VVolume 23, Number 3 September 2017
ISSN:1521-1398 PRINT,1572-9206 ONLINE

Journal of
Computational
Analysis and

Applications

EUDOXUS PRESS,LLC



Journal of Computational Analysis and Applications
ISSNNo.’s:1521-1398 PRINT,1572-9206 ONLINE
SCOPE OF THE JOURNAL
An international publication of Eudoxus Press, LLC
(fourteen times annually)

Editor in Chief: George Anastassiou

Department of Mathematical Sciences,

University of Memphis, Memphis, TN 38152-3240, U.S.A
ganastss@memphis.edu
http://www.msci.memphis.edu/~ganastss/jocaaa

The main purpose of "J.Computational Analysis and Applications"
is to publish high quality research articles from all subareas of
Computational Mathematical Analysis and its many potential
applications and connections to other areas of Mathematical
Sciences. Any paper whose approach and proofs are computational,using
methods from Mathematical Analysis in the broadest sense is suitable
and welcome for consideration in our journal, except from Applied
Numerical Analysis articles. Also plain word articles without formulas and
proofs are excluded. The list of possibly connected
mathematical areas with this publication includes, but is not
restricted to: Applied Analysis, Applied Functional Analysis,
Approximation Theory, Asymptotic Analysis, Difference Equations,
Differential Equations, Partial Differential Equations, Fourier
Analysis, Fractals, Fuzzy Sets, Harmonic Analysis, Inequalities,
Integral Equations, Measure Theory, Moment Theory, Neural Networks,
Numerical Functional Analysis, Potential Theory, Probability Theory,
Real and Complex Analysis, Signal Analysis, Special Functions,
Splines, Stochastic Analysis, Stochastic Processes, Summability,
Tomography, Wavelets, any combination of the above, e.t.c.

"J.Computational Analysis and Applications” is a

peer-reviewed Journal. See the instructions for preparation and submission

of articles to JoCAAA. Assistant to the Editor:
Dr.Razvan Mezei,Lenoir-Rhyne University,Hickory,NC 28601, USA.

Journal of Computational Analysis and Applications(JOCAAA) is published by
EUDOXUS PRESS,LLC,1424 Beaver Trail
Drive,Cordova, TN38016,USA ,anastassioug@yahoo.com

http://www.eudoxuspress.com. Annual Subscription Prices:For USA and

Canada, Institutional:Print $700, Electronic OPEN ACCESS. Individual:Print $350. For
any other part of the world add $130 more(handling and postages) to the above prices for
Print. No credit card payments.

Copyright©2017 by Eudoxus Press,LLC,all rights reserved.JOCAAA is printed in USA.
JoCAAA is reviewed and abstracted by AMS Mathematical
Reviews,MATHSCI,and Zentralblaat MATH.

It is strictly prohibited the reproduction and transmission of any part of JOCAAA and in
any form and by any means without the written permission of the publisher.It is only
allowed to educators to Xerox articles for educational purposes.The publisher assumes no
responsibility for the content of published papers.

392



Editorial Board
Associate Editors of Journal of Computational Analysis and Applications

Francesco Altomare

Dipartimento di Matematica

Universita' di Bari

Via E.Orabona, 4

70125 Bari, ITALY

Tel+39-080-5442690 office
+39-080-3944046 home
+39-080-5963612 Fax

altomare@dm.uniba.it

Approximation Theory, Functional

Analysis, Semigroups and Partial

Differential Equations, Positive

Operators.

Ravi P. Agarwal

Department of Mathematics

Texas A&M University - Kingsville
700 University Blvd.

Kingsville, TX 78363-8202

tel: 361-593-2600
Agarwal@tamuk.edu
Differential Equations,
Equations, Inequalities

Difference

George A. Anastassiou

Department of Mathematical Sciences

The University of Memphis
Memphis, TN 38152,U.S.A
Tel.901-678-3144

e-mail: ganastss@memphis.edu
Approximation Theory, Real
Analysis,

Wavelets, Neural Networks,
Probability, Inequalities.

J. Marshall Ash

Department of Mathematics

De Paul University

2219 North Kenmore Ave.
Chicago, IL 60614-3504
773-325-4216

e-mail: mash@math.depaul.edu
Real and Harmonic Analysis

Dumitru Baleanu

Department of Mathematics and
Computer Sciences,
Cankaya University,
and Sciences,
06530 Balgat, Ankara,

Turkey, dumitru@cankaya.edu.tr

Faculty of Art

393

Fractional Differential Egquations
Nonlinear Analysis, Fractional
Dynamics

Carlo Bardaro

Dipartimento di Matematica e

Informatica

Universita di Perugia

Via Vanvitelli 1

06123 Perugia, ITALY

TEL+390755853822
+390755855034

FAX+390755855024

E-mail carlo.bardaro@unipg.it

Web site:

http://www.unipg.it/~bardaro/

Functional Analysis and

Approximation Theory, Signal

Analysis, Measure Theory, Real

Analysis.

Martin Bohner

Department of Mathematics and
Statistics, Missouri S&T
Rolla, MO 65409-0020, USA
bohner@mst.edu
web.mst.edu/~bohner
Difference equations,
equations,
time scale,
economics,

differential

dynamic equations on
applications in
finance, biology.

Jerry L. Bona

Department of Mathematics

The University of Illinois at
Chicago

851 S. Morgan St. CS 249
Chicago, IL 60601
e-mail:bonalmath.uic.edu
Partial Differential Equations,
Fluid Dynamics

Luis A. Caffarelli

Department of Mathematics

The University of Texas at Austin
Austin, Texas 78712-1082
512-471-3160

e-mail: caffarel@math.utexas.edu
Partial Differential Equations
George Cybenko

Thayer School of Engineering



Dartmouth College

8000 Cummings Hall,

Hanover, NH 03755-8000

603-646-3843 (X 3546 Secr.)
e-mail:george.cybenko@dartmouth.edu
Approximation Theory and Neural
Networks

Sever S. Dragomir

School of Computer Science and
Mathematics, Victoria University,
PO Box 14428,

Melbourne City,

MC 8001, AUSTRALIA

Tel. +61 3 9688 4437

Fax +61 3 9688 4050
sever.dragomir@vu.edu.au
Inequalities, Functional Analysis,
Numerical Analysis, Approximations,
Information Theory, Stochastics.

Oktay Duman

TOBB University of Economics and
Technology,

Department of Mathematics,
06530,

Ankara, Turkey,
oduman@etu.edu.tr
Classical Approximation Theory,
Summability Theory, Statistical
Convergence and its Applications

TR-

Saber N. Elaydi

Department Of Mathematics
Trinity University

715 Stadium Dr.

San Antonio, TX 78212-7200
210-736-8246

e-mail: selaydi@trinity.edu
Ordinary Differential Equations,
Difference Equations

Christodoulos A. Floudas

Department of Chemical Engineering
Princeton University

Princeton,NJ 08544-5263
609-258-4595 (%4619 assistant)
e-mail: floudas@titan.princeton.edu
Optimization Theory&Applications,
Global Optimization

J .A. Goldstein

Department of Mathematical Sciences
The University of Memphis

Memphis, TN 38152

901-678-3130

jgoldste@memphis.edu

394

Partial Differential Equations,
Semigroups of Operators

H. H. Gonska

Department of Mathematics
University of Duisburg

Duisburg, D-47048

Germany

011-49-203-379-3542

e-mail: heiner.gonska@Quni-due.de
Approximation Theory, Computer
Aided Geometric Design

John R. Graef

Department of Mathematics
University of Tennessee at
Chattanooga

Chattanooga, TN 37304 USA
John-Graef@utc.edu

Ordinary and functional
differential equations, difference
equations, impulsive systems,
differential inclusions, dynamic
equations on time scales, control
theory and their applications

Weimin Han

Department of Mathematics
University of Iowa

Towa City, IA 52242-1419
319-335-0770

e-mail: whan@math.uiowa.edu
Numerical analysis, Finite element
method, Numerical PDE, Variational
inequalities, Computational
mechanics

Tian-Xiao He

Department of Mathematics and
Computer Science

P.O. Box 2900, Illinois Wesleyan
University

Bloomington, IL 61702-2900,
Tel (309)556-3089

Fax (309)556-3864
the@iwu.edu

Approximations, Wavelet,
Integration Theory, Numerical
Analysis, Analytic Combinatorics

USA

Margareta Heilmann

Faculty of Mathematics and Natural
Sciences, University of Wuppertal
GauBstrabe 20

D-42119 Wuppertal, Germany,
heilmann@math.uni-wuppertal.de



Approximation Theory (Positive

Linear Operators)

Xing-Biao Hu

Institute of Computational
Mathematics

AMSS, Chinese Academy of Sciences
Beijing, 100190, CHINA
hxb@lsec.cc.ac.cn

Computational Mathematics

Jong Kyu Kim

Department of Mathematics
Kyungnam University

Masan Kyungnam, 631-701,Korea
Tel 82-(55)-249-2211

Fax 82-(55)-243-8609
jongkyuk@kyungnam.ac.kr
Nonlinear Functional Analysis,
Variational Inequalities, Nonlinear
Ergodic Theory, ODE, PDE,
Functional Equations.

Robert Kozma

Department of Mathematical Sciences
The University of Memphis

Memphis, TN 38152, USA
rkozmal@memphis.edu

Neural Networks, Reproducing Kernel
Hilbert Spaces,

Neural Percolation Theory

Mustafa Kulenovic
Department of Mathematics
University of Rhode Island
Kingston, RI 02881,USA
kulenm@math.uri.edu
Differential and Difference
Equations

Irena Lasiecka

Department of Mathematical Sciences
University of Memphis

Memphis, TN 38152

PDE, Control Theory, Functional
Analysis, lasiecka@memphis.edu

Burkhard Lenze

Fachbereich Informatik
Fachhochschule Dortmund
University of Applied Sciences
Postfach 105018

D-44047 Dortmund, Germany
e-mail: lenze@fh-dortmund.de
Real Networks, Fourier Analysis,
Approximation Theory

395

Hrushikesh N. Mhaskar
Department Of Mathematics
California State University
Los Angeles, CA 90032
626-914-7002

e-mail: hmhaska@gmail.com
Orthogonal Polynomials,
Approximation Theory, Splines,
Wavelets, Neural Networks

Ram N. Mohapatra

Department of Mathematics
University of Central Florida
Orlando, FL 32816-1364
tel.407-823-5080
ram.mohapatra@ucf.edu

Real and Complex Analysis,
Approximation Th., Fourier
Analysis, Fuzzy Sets and Systems

Gaston M. N-"Guerekata
Department of Mathematics
Morgan State University
Baltimore, MD 21251, USA

tel: 1-443-885-4373

Fax 1-443-885-8216
Gaston.N'Guerekatal@morgan.edu
nguerekatalaol.com

Nonlinear Evolution Equations,
Abstract Harmonic Analysis,
Fractional Differential Equations,
Almost Periodicity & Almost
Automorphy

M.Zuhair Nashed

Department Of Mathematics
University of Central Florida

PO Box 161364

Orlando, FL 32816-1364

e-mail: znashed@mail.ucf.edu
Inverse and Ill-Posed problems,
Numerical Functional Analysis,
Integral Equations, Optimization,
Signal Analysis

Mubenga N. Nkashama
Department OF Mathematics
University of Alabama at Birmingham

Birmingham, AL 35294-1170
205-934-2154
e-mail: nkashama@math.uab.edu

Ordinary Differential Equations,
Partial Differential Equations

Vassilis Papanicolaou
Department of Mathematics



National Technical University of
Athens

Zografou campus,
Athens, Greece
tel:: +30(210) 772 1722

Fax +30(210) 772 1775
papanico@math.ntua.gr

Partial Differential Equations,
Probability

157 80

Choonkil Park

Department of Mathematics
Hanyang University

Seoul 133-791

S. Korea, baak@hanyang.ac.kr
Functional Equations

Svetlozar (Zari) Rachev,

Professor of Finance, College of
Business, and Director of
Quantitative Finance Program,
Department of Applied Mathematics &
Statistics

Stonybrook University

312 Harriman Hall, Stony Brook, NY
11794-3775

tel: +1-631-632-1998,
svetlozar.rachev@stonybrook.edu

Alexander G. Ramm

Mathematics Department

Kansas State University

Manhattan, KS 66506-2602

e-mail: ramm@math.ksu.edu

Inverse and Ill-posed Problems,
Scattering Theory, Operator Theory,
Theoretical Numerical Analysis,
Wave Propagation, Signal Processing
and Tomography

Tomasz Rychlik

Polish Academy of Sciences
Instytut Matematyczny PAN
00-956 Warszawa, skr. poczt. 21
ul. Sniadeckich 8

Poland

trychlik@impan.pl

Mathematical Statistics,
Probabilistic Inequalities

Boris Shekhtman

Department of Mathematics
University of South Florida
Tampa, FL 33620, USA

Tel 813-974-9710
shekhtmaCusf.edu

396

Approximation Theory, Banach
spaces, Classical Analysis

T. E. Simos

Department of Computer
Science and Technology
Faculty of Sciences and Technology
University of Peloponnese
GR-221 00 Tripolis, Greece
Postal Address:

26 Menelaou St.

Anfithea - Paleon Faliron
GR-175 64 Athens, Greece
tsimos@mail.ariadne-t.gr
Numerical Analysis

H. M. Srivastava

Department of Mathematics and
Statistics

University of Victoria

Victoria, British Columbia V8W 3R4
Canada

tel.250-472-5313; office,250-477-
6960 home, fax 250-721-8962
harimsri@math.uvic.ca

Real and Complex Analysis,
Fractional Calculus and Appl.,
Integral Equations and Transforms,
Higher Transcendental Functions and
Appl.,g-Series and g-Polynomials,
Analytic Number Th.

1. P. Stavroulakis
Department of Mathematics
University of Ioannina
451-10 Ioannina, Greece
ipstav@cc.uoi.gr
Differential Equations
Phone +3-065-109-8283

Manfred Tasche

Department of Mathematics
University of Rostock

D-18051 Rostock, Germany
manfred.tasche@mathematik.uni-
rostock.de
Numerical
Analysis,
Analysis,
Wavelets,
Theory

Fourier
Signal

Fourier Analysis,
Harmonic Analysis,
Spectral Methods,
Splines, Approximation

Roberto Triggiani

Department of Mathematical Sciences
University of Memphis

Memphis, TN 38152

PDE, Control Theory, Functional



Analysis, rtrggani@memphis.edu

Juan J. Trujillo

University of La Laguna
Departamento de Analisis Matematico
C/Astr.Fco.Sanchez s/n

38271. Lalaguna. Tenerife.

SPAIN

Tel/Fax 34-922-318209
Juan.Trujillo@ull.es

Fractional: Differential Equations-
Operators-Fourier Transforms,
Special functions, Approximations,
and Applications

Ram Verma

International Publications

1200 Dallas Drive #824 Denton,

TX 76205, USA

Verma99@msn.com

Applied Nonlinear Analysis,
Numerical Analysis, Variational
Inequalities, Optimization Theory,
Computational Mathematics, Operator
Theory

Xiang Ming Yu

Department of Mathematical Sciences
Southwest Missouri State University
Springfield, MO 65804-0094
417-836-5931
xmy944f@missouristate.edu

Classical Approximation Theory,
Wavelets

Lotfi A. Zadeh

Professor in the Graduate School
and Director, Computer Initiative,
Soft Computing (BISC)

Computer Science Division
University of California at

Berkeley

Berkeley, CA 94720
Office: 510-642-4959
Sec: 510-642-8271
Home: 510-526-2569
FAX: 510-642-1712

zadeh@cs.berkeley.edu

Fuzzyness, Artificial Intelligence,
Natural language processing, Fuzzy
logic

Richard A. Zalik
Department of Mathematics
Auburn University

Auburn University, AL 36849-5310

397

USA.

Tel 334-844-6557 office
678-642-8703 home

Fax 334-844-6555

zalik@auburn.edu

Approximation Theory, Chebychev

Systems, Wavelet Theory

Ahmed 1. Zayed

Department of Mathematical Sciences
DePaul University

2320 N. Kenmore Ave.

Chicago, IL 60614-3250
773-325-7808

e-mail: azayed@condor.depaul.edu
Shannon sampling theory, Harmonic
analysis and wavelets, Special
functions and orthogonal
polynomials, Integral transforms

Ding-Xuan Zhou

Department Of Mathematics

City University of Hong Kong

83 Tat Chee Avenue

Kowloon, Hong Kong

852-2788 9708,Fax:852-2788 8561
e-mail: mazhoulcityu.edu.hk
Approximation Theory, Spline
functions, Wavelets

Xin-long Zhou

Fachbereich Mathematik, Fachgebiet
Informatik
Gerhard-Mercator-Universitat
Duisburg

Lotharstr.65, D-47048 Duisburg,
Germany

e-mail:Xzhou@informatik.uni-
duisburg.de

Fourier Analysis, Computer-Aided
Geometric Design, Computational
Complexity, Multivariate
Approximation Theory, Approximation
and Interpolation Theory


mailto:Verma99@msn.com

Instructions to Contributors
Journal of Computational Analysis and Applications
An international publication of Eudoxus Press, LLC, of TN.

Editor in Chief: George Anastassiou
Department of Mathematical Sciences
University of Memphis
Memphis, TN 38152-3240, U.S.A.

1. Manuscripts files in Latex and PDF and in English, should be submitted via
email to the Editor-in-Chief:

Prof.George A. Anastassiou
Department of Mathematical Sciences
The University of Memphis
Memphis, TN 38152, USA.

Tel. 901.678.3144

e-mail: ganastss@memphis.edu

Authors may want to recommend an associate editor the most related to the
submission to possibly handle it.

Also authors may want to submit a list of six possible referees, to be used in case we
cannot find related referees by ourselves.

2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE. (Click HERE to
save a copy of the style file.)They should be carefully prepared in all respects.
Submitted articles should be brightly typed (not dot-matrix), double spaced, in ten
point type size and in 8(1/2)x11 inch area per page. Manuscripts should have generous
margins on all sides and should not exceed 24 pages.

3. Submission is a representation that the manuscript has not been published
previously in this or any other similar form and is not currently under consideration
for publication elsewhere. A statement transferring from the authors(or their
employers,if they hold the copyright) to Eudoxus Press, LLC, will be required before
the manuscript can be accepted for publication. The Editor-in-Chief will supply the
necessary forms for this transfer.Such a written transfer of copyright,which previously
was assumed to be implicit in the act of submitting a manuscript,is necessary under the
U.S.Copyright Law in order for the publisher to carry through the dissemination of
research results and reviews as widely and effective as possible.

398


mailto:ganastss@memphis.edu?subject=JCAAM%20inquirey
http://www.msci.memphis.edu/~ganastss/jcaam/EUDOXStyle.tex

4. The paper starts with the title of the article, author's name(s) (no titles or degrees),
author's affiliation(s) and e-mail addresses. The affiliation should comprise the
department, institution (usually university or company), city, state (and/or nation) and
mail code.

The following items, 5 and 6, should be on page no. 1 of the paper.
5. An abstract is to be provided, preferably no longer than 150 words.

6. A list of 5 key words is to be provided directly below the abstract. Key words should
express the precise content of the manuscript, as they are used for indexing purposes.

The main body of the paper should begin on page no. 1, if possible.

7. All sections should be numbered with Arabic numerals (such as: 1.
INTRODUCTION).

Subsections should be identified with section and subsection numbers (such as 6.1.
Second-Value Subheading).

If applicable, an independent single-number system (one for each category) should be
used to label all theorems, lemmas, propositions, corollaries, definitions, remarks,
examples, etc. The label (such as Lemma 7) should be typed with paragraph
indentation, followed by a period and the lemma itself.

8. Mathematical notation must be typeset. Equations should be numbered
consecutively with Arabic numerals in parentheses placed flush right, and should be
thusly referred to in the text [such as Egs.(2) and (5)]. The running title must be placed
at the top of even numbered pages and the first author's name, et al., must be placed at
the top of the odd numbed pages.

9. lllustrations (photographs, drawings, diagrams, and charts) are to be numbered in
one consecutive series of Arabic numerals. The captions for illustrations should be
typed double space. All illustrations, charts, tables, etc., must be embedded in the body
of the manuscript in proper, final, print position. In particular, manuscript, source,
and PDF file version must be at camera ready stage for publication or they cannot be
considered.

Tables are to be numbered (with Roman numerals) and referred to by number in
the text. Center the title above the table, and type explanatory footnotes (indicated by
superscript lowercase letters) below the table.

10. List references alphabetically at the end of the paper and number them
consecutively. Each must be cited in the text by the appropriate Arabic numeral in
square brackets on the baseline.

References should include (in the following order):

initials of first and middle name, last name of author(s)

title of article,

399



name of publication, volume number, inclusive pages, and year of publication.
Authors should follow these examples:

Journal Article

1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators,
(journal name in italics) J. Approx. Theory, 62,170-191(1990).

Book

2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986.

Contribution to a Book

3. M.K.Khan, Approximation properties of beta operators,in(title of book in italics) Progress in
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp.483-495.

11. All acknowledgements (including those for a grant and financial support) should
occur in one paragraph that directly precedes the References section.

12. Footnotes should be avoided. When their use is absolutely necessary, footnotes
should be numbered consecutively using Arabic numerals and should be typed at the
bottom of the page to which they refer. Place a line above the footnote, so that it is set
off from the text. Use the appropriate superscript numeral for citation in the text.

13. After each revision is made please again submit via email Latex and PDF files
of the revised manuscript, including the final one.

14. Effective 1 Nov. 2009 for current journal page charges, contact the Editor in
Chief. Upon acceptance of the paper an invoice will be sent to the contact author. The
fee payment will be due one month from the invoice date. The article will proceed to
publication only after the fee is paid. The charges are to be sent, by money order or
certified check, in US dollars, payable to Eudoxus Press, LLC, to the address shown on
the Eudoxus homepage.

No galleys will be sent and the contact author will receive one (1) electronic copy of
the journal issue in which the article appears.

15. This journal will consider for publication only papers that contain proofs for
their listed results.

400


http://www.eudoxuspress.com/

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Dynamics of a difference equation with maximum

Taixiang Sun Guangwang Su*
College of Information and Statistics, Guangxi Univresity of Finance and Economics

Nanning, Guangxi 530003, P.R. China

Abstract The purpose of this work is to investigate the convergence of the solutions

of the following max-type difference equation

1

P,
7T:}7 77’207]-727”'7

zp, = max{
Zn—s “n—t

where s,t € {1,2,3,---} with s # ¢, a;, € (0,1) is an s-periodic sequence, {P,}1>
is a constant sequence satisfying P, € (0,1] for every n > 0. We show that if
{zn}52° . (r = max{s, t}) is a positive solution of the above equation with the initial

conditions z_,,z_py1, -+ ,2-1 € (0,400), then lim,,_ 2, = 1 or {zganrk}:i%

is eventually monotone for every 0 < k < 2s — 1. Further, we show that if P,

“+o00

is a periodic sequence, s = 1 and ¢ is even, then lim,_ . 2z, = 1 or {z,},2°, is

eventually periodic with period 2.

AMS Subject Classification: 39A10; 39A11.
Keywords: max-type equation, positive solution, eventual periodicity, monotonic-

ity, periodic sequence.

1. Introduction

The max operator arises naturally in certain models in automatic control theory (see [6,7]). In
the recent years, there has been a lot of interest in studying the convergence and boundedness of
max-type difference equations (see [1,3,5,8-11]). In [2], Chen studied the second order max-type
difference equation

1 A,

Zp+1 = max{—,
Zn  Zn-—1

}’ n:O’1)27"'7 (11)

and showed that every positive solution of (1.1) is eventually periodic with period 2 when
{A,}129 is a periodic sequence with period k > 2 and A,, € (0,1) for all n > 0.
In [4], the authors studied the following non-autonomous max-type difference equation with

two delays

In
22 LB

n—-m Zn_,

zn, = max{ b, n=0,1,2,---,

* Project Supported by NNSF of China (11461003)
* Corresponding author: E-mail address: s1gbw3@163.com
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where o, 8 € R, {An};ti% is a sequence of positive real numbers with a finite limit and m,r €
N={1,2,3,---} with m # r.
In this paper, we study the periodicity, the boundedness and the convergence of the following

max-type difference equation

1 P,
zn:max{z ’fTZ}’ n=20,1,2,---, (1.2)
n—s n—t

where s,t € N with s # ¢, a,, € (0, 1) is an s-periodic sequence, {Pn};fi% is a constant sequence

satisfying P, € (0, 1] for every n > 0.
2. Some Propositions

“+oo

n=-—r

In the following, suppose that {z,} is a positive solution of (1.2). To obtain the main

results of this paper, we need the following propositions.

Proposition 2.1 (i) z,z,-s > 1 for all n > 0.

QAn—s

(ii) For any n > 7, z, < max{zn—as, Pnz, 321}

(i) If z, = Py/z0", > 1/z,_s for some n > r, then z, > z,_2s. If 2, = 1/z,_ for some
n > s, then z, < z,_os.
Proof (i) Since z, > 1/z,_s for any n > 0, we have z,z,_s > 1.

(ii) According to (i), we get that for every n > r,

ey
Zn—2s Pnznzs_t

Zp = mMax { } < max{zn_gs, Pnzgisft}'

) o n
Zn—sZn—2s Zp’s_tZn’y

(iii) If z, = Pp/zp", > 1/2y— for some n > r, then by (i) we obtain that

«a
Zn annﬁtpnfs
An—s (e 7% }

1 < zpzp—s = max{

9
An—2s Zp_t—sfn—t
Zn Zn
< max{ A Y .
n—2s Zn—2s

Which implies z,, > z,_2s. If 2, = 1/z,_, for some n > s, then by (i) we obtain that
The proof is complete.
Define

Up, = max{zn_1, 2n—2," " , Zn—s—r} (N >71). (2.1)
According to Proposition 2.1 (i), we get max{z,_1,2n—s—1} > 1, from which it follows U,, > 1
for any n > r.
Proposition 2.2 (i) Let U, be as in (2.1). Then 2, < U, for any n > r and {U,}'> is a
decreasing sequence.

(ii) There exist constants R > R’ > 0 such that R’ < 2z, < R for any n > —r.

Proof (i) If z,—s—¢ <1, then 20", , < 1. If 2,54 > 1, then 20", , < 2, 5. According to

n—s—t n—s—t

Proposition 2.1 (ii), we have that for any n > r,

a
Zn < max{znfls» Znﬁsft} < HlaX{anl, Zn—2,""" ,Zn,S,T} = Un.
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Further, we get

Uny1 = maX{Zna An—1s""" aznfsfr+1} < Up.

(ii) Let R = max{U,,zy—1, -+ ,2—r} and R’ = min{1/U,, 2,—1, -+ ,2—r}. Then R' < z, <R

for any n > —r. The proof is complete.

Now we assume lim,,_ .., U, = U and liminf,_,, U, = u. According to Proposition 2.2

(i), we obtain the following corollary.

Corollary 2.3 There exists a sequence 1 < n; < mng < --- <ny < --- such that z,, > U and

N1 — Nk < S+ T
Proposition 2.4 The following statements hold:

(i) U = limsup,,__, #n.

(ii) Assume that U > 1. Then {n: U < z, = P,/2,",} is a finite set. Further, there exists
N € N such that:

i) 2ny2ks = U and 2y yors = 1/2n4(2k—1)s for any k > 0, and 2y 215 is decreasing.

i) limp o0 2N (26—1)s = u = 1/U.
Proof (i) According to (2.1), we see that U, is a subsequence of z,. Thus U < limsup,,__, . 2n.
Further, since z, < U, for all n > r, we obtain

limsup z, < limsupU, = U.

n—-auo>Qo n—-auoQo

(ii) If{n:U < z, = P,/z,",} is an infinite set, then there exists a sequence t < n; < ng <

... < ng < --- such that

Pn (0% (0%
— k nk n
U S Rny = Qny, § Pnkznk—t—s § an—t—s'

np—t
Without loss of generality, suppose that limy_,o 2, —t—s = u1 and limg_, ap, = @ < 1. Thus
we obtain U = lim;_ 2p, < uf <U® < U since U > 1. A contradiction.

It follows from the above that there exists M € N such that if n > M and z, > U, then z, =
1/2zp—s. By Corollary 2.3 we see that there exists a sequence 1 < nj <mng < --- <ng < --- such
that z,, > U and limy__, 2, = U. Without loss of generality, suppose that n;, = 2sr,+7 > M
with 0 < 7 < 2s for all k € N. Then z,, = 1/2,,—s. Write N = 2sr; + 7. By Proposition 2.1
(iii), we see that for any k£ > 0,

1
ZN+voks 2 U and ———— = 2nNjoks = ANgo(ktl)s = -
ZN+2ks—s EN42(k+1)s—s
Let i, — 400 such that z;, — v and z;, —s — wu;. Then
1 li ! li > li > 1 1 1 > 1
— = lim = lim z _ u= lim z; im =—> =
U k—00 ZN42ks k—so0 N+(2k=1)s = k——oo T koo Zip—s wup U’

this implies limg oo 2n4(2k—1)s = v = 1/U. The proof is complete.
Proposition 2.5 Let N,p,q € N with ¢ > 2 such that
(i) {zNJerS}ZﬁB is monotone.

.. @ s
(ii) EN42s(p+N)+t = PN+2s(p+)\)+t/ZN]:_;i(Z)I;§+t > 1/ZN+2s(p+)\)+t—s for every A € {0,q}.

3
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(il) 2ntas@paa+t = 1/ 2Nt2s(pia)+e—s for every 1 <A <g—1.
Then 2y {o5(ptA)+t = ZN42s(pa+1)4¢ for every 0 < A < g — 2.
Proof There are two cases to be considered.
Case 1 {ZN+251<;};J€F§% is decreasing. In this case, we claim that 2 os(pyr)+t—s = 1/2N12s(prA—1)+¢
for any 1 < XA < ¢ — 1. Since, otherwise, if for some 1 < A < ¢ —1,
PN os(pra)+i—s

EN+2s(p+A)+t—s = ~antos(pinti—s > 1/ZN+2s(p+>\—1)+t7
ZN+25(p+)\)fs

then by Proposition 2.1 (iii) it follows that

PN osptt S Pniospit N
m = QNtasprt — “N+2sp+t = ZN+2s(p+A—1)+t
N+2s(p+X) N+2sp
ON+2s(p+A)+t—s

> 1 B zN+25(p+)\)fs

EN425(p+\)+t—s PN+2s(p+)\)+t—s
This implies

AN 25(p+A)+t _EN+25(p+\)+t—s
1> PN+23p+tPN+2s(p+>\)+t—s > ZN+25(p+/\) ZN+28(p+)\)—s > 1.

A contradiction. From the above claim it follows that

1
EN42s(pi A+t = T = N4 2s(pt A1)t = EN42s(ptA)+t-
RN+25(p+A\)+t—s

Thus 2y 25(prA—1)+t = ZN42s(prA)+t for every 1 <A <g—1.
Case 2 {znioks}; 25 is increasing. In this case, it follows from Proposition 2.1 (iii) that

Py r2s(prq)+t - PN {2s(prq)+t

AN{2s(ptq—1)+t = ONTos(prate - AN+2s(prq)+t = EN+2s(p+q—1)+t
N+2s(p+q—1) N+2s(p+q)
ZaN+2s(p+qfl)+tfs
. 1 . N+2s(p+g—1)—s
= = mln{ZN+25(p+q—2)+t7 P
EN42s(p+q—1)+t—s N+2s(pt+q—1)+t—s

=  ZAN+42s(p+q—2)+t > EN42s(p+q—1)+t
since

OUN42s(ptq—1)+t XN+2s(ptqg—1)+t—s
PN+25(p+Q)+tPN+2S(p+CI*1)+7"*3 <1 and ZN+25(p+q—1) N+2s(p+qg—1)—s = L,

we have
EN+2s(p+q—1)+t — ZN+2s(p+q—2)+t-

In a similar fashion, we may obtain that 2y 2s(p+q—1)+t = ZN+2s(p+r)+¢ for any 0 <A < g —2.

The proof is complete.

Proposition 2.6 If there exists N € N such that {zN+2ks},"::°8 is monotone, then {ZNHHks};::o?]

is eventually monotone.

Proof If there exists K € N such that

ZN42ks+t = 1/2Nyaskit—s forall k> K
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or
ZN+2ks+t = PN+2ks+t/Z?\[[]i+2?€kSS+t > 1/2Nyoksti—s forall k> K,

then by Proposition 2.1 (iii) we obtain that zn yostt < 2n4o(k—1)s4¢ for allk > K (or 2nyops it >

ZN42(k—1)s+¢ for all k > K). Thus {zN+t+2ks};§°K is monotone.

If there exists a sequence 1 < p; < g1 <p2 < g2 < --- < pp < qr < --- such that

PN+2rs+t 1
ZEN+2rs+t = QN2rstt e for every p; <1 <gq;
ZN+2rs N+2rs+t—s
and
1
ZNyors4t = ——  for every ¢q; < r < pit1,
ZN+42rs+t—s

then by Proposition 2.1 (iii) and Proposition 2.5 it follows that znyo—1)s4t < ZNt2rste for
every p; < r < ¢; and Zyyo(r—1)s+¢ = ZN+2rs+t for every ¢; < r < pit1, this follows that

{zN+t+2rs},T:°;§1 is increasing. The proof is complete.

3. Main Results

In section, we state the main results of this paper.

Theorem 3.1 Let {z,}>° be a positive solution of (1.2). Then lim,, .., 2, = 1 or {Zonstk 1429

n—=—r
is eventually monotone for every 0 < k < 2s — 1.
Proof If U = limsup,,__,, 2, = 1, then let ¢y — +o0 such that z;, — u = liminf, . 2,
and z;, _s — u1. Thus

1>u= lim z, > lim :i>l:1.

k—so00 k—o00 23, —s up U

Which implies lim,,— . 2z, = 1. Now assume that U = limsup,,_,., zn, > 1.

First we suppose that ged(s,t) = 1. Then by Proposition 2.4 (iii) we see that there exists
N € N such that the following statements hold:

(1) zN+2ns2N1(2n—1)s = 1 for any n > 0.

(2) zn+2ns is decreasing (n > 0) and lim,— 00 2N42ns = U. T x4 (2n-1)s 18 increasing (n > 0)
and limy, .00 2N 4(2n-1)s = 4 = 1/U.

Using Proposition 2.6 repeatedly, it follows that for every 1 < i < s — 1, {2nj2nstit}iog and

{zN+(2n_1)s+it}fL§% are eventually monotone. Since ged(s,t) = 1, it follows that for every j €
{0,1,2,---,s—1} there exist some 0 < i; < s—1 and integer \; such that i;t = \js+j and it —
s =(X\j—1)s+j. Thus {zN+2nS+)\js+j}f{§% and {zN+2nS+(,\j_1)s+j}:[i% are eventually monotone
for every j € {0,1,2,---,s — 1}, which implies that {z2,s1x}% is eventually monotone for
every 0 < k <2s—1.

If ged(s,t) = d > 1, then we consider the max-type equation

1 P,
Zp, = max{ v}, n=0,1,2,--- - , (3.1)

Rn—ds1 “p—dt,

where s = ds; and t = dt; with ged(s1,t1) = 1. Write ¥, = 2,444 for every 0 < i < d — 1 and
n=0,1,2,---. Then (3.1) reduces to the equations

; 1 Prd+i
Yy, = max{———, —— o>
ynfs1 (yn—tl) e

}, 0<i<d-1, n=0,1,2,---. (3.2)
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By an analogous way as in the above, we obtain that for every 0 <i < d — 1, ¢, is a solution of
equation

i ; Pnd+i
yy, =max{l/y,_,,——}.
n n—si (y}z—h )O‘nd+1

Then {y3 sin +k}:§‘(’) is eventually monotone for every 0 < k < 2s; — 1. Thus for every 0 < k <
25 — 1, {22ns+k}:;i% is eventually monotone. The proof is complete.

“+oo

Theorem 3.2 Assume that s = 1, and ¢ is even, and P, is a periodic sequence. Let {z,}°%,

+oo

be a positive solution of (1.2). Then lim, . 2z, = 1 or {z,}, 2%,

is eventually periodic with

period 2.

Proof If U = limsup,,_ ., zn = 1, then using arguments similar to ones developed in the proof
of Theorem 3.1 we can obtain lim,_ . z, = 1. Now assume that U = limsup,, ., zn, > 1.

According to Proposition 2.4 (iii) and Theorem 3.1, we see that there exists N € N such
that the following statements hold:

(1) zNnt2n2N+2n—1 = 1 for any n > 0.

(2) zn-ton is decreasing (n > 0) and lim,,—, o 2N12, = U. 2N12,—1 1s increasing (n > 0) and
limy,— 00 2ZN42n—1 =u =1/U.

We claim that zyi9,41 = 1/2n42, eventually. In fact, if there exist 1 < kj < kg < -+ <

k; < --- such that

_ Pyyog 11
ENA2k;+1 = QNt2k, 41 ?

ZN+2k;+1—t
then by taking a subsequence we may assume that Pyiok;+1 and anyop,+1 are constant se-

QAN +2k;+1
NA4-2k;+1-t

is eventually periodic with period

quences since P, and o, are periodic sequences. Thus zn2r,+1 is decreasing since z

—+00

is increasing. A contradiction. Which implies that {z,}, 2%,

2. The proof is complete.
Example 3.3 Assume that s = 1 and ¢ is odd. Let P, = P € (0,1) and o, = a € (0, 1) for any

n > 0. Then there exists a positive solution {z,}2_, of (1.2) which is not eventually periodic

such that lim,_, z, # 1.

Proof Choose the initial values z_4, 214, -+ ,2—1 € (0,400) satisfying
Py <zpy < - <z_1<zg)P, 2y <P o =1/ 44 ke{1,3,---,t—2}.

Now we show that 29,1 < 29541 and zo < 2z9i_o for any k£ € N.
By z_1 < z_¢/P and z_; < P¥(1=%) we have z_; < z_;/P < Pz, Which implies

( 1 P} < 1
Zzp = max{—,—}= — < — = 2_o.
0 zo1 2%, Z_1  z_3 2
1 P (6% (6%
z1 = max{—, —}=max{z_1, Pz%} = Pz%, >z 1.
2o 2},
( 1 P ! { 1 P 1 1 < 1
Zz9 = max{—, = max , = = — < — =2.
2 21 25, P22, 28, Pz, oz oz 0
z3 = max{—, - } = max{z1, Pz ;} = max{Pz%,, P25 ,} = Pz§' , > — = 2.
22 Z3_4 z9
1 P 1 P 1 1 1
Z4 = maxy{—, = max R = = — < — = 29.
! {z E t} {Pzg‘ . 28 t} Pz, 2z = 2
6
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Assume that there exists some m € N such that

(1) 2zop—1 < zop41 and zopqo < 29 for any (=t +1)/2 <k <m.

(2) zopq1 = Pz§,_, for any 0 < k < m and z9p4029k41 = 1 for any (-t +1)/2 < k < m.
Then

1 P
(0%
Zom+s = max{ ' o } = max{zom41, Pz2m+2—t}
22m+2  Zom43—t
— 87 o . (e « _
= max{Pzy, 4 P2yyo o} = Poonyo ¢ > Pao = 22m1-

1 P ) { 1 P
= max ,
Pz ot Zomta—t

22m+4 = max{ ' Ta
22m+3 Zomida—t
1 1 < 1
= = = 22m+2-
Pzngert Z2m+3 Z22m+1

Therefore zop_1 < z2p+1 and zok19 < 29k for any k > (—t+1)/2, which implies that {z,}5°_, is
not eventually periodic. Since 29,41 = P25, , (n € N), we obtain lim,_ . 2, # 1. The proof

is complete.
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Abstract

In this paper we introduce a class %Zf;kco(a) of concave functions by
using the generalized Srivastava-Attiya operator. Also, we get distortion
bounds for this class.
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1 Introduction
Let A denote the class of analytic functions in the unit disk
U={ze€C:|z| <1}

that have the form

flz)=z+ Zanz". (1)
n=2

Further, by S we shall denote the class of all functions in A which are univalent
in U.

The study of operators plays an important role in Geometric Function The-
ory in Complex Analysis and its related fields. Many derivative and integral
operators can be written in terms of convolution of certain analytic functions.
For functions

fi(z) = an;2"  (j=1,2)
n=0
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analytic in U, we define the Hadamard product of f; and fs as
(f1* f2) ( ZanlanQ'Z =(faxfi)(z) (z2€U). (2)

In terms of the Hadamard product (or convolution), the Dziok-Srivastava lin-
ear convolution operator involving the generalized hypergeometric function was
introduced and studied systematically by Dziok and Srivastava [9], [10] and
(subsequently) by many other authors (see, for details, [11] and [20]).

We recall here a general Hurwitz-Lerch Zeta function ®(z,s,a) defined in

[19] by
P(z,s,a) := 7'271

(a€C\ Zy; s €C, when |z| < 1; Re(s) > 1 when |z| = 1) where, as usual, Z; :=
Z\N, and N := {1,2,3,...}). Several interesting properties and characteristics

of the Hurwitz-Lerch Zeta function ®(z, s,a) can be found in [8], and the refer-
ences stated there in (see also [16], [21], [22]). Srivastava and Attiya [21] (also

see [4], [12]) introduced and investigated the linear operator.

QA=A
defined in terms of the Hadamard product by
Sf(2)=(Gh*f) (), (2€U; beC\Zy; neC; feA (3)
where, for convenience,
Gl(2) 1= (1+ ) [0(z, 1, b) — b"] (2 € ). (4)
We recall here the following relationships which follow easily by using (1), (3)

and (4) . - n
+§:<n+b>tmz. (5)

Motivated essentially by the Srivastava-Attiya operator, Murugusundaramoor—
thy [17] introduced the generalized integral operator & C‘m’ given by

Su f(z) =2+ Zcmb,u,kmz" (6)

n=2
1+6\" mi(n+k—2) ™)
n+b (k=2)!(n+m—1)!
and (throughout this paper unless otherwise mentioned) the parameters p, b are

constrained as b € C\Z ; p € C,k > 2 and m > —1. It is of interest to note that
Cx1 2

where

v, = C:ln(ba Hs k) =

, is the Srivastava-Attiya operator and "0 b is the well-known Choi-Saigo-
Srlvastava operator (see [15]). Suitably Spec1ahzlng the parameters m, k, u and
b in N”bk (2) we can get various integral operators introduced by Alexander

[1] and Bernardi [5], Libera and Livingston [13], [14].
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2 Preliminaries

Conformal maps of the unit disk onto convex domains are a classical topic. Re-
cently Avkhadiev and Wirths [2] discovered that conformal maps onto concave
domains (the complements of convex closed sets) have some novel properties.

A function f: U — C is said to belong to the family Cy(a) if { satisfies the
following conditions:

e f is analytic in U with the standard normalization f(0) = f/(0) —1=0.
In addition it satisfies f(1) = co.

e f maps U conformally onto a set whose complement with respect to C is
convex.

e The opening angle of f(U) at oo is less than or equal to o, a € (1,2].

The class Cp(a) is referred to as the class of concave univalent functions and
for a detailed discussion about concave functions, we refer to Avkhadiev et al.
[3], Cruz and Pommerenke [7] and references there in.

In particular, the inequality

Re <1 + Z;;;i?) <0 (z € U)

is used - sometimes also as a definition - for concave functions f € Cy,, (see e.g.
[18] and others).

Bhowmik et al. [6] showed that an analytic function f maps U onto a concave
domain of angle e, if and only if RePy(z) > 0, where

2 Ja+1ll+4z 1(2)
Pf(z)a—l{ 2 1—zlzf’(z)]

Definition 1 Let f(z) € A and o € (1,2]. Then f(2) € S:Z;)kco(a) if and only

if
ok ()//
2 11 [6,2, Z]
S 2]

3 Main results

Theorem 2 If f(z) € A satisfies the inequality

[(a = )n +20°] |C7 (b, . K)llan| < 3 — v,

n=2

for some o € (1,2], n €N, then f(z) € %Zf;,kCo(a).
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Proof. We want to prove that

7]6 "
> lat11+: |STFG)]

—z y

Re > 0.

By using the fact that
11
Re— > - & |lw-1] <1,
w2

it is enough to show that |w| < 1.

