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SOME NEW RESULTS ON PRODUCTS OF THE
APOSTOL-GENOCCHI POLYNOMIALS

YUAN HE

ABSTRACT. We perform a further investigation for the Apostol-Genocchi poly-
nomials numbers. By making use of the generating function methods and sum-
mation transform techniques, we establish some new formulae for products of
any arbitrary number of the Apostol-Genocchi polynomials and numbers. The
results presented here are the corresponding generalizations of some known for-
mulae on the classical Genocchi polynomials and numbers.

1. INTRODUCTION

The classical Bernoulli polynomials B,,(z) and the classical Genocchi polynomi-
als G, (z) are usually defined by means of the following generating functions:

text St tn

e Z%Bn(x)g (t] < 2m) (1.1)
and

et "

T ;G”(I)H (t] < 7). (1.2)

The rational numbers B,, and G,, given by
B, = B,(0) and G, = G,(0) (1.3)

are called the classical Bernoulli numbers and the classial Genocchi numbers, re-
spectively. These polynomials and numbers play important roles in different areas
of mathematics such as number theory, combinatorics, special functions and anal-
ysis. Numerous interesting properties for them can be found in many books and
papers; see for example, [7, 14, 17, 18, 19, 26, 27, 29, 30, 31].

We now turn to some widely-investigated analogues of the classical Bernoulli
polynomials B, (z) and the classical Genocchi polynomials G,,(x), i.e., the Apostol-
Bernoulli polynomials B, (z;A) and the Apostol-Genocchi polynomials G, (x; \).
They are usually defined by means of the following generating functions (see, e.g.,
[20, 21, 24]):

ﬂ_ilg (x)\)ﬁ (1.4)
)\et—l_n:O Tl ’
(|t| < 2m when A = 1; [t| < |log A| when A # 1)

2010 Mathematics Subject Classification. 11B68; 05A19.
Keywords. Apostol-Bernoulli polynomials; Apostol-Genocchi polynomials; Convolution for-
mulae; Recurrence relations.
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and
2te”t > tn
—— = n(T5A)— L.
Net + 1 ;g (@A) (1.5)

(It|] < m when A = 1; |t] < |log(—A\)| when A # 1)
In particular, B, (\) and G, ()\) given by
B, (A) =B,(0;A) and G,(A\) =G,(0;A) (1.6)

are called the Apostol-Bernoulli numbers and the Apostol-Genocchi numbers, re-
spectively. Obviously, B, (z;A) and G, (z; ), respectively, reduces to By (z) and
Gn(x) when A = 1. Tt is worth mentioning that the Apostol-Bernoulli polynomi-
als were firstly introduced by Apostol [3] (see also Srivastava [28] for a systematic
study) in order to evaluate the value of the Hurwitz-Lerch zeta function. For some
related results on the Apostol type polynomials and numbers, one can consult to
[6, 8, 11, 16, 22, 24, 33].

The idea of the present paper stems from the work of Agoh [1, 2]. We establish
some new formulae of products of any arbitrary number of the Apostol-Genocchi
polynomials and numbers by making use of the generating function methods and
summation transform techniques. It turns out that some results presented here are
the corresponding generalizations of several known formulae including the recent
ones discovered by Agoh [2] on the classical Genocchi polynomials and numbers.

2. THE STATEMENT OF RESULTS

Let n be a positive integer and let mq,...,m, be non-negative integers. In
the following we denote by [t]"* ---t7'"]f(t1,...,t,) the coefficients of "' ---¢7'n
in f(t1,...,tn). We first recall the elementary and beautiful idea contributed to
Euler, namely (see, e.g., [4, 5])

(I+z)(I+z)(14zg) - =14z +zo(14+z1)+xs(14+21) (1 +a2)+--- . (2.1)

Obviously, the finite form of (2.1) can be expressed as

(I4z) (A +a) - (I4zp) = (14z1) + 22(1+21) + - -
+an(l+z)(4a) - (1+zp1). (2.2)
We shall make use of (2.2) to establish some new formulae for products of any

arbitrary number of the Apostol-Genocchi polynomials and numbers. It is easily
seen that for 1 < r < n, substituting z,, — 1 for x, in (2.2) gives

n

xlumn—l:Z(xr—l)mlu'xr_l, (2.3)

r=1

where the product 1 - - - x,_1 is considered to be equal to 1 when r = 1. If we take
x, = —Apelr for 1 <7 < nin (2.3) then we have

n r—1
(—1)"As - At T 1= 37 (1) (Avetr + 1) [ Awet. (2.4)
r=1 k=1
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It follows from (2.4) that

n

2ti€xi’ti . 1
1 )\i@ti +1 o (71)71)\1 . )\n6t1+“'+tn 1

m ot etiti

tr

Observe that

n

e
2t;eTiti
t tr 7
I3 1 A k -
e’ + )kli[ K€ 1 et 11

2t e(@i—Trt1)t; 2t e(Ti—zo)ti

)\ietI +1 . 1_‘!_1 /\ieti +1

=T

= 2t,e"r (it Htn )H (2.6)
Hence, by applying (2.6) to (2.5), we get

Lot etiti n 2t,.e%r(tit+tn)

et 11 = 20D T e
e jeti + (_ ) 1+ Ap€ —

Ot jelmmt )t o olwi—a)t

) H )\iet1 +1 11_1 )\ieti +1 ’ (27)

=7

which means

e (i gt
my! my! | \- )\iet’?—kl

mn' Z tm1 . :ﬂrl 1tm,71t:1+ri¢-1 . t:ln"]
y 9pxr(ti++tn) ﬁ 42tie($i*$r+1)ti
(=1)mAg - Apetrbttn — 1T LETE T Net 41

n

2t¢6(mi7xr)ti
11 i) (2.8)

1=r+1

It is trivial to get

A A
Lt e (55 0) 2.9
{mll m,ﬂ}( Aeti +1 Hg AT (29)

We next consider the right hand side of (2.8). Since By(z;A\) = 0 when A # 1 and
Go(x; A) =0 (see, e.g., [20 23]) then by (1.3) we have

n+1x/\
= 1 2.1
i Z 1 A, (2.10)
and
2e*t . Gnyr (T \) £
= —. 2.11
Aet +1 7;) n+1 n! ( )
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Notice that for non-negative integer N (see, e.g., [32]),

N
(b4 +tg)N = Z (k N )t’fl coothn (2.12)
kiteotkn =N N DT
ki,...,kn>0
where <7’1 Tk) denotes by the multinomials coefficient given by

n n!
Tl co Tk 2 0). 2.13
(Tl .. Tk> rlory! (77/77“1, Tk 2 ) ( )
So from (2.10) and (2.11), we obtain that for even integer n and Ay --- A, # 1,

eTr (t1t-+tn)
(=1)"Aq - Apetrtttn — 1

BN+1 Ty, )\1 )\n) tlfl tk"
= do.n (214
kid-+kn=N
1yeekin >0
and for odd integer n,
9etr (it +tn)
(—1)PAq - Apetrttin — 1
i T;)\ ...)\n tkl tkn
N=0 kit thn=N "L n
E1yeekin >0
It follows from (1.3), (1.4), (2.8), (2.9), (2.14) and (2.15) that if n is an even integer,
then for positive integers mq,...,my, and Ay --- A, # 1,
Gy (13 M1)Gm, (223 A2) -+ G,y (%05 An)
=25 (-1)
Z( ) Z kil kpoq! e (my — D)V kgD k)

ki, skr—1,kry1, k0 >0

Bkl""""*"%fl+(mr—1)+k'r+1+'“+kn+1(:ET; Ap-es )\n)
k1++kr 1+(mr_]-)+kr+1++kn+1

% H /\ gmb—k ((xz 7-71;7")"’ 1;)‘1') H gm'i_(ki (l‘z — xr;)\i). (2.16)
i=1

i=r+1
and if n is an odd integer, then for positive integers my, ..., My,
Gy (215 A1) G, (T25A2) =+ Gy, (T3 An)
- _ m1! ce mn'
_ -1 r—1
2_:( ) Z kqlee o kpoq! s (my — D)V kgt k!

ki, skr—1,krt1, 0 k>0

gk1+~~+kr_1+(mr—1)+kr+1+~~+kn+1(xh AL An)
k1+-~-+kT 1+ (me = 1) +kppr + 0+ b+ 1

Goni—ts (i — 2 + LN T4 Gt (T — T3 \y)
w TT A 22 i—hi 2.17
T i | e e
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Thus, by replacing k; by m; — k; for @ # r in (2.16) and (2.17), we obtain the
following formulae for products of an arbitrary number of the Apostol-Genocchi
polynomials.

Theorem 2.1. Let mq,--- ,m, ben positive integers. If n is an even integer, then

gml (l‘l; >\1)ng (x2§ )\2) s gmn ('r'lla n)

n

=2 > ()
1

k1+'~~+kn:m1+6“+mn =

H( >Agk — 24 1 N\)

X izl:L (kz )gk ( JJT.,)\;) ()\1 R W 1). (2.18)

(337«, )\1 tee )\n)

If n is an odd integer, then

gml (xl;Al)gmg(x%)\Z) gm (l’n, n)

A D > L e

k1+...+kn:m1+---+mn r=1
ki,....,kn>0

n

H(ml)Agk —z+ 1N ] (k )gk( — ). (2.19)

i=r+1

It follows that we show some special cases of Theorem 2.1. Since the Apostol-
Genocchi polynomials satisfy the following difference equation (see, e.g., [23]):

AGn (@ + 1;0) + G (25 0) = 2n2™ ™t (n > 0), (2.20)
by taking n = 2 in Theorem 2.1, we get that for positive integers m,n and Apy # 1,

U m 1 Bm n— 7)‘
G (3 \) G (5 1) = 271];0 <k>{2k(fc )" =Gz —y; A)}W

= (n Byn—1(z; Apt)
—2m Gply — o) ————————=.  (2.21)
k§:0 <k) kY H

m+n—=k

The identity (2.21) can be also found in [12] where it was further considered the case
Ap = 1. We also refer to [9, 10, 35] for some similar formulae to (2.21). If we take
n = 3 in Theorem 2.1, in light of the symmetric relation for the Apostol-Genocchi
polynomials (see, e.g., [23]):

AGn (1 —x;)) = (=1)"T1g, <x; i) (n >0), (2.22)
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we obtain that for positive integers mq, mo, ms,
Gy (215 21)Gms (25 A2) Gy (T35 Ag)
= Z {Z?(CZ;) <ng>gkl($l§ﬂ)gk2(x2_xIQ)\Q)gkg(xS_CUU)\S)

k1+ke+ks=mi+ma+ms3

1,k2,k3>0
4 Mz (1 (17 (—1)*1Gy, (w2; 1) Gy (w2 — 215 1/M1) Gy (23 — 225 A3)
ko \ k1 ks

+ %; <7Zf> (Z;) (1)1 7*2 Gy, (w35 )Gy (23 — 2151/ M)
X G, (X3 — T3 1/)\2)} (= Aa3). (2.23)

Remark 2.2. Note that (2.19) does not require the condition Ay --- Ay, # 1. How-
ever, we were unable to get the formula analogous (2.18) in the case Ay --- A\, = 1.

We next give some higher-order convolution formulae for the Apostol-Genocchi
polynomials, which are the corresponding generalization of Agoh’s convolution for-
mula on the classical Genocchi polynomials presented in [1, 12]. Clearly, by substi-
tuting k for n and wu;t for ¢; with uy +us +---+ux = 1 in (2.7), we discover that
for positive integer k, n,

t ke Quteriuit B zk:(—l)r t Qu,te®rt
n! Pl Newit +1 ) n! [\ (=1)FXp - et — 1

r=1

r—1 2uite(m—wr+l)uit k 2uite(w¢—wr)uit

X i
i];[l Aevit +1 Aevit +1

). (2.24)

1=r+1
It is easy to see from (1.4) that the left hand side of (2.24) can be rewritten as

k ar . .
! iewit +1) 1ol ]
n. e . . .
i=1"" J1+jae+ig=n Ji- 2 Jk

J1,d25e k20

X Gj (213 M)Gj, (25 A2) - - G (Tr5 M), (2:25)

and the right hand side of (2.24) can be rewritten in the following ways: if k is an
even integer then

tm k u;te®ivit
()
i=1

k j j i — j ke
Vogdtod? oo ogdr=t i g
n:-uy uw U, 1 Upl u
=2y 3 By (25 A Ae - M)
Jui-J2i e gk

J1,J2seJk 20

r—1 k
X H{_/\igji (i —xr +1;0)} H G, (@i —xr; Ni), (2.26)
=1

i=r+1
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and if k£ is an odd integer then

] [ uite®ivit
n! |\ 14 \evit —1
=1
J1,,J2 Jr—1 Jr41 . Ik

k
n!-uwltu?--u Upl -u
1 %2 r—1 Yr% 41 k
:Z Z Gj, (wrs A1+ Ag)

|. |
r=1j1+j2-+jr=n j ']2 ']
J1,J25eJk 20

xH{ NiGj (x5 — 1 + 1, 0)} H Gi (i — 3 Ni). (2:27)

1=r+1

Since for positive integer k > 2 and complex numbers a1, o, . .., ai with Re(a;) >
—1for j=1,2,...,k, (see, e.g., [2, 34])

1 1—uy 1—uy—--—uUp_o
« « (677
/ / .../ u11u22. .uk du1d2"'duk—1
0 0 0

F(al + ].)F(Ozz + 1) cee F(ak + 1)
= +ug 4+ +up=1). (2.28
I'lor +as+ -+ ap+k) (11 4z we=1). (2.28)
by equating (2.25), (2.26) and (2.27) and making the above integral operation, with

the help of (2.28), we get that if k is an even integer then

(n+k) ) Giy (215 M1)Gj, (22 A2) -+ Gy (w5 Ake)
Jit+je2-+jk=n
J1,J2,--+Jk =0

k
YD <”,+k)BjT(:cr;A1A2~ H{Agjl e+ 1))

r=1 Jl+]2+]k:n .77"
J1,92,--Jk 20

X H G (xi —xos ), (2.29)

1=r+1
and if k is an odd integer then

(n+k) > G A)G), (w23 Aa) - Gy, (ki M)
Jitj2-+ik=n
J1,J250+:Jk 20

k
=> 2 (n+ k)gar(fm)\l)\z H{ AiGj (@ — @ + 1, 0)}

r=1 ji+j2-+jr=n r
J1:925--Jk >0

X H G (xi —xos Ng). (2.30)

1=r+1
Notice that from (2.20) we have

r—1

H{Agj( —z 10}
= > I @i =z x) < [[{-2hi(@: — 27"} (2.31)

TC{1,r—1} i€T ieT

597 YUAN HE 591-600



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

8 YUAN HE

Thus, by applying (2.31) to the right hand sides of (2.29) and (2.30) and then
taking z1 = z9 = -+ = xp = x, we immediately obtain the following result.

Theorem 2.3. Let k,n be positive integers. If k is an even integer, then

(n+k) > Gl )G (@A) - G (w3 M)

Jitje-+ijk=n
J1,J2,-Jk >0

=Z<T ) 2)k-r+t 3 (nfk)Bjr(m;Alxg---Ak)

r=1 Jitge-Fje=n—k+r Jr
J1,J25-:Jr 20

X G5 (AM)Gj (A2) -+ Gj, (A1) (2.32)
If k is an odd integer, then
(n+k) Z Gi (@3 M1)Gj, (23 A2) -~ Gy (w3 Ak)

J1Hjertjr=n
J1,J2,-5Jk >0

= i (r f 1) (=2)F" > (" N k)Qh (3 M A2 -+ Ag)

r=1 JitizFir=n—k+r ]r
J1,925--3r 20

X Gj, (A1)Gj (A2) -+ Gj,y (Ar—1). (2.33)

It becomes obvious that setting & = 2 in Theorem 2.3 gives that for positive

integer n,
4 n+2
;}gk 2 NGk )+ HZ( ' )Bm;wgn_k(x)

2 1
= D g ). (239
Since the classical Genocchi polynomials can be expressed in terms of the classical

Bernoulli polynomials, as follows,

Gn(z) = 2Bn(z) — 2"'B, (;”) (n > 0), (2.35)

by By = —1/2, we have Gy = 0 and G; = 1. Hence, the case A = up =1 in (2.34)
gives the convolution identity on the classical Genocchi polynomials due to Agoh

[1, 12], namely
n—1 n—2
4 +2
N Gu@)Cui(@) + ——= 3 (" ) Bi(@)Guk =0 (n>2).  (2.36)
n+2 k
k=1 k=0
It is worth noticing that = 0 in (2.36) can give the result (see, e.g., [1]):
n—2
n+ 1\ ByGn_k 4
GG, 4 =— Gn > 4), 2.37
kz;kmz( )R et a2

which is very analogous to the convolution identity on the classical Bernoulli num-
bers due to Matiyasevich [25] in an equivalent form, as follows,

Z BB, —2 Z (” + 1) BB _ ”El”j;)Bn (n > 4). (2.38)
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For some similar convolution formulae to (2.37) and (2.38), one is referred to [12,
13, 15]. If we take k = 3 in Theorem 2.3, we obtain that for positive integer n > 2,

> G (500G (13 02)Gy, (3 As)

Jit+j2+is=n

3 > <n;;3>gj1(A1)gj2(A2)gj3(x;u)

n+3 Ji+j2+jz=n
n—1
6 n+3
G 1 k(A
+n+3kz_;)< k >gk(x’ﬂ)g 1-k(M)
4 (n+3
_n+3( 5 )Qn—z(ﬂc;u) (1= AiA2As).  (2.39)

The case Ay = A2 = A3 = 1 in (2.39) gives the corresponding formula of products
of the classical Genocchi polynomials, as follows,

3 n+3
§ : Gjl (w)sz(x)st(x) - n+3 E < . )GleJéGJé(x)
L= L = J3

Jitjz2+js=n Jitj2+js=n

n—1
6 n+3 4 n-+3
— E G Gpo1-k = ——= Gp— , (2.40
”+3k_0< k ) )G n+3( 5 ) o). (240)
which is very analogous to the convolution identity on the classical Euler polyno-

mials presented in [2, Corollary 3].
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FUNCTIONAL INEQUALITIES IN FUZZY NORMED SPACES

CHOONKIL PARK", GEORGE A. ANASTASSIOU, REZA SAADATI AND SUNGSIK YUN*

ABSTRACT. In this paper, we solve the following additive functional inequality

NGy~ f@ = S0 = N(F(5) - 35@ - 57w O
and the following quadratic functional inequality
N(f(z+y) + flx —y) —2f(z) — 2f(y),1) (0.2)
>N (2 (B3 +2r (B52) - f@) - fw)t)

in fuzzy normed spaces.
Using the fixed point method, we prove the Hyers-Ulam stability of the additive functional
inequality (0.1) and the quadratic functional inequality (0.2) in fuzzy Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

Katsaras [21] defined a fuzzy norm on a vector space to construct a fuzzy vector topological
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from
various points of view [13, 24, 52]. In particular, Bag and Samanta [2], following Cheng and
Mordeson [8], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric
is of Kramosil and Michalek type [23]. They established a decomposition theorem of a fuzzy
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3].

We use the definition of fuzzy normed spaces given in [2, 28, 29] to investigate the Hyers-Ulam
stability of a quadratic functional inequality in fuzzy Banach spaces.

Definition 1.1. [2, 28, 29, 30] Let X be a real vector space. A function N : X x R — [0,1] is
called a fuzzy norm on X if for all z,y € X and all s,t € R,
(N1) N(z,t) =0 for t <0;

)
) N(cz,t) = N(x,‘%‘) if ¢ #0;
Ny) N(x+y,s+1t) > min{N(z,s), N(y,1)};
) N(z,-) is a non-decreasing function of R and lim;_,o N(x,t) = 1.

(Ng) for  # 0, N(x,-) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in
[27, 28].
Definition 1.2. [2, 28, 29, 30] Let (X, N) be a fuzzy normed vector space. A sequence {x,} in
X is said to be convergent or converge if there exists an x € X such that lim,, oo N(z,—z,t) =1
for all t > 0. In this case, z is called the limit of the sequence {z,} and we denote it by N-
lim,,— o0 Tn, = .

2010 Mathematics Subject Classification. Primary 46540, 39B52, 47TH10, 39B62, 2650, 47540.

Key words and phrases. fuzzy Banach space; additive functional inequality; quadratic functional inequality;

fixed point method; Hyers-Ulam stability.
*Corresponding author.
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Definition 1.3. [2, 28, 29, 30] Let (X, N) be a fuzzy normed vector space. A sequence {z,}
in X is called Cauchy if for each € > 0 and each ¢t > 0 there exists an ng € N such that for all
n > ng and all p > 0, we have N (2, 4p — 2pn,t) > 1 —c.

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy
normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is
continuous at a point zyp € X if for each sequence {z,} converging to xy in X, then the
sequence {f(zy)} converges to f(zg). If f : X — Y is continuous at each z € X, then
f: X =Y is said to be continuous on X (see [3]).

The stability problem of functional equations originated from a question of Ulam [51] con-
cerning the stability of group homomorphisms.

The functional equation f(z+y) = f(x)+ f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [17] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was
generalized by Aoki [1] for additive mappings and by Th.M. Rassias [40] for linear mappings by
considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem
was obtained by Géavruta [14] by replacing the unbounded Cauchy difference by a general
control function in the spirit of Th.M. Rassias’ approach. The functional equation f (z—gy) =
$f(z) + 3 f(y) is called the Jensen equation.

The functional equation f(z+y)+ f(z—y) = 2f(x)+2f(y) is called the quadratic functional
equation. In particular, every solution of the quadratic functional equation is said to be a
quadratic mapping. The stability of quadratic functional equation was proved by Skof [50] for
mappings f : By — FEs, where F; is a normed space and FEs is a Banach space. Cholewa
[9] noticed that the theorem of Skof is still true if the relevant domain E; is replaced by
an Abelian group. Czerwik [10] proved the Hyers-Ulam stability of the quadratic functional
equation. The functional equation f (%) +f (IQ;y) = % (x) + %f(y) is called a Jensen type
quadratic equation. The stability problems of several functional equations have been extensively
investigated by a number of authors and there are many interesting results concerning this
problem (see [4, 18, 20, 25, 36, 37, 38, 41, 42, 44, 45, 46, 47, 48, 49]).

Gilényi [15] showed that if f satisfies the functional inequality

12f(2) +2f(y) = f(z =) < [f(z +y)ll (1.1)

then f satisfies the Jordan-von Neumann functional equation

2f(x) +2f(y) = fle+y) + f(z —y).
See also [43]. Fechner [12] and Gildnyi [16] proved the Hyers-Ulam stability of the functional
inequality (1.1). Park, Cho and Han [35] investigated the Cauchy additive functional inequality

1f(2) + f(y) + F) < (@ +y+2)] (1.2)

and the Cauchy-Jensen additive functional inequality

1£(2) + F) + 2£(2)] < |27 (;y + )

and proved the Hyers-Ulam stability of the functional inequalities (1.2) and (1.3) in Banach
spaces.
Park [33, 34] defined additive p-functional inequalities and proved the Hyers-Ulam stability
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces.
We recall a fundamental result in fixed point theory.

(1.3)
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Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d
satisfies

(1) d(z,y) = 0 if and only if z = y;
(2) d(z,y) = d(y,x) for all z,y € X;
(3) d(z,2) < d(z,y) + d(y, ) for all z,y,z € X.

Theorem 1.4. [5, 11] Let (X, d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element
x € X, either

d(J"z, J" ) = oo

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x, J" ) < o0, Vn > no;
(2) the sequence {J ”x} converges to a fixed point y* of J;
(3) y* is the unlque fixed point of J in the set Y = {y € X | d(J™z,y) < co};
(4) d(y,y*) < 27d(y, Jy) forall y € Y.

In 1996, G. Isac and Th.M. Rassias [19] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [6, 7, 22, 27, 31, 32, 38, 39]).

In Section 2, we solve the additive functional inequality (0.1) and prove the Hyers-Ulam
stability of the additive functional inequality (0.1) in fuzzy Banach spaces by using the fixed
point method.

In Section 3, we solve the quadratic functional inequality (0.2) and prove the Hyers-Ulam
stability of the quadratic functional inequality (0.2) in fuzzy Banach spaces by using the fixed
point method.

Throughout this paper, assume that X is a real vector space and (Y, N) is a fuzzy Banach
space.

2. ADDITIVE FUNCTIONAL INEQUALITY (0.1)

In this section, we prove the Hyers-Ulam stability of the additive functional inequality (0.1)
in fuzzy Banach spaces. We need the following lemma to prove the main results.

Lemma 2.1. Let f: X — Y be a mapping such that

N(f@+y) - @) - f)t) = N(£(5Y) - 30w - 5fwe) e

for all x,y € X and all t > 0. Then f is Cauchy additive, i.e., f(x +y) = f(z)+ f(y) for all
z,y € X.

Proof. Assume that f: X — Y satisfies (2.1).

Letting =y = 0 in (2.1), we get N(f(0),t) = N (0,t) = 1. So f(0) = 0.

Letting y = x in (2.1), we get N(f(2x) —2f(x),t) > N (0,t) =1 and so f(2z) = 2f(x) for
all z € X. Thus

£(3) = 3@ (2.2)

for all z € X.
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It follows from (2.1) and (2.2) that

\Y
=

N(f( +9) — F@) — 1), 1) (32) - 3@ - 50).t)
(Fa+9) ~ fo) = FW).2)

= N({(f(@+y) - fz) - f(y),2t)

for all ¢ > 0. By (N5) and (Ng), N(f(z+vy) — f(z) — f(y),t) = 1 for all t > 0. It follows from
(NQ) that

fl@+y) = fz)+ fy)
for all z,y € X. O

Theorem 2.2. Let ¢ : X? — [0,00) be a function such that there exists an L < 1 with

L
forallz,y e X. Let f: X =Y be an odd mapping satisfying
N (f(z+y)— flz) = f(y).1) (2.3)

> min {N <f (‘T;y) — %f(@ - ;f(y)7t> tﬂpt(;cy)}

for all z,y € X and allt > 0. Then A(x) := N-lim, ,o 2" f (5%) exists for each x € X and
defines an additive mapping A : X — 'Y such that

(2—2L)t

forallx € X and all t > 0.
Proof. Letting y = x in (2.3), we get
t
N (f(2z) —2f(2),t) > m (2.5)

for all z € X.
Consider the set

S={g: X—=>Y}

and introduce the generalized metric on S

d(g,h):inf{uER+:N(g(:c) h(z), ut) > V:ceX,Vt>O},

Tt (x z)’

where, as usual, inf ¢ = 4o00. It is easy to show that (5,d) is complete (see [26, Lemma 2.1]).
NOW we con51der the linear mapping J : S — S such that

T
J =2g( =
g9(z) 9(2)
for all z € X.

Let g,h € S be given such that d(g,h) = . Then

N(g(z) — h(z),et) > m
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for all z € X and all ¢ > 0. Hence

N(Jg(z) — Jh(z),Let) = N (2g (;) —2h (“23) ,Lst) =N <g (“23) —h <52”> : §5t>

Lt Lt
2 2 l

o9~ Frivo  trel

for all z € X and all ¢ > 0. So d(g, h) = € implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g,h)

for all g,h € S.
It follows from (2.5) that

v (3)-3) 2 mom

for all z € X and all t > 0. So d(f,Jf) < £.
By Theorem 1.4, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, i.e.,

A <;) - %A(m) (2.6)

for all z € X. Since f: X - Y isodd, A: X — Y is an odd mapping. The mapping A is a
unique fixed point of J in the set

M={geS:d(f, g) < oo}

This implies that A is a unique mapping satisfying (2.6) such that there exists a pu € (0,00)
satisfying

N(f(x) — A(z), pt) > m

for all x € X;
(2) d(J™f, A) — 0 as n — oo. This implies the equality

N- lim 2”f< ) = A(x)

n—oo
for all x € X;
(3) d(f,A) < 2-d(f, Jf), which implies the inequality
L
< .

This implies that the inequality (2.4) holds.
By (2.3),

() o) o () )
ol (o (52) #(2)#(2) ) g
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for all z,y € X, all t > 0 and all n € N. So

V(e (51 (3) -1 (2)1)
o (52) 0 (3) 70 (3) ) )

_t
for all z,y € X, all t > 0 and all n € N. Since lim,,_, % =1 for all z,y € X and all
omn o )
t>0,

N (A +9) - A@) - A = N (4 (T5Y) - Jaw) - aw).e)

for all z,y € X and all ¢ > 0. By Lemma 2.1, the mapping A : X — Y is Cauchy additive. [

Corollary 2.3. Let 8 > 0 and let p be a real number with p > 1. Let X be a normed vector
space with norm || - ||. Let f : X — Y be a mapping satisfying

N (f(x+y)— f(z) = f(y),t)

> min{ ¥ (1 (*52) = 3760 = 5701) g )

for all z,y € X and all t > 0. Then A(x) := N-lim, ;o0 2" f(55) ewists for each v € X and
defines an additive mapping A : X — Y such that

N (f(z) — A(z),t) >
forallx € X and all t > 0.

Proof. The proof follows from Theorem 2.2 by taking ¢(z,y) := (||z||? +||y|[P) for all z,y € X.
Then we can choose L = 2P, and we get the desired result. O

(20 — 2)t
(2P — 2)t + 20||x||P

Theorem 2.4. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with
ry
<2Lp|=,=
p(r,y) < 2L¢ (27 2)
forallx,y € X. Let f : X — Y be a mapping satisfying (2.3). Then A(z) := N-lim, 0o %f (2"z)
exists for each x € X and defines an additive mapping A : X — Y such that
(2 - 2L)t

N (@) =A@ 2 G5 o)

(2.7)

forallxz € X and all t > 0.

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
It follows from (2.5) that

1 1 t
N — —f(2z),=t) > ———
(s 2ﬂx%2>—t+ﬂaw
for all x € X and all £ > 0.
Now we consider the linear mapping J : S — S such that

To(e) = 39(20)

forall x € X. So d(f,Jf) < %
The rest of the proof is similar to the proof of Theorem 2.2. O
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Corollary 2.5. Let 6§ > 0 and let p be a real number with 0 < p < 1. Let X be a normed
vector space with norm || - ||. Let f: X =Y be an odd mapping satisfying

N (f(x+y)— f(x) = f(y),t)

> min {8 (1 (%5) = 3500 = 35004 g )

for all z,y € X and allt > 0. Then A(x) := N-lim,_, %f(Q”x) exists for each x € X and
defines an additive mapping A : X — Y such that

(2 —2°)t
(2 — 2v)t + 20|z }P

N (f(z) = A(z),t) =

for allxz € X and all t > 0.

Proof. The proof follows from Theorem 2.4 by taking o(z,y) := 0(||z||? +||y||?) for all z,y € X.
Then we can choose L = 2P~!, and we get the desired result. (I

3. QUADRATIC FUNCTIONAL INEQUALITY (0.2)

In this section, we prove the Hyers-Ulam stability of the quadratic functional inequality (0.2)
in fuzzy Banach spaces. We need the following lemma to prove the main results.

Lemma 3.1. Let f: X — Y be a mapping satisfying f(0) =0 and
N(fx+y)+ fl@—y) —2f(2) = 2f(y),1) (3.1)

>N (2 (55) w2 (B5Y) - 1) - 1wt

for allx,y € X and allt > 0. Then f is quadratic.

Proof. Assume that f: X — Y satisfies (3.1).
Letting y = x in (3.1), we get N(f(2x) — 4f(x),t) > N (0,t) =1 and so f(2z) = 4f(x) for
all z € X. Thus

£(3) = 3@ (32)

for all z € X.
It follows from (3.1) and (3.2) that

N(f(x+y)+ flx—y) —2f(z) —2f(y),1)
>N (2r (“5) + 2 (50 - f@) - st

=N (5 (e +9) + o~ ) ~ 26(0) ~ 20w) )

=N(f(xz+y) + flx—y)—2f(x) —2f(y),2t)

for all t > 0. By (Ns) and (Ng), N(f(z+y)+ f(xr —y) —2f(x) —2f(y),t) =1 for all t > 0. It
follows from (Ns) that f(z +y) + f(x —y) = 2f(x) + 2f(y) for all z,y € X. O

Theorem 3.2. Let ¢ : X? — [0,00) be a function such that there exists an L < 1 with

—_

L
o(z,y) < 190(2:1:,2?;)
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forallz,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and
N(f(z+y)+ f(z —y) —2f(x) = 2f(y),1) (3.3)

i (21 (557) 421 (557) - 100~ 101) s}

for all z,y € X and allt > 0. Then Q(x) := N-lim, 4" f (5%) exists for each v € X and
defines a quadratic mapping Q : X — Y such that

(4 — AL)t
N (f(z) = Q(z),t) = 4D+ Lo(e.a) (3.4)
for allx € X and all t > 0.
Proof. Letting y = x in (3.3), we get
N (f (22) = 4 @).0) > s (3.5)

for all z € X.
Consider the set
S={g: X—->Y}
and introduce the generalized metric on S

d(g,h):inf{ueRJr:N(g(x) W), ut) > V:neX,Vt>0},

T t+ (ac z)’

where, as usual, inf ¢ = 4o00. It is easy to show that (S, d) is complete (see [26, Lemma 2.1]).
Now we cons,'lder the linear mapping J : S — S such that

x
=4g | =
Jg(x) == 4g (2)
for all z € X.
Let g,h € S be given such that d(g,h) = e. Then
N(g(z) — h(z),et) >
for all x € X and all ¢ > 0. Hence

N(Jg(z) — Jh(z),Let) = N (4g (923) — 4h (“;) ,Let) =N <g (g) —h <°§> , iat)

Lt Lt
4 4 t

Lie(38) ~ F+lo@a) tte@o)
for all x € X and all £t > 0. So d(g, h) = € implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g, h)

!
t+ (v, x)

for all g,h € S.
It follows from (3.5) that N (f( ) —4f (%), % ) > W for all z € X and all t > 0. So

d(f,Jf) < 1.
By Theorem 1.4, there exists a mapping ) : X — Y satisfying the following:
(1) Q is a fixed point of J, i.e.,

Q(3) =90 (36)
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for all x € X. The mapping @ is a unique fixed point of J in the set
M ={geS:d(f g) <o}

This implies that @ is a unique mapping satisfying (3.6) such that there exists a u € (0,00)
satisfying
N(f(x)— t _—
(@) = Qo)) > s
for all x € X;
(2) d(J™f,Q) — 0 as n — oo. This implies the equality

N- lim 4" f (;;) = Q(x)

for all z € X;
(3) d(f, Q) =7 d(f,Jf), which implies the inequality
L
This implies that the inequality (3.4) holds.
By (3.3),

> min {N (4” (2f (;ﬁ) <2n+ -f (5) (n>> ’4%) m}

for all z,y € X, all t > 0 and all n € N. So
() o (50) 2 () -2 (60) ) |
o (o o (o) 2 ()1 (32) 4 (0)) ) o)

for all z,y € X, all t > 0 and all n € N. Since lim,,_,co #@(y) =1forall z,y € X and all
4n 4n )
t>0,

(el () oo (o) 2 5) -2 () +)
)

N (Q(z+y)+ Qz —y) —2Q(z) — 2Q(y), t)
>N (20 (TH) +20 (15Y) - Q) - Qe

for all z,y € X and all ¢ > 0. By Lemma 3.1, the mapping @ : X — Y is quadratic, as

desired. (Il
Corollary 3.3. Let 8 > 0 and let p be a real number with p > 2. Let X be a normed vector
space with norm || - ||. Let f : X — Y be a mapping satisfying f(0) =0 and

N(f(@+y) + flz —y) —2f(z) = 2f(y),1)

2 min (N (27 (T5) w27 (52) 1@ - 100) g

for all z,y € X and all t > 0. Then Q(x) := N-lim, 4" f(57%) exists for each v € X and
defines a quadratic mapping Q : X — 'Y such that

N(f(z) - Q(z),t) =

(28 — 4)t
(20 — )t + 20z ||
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forallx € X.
Proof. The proof follows from Theorem 3.2 by taking ¢(x,y) := 0(||z||P +||y|?) for all z,y € X.
Then we can choose L = 2277, and we get the desired result. (Il

Theorem 3.4. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with
Ty
<A4Lp|(—-,=
p(z,y) < 4Ly (2, 2)
forallz,y € X. Let f: X =Y be a mapping satisfying f(0) =0 and (3.3). Then Q(x) := N-

limy, 00 4%]’(2’%) exists for each x € X and defines a quadratic mapping @ : X — Y such
that

(4 — 4Lt
(4 — ALYt + o(z, x)

N (f(z) - Q(z),t) >
forallx € X and allt > 0.

(3.7)

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 3.2.
It follows from (3.5) that

1 1
N - —f(2x),-t) > ———
(#) = Jr@o.5t) = e
for all x € X and all £ > 0.
Now we consider the linear mapping J : S — S such that

1
Jg(a) == 19 (22)
for all z € X. So d(f, Jf) < 1.
The rest of the proof is similar to the proof of Theorem 3.2. O

Corollary 3.5. Let 6 > 0 and let p be a real number with 0 < p < 2. Let X be a normed
vector space with norm || - ||. Let f: X =Y be a mapping satisfying f(0) =0 and

N(f(z+y) + flx—y) —2f(x) — 2f(y),1)

> win N (21 (%57 +21 (%57) = 10~ 101) i

for all z,y € X and allt > 0. Then Q(z) := N-lim,_ ﬁf@”x) exists for each x € X and
defines a quadratic mapping Q : X — 'Y such that

N (f(z) = Q(x),1) =

(4 20)t
(4—20)t + 20]z]P

forallxz € X.
Proof. The proof follows from Theorem 3.4 by taking ¢(z,y) := 0(||z||P + ||y||) for all z,y € X.
Then we can choose L = 2P~2, and we get the desired result. Il
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Abstract

Some new class of preinvex functions which called (s, m)-preinvex, extended
(s, m)-preinvex, (s,m)y-preinvex and extended (s,m)y-preinvex function are
introduced respectively in this paper. An integral identity is established, and
then we prove some Simpson type integral inequalities, dealing with the existing
similar type integral inequalities in a relatively uniform frame. In particular,
we also show some results obtained by these inequalities for extended (s,m)y-
preinvex under some suitable conditions, which improve the previously known
results.

2010 Mathematics Subject Classification: Primary 26D15; 26D20; Secondary
26A51, 26B12, 41A55, 41A99.

Key words and phrases: Simpson’s inequality; Holder’s inequality; (s,m)e-
convex function.

1 Introduction

The following notations are used throughout this paper. I is an interval on the
real line R, Ry = [0,00). R™ is used to denote a generic n-dimensional vector
space, Ry denotes an n-dimensional nonegative vector space, and R’} denotes
an n-dimensional positive vector space. For any subset K C R", Li[a,b] is
the set of integrable functions over the interval [a, b]. Let us firstly recall some
definitions of various convex type functions.
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Definition 1.1 (/6]) A function f : I C R — Ry is said to be a Godunova-Levin
function if f is nonnegative and for all x,y € I, X € (0,1) we have that

f@) | fy)
A 1-A < =L 4 27
Fa+1=Ny) < == +5
Definition 1.2 (/5]) For some (s,m) € (0,1]%, a function f : [0,b] — R is said
to be (s, m)-convex in the second sense if for every x,y € [0,b] and X € (0, 1] we
have that

Fz+m(1—=Ny) <N f(z)+m(l—N)°f(y).

Definition 1.3 (/36]) For some s € [—1,1] and m € (0,1], a function f :
[0,0] — Ry is said to be extended (s, m)-convez if for all x,y € [0,b] and X\ €
(0,1) we have that

fAz+m(1 = N)y) <A fa) +m(l =) f(y).

Definition 1.4 (/1]) A set K CR™ is said to be invex with respect to the map
n: K xK—=R" ife+tn(y,z) € K for every xz,y € K and t € [0, 1].

Notice that every convex set is invex with respect to the map n(y, z) = y—=,
but the converse is not necessarily true. For more details please refer to [1, 37]
and the references therein.

Definition 1.5 ([1]) Let K CR™ be an invex set with respect ton: K x K —
R™, for every x,y € K, the n-path Py, joining the points x and v = x + n(y, x)
1s defined by

Py = {Z|Z =z +tn(y,x), t €0, 1]}

Definition 1.6 ([27]) The function f defined on the invex set K C R™ is said
to be preinvex with respect to n if for every x,y € K and t € [0,1] we have that

flz+in(y,2) < (A —t)f(2) +f(y).

