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HIGHER-ORDER DEGENERATE BERNOULLI POLYNOMIALS

DAE SAN KIM AND TAEKYUN KIM

ABSTRACT. Carlitz introduced the degenerate Bernoulli polynomials and de-
rived, among other things, the so-called degenerate Staudt-Clausen theorem
for the degenerate Bernoulli numbers as an analogue of the classical Staudt-
Clausen theorem. In this paper, we consider the higher-order Carlitz’s degen-
erate Bernoulli polynomials with umbral calculus viewpoint and derive new
identities and properties of those polynomials associated with special polyno-
mials which are derived from umbral calculus.

1. INTRODUCTION

The degenerate Bernoulli polynomials S, (A, z) (A # 0) are defined by Carlitz to
be

Ly — g+ =Y 8.0
(]' + At) A+ 1 n=0
Ustinov rediscovered these polynomials in [18], which are called Korobov poly-
nomials of the second kind and denoted by LN (z).
When = = 0, 8, (\) = 5, (), 0) are called the degenerate Bernoulli numbers.
Now, we observe that

(1.2) )1\13}) Bn (A z) = B, (0,2) = By (), Ale AT B (A, Ax) = by (),

where B,, (z) and b, (z) are the Bernoulli polynomials of the first kind and of the
second kind.

The first few degenerate Bernoulli polynomials are given by Sy (A, z) = 1, 81 (A, z)
=r—3+iNBNe)=a?—a+ ;- i Bs(\a) =2 — 327 + Jo — Saa? +
%)\x + i/\3 — i/\, .... As an analogue of the classical Staudt-Clausen theorem for
Bernoulli numbers, Carlitz proved the so called degenerate Staudt-Clausen theorem
for B, (A), (A a rational number) (see [3, 19, 20]). The generalized falling factorials
(x|A),, for any A € C are defined as

(@N)g=1, (zN),=z(@x—=A)---(x=A(n—1)), (forn>0).

Carlitz also found in [4] the following relation expressing sums of generalized
falling factorals in terms of degenerate Bernoulli polynomials: for integers [, m with
I>1m >0,

tn
n!

, (A#£0), (see[3,4]).

-1
(1.3) (AN, =

i

1

g Bt WD) = B (V).

Il
=)

2000 Mathematics Subject Classification. 05A19, 05A40, 11B83.
Key words and phrases. Higher-order degenerate Bernoulli polynomial, Umbral calculus.
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which, by letting A — 0, becomes the familiar relation

(1.4) Z = erl (Bm+1 (l)_Berl)-

For r € N; the Bernoulh polynomials of the second kind of order r are defined
by the generating function to be

t I o0 tn
1. P — 1+t = b{r) — 1
(1.5 () 007 =2 W @ Geolia),
and the Bernoulli polynomials of order r are given by
(1.6) N }OO: B (1) . (see [2, 57, 9])
. et _ 1 nzo n n!7 ) ) .

When z = 0, B = B{" (0), b = b (0) are called the Bernouli numbers of
the first kind of order r and of the second kind of order r. For y € C with u # 1,
the Frobenius-Euler polynomials with order s € N are defined by the generating
function to be

(1.7) (1_ ) ZHUW . (see [1,10-12]).

et

When z = 0, H.") (1) = ") (0|p) are called the Frobenius-Euler numbers of order
s. As is well known, the Stirling number of the second kind is defined by the
generating function to be

n = t
(1.8) (" =1)"=ny S (I,m) 1 (ME€2Z0),  (see [16,17)).
l=n
For n > 0, the Stirling number of the first kind is given by
(), =z(x—1)---(z—(n—-1)) 251 (n,)x', (see [13, 15, 16, 21]).

Let F be the set of all formal power series in the variable ¢:

(1.9) ]-":{f(t):Zak.];:' akE(C}.
k=0 ’

Let P = C [z] and let P*be the vector space of all linear functionals on P.(L|p (z))
denotes the action of the linear functional L on p (z) which satisfies (L + M|p (x)) =
(Llp(z))+{(M]|p(x)), and (cL|p(x)) = c¢(L|p(x)), where ¢ is a complex constant.
The linear functional { f (¢)|-) on P is defined as

(1.10) (f@®)]2"y=an, (n>0), where f(t)eF.
Thus, by (1.9) and (1.10), we get
(1.11) (t*]2™y =nldn, (n,k>0), (see[l4, 16]),

where 6, is the Kronecker symbol.

Let f1, (6) = 22 S22 4k Then, by (1.11), we get (f1 (t)]2™) = (L|2™). So,
the map L — f, (t) is a vector space isomorphism from P* onto F. Henceforth,
F denotes both the algebra of formal power series in ¢ and the vector space of all
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linear functionals on P, and so an element f (¢) of F will be thought of as both a
formal power series and a linear functional. We call F the umbral algebra and the
umbral calculus is the study of umbral algebra. The order o (f (¢)) of a power series
f(t) # 0 is the smallest integer k for which the coefficient of t* does not vanish
(see [14, 16]). If o (f (t)) = 0, then f (¢) is called an invertible series; if o (f (t)) = 1,
then f (t) is called a delta series. Let f (¢), g (¢) be a delta series and an invertible
series, respectively. Then there exists a unique sequence s, (z)(degs, (z) = n)

such that <g ) f (t)k‘ Sn (x)> = nld, x, for k > 0. Such a sequence s, (x) is called

the Sheffer sequence for (g (¢), f (t))which is denoted by s, (z) ~ (g (t), f (t)) (see
[14, 16]). The sequence s, (x) is Sheffer for (g (¢), f (¢)) if and only if

(1.12) g(fl(t))eyf(t): s’“T('y)tk, (y€C), (see[11,17]),
k=0 ’

where f (t) is the compositional inverse of f (¢) with f (f (¢)) = f (f(t)) =t.
Let f (t),g(t) € F and p(z) € P. Then we see that

9] k 0 .’L‘k
(113) PO =30l o ) =3 () 5
k=0 k=0
From (1.13), we have
d*p (z)

eV'p(z) =p(r+y).

(1.14) tp (1) = p™ (2) = =7

By (1.14), we get (e¥'|p(z)) =p(y)-
For s, (z) ~ (g (t), f (t)), we have the following equations ([16]):

n

(L15) F(H)sn () = n5ar (1), (02 1), su(ety) =3 (g‘) 55(2) Py (),

j=0
where p, () = g (t) s, (2),
(1.16)
= m—g/<t) Ls x s x:nl F@O) T2 ) el
st (@) = (0= L) s @) @) > {sG @) Ter]«)s
and
(f @®)]zp () = (0cf () p(2)),
1.17 2\ =
o Z@=3 () T, w2,
In particular, for p, (z) ~ (1, f (¢)), qn (z) ~ (1,9 (t)), we note that
=z @ nx_l T n
(1.18) n () = (g(t) pn(z), (n2=1)
Let us assume that s, (z) ~ (g (¢), f (t)), rn () ~ (R (¢),1(t)). Then we have
(1.19) sp(x) = Z CnmT™m (), (n>0),
m=0
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where
(1.20) Com= <m CFo)" x”> . (see [16]).

In this paper, we consider, for any positive integer r, the degenerate Bernoulli
polynomials ﬂff) (A, x) of order r which are defined by the generating function to

be
(1.21) # (1+ M) = Zﬁ(” (\a) =, (reZso).
(1+A)> —1
From (1.20) and (1.21), we note that
i, Aet —1)\" 1,

That is, B,(f) (\, z) is the Sheffer polynomial for the pair

(s0= (25=1) so=1 @ -).

The purpose of this paper is to give new identities and properties of the higher-
order degenerate Bernoulli polynomials associated with special polynomials which
are derived from umbral calculus.

2. HIGHER-ORDER DEGENERATE BERNOULLI POLYNOMIALS

For n > 0, we note that

o (AR s o~ (13- ),

From (1.18), we can derive the following equation:

Aet =D\ ., AN\ MoN\" L

_ Z ( ))\lBl(")x"_l7 (n>1).
=0

Thus, by (2.1), we get
(22) B (\a)
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n—1n—l1 (n,1 n—l r
_ l )( k ) k+l p(n) t n—l—k
*227&“) So(k+rr) A" | — ) @
1=0 k=0 r
1n—1

S0 ¢ (k4 r.r) XFH B BO)
- E+r 2 r,T) 1 e ()
=0 k=0 ( r )

Therefore, by (2.2), we obtain the following theorem.

Theorem 2.1. Forn > 1, we have

n—1n— n 1\ (n—1
B (A, z) ZZ k)+( < g, (k4 ) NHBMB!, - (x).
1=0 k= r

Remark. When z =0 and r = 1, we get

L n—1 —1 n
(e

From (1.18), (1.22) and

(z|A), = A" (%)n - Zn: Sy (n,m) X" ~ (1, % (M — 1)) '

m=0

(2.3)

gM'

We note that

n e)\t —1
@24) 5 0nr) = 3 S (s

m=0
n . t T 6)‘75*]_ T .
77712:05‘1(”77”))\ <et—1> v > x

=> 5 (n,m))\"m< ft 1) > (i) So (k + 7, 7) \Fzm—F

m=0 e - k=0 (k 7‘)
=\ z:oz (’Ejz) Sy (n,m) Se (k+r,71) )\kme;:)_k ().
m=0 k=0 T

Therefore, by (2.4), we obtain the following theorem.

Theorem 2.2. Forn > 0, we have

B (na)y=am 3N (&) Sy (n,m) Sy (k +7r,r) Ne= B (2).

m=0 k=0 (kir"')

Remark. For r = 1 and x = 0, we get an expression for the degenerate Bernoulli
numbers:

(2.5) —)\”sz+l< >Sl(n m) AN B .

m=0 k=0

Here we use the conjugation representation.
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~(st0- <A§f:i)>r,f(t) -
g

(g (F0) " F@?|a")
¢ "1 J
<<(1—|—)\t)i _1> <)\log(1+)\t))
=\"J < (t
(1+Xt)% —

)
=jIN7I zn:

") s (1,5)
lj<l>1 %) Zﬁm

n

=i\~ JZ( >51 LHNB, (V).
=

For B (A, z)

>

(2.6)

.

j'ZSl L, 7) —tx >

)

Therefore, by (1.16) and (2.6), we obtain the following theorem.

Theorem 2.3. Forn >0, r > 1, we have

B (N, ) = Z:O)\ J (Z (?)Sl (1,7) Alﬁfflz (>\)> 2.

=3
Remark. Recall that

en (A5=2) s~ (11 -n). @~ (1

pY:
Thus, by (2.7), we get

(2.8) ()\e(ft—_ll)> BT (A, z) = (2])),, and

From (2.8), we have

M

L),

r 6)\15 -1 T
29 (€ =1 B ) = (5 (el
— (n)r (x|A)n ) lf r S n
- 0 ) ifr>n
By (2.9), we get
n—r tt r T f <
(2.10) t’”@(Lr) (\z) = ( )r)\ (6,71) ()\)n ,ifr<n
,ifr>n
_ ), xS Sy (= m) AT B (2)
0
Therefore, from (1.14) and (2.10), we have
(2.11)

" ner n—r,m)A\" ™ (r)
(&) ﬂm’@:{éM Sty 1 (1= r,m) A B (2)

794

(eM — 1)> , we observe that

Lo
e _1)>.
=n(z|\),_;-

ifr<n
if r > n.

ifr<n
if r > n.
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In particular,

212 L = [P TS (- LM AT B (@) i <n
) dz"™" 7 0 , ifr>n.

T
n7

To proceed further, we recall that the A-Daehee polynomials D )A (z) of order r

are given by

Aog(1+1)) - RN
(2.13) (ui%) (1+1) :,;)Df“l () 5. (see [12, 16]).
From (1.5), (1.11) and (2.13), we have
(2.14) B (A )

.

_ ~ (n A (Y < log (1 + At) nl>
g(;) : <A> NGEESHE 1)
n . 0o . mtm o
-5 (v () (S i)
N (") (V) p) yne
_§<l))\lbl (X)Dn_l,%)\ l
N (M o 0 (Y
= ;(1>Dnhibl (X>
and
(2.15) B (A y)

(14 M)3 x”>

At "
log (1 4+ At)
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n
—\n ) (Y
ey () (5):
1=0
Therefore, by (2.14) and (2.15), we obtain the following theorem.

Theorem 2.4. Forn > 0, we have

S (1)o7 (5) =3 ()i (5) =38 ).

1=0 1=0
Recalling that

80 0~ (50 = (M=) s =1 1),
we observe that
(2.16)

At —
) (log(1+)\t)> * l>

)\((1+)\t

T

log + )‘t xn—l—m>
1 + AR )

n—I
' (nm l>)\mb(r)Dr(:)z ot AT

)\l (n )\WLb(T)

Sy (1, 5) A7 D)

m “p—l—-mA—1"

From (1.16) and (2.16), we have
(2.17)

n n—lI
n— , .
B (A, z) _/\"Z ¥ ( )( )Sl(l HATIEDD, bl
i=0 | i=j m=0
Remark. We have
lim B{") (A, ) = 8 (0,2) = B (x),
A—0
lim D" (z) = (2),,

lim A8 (A, Az) = b (z),

A—00
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lim A" DY) (Az) = BY) (z).

A—00

where r > 0.

From (1.22), we note that

e m= (M) 800 = @, ~ (13 ).

y (2.18) and (1.15), we get

(2.19) B (Nz+y) =) ( ) A\ 2) (W), s
7=0
and, by (1.14) and (1.15), we get
1 r
(2.20) 3 (M —1) B (A 2) =B (A, z).
From (2.20), we have
(2.21) B (A4 A) — B0 (A z) = nA8T), (A z).

Therefore, by (2.17), (2.19) and (2.20), we obtain the following theorem.

Theorem 2.5. Forn > 0, we have

n n-—l
o HES () e o
= =0

n

B (a2 =3 (j) B89 () AN,

j=0
= A8 (N ) + B (A, ).

A(e'-1)

For B8 (A, z) ~ (g (t) = ( T )T,f (t) =5 (eM— 1)) , we note that

~

Q

/ (t
(2.22) e

= (log g (1))’
=r (log)\ + log (6t — 1) —log (e)\t - 1))/

Govi-goo)

=0 =0

fZBl ) (1= ) ?

~—

r
t

l
S B ()
By (2.22), we get
9 @) 5 x
(2.23) () o (2)
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I+1 t!
=r B 1 - A A"
Z 1 ) ((+1)!

x 2. Z +2 Sy (n,m) Sz (k +r,7) "B | ()

m=0k =0
n m m—k
=\"r Z Si (n,m) Sy (k +7r,r) \E=™
m=0 k=0 1=0
m—k 1
X ZBHl(l)(l—/\lH) I+ 1) (m—k), B m)k ) ()

e @0 ey

m—k—1+1 (F7)

0 0
x Sy (n,m) Sa (k +7,7) Bm—x—111 (1) B" (2)

:TXH: zn: i L — ; 1 (Sr:}?)k&z) (A" 4§ /\anl) Sy (n,m)

X
From (1.16) and (2.23), we have

224)  BU) (\ @

) (x ) — oM (D) )
=z Az —X) —e tg(t) (A )

ot )=S0 (S5 (B oty

m=l k=l

x Sy (n,m) Sa (m — k +7,7) Br_ra1 (1)) B (x = X).
Therefore, by (2.24), we obtain the following theorem.

Theorem 2.6. Forn > 0, we have

@(121 (A )

o0 =) =3 (303 (B ety

m=l k=l

xSy (n,m) Sy (m — k +7,7) By_rs1 (1)) BY” (x = X).

By 87 ) ~ (90 = (2520) 15 0= £ (¥ 1)) we g
(2.25) (F®fa""")
)

:<ilog(1+)\t) x
=" < i (=)™ A" (m - 1)1%

m=1

xnl>
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e N G B K ol oy g B
=(=N""n—1-1)
From (1.17) and (2.25), we have

nl n—Il—1
—A) ('r)

(2.26) 50”) (A, z) = n! Z T =) (A z).

Let n > 1. Then, by (1.11) and (1.17), we get

(2.27) BT (A y)
i n>

= <Zﬁz(r) Ay

<<1+At <1ij>
2 (( ot 1 ) (1“@) >

>f\>—t

,_.

( - )a(umiz 1>
1+)\t*

¢ ' .
(o (i) Jor)

The first term of (2.27) is
t ' y=A r
(2.28) y( | ————— | @+x) ~ |[a" ') = yﬁfl_)l Ny—A).
(14+A)> —1

For the second term of (2.27), we observe that

(2.20) 9, <t> —r <t> _ 0 <t> :
(1+ At) (1+ At) (1+ At)

where

¢
. | —————
(2:30) <(1+)\t)* — 1)
R e et O

((1+At)§ —1)2
1+ M)F —1 ft{(l I o +)\t)_1} —t(1+ )
- ((1+At)i —1)2
1 t 1

(2.31) = . + -
DY (14 At)Y — t

e

>4\>—-

y\»—A
>
>

799 DAE SAN KIM et al 789-811



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

12 DAE SAN KIM AND TAEKYUN KIM

2
t 1 t
X 1 - 1
1+~ —1 (1+M)<0+Awk—1>
Thus, by (2.29) and (2.30), we get

t T
(2.32) O | ———
1+ x)> =1
o r t '
(1+At) (1+ At)
r r+1
T t 1 t
+ = . —
t ((HW - ) 1+ M <<1+At> )
From (2.32), we note that the second term of (2.27) is
(2.33)
—r . (1+ At) gt
(L+ Xxt)> —
r r+1
1 t n—1
— x
1+At7— LM\ (14 00)% —
= —rﬁ 21Ny =)

¢ " 1 ¢ !
+(a+x) | ——M—— | - i 2"
”< <<1+At>*—1> 1“t<<1+At>k—1> >

=80 (A y—A)
’)

+r<<t> (1+ a0}
n\\@+0% -1
r+1
(i) o))
1+ A% —1

(

=180 vy =N + 280 () = B (y = ).

By (2.27), (2.28) and (2.33), we get

@30 (1-2) 80 () = @ =) B, (o= A) = S0 (e = ).
Therefore, by (2.34), we obtain the following theorem.

>

>f\>—t

,_.

Yy

+7r 1+/\tx

o~ | =

>

Theorem 2.7. Forn > 1, we have

(r+1) = (1-"™)5m ne_ (r) _
B vz =) = (1= 2) 87 () + (So —n) 87, Lz = A).
Here we compute

:L,TL>

t "1 "
(2.35) < (H—W) ()\ log (1 + At))
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in two different ways.
On one hand, it is equal to

(2.36) AT < ((t> (log (1 + At))™

w{liis
(1+ )Y —1

=mI\™" Z

On the other hand, it is equal to

t "1 "
t s "
¢ N\ /1 m
' < <8t <<1+At>i - 1) ) (Alog(lﬂt))

The first term of (2.37) is
xn—1>

(2.38)
(log (14 X)) ! x”1>

T m—1
m< (M) (ilog(l—i—)\t)) (1+ )"
m)\(ml)< (1+/\; ) (14 )"

— Altl n—1

—mA~(m=1) < <t>r (14 xt)~"
(1+ At)

—mIA—(m=D nz_: (”Z_l>sl (l,m—l))\l<<(t1> (1+xt)~%

l=m— 1+)\t)

>f\>—t

>f\>—-

>l

=miA=(mY Z ( )Sl tm = 1)XNB, (=),

l=m—1

For the second term of (2.37), we recall that

t T
(2.39) ) ((1+At>>

=

801 DAE SAN KIM et al 789-811



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

14 DAE SAN KIM AND TAEKYUN KIM

r t '
) ((1+At)i— )

+f < . )T_ 1 ( . >T+1
El\ @+ - LA\ (14 a8)% — '

Now, the second term of (2.37) is

(2.40)

g
3
T
; S
//
—
_|_
>
|~
=
|
—_
N—————

{—rﬂff’l L= + D)= =BT O A)}

From (2.35), (2.36), (2.37), and (2.40), we have

mIA~ mz( )51 (1,m) N5, (N)

l=m

=mIA~(m=D) Z ( )Sl (Lm—1)NBY, (A=)

l=m—1

Fmin- WZ( )51 (1, m) Nl <r6§f_)1_l O\, A)+Lﬁ(” (\)

()"_A)> )
wheren —1>m > 1.

After simplification and modification, we get: for n —1>m > 1,

n—m

(2.41) > (’Z) Si(n—Lm) A" ()

=0
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Z("‘l)sl(n—z—1m 1) A==1800 (n —2)

=0

n—m-—1 n— 1
( )51 (n—1—1,m)x"=1
=0

+

l
l

( P8 (0 —N) + B (%) —

(r+1) -\
I+1 l+1 A )>

n—m 77,7]. L ;
)\Z< z )Sl(nll,ml))\" =150 (X, =)

-1
-r Yy (” )S’l(n—l—lm))\” 185 (A, )
1=0
n—m—1
z n o n—1—1p(r)
Jrn ; <l+1)51(n m) A B (V)
n—m-—1
r n n—1—1 p(r+1)
_ -1 _
> <l+1)Sl (n—1—1m) A" 80D (3, )

(“ . 1) S1(n—1—1,m) A" 1B (A, =)

Iy (’;) Sy (n— Lm) X"~ ()

0
(?) Sy (n—1L,m) AT (A =)
0

Therefore, by (2.41), we obtain the following theorem.

Theorem 2.8. Forn—12>m > 1, we have

—m—1
-7 Z (nl 1>S1 (n—101—1,m) A"il*lﬂlﬂ (A, =)

- (z)sl (n—1,m) A" 1B (X, =)).
=0
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For r > s > 1, by (1.19), (1.20) and (1.22), we get

(2.42) B (N, ) = }:@mﬁ ),

where

(2.43) Crom =

3|~

_ tﬂ’l xﬂ,
1+ At)%
tann
1+ A)% —1
wn—m
< ( 1+ At) 3 ) >

Therefore, by (2.42)and (2.43), we obtain the following theorem.

3|~

m

n (T 8)

Il
N N

m

(7 é)

n—m

{a
G
)
(&
()

Theorem 2.9. Forr > s > 1, we have

)= 3 (;) Bl (V) BE (V).

m=0

Remark. Replacing x by  + A in Theorem 2.7, we have
(2.44) Byﬂwxxﬁzﬁglgﬁymhx+A%#<x+—Afn)ﬂﬂ(xx)
r

From Theorem 2.5, we note that

n

(2.45) Bz ) =3 (?) B9 (\x) AN,

=0
= A8 (A 2) + 87 (A, ).

Substituting (2.45) into (2.44), we get
(2.46)

B () = (1= 2) 80 o) + 2 e A= = (0= )N A, (1),
By using this and induction on 7, it is shown in [[19]] that
r—1
(r) _ ) 1-k Br—k (A, )
(2.47) By (A x) r(r> z;) or—1,k (A, z,n) R

where
k

Ur,k()‘ax7n): Z H(x—i—()\—l)zj—(n—]))\)

1<ip<ip—1<-<i1<rj=1
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For r > s > 1, by (1.19), (1.20) and (1.22), we have

n

(248) S) )\ -T Z nm/B )

m=0

where

(2.49) < ( PR -
T .
Observe here that

(1 -1
(2.50) ( + 28 )
( 5 log(1+At) _ 1> s

:71 (ei log(1+At) _ 1)7’78
tT*S
(log (1 + At))"

=5 (r—s)! ZVSQ (hr =) Al

B 2 Sy (I, 7 —5) (log (14 \t) llf(rfs)
=(r—s)! l:;s 0 v t
S (l+7—s,1—35),; (log(1+At) brs
_ 8! ¢
(r S); (I+7—s) At
ad So(l+r—s,r—s),
(r s); Txr =) t(l+r—s)!
00 ()\t)k
k+1 — 5,1 —8) ——
ka:OSl( +l+r—sl+r S)(k—i—l—i—r—s)!
z(r—s)!ZZSl(k+l+r—s,l+r—s)
k=0 1=0
AF k1
XSQ(Z+7"_S,T—S)m

Z(T—S)!i Z Si(k+l4+r—sl+r—s)

j=0 k+l=j
)\k
(k+1+7—3s)!

oo j
r—s'ZZSl (J+r—s,g—k+r—2s)
7=0k

=0

X Sa(l4+r—sr—s) kot
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Ak ,
XSQ -*kﬂ’T*ST*S %tj.
(] ’ ) (] + r— S)'

From (2.49) and (2.50), we have
(2.51)

TL m

(s

> M1 ti
Z ZSl (GH+r—s,j—k+r—s)Sa(j—k+r—sr— 3)7 "
7=0

(j+r—s)! 51

(;) r—2) ZSl n—m+r—sn—m-—~k+r—.s)

A (n —m)!

XSQ(n—m—k+T—S,T—S)m

_(HSH)TS)ZSH (n—m+r—sn—m—k+r—s)So(n—m—k+r—sr—s) A\
r—s k=0

Therefore, by (2.48) and (2.51), we obtain the following theorem.
Theorem 2.10. Forr > s > 1, we have

5(5)()\@
Z{(n m+)r s)ZSI n—m-l-T s,n—m — k_|_7a_3)
m=0 r—s k=0

ng(n—m—k+r—s,r—s)/\k}ﬂﬁr’;)(/\,x)

Zn:{ e mi)r g)tisl n—m-+r—sk+r—s)
: r—s O

xSy (k+r—s,r—23) )\”_m_k} 6,(,:) (A ).

For (z|\),, ~ (1, (e* — 1)), by (1.19), (1.20) and (1.22), we get

n

(2.52) B (A\z) =" Com (z[),,
m=0
where
v o 1,<(a) el
m (1+Xt)>
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(gt
= ()30 0.

Therefore, by (2.52) and (2.53), we obtain the following theorem.

Theorem 2.11. For n > 0, we have

50 ) = 3 (182 ) e,

m=0 m
Remark. For n > 0, we get
(2.54)
(x|A),, Z { — m)JrT) Z Sin—m+rk+r)Sy (k+rr) """ k}ﬁ(r) (A ).
m=0 r k=0
y (1.6) and (1.12), we easily get
et —1\°
(2.55) B () ~ << - ) ,t> , (seN).
From (1.19), (1.20), (1.22) and (2.55), we have
(256) B(S Z CTL 7n/87n (>\ x)
where
(2.57)
Aet—1)\"
C B 1 e>\t71 1 N 1 m N
nm — % (E)s X (6 - ) X
t
1 At e—=1\"( t \', m|
- omlam et 1> ( t ) (et—l) (¥ =1) x>

|
S
>,+—‘
3
/\/\

|
(]

<
< )

$ (s (2 57 ()1
(emr{(£72) ()|t

(e E O (2 ()

Case 1. For r > s > 1, we have
xnlk>

(2.59) (=) (%)
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A )

<r8' 0o SQ J+T—8 T—S)]'ﬁ xnlk>
Jj=

(G+r—s) j!
Son—Il—k+r—s,r—s)(n—1-k)!
n—Il—k+r—2s)!
n—l—k—i—r—s)

r—S

=(r—s)!
:Sg(n—l—k—i—r—s,r—s)/(

Case 2. Forr=s2>1, we get

e () ()

xn_l_k> = {1]2"""F) = 6.n_1—k = Okn—1-
Case 3. For s >r > 1, we have

a0 (42 ()=o) o) e

Therefore, by (2.56), (2.57), (2.58), (2.59) and (2.60), we obtain the following the-

orem.

Theorem 2.12. Let n > 0. Then we have

S e (D%
Z )\ ZZ n m—l—k+r—s\ k+r s (l’m)
m=0 l=m k= 0 )

><Sg(n—l—k—l—r—s,r—s)/\kHB,(:)}ﬁ,%)()\,w), ifr>s>1,

By (@)= A”Z{AmZ(?)Szu,m)B‘”}ﬂm( 2, fr=s>1

m=0 l=m

£ (SR ()7 s

l=m k=0
BB 80 (), ifs>r>1.

Remark. Let r > s > 1. Then we get
(2.61)

n n—lI
B () = Z {A m;nkzo( )( )81 (1,m) B B (8 )}Bﬁ,? (@).

For r = s > 1, we have

(2.62) B (N, ) = A" Z AT {E”: ( >S1 I,m) b(sll}B,(,f) (x).

m=0 l=m

If s > r > 1, then we note that
(2.63) BT (N =)

n n n—Iln—l—k n\ (n—l1
:/\"Z{)\_ml > Z (n(ll)(kfs)r)sl (1,m)

m=0
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X Sl(’I’L—l—k-‘rS—T,Z'-l—S—7“)52(2'4—8—7",8—7")/\_1[)S)} W ().
From (1.7) and (1.12), we get

(2.64) HLY () ~ ((ef__ m ) ,t) :

By (1.19), (1.20), (1.22) and (2.64), we have

(2.65) ﬂy(f) (A ) = Z Cn,er(rf) (zlp),
m=0

where

(2.66)

Cn,m

1 (6% log(1+At) _ ,LL/]. B M)S . .
_ 1 _ ()\log(l +>\t)> "

m! ()\ (e%log(1+)\t) _ 1) Jelos(14x) — 1)

B >\m(11—u)g: <7>Sl (L) N < (+x0% —p) ((1+A;> x"—l>
- ﬁ Xn: (7) S1(l,m) Al:z::) <n];l) I(cr) (A) < ((1 + At) u)s‘ x”*lfk> .

l=m

>

>f\>—‘

It is easy to show that

(2.67) < ((1 + )\t)% — M)S‘ x"_l_k>

From (2.66) and (2.16:;)), we have
(2.68)

Chm
‘wul—msg;n(?)& o AZHZ:)( ) 3 );0 <j> e
:)\ZZ S ()( b l) @Sl (L) N (=)™ 37 () (6N -

=m k=0 i=0
Therefore, by (2.65) and (2.68), we obtain the following theorem.

809 DAE SAN KIM et al 789-811



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

22 DAE SAN KIM AND TAEKYUN KIM

Theorem 2.13. For p € C with p # 1, n > 0, we have

B (A, )

S EEE () (s e

m=0 l=m k=0 i=0
< B ) IV, | HE ().

Remark. For n > 0, we have

HY (a|p)
n n—m n—I
1 n n—1 r T r
SRS () s s ) s
m=0 I1=0 k=m
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KOROBOV POLYNOMIALS OF THE SEVENTH KIND AND OF
THE EIGHTH KIND

DAE SAN KIM, TAEKYUN KIM, TOUFIK MANSOUR, AND JONG-JIN SEO

ABSTRACT. In this paper, we consider the Korobov polynomials of the seventh kind
and of the eighth kind. We present several explicit formulas and recurrence relations
for these polynomials. In addition, we establish connections between our polynomials
and several known families of polynomials.

1. INTRODUCTION

The degenerate Bernoulli polynomials are the degenerate version of Bernoulli polyno-
mials introduced by Calitz [3,4]. On the other hand, the Korobov polynomials of the
first kind are the first degenerate version of the Bernoulli polynomials of the second
kind, see [13,14].

In recent years, many researchers studied various kinds of degenerate versions of fam-
ilies polynomials like Bernoulli polynomials, Euler polynomials, falling factorial poly-
nomials, Bell polynomials and their variants, see [6-10] and references therein. Along
this line of research, we introduced in [8,9] four kinds of new degenerate versions of
Bernoulli polynomials of the second kind, called the Korobov polynomials of the third,
fourth, fifth, and sixzth kind.

Here, we will discuss two other degenerate versions of Bernoulli polynomials of the
second kind, namely, the Korobov polynomials of the seventh and eighth kind. We will
investigate some properties, explicit expressions, recurrence relations, and connections
with other families polynomials with the help of umbral calculus (see [10,15,16]). To
do that, we recall some families polynomials. The Bernoulli polynomials of the second
kind b, (z) are given by the generating function

(1.1) ; 117 =3 bo(a

log(1+t) =

For z =0, b, = b,(0) are called the Bernoulli numbers of the second kind. The Daehee
polynomials D,,(x) are defined by the generating function

log(1+t)
(1.2) () => Dy(x

n>0

2010 Mathematics Subject Classification. 05A19, 05A40, 11B83.
Key words and phrases. Korobov polynomials of the seventh kind and of the eighth kind, Umbral
calculus.
1

812 DAE SAN KIM et al 812-824



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

2 DAE SAN KIM, TAEKYUN KIM, TOUFIK MANSOUR, AND JONG-JIN SEO

When z = 0, D,, = D,(0) are called the Daehee numbers. The Krobov polynomials
K, (A, z) of the first kind are given by

At t"
(1.3) ma +1)* = ;Z%Knu,x)ﬁ

When z =0, K,(\) = K,(\,0) are called the Korobov numbers of the first kind. The
degenerate falling factorial polynomials (x), were defined in [7] by the generating
function

z 1+ -1 t"
(1.4) (14+ A3~ = Z(x)mm.
n>0

Clearly, limy_,o(2), » = (2),, the nth falling factorial polynomial. These polynomials
can be defined as (), ~ (1, f(¢)), where

2 + .\
15 ft) - <1 N loga—iA)) L ) 20 A+ N (1 +12 3
Note that we write s,(z) ~ (g(t), f(t)) if _,5q sn(® o = i (t)) f® where f(t) is the

compositional inverse of f(t), see [15,16]. The degenemte Stirling numbers of the first
kind S1(n,k | A), n > k > 0, were given in [7] by the generating function

(1.6) = (%) =S Sk N

n>k

k
so that, in the notation of umbral calculus, Si(n,k | \) = & <<%> ]1’”> Then,

it was shown in [7] that

(2)or = (M

k

) Si(n, k| N)a*

A
k=0
with
Si(n, k| X) = Si(n,m)Sa(m, k)A™ ",
m=k

where limy_,o.S1(n, k| A) = S1(n, k) is the Stirling number of the first kind.

Here, we introduce Korobov polynomials of the seventh kind K, 7(\, x) and of the eighth
kind K, (A, x), respectively given by

log(1 4+ At) @ (1+0)A -1 "
1.7 08T AN (14 ST K, 0 2) =,
(17) /\log(l—l—t)( AR ; l x)n'
log(1 + At)

e (14N —1 tn
<]'8) (1+>\)X( +; :ZKTL,B()‘ux)m

n>0

1+t —1
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When z = 0, K,,7(\) = K,7()\,0) and K, 5(\) = K,s(),0) are called the Korobov
numbers of the seventh kind and of the eighth kind, respectively. We observe that

. . log(l —+ )\t) 2z (140 =1

lim ——— (1 + )" =lim ———% (1 + A

Ay rurr G Mg Uy v s AUV A
. log(1+ At) 2 (145 =1 t
,\li%(l—l—t)k—l( AR log(l—i—t)( 17,

which implies that limy o K, (A, ) = limy_,0 K, 7(A, ) = limy_,o K, s(A, ) = by(x).
It is immediate to see that K, 7(\, z) and K, g(A, ) are Sheffer sequences (see [15,16])

. . o A . .
for the respective pairs (%,f@)) and <% f(t)), where f(t) is given

n (1.5). Thus, (1.7) and (1.8) can be presented as

Aog(1 + f(t)) f(t)) _ log (1 + 1og(1+)\)> 0|,

(1.9) Kn7(\,x) ~ <log(1 +Af()’ log(1+ Af(t))

(1L10)  Kns(h )~ ((1 /) = 1,f(t)> _ <10g<1°g““>( )),f(t)> |

log(1 + Af(t)) L+ Af(t

In the next two sections, we will use umbral calculus in order to study some properties,
explicit formulas, recurrence relations and identities about the Korobov polynomials
of the seventh kind and of the eighth kind. In last section, we present connections
between our polynomials and several known families of polynomials.

2. EXPLICIT EXPRESSIONS

In this section, we present several explicit formulas for the Korobov polynomials of the
seventh kind and of the eighth kind, namely K, 7(\, z) and K, g(\, z).

Theorem 2.1. For alln > 0,

R = 37 (1) 0 k0
n n n—~{
:ZZZ_ (72) (n;€>bgg\l—+)‘)gl(g KN bm Do g A"~ E.
Kosho) = 3% (Z) m&ﬂ&(f N Ko\

n n n—~{
—/\1 1
_ n\ (n — £\ log"( +)\)Sl(€ EIN) Ko (AN Dy A" E.
12 m Ak
k=0 =k m=0

Proof. We proceed the proof by using the conjugation representation for Sheffer se-

quences (see [15,16]): s, (z) = 321 75{g(f (1))~ f(1)"|a")a*, for any s,.(z) ~ (g(t), f(t)).
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Thus, by (1.9), we have

n o ook A 1\k
Kﬂ@ﬂﬁ:§:%<lgO+AﬂlgO+Aﬂﬂ+ﬂ Ukﬁ>ﬁ
k=0

— Mog(1 +t) A2k
_ i logh(1 4+ \) /log(l + \t) |((1 O =D LN
k Mog(1+1) JINF ’

which, by (1.6) and (1.7), implies

"L logF(1+\) / log(1+ At) t .
Knz( A\ x) = kN ="

k=0

(2.1) _ ZZ < )M&(e K\ <M|x“> o

prr iyt Alog(1 + 1)

_ Z <Z> bg(;—J”\)Sl(ﬁ kN Ko7 (A)z®

Kon(\ ) Z”:Z <Z> log" ( Sl(e K <10g(1)\;|— )\t)’ t+t)xn_é> o

log(1
which, by (1.1) and (1.2), we obtain

Kn?()\ ZE)
n\ log"(1 4+ A lo + At)
_l;;(g)—g >51(£ k|)\)<—g()\ |mz>:0b . f>x’f

~

n n n—

=2

k=0 ¢

(]

(TD (nﬂ—1 e) log" <A1 N (0 A, <10g(1/\: ML) lxngm> "

() o)+

3>0

A
()2 0
k=0 {=k m=0

k

[e=]

s 3

3 |l

l=k

o

- 1M
(]

s 3

n

which completes the proof of formulas for k, 7(\, z).

Now let us deal with the case K, g(\, z). Similarly, by using the conjugation represen-
tation for Sheffer sequences, (1.10) and (1.6), we obtain

(22) Ko =YY (Z) log(;—“)sl@ kI\) <W| n- f>x

- % (Z> log(;——i_/\)‘gl(g kI Kp—gs(X)z".

i
[e=]
~
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On the other hand, by (2.2), we have

log*( 1+)\ log(1 4+ At At e
Kns(A2) = ZZ( )Sl(g k|A)< ()\t )|(1+t)k—1x £>xk’
2

k=0 (=Fk
which, by (1.3) and (1.2), we obtain
Kn,8(>\ I)
log™(1 + A log(1 + At) tm

:ZZ( )—)Sl(é k:|>\)<()\—|ZK ) " Z>xk

: : m>0 ’

n n n—{

log™(1 4+ A log(L+ M), v

=SS () (") sk (A )

k=0 ¢=k m=0

N Zn: HZZ (Z) (”n; g) l‘)g&l—“)sl(e FIN) Ko (\) Dy NPk,

k=0 =k m=0
which completes the proof. 0

Now, we express our polynomials in terms of the degenerate falling factorial polyno-
mials.

Theorem 2.2. For alln > 0,
¢

L

Kns(\z) = L (e) <m

Proof. By (1.9), we have

log(1 4+ At) YL log(1 + At) PRED L

which, by (1.4), implies

log(1 + At) " /n log(1+At), ,._,
K — = ol 20® )
n,7()\ay> <)\10g 1—|—t ‘Z e’\gl > Z (f) (y)e”\<)\log(1+t)‘$

=0

n7)\$

3
Il
=)

:IIM

~

N
3

(n; e) )\n—f—me()\)Dn_g_m> ()er.

I
=)

Therefore, by (2.1), we obtain

Koz(Ay) i ( > <”Z‘ < )Angmmenem> (¥)er,

=0 =0
which completes the proof for K, 7(\, y).

By using similar arguments as above together with (1.10) and (1.4), we obtain

a0 ) = 32 () { L sy

=0
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Therefore, by (2.2) and (2.3), we have

s =3 (Z)( (" e, <A>Dn_e_m) e

which completes the proof. 0

In the next theorem, we find explicit formulas for the coefficient of 27 in K, 7(\, z) and
ng()\, ZE) .

Theorem 2.3. For alln >0 and s =17,8,
K, s\ x)

B An < n : zk: i (—1f)!fm (Ti) (k) (ml/\)k—jlog(i—J”\)Sl(n k|)\)Kés(,\)) oI

J

Proof. By (1.4) and (1.9), we have

Aogl 3 7(0) i LSl .
fos(1 A f(0) T = (Phna =3 TG KA ~ (1, 7(0)
Thus,
N logf(1 4 log(1 + Af(#))
Kn7(\z) = kz:% M\ Sl(n’k|/\))\log(1 n f(t))xk
n k o k i
k=0 (=0 !
Note that
oy »
UOEEDY (m)( 1™ (14 A2/ log(1 + )™ 2
¢k
=22 (,f)< D (mIA); (A log(1 + V) (k)
Therefore,
Kn,7()\,x)

B iii(—l)“m(mmk_ﬁgj(;—f” Si(n k|A)Ke£(A)(£L)(@>Ij

J

pp DL (AT ( IR kme(A)) g

k=7 £=0 m=0
By (1.4) and (1.10), we have
1+ f)Nr—1 B = logh (14 )
loa(1 + AF(@) e ) = @ha = 3 5= Sl KN ~ (1 7(E).
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Thus, by using the above arguments, we obtain

Kn 8(/\ J])

“E(EEL () (o s man)

k=35 ¢=0 m=0

which completes the proof. O

In the next theorem, we express Korobov polynomials of seventh and eighth kinds in
terms of Korobov polynomials of fifth and sixth kinds.

