VVolume 23, Number 2 August 2017
ISSN:1521-1398 PRINT,1572-9206 ONLINE

Journal of
Computational
Analysis and

Applications

EUDOXUS PRESS,LLC



Journal of Computational Analysis and Applications
ISSNNo.’s:1521-1398 PRINT,1572-9206 ONLINE
SCOPE OF THE JOURNAL
An international publication of Eudoxus Press, LLC
(fourteen times annually)

Editor in Chief: George Anastassiou

Department of Mathematical Sciences,

University of Memphis, Memphis, TN 38152-3240, U.S.A
ganastss@memphis.edu
http://www.msci.memphis.edu/~ganastss/jocaaa

The main purpose of "J.Computational Analysis and Applications"
is to publish high quality research articles from all subareas of
Computational Mathematical Analysis and its many potential
applications and connections to other areas of Mathematical
Sciences. Any paper whose approach and proofs are computational,using
methods from Mathematical Analysis in the broadest sense is suitable
and welcome for consideration in our journal, except from Applied
Numerical Analysis articles. Also plain word articles without formulas and
proofs are excluded. The list of possibly connected
mathematical areas with this publication includes, but is not
restricted to: Applied Analysis, Applied Functional Analysis,
Approximation Theory, Asymptotic Analysis, Difference Equations,
Differential Equations, Partial Differential Equations, Fourier
Analysis, Fractals, Fuzzy Sets, Harmonic Analysis, Inequalities,
Integral Equations, Measure Theory, Moment Theory, Neural Networks,
Numerical Functional Analysis, Potential Theory, Probability Theory,
Real and Complex Analysis, Signal Analysis, Special Functions,
Splines, Stochastic Analysis, Stochastic Processes, Summability,
Tomography, Wavelets, any combination of the above, e.t.c.

"J.Computational Analysis and Applications” is a

peer-reviewed Journal. See the instructions for preparation and submission

of articles to JoCAAA. Assistant to the Editor:
Dr.Razvan Mezei,Lenoir-Rhyne University,Hickory,NC 28601, USA.

Journal of Computational Analysis and Applications(JOCAAA) is published by
EUDOXUS PRESS,LLC,1424 Beaver Trail
Drive,Cordova, TN38016,USA ,anastassioug@yahoo.com

http://www.eudoxuspress.com. Annual Subscription Prices:For USA and

Canada, Institutional:Print $700, Electronic OPEN ACCESS. Individual:Print $350. For
any other part of the world add $130 more(handling and postages) to the above prices for
Print. No credit card payments.

Copyright©2017 by Eudoxus Press,LLC,all rights reserved.JOCAAA is printed in USA.
JoCAAA is reviewed and abstracted by AMS Mathematical
Reviews,MATHSCI,and Zentralblaat MATH.

It is strictly prohibited the reproduction and transmission of any part of JOCAAA and in
any form and by any means without the written permission of the publisher.It is only
allowed to educators to Xerox articles for educational purposes.The publisher assumes no
responsibility for the content of published papers.

200



Editorial Board
Associate Editors of Journal of Computational Analysis and Applications

Francesco Altomare

Dipartimento di Matematica

Universita' di Bari

Via E.Orabona, 4

70125 Bari, ITALY

Tel+39-080-5442690 office
+39-080-3944046 home
+39-080-5963612 Fax

altomare@dm.uniba.it

Approximation Theory, Functional

Analysis, Semigroups and Partial

Differential Equations, Positive

Operators.

Ravi P. Agarwal

Department of Mathematics

Texas A&M University - Kingsville
700 University Blvd.

Kingsville, TX 78363-8202

tel: 361-593-2600
Agarwal@tamuk.edu
Differential Equations,
Equations, Inequalities

Difference

George A. Anastassiou

Department of Mathematical Sciences

The University of Memphis
Memphis, TN 38152,U.S.A
Tel.901-678-3144

e-mail: ganastss@memphis.edu
Approximation Theory, Real
Analysis,

Wavelets, Neural Networks,
Probability, Inequalities.

J. Marshall Ash

Department of Mathematics

De Paul University

2219 North Kenmore Ave.
Chicago, IL 60614-3504
773-325-4216

e-mail: mash@math.depaul.edu
Real and Harmonic Analysis

Dumitru Baleanu

Department of Mathematics and
Computer Sciences,
Cankaya University,
and Sciences,
06530 Balgat, Ankara,

Turkey, dumitru@cankaya.edu.tr

Faculty of Art

201

Fractional Differential Egquations
Nonlinear Analysis, Fractional
Dynamics

Carlo Bardaro

Dipartimento di Matematica e

Informatica

Universita di Perugia

Via Vanvitelli 1

06123 Perugia, ITALY

TEL+390755853822
+390755855034

FAX+390755855024

E-mail carlo.bardaro@unipg.it

Web site:

http://www.unipg.it/~bardaro/

Functional Analysis and

Approximation Theory, Signal

Analysis, Measure Theory, Real

Analysis.

Martin Bohner

Department of Mathematics and
Statistics, Missouri S&T

Rolla, MO 65409-0020, USA
bohner@mst.edu

web.mst.edu/~bohner

Difference equations, differential
equations, dynamic equations on
time scale, applications in
economics, finance, biology.

Jerry L. Bona

Department of Mathematics

The University of Illinois at
Chicago

851 S. Morgan St. CS 249
Chicago, IL 60601
e-mail:bonalmath.uic.edu
Partial Differential Equations,
Fluid Dynamics

Luis A. Caffarelli

Department of Mathematics

The University of Texas at Austin
Austin, Texas 78712-1082
512-471-3160

e-mail: caffarel@math.utexas.edu
Partial Differential Equations
George Cybenko

Thayer School of Engineering



Dartmouth College

8000 Cummings Hall,

Hanover, NH 03755-8000

603-646-3843 (X 3546 Secr.)
e-mail:george.cybenko@dartmouth.edu
Approximation Theory and Neural
Networks

Sever S. Dragomir

School of Computer Science and
Mathematics, Victoria University,
PO Box 14428,

Melbourne City,

MC 8001, AUSTRALIA

Tel. +61 3 9688 4437

Fax +61 3 9688 4050
sever.dragomir@vu.edu.au
Inequalities, Functional Analysis,
Numerical Analysis, Approximations,
Information Theory, Stochastics.

Oktay Duman

TOBB University of Economics and
Technology,

Department of Mathematics,
06530,

Ankara, Turkey,
oduman@etu.edu.tr
Classical Approximation Theory,
Summability Theory, Statistical
Convergence and its Applications

TR-

Saber N. Elaydi

Department Of Mathematics
Trinity University

715 Stadium Dr.

San Antonio, TX 78212-7200
210-736-8246

e-mail: selaydi@trinity.edu
Ordinary Differential Equations,
Difference Equations

Christodoulos A. Floudas

Department of Chemical Engineering
Princeton University

Princeton,NJ 08544-5263
609-258-4595 (%4619 assistant)
e-mail: floudas@titan.princeton.edu
Optimization Theory&Applications,
Global Optimization

J .A. Goldstein

Department of Mathematical Sciences
The University of Memphis

Memphis, TN 38152

901-678-3130

jgoldste@memphis.edu

202

Partial Differential Equations,
Semigroups of Operators

H. H. Gonska

Department of Mathematics
University of Duisburg

Duisburg, D-47048

Germany

011-49-203-379-3542

e-mail: heiner.gonska@Quni-due.de
Approximation Theory, Computer
Aided Geometric Design

John R. Graef

Department of Mathematics
University of Tennessee at
Chattanooga

Chattanooga, TN 37304 USA
John-Graef@utc.edu

Ordinary and functional
differential equations, difference
equations, impulsive systems,
differential inclusions, dynamic
equations on time scales, control
theory and their applications

Weimin Han

Department of Mathematics
University of Iowa

Towa City, IA 52242-1419
319-335-0770

e-mail: whan@math.uiowa.edu
Numerical analysis, Finite element
method, Numerical PDE, Variational
inequalities, Computational
mechanics

Tian-Xiao He

Department of Mathematics and
Computer Science

P.O. Box 2900, Illinois Wesleyan
University

Bloomington, IL 61702-2900,
Tel (309)556-3089

Fax (309)556-3864
the@iwu.edu

Approximations, Wavelet,
Integration Theory, Numerical
Analysis, Analytic Combinatorics

USA

Margareta Heilmann

Faculty of Mathematics and Natural
Sciences, University of Wuppertal
GauBstrabe 20

D-42119 Wuppertal, Germany,
heilmann@math.uni-wuppertal.de



Approximation Theory (Positive

Linear Operators)

Xing-Biao Hu

Institute of Computational
Mathematics

AMSS, Chinese Academy of Sciences
Beijing, 100190, CHINA
hxb@lsec.cc.ac.cn

Computational Mathematics

Jong Kyu Kim

Department of Mathematics
Kyungnam University

Masan Kyungnam, 631-701,Korea
Tel 82-(55)-249-2211

Fax 82-(55)-243-8609
jongkyuk@kyungnam.ac.kr
Nonlinear Functional Analysis,
Variational Inequalities, Nonlinear
Ergodic Theory, ODE, PDE,
Functional Equations.

Robert Kozma

Department of Mathematical Sciences
The University of Memphis

Memphis, TN 38152, USA
rkozmal@memphis.edu

Neural Networks, Reproducing Kernel
Hilbert Spaces,

Neural Percolation Theory

Mustafa Kulenovic
Department of Mathematics
University of Rhode Island
Kingston, RI 02881,USA
kulenm@math.uri.edu
Differential and Difference
Equations

Irena Lasiecka

Department of Mathematical Sciences
University of Memphis

Memphis, TN 38152

PDE, Control Theory, Functional
Analysis, lasiecka@memphis.edu

Burkhard Lenze

Fachbereich Informatik
Fachhochschule Dortmund
University of Applied Sciences
Postfach 105018

D-44047 Dortmund, Germany
e-mail: lenze@fh-dortmund.de
Real Networks, Fourier Analysis,
Approximation Theory

203

Hrushikesh N. Mhaskar
Department Of Mathematics
California State University
Los Angeles, CA 90032
626-914-7002

e-mail: hmhaska@gmail.com
Orthogonal Polynomials,
Approximation Theory, Splines,
Wavelets, Neural Networks

Ram N. Mohapatra

Department of Mathematics
University of Central Florida
Orlando, FL 32816-1364
tel.407-823-5080
ram.mohapatra@ucf.edu

Real and Complex Analysis,
Approximation Th., Fourier
Analysis, Fuzzy Sets and Systems

Gaston M. N-"Guerekata
Department of Mathematics
Morgan State University
Baltimore, MD 21251, USA

tel: 1-443-885-4373

Fax 1-443-885-8216
Gaston.N'Guerekatal@morgan.edu
nguerekatalaol.com

Nonlinear Evolution Equations,
Abstract Harmonic Analysis,
Fractional Differential Equations,
Almost Periodicity & Almost
Automorphy

M.Zuhair Nashed

Department Of Mathematics
University of Central Florida

PO Box 161364

Orlando, FL 32816-1364

e-mail: znashed@mail.ucf.edu
Inverse and Ill-Posed problems,
Numerical Functional Analysis,
Integral Equations, Optimization,
Signal Analysis

Mubenga N. Nkashama
Department OF Mathematics
University of Alabama at Birmingham

Birmingham, AL 35294-1170
205-934-2154
e-mail: nkashama@math.uab.edu

Ordinary Differential Equations,
Partial Differential Equations

Vassilis Papanicolaou
Department of Mathematics



National Technical University of
Athens

Zografou campus,
Athens, Greece
tel:: +30(210) 772 1722

Fax +30(210) 772 1775
papanico@math.ntua.gr

Partial Differential Equations,
Probability

157 80

Choonkil Park

Department of Mathematics
Hanyang University

Seoul 133-791

S. Korea, baak@hanyang.ac.kr
Functional Equations

Svetlozar (Zari) Rachev,

Professor of Finance, College of
Business, and Director of
Quantitative Finance Program,
Department of Applied Mathematics &
Statistics

Stonybrook University

312 Harriman Hall, Stony Brook, NY
11794-3775

tel: +1-631-632-1998,
svetlozar.rachev@stonybrook.edu

Alexander G. Ramm

Mathematics Department

Kansas State University

Manhattan, KS 66506-2602

e-mail: ramm@math.ksu.edu

Inverse and Ill-posed Problems,
Scattering Theory, Operator Theory,
Theoretical Numerical Analysis,
Wave Propagation, Signal Processing
and Tomography

Tomasz Rychlik

Polish Academy of Sciences
Instytut Matematyczny PAN
00-956 Warszawa, skr. poczt. 21
ul. Sniadeckich 8

Poland

trychlik@impan.pl

Mathematical Statistics,
Probabilistic Inequalities

Boris Shekhtman

Department of Mathematics
University of South Florida
Tampa, FL 33620, USA

Tel 813-974-9710
shekhtmaCusf.edu

204

Approximation Theory, Banach
spaces, Classical Analysis

T. E. Simos

Department of Computer
Science and Technology
Faculty of Sciences and Technology
University of Peloponnese
GR-221 00 Tripolis, Greece
Postal Address:

26 Menelaou St.

Anfithea - Paleon Faliron
GR-175 64 Athens, Greece
tsimos@mail.ariadne-t.gr
Numerical Analysis

H. M. Srivastava

Department of Mathematics and
Statistics

University of Victoria

Victoria, British Columbia V8W 3R4
Canada

tel.250-472-5313; office,250-477-
6960 home, fax 250-721-8962
harimsri@math.uvic.ca

Real and Complex Analysis,
Fractional Calculus and Appl.,
Integral Equations and Transforms,
Higher Transcendental Functions and
Appl.,g-Series and g-Polynomials,
Analytic Number Th.

1. P. Stavroulakis
Department of Mathematics
University of Ioannina
451-10 Ioannina, Greece
ipstav@cc.uoi.gr
Differential Equations
Phone +3-065-109-8283

Manfred Tasche

Department of Mathematics
University of Rostock

D-18051 Rostock, Germany
manfred.tasche@mathematik.uni-
rostock.de
Numerical
Analysis,
Analysis,
Wavelets,
Theory

Fourier
Signal

Fourier Analysis,
Harmonic Analysis,
Spectral Methods,
Splines, Approximation

Roberto Triggiani

Department of Mathematical Sciences
University of Memphis

Memphis, TN 38152

PDE, Control Theory, Functional



Analysis, rtrggani@memphis.edu

Juan J. Trujillo

University of La Laguna
Departamento de Analisis Matematico
C/Astr.Fco.Sanchez s/n

38271. Lalaguna. Tenerife.

SPAIN

Tel/Fax 34-922-318209
Juan.Trujillo@ull.es

Fractional: Differential Equations-
Operators-Fourier Transforms,
Special functions, Approximations,
and Applications

Ram Verma

International Publications

1200 Dallas Drive #824 Denton,

TX 76205, USA

Verma99@msn.com

Applied Nonlinear Analysis,
Numerical Analysis, Variational
Inequalities, Optimization Theory,
Computational Mathematics, Operator
Theory

Xiang Ming Yu

Department of Mathematical Sciences
Southwest Missouri State University
Springfield, MO 65804-0094
417-836-5931
xmy944f@missouristate.edu

Classical Approximation Theory,
Wavelets

Lotfi A. Zadeh

Professor in the Graduate School
and Director, Computer Initiative,
Soft Computing (BISC)

Computer Science Division
University of California at

Berkeley

Berkeley, CA 94720
Office: 510-642-4959
Sec: 510-642-8271
Home: 510-526-2569
FAX: 510-642-1712

zadeh@cs.berkeley.edu

Fuzzyness, Artificial Intelligence,
Natural language processing, Fuzzy
logic

Richard A. Zalik
Department of Mathematics
Auburn University

Auburn University, AL 36849-5310

205

USA.

Tel 334-844-6557 office
678-642-8703 home

Fax 334-844-6555

zalik@auburn.edu

Approximation Theory, Chebychev

Systems, Wavelet Theory

Ahmed 1. Zayed

Department of Mathematical Sciences
DePaul University

2320 N. Kenmore Ave.

Chicago, IL 60614-3250
773-325-7808

e-mail: azayed@condor.depaul.edu
Shannon sampling theory, Harmonic
analysis and wavelets, Special
functions and orthogonal
polynomials, Integral transforms

Ding-Xuan Zhou

Department Of Mathematics

City University of Hong Kong

83 Tat Chee Avenue

Kowloon, Hong Kong

852-2788 9708,Fax:852-2788 8561
e-mail: mazhoulcityu.edu.hk
Approximation Theory, Spline
functions, Wavelets

Xin-long Zhou

Fachbereich Mathematik, Fachgebiet
Informatik
Gerhard-Mercator-Universitat
Duisburg

Lotharstr.65, D-47048 Duisburg,
Germany

e-mail:Xzhou@informatik.uni-
duisburg.de

Fourier Analysis, Computer-Aided
Geometric Design, Computational
Complexity, Multivariate
Approximation Theory, Approximation
and Interpolation Theory


mailto:Verma99@msn.com

Instructions to Contributors
Journal of Computational Analysis and Applications
An international publication of Eudoxus Press, LLC, of TN.

Editor in Chief: George Anastassiou
Department of Mathematical Sciences
University of Memphis
Memphis, TN 38152-3240, U.S.A.

1. Manuscripts files in Latex and PDF and in English, should be submitted via
email to the Editor-in-Chief:

Prof.George A. Anastassiou
Department of Mathematical Sciences
The University of Memphis
Memphis, TN 38152, USA.

Tel. 901.678.3144

e-mail: ganastss@memphis.edu

Authors may want to recommend an associate editor the most related to the
submission to possibly handle it.

Also authors may want to submit a list of six possible referees, to be used in case we
cannot find related referees by ourselves.

2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE. (Click HERE to
save a copy of the style file.)They should be carefully prepared in all respects.
Submitted articles should be brightly typed (not dot-matrix), double spaced, in ten
point type size and in 8(1/2)x11 inch area per page. Manuscripts should have generous
margins on all sides and should not exceed 24 pages.

3. Submission is a representation that the manuscript has not been published
previously in this or any other similar form and is not currently under consideration
for publication elsewhere. A statement transferring from the authors(or their
employers,if they hold the copyright) to Eudoxus Press, LLC, will be required before
the manuscript can be accepted for publication. The Editor-in-Chief will supply the
necessary forms for this transfer.Such a written transfer of copyright,which previously
was assumed to be implicit in the act of submitting a manuscript,is necessary under the
U.S.Copyright Law in order for the publisher to carry through the dissemination of
research results and reviews as widely and effective as possible.

206


mailto:ganastss@memphis.edu?subject=JCAAM%20inquirey
http://www.msci.memphis.edu/~ganastss/jcaam/EUDOXStyle.tex

4. The paper starts with the title of the article, author's name(s) (no titles or degrees),
author's affiliation(s) and e-mail addresses. The affiliation should comprise the
department, institution (usually university or company), city, state (and/or nation) and
mail code.

The following items, 5 and 6, should be on page no. 1 of the paper.
5. An abstract is to be provided, preferably no longer than 150 words.

6. A list of 5 key words is to be provided directly below the abstract. Key words should
express the precise content of the manuscript, as they are used for indexing purposes.

The main body of the paper should begin on page no. 1, if possible.

7. All sections should be numbered with Arabic numerals (such as: 1.
INTRODUCTION).

Subsections should be identified with section and subsection numbers (such as 6.1.
Second-Value Subheading).

If applicable, an independent single-number system (one for each category) should be
used to label all theorems, lemmas, propositions, corollaries, definitions, remarks,
examples, etc. The label (such as Lemma 7) should be typed with paragraph
indentation, followed by a period and the lemma itself.

8. Mathematical notation must be typeset. Equations should be numbered
consecutively with Arabic numerals in parentheses placed flush right, and should be
thusly referred to in the text [such as Egs.(2) and (5)]. The running title must be placed
at the top of even numbered pages and the first author's name, et al., must be placed at
the top of the odd numbed pages.

9. lllustrations (photographs, drawings, diagrams, and charts) are to be numbered in
one consecutive series of Arabic numerals. The captions for illustrations should be
typed double space. All illustrations, charts, tables, etc., must be embedded in the body
of the manuscript in proper, final, print position. In particular, manuscript, source,
and PDF file version must be at camera ready stage for publication or they cannot be
considered.

Tables are to be numbered (with Roman numerals) and referred to by number in
the text. Center the title above the table, and type explanatory footnotes (indicated by
superscript lowercase letters) below the table.

10. List references alphabetically at the end of the paper and number them
consecutively. Each must be cited in the text by the appropriate Arabic numeral in
square brackets on the baseline.

References should include (in the following order):

initials of first and middle name, last name of author(s)

title of article,

207



name of publication, volume number, inclusive pages, and year of publication.
Authors should follow these examples:

Journal Article

1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators,
(journal name in italics) J. Approx. Theory, 62,170-191(1990).

Book

2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986.

Contribution to a Book

3. M.K.Khan, Approximation properties of beta operators,in(title of book in italics) Progress in
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp.483-495.

11. All acknowledgements (including those for a grant and financial support) should
occur in one paragraph that directly precedes the References section.

12. Footnotes should be avoided. When their use is absolutely necessary, footnotes
should be numbered consecutively using Arabic numerals and should be typed at the
bottom of the page to which they refer. Place a line above the footnote, so that it is set
off from the text. Use the appropriate superscript numeral for citation in the text.

13. After each revision is made please again submit via email Latex and PDF files
of the revised manuscript, including the final one.

14. Effective 1 Nov. 2009 for current journal page charges, contact the Editor in
Chief. Upon acceptance of the paper an invoice will be sent to the contact author. The
fee payment will be due one month from the invoice date. The article will proceed to
publication only after the fee is paid. The charges are to be sent, by money order or
certified check, in US dollars, payable to Eudoxus Press, LLC, to the address shown on
the Eudoxus homepage.

No galleys will be sent and the contact author will receive one (1) electronic copy of
the journal issue in which the article appears.

15. This journal will consider for publication only papers that contain proofs for
their listed results.

208


http://www.eudoxuspress.com/

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Effect of RTT drug efficacy on the HIV dynamics with two
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Abstract

In this paper, we propose and analyze an HIV dynamics model. The model can be seen as a generalization
of many HIV dynamics models presented in the literature since it incorporates (i) two classes of target cells,
CD4*" T cells and macrophages, (ii) two types of infected cells, short-lived infected cells and the long-lived
chronically infected cells, (iii) intracellular discrete delays, (iv) reverse transcriptase inhibitors (RTIs) drugs
with different drug efficacies on CD4™ T cells and macrophages. The incidence rate of infection is represented
by a general function. A bifurcation parameter, known as the basic reproduction number, Ry is derived. We
established a set of conditions on the general function which are sufficient to determine the global dynamics
of the model. Using Lyapunov functionals and LaSalle’s invariance principle, the global asymptotic stability
of the two equilibria of the model is obtained. An example is presented and some numerical simulations are
conducted in order to illustrate the dynamical behavior.

Keywords: Delayed-HIV models; Chronically infected cells; Cocirculating target cells; Immune re-

sponses; Lyapunov method.

1 Introduction

Human immunodeficiency virus (HIV) is one of the most dangerous human viruses that destroys the immune
system and causes acquired immunodeficiency syndrome (AIDS). During the past decades, several HIV math-
ematical models have been presented and analyzed (see e.g. [1]-[25]). Global stability of equilibria has become
one of the most important features which help us to better understanding of the HIV dynamics. Thus, several
researchers have devoted extensive efforts to study the global stability of HIV infection models (see e.g. [7], [8],
[9], [11], [25], [14], [15], [16], [17], [22], [23], [19] and [24]). Some of these works assume that HIV infects only the
CD4™ T cells ([7], [8], [9], [11], [25], [22], [23], [19] and [24]), while, others assume that HIV infects two types of
immune cells, CD4" T cells and macrophages ([14], [15], [18], [16] and [17]). Callaway and Perelson [3] pointed
out that there are two types of infected cells, short-lived infected cells (which produce the most amounts of
viruses) and the long-lived chronically infected cells. Moreover, the model presented in [3] incroporates reverse
transcriptase inhibitors (RTTs) drugs with different drug efficacies on CD4*T cells and macrophages.

Actually, there exists a time lag between the time the HIV contacts CD4™ T cells or macrophages and the
time the production of new infectious HIV particles. Intracellular time delay was first introduced into viral
infection model by Herz et al. [5]. Since then, several delayed HIV models have been investigated (see e.g.
[6], [7], 8], [9], [11], [25], [14], [17], [18], [22] and [19]). In a very recent work, Elaiw and Almualem [17] have
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presented the following delayed HIV model:

<.

S
gy
I

Z(t) = q2(1 — x&) B (t — T1)v(t — 71) — azza,
2
o(t) = Z (Niéie_"f'“?‘yi(t — ki) + Ma;e™ %z (t — wl)) —uw(t) (2)
i=1

where z;,y;, 2;, and v represent the concentrations of uninfected cells, short-lived infected cells, long-lived
chronically infected cells and free HIV particles, respectively, where i = 1, for the CD4% T cells and i = 2,
for the macrophages. The birth and death rates of uninfected cells are given by \; and d;z;, respectively.
Parameter 3; denotes the infection rate constant. Parameters §; and a; are the death rate constants of the
two types of infected cells, and u is the clearance rate of HIV. The uninfected target cells become short-lived
infected and long-lived chronically infected cells with fractions (1 — ¢;) and g¢;, respectively, where ¢;.€ (0, 1).
The average number of free viruses produced in the lifetime of the two types of infected cells are given by N;
and M;, respectively. Parameter 7; represents for the time between viral contact with an uninfected cell of class
1, until it becomes infected but not yet producer cells. The loss of the cells during the delay period [t — 7;, ] is
given by e”™i"i where m; > 0. The parameters x; and w; represent the time necessary for producing new
infectious viruses from the short-lived and long-lived chronically infected cells, respectively. The factors e™"i*:
and e~ "% represent the loss of the two types of infected cells during the delay periods [t — &;,t] and [t — w;, 1],
where n; > 0 and h; > 0.

The immune system has two main responses to viral infections. The first is based on the Cytotoxic T
Lymphocyte (CTL) cells which are responsible to attack and kill the infected cells. The second immune response
is based on the antibodies that are produced by the B cells. The function of the antibodies is to attack the
viruses [1]. In some infections such as in malaria, the CTL immune response is less effective than the antibody
immune response [26]. Several mathematical models have been proposed to consider the antibody immune
response into the viral infection models (see [27]-[33])).

All the models presented in [27]-[33] are based on the assumption that, the virus attacks one class of target
cells. Moreover, model (1)-(2) did not consider the immune response. Therefore, our aim in this paper is to
propose an HIV dynamics model with humoral immunity. Our model generalize model (1)-(2) by taking into
account the humoral immune response. We use Lyapunov functionals and LaSalle’s invariance principle to prove

the global stability of all the equilibria of the models.

2 The model

In this section, we propose and analyze the following HIV model:

$z(t) =X\ - dzxz(t) - ¢i(xi(t)7v(t))’ 1=1,2, (3)
yz(t) = (1 7qi)eimind)i((t77}),1)@77’1)) *51%(75), Z = 1,27 (4)
2i(t) = qie” " T i ((t — 73), v(t — 75)) — aizi(t), 1=1,2, (5)
2
o(t) = Z (Ny,die ™ iy (t — k) + Ma,aie” " 2 (t — w;)) — uo(t) — bu(t) f(w(t)), (6)
i=1
W(t) = co(t) — pw(t). (7)
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The incidence rate of infection is given by a general function ¢;(z;,v), where ¢;(21,v) = (1 — €)¢1(z1,v), and
bo(x2,v) = (1 — x€)da(x2,v). In addition, the neutralize rate of viruses is given by a general nonlinear function
f(w). Parameter b is the B cells neutralize rate, the antibody response is induced at a rate proportional to the
concentration of free viruses. Parameters ¢ and p are the recruited rate and death rate constants of B cells,

respectively. All the parameters and variables of the model have the same meanings as given in (1)-(2).

2.1 Initial conditions

The initial conditions for system (3)-(7) take the form

21(0) = 1(0), y1(0) = p3(0), 21(0) = ¥s(0),
z2(0) = ¢2(0), y2(0) = ¢a(0), 22(0) = ¢s(0),
v(0) = ¢7(0), w(0) = ¢s(0)
©;(0) >0, 6 €[—0,0), ;(0)>0, j=1,..8, (8)

where ¢ = max{ri,72, k1, k2, w1, wo} and (p1(0), w2(0), ..., s(0)) € C([—0,0],RE,), where C is the Banach
space of continuous functions mapping the interval [—p, 0] into RS ;. By the fundamental theory of functional
differential equations [35], system (3)-(7) has a unique solution sagisfying the initial conditions (8).

Assumption A1 Function ¢;, is continuously differentiable and satisfies the following;:

(i) ¢i(zs,v) >0, ¢i(24,0) = ¢;(0,v) =0, for all x; >0, v >0,i=1,2,

(ii) a@'gff’v) > 0, 8¢i3(;cii,v) > 0, for any z; > 0, v > 0. Furthermore, W >0 for any z; > 0,47 =1,2.

Assumption A2 The function f(6) is locally Lipschitz on [0, 00), and satisfies f(#) > 0 for all § > 0 and
f(0) =0, and f(0) is strictly increasing in [0, 00).

2.2 Non-negativity and boundedness of solutions

In the following, we establish the non-negativity and boundedness of solutions of system (3)-(7) with initial
conditions (8).

Proposition 1. Let (z1(t), z2(t), y1(t), y2(t), 21(t), 2z2(t), v(t), w(t)) be any solution of (3)-(7) satisfying the
initial conditions (8), then x;(t), y;(t), z:(t),7 = 1,2, v(t) and w(t) are all non-negative for ¢ > 0 and ultimately
bounded.

Proof. First, we prove that z;(¢) > 0, i = 1,2, for all t > 0. Assume that z;(¢) lose its positivity on some local
existence interval [0,[] for some constant [ and let t¥ € [0,[] be such that z;(¢f) = 0. From Eq. (3) we have
&;(tF) = A > 0. Hence z;(t) > 0 for some t € (¢t 4+ ¢€), where € > 0 is sufficiently small. This leads to a

contradiction and hence z;(t) > 0, for all ¢ > 0. Furthermore, from Eqs. (4)-(7) we have

t
yi (t) = y; (0) e %t 4 (1 —g;)e™ ™ /6751»(#0)(;5(% (6 —1i),v(0—m))deo, 1=1,2,
0

t
2 (1) = 2 (0) e 4 gre= ™7 / e D (0 —71) 0 (0 — 73))db, i=1,2,
0
t t t
— [(ubf(w(C)))dC — [(utbf(w(¢)))d¢ 3
v(t)=v(0)e 0 + / e ¢ Z(Ny,idiefm“iyi(ﬁ —Ki)+ M, a;e” " z(0 — w;))db,
0 =1

w (t) = w(0)e ™ + ¢ [ e PNy (0)dd,

o—_

then y;(t) > 0, 2z(t) > 0,i=1,2, v(t) > 0 and w(t) > 0, for all t € [0, g]. By a recursive argument, we obtain
Y (1) >0, z;(t) >0, v(t) >0 and w(t) >0, ¢ =1,2, for all t > 0.
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Next we show the boundedness of the solutions. From Eq. (3) we have @;(t) < A\; — d;x;(t), 4 = 1,2. This
implies that limsup,_, . x;(t) < 2—:, i=1,2. Let T;(t) = e ™"z (t — ;) + yi(t) + 2zi(t), i = 1,2 then

Ti(t) = €_m17i)\i — e_m”"dixi(t — Ti) — (Slyl(t) - aizi(t)
S eimi‘ri)\i — 05 (Giminl‘i(t — Ti) + yz(t) + Zi(t)) S )\i — O'iTi(t),

Ai
where o; = min{d,, §;,a;}. Hence, limsup,_, ., T;(t) < L;, where L; = —. Since z;(t), y;(t) and z;(t) are all
o

?
non-negative, then limsup,_, o v;(t) < L;, and limsup,_, . z(t) < L; for all ¢ > 0. Moreover,

(Ny,0ie™ " iy (t — ki) + Mz aie” " 2 (t — w;)) — uv — bo(t) f(w(t))

<

M i1

(Nyiéie_"“” + Mziaie_”“’i) L; —uv.

i=1

(Nyi 6ieinimi+Mzi aieiriwi)Li
u

Then limsup,_, v(t) < Lg, for all ¢ > 0, where Ly = Z Furthermore, w =

i=1
cv — pw < c¢L3 — pw, then limsup,_, ., w(t) < Ly, for all t > 0, where Ly = c’%.Therefore, 2 (t), yi (t), zi(t), v(t)

and w(t) are ultimately bounded.

2.3 Equilibria

Let Assumptions Al (i) and A2 be satisfied, then system (3)-(7) has a disease-free equilibrium FE; =

(29,29,0,0,0,0,0,0), where ;v? = %7 i = 1,2. The system can also has another positive equilibrium
E, = (&1,%2,91, Yo, 21, 22,0, W) which is called endemic equilibrium. The coordinates of the endemic equi-

librium, if it exists satisfy the equalities:

Ai = diZi + $i(%4,0), 6 = (1 —qi)e” ™ T 9i(%4,0), aiZ = qie” " i (%4, D),
2
ud = Z (Ny, 0™ g + M. a;e” """ %) — bUf(w), W=
i1

Then the basic infection reproduction number for system (3)-(7) is

2 2
1—q)Ny,e ™% + q; M, e "% )e™ ™" Q¢ x?,O
1=1

u ov

i=1
The term d¢;(x?,0)/dv represents the maximal average number of target cells of class i that infects by viruses,
and Rp; denotes the basic infection reproduction number of the HIV dynamics with CD4% T cells (in the
absence of macrophages) and Rgs denotes the basic infection reproduction number of the HIV dynamics with
macrophages (in the absence of CD4™ T cells), respectively. The parameter Ry determines whether the infection

can be established.

2.4 Global stability analysis

In this subsection, we establish a set of conditions which are sufficient for the global stability of the two equilibria
of system (3)-(7) employing Lyapunov method and LaSalle’s invariance principle. The following function will
be used throughout the paper H(s) =s—1—Ins.

Assumption A3 The function ¢;, i = 1,2 satisfies:
.. (20
(i) (5%(1'“0) — 264 »70>) (29 — ;) <0, for ;> 0,

ov ov %
(ii) ¢i(zi,v) < ”W? for all z;,v > 0.
Theorem 1. Let Assumptions A1-A3 be satisfied and Ry < 1, then the disease-free equilibrium FEgy of
system (3)-(7) is GAS.
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Proof. Define a Lyapunov functional Wy as follows:

2 0 MR —riws
i(Z; N, e~ ik M, e Tivi
= E Yi xi—m?—/ lim @(x“v)ds—i— vi© Yi + 2 Zi
— v—0Tt qﬁi(s,v) Yi Yi

L5

w;

+/¢i(:ci(t70),v(t70))d0 +Lm/yi(t79)d0+w/zi(tfﬂ)d0
0

Vi Vi
b w
+v+g/f(9)d9
0

0 0
where y; = e7 ™" ((1 — ¢;)e” ™" Ny, +¢q;e” " M,,), i = 1,2. We calculate dto along the trajectories of system

(3)-(7) as:

% - 22:% [(1 — lim W) (Ai = diw; — ¢i(wi, v))

v—07F ¢Z Zi, U)

1=1
(1 e sl ). ot~ ) — 6
S e = ) ol =) — aiz)
i@, 0) — dilailt — i), olt — 7))
R )]
+ i (Ny, 0" iy (t — K;) + M.,aie” " 2(t — w;)) —uv — buf(w) + gf(w)(cv — pw). 9)

Collecting terms of Eq. (9) we get
AWy _ S~ 06s(x2,0) /00N .. 06s(a0,0)/0v bp
dt Z% Kl - W) (Ni — diw;) + ¢1($170)W] —uv — ?wf(w)

i=1

0]
_ Z% . ( - 0> (1 ‘ZZZ(( /8”> +Z%¢z zi,v gﬁgg%gﬁ —uv - b?pwf(w). (10)

Using A3 we get

—uv — —wf(w)

o S (1-3) (1~ S o) + S P s
- ivm (1 - Z)) (1 W) + (Ro — 1)uv — b?pwf(w). (11)

By using Assumption A2, the last term is less than or equal zero. Therefore, If Ry < 1 then d?{“ < 0 for all
Z1,%2,v,w > 0. We note that, the solutions of the system (3)-(7) converge to I, the largest invariant subset of
{dWO = 0}. From Eq. (11) we have d;‘t/" =0iff v; =29, i=1,2, v =0 and w = 0. The set T is invariant and
for any element belongs to I satisfies w = 0, v = 0 then © = 0. We can see from Eq. (19) that

2
Z Ny, 0ie” " iy (t — ky) + My ae” " 2 (t — wl)) =0.
=1

Since y; and z; are non-negative for ¢ = 1,2, then y; = yo = 0 and 2z; = 25 = 0. It follows that, d?{“ =0 iff

v =2 y; =2z =v=w=0,i=12. From LaSalle’s invariance principle, Fy is GAS.
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To establish the global stability of the endemic equilibrium, we need the following condition.

Assumption A4 Function ¢;(x;,v) satisfies the following:

<¢(“>_v> (1_¢<H>> <0, 20>0

¢i(zi,0) 0 ¢i(zi,v)

Theorem 2. Let Assumptions Al, A2 and A4 hold true and the endemic equilibrium E; of system (3)-(7)
exists, then F; is GAS.

Proof. We consider the Lyapunov functional Wy as:

2 Ti R
- ¢i(T4,0) Ny e miri Ui
Wi = Yi |xi — X5 — —ds + C uH | =
2 e %

&

Mo () T it — ), 0(t — 0))
+ H<‘)+<b( )O/H( )d9

" z ¢i(Ti,0)
i Yi Vi zi !
J 0
bf )
+2 [(10) - s,

d?ﬁ along the solutions of system (3)-(7) we obtain

d?t/l 27 [(1 _ W) (A — dizi — ¢i(wi,v))

i(24,)

Calculating

+ Ny e ‘n'l”b (1 - gl) (L= qi)e™™ T gi(ws(t — 7i), v(t — 7)) — 6iys)

o Mae T <1 - z) (e ™ T ds(s(t — 7)ot — 73)) — a5z)

Yi

+ ¢i(xi,v) — @i(xi(t — 73),v(t — 73)) + ¢s(T4,0) In <¢i($i(t — i), ol = Tm)

(bi(xi?v)
L Ny, 0iyi (3{1 _ yi(tN_ Ki) 4l (yi(t - f%)))
7 Yi

Vi Yi Yi
- 2
+ (1 - Z) (; (Nyz(sze_nl&yl(t - K:i) + Mz'iaie_riWiZi(t B Wz)) B bvf(w))
b
+ 20 (w) — @) (e — pw) .
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Collecting terms of Eq. (12) we get

2 T 1l ~ ~
W A2 i\ Ly N, _nimi(si N M, e "%iq,
"= Z% Kl - M) (Ai — diz;) +¢z‘(mi,v)¢ (Z:,0) 4 Dm© i + i€ a 5

. ¢i(zi,0) ¢i(zi,0) Vi Vi
B (1 - Qi)e_miT'iNyie_niM Qz@(acl(t — Ti), U(t — TZ)) _ qie_mﬂ'iMZie_”wi’ 2Z¢z($z(t — Ti), ’U(t — Ti))
i Yi i 25
R ¢i(xi(t7_i)vv(t7-i)))
+ (,251 i, U In (
( ) (bi(xivv)
L8 —miki N, (Szyz (yq(t — HZ)) N e "M, ;% In <z,~(t - wz)>]
Yi Yi Vi Z4

ZN 6 oMk vyl - ZM —riw; ”L}Zl(t - wi) + ui
— o L. Qe Tt —————— — U + uv

, ¢ v

- bp bp -
00/ () = L f(w) = bof (8) + L f (),
Using the equilibrium conditions for Fjy:
Ai = diZi + 9i(T4,0), (1 —qi)e” ™ T di(%4,0) = 05, qe” " Pi(T4,0) = aiZy,

2
ub =Y (Ny,die ™5 g + My, aie™ " %) — b f(), D=
=1

Do
<

and the following equality

2
(Z(Nyiéie_nimgi + Mziaz Wiz ) - bUf( )) 7ZVZ¢1 xl? - b’l)f( )

i=1

we obtain

d - i(Ti . i(Zi, 0
b o (- ) - 228) - 352
v

T, 2N, e~ ™Mri§;,  2M, e Ti%iq, _
+ o >(j’(x’ 2] B Ty, Blae oy,

Vi Vi
_ Nye TG

<

(yl@ zi(t — 1), 0t — 1)) vyt — m))
+ b
yz¢z CE“ ) VYi
”‘“lalzl (zzqﬁz zi(t — 1), vt — 7)) N 0z (t — wi)>

(
sz)z Zi, rD) VZ;

- f:”’ () (5
kg ) o5

pwf(w) + b—pwﬂw) (13)

+

—bof(w) 4+ b f(w

Using the following equalities
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¢i(&4,0) (ﬂi¢i($i(t—7'¢),v(t—7'i))>
) Yidi (T4, 0)
¢ (v ) o (?@) ’

(
<<
In (¢i(xi(t —7),v(t — Ti))) =1n <W) I (Zi@(xi(t —7),0(t — Ti))>
(
(

¢i(i,v) 2i0i(T4,0)

Eq. (13) can be rewritten as

2

TSl (-2) (- 5EE) reen (GRS -1 o)
o) (Gers - (G )) o (6 1 ()
Jidi(wi(t — 1), v(t — 7)) i (i (t — Tf)a Qj(t - Ti))))
Yidi(Z4,0)

—1—1In

( (
— Ny, e ™", (W —1-n (W))
( )

2i9i(Zi, D) 2¢i(Zi,0)

Then Eq. (14) becomes,

2

WL pen (-2) (- 555) e (555 -5) (- 5655)
s {n (555 + (3500
e {n (RERG)  (0)
M. e T, {H (W“; (x)g’f - “‘”) H ((’*:“’)) H =P~ @) (w) ~ (@)

By using Assumption A2, the last term is less than or equal zero. It is easy to see that, if Z1, %2, 91, J2, 21, 22, D

and w > 0, then dg:l < 0 for all x1,x2,y1,Y2, 21, 22,v and w > 0. The solutions of the system limit to I, the

largest invariant subset of {dgt/l = 0}. It can be seen that dgt/l = 0 if and only if z; = z;, v = 0, w = @ and
H=0ie.

vyt — ki) _ 0zt —wi) 1 (15)
vYi V%
From Eq. (15), we have y; = ¥; and z; = 2;
principle implies the global stability of Ej.

