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On new x2-convergent difference BK-spaces
Sinan ERCAN and (Qigdem A. BEKTAS
Department of Mathematics, Firat University, 23119, Elazig-TURKEY
sinanercan45@gmail.com/cigdemas78@hotmail.com

In this paper, we introduce the spaces C()\Q, A) and Co ()\2, A), which are B K-spaces of non-absolute
type and we prove that these spaces are linearly isomorphic to the spaces € and Cq, respectively. Moreover,
we give some inclusion relations and compute the ®—, S— and y—duals of these spaces. We also determine
the Schauder basis of the C()\Q, A) and CO()\Q, A) Lastly we give some matrix transformations between
of these spaces and others.

2010 Mathematics Subject Classification: 46A45, 46B20

Key words: AQ—convergence, BK-spaces, a—, — and ¥— duals, matrix mappings, difference se-

quence spaces

1 Introduction

A sequence space is defined to be a linear space of real or complex sequences. Let w denote the spaces
of all complex sequences. If z € w, then we simply write = (z,) instead of @ = (xx),— -
Let X be a sequence space. If X is a Banach space and

T X —=C, p(x)=z, (k=1,2,..)

is a continuous for all k£, X is called a BK —space.

We shall write £, ¢ and ¢y for the sequence spaces of all bounded, convergent and null sequences,
respectively, which are BK —spaces with the norm given by ||z||,, = supy, |zx| for all &k € N.

For a sequence space X, the matrix domain X4 of an infinite matrix A defined by

Xa={z= () ew: Az € X} (1)

which is a sequence space. We denote the collection of all finite subsets of N by F.
M. Mursaleen and A. K. Noman [9] introduced the sequence spaces 3, ¢* and ¢} as the sets of
all A — bounded, A\ — convergent and A — null sequences as follows;

2 = {zcw:sup|A,(2)] < oo}
A = {rcw: lim A, (7) exists}
g = {rew: 7}i—>H;oA"L(x) =0}

n

where A, (z) = )% S (A — A1) Tk, k € N. Also they generalized ¢* and ¢ spaces defining c* (A),
" k=0
co (A) spaces using the difference operator. They studied some properties of these spaces in [8]. N.

L. Braha and F. Basar introduced the infinite matrix A (\) = {ank (A\)},,—, such as;
A2 :
ank()\):{ AN ? O0<k<mn

for all k,n € N and they defined Ay (¢s), Ax (c) and Ay (co) spaces in [11] as follows;

Ay(l) = {x cw: sup| Ayz),| < oo} ,
Ar(e) = {x €w: 3l €Colim(4), l} :
Ax(co) = {x € w: lim (Axz), = 0}
where (Axz), = x )\ Z (A )\k) . They examined some properties of these spaces. In literature,

some authors have constructed new sequence spaces by using matrix domain of infinite matrix and
have introduced some topological properties. (see [2], [4], [12])
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2 The sequence spaces c(\?, A) and cy(\?, A)
In this section, we define the sequence spaces ¢(A*, A) and ¢(A\?, A) as follows;

(N2 A) = {x cw: lim A?(z) exists}

n—oo

co(\}A) = {x cw: lim A?(z) = 0}

where A2 (z) = ﬁ > (A2\) (z — 2p—1) for all k,n € N. A denotes the difference operator. i.e.,
k=0

AO)\TL = )\'ru A)\n = )\n - )\n—la AQ)\TL = )\n - 2)\n—1 + )\TL—Q and A:Ek =Tk — Tk—1- A= ()\k)]é“;o is a
strictly increasing sequence of positive reals tending to infinity, that is 0 < A\g < A\; < ...and Ay — o0
as k — oo and A\,41 > 2\, for all n € N. Here and in sequel, we use the convention that any term
with a negative subscript is equal to naught. e.g. A_; = A_5 =0 and z_; = 0. On the other hand,
we define the matrix A% = (A2,) for all k,n € N by

, A ;o k<n,
2
)\”k = AA—)?\:‘; n = kj) (2)
0; n>k

The equality can be eaisly seen from

1
2 —
'rL(‘r) - A)\

Z (Az)\k) (.’L‘k - .’L’k_l) (3)

T k=0
for all m,n € N and every z = (z1) € w. Then it leads us together with (1) to the fact that
co (N, A) = (co)p2 and ¢ (\*,A) = ()2 - (4)

The matrix A2 = A2, is a triangle, i.e., A2, # 0 and A2, = 0 (k >n) for all n,k € N. Further,
for any sequence z = (1) we define the sequence y ()\2) = {yk ()\2)} as the A%-transform of z, i.e.,

Yy ()\2) = A?(z) and so we have that

k—1
A2\ — Ajg1) AN
A AN R (5)

for k£ € N. Here and in what follows, the summation running from 0 to k — 1 is equal to zero when
k =0. Also it can be written from (3) with (5) for k& € N such as;

k
A2\
ue (W) =D A)\kj (T —xj-1).
=0

Theorem 1 ¢y(\?, A) and ¢(\?, A) are BK-spaces with the norm

l2liesy o = 2]y, = sup [A2(2)]

Proof. We know that ¢ and ¢y are BK—spaces with their natural norms from [6]. (4) holds and
A% = )2, is a triangle matrix and from Theorem 4.3.12 of Wilansky [1], we derive that co(A?, A) and
¢(\?, A) are BK —spaces. This completes the proof. m

Remark 2 The absolute property does not hold on the co(A\?, A) and c(A\?, A) spaces. For instance, if
we take |z| = (|xk|) we hold HxH(C)Az # [l .Thus, the space co(A\*, A) and ¢(\*, A) are BK-space
of non-absolute type.

€)p2

Theorem 3 The sequence spaces co(A*, A) and c¢(\?, A) of non-absolute type are linearly isomorphic
to the spaces co and c, respectively, that is co()\Q,A) = ¢y and c()\2, A) e
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Proof: We only consider co()\Q, A) 2 ¢y and others will prove similarly. To prove the theorem we
must show the existence of linear bijection operator between cg ()\2, A) and cy. Hence, let define the
linear operator with the notation (5), from ¢o(A\*, A) and ¢y by z — y ()\2) =Tzx.

Then Tx =y ()\2) = A2 (x) € ¢ for every z € ¢g(A?, A). Also, the linearity of T is clear. Further,
it is trivial that x = 0 whenever Tx = 0. Hence T is injective.

Let y = (yx) € co and define the sequence z = {z ()\2)} by

k J o )
o (W) =" > (=) AAQAA’;%. (6)

j=0i=j—1 J

and we have

Thus, for every k € N, we have by (5) that

1
AN

Z A MYk — Me—1Yk—1)] = Un
T k::O

A (z) =

This shows that A%(z) = y and since y € cp, we obtain that A%(z) € ¢p. Thus we deduce that

z € ¢g(\%,A) and Tz = y. Hence T is surjective.
Further, we have for every z € ¢o(A\%, A) that
Tl = 1T, = [ly (W), =A%)

= [l
oo

||5:>o 3 (ep) p2

which means that ¢o(A*, A) and ¢ are linearly isomorphic.

3 Some inclusion relations

Theorem 4 The inclusion cg ()\2, A) Cc ()\2, A) strictly holds.

Proof. ¢ ()\Q,A) Cec ()\Q,A) is clear. To show strict, consider the sequence x = (z1) defined by
zr = k + 1 for all £ € N. Then we obtain that

1 n
M) = 33 > (A%N) (wk —zk1) =1; (neN)
n kJ:O

for n € N which shows that A?(x) € ¢—cgy. Thus, the sequence x is in ¢ ()\2, A) but not in ¢qy ()\2, A) .
Hence the inclusion cq ()\2, A) C c(

Theorem 5 The inclusion ¢ C co (N2, A) strictly holds.

M A) is strict and this completes the proof. m

Proof. Let z € c. Then, A%(z) € co. This shows that = € ¢ ()\Q,A). Hence, the inclusion ¢ C
co ()\2, A) holds. Then, consider the sequence y = (yx) defined by yr = vk + 1 for k € N. It is trivial
that y ¢ c. On the other hand, it can easily be seen that A%(y) € ¢y and y € ¢ ()\2, A) .Consequently,

the sequence y is in ¢ ()\2, A) but not in c¢. We therefore deduce that the inclusion ¢ C ¢p ()\2, A) is
strict. ®

Corollary 6 ¢y C ¢ ()\2, A) and c C ¢ ()\2, A) strictly hold.

Theorem 7 Although the spaces £y, and cgy ()\Q,A) overlap, the space ., does not include the space
co (A%, A).

Proof. It can be seen from the sequence y, which was defined in Theorem 5, is in ¢ ()\2, A) but not
infy,. m
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Lemma 8 A € ({w : o) if and only if lim,, > |ank| = 0.
&

Theorem 9 The inclusion o, C ¢y ()\2, A) strictly holds if and only if z € Ay (co) where the sequence
z = (zx) is defined by

Proof. Let ¢, C co ()\Q,A). Then, we obtain that A? (z) € cg for every @ € £, and the matrix
A% = (A\2,) is in the class (s : o). It follows by Lemma 8

lim > A7, =0. (7)
k
From definition of A% = (A2,) given in (2) we have
1 n—1 Az)\”
DNl = o Do 1A% = A% )|+ (8)
k k=0
From (7)
AN,
Ay, =0 )
and o
lim D 1A% (A = k)| =0. (10)
T k=0
We have ) )
1 « A1 1
o kZ:O |A% (A = Akg1)| = Y- kZ:O (A%Ag) 2k

n—1

and since lim, AA)‘)W =1 by (9); we have from (10) that

n—1

> (A%N) 2 =0 (11)

T k=0

lim

n A)

which shows that z = (z) € Ay (cp). ®
Conversely, let z = (z) € Ax (¢o) . Then we have that (11) holds. Also we obtain that

1 n 1 n—1
AN Z|A2 ()\k _)\k+1)| = AN ZAQ)\ka
L L
1 n—1
2
< Ah. . kZ:OA Nk 2k -

This and (11) provides (10). On the other hand, we have that

Az)\n - )\O o 2)\n—1 - ()\n + )\TL—Q - )\O)
A>\n B A>\n
1 n—1
B ‘Axﬂ 2 A% O = Asa)
k=0
1 n—1
< A—)\,L Z |A2 Ak — )\k+1)| .
k=0
From (10), we derive that
. AQ)\TL . Az)\n — )\O
lim =lim—— =0.

n A)\” n A )\”

This provides (9). Hence, we obtain from (8) that (7) holds. From Lemma 8 A? € ({y : ).
Hence, the inclusion ¢, C ¢ ()\Q,A) holds. This inclusion is strict from Theorem 7. The proof is
completed.

796 Sinan ERCAN et al 793-801



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Corollary 10 If lim,, AZ#;; =1, then the inclusion {s, C co ()\Q,A) 18 strict.

4 The bases for the spaces ¢ ()\2, A) and ¢ ()\2, A)

If a normed sequence space X contains a sequence (b, ) with the property that for every x € X there
is a unique sequence (ay,) of scalars such that

hm HJJ — (Ozobo + ayby + ...+ Oénbn)H =0.

Then (b,,) is called a Schauder basis (or briefly basis) for X. The series Y aby, which has the sum

x is then called the expansion of z with respect to (b,,) and written as x = > ayb.
k

Theorem 11 Define the sequence b%) ()\2) € ¢ ()\Q,A) for every fized k € N and by

Al _Alg .
Az)\k Az)\k+17 7’L>I€,
() (22)= ANg . —
by ()‘ )7 A2N) TL—IC,
0; n < k.

(¢) The sequence {b%k ) ()\2)}
Co ()\2, A) has a unique representation of the form

z =Y ar(\) b (X%

k

o0
i is a Schauder basis for the space ¢ ()\Q,A) and every x €
=0

(74) The sequence {b, b,SLO) ()\2) ,bﬁ}’ ()\2) , } is a Schauder basis for the space ¢ ()\2, A) and every

TEC ()\2, A) has a unique representation of the form
w=1b+ ) o (A7) =10 (3?)
k

where ay, (A?) = A? (z) for all k € N and the sequence b = (by) is defined by by = k + 1.

Corollary 12 The difference sequence spaces ¢ ()\2, A) and cg ()\2, A) are seperable.

5 The a—, — and y—duals of the spaces ¢ ()\2, A) and c¢ ()\2, A)

In this section, we introduce and prove the theorems determining the a—, 3— and v— duals of the
difference sequence spaces ¢ ()\2, A) and cg ()\2, A) of non-absolute type. For arbitrary sequence spaces
X and Y ,the set M (X,Y") defined by

M(X,Y)={a=(ar) Ew:azx = (agzy) €Y for all z = (z;) € X} (12)

is called the multipier space of X and Y. With the notation of (12); the a—, 3— and y—duals of a
sequence space X, which are respectively denoted by X®, X# and X7 are defined by

X*=M(X,6), XP =M (X,cs) and X7 = M (X,bs).
Now, we may begin with lemmas which are given in [10]. We are needed them in proving theorems.

Lemma 13 A€ (¢ : ¢1) = (c: 41) if and only if

sup E E Apk | < OQ.
Ker n |keK
5
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Lemma 14 A € (¢ : ¢) if and only if

lim ay,y, exists for each k € N, (13)
supz |ank] < 0. (14)
n k}

Lemma 15 A € (c:¢) if and only if (18) and (14) hold, and

lim Z Q) €TISLS. (15)
k

Lemma 16 A € (¢q:{ls) = (¢: lo) if and only if (14) holds.

Lemma 17 A € ({w : ¢) if and only if (13) holds and
i = Sl
k k
Theorem 18 The a—dual of the space ¢ ()\2, A) and cgy ()\Q,A) is the set

hlz{az(ak)Ew: supz ank()\Q) <oo};

Ker keK
where the matrix BY = (bfi) is defined via the sequence a = (ay) by

n

AN, AN, ,
(Az)\k - Az)\k+1) an; n>k,

A2 Ay
b A2, dns n=kK,
0; n < k.

Proof. We prove the theorem for the space cg ()\Q,A) . Let a = (ax) € w. Then, we obtain the
equality

no ok
=3 Y (0 e = B ) (neN). (16)
k=0 j=k—1
Thus, we observe by (16) that ax = (axxr) € €1 whenever x = (zx) € ¢o ()\Q,A) or ¢ ()\Q,A) if and
only if BNy € £1 whenever y = (yx) € g or c. This means that the sequence a = (ay) is in the a—dual
of the spaces ¢ ()\Q,A) or c ()\Q,A) if and only if B* € (co: ¢1) = (c: ¢1). We therefore obtain by
Lemma 13 with B* instead of A that a € {co ()\2, A) }a ={c ()\2, A) }a if and only if

ap 3|30 0%

KeF kek

n

< 00.

Which leads us to the consequence that {co ()\2, A) }a = {c ()\2, A) }a = hy. This concludes proof. m

Theorem 19 Define the sets

he =< a=(ag) Ew: Zaj exists for each k € N.

j=k
n—1
hs=<a=(ay) € w: supz lgk (n)] < oo.
neN k=0

T

Az)\n

G/TL

<o}

hy = {az(ak) € w :sup
neN
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hs = { )Ew: Z (k + 1) ay, converges.
k

H/—’

where

Qg 1 1
— AN - >
o0 = BN A AN T A 2

for k < n. Then {c (A, A)} = hg N hy Nhs and {co (A, A)} = hy 1 by N .
Proof. We have from (6) that

n k J L A)\L
2 ks Pl DRCES e w1 KL

n—1 a 1 L n A)\
= A k B ; ,
A A2\ * <A2>\k A2>\k+1> Z | Yk + o 3, nyn (17)

k=0 =kl
n—1
AN,
= D gyt AQ—)\';anyn

e
= TrL (y) ; (TL € N)
where the matrix T' = (,,%)

g (n);  k<mn,

tnk = AA_Q)B\u;an; k= n, (k:,n S N) .
0; k>n.

Then we derive that az = (axx)) € c¢s whenever z = (zx) € ¢ ()\2, A) if and only if Ty € ¢ whenever

y = (yx) € co. This means that a = (ax) € {co ()\Q,A) }ﬁ if and only if T € (¢g : ¢). Therefore, by
using Lemma 14, we obtain from (13) and (14) that

Z a; exists for each k € N, (18)
j=k
n—1
sup » _ |gi (n)| < oo, (19)
n k=0
A)\n
sup AZ), ay < 0. (20)

Hence we conclude that {co ()\Q,A) }ﬁ = hy N hz N hy. We can derive from Lemma 15 and 16 that

a = (ax) € {c(\?, A)}ﬁ if and only if T' € (c: ¢) . Therefore, we have from (13) and (14) that (18),
(19) and (20) hold. It can be seen that the equality

n—1

AN,
Zk—l—l ak—ng AQ)\ an; (n €N)
k=0

holds, which can be written as follows;

n

Z(k+1)ak Zztnk; (n €N).
%

k=0

Consequently, we have from (15) that
{(k+1)ax} € cs.

Hence (18) is redundant. We conclude that {c ()\2, A) }ﬁ =hsNhsNhs. W
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Theorem 20 {co ()\Q,A) }7 = {c ()\Q,A) }7 = hz N hy.

Proof. It can be proved similarly as the proof of the Theorem 19 with Lemma 16 instead of Lemma

14. m

6 Some matrix transformations

In this section, we state some matrix classes of matrix mappings on the cg ()\2, A) and ¢ ()\2, A) .

Let

2,y € w be connected by the relation y = A% (x) like given in (5). For an infinite matrix A = (a,),

we have by (17)

m m—1
m

A
Z AnkTk = Z Ink (m) Yr + manmy’m
k=0 k=0 m

where

Qnk 1 1 > -
o (m) = A)\ + _ Qnj
Ink: (M) B AN <A>\k AXj1 j_;rl ’

(21)

Letxz ec ()\2, A) and A,, = (ank)peq € (c ()\2, A))ﬁ for all n € N. By passing limits in (21) as m — oo

Z ApkTr = Z InkYk + lan
k

k

Zg‘rbk (yk - l) + l (Z Ink + an)
k k

(22)

where | = limy_ o ¥ and a,, = limy,_, (AA—Q);\A: a”k) for all n € N. Let consider following conditions;

p

sup Z Z 9nk < 00,

FeF n |keEF
m—1

sup Y _ |gnk (m)| < oo,

m 0
{(k+1)ank}r, € cs,

A)
lim A2\ Qnk G,y

sup E |gnk| < 00,
n
k

Sup |an| < o0,
n

oo
g Qnj €TiSts,
j=Fk

AXg >
Aoy Yn eooa
{ A% ¢ k}k—o ©

lima, = a,
n

hrrbn Ink = O,

lim E Ink = @&,
noes
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lima, =0, (35)
lim Ink = 0, (36)
k

Using Theorem 19 and the results given in [10] with (21) and (22), we derive the following result:
Theorem 21
(a) Let 1 < P < 00. Then A € (c(A\*,A) : 4,) if and only if (23), (24), (25), (26) and (27).

(b) A ( ( A) s ) if and only if (25), (26), (28), (29).

(c) Let 1 < p < oo. Then A € (co (A\*,A) : £,) if and only if (23), (24), (30) and (31).
(d) A€ (co A2 ,A) : ls) if and only if (28), (30) and (31).

(e) A€ (c (N, A) :¢) if and only if (25), (26), (28), (32), (33) and (34).

(f) A€ (c (AQ,A) : o) if and only if (25), (26), (28), (35), (36) and (37).

(9) A€ (co (\*,A) : ¢) if and only if (28), (30), (31) and (33).

(h) A€ (co (N, A) : ¢) if and only if (28), (30), (31) and (36).
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Abstract. The notions of (almost) stable cubic set, stable element, evaluative set and stable degree are introduced,
and related properties are investigated. Regarding internal (external) cubic sets and the complement of cubic set,
their (almost) stableness and unstableness are discussed. Regarding the P-union, R-union, P-intersection and

R-intersection of cubic sets, their (almost) stableness and unstableness are investigated.

1. Introduction

Fuzzy sets are initiated by Zadeh [14]. In [15], Zadeh made an extension of the concept of
a fuzzy set by an interval-valued fuzzy set, i.e., a fuzzy set with an interval-valued membership
function. In traditional fuzzy logic, to represent, e.g., the expert’s degree of certainty in different
statements, numbers from the interval [0, 1] are used. It is often difficult for an expert to exactly
quantify his or her certainty; therefore, instead of a real number, it is more adequate to represent
this degree of certainty by an interval or even by a fuzzy set. In the first case, we get an interval-
valued fuzzy set. In the second case, we get a second-order fuzzy set. Interval-valued fuzzy sets
have been actively used in real-life applications. For example, Sambuc [8] in Medical diagnosis
in thyroidian pathology, Kohout [7] also in Medicine, in a system CLINAID, Gorzalczany [10] in
Approximate reasoning, Turksen [10, 11] in Interval-valued logic, in preferences modelling [12],
etc. These works and others show the importance of these sets. Using a fuzzy set and an interval-
valued fuzzy set, Jun et al. [4] introduced a new notion, called a (internal, external) cubic set,
and investigated several properties. They dealt with P-union, P-intersection, R-union and R-
intersection of cubic sets, and investigated several related properties. Cubic set theory is applied
to C'I-algebras (see [1]), B-algebras (see [9]), BCK/BCI-algebras (see [5, 6]), KU-Algebras (see
2, 13]), and semigroups (see [3]).

In this paper, we introduce the notions of (almost) stable cubic set, stable element, evaluative
set and stable degree. We investigate related properties. Regarding internal (external) cubic
sets and the complement of cubic set, we investigate their (almost) stableness and unstableness.

92010 Mathematics Subject Classification: 03E72, 08A72.
YKeywords: (almost) stable cubic set, stable element, evaluate set, stable degree.
* The corresponding author. Tel.: +82 2 2260 3410, Fax: +82 2 2266 3409 (S. S. Ahn).
YE-mail: chishtygm@gmail.com (G. Muhiuddin); sunshine@dongguk.edu (S. S. Ahn);
cupang@gmail.com (C. S. Kim); skywine@gmail.com (Y. B. Jun).
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Regarding the P-union, R-union, P-intersection and R-intersection of cubic sets, we deal with
their (almost) stableness and unstableness.

2. Preliminaries

A fuzzy set in a set X is defined to be a function A : X — [0,1]. Denote by I* the collection
of all fuzzy sets in a set X. Define a relation < on I¥ as follows:

(WA p e IX) (A< p = (Vo € X)(A(x) < pu(a))).

The join (V) and meet (A) of A and p are defined by (A V u)(z) = max{A(z), u(z)}, and (A A

w)(x) = min{A(x), u(x)}, respectively, for all z € X. The complement of A, denoted by A°

is defined by (Vx € X) (A%(x) = 1 — A(z)). For a family {)\; | i € A} of fuzzy sets in X, we

define the join (V) and meet (A) operations as follows: <\/)\z) (x) = sup{\i(z) | i € A},
icA

(/\ )\,;) (x) = inf{\;(z) | i € A}, respectively, for all z € X.

icA

Let DJ0, 1] be the set of all closed subintervals of the unit interval [0, 1]. The elements of
DJ0, 1] are generally denoted by capital letters M, N, --- | and note that M = [M~, M ], where
M~ and M are the lower and the upper end points respectively. Especially, we denote 0 = [0, 0],
1=1[1,1], and a = [a, a] for every a € (0,1). We also note that

(i) (VM,N € D[0,1]) (M =N & M~ = N-, M+ = N+).

(i) (VM,N € D[0,1]) (M <N & M~ < N, M* < N+).
For every M € DJ0,1], the complement of M, denoted by M¢, is defined by M¢ =1 — M =
1—M*t1-M"].

Let X be a nonempty set. A function A : X — D[0,1] is called an interval-valued fuzzy set
(briefly, an IVF set) in X. For each z € X, A(z) is a closed interval whose lower and upper end
points are denoted by A(x)~ and A(x)*, respectively. For any [a,b] € D[0, 1], the IVF set whose
value is the interval [a, b] for all z € X is denoted by [a, b]. Denote by D¥ the collection of all
interval-valued fuzzy sets in a set X. In particular, for any a € [0, 1], the IVF set whose value is
a = [a,a] for all z € X is denoted by simply a.

For every A, B € DX, we define

A=B & (Vx € X)(A(x)” = B(z)~, A(z)T = B(x)"),
ACB & (VxeX)(A(x)” < B(z)~, A(z)™ < B(x)™).
The complement A¢ of A is defined by (Vo € X) (A%(z)” =1— A(x)t, A%(x)t =1— A(z)7).

For a family {A; | i € A} of IVF sets where A is an index set, the union G = |J A; and the
i€A
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intersection F' = (] A; are defined by
ieA
(Vo € X) (G(z)” =sup A;(z)~, G(z)" = sup A;(z)"),
ieA ieA

(Vo € X) (F(z)” =inf A;(z)”, F(z)" = inf 4;(2)"),

LIS 1EA
respectively.

Definition 2.1 ([4]). Let X be a nonempty set. By a cubic set in X we mean a structure
o = {(x, A(x), M) | v € X}
in which A is an IVF set in X and A is a fuzzy set in X.

A cubic set & = {(z, A(x), \(z)) | € X} is simply denoted by «# = (A, \). Note that a
cubic set is a generalization of an intuitionistic fuzzy set.

Definition 2.2 ([4]). Let X be a nonempty set. A cubic set &7 = (A, \) in X is said to be an
internal cubic set (briefly, ICS) if A(x)” < A(x) < A(z)" for all z € X.

Definition 2.3 ([4]). Let X be a nonempty set. A cubic set &/ = (A, \) in X is said to be an
external cubic set (briefly, ECS) if A(z) & (A(z)~, A(z)") for all x € X.

Theorem 2.4 ([4]). Let of = (A, \) be a cubic set in X. If &7 is both an ICS and an ECS, then
(Vo € X) (Mz) €e U(A)U L(A)) where U(A) = {A(z)" |z € X} and L(A) = {A(z)” |z € X}.

Definition 2.5 ([4]). Let & = (A, \) and & = (B, i) be cubic sets in X. Then we define
(a) (Equality) & = # < A= B and A\ =v.
(b) (P-order) & C # < AC Band A <.
(c) (R-order) o € < AC Band A\ > v.

Definition 2.6 ([4]). Let o = (A, \), B = (B, p) and & = {{(x, A;(x), \i(z)) | x € X}, 7 € A, be
cubic sets in X for i € A. The complement, P-union, P-intersection, R-union and R-intersection
are defined as follows;
(a) (Complement) &¢ = {(z, A(x),1 — \(x)) | x € X}.
(b) (P-union) &/ U A = {{z,(AUB)(x),(AVwv)(x)) |z € X} and
Uet, = {(z, (J Ai)(x), (V Xi)(x)) | z € X} for i € A.
(¢) (P-intersection) &/ M A = {{(x, (AN B)(x), AAv)(x)) |z € X} and
Ny, = {(z, (N Ai)(x), (AXi)(x)) | z € X} for i € A.
(d) (R-union) &/ U B = {(z, (AU B)(z), AAv)(z)) |z € X} and
Ve = {(x, (U Ai)(x), (AX)(2)) [ © € X} for i € A
(e) (R-intersection) & M B = {(z, (AN B)(x),(AVrv)(z)) | x € X} and
mer; = {(x, (M Ai) (), (VXi)(2)) [ x € X} fori € A
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3. (Almost) stable cubic sets

In what follows, let X denote a nonempty set unless otherwise specified.
Definition 3.1. Let &/ = (A, \) be a cubic set in X. Then the evaluative set of o7 = (A, \) is
defined to be a structure

where E.(2) = ([(Ey(x)),r(Ey(x))) with [(Ey(x)) = Mz) — A(x)” and r(Ey(x)) = A(x)" —
A(z) which are called the left evaluative point and the right evaluative point, respectively, of
o/ = (A, \) at © € X. We say that E(x) is the evaluative point of &7 = (A, \) at x € X.

Example 3.2. Let & = {(z, A(x),\(x)) | € I} be a cubic set in I = [0, 1].
(1) If A(z) =[0.3,0.7] and A(z) = 0.4 for all z € I, then E, = {(z, (0.1,0.3)) | z € I}.
(2) If A(x) =[0.3,0.7] and A(z) = 0.2 for all z € I, then E,, = {(z,(—0.1,0.5)) | z € I}.
(3) If A(x) =[0.3,0.7] and A(z) = 0.8 for all z € I, then E, = {(z, (0.5, —-0.1)) | z € I}.
B(x),

Example 3. 3 Let # = {(x, p(z)) | x € I} beacubicset in I = [0, 1] with B(z) =[], 1—
and p(z) = 2. Then E4 = {( (£,1—2)) |z € I}, and so the evaluative point of 2 at 3 €
is Eﬁ(z) = <2147 ;_Z)

Example 3.4. Let & = {(z, A(z),\(z)) | © € I} be a cubic set in X = {0,a,b,c} which is
defined by Table 1.

il
el

TABLE 1. Tabular representation of the cubic set .o/

X A(z) A(x)

0 3, 1] £ =0.875
a 3, 3] 2 =037
b 2, 3] $=0.250
c (3, 3] 2 =0.625

Then every evaluative point of &7 at each v € X is E,(0) = (2,0), Ey(a) = (
(—%,2), and E(c) = (3, —3), respectively. Hence the evaluative set of < is

E-Qf - {<O= <%7 O>)7 (CL, <%7 %»7 (bv <_%7 %>)> (C, <%’ _%>)}
Definition 3.5. Let &7 = (A, \) be a cubic set in X with the evaluative set

An element a € X is called a stable element of o/ = (A, \) in X if it satisfies: (Ey(a)) =
AMa)—A(a)” >0, r(Ey(a)) = A(a)™ — A(a) > 0. Otherwise, we say that a is an unstable element
of o = (A, )\) in X. The set of all stable elements of & = (A, \) in X is called the stable cut of

oo
®lw
~
&
]
—
=
S~—
I
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o/ = (A, ) in X and is denoted by S.,. The set of all unstable elements of & = (A, \) in X is
called the unstable cut of o/ = (A, \) in X and is denoted by U,,. We say that &7 = (A, \) is a
stable cubic set if S,; = X. Otherwise, o = (A, \) is called an unstable cubic set.

It is clear that X = S, UUy, Sy ={x € X | (Ey(z)) >0, r(Ey(z)) > 0} and Uy = {2z €
X | U(Ey(x) <0tU{zre X |r(Ey(z)) <0}

Example 3.6. Let & = (A, \) be a cubic set in X = {0, a, b, ¢} given by Table 2.

TABLE 2. Tabular representation of the cubic set &7

X Alz) Ax)
0 [0.2,0.3] 0.10
a 0.2,0.3] 0.25
b [0.7,0.8] 0.75
c [0.3,0.7] 0.80

Then a and b are stable elements of <7 in X, and 0 and ¢ are unstable elements of <7 in X. Hence
Sy ={a,b} and U, = {0, c}.

Example 3.7. (1) Let &7 = (A, \) be a cubic set in X = {a,b, c} defined by Table 3.

TABLE 3. Tabular representation of the cubic set 7

X Az) ()

a 0.1, 0.6] 0.5
0.6,0.9] 0.7

¢ 0.1,0.9] 0.6

It is routine to verify that & = (A, \) is a stable cubic set.
(2) Let B = (B, ) be a cubic set in X = {a,b, c} defined by Table 4.

TABLE 4. Tabular representation of the cubic set %

X B(x) pi()

a [0.1,0.3] 0.5
[0.6,0.9] 0.7
[0.1,0.9] 0.6

Then 4 is an unstable cubic set since EFg(a) = (0.5 —0.1,0.3 — 05) = (0.4, —0.2).

Theorem 3.8. Fvery ICS is a stable cubic set.
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Proof. Straightforward. O
The following example shows that every ECS would be stable or unstable.
Example 3.9. (1) Let &7 = (A, \) be an ECS in X = {a,b, ¢} given by Table 5.

TABLE 5. Tabular representation of the cubic set .o/

X A(x) Az)

a 0.1,0.6] 0.6
0.6,0.9] 0.5

c 0.1,0.9] 0.1

Then & is unstable because E.(b) = (0.5 — 0.6,0.9 — 0.5) = (—0.1,0.4).
(2) Let # = (B, u) be an ECS in X = {a,b, c} defined by Table 6.

TABLE 6. Tabular representation of the cubic set %

X B(x) ()
a [0.1,0.3] 0.1
b [0.6,0.9] 0.9
c [0.1,0.9] 0.1

Then 4 is stable since Eg(a) = (0,0.2), E4(b) = (0.3,0), and Ex(c) = (0,0.8).
We provide a condition for an ECS to be a stable cubic set.
Theorem 3.10. If an ECS of = (A, )\) in X satisfies the following condition
(V€ X) (&~ (z) = Mz) or () = A(z)), (3.2)
then of = (A, \) is a stable cubic set.
Proof. Straightforward. O

Corollary 3.11. Let o7 = (A, \) be a cubic set in X. If &7 is both an ICS and an ECS, then <
15 stable.

Proof. Straightforward. O
Theorem 3.12. The complement of a stable cubic set is also stable.

Proof. Let o/ = (A, \) be a stable cubic set in X. Then X = S, = {z € X | [(Ey(x)) >
0, r(Ey(z)) > 0}. Hence A(z) — A(x)~ > 0 and A(x)™ — A(z) > 0 for all z € X. It follows that
U(Ewe(x)) = (1 - A(2)) — (1— A(2)*) = A(z)* — A(2)) > 0 and r(Eue() = (1— Az)") — (1 -
Ax)) = AMz) — A(z)~ > 0. Therefore o7 = (A°, X°) is a stable cubic set. O
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Theorem 3.13. The complement of an unstable cubic set is also unstable.

Proof. Let o/ = (A, )\) be an unstable cubic set in X. Then Uy, = {z € X | (Ey(z)) <
0fu{x € X | r(Ey(z)) < 0} # 0, and so there exist z € X such that A(z) — A(z)” < 0 or
A(x)T — Mx) < 0. Tt follows that [(Eye(z)) = (1 — Mx)) — (1 — A(z)") = A(x)T — A(z)) < 0
or r(Eye(x)) = (1= A(x)”) — (1 = AMx)) = AMz) — A(z)” < 0. Hence Uye # (), and therefore
/¢ = (A \°) is an unstable cubic set in X. O

The following example illustrates Theorem 3.13.

Example 3.14. Note that the cubic set = (B, pu) in Example 3.7(2) is unstable, and its
complement is represented by Table 7.

TABLE 7. Tabular representation of the cubic set %8¢

X B(x) pe (@)

a 0.7,0.9] 0.5
[0.1,0.4] 0.3

c (0.1,0.9] 0.4

Then B¢ = (B¢, 1) is unstable since a € Uge.

Theorem 3.15. The P-union and P-intersection of two stable cubic sets in X are stable cubic

sets in X.

Proof. Let o/ = (A,)\) and # = (B, u) be stable cubic sets in X. Then S, = {z € X |
(Ey(z)) >0, 7(Ey(x)) >0} = X and Sy = {z € X | (Ex(z)) >0, r(Eg(z)) > } = X.
It follows that A(z) — A(x)~ > 0, A(x)" — A(z) > 0 for all z € X and p(z) — B(z)~ >

0, B(z)" — p(x) >0 for all x € X. Assume that A(z) > p(z) and consider four cases:

(i) A(z)” > B(x)~ and A(z)" > B(x)*,
(ii) A(x)” > B(x)” and A(z)T < B(x)™,
(i) A(x)” < B(z)~ and A(x)* > B(z)*,
(iv) A(z)” < B(z)” and A(z)" < B(z)™.

The first case implies that max{\(x), u(x)} = A(z) > A(x)” = max{A(x)~, B(z)~ } and max{\(z),
u(x)} = Mz) < A(x)t = max{A(z)", B(z)"}. It follows that \(x) — A(xz)” > 0 and A(z)" —
A(z) > 0. From the second case, we have max{\(z), u(x)} = AMz) > A(x)” = max{A(z)~, B(z)"}
and max{\(z), u(z)} = )\( ) < B(z)" = max{A(z)", B(z)"}. Hence A(z) — A(x)~ > 0 and
B(z)™ — Mx) > A(x)™ — A(xz) > 0. The third case induces max{\(z), u(x)} = A(z) > p(x) >
B(x)” = max{A(z)", ( )"} and max{A(z), u(z)} = Mz) < A(z)" = max{A(z)", B(z)"},
and so A(xz) — B(x)”™ > p(x) — B(x)~ > 0 and A(z)™ — A(z) > 0. For the final case, we

) —
get max{A(z),u(z)} = Mz) > p(x) > B(z)” = max{A(z)", B(x)~} and max{\(z),u(z)} =
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Az) < A(z)" < B(z) = max{A(z)", B(z)"}. Thus A(z) — B(x)~ > u(x) — B(x)~ > 0 and
B(xz)* — A(z) > 0. In the case of u(z) > A(z), we can obtain the same results in a similar way.
Therefore o7 L1 A is a stable cubic set in X. By the similar method, we know that 7 M % is a
stable cubic set in X. d

The following example shows that the R-union and the R-intersection of two stable cubic sets
in X may not be stable in X.

Example 3.16. Let o7 = (A, \) and B = (B, uu) be cubic sets in X = {a, b, ¢} defined by Tables
8 and 9, respectively.

TABLE 8. Tabular representation of the cubic set .o

X A(z) A(z)
a 0.2,0.3] 0.20

0.7,0.8] 0.75
¢ 0.3,0.7] 0.60

X B(x) p(z)

a [0.1,0.3] 0.15

[0.6,0.9] 0.70

c [0.1,0.9] 0.80
Then

o U A ={(a,0.2,0.3],0.15), (b, [0.7,0.9],0.7), (¢, [0.3,0.9],0.6) }
and
o m A ={(a,|[0.1,0.3],0.2), (b,[0.6,0.8],0.75), (¢, [0.1,0.7],0.8) }.

Hence we know that E,yz(a) = (—0.05,0.15) and Eynz(c) = (0.7,—0.1). Thus &/ U & and
o/ M A are unstable.

Now, we provide conditions for the R-union (resp. R-intersection) of two ICSs to be stable.
Theorem 3.17. Let of = (A, \) and B = (B, u) be ICSs in X such that
(Vz € X) (max{A(z)”, B(z)"} < (A A p)(z)). (3.3)

Then the R-union of &/ and A is a stable cubic set in X.
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Proof. Let & = (A, \) and B = (B,u) be ICSs in X. Then A(z)” < Az) < A(x)' and
B(z)” < p(x) < B(x)*t for all x € X. Tt follows from (3.3) that max{A(x)~,B(z)"} < (A A
w)(z) < max{A(z)", B(z)"} for all x € X. Hence the R-union of &/ and 4 is an ICS, and so it
is stable by Theorem 3.8. O

Theorem 3.18. Let of = (A, \) and B = (B, ) be ICSs in X such that

(Vz € X) (max{A(z)*, B(z)"} < (A V p)(z)). (3.4)
Then the R-intersection of o/ and A is a stable cubic set in X.
Proof. The proof is by the similar method to Theorem 3.17. U

Theorem 3.19. Let of = (A, \) and B = (B,u) be ECSs in X such that o/* = (A, u) and
B = (B,\) are ICSs in X. Then the P-union &/ U % and the P-intersection </ N A of
o = (A, \) and B = (B, u) are stable in X.

Proof. 1t is straightforward by Theorems 3.20 and 3.21 in [4] and Theorem 3.8. O

Definition 3.20. Let &7 = (A, \) be a cubic set with the evaluative set E,, = {(x, E/(z)) | z € X}
in X. Then the stable degree of o7 in X is denoted by SD,, and is defined by

SD,, = (ZZ(EQI,(Q;)), Zr(E%(:c))> . (3.5)

zeX zeX
Definition 3.21. A cubic set o/ = (A, \) with the evaluative set E,, = {(z, E»(x)) | x € X} in
X is said to be almost stable if there exists the stable degree SD. in which ) I(Ey(z)) > 0

and > r(Ey(x)) >0, <

zeX

Example 3.22. Let & = (A, \) and & = (B, ) be cubic sets in X = {a, b, c} defined by Tables
10 and 11, respectively.

TABLE 10. Tabular representation of the cubic set o

X A(x) Az)
a [0.2,0.3] 0.2
[0.7,0.8] 0.9
[0.3,0.7] 0.6
Then

E. = {(a,(0,0.1)), (b, (0.2,-0.1)), (¢, (0.3,0.1)) }

and
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TABLE 11. Tabular representation of the cubic set %

X B(x) pu(x)
a 0.2,0.3] 0.9

[0.6,0.9] 0.7
c [0.1,0.9] 1

E, = {(a, (0.7, —0.6)), (b, (0.1,0.2)), (c, (0.9, —0.1))}.

Thus SD,, = (04+0.2+0.3, 0.1 —0.1+0.1) = (0.5,0.1) and so <7 is almost stable. But % is not
almost stable since SD» = (0.7+4 0.1 +0.9, —0.6 +0.2 — 0.1) = (1.7, -0.5).

Theorem 3.23. Every stable cubic set of = (A, \) in X is almost stable.
Proof. Straightforward. O

In Example 3.22, the almost stable cubic set &/ = (A, \) is not stable. This shows that the
converse of Theorem 3.23 is not true in general.
Combining Theorems 3.8, 3.10, 3.15, 3.19 and 3.23, we know that

(1) Every ICS is almost stable.

(2) Every ESC satisfying the condition (3.2) is almost stable.

(3) The P-union and P-intersection of two stable cubic sets is almost stable.

(4) If & = (A, ) and BB = (B, u) are ECSs in X such that &* = (A, ) and B* = (B, \)
are ICSs in X, then the P-union and the P-intersection of &7 = (A, \) and Z = (B, )
are almost stable in X.

Proposition 3.24. If o = (A, \) and B = (B, ) are cubic sets in X, then either
(Vz € X) (max{A(z), u(z)} — max{A(z)”, B(z)"} < Az) — A(z)") (3.6)
(Vz € X) (max{A(z), p(z)} — max{A(z)", B(z)"} < p(z) — B(z)"). (3.7)

Proof. For each x € X, we consider the four cases as follows:

(1) max{A(z), u(x)} = A(x) and max{A(z)", B(z)"} = A(z)”
(2) max{\(x), u(zx)} = AMz) and max{A(z)", B(x)"} = B(z)".
(3) max{\(x), u(x)} = p(z) and max{A(z)~, B(x)"} = A(x)".

) )"
(

/\/\A/—\

(4) max{A(x), j(x)} = p(x) and max{A(z)", B(z)~} = B(x
First two cases induce the inequality (3.6), and the inequality (3.7) is induced by the last two
cases. U
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Proposition 3.25. If o7 = (A, \) and B = (B, ) are cubic sets in X, then either

(Vz € X) (max{A(z)", B(z)"} — max{\(z), u(z)} < A(z)* — A(z)) (3.8)
(Vz € X) (max{A(z)*, B(z)*} — max{A(z), u(z)} < B(z)" — p(z)). (3.9)
Proof. Tt is similar to the proof of Proposition 3.24. O

In the following example, we know that the P-union and the R-union of almost stable cubic
sets may not be almost stable.

Example 3.26. Let o7 = (A, \) and B = (B, ) be cubic sets in X = {a, b, ¢} defined by Tables
12 and 13, respectively.

