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OSCILLATION CRITERIA FOR FORCED AND DAMPED
NABLA FRACTIONAL DIFFERENCE EQUATIONS

JEHAD ALZABUT, THABET ABDELJAWAD, HUSSAM ALRABAIAH

ABSTRACT. Based on the properties of Riemann-Liouville difference and sum
operators, sufficient conditions are established to guarantee the oscillation of
solutions for forced and damped nabla fractional difference equations. Numer-
ical examples are presented to show the applicability of the proposed results.
We finish the paper by a concluding remark.

1. INTRODUCTION AND PRELIMINARIES

The study of oscillation of solutions for various type of equations including dif-
ferential, difference and dynamic equations on time scales has been the object of
many researchers in the last five decades. Indeed, great efforts have been put in
the direction of establishing new oscillation criteria for these type of equations; see
the monographs [1, 2, 3, 4].

Due to their widespread applications in science and technology, the fractional
differential equations have started to attract more attention among physicists and
mathematicians. Indeed, it was found that various interdisciplinary applications
can be elegantly modeled by the help of these equations. For instance, the nonlinear
oscillation of earthquake and heart beats and the stability of brain tumor growth can
be modeled by using fractional derivatives; the reader can consult the paper [5, 6]
for more details. In parallel to the recent developments in research, the investigation
of oscillation property for fractional differential equations has continued and thus
many significant results have lately appeared [7, 8, 9, 10, 11, 12, 13]. On the
other hand, difference equations have shown tremendous applications in numerical
and computational simulations [14, 15]. However, the oscillation of damped or
forced difference equations have comparably gained less attention among researchers
[16, 17, 18, 19]. For fractional difference equations, fairly few papers have recently
published on the oscillation of their solutions [20, 21, 22].

Following this trend in this paper, we consider the following forced and damped
nabla fractional difference equation

(1 - p(n))VVey(n) + p(n)V§y(n) +q(n) f(y(n)) = g(n), neNy,
Vo T Yy(1) = y(1) = ¢,

where Viy and Vj%y are the Riemann-Liouville fractional difference and sum
operators of y of order «, respectively, a € (0, 1) is a real number, ¢ is a constant,
N; ={1,2,...} and

(1.1)

2000 Mathematics Subject Classification. Primary 26A33, 39A10; Secondary 34K11.
Key words and phrases. Oscillation; Forced and damped difference equations; Fractional dif-
ference equations.
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(H) p, g are real sequences from Ny — R, p(n) < 1, ¢ is a positive real sequence
from N; — R™ and f: R — R such that @ > 0 for all s # 0.

To the best of their observations, the authors claim that there is no paper in the
literature concerning with the oscillation of solutions of nabla fractional difference
equation involving forcing and damping terms. Therefore, the equation under con-
sideration and the obtained results are essentially new and have their own merits.

Definition 1. A solution x of (1.1) is said to be oscillatory if it is neither eventually
positive nor eventually negative, otherwise, it is called non—oscillatory.

Throughout this paper, we will make use of the following notations, definitions
and some known results of V—{ractional operators [23]. For any «,t € R, the «
rising function is defined by

= Iit+a)

(1.2) = PER 210

with the convention that 0% = 0. T is the well known Gamma function satisfying
the property I'(a + 1) = al'(«).
Definition 2. [23] For a € (0,1) and p(s) = s — 1, we have

I. The nabla operator is defined by Vy(n) =y(n) —y(n —1), n € Ny.
II. The Riemann—Liouville fractional sum Vi< of order « is defined by

n

S (n— p()* Ty(s), m e Ny,

s=1

(1.3) Vi y(n) = %a)

III. The Riemann—Liouville fractional difference V§ of order « is defined by

(1.4) Viy(n) = Vva(lfa)y(n), n € N;
and hence
V <« -
(1.5) Viy(n) = Ti—a) > (n—p(s)""y(s), neNy.

Lemma 1. [23] For a € (0,1) and n € Ny, we have
1. The relation

(1.6) Vi*Vay(n) =y(n) —

2. The power rule is defined by

I'(p+1)

o+
e ——— 1} , > —1.
Mp+a+1) a

(1.7) Vo “nh =
Lemma 2. [24] For e > 0, we have
T'(n)n®

1.8 li — =1.
(1.8) B
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2. THE MAIN RESULTS

In this section, we establish the main results of this paper. Indeed, sufficient
conditions are established for the oscillation of the solutions of equation (1.1).

