 2.5, we have 0 < i < p* < o0.
Remark. The minimal solution w,, of (P,) is increasing with respect to x. Indeed,
suppose p* > v > p. Since

—Auy +u, —ul "= pf(e) = (v—p)f >0,

u, > 0 is a supersolution of (P,). Since f(z) > 0 and f(x) # 0, u = 0 is a subsolution
of (P,) for any p > 0. By the standard barrier method, we can obtain a solution u,
of (P,) such that 0 < w, < u, on RY. We note that 0 is not a solution of (P,), v > u
and w, is a minimal solution of (P,) because u, also can be derived by an iteration
scheme with initial value ) = 0. Therefore, by the maximal principle, 0 < u, < u,
on RY which completes the proof. .
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Now, consider the corresponding eigenvalue problem:

3.1) —Ap + =AM (2 — Duy, e,
e @ in H'(RM).
Let A; be the first eigenvalue of (3.1),;i.e.,

M=) =it [ (Ve +1oP) o € HUERY), (2~ 1) [ o 2o =1}

Then, 0 < A\; < co and we can achieve the minimum by some function ¢; = ¢1(u) €
HY(RY) and ¢, > 0 in RY if p €]0, p*[ (cf. [27]).

We summarize basic properties for A\;(u) :

LeEmMMA 3.1. (i) For p €]0, p*[, M(p) > 1,
(ii)) If 0 < p < v < p*, then A\ (v) < A\ (p),
(iii) A (p) — 400 as u — 0F.

Proof. (i) For given 0 < pu < v < p*, every solution u, of (P,) with v € (u, u*) is a
supersolution of (P,). By Taylor expansion, we have

—A(u, — uu) + u(u, — uu) = u?j*_l - U,Q:_l + v —wf

> (2" — 1)u/2;’2(u1, —uy,)

and moreover, we get

/V(uu —uu)Vr + /(u,, — Uy )p1 = / (uz = Ui*_l) 1 + /(V — 1) fer
> (2" —1) /ui*2(u,, — Uy )P1-
Therefore, from (3.1),, we have

[V = wiVer+ [ - e = a0 -1 [ - e

which implies A;(p) > 1.
(i) Since, for 0 < p <v < p*, u, < u, and

M) — 1) / W2 01 (1)pr(v) = / Ve (1) V() + / o1 (1)1 (v)

=M)(2 = 1) / ul o1 (V)1 (),

we have A\ (u) > A\ (v).
(iii) First, we show that ||u,|| — 0 as  — 0. Multiplying (P,) by u,, we have,

[l ) = [+ [ uru,

and hence, for € > 0, we have, by Young’s inequality with ¢,

1 € 2
l— = 2<IfI1? A > 0.
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Thus, for € > 0 small, we have ||u,||* < Cep? for some constant C. > 0, and hence,
|uul| = o(1) as p — 0F. Next, Multiplying (3.1), by ¢1(n), we have, by Hélder’s
inequality, that

[l +lel) =x-@ - a2

(2% —2)/2* 2/2*
e ([4) (1)
(2r—2) /2"
a2 -1) (/u) (/rw%w)

<\ - (2* . 1)5—(2*—2)/2““# 2*—2||901||2

and thus, S&"=2/2 <\ (2* —1)]|u,||* ~2. Therefore, we have the desired result. This
completes the proof. .

LEMMA 3.2.  Let u, be a positive solution of (1.3),, for which A;(p) > 1. Then,
for any g € H'(RY), the problem:

(3.2) —Aw+w=(2"-1Nu. w+g(x), weH(RY)
has a solution.
Proof.  Consider the functional defined by
1 .. .
J(w) = 5/ (|Vw]* + |wf?) — 5(2 — 1)/ui 2w? — /gw, w e HY(RY).

From Holder’s inequality and Young’s inequality, we have, for any € > 0,

1 1 € 1
> (2__ - 2 € 2 L 2
J(w) > (2 %(u)) ol P = Sl = —llg]1

and hence, for small € > 0, there exist C; . > 0 and C5, > 0 such that
(3.3) J(w) > Cy ] |wl* = Collgl[2.

Let {w,} € H'(RY) be the minimizing sequence of J. From (3.3), we have {w,}
is bounded in H!'(RY). Hence, passing subsequence, we may have that there exists
w € H'(RY) such that

w, — w weakly in H'(R") as n — oo,
w, — w a.e. in RY asn — oo
Here, we also note that
Vw, = Vw a.e. in RY as n — oo.

And
-

u? 7t — 4% 7! weakly in (L? (R™))* as n — oo.
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By Fatou’s Lemma
lfw||? < liminf ||w,||.
n—oo

22, 2 -
5w, < oo forn >1imply

. . *__ *__
lim [ gw, = [ gw, lim [ «* 2w, = [ «® 2w

J(w) < lim J(w,) = d.

n—o0

The weak convergence and the fact that [u

and hence,

Then, J(w) = d and w is a minimizer of J. Therefore, w is a critical point of J and
w is a solution of (3.2). This completes the proof. n

PROPOSITION 3.3. For pn = p*, the problem (P,) has a positive solution
and \;(u*) = 1. Moreover, the solution u, is unique in H'(R").

Proof.  For p €]0, p*[, multiplying (P,) by u,, we have, by (3.1),,,

[ (w1 ) = [ n [ fu,
1

< =y J (7l 1)+ U

= ! ew 2 | M 2
- (Al(u)(2*—1) i )H%H + AL

By taking € > 0 small enough, there exists an constant C. > 0 such that ||u,|| < C, for

all p €]0, pu*[. Then, there exists u,« in H*(R") such that u, monotonically increasing

to u,- as p — p* and u, — u,- weakly in H*(RY) as y — p*. Hence, u,~ is a positive

solution of (P,) with pr = p*. We note that A () is a continuous function of p €]0, p*].
Define F': R! x HY(RY) — H~(R") by

Fu,u) = Au—u+ (uh)? ' + puf(a).