TABLE 12. Tabular representation of the cubic set .o

X A(z) Aa)

a [1.0,1.0] 0.7
[0.5,1.0] 0.7
[0.6,1.0] 0.7

TABLE 13. Tabular representation of the cubic set %

X B(x) ()

a [0.5,1.0] 0.7
[1.0,1.0] 0.7

c 0.6, 1.0] 0.7

Then &/ = (A, \) and & = (B, 1) are almost stable cubic sets in X because
N UEs(z) =0, Y r(Ey(x)) =09, Y (Eg(x))=0,and > r(Eg(z))=0.9.

zeX zeX zeX zeX
But the P-union &7 LI % and the R-union &/ U & of &/ = (A, \) and & = (B, u1) are not almost

stable because > l(Equz(r)) = Y. (max{\(z), u(z)} —max{A(z)", B(z)"}) = —0.5 2 0 and

rzeX zeX

Y UEquz(z)) = > (min{A(z), u(x)} — max{A(z)~, B(x)"}) = —0.5 2 0.

zeX reX

We now provide conditions for the P-union of almost stable cubic sets to be almost stable.
Theorem 3.27. Let of = (A, \) and B = (B, i) be almost stable cubic sets in X such that
(v € X) (| 5, 0A) (@) = A7) 2 0. 3 (146)* = Bl M) 20} (.10

zeX rzeX

Then the P-union o/ 1B = (AUB,AV u) of o = (A, ) and B = (B, u) is almost stable in X.
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Proof. Assume that &7 = (A, \) and & = (B, p1) are almost stable in X. Then there exist stable
degrees SD, and SD 4, respectively, such that

D UES(2) = (Mz) = A(x)7) 20,Y r(Es(x) = (Al@)" = Ax)) >0,

zeX reX zeX zeX

D UEg(x) = (ux) = B(x)7) >0, and Y _r(Ey(x)) = Y (B(z)" — p(x)) > 0.

zeX rzeX zeX rzeX

Now, we have to show that Y  I(Eyuz(z)) > 0 and > r(Fquz(z)) > 0 in the stable degree
zeX rzeX
SD 5 of o 11 A. Using (3.10), we have

Y UBsua(@) =) ((AVp)(x) = (AUB)(x)")

= Z (maX{)\(JJ),u(I‘)} — max{A(r)", B(x)i})

/\(x)—u(x)IQJrA(I)Jru(x) _ IA(JE)’—B(JE)’\2+A($)’+B(fv)’)

_ (I/\(w)—u(w)l—lA(QC)’—B(fc)*|+/\(w)—A(w)*+u(w)—B(w)*>
2

8
m
>

|
F%

(M=) = u(@)| = |A(z)” = B(z)"| + M=) — A(2)” + p(z) — B(x)")

3
M
>

(]

(M) — p(@)| — [A(x)” = B(z)"|)
+ %Z (M=) — A(z)7) + %Z (u(x) = B(2)7)

zeX rzeX

> 13 (JMa) — (@) — A(z)7) + 3> (M) — A)7) + 1) (u(z) — B(x)")

_1
2

rzeX

zeX zeX
>0

Similarly, we have Y r(Eyu%(z)) > 0. Therefore o U2 = (AU B, AV u) is almost stable in
zeX

X. O
Theorem 3.28. The complement of an almost stable cubic set is also almost stable.

Proof. Let o/ = (A, \) be an almost stable cubic set in X. Then there exists a stable degree
SD,, such that

S UE () = S (M) — A@)) > 0, and 3 r(Ey () = 3 (A(@)* — Ma) > 0.

zeX rzeX zeX rzeX
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It follows that Y l(Eyc(x)) = > (1= Ax)) —(1—A(x)")) = > (Ax)" — A(z)) > 0 and

;(T(E%c(x)) iexg( ((1— A(x)fix— (1=X\ax))) = EZX (A(z) — A(Zce){) > 0. Therefore &7¢ =
(A€, \°) is almost stable. O

We now provide conditions for the R-union of almost stable cubic sets to be almost stable.

Theorem 3.29. Let of = (A, )\) and B = (B, ) be almost stable cubic sets in X such that

2. ([M#) = p(@)[ + [A(z)” = B(z)7|) < (Z Az) = A(x)) + 2, (u(x) = Bz)”)  (3.11)

and
;{ ([A(z) = p(@)| + [A(2)" = B(2)*]) > ;{ (A(x) — A(z)*) + ;{ (u(x) = B(x)") (3.12)

for all x € X. Then the R-union &/ U2 = (AU B, A A u) is almost stable in X.

Proof. Assume that &7 = (A, \) and & = (B, p1) are almost stable in X. Then there exist stable
degrees SD. and SD 4, respectively, such that

ST UE () =S (M) = A@)) 2 0,3 1By () = S (A)" = A@)) = 0,

ST UEs(2) =Y (ul(e) - B(x)) > 0, and 3 #(Eslz) = 3 (Ble)" — p(a)) > 0.

It follows from (3.11) that

Y UBswa(@) =) (AA (@)~ (AUB)(x)")

zeX reX

= (min{A(:c),u(x)} — maX{A(l')faB@)i})

_ . ( —@)-p() M @) () _ \A(x)*—B(x)*|2+A(x>*+B<x>*>
_ 9; <—|A(x)—u(x)\—|A($)*—B( )*\+/\(x)—A(w)*+u(x)—B(x)*)
= IE;Z;( (M=) = u(@) +]A(2)” — B(x)7])
N +1 > (Az) — A(z)7) + %; (u(x) = B(x)7)
> -1 (;{ (A(z) — A(z)7) + ; (u(z) - B(:L’)‘)>
5 00 ) 13 (o) o) =0
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Using (3.12), we have

Y r(Buus(z) =) ((AUB)(2)" — (A A p)(2))

rxeX reX
= > (max{A(2)", Bz)"} — min{A(). u(x)})

reX
_ Z ( (2)*—B(=z) +|+A( ) F+B@*t —IA(w)—u(x)QH/\(fv)w(w))

reX
= (M= )| + [A(z)* = B(x)"])

rzeX
-1 (Z (M=) — A(x)*) + Z (n(z) — B(:zc)+)> > 0.
rxeX reX
Hence o U Z = (AU B, A A u) is almost stable in X. O

The following examples show that the P-intersection and the R-intersection of almost stable
cubic sets may not be almost stable.

Example 3.30. (1) Let & = (A, \) and & = (B, u) be cubic sets in X = {a,b,c} defined by
Tables 14 and 15, respectively.

TABLE 14. Tabular representation of the cubic set .o/

X A(z) Az)
a 0.7,1.0] 0.4
b 0.5, 1.0] 0.8
¢ 0.6, 1.0] 0.7

TABLE 15. Tabular representation of the cubic set %

X B(x) ()

a [0.5,1.0] 0.8
[0.6,1.0] 0.7

c [0.7,1.0] 0.4

Then o/ = (A, \) and & = (B, ) are almost stable cubic sets in X because
Y UEy(x) =01, > r(Ey(x)) =11, > l(Ez(x)) =0.1,and Y r(Eg(z)) =1.1.

zeX zeX zeX zeX
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But the P-intersection .&# M % of &7 = (A, \) and & = (B, p) is not almost stable because

> UEans(x) = (min{A(z), p(x)} — min{A(z)~, B(z)"}) = —0.1 £ 0.

zeX reX

(2) Let & = (A, \) and & = (B, 1) be cubic sets in X = {a,b, ¢} defined by Tables 16 and 17,
respectively.

TABLE 16. Tabular representation of the cubic set 7

X A(x) A(z)

a [0.2,0.7] 0.8
0.3, 0.6] 0.5
0.1,0.5] 0.5

TABLE 17. Tabular representation of the cubic set £

X B(x) pi()

a 0.2,0.7] 0.6
[0.3,0.6] 0.7

¢ [0.1,0.5] 0.5

Then o7 = (A, \) and & = (B, 1) are almost stable cubic sets in X because
Y UEy(x) =12, Y r(Ey(z) =0, Y l(Eg(x)) =12, and > r(Ez(z)) =0.

zeX zeX zeX zeX
But the R-intersection &7 M & of & = (A, \) and £ = (B, u) is not almost stable since

Z r(Eyaz(t)) = Z (min{A(z)", B(z)*} — max{A(z), p(z)}) = —0.2 2 0.

We now provide conditions for the P-intersection and the R-intersection of almost stable cubic
sets to be almost stable.

Theorem 3.31. Let of = (A, \) and B = (B, ) be almost stable cubic sets in X.
(i) Assume that the following condition is valid.

5 (14" B~ )~ ) >0
€20 S @) — o) - 46"~ By ) 2 0

Then the P-intersection o/ MB = (ANB,AAu) of o = (A, \) and BB = (B, ) is almost stable
in X.

(3.13)
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(i) If o = (A, \) and B = (B, u) satisfy the following condition

(Ve € X) (Z (IA@) — ()| + |A(2)* — B(a)*]) = 0) , (3.14)

zeX

then the R-intersection o/ M B = (AN B, AV u) of o = (A, \) and B = (B, u) is almost stable
n X.

Proof. Since of = (A, \) and & = (B, p1) are almost stable in X, there exist stable degrees SD.,
and SD g, respectively, such that

>, WEy(2)) = 3 (Mx) = A(2)7) 2 0, 3 r(Ey(z)) = > (A2)" = Ax)) =0,

i;{l(E%(I)) = :;(M(x) — B(z)") > O,Q;fldxg( T(Egg({l)))xez z;{(B( z)* — p(z)) > 0.

(i) We have to show that > l(Eynz(z)) > 0 and ) r(Eunz(r)) > 0 in the stable degree

zeX zeX

SD e of o T A. Using (3.13), we have

Y UBsna(@) =) (AAp)(x) = (ANB)(z)")

zeX zeX

(min{A(z), p(z)} — min{A(z)~, B(z)"})

reX
_ < e \+A D) +u(z) | |A<x>*—B<x>*\;A(m)*—B(m)*)
reX
_ ( (@) —p(a)|+] A(z)~ = (J»’)’2\+/\(ﬂc)—A(:v)*+u(:v)—B(:v)*)
rxeX
%Z M) = (@) [+ |A()” = Bla) |+ Aw) = Ax)” + pu(x) = B(a)")
%Z (@)7] = IMx) — p(x)])
eX

+3) (@) = (A@)7) + 3> (@) = Bx)7)) > 0.

zeX zeX

Similarly, we have  r(Eynz(z)) > 0. Therefore &/ M = (AN B, A A p) is almost stable in X.
rzeX
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(ii) We have
> UEuaz(x) =Y (AVp)(z) — (AN B)(z)")

zeX reX

= (max{A(z), u(z)} — min{A(z)~, B(z)"})

M) —p(@) |+ A (@) +p(x) | [A@)”=B(z)"|-A(@)"=B(z)~
2 + 2

8

m

b
/N /N

A(@) =p(@) | +[A(z) —B(I)’2|+>\(99)—A(~’0)’ +p(z)=B(x)~ )

=13 (IM@) — pla)] + |A(z)” — B(z)7)
4 %Z ()\(.CE) — A(.’E)_) + %Z (M(x) - B(:B)_)
> 1 (Z (Mz) = A@)7) + > (ulx) - B(w>‘)> = 0.

Using (3.14), we have
D r(Bvas(x) =Y (AN B) (@)t = (AV p)(2))

rzeX rzeX
= Z (min{A(z)*, B(x)"} — max{A(z), u(2)})
zeX
_ Z (—|A<x>+—B<x>+2|+A<z>++B<a:>+ _ |A<x>—u<x>\2+x<m>+u<m>>
rzeX
=35> (=A@ = ()| = [A@2)* = B2)*)
rxeX

+1 <Z (A(z)" = A=) + Z (B(x)* - N(ﬁ))

zeX zeX

=3 (Z (@) = A@) + ) (Ba)* - u(w))) > 0.

rzeX zeX
Hence o M % = (AN B, AV u) is almost stable in X. O
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SOME IDENTITIES OF CHEBYSHEV POLYNOMIALS ARISING
FROM NON-LINEAR DIFFERENTIAL EQUATIONS

TAEKYUN KIM, DAE SAN KIM, JONG-JIN SEO, AND DMITRY V. DOLGY

ABSTRACT. In this paper, we investigate some properties of Chebyshev poly-
nomials arising from non-linear differential equations. From our investigation,
we derive some new and interesting identities on Chebyshev polynomials.

1. INTRODUCTION

As is well known, the Chebyshev polynomials of the first kind, T, (x), (n > 0),
are defined by the generating function

(1.1) 1;tz—f:T()ﬁ (see [1, 3, 5, 8, 17, 21])
. 1—2xt—|—t2 _n:0 n x ’]’L!’ bee 9 9 ) ) ) N

The higher-order Chebyshev polynomials are given by the generating function
(1 2) 1—t2 “ iT(a) ( )tn
. — | = x
1— 2zt + 12 = " ’

and Chebyshev polynomials of the second kind are denoted by U,, and given by
generating function

(1.3) ZU no (see [1, 7,12, 17]).

1— 2zt +t2

The higher-order Chebyshev polynomlals of the second kind are also defined by

(1.4) (1—2xt+t2) Z U@ (x

The Chebyshev polynomials of the thlrd klnd are defined by the generating
function

1—t
1.5 Vi (z) 7, 1, 7,8, 17]).
(15) 1— 2zt +t2 Z (see [1, 7, 8, 17])

and the higher-order Chebyshev polynomlals of the third kind are also given by the
generating function

1 _ t « oo
s ——— = (a) n
(1.6) (1 it t2> ;::0 V@) (2)¢

2010 Mathematics Subject Classification. 05A19, 33C45, 34A34.

Key words and phrases. Chebyshev polynomials of the first kind, Chebyshev polynomials of
the second kind, Chebyshev polynomials of the third kind, Chebyshev polynomials of the fourth
kind, non-linear differential equation.
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Finally, we introduce the Chebyshev polynomials of the fourth kind defined by
the generating function

(L.7) S W@

1—2xt+¢2
n=0

The higher-order Chebyshev polynomials of the fourth kind are defined by

1+t TS
1.8 — | = W) (z) "
(1.8) (1—2xt+t2) nz:% n (@)
It is well known that the Legendre polynomials are defined by the generating
function
1.9 n ()", (see [2, 20]).
9 Wiy Zp 2,200

Chebyshev polynomials are important in approximation theory because the roots
of the Chebyshev polynomials of the first kind, which are also called Chebyshev
nodes, are used as nodes in polynomial nodes (see [19]).

The Chebyshev polynomials of the first kind and of the second kind are solutions
of the following Chebyshev differential equations

(1.10) (1—2?)y" —ay +n’y =0,
and
(1.11) (1—2)y" —3zy +n(n+2)y=0.

These equations are special cases of the Strum-Liouville differential equation (see
[1-3]).

The Chebyshev polynomials of the first kind can be defined by the contour
integral

1 (1-1t%) .
1.12 T,(2) = — ¢ ——— 2L ""Lqp,

(1.12) (2) 4m?§1—2t2+t2

where the contour encloses the origin and is traversed in a counterclockwise direction
(see [1, 19, 21]). The formula for T,, (x) is given by

(1.13) T, (x) = Py (27:”> 2 (22— )"
From (1.3), we note that

(1.14) 2(z—t) (1 -2zt +12)" ZnU )L
Thus, by (1.14), we get

(1.15) (22t — 2¢%) (1 — 2at + t?) Z nU, (z)t".

From (1.3) and (1.15), we can derive the followmg equation:
(2zt — 2t2) + (1 — 22t + %) 1— ¢
(1 — 2at + 2)* (1 - 2at +2)?

(1.16)
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o0
- Z (n+ 1)U, (z)t".
n=0
Note that
1—¢2
(1.17)

(1 — 2at + 12)°

B 1—12 1
S\ 1 — 2t + 2 1—2xt+1¢2

— <§:Tl(x) tl> (i U () tm>
=0 m=0
=y (ZTZ (2) Un_y (:c)) t",
n=0

=0

From (1.16) and (1.17), we have

Un (1) = —— 3 T3 () Un i (a).
=0

n+1 4

The Chebyshev polynomials have been studied by many authors in the several
areas (see [1-21]).

In [11], Kim-Kim studied non-linear differential equations arising from Changhee
polynomials and numbers related to Chebyshev poynomials.

In this paper, we study non-linear differential equations arising from Chebyshev
polynomials and give some new and explicit formulas for those polynomials.

2. DIFFERENTIAL EQUATIONS ARISING FROM CHEBYSHEV POLYNOMIALS AND
THEIR APPLICATIONS

Let

(2.1) F:F(t,z):;.
1— 2t +t2

Then, by (1.1), we get
(2.2) FO = %F (t,z) =2 (x —t) F2.

From (2.2), we note that
(2.3) 2F? = (z — )"  FO,

By using (2.3) and (2.2), we obtain the following equations:
(2.4) 22 9F% = (z —t) P FN) 4 (z — 1) 2 F?,
(2.5) 25.2.3F =3(x—t) "FW +3@—-t) ' F@ 4 (a—t) *F®
and
(2.6) 24.2.3.4F°=3.5(x—1) °FD +3.5(x—1) " F®

+(3-2)(x—t) PFO 4 (@ —t) ' FW,
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where
A\ N
FN=Fx...xF and FW = () F(t,z).
N dt
N —times

Continuing this process, we set
N
(2.7) NNIFNHL =N "0, (N) (@ — ) >N FO),
i=1
where N € N.

From (2.7), we note that
(2.8) 2NNIFN (N +1) FY)

N N
= Zai (N) (2N _ ’L) (3;‘ . t)i—QN—l F@ + Zai (N) (a: . t)i—2N Flt1)
i=1 i=1
By (2.2) and (2.8), we get

(2.9) 2NNI(N + 1) FN (2 (z — t) F?)

N
=Y ai(N)@2N —i)(z— )" FO

N
+> a; (N) (z —t)" 2N FOTD,
i=1

Thus, from (2.9), we have
(2.10) 2NFTL(N + 1)1 PN +2

N
=Y ai (V) (2N =) (@ — ) 2N O
i=1

N+1 ' ‘
+ Z a;1 (N) (z — 1) 2D o),
1=2

On the other hand, by replacing N by N + 1, in (2.7), we get
N+1 ) ‘
(2.11) V(N + DIFNF2 = 3" 0, (N +1) (z — ) 2NV RO,
i=1

Comparing the coefficients on both sides of (2.10) and (2.11), we have

(2.12) ap(N+1)= (2N —-1)a; (N),

(2.13) an+1 (N +1)=an (N),

and

(2.14) a; (N+1)=a;,_y (N)+ (2N —i)a; (N), (2<i<N).
Moreover, by (2.4) and (2.7), we get

(2.15) 2F? = (z—t) ' FM =ay (1) (@ —t) ' FO,
By comparing the coefficients on both sides of (2.15), we get

(2.16) ar (1) =1.
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Now, by (2.12) and (2.16), we have

(2.17) ay (N +1) = (2N — 1) ay (N)
= (2N —1)(2N —3)a; (N — 1)
= (2N —1) (2N — 3) (2N — 5)ay (N — 2)

- (2N —1) (2N —3) (2N —5)---1-a1 (1)
= (2N — 1),

where (2N — 1)!! is Arfken’s double factorial.
From (2.13), we easily note that

(2.18) anr1(N+1)=any(N)=---=a; (1) =1.
For 2 < i < N, from (2.14), we can derive the following equation:

(2.19)

= a;—-1 (N)+(2N*Z)CLZ_1 (N*1)+(2N*Z)(2N*2*Z)ai(N7].)

N—i [k—1 N—i
= (H(?(Nl)z‘)>ai_1(Nk>+ (2(N =1) i) a; (i)

=Y ok (N - Z) ai_y (N — k) + 2N =i+l (N - ’)
=0 2/ 2) N i

where (z), =z (x—1)---(x —n+1), (n>1) and (z), = 1.
As the above is also valid for i = N + 1, by (2.19), we get

N+1—1i .
. a; = k _ a;—1 —k),
(2.20) (N+1) kZ:O 2 <N 2>k (N — k)

where 2 <3 < N + 1.
Now, we give an explicit expression for a; (N + 1).
From (2.17) and (2.20), we can derive the following equations:

N—-1 9
(2.21) ay(N+1)= ) 2M <N - 2) ar (N — ky)
k1=0 k1

N—-1
— 3 om <N_ ;)k (2(N — & — 1) — 1)1,

k1=0

824 TAEKYUN KIM et al 820-832



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

6 TAEKYUN KIM, DAE SAN KIM, JONG-JIN SEO, AND DMITRY V. DOLGY
(2.22)
N-2 3
s(N+1)=> 2k (N ) ag (N — k)
ka=0 k2
N—2 N—2—ksy 3 4
=Y > 2’“1“@( 2) (N—k2—> (2(N—=2—k —ky)—1)
ko=0 k1=0 ka2 k1
and
(2.23)
N-3 4
a4(N—|—1): k3 (N—2) ag(N—kg)
k3=0 k3
N-3N k3 N—3—k3z—k2
4
- Z Z Z o1 tkatks <N—> (N—k3—5) (N—k3—k2—6>
2/ 2/ 2/
k3=0 ko=0 k1=0 3 2 1

X(Z(N*?)*kl*kgfkg)*].)”
Thus, we see that, for 2 <i < N + 1,

(2.24)
N—i+1 N—i+1—-k; 1 N—it+l—k; 1—-—k2 .
TEETTED SH SRR DR
ki—1=0  ki_2=0 k1=0
i i—1 i—1
<TTIN=> k- 2[N—it1=) k| -1
=2 I=j by =1
Therefore, we obtain the following theorem.
Theorem 1. The nonlinear dzﬁ”erentml equations
INNIFN+L = Zaz — )N FO (N eN)
has a solution F = F (t,x) = W’ where
a1 (N) = (2N = 3)!l,
N—i N—i—k;_1 N—i—k;_ 1—-—ka
SR SIS SRl
ki—1=0 k;i_2=0 k1=0
i i—1 21+2 i—1
X k 2| N—i— kil —1]|"
I~ Z ‘- o =2k
=2 J=1
(2<i<N).
From (1.3) and (1.9), we note that
(2.25) Z U, () t"
n=0
_ 1
11— 2zt +¢2

825 TAEKYUN KIM et al 820-832



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

SOME IDENTITIES OF CHEBYSHEV POLYNOMIALS 7

1 2
- (\/1—2xt+t2>

Thus, from (2.25), we have

From (1.4), we obtain

(2.26) N NIFNTL = 2N NS " N () 7.
n=0
On the other hand, by Theorem 1, we get

(2.27)

N
RNNIFNTL =N "0, (N) (@ — ) 2N PO
=1

m=0
N %) n .
= Zai (N) Z {Z <2N I lli " 1) e TN () (1 Z)z} t"
i=1 n=0 {i=0 n-
> (X " /ON+n—1—i—1\ .
= {Z a;(N)> ( "1 )$Z+l_2N_”Ui+l () (1+ i)z} ¢
n=0 li=1 1=0

Comparing the coefficients on the both sides of (2.26) and (2.27), we obtain the
following theorem.

Theorem 2. For N € N, and n € NU {0}, the following identity holds.

N n ;

1 2N+n—-1—i—1 i 19N —n .

U7(1N+1) (x)ZQNNIE :ai (N)E ( o )Um (z) i +=2N "(L+1),.
Ti=1 =0

The higher-order Legendre polynomials are given by the generating function

1 [e}% oo
2.28 — ) = (@) ().
(229 (=) =2
Thus, by 1.4 and (2.27), we get
(2.29) > UL (@)t
n=0

J— 1 “
S\ 1 — 2t + 2
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1 2a
- <\/1 —2mt+t2>

= (i ) ( l> <i ) (x)tm>
0 m=0
< (@) P, (a )) "

From (2.29), we note that

(2.30) U ( Zp(“) 2)p, ().

Therefore, we obtian the followmg corollanes.

Corollary 3. For N € N and n € NU {0}, we have

n
Zpl(N+1)p£LN;rl) ( )

=0

N n )
= o ' 2N A —l=i=l , N itl—2N-n

Corollary 4. For N € N and n € N, we have

UMY ()
N n 4+
1 IN+n—1—i—1\ , .
— g S (N T T T e i, @ o),
=1 =0 j=0
y (1.6), we get
(2.31) N NN+
N+1
_N— 1—t
=N —t) V[ ———
(1-1) <1—2xt+t2>
o0 N o0
_ 2NN| (Z ( T—;m)tnL> (Z‘/Z(N+1) ($) tl>
m=0 =0

o [\~ (N +n—1\ (vi) n

:2NN!Z<Z< o )V} (z) | t".
n=0 \[=0

On the other hand, by Theorem 1, we have

(2.32) INNIFN+T = Zal — )N R

SNSRI

From Leibniz formula, we note that

d\* 1—t 1
2. = -
(2.33) <dt) (1—2xt+t2 1—t>
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B Z i ((d\7" 1 d\'  1-t
&\l dt 1—t dt) 1—2xt+t2

i v (A 1—t

Y N i+l—1 “ s

l) (=Dt -1) <dt> <1—2xt+t2>
AN (=145 L, —
z) (z—l)!Z( ) >t D Vot (@) (0 + 1), 87

— p=0

LS i+ 8,
(T @0

p=0

By (2.32) and (2.33), we get
(2.34) 2N NN+

:i{iiai(N)ﬁ ¥ (V)

n=0 \i=1 [=0 " m+s+p=n
X (p+ 1), 2" 2NV, (z) P
Therefore, by (2.31) and (2.34), we obtain the following theorem.
Theorem 5. For N € N and n € NU {0}, we have the following identity:

"IN +n—1\_(n
S (Ve @

=0

:Miiai(N)ﬁ 5 <2N+ﬂ:n—i—1>(i—ls+s)(p+l)l

1=1 =0 ! m+s+p=n
xz' TENTmY L (x) .
From (1.8), we note that
(2.35) 2N NIFN+
N+1
N- 1+¢
=2¥N1(1 Sl (L L
(1+9) (1—2mt+t2>
o N . o
=2V NI (Z ( 2m> (-1) tm> <Z W () tl>
m=0 =0
(o) n _ N _ l
=2YNTY (Z o (Ve ) e
n=0 \I[=0

On the other hand, by Theorem 1, we get

(2.36) 2N NIFNH = ﬁ:a (N) (& — )2V (;t)i { ! Lt }

T+t 1—2xt+ 2

Now, we observe that

e () {() (=ee)
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-2 (e e-n(d) (6 ()
-y ;) -0 ti- Ny (‘7 1S Wy () (p 1), 7
=0

s=0 p=0
From (2.36) and (2.37), we have

(2.38)  2NNIFNt!

%) N
>

n=0 \i=1

X(i—ls+s> (v

Therefore, by (2.35) and (2.38), we obtain the following theorem.

N

. (71)1__[% S oy <2N+mz’1>

m
=0 m—+s+p=n

1), 2N "W, (a:)} t".

_|_

Theorem 6. For N € N and n € NU {0}, the following identity is valid:

n

Z (—1)" (N +n— l) W ()

= n—1
1 L i il J/2N4+m—i—1
S 53 NEISTTICE D SRS
=1 1=0 m+s+p=n

From (1.1), we have

(2.39)
QNN!FNJrl

N+1
=2V NI L Lt
\1—12 1—2xt+ 2

(2 () ()
o @ (7 l)tl> (i (") (‘”mtm> (i TN+ <a:>fp>

m=0 p=0
oo
N+ /m+N
=2V NI —1)" N+ "
ZZ<Z><m>(1)T () | t
n=0 \Il+m+p=n
On the other hand, by Theorem 1, we get
(2.40) 2N NIRPNH

N
=Y a (V) (@ =ty F
i=1
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N 7
1 i—on [ d 1 1 1—¢?
= - J(N) (z—t = .
22“ )@=t (dt) {(1t+1+t)12zt+t2

From Leibniz formula, we note that the following equations:

(241) (i){@ it) | (1 =T f)}

— ZO (;) (i —1)! i (’ + 2 a l)tngpH (z) (p+ 1), t,

= s=0

and

e () () ()

l_zo (;) (i = (=) i::o <z - i+ s> (1) iTpH @) 0+ 1),

p=0

By (2.40), (2.41), and (2.42), we obtain

(2.43)
2N NIpN+L
1 N e > fi+s—1 >
i—2N - s
I a1 ()i (e @ e e
=1 =0 s=0 k=0
1 N ‘(i > (i—1l+s
i—2N . i—1 - S s
a0 Y () -y (T e
=1 =0 s=0
x> Top (@) (p+1), 17
p=0
1 : il IN+m—i—1\/[i+s—1
X Samy X (TN e,
n=0i=1 [=0 " m+s+p=n
1 oo N i ’i' .
sz—QN—7rLTp+l (LL') "+ 5 Z Z Zai (N) ﬁ (_1)17
n=0:=1 =0
/2N 4+ m—i—1\[i+s—1 on
-1 i mm n.
<X o (TN (T e

m—+s+p=n

Therefore, by (2.39) and (2.43), we obtain the following theorem.
Theorem 7. Forn € NU{0} and N € N, we have the following identity

e 32 () o

m
s+m—+p=n

S MISEED'S <2N+";1_i_1><i+j_l>(p+l)l

1=1 [=0 ' m—4s+p=n
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N i . ,
xzi2N=mT () + Zzai (V) %: (=1)i~! Z (—1)° (ZN +m—i-— 1)

) . m
=1 =0 m+s+p=n
i+s—1 i_oN—
X ( . > (p+1)a N Mt () .
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Blowup singularity for a degenerate and singular parabolic
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Abstract

In this paper, we are interested in the blowup behavior of the solution to a degenerate and singular
parabolic equation

!
ur = (z%ua), +/ uPdr — ku?, (z,t) € (0,1) x (0, +00)
0

with nonlocal boundary condition

u (0,t) :/0 f(@)u(z,t)de, u(l,t) :/0 g(@)u(z,t)de, te(0,4+00),

where p, ¢ € [1,00), @ € [0,1) and k € (0,00). In view of comparison principle, we investigate
the conditions on the global existence and blowup of the solutions. Moreover, under some suitable
hypotheses, we discuss the global blowup and the uniform blowup profile of the blowup solution.
Keywords: Degenerate and singular parabolic equation; Nonlocal boundary; Global existence; Blowup
singularity

Mathematics Subject Classification(2000) : 35K50, 35K55, 35K65

1 Introduction

The main purpose of this paper is to deal with the blowup singularity of the following degenerate and

singular parabolic equation with nonlocal source and nonlocal boundary condition

up = (x%uy), + fé uPdzr — ku?, (z,t) € (0,1) x (0,400),
= (L @) u(z, t)de 00
w00 = i @uletin €010, .
u(l,t) = fo g(x)u(x,t)de, t € (0,+00),
U($70):u0($)20, 156[071],

*This work is supported by National Natural Science Foundation of China (11426099, 11526076, 11571102), Scientific
Research Fund of Hunan Provincial Education Department (14B067, 15A062)
TCorresponding Author: liudengming08@163.com
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where 0 < a < 1, p, ¢ > 1, k > 0, the weight functions f (z) and g (x) in the boundary condition are
nonnegative continuous on [0, 1] and not identically zero, and the initial value ug (z) € C2*° (0,1) N C[0,1]
with 0 < § < 1, and satisfies the compatibility conditions. It is obvious that the equation in problem (1.1)
is singular and degenerate because the coefficients of u, and u,, may tend to co and 0 as x — 0.

This type equation in problem (1.1) can be viewed as a model which describes the conduction of
heat related to the geometric shape of the body (see [1] and the references therein for more details of
the physical background). On the other hand, lots of physical phenomena were formulated into nonlocal
mathematical models, for example, Day [4, 5] derived a heat equation with nonlocal boundary in the study
of the heat conduction with thermoelastcity. From then on, a lot of mathematicians devoted to studying
the blowup behavior of the solutions of various parabolic problems with nonlocal boundary conditions (see
[6, 7, 8,9, 10, 11, 13, 15, 16, 21]).

The blowup phenomenon related to problem (1.1) attracted extensive attention of mathematicians in
the past several decades (see [2, 3, 12, 18, 20, 22, 23]), but most of them considered the problems with null
Dirichlet boundary conditions. Inspired by the works mentioned above, we consider problem (1.1), and
our main attention is focused on evaluating the effects of the weighted nonlocal boundary, the nonlocal
source and absorption term on the asymptotic blowup behavior of the solution u (z,t) of problem (1.1).
Compared with [3] and [18], we need more skills to handle the difficulties, which are produced by the
degeneration and singularity of problem (1.1), and the appearance of the nonlinear nonlocal boundary
condition.

Before stating our main results, for the sake of convenience, we denote

Nm{ /O’f@dz, /Olg@)dx},

and let A; be the first eigenvalue and ¢; (z) be the corresponding eigenfunction of the following eigenvalue

problem
C@C), = MG 0<z<k C(0)=(()=0. (1.2)

Indeed, from [3, 14], we know that the principle eigenvalue A; of the eigenvalue problem (1.2) is the first

Jia (2*5[“5‘1) -0,

zero of

7=o \ 2 -«

and (q (z) can be expressed in an explicit form as follows

(1.3)

G (z) = akaan <2\/Hx22a) ,

2—«a
l-a
2—a?
such that [[¢1 (2)[|1(o,;) = 1. Furthermore, we know easily that i () is a positive smooth function in

(0,1), and in light of

where J iz is Bessel function of the first kind of order and a is an appropriate positive parameter

d ¥
%Jﬂ (1) = §J19 (1) = Jo41 (1),

we can deduce that, for x € (0,1),

d 1-— VA —a o 2V A —a —2a VA —a
—G (z) = a(l=o) (1—|— L™ )x_lz Jiza ( Lo )—a\/)\lwl 7 Js2a ( L™ )
—a ! —
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And hence, by making use of
1

Jy (1) — TwrD (%)ﬁas T =0,

where T () is the Gamma function, we find that

mlig)lJr Cl (z) =0
and _
d 1- 2V A1\ ¢

tim L6, (2) = =) ( 1) ,

z—0+ dx i (32—2a> 2—«
which imply that

d
sup (1 () < ocoand sup —( (2) < oo. (1.4)
z€[0,]] zefo,l) 4

The main results of this paper are stated as follows.
Theorem 1.1. Assume that ¢ > p > 1, then all the solutions of problem (1.1) exist globally.

Theorem 1.2. Assume that p > q > 1, then problem (1.1) admits blowup solutions as well as global

solutions. More precisely,
(i) if N <1, then the solution exists globally provided that ug (x) < (5)77°;

(i) if N > 1, then the solution of problem (1.1) blows up in finite time provided that ug (x) > 11, where

n1 > 1 is an appropriate constant;

(i1i) there is a suitable positive small constant nz such that the solution u (x,t) of problem (1.1) blows up

in finite time for any f (z) and g (z) provided that

_ l e 1 W
uo($)>7725(2_331 - z? >7

where £ > p%l
Theorem 1.3. Assume that p=q > 1. The solution u (x,t) of problem (1.1) exists globally provided that
N <1 and ug () < erN, where €1 is given by (3.13). For any nonnegative weight functions f (z) and
g (x), the solution u (x,t) of problem (1.1) blows up in finite time provided that the initial value ug (x) is

sufficiently large.
Remark 1.1. If p=q =1, one can show that problem (1.1) has no blowup solution.

The remaining part is devote to discussing the global blowup and the uniform blowup profile of the
blowup solution, to this end, we assume that p > ¢ >1 (or p=¢ > 1), N < 1 and ug (z) is large enough

in some suitable sense. Moreover, we assume that ug (x) satisfies extra

!
(2%uoz), +/ updr — kud > 0 for z € (0,1), (1.5)
0
(%uoz), < 0in (0,1), (1.6)
and

! !
lim [(xo‘uow)x—l—/ ugdx—kug] = lim [(wau%)w —|—/ updz — kugl =0. (1.7)

z—0t 0 T~ 0

3

835 Dengming Liu et al 833-846



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Theorem 1.4. Assume that p > ¢ > 1 and N < 1. Suppose that hypotheses (1.5), (1.6) and (1.7) hold.
Then
w(z, ) ~[[(p—1)(T—t)] 7T ae in (0,]) ast— T,

where T is the blowup time.

Corollary 1.1. Under the assumptions of Theorem 1.4, we see that the blowup set of the blowup solution
u(x,t) of problem (1.1) is the whole interval (0,1).

Theorem 1.5. Assume thatp=q > 1, N <1 and 0 < k < l. Suppose that hypotheses (1.5), (1.6) and
(1.7) hold. Then
w(z, ) ~[[(p—1)(T—8)] 7T ae in (0,]) ast— T,

where T is the blowup time.

Corollary 1.2. Under the assumptions of Theorem 1.5, we know that the blowup set of the blowup solution
u(x,t) of problem (1.1) is the whole interval (0,1).

The rest of this paper is organized as follows. In Section 2, we shall state the comparison principle and
local existence theorem for problem (1.1). In section 3, we shall concern with the conditions on the global
existence of solution and prove Theorems 1.1, 1.2 and 1.3. In section 4, we shall estimate the uniform

blowup profile and give the proofs of Theorems 1.4 and 1.5.

2 Comparison principle and local existence

In this section, we will establish a suitable comparison principle for problem (1.1) and state the existence
and uniqueness result on the local solution. For the sake of simplify, we denote It = (0,{) x (0,T) and

I =[0,1] x [0,T). First, we give the definitions of the super-solution and sub-solution to problem (1.1).

Definition 2.1. A nonnegative function u(z,t) is called a super-solution of problem (1.1) if u(z,t) €
C*1 (Ir)NC (Ir) satisfies

U > (2°,), + [ @Wde — kul, (x,t) € I,

gl

0,8) > [o f (z)u (z,t)dw, te(0,T), o)

(1,t) > [y g (2)u (,t)dx, te(0,T),

gl

u (z,0) > 7 (), xz €10,1].

Similarly, u (x,t) € C*' (Ir)NC (I7) is called a sub-solution of problem (1.1) if it satisfies all the reversed
inequalities in (2.1). We say that u (x,t) is a solution of problem (1.1) if it is both a sub-solution and a
super-solution of problem (1.1).

Now, by using the similar arguments as those in [6] (or [10]), we give directly the following maximum

principle.
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Lemma 2.1. Let w(z,t) € C*' (Ir) N C (I7) satisfy

wr — (%), > 01 (2, ) w + fol 01 (z,t)w (x,t)dx, (z,t) € Ir,

w(0,8) > [105 () w (,t)dx, te(0,T), (2.2)

w(l,t) > [y 04 (z)w (z,t)dz, te(0,7),
where 0; (x,t), i = 1,2,3,4, are bounded functions, 05 (x,t) is nonnegative for (x,t) € I, 03 (z) and 04 (x)
are nonnegative, nontrivial in (0,1). Then w(x,0) > 0 in [0,1] implies that w(z,t) > 0 for (z,t) € Ip.
Moreover, if one of the following conditions holds, (i) 05 (z) = 04 (x) =0 forx € (0,1); (i) 03 (x), 04 (x) > 0

for x € (0,1) and max{fol 05 (x) dx,fol 04 (x) dx} < 1, then w(z,0) > 0 in [0,1] leads to w (z,t) > 0 for
($7t) e Ir.

Based on the idea of [10], we can establish the comparison principle for problem (1.1) as follows, which

is the main tool of establishing the conditions on the global existence and blowup of the solution.

Proposition 2.1 (Comparison principle). Let @ (z,t) and u(x,t) be a nonnegative super-solution and
sub-solution of problem (1.1), respectively. Then u(x,t) > u(z,t) holds in I if u(z,0) > u(z,0) for
xz € [0,1].

Next, we state the result on the existence and uniqueness of the local solution of problem (1.1) at the

end of this section.

Theorem 2.1 (Local existence and uniqueness). Assume that (1.5) holds, then there exists a small positive

real number T such that problem (1.1) admits a unique nonnegative solution u(z,t) € C (I7) N C*! (Ir).

Remark 2.1. We can get the proof of Theorem 2.1 by using regqularization method and Schauder’s fized

point theorem. For more details, we refer the readers to [3, 23].

3 Global existence of solution

The main goal of this section is to discuss the global existence and blowup property of the solution
u (z,t) to the problem (1.1). To this end, by Proposition 2.1, we only need to construct some suitable

global super-solutions (or blowup sub-solutions).
Proof of Theorem 1.1. Let T be any positive number and @ (z,t) be defined as

_ X2 Bxgt
X161 (z) +1

where x7 is large enough such that

1
1

—  dr <max< max x), max g(x) r,

/0 1+xiG(z)  — {me[o,l]f( ) me[ovﬂg( )}

and
(x1¢1 (z) +1)7 /l ! o
= 1 1), d ;
= s )10 06 0 1)y [0 [
5
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2% d ?
X3 = A1 + max X1 5 G (@)
z€[0,] (XlCI (x) 4+ 1) dx
By the direct calculation, one has
1
Pty : =1y — (%), — / uhdx + kud
0
_ AxiG (z) 20°x7 d ’
' l ’ <1 +x16 (@) (G () +1)7 |de 1 (@) (3.1)

X2€X3t )q _ 3t\P ! 1
*’“(Hxl@ @) ) / Traa@r™

>0,
and
max (up (z) + 1) (1 + x1(1 ()
a1 (2,0) = — X2 > r<l0 > up (z). (3.2)
1T+ X161 () L+ x1¢1 (z)
On the other hand, we can verify that
l l X3t l
w1 (0,1) = x26X3" > 92Xt max f (x / ——dx Mdmz/ z)u; (z,t) dx,
1(0,1) = X2 =X IE[OJ]f() o L+xiG(z)  — Jo 1+xaG (@) of() (@)
(3.3)
and
l
T (Lt) > / 0 (@) T (2,1) da. (3.4)
0

Combining now from (3.1) to (3.4), we know that u; (z,¢) is a global super-solution of (1.1) in It and the
solution u (z,t) of (1.1) exists globally by Proposition 2.1. The proof of Theorem 1.1 is complete. O

1

Proof of Theorem 1.2. (i) If p > q and N/ > 1, then it is easy to check that uy (z) = (%)”"‘ is a global
1

super-solution of problem (1.1) provided that ug (z) < (%) 7.

(ii) Consider the following ordinary differential equation

v (t) = W) — kv, t>0,

(3.5)
3 (0) = vy,
From p > ¢ > 1, it follows that v{ < v} 4+ 1, and hence, we have
i — kvl > (I = k)] -k,
which tells us that the solution v, (¢) of (3.5) is a super-solution of the following problem
v (t)=(1—k)vh —k, t>0, (3:6)

V2 (0) = wy,

provided | > k. Noticing that (I — k) v} is convex, then there exists 7 > 1 such that (I — k)vh > 2k
holds for vy > n;. It follows easily that if v, (0) = v;o > 71, then v, (t) is increasing on its interval of the

existence and

=k (3.7)

QQI (t) > 5 U
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From the above inequality it follows that
2
1>
(I—k)(p—1)vi,

which leads to that v, (¢) will become infinite in a finite time. Recalling that N > 1, then v, (¢) is a blowup

vy (t) = 00 as t — (3.8)

sub-solution of problem (1.1) when ug (z) > vy > 7, so the solution w (z,t) of problem (1.1) blows up in
finite time for sufficiently large initial value.
(iii) Let v (z,t) be the solution of the following auxiliary problem
v = (%), + fol VP (z,t)dr — kv, 0<z<I,t>0,
v(0,t) =v(l,t) =0, t>0, (3.9)

v (z,0) = ug (), 0<z<l,

then v (z,t) is a sub-solution of problem (1.1). Set

A
R =

where 72 and £ > 0 will be chosen later. Calculating directly, we have
1
Puy = vy = (%us,), = [ 2 (o, 0)d + ks
0

l
= —1)" [5 (=09 @)+ (= 0™ k(= 0 (@) [ (@) dx] |

Since p > ¢ > 1, we can take £ large enough such that &p — & — 1 > 0, then we have Pvy; < 0 with
nz — t small enough, which implies that vs (z,t) is a blowup sub-solution to problem (3.9) provided that
v (2,0) = ug (z) > p(x)ny *. And hence, Proposition 2.1 tells us that the solution u (x,t) of problem (1.1)

blows up in finite time for large initial value. The proof of Theorem 1.2 is completed. 0

Proof of Theorem 1.3. For any given constant

€ € (0, 1-N)@- O‘)3_a) , (3.10)

2me(l—a)' ™

let o (z) be the unique positive solution of the following ordinary differential equation

—(2%0;), =€, 0<z<l,

(3.11)
o(0)=0c()=N.
In fact, we can solve the explicit expression of o (z) as follows
_ l€0 11—« €0 2—a
a(a:)—Z_ax 5ot +N, z€l0,1].
Moreover, according to N' < 1, we can verify that
lQ—a 1— 1-a
0< min o(z) =N < max o (z) =N+ © ( 3?{2 <1 (3.12)
z€[0,!] z€[0,!] (2 — a)
7
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Define
us (z,t) = 10 (z),
where
G R if KNP — 1> 0,
1= <’W ‘l) (3.13)
any fixed positive constant, if kAP — 1 < 0.
Calculating directly, one has
l
Pus : =1z — (2°Usy), — / uhdx + kb
0
1
= €p€1 — 611)/ oPdx + kEzl)O'p
0
P P (3.14)
> eoer — el Lrg[%ﬁ} o (m)] + kel Lrél[bnl] 1% (gc)]
> eoer — €) (kNP —1)
> 0.
Meanwhile, we can prove that
l l l
us (0,t) = e N > / e f (x)dr > / €10 (x) f(z)dx = / us (x,t) f (z)dx (3.15)
0 0 0
and z
s (I,1) > / T (2,1) f (x) dz. (3.16)
0

Then w3 (z,t) is a global super-solution of problem (1.1) if ug (z) < €1V, and hence, we obtain our global
existence result by Proposition 2.1.