12 {a+11+z y@q

w  oa—1 2 l—z_zg(z)
where
’ oo
g(z) =z (%;T,E;kf(z)) ==z {1 + Zczn(bvlh k)nanzn71 } (9)
n=2
and -
gz =1+ ZC’ZL(b, s, k)nZan 2"t (10)
n=2

Using (9) and (10), in (8) we obtain

2(1—2)z [1+ i C;”(b,p,,k)nanz"_l]
n=2

|w‘ < a—1 — -
(a+1)(1+z)z<1+ > C}L"(b,u,k)nanznfl) —2(1—z)z<1+ > C}L’l(b,u,k)’nQanz”*1>

n= n=

Using triangle inequality and letting z — —1, then

-1
2

n=2

o] < & N
1- 2201?(177 M, k)|a’n|n2

The last expression is bounded by 1, if

14+ > Cm(b, p, k)|an|n 5
n=2
. < .
1= S Cmb, u, K)anjnz @71

n=2

Finally, we can easily see that

[((a = 1)n+2n%] O (b, p, k)|an| < 3 — o (11)

n=2
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4 Distortion Bounds
Theorem 3 If f(z) € %Zf;)kCo(a), then

(67
|

- e < s < s

Proof. From the Theorem 2, we have

3+aZCmbu, \an|<z (a — D)n+2n%] C™ (b, p, k)|an| < 3 —

n=2
That is
= 3—«a
Cm b7 ) ni = 570 | _\°
2O Rl < s,

According to (11) we obtain

|2+ YO (b, 1, k) an] 2]

S f)l <
n=2
< 2+ Y O (b, s ) an] |2
n=2
3—
< Jel+ m| 2.
On the other hand, we have
ST = (2l =D O b, s k) |2
n=2
(oo}
> 2] = Y O (b, p ) anl |2
n=2
3—a 9
> I
= =g

This completes the proof. =

Theorem 4 If f(z) € ST kCo( ), then

(3—a) m+1 ’<2+b>”

|2|— <|f) < [=1+

2B+ a)k(k—1) |\1+b

e en|(5s)

Proof. According to the Theorem 2 we get that

1+0
2(3+w) ‘(2 i b) Z| an| < Z o —1)n+2n%] C'(b, p, k)|an| < 3—a.

412 Hasan BAYRAM et al 408-416



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Thus we get

Sl < vz o (e

Next from (1), we have

1F)] < Lzl + ) lanll2l”
n=2
< a4+ ) lanllz
n=2
B3—a) m+1 24+b\"|,
< .
s Ftsgrare—o \i5s) |

The other assertion can be proved as follows

o)
FEL = 1zl = ) lanllzl"
n=2
e}
> 2= 3 Janll2l?
n=2

- o rayin | (47)

This completes the proof. m

Theorem 5 If f(z) € %;”%C’o(a), then

() st 52 (222

23+ «a) [\1+0b
Proof. According to the Theorem 2 we get that

B—a)

e

23 + a)ZC’}l(b, Wy 2)|an| < Z [((a = 1)n+2n%] O (b, p, k)|an| < 3 -«
n=2 n=2

or, equivalently

1+
2+5b

Thus we get

2(3+ «) Z ozfl)n+2n2} CrM (b, py k)|an| < 3 — a.

n=2
24+ b\"
1+b

—a)
Z‘ nl < 23+a)

n=2
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Next from (1), we have

A

FEL < Jzl+ ) lanllz]"
n=2

[eS)
21+ > lanll2)?
n=2

IN

2] + B—a) [[2+Db\" L
- 23+ a) [\1+0b '
The other assertion can be proved as follows
FEL = 1zl = > lanll2l"
n=2
> [z = lan|l2l?
n=2
33—« 24+b\"
R 2P
2(34+a) [\1+0b
]
Theorem 6 If f(z) € %gf’kCo(a), then
B-—a) [(k=2)!(n+m -1, , B-—a) [(k=2)!(n+m -1 ,
— < < .
T f e ey s T L N ACO L v sy e T ey s T

Proof. According to the Theorem 2 we get that

m!(n+k —2)!

Sl T r—

|‘ > lan| <7 [(a = n+207] CF (b, p, k) |an| < 3—a.
Tp=2 n=2

Thus we get

= (3-a)
;'““ =3B+ a)

Next from (1), we have

(k=2)l(n+m—1)!
ml(n+k —2)! ’

FEL < Jzl+ ) lanllzl”
n=2
<zl + ) lanllz
n=2
B-—a) [(k=2)(n+m -1, ,
< .
s Ftsgray | mimrr—oyr |
7
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The other assertion can be proved as follows

f() > IZIiO:QIanIIZ"
> 1ol = Yol
- - fi e
n
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On the zeros of eigenfunctions of discontinuous
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Abstract : In this paper, we prove analogues of the classical Sturm comparison and oscillation

theorems for Sturm-Liouville problem together with boundary -transmission conditions on two
disjoint intervals. We present a new version for Sturm’s comparison and oscillation theorems.
The obtained results generalizes the recently obtained oscillation and comparison theorems for
regular Sturm-Liouville problem which contained transmission conditions.

Keywords : Sturm-Liouville problems, transmission conditions, Sturm comparison and oscil-
lation theorems.

1 Introduction

The oscillation theory for the solutions of differential equations is one of the traditional trends
in the qualitative theory of differential equations. Its essence is to establish conditions for the
existence of oscillating (nonoscillating) solutions, to study the laws of distribution of the zeros,
to obtain estimates of the distance between the consecutive zeros and of the number of zeros
in a given interval. The relationship between the oscillatory and other fundamental properties
of the solutions of Sturm-Liouville type differential equations are of central importance in the
theory of boundary value problems There are substantial literature on this subject. Many
authors have expounded on various aspects of this theory, see [1, 9, [10] and the references cited
therein. A considerable number of studies have been made on the oscillation and nonoscillation
for a long time. Those results can be found in |14} [15] and the references contained therein.
While the extensions and generalizations have much intrinsic interest, we believe their continued
relevance is due in no small part to their important connection with problems of physical origin.
Particularly the connections with the minimization problems of the calculus of variations and
optimal control as well as the spectral theory of differential operators are important. Since the
second order equations have applications in various problems in physics, biology, and economics
(see for example [I}, [5, [13], and the references cited therein) there is a permanent interest in
obtaining new sufficient conditions for the oscillation or nonoscillation of solutions of various
types of second order equations. In this study we investigated same aspects of comparison and
oscillation properties for one discontinuous eigenvalue problem which consists of Sturm-Liouville
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equation,
Ly := —y"(z) + q(2)y(x) = Ay(z) (1.1)

to hold on two disjoint intervals (—1,0) and (0,1) , where discontinuity in y and gy’ at the
interior singular point x = 0 are prescribed by transmission conditions

1
y(0-) = 3y(04),  /(0-) = 55/ (0+), (12)
together with the boundary conditions

y(-1)=y(1)=0 (1.3)

where the potential ¢(x) is real-valued, continuous on [—1,0)U € (0,1] and has a finite limits
q(cF) = 11%1 q(x) ; A is a complex eigenparameter; § # 0 any real number. Since var-
xr— IF

ious type transmission problems appear frequently in various fields of physics and technics,
Sturm-Liouville problems with transmission conditions have been an important research topic
in mathematical physics [2, [8, [1T]. For the earlier developments about Sturm comparison and
oscillation theory, we refer to [4, 5 [6, 9, [14, 15] and for recent developments, we refer to
1,13, 17, 13, 16, [17).

2 Comparison Theorem for discontinuous Sturm-Liouville
problems

At first we shall extend and generalize the classical Sturm-liouville comparison theorem.

Theorem 2.1. Let y = y1(x) be solution of the equation
Liwy:=—y"+q()y=0 (2.1)

satisfying transmission conditions at the point of interaction x = 0 given by

1
y(0-) = dy(0+), y'(0-) = </ (0+) (2.2)
and let y = ya(x) be the solution of the equation
Loy := —y" + q2(z)y =0 (2.3)

satisfying the same transmission conditions (2.2) where § # 0 any real number if g1 (x) > g2 (x)
on [-1,0)U € (0,1], then between any two consecutive zeros of y1(x) there is at least one zero

of y2(x).

Proof. Let x1 and zo with x1 < x5 be consecutive zeroes of y;. Suppose, it possible,that yo
does not have a zero on (x1,z2). Lagrange’s identity (see, [12]) gives

d
yeLliyr — y1Layz = %{yéyl — 1y} (@) — @2(2) by (2.4)

2
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Hence

= (v — o} = {01(0) ~ () awe (25)

Case 1. Let 27 € [-1,0), 23 € (0,1] and 6 > 0. Integrating on both sides of the equation (2.9)
over [z1,0) and (0, z2] and then adding we get

Hm  (yiy2 —yey)lo, @+ Im (ghy2 — vhu1) 5%,

€1 — 0 € — 0
€1 >0 e >0
0—eq
= / {a1(z) — g2(7) }yryedz + lim / {a1(x) — g2(2) }yryedz  (2.6)
61 — O e — 0
€1 >0 o e >0 O

Since y1(x1) = y1(x2) = 0 we get

lim Wy, y2;0 —€e1) —  lm Wy, y2;0 + €2) — vy (x1)y2(z1) + v (22)y2(22)

€1 — 0 € — 0
€1 >0 € >0
0761
lim / {a1(z) — @2(z) yyryedr +  lim / {1 (%) — q2() byryoda (2.7)
e — 0 € — 0
Xy 0+€2
€e1>0 €a >0

Using the transmission conditions we obtain

0—eq
g (@1)ya(a1) + ¥ (22)ya(z2) = lim / (01(2) — @2(2) }yryade
€1 — 0 -
e >0 !
+ / {a1(z) — @2(2) byryoda (2.8)
62 — 0
O+eo
€ > 0

In this case with no restriction we can assume that y; (z) > 0 and y2(z) > 0 over (z1,0)U(0, z2).
These conditions ensure that the integral on the right in (2.8) is positive. On the left, since
y1(x) > 0 by assumption, the function is increasing at the point z1. Hence y}(x1) > 0(it cannot
vanish, because then it would follow from the uniqueness theorem for the solutions of (2.1) that
y1(z) = 0, which is impossible). Similarly, ¥} (xz2) < 0. Thus, the left-hand side of the equation
(2.8) is less or equal to zero, which is a contradiction.

Case 2. Let 21 € [-1,0), 22 € (0,1] and § < 0. In this case with no restriction it can be
assumed that, y; (z) > 0 over (z1,0), y1(z) < 0 over (0, z2), y2(x) > 0 over (z1,0) and y2(z) < 0
over (0,x3). Since y;(z1) = 0 and y;1(x1) > 0 over (z1,0) y}(x1) > 0. Further, since ys(z2) =0
and y»(z2) < 0 immediately to left of @2, y5(z) < 0. Hence, the left-hand side of (2.8) is is less
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or equal zero, but the right-hand side is positive which shows that (2.8)) is impossible.
Case 3. Let (z1,22) C [-1,0). Integrating on both sides of the equation (2.5) from z; to za,
we get

T2

(192 — vaur)|52 = /{fh (2) = q2(2) }y1yoda (2.9)

x1

Then with no restriction it can be assumed that y;(z) > 0 and y2(x) > 0 over (z1,x3). These
conditions ensure that the integral on the right in (2.9) is positive. However, on the left, we
have y1(z1) = y1(z2) = 0 with y{(z1) > 0 and ¥} (x2) < 0. The left-hand side therefore becomes

Yy (x2)y2(w2) — vy (21)y2(z1) <0

which presents us with a contradiction: right-hand side > 0 and left-hand side < 0. Thus
y2(z) = 0 (at least once) between the zeros of y; (). Since the conditions describing y; (x) are
given, we conclude that yo(z) must change sign between = z1 and = = xo.

Case 4. Let (z1,22) C (0,1]. This case is totaly similar to the previous case. O

3 On the zeros of eigenfunctions

In this section we examine the number of zeros of eigenfunctions.

Lemma 3.1. There is an unique solution y(x,\) of the equation (1.1l) satisfying the initial
conditions

y(x()a >‘) = OZ(A), y/(x07 )‘) = /B()‘) (31)

and the transmission conditions (1.2) where a(X), B(N) are given entire functions of A € C and
zg € [—1,0)U(0, 1]. Moreover, y(x, \) is entire function of A € C for each fized x € [—1,0)U(0, 1].

Proof. The proof is totally similar to [?] and therefore is omitted. O

do(z, \), z € (0,1] be solution of the equation (1.1), for

A = Ay satisfying the initial conditions

(bl(_]-v)\l) = qQ, d)/l(_]-v)\l) = /8 (32)

and the transmission conditions

Theorem 3.2. Let ¢(x, A1) = { o1(z, A1), x€[-1,0)

62(0%, M) = 56107 20), 65(07, M) = 0607, \1) (33)

901(:6’)‘2)7 T e [7170)
(pg(l‘, )\2), x € (0, 1}
fying the initial conditions

and o(x,\g) = { be solution of the equation (1.1), for A = Ay satis-

e1(—1,A2) =, ¢i(=1,A) =0 (3.4)

4

420 K. Aydemir et al 417-423



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

and the transmission conditions
1
(0%, Xg) = 5¢2(077A2)7<P/2(0+7)\21) =0661(07, \1). (3.5)

where 6,3, any real numbers with o + 32 # 0,8 # 0. Suppose that ¢(x,\1) has a zeros in
[—1,0) U (0,1] and let x1(xz1 # —1) be zero of the function ¢(x, A1), nearest to x = —1. If
A2 > A\p then @(x2, \2) has at least one zero in [—1,21).

Proof. From the well-known Lagrange’s identity (see,for example, [12]) we have

d

e i} = Qe = Mt (3.6)
in the interval (0,1).

d

£{¢/2902 — @hta} = {2 — A1} dago (3.7)

Case 1. Let 27 > 0 and 0 > 0. Integrating on both sides of the equation (3.11) from —1 to x,
we get

lim (o1 —@id)|277 +  lim (dhepa — pheo)[Gh,

€1 — 0 €s — 0
€1 >0 e >0
O0—ey T
= lim {)\2 — )\1} / ¢1<p1dx + lim {)\2 — )\1} / qbggogdx (38)
€1 — 0 4 €9 — 0 0t
€1 >0 €& >0

Since W (¢1,¢1;—1) = 0 by (3.2) and (3.4) we get

lim  W(d1,01;0 —€1) —  lim  W(dg, p2;0+ €2) + 5 (x1, M) p2(21, A2)

e —0 e — 0
€1 >0 €2 >0
O0—e€1 1
= lim {AQ — )\1} / (i)l@ldl' + lim {)\2 — )\1} / ¢2g02d:c (39)
1= -1 €= O+e2
€1 >0 € >0
Using the transmission conditions we obtain
0—61
QZS/Q(LL'h )\1)@2(1’1, )\2) = liIIl {)\2 — /\1} / ¢1g01d(£
€1 — e
€1 >0
1
€ — 0 0tes
€ > 0
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With no restriction it can be assumed that ¢(z, A1) < 0 and ¢(x,A2) < 0 in [—1,21). These
conditions ensure that the integral on the right in (3.10) is positive. Since ¢o2(z1, A1) = 0 and
¢d2(x, A1) > 0 immediately to the left of 1 by assumption, the function is increasing at the point
x1. Hence ¢4(x1, A1) > 0(it cannot vanish, because then it would follow from the uniqueness
theorem for the solutions of (2.1) that ¢o(z, A1) = 0, which is impossible). Thus, the left-hand
side of the equation (3.10)) is less or equal to zero, but the right-hand side is positive, which is
a contradiction.

Case 2. Let 1 > 0 and § < 0. In this case with no restriction it can be assumed that
¢(x, A1) > 0 and p(z, A2) < 01in [—1,0) but ¢(z, A1) < 0 and ¢(z, A2) > 0 in (0, z1]. As in the
previous case, these conditions ensure that the integral on the right of (3.10)) is negative, but
left hand side of (3.10)) is positive or is equal to zero, i.e. the equality (3.10))is impossible.
Case 3. Let z; € [-1,0). Integrating on both sides of the equation (2.5) from a to x1, we get

1
(P11 — ion)[Ty = /{)\2 — A }rprder (3.11)
21
Since ¢1(x, A1) = 0 by using the initial conditions ¢1(—1, A1) = 0, ¢} (=1, 1) = 0 we get
x1
¢ (z1)p1(z1) = /{)\2 — M}torporda (3.12)
41

Let 21 < 0. Without loss of generality, we can put ¢(z, A1) > 0 and ¢(z, A\2) > 0 in [—1,27).
Since, by assumption, ¢1(z, A1) > 0 and 1(x, \2) > 0in [—1,21) and Ay > Aq, the right-hand
side of the equality (3.12)) is positive. However, on the left-hand side, since ¢ (z1, A1) = 0 and
@1(x, A1) > 0 immediately to the left of x;, the function ¢;(x, A1) is decreasing in the vicinity
of the point x1. Therefore, ¢ (21, A1) < 0(it cannot vanish, because then it would follow from
the uniqueness theorem for the solutions of (1.1) that ¢1(z, A1) = 0, which is impossible). The
left-hand side therefore becomes

P (z1, A)p1(z1, A1) <0

which presents us with a contradiction: right-hand side > 0 and left-hand side < 0. The proof
is complete. O

Now we are ready to establish the main result.

Theorem 3.3. Let ¢ (x) and 2(x) be two eigenfunction corresponding to the eigenvalues A
and Ay of the problem (1.1))-(1.3) and let Ay > A1. Then if 11 (x) has m zeros in [—1,0)U(0, 1],
Yo(x) has not fewer than m zeros in the same two-interval [—1,0) U (0,1]. Moreover, n — th
zero of Wa(x) is less than the n — th zero of ¥1(x).

Proof. Let af,2h,...,x}, with 2} < x2 <,... < 2}, be zeros of the eigenfunctions ¢ (z). By
virtue of the Theorem [3.2 ¢)5(x) has at least one zero in [—1,z]). Moreover, by applying the
Theorem 2.1 to the solutions ; and v we see that 1o(x) has at least one zero in each of

the intervals (24, x%), (x5, 2%), ..., («],_1,z,,). Consequently the number of zeros of ¥5(z) is not
fewer than the number of zeros 1 (z) and n — th zero of ¥ (x) is less than n — th zero of ¥ (x).

The proof is complete. O
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Fuzzy stability of an additive-quadratic functional equation
in matrix fuzzy normed spaces
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Abstract. A mapping f: X x X — Y is called additive-quadratic if f satisfies the system of equations
fl@+y,2) = flz,2) + f(y, 2),

In this paper, using the fixed point method, we prove the Hyers-Ulam stability in matrix fuzzy normed spaces

associated to the following additive-quadratic functional equation

for all z,y, z,w € X.

1. Introduction and preliminaries

A definition of fuzzy norm on a vector space, to construct a fuzzy vector topological structure,
introduced by Katsaras [15]. During the last four decades some mathematicians have defined
fuzzy norms on a vector space from various points of view [13, 16, 32]. In particular, Bag and
Samanta [1], following Cheng and Mordeson [6], presented an idea of a fuzzy norm in such a
manner the corresponding fuzzy metric is of Kramosil and Michalek type [6]. They established
a decomposition theorem of a fuzzy norm into a family of crisp norms and investigated some
properties of fuzzy normed spaces [2].

We use the definition of fuzzy normed spaces given in [1, 19, 21] to investigate a fuzzy version
of the Hyers-Ulam stability of an additive-quadratic additive functional equation in the fuzzy
normed vector space setting.

Definition 1.1. Let X be a real vector space. A function N : X x R — [0, 1] is called a fuzzy
norm on X if for all x,y € X and all s,t € R,

(N1) N(z,t) =0 fort<0;

(N2) =0 if and only if N(x,t) =1 for allt > 0;

(N3) N(cx,t) = N(z, ﬁ) if c#0

(Ng) N(z+y,s+t>min{N(x,s),N(y,t)};

92010 Mathematics Subject Classification: 47H10; 47L25; 46540; 39B52; 39B72.

‘Keywords: additive-quadratic functional equation; matrix fuzzy normed space; fixed point; Hyers-Ulam
stability.
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(N5) N(z,.) is a non-decreasing function of R and limy_,oo N(z,t) = 1;
(Ng) for xz #0,N(z,.) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space. To see more properties and examples
of fuzzy normed vector spaces, we refer to [19, 20].

Definition 1.2. Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is said
to be convergent or converge if there exists an x € X such that lim, oo N(z, — x,t) = 1
for all t > 0. In this case, = is called the limit of the sequence {x,} and we denote it by
N —limy, oo Ty, = .

Definition 1.3. Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is called
a Cauchy sequence if for each € > 0 and each t > 0, there exists an ng € N such that for all
n = ng and all p > 0, we have N(zpip — Tn,t) > 1 —¢.

It is well known that every convergent sequence in a fuzzy normed vector space is a Cauchy
sequence. If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete
and the fuzzy normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is
continuous at a point xg € X if for each sequence {z,} converging to xo in X, the sequence
{f(xn)} converges f(zp). If f: X — Y continuous at each z € X, then f: X — Y is said to
be continuous on X (see [2]).

We will use the following notations:

M, (X) is the set of all n x n-matrices in X;

ej € My, (C) is that the jth component is 1 and the other components are zero;

E;j € M, (C) is that the (7, j)-component is 1 and the other components are zero;

Eij @ x € My(X) is that the (7, j)-component is « and the other components are zero.

For x € M,(X),y € Mi(X),
TRY = v 0
y_ 0 y .

Let (X, ||-]|) be a normed space. Note that (X, {]|-|l»}) is a matrix normed space if and only
if (M,(X),|| - |ln) is a normed space for each positive integer n and ||AzB||r < || Alll|B]|l|z]x»
holds for A € My, ,,(C), z = (x;5) € Mp(X) and B € M, (C), and that (X, {]|.||»}) is a matrix
Banach space if and only if X is a Banach space and (X, {|| - ||»}) is a matrix normed space.

A matrix normed space (X, {|| - ||}) is called an L -matriz normed space if ||z ® y|lpnir =
max{||z||n, ||y||x} holds for all x € M, (X) and all y € My(X).

Let E, F be vector spaces. For a given mapping h : E — F and a given positive integer n,
define hy, : My, (E) — M, (F') by

h([2i5]) = [M(ij)]
for all [x;;] € My(E).

Throughout this paper, let (X,{]| - ||»}) be a matrix normed space and (Y,{]| - ||»}) be a
matrix Banach space.

We introduce the concept of a matrix fuzzy normed space.
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Definition 1.4. Let (X, N) be a fuzzy normed space.
(1) (X, N) is called a matrix fuzzy normed space if for each positive integer n, (M (X), N,
is a fuzzy normed space and Ni(AzB,t) > Ny, (m, W) forallt >0,A € My, ,(R),z =
[zi;] € M (X) and B € M, ,(R) with ||Al| # 0.||B|| # 0.
(2) (X,{Nyn}) is called a matrix fuzzy Banach space if (X, N) is a fuzzy Banach space and
(X,{Nyn}) is a matriz fuzzy normed space.

Example 1.5. Let (X, {|‘|l»}) be a matriz normed space. Let Ny (z,t) :=
and x = [x;5] € Mp(X). Then

t
mfora/llt>0

t
l t AT

2 pu—
i+ 1Bl = 1+ [AL el 1B~ gy + ol

for allt > 0,A € My, (R),z = [z;;] € My(X) and B € M, ,(R) with ||A||.|B| # 0. So,
(X, {Nyn}) is a matriz fuzzy normed space.

Nk(AIBB,t) =

The abstract characterization given for linear spaces of bounded Hilbert space operators in
terms of matricially normed spaces [29] implies that quotients, mapping spaces, and various
tensor product of operator spaces may again be regarded as operator spaces. Owing in part
to this result, the theory of operator spaces have an increasingly significant effect on operator
algebra theory(see [10]).

The proof given in [29] appealed to the theory of ordered operator spaces [7]. Effros and
Ruan [11] showed that one can give a purely metric proof of this important theorem by using
a technique of Pisier [26] and Effors [9].

The study of stability problems have been formulated by Ulam [31] in 1940: Under what
condition does there exist a homomorphism near an approximate homomorphism? In the
following year, Hyers [14] answered affirmatively the question of Ulam for Banach spaces,
which was stated that if ¢ > 0 and f : X — Y is a mapping with X a normed space and Y is
a Banach space such that

[f(z+y) = f(2) - fy)ll <e (1.1)

for all x,y € X, then there exists a unique additive map 7': X — Y such that

[fz+y) —flz) - fy)l<e

for all x € X. A generalized version of the theorem of Hyers for approximately linear mappings
presented by Rassias [27] in 1978 by considering the case when (1.1) is unbounded.

In 2003, Cadariu and Radu applied the fixed point method to the investigation of the Jensen
functional equation [3]. They could present a short and a simple proof (different of the “direct
method”, initiated by Hyers in 1941) for the Hyers-Ulam stability of the Jensen functional
equation [3] and forthe quadratic functional equation [4]. See [12, 22, 23, 24, 28, 30] for more
information on functional equations.

Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d
satisfies
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(1) d(z,y) = 0 if and only if x = y;

(2) d(z,y) = d(y,z) for all z,y € X;

(3) d(z,y) < d(x,z) +d(z,y) for all z,y,z € X.
We recall a fundamental result in fixed point theory.

Theorem 1.6. [8] Let (2, d) be a complete generalized metric space and J : 0 — Q be a strictly
contractive mapping with Lipschitz constant 0 < L < 1. Then for each given x € (), either

d(Jz, J" ) = 0o

for all nonnegative n or there exists a positive integer ng such that
(1) d(J"x, J"tx) < 00, VYn = ng;

(2) the sequence {J"x} converges to a fized point y* of J;
(3) y* is the unique fixed point of J in the set A = {y € Q: d(J™x,y) < 0o};
(4) d(y,y*) < t2zd(y, Jy) for ally € A.

Definition 1.7. A mapping f : X x X — Y is called additive-quadratic if f satisfies the
system of equations

{f(x+y7z)_f(wvz)+f(y7z)’ (12)
[y +2)+ oy —2) =2f(z,y) + 2f (2, 2). '

When X =Y = R, the function f : RxR — R given by f(x,) := czy? is a solution of (1.2).

In particular, letting 2 = y, we get a cubic function g : R — R given by g(z) := f(z,z) = cz?.

For a mapping f: X x X — Y, consider the functional equation:
faty z+w)+ flz+y z—-w) =2f(z,2) + 2f(z,w) + 2f(y,2) + 2f (y, w). (1.3)

for all z,y, z,w € X. The solution of (1.3) was discussed in [25].
In this paper, by using the fixed point method, we prove the Hyers-Ulam stability of the
additive-quadratic functional equation (1.3) in matrix fuzzy normed spaces.

2. Fuzzy stability of the additive-quadratic functional equation (1.3)

In this section, using the fixed point method, we prove the Hyers-Ulam stability of the
additive-quadratic functional equation (1.3) in matrix fuzzy normed space.
We need the following lemma.

Lemma 2.1. [17, Lemma 2.1] Let (X,{Ny}) be a matriz fuzzy normed space.

(1) Np(Ey @ x,t) = N(z,t) for allt >0 and z € X.
(2) for all [z;5] € Mn(X) and t =377, tij,

N(xkbt) P N([xz]]at) P mln{N(:Uljath) : Zv] = 1727"' ,TL},
t

N(zg,t) = N([zi;],t) > min {N<$ij,2) 11,5 =1,2,--- ,n}
n

(3) limy—so0 T, = @ if and only if imy, o0 Tijn = xij for xn = [Tijn], © = [245] € M(X)
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Proof. (1) Since Ey ® x = ejxe; and |lef|| = ||el|| = 1,N,(Ey ® x,t) > N(x,t). Since
ex(Ex ®l‘)67 =z, Ny (B ® 2,t) < N(z,t). So N(E @ z,t)=N(x,t).
<mNu%w:MMwww>N(mﬂmﬁﬂ)ﬁwmmw

Ny ([w45], ¢ (ZEW@JJUZ], ) min{ N, (Eij ® i, ti;) 1 i,j = 1,2,--- ,n}
i,7=1

= min{N(zi;,t;;) : 4,7 =1,2,--- ,n},

where t = 1. tij. So, Np([25],t) > min{N (2, L):i,j=1,2,--- ,n}.

(3) By N(2ki,t) = Na([zij],t) = min{N (zij, 5) : 4,5 = 1,2,--- ,n}, we obtain the result.
This completes the proof. [l
For a mapping f : X — Y, define Df : X™ — Y and Df, : M,,(X*) — M,(Y) by

Df(a,b,c,d) = f(a+b,c+d)+ fla+b,c—d)

- Qf(a7 C) - 2f(a7 d) - 2f<b7 C) - 2f(b7 d),

Dl i) Lzl wia)) 1= o (l23g) + sl (2] + i) + Fo ([ + [ [oi) =[]
—2fn ([xij], [%’]) - 2fn( ij), [wij ) ( Yijl; zzy]) - 2fn<[yij]a [wz‘j])
for all a,b,c,d € X and all x = [z4;], y = [yi;], 2 = [25], w = [wi;] € Mp(X).

Theorem 2.2. Let f : X — Y, with f(x,0) =0, be a mapping for which there exists a function
¢ : X* = [0,00) such that

N, ( Fa(ig); [igl, (23], [wig), t) >

t
t+ D00 o1 P(Tijs Yigs Zijs Wig)

(2.1)

for allt >0 and all x = [z45],y = [yi;], 2 = [25], w = [w;;] € My (X). If there exists an o < 1
such that

2727272

for all a,b,c,d € X, then there exists a unique additive-quadratic mapping T : X x X — Y
such that

o(a,b,c,d) < Say <a b d) (2.2)

8(1 — a)t

Ni (fo ([7i5), [Wis]) — T ([2a5], [yi5]) s 1) = n 2.3
(il o) = T (el o) 0 2 5 oGz Y

for allt >0 and x = [z4;],y = [yij] € Mp(X).

Proof. Putting n =1 in (2.1), we have
t

N(D t) = 2.4
( f($7 y7 Z7 w)7 ) t + (P(:U’ y’ Z’ w) ( )

forallt >0 and x,y,z,w € X.

428 Javad Shokri et al 424-432



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

J. Shokri, C. Park
Letting x = y and z = w in (2.4), we obtain

N(f(22,22) — 8 (2, 2), 1) > t

=z — 2.5

and also
t t

1
N <8f(2:c,2z) = [(z,2), 8> > T o, 1,2,2)

for all t > 0 and x,z € X. Also it can be written as

N (enm) - feng) > o

- v 2.6
8 T,T,Y,Y) (2:6)

forallt > 0 and =,y € X.

By considering the set of

Q:={g: X =Y},
we introduce the generalized metric on €2 as following;:
t
d(g,h :inf{kER+ :N(g(x,y) — h(x,y), kt) > ,Vm,yEX,Vt>O}
(9,h) (9(z,y) — h(z,y), kt) P pa—

where, as usual inf ) = +o00. It is easy to show that (2, d) is complete (see [5, 18]).

Now we define J : Q@ — Q by

1
Jg(z,y) = gh(22,2y)

for all z,y € X.
Let g, h € Q be given such that d(g,h) = ¢. Then

t
(9(z.9) = hi@y)set) 2 o s 503y

1 1 ¢ ¢
= N | =g(2z,2y) — =h(2z,2y), =t | >
1 1 ¢ t
= N ( 29(22,2y) — Sh(22,2y), ot | >
<89( 2, 2y) — gh(22,2y), o > t+8ap(x,2,y,y)
t

1 1
= N (=g(2z,2y) — =h(2z,2y),act | > ——
<8g( v) 8( v) ) t+ oz, z,y,y)

= d(Jg,Jh) < ac
for all x,y € X. Hence we get that
d(Jg,Jh) < ad(g, h)

for all g, h € Q. It follows from (2.6) that d(f,J f) < 3.
By Theorem 1.6, there exists a mapping 17" : X — Y satisfying the following:
(1) T is a fixed point of J, i.e., T(2x,2y) = 8T (x,y) for all z € X. The mapping T is a
unique fixed point of J in the set X = {g € Q: d(f,g) < oo}.
(2) d(J*f,T) — 0 as k — oo. This implies the inequality N — limg o0 g5 f (252, 25y) =
T(x,y) for all z,y € X.
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(3) d(f,T) < £2-d(f, Jf), which implies the inequality

1
< ——. 2.7
(D)< = (27)
By (2.2) and (2.4),
1 t
N ( —=Df 2%z, 28y, 282 2Fw) | >
(8’“ (2, 2%y, 22, 2 w) t + (2kx, 2ky, 2k 2 2kw)
- gkt
~ 8kt + 8kakp(x,y, 2, w)
. . k
for all z,y,z,w € X and t > 0. Since limy_, 8’“t+8ka§<pt(ac,y,z,w) =1 for all z,y,z,w € X and

t>0,
N(DT(x,y, zw).t) = 1
for all z,y,z,w € X and ¢t > 0. Therefore
T(x + Y,z + ’IU) + T(I’ + Y,z = w) = QT(.CIZ, Z) + 2T($7 ’U)) + 2T(Z/7 Z) + 2T(y7 w)
for all x,y,z,w € X. Then, the mapping T : X x X — Y is additive-quadratic.
It follows from Lemma 2.1 and (2.7) that
t ..
N (Falsl ) = Tullog D) £) > { (Foigom) = Tl 75 ) g = 12000
8(1 —a)t
8(1 — )t + n2p(xij, i, Yij, Yij)
- 8(1— )t
T 8(1— )t + 12 X0 (g, i, Yig» Yig)
for all z = [x;;] € M, (X). Therefore, we conclude that T': X x X — Y is the unique mapping
satisfying (2.3). O

Zmin{ :i,j:1,2,~-,n}

Corollary 2.3. Let p,0 be positive real numbers p < 1. Let f: X x X =Y, with f(x,0) =0,
be a mapping satisfying

t

Nn(Dfn([xZL[yl]?[zl]7[w1])7t) Z n (2'8)
s t4 21 Oz + [y P + [lzi 1P + [lwislP)

for all © = [zi;],y = [yis], 2 = [zij],w = [wi;] € Mp(X) and t > 0. Then T(z,y) := N —

limg o0 Sikf(Qkx, Qky) exists for each x,y € X and defines an additive-quadratic mapping T :

X x X =Y such that

N (Fa (lei), ) = To (gl fg) . )

2(2 — 2°)t
202 =20)t +n2 320 0 ([l 1P + [l 17)

for all x = [x45],y = [yi;] € My(X) and t > 0.

Proof. Putting ¢(a, b, ¢, z) :== 03" (||al|P +|b][P +||c[|? +||d||?) for all a,b, c,d € X and letting
a = 2P~ in Theorem 2.2, we obtain the desired result. O
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Theorem 2.4. Let f: X x X — Y, with f(x,0) = 0, be a mapping for which there exists a
function ¢ : X* — [0,00) satisfying (2.1). If there exists an o < 1 such that

a b c d «
i R
Q0<2727272> S Sso(aabvcad)

for all a,b,c,d € X, then there exists a unique additive-quadratic mapping T : X x X — Y
such that

N (fa (i) i) = T () o) 1) =

for allt >0 and z = [zi;],y = [yi;] € Mp(X).

8(1 — a)t
8(1 — a)t +n2ad iy (Tijs ¥ij, Yig» Yig)

Proof. Let (2, d) be the generalized metric space defined in the proof of Theorem 2.2. Here,
we define the linear mapping J : Q —  such that
ry
J =8¢g(=, =
9(z.y) = 89(5. )
for all z,y € X.

It follows from (2.5) that d(f, Jf) < §. Thus

o

g.
«

a(f,T) < —.

The rest of the proof is similar to the proof of Theorem 2.2. (|

Corollary 2.5. Let p,0 be positive real numbers with p > 1. Let f : X x X = Y, with
f(z,0) =0, be a mapping satisfying (2.8). Then T(z,y) := N — limp_ Skf(Q%, o) ewists for
all x € X and defines an additive-quadratic mapping T : X x X —'Y such that

N (fo (sl [yig]) = T (i) i) o ) > Iy

420 =2)t +n2- 2030y 0 (l2iglP + [lyis 1P)
for all x = [x45],y = [yij] € Mp(X) and t > 0.

1,j=1

Proof. Putting ¢(a,b,c,d) := (||al|” + [|b|[P + ||c||” + ||d||P) for all a,b,c,d € X and letting
a = 277 in Theorem 2.4, we get the desired result. O
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Abstract

In this paper we give the closed form expressions of some two di-
mensional systems of nonlinear rational partial difference equations of
second order.We shall use a new method to prove the results by using
(odd-even) double mathematical induction. As a direct consequences ,
we investigate and drive the explicit solutions of some partial difference
equations and some (systems of) ordinary difference equations .
AMS Subject Classification: 39A10, 39A14.
Key Words and Phrases: (partial)difference equations, solutions ,
double mathematical induction.

1 Introduction

While the study of (ordinary)difference equations has been widely treated in
the past , partial difference equations (PAEs) have not received the same
full attention .Both of ordinary and partial difference equations may be found
in the study of probability ,dynamics and other branches of mathematical
physics .Moreover,partial difference equations arise in applications involving
population dynamics with spatial migrations , chemical reactions and finite
difference schemes . Indeed Laplace and Lagrange considered the solution of
partial difference equations in their studies of dynamics and probability.

An example of a partial difference equation is the following well known relation

cm — b 4 Ci=b 1 <m < n.

m m—1

The solution of this equation is the celebrated binomial coefficient function
Ci defined by

,0<m < n.
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An another example , the following PAEs :
s,(cnﬂ) = S](Ji)l — ns,(cn) 1<k <n.
St — 8 ks 1<k <.

The solutions of these PAEs are the stirling numbers of the first kind s,(g")

and the stirling numbers of the second kind S,(gn) respectively .

Some authors investigate the closed form solutions for certain Partial dif-
ference equations .
For instance , Heins [[9] | considered the solution of the partial difference equa-
tion
Xn+1,m + Xn—l,m = 2AXVn,m—‘,-l

under some conditions . _ L _
In [[3]] Carlitz has studied a solution of the partial difference equation

Xn,m - Xn,m—l - Xn—l,m - Xn,m—? + 3)(n—l,m—l - Xn—2,m =0

He used a power series expansion related to the Fibonacci numbers .

For more results about partial difference equations we refer to ([1],[2],
[4]- (8], [10], [11]-[15]). , _ _

In this paper , we studied the closed form solutions of the following systems
of partial difference equations

O44Xrn,m + ﬁXn,anf2,mf2Ynfl,mfl - an2,mf2 =0 (1)

’VYn,m + 5Yn,mYn72,m72anl,mfl - Yan,me =0 (2)

where n,m € Ny , Ny = NJ{0} ,a, 5,7,d € {1,—1} and the initial values
Xn70,Xn7_1,X0’m,X_17m, Yn,g,Yn’_l,}/o’m,and Y—l,m are real numbers .

As a direct consequence , we can drive the explicit solutions of a family of
partial difference equations in the following form

aXn,m + BXn,an—Q,m—2Xn—1,m—1 - Xn—2,m—2 =0

where n,m € Ny , Ny = NJ{0} ,a,8 € {1,—1} and the initial values
Xn0,Xn,—1,X0,m, ,and X_; ,, are real numbers .

Moreover , we can derive the exact solution for the following systems of ordi-
nary difference equations

aX, + 6Xan—2Yn—l - X, 2=0
’}/Yn =+ 5YnYn72anl —Y,2=0

where n € Ny , Ny = NJ{0} ,o,5,7,6 € {1,—1} and the initial values
Xo,X_1,Yp,and Y_; are real numbers .

2 Forms of Solutions

In this section we shall give explicit forms of solutions of the system {}
for particular values of «, 3,7, € {1,—1} . We can rewrite system 1' in
the following form
_ Xn—2,m—2 _ Yn—2,m—2

o+ ﬁanlmeYnfl,mfl o Y + 5Yn72,m72Xn71,m71

(3)

n,m
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3
2.1 Form of Solutions when («a, ) = (v,0) = (1,—1)
In this case we have the system
Xo om_ Yo om_
Xn,m = no2m_2 Yom = n2m2 (4)

1—XpnomaYn-1mo ' 1 =Y omoXn_1m-1
Theorem 1. Let { Xy m, Yomlnome_x be a solution of system with
initial conditions
Xn0s Xn,~15 X0y X—1m Y00 Yo, —1, Yoms Y-1,m
wheren,m € Ny, Ny = N{J{0} . Suppose X_1 m—2Yom-1#1,Xp2-1Yn 10 #

1Yy moXomo1 #1,Y 0 1X,_10# 1. Then, the form of solutions of sys-
tem (4) ,forn,m > 1 andn > m , are as follows

2
—1+(2k+1)Xn—m,0Yn—m-1,-1 .
n m,0 kHO —14+(2k+2) Xn—m,0Yn—m—1,-1" m - even;
Xn,m = < m 1 (5)
2k)Xn m— lflyn m,0 .
\ Xn m—1,-1 kHO 1— (2k+1) —1,-1Yn—m,0’ m Odd’
/ m—2
2
2k+1 Yn mOX'n m—1,—1 .
Yo-mo kHO @R 2) Yo moXn-m_1,1’ v CUEL
2
17(2k)yn—m—1,—1Xn—'m,0 .
\ Yn_m_17_1 k]:[() 17(2]€+1)Yn7m71,—1Xn7m,07 m Odd’
/ m 1
2]€)X 1,n—m— IYOnm .
X_1n—m-1 kHO @ DX o Yorm T 0dd;
Xm,n - m 2 <7)
—1+ 2k+1)X0n mY l,n—m-—1 .
\ Xon—m H ST+ 2k 2) Xon-mYtnm_1’ v EVETL
/ 7rL 1
Qk)YlnmIXOnm .
Yln m— 1kH01 k+1)Y_1 n-m-1X0on—m’ m  odd;
Ym,n - m_Q (8)
—1+ 2k+1)YOn mX 1l,n—m—1 .
Ybn m H 1+ 2]€+2)Y0n mX— 1,n—m— 1’ m 61}6”7

\

Proof. We shall use the principle of (odd-even)double mathematical induc-
tion . Firstly , we shall prove that the relations ([5)-(g) hold for (n,m) = (1,1).
From equations in system (4)we can see

1-1

X,y = X_1,1 ~x, f[ 1 —(2k)X_1,-1Y00
1-— X_17_1Y070 0 1— (2]{? + 1)X_17_1}/()70
%
Y ,_ 1—-(2k)Y_; 1 X
Vi, — 1,-1 :Y7171H (2k)Y_1,_1 X0,
1-— Y—l,—lXO,O 1-— (2]€ + 1)Y 1 _1X0 0
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Now , we shall prove that the relations (5)-(8)hold for (n,m) = (2,2).

Yoo Xo,0 _ Xo,0 _x 1 — XooY 1,1
2,2 — - Y_1_1 - 0,0(
1- XO,O}/I,I 1-— X070(m) 1- 2X0,0Y—1,—1
_ X, H —1 +(2k + 1) XooY 1,1
k=0 - + (2k + 2)X070Y,1,,1
Y. Y. 1—Yy0X_ 1
Yor = 1oy o = Yl v
—YooX11 1-Y) 0(m) 1 —2Y0X 11

—1+ (2k+1)Yo0X 1,1
Yoo 41+ (2K +2)Yo0X 1

Moreover ,We shall prove that the relations (5)-(8) hold for (n,m) = (1,2)
and (n,m) = (2,1).

X_ Y,
X5 = 1,0 — X_1, H ~-1,0Y0,1

1— X*l,O}/O 1 1-— Qk + Xfl,O}/E),l
17;1
Y 1— (2k X
Y, — 1,0 ZY—10H (2F)Y_10X0,1
1— Y—I,OXO 1 1— (2]{3 + 1)Y_1,0X071
%
Xo_ 1—(2k)Xo_1Y]
Xy, = 0,1 =X071H (2k)Xo,-1Y10
1 — Xo,-1Y10 1—(2k+1)Xo,1Y10
Yo_
Yo = =
1 —-Yy_1X1p

Now suppose that the relations . ) hold for m = 1 and m = 2 with
n € N . So we have ,

n 2, IYn 1,0 o anQ,fl

nl_ X 2, 1H1_ 2k+ X, 2771Yn7’ - 1—Xn72771Yn—10
Y, 21
Y1 = 7
n,l 1 _ Yn—27—1XTL—170
1-X -2 OYn—S -1
Xn _ Xni n ) )
,2 2,0(1 o 2Xn_2,OYn—3,—1
1-— Yn72 OXn73 —1
Yn == Yn— ’ ’
2 2,0( 1 — 2Yn7270Xn—3,—1 )
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Now we try to prove that relations — hold for m = 1 with n + 2.

71Yn+1,0

Xn,fl o
- ot H 1— 2k + 1)Xn,,1Yn+LO

Xnt21 =
e 1—-Xo 1 Ynsip

S 1 —(2F)Y, 1 Xnt10

Yn -1
Yn = : Yn
LT Yo 1 Xnt10 ’ H 1—(2k+1)Y, 1 X0t
Now we try to prove that relations —. ) hold for m = 2 with n + 2.
n,0

n,0
Yn-1,-1

X122 = =
+2,2
L= XooYorin 1= X0l %)

C Xno(I =Y 1 Xpp) X T 1 — 2k + 1) X0Yn-11
_ = Apo 1:[ 1—(2k+2)X,0Yn-1-1

1 - 2Yn71,71Xn,0
Y, 1—2k+1Yn Xo_1_—
— Yo 0Xnt11 +2)Y, 0Xn-1,-1

Finally , we suppose that relations . ) hold for n,m € N . We shall
prove that relatlons . . ) hold for n,m +2 € N .