. It follows that d?tfl equal to zero at F;. LaSalle’s invariance

216 A. M. Elaiw et al 209-228



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

3 Example and numerical simulations

We introduce the following example:

i(t) = N — dii(t) — By (t)o(t) i=1,2, (16)
(@ () + p) (0(t) + )
. s ﬁx (t z) (t_Ti) ;
Ui(t) = (1 — gz )e” ™™ Lt — 0;y: (1), 1=1,2, 17
0=t T T e R "
kg _ _
5(t) = emm LA T ) i=1.2 (18)
(" (t = 7i) + p,) (vt = 73) + )
2
= Z (Ny, 0" iy (t — K;) + Ma,aie” " 2;(t — w;)) — uv(t) — bu(H)w(t), (19)
i=1
w(t) = cv(t) — pw(t). (20)
For this example we have
15} P
¢i(xi,v) = — , flw)=w 21
i(74,0) T )0t (w) (21)
where k;, p,,si > 0, ¢ = 1,2. Function ¢; satisfies the following:
Ny . ki—1
0¢i(wi, ) = lfzpiﬁiml Y > 0,for all z; >0, v >0,
9z; (2" + )2 (v + <)
O¢i(2i,v) = — i, i > 0, for all z; > 0,
v (27" +p,) (v +6)?
0i(i, 0) = kal > 0,for all z; >0, v >0,
v (e +p,)
(bi(xi:v) = k. BL:EZ ! < 51];[)2 ! = Ua¢z<xl70)7for all Ti > 03 v > 03
(27" +p)v+a) e +p,) v

(W _ 11) <1 . (bz(ww{))) _ (_Ci(v - ’5)2 <0, for all z;, v > 0.

(bz(l‘“ﬁ) v d)i(Ii,’U) v 1~]+§Z‘)(’U+§i)

Thus Assumption A1-A4 hold true and Theorems 1 and 2 are applicable. The basic reproduction number in

this case is given by

ZR _y (e Ny g M Je T @)
v 5 u G(@F + )

Without loss of generality we let, 7o = 71 = 70 = kK1 = Ko = w1 = wo. In Table 1, we present the values of some

parameters of model (16)-(20). The effect of the drug efficacy e and time delay 7. on the qualitative behavior

of the system will be studied below in details. All computations are carried out by MATLAB.

3.1 Evolution of the system state with different initial conditions

We have chosen three different initial conditions as follows:

IC1: 1(0) = 600, w2(0) = 200, @3(0) = 1, w4() = 0.5, p5(0) =1, ws(0) = 2, Y7(0) = 1, ps(f) = 0.02,

1C2: @1(9) =700, 902(9) = 350, @3(6‘) =2, 904(9) =2, 905(9) =3, 306(0) =9, 907(9) =0, @8(9) =1

where 0 € [—p,0). We will fix the delay parameter 7. = 0.01 day~!, and using two sets of the parameter € to

get the following two cases.

Case (I): In this case, we choose ¢ = 0.8 then we get Ry = 0.79 < 1. Figure 1 shows that, the state of the
system eventually approach to the infection-free equilibrium Ey = (1000, 600, 0,0, 0,0,0,0) for the three initial

conditions IC1-IC3. This supports the results of Theorem 1 that the infection-free equilibrium FEj is GAS. In
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Table 1: The values of the parameters of model (16)-(20).

Parameter Value Parameter Value

A1 10 cells mm—3day~! Ag 6 cells mm3day !
b1 8 cells mm3day ! Bo 5 cells mm~3day !
dq 0.01 day~! do 0.01 day !

51 0.5 day ! o 0.3 day—!

ay 0.3 day ! as 0.1 day~!

q1 0.5 Q2 0.5

S1 10 virus mm—3 S2 10 virus mm~3
kq 2 ko 2
Ny, 9 virus cells™! Ny, 4 virus cells~!
M., 4 virus cells~! M., 1 virus cells™!
01 0.1 cells®* mm—3k 02 0.1 cells®* mm—3k
m 1 day ! ma 1 day—!

ny 1 day~! N2 1 day~!

71 1 day~! D) 1 day—!

X 0.5 U 1 day—!

b 1 cells mm—3day ! P 6 day—!

c 1 day—! € Varied

Te Varied

this case, the virus particles will be cleared from the body.

Case (II): In this case, we choose € = 0 then we calculate Ry = 2.13 > 1. Consequently, the system has two
equilibria Fy and Fy, and based on Theorem 2, F; is GAS. From Figure 1 we can see that, our simulation results
are consistent with the theoretical results of Theorem 2. We observe that, the state of the system converge
the endemic equilibrium E; = (571.06,332.13,4.25,4.43,7.08,13.28,11.58,1.93). for the three initial conditions

IC1-IC3. In this case, the infection becomes chronic.

3.2 Effect of the drug efficacy on the dynamical behavior of the system

In this case, we will fix the delay parameter 7, = 0.01 day~!. Figures 2 shows the effect of the parameter ¢ on
the evolution of the uninfected CD41T cells and macrophages, short-lived infected cells, long-lived chronically
infected cells, free virus particles and B cells. When there is no treatment i.e. € = 0, the trajectory of the system
tends to the endemic equilibrium E; = (571.06,332.13,4.25,4.43,7.08,13.28,11.58,1.93). Since E; exists, then
according to Theorem 2, F is GAS. We can see from the figures that, our simulation results are consistent with
the theoretical results of Theorem 2. We observe that, as the drug efficacy is increased from € = 0 to € = 0.8,
E, is still exists and is GAS, moreover, the concentrations of the uninfected CD4*T cells and macrophages
are increasing, while the concentrations of the short-lived infected cells, long-lived chronically infected cells,
free virus particles and B cells are decreasing. When ¢ = 0.98, the basic reproduction number is given by
Ry = 0.73 < 1, then according to Theorem 1, the disease-free equilibrium FEy is GAS. We can see that, the
concentrations of uninfected CD47 T cells and macrophages are increasing and converge to their normal values

3—1 = 1000 cells mm™3, 2; = 600 cells mm 3, respectively, while the concentrations of short-lived infected cells,
long-lived chronically infected cells, free viruses and B cells are decaying and tend to zero. It means that, the

numerical results are also compatible with the results of Theorem 1. In this case, the treatment with such drug
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Figure 1: The evolution of the system state in different initial conditions for model (16) -(20).
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efficacy succeeded to eliminate the viruses from the blood.

3.3 Effect of the time delay on the dynamical behavior of the system

In this case, we will fix the drug efficacy ¢ = 0.2. Figure 3 shows the effect of the parameter 7. on the evolution of
the state variables of the system. When 7, = 0.01, the trajectory of the system tends to the endemic equilibrium
E; = (684.2,378.23,3.13,3.66,5.2,10.9,9.75,1.62). Then F; exists and according to Theorem 2 E; is GAS. It
means that, both the numerical and theoretical results of Theorem 2 are consistent. One can see that, as the
time delay is increased from 7. = 0.01 to 7. = 0.7, Ej is still exists and is GAS, in addition, the concentrations of
the uninfected CD47 T cells and macrophages are increased, while the concentrations of the short-lived infected
cells, long-lived chronically infected cells, free virus particles and B cells are decreased. When 7, = 1, the basic
reproduction number is given by Ry = 0.71 < 1, then according to Theorem 1, Fy is GAS. We can see that, the
concentrations of uninfected CD4" T cells and macrophages are increasing and converge to their normal values
% = 1000 cells mm™3, 3—; = 600 cells mm 3, respectively, while the concentrations of short-lived infected cells,
long-lived chronically infected cells, free viruses and B cells are decaying and tend to zero. Figure 3 shows that
the numerical results are also compatible with the results of Theorem 1. This shows the effect of time delay on

preventing the disease from development.

3.4 Effects of the drug efficacy and the delay on the basic reproduction number:

Figure 4 shows the effect of the parameters € and 7, on the basic reproduction number Ry. We note that, Ry > 1
for small values of € or 7., and the endemic equilibrium exists and is GAS, while the disease-free equilibrium is
unstable. When Ry = 1 (which is a bifurcation point), both disease-free equilibrium and endemic equilibrium
coincide and it is GAS. Moreover, as € or T, is increasing, Ry is decreasing until it becomes less than one, which
makes the endemic equilibrium does not exists and the disease-free equilibrium is GAS. From a biological point
of view, the intracellular delay plays a similar role as antiviral treatment in eliminating the virus. We observe
that, even if there is no treatment i.e. ¢ = 0, sufficiently large delay suppress viral replication and clear the

virus. This give us some suggestions on new drugs to prolong the increase the intracellular delay period.

3.5 Effects of two types of target cells on the dynamics and controls of HIV

infection

In this subsection, we show the effects of two types of target cells on the dynamics and controls of HIV
infection. We note that if Ry < 1, then it is sure that Rg; < 1 and Rpe < 1. But if one neglect the presence of
the macrophages in the HIV dynamics model, then the HIV model system (16) -(20) will become

(1—e)Biy" (t)v(t)

B = ) R T e + o) -

- S (L= €)Baai (t = m)o(t — 1)

1) = (1—qp)e” ™™ — 01y (1), 23
@) =~0-a) =) 4 p )0l — 1) 4 <) 1 (t) (23)
S (8) = o= (1—e)Biay’ (t —m)v(t —71) s

1(t) =@ TR ) o)) ey 1(#), (24)

0(t) = Ny, 01" "™y (t — K1) + Mz a1e” " 2 (t — wi) — wo(t) — bu(t)w(t), (25)
w(t) = cu(t) — pw(t). (26)

The basic reproduction number of model (22)-(26) is given by

((1 _ ql)e—nlﬁlNyl 4 qle—r1w1M21) e—m17’1(1 _ E)Bl (x(l))kl

R =
o u a (@) + p1)
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Figure 2: The evolution of the system state with different values of drug efficacy for model (16) -(20).
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Figure 3: The evolution of the system state with different values of delayed for model (16) -(20).
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Figure 4: Effects of the drug efficacy and delays on the basis reproduction number of model (3)-(7)

Now we show that there is a number of parameter values for which Ry; < 1, but Ry > 1, and in such cases the
solutions of system (22)-(26) tend to Ey (in RZ,) as ¢ — oo, while those of (16) -(20) tend to E; (in RY,) as
t — oco. We calculate the critical drug efficacy for system (16) -(20), Ep is GAS when Ry <1 i.e. -
M < e <1, 8" = max {O, _fo-1 } ,
Ro1 + xRo2
where Ry = Ry |-—0 and Ro; = Ro; |e=0, i = 1,2.
For system (22)-(26), Eo is GAS when Rg; <1 i.e.

e <e <1, 5% =max {0, R(E_ ! } .
Ro
Clearly, " > 5T, Then, if one design treatment with drug efficacy 57 < & < &7, then Ej is GAS
for system (22)-(26) but unstable for system (16) -(20). Using the data in Table 1 and 7, = 0.01, we have
g§" = 0.93 and 5" = 0.80. Let us choose ¢ = 0.88, then Ry |.—0.8s= 0.62 < 1, but Ry |.—0.ss= 1.31 > 1.
Therefore, more accurate treatment can be designed using the model (16) -(20) than those designed using
model (22)-(26). Figure 5 shows the effect of two target cells on dynamics and control of HIV infection.
We observe that, if we choose ¢ = 0.88, then the trajectory of model (16) -(20 tends to the infection-free
equilibrium Ey = (1000, 0,0,0,0,0), while the trajectory of model (16) -(20) tends to the endemic equilibrium

Ey = (990.54,573.24,0.1,0.4,0.15,1.31, 1.04, 0.17).

3.6 Effect of long-lived chronically infected cells on the dynamics and controls of
HIV infection

To show the effect of the presence of long-lived chronically infected cells on the dynamics and controls of

HIV infection, we write the HIV model without long-lived chronically infected cells as:

Bix} (t)v(t)

Ti(t) = A — dyzi(t) — )

" O @+ e+ <) 0
(1) — eimi‘riﬁﬂfi (t —m)v(t —m) — S 28
A P T s s s R >
o(t) = ZNyiéiefni“iyi(t — k) —uv(t) — bu(t)w(t), (29)
w(t) = cv(t) — pw(t). (30)
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The basic reproduction number for system (27)-(30) is given by

niliie—miTiN ﬂ ( 0)]@1
Ro= Roi= e )
0 Z 0 ; usi((x9)% + p,)

where Ry = Ry |g,=¢,=0. Since e ™" N, > e "“ M, i =1,2, then we have

2
1— g e~ Miki |\ . + qie—riw,;MZi e~ Mi nﬁl Z‘? ki
oy = 3o (L= @), ) (=?)

i=1 u gl(( ) + p )
B 2 e~ Miki o= TIN . i e~ i K,.LN — e Tiwi le)Qz 7m,-7'iﬁi (x?)’“
= ug((a)k + — usi((x9)% + p,)

2 ks —r; —Mm;T; @
= EO - Z(e n’H‘Nyi —e " thzl)Qz i ﬁ@('r?)k

P ugi((x9)* + p,)

< R.

Therefore even without the incorporation of treatment, the long-lived infected cell population decreases the
basic reproduction number of the system. Now, we calculate the critical drug efficacy needed in order stabilize

the system around the infection-free equilibrium. The critical drug efficacy for systems (16) -(20) and (27)-(30)

crit crit

and 5§, respectively, where,

Ro—1
57 = max < 0, 0
Ry

where ﬁo =Ry le=0= Ro |c=g,=go—0. Using the data given in Table 1 with 7. = 0.01, we have £{"* = 0.93

crit

is given by €§

and €§
is actually less for system (16) -(20) than that for system (27)-(30). Figure 6 shows the effect of chronically
infected cells on dynamic and control of HIV infection. We observed that, if we choose ¢ = 0.93, then the
trajectory of model (16)-(20) tends to infection-free equilibrium E, = (1000, 600, 0,0,0,0,0,0), while in the
model (27)-(30), Ry = 1.54 > 1 and the trajectory tends to the endemic equilibrium with humoral immunity
E; = (990.99,558.53,0.17,1.36,1.83,0.3).

= 0.99. Therefore the drug efficacy necessary to drive the system to the infection-free equilibrium
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(a) Uninfected CD41 T cells for model (16)-(20) and (27)-(30).
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Figure 6: Effect of long-lived chronically infected cells on the dynamics and controls of HIV infection
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COMPOSITION OPERATORS ON DIRICHLET-TYPE SPACES
LIU YANG, YECHENG SHI*

ABSTRACT. In this note, motivated by [8], under the conditions of weighted
function in [10], we characterize bounded and compact composition op-
erator on Dirichlet-type spaces Dy . We also give an equavalent chara-
terization of composition operator on Dy, if the composition operator
on Dy spaces is Hilbert-Schmidt.

Keywords: Dy spaces; composition operators; Hilbert-Schmidt

1. INTRODUCTION

Let D be the unit disk in the complex plane C and H (D) be the class of
functions analytic in D. Let K : [0,00) — [0, c0) be a right-continuous and
nondecreasing function. The Dirichlet-type spaces Dy, consists of those
functions f € H(D), such that

113, = LFO)F + / FPEQ - 2)dA(z) < oo.

When K(t) = t*, 0 < a < 1, it give the classical Dirichlet-type space
D,,. For more informations on D, and D spaces, we refer to [1], [3], [12],
[19], [25].

Let ¢ be a holomorphic self-map of D. The composition operator C, on
D is defined by

Colf) = fop, f€Dx.

There are many papers study composition operator, we refer to [4], [13],
[14], [15], [17], [20], [21], [22], [24], [26]. Recently, Kellay and Lefevre us-
ing Nevanlinna counting function, characterize bounded and compact com-
position operator on Dirichlet-type space Dk under certain conditions in
[13]. Later, Pau and Perez studied the essential norm and closed ranged of
composition operator on D, in [17].
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In this paper, motivated by [8], we generalize Theorem 2.2 of [8] to Dy
spaces. We also give a characterizations of boundedness and compactness
of composition operator C, on D spaces by ¢". Furthermore, equavalent
characterizations of composition operator on D spaces belong to Hilbert-
Schmidt was gave.

Throughout this paper, suppose that K : [0,00) — [0,00) is a right-
continuous and nondecreasing function. Satisfying

1
/ mds < 00 (1.1)
0 s
and
> oK (s)
/1 = ds < o0, (1.2)
where

vK(s) = sup K(st)/K(t), 0<s<oc.
0<t<1

To learn more about weight function K, we refer to [2], [3], [9], [10] and
[16].

Throughout this paper, for two functions f and g, f =< g means that
g < f S g, that is, there are positive constants C and Cy depend on K and
index s, «, such that C g < f < Cayg.

2. AUXILIARY RESULTS

Before to proof, we need to know some results. The following lemma
can be found in Lemma 2.1 of [2].
Lemma 1. Let (1.1) and (1.2) hold for K. If2 — § < s <1+ ¢, then
_ 2 _ 2
[ Uy < KO olel)
D

1 —fw[?)*[1 —wzl* (L= [zP)re

forall a,z € D, where 0,(2) = {=-.

Lemma 2. Suppose that K satisfies (1.1) and (1.2). Then

n-+1 1
1 — "=
2 K(D) ~O—teK1-1

forall) <t <1
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Proof. Without loss of generality, we can assume 1/3 < ¢ < 1, otherwise,
it obvious. Make change of variables y = %, an easy computation gives

o0 l
dz
2 K E/HL )
R
=)y BE(x) K(L) ay.
Lety = ——~. We can deduce that
2?3 ntl L[ ey
2K T e KD

B 1 /°° ve 7K (In %)

1PKm?) ), KEmD “

1 o _
5 (1 _ t)2K<1 _ t) /—lntfye ’YQOK(P)/)de

By [10], under conditions (1.1) and (1.2), there exists an enough small ¢ > 0
only depending on K such that

vr(s) S 0<s<1

and
vr(s) S si7¢ s >1
Therefore,
S ve "@rl\y)ay
— (1=K —1t) J_m,
1 o0 x
< e 2—0d +/ e~ 1+cd )
S - 0PK(1-1) (/ L
1
= TB—-c)+T'(2+c¢)),

(1—t2K(1—1)

where I'(.) is the Gamma function. It follows that

= n+1 1
I U |
+;:KQ%) S UK —1)
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Conversely, since K is nondecreasing, we deduce that

i n+1 o 1 /°° ve_VK(ln%)dfy

— K(%H) (In1)2K(n$) J oy, K(%ln%)
- 1 > ye " K(In )
S A= 0PK1=0) Sy Kl

1 o0
> —d
2 TR
_ 1
(1 —t)2K(1—t)
The proof is completed. U

The next lemma can be found in Theorem 5 of [23].

Lemma 3. Let (1.2) hold for K. Then for any o > 0and 0 < 3 < 1, we
have
! 1 1 1-8\""? [1-
/ r*(log =) P K (log =)dr < < B) K( ﬁ).
0 r r Q@ a

3. BOUNDEDNESS AND COMPACTNESS

In this section, motivated by [8], we discuss the boundedness and com-
pactness of compostion operators by a general computation.

Theorem 1. Suppose that (1.1) and (1.2) hold for K, s > 0. Suppose
o(D) C D and ¢ € Dg. Then C,, is bounded on Dy if and only if

U= [P e
DRI aP) o T ap(apn A <o

Proof. Let
1— 2\1+s 1
Fu(z) = L2 1eD) L o
KT = o) (1 - @)™
Using Lemma 1, it is easy to check that I, € Dg. If C,, is bounded on Dy,
then ||C,,(F,)| b, < oo, that is,
(1 — Jaf?)+2 ' (2)?
acd K(1—1al?) Jp |1 —ap(z)**2s

K(1—|2]*)dA(z) < oo.
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On the other hand, we know that for any pseudohyperbolic discs D(z, ),
we have 1 — |w| <1 — |z| < |1 — wz|, forany w € D(z,7) (see [27, page
69]). Let f € Dg. Applying sub-mean-property to | f'|?, we have

|f/(Z)|2§/ |f,( )|2 dA(w)

D(z,r) |1 - U}Z|2

L[
D(z,r)

|1 W]t

|f/ |w| )2+2s
s [P aaw)

Therefore, we get

/ (o) P (2)PE (L — |22)dA(2)

/(/ |1_’f/ |4+25( —IwIQ)“QSdA(w)) P/ (2)PE (1 — |2]*)dA(2)

P [ PP :
< (?Jé% K= [wl) / 1wz WM)
x / ()P (L [w?)dAw) < co.

The proof is completed. U

Theorem 2. Suppose that (1.1) and (1.2) hold for K, s > 0. Suppose
o(D) C Dand ¢ € Dg. Then C, is compact on D if and only if

-l L )P o
I R ) Sy = apleps L (L~ [)dd(z) =0

Proof. Let

w 2+25
6w = Gt [k s

Let { f }22, be a bounded sequence of D such that f,, — 0 weakly. There-
fore, f; — 0 uniformly on compact sets. From the proof of Theorem 1 and
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dominated convergence theorem, when k — oo, and r — 1, it follows that

ICo U, — |filo(O)?
/ L) PCw) K (1 — |w])dA(w)

< [ H@PO@E G - u)dat)
[ R@PGW)KQ - [wP)iAdw) o
D\rD

Thus, C,, is compact.
Conversely, if C,, is compact, let {a}3;2; C D, |ax| — 1,

I3 ( ) (1 — ’akP)l_‘_s 1
o (2) = — )
k K(l — |ak|2) (1 _ akz)1+s

Then, it is easy to verify that F,, — 0 uniformly on compact sets. Thus,
|Cy(Fa,)ll D — 0as k — oo. The proof is completed. O

4. ©"-TYPE CHARACTERIZATIONS

In [24], Wulan, Zheng and Zhu gave an interesting characterizations of
compostion operators C,, by ™. In this section, we are going to give an
analogy results on Dy spaces.

Theorem 3. Let (1.1) and (1.2) hold for K. Suppose ¢ € Dy satisfies

QO(D) C D and C<p Dy — Dyg. Then
Ssu 0. @)
np F’(l) Y Dk )

n

then C,, is bounded;
(2) If Cy, is bounded, then

sup le" 15, < o0

K ()

Proof. (1). Leta,z € D and s > 0. Since
11— ap(z)] = 1 —alle(2)]

and
1 1

~
—~

(1= Telle(N*= ~ (1T = [Pl
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Note that
1 F(n+4+2s) o, on
(ll . |&’ |90 4+23 = § TL‘F 4+2 | | |(10(Z)| )

it follows that
’ CL‘ 2+2$

ROy, T g <~ B
(1L Ja > ()P
S‘Kﬂ—lal e

— |al? 2+25/ Fin+442s), , ot 1) i )
" " K(1- A(2).
K~ aP) Z T 725 o) P (K (L = [£)dA(:)

By Stirling formula, we get

Fn+4+2s) 50
n!'(4 + 2s)

K(1 - |2)dA(2)

, N — 00.

Therefore,
(1= [af?)>+2 ¥’ (2)I? CLIPVdA(
(1 _ |a|2) / |1 _a(p( )|4+25K(1 | | )dA( )

o 2+42s X
(1= aP)

NWZHE””%I%/ ()| (2) K (1 = |2[*)dA(2)

(1_10‘ )2+28 = 3+42s| |2n My N2 2
e ey 20 D [ eI PR HaAC)

(]' B |a|2>2+28 G s ni|, .n
Z(nJr 12 a5,

“RO-W
Ssup s le” ||DK%‘,>‘+; > 1) Kl

Following the proof of Lemma 2, we have

o0

1 K(1—lal?)
1 1+28K - 2n = )
>+ DRl = o
Thus,
(1— |af?)**t2s ¢ (2)]? 2
K(1— dA
RO 1aP) Jo T ap(zye 1~ 2446
1 n
< sup K(l)llso 15,
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Hence, by Theorem 1, we prove (1).
(2). Suppose that C, is bounded on Dy. Let f,,(z) = 2"/||2"||3,, . Then,
we have || f,||5,. = 1. An easy computation gives,
le™ 15 1
00 > ||Cufull?,. = K> "%
|| <Pf ||DK HZnH%K ~ nK(%)HSO ||DK

The last inequality is deduced by Lemma 3. The proof is completed. U

Theorem 4. Let (1.1) and (1.2) hold for K. Suppose ¢ € Dy satisfies
o(D) Cc Dand C, : D — Dg. Then

M 1f

lim
n

—oo K (%)
then C, is compact;
(2) If Cy, is compact, then

le" 5, =0,

: 1 n|2
nh_g)lom”%@ 1D =0
Proof. (1). The proof is similar to (1) of Theorem 3.
(2). Let { f,,} be a bounded sequence in D that convergence to 0 weakly.
If C, is compact on Dy, then ||C,f,||p, — 0, as n — oo. Thus, for any
z € D, we have

fale(2)) = 0, n— oc.

Since {z"/||2"||p,,n > 1} is bounded in D and it converges to 0 point-
wise, the compactness of C, on Dy implies that

™ [ 1

lim = l¢" |5, =0
oo [|2nf|B,  nEK ()T TP

The proof is completed. U

5. HILBERT-SCHMIDT CLASS

Let Hilbert-Schmidt class be the space of all compact operators on Hilbert
space with its singular value sequence {\,} € [, the 2-summable se-
quence space (see [27, page 18]). The following theorem give an equavalent
charaterizations of composition operator on Dy spaces, when it belong to
Hilbert-Schmidt class.

236 LIU YANG et al 229-238



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

COMPOSITION OPERATORS ON DIRICHLET-TYPE SPACES 9

Theorem 5. Let (1.1) and (1.2) hold for K. Suppose ¢(D) C D, p € Dk
and C, is compact. Then C,, is Hilbert-Schmidt on D if and only if

P ()P K1 -]z
| T TR R A <

Proof. Without loss of generality, we can assume {1} U {#;ﬁ}zil is

an orthonormal basis in Dg and ¢(0) = 0. From Theorem 1.22 of [27], C
is Hilbert-Schmidt on Dy if and only if

o Di(¢")
S D)
n=1 TLK<E)
Applying Lemma 2, we have

S 2l =5t [ R = A

—Z ”“/w "l ()P (L — |2?)dA(2)

- |(10(Z)‘2 K(l—’z‘ ) .
B / - PR R~ o p A
The proof is completed. .
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Abstract

Here we study some important properties of left multidimensional
Riemann-Liouville fractional integral operator, such as of continuity and
boundedness.
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1 Motivation
From [1], p. 388 we have

Theorem 1 Letr >0, F € L (a,b), and

G (s) = / (s —t) "' F(t)dt,

all s € [a,b]. Then G € AC ([a,b]) (absolutely continuous functions) for r > 1,
and G € C([a,b]), only for r € (0,1).

2 Main Results
We give

Theorem 2 Let f € Ly ([a,b] X [¢,d]), a1, > 0. Consider the function

T xr2
F(z1,22) = / / (21 — )™ " (20 — t2)*2 71 f (t1,L2) dtdto, (1)
al as
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where a1,z € [a,b], ag,z2 € [¢,d] : a1 < 1, az < To.
Then F' is continuous on [a1,b] X [az,d] .

Proof. (I) Let ay,by,b} € [a,b] with by > b} > a1, and as, ba, b} € [c, d] with
by > b; > as.
We observe that
F(b1,b2) — F (b1,b3) =

by bo
/ / (by — 1) 7 (by — t2)™2 7" f (1, t2) dtydty—
by x

b2
(bF — )™ (05 — 62)™2 7 f (b, t0) dtydty = (2)

S
S

1

bi b
/ / (by — 1) 7 (by — )27 f (£, t2) dtydty—

2

by b3
/ / (bF — )™ (b5 — t2)* 7 f (b1, to) dbydto+
bt 1 1
/ / (by —t1)™ 7 (by — t2)™* 7 f(t1,te) dtr1dta+
b a
ot 1 1
/ /(m—mm—@—mw—fm@mmu+
a b

by bo
/ / (by — )™ 7 (o — t2)™2 7 (b1, t2) dtydts.

1 2
Call
: b2 a;—1 az—1 a;—1 az—1
I(b7,03) :/ / (b — 1) (b — )™ — (b — 1) (b3 — t2)™* | dtqdis.
al az
®3)
Thus

|F (b1, b2) — F (b7, 05)] <
{1t G0 [~ ]

aq (&%)

(e~ b)) G ) (b

aq o aq a2
(4)
Hence, by (4), it holds
= tm o [Foob)—FOLEIS  (Qm TGL5) Il = o
(b1:05) = (b1,b2) (b3.b3)—(b1.b2)
(b1,b2)— (b7 ,b3) (b1,b2)— (b7 .b3)
()
2

240 George Anastassiou 239-248



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

If @ = a9 =1, then p = 0, proving § = 0.
Ifa; =1, as > 0 we get

b3
I(b1,b5) = (b —a1) (/ (bo — t2)*2 ™ — (b5 —tz)““‘*l‘ dt2> . (6)

Assume ay > 1, then as — 1 > 0. Hence by by > b5, then by — to > b5 — t9 > 0,
and (by — £2)™> 7" > (b3 — 2)* 7 and (by — t2)™* 7 — (b5 — )™ > 0.
That is

(by — o)™
s

I(b}‘,b;)_(b;al)[ “ (bgaz)”]

bx )

by — a)™® — (by — b3)** — (b — ap)™?
_(b,{al)[u 2)"" — (b2 — b3)™* — (b3 — a2) } ™)
as
Clearly, then
lim I (b7,b3) =0. (8)
b5 —ba
or
bz—*b;
Similarly and symmetrically, we obtain that
lim I(b,b3) =0, ()
bt —bs
by b
for the case of ap =1, ay > 1.
If oy =1, and 0 < as < 1, then ay — 1 < 0. Hence
b2 1 1
1078 = (6 —an) ([ (0527 = b= 1)) | =
asz
b*_ (12_b_ Q2 b_b*(12
(b>1r _al) |:( 2 a2) ( 2 (12) +( 2 2) :l ) (10)
as
Clearly, then
lim 71 (b7,b5) = 0. (11)
b§—>[)2
or
bgﬂb;
Similarly and symmetrically, we derive that
lim I (b7,03) =0, (12)
bi‘—>b1
or
b1—>b1K

for the case of ap =1, 0 < ay < 1.
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Case now of a,as > 1, then

b; b; 1 1 1 1
e I [ e R R VS R e YT
al az

(13)
(b1 —a)™ — (b =)™ (b2 —a2)™ — (b = 03)™*\ (b7 —a1)™" (b5 —az)™*
@ g o ay
That is
lim  T(b3,b5) = 0. (14)

(b1,b2)— (b7 ,b3)
or

(b3,03)— (b1,b2)

Case now of 0 < ay,as < 1, then

b b2 1 1 1 1
I(b;,b;):/ / [(b;ﬂ—tl)“ﬁ (b5 — )27 = (by — )™ " (by — £2)** ]dtldtzz
al a

(b1 —a1)™" (b3 — ax)™ <(b1 —a1)™ = (b — bT)al) <(b2 —az)™ — (by — b§)a2> .

Qa1 Qa2 aq

That is again, when 0 < a1, < 1,
lim I(b7,03) =0. (16)
(b1,b2)— (b3 ,b3 )
or

(7,03 )—(b1,b2)

Next we treat the case of a1 > 1, 0 < g < 1.
We observe that

by b
I(b%,b5) < I* (b%, %) ;:/ / (by — t1)™ 7 [(by — t2)™> 7 — (b5 — t2)™* 7 | dirdis
al az

b s
+/ / (b;—t2)a2_1’(b1—tl)c”_l—(b’{—tl)“_l‘dtldtg. (17)

Therefore it holds

b b2 1 1 1
r (b;,b;):/ / (b= )™ (05 = 12) 7 = (b2 = 12)™7") dtadts
1 2 (18)
bt
+/ / (b5~ )™ (0 = 1) = (0F — )™ ") dtadts =
aq az

<(b1 —a)™ — (b — b;)al) {(b; —a3)™ — (b2 — a3)™ + (b2 — b§)“2] N

Qa1 Q2

(b5 — ag)™ [(bl —a1)™ = (b = b)) — (b5 — al)m} : (19)

Q2 aq
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So, in case of a; > 1, 0 < g < 1, we proved that

lim I(b7,b5) =0. (20)
(b1,b2)— (b7 ,b5)
(b3,63)— (by,b2)

Finally, we prove the case of ag > 1 and 0 < a3 < 1. We have that

* * 1% (17) bI b; a;—1 as—1 * as—1
I (bla b2) = / / (bl - tl) |:(b2 - tz) - (bg - tz) :| dtldtz
al as

+/{:T /: (b3 — t2)> " <(b’{ ) (b — tl)al—l) dhdts— (1)
(o = b)Y [ ) G

851 Qa2

(b5 — a2)™? [(bf —a1)™ — (b —a)™ + (b — bﬁf)al} . (22)
(D) aq
Hence again it holds
lim 1(b7,05) =0. (23)

(b1,b2)— (b ,b5 )
or
(bf’bg)ﬁ(bl,bz)
We proved p =0, and § = 0 in all cases of this section.
The case of b7 > by and b5 > by, as symmetric to by > b and b > b3 we
treated, it is omitted, a totally similar treatment.
(IT) The remaining cases are: let aq,b1,b7 € [a,b]; az,bs, b5 € [c,d], we can
have
(IIl) b > by{ and by < b;,
or
(I1y) by < b} and by > b3.
Notice that (II1) and (IIy) cases are symmetric, and treated the same way.
As such we treat only the case (IIy).
We observe again that

F(blvbQ) - F(bTab;) =
b b2 1 1
/ / (by — 1) " (by — t2)™* 7" f (t1,t2) dtydta—
al az
by b3 X L
/ / (b7 —t1)™ 7 (b5 — t2)™* 7 f (1, t2) dbrdty = (24)
aq a

b; bo
/ / (b — t1)a1_1 (ba — tz)a2_1 f(t1, t2) dtrdta+
al a
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b1 bo
/ / (by — 1) " (bo — t2)** 71 f (1, t2) dtydta—
1 Jaz
ot 1 1
/ / (b7 — )™ (b5 — t2)™* 7 f (1, t) dbrdty—
aq a
by b3 L .
/ / (b7 —t1)™ (b5 — t2)™* 7 [ (t1, ) dbrdty =
aq bz
bI b2 1 1 1 1
/ / ((b1 ) T (b — 1) (0 — )™ T (0 — 1) )f(tl,tz)dtldtg
al a

by bo
+/ / (by —t1)™ 7 (by — t2)02_1 [ (ty,to) dtydty—

b o
/ / (B — £) L (5 — )22 (1, 2) dbydo. (25)
aq bg

We call

b pbo
HCASEY Y|
aq a

Hence, we have

(by = 42) 7 (b = 1) = (B = 0)™ " (05 — 1) dadts.
(26)

|F(b1’b2)_F( T7b§>| <

b 7b* Qg b _ Q2 b*f Qg b*fb Q2
{ronp ¢ OBz 2 Bma) JE=W by e
%} (e (e5} (€]
Therefore it holds
6= lim [F(b1,b2) — F(b1,03)] < (m  I(b],02)) [|fll =26 (28)
|b1—b7 |0, |br—b7|—0,
|b2—b3[—0 [b2—b3]|—0

We will prove that # = 0, hence § = 0, in all possible cases.
If oy = ag = 1, then T (b%,b) = 0, hence 6 = 0.
Ifa; =1, as > 0 we get

ba
(6,bo) = (b1 — 1) (/ (bg—tg)“z_l—(b;—tg)”_l)dQ). (29)

Assume as > 1, then as — 1 > 0. Hence

1(5,b2) = (b — 1) (/b (65— 1™ = (b — 1)) dt2>

as

(b5 — t2)™*[7 — (b — @)@2]

Qa2

= (b}~ @) [
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(b5 — a2)™® — (b5 — ba)** — (ba — az)™*

= (b — 30
0 - ) — (30)
Clearly, then
lim I (b7,bs) =0, (31)
|b1—b7]|—0,
|b2—b3|—0
hence 6 = 0.
Let the case now of as =1, a; > 1. Then
b 1 1
1(b%,b) = (bs — a2) / (b — t1)™ ™ = (0 — )™ ’dtl
a1
b— al_b_b*al_b*_ [e5]
:(b2_a2){( 1 —a1)™ = (by —0])"" — (b] — 1) } (32)
a
Then 6 = 0.
If oy =1, and 0 < ap < 1, then ay — 1 < 0. Hence
ba
F{bbe) = 05 =) [ (b2 = 1) = (05 - 1)t =
az
b2 1 1
(v —al)/ (b — 1) — (03 — 12)* ) iy =
as
b_ 042_b*_ Q2 b*_b Q2
(b41< 7011) |:( 2 a2) ( 2 a2) +( 2 2) :| ) (33)
s
Hence 0 = 0.
Let now ax =1, 0 < a; < 1. Then
b 1 1
(b5 ) = (bzfag)/ (b — t1)™ ™ = (0 — )™ ’dtl
a1
b 1 1
~ (b, —ag)/ (65— 0™ = (b — 1)) ity
ay
b*_ al_b_ [e5} b_b*al
= (ba — a2) [( i—a) (b aal) + (b~ bi) } . (34)
1

Hence 6 = 0.
We observe that:

bt pbo
HCASEY Y
al a

bl pba
!
al az

(b1 — 1) (by — 1) — (by — )™ L (05 — t2)“2—1’ dtydts

(by — )™ 7 (b5 — £2)™* 7" — (b —t1) ™ T (b5 — tz)“fl] diydty =: J (b7, b2) ,
(35)
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i.e.
I(b],02) < J(b7,02).

Hence it holds

bE by
J (b1,b2) = / / (by — t1)a1_1 ’(bz — tz)a2_1 — (b5 — t2)a2—1’ dtdts  (36)
al as

b pby
+/ / @,QWAMm,mm4,@,hw4me_
al as

Case of a1, a9 > 1. Then

bl pba
J@mm:/ /(mfmmﬂggfm”*f@fbwﬂym%
al az

L (0
((b1 —a)™ — (b — b)) ) K(b; —ap)™ — (b5 — bg)”) (b2 — a2)“2]

o (&) (&%)

T ((bs —a2)™ — (b — bzrw) K(m — )™ — (b = bT)C“) (- w
(%) (65} a1
(37)
So that 8 = 0.
Case of 0 < a1,as < 1, then

b pba
J@mm:/ /(m—mmﬂgm—m%*—@—@wﬂymm
al a

((blal) ' — (b —b}) > {(@az) . ((bgw) > (bg— b) )]

“ - “ (38)
n ((b§ - az)a:;(b; - 52)a2> [(lff _a?l)al B ((bl - al)ala—l (by — b7)* )} .

One more time 6 = 0.
Next case of a1 > 1, 0 < ag < 1. We observe that

br pbo
J(by,b2) = / / (by — tl)al_l ((bz — tz)a2_1 — (b5 — tg)a2_1> dtidts (39)

bt b
+/ /(@fm%*gmfmm*fwymffﬁﬁﬂbz
al a
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((bl —a1)™ — (b1 — b’f)al) {(bz —az)™ ((bé — az)™* — (b5 — bz)%)]

aq Q2 Q2

N ((bS —az)™ — (b3 - bz)az) [((bl —a1)™ = (b - bT)a1> (b - al)m} .
a9 aq ay
(40)
Hence 6 = 0.
Finally, we prove the case of @y > 1 and 0 < a3 < 1. In that case it holds

b pba
J(b;,bg):/ / (b= )™ 7 (05 = 1) = (b — 1) 7" ) dtadts (41)

+/ab’f /abz (55 — 12 (6 — )™ = (b — )™ ) dtadty =
((b1 —a)™ — (b - b’{)“1> {_ (b —a2)™ ((b; ~an)™ — (b — b2)a2ﬂ

aq Q2 Q2

+(%—%V“ﬂ@—@”>P(@—mﬁ“ﬁh—mm>+@—qu.
Q2 Qg Qg
(42)
Hence again 6 = 0.
We have proved that 6 = 0, in all possible subcases of (II).
We have proved that F is a continuous function over [a1,b] X [az,d]. =
Now we can state:

Theorem 3 Let f € Lo, (Hf:l [ai,bi]), a; >0,1i=1,....k € N. Consider the
function

X1 T k
F(.%‘l,...,l‘k) Z/ / H(-Tz - ti)(”_lf(tl,...,tk) dtl...dtk, (43)

koi=1

where af,x; € [a;,b;], af <z, i=1,..,k.
Then F is continuous on Hle [ar,b;] .

Remark 4 In the setting of Theorem 8: Consider the left multidimensional
Riemann-Liouville fractional integral of order a = (ay, ..., ag) :

(12, 7) (@) = Hi;llr(ai) /I /
()

where a* = (a}, ...,a}), v = (T1,...,2x), a] < x;,1=1,...,k. Here I denotes the gamma function.

s K
H (.’El — ti)ai_l f (tl, ...,t}c) dtl...dtk,

Eoi=1

xT
*

By Theorem 3 we get that (Ig‘:f> (z) is a continuous function for every

v e [15, [a}, bl
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We notice that
ok a;—1
(2.0) @) < s (L [T s " i) 151
ak =1

k

X5 k T — a:g e 23
Wl H( / (xi_ti)mldﬁi> :kanoo 1= )

[Tici T(as) i3 o1 U (as) 2 v

= £l (1_1 o )

[(12.7) @) < (HF m)llfll (46)

=1

That is

In particular we get that

(12.7) (@) =0, (47)
and . .
< (H (1?<;+)1)> 11 (49)

That is I‘(llif is a bounded linear operator, which here is also a positive operator.
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Abstract. Weak closure operation, which is more general form than closure operation, on ideals of BCK-
algebras is introduced, and related properties are investigated. Regarding weak closure operation, finite type
and (strong) quasi-primeness are considered. Also positive implicative (resp., commutative and implicative) weak

closure operations are discussed.

1. Introduction

Semi-prime closure operations on ideals of BC'K-algebras are introduced in the paper [1], and
a finite type of closure operations on ideals of BC K-algebras are discussed in [2].

In this paper, we consider more general form than closure operations on ideals of BC'K-algebras.
We introduce the notion of weak closure operations on ideals of BC K-algebras. Regarding weak
closure operation, we define finite type and (strong) quasi-primeness, and investigate related
properties. We also discuss positive implicative (resp., commutative and implicative) weak closure
operations, and provide several examples to illustrate notions and properties.

2. Preliminaries

A BCK/BC1I-algebra is an important class of logical algebras introduced by K. Iséki and was
extensively investigated by several researchers.
An algebra (X;*,0) of type (2,0) is called a BCI-algebra if it satisfies the following conditions:

(D) (Va,y,2 € X) (((zxy) * (v % 2)) x (2 xy) = 0),
() (Vo,y € X) ((z+ (z*y)) xy = 0),
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YKeywords: weak closure operation of finite type; (quasi-prime, positive implicative, commutative, implica-
tive) weak closure operation.
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(ITI) (Vx € X) (z*xx =0),
(IV) (Ve,y € X) (zxy=0, yxx =0 = x=1y).
If a BC'I-algebra X satisfies the following identity:
(V) (Vz e X) (0xx=0),
then X is called a BC'K -algebra. Any BCK/BCI-algebra X satisfies the following axioms:

(al) (Vz € X) (z*x0=x),

(a2) (Vo,y,z € X) (e <y = x*x2<yx*z, zxy < z%x),
(a3) (Va,y,z € X) ((z*y) x 2z = (v x2) xy),

(ad) (Y2,9,2 € X) (% 2)  (y+ 2) < 7 %)

where x < y if and only if x xy = 0.
A subset A of a BCK/BC1T-algebra X is called an ideal of X (see [4]) if it satisfies:

0€ A, (2.1)
VeeX)VyeA)(zxye A = z€A). (2.2)

For any subset A of X, the ideal generated by A is defined to be the intersection of all ideals of
X containing A, and it is denoted by (A). If A is finite, then we say that (A) is finitely generated
ideal of X (see [4]).