Theorem 1. Let the assumption (H) and the following conditions hold

(2.1) liminf - W[MJr > g(T)P(T)} <0,
s=1 r=ngo+1

and

(2.2) h:}l_}s;l)pi_; (”_;8)& [M + _ZHQ(T)P(T)} >0,

n
S=no

where M is a constant and P(n) = []

solution of (1.1) is oscillatory.

(#@) for ng € Ny. Then every

Proof. For the sake of contradiction, assume that y(n) is a non—oscillatory solution
of (1.1). Then, the solution y is either y(n) > 0 or y(n) < 0 for n € Ny. Let
y(n) >0, n € Ny. From equation (1.1), we obtain

(1= p(n))VVEy(n) + p(n)(VEy)(n) = —q(n) f(y(n)) + g(n) < g(n)
Multiplying both sides of the above inequality by P(n), we get
(2.3) VVGy(n)P(n —1) + Viy(n)VP(n) < g(n)P(n),

where P(n—1) = (1—p(n))P(n) and VP(n) = p(n) P(n) have been used. However,
the left side of (2.3) can be written in the form

(2.4) Vv (Viy(m)P(m)) < g(n) P(n).

Taking the sum of both sides from ng + 1 to n, we have

§y()P(n) < Vy(no)P(no) + Y g(s)P(s),

s=ng+1
N M 1 =
(2.5) 0y(n) < oyt P s=§+1g(5)P(S),

where M = V§y(no)P(no). Applying the operator V on both sides of the above
inequality, we get

n

(26) V) < Vi o+ i D0 9P,
s=ng+1

In view of (1.3) and (1.6), we observe that

(2.7) Vi*Vay(n) =y(n) —
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and

g o) [ + By 2 9P

1 r=ng+1
Combining (2.7) and (2.8), the inequality (2.6) becomes

) < Fag¥) + g e [ 3 a()Pw)]
s=1 r=no+1

Multiplying the above inequality by n'~%, we get

11—«

— n " (n— p(s))*t 5
- R LSV .al P )

s=1 r=no+1

However, we note that n'~*n®~! = %
nT'(n)

(1.8), we observe that
- . nI'n+a—-1)T(n+«)

lim n'*n® ! = lim

. By the help of Stirling formula

n—00 n—00 nal"(n) ]_—‘(’I’L + a)
. nI'n+a-1) ) nl'(n+a—1)
= lim ———— = = lim
nooo  I'(n+a) nsoo'n4+a—1+1)
T -1
(2.9) ~  lim nfnta-l)

n—oo (n+a—1I(n+a—1)
By virtue of (2.9) and condition (2.1), we conclude that

(e

liminf n'~%y(n) < —oo,
n—oo

which contradicts the assumption that y(n) > 0.
In case y(n) < 0, n € Ny, nevertheless, we get

v (Vym)Pm)) > g(n)P(n)

Vay(n) > % + % s:nzﬁlg(s)])(s)’

where M = V§y(ng)P(ng). Following similar steps, we end up with

_ nl= ™ (n— ofs a—1 S

-

The analysis in (2.9) and condition (2.2) implies that lim sup,,_, . n'~“y(n) > oo,

which contradicts the assumption that y(n) < 0. The proof is finished.

(]
Let z(n) = Y_0_,(n — p(s))”%y(s) where y(t) is a solution of equation (1.1).
Then, by relations (1.3) and (1.4) we get
(2.10) Vz(n) =T(1 - a)Viy(n).

It is clear that z and y have the same dynamical character. We will use relation
(2.10) to prove the following theorem.
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Theorem 2. Let the assumption (H) and the following conditions hold

S

(2.11) 1iminfz Pis) [M—F Z g(r)P(r)} = —00,
s=1

n— 00
r=no+1

and

S

(2.12) limsupz %[M—F Z g(T)P(r)} = 00,

n— 00
s r=ngo+1

S=nNgo

where M is a constant and P(n) = []. (ﬁm) for ng € Ng. Then every

solution of (1.1) is oscillatory.

Proof. For the sake of contradiction, assume that y(n) is a non—oscillatory solution
of (1.1). Then, the solution y is either y(n) > 0 or y(n) < 0 for n € Ny. Let
y(n) >0, n € Ny. Following similar steps as in the proof of Theorem 1, we reach
to
M 1 -
o —+ — P
Oy(n) < P(n) + P(n) +lg(s) (S)a
S=ngo

It follows from (2.10) that

'l —a)

Vz(n) < ) {M + i g(s)P(s)].