Theorem 2.4. For alln >0 and s =17,8,

n

n
Kn,s()\wr) = Z <€)Dn€>\n£K£,52()\, .T))

=0

Proof. Recall that Korobov polynomials of the fifth kind (see [9]) is given by

z (145> -1 t
L+N5 > =) K5\ 2)—.

n>0

log(1 +t)
So, by (1.7), we have

1 1 )\t t y 1+ =1
Koz(Ay) <Og ; (L+0F5 “ﬁ>

At log(l +t)

(s (252)

which, by (1.2), implies K, 7(A\, y) = >, (E)Kg,g)()\, Y) Dy A"
Recall that Korobov polynomials of the sixth kind (see [9]) is defined by

Y e (1+t) -1 t"
A A = > Kusha) .
(1+t)*—1 =

Similarly, by (1.2) and (1.8), we obtain K,s(X,y) = >y (7) Kes(A,y)Dpe X", as
claimed. 0

In the next theorem, we express our polynomials K, 7(A\, x) and K, g(A, z) in terms

of degenerate Bernoulli numbers Bén)()\) of order n, which are given by the generating
function

(2.5) (1 +)\t /A _ Zﬁf

>0

Theorem 2.5. For alln >1 and s = 17,8,

n n k L -1 L—m (n—1\ (¢ k o j A

818 DAE SAN KIM et al 812-824
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Proof. It is not hard to see that M ~ (1,At/log(1 4+ A)). Thus, by (1.9), we
have

bY; n n n
Mog(1+ /() o\ ( LERY ) alog"(1+ Nz
" 1

log(1 4+ Af(t)) (1+ A2t/ log(1 + \))/> — A"

B log"(l + /\)x r " ‘ 1
= v (1 n )\T)I/A 1 r=Xt/log(14+\) y

which, by (2.5), implies

Mog(1 4+ f(t)) log" (1 +A) 1 At kx"’1
og(1 1 a0 mrAe) = gﬁk <log(1 n A))

-5 (" o (Y ”)H o

=3 (374 e (R Yt

On the other hand, by (2.4), we have

los(1+ A /(1)
Alog(1 + f(t))

Sy sy Kl () () 0o

J log" (1 + \)

ol

Therefore, the polynomials K, 7(\, z) is given by

i (iii (g‘ ) )( ) MmNk (w) ‘/Bn )k()\)KM(,\)) .

j=0 \k=j £=0 m=0

By using similar argument as above with using (1.10), we obtain the formula for the nth
Korobov polynomial &, g(A, z) of the eighth kind (we leave the details for the interested
reader). O

3. RECURRENCES

In this section, we present several recurrences for the Korobov polynomials of the
seventh kind and of the eighth kind. Note that, by (1.9), (1.10) and the fact that
(@)nx ~ (1, f(t)), we obtain K, a(\,x +y) => " (?)Kj,d()\,x)(y)n_%,\, ford =7,8.

Proposition 3.1. For alln >1 and s = 7,8,
K, s\ x) +nk,_1 s\ )

Z (ZZ( >< > HA)kmlogmi#Sl(é k| A\ K MA)) ™.

k=m (=k

819 DAE SAN KIM et al 812-824



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

KOROBOV POLYNOMIALS OF THE SEVENTH KIND AND OF THE EIGHTH KIND

Proof. 1t is well-known that if s,,(x) ~ (g(¢), f(¢)), then we have f(t)s,(z) = ns,_1(z)

1
(see [15,16]). Thus, by (1.9) and (1.10), we obtain ((1 + 10g/(\12+>\)> g 1) K,s(\z)=

1
nK, 15\, x), which implies K, (A, z) + nK, 1.\, z) = <1 4 A% )A Ko\ z).

log(1+\)
By Theorem 2.1 we have

Kps(A\z)+nK,_1 s\ )

-3 () O (14 )

k=0 {=k

_ZZZ< )Mgl(g KN K s (A )(1|)\)m%xkz

k=0 {=k m

S (M) (B) Y s ket
- i (i i (Z) (Z)(llk)kmwsl(e kN K, M(A)) 2"

m=0 \k=m (=k

which completes the proof. O

In the next result, we express
K, s(\, ), respectively.

LK, 7(\ z) and LK, 5(\, z) in terms of K, 7(), z) and

Proposition 3.2. For alln >0 and s = 7,8,

d log(14 \) «= (n
%Kn,s(/\w’p) = T i (/\)n_gKgVS(/\,CL’).

I

Proof. Note that s, (z) = i () (f(@®)]|z")se(x), for all sn(x) ~ (g(t), f(t)), see
[15,16]. So, for s,(z) = K, (A, ), it remains to compute A = (f(¢)|z"~*). By (1.9)
and (1.10), we have A = log(;;r)\)<zj21( ); ],| vt = log(x\%’\)()\)n_g, which completes
the proof. O

Theorem 3.3. For alln >1 and s =17,8,

rlog(l + ) «

1
n—1
Kn,s<)\7 (L’) = ( / ) (/\ - ]-)n—l—ZKZ,s()\J I)
0

>

=

n 4
1
+EZZ (rg) (n—0)p_r—mus(€,m),
where

ur(0) = be {(=0)""7" (@) = (1) T K (A @) }

wslf) = Ke) { (Ao = (2L ah)}.

n—~¢—m
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Proof. Since the similarity between K, 7(\, z) and K, (X, x) (see (1.9) and (1.10)), we
omit the proof of the case K, s(\, z) and give only the details of the case K, 7(\, x).
By (1.9), we have

d (log(l+ At) y 0t -1 1
1 Ko-(y) = (& (s +AY oy 1N A4 B
(3 ) n,7( 7y> <dt ()\log(l t)( )A A ) |l' )

/[ d log(14+-Xt y% n—1 log(1+At) d y(1+t) n—1
where B = <E,\1gog(1+t (14 X)> | >andA </\lgog(l+t)dt(1+)\) |a: >

First, we compute the term B.

log(1 + At) %log(qu/\) A-1y, n—1
B = <MO< )( + )% (L) e
~ ylog(1+A) /log(1+ At) z s A=1,n-1
= X )\log(1+t)(1+>\) |(1+t)
_ ylog(1+X)

n—1
n—1 log(1 4+ At) pasr-r o,
A—=1)p( ————=(1+ A "
) 0( ()0 Frgrrgt - v

2
_ ylog(l+2) nz—i (n 2 1) A=1)e K 1-07(Ny)
2

A

log(1+ \) w—= /n—1
=0

Now, we compute the first term A,

t 1 1 log(1 + At) . , 1+t) »
<log(1+t) {1+>\t Mog gt A “z

:%<{ 1 _log(+)\t)<1+t)_1}<1+)\)y<1+t>‘ ' )xn>

1+ Xt Alog(l+t log(1+1t

)
1 1 log(1 + At) . IEDLEY
_5<{1+At_mog(1+t)<1+t) }(HA |Zb’f. >

>0

Note that = i\of)(glgi?) (1 +t)~! has order at least one. Thus,

1l (n st 1,
A_EZ<€)Z)Z{<(1+)\)A A v >

log(1 + At) yasr-1 1,
—(———=(1+ A "
<)\10g(1+t)( AR ’1—|—t$
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which implies

A:lz;gjCDm&—MWn—@Mwwﬁmww—an—@wn4wﬂmw}

Hence, by substituting the expressions of A and B in (3.1), we complete the proof. [

4. CONNECTIONS WITH FAMILIES OF POLYNOMIALS

In this section, we present some examples on the connections with families of poly-
nomials. To do that, we recall for any two Sheffer sequences s, (z) ~ (g(t), f(t)) and
ro(z) ~ (h(t),£(t)), we have that s,(x) =>" _ Cpmrm(x), where (see [15,16])

LTI
m Com = g (E 00",

We start with the connection to Bernoulli polynomials BY () of order s. Recall that
the Bernoulli polynomials B (z) of order s are defined by the generating function

(et 1) Zn>OB ( ) o equivalently,

(4.2) BY(z) ~ ((et - 1)8 ,t)

(see [2,5,15]). In the next result, we express our polynomials in terms of Bernoulli
polynomials of order s.

Theorem 4.1. Let d =7,8. For alln >0, K, 4\, z) =>7_, Cn,mB,(qf)(a:), where
o ker) log"™t™(1 + \)

Kgd()\)SQ(k’—f—S,S) Ak—&-m

k+8 Si(n — €,k + m|X).

=0 k=0 s

Proof. Since the similarity between K, 7(A, z) and K, (), x) (see (1.9) and (1.10)), we
omit the proof of the case K, s(\, z) and give only the details of the case K, 7(\, ).

Let Kpr(A2) = 32" o Con BY (). So, by (1.9) and (4.2), we have

1 /(e — 1) log(1 + M) .
C"””__< P MosA i) (t)|‘”>

. 1 (ef(t)_]_)s - 10g(1—|—/\t) §
T oml Tf (ﬂ‘mx>
ef
:% (f# ZKZY >
>0
- (s : Ssﬂmwxw
_m!;(ﬁ)m’m< !];52(% , )(HS)!I €>.
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Crm = ;_'u ’g”‘fm (Tg) Ke7(A)S2(k + 5, 5) <{]:TS>' yw>

(=0 k=0
n—mn—~—f—m ket \ .
sl n log" ™™ (1 +A) /(1 + ) = D)ktm -,
~om! (5) RezN)5a(k + 5, 5) (k + s)I\ktm < \e+m B
=0 k=0
sl nomntom g, (NS (k log"™™(1 4 \) I 5 m \
T oml ¢ ) Ber(N)Sa +S73>W( +m)lSi(n— €,k + mlN).
=0 k=0
Therefore,
n—mn—_L—m (n\ (k+m ktm
m log"™™™ (1 + A
Cnm = Z %Kfﬁ()‘)*g?(k*&s)%&(n—E,k:+m|)\),
=0 k=0 s
as required. O

Similar techniques as in the proof of the previous theorem, we can express our poly-
nomials K, 7(\, z), K, g(A, ) in terms of other families. Below we present two ex-
amples, where we leave the proofs to the interested reader. In the first example,
we express our polynomials in terms of Frobenius-Euler polynomials. Note that the

Frobenius-Euler polynomials H,ss)(:c] ) of order s are defined by the generating function

(;—_%) e =3 50 H,(f)(:cm)%,(u £ 1), or equivalently, H\ (z|u) ~ ((f—_‘ﬁ) ,t>
(see [1,11,12]).

Theorem 4.2. For alln >0 and d="17,8, K,q.\,xz)=> " _,C mHy(,f)(xm), where

m=0 n,

o S R () () Togd (1 4+ A . )

For what follows, we define the associated sequence for 1 — (1 + A*t/log(1 + \))~'/*,
namely (z)™*. Thus,

(2)™) ~ (1,1 — (14 X%/ log(1 4+ A))~A).

Recall here that (x), ~ (1,e! — 1), (2)™ ~ (1,1 —e7?), (2)nn ~ (1, (1 + N2t/ log(1 +
AYA — 1) and (1 + X*t/log(1 + A)Y* =1 — et — 1, as A — 0. Now, we ready to
present our second example.

Theorem 4.3. For alln >0 and d = 7,8, K,q(\, 1) = 3" _ Cp(2)™N | where

m=0

Crom = Zn:(—n”—f—m (Z) ("Wfb 5) (n—1 = O)n_g-mKea(N).

=0
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1. Introduction

Euler numbers and polynomials possess many interesting properties and arising in many areas
of mathematics, mathematical physics and statistical physics. Many mathematicians have studied
in the area of the ¢- extension of Euler numbers and polynomials(see [1, 2, 3, 5, 6, 7, 8, 9, 11,
13]). Recently, Y. Hu studied several identities of symmetry for Carlitz’s g-Bernoulli numbers and
polynomials in complex field(see [3]). D. Kim et al.[4] derived some identities of symmetry for
(h, q)-extension of higher-order Euler numbers and polynomials. D. V. Dolgy et al.[2] derived some
identities of symmetry for higher-order generalized g-Euler polynomials. In this paper, we establish
some interesting symmetric identities for twisted g-Fuler polynomials of higher order in complex
field. The purpose of this paper is to present a systemic study of the twisted ¢-Euler numbers and
polynomials of higher-order by using the multiple g-Euler zeta function. Throughout this paper, the
notations N, Z,R, and C denote the sets of positive integers, integers, real numbers, and complex
numbers, respectively, and Z; := N U {0}. We assume that ¢ € C with |¢| < 1. Throughout this

paper we use the notation:
xr

1—¢g
[.%']q— 1_q

Note that lim,;[z] = 2. Let £ be the p™-th root of unity(see [10, 12, 13]).
In [5], T. Kim introduced the multiple ¢-Euler zeta function which interpolates higher-order

(ct. [1, 2,3, 5]) .

g-Euler polynomials at negative integers as follows:

. > (_1)2?:1”%‘612}7:1”%
Gurlss2) =2y 3 [y + -+ m, + a3’

my,-- ,m,y=0

(1)

where s € C and z € R, with x #0,—-1,-2,....

Recently, D. V. Dolgy et al.[2] considered some symmetric identities for higher-order generalized
g-Euler polynomials. The Euler polynomials of order r € N attached to x are also defined by the
generating function:

d—1 r 0o
x(D)(=1)tel Dy - (r) (AP
(22 edt 1 - Z()Em,x($)m~ (2)
1= m=

When 2 = 0, ET(LT; = Ey(,ri(O) are called the Euler numbers Ey(fg( attached to x(see [2, 4]).
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For h € Z,a,k € N, and n € Z,, we introduced the higher order twisted g-Euler polynomials
with weight « as follows(see [7]):

alx

30 Y q
Eyge(klz) = 1 _ q ) lz: ( > (14 eqol+h) . (1 4 gqolth=k+1)

In the special case, x = 0, E,(Laq)w(km) = E‘r(laq)w(k) are called the higher-order twisted g-Euler
numbers with weight a.
We consider the higher order g-Euler polynomials of order r attached to x twisted by ramified

roots of unity as follows(see [10]):

o m o
S ey =2 3 (oo ([Txtm ) B
n=0 ’ mi,...,m=0

In the special case z = 0, the sequence Ey(:gc,aq(()) = Ey(fgcgq are called the n-th ¢-Euler numbers of
order r attached to x twisted by ramified roots of unity.
As is well known, the higher-order twisted g-Euler polynomials E(’g’ () are defined by the

following generating function to be

ﬁq(f?(t,x) _ [2]k Z (_1)m1+~--+mk€m1+~~+mke[nll+~~~+mk+m]qt
my,- ,mEp=0 (3)

where k € N. When z = 0, Ey(f;5 = E,S’fZ,,E(o) are called the higher-order twisted g-Euler numbers
Eﬁf&a Observe that if ¢ — 1, — 1, then ET(L%E — B and Eﬁfgg( ) — EY 2(( ).
By using (3) and Cauchy product, we have

n
N\ gz (K n—
£t = Y (3 ) Bl
l
= (qutg{C) + [7]g)",

with the usual convention about replacing (Eékg) )™ by E,(lkgg

By using complex integral and (3), we can also obtain the multiple twisted ¢-I-function as
follows: ) -
k _ (k 5—1
1(5:2) = 1y / FO) (—t, )6t
e R ®
= q [ml++mk+l‘]g’

my,- ,mEp=0
where s € C and = € R, with « #£ 0,—-1,-2,....

By using Cauchy residue theorem, the value of multiple twisted ¢-I-function at negative integers

is given explicitly by the following theorem:
Theorem 1. Let k € N and n € Z,. We obtain

k k
léﬁ)(—n,x) E® ().

n,q,&

The purpose of this paper is to obtain some interesting identities of the power sums and

the higher-order twisted ¢-Euler polynomials Eﬁbkge(x) using the symmetric properties for multiple
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twisted g-I-function. In this paper, if we take ¢ = 1 in all equations of this article, then [2] are the
special case of our results.

2. Symmetry identities for multiple twisted ¢-I-function

In this section, by using the similar method of [2, 3, 4], expect for obvious modifications, we
investigate some symmetric identities for higher-order twisted g-Euler polynomials Er(l]f;,s (x). We
assume that & be the p"V-th root of unity. Let wy,ws € Nwithw; =1 (mod 2), wy =1 (mod 2). For
heZ,k e Nand n € Z,, we obtain certain symmetry identities for multiple twisted g-l-function.

Observe that [yl = [z],,[y]q for any 2,y € C. In (5), we derive next result by substitute
wWo X + Z—j(jl + -+ + ji) for  in and replace ¢ and € by ¢** and £, respectively.

k) wy . _
l(w1 cwr (8, w2 + w—2(31 N
1

[2}’;w1

oo

(_1)2?:1 mj cw1 S my

wa . . \1s
=0 [+ - g+ wax + w—(yl + o )G
1

> ()T S
B My, mE=0 [wl(ml + oo+ mg) Fwiwex + we(j1 4 -+ Jk) 8
w1 1
- i (_1)2?:1m15w1 Xioimy
= - [w1(m1 + -+ mg) +wiwex + wa(jy 4 - - - +jk)]2
[walg
[w1] i (71)22.:1 mj g Siimg
= |wq : .
qm1 e mp=0 [wi(my + -+ +my) + wiwex + wa(j1 + - +]k)]f1 ©)
qm1 =05y =0 [wi(my + - -+ 4 my) + wiwer + wa(ji + -+ + Ji)]3
e <] wa—1
= [wi]g Z Z (,1)Z§:1(dw2mj+i_,-)
my, ymp=0141," ,ix=0
x gt Z;c:l(d“@m.?""ij)
. _ . . .
X ([wy (dwamy +i1) + -+ - + wy (dwemy, + ix) + wiwox + wa(j1 + - - Jr]k)]f])
wo—1 .
ST YD S R
mi, ,mp=0711,,ip=0
X 5dw1w2 >im1 Mg w1 25 i
x ([wrwa (@ + dmy + -+ dmy) +wi(in + - k) Fwa(r -+ 5k)lg)
Thus, from (6), we can derive the following equation.
[wa]s "= P P
1 > Jigw2 S
2 2. D
J12dk=0
k wy , . .
X lflw)l cun (8, waw + w—l(h Fo )
waz—1 wi—1 (7)

= [wl]g[wﬂq Z Z Z Zz L+ +my)

my, =011, i =0j1,,jr=0

Ed“’1w2 Ez=1 mi w1 Ez=1 ’l5w2 El:l Ji

. . ) sy —1
X ([wiwa(z + dmy + -+ + dmy) + wi(in + - + i) + wa(ji + -+ 4r)]3)
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By using the same method as (7), we have

il & S S
i S (petasen st
A N

(k)

wy ‘
X lguiy cws (8, w17 + w*;(h + o+ k)

wo—1 wi—1 (8)

= [wl];[u@] Z Z Z Zz 1 Grti+my)

ma,smEp=0 g1, jr=0141,,ix=0

% Edwlwz Sk mi w2 SE i w1 K

. . . ey —1
X ([wywa(z + dmy + - 4 dmy) + w1 (1 + - + Jr) + w2lin + -+ +ix)]])

Therefore, by (7) and (8), we have the following theorem.

Theorem 2. Let wy,wy € N with w; =1 (mod 2), wy =1 (mod 2). For h € Z , we obtain

wlfl

s E o w ko (k w . .
a2 > (C1)Thaigwe Shaa®) (SMHJ(]IJF...H,C))
Ji, s Jk=0
'w2—1 w (9)
=Pl 30 (FFR e TN, . (s’w+u,;<j1+...+jk>)
J1s s Jk=

By (9) and Theorem 1, we obtain the following theorem.

Theorem 3. Let wy,ws € N with w; =1 (mod 2), we =1 (mod 2). For h € Z,k € N and
n € Z,, we obtain

wlfl
S w w . .
[w2]kq[2]l;w2 Z (-1 )Zz 1w 07 1]1E(k?;w176w1 (w2x+uj(jl +"'+]k:))
JiyeJe=0
wz—l & & w (10)
= [wl]lslp]];wl Z (7]_)21':1 Jigwt > JlET(f;wQ’sz (w1x + wil(‘h 4+ - +]k)> .
Ji,5gk=0

From (4), we note that

E) (@ +y) = (@"VEL)  + [z +yly)"

n,q,€ n,q,e

=3 (e e .

with the usual convention about replacing (Eékg) )" by Eﬁl,g,g.
By (11), we have

wyp—1
w2 , . .
Z (-1 )Ez Vitgw2 S G k)wl - (ng—f— ﬁ(]l .. +]Ic)>
Ji,Jk=0
w1 1
= Z (—1) St d1gw2 Xisy i
Jis k=0
n n w . . n—i
3 (7 )0 B ) [ 22+ 4 ) (12)
i=0 qvt
wy—1
— Z (— )Zz Vitgw2 Sy
Ji, k=0

%

n n wa(n—1 k w . .
X Z < ) 2( Zl 1J1E7S,7)z ,q?1 ,ewl (UJQZ') |:/wi(]1 + .. +.]k):|

w
= q 1
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Hence we have the following theorem.

Theorem 4. Let wy,ws € N with w; =1 (mod 2), wy =1 (mod 2). For k e Nand n € Z,
we obtain

Z Ez 1 szl 1JLE k)W175w1 (w2x+ 32(]14_4_]]6))
1

n wlfl
Z < ) ] ZE'r(L )'L ,qW1 el (wa) Z (_I)Zf:1 Jl€w2 Z?:l & [.]1 T + jk]zquﬂ

i=0 JiseeJe=0
For each integer n > 0, let

w—1

Silgew) = D7 ()ZITi iy ],
Jiye 5 Je=0

The above sum Sfl Z) a0 .(w) is called the alternating ¢g-power sums.

By Theorem 4, we have

w1—1
wa , . .
[2]§w2 [wl]g Z ( )Zl 1jl€w2 Zz 1']ZE(k)wl LEWL <'UJ2:E + wa(Jl + M +]k))
njlw“,jk:U ! (13)
n n—1i k k)
= 25 3 (el ol B g s (0005 g s (0)

=0

By using the same method as in (13), we have

’u}g—l
wy , . .
2l fwaly Y (F1)Emdem gL, L, (w1x+w;(31+~-~+yk))
Ji, k=0 (14)
. n n—u
= 25 Y () [l fwal B, e s (1)) gun 2 (w2)

=0

Therefore, by (13) and (14) and Theorem 3, we have the following theorem.

Theorem 5. Let wy,wy € N with wy =1 (mod 2), wy =1 (mod 2). For k € Nand n € Z,
we obtain .
n n—i p(k k
2 D (1) g™ B, g s (000)S g 1)

=0
n

n n—i k k
= 25 3 ()l ol B, g s (0125 g s (02).

i=0

By Theorem 5, we obtain the interesting symmetric identity for the higher-order twisted ¢g-Euler
numbers Eyfg,s in complex field.

Corollary 6. Let wy,ws € N with wy =1 (mod 2), wy =1 (mod 2). For k€ Nand n € Z,
we obtain

; — (n n—i o(k)
2 S () ol S e (0 B, s

=0

— (n i n—i ok k
=25 3 ()l S e s (0L,
=0
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UMBRAL CALCULUS ASSOCIATED WITH NEW DEGENERATE
BERNOULLI POLYNOMIALS

DAE SAN KIM, TAEKYUN KIM, AND JONG-JIN SEO

ABSTRACT. In this paper, we introduce new degenerate Bernoulli polynomi-
als which are derived from umbral calculus and investigate some interesting
properties of those polynomials.

1. INTRODUCTION

The Bernoulli polynomials are defined by the generating function

(L.1) - L e =3 By (2) g (see [114]) .
n=0 '

When = = 0, B,, = B, (0) are called the ordinary Bernoulli numbers. From (1.1),
we note that

(1.2) B, (z) = Z (7) Biz"7!, (n>0), (see [13]).
1=0
Thus, by (1.2), we get
(1.3) d B, () =nBp_1(z), (neN).

dzx
In [2], L. Carlitz introduced the degenerate Bernoulli polynomials which are
given by the generating function

2 tn
——————— A4+ x)* =) Bu(z|N)—.
(1+A)> —1 ; n!

When z =0, 3, (0] A) = 8, (\) are called Carlitz’s degenerate Bernoulli num-
bers (see [2]).

Thus, by (1.4), we get

(1.4)

" /n
(15) BN =3 ()W @ N @0,
1=0
where (z | A), =z (x—A)---(x — A(n—1)).
Let C be the field of complex numbers and let F be the set of all formal power
series in the variable ¢ over C with

o k
]-'—{f(t)—ZakZ' akG(C}.
k=0 ’

2010 Mathematics Subject Classification. 11B83, 11B75, 05A19, 05A40.
Key words and phrases. Degenerate Bernoulli polynomial, Higher-order degenerate Bernoulli
polynomial, Umbral calculus.
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Let P = C [z] and P* denotes the vector space of all linear functionals on P. The
action of the linear functional L € P* on a polynomial p (z) is denoted by (L|p (x)),
and linearly extended as (¢cL + ¢'L'|p(x)) = ¢{L|p(z))+c (L'|p(x)), where ¢ and

¢ eC.
For f(t) =7, ak% € F, we define a linear functional on P by setting
(1.6) (f@®)]z") = an

for all n > 0, (see [1, 5, 13]).

Thus, by (1.6), we get
(1.7) <tk| ")y =nlbpp, (nk>0), (see[7,13]),
where 6, is the Kronecker’s symbol.

Let fr (t) = Y oo (L] 2*) tk—k, Then we have ( f, (t)] ™) = (L] z™) (n > 0). The
mapping L — fr, (t) is a vector space isomorphism from P* onto F. Henceforth,
F will denote both the algebra of formal power series in ¢ and the vector space of
all linear functionals on P, and so an element f (¢) of F will be thought of as both
a formal power seires and a linear functional. We shall call F the umbral algebra.
The umbral calculus is the study of umbral algebra and can be also desribed as a
systematic study of the class of Sheffer sequences. The order o (f) of the non-zero
power series f (t) is the smallest integer k for which the coefficient of t* does not
vanish (see [12, 13]).

For f (t),g(t) € F with o(f) =1 and o (g) = 0, there exists a unique sequence
$n () of polynomials such that

(g F O 50 (@) = nlbns,  (n,k20).

The sequence s, () is called the Sheffer sequence for (g (¢), f (¢t)) which is de-

noted by s, (x) ~ (g (t), f (t))(see [10, 13]).
Let f(t) € F and p(x) € P. Then by (1.7), we get

(1.8) (e"|p(2)=py), (FOgDIp@)=(g@)f{t)p()),

and
[eS) k 0 .’L'k

19 FO=3 (SOl G p@) =D (Flp@) T (see [13])
k=0 k=0

By (1.9), we easily get
(1.10) P (0) = (] p (@) = (11" (@), (k=0),

where p(*) (0) denotes the k-th derivative of p (x) with respect to x at x = 0.
From (1.10), we have

(1.11) thp (a) = p® (a).
n [13], it is known that

(L12)  sa(@)~(9(0),F (1) = —— ))ewf“’=an<x>t
=0

where f (t) is the compositional inverse of f (¢) such that f (f (¢)) = f (f (t)) = ¢.
From (1.7), we can easily derive

(1.13) eY'p(x) =p(r+y), wherep(zr)eP=C]lz].
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For p (z) € P, we have

(72 p@) = [rean (1@l @) = @5 Ol ).
Let f1 (¢), f2(t),..., fm (t) € F. Then we have
(L14) (AL S O]2") =3 (

11y---3tm

n

> (fr@fa™) - (fm (B 2")

where the sum is over all nonnegative integers i1, ..., %, such that i1 +-- -+, = n.

In this paper, we introduce new degenerate Bernoulli polynomials which are
different Carlitz’s degenerate Bernoulli polynomials and investigate some interesting
properties of those polynomials.

2. UMBRAL CALCULUS AND DEGENERATE BERNOULLI POLYNOMIALS

From (1.1) and (1.13), we have

(2.1) B, (z) ~ ( ,t> . (n>0).

Now, we introduce the new degenerate Bernoulli polynomials which are derived
from Sheffer sequence as follows:

et —1
t

1
1+ X)X —1
From (1.12) and (2.2), we have
> " t
(2.3) NGy P S——_
nz:% Tl 1y 1
When z =0, 8, = 0, (0) are called the degenerate Bernoulli numbers.
Note that
(2.4) i lim By x (2) & = lim —— L at
: =30 AN T 350 1+ )% — 1
_ t xt
et —1
o0 tn
=> By (x) -
n=0 ’
Thus, by (2.4), we get
(2.5) lim 3, x (z) = By (z), (n>0).
A—0
From (2.3), we have
(2~6) Z IBn,A (95) E = ZBME Z Hf
n=0 =0 m=0
= <Z <l>5l *”nl> ~
n=0 \I[=0
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Thus, by (2.6), we get

B () = i <7) Biaz"l,  (n>0),

and
(27) %Bm)\ (l’) = Z 7) 517)\ (n — l) I”*lfl
=1
n—1
=n (n ; 1) Bzt
1=0
= n/Bn—l,)\ (.13) .
From (1.11) and (2.3), we have
and
(2.9 Bor (@) = LB () = nfin (), (02 1),
Thus, by (2.8) and (2.9), we get
T4y
(2.10) / B (u) du
1
e {Brt1a (@ +y) = By (2)}
t_
- ¢ n ! n,A\ (.13)
= ]; Htkflﬂn A (z)
From (2.9), we have
(2.11) o @) =t { a0}
Thus, by (2.11), we get
t_
(2.12) < ¢ ; ! ’ B (:c)> = <eyt —1| %ﬂﬁrﬂrl,)\ (:v)>

Y

= B (u) du.
0

Therefore, by (2.12), we obtain the following theorem.

Theorem 1. Forn > 0, we have

<eytt_ 1‘&“’\ (m)> = /Oy B (u) du.

834
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For r € N, the degenerate Bernoulli polynomials of order r are defined by the
generating function

v _ ") (
(213) <(1+/\t)i —1) Zﬂ

When z = 0, ,BT(LT; = ,BT(LT; (0) are called the higher order degenerate Bernoulli
numbers. ’ ’

Indeed, limy_,o 3, (r) A (@) = B (x), where B (x) are the higher-order Bernoulli
polynomials which are defined by the generating function

t \" > t
(551) =L@y
ot —
n=0

From (2.13), we have

. (N () e
(2.14) B (@ )=;<Z)ﬁ§,£w ", (020,
and
(2.15) 4 g <x>=i "B (n— 1y an
dx n,A e l LA
-1
_"Z( z ) (1) -1
1=0
=nB) A (@), (n=1)
By (2.8) and (2.13), we easily get
(r) _ n
L1+ +lr=n

Thus, by (2.14) and (2.16), we see that Bffl (x) is a monic polynomial of degree
n with coefficients in Q (\).
From (2.14) and (2.15), we can derive

vy r 1 r r
R 2 (80 a @+ 0) =800 @)}

150 ().

If s, (z) ~ (g(t),t), then s, (z) is called an Appell sequence.
From (1.12) and (2.13), we have

(2.18) B (z) ~ ((%) ,t) , (n>0).

Thus, by (2.18), we note that ﬁy; (z) is the Appell sequence for (W) .
From (2.18), we have

(2.19) (MH> B (@) ~ (L), 2"~ (L), (n>0).

t
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Thus, by (2.19), we get

(2.20) o= (“*”ﬁ”) @), (n20),

We observe that

21) (““?—1)

_1 (5 log(1+A8) _ 1)’“

tT
_, (log (14 At))!
:lT'ZSQ I+rr)\~ (+r)___ - _ Z Sy (n,l+7) )\ntn
(l+r
=0 n=Il+r
:lT'ZSQ l+rr)\~ (H’")Z;S'l n+rl+r)£t"+r
- (n+r)!
(oo} n - 1 t”
:Z ZSg (I4+rr)Si(n+rl+r) " —
n=0 \1=0 ( ) n.
By (2.20) and (2.21), we get
(2.22)
™ = ZZSQ (l+rr)Si(n+rl+r)\"" Z(EL-"-’?)/BTR n}\(x), (m>0).
n=0 (=0

Therefore, by (2.22), we obtain the following theorem.

Theorem 2. For m > 0, we have

=3 Y S (l+rr) S (ntrl4r) AT ,(Li) ﬁﬁﬁlm(w%
n=0 [=0 ( )

where S1 (m,n) and Ss (m,n) are the Stirling numbers of the first kind and of the
second kind defined by

= z": Sy (n,1) 2!
1=0

= Z 52 (n7 l) (m)l
1=0

From (1.11) and (2.18), we have

T 1 T
(2.23) 00 @) =t { S @] (20,
and
yt _ 1 . .
(2.24) <e ; 523\ (x)> = <ey 1] o 1ﬂn+1 A (@ )>
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_ / ! BY) (u) du.
0
Moreover,

(2.25) B}

e Y

(1+A)% —1
" t i1 ¢ i

n_i§.+ir(@'1’--~7ir)<<1+At>i—1 ‘ > <<1+At>i—1 ' >
and
(2.26) B = < L x”> (n>0).

(1+A)% —1

Therefore, by (2.24), (2.25) and (2.26), we obtain the following theorem.

Theorem 3. Forn > 0, we have

evt .

(72 @) -
and

(r _ n

Bn’)\_ Z . (il,...

n=t1+-+ip
Let P, = {p(z) € Clz]|degp (z) < n},
that
(2.27)

From (2.2), we have

<(1+At)§—1

t
Thus, by (2.27) and (2.28), we get

(2.28) tk

14+ A% — 1 "
(2.20) <(t)t’f p<x>> -
1=0
1=0
Hence,
1
1/ (d+x)> -1,
L/ a)F -
k! t
where p(¥) (z) = %p (z).

. >5im o Bip
’ZT

(n >0). For p(x) € P,, we assume

p(z) = Z bi B () -
k=0

B ($)> =nldnk, (nk=0).

1+ A)Y —1
bl<(+t) ik

Bia (m)>

bil\S, = klby.

P (w)>
p™ (m)> ,

t

1

Therefore, by (2.27) and (2.30), we obtain the following theorem.

837
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Theorem 4. Let p(x) € P,,. Then we have

p(@) =) bBrn (),
k=0

p™ ($)> :

Let p (z) € P, with p(z) = ﬂfﬁ\ (). Then, we have

where

>

bk:1<<mf>1

t

k
(2.31) P (z) = (;;) B (x) = k'(Z) B (@)
Let us assume that
(2.32) p(@) =B (@) = 3 bifn ().
k=0
Then, by Theorem 5, we get
ad
(2.33) by, = % <(1+tt)1 p* (w)>
LT+ A)Y —1]
= (Z) < ( t) /B’fL—)k‘ A (90)>
_ <n> 1+ )% — 1 ; Txn,k
k t (1+M)% — 1
r—1
-0 Gr=) )
(k)< (1+A)% —1 ’
= (Z) 5nr—_k’1,)/\

Therefore, by (2.32) and (2.33), we obtain the following theorem.

Theorem 5. Forr € N and n > 0, we have

57(:2\ (@)=> (Z) ﬁr(f:kl,l\ﬁk,/\ ().
k=

0

Let p(z) € P, with p(z) =, _, b,(:)ﬁ,(;;\ (x). By (2.18), we get

p<x>> - gbl(” < (“ s 1) t*

= "0 10, = kb
=0

(2.34)

<<(1+At)§ —1>Ttk
'

Bz(,g\) (33)>
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p($)>~

Thus, by (2.34), we get

% B T
(2.35) W= < <(1 * A? 1) t

Theorem 6. For p (z) € P, we have

pla) = b8 (@),
k=0

where

M=

(1—1—)\1;) —1) " p(x)>

(14 M) 0 (x)> |

1\
t
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Abstract. This work is motivated by the fact that very little is known about the
fuzzy parametric variational inequalities constrained stochastic optimization prob-
lems in finite dimension real numeral spaces, which are studied more difficult be-
cause of the existence of random variable and fuzzified version. Based on the notion
of quasi-Monte Carlo estimate and method of centres with entropic regularization,
we develop a class of new regularization smoothing approximation approaches to
discretize the stochastic optimization problem with continuous random variable,
and construct a centre iterative algorithm for approximating the optimal solution-
s of the stochastic optimization problems. Further, we give some comprehensive
convergence theorems of optimal solutions for the resulting optimization problem.
Finally, a numerical illustration is analyzed.

Key Words and Phrases. Regularization smoothing approximation, fuzzy para-
metric variational inequality, Stochastic optimization problem, centre iterative al-
gorithm with quasi-Monte Carlo estimate, comprehensive convergence.
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1 Introduction

As all we know, mathematical program with equilibrium constraints is a constrained optimization
problem in which the essential constraints are defined by a parametric variational inequality. This
class of problems can be regarded as a generalization of a bilevel programming problem and it
therefore plays an important role in many fields such as transportation, communication networks,
structural mechanics, economic equilibrium, multilevel game, and mathematical programming itself.
See, for example, [1-7] and the reference therein. Moreover, in order to describe the uncertainties,
Monica [5] considered the Bochner integrability setting, a measure space of indices and use random
fuzzy mappings, and presented random fixed point theorems with random fuzzy mappings, extensions
of the ones with random data.

In this paper, we study approximation of optimal solutions for the following fuzzy parametric
variational inequality constrained stochastic optimization problem in n-dimension real numeral set

R™:
min - Ey[f(z,y(w)w)]
s.t. reU CR", (1.1)
y(w) € C(z,w)
(F(z,y(w),w), 2(w) — y(w)) 20, for all 2(w) € C(r,w) and a.e. w € (,

where FE,, denotes the mathematical expectation with respect to the random variable w € Q on
probability space (€, A, L), f: R x ) — R and F : R"™™ x ) — R™ are two nonlinear random
functions, C' : R™ x Q@ — 28" is a multi-valued random function, (F(z,y(w),w), z(w) — y(w)) 2 0 are

>
~

fuzzy inequalities (also called fuzzy stochastic variational inequality problems, in short, ﬂ;),
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denotes the fuzzified version of “>" with the linguistic interpretation “approximately greater than
or equal to”, and “a.e.” is the abbreviation for almost everywhere”.

Remark 1.1. Problem (1.1) is brand new in the literature including and can be thought as
a generalized version of some problems, includes a number of stochastic mathematical program
with equilibrium constraints (SMPEC), mathematical programs with fuzzy equilibrium constraints
(MPFEC) mathematical program with equilibrium constraints (MPEC) and mathematical program
with complementarity constraints (MPCC) have been studied by many authors as special cases. See,
for example, [1-4, 6, 8-14] and the references therein, and the following examples.

Example 1.1 If  is a singleton, then problem (1.1) reduces to the following MPFEC:

min  g(z,u)
st. zel, . (1.2)
u solves VI (G(zx,-), D(z)),

where g : R"*™ — R and G : R"™*™ — R™ is a continuously differentiable function, D : R™ — 28" is
a set valued function, and u solves VI(G(x,), D(x)) if and only if u € D(z) and (G(z,u),z —u) 20
for all z € D(x). Problem (1.2) was introduced and studied by Hu and Liu [12] and Lan et al.
[13]. Moreover, Hu and Liu [12] pointed out “although a powerful theory has been developed for
variational inequalities, the parameterized setting in MPEC makes these problems very difficult to
solve, and due to the vagueness involved in real world problems, the MPEC problem in a fuzzy
environment becomes an important problem both in theory and in practice”, and “problem (1.2)
is a constrained optimization problem whose constraints include some fuzzy parametric variational
inequalities.

In 2013, inspired by the works of Hu and Liu [12] and other researchers, Lan et al. [13] constructed
an iterative algorithm for finding a solution of a class of mathematical program problems with fuzzy
parametric variational inequality constraints by using a new smoothing approach based on a version
of the method of centres with entropic regularization techniques. In fact, the tolerance approach and
entropic regularization technique have been successfully proposed in solving various problems, which
are important numerical methods for solving fuzzy variational inequalities in a fuzzy environment
and nonlinear semi-infinite programming problems. See, for example, [3, 8, 14-21] and the references
therein.

Example 1.2. Since a solution satisfying a fuzzy inequality system to a membership degree
close to 1 is a near optimal solution to the corresponding regular inequality problem [22], if y(w) = v
for all w € © and the degree for the fuzzy inequalities in (1.1) is close to 1, then problem (1.1) is
equivalent to the following SMPEC:

min  E,[f(z,v,w)]
st. zeU,weld (1.3)
v solves VI(F(x,-,w),C(z,w)),

where VI(F(z,-,w),C(z,w)) denotes the variational inequality problem defined by the pair (F(z, -,
w),C(z,w)) for all x € R™ and w € Q. In 2003, Lin et al. [9] considered problem (1.3) and showed
that SMPEC can be thought as a generalization of MPEC, and proposed a smoothing implicit
programming method to establish a comprehensive convergence theory for the lower-level wait-
and-see model. Further, there are many stochastic formulations of MPEC proposed in the recent
discussions. For related works, we refer readers to [1, 3, 6, 8, 10, 11]. However, there has been very
little study on applications of these theories and approaches to (1.1).

Over years of development, optimization approaches have become one of the most promising
techniques for engineering applications and an MPEC is a hard problem because its constraints
fail to satisfy a standard constraint qualification at any feasible point [23]. However, since the
existence of the random variable w and the fuzzified version “Z” mean that (1.1) involves multiple
complementarity-type constraints, it is more difficult to solve problem (1.1) than to solve an ordinary
MPCC, MPEC, MPFEC or SMPEC generally. Therefore, our focus in this paper is to develop a
class of new regularization smoothing approximation approaches to define some parameters of the
objective function fuzzy yielded by fuzzy constraints, and consider the approximation-solvability for
an equivalent stochastic parametric optimization problem of problem (1.1).
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Motivated and inspired by the above works, we shall give some preliminaries needed throughout
the whole paper in Section 2. Specially, by using the notion of tolerance approach and the fuzzy set
theory, we show that the fuzzy parametric variational inequality constrained stochastic optimization
problem (1.1) and a fuzzy complementarity constrained optimization problem can be converted to a
regular nonlinear parametric optimization problem. In Sections 3, we will construct a centre iterative
algorithm and develop a class of new regularization smoothing approximation approach for solving
the stochastic fuzzy optimization based on quasi-Monte Carlo estimate, and establish comprehensive
convergence theorems of the solution. We also report some numerical simulation analysis results in
Section 4.

2 Preliminaries

Throughout in this paper, we assumption that (£, .4,T") is a complete o-finite measure space and
the probability measure I" of our considered space (€2,.4,T) is non-atomic. Let B(R™) be the class
of Borel o-fields in R™ and P(U) denote the power set of a vector space U.

Definition 2.1. (i) A function y : £ — R™ is said to be measurable, if for any B € B(R™),
{weQ: yw) e B} € A).

(ii) The multi-valued function ¥ : Q@ — P(U) is called said to be measurable, if for any B € B(U),
UV 1B)={weQ: ¥ (w)NB£0} € A

(iii) A multi-valued random function ® : R x Q — 28" is said to be measurable, if for any
z € R", ®(x,-) is measurable.

(iv) F : R x Q — R™ is called a random and continuously differentiable function, when
F(z,z,w) = ((w) is measurable for any x € R” and z € R™, and F(-,-,w) is continuously differen-
tiable for all w € Q.

Definition 2.2. Let C,C* : R™ x Q — 28" be two multi-valued random function. Then

(i) C(x,w) is said to be convex cone, if C(x,-) is convex cone for every x € R™, that is,

ay(-) + pw(-) € C(z,-) for any positive scalars o, 8 and all measurable functiony(-), w(:) € C(z,-);

(ii) C*(x,w) is called polar (dual) cone of C(x,w) C R™ for z € R™ and w € Q, if C*(x,-) is
polar (dual) cone for every z € R", i.e.