A subset A of a BC'K-algebra X is called a commutative ideal of X (see [4]) if it satisfies (2.1)
and

Ve,ye X)Vze€ A) ((z*xy)x2€ A = xx(yx(yxx)) € A). (2.3)

A subset A of a BC'K-algebra X is called a positive implicative ideal of X (see [4]) if it satisfies
(2.1) and

(Vo,y,z€ X)((z*xy)x2€ A, yx2€A = zx2€ A). (2.4)

A subset A of a BC'K-algebra X is called an implicative ideal of X (see [4]) if it satisfies (2.1)
and

(Vi,y € X)(Vz€ A) (z* (y*xy)) ¥z € A = = € A). (2.5)

Denote by Z,;,(X) (resp., Z.(X) and Z,,(X)) the set of all positive implicative (resp., commu-
tative and implicative) ideals of X.
We refer the reader to the books [3, 4] for further information regarding BC K /BC'I-algebras.

3. Weak Closure operations

In what follows, let X and Z(X) be a BC'K-algebra and a set of all ideals of X, respectively,
unless otherwise specified .
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Definition 3.1. A mapping ¢ : Z(X) — Z(X) is called a weak closure operation on Z(X) if the
following conditions are valid.

(VA € Z(X)) (A C ¢(4)), (3.1)
(VA,BeZ(X))(AC B = ¢(A) Cc(B)). (3.2)

If a weak closure operation ¢ : Z(X) — Z(X) satisfies the condition
(VA € Z(X)) (c(c(A)) = e«(A)) (3:3)

then we say that c is a closure operation on Z(X) (see [2]). In what follows, we use A% instead
of ¢(A).

Example 3.2. Consider a BC'K-algebra X = {0,1,2,3,4} with the following Cayley table.

*x(0 1 2 3 4
0/j0 00 00
11 0 1 0 1
212 2 0 0 2
313 210 3
414 4 4 40

We have 8 ideals of X, and they are Ag = {0}, A; = {0,1}, Ay = {0,2}, A3 = {0,4}, Ay =
{0,1,4}, A5 = {0,1,2,3}, Ag = {0,2,4}, and A; = X. Define a mapping ¢ : Z(X) — Z(X)
by Ad = Ay, A¢ = Ay, AY = As, c(A3) = Ag, and c(Ay) = c(A5) = c(Ag) = (A7) = A;.
Then ¢ is a weak closure operation on Z(X). But it is not a closure operation on Z(X) since

C(A§l> = C(A5) = A7.

In a BCK-algebra X, let x Ay denote the greatest lower bound of x and y. Note that 0Ax =0
for all x € X. For any element x of X, consider the following condition

(Fye X\{0}H)(xAy=0). (3.4)

In the following example, we know that there are two kinds of element. One is an element x

satisfying the condition (3.4). The other is an element x which does not satisfy the condition
(3.4).

Example 3.3. Let X = {0, 1,2,3,4} be a set with the following Cayley table.

*x0 1 2 3 4
0j0 0 0 00
11 01 0 0
212 2000
313 2100
414 4 4 40
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Then X is a BC'K-algebra. We know that 1 and 2 satisfy the condition (3.4), but 3 and 4 do
not satisfy the condition (3.4).

On the basis of this consideration, we define the zeromeet element in a BC' K-algebra.

Definition 3.4. An element x of X is called a zeromeet element of X if the condition (3.4) is
valid. Otherwise, x is called a non-zeromeet element of X.

Denote by Z(X) the set of all zeromeet elements of X, that is,
Z(X)={x € X |2 ANy =0 for some nonzero element y € X}.
Obviously, 0 € Z(X). We know that 0,1,2 € Z(X) and 3,4 ¢ Z(X) in Example 3.3.

Lemma 3.5. Forany z,y € X, ifx,y ¢ Z(X), then x Ny & Z(X), that is, the set X \ Z(X) is
closed under the operation .

Proof. Let z,y € X \ Z(X) and assume that z Ay € Z(X). Then z A(yAa) = (zAy)Aa=0
for some nonzero element a € X. Since z ¢ Z(X), it follows that y A a = 0 and so that a = 0
since y ¢ Z(X). This is a contradiction, and thus x Ay ¢ Z(X). O
For any subsets A and B of X, we define
ANB:={aNb|lac A, be B).
We use = A A instead of {z} A A, that is, t AN A= {zAa|aec A}).

Definition 3.6. A weak closure operation ¢l : Z(X) — Z(X) is said to be quasi-prime if it
satisfies:

(Vae X\ Z(X)) (VA € Z(X)) (a A A" C (a A A)Y). (3.5)
Example 3.7. Consider a BC'K-algebra X = {0,1,2,3} with the following Cayley table.

N = O *
N = OO
N O O
S O Ol
S O Ol Ww

313 3 3 0

We know that Z(X) = {0} and there are four ideals in X, that is, Ay = {0}, A; = {0,1},
Ay ={0,1,2} and A3 = X. Define a mapping cl : Z(X) — Z(X) by Ad = Ay, A = Ay, A =
Az and AS = As. Then “cl” is a weak closure operation on Z(X). For 1,2,3 € X \ Z(X), we
have

IANAS =1AAg = ({0}) = Ay = AZ = (1 A Ap)?,

IAAS =11A Ay = ({0,1}) = A1 C Ay =AY = (1A A,

IANAS =1AA3=({0,1}) = A; C Ay = A = (1 A Ay)Y,

IANAS =1A A3 = ({0,1}) = A; C Ay = AY = (1 A A3)9,
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{0}) = Ao = AF = (21 Ao)?,
2ANAL =2A Ay = ({0,1,2}) = Ay = A = (2 A A,
QAAEZ_Q/\A?) {0,1,2}>:AQQA3 ACZ (2/\142) s

2NAL =2A Ay = (
{
(
2NAYL =2/N Az = <{0,1,2}) Ay C Az = A = (2 A A3)Y,
{
{
{

SANAL =3NAg=({0}) = Ay = A = (3N Ap)?,
SANAL =3N Ay = {0,1,2}>_ = A = (3N A,
3ANAY =3AA;=({0,1,2,3}) = Ay = A¢ = (3/\A2)Cl,
SANAY =3ANA3=({0,1,2,3}) = A3 = A = (3 A A3)?,

Therefore "cl” is a quasi-prime Weak closure operation on Z(X).

Definition 3.8. A weak closure operation ¢l : Z(X) — Z(X) is said to be strong quasi-prime if
it satisfies:

(Va€ X\ Z(X)) (VA€ Z(X)) (a A A% = (a N A)Y). (3.6)

Example 3.9. Consider a BC'K-algebra X = {0,1,2,3,4} with the following Cayley table.

*x(0 1 2 3 4
0j0 00 00
11 01 0 O
212 2000
33 3 3 00
414 4 4 40

We know that Z(X) = {0,1,2} and there are six ideals in X, that is, Ay = {0}, 4; = {0,1},
Ay ={0,2}, A3 ={0,1,2}, Ay = {0,1,2,3} and A5 = X. Define a mapping ¢l : Z(X) — Z(X)
as follows: AS = A, AS = AS = Az, AY = A = A, and AZ = As. Then “cl” is a weak closure
operation on Z(X). For 3,4 € X \ Z(X), we have
SANAL =3NA = {{0,1}) = A, Agl = (3 A Ap)Y,
3AAL =3 A Ay = <{0,1,2}>= — A = (37 A,
SANAY =3ANA3=({0,1,2}) = A3 = AS = (3 A Ag)cl,
3AAL =3 A, =({0,1,2,3)) = A4 = A = (3 A Ay),
SANAG =3ANA;={{0,1,2,3}) = Ay = A¢ = (3 A Ay)9,
SANAL =3 A A5 = ({0,1,2, 3}> Ay = A = (3 A A9,
{
{
{
{
{

ANAG =4NA = ({0,1}) = A; = AZ = (4 A Ag)?,
ANAT =4 N Az = ({0,1,2}) = Acl (4N A,
ANAL =4NA3=({0,1,2}) = A3 = A = (4 A Ap)9,
4NAY =40 A= ({01, 2,3}> = Ay = A = (4 N A3)Y,
ANAG =4NA = {0,1,2,3}>: _Ail_(4AA4)Cl,

ANAL = AN Ay = ({0,1,2,3}) = Ay = AL = (4 A As)°L.
Therefore “cl” is a strong quasi-prime weak closure operation on Z(X).
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Given an ideal A of X and an operation ¢l : Z(X) — Z(X) on Z(X), we consider the following
set:
K:=U{B"| BCA, BeZ;(X)} (3.7)
where Zy(X) is the set of all finitely generated ideals of X. The following example shows that
the set K in (3.7) may not be an ideal of X in general.

Example 3.10. Consider a BCK-algebra X = {0,1,2,3,4} with the following Cayley table.

*x(0 1 2 3 4
0(0 00 0 O
110 0 0 O
212 20 20
313 3 3 00
414 4 3 20

There are five ideals in X, that is, Ay = {0}, 4; = {0,1}, A, = {0,1,2}, A3 = {0,1,3} and
Ay = X. Define a mapping cl : Z(X) — Z(X) as follows: A = A3, AY = Ay, AS = Ay, A = Ay
and A = As. For the ideal Ay of X, we have

U{BY | BC A, BeTZ;(X)} = Ad U AU AS = {0,1,2,3}
which is not an ideal of X.

We provide a condition for the set K in (3.7) to be an ideal of X.

Theorem 3.11. If cl : Z(X) — Z(X) is a weak closure operation on Z(X), then the set K in
(3.7) is an ideal of X for any ideal A of X.

Proof. Obviously, 0 € K. Let z,y € X such that z xy € K and y € K. Then there exist B,,
B, € I;(X) such that B, C A, B, € A, xxy € By and y € By. Since B,,B, C B, + B, =
(B, U By), we have x xy € By C (B, 4+ B,)? and y € B{! C (B, 4+ B,)", which imply that
r € (B, + By)®. Since B,, B, € Z;(X), we get B, + B, € Z;(X) and B, + B, C A. Therefore
r € K, and K is an ideal of X. O

Corollary 3.12. Ifcl : Z(X) — Z(X) is a closure operation on Z(X), then the set K in (3.7) is
an ideal of X for any ideal A of X.

Lemma 3.13 ([4]). (Extension property) Let A and B be ideals of X such that A C B. If A is
a positive implicative (resp., commutative and implicative) ideal, then so is B.

Using Lemma 3.13 and (3.1), we have the following theorem.

Theorem 3.14. Let “cl” be a weak closure operation on Z(X). If A is a positive implicative
(resp., commutative and implicative) ideal of X, then so is A%.

The following example shows that the converse of Theorem 3.14 is not true in general.
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Example 3.15. Consider a BCK-algebra X = {0,1,2,3,4} with the following Cayley table.
1 2 3

= W N~ O %

= wWw N = OO
W NN O O
w o = O

_ o O O O
O O O O

W

3
There are five ideals in X, that is, Ay = {0}, A; = {0,1}, Ay = {0,2}, A3 = {0,1,2} and
Ay = X. Define a mapping cl : Z(X) — Z(X) as follows: (Ag)? = Ay, (A1) = (Az)? = A3, and
(A3)" = (Ay)? = Ay. Then “cl”” is a weak closure operation on Z(X). The ideal Ay = {0,2} is
not positive implicative (resp., commutative and implicative) ideal, but (Ay)* = A3 = {0,1,2}

)

is a positive implicative (resp., commutative and implicative) ideal of X.
Theorem 3.16. An operation cl : T(X) — Z(X) on Z(X) defined by
(VA€ Z(X)) (A" =n{L\ | I, € Ir(X), AC I,, A € A}) (3.8)

is a weak closure operation on Z(X) where Ir(X) € {Z,/(X),Z.(X),Zn(X)} and A is any index
set.

Proof. Obviously, A C A¢ for every A € Z(X). Let A, B € Z(X) be such that A C B. Then
B =n{I, | I, € Ir(X), BC Iy, A € A}
ODN{L\| L eIr(X), AC T, A€ A}
— Acl
and so “cl” is a weak closure operation on Z(X). O

The following example illustrates Theorem 3.16.

Example 3.17. Consider a BCK-algebra X = {0,1,2,3,4} with the following Cayley table.
1 2 3

=~ w N~ O %
W N = OO

= = N O O

= w O = O
o NN OO
W O = O

S
s
(@)

There are six ideals in X, that is, Ag = {0}, A; = {0,1,3}, Ay = {0,2}, A3 = {0,1,2,3},
A4 = {072,4} and A5 = X.
(1) Define a mapping cl; : Z(X) — Z(X) by
A =n{B| AC B and B € Z,;(X)}.
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Then we have
A = A NAsN Ay = Ay, A = Ay N AN A5 = Ay,
AP = AsN A5 = As, AY' = AN A5 = As, A = Ay = A
We can check that “cl,” is a weak closure operation on Z(X).
(2) We define an operation “cly” on Z(X) by
A2 =nN{B|AC B and B € Z.(X)}.
Then we have
A% = AgNAsN AL N Ay = Ay, AS2 = A3 Ay = As,
AP = AyNAsN A N Ay = Ay, A2 = A3 Ay = As,
A2 = Ay N Ay = Ay, A2 = A;.
It is routine to verify that “cly” is a weak closure operation on Z(X).
(3) We define an operation “cl3” on Z(X) by
A =n{B| AC B and B € Z,,(X)}.
Then we have
Al = A3 N A5 = A3, AT = A3 N A = As,
A = AsN A5 = As, A3 = AN A5 = As,
A = A;, AZs = A;.

It is easy to show that “cl3” is weak closure operation on Z(X).

Let {clx | A € A} be a collection of operations on Z(X). We define the intersection of cl)’s,
denoted by /\ﬁAcl A, as follows:
€

Nely:I(X) = I(X), A N AN,
AEA AEA

Note that if ¢l is a weak closure operation on Z(X) for all A € A, then AﬂAcl A 1s a weak closure
S

operation on Z(X) (see [2]). But the following example shows that the union of weak closure
operations may not be a weak closure operation.

Example 3.18. Consider a BC'K-algebra X = {0,1,2,3,4} with the following Cayley table.
1 2 3

*

W N = OO
NN O O

0 0
1 1
2 0
3 1

— NN OO
_— o O O O

4 4 0
There are four ideals in X, that is, Ag = {0}, A; = {0,1,4}, Ay = {0,2} and A3 = X. Define
a mapping cly : Z(X) — Z(X) as follows: A5 = Ay, A% = A3, A" = A3, AS* = As. Then
“cl;” is a weak closure operation on Z(X). Also, define a mapping cly : Z(X) — Z(X) as follows:
Al = Ay A2 = A, A2 = Ag, A = As. Then “cly” is a weak closure operation on Z(X).

e~
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Now if we define “cl3” by A% = At U A2 then “cl3” is not a weak closure operation on Z(X)

because for an ideal Ay of X, we have
Ads = AU AT = A U Ay ={0,1,2,4}
which is not an ideal of X. Thus “cl3” is not a weak closure operation on Z(X).

Definition 3.19. Given a (weak) closure operation ¢l : Z(X) — Z(X) on Z(X), we define a new
operation cly : Z(X) — Z(X) by

(VA€ Z(X)) (A = U{B? | BC A, BeI;X)}), (3.9)
where Z;(X) is the set of all finitely generated ideals of X.

Definition 3.20. A (weak) closure operation ¢/ on Z(.X) is said to be of finite type if the following
assertion is valid.

(VA € Z(X)) (A% = A . (3.10)
Note that every weak closure operation on a finite BC' K-algebra is of finite type.

Example 3.21. Let X be a BC'K-algebra of infinite order. Define an operation “cl” on Z(X)
as follows:

29— { X if Ais a maximal ideal or A = X, (3.11)

M  otherwise,
where M is a maximal ideal of X containing A. We can easily check that “cl” is a weak closure
operation. Now let A be a maximal ideal of X which is not finitely generated. Then

AM =U{BY | BCAand BEZ;(X)} C M C X = A%,
and thus “cl” is a weak closure operation which is not of finite type.

For two operations “cl;” and “cly” on Z(X), we say that “cl;” is weaker than “cly”, denoted
by cly < cly, if A% C A2 for every A € Z(X).

Theorem 3.22. Given an operation “cl” on Z(X), we have

i) If “cl” is a weak closure operation of finite type, then so is “cly”, and it is largest in the
Y f g
set of weak closure operations which are weaker than “cl”.
(ii) If “cl” is a (strong) quasi-prime weak closure operation, then so is “cl;”.

Proof. (i) Let “cl” be a weak closure operation of finite type. Then “cl;” is a weak closure
operation on Z(X) (see [2]). To prove that ”cl;” is of finite type, we should prove that A% =
Al)s for every ideal A of X. Clearly, we have A% C Alr)s. Suppose that € A)s. Then
there exists a finitely generated ideal B such that B C A and x € B . Since “cl” is a weak
closure operation of finite type, we have B¢ = B . Thus x € BY, B C A and B is finitely
generated ideal. Therefore x € A% and A = Al9)s which means that “cl;” is a weak closure
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operation on Z(X) of finite type. Now let ¢ be a weak closure operation on Z(X) of finite type
which is weaker than “cl”. Let A be an ideal of X and a € A°. Then there exists a finitely
generated ideal B of X such that B C A and a € B¢. It follows from ¢ < ¢l that a € B,
Therefore a € A%, and so ¢ < cl;.

(ii) Suppose that “cl” be a quasi prime weak closure operation on Z(X). To prove that “cl;”
is a quasi prime weak closure operation, it is enough to show that a A A% C (a A A)%. Now let
r€ah A% = {aAa|ae A%}). Then there exist ay,ay, -+, a, € A% such that

(- ((xA(anay))x(aNag))x-)x(aAa,) =0.

Since a; € A% = U{B% | B C Aand B € Z;(X)} for each 1 < i < n, we have a; € A% =
U{B? | B C A and B € Z;(X)}, and so there exists a finitely generated ideal B such that
a; € B% and B C A. Since o; € BY, we have

anha;€{anB|BeBYC {anB|BEB}) =anBY,
which implies that a A a; € a A B and
(- (A (anar))*(aNag))x--)*(aAa,) =0.

This means that € a A B9, Since “cl” is a quasi prime weak closure operation on Z(X), it
follows that

r€aNBYC(aNB)* C(anA)? C(anA)Y.
Therefore z € (a A A) and “cl;” is a quasi-prime weak closure operation on Z(X). Similarly,

we can check that if “cl” is a strong quasi-prime weak closure operation on Z(X), then “cly” is
a strong quasi-prime weak closure operation on Z(X). O

Definition 3.23. An operation a : Z(X) — Z(X) is called a positive implicative (resp. commu-
tative and implicative) weak closure operation if the following conditions are valid.

(i) For any A, B € Z,,,(X) (resp. Z.(X) and Z,,(X)),

A C A°, (3.12)
ACB = A*C B*. (3.13)

(ii) (VA ¢ Z,;(X)(resp., Z.(X) and Z,,(X))) (A* = A).

Obviously, every positive implicative (resp., commutative and implicative) weak closure oper-
ation is a weak closure operation, but the converse is not true in general as seen in the following
example.

Example 3.24. Consider a BC'K-algebra X = {0,1,2,3,4} with the following Cayley table.
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W N = OO
_— N O O
W O = O
SN O OlW
W O = O

= W N~ O %

4 4 0
There are six ideals in X, that is, Ay = {0}, A; = {0,1,3}, 4, = {0,2}, A3 = {0,1,2,3},
Ay = {0,2,4} and A5 = X. Note that A;, A3 and Aj are positive implicative ideals and Ay,
Ay and Ay are not positive implicative ideals. Define a mapping ¢l : Z(X) — Z(X) as follows:
A = Ag AS = Az, A = Ay, A = A5, A = Ay and A = X. Then “cl” is a positive implicative
weak closure operation on Z(X). Now we define an operation “cly” on Z(X) as follows:

Al = A A = Ag) AT = Ay, ASh = As, AT = Ay and A9 = X

Then “cl;” is a weak closure operation on Z(X), but it is not positive implicative because the

S
s

ideal A, is not a positive implicative ideal and Agll = Ay # As.

Example 3.25. Consider a BC'K-algebra X = {0,1,2,3,4} with the following Cayley table.

x*x(0 1 2 3 4
0j0 0 0 00
1110 0 0 O
212 20 00
313 3 3 00
414 4 4 40

There are five ideals in X, that is, A9 = {0}, A; = {0,1}, Ay = {0,1,2}, A3 = {0,1,2,3} and
Ay = X where A3 and A, are commutative ideals and Ay, A; and A, are not commutative ideals.
Now define “cl” as follows:

Ad = Ay, Af = Ay, A = Az, AY = Ay and AY = X
Then “cl” is a weak closure operation on Z(X), but it is not commutative since the ideal A, is

not a commutative ideal and A5 = Az # A,.

Example 3.26. Let X = {0,1,2,3,4} with the following Cayley table.

*x(0 1 2 3 4
0(0 00 0 O
1110 0 0 O
212 2000
33 3 3 00
414 4 4 40

Then X is a BC'K-algebra with seven ideals Ay = {0}, A; = {0,1}, A, = {0,1,2}, A3 ={0,1,4}
Ay ={0,1,2,3}, A5 = {0,1,2,4} and Ag = X. Note that Ay, Ay, A5 and Ag are implicative
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ideals and Ay, A; and As are not implicative ideals. Now we define an operation define “cl” on
Z(X) by

Ad = Ay, A8 = Ay, AS = A5, AS = A5, A = Ag, AZ = Ag and AY = X.
Then “cl” is a weak closure operation on Z(X), but it is not implicative since the ideal A; is not
an implicative ideal and AY = A5 # As.

Given a weak closure operation, we kame a positive implicative weak closure operation.

Theorem 3.27. Given A € Z(X), let “cl” be a weak closure operation on Z(X) and “cl,;” be an
operation on Z(X) such that cl < cl,; and
(i) VCeZI(X) (ACC = CU% =C).
(i) (VC € Z(X)) (CC A = CHWi =C).
(iii) For any C € I(X), if A and C have no inclusion relation, then C%i = (.
If A is positive implicative (resp., commutative and implicative) ideals of X, then “cly” is a
positive implicative (resp., commutative and implicative) weak closure operation on Z(X).

Proof. Let A and C' be ideals of X such that A C C. Suppose that A is a positive implicative
(resp., commutative and implicative) ideal of X. Then C'is a positive implicative (resp., commu-
tative and implicative) ideal of X by Lemma 3.13. Let A and C be ideals of X such that C' C A.
If A is not a positive implicative (resp., commutative and implicative) ideal of X, then C is not a
positive implicative (resp., commutative and implicative) ideal of X. Therefore “cl” is a positive
implicative (resp., commutative and implicative) weak closure operation on Z(X). O

The following examples illustrate Theorem 3.27.

Example 3.28. Consider a BC'K-algebra X = {0, 1,2,3,4} with the following Cayley table,
1 2 3

W N = O *
w N = OO
NN OO
- =0 O O
o O O O
W N = O

4 4
There are six ideals in X, that is, Ag = {0}, A1 = {0,1}, A, = {0,4}, A3 = {0,1,2,3},
Ay = {0,1,4} and A5 = X in which Ay, Az, Ay and Aj are positive implicative ideals and Ay
and A, are not positive implicative ideals. Now define “cl” as follows:
Al = Ag, AS = Az, AS = Ay, A = Az, A = A5 and AY = X.

Then “cl” is a weak closure operation. Now let A = {0,4} = A, which is not a positive implicative

e~
=~
=}

ideal. By using Theorem 3.27 we have "cl,; as follows:
A(c)lm' — Ao, Ailm — Al, A;lpi — A47 Aglpi — Ag, Ailpi — A5 and Aglm’ g X
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Clearly, cl < cl,;. But, “cl,;” is not a positive implicative weak closure operation because Agl”i =
Ay # As. Now let A = {0,1} = A; which is a positive implicative ideal. By using Theorem 3.27
we have “cl,;,” as follows:

AP = Ay, AT = Ay, AP = Ay, AJP = Ay, AT = Ag and ASY = X

Clearly, cl < cl,; and “cl,;” is a positive implicative weak closure operation.

Example 3.29. Consider a BC'K-algebra X = {0,1,2,3,4} with the following Cayley table.
1 2 3

W N = O *
W N = OO
NN OO

S OO O

0
1
0
1

o O O O

S

4 4 4 40
There are five ideals in X, that is, Ay = {0}, A, = {0,1}, A, = {0,2}, A3 = {0,1,2,3}, and
Ay = X in which A3 and A, are commutative ideals and Ay, A; and A, are not commutative

ideals. Now define “cl” as follows:

Ad = Ay AY = Az, AS = A, AY = Ay and AY = X,
Then “cl” is a weak closure operation. Now let A = {0,1} = A; which is not a commutative
ideal. By using Theorem 3.27 we have "cl,. as follows:

AS’C = A, A‘{lc = A;, Aglc = A, Aglc = A, and AZ’C = X.
Clearly, ¢l < cl.. But, “cl.” is not a commutative weak closure operation because Ailc = A3z # Ay

Now let A = {0,1,2,3} = A3 which is a commutative ideal. By using Theorem 3.27 we have
“cl,” as follows:

Agle = Ag, Al = Ay, A = Ay, A = Ay and A = X.

Clearly, cl < cl. and “cl.” is a commutative weak closure operation.

Example 3.30. Consider a BC'K-algebra X = {0,1,2,3,4} with the following Cayley table.

*x(0 1 2 3 4
0j0 00 0O
11 01 00
212 2 0 0 2
313 21 0 2
414 4 440

There are six ideals in X, that is, Ay = {0}, A; = {0,2}, A, = {0,1}, A3 = {0,1,2,3},
Ay ={0,1,4} and A5 = X in which Ay, A3, A4 and Aj are implicative ideals and Ay and A; are
not implicative ideals. Now define “cl” as follows:

A = A AY = Ay, AY = Ay, AS = A, A = Ay and A = X

261 Hashem Bordbar et al 249-262



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Hashem Bordbar, Mohammad Mehdi Zahedi, Sun Shin Ahn and Young Bae Jun

Then “cl” is a weak closure operation. Now let A = {0,2} = A; which is not an implicative

)

ideal. By using Theorem 3.27 we have “cl,,,” as follows:

AGm = Ag, A = Ag, AS = Ay, AS™ = As, A = Ay and AZ" = X
Clearly, cl < cl,,. But, “cl,,,” is not an implicative weak closure operation because Ailm = As #
Ay, Now let A = {0,1} = A, which is an implicative ideal. By using Theorem 3.27 we have

)

as follows:
AGm = Ag, A = Ay A = Ay, ASm = As, A = Agand AZ = X

)

“Clm’

Clearly, cl < ¢l,, and “cl,,,” is an implicative weak closure operation.
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Communication between relation information
systems*
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Abstract: Communication between information systems is considered as
an important issue in granular computing. A relation information system is the
generalization of an information system. This paper investigates communication
between relation information systems and obtain some invariant characteriza-
tions of relation information systems under homomorphism.

Keywords: Relation information system; Reduction; Consistent function;
Relation mapping; Homomorphism.

1 Introduction

Rough set theory, proposed by Pawlak [17], is an important tool for dealing
with fuzzyness and uncertainty of knowledge and has become an active branch
of information science. With more than thirty years development, rough set
theory has been successfully applied to machine learning, intelligent systems,
inductive reasoning, pattern recognition, mereology, image processing, signal
analysis, knowledge discovery, decision analysis, expert systems and many other
fields [13, 14, 15, 16].

Communication between information systems is a very important topic in
the field of artificial intelligence. In mathematics, it can be explained as a map-
ping between information systems. The approximations and reductions in the
original system can be regarded as encoding while the image system is seen as an
interpretive system. The concept of homomorphisms as a kind of tool to study
relationships between information systems with rough sets was introduced by
Grzymala-Busse [1, 2]. A homomorphism can be viewed as a special communi-
cation between two information systems. As explained in [23], homomorphisms
allow one to translate the information contained in one granular world into the
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granularity of another granular world and thus provide a communication mecha-
nism for exchanging information with other granular worlds. Li et al. [5] studied
invariant characters of information systems under some homomorphism. Wang
et al. [20, 21] introduced the notions of consistent functions, relation mappings
and relation information systems which are the generalization of information
systems. By using these notions, they proposed the homomorphisms as a mech-
anism for communicating between relation information systems. Zhu et al. [26]
obtained some improved results on communication between relation information
systems. Li et al. [12] investigated communication between knowledge bases.
It should be pointed out that some other related works investigating informa-
tion systems through homomorphisms [1, 2, 3, 5, 25] are based on equivalence
relations or other particular relations and are quite different from [20, 21, 26].

The purpose of this paper is to investigate some invariant characterizations
of relation information systems under homomorphisms.

2 Preliminaries

In this section, we recall some basic concepts on consistent functions, rela-
tion mappings and relation information systems.

Throughout this paper, U denotes a non-empty finite set called the universe,
2V denotes the family of all subsets of U, 2V*U denotes the family of all binary
relations on U, All mappings are assumed to be surjective.

For R € 2U%V | the successor neighborhood of 2 € U with respect to R will
be denoted by Rs(x), that is, Rs(z) = {y € U : xRy} ([22]). Denote

U/R={Rs(zx):xz €U}

If R is an equivalence relation on U, then V « € U, Rs(x) = [z]g.

For R C 2U*V denote ind(R) = (| R.
ReR

2.1 Consistent functions

Definition 2.1 ([20, 21]). Let U and V be two finite nonempty universes,
f: U =V a mapping and R € 2Y*Y | Define

[z]y ={ueU: f(u) = f(z)},
()r ={u €U : Rs(u) = Rs(x)}.

Then{[z]; : x € U} and {(z)r : © € U} are two partitions on U. If [x]; C Rg(u)
or [z]fNRs(u) # O for any x,u € U, then f is called a type-1 consistent function
with respect to R on U. If [z]; C (x)r for any x € U, then f is called a type-2
consistent function with respect to R on U.

Remark 2.2. (1) Vz €U, [z]y = f~1(f(2)).
(2) If R is an equivalence relation on U, thenV x € U, (z)r = [z]&.
(3) If f is type-2 consistent with respect to R on U and f(u) = f(x), then
Rs(u) = Ry(x).
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Obviously,
[ is type-1 <= If [z]y N Rs(y) # 0, then [z]; C R,(y)
< If [z]; € Rs(y), then [z]; N R,(y) =0,
fis type-2 <= If f(21) = f(22), then Rs(z1) = Rs(z2).
2.2 Relation mappings
Definition 2.3 ([20, 21]). Let f: U — V be a mapping. Define
fo2V =2V Rl f(R) = | ({f(@)} x f(Rs(2)));

zeU
frhe2n W =2 ) = | { T W)) x FTH(T())
yev

Then f and f‘l are called the relation mapping and inverse relation mapping
induced by f, respectively.

Obviously,
yif(R)ys <= F 1,20 €U, y1 = f(21), y2 = f(z1) and xRz,
o1 f N D) <= Fy1, 42 €V, y1 = f(a1),92 = f(a1) and y:1 Ty
For R C 2Y*VU denote
f(R)={f(R)| R€R}.

Proposition 2.4 ([20]). If f : U — V is both type-1 and type-2 consistent with
respect to R € 2U*U | then

fHf(R) =R.

2.3 Relation information systems

Definition 2.5 ([13]). An information system is a pair (U, A) of non-empty
finite sets U and A, where U is a set of objects and A is a set of attributes; each
attribute a € A is a function a : U — V,, where V,, is the set of values (called
domain) of attribute a.

If (U, A) is an information system and B C A, then an equivalence relation
(or indiscernibility relation) Rp can be defined by

(z,y) € Rp <= a(z) =a(y), Y a€ B.

Definition 2.6 ([20]). A pair (U, R) is called a relation information system, if
R - 2U><U_

Definition 2.7. Let (U, A) be an information system. Put
R = {R{a} P ac A}.

Then the pair (U, R) is called the relation information system induced by (U, A).
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Definition 2.8 ([20]). Let f: U — V be a mapping and R C 2U*V. If f is
type-1 (resp. type-2) consistent with respect to R on U for every R € R, then f
is called type-1 (resp. type-2) consistent with respect to R on U.

Proposition 2.9 ([20]). Let f : U — V be a mapping and R C UXU - [f
[ is both type-1 and type-2 consistent with respect to R, then f(ind(R)) =

ind(f(R)).
Proposition 2.10 ([20]). Let f : U — V be a mapping and R C 2U*V. If f

is both type-1 and type-2 consistent with respect to R, then f~1(f(ind(R)) =
ind(R).

Definition 2.11 ([20]). Let f : U — V be a mapping and R C 2Y*V. Then
the pair (V, f(R)) is called an f-induced relation information system of (U, R).

Definition 2.12 ([20]). Let (U, R) be a relation information system and (V, f(R))
an f-induced relation information system of (U, R). If f is both type-1 and type-
2 consistent with respect to R on U, then f is called a homomorphism from
(U,R) to (V, f(R)). We write

(U,R) ~¢ (V.f(R)).

We often consider reductions in a relation information system by deleting
unrelated or unimportant elements with the requirement of keeping the ability
of classification.

Definition 2.13 ([20]). Let (U, R) be a relation information system and P C R.
(1) P is called a coordination subfamily of R, if ind(P) = ind(R).
(2) R € P is called independent in P, if ind(P — {R}) # ind(P); P is called
a independent subfamily of R, if V R € P, R is independent in P.
(3) P is called a reductions of R, if P is both coordination and independent.

In this paper, the set of all coordination subfamilies (resp., all reductions)
of R is denoted by co(R) (resp., red(R)).
Obviously,
PeredR) ©Peco(R)andV Q C P, Q¢ co(R).

3 Some results on reductions in relation infor-
mation systems

Proposition 3.1. Let (U, R) be a relation information system. Then red(R) #
0.

Proof. Suppose V R € R, R — {R} & co(R). Then R € red(R).

Suppose 3 R; € R, R —{R1} € co(R). Then, we consider R — {R;}. Again
suppose VR € R—{R1}, (R—{R1})—{R} € co(R). Then R —{R:1} € red(R).
Again suppose 3 Ry € R—{R1}, (R—{R1})—{R2} € co(R). Then, we consider
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R — {R1, Ra}. Repeat this process. Since R is finite, we can find a reductions
of R.
Thus red(R) # 0. O

Definition 3.2. Let (U, R) be a relation information system. Put
D(z,y) ={R € R|(z,y) € R} (z,y € U).

Then
(1) D(x,y) is called is called the discernibility subfamily of R on x and y.
(2) D(R) = (dij)nxn is called the discernibility matriz of R where U =
{z1,22,- - zp} and dij = D(z4,25) (1 <4i,j <n).

Example 3.3. Let U = {x1, 2,23, 24, T5,26}. We consider the relation infor-
mation system (U, R) where R = {Ry, Ra, R, R4} and
U/Ry = {{z1, 22,75}, {x3, 74,26} },
U/Ry = {{z1, 76}, {72, 73, 74,75} },
U/Rs = {{x1, 22, z5,26},{x3,24}},
U/R4:{{.’171, o, 1‘5}, {.’L‘g, T4, (IJG}}
We can obtain the discernibility matriz ©(R) as follows:

0 {R2} R R {R2} {R1, Ra}
{R>} 0 {R1,R3, Ry} {Ry,R3, Ry} 0 {R1, R2, Ry}
R {Rl,R37R4} ) 0 {R17R37R4} {RQaRS}
R {Rl,R3,R4} @ (Z) {R17R37R4} {R27R3}
{Rg} 0 {R17R3,R4} {R17R37R4} 0 {R17R27R4}
{R17R4} {Rl,RQ,R4} {RQ,R3} {Rg,Rg} {Rl,RQ,R4} 0

Discernibility family can expediently judge coordination families and reduc-
tions.

Proposition 3.4. Let (U, R) be a relation information system. Then
Peco(R) < If (z,y) €ind(R), then PN D(x,y) # 0.

Proof. (1) “=". Let (x,y) € ind(R). Since P € co(R), we have ind(P) =
ind(R). Then (z,y) & ind(P). It follows (z,y) & P for some P € P.

(z,y) € P implies P € D(x,y). Then P € PN D(x,y).

Thus PN D(z,y) # 0.

“<=”. Suppose P &€ co(R). Then ind(P) # ind(R). It follows ind(P) —
ind(R) # (. Pick

(z,y) € ind(P) —ind(R).
Since (z,y) € ind(R), we have PN D(x,y) # 0.
Note that (z,y) € ind(P). ThenV P € P, (z,y) € P. So P &€ D(z,y). Thus

P ND(x,y) = 0. This is a contradiction.
Thus P € co(R). O
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Theorem 3.5. Let (U, R) be a relation information system. Then P € red(R)
> (1) If (x,y) & ind(R), then P N D(x,y) # 0;
(2)VReP, 3 (xr,yr) € ind(R), (P —{R}) ND(zgr,yr) = 0.

Proof. This holds by Proposition 3.4. U

Definition 3.6. Let (U, R) be a relation information system. Put

core(R) = ﬂ P.

Pered(R)

Then core(R) is called the core of R. Moreover,
(1) R € R is called necessary, if R € core(R).

(2) R € R is called relatively necessary, if Re | P — core(R).
Pered(R)
(3) R € R is called unnecessary, if Re R— |J P.
Pered(R)

Discernibility family can easily determine the core.

Proposition 3.7. Let (U, R) be a relation information system. The following
are equivalent:

(1) R is necessary;

(2) R is independent in R;

(3) 3 z,y e U, D(x,y) = {R}.

Proof. (1) = (2). Suppose that R is not independent in R. Then
ind(R — {R}) = ind(R).

It follows R — {R} € co(R). Consider R — {R}. By Proposition 3.1, 3 P C
R —{R}, P €red(R).

P C R — {R} implies R ¢ P. Then R is not necessary. This is a contradic-
tion.

(2) = (1). Suppose that R is not necessary. Then 3 P € red(R), R ¢ P.
So P CR—{R} CR. It follows

ind(P) 2 ind(R — {R}) 2 ind(R).
By P € red(R), ind(P) = ind(R). Then ind(R — {R}) = ind(R). So R is
not independent in R. This is a contradiction.
(2) = (3). Since R is independent in R, we have ind(R — {R}) # ind(R).
Then ind(R — {R}) — ind(R) # (. Pick
(z,y) € ind(R — {R}) — ind(R).

Denote R = {R1, Ry, ..., R,}. Then R = R; for some j < n. So

(z,y) € ﬂ R; — ﬂ R;.

1<i<n,i#j 1<i<n
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It follows (z,y) € R; and (z,y) € R; (1 # j).
Thus D(x,y) = {R}.
(3) = (2). Since I z,y € U, D(z,y) = {R}, we have

(z,y) ¢ R, (z,y) € R (R #R).

Then (z,y) € ind(R —{R}). But (z,y) & ind(R).
Thus ind(R — {R}) # ind(R).
Hence R is independent in R. O

Proposition 3.8. Let (U, R) be a relation information system. Denote

R*= |J ind(P—{R}).

Peco(R)

Then the following are equivalent.

(1) R is unnecessary;

(2) v 73 € co(R), P —{R} € co(R);
3) R md(R)
(4)

Proof. (1) = (2). By Proposition 3.1, 3 Q@ C P, Q € red(R). Since R is
unnecessary, we have R ¢ Q. It follows Q@ C R — {R}. Then

QCPN(R—-{R})=P—{R} CP.

We have
nd(Q) D ind(R — {R}) 2 ind(P).

Note that P € co(R) and Q € red(R). Then ind(P) = ind(R) = ind(Q).

Thus ind(P — {R}) = ind(R). This shows P — {R} € co(R).

(2) = (3) = (4) are obvious.

(4) = (1). Suppose 3 P € red(R), R € P. Then P — {R} C P. Since
P € red(R), we have P — {R} & co(R). Then ind(P — {R}) —ind(R) # 0.
P € red(R) implies ind(P) = ind(R). Then

ind(P — {RY}) — ind(P) # 0.

Pick (z,y) € ind(P —{R}) —ind(P). Note that ind(P) = ind(P—{R})NR.
Then (z,y) € R.

Since P € co(R) and R* C R, we have ind(P — {R}) C R. Then (z,y) € R.
This is a contradiction.

Thus R is unnecessary. O

Theorem 3.9. Let (U, R) be a relation information system. Then
(1) R is necessary < R —{R} & co(R).
(2) R is relatively necessary < R — {R} € co(R) and R*  R.
(3) R is unnecessary < R* C R.
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Proof. This holds by Proposition 3.7 and Proposition 3.8. O

Example 3.10. In Example 3.3, we have
(1) Ry is necessary.
(2) Ry and Ry are relatively necessary.
(3) R is unnecessary.
(4) re

red(R) = {{R1, R2}, {R2, R4}}, core(R) = {Ra}.

4 Communication between relation information
systems

Proposition 4.1. Let (({, R) ~f ( . f(R)). Then
1) P ecof®) < F(P) e colf(R)).
(2) co(f(R)) = f(co(R)).

Proof. (1) “=". Since P € co(R), we have ind(P) = ind(R). Then

f(ind(P)) = f(ind(R)).
By Proposition 2.6, . .
ind(f(P)) = ind(f(R)).

Thus f(P) € co(f(R)).
“<—=". Since f(P) € co(f(R)), we have

ind(f(P)) = ind(f(R)).

By Proposition 2.6, . A
f(ind(P)) = [f(ind(R)).
Then o o
FHf(nd(P))) = f~H(f(ind(R))).
By Proposition 2.7, ind(P) = ind(R).
Thus P € co(R).
(2) By (1),

f(co(R)) = {J(P)IP € co(R)}
= {/(P)I/(P) € co(f(R))}
= co(f(R)).

Theorem 4.2. Let (U,R) ~; (V, f(R)). Then
(1) PeredR) = F(P) € red(f(R)).
(2) red(f(R)) = f(red(R)).
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Proof. (1) “=". Since P € red(R), we have P € co(R). By Proposition 4.1,

F(P) € col f(R). A -
VT C f(P). Pick QCR, 7T = f(Q). Then f(Q) C f(P). By Proposition

’ Q= F1(f(Q) C FHF(P) =P

-

Suppose @ = P. Then T = f(Q) = f(P) This is a contradiction.

Thus Q C P.

Since P € red(R), we have Q ¢ co(R). By Proposition 4.1, T = f(Q) ¢
co(f(R))- )

Hence f(P) € red(f(R)).

“=". Since f(P) € red(f(R)), we have f(P) € co(f(R)). By Proposition
4.1, P € co(R).