The concept of preinvexity is more general than convexity since every convex
function is preinvex with respect to the map n(y,x) = y — z, but the converse
is not true.

Definition 1.7 ([13]) The function f defined on the invex set K C [0,b*] with
b* > 0 is said to be m-preinvex with respect to n if for all z,y € K, t € [0,1]
and for some fized m € (0,1], we have that

Y
<(1- ).
flz+t(y,2)) < (1= 0)f(@) +mtf (L)
Remark 1.1 Notice that if y € [0,b*], then for any 0 < m < 1, Y could be

m
greater than b*, which is not in the domain of f. Thus, the right hand side of
the inequality in this definition could be meaningless. To fix this flaw, we suggest
to replace [0,b*] by the half real line Ry.
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Definition 1.8 ([14]) Let K C Rq be an invex set with respect ton. A function
f: K = R is said to be s-preinvex with respect to n, if for all z,y € K, t € [0,1]
and some fized s € (0,1] we have that
flz+tn(y, 7)) < (A=) f(z) + ().
Definition 1.9 (/21]) The set Ky, C R™ is said to be ¢-invex at u with respect
to ¢(.), if there exists a bifunction n(.,.) : K¢y X Kgn — R™, such that
u+ten(v,u) € Ky,  Vu,v € Ky, t € [0,1].

The ¢-invex set Ky, is also called ¢n-connected set. Note that the convex set
with ¢ = 0 and n(v,u) = v — u is a ¢-invex set, but the converse is not true (see

[21]).
Definition 1.10 (/22]) For some fized s € (0,1], a function f on the set Ky,
is said to be s,-preinver function with respect to ¢ and 7, if

flutte®n(v,u) < (1 —1)°flu) +t°f(v), VYu,v€ Kyt €[0,1].

Definition 1.11 (/22]) A function f on the set Cy is said to be ¢-convex func-
tion with respect to ¢, if and only if

flu+te®(w—u)) < (1—t)f(u) +tf(v), Yu,ve Cytel0,1]

The following inequality is very remarkable and well known in the literature
as Simpson type inequality, which plays an important role in analysis. Particu-
larly, it is well applied in numerical integration.

Theorem 1.1 ([4}]) Let f : [a,b] = R be a four times continuously differentiable
mapping on (a,b) and ||fP||e = SUPye (a,b) |f®)(x)] < oo.Then the following
inequality holds:

‘;[f(a);f(b)_ﬂf(a;‘b)}_b1a/abf(x)dx

1
< —||f@W —a)*. (1.1
_2880|\f oo (b—a)®. (1.1)

In recent decades, a lot of inequalities of Simpson type and Hadamard type
for various kinds of convex functions have been established and developed by
many scholars, some of them may be reformulated as follows.

Theorem 1.2 ([30]) Let f : I C Ry — R be a differentiable mapping on I°
such that f' € Li[a,b], where a,b € I° with a < b. If |f’| is s-convex on [a,b],
for some fized s € (0,1], then

i@+ o+ ()] - 2 [ e

(s —4)65H1 +2 x 552 — 2 x 3542 4 2
6512(s +1)(s+2)

IA

(b= a)[I7" (@] + 1 ®)]]-(1:2)
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Theorem 1.3 ([4]) Let f : [a,b] > R is a diﬁerentiable mapping whose deriva-

tive is continuous on (a,b) and ||f'|l1 = f |f'(z)|dz < co. Then we have the
inequality:
b
b—arf(a)+ f(b a+b 1
[ e = A LI o (D) < it - . 13)

Theorem 1.4 (/35]) Let f : I C Ry — R be a differentiable mapping on I°,
a,b € I with a < b, f" € Li[a,b] and 0 < A\, pu < 1. If |f'(x)|? for ¢ > 1 is
an extended s-convex on [a,b] for some s € [—1,1], specially, when ¢ = 1 and
s = —1, the following inequality holds:

1“3 —E,_I(l/abf(x>dx

Theorem 1.5 (/2, 29]) Let K C R be an open inver subset with respect to
n: K x K — R. Suppose that f : K — R is a differentiable function. If |f'| is
preinvex on K, then, for every a,b € K with n(b,a) # 0 we have that:

a a a a+n(b,a)
‘f( )+ fat+nb.a) 1@)/ F(a)d

<@-am2(lf@+ 11O, (14

2 n(b,
< OOy 410 (1.5
and
() - [T e < P a4 i) 0

Theorem 1.6 (/33]) Let A C R be an open invexr subset with respect to n :
A x A — R. Suppose that f : A — R is a differentiable function. If ¢ > 1,
qg>r,s>0 and |f'| is preinvex on A, then for every a,b € A with n(a,b) # 0,
we have that

2b + 77 a, b)) 1 b+n(a,b)
‘f( n(a,b) /b fla)de

SWT)'{(TL) < g—1 )1é[(T+1)|f'(a)q+(r+3)|f/(b)|q]é

2q—r—1 20 +2)
R I e

Corollary 1.1 (/33]) Under the conditions of Theorem 1.6, when r = s = 0,
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the following inequality holds:

‘f(2b+727(a,b)> B n(al, ; /bb+n(a7b)f(l’)dx
< (jq‘_ll)lé e Dl (Fir @t + if’(b)q);

(e hror)] (17)

Theorem 1.7 (/22]) Let I C R be an open ¢-invexr set with respect to n :
I x 1 — R. Suppose that f : I — R is a differentiable function such that
f' € Lila,a+ €**n(b,a)]. If |f'| is ¢-preinvez on I , then, for n(b,a) > 0,

fla)+ f(a+en(b,a)) 1 atei®n(b,a)
’ 2 €i¢n(b7 CL) /a f(.’L‘)dx

€i¢ a
< 0D 1)) 1 10, (19

Currently, the Simpson type inequalities concerning different kinds of prein-
vex and ¢-convex functions are still interesting research topics to many re-
searchers in the field of convex analysis. For more information please refer to
[7-12, 15, 17-20, 23-26, 31, 32, 34] and references cited therein.

Motivated by the inspiring idea in [3, 13, 21, 28] and based on our previous
works [16, 38|, in this paper we are mainly going to introduce the (s,m)g-
preinvex function and the extended (s, m)q-preinvex function, and then we will
establish some Simpson type integral inequalities for extended (s, m)y-preinvex
functions. In Section 2, we will introduce new definitions and an integral iden-
tity. Section 3 will be devoted of presenting the main results.

2 New definitions and an integral identity

We now mainly introduce some new concepts about preinvex function. The
class of (s, m)gs-preinvex function is quite a general and unifying one. This is
one of the main motivation of this paper.

Definition 2.1 Let K C R} be an open invex set with respect ton: K x K —
R%. For f: K — R and some fized (s,m) € (0,1] x (0,1], if

f(z+wmly0)) < (1= f@) +mrf (L) (2.1)

is valid for all x,y € K, XA € [0,1], then we say that f(x) is an (s, m)-preinvez
function with respect to 7.

617 Yujiao Li et al 613-632



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Definition 2.2 Let K C R} be an open invex set with respect ton: K x K —
R%. For f: K — Rg and some fized (s,m) € [—1,1] x (0, 1], if

Iz +wmly0) < (1 =2 f@) +mrcf (L) (2:2)
is valid for all z,y € K, A € [0,1], then we say that f(x) is an extended (s, m)-
preinver function with respect to 7.

Remark 2.1 In Definition 2.1, if s = 1 then one obtains the usual definition of
m-preinver function. If m = 1 then one obtains the usual definition of s-preinvex
function. 1t is also worthwhile to note that every (s, m)-preinver function is
(s,m)-convex and every extended (s, m)-preinver functions is extended (s, m)-
convex with respect to n(y,x) =y — x respectively.

Definition 2.3 A function f on the set Ky, C Ry is said to be (s, m),-preinvex
function with respect to ¢(.) and n(.,.). For f : K4, — R and some fized
(s,m) € (0,1] x (0,1], if

f(xﬂe%(y,x)) < (I—A)Sf(sc)er/\Sf(%), Va,y € Kyp, A€ [0,1]. (2.3)
Remark 2.2 In Definition 2.3, if ¢ = 0 then it reduces to the definition for
(s,m)-preinvex function. If m = 1 then it reduces to the definition for s,-

preinver function. Also, it is obvious that Definition 2.3 is the ¢-conver function
when n(y,z) =y —x and s =m = 1.

Definition 2.4 A function f on the set Ky, C R{ is said to be extended
(s, m),-preinvex function with respect to ¢(.) and n(.,.). For f : K4, — Ry
and some fized (s,m) € [—1,1] x (0,1], if
f(x—i—)\ewn(y,x)) < (1—)\)Sf(1:)+m)\sf(%), Va,y € K4y, A€ [0,1]. (2.4)
In order to establish some new Simpson type integral inequalities, we need
the following key integral identity, which will be used in the sequel.

Lemma 2.1 Let Ky, C R be a ¢-invex subset with respect to ¢(.) and 1 :
K4y x K4y CR, a,b € Ky, witha <a+n(b,a). Ifk,teR, f: Kyy > Risa
differentiable function and f' € La,a + e**n(b,a)] we have that

t(@) + (1= k)f (a+en(b,a)) + (k — 1) f<a N %;M)

a+e'“n(b,a)

! f(x)dx

" eon(b, a)

=0 [

4 [1()\ —k)f (a + Ae'n (b, a))d/\} . (2.5)

S~

Nl

A—t)f' (a + Aein(b, a))d)\
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Proof. Set
7= cn(0.0)| [0 07 (a+ A0, 0) )

+ 1= B)f (a+ A, a))dA} .

Since a,b € K¢, and Ky, is ¢-invex subset with respect to ¢ and 7, for every
t € [0,1], we have a + X\e'?n(b,a) € K,. Integrating by part, it yields that

J = ein(b, a){m {(A —1) f(a + Aei(b, a)) ‘O

1

- /OE f(a+Aei¢n(b, a))d)\}

1 3
Jrewn(b,a){()\ k)f(a+Ae¢nb a)

1 [1f(a+)\ei¢n(b, a))d)\]}
:(é—t)f(cur 1¢n§ba>+tf /0 f(a+)\e“ﬁnba>d)\
+ (1= k)f (a+en(b,a)) - (, ) f<a L (b, a>>

- [1 f(a + Ae'n (b, a))d)\

[N

=tf(a) + (1 - k)f(a + €1 (b, a)) + (k- t)f(a + W)
1 ”
- Ae*?n(b dA.
IRCERD)
Let x = a + Ae'®n(b, a), then dz = €**n(b,a)d)\ and we have
J=tf(a)+(1- k)f(a (O a)) + (k- t)f<a n W)

1 a+e*?n(b,a)
- d
) e

which is required.
1
Remark 2.1 Clearly, applying Lemma 2.1 for ¢ =0, n(b,a) =b—a, t = 6’

and k = g, then we obtain the Lemma 2.1 in ([28], 2013).
3 Some Simpson type integral inequalities

In what follows, we establish another refinement of the Simpson’s inequality for
extended (s, m)y-preinvex functions in the second sense.
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Theorem 3.1 Let Ay, C Ry be an open ¢-invexr subset with respect to ¢(.) and
N Apy X Apy — Ro, a,b € Ay with a < a + e'*n(b,a), a < b. Let k,t € R.
Suppose that f : Agy — R is a differentiable function and f’ is integrable on
[a,a + en(b,a)]. If |f'| is extended (s,m)y-preinvez on Ag, for some fived
(s,m) € [—1,1] x (0,1] then the following inequality holds:

1. when s € (—1,1], we have

t(@) + (1= k)f (a+en(d,a)) + (k — 1) f<a N %b))
1 )/aa-s-ewn(b,a) f(x)dx

o
7G)

< [¢n(b,a) [mlf’(a)l T,

], (3.1)

where

20—t 2+ 21— k)" + [2(k + t)(s + 2) — 2(s + 3)] L + (ts+2t —1)

v — 23+2
e (s+1)(s+2)
and
1
20572 4 2k572 4 [2(s + 1) — 2(s + 2)(k + t)] 3oz T (s4+1— ks —2k)
Vg = ;

(s+1)(s+2) ’
2. when s =—1,t=0 and k =1, we have

e n(b,a) et
’ - — d
‘f ( " ) o) fa)d

() =

Proof. 1. When —1 < s < 1, by Lemma 2.1 and using the extended (s,m)g,-
preinvexity of |f’| on Ay, we have

< [en(b, a)| 21" (@)] +m

L)+ (1= R)f (a+ eniba)) + (k—1) f<a N %g))

1 a+e®n(b,a)
i ) foyds

1
< |en(b, a)| [/2 A=t
0

1
+/ A=K
%

I (a + e An(b, a)) ‘d)\

I (a + AePn(b, a)) ‘d)\]
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755 )]
()
- |€i¢?7(b7a)|{ [/ -t [ k- ||

PG}

< |e“n(b, a>|{ / A—t](1 - A>S|f’<a>|dA+m/j A—ta

1 1
+/ |>\—k\(1—)\)8|f/(a)|d)\+m/ A —KkN®
2 2

3 1
—|—{m/ |/\—t|)\sd>\+m/ |)\—k|/\sd/\}
0 }

Using the fact that

1

5 1
/2 |/\7t|(17>\)5d)\+/ I\ — k|(1— A)*dA
0 :

20—t +2(1 — k)*™2 + [2(k + t)(s + 2) — 2(s + 3)] 2% + (ts+2t — 1)
(s+1)(s+2)

and
z 1
/ A —t|A%dA + [A = Ek[A%dA
0 3

1
20572 4 262 4 [2(s + 1) — 2(s + 2)(k + t)] 5z T (s+1—ks—2k)

(s+1)(s+2) ’

the desired inequality (3.1) is established.
2. When s = —1,t =0, and k = 1, utilizing Lemma 2.1 again and the extended
(—1, m)gy-preinvexity of | f’| on Ay, we have that

em(b, a) L peretaba)
‘f(a+ 2 )  cn(b,a) /a flw)de
< [c“n(b,a) [ / N

1
e
%

<lerapal{ [* | Z51r@0 w3

f (a + Ae'n (b, a)) ’d)\

7 (a + Xen(b, a)) ’dA]

()
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" / 1 E_iu’(an rmt A f’(:;)”dk}

qeli

= |e"*n(b,a)| ln2[\f/(a)| +m

This proves as required.
Direct computation yields the following corollaries.

Corollary 3.1 Under the conditions of Theorem 3.1 and s € (—1,1],
1 5
1. ift== and k = 5 e have

6
oo etnon) cofes )

1 a+e®n(b,a)
el AN
[(s —4)65T! +2 x 5572 — 2 x 3°F2 4 2]
- 6512(s+1)(s+2)
, b
ip ! (2
<lent.0)|17@) + | ()

2. if $ =0, n(b,a) =b—a, and m =1 in inequality (3.3), we have

} ; (33)

b b
slr@rovar ()] - 52 [ s
< (846 +2 X552 — 2% 32 42

- 65T2(s +1)(s +2)

(b= a)[I7" (@) + 1 ®)]]5(3.4)

1
3 ift=k= 3 and s =m =1 in inequality (3.1), we have

fla)+ f(a+en(b,a)) 1 atei®n(b,a)
’ 2 el (b, a)/a f(z)dx

e a
< [EON (1) 1 1170 (35)

4. if ¢ =0 in inequality (3.5), we have

f(a)+ f(a+n(b,a)) 1 a+n(b,a)
‘ 9 ) /a f(z)dx
n(b, a)|

< L2217 @)+ 17 ®))- (3.6)

10
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Remark 3.1 Inequality (3.4) is the same as inequality of (1.2) presented by
Sarikaya et al. in ([30], 2010). Inequality (3.5) is the same as inequality of
(1.8) presented by Noor et al. in ([22], 2015). Inequality (3.6) is the same as
inequality of (1.5) established by Barani et al. in ([2], 2012). Thus, inequality
(8.1) is a generalization of these inequalities.

Corollary 3.2 The upper bound of the midpoint inequality for the first deriva-
tive is developed as follows:

1. By putting f(a) = f(a + €®n(b, a)) = f(a + %M) in inequality (3.1),
we have:

e'’n(b,a) 1 ate'?n(b,a)
‘f(ﬁ >) ol | fla)dz

()

< |en(b,a)| [Vllf’(a)l s

], (3.7)

where v1 and ve are defined in Theorem 3.1.

1
2. Putting ¢ =0, 5=1,m:1,t:6,
it yields that

‘f<2a + (b, a)) B n(b1’ . /aaﬂ?(b,a) Fayaa] <

5
and k = g in the above inequality (3.7),

< S DL ) 4 101 (3.9

Remark 3.2 It is noted that the above midpoint inequality (3.8) is better than
the inequality (1.6) presented by Sarikaya et al. in ([29], 2012).

Corollary 3.3 Under the conditions of Theorem 3.1 and s = —1, if ¢ = 0,
n(b,a) = b — a, we have

a+b

O o

Remark 3.3 When applying m = 1 to inequality (3.9), then we get inequality
(1.4). Thus, Theorem 3.1 and its consequences generalize the main result in
([35], 2015).

(4

2| < (b= a)n2[|f'(a)

Theorem 3.2 Let f be defined as in Theorem 8.1 with L + 1 =1. If |f'|7 for
g > 1 is extended (s, m) gy -preinver on Ay, for some ﬁxed( m) € (—1,1]x(0,1]

*d\
»a\

11
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then the following inequality holds:

tﬂ®+(1@f@+ewma@)+u;tﬁ<a+a%§“”>

1 a+e*®n(b,a)
~ona . flw)de

[e*n(b, a) ek
it G
A=)l =)l G
+ (k: - %)”1 . k)”“} ’
[l - QYR e
Proof. By Lemma 2.1 and using the famous Holder’s inequality, we have

tf(a)+ (1 — k;)f(a + (b, a)) + (k — t)f(a +

1 a+e'?n(b,a)
i ] f(a)de

< |en(b,a)| {/j A=t
+ [ A — k|| (a + Aeln(b, a)) ‘d)\]

< |€i‘z’77(b,a)|{(/0é )\—t|pd)\>;[/j
+(/;|>\—de/\)’1){/; f’(a+Aei¢n(b,a))‘qd>\r}_

Also, making use of the extended (s, m)g,-convexity of |f’|%, it follows that

tﬂ@+<1Mf@+ewm@@)+“;tﬁ<a+é%gmn>

1 a+e*®n(b,a)
—_—— d
), O

f (a + et (b, a)) ‘d)\

1
q

7 (a + Aen(b, a)) ‘qu}

12
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< |e"n(b, a)]{ (/Oé I\ — 1t|pd>\)é
[ (il el Gr)o
+< ;)\k|pd)\>;[/; ((IA)S

Direct calculation yields that

f(@)|" +mre

q
7@ +mx

G

1 p+1
/2 |)\7t|:0d)\ — tp+1 + (% t) /1 |>\ _ k“pdA — (k _ %) + (1 - k)p+1
0 p+1 ’ 1 p+1

)

similarly, we have
1

1 1— 1\s+1 1 1 1\s+1
/2(1—)\)5d>\:/ ASdA:%, /zAsd)\:/ (1—A)PdA = )
0 = 0 1

s+1 1 s+1

Nl

Therefore, combining the above four equalities can lead to the desired result.
The statement in Theorem 3.2 is proved.

Corollary 3.4 Under the condition of Theorem 3.2,
1. when s =1, we have

tf(a) + (1 — k)f<a+ e“n(b, a)) + (k — t)f(a +

1 a+e*®n(b,a)
i, floyds

< WM{ |:tp+1 . (% _t)pﬂ : [3f’(a)|q . m|f’(:1)|q}«1z

ei‘z’néb, a) )

1

T 2i(p+ 1)y 4 4
+[(k_ %)pﬂ o k),,ﬂ} v [|f’g4a>|q N 3mf;<,§;>|q} } (3.11)

2. when ¢ =0, k=1,t=0, and m = 1 in inequality (3.11), we can get

‘f(“ 15 a)) i), " e

< (pil) PG (Lirar+ }ﬂf’(b)ﬁ)é

1

(@i o)) (3.12)

13
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Remark 3.4 Asp= Ll’ exchange a and b in inequality (3.12), then we can
q-—

deduce the inequality (1.7).
In the following corollary, we have the midpoint inequality for powers in
terms of the first derivative.

Corollary 3.5 By substituting f(a) = f(a + en(b, a)) = f(a + %),

t= 5 and k = 5 in Theorem 3.2, we have

et ¢**(b, a)
el ARG G )

s lentb,a)l {(1)”“ N (1)p+1]é

2u(p+1)r L\6 3

(@)1 mlf(L)eTe "(a)]? mlf ()]s
X“suin PG Tl smir ] }.<3.13>

In the following theorem, we obtain another form of Simpson type inequality
for powers in term of the first derivative.

Theorem 3.3 Let f be defined as in Theorem 3.1. If the mapping |f'|2 for
q > 1 is extended (s, m) pyn-preinvex on Agy for some fized (s,m) € (—1,1]x(0,1]

then
i} €i¢77(baa)
tf(a)—l—(l—k)f(a—i—e n(b,a))+(k—t)f(a+2)
1 a+e'®n(b,a)
_7ei¢n(b,a)/a f(z)dz
. 1 1\'"s bya]a
s|el¢n<b,a>\{(t2—2t+ 8) [&u’(a)mm& (=) }
1-1 q H
(- grag) el melr ()] } (314
where

_ _ +)st2 B 2 N
t(8+2) 1+2(1 t) +(2ts—|—4t s 3)25+2

b= 5+ 1)(s+2) ’
21512 1—2ts—4
. 52 4+ (s + ts t>25+2
(s+1)(s+2) ’
2(1 — k)t2 4+ (2 4k — 5 — 3)—=
53:( k)st* 4+ (2ks + 4k — s 3)2SJr2

(s+1)(s+2) ’

14
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and

1
gks+2+(s+1—2k5—4k)25?+(s+1—ks—2k)
(s+1)(s+2)

§a=

Proof. By Lemma 2.1 and power-mean inequality, it follows that

tf(a)+ (1 - k‘)f(a + €'n(b, a)) + (k- t)f(a n emn(béa))
1 ) /aa+ei¢n(b,a) £}z

~edn(ba

< |en(b, a)| {/0% A=t
+[ux—m
< |ei<zs77(b,a)y{</0é |/\—t|d)\>1_;[/oé I\ —t|
+<[1)\—k|d/\>1_;{/11|/\—k f’(a—i—)\eid’n(b,a))’qd)\];}.

Using the extended (s, m)gy,-convexity of |f'|?, we have that

i (a + Aein(b, a)) ‘d)\

i (a + Aein(b, a)) )dA}

1
q

7 (a + Ae (b, a)) ]qu]

tf(a) + (1= K)f (a+en(b,a)) + (k — 1) f(a L o a) )

2
1 a+e®n(b,a)
—_—— d
v ) floyds

< |ei<zs77(b,a)y{</oé |)\—t|d)\>1;
x{/j )\—t|<(1—>\)3
x{/;u—m(a—x)s

By simple calculations, we can get

1 1-1
A — k:|d)\>
2

)l ()
G}

q
f’(a)‘ +mAs

q
f’(a)] +mA®

-

2 1.1 !
/2\/\7t|d>\:t277t+7, / |Afk|d)\:k2—§k+§, (3.15)

15
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.

t(s+2) —1+2(1 —t)5+2 4 (2ts + 4t — s — 3)

/E A= £(1 = A)"dr =

0

-

/2 I\ — AN =
0

1
/|A—mu—Aﬁu

28+2{ 1
(s+1)(s+2) (3.16)
s+2 _ _
2072 + (s + 1 — 2ts — 4t) 5ot 317
(s+1)(s+2) ’
21— k)*™2 + (2ks + 4k — s — 3) —5
_ 2272 (3.18)

(s+1)(s+2) ’

and

s+2
2k5T +(s+172k574k)2s+2+(s+1fk572k)

(s+1)(s+2) (3:19)

1
/ A — k|A*dA =

1

2

Thus, our desired result can be obtained by combining equalities (3.15)-(3.19),
the proof is completed.

1 5
Corollary 3.6 Let f be defined as in Theorem 3.3, if s=1,t = 5 and k = 5
the inequality holds for m-convex functions:
1 ~ (b,
- {f(a) + f(a + e“ﬁn(b,a)) + 4f<a + en(a)ﬂ
6 2
1 a+e'®n(b,a)
i . floyds
; 5\1~% 61 29m b\ |9\ 7
< le®n(b el ! q "
< [en( ’a)|(72) [(1296f (@ + 1206 |/ (m) )
29 g, 6lmy o bNaNE
— — — . 2
+<1296|f @I+ 13061/ (m) ) (3.20)

In particular, if m = 1, ¢ = 0, and n(b,a) = b — a in inequality (3.20), the
inequality holds for convex function. If | f'(x)] < Q, Vx € I, then we have

) 0] - L [ s

Remark 3.5 [t is observed that the inequality (3.21) is an improvement com-
pared with inequality (1.3). Thus, Theorem 3.3 and its consequences generalize
the main results in ([4], 2000).

b+a
2

5(b—a)
36

<

Q.

‘1 (3.21)

6

[f(a) +4f(

16
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ISOMETRIC EQUIVALENCE OF LINEAR OPERATORS ON
SOME SPACES OF ANALYTIC FUNCTIONS

LI-GANG GENG *

ABSTRACT. In this paper, we are interested in the isometric equivalence
problem for the weighted composition operator Wy, , and the composi-
tion operator Cy, on the Hardy and the Dirichlet space. We show what
properties the operators must satisfy to insure that they are isometric
equivalent.

1. INTRODUCTION

Let D be the unit disk in the complex plane, and S(ID) be the set of ana-
lytic self-maps of D. The algebra of all holomorphic functions with domain
D will be denoted by H (D).

Let ¢ be an analytic self-map of D and u € H(D), the multiplication op-
erator M, is defined by (M, f)(z) = u(z)f(z), and the weighted composition
operator W, , induced by w and ¢ is defined by (W, f)(2) = u(2) f(¢(2))
for z € D and f € H(D). If let w = 1, then W, , = Cy, which is often
called composition operator. As is well known, the weighted composition
operator can be regarded as a generalization of a multiplication operator
and a composition operator.

Let X and Y be two Banach spaces and 17 and T are bounded linear
operators on X and Y respectively . We say that 17 and T are isometrically
equivalent if there exists surjective isometries Ux and Uy on X and Y
respectively such that UxT; = ToUy. For X =Y, two operators 17 and T»
are said to be similar if there is a bounded invertible operator .S such that
STy, =1T15. If S could be chosen to be an isometry as well, then 77 and 75
are said to be isometrically isomorphic. If X is a Hilbert space as well as
a Banach space, then isometric isomorphism on X is referred to as unitary
equivalence.

2000 Mathematics Subject Classification. Primary: 47B35; Secondary: 46E15, 32A36,
32A37.

Key words and phrases. isometric equivalence; weighted composition operator; compo-
sition operator; Hardy space; Dirichlet space.
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2 L.G.GENG

The “unitary equivalence” problem for operators on a Hilbert space has
received a lot of attention over the yeas. The analogous problem for opera-
tors on Banach spaces, due to the lack of inner product structure, requires
different techniques directly related to the specific settings under consid-
eration. The “isometric equivalence problem” arises as to what properties
the operators must satisfy to insure that they are isometrically equivalent.
There has been some recent work on the isometric equivalence problem in
spaces of analytic functions. In [1], Wright investigated the isometric equiv-
alence of composition operators for X =Y = HP(D) for 1 < p < oo and
p # 2, he obtained that if two composition operators Cy, and C, are iso-
metrically equivalent on Hardy space HP, then ¢1(2) = epo(e™2). In
[2, 3], Hornor and Jamison studied isometric equivalence of composition op-
erators on several important Banach spaces of analytic function spaces on
the unit disk D. In [4], Jamison studied isometric equivalence of composition
operators for X = Y = B, where B is a Bloch space. He obtained that if
two composition operators C,, and C,, are isometrically equivalent on B,
then there is an automorphism ¢ such that ¢1(¢(z)) = p(p2(2)); he also
investigated the isometric equivalence problem of certain operators on some
specific types of Banach spaces. In [5], Nadia studied isometric equivalence
of differentiated composition operators on some analytic function spaces. He
obtained that two operators DCy, and DC,, : H? — H%(1 < p,q < oo, and
p,q # 2), then DC,, W, = W,DC,, if and only if ¢1(2) = e rpy(eiaz),
here DC,, : HP — HY is defined to be DC,f = (f o ¢)’, W, and W, are
surjective isometries on H? and HY.

Building on those foundation, the present paper continues this line of re-
search. More precisely, we first investigated the case of weighted composition
operators on the Hardy spaces.

2. ISOMETRIC EQUIVALENCE OF WEIGHTED COMPOSITION OPERATORS ON
HARDY SPACES

Let H*°(D) denote the space of bounded holomorphic functions f on the
unit disk with the supremum

[flloc = sup | f(2)]-
zeD

The surjective linear isometries of H*°(D) were determined in [6]. It was
proven that, a surjective linear isometry 7" of H*°(D) is of the form:

Tf=af(r) (1)
for every f € H**(D). Where 7 is a conformal map of D and « is a unimod-
ular complex number.

The Hardy space HP(D) for 1 < p < oo is defined to be the Banach space
of analytic functions in D such that

1 [27 i 1/p
| fll e = Oiugl {%/0 f(reze)‘ dH} < 0.
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In [7], it was proved that if p # 2, a surjective isometry T' of HP? is of the
form:
Tf=a(r)/?f(7) (2)
where |a] =1 and 7 is a conformal map of the disk.
In the following theorem, we are interested in the isometric equivalence
for the weighted composition operators on the space H>(D):

Lemma 1. If 1 and @2 are analytic functions of the disk into itself, then
Cy, and C,, are isometrically equivalent on H>®(D) if and only if p1(7) =
T(p2); My, and M,, are isometrically equivalent on H*®(D) if and only if
u1(7) = ug2, where uy,ug € H(D) and 7 is a conformal map of the disk.

Proof. Suppose C,, and C,, are isometrically equivalent on H*°(ID), then
there is a surjective isometry 7' on H*°(D) such that TCy,, = Cy,T. From
(1),we have

af(e1(r)) = af(t(p2))
for any f € H>*(D), so ¢1(7) = 7(p2). For the converse, if p1(7) = 7(p2),
then

TC<P1f = C@sz
for any f € H*(D).
Similarly, suppose M,, and M, are isometrically equivalent on H> (D),

then TM,, f = M,,Tf for any f € H>*(D). It’s easy to get that

auy (1) f(7) = aua f(7),

s0 u1(T) = ug. For the converse, if u;(7) = ug, then

auy () f(7) = aua f(T)
for any f € H°(D). This implies that M,, and M,, are isometrically
equivalent on H*°(D). The converse is obviously. O

Theorem 2. Let uj,ug € H(D) and p1,p2 € S(D). Two weighted compo-
sition operators Wy, o, and Wy, o, are isometrically equivalent on H> (D)
if and only if C,, and C,,, My, and M,, are isometrically equivalent on
H>(D) respectively .

Proof. For the sufficiently, suppose Cy,, and C,,, M,, and M,, are isomet-
rically equivalent, then there exists surjective isometric T on H*°(DD) such
that
TCyp, =Cyp, T, and TM,, = M,,T.
It follows from (1) that
TWasof = TMyyCopy f = Myy TT *Cp, T = My, Cp, Tf = Wiy (0, Tf.

For the necessity, now suppose TWy, o, f = Wy, 0, T f, where T is a surjec-
tive isometry on H*°(D). It follows from (1) that

aur (1) f(p1(7)) = aua f(T(¢2)) (3)
for any f € H>*(D).
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Let f = z in (3), then ¢i(7) = 7(¢2). By Lemma 1, we know that C,
and Cy, are isometrically equivalent on H*°(ID).

Let f = 1lin (3), then uj(7) = wg. Consequently, from Lemma 1, this
implies that M,, and M,, are isometrically equivalent on H*°(D). The
proof of this theorem is completed. O

Theorem 3. Suppose M,, and M,, are two multiplication operators on
HP(D),1 < p < oo andp # 2, then M, and M, are isometrically equivalent
if and only if there exists a conformal map T of the unit disk onto itself such
that uy = ug (7).

Proof. Suppose that M, and M, are isometrically equivalent, and 7" is an
isometry of HP(D) onto itself. Then

M, Tf=TM,,f
for any f € HP(D). It follows from (2) that
bu f(7) (717 = bus(7) f(r) (7).

So u; = ua(7). The converse is obvious. O

Theorem 4. Let Cy,, is a composition operator on HP(D),1 < p < oo
and p # 2, C,, is a composition operator on H* then Cy,, and Cy,, are
isometrically equivalent if and only if p1 and w2 are constants or ¢1(z) =
e®py(1(2)), here T is a conformal map of the disk.

Proof. Suppose Cy,, and C, are isometrically equivalent, then there exists
an isometry 77 on HP and an isometry T on H* such that C,,T1f =
T5Cy, f. By (1) and (2), from the expression of 71 and T3, we have

ar{ ()P f(7 (1)) = B (p2(r2), (4)

where a and S are unimodular complex numbers; 7;,7 = 1,2 is conformal
map of D onto itself.

Let f = 11in (4), then a(7](¢1))/? = 3.

Let f = z in (4), then a(r] (1)) P7i(¢1) = Bwao(m). Here 7i(z) =
Aifogs, where [Ai| =1, |w;| < 1.

If w; # 0,7 =1,2, we can get 1 and o are constant functions. If w; =
0,i = 1,2, we can get A1 = pa(Aa2), that is: ¢q(2) = 1y (e22). If ¢y
and ( are not constant functions, from a(7](¢1))'/? = 3, we can get wy = 0
and a(M\)YP = S, then A\1p1(2) = pa(7a(2)), that is p1(2) = e¥pa(ma(2))

The converse is obvious. O

3. ISOMETRIC EQUIVALENCE OF COMPOSITION OPERATORS ON
DIRICHLET SPACE

For 1 < p < oo, let LL denote the Bergman space of the unit disk D and
|| - ||, denote the usual norm. DP will denote the space of analytic functions
on D for which f’ € LY. The norm on DP is defined as the following:

1fllpe = (LF O + 11£ll)"/7-
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In [8], the linear isometry T" of DP (p # 2) onto itself is given by:

Tf(z) = AF(0) + /0 P (9(E))de] (5)

where |A| = |u| = 1 and ¢ is a conformal map of the disk.
We have the following theorem for isometric equivalence of composition
operators on DP:

Theorem 5. Let 1 and pa be analytic maps of the disk.The composition
operators Cy,, and Cy, are isometrically equivalent, as operators on DP (1 <

p < oo and p # 2) if and only if 1(2) = pa2(2) = 2.

Proof. First assume that C,, and C,, are isometrically equivalent then for
any f € DP and T a surjective linear isometry on DP ,we have

TC, f=CuTf
By (5):
TCy, f(2) = Alf(¢1(0)) + M/O [/ (1P ' (21(6(£))) ) ($(€))dé]
and

2(z) )
CuuT(2) = ALF(0) + /0 627 £ (6(6)) de]
From T'Cy, f = C,,Tf , we can get:

AF(r(0) + /O P (01 (9E))) 2 (9(E)) de]

2(2)
— ALF(0) + 1 /0 TP () de)

for any f € DP. Derivative with respect to z on both sides of above equation,
we can get:

[0/ ()P 1 (1(0(2)#1 ((2)) = [& (02(2)/P £ (¢(p2(2))) 5 (2)-
Let f = z,we get

[0 ()P4 (8(2)) = [¢ (02(2))]*/ P (2); (6)
Letf = 22, we get

(¢ (2)]701(6(2))91 (6(2)) = [¢' (02())] P (i02(2) )i 2);

Letf = 2", we can get

[0/ ()P (01(6(2)" 91 (6(2)) = [¢ (02 ()PP (B(02(2)))" "5 (2).
For p # 1, we can get:

e1(0(2)) = ¢(p2(2)). (7)
Derivative with respect to z, we can get:
©1(8(2))9'(2) = ¢'(2(2)) 5 (2) (8)
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The following equations can be obtained from (6),(7) and (8)
¢'(2) = ¢ (p2(2)) and  ¢h(2) = ¢1(4(2)). (9)

The conformal map ¢ of the unit disk can be written as the form ¢(z) =

A==, where [\ = 1,]a] < 1, so
/ 1 - |a|2
S Wi 1
J(:) = A (10)
Then ¢1(z) = ¢2(z) = z can be got from (7),(9)and (10).
The sufficient condition is obvious. O
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Abstract. Using the s-norm S, the notions of an S-fuzzy subalgebra of BFE-algebras are introduced, and some

properties are investigated. The S-product of S-fuzzy subalgebras is discussed.

1. Introduction

In [5], H. S. Kim and Y. H. Kim introduced the notion of a BFE-algebra. S. S. Ahn and K. S.
So [3,4] introduced the notion of ideals in BE-algebras. S. S. Ahn et al. [1] fuzzified the concept
of BE-algebras, investigated some of their properties. Y. B. Jun and S. S. Ahn ([6]) provided
several degrees in defining a fuzzy filter and a fuzzy implicative filter. It is a generalization of a

fuzzy filter in BE-algebras.
In this paper, we introduce the notion of an S-fuzzy subalgebra of BF-algebras over an s-
norm S, and we investigate some related properties. We also discuss the S-product of S-fuzzy

subalgebras of B F-algebras.

2. Preliminaries

An algebra (X;*,1) of type (2, 0) is called a BE-algebra ([5]) if

(BE1l) x *x =1 for all z € X
(BE2) x %1 =1 for all x € X;
(BE3) 1% 2 =z for all x € X;
(BE4) x % (y*xz) =y (x*z) for all z,y,z € X (exchange)

We introduce a relation “<” on a BFE-algebra X by x < y if and only if z *y = 1. A non-empty
subset S of a BFE-algebra X is said to be a subalgebra of X if it is closed under the operation
“x 7. Noticing that x x z = 1 for all z € X, it is clear that 1 € S. A BF-algebra (X;x,1)
is said to be self distributive if x % (y * 2) = (x xy) * (x * z) for all z,y,z € X. A mapping

92010 Mathematics Subject Classification: 08A72, 06F35.
YKeywords: BE-algebra; S-fuzzy subalgebra; S-product.

* The corresponding author. Tel.: +82 33 248 2011, Fax: 482 33 256 2011 (K. S. So).
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f: X =Y of BE-algebras is called a homomorphism if f(x xy) = f(x) * f(y) for any z,y € X.
A homomorphism f of BFE-algebras is called an epimorphism if f is onto. Note that if f is a
homomorphism of BFE-algebras, then f(1) = 1.

Proposition 2.1([5]). Let (X;x*,1) be a self distributive BE-algebra. Then the following hold:
for any x,y,z € X,

(i) ifx <y, then zxx < zxy and y*z < x * z;
(il)) yx2z < (z*xx) * (y * 2);
(ili) y*x 2 < (z*y) * (x * 2).
A BFE-algebra (X;*,1) is said to be transitive if it satisfies Proposition 2.1(iii).

We now review some fuzzy logic concepts. Let X be a non-empty set. A fuzzy set p in X is a
function p: X — [0, 1]. Given a fuzzy set pin X and a € [0, 1], the set

U(p; o) :=={x € X|u(x) > a}(resp. L(p;a) :={z € X|u(x) < a})
is called an upper (resp. lower) level subset of .

Definition 2.2([1]). Let u be a fuzzy set in a BE-algebra X. Then p is called a fuzzy BE-algebra
of X if p(x *y) > min{pu(z), u(y)} for all x,y € X.
Definition 2.3([6]). A binary operation S on [0, 1] is called a t-conorm if

(S1) boundary condition: S(zx,0) = z;

(S2) commutativity: S(z,y) = S(y, x);

(S3) associativity: S(z,S(y, z)) = S(S(z,y), 2);

(S4) monotonicity: S(z,y) < S(z,2) whenever y < z, for all z,y, z € [0, 1].

We call such a t-conorm an s-norm in this paper.