Taking the sum of both sides from ng + 1 to n, we have

n

z(n) < z(ng) + (1 — ) Z

s=ng+1

st) [M—i— i g(r)P(r)]

r=ngo+1

In view of condition (2.11), one can easily see that the right hand side of the above
inequality tends to —oo as n — oo which contradicts with the fact that z(n) > 0.
In case y(n) < 0, n € Ny, then in the same manner we obtain

S

2(n) > 2(ng) + (1 —a) Y %[]\u > orPe)].

s=ng+1 r=ngo+1

In view of condition (2.12), the right hand side of the above inequality tends to oo
as n — oo which contradicts the fact that z(n) < 0. O

3. EXAMPLES

In this section, we present two examples to demonstrate the validity of the results
in Theorem 1 and Theorem 2. By finding a non-oscillatory solution, the first
example shows that the assumptions of Theorem 1 cannot be ignored whereas in
the second example we verify that the assumptions of Theorem 2 are satisfied thus
we conclude that all solutions are oscillatory.
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Example 1. Consider the following forced and damped nabla fractional difference

equation
3.3 1_s 3T (n) 6—30(3)
SVViy(n) — =V4 ) =——r N
&) 5VVoy(n) -5 oy(n)+4F(n+%)y(n) s neN,
~5,(1) = (1) = o7 (3
Vo (1) =y(1) = 0(5).
where o = 3, p(n) = —3, q(n) = 45'{,,(1 55, f(y) =y and g(n) = 6’351;(%), There-

an
(%) By simple calculations, we get

fore, P(n) = 1., ()

- T/2\% 2.6 —3T(3) ;3\
3.2 —s+1 —1(7) [M Eaehy U (7) } > 0.
(3:2) ;(n s+1)7H(3) M+ 2 (5
Inequality (3.2) implies that condition (2.1) of Theorem 1 is not satisfied. On the
other hand, one can easily figure out that y(n) = ni is a non—oscillatory solution
for equation (3.1).

Example 2. Consider the following forced and damped nabla fractional difference

equation
- 29Viyn) - §v§y<n>+q<n>f<y<n>> = n’T(n), neN,
Vo y() y(1) =
where a = ¢, p(n) = —§ and g(n) = n°T'(n). Therefore, P(n) =TI;_, (3) = (3)"

Furthermore, we get

w3 (5) {Mé;%(i)’“} =

which implies that condition (2.11) of Theorem 2 holds. Therefore, every solution
of (3.3) is oscillatory.

4. A CONCLUDING REMARKS

The oscillation of solutions of fractional differential equations is considered to
be one of the hottest topics among researchers nowdays. For fractional difference
equations, however, the oscillation of solutions is still at its first stages of progress.
We consider here this problem for a general form of equations involving forcing and
damping terms which make the equation under consideration adequately represents
real phenomena. Two main results are established to guarantee the oscillation of
solutions. For numerical treatment, we examined our results by presenting two
examples which show that the proposed assumptions are sufficient.

There are some points that feature the results of this paper and make them inno-
vative. Equation (1.1) is considered in general form which covers many particular
cases. No restriction is imposed on the forced term g in equation (1.1). The results
of this paper can be extended to equation involving delay argument

(1= p(n)VVGy(n) + p(n)(Viy)(n) + a(n)f(y(n — 7)) = g(n), n €Ny,
where 7 > 0. It is worthy to mention that every solution of the above equation is
also oscillatory under assumption (H). That is, the delay argument has no influence
on the oscillatory behavior. The results of this paper can be also carried out upon
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employing the right fractional difference operator, we recommend the reader to
consult the paper [23] for more details. The above equation with delay argument
is then converted to an equation with advanced argument. Unlike most of the
papers appeared in the literature which studied oscillation property for difference
equations involving delta operator, we consider here an equation involving nabla
operator which is more appropriate upon calculations.
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Abstract

In this paper, we present a novel C? surface modeling method only based on the values of
the original function. There are two schemes to generate a family of the interpolation surfaces.
Identified uniquely by the values of the tension parameters a;; and 3;;, each interpolant of
the family is C? continuous in the whole interpolating region, and which can be represented
by using basis functions clearly. More important, since there are free positive parameters in
the interpolants, the shape of the interpolating surfaces can be modified by selecting suitable
parameters for the unchanged interpolating data. Also, the interpolants are stable for any pos-
itive parameters, and the error estimate formula of the interpolators are derived. Numerical
examples show that the interpolators give a good approximation to the interpolated function
and the shape of the interpolating surfaces can be modified.