(&,v(-)) >0 V¢ e R™ and for each measurable function v(-) € C(x,-).
In other words, the polar (dual) cone C*(z,w) can be expressed as follows:
C*(z,w) ={£ e R™|| (& v(w) >0 Vr(w) e Cz,w)}.

Definition 2.3. Let 0 > 0 and ¢ > 0 be constants. a function M : R® — R™ is said to be
Holder continuous on K C R™ with order o and Holder constant ¢ if

[M(u) = M)|| < <llu—]?,  Vu,ve K.

holds for all 4 and v in K.

Remark 2.1. If 0 = 1, then the definition of Holder continuity reduces to definition of Lipschitz
continuity. We note that for two different positive numbers ¢ and ¢’, Holder continuous functions
with order o and those with order ¢’ constitute different subclasses. For example, the function
M(u) := /|u]l for all u € K C R™ is Hélder continuous with order o = 1, but not Lipschitz
continuous.

In the sequel, we give some preparations needed later to approximating the optimal solutions
of problem (1.1). First, we propose discretization of the stochastic objective function in (1.1) with
continuous random variable.
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Lemma 2.1. Let ¢ : Q — [0,400) be the continuous probability density function of w. Then
the objective function in (1.1) can be represented as

1
Eo(f(z,y(w)w) = > (W), w)(w), (2.1)
wey
where Qf, := {wy,ws, -+ ,wr} is a uniformly distributed sample set from €.

Proof. Let € be a sample space, which is usually denoted using set notation, and the possible
outcomes are listed as elements in the set. If € is unbounded, under some mild conditions, we can
approximate the problem by a sequence of programs with bounded sampling spaces (see [11]) for
more details. In the sequel, let Q be a bounded rectangle. In particular, without loss of generality,
we assume that Q = [0,1]%. Let ¢ : Q — [0, +00) be the continuous probability density function of
w. Then the objective function in (1.1) can be represented as

E,(f(z,y(w),w) = /Qf(x,y(u)),w)C(w)dw.

Based on quasi-Monte Carlo method in [24], now we estimate numerical integration to the ob-
jective function in problem (1.1). Roughly speaking, given a function ¢ : @ — R, the quasi-
Monte Carlo estimate for E,[¢(w)] is obtained by taking a uniformly distributed sample set 2y, :=
{wi,wa, -+ ,wr} from Q and letting F,[¢(w)] = %ZwEQL ¢(w). This implies that (2.1) holds. O

Next, we consider the random membership functions of each fuzzy stochastic inequality and
stochastic fuzzy objective yielded by the fuzzy constraints in (1.1).

Let the membership function for each fuzzy stochastic inequality (F(z,y(w),w),z —y(w)) 20 as
follows: for all z € R™ and any z € C(z,w),

17 if(F(x,y(w),w), z — y(w)> Z Oa
pa, (T, y(w),w) = ¢ p((Fz,y(w),w), 2 —y(w))), if(F(z,yw),w),z—yWw)) €[-t:,0), (2.2)
0, if (F(z,y(w),w), z —y(w)) < —t,,

specify the degree to which the regular inequality (F(z,y(w),w), z—y(w)) > 0 is satisfied, where €2, is
a fuzzy set actually determined by the fuzzy stochastic inequality in R"™™ x Q, t, > 0 is the tolerance
level which can be tolerated by decision makers in the accomplishment of the fuzzy stochastic
inequality (F(z,y(w),w), z —y(w)) 2 0. We usually assume that p.((F(z,y(w),w), z —y(w))) € [0,1]
and it is continuous and strictly increasing over [—t.,0). Fig. 1 shows different shapes of such
membership fu

Ha, (7, y(w), w)

5

(F(, ), ), 2 — 5())

Figure 1: The membership function ug (7, y(w),w).
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Similarly, the random membership function of the objective, ug (7, y(w),w), is defined as follows:

1L, if Eu[f(z, y(w),w)] < f,
Ks, (ac,y(w),w) = MO(Ew[f($7y(w)>w)])7 if Ew[f(xvy(w)’w)] € [i, f)’ (2'3)
0, if Eu[f(z,y(w),w)] = f,

where f and f are two parameters defined as follows:

f=min  E,[f(z,y(w),w)]
st. zelU,weQ, (2.4)
(F(z,y(w),w),z —y(w)) >0, VzelClz,w)

and
f=min  E,[f(z,y(w),w)]
st. zelU,we, (2.5)
(F(z,y(w),w), z —y(w)) > —t,, Vzel(zr,w).

By [22, 25|, one can know that studying such a problem (1.1) is related to finding “almost
optimal” solutions for a general convex minimization problem (see also [13, 14, 17]). Thus, we
extend the idea and have the following result. -

Lemma 2.2. Let C(z,w) be a convex cone for all z € R” and w € . Then the problem VI,
i.e., finding y(w) € C(z,w) such that

(F(z,y(w),w), 2(w) =y)) 20, Vz(w) € C(z,w), (2.6)

is equivalent to the fuzzy complementarity problem of finding y(w) € R™ such that

y(w) € Cla,w), (Fl,yw),w),y@) 20, F(z,yw),w)<C"(z,w), (2.7)

where “Z” denotes the fuzzified version of “=" with the linguistic interpretation “approximately
equal to”, “S” denotes the fuzzified version of “€” with the linguistic interpretation “approximately
in” and C*(z,w) is a polar (dual) cone of C(x,w) C R™ for all x € R" and w € Q.

Proof. We start by showing that problem (2.7)C problem (2.6). For any z € R and w € Q,

suppose that y*(w) is a solution of problem (2.7), then we have

(F(z,y"(w),w),y" (w)) < 0 (2.8)
and
(F(z,y* (w),w),vw)) 20, You(w) e C(z,w). (2.9)

),w), v
Combining (2.8) and (2.9), we have (F(z,y*(w),w),v(w) — y*(w)) 2 0 for all v(w) € C(x,w). Thus,
y*(w) is also a solution of problem (2.6) for all w € Q.

Now we show that problem (2.6) C problem (2.7). Let y*(w) be the solution of problem (2.6)
with the membership degree « € [0, 1] for every w € Q. According to the tolerance approach [15, 21],
by (2.2), we have

(F(z,y" (w),w),v(w) —y"(w)) > ,uél(a) > —t,, Yo(w)e€ C(z,w), (2.10)

where for all v(w) € C(z,w) and any w € €, pi ! is the inverse functions of B, (T, w) and t, > 0 is

the tolerance level which a decision maker can tolerate in the accomphshment of the fuzzy inequality
(F(z,y(w),w),v(w) — y(w)) Z 0. Suppose that for £, > 0 and ., < 0, either

(F(z,y"(w),w), y"(w)) >tz or (F(z,y"(w),w),y"(w)) <t

is true For any z € R™ and each w € Q, since C(z,w) is a convex cone, we have (F(z, y*(w),w), y*(w)) >
=, t. > 0 when v(w) = Ay*(w) with A > 1, and (F(z,y*(w),w),y*(w)) < t., when v(w) = 0. If
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(F(z,y" (w),w),y"(w)) > t, for t, > 0, This leads to a contradiction. If (F(z, y*(w),w),y*(w)) < t,
for £, < 0, then t, < t.. There lies a contradiction. Therefore,

t. < (F(z,y" (w),w),y"(w)) < £,

for £, > 0 and £, < 0, that is, (F(z,y*(w),w),y*(w)) < 0. Furthermore, from (2.10), we have for any
v(w) € C(z,w),

(F(z,y" (@), w), v(w)) = (Fz,y" (W), w), y" (@) — t: > f: — to.

This implies that (F(z,y*(w),w),v(w))Z 0 for all v(w) € C(x,w). Hence, we have F(z,y*(w),w) S
C*(z,w). Therefore, y*(w) for any w €  is also a solution of problem (2 7). This completes the
proof. O

Based on Lemma 2.2 and the work of [21], we have the following results.

Lemma 2.3. Let C(z,w) is a convex cone with polar (dual) cone C*(z,w) for all (z,w) € R" x
and a be a new variable. Then the stochastic optimization problem (1.1) can eventually be expressed
as the following regular semi-infinite optimization problem with finitely many variables z,y(w),w
and a:

max o«

st pg, (,yw),w) > a,
f, (7, y(w),w) > a, (2.11)
(. y(w),w) € S,
0<a<,

where S = {(z,y(w),w) € R*"™ x Qlz € U,w € Q, F(z,y(w),w) £ C*(z,w)}, and the random
membership functions p1g and pg_ are the same as in (2.3) and (2.2), respectively.

Proof. Tt follows from Lemma 2.1 that, in order to find a solution to the stochastic optimization
problem (1.1) with C(z,w) being a convex cone for (x,w) € R™ x ), we should consider the following
stochastic fuzzy complementarity constrained optimization problem:

min  E,[f(z,y(w),w)]

st. zelU we yw) e Clz,w),
(F(z,y(w),w),y(w)) 20,
F(z,y(w),w) L C*(z,w).

(2.12)

Since a global minimum is often required for practical problems, by the work of [21] and the descrip-
tion of the fuzzy stochastic inequalities (2.6), and a solution of problem (2.12) can be taken as the
solution with the highest membership in the fuzzy decision set and eventually obtained by solving
the following regular nonlinear parametric optimization problem:

max min 1§ ps (z,y(w),w), uey (T, y(w),w)r,

o, O {ug, (@, y(W),w), pg_(x,y(w),w)}

which implies that the result holds for the new variable a. O
Remark 2.2. Moreover, if the membership functions pg and pg in Lemma 2.3 are invertible,

then from (2.11), we get

max «
st (z,y(w),w)o > ugol(a),
(z,y(w),w)ox > pg' (), (2.13)
(z,y(w),w) €5,
0<a<l,
where (z,y(w),w)o and (z,y(w),w)c~ can be followed by (2.3) and (2.2), respectively.
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3 Regularization smoothing approximation algorithms

In this section, based on the “method of centres” with entropic regularization, we develop a class
of new smoothing approach and construct a centre iterative algorithm for solving the stochastic
fuzzy optimization (1.1), and give the solution theorems.

In the sequel, we first give the following assumption (H¢) for convenience: Define

C(z,w) = {v(w) € R D(x)v(w) >0, D(z) = [d;i(z)] is anl x m

matrix, d;(x) is theith row of D(x), Vi =1,2,--- ,}. (3.1)

STEP I. The random membership function of the fuzzy stochastic inequalities in (1.1) can be
specified under condition (H¢).

From (3.1), it is easy to see that the multi-valued operator C(z,w) is a convex cone for any
(r,w) € R™ x Q, and can be shown that F(z,y(w),w) € C*(z,w) if and only if there exists a
nonnegative random vector 7(w) = (r1(w), r2(w), -+ ,7(w))? € R! such that

F(z,y(w),w) = ri(w)d{ (z) + r2(w)dj (z) + - + r(w)d] (z) = DT (z)r(w), (3-2)

that is, for every i = 1,2,--- |1, di(2)F(z,y(w),w) > 0, where d}(x) is normal to d;(x) (see [17, 26]).
It follows that the fuzzy stochastic optimization problem (2.12) can be rewritten as the following
generalized stochastic optimization problem with fuzzy stochastic inequality constraints:

min B, [f(z,y(w),w)]
s.t. S U, w e Qa

(3.3)

and each fuzzy stochastic inequality in (3.3) can be represented by a fuzzy set S; (i.e., represent
of €, in (2.11) or (2.13)) with corresponding random membership function pg, (, y(w),w) for j =
1,2,--- 1+ 2. To specify the membership functions 1g, j=1,2,--- 142, similar treatment to
(2.2), we define the membership functions as follows:

1, if (F(z,y(w),w),y(w)) =0,
g, (T y(w),w) = ¢ m((F(z,y(w),w), yw))), (F(z,yw)w),yw)) € [~t1,0),
O> if(F(ay(w),w),y(w)) < t17
17 if(—F(x,y(w),w),y(w)) > O,
MS'Q(xay(w)’w) = u2(<7F(‘Tay(w)aw)’y(w)>)a if<fF(x,y(w),w),y(w)> € [7t2a0)7 (34)
0’ 1f<—F(.’£, y(W), UJ), y(w)> < —tg,
1, ifd}F(x,y(w),w) >0,
M§i+2 (x’y(w)aw) = /’Li+2(d/iF(x’y(w)vw))’ ifd;F(ac,y(w),w) € [_ti+2’0)
0, ifdF(z,y(w),w) < —tiyo,
where t;19 > 0 for i =1,2,--- 1, is the tolerance level which one decision maker can tolerate in the

accomplishment of the fuzzy stochastic inequalities in (3.3).

STEP II. Discrete approximation of problem (1.1) with condition (H¢) need to be given.

By Lemma 2.1 and STEP I, we have the following problem as an appropriate discrete approxi-
mation of problem (3.3):

min LY (@), 0)w)

weNL
st. zeUCR" weQy,

(F(a,y(w),w), y(w)) 2
(—F(m,y(w)7w)7y(w)> )
di(2)F(z,y(w),w)20,i=1,2,--- 1.

0,
>
?
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We note that the sample set €y, is chosen to be asymptotically dense in €. Especially, it follows
from (2.4), (2.5) and (3.5) that the appropriate discrete approximation of two parameter f and f
can be shown as follows, respectively:

f=min 7 3 fz,yw),w)(w)

weNr
st. zeUCR" weQp,

(F(z,y(w),w),y(w)) >0,
< F(w y( ) )%(w)>207

and . .
i:mln T ZQ f(a:,y(w),w)((w)
wellr
st. zeUCR" weQp,

<F($7y<w>7w)7y(w)> > —ti,
<—F($,y(OJ),LU),y(UJ)> > _tQa
d;(I)F(CE,y(W),CU) Z _ti-‘rQa 1= 1a25 e al'

STEP III. A new centre iterative method for solving problem (3.8) should be adopt.

It follows from (2.13), (2.3) and (3.4)-(3.7) that an optimal solution of the stochastic optimization
problem (1.1) can be obtained by approximating for the following stochastic parametric optimization
problem:
max «

st pgl(a)—1 X flayw),w)((w) >0,
— (F(z,y(w),w),y(w)) = 0,
(F(z,y(w),w),y(w)) = 0
Q) +d_yFa,y(w),w) >0, j =34, 142,

dz(‘r)y( )>O 2_1327"' al7
0<a<l, zelUwer.

It is interested in developing an efficient algorithm to solve (3.8) based on a framework of centre
iterations. This iterative approach can be traced back to Huard’s work [28]. The basic concepts are
easy to understand and very adaptive to new developments. To describe the approach, we denote
the feasible domain of (3.8) by a set V' and define some terminologies. A general assumption for
this approach is that V' is bounded and convex, and the interior of V' is nonempty.

Definition 3.1 For any given point (z,y(w),w, a) in the convex domain V', we define the “dis-
tance L of (x,y(w),w, a) to the boundary of V” by a continuous function

L(ay@wa)V) = min {a1-augie) -7 53 ) @),
=34, 42 wEQL

Mgl (OZ) - <F(9c,y(w),w),y(w)),,ugj(a) + <F(.’E, y(UJ),OJ),y(OJ)),
15 (@) + &) 5 F (@, y(w), @), di()y(w) |-

Definition 3.2 Let a distance function £((z, y(w),w, @), V) be defined on a convex domain V.
Then a point (Z,§(w),w,&) € V is called the “centre of V7, if it maximizes the distance function
L((z,y(w),w,q), V), Le.,

(Z,j(w),w,@):  L((Z,F(w),w,&),V) =max{L((z,y(w),w, a),V)|(z,y(w),w,a) € V}.

Thus, a new centre iterative method for problem (3.8) could be described as follows.
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Algorithm 3.1. Step 1. Taking a point (2", y*(w),w,a*) in V, then we consider the distance
L in convex domain Wy =V N {(z,y(w),w, a)|a > a*}.

Step 2. Solving the maximal problem max{L((x,y(w),w,a), Wi)|(z,y(w),w,a) € Wi} and
denoting the new iterative point (z¥+1 y**1(w),w, a**1) as a centre of W}, then we have

($k+1 k+1(w) k+1) .

7y 7w7a
‘C((xk+1ayk+1<w)7waak+l)7 Wk) = max{ﬂ((m,y(w),w,a), Wk)' (x,y(w),w,a) € Wk}a

where

ﬁ((x7y(W)7w,a)7Wk) = Ai{njn . {a_akv Qa, 1- a, l’LS - 7 Z f z y C( )
8,4, e wEQL

M§11(a> —(F(z,y(w),w),y(w)), ,ugj(a) + (F(r,y(w),w), y(w)),
i 0) sy F (o), 0), di(w)y() )

is the distance function defined on the convex domain W.

Step 3. Start working again with (z*+1, y*+1(w), w, a**1) instead of (x*, y*(w),w, a*) and go to
Step 1.

It follows from the properties introduced in [28, Lemma 2.2] and Algorithm 3.1 that the major
computational work lies in the determination of the centres required, i.e., at the kth iteration, the
following “min-max problem” should be solved:

— min L((z,y(w),w,a),W) = min max ;. {ak—oz —a, a— 1,
z,y(w),w,a y(w),w,a 3,4,

S ) o)) — 1@,

weNL

(F(, y(w),w), y(w)) — g '(a > (3.9)
~(F (2, y(w),w), y(w)) — 13} (),
—dy_oF(2,y(w),w) + 15 (@), —di(@)y(@) }.

STEP IV A class of new regularization smoothing approximation algorithms is developed under
condition (He).

Since the maximal membership function (see [12]) in the “min-max” problem (3.9) is non-
differentiability, it is easy to see that one major difficulty encountered is to develop a class of
new smoothing approximation methods, which are based on the notion of newly proposed “entropic
regularization procedure” (see [18]).

Algorithm 3.2.

Step 1. Set k = 0, give the initial iterate (2°,4°(w),w, a”) which is an interior point of V' defined
by (3.8), a sufficiently small constant e > 0, and an upper bound @ which is the maximum number
of unconstrained minimizations to be performed.

Step 2. Starting from (2%, y*(w),w,a”), apply a standard quasi-Newton line search of MAT-
LAB software to solve the unconstrained smooth convex program (3.6), (3.7) and the following
unconstrained smooth convex program:

— min  Ly((z,y(w),w,a), W)

o,y (w),w,o

= 21 { exply(a* — a)] + exply(—a)] + exply(a — 1)]

+exp[y(1 e% f(z, y(w),W)C(W)—Mgol(Oé))]
+exply((F (2, y(w), w), y(w)) — pg ()] (3.10)
+exp[y(—(F(z,y(w), w), y(w)) — ng, ()]

+ 3 el (—d; (@), 0) + 15 (@)

l
+ 3 exply(~di()y)] |
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with a sufficiently large . Denote its solution by (21, y*+1(w),w, a®*1) in the light of Algorithm
3.1.

Step 3. If k > 1 and ||(zF 1, y* 1 (w), w, o *1) — (2F, y* (W), w, a¥)||2 < €, then the computation
terminates with (z¥*1 y*+1(w), w, aFT1) as the solution. If & > @, then the computation terminates
with a failure.

Step 4. k <+ k + 1 and go to Step 2.

From Algorithm 3.2, it follows that ming y(w).w,q £+ (2, y(w),w, a), W) provides a centre of Wy,
as vy — oco. By using a moderately large 7, we can obtain an accurate approximation. Also because of
the special “log-exponential” form of £, ((z, y(w),w, @), Wy), we can avoid most overflow problems in
computation. Moreover, since problem (3.10) is an unconstrained, smooth, and convex optimization
program, the commonly used solution methods, such as the quasi-Newton line search of MATLAB
software, can be readily applied.

Remark 3.1. We note that Algorithm 3.1 appears in Step 2 of Algorithm 3.2. It is the fuzzy
constraints in (1.1) that yields a fuzzy objective. Hence, a class of new and interesting regularization
smoothing approximation approaches must be chosen to define two parameters in (3.6) and (3.7), and
to employ for solving problem (3.10) which is equivalent to the stochastic parametric optimization
problem (3.8).

STEP V Comprehensive convergence theorems based on Algorithm 3.2 should be proved.

In the sequel, we first give the following lemmas and results.

Lemma 3.1. Let the function ¢ : 2 — R be continuous. Then we have

lim 7 Y ¢ = [ p)e)ds.

L—oo
weNL

Proof. Taking N =L, I*=Q, J=Qp, z; =w; (i=1,2,---) and f = ¢(, then from the results
(2.2) and (2.3) given in Chapter 2 of [24, pp. 13-14], the result holds. This completes the proof. O
Remark 3.2. By Lemma 3.1, we know immediately that

lim 7 3 F(oy(@)w)0w) = [ fey)w)d (311)

L—oo
weN

and particularly,

lim — > Cw) :/Qg(w)dw= 1. (3.12)

wey,

Lemma 3.2. If ¢(z) is continuous, strictly increasing and linear over a convex set U in R",
then its inverse ¢! is linear.

Theorem 3.1. Suppose that condition (H¢) holds, the set U C R™ is nonempty and bounded,
F:R*"™ x Q — R™ is continuously differentiable, and f : R*™™ x Q — R is Holder continuous in
(z,y()) on U x R™ with order ¢ > 0 and Holder constant ¢(w) > 0 for all w € 1, satisfying

/Q S(@)d((w) < +oo.

Then

(i) problem (3.6) has at least one optimal solution when L is large enough;

(i) (z*,y*(-)) is an optimal solution of problem (2.4) when x* is an accumulation point of the
sequence {zL} and y*(-) is defined by

Yy (w) == _max l{—F(m*, 0,w), —d;(z*)F(z*,0,w),0}, w €. (3.13)

Proof. (i) Let F, be the feasible region of problem (3.6). It is not difficult to see that Fr, is a
nonempty and closed set and the objective function of problem (3.6) is bounded below on F7,. Thus,

10
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there exists a sequence {(z",y*(w))weq, } C Fr such that

tim © 3 (ko (), w)w)

k—o0

= 1nf 7 Z fz,y(w),w)C(w). (3.14)

(I’y MEQL weL

It follows from the boundedness of U and the Holder continuity of f that the sequence {z*} and the
function f are bounded.
On the other hand, noting that (%, y*(w)),ecq, € Fr, for every k, we have

1

0<yfw) L5 D Fla* y*(w),w)w) 20, (3.15)

weN,

where the symbol | means the two vectors are perpendicular to each other. Assume that the
sequence {y*(w)}weq, is unbounded. Taking a subsequence if necessary, let

lim " (w)|| = +o0, lim V) = g(w), [[g(w)]] = 1. (3.16)
Les;, el AG]| ’

Then, for all w € Qp, dividing (3.15) by ||y*(w)| and letting k — 400, we have for any = € U,
_ 1 _
0<ylw) L > Flz,gw),w)¢(w) > 0.

weNL

This contradicts (3.16) by the continuous differentiability of F, and so {y*(w)} is bounded for each
w € Qp with ¢(w) > 0. For any w € Q, with ((w) = 0, we redefine y*(w) by

y* (W) = max | {—F(z*,0,w), —d,(z*)F(2*,0,w),0}.

Hence, the sequence {(z*, y*(w))weq, } is bounded and (3.14) remains valid. Therefore, the closeness
of Fy, implies that any accumulation point of {(z*,y*(w)),eq, } must be an optimal solution of
problem (3.6).

(ii) By the assumptions, the sequence {x’} contains a subsequence converging to z*. Without
loss of generality, we suppose limy,_,oc 2% = x*.

Firstly, we prove that (z*,y*(-)) is feasible to problem (3.6). To this end, we define

g (w) = max {-F(z"0,w),—dj(z")F(z",0,w),0}, weQ. (3.17)

i=1,2,---,1

It is obvious that (z*, 9% (w)),eq, is feasible to problem (3.6) for every L. Since F(z*,y*(w),w) >0
by the definition (3.13), it is sufficient to show that

(" (W) F(a*, g (w),w) =0, weQ. (3.18)

Let w € Q be fixed. Since the sample set {2, is chosen to be asymptotically dense in €2, there exists
a sequence {@y,} of samples such that @y, € Qf, for each L and limy,_, o &7, = @. Thus, we obtain

(G5 (@) F(at, " (@), 0r) =0, L=1,2,---.
Letting L — 400 and taking the continuity of the functions F(x,y(-),-) on the compact set Q into

account, we have

(y* (@) F(z*,y*(@),0) = 0.
By the arbitrariness of @ € €, now we know that (3.18) immediately holds. This completes the
proof of the feasibility of (z*,y*(-)) in (3.6).

11
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Next, let (x,y(:)) be an arbitrary feasible solution of (3.6). It follows from the results of (i) and
obvious that (z, y(w),w)weq, is feasible to problem (3.6) for any L. Moreover, from the Hocontinuity
of f, we have

<L S [y @) - P @)ls@)] @) >0 as ko0, wpl,

which along with Lemma 3.1 yields

Lh_{r;— Z f(z = 11_}11;05 Z f(z yw) = Eu[f(z",y" (w),w)] w.p.l,
weNL weNL

which indicates that (z*,y*(:)) is an optimal solution of problem (1.1) with probability one and

the feasibility of (z, yl(w),w)ueq, in (3.6) that (2L, §%(w),w)weq, is also an optimal solution of

problem (3.6). Thus since f is Holder continuous in (z,y(-)) on U x R™, we obtain

;Z (£ 5 @) ) = £ yw), )] )

<2 3 [/ ) = fla% )] <0

< izﬂj 7@y (@), 0) = @5, 55 (),0) ()

<7 3 <) [l = 13— @l o) (3.19)

It follows from (3.12) that the sequence {+ Y ., ¢((w)} is bounded. This yields
lim = 7 [y (@)w) — @ 55 (@), w0)|(w) = 0. (3:20)

Thus, by letting L — +o00 in (3.19) and taking (3.11) and (3.20) into account, we have

/ @y (@), w)((w)dw < / £ y(w), w)¢ () deo,
Q Q

which implies that «* together with y*(-) constitutes an optimal solution of problem (3.6). This
completes the proof. O
Similarly, by Lemma 3.1, (3.11), (3.12) and proof of Theorem 3.1, we have the following result.
Theorem 3.2. Assume that condition (H¢) holds, and f, F and U are the same as in Theorem
3.1. Then
(i) problem (3.7) has at least one optimal solution when L is large enough;
(i) (z*,y*(-)) is an optimal solution of problem (2.5) when z* is an accumulation point of the
sequence {z’} and y*(-) is defined by
Yy (w) = x| {—t;1 — F(z",0,w), —ts + F(2*,0,w), —tiz2 — d;(x*)F(2*,0,w),0}, w € Q.
Now, consider the case that the membership function of each fuzzy stochastic inequality and
the objective function E,[f(z, y(w),w)] in (3.3) is continuous, strictly increasing, and linear over the

12
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corresponding tolerance interval. A commonly used example in fuzzy set theory is that 1 (z) = 1—bx”
with b > 0 and 8 > 1. In this case, from the theory of convex analysis [27], Lemma 3.2, and Theorems
3.1 and 3.2, we have the following simple result.

Theorem 3.3. Suppose that condition (H¢) holds. If F': R"™ x Q — R™ is monotone in the
second variable, and g (7,y(w),w) is continuous, strictly increasing and linear for all z € C(z,w)
and any (z,y(w),w) € R*™™ x Q) then we can find an optimal solution (z*,y*(+)) of the stochastic op-
timization problem (1.1) by solving the following stochastic parametric optimization problem: (3.8),
which can be readily approximated by the iterative sequence {(x**1, y**1(w),w,a*T1)} generated
by Algorithm 3.2.

4 Simulation analysis

In this section, we shall give an example to illustrate the validity of our approaches.
Takingn=2,m =3,1=2,U =[1,14] x [1,14], dy1(z) = (-1, -1, 3), d2(x) = (—n2,1,-1),

—2x1+y1 — 3y +w
f(@,y(w),w) = (21 — y1)* + 2292 + 2w, F(z,y(w),w) = | o1+z2+3y1 —ys — 2w |,
—2x9 +y2 +2y3 —w

() )ver=o},

and Letting d)(x) = (0,3,1) and dj(z) = (1,2,0) in (3.3), and ((w¢) = p¢ (¢ = 1,2,--- , L) in (3.5),
then we have

oz, y(w),w) == Ey[(x1 — 11)? + z2y2 + 2w] = + Eé::l[(xl —y1)? + zoy2 + 2welpy,
iz, y(w),w) = (F(z,y(w),w),y(W)) = =2z191 + T1y2 + T2y2 — 272y3 + ¥}

+wyr — 2wys + 2y3 — wys,
fa(z,y(w),w) = (—F(z,y(w),w),y(w)) = 2T1y1 — T1Y2 — TaY2 + 2T2y3 — y%

—wyr + 2wys — 23 + wys,
fa(z,y(w),w) V@) F(z,y(w),w) = 321 + 22 + Y1 + Y2 — Y3 — Tw,
fa(z,y(w),w) = dy(z) F(z, y(w), w) = 222 + Ty1 — 3y2 — 2y3 — 3w.

Thus, problem (3.5) is equivalent to the following generalized fuzzy stochastic inequality constrained
optimization program:

Clr,w) = {y(w) = (y1,92,93)" € R

=d
=d

min ¢ (z,y(w),w)

st. 1<wmy, w2 <14, y1,92,9y3 >0,
—y1—y2+ys >0, —2y1+y2—ys >0,
fb(xvy(w)7w)zoa L= 1a273747

(4.1)

with the membership function pg (z,y(w),w) (1 = 1,2,3,4), being specified as t; = 9,ty = 2,t3 =
6,14 = 10,

1, if fi(xz) >0,
pg, (@ y(w),w) = 1- DLl i g (g y(w),w) € [-9,0),
07 if fl(l',y(W),W) < _97
17 if f2(x>y(w)7w) > 07
,ugz(x,y(w),w) = - Ma if fg(:my(w ,W) € [_270)7
O7 if fg(])) < —2,
]-7 if f&(xvy(w)vw) > 07
ug‘s(w,y(w),w) = 1- W7 if fg((E,y(W),W) € [_670)7
07 if fg(I,:l/((U),W) < _67
1, i fu(z) >0,
M§4(w7y(w)7w) = 1- %{W7 if f4(ac,y(w 7(*)) € [_1070)7
0, if  fa(x) < —10,

13
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and
1, if oz, yw),w) < f,
s, (@, y(w),w) = § TEPEAD it o, y(w),w) € (£, ),
0, if (o, y(w),w) > f,
where
f=min ¢(z,y(w),w)
S.t. 1§£L’1,(E2§14, ylay%yBZOv (4 2)
—y1—y2+3y3 >0, —2y1+y2—y3>0, ’
filz,y(w),w) >0, ¢=1,2,3,4,
and

f=min ¢(z,y(w),w)
st. 1< z,m0 <14, 41,y2,93 > 0,,
—y1—y2+3ys 20, —2y1+y2—y3 =0, (4.3)
fl(x’y(w)vw) > =9, fg(x,y(w),w) > =2,
fg(x,y(w),w) > _6’ f4(x,y(w),w) > —10.

By Bellman and Zadeh’s method of fuzzy decision making [15] and Algorithm 3.2, now we know
that the conditions of Theorem 3.3 hold, and so an optimal solution of the problem (4.1) can
be obtained by solving the following unconstrained and smooth nonlinear parametric optimization
problem:

iy, (0).0.0 £ 10 { exply(a* = a)] + exply(—a)] + exply(a = 1)]
+exp[y(p(z,y(w),w) = (f —alf = £)))]
+exp[y(fi(z,y(w),w) —9(1 — a))]
+exp[y(fo(z,y(w),w) — 2(1 — a))]
+exp[y(—fs(z, y(w),w) + 6(1 — a))] (4.4)
+expl[y(—faz, y(w),w) + 10(1 — a))]
+exply(y1 + y2 — 3ys)] + exp[v(2y1 — y2 + y3)]
+exp[y(1 — x1)] + exp[y(1 — z2)] + exp[y(z1 — 14)]
+exply(ze — 14)] + exp[y(—y1)] + exp[y(—y2)] + exph(—ys)]}

with v being sufficiently large, where the optimal values of f and f are obtained by computing (4.2)
and (4.3), respectively. B

Choosing z° = (4.0000, 2.0000), y°(w) = (1.0547,1.0564,0.1574) and a® = 0.2 and setting L = 3
with the probability p; = 0.1590, p» = 0.6821,p3 = 0.1589, and € = 10~?, Q = 10° and fixed v = 12,
then for each iteration of Algorithm 3.2, we first generate the random variable w by using normrnd
function (that is, normal distribution function) of MATLAB 7.0 software. Secondly, we solve from
problems (4.2) and (4.3) to problem (4.4) in turn by the commonly used quasi-Newton line search
of MATLAB software 7.0.

Here, the first layer iteration searching optimization is to solve problems (4.2) and (4.3), respec-
tively. And the second optimizing process is to find the optimal solution of problem (4.1) via solving
the unconstrained and smooth nonlinear parametric optimization problem (4.4). We only present
four optimal solution (z*,y*(-)) with respect to the random variable w and the corresponding mem-
bership degree a* for whole stochastic optimization problem, which is listed in Table 1. Further,
Table 2 show that each iteration calculation results including iterative solutions with the random
variable w = 0.128808 for the second optimizing process to this problem. The results for every step
in Table 2 (i.e., k =0,1,2,--- ,11) come from the first layer iteration process, which are too much
and so they are omitted.
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Table 1: The optimal solution with the random variable and membership degree

k(27 y*(w), w) ar

1 (0. 984674 1.158197, 0.036645, 0.228989, 0.128690, 0.128808) 0.954363
2 (0.987781, 1.219403, 0.024577, 0.187961, 0.097964, 0.345629) 0.949652
3(
4 (

0.984337, 1.156955, 0.036586, 0.232004, 0.127346, 0.191080) 0.953185
0.988056, 1.226168, 0.023580, 0.184104, 0.095786, 0.353731) 0.949391

—_

Table 2: Data for Computational results with the random variable w = 0.128808

o yF) aF Iterations No.

P

0 (4. OOOO 2.0000, 1.0547, 1.0564, 0.1574) 0.2 46
1 (0.989779,1.252773,0.027679,0.173089,0.106607) 0.871896 16
2 (0.985831,1.166544,0.034618,0.217474,0.125437) 0.924577 13
3 (O 984928,1.159731,0.036190,0.226463,0. 128032) 0.945141 15
4 (O 984726,1.158504,0.036552,0.228473,0. 128555) 0.951749 14
5 (0.984687,1.158268,0.036623,0.228867,0.128658) 0.953643 9
6 (0.984677,1.158241,0.036639,0.228955,0.128681) 0.954166
7 )
8 )
0 )
10 ( )
11 ( )

0.984676,1.158237,0.036638,0.228959,0.128678) 0.954309
0.984676,1.158233,0.036638,0.228962,0.128678) 0.954348
0.984674,1.158198,0.036645,0.228989,0.128690) 0.954359
0.984674,1.158197,0.036645,0.228989,0.128690) 0.954362
0.984674,1.158197,0.036645,0.228989,0.128690) 0.954363

R CANC VN

5 Concluding remarks

In this paper, by developing a class of new regularization smoothing approximation approaches,
we investigated approximation solvability of the following fuzzy parametric variational inequality
constrained stochastic optimization problems in n-dimension real numeral set R™:

zrfgl;l(n) Ew [f(xv y(w)v w)]

st. zel, (5.1)
y(w) € C(z,w),
(F(z,y(w),w), 2(w) —y(w)) 20, Vz(w) € C(z,w),

which has been very little studied by right of the known theories and approaches in the literature.
It is because the existence of the random variable and the fuzzified version mean that (5.1) involves
multiple complementarity-type constraints, and solving problem (5.1) is more difficult than solving
an ordinary mathematical program with (fuzzy) equilibrium constraints or stochastic mathematical
program with equilibrium constraints.

Based on the notion of tolerance approach with entropic regularization and fuzzy set theory,
we first showed that solving the stochastic optimization problem with fuzzy parametric variational
inequality constraints is equivalent to solving a fuzzy complementarity constrained stochastic opti-
mization problem, which can be converted to a regular nonlinear parametric optimization problem
with continuous random variables. Then, we constructed a centre iterative algorithm and developed
a class of new regularization smoothing approximation approaches for solving a problem with contin-
uous random variables based on quasi-Monte Carlo estimate and entropic regularization technique,
and discussed a comprehensive convergence theory for approximating the resulting optimization
problem. Finally, numerical example was provided to illustrate our main results applying quasi-
Newton line search of MATLAB software.

We remark that in the paper, based on the concept that fuzzy constraints should yield a fuzzy
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objective, we must choose a class of new regularization smoothing approximation approaches to
define the objective function value of two optimization problems as the parameters in an equivalent
stochastic parametric optimization problem. Hence, the problem presented in this paper is brand
new and the method is also new and interesting.

Whether the corresponding results of Theorem 3.3 hold when the objective function is a fuzzy
stochastic function, the constraints are fuzzy implicit variational inequalities (such as in [14, 17]) or
elliptic inequalities subject to physical phenomenon, and the numerical testing is some large-scale
applications, which are still open questions to be solved in further research.

Acknowledgments

This work has been partially supported by Sichuan Province Cultivation Fund Project of Academ-
ic and Technical Leaders, and the Scientific Research Project of Sichuan University of Science &
Engineering (2015RCO07).

References

[1] S.I. Birbil, G. Girkan and O. Listes, Solving stochastic mathematical programs with complementarity
constraints using simulation, Math. Oper. Res. 31(4) (2006), 739-760.

[2] Y. Chen and Q.J. Hu, A SQP algorithm based on a smoothing lower order penalty function for inequality
constrained optimization, J. Comput. Anal. Appl. 11(3) (2009), 481-491.

[3] X.J. Chen, H.L. Sun and Roger J.B. Wets, Regularized mathematical programs with stochastic equilib-
rium constraints: estimating structural demand models, SIAM J. Optim. 25(1) (2015), 53-75.

[4] Q.J. Hu, W.Y. Chen and Y.H. Xiao, An improved active set feasible SQP algorithm for the solution of
inequality constrained optimization problems, J. Comput. Anal. Appl. 11(1) (2009), 54-63.

[5] M. Patriche, Bayesian abstract fuzzy economies, random quasi-variational inequalities with random fuzzy
mappings and random fixed point theorems, Fuzzy Sets and Systems 245 (2014), 125-136.

[6] M. Patriksson, On the applicability and solution of bilevel optimization models in transportation science:
a study on the existence, stability and computation of optimal solutions to stochastic mathematical
programs with equilibrium constraints, Transportation. Res. B 42 (2008), 843-860.

[7] F. Toyasaki, P. Daniele and T. Wakolbinger, A variational inequality formulation of equilibrium models
for end-of-life products with nonlinear constraints, Furopean J. Oper. Res. 236(1) (2014), 340-350.

[8] J. Zhang, Y.Q. Zhang and L.W. Zhang, A sample average approximation regularization method for a
stochastic mathematical program with general vertical complementarity constraints, J. Comput. Appl.
Math. 280 (2015), 202-216.

[9] G.H. Lin, X.J. Chen, M. Fukushima, Smoothing Implicit Programming Approaches for Stochastic Math-
ematical Programs with Linear Complementarity Constraints, Technical Report 2003-006, Department
of Applied Mathematics and Physics, Graduate School of Informatics, Kyoto University, Kyoto, Japan,
2003.

[10] G.H. Lin, X.J. Chen and M. Fukushima, Solving stochastic mathematical programs with equilibrium
constraints via approximation and smoothing implicit programming with penalization, Math. Program.
Ser. B 116 (2009), 343-368.

[11] H. Xu, An implicit programming approach for a class of stochastic mathematical programs with linear
complementarity constraints, SIAM J. Optim. 16 (2006), 670-696.

[12] C.F. Hu and F.B. Liu, Solving mathematical programs with fuzzy equilibrium constraints, Comput.
Math. Appl. 58 (2009), 1844-1851.

[13] H.Y. Lan, C.J. Liu and T.X. Lu, Method of centres for solving mathematical programs with fuzzy
parametric variational inequality constraints, in: X.S. Zhang et al. (Eds.), 11th International Symposium
on Operations Research and its Applications in Engineering, Technology and Management, Vol. 2013,
Issue 644CP, 2013, pp. 194-199.

[14] H.Y. Lan and J.J. Nieto, Solving implicit mathematical programs with fuzzy variational inequality

constraints based on the method of centres with entropic regularization, Fuzzy Optim. Decis. Mak. (in
press, March 2015) http://dx.doi.org/10.1007/s10700-015-9207-7

16

856 Heng-you Lan 841-857



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

[15] R. Bellman and L.A. Zadeh, Decision making in a fuzzy environment, Management Sci. 17B (1970),
141-164.

[16] Z.T. Gong, X.X. Liu and X. Feng, Almost ideal statistical convergence and strongly almost ideal
lacunary convergence of sequences of fuzzy numbers with respect to the Orlicz functions, J. Comput.
Anal. Appl. 19(3) (2015), 418-425.

[17] H.Y. Lan, An approach for solving fuzzy implicit variational inequalities with linear membership func-
tions, Comput. Math. Appl. 55(3) (2008), 563-572.

[18] E.Y. Pee and J.O. Royset, On solving large-scale finite minimax problems using exponential smoothing,
J. Optim. Theory Appl. 148(2) (2011), 390-421.

[19] D.M. Yuan and X.L. Cheng, Method of fundamental solutions with an optimal regularization technique
for the Cauchy problem of the modified Helmholtz equation, J. Comput. Anal. Appl. 14(1) (2012), 54-66.

[20] Z.H. Zhang, Asymptotic representations in stochastic process approximations, J. Comput. Anal. Appl.
18(4) (2015), 672-684.

[21] H.J. Zimmermann, Puzzy Set Theory and Its Applications (2™ edition), Kluwer Academic, Dordrecht,
1991.

[22] C.F. Hu, Solving Systems of Fuzzy Inequalities, Ph.D thesis, North Carolina State University, ProQuest
LLC, Ann Arbor, MI, 1997.

[23] Y. Chen and M. Florian, The nonlinear bilevel programming problem, formulations, regularity and
optimality conditions, Optimization 32 (1995), 193-209.

[24] H. Niederreiter, Random number generation and quasi-Monte Carlo methods, in: CBMS-NSF' Regional
Conference Series in Applied Mathematics, vol. 63, Society for Industrial and Applied Mathematics,
Philadelphia, PA, vi4+241 pp, 1992.

[25] O.G. Mancino and G. Stampacchia, Convex programming and variational inequalities, J. Optim. Theory
Appl. 9 (1972), 3-23.

[26] H.F. Wang and H.L. Liao, Variational inequality with fuzzy convex cone, J. Global Optim. 14(4) (1999),
395-414.