Note that max{z,y} < S(z,y) for all z,y € [0,1]. Moreover, ([0, 1];5) is a commutative
semigroup with 0 as the neutral element. In particular,

S(5(x,y), 5(z,1)) = 5(S(x, 2), 5(y, 1))

holds for all z,y, z,t € [0, 1].
The set of all idempotents with respect to 9, i.e., the set

Eg:={z€]0,1]|5(z,z) =z}

is a subsemigroup of ([0, 1];.S). If Im(u) C Eg, then the fuzzy set u is said to be idempotent.
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3. S-fuzzy subalgebras

In what follows, let S and X denote an s-norm and a B FE-algebra respectively, unless otherwise
specified.

Definition 3.1. A fuzzy set p in X is called a fuzzy subalgebra of X over S (briefly, an S-fuzzy
subalgebra of X)) if it satisfies
(SFo) @ xy) < S(u(z), u(y))

for all x,y € X. An S-fuzzy subalgebra p of X is said to be idempotent if Im(u) C Eg, where
Es ={z €0,1]|S(z,z) = z}.

Example 3.2. Let X := {1,a,b,c,d} be a BE-algebra([5]) with the following table:

x|1 a b c d
111 a b ¢ d
all 1 b ¢ d
bl a 1 ¢ c
cll 1 b 1 b
djl1 1 111

Let S, : [0,1] x [0, 1] — [0, 1] be a function defined by S, (z,y) := min(x+y, 1) for all z,y € [0, 1].
Then it is easy to see that S, is an s-norm. Define a fuzzy set g in X by u(1) =0, u(a) = u(b) =
0.5 and pu(c) = pu(d) = 1. Then p is an S,,-fuzzy subalgebra of X, which is not idempotent, since
0.5 € Im(p) and 0.5 ¢ Eg,,.

Let Sy : [0,1]x [0, 1] — [0, 1] be a function defined by Sy/(z, y) := max(z,y) for all x,y € [0, 1].
Then Sy, is also an s-norm. It follows that p is an idempotent Sy/-fuzzy subalgebra of X.

Proposition 3.3. Let S,, be the s-norm defined in Example 3.2 and let S be a subalgebra of
X. Then the fuzzy set i in X defined by

(z) = 0 ifxes

P =101 otherwise,

is an idempotent S,,-fuzzy subalgebra of X.

Proof. Let x,y € X. If x,y € S, then x xy € S and so u(x xy) =0 < S, (u(z), u(y)). ff x ¢ S
and y ¢ S, then p(z) = 1 = p(y). Hence S, (u(x), u(y)) = min{l + 1,1} =1 > p(zr xy). If
exactly one of z and y belongs to S, then exactly one of u(x) and p(y) is equal to 0. It follows

that Sy (u(x), u(y)) = min{l1+ 0,1} = 1 > p(x * y). Therefore u is an S,,-fuzzy subalgebra of
X. Obviously, Im(u) C Eg,,, completing the proof. O

Proposition 3.4. If ji is an idempotent S-fuzzy subalgebra of X, then pu(1) < u(x) and p(zxy) <
max{pu(z), u(y)} for all x,y € X.
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Proof. For any =,y € X, we have u(1) = p(zxx) < S(u(x), u(zr)) = p(r) and max{u(z), u(y)} =
S(max{p(z), u(y)}, max{u(x), u(y)}) > S(u(z), u(y)) > p(z *xy). This competes the proof. [

Proposition 3.5. Let pu be a fuzzy set of X. If every non-empty lower level subset L(u;«) of p
is a subalgebra of X, then p is an S-fuzzy subalgebra of X.

Proof. Assume that there exist a,b € X such that pu(a x b) > S(u(a), u(b)). If we take mg :=

L(pu(a ) + S(u(a), (b)), then pa+ ) > mo > S(u(a), u(8)) > max(u(a), j(b)). Hence a,b €
L(p;mo), but axb ¢ L(u;mgp). This is a contradiction and so p satisfies the inequality p(z*y) <
S(u(x), p(y)) for all z,y € X. This completes the proof. O

The converse of Proposition 3.5 may not be true as seen in the following example.

Example 3.6. In Example 3.2, define a fuzzy set v in X by v(1) = 0,v(b) = v(d) = 0.5 and
v(a) = v(c) = 1. Let S,, be the s-norm in Example 3.2. Then it is easy to see that v is an
Sm-fuzzy subalgebra of X, but the lower level subset L(v;0.5) = {1,b,d} is not a subalgebra of
X, since bxd = c ¢ L(v;0.5).

Proposition 3.7. Let p be an idempotent S-fuzzy subalgebra of X. Then the non-empty lower
level subset L(p; «) of u is a subalgebra of X.

Proof. Let z,y € L(p; ), where o € [0,1]. Then pu(z) < o and p(y) < a. Hence p(z *xy) <
S(u(x), p(y)) < S(a,a) =aand so x xy € L(p; ). Thus L(u; «) is a subalgebra of X. O

Proposition 3.8. Let u be an S-fuzzy subalgebra of X. If there is a sequence {x,} in X such
that limy, 0o S(p(xy), p(x,)) = 0, then u(l) = 0.

Proof. For any x € X, we have u(1) = p(x*xx) < S(u(x), pu(x)). Therefore p(1) < S(u(xy,), u(x,))
for each n € N and so 0 < u(1) < limp—0oS(u(xy), p(z,)) = 0. It follows that p(1) = 0. O

Let f be a mapping defined on X and let p be a fuzzy set in f(X). The fuzzy set f~1(u) in X
defined by [f~(u)](x) := u(f(x)) for all z € X is called the preimage of p under f.

Theorem 3.9. Let f : X — Y be an epimorphism of BFE-algebras and let y be an S-fuzzy
subalgebra of Y. Then the preimage f~'(u) of u under f is also an S-fuzzy subalgebra of X.

Proof. Assume that p is an S-fuzzy subalgebra of Y. Let x,y € X. Then

7 )@ x y) =u(f(z *y)) = p(f(z) * f(y))
<S(u(f (@), u(f(y)) = S (W), [FH(W](Y).
Hence f~1(u) is an S-fuzzy subalgebra of X. O

Let u be a fuzzy set in X and let f be a mapping defined on X. The fuzzy set p/ in f(X)
defined by pf (y) := inf e -1y p(z) for all y € f(X) is called the anti-image of y under f.
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Definition 3.10. An s-norm S on [0,1] is said to be continuous if S is a continuous function
from [0, 1] x [0, 1] to [0, 1] with respect to the usual topology.

Theorem 3.11 Let S be a continuous s-norm and let f : X — Y be an epimorphism of BE-
algebras. If i is an S-fuzzy subalgebra of X, then anti-image 1/ is also an S-fuzzy subalgebra of
Y.

Proof. Let Ay := Y1), Ay :== f1(yo) and Ay := f~ (y1 * y2), where 41,5, € Y. Consider
the set A; * Ay := {z € X|xr = a; xay forsome a; € Aj,ay € Ay}. If © € Ay x Ay, then
T = 1 % oy for some x1 € Ay, 19 € Ay and so f(z) = f(xy *xx2) = f(x1) * f(x2) = 11 * Yo, L.,
x € [y *yo) = App. Hence Ay x Ay C Ay Tt follows that

f * = inf z) = inf €T
1! (y1 % y2) B f,l(yl*w)u( ) meAmu( )
< inf = inf
- 136}4?*142 ,u(x) :ceAHigeAQ 'u(xl * wQ)
< inf S )
< ot (p(21), p(2))

Since S is continuous, if € is any positive number, then there exists a number 6 > 0 such that
S(xt,x5) C S(infy,ea, p(z1),inf e, p(z2)) + €, whenever xf < inf, ca, p(z1) + d and x5 <
inf,,ca, p(z2) + 9. Choose ay € Ay ,as € As such that p(ay) < inf, e, p(z1) + 9§ and p(az) <
inf,,eca, p(za) + 9. Then S(u(ar), u(az)) < S(inf,,ca, (1), inf,,eca, p(z2)) + €. Hence we have

1 (g % 1) < inf  S(u(xy), u(xs))

11€A1,r2€A2

<S( inf inf

<S5( inf p(z), inf p(z2))

=S (1! (1), 1 (12))-
Thus ./ is an S-fuzzy subalgebra of Y. 0
Theorem 3.12. Let p be an idempotent S-fuzzy subalgebra of X. Then the set

Xy =A{z € X|pu(z) = p(1)}

is a subalgebra of X.

Proof. Noticing that p(1) < p(z) for all z € X, we have L(u;pu(1)) = {z € X|u(x) < p(l)} =
{z € X|pu(x) = u(1)} = X,. By Proposition 3.7, X, is a subalgebra of X. O

Proposition 3.13. Let u, v be idempotent S-fuzzy subalgebras of X. If ;i C v and p(1) = v(1),
then X, C X,.

Proof. Assume that y© C v and pu(1) = v(1). Let z € X,,. Then v(z) > p(x) = p(l) = v(1).
Noticing v(z) < v(1) for all x € X, we have v(z) = v(1), i.e., x € X,. This completes the
proof. O

643 Sun Shin Ahn et al 639-647



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Sun Shin Ahn and Keum Sook So

Theorem 3.14. Let Sy, be an s-norm defined in Example 3.2. Let p be an Sy,-fuzzy subalgebra
of X and let f : [u(1),1] — [0,1] be an increasing function. Define a fuzzy set jiy : X — [0, 1] by

pp(z) = fp(z))
for all x € X. Then py is an Sy-fuzzy subalgebra of X. Furthermore, if f(a) > « for all
a € (1), 1], then ju C py.
Proof. Let z,y € X. Then
pp(e o y) =f (e y)) < f(Su(p(@), u(y)))
wm(

<Sm(f(u()), f(1(y))) = Sm (s (), 1 (y)).-

Hence pf is an Sy-fuzzy subalgebra of X. Assume that f(a) > « for all @ € [p(1),1]. Then
pr(x) = f(u(x)) > p(x) for all x € X, which proves that pu C puy. O

4. Direct products and s-normed products

Definition 4.1. Let p and v be fuzzy sets of X and let S be an s-norm of X. Then the S-product
of v and v is defined by

- vs(@) = S(ula), v(z))
for all z € X and we denote it by [u - v]s.

Theorem 4.2. Let u, v be two S-fuzzy subalgebras of X and let S* be an s-norm which dominates
S, ie.,
S*(S(a,b),S(c,d)) < S(S*(a,c),S*(b,d))
for all a,b,c and d € [0,1]. Then the S*-product [u - v]s- of p and v is an S-fuzzy subalgebra of
X.
Proof. For any z,y € X, we have
[ Vs (wxy) =Sz *y),v(z+y)}

<SS plx), wly)}, S{v(x), v(y)}}

< S{5{u(x), v(x)}, S{uly), v(y)}}

=S{[p- Vs (), [~ Vs (y)}-
Hence [u - v]g+ is an S-fuzzy subalgebra of X. O

Let f: X — Y be an epimorphism of BFE-algebras. If i and v are S-fuzzy subalgebras of Y,

then the S*-product [p-v]g« of u and v is also an S-fuzzy subalgebra of Y whenever S* dominates
S. Since every epimorphic preimage of an S-fuzzy subalgebra is also an S-fuzzy subalgebra, the
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preimages f~'(u), f~'(v) and f~([iu - v]s+) are S-fuzzy subalgebras. The next theorem provides
the relation between f~([u-v]s<) and the S*-product [f~1(u) - f~1(v)]s« of f~H (1) and f~1(v).

Proposition 4.3. Assume that f : X — Y is an epimorphism of BE-algebras and S,S* are
s-norms such that S* dorminates S. For any S-fuzzy subalgebras i and v of Y, we have

FH k- vls) = [ w) - 7 0)]se

Proof. For any x € X, we obtain

{7 p - vls) @) =l Vs (f(2))

completing the proof. O
Let (X71,%1,11) and (Xs, %9, 15) be BFE-algebras. Define a binary operation “x” on X x X5 by

(21, 2) * (Y1, Y2) = (21 %1 T2, Y1 *2 Y2)
for all (z1,22), (y1,92) € X. Then (X, *,1) is a BE-algebra, where 1 = (11, 15).
Theorem 4.4. Let X = X; x Xy be the direct product of BE-algebras X, and Xs. If p; (resp.,

W ) is an S-fuzzy subalgebra of X (resp., Xs), then p = py X pg is an S-fuzzy subalgebra of X
defined by

(w1, m2) = (1 X po) (21, 2) = S(pa(@1), pa(22))
for all (x1,z2) € X7 x Xo.
Proof. Let © = (x1,22),y = (y1,¥2) € X. Then we have
(@ = y) =p((21, 22) * (Y1, y2))
=u(T1 * Y1, T2 * Yo)
=S (1 (@1 * Y1), pa(z2 * y2))
<S(S(p1(x1), (1)), S(p2(22), p2(y2)))
=S(S(p1 (1), pa(2)), S(p1(y1), p2(y2)))
=5(u(w1, x2), (Y1, y2))
=5(p(x), n(y))-

Hence p = py X po is an S-fuzzy subalgebra of X. O
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Now, we generalize the idea to the product of S-fuzzy subalgebras. We first need to generalize
the domain of an s-norm to [];_,[0,1] as follows.

Definition 4.5. We define a map S, : [[/,[0,1] — [0,1] is defined by S, (o1, g, - ,ay) =
S(ai, Snoi(a, -+, 0621, 041, -+, ) for all 1 <4 < n, where S, = S and 51 = idjo 1.

Using the induction on n, we have following two lemmas:

Lemma 4.6. For an s-norm S and every «;, 5;, where 1 < i < n and n > 2, we have

Sn<S<a17 Bl)?S(OQa ﬁ2)7 T S(an7 Bn)
:S<Sn(a17 Qg, - 70471)) Sn(ﬁlu 627 T 7571))

Lemma 4.7. For an s-norm S and every ay, as, - - ,a, € [0,1], where n > 2, we have

Sn(alaa%"' 70571) :S< 75(5(5(0-/17052)70437054)7"' ,Oén)
:S(Oél,S(OéQ,S<043,"' 7S<a”—17an) )))

Theorem 4.8. Let X := [[_, X, be the direct product of BE-algebras {X;}! . If p; is an
S-fuzzy subalgebra of X;, where 1 <1 <n, then p = [[}_, u; defined by

play, - wn) = (H,ui)(xla"' yn) = S(p(x1), -+ p(an))

is an S-fuzzy subalgebra of X.

Proof. Let x = (x1,--+ ,2,),y = (Y1, -+ ,Yn) be any elements of X. Using Lemmas 4.6 and 4.7,
we have

(@ y) =p((z1+y1), (2% y2), -, (0 * Yn))
=Sn(pa(zr*y1), -, o (Tr * Yn))
<Sn(S(p(@1), pa(yn)), -+ S(n(@n), fin(yn)))
=5(Sn(pa(z1), po(x2), - ,un(:cn))
Sn(p1(y1), p2(y2), -+ s b (Yn)))
=S(u((z1, - @) % (Y1, yn)))
=S(u(z *y)).

Hence p =[]}, pt; is an S-fuzzy subalgebra of X. O
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Theorem 4.9. Let S be a continuous s-norm and f : X — Y be an epimorphism of B E-algebras,
and let p and v be S-fuzzy subalgebras of X. If an s-norm S* dominates S, then

(- v]s)! C [ - v]se.

Proof. By Theorems 4.2 and 3.11, the S*-product [ - v]g« is an S-fuzzy subalgebra of X, and
the S*-product [/ - v¥]g« is an S-fuzzy subalgebra of Y. Moreover, for each y € Y, we have

(-v]s) (y) = inf [u-v]se()

z€f~1(y)

= inf S*(u(x),v(z
L (u(x), v(x))

<S*( inf x), inf v(x

- <:cef*1(y)/L< ) zef~1(y) ( ))

=S* (1! (), v/ (v))

= ([ -5 )W),

proving that ([u-v]g-)! C [uf - v/]s-. U
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1 Introduction

It is known that the modern metric fixed point theory was motivated from Banach
contraction principle (see, e.g., [1]) which plays an important role in various fields of ap-
plied mathematical analysis. In 1922, Polish mathematician proved the following classical

Banach contraction principle:

Theorem 1.1 ([1]) Let 7' : X — X be a contraction on a complete metric space (X, d).
Then T possesses exactly one fixed point x* € X. Moreover, for any point x € X, the
sequence {T™(x) : n = 0,1,2,....} converges to z* € X. That is lim,_,,, T"(z) = x*, for

each © € X, where T" denotes the n-fold composition of T.

Since 1922, many authors have obtained all kinds of versions to extend the famous
Banach contraction principle. In general, people did such extensions by means of two
methods. One is to extend Banach contraction to other more general mapping or mappings
(for example, when two or more mappings are involved and discussed, the common fixed
point(s) is(are) usually investigated). The other is to extend classical metric space to more
general spaces (usually called abstract spaces). There are many generalizations of the
concept metric space in the literature. In 1964, Perov [34] introduced vector valued metric
space, instead of general metric space, and obtained a Banach type fixed point theorem
on such a complete generalized metric space. Later on, following Perov, many authors
studied fixed point results of Perov-type in more general abstract spaces, such as cone
metric spaces, etc (see [35]-[39]). Among them, Cvetkovié¢ and Rakocevié¢ [36] introduced
the concept of f-quasi-contraction of Perov-type and obtained fixed point results for such
kind mappings, which is a generalization of the famous Ciri¢ mappings. Let (X, d) be a
complete metric space. Recall that a mapping 7' : X — X is called a quasi-contraction if,

for some k € [0, 1) and for all z, y € X, one has
d(Tx, Ty) < kmax{d(z, y), d(x, Tz), d(y, Ty), d(z, Ty), d(y, Tx)}.

Ciri¢ [13] introduced and studied quasi-contractions as one of the most general classes of
contractive-type mappings. He proved the well-known theorem that any quasi-contraction
T has a unique fixed point. Recently, many authors obtained various similar results on
cone b-metric spaces (some authors call such spaces cone metric type spaces) and cone

metric spaces. See, for instance, [7]-[15].
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Since 2010, some authors have investigated the problem of whether cone metric spaces
are equivalent to metric spaces in terms of the existence of the fixed points of the mappings
involved. They used to establish the equivalence between some fixed point results in metric
and in (topological vector spaces valued) cone metric spaces by means of the nonlinear
scalarization function &, where e denotes the vector in the internal of the underlying solid
cone (see [16]-[19]). Very recently, based on the concept of cone metric spaces, Liu and Xu
[21] studied cone metric spaces with Banach algebras, replacing Banach spaces by Banach
algebras as the underlying spaces of cone metric spaces. In [21], the authors proved some
fixed point theorems of quasi-contractions in cone metric spaces over Banach algebras,
but the proof relied strongly on the assumption that the underlying cone is normal. We
need state that it is significant to study cone metric spaces with Banach algebras (which
we would like to call in this paper cone metric spaces over Banach algebras). This is
because there are examples to show that one is unable to conclude that the cone metric
space (X, d) over a Banach algebra A discussed is equivalent to the metric space (X, d*),
where the metric d* is defined by d* = &£, o d, here the nonlinear scalarization function
& : A— R (e €intP) is defined by

E(y) =inf{r e R:y € re — P}. (1.1)

See [20] for more details.

In the present paper we introduce the concept of generalized g-quasi-contractions of
Perov-type in cone metric spaces over Banach algebras and obtain common fixed point
theorems for two weakly compatible self-mappings satisfying g-quasi-contractive condition
in the case of g-quasi-contractive constant vector with 7(\) € [0,1/s) in cone metric spaces
without the assumption of normality. Our main results extend the fixed point theorem
of quasi-contractions of Das-Naik in metric spaces to the case in cone metric spaces over
Banach algebras. As consequences, we obtain the versions of Ciri¢ fixed point theorem and
Banach contraction principle in the setting of cone metric spaces over Banach algebras. Our
main results generalize and extend the relevant results in the literature (see, for example,
[31-[9], [13], [15], [21], [23], [25], [27]).

In addition, we give an example to show that the main results are genuine generaliza-

tions of the corresponding results in the literature.
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2 Preliminaries

Let A always be a real Banach algebra. That is, A is a real Banach space in which an
operation of multiplication is defined, subject to the following properties (for all x, y, z €
A, o € R):

L (zy)z = z(y=);

2. 2(y+2z) =zy+axzand (z+y)z = xz + yz;
3. a(zy) = (ax)y = z(ay);

4 lzyll < [l lyll-

Throughout this paper, we shall assume that a Banach algebra A has a unit (i.e., a
multiplicative identity) e such that ex = xe = z for all x € A. An element x € A is said
to be invertible if there is an inverse element y € A such that xy = yz = e. The inverse of
z is denoted by 27!, For more details, we refer to [28].

The following proposition is well known (see [28]).

Proposition 2.1 Let A be a Banach algebra with a unit e, and x € A. If the spectral

radius r(x) of z is less than 1, i.e.,
r(z) = lim H:L‘”H% = inf H:L‘"H% <1,
n—00 n>1

then e — z is invertible. Actually,

(e—a) = Z .

Now let us recall the concepts of cone and semi-order for a Banach algebra A. A subset
P of A is called a cone if

1. P is non-empty closed and {6, e} C P;
2. aP + 8P C P for all non-negative real numbers «, [;
3. P2?= PP C P;

4 PN (=P)= {6},
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where 6 denotes the null of the Banach algebra A. For a given cone P C A, we can define
a partial ordering < with respect to P by z <y if and only if y —x € P. x < y will stand
for x < y and z # y, while z < y will stand for y — x € intP, where int P denotes the
interior of P.

The cone P is called normal if there is a number M > 0 such that for all z, y € A,

02z 2y=|af| <Myl

The least positive number satisfying above is called the normal constant of P.
In the following we always assume that P is a cone in Banach algebra A with intP # ()

and = is the partial ordering with respect to P.

Definition 2.1 (See [2], [3], [20], [21]) Let X be a non-empty set. Suppose the mapping
d: X x X — A satisfies

1. 0 =2d(x, y) for all x, y € X and d(z, y) = 0 if and only if z = y;
2. d(z, y) =d(y, x) for all z, y € X
3. d(z, y) 2d(z, z) + d(z, x) for all z, y, z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space over a Banach

algebra A.

Definition 2.2 (See [2], [3], [20], [21]) Let (X, d) be a cone metric space with a solid

cone P over a Banach algebra A, z € X and {z,} a sequence in X. Then

1. {x,} converges to x whenever for each ¢ € A with § < ¢ there is a natural number N

such that d(z,, ) < c for all n > N. We denote this by lim, ., z, = z or x, — =.

2. {z,} is a Cauchy sequence whenever for each ¢ € A with § < ¢ there is a natural
number N such that d(z,, z,,) < ¢ for all n, m > N.

3. (X, d) is a complete cone metric space if every Cauchy sequence is convergent.

Now, we shall appeal to the following lemmas in the sequel.
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Lemma 2.1 (See [12]) If E is a real Banach space with a cone P and if a < Aa with
a€ Pand 0 < \A<1,then a=40.

Lemma 2.2 (See [27]) If E is a real Banach space with a solid cone P and if 0 < u < ¢
for each 0 < ¢, then u = 6.

Lemma 2.3 (See [27]) If F is a real Banach space with a solid cone P and if ||x,| —
0(n — o0), then for any 6 < €, there exists N € N such that for any n > N, we have
T, K €.

Finally, let us recall the concept of quasi-contraction defining on the cone metric spaces

over Banach algebras, which is introduced in [21].

Definition 2.3 (See [21]) Let (X, d) be a cone metric space over a Banach algebra A.
A mapping T : X — X is called a quasi-contraction if for some k € P with r(k) < 1 and

for all z, y € X, one has
d(Tz, Ty) < ku,

where

u € {d(z, y), d(z, Tz), d(y, Ty), d(z, Ty), d(y, Tx)}.

Remark 2.1 (See [29]) If r(k) < 1, then ||| — 0(m — o0).

Lemma 2.4 (See [4]-[6], [23], [32]) Let = be the partial ordering with respect to P,
where P is the given solid cone P of the Banach algebra A. The following properties are
often used while dealing with cone metric spaces where the underlying cone is solid but
not necessarily normal.

(1) If u < v and v < w, then u <K w.

(2) If § 2 u < ¢ for each ¢ € int P, then u = 0.

(3) If a < b+ ¢ for each ¢ € intP, then a < b.

(4) If ¢ € intP and a,, — 6, then there exists ng € N such that a,, < ¢ for all n > ny.

(5) Let (X, d) be a cone metric space over a Banach algebra A, x € X and {z,} be a
sequence in X. If d(x,,z) < b, and b, — 0, then x,, — =.
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Lemma 2.5 (See [3]) The limit of a convergent sequence in cone metric space is unique.

Definition 2.6 (See [4], [11]) The mappings f,g: X — X are called weakly compatible,
if for every x € X holds fgr = gfx whenever fr = gx.

Definition 2.7 (See [4], [11], [14]) Let f and g be self-maps of a set X. If w = fx = gz
for some z in X, then x is called a coincidence point of f and g, and w is called a point of

coincidence of f and g.

Lemma 2.6 (See (See [4], [11], [14]) Let f and g be weakly compatible self-maps of a
set X. If f and ¢ have a unique point of coincidence w = fx = gz, then w is the unique

common fixed point of f and g.

Definition 2.8 (See [23] Let (X, d) be a cone metric space. A mapping f : X — X such

that, for some constant A € [0,1) and for every x,y € X, there exists an element

w e Clg;x,y) = {d(gz, gy), d(gz, fx),d(gy, fy),d(gz, fy),d(gy, fz)}

for which d(fx, fy) < Au is called a g-quasi-contraction, where g : X — X, f(X) C g(X).

Definition 2.9 Let (X, d) be a cone metric space over a Banach algebra A. A mapping
f X — X is called a generalized g-quasi-contractions of Perov-type, if there exist a
mapping ¢ : X — X with f(X) C ¢(X) and some A € P with r(\) € [0, 1), for all
x, y € X, one has

d(fz, fy) X M, (2.1)
where

u € C(g;7,y) = {d(gz, gy), d(gz, fr),d(gy, fy), d(gz, fy),d(gy, fz)}.

Definition 2.10 (See [30], [31]) Let P be a solid cone in a Banach space A. A sequence
{u,} C P is a c-sequence if for each ¢ > 0 there exists ng € N such that u,, < ¢ for n > ny.

It is easy to show the following propositions.
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Proposition 2.2 (See [30]) Let P be a solid cone in a Banach space A and let {u,} and
{vn} be sequences in P. If {u,} and {v,} are c-sequences and «, f > 0, then {au, + Sv,}

is a c-sequence.

In addition to Proposition 2.2 above, the following propositions are crucial to the proof

of our main results.

Proposition 2.3 (See [30]) Let P be a solid cone in a Banach algebra A and let {u,}
be a sequence in P. Then the following conditions are equivalent.

(1) {u,} is a c-sequence.

(2) For each ¢ > 6 there exists ng € N such that u, < ¢ for n > ny.

(3) For each ¢ > 6 there exists n; € N such that u, < ¢ for n > n;.

Proposition 2.4 (See [30]) Let P be a solid cone in a Banach algebra A and let {u,} be
a sequence in P. Suppose that k € P is an arbitrarily given vector and {u,} is a c-sequence

in P. Then {ku,} is a c-sequence.

Proposition 2.5 Let A be a Banach algebra with a unit e, P be a cone in 4 and =< be
the semi-order be yielded by the cone P. Let A € P. If the spectral radius r(\) of A is less
than 1, then the following assertions hold true.

(i) We have (e — A)~! = 6. In addition, we have § < A" < (e — A)7IA" < (e — A) 71\
for any integer n > 1.

(ii) For any u > 6, we have u A Au. Moreover, we have u A A" for any integer n > 1.

Proposition 2.6 (See [29]) Let (X, d) be a complete cone metric space over a Banach
algebra A and let P be the underlying solid cone in Banach algebra A. Let {z,} be a
sequence in X. If {z,,} converges to x € X, then we have

(i) {d(x,,x)} is a c-sequence;

(ii) for any p € N, {d(xp,z,4p)} is a c-sequence.

3 Main results

In this section, without the assumption of normality of the underlying cone, we give

some common fixed point theorems for generalized g-quasi-contractions of Perov-type with
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the spectral radius r(\) of the g-quasi-contractive constant vector A satisfying r(\) € [0, 1)

in the setting of cone metric spaces over Banach algebras.

Theorem 3.1 Let (X, d) be a cone metric space over a Banach algebra A and the un-
derlying solid cone P. Let the mapping f : X — X be the g-quasi-contractions of Perov-
type with the spectral radius r(\) of the g-quasi-contractive constant vector A satisfying
r(A) € [0, 1). If the range of g contains the range of f and g(X) or f(X) is a complete
subspace of X, then f and g have a unique point of coincidence in X. Moreover, if f and

g are weakly compatible, then f and g have a unique common fixed point in X.

We begin the proof of Theorem 3.1 with a useful lemma. For each xy € X, set gr1 = fxg
and gx,.1 = fx,. We will prove that {gz,} is a Cauchy sequence. First, we shall show
the following lemmas. Note that for these lemmas, we suppose that all the conditions in

Theorem 3.1 are satisfied.

Lemma 3.1 Forany N > 2 and 1 <m < N — 1, one has that
d(gzn, g7m) = Me — \)d(gz1, gx0). (3.1)

Proof. We now prove Lemma 3.1 by induction. When N =2, m =1, since f: X — X

is a generalized g-quasi-contractions of Perov-type satisfying (2.1), there exists

uy € C(g; w1, 20) = {d(921, g20), (g1, 922), d(g0, 921), d(g21, 921), d(920, gT2)}

such that
d(gxs, gr1) = Auy.

Hence, u; = d(gx1, gro) or uy = d(gxo, grs). (Note that it is obvious that uy # d(gz1, gxs)

since d(gxq, gr1) A Ad(9x1, gr2) and uy # d(gx1, gx1) since d(gx1, gxa) # 0.)
When uy = d(gz1, gxo), we have

d(gza, gz1) < Md(gzo, gz1) 2 A(e — X) " d(gz1, go).

When uy = d(gx2, gxo), then we have

d(gzs, gr1) =2 Ad(gTs, g10) = Md(972, 971) + d(g921, g20)]-

So we get
(6 - A)d(gx%gxl) j Ad(gxhgx())a

9
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which implies that
(g, gr1) = Me — A)~Hd(ga1, gzo).

Hence, (3.1) holds for N =2 and m = 1.
Suppose that for some N > 2 and for any 2 < p < N and 1 < n < p, one has

d(gy, gza) = e — N) " d(g1, gmo). (32)
That is,
d(gz,, gr1) = Me — A)"'d(gz1, gro), (3.2.1)
d(gz,, gT2) = Me — ) 'd(gz1, gxo), (3.2.2)
d(gxp, grp-1) = Ae — N)7'd(gz1, g0). (32p-1)

Then, we need to prove that for N+ 1> 2 and any 1 <n < N + 1, one has

d(gen i1, 97n) < Me — N) (g1, gzo). (3-3)
That is,
d(grni1,971) = Me — N td(gwy, gao), (3.3.1)
d(gani1, 92) = Me — N)Hd(gz1, go), (3.3.2)
d(gryi1,97n-1) = Me — N) (g1, gzo), (3.3.N —1)
d(gzn1, gzn) = Ae — )~ 'd(gz1, gxo). (3.3.N)

In fact, since f: X — X is a g-quasi-contraction, there exists

Uy € C(g;xN,SUo) = {d(ngyng)ad(ngangJrl)ad(ngagxl)?d(ngagx1>ad<gx07ng+l>}

such that
d(9$N+1>9371) = Auy.

If uy = d(gzn, gr1), then by (3.2.1) we have
d(gzy1,971) 2 A (e = A) (g, gao) X N(e — A)"Hd(gx1, gxo) = Ae — A) ' d(g71, g70)-
If uy = d(gxo, gx1), then we have
d(gn+1,971) = Ad(gry, gzo) = Ad(g1, gw0) X Ae — )~ d(g1, gao).

10
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If u; = d(gzn, gxo), then by (3.2.1) we have

d(9rn41, 971) = Ad(g9zN, gT0) = AMd(97N, g71) + d(g21, 970))

PN

AA(e — N)Hd(gz1, gxo) + d(gz1, gx0))
A (e = A7+ e)d(ga1, gao)
Ae = N)Hd(ga, o).

If uy = d(gzo, grn+1), then we have

d(gzn+1, 971) 2 Ad(g20, grNn+1) =2 A(d(920, g21) + d(9gT1, gTN11))-
Hence, we see
(e = N)d(gzn+1, gz1) = Ad(gzo, g21),
which implies that
d(grni1,971) = (e — N) "' Ad(gwo, g1).
Without loss of generality, suppose that u; = d(gxy, grys1). Since f: X — X is a

g-quasi-contraction, there exists us € C(g; xy_1,2n) such that

u = d(grN, grn41) < Aug,
where
Clg;on-1,2n) = {d(9xN-1,92N),d(92N-1,92N), d(9ZN, GTN+1),
d(Qfola 995N+1)7 d<g$N7 ng>}'

So, we get

d(ng—&-l?gxl) = Aul = AZUQ.

Similarly, it is easy to see that uy # d(gxy, gry) since us # 0 and us # d(gxy, gTN11)

since d(gxn, grni1) 2 Nd(gen, gTn+1).

If uy = d(gxn_1,9xn), then by the induction assumption (3.2) we have

d(grni1, g71) = Nuy =< X3(e — N) (g, gxo)
< X (e —\)"td(gz1, go)
=< Ae—N)"'d(gz1, gzo).

11
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Without loss of generality, suppose that uy = d(grn_1,92Nn41). There exists uz €
C(g; xN—2, ) such that

uy = d(gry_1,9TN11) 3 Aug,
where
Clgien—2,2n) = {d(9zn—2, 92N ), d(gTN-2, gTN-1), d(gTN, GTN+1),
d(9xn—-2,9TN+1),d(gTN, gTN-1)}.

In general, suppose that u;_1 = d(g9zn_i+2,9Tn41). Since f : X — X is a g-quasi-
contraction, by the similar arguments above, there exists u; € C(g; xy_;+1, xn) such that
Ui-1 = d(gTN-it2, gTN+1) = Ay,

for which we obtain
d(grni1, gz1) = g = Nup < -0 2 Ny,
where
C(g;n—iv1,n) = {d(9rN—it1, 9TN), A(GTN—i11, 9TN—i12), d(gTN, gTN11),
d(9rN-it1, 9TN+1), d(gTN, TN —it2)}-

Similarly, it is easy to see that u; # d(gzn,gxy41). This is because by Proposition
2.5(iil) we have
uy = d(gzn, grns1) AN (9T, 9TN41).
So we know that if u; = d(gzn_it1, 9xN) Or u; = d(gTN—i41, GTN—it2) OF U; = d(gTN, GTN—i+2)

then by the induction assumption (3.2) we have u; < M(e — \)~d(gz1, gxo). Hence,
d(gzni1, g21) 2 Nug 2 X e — N) (g, go)

A
()‘)Hl(e - A)*ld(gazl, go)
Me — N "td(gwy, gzo),

A

IA

which means that (3.3.1) holds true. Without loss of generality, suppose that u; =
d(grN_i+1,9xN+1). Then by the similar arguments as above we have u; =< Au;y1, where

uir1 € C(g;xN—i, xn). Hence, there is a sequence {u,} such that

d(gzni1,g71) = My = Nug < - MWy < Ay,

12
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where
un—1 = d(g22, gTN+1) = Aun

and

un € C(g;xl,fN) = {d(9$1,9$N)7d(9$1,9$2)7d(9$N,9$N+1)7d(gifN,g@)ad(99€179$N+1)}-

Obviously, uy # d(gz1,gxn41) and uy # d(gxy,grny1). On the contrary, if uy =

d(gz1,g9rny1), then uy = Muy, a contradiction. If uy = d(gxy,grny1) = ui, then we

have

uy = d(gzn, grns1) < Nug 2o LA Tuy g KA TRy,

a contradiction. Hence, it follows that uy = d(gx1,g9zy), uy = d(gx1,grs) Or Uy =

d(gxn, grs). By the induction assumption (3.2), in any case, we have
uy = Me — \) (g1, go).
Therefore, we get

d(grni1,971) = Aup = Nug < - < Ay
= AV (e — X) "' Ad(gx1, go)
= (MY (e — N ld(gay, gmo)
=< Xe— A)"'d(gay, gxo).

That is to say, (3.3.1) is true. By (3.5), we have
up = AN\ (e — \)7rd (g, go).
Thus,

d(9$N79$N+1) =u; X AN*l)\(e - /\)Ad(gﬂﬁy gxo)
= (NN (e = N~ d(gx1, gxo)
j )‘(6 - )\)_ld(g‘rh ng)v

which implies that (3.3.N) is true. Similarly, since
Uy = d(gTN-1,9TN+1), -+, Ui = A(GTN—iy1, JTN11); -
by (3.4) and (3.5) we get
w; =< AV uy < AT (e — X)) d(gay, gao).

13

660

(3.4)

(3.5)

ey

(3.6)

Shaoyuan Xu et al 648-671



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Hence, it follows from (3.6) that (3.3.2)-(3.3.N — 1) are all true. That is, (3.3) is true.

Therefore, we conclude that Lemma 3.1 holds true.
By Lemma 3.1, we immediately obtain the following result.

Lemma 3.2 For all 4,57 € N, one has
d(gi, grj) = Me — N~ d(gwo, go1). (3.7)

Now, we begin to prove Theorem 3.1. First, we need to show that {gz,} is a Cauchy

sequence. For all n > m, there exists
v € C(g;Tn—1, Tm—1) ={d(92n—1, 9Tm-1), d(gTn-1, gTn),
d(gxm,l, gmm)v d(Ql’nfla gl’m), d(gl’m,l, gxn)}

such that
d(fxn—la fxm—1> j )\Vl.

Using the g-quasi-contractive condition repeatedly, we easily show by induction that

there must exist
v € {d(gzi,92;) :0<i<j<n} (k=2,3,...,m)

such that
vp S A\ (B=1,2,...,m—1). (3.8)

For convenience, we write v,,, = d(gx;, gz;) where 0 <i < j <n.

Using the triangular inequality, we have
and by Lemma 3.2 we obtain

d(gxnagxm) - d(fxn—la fIm—l) j >\V1 j >\2V2 j e j )\mym
= A" (e — A)7 (g1, gwo).-

14
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Since r(A\) < 1, by Remark 2.1 we have that A™* (e — \)"td(gz1, go) — 0 as m — oo,
so by Proposition 2.4, it is easy to see that for any ¢ € int P, there exists ny € N such that

for all n > m > ny,
d(gn, grm) = A" e — N) 7 td(gzy, gz0) < C.

So {gz,} is a Cauchy sequence in g(X). If g(X) C X is complete, there exist ¢ € g(X)
and p € X such that gz, — ¢ as n — oo and gp = q.
Now, from (2.1) we get

d(frn, fp) 2 Av

where

v € C(g;2n,p) = {d(gn, gp), d(92n, frn), d(gp, D), d(g2n, f), d(f2n, gp)}-

Clearly at least one of the following five cases holds for infinitely many n.

(1) d(fzn, fr) = Ad(g2n, gp) = Ad(gTni1, gp) + Ad(gTpi1, 9Tn);

( ) (fl’n, fp) = /\d(gl’n, fxn) = /\d(gxn,gxn+1);

(3) d(fzn, fr) = Ad(gp, fp) = Ad(9Tnt1, gp) + Ad(gZpi1, [D),
that is, d(fz,, fp) < AMe —X)"'d(g2n41, 9p);

)
)
(
(4) d(fxp, fp) = Ad(g2n, fp) X Ad(gZni1, [P) + Ad(gTni1, g2n),
that is, d(fa,, fp) < AMe = A) ' d(gwni1, 920);
)

(5) d(fzn, f) 2 Ad(f2n, gp) = Ad(g2ni1, gp)-
As A < Ae—A)"! (since # < X and 7(\) < 1), we obtain that

d(gzns1, [2) =X AMe = N) 7 Hd(g2ns1, 92n) + d(gTnt1, q))-

Since gr,, — q as n — oo, we get that for any ¢ € int P, there exists n; € N such that

for all n > ny, one has
d(gxn-f—la fp) <.

By Lemmas 2.4 and 2.5, we have gz, — fp asn — oo and ¢ = fp.