From we have
Xn—2 m
Xpmao = : 9
e 1— Xn—?,mYn—l,m—H ( )

There are four cases :
(1) If n > m + 2 and m even .
an2 m
Xn m - :
e 1— Xn—Z,mYn—l,m—H

-2
2 1—(2k+1)Xn7m72,0Yn7m73,71
(

Xn_m—Q,O kHO 1—(2k+2) X p—m—2,0Yn—m—3,—1

3

m

I
3
M)

B —(2k+1)Xp—m—2,0Yn—m—3,—1 —(2k)Yn—m—3,-1Xn—m—2,0
1 (Xn—m—2,0 kH[) 1*(2k+2)Xn—m—2,OYn—m—3,—l>( n—m—3,—1 kH() 1-(2k+1)Yn—m—3,-1Xn—m— 20)

" ‘

—2

2

X H 1—(2k+1)Xn7m—2,OYn77n73,71

n_m_270 0 1—(2k+2)Xn—m—2,OYn7m73,71

- 1 _ Xn7m72,OYn7m73,71
1—(m+1)Xn—m—2,OYn—m—3,—l

3

1- (Qk + )Xn—m—Z,OYn—m—B,—l
]- - (Qk + 2)Xn—m—2,0Yn—m—3,—1

= An—m-—2,0

f Ew\s
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(2) If n > m + 2 and m odd

X o an2,m
n,m+2 —
1— Xn72,mYn71,m+1

H Xn—m—3,-1Yn—m—2,0
n m= 3_1 1 2k+1 n— m73,71Yn7'm,72,0

m 1
_ 2k Xn m—3,— IYn m—2,0 1*(2k+1)Yn—m—2,0Xn—m—3,—l
1 ( n—m—3,—1 H 1 2k+1)Xn m—3,-1Yn—m—2,0 ) (Yn—m—Q,O k;HO 1—(2k+2)Yn—m—2,0Xn—m—3,-1 )

3

" ‘

H 1— (Qk)Xn m—3, 1Yn m—2,0
nm?’_l 1— 2k+1 n—m-—3, 1Ynm20

1 . Xn m—3,— 1Yn—m—2,0
1-(m+1)Xn-m-3,-1Yn—m—2,0

m+1
_ ﬁ 1 - (2k>Xn—m—3,—1Yn—m—2,0
nmeSed 1- (2k + ]-)Xn—m—?),—lYn—m—ZO

(3) If n < m + 2 and m even
By symmetry ,using and , we can prove it like part (1) .

(4) If n <m + 2 and m odd
By symmetry ,using and (8)), we can prove it like part (2) ..

Yn72,m
1— Yan,anfl,erl

We can do that by the same way in proving equation @

Yn,m+2 =

]

Proposition 1. We have the following properties for the solutions of
system (4)) :

(1) If m even and X,,_,,0 =0, then X, ,, =0 .

(2) If m odd and X,,_o =0, then Y, ,, = Yo_m-1.-1 .

(3) If m even and Y,,_,0 =0, then Y,,,, =0 .

(4) If m odd and Y,,_,,0 =0, then X, ,,, = Xp—pp—1,-1 -
(5) If m even and X,,—p—1.-1 =0, then Y, ,, = Yoo -
(6) If m odd and X,,_,—1—1 =0, then X,,,, =0 .

(7) If m even and Y,,_,,—1_1 =0, then X,, ., = Xy -
(8) If m odd and Y,,_y,—1.—1 =0, then Y, ,,, =0 .
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Proposition 2. We have the following properties for the solutions of
system (4)) :

(1) If m even and Xg,—m =0, then X,,,, =0 .

(2) If m odd and Xg,—m =0, then Yy, ,, =Y 1,1 .

(3) If m even and Yy ,,—, =0, then Y,,,,, =0 .

(4) If m odd and Yy ,—p, =0, then X, = X 1 51 -
(5) If m even and X_4 -1 =0, then Y, ,, = Yo o -
(6) If m odd and X_; ,,_p,—1 =0, then X,,, =0 .

(7) If m even and Y_1 5,—y—1 = 0, then X, ,, = Xon—m -
(8) If m odd and Y_q ;,_,—1 = 0, then Y,,,, =0 .

Remark 1. If we take into account the one dimensional case of system
(4) we have a partial difference equation in the form

o Xn—?,m—2
1- Xn—?,m—ZXn—l,m—l

Xom (10)

We can see that the closed form solution of equation is given ,from theo-
rem , by the following corollary .

Corollary 2. Let { X, m}5,—_x be a solution of equation with initial
conditions X, 0, Xn —1, Xom» X—1,m, wheren,m € Ny, Ny = N{J{0} . Suppose
Xfl,mf2X0 m—1 # 1 7Xn72,71Xn71,0 7£ 1. Then, the form of solutions of
equation (|10) ,for n,m > 1 and n > m , are as follows:

m—2
2
_1+(2k+1)Xn7m,0anmfl,fl .
Xn7m70 H —1+(2k§+2)Xn7m,OXn7mfl,fl’ m even,
X — k=0
n,m m—1
2
1-(2K) X5—m—1,-1Xn—m,0 .
Xn—m—l,—l kljo 1—(2k4+1) Xn—m—1,-1Xn—m,0’ m  odd;
m—1
2
1-(2K) X _1,n—m-1X0,n—m .
X_Ln_m_l H 17(2k2+1)X—1,n—m—1X0,n—m7 m Odd’
m,n m—2
2
—1+2k+1) X0 n—mX—1,n—m—
XO,nfm H 2kt Xoin—m P tinm m o even;

-0 —1+(2k+2)X0,n—mX—1,n—m—1 )

Proposition 3. We have the following properties for the solutions of
equation (4)):
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(1) If m even and X,,_,,0 =0, then X, ,,, =0 .

(2) If m odd and X,,_po =0, then X, = Xym—1.-1 -
(3) If m even and X,,_p—1.-1 =0, then X, ,,, = Xm0 -
(4) If m odd and X,,_,—1—1 =0, then X,,,, =0 .

(5) If m even and Xg,—m =0, then X, ,, =0 .

(6) If m odd and Xg,—m =0, then X;p = X 1 5-m—1 -
(7) If m even and X_4 ,_p—1 =0, then X, ,, = X n—m -
(8) If m odd and X_; ,,_p,—1 =0, then X,,, =0 .

Remark 2. If we put n = m in system . we have a system of ordinary
difference equations in the following form

Xn,Q Yn72
X, =—"1=_ Y, = —rn 11
1—X,,2Y, 1 1 =Y, 02X, (1

Corollary 3. Let {X,,Y,}>° , be a solution of system with initial
conditions Xo, X_1,Yy,Y_1 . Suppose X_1Yy # 1 ,and Y_1Xy # 1,. Then, the
form of solutions of system Jor n > 1 are as follows:

n—2 n—2
2 2
1+(2k+1)XOY 1 1+(2k‘+1)YOX 1
Xﬂklj TIH(2k12)XoY_ 0 b EVEN kaU T (2k12) Yo X0 by CUEN
X’Vl - 771—1 Yn = 7n—1
2 2
1-(2k) X _1 Yo 1-(2k)Y_1 Xo
)(*12131—@k+n vg T odd Yllgl) Rty Xy b odd

Remark 3. If we put X =Y in system we get an ordinary difference

equation in the form
Xn—2
X, = 12
1— anZanl ( )

We can see that the closed form solution of equation is given ,from corol-
lary , by the following

n—2

2
—1+(2k+1)XOX,1
Xo I1 —1+(2k+2) X0 X _1’

X = :nil
H —%)X 1Xo n odd;

n even;

1-(2k+1)X_1 X0’
where n € N | and X_1 Xy # —1 .We can easy see that if n even (or odd) and
Xo =0 then X,, = 0(X,, = X_1). Also if n even (or odd) and X_; = 0 then
Xn, = Xo(X,=0).
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2.2  Form of Solutions when (a, 8) = (1,1)&(v,9) = (1, 1)

In this case we have the system

an m— Ynf m—
Xn,m = 2m_2 ) Yn,m = 2m—2 (13)
1 + anQ,mfZYnfl,mfl 1— Yn72,m72Xn71,m71
Theorem 4. Let { Xy, Yom o= be a solution of system (13) with

initial conditions X, 0, X» —1, Xom, X—1.m, Yn.0, Yn,—1, Y0,m, Y—1,m Where n,m &
No , No = NJ{0} . Suppose X_1 ;—2Yom-1 # —1 , Xp 0 1Yn10# —1,

Y 1m—oXom-1#1,Y,0_1X,_10# 1. Then, the form of solutions of system
Jorn,m >1and n > m , are as follows:

Xn—m—1,—
e m  odd;
Xn,m = m (I4+Xn—m-1,-1Yn—m,0) 2 .
(=12 X mo(—1+ Xy moYn-m-1,-1)2, m even;
m+1
(_1) 2 Ynfmfl,fl m Odd
— m+1 9 )
anm - (=1+Yn—m-1,-1Xn-m,0) 2 .
Yi-mo(1+ YomoXn-m-1-1)2, m even;
X 1mn—m—
R mEl ) m Odd,
Xm,n = m (I+X-1n—m-1Y0,n—m) 2 N
(—1)% Xomm(—1 4 Xop-mYo10-m1)%, m  cven;
(1" Yotmme
: m—+1 m Odd;
Ymm = (=14+Y_1 n—m—1Xon—m) 2

m
Yb,n—m(l + YE),n—mX—l,n—m—l) 2, m even;

Proof. We can prove the theorem by odd-even double mathematical induc-
tion as in theorem . O

Remark 4. We can see that both of proposition (1)) and proposition ({2))
hold for the solutions of system included in theorem )

Remark 5. If we put n = m in system ({L3|) we have a system of ordinary
difference equations in the following form
Xn— Y,
Xy= Y=
1+ Xn72Yn71 1- Yn72Xn71

We can drive the formulas for solutions from theorem(d]) in the following corol-
lary .

(14)

Corollary 5. Let {X,,Y,}>> , be a solution of system with initial
conditions Xo, X _1,Yy,Y_ 1 . Suppose X_1Yy # —1 ,and Y_1Xy # 1 ,. Then,
the form of solutions of system Jforn > 1 are as follows:

X1 : )"y
% x v :n, odd H;W,Odd
n — n —110 n
(—1)2 Xo(—14 XoY_1)2;n,even
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2.3 Form of Solutions when (a, 8) = (1,1)&(v,9) = (—1,1)
In this case we have the system
Xn72,m72 _ Yan,me
1+ Xn—2 m—QYn—l ;m—1 7 o —1+ Yn—?,m—QXn—l,m—l
Theorem 6. Let { X, 1, Yom}nom—_s be a solution of system with
initial conditions Xn,o,Xn,—on,m,X—l,m, Y0, Yn -1, Yom, Y_1,m where n,m &
Ny , Ng = NU{O} . Suppose X—l,m—zyo,m—l #—1 7Xn—2,—1Yn—1,0 # -1,

Y_ 1 m—2Xom-17#1,Yn—2_1X,_10 # 1. Then, the form of solutions of system
Jorn,m >1 and n > m , are as follows:

.

(15)

n,m =

m—1
1) 4 Xpn—m-1,—
( )m+3nm1,1 T, m:4K+1’
(1+Xn7m71,712yn7'm,0) 1 (*1+Xn7m71,7lyn7m,0) 1

m
(DT Xnmo(=14Xn—mo¥Yn-m-1,-1)2 _ .
nom (I X mo¥acmo1o1)? m = 4K +2;
Xn’m — (_1+2Xn7m,?yn7m71,71) 1

+
(G P, S m = 4K + 3;
m—+1 m—+1 9 - 9
(*1+Xn—m—71ﬂ—lyn—m,0) 1 (1+Xn—m—1,—1yn7nm,0) 1

11X, _ —14+Xn—m.oYn-—m-1,-1) 2
(1)1 Xn—m,o n-mo¥n-m_1,-1) % m = 4K + 4;
\ (*1+2Xn—m,0Ynfmfl,fl)T
( —"Ty, 1(—=142Y, X )T
_ 1,-1(— 1,-1 ,0 — .
n—m-— n—m-— m+1n’m , m74K+17
o ( 14+Yn—m— 1—1Xn mO) 2 9
mi2 _
(—1) 4 Yn mo( 1+Yn mOXn nﬁ 171) 4
v (1_|_y 0 Xneme1,1) T, » m = 4K + 2;
, m
(—1)TY 1,-1(=1+2Y, ~1Xn—m,0) 14 .
n—m-— ( "mln}b+1"m0) , m:4K+37
o (1A Ynem—1, 1 Xn—m0) 2 m
(1) 5 Ynomo(~1+ Yoo oXn-p-1,-1)%
\ (4 Ym0 Xnome1,-1) m = 4K +4;
( (0" x
— —1,n—m—1 — .
mE3 e m—1 ) m—4K+1’
(1+X 1,n— m IYOn m) 1 ( 1+X_ 1,n—m— IYOn m)
m
(- 1)TX0 (—14+Xo,n—mY_1, 1)2 .
n—m n-m mn+2m , m:4K+2a
Xm7n — (_1+2X0’7rln77711Y71'n7m71)
(—1) 4 X*l,nfmfl m = 4K _.I_ 3
mE1L m+1 - )
(_1+X_Ln_%_lyo,n_m) 1 (1+X_17n—m—1YO,an—m) 1
1% Xon-m(—1+Xon-mY-1n—m—1) 2
(=1 0,n—m( 0,n—m 17nmm 1) , m :4K+4,
L (—142X0,n—mY-1,n—m—-1) 4
( ()"TY (=1+2Y. X )T
—1l,n—m-—1 —1,n—m 7i+10 n—m , m = 4K + 17

m+2 ( 1+Y 1,n—m— IXOn m) m—2
( 1) YE)n m( 1 +YE)n mel Lnom— 1) 4
Yin = & (1+Ybn mX—ln m— 1) 4, m:4K+2;

m+
1 Y n—m— 1+2Y 1 n—m-1X0,n—m
()T v, 1(=142Y"4 1%, ) . m=A4K +3;

m ( 1+Y 1,n—m— IXOn m)T
( 1)73/0 n— m( 1 + )/O,n—mX—lzrg—m—l)
\ (1 + YvO,nmefl,nfmfl>Z> m = 4K + 47

,_;
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where k =0,1,2,3...... .

Proof. We can prove the theorem by piecewise double mathematical induc-
tion as in theorem . O

Proposition 4. We have the following properties for the solutions of
system

(1) If m even and X,,_0 =0, then X, ,, =0 .

(2) If m odd and Xp,—po =0, then Y, ,,, = Y, 11 .
(3) If m even and Y,,_,0 =0, then Y,,,, =0 .

(4) If m odd and Y,,_,0 =0, then X, ,,, = Xp—p—1,-1 -
(5) If m even and X,,_p,—1,-1 =0, then Y, ,, = £Y,_,0 .
(6) If m odd and X,,_,,—1,—1 =0, then X,,,, =0 .

(7) If m even and Y, 11 =0, then X, = £ X, mo -
(8) If m odd and Y,,_y,—1.—1 =0, then Y, ,,, =0 .

Proposition 5. We have the following properties for the solutions of
system

(1) If m even and Xg,—m =0, then X,,,,, =0 .

(2) If m odd and Xg—p, =0, then Yy, ,, = Y 1, 11 .
(3) If m even and Yy ,,—p, =0 , then Y,,,, =0 .

(4) If m odd and Yy ,—p, =0, then X, ,, = X_1 51 -
(5) If m even and X 1,1 =0, then Y, ,, = £Yon—m -
(6) If m odd and X_4 -1 =0, then X,,,, =0 .

(7) If m even and Y_1 5,1 = 0, then X, ,, = £X0n—m -
(8) If m odd and Y_1,,_,—1 =0, then Y, ,, =0 .

Remark 6. If we put n = m in system ({L5) we have a system of ordinary
difference equations in the following form

X .
Xn _ n—2 ’ Yn _ Yn 2
1+ Xn—QYn—l -1+ Yn—2Xn—1

(16)

We can drive the formulas for solutions from theorem(6]) in the following corol-
lary .
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Corollary 7. Let {X,,Y,}>> , be a solution of system with initial
conditions Xy, X_1,Yo,Y_1 . Suppose X 1Yy # —1 ,and Y_1Xq # 1 ,. Then,
the form of solutions of system ,for n > 1 are as follows:

( —
C =, n=4K+ 1
(1+X_ 1Y0)2 (14X 1Y0) "
(=) T Xo(=1+XpY_1)? n=4K + 2:
X = (—1+2X0¥_1) "4 E ’
n nt1

Cy L n=4K +3;
(—1+X_1Yo) T Lgx 1Yg) o ’

(=D Xo(= LHXoYo1)2 n=4K + 4;
L (—14+2XoY_1)4

( (—1)%Y_1(—1+2Y_1X0)% n=4K +1:
n+2 ( 1+y- IXO) ’ n+2 7
y, = ) GO Y- YoX )5 (14 YoX )™, n=4K +2
(D) * Yol 1+2Y¢1X0> , n=4K +3;

" ( 1+Y_1X0) "
[ (D)o (—14+ YoX 1)4(1+ Yo X )4, n=4K +4;

where k =0,1,2,3...... .
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TWO-DIMENSIONAL CHLODOWSKY VARIANT OF
¢-BERNSTEIN-SCHURER-STANCU OPERATORS

MEHMET ALI OZARSLAN AND TUBA VEDI

ABSTRACT. In this paper, two-dimensional Chlodowsky variant g-based Bernstein-
Schurer-Stancu operators are introduced. Korovkin-type approximation theo-
rems in different function spaces are studied. The error of approximation by
using full modulus of continuity and partial modulus of continuities are given.
Moreover, we introduce a generalization of our operators and investigate its
approximation in more general weighted space.

1. INTRODUCTION

It was Chlodowsky [3] who introduced the classical Bernstein-Chlodowsky oper-

ators as . . i
-3 () () (-3n)

where the function f is defined on [0, 00) and {b,} is a positive increasing sequence

b
with b,, — 0o and — — 0 as n — 0.

n
In 2008, the g-analogue of Chlodowsky operators were introduced and investigated
by Karsh and Gupta [8] as

n+4p (k] n+p = knt+p—k—1 T
n f7Q1 Zf(n )|: k :|<b> H (1_qsb>a OSben

s=0
where {b,,} has the same property of Bernstein-Chlodowsky operators.

On the other hand, the ¢-Bernstein-Schurer operators were defined by Muraru [9],
for fixed p € Ny and for all = € [0, 1], by

(1.1) v (fiqw ni:pf(z) ["er]xanﬁl(l—qsx).

s=0

Note that the case ¢ — 1~ in (1.1) reduces to the operators considered by Schurer
[12]. Then, some properties of the g-Bernstein-Schurer operators were given in [13].
In 2013, the g-analogue of Bernstein-Schurer-Stancu operators ng :C0,1+p] —
C'[0,1] were introduced by Agrawal, et al in [4] by

(a,B) n+p k: n4+p knﬂﬁk—l .
(12) S (Frg50) Zf( Dl Toa-eo.

n
s=0

Key words and phrases. g-Bernstein operators, Chlodowsky operators, Chlodowsky variant of
g-Bernstein-Schurer-Stancu operators, weighted space, modulus of continuity.
2010 AMS Math. Subject Classification. Primary 41A10, 41A25; Secondary 41A36.
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where a and § are non-negative numbers which satisfy 0 < a < § and also p is a
non-negative integer. Notice that, if we choose o = =0 in (1.2), Sfﬁ};ﬁ) (fiq;2)
reduces to the classical g-Bernstein operator [10].

Recently, Chlodowsky variant of g-Bernstein-Schurer-Stancu operators were intro-
duced by the authors in [14] as

e (k] + n+pl (= fentpo kol x
1.3) CYP)( =z 1— X
(13) ¢ (fiq:0) Zf(n ) 07| () 11 (1-e2).
where n € Nyp e Ng = {0JUN, 0 < a<B,0<z<b,and 0 < ¢qg< 1. If
= =p = 0in (1.3), we get the operators C,, (f;¢;z) and if ¢ — 1~ and
a=L8=p=0in (1.3), we get the operators C,, (f;x).
In 2009, Biiyiikyazici [1] defined the two-dimensional g-Bernstein-Chlodowsky poly-

nomials as
Bt oo = 35 (o, 25, ) s, (2) . (1)
k=0 j=0 TL qdn qm Qn m
n—k—1
where Qp, , 4. (u) = {Z] u® H (1 —¢%) and investigated its approximation prop-

erties on the rectangular unf)o(imded domain.

On the other hand, Biiyiikyazic1 and Sharma [2] defined the two-dimensional g-
Bernstein-Chlodowsky-Durrmeyer operators on the rectangular unbounded domain

and derived the Korovkin type approximation properties. They also computed the

order of convergence by means of the modulus of continuity and then examined the
weighted approximation properties for these operators.

In the present paper we consider the two dimensional Chlodowsky variant of g¢-
Bernstein-Schurer-Stancu operators. Some of the results about the operators C’fﬁf ) (f;q;2)
defined in (1.3) will be useful in our investigations. For instance, the first three mo-

ments first three moments of the operator C%?‘,;B ) (f;q;x) are as follows [14]:

Lemma 1.1. Let C’ o) (f;q;2) defined. Then the first few moments of the oper-
ators are,

(@) %P (1 q52) =1,

o) gy _ [ plT At aby
(“) Cnap (tv%x) - [n]—i—ﬂ )
111 (.5) 71 n —1||n 22
(iii) Crp (8% ;)= ([nHﬁ)Q{[ +p—1][n+plq

+ (2a+ 1) [n+ p bz + a?b2 }.

Before proceeding further let us recall that the some basic definitions of g-calculus.
The g-integer of k € R is [7]

[/g}q—{ Igl—qk)/(l—q): éziéll
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the g-factorial is defined by

H],1 = { [1k]q k—=1], .. [1}(12 k :/izz(:)a

and g-binomial coefficients are defined by

= iy

The organization of the paper as follows:

In section two, the two dimensional Chlodowsky variant of g-Bernstein-Schurer-
Stancu operators is established and the first few moments of the operator is given.
In section three, some Korovkin-type theorems in different function spaces are stud-
ied. In section four, we obtain the order of convergence of the Chlodowsky variant
of g-Bernstein-Schurer-Stancu operators by means of the first modulus of continuity
and partial modulus of continuity. In section five, we study the generalization of
the two-dimensional Chlodowsky variant of g-Bernstein-Schurer-Stancu operators
and seek its approximation properties in more general weighted space.

2. CONSTRUCTION OF THE OPERATORS
Let {a,} and {b,,} be increasing sequences of real numbers satisfying

lim a, = lim b, = co.

n—oo m—00

Let, Dy, »,, denotes
(21) Dan,bm:{(xvy):ogxﬁa'moﬁygbm}'

For (z,y) € Da, p,,, we construct the two dimensional Chlodowsky variant of ¢-
Bernstein-Schurer-Stancu operators as

Cn 777’7.[37%7 (f qn7 qm’ z y)

n+p m—+p k q” [j]qm + o x y
(22) =) > f ( il ﬂ ol Bbm> Ptngn <a> Bjomam (bm)

k=0 j=0 qn

n+p—k—1
wheren € N, p € Ny := {0}UN, 0 < oo < . @p g, (2) = [n;{l—p} P H (1—giz).
qn s=0

We also let 0 < ¢, < 1 (n € N) for the positivity of the operators. It is easy to

show that C’(a’g) (f;qn,qm; 2, y) is a linear and positive operator.
Now, we start by giving the following lemma which will be used throughout the
paper.

Lemma 2.1. Let CT(LQ;,% (f54n, qm;x,y) be given in (2.2). Then the first few mo-
ments of the operators are,

o\ ~(aB) [n+pl,, © + aan
(4 Cn,m, t1; Gny @m; T, Y) =
( ) p( 1 ) [n]qn i ﬁ

)
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[m+pl, Y+ abn
(ml,,, +5

(uit) 07(1%16,30 (t25 Gny @iy T, y) =

(iv) O\ (83 + 83 4y s 2. 9)

1
= 7{[n+p— 1], In+pl,, @r® + (2a+1) [n+pl,, an;ﬂ+a2a%}

(in),, +5)°

1

' (im],,, +5)"

{Im+p—1,, I+l ans®+ 2o+ 1) Im+pl, buy+a ).

Proof. Using Lemma 1.1 and the linearity of the operators, the proof is easily
obtained. 0

3. KOROVKIN-TYPE APPROXIMATION THEOREMS

In this section, Korovkin-type approximation theorems are given for the two
dimensional Chlodowsky variant of g-Bernstein-Schurer-Stancu operators. For fixed
v > 0 consider the space C,» which consists of all continuous functions f, satisfying
the condition

|f (@)l < Myp” (2,y),  (2,y) € [0,00) x[0,00) := RY and p(z,y) = 1+a” +y>
Clearly, C,» is a linear normed space with the following norm

|f (2, 9)]
[fll,» = sup :
P 0<z,y<oco PV (ZIJ, y)
The following theorem will be used in the investigation of approximation properties

of C’T(L%B) (f;qn, qm; z,y) in the weighted spaces.

Theorem 3.1. Let the numbers A and B be any fized positive real numbers. Let
Dap={(z,9):0<2 <A, 0<y<B}, ¢g:={g} with0 < ¢, <1, lim ¢, =1
n—oo
and {an} and {b,} be increasing sequences of positive real numbers that satisfy
the following properties:
CL'TL . b7n

lim a, = lim b, = o and lim = lim =0
n—oo m—00 n—o0 [n]Qn m—0o0 [m]

For all f € C(Da,g), we have

lim max C,(ﬂf;, (f:an, am; ©,y) — f(z,y)| = 0.

n,m—0 (z,y)€Da, B
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Proof. Using Lemma 2.1, we get

C 76) 1 T N H — O
H nm,p qanM7 ’ ) C(DA7B)
[n + p] aa
CYB) (t15 qny Qs - —xH <A|— T g M
H P ) C(Da,B) [n]qn +8 ["]qn +2
[m + p] ab
Oy (23 s G - —yH <B|———m _q|y_Om
H »P ) C(Da,B) [m}qm + 8 [m]qm +8
And again using Lemma 2.1 we have
1
ClB (8 + tqn, i) — (22 +9) = ———5
(inl,, +8)
2
X {([nJr;DJrﬂqn [n+p]qn Gn — ([n]qn +B) >x2+(2a+1) [n+p]qn anerazai}
1
to———
(i, +5)

2
X { <[m +p+ l]qm [m +p]qm Qm — ([m]qm + ,3) ) 2+ 2a+1) [m+ p]qm by + aben} .
Finally, from the above equality we obtain

HCﬁfé (8] + 135 Gns @i ) — (22 + yZ)H

+9)

[n+p+1 7[n+p]qnqn—([n]q +ﬂ) ‘ (2a+1)[n+p]qnanA+a2ai}

+0)

m+p+mmm+m%%ﬁ(mmﬁﬂfp¥+@a+nm+m%m£+wﬁ}.

C(Da,B)

(o)
x{
()

A

Therefore, from the hypothesis of the theorem, we have

8) . .
champ tlaQnaQ7rLa'7') _zHC(DA,B) — 0
(v, 3) . ) =
champ t2aqn7qma ) ) yHC(DA,B) — 0
Cc(eB) tQ 2 o s ) — (22 2 H 0
|Gy (4 Bz ) = (@ 4+ 9) conm
when n and m — oc.
Hence, the proof is completed by the two dimensional Korovkin theorem. [l

In studying Korovkin-type weighted approximation, the following theorem plays
an important role.
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Theorem 3.2. (See [6] ) There exists a sequence of positive operators T,, ,, acting
from C, (Ri) to C, (Ri) , satisfying the conditions

lim [Ty (5-,-) = 1], = 0

n,m—00
lim ||Tn,m (tl;'v') _x”p =0
n,m—o0
lim ||Tn,m, (tQa %y ) - y“p =0
n,m— o0
i () - 07 9], =

and there exists a function f* € C, for which

im || T f* = f7]], =

n,m— 00 ’ P = 4
where p =1+ 2 + 12,
Now, consider the following operator

Coy (f3 s @i ©,9) . (2,y) € Day
Tn,m f;qnaqrn;xay { P N ’ ! fnOn
( ) 7o), R2\D,,,
Theorem 3.3. Let f € C, (Ri) Then for any v > 0

tim (T (73t ) = £ Ol =

n,m— 00

where {an}, {bm}, {qn} and {gm }have the same conditions as in Theorem 3.1.

Proof. For all € > 0, there exist sufficiently large positive real numbers A and B
such that

(3.1) (1+ 2 +y?) T <e

when x > A and y > B.
Let n, m be sufficiently large so that D4 g C D, »,,

HTn,m (fv dnsdm; ) - f (.)||Cp1+'v

‘Cﬁﬁhﬁ}» f; qn,qm;x,y)*f(xvy)’
< sup

(2.9)€DA.5 (1422 +y2)'t7

a,f
‘Cﬁb 77”{,;7 (fa Adn, qm;way) - f(mvy)‘
T+y

+ sup
(2,9)€Day b, \Da,B (1+22+y?)

’ "
= yTL m + yTL m*

By Theorem 3.1, lim yn = = 0 and for the proof of the second term we have
n,m—oo

’Cn vy (5 s G 7, Y) f(z,y)]
1+ 22 +y? 1+ a2 +y?

Ypm < (1422 +97) 7"

Finally, since f € C, (Ri) the term 1&;@1@2 is bounded. Furthermore, because
of the fact that

‘Cr(ﬁ‘,ﬁ)p (f;qn,qm;x,y)‘ ‘Cfﬁf; (1+1F +t§QQnan;$7y)’ 7
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i CB) (fin,ams,y)
using Lemma 2.1, the term et *f+$2+y2 |

and m. Hence, we get by (3.1) that

is bounded for sufficiently large n

Y < (14 M)
Since € > 0 is arbitrary, then lim yn m = 0. This completes the proof. O

n,m—0o0

Now, consider the subspace C’g of C, which is defined by

_ e @yl
={rece am i3t =o}
Theorem 3.4. Let the sequences {q,}, {an} and {b,,} satisfy the same properties
as in Theorem 3.1. Then for all f € Cg (Ri), we obtain

lim || To,m (f gns Gmi =) = F Ol g, =0

n,m—

Proof. For all f € CS (Rf_), observe that

’f ([k]qn+aa gty )’

Af@yl _ lim [, 78 Tml, FAUm o

zy—oo 1+ 22 + y2 ’ n,m—oo 1+ ([ 1y, to ) I ( 4], +o b )2 .
[, +6 [ml,,, +8 ™

Therefore, for all ¢ > 0, we can find sufficiently large numbers A and B such that
(3:2) @)l < (1422 +9?)

for x > A and y > B and there exists natural numbers ng and mg such that
(3.3)
2 2
k]l +a il +a k] + a |l +a
f [ ]QH n’ [']]QM bm <e 1 + [ ]q + [']]Q'm bm
[nl,, +8 " [ml,, +8 [n,, + 5o [m],, +8
for all n > ng and m > my.
Hence, for large n and m, we have
||Tn,m (f7 nyqms s ) —f ()Hcp

|8 (f3 s gmiz,y) — f(z,y)|

< s
en s 1+a2 442

N sup |Ca7ﬁ qumq”ﬂxay) —f(a:,y)| _ ) —l—ZH
(@4)€Dn o \Das 14+ 22+ y2 n,m n,m:

By Theorem 3.1 it is sufficient to show that z;; ,, — 0 as n — oo.
Using (3.2) and (3.3), we get

Ca,ﬁ .
2ot wp  (CEmUignanizy))
(z,9)€Day, b, \Da,B 1+az*+y

<e+te sup tn,m (Gny Gm; T3 Y)
(2,y)€EDay, by, \Da,B

=e|l+ sup b (Gns Qs 5 Y)
(2,9)€Day, by, /Da,B
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h L L C,C:,’,ﬁn(l;q'n,Qnﬁwxy))JrCs:ﬁL(t?;qﬂ,Qnﬁw,y))JrCff”fi (t%;qmqm;w,y))
where tn,m(Qna dm; T3 y) = 1+221 42 .

By Lemma 2.1, it is clear that there exist K independent of n and m such that

sup tn,m(Qnan;x;y) < K.
(xvy)EDa".bm/DA,B

Therefore, for n > ng and m > mgy we have

z2n o < (14 K)e.

n,m

This completes the proof. O

4. ORDER OF CONVERGENCE

In this section, we compute the rate of convergence of the operators in terms of
the the full modulus of continuity and partial modulus of continuities.
Let f € D4 g and > 0. Then the definition of the modulus of continuity of f

is given by
(4.1) w(f;6) = max |f(z1,91) — f(w2,92)]
\/(11—12)2+(y1—y2)2§6
:E,yEC(DAYB)

It is known that for any 6 > 0 we know that

\/(351 — )" + (1 — 2)°
1

(4.2) |f(z1,91) — f(z2,92)| Sw (f,9) +1

and its partial modulus of continuies are defined by

W (f.6) — _
W' (f39) Jmax, max_|f (21,y) = f(22,)]

@ (f.5) = _
W™ (f;9) opax max |f(z,41) = f(z,92)]-

Also, for any § > 0 we have

|f(z1,91) — f(w2,92)]

IN

w® (f,6) <|1‘1 gx2| _|_1> 7

Theorem 4.1. For any f € C(Da, ), the following inequalities

(43)  |CL) (Fiusgmiwy) = Floy)| < 2[00 (£300) + 0@ (£38,)]

IN

|f($1,y1) —f($27y2)|

(4.4) ‘Cfﬁ;,% (f; @ns @m3 T, y) — f(w,y)‘ < 2w (f; 5, + 52)

are satisfied where
(4.5)

62 =

n

4

R
(i, +8)’

2
[n+p+1]q" [n er]q" Qn — ([n]qn +5) ‘A2+ (2a+ 1) [n+p]qn anAJra?ai}
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and

(4.6)

Or = %
(i, +8)

+B) +2a+1)[m+pl, me+a2bfn}.

x{pn+p+u%vn+m%ﬂm—(wﬂ

am

Proof. We directly have,

On 7;?,?0 (f5Gn> @m; v, y) — f2,y)

e[ (K, o D, o ) ]
- = . bm - f(xvy)
g%;%[ <ﬂ%+ﬁ "[m], +8
X (bk,n,qn <CZZ) (I)j,m,qm <bgjn)
vl (K, +a [, +o k], +a
= CL L [ { g
kZOJZO [ <nq +ﬁa [m}Q7n+/8 f([n}qn"‘ﬁa v)

k], +o T Yy
1 (I)k7n;Qn (an> (bj7m)qnl (b'm,> .

[n],, +5
By linearity and positivity of the operators, we get

+(T g y) — f(2,y)

CYB) (f3 s @i ) — f(%y)‘

n+p m-+p .
[k, +o [, to k], +«

< Qn, - bm - —— ny
_k:(); f([n]q +B7 Im], +8 ) f([n]qn+ﬂa’ 2
X (I)k,n,qn <;;) (I)j,’m,qm <bz:n>

n+p m+p

(k] . T T y

+ kzzo jgo f([n]zn T 6an7y) f(l'vy) Dy n,qn (an> (I)j,m,qm (bm>

n+p m+p
<SS (f,

b —y
k=0 j=0 ]qm + B
+ 1 T3 L,0n — T (I)k,n,qn () q)j;mylhn ()
k=0 j=0 [n]qn + ﬁ Gnp, bm

= (z,y) + Q2 (z,y).
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Using Lemma 1.1 and Cauchy-Schwartz inequality, we have

Qi (z,9)
n—+p m—+p ] +a "
= Z Z (2) ( m] T ﬂbwn ) ) (1)1%7%% (a) (I)j,m,qm (by)
k=0 j=0 qm n m
m~+p [ ] +a )
— Z @ [ f; | Ldm b &, (y)
w ? m y JsMyqm
= ( [m], +58 bim

1/2

IN

@ LY (e N y
m ] qm m

7=0
Finally, using Lemma 2.1, we get
(4.7) Q (z,y) < 20P (f;0n)

where we choose 0, as in (4.6).
In the same way, we obtain

(4.8) Qs (2,y) < 20 (f6,,)

where J,, is given in (4.5). Combining (4.7) and (4.8), we obtain (4.3) .
Now, by using linearity and the monotonicity of the operators, and taking into
account (4.1), we have

‘Cﬁf‘ﬂ? (fs @namsz,y) — f(x,y)’
Sl (Wq e, ) (L”Q e, ) By (2
> w ; - + | —"—=5bm — ¥y 5,M <>
z Yy
<33 Vo () B (i)
k=0 5=0 n m

1R Hy to N, (Ll to 2
<1+ = ZZ <[n]qn+6an—x> +<[ +ﬁbm—y> )

n+p m+p ;
kg, + g +

nq+6’“hmm+5

bm) - f(xvy)

9= =0 ml,,.
(4.9)
< Y
Ppng (=) ®jma, |
Fna <an) S (bm>
Using (4.2) and the Cauchy-Schwartz inequality, we get (4.4). O

Theorem 4.2. Let f(x,y) have continuous partial derivatives Of /Ox and Of /0y,
let w(fz;.) andw?(fy;.) denote the partial moduli of Of /0x and df /Dy, respectively
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on Da p. Then the inequality

CL) (s ans i w.9) — f(2,)|
nrpl, _aan w (9F. ﬂ
SN(WL+B 1A+mm+ﬂ)+4hw Qhﬁ”

[m +pl, by, @ (0f

[n + p

[m], +8
where 6, and §,, are the same as in Theorem 4.1 and ‘%‘ < N, %‘ < M on
Dap .
Proof. By the mean value theorem, we can write
K, +a [, +o
o A, UL bm | — f(z,
f(m%+ﬁ ), g | @)
[k]q +a [k}q +a Ul+a
= = Qn, — Mz, y)+ = Qn, bm
f@m%+ﬂ V) TI@D I Gl B 4 B
K], +a
- Qn,
f(M%+6 Y

_ %], +aa . of (x,y) N (%], +aa . [é’f(%y) _ Of(z,y)
[n], +8 " Oz ], +B8" Oz Oz
[, + of(x,y) [ L, +a
*@m,w%‘ﬁ 3y +<w%+ﬁW”)
(4.10)
af(%%) _ af(xvy)
* [ dy dy }

for any fixed y € [0, B] and z € [0, A], where
<P <

and

7, +
y <1y < 7[7”]% Lt
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Applying the operator Cfl p (f, Gns m; T, y) to (4.10)

CYB) (f3 Gns Gmi . y) — f(2,7)

0f (2,) N2 5~ kq z y
S5 (prgen =) Pena () B ()
qn n m

k=0 j=0
S ([H, 0f(b1,y)  Of(x,y)
];)JZ(J(TL%+B x){ Oz  or ]
e (e ()
f(z, n-+pm+p qm . an y
y kz ZO m . I B -y k,n,qn <an> Jym,Qm <b¢n>
o Of(w,dy)  Of(,y)
Z—:Zo< qm+ﬁ y)[ oy Oy }

T Y
X (kanv‘Zn (a) q)j,mgm (b) :

Hence, taking ’%‘ < N and ‘g—ﬂ < M, we get

’Cn ) (F3 Gns G T, y) — f(x,y)‘

Of(z,y) (@,8)
< | —= a, _ o .
—= 8$ ‘Cn,m,p (tl xvqn7Qm7$7y))
+§:’”§: Wy, o ||of@ny)  0f(zy)
P G ], +B Ox Ox

z Yy
X P g, <a> P@jm,gnm <b>
n m

n+p m+p

Qm z Yy
S o (2o (2)
’ k=0 j=0 mqm +B an b
S | ey ‘8f(x,1/12) ) af(w)\
k=0 j=0 [ml,,, +587" dy dy

z Yy
X Pp.nq, (a) PQjm,gm <b>
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<N C(Q’B?D (t1 = 3 qn, gms T, y)‘
S | Ky, 0f(W1.y) _ 0f(x,y)
Jr;) ; [n B ‘ Oz Oz ’

T Yy
X P g, (a) P@jm,gm (b>

+i’"§: g, o Oflnby) _Oftes)
k=0 j=0 mqm+6 0y

T Yy
X P g, <a> P@jm,gm (b) .

Then using the properties of partial modulus of continuities, we have

‘Cfﬁfl, (3 Gny Qs T, y) — f(x,y)‘

+
<N 4o, Ay Qa0
[n],, + 8 [n], +8
k], +o
n+p m+p k +a [n]‘J'n 5 ay — "
(i)Y Y [ [Py e, (2)
k=0 j=0 nq n n
m +
M [ Pl B+ ab,,
[m], +8 [m], +8
lil,,, to
n+p m+p dm b y‘
[(m],, +B8°M Y
+w(2) fy7 Z Z Qm ‘ am + 1 q)J S ()
== mqm+ﬁ On b
since
k] +a« 4, +a
V) — x| < | ——an — x|, [y —y| < | m— Y| -
‘ 1 ‘ [n]q,L+B | 2 | [ ]qm+ﬂ

Applying the Cauchy-Schwarz inequality we have

‘Cff;& (f3 Gns Gms T, y) — f(w,y)‘

n+
<N UR P 1Ay 2
[n]Qn + /8 [n]Qn + /8
f:b» n ( —.’E) (I)k,n,qn <>
=\ [n,, B an
f:va n+p k ? X
D T
=0 n qn + B Gn

1/2
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m + b’ﬂl
+ M % — 1/ B + ai
[ml,,, +8 [ml,, + 8

1/2

(2) = ['j}qm +a ’ Yy
+w@ (fyi0m) | D mbm —Y| Pimagm <b>
qm m

7=0

2
w®(fy;0 )m+p i, T y
7’7”5 9m _ P 2.
+ Om = [m]qm + ﬂbm Y I dm <bm>

Therefore

[n+pl,
Ml +6

+w® (o3 60) ((\/Gﬁ?‘ﬁ% ((tl — )% Gy G T, y))

PO (660 (4 =2t

CL (f5 s i ) — f(w,y)‘ <N <|

On
[m + p]qm _ abp,
+MQW%ﬂﬁ 1B+mm+5>

+w®(fy; 5m)\/0$7h639 ((tz — ) s G T, y)

@) (f,:6
w ) m
+ %Cﬁfﬂ (Cf{fﬁfij ((tz — ) dns G my)) -

Now using Lemma 2.1 and choosing §,, and d,,, as in (4.5) and (4.6), respectively,
we get

CD (3 s Gmi 2, y) — f(xay)‘

+
B Lt P P N B [anw“) (W;anﬂ
[n],, +5 [n],, + 8 oz
+
+M M—l By bm +2[5mw(2) <8f;5mﬂ :
[m], +8 [m], +8 dy
‘Whence the result. O

5. GENERALIZATION OF THE TwO DIMENSIONAL OF CHLODOWSKY VARIANT OF
¢-BERNSTEIN-SCHURER-STANCU OPERATORS

In this section, we introduce generalization of Chlodowsky variant of ¢-Bernstein-
Schurer-Stancu operators. The generalized operators help us to approximate con-
tinuous functions defined on more general weighted spaces. Note that this kind of
generalization was considered earlier for the Chlodowsky-Bernstein polynomials [5].
For x > 0, consider any continuous function w (z,y) > 1 and define

2 2
Gy (t:5) = f (t.8) s
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Let us consider the generalization of the C22 (f; g, qm; z,y) as follows

n,p
(5.1)
_w(z,y) ntp m+P klg Ll e )
5 P S S Gy (e an e b (€,) € Da, s
L%:p (f7 Qs G T y) = Xq)k,n,qn (a—) (I)k’n’q" (ai> (I)j,m,qm (bi ’ ; n,bn
f (37, y) ) Ri\Damb"

where (x,y) € Dq,p,, and {a,} and {b,,} have the same properties of two dimen-
sional of Chlodowsky variant of g-Bernstein-Schurer-Stancu operators.

Theorem 5.1. For all continuous functions f satisfying |f(z,y)| < Mw(z,y),

flxy)

z,y >0, and lim oY) = 0, we have

ZT,Yy—00

lim || Lo (f3 Gns @i+ ) = £ ()], =0

where p(z,y) = 1+ 2% + 2.
Proof. Clearly,

|LC!7/3 [5G Gms . y) (
n—+p m—+p k .
J +a
(f DN o Ba, to,
I+z +y k=0 j=0 TL [m]Qm+’8

x x
X P g, <a> Pkngn (a) Djm,qm (by) -Gy (2,9)|,

thus
||L06 f dn,qm; 7)_f(7)Hw
_ sup ‘L(¥7B (f dn,dm; T, y) f(xvy)} = sup |Tn,p (Gf,qn,qm,fl',y) _Gf ({L"y)|
x,yGRi (1:’ y) x,yeRi 1+ 132 —+ y2

Since |f(z,y)| < Myw(z,y), then |Gf (z,y)| < Msp(x,y) for 2,y > 0 and G¢ (z,y)

is continuous function on R2. Furthermore, from lim L% — 0 we have
+ ’ z,y—oo W(@:y) ’

im Gr@Y g
zy—oo p(z,y)
Thus, from Theorem 3.4 we get the result. (]

Finally, note that, taking w(z,y) = 1+22+y?, then the operators ngg (f5qn, qm; z,9)
reduces Tr(if (Gf; Tny i T, Y)-
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Global stability in stochastic difference equations for
predator-prey models
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Abstract

There are many publications on theoretical analysis of deterministic difference equations
and stochastic differential equations. However, relatively few theoretical papers are pub-
lished to consider the positivity of solutions of discrete-time stochastic difference equations
(DSDESs), and no theoretical papers investigate the global stability of nontrivial solutions
of DSDEs with nonlinear terms. In this paper, we consider a DSDE model that is a
generalization of two-dimensional nonlinear models of stochastic predator-prey interac-
tions, and show the positivity and global stability of the nontrivial solutions by using our
new discretized version of the It6 formula. In addition, our results are compared with
those of continuous-time stochastic differential equations and discrete-time deterministic
difference equations. Numerical simulations are introduced to support the results.

Key words: Discrete-time stochastic difference equations, Positivity, Global stability.

