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Golub-Kahan-Lanczos based preconditioner for
least squares problems in overdetermined and
underdetermined cases

Liang Zhao®?* Ting-Zhu Huang®! Liu Zhu®! Liang-Jian Deng®
a. School of Mathematical Sciences,
University of Electronic Science and Technology of China,
Chengdu, Sichuan, 611731, P. R. China
b. Department of Mathematical Sciences,

Clemson University, Clemson, South Carolina, 29634, U.S.A.

Abstract

We present an effective preconditioner for solving least squares problems
in full ranked overdetermined and underdetermined cases. The precondi-
tioner, generated from Golub-Kahan-Lanczos method, can approximately
replace a few largest singular values by one without altering the rest. This
property accelerates the convergence, thereby improves the efficiency of
the algorithm for solving the least squares problems with ill-conditioned
system matrix which is caused by large singular values. In this paper we
focus on the overdetermined and the underdetermined cases.

Key words: Least squares problems; Preconditioner; Lanczos bidiago-
nalization process; Krylov subspace method; Golub-Kahan-Lanczos method

AMSC": 65K05; 65F08; 65F10

1 Introduction
In this paper, we assume that the least squares problems are in the form as

min ||b — Az||s, (1)

*E-mail: 1zhao2@clemson.edu (L. Zhao)

fCorresponding author. E-mail: tingzhuhuang@126.com (T.-Z. Huang)
'E-mail: liuzQclemson.com (L. Zhu)

SE-mail: liangjian1987112@126.com (L.-J. Deng)
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where A,,«, is a full-ranked coefficient matrix which is large and sparse.

In the situation that m = n, we can obtain an approximate solution by solving
the linear system Ax = b and minimize the residual in the sense of 2-norm.
The minimal norm residual method, based on the iterative Krylov methods, is a
suitable algorithm to obtain the optimal approximation, and full details can be
found in [2]. We have superscript T' denoted the transposition of a matrix, and
use subscript to indicate the size of matrix. The overdetermined cases

min ||b — Azx||2, A € Rpxn,m >n (2)
and the underdetermined cases
min ||b — Azx||2, A € Rpxn,m < n (3)

are taken into consideration in the following.

In this paper, we take the preconditioner as a left preconditioner in both
overdetermined and underdetermined cases. To the overdetermined system (2)
in least squares problems, we generally translate the corresponding linear system

Ar =b,A € R, xn,m > n, (4)

into a normal equation by premultipling A" on both sides. R is the set of real
number here and in the following. Similarly, we translate the underdetermined
system (3) into a normal equation in the same way in the corresponding linear
system

Axr =b,A € Rypsn,m < n. (5)

Thereby we have the normal equation in the following form
AT Az = ATb. (6)

We notice that the coefficient matrix in (6) is symmetric positive definite,
so the normal equation can be solved by the CG method[16]. Thanks to previ-
ous researchers, many classic methods, such as CGNE [4] and CGLS[3], can be
regarded as an extensions of the CG method and solve least squares problems
efficiently. Similarly, the LSQR method[7] is an effective method for solving the
least squares problems, so does the LSMR method[15].

For the symmetric positive definition (SPD) matrix, we know the convergence
of iterative Krylov methods depends on the condition number x of the coefficien-
t matrix, in other word, the spectral distribution, where x(A) = %"((2‘)) with
Amax(A) and Ayin(A) denoting the largest and the smallest eigenvalues of A, re-
spectively. To discuss the spectral distribution of AT A in (6), we give the singular
value decomposition of the original coefficient matrix A as follow. Notice that all
the matrixes in this paper are full ranked.

12 Liang Zhao et al 11-30
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We have the singular value decomposition of A in this form

01
02

A=UnyxnDVE, D= N , (7)

nxn?

On

where Umm and Vnm are both unitary matrices, o; denotes the singular value
that oy > 09 > --- > 0,. From (7), we have

ATA =V, ,D*VE | (8)

which can be regarded as the eigenvalue decomposition of the coefficient matrix
in the normal equation (6).

If we denote ¥ = diag{o?, 02,---,02}, where r = min(m,n), it could be
easily concluded that the spectral distribution of the coefficient matrix in (6)
is X. Therefore, the condition numbers of linear systems can be presented as
k(ATA) = Z—z To accelerate the convergence, thereby improve the algorithm, we
expect the condition number to be as small as possible. Therefore, removing the
smallest eigenvalue from the spectrum of the coefficient matrix is purpose of the
preconditioner. Also, we leave the rest unchanged. Such kind of preconditioners
and relevant applications can be located in [8], [9] and [10].

Also, when the property of ill-condition is caused by a few largest eigenval-
ues, we expect a preconditioner, from the similar point of view, to eliminate the
largest eigenvalues from the spectrum in order to accelerate the convergence. A
preconditioner formed by Lanczos bidiagonalization is formulated to change the
largest singular values to one approximately without altering the others, so that
the preconditioner change the corresponding eigenvalues in normal equations. In
the ill-conditioned overdetermined case and the ill-conditioned underdetermined
case, we utilize the preconditioner to speed up the convergence. To illustrate
the effects of the preconditioners proposed in this paper, we utilize two meth-
ods to solve a series of the least squares problems. Of course, we divide every
experiments into two parts, using preconditioner and not using it.

In the following sections, the process of Lanczos bidiagonalization will be
stated in section 2; the preconditioners for solving overdetermined and underde-
termined least squares problems (2) (3) will be defined in section 3; numerical
examples are demonstrated in section 4; conclusions are presented in section 5
finally.
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2 The process of Lanczos bidiagonalization

2.1 Standard Lanczos bidiagonalization

Lanczos biorthogonalization, which can be located in [6] [4], is an important
process in methods like LSQR[7], BiCG[11] and BICGSTABJ[12]. A variation of

Lanczos biorthogonalization, formed as

a1
B2
AVn:Un+1B,B: 9 (9)

Bn  an
6n+1
is denoted as Golub-Kahan-Lanczos method [5] , where V,, and U,y are both
unitary matrices and we assume A is a matrix of size n x n. One characteristic of
decomposition (9) is that the lower bidiagonal matrix B shares the same singu-
lar values as A’s. Furthermore, we have analyzed and concluded in the previous
section that the singular values distribution of A directly reflects the spectral
distribution of AT A in problems (6). Hence we expect a preconditioner based on
Lanczos bidiagonalization to optimize spectral distributions of system matrices in
least squares problems. Some similar preconditioner based on the Golub-Kahan-
Lanczos bidiagonalization for square coefficient matrixes has been proposed and
applied. For example, inreference[13], the author optimized the spectral distri-
bution of a ill-posed coefficient matrix by a Lanczos-based preconditioner.
However, limited by the dimension of the coefficient matrix in overdetermined
and underdetermined cases, the algorithm will break down when maximal number
of iteration is greater than both row dimension and column dimension. There-
fore, in order to be applied to overdetermined and underdetermined cases, the
standard form of Golub-Kahan-Lanczos method requires modification. To extend
applications of the Lanczos-based preconditioner, we define variants of the pre-
conditioner which can be utilized in overdetermined cases and underdetermined
cases, thereby it is available for least squares problems. At first, we give the
standard algorithm for Golub-Kahan-Lanczos method as stated in [5].

Algorithm 1 Standard Golub-Kahan-Lanczos bidiagonalization
1. By = ||blla, ug = ,8_b1’ vg =0
2. fori=1,2,...,n

3. pr = ATuy, — Brve—

4. g = [|pell
o. Vi = Z—i
6. qr = Av, — akuy,
7. Brr1 = |laell2
8. Uk+1 = ﬁ
4

14 Liang Zhao et al 11-30



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

The o's and f’s generated in the above algorithm are equal to the ones in
(9), also rows of V and U in (9) are obtained through Algorithm 1 as vy and ug
respectively. Therefore, we could establish the Lanczos bidiagonalization form by
a series of iterations performed according to Algorithm 1, when the coefficient
matrix A is of size n x n.

To define the Lanczos-based preconditioners in overdetermined cases and un-
derdetermined cases, we have to modify algorithm 1, the standard Lanczos bidi-
agonalization process, in order to accommodate the situations that the coefficient
matrices are m-by-n and m # n.

2.2 Modified Lanczos bidiagonalization

The main distinction between the overdetermined, or underdetermined, deter-
mined and square cases is the dimension of the coefficient matrix A. As stated
before, the matrix B, generated by Lanczos bidiagonalization, and A in (9) share
the same singular value distribution. We limit the steps of Lanczos bidiagonal-
izaion process under the minimal number between m and n where A is m-by-n.
We utilize iterative Krylov subspace methods to solve the linear systems (6), with
symmetric positive definite coefficient matrices. Therefore we conclude easily that
the rank of B can not exceed the minimum of m and n. Then, a restrictive con-
dition should be added to the corresponding Lanczos bidiagonalization process
to terminate it in appropriate number of steps.

Different from (9), We set a termination rule that the maximal iteration in
Golub-Kahan-Lanczos bidiagonalization is less or equal to the minimum between
the row dimension and the column dimension toensure that the algorithm will
terminate in appropriate number of steps. Following this rule, we have the bidi-
agonalization decomposition of A in overdetermined situation as

051
B2 g
AVisn = Uns(ns1)Bn, Bn = ; (10)
B an
Br+1
and the bidiagonalization decomposition of A in underdetermined situation as
051
B2 g
AVisim = Unxc(m+41) By B = . (11)
Bm  om
Bm—i—l

Considering the computational cost of the Lanczos bidiagonalization process,
we try to avoid bidiagonalizing A completely. The preconditioner, mentioned in
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the previous section and defined in the next section, is structured for the purpose
of changing the largest singular values to one, in order to optimize the condition
numbers of normal equation (6). Hence, we stop the Lanczos dibiagonalization
process when the current smallest singular value o, generated in the kth step of
Lanczos dibiagonalization process, is much smaller than the largest one ;. We set
a scalar number ¢ to be the threshold of termination, i.e, terminates when o <
0oq. If the bidiagonalization process stops at the kth step, the bidiagonalization
composition is of the form below

g
Pa  an
AV = Upx(e+1)Br, B = : (12)

Br oy

/Bk‘+1

M Rezghi set the scalar number § as the square root of machine precision
in [13] while applying it in ill-conditioned systems derived from blurring images.
Since ¢ is a scalar to judge whether we should terminate the Lanczos bidiago-
nalization process and the Lanczos bidiagonalization process aims to remove the
largest singular values, the choice of § has different effects in different numerical
examples. We will present the influence caused the change of 0 under differen-
t numerical examples and iterative methods in the section of experiments. In
general ill-conditioned systems, we need not to set § so small and some cases
will be presented in the 4th section. Here we add the above two restrictive con-
ditions to standard Lanczos bidiagonalization, then we have modified Lanczos
bidiagonalization as following.

Algorithm 2 Modified Lanczos bidiagonalization

1. By = ||bll2, w1 = ﬁ%, vo =0, 7 = min{m,n}, ¢
2. fori=1,2,...,7
3. Prx = ATy, — Brvk—1
4. ap = |pel2
D. Vi = 2—';
6. g = Avy, — akuy,
7. Brr1 = H%Hz
_
8. Uk+1 = Br+1
9.  get singular values of B: 01,09, ,0;
10. if 0, < 60y, break down.
11.end

In this section, we introduced the standard Lanczos bidiagonalization process
in Algorithm 1, and defined the modified Lanczos bidiagonalization process in
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Algorithm 2, which is adapted to the overdetermined and the underdetermined
situations. A preconditioner based on modified Lanczos bidiagonalization process
will be introduced and defined in the next section.

3 Lanczos-based preconditioner for least squares
problems

To solve the least squares problems formed as (2) and (3), we solve the cor-
responding linear systems (4) and (5) instead by translating them into normal
equations (6) respectively. If we have the singular value decompositions of A
which are structured as (7), and the singular value distributions are scattered
and wide, that is the largest singular value is much greater than the smallest
one, thereby the condition number of the normal equation (6) will be terribly
greater according to analysis of (8). For the purpose of speeding up the conver-
gence, we expect to optimize, or reduce, the condition number of AT A. Since the
condition number of normal equations (6) could be presented as r(ATA) = Z—g
where 0 and o, denote the largest and the smallest singular value of A, enlarge-
ment or elimination of the smallest singular values, and decrease or elimination
of the largest singular values are both effective methods to reduce the condition
number. Deflation-based preconditioners, like the deflation preconditioner and
the balancing preconditioner|8, 9, 10], have such characteristics and properties to
eliminate smallest eigenvalues of system matrix. We do not pay much attention
to the preconditioners based on deflation, but the preconditioners functioned for
decreasing, or eliminating, the largest ones are what we concern. In the follow-
ing, all the preconditioners based on Lanczos bidiagonalization are defined for
the overdetermined cases (2) and the underdetermined cases (3).

First we shall discuss the situation of the underdetermined case. In linear sys-
tem (5), the coefficient matrix A has the singular value decomposition illustrated
as (7). We assume a diagonal matrix

Dy = diag{al,ag, ce 7Uk}7

where o; with i = 1,2, --- | k, denotes the first k largest singular values of A. The
Lanczos bidiagonalization process for underdetermined cases within & steps have
been proposed as (12).

On the premise that B, which is structured by Lanczos bidiagonalization,
shares the same singular values with A, we have the following conclusion that:
the B, derived from (11) has singular value decomposition form as

N D N
B = U(m+1)><(m+1) ( 0 ) an;xm’
(m+1)xm
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where D in the above equation is equal to the one in (7), with Um+1 and Vme
both unitary matrices. Similarly, the By derived from (12) has singular value
decomposition form as

~ D ~
By = Uy ( 0 ) Vi, (13)

where Dy, has been defined at the beginning in this section, with U, and Vj, both
unitary matrices.

When we consider the underdetermined case (11), some deductions are stated
as follow. We use singular value decomposition of B replacing the one in (11)
and we have

. D .
AVnXm = Umx(m+1)U(m+1)><(m+1) ( 0 ) sz;xm
(m+1)xm

The dimension of matrices are denoted as subscripts in previous sections, and
now the subscripts will be omitted for simplification. Then we postmultiply V'

on both sides and we have
AVV =UU ( 107 )

Here we set V = VV = {01,09,+ , 0} and U = UU = {ty, U, -+, U1}

As for equation
— (D
AV = U( 0 ),

we regard it as a singular value decomposition of A, similar to (7), approximately.

If we set U, = {uy, Uz, -+ ,Un}, the first m columns of UU, we assume that
Up=U
V=V

where U and V' are obtained from (7).
Now we focus on the formulation (8). If a matrix is structured as

P=VD2VT,
then combining with the previous assumption(V = V), it gives that

PATA = VD?VTVD*VT
= VIvT
= 1.
It seems that we could have obtained solution directly through the application
of such a preconditioner P. In view of computation, however, it is inadvisable for
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the following reasons: 1. the preconditioner P is based on a complete Lanczos
bidiagonalization, so this process has expensive computational cost even no less
than direct methods.; 2. the V is approximately equal to V in practical imple-
ment, but we give the above deduction just in theory, without the consideration of
computational errors. Although we can not utilize the preconditioner P in prac-
tical computation, a variant of P based on incomplete Lanczos bidiagonalization
is defined as follow to solve underdetermined least squares problems.

Here we construct a preconditioner P which is similar with the one mentioned
above with merely replacing B,,(from (11)) by Bg(from (12)). After simple de-
duction, we have

(P 0 N\
P (B0 Yo
where Dy is from (13). We set Vk~: V'V, is the first k& columns of V, where V, is
obviously the first k columns of V. Hence we set V' = [V, V,,,_x]. Based on the
definition of V, we have

[ = VVT = VT 4V VT,
Analyzing the above information, it gives that

P ViDVE + Vo Vil
= VWD *VIVT + (Lysm — ViViL)
= V(BIBy) W + (Lysm — VVT).

where V and Bj, can both be obtained through Algorithm 2. If we utilize P as a
left preconditioner in normal equation (6) for underdetermined cases (5), we have

PATA:V( e 0 )VT,

0 Dm—k

where D, = diag{oks1,0k42, - ,0m} with 0;’s denoting the m — k smallest
singular values.

According to the statement above, we can conclude that the Laczos-based
preconditioner has the property to change k largest singular values of coefficient
matrix A, or k largest eigenvalues of the system matrix in normal equation (6)
in other word, to one without touching the others. The preconditioner is able to
optimize the condition number of normal equation (6) when the ill condition is
caused by these large singular values. Since k < m, the computational cost is
greatly reduced, so is the computational error. The conclusion, furthermore, is
under the premise that the linear system corresponding to least squares problems
is underdetermined, so that

Punder - V<B£Bk)71VT + (Inxn - VVT) (14)

9
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could be used as a left-preconditioner in underdetermined least squares problems.
Next we consider the overdetermined cases.

In the overdetermined cases, we construct a Lanczos-based preconditioner
that follows the same strategy as stated in the previous subsection. To solve the
overdetermined system (4), we solve the normal equation (6) instead to obtain
approximate solution. Considering the decomposition form (8) of AT A, we expect
to construct a preconditioner, similar to the underdetermined cases, presented as

o D0 \pr
P_V( ! In_k)v.

Through an analogical deduction to underdetermined cases, a preconditioner
formed as

Pover == V(B]Z‘Bk)ilvT + (Inxn - VVT) (15>

can be used as a left-preconditioner in overdetermined least squares problems.
By, and V4, can be obtained from Algorithm 2. Furthermore it is not computa-
tionally costly because of k < n.

From the above discussion, we can see that the forms of the Lanczos-based
preconditioners in over- and under- determined cases are the same, although we
deduced them in separate ways. Also, such a preconditioner for the linear system
with a square coeffcient matrix has the same form. Therefore, we can conclude
that we deduce the preconditioners, proposed in this paper, from the point of
overdetermined and underdetermined cases and ultimately get a result similar
to the one in square problems, which has been proposed in [13]. Of course, the
result of this paper can also be regarded as the expansion of the application of
the Lanczos-based preconditioner into the overdetermined and underdetermined
least squares problems. Now we unify the preconditioner as follow

P=V(BIB) 'V + (I -VvV?"), (16)

which can be used as a left preconditioner in ordinary linear systems, overdeter-
mined least squares problems and underdetermined least squares problems. The
relevant numerical experiments are presented in the following section, from which
we can see the effects of Lanczos-based preconditioners.

4 Numerical experiments

In this section, we will take a series of numerical examples to present the effect
of the Lanczos-based preconditioner in the least squares problems. At first, we
introduce two iterative methods as the basic algorithm for solving these under-
determined and overdetermined problems. Here, we choose an old and classic
method as the first one for solving the least squares problems. It is the CGLS

10
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method[3]. In this method, we first transform the least squares problems into
symmetric positive definite(SPD) problems by the normal equations then solve it
by the CG method[16]. Integrating the above ideas, we have the CGLS method.
Now we present the preconditioned CGLS method algorithm 3, where we just
consider the situation of left precondition.

Algorithm 3 Preconditioned CGLS method
1. select x( as the initial guess, rg = b — Axy and P as the preconditioner
2. initialization: we set 7o = ATry, 7o = Py, fo = 2o

2. fori=0,1,2,...

3. gi = Af;

4. o = (74, 7)/Nlgills
5. mipi=xtaif;
6. 7rig1=71i— Qg
8. Tip1=ATrin

9. ’I%.H = P’Fi—i-l

10. By = (Pig1, Tigr)/ (74, 75)
1. figqr =7+ Bifi

12. endfor

The second method to solve the least squares problems is the BAGMRES
method[14], a variant of the GMRES method[1]. In this method, the least squares
problems will be post-multiplied by a matrix B, an arbitrary nonsingular matrix.
Now we give the BAGMRES method as Algorithm4.

11
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Ex. Group and name id  #rows #cols Nonzeros Problem kind
1 JGD Forest/TF10 1944 99 107 622 Combinatorial
2 JGD _Forest/TF11 1945 216 236 1607 Combinatorial
3 HB/wm3 277 207 260 2948 Economic
4 Pajek/Sandi_sandi 1520 314 360 613 Bipartite graph
) Meszaros /refine 1759 29 62 153 Linear programming
6  JGD_margulies/flower 4 .1 2155 121 129 386 Combinatorial

Table 1: The structures of six test underdetermined problems

Algorithm 4 BA-GMRES with £ restart

1. select xq as the initial guess, ro = B(b — Axg) and vy = ro/||rol|2

2. fori=1,2,....m

3. w; = BAy;

4. for j=1,2,...,4

9. hj,i = (wi, Vj)

6. w; = w; — hj,v;

7. endfor

8 hit1i = [|will2

9. Vit1 = Wi/hi—l-l,i

10.  Compute y,, to minimize ||7;||z = ||[|7oll2e1 — Hiyll2
11. if ||Tz||2 <T

12. T; = To + [1/1, ceey Vz]yz
13. stop

14. endif

15. endfor

16. set xg = x;, and return to line 2 until convergence

In the following numerical experiments, the examples all come from practical
applications from [17].
All the required information about the underdetermined and overdetermined
cases is contained in Table 1 and Table 2 respectively. They both consist of group,
number of rows, columns and nonzero elements and the type of problem of each

example.

In the next two subsections, we solve the above 12 problems by the PCGLS
method and the BAGMRES method combined with the Lanczos-based precon-
ditioners. Then we change the scalar d, involving the termination rule of the
modified Lanczos bidiagonalization, and show its influence on the iterative pro-
cess. Because the preconditioner is designed to modify the singular values, the
distributions of singular values under different scalar d’s will be presented as well.

12
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Ex. Group and name id  #rows #cols Nonzeros Problem kind
7 HB/abb313 5 313 176 1557 Least squares
8 JGD_margulies/cat_ears 3.1 2151 204 181 042 Combinatorial
9 JGD_margulies/cat_ears 4 .1 2153 377 313 938 Combinatorial
10 JGD_margulies/flower 5.1 2157 211 201 602 Combinatorial
11 JGD_margulies/flower-7.1 2159 463 393 1178 Combinatorial
12 Pajek/Cities 1457 5%) 46 1342 Weighted bipartite graph

Table 2: The structures of six test overdetermined problems

4.1 The acceleration of iterative processes

To discuss the acceleration of iterative processes, we refer to the PCGLS method
and the BAGMRES method in [14, 4]. For the BAGMRES method, we have the
following relation between the initial residual and the one from the kth iteration
in underdetermined cases,

1Brilla = [ICA el < 2(T) 1Brol[2, (17)

where C' is a nonsingular matrix, x(C') is the condition number of matrix C' and

o’s denote the singular values of BA. And we have the relation between ry and
Tk as

1Brillz = [CA ]l < 24/k( )1 Broll2. (18)

where C' is a nonsingular matrix, x(C) is the condltlon number of matrix C' and
o’s denote the singular values of BA. More information of the above conclusion
can be found in [14]. Now we give the convergence analysis of the PCGLS method,
that is

lerlla < 2(

2 e, (19)

where 7 = min(m,n) and ¢’s denoting the singular values of PAT A.

Based on equation (17), (18) and (19), it is obvious that we can accelerate the
convergence if the gap between the largest singular value of normal equations and
the smallest one is narrowed. In this paper, the Lanczos-based preconditioner is
just for resetting the largest singular values to one, which can be regarded as
shrink of the singular value distribution. Now, the effect of the Lanczos-based
preconditioner in underdetermined cases is shown from Figure 1 to Figure 6.

In the numerical experiments, we set the tolerance tol = 1072, the maximal
number of iteration max;t = 1000 and the restarted number in the BAGMRES
method restart = 600. Furthermore, the scalar 6 upon which to terminates the

13
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Lanczos bidiagonalization process is 0.05 in the test. We set B = PAT in the pre-
conditioned BAGMRES method and B = AT in the nonpreconditioned BAGM-
RES method. From Figure 1 to Figure 6, we can see that both the BAGMRES
method and the PCGLS method are accelerated by the Lanczos-based precon-
ditioner as we expected. Next we show the iterative process while solving the
overdetermined problems.

Figure 7 to Figure 12 present the results of experiments with the tolerance
tol = 107'2, the maximal number of iteration maz_it = 1000 and the restarted
number in the BAGMRES method restart = 600. The scalar § upon which to
terminate the Lanczos bidiagonalization process is 0.05 in the test. Similarly,
we set B = PAT in the preconditioned BAGMRES method and B = AT in the
nonpreconditioned BAGMRES method. In Figure 7 to Figure 12, it is obvious
that Lanczos-based preconditioners also accelerate the iterative processes in these
overdetermined problems, so we think the proconditioner proposed in this paper
is helpful to optimize the structure of coefficient matrix thereby accelerate the
convergence. Moreover, all the numerical examples here are derived from practical
applications. We believe, therefore, the Lanczos preconditioner has the result as
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Referring to the illustration above, we have known that the scalar § is used as
a termination rule during the implementation of the Lanczos bidiagonalization
process. By the definition of scalar §, the smaller the ¢ is, the more large singular
values will be replaced by one. It means that we can narrow the distribution

of singular values.

In the following experiments, we set the scalar  to three

different values and take TF10 and TF11 as the underdetermined examples. We
test the distributions of the coefficient matrix of corresponding normal equations,
the iterative process of the BAGMRES method and the PCGLS method. The
results of TF10 and TF11 with varying scalar ¢ are presented in Figurel3-15 and

Figure 16-18 respectively.

As for the overdetermined cases, we take abb313 as the first numerical exam-
ples. The singular values distribution and iterative processes of this example are

illustrated by Figure 19-21.
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Similarly, the singular value distribution and iterative process regarding to
different o of the example cat_ears 4 1 are presented in Figure 22-24.

In the above twelve figures, we classify the ¢ into three classes: the large delta,
the middle delta and the small delta. The different § stand for different precondi-
tioners, upon which we denote the corresponding singular value distribution and
iterative process by colorful points and lines. Theoretically, the small delta is
able to reset most largest singular values while the large delta reset least largest
singular values. Furthermore, required data of the experiments is presented in
Table 3 and Table 4, in which k£ stands for the step of the Lanczos bidiagonaliza-
tion process, itergagmres and iterpcgrs represent the number of iterations of
the BAGMRES method and the PCGLS method, respectively.

From Figure 13, Figure 16, Figure 19 and Figure 22, we can observe that the
preconditioner with smaller ¢ indeed narrows the singular value distribution bet-
ter than the ones led by larger §. However, we fail to replace the largest singular
values by one, although the improvement has brought us better convergence that
is shown in Figure 14-15, Figure 17-18, Figure 20-21 and Figure 23-24. Through
Table 3 and Table 4, we can also find that the number of iterations decreases
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Example TF10
k  iterpagmres iterpccrs

Nonprec 99 333
0=0.8 2 99 340
0=20.3 6 97 314
0 =10.05 22 83 250

Example TF11
k  iterpagmres iterpcars

Nonprec 216 1000
0=0.8 2 216 995
0=0.3 5 216 972
0 =10.05 24 200 872

Table 3: The information along with the change of scalar ¢ in underdetermined
cases TF10 and TF11

Example abb313

k iterpacMRES €T pPOGLS
Nonprec 101 165
0=0.8 2 101 159
0=0.3 5 98 152
0 =20.05 24 80 112
Example cat_ears 4.1

k iterpaGMRES €T PCGLS
Nonprec 125 136
0=0.8 2 124 135
0=20.3 5 121 130
0 =0.05 40 86 90

Table 4: The information along with the change of scalar ¢ in underdetermined
cases abb313 and cat_ears 4.1

obviously while the § decreasing. In small-scale problem, the Lanczos-based pre-
conditioner can reset the largest singular values closer to one than in large-scale
problems, which is easy to testify by a simple numerical deduction. We suppose
that the reason why the preconditioner fails to reset the largest singular values to
one, just decreasing them instead, is the accumulation of calculation errors and
the assumption

Up=U

V=V.

From another experiment, the matrix B constructed in Lanczos bidiagonalization
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process has approximately equal singular values with coefficient matrix A. Merely
focusing on the numerical value, the gap between the singular values of B and A
may be underestimated and even ignored. Nevertheless, the gap will be enlarged
when we assume the above equalities without considering the calculation errors.
In the above experiments, we can also notice that the different ¢ influence the
iterative process distinctly in different method so the perturbation analysis of
the Lanczos-based preconditioner may give us a theoretical explanation of the
difference between the theory and the numerical experiment. This supposition is
remained to be testified in the future work.

5 Conclusions

To the overdetermined and the underdetermined least squares problems, we
choose the BA-GMRES method and the PCGLS method to solve them respec-
tively. Variants of the Lanczos bidiagonalization process are defined in the sit-
uation that coefficient matrices are not square, and the algorithm of modified
Lanczos bidiagonalization is illustrated as conclusion. When we suffer from the
ill-conditioned system matrices, the preconditioners based on modified Lanczos
bidiagonalization, P structured for the overdetermined cases and the underdeter-
mined cases respectively, are imposed on iterative Krylov subspace methods to
accelerate convergence. Finally we prove our statements with numerical experi-
ments and conclude that the preconditioner defined in this paper is effective to
solve least squares problems in overdetermined and underdetermined cases.

Acknowledgements. This research is supported by NSFC (615370147, 61170309),
973 Program (2013CB329404).

References

[1] Y. Saad and M. H. Schultz, GMRES: A generalized minimal residual algorithm
for solving nonsymmetric linear system, SIAM J. Sci. Statist. Comput., 7(1986),
pp. 865-869.

[2] H. A. Van der Vorst, Iterative Krylov Methods for Large Linear Systems, Cam-
bridge University Press, Cambridge, UK, 2003.

[3] A. Bjorck, Numerical Methods for Least Squares Problems, SIAM, Philadelphia,
1996.

[4] Y. Saad, Iterative Methods for Sparse Linear Systems, 2nd ed., SIAM, Philadel-
phia, 2003.

[5] Z.Bai, J. Demmel, J. Dongarra, A. Ruhe, H. A. Van Der Vorst, Templates for the
Solution of Algebraic Eigenvalue Problems, SIAM, PA, USA, 2000.

19

29 Liang Zhao et al 11-30



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

[6] G. H. Golub, C. F. Van Loan, Matrix Computations 3rd Edition, Johns Hopkins
University Press, Maryland, USA, 1996.

[7] C. C. Paige and M. A. Saunders, LSQR: An algorithm for sparse linear equations
and sparse least squares, ACM Trans. Math. Software, 8(1982), pp. 43-71.

[8] J. Frank and C. Vuik, On the construction of deflation-based preconditioners,
STAM J. Sci. Comput., 23(2001), pp. 442-462.

9] Y. A. Erlangga and R. Nabben, Deflation and balancing preconditioners for Ktylov
subspace methods applied to nonsymmetric matrices, SIAM J. Matrix Anal. Appl.,
30(2008), pp. 684-699.

[10] Y. A. Erlangga and R. Nabben, Multilevel prejection-based nested Krylov iteration
for boundary value problems, STAM J. Sci. Comput., 30(2008), pp. 1572-1595.

[11] R. Fletcher, Conjugate gradient methods for indefinite systems, volume 506 of
Lecture Notes Math., pages 73-89. Springer-Verlag, Berlin-Heidelberg-New York,
1976.

[12] H. A. van der Vorst. Bi-CGSTAB: A fast and soomthly converging variant of Bi-CG
for the solution of non-symmetric linear systems. STAM J. Sci. Statist. Comput.,
13(1992), pp. 631-644.

[13] Mansoor Rezghi. S. M. Hosseini, Lanczos based preconditioner for discrete ill-posed
problems, Computing, 88(2010), pp. 79-96.

[14] K. Hayami, J. F. Yin, and T. Ito, Numerical methods for least squares problems,
STAM J. Matrix Anal. Appl., 31(2010), pp. 2400-2430.

[15] D. C. L. Fong and M. Saunders, LSMR: An iterative algorithm for spare least-
sqaures problems, SIAM J. Sci. Comput., 33(2011), pp. 2950-2971.

[16] M. R. Hestenes and E. Stiefel, Methods of conjugate gradients for solving linear
systems, J. Res. Nat. Bur. Standards, 49(1952), pp. 409-435.

[17] T. Davis, The University of Florida Sparse Matrix Collection,
http://www.cise.ufl.edu/research /sparse/matrices, NA Digest 97(23)(1997).

20

30 Liang Zhao et al 11-30



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Classical Model of Prandtl’s Boundary Layer Theory for Radial Viscous
Flow: Application of (G'/G)— Expansion Method

Taha Aziz®?, T. Motsepa®, A. Aziz?, A. Fatima®® and C.M. Khalique'*

*DST-NRF Centre of Excellence in Mathematical and Statistical Sciences,
Johannesburg, South Africa

bSchool of Computer Science and Applied Mathematics, University of the
Witwatersrand, Johannesburg, Wits 2050, South Africa

¢International Institute for Symmetry Analysis and Mathematical Modeling,
Department of Mathematical Sciences, North-West University, Mafikeng Campus,
Private Bag X 2046, Mmabatho 2735, South Africa

dCollege of Electrical and Mechanical Engineering, National University of Sciences
and Technology, Rawalpindi 46070, Pakistan

(tahaaziz77@Qyahoo.com, ttmotsepa@gmail.com, aazizQceme.nust.edu.pk,
emanfatima81@yahoo.com, Masood.Khalique@nwu.ac.za,)

Abstract

In this paper, the exact closed-form solutions of the Prandtl’s boundary layer
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1 Introduction

Many real world problems in nonlinear science associated with mechanical, struc-
tural, aeronautical, ocean, electrical, and control systems can be summarized as
solving nonlinear differential equations which arise from mathematically modelling
such problems. Therefore, the study of nonlinear differential equations has been
an active area of research for the past few years. Investigating integrability and
finding exact solutions to such nonlinear differential equations have extensive ap-
plications in many scientific fields such as hydrodynamics, fluid dynamics, general
relativity, condensed matter physics, solid-state physics, nonlinear optics, neurody-
namics, fibre-optic communication and so on. These exact solutions, if reported are
helpful for the numerical analyst to verify the complex numerical codes and are also
useful in stability analysis for solving special nonlinear models.

In recent years, much attention has been devoted to the development of several
powerful and useful methods for finding exact and approximate solutions of non-
linear differential equations. These research methods for solving nonlinear differen-
tial equations include the bilinear method and multilinear method [1], classical Lie
symmetry method [2], nonclassical Lie group approach [3], Clarkson-Kruskal’s di-
rect method [4], deformation mapping method [5], homogenous balance method [6],
Weierstrass elliptic function expansion method [7], F-expansion method [8], trans-
formed rational function method [9], auxiliary equation method [10], sine—cosine
method [11], tanh-function method [12], Backlund transformation method [13], sim-
plest equation method [14, 15], exponential function rational expansion method [16]
and so forth.

Prandtl [17] initiated the concept of a boundary layer in large Reynolds number
flows in 1904 and he also showed how the Navier-Stokes equation could be sim-
plified to yield approximate solutions. Prandtl introduced boundary layer theory
to understand the flow behavior of a viscous Newtonian fluid near a solid bound-
ary. Prandtl’s boundary layer equations arise in various physical models of fluid
mechanics. The equations of the boundary layer theory have been the subject of
considerable interest, since they represent an important simplification of the original
Navier-Stokes equations. These equations arise in the study of steady flows produced
by wall jets, free jets and liquid jets, the flow past a stretching plate/surface, flow
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induced due to a shrinking sheet and so on. These boundary layer equations are
usually solved subject to specific boundary conditions depending upon the physical
model investigation. Blasius [18] solved the Prandtl’s boundary layer equations for
a flat moving plate problem and found a power series solution of the model. Falkner
and Skan [19] generalized the Blasius problem by considering the boundary layer
flow over an wedge inclined at certain angle. Sakiadis [20] studied the boundary
layer flow over a continuously moving rigid surface with a constant speed. Crane
[21] was the first one who investigated the boundary layer flow due to a stretching
surface and developed the exact solutions of boundary layer equations. Gupta and
Gupta [22] extended the Crane’s work and for the first time introduced the concept
of heat transfer with the stretching sheet boundary layer flow. Schlichting [23] was
the first to apply the boundary layer theory to the steady flow produced by a free
two-dimensional jet emerging into a fluid at rest and solved the resulting ordinary
differential equation numerically. Later, Bickley [24] solved the differential equation
analytically. The concept of the boundary layer to laminar jets is discussed fully in
standard texts on boundary layer theory such as by Schlichting [25] and Rosenhead
[26]. More recently, the similarity solution of axisymmetric non-Newtonian wall jet
with swirl effects was obtained by Kolar [27]. Naz et al. [28] and Mason [29] stud-
ied the general boundary layer equations for two-dimensional and radial flows by
using the classical Lie group approach and recently Naz et al. [30] provided the
similarity solutions of the Prandtl’s boundary layer equations by implementing the
non-classical symmetry method.

The (G'/G)—expansion method is a powerful mathematical tool for finding exact so-
lutions of certain nonlinear ordinary differential equations. The (G’/G)—expansion
method was introduced by Wang in [31] for constructing the exact solutions of some
nonlinear evolution equations. To express the applicability and effectiveness of the
(G'/G)—expansion method, further research has been accomplished by a diverse
group of researchers (see, for example, papers [32 — 34] ). The importance of our
present work is to find some new class of exact closed-form solutions of Prandtl’s
boundary layer equation for radial flow models with constant or uniform main stream
velocity by employing the (G’/G)—expansion method.
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2 Mathematical model

The Prandtl’s boundary layer equation, for the stream function ¢(r,#), for radial
flow with uniform or vanishing mainstream velocity is [26]

106 P 1 (96" 1068°% &% _,, W
00 0r00 12 \ 00 roroer Vo T

where (7, ) denote the cylindrical polar coordinates and v is the kinematic viscosity.
The velocity components u(r, 6) and v(r,#), in the r and 6 directions, are related to
stream function ¢(r,0) as

10 10
u(r,0) = ;a—z, v(r,0) = —;a—f (2)

By the use of Lie group theoretic method of infinitesimal transformations [2], the
general form of similarity solution for equation (1) is

gb(r? Q) = TQ_BH(g)v g = ’f’_ﬁ’ (3)

where 3 is the constant determined from further conditions and & = 6/rf is the
similarity variable. By the substitution of Eq. (3) into Eq. (1), we obtain the
third-order nonlinear ordinary differential equation in H (&), viz.,

d*H °H dH\*
ud—§3+(2—ﬁ)Hd—§2+(25—1) (d_g) =0. (4)
Equation (4) is the general form of Prandtl’s boundary layer equation for radial flow
of a viscous incompressible fluid. The boundary layer equation is usually solved sub-
ject to certain boundary conditions depending upon the particular physical model
under investigation. Here, we find the exact closed-form solutions of Eq. (4) using
the (G'/G)—expansion method. The paper is organised as follows. In Section 3, we
provide a brief summary of the (G'/G)—expansion method. In Sections 4, we apply
this method to solve nonlinear Prandtl’s boundary layer equation for radial flow.

Finally, some concluding remarks are presented in Section 5.

34 Taha Aziz et al 31-41



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

3 A description of the (G'/G)—expansion method

In this section, we present a brief summary of the (G’/G)—expansion method for
solving nonlinear ordinary differential equations. The essence of the (G'/G)—expansion
method is given in the following steps:

Step 1: We consider a general form of a nonlinear ordinary differential equation
dU d*U d3U
Tdz d2? d2d

where U is an unknown function of z and P is a polynomial in U and its various

P|U(z) =0, (5)

derivatives.

Step 2: According to the (G'/G)—expansion method, one assumes that the solution
of ODE (5) can be written as a polynomial in (G'/G) as follows:

U(z) = éﬁi (%) (6)

where G = G(z) satisfies the second-order linear ODE with constant coefficients,
namely

d*G dG

— + A= G=0 7
with 5; (i = 0,1,2,..., M), X and p being constants to be determined. The inte-
ger M is found by considering the homogenous balance between the highest order

derivatives and nonlinear terms appearing in ODE (5).

Step 3: The positive integer M can be accomplished by considering the homoge-
neous balance between the highest order derivatives and nonlinear terms appearing
in Eq. (5) as follows:

If we define the degree of U(z) as D[U(z)] = M, then the degree of other expressions
is defined by

AT
D[U’" (dquff)ﬂ = Mr+s(q+ M). (8)
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Therefore, we can get the value of M in Eq. (6).

Step 4: We substitute Eq. (6) into Eq. (5) and then use ODE (7) to collect all terms
with same order of (G'/G) together. The left-hand side of (5) is then converted into
polynomial in (G'/G). Now by equating each coefficient of this polynomial to zero,
we obtain a system of algebraic equations for 5;, A and pu.

Step 5: Since the three types of general solutions of Eq. (7) are well known, we
substitute the values of 8; and the general solutions of Eq. (7) into Eq. (6) and
obtain three types of solutions of the ODE (5).

4 Application of the (G'/G)—expansion method

In this section, we employ the (G'/G)—expansion method to obtain solutions of
Prandtl’s boundary layer Eq. (4).

We assume that the solutions of Eq. (4) are of the form

o= (5.

=0

where G(§) satisfies the second-order linear ODE with constant coefficients, viz.,
— FA—+uG = (10)
with A and p being constants.