Now if w is another point such that gu = fu = w, hence

d(w,q) = d(fu, fp) 2 v,

where r(A) € [0, 1) and

v e C(g;u,p) = {d(gu, gp), d(gu, fu),d(gp, fp), d(gu, fp),d(fu, gp)}.

15
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It is obvious that d(w, q) = 0, i.e., w = q. Therefore, ¢ is the unique point of coincidence
of f and ¢g in X. Moreover, the mappings f and g are weakly compatible, by Lemma 2.6
we know that ¢ is the unique common fixed point of f and g.

Similarly, if f(X) is complete, the above conclusion is also established.

According to Das-Naik version of the known theorem in the setting of metric spaces

from [33], we have following result similar to Theorem 3.1.

Theorem 3.2 Suppose one of the following conditions holds:

(1) As in Theorem 3.1, let (X, d) be a complete cone metric space over a Banach
algebra A. Assume one of f(X) or ¢g(X) is closed and the other conditions in Theorem
3.1 are not changeable;

(2) As in Theorem 3.1, let (X,d) be a complete cone metric space over a Banach
algebra A. Assume f, g are cone compatible and both continuous and the other conditions
in Theorem 3.1 are not changeable;

(3) As in Theorem 3.1, let (X,d) be a complete cone metric space over a Banach
algebra A. Assume f commutes with g, f or g is continuous (see Theorem 3.2 in Cvetkovi¢-
Rakocevi¢ [36]) and the other conditions in Theorem 3.1 are not changeable.

Then the conclusions of Theorem 3.1 are also true.

Proof. (1) The proof of this case is the same as that in Theorem 3.1.
(2) The sequence y, = fx, = gTpni1,Yn 7 Yns1 for all n € N converges to some z € X

as n — oo. Further, since fx, — z and gz, — z we get that

d(fz,92) <d(fz, fgxn) +d(f9rn, gfrn) +d(9f2n,92) = 04+0+0=0.

Hence fz = gz = w. Hence, f, g has (a unique) point of coincidence. Since f and g are
compatible then they are weakly compatible. Therefore by standard result they have a

unique common fixed point (in this case it is w).0

(3) Let g be continuous.
Then we get gy, — ¢z and fy, — gz since f commutes with ¢g. Indeed, fy, =

fgxn—O—l = gfyn—i-l — gz.

16
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So we get

d(fz gz)

PN

d(fz, fyn) +d(fyn,92)
= Au+d(fyn, 92),

where

u € {d(92,9yn) ,d (92, f2) ,d(gYn; fYn) A (92, fYn) , A (gYn, [2) + d (fyn,92)} -

If u=d(gz,9y,) or u=d(gyn, fyn) or d(gz, fy,), then we obtain that Au+d (fy,, gz) is
a c-sequence. This mens that fz = gz. If u = d(gz, fz) or u = d (gyn, f2) X d(gyn,9z) +
d(gz, fz) we get
d(fz,92) 2 Ad(g2, f2) + d(fyn, 92)
or
d(fz,92) X9z, fz) + Ad(gYn, 92) + d (fYn, g2) -
In both cases we have that

d(fz,gz) < (e — )\)_1 Cn,

where ¢, is a c-sequence. Hence, f, g have a unique point of coincidence. Since f commutes
with g then they are weakly compatible and by known result have a unique fixed point.

Now let f be continuous.

Again, fy, — fz and gy, = gfr, = f9r, = fyn._1 — fz.
Further we get

d(fz.,2) 2d(fz, fyn) + d(fYn: Yn) + d (Yn, V) -

Since d (fz, fyn) + d (Yn,y) = ¢, is c-sequence it is sufficient to estimate d (fyn, Yn) -
We have

d(fYn:Yn) = d(fYn, f0) 2 A,

where

u € {d(gyn, g7n), d(9yn, fym)  d(gTn, fn)  d(gyn, [Tn)  d (9T, fyn)}
= {d (fynfla yn71> ) d (fynfla fyn) ) d (fynfb yn) ) d (ynfla fyn> ) d (ynfb yn)} :

Now we get the following cases:

17
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D u=d(fyn-1,Yn-1). Then

d(fz,2) = cn+ M (fUn-1,Yn-1)
= e A A (fYn1, fy) +d(fy,y) +d (Y, Yn-1))

or

d(fz,2) = (e=N""en+ (e =N "M (ftno1, fy) + (e = N "M (Y, Y1)

= d, where d, is a new c-sequence.

D) u=d(fyn—1, fYn-1)

L) w = d (fyn-1,Yn)

IV) u=d(Yn-1, fyn)

V) u=d(Yn-1,Yn)

In all cases we obtained that fz = z.

For details see Theorem 3.2 in Cvetkovié¢-Rakocevié [36].

Corollary 3.1 Let (X, d) be a complete cone metric space over a Banach algebra .4
and let P be the underlying cone with £k € P. If the mapping 7' : X — X is a quasi-
contraction, then T has a unique fixed point in X. And for any z € X, the iterative
sequence {T"x} converges to the fixed point.

Proof. Set g = Ix, the identity mapping from X to X. It is obvious to see that
Theorem 3.1 yields Corollary 3.1.

Remark 3.1 Corollary 3.1 does not need to require the assumption of normality of the

cone P. So Corollary 3.1 improves and generalizes Theorem 9 in [21].

Remark 3.2 From the proof of Lemma 3.1, we note that the technique of induction
appearing in Theorem 3.1 is somewhat different from that in Theorem 9 from [21], and
also different from that in Theorem 2.6 from [11], which is more interesting and easily
to understood. In addition, the proof of Theorem 3.1 is a valuable addition to [9] since
Theorem 3.1 is a generalization of Theorem 3 from [9] but some main results in the proof

of Theorem 3 from [9] were not proved in general.

Remark 3.3 Taking F =R, P = [0,4+00), ||.|| = |.|,A € [0,1) in Theorem 3.1, we get
Das-Naik’s result from [33]; if g = Ix we get Ciri¢’s result from [13], both in the setting of

18
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metric spaces.

The following corollary is the Jungck’s result in the setting of cone metric spaces over

Banach algebras.

Corollary 3.2 Let (X,d) be a cone metric space over a Banach algebra .4 with the
underlying solid cone P. Let the mappings f, g : X — X satisfy the condition that
for A\ € P with (\) € [0, 1) and for every z,y € X holds d(fz, fy) < Ad(gz, gy). If
g9(X) C f(X) and g(X) or f(X) is a complete subspace of X, then f and g have a unique
point of coincidence in X. Moreover, if f and g are weakly compatible, then f and g have

a unique common fixed point.

The next result is the Banach contraction principle in the setting of cone metric spaces

over Banach algebras.

Corollary 3.3 (see [29]) Let (X,d) be a cone metric space over a Banach algebra A
the underlying solid cone P. Let the mapping f : X — X satisfy the condition that for
A € P with r(X) € [0, 1) and for every z,y € X holds d(fz, fy) = Ad(z,y) (namely, f is
a generalized Lipschitz contraction). If f(X) is a complete subspace of X, then f has a

unique point in X.

We will present an example to show that the results presented above are real general-

izations of the corresponding results in the literature.

Example 3.1 Let X = [1,00) and A be a set of all real valued function on [0, 1] which
also have continuous derivates on [0, 1] with the norm ||z|| = ||z|| + ||2||, and the usual
multiplication. Let P = {x € A:z(t) > 0,t € [0,1]}. It is clear that P is a nonrmal cone

and A is a Banach algebra with a unit e = 1. Define a mapping
d: X xX —A

by

d(z,y) (t) = |z —y|e".
We make a conclusion that (X,d) is a complete cone metric space over Banach algebra
A. Now define the mappings f,g : X — X by f(x) = 3z — 2,9 (x) = 4z — 3. Choose

19
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A(t) = 5t+32. Since f(X) C g(X) and 7 () = 2, thus, all the conditions of Theorem 3.1
are satisfied and consequently f and g have a unique comon fixed point = = 1. Indeed, for
x,y € X we can putting u (z,y) =d (g (x),g(y)) =4|x — y|. In this case we have

1 3 3 1 3
= —qylet < | = NVdlr—ylet e Z < —4 4 =
A @S ) =3lo—ale' < (G5t ) ale sl o § < e T
which is indeed true. On the other hand, we see that
flg(@) = f(dr—3)=3(4z—3)—2 =120~ 11 = 4(32 — 2) ~ 3 = g (f (2)),

that is, f commutes with g and other words f, g are weakly compatible.

Now let us estimate 7 (\) = lim,, oo ||)\”||% . Since

(1) = (1—12t+ %)n )y =1 (%t + Z)n_l,

we have (t =1)

5\" n /5\"" n /5\"' /12 5 n (5\"* 10
ai= () <5 (5) =5(G) (Ba+)-5() (+3)

Further we get
n—1 1
1 n\% (5\ * 10\~ 5
= ()T (1 0) L
X 12 (6) ( * n) 6

However, both f and g are not quasi-contraction. Indeed, for x = 2,y = 1 and for all
A with r () € [0,1), we get

d(f2, f1)(t) =d(4,1)(t) = 3" > A(t)u,
for all
u € {d(2,1)e,d(2,f2)e",d(1, f1)e',d(2, f1)€',d(1, f2) €'}
= {et,Qet,O,et,?)et} )
and similarly
d(g2,91)(t) =d(5,1)(t) =4e' > A (D) u
for all
u € {d(2,1)e,d(2,92) €', d(1,gl)e",d(2,91)€",d(1,92)€"}
= {et,36t,0,et,4et}.

Hence, Theorem 3.1 is a genuine generalization of Theorem 9 from [21].

20
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On some inequalities of the Bateman’s G —function
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Abstract
In the paper, we prove that the Bateman’s G—function satisfies the double inequality

2m 2m— 1
—1)Bay, —1)Ba,
Z I2n <G < Z $2n ’ m e N

with best bounds, where Bl.s are the Bernoulli numbers and we study the monotonicity of
some functions involving the function G(x). Also, we present some estimates for the error
term of a class of the alternating series, which improve and generalize some recent resutls
and we prove the increasing monotonicity of a sequence arising from computation of the
intersecting probability between a plane couple and a convex body.

2010 Mathematics Subject Classification: 33B15, 26D15, 41A80.
Key Words: Digamma function, Bateman’s G-function, sharp inequality, monotonicity,
alternating series, sequence.
1 Introduction.

The ordinary gamma function is defined by [3]
[(x) = / t"te7tdt, x>0
0

and the derivative of logI'(x) is called the digamma function and is denoted by ¥ (z). We can
considered to the gamma function, the digamma function and the the Riemann zeta function as
the most important special functions [5]. For more details on bounding the gamma function and
its logarithmic derivatives, please refer to the papers [2]-[5], [7], [8], [14]-[20] [22]-][26], [35]-[41]

!Permanent address: Mansour Mahmoud, Department of Mathematics, Faculty of Science, Mansoura Uni-
versity, Mansoura 35516, Egypt.
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and plenty of references therein.

The Bateman’s G—function is defined by Erdélyi [6] as

G(I)Z@D(x;l)—zb(g), T £0,-1,-2, ... (1)
which satisfies [6]:
Gu+wy+G@y:; @)
and
G(1 —z) 4+ G(x) = 2w csc(mx). (3)

The function G(z) can be defined by the hypergeometric function as
2
G(x) = — 2 F1(1, 21 + a;—1).
x
From the integral representation of the function ¢ (z) [3]

00 eft efxt
- S dt
s = [ (G- a0

we obtain the following integral representation

G(x)—/oo 2 dt x>0 (4)
Jy 14et '

The function G(z) is very useful in summing and estimating certain numerical and algebraic
series [27] . For example:

=~ (-1 1 _ (u
§sk‘+u_%c;<g>7 u#0,—s,—2s,... (5)

and its n'* partial sum is given by

I O R ICC CRPR)] T A

Qiu and Vuorinen [43] deduced the inequality

4(1.5 —log 4) < Ga) — 1 1 . 1 )

— < R
x2 x  2x?’ 2

Mahmoud and Agarwal [16] presented an asymptotic formula for Bateman’s G-function G(x)
and deduced the double inequality

Ga) - L« L 250 (8)
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which improve the lower bound of the inequality (7) and they posed a sharp double inequality
of the function G(x) as a conjecture. Mortici [21] established the inequality

O<w(x+u)—w(x)§¢(u)+7+%—u x>1; ue(0,1), 9)

where v is the Euler constant, which also improves the result of Qiu and Vuorinen. Also, Alzer
presented the double inequality [2]

L Aa(i2) = u(uiz) < ¥lo+u) = U(x) < = — Ay (i),

T T

where n > 0 be an integer, x > 0, u € (0, 1),

n—1
1 1
Az = (1—u) | ——
n(t;2) = (1 —u) u+n+1+z;(x+¢+1)(:p+z'—l—u)

and
1 (z + n)@m -0 (g 4 p 4 1)@tntlu

On(u; ) = 1
(u;2) stntu ° (x4 n + u)ztntu

In this paper, we prove the conjecture posed by Mahmoud and Agarwal [16] about a sharp
double inequality of the function G(x). We will study the completely monotonicity property of
some functions involving the Bateman’s G—function. Our results generalize and improve some
inequalities about the error term of a class of alternating series and will prove the main result of
[9] about the increasing monotonicity of a certain sequence .

2 Main results.

Theorem 1. The Bateman’s G—function satisfies

m

(22n _ 1)B2n (22m+2 _ 1)BQm+2

T nxn (m 4+ 1)z2m+2

0, m=123,.. (10)

where Bls are Bernoulli numbers, 0, is independent of x and 0 < 6y < 1.

Proof. Using the integral representation of the function G(z) and the formula [1]

1 1 o
—=—— | tle "t N
s (s—1)! /0 ¢ ’ ° €
we get
1 oo
G(z) — o= / tanh(t/2) e *'dt. (11)
0
We will apply a technique which used later by Qi and Guo [34]. By the expansion [1]
- 4t
tanh(¢/2) =
anh(t/2) — 2+ 722k — 1)?
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and the identity

At m 4(—1 n—1t2n—1 4(—1 mt2m+1 1
R orE) -1 Cmen
Pr k-1 e 2k — 12 | w2k — 1P P + (2 — 1)
we obtain
1)n71t2n71 4(_1)mt2m+1 1 .
Tt N.

/ (n: ok — 1) ek — P2k —1)2 ) © me

Now
n 1t2n 1 1 m 4(_1)n—1t2n—1 Con
D) REim S N §E S
k=1 n=1 n=1

where ((t) is the Riemann zeta function which satisfies [3]

(_1)8717.[.2822871

2s) = B, N.
C( S) (28)' 2 S €
Then
o m 4 n lt2n 1 m 2 22n_ B2n _—
Sy e W e
k=1 n=1 n=1
Also,
2, 4(—1)mg2ml 1 4(—1)mg2mtl & 1 1
Z 7r2§n(23€ —1)2m 2 + 12(2k — 1)2 - ( 7T2)m+2 (2k — 1)2m+2 2 m e N
k=1 k=1 <#—1)> +1
and hence
X g(_1)my2mtl 1 4(—1 mt2m+1 o
> S ~ A0S e meEN
72m(2k — 1)2m ¢2 + w2(2k — 1)2 r2m+2 (2k — 1)2m+2
k=1 k=1
where 0 < 6(t) < 1. Then
0 4(_1)mt2m+1 1 2(22m+2 _ 1)t2m+132m+2
= o(t 0<6(t)<1l, meN.
;ﬁm@k— 1)?m 2 4+ w2(2k — 1)2 (2m + 2)! ®), ®) "
(13)
Now
I &K2(2" — 1)By, /°° N 2(22™%2 — 1) Byyyi /00 il
Glz)—-=) —~— "= et O(t)t> e tdt. (14
() - Z (2n)! ; € + 2m 1 2)! ; (t) e (14)

Using the ordinary gamma function and its functional equation I'(n 4 1) = n! for n € N, we get

1 & (22" —1)By, (222 — 1) Bypis

G(z) — = = 6 N
(z) x ; n2n + (m + 1)x2m+2 b me
where 6, is independent of x and 0 < 6; < 1. ]
4
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Theorem 2 ([16], Conjecture 1). The Bateman’s G—function satisfies the following double in-
equality

2m 2m—1
(22" — 1) By, 1 (22" — 1) By,
n=1 n=1

with sharp bounds, where Bis are Bernoulli numbers.

Proof. The inequality (15) satisfies from the relation (10) and the following property of Bernoulli
constants [12]:

BQ7«+2 <0 and B2T+4 >0 fO?” r = 1,3, D, .en . (16)

Now, we will prove the sharpness of the inequality (15) using Mortici’s technique [25]. From the
definition [11], the asymptotic expansion of a function T'(z) of the form

o0

T(x)=K(z)+bo+ Y —’;

k=1

satisfies for every fixed r, that

lim ="
Tr—r00

T(z) — ( +b0+2—’;)]

Using the relation (10), we have

m—1

1 (22" —1)B (22m —1)B
. 2m 2n | 2m o
lim z - nzl na:Q" - — . om=1,2,3,.... (17)
If we have other constants hs, hy, hg, ... satisfy
2 1

th 1 h2z
ﬁ<G(x)_; Zx%’

=1 =1

4 3
h21 1 h?z
o <C@-o <) o

i=1 i=1

6 5
h21 1 h21
— < G(x) —— :
12 (l’) T 4 12 ’

=1 =1

etc. Then these inequalities give us that
lim, o 22 [G(z) — 1] = ho,
lim, o 2 [G(z) — L — Z—S} = hy, (18)
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etc. Comparing the relations (17) and (18), gives us that

(2% — 1) By;

hoj = -
! J

VjeN. (19)

This means that the constants w in the inequality (15) are the best. Also, the constant
one in the function G(z) — + can not be improved whatsoever, see [16]. O

Remark 1. As a special case of the inequality (15), we get

1 1 1 1 1 1
< G@)— < — o — 20
222 4ot (@) v S22 dpt e (20)
which improve the right hand side of the inequality (8) for # > 0 and its left hand side for

3
£E>\/;.

Lemma 2.1. For m € N, the functions

and .
1 = (22" —1)By,
e n?n

are strictly completely monotonic.

Proof. Using the relation (14), we have

1 (22 —1)By,  2(2272 — 1) By,
= Z m_ A 2t / O(t)t*m e dt.
xXr

— nx?n B (2m + 2)!
Then
d* 1 & (2" -1)B 2(22m+2 _ 1)B
k 2n | 2m~+2 2m+k+1 —at
“”w( SRR >— ey MG &

Using the Bernoulli number’s property (16), we get

(_1)1@% (G(az) _1_ ZM) >0

T = nxn
and .
d* I (22" —1)B,
1\ 2 _ - > T/ER
(—1) e (G(x) PRy e < 0.
O
6
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Corollary 2.2. For odd k, we have

2m—1 om
(220 — 1)(2n)(2n + 12)...(2n th= 1By _ GO (a) 1;11
nr<m x
n=1
2m 2n . .
- Z (2 1)(2n)(2n + 12)...(271 +k 1)Bgn; m=1.2.3 .
nx<n

n=1

and the inequality will reverse for even k's.

3 Applications

3.1 Bounds of the error of some alternating series

A series of the form
e
r=1
where a, > 0 for all r, is called an alternating series. By Leibnitz’s Theorem [11], the alternating

series converges if a, decreases monotonically and a, — 0 as r — co. Moreover, let S denote the
sum of the series and S, its n'" partial sum, then

|Sn — S| < ang1, n € N.

For further details about finding estimates for the error |S,, — S|, please refer to [13], [28]-[33].
The alternating series [10]

= (1 = (D n
Z ? =In2 and Z 1 1
k=1 k=1

presented early important results of the calculus. Kazarinoff [10] deduced the following error

estimates
1 (=) o7 1
n+2 ;27«—1 I “m-2 "° (21)
and
1 n (_1)r+1 1
— < —In2| < — eN 22
2(n+ 1) ; r e <o " (22)
by studying the function
w/4
E, = / tan” 0dd, n € N.
0
Téth [32] improved Kazarinoff’s estimates by
1 (-1 w 1
< —— < —, neN 23
dn + 219 -8 ;27“—1 4 4n (23)
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and
r+1
—1In2| <

Also, Téth and Bukor [33] shown that the best constants a and b such that the inequalities

on+1’

L ) AR > 1 (25)
—In n
2nta” | 2n + b’ -
hold are a = 211‘112 — and b= 1.

Koumandos [13] refined Kazarinoff’s estimate (21) by

1 (-1 ow 1
— < — - | < eN 26
4n+c_'2;2r—1 4 “dmra " (26)

where the constants ¢ = ﬁ — 4 and d = 0 are the best possible.

In [16], Mahmoud and Agarwal presented the following generalization

2(l+n)+3
4(l+n+1)2’

(27)

4(1+n)2+10(l +n)+9 22 )t
20+n+ 1[4l +n)2+8(1+n)+7T r—i—l

n+1

where [ > —n — 1 and —[ ¢ N. The double inequality (27) improved the two inequalities (25)
and (26) for n > 1.

Now, using (5) and (6), we have

e -1 r—1 —1)» 1
}:( ) :‘< )Gu+n+1ﬂ=—Ga+n+n, —1¢N. (28)
r=n+1 T+ l 2 2
Then our double inequality (15) will give us sharp bounds of the the error (> ., % , for
—1¢N.
Lemma 3.1.
2 227 — 1By, _ 2 WL 2(22 — 1)By,
z Sk Sl et <= N 29
n+Z r(l+n+ 1) ‘Z ‘ n+ r(l+n+1)¥ ne (29)

with sharp bounds, where |l > —n — 1 and —1 ¢ N.

Remark 2. The inequality (29) improve the inequalities (25) and (26) for special values of the
parameter [. Also, it is a generalization of the inequality (27).
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3.2 New proof of the increasing monotonicity of a sequence arising
from computation of the intersecting probability between a plane
couple and a convex body

The increasing of the sequence

was a question arises from computation of the intersecting probability between a plane couple
and a convex body [9]. To prove the increasing monotonicity of the sequences Py, Guo and Qi
9] studied equivalently the increasing monotonicity of the sequence

_ 1)

Qk

Qi, Mortici and Guo [42] investigated an asymptotic formula for the function

¢(t):2(1ogl“<%)—logf(é))—logt t>0

and proved some properties of the sequence Q. Also, Mahmoud [17] generalized some properties
of the function ¢(t) and answered about the two posed questions in [42] about the sequence Qy.

The first derivative of the function ¢(t) can be represented by

and then the function ¢/(t) is strictly completely monotonic, that is
(=) ()" >0, r=01,2...
Hence the function ¢(t) is increasing and also the function

_ 1)

Q(t)

since Q'(t) = Q(t)¢'(t). Then Q(t) is increasing function and hence the sequence @y, is increasing
sequence, which is the main result of [9].
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3-VARIABLE ADDITIVE p-FUNCTIONAL INEQUALITIES IN FUZZY
NORMED SPACES

JOONHYUK JUNG, JUNEHYEOK LEE*, GEORGE A. ANASTASSIOU, AND CHOONKIL PARK"*

ABSTRACT. In this paper, we introduce and investigate the following additive p-functional in-
equalities

in fuzzy normed spaces.
Furthermore, we prove the Hyers-Ulam stability of the above additive p-functional inequali-
ties in fuzzy Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

Katsaras [16] defined a fuzzy norm on a vector space to construct a fuzzy vector topological
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from
various points of view [10, 20, 44]. In particular, Bag and Samanta [2], following Cheng and
Mordeson [8], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric
is of Kramosil and Michalek type [19]. They established a decomposition theorem of a fuzzy
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3].

We use the definition of fuzzy normed spaces given in [2, 24, 25] to investigate the Hyers-Ulam
stability of additive p-functional inequalities in fuzzy Banach spaces.

Definition 1.1. [2, 24, 25, 26] Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for all z,y € X and all s,t € R,
(N1) N(z,t) =0 for t < 0;
(N2) x = 0 if and only if N(z,t) =1 for all ¢t > 0;
(N3) N(cz,t) = N(=x, |C|) if ¢ # 0;
(Ny) N(x 4+ y,s+1t) > min{N(z,s), N(y,t)};
( ) N(z,-) is a non-decreasing function of R and limy_o0 N(z,t) = 1.
Ng) for x # 0, N(z,-) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.
We know that N(—=z,t) = N(z,t) for all x € X by (IV3).

2010 Mathematics Subject Classification. Primary 46540, 39B52, 47TH10, 39B62, 2650, 47540.
Key words and phrases. Hyers-Ulam stability; additive p-functional inequality; fuzzy normed space.
*Corresponding author.
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The other properties of fuzzy normed vector spaces and examples of fuzzy norms are given in
[23, 24].

Definition 1.2. [2, 24, 25, 26] Let (X, V) be a fuzzy normed vector space. A sequence {z,} in X
is said to be convergent or converge if there exists an x € X such that lim, oo N(z, — x,t) =1
for all ¢ > 0. In this case, = is called the limit of the sequence {x,} and we denote it by
N-lim,, o0 Ty, = .

Definition 1.3. [2, 24, 25, 26] Let (X, N) be a fuzzy normed vector space. A sequence {z}
in X is called Cauchy if for each € > 0 and each ¢ > 0 there exists an ng € N such that for all
n > ng and all p > 0, we have N (2, 4p — 2, t) > 1 —c.

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy
normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is continuous
at a point zg € X if for each sequence {z,} converging to z¢ in X, then the sequence {f(zn)}
converges to f(zg). If f: X — Y is continuous at each z € X, then f: X — Y is said to be
continuous on X (see [3]).

The stability problem of functional equations originated from a question of Ulam [43]
concerning the stability of group homomorphisms. The functional equation f(z+y) = f(x)+f(y)
is called the Cauchy equation. In particular, every solution of the Cauchy equation is said to
be an additive mapping. Hyers [12] gave a first affirmative partial answer to the question of
Ulam for Banach spaces. Hyers’” Theorem was generalized by Aoki [1] for additive mappings
and by Th.M. Rassias [36] for linear mappings by considering an unbounded Cauchy difference.
A generalization of the Th.M. Rassias theorem was obtained by Gavruta [11] by replacing
the unbounded Cauchy difference by a general control function in the spirit of Th.M. Rassias’
approach. The functional equation f (M) = 5 Lf(x) + % f(y) is called the Jensen equation.
The stability problems of several functional equations have been extensively investigated by a
number of authors and there are many interesting results concerning this problem (see [7, 13,
15, 17, 18, 21, 31, 32, 33, 34, 37, 38, 39, 40, 41, 42]).

Park [29, 30] defined additive p-functional inequalities and proved the Hyers-Ulam stability
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces.

We recall a fundamental result in fixed point theory.

Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d
satisfies

(1) d(z,y) =0 if and only if z = y;

(2) d(z,y) = d(y,z) for all x,y € X;

(3) d(:c, z) < d(a:, y)+d(y, z) for all z,y,z € X.

Theorem 1.4. [4, 9] Let (X,d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element
x € X, either
d(J"z, J" ) = 0o

for all nonnegative integers n or there exists a positive integer ng such that

(1) d(J"x, J" ) < o0, Yn > no;

(2) the sequence {J"z} converges to a fixed point y* of J;

(3) y* is the unique fixed point of J in the set Y = {y € X | d(J™z,y) < oo};
(4) d(y,y*) < t2pd(y, Jy) forally € Y.

In 1996, G. Isac and Th.M. Rassias [14] were the first to provide applications of stability theory
of functional equations for the proof of new fixed point theorems with applications. By using
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fixed point methods, the stability problems of several functional equations have been extensively
investigated by a number of authors (see [5, 6, 23, 27, 28, 34, 35]).

Lemma 1.5. Let N(x,t) > N(Az,t) for all t > 0. Assume that X is a fizved real with || < 1.
Then x = 0.

Proof. Putting P\I% instead of ¢, we get

t t t
< AI"‘1> < AP A"

N(z.t) > N(:x|/\t|n>

for all positive integers n. Passing the limit n — oo, we get N(x,t) =1 by (N5), and so x = 0
by (N2). 0

So we get

In this paper, we introduce and investigate additive p-functional inequalities associated with
the following additive functional equations

flx+y+z)—flz)-fly) —f(z) = 0

2 (T34 2) = Sa) = f) ~20(2) = 0

2 (542 ) < S = f) - £ = 0

in fuzzy normed spaces.

Furthermore, we prove the Hyers-Ulam stability of the additive p-functional inequalities in
fuzzy Banach spaces.

Throughout this paper, assume that X is a real fuzzy normed space with norm N(-,¢) and
that Y is a fuzzy Banach space with norm N(-,¢).

2. ADDITIVE p-FUNCTIONAL INEQUALITY [

In this section, we investigate the additive p-functional inequality

(2.1) N(fl@+y+z) = f(z) = fly) = f(2),1)
> (o (21 (52 4 5) - @) - 500 - 21 o)

in fuzzy normed spaces. Assume that p is a fixed real number with |p| < 3.

Lemma 2.1. Let f: X — Y be a mapping satisfying (2.1) for all x,y,z € X. Then f: X =Y
is additive.
Proof. Letting x = y = z = 0 in (2.1), we get N(2f(0),t) > N(2pf(0),t) and so f(0) = 0 by
Lemma 1.5.

Replacing y by = and z by —zx in (2.1), we get N(f(z) + f(—=x),t) > N2p(f(z) + f(—x)),t)
and so f(—z) = —f(z) for all x € X by Lemma 1.5.

Replacing y by x and z by —2x in (2.1), we get

N(f(2z) = 2f(z),t) > N(2p(f(22) — 2f(2)),?)

and so f(2z) = 2f(x) for all z € X by Lemma 1.5.

Replacing z by —x — y in (2.1), we get

N(f(x+y) = fl@) = fy),t) =N (p(fle+y) = flx) = f).1)
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and so f(z+vy) = f(z) + f(y) for all z,y € X by Lemma 1.5.
Hence f: X — Y is additive. U

We prove the Hyers-Ulam stability of the additive p-functional inequality (2.1) in fuzzy Banach
spaces.

Theorem 2.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 satisfying

L
(p(wayvz) < 5@(2'1'7 22’4723) ’ SO(0,0,0) =0
forallx,y,z € X. Let f: X =Y be a mapping satisfying
(22)  N({f(e+y+z)—fl@)—fy) - f(2).1)

o (oo (557 49) 010 315) ).

for all x,y,z € X and all t > 0. Then A(z) := N-lim, o 2" f (2%) exists for each v € X and
defines an additive mapping A : X —'Y such that

(2 - 2L)t
(2 —-2L)t+ Ly(x,x,0)

(2.3) N (f(z) - Alx),t) =

forallx € X and all t > 0.

Proof. Letting x = y = z = 0 in (2.2), we get N(2f(0),t) > N(2pf(0),t) and so f(0) = 0 by
Lemma 1.5.
Replacing y by = and z by 0 in (2.2), we get

(2.4) N (f(2z) = 2f(x),1)

for all z € X.
Consider the set

>_ &
~t+o(z,x,0)

S:={g: X ->Y}

and introduce the generalized metric on S:

d(g,h) = inf {,u € Ry : N(g(z) — h(x), ut) , Vo e X,Vt > O} ,

>7
~ t+o(z,7,0)

where, as usual, inf ¢ = +o00. It is easy to show that (S, d) is complete (see [22, Lemma 2.1]).
Now we consider the linear mapping J : S — S such that

x
Jg(z) =29 (§>
for all z € X.
Let g,h € S be given such that d(g,h) =e. Then
t
N(g(z) — h(x),et) > W

for all x € X and all ¢ > 0. Hence

NUglo) - hantet) = N (20 () - 20 (5) zet) = (o (5) - (3) 5=
Lt

Lt Lt +
2 2
> > =
T S +9(5.5.0) T 5+ 5e(za,0)  t+e(z2,0)
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for all z € X and all £ > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg,Jh) < Ld(g, h)
for all g,h € S.
It follows from (2.4) that N (f(z) —2f (%), 5¢)

d(f,Jf) < 5.

By Theorem 1.4, there exists a mapping A : X — Y satisfying the following:

(1) A is a fixed point of J, i.e., A(%) = %A(m) for all x € X. Since f : X — Y is odd,
A: X — Y is an odd mapping. The mapping A is a unique fixed point of J in the set

M={geS:d(f,g) <oo}.

This implies that A is a unique mapping satisfying (2.6) such that there exists a u € (0,00)
satisfying N(f(x) — A(z), ut) > m for all z € X;;
(2) d(J™f, A) — 0 as n — oo. This implies the equality

_WforallxeXandallt>0 So

N- lim 2”f( ) = A(z)

n—o0

for all z € X;
(3) d(f,A) < L:d(f, Jf), which implies the inequality d(f, A) < 7%~. This implies that the
inequality (2.3) holds.

By (2.2),
V() ) ) s () )
2min {0 (270 (2 (75 ) <1 (50) 1 (30) ~21 (37)) )
tw(é‘;»%@,ﬁ)}

for all z,y € X, allt > 0 and all n € N.
Replacing ¢ by 2%, we get

Ve () G G -1 () )
o o1 (S5252) 1 (2) 1 (2) - (2)) )
;+&Z@%)}

for all z,y € X, all t > 0 and all n € N. Since lim,,_, W =1 for all z,y € X and all
277. 2n 1
t>0,

N(A(z+y+2z) — A(z) — A(y) — A(2),t)

2N(p<2A< '2“/+ ) A(m)—A(y)—QA(z)),t)

for all z,y € X and all t > 0. By Lemma 2.1, the mapping A : X — Y is Cauchy additive, as
desired. g
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Theorem 2.3. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 satisfying
T Y 2

s J <2L (77777)5 s Uy =

plz,y,2) <2Lp (5. 5,5 ), #(0,0,0)=0

for all z,y,z € X. Let f : X — Y be a mapping satisfying (2.2). Then A(x) := N-

limg, oo 2% f(2"x) exists for each x € X and defines an additive mapping A : X — Y such
that

(2—-2L)t
(2—-2L)t+ ¢(z,x,0)

(2.5) N (f(z) = Alx),t) =

for all z € X and all £ > 0.

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
It follows from (2.4) that f(0) =0 and

t
N 20) =2f@)0) > e

for all z € X. Consider the linear mapping J : S — S such that Jg(z) := 3g(2z).

t
N @) = 1@ 0 = o)

So, we can get d(Jf, ) > %
The rest of the proof is similar to the proof of Theorem 2.2. O

Lemma 2.4. Let f: X — Y be a mapping satisfying

(26) fla+y+2) = 1) - 1)~ 1) = (2 (T3 +2) = 1) = F0) - 2702))
forallx,y,z € X. Then f: X — Y is additive.

Proof. Letting z =y =2z =01in (2.6), we get —2f(0) = —2pf(0) and so f(0) = 0.

Replacing y by = and letting z = 0 in (2.6), we get f(2z) — 2f(x) = 0 and so f(2z) = 2f(x)
for all z € X.

Letting z = 0 in (2.6), we get

)= 1@ - 1) = (26 (S52) = 1) = 1)) = ol fla ) = )~ 1)
and so f(z+vy) = f(z)+ f(y) for all z,y € X. O

Now, we prove the Hyers-Ulam stability of an additive p-functional inequality associated with
(2.6) in fuzzy Banach spaces.

Theorem 2.5. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 satisfying

plw,9,2) < Tp(2r,2,2), $(0,0,0)=0
forallx,y,z € X. Let f: X =Y be a mapping satisfying
(2.7) N((flz+y+2z)—flx) = fly) - f(2)
(20 (B3 2) - @) - ) =21 ) 2

T t+e(r,y,2)
for all z,y,z € X and all t > 0. Then there exists an unique additive mapping A : X — Y

satisfying (2.3).
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Proof. Letting x =y = z = 01in (2.7), we get N(2(1 — p)f(0),t) = 1. So f(0) = 0.
Replacing y by = and z by 0 in (2.7), we get

(2.8) N(f(2z) —2f(z),t)
for all z € X. So

>7
~ t+o(z,7,0)

t t

N (f@)—27 (5) 1) 2 (025,00~ 11 Lo(a,2,0)

for all z € X. Consider the linear mapping J : S — S such that Jg(x) = 2¢ (%)

t
N @ =I5t 2 o)

and so d(f, Jf) < &
The rest of the proof is similar to the proof of Theorem 2.2. O

Theorem 2.6. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 satisfying

r Yy z
s Y <2L (77717)1 s Uy =
plz,y,2) < 2Lp (5,55 )»#(0,0,0) =0

for all z,y,z € X. Let f: X — Y be a mapping satisfying (2.7). Then there exists an unique
additive mapping A : X —'Y satisfying (2.5).

Proof. Tt follows from (2.8) that f(0) = 0 and

t
NS (o) = 2f(@)1) 2 7r =

for all x € X. Consider the linear mapping J : S — S such that Jg(x) = %9(21').

t
N @) =10 = 7o)

So, we can get d(f, Jf) > 3
The rest of the proof is similar to the proof of Theorem 2.2. O

3. ADDITIVE p-FUNCTIONAL INEQUALITY [[]

In this section, we investigate the additive p-functional inequality

(3.) N (26 (5 4 2) - f) - 1) - 211

> (o (2 (5E) - £ - 1) - 1)) 1)

in fuzzy normed spaces. Assume that p is a fixed real with |p| < 1.

Lemma 3.1. Let f : X = Y be a mapping satisfying (3.1) for all z,y,z € X. Then f: X =Y
is additive.

Proof. Letting x = y = z = 0 in (3.1), we get N(2f(0),t) > N(pf(0),t) and so f(0) = 0 by
Lemma 1.5.

Replacing z by z and letting y = 0 in (3.1), we get N(2f (37‘”) —3f(ac),t) = 1 and so
f(32) =3 f(x) for all z € X by Lemma 1.5.

Replacing y by = and z by x in (3.1), we get N (2f(2x) — 4f(x),t) = 1 and so f(2z) = 2f(x)
for all x € X by Lemma 1.5.
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Replacing y by —z and z by y in (3.1), we get

N (f(z) + f(=x),t) = N (p (f(2) + f(=2)), 1)

and so f(—z) = —f(z) for all x € X by Lemma 1.5.
Replacing z by —z — y in (3.1), we get

N (f(z+y) = f(@) = f(¥),t) 2 N(p(fz+y) — flz) — f(y)).1)
and so f(x +y) = f(z)+ f(y) for all 2,y € X by Lemma 1.5. So f: X — Y is additive. O

We prove the Hyers-Ulam stability of the additive p-functional inequality (3.1) in fuzzy Banach
spaces.

Theorem 3.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 satisfying

2 3 3 3
< — — — — —
pla,y,2) < 3Ly <21‘,2y,2z>, ©(0,0,0) =0

forallx,y,z € X. Let f: X =Y be a mapping satisfying

(32) N (2f (m;” n ) @) - fy) - 2f<z>,t)

. min{N (p (2f ("’”;/““) — f@) = fy) - f(Z)) at> W}

forall x,y,z € X and allt > 0. Then A(z) := N-lim,_,o 2" f (2%) exists for each r € X and
defines an additive mapping A: X —'Y such that

(3—3L)t
(3 —3L)t+ Lp(z,0,z)

(3.3) N (f(z) = A(x),t) =

forallx € X and all t > 0.

Proof. Letting x = y = z = 0 in (3.2), we get N(2f(0),t) > N(pf(0),t) and so f(0) = 0 by
Lemma 1.5.
Replacing y by 0 and 2z by =, we get

(3.4) N <2f <2x> - 3f(x),t> > w
for all x € X.
Consider the set
S={g: X ->Y}
and introduce the generalized metric on S:
d(g,h) = inf {,u € Ry : N(g(z) — h(x), ut) > T o(@.0.2) Vo e X,Vt > O} ,

where, as usual, inf ¢ = 4+00. It is known that (S, d) is complete.
Now we consider the linear mapping J : S — S such that

To(e) = g (;)

for all z € X.
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Let g, h € S be given such that d(g,h) = . Then N(g(x)—h(z),et) >
and all ¢ > 0. Hence

N(Jg(x) — Jh(z), Let) = N <gg <§x) - gh <§x> ,Let> _N <g <§x> _h <§9§) ,§L5t>
2Lt 2Lt "

3 > 3 —

mforallwé)(

for all z € X and all ¢ > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg,Jh) < Ld(g, h)

for all g,h € S.
It follows from (3.4) that

N <f(93) - 37 @) gt) > W

for all z € X and all t > 0. So d(f, Jf) < £.