VY QC P, f(Q) C f(P). Suppose f(Q) = f(P). By Proposition 2.4,

Q= ff(Q)=Fff(P)="P.

This is a contradiction. Thus f(Q) C f(P).

Since f(P) € red(f(R)), we have f(Q) ¢ co(f(R)). By Proposition 4.1,
Q & co(R).

Hence P € red(R).

(2) By (1),

2.4

f(red(R)) = {f(P)[P € red(R)}

{f(P)If(P) € red(f(R))}
(f(

=red(f(R)).
O

Remark 4.3. Theorem 3.20(1) is Theorem 4.4 in [20]. We just prove this
result from another angle.

Lemma 4.4. Let (U,R) ~; (V,f(R)). Then

f(R—{R}) = f(R) - {f(R)}.

Proof. ¥ S € R —{R}, S # R. By Proposition 2.4, f(S) # f(R). Tt follows
£(8) € f(R) = {f(R)}. Thus

FR—{R}) € f(R) - {f(R)}.

On the other hand, V T' € f(R) — {f(R)}, T = f(S) for some S € R.
T ¢ {f(R)} implies f(S) # f(R). Then S # R. So S € R — {R}. It follows
T € f(R —{R}). Thus

F(R—{R}) 2 f(R) — {f(R)}.
Hence f(R — {R}) = f(R) — {f(R)}. O

9
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Theorem 4.5. Let (U,R) ~; (V, f(R)). Then
Recore(R) <= f(R) e core(f(R)).
Proof. This holds by Theorem 3.9(1), Proposition 4.1(1) and Lemma 4.4. O

Theorem 4.6. Let (U,R) ~; (V, f(R)). Then

f(core(R)) = core(f(R)).
Proof. By Theorem 3.23,

f(core(R)) = {f(R)|R € core(R)}

= {f(R)If(R) € core(f(R))}

Theorem 4.7. Let (U,R) ~; (V,f(R)). Then
R is unnecessary < f (R) is unnecessary.

Proof. “=". YT € co(f(R)), pick P C R, T = f(P). Then f(P) € co(f(R)).
By Proposition 3.19(1), P € co(R).

Since R is unnecessary, by Proposition 3.8, we have P —{R} € co(R). Then
ind(P — {R}) = ind(R). By Proposition 2.6 and Lemma 4.4,

ind(f(P) = {f(R)}) = ind(f(P — {R}) = f(ind(P — {R})),
ind(f(R)) = f(ind(R)).
Then ind(T —{f(R)}) = ind(f(R)). This implies T — {f(R)} € co(f(R)).

By Proposition 3.8, f(R) is unnecessary.

“e=".V P € co(R), by Proposition 4.1(1), f(P) € co(f(R)).

Since f (R) is unnecessary, by Proposition 3.8, we have

F(P) = {f(R)} € co(f(R)).
Then . . .
ind(f(P) —{f(R)}) = ind(f(R)).
By Proposition 2.6 and Lemma 4.4,
flind(P — {R})) = ind(f(P — {R}) = ind(f(P) — {f(R)}),
f(ind(R)) = ind(f(R)).
Then f(ind(P — {R})) = f(ind(R)).
By Proposition 2.7,
ind(P — {R}) = f~}(f(ind(P — {R}))) = {7} (f(ind(R))) = ind(R).

Then P — {R} € co(R).
By Proposition 3.8, R is unnecessary. U

10
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Corollary 4.8. Let (U,R) ~; (V, f(R)). Then
R is relatively necessary <= f (R) is relatively necessary.

Proof. This hods by Theorem 4.5 and Theorem 4.7. U

Example 4.9. Let U = {x;|1 < i < 15}. We consider the relation information
system (U, R) where R = {R1, Ra, R3, R4},
U/Ry = {{z1, 22, 24, 77,28, T9, T10, 11}, { T3, T5, Te, T12, T13, T14, T15} },
U/Ry = {{x1, x4, %11, T12, T13, T14, T15 }, { @2, T3, T35, Tg, T7, T8, T9, T10} },
U/Rs = {{x1, 22, x4, %7, T8, Tg, T10, T11, T12, T13, L14, T15 |, {3, T5, T } },
U/Ry = {{x1, 22, x4, %7, T8, Tg, T10, T11 }, {23, T5, Te, T12, T13, T14, T15} } -
Let V ={uy1,y2, Y3, Y4, Ys, Y6 } - Define a mapping as follows:

L1,T4,T11 €2, T8 x3,Te Z5 XT7,29,T10 12,213, 14,15
Y1 Y2 Y3 Ya Ys Ye

Let (V, f(R)) be the f-induced relation information system of (U, R). It is very
easy to verify that f is a homomorphism from (U, R) to (V, f(R))
We have f(7A2) ={f(R1), f(R3), f(R3), f(R4)} where
V/f(R1) = {{y1,y2. y5}, {ys, ya, ve } },
V/f(R2) = {{y1,ys}, {y2, Y3, Y4, y5}},
V/f(Rs) = {{y1,y2,Y5, Y6}, {3, ya}}

V/f(Ra) = {{1,y2,y5}, {y3, v, v} }-
By Example 3.10,

red(f(R)) = {{f(R1), f(R2)},{f(Ra), f(R)}}, core(f(R)) = {f(Ra)}.
By Proposition 2.4, Theorem 4.2(2) and Theorem 4.0,

red(R) = {{R1, Ra},{R2, R4}}, core(R) ={Rz}.

5 Conclusions

In this paper, we have investigated the original relation information system
and image relation information system, and obtained some invariant character-
izations of relation information systems under homomorphism. These results
will be significant for establishing a framework of granular computing in knowl-
edge bases and may have potential applications to knowledge discovery, decision
making and reasoning about data. In the future, we will consider concrete ap-
plications of our results.

11
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Global stability in a discrete Lotka-Volterra competition model
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Abstract

We consider the Euler difference scheme for two-dimensional Lotka-Volterra competition
equations and show that the difference scheme has positive and bounded solutions. In
addition, we present sufficient conditions that the solutions of the scheme converge to the
equilibrium points of the scheme. The convergence is shown based on the two approaches:
first, partition of the domain used for the boundedness of the solutions and second, cal-
culation of the movement of the species started in each partitioned region. Numerical
examples are presented to verify the results.

Key words: FEuler difference scheme, positivity, global stability, competition model

1. Introduction

The competition model in the two-dimensional case represents two species which are
competing for a common resource; an additional term is included within the logistic
prey growth Lotka-Volterra model to incorporate this interspecific competition for some
limiting resource. This limiting resource can be anything for which supply is smaller than
demand. The classic two-dimensional competition model is given by

W w0~ anr(t) — (), D = y(1)ra — anr(t) —amy(®), (1)
where r; > 0 and a;; > 0. Here z(t) and y(t) denote the population sizes or population
density in the species  and y at time t; the parameters r;’s are the intrinsic growth rates
for the two species x and y; a;’s measure the inhibiting effect on the two species; a2 and
a1 are the interspecific acting coefficients.

The species x in the model (1) acts on y with functional response of type ajax(t)y(t).
However other types of functional responses including Holling types [1-5], Beddington-
DeAngelis type [6-8], Crowley-Martin type [9-11], and Ivlev-type of functional responses
[12-14] have been applied to many population models

The dynamics of the model (1) is well-known [15-17] ; the solutions of (1) are positive
and bounded, and the stability of the system (1) has been studied. There are a number
of works on investigating continuous time Lokta-Volterra models, but relatively few the-
oretical papers are published on their discretized models [18-21]. The author in [22] has
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introduced a method to present global stability in discrete Lokta-Volterra predator-prey
models for the case that all species coexist at a unique equilibrium. In [23], the authors
have shown the global stability of the Euler difference scheme for a three-dimensional
predator-prey model using a new approach.

As far as we know, there is no theoretical research on the global stability of the
discrete-time competition model of (1), so that we consider the Euler difference scheme

Lpt1 = Fyn(xn)a Yn+1 = GCCn (?/n)7 n 2 0 (2)
with

Fy(x) = {1+ (1 —anz — apy)At}, (3)

G.(y) = y{l+ (r2 — anx — axny)At}, (4)

where At is a time step size, x,, = ro+nAt and y,, = yo +nAt with (xq, yo) = (x(0),y(0)).

The paper is organized as follows. Section 2 gives the positivity and boundedness
of solutions of (2). In Section 3, we partition the domain used for the boundedness of
the discrete solutions and find the geometric properties of the movement of the solutions
starting in the partitioned regions. Using the properties, we present sufficient conditions
that the solutions converge to equilibrium points of (2). In Section 4, some numerical
examples are presented to verify our results.

2. Positivity of the discrete solutions

In this section, we consider the positivity and boundedness of the solutions of (2).
Note that if 7 and 7, are positive constants satisfying

1+ r At — ajam At 1+ roAt — ag At

U = >0, U = >0 5
then
F.,(z),G, (y) are increasing on 0 < x < Uy(72), 0 <y < Us(m). (6)
For the positivity and boundedness of the solutions (x,,,y,) we assume
max{ry,ro} < 1/At (7)
and consider constants z* and y* such that
ray <zt < UL(yY), raagy <y* < Us(zb). (8)

Remark 1. For every point (z*, y*) satisfying

1 {1+7’1At 1—|—T2At} T2 % . {1+7’1At 1+T2At} (9)

— < 2" <min , )
al; - 4&11At 2&21At 2&12At 4@22At
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the two conditions in (8) hold since

: 1+r1 At 14+7r2At
1 + TlAt — algy*At 1 + rlAt — G2 NN { 2a:21At ) 4a;22At } At

Ui(y*) = >
l(y ) 2&11At - 2@11At
- 1 —|—T1At ai9 . {1 +7’1At 1 +T’2At}

— min
2&11At 2&11 2&12At ’ 4@22At

1 +7’1At 1 +T1At a19 1 +7’2At > 1 +T‘1At
= max —
4@11At ’ 2@11At 2&11 4&22At - 4&11At

. 1 —|— TlAt ]_ —|— TgAt %
> min , >
4@11At 2@21At
and
: 1+r1 At 14r2At
U ( *) 1+ T‘QAt — agllf*At > L+ TQAt — (211111 { 41_111At ) 2a212At } At
X —=
2 QCLQQAt - 2@22At
1+ TgAt a1 . 1+ TlAt 1+ TQAt
= — min
2&22At 2&22 4&11At ’ 2&21At
1+ TQAt a1 1+ TlAt 1+ TzAt 1+ TQAt
= max — , >
QCZQQAt 2@22 4@11At 46122At 4&22At
>

. 14 TlAt 1+ TQAt «
min , >y
2@12At 4&22At

Using z* and y* in (8), we can obtain the positivity and boundedness of (2, yn).

Theorem 1. Let (x,,y,) be the solution of (2). Assume that (7) and (8) hold.
If (xo,90) € (0,2%) x (0,y*), then (zn,yn) € (0,2%) x (0,y*) for all n.
Proof. Using the condition in this theorem and (5), we have
0<zo<a"<U(y") <Ui(yo), 0 <yp <y <Us(x*) < Us(y), (10)
and then the increasing property (6) gives the positivity of z; and y;:
21 = Fyy(0) > Fyy(0) = 0, y1 = Gay(y0) > G, (0) = 0. (11)

Now, we claim that x; < z* and y; < y*. If ri — a1120 — a12y0 < 0, then
x1 = Fy(z0) < o < z*.

Otherwise, we get
0< Ty < (7’1 — algyo)aﬁl < (1 + TlAt — a12y0At)(2a11At)_l = Ul(yg),

where the last inequality is obtained from m At < 1 in (7). Hence (6) and (8) imply the
boundedness of x1:

x1 = Fy(x0) < Fy, ((rl — algyo)al’ll) =(r; — algyo)aﬁl < rlaﬁl < z*. (12)
3
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Similarly if 79 — a1 — agyo < 0, then y; = G, (yo) < yo < y*. Otherwise, we have
0< Yo < (7‘2 - a21$0)a2_21 < (]. + T’QAt - a21$0At)(2a22At>_1 == UQ(JI()),

where the last inequality is obtained from roAt < 1 in (7). Thus (6) and (8) imply the
boundedness of y; that
Y1 = Gao (o) < Gy ((r2 — CL21I0>CL2_21) = (ry — A9170) Ay < Toloy < Y™ (13)
Hence using (11), (12) and (13), we have that
if (xo,y0) € (0,2%) x (0,y*), then (z1,y1) € (0,2*) x (0,y%).
Therefore, using the mathematical induction, we can obtain the desired result. O

Remark 2. Due to (9), we can choose sufficiently large values of 2* and y* when letting
At be sufficiently small, so that the area of (0,2*) x (0,y*) for the initial state (zo,yo) in
Theorem 1 can be taken large.

3. Stability of the discrete solutions

Let D = (0,2%) x (0,y*) for * and y* defined in (8). In order to discuss the stability
of the Euler scheme (2) for each initial position (zg,yy) contained in D, we partition D
into the four regions

I={xeD]| f(x) >0, g(x) >0}, I={xeD| f(x) <0, g(x)> 0}, (14)
MI={xeD]| f(x) <0, g(x) <0}, IV={xeD| f(x) >0, g(x) <0},
where x = (z,y) and
flz,y) =1 —anx — ay, g(z,y) = r9 — anx — asny. (15)

Since the location of the regions depends on the x and y-intercepts of the two lines
f(z,y) = 0and g(z,y) = 0, we partition D by using the four categories C;(1 < i < 4) as in
Figure 1; we use the symbol C; for the two conditions ria;}' < reay and riap, < roay,
the symbol C, for ria;] > a5 and ray, > roay,, the symbol Cz for riay < rpay;
and r1a75; > a5y, and finally the symbol Cy for ryaj] > may and riaj; < 7eay, . The
magenta circles in Figure 1 denote the stable points of the difference model (2) in the
categories, which will be proved.

Remark 3. In the case of C;
—1 —1 -1 -1

the region IV is empty. In order to prove this emptiness, suppose, on the contrary, that
there exists (z,y) € IV, which means, from (14), that

r1—an® — apy >0, ro — azr — azpy < 0. (17)

Eliminating x and y from (17), we have the two inequalities, respectively:

—riag; + rea11 < (a11a20 — A12G91)Y, (18)
—T1G22 + 212 < (a12a21 - a11a22)x. (19)
4

279 Sangmok Choo et al 276-293



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

(b)
f=0
g =0
1
Yy
1]
0.5
[AV4
o I @
o 0.5 1 1.5
x
© @
p f=0 f=0
=0 =0
1.5 g g
1
Yy I Yy
1 1 I 1]
0.5
0.5
I v | 11
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o 0.5 1 1.5 o 0.5 1 1.5
x x

Figure 1: Two lines f = 0 and g = 0 and regions with stable points. (a) o = 3.5,a21 = 3.0, a22 = 2 (b)
Tro = 1.5,0,21 = 3,(122 =5 (C) T9 = 1.7, a1 — 3,&22 =1 (d) T9 = 3.5,@21 = 2.5,@22 =5

We find a contradiction by using the following three cases:

Case 1. Let a11Q929 — Q12921 = 0.

In this case, (18) becomes —rjas; + m2a1; < 0, which contradicts (16).

Case 2. Let ai1a22 — a12a91 < O.

Using the positivity of y, (18) becomes —rjag; + reaq; < 0, which contradicts (16).
Case 3. Let aj1a99 — ajaa9; > 0.

Using the positivity of x, (19) becomes —rjass + rea12 < 0, which contradicts (16).
Therefore it follows from Cases 1, 2 and 3 that the region IV is empty and then

D =1UTIUTII for (20)
as in Figure 1-(a). Similarly we can obtain
D=TUIIULV for G, (21)

as in Figure 1-(b).

For convenience, we use the difference equations

Tp+1 = mn{l + f('rna yn)At}v (22)

as well as (2), where f(z,y) and g(z,y) are defined in (15).
For the stability we need to assume

1> At (CLHCL’* + CLng* + x*y*|a12a21 — a11a22|At) . (24)
Lemma 1. Let (x,,y,) be the solution of (2). Assume that (7), (8) and (24) hold.

If (xg,yx) €1 for some k, then (xgi1,yrsr1) is not contained in 111.
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Proof. The condition (xy,yx) € I gives
9(wx, yr) > 0. (25)
Suppose, on the contrary, that (zx.1,yr+1) is contained in III, which means
f(@ri1, Yki1) <0 and g(Tpi1, Yrr1) < 0.
Then (22) and (23) give

02> f(@rg1,Urt1) = f (@n + 2 f(@n, yr) AL, Yk + yeg(xr, yi) At)

= f(@r, y) + (—ar)w f (@, yu) At + (—ar2)yeg(Tr, yu) At (26)
and
0> g(@ps1, Y1) = 9(@n + o0 f (@0, yu) AL, Yo + yeg(Tn, ye) A) (27)
= g(xr, yx) + (—ag)n f (21, ye) At + (—ag2)yrg (T, yr) At.
We write (26) and (27) as
f(@r, yp) (1 — an@pAt) < annyrg(r, yr) At, (28)
9(h, ye) (1 — anypAt) < anwpf(k, yu) At.
Combining (24) and Theorem 1 gives
0<1—anz*At <1—anxAt
and so (28) implies
9(zr, yi) (1 — aypAt) < aglxkAtagyigiff;jkA)gt. (29)
Using (24) and (25), we can simplify (29) as follows.
1 < At{anzp(l — anyplAt) + anyr + a12yran At}
< At{an T + axyr + Teyrlaizag — anan| At} (30)

where the last inequality contradicts (24). Hence (zx11, yx11) is not contained in I1I. [
Remark 4. Similarly to Lemma 1 under the same assumption, we can obtain that
if (xy,yr) € I for some k, then (zjy1,yry1) is not contained in I (31)
as follows. The condition (zy,yx) € 111 gives
g(Tr, yx) < 0. (32)
Suppose, on the contrary, that
(@1, k1) > 0 and g(wpi1, Yrs1) > 0. (33)

Using (33) instead of f(xgy1, Y1) < 0 and g(zx41,Yk+1) < 0 in the proof of Lemma 1
and following the proof of Lemma 1 with (32), we have

ar2Ykg(Tr, Yr) At
(1 - a11$kAt)

and then obtain the contradiction (30) due to (32). Therefore we obtain (31).

(@i, Y ) (1 — agoypAt) > ag At

6
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Lemma 2. Let (z,,yn) be the solution of (2). Assume that (7), (8) and (24) hold.
If (xg,y) € 11 for some k, then (x,,y,) € 11 for alln > k.

Proof. Let (xy,yy) € 11, which implies f(zg, yx) < 0 < g(xx, yx) and then
i1 < T, Y1 = Y- (34)
It follows from Theorem 1, (34) and (10) that
0 <mppr <zp <Ui(yr), 0 <yp <ypyr <y < Us(xyp). (35)
Using the decreasing function Fj(z) of y and combining (6) with (35), we have

Tz = Fyy (1) < Fy (Te1) < Fy (an) = T (36)

and then (22) gives
f(@hs1,yrr1) <O0. (37)

Similarly, the strictly decreasing function G, (y) of x with (6) and (35) gives
Ykt+2 = G:rk+1<yk+1) > Gy, (Yrt1) > Gy (Yx) = Yrs1- (38)
Substituting (23) into (38) yields

9(Tht1, Y1) > 0,
with which (37) gives

J(@ri1, Yrr1) <0 < g(@hgrs Yog1)-
This implies
(g1, Yry1) € 1L

Hence
if (xg,yx) € 11, then (zy1, yps1) € 1L

Therefore using mathematical induction, we can obtain the desired result. O]

Remark 5. Similarly to Lemma 2 under the same assumption, we can obtain that
if (xg,yxr) € IV for some k, then (x,,y,) € IV for all n > k (39)

as follows. Let (xg,yx) € IV, which implies

f(@r, yi) > 0> g(zr, yr). (40)

Then replacing f(xg, yx) < 0 < g(zk, yx) in the proof of Lemma 2 with (40) and following
the proof of Lemma 2, we have

F(@ht1s Yrr1) > 0> g(Tht1, Yetr),

which implies
(Tht1, Y1) € IV.

Hence mathematical induction gives (39).
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In the following theorem, we show the global stability of the solutions of (2) for the
category C; as in Figure 1-(a); we present the condition that the species y always out-
competes the species x.

Theorem 2. Assume that (7), (8) and (24) hold.
If riay! < mpay) and riayy < reasy, then (0,7’2(12_21) is globally stable.

Proof. The condition in this theorem is corresponding to Cy, so that D is partitioned into
the three regions I, II and III due to (20). We claim the global stability for (z¢,yo) €
[TUITUIII by using mathematical induction as follows.

Case 2-1. Let (zo,y0) € 1L

Using Lemma 2 and Theorem 1, we have that

0<Zpt1 < Tpy 0<Yp <Y1 <Y, (41)

which give the convergence of {z,,} and {y,} with limits w; and ws, respectively.
Note that the increasing property of {y,} gives ws > 0.
In addition, the limit w; is zero, which can be obtained by indirect proof. Suppose, on
the contrary, that wy is nonzero. Taking the limit of (2) and using w; > 0 (i = 1,2), we
have

(a11a22 - 0126121) (w17w2) = (r1a22 — TaQ12, —T1021 + 7’2&11) . (42)

Since rias9 — roa1p < 0 and —7rias; + reaq; > 0 from the conditions in this theorem, the
equality (42) with w; > 0 gives

0 > aj1as9 — ajaae > O7 (43)

which is a contradiction. Consequently, w; is zero.
Taking the limit of the second equation in (2) with w; = 0 and wy > 0, we have wy = roay,
which completes the proof for Case 2-1.
Case 2-2. Let (zg,y0) € L.
This case implies that f(zo,y0) > 0 and g(xg,y0) > 0. We use the following three steps
to prove this theorem in this case.

Step 1. There exists a positive integer my such that (z,,,, Ym,) ¢ L.
Suppose, on the contrary, that (z,,y,) € I for all n, which means f(z,,y,) > 0 and
9(Zn, ypn) > 0 for all n. Then

Tl = To{l + f(2n, yn) At} > 2 > 0, Y1 = yn{l + g(xn, yn) At} >y, >0

and hence the boundedness of (x,,, y,,) in Theorem 1 gives the convergence of the increasing
sequences {z,} and {y,}, which have positive limits w; and wy, respectively. Therefore
we have a contradiction by using (42)-(43).

Step 2. There exists a positive integer m such that (z,,, y,,) € IL.
Using (o, yo) € I and Step 1, there exists a positive integer my such that (-1, Ym,—1) €
I and (T, Ym,) € D—1. Since D—I = [T UIII, we have

(Tiny s Ymy ) € L O (24, Yy ) € 111 (44)

Applying Lemma 1 with (2., —1, Ym,—1) € I, it is not true that (z,,,, ym,) € 111 and then
(Timy > Ym, ) € 11 Taking m = my gives the desired result.

8
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Step 3. If (zo,v0) € I, then (2, ym) € 11 for some positive integer m due to Step 2.
Therefore the proof for Case 2-1 completes the proof for Case 2-2.
Case 2-3. Let (xg,yo) € III.
This case implies that f(zo,v0) < 0 and g(xg,yo) < 0. We use the following two steps to
prove this theorem in this case.

Step 1. If (2, y,) € I for all n, then lim,, o0 (2, yn) = (0, 72055 ).
Assume that (x,,y,) € III for all n, which implies

f(@n,yn) 0, g(@n,yn) <0 (45)
for all n. The assumption gives the decreasing property

0 < Zpi1 = {1+ f(@n, Yn) At} < 2y 0 < Ypg1 = Yn{1 + 9(@n, yu) A} < yp

and then Theorem 1 gives the convergence of {z,} and {y,} with the nonnegative limits
wy and we, respectively. It is only possible that w; = 0 and ws > 0 as follows.

If wy > 0 and wy > 0, then (42)—(43) give a contradiction.

If wy > 0 and wy = 0, then w; = rlafll. This is impossible due to the unstability of
(r1ai;, 0) since the linearized system of (2) at (ria;)',0) has the eigenvalue

1+ Atal_ll (T’QCLH — 7”1@21) > 1
under the condition agya;}' < ror;~'. Therefore {(x,,¥,)} cannot have the limit (r;a;;', 0).
If wy =0 and wy = 0, then
hmn—)oo f (an, yn) =r > 07 hmn—)oo g (xna yn) =Ty > 07

which are contradictory to (45).

Therefore it remains that w; = 0 and w, > 0, which gives (wy,ws) = (0, 7205, ).
Step 2. If (2, Ypm) ¢ 11 for some m, then lim,, o0 (2p, yn) = (0, 72055 ).

Since (2, Ym) € D—III and D—III = T U II, we have

(T, Ym) € T Or (4, ym) € 11

However it is not true that (z,,,¥.,) € I due to Remark 4 and so we have (x,,, y,,) € 1L
Therefore, following the proof for Case 2-1, we obtain lim,, s (2, yn) = (0, 72055 ).
Finally, we obtain the desired result from the proofs for Cases 2-1, 2-2 and 2-3. n

In the following theorem, we show the global stability of (2) for Cy as in Figure 1-(b)
and present the condition that the species x always outcompetes the species y.

Theorem 3. Assume that (7), (8) and (24) hold.
If riay! > may) and riayy > reasy, then (rlal_ll, O) 15 globally stable.

Proof. The condition in this theorem is corresponding to C; and so D is partitioned into
the three regions I, III and IV due to (21). We claim the global stability for (xg,yo) €
TUTITUIV by using mathematical induction as follows.

Case 3-1. Let (xg,10) € IV.

In this case, (39) gives (x,,y,) € IV for all n, with which (22) and (23) give =, < @11
and y,+1 < y,. Then Theorem 1 gives

0<x, <Zpyr <2%, 0<yYpr1 < Yn, (46)

9
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which imply the convergence of {z,} and {y,} with limits w; and wy, respectively. The

increasing property of {x,} gives w; > 0.

In addition, the limit ws is zero, which can be obtained by indirect proof as in Case

2-1. Suppose, on the contrary, that wy is nonzero. Taking the limit of (2) and using

the positivity of w; and wy, we have (42). Applying the conditions rja;; > reay and

riags > TaGy, to (42) yields the contradiction (43) Consequently, ws is zero.

Taking the limit of the first equation in (2) with w; > 0 and wy = 0, we have w; = riaj},

which completes the proof for Case 3-1.

Case 3-2. Let (zg,y0) € L.

In this case we have f(zg,y0) > 0 and g(xg,y0) > 0, and use the following three steps.
Step 1. There exists a positive integer my such that (z,,,, Ym,) ¢ L.

Suppose, on the contrary, that (z,,y,) € I for all n, which means f(z,,y,) > 0 and

9(xn, yn) > 0 for all n. Then

Tl = Tp{l + f(2n, yn) AL} > 2, > 0, Yns1 = Yn{l + g(@n, yn) At} >y, > 0,

and hence the boundedness of (z,, y,) in Theorem 1 gives the convergence of the increasing
sequences {z,} and {y,}, which have positive limits w; and wy, respectively. Therefore
we have the contradiction (43) as in Case 3-1.

Step 2. There exists a positive integer m such that (z,,,y,) € IV.
Using (29, o) € I and Step 1, there exists a positive integer my such that (., -1, Ym,—1) €
I and (T, Ym,) € D—I for some m;. Since D—1 = IIIUIV, we have

(Tiny s Ymy ) € HT o (T4, Yy ) € V.

Applying Lemma 1 with (2., 1, Ym,—1) € I, it is not true that (z,,,, ym,) € 11T and then
(Tmy s Ymy ) € IV. Taking m = my gives (Z,, ym) € IV.
Step 3. If (zg,yo) € 1, then (x,,,ym) € IV for some positive integer m due to Step 2.
Therefore the proof used in Case 3-1 completes the proof for Case 3-2.
Case 3-3. Let (z9,y0) € 1L
In this case we have f(zo,y0) < 0 and g(z¢,yo) < 0,and use the following two steps.
Step 1. If (x,,y,) € III for all n, then lim,, o0 (T, yn) = (r1a17,0).
As in Step 1 of Case 2-3 in Theorem 2, {(z,, y,)} has the limit (w;,ws). It is only possible
that w; > 0 and wy = 0 as follows.
If wy > 0 and wy > 0, then (46)—(?7?) give a contradiction.
If wy = 0 and wy > 0, then wy = r2a§21. This is impossible due to the unstability of
(0,79a55 ) since the linearized system of (2) at (0,75a5, ) has the eigenvalue

1+ Ata2_21 (7’1@22 — r2a12) >1
under the condition agyay, > ror; 1. Therefore {(x,,¥,)} cannot have the limit (r;a;;', 0).
If w; =0 and wy = 0, then
limy, 00 f (xn7yn) =r; >0, hmn—)oog (l‘n, yn) =12 >0,

which are contradictory to (45).

It remains that w; > 0 and w, = 0, which yields the desired result (w;,ws) = (r1a;;,0).
Step 2. If (2, Ypm) ¢ 11 for some m, then lim,, o0 (2, yn) = (r1a7;,0).

Since (T, Ym) € D—III = TUIV, we have

10
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(T Ym) € L or (T, Ym) € IV.

However it is not true that (z,,,ym,) € I due to Remark 4. Therefore, we have (2,,, y) €
IV and then lim,, o0 (7, ¥n) = (r1a;;,0) by following the proof for Case 3-1.
Finally, we obtain the desired result from the proofs for Cases 3-1 and 3-2. O

In the following theorem, we show the convergence of the solutions of (2) for the
category Cs as in Figure 1-(c) and the dependence of the limit on the region in which the
initial state is located.

From now on, in the case that aj1a90 — ajpas; # 0, we use the symbol (61, 65) to mean

(917 92) = (Cl116l22 - 61126121)_1 (r1a22 — Tol12, —T1021 + 7’26111) , (47)

where (6, 0) satisfies
f(01, 92) = 9(91, 92) = 0 (48)
Theorem 4. Let the conditions (7), (8) and (24) hold. Assume that
—1

-1 —1 -1
T1a1] > Talyy and riay, < Tolys -

(a) If (zo,90) € 11, then limy, o0 (T, yn) = (0, 7905 ).
(b) If (z0,90) € IV, then limy, o0 (7y, yn) = (r1a,0).
(¢) If (wo,y0) € TUIIL, then {(x,,y.)} converges with the limit (riay!,0) or (0,79a5, ).

Proof. For the proof of (a), let (xo, o) € II. We have from Lemma 2 and Theorem 1 that
0<Tpi1 <Tn, 0<yp <Ypy1 <y, (49)

which gives the convergence of {z,} and {y,} with limits w; and wy, respectively. The
increasing property of {y,} gives wy > 0.
In addition, the limit w; is zero, which can be obtained by indirect proof. Suppose, on
the contrary, that w; is nonzero. Taking the limit of (2) and using the positivity of w;
and wy, we have

(a11a22 - a12G21)w1 = T'1aga — T2012. (50)

Since (g, yo) € 11, the definition of the region II gives
f(xo,90) <0 < g(x0, Yo)- (51)
Solving (51) for xy, we obtain
(7’16L22 - 7”2a12) - (a11a22 - CL12CL21)$0 <0. (52)
The conditions (121(11_11 > rory Tt > (122(11_21 in this theorem give
ariGge — a2a < 0. (53)
Applying (53) into both (52) and (50) yields
wy > T (54)
Combining (54) with (49), we have that for all n
11
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w1 > Ty > Ty,

which is contradictory to lim,, . x, = w;. Consequently, w; is zero.
Taking the limit of the second equation in (2) with w; = 0 and wy > 0, we have wy = roay; ,
which completes the proof of (a).

For the proof of (b), let (zo,y0) € IV. Using (46), we have the convergence of {z, } and
{yn} with limits w; and ws, respectively. The increasing property of {z,} gives w; > 0.
In addition, the limit wy is zero, which can be obtained by indirect proof. Suppose, on
the contrary, that wy is nonzero. Taking the limit of (2) and using the positivity of w;
and wy, we have

(a11a22 - G12a21)w2 = —T1021 + T2011. (55)

Since (z9,yo) € IV, the definition of the region IV gives

f(xo,90) >0 > g(x0, yo)- (56)

Solving (56) for yo, we obtain
(T1CL21 - 7"26111) + (Cl11a22 - 012021)y0 > 0. (57)

Applying (53) into (57) yields
W > Yo. (58)

Combining (58) with (46), we have that for all n

W2 > Yo > Yn,

which is contradictory to lim,, . y, = ws. Consequently, wy is zero.
Taking the limit of the first equation in (2) with w; > 0 and wy = 0, we have w; = a7},
which completes the proof of (b).

For the proof of (c), we consider the following two cases.
Case 4-1. Let (xg,1) € L.
We use the following three steps to obtain the desired result in this case.

Step 1. There exists a positive constant m such that (z,,, y.,) ¢ 1.
Suppose, on the contrary, that (z,,y,) € I for all n. Then {z,} and {y,} have the
positive limits (6, 62) defined in (47) by applying (53) and the approach used in Stepl
of Case 2-2 in Theorem 2. However the system (2) under the condition ria;}' < roay,
is unstable at the point (6;,02) since the linearized system at (0, 6;) has the eigenvalue
1+Atay! (rea1; — rias) greater than 1. Therefore {z,,} and {y,} cannot have the positive
limits 6; and 65, respectively, which is contradictory.

Step 2. There exists a positive constant m such that (x,,, y,) € ITUIV.
Since (z9,yo) € I, Step 1 gives the existence of a positive integer m such that

(xm—la ym—l) € I and (xrrwym) §é I,

which implies (2., Yr) € HUIV due to Lemma 1 and D =TUITUIITUIV.
Step 3. Tt follows from (a), (b) and Step 2 in this theorem that (z,,y,) converges and
has the limit (ryay;’,0) or (0, 79a5 ).
Case 4-2. Let (xo,yo) € 1.
We use the following two steps to obtain the desired result in this case.

12
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Step 1. If (zp,yn) € II for all n, then {(x,,y,)} converges with the limit (r,a;;",0) or
(0,79a5, ). To prove this, note that we have the convergence of {(x,,,)} with the limit
(w1, ws) by following the proof of Step 1 of Case 2-3 in Theorem 2.

If w; > 0 and wy > 0, then (wy,wsy) = (61, 0,). This is impossible due to the unstability of
(01, 05) since the linearized system of (2) at (61, 63) has the eigenvalue greater than 1:

1+ 05At {— (aHQl + a/2202> + \/(@1191 + (12292)2 + Oé} >1

since o = 4 (a12a9; — a11a92) 0103 > 0 under the condition agia; > rori ™' > agals.
Therefore it is not possible that w; > 0 and wy > 0.
If w; = 0 and wy = 0, then we have the contradictions to to (45):

lmy, oo f (Zn,yn) =71 >0, limy, o0 g (Tp, Yn) = 12 > 0.
Therefore the remaining signs of wy; and wy are
(+,0) and (0,+),
which give the desired result
(w1, ws) = (r1ayt,0) and (0, 7905, ),

respectively, by taking the limit of (2) and using the signs of w; and ws.

Step 2. If (2, Ypm) ¢ 111 for some m, then {(x,,,y,)} converges with the limit (r;aj;, 0)
or (0,79a5 ). To prove this, we follow the proof used in Step 2 of Case 4-1.
Since (zg,yo) € III, using the condition (x,, ym) ¢ III for some m, we can assume that
there exists a positive constant m; such that

(T =1, Ymy—1) € I and (zp;, Y, ) € 111,

which implies
(Timys Ymy) € HUIV (59)

due to D =TUITUIITUIV and Lemma 1. Therefore, using (59) and (a) and (b) in this
theorem, we have that (1,,%,) converges and has the limit (ria;;",0) or (0,rsa5 ).
Finally, we obtain the desired result from the proofs for Cases 4-1 and 4-2. m

In the following theorem, we show the global stability of the solutions of (2) for the
category Cy as in Figure 1-(d) where each component of the equilibrium point is positive.

Theorem 5. Let the conditions (7), (8) and (24) hold. Assume that
riarl < roay; and rialy; > reagy .
Then for (61,02) defined in (47)
(01,05) is globally stable.
Proof. Note that the conditions rja;;" < ryas' and riaj; > raasy in this theorem give
arGge — ai2a9 > 0. (60)

We prove this theorem by using the four cases and mathematical induction.
Case 5-1. Let (z9,y0) € II.
Lemma 2 and Theorem 1 give (49). Then we have

13
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hmn—)oo(xnayn) = (wl>w2)7 wy >0

and
[(@n,yn) <0< g(20,yn).

Solving (61) for z,, as in (51) and (52) and using (60), we have that for all n

0<b, < Ty
and then w; > 07 > 0. Since w; and wy are positive, we have
(W17W2) = (91,92)-

Case 5-2. Let (zo,y0) € IV.
Using Remark 5 and Theorem 1, we have

0<z, <xpi1 <z, 0<Yps1 < uyn

and

hmn—>oo<xn7y7’b) - (w17w2)7 w1 > 0

The inequalities (62) implies

F@n,yn) > 02> g(20, yn)-
Solving (63) for y, as in (56) and (57), we have that for all n
0<6y <y,
and then wy > 0y > 0. Since w; and wy are positive, we have
(wr,wa) = (61,02).

Case 5-3. Let (zg,y0) € .
If (xy, Ym) ¢ 1 for some m, then

(T, Ym) ED—1=TTUIITUIV
and further
(T, Ym) € HUIV
due to Lemma 1. By Case 5-1 and 5-2, we have

limy, o0 (T, Yn) = (61, 02).

(61)

(62)

(63)

On the other hand, if (z,,y,) € I for all n, then we have the positive limits w; and wy of
{z,} and {y,}, respectively, due to the definition of I and Theorem 1. Taking the limit

of (2) and using w; (i = 1,2), we have
(w1, wa) = (01, 02).

Case 5-4. Let (z9,y0) € IIL
Replacing I in the proof of Case 5-3 with III, we can obtain

(wr,wa) = (61,02).

Finally, we obtain the desired result from the proofs for Cases 5-1 to 5-4.

14
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4. Numerical examples

In this section, we provide simulations that illustrate our results in Theorem 2 to
Theorem 5 for the difference scheme (2) with At = 0.001 and (z*, y*) = (ria; +50, roag, +
50). The values of parameters used in the following four examples satisfy the three
conditions (7), (8) and (24).

Example 1. Let (r1,a11, a1, 72, a01,a2) = (1,1,2,3.5,3,2), which satisfies the two
conditions ryay;" < reas and riay, < 7pay, in Theorem 2. Then the solutions (w,,%,) of
(2) converge to (0,75a55 = 1.75) as displayed in Figure 2-(a).

Example 2. Let (r1,a11, ai2,72,a01,a2) = (1,1,1,1.5,3,5), which satisfies the two
conditions riaj;’ > reay and riajy > raay; in Theorem 3. Then the solutions (x,,,y,) of
(2) converge to (riaj; = 1,0) as displayed in Figure 2-(b).

(b)

Figure 2: (a) Trajectories for different initial points in the regions I, II, III with r; = 1,a11 = 1,a12 =
2,19 = 3.5,a21 = 3,a22 = 2 in the category C;. (b) Trajectories for different initial points in the regions
I III, IV with 7y = 1,411 = 1,a12 = 1,79 = 1.5,a21 = 3,a22 = 5 in the category Cs. The box and circle
symbols denote initial and equilibrium points, respectively.

Example 3. Let (r1,a11, a2, 72, a01,a2) = (1,1,1,1.7,3,1), which satisfies the two
conditions ryaj] > reay and riajy < T2a5, in Theorem 4. Then as displayed in Figure
3-(a), we obtain the results in Theorem 4. If (zg,y0) € II, then the solutions (x,,y,) of
(2) converge to (0,72a55 ) = (0,1.7). If (20, y0) € IV, then lim,, o0 (T, yn) = (1107, 0) =
(1,0). If (zg,10) € TUIIL then {(z,,y.)} converges with the limit (r;a;',0) = (1,0)
or (0,72a55) = (0,1.7). Especially, Figure 3-(a) shows that there exist at least two
initial points contained in I converging to (ria;,0) = (1,0) and (0,7r2a55 ) = (0,1.7),
respectively. In the region III, the same phenomenon happens. The outcome depends on
the initial abundances of the two species.

Example 4. Let (71, a11, aia, 79, o1, a22) = (1,1,1,3.5,2.5,5), which satisfies the two
conditions rya;; < raas)t and riajy > a5, in Theorem 5. Then the solutions x,, and y,
of (2) converge to

(7“1@22 - 7”26l12)(a11a22 - Cl126121)71 = 0.6

and

15
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(—ryag + rear)(ariage — ajgaz )™t = 0.4,

respectively, as displayed in Figure 3-(b). Although the outcome in Example 3 depends
on the initial abundances of the two species, the outcome in Example 4 is independent of
the initial abundances.

(b)

Figure 3: Trajectories for different initial points in the regions I, II, IIT and IV. The values of the
parameters are (a) 11 = 1,a11 = 1,a12 = 1,79 = 1.7,a21 = 3, a22 = 1 in the category C3. (b) r1 = 1,a11 =
1,a12 = 1,79 = 3.5,a21 = 2.5,a22 = 5 in the category C4. The box and circle symbols denote initial and
equilibrium points, respectively.

5. Conclusions and future work

In this paper, we have studied the Euler difference scheme for a two-dimensional Lotka-
Volterra competition model and presented sufficient conditions for the global stability
of the fixed points of a discrete competition model with two species. The main idea
of our approach is to divide the domain used for the boundedness of solutions of the
discrete model and to describe how to trace the trajectories with respect to each partition.
Although we have applied our method for the two-dimensional discrete model, this method
can be utilized to two-dimensional and other higher dimensional discrete models.
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Abstract

In this paper we characterize the boundedness and compactness of the weighted composi-
tion operator from the classical Bloch space 8 to the Zygmund space Z, and from the little
Bloch space (o to the little Zygmund space Zy, respectively.

Keywords Bloch space, Zygmund space; Weighted composition operator; Boundedness;
Compactness
2010 MR Subject Classification 47B38, 30D99, 30H05

1 Introduction

Let D = {z : |z| < 1} be the open unit disk in the complex plane and H(D) denote the set of
all analytic functions on D. Let u,¢ € H(D), where ¢ is an analytic self-map of D. Then the
well-known weighted composition operator uCy, on H(D) is defined by uCy(f)(2) = u(2)-(fop(z))
for f € H(D) and z € D. Weighted composition operators can be regarded as a generalization of
multiplication operators and composition operators. In 2001, Ohno and Zhao studied the weight-
ed composition operators on the classical Bloch space 8 in [14], which has led many researchers
to study this operator on other Banach spaces of analytic functions. The boundedness and com-
pactness of it have been studied on various Banach spaces of analytic functions, such as Hardy,
Bergman, BMOA, Bloch-type spaces, see, e.g. [2, 4, 8, 18, 27].