Since wu, — wu,. weakly as p — p*, from Lemma 3.1, A(p*) > 1. If \(p*) > 1,
then F, (1%, uu)p = Ap —p + (2F — 1)ul2;_2cp = 0 has no nontrivial solution. From
Lemma 3.2, F(u*, u,+) is an isomorphism of R' x H'(RY) onto H~'(RY), and by the
implicitly function theorem to F, we find a neighborhood |u* — §, p* + §] of u* such
that (P,) possesses a positive solution if pu €]u* — 0, p* + d[, which contradicts the
definition of p*. Therefore, Ay (p*) = 1.

Suppose v« is a positive solution of (P,+). Then v,. > u,~ since u,- is minimal.
Let w = v« — u,+. Then, since A\ (p*) = 1, we have

—Aw+w > (2" — 1)ui:_2w.

Since @1 = ;1 (u*) is the eigenfunction of the problem (3,1),+, we have,

(2" — 1)/ul2;_2<p1w = /Vchpl + /wgpl > (2" — 1)/uf;_1w<pl

and hence, w = 0. This completes the proof. .
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PROPOSITION 3.4. The minimal solution w, of (P,) increasing continuously
to w,s as p — p* and uniformly bounded in H'(R™) for all u €]0, u*]. Moreover,
luall < O(2) as - 0%

Proof. It suffices to find the uniform bound of w,. Multiplying (P,) by u,, we have

[0l +twl) = [+ [ uru,

and hence, for € > 0, we have

1 € >
l1-—— = SR g 2 f > 0.
() L

Therefore, for € > 0 small, we have ||u,|| < Ceu for some constant C, > 0. Next, fix
T €]0, u*]. If p1 increases to 7, then u,, is increasing up to u, and u, — u, in H'(R").
If it is not the case, then, by multiplying w, on (P,) again, we have

[lual1* < (a7 ) + 7 (o)

and so
|Jup ]| < CS™E D2 |71 4 7| £]]

for some C' > 0. Hence, there exists a sequence {u,,} in H'(R") conversing weakly
to a solution @ of (P;) but @& # u,. Since {u,, } coverge to @ strongly in local L' sense,
by the maximum principle, we have u,; < % < u, which leads a contradiction to the
minimality of .. This completes the proof. .

REMARK. From Proposition 3.4 , we have that A(u) is a continuously decreasing
function from [0, u*] onto [1,00] and ||u,|| = o(1) as p — 0F.

Next, we are going to find the second solution. In order to get another positive
solution of (P,), we consider the following problem:

m

ve HY(RY), v>0in RY

—Av+v=(v4+u,)> ' —u>! in RY,

and the corresponding variational functional:

1 ]. * * « *_
Iuw) =5 [ (VP + o) = 5 [ (00 4w = =2 10)

for v € HY(RY).

Clearly, we can have another positive solution U,, = u,+wv, if we show the problem
(3.4), possesses a positive solution for p €]0, u*[. We look for a critical point of J,
which is a weak solution of (3.4), by employing standard argument of the Mountain
Pass method without the (PS) condition.

In the proof of the existance second solution, we make use of some arguments in
9, 10, 11].

THEOREM 3.5.  The problem (P,) possesses at least two positive solutions for
all o €0, p*[.
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Proof.
(i) Let v € HY(RY) \ {0}, Then, for € > 0, by Young’s inequality,

1 vt . .
Ju(v):ﬁ/(|Vv|2+|v|2) dx—//o ((wy+9)* 1 —u2 ") dsda
1 1
22<1—)\—>/(]V1}|2+|v|) v
// (u, +5)* " 2*_1 (2*—1) i*_Q ) dsdx
1
>
=9
1 1 € * 2%
25(1—x)nvu2—§/ui (o >dx—2—* (v")" da
1 1 € C .
L 2 Lot 012
2< A 2(2*—1)>\1)||U|| 5l

for some constant C, > 0. Hence, for sufficiently small € > 0, there exist p > 0,0 > 0
such that

>

JM(U)laép >0 >0,

where B, = {u € H'(RN)| ||u|| < p}.
(ii) Let v € HY(RY),v > 0 and v # 0, then, for ¢t > 0, we have

? 1 .o .
Ju(tv) = %/ (|V]* + [v]*) dz — —/ (uy +t0)* =, —2%u) "'tv) dz

t2

<= [ (9ol + 1P )dx——/w da
2 t2*

< —||U||2

Hence, we deduce
J,(tv) = —o0

as t — oo. Therefore, for each 0 # v € H'(RY) with v > 0, there exists a constant
ty >OsuchthatJ( v) <0 fort > t,.

Let K;(v) := 1 [ (VU2 +0?) — & [ (v5)* —p [ fo.
Because u,, is the critical point of K 1( ) we can prove that, for v € H'(RY),

(3,5) Ju(v) = Kyu(v) = Ku(0) = K,(v) — Ki(wy).

Kulo)i=5 (9@ u)P + @ u)’ = o0 [0 4w —u [ f@)w+u).

(iii) From (ii), there exist small ¢; > 0 such that, for 0 < t < t;, J,(twe) < +SV/2.
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Choose t > t; such that J,(tw.) < 0 for all ¢t > t,. For t; <t <t,

t2 1 . © oy o
J,(twe) = 5/(|Vw|2+\w6]2) dm—;/((uu—ktwe)z — ) — 2", Mtw,) da

12 % .

< §||We||2 - ;Hwe %

2\ n 1
_ (v _v /2 « L gN/2
(G- svn < hove

(iv) Let
I:={yeC([0,1],H);7(0) = 0, v(1) = tow,}
and

CM = infvepmaxsg[o,u Ju (’Y(S))

Then, we have
1
(3.6) 0 < a < ey <supysgdu(twe) < NSN/Q.