By Theorem 1.4, there exists a mapping A : X — Y satisfying the following:

(1) A is a fixed point of J, i.e., A (3z) = 2A(z) for all z € X. Since f : X — Y is odd,
A: X —Y is an odd mapping. The mapping A is a unique fixed point of J in the set

M={ge S:d(f g) < oo}

This implies that A is a unique mapping satisfying (2.6) such that there exists a p € (0,00)

satisfying N(f(z) — A(z), ut) > m for all x € X

(2) d(J™f, A) = 0 as n — oo. This implies the equality

() ()
for all x € X;

(3)d(f,A) < ﬁd(f, J f), which implies the inequality d(f, A) < ﬁ This implies that the
inequality (3.3) holds.
By (3.2),

(G) [ (G) (57)) o (G) =) o () )2 (G) )
= (3) o[ ((5) 57) () )] (2) )

¢
t+e((3) = (3)" v, (3)"2) }

forall z,y € X, all ¢t >0 and all n € N.
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Replacing t by 2%, we get that

(B ) ) )
o (b () 5) () o

2\

for all z,y € X, all t > 0 and all n € N. Since lim,_,~ (SL) . =1forall z,y € X
3 (T) W(Izyaz)

and all ¢ > 0,

N<z4(x;y+z)_A@g_A@)—zM@¢>

>N <p <2A <x+2y+z> — Alz) — Aly) — A(z)> ,t>

for all z,y € X and all t > 0. By Lemma 2.1, the mapping A : X — Y is Cauchy additive, as
desired.
The rest of the proof is similar to the proof of Theorem 2.2. O

Theorem 3.3. Let ¢ : X? — [0,00) be a function such that there exists an L < 1 satisfying
3 2 2 2
< Lol Zx 2y = —
p(2.y.2) <5 w(sm,3y73z>, ©(0,0,0) =0
for all z,y,z € X. Let f : X — Y be a mapping satisfying (3.2). Then A(x) := N-

limy, 00 (%)nf ((%)nx) exists for each x € X and defines an additive mapping A : X - Y
such that

(3—3L)¢

(3.5) N (@) =A@ ) 2 Gar o 0.7)

forall z € X and all t > 0.

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 3.2. It follows
from (3.4) that f(0) =0 and

t

3
N|2f(=x)—3 t] > —F+—
( I (2:6) J) > T t+o(x,0,2)
for all x € X. Consider the linear mapping J : S — S such that Jg(z) := %g (

t
NUF@) =10 2 o on 20

(oY)

7).

So, we can get d(Jf, f) > %
The rest of the proof is similar to the proof of Theorem 3.2. O

From now on, we investigate another additive p-functional inequality

(3.5 N (27 (P2 - p@) - ) - 1)

>N (p <2f (9” oy ) — f@) — ) - 2f<z>> ,t)

in fuzzy normed spaces. Assume that p is a fixed real with |p| < %

693 JOONHYUK JUNG et al 684-698

}



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

ADDITIVE p-FUNCTIONAL INEQUALITIES IN FUZZY NORMED SPACES

Lemma 3.4. Let f: X — Y be a mapping satisfying (3.6) for all x,y,z € X. Then f: X - Y
is additive.

Proof. Letting z =y = z = 0 in (3.6), we get N(f(0),t) > N(2|p|f(0),t). and so f(0) = 0 by
Lemma 1.5.

Letting z = y = 0 in (3.6), we get NV (2f (%) — f(z),t) =landso f(3) = %f(x) forall x € X.

Replacing z by —z — y in (3.6), we get

N(f(=z—y)+ f(@)+ f(y),t) > N (p(f(~z —y) + f(z) + f(y)),1)
and so
f(mz—y) = —f(z) - f(y)

for all z,y € X.

Letting y = 0 in (3.6), we get f(—z) = —f(z) for all z € X.

Thus f(x)+ f(y) = —f(—z—y) = f(x+y) for all z,y € X. Hence f : X — Y is additive. O

4. ADDITIVE p-FUNCTIONAL INEQUALITY [1]

In this section, we investigate the additive p-functional inequality

(4.1) N (flaty+2) — F(x) - ) - F(2).0)
> (o (2 () - @ - 1) - 1)) 1)

in fuzzy normed spaces. Assume that p is a fixed real with |p| < 1.

Lemma 4.1. Let f: X — Y be a mapping satisfying (4.1) for all x,y,z € X. Then f: X =Y
is additive.

Proof. Letting x =y = z = 0 in (4.1), we get N(2f(0),t) > N(pf(0),t). and so f(0) = 0 by
Lemma 1.5.
Replacing z by —z — y in (4.1), we get

N(f(z)+ f(y) + f(—z —y),t) = N(p(f(z) + f(y) + f(—z —y)),t)

and so

(4.2) f@)+fly) +f(—x—y)=0

for all z,y € X.
Letting y = —x in (4.2), we get f(—z) = —f(z) for all z € X.
Thus f(x)+ f(y) = —f(—x—y) = f(x +y) for all z,y € X. So f: X — Y is additive. [

We prove the Hyers-Ulam stability of the additive p-functional inequality (4.1) in fuzzy Banach
spaces.

Theorem 4.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 satisfying

p(z,y,2) < gso(293,2y, 2z),¢(0,0,0) =0
forall z,y,z € X. Let f: X =Y be a mapping satisfying
(43) N(f(e+y+2)—flz) - fly) = f(2),1)

s {5 (o (2 (25252) - 10 100 50) 1) 1
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forall x,y,z € X and allt > 0. Then A(z) := N-lim,_,o 2" f (2%) exists for each v € X and
defines an additive mapping A: X —'Y such that
(2 — 2L)t

(4.4) N (f(z) = Al2), 1) = (2—2L)t + Lo(z,x,0)

forallx € X and all t > 0.

Proof. Letting x = y = z = 0 in (4.3), we get N(2f(0),t) > N(pf(0),t) and so f(0) = 0 by
Lemma 1.5.
Replacing y by z and letting z = 0 in (4.3), we get

t
(4.5) N (f (2x) = 2f(z),t) > m

for all z € X.
Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Consider the linear mapping J : S — S such that Jg(z) = 2¢ (%). Then

t t
N(fw) = Jf(@).1) 2 49 (5.3.0) = 1+ b, 2,0)

So d(f, Jf) < §.
The rest of the proof is similar to the proof of the Theorem 2.2. OJ

Theorem 4.3. Let ¢ : X3 — [0,00) be a function such that there exists an L < 1 satisfying
Ty z

IR <2L (73777)7 s Uy =
plz,y.2) <2Lp (5. 5,5 ), #(0,0,0)=0

for all z,y,z € X. Let f : X — Y be a mapping satisfying (4.3). Then A(x) := N-
limy, 00 2inf(Q”x) exists for each x € X and defines an additive mapping A : X — Y such
that

(2 - 2L)t

(4.6) N (@) =A@ 2 5 o)

forallx € X and all t > 0.

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.

It follows from (4.5) that f(0) = 0 and
N(f(2z) —2f(x),t) > W

for all x € X.
Consider the linear mapping J : S — S such that Jg(z) = %g(Zm). Then

2t ¢
NU@ = J1@0) 2 5 20) 2 15 S 2,0)

Sod(f,Jf) < % The rest of the proof is similar to the proof of the Theorem 4.2. O
Lemma 4.4. Let f: X — Y be a mapping satisfying

47 Sy = fa) = 1) - 56) = (2 (ZHEE) = f) - 1) - 1))

forallx,y,z € X. Then f: X — Y is additive.
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Proof. Letting x =y =z = 01in (4.7), we get —2f(0) = —pf(0) and so f(0) = 0.

Replacing y by x and letting z = 0 in (4.7), we get f(2z) — 2f(z) = 0 and so f(2z) = 2f(x)
for all z € X.

Letting z = 0 in (4.7), we get

Fat i) = 1)~ 1) = p (27 (5 ) = ) - 1)) = plfa+9) = )~ )
and so f(z +y) = f(z)+ f(y) for all z,y € X. O

Now, we prove the Hyers-Ulam stability of an additive p-functional inequality associated with
(4.7) in fuzzy Banach spaces.

Theorem 4.5. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 satisfying

L
olx,y,z) < 5@(256, 2y,2z), ¢(0,0,0)=0
forallx,y,z € X. Let f: X =Y be a mapping satisfying

(4.8) N((fx+y+2z)— fl@)— fly) - f(2)
THy+z ¢
—pl2r (222 — fa) — fly) — P>t
p (2 (FEE) - 1@ - ) - 50 ) 1) 2 o

for all z,y,z € X and all t > 0. Then there exists an unique additive mapping A : X — Y
satisfying (4.4).
Proof. Letting x =y = z =0 in (4.8), we get N((2 — p)f(0),¢) = 1 and so f(0) = 0.

Replacing y by z and letting z = 0 in (4.8), we get

t

4. N (f (2z) — 2 >
(49) (F (20) = 2f(@)t) >
for all x € X.

Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Let Jg(z) =2g (%). Then

t t
N(f(z) = Jf(x),t) > t+ (%,%,0) = t+ Lp(z,2,0)

So d(f,Jf) < &.
The rest of the proof is similar to the proof of Theorem 4.2. O

Theorem 4.6. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 satisfying
Ty z
RS <2L <77777>7 s Uy =
plz,y,2) <2Lp (5. 5,5 ), #(0,0,0)=0
for all xz,y,z € X. Let f: X — Y be a mapping satisfying (4.8). Then there exists an unique
additive mapping A : X —'Y satisfying (4.6).
Proof. 1t follows from (4.9) that f(0) =0 and
t
N(f(2z) - 2f(zx),t) > —
(f @0) =2f(@).0) > o
for all x € X.
Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Consider the linear mapping J : S — S such that Jg(z) = 3g(2x). Then

2t ¢
N(f(z) = Jf(z),t) = 2t + o(x, z,0) = t+ %90(33,%0)
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Sod(f,Jf) < 3.
The rest of the proof is similar to the proof of Theorem 4.2. O
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Abstract

Directly from Benenti’s theorem, which characterizes separability with one single Killing tensor, we adopt an
algorithm to execute the task of separability test. The algorithm is applied to generalized quartic and quintic
polynomial potentials as well as some multi-separable systems on (pseudo)-Euclidean spaces. It yields many
well-known integrable systems in a unified and straight manner, in contrast to some complicated techniques
employed in the literature to derive them.

Keywords: completely integrable system; separable system; Killing two-tensor; Hénon-Heiles systems

1. Introduction

Finite dimensional completely integrable system has always attracted much attention. Recently authors
adopted various methods or perspectives to investigate them. Prominent of all, are the separability theory
of Hamilton-Jacobi equation [1], the approach of Lax representations [2], and the bi-Hamiltonian theory
[3, 4] among others (see e.g. the references above and therein).

For a given Hamilton system finding canonical separation coordinates is very non-trivial. The above
approaches can partly solve this problem. Sklyanin developed a method based on a Lax pair [5]. The
separable coordinates are obtained from the spectrum of the Lax operator. Another approach is based on
the existence of a bi-Hamiltonian representation [6, 4]. The separable variables, called Darboux-Nijenhuis
coordinates, are related with the recursion operator constructed from the Poisson pencil.

For a generic system there is no intrinsic criterion of the existence of a Lax or bi-Hamiltonian formulation.
Benenti [7, 8] has developed an intrinsic characterization for a Hamiltonian system being separable (see
Theorem 1). It is based on geometric properties of the Killing tensors corresponding to the first integrals
of the system. We can make a comparison of these approaches to the separability of the Hamilton-Jacobi
equation. While the technique based on the Lax or bi-Hamiltonian formulation may be more effective in
studying particular examples (for which such formulation has been found beforehand), the Benenti approach
is more rigorous from the mathematical point of view.

Though integrability does not necessarily imply separability, the separable class constitute the vital
examples among all integrable systems. Directly from Benenti’s theorem, we can adopt a strategy to cope
with the problem of separability test. We present this method as an executable algorithm, which are
especially applicable to families of Hamiltonian systems containing some numeric constants. In this paper
we employ this algorithm to test several natural systems, recovering some known models obtained by other
approaches such as Painlevé analysis or differential Galois theory [9].

This paper is organised as follows. In Section 2, some basic concepts in Killing tensors method of H-J
separability are reviewed, then based on it we suggest an executable algorithm to make concrete separability
test. The algorithm is, in Section 3, applied to test several potentials, including inhomogeneous quartic
polynomial potential, homogeneous quintic potential, as well as some multi-separable systems on Euclidean
and Minkowski planes. These will yield many well-known integrable systems in a unified and straight
manner, in contrast to complicated techniques employed in the literature. The last section is devoted to
some concluding remarks.
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2. The Geometric Method to Variables Separation and an Executable Algorithm

We briefly recall some necessary facts about the separation of variables method, considered in the frame-
work of symplectic geometry. Let (M,w) be a symplectic manifold with symplectic form w. Then the
Poisson bivector is P = w™!. Note here we view w (and P) as transformation taking vector field to one-form
(and vice-versa, respectively). It is well known that the Schouten bracket vanishes, [P, P] = 0.

Let (¢,p), ¢ = (q1,---,qn), P = (P1,...,Pn) be the (local) canonical coordinates on M, then the
Poisson bivector is P = Y | ai% A aim. The Hamiltonian vector field corresponding to a smooth function
H = H(q,p) is defined as Xy = PdH. The triple (M, P, H) is called a Hamiltonian system.

In this paper we will focus on Hamiltonian system in the setting of Riemannian geometry. That is
to say, the phase space is the cotangent bundle T*M of some (pseudo)-Riemannian manifold (M, g). We
remind that we are finding separable coordinates related to the original physics coordinates (q,p) via a
point transformation. In the setting of Riemannian geometry a natural Hamiltonian H = T + V takes the
form as follows

"1 ..
H=>" 3G (@) pipj +V(q) (2.1)
i,j=1
where G is the inverse of metric g and V(q) the potential. The classical Hamilton-Jacobi equation reads
n 1 B
D S GTOW WV =E (2:2)
i,j=1

where E is the constant of conserved energy (Hamiltonian). It is a first-order partial differential equation
of the unknown W.

Definition 1. The Hamiltonian H (2.1) is separable in the canonical variable (q,p), if the Hamilton-Jacobi
equation (2.2) admits a complete integral of additive form

W(q, a) = Zi:l Wl(q 7a)7 (23)
where o = (au, . .., o) are integration constants, such that det [agfav‘;i} # 0. The variables (g, p) are called

separable variables.

It is well known that the n first integrals obtained by solving the Hamilton-Jacobi equation (2.2) are either
quadratic or linear in momenta and thus correspond to Killing 2-tensors or Killing vectors, respectively.

Definition 2. A Killing tensor K of valence p defined on (M, g) is a symmetric (p,0)-tensor satisfying the
Killing tensor equation

where [, ] denotes the Schouten bracket.

All Killing p-tensors constitute a vector space KP(M). For manifold of constant curvature its dimension
attains the maximum, see e.g. [10].

Separability of the natural Hamiltonian H = T+ V depends on the Killing 2-tensor of the underlying
manifold (M, g). This idea, due to Eisenhart, has been extensively exploited by many authors, see e.g.
[11, 12]. The intrinsic criterion given by Benenti [7, 8] allows one to characterize separability by a single
Killing 2-tensor (orthogonal case), or a Killing 2-tensor together with an abelian algebra of Killing vectors
(non-orthogonal case). Here we focus on the orthogonal case since it is more common.

Theorem 1 (Benenti). A Hamiltonian H = T + V is separable in some orthogonal coordinates if and
only if there exists a Killing 2-tensor K with pointwise simple and real eigenvalues, orthogonally integrable
etgenvectors and such that

d(KdV)=0. (2.5)
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The (0, 2)-tensor K is called characteristic Killing tensor. On a Riemannian manifold it can be viewed
as (2,0)- or (1,1)-tensor by lowering or raising indices via metric g or G. Here K in (2.5) is seen as a
(1,1)-tensor which takes a one-form to another. In local coordinates (2.5) entails the following one-form is
closed,

KdV = Zi 5 9 K’ 9,V dg'. (2.6)

This theorem elegantly and intrinsically characterizes the orthogonal separability of the natural Hamil-
tonian (2.1). Often in the literature one is faced with a general system with some parameters involved in
the Hamiltonian. Many sophisticated methods have to be invented and applied to identify the rare cases
which are separable, or integrable. We will revisit some of these examples in later sections.

From the Benenti’s theorem 1 we come up with an approach to deal with the problem of searching for
separable case of parameters, presented by an Algorithm as below:

Algorithm. Let H be a natural Hamiltonian with potential V(q; a;) defined on some pseudo-Riemannian
manifold (M, g), where a;’s are some constant parameters. The special values of parameters, that guarantees
the system H is H-J separable, are achieved during execution of the algorithm.

Begin.

Step 1. For the pseudo-Riemannian manifold (M, g), using the Killing tensor equation (2.4) to calculate
the general Killing 2-tensor K. All of them constitute a vector space K?(M) of dimension d. The
expression of a general Killing 2-tensor is K = Z?Zl C;K;, where (K;) is the basis, C; € R.

If d < dim(M), then by theorems due to Kalnins & Miller [11] there exists no separable potential —
Stop.

Essentially, this step is a pure problem of differential geometry.

Step 2. The Killing tensor K obtained above is of covariant (2,0)-type. Using metric g, transform it to a
(1,1)-tensor K which can be regarded as an endomorphism of the cotangent bundle 7M.
By abuse of notation we use K to denote the new tensor below. Note that in matrix form K is always

symmetric, K is not so in general.

Step 3. Insert the (1,1)-tensor into the core equation (2.5). The vanishing of form d(KdV') entails the
vanishing of all its coefficients. Thus a system of equations involving variables ¢; and constants a;, C;
follows, which are usually (or can be transformed to) polynomials of g.

Simplify this system of equations, eventually we obtain algebraic equations of the parameters a;, C;
only. Solve the system of algebraic equations. The obtained solutions are candidates of separable
cases.

Step 4. Substitute the C;’s back into the general expression of Killing tensor. Calculate its eigenvalues and
eigenvectors. Check whether they satisfy the additional condition in Benenti’s theorem. These gives
the complete set of all separable cases.

Step 5 (Optional). For a separable case, by using the eigenvalues and eigenvectors obtained in step 4, we
can figure out which concrete coordinate system permits the separability of the corresponding system.
(see e.g. [12])

End.

3. Applications

In this section, we first review the Killing vectors (tensors) of E? (see e.g. [13]), then we use them to
make a detailed analysis of several systems involved with some constants.
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In the situation of E? we will write the familiar (z,y) for (¢*,¢?), and (ps,py) for (p1,p2), here (z,y) is
the usual Cartesian coordinate. The space of Killing vectors has dim K (E?) = 3 with a basis [13] being

0z,0, (two translations), YOy — x0, (rotation) (3.1)

where we adopt the notation 0, = 2, 9, = 6%. The second space K2(E?) has a basis [13]

K; = 892:1 Ky = 857 K3 = 0,0y + 9,0, (=G),
Ky =—2y0?+ 20,0, + 19,0, Ks= -2z 8; +y 0p0y + y 0yOy, (3.2)
K¢ =202 + 22 8; — 2y 0,0y — 2y 00y

So the expression for a general Killing 2-tensor is

6
K=)  CK;=(Coy’~2Csy+C1) 8+ (Cox® —2Cs 2+ C2) Oy +

+ (—Csay + Cix+ Csy+ C3) (0,0, + 0y0z) (3.3)
or, in matrix form
(Kij) _ C6y2 —QC4y+Cl *C@ xy+C4:E+C5y+C’3 (3 4)
—061'y+C4$+C5y+C13 C6$2—2C5$+02 ’

where C; are constants.
At last, we mention a special non-separable situation, that is,

(NS) C1=Cy, C3=Cy=Cs=Ce=0.

In such a case the matrix K = C Is, where I> denotes the identity matrix. It is not simple as it admits
two coincident eigenvalues. This means the characteristic tensor K does not exist, hence the system is not
separable. Such a special case arises several times during our arguments later.

3.1. System with a General Quartic Potential

We shall use these general results to several specified systems defined on 2. In this section we consider
a system with a quartic polynomial potential, whose Hamiltonian is

H = 502 +20) + 0% 4 pyf) + (e + 022 +ay?) (3.5)
in which a, b, ¢, A\, u are constants. Note that the system (3.5) is called Yang-Mills-type system in [16]. In
general, the system with arbitrary parameters are non-integrable and display chaotic behaviour.

After applying the celebrated Painlevé analysis or differential Galois theory, several special cases for
values of constants are identified, which turn out to be integrable (see e.g. [14, 15, 16]). These cases are
given by

(i) =0, all other parameters are arbitrary,
(ii) a:b:e=1:2:1, A and p arbitrary,
(iii) a:b:c=1:6:1, A=,
(iv) a:b:c=1:12:16, =4y,
(v) a:b:c=1:6:8, A =4pu, (proved to be the only non-separable case below)

Cases (ii)—(v) are well-known integrable Hénon-Heiles systems [17]. For each of these cases there exists a
second integral of motion K independent of H [17].

Remark 1. One may note that the four cases given above are not symmetric for A, u whereas the Hamil-
tonian is so. Actually there are not only five integrable cases as above, but more. The additional cases
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=16:12:1, X=p/4,
=8:6:1, A= p/4,

are symmetric (thus equivalent) to the cases (iv) and (v), respectively. We can make an assumption a < ¢
to eliminate these isomorphisms.

Our main result in this subsection is the following

Theorem 2. For Hamiltonian system with quartic potential (3.5), there exist exact four cases of values
of constants, which guarantee the corresponding H-J equation being additively separable. These cases are
exactly the first four cases (i)—(iv) in the list above.

This shows case (v) is the only integrable, but non-separable case.

Proof. Notice now (2.6) reads KdV = Z? =1 K% 9;V dq", whose explicit expressions is messy. After taking
exterior differentiation
d(KdV) = Z dz A dy,

its coefficient is a polynomial of x and y, which after collecting the same entries reads

Z = (24aCs — 12bCs) y*x + (120Cs — 24cCs) yx® + (—12aCy + 16bCy) vz
+(=16bCs5 + 12¢Cs) yx? + (—2bCy + 24¢Cy) 2 + (—24aC5 + 2bC5) 32
+(—12aC’3 + 2b03) y2 + (—4b01 + 4bCs + 8uCs — 8)\06) Ty + (—2b03 + 12603) x? (36)
+(—2MC4 + 8/\04) x + (-8MC5 + 2/\05) y — 2uCs3 4+ 2)C}5.
The vanishing of two-form d(KdV') means its coefficient Z vanishes. All the parameters a, b, ¢, A, u, C;

in (3.6) are constants. In turn Z vanishes identically entails all its coefficients of z,y vanishes. A system of
algebraic equations follows,

Co(A = ) = Ca(4X — ) = Cs(A — 4p1) = 0 (3.7a)
C3(6a —b) = C3(b—6¢) =0 (3.7b)
Cy(b—12¢) = C4(3a — 4b) =0 (3.7¢)
C5(12a — b) = C5(4b—3¢) =0 (3.7d)
Cs(2a —b) = Cg(b—2¢) =0 (3.7¢)
(C1—Co)b+2Cs(A—p) =0 (3.71)

This is the system of algebraic equations we want to solve in detail. First we notice when b = 0, the
parameters C; — Cy # 0, C; = 0,4 = 3,4, 5,6, directly solve the above system. The matrix corresponding to
Killing tensor K has distinct eigenvalues C7, C5. Hence this is a separable case, which corresponds to case
(i) in our list.

To proceed we will always assume b # 0 below. It can be seen b # 0 implies a, ¢ # 0. Otherwise constants
C; are exactly in the non-separable situation (NS). To solve the system (3.7), we observe that (3.7b) and
(3.7e) imply

Cs(a—c)=Cs(a—c)=0 (3.8)

Based on this observation one can make classification as below:
e a #c. Equations (3.8) imply that C5 = Cs = 0. Substituting this into (3.7), one has
Ca(4X —p) = C5(A —4p) =0
Cy(b—12¢) = C4(3a —4b) =0
05(12a — b) = C5(4b — 36) =0
Ci—Cy=0
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The second equation implies Cy(a—16¢) = 0. As a—16¢ # 0 (otherwise ¢/a = 1/16 < 1), it holds that
Cy = 0. We claim C5 # 0, otherwise the constants C}, are in non-separable situation (NS). Combing
all the results above, we arrive at

a:b:c=1:12:16, A =4y,
which recovers the case (iv) in the list.

e a=c. Again we have Cy(a — 16¢) = 0, which reduces to Cya = 0. As a # 0 hence Cy = 0. Similarly
C5 = 0. Substituting Cy = C5 = 0,a = ¢ into the system (3.7), it reduces to

C3(A—p)=0
Cy(6a — b) = Co(2a—b) = 0 (3.10)
(C1 = C2)b+2Cs(A —p) =0

We discuss its possible solutions:

— a=c¢, A=pu. The condition A = i reduces the system (3.10) further to
Cg(6a7b):C6(2a7b):0, C1*02:0.

One of C3 and Cjg should be non-zero (otherwise the situation (NS) arise again), which implies
a:b:c=1:6:1,ora:b:c=1:2:1. They corresponds to the case (iii) and (ii), respectively.

— a=c¢, A# pu. The system (3.10) is reduced to
Cs = 06(2a — b) = (Cl — Cz)b-i- 206()\ - /1,) =0

Once more Cs # 0 to avoid the situation (NS), which givesa:b:¢c=1:2:1. It is case (ii) in
the list. This completes the proof of Theorem 2.

O

Remark 2. One could use the Killing tensor to figure out the coordinate system in which the H-J equation
separates. For example, let us consider the case (ii). According to Step 4 in Algorithm, taking b = 2a,c =
a # 0 back into the original system (3.7) one find the following to be a solution of the system (3.7):

CIZL_)\’ Co=C3=0C4,=C5=0, Cg=1
a

Note that (4 — A) is in general not zero. The characteristic tensor (3.4) turns out to be

2 4 p=X
K = (y T ﬁy) . (3.11)
—zy x
Its characteristic equation is
- A -
Aoy B B2 (3.12)
a a
or in equivalent form
x? ay?

A + alh — (p— M)

For the case of A # p, the above equation (3.13) defines just well-known elliptic-hyperbolic coordinates
in the Euclidean plane. The eigenvalues A\!, A2, i.e. the solutions of the equation (3.12) or (3.13), are the
variables of separation for the dynamical system. Hence we conclude the system is separable in the elliptic
coordinates (A, A?), determined by %

= 0. (3.13)
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For the case of A = p, the solutions of (3.12) are A! = 0, A\ = 22 + 42, one of which is constant. This
implies the system separates in degenerated elliptic coordinates. The Hamiltonian is

1
H = i(pi +92) + A@® + 7)) + a(z? + 22797 + y*)

with potential V = Ar2 4 ar* depending on r only. It is easy to see the system separates in the standard
polar coordinates (r,8).

3.2. System with a Homogeneous Quintic Potential
Next we consider a family of Hamiltonian systems with a quintic polynomial potential,

1
H =5 (p; +p,) +ay’ + by’a® + cya’, (3.14)

where a, b, ¢ are scalar constants. Note they are not the most general quintic potential. Our main result
regarding this potential is the following

Theorem 3. For the Hamiltonian (3.14), there exists exact 3 cases of parameters for the corresponding
H-J equation to be additively separable. These cases are:

(i) b=c=0, a arbitrary; (i) a:b:c=16:16:3; (i) a:b:c=1:10:5.

Remark 3. Case (i) is trivial in that it corresponds to Hamiltonian H = (p2 + p2)/2 + ay®, which trivially
separates in Cartesian coordinates. Case (ii) has already appeared in literature [14] where the authors
obtained it by using the (weak) Painlevé method. Case (iii) appeared in Perelomov’s book [18, p.81]

Proof of Theorem 3. We apply the algorithm again, now to the potential (3.14). Using the general Killing
tensor (3.4), it follows that the 2-form d(KdV') = Zdxz A dy, with coefficient Z given by
Z = (—6bCy+ 32cCy)ya® + (—20aCy + 20bC4)y3x + (216Cs — 28¢Cp)y*a®
+  (35aCs — 14bCs)y x + (—6bCy + 6bCo)y*x 4 (—6bC5 + 12¢C3)ya>
+  (=27bC5 + 12¢Cs)y*a? + (—4cCy + 4cCy)x® 4 (—35aCs + 2bCs)y*
+  Tcx®Cs + (=20aC3 + 2bC3)y> — 11ca*Cs.

The form d(KdV') vanishes entails Z also vanishes. Again, Z is a polynomial of variable z,y, hence all of
its coefficients are zero. Thus we arrive at a system of algebraic equations

C(Cl - CQ) = b(Cl - CQ) = 0,

C3(b —2¢) = C5(10a — b) = C4(3b — 16¢) = 0,
Cila —b) = Cs5(9b — 4c) = C5(35a — 2b) = 0, (3.15)
Cs(3b — 4¢) = Cg(ba — 2b) = 0, cCs = cCs =0,

We analyze the solution of this family:

e ¢=0. Substitute this into the system (3.15) to produce

b(Cy — Cy) =0
03(10(1 - b) = 04((1 - b) = O7
Cs5(35a — 2b) = Cs(5a — 2b) = 0, (3.16)

Csb = Cy4b = C5b = Cgb =0,

One easily sees that b is also zero. (Otherwise the new system leads to the (NS) case). Hence the
above system (3.16) further reduces to Csa = Cya = Csa = Cga = 0. For any a, it admits a solution
Cy —Cy#0, C3 =C4 =C5 =Cg =0. Thus we have a separability corresponding to the case (i). In
fact we can obviously see this from the original potential (3.14). In the special case of b = ¢ = 0, the
Hamiltonian is additively itself, implying it separates in the canonical Cartesian system.
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e ¢#0. The system (3.15) can be simplified to be

Ci—Cy=0C5=Cs =0,
Cg(b — 20) = 03(10a — b) = 0,
C4(3b — 16¢) = Cy(a — b) =0,
One can see one of C3, C4 is not zero. (Otherwise C1 —Cy = C3 = Cy = C5 = Cg =0 — dissatisfies
the basic theorem 1). So there exists two possibilities:
— (5 # 0, which gives a : b: ¢ =1:10: 5 corresponding to case (iii).
— Cy # 0, which gives a : b: ¢ = 16 : 16 : 3 corresponding to case (ii). We thus reproduce all the

cases in the theorem.

O

3.8. Multi-Separable Potentials on Euclidean and Minkowski Planes

We now apply our Algorithm to identify some multi-separable systems which are defined on (pseudo)-
Euclidean spaces. We remind that a Hamiltonian system is multi-separable if it separates in several distinct
coordinate systems.

Theorem 4. For the system
24 1( 2 4 p2) 4 22 2, b (3.17)
o\Pe T Py) T LT QYT 73 3.17

with potential defined on Euclidean plane E2, where a,b are two constants, there exists exact three cases of
parameters such that H is multi-separable. They are given by

(i) a=1/4, b=0; (i) a =1, b arbitrary; (iti) a = 4, b arbitrary.

Remark 4. Here we consider the multi-separability, i.e. 2"?-order super-integrability for the system (3.17).
For any integer a = k?,k € N, it admits an additional first integral which is a k*"-order polynomial in
momenta [19], implying its (higher order) super-integrability. For such potentials there exist much more
super-integrable cases than multi-separable ones.

Note that case (iii) is the celebrated Smorodinsky-Winternitz I potential [20], thus by using our Algorithm
we reproduce this system quite straightforwardly.

Proof of Theorem 4. According to the algorithm we apply K (3.4) to dV where V = 2% + ay? +b/z?. After
exterior derivative one has
d(KdV) = Zdz Ady (3.18)

with the coefficient Z given by
2
7 = = (4(a — 1)2°y Cs + (1 — 4a)z’y Cs
+(4 — a)z°Cy + (1 — a)z*C3 + 3byCs + 3bCs) (3.19)
In Z’s expression, Cy,a,b are constants. One notice Z is not polynomial in (x,y), but rational functions.
Nevertheless, we can transform it to be a polynomial as below. The form d(KdV') vanishes equivalents to

Z = 0, which, in turn, equivalents to the vanishing of the polynomial Z = Z - 2* /2. So we obtain a system
of algebraic equations

bC3 = bCs =0,
Cyla—4)=Cs(a—1) =0, (3.20)
Csla—1)=C5(4a—1)=0
Since Cp,C5 do not arise in the equations, all of C = 0 except that C; — Cy # 0 solves the system
above. This implies the Hamiltonian is separable in the Cartesian coordinates. For the system to be

multi-separability, it suffices to find another solution linearly independent of the trivial solution given above.
A new solution to equations (3.20) exists if and only if one of the following cases occurs:
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o (s #0=a=1, barbitrary;
e Cy# 0= a=4, barbitrary;
e C5#0=a=7%, b=0;
e C3#0=a=1,b=0.

Observe that the last case is only a subcase of the first case. Thus we obtain exact three multi-separable
cases, corresponding to cases (ii), (iii), (i) in the theorem, respectively. O

The next configuration space we consider is a Minkowski case M? whose metric is ¢ = dz? — dy?.
We compare the two planes M? and E2. Both are of constat curvature (zero), hence the dimensions of
vector spaces of their Killing tensor attain the maxima: K!'(M?) , K2(M?) are of dimension three and six,
respectively.

Nevertheless, the basis of Killing tensors (hence the entire spaces) are not identical. The Minkowski M?
has the basis of Killing vectors (compare with (3.1))

Oz, 0y (two translations), Y0y + 20, (Minkowski “rotation”) (3.21)
The basis of Killing 2-tensors are the following (compare with (3.2))

K, =98

2 Ky=02, Ks=0,0,+ 0,0,

Ky =2y0? + 0,0y + 2 0y0,, Ks=2 85 +y 0:0y + y 0y0y, (3.22)

K = 4202 + 2y 0,0, + vy 8,0, + 2°0;,

Carrying out an analysis similar to that for the Euclidean plane (Theorem 4), we arrive at

Theorem 5. For the system

L 2 2 2, b
H:i(prpy)wLx + ay Jr? (3.23)
with potential defined on Minkowski M2, a,b are constants, there exists exact three cases such that H is
multi-separable. They are given by

(i) a=—1/4, b=0; (ii) a = —1, b arbitrary; (iii) a = —4, b arbitrary.

4. Concluding Discussions

Based on Benenti’s classical theorem 1, we have suggested an Algorithm and applied it to detect H-J
separability of several families of two-dimensional natural systems. This method has the advantage of having
a clear procedure and not depending on intricate techniques which can be seen in lots of literatures, thus
executable in a computer-like environment.

However, the applications we make here are merely preliminary. There are several directions one can take
into account to improve and extend its scope. For example, one may consider some nontrivial (pseudo)-
Riemannian spaces such as spaces of constant curvature S™, H" etc., or surfaces of revolution. These
manifolds are easy to handle as their Killing tensor are much investigated. The crucial task in step 1 in our
Algorithm is thus solved.

Another line is to generalize the potentials under discussion to more general ones, which may be involved
some arbitrary functions. This can greatly enlarge the families of separable systems. Proceeding the analysis
as above may yield some well-known or novel models. It is natural that the calculations are much more
complicated, with the aid of computer symbolic system sometimes being a necessity.

Acknowledgments. The author would like to thank Profs. Qing Chen and Dafeng Zuo for encouragement
and support.
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Abstract

In this paper, the cross-entropy for generalized hesitant fuzzy sets
(GHFSs) is developed by integrating the cross-entropy for intuitionistic
fuzzy sets (IFSs) and hesitant fuzzy sets (HFSs). First, several mea-
surement formulas are discussed and their properties are studied. Then,
two approaches, which are based on the developed generalized hesitant
fuzzy cross-entropy, are proposed for solving multi-criteria decision mak-
ing (MCDM) problems under an generalized hesitant fuzzy environment.
Finally, an example is provided to illustrate the practicality and effective-
ness of the developed approaches.

1 Introduction

The cross-entropy measures are mainly used to measure the discrimination in-
formation, and then it is an important measure in decision making, pattern
recognition and other real-world problems. Lots of studies on this issue have
been extended and developed to fuzzy and its extended environments. For in-
stance, Vlachos and Sergiadis [14] introduced the concepts of discrimination
information and cross-entropy for intuitionistic fuzzy sets (IFSs), and revealed
the connection between the notions of entropies for fuzzy sets and IFSs in terms
of fuzziness and intuitionism. Hung and Yang [6] constructed J-divergence of
IFSs and introduced some useful distance and similarity measures between two
IFSs, and applied them to clustering analysis and pattern recognition. Based

*Corresponding author: yckwun@dau.ac.kr (Y.C. Kwun)
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on which, Xia and Xu [17] proposed some cross-entropy and entropy formulas
for IF'Ss and applied them to group decision making. Ye [21] proposed a method
of fault diagnosis based on the vague cross-entropy. He [22] also introduced the
cross-entropy for IFSs and interval-valued intuitionistic fuzzy sets (IVIFSs) and
utilized then to solve multi-criteria decision making (MCDM) problems. Wang
and Li [15] provided two improved methods for solving MCDM problems, which
were based on the cross-entropy for IFSs. Hung et al. [5] introduced the discrim-
ination information and cross-entropy for IFSs and also used them to improve
the fault diagnosis of turbine problems. Mao et al. [9] introduced the cross-
entropy and entropy measures for IFSs. Zang and Yu [28] constructed a series
of mathematical programming models, which were based on an interval-valued
intuitionistic fuzzy cross-entropy, in order to determine the criteria weights and
applied them to MCDM problems. Xia and Xu [17] proposed two methods for
determining the optimal weights of criteria and developed two pairs of entropy
and cross-entropy measures for intuitionistic fuzzy values. The relationships
among the entropy, cross-entropy and similarity measures have also attracted
many attentions. For example, Liu [8] gave the axiomatic definitions of entropy,
distance measure, and similarity measure of fuzzy sets and discussed their basic
relations. Zeng and Li [25] discussed the relationship between the similarity
measure and the entropy of interval-valued fuzzy sets. Zang and Jiang [27] pro-
posed the entropy and cross-entropy for IVIFSs and discussed the connections
among some important information measures. Xu and Xia [19] introduced the
concepts of entropy and cross-entropy for hesitant fuzzy sets (HFSs), analyzed
the relationships among the entropy, cross-entropy and similarity measures, and
developed two multi-attribute decision making methods.

Qjan et al. [10], recently, introduced the concept of generalized hesitant fuzzy
sets (GHFSs), extending the element of HFSs from real numbers to intuitionistic
fuzzy values, which can arise in group decision making problem. GHFS is fit
for the situation when decision maker have a hesitation among several possible
memberships with uncertainties. GHFS can reflect the human’s hesitance more
objectively than other extensions of fuzzy set (IFS, IVIFS and HFS), and thus it
is necessary to develop some theories about GHFSs. In this paper, we discuss the
cross-entropy for generalized hesitant information. To do this, Section 2 reviews
some related preliminaries such as IFSs, HFSs and GHFSs. In Section 3, we
propose some cross-entropy formulas for generalized hesitant fuzzy elements,
obtain some important conclusions, and provide an example to illustrate the
application of cross-entropy in MCDM problem. Finally, Section 4 gives the
concluding remarks.

2 Basic concepts

Intuitionistic fuzzy sets introduced by Atanassov [1] have been proven to be
highly useful to deal with uncertainty and vagueness.
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Definition 1. [1] Let X be ordinary non-empty set. An intuitionistic fuzzy
set (IFS) A in X is defined as

A= {{z, pa(z),va(z))r € X}, (1)

where pa,va : X — [0,1] denote, respectively, the membership and non-
membership functions of A with the condition: 0 < pa(z) + va(z) < 1 for
allz € X.