Keywords: C?%-spline; bivariate rational interpolation; surface modeling; shape control

1 Introduction

In various applications such as industrial design and manufacture, atmospheric analysis, geology
and medical imaging, etc., it is often necessary to generate a smooth surface that interpolates a
prescribed set of data. For most applications, C'' smoothness is generally sufficient. However,
curvature continuity sometimes is needed and this leads to the need for C? smoothness.

For generating a C'! smooth surface, there are many ways to tackle this problem [3, 9, 10, 16,
22]. But, generating a C? bivariate interpolation is a more difficult task. In [9], a bicubic spline
interpolation scheme was proposed as a extension of the theory of cubic splines to two dimension,
this type of interpolation scheme has become the standard scheme for rectangular regions, and which
has studied in many literatures [4, 7, 17]. In recent years, some of the literatures have contributed to
the C? bivariate interpolation also. For example, in [5], Brou and Méhauté proposed a construction
of C" bivariate rational splines over a triangulation, via a finite element approach; In [6], a novel
surface modeling scheme was presented based on an envelope template, and G? or C? composite
surfaces can be obtained utilizing the envelope template sweeping over the data points; In [8], a
rationally corrected quintic Bézier triangular patch scheme of degree 9 over degree 4 and controlled
by 27 Bézier points was used to define a smooth surface through scattered data, and a convex
combination technique was employed to enable C? continuity conditions on the boundaries of the

*Corresponding author: sunqgh@sdu.edu.cn
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triangle to be satisfied; In [11], a refinable function vector of C2-quartic splines was introduced for
generating approximation quadrilateral subdivisions, and that of C2-quintic splines was constructed
for generating a second order Hermite interpolatory quadrilateral subdivision; In [12], two families
of solutions provided by two Hermite subdivision schemes HD? and HR? were investigate, and a
C? interpolant on any semiregular rectangular mesh was generated with Hermite data of degree 2;
In [18], two C? shape-preserving bivariate interpolant on rectangular grids were developed by using
polynomial splines; In [20], C!- and C2-continuous spline-interpolation surfaces were constructed
in a regular triangular net with the help of polynomial basic functions; In [21], author proved that
there exists a C3 piecewise polynomial of degree 7 on the twice CT type split of a triangle, which
interpolate arbitrarily given values and derivatives of orders up to 3 at the vertices and on the
edges of the triangle.

Most of above C? bivariate spline interpolations are in fact polynomial interpolations. However,
one of the disadvantages of the polynomial spline method is that the local shape can not be modi-
fied for the interpolating surfaces while interpolating data is unchanged. Further, generating a C?
bivariate interpolation usually requires up to second-order partial derivative values of the interpo-
lated function, or to solve a system of consistency equations for second-order partial derivatives at
the data sites. Unfortunately, in many practical problems, the partial derivatives are difficult to
get. Thus, in order to generate the C? surfaces required for CAGD, the following conditions must
be satisfied: (a) the surfaces are constructed based only on function values; (b) the parameters of
constructed surfaces can be modified without changing the given data.

In fact, in recent years, motivated by the univariate rational spline interpolation, the C! bivari-
ate rational spline, which has a simple and explicit mathematical representation with parameters,
has been studied [1, 13, 14, 15]. Since the parameters in the interpolation function are selective
according to the control constrains, the constrained control of the shape becomes possible.

In this paper, motivated by C? rational spline curve [2], a C? piecewise bivariate rational
spline interpolation which can be modified by using new parameters, will be concerned based only
on function values. To solve the problem, a new approach is proposed by using a constructed
interpolation function comprising a simple and explicit mathematical representation with the new
parameters o, ;j and 3; ;. This paper is arranged as follows. In Section 2, a piecewise bivariate
rational spline interpolation with parameters is constructed over rectangular mesh. Section 3
discusses the C? continuity of the interpolant. In Section 4, the basis of this interpolator is derived,
and the bounded property is obtained. Sections 5 deals with the error estimates of the interpolator.
Some numerical examples are given in Section 6, which show that this interpolator gives a good
approximation to the interpolated function and the shape of the interpolating surfaces can be
modified by selecting suitable parameters.