We now applying the Mountain Pass Theorem without Palais-Smale condition in
5] to get a sequence {v,} C H'(R") such that

(3.7) Ju(vn) = ¢uy S (vy) >0 in HHRY),
Since

Lt e+ onll + JJuul| = 1+ ¢+ |lon + |

L
> Ju(vn) - ?Ju(vn)(vg + u#)

1 1 2 1
> (55 ) Il = Zlenllnll = (1= 5l

we see that {v,} is bounded in H'(RY). Hence, there exists a subsequence, say again,
{v,} such that

2*
2%

v, — v, weakly in H'(RY),
v, — v, a.e. in RY,
Vv, = Vv, a.e. in RV,
and
(v +up)” 7 = w2 7= (v ) T — ), T weakly in (L* (RY))*

251
P
Using the maximal principle, we get v, > 0 in RY. Set u,, := v, +uy, u = v, +uy,.

Then

Hence, v, is a weak solution of —Av +v = (vF +u,)* ' —u

u, — u weakly in H'(RY),
u, — u a.e. in RY,
Vu, — Vu a.e. in RV,
From (3.5),

(3.8) Ju(vn) = K, (vy) — K,(0) = Kq(u,) — Ki(uy,) = ¢, asn— 0o
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and w is a solution of
(3.9) —Au+u=u? + pf(z).

Now, we are going to show that u # w,,. In fact, if u = u,, i.e., v, =0, then u,, A u
strongly in H*(R") since J,(0) = 0 < w,,. Let ¢z := ¢, + Ki(u,). By the Brezis-Lieb
Lemma(cf. [4]) we have

el [* = [l I* + [[on][* + 0(D),
(3.10) u|* = Ju* + o [+ o(1),

/fun /fuu—l—o as n — oo.
By (3.8), (3.9), we have

[ (9w +2) = [ +u [ s+ o),

[vur ) = [+ [ s,
Hence,

(3.11) [0 +42) = [ +o.

by substracting the two identities above and by (3.10).
Using (3.8), (3.9), (3.10) and (3.11), we have that, as n — oo

c2 = ¢+ Ki(uy)
=J@@+Kmm+mn
= Ki(uy) + o

= Ki(u,) + /|an]2+v /v +o(1)

= il + (3 - ?)/@w2+mm

= Ki(u,) + % /(vn)z* +o(1)

By Sobolev inequality:
Sllon
> SN/2. Thus,

5+ o(1),

2 < loall* = |lvn

1
C2 = Cy + Kl(uu) Z Kl(u#) + NSN/?

This leads a contradiction to (3.6). Therefore, we have v, > 0. This completes the
proof. .

Consequently, we have:
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THEOREM 3.6.  Assume f € H-YRY), f >0, f # 0 in RY and ||uf]|. < Cy.
Then there exists a positive constant p* > 0 such that (P,) possesses at least two
positive solutions for 0 < u < u*, a unique solution for p = p* and no positive
solution if p > p*.

4. Bifurcation

In order to study bifurcation phenomenon, we consider following eigenvalue prob-
lem:

—Ad+ ¢ =n(p) (2" = 1)UT ¢,
(41)M . 1 N
¢ in H (R™).
Let 7, be the first eigenvalue of (4.1), ;i.e.,

= () inf{ / VP + |6 6 € H'(RY), / (2 — U2 = 1)

and ¢, > 0 be the corresponding eigenfunction.
In the proof of the following lemma, we make use of arguments in [3].

LEMMA 4.1.  Let U, be a second positive solution of (P,) obtained in Theorem
3.5. Then n(pu) <1 for 0 < p < p*.

Proof.  Suppose contrary that n;(¢) > 1, Let v = U, — u, > 0. Then ¢; and ¢
satisfies

(4.2) Ay —¢1+ (25 = 1)U *¢; <0and Ay — o+ (2= 1)2 > >0,
respectively. Set o = ¥/¢q:i.e., 1) = o0¢1. Then, by (4.2),

(4.3) V(2 a) = VY — gwl > 0.
1

Let ¢ be a C* function on Rt with 0 < ((¢) < 1,

() = 1for 0 <t <1,
C(t) = 0 for t > 2.

For R > 0, set (g(t) = ¢ (%) in RY. Multiplying (4.3) by (% and intergrating over

RY, we have by Green’ theorem,

/ Vol <2 ‘ / $CroVo - Vin

1/2 1/2
2 12 2 2 2 2
<9 { /R oy NIV ] { / 202 |Vl ]

1/2 1/2
<c { / C%aﬁ?!VUIQ] [ [ ]
R<|z|<2R R<|z|<2R

1/2
<, { / C?szflwlz]
R<|z|<2R
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for some constants C'; and C5, which implies

/ @IVl < Oy

for some constant C5 > 0.
Letting R — 0o, we see that

/¢%|V0|2 < Cs.
But then it follows that the last term in (4.4) tends to 0 as R — oo, so that

[ étvat=o.

Therefore, o is a positive constant and by (4.2), ¢; = ¢ = U, —u,,, and thus U, = u,,
which leads a contradiction. This completes the proof. .

LEMMA 4.2. For pi €)0, *[, U, decreases contonusely to w,- as p — p* in
HY(RY). Moreover,

(i) U, — u,» as p — p* by the uniqueness of uy-,

(ii) lim,, o+ ||U,|| = SV

Proof.  First, we note that

(55 ) 10l = 3P = 52 [ (0 [ 10,)
() f
w3l + 3l + [ Voo [, -5 (02

> u (1 - 2—) /fUM + Ju(vu) + H(uy,),

where  H(u) = 3|[ul]* — & [v* —p [ fu.
From Holder’s and Young'’s inequality, for € > 0, we have

2" — 2 (2* 1) 2 2* 2 N/2
H .

) = (5 Qi) = (1~ —) [ 7
1 1
< (5 - ;) |

H(u,,) is uniformly bounded for ;1 € (0, *]. Moreover, by the remark of Proposition
3.4, H(u,) = o(1) as pp — 0F. Taking ¢ > 0 small enought, we have ||U,|| < C for
some C > 0. Since 0 < u, < U,, (i) follows from Proposition 3.3 and Proposition 3.4.