[27] R.T. Rockafellar, Convex Analysis, Princeton, NJ: Princeton Univ. Press, 1970.

[28] P. Huard, Resolution of mathematical programming with nonlinear constraints by the method of centres
in nonlinear programming, in: Nonlinear Programming (eds. J. Abadie), North-Holland, Amsterdam,
1967, pp. 207-219.

17

857 Heng-you Lan 841-857



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

The Split Common Fixed Point Problem
for Demicontractive Mappings
in Banach Spaces

Li Yang!, Fuhai Zhao? and Jong Kyu Kim?

1School of Science, South West University of Science and Technology,
Mianyang, Sichuan 621010, P. R. China
e-mail: yangli@swust.edu.cn

2School of Science, South West University of Science and Technology,
Mianyang, Sichuan 621010, P. R. China
e-mail: zhaofuhai@swust.edu.cn

3Department of Mathematics Education, Kyungnam University,
Changwon, Gyeongnam 51767, Korea
e-mail: jongkyuk@kyungnam.ac.kr

Abstract. In this paper, based on the work by Moudafi and inspired by Takahashi and Xu, we try
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1 Introduction and Preliminaries

The split common fixed point problem was introduced by Moudafi [1] in 2010. Moudafi
proposed an iteration scheme and obtained a weak convergence theorem of the split
common fixed point problem for demicontractive mappings in the setting of two
Hilbert spaces. Since then, many authors investigated the split common fixed point
problems of other nonlinear mappings in the setting of two Hilbert spaces (see [2-7]).
At the beginning of 2015, Takahashi [8] first attempted to introduce and consider the
split feasibility problem and split common null point problem in the setting of one
Hilbert space and one Banach space. By using hybrid methods and Halperns type
methods under suitable conditions, some strong and weak convergence theorems for
such problems are obtained. The results presented in [8] seem to be the first outside
Hilbert spaces. This naturally brings us to solve the split common fixed point problem
for demicontractive mappings in the setting of two Banach space.

Let E; and E5 be two real Banach spaces, and A : Ey — E5 be a bounded
linear operator such that A # 0. The split common fixed point problem (SCFP) for
nonlinear mappings S and 7' is to find a point x € F; such thst

x € F(S) and Az € F(T), (1.1)

OCorresponding author: Jong Kyu Kim(jongkyuk@kyungnam.ac.kr)
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where F(S) and F(T) denote the sets of fixed points of S and T, respectively. We
use ' to denote the set of solutions of SCFP for mappings S and T, that is,

I = {z € F(S)| Az € F(T)}.

In this paper, we use the following algorithm to approximate a split common fixed
point of demicontractive mappings in the setting of two Banach spaces.

Algorithm: Let F; and Es be two real Banach spaces, A : E; — F5 be a bounded
linear operator, A* be the adjoint operator of A and J; be the normalized duality
mapping from E; to 2%, i =1,2. Now, we define the iterative scheme {z,,}:

Let ©; € E; be arbitrary, for all n > 1, set

Yn = Ty + I P AN TH(T — 1) Az, (1.2)

Tn+1 = (1 - an)yn + anS(yn)a (13)
where S : F1 — E; and T : F5 — E5 are two demicontractive mappings.

Under some suitable conditions, the iterative scheme {z,} is shown to converge
weakly and strongly to a split common fixed point of demicontractive mappings T
and S. Our result extends the split common fixed point problem from Hilbert spaces
to Banach spaces.

In order to solve this problem mentioned above, we recall the following concepts
and results.

Let E be a real Banach space with norm || - || and let E* be the dual space of E,
We denote the value of y* € E at € E by (z,y*). When {z,} is a sequence in F, we
denote the strong convergence of {z,} to z € E by z, — x and the weak convergence
by z, — z.

We recall that T : E — E is demicontractive (see for example [9]) if there exists
a constant 7 € [0,1) such that

Tz —q|]® < ||z —q||* +nl|lz — Tz||?, Y(z,q) € E x F(T). (1.4)

An operator satisfying (1.4) will be referred to as a n-demicontractive mapping.

It is worth noting that the class of demicontractive maps contains important op-
erators such as the quasi-nonexpansive maps and the strictly pseudocontractive maps
with fixed points.

A mapping T : E — FE is called quasi-nonexpansive, if

[Tz —ql| < [z —q
for all (z,q) € E x F(T). A mapping T': E — E is strictly pseudocontractive, if
[Tz —Ty||* < |l —y[I* + Bl —y — (T — Ty)||”

for all (z,y) € E x E and for some g € [0,1).
A mapping T : E — F is called demiclosed at zero, if for any sequence {z,} C F
and x € E, we have

Tn—z, (I —T)(x,) = 0=>2¢€F(T).

A mapping S : E — E is said to be semi-compact, if for any sequence {z,} in F
such that ||z, — Sz,| — 0,(n — 00), there exists subsequence {z,,} of {z,} such
that {x,,} converges strongly to z* € E.
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The normalized duality mapping J from E to 2€" is defined by
Jr ={a* € E*: (x,2*) = ||z||* = ||=*||*}, Vz € E.
Let U = {z € E: ||z|| = 1}. The norm of F is said to be Gateaux differentiable if
for each x,y € U, the limit

tyll —
ety — ]
t—0 t

exists.

In the case, E is called smooth. FE is smooth if and only if J is single-valued. We
denote the single-valued normalized duality mapping by J.

The modulus of convexity of E is defined by

. r+y
() =it {1~ XL o <1y <o -yl > o),

for every € with 0 < ¢ < 2. A Banach space F is said to be uniformly convex if
0(€) > 0 for every € > 0. FE is said to be p-uniformly convex, if there exists a constant
a > 0 such that dg(e) > aeP for all 0 < e < 2.

Let pg : [0,00) — [0,00) be the modulus of smoothness of E defined by
1
pe(t) =suwp{g(lz +yl +llz —yl) -1:2z €U ly| <t}

A Banach space E is said to be uniformly smooth if p%(t) —0ast — 0. Let g be
a fixed real number with ¢ > 1. Then a Banach space F is said to be g-uniformly
smooth if there exists a constant b > 0 such that pg(t) < bt? for all t > 0. It is well
known that every g-uniformly smooth Banach space is uniformly smooth.

A Banach space FE is said to satisfy the Opial’s condition [10] if for any sequence
{zn} C E, z, — x implies

limsup ||z, — || <limsup ||z, =y,
n—00 n—00

for all y € F with y # z.

Lemma 1.1. [11] Let E be a 2-uniformly convex Banach space. Then the following
inequality holds:

Az + (1= Nyl? < Afl* + (1 = V]lyl* = A1 = Nellz —y|?, Vo,yeE, (1.5)
where 0 < A <1, c=pu(l) >0,

, O e € 1 7 el S € /1
wu(t) : mf{ YT, :
0<A<l,z,ye E and ||:17*y||:t}

> 0.

Lemma 1.2. [11] Let E be a 2-uniformly smooth Banach space with the best smooth-
ness constants kK > 0. Then the following inequality holds:

lz+ gl < |21 + 2y, Jy) + 2[|xyll*,
forall x,y € E.
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2 Main Results

Lemma 2.1. Let Fy be a real 2-uniformly convex and 2-uniformly smooth Banach
spaces with the best smoothness constant k satisfying 0 < k < % , Ey be a real
Banach space, and A : E1 — E5 be a bounded linear operator. Let S : E1 — Eq be B-
demicontractive and T : Eo — Es be n-demicontractive with F(S) # 0 and F(T) # 0.
Then the sequence {x,} generated by algorithm (1.2)-(1.3) is Féjer-monotone with
respect to I' = {x € F(S)|Ax € F(T)}, that is, for every z € T,

|znt1 — 2l < |lzn — 2], Vn €N,

where 0 < v < min{ng‘I"27 ﬁ;ﬁ’;} and a, € (0,1 — %], B <c=u(l).

Proof. Let z € I'. Then z € F/(S) and Az € F(T). It follows from Lemma 1.1 and
(1.3) that

(1 = an)yn + anS(yn) — Z||2
H(l - an)(yn - Z) =+ O‘n(S(yn) - Z)HZ

|41 = 2

< (1= am)llyn — 207 + 0wl S(yn) — 21
—an(1 = an)el|S(yn) = ynll? (2.1)
< (1= an)llyn = 2I7 + anllyn — 2l* + anBlIS(yn) — yall®

—an(1 = an)e|S(yn) — ynll®
< Hyn - Z||2 —ap(c—B— Can)lls(yn) - yn||27

where ¢ = p(1).
On the other hand, It follows from (1.2) and Lemma 1.2 that

lyn — 21> = llan +J7 A (T — I) Ay, — 2|

= ||.Tn—Z—f—’le_lA*JQ(T—I)AanQ

< NI PART(T — 1) Az || + 2y{(xy — 2, A* Jo(T — 1) Az,,)
+2/<;2Hxn - z||2

< PNIAPIT — 1) Ay || + 2v(Azn, — Az, Jo(T — I) Azy)
+2/§2Hxn — z||2

= PIAIPIT — ) Azp|® + 26|z — 2|7
2v(Axz,, — TAx, + TAx,, — Az, Jo(T — I)Ax,)

< PNIAPIT — 1) Azp|? + 262 |2, — 2]
=2v|(T — I)Ag:nH2 + 29(T Ay, — Az, Jo(T — I)Axy,)

< (PIAIP = 29T — DAz, ||* + 267 |2 — 2|

(1T Azy — Az|® + [[(T — I) Az |?)
< TOPIAIR = 20T = D) Awn||* + 267 |zn — 2]
([ Azy — A2l|* +n|(Azn — TAzy||* + ||(T = I) Az, [|*)
< @&+ AN AP) 2 — 2l = (1 =0 =y AP T ~ 1) Azal?,

where A* is the adjoint operator of A and J; is the normalized duality mapping from
E; to 287 i =1,2.

In addition, since 0 < Kk < % and 0 < v < W7 0 < 7| A|I> + 2k < 1, so we
have
g = 21 < llwn = 217 = 4(1 = n = AIP) (T — I) Azy |*. (2.2)
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It follows from (2.1) and (2.2) that

lzner = 21* < llon = 2l =91 =0 = A AT — 1) Az, | (2.3)
—an(c— B — can)||S(yn) — yal.

Finally, by the assumptions on v and «,,, we obtain the desired result.

Theorem 2.2. Let E; be a real 2-uniformly conver and 2-uniformly smooth Banach
space satisfying Opial’s condition with the best smoothness constant k satisfying 0 <
K < %, and Ey be a real Banach space. Let A : E1 — FEs be a bounded linear
operator, S : Fy — E1 and T : Fy — FEs be two demicontractive mappings with
constants  and n with F(S) # 0 and F(T) # 0, respectively. Assume that I — S
and I — T are demiclosed at zero. If T' # 0, then the sequence {x,} generated by
algorithm (1.2)- (1 3) converges weakly to a split common fized point x € T', for 0 <
v < min{HIXHZ, IAHZ } ay, € (9, 1-8 - —0), B <c=pu(l), and for small enough 6 > 0.

Proof. From (2.3) and the fact that 0 < v < min { HAHQ, HAHZ 5} and o, € (4, 17§76),

we obtain that the sequence {||z,, —z||} is monotonically decreasing and thus converges
to some positive real limit I(z). From (2.3), we have

V(1 = =AU = T)Aza|® < flan = 2l* = o — 21,

Therefore,
lim ||(I —T)Az,| = 0. (2.4)
n—oo

From the Féjer-monotonicity of {x,}, it follows that the sequence is bounded. Denot-
ing by x a weak-cluster point of {z,,}. Let k = 0,1,2,... be the sequence of indices,
such that z,, — z, as k — oo. Then from (2.4) and demiclosedness of I — T at zero,
we obtain T(Ax) = Az, that is, Az € F(T).

Now, by setting y, = @, +~vJ; ' A*Jo(I — T)Ax,,, it follows that y,, — =. Again
from (2.3), we obtain

an(c =B = com)llyn — S(a) I < llon — 217 = [l2ns1 — 2.
Using the convergence of the sequence {||z, — z||}, we get

i g — S(ua)| = 0. (2.5)

which combined with the demiclosedness of I — S at zero and the weak convergence
of {yn, } to y yields S(x) = . Hence, x € F(S) and therefore z € I'. Since E; satises
Opial’s condition, we know that {z,} converges weakly to x € I

Theorem 2.3. Let Ey be a real 2-uniformly conver and 2-uniformly smooth Banach
space satisfying Opial’s condition with the best smoothness constant k satisfying 0 <
Kk < % , and Es be a real Banach space. Let A : E1 — Es be a bounded linear
operator, S : E1 — Ey and T : Es — FE5 be two demicontractive mappings with
constants B and n with F(S) # 0 and F(T) # 0, respectively. Assume that I — S
and I —T are demiclosed at zero. If T' # () and S is semi-compact, then the sequence
{z,} generated by algorithm (1.2)-(1.3) converges strongly to a split common fized
point x € T, for 0 < v < min{ Hlf;HZ = 2“} ap € (6,1 — % —9), f<c=u), and
for a small enough 6 > 0.

Proof. It follows from (1.2) that
20 = ynll = [1(@n = yn)ll = [7A*J2(I = T) Az,
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and so, from (2.4) we have
lim |z, — yn| = 0. (2.6)
n—oo

Since S is semi-compact, from (2.5), there exist subsequence {y,,} of {y,} such that

{Yn, } converges strongly to z* € E;. Using (2.6), we know that {z,,} converges

strongly to z*. By Theorem 2.2, we know that {z,} converges weakly to z, so we

have z* = x. Since lim ||z, — x| exists and lim ||z, — 2| = 0, we know that {z,}
n—00 Jj—o0

converges strongly to x € I
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Abstract

.77

In this study, we apply ”r” times the binomial transform to k-Lucas
sequence. Also, the Binet formula, summation, generating function of
this transform are found using recurrence relation. Finally, we give the
properties of iterated binomial transform with classical Lucas sequence.
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1 Introduction and Preliminaries

There are so many studies in the literature that concern about the special
number sequences such as Fibonacci, Lucas and generalized Fibonacci anad
Lucas numbers (see, for example [1]-[3], and the references cited therein). In
Fibonacci and Lucas numbers, there clearly exists the term Golden ratio which
is defined as the ratio of two consecutive of these numbers that converges to
a= HT‘@ It is also clear that the ratio has so many applications in, specially,
Physics, Engineering, Architecture, etc.[4]. Also, many generalizations of the
Fibonacci sequence have been introduced and studied matrix applications of
this sequence in [13]-[16].
For n > 1, k-Lucas sequence is defined by the recursive equation:

Lkny1 =kLlkpn + Lgpn-1,  Lgo=2and Ly = k. (1.1)

In addition, some matrix-based transforms can be introduced for a given
sequence. Binomial transform is one of these transforms and there are also
other ones such as rising and falling binomial transforms(see [5]-[12]). Given
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an integer sequence X = {xg,r1,x2,...}, the binomial transform B of the
sequence X, B (X) = {b,}, is given by

n
n
=3 (Z)x
=0
In [10], authors gave the application of the several class of transforms to

the k-Lucas sequence. For example, for n > 1, authors obtained recurrence
relation of the binomial transform for k-Lucas sequence

bkl = (2+ k) biy — kbgpn—1, bro=2and by =k + 2.

Falcon [11] studied the iterated application of some Binomial transforms to
the k-Fibonacci sequence. For example, author obtained recurrence relation
of the iterated binomial transform for k-Fibonacci sequence

C](QH_I = (2r+k) c,(le — (r* +kr—1) c,(:jl_l, c,(::()) =0 and cl(ci =1.

Motivated by [11, 12], the goal of this paper is to apply iteratively the bino-
mial transform to the k-Lucas sequence. Also, the properties of this transform
are found by recurrence relation. Finally, the relation of between the trans-
form and the iterated binomial transform of k-Fibonacci sequence by deriving
new formulas are illustrated.

2 Iterated Binomial Transform of k-Lucas Sequences

In this section, we will mainly focus on iterated binomial transforms of % -
Lucas sequences to get some important results. In fact, we will also present
the recurrence relation, Binet formula, summation, generating function of the
transform and relationships betweeen of the transform and iterated binomial
transform of k-Fibonacci sequence.

The iterated binomial transform of the k-Lucas sequences is demonstrated

by B,(:) = {b,(le} , Where b,(:; is obtained by applying ”r” times the binomial

transform to k-Lucas sequence. It is obvious that bg()] = 2 and b,(:% =2r+k.
The following lemma will be the key proof of the next theorems.

Lemma 2.1 Forn >0 and r > 1, the following equality hold:

r (r—1
bl(m+1_b ) Z( ) k]—&-i
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Proof. By using definition of binomial transform and the well known binomial
equality
(7)) (1)
. - . + . b
1 1 1—1

O = (n +1
J

we obtain

kn+1

3
T
=

kn+1

3 .

+
_

which is desired result. =

In [10], the authors obtained the following equality for binomial transform
of k-Lucas sequences. However, in here, we obtain the equality in terms of iter-
ated binomial transform of the k-Lucas sequences as a consequence of Lemma
2.1. To do that we take r =1 in Lemma 2.1:

n
n
D1 = B + ) (j)Lk’jH'

j=0

Theorem 2.1 For n > 0 and r > 1, the recurrence relation of sequence

{ b,(:i } 18

with tnitial conditions b,(g:()) =2 and b;ﬁ =2r+k.

by = (2r RO — (2 ke — 1) b)) (2.1)
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Proof. The proof will be done by induction steps on r and n.
First of all, for r = 1, from the equality 2.2 in [10], it is true by 41 =
(2 + k:) bk,n — kbk,n—l-
Let us consider definition of iterated binomial transform, then we have
) = k2 4 20k + 277 4 2.
The initial conditions are

by) =2 and b)) = 2r + k.

Hence, for n = 1, the Eq. (2.1) is true, that is bl(;% = (2r + k) bkfi— (r* +kr—1) b,(;:()).
Actually, by assuming the Eq. (2.1) holds for all (r — 1,n) and (r,n — 1),
that is,

bt = (2r =2+ R b — (= 1?4 k(-1 = 1) b,

and
0 = @+ k)b — (P2 ke — 1) b))

n = n—1 kn—2"

Now, by taking into account Lemma 2.1, we obtain
n
(r) G T\ (r=1)
bkfn+1 - bkfn + Z ( '>bkr,j+1
=0 N
Sl AT I S W AWy
. r—1 r—1
= () ()
§=0 §=0

= n r—1 r—1 r—1 r—1
_ Z(j) (6" + o) + ol + oY

j=1
By reconsidering our assumption, we write
0= > <n> (b + @ =24 1Bl = (% = 2+ ke — KB b Y+ oY

7j
=1 M

NE

SCET ) o (R B CEERTE) ol (S BT PR e
=1

j= j=1
= 2r+k-1) Z (?) bg;l) — (r2 —2r 4 kr — k:) Z (?) bﬂ’]__lf + bl(;:o_l) + bg:fl)

7=0
—2r+k—1) b;’jo‘”

= k- D) = (P2t k)Y (’;) by @ —2r — k)oY oY,
j=1
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Then we have

) = @k —)b) = — (P =2 hr—k) Y (7)17,&3_1} +4-2r k.
) ) ‘ j ,
j=1
(2.2)
By taking n —n —1, it is

—_

n—

r T —1 r—
o) = @ k-0~ (=2t ke — k) <" )b,ﬁjj}ﬂmk
bl k) ] 2

n n—1 (r—1)
=1 by . 1 +4—-2r—k
1) -G
T\ (r=1)
(G

+(r2—2r+kr—k)z<j_ )b(r 1)+4—2r—k

Jj=1

.
I
-

NE

= @r+k-1)b) (P2 +kr—k)

<.
I

NE

= @r+k-1)b)) (P —2r+kr—k)

<.
Il

0= @ k-0 (P2 k= k)Y (”) by
, , i),

j=
n—1

+(r2—2r+kr—k)z (n;1>b(r Dig_or—k
=0

= @ +k-1b)  — P2tk k) (?)bg;j{
j=1
-|-(7“2—2r+/<:7“—k)b§£2l_1+4—2r—k

= (P10 (2 rkr— k)Y (?)b;’jj_li +4—2r — k.
j=1

3

Hence, we have
n
o) — (P ke = 1)) = (12— 2r + kr — k) (7)@22_? +4—2r—k
=1 M
If last expression put in place in the equation (2.2), then we get

bl(ﬁwrl = (2r+k- )bl(:?)z + bl(<:7)1 — (r?+kr—1) b;(f,i_l

)

= Q@r+R)b, — (7 k= 1) b

5
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which completed the proof of this theorem. m

The characteristic equation of sequence {b,@b} in (2.1) is

A — (2r +k)A+72+kr—1=0. Let A\; and A2 be the roots of this equation.
)

n} can be expressed as

Then, Binet’s formulas of sequence {b,(:

(2.3)

. k+ViZ 14 Y k- V24 "
b,(gﬁzlz<+ 5 + +r> +<2 * +r> :

In here, we obtain the equalities given in [10] in terms of iterated binomial
transform of the k-Lucas sequences as a consequence of Theorem 2.1. To do
that we take = 1 in Theorem 2.1 and the Eq. (2.3):

bk,n+1 = (2 + k) bk,n - kbk,n—lv

and

2 2

, <k+2+\/k2+4>"+<k+2—\/k2+4>n
k,n —

Now, we give the sum of iterated binomial transform for k-Lucas sequences.

Theorem 2.2 Sum of sequence {b,@l} 18

> b= X
L ki r2+kr—k—2r

1=

SO Gt i) B =) k242

Proof. By considering Eq. (2.3), we have

n—1 n—1
Db =D ().
i=0 i=0
Then we obtain .
S0 (ML), (M-
Zbk’i_<)\1—1>+<)\2—1 '

i=0
Afterward, by taking into account equations A\.A\a = r2+kr—1 and \; + o =
k + 2r, we conclude

n

ki r24+kr—k—2r

1=0

n-l b(r) (r2 + kr — 1) b,(;:i_l — bgf’) —k—-2r4+2
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|
Note that, if we take » = 1 in Theorem 2.2, we obtain the summation of
binomial transform for k-Lucas sequence:

n—1

> bri = by — kg1 +k
=0

Theorem 2.3 The generating function of the iterated binomial transform for
{Lgn} is

e (r) i 2—(2T—|—]€)$
g by ‘' =
—~ ki 1—Qr+k)x+ (r2+kr—1)a2

Proof. Assume that b (k,z,7) = > b,(:g x' is the generating function of the
i

1=
iterated binomial transform for {Lj ,}. From Theorem 2.1, we obtain

b(k,z,r) = bl(n))‘kb x+Z(2r+k)bl(:z)l (T2+k7"_1)b§m)2> i

= b(r) + bgﬁx (2r + k) bl(:())x +@2r+k)x Z b/,(:z)aﬁZ
i=0

—(r* + kr — QZbT) ‘

= o+ (0] — @r+ RO ) @+ (2 + K)ab (k)
- (T2+kr— 1) 2%b(k,z,7).

Now rearrangement of the equation implies that

b+ () - 2r+R)))
1—2r+k)z+ (r2+kr—1)z?’

b(k,z,r)=

which equals to the E b :L' in theorem. Hence, the result. m

In here, we obtaln the generatmg function given in [10] in terms of iterated
binomial transform of the k-Lucas sequences as a consequence of Theorem 2.3.
To do that we take r = 1 in Theorem 2.3:

Zb i 2—(2+k)
kot —(2+k)z+ ka?
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In the following theorem, we present the relationship between the iterated
binomial transform of k-Lucas sequence and iterated binomial transform of
k-Fibonacci sequence.

Theorem 2.4 For n > 0, the relationship of between the transforms {bgzl}

and {cl(le} is illustrated by following way:

by =) = (k= 1)) (2.4)

(r) (r)

ko 1S the iterated binomial transform of k-Lucas sequence and Chp U
the iterated binomial transform of k-Fibonacci sequence.

where b

Proof. By using the Eq.(2.4), let be

+ Yc(r)

40, = Xl + Ve

k,n+1

If we take n = 1 and 2, we have the system

By considering definition of the iterated binomial transforms for k-Lucas, k-
Fibonacci sequence and Cramer rule for the system, we obtain

r+k=02r+kX
k2 +2rk+2r2+2= (3r* +3rk+k*+1) X +Y

and
leandY:—(r2+kr—1)

which is completed the proof of this theorem. m

Note that, if we take r = 1 in Theorem 2.4, we obtain the relationship
of between the binomial transform for k-Lucas sequence and the binomial
transform for k-Fibonacci sequence:

bk:,n = Ckn+1 — kck,n—l-

Corollary 2.1 We should note that choosing k = 1 in the all results of section
2, it is actually obtained some properties of the iterated binomial transform for
classical Lucas sequence such that the recurrence relation, Binet formula, sum-
mation, generating function and relationship of between binomial transforms
for Fibonacci and Lucas sequences.
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Corollary 2.2 We should note that choosing k = 2 in the all results of section
2, it is actually obtained some properties of the iterated binomial transform for
classical Pell-Lucas sequence such that the recurrence relation, Binet formula,
summation, generating function and relationship of between binomial trans-
forms for Pell and Pell-Lucas sequences.

Conclusion 2.1 In this paper, we define the iterated binomial transform for
k-Lucas sequence and present some properties of this transform. By the results
in Sections 2 of this paper, we have a great opportunity to compare and obtain
some new properties over this transform. This is the main aim of this paper.
Thus, we extend some recent result in the literature.

In the future studies on the iterated binomial transform for number se-
quences, we expect that the following topics will bring a new insight.

(1) It would be interesting to study the iterated binomial transform for Fi-
bonacci and Lucas matrix sequences,

(2) Also, it would be interesting to study the iterated binomial transform for
Pell and Pell-Lucas matriz sequences.
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Abstract

In this paper, we introduce the Nielsen fixed point theory in digital images. We also deal with some
important properties of the Nielsen number and calculate the Nielsen number of some digital images. We get
some new results using digital covering maps and Nielsen number.
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1 Introduction

Digital topology is often used in computer graphics, pattern recognition and image processing. This topic has been studied
by important researchers such as Rosenfeld, Kong, Kopperman, Boxer, Karaca, Han, etc. Their goal is to determine not
only similarities but also differences between digital images and topology.

Fixed point theory with applications is an important area in topology. This theory continues to develop with new
computations and come out of new invariants. Nielsen fixed point theorem is a notable theorem in this theory because it
gives a way to count fixed points. One of the main goals in digital topology is to classify digital images. For this reason,
we use the Nielsen number which is a powerful invariant for digital images.

In 1920s, Jakop Nielsen introduced the Nielsen theory and the Nielsen number. He focused on both the existence
problem of fixed points and the problem of determining the minimal number of fixed points in the homotopy classes. He
did this by introducing the Nielsen number of a self map. This number is a homotopy invariant lower bound for the number
of fixed points of the map. In this area, there are significant works |10} 111 12| 16} 17} 18] 19].

Boxer [6] introduces the digital covering space and showed that the existence of digital universal covering spaces. Boxer
and Karaca [7] classify digital covering spaces using the conjugacy class corresponding to a digital covering space. Boxer
and Karaca [8] study digital versions of some properties of covering spaces from algebraic topology. Karaca and Ege [20]
get some results related to the simplicial homology groups of 2D digital images. Ege and Karaca [13] give characteristic
properties of the simplicial homology groups.

This paper is organized as follows. The second section provides the general notions of digital images, digital homotopy,
digital covering spaces and digital homology groups. In Section 3 we present the Nielsen fixed point theorem for digital
images, give some examples and properties. In Section 4 we discuss about the relation between Nielsen theory and digital
universal covering space. We finally make some conclusions about this topic.

2 Preliminaries

A digital image consists of a pair (X, ), where Z is the set of integers, X C Z" for some positive integer n, and « indicates
an adjacency relation for the members of X.

Definition 2.1. [3]. For a positive integer [ with 1 < < n and two distinct points p = (p1,p2,.--,Pn), ¢ = (q1,42,---,qn) €
Z", p and q are c;-adjacent, if
(1) there are at most [ indices ¢ such that |p; — ¢;| = 1, and

(2) for all other indices j such that |p; — ¢;| # 1, p; = ¢;.
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The notation ¢; represents the number of points ¢ € Z™ that are adjacent to a given point p € Z". Thus, in Z,
we have ¢; = 2-adjacency; in Z2, we have ¢; = 4-adjacency and c; = 8-adjacency; in Z®, we have ¢; = 6-adjacency,
c2 = 18-adjacency, and c3 = 26-adjacency [5]. A k-neighbor of p € Z™ [3] is a point of Z™ that is k-adjacent to p.

A digital interval 2] is defined by [a,blz = {z € Z | a < z < b} where a,b € Z and a < b. A digital image X C Z" is
k-connected [19] if and only if for every pair of different points z,y € X, there is a set {zo,z1,...,2,} of points of a digital
image X such that x = xo, y = x» and z; and z;41 are x-neighbors where ¢ =0,1,...,r — 1.

Definition 2.2. [3]. Let X C Z" and Y C Z™' be digital images with xo-adjacency and xi-adjacency, respectively. A
function f : X — Y is said to be (ko, k1)-continuous if for every xo-connected subset U of X, f(U) is a ki-connected
subset of Y. We say that such a function is digitally continuous.

Proposition 2.3. [J]. Let X CZ™ and Y C Z™ be digital images with ko-adjacency and ki-adjacency, respectively. The
function f : X — Y is (ko, k1)-continuous if and only if for every rko-adjacent points {xo,x1} of X, either f(xo) = f(x1)
or f(zo) and f(x1) are K1-adjacent in Y.

In a digital image X, if there is a (2, k)-continuous function f : [0, m]z — X such that f(0) = z and f(m) = y, then
there exists a digital k-path [6] from z to y. If f(0) = f(m), then we say that f is digital k-loop and the point f(0) is the
base point of the loop f. When a digital loop f is a constant function, it is said to be a trivial loop.

Definition 2.4. Let (X,ko) C Z™ and (Y,x1) C Z"' be digital images. A function f : X — Y is called a (ko,K1)-
isomorphism 2] if f is (ko, 1)-continuous and bijective and f~': Y — X is (k1, xo)-continuous.

Definition 2.5. [3]. Let (X, ko) C Z™ and (Y, k1) C Z™ be digital images. We say that two (Ko, k1)-continuous functions
fyg: X =Y are digitally (xo, x1)-homotopic in Y if there is a positive integer m and a function H : X x [0,m]z — Y such
that

e forall z € X, H(z,0) = f(z) and H(z,m) = g(z);

e for all z € X, the induced function H, : [0, m]z — Y defined by

H.(t) = H(z,t) forallte [0,m]z,

is (2, k1)-continuous; and
e for all ¢t € [0, m]z, the induced function H; : X — Y defined by

Hi(x) = H(z,t) forall z € X,

is (ko, k1)-continuous.

The function H is called a digital (ko, k1)-homotopy between f and g. If these functions are digitally (ko, x1)-homotopic,
it is denoted f ~(., .,y g- The digital (o, x1)-homotopy relation [3] is equivalence among digitally continuous functions
f (X, ko) = (Y, K1).

If f:[0,mi]z — X and g : [0,m2]z — X are digital k-paths with f(mi) = ¢(0), then define the product (f  g) :

[0, m1 + m2]z — X [3] by
o F®), t€[0,mi]z
(f*9)®) = { gt —m1), t€E[mi,mi +malz.

Let f and fl be k-loops in a digital image (X, xz). We say f, is a trivial extension of f [3] if there are sets of k-paths
{fi,..., fr} and {Fi,..., Fp} in X such that:
(1) r<p,
2) f=fix...x fr,
(3) f =Fi...xFp,
(4) There are indices 1 < 41 < iz < ... < 3 < p such that F,=f;,1<j<randi # {i1,...,i,} implies F; is a trivial
loop.
If f,g:]0,m]z — X are s-paths such that f(0) = ¢g(0) and f(m) = g(m), then a homotopy

H:[0,m]z x [0,M]z = X

between f and g such that for all ¢ € [0, M]z, H(0,t) = f(0) and H(m,t) = f(m), holds the endpoints fixed.

Two loops f, fo with the same base point 9 € X belong to the same loop class [f]x if they have trivial extensions that
can be joined by a homotopy that holds the endpoints fixed (see [4]).

Let (E, ) be a digital image and let € be a positive integer. The k-neighborhood of eg € E with radius ¢ is the set

Ny (eo,e) ={e € E | lx(eo,e) <e}U{eo},

where [,;(eo, €) is the length of a shortest x-path from e to e in E (see [14]).
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Definition 2.6. [6]. Let (E, ko) and (B, k1) be digital images. A map p: E — B is called a (ko, k1)-covering map if the
followings are true:
1. p is a (Ko, K1)-continuous surjection.
2. for each b € B, there exists an indexing set M such that p~!(b) can be indexed as p~'(b) = {e;|i € M} and the following
conditions hold:

° pil(N"”vl (bv 1)) = Uie]\l N“O (67;, 1)7

eifi je M, i#j, then Nej(ei,1) N N, (ej,1) =0,

e the restriction map p|w, (e;,1) : Nro(€i, 1) = Ni, (b, 1) is a (ko, x1)-isomorphism for all i € M.

Let (E, ko), (B,r1) and (X, k2) be digital images, let p : E — B be a (ko,#1)-covering map, and f : X — B be
(k2, k1)-continuous. A lifting of f with respect to p is a (k2, ko)-continuous function f : X — FE such that po f = f (see

[T4]).

Definition 2.7. [6]. Let (Eo,po, B) be a (ko, kB)-covering. Suppose C is a set of (kg, kp)-coverings of B such that for
every (F,p, B) € C, there is a (ko, kg)-covering (Eo,pg, E). Then the pair (Eo,po) is a universal covering space of B for
the set C.

Definition 2.8. [2I]. Let S be a set of nonempty subset of a digital image (X, x). Then the members of S are called
simplezes of (X, k), if the followings hold:

e If p and q are distinct points of s € S, then p and q are k-adjacent,

elfscSand DAt C s, thente S.

An m-simplex is a simplex S such that |[S| = m + 1. For a digital m-simplex P, if Plisa nonempty proper subset of
P, then P is called a face of P.

Definition 2.9. [I]. Let (X, k) be a finite collection of digital m-simplices, 0 < m < d for some non-negative integer d. If
the followings hold, then (X, k) is called a finite digital simplicial complex:

e If P belongs to X, then every face of P also belongs to X.

o If P,QQ € X, then PN Q is either empty or a common face of P and Q.

Definition 2.10. [I]. Let (X, x) C Z" be a digital oriented simplicial complex with m-dimension. C(X) is a free abelian
group with basis all digital (k, ¢)-simplices in X. A homomorphism 9, : Cy (X) — C§_1(X) called the boundary operator.
If o = [vo,...,vq] is an oriented simplex with 0 < g < m, 9, is defined by

q

0q0 = Oqlvo, ..., vq] = Z(—l)i[vo7...,13i, A

i=0
where v; means the vertex v; is to be deleted from the array.

We remark that for ¢ < 0,m < g, since Cy7(X) is the trivial group, the operator J, is the trivial homomorphism for
g <0, m < q. We notice that 9,1 09y = 0 [I] for ¢ > 0.

Definition 2.11. [I]. Let (X, x) C Z" be a digital oriented simplicial complex with m-dimension.
o Z7(X) = Ker 0, is called the group of digital simplicial g-cycles.

e BF(X) =1Im Og41 is called the group of digital simplicial g-boundaries.

o Hi(X) = Z;(X)/Bg(X) is called the gth digital simplicial homology group.

3 Nielsen Theory for Digital Images

Let (X, k) be a digital image and let f : X — X be a digital map. The fixed point set of f is Fiz(f) = {z € X : f(z) = z}.
The main object of study in topological fixed point theory is the minimum number of fixed points which is denoted by
M| f] among all digital maps (x, x)-homotopic to f. For example, M[f] = 0 means that there is a digital map g which is
(k, k)-homotopic to f such that g(z) # x for all z € X.

To calculate M[f] we have to examine the fixed point sets of every map homotopic to f. In the fixed point theory, it is
made use of a homotopy invariant, called the Nielsen number of f. Its computation requires only a knowledge of the map
f itself.

Definition 3.1. Let f : (X,k1) — (Y, k2) be a (K1, k2)-continuous map where (X, x1) and (Y, k2) are digital images.
Then f induces homomorphisms f, : Hi'(X) — HI?(Y) and f. can be thought of as a homomorphisms of the integers.
The integer deg(f) to which the number 1 gets sent is called the degree of the map f.

Definition 3.2. Let (X, x) be a digital image, A C X and f: A — X a digital map. We define the fized point index of f
as ind(f) = deg(F) where F(z) =z — f(z) and z € X.
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Some properties of fixed point index can be given as follows. We don’t prove these because they are proved similarly in
Algebraic Topology.

1. (Homotopy invariance) Let A C X X [0,m]z be digital image with x-adjacency and F': A — X be a digital map such
that
Fig(F) = {(z,t) € A: F(z,t) = z}.

Then ind(fo) = ind(fm), where fi = F(—,t) for 0 < ¢ < m and a positive integer m.

2. (Commutativity) Let (X, k1) and (Y, k2) be digital images and let f : A — Y and g : B — X be digital (k1,K2)-
continuous maps, respectively, where A C X, B C Y. Then Fiz(gf) = Fiz(fg) and ind(fg) = ind(gf).

Now we define Nielsen number for digital images.
Definition 3.3. Let (X, x) be a digital image and f : (X,x) — (X, k) a self-map. Two fixed points z,y € Fix(f) are

Nielsen related if and only if there is a x-path ¢ : [0, m]z — X satisfying ¢(0) = z, ¢(m) = y and the s-paths ¢, f o c are
fixed end point homotopic, i.e. there is a digital map H : [0, n]z X [0, m]z — X satisfying

H(t,0) =c(t), H(t,m)= foc(t), H(,s) ==z, H(n,s)=y.

This is an equivalence relation, hence Fix(f) splits into disjoint Nielsen classes. A fixed point class F' is essential if its
index is nonzero. The number of essential fixed point classes is called the Nielsen number of f, denoted N(f).

We give some characteristic examples about the Nielsen number.
Example 3.4. Let (X, ) be a digital image. If f: X — X is a constant digital map, then N(f) = 1.

Since the boundary Bd(I"*') of an (n+1)-cube I is homeomorphic to n-sphere S™, we can represent a digital sphere
by using the boundary of a digital cube. Boxer [5] defines sphere-like digital image as S, = [~1, 1]\ {011} C Z"T1,
where 0,, denotes the origin of Z".

Example 3.5. 51 = {co = (1,0),c1 = (1,1),¢c2 = (0,1),¢3 = (—-1,1),ca = (—1,0),¢5 = (—=1,—1),¢c6 = (0,—1),¢7 =
(1,—1)} is digital 1-sphere with 4-adjacency in Z>. Let f : (S1,4) — (S1,4) be a digital map of degree 1. Then f can be
considered as identity map and is (4, 4)-homotopic to a fixed point free map. Thus we have N(f) = 0.

Let’s give some important properties of Nielsen number for digital images.
Theorem 3.6. Let (X, k) be any digital image. If f ~. oy g: X = X, then N(f) = N(g).

Proof. We must show that there is a bijection between sets of essential classes of f and g. Let H (¢, s) be a digital (k, x)-
homotopy from f and g. For every Nielsen class A C Fixz(f), there is one A C Fiz(H) containing A. Let

B={zeX|(x,;m)eA}.

So B is a Nielsen class of g or is empty. From homotopy invariance index property, we have ind(f, A) = ind(g, B). If A is
essential, then B is essential. As a result, we find a map from the set of essential classes of f to the set of essential classes
of g.

On the other hand, H(x, m — t) gives the inverse map. Consequently, we get N(f) = N(g). O

Theorem 3.7. Let (X, k) be a digital image and f: X — X be a digital map. Any digital map g digital (k, k)-homotopic
to f has at least N(f) fized points.

Proof. Using Theorem [3.6] we have N(f) = N(g). Since each essential Nielsen class of g is nonempty, we get M[g] > N(g)
where
Mg] = min{#Fizg | g ~uw) f: X = X}

O
Theorem 3.8. Let (X, k) and (Y, n’) be any digital images, f: X — Y and g: Y — X be digital maps. Then N(go f) =
N(fog).

Proof. For digital maps f and g, if we use commutativity property of fixed point index, i.e. Fiz(f og) = Fiz(go f) and
ind(f og) =ind(go f), we have a bijection which preserves index between the sets of essential Nielsen classes. As a result,
we have N(go f) = N(fog). O

Lemma 3.9. Let A C X be digital image with k-adjacency and f : X — X be digital map such that f(X) C A, where X
is any digital image with k-adjacency. If fa : A — A is the restriction of f, then N(fa) = N(f).
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Proof. Let i: A — X be inclusion map. Assume that g : X — A is given by g(z) = f(x). Using Theorem we conclude
N(f)=N(iog) = N(goi) = N(fa)
because iog = f and goi = fa. O

Theorem 3.10. Let (X,x) and (Y, m/) be any two digital images. Suppose that h : X — Y is a digital (k, m/)-homotopy
equivalence and let the diagram

X*f>X
Y ——=Y

g

be digital (k, fi,)—homotopy commutative, i.e. ho f >~y 9o h. Then N(f) = N(g).

Proof. Assume that the digital (/{l, x)-homotopy inverse of his m:Y — X. Then moh ~(. .y 1x and hom >~ Ly
By Theorem and Theorem we have

N(f) = N(f(mh)) = N((fm)h) = N

O

Theorem 3.11. Let (X, k) be a digital image and f : (X,k) = (X, k) be a digital map. N(f) is a lower bound for the
number of fized points in the homotopy class of f, i.e.

0 < N(f) < M[f] :==min{#Fizg | g~ f: X = X}

Proof. By the definition of Nielsen number, we have N(f) > 0. On the other hand, since we know that each Nielsen class
contains at least one fixed point of f, we conclude that 0 < N(f) < M[f]. O

4 Nielsen Theory and Digital Universal Covering Spaces

Since there is a connection between the digital fundamental group and the digital universal covering of a space, same results
can be also obtained by the lifts of the considered maps to the digital universal coverings. Let (X, k) be a digital image and
p: X — X be the digital universal covering of X, with group = of covering transformations. Let f: X — X be a lifting of

f, i.e., have a commutative diagram
X X
X X

If f is another lifting of f, then f = ao f for some a € 7. The set of all liftings of f is {0 f | & € 7}.