2 Construction of bivariate rational spline interpolant

Let © : [a,b;c,d] be the plane region, and {(x;,v;, fij),i = 1,2,---,n;5 = 1,2,---,m} be a given
set of data points, where ¢ = 21 < 29 < - < xp =band c =y < yo < -+ < Yy, = d are

the knot spacings, fi; = f(zi,y;). d;; and e;; are chosen partial derivative values W and

%:Z’y) at the knots (x;,y;), respectively. Let h; = x;11 — x5, and [; = yj41 — y;, and for any point
(x,y) € [zi, Tit1;Yj, Yj+1] in the zy-plane, let 0 = (z — x;)/h; and n = (y — y;)/l;. Denoting

A@ _ Jivng = fig @) _ i~ fig

C hl l]

First, for each y = y;,7 = 1,2,---,m, construct the z-direction interpolating curve, this is given

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC



1397 PAN: A TYPE OF C? SMOOTH SURFACES Jianxun Pan et al 1395-1407

by
7 i(7) Z}jéi;, i=1,2,---,n—1, (1)
where
pii(a) = (1= 0)°fi; +0(1—0)*V(2) + 0°(1 — OW; () + 6° firr
atj(@) = (1= 0)2 + (1 — ) + 62,
with

V(@) = (aij + 1) fij + hidij +0(1 = (1 = 0)a 5)(firrj — fij — hidij),
Wii(@) = (i + 1) firr; — hidiy1j — (1 = 0)(1 — O ) (fivr,j — fij — Piditr ),

and «;; > 0. This interpolation P;;(z) defined by (1) is called the rational quintic interpolator
which satisfies

Pi(xi) = fig, Pli(zin1) = fiyrg, B (wi) = dig, P (1) = diga .

Further, when «; ; — 400, the interpolant is the well-known standard cubic Hermite interpolation.
That is to say, in this special case, the interpolant P, ( ) defined by (1) will give approximately
the Hermite interpolation.

If the partial derivative values d; ; at the data sites are estimated using the arithmetic mean
method:

hioa A + Al

d; ;i = ,'——2,,--', — 1, 2
Jj Y 1 3 n ( )
then the interpolation function P, ( ) defined by ( ) is C? continuous in [a, b], and which satisfies
/!
P (.’13'7;) = m(Al’] _Ai—l,j)7 1 —2,3,"',71— 1

Remark 1. At the end knots x1, x,,, the derivative values are given as

h x
b= a8 Ml AR

h1 + ho (3)
dy; = AW Pt (A@ _A@
n— 1,] hn—l +hn—2 n—1,j n—2,5/9

For each pair of (i,5),i =1,2,---,n—1 and j =1,2,---,m — 1, using the z-direction interpo-
lation P;’;(z), define the interpolation function P j(z,y) on [%;, ;115 yj, yj+1] as follows:

P,j(x y) M) Z':1727"'771_1;]':1727"'7m_17 (4)

qi,j (y)

where

pi(e,y) = (1 —n)PP(x) + (1 —n)*Vij+n*(1 —n)Wij +n° P (2),
4ij(y) = A =n)? + 0 —n)Bi; +n*,
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with
Vij = Bij + V)P(x) + 1idij(x) + @iz, ),
Wij = (Bij+ )P0 () = Lidi gy () + i j(z,y),
and
dis(x) =(1— 0)3(1 + 46 + 992)61'75 +63(6 — 80 + 392)ei+175, s=7,7+1,
eij(y) = (n—n1 —n)(Bij + )P () — P(z) — 1idij(2)),
Vij(@y) =1 —n—n1-n)Bi; + 1)) — P () + idij(2)),

and B;; > 0. The interpolation function P; ;j(z,y) defined by (4) is called a bivariate piecewise
rational interpolator, which satisfies

api,j(xryys) _ d 3131'73'(33“?45)

O = dpr,s, ay = €Ers, r=i41+1, s=77+1

Pi,j(:ETvys) = f(:E?“vyS))

The interpolating scheme above begins in x-direction first. Now, let the interpolation begins
with y-direction first. For each =z = z;,i = 1,2,---,n, denote the y-direction interpolation in

[y, yj+1] by

(1 =n)3fij + 0 —n)2Vi;(y) + 7?1 =)W, (y) + 12 fij

j:1727”'7m_17 (5)
(1=n)*>+nl —n)Bi; +n?