The proof of blowup conclusion in this case is similar to the arguments of (iii) in Theorem 1.2, we omit
the details here. The proof of Theorem 1.3 is completed. O

4 Global blowup set and uniform blowup profile

This section is mainly about the global blowup and the uniform blowup profile of the blowup solution
for problem (1.1). Throughout this section, we assume that p > ¢ >1 (or p =¢q > 1), N < 1 and ug ()
is large enough in some suitable sense. From Theorems 1.2 and 1.3, it follows that the solution u (x,t) of
problem (1.1) blows up in finite. For convenience, we denote T' the blowup time.

From the assumptions on the initial value ug (x) and (1.5), (1.6) and (1.7), we can find a sufficiently

small positive constant €1 and a nonnegative function wq. (x) such that
(1) wo. € O (e,1 — )N C e, l — €] with § € (0,1) and € € (0,&4].
(2) woe (€) = 177 f () woe () d and woe (1 —€) = [ g (2) wo. (z) da.
(3) woe (z) < up (x) for z € (g,2e) U (I — 2e,1 — €), and wo. (z) = ug (x) for z € [2¢,] — 2e].

(4) (x%woez), <0 for x € (e,l —¢).
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(5) (z°Woes), + f:s wh.dr — kwd, >0 for € € (0,£1] and z € (¢,1 — ¢).

(6) woe is non-increasing with respect to € in (0,e;1]. Moreover

l—e l—e
lim [(m“woﬂc)x + / wh.dx — kwggl = lim [(a:awgsz)x + / wh_dx — kw&] =0.
£ €

z—et z—(l—e)”

It is obvious that
li = .
lim, woe (z) = up (x)

Now, we consider the following regularized problem

wer = (1%Wey), + [1° wlde — kwd, (z,t) € (e,1 — ) x (0,+00),

= [ f (@) we (x, t)da 00
we (e,t) = [0 f (2) we (v, t)da, t€(0,+00), (4.1)

we (I —e,t) = fl_eg (x) we (x,t)dz, t € (0,400),

€

we (z,0) = woe (2), z€0,1].

Then it is not difficult to show that there exists a unique solution w; (x,t) for problem (4.1). In addition,
from the arguments of Section 2 in [23], it follows that

]‘. ) t = 9 t )

E_1>161+u15(a: ) =u(x,t)

where u (z,t) is the solution of problem (1.1).

Lemma 4.1. Suppose that hypotheses (1.5), (1.6) and (1.7) hold, and assume that p > q>1 and N' < 1.
Then (z%ug), < 0 holds for (x,t) € Ir.

Proof. Taking n = (x“we,),, then from (4.1), we have

l—e
N = {I.Ot l(xawsm)m +/ U)gdx — kwg‘|
€

holds for any (x,t) € (e,1 —¢) x (0,T), which tells us that

} = (xanx)x - kqw371U —kq(g—1) wgi2 |wsx|2 (4.2)

xT x

e — (2%12),, + kqui™'n < 0. (4.3)

On the other hand, for any ¢ € (0,7), we have

l—¢ l—e l—e g
n(et) = (z) wey (x,t) de — / wl (z,t)dx + k < f (@) we (x,t) dx)
l—e l—e
= (z) ((xawm)m + / w? (z,t) dz — kw?) dx
_ /l—e wl (z,t)de+ k ( - () we (z,t) dx) (4.4)

l—e

= f(x)n(x,t>dx+<

&€

l—e l—e
(z)dx — 1) / wl (z,t) dx

l—e q
() we (z,t) da:) ] .

€

l—¢
—k[ (x)w?(x,t)dx—(

£
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It follows from Jensen’s inequality that

l—e l—e

(x) widx — (

o flief(z)we (z,t) d:z:)q ( I—e >q
> x)dx | == 7 2w, (ot
= ). f (@) ( falfsf(x)dx : f(x)we (z,t)

(z) we (z,t) da:)

> 0.

Exploiting the above inequality and the assumption /' < 1 to (4.4), we can claim that
l—e
1 (e t) < f@)n(z,t)de, te€(0,T). (4.5)

€

By the analogous arguments, one can also show that

l—e
n(l—et) < / g (x)n (2, ) da (4.6)

holds for all ¢ € (0,T).

Moreover, noticing that 7 (z,0) = (2®woee), < 0 holds for « € (¢,i —¢). Then, maximum principle
tells us that 7 (z,t) = (z%we,), < 0holds for all (z,t) € (¢,1 — ) x(0,T). In addition, by the arbitrariness
of €, we know that (z%u,), < 0 holds in I7. The proof of Lemma 4.1 is complete. O

In what follows, for the sake of simplicity, we denote

! ¢
1/J(t):/0 uP (z,t) dx and\I/(t):/O Y (1) dr.

Lemma 4.2. Assume that (1.5), (1.6) and (1.7) hold, p > ¢ > 1 and N < 1, then there exists a positive

constant C such that

sup (U (t) —u(z,t)) < d% <1+Z(t)+/0t\11(7)d7>

rzeKg

in [0,1] x [Z,T), where

Z({t)=0(¥(t) ast — T,

and

Ky ={z € (0,1) : dist (z,0) > d,dist (z,l) > d} C (0,1).
Proof. Put l
5= [ (WO w6 @)d (@)
0

10
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where (3 (z) is given by (1.3). Taking the derivative of § (t) with respect to ¢, we arrive at
1
F= [ 60w
0
1
— [ @), k) G (@) do
0

! l
=\ /0 u(z,t) (1 (x)de + k/o u? (z,t) ¢ (x) dz .

!
1“Cie |, ,t)d
%G ey [ 9@t da
l l
A : de+k [ ul(x, d
< 1/0u(ac t) (1 (z) dx + /Ou (x,t) ¢ (z) dx

— CME ) 4 MU () +k /Ol (1) ¢ () da
On the other hand, it follows from Lemma 4.1 that
ug <P (t) — kul,
which implies that

- zr?[%}?] ug () < U (1) —u(z,t). (4.9)

Then (4.9) and (4.8) lead to

l
F () <\ m{%}i] ug () + MV () + k/ u? (z,t) ¢ (x) dz.
z€|0, 0

Integrating above inequality over from 0 to ¢, one has

t t pl
F() < max{)\l,k max (1 (z),F(0) + M T max ug (m)} 1+/ lI/(T)dT—i—/ / uw? (z,7)dxdr | .
xz€[0,l] z€[0,1] 0 o Jo
(4.10)
Further, since p > ¢ > 1, Holder’s inequality implies that

//uq (y, 7) dydr < ( lT (/ / uP (y, 7 dyd7> =Z(t). (4.11)

It is not difficult to verify that
Z({t)=0(¥(t) ast = T. (4.12)

Combining (4.13), (4.11) with (4.12), we see that

T < max{/\l,k max (1 (z),5(0) + M T max ug (x)} (1 + Z (¢) Jr/ot\Il(T) d’l’) . (4.13)

z€[0,l] z€[0,l]

Now, by Lemma 4.5 in [17], we can claim that

sup (U (1) —u (1) < & (1+/()t\I/(T)dT+o(‘II(t))>

reKy

&

holds for (z,t) € [0,1] x [%, T), where C' is an appropriate positive constant. The proof of Lemma 4.2 is
complete. 0

11
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In view of Lemma 4.2, and by a slight variant of the proof of Lemma 4.5 in [17], we have the following

Lemma.

Lemma 4.3. Assume that (1.6) and (1.7) hold, p > q>1 and N < 1, then

lim sup |u (-, )| = +o0
Jim s 1)

18 equivalent to

lim ¥ (t) = 400
t—T

Moreover, if (4.14) or (4.15) is fulfilled, then
u(ac,t) . |u ("t)‘oo

mm ~ M e !

uniformly on any compact subset of (0,1).
Next, we give the proofs of Theorems 1.4 and Theorem 1.5, respectively.
Proof of Theorem 1.4. It follows from (4.16) that
uP (z,t) ~OP(t), t—T.

By the Lebesgue’s dominated convergence theorem, we have

l
\Iﬂ(t):q,/;(t):/oup(a;,t)d:pNZ\IfP(t), t—T.

Therefore, by integrating the above equality, we can claim that
Wt~ (1 p = 1) (T = 1) 77
Combining (4.16) with (4.17), we find that
w(@t) ~ (U (p—1)(T—-1)" 7, t—=T,

which means that

lim (T — )77 u(2,t) = lim (T — )77 Ju (1) o = (L(p—1)) 7.

t—T t—T o0

The proof of Theorem 1.4 is complete.

Proof of Theorem 1.5. Denote

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

np(t):/olup(y,t)dy—k;<maxu(x,t))p and @(t)z/otg(T)dT.

z€[0,l]

Similar to Lemma 4.3, we can get

-t
im u(z,) = lim L(’ oo =1,
t—T P (t) =T  D(1)

uniformly on any compact subset of (0,1).

(4.19)

Since, the remaining arguments are the same as those in the proof of Theorem 1.4, we omit it here.

The proof of Theorem 1.5 is complete.

12
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Abstract. In this paper, we introduce a Kantorovich-type Bernstein-Stancu-Schurer
operators Kﬁ‘fq based on the concept of g¢-integers. We investigate statistical ap-
proximation properties and establish a local approximation theorem, we also give a
convergence theorem for the Lipschitz continuous functions. Finally, we give some

graphics to illustrate the convergence properties of operators to some functions.
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Key words and phrases: ¢-integers, Bernstein-Stancu-Schurer operators, A-statistical
convergence, rate of convergence, Lipschitz continuous functions.

1 Introduction

In 2013, Ozarslan and Vedi [7] introduced the ¢-Bernstein-Schurer-Kantorovich oper-
ators as follows:

n+p n+p—r—1 1
P(Ff. - — n+p T —dx [’I”] 1+(q—1)[r]
K"(f’q’x)_;) e ] 1;[ o )/0 f([n+q1]q+ [+ 1, qt>dqt

for any real number 0 < ¢ < 1, fixed p € Ny and f € C[0,p+ 1]. They gave the Korovkin-
type approximation theorem, obtained the rate of convergence of the operators and so on.
In 2014, Ren and Zeng [8] introduced two kinds of Kantorovich-type g-Bernstein-Stancu
operators based on g-Jackson integral and Riemann-type g¢-integral respectively and got
some approximation properties. In 2015, Acu [1] introduced and studied ¢ analogue of
Stancu-Schurer-Kantorovich operators. They proved a convergence theorem, established
the rate of convergence, obtained a Voronovskaya type result and so on, they constructed

*Corresponding author.
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Q. -B. CAI

the operators as follows:

n+p 1 k
B . n+p k n+p—k [klg + "t +
Kn,}?(fvx> = E L x (1_$)q+p /0 S ([“‘HW dgt-
k=0

q

In 2015, Agrawal, Finta and Kumar [2] introduced a new Kantorovich-type generalization
of the g-Bernstein-Schurer operators, they gave the basic convergence theorem, obtained
the local direct results, estimated the rate of convergence and so on. The operators are
defined as

n+p [[k+1}q
_ n+1
Enp(figiw) = [n+1g ) buspr(gz)a™ [ f(B)dgt, (1)
k=0 [n+1]q
where by, 1y 1(q; ) is defined by
n—+ —
bopi(asa) = | P | R a)pE, (2)
q

Motivated by above investigations, it seems there have no papers mentioned about
the Stancu-type of the operators defined in (1). In present paper, we will introduce the

Kantorovich-type g-Bernstein-Stancu-Schurer operators Kf{jpﬁ,q( f; ) which will be defined
in (4). We will investigate statistical approximation properties, establish a local approx-
imation theorem and give a convergence theorem for the Lipschitz continuous functions.
Furthermore, we will give some graphics to illustrate the convergence properties of oper-
ators to some functions.

Before introducing the operators, we mention certain definitions based on g-integers,
detail can be found in [5, 6]. For any fixed real number 0 < ¢ < 1 and each nonnegative
integer k, we denote g-integers by [k],, where

1—g" )
[k]q — fqa q 7é 1a
k, qg=1.

Also g-factorial and g-binomial coefficients are defined as follows:

(klg! = { [k]q[k _llj]q--'[l]q: :z(l)jza-d ’ [ n ] _ (]! ; (n>k>0).

For z € [0,1] and n € Ny, we recall that

(1 —); = b n=0
T S (=) = (1 —2)(1—g2)o. (1= " 'a), n=1,2,..

The Riemann-type g-integral is defined by

b x
[ @it =0 -gp-a Y 1 (a+ b= o) (3)

J=0
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APPROXIMATION PROPERTIES OF KANTOROVICH-TYPE
¢-BERNSTEIN-STANCU-SCHURER OPERATORS

where the real numbers a, b and ¢ satisfy that 0 < a <band 0 < ¢ < 1.
For feC(I),I=10,14+p],peNyp,0<a<p, qe (0,1) and n € N, we introduce the
Kantorovich-type ¢-Bernstein-Stancu-Schurer operators as follows:

— n—+p Fﬁ-l]]q-‘-z
R —k n+1 qu
Kipa(Fi) = (n+ 1y +B) D burpalgsa)a ™ [ 0" f(t)dft, (4)
k=0 [n+1]q+8

where by, 1, 1(q; ) is defined by (2).

2 Auxiliary Results

In order to obtain the approximation properties, We need the following lemmas:

Lemma 2.1. Using the definition (3), we easily get

[k+1]g+o

k

nF1lq+8 q
d't= ——m—— 5
S, = G ©)

[n+1]q+8

[k+1)g+a
s on, (Mg + )" g
[k]q+o q” 2 R
v (In+1g+8)?  [2g(ln+1]g+B)
[k+1]g+a
[n+1]q+B th

2k

¢" (kg + )? 2¢°" ([k]q + ) ¢**
(In+1g+06)*  [2lg(ln+1]g+8)*  Ble(ln+ 1]y + B)

R
t =
[k]g+o q
[n+1]q+8

Lemma 2.2. (See [2], Lemma 2.1) The following equalities hold

n-+p

D bnipr(@ia)d" =1—(1—q)[n+ ply, (8)
k=0
n+p

Y barpr(@e)d™ =1 (1= ¢*) [0+ plgz + g(1 = @)*[n+ ply[n + p — gz®. (9)
k=0

Lemma 2.3. For the Kantorovich-type q-Bernstein-Stancu-Schurer operators (4), we have

Kof. (L) = 1, (10)

gob gy 24t plgr 14 [2ga

Koralt®) = TG 1, +5) a
B (q2[3}q+3q4) [n+plgln+p—1]g , [Q]q[3]qa2+2[3}qa+ 2]

a,B 2.0 = T
Knpq (t J ) [Q]q[3]q([n+1]q+ﬁ)2 [Q]q[3]q([n+uq+5)2
(4¢[3)qa + 3¢ + 56> + 4¢%) [n + pl,

[2]¢[3]¢([n + 1] + B)?

Proof. (10) is easily obtained from (4) and (5). Using (4), (6) and (8), we have

(12)

—~—

Kg,’z?:q(t?x)
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n+p
i . [k]q"‘a qk
= 2 buepall )([n+1]q+ﬂ+[2]q([n+1]q+ﬁ)>

_ Il §F L o L— (1= q)ln+plyz
a [n+1]q +52bn+pgk )[ +plg +[n+1]q+ﬂ [2]¢([n +1]q + B)

n+p—1

_ [n+plg n+p—1 _ ket L= (A = @)+ plgz
T [nt1,+8 Z k qu+1<1 g 2l([n + 1], + )
T 1,18
__[n+pl (1—q)[n+plg 1+ 24
m+ 1+ 8 R+, +8)" " R(n+1,+8)

Thus, (11) is proved. Finally, from (4) and (7), we have

—_~—

Kg,})ﬁ,q (t23 x)

R (k2 + 20k, + o 24" ([k], + ) 2"
B ,;)b"“’”(k’x)< (1, + B2 Ryt g+ A2 Bla(lnt 1, + 52 )

since [k]2 = [k]4[k — 1], + ¢"*'[k],, and from lemma 2.2, we have
Kgﬁq (t2; x)

n-+p n+p
B [k]q [k — 1], 2afk]q
= an+pk q; W‘sznﬁok 4 )m

n+p k1 2 g g
. q" " [klq @ 247K,
+an+pk +1],+ 8)? + ([n+ 14 + B)? + an+pk ¢2) 2]4([n + 1]4 + B)?

k=0
2% n—+p n+p qgk
R 1 7 7 2 D b6 ) B

[n+Dplgn+p— 1]qfc 2a(n + plgx n+plgr (L= q)n+plgn+p— 1],22
(In+1g + B)? (n+1g+8)>  ([n+1]g+8)? ([n+1]q +B)?
N o? L 2lntpler 290 = g)ln+ploln+p - 1]’
(In+1]g+8)?  2g([n+ 1+ B)? [2]¢([n + 1]g + B)?
20 (1 —(1—q)[n +p]q5‘7) 1 - (1 - qg) [n "‘p]ql‘ +q(1 - q)2[n —|—p]q[n +p— 1](11‘2
2]¢([n + 1]q + B)? [Blg([n + 1]g + B)?
[n+plgln+p— 1]11%,2 (2[2]qr + [2]¢ + 29)[n "’p]qx [Q]q[?’]an + 2[3]q + [2q
([n+1]q +B)? 2]¢([n+1]q + B)? [2]4[3]¢([n + 1]q + B)?
(=) (1 —g+49Bl) n+plgln+p—1)g , (1 —a) (20Bl + [2]7) [0 + Pl
[2]4[3)¢([n + 1]q + B)? [2]4[3]q([n + 1]q + B)?
(¢*[3]g + 3¢*) [n+ plgln +p — 1]q$2 (4¢[3]ga + 3¢ + 5¢* + 4¢%) [n + plq
2]¢[3]q([n +1]q + B)? [2]4[3]¢([n + 1]q + B)?
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2]4[3]402 + 2[3]4 + [2]4
[2]q[3]q([n + 1]61 + 5)2

+

Thus, (12) is proved. O

Remark 2.4. From lemma 2.3, it is observed that for « = = 0, we get the moments
for the operators defined in (1), which are the corresponding results of lemma 2.1 in [2].

Lemma 2.5. Using lemma 2.3 and easily computations, we have

0B (p oy 2q[n + ply 1l s 1+ 2]y — 4B (4

it 50 = [ 5 Y e A 0

eob () < | CBlat3) ntplntp—1y  Aglntply | o,

Kiipa ((t—2)%2) < 2B+ g+ 82 Rt g+ B)
[2]4[3)q0” +2[8]g + [2]g | (4al3lg +3q + 5¢% + 4¢°) [n + p]qx =~ BB (g
2lal3ly(fn + 1 + 52 2LaBly(n + 1]y + B2 = Bupgl@). (14)

3 Statistical approximation properties

In this section, we present the statistical approximation properties of the operator

P

Kﬁfﬁq by using the Korovkin-type statistical approximation theorem proved in [4].

Let K be a subset of N, the set of all natural numbers. The density of K is defined
by 0(K) := lim, % > r—y X (k) provided the limit exists, where yx is the characteristic
function of K. A sequence z := {x,} is called statistically convergent to a number L if,
for every ¢ > 0, 6{n € N: |z, — L| > e} = 0. Let A := (a;n),j,n = 1,2,... be an infinite
summability matrix. For a given sequence x := {z,}, the A—transform of z, denoted by
Az := ((Az);), is given by (Az); = > 72 ajnxy, provided the series converges for each
j. We say that A is regular if lim,(Az); = L whenever lima = L. Assume that A is a
non-negative regular summability matrix. A sequence z = {x,} is called A-statistically
convergent to L provided that for every ¢ > 0, lim; Zn:lmn—L\Zs ajn, = 0. We denote this
limit by st4 — lim, x, = L. For A = C{, the Cesaro matrix of order one, A-statistical
convergence reduces to statistical convergence. It is easy to see that every convergent
sequence is statistically convergent but not conversely.

We consider a sequence q := {g,} for 0 < g, < 1 satisfying

stqg —limg, =1, (15)
n
Ife; =t t € RY, i =0,1,2,... stands for the ith monomial, then we have

Theorem 3.1. Let A = (ani) be a non-negative reqular summability matriz and q := {qn }
be a sequence satisfying (15), then for all f € C(I), x € [0, 1], we have

= 0. (16)

sty — 1imHKﬁ,ﬁqf —f
" c(I)
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Proof. Obviously

sty — lim ‘ ’Kﬁ"’ﬁqn(eo) — € =0. (17)
" c(I)
By (13), we have
B 2qn[n + p| 1+ [2],,
K,O{B Llen ) —er(z)] < ‘ I —-1]+ In .
- [2]Qn([n+1]Qn +/6) [2]‘1n([n+]‘]Qn +5)

Now for a given € > 0, let us define the following sets:

QQk[n+p]qk ‘
, Uy :=<k: -1 >
c() - 5} ' { ‘ 2]g, ([n + 1], + B) &

o . 1+ [2]g, €
Uf‘{kW%mm+u%+ﬁ>Z2}

Then one can see that U C Uy U Us, so we have

DO ™
——

U::{ HK npq.(€1) — €1

fon@c-al,,} = sfen it -3
wo ks e g 2 5 )

since sty — limq, = 1, we have
n

[n + plg,
[n+ 1]Qn +

stq — lim =0,

n

. 1+[2]Qn
—1|=0, stg—1
’ AT R, (1, + B)

which implies that the right-hand side of the above inequality is zero, thus we have

~0. (18)

sta — hm ‘ ‘Knpq”(el) — e
c()

Finally, by (10) and (12), we get

]Km%e%>—@u>

(923l4 +3an) [P+ Plau[n+p = o, | | (440[3la, @ + 360 + 547 +4q3) [0 + P,
24, [Blgn 0 + 2[3]gp + [2]g, .
+ - - = L=+ ﬁn + Vn-
[Q]Qn [3](111([” + 1]Qn + 5)2
Since st4 — lim g, = 1, one can see that
stqg—lima, = stqg — lim 3, = st4 — lim~, = 0. (19)

For € > 0, we define the following four sets

3

szs}, Vi {krap> o) Vo= {k: B> 2,
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VE%Z{’“%Z%}-

Hence, from (19) we obtain the right-hand side of the above inequality is zero, so we have

0ek<n: >ep =0,
c(I)

Ky, ,p qk (e2) —e2

thus
sta — hm ‘ ‘K nip.an (€2) — €2 = 0. (20)
a(n)
Combining (17), (18) and (20), theorem 3.1 follows from the Korovkin-type statistical
approximation theorem established in [4], the proof is completed. O

4 Local approximation properties

Let f € C(I), endowed with the norm || f|| = sup,¢; |f(z)|. The Peetre’s K —functional
is defined by

Ka(f;8) = inf {||f —gll +0llg"ll},
geC?

where § > 0 and C2 = {ge C(I): ¢',¢" € C(I)}. By [3, p.177, Theorem 2.4], there exits
an absolute constant C' > 0 such that

Ka(f;6) < Cun(f;V5), (21)

where

wa(f;0) = sup sup  [f(x +2h) = 2f(z + h) + f(z)]
0<h<d z,x+h,x+2hel

is the second order modulus of smoothness of f € C(I). We denote the usual modulus of
continuity of f € C(I) by

w(f;0) = sup sup |[f(xz+h)— f(2)

0<h<d z,z+hel

P

Now we give a direct local approximation theorem for the operators Kﬁ,ﬁq( fix).

Theorem 4.1. For g € (0,1), z € [0,1] and f € C(I), we have

< Cuy <f V (A35@) + Bifate )/2) o (£

where C is a positive constant, Af{jﬁq(:):) and Bgﬁq(x) are defined in (13) and (14).

,pq(ﬂ z) = f(x)

A2 @) 22)

Proof. We define the auxiliary operators

(23)

Ko (fiz) = Sﬁq(f;z)—f(ZQ[””]”“”?]"“) )

2lg([n +1]q + B)
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€ [0,1]. The operators Kﬁf’q( f;x) are linear and preserve the linear functions:
Kpipqt = ;) =0 (24)
(see Lemma 2.3).
Let g € C?. By Taylor’s expansion
t
0) =g(a) + g @)t~ )+ [ (¢ w)g" (W,
x

and (24), we get

Katara) = oto)+ Ky ([ (6= g s

Hence, by (23), (13) and (14), we have

— t
Kﬁ,ﬁq(g;x) - g(x)‘ < 'K n,p,q (/ (t— U)gﬂ(u)du;x>‘
x
[n-+plgz+1+[2]ga
“f R (s Bl
x 2]4([n + 1]q + B)
- t
< Kﬁ( [ (¢ wlg o)
2alntplgztit+2ga
214 (n+11q+8) ‘2q[n +plgr + 1+ 2], ' o ()l du
2]¢([n +1]g + B)
2q[n + plgx + 1+ [2], 2
< KOhﬁ 2;‘,1: + |: q q —_r 1
- { T Bl 1+ "
< [ Ag{;’q (z) +B°‘,’5q( )] 9"l

where AxS (z) and Byf,(x) are defined in (13) and (14). On the other hand, by (23),
(4) and lemma 2.3, we have

/—\_/

+2/|f1] < IfI1ERpq(L2) + 20 £ < 3IIfIl. (25)

‘K n,D,q f,x)‘_‘ ,pq(fa )

Now (23) and (25) imply

Kpa(di0) - 1(2)

< )KS (f—giz) = (f—9)( ’+)Kﬁﬁq9,) g(w)‘

ey ™) e

F = all+ | (A%a@) " + Biga(@)] 1971+ (1

IN

AB (z) D .
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Hence taking infimum on the right hand side over all g € C?, we get

Kifri) - 10| < 48 (13| (A350(0) "+ Biga(@)] 14) + o (1] a2, 0)]).
By (21), for every ¢ € (0,1), we have
\Kﬂ 7) - [(2)| < Cwy (f J (A%5(@)) + Bif(e >/2> +w (f:]A28,@)]),

where A%j£7q($) and Bgﬁq(x) are defined in (13) and (14). This completes the proof of
Theorem 4.1. O

Remark 4.2. For any fized z € [0,1], 0 < a < 3, p € Ng and n € N, let q := {qn} be a
sequence satisfying 0 < g, < 1 and lim,, g, = 1, we have

a,B — «
hmAnpq() 0 and hmBngq() 0,

where Aigﬁq(az) and Bf{jpﬁ,q(x) are defined in (13) and (14). These give us a rate of point-

wise convergence of the operators Kﬁ‘ﬁqn (f;2) to f(x).

Next we study the rate of convergence of the operators K, q(f;x) with the help of
functions of Lipschitz class Lipps(€), where M > 0 and 0 < £ < 1. A function f belongs

to Lippr(€) if
1f(y) — f(@)| < M|y — 2 (y,2 €R). (26)

We have the following theorem.

Theorem 4.3. Let q := {q,} be a sequence satisfying 0 < q, < 1, limg, =1 and f €
n
Lipa(§), 0 < & < 1. Then we have

£

Kialfi2) = f(@)] < M (Bipy(@)” (27)

where B&’pﬁ:q(x) is defined in (14).

Proof. Since Kf{jpﬁ,q is a linear positive operator and f € Lipps(§) (0 < £ < 1), we have

—_—~—

(K25 (fix) — f(2)]

—_~—

< Kupa (1F@) = f(2)];2)
n+p [k+1]q+a
K [n+1]q+8 R
= (414 8) Y buspaasna™ [ 15(0) - S(olal
k=0 [n+1]q+8
n+p [k+1]q+a
. —k [n+1]g+8 6 R
< M+ Uyt 8) Y bropslgig™ [0 j - afal
k=0 (n+1]q+8
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2-¢
s r Nk A
_ n+llg € n+llg
< s s St ([ [o-o] ) ([ )
k=0 [n+1]g+B [n+1]q+8
n+p [[’cfl]]qig 2 k 2L
_ . -k nila . N\24R q
= Mt 10+ B) S bpi(@:2)g ( R t) (5o 53)
k=0 [n+1]q+8
£
n+p [k+1]g+o 2 £
_ . (nttlg+h 2 IR [n+1]g+ B\
= Mzanrp,kz(% z) (/[k]qm (t —x)°d, t) <qk
k=0 CESIPESE:
n+p [k+1]g+o %
2-¢ —k [n+1]q+5 2 1R
= MY Boipalas )= (04 1y + Bbusprlgada™ [ 17 (¢ = )2l
k=0 [n+1]g+8
Applying Holder’s inequality for sums, we obtain
|Kipalfiz) = f(@)]
n+p % n+p Ff"'i]]q'*g %
_ n+1jg+
< M <Z brtp, e (; fU)) <Z([n+ g+ B)bpipr(q;)g k/[k]Q+z (t—x)%fft)
k=0 k=0 T 1lg+6
— £ £
3
= M <K,€;f,q ((t— x)Q;x)> =M (Bgﬁq(x))
Thus, theorem 4.3 is proved. O

5 Graphical analysis

In this section, we will illustrate two examples to state the convergence of operators

Kﬁ;’g’q(f; x) to f(x) by means of Graphs.

Example 1: From figure 1, we can observe that as ¢ increases, n = 50 be fixed,
Kantorovich-type g-Bernstein-Stancu-Schurer operators given by (4) converge to the func-
tion f(z) = sin (27x).

In comparison to figure 1, let ¢ = 0.99 be fixed, as n increases, operators given by (4)
converge to the function as shown in figure 2.

Example2: Similarly for different values of parameters ¢ and n, let p =1, o = 2 and
B = 3, convergence of operators to the function f(z) = 1 — cos (4e*) is shown in figure 3
and 4, respectively.
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Figure 1: Convergence of Kﬁ,’pﬂ,q(f; z) for n =50, p=1, a =2, 8 =3 and different values of gq.
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Figure 3: Convergence of Kﬁ,’pﬂ,q(f; z) for n =50, p=1, a =2, 8 =3 and different values of gq.
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x (for g =0.99, p = 1, alpha = 2, beta = 3)

e~

Figure 4: Convergence of Kﬁ‘ﬁq(f; x) for ¢ =0.99, p =1, « = 2, 8 = 3 and different values of n.
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On the generalized von Neumann-Jordan constant C](\?L)](X )

Changsen Yang Wang tianyu
(College of Mathematics and Information Science, Henan Normal University,
Henan, Xinxiang 453007, P.R.China)

Abstract: In this paper, we study the exact values of the generalized von Neumann-Jordan
constant C](\I,’!),(X ) for X being I, — {1 and [; — 1 spaces. Moreover, we shown that some
new conditions for uniformly normal structure of a Banach space X.

Keywords: generalized von Neumann-Jordan constant; I, —{; and [, —{; space; uniformly
normal structure

2000 Mathematics subject classification : 46B20.

1. Introduction

In order to study the geometric structure of a Banach space, many geometric constant have been
investigated. In particular, the von Neuman-Jordan constant Cy (X)) is widely treated. In[1], as a
generalization of the von Neuman-Jordan constant, a new geometric constant called the generalized
von Neumann-Jordan constant C’f@(X ) was introduced. It is proved that the C’f@(X ) is strongly
connected with geometric structure, such as uniformly non-square, uniformly normal structure.

Hence it’s necessary to compute the C](\Z,DL),(X ) for some concrete spaces.

Throughout this paper, let X = (X, || - ||) be a real Banach spaces. We will use Bx, Sx and
ex(By) to denote unit ball, unit sphere of X and the set of extreme points of Bx, respectively.

Recall that the von Neumann-Jordan constant Cn 7(X) of a Banach space X was introduced by
Clarkson[3], as the smallest constant C' for which,

2 2
D R e S
¢ = 2(lel + IulP)

holds for all z,y € X.

An equivalent definition of the constant is
+yl” + [l — yll?
2]l + llyl1*)
The properties of Cy 7(X) have been investigated in many papers(see for instances [2],[4],[8],[9],[10]).
Recently, a generalized form of this constant was introduced as following

x
CNJ(X):SUI){H cx € Sx,y € Bx}.

Definition 1.[1] The generalized von Neumann-Jordan constant C](\:;J}(X ) is defined by

z+yllP + [l —yl”
20~ ([l + NlyIP)

o) () = sup{ | 0,y € X, (@) # (0,0),

where 1 < p < oo.

It’s equivalent to

tyl[” + [l — ty|[?
2p—1(1 + tP)

(%) = sup{ 12+ Lo,y € Sx,0 <t <1},
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2

where 1 < p < oco.

Now let us collect some properties of this constant (see [1]):
() 1< O (0 <2
(ii) X is uniformly non square if and only if C'(p ) 7(X) <2
(iii) Let r € (1,2] and % —|— = 1. Then for X = L, [0, 1],
(1) if 1 < p <r then C’%’},( X)=2*"Pandif r <p <7 then C](\Z,’()](X) — o Pl
(2) if ' < p < oo then CP)(X) = 1.

In this paper, we study the exact values of the generalized von Neumann-Jordan constant

C%}(X ) for X being loc — I3 and l; — [; space. Moreover, we shown that some new conditions
for uniformly normal structure of a Banach space X.

2. Main Results
Firstly, we consider [, — l; space. As C](\}},(X ) = 2 for any Banach space X, we only consider

the case p > 1.
Theorem 2.1. (I, — I spaces). Let p > 1 and X = [, — I; which is R? endowed with the norm

|m”:{www,ﬁxmaza

||£L‘H1, Zf 12 S 0.

Then
14t)? +1 1
O (1o — 1) = ¢ = , 2.1
vl =) = G or-1(1— & Y) 2
where tg € (0,1) is the unique solution of the equation
(1+t)Pt ==t =l 4 p=t = 0. (2.2)

Proof. Firstly we shall show that ||z + ty||P + || — ty||P < 14 (1+4¢)? for any x,y € Sx and every
t €[0,1].

By Minkowski inequality, for any a, 8 € [0,1] and any x1,x2,y1,y2 € Bx with x = aX; + (1 —
@)z, y = PByz + (1 — B)yz, we have

|z +ty||P + ||z — ty||?

= [la(z1 +ty) + (1 — ) (z2 + tY)||P + |la(z1 — ty) + (1 — a)(z2 — ty[]P

< allzy +tylP + (1 — )|z + tyl]P + aflzr — tyl|P + (1 — )|z — ty||P

= afl|B(w1 + ty1) + (1 = B) (w1 + ty2) IP + |1B(z1 — ty1) + (1 — B) (21 — tya)]|?]

+(1 = )[IB(z2 +ty1) + (1 = B)(z2 + ty2) [P + [|B(w2 — ty1) + (1 — B) (w2 — ty2)||"]
< affllzr + ty|IP + llzy — tyn[[P] + a1 = B)[[|o1 + tya||? + (|21 — ty2 7]

+(1 = a)B[[|z2 + tyr [P + [Jw2 — tyr[[P] + (1 — a) (1 = B)[[|x2 + tyal|? + llza — tys2||?]

Hence, we only need to prove ||z + ty||P + ||z — ty||? < 1+ (1+t)? for any =,y € ex(Bx) and every
te0,1].

Since ex(Bx) = {(1,0),(0,1),(1,1),(-1,0),(—-1,—1),(0,—1)} and we can change x into —z or y
into —y. So we may assume that x,y = (0,1),(1,0) or (1,1). Obviously, for these =,y we easily
have ||z + ty||P + ||z — ty[|[P < 1+ (1 + t)P for every t € [0, 1]. Therefore,
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14+ t)P +1
C¥)(loe — 1) < sty
wille =t = 500 )
Let f(t) = (14{?:p+17 then
4 _ p(l + t)p_l _ 4p—1 t p—1

Defining h(t) =1 — tP~1 — (%H)p_l, we have h(t) is decreasing from 1 to —219%1 on [0, 1]. Whence

there exists an unique tg € (0,1) such that h(tg) = 0. Therefore,
(p)l —1 <(1+t0)p+1

Cnalloo =) < 2011+ ¢h)
On the other hand, by taking xo = (1,0), yo = (o, to), we have
1L+to)P +1

OO (1o —1y) > LTI L
N 1z 2w-1(1+ 1)

Hence,

1+t)P+1
O I
Wl =10 = Sy
where ¢y € (0,1) is the unique solution of 1 — tP~! = (%H)p_l.
From (2.2), we also have
th! 1+t
L4tg)P +1=(141t)—0——4+1=—"10_
(1 t0) (i) th 1

Therefore (2.1) is obtained.
Corollary 2.2. For X =1l — I, we have

3 1
o\ (x) = ~ 1.5077. (2.3)
f—\/z\/i+1—\/5+4\/§
and
3+ 2v2 4 V5 +4V2
o (x) =27 f+8 V2 366 (2.4)

Proof. (1) For p = 3, (2.2) is equivalent to ¢* +1 — 2¢3 — 2t — 52 = 0.
that is

1 1

Hence, we can get t = MH% VEHV2 i (2.3) is valid by(2.1).
(2) For p = 3, (2.2) is equivalent to t? = (1 +t)?(1 — ¢2). Letting t = u — 1, we have

w1 —2u —2u+u?=0.

that is . )
2 _
Hence, u = % V221 and t = % VQ‘/i_l. Therefore
W xy- L ! _3EVRHVEEAVR o
N7 A1-1) 9 92 -1)V/2v2 -1 8
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Theorem 2.3. (I, — l; spaces). If p > ¢ > 1. Let X = R? endowed with the norm

llz|l1,if x122 <0

HxH _ {Hanﬂf T1T2 = 0

then
® ;7 _ Lp
CNJ(lq ll)—l—‘rQq .
In order to prove this theorem, firstly we give the following lemma.

Lemma2.4. Let a,b,c,d >0and p>¢q¢>1suchthata?+bl=1land c?+di=1. If0 <t <1,
a > ct and b < dt, then

[(a+ct)? + (b+dt)q]s + (a— ct +dt — b)P < (1 + )P + (1 +t9)1.

Proof. Clearly, 0 < a —ct+dt —b < 14 t. So we will consider the following two cases.
1

Case I.if 0 <a—ct+dt —b<(1+1t%)q, then

P

[(atct)? 4 (b-+dt)17 + (a— ct +dt — b
< [(a% + b9)a + t(c? + d?)a]P + (1 + 19)
= (148 + (1+19)a.

1
Case II.if (14+t?)a <a—ct+dt—b<1+t, then

(a+ct)? + (b+ dt)9)s + (a — ct + dt — b)

< (a9 + d949) 7 + (99 + b9)a +a — ct +dt — b
<(L+19)7 +ct+bta—ctt+dt—b
<(1+19)7 + 148

So,

[(a+ct)?+ (b+dt)s < (1497 +1+t— (a—ct+dt—b).
Thus,

[(a+ct)d+ (b+dt)q]c + (a — ct + dt — b)P
1
(I+tY)es+14+t—(a—ct+dt —b)]P+ (a—ct+dt —b)P

<
< [(1+tq)%+1+t—u]p+up

max 1
u€[(1+69) 4141
= (L4 )P + (1 +19)a,

Proof of Theorem 2.3

Note that ex(Bx) = {(x1,22) : 2 + 23 = 1, 2129 > 0}.

Now we prove that

o+ ty[P + [l — tyl]P < (146 + (L + %),

holds for any x,y € ex(Bx) and any t € [0, 1].
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Case I. If (a — ct)(b — dt) > 0. By Minkowski inequality, we have

lz + tyl|P + [|l= — ty]|?

= llz +tyllf + llv - tyH]q;

[(a-+ct)? -+ b+ ) + [Ja — ct]t + b~ de
[(a% + b9)7 + (cTt9 + d9t9)a]P + 1

(1+6)P +1

(1487 + (1 +19)4.

D
q

ININIA

Case II. If (a — ct)(b— dt) < 0. By Lemma2.4, we have that

I+t + |12 — tylp
= o+ tylff + 2 — tylf}

— [(a+ct)? + (b+dt)1)7 + (a — ct + dt — b)P
< (1482 + (14194,

Therefore, ||z + ty||P + ||z —ty||P < (1 + )P + (1 + tq)§ is also valid for any x,y € Sx. Hence ,

(1+ )P + (1 +19)a
2p=1(1 + ¢P)
On the other hand, for every ¢ € [0, 1], taking xo = (1,0),y0 = (0, 1), we have
C](\I,)}(lq - ll)

> lzottyollP+[lzo—tyo|”
= 20 —T(1-1P)

D
2p—T(1+4¢P)

C%}(lq - ll) <

Hence,
P
® (1+t)P + (1 +t9)a
CNJ(l h) = tgl[(z)ul{] 2p—1(1 4 tr)

2
q

We let f()—%#,so

P () G U R ) L U o))
N (1+)?
That imply f(t) is not decreasing. Hence,

> 0.

C)ly — 1)

=21 P maxyepo ) /(1)

— 2P f(1) = 1420 P
Lemma2.6. Let p > 1 and % + % =1, then

2
q

ORH(X) = 2750 (X7
and
Oy (X) = O (X,
where X* is the dual of X. )
Proof. Let [,(X) = {(z1,22) : |[(z1,22)|| = (||z1]|/P +||z2]|?)? } and define the operator A : [,(X) —

I,(X) by (z1,22) — (x1+ 22,21 —22). Then we easily have C'J(\],D)J(X) = gf—,”f. Similarly, C}\?}(X*) =
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6

1A 5o ¢ (x) = 2" 5@ (X*)7 by || Al = ||A*]|, and hence C\?(X*) = 2'"»C®) (x**)7.

2¢—1
Therefore, we have C’}@(X )= C](\?},(X ).
The relationship between the constant C](\];L),(X ) and the uniformly normal structure of X as follows:
Theorem 2.7. The Banach space X has uniformly normal structure if any one of the following
conditions is valid -

2p—3 -

(i)C(p) (X) < <1+ e for some p € (1 M)
NJ 22p—3 p ' 2 loga3 )

1
(ii)C}g},(X*) < w for some ¢ > 1,
where p~1 +¢71 = 1.
Proof. According to C](\I;!)](X ) < 2, we have X is uniformly non-square, so we only need to prove
X has weak normal structure.
Assume that X has no weak normal structure. Then it is well known (see[5])that for any € > 0
there exists z1, 29, 23 € Sx and g1, g2, g3 € Sx~ satisfying the following statements:
(i) for all ¢ # j, we have |||z; — z;|| — 1] < &,|gi(2j)| < €,
(ii) gi(z;) =1 fori=1,2,3,
(ili) ||z = (22 + 21)[| = [[22 + 21l — €.

Let us fix € > 0 as small as needed. Then, we can find z1, 29,23 € Sx and ¢1,92,93 € Sx+
satisfying the above properties.