In 2006, the boundedness of composition operators on the Zygmund space Z was first studied
by Choe, Koo, and Smith in [1]. Later, many researchers have studied composition operators and
weighted composition operators acting on the Zygmund space Z. Li and Stevi¢ in [9] studied the
boundedness and compactness of the generalized composition operators on Zygmund spaces and
Bloch type spaces. They in [11] considered the boundedness and compactness of the weighted
composition operators from Zygmund spaces to Bloch spaces. Ye and Hu in [22] characterized
boundedness and compactness of weighted composition operators on the Zygmund space Z. Es-
maeili and Lindstrom in [7] studied weighted composition operators from Zygmund type spaces
to Bloch type spaces and their essential norms. Sanatpour and Hassanlou in [17] gave the es-

sential norms of this operators between Zygmund-type spaces and Bloch-type spaces. See also

*The research was supported by the National Natural Science Foundation of China (Grant No. 11571217) and
the Natural Science Foundation of Fujian Province, China(Grant No. 2015J01005).
TE-mail: slye@zust.edu.cn
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[5, 15, 16, 19, 20, 21, 23, 24, 25, 26] for corresponding results for weighted composition operators
from one Banach space of analytic functions to another. It is well-known that Z C . It is more
interesting to characterize u, ¢ such that this operator uCy, has the pull-back properly, that is,
uCy, f € Z whenever f € 8. In this paper we consider this question.

Now we give a detailed definition of these spaces. A function f analytic on the unit disk is
said to belong to the Bloch space [ if

b(f) = Slelg{(l — I ()} < o0,
and to the little Bloch space [y if f € 5 and

lim (1 |2[*)|f'(2)] = 0.

|z|—1—

It is well known that 3 is a Banach space under the norm

[£lls = 1£(0) +b(f),

and [y is a closed subspace of f.
The Zygmund space Z consists of all analytic functions f defined on D such that

2(f) =sup{(1 — |z))|f"(2)| : z € D}, 0<a< +oo.

From a theorem of Zygmund (see [29, vol. I, p. 263] or [6, Theorem 5.3]), we see that f € Z if
and only if f is continuous in the close unit disk D = {z : |2| < 1} and the boundary function
f(e'?) such that

i(04h) i(0—h)y _ i
oy L) 10 25
h>0,0 h

An analytic function f € H(D) is said to belong to the little Zymund space Zy consists of all
[ € Z satisfying lim|,|_,1- (1 — |2|?)|f"(2)| = 0. It can easily proved that Z is a Banach space
under the norm

1£llz = £ (O] + £ (0)] + 2(f)

and the polynomials are norm-dense in closed subspace Zj of Z. For some other information on
this space and some operators on it, see, for example, [9, 10, 11].

Throughout this paper, constants are denoted by C, they are positive and only depending on
p, and may differ from one occurrence to the other.

2 Auxiliary results

In order to prove the main results of this paper. we need some auxiliary results. The first part of

the following lemma is a well known.

Lemma 2.1 Suppose that f € 3, then

(i) |f(2)] < 1og(1_—jz|2)||f|\ﬁ for every z € D;

(ii) | f"(2)] < ﬁb(]‘) for every z € D.
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1
Proof For any f € 5. Fix z € D and let p = llkl

that

! 1 [ db ~ 8
f ()_|2m/|§|_p(f(€)2 de| < b(f) 7/0 ‘ p _ A1l P

R LA BT T S el R LA (R E oL

, by the Cauchy integral formula, we obtain

Hence (ii) holds.

Lemma 2.2 [28] Suppose that f € By, then

. el
O gt/ (=) ~

(i) Jim (1= 2] = 0.

Lemma 2.3 Suppose uC, : Bo — 2o is a bounded operator, then uCy, : 8 — Z is a bounded

operator.

The proof is similar to that of Lemma 2.3 in [21]. The details are omitted.

Lemma 2.4 Suppose that uC, be a bounded operator from B to Z, then uC, is compact if
and only if for any bounded sequence {fn,} in B which converges to 0 wuniformly on compact
subsets of D. We have ||uCy(fn)|lz =0, asn— oo .

The proof is similar to that of Proposition 3.11 in [3] . The details are omitted.
Lemma 2.5 Let U C Zy. Then U is compact if and only if it is closed, bounded and satisfies

lim sup(1 — |z]%)|f"(2)| =0
|z]—1 feu

The proof is similar to that of Lemma 1 in [12], we omit it.

3 Main results

Theorem 3.1 Let u be an analytic function on the unit disc D, and ¢ an analytic self-map of D.
Then uC, is a bounded operator from the classical space 3 to the Zygmund space Z if and only if
the following are satisfied:

fgg(l - |Z|2)|U”(Z)| log m < o0 (3.1)

ap L 2)[12¢" (2)u’ (2) + " (2)u(2)] -
0 T o()P <o 32
sop ARG, 53

:ep (L=le(2)?)
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Proof Suppose uC), is bounded from the Bloch space § to the Zygmund space Z. Then we can
easily obtain the following results by taking f(z) =1 and f(z) = z in (3 respectively:

u € Z; (3.4)

fg[p)(l = |22/ ()’ (2) + ¢ (2)u(z) + p(2)u” (2)| < +00. (3-5)

By (3.4), (3.5) and the boundedness of the function ¢(z), we get

Ky = fgg(l = 2?12/ (2)u'(2) + " (2)u(2)| < +o0. (3.6)

Let f(z) = 2% in 3 again, in the same way we have

sup(l - |2[2)[4ep(2)@" () (2) + @ ()0 (2) + 2u(2) (9 (2)¢" (2) + (¢'(2))?)] < <.

Using these facts and the boundedness of the function ¢(z) again, we get

Ky = sup(1 - 121 1(¢' (2))%u(z)] < +oo. (3.7)

Fix a € D, we take the test functions

e

fa(z) = 3log + 3 (log

3
3.8
1—az logil_‘ea‘2 ) (3:8)

)2

— lo
1—az log2ﬁ( gl—&z

for z € D. By a directly calculation we obtain that f, € 8 and sup, || fullg < C < o0, where C is
not depended on a. Since fu(a) = 5log =7, fo(a) =0, fi(a) =0, we have

Cllfalls = NuCofallz = sup(l - |2[)[(uCy fa)" (2)]
= sup(l— 22)1(2¢ (2)u'(2) + ¢ (2)u(2)) fa ()
+ f(0(2)) (@' (2)*ulz) + u" (2) fale(2)].

Let a = p(A), it follows that

Cllfalls = (1= P2 (WU (V) + " (Nu(N) £ (V)
+ FIo @O V) uN) + 0" (V) fon) (9 (V)]
= 5(1—|/\|2)Q|U//(A)logw|~

Hence (3.1) holds.
Next, we will show that (3.2) holds. Fix a € D with |a| > 3, we take another test functions:

8(1—la[*)? 1401 —la*)®  6(1—|a*)!

(2) = 3.9

92) = <y (1—az)® (1—az)t (3:9)

for z € D. By a directly calculation we obtain that g, € 8 and sup, ||g.|lsg < C < oo, where C is
92

not depended on a. Since gq(a) =0, g, (a) = 17|a‘2’ gi(a) = 0, it follows that for all A € D
—la

with [o(A)| > £, we have

Cllgalls

v

1uCogallz = sup(1 = |2*)|(uCp90)" (2)]
= jgg(l = 12126 ()t (2) + 9" (2)u(2)) ga (0(2))

+ g4(0(2))(¢'(2)%u(2) +u"(2)ga(p(2))]-
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Let a = p(A), it follows that

Cllgalls = (1—\)\| (20" N () + ¢ (V) gy (9(N)
+ 9500 (PN N))u(X) + 1" (V) gen) (V)]

— 1= PRIEE OO+ ) e
L(1 = PR + ()]
S = s P |

For YA € D with |¢(\)] < 3, by (3.6), we have

iy (L PPAREOW ) + "))

AeD 1 — (A

Hence (3.2) holds.
Finally we will show (3.3) holds. Fix a € D with |a| > %, we take the test functions:

[SUNITN

igg(l — |)\|2)|(2<p’()\)u'()\) + " (ANu(N))| < +oo.

3(1—[al®)? 6(1—lal?)® 3(1—|al?)?
= = T

for z € D. It is easily proved that supi 4 <1 [|hallg < € < 0o, where C' is not depended on a.
For w € D, let a = ¢(w), since

Pt () =0, () = 0, W () = [ s

then, for all w € D with |p(w)| > 5, we obtain that

Clals > IuCogallz > (1~ o) R

Then, by (3.7), we have

(1= Juf?)u(w)(' () (1= Jwf)lu(w) (' ()
S G 7 ) E R PR (R P [
ey A= lPlutw ol ()

lp(w)| <L (1= lp(w)]?)

oy B @] 16 e
S4\W(S;F)]i[)>%(1 v (1 —=[p(w)?)? " |¢(iu)l|og%(1 ol u(w)(e(w))]

< 0.

Hence (3.3) holds.
Conversely, suppose that (3.1), (3.2), and (3.2) hold. For f € 8, by Lemma 2.1, we have the

298 Shanli Ye 294-305



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

following inequality:

(1= ) (uCe f)" (2)]

(1= [21)(2¢' (2)u (2) + 9" (2)u(2)) [ (10(2))

+ ()¢ (2)*ulz) + v (2) f(o(2))]

IN

(1= 12)1(2¢" ()0 (2) + ¢" (2)u(2)) £ (0 ()]

+ (1= [P (@)@ (2)*ul2)] + (1 = [ (2) f((2)]

(1 = [z)2¢" (2)u'(2) + ¢"(2 LIPS

- - )P
(1~ 12! (2)*ut)] .
+ sEm LBy 4 (- B @l ost— S Il
< clfls.
and
[u(0)F(0))] + ' (0)F(£(0)] + u(0) ' (2(0))'(O)
< ()] + 14 O)) log(— ) + L 11

This shows that uCy, is bounded. This completes the proof of Theorem 3.1.

Corollary 3.1 Let ¢ be an analytic self-map of D. Then Cy, is a bounded operator from the Bloch
space B to the Zygmund space Z if and only if

(1 = 2)I(¢'(2))%]

(1 —z)l¢" (2)]
sup < oo and sup ————————
zep (1= 1p(2)?)? zeb 1= |p(z)]?

In the formulation of lemma, we use the notation M, on H(D) defined by M, f = uf for f € H(D).

< 0

Corollary 3.2 The pointwise multiplier M,, : f — Z is a bounded operator if and only if u = 0.

Theorem 3.2 Let u be an analytic function on the unit disc D and ¢ an analytic self-map of D.
Then uCy, is a compact operator from [ to Z if and only if uC, is a bounded operator and the

following are satisfied:

3 _ 22 u// llo ;: . .
S (1= Pl ()] og g = 0, (3.11)
o (L= 2P e () (2) + " (2u2)] _
\so(zli\nllf 1—|p(2)]? =0; (3.12)
(1= |2 u(2)(#'(2))?]
Isa(zlilnll— (1 —Jp(2)]?)2 =0. (3.13)
6
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Proof Suppose that uCy, is compact from  to the Zygmund space Z. Let {z,} be a sequence
in D such that |p(z,)] — 1 as n — oo. If such a sequence does not exist then (3.11), (3.12) and
(3.13) are automatically satisfied. Without loss of generality we may suppose that [ (z,)| > 3 for
all n. We take the test functions

6 2 8 3 3 4 €
n(z) = —lo ——1lo + —log" ———. 3.14
fa(z) On, s 1—¢(zn)z a2 8 1—o(zy)z @} - | (2n)|? ( )
where a,, = log ﬁ. By a directly calculation, we may easily prove that {f, } converges to
— [P(Zn

0 uniformly on compact subsets of D and sup,, || fnllg < C < co. Then {f,} is a bounded sequence
in 8 which converges to 0 uniformly on compact subsets of D. Then lim,,_,« [|[uC,(fn)||z = 0 by
Lemma 2.4. Note that

fa(p(zn)) = an, [r(p(2)) =0, f7/(o(zn)) = 0.
It follows that

[uCfullz = (1= |2al*) (20 (20)#" (2n) + " (zn)u(zn)) 1 (@(2n))

+u(zn) fr (9(20) (@ (20))* + U (20) fu (9 (20)))]

2 1 €
= (L) o)l Yog =y
Then e
Jim (1~ Jeal)lu” (z0)] log g7y = 0.
Next, let

n(2) = 8(1—lp(zn)?)? 1401 = lp(2)[?)* | 6(1 = [e(za)[*)"
(1 —(zn)2)? (1 —¢(zn)2)? (1 —p(zn)2)*
By a directly calculation we obtain that g, = 0 (n — o0) on compact subsets of D and

sup,, ||lgnllg < C < 0. Consequently, {g,} is a bounded sequence in § which converges to 0
uniformly on compact subsets of D. Then lim,_, [[uCy(gn)||z = 0 by Lemma 2.4. Note that

gn($(zn) =0, gi(p(zn)) = 0 and g, (p(z)) = 1:2@5; '
It follows that '

[uCgnllz = (1 = |2n|*) (20 (2n)¢" (2n) + € (20)ul2n)) g5 (9 (20))

+u(zn)gn (0(20)) (9 (20))* + 0" (20) gn (@ (20))]

¢(2n)

= 2001~ [P0 () (on) + 0" (enJulen)) =2 |

(1= [zn[*) 20/ (20) &' (2n) + ¢" (2n)u(zn)]

Then lim 5

n—oo 1- ‘(p(znﬂ
Finally, let

=0.

3(L—lp(za)l)? | 61— lp(20)?)*  3(1 = (2a)")*
(1= ¢(2n)2)? (1= ¢(2n)2)° (1= ¢(zn)2)*
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By a directly calculation we obtain that h, = 0 (n — o00) on compact subsets of D and
sup,, ||hnllz < C < oo. Consequently, {h,} is a bounded sequence in Z which converges to 0
uniformly on compact subsets of D. Then lim, _, [|[uCy,(h,)||z = 0 by Lemma 2.4. Note that

ha(@(za)) 20, B (p(z0)) = 0 and W ((z0)) = m

[uCphnllz > (1 - ‘Zn|2)|(2u/(zn)90/(zn) + " (zn)ulzn)) i, (9(2n))

. It follows that

"’u(zn)hx(@(zn)) (@,(Zn))Q + u”(zn)hn“@(zn)”

—6(1— |zn2>|u(zn><so’<2n>>2|<1|¢|)(:&l)|2>2'

| 2

/ 2

Then lim (1 — ‘Zn|2)—|u(2n)(cp (an)2|
n—o0 (1 =1l (za)]?)

Conversely, suppose that (3.11), (3.12), and (3.13) hold. Since uC,, is a bounded operator, by

Theorem 3.1, we have

= 0. The proof of the necessary is completed.

. . 1 o (1 P )
My 2 sup (1= [Pl (2) g 7y <00 Ma 2 sup T T <
and
M £ o (L EPIZE @) + "] _
sup T o) |

Let {fn} be a bounded sequence in § with ||f,||g < 1 and f, — 0 uniformly on compact
subsets of D. We only prove lim [[uCy(f,)||z = 0 by Lemma 2.4. By the assumption, for any
n— oo
€ > 0, there is a constant 4, 0 < § < 1, such that § < |p(z)| < 1 implies

(1 = [zP)u(z)(¢'(2))?]

(1—|p(2)[2)? <e (=2 (2)|log

c <
..
1—|e(2)?

and
(1 — [z2)[2¢' (2)u' (2) + " (2)u(2)]|
1—lp(2)[?
Let K ={w € D : |w| < ¢}. Noting that K is a compact subset of D, we get that

< €.

2(uC,fn) = sup(l—[z*)[(uCpfn)"(2)]

z€D

IN

sup(1 — |2[)(2¢' ()0 (2) + ¢ (2)ul2)) fr.(2(2))]

+ sup(l - 2217 (0(2)) (@' (2))u(2)] + sup(1 = |2[*)[u” (2) fu ()]

IN

10+ ?U)I|><5(1 — [2P)(2¢ ()0 (2) + ¢" (2)u(2)) f1.(0(2))]

+ sup (1= 2P ()¢ (2)*ulz)| + sup (1= |2 (2) falep(2))]
lp(2)<6 lp(2)[<6

< 10€ + My sup |f] (w)| + M3 sup |f]/(w)| + My sup | fn(w)].
weK weK weK

Asn — o0, |uCyfnllz = 0. Hence uC,, is compact. This completes the proof of Theorem 3.2.
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Corollary 3.3 Let ¢ be an analytic self-map of D. Then C, is a compact operator from the
Bloch space 3 to the Zygmund space Z if and only if C, is bounded,

o O EPI@ER o (=P

= 0.
le(z)|=1= (1 —|p(2)]?)2 lo(z)l=1- 1 —p(2)]?

Theorem 3.3 Let u be an analytic function on the unit disc D, and @ an analytic self-map of
D. Then uCy, : Bo — 2y is a bounded operator if and only if u € 2y, (3.1), (3.2), and (3.3) hold,
and the following are satisfied:

lim (1 [22)[2¢/ ()0 (2) + ¢ (2)u(z)| = 0. (3.15)

|z|—1—

lim (1 —[2*)[u(2)(¢'(2))*] = 0; (3.16)

|z|—1—
Proof Suppose that uC, is bounded from the little Bloch space §y to the little Zygmund type
spaces Zp. Then u = uC,1 € Zy. Also up = uCy,z € Zy, thus
(1= [21)[2¢ ()0 (2) + " (2)u(2) + p(2)u" (2)] — 0 (|| = 17).

Since |p| < 1 and u € Zj, we have | }m} (1 — |22)2¢ (2)u' (2) + ¢ (2)u(2)| = 0. Hence (3.15)
z|—=1-
holds.
Similarly, uC’@z2 € Zy, then

(1= [2*)[4p(2)¢ (2)u/ (2) + 9 (2)u" (2) + 2u(2) (9(2)¢" (2) + (¥ (2)*)] — 0 (|2] = 17).

By (3.15), |¢] < 1 and u € 2y, we get that 11127(1 — 2 u(2)(¢'(2))?| = 0, i. e. that (3.16)

|z|—

holds. On the other hand, from Lemma 2.3 and Theorem 3.1, we obtain that (3.1), (3.2), and
(3.3) hold.

Conversely, for Vf € B, we have both (1 —|z|?)?|f”(z)| — 0 and ln|pr)| —0as|z| =17 by

1—[z]?
Lemma 2.2. Given e > 0 thereis a 0 < ¢ < 1 such that (1—|z|*)|f'(2)] < 3%, (1—12»21f"(2)] <
2
3;/[3 and lolgfl(z%lp < 3;/[1 for all z with ¢ < |z| < 1, where M;, Ms, Mj are defined in above.
If |¢(z)] > 0, it follows that
1= [PCo )" ()] = (1= [2P)I[2¢' (2)u' (2) + &" (2)ul2)]f (10(2))

+ ()¢ (2)*ulz) + " (2) f(o(2))]

IN

(1= 2120 (2)u' (2) + " (2)u(2)]f (2(2))]

+ (L= [P ()¢ () *ul2)] + (1 = [ (2) f((2))]

< ML B N+ Ml oI e + 3 T
1—[p(2)]?
< stzHs-e
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We know that there exists a constant My such that |f(z)| < Ms, |f/(2)| < My and |f"(2)| < M4
for all |z| < 4.
If |p(2)] <4, it follows that

(L= zP)ICe )" = (1= 22" ()2 (2) + ¢ (2)u(2)] ' ((2))

+ ()¢ (2)%ulz) + " (2) f((2)))]

IN

My(1 = |2)|2¢' () (2) + ¢ (2)u(2)]

+ M1 = [2)I(¢(2)*u(2)] + Ma(1 — |2 (2)]-

Thus we conclude that (1 — |z|?)|(uCy(f))"(2)] — 0 as |z| — 17. Hence uC,f € Z; for all
f € Bo. On the other hand, uC, is a bounded operator from 5 to Z by Theorem 3.1. Hence uC,
is a bounded operator from the little Bloch space By to the little Zygmund space Z.

Corollary 3.4 Let ¢ be an analytic self-map of D. Then C, is a bounded operator from [y to
2y if and only if C, is a bounded operator from 8 to Z and ¢ € 2.

Proof By Theorem 3.3 we have that C, is a bounded operator from fy to Zy if and only C,, :
B — Z is bounded, ¢ € Zj, and

Jim (1= [/ (2)?) = 0.
However, That ¢ € Zj means ¢’ € By. Then we have that |¢'(z)| < logﬁH@’Hg by Lemma
2.1. It follows that
e

(1= P ()7 < (1= ) low® =

le'llz — 0,
as |z] = 17.

Theorem 3.4 Let u be an analytic function on the unit disc D, and ¢ an analytic self-map of

D. Then uCy, is compact from By to 2o if and only if the following are satisfied:

i — 2’2 UH z (0] #: ; .
Jim (1= [P’ (2) o oy = 0 (3.17)
(= PR ) + )

- = p()P - (315)
= BRI P
e T 319

Proof Assume (3.17), (3.18), and (3.19) hold. From Theorem 3.3, we know that uC, is bounded
from Sy to Zy. Suppose that f € By with || f||g < 1. We obtain that

(1= [2)@Co )" (2)] < (1= 2] (2¢' ()0 (2) + ¢ (2)u(2)) £ (0 (2))]

+(1 = 21" ((2) (¢ (2))*ul2)] + (1 = [2]) [u” (2) (0 (2))]

< (1= EPDRA () + ¢ () TS
(1 s/ () u(z) s ‘
48 TR TS () + (1= ) (9] g T 1

10
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thus
sup{|(1 = |z[*)(uCu )" (2)| : f € Bo, || flls < 1}

1

< (1= PG () + ¢ () T

8(1 — [2*)I(¢'(2)*u(2)]
(1= le(2)?)?

+ (1= [=) " (2)] log T

lp(2)]?
and it follows that

Jim sup{|(1 = [=2)(uCl ) (2)] < £ € Bo. I flls <1} = 0.

hence uC,, : 8o — 2o is compact by Lemma 2.5.

Conversely, suppose that uC,, : By — 2 is compact.

First, it is obvious uC,, : By — Zo is bounded, then by Theorem 3.3, we have u € Z, and that
(3.15) and (3.16) hold. On the other hand, by Lemma 2.5 we have

i sup{|(1 = [21*)(uC, )" (2)| : f € Bo, |l flls < M} =0,

for some M > 0.
Next, noting that the proof of Theorem 3.1 and the fact that the functions given in (3.8) are
in By and have norms bounded independently of a, we obtain that

lim (1 — |z]?)u"(2) =0.

llog
og
|z| =1~ 1- |(p(2’)|2

Similarly, noting that the functions given in (3.9) are in 3y and have norms bounded indepen-

dently of a, we obtain that

i L= 2)12¢" (2)v/ (2) + ¢" (2)u(2)]
2|1~ L —|p(2)]?

=0 (3.20)

for |¢(z)| > 3. However, if [¢(z)| < 1, by (3.15), we easily have

(1 = [21)[2¢ ()0 (2) + 9" (2)u(2)]

lim
2| 51— 1 —[p(2)?
4
< 3 lim (1- 1212 [2¢ (2)u' (2) + " (2)u(z)]| = 0.
|z|—1

Thus (3.18) holds.
Also, the third statement, that (3.19), is proved similarly. We omitted it here. This completes
the proof of Theorem 4.2.

Corollary 3.5 Let ¢ be an analytic self-map of D. Then C, is a compact operator from [y to
Zy if and only if

- P
BRI
and 2 i
o BRI

11

304 Shanli Ye 294-305



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

References

[1] Choe B.R., Koo H. , Smith W.: Composition operators on small spaces, Integr. equ. oper. Theory, 56(3), 357-380
(2006)

[2] Contreras M.D., Herndndez-Diaz A.G.: Weighted composition operators on Hardy spaces, J. Math. Anal. Appl.
263(1), 224-233(2001)

[3] Cowen C.C., Maccluer B.D.: Composition Operator on Spaces of Analytic Functions, CRC Press, Boca Raton,
(1995)

[4] Cuckovic Z., Zhao R.: Weighted composition operators on the Bergman space, J. London Math. Soc. 70(2), 499-
511(2004)

[5] Cuckovic Z., Zhao R.: Weighted composition operators between different weighted Bergman spaces and different
Hardy spaces, Illinois J. Math. 51(2), 479-498(2007)

[6] Duren P.: Theory of H? Spaces, Academic Press, New York, (1970)

[7] Esmaeili K., Lindstrom M., Weighted composition operators between Zygmund type spaces and their essential
norms, Integr. Equ. Oper Theory, 75(4), 473-490 (2013)

[8] Laitila J.: Weighted composition operators on BMOA, Comput. Methods Funct. Theory, 9(1), 27-46(2009)

[9] LiS., Stevié S.: Gerneralized composition operators on the Zygmund spaces and Bloch type spaces, J. Math Anal.
Appl. 338(2), 1282-1295(2008)

[10] Li S., Stevié¢ S.: Products of Volterra type operator and composition operator from H° and Bloch spaces to
Zygmund spaces, J. Math Anal. Appl. 345(1), 40-52(2008)

[11] Li S., Stevié¢ S.: Weighted composition operators from Zygmund spaces into Bloch spaces, Appl. Math. Comput.
206(2), 825-831(2008)

[12] Madigan K., Matheson A.: Compact composition operators on the Bloch space, Trans, Amer. Math. soc. 347(7),
2679-2687(1995)

[13] Madigan K.: Composition operators on analytic Lipschitz spaces, Proc. Amer. Math. Soc. 119(2), 465-473(1993)

[14] Ohnoand S., Zhao R.: Weighted composition operators on the Bloch space, Bull. Austral. Math. Soc. 63(2),
177-185(2001)

[15] Ohno S., Stroethoff K., Zhao R.: Weighted composition operators between Bloch-type spaces, Rocky Mountain J.
Math. 33(1), 191-215(2003)

[16] Sharma A. K.: Products of multiplication, composition and differentiation between weighted Bergman-Nevanlinna
and Bloch-type spaces, Turk. J. Math. 35(2), 275-291(2011)

[17] Sanatpour A. H., Hassanlou M.: Essential norms of weighted composition operators between Zygmund-type spaces
and Bloch-type spaces, Turk. J. Math. 38(5), 872-882 (2014)

[18] Smith W.: Composition operators between Bergman and Hardy spaces, Trans. Amer. Math. Soc. 348(6), 2331-
2348(1996)

[19] Stevié¢ S.: Weighted composition operators from Bergman-Privalov-type spaces to weighted-type spaces on the unit
ball, Appl. Math. Comput. 217(5), 1939-1943(2010)

[20] Stevié¢ S., Sharma A.K.: Essential norm of composition operators between weighted Hardy spaces, Appl. Math.
Comput. 217(13), 6192-6197(2011)

[21] Ye S., Hu Q.: Weighted composition operators on the Zygmund space, Abstr. Appl. Anal.2012, Article ID
462482(2012)

[22] Ye S., Zhuo Z.: Weighted composition operators from Hardy to Zygmund type spaces, Abstr. Appl. Anal. 2013,
Article ID 365286(2013)

[23] Ye S.: A weighted composition operators on the logarithmic Bloch space, Bull. Korean Math. Soc. 47(3), 527-540
(2010)

[24] Ye S.: A weighted composition operator between different weighted Bloch-type spaces, Acta Math. Sinica (Chin.
Ser.), 50(4), 927-942(2007)(in Chinese)

[25] Ye S.: Weighted composition operators from F(p, g, s) into logarithmic Bloch space, J. Korean Math. Soc. 45(4),
977-991 (2008)

[26] Ye S.: Weighted composition operators between the a-Bloch spaces and the little logarithmic Bloch, J. Comput.
Anal. Appl. 11(3), 443-450 (2009)

[27] Yoneda R.: The composition operators on weighted Bloch space, Arch. Math. 78(4), 310-317 (2002)
[28] Zhu K.: Bloch type spaces of analytic functions, Rocky Mountain J. Math. 23(3), 1143-1177 (1993)
[29] Zygmund A.: Trigonometric Series, Cambridge, (1959)

12

305 Shanli Ye 294-305



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Approximate homomorphisms and derivations
on non-Archimedean Lie J(C*-algebras

Javad Shokri' and Dong Yun Shin?*
!Department of Mathematics, Urmia University, P. O. Box 165, Urmia, Iran

?Department of Mathematics, University of Seoul, Seoul 02504, Republic of Korea

Abstract. In this paper, by using the fixed point method, we prove the Hyers-Ulam stability of homomorphisms
in non-Archimedean Lie JC*-algebras and derivations on non-Archimedean Lie JC*-algebras associated with
the following additive mapping:

n k k+1 n n n—k+1

PIOIEDSEEIED D D O SR
k=2 i1=21d2=11+1 ip—k+1=in—k+1 i=1,i701, yin k41 r=1

n

+ f(zxz) =2""" f(a1)

i=1

for a fixed positive integer n with n > 2.

1. Introduction

In 1896, Hensel [4] introduced a field with a valuation in which does not have the Archimedean
property. Let I be a field. A non-Archimedean absolute value onkC is a function |- | : K —
[0, +00) such that, for any a,b € K, the following conditions are satisfying

() |a] = 0 and equality holds if and only if a = 0,

(i) lab] = |al|b],

(#i1) |a + b] < max{|al,|b|} (the strict triangle inequality).

Note that |[1| = | — 1| = 1 and |n| < 1 for each integer n. We always assume, in addition,
that | - | is non-trival, i.e., there exists an ag # 0,1. A function .|| : X — [0,00) is called a

non-Archimedean norm if it satisfies the following conditions:
(2) lz]| = 0 if and only if x = 0;
(7) for any r € K,z € X, ||rz|| = |r|||z||;
(7i7) the strong triangle inequality holds, namely,

[z +yll < max{|jz]], [yll}  (z,y € X).
Then (X, || - ||) is called a non-Archimedean normed space. From the fact that

|xn — T || < max{||n, —zp||: m<j<n—1} (n>m),

92010 Mathematics Subject Classification: 39B52, 39B72, 46105, 47H10, 46B03.

9Keywords: Hyers-Ulam stability; additive functional equation; fixed point; non-Archimedean space; homo-
morphisms in a non-Archimedean Lie JC™-algebras; derivations in a non-Archimedean Lie JC™-algebras.
*Corresponding author.
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holds, a sequence {x,} is Cauchy if and only if {x,,—z,, } converges to zero in a non-Archimedean
normed space. By a complete non-Archimedean normed space we mean one in which every
Cauchy sequence is convergent.

A non-Archimedean Banach algebra is a complete non-Archimedean algebra A which satisfies
|labl] < ||la]| - ||b]| for all a,b € A. For more detailed definitions of non-Archimedean Banach
algebras, we refer the reader to [15].

If U is a non-Archimedean Banach algebra, then an involution on U is mapping ¢ — t* from
U into U which satisfies

(i) t** =t for t € U,

(i1) (as + Bt)* = as* + Bt*;

(7i7) (st)* = t*s* for all s,t € U.

If, in addition, ||t*t|| = ||||? for t € U, then U is a non-Archimedean C*-algebra.

The stability problem of functional equations originated from a question of Ulam [16] con-
cerning the stability of group homomorphisms: Let (Gp,*) be a group and let (Gg,0) be a
metric group (a metric is defined on a set with group property) with the metric d(.,.). Given
e > 0, does there exist a d(€) > 0 such that if a mapping h : G; — Gy satisfies the inequality
d(h(z*y),h(x) * h(y)) < for all x,y € G1, then there is a homomorphism H : G; — G2 with
d(h(x), H(x)) < € for all x € G17 If the answer is affirmative, we would say that the equation
of homomorphism h(z * y) = h(z) * h(y) is stable (see also [3, 5, 9, 10, 12, 13, 14]).

For explicitly later use, we recall a fundamental result in fixed point theory.

Theorem 1.1. (The fized point alternative theorem [2]) Let (2,d) be a complete generalized
metric space and J : @ — Q be a strictly contractive mapping with Lipschitz constant 0 < L < 1,
that is,

d(Jwz,Jy) < Ld(z,y), x,y €.
Then, for each given x € ), either
d(J"z, J" ) = 00, Vn >0,

or there exists a positive integer ng such that

(1) d(J"z, J""w) < 0o, Vn = no;

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fized point of J in the set A ={y € Q: d(J™z,y) < 0o};
(4) d(y,y*) < 2 dly, Jy) for all y € A.

A non-Archimedean C*-algebra C, endowed with the Lie product [z, y] := *5¥* and endowed

with anticommutator product (Jordan product) xoy := w on C, is called a non-Archimedean
Lie JC*-algebra (see [6, 7, 8]).

Jordan algebras as coordinates for Lie algebras were created to illuminate a particular aspect
of physics, quantum-mechanical observables, but turned out to have illuminating connections
with many areas of mathematics.

In this paper, we prove the Hyers-Ulam stability of homomorphisms and derivations in non-

Archimedean Lie JC*-algebras associated with the following additive functional equation:
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n k k+1 n n n—k+1

(XX > Yy > a3 )
k=2 i{1=212=11+1 Ip—kt1=In—k+1 i=1,i711, i g1 r—1
+f(zn:xz) =271 f(2y) (1.1)
=1

for a fixed positive integer n with n > 2.

2. Stability of homomorphisms in non-Archimedean Lie J(C*-algebras

Definition 2.1. [7] Let A and B be non-Archimedean Lie JC*-algebras. A C-linear mapping
H : A — B is called a (non-Archimedean Lie JC*-algebra) homomorphism if H satisfies

H([z,y]) = [H(x), H(y)],
H(xzoy) = H(x) o h(y),
H(z") = H(z)"

for all x,y € A.

Throughout this section, assume that A and B are two non-Archimedean Lie JC*-algebras,
respectively, with norm || - || 4 and || - ||
For a given mapping f : A — B, we define

n k k+1 n n n—k+1
Do =(X Y Y WY Y )
k=2 i1=21i2=i1+1 Ikt 1=n—k+1 i=1,i701, ip—kt1 r=1

n
+ f(z ;m) — 2"V f ()
i=1
forall u € T':={A € C: |\ =1} and all z1,--- ,z, € A.
We recall the following needed lemmas in this paper.

Lemma 2.2. [11] Let V and W be linear spaces and f :V — W be an additive mapping such
that f(ux) = pf(x) for allx €V and p € TL. Then the mapping f is C-linear.

Lemma 2.3. [7] A mapping f :— A — B with f(0) = 0 satisfies the functional equation (1.1)
if and only if f : A — B is additive.

We prove the Hyers-Ulam stability of homomorphisms in non-Archimedean Lie JC*-algebras
for the functional equation D, f(x1,--- ,xy,) = 0.

Theorem 2.4. Let f: A — B be a mapping for which there are functions ¢ : A" — [0,00), :
A? = [0,00), and n: A — [0,00) such that |2| < 1 is far from zero and

: 1 m m m _
731_1:((1)0 W@(Q x1,2Mwg, - 2Ma,) =0, (2.1)
. 1 m m _
mI,% 7|2’2m1/1(2 x,2my) =0, (2.2)
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im. ’2177(2%) 0, (2.3)

[Dpf (@1, s an)lls < @@, an), (2.4)

1 ([, y]) = [f (@), fW)]llB < ¥(=,y), (2.5)

1f (@ oy) = f(z)o fy)ls < ¥(z,y), (2.6)

1f (@) = f(2)" |8 < n(z), (2.7)

for all z,y,x1,- ,xn, € A and p € T'. If there exists a constant 0 < L < 1 such that

o(r1, 29, -+ ,2n) < aLo(%,%,---, %) for all x1,20,--- ,2, € A, where a = |2]"7L, then
there exists a unique homomorphism H : A — B such that

I17@) ~ H@)l<r =72, 2,0, 0) (28)

for all x € A.

Proof. Let = 1. Using the following relation

()l

for all n > k and putting z1 = xo = x and 3 =24 = --- = x, = 0 in (2.4), we obtain

15 £(22) = af(@)ls < pla.2,0,- -+ ,0)

g

for all z € A. So
1 1 T x
- _ < = .. .. .
I5£22) = f@)lls < ~e(@,2,0,--,0) < Lp(5. 5.0, ,0) (2.10)
for all x € A. Let define Q := {g : A — B} and introduce a generalized metric on 2 as follows
d(g,h) = inf{k € (0,00) : |g(z) — h(z)||s < /w(Q 50, ,o),vx € A}.

It is easy to show that (£2,d) is a generalized complete metric space (see [1]).
Now we consider the function J :  — 2 define by Jg(z) = ﬁg(Q:E) for all z € A and g € Q.
Let for all g,h € Q and an arbitrary constant k € [0, 00) with d(z,y) < k, we have

r T
lg(@) = hia)lis < k(5. 5.0, ,0)

for all x € A. Then we can write

k akl (x x
—Jh = 2 2 S sy Ly Uyttt < ararY T
Ig(e) ~ Thia)lls = 5 la(22) ~ h2e)ls < plna0,--+ 0) < SeLp(5.5.000-0)

for all z € A. So we conclude that d(Jg, Jh) < i Ld(g,h) for all g, h € Q. It follows from (2.9)
that d(Jf, f) < L, that is, J is a self-function of Q with the Lipchitz constant L. Therefore,

from Theorem 1.1, there eists a fixed point H of J set Q = {h € X : d(f,h) < oo} such that

H(z) = lim —— f(2™z) (2.11)
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for all z € A, since lim;, ;00 d(J" f, H) = 0. Also 2H(5) = H(xz) forallz € A. Thus H : A — B
is the unique fixed point of J in €y such that

1 L
AU, ) < (T, ) <
i.e., H satisfies (2.8) for all x € A. It follows from the definition of H, (2.1) and (2.4) that

k+1 n n n—k+1

Z(Z )IEEID DI L.{ (D DI DY

k=2 i1=212=11+1 Tp—kt1=n—k+1 i:1,i7éi1,~~~7in_k+1 r=1
n

n H<Z:c> — 9" LH ()

=1

for all x1,x9,--- ,x, € A. Since H(0) = 0, by Lemma 2.3, the mapping H is additive.

Put 1 =z and 9 =23 =--- = 0in (2.4). It follows from (2.9) that
1
1f (uz) = pf @)l < — (2,0, ,0) (2.12)

for all z € A and all 4 € T!. Also we conclude

H%m(f(mmx) —uf2ma) s < H(272.0. - .0)

1
a2
for all z € A and all 4 € T'. The right hand side of the above inequality tends to zero as
m — oo, and so we obtain

1 1
H(pz) = lim L2 (n2™z) = lim Wuf (2"x) = pH(z)
for all z € A and all x € T'. Hence by Lemma 2.2, the mapping H : A — B is C-linear.
It follows from (2.2), (2.5), (2.6) and (2.11) that

1 ([z, y]) — [H(z), H(y)llls = lim_ |2|2m||f([2mx 2My]) = [F(2"2), F 2"yl

< lim ’2 —— (2™, 2My) =0

and

|1 (zoy) — H(z)o H(y)lls = lim |2m||f( Mo 2My) — f(2"x) o f(2y)lls

oo |2
< lim ’2 —— (2™, 2My) =0

for all z,y € A. So
H([z,y]) = [H(z), H(y) and H(zoy) = H(x)o H(y)
for all z,y € A.
Similarly, by (2.3), (2.7) and (2.11) we have
* m * 1 m
| f(2M2z) — f(2"2)"||p < hm man(2M) =0

|1H (") = H(z)*||s = lim_ |2|
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and so H(z*) = H(x)* for all z,y € A. Thus H : A — B is the desired homomorphism
satisfying (2.8). O

Corollary 2.5. Let r > 1 and 0 be nonnegative real number, and let f : A — B be a mapping
such that

[Dpf (1,2, 2| (N1l + w2l + - -+ lllznlll),
]

s <0
1f(z,y]) = [f (@), fFW)lls < - ]l [yl
[f(xoy) = f(@)o fW)ls <O lzla [yl
1f (@) = f(@)* s <0 -l[=]a;
for all p € T' and x,y,x1,-- ,xn € A. Then there exists a unique homomorphism H : A — B
such that
I£@) — H@)ls < =20 o]
_ < —1
2] — 2"

for all x € A.

Proof. The proof follows from Theorem 2.4 by taking
p(x1, w9, xn) = O(|[|z1 ] + [llz2lla + - - + llzallla),
Pz, y) =0 [lzlla - [yl
n(z) =0 l]z(
for all z,y,x1,--- , 2, € Aand L = [2|""L. 0

3. Stability of derivations on non-Archimedean Lie J(C*-algebras

Definition 3.1. [7] Let A be a non-Archimedean Lie JC*-algebra. A C-linear mapping ¢ :
A — A is called a (non-Archimedean Lie JC*-algebra) derivation if § satisfies

o([z,y) = [0(x),y] + [x,0(y)],
d(roy)=46d(z

for all x € A.

Throughout this section, assume that A is a non-Archimedean Lie JC*-algebra with norm

- 1l.a-
We prove the Hyers-Ulam stability of derivation on non-Archimedean Lie JC*-algebras for
the functional equation D, f(x1,--- ,2,) = 0.

Theorem 3.2. Let f : A — A be a mapping for which there are function ¢ : A" — [0,00), ¥ :
A% — [0,00) and 1 : A — [0,00) such that (2.1), (2.2), (2.3). (2.4) and (2.7) hold and

1 f([z,y]) = [f (), y]O0z, f(Y)]l|la < ¥(x,y), (3.1)
[f(xoy) = flx)oy—xo f(y)lla <¥(z,y) (3.2)
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forallz,y € A. If there exists a constant 0 < L < 1 such that p(x1,x2,- -+ ,x,) < aLo(G, 3, , %)
for all 1,29, ,x, € A, where a = |2|"7L, then there exists a unique derivation § : A — A
such that
L T T
1£@) = 3@) |« 7=7 (550, ,0) (3.3)
for all z € A.

Proof. By the same reasoning as in the proof of Theorem 2.4, there exists a unique C-linear
mapping 0 : A — A satisfying in the desired inequality (3.3) and the mapping § : A — A is
defined by
d(a) = lim e 2" (3.4)
for all z € A.
It follows from (2.2), (3.1), (3.3) and (3.4) that

16Cz, y]) = [6(x), y] — [2,0(y)]ll.a

L F(2me, 2m)) — [F@27), 2] — 27, F2 )]l

m—00 ‘2’2”‘

2™z, 2My) =0

and

for all z,y € A. So

dzoy)=0dx)oy+xz0d(y)

for all z,y € A.
Similarly, as in the proof of Theorem 2.4, one can show 6(z*) = §(z)* for all z € A. Therefore,
§: A— Ais anon-Archimedean Lie JC*-algebra derivation satisfying (3.4). O

Corollary 3.3. Let r > 1 and 0 be nonnegative and real number, and let f : A — A be a
mapping such that

[1Duf (1, w9, wn)lls < O(lallly + leall’a + -, llznllla),
1 (s ) = [f (@), 9] = [, FW)]lls < 0 - [l - [lylla
[f(zoy) = f@)oy—zof(ylls <O [zl lyll
(") = F(@)*lls <0 - [lx]a
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for all p € T and x,y, 1, , T, € A. Then there exists a unique homomorphism H : A — A
such that
I£(@) = 8@)ls < el
12— [2"
for all x € A.
Proof. The proof follows from Theorem 3.2 by taking
p(x1, @2, s wn) = 0.([|z1 |l + llz2lla + - 4 lzalll),
Uz, y) = 0.(I=l -yl
n(@) = 6.[|lx||

for all z,y,x1,-- , 2, € Aand L = [2|""L. O
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ABSTRACT

In this study, joint probability density and distribution functions of any d order statistics of innid continuous
random vectors are expressed. Then, some results connecting distributions of order statistics of innid random
vectors to that of order statistics of iid random vectors are given.