For (ii). By (ii) of Lemma 3 1 and (i) and (iii) in the proof of Theorem 3.5, there
exists d > 0 such that

1
0<d< J,(v,)=HU,) - H(u,) < NSN/Z

Since

)

1165 Wan Se Kim 1148-1170



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 20, NO.6, 2016, COPYRIGHT 2016 EUDOXUS PRESS, LLC

Existence and Bifurcation of Positive Global Solutions 19

and thus, since J) (U,)U, = 0,

1 2% — 1
4+ Hlw) < 0P = 20 [ U, < i)+ 5V
Since U, is uniformly bounded,
1 1
(4.5) d+o(1) < NHU“HQ < NSN/2+O<1)'

By Sobolev’s inequality, S||U,|[2 < [|U.||? = [|U.||% + o(1). Then ||U,||Z& > SN2 +
o(1) and so ||U,||> > SN2 + o(1). Therefore by (4.5), we have

lim ||U,|| = SM2.
u—0t

Now, fix p €]0, u*]. Suppose u increase to p, then U, is decreasing to U, in H*(RY)
and we have

Ul < S™H2TNF + ol f ]
and so, there exists a sequence U,,; conving weakly to a solution U of (P,) in H'(RV)
with p = p but U # U,. By the maximum principle, we have U, < U < U,- which
contradicts the uniqueness of solutions bigger than w,. Therefore, U, is decreasing
continuously to U, and U, — U, in H'(RY). This completes the proof. .

LEMMA 4.3. Let V' be a positive supersolution of (P,) bigger than u,, then
V<U,

Proof.  Suppose V > U, in RY, then W =V — U, satisfies
(2" — 1)/U3*—2W¢1 < /VW Vo =m (2" — 1)/U3*—2W¢1
and thus, 7 () > 1, which leads a conrradiction. This completes the proof. .

REMARK. From Lemma 4.1 and Lemma 4.3, we can see the uniqueness of
second solutions which are bigger than the minimal solutions u,,.

Now, we state basic properties of the eigenvalue problem (4.1),,

LEmMMA 4.4. (i) 1/(2* = 1) <m(p) <1 for0 < p < p*,
(i) m(p) — 1/(2*—=1) = 1/(2* = 1) as up — 0T,
(i) m(p) = 1 as p— p.

Proof. (i) Since ¢; > 0 is an eigenvector corresponding to the the first eigenvalue
n1 (1), we know

@ - 1) [V = [0, Vo= [UZ o0 [ 16

() (( —1—1/02—1¢1 n [ sor

Therefore, by Lemma 4.1, 1 > ny(u) >

and so,
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(i) As p — 07,

1 UL 12 SN2 4 0(1) 1
< < .
=1 ~MW S G T TIE S @ o) @2 o)) 2 o1

Thus, m(p) = 1/(2* — 1) as p — 07
(iii) follows from (i) of Lemma 3.1, Proposition 3.3, Lemma 4.1 and (i) of Lemma
4.2. This completes the proof. .

In order to show the existence of a bifurcation point, we make use of Theorem 3.2
in [8].
Now, we have:

THEOREM 4.5. (i) The set {U,} is bounded uniformly in H'(RY),
(ii) (u*,w,~) is a bifurcation point.
Proof. (i) It follows immediately from the proof of Lemma 4.2.
(i) For this, define F': R x H*(RY) — H~Y(RY) by
Fu,u) i= Au—u+ (uh)? 7+ puf().
It is easy to see that F'(u,u) is differentiable at solution point (u,u) for ]0, u*[ and
Fu(p, up)w = Aw —w + (25 = Dul "*w

is an ismorphism of R x H(RY) onto H~'(R¥Y). Then, by the Implicit Function
Theorem, the solution of F'(u,u) near (i, u,) are given by a single continuous cuver
and u, — 0 in H'(RY) as u — 0.

We now are going to prove that (u*, u,-) is a bifurcation point of F. Since F, (1*, u,» )¢ =
0,¢ € H'(R") has a solution ¢; > 0 in RN, N (F, (u*, u,-)) = span{¢;} is one di-
mensional and codimR (F, (¢*, u,~)) = 1 by the Fredholm alternative. Suppose there
exists v € H1(RY) satisfying

Av—v+ (2" =) u. 20 = —f(z).
Then
0= / (Vv Vor + vy — (2 = 1) w2 *vgy) = /fgbl,

which is impossible because 0 # f > 0. Hence, F, (1", u,~) € R (F, (1", uy+)) . Thus,
by Theorem 3.2 in [8], (1", u,+) is the bifurcation point near which, the solution of
(py) form a curve (u* + 7(s), uy + s1 + 2(s)) with s near s = 0 and 7(0) = 7/(0) =
0,z(0) = 2/(0) = 0. Finally, we will show that 7”(0) < 0 which implies that the
bifurcation curve only turns to the left in the pu—plane. For this, differentiate (P,)
in s, we have

(4.6) Aug — ug + (2 — 1) u? 2ug 4+ 7'(s) f(z) = 0,
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where us = ¢y + 2/(s). Multiplying F,, (#*, u,+) ¢1 = 0 by us and (4,6) by ¢1, integrat-
ing and substracting, we have

7(s) [ fo

_ (21 / (42272 = (e + 561+ 2()" ) (61 + ()6

= —5(2* —1)(2* - 2) / (uye + 0(s5h1 + 2(s)))* (¢1 + @) (¢1 + 2'(5)) I

for some 6(s) € (0,1). Therefore,
T/I(O)/f(bl = (limS%OT/is)) /f¢1 — _ (2* o 1) (2* . 2) / (u#*)Q*_3 (bi’

and 7”(0) < 0. This completes proof. .
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Abstract

In view of Nevanlinna theory in the angular domain, we establish some inequalities of
meromorphic function concerning its derivation in its Borel direction. By applying these
inequalities, we also investigate exceptional values of meromorphic functions with infinite
order in the Borel direction.

Key words: Infinite order; Borel direction; Exceptional value.
Mathematical Subject Classification (2010): 30D30 30D35.

1 Introduction and main results

It is assumed that the reader is familiar with the basic results and the standard notations of the
Nevanlinna theory of meromorphic functions (see [7, 17, 20]). We denote by C the open complex
plane, by C(= C|J{oo}) the extended complex plane, and by ©(C C) an angular domain. In
addition, the order of meromorphic function f is defined by

p(f) = limsup log T'(r, f)

)
r—o0 logr

and the exponent of convergence of distinct a-points of f is defined by

log™ N
p(a, f) = limsup o8 Ve J) (.0, )
r—00 log

Let f be a meromorophic function of order p(0 < p < o), then we say that a is an exceptional
value in the sense of Borel (evB for short) for f for the distinct zeros if p(a, f) < p.