2p—3\ P~ 1
(1+\/ 14271 )

(1)Taking a = 5753 . We will consider the following two cases:

Case I. If ||z2 + z1|| < a. Then,

llgr+g211%+llg2—g1 |

20~ (g2l + g1 [0 L

[(91-+92) (2271))7+ (g2 —g1) (2221
29

S (2;25)q+(2112;)q

= 29

_ (l—¢ 1—¢

= (597 + (552)"

v

Case II. If ||z2 4+ z1]| > «. Then, the contains two sub-cases:

(i) If ||z3 — 22 + 21|| < a. Then,

llg1+gsll?+[gs—g1|

2q‘1(||93||qt||glzll‘Qz L

[(91+93) (Z—2=1)]"+[(93—91) (2277
29

v

(o)
2q
(24 (A2

v

(ii) If ||z3 — 22 + 21| > a. Then,

llza—22+21[|P+]|23—2z2—21||P
2P~ 1 (|l z3—22 [P+ | 21]|P)
aP+(||z2421||—¢€)P
= 2r—1[(14e)P+1]
aP+(a—e)P
= 2r=1[(1+e)P+1]"

L~
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Letting ¢ — 0, and by lemma2.6 we have

2p—3\ p—1
,oar o (1Y)
q

a p—
’ 21)—1} - 22[)—3 )

. _» 1
CY)(X) = min{2' 75 (— +1)

which contradicts to the hypothesis(i).

ok
(2)Taking o = W By the proof of (1), we have

1
aP a .1 al 1+ (1423792
2p_1)P}—m1n{a—+1, =

N . 1 _a
CRH(X*) = min{ — 41,275

which contradicts to the hypothesis(ii).
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Discrete dynamical systems in soft
topological spaces *

Wenging Fu, Hu Zhao

Abstract In this paper the iteration of soft continuous functions is investigated and
their discrete dynamical systems in soft topological spaces are defined. Some basic concepts
related to discrete dynamical systems (such as soft w-limit set, soft invariant set, soft periodic
point, soft nonwandering point, and soft recurrent point) are introduced into soft topological
spaces. Soft topological mixing and soft topological transitivity are also studied. At last, soft
topological entropy is defined and several properties of it are discussed.

Keywords Soft point, Soft w-limit set, Soft nonwandering point, Soft topological mixing,

Soft topological transitivity, Soft topological entropy

1 Introduction and preliminaries

The real world is too complex for our immediate and direct understanding, so we create
models which are simplifications of the real word. In 1999, Molodtsov [} introduced the con-
cept of soft set which gives a new approach to modeling uncertainties. And he also discussed
the application of soft set theory in many fields, such as: operations analysis, game theory,
the smoothness of function, and so on?. Maji et al.3) and Ali et al.l¥ defined some operators
of soft sets. Beyond these theoretical works of soft set, research works on its applications in
various fields are progressing rapidly, and great progress has been achieved, including soft set
theory in abstract algebrasl® 19 decision making, data analysis, information system, and so
on=14 The application of soft set theory in algebraic structures was introduced by Aktas
and Cagmanl®, they defined the notion of soft groups and progressed some basic properties.

Jun(6.7]

investigated soft BCK/BCl-algebras and its application in ideal theory. Dudek et
al.8] discussed soft ideals in BCC-algebras. Zhangl® studied intuitionistic fuzzy soft rings.
Feng et al.’% worked on soft semirings, soft ideals and idealistic soft semirings. Maji et al.1l
first applied soft sets to solve the decision making problem that is based on the concept of
knowledge reduction in the theory of rough sets!!?). Based on the analysis of the rough set
model on a tolerance relation and the fuzzy rough set, two types of fuzzy rough sets models on

14]

tolerance relations are constructed and researched by Xu et al.l'3]. Chen et al.l'¥ presented a
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710032, China.
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Hu Zhao is with Xi’an Polytechnic University, Xi’an 710048, China

E-mail: zhaohu2007@yeah.net

867 Wengqing Fu et al 867-888



h&PUBHINGON St AR SHSANRATFEHIATON SRt RN S o886 OB VT XS URPBHR SR AR

making in [11]. Yang'® combined the multi-fuzzy set and soft set, from which they obtained
a new soft set model named multi-fuzzy soft set, and applied it to decision making. Soft set

theory is also be used in topology. Shabir and Naz’s work[16l

on soft topological spaces defined
over an initial universe with a fixed set of parameters. The notions of soft open set, soft closed
set, soft closure, soft interior point, soft neighborhood of a point, and soft separation axioms
(such as soft T;-space for i = 1,2,3,4, soft normal space, and soft regular space) were also
introduced and their basic properties were investigated. Min*" pointed out some mistakes of
[16] and investigated some properties of the soft separation axioms defined in [15]. Zorlutuna
etc.!8) introduced some new concepts in soft topological spaces (such as soft point, interior
point, interior, neighborhood, continuity, and compactness).

Motivated by Chen etc.19 and Liul, this paper will investigate iteration of soft contin-
uous functions and their discrete dynamical systems in soft topological spaces. Some basic
concepts on dynamical systems (such as soft w-limit set, soft invariant set, soft periodic point,
soft nonwandering point, and soft recurrent point) are introduced in soft topological spaces,
soft topological mixing, soft topological transitivity, soft topological entropy and its several
properties are studied. As a result, some conclusions of discrete dynamical systems in ordi-
nary topological spaces are generalized. Now we give some definitions and results to be used
in this paper.

Definition 1) A soft set on a set X is a triple (M,E, X), where M : E — 2% (the
set of all subsets of X) is a mapping. The set of all soft sets on X is denoted by S(X, E).

Roughly speaking, a soft set on a set X is just a family {M,}.cp of subsets of X; it can
be looked to be a subset of X if F is a singleton.

Let (M,E, X),(N,E, X) € S(X,E). If M(e) C N(e) (Ve € E), then (M, E, X) is called
a soft subset of (N, E,X), denoted by (M,FE,X)C(N,E,X). If (M,E,X)C(N,E,X) and
(M, E,X)i(N,E,X), then (M, E,X) and (N, E, X) are said to be soft equal, denoted by
(M,E,X)=(N,E, X).

Remark 16 (1) Let X be aset, and A € 2X. Define A : E — 2% as A(e) = A (Ve € E),
then (g, E, X) € S(X, E); we use A to denote this soft set (particularly, we use Z to denote
the soft set {fa\:j)

(2) Let X be a set, and (M, E,X) € S(X,E). Then (M',E,X) € S(X, E), where M’ :
E — 2% is defined as

M'(e) =X — M(e) (Ve € E).

Sometimes we use (M, E, X)' to replace (M', E, X).
(3) Let X be a set, {(H;,E,X)}jes € S(X,E). Then (M,FE,X),(N,E, X) € S(X, E),

called the union (denoted as O (H;, E, X)) and intersection (denoted as ﬁJGJ(Hj, E X))

jeJ
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M(e) = | J Hi(e) (Ve € E)
jed
and
N(e) = () Hj(e) (Ve € E).
jeJ

(4) Let X be a set, (H,E,X) € S(X,E), and x € X. Write x € (H,E,X) if z €
H(e) (Vee€ E), and = ¢ (H,E, X) if = ¢ H(e) for some e € E.

(5) Let X be a set. The difference of the two soft sets (M,E,X) and (N,E,X) is a
soft set (H, FE,X) over X (usually, denoted by (M,E, X) — (N, E, X)) which is defined by
H(e) = M(e) — N(e) (Ve € E).

(6) Let X be a set, and (M, FE,X),(N,E,X) € S(X, E). Then

(i) (M,E,X)U(N,E, X)) =(M,E,X)0(N,E,X);

i) ((M,E,X)N(N,E,X)) = (M,E,X)'J(N,E, X).

Definition 2118/ (1) A soft set (M, E, X) € S(X, E) is called elementary (or a soft point
in X, denoted by eys) if M(e) # () for some e € E and M(e') = () for all ¢ € E — {e}.

(2) Let e be a soft point in X, and (N, E, X) is a soft set. If M(e) C N(e), then ey is
said to be in (N, E, X), denoted by ey €(N, E, X).

Definition 317 Let X and Y be two sets, E and F be two nonempty parameter sets,
and f: F — F and g : X — Y are mappings. For each (M, E, X) € S(X, E), define

(f,g)(M, EvX) = (QH(M)vf(E)’Y%

where

g (M)(a) = g(M(e)) (Vo € F).
fle)=a

Then we obtain a mapping

(f,9):S(X,E) — S(Y, F).
For each (N, F,Y) € S(Y, F'), define
(f9) "N, EY) = (g7 o No f, f7H(F), X),

where
(g7t oNof)(e) =g (N(f(e) (Vee fTH(F)).

Then we obtain another mapping
(fyg)_l : S(Y7 F) - S(X7 E)
Definition 4’ (1) Let X be a set, and .7 C S(X, F) satisfies
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1) 0 an e 7,

(ii) 7 is closed under arbitrary unions;

(ii) 7 is closed under finite intersections.
Then .7 is called a soft topology on X, and (X,.7, E) is called a soft topological space. The
members of .7 are called soft open sets, members of 7' = {(M',E,X) | (M,E,X) € T} are
called soft closed sets.

(2) Let (X, 7, F) be a soft topological space, and Y be a non-empty subset of X. Then
yY = {(MY7E7X) | (MvaX) € ‘7}

is a soft topology on Y, it is called the soft relative topology on Y, and (Y, %, E) is called a
soft subspace of (X,.7, E), where

(My,E,X)=YN(M,E,X) (V(M,E,X) € 7).

Example 1 (1) Let X = {z1,22,23} be a 3-element set, £ = {e1,e2} be a 2-element
set, and

y:{(MlanX)|Z:172776}U{f®vy)fz}7

where (M;, E,X) (i =1,2,---,6) are defined as follows:

s = { o ez

Ms(e) = { {x1}, ife=e;

{z3}, if e =es.

v ={ {7 e

{zo, x5}, if e=ey;

{ {z1,22), ife=es.
{

{z1, 29}, ife=eq;

M4(€)
M (e) {z1,23}, if e = es.

| Az, 23}, ife=e;
Mg(e) = { {9,235}, if e = es.

Then 7 is a soft topology on X and hence (X, .7, E) is a soft topological space.
(2) Let X = R (the set of all real numbers), E' = {e1,e2} be a 2-element set,

J={AC X | X — Ais a finite subset of X} U {0, X}
(i.e. the finite complement topology on X), and
T = {(M,E,X) ’ M(el),M(eg) € j}

Then 7 is a soft topology on X and hence (X, .7, E) is a soft topological space.
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is the topology on X generated by the basis B = {(a,b) | a,b € R,a < b}), and

T ={(M,E,X) | M(e1),M(e2) € T}.

Then 7 is a soft topology on X and hence (X, .7, E) is a soft topological space.
(4) Let X =[0,1], E = {e1,e2} be a 2-element set, J be the ordinary topology on X (i.e.
J is the topology on [0, 1] generated by the basis

B ={(a,b) |a€l0,1),b€e (0,1],a < b}),
and
T ={(M,E,X) | M(e1),M(e2) € T}.

Then 7 is a soft topology on X and hence (X, .7, E) is a soft topological space.
Remark 2 (1)[16] Let (X,.7,FE) be a soft topological space, ejs is a soft point in )Af,
(N,E, X) € S(X, E). If there exists a (A, E, X) € 7 such that

en€(A,E,X)C(N,E, X),

then (IV, E, X) is called a neighborhood of ej;.
(2) It can be easily seen that 6, XeT ', and .7 is closed under the operations of arbitrary

intersections and finite unions. It can be also seen that (N, E, X) € 7 if and only if
(A, B, X) — ear)A(N, B, X) # 0
for anyeys € X and any neighborhood (A, E, X) of eyy.
(3)16] Let(X, .7, E) be a soft topological space, and (M, E, X) € S(X, E). Then
1,5, %) = (N, B, X) | (M, B, X)E(N, B, X),
(N,E,X) € Iy}

is called the closure of (M, E, X). Clearly, (M, E, X) € S(X, E) is a soft closed set of (X, .7, E)
if and only if (M, E,X) = (M, E, X).

(4)119] Let (X, .7, F) be a soft topological space over X, then .7¢ = {M(e) | (M, E, X) €
T} is a topology on X (e € E).

(5) If E is a single point set, then a soft topological space (X,.7,FE) can be seen as a

common topological space.

Definition 5 Let (X, 7x, F) and (Y, %, E) be soft topological spaces. A soft function
is said to be a soft continuous function from (X, 7x, F) to (Y, %, F) if

(f,9) Y (N,E,Y) e Ix (V(N,E,Y) e ).
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(idg,g) : S(X,E) — S(Y, E)

be a soft continuous function from (X, Ix, F) to (Y, %y, E). Then g : X — Y is a continuous
function from (X, 7¥) to (Y, %¢) (Ve € E).
Definition 6!'8) (1) Let (X,.7, E) be a soft topological space, (P, E, X) € S(X, E), and
o CT.1f
U = (P, B, X),

then o7 is called an soft open cover of (P, E, X).

(2) Let (X,.7, E) be a soft topological space, and (P, FE,X) € S(X,E). (P, FE,X) is said
to be soft compact if every open soft cover of it has a finite subcover. If X is compact, then
(X, 7,E) is called a soft compact topological space.

Theorem 118 Let (X, 7, E) be a soft compact topological space, then each soft closed
subset (P, E, X) is a soft compact subset of X.

Theorem 2 Let (X, 7x, F) and (Y, Z3, F) be soft topological spaces, and

(idg, g) : S(X, E) — S(Y, E)

is a soft function. Then the following conditions are equivalent:

1) (idg, g) is a soft continuous function from (X, 7x, F) to (Y, %, E).
2) (idp,g)"'(N,E,Y) € 7} (¥ (N,E,Y) € F).

3) (idp, )(M, B, X)C(idi, 9) M, B, X) (Y(M, E, X) €S(X, E)).

1) (idi, ) (P B, Y)3(idp, 9 (P, E,Y) (Y(P,E,Y) €S(Y, E)).

Proof Straightforward. [

(
(
(
(

2 Discrete dynamical systems in soft topological spaces

Let X be a topological space, and g : X — X a continuous mapping, then the family
{9" }nen defines a (discrete) semi-dynamical system in topological space X, where N stands
for the set of all nonnegative integers. In addition, if g is a homeomorphism (i.e. g is a

one-to-one correspondence and both g and its inverse mapping ¢

are continuous), then we
can define g™ by ¢7" = (¢~1)" (¥n € N), then {g"},cz defines a discrete dynamical system
in topological space X, where Z stands for the set of all integers.

Let (X,.7, E) be a soft topological space and
(ids,g) : S(X, F) — S(X, F)

be a soft continuous function from (X, .7, E) to (X,.7, E). It can be seen from definition 3
that
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(idp,9)" = (idg,g) o (idg,g)" " = (idp o idp,g o g"~")
= (idg,g"),
(idp,9)° = (idp, ¢°) = (idp,idx),
where idg (resp. idx) denotes the identity mapping of E (resp., X) onto itself. Then the
family {(idg,g)" }nen defines a (discrete) semi-dynamical system in soft topological space
(X, 7,FE), where N stands for the set of all nonnegative integers. If g is a one-to-one corre-

-1

spondence and both (idg, g) and its inverse mapping (idg,g)~" are continuous, it can be seen

from definition 3 that
(g7)"=(g")" (Yne N —-{0})

and

((g")7)" = (7)™ (Yne N —{0},Vm € N).

Let
(idg,g)™" = (idp,g~") = (idp, (g")"") (Yn € N),

then {(idg, g)" }nez defines a discrete dynamical system in soft topological space, and it is
denoted by (X, (idg, g)). If (X, 7, FE) is a soft compact topological space, then (X, (idg, g))
is called a soft compact discrete topological dynamical system. It is easy to show that
(idg,9)" (em)
(Vn € Z) is a soft point when ej; is a soft point.

Example 2 Let us consider the soft topological space in Example 1(1). Define g : X —
X as follows:

g(z1) = 22, g(x2) =23, g(x3) = 21.

1

We will verify that both (idg, g) and its inverse mapping (idg,g)”" are continuous. In fact,

(idg,9) " (M1, E,X) = (g7' o My oidg, E, X),

where
g~'oMoidg(e) = g '((M)(e))
{azg} if e =eq;
{ Y{z1}), ife=eo.
B {r1}, ife=cey;
{ {azg} if e = ey.

= Ms(e
Thus (idg,g)" (M1, E,X) = (M2, E, X) € 7.

(idEvg)_l(M%EvX) = (g_l OM2 OidEaEvX)7
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gt oMyoidp(e) = g '((M2)(e))

{ g 1({m}), ife=ey;
g ({z3}), ife=es.
_ { {z3}, ife=e;
{z2}, if e=ea.
= Mjs(e)
Thus (idg,g) " (Ma, E,X) = (M3,E, X) € 7.

(idg, 9) ™" (M3, B, X) = (97" o M3 oidp, E, X),
where
g_l o M3 o sz(e) = M3 ))
if e =eq;
if e = e9.

{z2}, ife=e;
{:171} if e = es.

(Ml,E,X) e 7.

g
{ e
{

Thus (idg,g) (M3, E,X) =

(idg, 9) " (My, B, X) = (97" o My oidp, E, X),
where
g toMyoidg(e) = g '((Ma)(e))
{:Eg,xg} if e = eq;
1({z1,20}), ife=es.
{:131,:172} if e=ey;
{azg,azl} if e = e9.
— M5
Thus (idg,g) (M4, E,X) = (M5, E,X) € 7.
(idEvg)_l(Mf)vaX) = (g_l o M5 OidEaEvX)7
where
g_l o M5 o sz(e) = g M5 ))
Y{xy,z2}), ife=e;
({x3,21}), ife=es.
_ {1133,!131} if e = eq;
N {azg,azg} if e = ey.
= Mg(e

Thus (idg,g)~ (M5, E,X) = (Mg, E, X) € 7.

(idEvg)_l(MﬁvaX) = (g_l o MG OidEaEvX)7
where
gt oMgoidp(e) = g '((Ms)(e))
{xl,xg} if e=eq;
{ {$2,l‘3} ife= €9.
B {z3,29}, ife=ey;
N { {xl,azg} if e = ey.

= My(e
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(idg,q) ' (0) =0 e T

and

(idp,g) " (X)=X € 7.

Therefore, (idg, g) is continuous.

From the above, it is easy to see that
(idp,g)~" = (idp,g™"),
since for any (M, E, X) € 7,
(idp, g~ ) (M, B, X) = (g7 1) 7 (M), E, X),

where
(g7 (M)(e) =g " (M)(e) = g~ " o M oidp(e).
Thus for any (M, E, X) € 7,

((idEag)_l)_l(Mv EvX)
(’L'dE7g_1)_l(M,E,X)

= (7)o Moidp, E, X)
(goMoidp, E, X)

Hence
((idp,g)™")""(M1,E, X) = (g o My 0idp, E, X),
where
goMyoidg(e) = g((Mi)(e))

{ g({xa}), if e=ey;
g({z1}), ife=es.

_ [ {zs) ife=ey;
B {z2}, ife=es.
= Ms(e)

Thus ((idg,9)"') Y (M1, E, X) = (M3, E,X) € 7.

((idEvg)_l)_l(M27E7X) = (g OM2 OidE7E7X)7

where
goMzoidg(e) = g((M2)(e))
{ g({x1}), ife=ey;
g({zs}), ife=es.
{ {z2}, ife=e;
{z1}, ife=es.
= M(e)

Thus ((idg,g) ™)' (M, E,X) = (M,E,X) € 7.

((idp,9) ") "N (M3, E,X) = (g0 M3 0idp, E, X),
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goMsoidg(e) = g((Ms)(e))
{ g({zs}), if e=ey;
g({z2}), if e=es.
{z1}, ife=ce;
{ {zs}, ife=es.
= Ma(e)

Thus ((idEyg)_l)_l(M37EvX) = (M27E7X) € 7.

((idg,g)™ ") H(My, B, X) = (g0 Myoidg, E, X),

where
goMyoidg(e) = g((Ma)(e))
{ g({l‘g,:ﬂg}), ife= €1;
g({x1,22}), ife=ey.
{z1,23}, ife=ey;

- {{xg,azg}, if e = e9.
= Mg(e)

Thus ((idg,g)" )1 (My, E,X) = (Mg, E,X) € 7.
((idp,g)™ ") (M5, E,X) = (g0 M5 0idp, E, X),

where
goMsoidg(e) = g((Ms)(e))
{ g({x1,22}), ife=ey;
g({zs,z1}), ife=es.
{zo, 23}, ife=ey;

- { {z1,22}, ife=es.
= My(e)

Thus ((idg,9) ') Y (M5, E, X) = (My,E,X) € 7.
((idg, g) ™) (Mg, E,X) = (g0 Mg 0 idp, E, X),

where
goMgoidg(e) = g((Ms)(e))
{ g({x1,23}), ife=ey;
g({z2,z3}), ife=es.
{z,21}, ife=ey;

- {{:Eg,:nl}, if e = eo.
= M5(€)

Thus ((idg,g)"") "' (Mg, E, X) = (M5, E,X) € 7. It is easy to see that

((idg,g)™ ™)' =0e T
and
((idg,9) ) HX)=X € 7.

Therefore, (idg,g)~! is continuous. Hence, (X, (idg,g)) is a soft topological dynamical sys-

tem.
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be an arbitrary one-to-one respondence on X. Then for any (M, FE,X) € 7,
(idp,g)" (M, E,X) = (g"' o M oidp, E, X),

where

g toMoidg(e) =g ' (M(e)) (Ve€ E),

the complement X — g~! o M oidg(e) is still a finite subset of X since g is an one-to-one
respondence, thus (idg, g) "' (M, E, X) € 7. Therefore, (idg, g) is continuous.
On the other hand, for any (M, E, X) € 7,

((ZdE'v )_1)_1(M7 EvX)
(ZdE, H=Y (M, E, X)

= (¢gH toMoidg E,X)
(goMoidg, E, X)

where

go M oidp(e) = g(M(e)) (Ve € E),

the complement X — g o M o idg(e) is still a finite subset of X since g is an one-to-one
respondence, thus

(idp,9) (M, E,X) € 7.

Therefore, (idg,g)~! is continuous. Hence, (X, (idg,g)) is a soft topological dynamical sys-
tem.

Example 4 Let us consider the soft topological space in Example 1(3). Define g : X —
X as follows:

g(z)y=z+1 (Vo e X).

Then for every (a,b) € B, g(a,b) = (a+ 1,b + 1), and g '(a,b) = (a — 1,b — 1), thus
g(B) = g71(B) = B. Denote the topology on X generated by g(B) and g~!(B) by ¢(J) and
97(J). Then g(J) =g~ 1(J) = J.

For any (M,E, X) € 7,

(idg,9) " (M,E,X) = (g7' o M oidp, E, X),

where

“toMoidp(e) = g~ (M(e)) (Vee€ E),

since M(e) € J, we have g~ (M(e)) € g~ (J) = J, thus (idg,g) " (M, E,X) € 7. There-
fore, (idg,g) is continuous.
On the other hand, for any (M, E, X) € 7,

((ZdE'v )_1)_1(M7 EvX)
(sz, )_I(M,E,X)

= (g toMoidg, E, X)
(goMoidg,E,X)
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go M oidg(e) = g(M(e)) (Ve € B),

since M(e) € J, we have g(M(e)) € g(J) = J, thus (idg,9)(M,E,X) € 7. Therefore,
(idg, g)~! is continuous. Hence, (X, (idg, g)) is a soft topological dynamical system.

Example 5 Let us consider the soft topological space in Example 1(4). Define g : X —

2x, z e 0,1];
g(m)z{ B3

X as follows:

For every (a,b) € B,

Thus g~ '(B) C B. Let g~'(J) be the topology on X generated by g1 (B), then g1 (J) C J.
For any (M,E, X) € 7,

(idg,9) " (M, B, X) = (¢7" o M 0iidg, E, X),
where
g toMoidg(e) =g (M(e) (Ye€ E),

since M(e) € J, we have g~1(M(e)) € g71(J) C J, thus (idg,g) " *(M,E,X) € 7. There-
fore, (idg, g) is continuous. Hence, (X, (idg,g)) is a semi-soft topological dynamical system.
Definition 7 Let (X, (idg,g)) be a soft discrete topological dynamical system and

ey € X is a soft point. Define several soft sets as follows:
Orb(ia, g (enm) = {(idp,9)" (enm) | n € Z},

Orbly, (en) ={(idp, 9)" (en) | n € N —{0}}.
Orbiy, o (en) = {(idp. g) ™" (enr) | n € N — {0}}.

Then we call Orb(q,, 4)(err) (resp., Orbzng’g)(eM), Orb&dEg

positive semi-orbit, soft negative semi-orbit) of the soft dynamical system of (idg, g).

)(eM)) the soft orbit (resp., soft

Let ey € X, if (idg,g)"(enr) = en for some n € N — {0}, then ey is called a soft
periodic point of (idg,g), the smallest one of such integers is referred to as the soft period
of epr. In particular, if (idg,g)(en) = enr, then eps is called a soft fixed point of (idg, g).
Let Per(idg,g) (resp. Fixz(idg,g)) be the set of all soft periodic points (resp. all soft fixed
points) of (idg, g). Then Fiz(idg,g) C Per(idg,g).

Definition 8 Let e, € X be a soft point, then the soft set

wler) = o o UMl 0) ear) [ 12 )
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Obviously w(enr) is a soft closed set of (X, .7, E). If the soft topological space (X, .7, E)
is soft compact, then w(eys) # () by Theorem 7.4 in [20].

Definition 9 Let (X, (idg,g)) be a soft discrete topological dynamical system, and
ey € X a soft point.

(1) If for each soft open neighborhood (N, E, X) of ey, there exists an n € N — {0} such
that (idg, 9)™(enm)
€(N, E, X), then ey is called a soft recurrent points of (idg, g). The set of all soft recurrent
points of (idg, g) is denoted by Rec(idg,g). Clearly, Per(idg,g) C Rec(idg, g).

(2) If for each soft open neighborhood (N, E, X) of ey, there exists an n € N — {0} such
that

(idg, g) ™ (N, E, X)(N, E, X) # 0.

Then ejs is called a soft nonwandering point of (idg,g). The set of all soft nonwandering
points of (idg, g) is denoted by Q(idg, g), i.e.,

Q(idg, g) = {eaxr € X | ear be a soft nonwandering point of (idg, g)}.
Each soft point of X — Q(idg, g) is called a soft wandering point.

Definition 10 Let (idg, g) be a soft continuous function from (X, .7, F) to (X, .7, E).

(1) (idg, g) is called soft topological mixing if, for any pair (M, E, X) and (N, E, X) € T
of nonempty soft open sets of (X,.7, F), there exists an n € N — {0} such that
(idg, g)" (M, E, X)A(N, E, X) # 0.

(2) (idg, g) is called soft topological transitivity if there exists a soft point ey; € X such
that Orb(;q,, ¢)(enr) is dense in X (ie. W = X).

(3) A soft set (N, E, X) is said to be soft invariant of (idg, g) if (idg, g)(N, E, X)C(N, E, X)
(i.e. g(N(e)) € N(e) for each e € E).

Theorem 3 Let (X, .7, E) be a soft topological space, and (idg, g) : S(X, E) — S(X,E)
be a soft continuous function from (X, .7, E) to (X,.7,E). Then

(1) Q(idg, g) is a soft closed set of X, and Rec(idg, g)
CO(idg, g).

(2) Orb(iay,g)(em), wlen), Per(idg, g), Fiz(idg, g) and Q2(idE, g) are invariant of (idg, g).
(

3) Q((idg, ¢)™) is an invariant and closed soft set, and
Q(idp, 9)™)CUidp, g) (m € N —{0}).

(4) Each soft point ep; € X is a soft nonwandering point if one of the following conditions
is satisfied:

(i) (idg, g) is soft topological mixing, g is a one-to-one correspondence, and both (idg, g)

-1

and its inverse mapping (idg,g)”" are continuous
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1) Per(idg,g) = X-

Proof (1) Suppose that a soft point ejs is not a soft wandering point of (idg, g), then
there exists some soft open neighborhood (N, E, X') and some n € N — {0} such that

(idg, g) ™ (N, E, X)A(N, B, X) = 0.

So all the soft points in (N, E, X) are not soft wandering points of (idg,g), it follows that
Q(idg, g) be a soft closed set of X.

Now let soft point ep; € Rec(idg, g), then for each soft open neighborhood (N, E, X) of
ey, there exists some n € N — {0} such that (idg,g)"(exr)S(N, E, X), so for any e € E,
g"(M(e)) C N(e), thus M(e) C g~ ™(N(e)), it implies that

em€(idg, g ") (N, E, X) = (idg,9) "(N, E, X),

then
eMAé(idEyg)_n(Nv EaX)ﬁ(N7E7X)7

hence

Rec(idg, 9)CQ(idg, g).
(2) We only show that w(eys) and Q(idg, g) are invariant sets of (idg, g). Firstly, we have

(idg, g)(w(ewm))

(i, 9)(Nnen—goy)ULlidm, 9) (o) | | = )
Moy (i 9)U{(id, 9)* ear) | - 2 n})

€ Muen—goyUllide, g)F+ (ers) | k > n})

C ﬁneN_{o}O{(id&g)k(eM) |k >n}=wlem)

Now let soft point ey €Q(idg,g) and (N, E,X) a soft open neighborhood of soft point

m

(idg, g)(err), we can obtain that (idg,g) '(N,E,X) is a soft open neighborhood of soft

point ejs since (idg, g) is a soft continuous function, then there exists some n € N — {0} such

that
(idg,9)~ ' ((idg,9)"(N, E, X))N(N, E, X))
= f(VZdE'v g)_n((ZdEyg)_l(Nv E7 X))ﬁ(ZdEyg)_l(N7 E7 X)
£ 0
So
(idp, g) ™" (N, B, X))A(N, E, X) # 0.
Therefore
Hence

(idg, 9)(QidE, 9))CQ(idE, g).
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(4) Let (i) hold, ep€X be a soft point and (N, E, X) € 7 be a soft open neighborhood
of epr. Because (idg, g) is soft topological mixing, there exists some n € N — {0} such that
(idp, 9)" (M, B, X)A(M, E, X) # 0.
Then
(idp 9) ™" (M, B, X)T(M, E, X) # 0

since g is a one-to-one correspondence and both (idg,g) and its inverse mapping (idg,g) ™
are continuous. Thus ey € Q(idg, g).

Let (ii) hold. Then

X = Per(idg, g)CRec(idg, 9)CQ(idg, g) = Qidg, g)CX.

Therefore Q(idg, g) = X. O

Remark 4 If g is a one-to-one correspondence, both
(idp,g) : S(X, E) — S(X, E)

and its inverse mapping

(idg,g) ™' : S(X,E) — S(X, E)

are continuous, and (M, E, X) € S(X, E). Then

(idg, 9)" (M, E, X)N\(M,E, X) # ()

if and only if
(idg, g)""(M, E, X)(\(M, E, X) # 0 (¥n € N — {0}).

So Q(idg, g) = Qidg, g) " .
Definition 11 Let (X, 7x, F) and (Y, %3, E) be soft topological spaces,

(idE'ag) : S(X7E) - S(X7E)
be a soft continuous function from (X, Ix, E) to (X, Ix, E),
(idg, f) : S(Y, E) — S(Y, E))

be a soft continuous function from (Y, %, F) to (Y, %y, E)). If there exists a soft continuous

function (idg, h) : S(X,E) — S(Y, E) from (X, Ix, E) to (Y, %, E) such that
(idg,h) o (idg, f) = (idg, g) o (idg, h)

(i.e. (idg,ho f) = (idg,goh) ), then (idg,h) is said to be soft topology semi-conjugate

from (idg, g) to (idg, f). If g is a one-to-one correspondence and both (idg, g) and its inverse
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(idg, g) to (idg, f). Here, we denote (idg, g) = (idg, f).

S(X, E) (idg, 9) S(X, E)
(idg, h) (idg, h)
S(Y, E) T S(Y, )

fig.1

Remark 5 (1) = is an equivalence relation.
(2) If (idg, h) is a soft topological conjugate mapping from (idg,g) to (idg, f), then for

each soft point ey € X and n € N — {0}, we have
(idg, h)((idg, f)"(en)) = (idg, 9" )((idE, h)(em)),

it follows that
(idE7 h)(OTb(idE,g) (eM)) = Orb(idE,g) ((ZdEv h)(eM))7

and it is easy to show that
(idp, h)(w(enm)) = w((idg, h)(enm));
(idg,h)(Per(idg, g)) = Per(idg, f);
(idg, h)(Fiz(idg, g)) = Fiz(idg, f);
(idg, h)(Rec(idg, g)) = Rec(idg, f);

(idg, h)(QidE, g)) = Qidg, f).

3 Soft topological entropy

In this section, the definition of soft topological entropy will be given and some fundamental
properties of the soft topological entropy will be studied.

Definition 12 Let (X, (idg, g)) be a soft compact discrete topological dynamical system,
and a be a soft open cover of X. Denote the smallest cardinality of all subcovers (for X) of
a by Ng(a), ie.,

Ng (o) :min{|ﬁ| |BC aand X = Oﬁ}

Since X is compact soft set, Ng(a) is a positive integer. Let Hg(a) = log N (o).
Let a and 8 be two soft open covers of X. Define their join by

a0f = {(P,E,X)N(Q,E,X) | (P,E,X) € o, (Q, E, X) € 8}.
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of a (denoted by a < () if for each (Q,E,X) € [, there exists a (P, E, X) € « such that
(Q,E,X)C(P,E, X).

Theorem 4 Let(X, (idg, g)) be a soft compact discrete topological dynamical system, «

and 3 be two soft open covers of X. Then the following hold.

(1) Hg(a) = 0.

(2) if B < a,then Hg(a) < Hg ().
(3) Hyg(aUp) < Hy(a) + Hg ().
4) Hz((idp,9)~ (@) = Hz ().

Proof we only prove (4). Let Ng(a) = n, then any subcover of o containing less than n

elements of a would not cover X. Let
{(P, B, X), (P, B, X), -+, (P, B, X)}
be a subcover (for X) of a with a cardinality n, since (idg, g) is continuous,
{(idp, )" (P1, B, X), (idp, 9) "' (P, E, X),
 (idp, g) " (P, B, X)}

is a subcover (for (idg,g) 1(X)) of (idg,g) " (a). By (idg,g)(X) = X we can know X =
(idp, ) (X), s0
{(idp,9)™" (P, B, X), (idp, )" (P2, B, X),

) (Z'dEmg)_l(an EvX)}
is a finite open subcover (for X) of (idg, g) (). Therefore,
Ng((idg,g)""(a)) <n = Ng(a)
which implies H ¢ ((idg, g) ™' () < H ().
Now, suppose that Ng((idg,g) " (a)) = m. Let
{(idEag)_l(Q17E7X)7 (idEug)_l(Q27E7X)7
'7(idEvg)_1(Qm7E7X)}
be a finite open subcover (for X) of (idg, g) (). Therefore,
X = {(ide,0) (@i B, X)),
Since (idg, g)(X) = X, then
= ULi{(ids,9)(ide, )~ (@i B. X))}
= Unl(@.E.X)}.
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{(QluEaX) ‘ 1= 1727”’ 7m}

is a finite open subcover (for )Z') of a, Hence, m > Ng(a), i.e.,
N ((idg, 9)"' () = Ng(a)

which implies
Hg ((idp, )" () = Hg(a).

By the above, we can get that
Hg((idp,g) " () = Hg(a). O

Theorem 5 Let(X, (idg,g)) be a soft compact discrete topological dynamical system, «

be a soft open cover of X. Then the limit

—~n—1
tim ~He(J _ {(ide.g) (@)

n—oo N

exists.

Proof. Let

—~n—1

an = Hz(J,_, {ids. 9) " (@)}).

We only need to show that
anyp < an +a, (Vn,p € N —{0}).

From theorem 2.7(3) and (4), we have

~n+p—1

antp = Hyx (Uk:o {(idE’g)_k(O‘)})
= H)z((oz;é{(idfsag)_k(a)})

~ <An+p_1

U (Uil {(ide,9) ™ @)}))
= Hg((Ui {(ids,0)*(@)})
0 (tidg, 9) 030 { e 9) (@)} )
1 (U {tidp. 9)()})
+Hg (U (e 9 H(@)}).

IN

Thus ay4p < ay +ap. O
Definition 13 Let (X, (idg,g)) be a soft compact discrete topological dynamical system,

let o be a soft open cover of X. Then

n—oo N

» 1 —~n—1
Ent((idg,g),, X) = lim —Hg <Uk:1{(idEag)_k(a)}>
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Ent(idg, g) = sup{Ent((idg, g), o, X) |
[e%

o is a soft open cover of X }

is called the soft topological entropy of (idg, g).

By Theorem 1, each soft closed subset of X is a soft compact subset of X , then the
following theorem holds.

Theorem 6 Let (X, (idg,g)) be a soft compact discrete topological dynamical sys-
tem, « be a soft open cover of )A(:, (A1, E,X) and (As, E, X) be two closed soft sets, and
(A1, E,X)C(Ag, E, X), Then

(1)

Ent((idg,g),a, (A1, E, X)) < Ent((idg, g), o, (A2, E, X)).

(2)
Ent((idE,g), (Al,E, X)) < Ent((idE,g), (Ag, E, X))

Proof. (1) Let

—~n—1

N(a,,B,x) (Uk:O {(idg,9) *(a)}) = s.

Then there exists a soft open subcover
{(P17E7X)7(P27E7X)7”’7(PS7E7X)}

of

—~n—1

U,_, {lid.0) (@)

for (Ay, E, X). Since (A1, E, X) C(Ag, E, X), we have
{(P17E7X)7(P27E7X)7”’7(PS7E7X)}

is also a subcover of

for (A1, F, X), and hence

—~n—1

Neayex0 (U, {ide, 9) " (@)}) < s

—~n—1

= N(A2,E7x)(Uk:0{(idE7g)_k(a)})‘
So

—~n—1
Ha,p,x) (Ukzo{(idE, 9) " (@)})

—~n—1

< Hea,po(J {lide.g) 7 (@)}).
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Ent((idg, 9), o, (A1, E, X))

< Ent((idg, g), o, (As, B, X)).

Ent((idg, 9), (A1, E, X))
= sup{Ent((idg,g), o, (A1, E, X)) | a is a soft open

cover of X}

IN

sup{Ent((idg, g), o, (A2, E, X)) | a is a soft open
i cover of X}
= Ent((idg,9), (A2, E, X)). O
Theorem 7 Let (X, (idg,g)) be a soft compact discrete topological dynamical system,
and « be a soft open cover of X. Then Ent(idg,idx) = 0.

Proof Straightforward.
Theorem 8 FEnt(idg,g™) > m - Ent(idg,g) ( Vm € N — {0}).

Proof As
((g") )" =(g7)" (Yne N —{0},Vm € N),
we have 1 P ,
Ui=o {(ide, g™) U= {(ide,9)""(a)}}
Oy {(idp, 9) ()}
Hence B S
(U, {Gideg) ", ((ide.9) @)}
—~mn—1
= HX(USZO {(idE,9)~*()})-
Denote S
s=U_, {lide,9)*(@)}.
Then ~
Ent(idg,g™) = Ent(idg, g)™ > Ent((idg, g)™, 3, X)
= 1im g (U (G, ™) U, {(ids, ) (@))}})
= 1im L H (O {(ide, 9) 7 (@)))
= m- Ent((idg, g), a, X).
Hence,

Ent(idg,g™) > m - sup Ent((idg, g), oz,)?)
(0%

=m - Ent(idg,g). O

886 Wengqing Fu et al 867-888



4COWPMBMYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

In this paper, the discrete dynamical systems in soft topological spaces are defined, and
simple examples are also given. Some basic concepts (such as soft w-limit set, soft invariant
set, soft periodic point, soft nonwandering point, and soft recurrent point) of the discrete
dynamical system are introduced into soft topological spaces. Soft topological mixing and
soft topological transitivity are also studied. At last, soft topological entropy is defined and

several properties of it are discussed.
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FUNCTIONAL INEQUALITIES IN VECTOR BANACH SPACE
GANG LU, JUN XIE, YUANFENG JIN*, AND QI LIU

ABSTRACT. In this paper, we prove that the generalized Hyers-Ulam stability of the
additive functional inequality

[f(az + by + c2z) + f(bx + ay + bz) + f(ex + cy + a2)[| < [[(a + b+ ) f(z +y + 2|
in vector Banach space, where a # b # ¢ € R are fixed points with 3 > |a + b+ ¢|.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [32]
concerning the stability of group homomorphisms. Hyers [I1] gave a first affirmative
partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was gener-
alized by Aoki [I] for additive mappings and by Th.M. Rassias [24] for linear mappings
by considering an unbounded Cauchy difference. The paper of Rassias [24] has provided
a lot of influence in the development of what we call generalized Hyers-Ulam stability of
functional equations. A generalization of the Th.M. Rassias theorem was obtained by
Gavruta [9] by replacing the unbounded Cauchy difference by a general control function
in the spirit of Th.M. Rassias’ approach. The stability problems for several functional
equations or inequations have been extensively investigated by a number of authors and
there are many interesting results concerning this problem (see [2]-[§],[10], [12]-[L6],
1221251, [26)-[311.[3)).

We recall some basic facts concerning generalized norm.

Definition 1.1 (see [15]). Let E be a real vector space. A generalized norm for £ is a
mapping | - ||l : £ — R% denoted by

2]l = (ar(x), as(x), as(x), - - ar(z))
such that
(a) |||l = 0, that is, a;(x) > 0 for all t = 1,2,--- | k;
(b) ||z||¢ = 0 if and only if x = 0, that is, o;(z) = 0 for all 7, if and only if x = 0;
(c) [[Azlle = [Alllz]lg.that is,a;(Az) = [Aai(x);
(d) |z +ylle < llzlle + [lylle, which means, a;(z +y) < () + o (y);
2010 Mathematics Subject Classification. Primary 39B62, 39B52, 46B25.
Key words and phrases. additive functional inequaties; Hyers-Ulam stability; vector Banach space

*Corresponding author:yfkim@ybu.edu.cn (Y.Jin).
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2 G. LU, J.XIE, Y.JIN, AND Q.LIU
Example 1.2. In R?, ||z|¢ = (Jz1|, |z2|)-

Definition 1.3. Let (X, ||-||¢) be a general normed linear space. Let z,, be a sequence in
X. Then z,, is said to be convergent if there exists x € X such that lim,, ., o;(z,—2z) =0
forall e =1,2--- , k. In that case, x is called the limit of the sequence x,, and we denote
it by G-limy,, o0 T, = T.

Definition 1.4. A sequence z,, in X is called Cauchy if for each ¢ > 0 and each a > 0
there exists ng such that for all n > ng and all p > 0, we have ||z,1, — 2, ||¢ < €, that is,
i (Tpyp — ) < €.

It is known that every convergent sequence in the general normed space is Cauchy.
If each Cauchy sequence is convergent, then the the general normed space is said to be
complete and the general normed space is called a vector Banach space.

2. HYERS-ULAM STABILITY IN VECTOR BANACH SPACE

From now on , Let X be a normed linear space and ) a vector Banach space.
This paper,we prove that the generalized Hyers-Ulam stability of the additive func-
tional inequality

1f(az 4+ by + cz) + f(bx + cy + bz) + f(cx + ay + az)|lc < [[(a+b+c)f(z +y + 2)|c
in the vector Banach space, where a # b # ¢ € R are fixed points with 3 > |a + b+ ¢|.

Lemma 2.1. Let f : X — ) be a mapping. If it satisfies
| flax + by + cz) + f(bx + cy + bz) + f(cx + ay + az)| ¢
<lla+b+c)flz+y+2)le

for all x,y,z € X and a,b,c are fived real numbers with 3 > |a + b+ c|. Then f is
additive.