Keywords: Order Statistics, Distribution Function, Probability Density Function, Continuous Random Variable.

M SC 2010: 62G30, 62E15.

1. Introduction

Several identities and recurrence relations for probability density function (pdf) and
distribution function (df) of order statistics of independent and identically distributed (iid)
random variables were established by numerous authors including (Arnold et al., 1992;
Balasubramanian, Beg, 2003; David, 1981; Reiss, 1989). Furthermore, (Arnold et al., 1992;
David, 1981; Gan, Bain, 1995; Khatri, 1962) obtained the probability function (pf) and df of
order statistics of iid random variables from a discrete parent. (Corley, 1984) defined a
multivariate generalization of classical order statistics for random samples from a continuous
multivariate distribution. (Goldie, Maller, 1999) derived expressions for generalized joint
densities of order statistics of iid random variables in terms of Radon-Nikodym derivatives
with respect to product measures based on df. (Guilbaud, 1982) expressed the probability of
the functions of independent but not necessarily identically distributed (innid) random vectors
as a linear combination of probabilities of the functions of iid random vectors and thus also
for order statistics of random variables.

(Cao, West, 1997) obtained recurrence relationships among the distribution functions of
order statistics arising from innid random variables. (Vaughan, Venables, 1972) derived the
joint pdf and marginal pdf of order statistics of innid random variables by means of
permanents. (Balakrishnan, 2007; Bapat, Beg, 1989) obtained the joint pdf and df of order
statistics of innid random variables by means of permanents. (Childs, Balakrishnan, 2006)

obtained, using multinomial arguments, the pdf of X, . (1<r<n+1) by adding another

independent random variable to the original n variables X, X,,...,X Also,

n*
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(Balasubramanian et al.,1994) established the identities satisfied by distributions of order
statistics from non-independent non-identical variables through operator methods based on
the difference and differential operators.

In this paper, joint df and pdf of order statistics from innid continuous random vectors are
obtained.

As far as we know, these approaches have not been considered in the framework of order
statistics from innid continuous random vectors.

From now on, subscripts and superscripts are defined in first place in which they are used

and these definitions will be valid unless they are redefined.
Consider x=(x",x?,....xX?)and y= (y", y?,..., y®), then it can be written as;
x<yif XV <y¥(v=1,2,..,b) and x+y =X +y", x? +y? x® +y?).
_ (D £ oy (i - . )
Leté =(&V,&7,.... &™) (i=1,2,...,n) be n innid continuous random vectors which

components of & are independent.

Xin =Zea( 67,6576 (1.1)
is stated as rth order statistic of vth components of ¢&,&,, ..., &,.
From (1.1), ordered values of vth components of & ,&,, ..., &, are expressed as

X< XMW < < XD, (1.2)

In

O X(2)

rn?> rn >

From (1.2), we can write X, = (X LX) (1<r<n).

Also, x, =X, x?, ... xX?”), xYe R (w=1,.2,...d; d=1,2,..n).

Let F and f, be df and pdf of &, respectively.

Moreover, XV, X XS are order statistics of iid continuous random variables

with df F° and pdf f°, respectively, defined by

P=%ZE (1.3)
and
fs=nizfi- (1.4)

Here, sis a subset of integers {1, 2,..., n} with n, =1 elements.
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In follows, df and pdf of Xn:n,szzn,...,er:n ( 1<r<r,<..<ry<n) are given. Let

XY = (X X Xpn) and x™ = (X", %",..., ") . For notational convenience we write
n,....my,m, n K" n m o m

ZZ and Z instead of Z(—l)”_K—'Z and Z Z Z in the expressions
My oM 1y K=l N n=k My=rg  My=r, M=r,

below, respectively.
2. Distribution function of order statisticsfrom innid random vectors

In this section, df of X, .X, .....X, , and its results are given. The results connect df

n:n° rg:n

of order statistics of innid random vectors to that of order statistics of iid random vectors
using (1.3).

Now, we give the following theorem for establish joint df of d order statistics of innid

continuous random vectors.

Theorem 2.1.
b n,...m;,m, d+1
S ece s S ES | [ Z CZH H[F,,(xLV)) F, (61} 2.1)
v=l my,.., P w=ll=m,_+1
d+1
X, <X, <..<X,4, where C—[H(mN m, !, m =0, m,, =n, Z denotes sum over all
w=1

n! permutations (jj, j,,..., j,) of (1,2,....n), F;( x")=0 and F, (xi‘:?):l.

Proof. It can be written
I:rl,rz,m, rd:n(XI’XZ’“"Xd) = P{X < X Xr n — X2’ ’er:n < Xd}

nn —

=P{X" <x®,X? <x@ .., X® <x)

b
=[]Px" <x"}
v=1
b
=[IP{Xin <X, X0 <V, X < xg”} (2.2)

(2.2) can be expressed as

I:rl,rz AAAAA rd:n(Xl’Xz""’ Xd) =

s CZ[HFA V”J(ﬁ[ﬁ<x;”>—Fj.<fo>>1 -7 060
P

v=l  my,..,m,m l=m+1 l=my+1

Thus, (2.1) is obtained.

The approach in Theorem 2.1 can also be adapted to Theorem 2.2 for iid case.
3
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Theorem 2.2.
(K1 X d>—H{ZZ Z n'CH[F (X = FoOI™ ™. 2.3)

Proof. (2.2) can be expressed as
b

Fon (KXo X)) = [T D PIXI® <X, X0 <, X < xg ], (2.4)
v=l

(2.3) is obtained from (2.1) and (2.4).
We now obtain the following three results for df of order statistics of innid continuous

random vectors from the above theorems.

Result 2.1.

—ZZ Z[ J[F OGN L=F20og")"™ (2.5)

Proof. In (2.1) and (2.3),if b=1, d =1, (2.5) is obtained.

Z(H( i (Xl(l)))J ﬁ[l— F, ("]

=1 l=m +1

In addition,

Frl:n<><1”>—2 '(n m)! Z{HFM”)J [[u-F, ™l
m = P

1 l=m +1

-3

m= rl ‘(n m

m n n-t
) Z[H (”)JZ(—I)M ISR
P

1 t=m, n.=n-t |=1

n—-m . , .
where Z denotes sum over all ) subsets 7 ={7,,7,,.... Ty} Of {Jnss Jmsasees Ink -
n.=n-t -

Result 2.2.

1 n
Fa =1 2 T T0-F, o6
P oI=l

= D> -A-F¢"»". (2.6)
Proof. In (2.5), if r, =1, (2.6) is obtained.
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Result 2.3.

1 n
Fn:n(xl(l))zﬁZHFh (Xl(l))
P I=l
:zZ[FS(Xl(l))]n . (27)

Proof. In (2.5), if r, =n, (2.7) is obtained.

3. Probability density function of order statisticsfrom innid random vectors

In this section, pdf of X, ,X, . ..,X,, and itsresults are given. The results connect

n:n> rg:n
pdf of order statistics of innid random vectors to that of order statistics of iid random vectors
using (1.3) and (1.4).

Joint pdf of d order statistics of innid continuous random vectors is expressed in the

following theorem.

Theorem 3.1.
d+1 ry-1

fon (XXX g) = H{DZ IT ITtF, 06—, o ”ﬁ)]]‘[f CHI 3.1
w=1l=ry,_ +1

d+1
X, <X, <..<Xq, where D=[]](r,—r,,—D!", r,=0and r,, =n+1.
w=1

Proof. Let &x,,=(0X\,0x?,...,0x”) and §xV =(6x",0%x",....,x").
Consider

n SXgq+0X4}.

{x, <X, 0 X, +0X,%, <X, , X, +0X,,...,Xg <X

T

It can be written

P{x, <X n <X, +0x,,X, <X, $X, +0Xy,., Xg <X, , X4 +0X4}

=P{x® <X® <x® +85xM,x? < XP <xP+6x?,..,x® < X® <x® +5x™)

b
= H P(x™ <X <x™ +8§x")
v=1
b
=[P < X <X+, %7 < X0 <7 405" ,...x7 < X0 <x” +0x"}) (3.2)

n:n — n:n — N —

b d
Dividing (3.2) by [[[ [ %, and then letting 6x*,6%,",...,6%;” tend to zero, we obtain

v=l w=l

b
frl,rz,m,rd:n (Xl’ Kgoeees Xd) = H{DZ Fh (Xl(v))...Fer (XI(V)) fjrl (X:V))[Fjrm (XEV)) - Fjrm XI(V))]
v=1 P
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IR L) = F L (XETE O6). ) OI=F 601 F (6)1). (B3)

From (3.3), we can write

frtyrgn (X X0 Xg) = H{DZ{H[F (XI(V))]Jf (™)

v=1 p

[H[F (") —F; (xf”)]]f x5")... 1, (m)Hu F, 061} (3.4)

I=q. I=rg+1

Thus, (3.1) is obtained.
Next theorem shows that pdf of d order statistics of innid continuous random vectors can

be expressed in terms of pdf of d order statistics of iid continuous random vectors.

Theorem 3.2.
Forrryn (Rps X Xg) = H{ZZWD(H[F ()= Foq2)1™ rWI‘IJHf ). (35)

Proof. (3.2) can be expressed as

b
[T PIXY < X <7 +0%7,67 < X® <7 407, %" < X* < X7 +0x," . (3.6)
v=1

b d
Dividing (3.6) by [T 6%\ and then letting §x",6X"....,8%;” tend to zero, (3.5) is

v=l w=l
obtained.
The following five results of which first three are belong to pdf of single order statistic
and last two are belong to joint pdf of d order statistics of innid continuous random vectors

can be written from last two theorems.

Result 3.1.

r11

My _— 1 (1) (1) (1)

I=r+1

—ZZn[ j[F X =F3OEMT™ F o). (3.7)

Proof. In (3.1) and (3.5),if b=1, d =1, (3.7) is obtained.

Result 3.2.
fm(xl‘b—( T2 {H[l—ﬁ.(xﬁ”)}}f ")

=D i =Fo o). (3.8)
Proof. In (3.7), if r, =1, (3.8) is obtained.
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Result 3.3.
n-1

1
Fan(4") =m;(ﬂ F, <xf”>}f;n<xf”>

=1

=D ARSI ). (3.9)
Proof. In (3.7), if r, =n, (3.9) is obtained.

Result 3.4.

1
(1) 3Dy _—
fl,n:n(x % ) _(n—Z)!Z(

=]

n—

1
[F, ") —F, <xf“>]}fj] (x")f; (")

1=2

=3 > = DIFOE) = FE )™ F2(x7) F20¢) (3.10)
Proof. In (3.1) and (3.5),if b=1, d=2 and r, =1, r, =n, (3.10) is obtained.

Result 3.5.
> 1 - Vv \Y \Y) \
fien (XX g X)) = H{m;[lﬂl[l_ F, (%, ))]ijl (%) fi, (%, ))---fjk (%)}
b !
- H{Zz—(n i"k)'n— FoX™ £ 5% ) F3 06" F 56 ™)) . (3.11)

Proof. In (3.1) and (3.5),if d=k and r, =1, 1,=2,..., 1, =K, (3.11) is obtained.
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Stability of homomorphisms and derivations in non-Archimedean
random (C*-algebras via fixed point method

Javad Shokri! and Jung Rye Lee?*
!Department of Mathematics, Urmia University, P. O. Box 165, Urmia, Iran
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Abstract. In this paper, using the fixed point method, we investigate the Hyers-Ulam stability of homomor-
phisms in non-Archimedean random C™-algebras and non-Archimedean random Lie JC™-algebras and of deriva-
tions on non-Archimedean random C*-algebras and non-Archimedean random Lie JC*-algebras related to the

generalized Cauchy-Jensen additive functional equation.

1. Introduction

A non-Archimedean field is a field like K equipped is a function |- | : £ — [0, +00) such
that |a| = 0 if and only if a = 0, |ab| = |a||b| and |a + b| < max{]al|,|b|} for all a,b € K.
Note that |1] = | — 1] = 1 and |n| < 1 for each integer n. By the trivial valuation we mean
the mapping | - | taking everything but 0 into 1 and |0] = 0. We always assume, in addition,
that | - | is non-trivial, i.e., there exists an ag # 0,1. A function ||.|| : X — [0,00) is called a
non-Archimedean norm if it satisfies the following conditions:

(2) ||lz|| = 0 if and only if z = 0;

(7) for any r € K,z € X, ||rz|| = |r|||z||;

(7i7) the strong triangle inequality holds; namely,

2+ yll < max{{[z[|, [y} (z,y € X).
Then (X, ||.||) is called a non-Archimedean normed space. From the fact that
|zrn — Tm|| < max{||n, —zm| - m<j<n—1} (n>m)

holds, a sequence {zy, } is Cauchy if and only if {x,,—x,, } converges to zero in a non-Archimedean
normed space. By a complete non-Archimedean normed space we mean one in which every
Cauchy sequence is convergent.

For any nonzero rational number x, there exists a unique integer n, € Z such that x = {p"*,
where a and b are integers not divisible by p. Then |z|, := p~"* defines a non-Archimedean
norm on Q. The completion of Q with respect to the metric d(x,y) = |z — y|, is denoted by
Qp, which is called the p-adic number field.

92000 Mathematics Subject Classification: Primary 39B52; 39B72; 46L.05; 47H10; 46B03.

9Keywords: Hyers-Ulam stability; additive functional equation; fixed point; non-Archimedean random space;
homomorphisms in non-Archimedean random C*-algebras and non-Archimedean random Lie JC™*-algebras;
derivations on random C*-algebras and non-Archimedean random Lie JC™*-algebras.
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A non-Archimedean Banach algebra is a complete non-Archimedean algebra A which satisfies
|lab|| < |la|| - ||o|| for all a,b € A. For more detailed definitions of non-Archimedean Banach
algebras, we refer the reader to [25].

If U is a non-Archimedean Banach algebra, then an involution on U is mapping ¢ — ¢* from
U into U which satisfies

(1)t =t for t € U;

(i1) (s + Bt)* = as* + Bt*;

(7i7) (st)* = t*s* for all s,t € U.

If, in addition, ||t*t|| = ||t||? for t € U, then U is a non-Archimedean C*-algebra.

The stability problem of functional equations originated from a question of Ulam [26] con-
cerning the stability of group homomorphisms: Let (Gp,*) be a group and let (Gg,0) be a
metric group (a metric is defined on a set with group property) with the metric d(.,.). Given
€ > 0, does there exist a d(€) > 0 such that if a mapping h : G; — G satisfies the inequality
d(h(z*xy),h(x) * h(y)) < ¢ for all x,y € Gy, then there is a homomorphism H : G; — G2 with
d(h(x), H(x)) < efor all z € G17 If the answer is affirmative, we we would say that the equation
of homomorphism h(z % y) = h(z) * h(y) is stable (see also [10, 11, 14, 18, 19, 20, 21, 22]).

Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d
satisfies

(1) d(z,y) = 0 if and only if z = y;

(2) d(z,y) = d(y,z) for all z,y € X;

(3) d(z,y) < d(z,z) +d(z,y) for all z,y,z € X.

For explicitly later use, we recall a fundamental result in fixed point theory.

Theorem 1.1. [9] Let (Q2,d) be a complete generalized metric space and J : Q — Q be a strictly
contractive mapping with Lipschitz constant 0 < L < 1. Then for each given x € €1, either
d(J"z, J" M x) = oo for all nonnegative n or there exists a positive integer ng such that

(1) d(J"z, J""2) < oo, Vn = no;

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fized point of J in the set A = {y € Q: d(J™z,y) < 0o};
(4) d(y,y*) < 2 dly, Jy) for ally € A.

A C*-algebra C, endowed with the Lie product [z,y] := *5¥* and endowed with anticommau-
tator product (Jordan product) xoy := w on C, is called a Lie JC*-algebra (see [15, 16, 17]).

Jordan algebras as coordinates for Lie algebras were created to illuminate a particular aspect
of physics, quantum-mechanical observables, but turned out to have illuminating connections
with many areas of mathematics.

In this paper, using the fixed point method, we prove the Hyers-Ulam stability of homomor-
phisms and derivations in non-Archimedean random C*-algebras and non-Archimedean random
Lie JC*-algebras associated with f : X — Y satisfying the following functional equation (see

[1])

3 f(zﬂ'ni%Jerkl):”_mH( )Zf:c (1.1)
=1

I1<iu<--<im<n
1<kl(7éij7Vj€{17“~ ,m})gn
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for all 1, ,z, € X, where m,n € N are fixed integer with n > 2, 1 < m < n. In particular,
it is shown that in the case m = 1, (1.1) yields the Cauchy additive equatlon f(zl | Tp,) =

Y=y f(z;) and also in the case m = n, (1.1) yields the Jensen additive equation f(izj) =
LS f(x;). Then (1.1) is a generalized form of the Cauchy-Jensen additive equation, and
thus every solution of the equation (1.1) may be analogously called general (m,n)-Cauchy-
Jensen additive. For each m with 1 < m < n, a mapping f : X — Y satisfies (1.1) for all n > 2
if and only if f(z) — f(0) = A(z) is Cauchy additive, where f(0) = 0 if m < n. In particular,
we have f((n—m+1)z) = (n—m+ 1)f(x) and f(mz) = mf(x) for all z € X.

2. Random spaces

In this section, we adopt the usual terminology, notations, and conventions of the theory
of random normed spaces as in [2, 3, 6, 7, 8]. Throughout this paper, A is the space of
distribution functions, that is the space of all mapping F': R U {—o00, 00} — [0, 1] such that F'
is left-continuous and non-decreasing on R, F/(0) = 0 and F(4+o00) = 1. And D" is a subset of
AT consisting of all functions F' € AT for which [~ F(+00) = 1, where [~ f(x) denotes the left
limit of the function f at the point z, that is, [~ f(z) = lim;_,,~ f(¢). The space AT is partially
ordered by the usual point-wise ordering of functions, i.e., F' < G if and only if F(t) < G(t) for
all t in R. The maximal element for A" in this order is distribution function g given by

0 if t<0
t) = ’
fo(?) { 1 if t> 0.
Definition 2.1. [23] A mapping T : [0,1] x [0, 1] — [0, 1] is a continuous triangular norm norm
(briefly, a continuous t-norm) if T satisfies the following conditions:
(a) T is commutative and associative;
(b) T is continuous;

)
(¢)T(a,1) =a for all a € [0,1];
(d)T(a,b) < T(c,d) whenever a < c and b < d for all a,b,c,d € [0,1].

Typical examples of continuous t-norms are Tp(a, b) = ab, Ths(a,b) = min(a,b) and Ty (a,b) =
max(a + b —1,0) (the Lukasiewicz ¢t-norm).

Definition 2.2. [24] A non-Archimedean random normed space (briefly, NA-RN-space) is a
triple (X, pu, T), where X is a vector space, T is a continuous t-norm, and p is a mapping from
X into D such that the following conditions hold:

(RN1) pg(t) = eo(t) for allt > 0 if and only if z = 0;

(RN2) piog(t) = ux(@—‘) forallz € X, a0 # 0.

(RN3) pogty(t) = T(pe(t), py(t)) for all z,y € X and allt >0

Every normed space (X, || - ||) defines a non-Archimedean random normed space (X, i, Thr),
where

t
t+ |l

for all t > 0, and T}y is the minimum ¢-norm. This space is called the induced random normed
space.

Mz (t) =
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Definition 2.3. [12] A non-Archimedean random normed algebra (X, u, T, T") is a non-Archimedean
random normed space (X, u,T) with an algebraic structure such that

(RN4) pigy(t) = T (pz(t), py(t)) for all z,y € X and all t > 0, in which T is a continuous
t-norm.

Every non-Archimedean normed algebra (X, ||-||) defines a non-Archimedean random normed
algebra (X, u, Ths), where

ot
t+ |l

pha ()

for all ¢ > 0 if and only if
eyl < Nzl lyll + thzll + tlyll (z,y € X;t>0).

This space is called an induced non-Archimedean random normed algebra.

Definition 2.4. Let (X, pu,Ty) and (Y, u, Tpr) be non-Archimedean random normed algebras.

(1) An R-linear mapping f : X — Y is called a homomorphism if f(zy) = f(z)f(y) for all
x,y € X.

(2) An R-linear mapping f : X — 'Y is called a derivation if f(zy) = f(z)y + 2z f(y) for all
z,y € X.

Definition 2.5. Let (U, u,T) be a non-Archimedean random Banach algebra. Then an invo-
lution on U is mapping u — u* from U into U which satisfies

(D)u™* =u foruel;

(i1) (au + Bv)* = au* + Bv*;

(497) (uv)* = v*u* for all u,v € U.

If, in addition, sy (t) = T (pu(t), pu(t)) for uw € U, then U is a non-Archimedean random
C*-algebra.

Definition 2.6. Let (X, pu,T) be an NA-RN -space.

(1) A sequence {x,} in X is said be convergent to x in X if, for every e > 0 and X\ > 0,
there exists a positive integer N such that iz, —z(€) > 1 — X\ whenever n > N.

(2) A sequence {x,} in X is called a Cauchy sequence if, for every e > 0 and X\ > 0, there
exists a positive integer N such that iy, s, . (€) > 1 — X whenever n > m > N.

(3) An RN-space (X, u,T) is said to be complete if and only if every Cauchy sequence in
X is convergent to a point in X.

3. Stability of homomorphisms and derivations in non-Archimedean random
C*-algebras

Throughout this section, we suppose that A and B are non-Archimedean random C*-algebras,
respectively, with norms uf“ and 5.
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We use the following abbreviation for a given mapping f: A — B:
D/\f(flfl, e ,l’n)

- 3 f(Z ,m%+§:XM>_ (n—m+1)(3) Ty M)

n
1<ip <~ <im<n

forall A\ € T :={u € C: |u| =1} and all z1,--- , 2, € A.

It is well-known that a C-linear mapping H : A — B is called a random homomorphism in
non-Archimedean random C*-algebras if H satisfies H(zy) = H(z)H (y) and H(z*) = H(x)*
for all z,y € A.

We prove the Hyers-Ulam stability oh homomorphisms in non-Archimedean random C*-
algebras for the functional equation D) f(z1, - ,z,) = 0.

Theorem 3.1. Let f : A — B be a mapping for which there are functions ¢ : A" — DV 1) :
A% = Dt and n: A — DT such that [M]=|n—m+1] <1 and [N|=|(n—m+1)(")] <1
are far from zero and

HDy far o) (B) = P (8), (3.1)
'u?(ﬂﬂ F@) £ ) () = Yay (1), (3.2)
i @) - (@) (1) = ma(t), (3.3)

for all\ € TV :={u € C: |u| =1} and all X1,y Tn,x,y € A and t > 0. If there exists an
L <1 such that

O My, May ((MILE) Z Oy e 2, (F), (3.4)

Y My ([ MPLE) > g (1), (3.5)

Nma(IMILt) = ne(t), (3.6)

for all x1, -+ ,xn,x,y € A and t > 0, then there exists a unique random homomorphism
H : A— B such that

13wy (t) = a2 (IN] = IN|L)E) (3.7)

for allz € A andt > 0.
Proof. 1t follows from (3.4), (3.5), (3.6), and L < 1 that

Tim ogmy aama, (MIT) = 1, (38)
Jim g gma, pamy ([MPE) = 1, (3.9)
i pagmg (M) = 1, (3.10)
for all 1, - ,xpn,z,y € Aand t > 0.

Now we define Q := {¢g : A — B;g(0) = 0} and introduce a generalized metric on Q as
following:

d(g,h) = inf{k € (0,00) : pl ) i) (Kt) > @r - (1), V2 € A, >0}
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where inf ) = +00. By the same technique as in the proof of [13, Theorem 3.2], we can show
that (€2, d) is a complete generalized metric space. We define J : 2 — Q by Jg(z) = 9(Mw)
for all x € A and g € Q. Note that for all g, h € Q, from (3.4), we have

d(g,h) <k = Mf(x)—h(x)(kt) > Qg (1)
B
= ”ﬁg(Mz)—ﬁh(Mm)(kt) > SOMw,-~-,Mm(|M|t)

B

= d(Jg, Jh) < kL.

Then one can show that d(Jg, Jh) < Ld(g, h) for all g, h €  and so J is self-function of 2 with
the the Lipschitz constant L.
Letting A = 1 and putting 1 = 29 = --- = x, = x in (3.1), we obtain

B
N(:I)f((n_m-i‘l)ﬂﬁ)—(:l)(n—m—&-l)f(g;) (t) = Yza, 2(t)
for all z € A and ¢ > 0. Then

M?(x)*ﬁf(/\/l:p) (t) 2 ¢z, a(NE)

for all z € A and ¢ > 0. This implies that d(Jf, f) < ﬁ < 00. By The fixed point alternative
theorem, Theorem 1.1, J has a unique fixed point H : A — B in Qo := {h € Q : d(h, ) < oo}
such that

H(z) = lim ——— f(M"z) (3.11)

for all x € A, since lim, oo d(J™ f, H) = 0.
On the other hand, it follows from (3.1), (3.8) and (3.11) that
M%AH(m,-..,xn)(t) = n}ijnm#ﬁmfwmm,---,men)(t)

= lm opme,, . pma, ((M]|"t) = 1.
m—0o0

By a similar method to the above, we can get AH(Mz) = H(AMz) for all A € T and all
x € A. Then by using the same technique as in the proof of [10, Theorem 2.1], we can show
that H is C-linear.

It follows from (3.2), (3.9) and (3.11) that

B I B 2m
P (o)~ H (@B () () = T 115 gom gy pmay paamy) (M)
> Hm Ypgmg pmy (JMP7E) =1

m—0o0
for all z,y € A. Therefore, we conclude that H(zy) = H(x)H(y) for all ,y € A. Thus
H : A — B is a homomorphism satisfying (3.7).
By same method as above, from (3.3),(3.10) and (3.11), we can write
B T B
/"LH(;L'*)—H(Z)*(t) = lim M#(f(me*),f(me)*)(t)

m—oo Mm

> lim nugms ((M[™) = 1
m—00
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for all z € A and all ¢ > 0. Then we conclude that H(x*) = H(x)* and the proof is complete,
as desired. O

Corollary 3.2. Let r > 1 and 6 be nonnegative real numbers, and let f : A — B be a mapping
such that

t
B
t) = )
s e 2 F G+ eall + -+ Tl
t
B
t) > ,
S (P )
t
B
Hia) 1) (1) 2 ENA
for all N € T, all x1,--- ,xp, 2,y € A and t > 0. Then there exists a unique random homo-
morphism H : A — B such that
(V] = V")

B >
S T IO TR i A
forallz € A andt > 0.
Proof. Letting

t
e (T ’
Perv gy + ol + -+ Tl
t
oy (t) = ,
= = (Tl ol
t
t) = ————
1) = ol

for all x1,--- ,2p,z,y € A, L = [N|""! and ¢ > 0 in Theorem 3.1, we get the desired result. [

In the following theorem, we investigate the Hyers-Ulam stability of derivations on non-
Archimedean random C*-algebras for the functional equation D) f(z1,- - ,zy) = 0.

Theorem 3.3. Let f : A — A be a mapping for which there are functions ¢ : A" — DT, 9 :
A% — D7, satisfying (3.1), (3.3), and n : A — D% such that |[M| < 1 and |[N| < 1 are far
from zero and

M)~ Fay—ar) (E) = Yoy (2); (3.12)
for all X € T and all 21, -+ ,xn,x,y € A and t > 0. If there exists an L < 1 such that (3.4),
(3.5) and (3.6) hold, then there exists a unique random derivation § : A — A such that

) —5(a) (D) 2 Pa e ((N] = [NL)) (3.13)
for all x €* and t > 0.

Proof. By the same argument as in the proof of Theorem 3.1, there exists a unique C-linear
mapping 6 : A x A — A satisfying (3.13). The mapping § is given by
1
d(z) = lim ——f(M™z) (3.14)
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for all x € A.
It follows from (3.12), (3.9) and (3.14) that

B . B 2m
Hs(ay)—s(@)y—as(y) (B = O LE ey vmaypmy— pma gy (M)

m—0o0

> lim ¢Mmz7Mmy(\M|2mt) =1
m—00

for all x,y € A. Therefore, we conclude that §(zy) = 0(z)y + zd(y) for all z,y € A. The
remainder of the proof is similar to the proof of Theorem 3.1. O

4. Stability of homomorphisms and derivations in non-Archimedean random Lie
JC*-algebras

A non-Archimedean random C*-algebra C, endowed with the Lie product [z,y] := #5**and

TY+yr
2

endowed with anticommutator product (Jordan product) z oy := on C, is called a non-

Archimedean random Lie JC*-algebra.

Definition 4.1. Let A and B be non-Archimedean random Lie JC*-algebras. A C-linear
mapping H : A — B is called a random Lie JC*-algebra homomorphism if H satisfies
H([z,y]) = [H(z), H(y)],
H(zoy) = H(x)o H(y),
H(z") = H(z)"
for all x,y € A.
Throughout this section, assume that A and B are two non-Archimedean random Lie JC*-
algebras respectively with norm /L.A and pB.

In the following theorem, we prove the Hyers-Ulam stability of homomorphisms in non-
Archimedean random Lie JC*-algebra for the functional equation Dy f(x1,--- ,x,) = 0.

Theorem 4.2. Let f : A — B be a mapping for which there are functions o : A" — DV and
Y A% — DV satisfying (3.1), (3.3) and

B
(o)~ 11 @) @) () = Yay(?), (4.1)

Mg(zoy) H(z)oH( y)( ) ¢I,y( ) (42)

for all €T, all z,y € A and t > 0. If there exists an L < 1 such that (3.4), (3.5) and (3.6)
hold, and also

¢Mm,My(|M’2Lt) P ¢z,y(t)’ (4'3)

forall z,y € A and t > 0, then there exists a unique random Lie JC*-algebra homomorphism
H : A — B satisfying (3.7).
Proof. Tt follows from (4.3) and L < 1 that
lim ¢ pgma pgmy (IM[PME) = 1, (4.4)
m—00

for all z,y € Aand ¢t > 0.
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By the same argument as in the proof of Theorem 3.1, there exists a unique C-linear mapping
H : A — B satisfying (3.7). The mapping H is given by

fM™z)

H(z) = lim ———= 4.5
(@) = Nm =3 (4.5)
for all x € A. It follows from (3.9), (4.4) and (4.5) that
B 1 B 2m
M (o)~ 1) H@) (D) = B0 Ao~ (rama), fovmg) (M)
: 2my\ _
> lim tpgmenimy (M) =1
and
B 1 B 2m
M (woy)~H(2)oH () = T (M2 (woy))— f(Mo)of (My) (MIT7E)
: 2my\
> lim Gpma pemy (IM77E) =1
for all ,y € A and t > 0, then it is concluded that
H([z,y]) = [H(z),H(y)] ; H(zoy)=H(z)oH(y)
for all z,y € A. Therefore, H : A — B is the unique random Lie JC*-algebra homomorphism
satisfying (3.7). O

Corollary 4.3. Let r > 1 and 0 be nonnegative real numbers, and f : A — B be a mapping
such that
t
1l + -+ llenllly)
t

174 llyliZa)”

B
MD)\f(rl,"’,xn)(t) 2 t+9(|

B
Hi (e =1@-1 )] 2 F 4 g
t
B
i (o)~ f(a)-(8) 2 t+ 6.2,
for all X\ € T, all x1,--- ,xp,z,y € A and t > 0. Then there exists a unique random Lie
JC*-algebra homomorphism H : A — B such that
o NI=WI
J@=H@ = (INT = INT")E + nb]|l7,

forallz € A and t > 0.

Proof. By the same reasoning as in the proof of Theorem 4.2 and a technique similar to Corollary
3.2, by putting L = |N|"~!, the proof will be completed. O

Definition 4.4. Let A be a non-Archimedean random Lie JC*-algebra. A C-linear mapping
0: A— A is called a random Lie JC*-algebra derivation if § satisfies

6([z,y]) = [0(z), y] + [z, 6(y)],
6(zoy) =6d(x)oy+zod(y),
§(z*) = o(x)*

for all z,y € A.
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In the following theorem, we prove the Hyers-Ulam stability of derivation on non-Archimedean
random Lie JC*-algebras for the functional equation D) f(z1, - ,z,) = 0.

Theorem 4.5. Let f: A — A be a mapping for which there are functions ¢ : A — DV and
Y A% — DV such that (3.1) and (3.3) hold and

A
(L) [ (@) £ ()] () = Yy (D), (4.6)
A
:uf(xoy)ff(x)oyfxof(y) (t) = ¢937y (t) (47)

for all x,y € A. If there exists an L < 1 and (3.4), (3.5), (3.6) and (4.3) hold, then there
exists a unique random Lie JC*-algebra derivation 6 : A — A such that (3.13) holds.

Proof. By the same argument as in the proof of Theorem 4.2, there exists a unique C-linear
mapping ¢ : A — A satisfying (3.13), and is given by

5(x) = Tim LUM")

m—00 ‘M’m

(4.8)

for all x € A.
It follows from (3.9), (4.4) and (4.8) that
T A 2m
()~ [6() 9~ ()] () = T J05 o o1y Mg Mma p ) (M)

m—o0

> lim Yagmaaimy ((MP7) =1
m—00
and

A 1 A 2m
Hi(aoy)—(@yoy—zos() () = M5 pom (moy)) — p(Mma)oy—sop(mmy) (M)

m—r0o0

> lim ¢pqmg pmmy (|MPP"E) =1

m—0o0

for all ,y € A and ¢t > 0, and so we conclude that

([, y]) = [0(x),y] + [z,0(y)], d(zoy)=d(x)oy+xod(y)

for all z,y € A. Therefore, 6 : A — A is the unique desired random Lie JC*-algebra derivation
satisfying (3.13). O
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ON THE FUZZY STABILITY PROBLEMS OF GENERALIZED
SEXTIC MAPPINGS

HEEJEONG KOH AND DONGSEUNG KANG*

ABSTRACT. We introduce a fuzzy anti-8-norm and generalized sextic mapping
and then investigate the Hyers-Ulam-Rassias stability in quasi S-Banach space
and the fuzzy stability by using a fixed point in fuzzy anti-8 Banach space for
the generalized sextic function.

1. INTRODUCTION

The concept of stability problem of a functional equation was first posed by
Ulam [33] concerning the stability of group homomorphisms. In the next year,
Hyers [14] gave a partial answer to the question of Ulam. Hyers’ theorem was
generalized in various directions. The very first author who generalized Hyers’
theorem to the case of unbounded control functions was Aoki [1]. Rassias [28]
succeeded in extending the result of Hyers’ theorem by weakening the condition
for the Cauchy difference operator CDf(x, y) = f(z +y) — [f(z) + f(y)] to be
controlled by e(||z||” 4 ||y||P) . Rassias’ paper [28] has provided a lot of influence in
the development of Hyers-Ulam stability or Hyers-Ulam-Rassias stability of func-
tional equations. In 1996, Isac and Rassias [16] were first to provide applications of
new fixed point theorems for the proof of stability theory of functional equations.
By using fixed point methods the stability problems of several functional equations
have been extensively investigated by a number of authors; see [6], [7], [25] and [26].
Recently, the stability problem of functional equations was investigated by using
shadowing properties; see [20] and [31].

During the last three decades, several stability problems of a large variety of
functional equations have been extensively studied and generalized by a number of
authors [9], [12], [15], [28], and [2]. In particular, Xu and et al. [37] introduced the
sextic functional equation

(L1) fz+3y) + flz—3y) = 6[f(z +2y) + f(z — 2y)] + 15[f (z + y) + fz — y)]
=20f(x) +720f(y).
In fact, Xu and et al. [37] and Gordji and et al. [13] introduced a quintic mapping

and sextic mapping.
In this paper, we deal with the following functional equation

(1.2) flax +y) + flax —y) + f(z + ay) + f(z — ay)

= a*(a® + 1)[f(z +y) + flo —y)] +2(a® = 1)(a* = )[f(z) + f(y)]
2000 Mathematics Subject Classification. 39B52.
Key words and phrases. Hyers-Ulam-Rassias stability, sextic mapping, quasi-S-mormed space,

fixed point, fuzzy anti-normed space, fuzzy anti-8-normed space.
* Corresponding author.
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holds for all z, y € X and alla € Z (a # 0,£1).

We will use the following definition to prove Hyers-Ulam-Rassias stability for the
generalized sextic functional equation in the quasi S-normed space. Let 3 be a real
number with 0 < 8 <1 and K be either R or C.

Definition 1.1. Let X be a linear space over a field K. A quasi B-norm || -|| is a
real-valued function on X satisfying the following statements:

(1) ||z]| = 0 for all z € X and ||z|| =0 if and only if x =0.

(2) ||\z|| = AP - ||z|| for all N\ € K and all z € X .

(3) There is a constant K > 1 such that ||z+y|| < K(||z||+]||y]]) for allz, y € X .

The pair (X, || -||) is called a quasi 8-normed space if || - || is a quasi S-norm
on X . The smallest possible K is called the modulus of concavity of || - ||. A quasi
B-Banach space is a complete quasi-S-normed space.

A quasi S-norm || - || is called a (5, p)-norm (0 < p < 1) if (3) takes the form
llz + yl|P < ||z||P + ||ly||P for all z, y € X . In this case, a quasi 3-Banach space is
called a (3, p)-Banach space; see [5], [29] and [27].

In 1984, Katsaras [18] and Wu and Fang [35] independently introduced a notion
of a fuzzy norm. Since then some mathematicians have defined fuzzy metrics and
norms on a linear space from various points of view; see [3], [11], [19], [36] and [23].
In 2003, Bag and Samanta [3] modified the definition of Cheng and Mordeson |[8].
Bag and Samanta [3] introduced the following definition of fuzzy normed spaces.
The notion of fuzzy stability of functional equations was given in the paper [24].
Jebril and Samanta [17] introduced a fuzzy anti-norm linear space depending on the
idea of fuzzy anti-norm was introduced by Bag and Samanta [4] and investigated
their important properties.

We will use the definition of fuzzy anti-normed spaces to investigate a fuzzy
version of Hyers-Ulam-Rassias stability in the fuzzy anti-normed algebra setting.
Definition 1.2. [17] Let X be a real vector space. A function N : X x R — [0, 1]
is called a fuzzy anti-norm on X if for all x, y € X and all s,t € R,

(aN1) N(z,t) =1 fort <0
(aN2) N(z,t) =0 if and only if x =0 for allt >0
(aN3) N(cx,t) = N(z T, 76 ‘) forc#0
(aN4) N(z+y,s+1t) < max{N(z,s),N(y,t)}
(aN5) N(z,t) is a non-increasing function of t € R and lim; o, N(x,t) =0,
(aN6) for x #0, N(x, -) is continuous on R.

The pair (X, N) is called a fuzzy anti-normed space.

The property (aN3) implies that N(—z,t) = N(z,t) forall z € X and ¢t > 0. It
is easy to show that (aN4) is equivalent the following condition:

N(z+y,t) < max{N(z,t),N(y,t)}, forall z,y € X and t € R.

Definition 1.3. Let X be a real vector space. A fuzzy anti-norm N : X xR — [0, 1]
is called a fuzzy anti-B-norm on X if (aNs) in Definition 1.2 takes the form

t
(aN3) N(ew, 1) =Nz, 75) (e#0,0<§<1).
Example 1.4. Let (X, || -||) be a B-normed space. Define

]l
N(z,t) = i whent > 0,t € R
1 when t <0,
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where x € X . We note that
[lex|] [l t
N(cx, t) = = =N(z, —3)
E+Tleall o + Il FE
forallz € X andce R(c#£0,0< B<1). Then (X,N) is a fuzzy anti-B-normed
space induced by the B-norm || -||.

Definition 1.5. Let (X, N) be a fuzzy anti-B-normed vector space. A sequence
{zn} in X is said to be convergent or converge if there exists an x € X such that
lim, oo N(zp —x,t) =0 for all t > 0. In this case, = is called the limit of the
sequence {x,} and we denote it by N-lim,, oo, = .

Definition 1.6. Let (X, N) be a fuzzy anti-B-normed vector space. A sequence
{z,} in X is called Cauchy if for each € > 0 and each t > 0 there exists an ng € N
such that for all n > ng and all integer d > 0, we have N(ptq — Tpn, t) < €.

It is well-known that every convergent sequence in a fuzzy anti-3-normed vector
space is Cauchy. If each Cauchy sequaence is convergent, then the fuzzy anti-g-
normed space is said to be fuzzy anti-3 complete and the fuzzy anti-B-normed vector
space is called a fuzzy anti-8 Banach space.

Now, we will state the theorem, the alternative of fixed point in a generalized
metric space.

Definition 1.7. Let X be a set. A function d : X x X — [0, 00| is called a
generalized metric on X if d satisfies

(1) d(z, y) =0 if and only if x = y;

(2) d(z, y) = d(y, ) for allz, y € X ;

(8) d(z, z) < d(z, y) +d(y, z) forallz,y, z € X .
Theorem 1.8 ( The alternative of fixed point [21], [30] ). Suppose that we are

given a complete generalized metric space (X, d) and a strictly contractive mapping
J : X — X with Lipschitz constant 0 < L < 1. Then for each given z € X , either

d(J"z, J"z) = oo for alln >0,
or there exists a natural number ng such that
(1) d(J"x, J"z) < 0o for alln > ng;
(2) The sequence {J"x} is convergent to a fized point y* of J ;
(3) y* is the unique fized point of J in the set
Y = {y € X|d(J™z,y) < oo} ;
(4) dly,y") < g d(y, Jy) for ally €Y.

In this paper, we investigate the Hyers-Ulam-Rassias stability in quasi S-normed
space and then the fuzzy stability by using a fixed point in fuzzy anti-5 Banach space
for the generalized sextic function f: X — Y satisfying the equation (1.2). Let us
fix some notations which will be used throughout this paper. Let a € Z (a # 0, +£1).

2. A SEXTIC FUNCTIONAL EQUATION

In this section let X and Y be real vector spaces and we investigate the general
solution of the functional equation (1.2). Before we proceed, we would like to
introduce some basic definitions concerning n-additive symmetric mappings and
key concepts which are found in [32] and [34]. A function A: X — Y is said to be
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additive if A(x +y) = A(z) + A(y) for all x,y € X . Let n be a positive integer. A
function 4,, : X™ — Y is called n-additive if it is additive in each of its variables. A

function A, is said to be symmetric if A, (z1, -+, 2n) = Ap(To1), -, To(n)) for
every permutation {o(1),--- ,o(n)}of {1,2,--- ,n} . If A, (z1,22, - ,2,) isann-
additive symmetric map, then A™(x) will denote the diagonal A, (z,z,--- ,z) and

A™(rz) = rA™(z) for all z € X and all r € Q. such a function A™(x) will be called
a monomial function of degree n (assuming A™ # 0). Furthermore the resulting
function after substitution x1 =2y =+ =zs =zvand Ts41 =Tsy2 =" =Ty =Y
in A, (21,22, - ,x,) will be denoted by A%"~%(x,y).