For an IFS A, m(x) = 1—pa(x)—va(x) represents the degree of hesitation or
intuitionistic index of x to A. For a fuzzy set, the degree of hesitation 7w (z) = 0.
Thus for each x, pa(z) and va(z) define an interval [pa(x),1 — va(x)]. This
interval is the vague value of value set by Gau and Buethrer [4] (Bustince and
Burillo [3] proved that vague sets are equivalent to IFSs). Further, the interval
can also represent an interval-valued fuzzy set [10]. Hence Xu [18] concluded
that IFSs are also equivalent to interval-valued fuzzy sets, and replaced Eq. (1)
with

A= {(a,[nal@), 1 - va(@))|z € X}. (2)

The ordered pair a(x) = (uq (), va(x)) is referred to an intuitionistic fuzzy
value (IFV) [18], where o (2), vo(z) € [0,1] and pq(x) + vo(x) < 1. Associated
with the degree of hesitation, an IF'V can also be equivalently denoted by a(z) =
(), Va(2), 7o), Where fia(z), v (2), Ta(z) € [0,1] and pa(z) + valz) +
To(x) = 1. In the rest of this paper, for a certain « in X, IFV a = (u,v, )
is abbreviated as a = (u, ) when no misunderstanding raises. Since an IFV
represent an interval, an interval [u, 1 — v] in [0, 1] will be directly transformed
into (u,v).

Definition 2. [5, 6, 14, 17, 22] Let a1 = (fay, Vo) a0d @2 = (fays Vasy) be
IFVs, then the cross-entropy «; and as, denoted as CE(aq, ag), should satisty
the following properties:

(1) CE(al,ag) > 0;

(2) CE(a1, a2) =0 if ag = ag;

(3) CE(af, a§) = CE(aq, an), where af = (Va,, fa; ) is the complement of «;
(i=1,2).

In the following, some intuitionistic fuzzy cross-entropy and symmetric in-
tuitionistic fuzzy cross-entropy formulas are reviewed.
Vlachos and Sergiadis [14] developed

2
A + Vo, In —=
Hay + Ha Voy T Va,

CEi (a1, az) = fta, In , (3)

and

'ual hl ,LLal + ,U()Q ln ,LLag _ ,uoq + ,U“Otz ln :u’Oél + :ua2
2 2 2
Vo, N Vo, + Vo, Inv,, _ Vay + Vo, In 2o i Va2) . (4)

2 2 2

CEQ(OQ,O&Q) =2 (
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Hung and Yang [6] defined

Oé]‘ « al « (0% « (0% «
CEg(%az):?(ulnu1+u2nu2_u1+uzlnu1+u2

2 2 2
Vo, Vo, + 1o, Inv,, Vo + Va, In Vo, + Va,
2 2 2
Moy Vo, + Vo, INVa,  Vay + Va, Iy Ve + Vay (5)
2 2 2 ’
Ye [22] proposed
e 1_ fe% 2 o7 ]- - Vo
CEa(ay, ) = Her T L= Var 1o (Hay +1—Vay)
2 2+Ma1_ya1 +,U/042_Va2
[ 1- fe% 2 fe% 1- fe%
PR S L Voy + 1= pay) (6)
2 2 — phay + Vay = Hay T+ Vay

Hung et al. [5] developed

2e, 2We
#‘i‘yalbgz Vo

,u()q +:uOéQ VOtl +V0¢2
27y,

7To¢1 + 77&2

CEs(a1, 2) = pia, logs
+7ro¢1 10g2
Xia and Xu [17] proposed

1 ph +pd, eyt pas \T | VA, Y,
CE6(O‘1’O‘2)_12H( 2 2 T

— Val + VOL2 I + 7'('31 + 7Tg¢2 _ ’/TOtl + 7TO£2 a (8)
2 2 2 ’

For the symmetric property, it is necessary to modify Eqs. (3)-(8) to obtain
a symmetric discrimination information measures for IFVs ([11, 26]):

where 1 < ¢ < 2.

CE;:(OQ,CMQ) = CEk(Oél,OéQ) + CEk(ag,al), k= 172, .. .76. (9)

The hesitant fuzzy set [12, 13], as a generalization of fuzzy set, permits
the membership degree of an element to a set presented as several possible
values between 0 and 1, which can better describe the situations where people
have hesitancy in providing their preferences over objects in process of decision
making.

Definition 3. [12, 13] Given a fixed set X, a hesitant fuzzy set (HFS) on
X in terms of function h is that when applied to X returns a subset of [0, 1],
which can be represented as the following mathematical symbol:

E = {{z,h(z))|x € X}, (10)
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where h(z) is a set of the some values in [0, 1], denoting the possible membership
degrees of the element z € X to the set E. For convenience, Xia and Xu [16]
called h(z) a hesitant fuzzy element (HFE) and the set of all HFEs is denoted
by HFES.

Definition 4. [19] Let hy and hy be two HFEs, then the cross-entropy of
hi and hg, denoted as CE(hq, ha), should satisfy the following properties:

(1) CE(hl,hz) Z 0;

(2) CE(hy, hs) = 0 if and only if 17" = ™ for all i = 1,2,...,1.

Based on Definition 4, I = I(hy) = I(hg) and denote the number of elements
in h; and ho. The elements are arranged in increasing order in h; and ha,
respectively, and hf(i) (i = 1,2,...,1(h1)) and hg(i) (i = 1,2,...,l(hs)) are
the ith smallest values in hy and hq, respectively. Xu and Xia [19] constructed
several cross-entropy for HFEs:

CEl(hl,hg)
Z (1+ gh{" ) In(1 + gh{™) + (1 + qh3 ) In(1 + qn3")
T 2
24 qh‘l’( D ghd® 24 qnT D 4 g3 (14 q(1 — Ry
— In +
2 2 2
(i 1 1_h0(l7i+1) In(1 h o(l—i+1)
x In(1 4 (1 — hl(l +1))) + (1+q( 2 ) 211( +4q(1 )
2+ q(]. . hzlf(l—i-‘rl) 41— hg(l—i-{-l))
2
9 1— hU(l—i-'rl) 1_ ho‘(l—i+1)
2
where T = (1 4+ ¢)In(1+ ¢) — (2+ q)(In(2 + ¢) — In2) and ¢ > 0.
CEs(hy, ho)
i O'(Z) U(i))p N (1 . hzlf(l—'i-‘rl))p + (1 . hg(l—i+1))p
(1— 21 P)l 2

he o (1) he (2) 1-h° o(l—i+1) 1— ho’(lfiJrl) P
( ! ; 2 + L ;F 2 , p> 1. (12)

For the symmetric property, it is necessary to modify Eqgs. (11) and (12) to
obtain a symmetric discrimination information measure for HFEs:

CEZ(hl,hz) = CEk<h1,h2> + CEk(hQ,hl), k=1,2. (13)

Note that Eqgs. (11) and (12) are all defined under the assumption that two
HFEs are of the same length. If the corresponding HFEs are not equal in length,
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then the shorter one should be extended to be the same size as the longer one
by adding the same value repeatedly.

3 Generalized hesitant fuzzy sets and their cross-
entropy measures

3.1 Generalized hesitant fuzzy sets

During the evaluating process, several possible memberships of an alternative
satisfying a certain criterion may be not only crisp values but also interval values
in [0,1]. In order to handle this kind of assessment in decision making, Qjan et
al. [10] extended HFSs by using IFSs to modify Definition 3.

Definition 5. [10] Given a set of N membership functions:
M = {Oéi = (“(1,7”&1”0 S /JOtNVOé»; S 17 ,uai +V0¢i S 17 Z = 1727"'7N} (14)

the generalized hesitant fuzzy set (GHFS) associated with M, that is Ay, is
defined as follows:

73t (%) = U, wapyeri{ (Ha, (2), va, (2))}. (15)

Note that HFSs, IFSs and fuzzy sets are special cases of GHFSs redefined
here. In fact, if po, +vo, = 1, for i = 1,2,..., N, then GHFSs reduce to
HFSs. If N = 1 or union of N IFSs, i.e. UY q;, in Eq. (14) is convex set in
[0,1], then GHFSs reduce to IFSs. If N =1 and poy + Vo, = 1, then GHFSs
reduce to FSs. Thus GHFSs are not only the generalization of HFSs but also
the generalized representation of fuzzy sets, IFSs and HFSs. For the sake of
convenience, given a certain z € X, a represents an IFS in ﬁ(m) Notice that «
is represented an interval as well. Similar to [16], has(z), abbreviated as h(z),
is called a generalized hesitant fuzzy element (GHFE) and the set of all GHFEs
is denoted by GHFES.

Let ZGL) be the number of elements of a GHFE h. In most cases of two
GHFEs h; and hs, the numbers of elements of hy and he may be different,
i.e. 1(h1) # I(hy), and for convenience, let I = max{l(h;),1(h)}. To operate
correctly, we should extend the shorter ones, until both of them have the same
length when we compare them. To extend the shorter one, the best way is to
add the same values several times in it. In fact, we can extend the shorter one
by adding any values in it. The selection of this value mainly depends on the
decision makers’ risk preferences. Optimists anticipate desirable outcomes and
may add the maximum value, while pessimists expect unfavorable outcomes and
may add the minimum value. In this paper, we assume the GHFEs hy and hy
should have the same length | when we compare them.

Some useful operations on GHFEs are as follows:

Definition 6. [10] Let A, h; and hy be three GHFEs and A > 0, then
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(1) fnUsz = Uy ehisasnehs 101U2} = Uy i ane, {(max{pia, ; pa, }, min{va, , va, 1)}

(2) }}1ﬂh2 = Uy, ey aneipi@iNazt = U, oo oo A(min{pa, , flas b max{va,, va, }) i

(3) ﬁc = ae}]{ac} = Uaeﬁ{(yavﬂa)}'

(4)]} 19 2= Ualehl agehQ{al@OQ} Vo ehn, agehz{(ﬂal“‘ﬂaz Mo Hass Vay Vas )}

(5) h1 @ ha alehl,aQGhQ{al ®an} = alehl,azehz{(ﬂmﬂaza Vo + Vay —
VarVas) }i

(6) M= U, cifra} = Ui {1 = (1= pa)*,w2) 1
( ) W = Uaeh{a)\} = aeh{(ﬂm (1 - Va)A)}

Definition 7. Let h; (i = 1,2,...,n) be a collection of GHFEs, and let
GHFWA : GHFES™ — GHFES, if

GHFWAw(ill, ilg, ceey i?,n) = ’LU1B1 D w2]t[/2 DD wnﬁn, (16)

where w = (wy,ws,...,w,)T is the weight vector of h; (1 =1,2,...,n) with
w; >0 and Y., w; =1, then GHFWA is called the generalized hesitant fuzzy
weighted averaging (GHFWA) operator.

Based on operations (4)-(7) of GHFEs described in Definition 6, we can
derive the following result.
Theorem 1. Let h; = Ug,eh,1ci} (1 =1,2,...,n) be a collection of GHFEs,

and w = (w1, ws,...,w,)T be the weight vector of h; (i = 1,2,...,n) with
w; > 0 and Y ;" w; = 1. Then the aggregated value, by using the GHFWA
operator, is also a GHFE, and

GHFWA,, (h1, ha, ..., hy)

= U {<1H(1uai)wi,ﬂv;‘;i>}. (17)
,an€hy,

a1€h1,az€ha,... =1 i=1
Theorem 1 can be proved by using the mathematical induction and then the
process is omitted here.
Definition 8. Let h; (i = 1,2,...,n) be a collection of GHFEs, and let
GHFWG : GHFES™ — GHFES, if
GHFWG,,(hy, ha, ... hy) =AY @ BY2 @ - @ hY", (18)

where w = (wy,ws,...,w,)T is the weight vector of hy (1t =1,2,...,n) with
w; > 0and >, w; = 1, then GHFWG is called the generalized hesitant fuzzy
weighted geometric (GHFWG) operator.

Theorem 2. Let h; = Ug,eh,1ci} (1 =1,2,...,n) be a collection of GHFEs,
and w = (w1, ws,...,w,)T be the weight vector of h; (i = 1,2,...,n) with
w; > 0 and )" , w; = 1. Then the aggregated value, by using the GHFWG
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operator, is also a GHFE, and
GHFWG.,(hy, ha, ..., hy)

— U {(wa ﬁl—uai)“”)}. (19)

01651,a267L2,m7an6FLn i=1

Theorem 2 can be also proved by using the mathematical induction and then
the process is omitted here.

3.2 Cross-entropy measures of GHFEs

Definition 9. Let hl, h2 € GHFES and CE : GHFES x GHFES — R, then the
cross-entropy of hy and hg, denoted as CE(h17 hg) should satisfy the following
properties:

(1) CE(hl,hQ) > 0;

( ) If hl = hg, then CE(hl,hg) = 0

(3) CE(h§,hs) = CE(hy, hy), where h¢ is the complement of h; defined in
Definition 6.

On the basis of Definition 9, we can construct several cross-entropy for GH-

FEs:
1 1 Hay
CE1(h1, ho) > — > ( o, logy
l(h]_) aleh l(hQ) o@ehz a + M’Oéz
1 1 2 «@
+l =~ Z (lil Z (VcnlOgQ “ ; )) 7(20)
( 1) a1 €hy ( 2) az€hs o o
P
- 1 1 Ut
CEz(h1,he) = 7| — i <N<x log 1)
p
1 1 2v
o ! i Togy — 2201 ) (1)
l(hl) a;l (l(hQ) agz 1 aq + VQQ
where p > 1;
CEg(iLl, iLg)
_ } Z } Z (Ncn"_l_yoq log2 2(Ma1+1_yal) )
l(h1) arehs l(hz) aaChs 2 2+ Moy = Vaq + Hay = Vas

1 1 1_/1'a1+’/6¥1 2(1_M0¢1+V&1) )
+— - lo (22
I(h1) Z Z ( 2 52 2 — poy + Vo, — flay t+ Va, (22)
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CE4(h1, ho)
P
L 5 (5 (ot )
i(h) o \Uhe) = foy — Vay + flas — Ve
P
! 1 1 — fia, + Va 21 = ftor, + Ve
R\ 17 Z( M§+Vllog22_ (+51_+V1)+V ) ,(23)
( 1) a1€f~l1 ( 2) azeﬁz Heay [e51 Moy (o7
where p > 1;
CES(iLhB?)
_ ; 1 Z 1 Z (lugq +.u“g¢2 N (Mal +’u,a2>‘I>
T 1-—21-¢ i B 5 5
I(hy) s I(h2) oy
! 1 vg, +vd Vey + Vo, \ 2
+— _ [¢5} Q2 @ Otz) ) 7 24
I(h1) Z 1(hy) Z ( 2 ( 2 (24)
a1 €hy as€ho
where 1 < ¢ < 2;
CEg(h1, ha)
o\ 7
_ ~1 Z 11 } Z <H31+ng_<ual+ﬂa2>>
1—21—¢g 2 9
() = I(ha) =
q q aw \7
o 1 1 1 Vay + Vas <Val+ya2) )
G 7 - , (25
I(hy) Z 1—21-a 1(hy) Z ( 2 D) (25)
a1€h; as€ho

where p>1and 1 < qg < 2.

For the symmetric property, it is necessary to modify Egs. (20)-(25) to a
symmetric discrimination information measure for GHFEs as follows:

CEZ(;M, ilg) = CEk(?ll, ?7,2) + CEk(iLQ, il1), k=1,2,...,6. (26)

Example 1. Let h; (i =1,2,3) and l~1~ be three patterns and a sample.
They are denoted by GHFEs as follows: h; = {(0.5,0.4),(0.6,0.3)}, hy =
{(0.4,0.5),(0.8,0.1)}, hg = {(0.3,0.4),(0.7,0.2)} and h = {(0.5,0.4),(0.7,0.2)}.

Given the sample h, which pattern does this sample h most probably belong to
?
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For convenience, let p = g = 2. By (20)-(25), we have

CE}(h1,h) = 0.0275, CE}(hg,h) = 0.0976, CE?(hs,h) = 0.0693;
CE}(h1,h) = 0.2601, CEj(hg,h) = 0.4285, CE}(hs,h) = 0.3982;
CEj(hi1,h) = 0.0241, CE}(hy, k) = 0.0838, CE3(hs, h) = 0.0541;
CE}(h1,h) = 0.2609, CE}(ha,h) = 0.4298, CEj(hs,h) = 0.3856;
CEZ(h1,h) = 0.0300, CE;(hg,h) = 0.1000, CEZ(hs,h) = 0.0800;
CEf(h1, h) = 0.0239, CE}(hy,h) = 0.0707, CE;(hs, h) = 0.0620

From this data, the proposed symmetric discrimination information measures
CEj (k=1,2,3,4,5,6) show the same classification according to the principle
of the minimum degree of symmetric discrimination information measure for
GHFEs. Thus, the sample h belongs to the pattern hi.

4 Two MCDM approaches based on the cross-
entropy measures of GHFEs

For a MCDM problem, let X = {z1,22,...,Z,} be a set of m alternatives,
and Y = {y1,92,..., yn} be a set of n criteria, whose weight vector is w =
(w1, w2, ..., w,)T, satisfying w; >0, j =1,2,...,n and > wj =1, where w;
denotes the importance degree of the criterion y;. Decision makers evaluate the
performance of alternatives with respect to criteria based on their knowledge and
experience. One decision maker could give several evaluation values. However,
in the case where two or more decision makers give the same value, it is counted
only once. The performance of the alternative z; with respect to the criterion y;
is measured by a GHFE é&;; = {8i; = (ug,,,vs,,)|Bi; € €}, where pg,; indicates
the degree that the alternative x; satisfies the criterion y;, v, indicates the
degree that the alternative x; does not satisfy the criterion y;, such that pg,; €
0,1], vg,, € [0,1], pg,; +vp,;, <1 (@ =1,2,...,m; j = 1,2,...,n). All &;
(i=1,2,...,m; j =1,2,...,n) are contained in the generalized hesitant fuzzy
decision matrix E = (&;;)mxn (see Table 1).

Table 1: The generalized hesitant fuzzy decision matrix

m V2 yn
T1 | €11 €12+ €in
T2 | €21 €22 - €2
Im €m1 émQ te émn

In what follows, we develop two approaches to multi-criteria decision making
under generalized hesitant fuzzy environment.

10
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Approach 1.

Step 1. Normalize the performance values and then construct the normal-
ized generalized hesitant fuzzy decision matrix.

If all the criteria y; (j = 1,2,...,n) are of the same type, then the perfor-
mance values do not need normalization. Whereas there are, generally, benefit
criteria (the bigger the performance values the better) and cost criteria (the
smaller the performance values the better) in multi-criteria decision making, in
such case, we may transform the performance values of the cost type into the
performance values of the benefit type. Then, E = (€;;)mxn can be transformed

into the matrix F' = (hi;)mxn, where

h U Us, edy; {Bi;j}, for benefit criterion y;;
i T Mayj€h; {aij} = Uﬁuecfu {,ij}, for cost criterion y;,

i=1,2,...,m; j=1,2...n, (27)
where f3f; is the complement of 3;; = (ug,;, vs,;) such that 35, = (vg,;, ps,;)-

Step 2. Calculate the separation degree of each component Eij to positive
ideal solution and negative ideal solution.

The positive ideal solution (PIS) and negative ideal solution (NIS) can be
denoted as At = {(1,0)} and A~ = {(0,1)}, respectively, within the generalized
hesitant fuzzy environment. The separation between alternatives can be calcu-
lated by cross-entropies. For the convenience of both calculation and analysis,
only one cross-entropy (21) is selected. The separation degrees, G;‘; and G, of
each ﬁij (i=1,2,...,m;5=1,2,...,n) to the PIS h* and NIS k™, respectively,
are derived from Eq. (21):

Gj; - CE;(FL”, iL+) - CEQ(iLij, il+) -|— CEQ(?L+, iL”)

1 ( 2ha, )p 1
= p| = Mo 10g27] + p 7 Z 1/57
- : ST oy L Vo
(his) oij€hij o & (i) @ij€hij
p
1
I3 lo 28
I(hiz) Z < 52 L+ pa ) 2
7 aij€hij ’

and

719 Jin Han Park et al 709-725



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Step 3. Calculate the closeness degree of the alternatives to the NIS.

The closeness degree G(z;) of each alternative z; (i = 1,2,...,m) to the
NIS can be obtained by following:
G(l‘l) = ijGij, where Gij = 7]. (30)

+ —
= Gij + Gy

Step 4. Rank the alternatives.

The bigger the closeness degree G(x;), the better the alternative x; will be,
as the alternative x; is closer to the PIS ht. Therefore, the alternatives x;
(i=1,2,...,m) can be ranked in descending order according to the closeness
degrees so that the best alternative can be selected.

Approach II.
Step 1. For this step, see Approach I.

Step 2. Calculate the overall aggregated values of each alternative.
Utilize the GHFWA operator (17) (or the GHFWG operator (18)):

hi = GHFWA , (hi1, hio, . . ., hin)

n n
= 1= T = pa) [T v | ¢ (31)
j=1

azlehllaazZEh'LZ; aznehzn J=1

or

hi = GHFWG y (hi1, hig, - - -, hin)

= U H :u‘oz” H 1- VOéij)wj (32)
j=1

ai1€hi1,ai2€hi2,...,ain Ehin

to aggregate all the performance values ﬁij (j =1,2,...,n) of the ith line and
get the overall performance value h; corresponding to the alternatives x;.

Step 3. Calculate the closeness degree of the alternatives to the PIS.

Utilize the cross-entropy (21) between the overall performance value h; (i =
1,2,...,m) and the PIS A™ = {(1,0)} to get closeness degree of each alternative
z; (i=1,2,...,m) to the PIS h':

G(.’Lﬁ) = CE;(FL“ iL+) = CEQ(;L,‘,B-F)

1 < o 20,
= P77 Ha; 1082
(hi) i€hi o
P
1 2
+ 7 = log ) . 33
12

720 Jin Han Park et al 709-725



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Step 4. Rank the alternatives.

The smaller the closeness degree G(z;), the better the alternative x; will
be, as the alternative z; is closer to the PIS h*. Therefore, the alternatives x;
(i = 1,2,...,m) can be ranked in ascending order according to the closeness
degrees so that the best alternative can be selected.

5 An illustrative example

In this section, a generalized hesitant fuzzy MCDM problem of selecting an
investment is used to illustrate the proposed methods.

A city is planning to build a municipal library. One of the problems facing
the city development commissioner is to determine what kind of air-conditioning
system should be installed in the library (adapted from [20]). The contractor
offers five feasible alternatives z; (i = 1,2,3,4,5), which might be adapted
to the physical structure of the library. Suppose that three criteria y; (eco-
nomic), yo (functional), and ys (operational) are taken into consideration in
the installation problem, and the weight vector of the criteria y; (j = 1,2,3)
is w = (0.3,0.5,0.2)7. Assume that the characteristics of the alternatives z;
(i =1,2,3,4 5) with respect to the criterion y; (j = 1,2,3) are represented
by the GHFEs h” = {ai; = (Hay»Vay;)|aij € h”} where p,,; indicates
the degree that the alternative x; satisfies the criterion y; and v,,; indicates
the degree that the alternative x; does not satisfy the criterion y;, such that
P> Vay; € [0,1] and po,; + va,; < 1. All hij = {aij = (fay, > Vau, )| € hij}
(i = 1,2,3,4,5; j = 1,2,3) are contained in the generalized hesitant fuzzy
decision matrix E = (hy;)sx3 (see Table 2).

Table 2: The generalized hesitant fuzzy decision matrix

Y1 Y2
z1 | {(0.3,0.2),(0.3,0.4)} {(0.7,0.2),(0.5,0.2)} {(0.5,0.2),(0.6,0.3)}
z2 | {(0.5,0.2),(0.6,0.2)} {(0.3,0.1),(0.4,0.2)} {(0.7,0.1),(0.8,0.1)}
z3 | {(0.3,0.4),(0.4,0.5)} {(0.7,0.2),(0.8,0.1)} {(0.4,0.3),(0.4,0.4)}
z4 | {(0.2,0.6),(0.2,0.7)} {(0.8,0.1),(0.7,0.2)}  {(0.7,0.2),(0.8,0.1)}
zs | {(0.8,0.1),(0.7,0.2)} {(0.6,0.3),(0.7,0.2)} {(0.2,0.5),(0.2,0.6)}

To select the best air-conditioning system, we utilize above-mentioned two
approaches to find the decision result(s).

Approach I.

Step 1. Considering that all the attributes y; (j = 1,2, 3) are benefit type
attributes, the performance values of the alternatives z; (i = 1,2,3,4,5) do not
need normalization.

Step 2. Utilize Egs. (28) and (29) (let p = 2) to calculate the separation
degree G;; of each component h;; (i = 1,2,3,4,5; j = 1,2,3) to PIS h™ =

13
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{(1,0)} and NIS 2~ = {(0,1)} and then we get the following results:

G, = 1.2724,G{, = 0.7737,G{, = 0.8951, G5, = 0.8401, G5, = 1.0549,
G5 = 0.4620, G, = 1.3496, G4, = 0.5201, G, = 1.1911, G, = 1.7059,
G, = 0.5201, G, = 0.5201, G¥, = 0.5201, G5, = 0.7573, G, = 1.6062,
G, = 1.2458, G, = 1.6622, G 3 = 1.5574, G5, = 1.6062, G5, = 1.4369,
Gos = 1.8601, G5, = 1.1264, G5, = 1.8351, G35 = 1.2969, G, = 0.7023,
G, = 1.8351,G 5 = 1.8351,G5, = 1.8351,G5, = 1.6571, G5y = 0.8401.

Step 3. Utilize the weight vector w = (0.3,0.5,0.2)7 of the criteria y; (j =
1,2,3) and Eq. (30) to calculate the closeness degree G(z;) of the alternatives
; (i =1,2,3,4,5) to the NIS:

G(z1) = 0.6166, G(22) = 0.6455, G(x3) = 0.6303, G(z4) = 0.6329, G(x5) = 0.6456.

Using this, we rank all alternatives z; (i = 1,2,3,4,5) in descending order in
accordance with the values G(x;) (1 =1,2,3,4,5):

X5 > Lo > T4 > T3 > T1.

Therefore, the best alternative is xs.

Approach II.
Step 1. For this step, see Approach I.

Step 2. Utilize the GHFWA operator (31) to aggregate all the performance
values h;; (1 =1,2,3,4,5;5 = 1,2,3) of the ith line and get the overall perfor-
mance value h; corresponding to the alternatives z; (i = 1,2,3,4,5);

0.4710,0.2169),
0.4710,0.2670)};
0.5440, 0.1741),
0.5735,0.1741)};
0.6372,0.2000

hy = {(0.5716,0.2000), (0.5903, 0.2169), (0.4469, 0.2000), )
)
)
)
)
0.6536,0.2138)};
)
)
)
)

) ( ) ( )

(0.5716,0.2462), (0.5903,0.2670), (0.4469, 0.2462),

hy = {(0.4658,0.1231), (0.5075,0.1231), (0.5055, 0.1741),
(0.5004, 0.1231), (0.5393,0.1231), (0.5375,0.1741),

= {(0.5557,0.2670), (0.5557, 0.2828), (0.6372, 0.1888),
(0.5757,0.2855), (0.5757,0.3024), (0.6536,0.2018),

= {(0.6712,0.1966), (0.6969, 0.1711), (0.5974, 0.2781),
(0.6712,0.2059), (0.6969, 0.1793), (0.5974, 0.2912),

= {(0.6268, 0.2390), (0.6268, 0.2479), (0.6768, 0.1951),
(0.5785,0.2942), (0.5785,0.3051), (0.6350, 0.2402),

0.6287,0.2421),
0.6287,0.2535)};
0.6768,0.2024),

0.6350,0.2491)}.

~ o~ o~ o~ o~ o~ o~ o~ o~ —~

Step 3. Utilize Eq. (33) to calculate the closeness degree G(xz;) of each
alternative z; (i = 1,2,3,4,5) to the PIS ht = {(1,0)}:

G(z1) = 0.9146, G(22) = 0.8291, G(x3) = 0.8103, G(z4) = 0.7350, G(x5) = 0.7799.

14
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Using this, we rank all alternatives z; (i = 1,2,3,4,5) in ascending order ac-
cording to the values G(x;) (i =1,2,3,4,5):

Xy > X5 > T3 = Ty = T1.

Therefore, the best alternative is x4.

If we utilize the GHFWG operator (32) in Step 2 of Approach II, then the
closeness degree G(z;) of each alternative x; (i = 1,2,3,4,5) to the PIS is
calculated:

G(z1) = 0.9835, G(z2) = 0.9117, G(x3) = 0.9700, G(x4) = 1.0543, G(z5) = 0.9597.

and so the ranking of all alternatives x; (i = 1,2,3,4,5) in ascending order
according to the values G(z;) (i = 1,2,3,4,5) is obtained:

To = T5 > T3 > T1 »~ T4.

Therefore, the best alternative is xs.

From the above analysis, we know that the results obtained by the proposed
approaches are different. Each of methods has its advantages and disadvantages
and none of them can always perform better than the others in any situations.
It perfectly depends on how we look at things, and not on how they are them-
selves. As we can see, in Approach II, depending on aggregation operators used,
the ranking of the alternatives is different. Therefore, the results may lead to
different decisions.

6 Conclusions

In this paper, we developed cross-entropy under generalized hesitant fuzzy envi-
ronment. Axiomatic definition about this information measure have been given
for GHFEs. Two approaches, based on the developed generalized hesitant fuzzy
cross-entropy, of generalized hesitant fuzzy MCDM are developed which permits
the decision maker to provide several possible IFVs for an alternative under the
given criterion, which is consistent with humans’ hesitant thinking. The illus-
trative example demonstrated the validity and practicability of the developed
approaches.
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ON HARMONIC QUASICONFORMAL MAPPINGS WITH FINITE
AREA

HONG-PING LI AND JIAN-FENG ZHU

ABSTRACT. In this paper, we study the class of harmonic K-quasiconformal map-
pings of the unit disk U with finite Euclidean areas |f(U)|cu.. We first give the
Schwarz-pick lemma (cf. [8]) for this class of mappings as follows:

‘f(U)|euc 1
< 1T 719\ ) E U7
|fZ(Z)‘_ W(l—k2)1—|2" z
where k = ﬁ—_ﬂ Furthermore, we obtain the sharp coefficient estimates of this

class of mappings. As an application, for harmonic mappings f € S% with finite
| £ (U)|eue we obtain sharp coefficient estimates.

1. INTRODUCTION

Let U = {z € C: |z| < 1} be the unit disk in the complex plane C. The classical
Schwarz lemma says that if an analytic function ¢ of U satisfies that |o(z)| < 1
and ¢(0) = 0. Then |p(2)| < |z| and |¢'(0)] < 1. The equality occurs if and
only if ¢(z) = €z, where « is a real constant. The classical Schwarz lemma is
a cornerstone in complex analysis and attracts one to give various versions of its
generalization.

A complex-valued function f(z) of class C? is said to be a harmonic mapping if it
satisfies f,z = 0. It is known that every harmonic mapping f(z) defined in U admits
a canonical decomposition f(z) = h(z) + g(z), where h(z) and g(z) are analytic in
U with ¢g(0) = 0. One can refer to [5] and the references therein for more details
about harmonic mappings.

For z € U, let
@ Aple) = max 1£:2) + e f()] = £+ (),
and
@ A(z) = i 1£(2) e 20802 = 1] = ()]l

2000 Mathematics Subject Classification. Primary: 30C62; Secondary: 30C20, 30F15.
Key words and phrases. Harmonic mappings, harmonic quasiconformal mappings, coefficients
estimate, Ahlfors-Schwarz lemma.
File: LiZhu.tex, printed: 19-8-2015, 10.36.
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The Lewy theorem [7] tells us that a harmonic mapping f is locally univalent and
sense-preserving in U if and only if its Jacobian satisfies the following condition

Jp(2) = Ap(2)As(2) = L)) = |f=(2)]P > 0 for z€U.

Suppose that f(z) is a sense-preserving univalent harmonic mapping of U. Then
f(2) is a K-quasiconformal mapping if and only if

@A)
KUY = s o= 1ne =

Harmonic quasiconformal mappings are natural generalizations of conformal map-
pings. Recently, many mathematicians have studied such an active topic and ob-
tained many interesting results (cf.[1], [6], [10], [8], [12], [13], [14], [15] ).

In 2007, M.KneZevi¢ and M.Mateljevié [8] proved the following Schwarz-Pick lem-
ma for harmonic quasiconformal mappings.

Theorem A. Let f be a harmonic K -quasiconformal mapping of U into itself. Then

(K+ 1D = [f()*)

holds for all z € U, and

dr(f(21), f(22)) < Kdx(21, 22)
holds for any z1, 2o € U, where dy is the hyperbolic distance.

Furthermore, they obtained the opposite inequalities in Theorem A as |f,(z)| >

%W and d\(f(z1), f(22)) > %dx(z1, 22) by assuming that f is onto. Such

an assumption is necessary since that |f,(z)| will bounded below by a positive con-
stant (see [8] for more details).
In 2010, X. Chen and A. Fang [2] improved the above results as follows.

Theorem B. Let 2 C C be a simply connected convex domain of hyperbolic type
and \q be its hyperbolic metric density with the Gaussian curvature —4. If f is a
harmonic K -quasiconformal mapping of U onto §2, then the inequalities

(K + 1)Ay(2) (K + DAuy(z)
2K o(f(2)) 2Xa(f(2))

hold for all z € U. Moreover, the above estimates are sharp.

<|f(2)] <

We point out that the composition of a harmonic mapping f with a conformal
mapping ¢ is still harmonic. Hence we can fix the defined domain as U for har-
monic mappings. However, ¢ o f is not harmonic in general. This implies that the
Schwarz-Pick lemma for harmonic quasiconformal mappings will closely relate to its
target domain. Instead of the assumption that harmonic quasiconformal mappings
have convex or bounded ranges, we study the class of harmonic mappings with fi-
nite Euclidean areas. Example 1 shows there exists a harmonic mapping with an
unbounded range but finite Euclidean area.
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Assume that f(z) = h(z) + g(z) is a harmonic K-quasiconformal mapping of U
with a finite Euclidean area | f(U)|cue, where

h(z) = f:anz” and g¢(z) = i byz"
n=0 n=1

are analytic in U. Under the assumption of finite Euclidean areas, we obtain a
new version of the Schwarz-Pick lemma for the class of harmonic K-quasiconformal
mappings as follows

[f(U)]ewe 1
3 z < Y U’
where k = £=1. See Theorem 1 for details.

K+1°
Furthermore, we obtain the sharp coefficient estimates for f(z)

(K + 1/K)|f(U)]eue

4 W12+ (0, <
(4) anl? + [oul? < -

(n=1,2,...).

This result is given at Theorem 2.
Denote by Sy the family of all sense-preserving univalent harmonic mappings
defined in U which admit a canonical representation f = h + g, where

(5) h(z) =2+ Z a,z" and g(z) = Z b 2"
n=2 n=1

are analytic in U. The class SY is the subclass of Sy with ¢’(0) = 0.

A well-known result of the classical analytic univalent functions is the Bieberbach
conjecture which was posed by Ludwig Bieberbach in 1916 and was finally proven
by Louis de Branges [4]. This result has many important geometric applications. In
1984, T.Sheil-Small [3] published a landmark paper which pointed out that many
classical results of conformal mappings have analogues of harmonic mappings. One
of the famous results is the coefficients conjecture of S%. As an application of
Theorem 2, we obtain the coefficients estimate for f € S% which is given by (9).

2. MAIN RESULTS AND THEIR PROOFS

Theorem 1. Let K > 1 be a constant. If f(z) = h(z) + g(z) is a harmonic K-
quasiconformal mapping of the unit disk U such that its Euclidean area |f(U)|eue 18
finite, then

[f(O)lewe 1

£ <y

z € U,

_ K-1
where k = ®1

Proof. Since f(z) is a harmonic K-quasiconformal mapping, we obtain that
9'(2) K-1

<h=—"
h'(z) sk K +1

sup
zeU
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1O = [ [WEE =l EP
= J L (=) o

> (1- k‘z)// IR (2))? do.
19}
This implies that

“ [ [ pas < 10l

By [11, Corollary 2.6.4 and Theorem 2.4.1], we obtain |h’(2)|? is subharmonic in U.
Thus, for r € [0,1 — |z]), it follows

Then

1 21 )
(1) ()2 < —/ B (= + re®)[2 do.
2 Jo

Utilizing the inequality (6), we get

2 rl—|z| '
(1= AR < / / P (= + )P dr df
0 0

:=/L@W@Wo
s//M'Fw<‘(kﬂ

where D(z) :={C € C,|¢ — 2| <1—z|} CU. Then |W(2)]* < 1f(U)leuc

i m(1=]z[)2(1-k2)"
This completes the proof. 0

Remark 1. The Euclidean area of f(U) is finite doesn’t imply that f is bounded.
The following Example 1 shows that Theorem 1 is not covered by Theorem A and
Theorem B. Furthermore, let f(z) = €z be a conformal mapping of U onto itself,
where a is a real constant. Then |f.(z)] =1 and | f(U)|eue = 7. This shows that (3)
1s sharp at z = 0.

Example 1. Let Oy = {C € C: 0 <Im¢ < 1,Re¢ > 0} and ¢1(2) : U — Q be

a conformal mapping. Let oo(C) = 1 - In }+gz be a conformal mapping of Q1 onto

Qy. Then w(z) = pa0¢1(2) is a conformal mapping of U onto Q. Here 2y is an
unbounded (and not conver) domain with the boundary curves {c ’Imw =0,0 <
Rew < 2}, {¢2 : Rew = 0,Imw € R} and {c3 : w(t +i) = 5-Inz%-, ¢ € [0,00)}

which is shown by figure 1. Then |w(U)|e,e = T2 is finite. Thzs shows that Theorem

1 is not covered by Theorem A and Theorem B.
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15~

10+~

FIGURE 1. Image of the domain {2,

Theorem 2. Let K > 1 be a constant. If f(z) = h(z) + g(z) is a harmonic K-
quasiconformal mapping of U such that | f(U)|eue is finite, where

(8) h(z) = Zanz" and g(z Zb 2"

n=0
are analytic in U. Then
K+ 1/K)|f(U)|eue
an? 4 o2 < BTN Olewe 5
2nm
The above coefficient estimates are sharp for all n = 1,2,..., with the extremal
functions f,(z) = Nk \’;‘iz” where k = K—j& and a € C is a constant.

Proof. For every z = re? € U,

00
:E :annzn0+§ :b rn —zn9
n=0

Hence A (re'?) = Z na,r" '™ D% and ¢'(re’?) = 3 nb,r" e’ ™Y Applying the
n=1
Parseval 1dent1ty, We obtain

[ [0 16 = 3+ )

Since f(z) is a K-quasiconformal mapping, we have

(K +1/K) (IM(2)] = 1g'(2)]%) -

l\Dlr—t

W ()" +19'(2)]* <
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This implies that
- 2 2 / 2
WZ)WM*MUfE// (K + 1/K)(K() — |g(2)P)do
n=1

- Y&y U)) e

2
Then
|CL |2—|—|b |2<<K+1/K)|f(U)|6uc (n:12 )
n n| = o gLy
Let fu(2) = J=2" + \k/—‘%z_", then |fn(2)]ewe = [ [ 5. (2)do = (1 — k?)m|al?. This
shows that |a,|? + [b,]? = (sz)‘a'Q = (KH/I;L‘T{(U)‘E“C. Hence, the estimates are
sharp.
This completes the proof. O

Theorem 3. If f = h+g € SY satisfies that |f(U)|cue is finite, where h, g are
giwen by (5) with by = 0. Then

|an|?® + |bal® < s(n,t), (n=2,3,...),
where s(n,ty) is given by (10).

Proof. Let F(¢) := L% where f € S, ( € Uand 0 <t < 1. Then Ap(¢) = A(t¢)
holds for all ¢ € U. Accordmg to (5) we see that

F(Q) = ¢+ ant" "+ Y but" ("
n=2 n=2
= (+ > AL+ Bl
n=2 n=2

where A, = t"'a, and B, = t""'b,. Let w(z) = §:8 Then w(z) is holomorphic

in U satisfying w(0) = 0 and |w(z)| < 1. By the Schwarz lemma we know that
lw(z)| < |z| for z € U. Therefore, for any 0 <t < 1 and U, := {2 : |z] < t} we have

As(2) _ 1+ |w(z)] < 1+t
A(z2) 1—|w(z)|] ~ 1=t

This implies that F' is a K;-quasiconformal mapping of U. Furthermore,

FOWz/Ah@wSWWW.

Applying Theorem 2, we have

— Kt'

(L+ ) (U)ewe
nm(l —t?)