The balancing procedure yields M = 1, so the solution of the ODE (4) is of the form

H(E) = Ao + Ay (28) . (11)

Now substituting Eq. (11) into Eq. (4), making use of the ODE (10), collecting all
terms with same powers of (G'/G) and equating each coefficient to zero, yields the
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following system of algebraic equations:

2BA212 — BAGAI L — AN v + 2A0 A\ — 2A 1Py — A2 = 0

3BA N — BAGAIN: — 2BA0 A — ANy + 240A10% — 8A v + 4AgA 1w = 0
BAIN — 3BA0AIN + 28450 — TAN Y + AN + 6Ag AN — 8A v + 2AT0 = 0
0

0

Y

Y

BAZN — 2BA0A; — 12A v + 4A2N + 440A, =
314% — 6A1V =

Solving this system of algebraic equations, with the aid of Mathematica, we obtain
A= 2\/p, AO = /\V, A1 = 2v. (12)

Substituting these values of Ay, A; and the corresponding solution of ODE (4) into
Eq. (11), we obtain the following three types of solutions of Eq. (1):

Case 1: When M2 — 4, > 0

For this case we obtain the hyperbolic function solution given by

B A Cysinh(8€) + C; cosh(d€)
H(&) = v +2v (_5 * 6C1 cosh(6€) + Cy sinh(6§)> ’ (13)

where § = %\/)\2 — 4u, C7 and Cy are arbitrary constants.

Reverting back to the original variables (r,#), the corresponding stream function is
given by

o(r,0) = 17"

2 C cosh (65%) + Cysinh (0%)

T T

(5.0 0
Y (_é_l_éClsmh ((5rﬁ)+Cgcosh((5Tﬁ)>] o

Case 2: When A2 — 4, <0

Here we obtain the trigonometric function solution

- A —C;sin(e€) + Cy cos(6€)
H(E) = v +2v (_5 te C1 cos(€€) + Cy sin(ef) ) ’

(15)
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where € = %\ /41 — N2, C1 and Cy are arbitrary constants. The corresponding stream
function is given as

o(r,0) = r*"

A —Cisin(e) + Cycos (e%)
v | —= - T . 1
Av 2w ( 2 e (' cos (e%) + Oy sin (e5) (16)

T T

Case 3: When A2 — 4 =0

For this case we obtain the rational function solution

B A C,

In the form of stream function, the solution is expressed as

AV +2v —A+L9
2 Ci+Cyp

where (] and U5 are arbitrary constants.

o(r,0) =r2=F , (18)

5 Concluding remarks

We have employed the (G’/G)-expansion method for obtaining exact closed-form
solutions of the well-known Prandtl’s boundary layer equation for radial low models
with uniform main stream velocity. The advantage of this method is that in this
method, there is no need to apply the initial and boundary conditions at the outset.
This method yields a general solution with free parameters which can be identified
by the specific conditions. Also the general solutions obtained by (G’/G)-expansion
method are not approximate solutions. Prandtl’s boundary layer equations arise
in various physical models of fluid dynamics and thus the exact solutions obtained
maybe very useful and significant for the explanation of some practical physical
models dealing with Prandtl’s boundary layer theory.
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On properties of meromorphic solutions for a certain
g-difference Painlevé equation
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Abstract

The main purpose of this paper is to investigate some properties on transcen-
dental meromorphic solutions of a certain g-difference Painevé equation

z az+b
flaz) + 1) + 1) = S0 e

where a,b and ¢ are complex constants such that |a| + |b] # 0. We obtain some
results on the value distribution of f(z) and Agf(2) := f(gz) — f(2) , and the non-
existence of rational solutions, which extend some earlier results by Qi and Yang,
Chen et al.

Key words: ¢-difference equation; solution; zero order.
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1 Introduction and Main Results

In this paper, we shall assume that readers are familiar with the basic theorems and the
standard notations of the Nevanlinna value distribution theory of meromorphic functions
such as m(r, f), N(r, f), T(r, f), - - -, (see Hayman [12], Yang [19] and Yi and Yang [20]).
We also use S(r, f) to denote any quantity satisfying S(r, f) = o(T'(r, f)) for all r on
a set F' C [1, 400 of logarithmic density 1, where the logarithmic density of a set F' is

defined by
1 1
lim sup / —dt.
r—oo 1087 Ji1 np t

Throughout this paper, the set F' of logarithmic density 1 can be not necessarily the
same at each occurrence.
A century ago, Painlevé and his colleagues [15] classified all equations of Painlevé
type of the form
w’(z) = F(zwyw'),

where F is rational in w and w’ and (locally) analytic in z. They singled out a list of
50 equations, six of which could not be integrated in terms of known functions. These
equations are now known as the differential Painlevé equations. The first two of these
equations are Py and Pjy:

w’ =6w? 4z, w’ =2+ 2w+ a,

where « is a complex constant.

*Corresponding author. E-mail: zhengxiumin2008@sina.com.
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Differential Painlevé equations have been an important research subject in the field
of the Mathematics and the Physics since the beginning of last century. They occur in
many physical situations—-plasma physics, statistical mechanics, nonlinear waves, and
so on. Therefore, Painlevé equations have attracted much interest as the reduction of
solution equations which are solvable by inverse scattering transformations, and so on.

In the past 22 years, the discrete Painlevé equations have become important research
problems (see [7]). For example, the discrete P; equation can be expressed by

an—+b

Yn+1 + Yn—1 = + c,

n

and the discrete Py; equation can be expressed by

(an + b)yn +c

+ 1 =
yn+1 yn 1 1 _ y,r%

where a, b, ¢ are real constants, n € N.

In 2006-2007, Halburd and Korhonen used the analogues of Nevanlinna value distri-
bution theory to single out the difference Painlevé I and I1 equations from the following
form

w(z+1)+w(z—1) = R(z,w), (1)

where R(z,w) is rational in w and meromorphic in z (see [9, 10, 11]). They obtained
that if (1) has an admissible meromorphic solution of finite order, then either w satisfies
a difference Riccati equation, or (1) can be transformed by a linear change in w to some
difference equations, which include the difference Painlevé I equation

b
wz+1) +w(z—1) = “UZ)(; +e, 2)
and the difference Painlevé IT equation
(az +b)w(z) + ¢
1 )= TR
w(z+ 1) + (e - 1) = EEEELEE 3)

where a, b, ¢ are complex constants.

Chen et al [4, 5, 16] studied some properties of finite order transcendental meromor-
phic solutions of (2)-(3), and obtained a lot of interesting results.

Recently, there were lots of results about g-difference operators, g-difference equations,
and so on (see [2, 6, 8, 18, 21, 22]), by applying the analogue of Logarithmic Derivative
Lemma on g¢-difference operators, which was firstly established by Barnett, Halburd,
Korhonen and Morgan [1] in 2007. By comparing these results of differences and g-
differences, we find that the usual shift f(z + ¢) of a meromorphic function are replaced
by the g¢-difference f(gz), and the difference A.f = f(z + ¢) — f(z) are replaced by
Agf(2) = flaz) — f(2), ¢ € C\{0,1}.

In 2015, Qi and Yang [17] investigated the following equations

z az+b
qz)+ f(—) = +c, 4
fla) + 1) =25 (1)
z (az+b)f(2) +¢
flez) + f(=) = —T5—> 5
(@) + ) =0 (5)
which can be seen as ¢-difference analogues of (2) and (3), and obtained some theorems

as follows.
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Theorem 1.1 [17, Theorem 1.1]. Let f(z) be a transcendental meromorphic solution
with zero order of equation (4), and a,b,c be three constants such that a,b cannot vanish
simultaneously. Then,

(i) f(2) has infinitely many poles.

(ii) If a # 0, then f(z) has infinitely many finite values.

(iti) If a = 0 and f(z) takes a finite value A finitely often, then A is a solution of
222 —cz—b=0.

Theorem 1.2 [17, Theorem 1.2]. Let a,b,c and |q| # 1 be four constants, (i) if a # 0,
then equation (4) has no rational solution;
(i) if a = 0, then the rational solutions of the equation (4) must satisfy f(z) =

B+ 58, where P(z) and Q(z) are relatively prime polynomials and satisfy deg P < deg Q
and 22% — cz — b = 0.
Theorem 1.3 [17, Theorem 1.3]. Let a,b,c be constants with ac # 0, and f(z) be a

transcendental meromorphic solution with zero order of equation (5). Then f(z) has
infinitely many poles and infinitely many finite values.

Inspired by the above results, we further investigate some properties of transcendental
meromorphic solutions of the g-difference Painlevé equation

z, az+b .
fla) + 1)+ 1C) = 2 e ()

which is different from (4) and (5) to some extent, and obtain the following theorems.

Theorem 1.4 Let a,b, ¢ be complex constants such that |a|+ |b| # 0, and f(z) be a zero-
order transcendental meromorphic solution of the q-difference Painlevé equation (6).

(i) If a # 0, p(z) is a polynomial of degree k(> 0) and |q| # 1, then f(z) — p(z) has
infinitely many zeros; if a = 0, then the Borel exceptional values of f(z) can only come
from the set E = {z] 322 — cz — b= 0};

(i1) f(z) and Ay f(z) have infinitely many poles, where A, f(z) = f(qz) — f(2).
Theorem 1.5 Let a,b,c be complex constants such that |a| + |b| # 0.

(i) If a # 0, then (6) has no rational solution.

(ii) If a = 0, then (6) has a nonzero constant solution f(z) = B, where B satisfies

3B? — ¢B — b = 0. Furthermore, if ¢> +12b = 0, then (6) has no nonconstant rational
solution.

2 Some Lemmas

To prove our results, we require some lemmas as follows.

Lemma 2.1 [14, Theorem 2.5] Let f(z) be a transcendental meromorphic solution of
order zero of a q-difference equation of the form

Uq(zv f)Pq(Zv f) = Qq(zv f),
where Uy(z, f), Py(2, f) and Qq(z, f) are g-difference polynomials such that the total de-
gree degUq(z, f) = n in f(z) and its q-shifts, whereas degQq4(z, f) < n. Moreover,
we assume that Uy(z, f) contains just one term of mazimal total degree in f(z) and its
q-shifts. Then

m(r, Py(z, f)) = o(T(r, f)),

on a set of logarithmic density 1.
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Remark 2.1 The above lemma can be called see as a type of a q-difference analogue of
Clunie lemma, recently proved by Barnett et al.; see [1, Theorem 2.1].

Remark 2.2 Here, a g-difference polynomial of f(z) for ¢ € C\{0,1} is a polynomial
in f(z) and finitely many of its g-shifts f(qz),..., f(¢"z) with meromorphic coefficients
in the sense that their Nevanlinna characteristic functions are o(T(r, f)) on a set of
logarithmic density 1.

Lemma 2.2 [1, Theorem 2.5] Let f(z) be a nonconstant zero-order meromorphic solu-
tion of Py(z, f) =0, where Py(z, f) is a g-difference polynomial in f(z). If Py(z,a) £ 0
for slowly moving target a(z), then

1

m) =o(T(r, f))

m(r,

on a set of logarithmic density 1.

Lemma 2.3 [21, Theorem 1.1 and 1.3] Let f(z) be a nonconstant zero-order meromor-
phic function and g € C\ {0}. Then

T<r7 f((IZ)) = (1 + 0(1>)T(7”7 f)’ N(’I“, f(QZ)) = (1 + 0(1))N(T’ f)a
on a set of lower logarithmic density 1.

Lemma 2.4 (Valiron-Mohon’ko) ([15]). Let f(z) be a meromorphic function. Then for
all irreducible rational functions in f(z),

>ing ai(2)f(2)’
30 bi(2)f(2)7”

with meromorphic coefficients a;(z),b;(z), the characteristic function of R(z, f(2)) sat-
isfies that

R(z, f(2)) =

T(r,R(z, f(2))) = dT(r, f) + O(¥(r)),
where d = max{m,n} and ¥(r) = max; ;{T(r,a;),T(r,b;)}.

3 Proof of Theorem 1.4

Suppose that f(z) is a zero-order transcendental meromorphic solution of (6).
(i) Ifa # 0, and p(z) is a polynomial of degree k(> 0). Let p(z) = apz®+---+a1z+ao.
Let g(z) = f(z) — p(2). Substituting f(z) = g(z) + p(z) into equation (6), we have

z z CLZ"‘b
9(qz) +p(qz) + g(z) +p(2) + 9(6) +p(6) = 9(z) +p(z)

It follows that

Py(z, ) = [g@z) +p(g2) + 9(2) + pl=) + g<§> +p<f1>] l9(2) + p(2)]
— (az+b) — ¢g(2) + p(2)] = 0. (7)
From (7), we have
Py(2.0) = [qu) T p(2) +p<2>] p(z) — (az +b) — epl2). (®)
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If p(z) =0, then P,;(2,0) = —(az+b) #0. If k =0 and p(z) = agp = a € C\ {0},
then Py(z,0) = 3a? — (az +b) —ca £ 0. If k > 1 and ax, is a nonzero constant, then, we
have from (8) that

Py(2,0) = p(q2)+p(2>+p(§> p(2) = (az+b) —ep(z) = (qk+1+qik)ai22’“+---- 9)

Since |q| # 1, we have ¢* + 1 + ﬁ # 0, then P,(z,0) # 0. Thus, we have by Lemma 2.2
that

m(r, §> = 5(r.g).

Then, we get
N <7", fl_p) _N (n ;) — T(r,g) + S(r,g) = T(r, f) + S(r, f). (10)

Since f(z) is transcendental, f(z) — p(z) has infinitely many zeros.
If a =0 and p(z) = 3 ¢ E, then we have

Py(2,0) =33* —cf—b 0.
1

Set g(z) = f(z) — B3, by using the same argument as above, we can obtain N(r, -—5) =
T(r, f)+S(r, f).. Therefore, we can obtain that the Borel exceptional values of f(z) c

an
only come from the set F = {z|32% — cz — b = 0}.
(ii) From (6), we have
1))+ 1)+ 15)] = a0+ e ()
It follows from Lemma 2.1 and (11) that
m (n @)+ £+ 1)) = 5(r) (12)
By applying Lemma 2.4 for (6), we have
7 (rofla) + 1G)+ 1)) = T 1)+ 50 5), (13)
And by Lemma 2.3 we get
N (n @)+ 7G) + 15) < N2+ N F@) 4V (15 C))
=3(14o(1))N(r, f) (14)
on a set of lower logarithmic density 1. Thus, by combining (12)-(14), we have
T(r, f) <31+ o(1))N(r, f) + S(r, f)- (15)

)
Since f(z) is transcendental, f(z) has infinitely many poles.
Next, we prove that A, f(z) has infinitely many poles. Set z = qw, then we can
rewrite (6) as the form

b
aqu+bd

flg*w) + fqw) + f(w) = Flqw)

(16)
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Then it follows from (16) that
flqw) [f(¢*w) + flqw) + f(w)] = agw + b + cf (qu). (17)

Since A f (1) = f(qu)— (1), we have f(qu) = Aqf(w)+f(w) and f(q?w) = Ay flgu)+
Ay f(w) + f(w). Substituting them into (17), we get

[Agf(w) + f(w)] [Agf(qu) + 284 f(w) + 3f(w)] = (aqw + b) + c[Ay f (w) + f(w)],

=3f(w)* =[Agf(qw) + 52 f (w) - ¢] f(w) — (aqw + b)
+[Aqf(qu) + 24, f(w) — ] Ay f (w). (18)

Since f(z) is a zero-order transcendental meromorphic function and z = qw, by Lemma
2.3, we get that f(w) is of zero order. Thus, by Lemma 2.3 again, we have that
f(w), Agf(w), Ay f(qw) are of zero-order. Then by Lemma 2.3 again, we have

N(r, &g f(qw)) < N(r, Ay f(w)) + 5(r, f). (19)
Thus, from (18) and (19) we have

2N(r, f(w)) =N (1, [Aqf(qw) + 3Aqf(w) — ] f(w) — (aqw +b)
+ [Aqf(qw) + Aqf(w) - C] Aqf(w)
<N(r, f(w)) +5N(r,Aqf(w)) + O(logr) + S(r, f).

That is,
N(r, f(w)) < 5N(r,Ag f(w)) + 5(r, f). (20)

Then, it follows from (15) and (20) that
T(r, f(w)) <1BN(r, Aqf(w)) + S(r, f). (21)

Since f(z) is transcendental, that is, f(w) is transcendental, we have from (21) that
A, f(w) has infinitely many poles, that is, A, f(z) has infinitely many poles.
Therefore, we complete the proof of Theorem 1.4.

4 Proof of Theorem 1.5

Sppose that f(z) is a nonzero rational solution of (6), and has poles 21, 22, . .., zx. Then,
we let o o

s g T 212k

(z — z;)% (z—2)
be the principal parts of f(z) at z; respectively, where a;s, # 0,..., a;s, are constants,

Thus, we can write f(z) as the following form

k
f<z>—Z((°”“+-~+‘”“) +Bo+ Bzt B, (22)

=\ (z—2)% (z — 2z)

where 3y, 31, ..., Om are constants.
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Next, we affirm that 3,, = --- = 1 = 0. Suppose that 3,, # 0(m > 1). For
sufficiently large z, by (22), we have
f(z) = Bmz"(1+ o(1)), (23)
f(qz) = 6mqmzm(1 + 0(1))’ (24)
F() = Oma"2" (14 0(1)) (25)
By (6), we have
fla2)+ 1)+ FO)| 1) = az + b e (2) (26)

Substituting (23)-(25) into (26), we have
(14 ¢™ + ¢ ™B% 2% (1 +0(1)) = az + b+ cBmz™(1 + o(1)).
Since |q| # 1, we have 1 + ¢™ + ¢=™ # 0. And since 3, # 0, we can see the above

equation is a contradiction for sufficiently large z. Hence we have 5y = --- = 3, = 0.
(i) Suppose that a # 0. If By # 0, then for sufficiently large z, by (23)-(25), we have

fla) = f(2) = (2) = o + (1) (27)
Substituting (27) into (26), we conclude that

(360 +0(1))(Bo + o(1)) = az + b+ c(Bo + o(1)),

which is a contradiction to the assumption that a # 0. Thus, 8y = 0. Then we have

Bo=p1="+=Pm=0. Thus, f(z) can be rewritten by (22) as
P(z)
= 28
where
P(z) =pz" + pp_12" P+ po, R(z)=rzt +r_127 4 41, (29)
where p, pg_1,...,p0 and r,7¢_1,...,7ro are constants such that pr # 0 and k£ < ¢t. Then

substituting (28) into (6), we have

P(qz>P<z>R<z>R<§> + P<z>2R<qz>R<§> +P(

= (az + b)R(qz)R(z)zR(g) + cP(z)R(qz)R(z)R(g). (30)

z

)P(2)R(qz)R(2)

Then since k < ¢, we can see that the degree of the left side of (30) does not exceed
2k + 2t, and the degree of the right side of (30) is equal to 14 4¢ by a # 0. Thus, we can
get a contradiction. Therefore, we have that (6) has no nonzero rational solution when
a # 0.

(ii) Suppose that a = 0. If f(z) = B is a nonzero constant solution of (6), we can
easily get from (6) that B satisfies 3B2 — ¢cB — b = 0. Now, we prove that (6) has no
rational solution if @ = 0 and ¢? 4+ 12b = 0. Suppose that f(z) is a nonconstant rational
solution of (6). Since B, = 0(m > 1), f(z) can be rewritten as the form (28), where
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P(z) and R(z) satisfy (29) with k < ¢t. Suppose that k < ¢t. Substituting (28) into (6),
we have

P(qz>P<z>R<z>R<§> + P<z>2R<qz>R<§> + P(2)P(2)R(g2)R(2)

Z
q
= bR(g=) RV R(-) + cP(2)R(z) R()R( ). (31)
If k < t, then it follows from (31) that there exists only one term bR(qz)R(z)QR(g) with

maximal degree, which is a contradiction. Thus, we have k = ¢. Then, it follows by (29)
and (30) that

g2 +pp_1d" T 4+ pe | R A pro1Z T+ po
T-qtzt + thlqtilztil 4+ To 7"Zt + Tt,12t71 + .-+ To
N pqF 2k 4 pr_1qm DR g
rqtzt +r_1q= " Dt=1 4o g
b(rzt + 127+ 4 1)

= +c. 32
pzF 4+ pr—12F" 4+ po (32

Then it follows from (32) that
3B® —cB—b=0,

as z — 00, where B = £ # 0. Therefore, f(z) can be rewritten as

G(2)
H(z)’

f(z)=B+ (33)

where G(z) and H(z) are relatively prime polynomials and satisfy degG(z) = p <
deg H(z) = v, B is a constant satisfying 3B — ¢cB — b = 0. Denote
G(z) =M + &2 o+ &0, H(z)=n2" 412 o, (34)

where §,&,-1,...,p0 and 7,m,-1,...,70 are constants such that {n # 0. Substituting
(34) into (6) and noting 3B% — cB — b = 0, we have

(4B — c)G(z)H(qz)H(z)H(§> + BG<qZ>H<Z)2H<§> + BG<§>H<2>2H<qz>
=- G(qz>a<z>H<z>H<§> - G<z>2H<qz>H<§> - G<§>G<2>H<z>H<qz>. (35)

By observing the coefficients and degrees of all terms of the above equation, and com-
bining with v > pu, we have that the term with maximal degree of (35) is

[(4B —¢)+ B¢V + Bq”_“] EnPah T3y,

Since 3B% —¢cB — b =0 and ¢ + 12b = 0, we have B = §- And by |q| # 1, we can get
that (4B —¢) + Bg"™" + B¢~ * # 0. In fact, if (4B —¢) + Bg"™" 4+ B¢ * =0, i.e.
B=—°
4+ ql‘_l’ —+ qV_l‘

Then, we have
c c

44 gh—v 4 qv—h 6
By solving the above equation, we get |¢| = 1, a contradiction. Thus, (35) is a contra-

diction for sufficiently large z. Therefore, if a = 0 and ¢? + 12b = 0, then (6) has no
nonconstant rational solution.
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We prove necessary and sufficient conditions for the strong convergence of the mod-
ified two-step iteration process to the fixed point of asymptotically demicontractive
mappings in real Banach spaces.
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1 Introduction

Let K be a nonempty subset of a real Banach space X and X* be its dual space. We
denote by J the normalized duality mapping from X into 2% defined by

J(w) = {f* € X*: (z, f*) = |® = | FI7,

where (-, -) denotes the generalized duality pairing. If X is strictly convex, then J is
single-valued. In the sequel, we shall denote the single-valued duality mapping by j.
Let T : K — K be a mapping.

*Corresponding author
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Definition 1.1. T is called a k-strictly asymptotically pseudo-contractive mapping with
sequence {k,} C [1,00), lim,,_,o k, = 1 if for all z, y € K there exists j(z —y) € J(z —y)
and a constant k € [0, 1) such that

(I =T")x = (I =T")y,j(z—y))

1.1
L=k (L =Tz — (I =T")y|* ~ %(k‘i —1) ||z —y|* -y

>

N | —

for all m € N.

Definition 1.2. T is called an asymptotically demicontractive mapping with sequence
{kn} C [0,00), limy oo by = 1if F(T) ={2 € K : Tx =2} # () and for all x € K and
x* € F(T), there exists k € [0,1) and j(x — z*) € J(x — z*) such that

1=k llo - T = (2 1) Jle — o (1.2)

(& =T, j(z—27)) 2 582

N | —

for all m € N.

Definition 1.3. T : K — K is called uniformly L-Lipschitizian if there exists a constant
L > 0 such that

[T"z = T"y[| < Lz -y, (1.3)
forall z,y € K and n € N.

The classes of k-strictly asymptotically pseudo-contractive and asymptotically demi-
contractive mappings are introduced by Liu [3]. It is easy to see that a k-strictly asymptot-
ically pseudo-contrative mapping with a non-empty fixed point set F'(T") is asymptotically
demicontractive.

In Hilbert spaces, it is shown in [3] that (1.1) and (1.2) are equivalent to the following

inequalities:
27— Ty < K2 =yl + R~ T — (1= T
and
17" — Ty |* < k2 flo =yl + o — T,
respectively.

By using the modified Mann iteration method [4] introduced by Schu [7], Liu [3] proved
a convergence theorem for the iterative approximation of fixed points of k-strictly asymp-
totically pseudo-contractive mappings and asymptotically demicontractive mappings in
Hilbert spaces.

Osilike [6] extended the results of Liu [3] about the iterative approximation of fixed
points of k-strictly asymptotically demicontractive mappings from Hilbert spaces to much
more general real g-uniformly smooth Banach spaces, 1 < ¢ < oo and specifically proved
the following results.
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Theorem 1.4. Let ¢ > 1 and X be a real g-uniformly smooth Banach space. Let K
be a closed convex and bounded subset of X and T : K — K a completely continuous
uniformly L-Lipschitizian asymptotically demicontractive mapping with a sequence k, C
[1,00) satisfying > oo, (k2 —1) < co. Let {ay} and {B,} be real sequences satisfying the
conditions

(1) 0<anB,<1,n>1;

(i)0<e< cqoz%_l(l +LB,)7 < 3q(1—k)(1 +L)=972) —¢ for all n > 1 and for some
€ > 0; and

(iii) 1252, Ba < o0

Then the sequence {x,} generated from an arbitrary x1 € K by

Yn = (1 - ﬁn)fEn + ﬁnTnZEm
Tnt1 = (1 —ap)xn + Ty, n>1

converges strongly to a fixed point of T.

Remark 1.5. For Hilbert spaces, in Theorem 1.4, if we put ¢ = 2, ¢, = 1 and 3, = 0,
then Theorems 1 and 2 of Liu [3] follow.

Recently Chidume and Maruster [1] made a comprehensive and very useful survey on
the main convergence properties of the modified Mann iteration method for the demicon-
tractive mappings.

The purpose of this work is to prove necessary and sufficient conditions for the strong
convergence of the modified two-step iteration process to the fixed point of asymptotically
demicontractive mappings in real Banach spaces. Our results extend and improve the
results of Igbokwe [2], Liu [3], Moore and Nnoli [5].

2 Main results
The following results are useful:
Lemma 2.1. ([8]) For all o, s € X and j(o+5) € J(o+¢),

lo+<]* < llol” + 2Re (s, j (0 +5)) -

Lemma 2.2. ([2]) Let X be a normed space and K be a nonempty convex subset of X . Let
T : K — K be uniformly L-Lipschitzian mapping and let {t,} and {B3,} be the sequences
in [0,1]. For arbitrary o1 € K, generate the sequence {o,} by

ont1 = (1= tn)on + tn T,
sn=(1—=PBn)on+ BT"0n, n>1.

Then
lon — Tonll < llon — T"onl| + L(1 + L)2 HQn—l - Tn_l@n—l” . (2.1)

We now prove our main results.
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Lemma 2.3. Let X be a real Banach space and K be a nonempty convexr subset of X.
Let T : K — K be an uniformly L— Lipschitzian asymptotically demicontractive mapping
with a sequence {k,} C [1,00) such that lim, . k, = 1. For arbitrary o1 € K, generate
the sequence {o,} by

ont+1 = (1= tn)on + tn T, (2.2)
Sn = (1 - ﬁn)@n + B T"0n, n2>1,
where {t,} and {B,} are the sequences in [0, 1] satisfying
(i) o0ty tn = 0,
(i) limy—oo t, = 0 = limy, 00 G-
Then (a) the sequence {o,} is bounded,
(b) liminfy o0 [|0n+1 — T 0n4 | = 0,
(¢) liminf, o ||on — T"0n| =0,
(d) liminf, o ||on — Tonl|| = 0.
Proof. Since T is asymptotically demicontractive, then
n . * 1 n 12 1 2 %112
{e=T"0,j(e—0")) 2 (1= k) lle = T"l" = 5 (kn — 1) [le — &7
and hence
2)lo—Tro| + (k2 — 1) [lo — o*[1) llo — 0|
IIQ—T"QIIS\/( I I (nl_lill 1) '
Therefore, by the triangle inequality,
N N 2lle—T"oll + (k7 —1) llo — ¢*])) llo — o*||
lo— o'l < IT7g— o)+ Cle =Tl £ (i1 SR

Now we shall prove that
liminf [[on 1 = T"@n+1] = 0.
If 9, = Toy, for all n > m for some m € N, then (2.3) trivially holds, as we have
lont1 = T"ons1ll = llont1 = T"Tonsall = [|ont1 — T o ||
—0

for all n > m.
Suppose now that there exists the smallest positive integer ng such that g,, # Ton,.

Put
ag := [T on, — 07|

\/(2 lono = 170 @yl + (kg = 1) llony = *ll) llemy — €*ll
11—k '

_|_

Then clearly
lony — 0" < ao. (2.4)

4
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To prove that liminf,, o [[on+1 — T™0n+1]| = 0, we shall assume, to the contrary, that
liminf,, o0 ||Ont+1 — T™0n+1]| = 26 > 0. Then there exists nj, € Nsuch that ||op+1 — T"0n41]| =
§ for all n > ny.

Also, by lim,, . k, = 1 and (ii), we may suppose that

, 1 (1—k)6>
t, < min , 5 0
1+2L° 24(1+ L)(1 + 2L)ad
, 1 (1 - k)s?
< , , 2.5
p —mm{1+L 24L(1+L)ag} (25)
. 2
k2 —1< (A= k)o”
- 24(13

for all n > ny.

We now show that the sequence {o,} is bounded. By induction we shall show that

lon — 0%l < ao (2.6)

for all n > ny,.

It is clear that (2.6) holds for n = ng. Assume it is true for some n > N := max{ng, nj},
that is, ||on — 0| < ag for some n > N. Then

lon = T"onll < llon — 0"l + [T"0n — o7
< (1+1L)l[en— o
< (1 +L)a07

[sn — 0"l = |(1 = Bn)on + BuT" 0 — 07|
= HQn -0 - ﬁn(Qn - TnQn)”
< llon — 0"l + Bn llon — T" oull
<ap+ (1+ L)aobn
< 2ay,

lon — Tl < llon — o*[| + [T, — o
<llon — 0|l + L llsn — 0|
< (1+2L)ay,
and
HQn—l—l - Q*H = H(l - tn)Qn +t, 1", — Q*H
= HQn -0 - tn(Qn - TnCn)H
< llon — o[ +tn llon — T"<nl| (2.7)
< ag+ (14 2L)aot,
< 2ayg.
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On the other hand, by Lemma 2.1,

lont1 — o*1> = (1 = tn)on + tn "6 — o*1?
= llon — 0" — tn(on — T"s)|I”
< llon = 0*II> = 2tn (0n — T"n, j(On41 — 7))
= lon — 0*|I* = 2tn {0nt1 — T"0n+1, 5 (0nt1 — 0%))
+ 2t (T"6n — T"0n41, 5 (011 — 7)) + 2ty (01 — 0ns J(0n41 — 07)) -

Since T is asymptotically demicontractive mapping, we obtain

lont1 — °1 < llon — I = (1 = K)tn [lons1 — T"0nga |l
+ (k}zz - 1) tnllont1 — Q*Hz

. (2.8)
+2(1 + L)ty [|ont1 — onll lon+1 — o)
+ 2Lty |lsn — onll llon+1 — 07| -
Consider the following estimates,
||§n - Qn” = ||(1 - ﬁn)@n + ﬁnTnQn - Qn”
= Bn ||Qn - TnQn”
S (1 + L)aotna
and
lont1 — onll = (1 —tn)on + . T"s, — onll
=ty |lon — T"||
< (1 + 2L)a0tn,
so that (2.8), takes the form
lons1 — 0*I” < llon — 0*1I> = (1 = k)tn llonts — T"onta |l
+ (k}zz - 1) tnllont1 — Q*Hz
+2(1+ L)(1+ 2L)agt;, [|ons1 — o*|
+2L(1 + L)agtnfBn |l ont1 — o°|| -
Then, by (2.5),
lon+1 — 0|1 < llon — o*[|* — (1 — k)&%t
+4a? [(K2 = 1) + (1+ L)(1 + 2L)tn + L(1 + L)) t
1
< lon — 0*|I* = (1 — k)6%t,, + 5(1- k)62t
and hence
*|12 *(12 1 2
lon+1 — o[ < llon — 071" — 5 (1 — k)67t (2.9)

2
Thus [|ont1 — 0*]| < |lon — 0*]] < ap and so we proved (2.6). Therefore, we proved (a).
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From (2.9) we have that for every r > N,
L S 1 < S (low— 1% — lows — o)
B n > On — 0O On+1 — 0
n=N n=N

< llon — 0*|1*-

Hence we have Y 2 ¢, < 0o, a contradiction with the condition (i). Therefore, our
assumption § > 0 was wrong. Thus

liminf || op+1 — T"0n+1]] = 0. (2.10)
n—oo

Therefore, we proved (b).
Now according to Lemma 2.1, substituting ¢ = v + v and ¢ = —v, we obtain

2 2 .
[u+ 0" = [u]” +2 (v, j(w)),

which is mainly due to Ighbokwe [2].
By (2.2) we have

||Qn+1 - TnQn—l—le = ||(1 - tn)Qn +t, TG, — TnQn—l—le

n n n n 2 (211)
= llon —=T"0n — tn (0n — T"n) — (T" 0n+1 — T"0n)[|” -
Then by (2.11) we get
||Qn+1 - TnQn—l—le > ||Qn - Tan”2
= 2{tn (0n = T"n) + (T"0nt1 — T"0n) , j(0n — T"0n)) -
Thus
||Qn - Tan”2 < ||Qn+1 - TnQn—l—le
+2(tn (0n —T"6n) + (T" 041 — T"0n)  j(0n — T" 04)) (2.12)
< lont1 — T 01|
+2|[tn (0n —T"n) + (T" 0n+1 = T"0n)| lon — T" 04| -
Further,
[tn (0n — T"n) + (T"0nt1 — T"0n)|| < tnllon — T <l + I T" 0041 — T" 04|
< (1 + 2L)a0tn +L ||Qn+1 - Qn”
< (14 2L)aot, + L(1 4 2L)agt,
=(1+L)(1+42L)apty,.
Therefore, from (2.12), we get
lon = T"0ul? < llonsr — T"ons1 |2 +2 (1 + L) (1 + 2L)adt. (2.13)
From (2.13), (ii) and (b),
liminf |0, — T"0n|| = 0. (2.14)
n—oo
Thus we proved (c).
At last, from (2.14) and Lemma 2.2, we obtain (d). This completes the proof. O

58 Shin Min Kang et al 52-60



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Theorem 2.4. Let X be a real Banach space and K be a nonempty convex subset of X .
Let T : K — K be an uniformly L-Lipschitzian asymptotically demicontractive mapping
with a sequence {k,} C [1,00) such that lim,_ k, = 1. For arbitrary o1 € K, generate
the sequence {o,} by

On+1 = (1 - tn)@n + tnTngna

where {t,} and {B,} are the sequences in [0, 1] satisfying

(i) Z?Lozl th = 00,

(i) limy—oo ty = 0 = limy, o0 G-

If T is completely continuos, then {o,} converges strongly to some fized point of T in
K.

Proof. From Lemma 2.3, liminf, . |0, — T'onl| = 0. Therefore, there exists a subse-
quence {on, } of {gn} such that limj_. ||0n, — T'on,|| = 0. Since {gn,} is bounded and T is
completely continuous, then {T'g,, } has a subsequence {7 On;, }, which converges strongly.
Hence {0y, } converges strongly. Let limj_.o 0n;, = p. Then limy_.oo T'05;, = T'p. Thus
we have limy_. Hgnjk —Ton,, | = Ilp — Tp|| = 0. Hence p € F(T). From (2.9) and Lemma
2.3 it follows that lim,, . [|@n — p|| = 0. This completes the proof. O

Remark 2.5. 1. We generalize the results of Liu [3] from Hilbert spaces to more general
Banach spaces. Moreover the boundedness assumption on the subset K is removed.

2. One can see that, with > >, ¢, = oo, the condition > 2 t2 < oo is not always
true. Let us take ¢, = ﬁ Then obviously >°° ¢, = oo, but .7, 2 = co. Hence the
results of Igbokwe [2] are need to be improve.

3. We improve the results of Moore and Nnoli [5] by removing the conditions like

liminf,, .~ d(on, F(T)) = 0.
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1. INTRODUCTION

A very common problem in diverse areas of mathematics and physical sciences consist
of finding a solution which satisfies certain constraints. This problem is referred to as the
convex feasibility problem. It can be described as follows: Suppose Cy,Cy, -, C,., where
r is some positive integer, are finitely many nonempty convex closed subset of a Hilbert
space H with C' = N{_; # (). The convex feasibility problem is to find a point in C. In
the real world, many important problems have reformulations which require finding fixed
points of some nonlinear operators, for instance, evolution equations, complementarity
problems,; mini-max problems, variational inequalities and zero point problems; see [1-13]
and the references therein.

In this paper, we are concerned with the problem of finding a common solution of fixed
point and inclusion problems. Many nonlinear problems arising in applied areas such as
image recovery, signal processing, and machine learning are mathematically modeled as
this problem. One of the most popular methods for solving inclusion problems goes back
to the work of Browder [14]. The basic ideas is to reduce inclusion problems to fixed
point problems of nonlinear operators. In this paper, we study a regularization method
for two monotone and a nonexpansive mappings. The organization of this paper is as
follows. In Section 2, we provide some necessary preliminaries. In Section 3, a viscosity
approximation method is introduced. A strong convergence theorem of common solutions
is established. In Section 4, applications of the main results are discussed.

2. PRELIMINARIES

In what follows, we always assume that H is a real Hilbert space with inner product (-, -)
and norm || - ||. Let C' be a nonempty, convex and closed subset of H. Let S : C'— C be a
mapping. Fiz(S) stands for the fixed point set of S; that is, Fiz(S) := {z € C: x = Sz}.
Recall that S is said to be k-contractive iff there exists a constant x € (0,1) such that

xCorresponding author.
E-mail address: qxlxajh@163.com
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Sz — Sy|| < kllx —y||, Vz,y € C. It is well known that every contractive mapping has a
unique fixed point in metric spaces. The Picard iterative algorithm x,,.1 = Sz, converge
to the fixed point of S. S is said to be nonexpansive iff ||Sz — Sy|| < ||l — y||, Vz,y € C.
If C'is a bounded, closed, and convex subset of H, then F(S) is not empty; see [15] and
the references therein. Since the nonexpansivity of S, the Picard iterative algorithm may
not converge to fixed points of S. The Mann iterative algorithm is powerful and efficient
to study fixed points of nonexpansive mappings. However, in infinite dimensional spaces,
the Mann iterative algorithm is only weak convergence. To obtain strong convergence
of the Mann iterative algorithm, different regularization methods have been investigated
recently; see [16]-[29] and the references therein.

Let A: C'— H be amapping. Recall that A is said to be monotoneiff (Ax— Ay, x—y) >
0, Vx,y € C. Recall that A is said to be inverse-strongly monotone iff there exists a
constant « > 0 such that (Ar — Ay,x — y) > al|Az — Ay||?, Vx,y € C. For such a
case, A is also said to be a-inverse-strongly monotone. It is not hard to see that every
inverse-strongly monotone mapping is monotone and continuous. Recall that a set-valued
mapping B : H = H is said to be monotone iff, for all x,y € H, f € Bx and g € By
imply (z —vy, f —g) > 0. In this paper, we use B~1(0) to stand for the zero point of B. A
monotone mapping B : H =% H is mazximal iff the graph Graph(B) of B is not properly
contained in the graph of any other monotone mapping. It is known that a monotone
mapping B is maximal if and only if, for any (x, f) € H x H, (v —y, f — g) > 0, for all
(y,9) € Graph(B) implies f € Bx. For a maximal monotone operator B on H, and r > 0,
we may define the single-valued resolvent J, : H — Dom(B), where Dom(B) denote the
domain of B. It is known that J, is firmly nonexpansive, and B~(0) = F(J,).

In this paper, we study fixed points of nonexpansive mappings and zero points of two
monotone mappings based on a viscosity approximation method. Strong convergence
theorems are established in the framework of Hilbert spaces. The results obtained in this
paper mainly improve the corresponding results in [23]-[29]. In order to prove our main
results, we also need the following lemmas.

Lemma 2.1 [30] Let {a,} be a sequence of nonnegative numbers satisfying the condition
ani1 < (1 —=t,)a, +tyby + cn, Vo > 0, where {t,} is a number sequence in (0,1) such that
lim, . t, =0 and ZZOZO t, = 0o, {b,} is a number sequence such that limsup,,_, . b, <0,
and {c,} is a positive number sequence such that Y >~ ¢, < oo. Then lim,_, a, = 0.

Lemma 2.2. [31] Let C' be a nonempty convex closed subset of a real Hilbert space H.
Let A : C — H be an a-inverse-strongly monotone mapping and let B be a maximal
monotone operator on H. Then (A+ B)~Y(0) = F(J.(I —rA)).

Lemma 2.3. [32] Let H be a Hilbert space, and A an mazimal monotone operator. For
A>0,u>0, and x € E, we have Jyx = J#(<1 — %)JAx + %x), where Jy = (I + MA)™!
and J, = (I + pA)~h

Lemma 2.4. [14] Let C' be a nonempty convex closed subset of a real Hilbert space H.
Let T be a nonexpansive mapping on C. Then I — T is demiclosed at origin.