(2.1)

Proof. Letting x =y =z =0 in (2.1)) for all z,y,z € X, we get
13f(0)lle < [l(a+b+c)f(0)lla (2.2)

for a,b,c € R.
For any ¢ =1,2,--- | k,
a;(3(0)) < ai((a+b+¢)f(0))
we get
3ai(f(0)) < la+ b+ clai(f(0)),
Thus f(0) = 0.
Letting x = 0 and Replacing z by —y in (2.1f), we get

176 = c)y) + F((e = b)y)lle < [l(a+b+)f0)]c = la+ b+ clai(f(0)) = 0
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FUNCTIONAL INEQUALITIES IN VECTOR BANACH SPACE 3

and so f(—z) = —f(x) for all z € X.
Replacing x by —y — z in ([2.1)), we have
1f((b=a)y+(c—a)z) + f((a=b)y) + f((a —)z)[c <0

for all y, z € X. Then we can obtain

fla+y)=fz)+ fy)
for all z,y € X. 0

Theorem 2.2. Let f : X — Y be a mapping with f(0) = 0. If there is a function
¢ : X3 —[0,00) such that

If(ax + by + cz) + f(bx + cy + bz) + f(cx + ay + az)| ¢

< ||(CL +b+ C)f(l’ +y+ Z)HG + ((,D(ZL‘, Y, Z)? 90(1‘7 Y, Z)v T ,QO([E, Y, Z)l) (23)
k
and
o(x,y,z) = Z %gp ((—Q)j:c, (—2)a, (—2)jx) < 00 (2.4)

for all z,y,z € X and a # b # ¢ € R are fived points with 3 > |a + b+ ¢|, then there
exists a unique additive mapping A : X — Y such that

1/ () = Alz)lla
g @,( bre—2a 1 1 x) &( bre—2 1 1 x) (2.5)
| \a=0d)(a—c) "a—=b"a—c¢ )7 T \(a=b(a—c) a—b a—c g

forallz € X.
Proof. Letting x = —y — z in (2.3)), we get

1f((b—a)y + (c —a)z) + f((a—b)y) + f((a —c)2)lle
S (@(_y_zayv Z)7"' ,cp(—y—z,y,z)) (26)

J

-~

k
for all y,z € X.
Letting y = ;2,2 = 2 in (2.6), we get

c—a

[f(z+y)+ f(—=2) + f(=y)la
y

T T Y T Y T Y
< 2.7
_(gp(a—b—i_a—c?b—cfc—a)’ ’So(a—b—i_a—c’b—a’c—a)) 27)

-~

k

forall z,z € X.
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4 G. LU, J.XIE, Y.JIN, AND Q.LIU
Letting x = y in (2.7)) we get
12f (=) + f(22)|c

<<g0< 2a —b—c . 1 . 1 x)

- (a—=ba—c) ' b—a 'c—a )
2a —b—c 1 1

S0<(a—b)(a—c)x’b—otx’c—otx))

for all z € X. Thus

=)
f - =57

<1 b+c—2a - 1 . 1 .
=2 \¥ (a—b)a—c)  a=b"a—c )
b+c—2a 1 1
7 (a—b)(a—c)x’a—bx’a—cx
for all z € X.

Hence one may have the following formula for positive integers m, [ with m > [,

! Ly S - Mx
| g (20— gt (2|

<35 (r (T )

(G 2 2)

for all x € X. That is,

1 N oy
o (g (-20) = gt (-2

| —i(b+c—2a) (=2) (=2)
<22190(((>(+ )%( )%( )x>

a—b)(a—rc) a—b a—c

(2.8)

for all x € mathcalX. Tt follows from 1} that the sequence {f(g:—g:x)} is a Cauchy

sequence for all x € X'. Since ) is a generalized norm space, the sequence {f(g:_gg’;:c)}

converges. So one may define the mapping A : X — ) by
_9\k
A(z) == G — lim {M—M} , VreX.

k—oo (—Q)k

Taking m = 0 and letting [ tend to oo in ({2.8]), we have the inequality ([2.5)).
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FUNCTIONAL INEQUALITIES IN VECTOR BANACH SPACE 5

It follows from (2.3)) that
|A(az + by + cz) + A(bx + ay + bz) + A(cx + cy + az)||a

— kh—g}o (_12)k | £((—=2)*(az + by + c2)) + f((—=2)"(bx + ay + bz))

+f((=2)"(cx + cy + az))HG

< lim (_12)k la+5+ AF(-2 @ +y+ )|, (2.9)
 im || {20 (04, (282), (2 (2 (-2)%)

<|(a+b+c)A(z+y+2)|s
for all z,y,z € X. One see that A satisfies the inequality (2.1]) and so it is additive by

Lemma ([2.1).

Now, we show that the uniqueness of A. Let T': X — Y be another additive mapping
satisfying (2.5)). Then one has

JA@) - T(@) e = HﬁA ((=21) = T (-2

Q—iu\ << 2r) — 1 ((-2)")]
7

IN

+|
<ol S,5(<b+c—2a><—2>k (-2)* <—2>k$)7,,,

2k (a —b)(a—c) Db a—c

-~

k

which tends to zero as k — oo for all z € X. So we can conclude that A(z) = T'(z) for
all x € X. O]

Theorem 2.3. Let f : X — Y be a mapping with f(0) = 0. If there is a function
¢ X3 —[0,00) satisfying (2.9) such that

Y z
27 . - ) < 2.10
Pl Z (& o) < 210
for all x,y, z € X, then there exists a unique additive mapping A : X — Y such that

1f(z) = A(z)lle < o(z, v, —2x) (2.11)

forallx € X.
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Proof. The proof is similar with Theorem ({2.2]), we can get

) - =21 ()

G

(2a —b—c)x x x (2a —b—c)x x x
= j”(2<a—b)(a—c)’z(b—a)’z(c—a)> 9"(z(a—b)(a—c)’2(5—a)’2(c—a)>

S/

-~

k

for all z € X.

Next, we can prove that the sequence {(—2)"f (#) is a Cauchy sequence for all
x € X ,and define a mapping A : X — ) by

Afw) = lim (<2 f (—)

n—00 (—2)"
for all x € X that is similar to the corresponding part of the proof of Theorem ([2.2)). [
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In this manuscript, we give coupled fixed point results for generalized (1, ¢)—
weak contraction, satisfying rational type expression in the context of par-
tially ordered G-metric spaces. The derived results generalize the result of K.
Chakrabarti (K. Chakrabarti, Coupled fixed point theorems with rational type
contractive condition in a partially ordered G-metric space, Journal of Mathe-
matics, Volume 2014, Article ID 785357, 7 pages). To demonstrate our result
and also to demonstrate the authenticity of our result from the previous one,
we give suitable example.

Key Words: Coupled fixed point, Mixed monotone property, Partially
ordered G-metric space, (¢, ¢)—weak contraction.

Email-addresses: bpopovic@kg.ac.rs (B. Popovi¢); shoaibkhanbs@yahoo.com
(M. Shoaib); sarwarswati@gmail.com (M. Sarwar)

1 Introduction and preliminaries

Fixed point theory provide one of the most important and useful technique for
the existence of fixed point, coincidence point, common fixed point and coupled
fixed pint for self map under different condition. It is used for the existence
and uniqueness of the solution of mathematical model which may be in the
form of differential equations, matrix equations, integral equations, functional
equations, linear inequalities or mixed see ([5], [17], [19], [30]). In this area
the first well known result proved by Banach [8] known as Banach contraction
principle. Many authors generalized this principle in various spaces by using
different contractive conditions ([6], [13], [15], etc.).

In recent years, metric fixed point theory has been developed rapidly in
partially ordered metric space. Ran and Reurings [30] extended the Banach
contraction principle in partially ordered sets and also discuss some applica-
tions to linear and nonlinear matrix equations. Nieto and Rodriguez-Lopez [23]
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extended the result of Ran and Reurings and used their established result to
obtain a unique solution for first order ODEs. Jaggi [15] construct rational type
contraction in complete metric space. Harjani et al [13] extend the result of
Jaggi to partial ordered complete metric space. For more details (see[13], [33]).

Alber and Gurre [6] gave the concept of weak contraction as a generalization
of contraction and established the existence of fixed points for a self map in a
Hilbert space. Rhoades [31] extended this concept to metric spaces and defined
¢-weak contraction. Dutta and Choudhury [12] generalized ¢-weak contraction
to the concept of (¢, ) weak contraction and studies some fixed point results.
Zhang and Song [34] extend weak contraction for the study of two self map.
Furthermore Djorié [11] generalized the result of Zhang and Song and studied
common fixed point for generalized (1, ¢) weak contraction. For some other
similar results see [22], [25], [29], [32].

The concept of mixed monotone mappings introduced by Bhaskar and Lak-
shmikantham [9] and derived some coupled fixed point results. Furthermore,
they applied their results on a first order differential equation with periodic
boundary conditions [14]. Lakshmikanthem and Ciri¢ [17] generalized the con-
cept of mixed monotone mapping and established a coupled fixed point the-
orem for nonlinear contractions in partially ordered metric spaces. Recently
Chakrabarti [10] investigated coupled fixed point theorems for map satisfying
nonlinear rational type contraction and mixed monotone property in partially
ordered G-metric space.

In this work, using the concept of generalized rational type (¢, ¢)—weak
contraction condition, coupled fixed point results in the framework of complete
partially ordered generalized metric spaces are investigated. Through out the
paper RT, N and Ny will denote the set of all non-negative real numbers, the
set of positive integer and the set of non-negative integer respectively.

Definition 1. [20] Let (X, <) be a partially ordered set and let G : X x X x X —
RY be a function satisfying the following conditions:

1. G(u,v,w) =0 if u=v =w;

2. 0 < G(u,u,v) for all u,v € X with u # v;

3. G(u,u,v) < Gu,v,w) for all u,v,w € X with v # w;

4. Gu,v,w) = Glu,w,v) = G(v,w,u) = ... (symmetry in all three vari-
ables);

5. Gu,v,w) < G(u,p,p)+G(p,v,w) for all u,v,w,p € X (rectangle inequal-
ity).

Then it is called a G-metric on X and the triple (X, G, <) is called partially
ordered G-metric space.

Definition 2. [20] The pair (X, G) is said to be symmetric G-metric space if
G(u,v,v) = G(u,u,v) for all u,v € X.

Example 1. (1) Let X = RT and G : X x X x X — R™ be the function defined
is follows G(u,v,w) = max{|u — v, |[v — wl|, |w — ul}, for all u,v,w € X. Then
G is symmetric G-metric on X .
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(2) Let X = {a,b}. Define G (a,a,a) = G (b,b,b) =0,G (a,a,b) = 1,G (a,b,b) =
2,and extend G to X3 by using the symmetry in the variables. Then it is clear
that (X, G) is an asymmetric G—metric space.

(8) Also see examples of asymmetric G—metric spaces in ([2], Ezample 2.6;
[3], Example 2.2; [18], Example 2.2; [22], Example 3.4.).

Definition 3. [20] Let (X, G) be a G-metric space and let o, be a sequence in
X. A point a € X is said to be the limit of the sequence o, if

lim G(an,am,a) =0
n,Mm—00

and the sequence v, is said to be G-convergent in X .

Definition 4. [20] A sequence o, is called a G-Cauchy sequence if for every
e > 0, there is a positive integer N such that G(au, am, aq) < € for all n,m,l >
N.

Definition 5. [20] A metric space (X, Q) is said to be G-complete (or a com-
plete G-metric space) if every G-Cauchy sequence in (X, G) is G-convergent in
X.

Definition 6. [9] Let (X, <) be a partially ordered set, T : X x X — X. ThenT
is said to have mized-monotone property if T(x,y) is monotone non-decreasing
in x and monotone non-increasing in y. That is., for all x,y € X

Definition 7. [17] Let (X, <) be a partially ordered set, T : X x X — X and
g: X = X. We say T is the g-mized monotone property if T is monotone g-
nondecreasing in its first argument and monotone g-non-increasing in its second
argument. That is., for all x,y € X

r1,22 € X, g1 2 g2 = T(21,y) 2 T(22,9),
yi,92 € X, gy1 2 gy2 = T(x,y1) = T(2, y2).
Definition 8. [9] Let T : X x X — X be a map such that T(z,y) = x and

T(y,x) =y then the pair (xz,y) € X X X is called a coupled fized point of T. It
is clear that (x,y)is a coupled fized point if and only if (y,x) is such.

Definition 9. [17] Let T : X x X — X and g : X — X be two map such that
T(z,y) = gz and T(y,x) = gy then the pair (z,y) € X x X is called a coupled
coincidence point of T and g.

Definition 10. [17] Two maps T : X x X — X and g: X — X are said to be
commutative if g(T(x,y)) = T(gz, gy).

Chakrababati [10] proved the following results.

Theorem 1. [10/Let (X,=) be a partially ordered set and let (X,G) be a
G—complete G-metric space. Suppose T : X x X — X be a continuous mapping
on X having the mized monotone property. Suppose for all (z,y), (u,v), (w, z) €
X x X with (z,y) < (u,v) = (w, z) holds
G(T(z,y),T(u,v), T(w,2))
< 8@ T(@y) T(z,y)) G (u, T(u, ), T(4,v)) G (w, T(w, 2), T(w, 2))
- G?(z,u, w)
+ BG(z, u,w),
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where 8« + 8 < 1. If there exist xg,yo € X such that v¢ < T(xo,y0) and
yo = T(yo, o), then T has a coupled fized point (x.,y.) € X.

Theorem 2. [10] Let (X, =) be a partially ordered set and let (X,G) be a
G—complete G-metric space. Suppose T : X x X — X and g : X — X
be a continues mappings on X such that T has the mized g-monotone property.
Suppose that T(X x X) C g(X), g commute with T and for (x,y), (u,v), (w, z) €
X x X with (z,y) = (u,v) = (w,2) and gz < gu <X gw or gy = gu = gz holds

G(T(,y), T(u, ), T(w, 2))

oGz, T(2,y), T2, y)) G (gu, T(u,v), T(u, v)) G (gw, T(w, 2), T(w, )
G*(gz, gu, gw)

+ BG (g, gu, gw),

where 8« + f < 1. If there exist xg,yo € X such that grg < T(xo,y0) and
gyo = T(yo,xo) then T and g have a coupled coincidence point (., y.) € X x X,
that is., (T.,ys) satisfies gx. = T(Tu,Ys), gYs = T (Ys, T4)-

2 Main Results

In our main results we used the following two classes.

¢ € ¥ if and only if ¢ : [0,00) — [0, 00), 9 is continuous and non-decreasing
function such that ¢ (¢t) = 0 if and only if ¢t = 0.

¢ € @ if and only if ¢ : [0,00) — [0,00), ¥ is a lower semi continuous and
non-decreasing function such that ¢ (¢) = 0 if and only if ¢ = 0.

Also, for more details of G-metric spaces see ([1]-[4], [7], [16], [18], [21],
[26]-[28]).

Remark 1. It is worth to noticing that both results in [10] without the conditions
G?(z,u,w) # 0 that is., G(gx, gu, gw) # 0 are not correct.

Now, we announce the first our result.

Theorem 3. Let (X, <) be a partially ordered set and let (X, G) be a G—complete
symmetric G-metric space. SupposeT : X x X — X be a continuous mapping
having the mized monotone property and satisfying

V(G(T(2,y), T(u,v), T(w, 2)) < (M (z,u,w,y,v,2)) — ¢(M(x,u,w,y7v,?))7)
2.1
for all z,y, z,u,v,w € X with G(z,u,w) # 0 and (z,y) = (u,v) =2 (w,z) or
(z,y) = (u,v) = (w, 2), where

M(x7 u’ w? y7 U7 Z)
R { [G(z, T(z,y), T(z,y)G(u, T (u,v), T(u,v)G(w, T(w, 2), T'(w, z)]
G?(z,u,w) ’

G(m,u,w)},

Y € VU and ¢ € ®. If there exist xo,yo € X such that x9 < T(xo,y0) and
Yo = T(yo, o). Then T has a coupled fized point (x.,y.) € X.
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Proof. Suppose that there exist zg,yo € X such that o < T (x0,y0) and yg =
T (yo, o) . Further, define x, 11 = T (2pn,yn) and yny1 = T (Yn,x,). Using
the mixed monotone property and the mathematical induction we obtain that
Tn = Tpt1 and Y, > ypaq for all n € N (very known method).

Consider now

P (G (xn+1v$n7xn)) =1 (G (T (xmyn) vT(mn—lzyn—l) , T (xn—lvyn—l))) .

Using (2.1) we have that

w (G (xn-&-la T,y xn)) Sw (M (xna Tn—1,Tn—1,Yn, Yn—1, yn—l)) (22)
- (b (M (xn7 Tn—1,Tn—-1,Yn,Yn—-1, y’nfl))
where

M (xnamnflaxnfla yn,ynfl,ynfl)

o G (xna T (xru yn) , T (xna yn)) G? (xn—lv T (xn—la yn—l) T (xn—la yn—l))
= max
G2 (xn»xnflvxnfl)

9

G (xn7$nlaxn1)}-

Let G, = G(ap, Tp—1,2n—1) then,
M(.’Iin, Tn—1yTn—1,Yn, Yn—1, ynfl) = maX{Gn+1a Gn}

Further we show that G,, is non-incresing. Suppose their exist ny such that
Gro+1 > Gy, then from (2.2)

V(Grp+1) S U(Grgr1) — ¢(Gng+1)-

Which implies that ¢(Gpy+1) < 0. A contradiction. Hence G,, > Gp41 for all
n > 1. Since {G,} is a non-increasing sequence of positive real numbers there
exists r > 0 such that

lim G,, =r. (2.3)

n—roo

We shall show that » = 0. Suppose 7 > 0 then applying limit in (2.2) and using
(2.3), we have

P(r) < 9(r) = or) < o(r).

We obtain a contradiction. Therefore r = 0 that is.,

lim G, = 0. (2.4)

n—oo

Now, we show that {z,} is a G-Cauchy sequence. Suppose that, {z,} is not
G-Cauchy. Then, there exist ¢ > 0 and subsequences {2} and {z,)} of
{z,} with n(k) > m(k) > k such that,

G(l‘m(k),l‘m(k),l‘n(k)) >e, VkeN. (2.5)

Furthermore, corresponding to m(k) one can choose n(k) such that, it is the
smallest integer with n(k) > m(k) satisfying (2.5) then,

G(mm(k), T (k)s l‘n(k),l) <e¢, VkeN (2.6)
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Now
€ < G(Tmk)> Tmk) Tnk)) = G(Tni)s Tm(k)s Tm(k))
< G(Tm(k)s Tm(k)s Tnk)—1) + G(Tnk)—15 Tnk)—15 Tn(k))»

Taking limit ¥ — oo and using (2.4) we get

. G (k) T (k) s Tn(r)) = € (2.7)

k—o0

Now

G(Tm(k)=1> Tm(k) =15 Tr(k)—1) = G(Trk)—1> Tm(k)—1> Tm(k)—1)

G(Tn(k)—15 (k) Tn(k)) + G(Zn(k), Tm(k) 15 Tm(k)—1)
G(Tn(k)—15 Tn(k), Tnk)) + G(Zn(h), Tm(k)> Tm(k))

+ G(T () s T (k) =15 Trm(k)—1) (2.8)

[VANVAN

and

G(@n(k)> T (k) > T (k))
< G(Tnk)s Trm(k)— 1 Tm(k)—1) T G(Tmk)—15 Tm(k)s Tm(k))
< G(Trk) Trgk)y—15 Tnk)—1) + G(Tpk)y—15 Tm(k)—1> Tm(k)—1)
+ G(Zm (k) =15 T (k)> Tm(k) ) (2.9)

Using limit k¥ — oo in (2.8) and (2.9) and using (2.4) and (2.7) we get
lim G(mm(k),l,xm(k),lxn(k),l) = €. (210)

k—o0

Consider
(G (G(l“m(k)’ T (k) xn(k))
< ¢(M($m(k)—17xm(k)—ufﬂn(k)—hym(k)—hym(k)—uyn(k)—l))
- ¢>(M($m(k)—1, Tn(k)—1> Tr(k)—1s Ym(k)—1> Ym(k)—15 yn(k)—l))a (2.11)
where

M (T (k)15 T (k)—1> Tn(k)—1> Ym(k) =15 Ym(k)—1> Yn(k)—1)

G m — 1 m b m 2G n — 1 n b n
max{[[ (Zm(k)~1 Tm(k)> Tm(k) )" G (Zn (k) 1 Tn(i @ (k)]7 (2.12)
G(mm(k)flaxm(k)flaxn(k)fl)
G(xnb(k)—lvxm(k)—laxn(k)—l)}' (213)

Applying limit £ — oo in (2.13), using (2.7), (2.10) and (2.4) we get
Hm M (2 (k)15 T (k)15 Tn(k)—1s Ym(k) =1 Ym(k)—1> Yn(k)—1) = € (2.14)

k—o0

Taking limit of (2.11) using (2.7), (2.14) and lower semi continuity of ¢ we have

P(e) < ¥(e) — ple) < (o),
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which is contradiction. So € = 0. Therefore z,, is a G-Cauchy sequence. Simi-
larly by the same argument we can show that y,, is a G-Cauchy sequence. By
completeness of X, there is x., y. € X such that x, — =z, and y, — y.« as
n — oQ.

Now we have to show that (z.,y.) is a coupled fixed point of 7. Since T is
continuous on X and G is also continuous in each of its variable, so

G(T (s, ys), Tu, ) = G UM T(2p, yn), Ts, ) = G(4, Ts, T4) = 0.
n—oo

Hence, we proved that T'(z., y.) = . Similarly by the same argument we obtain
that T'(Y«, T«) = Yx. S0 (T4, yx) is a coupled fixed point of T'. O

Theorem 4. Suppose that the conditions of Theorem 3 are valid. In addition
suppose that for each (z,y),(u,v) € X x X ezists (w,z) € X x X which is
comparable to (x,y) and (u,v). Then coupled fixed point of T is unique.

Proof. Suppose that (z.,y.), (z',3') € X x X are two coupled fixed points.
Case 1
If (x4, ys), (xr,y) are comparable then from (2.1)

/ ’

VG(T (e, .), T, y), Ty ) <M (zera’ 2,y )
_¢(M(x*7xlam,7y*7y/ay,)7 (215)

where

’ ’ ’ ’

M(f*,m YL Y Y ,y)

’ ! ! ’ ! 2
— max G(x*,T(x*,y*),T(x*,y*))[Clv'(x/,T(x Y )7T(£L‘ Y )] ]7G($*7m”$/)
G(zy,x',2")
B G2y, 2y, 1) |Gz, 2, 22 b
max{ ER) Gz, x ) 7.

Which implies that

’ ’ ’ ’ ’ ’

M(I’MZE » L 7y*7y 7y ) :G(.T*,Jf » X )

From (2.15) we have

V(G(ae o 2)) = P(G(T (2, ye), T,y ), Tz ,y) < p(Glas, 2, 2),

which is contradiction. Hence we must have z, = z . Similarly we can easily
show that y, = y/ so couple fixed point is unique.

Case 2

If (x.,1.), (z',y) are not comparable by Theorem 3 there is a (u,v) € X x X
comparable to (2., y.) and (acl,y,) if there is mo € N such that 7™ (u,v) =
(4, ys), then
Tt (u,v) = T(24,ys) = T, in last we get T™(u,v) = z, for m > mg this
mean T (u,v) — x, for m — oo
if there is no such mq then for any m > 1

w(G(Tm(u,v),x*, :I,‘*) = TP(G(Tm(U’U),Tm(l”*,y*),Tm(m,y*)
< ”L/J(M(U, Ly Ty Uy Yy y*) - ¢(M(U7 Ly Ty Uy Y y*), (216)
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where

M(u,x*,m*,v,y*,y*)

— max { G(T™ ! (u, ), T™ (u, 0), T (u, 0) )[G(T™ (@, Yo ), T (s ), T™ (4, y:))]?
o G(T™ 1 (u,v), T N @, Y ), T (T, Y )) ’

G(Tm—l(u),U%Tm_l(x*’ y*),Tm_l(ﬂb‘*,y*))}

B G(T™ 1 (u,v), T, 24) [G(24, o, 1))
_max{ G(Tmfl(u,v)gr*,x*)

,G(Tm_l(u,v),x*,x*)}.

Which implies that
M(’LL, Ly Ly Uy Yy y*) = G(T’mil(uv ’U), Ly I*)
Putting M in (2.16), we have

Y(G(T™(u,v), Ty, ) < Y(G(T™ H(u, ), T, 24))
H(G(T™ Hu,v), Ty, 24)). (2.17)

This implies that
V(G(T™ (1, 0), T, o) < Y(G(T™ H(u,v), oy ),
since 1) is non-decreasing therefore,
G(T™(u,v), 7w, ) < G(T™ H(u,v), T, 1)

that is, {G(T™ (u,v), x«, x«)} is a decreasing sequence of positive real numbers.
Therefore, there is an «; such that {G(T™ (u,v), Z«, 2.)} — a1. We shall show
that av; = 0. Suppose, to the contrary, that a; > 0. Taking the limit in equation
(2.17) we get contradiction. So oy =0. Implies G(T™ (u,v), Z«, x.)=0, that is.,
T"(u,v) = z,. Similarly we can show that T (u,v) = y., (T™(u,v) = 2 and
(T (u,v) = y . Hence the coupled fixed point is unique. O

The next result is the generalization of Theorem 3. Because the proof is
similar, then it is omitted.

Theorem 5. Let (X, <) be a partially ordered set and let (X, G) be a G—complete
symmetric G-metric space. Suppose thatT : X x X — X andg: X — X are
a continues mappings such that T has the g—mixed monotone property. Suppose
that T(X x X) C g(X), g commute with T and satisfying

@ZJ(G(T(x,y),T(um),T(w,z)) < @ZJ(M(CC,U;UJ»%%Z) - ¢(M($7uuw7yvv7z)v
(2.18)
for all x,y,z,u,v,w € X with G(gz,gu,gw) # 0 and (gz,gy) =< (gu,gv) =
(9w, g2) or (9, gy) = (gu, gv) = (gw, gz), where

M('I:7 u? w7 y’ 7’}’ Z)

~ e { G (g2, T(x,y), T(x,y)) G (gu, T (u,v),T(u,v)) G (gw, T (w, z), T(w, 2))
G*(gx, gu, gw)

Y

G(gz, gu, gw) }
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Y €V and ¢ € . If there exist xg,yo € X such that grg = T(xo,y0) and
gyo = T(yo, o) then T and g have a coupled coincidence point (., y.) € X x X,
that is., (Tx,ys) satisfies g = T(Tu, Yu); gYx = T (Yu, T4).

Corollary 1. Let (X, G) be a partially ordered set and let (X, G) be a G—complete
symmetric G-metric space. Suppose thatT : X x X — X andg: X — X are
a continues mappings such that T has the g—mized monotone property. Suppose
that T(X x X) C g(X), g commute with T and for 0 < k < 1 satisfying

G(T(z,y),T(u,v), T(w,2)) < k(M(z,u,w,y,v, z),

for all z,y,z,u,v,w € X with G(gz,gu,gw) # 0 and (gz,gy) = (gu,gv) =
(gw, gz) or (9, gy) = (gu, gv) = (9w, gz), where
M(x’uﬂw?y7v7 Z)

_ maX{G(gm»T(w7y)7T(w7y)) G (gu, T(u, v), T(u,v)) G (g, T(w, 2), T (w, 2))
G*(gz, gu, gw)

)

G(gx, gu, gw) }

If there exist xo,yo € X such that gro < T(xo,y0) and gyo = T (yo,xo) then
T and g have a coupled coincidence point (x.,y.) € X x X, that is., (s, ys)
satisfies gr. = T(Tx,Yx), gYx = T(Ys, Ts).-

Proof. The proof follows by taking ¢(t) = ¢, ¢(t) = (1 — k)t where 0 < k < 1 in
Theorem 5. O

Remark 2. For 0 < a < %, 0< B8 < 1—16 and for all x,y,z,u,v,w € X with
G(gz, gu, gw) # 0 and (g, gy) = (gu, gv) = (gw,gz) or (9z,gy) = (gu, gv) =
(gw, gz) we have

G(T(x,y),T(u,v), T(w, 2))

Gz, T2, y), T2, y)G(gu, T (u, v), T(u, v)G(gw, T(w, 2), T(w, 2)]
- G(gz, gu, gw)?

+ BG(gz, gu, gw),
G (g2, T(z,y), T (x,y)) G (gu,T(u,v),T(u,v)) G (gw,T(w, 2), T(w, 2))
slat fymax { G2%(gz, gu, gw)

)

G(gx, gu, gw) }

where k = a4+ < 1. Clearly, the relation 0 < 8a+ [ < 1 implies that Corollary
1 is the generalization of Theorem 2. Therefore Theorem 5 is the generalization
of Theorem 2.

Now we give example which satisfying Theorem 5 but does not Theorem 2.

Example 2. Let X = [0,1] and consider the natural ordered relation in X,
defined G: X x X x X — RT by

0, ifr=y=z

G(x,y, Z) = {

max{x,y, z}.
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Then (X, G) is G—complete symmetric G-metric space. Let T : X x X — X
g: X =X, ¢:[0,00) = [0,00) and 9 : [0,00) — [0,00) define by,

23—y f >
b Z 1. pu )

Ty =4 + 057
0, ifx <y,

We discuss the following cases.
Case 1. (z,y) = (0,0),(u,v) = (0,0),(w,2z) = (1,0) it is clear that
(92, 9y) = (gu, gv) = (gw, gz) or (g, gy) = (gu,gv) = (gw,gz) and

W(G(T(0,0),7(0,0),T(1,0)) < 1(M(0,0,1,0,0,0) — ¢(M(0,0,1,0,0,0),

where G (T(0,0),7(0,1),7(0,1)) =1 and M(0,1,1,1,1,1) = 1.
Case 2. (z,y) = (0, ) (u,v) = (1,1),(w,z) = (1,1) it is clear that
(97.99) < (gu.gv) % (gw. g2)or (92.gy) = (gu,gv) = (gw,g2) and

P(G(T(0,1), T(1,1), T(1,1)) <p(M(0,1,1,1,1,1) = ¢(M(0,1,1,1,1,1),

where G (T(0,1),7(1,1),7(1,1)) =0 and M(0,1,1,1,1,1) = 1.
Case 3. (z,y) = (0, ) (u,v) = (1,0), (w,2z) = (1,0) 4t is clear that
(92, v) = (gu.gv) = (gw,g2) or (g2, gy) = (gu.gv) = (gw, g2) and

Y(G(T(0,0),7(1,0),7(1,0)) <(M(0,1,1,0,0,0) — ¢(M(0,1,1,0,0,0),

),T(1,0)) = % and M(0,1,1,0,0,0) = 1.
0 1) (u,v) = (1,1), (w, 2z) = (1,1) again it is clear that
92) or (gz.9y) = (gu,gv) = (gw,g=)and

where G (T(0,0),T(1,0
Case 4. ( ) = (0,

(g2, 9y) = (gu.gv) < (gu
Y(G(T(0,1),7(1,1),T(1,1)) < (M(0,1,1,1,1,1) — ¢(M(0,1,1,1,1, 1),
where G (T(0,1),7(1,1),T(1,1)) =0 and M(0,1,1,1,1,1) = 1.

Case 5. (z,y) = (u,v) = (0,1), (w, 2) = (1,1) also it is clear that (g, gy) =<
(gu,gv) < (gu.92) or (g2 gy) = (gu,gv) = (gu.g2) and

W(G(T(0,1),T(0,1),T(1,1)) < (M(0,1,1,1,1,1) — ¢(M(0,1,1,1,1,1),

where G (T(0,1),7(0,1),T(1,1)) =0 and M(0,0,1,1,1,1) = 1.

Clearly for (gz, gy) = (gu, gv) 2 (gw, gz) or (92, gy) = (gu, gv) = (gw, gz)all
the conditions of Theorem 5 hold. So (0,0) is the unique common coupled fixed
point of T and g. On the other side if we taking in the Case 8 o = 3 = % then
Theorem 2 fail to satisfy.
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TRIANGULAR NORMS BASED ON
INTUITIONISTIC FUZZY BCK-SUBMODULES

L. B. Badhurays', S. A. Bashammakh? and N. O. Alshehri®

Abstract: We introduce the concept of intuitionistic fuzzy BC K -submodules of
a BCK-module with respect to a t-norm and a s-norm and present some basic
properties.

Keywords : Intuitionistic fuzzy BCK-submodules, Triangular Norms, (Imagin-
able) Intuitionistic (T, S)-fuzzy BC K-submodules.

1. INTRODUCTION

The theory of fuzzy sets proposed by Zadeh [11] in 1965, and later on several
researchers worked in this field. As a natural advancement of these research works
we get one of the interesting generalizations of the theory of fuzzy sets that is the
theory of intuitionstic fuzzy sets propounded by Atanassov [1, 2]. In 1966 Imai
and Iseki [5] proposed the concept of BCK-algebra. Xi [10] applied the concept
of fuzzy set to BCK-algebras. Also Bakhshi [3] in 2011 introduced the concept of
fuzzy BCK-submodule of BCK-module and gave some related results. Recently,
Badhurays and Bashammakh [4] considered the intuitionistic fuzzification of the
concept of BCK-submodules in a BCK-module and investigated some properties
of such BCK-modules. In this paper, we are going to introduce the notion of in-
tuitionistic (7T,5)-fuzzy BCK-submodules by using triangular norms, say T and
S, and investigate several properties. We obtain some results on level sets of an
intuitionistic (7,5)-fuzzy BCK-submodule by using the concept of level sets and
triangular norms.

For the notations and terminology not given in this paper, the reader is referred
to Atanassov [1, 2] (1986, 1994), Jun [8] (2001), Jani§ [6] (2010), and Zadeh [11]
(1965).

2. PRELIMINARIES

First we present the fundamental definitions.

Definition 2.1. (Imai and Iseki [5]) a BCK-algebra is a set X with a binary
operation % and a constant 0 satisfying the following axioms :

(BCK1) ((zxy)x(x*2))x(z2xy) =0

1Department of mathematics, Faculty of Sciences, King Abdulaziz University, Jeddah, Saudi
Arabia. E-mail address: lbadhurays@stu.kau.edu.sa

2Department of mathematics, Faculty of Sciences, King Abdulaziz University, Jeddah, Saudi
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3Department of mathematics, Faculty of Sciences, King Abdulaziz University, Jeddah, Saudi
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2

(s (xxy)) xy =0,

zxx =0,

0xx =0,

z+xy =0 and y*x =0 imply that x =y,

—~ e~ o~ —~
s]
Q
-~
N
NN NN

for all z,y,z € X.
A partial ordering ”<” is defined on X by z <y iff x xy = 0.

Definition 2.2. (Zadeh [11]) By a fuzzy set p in a nonempty set X we mean
a function p: X +— [0, 1], and the complement of u denoted by [ is the fuzzy set
in X given by fi(z) =1 — p(z) for all z € X.

Definition 2.3. (Atanassov [1]) An intuitionistic fuzzy set (IF'S) in a universe
X is an object of the form

A ={(z,pa(x), Aa(z))|z € X},
where the functions p: X +—— [0,1] and A: X —— [0, 1] denote the degree of mem-
bership (namely p4(x)) and the degree of non-membership (namely A4 (z)) of each

element 2 € X to the set A respectively, and 0 < pa(x))+Aa(z) < 1forallz € X.
For the sake of simplicity, we shall use the symbol A = (pa(x), Aa(z)) for the IFS

A= {(z, pa(r), Aa(z))|z € X}

Definition 2.4. (Atanassov [1]) Let X be a non-empty set and A = (pa(z), Aa(z)),
B = (up(z), Ap(x)) be IFS’s of X. Then

(1) AC Biff pa(z) < pp(x) and Aa(z) > Ap(x) for all z € X.
(2) A=Biff pa(x) = pp(z) and Ag(z) = Ap(z) for all x € X

(3) A® = (Aa, pa).

(4) AN B = {z,min{pa(x), up(z)},max{a(z), Ap(z)} : x € X}.
(5) AUB = {z,max{pa(x), pp(z)},min{\a(z), Ap(z)} : x € X}.
(6) DA = {(z, pa(2), ia(2))] € X).

(7) 0A = {(z, X (x), Aa(2))] € X}

Definition 2.5. (Atanassov [1]) Let A = (pa(z), Aa(x)) be an intuitionistic fuzzy
set in M and let a € [0,1]. Then the sets

Ulja,a) = {x € M : pa(z) > a},
LAa,a) ={z e M: s(z) <a}

are called a p-level a-cut and a A-level a-cut of A, respectively.

Theorem 2.1. (Bakhshi [3]) Let X be a bounded implicative BCK-algebra. Then
(X,4+,0) is an X-module where ” +7 is defined as x +y = (x xy) V (y xz) and
Ty =T AYy.

Theorem 2.2. (Bakhshi [3]) A subset A of a BCK-module M is a BCK-submodule
of M iff a—b,xa € A, for everya,b€e A and x € X.

Definition 2.6. (Bakhshi [3]) A fuzzy subset A of M is said to be a fuzzy BCK-
submodule if for all m, my, me € M and x € X, the following axioms hold :

(1) A(mq +ms) > min{A(m1), A(ma)}
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Definition 2.7. (Badhurays and Bashammakh [4]) An intuitionistic fuzzy subset
A = (pa(z), a(z)) of M is said to be an intuitionistic fuzzy BCK-submodule of
M if for all m,my,ms € M and x € X, the following axioms hold :

(1) MA(ml +ma) > min{pa(mi), pa(me)},

Aa(my + mo) < max{Aa(mi), Aa(ms)}.
(2) pa(m) = pa(=m),Aa(m) = Aa(—m),
(3) pa(zm) = MA( ), Aa(zm) < Xa(m).

Definition 2.8 (Klir and Yuan [9]) a triangular norm (or t-norm) 7' is a mapping
T:[0,1] x [0,1] — [0, 1], which satisfies the following axioms for every z,y, z, €
[0, 1]:

(z,1) = z (boundary condition);

< z implies T'(z,y) < T(x, z) (monotonicity);

(z,y) = T(y,z) (commutativity);

(x,T(y,2)) = T(T(x,y), 2) (associativity).

JH
<

Definition 2.9. (Klir and Yuan [9]) a triangular conorm (or t-conorm) S is a
mapping S: [0,1] x [0,1] — [0, 1], which satisfies the following axioms for every

x,y,z,€[0,1] :
(S1) S(x,0) = « (boundary condition);
(S2) y < z implies S(z,y) < S(x, z) (monotonicity);
(S3) S(x,y) = S(y,x) (commutativity);
(S4) S(x,S(y,z)) = S(S(z,y), z) (associativity).

Both t-norm and s-norm are called triangular norms. For all «, 5 € [0, 1], It is clear
that

T(o, ) < min{a, f} < max{a, 5} < S(a, ).

Definition 2.10. ( Jun and Hong [7]) For a t-norm T and a s-norm S, we use
the symbols A7 and Ag as the sets :

Ar ={a €[0,1]|T(a,a) = a},
As ={a €0,1][S(a,a) = a},

respectively.

Definition 2.11. (Jun and Hong [7]) We say that the intuitionistic fuzzy set
A= (pa(x), a(x)) in M satisfies the imaginable property if

Im(pua) C Ar and Im(Xg) C Ag.

Definition 2.12. (Klir and Yuan [9]) The norms T and S are called dual if and

only if
Dl) T(z,y) = S(z,7),
D2) S(z,y) =T(z,g) for all z,y € [0,1]
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A few t-norms which are frequently encountered are 1;, T,,, and T, defined by
Ti(a,b) = max{a + b — 1,0} (Lukasiewicz), T),,(a,b) = min{a, b} (minimum) and

min{a,b} ifa=1orb=1,
T (a,b) = { otherwise (weak). ’

A few s-norms which are frequently encountered are S;,S,,, and S,, defined by
Si(a,b) = min{a + b, 1} (Lukasiewicz), Sp(a,b) = max{a,b} (maximum) andee

max{a,b} ifa=0o0rb=0,
otherwise (strong).

S(ab)—{

)

3. InTuITIONISTIC (T, S)-FUZZY BCK-SUBMODULES

Throughout this paper, M is a BCK-module and T is a t-norm and S is a s-
norm unless otherwise specified. we can extend the concept of the intuitionistic
fuzzy BCK-submodules of M to the concept of intuitionistic (T, S)-fuzzy BCK-
submodules in the following way:

Definition 3.1. Let T be a t-norm and S be a s-norm on [0,1]. An intuitionis-
tic fuzzy set A = (na,Aa) in M is called an intuitionistic fuzzy BCK-submodule
of M with respect to t-norm and s-norm (briefly, intuitionistic (T, S)-fuzzy BCK-
submodule of M) if it satisfies the following conditions for all m,my, mg € M:

(1) pa(my+mz) 2 T{pa(ma), pa(mz)},
A(ml +m2) < S’{)\A(ml) )\A(mg)}
(2) Agm) = pa(=m),Aa(m) = Aa(—m),

(3) pa(zm) > pa(m), Aa(zm) < Xa(m).

Example 3.2. Let X = {0, 1,2,3} and consider the following table:
0 2 3

DO O

0
1
0
1

OO OO

0
1
2
3

w N = O

Then (X, *) is a BCK-module over itself. Define a fuzzy set pa : M — [0,1]
by ©(0) = 0.5, u(m) = 03, m € M and Ay : M —— [0,1] by As(0) = 0.3,
Aa(m) = 0.5, m € M. Let T; : [0,1] x [0,1] — [0,1] be a function defined by
Ti(a,b) = max(a+b—1,0) for all a,b € [0,1] and let S; : [0,1] x [0,1] — [0, 1] be a
function defined by S;(a,b) = min(a + b,1) for all a,b € [0, 1]. Then T} is a t-norm
and S; is a s-norm. By routine calculations, we know that A = (ua(z), Aa(z)) is
an intuitionistic (77, S;)-fuzzy BCK-submodule of M.

Theorem 3.3. An intuitionistic fuzzy subset A of M is an intuitionistic (T, S)-
fuzzy BCK-submodule of M if and only if

(1) pa(mi —ma) > T{pa(mi), pa(mz)},
Aa(my —mg) < S{Aa(m1),Aa(ma)}.

(2) pa(zm) > pa(m), Aa(zm) < Aa(m).
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proof. Let A be an intuitionistic (7, S)-fuzzy BCK-submodule of M, then

pa(my —mso) = pa(my + (—ms))
> T(pa(ma), pa(—mo))
= T(:UA(ml)7 /J’A(mQ))7
Similarly, Ag(m1 —mz) < S(Aa(my),Aa(mz)). Condition 2 is hold by definition.
Conversely suppose A satisfies 1 and 2. Then we have by 2
a(—m) = pa((—1).m) > a(m),
and
a(m) = pa((=1).(=1).m) > ua(—m).
Thus 4(m) = a(—m). Similarly, Aa(m) = Aa(—m).
Also we have
pra(my +mz) = pa(my — (—ma))
pa(ma), pa(—ms2))
pa(ma), pa(mz))
Similarly,
Aa(my +ma) < S(Aa(m), Aa(ma)).
Thus A is an intuitionistic (T, S)-fuzzy BCK-submodule of M.

Proposition 3.4. Let Tand S be dual norms. If A = (ua, Aa) is an intuitionistic
(T, S)-fuzzy BCK-submodule of M, then so is OA = (ua,Ti4)-

Proof. For all my, my € M, we have

T(pa(ma), pa(me)) < pa(m +mo)

and so
T =ma(ma), 1 =Ta(mz)) <1 —Ta(my 4 m2)
hence
1=T1 =ma(m1), 1 =Fa(m)) = 1= (1 =Fa(my +mo)
which implies
T(1=Tia(ma), 1 = Tig(ma)) = Tig(ma + ma)

since T" and S are dual, we get

S(Ha(ma), fra(mz)) = Fa(mi +ma)
Moreover pa(m) = pa(—m) imply that

L—pa(m) =1—pa(=m),

Thus fiy(m) = fiu(—m). Now, let m € M and xz € X, since py is T-fuzzy BCK-
submodule of M, we have pa(z.m) > pa(m). Hence 1 — pyg(xz.m) < 1 — pa(m)

which implies T4 (xm) < Ty (m). Therefore OA = (pa,7i4) is an intuitionistic
(T, S) - tuzzy BCK-submodule of M.
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Proposition 3.5. Let T and S be dual norms. If A = (ua,Aa) is an intu-
itionistic (T, S)-fuzzy BCK- submodule of M, then so is OA = (Aa, \a).