For any a € 7, foais a lifting of f and so we have a o f = foa for some o' € m. This defines a homomorphism
@ :m™ — m given by p(a) = a . Define the Reidemeister action of w on 7 as follows:

7

- >

—_—
f

(7, @) = yap(y) 7Y,

where v, o € m. This defines an equivalence relation. We say that the Reidemeister classes of its equivalence classes. The
set of the Reidemeister classes determined by ¢ is denoted by R[] = {[a] | @ € 7}.

Theorem 4.1. Let (X, k) be a digital image, f : X — X be a digital map and f : X — X be a lifting of f. Then [o] = [a/]
if and only if p(Fiz(a o f)) = p(Fiw(oz/ o f)), where p: X — X is a digital covering map of f and oc,oz/ €.

878 Ozgur EGE et al 874-880



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 6

Proof. For necessary condition, since the fixed point sets of any two digital homotopic maps are same, we conclude that

[ =[] = a5 @
iaofﬁ(;{,g) Oé/ Of

= Fiz(ao f) = Fiz(a o f)
= p(Fiz(ao f)) = p(Fiz(a o f)).

For sufficient condition, let a € p(Fiz(a o f)) = p(Fix(a/ o f)). Then we have p(a) = a and p(a~') = a. Moreover, we get

aof@=a=14(@ and a of(@)=a =1lg(a)
Finally, we can say

a(f(@)=a(f(@) = a=a = axgga,
where @ is any point of X. As a result, we have [a] = [al]. O

Corollary 4.2. If p(Fiz(af)) is any fized point class, then
Fiz(f)= [[ »(Fiz(af)),
[e]eR[¥]
where [a] is a Reidemeister class.

Lemma 4.3. Let (X, m),~()?, k) be digital images, f : X — X be a digital map and f : X — X be any lifting of f. Then
any two points in p(Fiz(f)) C Fiz(f) are Nielsen related. We have also

Fia(f) = Up(Fiw(f’))
f/

where f' is a lifting of f.

Proof. Let a and b be any two points in p(Fiz(f)). We say that

p@)=a, pb)=b, f@=a [ =b

for some @,b € Fzm(f) We denote a #-path from @ to b in X by 0. There is a digital homotopy H such that

H:X x[0,m]z = X
H(%,0)=6 and H(&,m)=fob
because X is A-connected digital image. Then we have po H = H : X x [0,m']z — X is a digital homotopy between two

Kk-paths ~ o
f=pob and fob=po(fob)

which join two points a,b € Fiz(f). As a result, a and b are Nielsen related points.
_ Now we prove the latter statement. Let u € Fiz(f) and @ € p '(u). Then f(u) = u and p~'(u) = @. Moreover,
f' (@) = u because f’ is a lifting of f. We can say the following result.

flay=a = pof(@=p@=u = ucp(Fiz(f)).

Consequently, we have Fix(f) = Up(sz(f’)) O
f~l

Let p: X — X be a digital universal covering map. Let
Ox={aecX - X:poa=rp}
denote the group of deck transformations of this digital covering map.

Lemma 4.4. Let C be the set of liftings of f and f.f ec. If p(Fiz(f)) = p(ch(f')) # 0, then there is an a € Ox such
that ao f = f o a.
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Proof. If p(Fiz(f)) = p(Fiz(f')) # 0, then there are two points 2’ such that p(Z) = p(z’) where
ieFiz(f) = f(@)=% and 2 €Fia(f) = f(z)=2".

Since a € Ox, i.e. poa = p, we have a(Z) = z'. We conclude that

foa@@ =J'a') =1 = a(@) = a(f(#) = ao f(#).
As a result, we have of = f a. O
Lemma 4.5. Let ' = afa" for an o € Ox. Then p(Fiz(f)) = p(Fiz(f")).

Proof. By assumption, we have p(a(Z)) = p(Z). If u € p(Fiz(f)), then p(Z) = w and f(Z) = Z. Since

pof@=u = poatof oal®=pof ()=,
we have u € p(Fiz(f')). As a result, p(Fiz(f)) = p(Fiz(f")). O

5 Conclusion

The essential aim of this paper is to determine fixed point properties for a digital image. This work can play an important
role in digital images because Nielsen theory gives an information about the number of fixed points of a map. Since the
Nielsen number is a powerful invariant in digital images, we think that this work will be useful for fixed point theory,
especially Nielsen theory.
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A FIXED POINT THEOREM AND STABILITY OF
ADDITIVE-CUBIC FUNCTIONAL EQUATIONS IN MODULAR
SPACES

CHANG IL KIM, GILJUN HAN*, AND SEONG-A SHIM

ABSTRACT. In this paper, we investigate a fixed point theorem for a mapping
without the condition of bounded orbit in a modular space, whose induced
modular is lower semi-continunous. Using this fixed point theorem, we prove
the generalized Hyers-Ulam stability for an additive-cubic functional equation
in modular spaces without Ag-conditions and the convexity.

1. INTRODUCTION AND PRELIMINARIES

The question of stability for a generic functional equation was originated in 1940
by Ulam [14]. Concerning a group homomorphism, Ulam posted the question ask-
ing how likely to an automorphism a function should behave in order to guarantee
the existence of an automorphism near such functions. Hyers [3] gave the first affir-
mative partial answer to the question of Ulam for Banach spaces. Hyers’ theorem
was generalized by Aoki [1] for additive mappings and by Rassias [12] for linear
mappings by considering an unbounded Cauchy difference, the latter of which has
influenced many developments in the stability theory. This area is then referred to
as the generalized Hyers-Ulam stability. In 1994, P. Gavruta [2] generalized these
theorems for approximate additive mappings controlled by the unbounded Cauchy
difference with regular conditions.

A problem that mathematicians has dealt with is "how to generalize the classical
function space LP”. A first attempt was made by Birnhaum and Orlicz in 1931. This
generalization found many applications in differential and intergral equations with
kernls of nonpower types. The more abstract generalization was given by Nakano
[10] in 1950 based on replacing the particular integral form of the functional by
an abstract one that satisfies some good properties. This functional was called
modular. This idea was refined, generalized by Musielak and Orlicz [8] in 1959 and
studied by many authors ([4], [7], [11], [19]).

Recently, Sadeghi [13] presented a fixed point method to prove the general-
ized Hyers-Ulam stability of functional equations in modular spaces with the As-
condition and Wongkum, Chaipunya, and Kumam [15] proved the fixed point theo-
rem and the generalized Hyers-Ulam stability for quadratic mappings in a modular
space whose modular is convex, lower semi-continuous but do not satisfy the As-
condition.

2010 Mathematics Subject Classification. 39B52, 39B72, 47TH09.

Key words and phrases. fixed point theorem, stability, additive-cubic functional equation,
modular space.
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In this paper, we investigate a fixed point theorem in modular spaces, whose
induced modular is lower semi-continuous, for a mapping with some conditions
in place of the condition of bounded orbit and using this fixed point theorem,
we will prove the generalized Hyers-Ulam stability for the following additive-cubic
functional equation

(L1 fRr+y) + [z —y)—2f(x+y) - 2f(z—y) - 2f(22) +4f(x) = 0

in modular spaces without Ay-conditions and the convexity.

In fact, the equation (1.1) has been studied in various spaces. For example, in
quasi-Banach spaces ([9]), in F-spaces ([16]), in non-Archimedean fuzzy normed
spaces ([17]), and in intuitionistic fuzzy normed spaces ([18]), etc. Unlike Banach
spaces and F-spaces, due to the absence of the triangle inequality in modular spaces,
we need subtle caculations in the proofs of Lemma 1.4 and Theorem 2.2.

Definition 1.1. Let X be a vector space over a field K(R or C).
(1) A generalized functional p : X — [0, 00] is called a modular if

(M1) p(z) =0 if and only if x = 0,

(M2) p(ax) = p(x) for every scalar o with |a| = 1, and

(M3) p(ax + By) < p(x) + p(y) for all z,y € X and for all nonnegative real
numbers «, f with a4+ 8 = 1.
(2) If (M3) is replaced by

(M4) p(az + By) < ap(z) + Bp(y)
for all z,y € X and for all nonnegative real numbers «, S with a + 8 = 1, then we
say that p is a convex modular.

Remark 1.2. Let p be a modular on a vector space X. Then by (M1) and (M3),
we can easily show that for any positive real number § with § < 1,

p(0x) < p(z)
for all z € X.
For any modular p on X, the modular space X, is defined by
X, ={z e X | p(Ax) > 0as A — 0}.

Let X, be a modular space and let {z,} be a sequence in X,. Then (i) {z,}
is called p-convergent to a point x € X, if p(z,, — ) — 0 as n — oo, (i) {z,} is
called p-Cauchy if for any € > 0, there is a k € N such that p(z, — z,,) < € for
all m,n € N with n,m > k, and (iii) a subset K of X, is called p-complete if each
p-Cauchy sequence is p-convergent to an element of K.

Another unnatural behavior one usually encounter is that the convergence of a
sequence {z,} to xz does not imply that {cz,} converges to cx for some ¢ € K.
Thus, many mathematicians imposed some additional conditions for a modular to
meet in order to make the multiples of {x,} converge naturally. Such preferences
are referred to mostly under the term related to the As-conditions.

A modular space X, is said to satisfy the Ay-condition if there exists k > 2 such
that p(2z) < kp(z) for all z € X,. Some authors varied the notion so that only
k > 0 is required and called it the As-type condition. In fact, one may see that
these two notions coincide. There are still a number of equivalent notions related
to the As-conditions.
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In [5], Khamsi proved a series of fixed point theorems in modular spaces where the
modulars do not satisfy As-conditions. His results exploit one unifying hypothesis
in which the boundedness of an orbit is assumed.

Lemma 1.3. (see [5]) Let X, be a modular space whose induced modular is lower
semi-continuous and let C C X, be a p-complete subset. If T : C — C is a
p-contraction, that is, there is a constant L € [0,1) such that

p(Tx —Ty) < Lp(x —y), Vz,y € C
and T has a bounded orbit at a point xg € C, that is,
sup{p(T"zog — T™xg) | n,m € NU{0}} < o0
then the sequence {T"xo} is p-convergent to a point w € C.

Now, we will prove a fixed point theorem in modular spaces where the map T
do not assume to be the boundedness of an orbit. Our results exploit one unifying
hypothesis in which some conditions are assumed.

Lemma 1.4. Let X, be a modular space whose induced modular is lower semi-
continuous and let C C X, be a p-complete subset. Let T : C' — C' be a mapping
such that

(1.2) 9w = T2z, VY € C.
Suppose that there is a constant L € [0,1) with
(1.3) p(2T - 2Ty) < Lp(x — ), Va,y € C

and p(Tx, — x,) < 00 at x, € C. Then the sequence {T™ %2} is p-convergent to
some point w € C and

T 2
(1.4) P(ZO —w) < EP(TIO — o).
Proof. By (M1) and (M3), we have p(Tx — Ty) < p(2Tz — 2Ty) and so, by (1.3),
T is a p-contration. Hence we have

1 1
p(=T?x0 — —20) < p(T?x0 — Txo) + p(T0 — T0)

2 2
Let Gz = 2Tz for all x € C. By (1.3), we have

1 1
p(iT”xO — 5%) < p(T"xg — Txo) + p(Txo — o)
1 1
= P(iG(Tnflffo) - §G$0> + p(Tzo — 20)
1 1
< Lp<§T"_1x0 - 5960) + p(Tzo — xo)

for all n € N with n > 2 and by induction, we have

1 1 . 1
P(iTnSCO - 51’0) < SR LFp(Tao — o) < ﬁP(T% — o)

for all n € N. For any non-negative integers m,n with m > n,
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1 1 1 1 1 1
p(=T"xog — =T™xo) < p(5T"x0 — z20) + p(5T™T0 — = 20)
(1.5) 4 4 2 2 2 2
) 2
< ﬁp(Tato — Io).

By (1.2), T has a bounded orbit at a point % € C' and thus by Lemma 1.3, {T™%2}
is p-convergent to a point w € C'. Since p is lower semi-continuous, by taking n = 0
and m — oo in (1.5), we have (1.4). O

If p is convex, then Lemma 1.4 can be replaced by the following lemma.

Lemma 1.5. All conditions in Lemma 1.4 are assumed. Suppose that p is convex
and 0 < L < 2. Then the sequence {T" %2} is p-convergent to some point w € C
and

x 1
(1.6) P —w) < g7 p(To — o).
Proof. By (M1) and (M4), we have p(Tx — Ty) < 3p(2Tz — 2Ty) and since 0 <
L <2, by (1.3), T is a p-contration. Hence by (M4), we have

1 1

1 1
p(§T2x0 — 51‘0) < Qp(Ton —Txo) + §p(Tl‘0 — )
1 1
< (ZL + i)p(TxO — .ro).
Let Gz = 2Tx for all x € C. By (1.3), we have
1 1 1 1
p(iT”xo - §$0) < 3 (T"xo — Txo) + ip(Txo — )
1 1 1
= p(iG(Tnfla:o) - §G$o) + §P(T130 — o)
1 1 1 1
< §LP(§TH71$0 - 5170) + gp(Tio — x0)

for all n € N with n > 2 and by induction, we have

k

1.1 1 L 1
p(iT o — 53,"0) S Zk:O WP(T.TQ — 330) S ﬁp(Txo — JJO)

for all n € N. For any non-negative integers m,n with m > n,

1 1 1 1 1 1 1 1
~T"xg— -T™xg) < =p(=T"xg — = —p(=T"xg — =
P(4 o= 7 0) < 2/’(2 Zo 2900) + 2P(2 To 2950)
S ﬁp(TIO — I’O).
The rest of the proof is similar to Lemma 1.4. O

Let p be a modular on X, V a linear space. Define a set M by
M:={g:V — X, |g(0) =0}
and a generalized function p on M by
Alg) == inf{e > 0 | plg(a)) < e, a), Vo € V),

for each g € M, where v : V2 — [0,00) a mapping. Then M is a linear space, p is
a modular on M. Furthermore, if p is convex, then p is also convex([15]).
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Lemma 1.6. Let V be a linear space, X, a p-complete modular space, where p is
lower semi-continuous and f :V — X, a mapping with f(0) =0. Let ¢ : V? —
[0,00) be a mapping. Then we have the following :
(1) My =M and My is p-complete.
(2) p is lower semi-continuous.

Proof. (1) By the definition of M, M = M. Let € > 0 be given. Take any p-
Cauchy sequence {g,} in M. Then there is an [ € N such that for n,m € N with
n,m > I,

(1.7) p(gn () = gm () < €(z, x)

for all z € V. Hence {g,(z)} is a p-Cauchy sequence in X, for all z € X. Since X,
is p-complete, there is a mapping g : V. — X, such that p(g,(z) — g(z)) — 0 as
n — oo for all x € X. Then there is an m € N such that

P(gm(0) — g(0)) = p(g(0)) <€

and hence g € M. Since p is a lower semi-continuous, by (1.7), we have
p(gn(z) — g(x)) < liminf p(gn(z) — gm (7)) < ep(x, )

for all z € X. Hence My is p-complete.
(2) Suppose that {g,} is a sequence in Mz which is p-convergent to g € M. Let
€ > 0. Then for any n € N, there is a positive real number ¢, such that

p(gn) < cen < plgn) + €

and so

plg(2)) < Timinf p(gn(w)) < liminf cutp(e,) < (Timinf p(ga(2)) + €) (. )

n—oo

for all z € X. Hence p is lower semi-continuous. (]

2. THE GENERALIZED HYERS-ULAM STABILITY FOR (1.1) IN MODULAR SPACES

Throughout this section, we assume that every modular is lower semi-continuous.
In this section, we will prove the generalized Hyers-Ulam stability for (1.1) by using
our fixed point theorem. We can easily show the following lemma.

Lemma 2.1. Let X and Y be vector spaces. Let f : X — Y satisfies (1.1) and
f(0) =0. Then we have :
(1) f is additive if and only if f(2x) = 2f(z) for all x € X.
(2) f is cubic if and only if f(2x) = 8f(x) for all x € X.
For any mapping g : X — Y, let
1
9a(@) = 7(9(22) —89(2)), gc(z) = 9(22) - 29()

and

Dg(z,y) = g(2x +y) + 9(22 —y) — 2g9(z + y) — 29(x — y) — 29(27) + 4g(x).

885 CHANG IL KIM et al 881-893



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

6 CHANG IL KIM, GILJUN HAN, AND SEONG-A SHIM

Theorem 2.2. Let V' be a linear space, X, a p-complete modular space. Suppose
that f : V — X, satisfies f(0) =0 and

(2.1) p(Df(z,y)) < o(x,y)
for all x,y € V, where ¢ : V2 — [0,00) is a mapping such that
(22) o(27,2y) < Lo(x,y)

for some L with 0 < L < 1 and for all x,y € V. Then there exists a unique
additive-cubic mapping F' : V — X, such that

(23) p(F(x) — = f()) < ()

for all x € V', where (x,y) = ¢(z,2y) + ¢(x,y) + ¢(0,9).

Proof. Let ¥(x,y) = ¢(x,2y) + ¢(x,y) + ¢(0,y). Then by Lemma 1.6, Mz = M is
p-complete and p is lower semi-continuous.

Define T, : M; — Mj by T,g(x) = 3g(2x) for all g € M and all z € V. Let
g,h € M. Suppose that p(g — h) < ¢ for some positive real number c. Then by
(2.3) and Remark 1.2, we have

p(Tag(z) — Toh(z)) < p(g(2x) — h(2z)) < Ley(z, x)

<
for all x € V and so p(T,g — T,h) < Lp(g — h). Hence T, is a p-contraction. By

(2.1), we get

(2.4) p(f(@) + (=) < ¢(0, z),
(2.5) p(F(32) — 4f(20) + 5 (2)) < B, 2),
and

(2.6) p(f(4x) — 2f(3x) — 2f(22) — 2f(—x) + 4f (2)) < é(x, 2),
for all x € V. By (2.4), (2.5), and (2.6), we obtain

p(Tafa(®) = fal2)) = P(%fa(%) — fa(x)) < o(z,22) + ¢(z,2) + 6(0,2) = Y(z,x)

for all x € V and hence we have

(27) ﬁ(Tafa - fa) S 1.
Let Gg = 2T,g for all g € M. Then

Gy(x) = g(2z)
for all g € M and for all € V. Suppose that p(g — h) < ¢ for some positive real
number ¢, where g, h € M. Then p(g(z) — h(z)) < ci(z,z) for all z € V and by
(2.2), we have

p(Gg(x) — Gh(x)) = p(g(2z) — h(2z)) < c(2z,2x) < cLy(x, )
for all x € V. Hence p(Gg — Gh) < ¢L and so

p(Gg — Gh) < Lp(g — h).

Since T, is linear, by Lemma 1.4, there is an A € Mj such that {T(f%} is p-
convergent to A. In fact, we get
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2.8 li ! 2" A =0
(2.8) T plsmy fa(22) — A(2)) =

for all z € V. Since p is lower semi-continuous, we get

Ja

(T, A—A) < hmlnfp(T A—T1rtt fa) < hmmf Lp(A-T)= ) =0

and hence A is a fixed point of T;, in Mj. Replacing z and y by 2":r and 2"y in
(2.1), respectively, by (2 2), we have

P5s 2n+2 Dfa(2"z,2"y))

n n 1 n n
_p(2n+3Df(2 T2, 2 ) + p(5; DF(2"2,2"))
< L"(z,y) + L ¢(x,y)
for all x,y € V and for all n € N. Hence we get
: 1 n.. on
(2.9) n1L%p<WDfa(2 2 y)) =0
for all z,y € V. Note that

p(w%Dfa(Z"x, 2My) — %DA(x, y))
< o £o(2 2+ 0) — s A2 +9)) + (s fal2"(20 — 1) — 5 A2 1)

b (g 202"+ 9) — 55240 +9) + p( g 22" (@ — ) — 524 1)

+ (s 26a(220) — 5524020)) + s 2al2" (@ — ) — AA( —))
for all x,y € V and for all n € N. Hence we have

3 1 n n 1
(2.10) nh—>Holo p(WDfa@ x,2™y) — 2—8DA(x,y)) =0

for all z,y € V . Since

1 1 . on 1 "
p(55DA@,Y)) < p( Gy Dfa(2"2,2 y)—ﬁDA@,y))w(WDfa( "z, 2"y))
for all z,y € V and for all n € N, by (2.9) and (2.10), we get

(2.11) DA(z,y) =0
for all z,y € V. By (1.4) in Lemma 1.4, we get

1 2
2.12 p(A— - < —.
(2.12) Aty 2
Define T, : M; — M by Teg(z) = $g(2z) for all g € Mz and all z € V. By
(2.4), (2.5), and (2.6), we obtain

o £e(22) ~ £.(2) < (2, 2)
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for all z € V and hence
(213) ﬁ(TCfc - fr) S 1-

Let Hg = 2T..g for all g € M. Then

Ho(r) = 19(20).

for all g € My and for all z € V. Let g,h € Mj;. Suppose that p(g — h) < ¢ for
some positive real number c¢. Then p(g(x) — h(x)) < c(x,z) for all z € V and by
(2.3), we get

1 1
p(Hg(z) — Hh(z)) = p(79(22) = $h(22)) < (22, 22) < cLi)(, )
for all x € V. Hence p(Hg — Hh) < c¢L and so

p(Hg — Hh) < Lp(g — h).
Since T, is linear, by Lemma 1.4, there is a C € Mj such that {T71f.} is p-
convergent to C. Since p is lower semi-continuous, we get
~ ~ 1 . 1
p(T.C — C) < liminf p(T,C — T" 1= f.) < liminf Lp(C — T'= f.) =0
n—oo 4 n—o0 4
and hence C' is a fixed point of T, in M5;. Replacing = and y by 2"z and 2"y in
(2.1), respectively, by (2.2), we have
1 n n
P(Wch(Q z,2"y))
1 el 1
< P(WDf(z g, 2" y)) + p(ﬁ
< L™ o(x,y) + L (x,y)

for all x,y € V. Hence we get

Df(2"z,2"y))

. 1 n.. on
for all z,y € V. Similar to A, we have

(2.14) DC(z,y) =0
for all z,y € V and by (1.4) in Lemma 1.4, we get

p(Cla) — -

2
Z < _Z
o) £ 7= 0(@,)
for all x € X. Hence we have

~ 1 2
(2.15) AP
Let F = £C — 1 A. Since A is a fixed point of T, A(2z) = 2A(z) for all z € X
and similarly, C(2z) = 8C(x) for all x € X. By Lemma 2.1, A is additive and C
is cubic. Hence F is an additive-cubic mapping. Since f(z) = & f.(z) — 2 fo(z), we
have
1 1

- 3 - 1 - 1 - 1
p(F — T6f) <p(A— Zfa) +P(ZC - T6f6) <p(A— Zfa) +p(C — ZfC)v
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and hence by (2.12) and (2.15), we have (2.3).
To prove the uniquness of F', let K : V. — X, be another additive-cubic map-
ping with (2.3). By (2.3), we get
1 1 3 3
-K(x)—-F <p(K(x)— — F(z) — —
P K (@) = TF(@) < p(K (@) = < 1(@) + p(F(z) = ()
8
<
< ()
for all x € V' and so

1 1 1 1 1
—K, — —F, <p(=K(2z)— —=F(2 ~K(z)—=F
P Kalw) = 15 Fala)) < pla5 K(20) = 5 F(22)) + p( K (@) = 1F(2))
8(1+1L)
< N )
<y, 0)
for all x € V. Since F, and K, are fixed points of T,, we have
1 1 1. 1. ..
(g Kale) = 16 Fale)) = pl5e ToK(x) = 1o T0E (@)
8(1+ L)
< —L"
< D (e, 0)
for all z € V and for all n € N. Letting n — oo in the last inequality, we have
F, = K, and similarly, we have F, = K.. Thus FF = K. [l

Comparing the results in a modular and a convex modular, we may see that the
coefficient in the case of convex modular is smaller.

Theorem 2.3. Suppose that every assumption of Theorem 2.2 holds, p is convez
and 0 < L < 2. Then there exists a unique additive-cubic mapping F': V — X,
such that

(2.16) p(F(2) - =

5
Ef(m)) < m¢($7$)

for all x € V., where (x,y) = ¢(z,2y) + ¢(x,y) + ¢(0,y).

Proof. Define T, : Mz — Mj by Tog(x) = %g(Zm) for all g € Mz and all 2 € V.

Let g,h € M. Suppose that p(g — h) < ¢ for some positive real number c¢. Then
by (2.3) and (M4), we have

p(Tag(w) ~ Tuh(x)) < 5p(g(20) — h(2)) < 3 Lev(z, )

for all z € V and so p(T,g — T,h) < 1Lp(g — h). Hence T, is a p-contraction. By

(2.1), we get

(2.17) p(f(@) + f(=x)) < 6(0, ),
(2.18) p(f(32) — 47(22) + 5f(x)) < 9(x,2),
and

(219)  p(f(4x) — 2f(32) — 2f(20) — 2f(—) + 4f(x)) < oz, 20),
for all x € V. By (2.17), (2.18), and (2.19), we obtain

()

A~ =

8(,22) + [6(r,2) + 16(0,2) <

| =

5 Fal20) = ful) <
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for all z € V and hence

1
p(Tafalz) = fal2)) < J9(z,2)
for all g € M7 and all x € V. Hence we have
~ 1
(220) p(Tafa - fa) S Z

Let Gg = 21,g for all g € M. Then

Gy(z) = g(2z)
for all z € V. Suppose that p(g — h) < ¢ for some positive real number ¢. Then
plg(x) — h(z)) < cp(x,x) for all x € V and by (2.2), we have

p(Gg(z) — Gh(z)) = p(g9(2z) — h(2z)) < (22, 22) < cLip(z, )
for all x € V. Hence p(Gg — Gh) < c¢L and so

p(Gg — Gh) < Lp(g — h).
Since T is linear, by Lemma 1.5, there is an A € Mj such that {T;L%} is p-
convergent to A. In fact, we get

: 1 n _
Jim p(5os fa(22) — A(2)) =0
for all x € V. Since p is lower semi-continuous, we get

p(T,A— A) < liminf p(T,A — Tf“%) < liminf Lp(A — Tg%) =0
n—oo

n— oo

and hence A is a fixed point of T, in M. Similar to Theorem 2.2, we have

(2.21) DA(z,y) =0
for all z,y € V and by (1.6) in Lemma 1.5 and (2.20), we get

(2.22) A= 10)S oy

1
fa) <
= %g(Qm) for all g € My and all x € V. By

1
4
Define T, : Mz — Mj by T.g(x)
(2.17), (2.18), and (2.19), we obtain

o fo(22) — ful) < J(z,2)
for all z € V and hence

(223) ﬁ(chc - fr) S
Let Hg = 2T,.g for all g € M5. Then

NG

Ho(r) = 10(20).

for all g € My and for all z € V. Let g,h € M. Suppose that p(g — h) < ¢ for
some positive real number ¢. Then p(g(x) — h(x)) < c(x,z) for all z € V and by
(2.3), we get
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p(Ho(r) — Hh(x)) = p(59(20) — Th(2)) < e (2r, 22) < cLap(a, )

for all x € V. Hence p(Gg — Gh) < c¢L and so

p(Hg — Hh) < Lp(g — h).
Since T, is linear, by Lemma 1.5, there is a C € Mj such that {T"1f.} is p-
convergent to C. Since p is lower semi-continuous, we get

F(T.C — O) < liminf H(T.C — T2 1) < limint Lp(C — T0 2 o) = 0

n—oo
and hence C' is a fixed point of T in Mz. Similar to Theorem 2.2, we get
(2.24) DC(z,y) =0
for all ,y € V and by (1.6) in Lemma 1.5, we get

p(C(w) = 31:0) € i)
for all z € X. Hence we have
(2.25) PO 2f0) < ﬁ

Let F = £C — 1 A. Since A is a fixed point of T,,, A(2z) = 2A(z) for all z € X
and similarly, C(2z) = 8C(x) for all x € X. By Lemma 2.1, A is additive and C
is cubic. Hence F' is an additive-cubic mapping. Since f(x) = %fc(x) — %fa(x), by
(2.22) and (2.25), we have

- 3 1_ 1 1.1 1 1_ 1 1_
p(F — TGf) < §P(A - Zfa) + 5/’(10 - T6f6) < §P(A - Zfa) + gP(C - ch)-

and hence we have (2.16). The rest of the proof is similar to Theorem 2.2. ]

1

Remark 2.4. Sadeghi [13] proved the generalized Hyers-Ulam stability of func-
tional equations in modular spaces with the As-condition and in [15], authors
proved the stability of mappings f : V — X, and ¢ : V2 — [0, 00) satisfying

f(0) =0,

on g, on
(2.26) Jim_ W =0, ¢(22,27) < 4L¢(z,z), Yo,y €V,
and

p(df(z+y) +4f(x—y) - 8f(x) = 8f(y)) < ¢(z,y), Yo,y eV

for some real number L with 0 < L < % whose codomain is equipped with a convex
and lower semi-continuous modular without As-conditions. Our results guarantee
the stability of an additive-cubic mapping, whose induced modular is lower semi-
continuous without the convexity and As-conditions if 0 < L < i. Further, in [15],
authors left whether the multiple of 4 on the left side of the inequality (6) can be
dropped as a problem. We can solve the problem by using Lemma 1.4 and its proof
is similar to the proof in Theorem 2.2.

In fact, suppose that ¢ : V2 — [0,00) is a mapping with (2.26) and that
0<L< g Let f:V — X, be a mapping such that f(0) =0 and

(2.27) p(fx+y)+ flxz—y) —2f(x) - 2f(y) < d(2,y)
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for all x,y € X. Let ¥(z,y) = ¢(x,y) for all z,y € V, fo(x) = 4f(x), and

Tg(z) = Lg(2x). Then by (2.27), we have

p(Tfo(x) — folw)) = pl fo22) ~ fo(a)) < Bl )

for all z € V and so

(2.28) AT fo— fo) < 1.
Moreover, by (2.26), we have
(2.29) p(2Tg — 2Th) < 4Lp(g — h).

Since 0 < L < %, by Lemma 1.4, there is a fixed point @ € M such that {T”%} =
{T™f} converges to @ in X, and

(2:30) pQw) — f(@) £ 78l )

for all z € V. We can show that @ is a quadratic mapping ([15]).
Further, suppose that p is convex and 0 < L < 1. Then (2.28) and (2.29) can be
replaced by

B~ =

p(Tfo — fo) <
and
p(2Tg — 2Th) < 2Lp(g — h),
respectively. By Lemma 1.5 and (1.6),

Q) — f()) <~ !

< m¢($»$) = m¢($»$)

forallz e V.
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Abstract

In this paper, we consider the uniqueness problem of admissible functions and
non-admissible functions sharing some values in the unit disc. We obtain: If f; is
admissible and f> is inadmissible satisfying 111{1 T(r, f2) = o0, aj(j = 1,2,...;q)
be g distinct complex numbers. Then o

(1) f1(z), f2(2) can share at most three values a1, az,as IM;

(ii) fi1(2), f2(z) can share at most five values a;(j = 1,2,...;5) with reduced
weight 1. Our results of this paper are improvement of the uniqueness theorems
of meromorphic functions sharing some values on the whole complex plane which
given by Yi and Cao.

Key words: uniqueness; meromorphic function; admissible; non-admissible.
Mathematical Subject Classification (2010): 30D 35.

1 Introduction and Main Results

In what follows, we shall assume that reader is familiar with the fundamental results and
the standard notations of the Nevanlinna value distribution theory of meromorphic func-
tions such as the proximity function m(r, f), counting function N(r, f), characteristic
function T'(r, f), the first and second main theorems, lemma on the logarithmic deriva-
tives etc. of Nevalinna theory, (see Hayman [7] , Yang [16] and Yi and Yang [19]). For a
meromorphic function f, S(r, f) denotes any quantity satisfying S(r, f) = o(T(r, f)) for
all 7 outside a possible exceptional set of finite logarithmic measure.

We use C to denote the open complex plane, C := C|J{co} to denote the extended
complex plane, and D = {z : |z| < 1} to denote the unit disc.

Let f, g be two non-constant meromorphic functions in D and a € C. 1f E(a,D, f) =
E(a,D,g), we say f and g share a CM (counting multiplicities) in D. If E(a,D, f) =

*This work was supported by NSFC(11561033, 11301233, 61202313), the Natural Science Foun- dation
of Jiangxi Province in China 20132BAB211001, 20151BAB201008), and the Foundation of Education
Department of Jiangxi (GJJ14644) of China.
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E(a,D, g), we say f and g share a I M (ignoring multiplicities) in D. If I is replaced by

C, we give the simple notation as before, E(a, f), E(a, f) and so on(see [16]).
R.Nevanlinna [12] proved the following well-known theorems.

Theorem 1.1 (see [12]) If f and g are two non-constant meromorphic functions that
share five distinct values a1, az,as, as, a5 IM in C, then f(z) = g(2).

Theorem 1.2 (see [12]) If f and g are two distinct non-constant meromorphic functions
that share four distinct values a1, as,a3,ay CM in C, then f is a Mébius transformation
of g , two of the shared values, say a1 and as are Picard values, and the cross ratio
(a17a27a37a4) =-1

After their very work, the uniqueness of meromorphic functions with shared values
in the whole complex plane attracted many investigations (see [16]). In 1987 and 1988,
Yi [17, 18] dealt with the problems of multiple values and uniquness of meromorphic
functions sharing some values in the whole complex plane by adopting L.Yang’s method
and obtained some results which improved the concerning theorems due to Gopalakrishna
and Bhoosnurmath’s [6], Ueda [14]. To state the theorems, we will explain some notations
as follows.

Let f(z) be a non-constant meromorphic function, an arbitrary complex number
a € C, and k be a positive integer. We use Ek) (a, f) to denote the set of zeros of f — a,
with multiplicities no greater than k, in which each zero counted only once. We say that
f(2) and g(2) share the value a with reduced weight k, if Ey)(a, f) = Ey)(a, g).

In 1987, Yi [17] obtained the uniqueness theorems concerning multiple values of mero-
morphic functions as follows.

Theorem 1.3 (see [17, 19, Theorem 3.15]). Let f(z) and g(z) be two non-constant

meromorphic functions, a;(j =1,2,...,q) be ¢ distinct complex numbers, and let k;(j =
1,2,...,q) be positive integers or co satisfying
(1) ki >ky > > kg > 1.
If B B

Ekj)(ajvf):Ekj)(ajag) (J:LQ»;Q)
and

L

2 I _>2
o) S

j=3 "7

then f(z) = g(2).

In recent, it is an interesting topic to investigate the uniqueness with shared values
in the subregion of the complex plane such as the unit disc, an angular domain, see
[1, 2, 9, 10, 11, 15, 20, 21, 22]. In 1999, Fang [5] studied the uniqueness problem of
admissible meromorphic functions in the unit disc D sharing two sets and three sets.
Later, there were some results of uniqueness of meromorphic function in the unit disc
concerning admissible functions. To state some uniqueness theorems of meromorphic
functions in the unit disc I, we need the following basic notations and definitions of
meromorphic functions in D(see [3], [4], [8]).
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Definition 1.1 Let f be a meromorphic function in D and lim,_,- T(r, f) = co. Then
: (r,f)
= lims
)= )
is called the index of inadmissibility of f. If a(f) = oo, f is called admissible.

Definition 1.2 Let f be a meromorphic function in D and lim,_,;- T(r, f) = co. Then
: log™ T'(r, f)
= limsup ———————=
p(f) = meup = )
is called the order (of growth) of f.

For admissible functions, the following theorem plays a very important role in studies
the uniqueness problems of meromorphic functions in the unit disc.

Theorem 1.4 (see [13, Theorem 3]). Let f be an admissible meromorphic function in

D, q be a positive integer and ai,asz, ..., aq be pairwise distinct complex numbers. Then,
forr—=17, r¢E,

0-270:0) < SN (1) w00,

Jj=1

where E C (0,1) is a possibly occurring exceptional set with fE dr < 0. If the order of

1—r

f is finite, the remainder S(r, f) is a O (log lir) without any exceptional set.

In 2005, Titzhoff [13] investigated the uniqueness of two admissible functions in the
unit disc D by using the Second Main Theorem for admissible functions (Theorem 1.4)
and obtained the five values theorem in the unit disc D as follows.

Theorem 1.5 (see [13]). If two admissible function f,g share five distinct values, then

f=g

In 2009, Mao and Liu [11] gave a different method to investigate the uniqueness
problem of meromorphic functions in unit disc and obtained the following results.

Theorem 1.6 (see [11]). Let f,g be two meromorphic functions in D, a; € @(y =
1,2,...,5) be five distinct values, and A(0p,0)(0 < § < ) be an angular domain such
that for some a € C,

logn(r, A(6y,0/2), f(z) = a)

(3) lim sup Tog 1
r—1- Og 1

=7 > 1.

If f and g share a;(j =1,2,...,5) IM in A(6y,d), then f(z) = g(z).

Remark 1.1 In fact, the condition (3) implies that [ is admissible in the unit disc.
Therefore, Theorem 1.6 is one result of uniqueness of admissible functions in the unit
disc.
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For admissible functions in the unit disc D, from Theorem 1.4, using the same argu-
ment as in the proofs of Theorem 1.3, we can easily get the following results.

Theorem 1.7 Let fi(z) and fao(z) be two admissible meromorphic functions in D, a;(j =
1,2,...,q) be q distinct complex numbers, and let k;(j = 1,2,...,q) be positive integers

or oo satisfying (1). If f1(z) and fa(z) satisfy
(4) Ek,)(aijvfl):Ekj)(aij7f2) (.7:17277(])

and (2), then f1(z) = fa(z), where Ek) (a,D, f) to denote the set of zeros of f —a in D,
with multiplicities no greater than k, in which each zero counted only once.

Remark 1.2 Fora € C and a positive integer k, we can say that f1(2), fa(2) share the
value a in D with reduced weight k, if Eyy(a,D, f1) = Ey(a,D, f2).

Similar to the corollary of Theorem 1.3 (see [19, Corollary,pp.181.]), we can get the
following corollary.

Corollary 1.1 Let f1(2) and fa(2) be two admissible meromorphic functions inD, a;(j =
1,2,...,q) be q distinct complex numbers, and let k;j(j = 1,2,...,q) be positive integers
or oo satisfying (1) and (4).

(i) if =1, then fi(2) = fo(2);

(1) if g =6 and ks > 2, then fi1(z) = fa(2);

(#91) if ¢ =5, ks > 3 and ks > 2, thenfl( ) = fa(2);

() if g =15 and ky > 4, thenfl( ) = fa(2);

(v) if =05, ks > 5 and ky > 3, then fi(z) = fa(2);

(vi) if g =05, ks > 6 and ks > 2, then fi1(z) = fa(2).

Remark 1.3 In Theorem 1.5, the conclusion f(z) = g(z) holds when ¢ =5 and k; =
oo (j=1,2,...,5). From Corollary 1.1, we can get that f1(z) = fa(z) when ¢ =5 and
ki (j =1,2,...,5) satisfy any of the four conditions (i)-(iv). Hence, Corollary 1.1 is an
improvement of Theorem 1.5.

For non-admissible functions, the following theorem also plays a very important role
in studies theirs uniqueness problems.

Theorem 1.8 (see [13, Theorem 2]). Let f be a meromorphic function in D and lim,._, ;-
T(r, f) = 00, q be a positive integer and a1, as, ..., aq be pairwise distinct complex num-
bers. Then, forr — 17, r € E,

q
— 1 1
- 2)T < N 1 .
-2 <Y (ry2s ) +1om s +50)
Remark 1.4 (i) In contrast to admissible functions, the term log —— in Theorem 1.8

does not necessarily enter the remainder S(r, f) because the non- admzsszble function f
may have T(r, f) =0 (1og L

() If 0 < a(f) < oo, we can see that S(r,f) = o <log ﬁ) holds in Theorem 1.8

without a possible exception set.
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From Theorem 1.8 and Remark 1.4, we can see that the uniqueness of non-admissible
functions is more intricate than the case of admissible functions.

In this paper, we will deal with the uniqueness problem of non-admissible functions
in D. We use T, to denote the class of non-admissible functions satisfying the condition:
a(f) =a(0 < a < ) for f € T,. For the class T, we get the following results

Theorem 1.9 Let f(z) € Yo, a;j(j = 1,2,...,q) are q distinct complex numbers. If
q=5+[2+ %], then there does not exist g(z)(# f(z)) € Yo satisfying

(5) E (aJaD f) Ek: (a’Jv]D) g) (j:1727~-~>Q)a
where [x] denotes the largest integer less than or equal to x.

Corollary 1.2 Let f(z) € Y. Then f(z) is uniquely determined in T, by one of the
following cases:

(i) if f have seven point-sets Eq)(a;,D f)(] = 1 2,...,7) and o > 1;
(ii) if f have siz point-sets EQ)(aJ,JD) HGE = .,6) and o > %,
(iti) if f have five point-sets E3 (a;,D, ) =1, ,...,5) and o > 4.

Remark 1.5 For Corollary 1.1, we can see that the conclusion (iii) in Corollary 1.1 is an
improvement of Theorem 1.6. In fact, the conclusion of Theorem 1.6 is that non-constant
meromorphic function f is uniquely determined in D by five point-sets Eoo)(aj, D, =
1,2,...,5) and a(f) = co.

Theorem 1.10 Let a > 12 and f(z) € Yo, a;j(j = 1,2,...,5) be five distinct complex
numbers. Then f(z) is uniquely determined in T by three point-sets Es3y(a;,D, f)(j =
1,2,3) and two point-sets Eg)(aj,]D), G =4,5).

Furthermore, for the uniqueness of regular inadmissibility functions we obtain the
following theorems

Theorem 1.11 Let aj(j = 1,2,...,q) be q distinct complex numbers, and let k;(j =
1,2,...,q) be positive integers or oo satisfying (1). If f1(z), f2(z) be non-constant regular
inadmissibility functions satisfying 0 < a(f1), a(f2) < 0o, (4) and

: 2
(6) 24T G r el
then f1(z) = fa(z).

From Theorem 1.11, similar to Corollary 1.1, we can get the following results easily.

Corollary 1.3 Let a;(j = 1,2,...,q) be g distinct complex numbers, and let k;(j =
1,2,...,q) be positive integers or oo satisfying (1), o := min{a(f1),a(f2)}. And let
f1(2), fa(z) be non-constant reqular inadmissibility functions satisfying 0 < a(f1), a(f2) <
oo and (4),

(i) ifa>1,q="T7and k7 > 2, then f1(z) = fa(2);

(1) if a>1, ¢ =06 and ke > 4, then f1(z) = fa(2);
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(i70) if « > 2 and ¢ =7, then f1(z) = fa(2);

() if >3, ¢ =6 and ks > 2, then f1(z) = fa(z);

(v) ifa>6, ¢g=25, k3>3andk5>2 thenfl( ) = f2(2);
(vi) if a > 10, ¢ =5 and ky > 4, then fi(z) = fa(2);

(vit) if @« > 12, g =5, ks > 5 and kg > 3, then f1(2) = f2(2);
(viii) if « > 42, ¢ =5, k3 > 6 and ky > 2, then fi(z) = fa(2).