3. MAIN RESULTS

Theorem 3.1. Let C' be a nonempty convex closed subset of a real Hilbert space H.
Let A : C — H be an a-inverse-strongly monotone mapping and let B be a maximal
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monotone operator on H. Let S be a fized k-contraction and let T be a nonexrpansive
mapping on C. Assume Dom(B) C C and (A+ B)7'(0) N Fiz(T) # 0. Let {a,} be a
real number sequence in (0,1) and let {r,} be a positive real number sequence in (0, 2«).
Let {x,} be a sequence in C' in the following process: xo € C, yp = Sty + (1 — ap) Ty,
Tpi1 = (147, B) " (yn—7nAy,), ¥V > 0. Let the criterion for the approzimate computation
of Tni1 be |zpi1 — (I +7,B) Hyn — rnAyn)|| < €, where Y07 e, < co. Assume that the
control sequences {a,,} and {r,} satisfy the following restrictions: > | |rp —Tp_1] < 00,
lim, ooty = 0, D07 g, = 00, D o0 |ay — 1] < 00, and 0 < r < 17, <1’ < 20,
where r and 1’ are two real numbers. Then {x,} converges strongly to a point T €
(A+ B)~'(0) N Fiz(T), where T = Projasp)-1(0)npis(r)ST-

Proof. First, we show that {z,} and {y,} are bounded sequences. Using the restrictions
imposed on {r,}, one see that I — r,A is nonexpansive. Indeed, we have

(I = rpA)z — (I = r, A)yl)?
< lz = yl|* = (20 = 7,) | Az — Ay]|?
<lz —yl*
That is, [|(1 — rpA)z — (I =1, A)y| < [lz —y[|. Fixing p € (A+ B)~(0) N Fiz(T), we
find that
lyn — pll < @Sz — pll + (1 — )| Tzn — p|
< apl|Szn — pll + (1 — an) |z — pl|
< (1= an(1 = w))|zn = pll + anl Sp = pl.
Hence, we have
|2ns1 =l < lleall + (T +72B) " (yn — 12 Ays) = pl|
< e+ |(Yn — raAyn) — (I — 12 A)p||

1Sp — pl

<en+ (1= an(l = k)2, —pll + an(l — k) p

Sp—p
< max{r, —pll 12222y o,

Sp—rll, | <
< maX{on — p||, %} + Zei < Q.
=0

This proves that the sequence {z,} is bounded, so is {y,}. Notice that
Y — Yn-1]| < (1 — (1l — 5)) |Zn — Znoa || + o — an ||| STt — 20 |-
Setting z, = y, — ', Ay,, one further has

120 = 2nall < {lyn = Ynall + llrn = ra[[ [ A
< (1 — a1 - “)) [0 — @nall + o = P ||| Ayn—1 | (3.1)

+ |O-/n - an—l”lsxn—l - wn—l”-
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Putting J,, = (I +r,B)™', it follows from Lemma 2.3 that

[Zng1 — 2|
Tn—1 Tn—1
<e,+en1+ ”Jrnqzn—l — Jrpy (r_zn + (1 T )Jrnzn) ||
Tre T
<en+ena+|[(1- 1)(‘]r‘nzn_zn—l>+ , 1(Zn_zn—l)H

|Tn - 7hn—1|
— |z

S €n + €n—1 + — Jrnzn” + Hzn - anlHy

n

which implies from (3.1) that

201 — |

‘Tn - Tnfly
— |z

S €n + €n_1+ - JrnZnH + (1 - an(]- - /{)) ||xn - xn—l”

n

+ |rn - Tn—1|HAyn—1|| + |O‘n - an_1H|an_1 - $n—1||
< (1= an(l = K))||lzn — Tpal| + €0 + €n1
| v, 2 — Zn”)

n

I = vt ([ Ayl + + Jo = gt [0 — 20|

From the restrictions imposed on the control sequences, we have

[e.e]

Ippn — 2
Z (€n+€n71+‘7ﬂn_rn71| <HAyn71” +W—7LH> —|—\an—an,1||\5$n,1 _:Enle) < OQ.
n=1 n
Using Lemma 2.1, we find lim,, o |41 — @] = 0. Since || - ||* is convex, we have

lyn — plI? < anl|Szn — pl|* + (1 — a) ||z, — p||?, from which it follows that
[ @041 —p||2
< [ n = 1aAyn) — (P = raAP)I* + 2enl[(I + 10 B) ™ (Y — ruAyn) — pll + €5
< lyn — p”2 — 7n (200 = 1) | Ay — ApH2 + 2e,[|(1 + THB)_l(yn — rnAyn) — pll + ei
< on|Sz — pl|* + (1 = aw)llwn — plI* = 7a(20 — 1) [| Ay — Ap|®
+ 2en[(1 + 1 B) ™ (Y = rn Ayn) = pll + €5,
This implies that
(200 = 10) | Ay — Apl* < el Sz — pl1* + 2 — 2l = llznss — pl”
+ 2en||(I + 7. B) Hyn — mnAy,) — pl| + €2.
Hence, we have
lim || Ay, — Ap|| = 0. (3.2)
n—oo
Put A\, = (I +r,B) " (y, — r,Ay,). Since (I +r,B)~! is firmly nonexpansive, one has
1A = plI* < ((yn = rudAza) = (p = r0Ap), Au = p)

1
< §(||yn —p||2 + H/\n _pH2 - Hyn — Ay — rn(Ayn - Ap)||2)

IN

1
§(Hyn = pI* + A = PII* = llyn = Anll® + 2rallAn = I Ay — Apl)).
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It follows that
21 = plI* < € + anllSwn = plI* + [z = pII* = llyn — Aull?
+2r0)|An = ynlll[Ayn — Ap|| + 2en|[An — pl|-
Hence, we have
[yn — Aull? < €5 + anl| Sz — plI* + [l2n = plI* = 041 — p]?
+ 2r[| A0 = Yl Ayn — Apll + 25| A — pl|-
Using the restrictions imposed on the control sequences and (3.2), we arrive at

Ty, = o[l = 0. (3.3)

Note that ||z, — Tz, || < ||xn — Zna| + | A — Ynll + ||Yn — T2n|| + €. This finds from (3.3)
limy, 00 ||2n — Tz,|| = 0.
Next, we show that
limsup(Sz — z,y, — =) <0, (3.4)

n—oo
where T is the unique fixed point of the mapping Projiatp)-1(0)nriz(r)S- To show this
inequality, we choose a subsequence {y,,} of {y,} such that limsup,,_, . (ST —Z,y, —T) =
lim; 00 (ST — T, yn, — T) < 0, Since {y,, } is bounded, there exists a subsequence {ymj} of
{yn,} which converges weakly to . Without loss of generality, we assume that y,, — .
Since [|2, — yull < 20 — Tupall + |An — ynll + en, one has z,, — 2. Using Lemma 2.4,
one has z € Fix(T). Since y,, — r, Ay, € A\, + B\, that is, w € B\,. Let
it € Br. Since B is monotone, we find that (% — p — Aypn, Ay — v) > 0. Hence, one
has 0 < (—AZ — p, 2 — v). This implies that —A# € Bz, that is, Z € (A + B)~'(0). This
shows (3.4) holds. Notice that
3 — jl|2 < an(Sry — ST,y — T) + (ST — T,y — 7) + (1 — )| Tz, — pl|||lyn — 2|
< (1 —a,(1— /{)) lxn — Z||||lyn — Z|| + @n(ST — Z,y, — ).

It follows that [y, — Z||* < (1 — a,(1 — k))||zn — Z||* + 200, (ST — T, yp, — T).
Hence, we have

[Zns1 = Z[* < [(yn = radAyn) — (I = r A)Z|* + 2e,]| Xy — 2| + €}
< (1= (1 = ) — T2 + 200 (ST — 7, g — ) + 2en A — 7] + €2,
An application of Lemma 2.1 to the above inequality yields that lim,,_, ||z, — Z|| = 0.

This completes the proof.

4. APPLICATIONS

Let C' be a nonempty closed and convex subset of a Hilbert space H. Let ic be the
indicator function of C, that is, ic(x) = 0o, ¢ C, ic(x) = 0,2 € C. Since i¢c is a proper
lower and semicontinuous convex function on H, the subdifferential dic of i is maximal
monotone. So, we can define the resolvent J, of di¢ for r > 0, i.e., J, := (I + rdic)™".
Letting x = J,y, we find that

yE€x+rdicy <=y € x+rNecx <= v = Projoy,

where Projc is the metric projection from H onto C' and Nex :={e € H : (e,v—x),Yv €
C}.
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Theorem 4.1. Let C' be a nonempty convex closed subset of a real Hilbert space H.
Let A : C — H be an a-inverse-strongly monotone mapping and let T : C — C' be a
nonexpansive mapping. Assume that VI(C, A) N Fix(T) is not empty. Let S : C — C
be a fized k-contraction. Let {x,} be a sequence in C' in the following process: xy € C,
Yn = STy + (1 — )Ty, Tpi1 = Projo(yn — raAyyn), Yn > 0. Let the criterion for the
approzimate computation of Tniq be ||xni1 — Projo(yn —rnAyn)|| < en, where Y 7 e, <
00. Assume that the control sequences {ay,} and {r,} satisfy the following restrictions:
lim, oo tn, = 0, D00 g, = 00, > oo |y — ]| < 00, Y 0 |y — 1| < 00, and
0<r<r,<r <2a, wherer andr’ are two real numbers. Then {x,} converges strongly
to a point = € VI(C, A) N Fixz(T), where T = Projvic,anrix(1)ST-

Proof. Putting B = 0i¢ in Theorem 3.1, we find that J,, = Projc. This finds from
Theorem 3.1 the desired conclusion immediately.

Next, we consider the problem of finding a solution of a Ky Fan inequality [7], which
is known as an equilibrium problem in the terminology of Blum and Oettli; see [33] and
the references therein.

Let B be a bifunction of C' x ' into R, where R denotes the set of real numbers. Recall
the following equilibrium problem:

Find « € C such that B(x,y) >0, Vye C. (4.1)

To study equilibrium problem (4.1), we may assume that B satisfies the following
restrictions:
(R-a) B(y, =) + B(z,y) <0, Vz,y € C;
(R-b) B(z,z) =0, Yz € C;
(R-c¢) B(z,y) > limsup,, B(tz + (1 —t)x,y), Vo,y,2z € C,
(R-d) y — B(z,y), Vx € C, is lower semi-continuous and convex.
The following lemmas can be found in [22] and [33].

Lemma 4.2. Let C' be a nonempty convez closed subset of a real Hilbert space H. Let
B :C x C — R be a bifunction with (R-a), (R-b), (R-c) and (R-d). Then, for any r >0
and x € H, there exists z € C' such that rB(z,y) + (y — z,z — x) > 0, Yy € C. Further,
define

Trx:{zeC’:rB(z,y)+<y—z,z—x>20, ‘v’yEC’} (4.2)

for allr >0 and x € H. Then T, is single-valued and firmly nonezpansive and F(T,) =
EP(F) is closed conver.

Lemma 4.3. Let C' be a nonempty convex closed subset of a real Hilbert space H. Let
B be a bifunction from C x C to R with (R-a), (R-b), (R-c) and (R-d). Let Ap be a
multivalued mapping of H into itself defined by

{{zeH:<y—x,z>s3<m,y>, VyeC), zed,
ABQ?:

0, x ¢ C. (4:3)

Then Agp is a mazimal monotone operator with domain D(Ap) C C, EP(B) = AZ'(0),
where F'P(B) stands for the solution set of (4.1), and T,x = (I+rAg)~'z,Vx € H, r > 0,
where T, is defined as in (4.2).
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Theorem 4.4. Let C be a nonempty convex closed subset of a real Hilbert space H. Let
B:C x C — R be a bifunction with (R-a), (R-b), (R-c) and (R-d). Let T : C — C be a
nonexpansive mapping. Assume that EP(B) N Fix(T) is not empty. Let S : C' — C be a
fized K-contraction and let T,, = (I+r,Ag)~". Let{x,} be a sequence in C in the following
process: xo € C' and xpy1 ~ T, (S, + (1 — o) Ty), Yn > 0, Let the criterion for
the approximate computation of 41 be ||xpi1 — Ty, (0 Sxy + (1 — ) Txy)|| < e, where
Yo en < 00. Assume that the control sequences {cw,} and {r,} satisfy the following
restrictions: lim, oo o, = 0, Y 00 oy, =00, > | | — ay1] <00, Do | — rao| <
00, and 0 <1 <r, <71’ <2, where r and v’ are two real numbers. Then {x,} converges
strongly to a point * € EP(B) N Fix(T), where T = Projgps)nriz(r)ST-

Proof. Putting A = 0 in Theorem 3.1, we find that J,, = T, . From Theorem 3.1, we
draw the desired conclusion immediately.

Recall that a mapping 7' : C' — T is said to be a-strictly pseudocontractive iff there
exits a constant a € [0, 1) such that

1Tz —Tyl* < all(I = Tz — (I = T)y|* + l= —ylI*, Va,y€C.

The class of strictly pseudocontractive mappings was first introduced by Browder and
Petryshyn [28]. It is known if 7" is a-strictly pseudocontractive, then I — T is 5%-inverse
strongly monotone.

Finally, we consider the problem of common fixed point problems of nonlinear mappings.

Theorem 4.5. Let C' be a nonempty convex closed subset of a real Hilbert space H. Let Ty
be a nonexpansive mapping and let Ty be a a-strictly pseudocontractive mapping on C. Let
S be a fized k-contraction on C. Let {x,} be a sequence generated in the following manner:
29 € C, yp = Sy + (1 — ) Ty, Tpi1 = (1 —10)yn +102Toyn, Vn > 0, Let the criterion
for the approximate computation of x,i1 be ||Tpi1 — (1 — 10)yn — maToyn|| < e,, where
Yo en < 00. Assume that the control sequences {a,,} and {r,} satisfy the following
restrictions: lim, oo oy = 0, Y 00 0y, =00, > o |y — apq] < 00, D07 |y — T <
00, and 0 < r < 1, <71 < 1—a, where r and 1’ are two real numbers. Then {x,}
converges strongly to a point T € Fix(Ty) N Fix(T5), where T = Projpis(r)nris(1,)5T-

Proof. Putting A =1 —T5, we find A is 1_Ta—inverse strongly monotone. We also have
VI(C,A) = Fix(Ty) and r,Toy, + (1 — rp)yn = Projo(yn — rmAyy,). In view of Theorem
3.1, we obtain the desired result immediately.
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ON THE STABILITY OF ADDITIVE p-FUNCTIONAL INEQUALITIES IN
FUZZY NORMED SPACES

CHOONKIL PARK

ABSTRACT. In this paper, we solve the following additive p-functional inequalities

N(farn - @ - s - o (2f (F52) ~ 1@ - 1) 1) 2 o O

and

N (2f (552) - 1@~ ) — o (@ +v) = (@)~ 1) 1) 02)

in fuzzy normed spaces, where p is a fixed real number with p # 1.
Using the direct method, we prove the Hyers-Ulam stability of the additive p-functional
inequalities (0.1) and (0.2) in fuzzy Banach spaces.

>_ -
T t+p(z,y)

1. INTRODUCTION AND PRELIMINARIES

Katsaras [10] defined a fuzzy norm on a vector space to construct a fuzzy vector topological
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from
various points of view [6, 12, 27]. In particular, Bag and Samanta [2], following Cheng and
Mordeson [5], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric
is of Kramosil and Michalek type [11]. They established a decomposition theorem of a fuzzy
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3].

We use the definition of fuzzy normed spaces given in [2, 16, 17] to investigate the Hyers-Ulam
stability of additive p-functional inequalities in fuzzy Banach spaces.

Definition 1.1. [2, 16, 17, 18] Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for all z,y € X and all s,t € R,
(N1) N(z,t) =0 for t <0;
(N2) z =0 if and only if N(z,t) =1 for all £ > 0;
(Ng) N(ca,t) = Nz, ) if ¢ 2 0;
(Ni) Nz -+, +1) > min{N(z, 5), N(y )}
(N5) N(z,-) is a non-decreasing function of R and lim;_, N(x,t) = 1.
(Ng) for = # 0, N(z,-) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.
The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in
[15, 16].

Definition 1.2. [2, 16, 17, 18] Let (X, N) be a fuzzy normed vector space. A sequence {z,} in
X is said to be convergent or converge if there exists an x € X such that lim,,_,oo N(z,—z,t) =1
for all t > 0. In this case, z is called the limit of the sequence {x,} and we denote it by N-
lim,,— o0 Tn, = .

2010 Mathematics Subject Classification. Primary 46540, 39B52, 39B62, 2650, 47540.
Key words and phrases. fuzzy Banach space; additive p-functional inequality; Hyers-Ulam stability.
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Definition 1.3. [2, 16, 17, 18] Let (X, N) be a fuzzy normed vector space. A sequence {z,}
in X is called Cauchy if for each € > 0 and each ¢t > 0 there exists an ng € N such that for all
n > ng and all p > 0, we have N (2, 4p — 2y, t) > 1 —¢.

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy
normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is
continuous at a point g € X if for each sequence {z,} converging to xo in X, then the
sequence {f(zy)} converges to f(zg). If f : X — Y is continuous at each z € X, then
f:X —Y is said to be continuous on X (see [3]).

The stability problem of functional equations originated from a question of Ulam [26]
concerning the stability of group homomorphisms.

The functional equation f(x+vy) = f(z)+ f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [8] gave a first
affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was
generalized by Aoki [1] for additive mappings and by Th.M. Rassias [24] for linear mappings
by considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem
was obtained by Gavruta [7] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Th.M. Rassias’ approach.

The functional equation f (L;“y) = % f (33)+% f(y) is called the Jensen equation. The stability

problems of several functional equations have been extensively investigated by a number of
authors and there are many interesting results concerning this problem (see [4, 9, 13, 14, 19,
22, 23, 25]).

Park [20, 21] defined additive p-functional inequalities and proved the Hyers-Ulam stability
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces.

In Section 2, we solve the additive p-functional inequality (0.1) and prove the Hyers-Ulam
stability of the additive p-functional inequality (0.1) in fuzzy Banach spaces by using the direct
method.

In Section 3, we solve the additive p-functional inequality (0.2) and prove the Hyers-Ulam
stability of the additive p-functional inequality (0.2) in fuzzy Banach spaces by using the direct
method.

Throughout this paper, assume that X is a real vector space and (Y, N) is a fuzzy Banach
space.

2. ADDITIVE p-FUNCTIONAL INEQUALITY (0.1)

In this section, we prove the Hyers-Ulam stability of the additive p-functional inequality
(0.1) in fuzzy Banach spaces. Let p be a real number with p # 1. We need the following lemma
to prove the main results.

Lemma 2.1. Let f: X — Y be a mapping satisfying
r+y
fo+ )~ f@) - F0) = o (21 (“52) - 1) - 1)) (21)
forallx,y € X. Then f: X =Y is additive.

Proof. Letting z =y =0 1in (2.1), we get —f(0) =
Replacing y by z in (2.1), we get f(2z) — 2f(x

0 and so f(0) = 0.
) =0 and so f(2z) = 2f(x) for all x € X.

Thus
fotw) = 1) = 1) = p (2 (5 2) = £0) = 5W)) = pF @ +9) - @) - F0)
and so f(x +y) = f(z)+ f(y) for all z,y € X. 0
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Theorem 2.2. Let ¢ : X2 — [0,00) be a function such that
O(z,y) ::Z2jg0 (;; 2‘%) < 00 (2.2)
j=1
forallxz,y e X. Let f: X =Y be a mapping satisfying
t
N (s = 1@ = 1) =0 (20 (52) 1@ = f@)) 1) > o 23

for all z,y € X and allt > 0. Then A(x) := N-lim, o0 2" f (5%) exists for each x € X and
defines an additive mapping A : X — 'Y such that

t

N (f(z) — Az),t) = W (2.4)
forallxz € X and all t > 0.
Proof. Letting y = x in (2.3), we get
t
N (f (2z) = 2f(2),t) = m (2.5)

and so

for aljlv x(;(( ;nc:mf (fn) 7t> (2.6)
) ().l ) e
(¥ G)-wan) ) o) - ) )

= min
2
7
> min 2
jti ? x x
l+90(21+172lﬁ1) 2m1+g07m7m
. t
= min yr
b+ 20 (g, g ) TH2T 1@(2%,%)
t
>

t+ YT Y (5, 5)

for all nonnegative integers m and [ with m > [ and all z € X and all £ > 0. It follows from
(2.2) and (2.6) that the sequence {2" f(57)} is a Cauchy sequence for all z € X. Since Y is
complete, the sequence {2" f(57)} converges. So one can define the mapping A: X — Y by

A(z) :== N- lim 2"f( )

n—oo

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (2.6), we get (2.4).
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T e )3 (®)

(e () -7 (50) -2 (3)) 7) 2 et

for all xz,y € X, allt > 0 and all n € N. So

v Co) -1 ()~ (3)
t
—p (Q”Hf <I2::r1y> —-2"f <;L> -2"f <2yn>) ,t) > i +g02€2£n, 5 _ t+2n¢t(2:§“ 5

ot
T 1 for all z,y € X and

for all z,y € X, all t > 0 and all n € N. Since lim,,_,,
all t > 0,
Tty

Alw +y) = ()~ Aly) = p (24 (T5) - 4) - ) )
for all x,y € X. By Lemma 2.1, the mapping A : X — Y is Cauchy additive, as desired. [

Corollary 2.3. Let 6 > 0 and let p be a real number with p > 1. Let X be a normed vector
space with norm || - ||. Let f : X — Y be a mapping satisfying

N () - 1) - 1w - o (20 (F52) - @) - 1) 1)
> AT

for all z,y € X and all t > 0. Then A(x) := N-lim, ;00 2" f(55) ewists for each v € X and
defines an additive mapping A : X —'Y such that

(2.7)

(28 — 2)t
(20 — 2)t + 20z ||

N (f(z) - A(x),t) =

forallx € X and all t > 0.

Proof. The proof follows from Theorem 2.2 by taking ¢ (z,y) := 0(||z||P+||y||?) for all z,y € X,
as desired. ]

Theorem 2.4. Let ¢ : X% — [0,00) be a function such that

o0

1 S
O(x,y) = Z 5% (231', 2Jy> < 00
j=0

forallz,y € X. Let f : X — Y be a mapping satisfying (2.3). Then A(z) := N-lim, 0o 2%]” (2"z)
exists for each x € X and defines an additive mapping A : X — Y such that

1
N (f(z) — A(x),t) > t+ Lo(z,7)

forall z € X and all t > 0.
Proof. Tt follows from (2.5) that
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and so
2t t

> =
T2t (r,x)  t+ fo(w,x)

N (@) - 5f(2a).t)

for all x € X and all £ > 0.
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 2.5. Let 8 > 0 and let p be a real number with 0 < p < 1. Let X be a normed
vector space with norm || - ||. Let f: X — 'Y be a mapping satisfying (2.7). Then A(x) := N-
limy, 00 2%]”(2"96) erists for each x € X and defines an additive mapping A : X — Y such
that

(2 —2P)t
(2 —2P)t + 20||x||P

N (f(z) = A(z), 1) =

forallx € X and allt > 0.

Proof. The proof follows from Theorem 2.4 by taking p(z,y) := 0(||z||P+||y||?) for all z,y € X,
as desired. ]

3. ADDITIVE p-FUNCTIONAL INEQUALITY (0.2)

In this section, we prove the Hyers-Ulam stability of the additive p-functional inequality
(0.2) in fuzzy Banach spaces. Let p be a fuzzy number with p # 1.

Lemma 3.1. Let f : X — Y be a mapping satisfying f(0) =0 and

27 ("52) = £(@) = 5w = p (e +9) - @) - ) (31)

forallx,y € X. Then f: X — Y is additive.

Proof. Letting y = 0 in (3.1), we get 2f (%) — f(z) = 0 and so f(2z) = 2f(x) for all z € X.
Thus

fotw) = £@) = 5w =21 (5 7) = £@) = 1) = plf (e +3) - £(a) = Fw)
and so f(x +y) = f(z)+ f(y) for all z,y € X. 0

Theorem 3.2. Let ¢ : X2 — [0,00) be a function such that
O(x,y) := 2(2)2%0 (2]" 2]) < 00 (3.2)
J:

forallz,y € X. Let f: X — Y be a mapping satisfying f(0) =0 and

N (2 (S5Y) ~ @) = f0) = p a4 9) — @) = F) 1) 2 s (39

for all z,y € X and all't > 0. Then A(x) := N-lim, ,o 2" f (5%) exists for each x € X and
defines an additive mapping A : X —'Y such that

t
N (f(z) — A(z),t) > m

(3.4)

forallx € X and all t > 0.
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Proof. Letting y = 0 in (3.3), we get
N (f(x) _of (g) ,t) - N <2f (;) _ f(:v),t) > m (3.5)
for all z € X. Hence
N (2lf (;) —omy (fn) ,t) (3.6)
o (5) 2 () ) () 1 (2).0)
e NU5) ) )2 ) )

o T
e <>}
= min t t
a t 42y (% 0)  t+2mlp(5E,0)

t
S e (3.0)

for all nonnegative integers m and [ with m > [ and all z € X and all £ > 0. It follows from
(3.2) and (3.6) that the sequence {2" f(57)} is a Cauchy sequence for all z € X. Since Y is
complete, the sequence {2" f(57)} converges. So one can define the mapping A: X — Y by

N\&

A(z) :== N- lim 2"f( —)

n—oo

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (3.6), we get (3.4).

By (3.3),
() w1() (3
()G G)) )z
for all 2,y € X, all ¢ > 0 and all n € N. So
e (5)71(2) (3
- <2n <f (ﬁ;y) ! (;> ! (;))) ’t) “EFT w%ﬁ%) - t+2”s0t(5272yn)

7‘t =
T 1 for all z,y € X and

for all z,y € X, all t > 0 and all n € N. Since lim,_,
all t > 0,

24 ("5 ) = Aw) = AW) = p(Alw + 1) - A@) - Aw)

for all z,y € X. By Lemma 3.1, the mapping A : X — Y is Cauchy additive, as desired. [
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Corollary 3.3. Let 8 > 0 and let p be a real number with p > 1. Let X be a normed vector
space with norm || - ||. Let f: X — Y be a mapping satisfying f(0) =0 and

N(2f (x-;;) _f<"3)—f<y)—p(f(fc+y)—f(w)—f(y)),t) > t

SEE(E DR

for all z,y € X and all t > 0. Then A(x) := N-lim, ;o0 2" f(57) exists for each v € X and
defines an additive mapping A : X —'Y such that

(2P — 2)t
(2P — 2)t + 2P|z ||P

N (f(z) = A(z),t) >

forallx € X and all t > 0.

Proof. The proof follows from Theorem 3.2 by taking ¢(z,y) := 0(||z||P+||y||?) for all 2,y € X,
as desired. ]

Theorem 3.4. Let ¢ : X2 — [0,00) be a function such that
> 1 . .
— N~ 2, (974 97
O(x,y) = z:l 2jgp(2 x,2 y) < 00
j:

forallz,y € X. Let f: X —Y be a mapping satisfying f(0) =0 and (3.3). Then A(z) := N-
li}llnn%oo Q%f (2"x) exists for each x € X and defines an additive mapping A : X — Y such
that

forallxz € X and all t > 0.
Proof. 1t follows from (3.5) that

1 t t
N (f(x) - 2f(2x)72> > W

and so
2t t

> =
T 2t+¢(22,0)  t+ Lp(22,0)

N (@) - 5#0).t)

for all x € X and all £ > 0.
The rest of the proof is similar to the proof of Theorem 3.2. O

Corollary 3.5. Let 6 > 0 and let p be a real number with 0 < p < 1. Let X be a normed
vector space with the norm || - ||. Let f: X —Y be a mapping satisfying f(0) =0 and (3.7).
Then A(x) := N-lim,_ 2%]’(2“:5‘) exists for each x € X and defines an additive mapping
A: X =Y such that

(2 — 2v)t
(2= 20)t + 200][zP

N (f(z) = A(z),t) =

forallx € X.

Proof. The proof follows from Theorem 3.4 by taking o(z,y) := 0(||z||? +||y||?) for all z,y € X,
as desired. O
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On the Difference equation
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Abstract

The main objective of this paper is to study the global stability of the
positive solutions and the periodic character of the difference equation

k
A Z Tp—j
Tpp = —————,  n=0,1, ..,
B+ C [ xn-i
i=0
where the parameters A, B and C are positive real numbers and the initial
conditions x_j, T_k+1,..., T_, Tg are nonnegative real numbers.

Keywords: difference equations, stability, global stability, periodic solutions.
Mathematics Subject Classification: 39A10

1 Introduction

Difference equations have always played an important role in the construction and
analysis of mathematical models of biology, ecology, probability theory, genetics,
number theory, physics, economic process, and so forth.
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The study of nonlinear rational difference equations of higher order is of para-
mount, importance, since we still know so little about such equations.

Ahmed [1] investigated the global asymptotic stability and the periodic character
for the rational difference equation,

ATy ] _
Tpt+1 = kn B n—O,l,...,
By [T 2pi o
1=l
where the parameters o, 3, 7, p1, p2, ..., pr are nonnegative real numbers, and

[, k are nonnegative integers such that [ < k and the initial conditions z_oy, _or11,
..., T_1, T are arbitrary nonnegative real numbers.

Wang et al. [2] studied the asymptotic behavior of the solutions of the nonlinear
difference equation

l
ZASi -'L'nfsi
__ 1=0 I
xn—&—l = - k 9 ’rL—O, 1,...,
B“!‘sznft]
=0

where the initial conditions x_,,,, *_,,41, ..., T_1, T are positive real numbers,
m = max {51, vy 87y L1y ey tk}, S1, ..vy S, t1, ..., tp are nonnegative integers, and

As,, B, C are arbitrary positive real numbers.
Zayed et al. [3] investigated the boundedness character, the periodic character,
the convergence and the global stability of positive solutions of the difference equation

k
A+d o Ty
2 B
Tnt1 = kl 5 n—O,l,...,
Zﬁz Tpn—g
=0
where the coefficients A, «;, ,5, and the initial conditions g, _g+1, ..., T_1, To

are positive real numbers, while & is a positive integer number.
In [4] Ibrahim et al. studied the global behavior of the difference equation

ALy —
Tpy1 = 1? e n:0,1,...,
B""'YHIH*Z']‘
j=0

where the parameters o, (3, 7 and initial conditions are non-negative real numbers,
{ip < i1 < ... <1} is a set of nonnegative even integers and m is an odd positive
integer

Hamza et al. [5] studied the global asymptotic stability of the difference equation

k
Allzn—2i-1
1=l
xn—&—l - k—1 9 nzo,l,...,
B4+C 1] #n—2:
7j=0
where A, B, C are nonnegative parameters and [, k are nonnegative integers for
[ < k. They discussed the existence of unbounded solutions under certain conditions
for [ = 0.
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In [6] El-Metwally investigated the global stability character and the oscillatory
of the solutions of the following difference equation

k
ayn [[zn—2i-1
— i =1 —
yn+1 - k : k 9 7’L—0, 1,...,
B+ Z yﬁ,2i71 H Yn—2i—1
=0 =0

where «, 5, v, p € (0, co) with the initial conditions yo, y_1, ..., Y—2k, Y—2k-1 €
(0, o0). For more results in the direction of this study, see, for example, [1-27] and
the papers therein.

The aim of this paper to study some qualitative behavior of the positive solutions
of a higher order difference equation

B i Tn—i
Tn+1 :Al‘n+%> n=0,1, .. (1)
C+D H Typ—i
i=0

i=

where the parameters A, B, C' and D are positive real numbers and the initial
conditions x_;, *_gi1,..., T_, Tg are nonnegative real numbers.

2 Preliminaries

Let I be some interval of real numbers and let

F.I" T

Y

be a continuously differentiable function. Then for every set of initial conditions
Ty T_pat,..., o € I, the difference equation

Tnt+1 = F(l‘n,l'n_l,...,l‘n_k), n = 0,1,..., (2)
has a unique solution {z, }2° ,.

Definition 1 (Equilibrium Point)
A point T € I is called an equilibrium point of the difference equation (2) if

T=FZ,T,..,7).

That is, z, =T forn > 0, is a solution of the difference equation (2), or equivalently,
T s a fixed point of F.

Definition 2 (Stability)
Let T € (0, 00) be an equilibrium point of the difference equation (2). Then, we have
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(i) The equilibrium point T of the difference equation (2) is called locally stable if for
every € > 0, there exists 6 > 0 such that for all x_y, ...,x_1,xq € I with

|l’_k —f| + ...+ |£l§'_1 —f| + |£U0 —T| < 5,

we have
|z, —T| <e forall n>—k.

(i) The equilibrium point T of the difference equation (2) is called locally asymptot-
ically stable if T is locally stable solution of Eq.(2) and there exists v > 0, such that
forall x_y,....,x_1, xo € I with

|l‘_k —E| + ...+ |£l§'_1 —E| + |£l§'0 —E| <7,

we have
lim =z, =7.

(iii) The equilibrium point T of the difference equation (2) is called global attractor
if for all x_y,...,x_1,29 € I, we have
lim =z, ==.

(iv) The equilibrium point T of the difference equation (2) is called globally asymp-
totically stable if T is locally stable, and x is also a global attractor of the difference
equation (2).

(v) The equilibrium point T of the difference equation (2) is called unstable if T is not
locally stable.

Definition 3 (Periodicity)
A sequence {x,}5° _, is said to be periodic with period p if Ty, = x, for alln > —k.

A sequence {x,}o . is said to be periodic with prime period p if p is the smallest
positive integer having this property.

Definition 4 The linearized equation of the difference equation (2) about the equi-
librium T is the linear difference equation
k

OF(Z.,7,...T
Yo =3 R (3)

i=0 O

Now, assume that the characteristic equation associated with (3) is

p()\) = po)\k + pl)\k_l + ...+ pk_l)\ + pr = 0, (4)
where
- OF(E,7,..,7)
b= axn—i .
4

81 M. M. El-Dessoky et al 78-91



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Theorem 1 [1]: Assume that p; € R, i = 1,2,...,k and k is non-negative integer.

Then
k
i=1
18 a sufficient condition for the asymptotic stability of the difference equation
Ttk + P1Tptk—1 + - + Prplp = 0, n=0,1,....
3 Change of variables

1
By using the change of variables x, = (%) *1 9., the equation (1) reduces to the
following difference equation

r i Yn—i
Yni1 = Ay, + —=2—, n=20,1, .., (5)
1+ H Yn—1i
=0
where r = g and the initial conditions vy,, ¥n_1,---» Yn_k+1, Yn_k are positive real
numbers.

4 Local Stability of the Equilibrium Point

In this section, we study the local stability character of the equilibrium point of

Eq.(5).
Eq.(5) has equilibrium point and is given by

g1 —A) 1+ =r(k+1)y.

Thus 7, = 0 is always an equilibrium point of Eq. (5). If A <1 and ﬁlk_—jl > 1; then
the only positive equilibrium point 7, of Eq. (5) is given by

_ (rk+1)
= (/-1 .

Theorem 2 The equilibrium Yy, of Eq. (5) is locally asymptotically stable if

A+rk+1) <1
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Proof: Let f: (0, co)** — (0, o) be a continuous function defined by

k
rz Up—i
f(un> Un—1, Un—2, - Un_k) = Aun + % (7)

Therefore, it follows that

a5 ( ) T<1+ I ") _T@ ") (ﬁ ")
Un, Un—1, Upn—2, «wny Upn_Fk _ i=0 i=0 i=1
Oun A + & 2 )

k k k
| 14+ J] un—i | —7un| D un—; Un—i
Of (Un, Un—1, Un—2y ooy Un_k) i=0 =0 =2

Oun—1 - k 2 )
1+ H Unp—q
=0
k k k
r| 1+ H Un—4 | —TURUR—1 Z Un—q H Unp —i
Of(un, Un—1, Un—2, -0, Upn_f) i=0 i=0 i=3
Ouyp—2 - k 2 ’
1+ H Un—q
=0

k k k—1
r| 1+ H Up—3 | —T Z Un—; H Un —i
Of(un, Un—1, Un—2, -, Upn_f) i=0 i=0 i=0

Oy, o k 2
1+ H Un—q

At y; = 0, we have

af(una Up—1, Up—2, -y un—k) _ A—I—’I“
ou,,

Of (Un, Un—1, Up—2, .oy Up_f) _ _ Of (Un, Un—1, Up—2, .oy Up_k) _
Op—1 Oy, ’

and the linearized equation of Eq. (5) about 7; = 0, is the equation
Znt1— (A+7) 2y — 12— . — TYp_g =0,
It follows by Theorem 1 that, Eq. (5) is asymptotically stable if and only if
|A+r|+r|+ ...+ |r] <1,

and so
A+rk+1) <1

The proof is complete.
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Theorem 3 The equilibrium y, of Eq. (5) is unstable if A+ r(k+1) > 1.
Theorem 4 The equilibrium Y, of Eq. (5) is stable if

Ar+(1-A)(1—-rk—A) <

1
Proof: At y, = (M — 1) o , we have

1—A
Of _ y, r(ieHe ) ()
ou. + L)
Un ( 1A )
— A+ (S e () — A+ (HER ) r—r(ht1)1-4)
() (Y
o (r—rk—r4+1-A) __ (1-A)(1-rk—A)
= AT EEn AT
of o of (1 -A) A —-rk-A)
ou, 1 Ou,_p r(k+1) ’
1
and the linearized equation of Eq. (5) about 7, = (ﬂlk_iAl2 — 1) " is the equation
(1—A)(1—rk—A) (1—A)(1—rk—A) (1—A)(1—rk—A) _
Zn+l — (A + W) Zn — Wzn_l — ... W’yn_k = 0,

It follows by Theorem A that, Eq.(5) is stable if and only if

'A+(1—A)(1—rk:—A)' '(1—A)(1—rkz—A)' ) '(1—A)(1—rk—A)

r k1) Y Y '<1’

for rk + A < 1 we get
1-A)Q—-rk—A)

r

A+ < 1.

The proof is complete.

5 Existence of Boundedness Solutions
Here we look at the boundedness nature of solutions of Eq.(5).
Theorem 5 Every solution of Eq.(5) is bounded if A+1r(k+1) < 1.

Proof: Let {y,}>>, be a solution of Eq.(5). It follows from Eq.(5) that

T i Yn—i k
4+ 1T yn—i i=0
=0
7
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this equation is locally asymptotically stable if A+ r (k+ 1) < 1, and converges to
the equilibrium point 3. Therefore

limsupy, < (A+r(k+1))7y.

n—oo

Hence, the solution is bounded.
Theorem 6 Every solution of Eq.(5) is unbounded if A > 1.

Proof: Let {y,}°°, be a solution of Eq.(5). Then from Eq.(5) we see that

T

Yn—i
2

. k
—= > Ayn—l—rZyn_,» > Ay.

1+ Yn—i i=0

M=

Il
o

Yn+1 = Ayn +

=

0

.
I

This equation is unbounded because A > 1, and lim y, = oco. Then by using ratio

n—oo

test {yn}o° , is unbounded from above.

6 Global Stability of the Equilibrium Point

In this section we study the global stability of the positive solutions of Equation (1).

Theorem 7 The following statements are true
(a) If A+ r(k+ 1) < 1 then the equilibrium point y; = 0 is a global attractor of
equation (1).
1
(b) If rk + A < 1 then the equilibrium point y, = (% — 1) " s a global
attractor of equation (1).

Proof. (a) From Eq. (7) we can see that the function is increasing of all ar-
guments. Now, we can see that the function F(y,, .1, ..., Yn_k) increasing in
Yns Yn1s - Yn_kr1 and x, 5. Then

r(k+1)y _
]L(Jriy,ﬁ)l—y} (y —7,)

< [Ay+rlk+1)y—yl(y—0)
< —(1-A-rk+1)y*<0
If A+r(k+1) <1, then F(y, y, ..., y) satisfies the inequality

F(y, v, ..., y) —yl(y—7;) <0, fory, =0.

According to Theorem 1.10 page 15 in [1], then 7; is a global attractor of Eq. (1).
This completes the proof.
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(b) If rk+ A < 1, then we can see that the function f(u,, w,—1, Un—2, ..., Un_k)
defined by Eq. (7) increasing of all arguments. Suppose that (m, M) is a solution of
the system

M= fM, M, ... M) and m= f(m, m, ..., m).
Then from Equation (1), we see that

r(k+1)M

M= AN+ e andm =AM

then

(1—A)+ (1AM = r(k+1)
(1—A)+ (1 —-Am = rk+1

Subtracting this two equations, we obtain
(1 _ A) (Mk+1 _ mk+1) — 0

under the condition A # 1,we see that M = m. According to Theorem 1.15 page 18
in [1], we see that ¥, is a global attractor of Equation (1).

7 Existence of Periodic Solutions

In this section we investigate the existence of periodic solutions of Eq.(5).
Theorem 8 If k is even, then equation (5) has not prime period two solution.
Proof: Equation (5) can be expressed that

T (yn + Yn—1 + Yn—2 + ...+ yn—k)

Yn+1 = Ayn + 5
" 1 + YnYn—1Yn—2---Yn—k
For k = 2m is even, then Y., Yn—2, Yn—a, s Yn—k—2, Yn—k are even and y, 1, Yn_3,
Yns,s - Yn—k—3, Yn—k—1 are odd. Suppose that exists there distinct positive solutions

"'p7 Q7 p? Q7 M
of Equation (5). Then

r((m+1)q+mp) r((m+1)p+mq)

p=Aq+ and ¢ = Ap +

1 + qm+1pm 1 + pm_qu
Therefore,
p— Ag+¢g" "t — At = r(m+1) g+ rmp, (7)
q—Ap+p™ g™ttt — Ap™tHg™tt = r(m+1)p+rmg, (8)
9
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By subtracting (8) from (7), we have
(1+A+7r)(p—q) =0

Since r + A+ 1 # 0, then p = ¢. This is a contradiction. Thus, the proof is
completed.