Proof. For all my, ms € M, we have
S(Aa(my), Aa(ma)) > Aa(my + ma)
and so
S(1—Xa(my), 1 —Xa(mz)) >1— Xa(my +ma)
hence

1—S(1—=Xa(m1), 1 =2xa(m2)) <1 —(1—Xa(my +mo))

which implies

1= S(Xa(mi), Xa(m2)) < Xa(my + ma)
since T and S are dual

1 =T a(my), Aa(ma)) < Aa(my +ma)

that is

T(Aa(m1), Aa(mz)) < Aa(mg + ma).
Moreover
Aa(m) = Aa(—=m)
imply that 1 — Aa(m) =1 — Aa(—m), Thus Aa(m) = Aa(—m). Now, let m € M
and x € X, since A4 is T-fuzzy BCK-submodule of M we have A 4(z.m) < Aa(m).
Hence 1 — Aa(z.m) > 1 — A4(m) which implies Aa(xm) > Aa(m). Therefore
OA = (A, \a) is an intuitionistic (T, S) - fuzzy BCK-submodule of M.

Combining the above two Propositions it is not difficult to verify that the fol-
lowing theorem is valid.

Theorem 3.6. Let T and S be dual norms. Then A = (ua,Aa) is an intuitionis-
tic (T, S)-fuzzy BCK-submodule of M if and only if DA and CA are intuitionistic
(T, S)-fuzzy BCK-submodule of M.

Corollary 3.7. Let T and S be dual norms. Then A = (ua,Aa) is an intu-
itionistic (T, S)-fuzzy BCK-submodule of M if and only if ja and X4 are T-fuzzy
BCK-submodule of M.

From corollary 3.7 we immediately obtain the following result.

Theorem 3.8. An intuitionistic fuzzy set A = (ua,Aa) is an intuitionistic
(Ton, S )- fuzzy BCK- submodule of M if and only if the fuzzy sets pa and Aa are
fuzzy BCK-submodule of M.

Theorem 3.9. An intuitionistic fuzzy set A = (ua , Aa) is an intuitionistic
(Ton, S )-fuzzy BCK- submodule of M if and only if DA = (ua,fix) and OA =
(Aa, Aa) are intuitionistic (Ty,, Sm)-fuzzy BCK- submodule of M.

Proof. Let A = (ua,Aa) be an intuitionistic (T, Sy )-fuzzy BCK-submodule of
M. By Theorem 3.8, we get us = figand A4 are fuzzy BCK-submodule of M.
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Therefore OA = (pa,fiy) and OA = (A4, Aa) are intuitionistic (T}, Spm)-fuzzy
BCK-submodule of M. Conversely, assume that A = (ua,A4a) and OA = (ua, i)
and OA = (Aa,\a) are intuitionistic (T}, Sy )-fuzzy BCKsubmodule of M. Then
the fuzzy sets 14 and A4 are fuzzy BCK-submodule of M. Therefore A = (ji4,Aa)
is an intuitionistic (T}, Sp,)-fuzzy BCK- submodule of M.

Definition 3.10. An intutionistic (T, 5)-fuzzy BCK-submodule of M is called
an imaginable intuitionistic (7', S)-fuzzy BCK-submodule of M if it satisfies the
imaginable property.

Proposition 3.11. Every imaginable intuitionistic (T, S)-fuzzy BCK-submodule
of M is an intuitionistic fuzzy BCK-submodule of M.

Proof. Let A = (4, Aa) be an imaginable intuitionistic (7, S)-fuzzy BCK-submodule
of M. Then

pa(my +mg) > T(pa(ma), pa(ms))
and

Aa(ma +ma) < S(Aa(ma), Aa(mz))
for all mq,mo € M.
Since A = (4, A4) is imaginable, we have
min{pa(m1), pa(ms)}
= T(min{pa(ma), pa(me)}, min{pa(m), pa(ms)})
<T(pa(m), pa(mz))
< min{pa(mi), pa(mz)},
and
max{Aa(mi),Aa(ma)}
= S(max{Aa(m1), Aa(mz)}, max{Aa(m), Aa(ma)})
> S(Aa(ma), Aa(mz))
> max Aa(mq), Aa(ms).
It follows that
pa(my —msa)
> T(pa(ma), pa(mz))
= min{pa(m1), pa(mz)},
and
Aa(my —ma)
< S(ha(ma), Aa(ma))

= max{Aa(m1), Aa(ma)}.

Now let © € X and m € M. Since A = (ua,A4) is an intuitionistic (T, S)-fuzzy
BCK-submodule of M, we have pa(zm) > pa(m) , Aa(xm) < Aa(m). Therefore
A = (pa,Aa) is an intuitionistic (T, S)-fuzzy BCK-submodule of M.
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Note that every intuitionistic fuzzy BCK-submodule is an intuitionistic (7, .5)-
fuzzy BCK-submodule but the converse is not true as seen in the following Example.

Example 3.12. We consider the BCK-module M which is given in Example
3.2. Define an intuitionistic fuzzy set A = (ua,Aa) in M

02 if m=1 05 if m=1
pa(m)=< 03 if m=23 ; Xa(m)=1¢ 03 if m=23
05 if m=0 0.1 if m=0

Then A = (pa,Aa) is an intuitionistic (Ty,, Sy )-fuzzy BCK-submodule of M, but
it is not an intuitionistic fuzzy BCK-submodule of M since

#a(2+3) =pa(l) =02 < 0.3 =min(pa(2), 1a(3)).

Proposition 3.13. If an intuitionistic fuzzy set A = (ua, Aa) in M is an imagin-
able intuitionistic (T, S)-fuzzy BCK-submodule of M, then for allm € M, ua(0) >
pa(m) and Ag(0) < Aa(m) .

Proof. From Definition 3.1 (3) it follows that

1a(0) = pa(0.m) > pa(m)
and

Aa(0) = Aa(0.m) < Aa(m)
for all m € M.

Theorem 3.14. If A = (ua,Aa) is an imaginable intuitionistic (T,S)-fuzzy
BCK-submodule of M, then the set H = {m € M|u(m) = p(0)} and K = {m €
M|Xa(m) = Aa(0)} are BCK-submodule of M.

Proof. Assume that A = (4, A4) is an imaginable intuitionistic (7, S)-fuzzy BCK-
submodule of M, and let my,mg € M. Since A = (ua,A4) is an imaginable
intuitionistic (7, S)-fuzzy BCK-submodule of M, we have

pa(my —ma) > T(pa(m), pa(m))
= T(1a(0), 1a(0))
= pa(0)
for all my,ms € M, Using Lemma Proposition 3.11., we get pa(mq —msa) = pa(0).
Hence m; — my € H. Now let x € Xand m € M. Since A = (ua,Aa) is an
intuitionistic (T, S)-fuzzy BCK-submodule of M, we have pa(z.m) > pa(m) =
14(0). Using Lemma Proposition 3.11., we get pa(z.m) = pa(0) and so z.m € H.

Therefore H is a BCK-submodule of M. By similar method, we get K is a BCK-
submodule of M.

Definition 3.15. Let A = (4, A4) be an intuitionistic fuzzy set in BCK-submodule
M and let «, 8 € [0,1] with « + 8 < 1. Then the set

Afa,p) = {m € Mlua(m) > a, Aa(m) < B}
is called an («, #)-level set of A = (14, Aa).

Theorem 3.16. Let A = (ua,Aa) be an intuitionistic fuzzy set in M such that

917 L. B. Badhurays et al 910-924



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

9

A(a,p) is a BCK-submodule of M , for all (o, ) € [0,1] with o+ 3 < 1. Then
A= (a,Aa) is an intuitionistic (T, S)-fuzzy BCK-submodule of M .

Proof. Let my,mz2,m € M and x € X be such that A(my) = (a1, 51), A(me) =
(a2, B2) where a; + 3; < 1 for i = 1,2. Then m1,m2 € A(min(ar,as),max(81,8:)), and

80 M1 — Mg € Amin(al,az),max(ﬁhﬁz))'
Hence

wa(my —me) > min(ay, as) > T(aq, az),
and
Aa(mi —mg)) < max(fi, B2) < S(B1, B2).
Also, if we put s = a(m),t" = a(m) where '+t < 1. Then m € Ay ;). Since
A(gr 41y is a BCK- submodule of M, we have xm € A(y ). It follows that
pa(xm) = s" = pa(m)
and
Aalxzm) <t = Aa(m)
Therefore A = (pa,Aa) is an intuitionistic (7, S)-fuzzy BCK-submodule of M.

The following Example shows that the converse of Theorem 3.16 is not true.

Example 3.17. We consider the intuitionistic (T, Sy, )-fuzzy BCK-submodule
A of M which is given in Example 3.2. Then A 3,05 = {2,3,0} is not BCK-
submodule of M since 2 +3 =1 ¢ A(g.3,0.5)

Theorem 3.18. If A= (ua,Aa) is an intuitionistic (T, S)-fuzzy BCK-submodule
of M, then A ) is either empty or a BCK-submodule of M .

Proof. Let mi,ma € Aq ). Then pa(mi) > 1, pa(ma) > 1, Aa(my) <0
and A4 (mg) < 0. It follows from Definitions 2.10 and Theorem 3.3 that

pa(my —mz) = T(pa(ma), pa(ms)) =2 T(1,1) =1
and

/\A(ml — mg) S S()\A(ml),/\A(mg)) S S(0,0) = 0,
so my —ma € Aq ). Let m € Ay o) and z € X. Then

paom) > pa(m) > 1
and
Aa(zm) < Aa(m) <0,

S0 TMm € A(I,O)'
As a generalization of Theorem 3.18, we get the following Theorem.
Theorem 3.19. If A = (ua,Aa) is an imaginable intuitionistic (T,S)-fuzzy

BCK-submodule of M, then A, g is either empty or a BCK-submodule of M for
alla € Ap and 5 € Ag. with o+ 5 < 1.
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Proof. Let my,mg € A(q,3) where a € A, € Ag and a+ 8 < 1. Then

pa(my —msz)
> T(pa(m), pra(ms))
>T(a,a) =«

and
Aa(my —ma)
< S(Aa(m1),Aa(ma))
<S(8,8) =5,

and so m1 —ma € A(y,p)- Let m € A, gy and z € X. Then

pa(@m) = pa(m) = o
and
Aa(zm) < Xa(m) < 3,
so xm € A, g)-Hence A, gy is a BCK-submodule of M .

Proposition 3.20. (Bakhshi [3]) 4 fuzzy set in M is a fuzzy BCK-submodule of
M if and only if the non-empty U(u, ), a € [0,1] is a BCK-submodule of M.

By the above Proposition , we get the following result.

Corollary 3.21. If A = (ua,Ma) is an imaginable intuitionistic fuzzy set in
M. Then A = (pa,Aa) is an intuitionistic (T, S)-fuzzy BCK-submodule of M if
and only if the non-empty sets U(u, «) and L(\, «) are BOK-submodules of M, for
every (a, ) € [0,1].

From corollary 3.21 we immediately obtain the following Theorem.

Theorem 3.22. Let T be the minimum t-norm and let S the maximum s-norm
dual of T . Then an intuitionistic fuzzy set A = (ua, Aa) of M is is an intuitionistic
(T, S)-fuzzy BCK-submodule of M if and only if

Afap) = {m € M|pa(m) > o, Aa(m) < B}
is a BCK-submodule of M, where («, 8) € [0, 1].

Proposition 3.23. Let S be a non-empty subset of a BCK-module M. Then
an intuitionistic fuzzy set A = (ua,Aa) defined by

(m) = 1 if m e S, (m) = 0 if m € S,
HATT) = @ otherwise. AV = B8 otherwise.

where 0 < a < 1,0< 8 <1 and a+ B <1 is an intuitionistic (T, S)-fuzzy BCK
-submodule of M if and only if S is a BCK-submodule of M.

Proof. Let S be a BCK-submodule of M. Let mi,m € M. If m;,my € S,
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then my — mo € S, and so

pa(ms —mg) =12>

and

Aa(mi —mo) =

For m; € S, mg ¢ S, we have
palmi —mo) =a >
=T(pa(mi), pa(mz))
and
Aa(my —mg) =B <8
= 5(0,8)
= S(Aa(m1), Aa(ma2))

Similarly, for the case m; ¢ S, my € S, we have

pa(mi —ma) > T(pa(ma), pa(ms))
and
)\A(ml - mg) S S()\A(ml),)\A(mQ)).
Formy ¢ S ,mse ¢S,
pa(my —mg) >«
T(1,a)
>T(a,a)
T(pa(ma), pa(mz)),

and

Thus for all cases,
pa(my —ma) = T(pa(ma), pa(ms))
and
Aa(my —ma) < S(Aa(mi), Aa(ms)).
Next, let m € M and x € X, Then, if m € S then xm € S and so,
pa(@m) =1=1= pa(m)
and
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Aa(zm) =0<0=Ag(m).
If m ¢ S, then

pa(zm) 2 a = a(m)
and

Aa(zm) < B = Aa(m).
Therefore pa(zm) > pa(m) and Aa(zm) < Aa(m). Thus A = (pa,Aa) is an
intuitionistic (7, S)-fuzzy BCK-submodule of M .

Conversely, we assume A = (p4, A4) is an intuitionistic (T, §)-fuzzy BCK-submodule
of M. Let my,mqo € S, x € X. Then,

pa(my —mg) > T(pa(ma), pa(ms)) =T(1,1) =1,

hence pa(my —msg) = 1. Thus m; —mg € S. Also, pa(zm) > pa(m) = 1 implies
pa(xm) =1 implies xm € S. Hence, S is a BCK-submodule of M .

Corollary 3.24. Let S be a non-empy subset of a BCK-module M and let x
be the characteristic function of S. Then A = (xs,x%) is an intutionistic (T, S)-
fuzzy BCK-submodule of M if and only if S is a BCK-submodule of M.

Definition 3.25. (Jani§ [6]) Let A = (ua,A4a) be an intuitionistic fuzzy set of
X and let T be a t-norm. Then Ar, is a subset of X defined by

Apo =A{z € X[T(pa(z),1 = Aa(z)) = o},
for every « € [0,1]

Theorem 3.26. Let T and S be dual norms. If A = (ua,Aa) is an intuitionistic
(T, S)-fuzzy BCK-submodule of M. Then

Ap1={m e M|T(pa(m),1 — Aa(m)) =1}
is a BCK-submodule of M.

Proof. Let my,my € Ap;. Then,
T(pa(my —mz),1 — a(m1 —myz))
> T(T(pa(ma), a(mz)), 1 = S(a(m1), a(m2)))
T(T(pa(mz), (pa(ma)), T(1 = Aa(ma), 1 = Aa(mz)))
T(pa(mz), T(pa(m), T(1 = Aa(mi),1 = Aa(mz))
T(pa(mz), T(T(pa(ma), 1 — Aa(ma)),1 — Aa(mz)
=T(pa(msz), T(L = Aa(ma2), T(na(mi),1 — Aa(m1))
7( )
7(

)
)
)
)
)

T(pa(ma), 1 = Aa(mz)), T(pa(mi), 1 = Aa(m

Thus, we have T'(pa(mi —ma),1 — Aa(my —mg)) = 1 Therefore m; —mq € Ap ;.
Also, let z € X and m € Ap;. Then T(ua(m),1 — Xa(m)) = 1. Further,
T(pa(zm),1—=Aa(zm)) > T(pa(m),1—Aa(m)) = 1. Therefore zm € Ar ;. Hence,
Ar is a is a BCK-submodule of M.
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For any tringular norm T, the level set Ay , of an intuitionistic (T, S)-fuzzy BCK-
submodule of M is not necessarily to be a BCK-submodule of M. However, if T
is the minimum tringular norm, then all level sets Ap . of an intuitionistic (7, .5)-
fuzzy BCK-submodule of M are BCK-submodules of M.

Theorem 3.27. Let A = (ua,Aa) be an intuitionistic (T, Sm)-fuzzy BCK -
submodule of M such that Ty, Sy, are dual. Then for every « € [0, 1],

At o ={m € M|T(pa(m),1 = Aa(m)) > o}
is a BCK-submodule of M.

Proof. Let A = (ua(x), Aa(x)) is an intuitionistic (T, Sy, )-fuzzy BCK-submodule
of M. Let my, mg € Ar,. Then,

Trn(pa(my —ma), 1 — a(myg —my))

> T (T (pa(ma), pa(ms)), 1 — Sim(Aa(ma), Aa(ms)))

= T (T (pa(mz), (pa(mi)), T (1 = Aa(ma), 1 — Aa(ma)))
= Tm(pa(mz), T (pa(mi), Tm(1 — Aa(m1),1 — Aa(m2))))
= T (a(mz), T (Tin(pa(ma), 1 = Aa(mi)), 1 = Aa(mz)))
= Tin(pa(mz), T (1 — Aa(ma), T (pa(ma), 1 — Aa(m1))))
= T (T (pa(mz), 1 — Aa(m2)), Trm (pa(mi), 1 — Xa(ma)))
>Th(a,a) =«

Thus, we have
Tn(pa(ms —ma), 1 — 4(m1 —ms)) > «
Therefore, m; —mg € A, o. Also, let € X and m € A, o. Then

ms

Tin(pa(m),1 = Axa(m)) = a
Further,
Tin(pa(zm),1 = Aa(zm)) > Trn(pa(m), 1 — Aa(m)) > «

(1
Therefore we have T, (pa(zm),1—Aa(zm)) > o. Hence xm € A, . Thus Ar,, o
is a is a BC' K-submodule of M.

Definition 3.28. Let A = (ua,Aa) be an intuitionistic fuzzy set of X, let T
and S be dual norms. Then Ar g, is a subset of X defined by

Arsa ={r € XT(pa(x), S(pa(x), Aa(z))) = a}
for every a € [0, 1].

Theorem 3.29. Let A = (14, Aa) be an intuitionistic (T, S )-fuzzy BCK-submodule
of M, then

Ars1 ={m € M|T(pa(m),S(pa(m),Aa(m))) =1}
is a BCK-submodule of M.

Proof. Let A = (ua,Aa) be an intuitionistic (7', S)-fuzzy BCK-submodule of M.
Let mq,mg € Ar g1, then

T(pa(ma),S(pa(m); Aa(mi))) =1
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and
T(pa(mz), S(pa(ma), Aa(ms))) = 1.

Therefore pa(mi) > 1 and pa(msz) > 1 which mean that ps(mq) = 1 and
ta(mz) = 1. From monotonicity of T', we have,

T(pa(my —ma), S(pa(mi —ma), Aa(my —mz)))

> T(T(pa(mi —m2)), T(pa(mi —msz)))

> T(T(pa(m), pa(m)), T(pa(m), pa(m)))

T(1(1,1),7(1,1))

T(1,1)=1

Therefore, T'(pa(m1 —ma), S(pa(mi —ma), Aa(my —msz))) = 1 implies my,mo €
Arsi. Also, let x € X and m € Ap g1. Then, T(pua(m), S(pa(m),Aa(m))) = 1.
which impliese p4(m) = 1. Now,

T(pa(xm), S(pa(@m), Aa(zm)))

> T(pa(zm), pa(zm))

= T(pa(m), pa(m))

=T(1,1) =1

Thus, we have, T'(1a(xm), S(pa(xm), Aa(xm))) = 1. Therefore, xm € Arg1.
Hence, Ar g1 is a BCK-submodule of M.

Theorem 3.30. Let A = (pna,Aa) be an intuitionistic (T,,, Sm)-fuzzy BCK-
submodule of M such that Ty, Sy are dual. Then for every a € [0,1],

Ar.s.0 = {m e M[T(pa(m),S(pa(m),Aa(m))) = a}
is a BCK-submodule of M.

Proof. Let A = (ua,A4) is an intuitionistic (T,, Sy, )-fuzzy BCK-submodule of
M. Let mq,ma € Ar 5.0, then
T (pa(ma), Sm(pa(ma), Aa(mi))) 2 a
and
T (pa(ma), Sm(pa(ma), Aa(ms))) = a.
Therefore p4(m1) > a and pa(mg > «. Due monotonicity of T,,, we have,

Tn(pa(my —ma), Sp(pa(ma —mz), Aa(my — mz)))
2 Tn(pa(ma —ma)), (a(my —mz)))
= pa(my —mo)
> T(pa(ma), pa(ms))
> To(a, @)

=«
Therefore, Ty, (ppa(mi — ma), Sm(wa(ms — ma), Aa(mi — msa))) > « and hence
my —mg € At s,,.a- Also, let m e A s o and x € X. Then,

my my

T, (4 (m), Sy (14 (m), Aa(m))) > a
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which impliese p4(m) > «. From monotonicity of T,,, we have,
T (pa(zm), Sm(pa(zm), Aa(zm))
> T (pa(em), pa(zm))
= pa(zm)

> pa(m)
>

Thus Ty, (a(xm), Spm(pa(zm), Aa(xm)) > «. Therefore, zm € Ar, s, . Hence,
Ar,, 8,..o is a BCK-submodule of M.

4. CONCLUSION

One of the generalizations of fuzzy BCK-submodules, namely, intuitionistic
(T,S)-fuzzy BCK- submodules was defined and some properties of intuitionistic
(T,5)-fuzzy BCK-submodules are investigated. Also, some related results on level
sets of an intuitionistic (T,S5)-fuzzy BCK-submodule are investigated. These in-
vestigations of generalized fuzzy on BCK-modules could be enable us to discuss
further study in this field.
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Abstract
The purpose of this paper is to introduce some new sequence spaces of fuzzy numbers defined by
lacunary ideal convergence using generalized difference matrix and Orlicz functions. We also study
some algebraic and topological properties of these classes of sequences. Moreover, some illustrative

examples are given in support of our results.
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1 Introduction and preliminaries

The concept of ideal convergence is the dual (equivelant) to the notion of filter convergence introduced by
Cartan [4]. The filter convergence is a generalization of the classical notion of convergence of sequences of
real or complex numbers and it has been an important tool in the study of functional analysis. Nowadays
many authors studied this notion from various aspects and applied this notion to various problems
arising in the convergence theory. Kostyrko et al. [13] and Nuray and Ruckle [23] independently studied
in detalis about the notion of ideal convergence which is based upon the structure of the admissible ideal
I of subsets N of natural numbers. Later on it was further investigated by many authors, e.g. Tripathy
and Hazarika [26], Mursaleen and Mohiuddine [22] and references therein.

Let S be a non-empty set. Then a non empty class I C P(S) is said to be an ideal on S if and only
if (i) ¢ € I; (ii) I is additive; (iii) hereditary. An ideal I C P(S) is said to be non trivial if I # ¢ and
S ¢ I. A non-empty family of sets F' C P(S) is said to be a filter on S if and only if (i) ¢ ¢ F (ii) for
each A, B € F we have AN B € F; (iii) for each A € F and each B D A, we have B € F. For each ideal
I, there is a filter F(I) corresponding to [ i.e. F(I) ={K C S: K¢ € I}, where K¢ = S — K. We say
that a non-trivial ideal I C P(S) is an admissible ideal on S if and only if it contains all singletons, i.e.
if it contains {{s} : s € S}. Recall that a sequence z = () of points in R is said to be I-convergent to
the number ¢ (denoted by I-limxy = ¢) if for every € > 0, the set {k € N: |z — | > e} € I.

We used the standard notation 6 = (k) to denote the lacunary sequence, where 0 is a sequence of
positive integers such that kg = 0, 0 < k. < k41 and h, := k. — k,_1 — 00 as r — oo. The intervals
determined by 6 will be denoted by J, = (k,_1, k,] and the ratio 2= (r # 1) by ¢, (see [8]).

kr—1
The notion of lacunary ideal convergence for sequences of real numbers and fuzzy numbers, respec-

tively, has been defined and studied in [27] and [9]. Let I C 2 be a non-trivial ideal. A real sequence
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x = (z1) is said to be lacunary I-convergent to L € R, in symbol we shall write Ip-limxz = L, if for every
e > 0, the set
1
{TGN: h/_r Z |xk—L|25} cl.
ke,
Throughout the paper we use w to denotes the set of all real sequences © = (x). The difference

sequence spaces have been introduced by Kizmaz [12] by using the difference operator A as follows:
Z(A) = {(zx) € w: Az € Z},

for Z = lo,c,co and Axy = Alxy = 2 — 241 for all k € N, where the standard notations /o, ¢
and ¢y are used to denote the set of bounded, convergent and null sequences, respectively. Later this
idea was generalized by Et and Colak [6] by considering A™ instead of A, where (A"zy) = AL(A" " 1zy)
for n > 2 and all k € N. In case of n = 0 we obtain zj,. Tripathy et al. [28] presented another
generalization of difference sequence spaces by introducing the operator A}, and is given by Al'x =

(A7 xy) = (A" Lz, — A Lrp i ,,) so that A” zy has the following binomial representation:

Azxk = Z (_1)U (Z) Lk+muy

v=0

for all k € N. If we take n = 1, then Z(A”) is reduced to Z(A,,) which was introduced by Tripathy and
Esi [25], in this case the operator A,,x is given by A,z = (Apzr) = (¥ — Tg4m) for all k;m € N. The
choice of m =1 in the definition of Z(A”) gives us the difference sequence spaces introduced by Et and
Colak [6]. Bagar and Altay [1] introduced the generalized difference matrix B(r, s) = (bnx(r, )) by

if £ = n;
buk(r,s) =14 s, ifk=n—1;
0, if0<k<n-—1lork>n.

for all k,n € N and all non-zero real numbers 7, s. The generalized difference matrix B™ of order n has

been recently defined by Basarir and Kayikci [2] and its binomial representation is given by

" /n

Bn — n—v v .

Tk Z (V)T S Tk—v,
v=0

for alln € N and r, s € R — {0}. Another generalization of above difference matrix was given by Basgarir

et al. [3] as B, where B(, & = (B, xr) = (TBZ;)l{Ek + SBZ;)lxk,m) and B?m)xk =y, for all k € N,

which is equivalent to the following binomial representation:

Bk = Z (Z) Vs e
v=0

In [24], Orlicz introduced functions nowadays called Orlicz functions and constructed the sequence
space (LM). Krasnoselskii and Rutitsky further investigated the Orlicz space in [14]. Some recent related
work we refer to Mohiuddine et al. [19,20]. A function M : [0,00) — [0,00) is said to be an Orlicz
function if it is non-decreasing, continuous, convex with M (0) = 0, M (z) > 0 as z > 0 and M (z) — oo as
x — 00 (see [24]). It is well known that if M is a convex function and M (0) = 0, then M (Az) < AM (x)
for all A € (0,1). An Orlicz function M is said to be satisfy Ag-condition for all values of u, if there
exists a constant K > 0 such that M (Lu) < KLM (u) for all values of L > 1 (see, Krasnoselskii and
Rutitsky [14]).
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Lindenstrauss and Tzafriri [16] introduced the sequence space ¢ by using the notion of Orlicz function
by
éM_{(.Ik)GWSZM(@) < oo, forsomep>0}.
p
k=1

and proved that this space is a Banach space with the norm

||x||_inf{p>o:§:M(@> g1}.

k=1 P

Every space {3 contains a subspace isomorphic to the classical sequence space ¢, for some 1 < p < oo.
The space £, 1 < p < oo is itself an Orlicz sequence space with M (t) = [¢|P.

A sequence space F is said to be (i) normal (or solid) if (axxy) € E whenever () € E and for all
sequence (ay) of scalars with |ag| < 1 for all & € N, (ii) symmetric if () € E, whenever (zx) € E,
where 7 is a permutation of N.

Let E be a sequence space and K = {k; < ko < ...} € N. A sequence space of the form \E =
{(zk,) € w: (k,) € E} is called a K-step space of E. A canonical preimage of a sequence (zy,) € A\E is
a sequence (yx) € w and is defined by

o Lk ifke K
Yk = 0, otherwise.

A canonical preimage of a step space A\Z is a set of canonical pre-images of all elements in A\Z. We say
that E is monotone if E contains the canonical pre-image of all its step spaces. Note that every normal
space is monotone (see [11], pp. 53).

A sequence x = (zx) € loo (the space of bounded sequences) is said to be almost convergent, denoted

by ¢, if all of its Banach limits coincide. Lorentz [17] introduced this sequence space as follows:

c= {x €l : 111?1 tik(z) exists uniformly in j} ,

where
Ti+Tjp1+ ...+ Tjqk
" _ Y j itk
3+ (@) k+1
It is clear that
k
1
= > xjy; fork>1;
tik(z) = k; .

x; for k= 0.

Zadeh [29] introduced the concept of fuzzy set theory and its applications can be found in many
branches of mathematical and engineering sciences including management science, control engineering,
computer science, artificial intelligence. Matloka [18] introduced the bounded and convergent sequences
of fuzzy numbers and proved that every convergent sequence of fuzzy numbers is bounded. Later, various
classes of sequences of fuzzy numbers have been defined and studied by Colak et al. [5], Et et al. [7],
Mursaleen and Basgarir [21], Hazarika [10] and references therein.

Now recalling some notions of fuzzy numbers which we will used to prove our main results. Throughout
the paper we used w!’, ¢£ ¢f" and ¢l to denote the set of all, bounded, convergent and null sequence
spaces of fuzzy numbers, respectively. A fuzzy number X is a fuzzy subset of the real line R i.e., a
mapping X : R — J(= [0, 1]) associating each real number ¢ with its grade of membership X (¢). A fuzzy
number X is said to be (i) upper-semi continuous if for each e > 0, X1([0,a + ¢)) for all a € [0,1] is
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open in the usual topology of R, (ii) convex if X (t) > X (s) A X (r) = min{X(s), X(r)} for s < ¢t < r (iii)
normal if there exists to € R such that X (¢y) = 1.

We used the notation X“ to denotes a-level set of a fuzzy number X,0 < a < 1 and is given by
X*={teR:X(t) > a}. The set of all normal, convex and upper semi-continuous fuzzy number with
compact support will be denoted by R(J) and the fuzzy number we mean that the number belongs to
R(J). We used the symbol D to denote the set of all closed and bounded intervals X = [z1,x2] on R.
For any two sets X,Y € D, we define X <Y if and only if 1 < y; and x5 < y2. A metric d on D is
given by d(X,Y) = max{|z1 — y1|, |2 — y2|}. It is easy to see that (D, d) is a complete metric space.
Also, the relation < is a partial order on D.

The absolute value | X| of X € R(J) is given by

|X(t) = { max{X(fg,XH)}, fff >0,
’ ift <0.

Suppose that d : R(J)xR(J) — R is a mapping such that d(X,Y) = supg<q<3 d(X*, Y?). Then (R(J), d)
is a complete metric space.

We define X < Y if and only if X® < Y, for all & € J. By 0 and 1 we denotes the additive and
multiplicative identities in R(J), respectively.

A sequence u = (uy) of fuzzy numbers is said to be (i) bounded if the set {uy : k € N} of fuzzy
numbers is bounded, (ii) convergent to a fuzzy number ug if for every € > 0 , there exists kg € N such
that d(ug,uo) < ¢, for all k > ny, (iii) I-convergent (see [15]) if there exists a fuzzy number ug such that
for each & > 0, the set {k € N : d(ug,uo) > €} € I. We write I-lim uy, = ug, (iv) I-bounded if there exists

K > 0 such that the set {k € N:d(u,0) > K} € I.

2 Main results

Throughout the article we assume that I is an admissible ideal of N. In this section, we introduce the
following definitions. We introduce some new strongly almost ideal convergent sequence spaces using the
generalized difference matrix lem) and Orlicz function M. Let us consider a sequence p = (pi) of positive
real numbers and let m,n be any nonnegative integers. For some p > 0, we define the following sequence

spaces.

T

d(t;x(B" \ui),0 b
X Z lM( (i (m) t) )>] ZE}GI,uniformlyinjeN}

~ n 1
[WéF(M, 0, B(m),p)] = {(uk) ewl: {T eN: W

P
keJ,
_p » 1 d(tjr(Bpyur),uo) \ ™
[@'F (M, 0, By, )] = < (ux) € w - reN:h—Z M - >epel,
" ked,

uniformly in j € N and for some ug € R(J )}

. n 1
[wfo(Ma g, B(m),p)] = {(uk) e w’ :sup .
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(B2 \ug),0 Pr
X Z (Ea( (m) £, 0) < 0o, uniformly in j € N
p

keJ,
1
[@gf(M,o,Bgm),p)]_{(uk)ewF;3K>os.t.{reN;h—
(B \u 0 pr

X Z [ ( fan (m) ) )>] ZK} el, uniformlyianN}.
p
keJ,
Particular cases:

() If p = () = 1 for all k € N, we denote [@g"(M,0,B(,,p)] = [@§"(M,0, B,
[@'F(M,0,B7,,.p)] = [@F(M,0,BL,), [@5(M0,B,.p)] = [@5(M,0,Bp,) and
[@IF (M, 0, By, p)] = [@F (M. 0,B,)].

(ii) If M(z) = x, we denote [wg"(M,0,B(, ,p)] = [@" (0, B, p)], [@"(M,0,B;,,p)
[AIF(Q B?m)apﬂa [’&;go(Ma 95 B(m)ap)] = [@50(93 (m)ap)] and [’&;g(Ma 95 lem)ap)] =
@220, By, p))-

(iii) If 0 = (27), we denote [W("(M,0,B,, . p)] = [@{F(M, B, .p), [W*F(M,6,B", p)

(m)> (m)> (m)>
[ fF(M By o)), [BE(M.0,BY,.p)] = [@L(M,Bp,.p) and [GF(M.0,BY,.p)] =
[@1F (M, B, p)].

Throughout the manuscript, we will used the following well-known inequality. Suppose that p = (px)

is a sequence of positive real numbers with 0 < py < sup, px = H, D = max{1,2#-1}. Then
|CLk +bk|pk < l)(|CLk|p’c + |bk|pk) for all K € N and ag, by, € C.

Also |a|P* < max{1,|a|?} for all a € C.

Now we are ready to give our main results as follows.

Theorem 2.1. Let p = (px) be a bounded sequence of positive real numbers. The spaces
[@W8F (M, 0, By p)l; [@!F (M, 0, B0l [@E (M, 0, B, p)l, and [@wiF (M, 0, B,y p)] are closed with
respect to addition and scalar multiplication.

Proof. We prove the result only for the space [w!¥ (M, 6, B p)]- The others can be treated similarly.
Let u = (uz) and v = (v;) be two elements of [@W!¥ (M, 0, B,y p)] and a1, az be scalars. Let € > 0 be

given. Then there exist positive numbers p;, p2 such that

1 [ (d(tn(B un),u0) \ |7
P—{TEN:h—Z M( k (pl)k 0)] >

" ked,

Q= {T eN: hi Z -M (E(tjk(Bz;’)”)vk)’vO))]pk 2

" ked,

} el (uniformly in j € N)

DN | ™

and

N ™

} el (uniformly in j € N).

Let ps = max(2|a1|p1, 2|az|pz). Since M is non-decreasing and convex function, we have

Z l ( tik B(m)(aluk + asu)), 1o -1-61200))]]0,c

T ke, 3
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1 [M (alﬁ(tjk(B?m)uk), u@))
ke,

P3

- hi 3 lM (d(tjk(B?ka)aUO))

P1

o s Y (aza(tjk(B?ka),vo))rk

uniformly in j. Therefore, we have

d(tin(B?” | (arup + asvr)), a1ug + asv pr
{réN:%ZlM(Uk( (my (148 F 020k, 10t 20))] ZE}QPUQEI.

" ked, 3

uniformly in j. This yields (ayu + agv) € [@!F(M, 0, B,y p)]- This completes the proof. O
Theorem 2.2. Let My and My be two Orlicz functions. Then
(i) [Z(Ma, 0, B(,,,\, p)] € [Z(M1 M2, 0, B, p)].
(i4) [Z(My,0, B, p)] 0 Z(Ma, 0, B p)] C [Z(My + My, 0, BL,, ),
IF ~IF ~SIF oF

where Z = wy" , W', Wos , We,.

Proof. (i) Let u = (uy) € [w!F(Ma, 0, B, p)] and let € > 0 be given. For some p > 0, we have

{TeN%Z [MQ (d(th?m)m),uo))] ZE}GL 21

" ked, P

uniformly in j € N. Choose A with 0 < A < 1 such that M;(t) < e for 0 <t < A. We define

E(tjk(B?m) uk), uo)
P

Ve =

and consider

1 Pr — i Pk i Pk
keN;ggkgA[Ml(vk)] _kel%l;gng[Ml(vk)] +kef§lf,f>x[M1(”’“>] '

Therefore, one obtains

3 Pk H : Pk _
keél;gjg[Ml(vk)] < [Mi(2)] keél;gjg)\[vk] , (H—s%ppk)- (2.2)

For the second summation (i.e. vy > \), we go through the following procedure. We have

VEk VEk
< = <14 —.
VeSS EE

It follows from the fact that M; is convex and non-decreasing,

v 1 1 2v
M (vx) < My (1 + Tk) < §M1(2) + §M1 (Tk> )

Since M, satisfies As-condition, we can write

1 VEk 1 VEk VEk
M —K—M(2)+=-K—M;(2) = K—M;(2).
1(vr) < 5E—=M(2) + 5K~ M(2) S Mi(2)
This yields the following estimates:
. Pr o< -1 H : Pk | .
M) < max {1, (KA MG@)T) Tim o] (2.3)
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It follows from (2.1), (2.2) and (2.3) that
(ug) € [@F (M. Ma, 0, By, p)]-

HGHCG, [’&;IF(M25 97 lem) ) p)] g [’&;IF(Ml'M25 97 lem)ap)]

(ii) Let (ux) € [@!F (M, 0, By, p)IN [@!F (Ms, 0, Bf,),p)]. Let € > 0 be given. Then there exists
p > 0 such that

d(tik(B? \ug), w P
{TGN:hi Z lM1< (51 (B k) O)>] ZE} el (uniformly in j € N)

" ked, P

and

d(tik(B? Jup),u br
{TENS%Z [Mg( (4 (m) ¥ 0)>] ZE}EI (uniformly in j € N).

" ked, P

The rest of the proof follows from the following relation:

{r eN: hi S| (v + M) (d(tjk(BFm)uk)’uo)ﬂ > 5}

" ke, P
d(tin(B" \ug),u pr
Q{TGNSLZ lM1< (Jk( (m) k) 0))] ZE}
hy P
keJr
1 d(tjx(B, ur), uo) \ ]
U{TGN:Ekg lM2< P =ef

O

Note that if we take My (z) = M (z) and Mz(x) = « for all x € [0,00) in the above theorem, then
we obtain the following corollary:
Corollary 2.3. One has [Z(0, B?m),p)] CZ(M,0, B?m),p)], where Z = wht, w!'f', wll, of .

As in classical theory, the following is easy to prove.

Theorem 2.4. (a) If M;(xz) < Ma(x) for all x € [0,00), then [Z (M, 0, B?m),p)] C [Z(M-,0, B?m),p)]

for Z = wiF W't and wL.
(b) If n1 < gy then [Z(0, B?ﬂll),p)] C [Z(e, B?ﬂ"’l),p)] for Z = wiF W't and wL.
Theorem 2.5. Let M be an Orlicz function. Then
807 (0.0, B, p)] € (877 (0.0, B, p)] € [85(M.0, B )

and the inclusions are proper.

Proof. Suppose that (uy) € [@'" (M, 0, B, . p)]. Let € > 0 be given. Then there exists p > 0 such that

{r eEN: hi 3 [M (E(tjk(BF“:uk)’UO)ﬂ > 5} el
" ked,
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Clearly,

o (E(tjk(B?m)uk),ﬁ)> Ly (E(tjk(BFm)uk),uo)> Ly (E(u0,6)> '
p 2 p 2 p
Taking supremum over k on both sides of above inequalities implies that (uy) € [@L (M, 0, B,y p)]-
Thus, we have [@!F (M, 0, B?m),p)] C [@E (M, 0, B?m),p)].
The inclusion [@&F (M, 6, B, p)l C [@!F (M, 0, B,y p)] is obvious.
We now show that the inclusion is strict in the above theorem by constructing the following

illustrative example.

Example 2.1. Suppose that 6 = (2") and M (x) = z for all € [0, 00). Suppose also that r =1, s = —1,

n =1, m = 2. Let us define the sequence (ux) of fuzzy numbers by

St+1  if —E<t<o;
up(t) =< —St+1 if 0<t< ¥
0 ,  otherwise,

where k= 2" (i = 1,2,3,...), otherwise ui(t) = 0. For a € (0,1], the a-level sets of u and B, juy are

e = s@=D.50-a) if k=2li=123..
u =
k [0,0] ,  otherwise

and _
[3a—1),5(1—a)] for k=2

Blyu]” =
[B(z)ur] { [0, 0] : otherwise .

It is easy to prove that —% < [Tj]* < % for a € (0, 1], where [T}]* = [t; x(Byyux)]* = [ﬁ S, By ur]®.

Because _
o g | @D A0 @) for k=2
k k = M
P [0, 0] , otherwise
and
o [Ha—1),31—-a)] if j=0

tix(Blyu = 3 '3

1Bz i) { [0, 0] ,  otherwise .
Thus (7}) is I-bounded but not I-convergent. O

Theorem 2.6. The inclusions [Z(M, 0, B?ﬂ;)l,p)] C [Z(M,8, B?m),p)] are strict for n > 1. In gen-

eral [Z(M,0, Bzm),p)] C [Z(M,0, lem),p)] (i = 1,2,...,n— 1) and the inclusion is strict, where
Z = GLF, & F, olF | oF .

Proof. Suppose that u = (ux) € [WF (M, 0, B?ﬂ;)l,p)]. Let € > 0 be given. Then there exists p > 0 such

that _ ) .
1 d(tjx(B, .\ ur),0)
{reN:h—Z[M< JE(m) >ebel
" ked, P

Since M is non-decreasing and convex it follows that

lM (E(tjk(B?ka), 0) )] "
2p
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<

v At (Bl un), tin (Bl un1),0) \ |7
2p
1 (d(t(B, ur),0) 1 (Bl urn), 0)\ 17
<D|=-M 5]\/[
p

2 p

d(ts(B rug),0)\ 17" d(tin(B"lu O\

SDK [M( (Jk( (m) k) )) L DK | M (Jk( (m) k+1) ) ,
p

Pk
+ D

p

where K = max{1, (%)H} Therefore we have

1 d(tjn(B,yur),0)\ ™
{TeNzh_z M< By )] ZE}

" ked,
) {TEN:DK% 5 lM (d(tjkw?m) um)] 25}

" keld,. P

A (E(tjk(B?m)lukH),ﬁ))r’“ - E} |

p

U{reN:DKhiZ

" ked,

{r €N: hi 3 [M (d(tjk(Bg“:uk)’o)ﬂ > 5} el

" ked,

ie.

Hence, (ux) € [@4F (M, 0, B,y )
We now show that the inclusion is strict in the above theorem (Theorem 2.6) by constructing the

following illustrative example.
Example 2.2. Let § = (2") and M(x) = x for all x € [0, 00) Suppose also that r =1, s = =1, n = 2,
m =2 and p; = 1 for all £ € N. We now define the sequence (uy) of fuzzy numbers by

e+l iR -1<t<0;
up(t)=q -z +1 , if0<t<k*+1;

0 , otherwise.
For « € (0, 1], the a-level sets of uy, B(12)uk and B(22)uk are as follow:
sl = [(1— ) (R — 1), (1— ) (k2 + 1),

and
[Bioyur]® = [(1 — @) (4k — 6), (1 — a)(4k — 2)],
[Blyyur)® = [4(1 — @), 12(1 — a)].

It is easy to verified that the sequence [B%Q)uk]o‘ is not I-convergent but [B?Q)uk]o‘ is I-convergent. [

Theorem 2.7. Let 0 < pr, < qr < oo for each k. Then [Z(M, 0, B?m),p)] C [Z(M,0,B" .,q)] for

(m)
Z = Wt and w'F.
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Proof. Let (ux) € [@W{F (M, 6, By, p)- Then there exists a number p > 0 such that

d(tjx(B? \ui),0 b
{TENS%Z lM( (31 By ) >>] ZE}EI (uniformly in j € N).