1. Introduction

Many predator-prey models have been studied to describe the dynamics of biological
systems in which two species interact, one as a predator and the other as a prey. A classic
predator-prey model is given by

dx
dt

=z(r — anz — a12y), d—?z =y(ry + ag1x — asy), (1)
where z(t) and y(t) denote the population density of the prey and predator at time t,
respectively. In the model (1), r; is the intrinsic growth rate of the prey in the absence
of the predator, —ry is the death rate of the predator in the absence of the prey, the
coefficients a;;(i # j) give the strength of the interaction between the two species, and
a; (i = 1,2) measure the inhibiting effect of environment on the two species.

In the model (1), the predator consumes the prey with functional response of type
a2x(t)y(t). However the rate of prey capture is saturated when the population of the
prey is relatively large. Such phenomena are described by nonlinear functions including
Holling types [1-5], Beddington-DeAngelis type [6-8], Crowley-Martin type [9-11], and

*Corresponding author
Email addresses: smchoo@ulsan.ac.kr (Sangmok Choo), yhkim@kw.ac.kr (Young-Hee Kim)
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Ivlev-type of functional responses [12-14]. Other types of nonlinear functions have been
applied to express the Allee effect [15-19], which describes a positive relation between
the population density and the per capita growth rate of a species. There have been also
models to take into account of diffusion of species ([15] and [20-22]).

On the other hand, the population is inevitably affected by environmental noise in
nature, so that the reproduction rates can change randomly. In order to be more realistic,
stochastic models should be considered. Stochastic differential equation (SDE) models
have been increasingly used in a range of application areas, including biology, chemistry,
mechanics, economics, and finance. The SDE models have been studied to understand
extinction, stochastic permanence and stationary distributions of the stochastic systems.
In particular, many authors have taken stochastic perturbation into deterministic predator
prey models with Beddington-DeAngelis and Holling types of functional responses [23-33].
For example, putting noise into the deterministic model (1) gives the SDE model

dx(t) = z(t){r1 — ap1x(t) — appy(t) }dt + orx(t)dWi (t),
dy(t) = y(t){rs + a1 x(t) — axy(t) }dt + ooy (t)dWa(t),

(2)

which is a special model studied in [25] with zero-time delays. Here the positive coefficients
o1 and 0y measure the intensity of environmental perturbations on the underlying growth
rate of the prey and the death rate of the predator, respectively. The processes W; are
independent and real valued Wiener processes on a complete probability space (€2, F, P).

In general, the exact solutions of SDEs are not known, so one has to numerically solve
these SDEs. This leads us to consider and analyze discrete-time stochastic difference
equations (DSDEs), which can be also viewed as stochastically perturbed versions of
deterministic difference equations (DDEs) (see [34], [35] and references therein). There are
many publications on estimations of the difference between solutions of SDEs and DSDEs.
The global asymptotic stability of the trivial solution of DSDEs has been also widely
addressed (see [36], [37], [38] and references therein). However, relatively few theoretical
studies consider the positivity of solutions of DSDEs that are scalar equations on a finite
time interval (see [39] references therein). In particular, to the best of our knowledge,
there is no paper that theoretically deals with the global stability of nontrivial solutions
of DSDEs. Therefore, to investigate the positivity and global stability, we consider the
DSDE model for (2)

. . i—1 . 2 . .
Thi1 = T, {1 +h (Ti + ijl aij Ty, — iji %‘xi) + hO'E’Ui&iH} : (3)

Wherel§i§2,k20,x6>0and0<h<1. Although 71 > 0, r < 0 and a;; > 0 in
the SDE model (2) and the DDE model (3) with ¢; = 0 (see [34] and [35]), we weaken the
conditions on the parameters and use the following conditions in the DSDE model (3):
for 1 <4,j<2andi#j

T € R,G,Z'i > O,Qij > 0,0, >0. (4)

The discrete Wiener processes W (ty41) — Wi(tx) are R, with a mutually independent
and identically distributed sequence (&}, £2)%2, of the standard normal random variables.
The solutions of (3) are defined with respect to a complete, filtered probability space
(Q, Fry {Fr}2q, Pr), where {Fy}72, is the natural filtration generated by the stochastic
sequence (&},62)2°,, e, Fi, = o(&,8&2, -+ &,&2) for k > 1. Therefore (v, 23)%, is
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adapted to the filtration for any initial vector (z},x2), which is supposed to be non-
random.

The positivity of solutions of the SDEs (2) is obtained in the infinite time interval
[0, 00) without boundedness of the noises W;(t) by using the concept of explosion time
(see [25] and [40]). However, to the best of our knowledge, there is no method for applying
the concept of explosion time to DSDEs. Then for obtaining the positivity of solutions of
the DSDE model (3) in the infinite time interval, we restrict the noises to bounded noises,
which means that f,i(l < i < 2k > 1) are assumed to be doubly truncated standard
normal random variables with support [—¢, <] for a positive constant ¢

—¢ <& < (5)

and the probability density function

_ q(x) {q)(g) - Cb(—g)}_l if z € [_gv §],
vl = {0 if 7 ¢ [—,d], N

where ¢ and ® are the probability density and cumulative distribution functions of the
standard normal random variable, respectively. Denoting 7. = 2¢¢(s) {®(s) — ®(—¢)}
gives that for 1 <i<2and k> 1

E(&) =0, E((&)%) =1—n, (7)

in which the positive value 7. can be assumed to be sufficiently close to 0. For example,
when ¢ = 20, we have 0 < 7. < 107%5. The truncation constant ¢ will be first used in (12)
for the positivity of the solutions x% of the DSDE model (3).

The paper is organized as follows. Section 2 gives the positivity and boundedness of
solutions of the model (3). In Section 3, we develop a new discrete It6 formula for (3) by
using a known discrete It6 formula for DSDEs (see [41], [42] and [43]). The new discrete
Ito formula is the main tool for finding conditions for the global stability of solutions of
(3). Section 4 introduces auxiliary equations, the solutions of which are used for the upper
bounds of solutions of (3). In Section 5, we present sufficient conditions for extinction
and non-extinction of solutions of (3). Our results are compared with those for the DDEs
in [35] and the SDEs in [25]. Section 6 gives simulation results to confirm the theoretical
analysis obtained in this paper.

2. Positivity and boundedness of solutions of DSDESs

In this section, we show the positivity and boundedness of solutions of the DSDE
model (3) by applying the approach used in the DDE model (3) with o3 = 09 = 0 (see
[34] and [35]).

Notation 1. For simplicity, we use the symbols a and a for every constant a to denote
a=a-h", a=a-h

and the symbols X; and X; for a vector X, = (3, %) to denote
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Write the model (3) as ‘ ‘
$;€+1 = Flzxi ( Z)a
where
Fkly<x) = 7 (1 + 7 — T — apy + 51@“) ;
FI?x(Q) = y(1+f2+&219:—&22y+62§,3+1) :

Note that for a vector ¢, = ((},¢?) of real numbers ¢} and (7,

F & (7) is strictly increasing on 0 < 7 < Vi({}), (9)
in which
4 2 L
ViG) = @) (1474 Y ad =Y aud+aigia). (10)

Denote that for 1 <7 <2
1—1 ~
Xi = aiil (Ti + Zj:l ainj + O'i§*> s (11)

where ¢, is a constant satisfying

S >, (12)
2
i < @) (TR = Y0 g — ). (13)
i—1
T‘AZ‘ + Zj:l dinj + 056 < 1. (14)

The relation (12) will be first used in (69) to find upper solutions of the model (3). The
initial condition of the model (3) is assumed to satisfy

(25, 75) € (0,x1) X (0, x2)- (15)

Remark 1. The definition (11) gives that x; = ”*% and Y2 = Ggy (o + G21X1 + F26).
Letting h in (3) be small, we can choose ¢, satisfying the two conditions (13) and (14).
For example, let h = 0.0001, ¢, = 20, 11 =2, ry = a;; = L and 0; = 0.1 (1 < i,j < 2).
Denoting by R; and L; the right and left-hand sides of (13) and (14), respectively, gives

(x1, R1, L1) = (202,4699.5,0.3848), (x2, R, L) = (403, 4900.5,0.3518),

which show that the conditions (13) and (14) are satisfied.

Theorem 1. Let i be the solutions of (3) and x; be defined in (11). Assume that (5),
(12), (13), (14) and (15) hold. Then

(2 23) € (0,x1) X (0, x2), &k >0.
Proof. The proof is divided into the following three steps.

Step 1. We prove the positivity: zi >0 for 1 <1i < 2.
Note that for Xg = (x, 22)
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0< 1’6 < Xi < (2&“)_1 (1 + 7A’Z — Z?:H—l CAL,'jxj' — 5-z§*> < ‘/OZ'(X()),
where the first two inequalities are obtained from (15), the third from (13) and the last
from (10), (15), (5) and (12). Then using (9) with ¢, = X, and (15), we have the positivity
= Bl (@) > Fi, (0) = 0.
Step 2. We prove the upper-bound property:'yc1 <y forl1 <i<2.
Let w e Q. If 7 + 21_11 (i) — 2§—i+1 aijry + ;€4 (w) < 0, then
y(w) = F . (xh)(w) < 2§ < xi-

Otherwise, we have 0 < z{ < fo.:(X})(w) with

R -1 2 Y
fosld) =gt (R4 Db =Ygk + o).
Since 0 < foi(X§) < Vi(Xo) by (14), we get
0 < 2 < foi(%) (@) < Vg (o) (w)

and further
21(w) = Fp i (25) (W) < Fy i (foi(%0)) (@) = fo,i(%) (@) < xi,

where the first inequality is obtained from (9) with ¢, = X, and the last inequality from
(11) and (15).

Step 3. We prove the boundedness: (z},z7) € (0,x1) X (0, x2) for k > 0.

Since Stepl and 2 give that

if ('r(l)vx(%) < (O7X1) X (07X2) then (xlaxl) (0 Xl) X (07X2)a
we can obtain the desired result by both applying mathematlcal induction and replacing
<$075i7X07C07 Vi, F, X@,foz> with (xk,§k+1,xk, Cp, VI F, kxl , f;“> in Step 1 and 2. Here the

function f; is defined as fi;(X}) = a;; (rl + Zl ! d”xk Z?:Z‘H dijxi + 6ifli+1> . g

Remark 2. For simplicity, from now on we assume that the conditions (5), (12), (13),
(14) and (15) used in Theorem 1 hold. Then we will not write the conditions explicitly
in later sections when we need the positivity and boundedness of the solutions z¥.

3. A new discretized version of the Itd6 formula

In order to find conditions for the stability of (3), we need a discretized form of the
It6 formula. Although there are discretized versions of the It6 formula (see [41], [42] and
[43]), we need to formulate a variant which is suitable for our model (3). The proof of
our new discrete It6 formula is almost the same as that of the discrete It6 formula in [42]
and [43]. For the completeness of this paper, we reproduce the proof in the Appendix.

We write ¢1(h) = O(gz2(h)) (or g1(h) = O(ga2(h)) for b — 0 to be more precise) if there
exist positive constants C' and hg such that |¢i(h)| < Clga(h)| for all h with 0 < h < hy.
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We make the two assumptions about the noise &: First, the noise ¢ satisfies that for some
constants M; and p with 0 < p < 1

B(§) =0, (&) =1-p E(¢') <M (¢=13). (16)

Second, the probability density function p of the noise £ exists with the property that for
some constant M, and all sufficiently large |x|

|2*p(x) < Malz|™". (17)

Using p = 7. in (7) and the probability density function p(z) = ¢ (x) in (6), one can obtain
that the truncated standard normal random variables & satisfy the two assumptions (16)
and (17). Let the symbol R denote the set of all real numbers and C3(R) denote the set
of all functions defined on R that are continuously differentiable up to the order 3.

Lemma 1. Let G be a sub o-algebra of Fy,. Consider functions ¢, ¢ : R — R satisfying
that for some 6 > 0,

(i) p=¢ on[1 —0,1+ 4]
(i) ¢ € C3(R) and |¢"(x)| < M3 for some constant My and all x € R
(iii) [; |o(z) — ¢(x)|de < My for some constant M,

and ¢ 1s almost everywhere continuous. Let f and g be G-measurable random variables
satisfying that for some positive constants € and Ms,

max{h|f|,A"?|g[} < Msh°. (18)

Let £ be a G-independent random variable satisfying (16) and (17). Then the conditional
expectation of the random variable ¢ (1 + hf + h%2g€) with respect to the o-algebra G
becomes

E ¢ (1+hf+h"g¢)|G]
= ¢(1) + ¢ (Dhf +27'¢"(1)hg” - (1 — p) + hfO (h) + hg*O (h7) ,

where the first big O denotes
271" (1) Msh® + 6™ My (Msh®)* {1+ 3(1 — 1)}

and the last denotes
(M1M5 + M4M2M551> h®

for some positive constant §y less than 6. Here My and My are defined in (16) and (17).
Proof. See the Appendix. O

Remark 3. Differently from the discretized It6 formulas in [43], [41] and [42], our dis-
cretized It6 formula in Lemma 1 does not require that the upper bounds of f and g are
independent of h. Let G = F, and

i1 . 2 , .
f=ri+ ijl i Ty, — iji aijTy, 9= 0i, § =& (19)
for the solutions ¢ of (3) with 1 <4 < 2. Then f and g are Fj-measurable and satisfy

(18) with € = 0.5 by applying the upper bound x; = O(h°?) of 2 to the definition of f.
In addition, £ = &, is an Fj-independent random variable satisfying (16) and (17).

6
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Remark 4. In order to construct ¢ in Lemma 1 corresponding to the function

_ [ Inlel (jz] > 0),
MI)_{ 0 (z=0),

we modify the function ¢ used in [37]. Define the function ¢ as follows.

(z) In |z] (E =
€Tr) =

v —47 et 4 202 — AT 4 67 Sz — e ) (e V) (| < e7Y).
Then ¢ and ¢ satisfy all the conditions in Lemma 1 with § =1 — e~ 1.

Notation 2. For simplicity, we use the notations
B i
) =k'Y E(a) (20)

a=a-{1+0(")}, ay=a-(1=n), rie =71; — 0507,

and

for k>0, 1 <4 <2, constants a and 7, in (7). Here o7, is equal to {o; - (1 — n)Y2.

Remark 5. Since the solutions z% of (3) are positive by Theorem 1, we can take logarithm
of (3), which gives

E[Inz} | Fi] = E [Inz}| Fi] + E |In (1 + hf + h*%g&,.1) ‘fk} : (21)

where f and g are defined in (19). In order to simplify the equation (21), applying Fj-
independence of &1, Fy-measurability of 2§ and Lemma 1 with Remarks 3 and 4 to the
three expectation terms in (21), respectively, we have

, : 1
E(lnz,,,) = Inx, +hf— —h92 (1 =) + hfO (°®) + hgO (R°°)

o 2 A
= Inz, +h (ri am + Z a”xk Z .aijx‘;> ) (22)
j=i

Taking expectation of (22) and adding the result, we obtain

E(na}) = Enal) + kh{ro + Y aB) =Y aE@h}.  (23)

4. Auxiliary equations

In order to find upper bounds of z%, we consider the auxiliary equations

. . i—1 . . . . .
3 ) A ~ J ~ i ~ &1 i i
21 = 2, (1 + 7 + E g Qi — @iy + alfkﬂ) . 20 =T (24)

for 1 <4 <2and k > 0. Since (24) is the system (3) with a;5 = 0, Theorem 1 with (4)
gives that for £ > 0

(21 2k) € (0,x1) (0, x2)- (25)
7
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Let 3; be the solutions of the equations
i-1
Tig + ZFl aijB; — aiifi =0
for 1 <i < 2. Note that (22) and (23) with a;2 = 0 become

E(nz},) = Inzt+h(r, —anzt),

E(lnz) = E(lnz)+ kh {rie —anFE (z)}
= E(nz) +khan {f -k B

due to (20) and £ = aj]r1, in (26). Similarly, we have

E (ln zgﬂ) = In z,z +h (7’20 + azlz,i — agzzi) ,

(=)} (28)

(29)

E(lnz) = E(lnz)+ kh {ros + anE(z;) — anE(7})}

k-1
= E(lnzj) + khags {702—(7 + %E( -kt ZE (23)} : (30)

ag2

Lemma 2. Let 2} and 3y be the solutions of (24) and (26), respectively.

If 1 > 0, then for e > 0 and all sufficiently large k

k™ ZS_ <61+€

Proof. Suppose, on the contrary, that the theorem is false, which means that there exist
a constant g9 > 0 and an infinite increasing sequence {k,,} satisfying both for all &,

Fern— 1
k Zs_ >Bl + €0
and for all k with k # k,,

<
k E o 0 ﬁl + &g-
Combining (31) and (28), we have

lim,, oo F (ln z,im) = —00.
Substituting (33) and the boundedness of z} into (27) gives

lim In zk = —00 a.s.
m—00

and then
. 1 .
lim, 500 2,1 = 0 a.s.

Thus the dominated convergence theorem with (25) leads to
limp, o0 E(2, 1) = 0.

In order to obtain a contraction we follow the two steps:

8
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Step 1. If there exists k = k,, — 1 satisfying (32), then the system of (31) and (32) becomes

ST EE) > k(B e,

s=0
ke —2 L
SUE () < (1) (Bt ).
which gives
E(z, 1) > 1+ <o, (36)

and hence there exist finitely many k& satisfying (32) due to (35) and (36). Therefore for
all sufficiently large k

k™ Zs_ ) >B1 + &o. (37)
Step 2. As (31) implies (35), the equation (37) implies
limy oo E(2}) = 0,
which is contradictory to (37) due to 51 + g9 > 0 and so the proof is completed. O]
Lemma 3. Let (2}, 27) and (b1, B2) be the solutions of (24) and (26), respectively.

(a) Assume r1, < 0. Then limy_ o0 2} =0 a.s.
(i) If rie <0 and roy < 0, then limy_,o0 22 =0 a.s.
(ii) If ri, <0 and roy > 0, then limg_,oo k™ Zk VB (22) = a3y a0
(b) Assume 71, > 0. Then limy oo k™ SV 0 B (21) = ﬁl.
(i) If rie >0 and roy + as By < 0, then limy oo 22 =0 a.s.
(ii) If 16 > 0 and 19y + a1 By > 0, then limg_,o k™ Zk ! E (22) = fs.

Proof. (a) Since 71, < 0 is equivalent to #; = a;;'71, < 0, it follows from (28) and the
positivity of z} in (25) that if ri, < 0, then limj_,o, E (In2}) = —o0, and further

limy_,o0 24 =0 a.s. (38)

as (33) implies (34).
(a)-(i) Assume that ri, < 0 and 79, < 0.
As (34) implies (35), the equation (38) yields lim,, o E(z}) = 0 and then

limy, o E(2;) = 0. (39)
Combining (39) and (30) with ry, < 0 and using 27 > 0, we have from (30) that
limy_ oo (ln z,z) = —00. (40)
Therefore, as (33) implies (34), the equation (40) gives
limy o0 Z,% =0 a.s.

(a)-(ii) Assume that r1, < 0 and re, > 0.

Using (22, ay m20), (29) and (30) instead of (2}, 81), (27) and (28) in the proof of Lemma
2, respectively, and applying (39) to (30), we can obtain that for e > 0 and all sufficiently
large k

k™ ZS . ) < azra, +e (41)
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In order to show limg_ . k' Zf;é E (2%) = a5, 190, it is enough to prove that for € > 0
and all sufficiently large k

B B k—1

U5y oo — € < k7 Zs:O E (). (42)

Suppose that (42) is false, which means that there exist a constant g > 0 and an infinite
increasing sequence {k,,} satisfying

km—1

U5y oo — €0 > kit Zs:() E (7). (43)
Then the boundedness of 27 and (30) imply that for all &,
x> F (ln z,%m) > F (ln 2(2)) + k‘miLamEo, (44)

which is a contradiction. Therefore (42) is true and so the proof is completed due to (41)
and (42).

(b) Assume 71, > 0, which means 8, = a;'ri, > 0.

In order to show limy_ ., k~! Zf;é E (z!) = By, it is enough to prove that for € > 0 and
all sufficiently large k

b <k 3T B (49

due to Lemma 2. Suppose that (45) is false, so that there exist a constant 9 > 0 and an
infinite increasing sequence {k,,} such that

_ -1 fm =1 1
b1 — e > km Zs:O E (ZS). (46)
Then the boundedness of 2} and (28) imply that for all &,
00> E(Inz} ) > E (Inzl) + knhaiis, (47)

which is a contradiction. Hence (45) is true and, therefore, Lemma 2 with (45) gives
limy o0 E(24) = Bi. (48)

(b)-(i) Assume that r, > 0 and 75, + a5 < 0.
Applying (48) to (30) with both 7y, + az18; < 0 and z3 > 0, we have

limy o0 E(ln 27) = —o0.

Therefore, as (33) implies (34), we can obtain limy ;o 27 =0 a.s.
(b)-(ii) Assume that ri, > 0 and 79, + ag1 51 > 0.
Following the proof of Lemma 2, we can obtain that

Y B(2) <ot (49)

for € > 0 and all sufficiently large k by using (zZ, 32), (29) and (30) instead of (2}, 1),
(27) and (28), respectively, and applying (48) and £y = a5y (720 + a2131) > 0 to (30).
Similarly, following the proof of (45), we can obtain that

b <k Y B () (50

for € > 0 and all sufficiently large k by replacing (z}, 31) and (28) with (27, 52) and (30),
respectively, and applying (48) to (30). Therefore (49) and (50) give the desired result. [

10
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Remark 6. The equations (28) and (30) can be written as
. . ° i—1 — . — .
E(lnz) = E(lnz) + kh {rw +Y B - aiiE(z;)} . (51)
Substituting (26) to (51) yields
. . o i—1 — . — .
E(nz}) = B(ln ) + kh [ijl ai {BG) - 8} — e {BG) - B} (52)
Applying Lemma 3-(b) and (b)-(ii) to (52) with the notation (20), we have
limy oo k' E(In z},) = 0 (53)
under the condition that min{r,, r;, + 23;11 a;B;} > 0for 1 <i<2.

Lemma 4. Let xi and zi be the solutions of (3) and (24), respectively for i =1, 2.
Then for k >0 . '
0 <z < z.

Proof. Theorem 1 with Remark 2 gives

0< ). (54)
Note that
F}.,,(z) is nonincreasing in y for # > 0 and k > 0 (55)
and
F{ .(y) is nondecreasing in  for y > 0 and k > 0 (56)

by the definition (8). The proof of this lemma is divided into the following two cases.
Case 1. Let 1 = 1.
Using X}, = 23 > 0 and (55), we have

o = Fily () < Flo(ad). (57)
It follows from Remark 2, (24), (25), (10) and (13) that
0< <2 <x1<Vy(0,0),

with which (9) yields
Fyo(xg) < Foo(zp) = 21 (58)

Hence combining (54), (57) and (58) gives
0<az; < 2. (59)
Assume that for some positive integer k
0<azy <z (60)
Using (54), (60), (25), (10) and (13), we have
X, >0, 0< <2 <x1<VH0,0)
11
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and so
xlch = Fkl,x}e (xllc) < Fklo(xllc> < F,io(z,i) = Zli+17

where the first inequality is obtained from (55) and the second inequality from (9).
Case 2. Let 1 = 2.
Using X3 = x) < 2§ and 0 < 23 < 22 < x2 < VF(0,0), we have

= Fiye(2g) < Fa(a3) < Fa(z) = 2 (61)

due to (56) and (9). Similarly as in Case 1, using mathematical induction and 27 < yq <
V2(0,0) instead of 2} < x; < V41(0,0) in Case 1, we can obtain the desired result. O

Remark 7. If min{ry,,r;, + 23;11 a;5;} > 0 for 1 < i < 2, then Lemma 4 and (53)
imply that for e > 0 and all sufficiently large %

E'E(lnz)) <e, (62)

which will be first used in Theorem 4.

5. Extinction and persistence of the discrete solutions

In this section, we present several conditions sufficient for the extinction and persis-
tence (non-extinction) of the solutions z% of (3).

Theorem 2. Let z, and f; be the solutions of (3) and (26), respectively for i =1,2.

(a) Ifriy <0, then limy oo 1 =0 a.s.
(b) If rip <0 and 1o, < 0, then limy_,oo 22 =0 a.s.

Proof. The proof is followed by combining Lemma 3-(a) and (a)-(i) with Lemma 4. O
Remark 8. Since 1, = 0 gives 1 = aﬁlfrlo = 0, we obtain that
if 1, = 0, then limy_,oo kK~ Zk ! E(xh)=0
by combining Lemma 3-(b) with Lemma 4. Similarly, Lemma 3-(b)-(ii) gives
if 715 = 795 = 0, then limy oo k' 220 B (22) = 0
since o = agy (ra2e + azf1) = 0.

Remark 9. By Theorem 2-(a), we find that if r; < %afn, then the prey population will be
extinct in the future, no matter whether the predator exists. It implies that environmental
noise plays a very important role in the biological system.

In order to establish the sufficient condition for the extinction of the predator and the
persistence of the prey, we will use the following Lemma 5 as well as Lemma 3-(b).
Using Lemmas 4 and 3-(b) with 3; = aj}'r1, we obtain that

if 1y > 0, then lim &~ Z (1) < aprio. (63)

k—o0

12
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For finding a lower function of z}, we consider the solution wuy . of the equation
N . ~ 1 1
Uk+1,e = Uk,e(l + 71 — Q11U — A12€ + 015N5+k+1)> Up,e = T, » (64)

in which e satisfies that for some positive integer N, and all kK > N,

0<a; <e, (65)
7’A’1 — d12€ + 5’1§* < ]., (66)
a12€ + 016 < 0164, (67>

where (65) is possible under the conditions 71, > 0 and 79, + a2 5; < 0 due to Lemmas 4
and 3-(b)-(i). The inequalities (66) and (67) are possible by (14) and (12), respectively.

Lemma 5. Assume that r1, > 0 and roy + a1y < 0. Let € and N, satisfy (65)-(67).
Let z} and uy, be the solutions of (3) and (64), respectively. Then

(a) 0 < uge < x1 fork>0.
(b) upe < x4y, for k> 0.
(c) If 1y — ajoe > 0, then limg_,oo k71 Z];;é E (us) = ay) (r1e — aze).
Proof. (a)We proceed by induction on k.
Since (64) and Theorem 1 with Remark 2 give
uge =y, 0 <y < xi,

the statement (a) is true for k£ = 0.
Assume that for a nonnegative integer k

0 <uge<xi- (68)

Now, in the case of k + 1, the proof of (a) is divided into the following two steps.
Step 1. We prove the positivity of w1 ..
Denoting

Z/{k = (2&11)_1 (1 + 721 - d12€ + 5-1511V€+k+1)

gives that for £ > 0
0< X1 < (2&11)_1 (1 + 721 - 5'1§*) < uk7 (69)

where the second inequality is obtained from (13) and the last from (67), (12) and (5).
Letting

Gr(z) =z (1 4+ 71 — a1z — drze + 61€N, 4 51) »

we have
G (x) is strictly increasing on 0 < z < Uy, (70)

Applying (68) and (69) to (70), we have the desired positivity.
Step 2. We prove that x; is an upper bound of w4 .
Let w € Q. If 71 — aqqupe(w) — dr2€ + 51511\,€+k+1(w) < 0, then

Ukt 1.e(w) = Gr(ug) (W) < upe(w) < x1,

13
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in which (68) gives the last inequality. Otherwise, we have 0 < uy (w) < Ag(w) with

Ak = &1_11 (TAl — &126 + 6—15]1V5+k+1) .

Since Ay < Uy by (66), we have 0 < uy(w) < Ag(w) < Uk(w) and then (70) gives

Upr1,e(w) = Gr(upe) (W) < Gr(Ag)(w) = Ap(w) < X1,

where the last inequality is obtained from (11), (12) and (5).
(b)We proceed by induction on k.

The statement (b) is true for £ = 0 due to (64).

Assume that for a nonnegative integer k

Upe < x}vs ke
It follows from (a) in this theorem, (71), Theorem 1, Remark 2 and (69) that
0 < up,e S:B}de < x1 < U

and then
Ups1,e = Grlug,e) < Gk(x}ve-i-k) = F]{fe-i-k,e(:ﬁvg-kk)

due to (70). Combining (55) and (65) also gives
F]{f5+k,e(‘r}\76+k) < F]{[€+k7ag?\,€+k (x}VCJrk) = $11V€+k+1-

Therefore, (72) and (73) give the desired result.
(c) Let 1 = ajj' (ris — aiz€). Note that

E(nugyre) = Inuge+ h (1Mo — Q11U — Q12€) ,
E(lnug.,) = E(lnug,)+ kh {rlg — ay9€ — apn B (uke)}

° k—1
= FE (hl uO,e) + khall {71 - kil ZS:O E (us,e)}

as in (27) and (28). Following the proof of Lemma 2, we can obtain that

k—1
k_l Z -0 E (us,e) <m+ ¢

(72)

(73)

(76)

for ¢ > 0 and all sufficiently large k& by replacing (27), (28) and (2},71,,81) with (74),

(75) and (ug., 71, — a12€,71), respectively.

Similarly, replacing (28) and (24, 31) in (45)—(47) with (75) and (uy..,71), respectively, we

can obtain that for ¢ > 0 and all sufficiently large k
n = <K B (use),
with which (76) gives the desired result.

Theorem 3. Let z, and B be the solutions of (3) and (26), respectively for i =1,2.

If rie >0 and rop + a1 81 < 0, then klim E(x}) = By and klim =0 a.s.
—00 —00

Proof. 1t follows from Lemma 3-(b)-(i), Lemma 4, Theorem 1 and Remark 2 that

14

475 Sangmok Choo et al 462-486



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

limg oo 72 =0 a.s.
Using Lemma 5-(a) and Lemma 4, we obtain that for e > 0 and all sufficiently large k
0 < ke < Ty p < 2N ihe (77)
Lemma 5-(c) and Lemma 3-(b) give
limy,so0 E () = ayy (110 — ar2€), limyoo B (2) = aii'r10, (78)

where the first and second equalities are valid under the conditions 1, — a12¢ > 0 and
rs > 0, respectively. Therefore using (77), (78) and Remark 8, we obtain the desired
result. O

Remark 10. By Theorems 2 and 3, we find that the value ry, is the threshold between
the extinction and persistence for the prey population. In addition, although the prey
population converges to a non-extinction state in the mean when r1, > 0 and ro, + a9 81 <
0, the predators dies out when the diffusion coefficient o5 is large enough and then

—T9og = —T9 + 0.5 {0'2 . (1 — T]g)}2

becomes too large.

Remark 11. We can establish one condition for the extinction of the prey and the
persistence of the predator as follows. Lemmas 4 and 3-(a)-(ii) yield

k—1
if 11, < 0 and 79, > 0, then lim k~* E (x?) < Gy T2 (79)

k—o00 s=0

For finding a lower function of 2%, we consider the solution vy . of the equation

Vpit,e = Vpe(l + Po — Go1€ — AnaVk e + 52X 1hi1)s Vo = Th. s (80)

in which e satisfies that for some positive integer N, and all k > N,

0<azp <e, (81)
Ty — Qg1€ + 026 < 1, (82)
(91€ + 096 < 096, (83)

The inequality (81) is possible under the condition r;, < 0 due to Lemma 3-(a).
Replacing (64)—(67), 11, > 0, roy + a2181 < 0 and (ug, 71, a11, a12,&') in the proof of
Lemma 5 with (80)-(83), 11, < 0, oy > 0 and (vy, 72, ago, ag1, £?), we can obtain that

k—1
Uk’e S x?\]e+k7 ]}L}I{.lo klil Zs:() E (US,E) = a521 (TQU - a21€> ) (84)

if r9, — ag1e > 0. Therefore (79) and (84) give the desired result:

if 11, < 0 and r9, > 0, then limj_, (mi,E(xz)) = (O, a2_21r20) a.s.
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Now, it remains to establish one condition for persistence of the prey and the predator.
Define the matrix A and the constants D, as

ai; a2 Tlo D,
A= ) =A , 85
(—a21 azz) (7“20> <D2> (85)
which give

|A| — Q110 + Q109 > O, (gl) _ A—l (Tla) _ |A|71 (CL22T10 — Q1272+ ) > (0 (86)
2

T2 arn (rae + az1 )

under the conditions ry, > a2_21a127“20 and 7o, + a1 51 > 0.
Using (85), the system (23) can be written as the matrix equation

E(lnzp)\  (E(Inxp) E(x}g)
(E i) = (Bueh) +44 (0 " F (Y (87)
and multiplying the matrix |A|A™! to (87), we have

apE(Inz}) — apnE(lna?) = Cy + kh|A|{D, — E (z})}, (88)
apE(Inxy) +ap E(lnzg) = Cy+ k:h|A| {DQ — E(mi)} ; (89)

where C) = agFE(Inz}) — a;aE(In23) and Cy = a9y E(Inz}) + a1 E(In23).

Lemma 6. Let ;. and By be the solutions of (3) and (26), respectively.
If 115 > a5y Q19796 and Toy + a1 By > 0, then for e > 0 and all sufficiently large k

E(I}g) < D1 + €, (90)
where Dy is defined in (85).

Proof. Suppose that (90) is false, which means that there exist a constant €y > 0 and an
infinite increasing sequence {k,,} satisfying both for all k,,

k‘ Z >D1 —+ €o, (91)

and for all k with k # k,,
k™ ZS o <D1 + €p- (92)

Replace (24, 81), (31), (32), (28) and (27) in the proof of Lemma 2 with (z}, Dy), (91), (92),
(88) and (22), respectively, where we apply (22) with ¢ = 1. Then using the boundedness
of z; and following the proof for (37), we can obtain that for all sufficiently large k

k- Z ) ) >D1+ co. (93)

Combining (93) and (88) gives

ass E(Inzt) — appE(lna?) < Cy + kh|Al(—e). (94)
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Applying Theorem 1 to (22) with ¢ = 2, we obtain
supyso E(lnzj) < oo

and then (94) yields
limy_oo (ln w,lc) = —00. (95)

Substituting (95) into (22) with i = 1 and using the boundedness of z},, we obtain
limy_,oo In m,lg = —00 a.s.,

which implies

limg o0 7). =0 a.s.
Hence the dominated convergence theorem with Theorem 1 leads to

limy_o FE(x}) =0,
which is contradictory to (93) due to D; + ¢ > 0. This completes the proof. ]
Remark 12. The equation (90) with (87) gives that for ¢ > 0 and all sufficiently large k

E(na?) < E(lna?) + khag {az aze + Dy — E(z3)} . (96)

Following the proof of Lemma 6 with (96), we can obtain that

if 11y > a9y a19795 and ro, + a1 B > 0, then E(xz) < Gy agr€ + Dy + € (97)

for ¢ > 0 and all sufficiently large k by replacing (z, D1) and (88) in the proof of Lemma
6 with (22, ayy asie + Dy) and (96), respectively.

Theorem 4. Let z, and f; be the solutions of (3) and (26), respectively for i =1,2.
If 1o > Gy a19725 and Tog + a1y > 0, then limy o E(2%) = D;,
where D; are defined in (85).
Proof. Substituting (62) into (89) gives that for ¢ > 0 and all sufficiently large k
€ > Dy — E(z3). (98)

Combining (98) and (97), we have

limy, 00 E(23) = Ds. (99)
Applying (99) to (89) with (62) yields

limy oo k' E(In2}) = limg_,00 k" E(Inz}) = 0,
with which (88) gives the desired result Jim E(x}) = Dy. O
Remark 13. Let (xy,yx) be the solutions of DDEs (3) with o3 = 09 = 0 in [35].
(i) If 11 > 0, 7o < 0 and 75 + aga;iry < 0, then limg_oo (24, y) = (ay71,0).
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(ii) If ry >0, ro < 0 and 75 + agagy'ry > 0, then limy oo (24, yi) = (Da, D,),
where (D,, D,) is equal to (Dq, Dy) with o1 = 05 = 0.

Note that the sign of 5 in the DDE model is fixed to 7o < 0. Adding the noise to the
DDEs, we have from Theorems 3 and 4 that

(i) If rip > 0 and 7oy + aziaj; 1, < 0, then limy_,oo (E(24), 27) = (ai1'r15,0)  a.s.
(ii) If 11y > a5y a19790 and r9e +agiag 71 > 0, then limy_, o (E(x,lg) E(xk)) (D1, Ds).

Hence we demonstrate that the solutions of the DDEs and the DSDEs with small noise
have similar asymptotic behavior by comparing (i), (ii) and (i)', (ii)’, respectively. In
addition, when comparing ro + agia;'r; > 0 in (ii) and roy + agia;i'rie < 0 in (i),
we understand the effect of strong noise, which changes the behavior of the predator
population from non-extinction into extinction. Therefore the main difference between
the deterministic and stochastic models is that large stochastic perturbation may result
in the extinction of the predator population.

Remark 14. Let (x,y) be the solutions of the SDE model (2), which is a special model
in [25] with zero time delays. Note that the sign of ry in the SDE model is also negative.

(i) If 1y — 0.507 < 0 and ry — 0.502 < 0, then limy_,(z(t), y( ) =1(0,0) a.s.
(ii) If r; — 0.502 > 0, r, — 0.50% < 0 and (ry — 0.502) + agia;] (r — 0.50%) < 0,
then x is stable in the mean and y goes to extinction:

limy oo t ! fo s)ds = a1y, lim; e y(t) =0 a.s.

(iii) If 75 — 0.502 < 0 and (ry — 0.502) + agia;) (1 — 0.50%) > 0, then both x and y are
stable in the mean:

limt_m( fo s)ds, t~ lfo ) (D1, Ds) a.s.

Since 7y < 0 in the SDE model (2), the sign of r, — 0.502 in (2) is also negative, which is
the reason why the condition ro — 0.503 < 0 is assumed in (i)-(iii). The three results, (i),
(ii) and (iii) in this remark, are corresponding to Theorem 2-(b), (i)’ and (ii)’ in Remark
13, respectively. Hence, when replacing the stability of (x(t),y(¢)) in the mean with the
stability of (E(z}), E(z})), we demonstrate that the sufficient conditions for the almost
sure global stability of the SDE model (2) also suffice to give the same global stability of
the DSDE model (3). In this case, note that there is no constraint on the sign of ry in
the DSDE model. Therefore we show that the DSDE model (3) is a good discrete model
for the corresponding SDE model (2).

6. Numerical examples

In this section, we provide some simulations that illustrate the results in Theorems
1, 2, 3 and 4 with truncation constants (¢,<.) = (19.9,20) in (5) and (12). In this case,
we have 0 < 7. < 107%, so that we can ignore the effect of the term 7, when using the
values of parameters in the following three examples, where the conditions (12)-(14) are
satisfied. In Figures 1, 2 and 3, the DSDE model (3) is simulated 1000 times at each time
kh for calculating the expectation values E () and E (yi), where z;, and y; denote the
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solutions x} and x%, respectively. We compare our results for the DSDE model (3) with
the results for the DDE model in [35], which is the model (3) with o = g9 = 0.

Example 1. Let h = 0.0001,7”1 = 0.8,7"2 = —0.17(111 = 0.4,(112 = 0.001,(121 =
0.1,a9 = 0.3,0% = 2.5 and 0% = 0.1. Since r; > 0, 79 < 0 and ry + aglal_llrl > 0, the
solutions z;, and y; of the DDE model converge to the positive numbers D, and D, in
Remark 13-(ii), respectively, as displayed in Figure 1-(a). However, since r;, < 0 (i = 1, 2),
the noises have a large effect on the convergence and, as a result, the solutions of the
stochastically perturbed model (3) go to extinction, which are shown in Figures 1-(b)
and (c), as in Theorem 2-(a) and (b), respectively. Therefore Figures 1 demonstrates the
important role of noise.

<10+
S

E(xr)

= =7
— =Yk - — Yk
>* E(yx)

S
S
b
Sk
S
e
;.;6
Sk

N o] T

o 50 100 o 50 100 50 75 100

Figure 1: All the z-axes denote time kh. (a) Curves of the solutions of the DDE model. (b) Two
realizations of the solutions zj and yj of the DSDE model, which converge to zero. (c¢) Expectation
values of the solutions xj and yi of the DSDE model, which converge to zero in the mean.

Example 2. Let h = 0.001,7; = 2,79 = —2,ay; = 1.0,a10 = 04,a91 = as =
0.3,07 = 0.2 and 03 = 4. Figure 2-(a) shows that the solutions z; and y, of the DDE
model converge to a;j'r; and 0, respectively, as in Remark 13-(i) when 7 > 0, 7, < 0 and
o + azlaﬁlrl < 0. The noises satisfy both r1, > 0 and ro, + amal—frla < 0, which are the
conditions in Theorem 3. Then Figures 2-(b), (¢) and (d) show that the stochastically
perturbed model (3) behaves similarly to the DDE model in the sense that k—* Zi:ol E(z;)
and . converge to a;;'r1, and 0, respectively, which confirms Theorem 3.

.
@ () (@) L0
S riool
- = il 5 LS B — megeet
i=0
> 5 * E(yr)
1 0
o] 50 100
C
1 ©
-5
\ 0.5
. i
B R B SO
o 5 10 0] 2.5 5 500 750 1000

Figure 2: All the z-axes denote time kh. (a) Curves of the solutions of the DDE model. Curves in (b)
and (c) are realizations of the solutions zj and yi of the DSDE model, respectively. (d) Convergence of
average of expectation values of x; to non-zero and convergence of y; to zero in the mean.

Example 3. Leth = 0001, r = 2.0,7’2 = —01, a11 = 12 = 04, 91 = 1, 99 = 0.3 and
0? = 02 = 0.02, which give that r; > 0, r, < 0 and 75 + aga;;r1 > 0. Thus Figure 3-(a)
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shows that the solutions x; and y; of the DDE model converge to D, and D, in Remark
13-(ii), respectively, as displayed in Figure 1-(a) in Example 1. However, the condition
r1s > 0 is different from that in Example 1. Realizations of the solutions of the DSDE
model are given in Figures 3-(b) and (c). Since 71, > Gy G127 and Ty + agiaj;71s > 0,
Figure 3-(d) shows that the DSDE model behaves similarly to the DDE model in the sense
that k=1 Zf;ol E(x;) and k™! Zf;ol E(y;) converge to positive Dy and Ds, respectively,
which demonstrate Theorem 4.

4
@) () G
= -
- — Yk 7> E(xi) — D3
: 1.2 =0
i * 1 FE(y; — D2
’ \ R ~ los % ,:Eu (v4) 2
3.7 - ) 50 100
! (c)
I 5
e f TRy 0
J 3.7 IJM! MW Jm
_5 o, .
1.2} 2.5 ™ ~
0 5 10 0 50 1001000 1500 2000

Figure 3: All the z-axes denote time kh. (a) Curves of the solutions of the DDE model. Curves in (b)
and (c) are realizations of the solutions zj and y; of the DSDE model, respectively. The symbols D3 and
D2 in (d) denote Dy and Dj defined in (85).

7. Conclusion

In this paper, we have considered a system of discrete-time stochastic difference equa-
tions for predator-prey interactions and established sufficient conditions for extinction
and non-extinction of the two species. Our results show that if the positive equilibrium
point of the deterministic difference system is globally stable, then the stochastic differ-
ence model will preserve the nice property in mean provided that the noise is sufficiently
small. It is shown, however, that large noise can change the behavior of the predator
population from non-extinction into extinction.

Our new discrete 1t6 formula has played an important role in the two-dimensional
DSDE model. In addition we can apply the new formula for the n-dimensional DSDE

model .
Tp o = T, {1 +h (ri + ijl a;;r, — Zj:i aij:ﬂc) + h0'5ai§,§+1}

for 1 <i <mnand k > 0. Therefore it is a further study to establish sufficient conditions
for the extinction and non-extinction of the n species.

Appendix
A.1. The proof of Lemma 1

By Taylor expansion,

p(1+z) =o(1) +¢' Dz +271¢"(1)2* + 67'¢" (0)2” (100)
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with 0 lying between 1 and . Let o = hf + h%®g€. Since f, g are G-measurable and € is
G-independent with E(£) = 0, we have

E(z|G) = E(hf|G)+ E (h"°g¢|G) = hf + h*°gE(¢) = hf (101)
and further

E(2?|G) = E((hf)’|G)+ E(2hfh"*¢¢|G) + E (hg*¢?| G)

= (hf)*+hg* (1—p)
< hfMsh® + hg?- (1 — p) (102)

due to E(£%) =1 — p and (18). Using Lemma 1-(ii) gives
|E(67'¢"(0)2|G)| < 67'MzE (|2°]|G) (103)
and expanding 23 = (hf + h%5g€)? yields

E(]2°]|G) < hf{(hf)*+3hg®- (1L —p)} + hg*Mih%%

<
< hf (Msh?)* {1+ 3(1 — p)} + hg® My Myh? (104)
because of (18) and (16). Inserting (101)—(104) into (100), we have

E(p(14 )| G) (105)
= o(1) + ¢ (Dhf 4+ 27" (1)hg* - (1 — p) + hfO1 (h°) + hg?O5 (k). (106)

in which the two big O notations denote

Oy (h%) = 27'¢"(1)Msh® + 67 My (Msh?)* {1+ 3(1 — p)},
Oy (h¥) = My M;she.