Theorem 9 If k is odd, then equation (5) has not prime period two solution.

Proof: When k£ = 2m + 1 is odd, then y,, ¥n—2, Yn—a, - Yn—k—3, Yn_k_1 are even

and Yn—1, Yn—3, Yn—-55 - Yn—k—2, Yn—k are odd.
First suppose that there exists distinct positive solutions

"'p7 Q7 p? Q7 R
of Equation (5). Then

r((m+1)g+ (m+1)p)

nd (m+1)p+(m+1)g)
r((m + + (m +
q=Ap+ L 23
1 +pm+1qm+1
Therefore,
p—Ag+q" " — A" PPp T =r (m+ 1) g+ r (m+1)p, (9)
q—Ap+p™Tgmt? — Apm TPt =r(m+ 1) p+r(m+1)q, (10)

Subtracting (10) from (9), we get
(p—a) (A+Dp™g" ™ +1+A4) =0

Since A+1 # 0, then p = ¢. This is a contradiction. Thus, the proof is completed.

8 Numerical Examples

For confirming the results of this paper, we consider numerical examples which rep-
resent different types of solutions to Eq. (5).

Example 1. The zero solution of the difference equation (5) is local stability if
k=3, A=0.2 r=0.1 and the initial conditions x_3 = 0.8, z_» = 0.2, x_; = 0.4
and zo = 0.7 (See Fig. 1).

10
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plot of y(n+1)=A y()+(r (y(n)+y(n-1)+y(n-2)+y(n-3))/(1+y(n)y(n-1)y(n-2)y(n-3))))
0.8 T T T T T T T

0.7 -

06 A

05 - -

03 A

02 - A

L L L L
0 5 10 15 20 25 30 35 40 45 50
n

Figure 1. Plot the behavior of the zero solution of equation (5).

Example 2. The positive solution of the difference equation (5) is local stability
if k=3, A=0.6, r = 0.2 and the initial conditions x_3 = 0.8, z_, =0.2, z_; =04
and zo = 0.7 (See Fig. 2).

plot of y(n+1)=A y()+(r (y(n)+y(n-1)+y(n-2)+y(n-3))/(1+y(n)y(n-1)y(n-2)y(n-3))))
12 T T T T T T T

11 - A

09 A

08 - A

0.7 - A

x(n)

06 A

05 A

04 T

03 - A

0.2 I I I I I I I I I

Figure 2. Plot the behavior of the positive solution of equation (5).

Example 3. The solution of the difference equation (5) is global stability if
k=3, A=0.02, r =0.33 and the initial conditions z_3 = 0.8, x_, =0.2, z_; = 0.4
and zo = 0.7 (See Fig. 3).

11
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plotof y(n+1)=A y(n)+(r (y(n)+y(n-1)+y(n-2)+y(n-3))/(L+y(n)y(n-1)y(n-2)y(n-3))))
T T T T T T T

09 - -

08 - -

0.7 [~ 1

05 - 1

04 |- 1

03 - 1

0.2

Figure 3. Plot the behavior of the positive solution of equation (5).

Example 4. Figure (4) shows the equation (5) is unbounded when k =3, A = 1.1,
r = 0.1 and the initial conditions x_3 =0.8, x_5 =0.2, z_; = 0.4 and xy = 0.7.

plot of y(n+1)=A y(n)+(r (y(n)+y(n-1)+y(n-2)+y(n-3))/(1+y(n)y(n-1)y(n-2)y(n-3))))
15000 T T T T T

10000

5000 [~

L L L L L
0 10 20 30 40 50 60 70 80 90 100

Figure 4. Plot the behavior of the solution of equation (5).

Acknowledgements

This article was funded by the Deanship of Scientific Research (DSR), King Ab-
dulaziz University, Jeddah. The authors, therefore, acknowledge with thanks DSR
technical and financial support.

References

[1] A. M. Ahmed, On the Dynamics of a Higher-Order Rational Difference Equation,
Discrete Dyn. Nat. Soc., Vol., 2011 (2011), Article ID 419789, 8 pages.

[2] Chang-you Wang, Shu Wang, Wei Wang, Global asymptotic stability of equilib-
rium point for a family of rational difference equations, Appl. Math. Lett., 24
(2011), 714-718.

12

89 M. M. El-Dessoky et al 78-91



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

[3] E. M. E. Zayed, M. A. El-Moneam, On the rational recursive sequence x,; =
k k

(A + > aq; :Un_,») /> B; Tn—i, Mathematica Bohemica, 133 (2008), No. 3, 225-
i=0 i=0

239.

[4] Ibrahim Yalcinkaya, Alaa E. Hamza, Cengiz Cinar, Global Behavior of a Recur-
sive Sequence, Selguk J. Appl. Math., Vol., 14 (2013), No. 1, 3-10.

[5] A. E. Hamza, R. Khalaf-Allah, On the recursive sequence z,.; =

k k-1

Al]zn2:-1/ | B+ C[]xn_2: |, Computers and Mathematics with Applications,
il =0

56 (2008), 1726-1731.

J

[6] H. El-Metwally, On the Dynamics of a Higher-Order Difference Equation, Dis-
crete Dyn. Nat. Soc., Vol., 2012 (2012), Article ID 263053, 8 pages.

[7] V. L. Kocic and G. Ladas, Global Behavior of Nonlinear Difference Equations of
Higher Order with Applications, Kluwer Academic Publishers, Dordrecht, 1993.

[8] M. R. S. Kulenovic and G. Ladas, Dynamics of Second Order Rational Difference
Equations with Open Problems and Conjectures, Chapman & Hall / CRC Press,
2001.

[9] E. A. Grove and G. Ladas, Periodicities in nonlinear difference equations, Vol.
4, Chapman & Hall / CRC Press, 2005.

[10] H. El-Metwally, R. Alsaedi, and E. M. Elsayed, The Dynamics of the Solutions
of Some Difference Equations, Discrete Dyn. Nat. Soc., Vol., 2012 (2012), Article
1D 475038, 8 pages.

[11] E. M. E. Zayed and M. A. El-Moneam, On the rational recursive sequence z,,, 1 =
k k
(A + > :Un_,») / (B + > .5, :Un_,»), Int. J. Math. & Math. Sci; Volume 2007,
i=0 i=0
Article ID 23618, 12 pages, doi: 10.1155/2007/23618.

[12] A. E. Hamza, R. Khalaf-Allah, Global behavior of higher order difference equa-
tion, J. Math. Stat., 3 (2007), 17-20.

[13] E. M. E. Zayed, On the dynamics of the nonlinear rational difference equation,
Dynamics of Continuous, Discrete and Impulsive Systems Series A: Mathemati-
cal Analysis 22, (2015), 61-71.

[14] E. M. E. Zayed, M. A. El-Moneam, On the Rational Recursive Sequence X,,,; =

YXn—k + %, Bulletin of the Iranian Mathematical Society, Vol. 36 (1),

(2010), 103-115.

13

90 M. M. El-Dessoky et al 78-91



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

[15] C. J. Schinas, G. Papaschinopoulos, and G. Stefanidou, On the Recursive Se-
‘o1 Adv. Differ. Equ., Vol. 2009, (2009), Article ID 327649,

quence T, = A+
11 page.

h

[16] G. Papaschinopoulos, C. J. Schinas and G. Stefanidou, On the nonautonomous
, Appl. Math. Comput., 217(12), (2011),

p
Tn—1

difference equation z,.; = A, +
5573-5580.

zh

[17] E. M. Elsayed and M. M. El-Dessoky, Dynamics and global behavior for a fourth-
order rational difference equation, Hacettepe J. Math. and Stat., 42 (2013), (5),
479-494.

[18] M. A. Obaid, E. M. Elsayed and M. M. El-Dessoky, Global Attractivity and
Periodic Character of Difference Equation of Order Four, Discrete Dyn. Nat.
Soc., Vol., 2012, (2012), Article ID 746738, 20 pages.

[19] M. A. El-Moneam, On the Dynamics of the Higher Order Nonlinear Rational
Difference Equation, Math. Sci. Lett. 3 (2014), (2), 121-129.

[20] M. M. El-Dessoky, Dynamics and Behavior of the Higher Order Rational Differ-
ence equation, J. Comput. Anal. Appl., Vol., 21 (2016), (4), 743-760.

[21] R. Abo-Zeid, Global behavior of a higher order difference equation, Mathematica
Slovaca, 64 (2014), (4), 931-940.

[22] M. M. El-Dessoky, Qualitative behavior of rational difference equation of big
Order, Discrete Dyn. Nat. Soc., Vol., 2013 (2013), Article ID 495838, 6 pages.

[23] R. Abo-Zeid, On the oscillation of a third order rational difference equation, J.
Egyptian Math. Soc., 23 (2015), 62-66.

[24] Lin-Xia Hu, Hong-Ming Xia, Global asymptotic stability of a second order ra-
tional difference equation, Appl. Math. Comput., 233 (2014), 377-382.

[25] E. M. Elsayed, M. M. El-Dessoky and E. O. Alzahrani, The Form of The Solution
and Dynamic of a Rational Recursive Sequence, J. Comput. Anal. Appl., Vol.,
17 (2014), (1), 172-186.

[26] Yuji Liua and Xingyuan Liu, The existence of periodic solutions of higher order
nonlinear periodic difference equations, Math. Meth. Appl. Sci. 36, (2013) 1459
1470.

[27] E. M. Elsayed and M. M. El-Dessoky, Dynamics and Behavior of a Higher Order
Rational Recursive Sequence, Adv. Difference Equ., 2012 (2012), 69.

14

91 M. M. El-Dessoky et al 78-91



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

A Kind of Generalized Fuzzy Integro-differential
Equations of Mixed Type and Strong Fuzzy
Henstock Integrals*

Qiang Ma®,  Ya-bin Shao”*, Zi-zhong Chen®
* Network Information Management Center, Northwest University for Nationalities,
Lanzhou Gansu,730030, P.R. China
®School of Science, Chongging University of Posts and Telecommunications,
Nan’an 400065, Chongqing, P. R. China
¢School of Computer Science, Chongqing University of Posts and Telecommunications,
Nan’an 400065, Chongqing, P. R. China

December 13, 2015

Abstract

In this paper, we prove the existence theorem of solutions for a kind of
discontinuous fuzzy integro-differential equation of mixed type by using
the definition of the w — ACG™ for a fuzzy-number-valued function and
a generalized controlled convergence theorem of strong fuzzy Henstock
integrals.

Keywords: Fuzzy number; w — ACG*; Discontinuous fuzzy Integro-
differential equation; Controlled convergence theorem; Strong fuzzy Hen-
stock integrals.

1 INTRODUCTION

The Cauchy problems for fuzzy differential equations have been studied by sev-
eral authors [11, 9, 12, 16, 17, 18] on the metric space (E™, D) of normal fuzzy
convex set with the distance D given by the maximum of the Hausdorff distance
between the corresponding level sets. In [16], the author has been proved the
Cauchy problem has a uniqueness result if f was continuous and bounded. In
[11, 12], the authors presented a uniqueness result when f satisfies a Lipschitz

condition. For a general reference to fuzzy differential equations, see a recent
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book by Lakshmikantham and Mohapatra [13] and references therein. In 2002,
Xue and Fu [26] established solutions to fuzzy differential equations with right-
hand side functions satisfying Caratheodory conditions on a class of Lipschitz
fuzzy sets.

However, there are discontinuous systems in which the right-hand side func-
tions f : [a,b] x E™ — E™ are not integrable in the sense of Kaleva [11] on certain
intervals and their solutions are not absolute continuous functions. Recently, Wu
and Gong [24, 25] have combined the fuzzy set theory [27] and nonabsolute inte-
gration theory [10], and discussed the fuzzy Henstock integrals of fuzzy-number-
valued functions which extended Kaleva[ll] integration. In order to complete
the theory of fuzzy calculus and to meet the solving need of transferring a fuzzy
differential equation into a fuzzy integral equation, Gong and Shao [7, 8] have
defined the strong fuzzy Henstock integrals and discussed some of their prop-
erties and the controlled convergence theorem. So, in [19, 20, 21, 22, 23], the
authors used the strong fuzzy Henstock integrals [8], and deal with the Cauchy
problem of discontinuous fuzzy systems. In this paper, according to the idea of
[4] and using the concept of generalized differentiability [2], the operator j which
is the isometric embedding from (E™, D) onto its range in the Banach space X
and the generalized controlled convergence theorems for the strong fuzzy Hen-
stock integrals, we will deal with the Cauchy problem of discontinuous fuzzy
integro-differential equations of mixed type as following:

{ 2'(t) = f(t,x(t),fot kl(t,s)g(s,x(s))ds,foa kg(t,s)iz(s,x(s))ds), (1)

z(0) =x9, xo€ E™tel,=][0,a],acR"

where f , G, h, z will be assumed strong fuzzy Henstock integrable and k1, ko are
real-valued functions.

To make our analysis possible, in section 2, we will first recall some basic
results of fuzzy numbers. In section 3, we give some definitions of w — ACG*
of fuzzy-number-valued function. In addition, we present the concept of strong
fuzzy Henstock integral and a generalized controlled convergence theorem for
the strong fuzzy Henstock integrals. In section 4, we deal with the Cauchy
problem of discontinuous fuzzy integro-differential equation of mixed type. And
in section 5, we present some concluding remarks.

2 PRELIMINARIES
Let Py(R™) denote the family of all nonempty compact convex subset of R™
and define the addition and scalar multiplication in Py (R™) as usual. Let A and
B be two nonempty bounded subset of R™. The distance between A and B is
defined by the Hausdorff metric [6]:

du(A,B) = maX{igg inf fla—0bll, sup inf [[b—all}.
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Denote E™ = {u : R™ — [0, 1]|u satisfies (1)-(4) below} is a fuzzy number
space. where

(1)u is normal, i.e. there exists an xo € R™ such that u(xzg) = 1,

(2)u is fuzzy convex, i.e. u(Az+(1—A)y) > min{u(x),u(y)} for any =,y € R"
and 0 < X\ <1,

(3)u is upper semi-continuous,

(4)[u]® = cl{z € R™|u(z) > 0} is compact.

For 0 < a <1, denote [u]* = {z € R"|u(x) > a}. Then from above (1)-(4),
it follows that the a-level set [u]® € P,(R™) for all 0 < o < 1.

According to Zadeh’s extension principle, we have addition and scalar mul-
tiplication in fuzzy number space E™ as follows [6]:

[u+ 0] = [u]* + [o]%, [ku]® = K[u]",

where u,v € E™ and 0 < a < 1.
Define D : E™ x E™ — [0, 00)

D(u,v) = sup{dg([u]®, [v]Y) : @ € [0,1]},

where d is the Hausdorff metric defined in Py (R™). Then it is easy see that D
is a metric in E™. Using the results [5], we know that

(1) (E™, D) is a complete metric space,

(2) D(u+ w,v +w) = D(u,v) for all u,v,w € E™,

(3)D(Au, \v) = |A\|D(u,v) for all u,v,w € E™ and A € R.

The metric space (E™, D) has a linear structure, it can be imbedded isomor-
phically as a cone in a Banach space of function u* : I x S"~! — R, where
Sn=1 is the unit sphere in R", with an imbedding function u* = j(u) defined
by

u*(r,z) = sup < a,x >

a€u]®

for all <r,z >€ I x S" L. (see [5])

Theorem 1 There exist a real Banach space X such that E™ can be imbedding
as a convex cone C with vertex 0 into X. Furthermore the following conclusions
hold:

(1) the imbedding j is isometric,

(2) addition in X induces addition in E™,

(8) multiplication by nonnegative real number in X induces the corresponding
operation in E™,

(4) C — C is dense in X,

(5) C is closed.

A fuzzy-number-valued function f : [a,b] — E™ is said to satisfy the con-
dition (H) on [a,b], if for any 1 < x2 € [a,b] there exists u € E™ such that
f(z2) = f(z1) + u. We call u is the H-difference of f(z3) and f(x1), denoted
f(@2) —p [f(z1) ((11]).

94 Qiang Ma et al 92-107



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

For brevity, we always assume that it satisfies the condition (H) when dealing
with the operation of subtraction of fuzzy numbers throughout this paper.

It is well-known that the H-derivative for fuzzy-number-functions was ini-
tially introduced by Puri and Ralescu [17] and it is based in the condition (H)
of sets. We note that this definition is fairly strong, because the family of
fuzzy-number-valued functions H-differentiable is very restrictive. For example,
the fuzzy-number-valued function f : [a,b] — E™ defined by f(z) = C - g(z),
where C' is a fuzzy number, - is the scalar multiplication (in the fuzzy context)
and ¢ : [a,b] — RT, with ¢'(tg) < 0, is not H-differentiable in tq (see [2]). To
avoid the above difficulty, in this paper we consider a more general definition
of a derivative for fuzzy-number-valued functions enlarging the class of differ-
entiable fuzzy-number-valued functions, which has been introduced in [2] and
[3].

Definition 1 ([2]) Let f : (a,b) — E" and xo € (a,b). We say that f is
differentiable at xq, if there exists an element f'(to) € E™, such that
(1) for all h > 0 sufficiently small, there exists f(xo+h) —m f(z0), f(x0) —n
f(xo — h) and the limits (in the metric D)
lim f(xo+h) —p f(xo)
h—0 h h—0 h

or
(2) for all h > 0 sufficiently small, there exists f(zo) —g flzo+h), fzo —
h) —m f(zo) and the limits
lim f(xo) —u flwo+h) _ lim f(wo —h) —m f(x0)
h—0 —h h—0 —h

= f(20)

or
(3) for all h > 0 sufficiently small, there exists f(xo +h)—g f(sco), f(xo —

h) —m f(zo) and the limits
o h) g fa) ~
h—0 h h—0 —h

or
_(4) for all h > 0 sufficiently small, there exists f(xo)—u flzo+h), f(z0) —n
f(xzo — h) and the limits
. f(ffo)—Hf(xo-Fh)_ _f f B
A h /)

1

(h and —h at denominators mean % and — 5 -, respectively).
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3 THE STRONG FUZZY HENSTOCK INTE-
GRAL AND ITS CONTROLLED CONVER-
GENCE THEOREM

In this section we shall give the definition of the strong Henstock integral for
fuzzy-number-valued functions [7, 8] on a finite interval, which is an extension
of the usual fuzzy Kaleva integral in [11]. In addition, we define the properties
of w— AC* and w — ACG* for fuzzy-number-valued functions. In particular,
we shall prove a controlled convergence theorems for the strong fuzzy Henstock
integrals.

Definition 2 ([10, 14]) Let 6(x) be a positive function defined on the interval
[a,b]. A division P = {[x;—1,2;] : &} is said to be d—fine if the following
conditions are satisfied:

(1)a—x9<z1<--<xp =0

(2) & € [wi—1, @] C (& —6(&), & + (&)
For brevity, we write P = {[u,v]; &}

Definition 3 ([7, 8]) A fuzzy-number-valued function f is said to be strong
Henstock integrable on [a,b] if there exists a additive fuzzy-number-valued func-
tion F on [a,b] such that for every e > 0 there is a function 6(¢) > 0 and for
any o-fine division P = {([u,v],£)} of |a,b], we have

Z D(f(fi)(vi - ui)vﬁ([u%’u’i}))
€K,

+ > Df(&) (v —uy), (—1) - F([uj,0;-1]))
j€ln
< e

where K,, = {i € {1,2,-,n} such that F([zi_1, ) is a fuzzy number and
I, = {j € {1,2,--,n} such that F([z;,x;—1]) is a fuzzy number. We write
fe SFHIa,b).

Definition 4 ([10, 14]) A real-valued function F is strong absolute continuous
(F € AC*) on [a,b] if and only if for every € > 0 there is a n > 0 such that for
every finite or infinite sequence of non-overlapping interval {[a;, b;|}, satisfying
Yo 1bi —ai| < n, we have Y, O(F;la;, b;]) < e, where where O denotes the
oscillation of f over [a;,b;], i.e.,

O(f; lai, bi]) = sup{|F'(z) = F(y)|; 2,y € [a;, bil}.

A real-valued function F is said to be ACG* on X if X is the union of a
sequence of sets {X;} such that on each X; the function F' is AC*(X;).

Definition 5 A fuzzy-number-valued function f defined on X C [a,b] is said
to be weak generalized absolute continuous (f € w — ACG*(X)) if for every
A € [0,1], the real-valued function fy () and fy (x) are ACG*.
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Theorem 2 If f is strong fuzzy Henstock integrable on [a,b], then its primitive
F isw— ACG* on [a,b].

Proof. For every € > 0, there is a function §(£) > 0 such that for any J-fine
partial division P = {[u,v],{} in [a, b], we have

S D(F([u,v)), F(€)(v —u)) <.
We assume that 6(§) < 1. Let
7 —1

) .
Szefat——.a+ o))

forn=2,3,---,i=1,2,---. Fixed X,, ; and let {[ay, bx]} be any finite sequence
of non-overlapping intervals with ay,bx € X, ; for all k. Then {([ax,bx], ar)}
is a d-fine partial division of [a,b]. Furthermore, if a; < ux < v < by, then
{([ak,ur], ar)}, {([ak, vk], ar)} are o-fine partial division of [a,b]. Thus

Y D(F(uy), F(v)) < Y D(F(ag), Fux)) + Y D(F(by), F(vr))

+ Y D(F(ax), F(by))

< 3e+ Y D(f(ar)(ur — ax),0) + Y D(f(b) (b — vx),0)
> D(f(ax)(br — ax),0) < 3e+3n Y (b — ax).

Choose < = and ) (by — ax) < 7. Then

_|_

Z O(F, [ax, bi]) < 3¢ + .
Therefore, F' is w — AC*(X,, ;). Consequently, F' is w — ACG* on [a, b].

Theorem 3 If there exists a fuzzy-number-valued function F' is continuous and
w— ACG* on [a,b] such that F'(z) = f(x) a.e. in [a,b], then [ is strong fuzzy
Henstock integrable on [a, b] with primitive F.

Proof. Let F' be the primitive of f and F'(z) = f(z) for z € [a,b]\ S where
S is of measure zero. For £ € [a,b] \ S, given € > 0 there is a 6(£) > 0 such that
whenever € € [u,v] C (£ —(§),£ + (€)) we have

D(F([u, v]), f(€)(v = u)) < elv—ul.

Since F is continuous and w — ACG* on [a, b], there is a sequence of closed
sets {X;} such that U;X; = [a,b] and F is w — AC*(X;) for each i. Let Y] =
X,V =X, \ (X1 UXg---UX,_4) for i = 1,2,--- and S;; denote the set of
points z € S NY; such that j — 1 < D(f,0) < j. Obviously, S;; are pairwise
disjointed and their union is the set S. Since F is also w — AC*(S;;), there is
an;; < e27"77571 such that for any sequence of non-overlapping intervals {I}
with at least one endpoint of I}, belonging to S;; and satisfying >, [Ix| < 7
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we have >, D(F(I}),0) < 2779, Again, F(I) denotes F(v) —g F(u) where
I = [u,v]. Choose G;; to be the union of a sequence of open intervals such that
|Gij| < mij and G;; D S;; where |G| denotes the total length of G;;. Now for
&€ Sij,put (£—9(8),€+6(€)) C G,;. Hence we have defined a positive function
5(6).

Take any d—fine division P = {[u,v];&}. Split the > over P into partial
sums »_; and ), in which £€S and £ € S respectively and we obtain

D(f()w—wu), F(la,b])) < > D(f()(v—u),F(a,b]))
1
+ 3 DF(a,b).0) + 3 DUE) (v — ), 0)
2 2
< s(b—a)+252*i*j+2jmj

< eb—a)+ 2e.
That is to say, f is strong fuzzy Henstock integrable to F' on [a, b].

Definition 6 A sequence of fuzzy-number-valued functions {Gy(x)} is said to
be weak uniformly ACG*(Uw — ACG™) if for every A € [0,1], the real-valued
functions {Gn(z)}y and {Gn(z)}y are UACG*.

Theorem 4 (Controlled Convergence theorem) If a sequence of strong fuzzy
Henstock integrable { f,} satisfies the following conditions:
(1) fn(z) = f(x) almost everywhere in [a,b] as n — oo;
(2) the primitives F(z) = (SFH) [ fu(s)da of fn are w—ACG* uniformly
inmn;
(3) the primitives F,(x) are equicontinuous on |[a,b],
then f(x) is strong fuzzy Henstock integrable on [a,b] and we have

b b
lim (SFH)/ fu(z)da = (SFH)/ f(z)dz.
n—oo a a

If condition (1) and (2) are replaced by condition (4):

(4) g(x) < f(x) < h(x) almost everywhere on [a,b], where g(x) and h(z) are
steong fuzzy Henstock integrable.

Proof. In view of condition (3), F(x) exist as the limit of F,(z) and is
continuous. In fact, for VA € [0,1], (F,(z))y and (F,(z)){ is uniformly ACG*
on [a, b]. By the Controlled Convergence theorem of real valued strong Henstock
integral([14] Theorem 7.6), F(z) is continuous. Because Fy (z) and Fy (z) is
Henstock integrable on [a, 8], it follows condition (2) that F'is w— ACG*. From
theorem 3.2, it remains to show that F'(z) = f(z) almost everywhere. Hence
we obtain f(x) is strong fuzzy Henstock integrable on [a, b].

Next, we put G(z) = (SFH) [ F(t)dt, in view of condition (3), for VA €
[0, 1], we have

lim (F,(2))5 = G5 () = Fy (2)

n—oo
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and
lim (F, (2)){ = Gf (z) = Fy ().

n— oo

So, let = b, we have

n—oo

b b
lim (SFH)/ fu(z)da = (SFH)/ f(z)dz.

This completes the proof.

4 AN EXISTENCE RESULT OF GENERAL-
IZED FUZZY INTEGRO-DIFFERENTIAL
EQUATIONS

By using the Controlled Convergence theorem of strong fuzzy Henstock integral,
in this section, we prove a theorem for the existence of solution to the Cauchy
problem (1). For any bounded subset A of the Banach space X we denote a(A)
the Kuratowski measure of non-compactness of A, i.e the infimum of all £ > 0
such that there exist a finite covering of A by sets of diameter less than €. For
the properties of o we refer to [1] for example.

Lemma 1 ([1]) Let H C C(I,,X) be a family of strong equicontinuous func-
tions. Then
a(H) = sup a(H(t)) = a(H (L))

tel,
where a(H) denote the Kuratowski measure of non-compactness in C(I,,X)
and the function t — «(H(t)) is continuous.

Theorem 5 ([1]) Let D be a closed convex subset of X, and let F' be a contin-
wous function from D into itself. If for x € D the implication

V=con({z}UF(V)) =V
1s relatively compact, then F' has a fized point.

Theorem 6 If the fuzzy-number-valued function f : I, —s E™ is (SFH) inte-
grable, then

/I f(t)dt e |1] - comvf(1),

where com)f(I) is the closure of the convex of f(I), I is an arbitrary subinterval
of I, and |I| is the length of I..

Proof. Because of j o f is abstract (SH) integrable in a Banach Space, by
using the mean valued theorem of (SH) integrals, we have

(SH)/Ijof(t)dte V1| - zommj o F(I) = |1 - j o Commf(L).
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In additional, there exists (SH) ) [0 ft)dt =jo [, f(t)dt

So, we have jo [, f(t)dt € |I| - convyj o f(I). And the set {|I| - convf(I)} is
a closed convex set, we have

/If(t)dt € |1] - wommf(I).

Definition 7 A fuzzy-number-valued function f : I, x E™ —s E™ is L*— Carathéodory
if the following conditions hold:

(1) the fuzzy mapping (x,y) € E™ x E™ is measurable for all t — f(t,z,y);

(2) the fuzzy mapping t € I, is continuous for all (z,y) — f(t,m,y).

We observer that the problem (1) is equivalent to the integral eqution:

x(t) = xo +/0 f(z,x(z),/oz k1 (z, S)Q(S,a:(s))ds,/oa ko(z, S)B(s,x(s))ds)dz

or

x(t) = xo+(— /fzx /k‘lzs s, x( ds/k‘gzs ,x(s))ds)dz.
(2)

Now, we define a notion of a solution.

Definition 8 A w — ACG* function x : I, — E™ is said to be the generalized
solutions of the problem (1) if it satisfies the following conditions:

(1) x(0) = wo;
(2)

() = ft, a(t /klts 5,3 ds/k;gts 2(s))ds).

fora. e. tel,.

Definition 9 A continuous function x : I, — E™ is said to be the solutions of
problem (2) if

o) =0+ [ Feata), (2, )35, 2(5))ds, / " ka(z, 9)h(s, 2(5))ds)d>
x(t) = xo+(— / f(z,x( / kl(z,s)g(s,x(s))ds,/oa ka(z, s)h(s,z(s))ds)dz.
for every t € I,

For every fuzzy number = € C(I,, E™), we define the norm of x by:

H(x,0) = sup D(z,0).
tel,
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Let
B(p) = {x € C(I,, E™)|H(x,0) < H(z,0) +p,p > 0}.

Obviously, B(p) is closed and convex in E™. Define the operator F': C(I,, E™) —
C(1,,E™) by:

Fz)(t) =x0+/0 f(z,x(z),/oz kl(z,s)g(s,x(s))ds,/oa ko (2, 8)A(s, 2(s))ds)dz

where integrals are in the sense of strong fuzzy Henstock integral.
Let
I(p) = {F(z) € (L., E")|x € B(p)}
for each p > 0. Let r(K) be the spectral radius of the integral operator K
defined by

K(u)(t) = /Oc k(t, s)u(s)ds,

where the kernel k € C(I, x4, R),u € C(I,, E™) and ¢ denotes any fixed valued
in I,.
Next, we give the main result in this section.

Theorem 7 Suppose that for each w — ACG* function x : I, — E™, the func-
tions
g(@())’f(?{())7 0(;) ki(-,8)g(s,x(s))ds, and [ ka(z,s)h(s,z(s))ds are (SFH)
integrable, g, f, and h are fuzzy L'— Caratheodory functions. Let ki, ks : I, X
I, — RT be measurable functions such that k1(t,-), ka2(t,-) are continuous.

Assume that there exists pg > 0 and positive constants L, Ly and dy, such
that

a(jod(I, X)) < La(jo X), IC I, X C B(n),

a(joh(l,X)) < Lia(joX), ICI,XC B(po),
a(jo f(t,A,C, D)) < dy -max{a(jo A),a(jo C),a(jo D)} A,C,D C B(p),

where G(I, X) = {g(t,x(t)|t € I,z € X}, h(I,X) = {h(t,x(t))|t € [,z € X}
and
f(t,A,C,D) = {f(t,xl,arg,a:3)|(a:1,a:2,x3) e AxC x D}

where o denotes the Kuratowski measure of non-compactness.

Moreover, let I'(pg) be equicontinuous, equibounded, and uniformly w—ACG*
on I,. Then, there exists at least on solution of problem (1) on I., for some
0<c<a, such thatdy -¢ <1 anddy-c-L-r(K).

Proof. By equicontinuity and equiboundedness of I'(pg) there exists a num-
ber ¢,0 < ¢ < a such that

H([ Feato), [ )i a)s, [ bl s)its,o(:)ds)d2,0)
:supD(/0 f(z,x(z),/o kl(z,s)g(s,x(s))ds,/o ka(z, s)h(s,z(s))ds)dz,0)

tel,

Sp()?

10
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where pg > 0,2 € B(pg). By the definition of F, we have

H(F(z)(t),0)

(t),
o+ [ Feal). [ bt o(9)ds, [ e s)is,o(:)ds)d2,0)
<H(x0,0) + H(/0 f(z,2(2), /OZ k1(z,8)g(s, z(s))ds, /Oa ka(z, 8)h(s, x(s))ds)dz, 0)

SH(Z‘(),O)-FP(), tel., xg e E".

Using Theorem 4, we deduce that the fuzzy-number-valued function F' is con-
tinuous.

Obviously, there exists V' C B such that V = conv({z} U F(V)) for every
x € B(po). Next, we will prove that V is relatively compact.

In fact, let V(t) = {v(t) € E"|v € V}} for t € I.. Since V C B(po) and
F(V) C I'(py), then V C V is equicontinuous. By Lemma 1, we get that t —
v(t) = a(joV(t)) is continuous on I.. For fixed ¢t € I., we divide the interval [0, ¢]
into m parts: 0 =ty < t1 < --- < t,, = t, where t; = it/m,i =0,1,2--- ,m.
Let V([t;,tiq1]) = {u(s) ru € Vit; < s <tj41,i=1,2,--- ,m — 1} By Lemma
1 and the continuity of v, there exists s; € I; = [t;, t;+1] such that

a(jo V([ti, ti])) = tsél}){a(j o V(s))lti < s < tipa} :=v(si)-

For fixed z € [0,t], we divide the interval [0, z] into m parts: 0 = zp < 21 <
<o+ < 2z =z, where z; = jz/m,j =0,1,2--- ,;m. Let V([z;, zj41]) = {u(s)|u €
V,zj <s<zjt1},7=0,1,2,--- ,m — 1. By Lemma 1 and the continuity of v,
there exists s; € I; = [z}, zj41] such that

a(j o V([z, zj41])) = sup{a(j o V(s))lz; < s < zj1} :=v(s;).

tel.
Furthermore, we divide the interval [0,¢] into m parts: 0 =79 < 11 < -+ <
Tm = ¢, where 1, = ke¢/m,k = 0,1,2--- 'm. Let V([rg,rg+1]) = {u(s)|u €
Virk <s<rgy1},7=0,1,2,--- ;m — 1. By Lemma 1 and the continuity of v,

there exists sg € I, = [rg, rr+1] such that

a(j o V([ri.rin])) = sup{aj o V(s)) e < s < i} = v(se).

11
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By Theorem 3 and Theorem 4, we have

m—1 tiJrl ~ m—1 ZJ+1
Fa)t) =20+ Y / ) / 9)3i(s, 2(s))ds,
i=0 Yt =0

—
S 3
E
=
ol
-~
S~—
>

(s,2(s))ds)dz € xq

k=0
m—1 m—1

+ (tig1 — )com;f (L;, V(I), Z (2j+1 — z5)conv(k1(1;, 1;)g(1;, V (1;))),
i=0 §=0

m—1

(rj+1 — rj)eomv(ke (1, 1) h( Ik, V(1))
=0

where k(I,J) = {k(t,s)[t € I,s € J} and g(I,V(I)) = {g(t,z(t))|t € I,x € V}.
Using the condition in assumption and the properties of noncompactness «
([1]), we have

a(jo F(V)(1))

=

m—1
< (tip1 — t;)conoval(j o f(I;, V(I), Z (zj41 — zj)conv (k1 (13, 1;)g(1;, V (I;))),
; =

k=0
< z_:(ti+1 — ti)dy max{(a(j o V(L)) aj o (X_:(ZJ-H zj)eonv(k1(1i, 1)g(15, V (1;)))),
i=0 j=0
0 0 (N (ryar — ry)eomo(hs (5, )R V(IL)):
k=0

We observe that if

a(j o V(I)) = max{(a(j o V(I,)),aj o Z zjr1 — z5)eonv(ky (L, 1;)g(15, V(1))
7=0

,_.

m—

(rjv1 — r5)comv(ka(I;, I)h(Ix, V(Ix))))),
k=0

then

a(joV(t) = aj o (onv({z(t)} U F(V(t))a(io F(V(#)) <di-c-aljoV(t))

for every ¢t € I.. Because dy - ¢ < 1, we have a(joV) < a(jo V). Thisis a
contradiction.

12
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If
0o (3 (241 — 2y)emm(hn (I 1)i(T5, V()
7=0

m—1
= max{a(j o V(L)) aj o (Y (241 — z)eomv(ki (i, 1)§(1;, V(I;))),
7=0
—1

a(jo (Y (rjy1—rj)eonv(ks (i, L), V(Ir))},

3

we have

m—1 m—1
< Z(tl+1 —t Z ZJ+1 - Z] kl IZ)I ) (] Og(‘[ja V(IJ)))
1=0 j=0
m—1 ’ m—1
< (tigr —t Ly (zj41 — 2k (L, Ij)a(j o V(I;))
i=0 7=0
c m—1 m—1
< m (zj+1 — zj)a(j o V(L)) Z k1 (Li, Ij).
j=0 =0

For j =0,1,2,...,m—1, there exists ¢; = 0,1,2,...,m—1such that k (I;, ;) <
kl(lqj,lj). SO7

,_.

m—

a(jo F(V)(t) < L) (zj41— z)k(Lg, L)u(sy), s; €15
7=0
Hence
a(jo F(V)())
<di-c-L- Z zj+1 — 2j)k1(Lg;, I;)(v(s;) — v(py))
7=0
m—1

+dy-c-L- (Zj+1 —zj)kl(lqj,lj)v(pj).

Jj=0

By the continuity of v, we have j o v(s;) — j o v(p;) < €. Therefore, we have

a(joF(V)(t))<dy-c-L- /Oc k1 (t, s)v(s)ds

for ¢t € I.. Since V = conv({z}UF (V)), we have a(joV (t)) < a(joF(V)(t)), so,
v(t) < dl-c-L-fOC k1 (t, s)v(s)ds. By Gronwalls inequality, we have a(joV (t)) = 0
for t € I.. By Arzeld—Ascoli’s theorem, we have V is relatively. Consequently,

13
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by Theorem 5, F has a fixed point. That is to say that problem (1) have at
least solutions.
Similary, if

-1

a(jo (Y (rjp — ry)eono(ke(L;, I) (I, V(I)))))

3

=
Il
o

= max{a(j o V() aj o (3 (2541 — 2 )eomo(hs (T, )3 (1, V().
7=0

m—1

(rjs1 — CO?’lU(kQ(IzyI)B(Ikv V(IK)))}s
k:

o

then we have a(j o V(t)) < a(j o F(V)(t)). By Arzeld—Ascoli’s theorem, the
set V is relatively. By Theorem 5, F' has a fixed point which is a solution of the
problem (1).

5 CONCLUSIONS

In this paper, we give the definition of the w — ACG* for a fuzzy-number-valued
function and a generalized controlled convergence theorem. In addition, we deal
with the Cauchy problem of discontinuous fuzzy integro-differential equations
of mixed type involving the strong fuzzy Henstock integral in fuzzy number
space. The function governing the equations is supposed to be discontinuous
with respect to some variables and satisfy nonabsolute fuzzy integrablility. Our
result improves the result given in Ref. [11, 2] and [26] (where uniform continuity
was required), as well as those referred therein.
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Abstract

In this paper, a Stieltjes transform enfolding some Fox’s H-function has been investigated
on certain class of generalized functions named as Boehmians. By developing two spaces
of Boehmians, the extended transform has been inspected and some general properties are
also obtained. An inverse problem is also discussed in some detail.

Keywords: Fox’s H-function; Stieltjes transform; Laplace transform; Boehmian space; Dis-
tribution space.

1 Introduction

The Fox’s H-function is a generalization of the Meijer G-function introduced by Charles Fox
[15]. It is defined by the compact notation adopted for

Hy " (w) = Hy " |w

(ijﬂj)j:Lz...,q

and has an exemplification in terms of the Barnes-type integral [2]

(aj’aj)j:1,2,...,p ]

, 1 ,
1y @) = 57 [ i s
where £ is a path in the complex plane, w® = exp {s (log |w| + iargw)}, and
(o) = a(s)b(s)
P c(s)d(s)’

where

m n

HF(bj—,ng),b(g) ::HF(I—aj+ajg)

S|
—~
Vs
~—

I

1
H [ (1-b;—Bjs) and d(s) := H I (aj + aj9),

m+1 n+1

[2)
—~
)
NG
I
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with m,p,q € N, a;,b; € C,a,8; € RT,n € Ny := NU {0} satisfying 0 < n < p and
0 < m < q, and C,RT and N denote, respectively, the sets of complex numbers, positive
real numbers and positive integers.

We refer to the survey article by Braaksma [2] and the book of Charles Fox [15] for
asymptotic behaviour of Fox’s H-functions.
Fox’s H-functions being an extreme generalization of the generalized hypergeometric func-
tions ,F, are utilized for applications in a large variety of problems connected with statistical
distribution theory, structures of random variables, generalized distributions, Mathai’s path-
way models, versatile integrals, reaction, diffusion, reaction diffusion, engineering, commu-
nication, fractional differential and integral equations and many areas of theoretical physics
and statistical distribution theory as well.
Recently, utility and importance of H-functions are realized due to their occurrence as
kernels of certain integral transforms.

The generalized Stieltjes transform of a function ¢ (¢) of one variable with kernel involving
Fox’s H-function is defined by [5, (1.3)]

s _ Oow 112 | (€ g (a1,a1), (1= by — B1,AB1)
Gl = [ w [(w) I NG ]so@)d&, )

where H};" [w] is the usual notation of the Fox H-function.
An interesting fact that we find it worthwhile to be mentioned here is that the transform
under consideration is a modulation of the Laplace transform

60 = [ [(W

(ala al) :|
d 2
(e1,71) 5 (e2,72) p(§)ac @
that rectified after some iterations and an appropriate choice on its parameter.