;‘k,j(y) =

where

*

Vi) = Bij +Vfij+ e +n(l — (1 —=n)Bij)(fijr1 — fij — lieig),

Wii(y) = (Bij + D fijar — Lidijer — (L =0) (1 = 0B ;) (fij+r — fij — Lieij+1),
with 3; ; > 0. This interpolant Q7 ;(y) defined by (5) is Cl-continuous in [c,d], and which satisfies
Qi (yy) = figy Qij(yir1) = figers Qi (W) = iy Q5 (Y1) = et

If the partial derivative values e; ; at the data sites are estimated using the arithmetic mean
method:

€ij = I Wi =23, m—1,
7 li—1+1;
l
= AW _ L AW AW (6)
€1 1,1 ll + l2 1,2 7,1 )7

lin—
im=AW 4 el (AW AW
€, m—1 + lm—l + lm—2( i,m—1 2,m—2)7

then the interpolation function Q; ;(y) defined by (5) is C2-continuous in [c,d], and which satisfies
Q 2 () () :
" F ) = Ay —Ay :2 3 e ]n—l.
(y]) lj—l lj( %] 7,,]—1)7 j » Yy 9

For each pair (i,j), i = 1,2,---,n—1 and j = 1,2,---,m — 1, using the y-direction interpo-
lation function @ ;(y), define the bivariate rational Hermite interpolating function Q; ;j(z,y) on
(@i, Tit1;Yj, Yj+1) as follows:

(1—0)2Q5;(y) +0(1—0)2V,; ;4 6*(1 — )W, ; + 0°Q7,, ;(v)
(1-— 9)2 +6(1— Q)Oéi,j + 02 ’

Qij(w,y) = )
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where
Vij= (i +1)Qf;(y) + hid; ;(y) + @i (2, y),
ij = (o +1) 2+1](y) - hi¢i+17j(y) + T/Ji,j(ﬂfay)7

%

with
Gis(y) = (L =31+ 40+ 9n*)dyj + n* (6 — 8+ 3n*)dy 11, 7 =1d,i+ 1,
Bij(@,y) = (0 = 0(1 = 0)(ai; + D)) Qp11,;(v) — QF;(y) — hids ;)
Vi j(@,y) = (1—0—0(1—0)(cs; +1))( 1) — Qi () + hidi1,;(Y)),

and «; j > 0. The interpolation function Q; j(z,y) defined by (7) satisfies

0Qi i(zr,ys) 0Qij(xr,ys) _ .
ox Oy e

The interpolating functions P; j(x,y) defined by (4) and Q; j(z,y) defined by (7) satisfy the
same interpolating data, but they are not the same interpolation functions. In the following, unless

pointed out specifically, the bivariate rational interpolation based on function values means they
are defined by (4).

Qi,j(gjmys) :f(xryys)v :dr,87 T:ivi—i_lv 82]73—1_1

3 (? continuity of the interpolant

For the C? continuity of the interpolation function P j(z,y) defined by (4), we have the following
theorem.

Theorem 1. If the knots are equally spaced for variable x, namely, h; = (b — a)/n, a sufficient
condition for the interpolation function P;;(z,y),i = 1,2,---,n — 1;5 = 1,2,---,m — 1, to be
C? in the whole interpolating region [x1, Tn;y1,ym) is that the parameters Bi,; =constant for each
je{1,2,---,m—1} and all i = 1,2,--- ,n — 1, no matter what the parameters «; j might be.

Proof. When the conditions of the theorem are satisfied, we can easily obtain that the interpolation
function P; ;(x,y) is C! continuous in the interpolating region [x1, Z,; Y1, ym] (see [13]).
Furthermore, since the rational interpolation function P;’;(x) defined by (1) is C? continuous in

[x1,x,], it is easy to show that the bivariate interpolation functlon P; j(x,y) has continuous second-

. L OP2 (z, OP? (x, OP? (x, . . .
order partial derivatives ’gg y), éig; v d aJ( vy in the interpolating region [x1, Zp; Y1, Ym)

OP:
except % for every y € [y;,yj+1],5 = 1,2,- — 1, at the points (z;,y),i =2,3,---,n — 1,

and 8P (w,y)

1. Thus it is sufficient for P; ;(x,y) € C? in the whole interpolating region [z1,Zn;y1,ym] if
P2 (aty)  OPR(zi ) 0P, (ayt) _ P2 ( o)

for every x € [x;,xi41],1 = 1,2,---,n — 1, at the points (z,y;),j = 2,3,---,m —

P = —"5 and 52 hold.
From (4), it can be derived
OP?.(x,y) 1 d* Py ()
W = 1—n)*(1 20% + (1 + 2n)B; ;) —5—
57 300 (L =m)” (L +n+20" + 01+ 20) i) —5
A’ P} q(2)
+12(4 — 5+ 20° 4+ (3 — 5y + 2772)6@]')#? (8)
i (x
Hyn(1 = n)*(1+n+ nﬂi,j)di{;g()
d* pij1(x)