Now it remains to show
E(¢(1+hf+h"g8) — ¢ (1+hf+h"g) |G) =hg®O (k).

Let ¢; = 14+ hf and ¢, = h%5g. Then the disintegration formula for conditional expecta-
tions with respect to G gives

B (6 (14 s +Vhge) — o (1+hf +Vhge) | 6)
= [{o(e1+ean) = o2+ o)} plo) da (107)

due to Lemma 1-(iii) and the fact that f, g are G-measurable, £ is G -independent, ¢ is
almost everywhere continuous and ¢ is also continuous (see Theorem 5.4 in [44] for the
disintegration formula). Let Us = [1 — 6,1+ 0] and s = ¢; + cox. Then (107) becomes

[ e@—ewin(52) (108)

C2 @

because of Lemma 1-(i). Here p is the probabilty density function of &.
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Lemma 1-(iii) gives that

s—c ds
/RU(;WS*WW( ) =

ds s—0 1
<{ oo -eontom (o (52) )
§M4|02|2511p {p (S_Cl) Lg}

s¢Us C2 |C2|
s—1—hf 1

:M4h92§;1£s {p( 1054 ) |h0'5g|3}.

Since there exists some Jy such that for s ¢ Us and all sufficiently small h > 0

s —1—hf| > |s— 1| = hlf| > & — Msh® > 6y > 0, (109)
letting y = (s — 1 — hf)/(h%g) yields

|s—1—hf] do

— > 110
and further ,
sup {p (s—l—hf) 1 }:Sup P () Iyl
s¢Us ho3g |h05g|? sqU; |s—1—hf®
Hence it follows from (17), (109) and (110) that
3 -1
M,
sup PN W) ly| 5 < My sup —|y| 5 < M2—25h6,
s¢Us |s —1—hf] s¢Us |s —1—hf] 9
which gives
s—c ds M
[ -enp(CT0) S <ngtamani (1)
R—Us C2 |2 0p

Therefore using (105), (108) and (111), we obtain the desired result.
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WEIGHTED SUPERPOSITION OPERATORS FROM ZYGMUND
SPACES TO p-BLOCH SPACES

ZHI JIE JIANG, TING WANG, JUAN LIU, TING LUO, TING SONG

ABSTRACT. Let D = {z € C : |z| < 1} be the open unit disk in the complex plane C
and H (D) the space of all analytic functions on D. Let ¢ be an entire function on C
and u € H(D). The boundedness and compactness of the operators Sy, : f — u-@o f
from Zygmund spaces to pu-Bloch spaces are characterized.

1. INTRODUCTION

Let D = {z € C: |z| < 1} be the open unit disk in the complex plane C, H(D) the
space of all analytic functions on I and H*°(D) the space of bounded analytic functions.
Let ¢ be a complex-valued function on C and v € H(D). We introduce a class of nonlinear
operators by

Su,cpf:u'(pofa f € H(D)
This operator can be regarded as a generalization of the superposition operator S, f = o f
and the multiplication operator M, f =u- f.

Suppose that X and Y are two metric spaces of analytic functions on D. Note that if X
contains the linear functions and S, maps X into Y, then ¢ must be an entire function. In
recent years, the following natural questions of the superposition operators are considered.

(a) When does ¢ induce a superposition operator from X into Y7

(b) When is a superposition operator from X into Y bounded?

(c) When is a superposition operator from X into Y compact?

Although analogous concepts also make sense in the context of real-valued functions and
their theory has a long history (see [2]), the study of such natural questions on analytic
function spaces has only begun fairly recently. The operators S, that map Bergman
spaces into area Nevanlinna classes were characterized in [6], which have been extended
by other authors to some other analytic function spaces, where it is remarkable the works
of Vukoti¢ et. al. in [1], [4] and [5]. It must be mentioned that the authors of [4] gave
a very interesting geometric construction of simple connected domain in several analytic
function spaces. This technique has been used by many authors; in particular, Xu used
it to study the superposition operators from a-Bloch spaces into 3-Bloch spaces in [20]
and Xiong used it to characterize the superposition operators from @), spaces into a-Bloch
spaces with 0 < a < 1 in [18]. It should be noted that quite recently, Castillo et.al.
and Ramos Fernandez have studied the superposition operators from Bloch-Orlicz spaces
into a-Bloch spaces and between weighted Banach spaces of analytic functions in [7] and
[14], respectively. In this paper we characterize the boundedness and compactness of the
operators Sy, from weighted Zygmund spaces to u-Bloch spaces. We also consider the
superposition operators from weighted Zygmund spaces to weighted Bloch spaces.

Now we present the needed spaces and some facts. The Zygmund space Z consists of
all f € H(D) such that

sup(1 — [2[2)[f(2)] < oo.
zeD

2000 Mathematics Subject Classification. Primary 47H38; Secondary 46E15, 47B38.
Key words and phrases. Weighted Zygmund spaces, pu-Bloch spaces, superposition operators.
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With the norm
[fllz = 1£O)] + [ (0)] + Slég(l — 21" (),

it is a Banach space. By Zygmund’s theorem (see Theorem 5.3 in [9]), we know that f € Z
if and only if f is continuous on D and
i(6+h) i(0—h)y _ 9 f(eif
L) £ ) —2pe)]
h>0,0€R h

In closed subspaces of Z, the little Zygmund space Z; is usually considered, which is defined
by
2 ={fe2: Im (1= 2" (2)] = 0}.

Let a € (0,00). The weighted Zygmund space Z, consists of all f € H(D) such that
sup(1 — [2[*)*] " (2)| < +oc.
zeD

With the norm
[fllz. = [FO)]+]f(0)] + Slelg(l — 21" (2)],

Z,, is also a Banach space. For the weighted Zygmund spaces and the operators from them
into some other spaces, see, e.g., [10], [12] and [15].

Suppose that p is a positive continuous radial function on D (that is, u(z) = u(|z|))
and decreasing on [0, 1) with lim,_,q p(r) = 0. Let u be a weight. The p-Bloch space B,
consists of all f € H(D) such that sup,cp p(2)|f'(2)] < co. With

1flls, = [£(0)] + sup pu(2)] f'(2)],
z€D

B, is a Banach space. When (z) = 1 — |z|2, the space B, is just Bloch space and denoted
by B; while when u(z) = (1 — |2]?)® with @ > 0, the space B, becomes the weighted
Bloch space B,. The u-Bloch spaces appear in the literature in a natural way when one
considers properties of some operators in certain spaces of analytic functions; for example,
if p(z) = (1 — |z|)log %Iz‘, Attele in [3] proved that the Hankel operator on Bergman
spaces induced by a function f is bounded if and only if f € B,. The logarithmic Bloch
type space has been defined and studied in [16]. Recently, the Bloch-Orlicz spaces have
been introduced by Ramos-Fernandez in [13].

Throughout this paper, constants are denoted by C, they are positive and may differ
from one occurrence to the other. The notation ¢ ~ b means that there is a positive
constant C such that a/C < b < Ca.

2. THE OPERATOR Sy, : 2 — By,

First we enumerate several useful lemmas. The first one below is well-known.

Lemma 2.1 There is a positive constant C,, depending only on « such that for any z € D
and f € Z,
(i)

Collfllz., 0<a<?2,
£(2)] < Callflzlog =, @ =2,
Callfllz. (1= 127?72, a>2.
(i)
Callfl 2., 0<a<l,
()] < { Calfllz.log =z a=1,

Collfllz.@ =127, a>1.
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Let a € D and 1/v/2 < |a] < 1, define

f&)=(z- 1)((1 + log

1 \2
1)
l—z) +

au(2) = 237 (g )

The function g, is called the test function with the following property (see [11]).

and

Lemma 2.2 The function g, belongs to Z and ||gq||z ~ 1.
The following result can be found in [17].

Lemma 2.3 Let a € (0,1]. Then for every bounded sequence {fn} n Z, and f, — 0
uniformly on every compact subset of D as n — oo, we have

(i) if « = 1, then lim sup‘fn )|:0,
N0 zeD

(ii) if 0 < o < 1, then lim sup |f}(z)| = 0.
n—0oo ZE]D)
The next result is often used in dealing with the compactness of operators on analytic
function spaces. Since the proof is standard (see Proposition 3.11 in [8]), it is omitted .

Lemma 2.4 Let v € H(D) and ¢ an entire function. Then the bounded operator S, , :
Zo — By, is compact if and only if for any bounded sequence {f,} in Z, such that f, — 0
uniformly on every compact subset of D as n — oo, it follows that limy, . || Sy, fulls, = 0.

Now we characterize the boundedness of the operator Sy, : Z — B,.
Theorem 2.1 Let v € H(D) and ¢ an entire function with ¢'(0) # 0. Then the operator
Su,p : 2 — By, is bounded if and only if u € B, and

2

Proof. Suppose that the operator S, , : Z — B, is bounded. By taking f; the constant
function, we obtain u € B,,. Since operator S, , : Z — B, is bounded, for the function
f2 = g4 there exists a positive constant C' such that

00 > C[Sull = [Sup folls, > 11(a)|(Supf2) (a)]
= u(a)|u'(a)p(f2(a)) + u(a)¢'(f2(a)) f3(a)]
> (a)(fula)] [ ()| 74(0)] ~ [o @) [}
From this, we get
)|t (@) o £2()] + Cl1Suell = (@)@ (@) Fo@)].
Set M = Cy||f2llz and My = \?\ljj}\(/f |¢(2)]. By Lemma 2.1 (i), we have

Millulls, + CllSuel = pla)|w'(@)]|¢(f2(a))| + CllSugl
> u(a)|u(a)||¢'(f2(a))|| f3(a)]

- (a)|u(a)||cp/(ga(a))|10g1%|a|z

—_

2
> §,u,(a)|u ||<P Jala |10g W7
where we have used that when |a| > 1/v/2,

g > Lo 2
og —= .
BT o =28 1 [ap
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It is easy to see that g,(a) — 0 as |a] — 1. Therefore from this and the fact that

‘hm |‘P ga |_|90 )|7é0a

we obtain
sup  u(z |u |log17<oo
1/2<|z|<1 —|?
It is clear that 5
sup p(z)|u(z)|log ———5 < oo.
‘Z|S1/2:U'( )| ( )’ 1— |22
Consequently, we obtain L < oo.
Now let u € B, and L < co. Let f € Z and ||f||lz < M. Set M1 = max |p(z)| and

z|=CoaM

My = | lmax |©'(2)|. Then by Lemma 2.1, we have

1w fllB, = [u(0)o(f( ‘*i‘;g” 2)|(Supf) (2)]
= |u(0)(f HSUPM ) (2)e(f(2)) + u(z)¢' (f(2))f (2)]
< CaM||ul|s, +Supu 2)| (2)|]e(f( |+Supu )u2)| &' (f ()| (2)]

< Ca M”“HB —I—M1Hu||5 + Cy MMzsup,u !u |10gW

< (CaM + My)||ul|s, + Co LM Mo
< 0.
This shows that the operator S, : Z — B, is bounded. [

There are a lot of examples satisfying the conditions of Theorem 2.1. Here we take the
following two examples. Since the first is clear, its proof is omitted.

Example 2.1 Let u(z) = ag+aiz+asz?+-+a,z" and o(2) = bo+byz+byz?+-+-+b,, 2™,
where by # 0. Then the operator Sy, : Z — B, is bounded.

Example 2.2 Let u(z) = A== be the automorphism of D and p(z) = e*. Then Sy, :
Z — B, is bounded.

Proof. Since ||ullco <1 and it is easy to see that

1— |al? 2
/ _
W= Tome < T

we get u € B, and L < oco. By Theorem 2.1, the operator Sy, : Z — B, is bounded. [

From the proof of Theorem 2.1, we can obtain the following sufficient condition of
boundedness for the operator S, : Z — B,,.

Theorem 2.2 Let u € H(D) and ¢ an entire function. If u € B, and L < oo, then
Su,p : 2 — By, is bounded.

We begin to study when the operator S, , : Z — B, is compact.

Theorem 2.3 Let v € H(D) and ¢ an entire function with ¢(0) = 0 and ¢’ (0) # 0. Then
the operator Sy, : Z — B, is compact if and only if uw € B, and

Proof. Suppose that the operator S, , : Z — B, is compact. Of course, it is bounded,
and then u € B,,. Now let us suppose, by the way of contradiction, that

2
_ 0.
e

|l1mu ’u ’log
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Then there exists some £y > 0 and a sequence {z,} C D such that |z,| — 1 as n — oo and

,u(zn)|u(zn)| log €o.

2 >
1—|zn|?
For each n € N, take the function f, = g., . From Lemma 2.2 it follows that ||f,|z < C.

One can easily check that f, — 0 uniformly on every compact subset of D as n — oc.
Thus it follows from Lemma 2.4 that
18,0 fallB. = 1(z0)|(Sufn) (20)]
= p(zn) [t (2n)0(fa(20)) + u(zn) @' (fa(20)) fr.(2n)]
> p(zn) ([w(zn) @' (fa(za)) fr ()| = [0 (2n) (fa(20))])
= p(zn) [u(zn)| @' (fa(za)) || o (z0) | = 1(za) [u' (z) [ (Fu (2))
> i(zn)

()] ¢ ()] o =T = Il |z

Y%

gl 20| 08 Tz =l ()|

\ \/

5\@’(fn(zn))\€o = Ilulls, [¢(fn(zn))|

From this and since Lemma 2.3 (¢) implies that \go(fn(zn))| =0 as n — oo, we get

0= nlLIIéO ||Su,<pfn| |§0 )}60’

B, Z 2
which arrives at a contradiction.

Conversely, by the definition of limit we have that for any £ > 0, there is a § > 0 such
that

|1 2
|u | 08 7 =22 <e
forall z€ {zeD:0 < |z|] <1}. Let My > 0 and ||fn]|z < Mp and f,, — 0 uniformly
on every compact subset of D as n — oco. By the Cauchy integral formula and an easy
calculation, it is clear that {f/} also uniformly converges to zero on every compact subset
of D asn — oo. Let M = max |¢'(z)|]. By Lemma 2.1 and Lemma 2.3 (), we have
z 0

“:a

HSU,LPfTLHBM = |u(0)§0(fn(0))| + Sup ,U(Z)|(Su,tpfn)/(z)|

= \U(O)w 0))] +Supu 2) |t/ (2)@(fn(2)) + u(2)¢' (fn(2)) [} (2)]
< Ju(0)( \+Supu ' @)@ + sup ul=) [u()][¢'(fa ()] £2(2)]
< |u(0)o(f(0))] + llulls, Sup|</> Fa)|+ sup 1(2)|u(2)| [’ (fu(2))] | fr.(2)]
+ sup p(2)|u(2)||¢ (fu(2)|| 1 (2)]
6<|z|<1
< [u(0)p(f2(0))] + llulls, sup [o(fn(2))] +Mmaxu z)|u(z)| max | f1,(2)|
o J21< |2I<6

+ CoMoM sup p(z |u |10g

5<z|<1 1— 22

Taking the limit as n — oo in this inequality, we obtain lim, . |[Su,xfnlls, = 0. By
Lemma 2.4, the operator Sy, : Z — B, is compact. [

Remark 2.1 Considering Theorem 2.3, we have a reason to regard as the limit
2
1 log ————
. |£I}*M( z) BT

as an important factor for the operator S, , : Z — B, to be compact.
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Theorem 2.4 Let u € H(D) and ¢ an entire function with ¢(0) =0 and ¢'(0) # 0. Then
Su,p : 2 = By is bounded if and only if u € B0 and
2

ll}m,u ’u llogmzo.

Proof. Suppose that the operator Sy, : Z2 — B, is bounded, then by taking f the
constant function we have u € B, 0. Now let us suppose, by the way of contradiction, that

ll}gll,u ’u ’logﬁ #0

Then there exist some £y > 0 and a sequence {z,} C D with |z,| — 1 such that
2 S 2

1—|zn> ~ | (0)]

Take the function f = g.,. Since Sy, : Z — By is bounded, Sy, f € B, 0, that is,

i, 1(2)|(Sup f)'(2)] = 0;

u(zn)’u(zn)‘ log €o-

in particular,
lim 11(z0)|(Supf) (2n)| = 0.

n—oo

Letting n — oo in
1(2n) | (Sup ) (20)] = 1lzn) |0 (z0) (£ (20) + u(zn) @ (f (20)) £ (20)|
> p(zn)|u(za) || (F )| [/ (z0)] = m(za) [0 () || (£ (20)))]

> Sl uten) o8 Tl ()| = )| ) [ )|

> WEO - M(Zn)|ul(zn)|“ﬁ(f(zn))’

arrives at a contradiction.
Conversely, by Theorem 2.1, we know that S, , : Z — B, is bounded. It is enough to

prove that for any f € Z, it holds S, f € Buo. Let f € Z, My = . | HfH |o(z)] and
Z
My = | ImI;Ii;(H |¢'(2)]. Then for any € > 0, there is a § > 0 such that
z|=|fllz
() < 337
: 21M,

and
€

2
T2 = 204 /]
forallze{zED'5<\z|<1} Soforze{ze]D)'5<|z|<1}7itfollowsthat

< Mip(z \U |+M2||fH2M ’U )| log

z)|u(z)| log

1—]z?
<e.
This shows that Sy, f € Buo. O
Theorem 2.5 Let u € H(D) and ¢ an entire function with ¢(0) =0 and ¢'(0) # 0. Then
the bounded operator Sy, : Z — B0 is compact if and only if u € B, o and

2
hm w(z ’u llogmzo.

Proof. Similarly as in the proof of Theorem 2.3, this result is true. [
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3. THE OPERATOR S, : Z, — Bg

Although we can obtain some results of the operator S, : Z, — Bg from the preceding
discussions, we still will individually consider this operator.

Theorem 3.1 Let o € (0,1) and ¢ an entire function. Then the following assertions hold:
(i) The operator Sy, : Z, — Bg is bounded .
(1t) If p(0) = 0, then the operator S, : Z, — Bg is compact.

Proof. We first prove (i). Let M > 0, f € Z, and || f||z, < M. Set My = | lmgXM |’ (2)].

Then we have
(1= 12)°[(Se£) (2)] = (1 = 211 (f(2)|| F(2)] € CaMM:(1 = |2]*)" < 0.

This means that the operator S, : Z, — Bg is bounded.
Now we prove (ii). Suppose that || f,]z, < M and {f,} uniformly converges to zero on
every compact subset of D as n — oo, then

[1S¢ frllss = le(fn(0))] +§2§(1 = 121)?|(Se ) ()]
= |p(fn(0))| + sup(1 — 121°)°| @ (fn ()| £1(2)]
< le(fn(0))] + M, itelglfé(Z)\,

where My = max |¢'(2)]. By ¢(0) = 0 and Lemma 2.3 (44), we know that lim ||S, fnll5, =

|2]=Caq

0. By Lemma 2.4, the operator S, : Z, — Bg is compact. [

When « = 1, from Theorem 2.1 and Theorem 2.2 we can obtain characterizations of the
boundedness and compactness of the operator S, : Z — Bg. It is unnecessary to go into
details here.

Theorem 3.2 Let o € (1,2) and ¢ an entire function. We have the following assertions:

(1) If « <1+ (3, then (i) the operator S, : Zo — Bg is bounded, and

(1t) when ¢(0) = 0, the operator S, : Zo — Bg is compact.

(2) If &« > 1+ (3, then the operator S, : Z, — Bg is bounded if and only if ¢ is a
constant function.

Proof. We first prove the assertion (i) of (1). Let M >0, f € Z, and ||f]|z, < M. Set
M, = | lmgxM |©'(2)|. Then we have

(L= [)7[(Sef) ()] = (1= 1)7[' (F(2))]|£'(2)] < CMM:(1 — [2*)! 70 < o0,

This shows that the operator S, : Z, — Bg is bounded. As the proof of Theorem 3.1 (i),
the assertion (i) follows.

Note that we have the relation Z, = B,_1. By this and Theorem 4 in [5], the assertion
(2) is true. O

Theorem 3.3 Let a =2 and ¢ an entire function.

(1) When 3 > 1, (i) the operator S, : Z, — Bpg is bounded if and only if ¢ is a
polynomial of degree s < 1, and

() the operator Sy, : Z, — Bg is compact.

(2) When B =1, (i) the operator S, : Zo — Bg is bounded if and only if ¢ is a linear
function, and

(i1) the operator S, : Zo, — Bg is compact.

(3) When 0 < 3 < 1, the operator S, : Zo — Bg is bounded if and only ¢ is a constant
function.
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Proof. By Theorem 7 of [5], the assertions (i) of (1) and (i) of (2) hold. Also from
Theorem 4 of [5], the assertion (3) follows. Now we want to prove the assertion (ii) of (1).
Let the operator S, : Z, — Bg be compact. From the assertion (i) of (1), we know that,
if ¢ is not a constant function, then ¢(z) = az + b with a # 0. Therefore, it is enough
to show that S, : Z, — Bg is compact when ¢(z) = az. At this time, S, is just the
multiplication operator M, defined by M,f = a - f. Thus, by Theorem 3.1 of [19], we
know that M, : Z, — Bg is compact. Similar to the proof of the assertion (ii) of (1), the
assertion (ii) of (2) is right. O

Theorem 3.4 Let a > 2, > 1 and ¢ an entire function.

(1) The operator Sy, : Z, — Bg is bounded if and only if
(1) when a > (3, ¢ is a constant.
(i1) when o = B, ¢ is a linear function.
L . . B—1
(ii7) when o < B, ¢ is a polynomial of degree s < =—.
2) The operator S, : Z, — Bg is compact if and only i is a polynomial of degree
® B ¥

B—1
S < ﬁ.

Proof. Note that when « > 2, it follows that Z, = B,_1 = H,_2, where H,_5 is called
the weighted Banach space of analytic functions defined by

Hon ={f € HD): (1 - [2[)*7?|f(2)] < oo}
Then (1) and (2) follow from Theorem 4.2 of [14] and Proposition 3.1 of [4]. O
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ABSTRACT

This article is concerned with the following rational difference equation z,,41 = #ﬁﬁi with the initial
conditions, x_3 =d, x_o = ¢, x_1 = b, and kg = a are arbitrary real numbers, «;, A and B are arbitrary constants.
A detailed analytical study of the convergence of the solutions including their dependence on parameters and
initial conditions is investigated. The local stability and global attractivity of the difference equation’s equilibrium
points are discussed. The existence of periodic solutions in the proposed difference equation is also verified

analytically. Moreover, numerical simulations are carried out to verify the correctness of the analytical results.

Keywords: Difference equations, Recursive sequences, Analytical study, Infinite products, Convergence, Peri-
odic solution.

Mathematics Subject Classification: 39A10

1. INTRODUCTION

Difference equations arise from the study of the evolution of natural phenomena. The applications of difference
equations are rapidly increasing to various fields such as economics [1], [12]-[14], mathematical, biology [15]-[16]
physics and engineering [7]. Indeed, difference equations represent chief tools of investigating the qualitative be-
haviors of dynamical systems [33]. Consequently, studying the solutions of difference equations and its qualitative
behaviors have become focal topics for research [1]-[36].

In recent years, difference equations have been investigated by many authors. For some results: In [3], Aloqeili

ATy _1Tn_k
b—cxn_s

found the solution of the difference equation z,41 = . Cinar [5] obtained the solution of the difference

ATy 1
1+bxpxn—1
bz,

difference equations x,,+1 = ax, — P —
In this paper, we study to the following sequence defined recursively by

equation z,41 = . In [9], Elabbasy et al. discussed the solution and the periodicity character of the

[ ]

_— 1
A+an71-'17n737 ( )

Tn+1 =
with the initial data: x_3 =d, x_o =¢, z_1 = b, and zg = a.
Note first that, if « = 0, then for all n € N, 2, = 0. Then we will consider that « # 0. Although we can (by
dividing the numerator and denominator by «) obtain a more simply form of such sequences, we will keep them
in order to study of the behaviors with respect to a.
Note also that, if one or more of the initial data a, b, ¢ and d is zero, then it will be seen that one or more of the
subsequences of (z,,), modulo 4 vanish, so that we will suppose that abed # 0.
The cases A = 0 and B = 0 are a trivial, therefore we will assume that A # 0 and B # 0. Finally, we will
consider the convention: if (a,), is a sequence of complex numbers, and n > m, in Z, then H;n:n ap = 1.
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2. DEFINITIONS AND PRELIMINARIES.

A difference equation of order k is an equation of the form

Tnt1 = F(xnvxnflu ) mnf(kfl))vn =0,1,..,

(2)

where F is a function that maps on some set I* into I. A solution of Eq. (2) is a sequence x,, that satisfies
Eq. (2) for all n > 0. With each solution z, of the Eq. (1), we associate the vector of initial conditions

'UO(:C) = (.'170,2671, ...,.'L',]ng]) € Ik
The norm of the vector u € I* will be defined as ||u| = Z?:—k-H ;).

Definition 1. (Equilibrium point)
A point T € R is called an equilibrium point of Eq. (2), if

z=F(,z,..,T).

Let Z € R be an equilibrium point of Eq. (2), and denote by v(z) € I* the vector v(Z) = (%, 7, ..., ).

Suppose that the function F is continuously differentiable in some open neighborhood of an equilibrium point Z.

Consider the linearized equation of Eq. (2) about the equilibrium point Z:
Ynt+1 = QoYn + QYn—1 F - + Q—1Yn—(k-1)>
where ¢; = 5.-(2,Z,...,2), i = 0,1,...,k — 1, and the characteristic equation of Eq. (3) about
A — oA T — L~ gh_o) — g1 = 0.

Definition 2.

(3)

(4)

1. When all the roots of Eq. (4) have absolute value less than one, then the equilibrium point of Eq. (2) is

locally asymptotically stable.

2. If at least a root of Eq. (4) have absolute value greater than one, then the equilibrium point of Eq. (2) is

unstable.

Definition 3.

1. An equilibrium point Z of Eq. (2) is called hyperbolic if no root of Eq. (4) has absolute value equal one.

. If there exists a root of Eq. (4) with absolute value equal to one, then the equilibrium point Z is called
nonhyperbolic.

. An equilibrium point Z of Eq. (2) is called saddle if there exists a root of Eq. (4) has absolute value less
than one. and another root of Eq. (4) greater than one.

. An equilibrium point Z of Eq. (2) is called a repeller if all roots of Eq. (4) has absolute value greater than
one.

. A solution z,, of Eq. (2) is called nonoscillatory about Z or simply nonoscillatory if there exists N > —k
such that either z,, > Z, Vn > N or z,, < Z, Vn > N. Otherwise, the solution x,, is called oscillatory about
Z, or simply oscillatory.

. A solution z,, of Eq. (2) is called periodic with period p if there exists an integer p, such that
Tptp = Tn, Vn > —k. (5)

A solution is called periodic with prime period p if p is the smallest positive integer for which Eq. (5)
holds.
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3. ANALYTICAL EXPRESSIONS OF (Xy)y

The following Theorem gives an analytical expression of the sequence ().
Theorem 1. Let (z,,), be the sequence given by (1) and the initial data that follow, then For alln > 2

n—2 2p+1 n—2 2p+1
da™ H (A2p+2 + Bbd Z Aia2p+17i) ca™ H (A2p+2 + Bac Z Aia2p+17i)
p=0 i=0 p=0 i=0
Tyn-3 = — 2 , Tan-2 = — 2 . (6)
I1 (A2p+1 + By Aia2p’i) I1 (A?p+1 + Bacy" Aiam”’)
=0 =0 =0 =0
n—1 2p n—1 2p
bar [T (4% + Bray_ Ala®") ao” I (421 + Bacy~ a'a®~)
p=0 =0 p=0 =0
Tgn_1 = — 21 s Tan = Y 21 . (7)
I1 (A2p+2 +Bbd Y Aia2p+1—i) I1 (A2P+2 + Bae Y Aia2p+1—i)
p=0 i=0 =0 i=0

Proof. By induction, we prove the result for x4, 3. Take n > 2, and assume that the results hold for the step
n, then prove the result for the step n + 1, we get:

x QTgn—3
4nt1)=3 A+ Bxyn_1%4n_3
n—1 2p+1
dan+1 H (A2p+2 1 Bbd Z Aia2p+17i>
_ p=0 i=0
- n—1 2p 2n—1
[T (4% + Bea )~ Ala®=") [A(4% + Bbd Y A'a® ") + Bbda™|
p=0 i=0 i=0
n—1 2p+1
aors [T (A% + Bra Y- Ala®+177)
_ p=0 i=0
- n-1 2p 2n :
H (A2p+1 +BbdZAia2p7i) (A2n+1 +Bbd(ZAia2n7i +a2n>)
p=0 i=0 i=1
Hence, we obtain
n—1 2p+1
domtt TT (4272 4 Boa Y~ Ala®+1)
- p=0 i=0
IE4(n+1)—3 - n 2p
I1 (AQP“ + By Aia%*i)
p=0 1=0

Similarly, the expression for z4,_2, T4n_1, T4, can be easily proved.
Notation. If we denote by (P,), the sequence of two variables polynomials defined for every n € N, z and y as,
P,(z,y) = (A — a+ Bzxy)A™ — Bxya™.

The following Corollary gives a simplified analytic expression when A # «.

Corollary 1. Consider the sequence (x,,), defined by the Eq. (1) for A # «, the subsequences can be written
as:

n—2 n—2
da™(A — ) H Popio(b,d) ca™(A - a) H Popyo(a,c)
p=0 p=0
Tyn—-3 = 1 y  T4p—2 = 1 )
[T Pepsr(6,0) I Pepsrla,0)
p=0 p=0
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n—1 n—1
ba™ H Popt1(b,d) ao™ H Pypti(a,c)
p=0 p=0
Ton—1 = —— ; and Tgn = ——
I Pepsa,0) I Pepsala, )
p=0 p=0

Proof. It is sufficient to use the binomial identity 2P+ —yP*! = (z—y) >heo xFyP~* in the analytical expression
of the subsequences defined by Eq. (6) and (7).

Corollary 2. Consider the sequence (), defined by the Eq. (1). For A=« # 0, the sequence can be expressed
in Gamma form as

A A A A
A2 (——— 4 ) (= + 1 A2 22 (—— 4 )T (——
N Spd "™ g Y _ 3Bac T Bar)
4n—3 — ) A A ) Tyn—2 = ) A A )
A A A A
(== +2n+ I (=== + 1 D(=—+2n+ I (=—=—+1
o Mg At DU g T P Y PP
An—1 — A ) A ) Tqn = ) T A F2 A )
2n n
2 F(Bbd+1)r (QBbd—‘rn—i-l) 2 <Bac+1) (QBac+n+1)
where T is the Euler’s Gamma function.
Proof. Using Eq. (6) we have:
n—2 2p+1
aar T (4242 + Bod Y a%+1)
p=0 i=0
Ton—-3 = n—1 2p 5
[T (4% + Beay" a%)
p=0 i=0
n—2 n—1
A A 2
A Bbd| — + 2 2 A 2l ——
d pl;[O (g 20 +2) [pl:[l (3550 +7)]
= n—1 = 2n—1
A A
Bbd| — + 2 1 B —_—
pl;[O (5 + 2+ 1) b pl;[l (552 +7)
A A
2n—212
_a PA(QBbd + n)F;Bbd D
—_ 2 _
BbF(Bbd * 2n>F (QBbd + 1)
Similarly, one can prove the other relations. This ended the proof.

Remark 1.

1. A common hypothesis in the study of rational difference equations is the choice of positive coefficients and
initial data. Therefore, all the solutions will be automatically well defined. It is, in general a problem of
great difficulty to determine the good set of initial conditions without finding the analytical expression of
the considered sequence.

2. According to the Corollaries 1 and 2, the good set G of the sequence (), is given as

(a) When A # a,

_ 4 o —(A—a)A"
G—{(a,b,c,d)eR such that bd, ac € R {—B(A”—a”)’ nGN}}.
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(b) When A = a, G = {(a,b,c,d) € R* such that £, o= ¢ 2Z_}.

3. If we choose for example a = A = B, we obtain the expression of the general term which can be written
and in gamma form as

g — 2222 (o + n)F(bd) oy — 220212 (oL 4 )I(L)
T2 (5 + DI + 2n) ) 1)r(ac +2n)’
. br(b1d+2n+1)r2(2;d+1) . al'(L +2n+1)r (5= +1)
T (L TR (g 4 1) an = 22nr( F 2 (= +n+ 1)

In the following section we will study the convergence of sequence (x,),. This will depend evidently on the
parameters «, A, B and the initial data.

4. CONVERGENCE OF SOLUTIONS OF EQ. (1)

Consider the function F defined on R* as: F(uq, u1, us, u3) =
written as ©p+1 = F(Zpn, Tno1, Tn-2, Tn_3).

= 47Bo; - Using the function F, Eq. (1) can be

Theorem 2. The following statements are true:
(1) For B(A — «) > 0, Eq.(1) has a unique equilibrium point T = 0, then
(a) If A= «, the equilibrium point is nonhyperbolic.
(b) If § > 1, the equilibrium point is locally asymptotically stable.
(2) For B(A — a) < 0, then
(a) The Eq. (1) has exactly three equilibrium points which are

T =0, T = /252, T3 = —\/ 252 (8)
(b) If 0 < A < «, then

(i) The equilibrium point T; = 0 is a repeller.
(ii) The equilibrium points T2, Z3 are hyperbolic.
Proof. (1) For B(A — «a) > 0, % is an equilibrium point is equivalent to
ax

I=—"—— = Bi*+(A-a)z

=2 B _
15 B2 0 = Z(Bz*+A—a)=0.

This shows clearly that if B(A — «) > 0, T = 0 is the unique equilibrium point of Eq. (1).

q = 3—5(070,0, 0), then qo = ¢1 = g2 = 0 and g3 = —%, the characteristic equation of the linearized equation
associated with Eq. (1) is then all real roots have absolute value equal to one, so the equilibrium points is
nonhyperbolic.Z is an equilibrium point is equivalent to

M- = =0 (9)

(a) Suppose that A = «, then all real roots have absolute value equal to one, so the equilibrium points is
nonhyperbolic.

(b) Suppose that g > 1, so all the roots of Eq. (9) have absolute value less than one, according the linearized
stability Theorem, the equilibrium point T = 0 is locally asymptotically stable.

(2) For B(A — ) < 0, the equation Z(Bz? + A — ) = 0 has exactly three solutions which are the equilibrium
points in Egs. (8).
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(a) The characteristic equation about T; = 0 is M- 4 = 0, since 0 < A < a then all roots has absolute value

greater than one and T; = 0 is repeller.

(b) The characteristic equation about Zo is A\* + %)\2 — § = 0. The real roots of this equation are \/%
and —\/g , they are less than one, so the equilibrium point Ts is hyperbolic. The proof for T3 can be similarly
obtained.

As it is expected, the convergence of (x, ), depends on the parameters «, A, B, and the initial data. We will
distinguish the following cases:
: A
(i) Case |£| > 1.
Theorem 3. Assume that |2] > 1

(1) If (A — a+ Bbd)(A — a+ Bac) # 0, then every solution of Eq. (1) converges toward zero.
(2) If A— a+ Bbd = A — o+ Bac = 0, then the solution of Eq. (1) converges iff a =b=c=d = +,/252.
(3) If (A— a+ Bbd)(A — a+ Bac) = 0 but not both terms of the product are zero, then every solution of Eq.

(1).
Proof. (1) Suppose that (A — a4+ Bbd)(A — a + Bac) # 0, then Corollary 1 implies that

da™(A—a) [1023 (A2p+2(A—a+Bbd)—Bbda2p+2)

Ton—-3 =
= (A2P+1(AfaJerd)fBbda?PJrl)

da™ (A—a) A" [RZ2 (1—7A,§id3bd (%)2"“)

(A—a+Bbd)A2n—1T]"_¢3 (1_—A—fz—ded (%)2p+1)

_ _ Bbd . o 1-B(%)rte
Denote by 8 = 4=22%; and by (Up)p the sequence defined as U, = T—a(a)Ts Ve get

d($)"(A—a) o

Tap_3 = ( H Up.

(A—a+ Bbd)(1-8(5)2") =0

We have either: for p € N big enough, U, > 1 or for p € N big enough, 0 < U, < 1.
Using Taylor expansion of the U, we obtain

(P24 B +0()7H) = 14+ B +o( )+,

Up:(l_ﬁ A

then U, is equivalent to 1 + 6(%)2p+1 which is the general term of a convergent infinite product.

We can easily deduce that (z4,-3), converges toward zero. same discussion can be obtained for the other
subsequences.

(2) If A— a+ Bbd = A — a+ Bac = 0, then by the proof of (1), the subsequences (z4,—3), and (z4,—1)n are
constants: 4,3 = d and x4, 1 = b, also the subsequences x4, 2 = ¢ and x4, = a. Thus every solution of Eq.
(1) converges to a real number [ if and only if a=b=c=d =1l

(3) Consider for instance the case A — a + Bbd = 0 and A — a + Bac # 0, by (2), the subsequences (z4,—3)n
and (Z4n—1)n are constants x4,-3 = d and z4,—1 = b, in other hand and also by the proof of case (1), the
subsequences (Z4y,—2)n and (z4,), converge to zero, then the sequence (), diverges. The proof is completed.

(ii) Case |2|=1.
Theorem 4. Assume that |2| = 1. We distinguish two subcases, A = o and 4 = —av.

(1) If A = «, and let sequence (x,, ), be the sequence given by the formula (1), then the sequence (z,,),, converges
toward zero.
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(2) f A = —a, and let sequence (z,), be the sequence given by the formula (1), then we have x4, 1 =

. i o
<»— and the sequence (z,,)n is divergent.

dzan_3° Tan—2 =

Proof. (1) For A = a, let § the parameter § = %. In the proof of Corollary 2, we find that

Ton—3 = Bb(6+1) H (5+1 n 1)

Denote by (Wp), the sequence defined as W, = itL -, then we get:

For p big enough we have 0 < W, < 1. The Taylor expansion for W), gives:

Wy = (14 35)(1 = 5t +0(3)) —1——p—|—0(p)

which is a general term of dlvergent infinite product. Since for p big enough, 0 < W), < 1, then lim,,_, Hz;ll W, =
0. So, we get lim,_ o T4,—3 = 0. Similarly, one can easily prove that the other subsequences converge to zero,
therefore the sequence (z,,), converges to zero.

(2) To prove the second part, we replace a by (—A) in the expression of x4, _3 of Eq. (6), we obtain

d(—A)" TTpZ 2A2P+1(A+Bbdzzp+1( ¥

— _ d
T4n—3 - - (_1_6—1)77,7 .

[1=y A2P (A+Bbd zigo(—l)k>
In other hand, If we replace @ by (—A) in the first term of Eq. (7), we obtain
2p _
Tap—1 = b(=A)" Hp 0 (%) b(-1-10 1)“-
Thus x4p,_1 = ﬁ, hence
(a) If |1 4+ 5_1\ > 1, then the subsequence (24,_3), converges to zero, so (|Z4n—1|)n goes to infinity.
(b) If 1 + 61| < 1, then the subsequence (|24,_3|)n goes to infinity.

This completed the proof.

(iii) Case |4] < 1.
Theorem 5. Let (), be the sequence given by the formula (1), then
For |§| < 1, then the subsequences (Tan—3)n, (Tan—1)n, (Tan—2)n and (T4,)n converge.

Proof. We need to prove that (x4,—3), converges. Using Corollary (1), we obtain

da™(A—a) [10245 (A2P+2(A—a+Bbd)—Bbdazf’“)

—A n—2
Tan—3 = = o =0 Vo
" | s (A21’+1(Afo¢+Bbd)fBbda2P+1) Bb(1 — A7) 2P ?
where v = % A= E and (V,), is the sequence defined by V,, = % For p € N big enough, we

have two cases; either V,, > 1 or 0 < V,, < 1. Applying the transformation of infinite product of positive terms
to infinite series, and assuming pg to be big enough, we get

n—2

o= g ([ ) (5 )

p=po+1

a—A

a—4 ) converges toward “z=. The Taylor expansion of V), to the first
n

It is clear that the sequence (W

order gives
_ 2p+2
Ve = }_&T =1+ 7(1 = AT 4 o(APF).
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So In(V},) is equivalent to (1 — A\)A***! which is the general term of a convergent infinite series, then the
sequence (Z4,—3)p is convergent. Similarly, one can prove that the other subsequences are convergent.

Remark 2. (Commentary on the convergence of (z,), in the case |2| < 1).

Suppose that |§\ < 1, according to Theorem 5, the subsequences (T4n—3)n, (Tan—1)n, (Tan—2)n and (Tan)n
converge, denote by: I3, lo, [ and [y their limits respectively.

The subsequences (Z4y,—3)n and (z4n—1), are related by the equations:

_ QTan—3
L4(n+1)=3 = AT Bwan_12an_3" (10)

_ QT4n—1
Ta(n+1)—1 = AT BTani1)_s3Fan_1’ (11)

l3 =0,
Passing to the limit as n goes to infinity in Eq. (10), we obtain 3 = Af‘Tl?l’:ill, then (S7) : < or
ls # 0 and I = %2,
ll = 07
Passing to the limit as n goes to infinity in Eq. (11), we obtain i; = ﬁéllg—ll, then (S2) : < or
I #0and I = %4,

Combining systems (S7) and (S2), since o # A, we obtain

ls=1, =0
or
ld - aB_lfv
I1#0, I3#0 and (S):< and
ll _ a—A
Bly

The proposition I3 = [; = 0 contradicts the fact that the infinite product Hp>0 Vp converges, in fact if

limy, 00 HZ:O Vp, = 0, then lim,_, ZZZPO In(V,) = —oo, and this is absurd. Hence the only possibility is
that N
ls = %=,
I1 #£0, Il3#0and (S):< and
b= ad
Bls

One can easily see that (S) is equivalent to I3 = “ij. Let f be the function defined on R* as f(z) = %, we

have fof = Id and, l; and I3 are related by f(l1) = 3.

a—A a—A
Bx B

Hence: f has fixed points if and only if % > 0.

The numerical example (Figure 4) given in the end of this paper confirm that even we chose % > 0 and
|§| < 1, I and I3 may be different, which implies the sequence (z,), may converge or diverge.

Finally based on the preview discussion of all preview cases, The following Theorem is now proved.

Theorem 6. (Boundedness of (z,,),). The Eq. (1) has an unbounded solutions if and only if A = —a.

5. PERIODICITY CHARACTER OF SOLUTIONS OF EQ. (1)

In the sequel, we need the following lemma, which describes sufficient conditions for Eq. (1) to have a periodic

solution.
Lemma 1. Let (zy,)n>—3 be a solution of Eq. (1) and the initial data that follow. Suppose that there are real

numbers I3, I, 1, lp such that lim, o Tan—; =1; for j =0,...,3.
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Let (yn)n>—3 be the period-4 sequence such that y_; = 1;, for all j = 0,...,3, then the sequence (Yn)n>—3 is a
period-4 solution of Eq. (1). The periodicity results are given by the following Theorem
Theorem 7. Let (x,)n>—3 be a solution of Eq. (1) and the initial data that follow, then
A

(1) For |£| > 1,

(a) If (A — a+ Bbd)(A — a + Bac) # 0, then then Eq. (1) has no periodic solutions.

(b) If A—a+ Bbd = A — o+ Bac = 0, then the solution of Eq. (1) is a periodic-4 solution.

(c) If either A — o+ Bbd or A — a + Bac equals zero but not both of them, then Eq. (1) has a periodic-4
solution.
(2) For |24 =1, Eq. (1) has no periodic solutions.
(3) For \§| < 1, Eq. (1) has periodic-4 solutions.
Proof. (1) Suppose that [2] > 1,

(a) If (A — a+ Bbd)(A — a + Bac) # 0, then by Theorem 3, every solution of Eq. (1) converges to zero,
hence, the solutions are not allowed to be periodic (since the solutions are not identically zero).

(b) If A— a+ Bbd = A — o+ Bac = 0, then by Theorem 3, the subsequences of (zn)n (Tan—j)n, j =0,..,3
are constants: 4,3 = d, T4n_2 = ¢, Tan—1 = b and x4, = a, and the sequence d, ¢, b, a,d, ¢, b, a... is a periodic-4
solution of Eq. (1).

(¢) Consider for instance the case A — a + Bbd = 0 and A — a + Bac # 0, by the proof of Theorem 3,
the subsequences (24,—3)n and (z4n_1), are constants and equal d and b respectively. Also according to the
proof of Theorem 3, the subsequences (z4y,—2), and (24,), converge to zero. Applying Lemma 1, the sequence
d,0,b,0,d,0,b,0, ... is a periodic-4 solution of Eq. (1).

(2) The case A = « is similar to (1) (a).

If A = —a, then every solution of Eq. (1) is unbounded, so Eq. (1) has no periodic solutions.

(3) If |£| < 1, then by Theorem 5, there are real numbers 3, lo, l; and ly, such that lim, o Tan—; = [; for all
j=0,.,3.

Applying Lemma 1, the sequence I3, 12,11, 1o, 3,12, 11, lo... is a periodic-4 solution of Eq. (1).

This completes the proof.

Remark 3.

(1) Note that if [4] > 1, A—a+ Bbd = A— a+ Bac =0, a = ¢, b = d, then Eq. (1) has periodic-2 solution
a,b,a,b,....

(2) It |§\ <1, A—a+ Bbd=A— a+ Bac = 0, then, by the proof of Theorem 7, we deduce that the values of
the limits of the subsequences are I3 =d, ls = ¢, 1 = b and [y = a.