Denote by J. 4 the Fréchet space of smooth functions ¢ defined for all £ (0 < £ < o0) by
the set {d.,q4} of seminorms where

Sean(9) = sup_|onq(log€) (€De)* VEp (€)] < o0 3)

0<€<o0
for every choice of k (k € Ny),

Qc,d(logf)z{ gd, éigzio )

c and d are being real numbers.
The strong dual of continuous linear forms on 7, 4 is denoted by JC, d -

Let py and ¢1 be real numbers defined by p; = min (Re Z—J) (j=1,2,...,m), ¢ = max (Re %7\1)

1 1
(j = 1,2,...,n) and related by the pair of inequalities ¢ + 3 + A1 <0and d+ 3 + Ap1 > 0.

Then, the extended transform of a distribution f € j;d is defined as the application of
f@)e jclyd to its kernel ( see [5, Theorem 3.1])

A
o112 | (6 (a1,00), (1 —b1 — By, ABq)
w H2’2 [(w) ‘ (e1,71), (€2,72) 1 1 ]

giving, by kernel method,

X () @) = <f<f>,w1H§;§ [(5)\ (a1, 0), (1 = b1 =51, 081) D )

w (617’71)7(62»’72)
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where w is a complex number not lying on the negative real axis.

For our consecutive investigation, we denote by Z. 4 the subset of those integrable func-
tions of .4 assigned by the set {04} and its strong dual I'C’d of distributions. Then,
indeed, Z. 4 C J.,q and, hence, jcl)d - I'C)d. Denote by D the standard notation of the space
of smooth functions whose supports are compact subset of (0,00) . Then, it is easy to check
that D C 7.4 and that topology of D is stronger than the topology induced on it by Z 4.
Hence, the restriction to any f € I;d to D is in D/, where D’ is the space of disributions.

We need to establish the following theorem.

THEOREM 1 Given ¢ € Z. 4. Then, x; () € Z¢ 4.
PRrOOF Let ¢ € Z, 4 be given. For the convenience of the reader, we write

m () ] = me (1) s |

By aid of (3) and (1) and simple computation we write

0.4 108€) €D VE() ()| < [

A
0.4 (l0g€) (6De)* /B 1 HL2 [(y) ]

3
x| (y)| dy.
This can also be revised to give
[eS) 1 A
004108 €D VE () (D) (€] < [ Joca (o) (€D (6 1)* 3 l(g) 1
x| (y)| dy.

By utilizing the Property 2.8
(ai7 ai)l 1
DEL 2w H™ | 020 P = Wtk pgm.nt cz?
z { D,q l (bj, 51')1,[; p+1,q+1

of Kilbas and Saigo [1,p.33] we get

(_w7 U) ) (ai7 ai)

1,
(b.85),, - (k — w.0) ]

)

k >~ 1713 Y A
000 1088 €D VE () D) ©)] < [ onulioge)¢ 27033 [(5) ] o W)l .
where \ N \ - \
] |

(61371) ’ (62772) ) (k - %7)‘)

Therefore, the asymptotic properties of H-functions, for large &, imply

01°51,3 i ) M 011,38 [ Y *
sup (0.4 (log&)& 2 Hyy () = sup [£°€ 2 Hyy () < My,
0<€<o0 L § ] 0<€<o0 i 3 ]
where M; is some positive constant. Similarly, for small £, it implies
011,38 i Y M del1L 7713 i Y M
sup |0.,q (log€)& 2 Hy’y (> = sup (£ % Hy%y () < My,
0<€<oo \&/ || o<e<eo \&/ |
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where M, is a postive constant.
Let M = max {M;, Ms} . Then, by the preceding two formulas, we have

sup._ o4 (108€) (€D)" VE (x)) (#) ()] < M / y)) dy < oo,

0<€<oo
since ¢ is integrable.
The proof of this theorem is finished.
DEFINITION 2 Let f € Ipd Then, the Stieltjes transform xj of f € Z_ ; is defined by the

inner product
(x5 () (@), (W) = (f (), x5 (¢) (W), (6)

where ¢ € Z, 4 is aritrary.
The inner product on the left hand side of (6) is well-defined by Theorem 1. Hence, it may
be noted from Equation 6 that the Stieltjes transform of f € Z'C, 4 is a distribution in I;’ a

2 Generalized Distributions; Boehmian Spaces

We always assume that readers are aquainted with the concept of Boehmian spaces, if it
were otherwise, we would refer to [4], [6 — 14] and [16, 17].

Let us now prove the following Theorems that legitimate the existence of our Boehmian
spaces.

The following definition is important for our next investigation.

DEFINITION 3 Given ¢, € Z. 4, then, for ¢ and %, the product ® is defined by

(0 ® %) (W) = / T (e W) wf)da (7)

provided the integral exists.
THEOREM 4 Given ¢ € Z; 4, then ¢ ® ¥ € I, 4, for every 9 € D.
PROOF On account of (3), we write

0ea (08€) (D) VE( 0 w) (6)] < / “ el
0.0 (108€) (€De)* VEp (v 1¢) | ay

A* [ |y " (y)| dy.
/

Let [a1, az] be a closed interval containing the support of ¢. Since ¢ € Z. 4, it by considering
supremum over all £ (0 < £ < co) follows that

IN

Ocak(p@v) < A*/ ly ' (y)] dy < oo,

for some constant A*.
Hence, the proof of this theorem is finished.
Let Y be the product of Mellin type given by

(0¥ ¥)( / £ (67 1y) v (6) de. (8)
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We generate the space B ((Z,q,®); (D, Y)) where A is the subset of D of sequences (d,,)
such that

(i) /O 5. (€)dE = 1.
(i) |0, (&) <A, A€eR, A>0; 9)
(iii) supp o (§) c (ambn) , Qpn,b, — 0 asn — oo,

neN, e (0,00).
In what follows we shall make a free use of the properties of the product Y that we briefly
describe them as follows :

(1) 1 Y 03 =03 Y ooy

(il) (21 Y @2) Y 03 = @1 Y (p2 Y ¢3);

(iif) () Y o = (1 Y ¥3);

(iv) 1 Y (92 +03) =01 Y 92+ @1 Y 3.
Following theorem follows from elementary rules of integral calculus. Hence, its proof is
deleted.
THEOREM 5 Given ¢,,, 9, 01,99 € Zed, a € C, and ¥, 9,,%, € D such that ¢, — ¢ as
n — o0, then the following are true :

D) en®Y — 9®¢ asn — oo.

(i) 1 @ (Y1 +9¥2) = 01 @Y1 + 3 @ Yy

(i) a (¢ @ Y) = ap @9 = p & (1)) .
THEOREM 6 Given ¢ € Z, 4 and 9,1, € D, then ¢ @ (11 Y 1y) = (¢ @ ;) ® 5.
PROOF Let ¢ € T, 4 and 91,15 € D. Then, by aid of the integrals (7) and (8), we write

(0 ® (g Y )) @) = /ww(gm )de

_ y'l 01 wl(fym)
= / Py ( /w(é w)ig dydé
- I w2<y>f° oly = W)z G,

y
/ by (y SD®7/}1) ( )dy.

The proof of this theorem is finished.

THEOREM 7 Given (6,,) € A and ¢ € Z, g, then ¢ ® 6,, € Z, g .
PROOF Let ¢ € 7. 4 and (0,,) € A be given. Then, by (3) and the Identity (i) of (9) we have

0.4 (10g) (D) VE (9 © 00 — ) (€)= / " Jeea (06) (€D Vo, ()
x (05 (y)] dy, (10)

where ¢, (§) = ¢ (§y"'1) y P — ¢ (§). Since ¢, (€) € .4, we from (10), get that

004 (088) (€D0)" VE (¢ @3, — ) (€)] < A / y)| dy, (11)

where A is some positive constant.
Hence, by the identities (ii) and (iii) of (9), Equation (11) can be expressed as

00,4 108€) (D) VE (9 @ 8y — ) (€)| < A1 (bn —an) > 0as n— o0, (12)
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Hence, the proof of this theorem is finished.

THEOREM 8 Given ¢ € Z, 4, then, for every (d,,) € A, we have ¢ ®7,, — ¢ inZ, 4 as n — .
PROOF Let f,, be a compact subset of (0, 00) containing supp d,,, for all n. Then, on account
of (i) of (9), we get

00 1088) D) VEW@5, =) (O] £ [ oo lo88) €D VEp (o)
|0 ()]
MLAE]

X
+/ 0,4 (log &) (§D¢) \[<P ‘
X |6p (z)|dx. (13)

dz

Therefore, (13) gives

n

000 (08 (€00 VE(e 08, — ) (O < A [ 2 aw sy [ 1, (@) an

Considering the supremum over all £, 0 < £ < oo, implies
e,k (9 ® 0n — ) <00,
for any choice of the real numbers ¢, d and k € Ny. Thus, we find that
Y®0d, = pinT.qasn— oo.
The proof has been completed .

COROLLARY 9 Given (6,,) € A and ¢, ® 6, = g ® 0y, then ¢, = ¢, for all ¢,y € Zcq .

The space B ((Z,4,®); (D, Y)) is constructed.
Addition and multiplication by a scalar in B ((Z.,q4,®); (D, Y)) are defined by

Pn Vol . [P0 ®0n + b, ®dn en| . [Ben
2] o [2) ottt 5] < [25] e

An extension of ® and differentiation to B ((Z¢,4,®); (D, Y)) is given as follows

2] o [ta] = [225] i [22] . [22] (e,

(5n En 5n Yen 671 671

Given [(g"} € B((Z¢,q,®); (D, Y))and w € Z 4. Then, ® can be extended to B ((Z.,q4, ®) ; (D, Y))x

Pn ey

5 om =252

B, 2 Bin B ((Ze,4,®) ; (D, Y)) if there can be (4,,) in A satistying (5,, ® dx), (8 ® k) € Zeq
(k,n e N) and (8,, ® d;) = (B® k) in Z. 4 as n — oo (k € N). This can be expressed to

mean :
By LNy (n — 00) in B((Ze,a,®);(D,Y)) if there are ¢, ; and ¢, € . 4, and (0y) € A

Ic,d by

where §,, = [S&n k} ,B= [5] and for each k € N we have f,, ; — fr asn — oo in Z. 4.
k
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By A BinB((Z.q,®);(D,Y)),in asense of A, if there can be (§,,) € A where (8,, — 5)®
dn € Zoq (Yn € N) and that (5,, — 8) ® d,, > 0 asn — oo in Z. 4.

By techniques similar to above, the space B ((Z;.4, Y) ; (D, Y)) can similarly be generated.

In B((Z¢4,Y);(D,Y)), addition and multiplication by a scalar has the following meanings

(Pn q/)n . cpnY5n+1/)nY6n San . Ongn
] 2] i) el - [2] weor

We extend Y and the differentiation to B ((Z.q4,Y); (D, Y)) as

P Yn P Y Vn| pa|Pn D%y
"ty |22 = | 227 D ') — | _I'n
|:6n:| [&z} [(Sn‘(sn}’ LSH] { On ]’
« being real number.
Given {%} € B((Zc,a,Y);(D,Y)) and w € I q. We define Y for B ((Z,q, Y); (D, Y)) x

on
L.q as

Pn | Yw
o) v o= |2,

Convergence in B ((Z.q4,Y); (D, Y)) is as follows :
B, RNy (n — o0) in B((Ze,a, Y); (D, Y)) if and only if there can be (,) in A such that
By, Y Or),(BY k) €Zeqa (Vhk,neN)and (8, Y dr) — (BY ) inZ,qasn — oo (Vk €N).

Pn
| 8= {?ﬂ and fo = fi

Or, if there can be found ,, .,y € Zea, (0k) € A, B,, = {

asn —ooinZ.q (keN).

B A B (n—o0),inB((Zea,Y);(D,Y)), if there can be (J,,) € A satisfying (5,, — 8) Y
On €Zeqgand (B, —B) Yo, —0asn—ooinZ.q .

3 The Generalized y; Transform of B ((Z.q4,Y); (D, Y))

We devote this section to the definition of the generalized Stieltjes transform and to derive
some desired properties. The following theorem specifies the relation between Y and ®.
THEOREM 10 Given ¢ € Z. 4, then x§ (¢ Y ) (w) = (x5 (¢) ) (w) for every ¢ € D.
PROOF Let ¢ € Z. g and ¢ € D be given. Then, by (1), we have

v = [Cuag ()] om0 n o ]

w (61,"}/1),(62,’}/2)
X (¢ Y ¥) (w)dg,

which can be expressed after setting the variables and using Fubini’s theorem as
v = [ew [ e (14)

x HY2 [(2 )A (ar,a1), (1 —b1 — B1,\31)
2,2 y”lw

(617’71) 7(62,’)/2) ] <,0(?5) dzdy.
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Simple motivation on (14) yields
Gevne = [ v [ e
0 0

A
) s o

Hence, the above equation is interpreted to mean

Xg (¢ Y ) (w) =/ vyt () (9) (yw ') ay.
0
Hence, the proof of this theorem is finished.

In view of the preceeding result we give the definition of xj transform of [%} in the space

B((Zoa,¥),(D,Y)) as !

3 ((z)) -5

which belongs to B ((Z.4,®), (D, Y)) by means of Theorem 10.

THEOREM 11 The operator >/<§ is well - defined and linear, mapping from B ((Z..4, Y); (D, Y))
into B ((Ze.a,®); (D, Y)).

% = [w”} in the sense of B((Z¢,4, Y);(D,Y)). Then, by the concept of

En
equivalent classes, ?— and —* are equivalent in B((Z.q,Y);(D,Y)). Thus, it has been

n

PRrROOF Let

obtained ¢,, Y &, = zT/LJn Y 6.
Applying x; to the sides of the above equation and employing Theorem 10 imply

X5Pn ® Em = X5, ® 0 (Vn,m € N).

XoPn| _ [Xg¥n
5o || en |
To show that the XA_f] : B((Zeya, Y);(D,Y)) — B((Ze,q,®);(D,Y)) is linear, let p; =
Yy,

[?"} Py = {6} € B((Z¢,a, Y); (D, Y)). Then, addition of Boehmians of B ((Z¢,q4, Y) ; (D, Y))

and Equation 15, suggest to write

That is,

— X5 (@n Y &) + X5 (¥, Y 6n)
Xg (p1 + po) [ ? ’ :

5”7, Y 5\’IL

By aid of Theorem 10, we obtain

x;(p1+p2)=[ .
n n

Employing the product @ that assigned to the B ((Z.q4,®); (D, Y)) gives

;(g(m +py) = [ng%] + {ngn} .

571 sn

115 Qasem Al-Omari 108-118



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

On the generalized Stieltjes transform of Fox’s kernel function ... 9

Hence, we have obtained that

v =5 ([3]) v ([2])

Also, it is easy for readers to check that

A (p1) = x5 (Ap) (A €C).
Hence, the proof of this theorem is finished.

THEOREM 12 The mapping X3 : B((Ze.d, ¥) 3 (D, Y)) — B((Ze,a,®); (D, Y)) is an isomor-
phism.

ProoF Given {X?Dn] = {X‘qn} € B((Z¢,4,®);(D,Y)). Then, by virtue of Theorem 10,
n En

we get
Xf]%pn ® Em = Xf]w’m & 671 (m7 ne N) :

Once again, Theorem 10 implies

Xy (Pn ®em) = Xg (¥, @ 1)
Hence ¢, ® € = ¥,,, ® 0y,. Therefore,

[%] _ [%} € B((Ze.a, Y); (D, Y)).

On En
This proves that the above mapping is an injection. surjectivity of E is obvious.
The proof is finished.
S
DEFINITION 13 Let p* € B((Z.,4,®);(D,Y)), p* = [Xf;p"
n

] . Then, we the inverse mapping
)/(\; is defined as
01
—\U1 (Xs) (Xswn) Pn
(Xg) (") = [g(sn‘q] = [ )

for each (d,,) € A.

XgPn
on

and ¢, € D. Then we have

0 (@) 0 oo = 2] v

THEOREM 14 Let p* =

} € B((Ze,a,®); (D, Y)) for some [?"} € B((Zc,q,®);(D,Y))

Yz/)> =p" Y.

PROOF Assume p* = |:Xi];0n:| € B((Z.,4,®);(D,Y)) be given. Then, by Theorem 10, we
write !

=3 o1, =5 o1 X;@n ® ¢ (X;)Jl (X;gon Y (ZS)

0g) e =05 || —|)= 5
Hence,

) o= | 20
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Therefore,

S\l Pn

(x5) (@)= |5"| Yo
To prove the second identity, we apply Theorem 10 to get

[z ve)=m () e

This finishes the proof of the theorem.

CONCLUSION : This paper provides some integral products which were implemented to ex-
tend a new type of Stieltjes transforms enfolding Fox’s H-functions as kernels to generalized
functions. The generalized Sitieltjes transform was formed to satisfy the desired properties
of the classical transform. It may be concluded here that the employed Stieltjes transform
method is a very efficient technique in extending integral transforms to generalized functions
and could lead to a promising approach for many integrals of special functions kernels .
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Decision making based on interval-valued
intuitionistic fuzzy soft sets and its algorithm *

Hongxiang Tang!
December 14, 2015

Abstract: This paper investigates an approach to interval-valued intuition-
istic fuzzy soft sets in decision making by means of grey relational analysis and
D-S theory of evidence. An algorithm based on this approach in decision making
is presented.

Keywords: Interval-valued intuitionistic fuzzy soft set; Decision making;
Grey relational analysis; D-S theory of evidence.

1 Introduction

In 1999, Molodtsov [18] initiated soft sets as a mathematical tool for dealing
with vagueness and uncertainties. Compared with some traditional tools for
dealing with uncertainties, such as probability theory, fuzzy set theory [32],
rough set theory [23], soft set theory has the advantage of freeing from the
inadequacy of the parametrization tools of those theories.

Recently, many efforts have been devoted to further generalizations and ex-
tensions of Molodtsov’s soft sets. Maji et al. [19, 20] defined fuzzy soft sets and
intuitionistic fuzzy soft sets by combining soft sets with fuzzy sets and and intu-
itionistic fuzzy sets, Yang et al. [31] defined the interval-valued fuzzy soft sets.
Jiang et al. [7] proposed a more general soft set model called interval-valued
intuitionistic fuzzy soft set, which is a substantial and important combination
of the soft set and the interval-valued intuitionistic fuzzy set. The intuitionistic
fuzzy soft set theory makes descriptions of the objective world more realistic,
practical and accurate in some cases, making it very promising.

With the rapid development of soft set theory, there has been some progress
on the practical applications, especially the use of soft sets in decision making.
Roy et al. [25] discussed score value as the evaluation basis to find an optimal
choice object in fuzzy soft sets. But Kong et al. [10] argued that the Roy’s
method was incorrect by using a counter example to discuss two evaluation bases

*This work is supported by the National Social Science Foundation of China (No.
12BJLO087).

TCorresponding Author, School of Finance and Insurance, Guangxi University of Finance
and Economics, Nanning 530003, P.R.China; Panyapiwat Institute of Management, Bangkok
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of choice value and score value, and they proposed a revised algorithm. Later
Feng et al. [5] applied level soft sets to discuss fuzzy soft sets based decision
making and subsequently extended the approach to interval-valued fuzzy soft
set based decision making [6]. Jiang et al. [8] generalize the approach to solve
intuitionistic fuzzy soft sets. Based on Feng’ works, Basu et al. [2] further
investigated the previous methods to fuzzy soft sets in decision making and
introduced the mean potentiality approach, which was showed more efficient
and more accurate than the previous methods. Zhang [36] proposed a rough set
approach to intuitionistic fuzzy soft set based decision making. Li et al. [15]
investigated decision making based on intuitionistic fuzzy soft sets. Li et al.
[16] considered fuzzy soft set based decision making for applications in medical
diagnosis. Ma et al. [22] presented the algorithm to solve decision making
problems based on interval-valued intuitionistic fuzzy soft sets. Qin et al. [24]
present an adjustable approach to interval-valued intuitionistic fuzzy soft set
based decision making by using reduct intuitionistic fuzzy soft sets and level
soft sets of intuitionistic fuzzy soft sets.

All of the above methods for soft sets in decision making are mainly based
on the level soft set to obtain useful information such as choice values and score
values. However, the existing methods have their limitations. For example, it
is very difficult for decision maker to select a suitable level soft set to reduce
subjectivity and uncertainty (see [36]). Moreover, there has been rather little
work completed for interval-valued intuitionistic fuzzy soft set based decision
making. Then it is necessary to pay attention to this issue.

Grey relational analysis, initiated by Deng [4], is an important method to
reflect uncertainty in grey system theory, which is utilized for generalizing es-
timates under small samples and uncertain conditions. It has been successfully
applied in solving decision-making problems [9, 27, 28, 35]. D-S theory of ev-
idence, proposed by Dempster [3] and Shafer [26], is a powerful method for
combining accumulative evidence of changing prior opinions in the light of new
evidences [26]. Compared to probability theory, this theory captures more infor-
mation to support decision making by identifying the uncertain and unknown
evidence. It provides a mechanism to derive solutions from various vague ev-
idences without knowing much prior information. Therefore, combining both
theories enables the decision makers to take advantage of both methods’ merits
and make evaluation experts to deal with uncertainty and risk confidently. The
hybrid model is effective and practical under uncertainty [27, 29]. It is very
meaningful to extend the hybrid model to interval-valued fuzzy soft set based
decision making Thus, this not only allows us to avoid selecting a suitable level
soft set, but also helps reducing humanistic and subjective in nature to raise
the choices decision level.

The purpose of this paper is to investigate decision making based on the
interval-valued intuitionistic fuzzy soft sets.
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2 Preliminaries

Throughout this paper, U denotes an initial universe, E' denotes the set of all
possible parameters, 2V denotes the family of all subsets of U. We only consider
the case where U and E are both nonempty finite sets. Int[0, 1] denotes a set of
all closed subintervals of [0, 1].

2.1 Interval-valued intuitionistic fuzzy soft sets

Definition 2.1 ([1]). An interval-valued intuitionistic fuzzy set X over U is an
object having the form X = {(@,pgz(x),vg(x) | € U} (e € A), where pg :
U — Int[0,1] and vg : U — Int [0,1] satisfy 0 < sup pg(x) + sup vg(r) <1
forallz e U.

pz(z) and vg(x) are called the membership degree and non-membership

degree of the element = € U to X.

The set of all interval-valued intuitionistic fuzzy subsets of U is denoted by
IVIFU).

Definition 2.2 ([18]). Let A C E. A pair (F,A) is called a soft set over U,
where F is a mapping given by F: A — 2U.

Definition 2.3 ([7]). Let A C E. A pair (F,A) is called an interval-valued
intuitionistic fuzzy soft set over U, where F' is a mapping given by F' : A —
IVIF(U).

In other words, an interval-valued intuitionistic fuzzy soft set over U is a
parameterized family of interval-valued intuitionistic fuzzy subsets of U. For
any e € A, F(e) is referred as the set of e-approximate elements of (F, A) and
can be written as:

F(e) = {(‘T7:U/F(e)(x)’l/F(e)(x)) ‘ T e U} (6 € A)a

where ppy : U — Int[0,1] and vp() : U — Int[0, 1] satisfy 0 < sup pp(e)(z) +
sup vp(e)(z) < 1. ppe) () and vpe(x) are called the membership degree and
non-membership degree that 2 holds e, respectively. mp(e)(z) = 1 — pip(e)(x) —
Vr(ey() is called the hesitating degree of x holds e.

The set of all interval-valued intuitionistic fuzzy soft subsets of U is denoted
by IVIFS(U).

Example 2.4. Let U = {hy, ho,hs, hy,hs5} be a set of houses and let A =
{e1,e2,€3,€e4,} C E be a set of status of houses where ej (j = 1,2,3,4) stand for
the parameters “beautiful”, “modern”, “cheap” and “in the green surroundings”,
respectively.

Now, we consider an interval-valued intuitionistic fuzzy soft set (F, A) over
U, which describes “the attractiveness of the houses” to this decision maker and
its tabular representation is shown in Table 1.
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Obviously, we can see that the precise evaluation for each object on each
parameter is unknown while the lower and upper limits of such an evaluation
are given. For example, we cannot present the precise membership degree and
non-membership degree of how beautiful house hy is, however, house hi is at
least beautiful on the membership degree of 0.6 and it is at most beautiful on
the membership degree of 0.8; house hi is not at least beautiful on the non-
membership degree of 0.1 and it is not at most beautiful on the non-membership
degree of 0.2.

Table 1: Tabular representation of the interval-valued intuitionistic soft set
(F,A)

€1 €2 €3 €4
ki [0.6, 0.8],]0.1,0.2] _ [0.7, 0.8],]0.15,0.2] [0.75, 0.85],[0.1,0.15] [0.8, 0.9],/0.01,0.1]
hs  [0.8, 0.9],[0.05,0.1]  [0.6, 0.7],0.15,0.21] ~ [0.5, 0.6],[0.2,0.85] [0.65, 0.75],[0.2,0.25]
hs  [0.6, 0.7],[0.2,0.25]  [0.5, 0.7],(0.2,0.8]  [0.6, 0.8],[0.1,0.18] [0.66, 0.77],[0.2,0.22]
ha [0.65, 0.78],0.15,0.21] [0.7, 0.75],[0.15,0.25] [0.68, 0.75],[0.1,0.2] [0.69, 0.78],[0.1,0.2]

2.2 Basic concepts of D-S theory of evidence

D-S theory of evidence is a new important reasoning method under uncer-
tainty. It has an advantage to deal with subjective judgments and to synthesize
the uncertainty knowledge [34].

A frame of discernment, denoted ©, is a finite nonempty set of mutually
exclusive and exhaustive hypotheses, denoted {A1, As, - -+, A, } and A;NA; = 0.
29 denotes the set of all subsets of ©.

Definition 2.5 ([26]). Let © be a frame of discernment. A basic probability
assignment function (or Mass function) on © is defined a mapping m : 2° —
[0,1], m satisfies

m(0) =0, Zm(A)zlforA€2e.
Ace

For any A C ©, A is called as focal elements if m(A) > 0, m(A) represents
the belief measuser that one is willing to commit exactly to A, given a certain
piece of evidence.

Definition 2.6 ([26]). Let © be the frame of discernment and m : 29 — [0,1]
be a Mass function. Then a belief function on © is defined a mapping Bel :
29 —[0,1], Bel satisfies

Bel(§) =0, Bel(©) =1, Bel(A)= Y _ m(B) for AC 6.
BCA

Bel(A) can be interpreted as a global belief measure that the hypothesis A
is true, and represents the imprecision and uncertainty in the decision-making
process. In the case of single hypothesis, Bel(A) = m(A).
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Definition 2.7 ([26]). Let © be the frame of discernment. Suppose there are
two Mass functions are my and meo over O, induced by two independent items of
evidences Ay, Aa,--- , As and By, By, - -+ , By, respectively. D-S rule of evidence
combination is defined and denoted as follows:

. Z ml(Ai)mQ(Bj), V A g @,A # @,

where K = Y mi(4;)mae(B;) < 1.
AiﬁB]‘ZQ

K is called the conflict probability and reflects the extent of the conflict
between the evidences. Coefficient ﬁ is called normalized factor, its role is
to avoid the probability of assigning non-0 to empty set () in the combination.

D-S rule of evidence combination can be generalized to multiple Mass func-
tions, the belief measure resulting from the combination of multiply evidences
A; is as follows:

1
ml@m?"'@mn(A):ﬁ Z m1(A1)ma(Az2) -+ mn(4y),
;":1 A;=AA;CO
where K = Z ml(Al)mg(Ag) s mn(An) < 1.

n o, A=0,A,CO
i=1 ‘1% s g
D-S rule of evidence combination can increase belief measure of hypotheses
and reduce the uncertain degree to improve reliability.

Example 2.8. Let © = {A1, As} be the frame of discernment. Suppose there
are two Mass functions my1 and ms over ©, induced by the independent items
of evidences Ay, As, given by

ma (Al) == 03, ml(AQ) = 04, ml(@) = 03,

mQ(Al) = 04, mg(Ag) = 03, mg(@) =0.3.

Combining the two evidences by D-S rule of evidence combination leads to:

m(A1) = mq ®ma(A;) = m1 (Ay)ma (A)+ma (A)me (O)+m (O)ma(dr) 0.44,

1-K
m(AZ) =m, ® mQ(Az) _ ml(A2)m2(A2)+m1(fl‘li)l”(nz(@)-ﬁ-mﬂ@)mz(flz) — 0.4,

m(6) =m; & my(©) = ") = 0.12,
where K = mq(A1)ma(Az) + mi(A2)ma(A;) = 0.25.

3 An approach to interval-valued intuitionistic
fuzzy soft sets in decision making

Recently, research on soft sets based decision making has attracted more and
more attention. The works of Roy et al. [10, 25, 5, 2, 11] are fundamental and
significant. Later other authors like Qin et al. further studied and proposed an
adjustable approach to interval-valued intuitionistic fuzzy soft set based decision
making using the level soft sets and reductions . Generally, there does not exist
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any unique or uniform criterion for the evaluation of decision alternatives under
uncertain condition. However, it is very difficult for decision makers to select
suitable level soft sets and discuss reduct intuitionistic fuzzy soft sets.

Now we investigate interval-valued intuitionistic fuzzy soft sets based deci-
sion making by means of grey relational analysis and D-S theory of evidence.
It is divided three phases: First, grey relational analysis is applied to calculate
the grey mean relational degree and the uncertain degree of each parameter is
obtained. Second, the corresponding Mass function with respect to each pa-
rameter is constructed by the uncertain degree of each parameter. Third, we
apply D-S rule of evidence combination to aggregate individual alternatives into
a collective alternative, by which the candidate alternatives are ranked and the
best alternative is obtained.

In the following, we consider the decision making problem with m mutu-
ally exclusive alternatives z; and n evaluation parameters (or indexes) e;. d;;
denotes the degree that the alternative x; satisfies the parameter e;. Put

O ={z1,22,  ,Tm} and A ={ey, e, -+ ,e,}.

Define F' : A — IVIF(0) by F(ej) = {(wi, tp(e,) (i) Vi, (7)) | zi €
O} (e; € A) where ppe,y) : U — Int[0,1] and vpe,) : U — Int[0,1] sat-
isfy 0 < sup pip(e;)(wi) + sup vpe,(r;) < 1. Then (F,A) is an interval-
valued intuitionistic fuzzy soft set over ©. Denote pp( (7)) = [u;j,u;;],
VF(ej)(xi) = [ui;,yjjf], a;; = (#’F(ej)(xi)ayF(ej)(xi))' D = (a;j)mxn is called
an interval-valued intuitionistic fuzzy soft decision matrix induced by (F,A).
Here, we see the set of parameters as a item of evidences information.

The key to solve decision problems by using D-S theory of evidence is how
to obtain the uncertain degree of evidences (or parameters).
First, inspired by Xu [12], we define the score function of as follows.

Definition 3.1. Suppose that (F, A) is an interval-valued intuitionistic fuzzy
soft over ©. Suppose that D = (aij)mxn @ an interval-valued intuitionistic
fuzzy soft decision matriz induced by (F,A). Denote pp,)(zi) = [ufj,ujj],
Vp(e;)(Ti) = [l/i;,ug], aij = (Up(e,) (i) VE(e,)(w:)). Then score function of d;
1s defined and denoted as

s(a;j) = (/,ij +/¢i+j — V= l/i?)/2 +a(/¢i+j + V% — My — 1/&)/2

By Definition 4.1, we can convert d;; into real numbers. s(a;;) presents
the global degree that the alternative x; holds the parameter e;. Obviously,
0 < s(a;;) < 1. a is called a risk factor. For a = 0,> 0,< 0, they imply
the attitude of decision makers for risk is neutral, positive, oppose, respectively.
Decision makers can select a « value according to their risk preference. In this
paper, we pick a = 0.

To obtain Mass functions of each alternative with respect to each parameter,
we consider score function values may be negative, so we should normalize the
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score function values by the following formula:

S(Clz'j) — minlgigms(azj)
maz1<i<ms(aij) — mini<i<mS(aij)

Hence, we can get normalized matrix of score function values D = (d;;)mxn-

Next, inspired by the paper [12], we define the grey mean relational degree
and the uncertain degree of the parameter as follows.

Definition 3.2. Let © = {z1,22, - ,Zm}, A= {e1,ea, -+ ,e,} and let (F, A)
be an intuitionistic fuzzy soft set on ©. Suppose that D = (d;j)mxn is normalized
matriz of score function values. For any i, 7, denote

1 n
72 iJs Adl] - ‘dlj i|a

3

minlgjgnmml@gm Adw + P MaT1L<nMAT1Li<m Adlj

, p€(0,1),

T'ij =
Adi]‘ + P MAT1Li<nMATILi<m Adi]‘

-c:b—‘

DOI(ej) Zr” (j=1,2,---,n).

i=1

ri; is called the grey mean relational degree between d;; and JZ DOI(ej) is
called q order uncertain degree of the parameter e;.

p aims to expand or compress the range of the grey relational coefficient.
Decision makers can select g, p values according to different circumstance. To
obtain strong distinguishing effectiveness, we pick ¢ = 2, p = 0.5 in this paper.
We call DOI(e;) the uncertain degree of e; for short.

It is worthy to notice that the method to obtain the uncertain degree varies
from different situation in Definition 4.2. General speaking, since a index (or
parameter) is specially more matching the mean of the index set than other
indexes, it contains more satisfying information for decision making and the
uncertain degree of the index information is lower. Then, in this paper we just
consider grey mean relational degree between d;; and d;.

Definition 3.3 ([36]). Let X = (x1,22, - ,&m) be a finite difference informa-

tion sequence, where there exists x;, # 0 for k =1,2,--- ,m and 1 < i < m.
Then the information structure image sequence Y = (y1,Y2,- -+ ,Ym) s given by
Yi = .

> @i

i=1

In the normalized matrix of score function values D = (d;j)mxn, the infor-
mation structure 1mage sequence with respect to a parameter e; is denoted by

= {dlj,dgj,dgj, - m]} where d” — % Then we obtain an informa-
E dij
tion structure image matric D = (é;;)mx” induced by d; (j =1,2,---,n).
7
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D-S theory of evidence is a powerful method for combining accumulative
evidence of changing prior opinions in the light of new evidences [26]. The
primary procedure of combining the known evidences or information with other
evidences is to construct suitable Mass functions of evidences.

Now, by the uncertain degree of each parameter, we can obtain Mass function
of each alternative with respect to each parameter.

Theorem 3.4. Let © = {x1,22, -+ ,Zm}, A = {e1,ea, - ,en} and let (F, A)
be an intuitionistic fuzzy soft set on ©. Suppose that D = (dij)mxn is the
normalized matriz of score function values and DOI(e;) is the uncertain degree

ofe;. Denote d;j = il For anyi, j, we define functions me,; (3 =1,2,---,n)
> dij
i=1

with respect to the pc;mmeter ej, it satisfies:

mej (Il) = dij (1 — DOI(@j)), mej (@) =1- ij(l)

Then me,(j =1,2,--- ,n) are Mass functions.

In a normalized matrix of score function values D = (d;j)mxn, denote
Me, (77), Me; (©) by m;(i) and m;(m+ 1), respectively. m;(i) implies the belief
measure that holds the alternative x; with the parameter e; and m;(m + 1)
implies the belief measure of the whole uncertainty with parameter e;.

Next, using D-S rule of evidence combination to compose m; (j =1,2,--- ,n),
we get the belief measure of each alternative with all the parameters, by which
the candidate alternatives are ranked and thus the best alternative is obtained.

4 Algorithm

4.1 Algorithm

Based on the above analysis, the detailed step-wise procedure as an algorithm
is given as follows:

Input: An interval-value intuitionistic fuzzy soft set (F, A).

Output: The optimal decision-making results.

Step 1. Input an interval-value intuitionistic fuzzy soft set (F, A) and con-
struct an interval-value intuitionistic fuzzy soft decision matrix induced by
(F,A).

Step 2. Compute the normalized matrix of score function values (D =
(dw)mxn) -

Step 3. Compute the mean of all the score function values (d;) with respect
to each alternative. _

Step 4. Compute the difference information between d;; and d;.

Step 5. Compute the gray mean relational degree between d;; and CAZ;

Step 6. Compute the uncertain degree DOI(e;) of each parameter e;.
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Step 7. Compute the information structure image sequence d;; with respect
to each parameter e; by Definition 3.3.

Step 8. Compute Mass function values of the alternative z; and © with
respect to the parameter e; by Theorem 3.4.

Step 9. Compute belief measure of each alternative x; by combining these
Mass functions me,(j = 1,2,--- ,n) respectively by Definition 2.8.

Step 10. The optimal decision is to select zy, if ¢, = max,; {Bel(z;)}. k has
more than one value then any one of x; may be optimal choices .

4.2 An illustrative example

Suppose that a fund manager in a wealth management wants to invest
a company. Suppose that the set of four potential investment companies U =
{1, x2, x3, x4} which are characterized by a set of parameters A = {e1, 2, €3, €4}.
For i = 1,2,3,4, the parameters e; stand for “risk”, “growth ,“socio-political
issues” ,and “environmental impacts”, respectively. The fund manager pro-
vide his/her assessment of each investment company on each parameter as an
interval-valued intuitionistic fuzzy soft set (F, A). Its tabular representation is
shown in Table 2.

Table 2: Tabular representation of the interval-valued intuitionistic soft set
(F, A)

€1

€2

€3

€4

Z1
T2

0.4, 0.5],[0.3,0.4
0.4, 0.5,[0.4,0.5

[0.4, 0.6],[0.2,0.4
[0.5, 0.8],[0.1,0.2

[0.1, 0.3],[0.5,0.6
[0.3, 0.6],[0.3,0.4

[0.5, 0.7],[0.2,0.3
[0.6, 0.7],[0.1,0.3

[ ]
z3 %0.3, 0.5],[0,4,0.5%
T4 (0.2, 0.4],[0.4,0.5]

[0.5, 0.7],[0.1,0.2
[0.7, 0.8],[0.1,0.2

]
[0.7, 0.8],[0.1,0.2%
]

]
0.1, 0.3],[0,2,0.4%
] [0.5, 0.6],[0.2,0.3

[0.6, 0.7],(0.2,0.3

Now, we suppose that the four mutually exclusive and exhaustive investment
companies consist a frame of discernment, denoted © = {x1,z2, 3,24} And
we consider the set of parameters A = {e1, ea,e3,e4} as a set of evidences.

Step 1. Construct an interval-valued intuitionistic fuzzy soft decision matrix
induced by (F, A) as follows:

Step 2. Compute the normalized matrix of score function values as follows:

1.0000  0.5000 0 0
D= (di)) _ | 0.6000 1.0000 0.4737 0.4000
i) 4x4 0.4000 0 1.0000  0.4000
0 0.8333  0.6842  1.0000

Step 3. Compute the mean of all parameters with respect to each investment
company x; as follows:

dy = 0.3750, do = 0.6184, d = 0.4500, dy = 0.6294
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Step 4. Compute the difference information between d;; and ci-, and con-
struct the difference matrix as follows:

0.0184 0.3816  0.1447 0.2184
0.0500 0.4500 0.5500 0.0500
0.6294 0.2039 0.0548 0.3706

0.6250 0.1250 0.3750 0.3750
sp- ( )
Step 5. Compute the gray mean relational degree between d;; and JZ based
on AD as follows:

1.0000 0.4784 0.7251 0.6248
0.9134 0.4356 0.3852 0.9134

0.3545 0.7576 0.4830 0.4830
(T'ij )4 x4 = )
0.3528 0.6423 0.9015 0.4861

Step 6. Compute the uncertain degree of each parameter e; by Definition
3.2 as follows:

DOI(e1) = 0.3609, DOI(e3) = 0.2963, DOI(es) = 0.3279, DOI(ey) = 0.3254.

Step 7. Compute the information structure image sequence with respect to
each parameter and construct the matrix as follows:

0.5000 0.2143 0 0
b = (d) [ 0.3000 0.4286 0.2195 0.2222
ij)4x4 0.2000 0 0.4634  0.2222
0 0.3571 0.3171  0.5556

Step 8. Let 2° = {{x1}, {22}, {z3}, {74}, 0}. Compute Mass function values
of z; and © with respect to the parameter e; by Theorem 3.4:

0.3195 0.1508 0 0
(3 (D)) s = 0.1917 0.3016 0.1475 0.1499
g\t J)ax4 0.1278 0 0.3115  0.1499

0 0.2513  0.2131 0.3748

and

m1(5) = 0.3609, ma(5) = 0.2963, ms(5) = 0.3279, my(5) = 0.3254,

4
1
i > m;(5) = 0.3276.
j=1

Step 9. We combine these Mass functions and compute each belief measure of
each candidate x; respectively as follows:

Bel({z1}) = m1 ® ma ©@ m3 ©@ my({z1}) = 0.1098,
Bel({z2}) = m1 @ mp ® mz ® my({x2}) = 0.3298,
Bel({z3}) = m1 ® ma @ mz ® my({z3}) = 0.1700,
Bel({z4}) = mq1 & ma & ms & ma({x4}) = 0.3309,

Bel({z5}) = m1 @ ma ® mg © my(0) = 0.0595.

10
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Then the final rang order is x4 > 3 = x3 > z1.