It is well known that the singular direction of meromorphic function is an interesting topic
in the field of complex analysis, such as, Julia direction, Borel direction, T direction, Hayman
direction, and so on (see [1, 3, 4, 8, 10, 12, 13, 14]). Moreover, we know that every one singular
direction is always responding to exceptional value, such as, the Julia’s direction relating with
Picard exceptional value and the Borel’s direction relating with Borel exceptional value, and so

*This work was supported by the NSFC(11561033,11301233, 61202313), the Natural Science Foundation of
Jiangxi Province in China(20132BAB211001, 20151BAB201008) and the Foundation of Education Department of
Jiangxi (GJJ14644) of China.
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on. 2011, Peng and Sun [11] gave some examples on T direction which is a singular direction
relating with T exceptional value. In the discussion of the topic of singular direction, we find that
the characteristics of meromorphic functions in the angular domain played an important role(see
[6, 18, 19, 24, 25]). So, we firstly introduce the characteristics of meromorphic functions in the
angular domain as follows [5, 25].

For a meromorphic function f on the angular domain Q(a,f) = {z : @ < argz < S} and
0 < B —a < 27. Define

Aasro ) = 2 [ (5 = o) l0g” It + 10" |t )}

2 p ,
Bos(r.) = 2 [ tog" |f(re®)|sine(0 — )i

Ly
DI

)sinw(8, — ),

Caplrf)=2 3 (

1<[b, |<r
Sa’ﬁ(r, f) = DQ}B(T, f) + Coz,ﬁ('ru f)>

where Dy g(r, f) = Ao g(r, f) + Bag(r, ), w = B%a and b, = |b,|e? (= 1,2,---) are the poles
of f on Q(«,B) counted according to their multiplicities. S, g(r, f) is called the Nevanlinna’s
angular characteristic, and C,, g(r, f) is called the angular counting function of the poles of f on
Q(a, B), and C, g(r, f) is the reduced function of C, g(r, f). Similarly, the order of meromorphic

function f on Q(a, B) is defined by

log S
pep(f) = limsup ogliM
T—00 Og r

and the exponent of convergence of distinct a-points of f on Q(a, ) is defined by

log™ C,
poc ﬁ(a7 f) = lim sup 08 75(7”, a, f)
5 r—00 IOgr

Suppose that f is a meromorphic function of order p, g(f)(0 < pa,p(f) < 00), then we say
that a is an exceptional value on the angular domain in the sense of Borel (evaB for short) for f
for the distinct zeros if p,, 5(a, f) < pa,s(f)-

Remark 1.1 By the second fundamental theorem in the whole complex plane, we know that a mero-
morophic function f of order p(0 < p < 00) at most has two evB for the distinct zeros. However, the
corresponding conclusion can not hold for meromorphic function f with order po g(0 < pap < 00)
on Qa, B) since Qa,a(r, f) = O{log(rSa g(r, f))} is not valid, as r — oo(r ¢ E) and E is the set
with finite linear measure.

Thus,it is an interesting topic to research the exceptional value of meromorphic functions on
the angular domain.
Before stating the our results, we will introduce the definition as follows.

Definition 1.1 [2]. Let f be a meromorphic function of infinite order, p(r) be a real function
satisfying the following conditions:

(i) p(r) is continuous, non-decreasing for r > ro and p(r) — oo as r — oo;

(ii)
logU(R) r

li =1, R= —_—
e ’ T+logU(7’)’

r—oo log U(r)

where U(r) = rP") (r > rg);
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(iii)
lim su 7logT(r, ) _
s Tog Ulr)

Then p(r) is called infinite order of meromorphic function f. This definition was given by Xiong

Qinglaif2].

We will give the definition of Borel direction of meromorphic functions f of infinite order p(r)
as follows.

Definition 1.2 [2]. Let f be a meromorphic function of infinite order p(r). If for any e(0 < e <
), the equality

Jim sup logn(Ql —e,0+e,7), f =a)

=1
r—00 p(r)logr

holds for any complex number a € (E, at most except two exception, where n(Q(0—e,0+¢e,r), f = a)
is the counting function of zero of the function f —a in the angular domain Q(0 —e,0+¢), counting
multiplicities. Then the ray argz = 0 is called a Borel direction of p(r) order of meromorphic
function f.

Remark 1.2 Chuang [2] proved that every meromorphic function f with infinite order p(r) has
as least one Borel direction of infinite order p(r).

In 2012, Long and Wu [9] studied the uniqueness of meromorphic functions with infinite order
sharing some values in the Borel direction. Later, Zhang, Xu and Yi [21] further investigated the
uniqueness of meromorphic functions sharing some values in the Borel direction, and improved
the results of Long and Wu. In 2013, Zhang [23] also studied the problems of Borel directions of
meromorphic functions concerning shared values and obtained that if two meromorphic functions
with infinite order share three distinct values, their Borel direction are same. In the same year,
Xu, Wu and Tu [15] investigated the relations between exceptional values and Borel direction, and
obtained a series of results. In this paper, we mainly further investigate the exceptional values of
meromrophic function and its derivation in its Borel direction. Now, we give the main theorem of
this paper as follows.

Theorem 1.1 Let f be a transcendental meromorphic function of infinite order p(r) on the whole
complex plane, argz = 0(0 < 0 < 27) be one Borel direction of p(r) order of function f and
Q:=Ql —¢,0+¢) for any e(0 < & < 7). Let a,b(£ 0) be distinct points and k be a positive
integer. Then

5975,0+s (Ta f) §697579+5 (’I“, o, f) + (k + 1)6975,0+5 (7“, a, f) (1)
+ 6075,9+€ (T7 ba f(k)> + Q078,0+5 (Tv f)»

where Qo—c 9+(r, f) is defined as in Lemma 2.2 of Section 2.

In order to prove Theorem 1.1, we will prove the more general form of the inequality of mero-
morphic function and its derivation in the Borel direction as follows.