6. NUMERICAL SIMULATION

Example 1. Figure (1) illustrates the case |2| > 1, (A — o+ Bbd)(A — a + Bac) # 0, we choose a = 2, b = —3,
c=2,d=-2,B=2,A=1.1and a = 1. We notice that the solution is oscillating about zero with a decreasing
amplitude. In fact, according to Theorem 3, the solution has to converge to zero.

Example 2. In order illustrate the case |§\ >1, A—a+ Bbd = A— a+ Bac = 0, we choose a = ¢ = 2,
b=d= -2, B=-3, A=13 and o = 1. Figure (2) depicts that the obtained solution is a 2-prime periodic
solution. This is coherent with Remark 3.

Example 3. The case |§| >1, A—a+ Bbd =0 and A — a + Bac # 0 is illustrated in figure (3), in which we
seta=c=1,b=d=-2, B=-2, A=9 and o = 1. The subsequences (z4;,—3), and (Z4,—1), are constants
(4n—3)n = d and (Z4n—1)n = b, and the subsequences (24,—2)n and (24, ), converge to zero. by Lemma 1, the
sequence d,0,b,0,d,0,b,0, ... is a periodic-4 solution of Eq. (1).

Example 4. Figure (4) illustrates the case |§| < 1, we choose a = —1, b = 0.5, ¢ = —0.2, d = 0.8, B = 1,
A =0.5and a = 1. the subsequences (€4n—3)n, (Tan—1)n, (Tan—2)n and (T4, ), converge.
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Example 5. To illustrate the case A = «, we choose a = 0.1, b =0.2, c=0.3,d=—-04, B=1, a = 0.5 and
A = 0.5. We notice in the figure (5), that the solution converges to zero (which is coherent to Theorem 4 part
(1)), and the Eq. (1) has no periodic solutions (which is coherent to Theorem 7 part (2)).

Example 6. In figure (6) (case A = —a), we choose a = 0.2, 6 =03, c=0.1,d=-0.3, B=2, a = —0.4 and
A = 0.4. We notice that the solution is oscillating about zero with an increasing amplitude and the solution is
unbounded, which is coherent to Theorem 4 part (2).
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Figure 1. Figure 2.
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Figure 3. Figure 4.
Conclusion
In this work, some dynamical behaviors of the rational difference equation @,11 = 75, *=%— with the

initial conditions, z_3 = d, x_9 = ¢, x_1 = b, and xy = a are arbitrary real numbers, A and B are arbitrary
constants, have been investigated. A detailed analytical study of the convergence of the solutions including their
dependence on parameters and initial conditions has been illustrated. The local stability and global attractivity
of the difference equation’s equilibrium points have been demonstrated. The existence of periodic solutions in the
proposed difference equation has also been shown analytically. Finally, numerical simulations have been carried
out to match the analytical results.
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QUADRATIC p-FUNCTIONAL EQUATIONS

JUNG RYE LEE!, CHOONKIL PARK?*, AND DONG YUN SHIN?*

ABSTRACT. In this paper, we solve the quadratic p-functional equations

fle+y)+ fle—y) —2f(z) — 2f(y) (0.1)
=0 (20 (52) +2 (FFY) - t@ - 1)
where p is a fixed non-Archimedean number or a fixed real or complex number with p # —1,2,
and
2f (F3Y) 21 (F3Y) - @) - fw) 02)

=p(f(z+y) + flz—y) —2f(z) — 2/ (),
wherep is a fixed non-Archimedean number or a fixed real or complex number with p # —1, %
Using the direct method, we prove the Hyers-Ulam stability of the quadratic p-functional
equations (0.1) and (0.2) in non-Archimedean Banach spaces and in Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [25] con-
cerning the stability of group homomorphisms.

The functional equation f(z+y) = f(x)+ f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [13] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem
was generalized by Aoki [2] for additive mappings and by Rassias [22] for linear mappings by
considering an unbounded Cauchy difference. Gajda [11] following the same approach as in
Rassias [22], gave an affirmative solution to this question for p > 1. It was shown by Gajda
[11], as well as by Rassias and Semrl [21] that one cannot prove a Rassias’ type theorem when
p = 1. The counterexamples of Gajda [11], as well as of Rassias and Semrl [21] have stimulated
several mathematicians to invent new definitions of approzimately additive or approximately
linear mappings, cf. Gavruta [12], who among others studied the Hyers-Ulam stability of
functional equations (cf. the books of Czerwik [8, 9], Hyers, Isac and Th.M. Rassias [14]). The
hyperstability of the Cauchy equation was proved by Brzdek [4].

The functional equation

flx+y)+ flx—y)=2f(z) +2f(y)

is called the quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. The stability of quadratic functional
equation was proved by Skof [24] for mappings f : E1 — Ea, where Fj is a normed space and
Es is a Banach space. Cholewa [7] noticed that the theorem of Skof is still true if the relevant
domain FEj is replaced by an Abelian group. See [1, 5, 6, 10, 16, 17, 18, 19, 20, 23| for more

2010 Mathematics Subject Classification. Primary 46510, 39B62, 39B52, 47510, 12J25.

Key words and phrases. Hyers-Ulam stability; non-Archimedean normed space; quadratic p-functional equa-
tion.
*Corresponding authors.
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functional equations. The survey on the Hyers-Ulam stability of functional equations was given
by Brillouet-Bulluot, Brzdek and Cieplinski [3].
The functional equation

2 (F32) +2(“3Y) = f@) + f0

is called a Jensen type quadratic equation.

A wvaluation is a function | - | from a field K into [0, 00) such that 0 is the unique element
having the 0 valuation, |rs| = |r| - |s| and the triangle inequality holds, i.e.,
Ir+s| < |r|+]s], Vr,s € K.

A field K is called a valued field if K carries a valuation. The usual absolute values of R and
C are examples of valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle inequality.
If the triangle inequality is replaced by

|r + s| < max{|r|,|s|}, Vr,s € K,
then the function | - | is called a non-Archimedean valuation, and the field is called a non-
Archimedean field. Clearly |1| = | — 1| = 1 and |n| < 1 for all n € N. A trivial example of
a non-Archimedean valuation is the function | - | taking everything except for 0 into 1 and

|0] = 0.
Throughout this paper, we assume that the base field is a non-Archimedean field, hence call
it simply a field.

Definition 1.1. ([15]) Let X be a vector space over a field K with a non-Archimedean valuation
| - |. A function || - || : X — [0,00) is said to be a non-Archimedean norm if it satisfies the
following conditions:

(i) [|z|| = 0 if and only if = 0;

(i) Irzll = rlllzll (€ K,z € X);

(iii) the strong triangle inequality

lz+yll < max{[z[|, [y},  Vz,yeX
holds. Then (X,| - ||) is called a non-Archimedean normed space.

In Section 2, we solve the quadratic functional equation (0.1) in vector spaces and prove the
Hyers-Ulam stability of the quadratic functional equation (0.1) in non-Archimedean Banach
spaces.

In Section 3, we solve the quadratic functional equation (0.2) in vector spaces and prove the
Hyers-Ulam stability of the quadratic functional equation (0.2) in non-Archimedean Banach
spaces.

In Section 4, we prove the Hyers-Ulam stability of the quadratic functional equation (0.1)
in Banach spaces.

In Section 5, we prove the Hyers-Ulam stability of the quadratic functional equation (0.2)
in Banach spaces.

2. QUADRATIC p-FUNCTIONAL EQUATION (0.1) IN NON-ARCHIMEDEAN BANACH SPACES

Throughout Sections 2 and 3, assume that X is a non-Archimedean normed space and that
Y is a non-Archimedean Banach space. Let |2| # 1 and let p be a fixed non-Archimedean
number with p # —1, 2.

Lemma 2.1. Let X and Y be vector spaces. A mapping f : X — Y satisfies
fle+y)+ flz—y)—2f(x) = 2f(y) =0 (2.1)
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for all x,y € X if and only if the mapping f : X — Y satisfies
2 (U5 ) + 2 (52 - £@) - s =0 (22)

2 2
for all x,y € X.

Proof. Assume that f: X — Y satisfies (2.1).

Letting x =y = 0 in (2.1), we get f(0) = 0.

Letting y = z in (2.1), we get f(2z) —4f(z) =0 and so f(2z) = 4f(z) for all z € X. Thus
f(E)=1f(zx) forall z € X. So f: X — Y satisfies (2.2).

Assume that f: X — Y satisfies (2.2).

Letting x =y = 0 in (2.2), we get f(0) = 0.

Letting y = 0 in (2.2), we get 4f (§) = f(z) for all z € X. and so f(2z) = 4f(z) for all
x € X. So f: X — Y satisfies (2.1). O

We solve the quadratic p-functional equation (0.1) in vector spaces.

Lemma 2.2. Let X and Y be vector spaces. If a mapping f : X — Y satisfies
fl@+y)+ fle—y) —2f(x) - 2/(y) (2.3)

Zp(2f (x;y> +2f <w;y) — f(=) —f(y)>
forall z,y € X, then f: X — Y 1is quadratic.

Proof. Assume that f: X — Y satisfies (2.3).
Letting x = y = 0 in (2.3), we get —2f(0) = 2pf(0). So f(0) = 0.
Letting y = x in (2.3), we get

f(2z) —4f(x) =0
and so f(2z) = 4f(x) for all x € X. Thus

for all z € X.
It follows from (2.3) and (2.4) that

fle+y)+ flz—y) —2f(z) — 2f(y)
=p <2f <$;y> +2f (x;y) — f(=) f(y)>

- g(f(x—i-y) + flz —y) = 2f(x) = 2f(y))

and so
fle+y)+ flz—y)=2f(z) +2f(y)
for all z,y € X. g

We prove the Hyers-Ulam stability of the quadratic p-functional equation (2.3) in non-
Archimedean Banach spaces.

Theorem 2.3. Let ¢ : X2 — [0,00) be a function and let f : X — Y be a mapping satisfying
f(0) =0 and

- Y
Jim 4 (5. ) =0, (2.5)
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1f(z+y)+ flz—y) —2f(z) — 2f(y) (2.6)
—p <2f< +y> +2f (z y) = flz) - f(y)> | < e(z,y)

for all x,y € X. Then there exists a unique quadratic mapping h : X — Y such that

1) — )l < sup {142 (57 57 )} (2.1

forallx € X.
Proof. Letting y = x in (2.6), we get
1f (2z) — 4f (z)|| < ¢(z, x) (2.8)

-1 (3)= (5:3)
for all # € X. Hence

41 () -1 ()| "
< maX{ alf (21) — 4ty (inl) ,’4’”‘1f (2,5_1) —4nf (;n) H}
o (2)=ar ()| i [ () =00 (2]

< sup {]4|jg0 (1‘ T )}
FE{LI+1,} 2017 2141

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (2.9) that the
sequence {4"f(5%)} is a Cauchy sequence for all € X. Since Y is complete, the sequence
{4" f(5%)} converges. So one can define the mapping h: X — Y by

for all x € X. So

< max{

hz) = lim 4"f()

n—o0

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (2.9), we get (2.7).
It follows from (2.5) and (2.6) that

[A(z +y) + h(z —y) — 2h(z) — 2h(y)
iy (2h (x : y) +on (x y) — h(z) - h(y)> I

= Jm 4|1 (“y)+j‘( U)—2f () -2 (%)
- (r () v (5) 0 () -7 (30)

< lim [4|"¢ (x7y> =0
n—o0 on’ 9n

for all z,y € X. So

Wz +y) + h(z — y) — 2h(z) — 2h(y) = (Zh ( ‘2”/) + 2h (m - y) _ h() — h@))

for all x,y € X. By Lemma 2.2, the mapping h : X — Y is quadratic.
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Now, let T': X — Y be another quadratic mapping satisfying (2.7). Then we have

_ —laap (2 Zgap (E

o) = 7)) = 41h (57 ) - 407 (5
ap (2 _gap (2 ap (L) _gar (2
o (z) - ()| e () -+ ()
i1 r oz

= ?gp {’4| ¥ <2q+j’ 2q+j>} ’

which tends to zero as ¢ — oo for all z € X. So we can conclude that h(z) = T'(x) for all

x € X. This proves the uniqueness of h. Thus the mapping h : X — Y is a unique quadratic
mapping satisfying (2.7). O

o

Corollary 2.4. Let r < 2 and 0 be nonnegative real numbers, and let f : X — 'Y be a mapping
such that

If(x+y)+ flz—y) - 2f () — 2f(y) (2.10)
—p (27 (55) w21 (52 - £@) - £0)) 1 < 60l + ol
for all x,y € X. Then there exists a unique quadratic mapping h : X — Y such that
1f(z) = h(z)| < |2|Tll )"

forallx € X.

Theorem 2.5. Let ¢ : X2 — [0,00) be a function and let f : X — Y be a mapping satisfying
f(0) =0, (2.6) and

J]—00

1 .
lim {‘4| (2! 2ﬂly)}:0

for all x,y € X. Then there exists a unique quadratic mapping h : X — Y such that

@)= bl < sup { o2 a2 )} (211)

JEN
forallxz € X.
Proof. 1t follows from (2.8) that

7@ - 370 < o)

1
4%
for all x € X. Hence

’ 1

21k~ o rema)

Smax{’ilf(le) 4z+1f<lﬂ) 4njlf( lx)—4f(2m:z)}
<max{|4|l f(glx)—if(glﬂx) ,...,Mnl“ f(2m—1m>_ f(me)}

1 .
L i o
= et { a2 iv)}
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for all nonnegative integers m and [ with m > [ and all z € X. It follows from (2.12) that the
sequence {4% f(2"x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{4 f(2"2)} converges. So one can define the mapping h: X — Y by

h(z):= lim i!]”(2":6)

n—soo 4N

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.12), we get (2.11).
The rest of the proof is similar to the proof of Theorem 2.3. O

Corollary 2.6. Let r > 2 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying (2.10). Then there exists a unique quadratic mapping h : X —'Y such that

20

1f () = h)]| < mllfv\lr

forallz € X.

3. QUADRATIC p-FUNCTIONAL EQUATION (0.2) IN NON-ARCHIMEDEAN BANACH SPACES

Let |2 # 1 and let p be a fixed non-Archimedean number with p # —1, 3.
We solve the quadratic p-functional equation (0.2) in vector spaces.

Lemma 3.1. Let X and Y be vector spaces. If a mapping f: X — Y satisfies

2 (52) +2f (“52) - 1) - 1) (31)
=p(f(z+y)+ flz—y) —2f(x) - 2f(y))
for allx,y € X, then f: X =Y s quadratic.

Proof. Assume that f: X — Y satisfies (3.1).
Letting x =y = 0 in (3.1), we get 2f(0) = —2pf(0). So f(0) = 0.
Letting y = 0 in (3.1), we get

1 (3) - e =0 (3:2)

and so f (%) = 1f(z) forall z € X.
It follows from (3.1) and (3.2) that

%(f(x +y) + flr —y) —2f(x) — 2f(y))

—2f (52) v 2 () - @) - 1)
=p(flz+y)+ flx —y) —2f(x) —2f(y))

and so
flx+y)+ flz—y)=2f(2) +2f(y)
for all x,y € X. O

We prove the Hyers-Ulam stability of the quadratic p-functional equation (3.1) in non-
Archimedean Banach spaces.
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Theorem 3.2. Let o : X2 — [0,00) be a function and let f : X — Y be a mapping satisfying

f(0) =0 and
) i (z Yy B
j1—>1 oo{’4| (Qj’ Zj)} 0

27 (252) + 21 (52) - 1) - S ) (33

—p(fz+y) + flz—y) —2f(=) = 2f (W) | < o(z,y)
for all x,y € X. Then there exists a unique quadratic mapping h : X — Y such that

1) = )l < sup {42 (577.0)} (3.4

forallx € X.
Proof. Letting y = 0 in (3.3), we get

1 (3) - 1@
for all z € X. So

(3)-ri(2)
#1(3) sl () a3
()G ) - ()

< s {ipe(5.0)]

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.6) that the
sequence {4"f(5%)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{4" f(5%)} converges. So one can define the mapping h: X — Y by

h(z) := lim 4”f(2%)

n—oo

< ¢(x,0) (3.5)

< max{

< max{\4|l

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (3.6), we get (3.4).
The rest of the proof is similar to the proof of Theorem 2.3. O

Corollary 3.3. Let r < 2 and 0 be nonnegative real numbers, and let f : X — 'Y be a mapping
such that

2 2
—p(f(@+y) + fle —y) = 2f(x) = 2f I < 6l=[" + [ly]")
for all x,y € X. Then there exists a unique quadratic mapping h : X —'Y such that

1f () = h(@)|| < 0|=[]"

l2f (“52) + 2 (“5Y) - 7@ - 1) (3.7)

forallx e X.

Theorem 3.4. Let ¢ : X2 — [0,00) be a function and let f : X — Y be a mapping satisfying
f(0)=0, (3.3) and

1 S
lim {‘4|jcp(2]x,23y)} =0

Jj—00
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for all x,y € X. Then there exists a unique quadratic mapping h : X — Y such that

@) = hiw) < sup{ o0} (3:5)

JjeN
forallx € X.

Proof. Tt follows from (3.5) that

|#@) - 17620)] < Fre2n,0)

1
< —

4]
for all x € X. Hence

|72 - mrzra) (39)
< max {’ —f (2%) - 4l—i_1f (21+1m) R 477}7_”” (2m_1$) — 4%]‘ (2™x) }
< max{|4|l f (zlx) - %f (21+1x) o ’M\’}” f (2”1*195) — %f(2mx) }

< sup {|i] (2, O)}

FE{H1,142,-
for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.9) that the
sequence {4% f(2"x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{4 f(2"2)} converges. So one can define the mapping h: X — Y by
hr) = i 1 F(2")
for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (3.9), we get (3.8).
The rest of the proof is similar to the proof of Theorems 2.3. U

Corollary 3.5. Let r > 2 and 0 be nonnegative real numbers, and let f : X — 'Y be a mapping
satisfying (3.7). Then there exists a unique quadratic mapping h : X — 'Y such that

If(z) = h@)ll < Zllel”

forallx € X.

4. QUADRATIC p-FUNCTIONAL EQUATION (0.1) IN BANACH SPACES

Throughout Sections 4 and 5, assume that X is a normed space and that Y is a Banach
space. Let p be a fixed real or complex number with p # —1,2.

We prove the Hyers-Ulam stability of the quadratic p-functional equation (2.3) in Banach
spaces.

Theorem 4.1. Let p : X2 = [0,00) be a function and let f : X — Y be a mapping satisfying
f(0) =0 and

U(z,y) ::;4jg0 (;, 2%) < 00, (4.1)
If(z+y)+ flz —y) = 2f(z) - 2f(y) (4.2)

—p (20 (55Y) +2r (F52) - 1@ - 1)) | < o)
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for all x,y € X. Then there exists a unique quadratic mapping Q@ : X — Y such that
I17@) - Q) < ;¥ () (13)
forallx € X.
Proof. Letting y = x in (4.2), we get
1f(2z) — 4f ()]l < ¢(z,x) (4.4)

o-3)| 3
o1(3)-1 ()

for all x € X. So

for all x € X. Hence

tr(z)-ri(z)] < &

l
j T x

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (4.5) that
the sequence {4%f (37)} is Cauchy for all z € X. Since Y is a Banach space, the sequence
{4Ff (5%)} converges. So one can define the mapping @ : X — Y by

Q) 1= Jim 4 ()

IN

k—o00

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (4.5), we get (4.3).
Now, let T': X — Y be another quadratic mapping satisfying (4.3). Then we have

wa(z) o ()l () -0 ()
44 r x
5V <2q 2q) ’

which tends to zero as ¢ — oo for all x € X. So we can conclude that Q(z) = T'(x) for all
x € X. This proves the uniqueness of Q).

It follows from (4.1) and (4.2) that
1@z +y) + Qx —y) — 2Q(z) - 2Q(y)
r(20(552) +20(5Y) - e - QW) |

1) o () -2 ()~ (50)
- (2 (55) 2 (5) 1 () -1 ()]

o (YN
énhirolo4 ‘p(gn’w) =0

<

= lim 4"
n—oo
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for all z,y € X. So

Qe +9)+ Qe —v) - 20(@) - 20) = o (20 (5 ) +20 (*5Y) - 2w - @)

for all x,y € X. By Lemma 2.2, the mapping @ : X — Y is quadratic. O

Corollary 4.2. Let r > 2 and 0 be nonnegative real numbers, and let f : X — 'Y be a mapping
such that

5 +9) + F(o ) — 27(x) —2f() (1.6
—p (28 (55Y) +2r (532) - 1@ — @) I < OClall + ol

for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that

0
17(@) ~ QI < o llall”

forallx € X.

Theorem 4.3. Let ¢ : X2 — [0,00) be a function and let f : X — Y be a mapping satisfying
f(0)=0, (4.2) and

L J o 9J
U(z,y) :ZZ o2z, 2y) < o0

for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that

1

I7(z) = Q)| < 1 ¥(z,2) (4.7)
forallx € X.
Proof. 1t follows from (4.4) that

|7(@) - 3720 < je@0)
for all x € X. Hence

1o - e < S| e () - s ()
4 4m K 4T
m—1 1
< Y e i) (4.8)

l

<.
1

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (4.8) that the
sequence {4% f(2"x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{4%f(2”x)} converges. So one can define the mapping @) : X — Y by

Q(x) := lim *f(Q” )

n—»o00 4N

for all x € X. Moreover, letting | = 0 and passing the limit m — oo in (4.8), we get (4.7).
The rest of the proof is similar to the proof of Theorem 4.1. O
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Corollary 4.4. Letr < 2 and 0 be nonnegative real numbers, and let f : X — Y be a mapping
satisfying (4.6). Then there exists a unique quadratic mapping Q : X — 'Y such that

260
1) - QI < T

[l ]l”
forallz e X.

5. QUADRATIC p-FUNCTIONAL EQUATION (0.2) IN BANACH SPACES

Let p be a fixed real or complex number with p # —1, %

In this section, we prove the Hyers-Ulam stability of the quadratic p-functional equation
(3.1) in Banach spaces.

Theorem 5.1. Let ¢ : X2 — [0,00) be a function and let f : X — Y be a mapping satisfying
f(0) =0 and
U(z )'—iélj .
7y T ' SO 277 23 9
J=0
r+y rT—y
l2f (“52) + 2 (“5Y) - 7@) - 1) (51)

—p(flz+y)+ flz—y) —2f(z) - 2f(y) | < ¢(z,y)
for all x,y € X. Then there exists a unique quadratic mapping Q) : X — Y such that

1f(z) = Q)] < ¥(z,0) (5:2)

forallx € X.
Proof. Letting y = 0 in (5.1), we get

1@ =47 ()] =os (3) - 1
for all z € X. So
m—1
(gl < ZlrE) - )

< e (;] 0) (5.4)

< ¢(z,0) (5.3)

for all nonnegative integers m and ! with m > [ and all x € X. It follows from (5.4) that
the sequence {4kf(2%)} is Cauchy for all z € X. Since Y is a Banach space, the sequence

{4% f(%)} converges. So one can define the mapping Q : X — Y by

— tim ak g (E
Q)= Jim 4 (57)
for all x € X. Moreover, letting | = 0 and passing the limit m — oo in (5.4), we get (5.2).
The rest of the proof is similar to the proof of Theorem 4.1. O

Corollary 5.2. Let r > 2 and 0 be nonnegative real numbers, and let f : X — 'Y be a mapping
satisfying f(0) =0 and

27 (252 + 21 (52) - 1) - S ) (5.5
P+ 9) + o =) = 26(@) = 20 @] < (el + o)
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for all x,y € X. Then there exists a unique quadratic mapping Q@ : X — Y such that
[f(z) = Q)| <

ol
forallx € X.
Theorem 5.3. Let ¢ : X2 — [0,00) be a function and let f : X — Y be a mapping satisfying
f(0) =0, (5.1) and
> 1 ) .
U(z,y) = Zl ¥@5,27y) < oo
j=

for all x,y € X. Then there exists a unique quadratic mapping Q@ : X — Y such that

If(z) = Qz)] < ¥(z,0) (5.6)
forallx € X.

Proof. 1t follows from (5.3) that

1 1
fl@) = 1 £@)| < (22,0
for all x € X. Hence
1 9l 1 om < S 1 97 1 9j+1
2/C0) - i) < X |57 (Y) - gt (27e)
Jj=l+1
m 1 ]
< Y peln0) (5.7)
Jj=l+1

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (5.7) that the
sequence {4% f(2"z)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{4%f(2”x)} converges. So one can define the mapping @) : X — Y by
.1 n
Qz) = lim -=f(2"z)

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (5.7), we get (5.6).
The rest of the proof is similar to the proof of Theorem 4.1. O

Corollary 5.4. Let r < 2 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying f(0) = 0 and (5.5). Then there exists a unique quadartic mapping @Q : X — 'Y such
that

276
4 -2

1f(z) = Q)] <

]|
forallx € X.
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ABSTRACT. In this paper, we consider the modified partially degenerate Genocchi poly-
nomials and investigate some properties of these polynomials. From these properties, we
give some new and interesting identities of them.

1. INTRODUCTION

The Genocchi polynomials are defined by the generating function
2t — "
xt __ .
m@ = p Gn(.f)ﬁ (bee [273,7,9, 12, 14, 17, 19,27, 28}) (1)
When = =0, G,, = G,(0) are called the Genocchi numbers. From (1), we see that

> o 2t o

2 Gy = (1)
& tl e mtm
1=0

m=0

> <Z (’Z) Gl:c”—l> e @)

n=0 \1=0

1991 Mathematics Subject Classification. 05A10, 11B68, 11580, 05A19.
Key words and phrases. Euler polynomials, Genocchi polynomials, degenerate Genocchi polynomials, mod-
ified degenerate Genocchi polynomials.
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Thus, by comparing the coefficients on both sides of (2), we get

Gn(z) = Z (?) Gz . (3)

1=0
From (1), we can derive the following equation:

= t" —2t
v —(1—x)t
HZ:OGn(x)n! o 6*t+le

= i(—l)"‘lGn(l - x)g.
n=0

By comparing the coefficients on both sides of (4), we get
Gn(z) = (=1)"'G, (1 — x). (5)

The gamma and beta function are defined by the following definite integrals: for (o > 0,8 >
0),

I(a) = /O T etaigy ()

and

1
B(a, B) :/0 t* (1 —t)Ptat

o0 tafl
= ———dt
/0 (14 t)ots
(see [15,23,24]).Thus by (6) and (7), we get

NGING) .
T(a+ )

The classical Genocchi numbers, a sequence of integers introduced by Angelo Genocchi
(1817-1889), have been studied in various context in such diverse areas of mathematics and
physics as number theory, combinatorics, complex analysis, topology, and quantum physics.
In recent years, Genocchi polynomials and numbers have received considerable attention and
many researchers have worked on them, their extensions and their connections with some
combinatorial counting.

The degenerate Bernoulli polynomials, the rst degenerate version of well-known families
of polynomials, were introduced by Carlitz and rediscovered by Ustinov under the name
of Korobov polynomials of the second kind. On the other hand, Korobov polynomials (of
the rst kind) are the degenerate version of the Bernoulli polynomials of the second kind.
Recently, many researchers began to study various kinds of degenerate versions of the familiar
polynomials like Bernoulli, Euler, Genocchi, falling factorial and Bell polynomials by using
generating functions, umbral calculus, and p-adic integrals.

The goal of this paper is to introduce the modified degenerate Genocchi polynomials and
numbers, a degenerate version of the classical Genocchi polynomials and numbers, in order to
study their properties and obtain several new and interesting identities involving them. More
precisely, we give some properties, explicit formulas, several identities, a connection with
Genocchi polynomials, and some integral formulas. Here they were named as the modified
degenerate Genocchi polynomials, since there existed what are called the degenerate Genocchi
polynomials whose definition is slightly different from ours (see [1, 4-6, 8, 11-16, 18, 20, 21,
22-26, 28]).

INa+1)=al'(a), B(a, 8) =
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First, we note that

t t t
o t o t 9 L . v
et )1\13%)(1+)\)A t =loge® = )1\12})109(1+A)* = }\%Alog(lJr)\). (9)
From (1) and (9), we define the modified degenerate Genocchi polynomials as
2t tz
——(1+ N> . 10
TESVEFTL Zg A (10)
When 2 = 0, gn,x = gn,2(0) are called the modlﬁed degenerate Genocchi numbers. From
(10), we get
2t
w = (et en) (2 )
1+ M) +1
2t ¢ 2t
= f(l TN+
(I+ M) (1+)\)A+1
oo tn oo
= Z n, )\ + Z n, )\
n=0 nt
oo tn
= Z(gn,)\(l) + gn,/\)ﬁ- (11)
n=0 '

By comparing the coefficients on both sides of (11), we get

gox =10
’ 12
{ gn,)\(l) + In, )\ = 251,7“ ( )

where 01, is the Kronecker delta. From (10), we note that

ng (Z I ) (i (W)mxmf:!)

m=0

- nz::o <mz_:0 (;) Gn—mA (log(1/\+ /\)>mxm> %n'

Thus, by comparing the coefficients on both sides of (13), we obtain the following theorem.

Theorem 2.1. Let n € NU{0}. Then we have

g () = Zn: (Z)gn_m,A (W;A))mxm. (14)

m=0

From (10), we derive the following equation:

—2¢ —(1—a)t
ng n, Z—m(ﬁrk) 5
) (15)
= Z )" (1 — x)%
By comparing the coefficients on both 51des of (15),
gna(@) = (=1)"gaa(l —2) (n>0). (16)

523 HYUCK IN KWON et al 521-529



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

4 HYUCK IN KWON, LEE-CHAE JANG, DAE SAN KIM, JONG-JIN SEO

By (10), we see that

d log(1+4+ A
onal@) = gnoae) (2 )0 ), (17)
From (17), we get
gn+1,)\(1) — In+1,2 _ ! ignﬂ,/\(x) dx
n+1 o dr n+1
! log(1+ A
= [ gusto) (Y Yo ) (18)
0

By (18), we obtain the following theorem.

Theorem 2.2. Let n € NU{0}. Then we have

g +1,/\(n)+ 19 +1,A :/0 gn 2 (T) (og(/\—k)) dx. (19)

We note that the Stirling numbers of the first kind are defined as
T)p = Z Si(n,D)z!, (n>0), (see[l,4—6,811—16,18,20,21,22 —26,28]). (20)

where (), =x(z —1)---(x —n+1)(n > 1), and (x)o = 1. By (10), we see that

-3 (ZZ( >gm,ksl(m,l> G)liﬁﬂ)”i -

=0 m=l
From (21), we obtain the following theorem.

Theorem 2.3. Let n € NU{0}. Then we have

e ZZ( Janasinn) (5) 2 (22)

=0 m=l

Let d be an odd integer. Then we see that
2t Z {1+ )%

"ot e
BTSN (1_<_(1+/\)A) )
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2t dt
= ——  (1+(1+ N>
1+(1+/\)X< ( ) )

2t 2t

= -+ F1+ 0%
1+(1+/\)X 1+(1+)\)X( )

= Zgn/\ +ZgnA

tn

In+1.\ + In+1 )\(d) t"
= ¢ ' : —. 2
z ( @

Also, we see that
2 Z {1+ A%
> log(1+X)\" tn
= 2 _— n —_
z(z (DY ) 1

n=0

= i (22 <W> " )j; (24)

n=0
From (23) and (24), we obtain the following theorem.

Theorem 2.4. Let n € NU{0}. Then we have

QZ (log-&-)\)> = dEina + 9n+1,/\(d). (25)

n+1

From (10) and (14), we note that

1 n m 1
" n log(1+ A et
/ Y gna(z +y)dy = ( )gn—m,)\ (g()\)> / Y T dy
0 o\ 0

RN
By (16), we get
S Z< o x>(loglﬂ)m Oly N
- E (et e )

By (26) and (27), we obtain the following theorem.
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Theorem 2.5. Forn € N, we have

> (1) el (sl )y

m=0

_ Z”: (Z)<—1>”g”n"l2§1ff) (log(1>\+ A))’" (n ;m>-1 (28)

m=0

From (17), we note that

1
/y"gn,,\(x+y)dy
0
gna(z+1) n log(L+)\) 1 ..,
= - " G d
n+1 ntl A AR 1a(@ +y)dy
_ gap(@+1) gaaan(@+1) n log(l+A)
- n+1 ntl n+2 A

o0 s () [t

gaa(+1)  gnoaa(z+1) n log(l+ )
n+1 B n+1 n+2 A
B A>>2
n-+1 (n+2)(n+3) A
s nn=Dm=2) (g0 +N\* [* .1
Hoyp e oD < . ) | v ganta s nay @0
By continuing this process, we have

+

1
9n )\(-T + 1)
n n d — )
/0 Yignalz +y)dy = == ——
"‘S(_l)m nn—1)---(n—m+1) ((log(1+)\)>m (+1) (30)
Z mtD)n+2) - (ntm+1) ) In—m;A
Therefore by (26) and (30), we obtain the following theorem.
Theorem 2.6. Forn € N, we have
n n—1 n m
_ _ 1 1
Z <n> 9n m«,/\(l‘) — Z (_1)m 75::21 In m,)x(x + ) ((log( + )‘)) (31>
o\m)n+m+1l e~ (") n+m+1 A
Taking = 0, From (16) and (31), we obtain the following corollary.
Corollary 2.7. Forn € N, we have
n n—1 n m
, _ -1 m ) 32
Z<m>n+m+1 Z( ) "ty n+m41 A (32)
m=0 m=0 m

For n € N, we observe that

1
/ Y g (x4 y)dy
0
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_ A gn+1a(z+1) A n /1 -
 log(1+N) n+1 log(l+ N\ n+1J, Y gngia (T 4 y)dy
A Gntia(z +1) oo
log(1+ ) ( nt+1 P A (=D)"gnr1.A(1 = (= +y))dy

n
+1Jo
A Gnria(r+1) noe= (n+1 /1 —1 !
= : - wrioia(—2) (=D [y 1 - y)d
log(1+ N ( ] T ) Inria(=a)(=1) Y (1-y)dy

A Inria(z+1) n < n4+1
B : - n+1— - -1)"B 7l 1
log(1—|—/\)< n+1 n+1; I Int1-1A(—2)(=1)"B(n,l + 1)
A Inria(z +1) 1 &
= 5 N _1 n . B B
log(1+ X) ( n+1 n+1 ; (n?—l)( ) gnr1—1 2 (—)
A Gnria(z+1) TR () I
B : - -1 n41— 1
log(1+ ) ( n+1 nt1 & (n?—l)( ) gn+1—1a(1 + )

(33)
Therefore, by (30) and (33), we obtain the following theorem.

Theorem 2.8. Forn € N, we have

nz_:l(_l)z (1) gn—ir(1+2) (log(l + )\))“r1
1=0 (") mtl+d A
gopia(@+1) 1 & (7
= 2 _ _1 B 1 4
n+1 n+1 Z;( ) (n;rl) In+1 l,A( + ) (34)

Replacing A by e — 1 and ¢ by (e — 1)t in (10), we get

> " 2t
> Gul@)y = et
ne0 n.

et +1
nflﬁ

n!’ (35)

= Z gn,e—l(x)(e - 1)
n=0

where G, (x) are the Genocchi polynomials. By comparing both sides of (35), we obtain the
following theorem.

Theorem 2.9. For n € NU{0}, we have

Gn(r) = gne_1(x)(e — )" L. (36)
By (12) and (18), we get
! A L[t d
/0 gn(z)dr = W(n +1) /0 %gn+17)\(x)dz
= log(l_)”\)(nJr D7 (gng1a(1) = gnr1a(0))
~2)\ »
= m(n +1)" " gnr1a (37)
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where n € N. Also, we have

1
| s @gnatois
0
A 1 L A 1 ! d
Y n I n = d
T oA @0 @) o [ @) T le)ds
A 1
= — - (g DgmA(1) = gnt1,1(0)gm,A (0
log(1+)\)n+1(9 +1,A(1DgmA (1) = gn+1,2(0)gm,A(0)
A 1 log(1+\) /1
n m— d
log(l + AMn+1 A m 0 1A (@) gm 1,7 (7)d
m
= - n m— d
A Int 1A (@) 17 (z)dz
m(m — 1) !
== —]. 24 n m— d 38
(U B [t @2 (39)
By continuing this process, we obtain the following theorem.
Theorem 2.10. For m,n € N, we have
1
| s @gmatoyis
0
e m(m—1)---3 !
- e ey [, S @@ (69)
Now, we have
1
/ gn+mf2,)\($)92,)\(m)d$
0 ) .
o | erea @@
_ 2 gn+m’)\(x) A |
n+m—1 n+m log(1+\)"°
2 A —29n+m,x
= —_ J . 40
n+m—1log(l+X) n+m (40)
By (41), we obtain the following theorem.
Theorem 2.11. For m,n € N, we have
1
/ gn,)\ gm )\( )dl‘
0
1
n+m A
= 1 ————————Ontm.\- 41
(") e (a)
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Hesitant fuzzy implicative filters in BFE-algebras
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Abstract. The notion of hesitant fuzzy implicative filter of a BFE-algebra is introduced and related properties
are investigated. We provide conditions for a hesitant fuzzy filter to be a hesitant fuzzy implicative filter. Also,
as a generalization of hesitant fuzzy implicative filter, we consider the hesitant fuzzy n-fold implicative filter.

Characterizations of hesitant fuzzy n-fold implicative filter are discussed.

1. Introduction

In 2007, Kim and Kim [5] introduced the notion of a BFE-algebra, and investigated several
properties. In [1], Ahn and So introduced the notion of ideals in BFE-algebras. They gave several
descriptions of ideals in BE-algebras. Song et al. [8] considered the fuzzification of ideals in BE-
algebras. They introduced the notion of fuzzy ideals in B FE-algebras, and investigated related
properties. They gave characterizations of a fuzzy ideal in B E-algebras.

The notions of Atanassov’s intuitionistic fuzzy sets, type 2 fuzzy sets and fuzzy multisets etc.
are a generalization of fuzzy sets. As another generalization of fuzzy sets, Torra [9] introduced
the notion of hesitant fuzzy sets which are a very useful to express peoples hesitancy in daily life.
The hesitant fuzzy set is a very useful tool to deal with uncertainty, which can be accurately and
perfectly described in terms of the opinions of decision makers. Also, hesitant fuzzy set theory
is used in decision making problem etc. (see [11, 12, 13, 14, 15]), and is applied to residuated
lattices and MT L-algebras (see [4, 6]).

In this paper, we introduce the notion of hesitant fuzzy implicative filter of a BFE-algebra,
and investigate some properties of it. We consider characterizations of hesitant fuzzy implicative
filter of a BFE-algebra. We provide conditions for a hesitant fuzzy filter to be a hesitant fuzzy
implicative filter. Also, as a generalization of hesitant fuzzy implicative filter, we consider the
hesitant fuzzy n-fold implicative filter. We discuss characterizations of hesitant fuzzy n-fold
implicative filter.

2. Preliminaries

92010 Mathematics Subject Classification: 06F35; 03G25; 06D72.
YKeywords: filter; implicative filter; hesitant fuzzy (implicative) filter.
* The corresponding author. Tel: +82 2 2260 3410, Fax: +82 2 2266 3409
YE-mail: han@hanyang.ac.kr (J. S. Han); sunshine@dongguk.edu (S. S. Ahn)
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By a BE-algebra ([5]) we mean a system (X;*,1) of type (2,0) which the following axioms
hold:

(2.1) (Ve e X) (z*xx=1),
(22) (Vz e X)(zx1=1),
(2.3) (Ve € X) (1 xx =x),

(2.4) (Vx,y,2 € X) (xx (y*2) =y * (z * 2) (exchange).

We introduce a relation “ <7 on X by x <y if and only if x xy = 1.

A BE-algebra (X;x,1) is said to be transitive ([5]) if it satisfies: for any z,y,2z € X, y* z <
(x *y) * (x * z). A BE-algebra (X;x*,1) is said to be self distributive ([5]) if it satisfies: for any
r,yz € X, xx(y*z) = (x*xy)* (xx*z). Note that every self distributive B E-algebra is transitive,
but the converse is not true in general ([5]).

Every self distributive BFE-algebra (X, 1) satisfies the following properties:

(2.5) (Ve,y,ze€ X)(z<y=zxx<zxyand y*xz < xx*z),

(2.6) (Vo,y € X) (zx (x*xy) =z *y),

(2.7) (Va,y,z € X)(xxy < (zxx)* (2%y)),
Definition 2.1.([5]) Let (X;*,1) be a BE-algebra and let F' be a non-empty subset of X. Then
Fis a filter of X if

(F1) 1 € F;

(F2) (Ve,ye X)(z*xy,x € F=y€EF).
F is an implicative filter of X if it satisfies (F1) and

(F3) (Va,y,z€ X)(xx(y*xz2),xxye F=xzxz€F).
Definition 2.2.(]9]) Let E be a reference set. A hesitant fuzzy set on E is defined in terms of a
function that when applied to E returns a subset of [0, 1], which can be viewed as the following
mathematical representation:

Hg :={(e,hg(e))|e € E}

where hgp : E — 2([0,1]).

Definition 2.3. Given a non-empty subset A of X, a hesitant fuzzy set
Hx :={(z,hx(x))|z € X}
on satisfying the following condition:

hyx(x) =10 forall x ¢ A (2.8)

is called a hesitant fuzzy set related to A (briefly, A-hesitant fuzzy set) on X, and is represented
by Hy := {(z,ha(x)) | z € X}, where hy, is a mapping from X to ([0, 1]) with ha(z) = 0 for
all z ¢ A.
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For a hesitant set Hx := {(x,hx(x)) | x € X} of a BE-algebra X and a subset v of [0, 1], the
hesitant fuzzy y-inclusive set of Hy, denoted by Hx(7), is defined to be the set

Hx(v) :=={z € X|y C hx(z)}.

For any hesitant fuzzy set Hx = {(z,hx(x)|z € X} and Gx = {(z,9x(z))|z € X}, we call
Hyx a hesitant fuzzy subset of Gy, denoted by HyCGy, if hx(z) C gx(z) for all x € X. The
hesitant fuzzy union of Hx and Gy, denoted by HxUGY, is defined to be the hesitant fuzzy
set (hxUgx)(x) = hx(x) U gx(z) for all 2 € X. The hesitant fuzzy intersection of Hy and G,
denoted by HyNGy, is defined to be the hesitant fuzzy set (hxNgx)(z) = hx(x) N gx(x) for all
r e X.

3. Hesitant fuzzy implicative filters

Definition 3.1.([3]) Given a non-empty subset (subalgebra as much as possible) A of X, let
Hy:={(x,ha(z)) | = € X} be an A-hesitant fuzzy set on X. Then Hy := {(z, ha(z)) | z € X}
is called a hesitant fuzzy filter of X related to A (briefly, A-hesitant fuzzy filter of X)) if it satisfies
the following condition:

(Vx € A) (ha(x) C ha(1)), (3.1)
(Va,y € A) (ha(zxy) N ha(z) C ha(y)). (3.2)

An A-hesitant fuzzy filter of X with A = X is called a hesitant fuzzy filter of X.

Proposition 3.2.([3]) Let Hs := {(z, ha(x))|x € X} be an A-hesitant fuzzy filter of X where A
is a subalgebra of X. Then the following assertions are valid.
(i) (V,y € A)(z <y = ha(x) € ha(y)),
(i) (V2,5, 2 € A)(hale * (y % 2)) N haly) € ha(o = 2)),
(iii) (Va,z € A)(ha(a) C ha((a*x) *x).

Definition 3.3. Given a non-empty subset (subalgebra as much as possible) A of X, let Hy :=
{(z,ha(x)) | z € X} be an A-hesitant fuzzy set on X. Then Hu := {(z,ha(z)) | x € X} is called
a hesitant fuzzy implicative filter of X related to A (briefly, A-hesitant fuzzy implicative filter of
X) if it satisfies (3.1) and

(Vz,y,z € A) (ha(z * (y*2)) Nha(zxy) C ha(z*2)). (3.3)

An A-hesitant fuzzy implicative filter of X with A = X is called a hesitant fuzzy implicative filter
of X.
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Example 3.4. Let X = {1,a,b,¢,d,0} be a BE-algebra with the following Cayley table:

*x(1 a b c d 0
111 a b ¢ d O
all 1 a c ¢ d
bl 1 1 ¢ ¢ ¢
cll a b 11 a
d{l1 1 a1 1 a
0/1 11111
For a subalgebra A = {1,a,b} of X, let Hy := {(x,ha(x)) | x € X} be an A-hesitant fuzzy set

on X defined by
Hy = {(1,10,1]), (a, (0, 3), (6, (0,5)), (¢, (0, 7)), (d, )., (0,0) }
It is easy to check that H, is an A-hesitant fuzzy implicative filter of X.

Proposition 3.5. Every A-hesitant fuzzy implicative filter of a BFE-algebra X is an A-hesitant
fuzzy filter of X.

Proof. Let Hy := {(z,ha(x)) | x € X} be an A-hesitant fuzzy implicative filter of X. It follows
from (2.4) and (3.3) that

halyx(x*2))Nha(zxy) =ha(z* (y*2)) Nha(x*y)

3.4

Cha(z * z) (3.4)

for any x,y,z € X. Setting x := 1 in (3.4), we have ha(y * z) N ha(y) € ha(z). Therefore
Hy:={(z,ha(x)) | z € X} is an A-hesitant fuzzy filter of X. O

The converse of Proposition may not be true in general (see Example 3.6).