Step 10. x4 is the optimal investment company for max; { Bel(x;)} = 0.3309.

From the above results, the belief measure of the uncertainty with respect
to the whole candidates © is declined from 0.3276 to 0.0595, after applying grey
relational analysis to construct the corresponding Mass functions for different
evidences and then using the rule of evidence combination to compose these
information. This implies the above algorithm is effective and practical under
uncertainties. It not only allows us to avoid selecting the suitable level soft set,
but also helps reducing humanistic and subjective in nature to raise the choices
decision level. Moreover, it broadens the application field of the grey system
theory and D-S theory of evidence.
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PRODUCT-TYPE OPERATORS FROM WEIGHTED ZYGMUND
SPACES TO BLOCH-ORLICZ SPACES

YONG YANG AND ZHI-JIE JIANG

ABSTRACT. Let D be the open unit disk in the complex plane C and H(D) the class
of all analytic functions on D. Let ¢ be an analytic self-map of D and v € H(D). The
boundedness and compactness of the product-type operators D" M,Cy,, D™"Cy, My,
MD"Cy, Cpo D" My, MyCypD"™ and Cyp My, D™ from weighted Zygmund spaces to
Bloch-Orlicz spaces are characterized by constructing some test functions in weighted
Zygmund spaces.

1. INTRODUCTION

Let D = {z € C: |z] < 1} be the open unit disk in the complex plane C and H (D) the
class of all analytic functions on D. For o > 0, the weighted Zygmund space Z¢ consists
of all f € H(D) such that

bza(f) = sup(1 — |2[*)*|f"(2)] < co.
z€D
It is a Banach space with the norm

£z« = [£O)] + £ (0)] + bz= ().

If & = 1, then it becomes the famous Zygmund space, usually denoted by Z. For some
results of weighted Zygmund spaces and some concrete operators on them, see, for example,
[9,22,24,43,56] and the references therein.

Next we introduce the Bloch-Orlicz space which was defined by Ramos Ferndndez in [32].
Let ¥ be a Young’s function, i.e., ¥ is a strictly increasing convex function on [0, +00)
such that ¥(0) = 0 and lim;_,; « ¥(t) = +00. The Bloch-Orlicz space BY consists of all
f € H(D) such that

ilelg(l = 2P (2)]) < o0

for some A > 0 depending on f. The Minkowski’s functional

/

. f
= : L)<
I/ le 1nf{k;>0 S\p(k) 1}
defines a seminorm for BY, where

Su(f) = sup(1 — [[*)T(|f(2)])-

zeD

2000 Mathematics Subject Classification. Primary 47B38; Secondary 47B33, 47B37.
Key words and phrases. Weighted Zygmund space, Bloch-Orlicz space, Product-type operator, Test
function, Boundedness, Compactness.
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BY becomes a Banach space with the norm || f|ge = |f(0)| + || f||lw. Ramos Ferndndez
in [32] proved that it is isometrically equal to a special pyg-Bloch space, where
1
py(z) = ———, z€D.
‘P_l(ﬁ)’

Consequently, a equivalent norm on BY is given by || f|lzv = |£(0)| + bge (f), where
b (f) = sup pu ()| (2)]-
ze

Clearly, the quantity bgw (f) is a seminorm on the space BY and a norm on the quotient
space BY /Py, where P is the set of all constant functions. The Bloch-Orlicz space gen-
eralizes some spaces. For example, if U(t) = ¥ with p > 0, then BY coincides with the
weighted Bloch space B, where a = 1/p; if ¥(t) = tlog(1 +t), then BY coincides with
the Log-Bloch space (see [2]).

Let ¢ be an analytic self-map of D and u € H(D). The weighted composition operator
Wy on H(ID) is defined by

Wiuf(2) = ulz)f(p(2)), = € D.

If w = 1, it becomes the composition operator, usually denoted by Cy,. If ¢(z) = z, it
becomes the multiplication operator, usually denoted by M,. Since W, ., = M,C,, it is
a product-type operator. For some studies on weighted composition operators, see, for
example, [1,4,7,10,19,22,29,42,49,50] and the references therein.

Let n € Ng = NU {0}. The nth differentiation operator D™ on H (D) is defined by

D"f(2) = fM(z), zeD,

where f(© = f. If n = 1, it is the well-known differentiation operator D. Zhu in [57]
introduced the following, so-called, generalized weighted composition operator:

DZ . f(2) = u(2)f "™ (p(2)), z €D.
If n = 0, it becomes the weighted composition operator. Since Dg , = M,C,D", it is
also a product-type operator. For generalized weighted composition operators, see, for
example, [3,28,47,53,54,59,60] and the references therein. Before the operator Dy .,
some other product-type operators were introduced and studied. For example, the next
product-type operators

M,C,D, C,M,D, M,DC,, C,DM,, DC,M,, DM,C,,

were studied by Sharma in [34]. They were also studied on weighted Bergman spaces
by Stevié et al. in [51] and [52]. However, a normally systematic study of product-type
operators started by Stevié et al. since the publication of papers [21] and [25]. Before that
there were a few papers in the topic, e.g., [8]. The publication of paper [21] first attracted
some attention in product-type operators DC, and C,D (see, e.g., [23,30,39,41] and the
references therein). The publication of paper [25] attracted some attention in product-
type operators involving integral-type ones (see, e.g., [16,26,37,43,48] and the references
therein). Recently there is a great interest in various product-type operators between two
given spaces of holomorphic functions (see, e.g., [11,12,17,31,33,36,38,40,45,57] and the
references therein).

Before this paper some product-type operators from Zygmund spaces or weighted Zyg-
mund spaces to some other spaces were studied, for example, in [3,13,14,18,27]. In this
paper we consider the following product-type operators:

D"M,C,, D"C,M,, M,D"C,, C,D"M,, M,C,D", C,M,D". (1)
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The boundedness and compactness of operators in (1) from Zygmund spaces to Bloch-
Orlicz spaces were characterized in [14]. As a continuation and completeness of our work,
we consider the same problems for operators in (1) from weighted Zygmund spaces with
a # 1 to Bloch-Orlicz spaces. Because these operators are more complicated than those
above mentioned, we need seek some other test functions in weighted Zygmund spaces to
achieve our objective.

Let X and Y be Banach spaces. A linear operator L : X — Y is bounded if there exists
a positive constant K such that | Lf|ly < K| f||x for all f € X. The operator L: X — Y
is compact if it maps bounded sets into relatively compact sets. The norm of the operator
L: X —Y is defined by

L] x—~y = sup ) ILflly-

ll£1lx <

In this paper, the letter C' denotes a positive constant which may differ from one
occurrence to the other. The notation a < b means that there exists a positive constant
C such that a < Cb. When a < b and b < a, we write a < b.

2. PRELIMINARIES AND TEST FUNCTIONS

We first state the following result which was essentially proved in [35] and [46].

Lemma 2.1. For a >0 and f € Z%. Then
(a) For0 <a <1, |f(2)| < 25| fllz and |f'(2)] < 25 IS =
(b) For a =1, |f(2)| < |[fllz and |f'(2)] < || f]z1og =Fp=-
(c) For1 < a <2, |f(2)| < ampigmay I fllze and |f'(2)] < 52 i
(d) For a =2, |f(2)| <2||f|z21og 1=z and [f'(2)] < =FpIfl|z=-
() For a>2, |f(2)] < o=y (1_"(;';5)1_2 and |f'(2)] < %uﬂ%

The following result directly follows from the corresponding result for the Bloch type
spaces when a function f is replaced by f’ (see, e.g., [55]).

Lemma 2.2. For each k € N and k > 2, there exists a positive constant Cy independent
of f € Z% and z € D such that

Cil fll zo

(k) _ EIJNZE
|f F (2)] < (1 — [z[2)oth—2"

Let w € D and i € Ny. It is easily shown that the next function is in the space Z¢
(1 — Jw]?)**?
(1 —wz)oti’

The following result provides the needed test functions for the cases 0 < a < 1,1 < a < 2,
a=2and a > 2.

Tw,z‘(z) = z e D.

Lemma 2.3. (a) If 0 < a < 1, then for each fixzed k € {2,3,...,n + 1}, there exist
constants ag i, @1k, -- -, Gny1,k Such that the function

n+1

fuor(2) =D aiwrwi(z)
=0

134 YONG YANG et al 132-151



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

4 YONG YANG AND ZHI-JIE JIANG
satisfies
Tk
k) _ w (4) _
fw,k(w) - (1 7 |w|2)a+k,2 and fw,k(w) =0 (2)

for each j € {0,1,...,n+ 1} \ {k}.

(b) If 1 < o < 2, then for each fized k € {1,2,...,n+ 1}, there exist constants bg ,
b1k, -+, bny1,k such that the function

n+1

Guk(2) =Y bikruwi(2)
=0

satisfies

ok
" w :
9o (w) = A= [wp)ar+2? and g7 (w) =0 (3)
for each j €{0,1,...,n+ 1} \ {k}.

(c) If a > 2, then for each fized k € {0,1,...,n+ 1}, there exist constants co , 1k,
.., Cnt1,k Such that the function

n+1
Tk (2) =D Cikrui(2)
i=0
satisfies

—k
k w j
k() = [y o M) =0 “

for each j € {0,1,...,n+ 1} \ {k}.

Proof. (a). From a calculation, it follows that (2) is equivalent to the following system

n+1

Z (a + i)ai,k =0

i=0

n+1

Sla+i)(a+i+1)a =0

i=0

n+1k—1 ) ) (5)

> [l (a+it+jair=1

i=0 j=0

n+l n ) .

> I (e+i+jair=0.

i=0 j=0
Hence, we only need to prove that there exist constants ag i, a1k, ..., @nt1,5 such that
the system (5) holds. By Lemma 3 in [47], the determinant of the system (5) equals to
H;lill j!, which is different from zero. So there exist constants ag x, @1, .- ., @Gn+1,5 Such
that the system (5) holds. Results (b) and (c) can be proved similarly, so we omit. O

Let w € D and
e

e
w(z) = (141 27)1 1€
Gu(2) (+°g 1-wz) % 1-|uw?
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Lemma 2.4. For the function q,,, it follows that

@k =k

(F) (1) = dp s log™! —© 6
R (e Mo e )
where ¢, > 0 for each k > 1, dy =0 and di, > 0 for each k > 2.
Proof. By a direct computation, we have
1 (2) = 2—2 log —S—log™! —© 7
Gu(2) =2y ——log ——log TP (7)
and
"(z) =2 w og ——log™ 't —S 42 v log ™t —¢ (8)
©l) =20 2 BT w1 jwP w22 % 1w
Also, from a direct computation, we see that for k > 2
—k
M) (2) = 2(k — 1)) ——log —— log ™" —
@’ (#) =20k = )iy lee T loe e
—k
w e
k—1+2(k—1) log™! : 9
k=2 =D lee™ T ®)

Set ¢, =2(k—1)l,dy =0and d = k—1+2(k—1)! for Kk > 2. Then (6) follows from
(7)-(9). a

Remark 2.1. Let X,, be the functions in Lemmas 2.3 and 2.4. Then

sup || Xyllz« <1, (10)
webD

and X, — 0 uniformly on compact subsets of D as |w| — 1. In fact, if X,, are the
functions in Lemma 2.3, then this remark follows from the facts that sup,,cp ||7w,il|ze S'1
and ry; — 0 uniformly on compact subsets of D as |w| — 1; if X, is the function in

Lemma 2.4, then it follows from [44].

Stevié in [47] used Faa di Bruno’s formula of the following version

n

(fop)™(2) =D fP(p(2))Bap(@ (2),- ., o TH (), (11)

k=0

where By, (%1, ..., n—k+1) is the Bell polynomial. See [15] for the Faa di Bruno’s formula.
For n € N the sum can go from k = 1 since B, o(¢'(2), ..., o™ *+1(2)) = 0, however we
will keep the summation since for n = 0 the only existing term By is equal to 1. From
(11) and the Leibniz formula the next lemma follows.

Lemma 2.5. Let f, u € H(D) and ¢ be an analytic self-map of D. Then

n+1 n+1

(u(2) f(p(2)) " = DM e(2)) > 0o u T D (2) By (¢ (), U TR (2)).
k=0 =k
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3. BOUNDEDNESS THE PRODUCT-TYPE OPERATORS

We first characterize the boundedness of the operator D"M,C, : Z% — BY.

Theorem 3.1. Let ¢ be an analytic self-map of D, u € H(D), CJ_H the binomial coeffi-
cient and 0 < a < 1. Then the following statements are equivalent.

(a) The operator D"M,Cy, : 2% — BY is bounded.
(b) The functions u and ¢ satisfy the following conditions:

n+1
Iy = sup py (2 ’ZCJ u" D () By (¢(2), - 9V (2) ’<oo
zeD
n+1 , .
I := sup pug (2 ‘ZCJ ("+1_”(z)3j,1(<p’(2)7-~-,so(”(z))’ < 00,
z€D
and
n+1 X X .
()| 35 ™D (@) Bia (@ (2); - 00 ()|
=k
Iy :=sup ! < 00
o= § (1= [ep(2)[2)otk=2

for each k € {2,3,...,n+1}.
Moreover, if the operator D" M, C, : Z% — BY is bounded, then

n+1
HDnMucsﬂHzaHB‘P/PO = Z I
k=0

Proof. (a) = (b). Let hy(z) = 2*¥ € Z, k = 0,1,...,n 4+ 1. Then applying the operator
D"M,Cy, : 2% — BY to the function hg, we have

n+1
Ty = sup oy (= IZOJ WD () B0 (2), 99 (2)] < CIDMUC . (12)
z€E

By the fact ||¢[|co < 1, the boundedness of D"M,C, : Z* — BY, the triangle inequality
and (12), we have

I <Iy+C||D"M,C,|. (13)
Assume now that we have proved the following inequalities
n+1
sup fy (2 ‘ZCJ w2 B¢ (2), - 99TV (2)| S CID" MGyl (14)
z€D
for each 1 € {0,1,...,k—1} and a k <n+1. Applying Lemma 2.5 to the function hy, and
noticing that h(s)(z) =0 for s > k, we get
n+1
(D" M.Cohy)' Zhu (2)) D Crypau™ 0 (2) By (¢ (2), -, 0TI (2))
k n+1 o
=3 ke (k= D) Z Cl a1 () By (0 (2), ., (2)). (15)

J=0
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From (15), the boundedness of function ¢ and the triangle inequality, by noticing that the

coefficient at
n+1

>l @) By (2), -, 0D (2)
j=k

is independent of z and finally using hypothesis (14) we easily obtain

n+1

L := sup /iq/(z)‘ > C L ul" D (2) By k(¢ (), VTR (2))| < CIDMMLCl|l.

(16)

By induction we see that (16) holds for each k € {0,1,...,n+ 1}.
For a fixed w € D and a fixed k € {2,3,...,n + 1}, by Lemma 2.3 (a) there exists a

function
n+1
Fur(2) = i kT p(w).i(2)
1=0
such that
(w)
" _
FEL(o(w) = v and fJ) (o(w)) = 0 (17)

(1~ To@)Pe?
for each j € {0,1,...,n+ 1} \ {k}, and
sup [| fu k| ze < C. (18)
weD

Then by (17), (18) and the boundedness of D" M, C, : Z* — BY we have

n+1 . . .
pw (W) 32 G ™ (w) By (¢ (w), ..., oV D (w))|
j=k

(1 = Jp(w)[?)oth=2
< D" MuCo fukllsv < C||D™ My Col|. (19)

From (19) we see that

I (w) :=

sup I(z) < C||D"M,Cy |,
z€D

which leads to
()| 35 Gy D (@) Byl (2), -, D (2))|
sup

lo(2)]>1/2 (1= |p(z)[2)otk=2

< CID"M,C, .
(20)
On the other hand, by (16) we have

n+1 . i .
pu(2)] 32 O u" D (2)Bia(¢ (2), ., U (2))
j=k

_ a+k— < C|\|D"M,C,|.
|<p(zs)l|1§1/2 (1 |L,0(Z>|2) +k—2 || u QOH
(21)

Hence from (20) and (21) we obtain
I, < C||D"M,C,| < . (22)
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(b) = (a). By Lemmas 2.1, 2.2 and 2.5, for all f € Z* we have
sup g (2) ‘ (D"MuC’Saf)/(z)’
z€D

n+1 n+1

= suppia (2)| 3 S (0(2) 3 Coul™ D (@) B9/, 09 (2)|
z k=0 j=k
n+1 n+1

< suppn(2) 3 [T ()| 0 Clau™ ) Bia(#'(2), UV (2)|
z k=0 j=k

n+1

< (1o + 1)+ 3 Culi) 2o (23)

k=2
It is clear that

(D" MCop £)(0)] < Clf 2o (24)

Hence, from (23) and (24) it follows that the operator D"M,,C,, : Z* — BY is bounded.

Clearly, if the operator D" M,,C,, : Z* — BY is bounded, then the operator D" M, C,, :
Z® — BY /Py is also bounded. By the definition of the norm in the quotient spaces, and
using the same functions in the proofs of (12), (13) and (22), we obtain

Iy < C|D"MyCy| za—pv /pys
for each k € {0,1,2,...,n+ 1}, and then

n+1
> I < C|ID"M,Cy| zo—pv /e, (25)
k=0
By (23) we have
n+1
ID" M Copll ze—pv oy < C Y I (26)
k=0
The asymptotic expression of || D" M, Cy ||z« g /p, follows from (25) and (26). O

Remark 3.1. In fact, from the fact z* € Z%, in the proof of Theorem 3.1 we have seen
that if the operator D" M, Cy, : 2% — BY is bounded, then Ly < oo for all o > 0.

Theorem 3.2. Let ¢ be an analytic self-map of D, u € H(D), C’fH_l the binomial coeffi-
cient and 1 < a < 2. Then the following statements are equivalent.

(a) The operator D"M,Cy, : 2% — BY is bounded.

(b) The functions u and @ are such that Iy < co and for each k € {1,2,...,n+ 1}

n+1 . i .
()] 35 ™D (@) By (#(2), - 00 ()|
j=k
My, = sup

=D (1= lp(z)[?)otr—2

Moreover, if the operator D" M, C, : Z% — BY is bounded, then

< 00.

n+1
HDHMUOSD”zaHB‘I’/PO = Io+ Z M.
k=1
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Proof. (a) = (b). Let ho(z) =1 € Z% Then Iy < co. For a fixed w € D and each fixed
ke€{1,2,...,n+ 1}, by Lemma 2.3 (b) there exists a function

n+1
Guw i ( Z bi kT p(w),i(

such that

——k
$0 o) = g and g (elw) =0 (27)

for each j € {0,1,...,n+ 1} \ {k}. Moreover,
sup [|guw k| z= < C. (28)
weD

Then from (27), (28) and the boundedness of D"M,C,, : 2% — BY, we have

n+1 . . .
o (W)lp(w)*| 32 O a9 () Biw (¢ (w), - ., U= (w)|
j=k

Miw) = (0= o(w)F)ar2
<[ D"MyCypgpw) kllpr < C||D"M,Clyl|. (29)
From (29) we see
sup My (z) < C||D"M,C,||, (30)
z€D
and then
n+1 . . .
pw(2) Zk C) L u =9 (2) By (¢ (), .. ., gp(%kﬂ)(z))’
]:
sup — < CIID"M,Cy||.
o (2)|>1/2 (1= [ep(z)[?)a+k=2 v )
31

On the other hand, by using the fact Ly < oo for each k € {0,1,...,n+ 1}, we get
n+1 . . .
2)| X2 Chpu () By (@ (2), - U (2))
sup i=k

lo(2)|<1/2 (1= Jp(2)[2)otk=2

< O D" M,C, .
(32)

Hence from (31) and (32) we see that M, < oo for each k € {1,2,...,n+ 1}.
(b) = (a). By Lemmas 2.1, 2.2 and 2.5, for all f € Z* we have

sup fg (2)| (D”Muqaf)/(zﬂ
zeD

n+1 n+1

= sup iy ()| 3_ S (0(2)) 3 Coaau™ D (2) B9/ 00 H(2))|
# k=0 j=k

n+1 ntl
<sup/~L\Iz |f(k) HZCJ w19 (2)B;. k(g (),...,(’p(j—k—i-l)(z))’
k 0
1 oM n+1
0 1
<(@mnE=a T a2 Ok Il )
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It is clear that
|(D"M,Cyp f)(0)] < C|lf]|ze- (34)

Hence from (33) and (34) it follows that the operator D"M,C,, : Z* — BY is bounded.
Similarly is obtained the asymptotic formula of || D" M,C,|| z«_ g /p,, hence we omit. [

Theorem 3.3. Let ¢ be an analytic self-map of D, u € H(D), C’,jH_1 the binomial coeffi-
cient and o = 2. Then the following statements are equivalent.

(a) The operator D"M,,C,, : 22 — BY is bounded.

(b) The functions u and ¢ satisfy the following conditions:

n+1

. , , e
Ry :=suppy(z ‘ 7wt (B o (0 (2), ..., U (2 llogi < 0.

sup ()] 2, Corat™ ) By UL S ek

and for each k € {1,2,...,n+ 1}
n+1 . X .
()] 35 Gl D (@) Bia (@ (2); - 00 ()|
Ry, :=sup i=k < 00.
2eD (1= lp(2)[2)*

Moreover, if the operator D" M, C., : 2% — BY is bounded, then

n+1
HD"MUC’SDHZQ_)B@/PO = Z Ry
k=0

Proof. (a) = (b). By using Lemma 2.3 (b), we can prove that Ry < oo for each k €
{1,2,...,n + 1}, so we do not give the proof again. For a fixed w € D, by Lemma 2.4
there exists a function

n+1

Sp(w) (Z) = Pyp(w) (Z) + Z dirtp(w),i(z)
=0
such that
e .
Stp(w)(@(w)) = log W and sg()w)(cp(w)) =0 (35)

for each j € {1,2,...,n + 2}, moreover, sup,cp |[Sp(w)llz2 < C. Then from these and the
boundedness of D"M,,C, : 22 — BY, we have

n+1
. o _ e
Ro(w) := #\If(w)| Z O£L+1U( H J)(w)Bj,O (W’(w)v S @(J+1)(w)) | log W
=0
< HD”MUCWSMM)HBW < C’HD"MuC@H. (36)

Then from (36) it follows that Ry < co.
(b) = (a). From Lemmas 2.1, 2.2 and 2.5, for all f € Z? we have

sup py (2) | (D”Mquf)/(z)|
zeD

n+1 n+1
= sup iy ()| 3_ S (0(2) D Coau ™ (@) B9/, 00 (2))|
? k=0 j=k
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n+1 n+1
< swppu(2) Y [FO ()| Z Coriru™ D) By (' (2); o 00T (2) |
k 0
n+1
< (2R0 +eRy + ZCICR]C)H.]C||Z2' (37)
k=2
It is clear that
(D" M., Cy f)(0)| < CJ|f]| 2> (38)
Hence from (37) and (38) it follows that the operator D"M,C, : Z2 — BY is bounded.
The asymptotic expression of || D" M, Cy||za_gv /p, can be similarly obtained. O

Theorem 3.4. Let ¢ be an analytic self-map of D, w € H(D) and o > 2. Then the
following statements are equivalent.

(a) The operator D"M,,Cy, : Z* — BY is bounded.
(b) The functions u and @ satisfy

( ) (n1- 7)( )B]’k(go/(z)w-~790(j_k+1)(z))‘

Sk = itelg (1 — |p(2)2)otk—2 <00, k=0,....,n+1.
Moreover, if the operator D"M,C, : Z% — BY is bounded, then
n+1
HDnM“CSO|‘Za~>B‘I’/]P’O = Z Sk-
k=0
Proof. Similarly to the proofs of Theorems 3.1-3.3, this result can be proved. 0

Remark 3.2. By using the similar methods and techniques, the boundedness of the oper-
ators b"C,M,, C,D"M,, M, D"C,, M, C,D" and C,M, D" from weighted Zygmund
spaces to Bloch-Orlicz spaces can be characterized, so we omit.

4. COMPACTNESS OF THE PRODUCT-TYPE OPERATORS

The first result is an alternative to Proposition 3.11 in [5], which characterizes the
compactness in terms of sequential convergence. So the proof is omitted.

Lemma 4.1. Let T € {D"M,C,, D"C,M,,M,D"C,,C,D"M,, M, C,D",C,M,D"}.
Then the bounded operator T : Z¢ — BY is compact if and only if for every bounded
sequence {f;} in 2% such that f; — 0 uniformly on compact subsets of D as j — oo, it
follows that lim; o ||T f;||gv = 0.

The following lemma was proved in [46].

Lemma 4.2. (a) If 0 < a < 2 and {f;} is a bounded sequence in Z% which uniformly
converges to zero on compact subsets of D as j — oo, then

lim sup|f;(2)] = 0.
J—© zeD

(b) If 0 < a < 1 and {f;} is a bounded sequence in Z% which uniformly converges to
zero on compact subsets of D as j — oo, then

lim sup |f;(z)| = 0.

J—00 zeD
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Now we characterize the compactness of the operator D" M,C, : Z% — BY.

Theorem 4.1. Let ¢ be an analytic self-map of D, u € H(D) and 0 < a < 1. Then the
following statements are equivalent.

(a) The operator D"M,,Cy, : Z* — BY is compact.
(b) The functions u and ¢ satisfy Li < oo for each k € {0,1,...,n+ 1}, and for each
ke{2,3,.. . n+1}

n+1 . R .
()] 35 Chgu™ D (@) By (¢ (2); - 00 ()|
lim =k -0
o (=) -1 (1= lp(z)[)xth=2

Proof. (a) = (b). Suppose that the operator D"M,C,, : Z* — BY is compact. Clearly
the operator D"M,C, : Z* — BY is bounded. By Remark 2.1, L, < oo for each
k € {0,1,...,n+ 1}. Consider a sequence {¢(z;)} in D such that |o(z;)] — 1 as i —
oo. If such a sequence does not exist, then the last condition in (b) obviously holds.
Without loss of generality, we may suppose that |©(z;)] > 1/2 for all i € N. For each
fixed k € {2,3,...,n+ 1}, using this sequence we define the function sequence f; 1(2) =
Jo(z),k(2), @ € N. Then by Lemma 2.3 (a) we have that sup;cy || fi x|z« < C and fir — 0
uniformly on every compact subset of D as i — oo, moreover
—k

IO (p(z)) = (1_|@‘f§;|)2)a+k_2 and f7) (p(z1)) = 0 (39)

for each j € {0,1,...,n+ 1} \ {k}. By Lemma 4.1 and (39), we have

n+1 . . .
pow (%) Zk Chu™ ) () By (¢ (20), - -, U F D ()]
1. J=
Do (1~ Jp(z) 2ot

(b) = (a). We first check that D" M, C, : 2% — BY is bounded. We observe that the
last condition in (b) implies that for every € > 0, there is an 1 € (0,1) such that for all
ze€ K={z€eD:|p(z)] >n} and for each k € {2,3,...,n+ 1}

—0. (40)

n+1l X .
pw(2)| 32 Chyqul™ ) (2) By (@ (2), - U FHD (2))]
i=k

(1 —[e(z)[)oth=2
From the fact L < oo for each k € {2,3,...,n+ 1}, and (41), we have
Ly
(1 — p2)ath—2’
From (42) and the fact Ly, < oo, it follows that D"M,C, : Z* — BY is bounded.
To prove that D"M,C, : 2% — BY is compact, by Lemma 4.1 we just need to prove

that, if {f;} is a sequence in Z® such that sup;cy || fil|ze < M and f; — 0 uniformly on
any compact subset of D as ¢ — oo, then

;liglo HDnMuCLpszB‘I’ =0.

<e. (41)

Iy <e+ (42)

For such chosen e and 7, by using (39), Lemma 2.1 and Lemma 2.2, we have
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SUBN\P(Z”(DnMqufi)/(Z”
ze
n+1 n+1
k i nt1—j i
_ Sup/w ’Zf( ( (2) S €D ()B4 (¢ (2), ., 90 k+1)(z))’
j=k
n+1 n+1

<swppn(2) |1 (]| o Clau® P @)Bii (¢ (2), U0 2))|
z k=0 j=k

n+1

< suppa2)] 3 O™ (B0 (¢ (2), . £V () ||l
zeD
n+1 )
+sup (2 )Zcﬂ WD (@B (¢(2), - 0D () ||£H ()
n+1

+ (sup + sup )m<z>2\ff’“><so<z>>|\ZOZ;Hu("“-”(z)Bj,k(«/(z),...,sa“‘—’““)(z))]
k=2 j=k

z€K  zeD\K

n+1
< Losup | fi(¢(2))| + Lisup | f(¢(2))| +2Lk sup ‘f( (2)| + Ce. (43)
zeD zeD b—2 z

From (43), Lemma 4.2 and the fact f; — 0 umformly on compact subsets of D as ¢ — oo

implies that for each k € N, fi(k) — 0 uniformly on compact subsets of D as i — oo, we
finally get

lim sup gy (2)|[(D" M,Cy, f3)'(2)] = 0. (44)

100 2eD

It is clear that

lim |(D"M,C, £)(0)] = 0. (45)
From (44) and (45) we obtain
This shows that the operator D"M,C, : Z¢ — BY is compact. 0

Theorem 4.2. Let ¢ be an analytic self-map of D, u € H(D) and 1 < a < 2. Then the
following statements are equivalent.

(a) The operator D" M, Cy, : 2% — BY is compact.
(b) The functions u and ¢ are such that Ly < co for each k € {0,1,...,n+1}, and for
each k € {1,2,...,n+ 1}

| Z C«J n+1 ])( )B]J%‘ ((pl(z), .. .,@(j_k+l)(z))|

lim
lo(2)|—1 (1= p(2)[?)atk=2

=0.

Proof. (a) = (b). Suppose that the operator D" M, C, : Z* — BY is compact. Obviously
the operator D"M,C,, : Z% — BY is bounded. Then L, < oo foreach k € {0,1,...,n+1}.
Consider a sequence {¢(z;)}ien in D such that [p(z;)] — 1 as ¢ — oco. If such a sequence
does not exist, then the last condition in (b) obviously holds. Without loss of generality,
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we may suppose that |¢(z;)| > 1/2 for all i € N. For each fixed k € {1,2,...,n+ 1},
by using this sequence we define the function sequence g; x(2) = gy (z,).k(2), @ € N. Then
from Lemma 2.3 (b) we see that sup,;cy ||gikl|ze < C and g;r — 0 uniformly on every
compact subset of D as ¢ — 0o, moreover

k

$62)) = s and g (0(e0) =0 (16)

for each j € {0,1,...,n + 1} \ {k}. From Lemma 4.1 and (46), for each fixed k €
{1,2,...,n+ 1} we have
n+1 ) )
00| S Chau D Byl ) 907 )

}E{}O (1 — [p(z)2)o+r—2 = 0. (47)

(b) = (a). We first check that D"M,C,, : Z* — BY is bounded. We observe that the

last condition in (b) implies that for every € > 0, there is an n € (0,1) such that for all
ze€ K ={z€D:|p(z)| >n} and for each k € {1,2,...,n+ 1}

n+1 . X .
oy (z)| Zk CI w1 (2)B; (¢ (2), .. ., TR (2))]
=

(1= [e(z)[)oth=2
From the fact Ly < oo for each k € {0,1,...,n+ 1}, and (48), we have
Ly,
o
From (49) and the fact Iy = Ly < o0, it follows that D"M,C, : Z* — BY is bounded.
In order to prove that D"M,C, : 2% — BY is compact, by Lemma 4.1 we just need to
prove that, if {f;} is a sequence in Z% such that sup;cy || fil| ze < M and f; — 0 uniformly
on any compact subset of D as i — oo, then lim;_, o || D" M, C, f;||gv = 0. For such chosen
¢ and 7, by using (46), Lemma 2.1 and Lemma 2.2, we have

sup puy (2)| (D" Mo Co fi)'(2)]
z€D

<e. (48)

My, <e+ (49)

n+1 n+1
= supua(2)| D A7 (0(2) - Ol D @B (¢ (2), 00T (2))|
& k=0 j=k
n+1 n+1
k n i—k
< Sggw(2>z e H ZCJ W9 () B (0 (2), . U k+1)(z))‘
z k=0
n+1 ) ]
< sug uq,(z)’ Z Cflﬂu(”ﬂ—ﬂ)(z)Bj,o (¢'(2),. .- U (4 “f
zE j=

n+1 n+1
+ (st sup Juw(2) D2 (A (0] 3 Chpnu™ I @) B (¢ (2), 09T (2)]
k=1 =k

zEK  zeD\K

n+1
§Losug|fi |+ZLk sup ff (2)| + Ce. (50)
ze k=1 z

From (50), Lemma 4.2 and the fact f; — 0 uniformly on compact subsets of D as i — oo
implies that for each k € N, fi(k) — 0 uniformly on compact subsets of D as i — oo, we
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get
lim sup g (2)](D"M,C, )/ (2)] = 0. (51)

11— 00 ZED

It is clear that

lim [(D"M,Cof)(0)] = 0. (52
From (51) and (52) we obtain

lim [[D*M,C fil g = 0.

This shows that the operator D" M, C, : Z¢ — BY is compact. O

Theorem 4.3. Let ¢ be an analytic self-map of D, w € H(D) and o = 2. Then the
following statements are equivalent.

(a) The operator D"M,,C,, : 2> — BY is compact.
(b) The functions u and @ are such that L, < oo for each k € {0,1,...,n+ 1},

n+1

s 2 Gt @ Biale! (@) #1701) [tog 1"y = O
and for each k € {1,2,...,n+ 1}
o3]S, Con ™D By 0), ()
e (EEGRE -0

Proof. (a) = (b). Suppose that the operator D" M, C,, : 2% — BY is compact. Clearly the
operator D"M,C,, : Z?2 — BY is bounded. Then Lj < oo for each k € {0,1,...,n + 1}.
Consider a sequence {¢(z;)}ien in D such that [¢(z;)] — 1 as ¢ — oco. If such a sequence
does not exist, then the last two conditions in (b) obviously hold. Without loss of generality,
we may suppose that |p(z;)| > 1/2 for all i € N. For each fixed k € {1,2,...,n+ 1}, by
using this sequence we define the function sequence g; x(2) = go(2,).x(2), © € N. Then
from Lemma 2.3 (b) we see that sup;cy ||gikllz2 < C and g; x — 0 uniformly on every
compact subset of D as i — 0o, moreover

(k) _ mk an (4) _
9N () = T e and 9 (e () =0 (53)

for each j € {0,1,...,n + 1} \ {k}. From Lemma 4.1 and (53), for each fixed k €
{1,2,...,n+ 1} we have

w(2i)] Z Corr w1 (2) By (@ (z0), - oV =40 ()]

z-lir?o = To P =0 ®

Zi
Now consider another function sequence ¢;(2) = ¢y (2,)(2). Then by Lemma 2.4 we have

—k
Z’i -1 e

(k) _ o) p(z)
0" (=) = ~raye Rl T oEE )
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where ¢, > 0 for each k > 1, dy = 0 and dy, > 0 for each k > 2. Moreover, sup;cy [|¢i]| z2 <
C, and g; — 0 uniformly on every compact subset of D as ¢ — co. From Lemma 4.1, we
get

lim ||D"M,Cqil| v = 0. (56)

By (55) and the triangle inequality, we have

n+1

ZZ’ Cj w9 (2)B "(z), ..., U (2 ’ logé—i—log_1
e (B¢ ()0 (20)| (to8 T

1- \;(zi)P)

a1 Cettw (23)|o(2) ¥ Z C =D () By (9 (24), -, TR (2)|

<N D"MyCopgill gy +
’ ; (1= lp(zi)[*)*
w1 Db (20) o (20)|F| Z Oy w9 (2) B (@ (20), -, oV (1)) .
+ log™! ————.
Z (1 = Jp(zi)?)* 1—[e(z0)[?
(57)
Therefore, taking the limit in (57) as ¢ — oo, from (54), (56) and the fact
e
log™ ! ————— — 0 as i — oo,
1—eo(z0)]?
we get
n+1 ) e
lim pg(2;) ZCJ unti= ])( )BJO(@/(Z)J"'7@(]+1)(2i))‘10gm =0.
— 00 — |P(Z

(b) = (a). We first check that D"M,C, : Z2 — BY is bounded. We observe that
the conditions in (b) imply that for every € > 0, there is an n € (0, 1), such that for any
ze€ K={2€D:|p(z)] >n}

n+1
e

O 1D () B0 (@ (2). .. U (2)) | log T <2 (58)
| X ol sl
and
n+1 . .
Hw ()] 3 Cogu (nH1-9)(z) J,k(w’(z)y---,@(3"““)(2))‘
iz
<e (59)
(1= [e(z)?)*
for each k € {1,2,...,n+ 1}. From the fact Ly < oo and (58), we see
e
RQSE—FLolOgl_nQ. (60)
From (59) and the fact Ly < oo for each k € {1,2,...,n+ 1}, we see
Ly
< —_— 1
Rk,5+(1_n2)k (61)

Then from (60), (61) and Theorem 3.3, it follows that D"M,C, : 22 — BY is bounded.
In order to prove that D"M,C, : Z% — BY is compact, by Lemma 4.1 we just need to
prove that, if {f;} is a sequence in Z2 such that sup,cy || fillz2 < M and f; — 0 uniformly
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on any compact subset of D as i — oo, then lim;_. o || D" M, C, f;|gv = 0. For such chosen
¢ and 7, by using (58), (59), Lemma 2.1 and Lemma 2.2, we have

sup iy (2)| (D" M, Cyo £3)'(2)
z€D

n+1 n+1
= sup iy ()| 3_ 17 ((2) 3 Coau™™ D () B9/ 0 H(2))|
Z k=0 i=k
n+1 n+1
<sup/b1f Z £ ®) (o HZC’J w1 (2 )Bj,k:(@/(z),.~.7‘P(j_k+1)(z))‘
n+1

< (sup+ sup )uul(z ’ZCJ WD) () B o (i ()7~~~,30(j+1)(z))“fi(80(2))|

zeK  zeD\K

n+1 n+1

(st sup Juw(2) D2 A (0] 3 Chyau™ @) B (¢ (2), 00T (2)]
k=1 j=k

z€K  zeD\K

n+1
gZLk sup |f() )| + Ce. (62)

From (62) and the fact f; — 0 uniformly on compact subsets of D as i — oo implies that
for each k € N, fl-(k) — 0 uniformly on compact subsets of D as i — oo, we get

lim sup py (2)| (D" M, Cy fi) (2)| = 0. (63)
11— 00 ZE]D)
It is clear that
Jim |(D"M,C, fi)(0)| = 0. (64)

From (63) and (64) we obtain

Hence this shows that the operator D"M,C,, : 2% — BY is compact. O

Theorem 4.4. Let ¢ be an analytic self-map of D, v € H(D) and o > 2. Then the
following statements are equivalent.

(a) The operator D"M,,Cy, : 2% — BY is compact.

(b) The functions u and ¢ are such that Ly < oo and for each k € {0,1,...,n+ 1}

n+1 .
pv(2)] 33 Gl DB () ()
lim = 0.
le()l—1 (1= Jp(z)[?)tr=2
Proof. Similarly to the proofs of Theorems 4.1-4.3, this result can be proved. O

Remark 4.1. By using the similar methods and techniques, the compactness of the oper-
ators D"C,M,, C,D"M,, M,D"C,, M,C,D" and C,M,D"™ from weighted Zygmund
spaces to Bloch-Orlicz spaces can be characterized, so we omit.
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Union soft p-ideals and union soft sub-implicative ideals in
BC'I-algebras

Sun Shin Ahn, Jung Mi Ko and Keum Sook So*

Abstract. The aim of this article is to lay a foundation for providing a soft algebraic tool in considering many
problems that contain uncertainties. In order to provide these soft algebraic structures, the notion of union soft
p-ideals(sub-implicative ideals) are introduced, and related properties are investigated. Conditions for a union
soft ideal to be a union soft p-ideal(sub-implicative ideal) are established. Characterizations of a union soft p-
ideal(sub-implicative ideal) are considered, and a new union soft p-ideal(sub-implicative ideal) from an old one is

constructed.

1. INTRODUCTION

The real world is inherently uncertain, imprecise and vague. Various problems in system
identification involve characteristics which are essentially non-probabilistic in nature [16]. In
response to this situation Zadeh [17] introduced fuzzy set theory as an alternative to probability
theory. Uncertainty is an attribute of information. In order to suggest a more general framework,
the approach to uncertainty is outlined by Zadeh [1§]. To solve complicated problem in economics,
engineering, and environment, we can’t successfully use classical methods because of various
uncertainties typical for those problems. There are three theories: theory of probability, theory
of fuzzy sets, and the interval mathematics which we can consider as mathematical tools for
dealing with uncertainties. But all these theories have their own difficulties. Uncertainties can’t
be handled using traditional mathematical tools but may be dealt with using a wide range of
existing theories such as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague
sets, theory of interval mathematics, and theory of rough sets. However, all of these theories have
their own difficulties which are pointed out in [I4]. Maji et al. [13] and Molodtsov [14] suggested
that one reason for these difficulties may be due to the inadequacy of the parametrization tool
of the theory. To overcome these difficulties, Molodtsov [14] introduced the concept of soft set
as a new mathematical tool for dealing with uncertainties that is free from the difficulties that
have troubled the usual theoretical approaches. Molodtsov pointed out several directions for the
applications of soft sets. Worldwide, there has been a rapid growth in interest in soft set theory
and its applications in recent years. Evidence of this can be found in the increasing number
of high-quality articles on soft sets and related topics that have been published in a variety of
international journals, symposia, workshops, and international conferences in recent years. Maji
et al. [13] described the application of soft set theory to a decision making problem. Maji et

92010 Mathematics Subject Classification: 06F35; 03G25; 06D72.
YKeywords: Exclusive set, Union soft ideal, Union soft p-ideal, Union soft sub-implicative ideal.
* The corresponding author. Tel: +82 32 1234 5678, Fax: +82 32 1234 5678
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al. [12] also studied several operations on the theory of soft sets. Aktag and Cagman [2] studied
the basic concepts of soft set theory, and compared soft sets to fuzzy and rough sets, providing
examples to clarify their differences. They also discussed the notion of soft groups. Jun [9]
discussed the union soft sets with applications in BC'K/BCI-algebras. We refer the reader to
the papers [1}, 3], 6 8 [L0] for further information regarding algebraic structures/properties of soft
set theory.