Theorem 1.2 Let f be a transcendental meromorphic function of infinite order p(r) on the whole
complex plane, argz = 6(0 < 0 < 27) be one Borel direction of p(r) order of function f and
Q:=QO0 —¢,0+¢) for any €(0 < e < m). Let aj,b)(j = 1,2,...,p;1 = 1,2,...,q) be distinct
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complex numbers satisfying by # 0, and m;,ny, s be any positive integers. Then

}50 59+5(T f)

(i+>
ROWE

6 —e,0+4¢ (T, ajafl S m])

1
1
< —e, 9+€ r,00 f| < 5)
_|_

+ 269—5,9+s (7“, by, M| < m) + Qo—c,o42(1, f), (2)

=1

+

T M@

where Cy_c g1c(r,a, f| < k) is the counting function of distinct a-points of f on Q whose multi-
plicities do not exceed k.

Let p=¢q=1and s =+ co,m; — oo and n; — oo in Theorem 1.2, we can get Theorem 1.1
easily.

We also investigate the problem on exceptional value of meromorphic function and its derivation
in its Borel direction, by applying the conclusions of Theorems 1.1 and 1.2. To state the theorem,
we will introduce the definitions as follows.

Definition 1.3 Let argz = 6(0 < 6 < 2m) be one Borel direction of p(r) order of function f and
k be a positive integer, we call that a is

(i) an exceptional value in the sense of Borel for f in the Borel direction (evBB for short) for
distinct zeros of multiplicity < k, if pi(a, f) < 1;

(i1) an exceptional value in the sense of Borel for f in the Borel direction (evBB for short) for
distinct zeros , if pg(a, f) < 1; where

B . logt Cp_cpie(ria, f| < k) _ . log" Cy_co4c(r,a, f)
k g,0+e\l> ¢, g,0+e\’> ™
a, f) = limsu : , a, f) = limsu : .
P@( f) 7«_>oop log Sg_&g_;,_s (7’, f) pe( f) r—>ocp log 59—5,6—4-5 (T’, f)

In particular, we say that a is an evBB for f for simple zeros if k =1, a is an evBB for f for
simple and double zeros if k = 2.

Definition 1.4 Let argz = 6(0 < 6 < 2m) be one Borel direction of p(r) order of function f
and k,1 be two positive integers, then we call a an evBB for f' for distinct zeros of order < k, if
E(a, V) < 1, where

_ . log" Co—cpse(rya, [ < k)
k My =1 e -
Po (CL, f ) lgsogp log 5075,9+6 (’I“, f)

Theorem 1.3 Let f be a transcendental meromorphic function of infinite order p(r) on the whole
complex plane, argz = 0(0 < 6 < 2m) be one Borel direction of p(r) order of function [ and
Q:=Q0 —¢,0+¢) for any e(0 < e < m). If 0o is an evBB for f for distinct poles of order < s,
and a;(j =1,2,...,p) are evBB for f for distinct zeros of order < m;, and bj(# 0)(l=1,2,...,q)
are evBB for %) for distinct zeros of order < n;, where k,p,q,s and all of mj,ny are positive

integers. Then
q

my; + 1 nl+1 3+1 =Pt

=1 =1
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Let p=¢ =1 in Theorem 1.3, we can obtain the corollary as follows.

Corollary 1.1 Let f be a transcendental meromorphic function of infinite order p(r) on the whole
complex plane, argz = 0(0 < 0 < 2m) be one Borel direction of p(r) order of function [ and
Q:=Q0 —¢,0+¢) for any e(0 < e < m). If 0o is an evBB for f for distinct poles of order < s,
and a is an evBB for f for distinct zeros of order < m, b(# 0) is an evBB for f*) for distinct
zeros of order < mn, and s,m,n, k are positive integers. Then

k+1 1 n+1+k
>1. 3
m—|—1+n—|—1 (n+1)(s+1) — )

Let s — oo and m — oo in (3), that is, 0o, a are evBB for f for distinct zeros. From Corollary

1.1, we have n%_l > 1, which implies n = 0. Thus, we can obtain the following corollary.

Corollary 1.2 Let f be a transcendental meromorphic function of infinite order p(r) on the whole
complex plane, argz = 6(0 < 0 < 27) be one Borel direction of p(r) order of function f and
D:=Q0—¢c,0+¢) for any (0 < e < 7). If 0o,a are evBB for f for distinct zeros. Then, for all
positive integers k and n, we have py (b, f¥)) =1 for all b # 0, co.

2 Some Lemmas

To prove our results, we need the following Lemmas.

Lemma 2.1 (see [6, 16]). Let f be a nonconstant meromorphic function on Q(a, 8). Then for
arbitrary complex number a, we have

Sa,ﬂ (T, fla) = Sa,ﬁ(r7 f) + E(T, Cl),

where e(r,a) = O(1) as r — oo.

Lemma 2.2 (see [5, 6, 25]). Suppose that f is a non-constant meromorphic function in one
angular domain Q(a, f) with 0 < f — o < 2w, then for arbitrary q distinct aj € C(1 < j < q), we
have

ZDw Foay) S 2as(rf) = Our) + Qup(r f),

where C1(r) = 2C, g(r, f) — Cag(r, [’ ) + Cy p(r, %) and

(4= 2505.1) < 32Ty (r 522 ) +Qustrih.
= J

where the term C., p(r, ﬁ) will be replaced by Cy 5(r, f) when some a; = oo and

,B
B /
Qu (. f) =Au s ( ) T Bag ( f)

I ) R ) S U

Lemma 2.3 (see [6, P138].) Let f be a nonconstant meromorphic function in the whole complex
plane C. Given one angular domain on Q(«, 8). Then for any 1 < r < R, we have

f R\” /R log™ T(r, f) Lo R
Aq <K = g+ logt —— +log— +17p,
75< f) {<T> 1 tltw tlog R—rJrOngr
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and

f/ 40.} f/
Ba,ﬂ (T; 7 S Tiwm r, 7 )
where w = Bf—a and K is a positive constant not depending on r and R.

Remark 2.1 Newvanlinna conjectured that

Doy (£} = s (n ) # 8o (1 2] =0(50 ) )

when r tends to +o0o outside an exceptional set of finite linear measure, and he proved that
Aap (r, fT,) + B (T‘, fTI) = O(1) when the function f is meromorphic in C and has finite order.
In 1974, Gol’dberg[5] constructed a counter-ezample to show that (3) is not valid.