“L (L =m(2 = n+ (L= n)Bi)— 55—
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Since

d2¢i,8($;—)

dx?

d2¢i78(xi_+1)

=0
’ dz2

=0,s=757+1,

and the interpolation function P;;(z) is C? continuous, it is easy to see from (8 ) that —(Q—y) is

continuous at the points (z;,y),i =2,3,---,n — 1 for every v € [y5,y5+1],7 =1,2,- 1, when

2
Bi—1,j = Bi,j and h;—1 = h;. The proof of the case Wthh ( )
is similar. This completes the proof. O

is continuous at the points (z, y;)

Similarly, for the interpolation function @Q; j(x,y) defined by (7), the following theorem can be
derived.

Theorem 2. If the knots are equally spaced for variable y, namely, l; = (b —a)/m, a sufficient
condition for the interpolating function Q; ;j(z,y),i = 1,2,---,n —1;5 = 1,2,---,m — 1, to be
C? in the whole interpolating region [T1,2n;y1,Ym| is that the parameters «; ; =constant for each
ie{l,2,---,n—1} and all j = 1,2,---,m — 1, no matter what the parameters (3; ; might be.

4 Basis of the interpolant

From (1) and (4), the interpolation function P; j(x,y) can be written as follows:

i+1j7+1
Pij(z,y) = Zzarsen)frs+brs(9 Mhidys + ¢rs(0,m)ljer s, (9)

r=i s=j
where

ai (6.m) = (1—0)2(1—n)31 401460 —20%); ;) (1 +n+2n* +n(1+2n)5: ;)
R (T=02+6(1— 0y, + ) (1 —m)? +n(—n)Biy +77)
(1—0)3(1+0(14 60 — 20%)c j+1)(4 — 5y + 20° + (3 — 5y + 20%) B ;)

e (FI ) W) PSSR ) W i o ) B
tier (6 %:ma—nﬁu+9@—5&+w%%ﬁu+n+2ﬁ+nu+2mmﬂ
HHL (=02 +6(1—0)ai; +60*)((1—n)?+nl—n)Bi;+n>)
Giorra(Bum) = 0?13(1 +0(3 — 50 + 20%)cv; j+1)(4 — 50+ 20 + (3 — 5n + 2n?)Bi ;)
AR (1= 0)2+0(1 — )i+ 0)((L— 2+ 01— )i + 1)

b (0. = 2= 0)>(1 —n)*(1 + Oaig) (1 + 0+ 20* + (1 + 20) i)
w (1=0)2+0(1—0)i; +602)((1—n)?+n(l—n)8i;+n?)
biis1(0m) 0(1 —0)33(1 + Ocv; j+1)(4 — 50+ 20 + (3 — 50 + 20°) Bi 5)
W S =02 1001 — 0)ag 1 + 02)(L— )2 + (1 — n)Biy +172)
(1 —0) (1 =01+ (1= 0)aiy) (A +n+ 20> + (1 + 2n)6i ;)

((1 —0)2+0(1 —0)ai; +6%)((1 —n)?+n(1 —n)Bi; +n?)
bivsisa(6,m) = 0°(1— )0 (1 + (1 — 0)avi,j+1)(4 — 5+ 20* + (3 — 5n + 21°) By )
e (1 =02 +0(1 =) jr1 +62)((1—=n)?+nl —n)Bij +n*)
n

bit1,;(0,m) = —

(B = (1—0)3n(1 —n)3(1 +40 +902) (1 +n +nBi;)
R (L=n)?+n( —n)Bi; + 1 ’

O A=0PP1—n)(1+40+90%) (2 —n+ (1 —1)Bi;)
Ci,j-i—l(ev’r/) - )

(1 —=n)2+n(l —n)bi; +n?