In this paper, we discuss applications of the union soft sets in p-ideals of BC'I-algebras. We
introduce the notion of union soft p-ideals, and investigated related properties. We provide
conditions for a union soft ideal to be a union soft p-ideal, and establish characterizations of a
union soft p-ideal. We construct a new union soft p-ideal from an old one.

Secondly, we define the notion of union soft sub-implicative ideals, and investigated related
properties. We provide conditions for a union soft ideal to be a union soft sub-implicative ideal,
and study characterizations of a union soft sub-implicative ideal. We find a new union soft
sub-implicative ideal from an old one.

2. PRELIMINARIES
We review some definitions and properties that will be useful in our results.

By a BCI-algebra we mean an algebra (X, %, 0) of type (2,0) satisfying the following conditions:

(al) (Va,y,2 € X) (((wxy) * (xx2)) * (2 xy) = 0),

(a2) (Va,y € X) ((z+ (z xy)) xy = 0),

(a3) (Vx € X) (zxx =0),

(ad) Vz,y e X) (zxy=0,yxx=0 = x=y).
If a BCI-algebra X satisfies the following identity:

(ab) (Vx € X)(0xx =0),
then X is called a BC K-algebra. A BCI-algebra X is said to be p-semisimple if 0 % (0 % x) =
for all x € X. A BCI-algebra X is said to be implicative if (x % (x *y)) * (y*xx) =y * (y *x x) for
all z,y € X.

In any BCI-algebra X one can define a partial order “<” by putting x < y if and only if
x*xy = 0.

A BC-algebra X has the following properties:
(bl) (Vx € X) (zx0=x),

(b2) (Vz,y,z € X) (zxy)*xz = (z*2)*xy),

(b3) (Vo,y € X) (0% (zxy) = (0xz) % (0xy)),

(bd) (Ve,y € X) (xx (xx(xxy)) =x*y).

(b5) Vz,y,z€ X) (z <y = xxz2<yxz, 2%y < zx1x),

(b6) (Va,y,z € X) ((xx2)* (y*2) < xxy),

(b7) (Va,y,2 € X) (0% (0 ((z*2) * (y* 2))) = (0xy) * (0% z)),
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(b8) (Va,y € X) (0% (0 (zxy)) = (0xy) * (0 ).

A non-empty subset S of a BCI-algebra X is called a subalgebra of X if x xy € S whenever
x,y € S. A non-empty subset A of a BC'I-algebra X is called an ideal of X if it satisfies:

(cl) 0 € A,
(c2) (VzeX) (Vye A) (zxye A= xeA).
Note that every ideal A of a BC'I-algebra X satisfies:

VMreX)VyeA)(z <y =z€cA).

A non-empty subset A of a BCI-algebra X is called a p-ideal ([15]) of X if it satisfies (c1) and
(e3) (Va,y,z€ X)((z*x2)x(yxz) e Aand y € A= x € A).

Note that any p-ideal is an ideal, but the converse is not true in general.

Theorem 2.1. ([15]) An ideal I of a BCI-algebra X is a p-ideal if and only if 0% (0% x) € [
implies x € I for any x € X.

For any elements x and y of a BC'I-algebra X, 2" x y denotes = x (z -+ % (x x (x xy---) in
which x occurs n times. A non-empty subset A of a BC'I-algebra X is called a sub-implicative

ideal ([11]) of X if it satisfies (c1) and
(c4) (Vo,y,z2 € X)((2?*xy)* (y*z))*x2€ Aand z € A= y?xx € A).

Note that any sub-implicative ideal is an ideal, but the converse is not true in general.

Theorem 2.2. ([11]) An ideal I of a BCI-algebra X is a sub-implicative ideal if and only if
(22 xy) x (y* ) € I implies y*> xx € I for any z,y € X.

We refer the reader to the book [7] for further information regarding BC'I-algebras. A soft set
theory is introduced by Molodtsov [14].

In what follows, let U be an initial universe set and E be a set of parameters. We say that the
pair (U, E) is a soft universe. Let & (U) denotes the power set of U and A, B,C,--- C E.

Definition 2.3. ([I4]) A soft set .#4 over U is defined to be the set of ordered pairs
Fa = (o fale)) 12 € B, falw) € P(U)},
where f: E — 2 (U) such that fa(x) =0if = ¢ A.
The function f, is called the approximate function of the soft set .%#4. The subscript A in the

notation f, indicates that f4 is the approximate function of % 4.
In what follows, denote by S(U) the set of all soft sets over U.

Definition 2.4. ([12]) For two soft sets .#4 and ¥ over a common universe U, we say that .%4
is a soft subset of ¥p, denoted by .#,C¥g, if it satisfies:
(i) AcC B,
(ii) For every € € A, Z(¢) and ¥(e€) are identical approximations.
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Let #4 € S(U) and let 7 C U. Then the 7-ezclusive set of .Z4 is defined to be the set
e(Fa;m) ={x €Al falxr) C7}.

Obviously, we have the following properties:
(1) e(Fa;U) = A,
(2) fale) =n{T CU |z ee(Fa;T)},
(3) (Vr, o CU) (11 C1o = e(Fa;m1) Ce(Fa;m)).

3. UNION SOFT p-IDEALS

Definition 3.1. ([9]) Let (U, E) = (U, X) where X is a BC'I-algebra. Given a subalgebra A of
E, we let #4 € S(U). Then .Z4 is called a union soft deal over U (briefly, U-soft ideal) if the
approximate function f4 of %, satisfies:

(Ve € A) (fa(0) € fa(z)), (3.1)
(Va,y € A) (fa(z) C falzxy) U faly)) . (3.2)

Definition 3.2. Let (U, E) = (U, X) where X is a BCI-algebra. Given a subalgebra A of E,
let #4 € S(U). Then %4 is called a union soft p-ideal over U (briefly, U-soft p-ideal) if the
approximate function f4 of %4 satisfies (3.1)) and

(Vo,y, 2 € A) (fa(z) € fal(z+ 2) x (y * 2)) U fa(y)) - (3:3)

Example 3.3. Let (U, E) = (U, X) where X = {0,1,a,b,c} is a BCI-algebra ([10]) with the
following Cayley table:

x10 1 a b c
0/0 0 a b ¢
111 0 a b c
ala a 0 ¢ b
blb b ¢ 0 a
cle ¢ b a 0
Let 7, 75 and 73 be subsets of U such that 71 C 75 C 73. Define a soft set .#g over U as follows:

‘QZE = {(07 7-1)’ (1’ 7_2)7 (CL, 7’3), (b> 7-3)7 (Ca 7_2)} .
Routine calculations show that .#g is a U-soft p-ideal over U.

Theorem 3.4. Let (U, E) = (U, X) where X is a BCI-algebra. Then every U-soft p-ideal is a
U-soft ideal.
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Proof. Let Z4 be a U-soft p-ideal over U where A is a subalgebra of F. Taking z := 0 in (3.3)
and using (b1) we obtain

fa(@) Sfa((z+0)* (y*0)) U fay)
=falzxy)) U faly)
for all x,y € A. Therefore .74 is a U-soft ideal over U. U

The following example shows that the converse of Theorem 3.4 is not true.

Example 3.5. Let (U, E) = (U, X) where X = {0,1,2,3,4} is a BCI-algebra ([9]) with the
following Cayley table:

x|0 1 2 a b
0/0 0 0 a b
111 01 b a
212 2 0 a a
ala a a 0 0
blb a b 1 0

Let 7y, 79,73, 74 and 75 be subsets of U such that  C 73 C 74 C 75 and 74 C 7» € 75. Define a
soft set .Z g over U as follows:

Fr={0,7),(1,712),(2,73), (a,74), (b,75)} .

Routine calculations show that .# is a U-soft ideal over U. But it is not a U-soft p-ideal over U,
since

feb) =€ m=nUr= fp((bxb)*(axb))U fg(a).

We provide some conditions for a U-soft ideal to be a U-soft p-ideal over U.
Theorem 3.6. Let (U, FE) = (U, X) where X is a BCI-algebra. For a subalgebra A of E, let
Fa € S(U). Then the following are equivalent:
(1) F4 is a U-soft p-ideal over U,
(2) Z4 is a U-soft ideal over U and its approximate function fa satisfies

(Vz,y,z2 € A) (falxxy) C fa((xx2) * (y*2))). (3.4)

Proof. Assume that .#4 is a U-soft p-ideal over U. By Theorem 3.4, .%, is a U-soft deal over U.
Using (al) and (b2), we have 0 = ((z* 2) * (zxy)) * (y* 2) = ((x * 2) * (y * 2)) * (v *x y) for any
x,y,z € A. Hence ((x*xy)* (zxy))*[((xx2)*(y*2)) x (xxy)] =0%0=0. It follows from (3.3)
and (3.1) that

fa(wxy) Sla((zxy)* (wxy)) * [((2x2) % (y * 2)) * (25 y)]) U fal(z * 2) * (y * 2))
=fa(0) U fa((w + 2) * (y * 2))
=fal(x*2)* (yx 2)).
Hence (3.4) holds.
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Conversely, suppose that .Z4 is a U-soft ideal over U satisfying (3.4). Using (3.2) and (3.4),
we have fa(z) C fa(z*y)U faly) C fa((z*2) x (y*2)) U fa(y) for any z,y,2 € A. Hence .F4
is a U-soft p-ideal over U. This completes the proof. O

Lemma 3.7. Let (U, E) = (U, X) where X is a BCI-algebra. For a subalgebra A of E, let
Fa€ SWU). If F, is a U-soft ideal over U, then the approximate function fa of % satisfies the
following condition:

(Ve € A)(fa(0+ (0xx)) € fa(x)).

Proof. Assume that %4 is a U-soft ideal over U. Note that 0 = (0% x)* (0xx) = (0% (0% z)) * .
Using (3.2) and (3.1), we have
Fa0x (0 2)) Cfa((0% (0% 2) *2)) U falx)

=fa(0) U fa(z)

=fa(x)
for any x € A. This completes the proof. O
Theorem 3.8. Let (U, E) = (U, X) where X is a BCI-algebra. For a subalgebra A of E, let
Fa € S(U). Then the following are equivalent:

(1) F4 is a U-soft p-ideal over U,

(il) F4 is a U-soft ideal over U and its approximate function f, satisfies

(Ve e A) (fa(x) C fa(0x (0*x))). (3.5)

Proof. Assume that .74 is a U-soft p-ideal over U. By Theorem 3.4, .%, is a U-soft deal over U.
It follows from (3.3) and (3.1) that

fa(x) Sfa((w+x) + (0 ) U fa(0)
=fa(0 (0 x )

for any x € A. Hence (3.5) holds.

Conversely, suppose that %, is a U-soft ideal over U satisfying (3.5). By Lemma 3.7, we
obtain fa(0* (0% ((x % 2) *x (y * 2)))) C fa((z* 2) * (y x 2)). It follows from (b7) and (b8)
that 0% (0% (x xy)) = (0xy) * (0xx) = 0% (0 (z*2) % (y=*2))). Using (3.5), we have
falxxy) C fa(0x (0% (xxy))) C fal(zx2)* (y*2)). By Theorem 3.6, %, is a U-soft p-ideal
over U. U

Lemma 3.9. ([9]) Let (U, E) = (U, X) where X is a BCI-algebra, Given a subalgebra A of E,
let F4 € S(U). Then the following are equivalent:
(1) F4 is an U-soft ideal over U,
(ii) The nonempty T-exclusive set of F#, is a ideal of A for any T C U.
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Theorem 3.10. Let (U, E) = (U, X) where X is a BCI-algebra, Given a subalgebra A of E. let
Fa € S(U). Then the following are equivalent:

(1) Z4 is a U-soft p-ideal over U,
(ii) The nonempty T-exclusive set of %, is a p-ideal of A for any 7 C U.

Proof. Assume that %4 is a U-soft p-ideal over U. Then .% 4 is a U-soft ideal over U by Theorem
3.4. Hence e(F4;7) is an ideal of A for all 7 C U by Lemma 3.9. Let 7 C U and let z,y, 2z € A be
such that (x % 2)*x (y*z) € e(F4;7) and y € e(F4; 7). Then fa((x*z)*(yx2)) C 1, faly) C T,
and so

fa(@) € fal(z2) x (y x 2)) U faly) € 7.

Hence = € e(F4;7). Thus e(F4;7) is a p-ideal of A.

Conversely, suppose that the nonempty 7-exclusive set of .% 4 is a p-ideal of A for any 7 C U.
Then e(.Z4;7) is an ideal of A for all 7 C U. Hence %4 is a U-soft ideal over U by Lemma 3.9.
Let x € A be such that f4(0* (0% x)) =7. Then 0% (0% ) € e(F4;7), and so x € e(F4;7T) by
Theorem 2.1. Hence fa(z) C fa(0* (0% x)). It follows from Theorem 3.8 that %, is a U-soft
p-ideal over U. U

The p-ideals e(-#4; 7) in Theorem 3.10 are called the exclusive p-ideals of .7 4.

Theorem 3.11. Let (U, E) = (U,X) and %4 € S(U) where X is a BCI-algebra and A is a
subalgebra of E. For a subset T of U, define a soft set .# over U by

fi:E = PU), { falw) if o € e(Fai7),

U otherwise.

If 74 is a U-soft p-ideal over U, then so is .F}.

Proof. 1f %, is a U-soft p-ideal over U, then e(.%4;7) is a p-ideal of A for any 7 C U. Hence
0 € e(Fa;71), and so f4(0) = fa(0) C fa(z) C fi(z) for all z € A. Let z,y,z € A. If (x * 2) *
(y*z) € e(Fa;7) and y € e(Fa;7), then x € e(F4;7) and so
fa(x) =falx)

Clal(z*z) * (y + 2)) U faly)

=fa((@x2) % (y +2)) U fa(y).
If (zxy)*(yxz)¢e(Fa;T)oryd¢e(Fa;1), then fi((r*2)*(y*xz))=U or fi(y) = U. Hence

fa(x) S U = fal(zx2) « (y x 2)) U fa(y).

This shows that .#; is a U-soft p-ideal over U. U

Theorem 3.12. Let (U, E) = (U, X) where X is a BCI-algebra. Then any p-ideal of E can be
realized as an exclusive p-ideal of some U-soft p-ideal over U.
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Proof. Let A be a p-ideal of E. For any subset 7 C U, let .#4 be a soft set over U defined by

T ifx € A,

fa: E—= 2(U), :c»—>{ U ifzédA

Obviously, f4(0) C fa(x) for all z € E. For any z,y,z € E,if (tx2)*x(y*xz) € Aandy € A
then z € A. Hence

fal(wx2)* (y+ 2)) U faly) = 7 = fa(z).

If (z*2)x(yxz2)¢ Aory ¢ Athen fa((z*x2)x(y*xz2)) =U or fa(y) = U. It follows from (3.3)
that

fa(@) CU = fal(zx2) * (y* 2)) U fa(y).
Therefore % 4 is a U-soft p-ideal over U, and clearly e(#4;7) = A. This completes the proof. [

Example 3.13. Let (U, E) = (U, X) where X is a BC'I-algebra.
(1) B(X) :={x € X|0xx = 0}. Then B(X) is a p-ideal ([15]) of X. For any subset 7 C U, let
Fp(x) be a soft set over U defined by

T if z € B(X),

fex): E = 2(U), xH{ U ifz ¢ B(X).

Then Fp(x) is a U-soft p-ideal over U.

(2) Th(X) :={z € X|0x2™ = 0}, where Oxa™ = (--- (0*x) *---)*x in which z appears n-times.
Then T,,(X) is a p-ideal ([15]) of X. For any subset 7 C U, let 41, (x) be a soft set over U defined
by

T ifxeT,(X),

grax) - B = 2(U), z { U ifz ¢ T,(X).

Then %7, x) is a U-soft p-ideal over U.

Theorem 3.14. [Extension property| Let (U, E) = (U, X) where X is a p-semisimple BCI-
algebra. Given subalgebras A and B of E, let %4, %5 € S(U) such that

(i) F4CFp,

(ii) .-Zp a U-soft ideal over U.
If 74 is a U-soft p-ideal over U, then so is .Fg.

Proof. Let 7 C U be such that e(Fp;7) # 0. It follows from the condition (ii) and Lemma 3.9
that e(%p; 7) is an ideal. Assume that %4 is a U-soft p-ideal over U. Then e(%4;7) is a p-ideal
for every 7 C U by Theorem 3.10. Let € E and 7 C U be such that 0 (0 x z) € e(Fp; 7).
Since X is a p-semisimple BCT-algebra, 0 x (0 x x) = x. Hence x € e(Fp; 7). Thus e(Fp;7) is a
p-ideal by Theorem 2.1. By Theorem 3.10, .%p is a U-soft p-ideal over U. 0
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4. UNION SOFT SUB-IMPLICATIVE IDEALS

Definition 4.1. Let (U, E) = (U, X) where X is a BCI-algebra. Given a subalgebra A of
E,let #4 € S(U). Then Z#, is called a union soft sub-implicative ideal over U (briefly, U-soft
sub-implicative ideal) if the approximate function f4 of %4 satisfies (3.1)) and

(Va,y,z € A) (faly® *2) € fa(((@® #y) * (y * ) * 2) U fa(2)) - (4.1)

Example 4.2. Let (U, E) = (U,X) where X = {0,1,2} is a BCI-algebra ([11]) with the
following Cayley table:

Let 7 and 75 be subsets of U such that 7y C 7. Define a soft set % over U as follows:

‘?E = {(077_1)7 (17 7-1)7 (27 7-2)} :

Routine calculations show that .#5 is a U-soft sub-implicative ideal over U.

Theorem 4.3. Let (U, E) = (U, X) where X is a BCI-algebra. Then every U-soft sub-
implicative ideal is a U-soft ideal.

Proof. Let %4 be a U-soft sub-implicative ideal over U where A is a subalgebra of F. Taking
y:=x in (4.1) we obtain
fa(2? *2)
Cfa(((@* *2) % (z*2)) * 2) U fa(2)
= falz*2)) U fa(z)
for all x,z € A. Therefore .% 4 is a U-soft ideal over U. 0

fa(z)

The following example shows that the converse of Theorem 4.3 is not true.

Example 4.4. Let (U, E) = (U, X) where X = {0,1,2,3,4} is a BCI-algebra ([11]) with the
following Cayley table:

*x10 a b c
00 0 0 ¢
ala 0 0 c
blb b 0 ¢
clc ¢c ¢ 0

Let 7 and 75 be subsets of U such that 7 C 75. Define a soft set .#g over U as follows:

ﬁE = {(07 7—1)7 (CL, 7—2)7 (ba 7_2)7 <C7 TQ)} .
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Routine calculations show that .%#f is a U-soft ideal over U. But it is not a U-soft sub-implicative
ideal over U, since

fe(a®+b) = fp(a) = ¢ r = Ffe(((b?  a) * (a*b)) *0)U fz(0).

Proposition 4.5. Let (U, E) = (U, X) where X is a BCI-algebra. For a subalgebra A of E, let
Fa € S(U). If #4 is a U-soft sub-implicative ideal over U, then the approximate function fa of
F 4 satisfies the following condition:

(v, y € A) (faly? *7) C Fal(z? % y) * (y 7). (4.2)

Proof. Assume that %4 is a U-soft sub-implicative ideal over U. For any x,y € A, we have
fa(y® x ) Ca(((2 % y) % (y * 2)) % 0) U £a(0)
=fa((@® xy) * (y x 2)).
This completes the proof. 0
We provide conditions for a U-soft BC'I-ideal to be a U-soft sub-implicative ideal over U.

Theorem 4.6. Let (U, FE) = (U, X) where X is a BCI-algebra. For a subalgebra A of E, let
Fa € SWU). If F4 is a U-soft ideal over U satistfying the condition (4.2), then F, is a U-soft
sub-implicative ideal over U.

Proof. Assume that %, is a U-soft ideal over U satisfying the condition (4.2). For any z,y € A,
we have

fa(y® x ) Cfa((2® % y) * (y * )
Cra((@®*y) * (y*x))* 2) U fa(2)
which proves the condition (4.1). This completes the proof. O

Corollary 4.7. Let (U, E) = (U, X) where X is an implicative BCI-algebra. Then every U-soft
sub-implicative ideal is a U-soft ideal.

Theorem 4.8. Let (U, E) = (U, X) where X is a p-semisimple BC'I-algebra. For a subalgebra
A of E, let #4 € S(U). The notions of a U-soft ideal over U and a U-soft sub-implicative ideal
over U coincide.

Proof. Note that 22 xy = y for all ,y € X, since X is a p-semsimple BCI-algebra. Assume that
4 is a U-soft ideal over U. For any z,y, z € A, we have

fa(y? x x) =fa(x)
Cla(z*2)U fa(2)
=fa((y® * ) % 2)) U fa(2)
=fal((z® % y) % (y* x)) * 2) U fa(2).
Therefore .% 4 ia a U-soft sub-implicative ideal over U. 0
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Theorem 4.9. Let (U, E) = (U, X) where X is a BCI-algebra. Then every U-soft p-ideal is a
U-soft sub-implicative ideal.

Proof. Let %, be a U-soft p-ideal over U, where A is a subalgebra of E. Then .%, is a U-soft
ideal over U. Then %, is a U-soft ideal over U by Theorem 3.4. Note that

(0% (y* # 2)) (2 % ) * (y o+ 7)) = 0 (27 ) * (y +2)) + (0% (y” * )
=[(0% (2 xy)) * (0 (y x2))] * (0% (y* * 7))

= [((0x2) % (0% (2 y))) (0% (y*x))] + [(05 ) * (0 (y *))]
< (0 2) % (0 (zxy))) * (0+y)

= (0 2) % (0 y)) * (0 (zxy))

=0.

IN

/\\_/

* T

For any z,y € A, we have
faly? ) C fa(0%+ (y* * x))
C fal(0% 5 (y* % 2)) * (2% % y) * (y x2))) U fa((a® x y) x (y * )
C fa(0) U (2% x y) * (y * 2))
= fa((z® xy) * (y * ).
It follows from Theorem 4.6 that %4 is a U-soft sub-implicaticve ideal over U. 0

The converse of Theorem 4.9 may not be true in general as seen in the following example.

Example 4.10. Let (U, E) = (U, X) where X = {0, a, 1,2, 3} is a BCI-algebra with the following
Cayley table:

*10 a 1 2 3
0/0 0 3 2 1
ala 0 3 2 1
1{1 1.0 3 2
212 2 1 0 3
313 3 2 10

Let 7,75 and 73 be subsets of U such that 71 C 7 C 73. Define a soft set . over U as follows:

=g

Fr={(0,71), (a,12),(1,73),(2,73),(3,73) } .

Routine calculations show that .%#f is a U-soft sub-implicative ideal over U. But it is not a U-soft
p-ideal over U, since

—7_2,,@7—1 fe((ax 1)+ (0%1)) U fr(0).

Theorem 4.11. Let (U, E) = (U, X) where X is a BCI-algebra, Given a subalgebra A of E. let
Fa € S(U). Then the following are equivalent:
(i) Za is a U-soft sub-implicative ideal over U,
(ii) The nonempty T-exclusive set of .#, is a sub-implicative ideal of A for any T C U.
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Proof. Assume that %, is a U-soft sub-implicative ideal over U. Then %4 is a U-soft ideal over
U by Theorem 4.3. Hence e(F4;7) is an ideal of A for all 7 C U by Lemma 3.9. Let 7 C U
and let x,y,2 € A be such that (2% *y) * (yxx)) x 2 € e(F4;7) and z € e(F4;7). Then

fa(((@* xy) x (y*x)) * 2) C 7, fa(z) C 7, and so
fa(? x2) C fal((@® 5 y) * (y*x)) % 2) U fa(z) C 7.

Hence y? * x € e(F4; 7). Thus e(F4;7) is a sub-implicative ideal of A.

Conversely, suppose that the nonempty 7-exclusive set of %, is a sub-implicative ideal of A
for any 7 C U. Then e(.%;7) is an ideal of A for all 7 C U. Hence %, is a U-soft ideal over U by
Lemma 3.9. Let 2,y € A be such that fa((z?*y)* (y*x)) = 7. Then (22 xy) * (y*x) € e(Fa; ),
and so y* * x € e(F4;7) by Theorem 2.2. Hence fa(y?*x) C fa((2® xy) x (y x x)). Tt follows
from Theorem 4.6 that .% 4 is a U-soft sub-implicative ideal over U. 0

The sub-implicative ideals e(.#4;7) in Theorem 4.11 are called the ezclusive sub-implicative
ideals of F 4.

Theorem 4.12. Let (U, E) = (U, X) and F4 € S(U) where X is a BCI-algebra and A is a
subalgebra of E. For a subset T of U, define a soft set .# over U by

falz) ifxe€e(Fa;T),
U otherwise.

fi:E— 2(U), a:r—>{

If 74 is a U-soft sub-implicative ideal over U, then so is .7 }.

Proof. Tt 74 is a U-soft sub-implicative ideal over U, then e(%4; 7) is a sub-implicative ideal of
A for any 7 C U. Hence 0 € e(F4;7), and so f4(0) = fa(0) C fa(z) C fi(z) for all z € A. Let
z,y,z € A Tf (22 xy) x (yx ) x 2) € e(Fa;7) and z € e(F4;T), then y? x x € e(Fa;7) and so
fay® x ) =fa(y® x o)

Cral((z® xy) * (y* x)) % 2) U fa(2)

=fal((z® *y) * (y*x x)) * 2) U fi(2).
If (22 *xy)*x(yxx))*x2 ¢ e(Fa;7) or 2 & e(Fa;7), then fi((z2xy) *x (y*xz))x2)) = U or
fi(z) = U. Hence

~—  —

falz) CU = fA((2® xy) * (y x 2)) % 2) U fA(2).
This shows that .#} is a U-soft sub-implicative ideal over U. O
Theorem 4.13. Let (U, E) = (U, X) where X is a BCI-algebra. Then any sub-implicative ideal

of E' can be realized as an exclusive sub-implicative ideal of some U-soft sub-implicative ideal
over U.

Proof. Let A be a sub-implicative ideal of E. For any subset 7 C U, let %4 be a soft set over U
defined by

T ifzxeA,
U ifzx¢ A

163 Sun Shin Ahn et al 152-165

fa: E— 2(U), ml—>{



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC

Union soft p-ideals and union soft sub-implicative ideals 13

Obviously, f4(0) C fa(z) for all z € E. For any z,y,z € E, if ((x®*y)*(y*z))*z € Aand z € A,
then y?xx € A. Hence fa(y?+x) =7 = fa(((2?xy)*(y*x))*x2)U fa(2). If ((x2xy)* (y*z))*x2 ¢ A
or z ¢ A, then f4(((x®*y)* (y*z))*2) =U or fa(z) = U. It follows from (4.1) that

fa(y? x2) CU = fa(((@® + y) * (y + 2)) * 2) U fa(2).

Therefore %4 is a U-soft sub-implicative ideal over U, and clearly e(.#4;7) = A. This completes
the proof. 0

Example 4.14. Let (U, E) = (U, X) where X is a BCI-algebra and let B(X) := {z € X|0xz =
0}. Then B(X) is a sub-implicative ideal ([11]) of X. For any subset 7 C U, let #px) be a soft
set over U defined by

if 2 € B(X),
Toe : B = 2(U), "“_){ TU ;fiZBEX;

Then it is easy to see that .#p(x) is a U-soft sub-implicative ideal over U.
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On interval-valued fuzzy rough approximation
operators *

Weidong Tang" Jinzhao Wu! Meiling Liu®
March 5, 2016

Abstract: Rough approximation operators based on approximation spaces
are a key concept of rough set theory. This paper investigates rough approxi-
mation operators in interval-valued fuzzy (for short, IVF) environment by using
constructive and axiomatic approaches. Moreover, IVF pseudo-closure opera-
tors are considered.

Keywords: IVF set; IVF relation; IVF approximate space; IVF rough set;
IVF rough approximation operators.

1 Introduction

Rough set theory was proposed by Pawlak [16] as a mathematical tool for
data reasoning. It may be seen as an extension of classical set theory, has been
proved to be an effective approach to deal with intelligent systems characterized
by insufficient and incomplete information, and has been successfully applied to
machine learning, intelligent systems, inductive reasoning, pattern recognition,
mereology, image processing, signal analysis, knowledge discovery, decision anal-
ysis, expert systems and many other fields [17, 18, 19, 20]. The foundation of its
object classification is an equivalence relation. The upper and lower approxima-
tion operations are two core notions of this theory. They can also be seen as the
closure operator and the interior operator of the topology induced by an equiv-
alence relation on the universe, respectively. In the real world, the equivalence
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relation is, however, too restrictive for many practical applications. To address
this issue, many interesting and meaningful extensions of Pawlak’s rough sets
have been presented in the literature. Equivalence relations can be replaced by
tolerance relations [23], similarity relations [24], binary relations [7, 27].

Various fuzzy generalizations of rough approximations have been proposed
in the literature [1, 2, 6, 10, 11, 15, 21, 26, 29]. The most common fuzzy rough
set is obtained by replacing the crisp binary relations with fuzzy relations on
the universe and the crisp subsets with the fuzzy sets.

There are mainly two approaches to the development of rough set theory.
One is the constructive approach in which rough approximation operators are
constructed by means of relations, partitions, coverings, neighborhood systems
and so on. The constructive approach is suitable for practical applications of
rough sets. The other one is the axiomatic approach. In this approach, a set of
axioms is used to characterize rough approximation operators that guarantee the
existence of certain types of relations which produce the same operators. This
approach is appropriate for studying algebra structures of rough sets. Under
this point of view, rough set theory may be interpreted as an extension of set
theory with two additional unary operators.

As a generalization of Zadeh’s fuzzy set, interval-valued fuzzy (IVF, for
short) sets were introduced by Gorzalczany [4] and Turksen [25], and they were
applied to the fields of approximate inference, signal transmission and controller,
etc. Mondal et al. [14] defined topology of IVF sets and studied their properties.

By integrating Pawlak rough set theory with IVF set theory, Sun et al. [22]
introduced IVF rough sets based on an IVF approximation space, defined IVF
information systems and discussed their attribute reduction. Gong et al. [5]
studied the knowledge discovery in IVF information systems. Zhang et al. [30]
discussed (Z,7)-IVF rough sets based on an IVF approximation space on two
universes of discourse.

The purpose of this paper is to investigate IVF rough approximation oper-
ators by using constructive and axiomatic approaches.

2 Preliminaries

Throughout this paper, “ interval-valued fuzzy ” denote briefly by “ IVF ”.
U denotes a nonempty finite set called the universe of discourse. I denotes [0, 1]
and [I] denotes {[a,b] : a,b € I and a < b}. P (U) denotes the family of all
subsets of U. F®)(U) denotes the family of all IVF sets in U. a denotes [a, a]
for each a € [0, 1].

2.1 IVF sets
For any [a;,b;] € [I]( j =1,2), we define
la1,01] = [az,b2] <= a1 = az,b; = by;

[a1,b1] < [ag,b2] <= a1 < ag,b1 < by;
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[a1,b1] < [ag,b2] <= [a1,b1] < [az,be] and [a1,b1] # [az, bal;
1—[ag,b1] or [ar,b1]° = [1 — by, 1 — aq].
Obviously, ([a,b]?)¢ = [a,b] for each [a,b] € [I].
Definition 2.1 ([4, 25]). For each {[a;,b;] : j € J} C [I], we define

\/aj, \/aj,\/b | and /\aj, /\aj,/\b

jeJ jed jed jeJ jeJ jed

where \/ aj =sup{aj:jeJ}and N\ a;j=inf {a;:je€J}.
jeJ jeJ
Definition 2.2 ([4, 25]). An IVF set A in U is defined by a mapping A : U —
[I]. Denote
A(@) =[A"(2), AT ()] (2 €).

Then A~ (x) (resp. AT (x) ) is called the lower (resp. upper) degree to which x
belongs to A. A~ (resp. AT ) is called the lower (resp. upper) IVFE set of A.

The set of all IVF sets in U is denoted by F®)(U).
Let a,b € I. [a,b] represents the IVF set which satisfies [a, b](z) = [a, b] for

each z € U. We denoted [a, a] by a.
We recall some basic operations on F@)(U) as follows ([4, 25]): for any
A,B € FOU) and [a,d] € [I],
(1) A=B < A(x) = B(x) for each z € U.
(2) ACB < A(x) < B(z) for each z € U.
(3) A= B°® < A(x) = B(x)° for each z € U.
(4) (AN B)(z)=A(x) A B(z) for each z € U.
(5) (AU B)(z)=A(x) vV B(z) for each z € U.
Moreover,

(U @) = \/ Alz) and ([ A)(@)= /\ Alz)

jeJ jed jeJ

where {A; :j € J} C FO(U).
(6) ([a,b]A)(z) = [a,b] A [A™(z), AT (x)] for each z € U.
Obviously,

A=B < A~ =B and A" =B ; ([a,b])° = [a,b]¢ ([a,}] € [I]).

Definition 2.3 ([14]). A € FO(U) is called an IVF point in U, if there exist
[a,b] € [I] — {0} and x € U such that

= {02

We denote A by x,p)-
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If [a,b] = 1, then

Remark 2.4. A= | (A(z)z1).
xzeU

2.2 Definition of IVF rough approximation operators
Recall that R is called an IVF relation on U if R € F()(U x U).

Definition 2.5 ([7, 22]). Let R be an IVF relation on U. Then R is called
(1) reflexive, if R(x,z) =1 for each z € U.
(2) transitive, if R(z,z) > R(z,y) A R(y, z) for any z,y,z € U.
(3) preorder, if R is reflexive and transitive.

Definition 2.6 ([22]). Let R be an IVF relation on U. The pair (U, R) is called
an IVF approximation space. For each A € F(i)(U), the IVF lower and the IVF
upper approzimation of A with respect to (U, R), denoted by R(A) and R(A),
are two IVF sets and are respectively defined as follows:

Iz
=
B
Il
>
N
S
<

(1= R(z,y))) (z € U)

and

R(A)(x) = \/ (Aly) A R(z,y)) (x € U).
yeU

The the pair (R(A), R(A)) is called the IVF rough set of A with respect to (U, R).

R:FOU) - FOU) and R: FO(U) — FO(U) are called the IVF lower
approzimation operator and the IVF upper approrimation operator, respectively.
In general, we refer to R and R as the IVF rough approzimation operators.

Remark 2.7. Let (U, R) be an IVF approzimation space. Then
(1) for each z,y € U,

R(z1)(y) = R(y,z) and R((21)%)(y) =1 - R(y,z).

(2) for each [a,b] € [I], R([a,b]) 2 [a,b] 2 R([a,b]).

Proposition 2.8 ([22]). Let (U, R) be an IVF approximation space. Then for
each A € FO(U),

(R(A))” = RE(A7), (B(A)" = RZ(A"),

(R(A))” =R (A7) and (R(A))" = RT(AT).

3 IVF rough approximation operators

In this section, we deeply investigate IVF rough approximation operators.
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3.1 Construction of IVF rough approximation operators

Theorem 3.1 ([28]). Let (U, R) be an IVF approzimation space. Then for any
A, Be FO(U), {A;:jeJ} CFOU) and [a,b] € [I],

(1) R(1) =1, R(0) =0

(2) AC B= R(A) C R(B), R(A) C R(B)

(3) B(A%) = (R(A)), R(A%) = (R(A))*.

(4) R AJ) = E(Aj); R U AJ) = U R(A])

(1) R is reflexive

(2) R is transitive

Corollary 3.3 ([28]). Let (U, R) be an IVF approzimation space. If R is pre-
order, then

R(R(A)) = R(A) and R(R(A) = R(4) (A€ FOD)).

Ay = {@)eU:A (x)>)} (Ael),
A = {(@)eU:AT(x) = A} (Ae),
Ayve = {(x)eU:A () > A} (Ae0,1)),
A = {(@)eU:AT(@) >N} (Ae[o,1))

Definition 3.4 ([4, 25]). Let A € FO(U) and [a, 8] € [I]. Denote
A g ={ze€U: A (2) > a, A" (z) > 4]},
A = {z €U+ Ax) > [a, A},

Afap ={z €U : A (z) > a, At (z) > A}

Then A, g) (Tesp.A[a7m+,A(a,5)) is called the [c, B]-level (resp. strong [a, B]-
level, («, B)-level) set of A.

Obviously, A(.,3) € A8+ € Ala,5)-

Proposition 3.5 ([4, 25]). Let A, B € FO(U) and [a, 3] € [I]. Then
(1) AC B = Ay, 5+ C B, g+
(2) (AU B)[a,ﬁ]*’ 2 A[aw@]ﬁ- U B[a,ﬁ]*';
(2) (AN B)[a,ﬁ]*’ = A[a,ﬁ]+ N B[a,ﬁ]+‘
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Let R € F(U x U). Denote

R {(z,y) e U xU : R (z,y) > A} (Ael),
R = {(z,y) €U xU:R (z,y) >N} (\el),
Ry+ = {(z,y) eUxU:R (z,y) > A} (A€][0,1)),
RN = {(z,y) €UxU:R"(z,y) >N} (Ae0,1)),
Riapg = {(z,y) €eUxU:R(z,y) =[a,p]} ([, f] € 1)),
Riagv = {(w,y) €U xU:R(x,y) > o, B} (a<1,]a,p] € [l]).

Proposition 3.6. Let R be an IVF relation on U.
1) If R is reflexive, then Ry, R, Ry+, R and Ry, g1+ are reflexive.
[ 7/6]

(2) If R is transitive, then Ry, R*, Ry+, RN and Ry, g+ are transitive.

Proof. (1) are obvious.

(2) For any z,y,z € U, if (z,y),(y,2) € Ry, we have R~ (z,y) > X and
R~ (y,z) > A. Note that R is transitive. Then R(z,z) > R(z,y) A R(y, z) and
s0

R (z,z) > R~ (z,y) AR (y,2) > \.
Thus (x,z) € Ry. Hence R) is transitive.
Similarly, We can prove that R*, Ry+ and R are transitive.

For any w,y,z € U, if (z,y), (y,2) € Rja,g+, Wwe have R(z,y) > [, 5] and
R(y, z) > [«, B]. Note that R is transitive. Then

R(z,2) = R(z,y) A R(y, z) > [, f].
and so (7, 2) € Ry g+ Hence Ry, g+ is transitive. O

Theorem 3.7. Let (U, R) be an IVF approximation space. Then IVFE rough
approximation operator can be represented as follows: for each A € F(i)(U),

(1) (B(A)™ = ALgJI ARITA(Ay) = ALGJI ARIA(Ay),

= U AR (4)) = [ ARV (Ay4);
el ael
(2) (R(A)T = ALEJI ARi_5\(AY) = ALGJ,) ARi_, (A1),

N ,\LeJI )\M(AA) - ,\LeJI )\R(lﬂ\ﬁ(Aﬁ);
(3) (R(A))™ = U AR (AN) = U ARx+(An),

el L el L
= )\UI )\R,\(A)ﬁ) = )\UI )\R)\+ (A)\Jr);
(4) (R(A)* = U ARMNAY) = U ARN (4Y),
el el
= U ARMAN) = U ARMN (AN);
el el
6
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Proof. (1) For each z € U, by Proposition 2.10,

(UJABZ2(A))(z) = \{reTl:zeRTANA}

A€l
= \{Ael:(R").(z) C AN}
= \/{)\ €1:R"(x,y) >1— Ximplies A~ (y) > \}
= \/{AeI:1—R"(a,y) < Ximplies A~ (y) > A}
= V{rer: /\U(A‘(w) V(1 - R*(z,y)) > A}
ye
= Vel (BA) (») = A}
= (R(4)) (2).
Then (R(A))” = U AR'"*(A)).

ael
Similarly, we can prove that

(R(A)" = |J M) = [ ARV (4 = [ ARV (44).
A€[0,1) A€(0,1] A€(0,1)

(2) The proof is similar to (1).
(3) For each x € U, by Proposition 2.10,

(UAEA)@) = V{rel:zeRy(AN)}

el

VX €T (Ry)s(x) N Ay # 0}

= \{Ael:yeUyec An(Ry).(x)}

= \{Ael:eUA (y) AR (z,y) > A}
Vixerl: \/ (A () AR (2,9) = A}

yeU
V{reI:(R(A) (x) >}
(R(A))™ (x).
Then |J A(Ra(AN)) = (R(4))~.

el
Similarly, we can prove that

(R(A)" = [J MBExv)) = |J 2@ A )= [ AMBEr(4).