" ked, P

For sufficiently large k, since pi < gi for each k, therefore we obtain

i (B ). 0)\ "
U ()] =

Q{TGN:%Z M(d(tjk(Bin)Uk),O)>] ZE}GL

" ked,
uniformly in j € N, i.e. (ug) € [WF (M, 0, B4 q)]-

Similarly, we can show that |@!¥ (M, 6, B(m),p)] C [w!'* (M, 8, B q)]- O
Corollary 2.8. (a) Let 0 < infy pr, < p < 1. Then [Z(M, 0, B?m),p)] [Z(M, 0, B(m))] for Z = witf
and w'F.

(b) Let 1 < pip < supy pp < 00. Then [Z(M, 0, B(,,\)] € [Z(M,0, B, p)] for Z = Wt and w!F

Theorem 2.9. If I is an admissible ideal and I # I, then the sequence spaces [WhF (M, 6, By ,p)] and

Wl (M, 6, B?m),p)] are neither normal nor monotone, where Iy denotes the class of all finite subsets of

N.

Proof. To prove our result, we construct the following example.

Example 2.3. Suppose that M (z) = x for all x € [0,00) and r = 1, s = =1, n = 1, m = 1. Consider
that I = I, where Is = {A C N: asymptotic density of A (in symbol, §(A)) = 0} and note that I is an
ideal of N, and pp = 1 for all k£ € N. We now define the sequence (uy) of fuzzy numbers by

L4t—k , iftelk—1,k);
upg(t) =< 1—t+k , iftelkk+1];

0 , otherwise.

Let us define
1 , if kis odd,;
o =
0 , ifkiseven.
Thus (aug) ¢ [WHF(M,0, B,
[@iF (M, 6, Bl p)] and @w!F(M, 0, B(m),p)] are not normal and hence these spaces are not mono-

tone. O

) ,p)] and w'F (M, 0, By p)]. Therefore, we conclude that the spaces

Theorem 2.10. If I is an admissible ideal and I # Iy, then the sequence space [Z(M, 0, B?m),p)] is not

symmetric, where Z = wéF w!F.

Proof. We shall prove the result only for the space [w!F (M, 0, B, p)] with the help of the following

example. For other space, the proof is similar so we omitted.
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Example 2.4. Suppose that M(z) =z forallz € [0,00) and r =1, s=—-1,n=1,m=1. Let I = I
and p, = 1 for all k € N. We now define the sequence (uy) of fuzzy numbers by

t—4k+1 , ift €[4k — 1, 4k];
up(t) =< —t+4k+1 , ifte [4k, 4k + 1];
0 , otherwise.

Thus, we have (uy) € [@!F (M, 0, B?m),p)]. But the rearrangement (v) of (uy) defined as
vk = {u1, us, u2, ug, Uz, Ute, Us, Us, Ug, --- }-

This implies that (vy) ¢ [@!F(M, 0, B?m),p)]. Hence [@w!¥(M, 0, B?m),p)] is not symmetric. O
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Abstract
In the paper, the authors establish an exponential representation for a function involving the
gamma function and originating from investigation of the Catalan numbers in combinatorics,
find necessary and sufficient conditions for the function to be logarithmically completely mono-
tonic, introduce a generalization of the Catalan numbers, derive an exponential representation
for the generalization, and present some properties of the generalization.
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arithmically completely monotonic function; gamma function; Catalan number; generalization;
property; Catalan—Qi function.

1 Introduction

It is known [4, 21], 22] that, in combinatorics, the Catalan numbers C,, for n > 0 form a sequence of
natural numbers that occur in tree enumeration problems such as “In how many ways can a regular
n-gon be divided into n—2 triangles if different orientations are counted separately?” whose solution
is the Catalan number C,,_5. Explicit formulas of C,, for n > 0 include

1 (2 2"@2n—D)1 1[ 2m )\ . 4T(n+1/2)
_n+1(n)_ (n+1)! _n<n1)_2F1(1_n’_n’2’1)_ﬁF(n+2)’ (1)

where I'(z) = fooo t*=le~tdt for R(z) > 0 is the classical Euler gamma function and

n

qu(al,...,aP;bl,...,bq;z):ZM; (2)

n=0
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is the generalized hypergeometric series defined for a; € C and b; € C\ {0, —1,—2,... }, for positive
integers p,q € N, and in terms of the rising factorials (x),, = Z;é (z + k). The asymptotic form

for the Catalan function C}, is

c 4* 1 9 1 145 1
xwﬁ x3/27§m5/2+@x7/2+“' ’

see [3, [, 21 22| 24]. Recently, among other things, the formula

pAA L K\ o I k! (2 — k1
C, = (—1)",”22;@2(—1)5(@) [[«-2m)= ~ 2k< 2n— 1) )[Z(n—kz) -1
k=0 " ¢=0 m=0 k=0
was found in [I8, Theorem 3]. For more information on the Catalan numbers C,,, please refer to
two monographs [2], B] and references cited therein.
In the paper [20], motivated by the explicit expression , the authors established an integral
representation of the Catalan function C, for x > 0.

Theorem 1.1 ([20, Theorem 1]). For xz > 0, we have

3247 (x + 1/2)" 1/ 1 11\, _ 26\
S R I

Recall from [8, Chapter XIII], [T9, Chapter 1], and [25, Chapter IV] that an infinitely differen-
tiable function f is said to be completely monotonic on an interval I if it satisfies 0 < (—1)* f(¥) (z) <
oo on I for all & > 0. Recall from [II] that an infinitely differentiable and positive function f is
said to be logarithmically completely monotonic on an interval I if 0 < (—1)*[In f(z)]®) < oo hold
on [ for all k£ € N. For more information on logarithmically completely monotonic functions, please
refer to [14, [19).

The formula can be rearranged as

V (z +2)o+3/2 /°° 1/ 1 1IN, im o
1 C.| = - -4z /2 et dt. 4

Hear(n + 1/2)" L i\eo1 1)l e )e @
Since the function %(L % + %) is positive on (0, 00), the right-hand side of is a completely

et—1
monotonic function on (0,00). This means that the function

(I + 2)x+3/2
47 (x +1/2)= "

(5)

is logarithmically completely monotonic on (0, 00). Because any logarithmically completely mono-
tonic function must be completely monotonic, see [I4, Eq. (1.4)] and references therein, the func-
tion is also completely monotonic on (0, co).

By virtue of , the function can be rewritten as

(z +2)*+3/2T (2 +1/2)
(x+1/2)*T(x+2) ’

Hence, the logarithmically complete monotonicity of implies the logarithmically complete mono-
tonicity of @ The function @ is the special case F 5 o(x) of the general function

x > 0. (6)

['(z +a) (x+b)*tb—a

Faplw) = (x+a)* T(x+b) ’

a,beR, a#b x>—min{a,b}. (7)
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We notice that the function Fy ;(x) does not appear in the expository and survey articles [9,[14] and
plenty of references therein. Therefore, it is significant to naturally pose an open problem below.

Open Problem 1.1 ([20, Open Problem 1)). What are the necessary and sufficient conditions on
a,b € R such that the function Fyy(x) defined by is (logarithmically) completely monotonic in
x € (—min{a, b}, 0)?

This problem was answered in [6, Theorem 2] as follows.

Theorem 1.2 ([6, Theorem 2]). The sufficient conditions on a,b such that the function [F, ,(x)]*
defined by is logarithmically completely monotonic in x € (— min{a, b}, 00) are (a,b) € D1 (a,b),
where

Dy (a,b) ={(a,b):a2b,a> 1}U{(a,b):a§b,a< ;}

The necessary conditions on a,b for the function [F, ,(z)]! to be logarithmically completely mono-

tonic in x € (—min{a, b}, 00) are a(a — b) z asb,

The aims of this paper are to establish an exponential representation for the function Fj, ;(x),
to find necessary and sufficient conditions on a, b for [F, ;(z)]*! to be logarithmically completely
monotonic on [0,00), to introduce a generalization of the Catalan numbers C,,, and to derive an
exponential representation for the generalization of C,.

The first main result in this paper can be stated as the following theorem.

Theorem 1.3. For a,b > 0, the function F, () defined by has the exponential representation

Fop(x) =exp b—UH-/OO1 a+1— ! (e —e *)e "t dt (8)
“ o t t 1—et

on [0,00) and the function [F, ,(x)]** is logarithmically completely monotonic on [0, 00) if and only

if (a,b) € Di(a,b).
Comparing with hints and stimulates us to consider the three-variable function

I'(b)

Cla,b;z) = Ta)

b\°I'(z+a
(2) Tets R@.R0) >0 RE)20 Q
Since C(%,?;n) = C, for n > 0 is of the form , we can regard C(a,b;z) as an analytical
generalization of the Catalan numbers C),. For uniqueness and convenience of referring to the
quantity C(a,b;z), we call C(a,b;x) the Catalan—Qi function and, when taking x = n € {0} UN,
call C(a,b;n) the Catalan—Qi numbers.

By virtue of the integral representation in Theorem [1.3] we immediately derive an integral
representation for the Catalan—Qi function C(a, b; x).

Theorem 1.4. For a,b > 0 and x > 0, we have

k) /b\* (z+4a)”
O(avb; 33) = ( ) <> ($(+ b)zlba

1 1 1
X exp |:b —a +/0 Z (16t - ; — a) (e_”t — e_bt)e_’”t dt|. (10)
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Remark 1.1. Can one give a combinatorial interpretation of the Catalan—Qi function C(a,b;x)
defined by @ and its integral representation ?

In [22] and related references therein, the following simple properties of the Catalan numbers
C,, are listed:

3
8

2(2n +1) o

N -2 an 11

Cn+1 n-+2 Cna 1)' k:l = 4n a ( )
) 22n I (2z) o "

nz::O Cn (2n)! oz [Io(2z) — I (2z)] = nz::O Cnni (12)

where

)_ %) 1 E 2k+v
o= — KI0(v +k+1) \ 2

for v € R and z € C, see [1 p. 375, 9.6.10], is the modified Bessel function of the first kind.
Corresponding to these properties, the following properties of the Catalan—Qi function C(a,b; 2)
can be obtained.

Theorem 1.5. Forn >0 and R(z) > 0, we have

bz+a D\""a+k
. 1_7 . . . — . .
Cla,b;z+1) = ~ bC(a,b,z), C’(a,b,n)-(a) :Oib o
a\" a
(2 ) =—— +1> 1
n_l(b> C(a,b;n) a1 b>a > 1;

1 b
ZCabn ) —1F2< o) ) ZCabn —1F1<a;b;aa:).

Remark 1.2. When a = % and b = 2, the formulas in Theorem become those listed in

and .
Remark 1.3. The last two formulas in Theorem |1.5| show that the functions 1F2( a; 27b7 %mz) and
1F1 (a, b; am) can be regarded as the generating functlons of the Catalan—Qi numbers C(a, b;n).

2 Proofs of Theorems 1.3 to 1.5

We are now start out to prove Theorem [I.3] by two approaches and to prove Theorems [I.4] and [L.5}
First proof of Theorem[1.3 Taking the logarithm of F, ,(z) gives
InF,p(x) =Inl(x+a) —zln(z+a) —InT(z+b) + (z+b—a)ln(z +b) £ fu(z) — fulz +b—a).
Differentiating twice with respect to the variable x of f,(z) yields

1 a
r+a (z+a)?

Jole) = (e +a) ~In(+a) + —— —1 and f/(x) = /(e +a) -
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By virtue of the formulas

o] t"e —zt

() = (-1 |

~dt and T(z) = k/ t*~le kt d¢
o l—e™t 0

for ®(z) > 0, R(k) > 0, and n € N in [I} p. 260, 6.4.1] and [I], p. 255, 6.1.1], we obtain

Mo N _l_g_/m 1 —at
J(x—a)=v¢'(x) . =), == 3 a|te” " dt.

Accordingly, we have

1

o 1
[0 Fop(@)” = £ (@) = fi(x+b—a) = / (1 -7 a)t[e‘“*“” —e (] dt
0 — €

i 1 1
= / ———a t(e*‘” - e*bt)e*m dt.
o \l—et ¢

The famous Bernstein-Widder theorem, [25 p. 161, Theorem 12b], states that a necessary and
sufficient condition for f(z) to be completely monotonic on (0,00) is that f(z) = [~ e " d u(t)
where 1 is a positive measure on [0, 00) such that the above integral converges on (0,00). Hence
in order to find necessary and sufficient conditions on a,b such that the function [In F, ;(x)]” is
completely monotonic on (0, 00), it is necessary and sufficient to discuss the positivity or negativity

of the function
; — 1 —a t(e_at — e_bt) (14)
1—et ¢

(13)

n (0, 00).
It is clear that the factor e~ — e~% is positive (or negative, respectively) if and only if b > a

(or b < a, respectively). Since the function —— — 1 = 15 — 1 41 is strictly increasing on (0, c0)

t et—1
and has the limits lim,_,q+ (# - %) = % and limt_)oo(?le_t — %) =1, see [B, [15] and references
therein, the factor 171€_t - % — a is positive (or negative, respectively) on (0, c0) if and only if a < %

(or a > 1, respectively). Consequently, the function is
1. positive if and only if either b > a and a < % orb<aanda>1,
2. negative if and only if either b < a and a < % orb>aanda>1.
As a result, the function *[ln Fy, ;(x)]” is completely monotonic on (0,0) if and only if (a,b) €

Di (a, b)
By a straightforward computation, we see that

L x+b a(b—a)
e Fap@l = Jig 9l d @) =9 D4 o e+ D)

=0 (15

for all a,b € R. This implies that, if and only if (a,b) € D (a,b), the first logarithmic derivative
satisfies [In Fy, ()]’ < 0. By the definition of logarithmically completely monotonic functions, we
conclude that, if and only if (a,b) € D4 (a,b), the function [F, ;(z)]*! is logarithmically completely
monotonic on (0, c0).
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Integrating from u to oo with respect to x on the very ends of and considering the limit

give
) = [ (o a) e e
0 — €

Further integrating with respect to u from x to co on both sides of the above equality and employing
the limit lim, oo F,5(2) = €279 reveal that

“1 1 1 —a —b —x
lnp‘a,b(x):l7—6l—|—/0v t(l—et_t_a)(e t—e t)e tdt

The first proof of Theorem [I.3]is thus complete. O

Second proof of Theorem[1.3. As did in the proof of [20, Theorem 1], employing the formula

z—1/2 —=z <1 1 1 1 —zt
InT(2) =In(v2rz e ?) + - ——4+ - e **dt

0 t et—l t 2

in [23, (3.22)] and utilizing In & = [ &= 4y in [1] p. 230, 5.1.32] yield

1 r+a > 71
InF — — 21 - - —at __ —bt
nF,,(z)="> a—l—(a 2) n —|—/O (2 t _1> " (e )dt
=b—a+ a—1 /Doe_xt(e_bt - dt—&—/OO - == _“t—e_bt)dt

- 1)( —bt at)e—wtdt
—h — 001 17 1 —bt _ —at\ —at
=b a+/0 t<a+t 1_6_t>(6 e )e dt.

The rest of the second proof is the same as in the first proof after the equation . The second
proof of Theorem is complete. O

I
S
I
IS
_|_
S—
3
S
/N
I
N
|
[N
~

Proof of Theorem[I.4) This follows from straightforwardly combining (7) and (8) with (9). O

Proof of Theorem[1.5 It is easy to see that

Cla,b;z+1) =

I'(b) <2)Z+1F(z+a+1) _bz+al(b) (b)ZF(ZJra) bz+a

I'(a) T(z+b+1) az+bT(a) T(z +b) :az_’_bc(a,b;z).

Consequently, when taking z =n — 1,

-1 2 -1 )
bn+a (b) n+a n+a Clabin —2)

. _ 2= - ‘n—1)=
Cla, bin) an—l—b—lc(a’b’n ) n+b—1n+b—2

n nn—1
b\ ' n+a—-1n+a—2 a+1la b a+k
- =2 z T I ,
(a) nb—intb—2 bripC@h0 (a) L5k

a
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By (]E[)7 it follows that

~(a\" . T() <T(n+a) TOT(a+1)I(b-—a-1) a
Z(b) Cla,bin) = 703 Z«l T(n+b) T(a) TOTOG-—a)  b-a-1

n=1

The last two formulas in Theorem [I.5] can be straightforwardly derived from the definition
of the generalized hypergeometric series. The proof of Theorem [I.5]is complete. O

Remark 2.1. This paper is a companion of the articles [6l [7, 12| (T3] [16, (18} [20] and the preprints [10]
18] and is a revised version of the preprint [I7].
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Semiring structures based on meet and plus ideals in lower
BC K-semilattices
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Abstract. The notion of the meet set based on two subsets of a lower BCK-semilattice X is introduced, and related
properties are investigated. Conditions for the meet set to be a (positive implicative, commutative, implicative)
ideal are discussed. The meet ideal based on subsets, and the plus ideal of two subsets in a lower BCK-semilattice
X are also introduced, and related properties are investigated. Using meet operation and addition, the semiring

structure is induced.

1. Introduction

Ideal theory has an important role in the development BCK/BC1I-algebras (see [1, 3, 4]).
It was shown in [5] that if X is a BCK-algebra then (X, <) is a poset, and moreover if X is
a commutative BCK-algebra, i.e., x % (x xy) = y * (y * x) holds in X, then (X, <) is a lower
semilattice. Palasinski [7] discussed properties of certain ideals in BCK-algebras which are lower
semilattices.

In this paper, we introduce the notion of the meet set based on two subsets of a lower BCK-
semilattice X and we discuss conditions for the meet set to be a (positive implicative, commuta-
tive, implicative) ideal. We also introduced the meet ideal based on subsets, and the plus ideal
of two subsets in a lower BCK-semilattice X. We investigate several related properties, and we
induce the semiring structure by using meet operation and addition.

2. Prliminaries

A BCK/BC1I-algebra is an important class of logical algebras introduced by K. Iséki and was
extensively investigated by several researchers.
An algebra (X *,0) of type (2,0) is called a BCI-algebra if it satisfies the following conditions
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(D) (Vz,y,2 € X) (((xxy) * (% 2)) x (zxy) =0),
() (Vz,y € X) ((z+ (z*y)) xy = 0),
(III) (Vz € X) (x* 2 =0),
(IV) (Ve,y € X) (zxy=0, yxx =0 = x=1y).
If a BCI-algebra X satisfies the following identity
(V) (Vz e X) (0xx=0),
then X is called a BOK -algebra. Any BCK/BCI-algebra X satisfies the following conditions
(al) (Vx € X) (%0 = x),
(a2) (Va,y,z€ X) (e <y = x*xz<yx*xz, zxy < z%xx),
(a3) (Va,y,z € X) ((x*xy) *z = (x*2) *xy),
(ad) (Vx,y,z € X) ((x*2)x(yx2) <x*Y)
where x < y if and only if x xy = 0. A BC'K-algebra X is called a lower BC K -semilattice (see
6]) if X is a lower semilattice with respect to the BC' K-order.
A subset A of a BCK/BCI-algebra X is called an ideal of X (see [6]) if it satisfies

0€A, (2.1)
VeeX)Vye A)(zxye A = z€A). (2.2)
Note that every ideal A of a BCK/BCI-algebra X satisfies the following implication (see [6]).
Ve,ye X)(z <y, ye A = z € A). (2.3)

For any subset A of X, the ideal generated by A is defined to be the intersection of all ideals of
X containing A, and it is denoted by (A). If A is finite, then we say that (A) is finitely generated
ideal of X (see [6]).

A subset A of a BC'K-algebra X is called a commutative ideal of X (see [6]) if it satisfies (2.1)
and

Ve,ye X)(Vz€ A) ((z*xy)*x2€ A = xx(yx(yxx)) € A). (2.4)

A subset A of a BC'K-algebra X is called a positive implicative ideal of X (see [6]) if it satisfies
(2.1) and

(Vo,y,z€ X)((z*xy)x2€ A, yx2€A = zx2€ A). (2.5)

A subset A of a BC'K-algebra X is called an implicative ideal of X (see [6]) if it satisfies (2.1)
and

(Ve,y e X)(Vze€ A)((xx (y*xy))x2€ A = z€A). (2.6)
A proper ideal P of a lower BC' K-semilattice X is said to be prime if it satisfies
(Va,be X)(aANbe P = ac€PorbeP). (2.7)
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We refer the reader to the books [2, 6] for further information regarding BC K /BC'I-algebras.

3. Meet and plus ideals

In what follows, let X be a lower BC K-semilattice unless otherwise specified. For any
nonempty subsets A and B of X, we consider the set
K:={anbla€ A, be B}
where a A b is the greatest lower bound of @ and b. We say that K is the meet set based on A and
B. Note that AN B C K, but the reverse inclusion is not true as seen in the following example.

Example 3.1. (1) Consider a lower BC' K-semilattice X = {0, 1,2, 3,4} with the following Cayley
table.

*x(0 1 2 3 4
0j0 0 0 00
111 01 01
212 20 20
313 1 3 0 3
414 4 4 40

For A ={2,3} and B = {1,4}, we have
K:={anblac A be B} ={0,1,2} £ ANB.
(2) Consider a lower BC'K-semilattice X = {0,1,2,3,4} with the following Cayley table.

*x(0 1 2 3 4
0(0 00 0 O
1110 0 1 1
2121 0 2 2
313 3 3 0 3
414 4 4 40

For subsets A = {1,2,3} and B = {1,3,4} of X, we have
K:={anblac A be B} ={0,1,3} £ {1,3} = AN B.

The following example shows that the set K :={aAb|a € A, b € B} may not be an ideal of
X for some subsets A and B of X.
Example 3.2. Let X = {0,1,2,3,4} be a lower BC K-semilattice in Example 3.1(1). For
A =1{2,3} and B = {1,4}, we have

{anb|la€ A, be B} ={0,1,2},

which is not an ideal of X.

We provide conditions for the meet set K :={aAb|a € A, b € B} based on A and B to be
an ideal.
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Theorem 3.3. If A and B are ideals of X, then so is the meet set
K:={anbla€c A, be B}
based on A and B.

Proof. Obviously, 0 € K. Let z € K and y*xx € K for z,y € X. Then z = aAband yxz = a' AV
where a,a’ € A and b,b’ € B. Since aAb < a and A is an ideal, we have x = a Ab € A. Similarly,
we have
yxx=a ANl <d €A
Since A is an ideal of X it follows that y € A. By the similar way, we get y € B. Therefore,
y=yANyece{anblac A be B} =K
and K is an ideal of X. O

Lemma 3.4 ([6]). For an ideal A of a« BCK-algebra X, the following are equivalent.
(i) A is positive implicative.
(i) (Vo,y e X)((z*xy)xye A = xxye A).

Lemma 3.5 ([6]). For an ideal A of a« BCK-algebra X, the following are equivalent.
(i) A is commutative.

(ii)) Vo,ye X)(zxye A = ox(yx(y*xx)) € A).

Lemma 3.6 ([6]). Let A be an ideal of a BCK-algebra X. Then A is implicative if and only if
A is both positive implicative and commutative.

Theorem 3.7. If A and B are positive implicative (resp., commutative, implicative) ideals of X,
then so is the meet set

K:={anbla€c A, be B}
based on A and B.

Proof. Assume that A and B are positive implicative ideals of X. Then A and B are ideals of X,
and so the set K :={aAb|a € A, b€ B} is an ideal of X by Theorem 3.3. Let (z*xy) *xy € K
for every x,y € X. Then (x*y)*y = aAb for some a € Aand b € B. Since aAb < a and A is an
ideal, we have (x *y) xy € A. Similarly, (x xy) xy € B. Since A and B are positive implicative
ideals, it follows from Lemma 3.4 that x xy € A and x *xy € B. Therefore

zxy=(x*xy)AN(r*xy) €{anb|la€ A be B} =K,

and so K is a positive implicative ideal of X by Lemma 3.4.

Now suppose that A and B are commutative ideals of X. Then A and B are ideals of X, and
so the set K :={aAb|a€ A, be B} is an ideal of X by Theorem 3.3. Let x xy € K for every
z,y € X. Then xxy =a Ab for some a € Aand b € B. Since aAb<aand aAb<b, it follows
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that zxy € AN B. Since A and B are commutative, we have z* (y * (y*x)) € AN B by Lemma
3.5. Hence
wx (yx (yrw) = (zx(yx*(y*x)) A (y*(yxx)))
ce{anblac A be B} =K,

and therefore K is a commutative ideal if X.

Now, if A and B are implicative ideals of X, then they are both positive implicative and
commutative by Lemma 3.6. Thus K is both a positive implicative ideal and a commutative
ideal of X, and so it is an implicative ideal of X. O

Given two nonempty subsets A and B of X, we consider the ideal of X generated by the meet
set K:={aAb|a€ A, be B} based on A and B.

Definition 3.8. For any nonempty subsets A and B of X, we denote
ANB:={aANb|laecAbe B})

which is called the meet ideal of X generated by A and B. In this case, we say that the operation
“N” is a meet operation. If A = {a}, then {a} A B is denoted by a A B. Also, if B = {b}, then
A N {b} is denoted by A A b.

Obviously, AN B = B A A for any nonempty subsets A and B of X. If A and B are ideals of
X, then

ANB={aNnb|laec Abec B}

Example 3.9. For two subsets A = {2,3} and B = {1,4} of X in Example 3.1, the meet ideal
of X generated by A and B is AA B = ({0,1,2}) = {0, 1,2, 3}.
For any nonempty subsets A, B and C' of X, we have
ACB, ACC = ACBAC. (3.1)

The following example shows that there are subsets A, B and C' of X such that A C B and
ACC,but BAC ¢ A.

Example 3.10. Consider a lower BC K-semilattice X = {0, 1,2,3,4} with the following Cayley
table.

*x(0 1 2 3 4
0j0 00 00
110 1 0 1
212 20 20
313 3 3 0 3
414 4 4 40

For subsets A = {0,1}, B =1{0,1,2,3} and C' = {0,1,2,4} of X, we have

949 Hashem Bordbar et al 945-954



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

H. Bordbar, S. S. Ahn, M. M. Zahedi and Y. B. Jun
BAC={{bAc|be B, ceC})={0,1,2} ¢ {0,1} = A.
Proposition 3.11. If A, B and C are ideals of X, then

AN{0} = {0}. (3.2)
AANB=ANB. (3.3)
(AAB)ANC=AAN(BANC)={aNbAc|a€ Abe B,ce C}. (3.4)

Proof. 1t is clear that A A {0} = {0}. Using (3.1), we have AN B C AAB. Let x € AN B.
Then there exist a € A and b € B such that x+ = a A b. Since a Ab < a and a Ab < b, we have
x € AN B by (2.3). Hence AA B = AN B. The result (3.4) is straightforward. O

Corollary 3.12. If A, B and C' are ideals of X, then the condition (3.1) is valid.
By Proposition 3.11, we know that for ideals A, As, ---, A, of X

i=1
={aiNagAN---Na, | ay € Aj,a € Ay, -+ La, € Ay} (3.5)

i=1

For any nonempty subsets A and B of X, denote by A + B the ideal generated by A U B,
and is called the plus ideal of A and B. The operation “+” is called the addition. Obviously,
A BCA+B,A+{0} =Aand A+ B=DB+ A.

Example 3.13. Consider a lower BC K-semilattice X = {0, 1,2,3,4} with the following Cayley
table.

*x(0 1 2 3 4
0(0 00 0 O
1110 01 0
212 20 2 2
313 3 3 0 3
414 4 4 40

For subsets A = {1,3} and B = {2} of X, we have
A+B=(AUB) = {0,1,2,3},
which is a plus ideal of X.

Proposition 3.14. For any nonempty subsets A and B of X, we have ANB C A+ B.

Proof. If x € A A\ B, then there exists 21,29, ,2, € {a Ab|a € A, b € B} such that
(oo (@ zy) % 29) - ) % 2, = 0. (3.6)
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For each i € {1,2,--- ,n}, we have z; = a; A b; where a; € A and b; € B. Thus

and so z; € A+ B forall i € {1,2,--- ,n}. Since 0 € A+ B, it follows from (3.6) and (2.2) that
re€ A+ B. Hence ANB C A+ B. O

Given two nonempty subsets A and B of X, we note that every ideal I of X is represented by
the meet ideal based on some A and B, and every ideal J of X is represented by the plus ideal of
A and B. But we know that they are different, that is,  # J in general as seen in the following
example.

Example 3.15. Consider a lower BC K-semilattice X = {0, 1,2,3,4} with the following Cayley
table.

=~ W N~ O %
= W NN = OO
=W O O O
O N~ OlW
W N O O

4 0
, the ideal I = {0, 1} is represented by the meet

X%WL\DOOH

For two subsets A = {1} and B = {2,3} of
ideal based on A and B as follows

I=(AANB)={{0,1}) ={0,1}.
Also the ideal J = {0, 1,2, 3} is represented by the plus ideal of A and B as follows:
J=A+B=(AUB)=({1,2,3}) ={0,1,2,3}.
We know that I # J.

The following example shows that the reverse inclusion in Proposition 3.14 is not true in
general.

Example 3.16. Consider a lower BC K-semilattice X = {0, 1,2, 3,4} which is given in Example
3.13. For subsets A = {1,2} and B = {1, 3} of X, we have

AAB = ({0,1}) = {0,1}

and
Thus A+ B¢ AN B.

For any nonempty subsets A, B and C of X, consider the following condition.

ACC,BCC = A+BCC. (3.7)

The following example shows that the condition (3.7) is not valid in general.
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Example 3.17. Consider a lower BC K-semilattice X = {0, 1,2,3,4} with the following Cayley
table.

*x0 1 2 3 4
0/j0 0 0 00
11 0 0 1 1
212 2 0 2 2
313 3 3 0 3
414 4 4 40

For subsets A = {1,3}, B ={2,3} and C' = {1,2,3} of X, we have
A+B=(AUB)=/{0,1,2,3} £ C.

We provide conditions for the implication (3.7) to be hold.

Proposition 3.18. If A and B are nonempty subsets of X and C' is an ideal of X, then the
implication (3.7) is valid.

Proof. Let A and B be subsets of X and C be an ideal of X such that A C C and B C C. If
x € A+ B, then

(- ((zxz)*2z9) k) %2, =0 (3.8)
for some 21,29, ,2, € AU B. It follows that z; € C foralli =1,2,--- ;nand 0 € C. Since C
is an ideal of X, it follows from (3.8) and (2.2) that z € C'. Therefore A+ B C C. O

Let A be an ideal of a BC'I-algebra X and S be a subset of X with a nilpotent element. Then
xe (AUS) if and only if (--- ((x * 1) *x 8g) -+ ) x s, € A
for some s1, 89, , 8, € S (see [2]). Since every element of a BC K-algebra is nilpotent, we can
apply the result above to BC'K-algebras as follows.

Lemma 3.19. Let A an ideal of a BCK-algebra X . For any subset S of X, we have
x € (AUS) if and only if (- ((x *51) % Sg) -+ ) %8, € A
for some s1,89,--+ ,5, € 5.
Lemma 3.20 ([2]). Let X be a commutative BCK-algebra and x,y,z € X. Then
(xAY)*(xANz)=(xAy)*z.
Theorem 3.21. For any ideals A, B and C of a commutative BCK-algebra X, we have
ANB+C)=(AANB)+ (ANC) and (B+C)NA=(BANA)+ (CANA).
Proof. Note that AANB C Aand ANB C B C B+ C. It follows from (3.1) that
ANBCAN(B+CQ).
Similarly ANC C AN (B + C), and thus
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(AAB)+(AANC)C AA(B+C)

by Proposition 3.18. Now let x € AA (B+C). Then z =a Az for somea € Aand z € B+C =
(BUC). It follows from Lemma 3.19 that there exist ¢1, ¢, -+ , ¢, € C such that

("'((Z*Cl)*CQ)*"')*CnEB' (39)

Note that a A ¢y,a Ao, ;aNe, € AANC. Using Lemma 3.20 and (a3) induces
((anz)*(aNcr))x(aNc)=((aNz)xcr)*(aNc)

which implies from Lemma 3.20 and (a3) again that
(((anz2)*(aNecy))*(aNe))*(aNcs)
(((a A z2)*ci)*co)x(aNcs)
((anz)*(aNcg))*cr)*co
)

(

(((a N z)*c3)*cp)*cy
(((a A z)*cp) *cg) *cy.
By the mathematical induction, we conclude that

(- (((anz)x(anc))*(aNcg))*--)*(aAcp)

=((((anz)xcr)xco) k) *cy. (3.10)
The inequality a A z < z implies from (a2) that
(- (((anz)xcr)xca) ) ke, < (- ((zxcy) xCa) -0 ) % Cp. (3.11)
Since (--- ((z* 1)) *c2) *--+) * ¢, € B and B is an ideal, it follows from (2.3) that
(- (((aNz)xcr)*eg) -+ ) *¢c, € B. (3.12)
Note that (--- (((a Az)*xc))*co) %) *xc, <aAz<aand a € A, and so
(- (((aNz)*c))xco)* -+ ) xc, € A. (3.13)
Combining (3.10), (3.12) and (3.13), we have
(- (((anz)x(aNcr))*x(aNnecg))*---)x(aNc,) € ANB. (3.14)
Since a A ci,a Aco, -+ ,aNc, € ANC, it follows from Lemma 3.20 that
r=aNz€{(ANB)UANC))=(ANB)+ (ANC). (3.15)

Consequently AAN(B+C) = (AAB)+(AAC). Similarly we have (B+C)AA = (BAA)+(CAA). O
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Through our discussion above, we make a semiring as follows.

Theorem 3.22. Let Z(X) be the set of all ideals of a commutative BCK-algebra X. Then
(Z(X),+,N) is a semiring, that is, two operations + and N are associative on Z(X) such that

(i) addition + is a commutative operation,
(i) there exist {0} € Z(X) such that A+ {0} = A and AN{0} = {0} A A = {0} for each
AeZ(X), and
(iii) the meet operation N distributes over addition (+) both from the left and from the right.
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Abstract

In this paper, we investigate some properties of solutions of some types of g-shift
difference differential equations. In addition, we also generalize the Rellich-Wittich-
type theorem about differential equations to the case of ¢g-shift difference differential
equations. Moreover, we give some example to show the existence and growth of
some g-shift difference differential equations.
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1 Introduction and Some Results

The main purpose of this paper is to investigate some properties of solutions of some
g-shift difference differential equations by using Nevanlinna theory in the fields of com-
plex analysis. Thus, we firstly assume that readers are familiar with the basic results
and the notations of the Nevanlinna value distribution theory of meromorphic func-
tions such as m(r, f), N(r, f), T(r,f), --+, (see Hayman [15], Yang [33] and Yi and
Yang [34]). For a meromorphic function f, we use S(r, f) to denote any quantity sat-
isfying S(r, f) = o(T(r, f)) for all r outside a possible exceptional set of finite loga-
rithmic measure, S(f) denotes the family of all meromorphic function a(z) such that
T(r,a) = S(r,f) = o(T(r, f)), where r — oo outside of a possible exceptional set of
finite logarithmic measure. Besides, we use Si(r, f) to denote any quantity satisfying
Sy(r, f) = o(T(r, f)) for all  on a set F of logarithmic density 1, the logarithmic density
of a set F' is defined by

. 1 1
lim sup —dt.
r—oo 1087 Ji1 np t

For convenience, we claim that the set F' of logarithmic density can be not necessarily
the same at each occurrence.

*The author was supported by the NSF of China (11561033), the Natural Science Foundation of
Jiangxi Province in China (20151BAB201008), and the Foundation of Education Department of Jiangxi
Province (GJJ150902) of China.
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About forty years ago, F. Rellich, H. Wittich and I. Laine investigated the existence
or growth of solutions of some differential equations (see [17, 18, 20, 22]) and obtained
the following results.

Theorem 1.1 (see [17, Rellich]). Let the differential equation be the following form
w'(2) = f(w), (1)

If f(w) is transcendental meromorphic function of w, then equation (1) has no non-
constant entire solution.

Theorem 1.2 (see [26, Wittich]). Let
B(z,w) = Y agp (2w (@) - (w™)

be differential polynomial, with coefficients a(;)(z) are polynomials of z. If the right-hand
side of the differential equation

B(z,w) = f(w), (2)

f(w) is the transcendental meromorphic function of w, then equation (2) has no non-
constant entire solution.

Remark 1.1 H. Wittich [26] studied the more general differential equation than equation

(1).

Later, Yanagihara and Shimomura extended the above type theorem to the case of
difference equations (see [25, 31, 32]), and obtained the following two results

Theorem 1.3 (see [25, Shimomuraf). For any non-constant polynomial P(w), the dif-
ference equation
w(z+1) = P(w(2))

has a non-trivial entire solution.

Theorem 1.4 (see [31, Yanagihara/). For any non-constant rational function R(w), the
difference equation
w(z +1) = R(w(2))

has a mon-trivial meromorphic solution in the complex plane.

After theirs work, by using Nevanlinna theory in complex difference equations (see
[1, 3, 7, 8, 11, 12, 14]), many mathematicians have done a lot of researches in difference
equations, difference product and g¢-difference in the complex plane C, there were a
number of articles (including [5, 13, 16, 19, 24, 36]) focused on the existence and growth of
solutions of difference equations. In addition, K. Liu, H.Y. Xu and X. G. Qi investigated
some properties of complex ¢-shift difference equations [23, 24, 28]. Inspired by these
papers, the purpose of this paper is to study the above Rellich-Wittich-type theorem of
g-shift difference differential equation.
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Definition 1.1 We call the equation as q-shift difference differential equation if a equa-
tion contains the q-shift term f(z+c), q-difference term f(qz) and differential term f'(z)
of one function f(z) at the same time.

We consider the g-shift difference differential equation of the form
n
Az w) =Y as () [T (09052 + )" ) = Pl (w)], (3)

J j=1

where aj(z) are polynomials of z and ¢;,¢; € C\ {0}, Py[f] is a polynomial of f of
degree m,
Pulf] = dn(2) ™ + dm—l(z)fmil + o+ do(2),

and d,,(2),...,dp(z) are polynomials of z, and obtain the following results.

Theorem 1.5 For equation (3), if s > 1 and f is a transcendental meromorphic func-
tion, then equation (8) has no non-constant transcendental entire solution with zero order.

Theorem 1.6 Under the assumptions of Theorem 1.5, the q-shift difference differential
equation

n
> as(a) [Lw gz + ) = L0
J j=1
has mo non-constant transcendental entire solution with zero order, where s > 1, and
Ps[f] and Q:[f] are irreducible polynomials in f.
In 2012, Beardon [4] studied entire solutions of the generalized functional equation
flaz) =af(2)f'(2),  f(0)=0, (4)
where ¢ is a non-zero complex number. Beardon [4] obtained the main theorem as follows.
Theorem 1.7 [/]. Any transcendental solution f of equation (4) is of the form
f)=z+20"+---),

where p is a positive integer, b # 0 and g € K,. In particular, if ¢ & KC, then the only
formal solutions of (4) are O and I, where K,KC,, O and T were stated as in [{].

In 2013, Zhang [35] further the growth of solutions of equation (4) and obtained the
following theorem

Theorem 1.8 [35, Theorem 1.1]. Suppose that f is a transcendental solution of (4) for

q € K, then we have
log 2

log |ql|’

logT
p(f) = limsup log T'(r f)
rotoo  logr

p(f) <

where

)

where IC is stated as in Theorem 1.7.
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Inspired by the ideas of Xu [27, 30] and Beardon [4], we investigate the growth of
solutions of some ¢-shift difference differential equations and obtain the following results.

Theorem 1.9 Suppose that f is a solution of
flaz+c) =nf(2)f'(2), (5)

where q,c,n € C\ {0} and |q| > 1. If f is a transcendental entire function, then we have

p(f) <

~ log|q|’

log 2

Furthermore, if f is a polynomial, then f is a polynomial of degree 1, that is, f(z) =
a1z + ag, where

_4q qc
ay = —,

apg = ———.
U n(1+q)
The following example shows that equation (5) had a transcendental entire solution.
Example 1.1 Let g =2,¢ =27 and n=2. Then f(z) = sin z satisfies equation
fQ2z+2m) = 2£(2) f'(2),

and log2
1=28

p(f) =

We also investigate the existence and growth of solutions of equation (5) when the
constant 7 in equation (5) is replaced by a function, and obtain the following result.

~ log2’

Theorem 1.10 Let f be a transcendental solution of equation

flaz+e)" = R () (=), (6)

where q,c, € C and |g| > 1, n, j, s are positive integers and R(z) is rational function in
z. If f is an entire function, then n < s+ 1 and

o(f) < log(s+1) flogn'

log|q|

Furthermore, if n =1 and f is a meromorphic function with infinitely many poles, then
we have

log(s 4+ 1) log(sj +s+1)
log |q] log ||

The following example shows that equation (6) has transcendental entire and mero-
morphic solutions.

< u(f) < p(f) <

Example 1.2 Let g =2,¢=2mi, n =1 and s = 1, then f(z) = ze* salisfies system

2 4omi, .
f(2z + 2mi) = mf(z)f (2)-
and log 2
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Example 1.3 Let g =2,c=mi,n=1 and s =1, then f(z) = ezi; satisfies equation

5

. z /
f(2z 4 2mi) = (22— 2)(22 + 2mi)? f(2) (=),
and log 2 log 3
o 0
gz = LS M=o =12,

Theorem 1.11 Let f be a transcendental solution of the equation
flaz+ )" = o(2) (V) (7)

where q,c, € C and |q| > 1, n, j, s are positive integers and ¢(z) is a small function with
respect of f. If f is a meromorphic function with N(r, f) = S(r, f), then n < s+ 1 and
f satisfies

o(f) < log(s 4+ 1) —logn
- log |q|

Furthermore, if n = 1 and f has infinitely many poles, and the number of distinct common
poles of f and i is finite, then we have

_log(s+1)

The following example shows that equation (7) has transcendental meromorphic so-
lution f with the order p(f) = ‘8lstD.

log [q]
Example 1.4 Let n = j = s = 1 and ¢ = V/2,¢c = ﬁ, then f(z) = e satisfies
equation
1 1 2
22+ ——=) = —ese* f(2)f(2).
ft 5 72) = ek )
Thus, ¢(z) = ieéez with T(r,¢) = S(r, f) and the order of f(z) satisfies
log2 —log1
p(f)=2=——
%logZ

2 Some Lemmas

Lemma 2.1 (Valiron-Mohon’ko). [18] Let f(z) be a meromorphic function. Then for
all irreducible rational functions in f,

>isg ai(2)f(2)’
30 bi(2)f(2)7

with meromorphic coefficients a;(z),b;(z), the characteristic function of R(z, f(z)) sat-
isfies

R(z, f(2)) =

T(r, R(z, f(2))) = dT(r, f) + O(¥(r)),
where d = max{m,n} and ¥(r) = max; ;{T(r,a;),T(r,b;)}.
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Lemma 2.2 (see [23]). Let f(z) be a nonconstant zero-order meromorphic function and

g € C\{0}. Then
m<r flgz+mn)
T )

Lemma 2.3 (see [28]). Let f(z) be a transcendental meromorphic function of zero order
and q,n be two nonzero complex constants. Then

T(r, flgz+mn)) =T(r, f(2)) + S1(r, f), N(r, flgz+mn)) < N(r, f) + Si(r, f)-

Lemma 2.4 (see [34, p.37] or [33]). Let f(z) be a nonconstant meromorphic function
i the complex plane and | be a positive integer. Then

N(r, fO)Y = N(r, )+ IN(r, f), T(r,fO)<T(r,f)+IN(r, f)+S(r f).

) =sin1).

Lemma 2.5 Let q,c € C\ {0} and f(z) be a nonconstant meromorphic function with
zero order. Then for any positive finite integer k, we have

and

m (7, /P gz +¢)) < m(r, ) + S, ).
Proof: 1t follows from Lemma 2.2 that
f®(gz+¢) f®(gz+¢) flgz+0)\
(T ) = (Tt ) o (R HG) = s

Moreover, we have

S®(qz + ¢)
f(2)

This completes the proof of Lemma 2.5. a

m (r, f(k)(qz + c)) =m (7“7 (z)) <m(r, f) + Si(r, f).