A, + |BuJ? < L (n=2,3,...).
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Hence,

(L+ ) (U)]eue .
nmt?n—2(1 —12)

Since lim s(n,t) = oo = lims(n,t), we see that min s(n,t) exists. Choose the
t—0 t—1 0<t<1

minimal point ¢y = \/"7—_1, then
\V /(n—1)24141

|an|2+|bn|2 S 3(nat0>

0 (Ve e\ VP i\ (U
n—1 Vin—12+1+2-n nro

The proof is completed. O

(9) |an|2+|bn|2 S :S(Tl,t), (7122,3,)

Remark 2. By direct calculation, we see that s(n,ty) is an increasing function of
n and lim s(n,ty) = w This implies that s(n,ty) < w Therefore,
n—oo

Janl + [onl < v/2ane £ o) < 20 LD
s
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Weak Estimates of the Multidimensional Finite
Element and Their Applications

Yinsuo Jia*and Jinghong Liuf

In this article we first introduce interpolation operator of projection type
in multidimensional spaces. Then we derive weak estimates for tensor-product
block finite elements. Finally, the applications of the weak estimates in super-
convergent properties are discussed.

1 Introduction

Superconvergence of the finite element approximation for second order elliptic
boundary value problems has been an active research topic (see [1-7]). It is well
known that the weak estimates for the finite element and the estimates for the
discrete Green’s function play important roles in the superconvergence study
(see [8-15]). In this article we focus on the study of the weak estimates and we
will derive the weak estimates for the multidimensional finite element.

we shall use the symbol C to denote a generic constant, which is independent
from the discretization parameter h and which may not be the same in each
occurrence and also use the standard notations for the Sobolev spaces and their
norms.

We consider the following Poisson equation:

Lu=-Au=f inQ, uw=0 on 9, (1.1)

where Q € R? (d > 2) is a bounded polytopic domain. The weak formulation
of (1.1) reads,
Find u € H}(Q) satisfying
a(u, v) = (f, ) for all v € H}(Q).
where
a(u, v) = / Vu-VvdX,
Q

and

(f,v) E/vadX.

*School of Mathematics and Computer Science, Shangrao Normal University, Shangrao
334001, China, email: jiayinsuo2002@sohu.com

fSchool of Mathematics and Computer Science, Shangrao Normal University, Shangrao
334001, China, email: ddliul010@163.com
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Let {7"} be a regular family of rectangular partitions of 2. Denote by S(9) a
continuous piecewise tensor-product m-degree polynomials space regarding this
kind of partitions and let S (Q) = S(Q) N HZ(€2). Discretizing the above weak
formulation using SP(2) as approximating space means,

Find uy € SH(Q) satisfying
a(up, , v) = (f, v) for all v € SH(Q).

Thus, the following Galerkin orthogonality relation holds.

alu —up,v) =0 Yo € SEHQ). (1.2)

2 Weak Estimates for the Finite Element

In this section, we first introduce an interpolation operator of projection type
in multidimensional spaces, and then derive the weak estimates for the finite
element by using the interpolation operator of projection type.

Let element

e = (.’L‘])e - hl,ea Tie + hl,e) X (x2,e - h2,e,l‘27e + hg’e)
X X (Tde — hdes Ta,e + hae) (2.1)
= L xIhx---x1g,

and let {l1 j(z1)}520, {l2,j(22)}520: -+ {la,j(wa)};2¢ be the normalized orthog-
onal Legendre polynomial systems on L2(Iy), L?(I3), --, L?(1;), respectively.
Now let 0,0y, « - O, ,u € L*(e). Then we have the following expansion:

0r Oy - Opu =3 o Y Qippigl (81)lo,05 (22) - laig(€a),  (2:2)

11:0 i2:0 Zd:()

where
Qjyinig = /@lﬁm c Opguly iy (w1)l2,4, (22) -+ - layi, (2a) dX. (2.3)
Set
Tk
o) =1 v = [ l(©de k=1 d g2 0
rlc‘e_hk,e.
By the Parseval equality, we have for X = (21,29, -,24) €€

u(X) = Z Z Z Biyig-igWiiy (T1)wa,iy (T2) - wa iy (Ta), (2.4)

i1=042=0  iq=0

where
B00--0 = Wx1,e — e, T2e —hoe,  * Tde — Rde),
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Bi100--0 = / Oz (21,026 — Roey -+, Tae — hae)ln,in—1(21) do,
I

Biriz0-.0 = / Op, Oz, (21, 22,236 — h3,e, -+, Tae — Naye)
Iy x1o

l1,i1—1($1)12,i2—1($2) dzidza,

BiliZ“'id = /aﬂﬂlaﬂﬁz e afbdu(X)
ll,il—l(ﬂf1)l2,i2—1($2) cee ld,id—l(xd) dX,

where i, > 1, k=1,---,d. Similarly, the other coefficients can also be given.
We introduce a standard tensor-product polynomial spaces of degree m > 1
denoted by T},, i.e.,

Q(X) = Z ai1i2'~'idwilx§2 e ',I;Zd7 q S Tma
(1,82, 1) €T
where the indexing set I is as follows:

1= {(i17i27"'7id)|0Si17i27"'7id§m}-

Define the tensor-product interpolation operator of projection type by II¢:
H4(e) — T, (e) such that

Mu(X) = Y Biiiawri (11w, (€2) - Wa iy (€a)- (2.5)

(31,02,,a) €T

By the definitions of the finite element space SZ(2) and I1¢,, we have the inter-
polation operator of project type

I, : HY(Q) N H(Q) — SH(Q),

where (I, u)|. = I, u.
In addition, the function wy ;(xx) has the following properties (see [5]):

a. wk,i(xk,e + hk,e) = 0, 7 Z 2,
b wri(@Tre — (T — The)) = (—1)'Whi(The + (Tk — Tie)), @2 2, (2.6)
C. (wk‘,i7 pm) = 07 me S Pm(lk)a 1 2 m + 37 '
d. (wk,ivwk,j):07 7”]2257’7&.75 and |7’7]|3£2a

where k = 1,---,d. For simplicity, we write

)\i1i2---id = ﬂiligwidwl,il(xl)wzig (xz) crWdig (xd)~
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From (2.4) and (2.5),

R = u—-1Ifu
(O3S DAL DNy Dol
m m o0 o
+2i=0 X}ﬂz‘z:o : ;};Zz‘dq:vgoﬂ Zid:%o (2.7)
o D20 Dt mt1 2aig=0 " Doig—0
S S S0 o) Mt

which is called remainder of interpolation. Next, we will derive the weak esti-
mates for the finite element.

Theorem 2.1 Let {T"} be a reqular family of rectangular partitions of Q,
u € W2 o) N HY(Q), and v € SH(QY). Then, the m-degree interpolation
operator of projection type I, satisfies the following weak estimates:

|a(u = Tou, 0)| < Ch™Hlullms2, 00, 0/v]1,1,0, m > 1, (2.8)

and
@~ Ty, 0)| < OW™ 2 ullgo e alvfi o m>2. (29)

where [vlh | o =Y e [v]2,1,e:
Proof. By the properties of wy, ; (zx) (see (2.6), ¢) as well as the orthogonality
of the Legendre polynomial system, we have

/VR~VvdX:/Vr~VvdXEIe Ve e T",

where

+2
ro= (ZZL:O Zg:o T Zz_lzo ZZ;:erl
+2 +2
+ Z?I:o ZZL:O e ZZ,FmH ZZL:O

m m+2 m—+2 m—+2 (210)
+oeet Zu:o Zi2=m+1 i3=0 """ 2 ig=0
+2 +2 +2 +2
+ ZZLZmH Z:o e 22_1:0 Z::(s Ailiz"'id'
Obviously, 7 only contains finite terms.

Among the indices ig, k = 1,2,---,d, when some i, = m + 1 or m + 2, and
the others are zero, we have by the orthogonality of the Legendre polynomial
system

/V)‘hiz-“id -VoudX =0. (211)
€
When only two of the indices i, k = 1,2, - - -, d are nonzero, and the others are

zero, without loss of generality, we assume i1 # 0, i2 # 0, and i3 =iy = -+ =
iqg = 0. It is easy to see that i1 + io > m + 2. Thus, the integration by parts
yields

Biris0.0 = / Oy Opy (21, T2, 236 — N3 6y, Tae — Raye)
Il ><12
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l14,—1(®1)l2,i5—1(22) dz1dxs
= (—1)S+t/ OO (2, 20, w36 — hae, +, Tae — hae)
Iy x1Io
D51y i, —1(21) D g iy —1(72) dryds,

where 0 < s <i3—1, 0<t<iy—1, s+t =m,. The operator D~"(n > 1)
denotes the integration operator of order n such that

j;ww@m = o(z).

In particular, when n = 0,

D™"p(xi) = (i)

Thus,
|Biriz0--0l < CR™ H|ullms2, o0, e- (2.12)

In addition

/V)\ili20~~0'vvdx‘ < |Biyiz0--0|

/V (Wi, (21)wa iy (22)) - VodX
< C|5i1i20---0\/|Vv\dX

Further, from (2.12), we have

/VAiliQO"‘O - Vo dX‘ S Chm+1||u||m+2’ooye|11|1, 1,e- (213)
e
Similar to the arguments as above, without loss of generality, when i # 0, k =
1,2,---,j and ij41 = dj42 = --- = ig = 0, we have
/V/\iﬂzmijOmO . V’U dX‘ S Chm+1||’U,Hm+2,oo75|U|1717e. (2.14)
e

Finally, we consider the case of i # 0, k = 1,2,---,d. Obviously, Zzzl i >
m + d. We have by the integration by parts

ﬁiliZ'“id /811812 T a’L’du<X)
l1,11—1($1)l2,i2—1(332) ce ld,z‘d—l(ﬂ?d) dXx

(_1)51+52+--~+Sd /6;1+16;§+1 - 3;Z+1U(X)

(&

D™y 4, 1 (21) D™ *2lg 4, 1(22) - - - D™ g 5,1 (xq) dX,
where 0 < s, <ip,—1,k=1,---,d and 22:1516 =m+ 2 —d. Thus,

_d
|Biyig--ia| < Ch™ 23 |l m+2, o, e (2.15)
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Obviously,

IN

|Biviz--iql

/V/\iliz""id -V dX‘

/ V (@, (21 )wns, (22) - wa, (24)) - Vo dX

IA

d—2

Further, from (2.15), we have

/v>\11121d . Vv dX‘ S Chm+1||u||m+27oove|v|17175. (216)

Combining (2.10), (2.11), (2.13), (2.14), and (2.16) yields
[Le| < Chm+1||u||m+2,00,6|v|1,1,e~ (2.17)

Summing over all elements proves the result (2.8). In the following, we will
prove the result (2.9).

If m > 2, without loss of generality, we assume i, # 0, k = 1,2,---,7 and
7:]'_;,_1 :’L]+2::Zd20

fe V)\ilizwijO---O -VodX

ﬂilh...ijo...o fe Vv (wl,il (113'1)&)2’1'2 (1'2) s wj,i]. (LCJ)) -VvdX

= 6i1i2--<i_7'0---0 fe 811 (JJ177;1 (l’l)wZi2 (1’2) e (J.)jyij (fﬂj)) a$11) dX
FBivig-iy0-0 [, Ony (Wi, (T1)wa iy (w2) - - wyii, (7)) Opyv dX
ot Bigigei; 000 J, Ony (Wi (1) w2y, (T2) -+ wji, (x5)) Oy, v dX

= L+DL+---+1

Iiyiyeiz0-0

(2.18)
We assume i; > m + 1, thus i1 > m + 1 > 3. By the orthogonality of the
Legendre polynomial system,

Il = /Biliz“'ijO'“O /ll,il—l(xl)WZ,iQ (LEQ) N 'w]"ij (:nj)ﬁmv dX =0. (219)

(&

In addition

Iy = Bijigeijo0 [, wi (T1)l2,,-1(x2) - wj, (25)0p,v dX
= 751‘17;2...1'].0...0 fe Dilwlyil (1131)[271'2_1(1’2) e wm’j (:cj)é)xlf)‘mv dX
(2.20)
Similar to the arguments of (2.12), we get
|ﬁi1i2--~ij0---0| S Chm+2_% Hu||m+27 oo, e- (2.21)
In fact ;
D_lwl,il ($1)l27i2_1($2) C Wy (.23]) = O(hE) (222)
Combining (2.20)—(2.22) yields
1] < CH™ 2 [[ullmta, oo, elV]2, 1,0 (2.23)
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Similarly, we have
[Ik] < CR™ 2 [[ullimra, o0, elv]2, 1,65 k=3, (2.24)

From (2.18), (2.19), (2.23), and (2.24),

Liyig-rijo-0l < Ch™ 2 |lullmia, oo elVl2,1,e, k=3, . (2.25)
When each iy, #£ 0, k =1,---,d, similar to the above arguments, we easily get
/v>\i1i2"'id -VodX S Chm+2”u”m+2’mye|1}|2’1’8‘ (226)

From (2.10), (2.11), (2.25), and (2.26),
| < Chm+2”“||m+2,oo,6|v|2,1,e~

Summing over all elements proves the result (2.9).

3 Superconvergence of the Finite Element

In this section, we will give applications of the weak estimates. Some appli-
cations may be found in the published literatures. First we need to give the
definitions of the discrete Green’s function and the discrete derivative Green’s
function. For every Z € 2, we define the discrete derivative Green’s function
07.4G% € Sl and the discrete Green’s function G% € S} such that (see [7])

a(8275G’}, v) = 0w(Z) Yov e S(},L(Q)7 (3.1)

a(GY, v) =v(Z) Yve SHR), (3.2)

where ¢ € R and |[¢| = 1. §,v(Z) stands for the onesided directional derivative

v(Z+AZ)—-v(Z
o) = lm (Z+ AZ)| 2) Az —|az.
As for 0z,G% and G, we have obtained some estimates (see [8-15]).

Using the weak estimates (see (2.8) and (2.9)) and the estimates for 9,G"%
and G}ZL7 we give superconvergent estimates of the multidimensional tensor-
product m-degree finite element as following:

e In the case of d = 3, we have (see [8-10])

|aZ1EG%‘171 =0(] lnh|%), (3.3)

102G, = O™, (3.4)
h 2

G, = O(mhl?). (3.5)
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Thus, from (1.2), (2.8), (2.9), and (3.1)—(3,5), we get superconvergent estimates
Jun = Tpuly o o < CR™ AL [ullmi2, 00,0, m =1, (see [9])

un =Tl oo 0 < CH™  ullmsz, 00,0, m > 2, (see [9])

and
Jun = Tnuly oo o < CR™ 2 W0AIS [ullmia, 00,0, m > 2. (see [10])

e In the case of d = 4, we have

|026G%], , = O(|nh|), (see [11]) (3.6)
h _ 1
|8274G%|2,1 = O(h7 Y Inh|2), (see[12]) (3.7
h 1
G%|,, = O(|lnh|7). (3.8)

Thus, from (1.2), (2.8), (2.9), (3.1), (3.2), and (3.6)—(3,8), we get superconver-
gent estimates

un = nuly o g < CR™ AR [ullmsz, 00,0, m =1,

1
fun — Touly oo g < ORI (a2, oo 00 m =2, (see [12])

and
1
fun — Muly g < CH™ (AL [ullio, s 00 m > 2.

e In the case of d = 5, we have (see [13, 14])

|02.4GY |, , = O(nh|?), (3.9)

11

h 92
G%|,, = O(|lnh|?). (3.10)

Thus, from (1.2), (2.8), (2.9), (3.1), (3.2), (3.9), and (3,10), we get superconver-
gent estimates

7
fun — Tuly oo g < CH™ AL [ulliz, w0 m > 1,

and
9
fun ~ Tl 0 < CH™ I i, 0,20 0> 2.

e In the case of d = 6, we have

|026G%], , = O(|nh|3), (see [15]) (3.11)

h 4
G%|,, = O(|lnh|%). (3.12)

Remark 1. The result (3.12) was submitted in JOCAAA.
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Thus, from (1.2), (2.8), (2.9), (3.1), (3.2), (3.11), and (3,12), we get super-

convergent estimates
lun, — puly o o < Chm"’l|lnh|%||uHm+2,ooﬁ7 m>1, (see [15])

and
4
fun — Muly g < CH™ AL [ullnio, s 00 m > 2.

e In the case of d > 7, we only have

2—d

|024G%|,, =O(h"=), (3.13)

h a—d
G|, =0(h=). (3.14)
Remark 2. According to the results (3.13) and (3.14), we can not obtain
the pointwise superconvergent estimates in the case of d > 7.
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NEW INTEGRAL INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
OPERATOR m-CONVEX AND («,m)-CONVEX FUNCTIONS
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ABSTRACT: In this paper, authors introduce the concepts of operator m-
convex function and operator («, m)-convex function, and establish some new in-
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convex functions.
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1. INTRODUCTION

Throughout this paper, we adopt the notations: R = (—o0, 00) and Ry = [0, 00).
We firstly list the definition of convex functions.

Definition 1.1. The function f: I C R — R is said to be convex function if
flz+ (1 —t)y) <tf(x)+ (1 —1)f(y) (1.1)
holds for all z,y € I and t € [0,1].

One of the most important integral inequalities for convex functions is the Hadamard inequal-
ity (or the Hermite-Hadamard inequality). The following double inequality is well known as the
Hadamard inequality in the literature. If any f is convex function on [a,b] C R with a < b, then

f<a+b)§ 1 /abf(x)dzgf(“)*f(b)_ (1.2)

2 b—a 2

Both inequalities hold in the reversed direction if f is concave on [a, b]. We note that the Hermite-
Hadamard’s inequality may be regarded as a refinement of the concept of convexity and it follows
easily from Jensen’s inequality.

In the literature, the concepts of m-convexity and (a;m)-convexity are well known. The
concept of m-convexity was first introduced by G. Toader in [[] (see also [M]) and it is defined
as follows:

Definition 1.2 ([I0]). The function f : [0,8] — R, b > 0 is said to be m-convex, where
m € [0, 1], if for every x,y € [0,b] and ¢ € [0, 1], we have

fltz +m(1 —t)y) <tf(x) +m(l—1)f(y). (1.3)

The class of (o, m)-convex functions was also first introduced in [B] and it is defined as follows:

*College of Mathematics, Inner Mongolia University for Nationalities, Tongliao 028043, China.
*To whom correspondence should be addressed. e-mail:shuhong7682@163.com
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Definition 1.3 ([§]). The function f : [0,0] — R, b > 0 is said to be (a, m)-convex, where
(a,m) € [0,1]?, if we have
flte +m(1 —t)y) <t f(x) +m(l —t*)f(y) (1.4)
for all z,y € [0,b] and t € [0, 1].

In [, S. S. Dragomir and G. Toader proved the following Hadamard type inequalities for
m~convex functions.

Theorem 1.1 ([M]). Let f: Ry — R be an m-convex function with m € (0,1]. if0<a <b<
oo and f € Lila,b], then the following inequality holds

! /abf(a:)dxgmin{ fla) +mf(5) f(b”mf(ii)}. (1.5)

b—a 2 ’ 2
In [B], S. S. Dragomir established new Hadamard-type inequalities for m-convex functions.

Theorem 1.2 ([B]). Let f: Ry — R be an m-convezx function with m € (0,1]. if0<a<b<
oo and f € Li[am,b], then the following inequality holds

mb b a
! [ ! (e)do+ 7 ! f(x)dm} gw. (1.6)

m+1|mb—a /, —ma Jya

In @], E. Set et al. proved the following Hadamard type inequalities for (a,m)-convex
functions.

Theorem 1.3 ([MM]). Let f : Ry — R be an (o, m)-convex function with (o, m) € (0,1]2. if
0<a<b<ooand f € Li[a,b], then the following inequality holds

f(a;b) s2a(b1_a) /ab[f<x)+m(2a_1)f(;)}dx

<@ + 0 +mias 2 - 0[(5) +£(3)]

+ am?(2¢ —1)[f(n6;2)+f(722)]}dx. (1.7)

Some generalizations of this result can be found in [[3] and [I3].

In recent years, several extensions and generalizations have been considered for classical con-
vexity. A significant generalization of convex functions is that of operator convex functions
introduced by S. S. Dragomir in [H].

Now we review the operator order in B(H) and the continuous functional calculus for a
bounded self-adjoint operator. For self-adjoint operators A, B € B(H), we write A < B if
(Az,z) < (Bz,z) for every vector x € H, we call it the operator order.

Let A be a bounded self-adjoint linear operator on a complex Hilbert space (H;{(.,.)). The
Gelfand map establishes a *-isometrically isomorphism ® between the set C'(Sp(A)) of all contin-
uous complex-valued functions defined on the spectrum of A, denoted Sp(A), and the C*-algebra
C*(A) generated by A and the identity operator 1y on H as follows (see for instance [B], p.3).
For any f,g € C(Sp(A)) and any «, 8 € C, we have

(1) ®(af+Bg) = a®(f)+ P(9);
(i) ®(fg) =2(f)®(g9) and D(f7) = L(f)%;
(id) () =l fII == Sup | fh;

€5p(A)
(iv) ®(fo)=1g and ®&(f;)=A, where fo(t)=1 and fi(t)=¢ for te Sp(A4).
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With this notation, we define
f(A) :=0(f) forall feC(Sp(A)) (1.8)

and we call it the continuous functional calculus for a bounded self-adjoint operator A.

If A is a bounded self-adjoint operator and f is a real-valued continuous function on Sp(A),
then f(t) > 0 for any ¢t € Sp(A) implies that f(A4) > 0, i.e. f(A) is a positive operator on
H. Moreover, if both f and g are real-valued functions on Sp(A) such that f(t) < g(¢) for any
t € Sp(A), then f(A) < f(B) in the operator order in B(H).

We denoted by B(H)™' the set of all positive operators in B(H) and

C(H):={Ae€B(H)":AB+BA>0 forall Bec B(H)"}. (1.9)

It is obvious that C(H) is a closed convex cone in B(H).
A real valued continuous function f on an interval I C R is said to be operator convex
(operator concave) if the operator inequality

f(A=t)A+1tB) < ()1 —1)f(A) +1f(B) (1.10)

holds in the operator order in B(H), for all ¢ € [0, 1] and for every bounded self-adjoint operators
A and B in B(H) whose spectra are contained in 1.

In [B], S. S. Dragomir gave the operator version of the Hermite-Hadamard inequality for
operator convex functions.

Theorem 1.4. Let f: 1 C R — R be an operator convex function on the interval I. Then
for any self-adjoint operators A and B with spectra in I, we have the inequality

()5
1 [f(A+B> N f(A)+f(B)} < JA)+FB)

1
g/o fEA+ (1 -DB)dt < o 5 5 5

(1.11)

For recent results related to Hermite-Hadamard type inequalities are given in [B], [@], [G], [@],
and plenty of references therein.

The goal of this paper is to obtain new inequalities like those given in Theorems [, A, 3,
but now for operator m-convex and («, m)-convex functions.

2. OPERATOR m-CONVEX AND («,m)-CONVEX FUNCTIONS

In order to verify our main results, the following preliminary definitions and lemmas are
necessary.

Definition 2.1. Let [0,b] C Ry with b > 0 and K be a convex set of B(H)". A continuous
function f : [0,b] — R is said to be operator m-convex on [0, b] for operators in K, if
FEA+m( —t)B) <tf(A) +m(l —1t)f(B) (2.1)

in the operator order in B(H), for all ¢ € [0, 1] and every positive operators A and B in K whose
spectra are contained in [0,b] and for some fixed m € [0, 1].

Remark 2.1. For m = 1, we recapture the concept of operator convex functions defined on
[0,0] and for m = 0 we get the concept of operator starshaped functions on [0, b], namely, we call
f:]0,b] = R to be operator starshaped if

f(tA) <tf(A) (2.2)

for all ¢ € [0,1] and every positive operators A in B(H)* whose spectra are contained in [0, b].

Lemma 2.1. If f is operator m-convez, then f(0) <0, where 0 is the zero operator on H.
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Proof. Taking A =0 and B = 0 in the inequality (E), then
(1= D1 —m)f(0) < 0.
Also by t,m € [0, 1], we get f(0) <0. O
Lemma 2.2. If f is operator m-convez, then f is operator starshaped.

Proof. For all ¢t € [0,1] and positive operators A € B(H)* whose spectra is contained in [0, ],
we write

F(EA) = F(EA +m(1 = )0) < tF(A) +m(1 — ) F(0) < tf(A).
O

Lemma 2.3. If f is operator my-convexr and 0 < mo < mq < 1, then f is operator mo-conver.

Proof. For all t € [0,1] and positive operators A, B € B(H)" whose spectra are contained in
[0,0], we drive
F(tA+ma(1 —t)B) = f(tA+m1(1 —t)(@)B) <tf(A) +mi(1 —t)f(@B)

< tF(A) +mi(l— t)%f(B) = tf(A) +ma(1 — t)f(B).

O

Definition 2.2. Let [0,b] C Ry with b > 0 and K be a convex set of B(H)". A continuous
function f :[0,b] — R is said to be operator («,m)-convex on [0,d] for operators in K, if

FtA+m(1 —t)B) <t f(A) +m(1 — t)f(B) (2.3)

in the operator order in B(H), for all ¢ € [0, 1] and every positive operators A and B in K whose
spectra are contained in [0, 5] and for some fixed (o, m) € [0, 1]2.

Remark 2.2. It can be easily seen that for (o, m) € {(0,0),(1,1), (1,m)} one obtains the follow-
ing classes of functions: operator increasing, operator convex and operator m-convex functions
respectively.

Similarly to the proof of Lemma B, the following result is valid.

Lemma 2.4. If f is operator (a, m)-convez, then f(0) < 0, where 0 is the zero operator on
H.

Lemma 2.5 (H]). Let A,B € B(H)*. Then AB + BA is positive if and only if f(A+ B) <
f(A) + f(B) for all non-negative operator monotone functions f on Ry.

Now, we give an example of operator m-convex function.

Example 2.1. Since for every positive operator A, B € C(H), AB + BA > 0. Utilizing
Lemma 3, we obtain

[tA+m(1—t)B)® <t°A*+m*(1 —t)°B® < tA° + m(1 —t)B®.

Therefore, the continuous function f(t) = ¢*(0 < s < 1) is operator m-convex on Ry for operators

in C(H).

Remark 2.3. We can consider the same continuous function f(t) = t*(0 < s < 1) as an example
of operator (a, m)-convex function for o = 1.
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3. SOME NEW HERMITE-HADAMARD TYPE INEQUALITIES
We will now point out some new results of the Hermite-Hadamard type.

Theorem 3.1. Let the continuous function f : Ry — R be operator (o, m)-convex for oper-
ators in K C B(H)™ with (a,m) € [0,1] x (0,1]. Then for all positive operator A, B € K with
spectra in Ry, the following inequality holds:

(3.1)

/ fA (- DByt < mm{ f(A) +amf(T) f(B)+amf(5) }
0

a+1 ’ a+1

Proof. For x € H with ||z|| =1 and m,t € (0, 1], we have
((tA+m(1 —t)B)z,z) = t{Az,z) + m(1 — t)(Bz,z) € Ry, (3.2)
since (Axz,x) € Sp(A) C Ry and (Bz, z) € Sp(B) C Ry.
Continuity of f and (B3) imply that the operator-valued integral fol fA+m(1 —t)B)dt
exists.
Since f is operator («, m)-convex, therefore for (a, m) € [0,1] x (0,1] and A, B € K, we show

FIEA+ (1= 1)B) < F(A) + m(1 — t“)f(ﬁ)

and

B+ (1— ) A) < tf(B) + m(1 - to‘)f<A>

m
for all ¢ € [0,1].
Integrating over ¢ on [0, 1], we obtain

f(A) +amf(Z)

/1f(tA+(1—t)B)dt§
0

a+1
and ) (A)
f(B)+amf(£
tB 1-t)A)dt < me,
| e -nayar < TR
However . .
/ FtA+ (1 —t)B)dt = / FB+ (1—1)A)dt,
0 0
and the inequality (B3) is obtained, which completes the proof. (I

Corollary 3.1.1. Under the assumptions of Theorem B, choosing o = 1, we get the inequal-
ity for operator m-convex functions:

/1 FtA+ (1 —D)B)dt < min{ /&) +2mf(ﬁ> 1B +2mf(fl) } (3.3)
0
Furthermore, for a, m = 1 we have
/1 FEA+ (1 —D)B)dt < w. (3.4)
0

Theorem 3.2. Let the continuous function f : Ry — R be operator (a, m)-convezx for oper-
ators in K C B(H)T with (a,m) € [0,1] x (0,1]. Then for all positive operator A, B € K with
spectra in Rg, the following inequalities hold:

((452) <3 [ [rea- -0 w14

m
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SM{f(A) +f(B) +m(a+2% —1) [f<:rt> +f<flﬂ

+ am?(2* — 1) [f(é) + f(ni)] } (3.5)

Proof. By operator («, m)-convexity of f, we give

f(A+B) < 1f(tA+(1—t)B)+m<l—1>f<(1_t)A+tB>

2 - 2« 2 m
1 1-t)A+tB
= {f(tA +(1-1)B) +m(2* - 1)f(()m+>], (3.6)
where (a,m) € [0,1] x (0,1],¢ € [0,1] and A, B € K with spectra in Ry.
Integrating over ¢ € [0, 1], we drive the first inequality in (B33).
Next, from operator (a, m)-convexity of f, we also deduce
1 1-H)A+tB
- {f(tA +(1=6)B) +m(2* — 1)f<()+ﬂ
2¢ m
<L lesn oo er(B) sm ol (B) emi- (A} on
Integrating over ¢ on [0, 1], we get
1 —
L {f(tA +(1—t)B) +m(2* — 1)f((1t)A+tB)] dt
2% Jo m
1 « B 2o A
Similarly, taking into account that
1 1
/ f(tA+ (1 —t)B) dt:/ f(tB+ (1 —t)A)dt
0 0
and changing the roles of A and B, we obtain
1 _
L {f(tA 4 (L= 1)B) + m(2* — 1)f((1t)A+tB>} at
2@ Jy m
1 [ A 2o B
Summing the inequalities (B38) and (8BH) and dividing by 2, we get the second inequality
in (B3E). The proof thus is complete. O

Corollary 3.2.1. With the conditions of Theorem &3, taking o = 1, we obtain the inequalities
for operator m-convex functions:

f(A;B) <! /01 {f(tA—k(l —1)B) +mf((1_t)‘4+t3)] dt

75 m

i (&) ()] ) 1 (B)]) o

In addition, if a,m =1, we have

f(A;B> g/()lf(tA+(1—t)B)dt§W. (3.11)
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Theorem 3.3. Let the continuous function f : Ry — R be operator (o, m)-convex for oper-
ators in K C B(H)" with (a,m) € [0,1] x (0,1]. Then for all positive operator A, B € K with
spectra in Rg, the following inequality holds:

/1f(tA+ (1-t)B)dt < F(A) + f(B) +am[f(4) +f(%)].
0

12
2(a+1) (3.12)
Proof. Using operator (a, m)-convexity of f, we can write

B
fA+@-08) < g4+ m1 -y (2)
and

FEB + (1—1)A) < t£(B) + m(1 — t"‘)f(;i)

for all ¢ € [0,1] and some fixed (a,m) € [0,1] x (0, 1].
Adding the above inequalities and integrating over ¢ on [0, 1], we have
J(A) + £(B) +am[f(5) + f(32)]

/Olf(tA—s—(l—t)B)dt+/01f(tB+(1—t)A)dtg — .

As it is easy to see that

1 1
/ F(tA+ (1—t)B)dt = / FUB + (1—1)A)dt,
0 0
we deduce the desired result. The proof of Theorem B3 is complete. (]

Corollary 3.3.1. Under the assumptions of Theorem B3, letting a = 1, we get the inequality
for operator m-convex functions:

/1 ftA+ (- Byt < LA H/B) “ZU(Q) +7G)] (3.13)
0

In addition, for a,m =1, we have

/01 FA+(1—1)B)dt < w. (3.14)

Theorem 3.4. Let the continuous function f : Rg — R be operator (o, m)-convex for oper-
ators in K C B(H)T with (o, m) € [0,1] x (0,1]. Then for all positive operator A, B € K with
spectra in Rq, the following inequality holds:

(1+ma)[f(A) + f(B)]
a+1 '

/l[f(tAer(l —t)B) + f(tB+m(1 —t)A)] dt < (3.15)
0

Proof. By operator («, m)-convexity of f, we can obtain
f(tA+m(1 = )B) <t*f(A) + m(1 —t*)f(B),
f(A=t)A+miB) < (1—1)"f(A) +m(l - (1 —-1)%)f(B),
fB +m(l —t)A) <t f(B) +m(1 —t*)f(A),
and
f(A=1)B+mtA) < (1—-)*f(B) +m(l — (1 —1)%)f(A)
for all ¢ € [0,1] and some fixed (a,m) € [0,1] x (0, 1].
Adding the above inequalities with each other, we get
fEA+m1 —t)B) + f(1 —t)A+mtB) + f(tB +m(1 —t)A) + f((1 — t)B + mtA)
<E+ A=)+ m1—t*)+m(l— (1 -] [f(A) + f(B)].
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Now integrating over ¢ € [0, 1] and taking into account that

1 1
/ F(EA +m(1 — t)B)dt = / F(1 = t)A + mtB)dt
0 0
and ) .
/ F(EB +m(1 — ) A)dt = / F((1— 6B+ mtA)dt
0 0
we obtain the inequality (BI3). The proof of Theorem B3 is complete. (|

Corollary 3.4.1. Under the assumptions of Theorem B3, choosing o = 1, we get the inequal-
ity for operator m-convex functions:

/01 [f(tA+m(1—t)B) + f(tB+m(l —t)A)] dt < (1+ m)[f(;) +/(B)] : (3.16)
Moreover, for a,m =1, we have
/01 FEA+ (1 —D)B)dt < w. (3.17)

Theorem 3.5. Let the continuous function f : Ry — R be operator (a, m)-convex for oper-
ators in K C B(H)" with (a,m) € [0,1] x (0,1]. Then for all positive operator A, B € K with
spectra in Rg, the following inequalities hold:

2—-m
—B A
(35 e )
1

1 2 o (1=t~
§2—a/0 [f(t(Q—m)B+(1—t)m A) +m(2 —1)f< dt
1

m)B +tm2A>}

m

Sm [f((2 —m)B) +m(a+2% - 1) f(mA)

+m2a(2* — 1)f((2_7,f)3>} (3.18)

m

Proof. From operator («, m)-convexity of f, we can deduce

(357 B+ o)
gif(t@ —m)B + (1 — t)ym*A) + (1 - 1>f<(1 —t)(2—m)B +tm2A)

3 1-t)(2- n:;B + thA)]’

m

:2% {f(t(2 —m)B + (1 —t)m*A) + m(2* — 1)f(

where (a,m) € [0,1] x [0,1],¢ € (0,1] and A, B € K with spectra in Ry.
Integrating over ¢ € [0, 1], we drive the first inequality in (BI8).
Next, by operator (a, m)-convexity of f, we also write
)B

f2- + (1= t)m®A) <t*f((2—m)B) + m(1 —t*) f(mA) (3.20)
- -m m? -m
f<(1 t)(2 m)B-‘r—t A) <taf(mA)+m(1_ta)f((27nQ)B>' (3.21)
Submitting the inequalities (B20) and (BZZ0) into the inequality (BT9), we get

L [f(t(z —m)B+ (1 - )m?4) + m(2 — 1)f<(1 —H@-m>B HmzA)]

2 m

(3.19)

and
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g;a{t“f((Z — m)B) +m[L — % +1°(2° — 1)] f(mA)
+m2(2% = 1)(1 — t@)f(W) } (3.22)

Integrating over ¢ on [0, 1], we deduce the second inequality in (BI8). This completes the proof
of the Theorem B3. O

Corollary 3.5.1. Under the assumptions of Theorem B3, letting o = 1, we get the inequalities
for operator m-convex functions:

f<2_2mB+ Z‘(mA))

! — —m m?
g%/o {f(t(2—m)B+(1—t)m2A)+mf<(1 D2 m)B+t A)]dt
gi[f(@ —m)B) + 2mf(mA) +m2f<(2mT)B>]. (3.23)
In addition, for a,m = 1, we drive
A+B ! f(A) + f(B)
f( 5 ) S/o fEA+ (1 —-t)B)dt < — (3.24)

752 SHUHONG WANG 744-753



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

10 S. H. WANG

Acknowledgements. This work was partially supported by the National Natural Science Foun-
dation of China under Grant No. 11361038 and by the Inner Mongolia Autonomous Region
Natural Science Foundation Project under Grant No. 2015MS0123, China.

Competing interests. The authors declare that they have no competing interests.

REFERENCES

[1] S. S. Dragomir and G. Toader,Some inequalities for m-convex functions, Studia Univ. Babes-Bolyai, Mathe-
matica, 38:1, 21-28 (1993).

[2] S. S. Dragomir, On some new inequalities of Hermite-Hadamard type for m-convex functions, Tamkang J.
Maith., 3:1, 45-55 (2002).

[3] S. S. Dragomir, An inequality improving the first Hermite-Hadamard inequality for convex functions defined
on linear spaces and applications for semi-inner products, J. Inequal. Pure Appl. Math., 3:2, 775-788 (2002);
Available online at pEEp://jipam.vu.edu.cd.

[4] S. S. Dragomir, An inequality improving the second Hermite-Hadamard inequality for convex functions
defined on linear spaces and applications for semi-inner products, J. Inequal. Pure Appl. Math., 3:3, Article
35 (2002); Available online at EEEp:/7/jipam.vu.edu.ca.

[5] S. S. Dragomir, Hermite-Hadamard’s type inequalities for operator convex functions, Applied Mathematics
and Computation, 218, 766-772 (2011); Available online at BETp://www.elsevier.com/locate/amd.

[6] T. Furuta, J. M. Hot, J. Pecari¢, and Y. Seo, Mond-Peéari¢ method in operator inequalities, Inequalities for
Bounded Selfadjoint Operators on a Hilbert Space, Element, Zagreb, 2005.

[7] A. G. Ghazanfari,The Hermite-Hadamard type inequalities for operator s-convex functions, Journal of Ad-
vanced Research in Pure Mathematics, 6:3, 52—-61 (2014); Available online at BEEp:/7/dx.do1.0org/10.5373
] D olb Vo .

[8] V.G. A.Mihesan, A generalization of the convezity, Seminar on Functional Equations, Approz. and Convez.,
Cluj-Napoca, Romania (1993).

[9] M. S. Moslehian and H. Najafi, Around operator monotone functions, Integr. Equ. Oper. Theory., 71, 575-582
(2011); Available online at pEEp:/7dx.do1.org/10.1007/500020-011-1921-7.

[10] E. Set, M. Z. Sardari, M. E. Ozdemir, and J. Rooin, On generalizations of the Hadamard inequality for
(a, m)-convex functions, RGMIA Res. Rep. Coll., 12:4, Article 4 (2009).

[11] G. Toader,Some generalizations of the convexity, Proc. Colloq. Approz. Opt. ClujNapoca, 329-338 (1984)

[12] S. H. Wang, B. Y. Xi, and F. Qi, Some new inequalities of Hermite-Hadamard type n-time differentiable
functions which are m-convex, Analysis, 32, 247-262 (2012); Available online at BEEp:/7/dx.doi.org/10]
[5227anTy 20121167

[13] S. H. Wang, B. Y. Xi, and F. Qi, On Hermite-Hadamard type inequalities for («; m)-Convex Functions, Int.
J. Open Problems Comput. Math., 5:4, 46-57 (2012); Available online at BEEp://www.3i-csrs.org.