A€[0,1) A€[0,1) A€[0,1)

(4) The proof is similar to (3). O
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Theorem 3.8. Let (U, R) be an IVF approximation space. Then IVFE rough
approximation operator can be represented as follows: for each A € F(i)(U),

R4 = U (@8Bam Qg = U (o 8Res (Ajas)
[ B1El] [, BELT]
= U (0 81Res(Apg)).
[ BJ€L1]

Proof. Denote B=|J ([, B]Ra g+ (Aja,5+))- By Proposition 2.10,
[o, BlENT]

B_(x) = \/ (a A R[aﬂ]Jr(A[aﬂﬁ)(l‘))
acl

= Vieel:oe Rap (Aag))}

= V{eerl: (Bag)s@)nAgg: # 0}

= \/{e€I:3yeURy) > af] and Aly) > [o,B]}

= \{e€l:IyeU A (y) AR (z,y) > a and AT (y) A R (2,y)
> [ or A(y) AR (z,y) > a and A" (y) AR (2,y) > B}

= V(A @ AR (2,y) = (R(A) ().

yeU

Then (R(A))~ = B~. Similarly, we can prove that (R(A))" = BT. Hence

RA)=B= |J (0B Rag+(Angs)):
[o, B]€[T]

Similarly, we can prove that

RA) = |J (0B Rup+(Ang) = | (@B Ras(Ans)
[a,Bl€[1] [o,B€[T]

O

3.2 Axiomatic characterizations of IVF rough approxima-
tion operators

In an axiomatic approach, rough sets are axiomatized by abstract oper-
ators. For the case of IVF rough sets, the primitive notion is the system
(FOU), N, U, ¢, L, H), where L, H : FO(U) — F@(U) be two IVF set opera-
tors. In this subsection, rough approximation operators in the IVF environment
are characterized by some axioms.

Definition 3.9. Let L, H : F)(U) — FO(U) be two IVF set operators. If
(L(A)° = H(A%) (Ae FOU)),

then L, H are called two dual operators.
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Remark 3.10. L, H : FO(U) — FO(U) are two dual operators iff (H(A))° =
L(A°) for each A € FO(U).

Theorem 3.11. Let L,H : FO(U) — FO(U) be two dual operators. Then
there exists an IVF relation R on U such that L = R and H = R iff L
satisfies axioms (AL1) and (AL2), or equivalently, H satisfies axioms (AU1)
and (AU2):

(AL1) L([a,b]U A) = [a,b] U L(A) (A € FO(U),[a,b] € [I]),

(AL2) L(ANB) = R(A)NL(B) (A,B € F)(U);
(AU1) H([a,b]A) = [a,b]H(A) (A € FO(U),[a,b] € [1]),
(AU?2) H(AUB)=H(A)UH(B) (A,B e FOU)).

Proof. Note that L, H : F®)(U) — F(®)(U) are two dual operators. Then (AL1)
and (AL2) are equivalent to (AU1) and (AU2). We only need to prove that
L=R and H =R iff H satisfies axioms (AU1) and (AU2).

Necessity. This is obvious.

Sufficiency. Assume that the operator H satisfies axioms (AU1) and (AU2).
Define an IVF relation R on U by

R(z,y) = H(y1)(z) (z,y €U).

Let A € F@(U). Note that

H(A)(x) = H({JAWy)() = (U HAWy))(@) = (|J (AW H 1)) (@)

yeU yeU yeU
=V (AWw) A Hy)(@) = \/ (Aly) A R(z,y)) = R(A)()
yeU yeU

for each z € U. Then H(A) = R(A). By Theorem 3.1(3),
L(A) = (H(A%))" = (R(A%)) = R(A).
Thus L = R, H = R. O

Theorem 3.12. Let L,H : FO(U) — FO(U) be two dual operators. Then
there exists a reflexive IVF relation R on U such that L = R and H = R iff
L satisfies axiom (AL1), (AL2) and (ALR), or equivalently, H satisfies axiom
(AU1), (AU2) and (AUR):

(ALR) L(A)C A (Ae FO(U));
(AUR) AC H(A) (Ae FOU)).
Proof. This holds by Theorems 3.2(1) and 3.11. O
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Theorem 3.13. Let L,H : FO(U) — FO(U) be two dual operators. Then
there exists a symmetric IVF relation R on U such that L =R and H = R iff
L satisfies axiom (AL1), (AL2) and (ALS), or equivalently, H satisfies axiom
(AU1), (AU2) and (AUS):

(ALS)  L((z1)%)(y) = L((y1)°) (@) (z,y € U);

(ALS) H(z1)(y) = H(y1)(z) (z,y € U).
Proof. This hold by Remark 2.9(1) and Theorem 3.11. O

Theorem 3.14. Let L,H : FO(U) — FO(U) be two dual operators. Then

there exists a transitive IVF relation R on U such that L = R and H = R iff
L satisfies axiom (AL1), (AL2) and (ALT), or equivalently, H satisfies axiom
(AU1), (AU2) and (AUT):

(ALT) L(A) C L(L(A)) (A€ FOU));
(AUT) H(H(A)) C H(A) (A€ FOU)).
Proof. This holds by Theorems 3.2(2) and 3.11. O

4 IVF pseudo-closure operators in IVF approx-
imation spaces

In this section, we investigate IVF pseudo-closure operators in IVF approxi-
mation spaces.

For each [a,b] € [I],X € £(U), we define

e X,

Denote

EWU) = {[a,b1X : [a,b] € [1], X € 2(U)}.
Then &(U) C FO(U).
Definition 4.1. Let 7 be an IVF topology on U. Define

Si(A) = | dillBlAng}t (AeFOW)).
e BlE]

Then S, : FO(U) — FO(U) is called the IVF pseudo-closure operator induced
by Tt on U.

Theorem 4.2 ([25]). Let A€ F(O(U). Then

A= U [Oé, ﬁ]A[a,B] = U [Oé, ﬂ]A(a,ﬂ)-
[a,Bl€[1] [a,Bl€[1]

10
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Theorems 4.3(5) and 4.4 below illustrate the meaning on IVF pseudo-closure
operators.

Theorem 4.3. Let 7 be an IVF topology on U and let S, be the IVF pseudo-
closure operator induced by T on U. Then for any A BeFU )(U)
(1) S;(0) = 0.
2) AC S-(A) Ccl.(A).
3) S;(AUB) 2 S.(A)US;(B). S:(ANB)C S, (A) N S.(B).
) Aert = S, (A) = A
5) S, coincides with cl, as operators from &(U) to FO(U).

Proof. (1) For any [«, 5] € [I] and x € U, since

_ B _ f0,00AT=0, [a,8] =0,
([aaﬁ]o[a,ﬁ])(l‘) - [avﬁ] /\O[oz,ﬁ](x) - {[avﬂ} AD = (—), [0475] c [ ] { }

we have [a,ﬂ]ﬁ[a’ﬁ] = 0. Thus

S(0)= | erllaBng) = |J c-(0)=0.

[e.Ale(l] [, Bl€l]

(2) By Theorem 4.2,

A= U (o8 ,5g U BlAa5) = S+(A) and
[, B€l1] o.ple

S-(A) = U Cl‘r([avﬂ]A[a,B]) C el ( U [a,ﬂ}A[a,m) = cl-(A).

[a,Bl€] [a,Bl€[T]
(3) For any A, B € FO(U), [a, 8] € [I] and = € U put
Cay={> “€4ea  pgy b 7€ Bea
0, z€U— A[a”@v] 0, z€U— B[a,ﬁ]~

Obviously,

[avﬁ]A[a,B] = [avﬁ] N Ca [a,ﬁ]B[a,ﬁ] = [avﬂ} N Da

[, B)(Afa,) U Ba,g)) = [, ] N (CUD)

and

[, 8)(Ajap) O Bag)) = [, 8] N (C N D).

We can easily prove that
(AU B)ja,g] 2 Ala,5 U Bla,g and (AN B)ja,5 = Afa,g N Ba,g)-

By Proposition 2.6(5),

11
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S (AU B)
= U d(@Bl(AuB)ag) 2 | drlonBl(Afas UBiag))
[a,B]€[1] [a,B]€[1]
= U d([@mpinCcub)= J d-(lo,8NC)U([e, 81N D))
[a,8]€1] [e,B]e(I]
= U (clr([er, B] N C) U elr ([, B] N D))
[, B]€[]
= (U dlfe.BinC))ug cl-([a, 8] N D))
[a,B]€(I] [a,B]€[I]
= (U dello,BlApg) ) U( Biag) )
[a,B]€(I] [a,Bl€[
By Proposition 2.6(3),
S-(ANB)
= () de(@Bl(ANB)ag) = |J drllo,Bl(Aja N Bag))
[, B]€[] [a,B]€[]
- U aG@aneapy= | a@pne)n(@inn
[, B]€[I] [a,B]€(I]
< (cl=(o, 5] N C) N el (o, B] N D))
[a,B]€[1]
c ( cr([a, BINC) ) N ( cr([a, 8] N D))
[a,8]€l1] [a,8]€1]
= ( CZT([O‘HB]A[@,E]) )m( ClT([aa/B]B[a,,@]) )
[, B]€[I] [o,B]€[1]

= S.(A)NS-(B).
(4) By (2) and Proposition 2.6(6),
clr(A) € S(clr(A)) C clr(clr(A)) = cl-(A),
Note that A € 7¢. Then
S7(4) = 8¢ (el (A)) = el (4) = A.
(5) Let A € &(U). Then there exist [a,b] € [I] and X € Z(U) such that

A= [a,b]X
(i) If [a, b] # 0, then for each z € U,

Apa (@) = ([a, 0] X )(ap)(7) = {
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Thus A, = X. So

ST(A) = U CZT([a7ﬁ]A[a,ﬁ])
o, Bl€[T]
2 d([a,b]Ajqp) = clr([a,b]X) = cl (A).

By (2), S:(4) C (). Thhs 5,(4) = o
2 < ¢

el (A).
hen A = 0. By (1), S,(0) = 0. Thus S,(A) = cl.(A).

S, coincides with ¢l, as operators from &(U) to F(U).

O

Theorem 4.4. Let (U, R) be an IVF approzimation space. If R is preorder,
then o
R(A) = 5:4(A) (Ae&U)).

Proof. For each A € &(U), by Theorems 3.11(3) and 4.3(5),

R(A) = clry(4) = S, (A).
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SOME WEIGHTED HERMITE-HADAMARD TYPE
INEQUALITIES FOR GEOMETRICALLY-ARITHMETICALLY
CONVEX FUNCTIONS ON THE CO-ORDINATES

WAJEEHA IRSHAD !, M.A.LATIF 2, AND M. IQBAL BHATTI 3

ABSTRACT. In this paper, the concept of GA-convex functions on the co-
ordinates is introduced. By using a concept of GA-convex functions on the
co-ordinates, Hermite-Hadamard type inequalities for this class of functions
are settled.

1. INTRODUCTION

A function f: I C R — R forenamed as convex in the classical touch [24], if the

inequality
fQz+(1=Ny) <Af(z) +(1=MN)f(y)
holds for all z, y € I and A € [0, 1].

Indeed, a vast literature has been written on inequalities using classical convexity
but one of the most celebrated is the Hermite-Hadamard inequelity. This double
inequality is stated as follows:

Let f: I CR — R be a function and a, b € I with a < b. Then f is convex on

[a, b] iff
f(““’)s ! /bf<a:>dzsf(“”“b). (L1)

2 b—a 2

This also reveals that (1.1) can be compulsary as a adequate and sufficient con-
dition to function f to be convex on [a, b].

Hermite-Hadmard inequality (1.1) has recieved considerable attention of many
reserchers because of its various applications and usefulness in the field of mathe-
matical inequalities itself as well as in other areas of mathematics. The inequality
(1.1) has been extended to various forms by using various generalizations of the
definition of classical convex functions and it has also been refined under different
hypotheses, see for instance [6, 9, 10, 11, 15, 24, 32] and the references therein.

As stated above the classical convexity has been generalized to different forms
and we mention below one of the generalizations of the classical convexity which is
known as GA-convexity.

Definition 1. [18, 19] A function f: I C Ry = [0,00) — R is said to be GA-convex
function on I if

F(@y' ™) <M (@) + (1= N[ ()
holds for all x, y € I and X € [0,1], where 2 y*= and A\f(x) + (1 — \) f(y) are

respectively the weighted geometric mean of two positive numbers x and y and the
weighted arithmetic mean of f(z) and f(y).

For results on Hermite-Hadamard type inequalities on GA-convex functions and
their applications we refere to a recent articles of Latif [15] and Zhang et al. [32].

Date: March 4, 2016.
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The definition of classical convexity for functions of of one variables was extended
to functions two variables as follows.

Definition 2. [5, 6] Let A =: [a,b] X [c,d] € R? with a < b and ¢ < d be a
bidimensional interval. A mapping f : A — R is said to be convexr on A if the
inequality

fOz4+ 1 =Nz, y+ (1= Nw) < Af(z,y) + (1 =N f(z,w)
holds for all (z,y),(z,w) € A and X € [0,1].

The Definition 2 of convex functions on A was modified as co-ordinated convex
functions by Dragomir in [5].

Definition 3. [5] A function f : A — R is said to be convexr on the co-ordinates
on A if the partial mappings fy : [a,b] — R, fy,(u) = f(u,y) and f, : [c,d] — R,
fz(v) = f(z,v) are conver where defined for all x € [a,b], y € [c,d].

Remark 1. [12] It is clear that if a function f : A — R is convex on the co-
ordinates on A. Then

fltz+ (1 =1)z,sy+ (1 - s)w)
< tsf(z,y) + (1 —s)f(z,w) +s(1 =) f(z,y) + (1 = 1)1 — ) f(z,w),
holds for all (t,s) € [0,1] x [0,1] and z, z € [a,b],y,w € [¢,d].

It is well-known that every convex mapping f : A — R is convex on the co-
ordinates but converse may not be true (see [5]).

The following inequalities of Hermite-Hadamard type for co-ordinated convex
functions on the rectangle from the plane R? were established in [5, Theorem 1,
page 778]:

Most recently, the notion of co-ordinated convexity has also been generalized in a

diverse manner and as a result, the author [14] extended the defintion of GA-convex
functions of one variable to GA-convex functions of two variables.

Definition 4. [14]A function f: A C (0,00) x (0,00) — R is GA-convex on A if
fa2 Ny ) < A f(zy) + (1= ) fzw)
holds for all (z,y), (z,w) € A and X € [0,1].

A modification in Definition 4 resulted in the notion of GA-convex functions on
the co-ordinates on A.

Definition 5. [14] A function f : A C (0,00) x (0,00) — R is said to be GA-
convex on the co-ordinates on A if the partial mappings fy : [a,b] C (0,00) — R,
fy(w) = f(u,y) and f; : [c,d] C (0,00) = R, fo(v) = f(z,v) are GA-convex where
defined for all x € [a,b], y € [c,d].

The following result holds as a consequence of the defintion of GA-convex fuctions
on the co-ordinates on A.

Remark 2. If a function f : A C (0,00) x (0,00) — R is GA-convex on the
co-ordinates on A. Then

F (a2t ')

<tf (z,y'w' ™) + (1 —t) f (2, y°w' %)

Stlsf(zy) + 1 =s) flz,w)]+ 1 =1)[sf(z9) + (1 —s)f(zw)]

<tsf(e,y) +1(1 = s)f(w,w) + (1= 1) f(z,9) + (1= )(1 = ) f(z,w)
holds for all (t,s) € [0,1] x [0,1] and z,z € [a,b],y,w € [c,d].
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In [13], some H-H type inequalities for GA-convex functions on the co-ordinates
on A were also proved for GA-convex functions on the co-ordinates on A. For more
results on H-H type inequalities for different generilazations of the defintion of of
co-ordinated convex functions we refer the reader to [1], [2], [7]-[12], [16], [20]-[23],
[27], [28] and closely related articles mentioned therein.

The main objective of the present paper is to establish some new weighted H-
H type inequalities for the class of GA-convex functions on the co-ordinates on a
rectangle from the plane in Section 2.

2. WEIGHTED INEQUALITIES FOR CO-ORDINATED GA-CONVEX FUNCTIONS
For the sake of convenience to the reader, we will use the following notations
Li(t)=a2 bz Ly(s)=cedz U (t)=az bz Us(s)=czd?

To obtain our main results, we first establish the following weighted identity.

Lemma 1. Suppose that f : A C (0,00) x (0,00) — R has second order partial
derivatives on A° and [a,b] x [c,d] C A° witha <bandc < d. Ifh:[a,b] X [c,d] —
[0,00) is twice partially differentiable mapping and fis € L ([a,b] X [c,d]), then we
have

® (a,b,e,d; f,h)
= h(a,c) f (a,c) — h(a,d) f (a,d) — h(b,c) f (b,c) + h(b,d) f (b,d)

/h a,y) f (a,y)dy — /h (b,y) [ (b,y)dy — /h (z,d) f (z,d)dx
Jr/h(xc)f(:ucdach// hay (2, y) f (z,y) dydx
= o) U=t [ [ ) 2 5) B8 02 (9) s (B 0. () s

+/0 /0 U1 (t) L2 (S) h (Ul (t) 7L2 (S)) fts (Ul (t) ,LQ (S)) dsdt

1 1
[ [ B 0 0.V (9) s (1 0,02 () s
+ /0 /O Uy (£) Us () h (U (t) , Us (5)) fus (U1 (), Us (s)) dsdt | . (2.1)

Proof. By letting =z = a%b%, Yy = ¢ 5 d* T and by integration by parts with
respect to y and then with respect to x, we have

“nb_lna) (nd—Inc) / / Ly (8) Lo (8) o (Ln (£) L (5)) fus (L1 (2), Lo (s)) dsdt

/ / (@,Y) foy (@, y) dydz = (\/%7 \/a) f (\/(E, @)

—h (a, \/Q) f (a, \/Q)—h (\/E, c) f (\/E, c>+h (a,c¢) f (a, C)+/C\/a hy (a,y) f (a,y) dy
—/C\/ahy (\/%,y) f (\/%,y) dy—/amhw (m,\/a) f (m,\/a) dz

Vab Vab pved
—|—/ hy (x,¢) f (z,¢) dz +/ / hay (z,y) f (z,y) dydz. (2.2)
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Similarly, we obtain

(Inb—Ina)(Ind —Inc) [* [*
4 A A U1 (t) L2 (S) h (Ul (t) ,LQ (5)) fts (Ul (t) ,L2 (S)) dsdt

:h(b,\/a)f(b,@) —h(b,c)f(b,c)—h(\/@\@)f(\/@,\@)
Ved
+h (\/@,c) f (\/@,c) —/C hy (b,y) f (b, y) dy

o [ () s (Ve - [

Vab

b

he (x, \/a) f (w, @) dx

b b Ved
T /mhz(m,c)f(w)dx+ /m [ b @ @ dyds, (23)

(Inb—In 0)4(1nd —Inc) / 1 / 1 Ly () Us () h (Ly (t) ,Us (8)) frs (L1 (t), Uz (s)) dsdt
0 0
—h (\/ab, d) f (\/ab, d) ~h(a,d) f(a,d) —h (\/ab, \/cd) f (\/ab, \/cd)

o val) £ (o vad) — [ (VAB0) £ (Vi)

Ved Vab
+/ hy (aay)f(a,y) dy_/ ha: (xyd)f(l'7d) dzr

d

+ /am ha (:1:, \/a) f (x, \/Q) dx + /am /\ﬁ hay (x,y) f (z,y) dydz  (2.4)

cd

and

(lnbflna>4(1nd*1“0> / 1 / UL () Us () B (Us (1), U (5)) fus (U (2) , U (5)) dsit
0 0
= h(b,d) f(b,d) —h (b,@) f (b,\@) —h (\/%,d) f (\/%,d)
+h (\/% M) f (\/% m) - /jihy (b,y) f (b,y) dy

b

+/jahy (Vab.y) £ (Vab.y) dy—/ he (2,d) f (2,d) de

Vab
b b pd
+/ he (m, \/Q) f (w, \/@) dz —|—/ / hay (z,y) f (z,y) dydz. (2.5)
Vab Vab JVed
Adding (2.2)-(2.5), we get the desired identity. This completes the proof of the
lemma. O

Lemma 2. Letu, v >0, n,k € R andn # 0. Then

1
¢ (u,v5k,m) = / (1= kt)u> T2 "t
0

1 1
kv2 Tu2 [L(u"0")—u"] 1y 1 n .
n(lnu—Inv) tovz U'QL(u , U )7 U?é’U,

u[1—(1-k)?]

T , u=v,
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where L (u,v) is the logarithmic mean

o UF Y
L(u,v) =
U, u=.
Proof. The proof follows by integration by parts. O

Now we present some new weighted H-H type inequality for GA-convex functions

on a rectangle from R2.
In what follows, we will use the following notation to make our presentation

compact.

01 (u,v,z,w;q) = |:C <’LL,'U; _17 ;) C (z,w; _]-7 ;) |fts (avc)|q
+ g <U,’U; 715 ;) C (Z,’LU; L ;) |fts (G,, d)|q + C (ua U3 17 ;)

XC (z,w, _17 ;) |fts (b7 C)|q +C (U,’U; 17 ;) g <Z7w7 17 ;) |fts (ba d)|q:| ! )

02 (u,v,z,w;q) = |:C <’U,,”U; la;) C <Zaw; -1, ;) |fts (avc)|q

+C (U,U; 17 _;> C <Z7w7 1a ;) |ft$ (avd)‘q +< (u,v; _17 _;)

¢ (s 1,5 ) e @0+ (=123 ) ¢ (it g ) e G008

g3 (u,v,z,w;q) = |:< <'LL,U; _17 ;) C <Zawa 17 _;) |fts (avc)|q

+C (U,’U; _1a ;) C (Z,’U), _15 _;> |fts (a/7d)|q +< (U,’U; 1a ;)

x( <z,w; 1,;) | frs (b,0)|T + ¢ <u,v; 1, ;) ¢ (z,w; 1,;) | fes (b, d)|q} !

and

04 (U,U, Z, W; q) = |:< (U’a 3 _17 ;) < <Z7 w; _1a ;) |fts (a'7 C)|q
+ C (u,v; _1a ;) C (,27’(1), 17 ;) |fts (aa d)‘q + C (’LL7U; _1)

XC(Z,’LU; 1) |ff€ (b7 C)lq +< (u,v; 717 ;) C <Z7w; 715 ;) |fts (ba d)|q:| ' .

It is easy to observe that when u = v = z = w = 1, then
1

P11 10) = 1o @O+ 5 fe @+ F o 07+ U 00|
3 K
+21mar).

1

q

9
+ths (b7 C)

3 1
72 (L11,1:0) = |5 1fo (0.0 + § fes )

3 9 1 3
a1 10) = 31 (0.0 + 3 e 0.7+ § o .00+ 5 e )
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and
1 ¢, 3 ¢ 3 g 9 q
(1 1 1 LQ) Z |fts (a,c)| + Z |fts (avd)| + 1 ‘fts (ba C)| + Z |fts (b7 d)‘
Theorem 1. Let f: A C (0,00) x (0,00) — R be a twice partially differentiable
mapping on A° and [a,b] X [¢,d] C A° with a < b and ¢ < d. If h: [a,b] X [¢,d] —
[0,00) is a twice partially differentiable mapping such that fis € L ([a,b] X [¢,d])

and |fis|* is GA-convex on the co-ordinates on [a,b] x [c,d] for ¢ > 1, then we get
hands on:

141
|® (a,b,c,d; f,h)] < ( > (Inb—1Ina) (Ind —Inc) [|h]|

1\ @
{ a, b O C (Ca d707 2) 01 (G,, b7 ) d7 Q)

-1-1
+ |:< (avbvoa )C(C d 0 > 02 (a,b,c,d;q)
N
[C (a,b ) (c d;0,— 2) o3 (a,b,c,d;q)
1 1\ 7
+ |:< <G;, b7 07 _2) C <C7 da 07 _2):| g4 (a/v b7 c, d7 q) ) (26)

where ||| = sup h(z,y) and ¢ (u,v;k,n) is defined in Lemma 2.
(z,y)€la,b] x[c,d]

+

Proof. By virtue of Lemma 1, we have

|® (a,b,c,d; f,h)]
(lnb—lna)(lnd Inc) [[hll, [/ / 8) | frs (L1 (t), Lo (s))| dsdt

+/O /0 Ui (t) La (8) | fts (U1 (t), Lo (8))| dsdt

[ m ) e (21 0.V (s dsc
1 1
+/O /o Ui (£) Uz (8) | fes (U (t), Uz (5))] dsdt] . (2.7)

Now by using Holder’s inequality for double integrals and by the GA-convexity of
|fis|? on the co-ordinates on [a,b] X [c,d] for ¢ > 1, we acquire

A A Ly (t) Ly (S) |fts (Ll (t) ,L2 (3))| dsdt

<//L1 ) La (s dsdt) o </01/01L1(t)Lg(s)|ft5(L1(t),Lg(s))|qudt>q
<(3) [i(owog)e(omog)] " [efonng)e(oar)

X ‘fts (a/7 C>|q + C <aab; _17 ;) g <Ca d7 1) ;) |fts (aad)lq +C <a7b; 1a ;)

x( (c,d;l,é) | fes (b,c)|q+C(a,b;1,;)C<c d;1, ) | fis (b,d)| ]q.
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Correspondingly

/ 1 / UL () La (5) Lo (U (0), L () dst

(1) [clm-)eend)] el D)o
><|fts(a,c)|q+4(a7b;1,—;>((cd1 )Ifts a,d)| ( )

x¢ <c,d;—1,;> | fs (b,c)|q+§<a,b;—1, ) <c d,l,;) | frs (b,d)] ] ,

/ / Ly (8) Un (5) | fus (L (), U (s)) | ddt
1—1
< (4) [c (abo )c(w&—é)} [c <a,b;_1,;)g<c,d;1,_;>
X |fts (a‘ac)|q +C (a7b7_17;> g (C,d,-l,-;) |fts (aad)|q +< (a7b;1a ;)
< (e ait,=2) 1fue o) +¢ (a1, 2 ) ¢ (erdi—1,— 1) [fus (b, )1 '
)y Wy by 9 ts 9 » Yy 72 ) Sy 9 92 ts 9 9
by similar argument

/O / Uy (8) Us (5) | oo (U3 (£) U (5))] dsdt

1\ 7 1 N 1 1
S <4> |:< <aab7072)<<cad7052>:| |:C (a7b7172>c(cvd71a2>
X |fts (avc)‘q +< <aab; 17_;> C <C7d; _1a _;> |fts (CL, d)lq +< (G/,b;—l, _;>
1 1 1 0
XC <C, d; 17_2) |fts (ba C)|q +< <(L,b; _13 _2> C (Cv dv_la _2> |fts (ba d)|q:| .

Using the above four inequalities in (2.7) and by resolution, it reveals (2.6) and
proof is completed. O

Corollary 1. Suppose the assumptions of Theorem 1 are met and if ¢ = 1,then

Inb—1Ina)(Ind —Inc
@ 0,bc,ds ) < 2O ATy,

x {01 (a,b,c,d; 1) + 02 (a,b,¢,d; 1) + 03 (a,b,¢,d; 1) + 04 (a,b,c,d; 1)} . (2.8)
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. _ 1 .
Corollary 2. If we consider h(x,y) = T —Tna) M d=n g’ (z,y) € [a,b] X [e,d] in

Theorem 1, then
d b,c,d; f 1
GHeEG T, (Inb—1na)(Ind —1nc)
1\ t! 1 1\ @
< | = .0 = .0 = .
— <4) {{C <a?b7072>g<c7d7072>} 0.1 (a7b7c7d7q)
1 1\ @
+ C avb;oa_§ C C, d70a§ g2 (a,b,c,d; Q)
1 1\ 7
+ C aab;07§ C C7d;0,—§ g3 (a7bac7d; q)
1 1\ =
+ C a, ba 07 _5 C c, d7 07 _5 04 (a7 b7 c, da q) . (29)

Theorem 2. Suppose f: A C (0,00)x(0,00) — R be a twice partially differentiable
mapping on A° and [a,b] X [¢,d] C A° with a < b and ¢ < d. Further let h : [a,b] X
[e,d] — [0,00) be a twice partially differentiable mapping. If fis € L ([a,b] X [¢,d])
and | fis|? is GA-convex on the co-ordinates on [a,b] X [c,d] for ¢ > 1, then we have
inequality of the form:

141

1
(Inb—1Ina)(Ind —Inc) [|A]| o,

1 (a,b, e, ds f, 1) < (

e
~_

1
. . g 1 ‘3 1\
+ {C <aq—1,bq—1;0,—2> ¢ (cq—17dq—1;0,—2>} 04(1,1,1,1;(1)}, (2.10)

where ||h|| . = sup h(z,y) and ¢ (u,v; k,n) is defined in Lemma 2.
(z,y)€la,b] x[c,d]

Proof. From Lemma 1, we may write

|<I)(a’a b,c,d; f, h)|
(Inb—Ina) (Ind —Inc) [|A] 1,1
S 4 |:/0 /0 Ll (t) L2 (S) |fts (Ll (t) ,LQ (s>)| det

+ / / Uy (8) Lo (8) | fos (Us (£) L ()] dsdt

1 1
A RACLAR I CRACIERT
+/0 /0 Uy (8) Us (5) | fus (Un (8),Us (s))|dsdi | . (2.11)

Now by using Holder’s inequality for double integrals, Lemma 2 and by the GA-
convexity of |fis|? on the co-ordinates on [a,b] x [¢,d] for ¢ > 1, consequently we
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have

A A Ly (t) Lo () | f1s (L1 (t) , Lo (8))| dsdt

: [/01 /o1 (L1 (t) La (s)) 77 dsdt} o {/01 /01 oo (L (8). Lo (S))qudt];
< |¢(atrptrio g ) ¢ (e aitrio, ;)}

9 3 3 1 a
|5 i @007+ 5 Ve (@D + 25 e (0O + 5 e (.

In addition

/0 / Uy (t) La (5) | fus (Us (£), Lo ()] dsdt

< [/01/01 (U (t) Ly (s)) 77 dsdtré Uol /01|fts (Uy (t), Ly (s))qudt]
[l o)

| i (@007 4 5 Ve s + 35 o (07 + 5 e .07

Q=

=

1 1
/0 / Ly (8) Us (5) | fus (L1 (£) , Ua ()] dsdt

1

< e (Ly (£) Uy (5)) 77 dsdt R s (Ln (1), Us (5))| dsdt
0 0 ’ ’ 1
< ¢ (aqam;o,;)g(ma,dqa;o,;)}%

| i (0.0 4 5 Ve s+ g5 o 07+ 5 e .07

Q=

E

equivalently

/0 / UL () Us (5) | fus (Ur (£), Us ()] dsdt

1

[ W) vs ()7 st s o (U (). U ()" 1
0 0 ’ ’ 1
< [c (aa"l,b«ql;o,b <<cﬁ1,dq%;o,;>rq

| 5o @07+ 5 Ve @, + G5 1er (0 + 5 1 )

Using the above four inequalities in (2.11) and simplifying, we get the required
inequality (2.10). O
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Corollary 3. If we take h(x,y) = (lnbflna)l(lndflnc)’ (x,y) € [a,b] X [c,d] in
Theorem 2, then

1
‘(I) <a,b,c7d,f7 (Inb—1Ina) (lnd—lnc))’
1 1+1 . . 1 . . 1 -3
< (4) {{C <a‘11,b“;0,2)C<C‘11,d“1;0;2>} o1(1,1,1,1;q)

1
— 1 . 4 1\]'"®
+ |:C (aqlqul;()72>< <quadql;072>:| 02 (17171717(])

1

177
1 1 !
+ |:< (aqql,bqql;(),2> ¢ (cqql,dqql;O,_2>:| o3(1,1,1,1;q)

1
q q 1 9 q 1 1_3
+ {c (aql,bql;o, 2) ¢ (cql,dql;o, 2)} oa (1,1, 1,1;@} - (212)

We shall use the following notation for the next theorem and its related corollary.
2 1
A1 (av ba & d; Q) = (9 (q)) B ‘fts (a’ C)|q + (9 (q)) 4 ‘fts (a’7 d)|q
1
+(0(0)7 | fes (0,07 + [ fus (b, D)7,

As (a,b,e,d;q) = (0(0))7 | fis (a,0)|" + | fos (a, )|
+(0(9)7 | fos (0, " + (0(0))7 | frs (b, D),

A (a,b,c,diq) = (0(0))7 |fua (a,0)|" + (0 ()7 | fus (a, d)|

1 fss (0,0)| 7+ (0(0)) 7 | fos (b, )|
and

A4 (CL, b? ) d; Q) = |fts (aa C)|q + (9 (Q))é |fts (a‘7 d)‘q

+(0(@)7 |frs (0,0 + (8(a)7 | fus (0, )7,
where 6 (q) = 2971 — 1.

Theorem 3. Let f: A C (0,00) X (0,00) — R be a twice partially differentiable
mapping on A° and [a,b] X [¢,d] C A° with a < b and ¢ < d. Further let h : [a,b] X
[c,d] — [0,00) is a twice partially differentiable mapping. If fis € L([a,b] X [¢,d])
and | fis|* is GA-convex on the co-ordinates on [a,b] x [c,d] for ¢ > 1, then the
following inequality holds:
1 )2/‘1
g+1

-1-1
1q

A1 (a7 ba c, d; q)

(Inb—Ina)(Ind —Inc) ||h]

|® (a,b,¢,d; f,h)] <

A2 (a7 ba C, d; Q)

' A3 (a7 bv ¢, da q)

A4 (a7b7 c, d; Q)} ) (213)
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where ||| = sup h(z,y), ¢ (u,v;k,n) is defined in Lemma 2.
(z,y)E€la,b] X [c,d]

Proof. From Lemma 1, we have

® (a.b, c.d: f.h)| < (Inb—1na) (lnd—lnc) 2l o

[uy
[y

[ 0 /0 8) | fes (L1 (), Lo (s))| dsdt
+/o /0 U (t s) | fes (Ur (), L2 (s))| dsdt
+/o /0 s) | fes (L1 (), Uz (s))| dsdt

—|—A A Up (t) Uz (8) | fts (U1 (t), Uz (8))| dsdt| . (2.14)

Now by using the GA-convexity of |fs|? on the co-ordinates on [a,b] X [c,d] for
q > 1, Lemma 2 together with the Holder’s inequality for double integrals, we have

/O / Ly (8) L (3) | fra (L (1) Lo (5))] dsdt

< [ [ wono[(59) (52 @+ (45
(455 1w+ (45 (”S) ol + (15) (F50) 1 0o
< [/0/0 (Ls <t>L2<s>>q—"1dsdt} {[/1/1 (T)q(lgﬂqudtr|fts<a,c>
UL O o] e [ (5 () ]
Arevar+ [ [ (5) (152) wsa] |fts<b,d>|}

¢ (a7 6750, 2 ) ¢ (evtr,ditv;0, 2 o L [(2‘”1 1)
= q—1 q—1 - — q—1 q—1 - — e — —
a ) Y 72 c ) Y 72 2q<q+1)

%1 fis (@, )" + (277 = ) oy (0, D)7 + (27 = 1) |y (0, O + | oo (b, )]

Likewise, we have

/0 / Uy (8) La (3) | foa (s (£) Lo (5))] dsdt

1
. . g 1 « o 1\]'@
< —1 pa—1:(0, —— -1 _da-1:0. —
> |:< (a ) ; 0, 2><<C s 30’2>:|

ot @ = 1) i (@, 01" + | fus (a, )
2‘1((]—&—1) ts ) ts ’

+ (@ = ) fi (b0 + (2 = 1) fi (0, )]
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1 1
/0 / Ly (8) Us (5) | fos (L1 (£), Ua ()] dsdt

1
e o 1 e g 1\«
< g—1 q—1: — q—1 qg—1: —_—
_|:<<a 7b 170,2><(C 7d ,Oa 2>:|

2/q
g {2<ql+1>] @7 =) fu (a,0)| + (27 = 1) | fs @,

e (o)l + (27 = 1) | (b))

and

/0 / UL () Us (5) | fus (Ur (£),Us ()] dsdt

q q 1 q q 1 1_%
< q—1 q—1: —— q—1 q—1: —_—
- [C (a’ 7b 70’ 2><<c ?d 70’ 2)}

2/q
Ugar| [ =0 e ol @ 1)

+ |fts (b, C)|q + (2q+1 - 1)1/‘1 ‘fts (ba d)|q] .

Further employing the above four inequalities in (2.14) and after simplification, we
built up the required inequality (2.13). O

Corollary 4. If we take h(z,y) = (lnb_lna)l(lnd_lnc), (z,y) € [a,b] X [c,d] in
Theorem 3,then

1 1/ 1\
. < (-
‘q’ <“’b’c’d’f’ (lnblna)(lndln0)>’16 <q+1>
PRI | 1\
¢ aqfl,bqfl;02 C(cat,di 1,0,2 1 (a,b,¢,d;q)
_a_ . _a_ 1 1
+ {C <aq1,bql;0,2>C(cq 1 dq 1.0 2)] (a,b,c,d;q)

1—
1
+ {c(aﬁl,bcf’l;o,Q)g(cqql d771;0, ] (a,b,¢,d;q)

1
2
= } Az (a,b c,d;q)}, (2.15)

where ¢ (u,v;k,n) is defined in Lemma 2 and 0 (q) = 291 — 1.

Theorem 4. Let f: A C (0,00) X (0,00) — R be a twice partially differentiable
mapping on A° and [a,b] X [¢,d] C A° with a < b and ¢ < d. Further let h : [a, b] X
[e,d] — [0,00) is a twice partially differentiable mapping. If fis € L([a,b] x [c,d])
and | fis|? is GA-convex on the co-ordinates on [a,b] X [¢,d] forq > 1 andq>r >0,
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then we attain the following inequality:
1\at!
|® (a,b,c,d; f,h)] < (4> (Inb—1Ina)(Ind —Inc) [|A]|
-1 e 1\]'E
{ aq 1 bq 1;072)C<Cq_17dq_1;072> 01 (a'f’br,cr’dr;q)
q—-r q T ]. qg—-r q—-r ]. -17%
+|:C (aq 1, 1’0,_2)C<sz—17dq—1;0,2> 2(arvbr,c dr;q)
1 Lo 1\
+[C(aq T ba- 1,0,2>(<cql,dql;0,—2> (a”,b",c",d";q)
g—r g—r 1 q—r g—r 1 - 17%
+ |:< (aq T bha- 170’_2> ¢ (Crz—l’dq—l;o’—2>:| 4((1 b",c dr;q)} R
(2.16)
where ||| = sup h(z,y) and ¢ (u,v;k,n) is defined in Lemma 2.
(z,y)€Ela,b] x[c,d]

Proof. From Lemma 1, it follows that

|® (a,b,c,d; f,h)]

L (mb- lna)(lnd Ine) ||kl [//

+/0 /0 U1 (t)LQ (S)‘fts (U1 (t),LQ (S))|d$dt

) | fes (L1 (t), Lo (s))| dsdt

+ / / Ly (8) Uy (3) | fra (L (1) U (5))] dsdt
+ /0 /0 Ul(t)Uz(s)fts(Ul(t),Ug(s))|dsdt] (2.17)

Now by virtue of GA-convexity of |f;s|? on the co-ordinates on [a,b] x [c,d] for
g > 1, Lemma 2 and by the Holder’s inequality for double integrals, we have in
hand

//Ll ) Lz (8 fus (L1 (8), L2 5 |d8dt<(// (L1 (t) L2 (s )Zidsdt>
<// (L1 (8) L2 ()" fus (L2 (1), 2(3))|qudt)
o

1 q—r q—r 1 1_%
[C (aql,bq : ,2> ¢ <c<11,dql;0, 2)} o1 (a”,b",¢",d";q)
Similarly

/01 /01 Uy (8) La () | fus (Us (£) , Lo (5))| dsdt < (/01 /01 (U (1) Lo (5)) 55 dsdt)

<// (Ui (t) L2 (5))" | fes (U (t) . L (5))|qudt)1
() o )

1
q

q

‘1

1

4

<

1—1
q

1

4

g2 (ar7 bra Cra dr; q)
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1 el Lol g=r -3
/ / Ly () Us () |fus (Ln (£), Ua (5))| dsdt < ( / / (L1 () Us (5)) 55 dsdt)
o Jo o Jo
1 .1 3
([ ] @O e @100 o) dsar
o Jo
1\ ¢ 1 1\ @
< (2 azr ga=n o1 e ¢ ror e
_(4> |:C(a 5b 70?2>C(C ad ,Oa 2>:| 03(a7bacadaq)
and
1—1

/ 1 / UL (U (5) s (UL (8), U (5))] st < ( / 1 / 0 (00 () dsdt)

1
q

<( 1 / (O O (5)) oo (U1 (8) U () =

< 1)’ ¢lacT,ba1;0 ! C (e, diT;0 ! 1_504(&’ b, ", d";q)
— 4 ) b} 2 b Y 2 ) ) ) )

Using the above four inequalities in (2.17) and simplifying, we obtained the
required inequality (2.16). O
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