Remark 1.6 In Corollary 1.1, f1(2), f2(2) are all admissible functions, that is, a(f1) =
oo and a( fa) = 0o. From the conclusions of Corollary 1.3, we see that f1(z) = f2(2) holds
when f1(z2), f2(2) are non-constant regular inadmissibility functions with min{a(f1), a(f2)}
> ( and ¢ a positive constant. Hence, Corollary 1.3 is an improvement of Corollary 1.1.

The following theorem will show that an admissible function can share sufficiently
many values concerning multiple values with another inadmissible function.

Theorem 1.12 If f1 is admissible and f2 is inadmissible satisfying lim,_,1- T'(r, fo) =
00, a;(j =1,2,...,q) be q distinct complex numbers, and let kj(j = 1,2,...,q) be positive
integers or oo satisfying (1). Then

Q

(7)

and (4) do not hold at same time.

Corollary 1.4 If f; is admissible and fo is inadmissible satisfying lim,_- T(r, fo) =
00, a;(j =1,2,...,q) be q distinct complex numbers. Then

(i) f1(2), f2(2) can share at most three values a1, as,as IM;

(i1) f1(2), f2(2) can share at most five values a;(j = 1,2,...,5) with reduced weight
1;
And any one of the following cases can not hold

(m) q = 4 and Ekl)(al,D7f1) = Ekl)(al,D,fg) (kl > 6) EG)(GQ,D,fl) = Eg)(ag,[@

f2), EQ)((Z:;,D, fl) :Ez)(ag,D, fg) and El)(a4,ID),f1) E (a4,ID), fQ),’

(iv) ¢ =4 and Ekl)(al,]D),fl) = Ekl)(al,IDLfg) (k1 > 3) E3)(a2,]D)7f1) = Eg)(GQ,D7
fg), Eg)(ag,ﬂ), fl) = Eg)(ag,D,fg) and EQ)(CM,]D),]H) = E )(0,4,]1)), fg),’

(v) ¢ = 5 and Fk)(ai7]]),f1) = Ek)(a,]D),fg) (k > 2,1 = 1,2), El)(aj,]]),fl) =

El)(aja]D)a f2) (.7 = 3,475)

2 Some Lemmas

To prove our results, we will require the following lemmas.

Lemma 2.1 (see [13, Lemma 1]). Let f(2),9(z) satisfy lim, ;- T(r, f) = oo and
lim, ;- T(r,g) = oo. If there is a K € (0,00) with

T(r,f) < KT(r,g) + S(r, f) + 5(r,9),
then each S(r, f) is also an S(r,g).
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Lemma 2.2 (see [19, Lemma 3.4]). Let f(z) be a non-constant meromorphic function,
a be an arbitrary complex number, and k be a positive integer. Then

_ 1 k — 1 1 1
I P
N(“f—a) SEeIm (T’f—a)+k+1N(r’f—a>’

_ 1 k — 1 1
N <T7f—11> < me) (7", f—a) + mT(ﬁf) +O(1),

where Nk) (r, ﬁ) are denoted by the zeros of f —a in |z| < r, whose multiplicities are

and

not greater than k and are counted only once.

From Lemma 2.2 and Theorems 1.4 and 1.8, we can get the following Lemma

Lemma 2.3 Let f(z) be a meromorphic function in D and lim, ,1- T(r, f) = o0, a;(j =
1,2,...,q) be q distinct complex numbers, and k;(j = 1,2,...,q) be positive integers or
oco. If f is an admissible function, then

q q
1 ki — 1
q—2— —— | T(r, f) < J Ny, (r,)—&—Snf;
j;kjﬂ (r.f) ;ij O\ = (r,f)

If f is a non-admissible function, then

q q
1 ki — 1 1
—-2-— E T < E I _N,. _— 1 S
q j:1kj+1 (Ta.f)— kj+1 kj) (T’f—a-)+0g1—r+ (raf)a
where S(r, f) is stated as in Theorem 1.4.

3 Proofs of Theorems 1.9 and 1.10

3.1 The Proof of Theorem 1.9
Suppose that there exists g(z) € T, satisfying (5) and f(z) £ g(z). Without loss of

generality, we can assume that a;(j = 1,2,...,q) are all finite numbers, otherwise, a
suitable linear transformation will be done. Since f(z),g(z) € T4, from Lemma 2.3, we
have

q Eos— 1 1
(8) (q_Q_IM)T(T’f)SIH-lJZ_;Nk) <7",f_aj>+10g1_{r+5(7",f)

If follows form (5) that

) izvk) (7‘, f_la) <N (r, ! ) < T(r, f) +T(r,g) + O(L).
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From (8) and (9), we have

qk 3k+2 k
_ < .
(725 - 252) 100 < i T) +hog 1+ 50
Similarly, we have
qk 3k +2 k 1
— = T < —T 1 .
<k+1 k+1> (r7g)_k+1 (T7f)+0g17r+5(/r7g)

Combining the above two inequalities, we get

(10) (kq_fl - 4:++12) {T(r, )+ T(r,g)} <2log

S+ ().
Since f(z),g(z) € To and 0 < a < oo, from the definition of index and g = 5+[2 + £EL],

we have for 0 < e < a — #, there exists a sequence {r,,} — 1~ such that

(1) T(rm, f) > (00— ) log - L P(mg) > (a—2)log

—Tm 1—rp’

for all m — oco. From f(z),g(z) € T, and the assumptions of Theorem 1.9, we can see
that S(r, f) = o (log L ) and S(r,g) = o (log ﬁ) From this fact and (10)-(11), we

1—7r
have
qk 4k + 2 1 1
12 2( —— — —e)—2,1 <oll .
(12) { <k+1 1) (@9 B, S o\R T,
From (12) and 2 (kq—fl - 4]5%12) ( —e) —2 > 0, we can get a contradiction. Hence, we

have f(z) = g(2).
Thus, this completes the proof of Theorem 1.9.

3.2 The Proof of Theorem 1.10
Suppose that there exists g(z) € T, satisfying f(z) # g(z) and

(13) E3)(aj7D7f) :E3)(aj7D7g)7 (j: 17273)
EQ)(ajaDaf):EQ)(ajv]Dvg)a (]:475)
Without loss of generality, we can assume that a;(j = 1,2,...,5) are all finite num-

bers, otherwise, a suitable linear transformation will be done. Since f(z2),g(z) € Ta,
from Lemma 2.3, we have

(14) (5 P % _ g) T(r, f)

j=1 j= J
3 (3 1 5
<- Nay (7, +Y N <r, ) +lo + S(r,
1 ; 3)( f—aj) ; SN iy 81 (r, f)
8
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From (13), we have

3 5
SN ( fl) LYW, ( fl) <N ( = g) < T(r, f) + T(r,g) + O(1),
j=1 J j=4 J

From this inequality and (14), we have

5 3
— < — .

(15) 21 ) < 2T(r.g) +10g 1 + 50

Similarly, we have

(16) T, g) < 2T(r, ) + log —— + S(r,g)
sT(rg) < JT( g1 .9)-

Since f(z),9(z) € T, and « > 12, from the definition of index, we have for any (0 <
e < a — 12), there exists a sequence {r,,} — 1~ satisfying (11) for all m — oco. From
this fact and (15)-(16), we have

1 1 1
1 —(a—e)—2]1 1 .
(17) (G(a £) )Ongm<0 Oglrm)

Since v > 12 and 0 < € < o — 12, we have (o —¢) — 23 (a —¢) —2 > 0, a contradiction.
Hence, we have f(z) = g(z).
Thus, this completes the proof of Theorem 1.10.

4 Proof of Theorem 1.11

Without loss of generality, we may assume that all a;(j = 1,2,.. ., ¢) are finite, otherwise,
a suitable Mobius transformation will be done. From Lemma 2.3, we have

q q
1 ki — 1 1
18 -2 T(r, f1) < L _Npy(r,——— ) +1
o ! ;’%“ (Tfl)_;kﬁl k’)(r fl—aj) T
+S(Taf1)

From (1), we have

(19)

IN

N | =
>
=]
+
—_
INA
IN
K
+
—_
o
+
—_
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From (18) and (19), we have

q
(20) Z -2 T
a 2 ks o 1
S z::N ( f1a3>+;( +1_k3+1)N’“J’)(T’flaj>
+1og ! +S(r f1)
q 2
< 2* () 2 (o ) e
+log 7 LS p).

If f1(2) # f2(2), from the assumptions of Theorem 1.11, we have

q
(21) Zﬁkj) (Tv
j=1

From this inequality, we have

_aj> <N (n fliﬁ) <T(r, f1) +T(r, f2) + O(1).

q
k; ks ks 1
22 ! -2|T < T 1 .
(22) ;kj+1+k3+1 (r, f1) < [ (r,f2)+0g1_r+S(r,fl)

Similarly, we have

Lk ks
ks+1

(23) T(r, f1) +log —

=2 T(r f2) < S(r, f2)-

3
ks+1

Since 0 < a(f1), a(f2) < 0o, we have S(r, f1) = o (log ﬁ) ,S(r, f2) =0 (log ﬁ) And
from the definition of index, for any ¢ satisfying

0 < 2e <min a(f1),a(f2), a(f1) + alfa) —

q kj ’
Jj= 3k+1

there exists a sequence {r,,} — 1~ such that

(24) Tl f2) > (@) =) log =—,  T(rm, f2) > (a(f2) — ) log T——

m —Tm

for all m — oco. From (22)-(24), we have

@5) [ (alh) ralf) —293 "

<o)
<o | log .
= kj + 1—r, 1—r,

log

10
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Since 0 < 2e < a(f1) +a(fz)— ﬁ, we have (a(f1)+a(fz) —2¢) 35_5 % —-2>0,
j=3T;+1
a contradiction. Hence, we have f1(z) = fa(z).

Thus, this completes the proof of Theorem 1.11.

5 Proofs of Theorem 1.12 and Corollary 1.4

5.1 The Proof of Theorem 1.12

We will employ the proof by contradiction, that is, suppose that (4) and (7) hold at the
same time. Since f1(z) is admissible, from Lemma 2.3, and by using the same argument
as in Theorem 1.11, we can easily get

q
2]{2 k2
-2\ T < T T
Zg 1l Tl (r, f1) < k2+1( (r, f1) +T(r, f2)) + S(r, f1),

that is,

q ko
(26) (r, f1) < =7 T(r fo) + 5(r, f1).

=2 2+1
Set K =37, AT +1 — 2. If K > 0, from (26), we have
(27) T(Tafl) SK’T(’I“7f2)+S(T,f1),
WhereK’:%k+ Since k; > 0(j = 1,2,...,¢), we have K’ > 0 as K > 0. From this

and Lemma 2.1, we can get that each S(r, f1) is also an S(r, f2). Since f1(2) is admissible
and fo(z) is non—admissible, we can get T'(r, f2) = S(r, f1). Thus, we have

(28) T(r, f2) = S(r, fr) = S(r, f2) = o(T(r, f2))-

Since lim,_,1- T'(r, fo) = co and (28), we can get a contradiction.
Hence, we prove that (4) and (7) do not hold at the same time.

6 The Proof of Corollary 1.4

(i) Suppose that fi(z), f2(2) share four values a;(j = 1,2,3,4) IM, thatis, k; = oo(j =
1,2,3,4). Since f1(z) is admissible, from Theorem 1.4, we have

(29) T, f1) Sﬁ: < fl_a]>+5(7“,f1)~

Since f1(2), f2(z) share four values a;(j =1,2,3,4) IM, we have

(30) 24:N (r, ! ) <N< o ! fz) <T(r, f1) +T(r, f2) + O(1).

fl_aj

11
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From (29) and (30), we have
(31) T(Tafl) ST(T,f2)+S(T,f1).

By Lemma 2.1, similar to the proof of Theorem 1.12, we have

T(r, f2) = S(r, f1) = S(r, f2) = o(T(r, f2)).

From this and lim,_,,- T'(r, fo) = oo, we can get a contradiction.

Thus, this completes (i) of Corollary 1.4.

Similar to the proof of Corollary 1.4 (i), we can prove (iii),(iv) and (v) of Corollary
1.4 easily. Here we omit the detail.

(ii) Suppose that fi1, f2 share six values a;(j = 1,2, ...,6) with reduced weight 1, that
is

)

(32) Ey(a;,D, f1i) = Eyy(a;,D, f2), (j=1,2,...,6),

and k1 = ko = -+ = kg = 1. Then, we can deduce that

6
k; 1 1
2=5x.-2=->0.
Zk:jﬂ 2 5~

=2

From this and the conclusion of Theorem 1.12, we get a contradiction.
Thus, this completes the proof of Corollary 1.4.
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COMPOSITIONS INVOLVING SCHUR HARMONICALLY
CONVEX FUNCTIONS

HUAN-NAN SHI AND JING ZHANGT

ABSTRACT. The decision theorem of the Schur harmonic convexity for the
compositions involving Schur harmonically convex functions is established and
used to determine the Schur harmonic convexity of some symmetric functions.
2010 Mathematics Subject Classification: Primary 26D15; 05E05; 26B25
Keywords: Schur harmonically convex function; harmonically convex func-

tion; composite function; symmetric function

1. INTRODUCTION

Throughout the article, R denotes the set of real numbers, = (z1, z2,...,z,)

denotes n-tuple (n-dimensional real vectors), the set of vectors can be written as
R ={x = (z1,22,...,2n) 2, € Ri=1,2,...,n},
RY, ={x = (z1,22,...,2p) 12 > 0,i=1,2,...,n},

RY ={x = (z1,22,...,2p) 1 2; 2 0, =1,2,...,n}.

In particular, the notations R, R, and R, denote R!, R£L+ and RL, respec-
tively.

The following conclusion is proved in reference [I, p. 91], [2, p. 64-65].

Theorem A. Let the interval [a,b] C R, ¢ : R® — R, f : [a,b)] = R and

Y(x1, T2y .y xn) = @(f(x1), f(22),. .., f(Tn)) : [a,b]" — R.

t J. Zhang: Correspondence author.
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(1) If ¢ is increasing and Schur-convex and f is convez, then v is Schur-convez.
(ii) If ¢ is increasing and Schur-concave and f is concave, then ¢ is Schur-
concave.
(#i1) If ¢ 1is decreasing and Schur-convex and f is concave, then ¢ is Schur-
convet.
(i) If ¢ is increasing and Schur-conver and f is increasing and convez, then
is increasing and Schur-convez.
(v) If ¢ is decreasing and Schur-convex and f is decreasing and concave, then
1 is increasing and Schur-convez.
(vi) If ¢ is increasing and Schur-convex and f is decreasing and convez, then
1 is decreasing and Schur-convex.
(vit) If ¢ is decreasing and Schur-convex and f is increasing and concave, then
1 is decreasing and Schur-conver.
(viii) If ¢ is decreasing and Schur-concave and f is decreasing and convex, then

1 is increasing and Schur-concave.

Theorem A is very effective for determine of the Schur-convexity of the composite
functions.

The Schur harmonically convex functions were proposed by Chu et al. [3] @] 5]
in 2009. The theory of majorization was enriched and expanded by using this
concepts. Regarding the Schur harmonically convex functions, the aim of this

paper is to establish the following theorem which is similar to Theorem A.

Theorem 1. Let the interval [a,b) CR 4, ¢ : R}, = Ry, f:[a,b] = Ry, and

Blar, @z, @) = (F(@1), f(@2), o f@n)) ¢ [a,b]" = Ry
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(1) If ¢ is increasing and Schur harmonically convex and f is harmonically
convez, then 1 is Schur harmonically convez.
(i) If ¢ is increasing and Schur harmonically concave and f is harmonically
concave, then v is Schur harmonically concave.
(#it) If ¢ is decreasing and Schur harmonically convex and f is harmonically
concave, then v is Schur harmonically convex.
(i) If ¢ is increasing and Schur harmonically convex and f is increasing and
harmonically convex, then v is increasing and Schur harmonically conver.
(v) If ¢ is decreasing and Schur harmonically convex and f is decreasing and
harmonically concave, then 1 is increasing and Schur harmonically convez.
(vi) If ¢ is increasing and Schur harmonically convexr and f is decreasing and
harmonically convez, then v is decreasing and Schur harmonically convew.
(vit) If ¢ is decreasing and Schur harmonically convex and f is increasing and
harmonically concave, then v is decreasing and Schur harmonically convex.
(viii) If ¢ is decreasing and Schur harmonically concave and f is decreasing and

harmonically convex, then 1 is increasing and Schur harmonically concave.

2. DEFINITIONS AND LEMMAS

In order to prove our results, in this section we will recall useful definitions and

lemmas.

Definition 1. [Il 2] Let © = (z1,22,...,2,) and y = (y1,92,...,Yn) € R™

(1) @ >y means x; > y; forall i =1,2,... n.
(77) Let Q C R™, ¢:  — R is said to be increasing if > y implies ¢(x) >

©(y). ¢ is said to be decreasing if and only if —¢ is increasing.
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Definition 2. [I, 2] Let ® = (z1,2z2,...,2,) and y = (y1,¥2,---,Yn) € R™.

We say y majorizes x (x is said to be majorized by y), denoted by = < y,
if Zle xy < Zle yu for k = 1,2,...,n — 1 and 7" @ = Y. |y, where
T = T[g) = o+ 2 Ty and Y1y > Y] = -0 = Y[, are rearrangements of x and y

in a descending order.

Definition 3. [Il 2] Let © = (z1,22,...,2,) and y = (y1,Y2,...,Yn) € R™

(1) A set Q C R™ is said to be a convex set if
arx+ (1 —a)y=(az; + (1 — @)y, axs + (1 — @)y, ..., ax, + (1 — a)y,) € Q

for all z,y € Q, and « € [0,1].
(i4) Let Q C R™ be convex set. A function ¢: Q — R is said to be a convex

function on € if

plax+ (1 -a)y) <ap(x) + (1 - a)e(y)

holds for all &,y € Q, and « € [0,1]. ¢ is said to be a concave function on
Q if and only if —¢ is convex function on 2.

(7i7) Let Q@ C R™. A function ¢: Q — R is said to be a Schur-convex function
on Qif x <yon Q implies ¢ (x) < ¢ (y). A function ¢ is said to be a
Schur-concave function on 2 if and only if —¢ is Schur-convex function on

Q.

Lemma 1. (Schur-convex function decision theorem)[1, 2] : Let @ C R™ be sym-
metric and have a nonempty interior convexr set. QU is the interior of Q. ¢ :

Q — R is continuous on 0 and differentiable in Q°. Then ¢ is the Schur —
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convex (or Schur — concave, respectively) function if and only if ¢ is symmetric
on  and

(1 — 2z2) (351 - (,i;i) > 0(or <0, respectively) (1)

holds for any = € Q°.

Definition 4. [6] Let Q C R"} .

(1) A set € is said to be a harmonically convex set if ﬁ Y
for every @,y € Q and A € [0,1], where zy = Y '  2;y; and i =
(= L.y

X1 T2 In

(ii) Let © C R, be a harmonically convex set. A function ¢ : @ — R, be
a continuous function, then ¢ is called a harmonically convex (or concave,

respectively) function, if

1 . 1
o | =——— | < (or >, respectively) ———————
="y @ T

holds for any x,y € Q, and « € [0, 1].
(#4¢) A function ¢ : Q — R, is said to be a Schur harmonically convex (or
1 1
concave, respectively) function on © if — < — implies p(x) < (or >,
Z Yy

respectively) ¢(y).

By Definition |4} it is not difficult to prove the following propositions.

1 1 1 1
Proposition 1. Let Q C R%, be a set, and let g= {(x—l, AR E) :
(x1,22,...,2,) € Q}. Then ¢ : @ — Ry is a Schur harmonically convex (or

1
concave, respectively) function on € if and only if ¢(—) is a Schur-convex (or

xr

1
concave, respectively) function on a
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1 1 1
In fact, for any u,v € QO there exist ,y €  such that u = —v = —.
x

1 1

Let v < v, that is — < —, if ¢ : @ — Ry is a Schur harmonically convex
€z Yy

(or concave, respectively) function on €, then ¢(x) < (or >, respectively)p(y),

1 1
) < (or >, respectively)o(—), this means that ¢(—) is a Schur-convex

1
namely, p(— =)

u x
(or concave, respectively) function on —. The necessity is proved. The sufficiency

D —e

can be similar to proof.

Proposition 2. f : [a,b](C R44) — Ry is harmonically convex (or concave,

respectively) if and only if g(z) =

il

11 11
In fact, for any =,y € [lf }, then —, — € [a,b]. If f:[a,b](C Ryy) - Ry is
a xz'y

is concave (or convex, respectively) on

b
f(3)

harmonically convex (or concave, respectively), then

I ( ! > < (or >, respectively) L
| < (or 2, o ita
az+(1-a)y e iRaNey)
this is
L > (or <, respectively) @y 1-a
——— > (or <,r wely) —— :
[ — R
. 1. . 11
this means that g(x) = O] is concave (or convex, respectively) on 7 al The
1 a

necessity is proved. The sufficiency can be similar to proof.

Lemma 2. (Schur harmonically convex function decision theorem)[5] Let Q C R
be a symmetric and harmonically convex set with inner points, and let ¢ : @ — Ry,
be a continuously symmetric function which is differentiable on interior Q°. Then
@ is Schur harmonically convex (or Schur harmonically concave, respectively) on {2

if and only if

(1,1 _ 1,2)< 2850("13) _ 562 a@(m)

> < ' 0,
x] 0t 2 s ) >0 (or <0, respectively), x €2 (2)
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3. PROOF OF MAIN RESULTS

Proof of Theorem 1. We only give the proof of Theorem 1 (vi) in detail.
Similar argument leads to the proof of the rest part.

If  is increasing and Schur harmonically convex and f is decreasing and harmon-

1 1

ically convex, then by Proposition 1, it follows that ¢(—, —, ..., —) is decreasing
1 T2 L
1
and Schur convex, and by Proposition 2, it follows that g(x) = —~ is decreasing
f(3)
11
and concave on [b’ } . And then from Theorem A (ii7), it follows that
a

(e s sw) = UGG I6)

is increasing and Schur-convex. Again by Proposition 1, it follows that

¢($1, T, ... ,In) = @(f($1)7 f(l‘g)7 ceey f(In))
is decreasing and Schur harmonically convex.

4. APPLICATIONS

Let € = (z1,22,...,2,) € R™. Its elementary symmetric functions are

E.(x)=E.(x1,29,...,2,) = Z ﬁxij, r=12,...,n,

1<y <ig<-+-<ip<n j=1

and defined Ep(x) = 1, and E,(x) = 0 for r < 0 or r > n. The dual forms of the

elementary symmetric functions are

El(x)=E(z1,22,...,Tpn) = H inf’ r=1,2,...,n,

1<y <ia<---<ip<n j=1

and defined Ef(x) =1, and E}(x) =0 for r < 0 or r > n.
It is well-known that FE, () is a increasing and Schur-concave function on R [1].
In [7, [6], Shi proved that E(x) is a increasing and Schur-concave function on

R
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Theorem 2. Forr=1,2,...,n,n > 2, E.(x) and Ef(x) are Schur harmonically

y n
convex function on RY .

Proof. Noting that

E,.(x) =100, _o(x3, 24, ..., 2n) + (€1 + T2)Ep_1 (23,24, ..., 2y)

+Er(m3vx4a"'axn)7 7":1,27...,71,

then

(21 — 1) (Iz OB (x) _ » 5'Er(w)>

L om, 2 Oz
=(21 — x2)[2} (22 Br o(x3, 24, .., 20) + Er 1 (23,24, ., 20)) =
23 (21 Fr_o(23, 4, ..., ) + Er_1(23,24, ..., T0))]
=(x1 — 20)?[x122 By _o(x3, %4, . .. xn) + (x1 + 22)Ep_1 (@3, 24, ..., 20)] >0,

by Lemma 2, it follows that E,(x) is Schur harmonically convex on R | .
By a direct, though tedious, calculation, and according to Lemma 2, Ej(x),

E3(x) is Schur harmonically convex on R’ ;. When 7 > 2, it is easy to see that

El(x) = E; (%1, 02, ...,2n) = E (x2,23,...,2,) X H ($1+Z$ij)7
2<i1 <ig<-<ir_1<n j=1
then
r—1
IOgE;(iB) :logE:(xQ,x37...,mn) + Z log(xl +Zx1])
2<i1<io< - <ip_1<n j=1

Now, it leads to

Ei(x) 0y

1 9E:(x) 3 1

S ~—r—1_
2y <ipcciy_a<n T1 T Dojm1 i
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and then

OE*(x)
— I = F*(x)x

o " (x)

1 1
Z ——r— t >
sis<inticin vn TUF G0 g iy Sen yan O1F T2 D

By the same arguments,

OFE!(x)

e E’(x)x

Z ;+ Z 1

3<iy <in < <iy_1<n L2 + Z] 1T 3<ii<is< o <in_o<n T1 +x2 + Z] 1 T4

Thus,

=(z1 — x2) E () x [ Z < e s ) "
1 T

3<iy<is<<ip_1<n \F1 Z 1 3% T2 + Z

Woa) Y ! ]

bis<in iy T T 22+ Y @,

-1
x1xe + (1 +22) > 0
—(an — 2B} (2) X > T I e
3<i <ip< o <ip_1<n (21 + Zj:l zi; ) (w2 + Z] 1 Tiy)

1
(x1 + x2) - Z >0,

r—2
3<iy<ig<-<ip_a<n L1 + 2 + Zj:l T,

by Lemma 2, it follows that E(x) is Schur harmonically convex on R} | . O
For @ = (x1,29,...,2,) € R™, the complete symmetric functions ¢, (x,r) are
defined as

cn(ac,r): Z ﬁx;j,rzl,Q,...,n

i1 tiatin=r j=1

where co(x,7) =1, r € {1,2,...,n}, i1,i2,...,1, are non-negative integers.
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The dual forms of the complete symmetric functions ¢} (x,r) are
n
cp(x,r) = H Zi]—xj, r=12....n
i1+t in=r j=1
where ;(j = 1,2,...,n) are non-negative integers.

Guan [§ discussed the Schur-convexity of ¢, (x,r) and proved that c,(x,r) is
increasing and Schur-convex on R’ . Subsequently, Chu et al. [5] proved that
(2, 7) is Schur harmonically convex on R, .

Zhang and Shi [9] proved that ¢} (x,r) is increasing, Schur-concave and Schur
harmonically convex on R} |

In the following, we prove that the Schur harmonic convexity of the composite
functions involving the above symmetric functions and their dual form by using

Theorem 1.

Theorem 3. The following symmetric functions are increasing and Schur harmon-

ically convex on (0,1)",r=1,2,...,n,

1

H
I
A
oy
/\
A
>
IA
3
.
Il

-
-,

- > H(ifﬁj) ®

and

ISR 21 (= N

i14ia+- i, =r j=1

1+ € (0,1). Then f(x) > 0, fl(x) = ﬁ

Proof. Let f(x) =

increasing on (0, 1).
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1 rx—1 "
And 1 = = . Th =
nd let g(z) TOREES en g (z)

is concave on (1, 00), by Proposition 2, it follows that f is harmonically convex

4
—m < 0, this means that
X

b
f(3)

on (0,1). Since E.(x), E}(x), cn(x,r) and ¢ (x,r) are all increasing and Schur
harmonically convex function on R’ ,, by Theorem 1 (iv), it follows that Theorem

3 holds. 0

1
Remark 1. By Lemma 2, Xia and Chu [I0] proved that E, <1+w> is Schur har-

monically convex on (0,1)™. By the properties of Schur harmonically convex func-

1
tion, Shi and Zhang [I1] proved that E (1_HD> is Schur harmonically convex on

(0,1)™. By Theorem 1, we give a new proof.

Theorem 4. The following symmetric functions are increasing and Schur harmon-

tcally conver on Ry, ,r =1,2,...,n,

E, (:c%) = Z ﬁxi, (7)

1<y <ig<---<ip<n j=1

Bl - I Y ®)

1<ty <ia << <n j=1

n k2

N i
al@tr)= X I+ )
i1+iate o Fin=rj=1
and

cr (mir) = H zn:zjxj (10)

i1 ig i =r j=1
Proof. For r > 1, let p(z) = 27,2 € Ryy. Then p'(z) = L2771 > 0, so p is

increasing on R, 4.

1 1"
And let g(z) = e =27 = p(z). Then ¢ (z) = 11— 1)z+~2 < 0, this means
Py
1
that ﬁ is concave on R, 1, by Proposition 2, it follows that p is harmonically
by

convex on Ri;. Since E.(x), E}(x), cp(x,r) and ¢ (x,r) are all increasing and
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Schur harmonically convex function on R’ |, by Theorem 1 (iv), it follows that

Theorem 4 holds. O

Remark 2. By Lemma 2, Chu and Lv [3] proved that the Hamy’s symmetric function
E, (m%> is Schur harmonically convex on R” , . Later, K. Z. Guan and R. K. Guan
[12] further studied the harmonic convexity of the generalized Hamy symmetric
function.

By Lemma 2, Meng et al. [13] proved that the dual form of the Hamy’s symmetric
function E (:B%) is Schur harmonically convex on R” , .

By Lemma 2, Chu and Sun [4] proved that ¢, (:cir) is Schur harmonically
convex on R, .

By Theorem 1, we give a new proof.

1+

Since f(z) =

is increasing and harmonically convex on (0,1), from Theo-

rem 1 (iv) and Theorem 4, it follows

Theorem 5. The following symmetric functions are increasing and Schur harmon-
ically convex on (0,1)",r =1,2,...,n,

S(0m2))- s A

1<i1 <0<+ <1,,<n j=1

and

() ) I )

i1+io+ - Fip=r j=1
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1

S

Remark 3. By Lemma 2, Long and Chu [I4] proved that E ((ﬁ;) ) is Schur

harmonically convex on (0,1)™. By Theorem 1, we give a new proof.

Theorem 6. The following symmetric functions are increasing and Schur harmon-
ically convex on (0,1)",r =1,2,...,n,

T B . Li;
Er(l—m)_ Z -y’ (15)

1<i1 << <ip,<n j=1

% X o r Xy,
E; (1—:1:> = H ; 1_ inja (16)

1<i1<i2<<ip,<n j

R T (5

iy tin e tin=r j=1

8

and

n

c;(lfw,r)z I1 Zij(lfjw). (18)

t1tigt-Fin=r j=1

Proof. Let h(x) =

/ 1
1 f LA (0,1). Then h (z) = =22 > 0, so h is increasing
on (0,1).
And let k(x) =

=2 —1. Then k" (z) = 0, this means that is concave

1 !
n(h) W)

x

on (1,00), by Proposition 2, it follows that h is harmonically convex on (0,1).
Since E.(x), E*(x), c,(x,r) and ¢ (x,r) are all increasing and Schur harmonically

convex function on R, , by Theorem 1 (iv), it follows that Theorem 5 holds. [

Remark 4. By the judgement theorem of Schur harmonic convexity for a class of

symmetric functions, Shi and Zhang [I5] proved that E, (1:1;) is Schur harmon-

ically convex on (0,1)™. Here by Theorem 1, we give a new proof.

By the properties of Schur harmonically convex function, Shi and Zhang [11]

1 n
proved that E (1 w ) is Schur harmonically convex on [2, 1) . By Theorem

1, this conclusion is extended to the collection (0, 1)™.
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By Lemma 2, Sun et al. [16] proved that ¢, <1 d

77") is Schur harmonically

convex on [0,1)", here by Theorem 1, we give a new proof.

Since f(z) = T T s increasing and harmonically convex on (0,1), from Theo-
-z

rem 1 (iv) and Theorem 4, it follows

Theorem 7. The following symmetric functions are increasing and Schur harmon-

ically convex on (0,1)",r=1,2,...,n,

S

(20)
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<<1—w>i”>: 11 n@'f(lf;j)i- (22)

i1tig+eFin=r j=1

Er
@
*

Cp,

xr

Remark 5. By Lemma 2, Sun [I7] proved that E, ((1 ) T) is Schur harmon-

ically convex on [0,1)™. Here by Theorem 1, we give a new proof.
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A NOTE ON DEGENERATE GENERALIZED ¢-GENOCCHI
POLYNOMIALS

JONGKYUM KWON?!, JIN-WOO PARK?2, AND SANG JO YUN3*

ABSTRACT. In this paper,we consider degenerate generalized g-Genocchi poly-
nomials arising from p-adic fermionic g-integral on Z,. We found some inter-
esting identities of these polynomials.

1. INTRODUCTION

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C, will
denote the ring of p-adic rational integers, the field of p-adic rational numbers and
the completion of the algebraic closure of Q,,, respectively. Let v, be the normalized
exponential valuation of C, with [p|, = pve(P) = 1%. Let ¢ be an indeterminate in
C, such that |¢ — 1|, < P

Let f(z) be a continuous function on Z,. Then the p-adic fermionic q-integral
on Zj, is defined by Kim to be

pN—1

/ @iyl = i 3 e (545

(1.1)
; Jim Z fla *, (see [9)).
Thus, by (1.1), we get
/ Fla+ Vdp, / F(@)dp_g(w) = [214£(0), (1.2)
and
/ Fle+n)du_y o1 / F@)duge) = 21, 3 FO (-1 (13)
=0

where n € N (see [5-10, 12]).
It is known that the g-Fuler polynomials are given by the generating function as
follows:

/Z @y (y) = qet+1 _Z (1.4)

¥

When z =0, E, = E, 4(0) are called g-Euler numbers (see [5, 9, 12]).

1991 Mathematics Subject Classification. 05A10, 05A19.
* corresponding author.
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Recently, degenerate g-Euler polynomials are introduced by he generating func-
tion as follows:

24
q(1+ Mt)x + 1

It is known that the g-Genocchi polynommls are given by the generating function
as follows:

1+ M) = Zs Y 7', (see [9]). (1.5)

tel =Ty r 1.
[t n = e =36 (1.6

When z =0, G, = E,, 4(0) are called ¢-Genocchi numbers (see [1, 2, 4, 6-8]).
Now, the degenerate g-Genocchi polynomials are introduced by the generating
function as follows:

{2, .

——L (14 Xt)> On 1.7
d M) 11 z% arlr (1)

Note that limy_,0 Gy g1 (2) = Gp g(x), (n > 0), (see [3]).

For d € N with d = (mod 2) and (d,p) = 1, we set

X =1lmz/dp"Z, X* = | ) (a+dpZ,),
ﬁ 0<a<dp, atp

and
a+dpNZ,={z € X |z=a (moddp")},
WhereaEZwithO§a<de—
For d € N with d =1 (mod 2), let us assume that x is a Dirichlet character with
conductor d. Now, we consider the generalized g-Genocchi polynomials attached to
x which are given by the generating function to be

d—1
/ X()te ™ dp_y (y) = <dt£l2t]q qu(—l)“x(a)e‘“> et
X qte® +1 =~
N ’ (18)
= Grax(®) . (see [4-6, 8)).
n=0
When z = 0, Gy g = Gn,q,x(0) are called generalized g-Genocchi numbers attached
to x.

One of the most recent papers on the theory of Genocchi polynomials and num-
bers is the paper T. Kim(see [6-8]), which deals mainly with the theory of Genocchi
polynomials and numbers. Facts on Bernoulli polynomials and Euler polynomials,
to which Genocchi polynomials may be related, has been derived in Volkenborn
integral (see [3]). While a lot of the properties of Genocchi polynomials bear a
striking resemblance to the properties of Beroulli and Euler polynomials, some
properties are rather different. Note that Genocchi polynomials occur naturally in
the areas of elementary number theory, complex analytic number theory, homo-
topy theory, differential topology, theory of modular forms, p-adic analytic number
theory, quantum physics (see [1-13]).

In the viewpoint of (1.8), we consider degenerate generalized ¢-Genocchi poly-
nomials which are derived from the fermionic g-integral on Z,. The purpose of
this paper is to investigate some properties and identities of degenerate generalized
q-Genocchi polynomials.
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2. DEGENERATE GENERALIZED q—GENOCCHI POLYNOMIALS

In this section, we assume that A, ¢ € C, with |At], < pfp%l. For d € N with
d =1 (mod 2) , let x be a Dirichlet’s character with conductor d.

In the viewpoint of (1.8), we consider degenerate generalized ¢-Genocchi poly-
nomials which are given by the generating function to be

/ XL+ M) du_g(y)
X

d—1
_ (M]t)ﬂ >t (1) x(a) (1 + W) G+
a=0

> t
= Z Onxan ()
n=0

where d € N with d =1 (mod 2).
From (1.5) and (2.1), we have

Gn Y1+ At
nz::o o <qd1+Am+1Zq ) )

[ q tqu datz
= — et (14 )R 2.2
(2] ;Jq ( d(l—i—)\t)?—i-l( ) (22)
Z Z a+ax\ dt!
q a— Oq ’qd’% d TL' '
Thus, by (2.2), we get
dn—l 2 d—1 +
Gnxan(T) = n[Q]qu an(_1)ax(a)gn_1,qd% (adx) , (n>0). (2.3)
q a=0

Therefore, by (2.3), we obtain the following theorem.
Theorem 2.1. Ford € N with d=1 (mod 2), n > 0, we have

G (&) = /X X + ¥\ ndpy(y)

d—1
_%dn—l ZX(a)qa(_l)agn—l i (a + a:) 7
[Q]Qd = Ho0d d

where

(@A) =2(z = X)--- (2 = A(n = 1))

T
(2,
A on
For n > 0, we observe that

(x4 y|N) =" <9H)\—y>n — ,\nigl(ml) (Ii\'yy
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By (2.4), we get

T 1” n—l1 T l 4
/Xx(y)( W ZS DA / Nt + v)'dpi_g(y) .

= Z S1(n, DA™ G g (@), (n > 0),

where S1(n, () is the Stirling number of the first kind. Therefore, by (2.5), we obtain
the following theorem.

Theorem 2.2. Forn >0, we have

n

Grnar(®) = Z S1(n, DAL G g 1 ().

=0

By replacing ¢ by 1 (e — 1) in (2.1), we get
/ X()> (N — el tdp_y Z G 1 1( M) :
X Y m, X9, By

= Z G g r (@) A Z Sz(n,m)gt" (2.6)

n=m

—Z (Z N, (10, 10) G g (2 )) -

Where Sa(n,m) is the Stirling number of the second kind.
From (1.8), we note that

(z+y)t (a+a:)t
/X x(y)te" ™ du_q(y) = (qdedt n 1) Zq a)e
(2.7)
= Z Gn,q,x(m)m~
n=0
By multiplying ¢ on the both side (2.6), we get
(z+y)t S - 1 n—m+1 tntt
X X(y)te d:U/*q<y) = ZO ZO M _ 1)‘ SQ(”a m)gm,x,q)\(m) ?
(2.8)
Therefore, by (2.6), (2.7) and (2.8), we obtain the following theorem.
Theorem 2.3. Forn >0, we have
Grgx( Z oM /\n "S2(n — 1,m)Gm x g2 (T)-
Let d € N with d =1 (mod 2). From (1.3), we have
qd /X (@ + AN ox(@du-o(@) + [ @Nx(@)diy(a)
(2.9)

qu (M), (n>0).
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Therefore, by Theorem 2.1 and (2.8), we obtain the following theorem.
Theorem 2.4. Ford € N with d=1 (mod 2), n > 0, we have

d—1
4'Grxsa (@) + Groxan = 120g D x(a)g"(=1)*(a|A\)n,
a=0

where Gy y.q.x = Gn,x,q,2(0) are called degenerate generalized q-Genocchi numbers
attached to x.

Now, we observe that

i N L (tmq 0L g (—1)ex(a) (1 + At)i) L4203
n=0

n! 1+ M5 +1

00 m 0 l
> Qxfn,> (2@“)/;) (2.10)

1=0
= m Mn-m | —-
Z <7n§_:() (m)g xoaA (@A) ) ol
Thus, by comparing the coefficients on the both sides, we obtain the following

theorem.

Theorem 2.5. Forn >0, we have

n

@ = 3 () Gmnar eV

m=0

Now, we observe that

%gn,x,q,)\ :(—nl!)n Ax(x)t($|A)ndﬂ_q(x)
- (_i +nn o x(x)tdp_q(x)

" /n—1 _ g -2
— AP l -1 1906X:9, .
SRR
Therefore, by (2.11), we obtain the following theorem.

Theorem 2.6. Forn >0, we have

(=" _ — (n—1 n—l 191x.a,- A
o Gncan =2 (g JPTIEDEEEE

=1

Note that
)l\ii% gn,x,qJ\(x) = Gn,q,x(x)a (n>0).
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Cubic soft ideals in BCK/BCI-algebras
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Abstract. The notions of cubic soft o-subalgebras and (closed) cubic soft ideals in BC'K/BCI-algebras are intro-
duced, and related properties are investigated. Relations between cubic soft subalgebras, cubic soft o-subalgebras
and (closed) cubic soft ideals are discussed. Conditions for a cubic soft subalgebras to be a (closed) cubic soft
ideals are provided. Characterizations of cubic soft ideals are considered. R-union and R-intersection of cubic soft

ideals are discussed.

1. INTRODUCTION

To solve complicated problems in economics, engineering, and environment, we can’t success-
fully use classical methods because of various uncertainties typical for those problems. Uncer-
tainties can’t be handled using traditional mathematical tools but may be dealt with using a wide
range of existing theories such as probability theory, theory of (intuitionistic) fuzzy sets, theory
of vague sets, theory of interval mathematics, and theory of rough sets. However, all of these
theories have their own difficulties which are pointed out in [8]. Maji et al. [5] and Molodtsov [§]
suggested that one reason for these difficulties may be due to the inadequacy of the parametriza-
tion tool of the theory. To overcome these difficulties, Molodtsov [8] introduced the concept of
soft set as a new mathematical tool for dealing with uncertainties that is free from the difficulties
that have troubled the usual theoretical approaches. Molodtsov pointed out several directions
for the applications of soft sets. At present, works on the soft set theory are progressing rapidly.
Maji et al. [5] described the application of soft set theory to a decision making problem. Maji
et al. [6] also studied several operations on the theory of soft sets. Jun et al. [2 4] applied the
notion of soft sets to BC'K/BCI-algebras and d-algebras.