Example 3.6. Let X = {1,a,b,¢,d,0} be a BE-algebra as in Example 3.4. Let Hy :=
{(z,hx(z)) | z € X} be a hesitant fuzzy set on X defined as follows:

th X_> ‘@([0’1])’ x’—>{ 71 leEE {(l,b,C,d,O},

where ~; and 7, are subsets of [0, 1] with 3 C 7. It is easy to check that Hy is a hesitant fuzzy
filter of X. But it is not a hesitant fuzzy implicative filter of X, since hx(d* (a*0))Nhx(d*a) =

Y2 7,@_ Y1 = hX(d* 0)
We provide conditions for a hesitant fuzzy filter to be a hesitant fuzzy implicative filter.

Proposition 3.7. Let X be a self distributive BE-algebra. Let Hy := {(z,hx(z)) | x € X} be
a hesitant fuzzy filter of X satistying

(V,y, 2z € X)(hx (2 (y * (y x 2))) N hx (y * x))  hx(y * 2), (3:5)
Then Hx := {(x,hx(x)) | x € X} is a hesitant fuzzy implicative filter of X.
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Proof. Since x % (y* 2) = yx (wx2) < (zxy)* (v (vx2)) =wx (y (vx2)) = y* (zx(2x2))
for all z,y € X, we have hy(x * (y x 2)) C hx(y * (z * (z % 2))) by Proposition 3.2(i). It follows
from (3.5) that hx(z % z) D hx(y* (x * (zx 2z)) Nhx(z*xy) 2 hx(x* (y*2)) Nhx(x*y). Thus
Hyx = {(z,hx(x)) | x € X} is a hesitant fuzzy implicative filter of X. O

Theorem 3.8. Let X be a transitive BE-algebra. For any hesitant fuzzy filter Hyx = {(z, hx(z)) |
x € X} of X, the following are equivalent:

(i) Hx :={(z,hx(z)) | x € X} is a hesitant fuzzy implicative filter,
(i) (Va,y € X) (hx (2 * (xxy)) € hx(xxy)),
(iti) (Vo,y,z € X) (hx(xx (y*2)) C hx((x *y) * (x x 2))).

Proof. (1)=(ii) Assume that Hx = {(z,hx(z)) | * € X} is a hesitant fuzzy implicative filter of
X. Setting z :=y,y := x in (3.3), we get
hx(z*y) Dhx(x * (x xy)) N hyx(x* )
=hx(z* (z*xy)) N hx(1)
(% (2 4)).
Hence (ii) holds.

(il)=-(iii) Suppose that (ii) holds. Since x* (y*z) < xx* ((zxy)*(x*2)) = x*x (zx((x*xy)*2)), by
Proposition 3.2(i) we have hx(z* ((xxy)* (zx2))) = hx(xx (z* ((x*y)*2))) D hx(z* (y*2))
It follows from (ii) that
hx((zxy)* (x*2)) =hx(x* ((x*y)*2))

Dhx(z* (z* ((x*xy)*2)))

Dhx(x x (y*2)).
Thus (iii) holds.
(iii)=(ii) Assume that (iii) holds. By (3.2) and (iii), we have

hx(z*2) Dhx((xxy) * (x % 2)) N hy(z *y)
Dhx(zx(y*2)) Nhx(z*xy).

Therefore Hx := {(x,hx(x)) | x € X} is a hesitant fuzzy implicative filter of X. O

Theorem 3.9. Let X be a self distributive BE-algebra. Then the hesitant fuzzy set Hyx =
{(z,hx(z)) |z € X} of X is a hesitant fuzzy implicative filter of X if and only if it is a hesitant
fuzzy filter of X.

Proof. By Proposition 3.5, every hesitant fuzzy implicative filter of X is a hesitant fuzzy filter of
X.
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Conversely, assume that Hx := {(z,hx(z)) | * € X} is a hesitant fuzzy filter of X. For any
x,y,z € X, by (3.2) we have

hx(xxz) Dhx((x *xy) * (xx2)) N hx(z*y)
=hx(x*(y*2))Nhx(xxy).
Hence Hy := {(z,hx(z)) | x € X} is a hesitant fuzzy implicative filter of X. O

For any element x and y of a BFE-algebra X and positive integer n, let 2™ % y denote x * (- - - *
(x* (z xy))---) in which z occurs n times, and z° * y = 1.

Definition 3.10. Let X be a BFE-algebra and let Hx := {(z,hx(z)) | * € X} be a hesitant
fuzzy set on X. Then Hx := {(x,hx(x)) | x € X} is called a hesitant fuzzy n-fold implicative
filter of X if it satisfies (3.1) and

(3.6) (Va,y,2 € X) (hx(x"* (y*2))Nhx(z"*y)) C hx(x" x z2)).

Note that a hesitant fuzzy 1-fold implicative filter of X is a hesitant fuzzy implicative filter of
X.

Example 3.11. Let X := {1,a,b,¢,d,0} is a transitive BE-algebra ([11]) with the following
Cayley table:

QU O Q%
e e e R
— Q= Q|
e i = R
— Q Q o QX
_ S Q Qa0 OO

_ S = O OO0

0|1 1 1
Let Hx :={(z,hx(z)) | * € X} be a hesitant fuzzy set on X defined as follows:

v ifx e {1,b,c}

hx : X = 2([0,1]), { m if z € {a,d, 0},

where v, and 7 are subsets of U with v, C 7. It is easy to check that Hx := {(z, hx(x)) | z € X}
is a hesitant fuzzy n-fold implicative filter of X.

Theorem 3.12. Every hesitant n-fold fuzzy implicative filter of X is a hesitant fuzzy filter of
X.

Proof. Taking x := 1 in (3.6) and (2.3), we have hx(z) 2 hx(y * z) N hx(y). Hence Hx :=
{(z,hx(z)) | z € X} is a hesitant fuzzy filter of X. O

The converse of Theorem 3.12 may not be not true in general (see Example 3.13).
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Example 3.13. Let X := {1,a,b,¢,d,0} be a BE-algebra as in Example 3.11. Let Hx be a
hesitant fuzzy set on X defined as follows:

th:X—> ‘@([0’1])’ xH{ gs! lfxE {G,b,c,d,O},

where ~; and v, are subsets of U with 7, C ~vs. It is easy to check that Hx is a hesitant fuzzy
filter of X. But it is not a hesitant fuzzy 1-fold implicative filter of X, since hx(d*c) = hx(b) =

Y1 2 v =hx(1) = hx(d* (bxc)) Nhx(dxb).
Theorem 3.14. Let X be a transitive BFE-algebra. For any hesitant fuzzy filter Hy :=
{(z,hx(z)) | z € X} of X, the following are equivalent:
(i) Hx :={(z,hx(z)) | x € X} is a hesitant fuzzy n-fold implicative filter,
(i) (V2,5 € X) (hx (2™ %) C hx(a™ 1)),
(iti) (Vo,y,2 € X) (hx(z™* (y % 2)) C hx((x™ *y) * (" x 2))).
Proof. (1)=(ii) Assume that Hx := {(z,hx(x)) | z € X} is a hesitant fuzzy n-fold implicative
filter of X. Setting z := y,y := x in (3.6), we have
hyx(x" *y) Dhx(x" * (x *xy)) N hx(z" * )
=hx (2" % y) N hx(1)
:hX (ZEn+1 * y)
Hence (ii) holds.
(il)=(iii) Suppose that (ii) holds. Since z" * (y * 2) < 2" x ((x™ x y) * (" % 2)), we have hy (x" x
(2" xy)* (x"%2))) D hyx(x"x(y*2z)). Since 2" 1 x (2" 1x ((a™xy)*2)) = 2"* (a™* (2" *y)*2))) =
" x ((2" * y)) x (2™ % z)) and using (ii), we have
hx (2" (@77 (2" % y) # 2)) =hx (2" # (2" (2" * y) x 2))
Dhx(a" (2" (2" % y) * 2
x( ) # (2" (( ) y)*2))) (37)
=hx (@ * ((«" x y) * (2" * 2)))
Dhx(z" * (y * 2)).
By (ii) and (3.7), we have
B (2™ s (2773 % (2™ * y) % 2))) =hx (@™ * ("2 % ((2" x y) * 2)))
Dhx(x™™ % (2" 72 % (2™ % y) * 2)))
Dhx(x" * (y x 2)).
Continuing this process, we conclude that
hx((x" xy) % (2" * 2)) =hx(x" % ((z" * y) * 2))
Dhy(x™ x (y x 2)).
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(iii)=(i) Let z,y,z € X. It follows from (iii) that
hx (2" % 2) Dhyx((z" *y) * (2" % 2)) N hx (2" * y)
Dhx((z" x (y*2)) Nhx(x" *xy).
Hence Hx := {(z,hx(z)) | # € X} is a hesitant n-fold fuzzy implicative filter O

Definition 3.15. Let n be a positive integer. A BFE-algebra X is said to be n-fold implicative

n+1

if it satisfies the equality 2" xy = 2" %y for all z,y € X.

Corollary 3.16. In an n-fold implicative BFE-algebra, the notion of hesitant fuzzy filters and
hesitant fuzzy n-fold implicative filters coincide.

Proof. Straightforward. O

Theorem 3.17. A hesitant fuzzy set Hx := {(z,hx(z)) | * € X} of a BE-algebra X is a
hesitant fuzzy implicative filter of X if and only if the hesitant fuzzy ~y-inclusive set Hx(7y) is an
implicative filter of X for all v € 22(]0,1]) with Hx(vy) # 0.

The filter Hx () in Theorem 3.17 is called the y-inclusive filter of X.

Proof. Assume that Hx := {(z,hx(z)) | © € X} is a hesitant fuzzy implicative filter of X.
Let z,y,z € X and v € £([0,1]) be such that = % (y *x 2) € Hx(y) and z xy € Hx(7).
Then v C hx(z * (y * z)) and v C hx(z *y). Using (3.1) and (3.3), we have v C hx(1) and
v Chx(z*x(yxz)Nhx(z*xy) C hx(z*z) for z,y,2 € X. Hence 1 € Hx(y) and x x z € Hx(7).
Thus Hx(v) is an implicative filter of X.

Conversely, suppose that Hx(7) is an implicative filter of X for all v € Z([0, 1]) with Hx(vy) #
(. For any x € X, let hx(x) = ~. Since Hx(7) is an implicative filter of X, we have 1 € Hx(7)
and so hx(x) = C hx(1). Forany x,y,2 € X, let hx (2% (y*2)) = You(ysz) ad hx (T *Y) = Vauy-
Take v = Yau(yez) N Vaouy. Then x % (y x 2) € Hx(y) and = * y € Hx(y) which imply that
x %z € Hx(y). Hence

hx (2% 2) 29 = Yau(yez) N Vasy = hx (@ % (y * 2)) N hx(x*y).
Thus Hx = {(x,hx(z)) | x € X} is a hesitant fuzzy implicative filter of X. O

Theorem 3.18. Every hesitant fuzzy implicative filter of a BFE-algebra can be represented as a
hesitant fuzzy y-inclusive set of a hesitant fuzzy implicative filter.

Proof. Let F be an implicative filter of a BFE-algebra X. For a subset 7 of [0, 1], define a hesitant
fuzzy set Hx := {(z,hx(x)) | z € X} of X by

. v ifxeF,
hy : X — 2([0,1]), fEH{ O ifrgF.

Obviously, F' = Hx(7v). We now prove that Hy is a hesitant fuzzy implicative filter of X. Since 1 €
F = Hx(vy), wehave hx(1) = v D hx(z) forallx € X. Let x,y,z € X. lf x*(y*z),xxy € F, then
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x*z € F because F is an implicative filter of X. Hence hx(x*(y*2)) = hx(x*xy) = hx(xx2) = 7,
and so hy (x*(y*2))Nhx(zxy) C hx(z*2). f zx(y*2) € F and xxy ¢ F, then hyx(zx(y*xz)) =~
and hx(z *y) = () which imply that

hx(z* (yx2))Nhx(zxy)=7N0=0C hyx(xx*2).

Similarly, if % (y*z) ¢ F and zxy € F, then hx(z*(y*2))Nhx(x*xy) C hx(x*z). Obviously,
if zx(yxz2) ¢ Fand zxy ¢ F, then hx(x x (y * 2)) N hx(z xy) C hx(z * z). Therefore

Hx = {(z,hx(x)) | x € X} is a hesitant fuzzy implicative filter of X. O
For two elements a and b of X, consider a hesitant fuzzy set HY := {(z,h%’z)) | z € X}
where

7 ifax(bxx)=1,
o otherwise,

et X = 2([0,1]), z— {

where v, and 7, are subsets of X with 75 C ;.
There exist a,b € X such that H;Lgb is not a hesitant fuzzy implicative filter of X (see Example
3.19).

Example 3.19. Consider the BE-algebra X = {1,a,b,¢,d,0} which is given in Example 3.4.
Then H)l(’a is not a hesitant fuzzy implicative filter of X since

(1 (ax D) Nhy*(1xa) =y € R (1% b) = 7.
Now we provide a condition for the hesitant fuzzy set H?(’b to be a hesitant fuzzy implicative
filter of X for all a,b € X.

Theorem 3.20. If X is a self distributive BFE-algebra, then the hesitant fuzzy set H}’(’b is a
hesitant fuzzy implicative filter of X for all a,b € X.

Proof. Let a,b € X. Obviously, h%*(1) D h%"(z) for all z € X. Let z,y,2 € X be such that

ax(bx(xx(yx2))) #Lorax(bx(x*xy)) # 1. Then h}’b(:p*(y*z)) = v, Or hg(’b(x*y) = 7.
Hence

W% (y ) N RS x y) = 70 C W3+ 2).
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Assume that a * (b* (x % (y*2))) =1 and a* (b* (x *y)) = 1. Then
l=ax(bx(xx(yxz)))
=ax*(bx((x*xy)*(xx2)))
=ax((bx(xxy))*(bx(r*2)))
=(ax*x(bx(xxy)))*(axbx*(zx*2)))
=1x(ax*(bx(x*2)))
=ax*(bx*(xx*2)),
and so h’ (zx (y+2)) NhY (zxy) = 71 = h%"(x * ). Therefore H%" is a hesitant fuzzy implicative

filter of X for all a,b € X. O

Theorem 3.21. If Hx and Gx are hesitant fuzzy implicative filters of a BFE-algebra X, then
the hesitant fuzzy intersection Hx NGx of Hx and G is a hesitant fuzzy implicative filter of X.

Proof. For any x € X, we have
(hx Ngx) (1) = hx(1) N gx(1) 2 hx(x) N gx(x) = (hx N gx) ().
Let x,y,z € X. Then
(hx Ngx)(z*z) = hx(z*2) Ngx(zx*2)

2 (hx(z* (y x 2)) Nhx(z+y)) N (gx (@ = (y* 2)) N gx(z *y))

= (hx(z* (y*2)) Ngx (= (y*2))) N (hx(z*y) Ngx(z *y))

= (hxNgx) (* (y *2)) N (hx N gx) (z *y).
Hence Hx NGy is a hesitant fuzzy implicative filter of X. O

The hesitant fuzzy union of hesitant fuzzy implicative filters of a B F-algebra X may not be a
hesitant fuzzy implicative filter of X as the following example.

Example 3.22. Let X = {1,a,b,¢,d} is a BE-algebra with the following Cayley table ([5]):

x[1 a b ¢ d
111 a b ¢ d
all 1 b ¢ d
bl a 1 ¢ ¢
cll 1 b6 1 b
dil1 1 1 11
Let Hx and G x be hesitant fuzzy sets of X defined, respectively, as follows:

Y3 ifx € {].,b}

hx: X — C@([O,l]), I|—>{ "1 ifl'e{aycad}
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and

v ifx e {l,a,c}

gX:X—>32(U),$r—>{72 if 5 € {b,d}

where 71, 72, 73, and 7y, are subsets of [0,1] with 4 C 79 € v3 © 74. It is easy to check that
Hyx and Gx are hesitant fuzzy implicative filters of X. But Hx UGy is not a hesitant fuzzy
implicative filter of X, since

(hx Ugx)(1* (c*d))N(hx Ugx)(1xc) = (hx Ugx)(b) N (hx Ugx)(c)
= (hx(b) U gx (b)) N (hx(c) U gx(c))
=vuNu=7%7%=m%U%
=hx(1xd)Ugx(l*d) = (hxUgx)(1*d).

Let Hx be a hesitant fuzzy set set of a BFE-algebra X. For any a,b € X and k € N, consider
the set

hx[a®b) == {z € X | hx (a* * (bxz)) = hx(1)}

where hy(a* * ) = hx(a* (a* (- * (a* (a*x))--+))) in which a appears k-times. Note that
a,b,1 € hxla*;b] for all a,b € X and k € N.

Proposition 3.23. Let Hx be a hesitant fuzzy set of a BE-algebra X such that the condition
(3.1) and hx(z*y) = hx(z)Uhx(y) for all v,y € X. For any a,b € X and k € N, if v € hx[a*; ],
then y * x € hx[a®;b] for all y € X.

Proof. Assume that x € hx[a®;b]. Then hy(a* * (b* z)) = hx(1), and so

for all y € X by the exchange property of the operation . Hence yxx € hx[a*;b] forally € X. O

Proposition 3.24. For any hesitant fuzzy set Hx of a BFE-algebra X, let a € X satisfy the
following condition a * x = 1 for all v € X. Then hx[a*;b] = X = hx[V*;a] for all b € X and
ke N.
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Proof. For any x € X, we have

hx (a® * (bx x)) ("1 x (ax (bxx)))
x (a1 % (b (axx)))
x (@1 x (bx1))
(1),

and so x € hx[a®;b]. Similarly, x € hx[b*;al. O

X

h
h
h
h

X

Proposition 3.25. Let X be a self distributive BFE-algebra and let Hx be an order-preserving
soft set of X with the property (3.1). If b < ¢ in X, then hx[a*;c] C hx[a*;b] for all a € X and
k e N.

Proof. Let a,b,c, € X be such that b < c. For any k € N, if z € hx[a*; ], then
hx(1) = hx(a* * (c* x)) = hx(c* (a* x )
C hx(b* (a®* x)) = hx(a® * (b x))

by (2.5), Proposition 3.2(i) and (2.4), and so hx(a* * (b* z)) = hx(1). Thus = € hx|[a*;b], which
completes the proof. 0

The following example shows that there exists a hesitant fuzzy set Hx of X, a,b € X and
k € N such that hx|[a*;b] is not a filter of X.

Example 3.26. Let X = {1,a,b,c} is a BE-algebra with the following Cayley table:

x|1 a b c
111 a b ¢
all 1 a a
b1 1 1 «a
cll a a1

Let Hx be a hesitant fuzzy set of X U defined as follows:

. Y2 fx=1
hXX_><@<[O71])7 zH{f}q jfxE{a,b,C}a

where ~; and 7, are subsets of U with 73 C 75. Then it is a hesitant fuzzy set of X. But
hx|c;b] ={x € X|hx(cx(b*xz)) = hx(1)} = {1,a, b} is not an implicative filter, since 1% (a*c) =
a € hxlc;b], 1xa=a € hx|c;b] and 1 xc = c ¢ hx[c;b].

We provide conditions for a set hx[a®;b] to be an implicative filter.

Theorem 3.27. Let Hx be a hesitant fuzzy set of a self distributive B FE-algebra X. If hx is
injective, then hx|[a*;b] is an implicative filter of X for all a,b € X and k € N.
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Proof. Assume that X is a self distributive BFE-algebra and hx is injective. Obviously, 1 €
hx[a*;b]. Let a,b,7,y,2 € X and k € N be such that z * (y * 2) € hx[a*;b] and x * y € hx[a*;b].
Then hx(a® * (bx (z* (y % 2)))) = hx(1) which implies that a* x (b* (z % (y* 2))) = 1 since hy is
injective. Since X is a self distributive B E-algebra, we have
hx(1) = hx(a® * (b* (z * (y * 2))))
= hx(a" ' x (ax (bx (z* (y*2)))))
= hx(a* ' x (ax ((b* (zxy)) * (bx (z % 2)))))

= hx((a" % (b (z %)) * (a" % (b (1% 2))))
hx (1% (a® % (bx (x % 2))))
— hX(ak * (b* (z%2))),

which implies that 2z € hy[a*; b]. Therefore hx[a*; b] is an implicative filter of X for all a,b € X
and k € N. O

Theorem 3.28. Let Hy be a hesitant fuzzy set of a self distributive B-algebra X satisfying the
condition (3.1) and

(Vz,y € X) (hx(z*y) = hx(z) Nhx(y)) . (3.8)
Then hx|a*;b] is an implicative filter of X for all a,b € X and k € N.

Proof. Let a,b € X and k € N. Obviously, 1 € hx[a®;b]. Let z,y, 2z € X be such that z* (y*z2) €
hxla¥;b] and @« y € hx[a®;b]. Then hy (a** (b* (z* (y*2)))) = hx(1), which implies from
(3.8) and (3.1) that
hx(1) = hx(a* % (b* (z % (y x 2))))

= hx(a" " x (ax (b (z* (y*2)))))

=hx(a" " x (ax ((bx (xxy))* (b (z*2)))))
hx((a® * (b (z %)) * (a” * (b* (z % 2))))
hx(a® * (bx (x*y))) N hx(a® * (b* (z % 2)))
= hx(1) N hx(a® x (b* (z * 2)))

Hence x x 2 € hx[a®;b] and therefore hy[a”;b] is an implicative filter of X for all a,b € X and
ke N. 0

X

hx(a
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Abstract. Let X and Y be vector spaces. It is shown that a mapping f : X — ) satisfies the functional

equation
) () o (55 o (5)
=f(@)+ f(y) + f(2) (0.1)

if and only if f: X — ) is a quadratic mapping.
Furthermore, we prove the superstability and the Hyers-Ulam stability for the quadratic functional equation
(0.1) by using a direct method.

Keywords: Hyers-Ulam stability; quadratic functional equation; fixed point method; quadratic functional
inequality; orthogonality space.

1. INTRODUCTION AND PRELIMINARIES

Studying functional equations focusing on their approximate and exact solutions, conduces to one of the
most substantial significant study brunches in functional equations, what we would call “the theory of stability of
functional equations”. This theory specifically analyzes relationships between approximate and exact solutions
of functional equations. Actually a functional equation is considered to be stable, if one can find an exact
solution for any approximate solution of that certain functional equation. Another related and close term in
this area is superstability, which has a similar nature and concept to the stability problem. As a matter of fact,
superstability for a given functional equation occurs when any approximate solution is an exact solution too.
In such this situation the functional equation is called superstable.

In 1940, the most preliminary form of stability problems was proposed by Ulam [40]. He gave a talk and
asked the following: “when and under what conditions does an exact solution of a functional equation near an
approximately solution of that exist?”

In 1941, this question that today is considered as the source of the stability theory, was formulated and solved
by Hyers [14] for the Cauchy’s functional equation in Banach spaces. Then the result of Hyers was generalized
by Aoki [1] for additive mappings and by Rassias [32] for linear mappings by considering an unbounded Cauchy
difference. In 1994, Gavruta [13] provided a further generalization of Rassias’ theorem in which he replaced the
unbounded Cauchy difference by a general control function for the existence of a unique linear mapping. For

more epochal information and various aspects about the stability of functional equations theory, we refer the

92010 Mathematics Subject Classification: 39B52.
*Corresponding authors.
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reader to the monographs [15, 28, 33, 35|, which also include many interesting results concerning the stability
of different functional equations in many various spaces.

Consider the quadratic functional equation

flz+y)+ fle—y) =2f(z) + 2f(y). (1.1)

The function f(z) = ca? is a solution for the quadratic functional equation and obviously every satisfied
function in this equation is said to be a quadratic function. A stability problem for this equation was first
proved by Skof [39] and then was generalized by Cholewa [9], Czerwik [7, 8] and others [2, 4, 30, 31, 33, 34].
Moreover, there are some other different types of quadratic functional equations that their stability problems
have been investigated by many authors. We refer the readers to the papers [3, 5, 6, 10, 11, 12, 16, 17, 18, 19,
20, 21, 22, 23, 24, 25, 26, 27, 29, 36, 37, 38, 41].

This paper is organized as follows: In Section 2, we consider the superstability of the quadratic functional
equation (0.1) and in Sections 3 and 4, we prove two types of stability problems for the quadratic functional

equation (0.1).

2. Superstability of the functional equation (0.1)

To commence proving the superstability of the quadratic functional equation (0.1), we first solve it and then

will give a superstability theorem.

Proposition 2.1. Let X and Y be vector spaces. A mapping f : X — Y satisfies (0.1) if and only if the
mapping [ : X — Y is a quadratic mapping.

Proof. Sufficiency. Assume that f: X — Y satisfies (0.1).
Letting x =y = z = 0 in (0.1), we have 4f(0) = 3f(0). So f(0) =0.
Letting y = z = 0 in (0.1), we get

2 (5) +2/ (-5) = F@), (2.1)

for all z € X, which imply that f(z) = f(—z) for all z € X.
It follows from (2.1) that 4f (%) = f(z) and so f(2z) =4f(x) for all z € X.
Putting z = 0 in (0.1), we see that

1 1
Ff@+y)+ 5 fl@—y) =)+ f(y)
for all z,y € X, which means that f: X — ) is a quadratic mapping.

Necessity. Assume that f: X — Y is quadratic.
By (1.1), one can easily get f(0) =0, f(z) = f(—=z) and f(2z) = 4f(z) for all x € X. So by applying (1.1),

we obtain
f<x+g+z> +f(mfgfz> +f(yf§fz> +f(zf:;fy>
= r(5) 2 (7)) + o (= 5) v 2 (05)
=i (5) +r () H ()
= flx)+ f(y) + f(2)
for all x,y,z € X, which is the functional equation (0.1) and the proof is complete. a
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Theorem 2.2. Let X, be normed spaces with norms || - ||x and || - ||y, respectively. Let ¢ be a nonnegative

real number and ¢ : X — [0,00) be a function with
¢(0,0,0) =0, e(z,y,3x+y) =0
for all x,y € X. Suppose that f : X — Y is a mapping such that

() () w5 s

T

y
<|[f@) - (==Y || +6-o(@.y,2) (2.2)
H ( 2 )Hy

for all z,y,z € X. Then f is a quadratic mapping.

Proof. Putting z =y =z = 0 in (2.2), we get
[£O]],, < lo]|,, + - ¥(0,0,0) = 0.
So f(0) =0.
Replacing x,, z by 0, z, 2 in (2.2), respectively, we obtain
| f(~=) - f(a:)Hy < HoHy +6-0(0,z,2) = 0.

So f(z) = f(—=x) for all z € X.
Replacing z,y and z by x, —3z and 0, and then by 2z, —3z and 3z in (2.2), respectively, we have

[f(z) = f(8z)] + 2f(22) = 0,
2[f(z) — f(32)] + f(4z) = 0,
which result that f(2z) = 4f(x) and f(3z) = 9f(x) for all z € X.

Letting = v —u,y = 2u—v and z = 2v —w and then x = u+ v,y = —3v and z = 3u in (2.2), respectively,

we get the equalities

~
S

<

I

<
_|_
~
S

<

I
£

I

f(uw) + f(v) + f(2u — 2v),
FBu) + f(3v) — f(2u + 2v).

~
—~
[\
<
|
<
+
~
—~
[\
<
|
S
N
|

Thus
fw) + f(v) +4f(u—v) = 9f(u) + 9f(v) —4f(u+v),
which is simplified to
flut o)+ flu—v)=2f(u) +2f(v)
for all u,v € X. So f is quadratic. d
Theorem 2.2 covers several other cases for ¢ : X* — [0,00). For example, we can define ¢ satisfying the

mentioned conditions with ¢(x,y, z) := |ly|lx — |3z — z||x or ¢(z,y, z) := |3z +y — z||x. In addition, to make

a simpler result, one can put § = 0.

3. Hyers-Ulam stability of the functional equation (0.1): Type A

In this section, we prove the Hyers-Ulam stability of the quadratic functional equation (0.1). We will suppose

that X is a normed space and ) is a complete normed space with norms || - ||x and | - ||y, respectively.

546 Farhadabadi et al 544-552



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

S. Farhadabadi, J. Lee, C. Park
Theorem 3.1. Let ¢ : X3 — [0,00) be a function with ¢(0,0,0) = 0 and the following condition holds:
‘ lzllx < ll2’llx,  or o
Zf ||yHX < Hy,H-Xv or - @(%ya Z) < (p(.’IZ Y,z ) (31)
lzllx < [I2']]x,

for all x,y,z,2',y', 2" € X. Denote by ¢ a function such that

2n z
o(x,y, 2 22 (2n o 2n> < 00 (3.2)

for all x,y,z € X. Suppose that f : X — Y is an even mapping satisfying
z—x—
|- (==)]
y

bR A=) () 0]
+  o(r,y,2) (3.3)

for all x,y,z € X. Then there exists a unique quadratic mapping Q : X — Y such that
17@) — 2@, < 26(z. 2, 2) (3.4)
forallz € X.
Proof. Letting z =y =2z =0 in (3.3), we get
5l < o]+ ¢(0.0.0) = .

So f(0)=0
Replacing z,y, z by =, z,4z and z,0, 3z in (3.3), respectively, and then using (3.1), we obtain
|f(B32) +2f(22) = f(z) - f(da)||,, < ¢(z,2,42) < p(4z, 4a, 42),
[2f(22) + f(x) — £ (3)|| ¢(x,0,3z) < p(4x, 4z, 4z)

A

y =

for all z € X. These inequalities give
[47(22) = f(d2)||,, < ||fBe) +2f(22) — f(z) — f4a)||, + [|2/(22) + f(2) - f(B)||,, < 2¢(4e, 4z, 42).

Thus

s (3) - f(w)Hy < 2(z,2,2) (3.5)

for all z € X. Using the induction method, we show that

n—1

n X 2s+1 r Tr x

amf(E) - <N 2 rrz .
s (5) f(@Hy_Z_; (35 %) (3.6)
for all n > 1 and all z € X. The case n = 1 is the inequality (3.5). For the case n + 1, by (3.5) and (3.6), we
1/x T
() -1 (?)H () - f@)Hy

n x 2s+1 x l' z 2s+1 o ij £
! 2‘p(2n’2n’2n) 22 ( ) ZZ ( 25)

for all x € X, which ends the induction method.

have

s (52) - s,

IA

IA

Assume that m, [ are positive integers with m > I. From (3.6), it follows that

m—1
s ) -0 ), = s e () 1 G, = 5 G 5
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for all z € X, in which by (3.2) the right-hand side tends to zero as m,l — oco. This clarifies that the sequence
{4nf (217) } is Cauchy in the complete space ) and therefore convergent in it. So we can define for all x € X,
the mapping Q : X — ) by
O(z) := lim 4"f (3) .
n— oo 2n
Now passing the limit n — oo in (3.6) and then using (3.2), we obtain (3.4).
To end the proof, we show that Q is a unique quadratic mapping. It follows from (3.3) that

‘Q(x+y+z)+Q(m—y—z>+Q<y—m—z)_Q(y)_Q(Z) )

2 2 2

ol (Yt y—=2 w)_ (i)_ (i)H

= Jim |7 (55 )+f( s )+ (e) 1 () - (&),
. n i " x Y i

) kN sy

< Jim s (52) — 00 (S5 ) |+ im e (550 50)

for all z,y,z € X, in which by (3.2), the second term of the right-hand side tends to zero as n — oo, and
therefore we obtain
rTty+z rT—y—z —Tr—=z
o(Z2422) +o(z42) +(52) -aw -

zZ—T—Yy
< _ v g
; < e -eo(==1)],
for all z,y,z € X. Now by applying Theorem 2.2 (with § = 0), we conclude that Q is a quadratic mapping.

Let Q' : X — Y be another quadratic mapping satisfying (3.4). Then we have

le@) - 2@, o(5) - ()], (2) -1 ()],
2 2¢<2n ;l ;»)4;225H (2n ;l ;)

for all z € X. By (3.2), the right-hand side tends to zero as n — oo, and thus Q(z) = Q'(z) for all z € X.

IA

471

IN

This means the uniqueness of Q : X — ) and so the proof is complete. a

Theorem 3.2. Let ¢ : X% — [0,00) be a function satisfying ©(0,0,0) = 0 and (3.1). Denote by ¢ a function
such that

o(x,y, 2 Z 5am P ", 2"y, 2"2’) < 00 (3.7)

for all z,y,z € X. Suppose that f : X — Y is an even mapping satisfying (3.3). Then there exists a unique
quadratic mapping Q : X — Y satisfying (3.4).

Proof. As in the proof of Theorem 3.1, we can first get the inequality (3.5), and then by replacing x by 2z in
(3.5), we obtain

1
|30 - @) < 50 @o20,20)
4 )
for all z € X.
Using the induction method, we get
L oon Sl e s o
|7 - 10, < X e erazara (39

forallm>1and all z € X.
Now by the same method which was done in the proof of Theorem 3.1, we have the Cauchy sequence
{ﬁf@"w)}, and then the mapping Q : X — ) defined by

Q) = Tim L f(2"r)

n—o0

for all x € X.
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And finally we can conclude the inequality (3.4) by (3.7) and (3.8).
The rest of the proof is similar to the proof of Theorem 3.1. O

Corollary 3.3. Let § be a nonnegative real number and p1, p2, p3 be positive real numbers such that p1,p2, ps > 2

or pi,p2,p3 < 2. Let f: X — Y be an even mapping satisfying
rT+y+z r—y—z —r—z
() v s (=) + s () - ) - 1)
z—x—
< Hf(x) ()|, + o + iz +1ei)

for all z,y,z € X. Then there exists a unique quadratic mapping Q: X — Y such that

/() — y,zyzp —gp Ol

’ v

forallz e X.

Proof. Defining o(z,y,z) = 5(”:5”’;'\} + [lyl|5? + Hz||§j') and applying Theorem 3.1 for the case p1,p2,ps > 2,
and Theorem 3.2 for the case p1,p2,ps < 2, we get the desired results. O

Corollary 3.4. Let§ be a nonnegative real number and p1, p2, ps be positive real numbers such that p1+p2+ps #

2. Let f: X — Y be an even mapping satisfying

PR 4 () () - rw) - 5

< @ - (F=5=2)||, + otz - wwiz - =1z)

for all x,y,z € X. Then there exists a unique quadratic mapping Q : X — Y such that

| £(z) - Q)|

’ Y

2p1+P2+P3+1
||m||p1+p2+p3
y = |2p1+p2+p3 — 4| X

forallz e X.

Proof. Defining ¢(z,y,2) = 5(||3:||‘;(1 lylBE - ||z|\’;’) and applying Theorem 3.1 for the case p1 + p2 + p3 > 2,
and Theorem 3.2 for the case p1 + p2 + p3 < 2, we get the desired results. O

4. Hyers-Ulam stability of the functional equation (0.1): Type B

In this section, we bring another type of stability theorems for the quadratic functional equation (0.1) which
is more prevalent in considering stability problems rather than the given type in the previous section.

First of all, for convenience, we define for a given mapping f : X — ), the difference operator:
T+y+z rT—y—=z —Tr—z Z—x—
Df(x’y’z)::f< 3 >+f( 3 >+f(y 2 )+f< 2 y)
= flx) = fly) = f(2)

for all z,y,z € X.

Theorem 4.1. Let ¢ : X% — [0,00) be a function satisfying ©(0,0,0) = 0 and (3.1). Denote by ¢ a function
such that

n TL 2’”
o(z,y, 2 Z yThe ( ’37’2) < 00 (4.1)
for all z,y,z € X. Suppose that f : X — Y is an even mapping satisfying
[Df(@,y, )], < ol@y.2) (4.2)
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for all z,y,z € X. Then there exists a unique quadratic mapping Q : X — ) such that
[£(z) = Q@)||,, < d(x,,) (4.3)
forallz e X.
Proof. Letting z =y =2z =0 in (4.2), we get f(0) =0
Replacing z,y, z by 0,z, 3z and then by 2z, 2x, 2z in (4.2), respectively, we obtain
HQf(QJ:) + f(z) — f(3x)||y < p(0,z,3z) < cp(?)x 3z, 3z),
1
|£(20) - (@) - 5630
y

5
Adding the above inequalities, we conclude that H3f(2x) -2 (31:)” < 3¢(3,3,3x) and therefore

|37 G=) - 1@ < etz

IN

—(2z,2z,2z) < —p(3z, 3z, 3x).

for all x € X.

By the induction method, we can show that
9n 2')1 S 25
|7+ (=) -1, 245 (=5 52) (4.9

Now similar to the method in the proof of Theorem 3.1, we have the Cauchy sequence {2—:]‘ (g—:x) }, and
then the mapping Q : X — ) defined by

forallz € X.

for all x € X. This definition and the inequality (4.4) lead us to the inequality (4.3).
It follows from (4.1) and (4. 2) that
Hence DQ(zx,y,z) =0 for all z,y,z € X. Now Proposmon 2.1 signifies that Q is a quadratic mapping.

The proof of the uniqueness of Q is similar to the proof of Theorem 3.1. a

Theorem 4.2. Let ¢ : X% — [0,00) be a function satisfying ©(0,0,0) = 0 and (3.1). Denote by ¢ a function

such that
n 37’L
T, Y,z Z 9” (7 y7 2725) <

for all z,y,z € X. Suppose that f : X — Y is an even mapping satisfying (4.2). Then there exists a unique
quadratic mapping Q : X — Y satisfying (4.3).

Proof. The proof is similar to the proof of the previous theorem and thus we omit it. a

Corollary 4.3. Let § be a nonnegative real number and p1, p2, p3 be positive real numbers such that p1,p2, ps > 2
or p1,p2,p3 < 2. Let f : X — Y be an even mapping satisfying
D (e, y,2)|],, < 6ClzlR + IylEe + l1211%)

for all z,y,z € X. Then there exists a unique quadmtic mapping Q : X — Y such that

Hf(ac) - y = Z |2P7 3Pz

Sflxll%

forallz e X.
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Proof. Defining ¢(z,y,2) = § (H:BHI:\} + |lyl|% + ||2H§§) and applying Theorem 4.1 for the case p1,p2,p3 > 2,
and Theorem 4.2 for the case p1,p2,p3 < 2, we get the desired results. O

Corollary 4.4. Let 0 be a nonnegative real number and p1, p2, ps be positive real numbers such that p1+p2+ps #

2. Let f: X — Y be an even mapping satisfying
D (@, y,2)||,, < 6CalB - Iyl - 11=15)

for all x,y,z € X. Then there exists a unique quadratic mapping Q : X — Y such that

[f(@) - Q@)]|,, <

op1+p2tp3—2

0||$||p1+112+1)3
opP1+p2+P3 _ 3pr1+p2+p3 X
9 4

forallz e X.

Proof. Defining ¢(x,y,2) = § (||ﬂc||‘)’(1 yll5E - Hz||§f) and applying Theorem 4.1 for the case p1 + p2 + ps > 2,
and Theorem 4.2 for the case p1 + p2 + ps < 2, we get the desired results. a

This paper is just a start for the quadratic functional equation (0.1). Actually this functional equation and
its stability problems can be studied more in various mathematical structures and spaces. Such this studied
approach can cause to have a deeper description of this equation’s unknown properties which will probably be

more interesting and remarkable.
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Abstract

In this paper, we present three preconditioned generalized mixed-type
splitting (GMTS) methods for solving the weighted linear least square
problem. We compare the spectral radii of the iteration matrices of
the preconditioned and the original methods. The comparison results
show that the preconditioned GMTS methods converge faster than the
GMTS method whenever the GMTS method is convergent. Finally, we
give two numerical examples to confirm our theoretical results.

Keywords: Preconditioning, GMTS method, linear system, convergence, com-
parison.

2000 AMS Classification: 65F10.

1. Introduction

We consider the following weighted least squares problem
(1.1)  min (Az —b)" W' (Az —b),
TER"
where A € R™*™ is nonsigular, b € R", W € R"*" is a symmetric positive definite
matrix, see [1,4,9].
In order to solve it, one has to solve a nonsingular linear system as

(12)  Hy=f,

where

(1.3) H=ATw'A= ( I

is an invertible matrix with
B = (bij)ynp> C=(Cij)yugr L =ij)ynp U= (Wij)puy-

p+qg=nand f = ATW=1b € R", see [1,4].
Throughout the paper, we consider the following decomposition for the matrix
H,
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H =D —L—U, in which

(1.4) D(é (}), ﬁ(O_L 8) U<§’ (;U).

In [1], authors established a generalized AOR(GAOR) method to solve systems of
linear equations (1.2). In paper [2, 3] , authors studied the preconditioned GAOR
methods. In [4], authors presented a generalized mixed-type splitting (GMTS)
iterative method which is generalized GAOR method. And they studied the pre-
conditioned generalized mixed-type splitting iterative methods to solve (1.2). They
showed that the preconditioned GMTS methods converge faster than the GMTS
method, whenever the GMTS method is convergent.

In this paper, we propose three new preconditioners and give the comparison
theorems between the preconditioned and original methods. These results show
that the preconditioned GMTS methods converge faster than the GMTS method
whenever the GMTS method is convergent. And we prove that in the case that the
GMTS method is convergent, using the third preconditioned GMTS method leads
to the better convergence rate than the first and the second preconditioned GMTS
methods. In Section 4, we give two examples to confirm our theoretical results.
And we know that the preconditioned GMTS methods with preconditioners in this
paper have the better converge rate than the preconditioned GMTS method with
preconditioner P*.

2. Preliminaries

2.1 Definition [5] A € R"*" is called a Z-matrix if a;; < 0 for i,j =
1,2,...n (i # ).
2.2 Definition [5] Let A be a Z-matrix with positive diagonal elements. Then
the matrix A is called an M-matrix if A is nonsingular and A= > 0.
2.3 Definition [6] The splitting A = M — N is called
(1) a regular splitting of A if M~ >0 and N > 0;
(2) a nonnegative splitting of A if M=t >0, M~IN >0 and NM~! > 0;
(3) a weak nonnegative splitting of A if M~ > 0 and either M~*N > 0 (the
first type) or NM~1 > 0 (the second type);
(4) a convergent splitting of A if p(M~1N) < 1.

2.1. Lemma. [4] Let A be a Z-matriz. Moreover, suppose that A= M — N is a
weak nonnegative splitting of the first type. Then p(M~*N) < 1 if and only if A
is an M-matriz.

2.2. Lemma. [7] Let A= M — N be a regular splitting of A. Then p(M~1N) < 1
if and only if A is nonsingular and A~ is nonnegative.

2.3. Lemma. [8] Let matriz A = (aij)nxn be given such that
(1) a;; <0 fori,j=1,2,....,n (i #j),
(2) A is nonsingular,
(3) A=t >o0.
Then,
(1) ay; >0 fori=1,2,...,n, i.e., A is an M-matriz,
(2) p(B) <1 where B=1— D7'A, where D = diag{ai1, ..., ann}-
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2.4. Lemma. [6] Let A = M1 —N; = My— Ny be two convergent weak nonnegative
splittings of A, where A=Y >0, if M;' > My " then p(M7*Ny) < p(My ' Ny).

3. Comparison results

Consider the linear system (1.2), the generalized mixed-type splitting (GMTS)
iterative method is given as follows:
(31) (D+Dy+ Ly — Lyy**Y = (D) + Ly + U)y™ + f

where D, L and U are defined by (1.4), and D; is an auxiliary nonnegative block
diagonal matrix, L; is an auxiliary strictly nonnegative block lower triangular
matrix such that 0 < D; < D and 0 < Ly < L. Evidently, the iteration matrix of
the GMTS iterative method is given as follow:

T=(D+Dy+ L, — L)Y (D, + L + 0).

In this paper, we propose the new preconditioners as follows,

« [ I+5 0 C_
(3.2) Pi_<0 I+Vi>’ 1=1,2,3
where

0 0 0 0 0 b1 bip—1 bip
ba1 0 0 0 0 0 0 0

S = : LS =| : :
bp—11 O 0 0 0 0 0 0
bp1 0 0 0 0 0 0 0
0 b2 bip—1 bip
ba1 0 0 0

Ss=[: o
bp—11 O 0 0
bp1 0 0 0
0 0 0 0 0 Cl2 -+ Ci,49-1 Ciq
C21 0 0 0 0 0 0 0

Vi=1] SRR P R I : )
cg-11 0 -~ 0 0 0 0 0 0
Cql 0O --- 00 0 0 0 0
0 C12 - Clg-1 Cig
C21 0 - 0 0

Va=1: : L :
Cq—1,1 0 - 0 0
Cq1 0 - 0 0

Then PH can be expressed by

. (I-B U
rn=(g % o)

where Bf = B— S;(I—B), Ct =C—V,(I-C), L* = (I+V;)L, U} = (I + S;)U.
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Let us consider the corresponding splitting for the preconditioned GMTS method,
that is the generalized mixed-type splitting for the H; = PH = M; — N;, where

My=Df+Dy+L—L*, Ny=Dy+L,+U?