Theorem 2.1. A function f : X — Y is a solution of the functional equation
(1.2) if and only if f is of the form f(x) = AS(x) for all x € X, where AS(z) is
the diagonal of the 6-additive symmetric mapping Ag : X6 = Y.

Proof. Assume that f satisfies the functional equation (1.2). Letting z =y = 0 in
the equation (1.2), we have

2a*(2a* +1)(a® —1)f(0) =0,
that is, f(0) = 0. Let y = 0 in the equation (1.2). Then we get

(2.1) flaz) = a®f(z)
for all z € X . Putting 2 = 0 in the equation (1.2), we get
(2:2) (a* = )@ = 1) (f(y) = f(-1)) =0

for all y € X . Hence we have f(y) = f(—y), for all y € X . That is, f is even. We
can rewrite the functional equation (1.2) in the form

1 1
U Ty o s EAC A DT e e gy

1 1
S S EA TPy e s EACRN )
a*(a® + 1) a*(a® + 1)
_ -0
for all z,y € X and an integer a(a # 0,+1). By Theorem 3.5 and 3.6 in [34], f is
a generalized polynomial function of degree at most 6, that is, f is of the form
(2.3) f(x) = A%(x) + A5(z) + A% (x) + A3(z) + A%(2) + Al (z) + A%(2)
for all z € X, where A°(x) = A" is an arbitrary element of Y, and A*(z) is the
diagonal of the i-additive symmetric mapping 4; : X* — Y for i = 1,2,3,4,5,6.
By f(0) = 0 and f(—z) = f(z) for all x € X, we get A%(z) = A° = 0,4%(z) =
0,A%(z) =0 and A'(z) = 0. It follows that
fla) = 4%2) + A'(a) + A2(2)
for all z € X . By (2.1) and A™(rz) = r"A"(x) for all z € X and r € Q, we obtain
that A%(z) = —a;’—LA‘l(m) for all x € X and an integer a (a # 0,+1). Hence we
get A*(z) = A%(x) =0, for all x € X . Thus we have f(z) = A%(x) forall z € X .
Conversely, assume that f(x) = A%(x) for all # € X , where A%(z) is the diagonal
of a 6-additive symmetric mapping Ag : X% — Y . Note that
Agr+ry) = ¢PA%(x) +6¢°r A (2,y) + 15¢" 2 AV (2, y) + 20¢°r° AP (2, y)
+ 157t A (@, y) + 6grO AL () + 0 A% (y)

flaz —y)
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AN (z,y) = A% (cx,y), AV (2,y) = AM (2, cy)
where 1 < s,¢t <5 and ¢ € Q. Thus we may conclude that f satisfies the equation
(1.2). O

We note that a mapping f : X — Y is called generalized sextic if f satisfies the
functional equation (1.2).
3. HYERS-ULAM-RASSIAS STABILITY OVER A QUASI 5-BANACH SPACE

Throughout this section, let X be a real linear space and let Y be a quasi 8-
Banach space with a quasi f-norm || - ||y . Let K be the modulus of concavity
of || - ||y - We will investigate the Hyers-Ulam-Rassias stability for the functional
equation (1.2); see also the paper [10].

For a given mapping f: X — Y and all fixed integer a ( a # 0, +£1), let

(81)  Daf(w,y) = flav+y)+ flaz —y) + [z + ay) + f(w - ay)
—a*(@®+1) (f(z+y)+ fz—y)) -2a*~1)(a* = 1)(f(@) + /(1))
forall z, y € X .

Theorem 3.1. Suppose that there exists a mapping ¢ : X? — [0,00) for which a
mapping f: X =Y satisfies f(0) =0,

(3-2) |1Daf (2, y)lly < ¢(z,y)

J . .
and the series Z;io (ﬁ) o(a’x,a’y) converges for all x,y € X . Then there

exists a unique generalized sextic mapping S : X —'Y satisfying the equation (1.2)
and the inequality

K ¢ K\i
(3.3) 1) = 5@l < g5 2 (jaes) #(@’.0),

forallx € X .

Proof. By letting y = 0 in inequality (3.2), since f(0) = 0 we have

IDaf(e,0)lly = [127(62) +2£ () — 20(a? + 1 f(2) 20 ~ (e = D f@)lly
= 2ol () ~ 5 F(an)lly < 9(,0),

that is,
1 1
(3.4 17(0) = @l < garemss 9.0,
forall x € X .
We note that putting x = ax and multiplying MILGB in the inequality (3.4), we
get
1 1 1 1
(3.5) Wﬂf(ax) - a*Gf(a%)HY < 2B[a]B WMWZO),
forall x € X .

Combining two inequalities (3.4) and (3.5), we have

39 117@) = (55) F@ly < groms (6600 + rszotar.0)).
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forall x € X.
Since K > 1, inductively using the previous note we have the following inequal-
ities

k—1 .
60 1)~ () Fe ol < g 3 () @0,
j=0

forall x € X, k € N and also

09 1(3)" 1 () ol g 5% (125 ) st
j=k

forallz € X and k,t e N(k <t).
Since the right-hand side of the previous inequality (3.8) tends to 0 as t — oo,

n
hence {(a%) f(a™z)} is a Cauchy sequence in the quasi S-Banach space Y . Thus
we may define

S(x) = lim (%)nf(a"x),

n—roo
for all x € X . Since K > 1, replacing « and y by a"z and a™y respectively and
dividing by |a|%"™ in the inequality (3.2), we have

(i) 1020

= () (@ 0+ ) + F(@ =) + " (@ + ) + (0" (2 = ap)
—aX(a® + D) (F(a" (@ + ) + fla"(z — )

—2(a® — 1)(a* — )(f(a"2) + f(a"y)) Iy

< () @)

forall z, y € X .

By taking n — oo, the definition of S implies that S satisfies (1.2) for all
x,y € X, that is, S is the generalized sextic mapping. Also, the inequality (3.7)
implies the inequality (3.3).

Now, it remains to show the uniqueness. Assume that there exists T': X — Y
satisfying (1.2) and (3.3). Then

IT(@) = S@)ly = (ﬁ)n\lT(a"w)fS(a"x)lly

() (1) = )y + ") - S(aa)ly)

2K? X/ K N\ .
J
26|a|68 K Z (|a|6/3> ¢(a’z,0)

j=n

for all x € X . By letting n — oo, we immediately have the uniqueness of S'. d

Corollary 3.2. Let 0 >0, p < 6 be a real number and X be a normed linear space
with norm || - || . Suppose f: X — Y is a mapping satisfying f(0) =0 and

(3.9) 1Daf (@, y)lly < 60(|[z]]” +[lylI")

338 HEEJEONG KOH et al 333-343



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

GENERALIZED SEXTIC MAPPINGS

forallz, y € X and all t > 0. Then S(x) := N-limy, o0 -5= f(a" @) exists for each
x € X and defines a generalized sextic mapping S : X =Y such that
0 K ||x][”
— <
17(x) = Sl < g Ky

forallz € X and allt > 0.

Proof. The proof follows from Theorem 3.1 by taking ¢(z, y) = 0(||z||? + ||y||P) for

all x,y e X . ([l
4. Fuzzy FIXED POINT STABILITY OVER A FUzZZy BANACH SPACE

Let us fix some notations which will be used throughout this section. We assume
X is a vector space and (Y, N) is a fuzzy anti-8 Banach space. Using fixed point
method, we will prove the Hyers-Ulam stability of the functional equation satisfying
equation (1.2) in fuzzy anti-f# Banach space.

Theorem 4.1. Let ¢ : X2 — [0,00) be a function such that there exists an 0 <

L <1 with
(41) $(,y) < 155 oz, ay)
. z,y) < alo? azx,ay
forallz,ye X. Let f : X =Y be a mapping satisfying f(0) =0 and
oz, y)
42 N(D,f(x,y), t) < —229)
(12 (Duft). 0 < 7200

forallz,y € X and allt > 0. Then S(z) := N-lim, o aG”f(ﬁ> exists for each
x € X and defines a generalized sextic mapping S : X — Y such that

L ¢(z,0)
(4.3) N(f(z) = S(x), t) < 28[a[68

1—L)t+ L¢(x,0)
forallz e X and allt > 0.

Proof. By letting y = 0 in the inequality (4.2), we have

¢(z, 0)
(4.4) N(2f(ax) — 245 f(x), t) < o

forallz € X andallt>0.
We note that by letting 2 =  in the inequality (4.4) we have

N(2(0) 2007 (2).1) < 2

The inequality (4.1) implies that

. ier (2, 0)
N(s@ -a's(7): 55) SH'L;LO)

By putting t = IG‘%B t, we have

L
i f L W(b(xv 0)
V(@ = Q) ) € T o o)
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that is,

(4.5) N(f@) —a'r(2). 25|266 t) < ﬁf(gix?)m ’

forallz € X andallt > 0.
We consider the set

F={¢9:X—-> X}
and the mapping d defined on F' x F' by
: ¢(z, 0)
d(g, h) = inf{u € R* N( ~ h(z), t)<7
(9. h) = int{yr € B | N (g(a) (o). ) < 2500
where inf ) = 400, as usual. Then (F, d) is a complete generalized metric space;
see [22, Lemma 2.1]. Now let’s consider the linear mapping J : F' — F such that
x
- ()
g(z) =a’g(_
for all z € X . Let g,h € F be given such that d(g,h) =e. Then

¢(z, 0)

,Vox € X and ¢t > 0}

forallz € X and all t > 0.
N(Jg(x) — Jh(x), Lst) = N(a6g(£> - aﬁh(g), Let)

a
= No(3)-n(3): |aL665t) S (f(ﬁ;s% )

(. 0) é(z, 0)
et + o, 0)  t+ o(x, 0)
forallz € X and all t > 0. d(g, h) = ¢ implies that d(Jg, Jh) < Le . Hence we get

d(Jg, Jh) < Ld(g, h)

for all g, h € F. The inequality (4.5) implies that d(f, Jf) < W By Theo-
rem 1.8, there exists a mapping S : X — Y such that

(1) S is a fixed point of J, that is,

(4.6) S(f) )

a ab

<

for all x € X . The mapping S is a unique fixed point of J in the set
M = {g € F|d(f,g) < co}. This means that S is a unique mapping
satisfying the equation (4.6) such that there exists a p € (0, co) satisfying

o(z, 0)
N(f(x) - S(=), Nt) < m

forall x € X and all ¢t > 0;
(2) d(J™f, S) = 0 as n — oo. This implies the following equality

N- lim aﬁnf(a%) = S(x)

n—oo

for all x € X ;
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(3) d(f, S) < 22 d(f, Jf), which implies the inequality

1 L L
< . = .
) 280a|5?  20alF(1 - L)

It implies that

¢(z, 0)
N(f(fﬂ) - S(), 26al6B(1 — L)t) = t+¢(x, 0)

2°]al®?(1-1L)
L

for all x € X and all £ > 0. By replacing ¢t by t, we have

Lo(z, 0)
(1—L)t+ Lo(x, 0)

N(f(z) = S(), t) < Tal?

for all x € X and all ¢ > 0. That is, the inequality (4.3) holds. By letting x =
and y = % in the inequality (4.2), we have

X
amn

Ty

N (Do f (2, L), Jaltone) < e ar)
a™ a” t+o(m, o)
forall z, ye X ,allt >0 andallnEN.ReplacingtbyW,

o(Z, L) L™ ¢(z, y)
N(aDof(=, L), 1) < o’ a < :
( (a" a”) > W"'Md%’ L) T t+ L g(x, y)

for all 7,y € X, all t >0 and all n € N. Since limy, o0 mrisrils = 0 for all

z,y € X and all t > 0, we may conclude that
N(DaS(az, Y), t) ~0

for all z, y € X and all £ > 0. Thus the mapping S : X — Y is the generalized
sextic mapping. ([

Corollary 4.2. Let 0 > 0, p > 6 be a real number and X be a normed linear space
with norm || - || . Suppose f : X =Y is a mapping satisfying f(0) =0 and

o[z + [[y[I")
(4.7) N(Dof(z,y), 1) < t+ 0(|[z|lP + ||y[]?)

forallz,y € X and allt > 0. Then S(z) := N-lim, 0 afmf(ﬁ) exists for each
x € X and defines a generalized sextic mapping S : X =Y such that

01"
(lalP? — a|5P) ¢ + 6 ||[|?

N(f(@) ~ S(), 1) < 55
forallz € X and allt > 0.

Proof. The proof follows from Theorem 4.1 by taking ¢(z, y) = 6(||x||? +||y||?) for
all 2,y € X and L = |a|(6=P)8 O
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Abstract

The main aim of this paper is to study the existence, uniqueness and stability of solution for
stochastic functional differential equations driven by G-Brownian motion (in short G-SFDEs).
The existence-and-uniqueness theorem is established for G-SFDEs under non-Lipschitz condi-
tion and weakened linear growth condition. We have used the Picard approximation scheme,
Gronwall’s inequality, Bihari’s inequality and Burkholder-Davis-Gundy (in short BDG) inequal-
ities to develop the existence theory for the above mentioned stochastic dynamical systems. In
addition, the mean square stability of solutions for these systems has been obtained.

Key words: Existence, uniqueness, stability, G-Brownian motion, stochastic functional
differential equations.

1 Introduction

Responding to the contemporary developments in the fields of physics, control engineering, eco-
nomics, and social sciences, a growing concern has recently been witnessed in both stochastic dif-
ferential and deterministic models. The applications of functional differential equations have been
applied in a number of cases in physical phenomena, such as in the relocation of soil moisture, where
the fluid flows through the crack of rocks, and the problem of conduction of heat as well as its share
in order fluids is investigated. The idea of G-Brownian motion as well as the associated stochastic
differential equations were introduced by Peng [8, 10]. These equations were extended to stochastic
functional differential equations, which are driven by G-Brownian motion (in short G-SFDEs) by
Ren, Bi and Sakthivel [12]. While Faizullah, developed the existence-and-uniqueness theorem for G-
SFDEs with Cauchy-Maruyama approximation scheme [3], they used the strong Lipschitz and linear
growth conditions to develop the mentioned theory. In this article, we have generalized the existence
theory for functional stochastic dynamical systems, driven by G-Brownian motion. We have used
non-Lipschitz condition and weak linear growth condition to study the existence, uniqueness and
stability theory for G-SFDEs. We have considered the following stochastic dynamical system that

*Corresponding author, E-mail: faiz_math@yahoo.com
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is driven by G-Brownian motion. Let 0 < ¢ < T < oo. Suppose g : [0,T] x BC(]—0,0];R") — R,
h:[0,T] x BC([-6,0;R") — R™ and w : [0,7] x BC(]—0,0];R™) — R™ are Borel measurable.
Consider stochastic functional differential equation driven by G-Brownian motion of the type

dX(t) = g(t, X¢)dt + h(t, X;)d(B, B)(t) + w(t, X;)dB(t), (1.1)

where X (¢) is the value of stochastic process at time ¢t and X; = {X(t+0): =0 <6 < 0,0 > 0}

is a BC(]—0,0];R™)-valued stochastic process, which presents the family of bounded continuous

R™-valued functions ¢ defined on [—#,0] having norm ||¢|| = sup | @(d) |. {(B,B)(t),t > 0} is
§<5<0

the quadratic variation process of G-Brownian motion {B(t),t 2_0? and g, h,w € M&([—7,T};R™).
Denote the space of all Fi-adapted process X (t),0 < ¢ < T, such that || X ||;2= sup |X(¢)] < o0
—6<t<T

by L?. The initial data of equation (1.1) is given as follows

X, =C={¢(9) : =0 < 6 <0} is Fo — measurable, BC([—0,0];R") — valued

1.2
random variable such that ¢ € M ([—0,0];R"). (1-2)

The integral form of G-SFDE (1.1) with initial data (1.2) is given by

X(t) :C(O)—i-/o g(S,XS)dS—I-/O h(s,Xs)d<B,B>(s)+/0 w(s, Xs)dB(s).

The solution of G-SFDE (1.1) with initial data (1.2) is an R™ valued stochastic processes X (t),
t € [0, T] such that

(i) X (t) is Fi-adapted and continuous for all ¢ € [0,T7;

(ii) g(t, Xy) € LY(Jo, T];R™) and h(t, X;),w(t, X;) € L2([0,T]; R™);
(iii) Xo = ¢ and for each t € [0,T], dX (t) = g(t, X¢)dt + h(t, X;)d(B, B)(t) + w(t, X¢)dB(t) q.s.
X (t) is called a unique solution if it is indistinguishable from any other solution Y'(¢), that is,

E[_;ggq 1 X(q) = Y(q))] =0.

Throughout this paper we assume the following two conditions, known as non-uniform Lipschitz
condition and weakened linear growth condition respectively.

(A;) For all p, € BC([-6,0];R?) and t € [0, T,

l9(t, ) = g(t, ¥)1* + [h(t, ) = [h(t, V) + |w(t, ) — w(t, )] < A(lp — ¥, (1.3)
where A(.) : Ry — Ry is a non-decreasing and concave function such that A(0) = 0, A(v) > 0
for v > 0 and g

v
— = . (1.4
f5 )
As X is concave and A(0) = 0, there exists two positive constants ¢ and d such that
A(v) < ¢+ dv, (1.5)
for all v > 0.
2
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(Aj;) For all t € [0,T], g(t,0),h(t,0),w(t,0) € L? and
l9(t,0)[* + [A(, 0)* + |w(t,0)]* < K, (1.6)
where K is a positive constant.

We have organized the rest of the paper as follows. In section 2, some well-known basic notions
and results are included. In section 3, several important lemmas are developed. In section 4, the
existence-and-uniqueness theorem is proved. In section 5, the mean square stability for the solution
of G-SFDEs is given.

2 Preliminaries

The main purpose of this section is to give some basic concepts and results, which are used in
the subsequent sections of this paper. For more detailed literature of G-expectation, we refer the
readers to book [9] and papers [1, 2, 4, 5, 13].

Definition 2.1. Let H be a linear space of real valued functions defined on a nonempty basic space
Q). Then a sub-linear expectation FE is a real valued functional on H with the following properties:

(i) For all X,Y € H, if X <Y then E[X] < E[Y].
(ii) For any real constant a, Fla] = a.
(i) For all X,Y € H, E[X + Y] < E[X] + E[Y].
(iv) For any § > 0 E[#X] = 0E[X].
Let G, 1ip(R™9) denotes the set of bounded Lipschitz functions on R™*? and
L2(Qr) = {¢(B1), Bey, ..., By, / > 1, t1, ta, ...ty € [0,T], ¢ € Cp1ip(R*))}.

Let & € LE(,), i = 0,1,..., N—1 then M2(0,T) denotes the collection of processes of the following
type: For a given partition mp = {to, t1,...,tnx} of [0,T7],

Z 52 [tl,tl+1] )

Under the norm |[|n|| = {fo (7 |P)du}/P, ME(0,T), p > 1, is the completion of MZ(0,T). For

every n; € M 0(0,T), the G-Itd’s integral I(n) and G-quadratic variation process {(B); H>o are
respectively given by

T N-1
1) = [ B = 3 &b, - B)
=0
t
(B); = B — 2/ B,dB,.
0

The following definition and lemmas are borrowed from [7, 11].
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Definition 2.2. A solution X (¢) of dynamical system (1.1) with initial data (1.2) is said to be
stable in mean square if for all € > 0 there exists §(e) > 0 such that E|¢ — &[> < §(e) follows that
E|X(t)-Y(t)|* < efor all t > 0, where Y (t) is an other solution of system (1.1) having initial data
¢ € M?([—6,0] : RY).

Lemma 2.3. (Holder’s inequality) If 1y % =1 for any q,7 > 1, g € L? and h € L? then gh € L'

and
1 L
[Con< ([t

Lemma 2.4. (Gronwall’s inequality) Let C > 0, h(t) > 0 and w(t) be a real valued continuous
function on [c,d]. If for allc <t <d, w(t) < C + fcd h(s)w(s)ds, then

[un

w(t) < Cefcf h(s)ds
for all c <t <d.

Lemma 2.5. (Bihari’s inequality) Suppose T > 0 and hg > 0. Assume h(t) and w(t) be continuous
functions on [0,T]. Let A(.) : RT — RT be non- decreasing cmd concave continuous function such

that AM(v) > 0 forv > 0. If for all0 < t < T, h(t) —i—fo (s))ds, then for all0 <t < T,

T
h(t) < Hl(H(ho)+/t w(s)ds),

such that H(hgy) + ft s)ds € Dom(H ') where H(q) = [/ )\ yds, ¢ = 0 and H™" is the inverse
function of H.

Lemma 2.6. Assume the assumptions of lemma 2.5 are satisﬁed and for 0 < t<T,w(t)>0.If
for all € > 0, there exists t1 > 0 such that for 0 < hg <€, ft s)ds < fh )\ ds holds, then for
eacht1 <t <T

h(t) <e,

holds.

3 Important results
In this section, we show some important lemmas. They will be used in the forth coming existence-

and-uniqueness theorem. Let X°(¢) = ¢(0) for t € [0,7]. Set X!(0) = ¢ for each [ = 1,2, ..., and
define the following Picard iterations sequence,

X%ﬁ4@+/2@ﬂlm+/%@ﬁlmam@
. 0 0 (3.1)
+/ w(s, X" HYdB(s), te[0,T].
0

First, we show that X'(.) € MZ([—0, T];R™).
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Lemma 3.1. Let assumptions A; and A;; hold. Then for alll > 1,

sup EIX' (1) <€,
—0<I<T

where C is a positive constant.

Proof. Obviously, X°(.) € MZ([—60,T];R™). Using the basic inequality |a + b+ ¢+ d* < 4|a]* +
41b|% + 4lc|? + 4|d|?, equation (3.1) yields

X! ()] < 41¢(0)* + 4| /tg(s,Xi_l)d«S!Q + 4 /th(s,Xi_l)d<B,B>(8)l2
0 0

t
t 4 / w(s, X!"1)dB(s)|2.
0

Taking G-expectation on both sides, using the Burkholder-Davis-Gundy (BDG) inequalities [6] and
Hélder inequality (lemma 2.3) we have

BIXOP < 4BCOP +4018 [ lots, X
+ACHE /Ot (s, XY 2ds + 4Cs /Ot (s, X1 2ds
< A4E|C(0)]? +8CLE /0 t(!g(s, X1 = g(5,0)1* + 1g(s,0)[*)ds
+8CHE /Ot(|h(s, XY = (s, 0)2 + h(s, 0)|?)ds
+ 8C3 /Ot(!w(&Xé_l) —w(s,0)]* + |w(s, 0)]*)d(s)
< 4B QO + SO [ o, 0)Pds + 5O [ lg(o, X~ o(5.0)ds
+SCHE /Ot Ih(s, 0)2d(s) + 802E/0t (s, X!=1) — h(s, 0)[2ds

t t
+803/ \w(s,O)\st+8Cg/ (s, X171) — w(s, 0)|2ds
0 0

By assumptions A; and A;;, the above inequality yields
E|X' ()| < 4F|¢C(0)]? + 8CLKT + 8Cy KT 4 8C3 KT

+801E/0tA(yX§1)\2)ds+802E/0tA(\X§1)|2)d(s)+803 /OtA(yxgl)\Q)d(s)

t
= 4F|¢(0)|? + 8KT(Cy + Coy + C3) + 8(Cy + Co + Cg)E/ M|XEY)ds
0
< 4E|C(0)]? +8KT(Cy + Cy + C3) + 8a(Cy + Co + C3)T

t
+8b(01+02+03)E/ 1X5H)2ds
0
t
— Ky +8b(Cy + Co + cg)E/ X1 24s,
0

5
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where K1 = 4FE|¢(0)? +8CoKT + 8aCoT. and Cy = C1 + Cy + Cs. Noting that

sup [Xg[? < sup  sup [X'(s+u)[* < sup [X'(q)]* <[¢F+ Sup X ()P,
0<s<t 0<s<t —0<u<0 —60<q<t <q<t
we have

t

sup E|XYq)> < E|¢)? + K1 + 8b(C1 4+ Cy + C3)E sup | X 71(q)Pds.
—0<g<t 0 —0<q<t

Again noting that for any j > 1

max E|X 712 < B¢ + max E]X ()%
1<I<y

we obtain

max sup E|X'(q)P < E|C]2 + Ky + 8b(Ch +02+03)/ (BIC2+ max sup E|X'(q)2ds
0

1<i<y —0<q<t 1<i<j —0<q<t

t

< B4+ K| 4+ 8b(Cy +Co+ C3)TE|C]* + | max sup E|X'(q)|*ds
0 1<IS) —g<g<t

t
= Ky +8b(Cy + Cy + C’3) max sup E|X'(q)|*ds,
1<IS) —p<q<t
where Ky = K1 + (1 + 8bCoT)E|¢|?. Now the Gronwall inequality (lemma 2.4) yields

max sup E|X'(#)?<C
1<I<j 9<¢I;)<t X<,

where C' = K7e3¢0T but j is arbitrary, so

sup E|X'(t))? < C.
—0<i<T

The proof is complete. O]
Lemma 3.2. Under the assumptions A; and A;; there exists a positive constant C* such that for

all 1,d > 1,

t
E sup [X"Hs) =X (s)P<C [ ME sup |X"7(q) — X (g)]*)ds
—0<s<t 0 —0<q<s

< C*t.
Proof. Using the basic inequality |a + b + c|? < 3|a|? + 3|b|? + 3|c|?, equation (3.1) yields

X - X () < 3] /t[9(8,X§+d_1) —g(s, X 1)]ds|” + 3| /t[h(s, X = h(s, XTH)A(B, B)(s)[?
0 0

3] (s, XY — (s, X11)]aB(s)

to
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Taking G-expectation on both sides, using the BDG inequalities [6], Jensen inequality E(A(z)) <
A(E(x)), Holder inequality and assumptions A;, A; it gives

E[ sup |X'"(s) — X'(s)]’] < 3Cy /OtA(E[ sup [ X' g) — X (g)I?])ds

—0<s<t —0<qg<s

t
+mb/"ME[wp\XHd%m—xf%@mm5
—0<g<s

+xg/x sup | XHHL(g) — XIL(q)[2])ds
—0<q<8

<orux+c@[:MEggg|X”*%@—X*%@ﬁm&

E[ sup |X"(s) - I< C/ sup | X" (g) — X (g)|*))ds,
—0<s<t —9<q<s

where C' = 3C. Finally, using lemma 3.1 it yields

E[ sup |XT(s) — X'(s)]?] < CA4O)t = C*t,
—0<s<t

where C* = CA\(4C). The proof is complete. O

4 Existence and uniqueness results for G-SFDEs

We introduce the following new notations to prepare a key lemma. Choose T} € [0,7] such that
for all ¢t € [0,71]
CAC*t) < C*. (4.1)

For all I,d > 1, define the following recursive function

é1(t) = C*t. (4.2)

@Hw:éAmeww

bra(t) = B[ sup_ X (q) — X' g) ).

(4.3)

Lemma 4.1. Under the hypothesis A; and Ay for any d > 1 and all 1l > 1 there exists a positive
Ty € [0,T] such that

0 < ¢ra(t) < ¢i(t) < dr—1(t) < ... < ¢n(t), (4.4)

for allt € [0,T1].
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Proof. We use mathematical induction to prove the inequality (4.4). Using the definition of function
¢(.) and lemma 3.2, we have

Pra(t) = E[_gggq | X1 (g) — X (q)]] < C*t = ¢ (t).

2.a(t) = B[ sup |X*"(q) — X*(q))

—0<q<t
<é /0 ME( s [XM4(g) - X(g)ds
< / A(61(5))ds = af2).

Using (4.1), we have

A~ t t A~
_ 0/0 M1 (s))ds = /0 CNCH)ds < C* = n (1),

Hence for all ¢ € [0,T1], we derive that ¢24(t) < ¢a(t) < ¢1(t). Next, suppose that the inequality
(4.4) holds for some [ > 1. We now show that lemma 4.1 is valid for [ + 1, as follows

Gri14(t) = E[ sup | X (q) — X (q)?]

Also

b1 (1) 0/ e ds<0/ (1-1(s))ds = di(s)-

Hence for all t € [0,T], we derive that ¢;y1 4(t) < ¢4+1(t) < ¢i(s), that is, lemma 4.1 holds for
I 4+ 1. The proof is complete. O

Theorem 4.2. Let assumptions A; and Ay; hold. Then the stochastic system (1.1) with initial data
(1.2) has a unique solution.

Proof. We split the whole proof in two steps. First, we show uniqueness and then existence. Let
system (1.1) with initial data (1.2) has two solutions X (¢) and Y (¢). Then we have

| X |</ lg(s, Xs) (s,Y5) |ds+/ |h(s, Xs) — h(s,Ys)|d(B, B)(s)

—I—/O lw(s, Xs) — w(s, Ys)|dB(s).
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Taking G-expectation on both sides and using the basic inequality (a + b+ ¢)? < 3(a® + b% + ¢?),
Holder inequality and BDG inequalities [6], it follows

t t
EIX() - V(O <30 | Blg(s, X) — gls Yolds +3Cs | Elh(s. X.) = h(s,Y.) Pds
0 0
t
+ 3C’3/ Elw(s, Xs) —w(s, Ys)|ds.
0
Using assumptions A; and A;; we have

E[ sup |X(q) —Y(q)]] < 3(C1+Ca+Cs) /Ot/\(E[ sup | X(q) — Y(q)]*])ds,

—0<q<t —0<q<s
Then lemma 2.5 and lemma 2.6 gives E[sup_g<,<; |X(q) — Y(q)]’] = 0, t € [0,T]. The proof of
uniqueness is complete.

Next we show existence. We note that on t € [0,71], ¢;(t) is continuous. For [ > 1, it is
decreasing on ¢ € [0,7}]. By dominated convergence theorem, we define the function ¢(¢) as follows

o(t) = lim ¢(t) = lim C 3w“@mk=é/3w@Ma05tSﬂ
—00 —00 0 0

So,

awsmm+043w@w&

Thus for all 0 < t < T3, lemma 2.5 and lemma 2.6 follow that ¢(¢) = 0. From lemma 4.1 for all
t € [0,T1] we get ¢a(s) < ¢i(s) — 0 as I — oo, which yields E|X™H(t) — X!(t)]2 — 0 as | — oo.
By the property of function A(.), assumptions A;, A; and completeness of L2, it follows that for
all t € [0,T1],

g(t, X)) = g(t, Xp), h(t, X)) = h(t, Xy), w(t, X1) = w(t, X;) in L?* as | — co.

Hence for all t € [0, Ty],

t
lim X'(t) = ¢(0) + lim [ g(s, X" Y)ds
l—o00 =00 Jo
t t

+ lim [ h(s, X" Hd(B,B)(s) + lim | w(s, X'71)dB(s),

l—o0 0 l—00 0

that is,

X(t) :C(O)—i-/o g(S,XS)dS—I-/O h(s,Xs)d<B,B>(s)+/0 w(s, Xs)dB(s).

Thus X (t) is a unique solution of stochastic system (1.1) with initial data (1.2) on ¢ € [0, T}]. Thus
by iteration, one can obtain that the system (1.1) has a unique solution on ¢ € [0, T]. The proof is
complete. ]
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5 Dependence of solutions

In this section, we use lemma 2.5 and lemma 2.6 to give continuous dependence of solutions for
stochastic system (1.1) with initial data (1.2).

Theorem 5.1. Let assumptions A; and A;; hold. Assume X (t) and Y (t) be two solutions of
dynamical system (1.1) with initial data ¢ and & respectively. If for all € > 0 and t € [0,T] there
exists §(€) > 0 such that E|¢ — £|? < (e), then

EIX(t)-Y@®)]?<e

Proof. Since X (t) and Y (t) are any two solutions of system (1.1). It follows that for any ¢ € [0, T7,

X(t):C(O)—F/O g(s,Xs)ds+/0 h(s,Xs)d<B,B>(8)+/O w(s, Xs)dB(s) g.s.
t t t
Y (t) :§(0)+/0 g(s,Ys)der/O h(s,Ys)d<B,B>(5)+/0 w(s,Y5)dB(s) g.s.

t

X(t) — Y (t) = ((0) — £(0) + /0 l9(s, X.) — g(s, Ya)lds + / [h(s, Xs) — h(s, Y,)ld(B, B)(s)

0
+/0 [w(s, Xs) —w(s,Ys)]|dB(s) gq.s.

Taking G-expectation on both sides, using the fundamental inequality (a + b+ ¢ + d)? < 4(a® +

b% + ¢? + d?), BDG inequalities [6] and Holder inequality, it follows

B[ sup |X(r) =Y (r)]’] <4B[¢(0) — £(0)]° +4(C1 + Ca + C3)/0 ME[ sup [X(r) = Y(r)]*])ds.

—0<r<t —60<r<t

Thus from lemma 2.5 and 2.6 we have

BlIX(t) - Y(®)P] <e,

for t € [0,T]. The proof is complete. O
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Abstract. In this paper, a kind of new Bernstein-Bézier type operators is
introduced. The Korovkin type approximation theorem of these operators is
investigated. The rates of convergence of these operators are studied by means of
modulus of continuity. Then, by using the Ditzian-Totik modulus of smoothness,
a direct theorem concerned with an approximation for these operators is also
obtained.

Keywords: Bernstein-Bézier type operators; Korovich type approximation the-
orem; rate of convergence; direct theorem; modulus of smoothness

Mathematical subject classification: 41A10, 41A25, 41A36

1. Introduction

In view of the Bézier basis function, which was introduced by Bézier [1], in
1983, Chang [2] defined the generalized Bernstein-Bézier polynomials for any
a > 0, and a function f defined on [0, 1] as follows:

Bualfi2) = 32 ()T 0) — T a2 (1)
k=0

n

)

n
where Jy ny1(z) = 0, and J, x(z) = > Pyi(z), £k = 0,1,...,n, P,(z) =
i=k

") i1 — )"0 J,p(2) is the Bézier basis function of degree n.

Obviously, when o = 1, By, o(f;x) become the well-known Bernstein poly-
nomials B, (f;x), and for any = € [0, 1], we have 1 = J,, o(z) > Jp1(x) > ... >
Inn(@) = 2", Jn 1 (2) = Jn g1 (2) = Po i (2).

During the last ten years, the Bézier basis function was extensively used for
constructing various generalizations of many classical approximation processes.
Some Bézier type operators, which are based on the Bézier basis function, have
been introduced and studied (e.g., see [3-9]).

In 2013, Ren [10] introduced generalized Bernstein operators as follows:

n—1

Enp(f;2) = f(0)Pao(x) + > Pas(@)ELL(F) + f(1) Ponl), (2)

k=1

*Corresponding authors: Mei-Ying Ren and Xiao-Ming Zeng
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n

where f € C[0,1], z € [0,1], P, x(x) = ( I

) z*(1—z)" % k=0,1,...,n, and

() _ 1 ! nk—1/1 _ p\n(n—k)—1 o E
FO) = By [, =0 e =D @

where k=1,..,n—1, 8 €10,1], B(.,.) is the beta function.
The moments of the operators E,, s(f;x) were obtained as follows (see [10]).
Remark For E,, 5(t/;z), j = 0,1, 2, we have

(i) Enp(liz) =1
(ii) Enp(t;z) =x;
1 (n—13?

(iil) B, p(t*;x) = 2* + { +

n (n?+ 1)n} (1l =),

In the present paper, we will study the Bézier variant of the generalized
Bernstein operators E, g(f;x) given by (2). We introduce Bernstein-Bézier
type operators as follows:

Bl (fix) = +ZQ DED+ O, @)
where f € C[0,1], z € [0,1], § € [0,1], & > 0, Q x) (@) = I8 (@),
Jnni1(z) =0, Jp(z) = ;ch(x), k=0,1,...n, Pi(z) = ( 7; )xl(l -

x)" % and Fffk)(f) is defined as above (3).

It is clear that Efmaﬂ)(f, x) are bounded and positive on C[0,1]. When o = 1,
Eflaﬁ)(f,x) become the operators E,, g(f;z). When § = 0, Eflag,(f,x) become
the generalized Bernstein-Bézier operators By, o (f; ). ’

The goal of this paper is to study the approximation properties of these
operators with the help of the Korovkin type approximation theorem. We also
estimate the rates of convergence of these operators by using a modulus of
continuity. Then we obtain the direct theorem concerned with an approximation
for these operators by means of the Ditzian-Totik modulus of smoothness.

In the paper, for f € C[0,1], we denote ||f|| = maz{|f(x)|: 2 €[0,1]}.
w(f,d) (6 > 0) denotes the usual modulus of continuity of f € C0,1].

2. Auxiliary results
In the sequel, we shall need the following auxiliary results.
Lemma 1 (see [2]) Let a > 0. We have
T ,
(1) nleréo - Z: Ik (x) = x uniformly on [0, 1];
2

1 n
(i) nll_{lgo 3 Z kJg () = % uniformly on [0, 1].
k=1
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Lemma 2 Let o > 0. We have
(i) BX)(152) = 1;
(ii) lim E(a) 5(t; ) = x uniformly on [0, 1];

(iii) lim E( )( x) = x* uniformly on [0, 1].

n—oo

Proof By simple calculation, we obtain F (ﬂk)( 1) =1, Ffl’gk)(t) =k Fr(fk) (t?) =
Fo kg1 FE,
n2+1 + ( n2+1)
(i) Since z Q') () =1, by (4) we can get E*)(1;2) = 1.
(i) By (4 ) we have

B (t;2)

—ZQ(“) @)
2 (@) = Ta @]+ ot [T () = T @) 4 T ()

1 a
E Z Jn k(x)
k=1

thus, by Lemma 1 (i), we have lim Er(baﬁ)(t,z) = z uniformly on [0, 1].

(ii) By (4), we have
NG

n—1 2 2 2
=3 Q) |y (- )| )

Pl e > 1l¢ a
= ISR+ (- ) LY R ()
k=1

2 2
n‘+1 n“+1" n Pt
R 3 1 ¢
= =N 1— ). =S 2k —1)J°
'fl2+1 n & Jn,k(x)+( n2+1) n2 kZl( ) n,k(x)a

thus, by Lemma 1, we have hm E( )( t?;2) = 22 uniformly on [0, 1].

Lemma 3 (see [11]) For z € [0,1], k =0,1,...,n, we have
(a) aP, i(z), a>1;
0= Q@) = {lfﬂ) 0<a<l.

Lemma 4 (see [12]) For 0 < a <1, v > 0, we have

)*n?,

> |k —na|"Pyy(z) < (n+1)' (A
k=0

ol

where the constant Ag only depends on s.
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Lemma 5 For a > 1, we have

(i) B ((t—2)%2) <

n
() a ﬁ2 1
(i) B - ol < o 20+ 2y L
Proof Let a>1.

(i) By (4), Lemma 3 and Remark 1, we obtain
Bt — )% )

n—1
= 22Q")( +ZQ> VEL)((t —2)%) + (1 - 2)2Q) («)

)

x Pn 0 + Z Pn k F(B) $)2) + (1 - x)2pn,n(x)]

B p((t - 20)

« n—1
=—(1 ) z(1—2). 5
2 (1 ) e -a) 5)
: _1 1
Since Orggglm(l —x) = 3, and for any n € N, one can get - n2+1 < &, 80 we
have 52
o 1
Byt -2)%a) < S0+ 5~

(ii) In view of Eflaﬂ)(l, x) = 1, by the Cauchy-Schwarz inequality, we have

thus, we getE (|t—a:| x) <y/21+2). /L
Lemma 6 For 0 < a < 1, we have

(@) BLY((t - 2)%2) < MPn—e

(i) B, (1t = ) < /M 075,
Where the constant M(gﬁ) only depends on «, 3.

Proof Let 0 < a<1.
2
(i) In view of (4), Lemma 3 and Fé’i)((t —x)?) = (’“‘n’é””) +
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we obtain

B (t =) 2)

= 22Q\) (@ +ZQ(“) JE((E = 2)%) + (1 - 2)°Q) («)
< 2?P2y(x +Z 2)FO)((t —2)?) + (1 — )2 P2, (2)

=iPﬁ,k<x>[<k_Zx)2+ ’ <k—k2>]

= n n24+1'n n

= LSk R )+ S P
7n2k:0 .k 2—|—1k:0 n.k n n?
=hL+1

By Lemma 4, we have I; < 2t(n +1)7%(4

) < 2(Az2)*n~“, where the
constant A2 only depends on «.

Qv

Using the Holder inequality, we have Y° P5 () < (n+1)' %[ 3 Por(2)]®,
k=0 k=0

2
and (& — %)) <1, so we have
n n
n
B _ 32

(DY Prs(@))® =
k=0

I, <

11—« 2 —«
S 21 (n+1) < Bn.

Denote MS”) = 2(A2)*+ 32, then we can get Eflaﬁ)(( —x)%4 1) < MPne.
(i) Since

E(a (It —z|;2 \/E(a 195\/E (t — )% ),

Efzaﬁ)(“ — x|,x) < \/W-n_%.

thus, we get

Lemma 7 For f € C[0,1], z € [0,1] and o > 0, we have

| B () 1<) £

Proof By (4) and Lemma 2 (i), we have

| B () < IFIES (L) = |1 f]-

3. Main results
First of all we give the following convergence theorem for the sequence {Eflaﬁ) (f;2)}.

Theorem 1 Let a > 0. Then the sequence {Eflaﬂ)(f,x)} converges to f
uniformly on [0,1] for any f € C[0,1].
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Proof  Since E* ﬁ(f, x) is bounded and positive on C[0,1], and by Lemma
2, we have lim ||E7(ﬁg(ej, ) —ell =0 fore;(t) =1/, j =0,1,2. So, according
to the well-known Bohman-korovkin theorem ([13, P.40, Theorem 1.9]), we

see that the sequence {Effﬁ)( f;x)} converges to f uniformly on [0,1] for any
fecCio,1].

Next we estimate the rates of convergence of the sequence {E N ﬁ} by means
of the modulus of continuity.

Theorem 2 Let f € C[0,1], z € [0,1]. Then

BZ
S+

(i) when a > 1, we have ||E7(l°fﬁ)(f, J=f < E

(f’%);

(i) when 0 < a < 1, we have ||E(a (fi) = fll < (1 + V MPYw(f,n%).