92010 Mathematics Subject Classification: 06F35, 03G25, 06D72..

YKeywords: cubic soft subalgebra, cubic soft o-subalgebra, (closed) cubic soft ideal, R-union, R-intersection.
* The corresponding author. Tel: +82 55 740 1232

YE-mail: skywine@gmail.com (Y. B. Jun); chishtygm@gmail.com (G. Muhiuddin);
mehaliozturk@gmail.com (M. A. Oztiirk); ehroh9988@gmail.com (E. H. Roh)
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Combining cubic sets and soft sets, Muhiuddin and Al-roqi [10] introduced the notions of
(internal, external) cubic soft sets, P-cubic (resp. R-cubic) soft subsets, R-union (resp. R-
intersection, P-union, P-intersection) of cubic soft sets, and the complement of a cubic soft
set. They investigated several related properties, and applied the notion of cubic soft sets to
BCK/BC1I-algebras. In [9], Muhiuddin et al. considered several basic operations of cubic soft
sets, namely, “AND” operation and "OR” operation based on the P-order and the R-order.
They provided an example to illustrate that the R-union of two internal cubic soft sets might
not be internal. They also discussed conditions for the R-union of two internal cubic soft sets
to be an internal cubic soft set, and investigated several properties of cubic soft subalgebras in
BCK/BCI-algebras based on a parameter.

In this paper, we introduce the notions of cubic soft o-subalgebras and (closed) cubic soft ideals
in BCK/BCI-algebras, and investigate related properties. We consider relations between cubic
soft subalgebras, cubic soft o-subalgebras and (closed) cubic soft ideals, and provide conditions
for a cubic soft subalgebras to be a (closed) cubic soft ideals. We discuss characterizations of
cubic soft ideals. We show that the R-intersection of cubic soft ideals is a cubic soft ideal. We
also show that if parameter sets are mutually disjoint then the R-union of cubic soft ideals is a
cubic soft ideal. We provide an example to show that the R-union of cubic soft ideals is not a
cubic soft ideal when parameter sets are not disjoint.

2. PRELIMINARIES

An algebra (X;*,0) of type (2,0) is called a BCI-algebra if it satisfies the following axioms:

(D) (Va,y,2 € X) (((xxy) * (% 2)) * (zxy) = 0),
() (Vz,y € X) ((z+ (z*y)) xy = 0),
(III) (Vz € X) (x*2x =0),
(IV) (Ve,y € X) (zxy=0,y*x2x=0 = =z =1y).
If a BCI-algebra X satisfies the following identity:

(V) (Vz e X) (0xx=0),
then X is called a BCK -algebra. Any BCOK/BCI-algebra X satisfies the following conditions:

(al) (Vz € X) (x %0 =x),

(a2) (Vo,y,z€ X) (xxy=0 = (xx2)x(y*x2)=0, (z2xy)=*(z*xx)=0),
(a3) (Vo,y,z € X) ((xxy) xz = (x*2)xy),
(ad) (Va,y,z € X) (2 2) * (y * 2)) * (zx y) = 0).

We can define a partial ordering < by = < y if and only if zxy = 0. A BC' K-algebra X is said
to be with condition (S) if, for all x,y € X, the set {z € X | z % x < y} has a greatest element,
written x oy. A BCI-algebra X is said to be p-semisimple if its BC' K-part is equal to {0}. In a
p-semisimple BC'I-algebra, the following conditions are valid:

(a5) (V,y € X) (0% (x+y) =y *x).

(a6) (Va,y € X) (2 (xxy) = y).
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A nonempty subset S of a BCK/BCI-algebra X is called a subalgebra of X if x xy € S for
all z,y € S. A subset I of a BCK/BCI-algebra X is called an ideal of X if it satisfies, for all
x,y € X, the following conditions:

(bl) 0 €I,

(b2) zxyel, yel = z€l.

An ideal I of a BC'I-algebra X is said to be closed if 0 x x € I for all x € I. We refer the reader
to the books [1} 7] for further information regarding BC'K/BC'I-algebras.

By an interval number we mean a closed subinterval @ = [a™,a™] of I, where 0 < a~ <a™ < 1.
Denote by [I] the set of all interval numbers. Let us define what is known as refined minimum
and refined mazimun (briefly, rmin and rmax) of two elements in [I]. We also define the symbols
“7) 47 “="1in case of two elements in [/]. Consider two interval numbers a; := [af, aﬂ and

ag 1= [a;,aﬂ . Then
rmin {a;, @} = [min {a;,a; } ,min {af,aj }],
rmax {d;, a2} = [max {a;,a; } ,max{af,af }],
ay = ay if and only if a] > a, and af > aj,
and similarly we may have a; < as and a; = ag. To say @) > as (resp. a; < a2) we mean Gy = G
and C~L1 7é C~L2 (resp. C~L1 j dg and C~L1 7é C~L2>
Let X be a nonempty set. A function A : X — [I] is called an interval-valued fuzzy set
(briefly, an IVF set) in X. Let [I]X stand for the set of all IVF sets in X. For every A € [I]* and
x € X, Alx) = [A~(z), AT (z)] is called the degree of membership of an element = to A, where
A X — Tand A" : X — I are fuzzy sets in X which are called a lower fuzzy set and an upper
fuzzy set in X, respectively. For simplicity, we denote A = [A~, AT].
Molodtsov [8] defined the soft set in the following way: Let U be an initial universe set and F
be a set of parameters. Let P(U) denotes the power set of U and A C E.

Definition 2.1 ([8]). A pair (F, A) is called a soft set over U, where F' is a mapping given by
F:A—P).

In other words, a soft set over U is a parameterized family of subsets of the universe U. For
e € A, F(e) may be considered as the set of e-approximate elements of the soft set (F, A). Clearly,
a soft set is not a set. For illustration, Molodtsov considered several examples in [g].

Definition 2.2 ([3]). Let U be a universe. By a cubic set in U we mean a structure
o = {(z, A(x), Mx)) | x € U}
in which A is an IVF set in U and A is a fuzzy set in U.

In what follows, a cubic set &/ = {(z,fa(z),\a(z)) |z € U} is simply denoted by & =
(fia, Aa), and denote by CY the collection of all cubic sets in U.
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Definition 2.3 ([10]). Let U be an initial universe set and let E be a set of parameters. A cubic
soft set over U is defined to be a pair (%, A) where . is a mapping from A to CY and A C E.
Note that the pair (.%, A) can be represented as the following set:

(F,A) ={F(e) | € € A} where F(¢) = (fiz(5), Az (e))-

3. CUBIC SOFT IDEALS

In what follows, let U be an initial universe set which is a BC'K/BCI-algebra unless otherwise
specified.

Definition 3.1 ([10]). A cubic soft set (%, A) over U is said to be a cubic soft BCK/BCI-
algebra over U based on a parameter e (briefly, e-cubic soft subalgebra over U) if there exists a
parameter € € A such that

fiz o) (zx y) = mmin{fiz ) (), iz e (y)} (3.1)
Az ()@ xy) < max{Az)(2), Az()(y) } (3:2)
for all z,y € U. If (%, A) is an e-cubic soft subalgebra over U for all ¢ € A, we say that (%, A)

is a cubic soft subalgebra over U.

Definition 3.2. Let U be a BC'K-algebra with the condition (S). Given a parameter € € A, a
cubic soft set (%, A) over U is said to be a cubic soft o-subalgebra over U based on e (briefly,
e-cubic soft o-subalgebra over U) if it satisfies the following conditions:

[z @) (r oy) = min{fiz ) (2), iz (y)} (3.
Az (xoy) < max{Aze)(x), Az (¥)} (3.

for all z,y € U. If (#, A) is an e-cubic soft o-subalgebra over U for all ¢ € A, we say that (%, A)
is a cubic soft o-subalgebra over U.

Definition 3.3. Given a parameter € € A, a cubic soft set (%, A) over U is said to be a cubic soft
ideal over U based on ¢ (briefly, e-cubic soft ideal over U) if it satisfies the following conditions:

f7(0) = fiz@) (), Az@)(0) < Az (), (3.5)
fiz(e) () = rmin{fiz ) (2 * y), Az (Y) } (3.6)
/\y(g)(x) < max{)\y(a) (l‘ * y), /\y(g)<y>} (37

for all z,y € U. If (#,A) is an e-cubic soft ideal over U for all ¢ € A, we say that (.Z, A) is a
cubic soft ideal over U.

Example 3.4. Let (Y, *,0) be a BCI-algebra and consider the adjoint BC'I-algebra (Z, —,0) of
the additive group (Z,+,0) of integers. Then the direct product U := Y X Z of Y and Z is a
BCI-algebra (see [1]). For any ¢ € A, let (%, A) be a soft set over U defined by

a=[a",a" , if x €Y x Ny,
iz >:{ [0,0][ 10 otherewisei< 0
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Az (@) = {

where N is the set of natural numbers, Ng = NU {0} and s,¢ € [0,1] with s < ¢. Then (%, A) is
an e-cubic soft ideal over U.

Example 3.5. Let U = {0,a,b, c} be a BCI-algebra with the following Cayley table [1:

s if x €Y x Ny,
t otherwise,

TABLE 1. Cayley table of the operation

o Qe O ¥
o SR OO
o OO O
o O O ol
SO O OO0

Let (%, A) be a cubic soft set over U, where A = {&1,¢9,e3}, with the tabular representation
in Table 2.

TABLE 2. Tabular representation of the cubic soft set (%, A)

0 ([0.5,0.8], 0.6) ([0.8,1.0], 0.1) ([0.4,0.6], 0.7)
a ([0.8,0.9], 0.7) ([0.3,0.7], 0.8) ([0.1,0.2], 0.7)
b ([0.1,0.7], 0.5) ([0.3,0.7], 0.8) ([0.1,0.7], 0.3)
c ([0.2,0.6], 0.9) ([0.3,0.7], 0.8) ([0.3,0.6], 0.2)

Then (%, A) is not an ;-cubic soft ideal over U since

e (0) = [05,0.8) £ [0.8,09] = fis(c @)
We know that (%, A) is an e9-cubic soft ideal over U. (%, A) is not an e3-cubic soft ideal over

U since
L7 (=) (@) = [0.1,0.2] /£ [0.3,0.6] = rmin{fiz(,)(a * ¢), Lz =) (c) }-
Proposition 3.6. If (%, A) is an e-cubic soft ideal over U, then
(Ve,yeU)(z <y = pzey) 2 ize (@), Az@) = Az @) .
Proof. Let x,y € U be such that x < y. Then x xy = 0, and so
fiz () = min{fiz e (z * y), iz ()}
= rmin{/iz)(0), iz (Y)} = Lr @ (y)
and
A7) (7) < max{Az ) (T *y), \z)(y)}
= max{Az(0), A\z)(¥)} = Az(c)(v).
This completes the proof. U
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Proposition 3.7. Let (F,A) be an e-cubic soft ideal over U for a parameter ¢ € A. If the
mequality x xy < z holds in U, then

fiz(e)(x) = rmin{jiz ) (y), Lz (2)}
and Az ) (z) < max{Az@)(y), Az()(2)}-
Proof. Assume that z xy < z for all z,y,z € U. Then
fiz @+ y) = rmin{fiz)((z * y) * 2), Lz (2)}

= rmin{fiz()(0), iz () (2)} = Az (2) 35)
and
Az (@ y) < max{Az)((z *y) * 2), Az ) (2)} (39)
= max{Az(0), A7) (2)} = Az (2), '
which implies from (3.6) and (3.7) that
Lz @) (z) = rmin{ iz ) (€ * y), iz () (y) }
= mmin{fiz ) (y), iz @) (2)}
and
Az(e)(7) < max{Az ) (% y), Az (o) (y)}
< max{Az@)(y), A7) (2) }-
This completes the proof. 0

Theorem 3.8. In a BCK-algebra U with the condition (S), every e-cubic soft ideal (F, A) over
U is an e-cubic soft o-subalgebra over U for all € € A.

Proof. Let ¢ € A. Since U has the condition (S), we have (x oy) xx < y for all z,y € U. Hence
(3.6), (3.7) and Proposition 3.6/ imply that
Lz @ (zoy) = min{fize ((z oy) x ), ize)(v)} = rmin{fiz ) (2), Lz (y)}
and
Az(e)(@oy) < max{Az()((z 0y) * ), Az(o) ()} < max{Az (), Az (¥)}
for all x,y € U. Therefore (%, A) is an e-cubic soft o-subalgebra over U for all € € A. O

Theorem 3.9. In a BCK-algebra U, if (#,A) is an e-cubic soft ideal over U, then it is an
e-cubic soft subalgebra over U for all € € A.

Proof. Let (%, A) be an e-cubic soft ideal over U where ¢ € A. For any z,y € U, we have
fiz(e)(x * y) > rmin {ﬁy(a)((f *Y) % T), Lz () (x)}
= rmin {fiz()(0), iz (e)(2) }

= fz() ()
and Az (2 *x y) < max{Az)((z * y) * ), Az)(2)} = max{Az)(0),Az)(2)} = Az ().
Therefore (%, A) is an e-cubic soft subalgebra over U. O
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Theorem 3.9 is not true in a BC'I-algebra. In fact, the e-cubic soft ideal (.#, A) in Example
3.4/ is not an e-cubic soft subalgebra over U since

fiz () ((0,0) % (0,1)) = fiz)(0,—1) = [0,0] # &= [a",a"]
= mmin {/iz(5(0,0), iz (0, 1) }
and/or
Az (e) ((0,0)*(0,1)) = Aﬁ(a)(oy -1)=t f § = max {)\y(g)(o, 0), )\y(s)(o, 1)} .

Definition 3.10. Let U be a BCI-algebra and ¢ € A. An e-cubic soft ideal (%, A) over U is
said to be closed if fiz)(0 * ) = fiz)(r) and Az)(0* x) < Az (x) for all z € U.

Example 3.11. The ey-cubic soft ideal (%, A) in Example 3.5 is closed.
Theorem 3.12. In a BCI-algebra, every closed cubic soft ideal is a cubic soft subalgebra.

Proof. Let (%, A) be a closed cubic soft ideal over U. Then fiz()(0*2) = iz (x) and Az (0 *
r) < Az (x) for all z € U. It follows from (a3), (3.6) and (3.7) that
fiz (o) (2 x y) = mmin{fiz o) ((x * y) * 2), iz (€) }
= rmin{fiz) (0 * y), fiz@(x)}
= min{fiz () (y), iz @) ()}

and
Aze)(z*y) = rmin{Az) (T * y) * ), Az (2)}
= max{Az)(0*y), Az ()}
< max{Az()(y), Az()(2)}
for all z,y € U. Therefore (%, A) is a cubic soft ideal over U. O

We provide a condition for a cubic soft subalgebra over U to be a (closed) cubic soft ideal over
U.

Theorem 3.13. In a p-semisimple BCI-algebra U, every cubic soft subalgebra over U is a closed
cubic soft ideal over U.

Proof. Let (%, A) be a cubic soft subalgebra over a p-semisimple BCI-algebra U and let ¢ € A
be a parameter. For every x € U, we have

B7()(0) = fize)(r * x) = rmin{fizq) (), fhze) ()} = dze (),

A7(6)(0) = Az (2 * 2) < max{Az () (), Az (¥)} = Az o) (2). (310)
Using (3.1), (3.2) and (3.10), we get
fiz () (0% x) = rmin{fiz ) (0), fiz(e) ()} = Az (), (3.11)
A7) (0% z) < max{Az()(0), Az (o) (7)} = Az () (7).
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For any z,y € U, we have
L7 ) (®) = iz (y* (y* ) = mmin{fize) (), iz @) (Y * )}
= rmin{jiz () (y), L) (0 * (z xy))}
= rmin{fiz ) (T * y), bz e (y)}
and
Az (1) = Az (y * (y* x)) < max{Az)(y), Az (y * z)}
= max{Az)(y), Az () (0 % (z x y))}
<max{Az@) (7 *y), Az ) (y)}
by using (a6), (3.1), (3.2), (ab) and (3.11). Therefore (%, A) is a closed cubic soft ideal over
U. O
Corollary 3.14. If a BCI-algebra U satisfies any one of the following conditions:
o U={0xz|zeU},
e cvery element of U is minimal,
o Vr,yeU) (xx(0xy)=yx(0xx)),
e VxelU) (0xx=0 = z=0),
o (Vr,yeU) (xxy)*xz=xx(yx*2)),
o Vr,yelU) (xxy=y=*zx),
o (VxeU) (0xz=ux),
o (Va,y,z€U) ((xxy)*(xx2)=2%xy),
then every cubic soft subalgebra over U is a closed cubic soft ideal over U.
Theorem 3.15. For a cubic soft set (F,A) over a BCK -algebra U with condition (S) and a
parameter ¢ € A, the following are equivalent.
(i) (#,A) is an e-cubic soft ideal over U.
(ii) Foreveryxz,y,z € U, ifx < yoz, then iz (x) = rmin{fiz ) (y), fiz@ (2)} and Az (z) <
max{Az @ (y), \z)(2)}.

WZ
Proof. Assume that (%, A) is an e-cubic soft ideal over U and x < yo z for all z,y,z € U. Then

Az () = min{fis (@ * (y 0 2)), Az (y 0 2)}
= mmin{fiz)(0), iz (yo 2)}
= iz (y o 2)
= rmin{fiz ) (y), iz (2)}

and
Az(e) () < max{Aze)(z % (y 0 2)), Az (y © 2)}
= max{Az()(0), \z)(y o 2)}
= Az (yo2)
< max{Az)(y), Az () (2)}-
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Conversely suppose that (ii) is valid. Since 0 < x oz for all x € U, it follows from (ii) that

fiz()(0) = rmin{ iz ) (z), iz (o) (2)} = @ (7)
and

A7(2)(0) < max{Az ) (2), Az () (2)} = Az (o) (7)
for all z € U. Since x < (zxy) oy for all z,y € U, we have

Lz (x) = min{fize) (z * y), Lr@ ()}
and
A7) (7) < max{Az ) (T *y), A7) (y)}
for all z,y € U. Therefore (%, A) is an e-cubic soft ideal over U. O

Theorem 3.16. Given a parameter e € A, a cubic soft set (F, A) over U is an e-cubic soft ideal
over U if and only if the nonempty sets

ﬂg(g) [(51,(52] = {.I' ceU ’ ﬂgz(g) (CC) i [(51,(52]}
and
Moo (t) ={zeU| Az (x) <t}
are ideals of U for all [01,05] € [I] and t € [0, 1].

Proof. Assume that a cubic soft set (%, A) over U is an e-cubic soft ideal over U. Suppose that

0 [01,02] NAZ (1) # 0 for all [01, 5] € [I] and ¢ € [0, 1]. Obviously, 0 € a5 [d1,52] N AZ ) (1)
Let x and y be elements of U such that z*y € i, [51, dol and y € [ [51, 5. Then L7 (c) (:z;*y) -
[61,02] and fiz(e)(y) = [61,02]. It follows from (3 6) that

fiz ) (z) = min{fiz ) (z * y), iz (y)} = rmin{[d1, &2, [01, 6]} = [01, 2]

Hence z € 5 [01,02]. Now if @ xy, y € AZ(t), then Agz()(z +y) < ¢ and Az (y) < t.

Usmg (3.7), we have Agz()(z) < max{Az@)(z *y), A7) (y)} <t and sox € A7 (t). Therefore
(0101, 02] and A7 ) (¢) are ideals of U.

Conversely, suppose that [ [d1,d2] and A7) (¢) are ideals of U for all [61,05] € [I] and

t € [0,1]. Assume that there ex1sts a € U such that L7 (0) 7 fize)(a) or Az)(0) > Az (a).

Let fiz(0) = [07,0"] and fiz)(a) = [a,a*]. Then 0~ < a~ and 0" < a* which imply that
0- <0, <a and 0 < d, < at, that is,

/19(5)(0) = [0_70+] < [61,02] < [a_va+]

by taking [61, 0] := [3(07 +a7), (0" + a™)]. Hence 0 ¢ [i5 )01, 05]. Also 0 & A7 (a;) where
a; = Az(s)(a). This is a contradiction, and so (3.5) is valid. Assume that there exist a,b € U
such that

fiz()(a) £ mmin{fiz)(a*b), iz ()} (3.12)
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or
Az (a) > max{Az()(a*b), Az (b)}. (3.13)
For the case (3.12), let fiz(,)(a) = [01,02], fiz(e)(a * b) = [y1,72] and iz (b) = [v3,74). Then
[01,02] < rmin{[v1, 2], [y3, 7]} = [min{~1, 3}, min{~2, 74 }].
Hence §; < min{vy,73} and ds < min{~s,~,}. Taking
[11,72] = 5 (B () (a) + rmin{fiz (a * b), iz (b)})
implies that

(71, 72] = 5 ([01, 02] + [min{~y, 75}, min{vyz, 74 }])

=[5 (6 + min{y,73}), 5 (92 + min{ye, va})] -
It follows that

(61 + min{~y1,y3}) > 6,

(09 + min{~ya, y4}) > 0o,

min{yy,y3} > 7 =

1
2
min{vyz, 4} > 7o = %

and so that
[min{y1, v}, min{~ys, ya}] = [11, 7] = [01,82] = fiz o) (a).
Therefore a ¢ 15[71, T2]. On the other hand, we know that

iz () (a*b) = [y1,7] = [min{y1, 3}, min{y2, ya}t] > [11, 7],
ﬂﬁ(a)(b) = [v3,7a] = [min{~y1, y3}, min{ye, v} = [71, ),
which imply that a x b, b € ﬂf;( o [T1, T2]. This is a contradiction, and so
L7 (x) = tmin{fize) (T * y), iz (y) }
for all z,y € U. Now, (3.13) implies that there exists ¢y, € (0, 1) such that
)\3‘(5)(&) 2 to > max{)\y(e) (a * b), )\gz(s)(b)}.
Hence a b, b € A7 (to) but a & A7 (to). This is a contradiction, and therefore
A7) (7) < max{Az ) (T *y), \z()(y)}
for all z,y € U. Consequently, (.%, A) is an e-cubic soft ideal over U. O

Definition 3.17 ([10]). The R-union of cubic soft sets (%, A) and (¢, B) over U is a cubic soft
set (J,C) where C = AU B and

)

F(¢) ife e A\ B,
(e ife € B\ A,
F(e)Ur¥Y(e) ifee ANB

H(e) =

~—
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for all ¢ € C. This is denoted by (7,C) = (#,A) Ug (¢4, B). Also the R-intersection of cubic
soft sets (F, A) and (¢, B) over U is a cubic soft set (.7, C') where C' = AU B and
F(e) ife e A\ B,
H(e) =4 Y(e) ife e B\ A,
Fe)Nr¥Y(e) ifec ANB
for all ¢ € C. This is denoted by (,C) = (Z,A) Mg (¥4, B).

Theorem 3.18. If (%, A) and (4, B) are cubic soft ideals over U, then so is the R-intersection
(,C)=(F,A) Mg (¥, B) of (#,A) and (¥, B).

Proof. Straightforward. O

Theorem 3.19. Let (F#,A) and (4, B) be cubic soft ideals over U. If A and B are disjoint,
then the R-union of (#,A) and (¢, B) is a cubic soft ideal over U.

Proof. By means of Definition 3.17, we can write (%, A) U (¥, B) = (J,C), where C = AU B
and for all e € C,
F(e) ife e A\ B,
H(e)=( Y(e ife e B\ A,
F(e)Ur¥(e) ifec ANB
Since AN B = (), either e € A\ Bore € B\ Aforalle € C.If e € A\ B, then J(c) = % (¢)
is a cubic soft ideal over U. If ¢ € B\ A, then J7(c) = ¥(¢) is a cubic soft ideal over U. Hence
(A,C) = (F,A)Ug (4, B) is a cubic soft ideal over U. O

The following example shows that Theorem 3.19 is not valid if A and B are not disjoint.
Example 3.20. Let U = {0,a, b, c} be a BCI-algebra with the Cayley table in Table [3.

TABLE 3. Cayley table of the operation

o "R O ¥
o o8 OO
S0 O QR
QOO0 o
O Q T OO0

Consider sets of parameters A := {e1,e9,e5} and B := {e3,e4}. Then A and B are not disjoint.
Let (%, A) and (¢, B) be cubic soft sets over U with the tabular representations in Table [4 and
Table 5, respectively.

Then (F#, A) and (¢, B) are cubic soft ideals over U, and the R-union (27, C) = (%, A)Ug(¥4, B)
of (#,A) and (¢, B) is represented by Table [6l.

Note that

fores)(c) = [0-4,0.7] £ [0.6,0.8] = rmin{ /i (c) (¢ * @), flores)(a) }
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TABLE 4. Tabular representation of the cubic soft set (.7, A)

€1 €9 €3
0 ([0.6,0.8],0.3) ([0.5,0.9],0.4) ([0.7,0.9],0.3)
a ([0.3,0.7],0.5) ([0.2,0.5],0.7) (10.6,0.8],0.8)
b ([0.3,0.7],0.5) ([0.3,0.6],0.7) ([0.4,0.7],0.8)
c ([0.3,0.7),0.5) ([0.2,0.5],0.6) ([0.4,0.7],0.5)
TABLE 5. Tabular representation of the cubic soft set (¢, B)
€3 €4
0 ([0.7,1.0],0.2) ([04,0.8],0.1)
a ([0.3,0.7],0.7) ([0.2,0.6],0.3)
b ([0.6,0.8],0.4) ([0.2,0.6],0.6)
c ([0.3,0.7],0.7) ([0.4,0.8],0.6)
TABLE 6. Tabular representation of the cubic soft set (7, C')
€1 €2 €3 €4
0 ([0.6,0.8],0.3) ([0.5,0.9],0.4) ([0.7,1.0,0.2) ([0-4,0.8],0.1)
a ([0.3,0.7],0.5) ([0.2,0.5,0.7) ([0.6,0.8],0.7) ([0.2,0.6],0.3)
b ([0.3,0.7],0.5) ([0.3,0.6],0.7) ([0.6,0.8],0.4) ([0.2,0.6],0.6)
c ([0.3,0.7],0.5) ([0.2,0.5],0.6) ([0.4,0.7],0.5) (10.4,0.8],0.6)
and/or Ay (e, (a) = 0.7 £ 0.5 = max{A () (a * b), Ay (b)}. Hence the R-union (J#,C) =
(F,A)Ur (¥,B) of (#,A) and (¢, B) is not a cubic soft ideal over U.
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Abstract

We prove Hyers-Ulam stability of the first order delayed homogeneous matrix differ-
ence equation &1, = A(9)Z; for all integers 1.

1 Introduction

Throughout this paper, we denote by C, N, Ny, and Z the set of all complex numbers, of all
positive integers, of all nonnegative integers, and the set of all integers, respectively. Given a
fixed positive integer n, let (C", || - ||5) be a complex normed space, each of whose elements is
a column vector, and let C"*™ be a vector space consisting of all (n X n) complex matrices.
We choose a norm || - ||,xn on C™*™ which is compatible with || - ||,,, .e., both norms obey

[ABl[nxn < [[Allnxn[IBllnxn and  [[AZ]n < [[Allnxn|Z]n (1.1)

for all A,B € C"*" and Z € C".

A matrix difference equation is a difference equation with matrix coefficients in which the
value of vector at one point depends on the values of preceding points.

In this paper, we prove Hyers-Ulam stability of the first order delayed homogeneous matrix
difference equation

Fivp = Al)T; (1.2)

for all integers ¢ € Z, where each transition matrix A(7) is nonsingular and p is a fixed integer
larger than 1. More precisely, we prove that if a vector sequence {¥; };cz of C™ satisfies the
inequality

1Gi4p — A()Gilln < €

for all i € Z, then there exists a solution {Z;};cz to the delayed matrix difference equation
(1.2) such that the bound for ||y; — Z;||,, depends on ¢ and the transition matrices A (i) only.
We refer the reader to [1, 2, 3, 4, 6] for the exact definition of Hyers-Ulam stability.

9Key words and phrases: difference equation; matrix difference equation; delayed matrix difference equa-
tion; Hyers-Ulam stability; approximation.
92010 Mathematics Subject Classification: Primary 39A45, 39B82; Secondary 39A06, 39B42.
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2 Hyers-Ulam stability of matrix difference equation

2 Preliminaries

Throughout this paper, the transition matrix A (i) of C™*" is defined by

an(i) aiz(i) - a(i)
Ali) azl'(l) a22.(l) e azﬁ(l)
an1 (1) an2(i) -+ anpn(i)

for any integer i. We moreover assume that every A(7) is nonsingular. We will use the
following abbreviation.

7j—1
[TAG) =AG-DAG —2)---A(k) (for j > k),
i=k

O(j, k) == (2.1)

Loxn (for j = k),
where we set ®(j, k) := ((I)(/{,j))il =A())TAG+D AR — 1) for § < k and L,xp
denotes the (n x n) identity matrix. Sometimes, we use ®(j) and ®~1(k, j) instead of ®(3,0)

and (@(k,j))_l, respectively.
In the following lemma, we introduce some properties of ®(j, k) without proof.

Lemma 2.1 Assume that n is a fized positive integer. If the transition matriz A(i) of C"*"
is nonsingular for any integer i, then it holds that

(1) ®(j+1,k) = A0, k);
(ii) @15, k+ 1) = A(k)D (5, k);
(iii) A(k—1)"1071(j,k) =@~ 1(j,k — 1)

for all integers j and k.

3 Hyers-Ulam stability of 7, = A(i)Z;

We now prove our main theorem concerning Hyers-Ulam stability of the delayed homoge-
neous matrix difference equation (1.2). Obviously, our theorem is a generalization and an
improvement of [5, Theorem 2.1].

Theorem 3.1 Assume that n > 0 and p > 1 are fixed integers and € is a nonnegative real
number. For all integers i, assume that A(i) is a nonsingular (n X n) complez-valued matriz
for which there exists a constant K > 0 such that

-1

i (f[ A(Hkp)) <K (3.1)
=0

k=0 nxn
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for all integers i. If a sequence {§;}icz of C" satisfies the inequality
[ Gitp — AD)G]],, < e (32)

for all integers i, then there exists a unique solution {Tz’}iez to the first order delayed homo-
geneous matriz difference equation (1.2) such that

|7~ il < Ko 33)

for each integer i.

Proof. In view of (3.2), there exists a sequence {&;};cz of C" such that
ity — Al)gi = & (3-4)
for all integers 7 and

sup Hé;”n <e. (3.5)
1€EZ

First, we use the induction on m to prove
m—1 m— m—1
Jitmp = (H A(i+ kp ) Ji + Z IT AG+kp) | &gy (3.6)
k=0 =0 \k=j+1

for all i € Z and m € Ny. Obviously, the equality (3.6) is true for m € {0,1}. Assume that
the equality (3.6) is true for some positive integer m. It then follows from (3.4) and (3.6)
that

yz+ m+1)p A Z + mp yz-l—mp + Ez-‘rmp
m—
which follows from (3.6) by replacing m with m + 1
If we set

’L + kp 6_)iJrjp + 5_:L'+mp

,:]3

||,’:]3

A(i+ kp A(i+kp) | Eitips

|M3

m -1

k=0
for all € Z and m € Ny, then it follows from (3.6) that

-1

m J
Ti(m) = i+ <H A<i+kp>> v (37)

7=0 \k=0
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4 Hyers-Ulam stability of matrix difference equation

Let m and n be nonnegative integers with n > m. Then, by (3.7), we have

-1
n

J
Ti(n) = Ty(m) = > (HA(i+kp)> Eitjp

j=m+1 \k=0

for any fixed integer 7. In view of (3.5) and (3.1), we further get

; -1
n J
| Ti(n) — Ti(m)|, = (H Ali+ k:p)) Eitip
j=m+1 \k=0 n
n 7 -1
<y (H Ali+ k:p)) Eitip
Jj=m-+1 k=0 n
n J -1
< 3 |(Tawtm) |l
J=m+1 k=0 nxn
n j -1
<e (H A(i+ kp))
J=m+l k=0 nxn

for every i € Z. Hence, {ﬁ(m) }men, is a Cauchy sequence for each fixed i € Z, and we can
define

T, := lim Ty(m) (3.8)

for each i € Z.
By (3.4), (3.7), and (3.8), we obtain

) J
Tivp — ADT = Foap+ Y (H

=0 \k=0

—1
A(i+ (k+ 1)P)) Eit(j+1)p

-1

NG ( Ali+ kp>) it
k

j=0 \k=1
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for all ¢« € Z. Moreover, it follows from (3.5), (3.7), and (3.8) that
< /]
!@—@mf-E:OIAz+m) e
j=0 \k=0 "
o0 J
3 (HAz+kp)
3=0 || \k=0 N
o0 J
szj(HAw+m) Il
3=0 || \k=0
< Ke

for all ¢ € Z.
Finally, we prove the uniqueness of the sequence {T;‘}z‘ez- Assume that { U}-}iez is another
solution to the difference equation (1.2). By applying the induction on m, we prove that

" 1
Ui = (H A(i+ kp)) Uit (m1)p (3.9)

k=0

for any m € Ny. Obviously, (3.9) is true for m = 0. Assume now that (3.9) is true for some
integer m > 0. It then follows from (1.2) and (3.9) that

m -1

k=0

m+1 -1
= (H A(i+ kp)) A+ (m+Dp) Uit (meryp
k=0

m+1 -1
= (H A(i+ kp)) Uit (m+2)p>

k=0
which can be obtained from (3.9) by replacing m with m+ 1. Thus, by (3.1), (3.3), and (3.9),
we have

m -1
|T; - Till,, = (H A(i + kp) ) (Titm+1)p = Uik (m1)p)
k=0
m -1
< (H A(i+kp ) | Tt (mt1)p — Gt (mripl ],
k=0
m *1><
(ITa6rm) | b - G,
k=0
m -1 |
<2 (H i+ kp) )
k=0 nxn
— 0, as m — oo,
for all 4+ € Z, which implies the uniqueness of {Y_’;}iez. O
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6 Hyers-Ulam stability of matrix difference equation

4 Examples

At a glance, the condition (3.1) would seem too strong so that we could seldom find practical
examples. But we get rid of such a misunderstanding through introducing a few examples
for the sequence {A(i)};cz of transition matrices which satisfy the condition (3.1).

Example 4.1 Let us setn =1 and p=3. If A(i) = 23 is a (1 x 1) matriz for every integer
i, then we have

J=0 j+1 Jj=0

e., the condition (3.1) is satisfied with K = =
Assume that a sequence {y;}icz of complex numbers satisfies the inequality

93y,
1 =
|yivs — 2%yi| <e

for all integers i, where € is an arbitrarily given nonnegative real number. Then, according
to Theorem 3.1, there exists a unique sequence {x;}icz, of complex numbers such that

Tip3 = 231, (4.1)
and
1
|z — i < -€

for all integers 1.
Indeed, the delayed difference equation (4.1) is strongly related to the nonlinear difference
equation

Example 4.2 We consider the difference equation with two variables given as
_92i+1
( Uit ) (12 + 2i + 2)(i2 + 1)v; — (i2 + 2i + 2)2i+!

Vit1 2i+2 22i+1

24+2i+2 (12424 2)(@2 + )y

for all integers i, where {u; }icz and {v;};cz are sequences of complex numbers. By a straight-
forward calculation, we show that

4(i% +1)

<ui+2> 2+ 4i+5 0 (“)
Vi+2 0 4(i2 + 1) (%

i24+4i+5
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for all integers i. We now define the (2 x 2) matriz A(i) by

4(i% +1) 0
Ali) = 24 4i+5 :Mlm
4312 + 1) (i4+2)2+1
0 i2+4i+5

for every integer i, where Inxo denotes the (2 x 2) identity matriz. Then we have

-1

j e oo
. (t+2j+2)°+1
(H A(z+2k)> S GER Ioxo
k=0

for all nonnegative integers j. Hence, we see that

-1

< (L > (i +2j+2)2+1
]Z_; (HA(H'%)) :Z;( ;21—;)4)j+j

k=0

(i +2j+2)2+1

< -
_JZO (7;2+1)4J+1
(oo} oo o0
1 1j+1 (j+1)?
< W+Z§ oy + oy
7=0 7=0 7=0
1 11 91
<7 - . e
<t 5ut iy
7=0 7=0
_®
=%

i.e., the condition (3.1) is satisfied with K = %5.
Let € is an arbitrarily given nonnegative real number. Assume that a sequence {¥; }icz of
C? satisfies the inequality

|52 — A(D)G||, <e

for all integers i. Then, due to Theorem 3.1 withn =2, p =2, and K = %5, there exists
a unique solution {T;}icz to the delayed homogeneous matriz difference equation (1.2) such
that

I~ i, < 2

for any integer 1.
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Abstract

An (n + 3)-dimensional nonlinear mathematical model for the virus dynamics with humoral immunity
and n-stages of infected cells is proposed and analyzed. Two threshold parameters, the basic reproduction
number, RY and the humoral immunity number, R} are derived. Utilizing Lyapunov functions and LaSalle’s
invariance principle, the global asymptotic stability of all steady states of the model is obtained. An example

is presented and some numerical simulations are conducted in order to illustrate the dynamical behavior.

Keywords: Virus dynamics; global stability; humoral immunity; Lyapunov function.

1 Introduction

During the past decades many human viruses have been found such as HIV, HBV, HCV and HTLV-I. To un-
derstand the virus dynamics, several mathematical models for virus dynamics have been proposed and analyzed
(see e.g. [1]-[16]). Ome of the most important features of mathematical models is the global stability of steady
states which gives us a detailed information and enhances our understanding about the virus dynamics. There-
fore several researchers studied the global stability of virus dynamics models (see e.g. [5], [6], [7], [8], [9], [11],
[12], [13], [14], [19], [20]). Some of these papers consider a single-infected stage for infected cells (see e.g. [5],
[6], [7], [11], [12] and [14]). Other works consider double-infected stages for infected cells, the first stage is the
latently infected cells which contain viruses but do not produce it and the second stage is the actively infected
cells which produce new viruses (see e.g. [8] [9], [19] and [20]). As reported in [21], [22] and [23], due to ongoing
viral replication in the virus dynamics process such as HIV, the time from the contact of viruses and uninfected
target cells to the death of the cells modeled by dividing the process into n short stages y1 — y2 — ... = yp.
Georgescu and Hsieh [20] have proposed a virus dynamics model with multi-staged infected cells. However, the
model does not consider the immune response.

It should be pointed out that the immune response plays an important role in controlling the disease
progression. There are two main responses for immune system, Cytotoxic T Lymphocyte (CTL) immune
response and humoral immune response. The function of the CTL cells is to kill the infected cells. The humoral
immunity is based on the B cells which produce antibodies to attack the viruses [1]. It is mentioned in [24]
that, in malaria, the antibodies are more effective than CTL cells [24]. Several works incorporate the humoral
immune response into the virus dynamics models (see e.g. [25]-[31]). Elaiw and AlShamrani [29], [30] studied
the global stability of virus dynamics models with double-infected stages for infected cells.

The aim of this paper is to study a general virus dynamics model with multi-staged infected cells and
humoral immunity. Our model is an improvement of the model presented in [20] by taking into account the
humoral immune response, and by assuming a more general incidence rate which includes the form given in
[20]. We use Lyapunov functions and LaSalle’s invariance principle to prove the global stability of all the steady

states of the model. We show that there exist two bifurcation parameters, the basic reproduction number R}!

949 A. M. Elaiw et al 949-967



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

and the humoral immunity number R . We establish a set of sufficient conditions which guarantee the global

stability of all steady states of the model.

2 The model

In this section we propose the following model:

&= \—dx — g(x,v), (1)
i1 = g(@,v) — ar11 (1), (2)
Ui = ai—10i-1(Yi-1) — aidi(yi), 1=2,3,...,n, (3)

0 = Andn(yn) — P2V — uv, (4)

Z=rzv— bz. (5)

All parameters and variables have the same identifications given in Section 1. The model is a generalization
of several existing model by considering general functions for: (i) the incidence rate of infection g(x,v); (ii)
the production rates of infected cells g(z,v) and a;—1¢;—1(yi—1), @ = 2,...,n; (iii) the removal rate of infected
cells a;0;(y;), i = 1,...,n; (iii) the production rate of viruses a,¢n(y,). Functions g and ¢; are continuously
differentiable and satisfy the following conditions:

Condition C1. (i) g(z,v) > 0, ¢g(0,v) = g(x,0) = 0 for all z,v > 0 and

(ii) 89((92’”) >0, agéa;’v) > 0, 89((32’0) > 0 for all z,v > 0.

Condition C2. (i) g(z,v) < vw for all 2,v > 0 and

(i) <8g(x,0) !

) > 0 for all x,v > 0.
v

Condition C3. (i) ¢;(y;) > 0 for all y; >0, ¢;(0) =0,i=1,2,...,n,
(ii) ¢} (y;) > 0 for all y; > 0,7 =1,2,...,n, and
(iii) there is a; > 0,4 = 1,...,n such that ¢;(y;) > a,y; for all y; > 0.

3 Properties of solutions

In this section, we study some properties of the solutions of the model such as the non-negativity and bound-
edness.

Proposition 1. Suppose that Conditions C1 and C3 are hold. Then there exist positive numbers Mj,
7 =1,2,...,n 4+ 2, such that the compact set

e = {(a:,yl,...,yn,v,z) ERLP:0<a < M,0<y; < Mj,0<v < Myy1,0< 2< My, i = 1n}

is positively invariant.

Proof. Since

T Iwz(): A > 0,

U1 |yr=0=g(z,v) >0 for all z,v € [0, 0),

Ui |yi=0= Gi—10i—1(yi—1) >0 for all y;_1 € [0,00), i =2,3,...,n,
0 |p=0= Gn®n(yn) >0 for all y,, € [0, 00),

Z [2=0=0,

Then, the orthant Rggs is positively invariant for system (1)-(5).
To show the boundedness of the solutions we let G (¢t) = z(t) + y1 (), then

Gr=XA—dr—a1p1(y1) <A —dx —ajanys <A =61 (z+y1) <A —8,Gy,
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where §; = min{d, a1ay}. It follows that,

A A

Gi(t) < e 0t (Gl(o) - 61> 5

Hence, 0 < G1(t) < My if G1(0) < My for t > 0 where My = %. The non-negativity of  and y; implies that,
0 <z(t),y1(t) < My if 2(0) + y1(0) < M;. From Eq. (3) and Condition C3, we have

U2 = a101 (Y1) — a2d2(y2) < ar1¢1 (M) — azanys.
a1¢y(My)
a0

i =3,...,n. Finally, we let G2(t) = v(t) 4+ 22(t), then

It follows that, 0 < yo(t) < My if y5(0) < My, where My =
ai—1¢i—1(Mi—1)

a0

. Similarly, we can show 0 < y;(t) < M; if
yi(0) < M;, where M; =

G? = dn¢n(yn) —uv — prZ

S &n¢7L(Mn) - 62 (U + §Z> - &n¢7L(Mn) - 62G25

where 02 = min{u, b}. It follows that, 0 < Ga(t) < My 41 if G2(0) < M, 41, where M, 41 = %(Mn). Since
v(t) and z(t) are non-negative, then 0 < v(t) < M, 41 and 0 < 2(t) < M,y if v(0) + 22(0) < ]\24n+1, where
My 4o = %Mn+1. Therefore, all the variables of the model are bounded and the region © is positively invariant
with respect to model (1)-(5). O

4 The steady states and biological bifurcations

In this section, we prove the existence of the steady states of system (1)-(5) and derive two bifurcation param-
eters.