Lemma 2.4 (see [22, Lemma 4]). Let f be a meromorphic function in C, Q(a, 8) (0 < f—a < 27)
be a closed angular domain, then

o), f is of finite order,
Qap (r,f) = { O(logU(r)), f is of infinite order,
where Qu.p (1, f) is stated as in (4), U(r) = r°("), p(r) is the precise order of T(r, f) when f is of

infinite order, E is a set of finite linear measure.

Lemma 2.5 (see [22 Lemma 5]). Let [ be a meromorphic function on a closed angular domain
Qa, B) and w = B*a’ then for any a € C and for any € € (0, 520‘),

: " n(taQEaf:a)
Cop(rya, f) > 2sin(we) / n9 =0 1 o),
Coplrya, f) > 250 v f = a) +o1),

TUJ
"n(t,Q,f=a
C%B(T’a?f) < 4w/ %dt,

1
Cf!ﬁ(r7a7f) S 2n(er7f = a’)7
where . = (o +¢,8 —¢).

Remark 2.2 For the reduced case that each multiple zero of f — a in Q(«, B) is counted only
once (ignoring multiplicities), Lemma 2.5 still holds, and its proof is similar to the case counting
multiplicities.

Lemma 2.6 (see [3]). Let f be a meromorphic function of infinite order p(r). Then the ray
arg z = 0 is one Borel direction of p(r) order of meromorphic function f if and only if [ satisfies

the equality s §
lim sup 08 S6-co+<(r, f) =
r—soo p(r)logr

for any (0 < e < 7).

3 Proof of Theorem 1.2

Proof: Since f is a meromorphic function of infinite order p(r) and argz = 6(0 < 0 < 2x) is
one Borel direction of p(r) order of meromorphic function f, by Lemma 2.6, we can get for any
e(0<e<m)
log Sp— ,
lim sup 0g Sp—c,0+<(, f)

00 p(r)logr =L (6)
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By Lemmas 2.2-2.4, we have

!

Do-coselri ) = 0o U (r).
By Ref. [6, 25], we can get Qg g4c(r,®) ) = Qp_cg1c(r, f). Thus, we have
f#)
D976,9+€(T7 T) = O(log U(T)) = Q976,9+6(r7 f) (7)
Hence, for any positive integer k, we have
P
Z Dopcoi=(r,a;,f) < Dpcore(r,0, fP) + Qo coi=(r, f). (8)
j=1
By Lemma 2.1, we have
So—co+e(r f*) = Docgse(r,0, f*) + Coc o1(r,0, f M) + O(1). 9)

Then, it follows from (8) and (9) that

p
> Docore(riaj, ) < Socope(r, f*) = Cocore(r,0, f*) + Qocipye(r, f). (10)

Jj=1

From (10), we have

p
PSo—core(r, f) <So_core(r, fF) + Z Co—coie(ryaj, f) — Cocpre(r,0, f)) (11)

=1

+ Q975,0+6 (7", f)

By applying Lemma 2.1 and Lemma 2.2, we have

q
qS@—E,@-‘rE f(k) S Z O—e 9+5 T, a],f ) + 09—5,9+6(r7 07 f(k))

+ 0975,94»6(717 o, f(k)) - 0976,94»6(717 07 f(k+1))
—2Cy_c,94(r, 00, f*)) + Co_c p4e (1, 00, fETD)
+ Q9—879+€ (Ta f)

q
< Z Cocore(ryaj, fF)+ Co_cgre(r,0, fF)

j=1
+ Cefs,OJrs(rv o, f(k+1)) - CG*E,9+E(T7 07 f(k+l))
- C@—E,9+E(T7 0, f(k)) + QO—E,G—&-E(Ta f)

q
< Z Cocpre(raj, fF) + Co_cgre(r,0, fF)
=1

+ 6675,0+5 (7’7 0, f) - 0075,64*6 (ru 07 f(k+1)) + Q975,0+5 (7’7 f) (12)
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It follows from (11) and (12) that

p
PaSo—co4e(r, ) < Cocore(r,00, )+ (¢ —=1) Y Cocpse(r,az, f)

=1

p
- (q - 1)0075,0+a (T, 0, f(k)) + Z 09*5,9%5 (7", aj, f)

Jj=1

q
+ Z C@*E,@‘FE(T; bla f(k)) - C@,E’0+E(r’ 07 f(k+1))
=1

+ Q9—5,9+6(T7 f) (13)

If 2o is a zero of f —a of order j > k in Q(6 —¢,0+¢), then z is a zero of f*+1) of order j— (k+1)
in Q(0 —¢,0 +¢), and if g is a zero of f¥) — b of order m in Q(0 —&,0 + ¢), then z is a zero of
FEHD of order m — 1 in Q(# — &,6 + ). Moreover, If zy is the zero of f — a of order > k and also
zero of f*) in Q(0 — e,0 + ¢), then 2y is not zero of f*) —bin Q(f —€,0 4 ¢) as b # 0. Thus, we
have

p q
Z CH—E,G—H—: (Ta aj, f) + Z 09—5,94—5 (T‘, bla f(k)) - C@—s,&—i—s (T; Oa f(k+1))

j=1 =1
p
Z 60— 56+5rajvf‘<k+1 +ZCG 56‘+E(rbl,f( ))a (14)
j=1 =1
p p
Z Co—co42(, aj, f) = Cocoye(r,0, f(k)) < Z Co—c,o+2(T, aj, [l < k).
j=1 j=1

Substituting (14) to (13), we get

p
Pq59—5,9+s(7“, f) < 69—;—:,49+5(7n> o0, f) + (q - 1) Z CQ—E,Q-FE(T? aj, f‘ < k)

=1
p q -
+Y Cocprelriag, fI<k+1)+ Y Cocore(rb, f*)
j=1 =1
+ Qo—c,04+2(7, f). (15)

For any positive integer k, we have

0075,0+€(71a aj, f| S k) S k69,5’9+5(7", Qj, f)