Lemma 2.6 (see [11]). Let @ : (1,00) — (0,00) be a monotone increasing function, and
let f be a nonconstant meromorphic function. If for some real constant o € (0, 1), there
exist real constants K1 > 0 and Ko > 1 such that

T(r, f) < K1®(ar) + K T(ar, f) + S(ar, f),

then the order of growth of f satisfies

log K log ®
plf) < 208Kz 4 pp g 108 2(0)
—loga  ro400 logr

Lemma 2.7 (see [9]). Let f(z) be a transcendental meromorphic function and p(z) =
PRk 4 pp_12F " 4+ -+ prz 4+ po be a complex polynomial of degree k > 0. For given
0 <8 < |pkl, let A= |pk|+ 9, =|px|— 9, then for given € > 0 and for r large enough,

(L=e)T(ur*, ) < T(r, fop) < (L+)T(A", f).
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Lemma 2.8 (see [2, 10] or [6]). Let g : (0,400) = R, h: (0,400) = R be monotone
increasing functions such that g(r) < h(r) outside of an exceptional set E with finite
linear measure, or g(r) < h(r), r ¢ H U (0,1], where H C (1,00) is a set of finite
logarithmic measure. Then, for any o > 1, there exists ro such that g(r) < h(ar) for all
r>1g.

3 Proofs of Theorems 1.5 and 1.6

3.1 The proof of Theorem 1.5

Suppose that w be non-constant entire solution of equation (3) with zero order. Let
Ey ={z:|w(z)| > 1} and By = {z : |w(z)| < 1}, then we have

> ase)wi) (Ml o) (o))

Sz wl= e w2

ing )
) Zf zE Ela

W' (qny 2+Cny)
w(z)

w'(q124¢1)
y;(z)

11 ‘

i1 ’

w(2)[* 32 las(2)]
ZJ ‘CLJ(Z)‘ "w (Z}l(zz';cl)

nq

) 'Lf ZeEQv

. w/(‘bll Z+Cnl)
w(z)

where A = max{\;}, \; = i1 + -+ + ip,. It follows from Lemma 2.2 and Lemma 2.5 that

m(r, Oz, w)) = % (/E +/E> logt [z, w)|d8 < Am(r, w) + S (r, w).

And since w(z) is a non-constant entire function, we have N(r,w) = 0. Thus, we have
N(r,Q(z,w)) =0 and
T(r,Q) = m(r,Q) < dm(r,w) + S1(r,w) = AXT(r,w) + S1(r, w). (8)

Since Ps[f(w)] is a polynomial of f(w), we can take a complex constant « such that

Po[f(w)] = a = [f(w) —aa] -+ [f(w) — a],

where a1,...,as are complex constants, and there at least exists a constant 8 €
{ai,..., a4}, which is not a Picard exceptional value of f(w). Let &;,7 =1,2,...,p be
the zeros of f(w) — B, where p is an any positive integer with p > 1. Then it follows

N(r, ) < N(r,

e Fw =8 N B = 9)

P 1 1 1

J
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Thus, by using the second main theorem and (8), (9), we can get that

(p—2)T(r,w) <> N(r, " i gj) + S(r,w)

)
Py[f(w)] — o
7, Po[f(w)]) + S(r,w)
r,Q(z,w)) + S(r,w)

T(r,w) + S1(r,w). (10)

+ S(r,w)

IN A CIA
>

It follows from (8) and (10) that
(02— NT(r,w) < 8 (r,w). (11)

Since w is transcendental and p is arbitrary, we can get a contradiction with (11). Hence,
we complete the proof of Theorem 1.5.

3.2 The proof of Theorem 1.6

By using the same argument as in Theorem 1.5, and applying Lemma 2.1, we can prove
the conclusion of Theorem 1.6 easily.

4 The proof of Theorem 1.9

Suppose that f is a solution of (5). If f is a polynomial of degree m > 1, let
f(2) = amz™ + am_12™" 1+ - + ao,

where a,,, ..., ap are complex constants. From (5), we have

am(qz + C)m + amfl(qz —+ C)m71 + - +ag

=W 2™ + Q12" A ag)[Mam 2™ (M= Va1 2™ ] (12)

By computing the degree of two sides in z in (12), we can get that m = 2m — 1, that is,
m = 1. Thus, f(z) can be rewritten as f(z) = a1z + ag. It follows

a1(gz + ¢) + ap = n(a1z + ag)ay,

that is,
2
aiqg = mnaj, aic—+ ap = Naiao.
T =4 =L
hus, we have aq 0 00 = asg

If f is a transcendental entire function, from Lemma 2.4, we have

T(r, f(qz +¢)) <2T(r, f) + S(r, f) < 2(1 +&)T(Br, f), (13)
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for sufficiently large r and any given § > 1, > 0. By Lemma 2.7 and (13), for 6 =
lg| —6(0 < 8 < g|,0 <6 <1),i=1,2 and sufficiently larger r, we get

(L =e)T(0r, f) <2(1+e)T(Br, f),

outside of a possible exceptional set E of finite linear measure. From Lemma 2.8, for any
given v > 1 and sufficiently large r, we obtain

(1—¢e)T(0r, f) <201 +&)T(yBr, f). (14)
that is,
(1-¢) By
mT(T, H<T (97“, ) . (15)

Since |g| > 1, we can choose § > 0 such that 6 > 1, andlet e - 0,5 =+ 0,8 =1, v = 1,
and for sufficiently large r, by Lemma 2.6, we have

log 2
log |q|”

p(f) <

Thus, this completes the proof of Theorem 1.9.

5 Proofs of Theorems 1.10 and 1.11

5.1 The Proof of Theorem 1.10

Since R(z) is a rational function, then we have T'(r, R(z)) = O(logr). If f is a tran-
scendental entire function, similar to the argument as in Theorem 1.9, we can get

log(s+1)—1 .
p(f) < REEELZI8R casily.

If f is a meromorphic function, by Lemma 2.1 and Lemma 2.4, it follows from (6)

that ) 1
T(r, flgz +0) < P 2E0T 0, £(2) + S0 f).

Since |q| > 1, by Lemma 2.7 and using the same argument as in Theorem 1.9, we have
log(sj+s+1)—logn
p(f) < lesleigailosn,
Suppose that n = 1. Since R(z) is a rational function, we can choose a sufficiently

large constant R(> 0) such that R(z) has no zeros or poles in {z € C : |z| > R}. Since
f has infinitely many poles, we can choose a pole zg of f of multiplicity 7 > 1 satisfying
|z0| > R. Thus, it follows that the right side of the equation (6) has a pole of multiplicity
71 = (s+ 1)7 + sj at zp, and f has a pole of multiplicity 71 at gzo + ¢. Replacing z by
qzo + ¢ in equation (6), we have that f has a pole of multiplicity 72 = (s + 1)1 + sj at
q*z0 + qc + ¢. We proceed to follow the step above. Since R(z) has no zeros or poles
in {z € C: |z| > R} and f has infinitely many poles again, we may construct poles
G =q"20 +¢" e+ + ¢,k € Np of f of multiplicity 7 satisfying

T = (s+ D1 +sj = (s + D7+ s[(s + 1)F - 1],
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as k — o0,k € N. Since |g| > 1, then |(;| — o0 as k — oo, for sufficiently large k, we
have

T+ D) < (T +j) s+ D) —j=m < T+ e < nl|Gl, f) (16)
< n(lal*lzol + [C](Jal* ™" + -~ + gl + 1), f).

Thus, for each sufficiently large r, there exists a k£ € N4 such that

k—1 k
r € (lgl*1z0l + [C1 Y lal’s [a|* 20l +1C1 > lal*),
i=0 i=0
that is,
_ logr —log(|20] + ) — log ey — loslg )
log [q] '
Thus, it follows from (17) that
n(r, f) = 7(s + 1)* > Ky (s + 1) oelal, (18)
where
— log(|=0|+ ‘q‘ﬂl)flog ‘q‘ﬂl —log [q|
K, :7-(3—|-1) Tog [q]
Since for all r > rg,
log r 1 1
Ki(s+1)eell <n(r, f) < @N@?ﬁf) < @T(Wa f),
it follows from (18) that
log(s+1)

p(f) = n(f) = og [q

Thus, this completes the proof of Theorem 1.10.

5.2 The proof of Theorem 1.11

By using the same argument as in Theorem 1.10, we can prove the conclusion of Theorem
1.11 easily.
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Numerical method for solving inequality constrained matrix
operator minimization problem™
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Abstract

In this paper, we considered a matrix inequality constrained linear matrix operator minimization problems
with a particular structure, some of whose reduced versions can be applicable to image restoration. We
present an efficient iteration method to solve this problem. The approach belongs to the category of Powell-
Hestense-Rockafellar augmented Lagrangian method, and combines a nonmonotone projected gradient type
method to minimize the augmented Lagrangian function at each iteration. Several propositions and one the-
orem on the convergence of the proposed algorithm were established. Numerical experiments are performed
to illustrate the feasibility and efficiency of the proposed algorithm, including when the algorithm is test-
ed with randomly generated data and on image restoration problems with some special symmetry pattern
images.

Key words:

matrix equation, matrix minimization problem, matrix inequality, augmented lagrangian method, image
restoration.

2000 MSC: 65F30, 65H15, 15A24

1. Introduction

Let m,n, 11, 51,1, s> be positive integers. Let A(X;Ay,---,A,) be a linear mapping from R™" onto
RS and G(X E, - - ,E,) be a linear mapping from R"" onto R?52 where A; (i = 1,...,p) and E;
(j = 1,...,q) with suitable sizes are the parameter matrices. In this paper we are interested in solving the
following constrained matrix minimization problem

. 1 2

minimize EH&ZI(X;Al,--- ,A,,)—CH
subject to XeS (L.1)

L<G(X:E- Eg) < U.

where || - || denotes the Frobenius norm, the symbol > means nonnegative, the set S € R"™" shows the
constraint, C € R and L,U € R are given matrices. In general, S € R™" is a linear space

*Research supported by National Natural Science Foundation of China(11301107,11261014,11561015,51268006), Natural
Science Foundation of Guangxi Province (2016GXNSFAA380011,2016GXNSFFA380003).
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Email addresses: 1ijiaofen603@guet.edu.cn (Jiao-fen Li), zhouxuelin@163. com (Xue-lin Zhou)
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possessing special structures, such as symmetry/skew-symmetry, centrosymmetry/centro skew-symmetry,
mirror-symmetry/mirror-skew-symmetry, P-commuting symmetry/ skew-symmetry with respect to a given
symmetric matrix P, Toeplitz matrix and so on. It is obvious that the linear operator equation in (1.1) is quite
general and includes several linear matrix equations such as the Lyapunov and Sylvester matrix equations
which are shown in Table 1. For an instant, the Lyapunov matrix equation

AT XAy + ASXA, = -C
is equivalent to the linear operator equation in (1.1), if we define the operator A as:

A:X — Al XA, + ATXA.

Table 1: One-sided and two-sided Lyapunov and Sylvester matrix equations.

Name Matrix equation
Continuous-time (CT) Lyapunov Al X+ XAlT +BBT =0
Generalized continuous-time (CT) Lyapunov | A{ XA + A; XA = —C
Generalized discrete-time (CT) Lyapunov | A{XA| + AJ XAy = —C

Continuous-time (CT) Sylvester A1 X+XA, =C
Discrete-time (DT) Sylvester AXAT+X=C
Generalized Sylvester AlXAg + A3XAI =C

Throughout we always assume that the matrix operator inequality in model (1.1) is consistent with
these given matrices E;, L, U and unknown X € S, then we known that the solution set of Problem (1.1) is
nonempty.

The interest that we have in this problem stems from the following reasons. Firstly, by using the vec
operator vec(.) and the Kronecker produc ®, the model (1.1) can be equivalently rewritten as the convex
linearly constrained quadratic programming(LCQP) in the vector-form

1
minimize f(x) = EXT Ox+glx+c

(1.2)
subjectto [ < Gx < u,
where |
Q=P'M"MP, g=-P"M"vec(C), ¢ = 5vec(C)Tvec(C) (1.3)
and
Px =vec(X), I =vec(L), u=vec(U). (1.4)

The matrices M and G are the Kronecker product of the parameter matrices {A,~}f:1 and {E ,}3:1 which satis-
fies vec(A(X; Ay, ...,Ap)) = Mvec(X) and vec(G(X; E, ..., E;)) = Gvec(X), respectively. Specifically, in
(1.3)-(1.4), P is the matrix that characterizes the elements X € S by vec(X) = Px in terms of its indepen-
dent parameter vector x of X[18]. In theory, the model (1.2) can be solved by some classical optimization
methods, such as interior point method, active set method, trust region method, Newton method, and other
available methods. In particular, Delbos F. in [2] considered the vector LCQP(1.2) by using an augmented
Lagrangian method and given a global linear convergence of the proposed algorithm. However, using this

transformation will on the one hand destroy the original structure of the unknown matrix X € S if the linear
2
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subspace S has some special symmetrical structure. On the other hand, using this transformation will result
in a coefficient matrix in large scale, and then increase computational complexity and storage requirement.
Indeed, taking/ =m =n =5 = p = g = 200 in (1.1), then the matrices Q and G in the transformed model
(1.2) have sizes of about 40000 x 40000. For these reasons, it cannot be a practicable method for solving
Problem (1.1) by the vec operator and the Kronecker produc if the system scale is large. In this paper we
will consider directly from the perspective of matrices.

Secondly, various simplified versions of Problem (1.1) have been studied extensively. If we drop the
matrix inequality constraint, then Problem (1.1) is reduced to the minimization problem with special struc-
tures. Methods proposed for solving such problems can be broadly classified into two classes, including
factorization techniques for small size problems, based on the special structure of the linear subspace S that
produce a low-dimensional problems that are then solved using direct methods[3, 4, 5, 6, 7, 8, 9, 10, 11],
and iterative schemes, for large-scale problems, based on Krylov subspace-type methods, such as the well-
known Jacobi and Gauss-Seidel iterations[ 12, 13], the conjugate gradient-type methods[14, 15] and the least
squares QR(LSQR) methods[16, 17, 18] and so on. On the other hand, if we simplify the general matrix
inequality constraint in (1.1) into the nonnegative constraint X > 0 or the bound constraint L < X < U, then
the similar problem has been studied with Dykstra’s alternating projection algorithm[19, 20] and spectral
projection gradient method[21]. In particular, Problem (1.1) can be regarded as a natural generalization
of the problems in [21, 22, 23]. The authors in [21] considered the following constrained minimization
problem

q
2
Minimize H > AXB; - c|| subjectto X € Q = (X e R™" : [ < X < U). (1.5)
i=1

They propose a globalized variants projected gradient method and apply the left and right preconditioning
strategies to solve (1.5). While the authors in [22, 23] devoted to solve the matrix equation AX = B or
minimize ||AX — B|| with special structures under the constraint CXD > E, respectively. The problems
considered in [22] and [23] can be transformed into least nonnegative correction problems based on the
fact that close-form optimal solutions of AX = B or minimizing |[AX — B|| with special structures can
be readily derived, and then some fixed point-like algorithms can be applied to solve these transformed
problems. However, all these previous ideas show difficulties when dealing with the Problem (1.1), due to
the generalization of the objection function and the matrix operator inequality, so that either the projection
onto the set {X € R™"|L < G(X) < U} is not available, or a close-form optimal solution of minimizing the
objection function in (1.1) with X € 8 is not tractable.

Thirdly, we consider the application of the model (1.1) in image restoration. In fact, the authors in
[21, 24] consider the problem of image restoration, combined with a Tikhonov regularization term, as a
convex constrained minimization problem by use a Kronecker decomposition of the blurring matrix and the
Tikhonov regularization matrix. And then they propose and show the effectiveness of their approaches, a
globalized variants projected gradient method [21] and a conditional gradient-type method[21], to restore
some blurred and highly noisy images. However, in this paper, we are only concerned with the restoration
problems with some special symmetric pattern images, which have not yet studied in [21, 24]. Moreover,
to the best of our knowledge, this class of image restoration problems have received little attention in the
other literature. The main difficult is due to the fact that the restore image should preserve the same special
symmetric structure with the original images. In this paper we undertake some significant attempts in this
field.

In this paper, we will propose and study an algorithm in the framework of the classic Powell-Hestenes-
Rockafellar augmented Lagrangian method, first suggested by Hestenes [25] and Powell [26], and devel-
oped by E.G. Birgin [27, 28] for solving Problem (1.1). The classic PHR-AL method is a fundamental and

3
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effective approach in inequality-constrained optimization. The algorithm effectively combines a nonmono-
tone projected gradient type method to minimize the augmented Lagrangian function at each iteration. We
will give several propositions and one theorem on the convergence of the proposed algorithm, and apply it
to solving Problem (1.1) with randomly generated data and comparing it with existing methods. We also
apply our approach, combined with a Tikhonov regularization term, to restore some blurred and highly
noisy symmetric pattern images.

Throughout this paper, we use the following notations. Let ¢; be the ith column of the identity matrix
Iy and Sy = (ex,ex—1,-..,e1), i.e., the kth backward identity matrix. Let 0 be the zero matrix of suitable
size and Pg be the Euclidean projection onto set S.We write g, | 0 to indicate that & is a (not nec-
essarily decreasing) sequence of non-negative numbers that tends to zero. We denote N = {0,1,2,...}.
For A = (a;j) € R™", A (or A_) be the matrix with the (i, j)-entry equals to max{0, a;;}(or min{0, a;;}),
respectively. For A,B € R™", {A, B}_ denotes a matrix with the ijth entry being equal to min{a;;, b;;},
(A, B) = trace(B” A) denotes the inner product of matrices A and B. Then R"" is a Hilbert inner product
space and the norm generated is the Frobenius norm || - ||. For any linear operator £ form R"™" onto R/1**1,
there is another operator called the adjoint of £, written £7: RSt — R™" What defines the adjoint is
that for any two matrices X € R"™" and Y € R,

(LX), YY) = (X, LI (V).

The rest of this paper is organized as follows. In section 2, we will briefly characterize the application
of model (1.1) in image restoration. Based on the classic augmented Lagrangian method, in section 3 we
propose, analyze and test an algorithm for solving the inequality-constrained matrix minimization problem
(1.1). Some numerical results are reported in section 4 to verify the efficiency of the proposed algorithm.
Numerical tests on the proposed algorithm applied to some special image restoration problems are also
reported in this section.

2. The application of model (1.1) in image restoration

For completeness, in this section we briefly characterize how to apply the model (1.1) into image restora-
tion and we refer to [21, 24] for detailed description. Consider solving the following model in image
restoration with Tikhonov regularization:

1 , A2,
min ||Hx = glfy + ST, 2:6)
where || - ||z is the 2-norm. In image restoration, H will be the blurring operator, g the observed image,
T the regularization operator, A the regularization parameter, and x the restored image to be sought. The
constraints represent the dynamic range of the image.

The minimizer of (2.6) can be computed by the following linear system

Hyx=H"g, where Hy=H"H+ 2 T'T. (2.7)

In some practical problems in image restoration, often the system (2.7) may not be consistent due to mea-
surement errors in the data matrices, and hence it is useful to consider the following minimization problem
with constraints

min + |- H gl 2.8)

I<x<u 2

4

970 Jiao-fen Li et al 967-982



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Here we assume that the matrices H and 7' can be separated as Kronecker product of matrices with a
smaller size, i.e., H = HH ® Hy and T = Ty ® T,. In the case of nonseparable, one can still obtain an
approximation solution of H; and H; by solving the Kronecker product approximation problem (KPA) of
the form (H1, Hy) = argmin,:l1 ﬁzllH — H, ® H,||[29]. Then, (2.8) can be written as

1 2
min = {7 H) @ (H Hy) + (T T) @ (T T)vee(X) = (Hy © H) vee @) . (2.9)

where X, G, L and U are the matrices such that vec(X) = x, vec(G) = g, vec(L) = [ and vec(U) = u. If some
special symmetry pattern images are considered, by using some properties of the Kronecker product, (2.9)
is then written as |
min = [JA1XB; + 24:XB, - €[
subjectto L<X<U, XeS,

(2.10)

withA; = HQTHQ, B = HlTHl, Ay = TZTTZ, B; = T]TTl and C = HQTGHl and S is the matrix set whose
elements have the same symmetry structure with the original images. The parameter A in (2.10) is a scalar
need to be determined, and its optimal value can be obtained by the classical Generalized cross-validation
(GCV) method[21, 24], which is chosen to minimize the GCV function defined by

GV = IHz - gll5 o d - HH'H")gll3
{trace(I — HH;IHT)}2 {trace(l — HH;IHT)}Q’

where Hy = H'H+ A*TTT. Then, the method proposed for solving Problem (1.1) could be applied directly
to the model (2.10) by considering the linear matrix operators A(X) = A; XB; + A12A2XB, and G(X) = X.

3. Augmented Lagrangian method for solving Problem (1.1)

In this section we propose a matrix-form iteration method, in the framework of the classic Powell-
Hestense-Rockafellar augmented Lagrangian(PHR-AL) method, to compute the solution of Problem (1.1).
We then prove some convergence results for the proposed algorithm at the end of this section. For conve-
nience, the two linear matrix operators will be simply denote by A(X) and G(X) in the following discussion.

Lemma 1. Assume x* is a local minimizer of the quadratic program
. 1 T T .
m}enf(x) = zx Mx + g x+ ¢ subject to Gx > b,
XERS

then there exists a vector y* such that
Mx*+g-G'y* =0, Gx* > b, (y*,Gx*=b)=0, y*>0.

Theorem 1. Matrix X* € R™" is a solution of Problem (1.1) if and only if there exists nonnegative matrices
Yi,Y; € R2X2 sych that the following conditions are satisfied:

Ps{AT (AKX - C) - G" (Y] - ¥5)} =0
GXH-L=>0
U-G(X)=0 (3.11)
(Y1, G(X") =Ly =0
Y3, U-GX"))=0.
5
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Proof. Assume that there are nonnegative matrices Y},Y; € R2%%2 guch that the conditions (3.11) are
satisfied. Let

1
0 = 3[A(x) - cf
and
FX) = fOXO + (¥}, L= GXO) +(¥3,G(X) - U).
Then for any W € S, we have
f(X* + W)
= YA + W) = CIP + (Y, L - GX™ + W)) + (¥5,6(X" + W) - U)
= F(X) + FIAW)P + (AW), AX) - C) = (Y] - ¥;,G(W))
= f(X) + FIAW)P + (W, AT(AX™) - C) - T (¥} - ¥3))
= fX) + SUAWIP + 5(W, Ps(AT (AKX - C) - G" (¥} - YD)
= f(X*) + 1AW
> f(X%).

This implies that X™* is a global minimizer of the function f(X). Since (Y7, G(X*)-L) = 0,(Y;, U-G(X")) =
0 and f(X) > f(X*) for all X € S, we have

FX) 2 fX) + (Y7, L= GXM) +(¥5,6(X") - U) = (¥}, L - 60) - (¥;,6(X) - U)
= f(x") = (¥;,L- 60)) - (¥;,6(X) - U).
Hence, we have from Y{ > 0 and ¥; > 0 that f(X) > f(X*) for all X € S with G(X) — L > 0 and
U - G(X) > 0. Hence X* is a solution to Problem (1.1).
Conversely, assuming that X* is a solution to Problem (1.1), then X* certainly satisfies the Karush-
Kuhn-Tucker conditions of Problem (1.1). That is, there exists a nonnegative matrix Y* such that satisfies

conditions (3.11).
We now define the following Powell-Hestenes-Rockafellar(PHR) Augmented Lagrangian function

L(X.Z1.2,) = %llﬂ(X) —CI?+ §||(L ~G(X) + %)Jr + gH(Q(X) ~U+ %)+||2, (3.12)

where Z; > 0 and Z; > 0 are the Lagrangian multiplier matrices and p > 0 is the penalty parameter. Clearly,
the partial derivative of function L, (X, Z;, Z,) with respect to X is given by

V4 Z
_ gl _ ) T _ A _ 22
VxLp(X,Z1,2,) = A (ﬂ(X) C) oG ((L G(X) + p )+ (G0 -U+ ; )+) .
The augmented Lagrangian method proposed by E.G. Birgin et al in in [27, 28] (with necessary modifica-
tions) to solve Problem (1.1) can be described as follows:
Algorithm PHR-AL. (The PHR-AL method for solving Problem (1.1).)
1. Input coefficient matrices A;, B;(i = 1,... p) in the linear operator A and matrices E;, E;(i = 1,...q)
in the linear operator G. Input matrices C, L, U and a large parameter matrix Z,,, > 0. Inputy > 1,

. .=l —1
r € (0,1), p1 > 0, a small tolerance & > 0 and tolerance g; | 0. Choose initial matrices Z; and Z,

with 0 < Z,,Zy < Zyay. Setk — 1.
6
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2. Compute X* as an approximate stationary point of
L Zk =k .
minimize L, (X,Z;, Z,) subjectto X € S. (3.13)

That is, compute X* such that “PS{VLM((X",ZII,ZS)}H < &.
3. Define _ .
Zi = (Z) +pulL - GXY) . Z5 = (2o + pG(XH - 1) .

4. Ifk=1or

(ke - L.Z01-| + v - Goxety, ZE) ||2)1/2
(i > ==

) A2 (3.14)
<r(lleexch - 12N + v - goeth, )

define py+1 = pi. Else, define pr+1 = ypr.
5. 1f

(Ipstorce 21200 + oo - 121 + o - 6oy 21 F) <.

then stop.

6. Update lem and Z];r] with 0 < lem, ZSH < Zpay 1n such a way that (le(ﬂ),- = (Z’f)ij and (Z];r]),- =

(ZIQC)ZJ ifo S (Z{()l]7 (le{)l‘] S (Zmax)ijv i = 1727‘ . -’P’ ,] = 1725 .. '7q‘
7. Setk < k+ 1 and go to step 2.

Problem (3.13) in Algorithm PHR-AL is a linear constrained matrix minimization problem. It is cer-
tainly solvable for all the known matrices and the scalar p;. Here we will use the spectral projected gradient
(SPG) method to compute the approximation stationary point X* of problem (3.13). The SPG method is a
nonmonotone projected gradient type method for minimizing general smooth functions on convex sets[27].
The SPG method is simple, easy to code, and does not require matrix factorizations. Moreover, it overcomes
the traditional slowness of the gradient method by incorporating a spectral step length and a nonmonotone
globalization strategy. The main steps of SPG algorithm (with necessary modifications) to compute an
approximate stationary point of problem (3.13) can be described as follows:

Algorithm SPG. (Compute an approximate stationary point of problem (3.13))

. =k =k . —

1. Input matrices Z; and Z,; an integer M > 1, parameters &min > 0, @max > &min, ¥ € (0,1),0 < 01 <

05 < 1 and @1 € [@min, ¥max]. Choose an initial matrix X; € S and let i « 1.
2. If '|P3{Vka(X,~,Z]1(,Z§)}|| < &, stop. (In this case, X; is an approximate stationary point of problem

(3.13).)

=k =k
3. Compute dX; = —a;Ps{VL, (Xi.Z},Z,)}. Let 1 = 1.
4. Compute X = X; + AdX,.
> If —k =k —k =k —k =k
Lo (X,Z1,Zy) < max L, (Xi_j,Z\,Z,) +yA <dX,~, Vka(Xl-,Zl,Zz)> , (3.15)

1< j<min{i,M}

. —k =k —k =k
define 4; = A, Xiy1 = X, 5; = Xip1 — Xi, yi = VL, (Xiy1,Z,,Z5) — VL, (Xi, Z,,Z,). Then goto step 6.
If (3.15) does not hold, define A, € [0714, 024], Let A = Ay, and goto step 4.
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6. Compute b; = (s;,y;). If b; <0, let @; = amax, Otherwise, compute
a; = (si, 8i), @ = Min{@&max, Max{@min, a;/b;}}.

7. Leti « i+ 1 and goto step2.

In the practical implementation of Algorithm PHR-AL, similarly to [27], we take the parameters y = 5,
. . c . . =
r = 0.5, p; = 1, and the large matrix Z,x with all elements equal to 109, The initial matrices Z | and

Z; are chosen as Zi = Zé = 0. For the implementation of Algorithm SPG, similarly to [30], we take the
parameters M = 10,y = 107, @ppin = 107, @jpax = 10°°, 07y = 0.1, 03 = 0.9, Aoy, = (0714 + 021)/2 and
a¢ = 1. The initial matrix X is chosen as the (k — 1)th approximate solution of Algorithm PHR-AL.

Lemma 2. Assume that X* is limit point of a sequence generated by Algorithm PHR-AL and the sequence

Pk is bounded, then we have
L<GX")<U.

Proof. Let K be an infinite subset of N such that Erﬂr{} X* = X*. Since klirn pr = co when (3.14) does not hold,

€
the boundedness of p; implies that there exists kg € N such that (3.14) takes place for all k > kq. Therefore,
. k K| — . ky 7ky || —
lim [{G(x*) - L.Z{} |[= 0 and lim [[{U - 6x"), 23} || = 0.
Note that Z’l‘ > 0 and Z’2‘ > 0 for all k € N, we have
. _ k _ . ky _
lim(L-G(X"), =0 and lim(G(X") -U), =0,

thatis, G(X*)— L >0and U - G(X*) > 0.

Lemma 3. Assume that X* is limit point of a sequence generated by Algorithm PHR-AL, then X* is a
first-order stationary point of the problem

minimize 1 { H(L -G(X")+

2
3 } subjectto X € S. (3.16)

"+ ea - v

In other words, X* € S satisfies
Ps{G"((L - G(X"): = (GX") = U): )} = 0.

Proof. Let K be an infinite subset of N such that Erﬂr{} X* = X*. Consider first the case in which the sequence
(S
P is bounded. By the proof of Lemma 2, we have that

lim||(Z - 6(xY),[[=0 and lim[[Gx") - v).| = 0.
Note that
6" (- gex9) )] < (e -gex). | ana o (66~ v),)] = (6exr-v),].

we have that

lim |67 (£ - 60, - (@x") - V), )| = 0.

Since X* € S for all , this implies the desired result in the case that {p;} is bounded.
8
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Assume now that {px} is not bounded. Therefore there exists an infinite sequence of indices K cK

such that lim p; = co. Note that g | 0 and HPS{Vka(Xk,Zk,ZI;)}“ < &, we have
keK’

—k —k
lim | Ps {ﬂT(ﬂ(X") -C)-pG" [(L - G(xk) + /Z)—l) (GxH - U + %)]}H = 0.

k+_

Therefore we have

lim
keK

zk Zk
Ps {ﬂT(ﬂ(X") -C)lp-6" ((L - G(X*) + p—;)+ —(gxH-U+ p—i)J}H = 0.

Since {X*}, {Z]I} and {Zﬁ} are bounded, we obtain

[psie™ (- gexn, - Gy -, = o
This implies that X* is a stationary point of (3.16).

Theorem 2. Assume that X* is limit point of a sequence generated by Algorithm PHR-AL and the sequence
{or} is bounded, then X* is a solution to Problem (1.1).

Proof. Let K be an infinite subset of N such that

—k —% —k —k
lim X* = X*, limp; = p*, limZ, = Z, and limZ, = Z,.
kle]K klerk P keK 1 1 keK 2 2

By Lemma 2, we have L < G(X*) < U. Since
—k =k
”PS{Vka(X",Zl,ZZ)}” <&
holds for all g; | 0, we have
|Ps{vL, X2, Z)| = 0. (3.17)
Let _ _
Vi =p (L-GX)+Z/p"), and Y;=p"(GX)-U+Z/p"),.
then Y7 > 0 and Y7 > 0, and, from (3.17), we have
Ps{A (AX") - C)-G"(¥* -z} =0.
Since {o;} is bounded, then there exists ky € N such that (3.14) takes place for all k > kq. Hence, we have
lim{G(XY) - L, Zj)- ={G(X") - L, Z{}- =0
and
lim{U - (X", 23} = {U - G(X"), Z3}- =0,

which imply that (G(X*) — L, Z7) = 0 and (U — G(X*), Z;) = 0. By the definition of zk, Z’Z‘ and Yy, Y3
we know that (Z7);; > 0 if and only if (¥Y7);; > 0 and (Z);; > 0 if and only if (¥]);; > 0 (@ = 1,2,..., 1,
J=12,...,52). Sowe have (G(X*) — L,Y]) = 0 and (U — G(X*), Y;) = 0. Hence X" satisfies conditions
(3.11). By Theorem 1, we know that X* is a solution to Problem (1.1).

9
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4. Numerical examples

In this section, we first report some numerical results when Algorithm PHR-AL is implemented to
solve Problem (1.1) with random data, and then we illustrate the applicability when the algorithm is applied
to solve the model (2.10) in image restoration. All the tested algorithms were coded by MATLAB 7.8
(R2009a) and all our computational experiments were run on a personal computer with an Intel(R) Core i3
processor at 2.13 GHz with 2.00 GB of memory.

4.1. Tested with random data

In this example, we test the two linear operators as A(X) = A1 XB; + A;XB; and G(X) = E; XF,and S
as the set of all real m X n rectangular centrosymmetric matrices[31].

Example 1. Given the matrices A, By, A», By, E1, F1,C, L and U in Matlab style as follows:

Ay = randn(ly,m), By = randn(n,s1), A, = randn(ly,m), By = randn(n, s1),
Ey = rand(l,,m), F| = rand(n,s;), C = A1 XB| + A2XB,,
L = EXF, — 10 % ones(lp, 55), U = E1XF; + 10 = ones(l», s»),

where X = Z + SmZS , with Z = rand(m, n). Matrices L, U and C are chosen in this way to guarantee that
Problem (1.1) is solvable.

Note that the Algorithm PHR-AL involve an outer iteration and an inner iteration, the convergence
stopping criterion of the outer iterations are all set to be & = 1078, and the small tolerance & in the inner

iterations is set to
0.1g,_; ifgg > &,

Ek-1 if Er—1 < E. (4.18)

g0 =10 and sk:{

The largest number of the inner iteration is set to be 200. We consider the following two cases to be tested:
(a)ly >mand s; >nand (b) [; <mand s; < n.

Table 2: Numerical results for the case (a) /; > m and s; > n in Example 1.

ll,m,n,sl,lz,sz CPU %
10,10,10,10,10,10 0.1248  5.1294x1071
30,18,20,30,25,30 0.3588  3.4006x107 13
50,50,50,50,50,50 3.4476  1.2540x10°12
80,60,70,100,80,80 4.0404  6.7827x107™®

100,100,100,100,100,100  13.3537  6.7580x10~™
150,100,100,150,120,120  10.1401  4.8226x10°"
150,150,150,150,150,150  44.2263  4.7307x10~™
200,180,180,200,150,150  53.3367 1.2976x10~™*
250,250,250,250,200,200 161.7106  1.1052x10°7

For case /] > m and s; > n, Problem (1.1) has unique solution and the true solution is X. Therefore in
Table 2, we report the mean computing time in seconds and the mean relative error based on their average

values of 10 repeated tests with randomly generated matrices Ay, B, Ay, By, E; and F for each problem
X =X||

i . o
For case [ < n and s < n, as Problem(1.1) has multiple solutions, the algorithm is not guaranteed to

converge to the solution X, it is not meaningful to record the relative errors. In this case, we report the mean
10

size. Here the relative error is defined as Re = , where X* is the estimated solution.
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Table 3: Numerical results for the case (b)/; < m and s; < n in Example 1.

lLi,m,n, s, b, s CPU [|JA1XB; + A»XB, — C||
6,10,10,6,10,10 0.1560 9.3373x107~
15,30,25,15,20,20 0.7644 1.4437x107°
30,60,75,35,50,50 4.2432 3.2598x10~T0
50,120,125,65,80,80 17.6749 2.6637x10710
50,200,200,50,100,100  43.9299 7.1933x10° T
70,150,150,70,120,120  44.9595 1.7993x10710
100,200,200,100,150,150 132.8817 1.7718x10°10
100,300,300,100,180,180  348.3970 5.1966x107 11

computing time in seconds and the mean residual ||A; XB; + A, X B, — C|| (see Table 3) based on 10 repeated
tests with randomly generated matrices A, B, E and F for each problem size in each test.

4.2. Application to image restoration with some special symmetry pattern images

In this subsection, we test the efficiency when Algorithm PHR-AL is applied to solve the model (2.10) in
image restoration. We only focus on some special symmetry pattern images. The original image is denoted
by X in each example and it consists of m X n grayscale pixel values in the range [0, d] with d = 255 is the
maximum possible pixel value of the image. Let X = vec(X) denotes the vector obtained by stacking the
columns of X and H represents the blurring matrix. The vector g = HX represents the associated blurred
and noise-free image. In our tests, similarly to [24], we generated a blurred and noisy image g by

R _SNR
g=8+ny X0 X107 20,

where ng is a random vector noise with a zero mean and a variance equal to one, and SNR is the signal to

noise ratio defined by
2

log
SNR =101lo —),
g10 (0_121 )
where o-% and o2 are the variance of the noise and the original image, respectively. The performance of the
Algorithm PHR-AL and its comparison are evaluated by the peak signal-to-noise ratio (PSNR) in decible
(dB):
d>mn d*mn
PSNR(X) = 10logy(———) = 10log g | =———)
“M—ﬂ%) wX—XW)

In all the tests, the largest number of the involved inner iteration(Algorithm SPG) in the Algorithm
PHR-AL is set to be 20. The algorithm started with the degraded images and terminated when the relative
difference between the successive iterates of the restored image satisfy

” Xk+1 _ Xk”

Rerror = xS 0.5x 1072,

Example 2. In the first example, we consider the ”butterfly” original image of size 192 X 254 and is shown
on the left side of Figure 1. The original image has perfectly mirror-symmetry[32], that is, the pixel value

11
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Original image

Original image

Figure 1: Original images. Left: ”Butterfly”(mirror-symmetric). Right: ”PlayCard-K-Heart” (centro-symmetric).

miltrix X can be expressed as X = (X1, XS ), where X; is the left half of the matrix X. Actually, we have
[1X — Ps(X)|| = 0, where S is the set of all real 192 X 254 column mirror-symmetry matrices and

XL+XRSn XLSn +XR
2 ’ 2
where Xy is the left half and the right half of X. The blurring matrix H is chosen tobe H = H; ® H, €

2 2 . . .
RI92>2% where H; = [hgjl.)] e RP>12 and H, = [hgjz.)] € R¥%254 gre the Toeplitz matrices whose entries
are given by

Po(X) = ( ) VY € R192x254

1 (i—j)? .. ! o
h(]) = U\/Z?exl? (_ 120{2 )’ Il - Jl <, and ]’1(2) - 2r—1° |l - ]| <r
Y 0 otherwise Y 0, otherwise.

In this example we choose the band r = 3 and the variance o = 0.4. A random Gaussian noise, with
SNR = 15dB, was added to produce a blurred and noisy image G with PS NR(G) = 8.1411. The blurred
and noisy image is shown on the left side of Figure 4. The restoration of the image from the degraded image
is obtained by solving the minimization problem (2.10) using the PHR-AL algorithm. The regularization
matrix 7 is chosentobe T =T, ® T, € ]R1922X2542, where T = I9p and T3 is the tridiagonal matrix, of
size 254 x 254, generated by vector (1,2, 1). The optimal value of the parameter A = 0.015 was obtained by
using the GCV method. The corresponding GCV curve is plotted on the right side of Figure 2.

The restored image obtained by using Algorithm PHR-AL is given on the left of Figure 4, the relative
error was Re(X) = 1.2521 x 107! with PS NR(X) = 21.0231, and the iterations are terminated after 3 itera-
tions with a cpu time of 13.9309 s. Table 1 reports on more results for three levels of noise corresponding
to different SNR = 5,10, 15 and to different values of oo = 0.35,0.55,0.85 given in the definition of the
blurring matrices H; and H; in Example 2.

Example 3. In the second example, the original image is the ”PlayCard-K-Heart” image of size 628 x 423

and is shown on the right side of Figure 1. The original image is centrosymmetric, that is, the pixel value
12
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Table 4: Results for Example 3.

o SNR(dB)  A,x  PSNR(G)dB) PSNR(X)(dB) Re(X) CPU-times(s)
5 0.036 5.3075 19.6357 1.4690x107" 23.4002
10 0.025 6.0042 20.9344 1.2650x107"! 17.8621
0.35 15 0.017 6.4097 21.3394 1.2073%10™" 18.0337
20 0.011 6.6397 21.6077 1.1706x107! 18.3145
25 0.007 6.7709 21.9395 1.1267x107! 19.5781
5 0.036 8.3142 18.7410 1.6284x107" 29.6090
10 0.025 9.3290 21.1153 1.2389x107! 40.3419
0.55 15 0.018 9.9286 21.8547 1.1378x107! 38.4386
20 0.012 10.2655 21.9397 1.1267x107! 28.2830
25 0.008 10.4569 21.1417 1.2351x107! 18.8137
5 0.035 8.4387 18.5387 1.6667x107" 38.4542
10 0.026 9.4712 20.7428 1.2932x107! 39.1875
0.85 15 0.019 10.0763 20.9952 1.2561x107"! 27.9086
20 0.014 10.4170 20.5296 1.3253%10! 12.9949
25 0.010 10.6154 20.7946 1.2855x107! 18.8137

GCV function, minimum at A=0.017 GCYV function, minimum at A=0.023

0.06

Figure 2: The GCV curve for the Example 2 with the optimal value of 4 = 0.017 (left) and the GCV curve for the Example 3 with
the optimal value of 1 = 0.023.

Blurred and noisy image Restored image with A=0.017

Figure 3: The blurred and noisy image (left) with PSNR(G) = 8.1411, r = 3 and o = 0.45 and the restored image (right) with
PSNR(X) = 21.0231 and Re(X) = 1.2521 x 107!,

13
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matrix X satisfies X = § 6235(\5 43. Actually, we have ||5(\ - PS(Y )|l = 0, where S is the set of all real 628 x423
rectangle centrosymmetry matrices and Ps = %(X + S628XS 423) for any X € RO28x423 The blurring matrix
H is chosentobe H = H| ® H; € R2562X2562, where H| = Igg is the identity matrix and H, = [hl(.Jz.)] is the
Toeplitz matrices of dimension 423 x 423 given by

1 . .
RN = li—jl<r,
L 0, otherwise.

The blurring matrix H models a uniform blur. The regularization matrix 7 is chosentobe T =T, ® T €

Blurred and noisy image Restored image with A=0.023

Figure 4: The blurred and noisy image (left) with PS NR(G) = 8.0481, r = 3 and o = 0.45 and the restored image (right) with
PSNR(X) = 20.1459 and Re(X) = 1.5784 x 107!,

2 2 .. . . .
R236™%256" \where T and T, are similar to the ones given in Example 2. In this example we set r = 3 and

a random Gaussian noise, with SNR = 15dB, was added to produce a blurred and noisy image G with
PSNR(G) = 8.0481. The obtained image is shown on the middle of Figure 2. The optimal value of the
parameter A = 0.023 was obtained by using the GCV method. The corresponding GCV curve is plotted on
the right side of Figure 2.

The restored image obtained by using our proposed Algorithm PHR-AL is also denoted by X and it is
given on the right side of Figure 4. The relative error was Re(X) = 1.5784 x 10~! with the PSNR(X) =
20.1459. The iterations are terminated after 5 iterations with a cpu time of 86.9699s.

5. Conclusion

In this paper, we consider solving a class of inequality constrained matrix-form minimization problems,
whose various simplified versions have been studied extensively. These matrix-form minimization problems
problem can be transformed into the convex linearly constrained quadratic programming in the vector-form
by using the vec operator vec(.) and the Kronecker produc ® However, using this transformation will
destroy the preindicated linear structure of the unknown matrix and will increase computational complexity

and storage requirement. In this paper we will consider the problem from a general point of view and
14
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directly from the perspective of matrices. We propose, analyze and test a matrix-form iteration algorithm
framework with the augmented Lagrangian method for solving this problem and its reduced versions which
are applicable in image restoration. The numerical results, including when the algorithm is tested with some
randomly generated data and on some image restoration problems with special symmetry pattern images,

illustrate the effectiveness of the proposed algorithm.
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