Lemma 1. Assume that Conditions C1-C3 are satisfied, then there exist two bifurcation parameters R}’ >
RM > 0 such that

(i) if R} <1, then the system has only one positive steady state Qo € ©.

(i) if RM <1 < R}, then then the system has only two positive steady states Qo € © and @ € O, and

(iii) if RM > 1, then then the system has three positive steady states Qo € ©, Q1 € © and Qs € (3)

Proof. At any steady state E(z,y1, ..., Yn, v, 2), the following equations hold:

)\—dl'—g(J?,U):O, (6)
g(z,v) —a161(y1) =0, (7)
ai—10i-1(Yi-1) — ai¢i(yi) =0, i=2,...,n, (8)
an®dn(yn) — uv — pzv = 0, (9)
(rv—">b)z=0. (10)
b
Eq. (10) has two possibilities, 2 = 0 and v = o When z = 0, then from Eqs. (6)-(9) we get
B B [ Clj . N n (Zj .
A_d'/'E_.g(a:‘7’U) - Jl;[la az¢z(yz) - Jl;[la uv, 7'_17"'7n7 (11)

The continuity and strictly increasing properties of ¢; imply that qb;l exists and it is also continuous and strictly

i n
increasing [32]. Define fi(v) = ¢; ' ((H Z;) (H ZZ) g”) ,i=1,2,...,n, then f;(0) =0 and f;(v) > 0 for all
v > 0. From Eq. (11), we get

&
|
=
—~
=
:-/
B
I
B
o
I
ISH
—
2|8

uv, (12)
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and
a0s 12 ] w0 03)
Ty — — — | uwv,v | — — | uwv =
g 0 d J a] ) J d] )
Jj=1 Jj=1

where g = A\/d. Condition C1 implies that Eq. (13) has two possible solutions v = 0 and v # 0. If v = 0, then
n+2

. /_/h .
from Eq. (12), we get the disease-free steady state Qo = (0,0, ...,0,0). Let us consider the case v # 0. Define

n

1 [ 1ra; a;
Uy (v)=g To ~ ”gTJ uv,v | — |I&—J uv = 0.
j=1"1 j=117

n .

We have, ¥;(0) = 0, and ¥, (0) = —\ < 0.where & = 2 (H Z;) Moreover,
j

u
i1

u 5 a; 89(33070) 89(:60,0) aj
‘2[/'1(0):—8 Hé or | v HJ v

j=1
From Condition C1 we have w =0, then

n

a; 1 [ {ra; | 9g(xz,0)
3=

1% aj

Therefore, if 1 (H &’> %ﬁ’o) > 1, then ¥ (0) > 0 and there exists a v; € (0,0) such that ¥;(v1) = 0.
Jj=1
Substituting v = v1 in Eq. (6) and letting

Us(z) = A —dx — g(z,v1) = 0.

According to Condition C1, Uy is a strictly decreasing, ¥o(0) = A > 0 and Uy(zo) = —g(zo,v1) < 0. Thus,
there exists a unique z1 € (0,x¢) such that Us(x1) = 0. On the other hand, from Eq. (12) we have y;1 =
filvy) > 0, ¢ = 1,...,n. It follows that, a endemic steady state without humoral immune response @1 =

n .
(X1, 91,1, -y Yn.1, 1, 0) exists when % (H ZJ> w > 1. Let us define the basic reproduction number as:
j=1"

RM_l ﬁ@ 9g(z0,0)

0 u a; ov

j=1
- : b
The other possibility of Eq. (10) is v = vy = = Let
Us(z) = A —dx — g(z,v2) = 0.

Clearly, U3 is a strictly decreasing, ¥3(0) = A > 0 and U3(zo) = —g(x0,v2) < 0. Thus, there exists a unique
x2 € (0,20) such that ¥3(xz) = 0. It follows that,

_ a; T2, V2
yi,2:¢i1 Hafj LN ) > 0.
J

j=1 i
U pM
Further, zo = — (R} — 1), where
p
M _ 1 - aj | g(z2,v2)
Rl = - Hi
u\tda v
j=1"
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represents the humoral immunity number. It follows that, if R} > 1, then there exists a endemic steady state

with humoral immune response Q2 = (%2, Y1,2, s Yn,2, U2, 22)-
[e]
Now we show that Qp, Q1 € © and Q2 € ©. Clearly, Qy € ©. We have z1 € (0,x), then

)\ A
0<x < = M;.
51

From Eq. (11), we get

A
araryi1 < ardr(yi1) = A — ; o =
141

Also, from Eq. (8), we have

a1 (My)

az02

agoy21 < asp2(y21) = @161 (y1,1) < @191 (M1) = 0 < ya21 < = M.

Consequently, for i = 3,...,n, we have

ai71¢i71(Mi71)

a;0GYi1 <al¢z(y1 1)—&2 ld)z 1(y1 11) <a2 ld)z 1( i— 1):>0<yzl < Py :Mz
Eq. (9) implies that,
QnPn(My, Gy, P (M,
uvl—an¢n(ynl)<an¢n( ):>0<’U < Gn® ( ) < ind ( ) :Mn+1~

U - do
We have also z; = 0, then @1 € ©. Similarly, one can show that 0 < zo < M; and 0 < y;0 < M;, i =1,...,n.
Now we show that if R} > 1, then 0 < vy < M,, 41 and 0 < 2z < M, ;2. From Eq. (9) we have

uvy + puaze = an(bn(yn,Z)-

Then
U2 < n@n(Yn,2) < Andn(M,) =0 < vg < n¢n( n) < My,
puaze < an¢n(yn 2) < an¢n( ) =0< Z2 < TanaS;b() < Mn+2

Then, Q4 € (i) Clearly from Condition C2, we have

U &a; | glza,ve) 1 [ Fraj\ dg(xe,0) 1 [ {ra; | 9g(wo,0)
RM _ 2 i | 9\F2,v2) - 2 &) Y92 V) 2 20| 220 pM oA
! u Haj Vg T Haj ov < U H j ov 0

Jj=1 Jj=1

5 Global stability analysis

In this section, we study the global stability of system (1)-(5) by constructing suitable Lyapunov functionals.
The stability of the disease-free steady state Qg will be given in the following result.

Theorem 1. Let Conditions C1-C3 hold true and R)! < 1, then Q is globally asymptotically stable (GAS)
in ©.

Proof. Define

xT n
Vo(x,yl,...,yn,v,z)gcaco/% vlirng Zl H

];[% v+§ HZ—Z 5 (14)

a;

n+2
0 o . . ——
where H % = 1. It is seen that, Vo (z,y1, ..., Yn,v,2) > 0 for all z,y1, ..., yn, v,z > 0, while Vj(x,0, ...,0,0) = 0.

We calculate dV" along the solutions of model (1)-(5) as:
n i—1 n n
dvo - g(@o,v) . aj AT aj | .
S0 (11 el ' PITT | 2 15
it (o G e (T2 e (02 o b (0 )= 09
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We have
n i—la‘ n i—la‘
SR |9 = 9@ v) —ardiw) + > | [T | @ic16i-1(wiz1) — aidi(ys))
i=1 \j=1Y i—2 \j=1%
= gfar) = (T[22 ) o)
b ] aj nyn n
=1
Then

dVp . g(zo,v) T . g(zo,v) . a; pb a;
D0 dr (1 tim LE0Y) (2 lim $20Y) ) I
t ””( B g, 0) o) ol B ny g ) - LE ) -

B 9g(x0,0)/0v x “ra; 1 [ty a; | g(z,v) dg(zg,0)/0v
_dm(l_@g(aiO)/&J) (1-@)% IE NS ol e

From (i) of Condition C2, we have

Vo 9g(xg,0)/0v T a; M b [ aj
— < B A theias - =)+ | | -2 — -= I I 21z
n dzg (1 (@, 0)/0v 1 . U 3 (RO 1) v , 7 z (17)

From (ii) of Condition C1, we get
0g(xg,0)/0v x
11— ——-F— 1-— | <0
( dg(x,0)/0v zo) ~

where the equality occurs at x = xq. Therefore, if R} < 1, then % < 0 for all z,v,z > 0. One can easily
show that % = 0 occurs at Q)g. Using LaSalle’s invariance principle, we derive that @y is GAS. O

To prove the global stability of the two steady states Q1 and @Q2, we need the following condition on the
incidence rate function.

Condition C4.

(19(5”’”1')) <g(“) ”) <0, wv>0,i=12

g(z,v) ) \g(z,vi) v
Lemma 2. Suppose that Conditions C1-C4 are satisfied and R}! > 1. Then 1, 29, v1, vz exist satisfying

sgn(xg — x1) = sgn(vy — v9) = sgn(RM —1).

Proof. From Condition C1, for x1,x2,v1,v9 > 0, we have
(9(@2,v2) — g(@1,v2)) (22 — 21) > 0, (18)
(9(z1,v2) — g(x1,01)) (v2 —v1) > 0. (19)

Using Condition C4 with i =1, z = z; and v = vy we get
(g(z1,v2)v1 — g(21,v1)2) (9(21,02) — g(21,01)) <O (20)

It follows from inequality (19) that

(9(x1,v2)v1 — g(21,v1)v2) (V1 — V2) > 0. (21)

First, we claim sgn(ze — 1) = sgn(vy — v2). Suppose this is not true, i.e., sgn(xe — x1) = sgn(ve — v1). Using

the conditions of the steady states @1 and Q2 we have

(A —dz3) — (A — dx1) = g(x2,v2) — g(71,v1)
= (9(z2,v2) — g(x1,v2)) + (g(x1,v2) — g(21,01)).
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Therefore, from inequalities (18) and (19) we get:
sgn (1 — x2) = sgn (x2 — x1)

which leads to a contradiction. Thus, sgn (z2 — 1) = sgn (v1 — v2) . Using the steady state conditions for Qq

we have 1 (H ?) 9@, 1) =1, then

j=1 U1

RM 1_1 ﬁ@j g(x2,v2) 1 ﬁ&j g(x1,v1)
L a4 | 9\r2,v2) 1 aj | 91, v1)

u jzlaj (%) u . Q; V1

1:[& [;2 (9(z2,v2) — g(x1,02)) + i (g(z1, v2)v1 = g(a1, v1)v2)

Thus, from inequalities (18) and (21) we get sgn(RM — 1) = sgn(v; — vq). O
Theorem 2. Assume that Conditions C1-C4 are satisfied. If R <1 < R}!, then Q; is GAS in ©.
Proof. Define:

glan) s [ [ 6i(yin)
Vl(:c,yl,---,y,v,Z):x*xﬁ/ = + 2 lyi—yin— [ —55dn
! 0 9(0,01) ; ]1:[1% T ¢i(n)

Yi,1
nCL‘ v na»
S(O2 ) or (2)+2 {12 ) = )
jzla] v T jzla]

We note that, V7 is positive and reaches its global minimum at @);. Calculating the time derivative of V; along

the trajectories of system (1)-(5), we obtain

W _ (1 . 9@)) (A dz— g(e.0) + (1 - d’l(y“)) (9(2,v) — @161 (31)

g(z,v1) o1(y1)
n i—la_ d)( 4 )
2| ) (- 55)) s — i
n a] /Ul ~ p n a]
* 31;[1@ (1 a ?) (@ndn(yn) — uv = pzv) + - 31;[1@ (rzv —bz). (23)
We have
n i—1 n
> H?fj (@Gi-10i-1(yi-1) — aidi(yi)) = a1¢1(y1) — Hl}i QP (Yn)- (24)
i \j=1% el
Then,
i, M) _ g(zi,v)  1(y1,1)g(z,v)
dt a (1 g(l’ vl) ()\ dm) +g(m7v) g(x,vl) ¢1(y1)
~ (T J ai—10i(Yi1)Pi-1(Yi—1)
+a11(y1,1) ; 1z )
(W " a, "o 9n(yn)
+> H(}J ai®i(yi,1) — Hcf—] uv — HELJ g, 1PniYn)
im—2 \j=1% =19 1% v
jzlaj j:la] jzlaj
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Using the steady state conditions for @Qq:

A =dzxq + g(z1,v1),

n
a
j .
g(z1,v1) H— a;iPi(yi1) Hd— uvy, 1=1,...,n.
j

=1
We obtain
L (1 - m) (der — dz) + glar, v1) (1 - m> +g(m1,vl)5((§’:l))
—g(xl,vl);—g(xl,vl)m +p f[;: (vl—i) 2. (26)

We can rewrite Eq. (26) as follows

g(zi,v1)  ¢1y1,1)g(z,v)
g(z,v1)  d1(yr)g(@y,v1)

+ g(x1,01) [(n +2) —

¢z 1 yz 11) 'U(bn(yn}l)

—an (1= 52) (1= ) oo (- 585) (5 -0

fZ“b’ Bi1)gs- ”‘” D _ ”1¢"(y”)] o [ T2 ) (01— 2) 2

2 o) | gla,01)  o1(yi,)g(@,0) = i(yi1)di-1(yi-1)
Bl K R e M S Y P Eee R O s e Y ey
ot~ ) o (13 | e )

From Conditions Cl and C4, we get that, the first and second terms of Eq. (27) are less than or equal to

zero. Since the geometrical mean is less than or equal to the arithmetical mean, then (n + 3) < % +

¢1(y1,1)9(z,v) bi(Yi,1)pi—1(yi—1) V1 ¢n (Yn) vg(z,v1) : : . M
Sy g(mron) + Z s OBy + o D) + TERDE Lemma 2 implies that, if R{" < 1, then v; < vs.

It follows that, d;? < 0 for all z,y;,v,z2 > 0, ¢ = 1,...,n. The solutions of system (1)-(5) are limited to €,
the largest invariant subset of {(x,yl, s Yny Uy 2) dVl = O} We have M = 0 at the singleton {Q1}. Thus,

the global asymptotic stability of the endemic steady state without humoral immune response (1 follows from

LaSalle’s invariance principle. [J
Theorem 3. Let Conditions C1-C4 are satisfied and RM > 1, then Q- is GAS in ©.

Proof. We construct a Lyapunov functional as follows:

. n i—1 Yi
T g(x2,v2) a; ®i(Yi,2)
Vz(xayhm,ym%Z)=$—902—/ ———==dn + = Yi — Yi2 — ~=dn
s 9(1,02) ; ]1;[1% i(n)
Yi,2
o P " 5
G ol (L) + BT | o (= 28
+ a; 2 ) +7" Hd] =2 ) (28)
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Note that Vo > 0 for all z,y1, ..., yn, v,z > 0 and Va(xa,y1.2, ..., Yn.2, V2, 22) = 0. Function V5 satisfies:

de g(x2,v2 de — oz A )
= (1 222 6 s o)+ (1= 222 (40,0 - )
(102 ] (- 505) st st

% 31]

=2
1;[&—] (1 - %) (andn(yn) — uv — pzv) + g jl_[lgj (1 — Zf) (rzv —bz).

Using Eq. (24), we get

dVa _ (1 _9(z2,0)Y oo dF202)  A1yrp)g(z,v) o
a (1 >(/\ dz) +g(z. )9(557@2) $1(y1) tadling

- : Jj | = (bz i, ) i — = j
_Z H% ai— L 2¢ 1) "‘Z H% ai®i(yi2)

“a “a v ¢ Yn) “a
j j ~ 20n\Yn
— ||—~J uv — Il—f an + Il—f UV
LLla; i1 L

j=1"7 j=
n n n n
a; pb a; a; pb a;
+ = | pvoz — — Z—D = | vzg + — = | 22.
A r . a] - r Ay
Jj=1 Jj=1 Jj=1 Jj=1

Using the steady state conditions for @Qs:

b
A =dxy + g(x2,v2), Vo = -

i
s
g(x% UQ) = Hdij al¢’t Yi, 2 (
J

o

n
17| (wvz +pvoze), i=1,...n,
aj

j=1 j=1

we get

dVsy (1 B g(wa, v2) (z,v)

g(xv UQ)

) (dzy — dz) + g(a2, v2) (1 - M) + g(x2, v9) 2

g(w,v2) g(x,v2)
$1(y1,2)9(x, v) ®i(Yi2)Pi—1(yi—1)
¢1(y1)9($2,vz) it l)g(xg,vg $2702 ; i yz ¢z 1 yz 12)
'U2¢n(yn)
v(bn(ynﬂ).

— g(z2,v2)

v
— g(z2,v2)— — g(2,v2)
Vo

We can rewrite Eq. (31) as follows:

dVa g(z2, vo x g(x,va) g(x,v) v

T (5 (1 5) e (1‘ o0 2w
g(x ) ¢1(y12 (bz Yi2 d)z 1 yz 1)

(n+3) - g(z,v2)  b1(y1)g(xa, va) zz: i(Yi)Pi—1(Yi—1,2)

abain)_ sslea)]

E%

+ g(2,v2)

U¢n(yn,2) 029(907 U)

(30)

(31)

(32)

We note from Conditions C1 and C4 and the relationship between the arithmetical and geometrical means that,

dVa

we obtain %72 < 0 for all x,y1,...,yn,v,2 > 0. The solutions of model (1)-(5) are limited to A, the largest

invariant subset of {(m,yl, ey Yny Uy 2) dV2 = O} It is easy to see that de = 0 occurs at Q2. The global

asymptotic stability of Qo follows from LaSalle s invariance principle. O
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6 Example and numerical simulations

In this section, we introduce an example and perform some numerical simulations to confirm our theoretical
results. By using the Lyapunov direct method, we have established a set of conditions on the functions g(z,v)
and ¢;(y;) and on the parameters R}! and R} ensuring the global asymptotic stability of the steady states of
model (1)-(5). We consider the following model with two stages (i.e. n = 2):

TV

t=\A—dr — 33
v v (1+~x) (14 dv)’ (33)
TV
- - 34
N 04z (T +ov) M0 (34)
Y2 = a1y1 — a2y, (35)
U = Aoy — P2V — U, (36)
Z=rzv— bz, (37)

where 7 € (0,00) and 7,0 € [0,00). In this example we have

TV
14 7z) (1 +6v)’

(bz(yz) = Yi, 1= 17 ceey 1 g(l‘,'U) = (
which guarantee that Condition C3 holds true. Now, we verify Conditions C1, C2 and C4. Clearly, g(z,v) > 0,
g(0,v) = g(x,0) =0 for all z,v € (0,00), and

dg(z,v) ) dg(z,v) T dg(z,0) Tx

o (1+72)? (1+0v)’ v (147z) (1+6v)* v 1+

Then, for all z,v € (0,00), we have agg;,v) > 0, 89(%’/”) > 0 and W > 0. Therefore Condition C1 is satisfied.

We have also

TTU TXV 0g(z,0)
g(z,v) = < =v
’ (1+~z)(14dv) ~ 1492 ov
dg(x,0) )’ m
= for all .
< 5 (1+7x)2>0 orallz >0

It follows that, C2 is satisfied. Moreover,

glx,v)\ (glew) v ___ Sw-w) -
(1— g(a:,v)) (g(%vi) _'Ui) TG W Y o < 0 for all v,v; € (0,00), 7 =1,2.

Thus, C4 is satisfied and the global stability results demonstrated in Theorems 1-3 are guaranteed. The

parameters R} and RM are given by:

C~L1(~127T To ?11d27r T2

RY =

R) = , .
0 arasu 1+ yxg 1 arasu (1 + yxe) (1 + dvg)

(38)

Now, we will perform some numerical simulations for the model (33)-(37). The values of some parameters of
the example are listed in Table 1. The other parameters 7, r and v will be varied. All computations are carried
out by MATLAB.

We are interested to study the following cases:

Case (A): Effect of m and r on the stability of steady states:

In this case, we have chosen three different initial conditions:

IC(1): x(0) = 400, y1(0) = y2(0) = 1, v(0) = 0.2 and 2(0) = 0.5,

IC(2): z(0) = 600, y1(0) = y2(0) = 2, v(0) = 0.5 and 2(0) = 1,

IC(3): z(0) = 800, y1(0) =5, y2(0) = 3, v(0) = 0.9 and z(0) = 1.5.

The evolution of the dynamics of model (33)-(37) was observed over a time interval [0, 500]. We fix the value

of v = 0.5 and change the values of parameters 7 and r to get three sets as follows:
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Table 1: The values of the parameters of model (33)-(37).

Parameter | Value || Parameter | Value || Parameter || Value
A 10 ay 1 P 0.5
d 0.01 as 1.5 T Varied
8 Varied ap 0.5 b 0.3
~ Varied Qs
§ 0.1 u 3

Set (I): We choose, m = 4 and r = 0.3. Using the values of the parameters given in Table 1, we compute
R} =0.89 < 1 and RM = 0.80 < 1, which means that the system has a disease-free steady state Qo and it
is GAS based on Theorem 1. Evidently, Figures 1-5 show that, the states of the system eventually approach
Qo = (1000,0,0,0,0) for the three initial conditions IC(1)-IC(3). This case corresponds to the healthy state
where the viruses are cleared.

Set (II): We take 7 = 5 and r = 0.3. With such choice we have, RM = 0.99 < 1 < R} = 1.11. Consequently,
Lemma 1 and Theorem 2 state that, ()1 exists and it is GAS. Figures 1-5 show that the numerical simulations
illustrate our theoretical results given in Theorem 2. We observe that, the trajectory of the system will converge
to @1 = (140.43, 8.60, 2.87,0.96, 0) for the three initial conditions IC(1)-IC(3). This case corresponds to a chronic
infection but with inactive immune response.

Set (III): We choose, 7 = 5 and r = 1. Then, we calculate R} = 1.11 > 1 and RM = 1.08 > 1, this means
that, the system has three steady states Qg, @1 and Q2. Thus, from Theorem 3, @) is GAS. From Figures 1-5, we
observe a consistency between the numerical results and theoretical results of Theorem 3. We observe that, the
trajectory of the system show oscillating behavior for a period before reaching Q2 = (709.56,2.90,0.97,0.3,0.45),
in the same time frame for the three initial conditions IC(1)-IC(3).

Case (B): Effect of v on the stability of the steady states

Let us consider 7w and r be fixed. In this case, we take the values of 7 = 5 and r = 1, and consider different
values of . Here we take the initial condition as given in IC(1), while the evolution of the dynamics of model
(33)-(37) was observed over a time interval [0,600]. Table 2 contains the values of the bifurcation parameters
R} and RM with different values of « of model (33)-(37).

Table 2: The values of the threshold parameters R} and RM with different values of v of model (33)-(37).

Different values of v | RY | RM The equilibria
0.30 1.85 || 1.79 || Qo = (517.67,4.82,1.61,0.3,4.72)
0.40 1.39 || 1.34 | Qo = (637.35,3.63,1.21,0.3,2.06)
0.54 1.03 || 0.996 || Q1 = (763.16,2.37,0.79,0.26,0)
0.55 1.01 || 0.98 || Q1 =(926.89,0.73,0.24,0.08,0)
0.60 0.92 || 0.90 Qo = (1000, 0,0,0,0)
0.70 0.79 || 0.77 Qo = (1000,0,0,0,0)

Table 2 and Figures 6-10 show that, when -y is increased, the infection rate is decreased which leads to an
increase in the concentration of the uninfected cells and a decrease on the concentrations of the (first/second)
stage of infected cells, free viruses and B cells.

Case (C): Effect of the multiple stages of infected cells on the dynamics of virus dynamics:

To show the effect of multiple stages of infected cells on the dynamical behavior of the virus, we consider
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the following model with single stage of infected cells and compare it with model (33)-(37):

XU
=\ —dz—

z T A ) (400’ (39)

XU

. _ 4
v (1+~z) (1 + dv) arin, (40)
U= a1y — pzv — uv, (41)
Z=rzv—bz (42)

Consequently, the bifurcation parameters for this system are given by:

C~L17T ZTo a|m T2

Rsingle I Rsingle I ) 43
0 au 1+ yxy’ ! aju (1 +vwa) (1 + dvg) (43)
Since a; < a;, then from Eqgs. (38) and (43) we have
RM _ a1Q0T ts) Elll Zo _ psingle
0 arasu 1 +vx9  ajul+yxg 0 '
R{VI _ a1Q0T T2 < arm €2 _ R.iingle.

arazu (1+~x2) (L4 0va)  aru (14 yxg) (1 + dvg)

Here we consider the following initial condition: z(0) = 400, y1(0) = 0.5, y2(0) = 1, v(0) = 0.2 and z(0) = 0.5.
The evolution of the dynamics of models (33)-(37) and (39)-(42) was observed over a time interval [0,600]. Let
us consider the values of parameters listed in Table 1 and choose the values m = 3.5, r = 1.5 and v = 0.5. By

calculating the bifurcation parameters for systems (33)-(37) and (39)-(42), we obtain
Ry' =078 <116 = Ry™",  RYY = 0.76 < 1.14 = R{™".

Therefore, with the same values of the parameters, the steady state Q) is stable for system (33)-(37) but unstable
for system (39)-(42). The presence of multiple stages of infected cells reduces the infection progress. Figures
11-14 show a comparison between the evolution of the uninfected cells, infected cells, free virus particles and B
cells of the two systems (33)-(37) and (39)-(42). We observe that, the concentration of uninfected cells of the
model with three stages of infected cells is larger than that of system with only one single stage of infected cells
(see Figures 11), while the concentrations of first stage of infected cells, viruses and B cells with three stages
are less than that of system with a single stage of infected cells (see Figures 12-14). From a biological point of
view, the multiple stages of infected cells plays a similar role as antiviral treatment in eliminating the virus. We
observe that, if the number of stages of infected cells is increased, then the viral replication is suppressed and
the viruses can be cleared from the body. This give us some suggestions on new drugs to increase the number

of stages of infected cells.

7 Conclusion

We have studied a general virus dynamics model with humoral immunity. We have assumed that the infected
cells passes through n-stages to produce mature viruses. We have obtained two bifurcation parameters, the basic
reproduction number and the humoral immunity number. We have established a set of sufficient conditions
which guarantee the global stability of the model. The global asymptotic stability of the three steady states, @,
@1 and Q- has been investigated by constructing Lyapunov functionals and using LaSalle’s invariance principle.

To support our theoretical results, we have presented an example and conducted some numerical simulations.
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Figure 3: The second stage infected cells for model (33)-(37).
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Figure 4: The free virus particles for model (33)-(37).

3.5

N N
El
=] N
15F 2 N
1t N
Sets (I) & (IT) Set (11D
0.5 VOB gt T Ty i i 4 48 8% Wiy
o G . L - i - L - -+
0 50 100 150 200 250 300 350 400 450 500
Time
Figure 5: The B cells for model (33)-(37).
1000
900
., 800
B
)
g 700
z
s
<
£ 600
-
500
400
0 100 200 300 400 500 600
Time

Figure 6: The uninfected target cells for model (33)-(37) under different values of ~.
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Figure 10: The B cells for model (33)-(37) under different values of ~.

1000
900 - —

800 L |

700~ . E

Uninfected target cells
AN

600 |- Vi : : : 4

For two stages of infected =
— — = For single stage of infected

400 I I I I I
o 100 200 300 400 500 600

Time

Figure 11: Comparison on the concentration of the uninfected cells for systems (33)-(37) and (39)-(42).
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Figure 12: Comparisons on the concentration of the first stage of infected cells for systems (33)-(37) and
(39)-(42).
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Figure 14: Comparisons on the concentration of the B cells for systems (33)-(37) and (39)-(42).
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On the dynamics of a certain four-order fractional
difference equations
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Abstract: This paper is concerned with the following rational recursive sequences

_ Xn—lxn—z y _ yn—lyn—2 nZO 1

X — ’ - 5
" A+By _, ™ C+Dx_,
where the parameters A, B, C, D are positive constants. The initial condition X_5, X_,,

X ,X, and Yy,,¥,,Y Y, are arbitrary nonnegative real numbers. We give sufficient
conditions under which the equilibrium (0,0) of the system is globally asymptotically

stable, which extends and includes corresponding results obtained in the cited references
[12-17]. Moreover, the asymptotic behavior of others equilibrium points is also studied.
Our approach to the problem is based on new variational iteration method for the more
general nonlinear difference equations and inequality skills as well as the linearization
techniques.

Keywords: recursive sequences; equilibrium point; asymptotical stability; positive
solutions.

1. Introduction

Nonlinear Difference equations have been studied because they model numerous real
life problems in biology, ecology, physics, economics and so forth [1-5]. Today, with the
dramatically development of computer-based computational techniques, difference
equations are found to be much appropriate mathematical representations for computer
simulation, experiment and computation, which play an important role in realistic
applications [6]. Therefore, recently there has been an increasing interest in the study of

qualitative analysis of rational difference equations. And the present cardinal problem of

) Corresponding author at: College of Automation, Chongqing University of Posts and
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asymptotic behavior of solutions for a rational difference equation has received extensive
attention from researchers (see, e.g., [7-11] and the references therein).
Elabbasy [12] obtained the form of the solutions of the following rational difference

system

X

n— yn—l
X 1 , — 1.1
n+1 1 Xn_l yn yn+1 1 yn_lxn ( )

with nonzero real number initial conditions.
In particular, Clark and Kulenovic [13, 14] discussed the global stability properties and

asymptotic behavior of solutions for the recursive sequence

= , N =—, n=0,1,~", 12
" a+cy, Yo b+ dx (1.2)

where a,b,c,d € (0,0) and the initial conditions X, and Y, are arbitrary nonnegative
numbers.

In 2012, Zhang et al. [15] investigated the stability character and asymptotic behavior
of the solution for the system of difference equations

Xn—2 yn—2
SN S VA — = N P [ 1.3
By, Yoye M ANX_LX %, (-

n+1
where A, B € (0,), and the initial conditions X ;,X,, X ;,X;, ¥ 3, Y,, Y45 Y, € (0, ).
Recently, the following nonlinear two-dimensional difference systems
Xoi = XKoo Ynos )s Yo =W Yog,s Xt (1.4)
wheret,s,,s,,t, are all positive integers, was studied by Liu et al. [16], in which they
gave some sufficient conditions such that every positive solution of this equation
converges to the unique equilibrium point.
More recently, in [17] the authors studied analogous results for the system of
difference equations

Xo. =X, +by, &7,y =cy, +dx, e, (1.5)
where a,b,c,d are positive constants and the initial values X,X,,Y,,Y, are positive
numbers. For more related work, one can refer to [18-22] and references therein.

Inspired by the above works, the essential problem we consider in this paper is the

asymptotic behavior of the solution for the difference equation

Xn—lxn—z _ yn—lyn—Z n=0.1.-
>

X = ’ == 5 °t, 1.6
"™ A+By Yo C+Dx,, (1.6)

where the initial conditions X ;,X ,, X ,X, €(0,©), Y,,¥,,¥,,Y,€(0,0)and A, B,C,D

are positive constants.
This paper proceeds as follows. In Section 2, we introduce some definitions and
preliminary results. The main results and their proofs are given in Section 3.

2. Preliminaries
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. 1414 144

Letl,,l, be some intervals of real numbers and f:I; <1/ >, g:1/xI;—>1 be

continuously differentiable functions. Then for every initial conditions(x;,Y;)el, xI,,
(i=-3,-2,-1,0), the system of difference equations

{Xnﬂ = £ (XX X2 %0 35Yn Y01 Y25 Yns)s

yn+1 = g (Xn ’Xn-l ’Xn-z ’Xn-3 Byn ’yn-] 7yn-2 7yn-3 )7

has a unique solution {(X,,y,)},.; - Apoint (X,y)el xI  is called an equilibrium point

n=0,1,2,, 2.1)

forall n>0.

Interval 1, x 1, is called invariant for system (2.1) if, for all n>0, x el,,y el
when the initial conditions X ;, X ,X , X, € L,, Y5, ¥, ¥, Y, €.
Definition 2.1 Assume that (X,Y) is a fixed point of (2.1). Then

() (X,Y)is said to be stable relative to I, x 1, if for every &>0, there exits & >0

such that for any initial conditions (X Y;) €l xI, (i=-3,-2,-1,0), with Z:io:_3|xi ~ ¥| <0,

Y, —Y|<e.
(i) (X,y) is called an attractor relative to I, xI if for all (xy)el xI,

(i=-3,-2,-1,0), lim

Z?}in —7| <o, implies |Xn —7| <é&,

S Xy = X ’Ilmn%ooyn = 7

(iii) (X,y) is called asymptotically stable relative to I, x1 if it is stable and an

attractor.
(iv) Unstable if it is not stable.
Theorem 2.1 Assume that X(n+1)=F(X(n)),n=0,1,---, is a system of difference

equations and X is the equilibrium point of this systemi.e., F(X)=X .

(i) If all eigenvalues of the Jacobian matrix J._, evaluated at X lie inside the open
unit disk |l| <1,then X is locally asymptotically stable.

(i) If all eigenvalues of the Jacobian matrix J., evaluated at X has modulus greater

than one then X is unstable.
Definition 2.2 Let p,q,s,t be four nonnegative integers such that p+gq=s+t=n.

Splitting (X, y) = (X;, X555 Xps Yis Yoo o5 Yo ) into (X, y) = ([X] 5, [XTq, [ Y1, [Y 1)
where [X] denotes a vector with o -components of X, we say that the function
FOXH X0 X, Yps Y,seoos Y, ) pOssesses a mixed monotone property in subsets 1°" of
R*" if f([x],,[x],-[Y],[Y]) is monotone nondecreasing in each component of
[X],,[Y]s and is monotone nonincreasing in each component of [x],,[y], for

(X,y) e 1>". In particular, if q=t=0, then it is said to be monotone nondecreasing
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inl®".

3. The Main Results

In this section, we investigate the asymptotic behavior of the equilibrium points of the
systems (1.6). It is easy to know that the systems (1.6) have four equilibrium points (0, 0),

(0,C), (A 0),and((A+BC)/(1-BD),(C+AD)/(1-BD)).
Theorem 3.1 The equilibrium point (0, 0) of (1.6) is locally asymptotically stable.

Proof. We can easily obtain that the linearized system of (1.6) about the equilibrium
point (0,0) is

@n.1 = Do, (3.1)
where

X, ] 00 0000 O0 0]
Xo_1 10000000
X 01000000
X 00100000

9 = ., D= . (3.2)
Y, 00000000
Yo 00001000
Y 0000O0T1O00
Vs 0000001 0]

Thus, the characteristic equation of (3.2) is
f(A)=41*=0.
This shows that all the roots of characteristic equation lie inside unit disk. So the
equilibrium (0,0) is locally asymptotically stable.
Theorem 3.2 Let
Xoa = f(xn’ Xocts "> Xoks Yoo Yois "% Yok s
{ym—l = g(xn’ Xocts s X Yoo Yoo 0 yn—k),

[a,b] be an interval of real numbers and assume that f :[a,b]"' x[c,d]*" —[a,b] and

n=0,1, (3.3)

g:[a,b]*" x[c,d]*"" —[c,d]are two continuous functions satisfying the mixed monotone

property. If there exit

My Smin{X ., Xy, X b SmMax{X ,, Xy, X} <M,

and
Ny <mingy Yy Yol SMax{y oYy Yor <Ny
such that
my, < F(IM1,.IMo 155 [0 15 [N 1) < F(IM, 1, [Mg 1 [No I, [ 1) <M, (3.4)
and

Ny < 9([My1,,IM 155N 16, [N 1) < 9(IM 15, [Mg 1, [N 15 [N 1) < NG, (3.5)

4
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then there exit (m,M)e[m,,M,T* and (n,N)e[n,, N,] satisfying
M =f(M],.[m],.[N].[n]), m=f(m],,[M],.[n].[N]), (3.6)
and
N =g(M],,[m],.[N].[n]), n=g(m],[M],[nL,[N]). (3.7)
Moreover, if m=M andn= N, then the system (3.3) has a unique equilibrium point
(X,¥)e[m,,M,]x[n,,N,] and every solution of (3.3) converges to(X,y).
Proof. Using m;,M, and nj,,N, as two couples of initial iteration, we construct four
sequences {M.},{M,},{n;} and {N;}(i=12,---) from the following equations
m = F(m_ 1. IMi s 0 16N 1), M= E(IM T I 1IN T 1D
and
N = g(m 1o, ML 1[0 oINS 1), Ne =g (M T Im T, ING T I 1) -
It is obvious from the mixed monotone property of functions f and g that the

sequences {M.},{M.},{n,;} and{N,} (i =1,2,---) possess the following monotone property

m,<m<--<m < <M, <-<M, <M, (3.8)
and
N <n<--<n <---<N; < <N <N, (3.9)
where 1=0,1,2,---.
Moreover, one has
m<x <M, for I>(k+1)i+1,i=0,12,---. (3.10)
and
n<y <N  for I2(k+Di+1i=0,12,---. (3.11)
Set
m=¥Lrgmi,M =%LrgMi,n=}Lrgni,N=%ngNi, (3.12)
then

m<liminf X, <limsupX, <M, n<Iliminfy, <limsupy, <N. (3.13)

I—>0 1>

By the continuity of f and g, we have

M = f((M],,[m],,[N].[n],), m= f([m],,[M].[n].[N]), (3.14)

and
N =g([M],.[m],.[N].[n]), n=g([m],,[M],.[n].[N],) . (3.15)
Moreover, if m=M,n=N, then m=M =}E§Xi =X,n=N =}ngyi =Y, and then the

proof is complete.
Theorem 3.3 If A=C,B=D, the equilibrium point (0,0) of the systems (1.6) is a

global attractor for any initial conditions

(X35 X a5 X 15 X0» Yozs Yoo Yois Vo) €(0, A
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Proof. Let (f,g):(0,00)*x(0,00)* = (0,00)x(0,00) be a function defined by

X1 X
f(X73, X X s X0 Y5, Yoo Yoo yO) :an:’o
and
Yn1Yn-
9(X 55 X0 X5 Xo5 Yogn Yoo Yors Vo) :ﬁsxnl'

We can easily see that the functions f and g possess a mixed monotone property in
subsets (0, A)* of R®.
Let

M, —A
M, =N, =max{X;, X5, X 1, Xp» Y5, Y25 Yis Yo' 0T< n,=m, <0.

We have
2 2
m<—" < Moy (3.16)
A+BN, A+Bn,
2 2
n<—n < N (3.17)

o = = <N,,
A+BM, A+Bm,
Then from (1.6) and Theorem 3.2, there exit m,M e[m,M ], n,Ne[n,, N,]

satisfying
me_ ™ oy M (3.18)
A+ BN A+Bn
S VI (3.19)
A+BM A+Bm
In view of
m<M<M,<A+Bn,<A+Bn<A+BN,
and
n<N<N,<A+Bm,<A+Bm<A+BM,
thus, one has
M=m=N=n=0. (3.20)

It follows by Theorem 3.2 that the equilibrium point (0,0) of (1.6) is a global attractor.

The proof is complete.
Theorem 3.4 The equilibrium point (0,0) of the system (1.6) is global asymptotically

stability for any initial conditions
(X733 sza X717 X()a y735 yfza yfla yO) € (03 A)8 .
Proof. The result follows from Theorems 3.1 and 3.3.
Theorem 3.5 The equilibrium point (0,C), (A, 0) ofthe system (1.6) is unstable.

Proof. We can easily obtain that the linearized system of the system (1.6) about the
equilibrium (0,C) is
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¢, =D, (3.21)
where
X, ] 00 00 000 0]
X 10000000
X, 01000000
X .l00100000
P = , D=
Y, 00 0-DO11 0
Yo 00001000
Vo 0000O0T1TO00
Vo 00000 O0T1 0]

The characteristic equation of the systems (3.20) is
P(1)=2> (A -1-1). (3.22)
It is obvious that P(1) =—1,P(2) =160. It follows by the intermediate value theorem for
continuous function that there exists A >1 so that P(1) =0. Therefore, one of the roots
of characteristic equation (3.22) lies outside unit disk. According to Theorem 2.1, the
equilibrium (0,C) is unstable.
Similarly, we can obtain that the unique equilibrium (A, 0) is unstable.

A+BC C+AD, .
, ) is locally
1-BD 1-BD

asymptotically stable. If BD >1, the equilibrium point (X,Y) is unstable.

Theorem 3.6 If BD <1, the equilibrium point (X,y)=(

Proof. We can easily obtain that the linearized system of (1.6) about the equilibrium
(X,y) is

@ =Dy, (3.23)
where
X ] 00 00 00 0-B]
X 1 000 0O0O0O
X, 5 0100 0O0O0TO0
X, 3 . /0010 0 0 0O
P o= , D=
Y, 00 0-DO11 0
Yo 0000 1O0O0O
Y., 000 0O0OT1O0FPO0
Yo s 00 000 01 0
The characteristic equation of (3.23) is
P(1)=A*-BD=0. (3.24)

In view of BD <1, this shows that all the roots of characteristic equation lie inside unit
disk, so the unique equilibrium (X,Y) is locally asymptotically stable. If BD >1, one

of the roots of characteristic equation lie outside unit disk, so the unique equilibrium
7
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(X,¥) is unstable.

4. Conclusions

This paper presents the use of a variational iteration method for systems of nonlinear
difference equations. This technique is a powerful tool for solving various difference
equations and can also be applied to other nonlinear differential equations in
mathematical physics. The variational iteration method provides an efficient method to
handle the nonlinear structure. We have dealt with the problem of global asymptotic
stability analysis for a class of nonlinear difference equations. The general sufficient
conditions have been obtained to ensure the existence, uniqueness and global asymptotic
stability of the equilibrium point (0,0) for the nonlinear difference equation. These
criteria generalize and improve some known results in [12-17]. Moreover, the asymptotic
behavior of others equilibrium points is also studied. In addition, the sufficient conditions
that we obtained are very simple, which provide flexibility for the application and

analysis of nonlinear difference equation.

Remark: Our model and results are different from the existence ones such as those of
References [12-17]. In particular, the new variational iteration method can be applied to
the models of References [12-17] and the more general nonlinear difference equations. In

some sense, we enrich the theoretical results of the difference equations.
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