7

e (T 0N . (0 O\ A~ (B U\ ._
D1<O 1)7L1<_L;« O>7Uz<0 C* )72132a37

D is an auxiliary nonnegative block diagonal matrix with 0 < D, < ﬁj‘ , Ly is an

and

auxiliary strictly nonnegative block lower triangular matrix with 0 < L; < ﬁ;‘
The iteration matrix of the preconditioned GMTS method is

Tf = (D} + Dy + Ly — L)) "YDy + L, + U}).

3.1. Lemma. [4] Assume that L < 0,U < 0,B > 0,C > 0 and H in (1.2) is
irreducible. If Dy is nonsingular, then the iteration matrix of the GMTS method
is irreducible.

3.2. Lemma. [4] Assume that L < 0,U <0,B > 0,C > 0, then the corresponding
splitting of GMTS method is a reqular splitting for the matriz H.

Similar to the proof of Lemma 3.2, we can prove the following lemma.

3.3. Lemma. Assume that L < 0,U < 0,B > 0,C > 0, then the corresponding
splitting of PGMTS method is a regular splitting for the matriz PYH (i =1,2,3).

3.4. Theorem. Let H be an M-matriz, then PYH (i =1,2,3) is an M-matriz.

Proof. Consider the following splitting for H, H =M — Ny,
where My = (Py)~' , Ny = (Py)~Y(L* + U*),

Tx _ 0 0 TR Bf _Uik
andL( L O>’U<O cr )

We can see that M IN, = L*+U* and M1 > 0. ThenH = M; — N; is a weak
nonnegative splitting of the first type. By the assumption H is an M-matrix, hence
Lemma 2.1 implies that p(M; *N;) < 1. Let us assume that PyH = I — L* — U*,
using the fact that p(L* + U*) = p(M; *N;) < 1, by Lemma 2.2 and Lemma 2.3,
it is easy to know that P"H is an M-matrix. The similar results can be gotten
when i = 2, 3. |

Now, we will show that in the case that the GMTS method converges, the
preconditioned GMTS methods converge faster.

3.5. Theorem. Let T' and T} be the iteration matrices of the GMTS and the
preconditioned GMTS methods, respectively, assume that the matriz H is irre-
ducible, L§0U§08200200§D1§D 0<D1<D{,O<L1<L
0<L; < IAJ"l‘,bi,l > 0,¢j1 > 0, for some i € {2,3,....p},j € {2,3,...,q¢}. If
p(T) < 1,Dy < Dy and Ly < Ly, then p(T}) < p(T).

Proof. As the matrix H is irreducible, so the P;H is irreducible. And by Lemma
3.1, we know that 7" and 17} are irreducible. Consider the GMTS sphttlng for the
matrix H = M — N, where M = D—I—D1+L1 LN D1+L1+U
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Obviously, H = M—N is a regular splitting, and by the assumption p(M~1N) <
1, we can get that H is an M-matrix. From Theorem 3.4, we know that P/ H is
also an M-matrix. Thus, from Lemma 3.3, we know that H; = M; — N is a regular
splitting. Therefore, as H is an M-matrix, we can get p(Ty) = p(M; ' N;) < 1.

Now, we define the following splitting for the matrix H, H = M; — Ny, in
which Ml* = (I—Fgl)_lMl, Nl* = (I+ gl)_lNl and

- (S 0
s-(50).

Consider the iteration matrix of the GMTS method 7' = M !N, it is easy to see

that
. Dy, — Df, 0
M — M, = :
! <L21+L—L§1—L’{ Dyy — D,

/Dy 0 (D O .
D1_<0 D22>§D’D1_<0 ps, ) =P

0 0 - = 0 0 A
= < = <
L1 ( L21 0 ) S L and L1 ( L;1 0 ) < Ll.

It is known that L} = (I + V1)L, hence L} — L = VlL < O
By computations, we know that M; < M, so M, 1'> M~!. Consequently,

M~'< Mt < M+ S)) = (M)

where

From Lemma 2.4, we deduce that
p(My ' N1) = p((M7)™'NY) < p(M™'N),
so p(T7) < p(T). O
Similar to the proof of Theorem 3.5, we can get the following two theorems.

3.6. Theorem. Let T and Ty be the iteration matrices of the GMTS and the
preconditioned GMTS methods, respectively. Assume that the matrix H is irre-
ducible, L<0U<OB>OC>00<D2<[) 0< Dy <D3;0<Ly <L,
0 < Ly < L2,blZ > 0,c15 > 0, for some i € {2,3,...,p},j € {2,3,....q}. If
p(T) < 1,D3 < Dy and Ly < Lo, then p(T3) < p(T).

3.7. Theorem. Let T and T3 be the iteration matrices of the GMTS and the pre-
conditioned GMTS methods, respectively. Assume that the matriz H is irreducible,
L<0,U<0,B>0,C>0,0<Ds<D, O<D3<D3 0<L3;<L,0<Ls<
L3, bi1>0,¢51>0,b1; >0,c1; >0, for someie{2,3,..,p},7 €{2,3,....,¢}. If
p(T) < 1,D3 < D3 and L3 < L3, then p(T5) < p(T).

Now, we prove that in the case that the GMTS method is convergent, using the
third preconditioned GMTS method leads to the better convergence rate than the
first and the second preconditioned GMTS methods.

v

3.8. Theorem. Suppose that the matrix H is irreducible, L < 0,U < 0,B
0,C > 0, bi,l > O,Cj71 > O,bl,i > 0,617]‘ > 0, for some 1 € {2,3,...,p},j S
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{2,3,...,q}, the auziliary block diagonal matrices are chosen as «;I and the auz-
liary block lower triangular matrices as B; L} fori=1,3, 0 < a3 <a; <1,0<
p1 < B3 < 1. Then p(T5) < p(I7) if p(T) < 1.
Proof. By the assumption p(T') < 1, and according the Lemma 2.1, H is an M-
matrix. Assume that PH = M, — N;,¢ = 1,3 where
M= (1rPu 0 & ( Br+Dih U
’ Loy + Ly I+Ds )° ' Ly, Ci+Dy )7
and Ly, = —B;LF, DY, = a;1,, Dby = a1, for i =1, 3.
Now, we define the following splitting for the matrix H, i.e. H = M; — N;(i =
1,3) such that M; = (I + Si)ilMi and N; = (I + Si)ilNi,
= S; 0
where S; = < 0 v >
Since

Ly = Ly = =LY+ BsLf > fiLf — B} = —fi(L] - L),

S0
Ly — L3, + Ly — Ly > (1— B1)(L; — L3),
then ) s
- DY —D 0
M. — M. — 11 11 . . >
! ° Ly — L3, + Lf — Ly D3y — D3,
(051 — Oég)lp 0

N\ (=B —L3) (o —a3)ly )’
as Lt — L5 = (V4 — V)L > 0, then M; > Ms.
Notice that M;* >0, M; " > 0, hence M; ' < M; ! and
M7 = MY+ 8))

=M+ MS,

< Myt 4+ M;H(S) — S3) + M 1S3

< My '+ M;'S;

= My (I+S;3)=M;".
Since H is an M-matrix, Lemma 2.4 implies that

p(My ' N3) < p(M; " Ny).

According Mi_lNi = ]\Z_lj\Nfi for i = 1,3, we can conclude that

p(T3) < p(T7).

Similar to the proof of Theorem 3.8, we can get the following theorem.

3.9. Theorem. Suppose that the matrix H is irreducible, L < 0,U < 0,B >
0,C > 0, bi,l > O,Cj71 > O,bl)i > O,CL]‘ > 0, for some i € {2,3,...,p},j S
{2,3,...,q}, the auxiliary block diagonal matrices are chosen as a;I and the auz-
iliary block lower triangular matrices as B; L} for1=2,3, 0 < az <ap <1,0 <
By < By < 1. Then p(T3) < p(T5) if p(T) < 1.
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4. Examples
4.1 Example Consider

I-B U
H(L I—C)’

where B = (bij)pxp,C' = (Cij)(n_p)x(n_p) , L= (lij)(n_p)xp and U = (Uij)px(n_p)
with
1

=12
b’LZ 10X(’L+1), ? 5 &y » Dy

1 1
bi'zi_fv i < ., ‘:]—723"'7 _17 .:23"'7 )
1730 30x54+i ! b J b
b L L ;> 5, 1 =2 ) =1,2 1
] — on . - T ? ) 1= 4, ,D, = L4, P4
1780 30x(i—j+1)+i J bJ p

1

T TN L 1\ b:1727"'7 )
T 0% (privl) " nop

L L < 7,1 =1,2 1, 9=2
Cij = 5~— . 7y 0 , t=1,2,---,n—p—1, =z,-,n—p,
1730 30x (i) +pri Y p=5J P

1 1
] — oA 3 s ‘a.>'7‘:27"'; _7b:172a"'a __17
T30 B30x(i—j+D)+pri ! P np
l L L 1,2 ) =1,2
ij — . . Lo =14, ,N—D, =L, 4, D,
I 30x (ptri—j+1)+p+i 30 bJ b

1 1

Uig i:1727"'ap7j:1,27"'7n_p'

- 30x (p+4)+i 30
In the experiments, the auxiliary matrices are chosen such that
1 — 1 — ~
Dy = 0.5(——1)I, Dy = 0.5(——1)I, Ly = 0.5(1— 1) L;, T, = 0.5(1— 1)L
w w w w
From Table 1, we see that these results accord with Theorems 3.5 - 3.9.

Table 1. The spectral radii of the GMTS and preconditioned GMTS
iteration matrices

n|w | r | p| p@ | pT) | p(T5) | p(13)
10 0.9 [ 08| 5 | 0.2352 | 0.2156 | 0.2140 | 0.2048
20 0.8 0.6 5 | 0.5736 | 0.5609 | 0.5605 | 0.5568
20 [ 0.8 [ 0.6 | 10 | 0.5551 | 0.5413 | 0.5404 | 0.5334
25 0.8 ]0.6| 8 | 0.7164 | 0.7074 | 0.7070 | 0.7033
30 [ 0.9 0.7 | 10 | 0.8680 | 0.8635 | 0.8633 | 0.8613
30 [0.9]0.7 | 20 | 0.8676 | 0.8630 | 0.8627 | 0.8605

In [4], the authors considered the following preconditioner

. [ I+S 0
(4.1) P‘(o I+V>’
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where
0 0 --- 00
S = : 7
0 0 0 0
bt g 0 0
0 0 0 0
0 0 0 0
V= :
0 0 0 0
a1 0 0

Table 2. The spectral radii of the preconditioned GMTS iteration matrices

n|w | r|pla=p]pT) | py) | pI3) | p(T3)
1009085 | 3 |023350.2156 | 0.2140 | 0.2048
200806 5| 2 |0.57290.5609 | 0.5605 | 0.5568
200806 |10 2 |0.5542 | 0.5413 | 0.5404 | 0.5334
250806 8 | 3 |0.7161 | 0.7074 | 0.7070 | 0.7033
301090710 2 |0.8678 | 0.8635 | 0.8633 | 0.8613
30090720 2 |0.8673 | 0.8630 | 0.8627 | 0.8605

Here, T* is the GMTS iteration matrix for solving P*Hy = P*f.

From Table 2, we see that the preconditioned GMTS methods with precondi-
tioners in this paper have better converge rates than the preconditioned GMTS
method with preconditioner P*.

4.2 Example The coefficient matrix H in Equation (1.2) is given by

I-B U
HZ(L I—C)’

where
by 1+ 0 0
R cn o3 0
B:41417C:10i7
0 7 0 g t 1
i 030 v
_1
o0 ot Y1 g
L=|0 0 -1 0 , U= 47
0o -0 o0 0 9 =
-1 0 o

Table 3 displays the spectral radii of the corresponding iteration matrices with
w = 0.9,7 = 0.8 and different values of b1; and c1;.

From Table 3, we can see that p(T}") < p(T) for i = 1,2,3 and p(T3) < p(T})
for i = 1,2 when p(T') < 1. These numerical results are in accordance with the
theoretical results given in Theorems 3.5- 3.9.
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Table 3. The spectral radii of the GMTS and preconditioned GMTS
iteration matrices

bis e | p(T) | p(I7) | p(T5) | p(T%)
0 | 0 |0.6804 | 0.6303 | 0.6381 | 0.6140
0 | 0.3]0.7657 | 0.7253 | 0.7323 | 0.7071
0.2 | 0.2 ] 0.7614 | 0.7186 | 0.7265 | 0.6987
0.2 | 0.5 | 0.8860 | 0.8677 | 0.8713 | 0.8596
0.5 | 0.5 | 0.9553 | 0.9483 | 0.9499 | 0.9453

5. Conclusion

In this paper, we propose three new preconditioners and give comparison the-
orems between the preconditioned and original methods. These results show that
the preconditioned GMTS methods converge faster than the GMTS method when-
ever the GMTS method is convergent. Finally, we give two examples to confirm
our theoretical results.
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A Linear Adaptive time-stepping Method for Solving Vibration
Problems with Damping Terms

Jianguo Huang ! and Huashan Sheng

School of Mathematical Sciences, and MOE-LSC, Shanghai Jiao Tong University
Shanghai 200240, China

Abstract

A linear adaptive time-stepping method is devised for linear or nonlinear damping
vibration analysis, which has wide applications in civil engineering. In the time di-
rection, the underlying problem is discretized by a linear C°-continuous discontinuous
Galerkin method combined with the technique of linearization. By means of the energy
method, some optimal a posteriori error estimates are established for linear vibration
problems. Motivated by these estimates, we design an adaptive time-stepping strategy
for actual computation. Numerical results are performed to illustrate the efficiency of
the adaptive method.

Keywords. Time-stepping method, Vibration, Damping, A posteriori error analysis,
Adaptive algorithm

1 Introduction

This paper aims to design and analyze an adaptive time-stepping method for solving
the following problem:
For any real number 7' > 0, find u : [0,7] — R? (with d the spatial dimension) such
that
{ Mu"(t) + F(t,u(t),u'(t)) =0, 0<t<T, an

u(0) =ug, u'(0) = vy,

where (-)" and ()" denote respectively the first and second order derivatives in time; M is
a given (d x d) matrix and F is a given vector-valued function from [0,7] x R? x R? into
R?: ug and vy are two given vectors in RA.

The above problem is frequently encountered in structure analysis of dynamical transient
response (cf. [5]). Concretely speaking, the mathematical models for structure analysis are
described by a system of second-order linear/nonlinear evolution equations, which give rise
to the problem (1.1), after spatial discretization by finite element methods, finite difference
methods or spectral methods (cf. [2,9,11,16,17,21,22]).

When the vector-valued function F is linear with respect to u and u’, there are various
numerical methods for solving the problem (1.1). The most widely used may be classified as
modal superposition (cf. [6,14]) and direct-time integration methods including the Runge-
Kutta, central difference, Houbolt, Newmark-8 and Wilson-6 methods (see [11] and the
references therein for details). The space-time finite element method (cf. [7,12,13]) is
another widely developed approach for solving second order time evolution equations. One
typical way is using the time-discontinuous Galerkin (TDG) method (cf. [7,15]) in the time
direction for the displacement and velocity fields together, but it has the disadvantage that
an ill-conditioned (4 x 4) block system must be solved at each time step, which is time
consuming. To overcome this difficulty, some linear C%-continuous time-stepping methods
were used in [18], where only the primal variables are involved and only a (1x1) block system

!Corresponding author. E-mail address: jghuang@sjtu.edu.cn. The work of this author was partly
supported by NSFC (Grant no. 11571237).
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should be solved at each time step. Moreover, an adaptive method was proposed in [18]
for solving second order abstract evolution equations, where the optimal a posteriori error
estimates are established, which, in conjunction with the error equidistribution strategy and
some ideas implied in the Runge-Kutta-Felberg method, leads to an adaptive time-stepping
method.

In this paper, we intend to use some ideas in [18] to develop an adaptive time-stepping
method for solving the problem (1.1). In the time direction, the problem (1.1) is discretized
by a linear C%-continuous discontinuous Galerkin method combined with the technique of
linearization (including three linearization methods). Then, by means of the energy method,
some optimal a posteriori error estimates are established for linear vibration problems via
some ideas in [18]. It deserves to emphasize that the mathematical argument developed
here is greatly simplified by using the Lagrange basis functions instead of the Legendre
polynomials. Motivated by these estimates, we construct a posteriori error estimates for
nonlinear problems, based on which we design an adaptive time-stepping strategy for actual
computation. Numerical results are performed to illustrate the efficiency of the adaptive
method.

The rest of this paper is organized as follows. In Section 2, we present a time-stepping
finite element method for the problem (1.1), and the detailed implementation of the previous
method is also developed for actual computation. In Section 3, a posteriori error analysis
is established in detail for linear vibration problems. In Section 4, we propose an adaptive
algorithm based on some a posteriori error estimates. A series of numerical results are
performed in the final section.

2 A linear time-stepping finite element method

2.1 The formulation of a linear time-stepping finite element method

Throughout this paper, we assume that Problem (1.1) has a unique solution and the
matrix M is symmetric positive definite. We use a standard time-stepping method to
discretize Problem (1.1) (cf. [10,18,19]). To this end, we first partition the time interval
I :=(0,T) with the nodes

O=tg<t1 <---<ty=T,

to get the following subintervals:
Jn:(tn—latn}a kp=tp, —th—1, 1<n<N.
Define
1 .
V) = {V I =R veod), vig,t) = thwj, w; €R% 1<n< N},
§=0

2
Wo = {V:I—>Rd; v e YD), v|j,(t) :thwj, W eR? 1 SnSN},
§=0

q
Hq:{VZI—)LQ(I); v]Jn(t):thwj, w; € R lgngN}, gq=0,1.
=0

Let Vi(J,) and Wh(J,,) be the restrictions of V; and Wy to J,,, respectively. Similarly,
denote by H4(Jy,) the restriction of H, to J,. Thus, our time-stepping method for (1.1) is
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to find U € V; such that

/ (U”, W)y + (F(t, U, U"), w'))dt+ <U1*1 -t v‘v’};1>M =0,

n (2.1)
U =uy, UY =y, weVi(J,), 1<n<N,
where
(a,b) :=bTa, (a,b)a:=bTAa, abeR? AcR¥ (2.2)
wili= lim w(t,_1£s), w'li=w(t,_1).
s—0t

2.2 Implementation of the time-stepping method
Since U € Vy, we have by a direct manipulation that, for any t € J,,
Uit)=U"'+(t—-t,_)U", U@=U", U'{t)=0. (2.3)

To implement the method (2.1) in actual computation, we require to linearize the nonlinear
function F(t, U, U’) with respect to U. As shown in Figure 1, for a given function g(t), its
linearization over J, are usually the interpolants given by

Zrg(t) = g(tn-1) + (t = tn-1)g (tn1) or Zrg(t) =g(tn-1)+ (t —tn-1)g'(tn), tE Jn.

g g() : g g()
Lg ; g

{ ==

: /——’>

Lo ; Lot

tn—! Jrv tq [”4 ‘]H tu

(a) Ir (b) Zr
Figure 1: Diagrams of the (local) interpolate operators Z;, and Zg.

Note that the function F = F(t, U, U’) is discontinuous at the interior node t,. Re-
calling the expression (2.3), we have by the direct computation that the right limit of F at
t =t,_1 can be expressed as

Fi = F(t, 1, UL UL = F(ty, UM, UL), (24)

Using the chain rule for differentiation and (2.3), we find that, at t = ¢,, the left limit of
the full derivative of F(t, U, U’) with respect to ¢ is given as follows:

i :%f(tn,un,ﬁw + STFJ@”,U“,U&)UH %(tn,U”,UE)O
= (1, U, 1) 4 S (1, U7, U U
oF|  OF| .
::atﬁvL%ﬂUﬁ.
Similarly, we have - oF
];"’_f__l = - + U tilUﬁ.

3

564 Jianguo Huang et al 562-575



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

With these results in mind, we have by the definitions of the interpolation operators Zj,
and Zg that

Left side Scheme : F (¢, U(t),U'(t)) ~ ZyF = F7! + (t —t,_)F7 1, (2.5)
Right side Scheme : F(t,U(t),U'(t)) ~ ZgF = F7 '+ (t — t,_1)F". (2.6)

Now, inserting (2.3) and (2.6) into the first equation of (2.1) and taking w to be w*
or (t —t,_1)w*, where w* is any constant vector in R?, we find that the method (2.1) is
equivalent to finding {U” }2_ such that

k2 OF . OF .
M U” + k2 k,Frl=MU™! 1<n<N. 2.7
< 2aU>—2”at Tty - 1sns 27)
Note that the quantities at o 35 m and F’}r_l are all the functions of the unknown vector

U, so the above scheme is implicit. However, if we use the linearization formulation (2.5)
instead of (2.6), then the system (2.1) reduces to

2
k2 OF >U"—|— k2aF

<M+ Ty AR L G EU R S

It is noted that in most vibration problems, it suffices for us to deal with the linear damping
case, indicating that the function F is linear with respect to the independent variable u’.

In this case, since the quantities at } =1 and 8U| 1 in (2.8) do not depend on U”, the

system (2.8) is essentially a linear system of the unknown vector U”. Hence, we can work
out U” with much less computational cost, compared to the method (2.7).

In order to balance the efficiency and stability of the time-stepping method, it is very
natural to split the nonlinear term F into two parts F; and Fg, which correspond to the
non-stiff and the stiff terms of the original system (1.1), respectively. Then, it is better for
us to use Zr.Fy, + ZrF R to approximate F in (2.1). In other words, we have

Semi — side Scheme : F ~ I Fp +IgFr=F} '+ (t—t,—1) (¥ +FE). (29

It is noted that for the linear damping system, the semi-side scheme also yields a linear
system for getting the unknown vector U,

Now, let us present the solution process of the method (1.1) in detail. Once we obtain
U in J,_1, we can get U™ by solving the system (2.7) or (2.8). Then the function U over .J,,
is completely determined using the formulation U(t) = U™ ! + (t — t,,_1)U™ for all ¢ € J,.
On implementing this computation recursively, we can thereby determine the function U
completely.

In the last part of this subsection, we give the solution process explicitly for the vibration
analysis related to linear transient dynamic response. At this moment, we can reformulate
the problem (1.1) as follows.

For any real number 7' > 0, find u : [0, 7] — R? such that

Mu” + Cu' + Ku = f, 0<t<T,
u(0) = uy, (2.10)
u'(0) = vy,

where C and K are the (d x d) damping and stiffness matrices of the dynamic system,
respectively. We assume that C and K are symmetric and semi-definite. Observing that

F(t,u(t),u'(t)) = Cu' + Ku—f,
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we have from the variational formulation (2.1) that

k?L TN “tn—1 n—1 n

?K+knC+M U? =MU" " — kKU " 4+f" 1<n<N, (2.11)
where " := ‘[Jn fdt.

3 A posteriori error analysis for linear problems

For the numerical method (2.1) for the linear vibration problem (2.10), following the
similar arguments leading to Theorem 2.5 in [18], we can derive some stability estimates to
the numerical solution U and then establish the required a priori error estimates. Another
way to derive such estimates is to use the mathematical argument due to [24]. Since the
objective of this article is to develop efficient adaptive time stepping method for the linear
vibration problem (2.10) and the generalized problem (1.1), we will focus on in this section
a posteriori error analysis for the problem (2.10) discretized by the method (2.1). Motivated
by such an analysis, we will heuristically mention in the next section some error estimators
for the nonlinear problem (1.1) and then devise the corresponding adaptive time stepping
method.

3.1 Reconstruction

As shown in [18], in order to get efficient a posteriori error estimates for the method
(2.1), we require to construct a higher order reconstruction U from the approximate solution
U. So let_us first recall such a reconstruction given in [18]. Introduce an invertible linear
operator Iy : Vi — Ws as follows. With any w € V; we associate an element w := Iow €
Wy defined by locally interpolating w in each subinterval J,(1 < n < N), ie., w|;, €
Wa(Jy,) is uniquely determined by

~ - 7fn—l

_ t t—tp_
W(t) = W(tn_1) + ko W™ 10 ( - R

) + knv.vriq)l( kn )7

1<n<N, (3.1)

and the initial values w(0) = w(0), w'(0) = w/(0). In (3.1), the definition of &y, ®; are
given as

20(6) = —5€ +£, 2,(6) = 5¢* (32)

We call w a time reconstruction of w, as shown in Figure 2. It is easy to check by the

— w(t)

w(t)

w(t)

Figure 2: Diagram of Lw.

above construction that
w(t,) =w", 1<n<N. (3.3)
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_ Thus, for an approximate solution U, the reconstructed function we hope to find is
U € W, defined by

_ - ) t—t, . t—t,_
U(t) = U(tp_1) + k:nU’i_l%(Tl) + kU7 1 (— Ly, 1<n<N. (34
By a direct computation we have
~ 1 . .
U’(t) = —(U2 - U, 1<n<N. (3.5)

n
Observing that the function U(t) can be rewritten as

t—1tn—1 t—1tn—1

U(t) = U(tp_1) + ka U 100 i )+ ke, U ( T ), t€Jn,
subtracting which from (3.4) we know
Ut) — T(t) = U™ = T (U7 — T )@ _kt”—l), te g, (3.6)
Hence,
| G L § L § (ol %kﬁﬂ'”, t e Jn,
ie., .
U -U" = ;mzl U, te . (3.7)

Moreover, by integration by parts and (3.3), it follows that
/ (0" wWpdt = / (U”, whadt + (07— 071 % Y w e Vi(J),
and use the variational equation in (2.1) we further have

/((ﬁ", Wiv + (CU + KU—f, w)) di=0, wel, 1<n<N,

n
i.e.,

MU” + Py(CU' + KU —£) =0,  te Jy,, (3.8)

where P, (¢ = 0,1) stands for the (local) L? orthogonal projection operator on to Hq(Jy,)
(cf. [1]), defined by

/ (Pov—v, Wt =0,  weHy(Jn). (3.9)

3.2 Error estimates

Let || - ||, | - lm, || - lc and || - ||k be the norms (or seminorms) over R?, defined by the
inner products (2.2), respectively. We further define

V|| ooy = esssup ||v(E)||m, V|| 0 = esssup ||[v(t -1, 3.10
IVl @) sst V@)l Ivllze_, (@) sst Iv(®)lIm (3.10)

where M~ is the inverse of the matrix M. We assume that for the given function f, the
linear problem (2.10) has a unique solution satisfying that

u e C([0,T]; RY)nC([0,T); RY).
Let & := u— U and R be the residual of U given by
R(t) ;== M~ Y (MU"(t) + CU'(¢t) + KU(t) — £(t)), teJ,, 1<n<N. (3.11)
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Theorem 3.1 Let u and U be the solution of (2.10) and (2.1), respectively. Let U be the
reconstruction of U by (3.1). Then for any t € [0,T], there holds

t
s 0= 0 (e <2 [ IR(5) s s, (312)
where R is given by (3.11).
Proof. Subtracting (3.11) from (2.10) gives
M&" () + C&(t) + K&(t) = —MR(2). (3.13)

Then, we test (3.13) by € and integrate over ¢ € [0, 7| to get

/OT ((€"(s), €(s))m + (€'(s), €(s))c + (&(s), &(s))k)ds

= /O T<—ﬁ(s), &(s))m ds. (3.14)
Moreover, using integration by parts and noting that €(0) = €'(0) = 0, we arrive at
SO+ [ RO s+ IRk = [ Re), Fehhads, Tt @15)
Hence, it follows from (3.15) and the Cauchy-Schwarz inequality that
g 1)) < g / [(R(s), () ds
/ (R(s), s ds < uas (€0 [ IR ds
which readily yields .
o 197 <2 [ IR ds, (3.16)

as required. H

Now, we proceed with the efficiency of the above a posteriori error estimates.

Lemma 3.1 Forte J,,1<n<N,
Ut) = PyU() = (t— b1 — %kn)UE . (3.17)
Moreover, for 1 <n < N,
(U =0 ligg ) = Fall Ul (0)- (3.18)

Furthermore, there holds

9 _ _
/||R v ds < Z<3k§n||KU(3)HL;;1(Jm)+tk7%z|KU”||L§1(Jm)

1
+ §kr2n||KU/HL;jI )+ k2 HCU"HLoo

1 ( (Jm)

#2 [ 166) = )l ds) (3.19)
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Proof. First of all, recalling the definition of (Local) L? projection (3.9), we can deduce
that

/ U(s — (U"*1 + (5 —tp_1)U")ds
U4 ian’j, te Jy,
SO 1
U(t) — PyU(t) = (t — th1 — =kn)U™,  t e Jy. (3.20)

2
On the other hand, differentiating (3.6) with respect to the variable ¢ directly yields

(U-U)(t)=—(t—t,.)U",  te, (3.21)

which implies (3.18).
Moreover, we have by (3.8) and (3.11) that

MR = K(U — RyU) + C(U’ — Py(U")) — (f — Pof). (3.22)

Write B B
K(U-PU)=K(U-U)+K(U- RU),

and owing to the fact that Py(U’) = U’ we know
C(U’ - Py(U")) = C(U - U)".
Hence, the equation (3.22) can be reformulated as
MR(s) = K(U — U)(s) + K(U — ByU)(s) + C(U — U)/(s) — (f — Pyf)(s),

which, in conjunction with (3.6), (3.20) and (3.21), yields the estimate (3.19). Wl

Now, let us continue to discuss the lower and upper a posteriori error bound for the
method (2.1).

Theorem 3.2 (lower and upper bounds) Let u and U be the solution of (2.10) and
(2.1), respectively. Let U be the reconstruction of U by (3.1). Then fort € [0,T], 1 <n <
N,

e K20 agg < 0= 0Y g0 + max, la = OY()
< 1g1ax k:m||U ||Loo Jm)+4/ ||R )Inv ds, (3.23)

where the a posteriori term R is given by (3.11).

Proof. Using the triangle inequality and (3.18), we obtain
2 _ VI
12man k HU 155 (g = (U = U) I 35.0,0)

< l(w =) llg5 00 + max, x f|(u— U)'(7)n, (3.24)
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which implies the left side estimate of (3.23). Again, by the triangle inequality, (3.18) and
(3.16), we have

(= UY Il 00 < max, (0 =0Y' ()l + (U = 0) (1) g0

< s ol g +2/ IR(s) o ds. (3.25)

This together with (3.16) and (3.24) yields

- /
max (= 0Y ()l + 1| = U () lzgz000

< max 0l +4/ IR(s)lax ds,

1<m

which leads to the right side estimate of (3.23). W

4 An adaptive algorithm

Motivated by Theorem 3.2 (cf. the estimate (3.25)), we are tempted to introduce a
posteriori error estimator of the time-stepping method (2.1) for solving even a nonlinear
problem (1.1) heuristically. That means, let

T
" 2
n: _lglagNanU s () +2/ IR(s)||mds, (4.1)

where R is the residual of a nonlinear problem, defined by

R(t) =M™} (Mﬁ”(t) + F(t,U(t),U’(t))), teJ, 1<n<N.

Then the quantity n may be viewed as a posteriori error estimator for the method (2.1).
Until now, it is beyond our power to develop reliability and efficiency estimates for such an
estimator.

Based on the above error estimator, using the error equidistribution strategy as used
in [4,20], we can construct the error indicator corresponding to the subinterval .J,, as

©:=2 max{ @1, @2 }, (4.2)

where T
O1:=knl[U" |12 (s),  ©O2:= 2= J IR(s)lIneds.

The magnitude of © affects the choice of k,, the length of the subinterval J,,.
Next, let us study how to compute the quantities ©; and O, after we get U” at each
time step by (2.1). First of all, from (3.5) and the definition of ©1, we have

O, =[|U" —U" | (4.3)
For deriving O3, we should obtain R(t) in advance. It follows from (3.4) that

ﬁ(t) = ﬂ(tnfl) + anT—Lil(I)O(g) + knﬁﬁq)l(&)a
1
En

(4.4)

U@t)=U"11-¢+U", U'({t)=—(-U"t4+U"),
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where £ = (t — tp—1)/kn and ®g, @, are defined as in (3.2).
Furthermore, in actual computation, we will use the Gaussian quadrature formula (cf.
[23]) to evaluate ©9 numerically. In other words, for t € J,, 1 <n < N,

Ng
/J IR It ~ 3 i [R(ta 1+ knC) v, (4.5)
n j=1

where (; and w; (1 < j < Ny) are the Gaussian quadrature points and weights on reference
interval [0, 1], respectively.

Remark 4.1 Let us discuss the cost of computing O briefly. It is evident that the cost is
taken in numerical integration by Gaussian quadrature formula (4.5). Since the quadrature
method is highly accurate, very few nodes are enough for actual computation (with the
number < 10). Next, we have to evaluate |R(:)||n at the quadrature nodes, the main cost of
which corresponds to numerical solution of a linear system with M as a coefficient matriz.
Generally speaking, the mass matrix M is a well-conditioned symmetric positive definite
matriz, so the linear system can be solved by the conjugate gradient method very efficiently.
According to the above analysis, we find that the cost for computing O is inexpensive.

With the help of the previous preparations and using some ideas implied in the Runge-
Kutta-Felberg method (cf. [23]), we are ready to present the following Algorithm 1 to
compute the numerical solution of the problem (1.1) by using the adaptive time-stepping
strategy.

Algorithm 1 Adaptive Time Stepping Method
Given a tolerance ¢, a parameter § € (0, 1), and the max (min) time step size kmax (Kmin)
by user
. Step 0: Initialize n = 1, tyg = 0, k1 = kmax, U = ug, U° = v,
- WHILE ¢, 1 <T
Step 1: Given t,,_1, k,, U1, U™}
1(a): Get the numerical solution U™, U” by (2.7)
1(b): Get the approximation U™ by (3.4)
1(c): Evaluate ©; by (4.3)
1(d): Get R(t) at Gaussian quadrature points by (4.4) and (3.11)
1(e): Summation to get the value of ©y by (4.5)
1(f): Get © by (4.2)
Step 2: If 0e < O <, k11 = kn, go to Step 5
Step 3: If O < de, kpy1 = min{2k,, kmax}, g0 to Step 5
Step 4: If © > ¢, ky, = max{k,/2, kmin}, go to Step 1
- Step 5: Let t, =t,—1 + kn, n =n 4+ 1, go to loop condition judgment
- END WHILE

Remark 4.2 Similar to the Runge-Kutta-Felberg method (cf. [23]), the parameter § € (0, 1)
in Algorithm 1 is used to determine how to enlarge the step size during the computation
process (see Step 3 in Algorithm 1). The choice of § is very technical. If § is chosen too
small, the over-refined meshes would be used in time, deteriorating the efficiency of Algo-
rithm 1. If it is chosen too large, the algorithm would enlarge the step size more frequently,
increasing the extra computational cost remarkably. From our numerical experience, it’s
better to choose ¢ such that 1/32 <6 < 1/2.
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5 Numerical experiments

5.1 Efficiency of the estimators

Example 5.1 (Nonlinear lumped mass system) For illustrating the effectiveness of
the a posteriori error estimates developed in the previous sections, we first study the wvi-
bration of a multi-structure model, a similar one as given in [3]. As shown in Figure 3, the
structure consists of two rigid elements (vehicles) with lumped masses equal to mi and ma,
respectively; these elements are connected with each other by soften, classical and harden
springs with linear damping. And the restoring force of these springs are given as follows:

Soften Spring Harden Spring
s u, U, ky
Classical c,
Damping Spring Damping

Figure 3: Example: 5.1: The nonlinear dynamic system.

Classical Spring (k) : fe = —K1u, (5.1)
Softening Spring (k) : fs = —ko tanh(u), (5.2)
Hardening Spring (kp) : fr = —rau(l + rau?). (5.3)

In our actual computation, we choose m1 = mg = 1, and choose the spring stiffness as
K1 = Ko = k3 = 1. The damping coefficients are taken as ¢y = co = 1. Hence by d
Alembert’s principle, we can get the following system of nonlinear dynamic equations,

(ul(t)>” _ (Clull(t) + fs(u1<t)) + fc(ul(t)) - fc(UQ(t)) - fl(t)> (5 4)
ua(t) couy(t) + fh(UQ(t)) + fe(ua(t)) — fc(ul(t)) — fa(t))’ '

where f1 and fo are the external forces. We choose T = 1 and the exact solution to be
u(t) = (u1,u2)’ = (sin(rt), sin(27t))T , so the force term £ can be computed by the equations
(5.4). We solve the solution of the dynamical system by the method (2.1) combined with
the right side scheme (2.7).

In our numerical computation, for a given natural number N, we adopt the uniform
partition in time with the mesh size k = T/N, 1 < n < N. To show the computational
performance of our method, define

— _ / — _N
Bd= max (a-U)(r)lm.  Bt= max |(a-O))lu

T
_ _~/ fr— R
Brd = max a - 0Y(0)la, o1 =2 /0 IR(s) [ ds

E9 = ngaSXN anﬁ"HLﬁ(Jn) , g3 =1 =2 +6g .
Sp] £3

Efid= —=— Effud — 3

Ed + Etd’ u Bd + Etd

In Figure 4(a) we present the values of Et and €1 as well as their orders (which are 1).
In Figure 4(b) we give the estimates of the reconstruction solution Et and Etd as well as
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(a) Order of Ed and &1 (b) Order of Et and Etd (c) Lower and Upper bound

Figure 4: Example 5.1. Numerical results corresponding to estimators in Theorem 3.12 and
Theorem 3.2.

their orders. Moreover, we present the values of these effectivity indices in Figure 4(c), from
which we can observe that 0.77 = Effld < 1 < Effud = 3.98. Therefore, our a posteriori
error estimator (4.1) is rather efficient.

5.2 Efficiency of the adaptive algorithm

Example 5.2 (Nonlinear Klein-Gordon equation) In order to test the effectiveness
of our adaptive Algorithm 1, we consider the nonlinear Klein-Gordon equations (cf. [8]),

ug (X, 1) — Au(x,t) + Bug(x,t) +u?(x,t) = f(x,1),

equipped with the homogeneous Dirichlet boundary condition and the initial conditions. Af-
ter the discretization by Py conforming element in the space direction, we obtain the follow-
ing system of nonlinear ODEs,

{ Mu”(t) + Cu'(t) + Ku(t) + Mu?(t) = £(t), 0<t<T, 55)

u(0) =ug, u'(0) = vy,

where u is the vector representation of the finite element solution uy in terms of the shape
basis functions {p;}, i.e., up(x,t) = Zi]‘il{u(t)}igoi(x). The mass matriz M, the stiff ma-
triz K, the damping matriz C and the force F are defined respectively by [M];; = fQ p;p;dS2,
Klij = Jo Vej - VudQ, [Clij = B [, 0jeidQ and {£}; = [ f(t)pidQ. In the numerical
computation, we choose the damping coefficient f = 0.05 and the terminal time T = 1.0.
Consider the 1-dim case of the above problem with the force f given such that the exact
solution is

w(z,t) = e %x(1 — z) sin((L57 + actan(500(2t — 1))z), O0<z <1,

which varies rapidly around t = 0.5. After the discretization in space direction with a
fine uniform mesh h = 1/5000, we solve the semi-discrete problem by using Algorithm
1 combined with the semi-side scheme (2.9) with F split into FF := Cu’ + Ku — f and
FL := Mu?, so that we only require to solve a linear system at each time subinterval. When
implementing Algorithm 1 in this example, we set the related parameters by e = 2.5e — 1,
0 =1/2, kmax = le — 1 and kyin = 2e — 4.

To show the efficiency of Algorithm 1, we also carry out the numerical simulation using
the uniform time stepping method with the same number of subintervals as for the adaptive
method. The numerical solution obtained by the uniform time stepping method with k =
kmin/100 is used as a reference solution.
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Figure 5: Example 5.2. Comparison of numerical results.

From Figure 5(a) we can see the time step size becomes extremely small around t = 0.5
in order to capture the rapid change of the solution, and the step size will become large
automatically when the solution varies slowly, which illustrates the efficiency of Algorithm
1. The numerical results with Algorithm 1 and the uniform time stepping method, and the
reference solution are shown in Figures 5(b), 5(c) and 5(d), respectively, from which we
may find that the adaptive method can approzimate the exact solution very well even if it
varies rapidly, but the uniform time stepping method fails. We mention further that for the
adaptive method in this example, the total CPU time used is approrimately 147.1 s, while
the one for computing © is only 7.4 s, only covers a very small amount of the total time.
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Abstract
Here we produce an interesting fractional means scalar inequality.
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Key Words and Phrases: Means inequality, fractional derivative.
We make

Remark 1 Letv > 0, n:= [v] ([-] ceiling of the number), f (-,y) € AC™ ([a,b]),
n—1

Yy € e, d] (it means %Tf,('{y) € AC ([a,b]), Y y € [e,d]). Then the left Caputo

partial fractional derivative with respect to x, is given by (see [1], p. 270)

O f(zy) 1 /I (z—t)" " " (t.y) dt, (1)

833"

orv T'(n—v)
Yy € [¢,d], and it exists almost everywhere for x in [a,b], T' denotes the gamma

Sfunction.
Then, we get the left Caputo fractional Taylor formula ([2], p. 54)

n—1
akf (CL, y) k 1 * v—1 a:af (t,y)
f(x,y)féw(m—a) +m/ﬂ (x —1) Tdﬂ (2)
Y z € [a,b], for each y € [c,d].

Above (fax (z—t)"" Wdt) € AC™ ([a,b]), YV y € [¢,d].

Let now f (x,-) € AC™ ([¢,d]), ¥V x € [a,b] (it means % € AC ([c, d]),
YV x € [a,b]). Then the left Caputo partial fractional derivative with respect to
Y, 1S given by

8>|l</cf (.’E,y) 1 Y n—v—1 8nf (Z‘,S) s
)/C (y— sy LLDS) g 3)

oy” T (n—v oy

YV z € [a,b], and it exists almost everywhere for y in [c,d].
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Then, we get the left Caputo fractional Taylor formula

e f(w,0) k. LY Y1 OV (2, 9)
f(xay)—kgoaiyk(y—c) +m/€ (y—s) Ty”ds’ (4)

Yy € [e,d], for each x € [a,b].
Above <ny (y—s)" " %ds) € AC™ ([¢,d)), ¥V z € [a,b].

Assume
ak
%20, fork=1,..,n—1, Yy € [ed], (5)
we get
I v—1 0%, f (¢,
Flem - fan =5 [ @m0 2200 ©
Additionally assume f (a,y) =0,V y € [¢,d], then
_ 1 v v—1 8:af (tay)
f(z,y) = T () /a (x—1) Tdt’ (7)
Vy€led,Vazelab.
Assume
OF f (,
J;Z(;ic):O, fork=1,..,n—1, Vz € [a,b], (8)
we get
Y v—1 0%.f (=,
Flem) = f @0 = i [ o EL ©

Vyéeled,V e lab.
Additionally assume that f (z,c) =0, ¥ © € [a,b], then

[ (o) = % / Ty 8§y(x)d (10)

Vyeled,Vxelab.
Assuming (5) and (8), we get

2f(:r,y)—f(a,y)—f(x,c) =

Vzéelabd,Yye€led.
Additionally assume that f(a,y) = 0, ¥ y € [c,d], and f(x,c) = 0, V
x € [a,b], we obtain

L [ Pl )y [T e Ol ()
f(x’w_QF(V){/a( g o dt+/¢(y | w d(1}2;

577 George A. Anastassiou 576-579



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Vz€labd,Vy€Eled].
We can rewrite (11) as follows:

o - (Lo )
sy (] 0 B [ Bt

Vz€labd,Yy€Eled.
If0<v <1, thenn =1, and (13) is valid without (5) and (8), which in
this case are void conditions.

Call
Af )= £ (o) - (HE0 D) (1)

Assume f € C ([a,b] X [c,d]), then

/ab/chf(x,y)dxdyz/ab/cdf(x,y)dxdy_

((b—a)fff(a,y>dy+(d—c)fjf(x,cmx)_

; (15)

Hence it holds

O /ab /cd A (ana) dody = (s /ab /cdf (#3) dody -

( i S ) dy + i f) f () dx) (16)
5 .
Assume now that
oY ov., ,
Jacé”) J;f W) ¢ ¢ (ja,b) x [erd) (17)
Clearly, it holds
Af (z,y)] <
1 ’ v—1 a:k/af (tvy) Y v—1 ach(m’s)
2T () {/a (z —t) e ‘dt—i—/c (y—s) 3y ds} <
1 (x—a)" ||0%.f (y—o" | ow.f
o2 (1/) { v 8%” - v ayu OO} S (18)
1 o || 0% v || 0%
oo B GO o IR o
3
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That is
1 v a:{lf v a:k/cf B
SOV e (G v IREC ol R
Hence o
1
(b—a)(d——c) /a /c Af (z,y)dzdy| <

b pd
@tzijj5/1/|A“%whm@§A.

We have derived:
Theorem 2 Let v > 0, n := [v], f(-,y) € AC™ ([a,b]), V y € [c,d]; and
k
f(z,-) € AC" ([¢,d]), V « € [a,b]. Assume % =0, fork=1,...,n—1,
Yy € [e,d]; and % =0, fork=1,..,n—1,V x € [a,b]. Furthermore,
assume f € C ([a,b] X [¢,d]) and a:agﬁ,y)’ al*l"gﬁ’y) € C (la,b] x [e,d]). Then

e ot I de 4 1[4 J
: / / f(x,y) dl’dy — (b—a) fa f(x,c) T+ (d—c) fc f(a7y) Yy

(b—a)(d—c) 2
1 |04, v || 0% f
i Gl ol IR 7 WA
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