753 SHUHONG WANG 744-753


http://jipam.vu.edu.cn
http://jipam.vu.edu.cn
http://www.elsevier.com/locate/amc
http://dx.doi.org/10.5373/jarpm.1876.110613
http://dx.doi.org/10.5373/jarpm.1876.110613
http://dx.doi.org/10.1007/s00020-011-1921-0
http://dx.doi.org/10.1524/anly.2012.1167
http://dx.doi.org/10.1524/anly.2012.1167
http://www.i-csrs.org

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Non-periodic Multivariate Stochastic Fourier Sine Approximation
and Uncertainty Analysis *
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Abstract. In data analysis, one needs to study Fourier sine analysis on the unit cube. However, for this kind of
non-periodic case, no exact result is available. In this paper, firstly, based on our multivariate function decomposition, we
deduce an asymptotic formula of Fourier sine coefficients of continuously differentiable functions f on [0, 1]d. Secondly,
we deduce an asymptotic formula of hyperbolic cross approximations of Fourier sine series of f on [0, l]d. By this way
we can reconstruct high-dimensional signals by using fewest Fourier sine coefficients. Thirdly, we extend these results
to Fourier sine analysis of stochastic processes and give uncertainty of stochastic Fourier sine approximation, i.e., we
obtain expectations and variances of stochastic Fourier sine coefficients and stochastic Fourier sine approximation errors.
Finally, we discuss some known stochastic processes.

Key words: asymptotic behavior, multivariate decomposition, stochastic approximation, hyperbolic cross

truncation

1. Introduction
It is well known that Fourier sine analysis on [0, 1]¢ is an important tool for signal processing. Based our
decomposition of multivariate continuous functions on the cube [11], we first deduce an asymptotic formula of

Fourier sine coefficients of continuously differentiable function f on [0, 1]% and obtain a necessary and sufficient

i-o( )

for each ny — o0o. Next we deduce an asymptotic formula of hyperbolic cross truncations of the Fourier sine

condition:

series of f. Thirdly, we extend these results to the case of stochastic processes. In detail, we will obtain the
following three asymptotic behaviors of stochastic Fourier sine analysis.

Suppose that ¢ is a continuously differentiable stochastic process on [0, 1]¢.
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associate editor of “EURASIP Journal on Advances in Signal Processing” (Springer, SCI-indexed) and an editorial board member
in applied mathematics of “SpringerPlus” (Springer, SCI-indexed). Palle E. T. Jorgensen is a full professor at the University
of Iowa, USA. He has published more than 100 papers and is an editorial board member of “Acta Applicandae Mathematicae”
(Springer, SCI-indexed).
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(i) The expectation of Fourier sine coefficients ¢, () satisfy

d

Bleal®]= | [] o | (anl®+0(1)) (= (1,0 ma) € 2)
j=1""

for each nj, — 0o, where ay, (&) is an algebraic sum of expectation of ¢ at vertexes of the cube [0,1]%.
(ii) The variance of Fourier sine coefficients ¢y, (§) satisty
44
Var (ea(€)) = | [T 5 | (0a(6) +0(1))

TNy
j=1 J

for each ny — oo, where 6,(€) is an algebraic sum of covariance of £(\) and £()\'), where A and A are any two
vertexes of [0, 1],
(iii) The mean square error of hyperbolic cross truncations SI(\];) (&) (see (6.1)) of the Fourier sine series of &
satisfies
E[| $%(6) =€ 18] = Wn(140(1)) (N — o0),

the principal part Wy is equal to

o= () S ) [ 2 s

252 ...
peoy P1P27 Py A€{0,1}4
and i
log" " N
R

where {0,1}¢ is the set of vertexes of the cube [0,1]¢. The number of Fourier sine coefficients in the Nth

hyperbolic cross truncation S](\};) (&) satisfies N, ~ Nlog® ' N. So

log24~2 N,

Blll € - 8% 1B~ =5

However, the number of Fourier sine coefficients in the Nth ordinary partial sum satisfies N, = N¢. So

1
El| € =Sn() 2] ~ —

Finally, we discuss some known stochastic processes.
2. Preliminaries

Denote the set of vertexes of the unit cube [0,1]¢ by {0,1}¢ and the boundary of [0,1]¢ by d([0, 1]¢), and
Z4 = {(n1,...,nq)| each ny € Z;} and Z isdthe set of natural numbers.

If f is a function defined on [0, 1]¢ and % continuous on [0, 1]¢, we say f € W([0,1]¢). If £ is a stochastic

v(-i-atd continuous on [0, 1], we say ¢ € SW([0,1]?). Denote the expectation and

variance of a stochastic variable n by E[n] and Var(n), respectively. Denote the covariance and correlation of

process defined on [0,1]¢ and %L

two stochastic variable &, n by Cov(£,n) and R(&,n), respectively.

2.1. Projection operators and fundamental polynomials
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We always assume e; and e are two disjoint subsets of the set {1,2,...,d}. Define a projection operator
Qe, e, from [0,1]% to 9([0,1]9) as

Q€1,€2(t1,“'atd) = (Ulv"'vvd)v (21)
where
Oa ke €1,
Vg = L, ke €2,

th, kee (e={L,...d}\ (e1Ues)).

The fundamental polynomial P(¢1:¢2)(t) is defined as

plered )y = T -t) ] & (2.2)

k€ep kecea
For example, consider the case d = 3. If e; = {1,3} and ep = 2, then
Qel,ez (t) = (05 170)a
Pleve)(t) = ta(1 — t1)(1 — t3),

where t = (t1,t2,t3) € [0,1]3. If e; = 0 and ep = {1,2}, then
Q€17€2(t) = (1717t3)’

Pleve2) () = tt,,

where t = (t1,12,13) € [0,1]3.
2.2. Decompositions of continuous functions on [0, 1]¢

Any continuous function f on the cube [0, 1]% can be decomposed into [11]

d+1
F=Y hy, (2.3)
v=1
where
hi = Z f(Qel,eQ)P(el’e2)~
le1|+lez2|=d
b= > foe1(Qu )P 2<v <),
le1|+|ex|=d—v+1
higy1 = f—h1 —-- — ha,
and
Jo=1,
foo1=fo2—hy1 (2<v<d),
fd = fdfl — hd.

and the cardinality of a set F' is denoted by |F|, and

Z Ael,ez = Z Aehez'

lei|+]ez|=k e1,en€{l,...,d}
e1Nea=0
lei|+|e2|=k
3
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The following proposition shows the structure of each h,,.
Proposition 2.1 [11]. If f is a d—variate continuous function on the unit cube [0, 1]¢, then
(i) h1 is a d—variate polynomial and each f(Qe, c,t) is a constant and it is the value of f at a vertex of the
cube [0,1]%. Precisely say,
F(Qereat) = FOt, e Aa),

A — 0, k€ey,
Tl 1, kees (eeUex={1,...,d}).

(ii) for each 2 < v < d, h,, is a sum of products of a (v — 1)—variate function f,_1(Qe,¢,-) on [0,1]*~! and

where

(d — v + 1)—variate polynomial Plee2) where each product is of separation of variables. Moreover,

fufl(thez') =0 on 8([07 l]y_1)§

(iii) hgy1 is a d—variate function on [0,1]% and hgy1(-) = 0 on 9(]0, 1]9).
If £ is a d-variate continuous stochastic process on [0, 1]d, then the above decomposition and Proposition 2.1
are still valid.

For example, if ¢ is a bivariate continuous function on [0, 1]2, then & = hy + hg + h3 and
hi(t) =£(0,0)(1 —t1)(1 —t2) +£(0,1)(1 — t1)ta + &(1,0)t1 (1 — t2) + &£(1, 1)tato,

ha(t) = &1 (1, t2)ts + &1(0,t2) (1 — t1) + &u(tr, D2 + &1(81,0)(1 —t2) (&1 =&~ M),
ha(t) = &1(t) — ha(t).

We see from this decomposition that hy is a polynomial determined by values of f at four vertexes of [0, 1],
hy is a sum of products of separation of variables, and ha(t) = 0 at four vertexes of [0,1]?, and the bivariate
function h3(t) vanishes on the boundary of [0, 1]2.

2.3. Fourier sine series of stochastic processes

Let a probability space (€, F, P) be given. A stochastic variable £ is defined as a function £ from Q to R or
C. In this paper we always assume that ¢ satisfies E[|£]?] < oo, i.e., assume that ¢ is a second-order stochastic
variable. For a stochastic process £(t) on [0, 1]¢, its autocorrelation function and covariance function are defined

respectively as:

Re(t,s) == E[E(t)E(s)]
Cov(&(t), £(s)) := E[(£(t) — E[E(t)])(E(s) — E[E(s)])]

We recall some known concepts in stochastic calculus [14, 15].

Let {&,}3° be a sequence of second-order stochastic variables and & be a second-order stochastic variable. If
lim E[|&, —£|?] = 0, then we say {&,}$° converges to ¢ in the mean square sense. Based on the above concepts,
g;eoocan derive the concept of continuous and the concepts of the derivatives and the integrals of stochastic
processes [3].

For a stochastic process & on [0, 1]¢, the derivative and the expectation can be exchanged, the integral and
the expectation can be exchanged, and Newton-Leibnitz formula holds. For a product of a stochastic process

and a deterministic function, differential formula of products holds and the integration by parts also holds.
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Let £(t) be a stochastic process on [0, 1]¢ and

/ E[¢%(t)]dt < oc.
[0,1)¢
Then £(t) can be expanded into the stochastic Fourier sine series
d
)= > () Ta(t)  (Tu(t) =[] sin mn,t;) (2.4)
nezd =1

in mean square sense, where the Fourier sine coefficients are stochastic variables and

cn(8) =2¢ / E(t) Tu(t)dt (n € Z7).

[0,1]4
3. Asymptotic behavior of Fourier sine coefficients

Let f be a continuous function on the unit cube [0,1]¢. By (2.3), f can be decomposed as

d+1

F=2 hv,
v=1
where {h, }9*1 are stated in Section 2.1 and

f():fa

fl/—lzfl/—Q*hy—l (QSVSd)
If f € W([0,1]%), we easily prove

fomr eW(0,1)7)  (v=2,..4d). (3.1)
Based on this decomposition, we give an asymptotic representation of Fourier sine coefficients of f.

Theorem 3.1. If f is a continuous function on [0,1]¢ and f € W ([0, 1]¢), then its Fourier sine coefficients

en(f) possess the asymptotic behavior:

d
2
)= ] = | (Ki(H)+m+--+na),
o1 T
where 0, — 0 as ny — oo (k=1,.,,,d) and

KL= D fNealN),

xe{0,1}4

[T (=D)™*, Gy #0,
en()\) = JEGA
1, Gx =10,
where A = (A1,...,Aq) € {0,1}¢ and n = (ny,...,n4), and Gy = {j € {1,...,d}, \; = 1}.
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From this, we see that e,(\) = +1 and K9(f) is an algebraic sum of values of f at vertexes of [0, 1]¢. From
Theorem 3.1, we deduce the following corollary. This corollary plays an important role in the proof of Theorem
4.1.

Corollary 3.2. If f is a continuous function on [0, 1]¢ and f € W ([0, 1]¢), then its Fourier sine coefficients
en(f) satisty

(1) Xqeronye lc2pra(FIP = (Z) m ( Y P+ T]&);

xef{0,1}4
d

(ii) en(f) = ( I n1]> (m + -+ +n4q) if and only if f(A) =0 (A € {0,1}4) (g, — 0 as ny — o).
j=1
From Corollary 3.2, we deduce immediately that c,(f) = o (ﬁ) for each np — oo if and only if
F) =0 (xe{0,1}39).
For example, consider the case d = 3. If f € W([0,1]%), then Fourier sine coefficients ¢, n,.ns(f) possess
the asymptotic behavior:
8

N1MNoNg T3
—(=1)"£(0,0,1) + (=1)™*"2 £(1,1,0) + (=1)™*"s £(1,0, 1)

+(_1)n2+n3f(0, 17 1) - (_1)n1+n2+n3f(1’ 1’ 1) +m AN+ )7

cm,nzms(f) = (f(07070) - (_1)n1f(1’070) - (_1)n2f(07 170)

where g, — 0 as np — oo (k=1,2,3).
Proof of Theorem 3.1. By (2.3), the Fourier sine coefficients ¢y, (f) satisfy

d+1
ea(f) = Z cn(hy), (3.3)
v=1
where cn(h,) =29 [ h,(t)Tn(t)dt.
[0,1]¢
First, we compute ¢y (h1). By (2.4), we have
ealh) =20 37 F(Qer ext) P2 (6) T ()dt

lex|+lez|=d [0,1]4

By Proposition 2.1 (i), f(Qe, e,t) = f(A) is a constant independent of t. So

cn(h) =20 > (M, ha) / Plene) (£) T, (t)dt, (3.4)
lei|+|e2|=d [0,1]4
_ 0, k € €1, .
where Ay = { 1, kees (erUes={1,.,d}). Onee

P(e1,62)(t) = H (1 — t_]) H tj,

Jj€er Jj€Eez

d
Ta(t) = [[sin(mn;t;),  t=(t1, ..., ta),
j=1
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a direct computation shows that

Pleve2) ()T, (t)dt =
[0,1)¢

}(1 — tj) Sin(ﬂ"ﬂjtj)dtj ) < H }tj Sin(ﬂ"ﬂjtj)dtj )
0

j€ea 0
1 (=it
i ]-_-[ TN
JjEe2

Il
/N (_\ N
. =
o
3
.

From this and (3.4), we get
1
en(hy) =24 S O [T EDT )T —.
le1|+|ez|=d j€es j=1"""
Since ey Jea ={1,...,d} and ey = {j € {1,...,d}, \; =0}, and ex = {j € {1,...,d}, \; =1} =: G,

d

n(h1) =20 K4 L , 3.5
cn(h1) n(f) jl;[lmj (3.5)
where Ki(f) = > f(\) [T (=1)m+h
Ae{0,1}4 JEGA
Next, we compute ¢y (hy) (2 <v <d). By (2.3) and (2.4),
() =2 > Fre1(Qer ent) P2 () T ()dt. (3.6)

le1|+|ez|=d—v+1 [0,1]¢

Since |e1| + |e2] = d — v + 1, we may denote e; Jez = {f1, ..., Ba—v+1}- By (2.2), the fundamental polynomial

P(e1¢2)(t) only depends on 13, 13 write

d—vt1
Pleve2)(t) = Plene2)(tg tg, ).
Since e = {1,...,d} \ (exUez2) and |e] = v — 1, we may denote e = {a1,...,c,—1}. Then f,_1(Qe,c,t) only
depends on t,,,...,ta, ,, Write
fr-1(Qerent) = F17 (tays ooos b,y )- (3.7)
So each product f, 1(Qe, c,t)P2)(t) in (3.6) is of separated variable type, and so

/ fl/—l(thezt) P(el?eQ)(t)Tn(t)dt = Ll/%r)l(eh BQ)LV?n(el’ 62)7 (38)
[0,1]¢
where
d—v+1
L(V}I)l(el’ 62) = / P(el’ez)(tﬁm--'7tﬁdﬂ,+1) H Sin(ﬂ-nﬁjtﬂj)dtﬁl o .dtﬁd—u+17
[0,1]d—v+1 j=1
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L,(fr)l(el,eg) = / Il (bays oo ta, ) H Sin(mna, ta; )dta, - - - dta,_, .
[0.1] 1 '

We compute Lg,)q(el, e2). We rewrite it as follows:

Ly21)1(€1,€2 / /fpl’P2 ars o tay,_y ) Sin(mng, te, )dta, Hsm T, ta, )dta, -+ - dta,_, . (3.9)

)

[0,1]~2
From (3.1) and (3.7), we know that f"7> € W([0,1]*~1). Using integration by parts, the part inside brackets:

1

t
/ TR (s ooty ) ST oy )y = — 252 (b o e,y ) S e )
TNg, to, =
1 afEI 62(0417"'7t04 1)
= cos(TNa, ta, )dE
77”041/ O, (Tna,ta, )dta,
y (3.7) and Proposition 2.1 (ii), we have
1
e, ...,tay_l)]takzo =0 (k=1,..,u—1). (3.10)
Therefore,
. 1 Af 7 (tays s tay,_q)
/ Fol P (o s oo tay 1 ) SIN(TN0, Loy )dEa, = — / gtl W1 cos(MNa ta, )dta,
aq [e5)

From this and (3.9), we get

TNy, Ota,
[0,1]»=2 \O

1 Of sl (tays s ta g
L( aler,ez) = / / fy i (e o) Sin(mna,ta,) dta, H Sin(mna, ta;)
j=3

co8(MNa, ta, ) dte, dta, -+ - dta,_, - (3.11)

Using integration by parts, the part inside brackets:

f Ote, 61,62 tays ...775(1”71) Sin(ﬂ'nQQtaz) dtaz

Bf(31 T2 (tay sty _q) cos(masta,)

Ota, TNag

tap =0

1 82f61 E2(t017 o 71)
TNag 0,1jv-1 Ot Ota,

cos(MNayta,) dta,-

By Proposition 2.1 (ii),

fl/—l(tozl,o,ta37 "'7tO¢V71) = fl/—l(toéwlvtoés’ "'atoc‘/71) =0,
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and so cr.co cr.ea
8f ( 0417 y tay—l) af ( @1 a"'atoéu—l)
=0.
81‘:@1 atal
Therefore,
1
of 6311 Tl (tays oor tay 1) SIN(TNayta,) dla,
82 P1 €2(ta seerta, )
= mlaz 5t alét% L cos(TNaytas,) dlas, -
[0,1]v~1
From this and (3.11), we get
1 82.](‘51 f2 (tal wota )
LB (e1,e0) = ————— / / L sin(Mhagtag) dt
u,n( 1, 2) (Wnal)(ﬂ-nag) 8ta18ta2 (’/T asg 043) asg
[0,1]»=2 \0
v—1
o H Sin(mna,ta;) cos(Tna, ta,) coS(Tayta,) dta, dta,dta, -+ - dta, ;.
j=4
Continuing this procedure, we deduce finally that
v—1 e1,e
1 oV 1f1 2(@7.“ o
L3\ (e1,62) = ]:[ _— / oL 6175% ) ) H cos(mng;ta,) | dta, -~ dta, ;-
=t [0,1]v~1
Since g1 peren ¢ )
vV —
et
Qg s bay, -1 v—1
e c(o,1
Oty -+ Otq, ({0, 1]7)
and e = {aq, ..., a1}, applying the Riemann-Lebesgue lemma, we get
| 1
(2) — | = il
Ly(e1,e2) =0 H e H n; €e, (3.12)
j=1 J j€Ee

where e, — 0 as n; — oo (j € e).

We compute Ll(,fr)l(el, e2). Notice that ey (Jes = {51, ..., Bi—r+1}. We assume in which

61 = {717 "'777711}’
€y = {51, ...,6m2},
where m; +mg =d — v + 1. By (2.2), we get

Ly(fx)l(eh e2)

d—v+1
= f P(el’@)(tﬂu ""tﬁd—u+1) H Sin(ﬂnﬂjtﬂj)dt& o dtﬁd—qul’
[0,1]d=vtt J=1
my ) e .
= [ T1Q—t,)sin(mn,t,)dt,, ---dt,, [ T[] ts, sin(mns,ts;) dts, ---dts, -
[0,1]m1 j=1 [0,1]m2 j=1
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A direct computation shows that

L mi 1 ma ( l)ng +1 1
Htened = | I =) =0 II &
j=1 i j=1 6j j€€1U€2 J

By (3.12) and (3.6), we have

d
| fa@a ety Pt Tee = (]
j=1""7

[0,1]¢

and

1
1:[; Z €e )

lei|+]|ez|=d—v+1

where e = {1, ...,d} \ (e1Je2) and €. — 0 as n; — oo (j € e). From this, we can deduce that

1 v 1%
eal) =[] — | i+ 40 (v=2,...d), (3.13)
j=1"
where 1/ — 0 as ny — oo (k =1, ...,d). Finally, we compute cn(hg+1). Since
cn(har1) = 24 / has1(t1, ... t Hsm mn;t;) dty - - - dtg,
[0,1]¢

by Proposition 2.1 (iii) and (3.3), applying the integration by parts and the Riemann-Lebesgue lemma, we get

d d 1 % hay1(t1sta) 2
cn(hatr) = 2% [l o | o Il cos(mngt;) dty -+ - dtg
i=1"" 0,12 7=t

I
Q
<
=
S|=
N——
Il
<.
=
-
N———
ﬂm

where € = 0 as n; — oo (j =1, ...,d). From this and (3.5), and (3.13), it follows by (3.3) that

d
1
d d
enl(f) = cn(hy) +ch ) + cn(hay1) =2 Erﬂ? (Ka(f)+m+---+na),
where KZ(f) is stated in (3.5) and n — 0 as ny — oo (k =1, ...,d). Theorem 3.1 is proved. O]
Proof of Corollary 3.2. Let n = 2p+q (p € Z4, q € {0,1}%). Then, for each q = (g1, ..., qa) and
p = (p1,-..,pd), by Theorem 3.1, we have

d
d d
eapralf) =2 H 2p]+qj (KSpq(f) +0(m + -+ +10))

10
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and

Koy o)=Y ) [ (0@t = k().

Ae{0,1}4 JEGA

From this, we see that Kngrq only depends on q. So, for q € {0,1}?, we have

d
1 « .
Coptq(f) = H e (K3(f) + 1+ + fa, (3.14)
where 7j, — 0 as pp — oo (k=1,...,d) and
< 2
Z |C§p+q(f)| = H ) Z (Kéf(f)) A | (3.15)
qe{0,1}¢ =1 TP qe{0,1}4

where 1, — 0 as p, — oo (k =1, ...,d). By (3.2), we have

> ELHP= D Yo SOV Y eWe (V).

ge{0,1}4 Ae{0,1}¢ Xe{0,1}4 ge{0,1}4

where
Y g+ X aiHGAl+HIG ]

eq()\>€q(>\/): H q;+1 H q]+1 _1).76(3)\ JEC

JEGA JEG,/

When X # X, without loss of generality, we assume that i € G, i € G,. So we have

PBEEACVACO RS DR

qef{0,1}4 1=

X Gt 2 @HIGAFIG]
JEG s

1 1 N
Yo Z(—l)J#" > (-1)% =o0. (3.16)

Q
=)
e
S
|
-
o
e
S
I
=
=)
=)
&
Il
o
Q
S
|
o

When XA = ). Then ) )
D @MW) =30 D01 =2t (3.17)
ge{0,1}4 q1=0 qa=0

From this, we get

Y (KL= Yoo D [N YD eWeN) =20 YT .

qe{0,1}4 /\,/\/6{0;1}‘1 /\,/\/’\;{ﬁ;l}d qe{0,1}4 Ae{0,1}4

From this and (3.15), we get (i). If

d
1
ca(f) = H; (m + -+ na), (3.18)
we have
4
Z ‘02p+q|2 = H7 (m + -+ +na).
qe{0,1}¢ i=1 P
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By (i), the later is equivalent to

> =0

Ae{0,1}4

which is equivalent to f(A) = 0 (A € {0,1}%). Conversely, if f(\) =0 (A € {0,1}9), then, by Theorem 3.1, we
deduce (3.18). So we get (ii). Corollary 3.2 is proved. O

4. Asymptotic behaviors of hyperbolic cross truncation approximation
Approximation rate of multivariate functions by partial sum of Fourier sine series deteriorates rapidly as the
dimension d increases.

Let f be a continuous function on [0, 1]%. Denote the partial sums of its Fourier sine series by Sy (f):

N
Sn(fit)= Y. e()Talt) n=(n,...,na),

ni,...,ng=1
where cn(f) =2% [ f(t)Tn(t)dt and Ty(t) is stated in (2.4).
[0,1)¢
If f is a continuous function on [0,1]¢ and f € W([0,1]¢), then, by the Parseval identity, the partial sum

Sn(f) of the Fourier sine series of f satisfies

,,,,,

2| Sn(f) - f 13 = < - gﬁ )Cil na(f)

I
)
~
—
N~—
/
=
N
|
%&
<
=

= 1 N 1
T T
Nni,...,npy=N+1 Nytl,..ng=1

d s v N d—v+1
o (5(,5.8) (Er) ) -0t

In the partial sum of Fourier sine series, the number of its Fourier sine coefficients:

N, = N

So, by (4.1), it follows that for f € W ([0, 1]%), the partial sums Sy (f) satisfy

17-sx(n =0 () =0 <N1> .

Consider hyperbolic cross truncations of the Fourier sine series of f on [0,1]%. The Fourier sine series of f

can be rewritten in the form

f(t) = z Z Coptal2p+q(t) (P = (p1,.-.,pa) € Z4).

P1,---,pa=1 qe{0,1}4

12
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Define the hyperbolic cross truncations of Fourier sine series of f are

h
S](V)(f; t) = E E c2p+qTap+q(t),
1<Ipl<N-1  qe{0,1}d
1<p1,;....,pa<N—1

where |p| = H Dk-
Based on asymptotlc formula, we deduce that the asymptotic formula of hyperbolic cross truncations of
Fourier sine series

Denote
d
@N—{p—(pl,...,pd)GZi pr€Zy, 1<pg,.,pg<N-—-1, HkaN} (42)
k=1
The difference f(t) — SI(\];)(f; t) is equal to
DD ST N (D SRS D D ) spe S
PEON qe{0,1}¢ wpa=1  pi1=1p2,...,pa=1/ qe{0,1}4

By the Parseval identity, we deduce that

24 || f = SP () 113

Z Z C%erq

PEON qe{0,1}4

+ (p ioj - io: g: > Z C%p-{-q (43)

1,--,pd=1  p1=1p2,....,pa=1/ qe{0,1}4

Py (f) +Qn(f)

By Corollary 3.2 and (4.1),

=) N
Qn(f) < ( > - X ) > C%erq
P1,--pd=1  p1,...,pa=1] qe{0,1}4
(4.4)
00 N 1 1
= oM X - X oz =0(x)-
P1,--Pd=1  Pp1,...,pa=1 rord
By Corollary 3.2, it follows that
d
Pu(f) = (2)" % | X Pt
peoy 1 T \Aef0,1}34 (4.5)

where 4
2 1
PJ(Vl): (7_‘_2) 5 2._. 2 § ‘f()\)|2a

peoy P17 Pd \ gy

13
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1
PP =0(1) Y g+ n),

peeN pl .o .pd
and np — 0 as pp — oo (k=1,...,d).
We estimate the order of P](\,l) — 0 as N — oo.
Notice that ) d d
T x
pe@m’pl Py T1,...,2q>N e Ty
and N
N = — 00
T Tl Ty d:Z?d
RN:/ d;z:l/ dx2~-~/ depis / Ara
1 1 1 o Y1 %
A direct computation shows that
foc dxd — 1 o dmd
ZTT%E:T zi-zg ofwd_y Il“gd—l g
_ 1
- Nzy-xg_1’
N N
Freary o0 d _ 1 arwa—s daa-
fl o dzg—q f# g:fwchl ~  Nzi-xmg_2o fl o zdd,ll
_ 1 N
- N@1”Id—2log T1 0 Td—2’
and N N 1
T1xg_ z1 T 0
j;l d.ded_jSl d 2d$d—1jﬁ N x?ﬁii
Tyowg_q
_ N
_ 1 T1TG_3 1 N
= Nzi--wg_3 fl Td—2 lOg L1 Td—2 dxd*Z
_ 1 fﬁ“ﬁd—s logudu
~ Nzj-xwg_3 J1
1 2 N
™~ Naor-ma_s log T1Td—3 "
Continuing this procedure, we deduce that
1 V1 N log™ ' N
PW LRy~ — —log®? = day ~
N N N 1 Tq & T ! N
We estimate PI(\/'2 ).
Let
Mk
SV =Y 5 (k=1,..d).
pPEON P ..pd
From this and (4.6), we deduce that
! 1 N N
S(l) _ Uil -0 (> / i logd_2 — 77/ dz;.
N Zp%...pg N)J = x 1

pPEON

14
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Since i} — 0 as 1 — oo and floo i logd—2 I—]\idxl = 00, by a known result in Calculus and (4.6),

1 N N log" ' N
s _ (L / Lot N qe o2 V)
N o) N o og o T =o0 N

An argument similar to SI(\}) shows that for each k,
gk _ logd_l N

20 || f =S 3= PP (1 + o(1)).

From this and (4.2)-(4.6), we get

Theorem 4.1. Let f € W([0,1]¢). Then hyperbolic cross truncations S](\},L)(f; t) satisfy

If=SW() 113= PP +0(1) (N — o0),

where
~1 1\ 1
Pz(v)—<7r2> e > lFP
peoy P17 "Pa A€{0,1}d
and
@N:{p:(pla"'apd) : D1 EZ-‘M 1§p2a"'7pdSN_17 pla"'adeN} (47)
and L
log“ " N
PP~ 28

We easily see that the number of Fourier sine coefficients in hyperbolic cross truncations satisfies
N, ~ Nlog¢ ' N.
In fact,

Nc: Z Z 1

pPEON q€{0,1}4

N N
~ Y e [ g [T dag

N N N
~ [y dey [ dag e [0 dzg

1" Td—1

~ N logd_1 N.

Therefore, by Theorem 4.1,
10g2d72 NC
N, '

From this, we see that for f € W([0,1]9), the hyperbolic cross approximation of Fourier sine series is a better

I f =S () I3~

approximation tool than ordinary partial sum approximation.
5. Asymptotic behaviors of stochastic Fourier sine coefficients

15
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We extend the results in Sections 3-4 to stochastic processes. Let £(t) be a continuous stochastic process on

[0,1]¢. Then £(t) can be expanded into the stochastic Fourier sine series

Et) = D cal€) Talt) (5.1)

d
nezy

in mean square sense, where
(@) =2 [ €Ot
[0,1]¢
and Ty, (t) is stated in (2.4). The Fourier sine coefficients are stochastic variables. We discuss their expectations,
second-order moments, and variances.
Theorem 5.1. If ¢ is a stochastic process on [0, 1]? and ¢ € SW ([0, 1]%), then the expectations, second-order

moments, and variances of its Fourier sine coefficients possess the following asymptotic behaviors:

(i) Elea(6)] = ( 12 ) (an(€) + 71+ +74) and

j=1

@)= Y (E[EN)]a(N),

Ae{0,1}4

where ay,(€) is an algebraic sum of expectation of ¢ at vertexes of the cube [0,1]¢ and rj, — 0 as ny — oo, and
€en(A) is stated in (3.2).

(i) BE[c2(&)] = < i[l 7724n ) (Bul€) + 74 + -+ 7)) and

<o

Ba(©) = Y > E[ENEN)Jea(Nen(N),
Ae{0,1}4 X ef0,1}¢

where 7, — 0 as nj — oo.

(iii) Var [ea(€)] = ( ﬁl ) (0u(€) + 17/ + -~ + 17}), where

(&)= Y D Covl(é(N), EN))en(N) en(N).

Ae{0,1}4 Xe{0,1}4

and 7] — 0 as ny — o0.

For example, consider the case d = 2. Assume that a stochastic process ¢ € SW ([0, 1]?). Then
4

n1n27r2

Elea(§)] = (E[£0,0)] = (=1)™ E[{(1,0)] = (1) E[£0, )] + E[£(1, 1) ] + 71 +72)

and
Var (cn(§)) = #(Uo,o = (=1)™no,1 — (=1)"n02 +m0,3 — (=1)"n10

+ ot (=D)"M = (D)™ s — (=)0 + (1) 202,

+ Mo — (=1)™n2 3 +m30 — (1) n31 — (=1)" 032 + 13,3 + 11 +175),

16
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where
Maa+2x0,x 123, = Cov (E(A1, A2), E(N], A5)) (A1, A2, A1, A5 = 0 or 1)

and ri, v} — 0 as ny — oo and rq, 75 — 0 as ny — oo.

Proof of Theorem 5.1. Exchanging the expectation and integral, we deduce from (5.1) that
Elen(©)] =2' [ EI¢(6)) Tut) dt = eal B[(0)))
[0,1)¢
ie., Elcn(€)] is the Fourier sine coefficients of the deterministic function E[£(t)]. Exchanging the expectation
and partial derivative, we deduce from ¢ € SW ([0, 1]¢) that

B[&(t)] € W ([0, 1].

Using Theorem 3.1, we get (i).

By (5.1), we get |en(6)]2 =22 [ [ &(t)&(s) Tu(t)Tu(s)dt ds, and so
(0,1]¢ [0,1]4

E[[en(§)?] = 2% / / Re(t) T (t)Tw(s) dt ds, (5.2)
[0,1]¢ [0,1)¢
where the autocorrelation function Re(t) = E[£(t)E(s)] is a 2d—variate deterministic function and

t= (t1,...,td), S = (81,...,Sd),

t = (tl, ...,tgd) (td+i = Si, L= ].7 ,d)

Let ngy; =n; (j =1,...,d). Then (5.2) can be rewritten into

2d
El[ca .. ()] = 224 / Re(®) [ sin(rnst; ).
[071]2d j:1

From the definition of Fourier sine coefficients, we see that E[|cp, . n,(€)|?] is the Fourier sine coefficient of

.....

2d—variate function R, that is,

E[|CTL1,-<~7”¢(§)|2] = Cn17---7n2d(R§) (nd-‘rj = Ny, .] = 177d) (53)

By the assumption & € SW([0,1]%), we deduce that R¢ € W([0,1]2?). In Theorem 3.1, replacing f by R¢ and
d by 2d and letting nq;; =n; (j = 1,...,d), we obtain
2d
Cn1>~~,n2d(R§) = H P (ﬁnlww,nd(g) +r1 +"'+rd)7 (54)

™ s
j=1""

where

Brsseena(© = Kot i(Re) = > RV | [T (1™

Aef{0,1}2d JEGy

17
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and
A= (A1, 224) = A1y ey Ady AL, s A,

Gs ={je{l,...2d}, A =1}.

By ng+; =n; (j =1,...,d), we have

[T (-ym+t = ( I1 (—1)”j+1>< 11 (—1)%*1)
JeGy je(@s N{L,...,d}) J€(G5 N{d+1,....,2d})

(5.5)
=[] (m I
FEGA JEG,,
where
Gr={je{1,...,d}, \j =1},
Gy ={je{l,nd), X, =1},
Since
Re(Ay ey A2a) = E[E(A 1, ooy Ad)E(NL, s AY)] (Adrj = ),
by (5.5), we deduce by (5.4) that
Brroma© = Y Y E[EOu, - A)EN A ] [ (ot I (ot (5.6)

X€{0,1}2 X\’e{0,1}¢ JEGA JEG

From this and (5.3)-(5.4), we get (ii). From (i),

d

4 ~
=11 = )+ 71+ +7a),
j:17rn

QL\J

where each 7, — 0 as np — oco. Again, by (ii),

d
Var(en(€)) = Elea ()] = [Elen(€) _H 5 (5n(©) — a2+ 11 + o+ 1),

where 7}/ — 0 as n, — co. Noticing that

Bu(§) —an(§) = W % e (EIENEN)] = EEN]EEN)]) en(Aen(N)
= > Cov(€(A), E(N))en(Nen(N),
AN €{0,1}4

we get (iil). Theorem 5.1 is proved. O

6. Asymptotic behavior of hyperbolic cross hyperbolic cross approximations of stochastic Fourier
sine series
Let £(t) be a continuous stochastic process on [0,1]¢. The hyperbolic cross truncation of its Fourier sine
series is
S(h 57 Z Z C2p+01T2p+01( ) (6-1)

|pI<N—-1 q€{0,1}¢

18
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where |p| = H pi (P = (P1,....,pa) € Z%), is a stochastic sine polynomial. We give an asymptotic behavior of

the hyperbohc cross approximation.
Theorem 6.1. Let ¢ be a stochastic process on [0,1]%. If ¢ € SW([0,1]4). Then the hyperbolic cross

truncations 51(\7) (&) of the stochastic Fourier sine series of £ satisfy

B[ SY€) — €121 =Wn(€) (L +0(1)) (N — o),

where

- Y. Bl

i Ae{0,1}4

and Oy is stated in (4.2) and

Proof. By using an argument similar to Section 4, we deduce that (4.3) is still valid when f is replaced by

&. Taking expectation on both sides,

21E[]| € — S () |13]

= 3 X Eldy4)]

PEON qe{0,1}4

+< Sy ) S Edq©)]

P1,--pda=1  p1=1 p2,....,pa=1/ qe€{0,1}4

= Pn(8) +Qn(8)
By Theorem 5.1,

1
2
Elehy1a(©) =0 (30s )
This implies that Qn(§) = O (3;). By Theorem 5.1 (ii), it follows that

21B[]| € — 53 (€) |13]

= X pl< > ﬂzp+q+r’1’+~-~+r:{> (6.2)

p
peON 1 T4 \ qe{0,1}

= PO +PPE© +0 (%),

where O is stated in (4.7) and each r} — 0 as ni — oo, and

P _ﬂ.zd Z S| D Pewta |

P€9N " P qe{0,1}4
2
PR = O e D DI G SRR
p€®N pd qe{0,1}4
19
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By (3.17),
Z ﬁ2p+q = % Z E[f()‘)f()‘/)]< E €2p+q()‘)€2p+q(>‘/)>
ac{0,1}4 AN {0,134 qe{0,1}4
= Z: ¥ EEM)
xe{0,1}¢
So
(1) 2\ 1 2
PO=(%) ¥ i X Bl
peoy 1 d xe{0,1}4

Similar to the argument of Theorem 4.1,

1 1ogd_1N
PPE~ Y 5~
peeN pl . pd N

log ' N
P =0 ( OgN ) '

From this and (6.2), we deduce the desired result. O

7. Examples
In data analysis, the following three stochastic processes are often used [16].

(i) Gaussian stochastic process £sg(t) with mean 0 and square exponential covariance function:

<7||t—t;u%)
KSE(t,t/) =€ 2 (71)

)

d
where t = (t1,...,tq) and t/ = (t},...,t}), and || t [|3= > ¢i, and [ > 0.
k=1
(ii) Gaussian stochastic process {rg(t) with mean 0 and rational quadratic covariance function:
Kro(t,t) = (1+ [t -t %)™,

where t = (t1,...,tq) and t' = (¢},...,t}), and a > 0.

(iii) Gaussian stochastic process £, (t) with mean 0 and linear covariance function:

Kp(t,t)=<t, t' >,

d
where t = (t1,...,tq) and t' = (¢}, ...,t}), and < t, t' >= > t5t}.
k=1
Since these stochastic processes are differentiable [14, 15], we can use the theorems in Sections 5-6 to research

their Fourier sine expansions, including variance estimates of Fourier sine coefficients and asymptotic formulas
of hyperbolic cross truncation approximation.

We expand g into a Fourier sine series on [0, 1]¢ as follows:

€om(t) = Y enl(€sm)Ta(t),

d
nezy

20
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where cn(Esp) =27 [ E5p(t)Tn(t)dt.
[0 1)

Since E[¢sr(t)] = 0(t € [0,1]¢), by Theorem 5.1 (i), we have

Elen(€sE)] =0 <n11nd) as each ny — oo (n=(ng,...,nq)).

Let t = (t1,...,tq) and t' = (¢}, ...,t}). Then
d

It —t" (3= > (tr — ;)%

k=1
and by (7.1),

COV(&SE( fSE t/ He 212 (tk— tk)z

By Theorem 5.1 (iii), we obtain that the Fourier sine coefﬁments cn(€sp) satisfy,

d

4
Var(en(ésp)) = [[ 5 On(€sm) + 77+ +7G)  and 7l — 0as ng — co.
j=1 J

where
o= 3 ([T ) cnt)
Ae{0,1}4 Xe{0,1}4
and e, (A) is stated in (3.2) and A = (A1, ..., Ag) and X = (A7, ..., \)).

Next we find the asymptotic formula of the hyperbolic cross truncation approximation of Fourier sine series

of £sg. The hyperbolic cross truncation is
SWesp )= > 3" capraltse)Dapialt) (i€ Zy, i=1,...d).
p1--pa<N—1 qe{0,1}¢

Note that E[|¢se(t)|?] = Rsg(0) =1 and Y. 1=2% By theorem 6.1, we have
Ae{0,1}4

B[ SV (€sp) —€sp 3] = W (Esp)(1+o(1)) (N — o0),

where J d
1 1 4 1
WN(SSE):(WQ> Z 22 Z 1:(7T2> Z 022
peOy 1 d xe{0,1}4 peoy 1 d

So we get the asymptotic formula as follows:
() 2\¢ 1
Bl 8 6se) s B = () | X iz | o) (v o0)
PEON pl pd

where Oy is stated in (4.2) and the number N, of Fourier sine coefficients in the hyperbolic cross truncation
31(\7)(5315) is equivalent to N log? ' N.

Similarly, for the stochastic processes {rg and &, using the same method as above, we can give the variance
estimates of their Fourier sine coefficients and asymptotic formulas of hyperbolic cross truncation approxima-

tions.

21
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