Where the constant Mo(éﬁ) only depends on «, 3.
Proof (i) When « > 1, by Lemma 2 (i), we have

B (fr2) — ()]

< 1£(0) — f(x )+ ZQM VELY(£(8) — f@)) + (1) — f(@)| Q) (x)
W(f,10 — 2)Q') (x +ZQ(‘”) (w(f. 1t —2l)) +w(f, 11 — 2 Q') (z)
1
§(1+\/ﬁ|0—a:|)w(f,f +ZQ R (L4 Valt = el f, Z=))
+(1+ Vil - z])w(/, %wm(z)
w L nw i (a) — X
< wlfs =)+ Vil S B (= ala),
s0, by Lemma 5 (ii), we obtain
« (07 2 1
B - @) < |14 0+ D) (.72

The desired result follows immediately.
(ii) When 0 < o < 1, by Lemma 2 (i), we have

B (fr2) — ()]
n—1
<w(f,10 - 2DQ (@) + 3 QW)@ FE)w(f, [t — z]) + w(f, [1 - 2))Q') (x)
k=1

< (14020 - z)w(f,n” H)QL)(z) + ZQ(”‘) VEL A +nf |t — a)w(f,n" %)

+(1+n3 1 —z)w(f,n )R (2)
=w(f,n %)+ n%w(f,n_f)Enﬂ(hﬁ —z|;2),
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s0, by Lemma 6 (ii), we obtain
Ey(fi2) = f@)] < (L4 VM (078,
The desired result follows immediately.

Theorem 3 Let f € C'[0,1], z € [0,1]. Then
(i) when a > 1, we have

B (f5e) = f@)] < f’ll\/Z(Hf)-\/:

v et 120 2

(i) when 0 < o <1, we have

o 32 1
Vi Dn

E) fix)— <|\f A a4 w(f n” 2 1+ M(ﬁ) M(mn*“.
| n,B\J
Where the constant M((f) only depends on «, 3.

Proof Let f € C'[0,1]. For any t,z € [0,1], § > 0, we have

t

[f(t) = fz) = f(2)(t - )]

AN
=

"(u) — f'()|dul
w(f' [t =zt —
w(flv 5)(|t - :L'| + 571(7f - ’J))2),

INIA

hence, by the Cauchy-Schwarz inequality, we have

BN (f() = f(z) — F'(2)(t - x);2)|
< w(f,8) (Bt —ala) + 67 B (- 2)% )

W(f,9) [ £ (1)

+57 1 ELY(t - )2 )} VES (- a)%5a),

So, we get

B (fr2) — ()]
< IFI1E) (|t - s 2)

T+l f,9) [1 +61¢E£:‘,;<<tx>2;x>} VEC(t—a)2).  (6)

(i) When « > 1, taking § = ﬁ in (6), by Lemma 5 and inequality (6), we
obtain the desired result.

(ii)When 0 < a < 1, taking 6 =n~ % in (6), by Lemma 6 and inequality (6),
we obtain the desired result.

Finally we btudy the direct theorem concerned with an approximation for
the sequence {E( } by means of the Ditzian-Totik modulus of smoothness. For
the following theorem we shall use some notations.
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For f € C[0,1], =z(l—2),0<A<1,z€[0,1], let
ho? (x ho? (x
op(f)= s s [fes D) g D)
O<hSt 4 kel @) g q)
be the Ditzian-Totik modulus of first order, and let
: A
Ko (fi1) = gg‘l/gk{ll f=gll +tlle*d'I} (7)

be the corresponding K-functional, where Wy = {f|f € AC},.[0,1], [|*f'|| <

00, ||| < oo}
It is well known that (see [14])

Ktp)‘(fa t) < nga* (f7 t)a (8)
for some absolute constant C' > 0.

Now we state our following main result.

Theorem 4 Let f € C[0,1], a > 1, p(z) = \/z(1 —x), 2 € [0,1], 0 < G, A < 1.
Then there exists an absolute constant C > 0 such that

() T N @l_k(x)
|En5(fi2) = f(@)| < Cw, (f»i\/ﬁ ).

Proof Let g € Wy, by Lemma 2 (i) and Lemma 7, we have
B (f;2) - f(x)]
< [ESY(f — gio)| +1f(2) — g(@)| + B (g;2) — 9(2)]
<2|f — gll + |EY) (g5 2) — g()]. 9)

Since g(t f g (u)du + g(x), Er(fg(l;x) =1, so, we have

(a) / lg’ (w)|du; )]

I 1S / wdd;z).  (10)

1B (g ) — g(2)]

IA

IN

By the Holder inequality, we get

dut — 2, (11)

I/:so du_/ﬁ

also, in view of 1 < y/u++v1—u<2,0<wu<1, we have

t 1 | 1

|/w\/mdu < |/I(7+m)du‘

< 2VE—-Va|+ V1-z - V1t
[t — x| [t — x|
= 2(\/f+\/5+\/17t+\/17x)
1 1

< 2|t—$|(ﬁ+ﬁ)
< At — x| (), (12)
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thus, by (11) and (12), we obtain

\/ w)du| < Co~ )|t — x| (13)
Also, by (10) and (13), we have

Cl*d IES (o™ (@)t — s 2)
= Cl*dlle @) EL) (It - ;). (14)

In view of (5) and Lemma 2 (i), by the Cauchy-Schwarz inequality, we have

1B (g 2) — g()]

IN

Bt —aliw) < B0/ EL)(( - 2)?0)

1
\/z (1+:2+1ﬁ2)x(1—x)

<
< of (15)
so, by (14) and (15), we obtain
B 0) — o) < Ol 1 212, (16

thus, by (9) and (16), we have

P! (@)

IECY(f2) — ()] < 201f — gl + Cli*d| NG

Then, in view of (17), (7) and (8), we obtain
1-X 1-X
(@) p. ' (2) ' (2)
|En,5(f7 r) — f(z)] < CK(f, T) < Cwpa (f, T
where C' is a positive constant, in different places, the value of C' may be differ-
ent.

),
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summation-integral operators in compact disks
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Abstract. In this paper we introduce a class of complex Stancu type summation-
integral operators and study the approximation properties of these operators.
We obtain a Voronovskaja-type result with quantitative estimate for these oper-
ators attached to analytic functions on compact disks. We also study the exact
order of approximation. More important, our results show the overconvergence
phenomenon for these complex operators.

Keywords: complex Stancu type summation-integral operators; Voronovskaja-
type result; Exact order of approximation; Simultaneous approximation; Over-
convergence

Mathematical subject classification: 30E10, 41A25 , 41A36
1. Introduction

In 1986, some approximation properties of complex Bernstein polynomials in
compact disks were initially studied by Lorentz [11]. Very recently, the prob-
lem of the approximation of complex operators has been causing great con-
cern, which is becoming a hot topic of research. A Voronovskaja-type re-
sult with quantitative estimate for complex Bernstein polynomials in com-
pact disks was obtained by Gal [3]. Also, in [1-2, 4-10, 12-15] similar results
for complex Bernstein-Kantorovich polynomials, Bernstein-Stancu polynomi-
als, Kantorovich-Schurer polynomials, Kantorovich-Stancu polynomials, com-
plex Favard-Szasz-Mirakjan operators, complex Beta operators of first kind,
complex Baskajov-Stancu operators, complex Bernstein-Durrmeyer operators
based on Jacobi weights, complex genuine Durrmeyer Stancu polynomials, com-
plex Schurer-Stancu operators, complex g-Szdsz-Mirakjan operators, complex
q-Gamma operators, and complex g-Durrmeyer type operators were obtained.

The aim of the present article is to obtain approximation results for complex
Stancu type summation-integral operators which are defined for f : [0,1] — C
continuous on [0, 1] by

n—1
M (£:2) = Puo(2 (52 + D s L () 4o ()G
k=1

); (1)

*Corresponding authors: Mei-Ying Ren and Xiao-Ming Zeng
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where «, 0 are two given real parameters satisfying the condition 0 < a < £,
z€CneN, L) = gootimm Jo 1"V 1 — )R~ F(2LE gt with

B(n(n—k),nk)
n k(1 _ \n—k
L )7 (1—z)" ",

Note that, for a = 8 = 0, these operators become the complex summation-

integral type operators M, (f;z) = Mr(LO’O)( f; 2), this case has been investigated
in [16].

B(z,y) is Beta function, and p,, 1 (2) =

2. Auxiliary results
In the sequel, we shall need the following auxiliary results.

Lemma 1 Let e,(2) = 2™, m € NU{0},z € C,ne N,0 < a < fj, we
have M,(La’ﬁ)(em;z) is a polynomial of degree less than or equal to min (m,n)

and
m—j

Mﬁaﬁ)(em; Z) = i ( 7‘7 ) %@Mn(eﬁ Z)

J=0

Proof By the definition given by (1) , the proof is easy, here the proof is
omitted.
Let m = 0,1,2, according to [16, Lemma 1] , by simple computation, we
have
M (e;2) = 1
M(aaﬁ)e;z: nz + o ;
nenz) = ERTE:
n? nn—1) 5 n+1
z z
(n+pP)?| n2+1 n?+1
2

M P (ey; 2) =

2naz a

M RO

Lemma 2 Let ey, (z) = 2™, me NU{0},z€ C,neN, 0<a<g, forall
|z| <7, r>1, we have |M7(1a’ﬁ)(em;z)| <rm.

Proof The proof follows directly Lemma 1 and [16, Corollary 1].

Lemma 3 Let e,,(2) = 2™, m,n €N, 2 € C and 0 < a < 3, we have

z(1 — z)n? @B (. . v
ot B2 oy (o)
(m +n22)n + a(n?® + 2m)

(n+8)(n?+m)
~__am(n+a)

(n+ 5)2(n? +m)

M (emy152) =

+ M (e 2)

M (em-1; 2). (2)

Proof Let
- 1 ! nt+«a
L(aw@) = / tnk—l 1—¢ n(n—k)—lt dt
n,k (f) B(n(nfk),nk) 0 ( ) f(7l+ﬂ) )
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1 ! nk—1 n(n—k)—1,2 nt +
B(n(n—k) nk:)/t (1-19) tf(n+ﬁ)dt’

ECP)(f;2) - ank L),

we have

B2 () =

M@D (f:2) = pn,o(z)f(n ji 5) + ELP) (f52) er”’"(z)f(z i 2)7
EE’L(’,EI;B) (em) == ﬂL(aﬁ) (em—i-l) - gL(a,ﬂ) (em)a

n

~(a, n+08.9 (o 20(n + B) . (a, a o
LD (em) = (2L ema) = = 5= L (emin) + (5L (em).

By simple calculatlon, we obtain
2(1 = 2)pp (2) = (k — nz)pni(2),
t(l _ t)[tnk_l(l _ t)n(n—k)—l]/ _ [nk 1 (’I’LQ _ Q)ﬂtnk—l(l _ t)n(n—k)—l
it follows that

2(1 = 2) (B (ems 2))

n

)

|
—

(k = n2) pus(2) L% ()

k=1
n—1 1
1 nt + «
= kp,, - - (k=11 _ yyn(n—k)—1 ™ — E(a,ﬁ) -
S pu) g, U0 G = nzE e )
1= 1 ! nt +
- 1— — ¢ nk—1¢q1 _ n(n k)—1 m
= P g 5 | =12 =2t (Bt
4 LB )+ P2 S T ) — m B e 2),
n n ’
where
n—1 1
1 1 nt + «
= parB) 5 k—1—(n? = 2)tt"t (1 — )R (———)ymay
o 2 Pl g J, 1 O 2 ey O
n—1 1
1 1 nt 4+ «
_ " t— t2 tnk—l 1—¢ n(n—k)—1y/ ™t
2 L g, @O A= O
1 9 n—1 ~(a.B) m n—1 ( )
_ O 8 F (a8
_5ET(L ) (em; z) + = - ,; lpn x(2) L,  (em) — P ,;len’k(Z)Ln’k (em—1)

n—1

ank L(a’ﬁ em—l)-

So, in conclusmn, we have

n-i—ﬁ

(1= (B e 2)) = PO (e, 2

2
an? +mn + 2am

- ( n2 + nz)Ev(zaﬂ)(em; Z)
amn + a’*m
E(%ﬁ) .
n?(n + ) (em—12),
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which implies the recurrence in the statement.

Lemma 4 Letn € N, m =2,3,- -+, e (2) = 2™, Sﬁanf)(z) = Mfla’ﬁ)(em;z) -
2™, z€Cand 0 < a <3, we have

z(1 — z)n?
(n+pB)(n2+m—1)
(m—1+n%2)n+ a(n? +m—1)S(a,ﬂ)
(n+B)n> +m—1) e
a(m—1) (@.8)
(n+[3)(n2+mfl)Mn (
_ am-=1)(n+a) @B) (g s
o+ ARG T 1) (e )
(m—1+n2)n+a(n®+m— 1)Zm—1 _m (3)
(n+B)(n2+m—1) '

Slef)(2) =

n,m

(M (em-13 2))’

n

(2)

€m—1; Z)

Proof Using the recurrence formula (2), by simple calculation, we can eas-
ily get the recurrence (3), the proof is omitted.

3. Main results
The first main result is expressed by the following upper estimates.

Theorem 1 Let 0 < a < 3,1 <r < R, Dp = {z € C: |z|]| < R}. Sup-
pose that f : Dr — C is analytic in Dy, i.e. f(2) = Y. emz™ for all z € Dg.
m=0

(i) for all |z| <7 and n € N, we have

K™ ()

MO 12 = £2)] < T

)

where K7 (f) = (1471) 32 Jem|m(m + 14 a+ B)rm=! < 4o0.
m=1

(ii) (Simultaneous approximation) If 1 < r < r1 < R are arbitrary fired,
then for all |z| <r and n,p € N we have

KL ()t
(@B) (. ,)) (@) _ £(p) it
|(Mn (f,Z)) f (Z)l S (TL—Fﬂ)(Tl _T)p+17

where Kﬁ?”@)(f) is defined as at the above point (i).

Proof Taking e,,(z) = z™, by hypothesis that f(z) is analytic in Dg, i.e.
(&)

f(z) = Y emz™ for all z € Dg, it is easy for us to obtain
m=0

aﬁ) Z CmM( emv )7
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therefore, we get

lem| - M) (ems 2) — em(2)]

NE

|M@P) (f52) = f(2)] <

3
3
I
o

lem ] - ‘Mr(zaﬂ) (em; 2) — em(2)],

M

3
I

as Mfla’ﬁ)(eo;z) =ep(2) = 1.

(i) For m € N, taking into account that M,(Laﬁ)(em_lgz) is a polynomial
degree < min(m — 1,n), by the well-known Bernstein inequality and Lemma 2
we get

—1
(M (€13 2))| < B maz{| M (em-152)] ¢ |2] < 7} < (m — 1)r™=2

On the one hand, when m = 1, for |z| < r, by Lemma 1, we have

nz « 1+r
g
n+08 n+p n+p

When m > 2, for n € N, |z| <7, 0 < o <, in view of |(m — 1 +n?2)n +
a(n?+m —1)] < (n+ B)(n? + m — 1)r, using the recurrence formula (3) and
the above inequality, we have

M) (e1;2) — er(2)] = | 2+a+p).

M) (ems 2) = em(2)] = 1S53 (2)]

D = 2 18 2)
+ i 67"”*1 + ﬁrmﬁ + 7m;—i ; ﬂ( +r)yrmt
<T@ S )
S PR gy
=S+ TR e,
By writing the last inequality, for m = 2,--- | we easily obtain step by step

the following

M i) - en(a) < (iS00 + 2 DL g4 pyyn2)

n+p
2mn++aﬂ+ ﬂ (1 + ’I")’I"m71
o 2(m — 1 2 .
s e) + 2O O gy
147

<. .. <—mm+1+a+8)rm!
-~ T n4+g ( b

In conclusion, for any m,n € N, |z| <7, 0 < a < 3, we have

o 1
|M£+g (em;2) —em(2)| < %m(m +14+a-+ 5)Tm—1
5
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it follows that

1+7r
n+ﬂ

M (f2) = f(2)] < Z [emlm(m +1+a+ ),

By assuming that f(z) is analytic in Dy, we have f(2) = 3 com(m —

o0
1)2™~2 and the series is absolutely convergent in |z| < r, sowe get > |cp|m(m—
m=2

1)r™=2 < oo, which implies KV(f) = 14+7) 3 |em|m(m + 1+ a +
m=1
B)rm—1l < +o0.
(ii) For the simultaneous approximation, denoting by T' the circle of radius

r1 > r and center 0, since for any |z| < r and v € ', we have |[v — z| > 4 — 7,
by Cauchy’s formulas it follows that for all |z| < r and n € N, we have

(a,ﬂ
B[ 2 s,

(v —z)ptt

LD (£;.2)) -

K(a’ﬁ f) p' 27y
n+ 08 27 (ry —r)ptl
ESP(f)  pin
n+ 0 (ry —r)ptl’

which proves the theorem.

Theorem 2 Let 0 < o < 3, R > 1, Dr = {z € C : |z| < R}. Suppose
that f : Dp — C is analytic in Dg, i.e. f(z) = Y. cxz* for all z € Dg. For

any fized r € [1, R] and alln € N, |z| <r, we havke:O
@) (f:2) — f(z) = C=BZ prioy = ZLZ2) g
MEf2) = ) - SR ) - 5 )

MW MEOW) | Moa(f)
nln ) R e

where Mr,?(f) = MT(f) + Mr,l(f)f Mr(f) = kio: |Ck|(k - 1)Fk,rrk with Fk,r =
=2

10k — 30k% + 39k — 16 + 4(k — 2)(k — 1)2(1+ 1), M1 (f) = X |ew|(B+ 1)k(k —
k=2
D(L+ )k, MG (f) = 3 lerl2k(k — 1)%a + 283551, MG (f) =
k=2
S Jop | [RE=DGELE) | 205y 4 2522k,
k=2

Proof For all z € Dy, we have

a, ) Z_O‘_ﬁz/z_z(l_z) 1y
M (fi2) = 1) = S5 F1&) = gy £
— . — f(z _(TL—|—1)Z(1—Z) "y
= [t - st - PSS )
v Mg - (i) - S5 e+ GEEE D=0
= Il —‘1-12
6
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n2
1)Fyr* and Fy . = 10k3 — 30k2 + 39k — 16 + 4(k — 2)(k — 1)2(1 +r).
Next let us to estimate |I3|.
Denote Q;ﬂi(z) = k<k71)((ﬁ+1)"+(’871))zk*1(1 — 2). By f is analytic in Dg,

By [16, Theorem 2 ], we have |[;| < M) where M.(f) = X |ex|(k —
k=2

S(nB) (2 1)
[e.e]
ie. f(z) = . cxz® for all z € Dg, and My(,a’ﬁ)(el;z) = M,(e1;2) + %%27 we
k=0
have
2| = fj [ (00 (ex:2) — Ma(eri 2) — =2 keb =1 1 QU ﬂ
k= """6
M) (e 2) — M(ens 2) — “ P2 k=1 4 @) ().
;\Ck\ (ex; 2) (ex; 2) e + Q1 (%)
k=1 k nigh—i
When k& > 2, since CEwEi1a +ﬁ) —1= —J;O ( ) (n+6)’c , by Lemma 1, we obtain
M 15 2) = Mens =) — =01 1 QU )
n+p
k—1 - ;
k) nfat n* } a—PBz, p
= S Y M (ejiz) + — 1| My (epi2) — gz
F0<J>(n+mk n(e332) Ln+mk ez =53
+ Q)
Sk niaki M kn’“laM
= o) e Mnle); 2) + e M (e —1;
r0<1><n+ﬁ% €52 % Gy gy Ml e1i?)
k G L a—PBz, 4 8)
.| =M, (er;2) — k
j ) (et B (er; 2) e z —&-Qn’k(z)

b2 niak—7 EnF—la
= . < . > (7Mn(6j,z) + m [Mn(ek_l,z) — 6k_1(2)]

knk=la . 2k )\ nipEi _
+ mrarEs Z ( ; > 7(n+6)an(€k,Z)

k k—1 k k=1 —
) nn—’_ﬂ)ﬁk M, (e 2) — exn(2)] — (nn+ ﬁ)ﬁk b C:1+%Zka_l + Q;ﬁl)c(z)
_9 Jok—j k k—1
=y < ]; > (:lljl-iﬁ)’“Mn(ej;Z) + ﬁ [Mn(ex-1;2) = ex-1(2)]
=0

k—2 nd gE—i nk—1
Y (F) i) - o (es) - ()

=0 J (n+ﬂ)k (n+ﬂ)
_ 1 _ nk—1 b1 1 B nk-1 i )
[n+ﬁ <n+ﬁw}m” +[n+ﬁ gk | P T Quil2):

By the proof of the [16, Theorem 1 ], for any k& € N, |z| < r, r > 1, we have

2k?
| My (ex; 2)| < 7%, | M (ex; 2) — ex] < —1,
n
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hence, for any k > 2, |z| <r, r > 1, we can get

—2 nd ok—i
( ) gy i)

N

7=0

< k_Z( K ) ot rk=2
=\ (n+ B)k

S kk-1) ( k—2 ) ndak=2-i o
= k=pk—-i-1)\ J (n+pB)k=2 (n+0)?

< k(k—1) o =2 niak=2-J k2

-2 (n+6)? = (n+B)2"

k(k—1) a? b2
=T A

and
knkF—1la

(n+B)*

Also, using

L 2k(k — 1)204T _
[My,(ex—152) — ex—1(2)] Sin(wrﬁ) k=1

k—2

Eo1\
A %( j )“Jﬁ C (k-1

R o) (AP TR

thus, for any k > 2, |z| < r, r > 1, we get

Sk Q)
S (n fﬂ)Qrk_Q er_l e n fzﬁ)w
n(znkiﬂm ok (nkiag’)z k1 (nkiﬁg)ﬂk L (B Dk(k _n?(l ket
- n{:;m [2k(k — 1)%a + 2k3Br] + (B4 1k(k _n?(l 4yl
7 k(k = 1)(e® + 8%)

+(n+ﬂ)2[ 2

Hence, we have

M e 2) = Ma(ess 2) -

+ 2 afr + k5%,

M MG Ma(f)

=T T e
where
My (f) = lel (B4 Dk(k = 1)(1+r)r* !
k=2
MD(f) Z|ck| [2k(k — 1)%a + 2k3Br]rk 1,

M7 () = Dl DG g g
k=2
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In conclusion, we obtain

MDD (fi2) = f(z2) -

M) MED(f) | Mea(f)
§|Il|""_‘12|S Tl(n+5) + (’Il+ﬂ)2 + n? ’
where Mng(f) = Mr(f) + Mr,l(f)'

In the following theorem, we will obtain the exact order in approximation.

Theorem 3 Let 0 < o < 5, R > 1,Dr = {z € C : |z] < R}. Suppose
that f: Dr — C is analytic in Dg. If f is not a polynomial of degree 0 , then
for any r € [1, R) we have

P (f)
n+p

where || f|l, = max{|f(2)|;]z] < r} and the constant C,Ea’ﬁ)(f) > 0 depends on
f, r and a, B but it is independent of n.

[MP (f5) = fllr > neN,

Proof Denote e1(z) = z and

H®O (fi2) = MO (fi2) = f(2) =

For all z € Dr and n € N we have
M (f2) = f(2)

o / Z(lfz) " ,
S {e-sare+ 26+ e ).

In view of the property: ||[F+G|, > |[|F|-—Gll-| = |F|l-— |G|, it follows
1M (f52) = £l

> i senr + AUZ A, - e plEegolL

Considering the hypothesis that f is not a polynomial of degree 0 in Dg, we
have ||(ac — Bey) f' + Wf”HT > 0.
Indeed, supposing the contrary, it follows that

1

z(1—2)

(a—B2)f'(z) + 5 f"(z) =0, forall z € D,.

Denoting y(z) = f/(2) and looking for the analytic function y(z) under
the form y(z) = Z apz¥, after replacement in the differential equation, the

identification of the coefﬁcwntb method immediately leads to ap = 0, for all
k € NU{0}. This implies that y(z) = 0 for all 2 € D, and therefore f is
constant on D,., a contradiction with the hypothesis.

Using the inequality (4), we get

T (n+ B)| HSD (£ =0, (5)
9
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therefore, there exists an index ny depending only on f, r and «, 3, such that
for all n > ng, we have

I Beny s’ + L g, s gy (1),
1 , 61(1 61) 7
2 5 ||(a=Be))f + ———Ff K
which implies
D)~ Sl 2 5 (@ = e + LD ] for aitn 2 m.

2

T

(@.B) ¢ f. Wi (f)
For n € {1,2,--+,ng — 1}, we have ||My""(f;-) — fll» = —55—, where
WD (F) = (n+ BIME () = fllr > 0.

As a conclusion, we have ||M(a’ﬂ)( )= fll- > Cﬁ:j)ﬂ(f), for alln € N,
where

D) =min (WS WD (), WL (),

rno—1
L eny g + A0 )f"nr},

this complete the proof.
Combining Theorem 3 with Theorem 1, we get the following result.

Corollary Let 0 < o« < 8, R > 1, Dr = {z € C : |z| < R}. Suppose that
f:Dr — C is analytic in Dg. If f is not a polynomial of degree 0 , then for
any r € [1, R) we have

(@.8)(f 1
MY (f5) = fllr = nrs "N

where || ||, = maz{|f(2)|;|z] < r} and the constants in the equivalence depend
on f, r and a, B but it is independent of n.

Theorem 4 Let 0 < o < 5, R > 1,Dr = {z € C : |z] < R}. Suppose
that f : Dr — C is analytic in Dgr. Also, let 1 <r <r;y < R and p € N be
fized. If f is not a polynomial of degree < p — 1, then we have

1
MED (£ )® _ o = LN
QL5 = 20 = =g
where || f|l, = maz{|f(2)|;|z] < r} and the constants in the equivalence depend
on f,r, r1, p, a and B, but it is independent of n.

Proof Taking into account that the upper estimate in Theorem 1 | it remains
to prove the lower estimate only. Denoting by I' the circle of radius r; > r and
center 0 , by the Cauchy’s formula, it follows that for all |z| < r and n € N, we
have

(aﬂ)
L O R I e

(v — z)ptl

10

374 Mei-Ying Ren et al 365-376



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Keeping the notation there for H,(La’ﬁ)(f; z), for all n € N, we have

MEB (fi2) — f(2)

1

- &aﬁ@fw>+“1”

2

n+ 3
by using Cauchy’s formula, for all v € " we get

ﬂw>wn+mﬂwmqmﬁ.

(1 — » (p)
(M ()P - f0(z) = — {ﬂa—ﬁ@f@*k(l)”@ﬂ

2

27t Jp (v — z)ptl

| Hr(Laﬂ) .
R B CRD) (f3v) . ’
passing now to || - || and denoting e;(z) = z, it follows

1
>
rin—Fﬂ

H(M’I’(La7ﬁ)(f; @) — @)

. (p)
Hka—&nf+““2€”ﬂ]

r

dv

p!/%n+@ﬂfﬂkﬁm
T

2mi (v —-)ptl

r

Since for any |z| < r and v € T, we have |[v — z| > 1 — 7, so,

_ o 2mm(n+ B)IHE D (i) v,
= o (ry —r)ptl ’

p!/wn+mH$@quv
r

2mi (v —-)ptt

(o, B8) ( f.
p! fl“ (n+pB)H,, (f’v)d’l) = 0.

27 (v,.)zﬂrl .
Taking into account the function f is analytic in Dg, by following ex-
actly the lines in Gal [5], seeing also the book Gal [6, pp. 77-78 |, we have

[t = ger)s + 20zl pr@)|| > o,

In continuation, reasoning exactly as in the proof of Theorem 3, we can get
the desired conclusion.

thus, by the inequality (5), we can get lim,, ‘
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Abstract

Here we study some important properties of right multidimensional
Riemann-Liouville fractional integral operator, such as of continuity and
boundedness.
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1 Motivation
From [1] we have

Theorem 1 Letr >0, F € Ly (a,b), and

G (s) :/ (t— &) P (1) dt,

all s € [a,b]. Then G € AC ([a,b]) (absolutely continuous functions) for r > 1,
and G € C([a,b]), only forr € (0,1).

2 Main Results
We give

Theorem 2 Let f € Ly ([a,b] X [¢,d]), a1, a2 > 0. Consider the function

by bao
F(xy,22) = / / (t— 1) (b2 — 2) ™7 f (t1, t) dtrdto, (1)
] T2
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where x1,by € [a,b], Xa,bs € [¢,d] : 1 < by, 22 < bo.
Then F is continuous on [a,bi] X [c, ba] .

Proof. (I) Let a1,a},b1 € [a,b] with a1 < a} < b1, and ag,a3,by € [c,d]
with as < (l; < by.
We observe that
F(ay,a2) = F(aq,a3) =

b b2 1 1
/ / (tl — al)aﬁ (tz - (JQ)OQ? f (tl,tg) dtldtzf
al az
b b2 1 1
/ / (tr —a])™ ™ (t2 = a3)™ " f(t1,t2) dtrdty = (2)
ai Jaj
bl b2 1
/ / (t1—a1)™ 7 (t2 — a2)® 7! f (1, t2) dtrdta+
ay Jaj
bl a; 1 1
/ / (tl — al)al (tg — a2)a2 f (tl, tz) dtldt2+
aj as
@ a2 a;—1 ag—1
/ / (t1 —a1) (t2 — a2) f(t1,t2) dtadta+
al as
“ b2 1 1
/ / (tl - al)aﬁ (tg — G,g)aQi f (tl, tz) dtldtQ— (3)
ai as
bl bg
/ / (tr —a})™ ™" (b2 — a3)** 7" f (tr, to) dtydty =
ai Jaj

b1 ba
/ / |:(t1 — al)al_l (tg — a2)a2—1 — (tl — G,T)al_l (t2 — a;)aQ_l f (tl,tg) dtldtg

* *

2

b1 Ao
+/ / (tl - al)aﬁl (tQ - ag)a271 f (tl, tz) dtldt2+ (4)

1 Jaz

ai  pap
/ / (tl — al)al_l (tg — CLQ)aQ_l f (tl, tQ) dtldt2+

ai az

(LT b2
/ / (tl — al)alil <t2 — a2)a271 f (tl, tg) dtldtg.
a

*
1 aqy

Call

bl bg
/a; /Lz;

I'(ay, a3) =

(b1 —a1)™ by —an)™ = (b1 —a)™ T (b — ad) ™| diydis.

()
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Thus
|F (a1, a2) — F (a7, a3)| <
a1 * [e3} * Q2
{I(a’{,ag) n ((bl a1) (a7 —a1) ) (a3 — az) n
o1 (%)
(af —a1))™ (a3 —az)™ . (af —a1)™ [ (b2 —a2)™ — (a5 — ap)™ Il
aq (%) ag (&%) oo

Hence, by the last inequality, it holds

5= lim |F (a1,a2) — F (a7, a3)| <
(a{,a;)*)(ahaZ)
or

(a1,a2)—(aj,a3)

lim  I(aj,a3) | [[fllo =P (6)
(af,a;)ﬂ(al,ag)
or
(a1,a2)—(af,a3)
If @3 = as =1, then p =0, proving § = 0.
Ifoa; =1, as >0 we get

ba

Iai,a3) = (b —a) |

as

(tr— )™ = (2 — )™ M dta. ()

Assume ay > 1, then a; — 1 > 0. Hence

Ha )= =) /b ((t2— )" — (02— a)™ ") di
e (e Gow)

Clearly, then
lim I (a7,a3)=0. 9)
(a1,a2)—(af,a3)

(at,a3)—(a1,a2)

Similarly and symmetrically, we obtain that

lim I(aj,a3)=0 (10)
(al,ag)ﬂ(af,a;

(ai‘,a;)a(al,ag)

for the case of ap =1, ay > 1.
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If oy =1,and 0 < ap < 1, then ag — 1 < 0. Hence

ba
[(t2 = a3)** ™" = (t2 — a2)** ™| b2 =

I(af,a3) = 0 —ap) |

as

o -ap

Clearly, then

(b —a3)** <(b2 —az)™ — (a3 —az)™ > } _ (11)

a2 a2

lim [ (a],a3)=0. (12)
a;—mg
or
a2~>a’2‘
Similarly and symmetrically, we derive that
lim I (a},a3) =0, (13)
ai—a
or
a1 —aj
for the case of ap =1, 0 < oy < 1.
Case now of a1, as > 1, then

I(GT7G§) =
b b2 1 1 1 1
/ / ((tl — al)al_ (tQ — (12)012_ — (tl — CLT)al_ (tQ — a§)a2_ ) dtidty =
((b1 — a1)o¢1 — (GT — al)a1> ((bQ - a2)a2 - (‘I; — a2)a2>

aq Qa2

_ (bl — a’?)al (b2 — a;)(w ] (14)
a1 (6%)

That is
lim I(aj,a3)=0. (15)
(a7,a3)—(a1,a2)

(al,az)ﬂ(a{,ag)

Case now of 0 < ay, g < 1, then

I(a1,05) =

b1 ba
/ / ((tl - CLT)inl (tQ — CL;)OQ?l — (tl — al)aﬁl (tg — a2)0271) dtldtQ =

* *
1 2
(by — ai)™ (ba — a3)"
a1 [6%)

((b1 — )™ — (at — al)o‘1> ((bz —a)™ — (aj — a2)a2> . (16)

aq Q2
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Hence, when 0 < aj, a0 < 1, we get

lim I(aj,a3) =0. (17)
(a’{,a;)ﬁ(al,ag)
(a1,a2)—(af,a3)
We observe that
I(aj,a3) < I*(aj,a3) =

bl b2
/ / (tl — a1)a1_1 ‘(tg — a2)a2_1 — (tg — a;)ag—l‘ dtldtg
aj Jaj

by ba
+/ / (t2 = @)™ (= )™ = (= )™ dhdta. (18)
aj Jaj

Next we treat the case of a; > 1,0 < ap < 1.
Therefore it holds

by bo
I* (al, %) = / / (1~ ) (12— a3)™ 7 (12— a2)* ) s
ai Jaj
(19)

b2 1 1 1
+/ / (tg - (L;)azi ((tl - al)ali — (tl — a’{)al* ) dt1dts =
((bl —a)™ — (af - ou)‘“) ((bz —af)™ (b a9)™ | (af— a2>“2> +

a1 (0] (&%) (&%)

(b2 — a3)™ <(b1 —a)™  (af—a)™ (b — a;)al) |

Q2 851 &51 851

Clearly then (a7 > 1,0 < ay < 1)

lim I (aj,a})=0. (20)
(a1,02)—(af,a3)

(at,a3)—(a1,a2)

Finally, we prove the case of @y > 1 and 0 < a3 < 1. We have that

bl b2
I* (a},a3) = / / (b= a7 (2 = a2)* ™" = (2 = 03)* ™) iy
at Jay

+/b /ab (ta = a3)* " (01 = a)™ ™ = (01— )™ ) diadia = (21)
<(b1 —a)® — (af - )> ((62 —ap)™ | (ba—a2)™ (o )) N

oy (%) %) (&%)

(b2 —a3)™ (_ (by —ay)™ " (af —a1)™ n (b1 — GT)QI) .

(&) aq aq aq
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Clearly then (ap > 1,0 < a3 <1)

lim I(aj,a3)=0. (22)
(al,az)ﬂ(a{,ag)
or

(at.a3)—(a1,az2)

We proved p =0, and § = 0 in all cases of this section.
The case of a; > a] and as > a3, as symmetric to the already treated one
of a1 < aj and ay < a3, is omitted.
(IT) The remaining cases are: let ay,af, b1 € [a,b]; az,al, by € [c,d], we can
have
(Il;) a1 > af and a2 < a3,
or (23)
(IL)) a1 < af and ay > a3.

Notice that the subcases (II;) and (IIy) are symmetric, and treated the same
way. As such we treat only the case (II3).
We observe again that

F (a1,a2) — F (a],a3) = (24)
/ / (t1 —a1)™ (b2 —a2)™ " f (t1,t2) dtrdta—
aq az
/ / (tr —a})™  (t2 —a3)™ 7" f(t1,t2) dtrdty =
aj Jaj
o rhe 1 1
/ / (t1 —a1)™ 7 (t2 —a2)™ " f (1, t2) dtrdta+
al a
b b2 1 1
/ / (tl —al)al_ (tQ —CLQ)OQ_ f(tl,tg)dtldtg—
ay as
b1 az 1 1
/ / (b1 — a?)™ Y (b — a2) L £ (11, to) dtrdta— (25)
aj Jaj

by bao
/ / (t1—a})™ " (ta — a3)™* 7! f (1, t2) dtrdty =
ay as

1 Jaz

b1 b2
/ / (= a0 (t2 = a2)** ™" = (1= @) 7 (t2 = 3)™ ") f (0, t2) s
o rhe 1 1
s [ e T e T ) dnd- (20)

b1 a
/ / (1 —a))™ (b — ad) ™ f (b, to) dtydts.
aj Jaj
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Call

by bo
/af /0,2

Hence, we have

I(aj,az):=

(b —a)™ by —az)™ = (b —aD)™ T (ty — a;)a2—1‘ dtydts.
(27)

|F (a1, a2) = F (a7, 05)] <

(a} —a1)™ (b —az)™ n (b1 = a)™" (a2

{1+ il 28)

(65} (6] (65}
Therefore it holds
6:= lim |F(a1,a2) — F(a],a})| < lim I (aj,a2) | ||fll =:0.
|a1—aﬂ—>07 |a1—a1‘ —0,
|a2—a;|—>0 |a2—a§|—>0
(29)
We will prove that # = 0, hence § = 0, in all possible cases.
If oy = ag =1, then I (a}, az) =0, hence § = 0.
If g =1, as > 0 we get
b2 1 1
I(aj,a2) = (b1 — GT)/ (t2 —a2)™ ™" — (t2 —a3)™"~ ‘dtz- (30)
as
Assume as > 1, then as — 1 > 0. Hence
b2 1 1
Iafiaz) = =) [ ((ta=ap)™ ™" = (2 - a2)*)
as
(b2 —a3)™ (a2 —a3)™ (b2 —ag)™
= (b —a* -~ - . 1
0 - ap {27 5 5 (31)
Clearly, then
lim I(a},a2) =0, (32)
|a27a; —0,

hence 6 = 0.
Let the case now of as =1, a; > 1. Then

by

I(afaz) = (b2 a2) [

ay

(tl — G,l)al_l — (tl — a;)al_l‘ dtl

= (by — ag) /ab1 ((tl — al)al—l —(t — ai)"l—1> dty (33)

*
‘1

= (by — a») ((bl —a)™  (af —a)™ (- a*{)al) |

aq aq aq
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Then 6 = 0.
If ay =1,and 0 < ap < 1, then as — 1 < 0. Hence

I(af,a2) = (0~ ) | 7 (= 0 — (= o) s =

a2

by — ag)™? by — a})? as — al)*?
(b1 _aI){( 2 2) _ ( 2 2) + ( 2 2) }, (34)
Q9 (65) (6%)
hence 6 = 0.
Let now ao =1, 0 < a; < 1. Then
b 1 1
Hafaz) = e —a) [ (1= aD)™ ™" = (0 = a) )
by —a¥)™ by —a)™ af —a))™
:(bg—ag){(l 1) _(1 1) _|_( 1 1) }’ (35)
(651 (&3] aq

hence 6 = 0.
We observe that:

by ba
Fata) < [ [ - a0™ - 0 = () dbude
aj as

bl b2
+/ / (t2 — a3)**™! ‘(tl —a)™ 7 = (- a;)“fl‘ dtydty =: J (a],az).
aj as

(36)
Le.
I(aj,a2) < J(aj,as). (37)

Case of aq, s > 1. Then

by bo
J (a},a9) = / / (t1 —ay)™ " ((t2 —a3) ! = (ty — az)afl) dt,dts
ay as

+/b /ab (t—a3)* " ((h—a)™ ™ = (= a]) ) dhdtz = (38)
((b1 —a)™ (o] — al)m) { (br—a3)™ (a2 —a3)™  (by—ap)™ }

(65} (65) (%) ()] (%)

+ ((b2 —a)™  (a —az)‘”> {(b1 —a)™ (e —a)™ (b _ai)al}’

(&) Qg (€51 (€51 (€51

(39)
hence 8 = 0.
Case of 0 < a1,as < 1, then

by ba
J (a3, a2) = / / (t1 — 611)0“_1 ((tz — ag)az_l — (tg — a;)a2_1> dt1dts
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+/b /: (t> —a3)™™" ((tl —a})™ 7 = (- al)alil) dtydty = (40)
((b1 —a)™  (af — al)al> {(bz —ag)™  (by—a3)™ L (o2 a5) }

aq aq Qa2 Q2 Q2

2 Qg (€3] (€3] (631

hence 6 = 0.
Next case of a3 > 1, 0 < ag < 1. We observe that

bl b2
J(GT,G/Q) = / / (tl — al)al_l ((tQ - Clg)aQ_l — (tg — a;)ag—l) dtldtg
1 (42)

b b2 1 1 1
+/ / (tg — CL;)OQ_ ((tl - al)al_ — (tl — Gf{)al_ ) dtldt2 =
((b1 —a))™  (af - a1)a1> { (b2 —a2)™ (b2 —a3)™ n (a2 — a3)™ }

(&1 [e75] (6%) Q9 [6%)
(43)
L (b2=a3)™ (a2 =a3)™ [ —a)™ _ (of —a))™ (b —ai)™
(D) (D) a1 (€51 g ’
hence 6 = 0.

Finally, we prove the case of @y > 1 and 0 < a3 < 1. In that case it holds

bl b2
T (af,a5) = / / (b= a0)™ (2 = a3)™* ™" = (82— 02)* ) drdy
aj as

+/b /b (te —a3)™ " (= o)™ = (1 — @)™ ) dhdty = (44)
((b1 —a)™ — (o] — a1)m> {(bz — a3 (ag—a3)™  (by—ay)™ }

851 Qa2 Q2 Qa2

+ ((b2 — )™ — (02— ag)%) {(bl —a)” (e | (ef —a)” }

Q2 &5 831 aq

hence 6 = 0.
We have proved that ¢ = 0, in all possible subcases of (Il3).
We have proved that F' is a continuous function over [a,bi] X [c,b2]. ®
Now we can state:
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Theorem 3 Let f € L (Hle [ai,bi]), a; >0,1=1,....k € N. Consider the

function

F .’1?1, ey T / / H t; — [L'i)aifl f (th ...,tk> dtl...dtk, (46)
Tk

where a; < x; <bf <b;,1=1,...,k.
Then F is continuous on Hle [a;, bY] .

Remark 4 In the setting of Theorem 3: Consider the right multidimensional

Riemann-Liouville fractional integral of order a = (aq,...,ax), oz > 0, i =
1,..,k:
(Iggf)( ) = / / YT (b ey ) diy iy,
Tk = 1
(47)

where a; < x; < bf <b;, i =1,...,k, where b* = (b},...,b%), v = (z1,...,xx), T
1s the gamma function.

By Theorem 3 we get that (I{j‘i f) is a continuous function for every x €

Hf:l [aiv bﬂ .

We notice that

‘(Ig{if) (x)’ < ——— (/bT /bk 11— =) )4y dfk) 11l

Tk =1

k
I 1r H (/ G ‘“dt) 171l =
k )a7 k (b* . zi)ai
H - 11l (H W) £l (49)

(48)

Hz 1 D) i
That is .
’(I”* ) ‘ (H ) 11l (50)
In particular we get )
(1.5) 07 -1 -
and
L (l_T M) e 52

That is 1. f is a bounded linear operator, which here is also a positive operator.

10
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