<

w1 [m;Co—co4e(r,aj, fl <mj) + Co_cose(r,a;, f)]

k
<
_mj—i—l

[mjé(’r? aj, f| < mj) + 59_5,94-5(7"7 f)] + 0(1)7 (16)

and

1

n+1
1

s+1

619—6,‘9-‘,-(;‘(7“7 bl) f(k)) S

{mée—e,eﬁ(r, by, FP <) + So—cope(r, f(k))} +O(1)

6975,6%5 (7“, o, f) S

[86976,94»6(7“7 0, f| S S) + 5076,94»6(74) f)} ) (17)
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and since Sg_. grc(r, fF)) < Sp_cgre(r, f) + kCo_core(r,00, f) + Qo—c.o1e(r, f), then it follows
from (15)-(17) that

p
PaSo—coi=(r, f) < (g—1)) [mjCo—co1e(r,aj, fl <my) + So—cp4e(r, f)]
Jj=1

m; +1

k41
+ Z 1 [mj007e,0+8(74: Qaj, fl < mj) + 5’975,9+a(7", f)]
P

1
n+1

M=

+

[nl69—8,9+8(ra by, f(k)| < nl) + 50—6,9+5(ra f(k)):|
1

+ 0976,0+6 (7"7 0, f) + Q976,9+6 (Tv f)

p
kmj; —
S(q_l)z CG €0+6(r a]vf‘<mj)

m;
j=1 """ +1

+ij(k+1)

]"’1 Co_ 59+€(r ajaf|<mj)

Jj=1
q

Co—co4e(r,by, M| <
+;nl+1 9—c.04c(r, b, f17] < ny)

k _
+ (1 + Z T T 1)0975,9+€(7’7 o0, f)
=1

4 i"“ﬁhi L) Sociel 1)+ Qo 1)
m; + 1 n;+1 ’ ’ ’ ’

P
<(kg+1 Z
=1

q

ny
JrZﬁce s(-)—&-s(r blaf( )| <nl)
=1

q
k s —
1 ——Co_ <
+< +§nl+1> s+1 0 a,9+g(7’,00,f|_5)

CH 59+5(T a]7f| < m])

P q
kqg+1 1
+ ij+1+;nl+1

j=1

q
k 1
+l_21m+1)5+1

X So—co4e(r, f) + Qo—c,o4(1, f).
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Since m;,n;, k,p, q and s are positive integers, it follows from the above inequality that

q

p q + 1 q
pqs& g, 0+s T, f < Z Z S&*E,GJFE(T’ f)

+ (kg +1 Z 59+5ra], |<m3)

)| <
+;n+109 e0+e(m by, f1] < my)

q
k s =
1 1 —€ e\’ 9 S
+<+;nz+1>5+109 o+e(r,00, f| < 5)
+ Q9—5,0+s (’I’, f) (18)

Thus, from (18), we can prove (2) easily.
Therefore, this completes the proof of Theorem 1.2.

4 The proof of Theorem 1.3

Proof: Since f is a meromorphic function of infinite order p(r) and argz = 6(0 < 6 < 2x) is
one Borel direction of p(r) order of meromorphic function f, by Lemma 2.6, we can get for any
e(0<e<m)

lim sup IOg 5075,9+5 (Tv f) _
r—o0 p(r)logr
Since oo is an evBB for f for distinct poles of order < s, and a;(j = 1,2,...,p) are evBB for f
for distinct zeros of order < my;, and b;(# 0)(I = 1,2,...,q) are evBB for f¥) for distinct zeros of
order < ny, from Definition 1.3 and (19), we have that there exists a number n(0 < n < 1) such
that for sufficiently large r,

(19)

C(r,00, f| < 5) < (U(r))", (20)
69—8,9+6(T7 ajvf‘ < mj) < (U(T))nvj = 1723 Ry (21)
69—8,9-&-6(7"’ bla f(k)| S nl) < (U(T))n,l = 1a 2a o q. (22)
Set
p q q
kg + 1 1 k
A= + +
j; mj; +1 ]; n ; n

From Theorem 1.2, we have

(pq — N)So—co4e(r, f) < (kg +1) Y Cocore(r,a;, f| <my)

q
(k)
+an+109 e,0+¢(r, by, [ < i)

k s =
Z A <
" (1 " — o+ 1) s+ [Co-eorelnoo f] <)
+ Q9—5,9+a (7‘, f) (23)
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From (20)-(23), for sufficiently large r, it follows that

(pq - A)S075,0+6(ra f) < O((U(T))n> + Q9*5,0+E(T7 f) (24)

Since n < 1, from (19) and (24) for sufficiently large r, we can get pg — A < 0, that is,

p q q
kq+ 1 1 1 1
1465 —— | > pa.
ij+1+2m+1+s+1< * ;an)—pq

j=1 =1

Thus, this completes the proof of Theorem 1.3.

5 Remarks

From the procedure of proofs of Theorems 1.1 and 1.2, we find that the conclusions of Theorems
1.1 and 1.2 can still hold for transcendental meromorphic function f with finite order p(0 < p < 00)
on the whole complex plane.

Thus, it is a natural question to ask: Does the conclusion of Theorem 1.3 still holds when f
is a transcendental meromorphic function with finite order p(0 < p < 00) on the whole complex
plane?

In fact, we can not give a positive answer to the above question. Now, we will give a simple
procedure to prove this assertion as follows.

Firstly, similar to Definitions 1.3 and 1.4, we can get some definitions of exception values
of meromorphic function with finite order in the Borel direction, if pf(a, f) < p,pp(a, f) <
p,7h(a, fO) < p, when log So—e,0+e(r, f) is replaced by logr. Thus, from the definition of Borel
direction, (20)-(23) can be replaced by

C(r,00, f| < 5) <17, (25)
6075,9+6(T7aj7f| émj) <Tn/7j:1727"'7p7 (26)
6976,0+E(Ta bl7 f(k)| < nl) < 7«77/’[ =1,2,...,q (27)

where i < p and r is sufficiently large, and (24) can be replaced by

(pg = N) So-cse(r. ) SO (1) + Qo-core(r, f). (28)

However, by Lemmas 2.1-2.5, we can not be sure to derive a contradiction from (28). Therefore,
Theorem 1.3 may not be true when f is of finite order.
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