[
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63n(1 —n)3(6 — 80 + 302)(1 +n + nBi.;)
(L=m)?+n —n)bi; +n? ’
6%°(1 = n)(6 — 86 +36%)(2 —n + (1 —n)Bi;)
(1 =n)* +n( —n)Bi; +n?
The teams a, 5(0,1),b,5(60,n),cr5(0,1),7 =1i,i+1,s = j, j+1 are called the basis of the interpolant
defined by (4), which satisfy

aij(0,m) + aij+1(0,n) + ait1,;(0,7) + aiy1,j+15(0,m) =1,
bij(0,m) + bij+1(0,m) — bit1,5(0,m) — bit1,j+15(0,7) = 6(1 — 0),
¢ij(0,m) — cij+1(0,m) + civ1,5(0,m) — cit1,54+15(6,m) (10)
(=)L —n+n?+n1—n)Bi;) (1 +60—100° + 150 — 66°)
a (T =m)2+n( —n)Bi; +n? '

Ci+l,j(07 77) =

Ci+1,j+1(9777) = -

Denote
M = max{|frsl,r = ii+ Ls = j,j + 1},
Ql = max{hildr,s\,r = 172 + 1;3 = j7] + 1}7
Q2 = max{ljle,s|,r =i,i+1;8 = 5,5+ 1}.
For the given data, the values of the piecewise bivariate interpolation function P; j(x,y) defined

by (4) are bounded in the interpolating interval as described by the following theorem.

Theorem 3. Let P, j(x,y) is the interpolation function over [z;, z;y1;Y;,yj+1] defined by (4). No
matter what positive number the parameters o; s (s = 7,7+ 1) and (3; ; take, the values of P; j(x,y)
i [Ti, Tit1; Y, Yj1] satisfy

1
|Pj(.y)| < M + Q1 +0.430029Q>.

Proof. From (9) and (10), it is easy to derive that

i+1j+1 i+1j+1 i+1Jj+1

1Pz, y)| < MZZ lars(0,m)] + Q1 ZZ |br,5(0, )| + Q2 ZZ |cr,s(0,m)]
r=i s=j r=1i §=j r=1i s=j
+1J+1 i+1J+1
<M+9(1_ Q1+Q2ZZ|C7‘80T}|<M+ Q1+Q2ZZ|CT8977|'
r=i s=j r=i s=j

Since

§§ e o(0.7)] n(l—n) 1 —n+n*+n(l —n)Bi;)(1+0—100° + 150 — 66°)
s (1—n)2 +n(1 —n)Bi; +n?

r=i s=j
1L—n)(1 —n+7°)
< (140 100° + 156" — 667
< (1+ 00° + 15 66°) s
and
max (1 + 6 — 100% + 150" — 66°) = 1.14675,
0€(0,1]
n(l—n)(A-n+n°) 3
max = -,
n€l0,1] 1—2n+2n2 8
thus, the proof is completed. O
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5 Error estimates of the interpolant

Note that the interpolant defined by (4) is local, without loss of generality, it is only necessary
to consider the interpolating region [z, xit+1;Yy;,y;+1] in order to process its error estimates. Let
f(z,y) € C? be the interpolated function, and P, ;(x,y) be the interpolation function defined by
(4) over [zi, it1;Yj, Yj+1-

Denoting

||\| x (280 08 ) - x |2ha@:y))
x,y eD oy T,y )eD oy ’

where D = [2;, %;41;Yj,Yj+1]. By the Taylor expansion and the Peano-Kernel Theorem [19] gives
the following:

[f (@, y) = Pij(z,y)| < If(:v y) —f(:v yj)l +1Pij(2,y5) = P, 9)| + [f(2,y5) = Pij(e,y5)]

w0 f(ry
B+ 1% 1 [ L) o - 1), ar "
P x,Y; Tit1
LS+ 15 m+u—7grﬁwé Ral(z = )1l
where H—#H = MaXye(z; ;1] |_2&| and
(:E — T) — ai+17j(9,0)(:ni+1 — T) — bi+17j(9, O)hi,l’i <T<UT]
Ryl(z —7)4] =

—ai41,5(0,0)(zi41 — T) = biy1,5(0,0)hs, x < T < Tiy1,

] (), x; < T < T

] s(n), < T < Tyl

Thus, by simple integral calculation, it can be derived that
Tit+1 9
[ 1Rl = 1) dr == 12 B(6,aiy), (12
where

92(1 — 9)2(1 + 20(1 — 9)&2'7]')2
(1 + 9(3 — 50 + 292)()@7]')(1 + 9(1 + 0 — 292)042'7]') ’

B(@,am) = (13)

For the fixed a; ;, let

(z) _
B;y = jax B(6, 0 ). (14)
This leads to the following theorem.
Theorem 4. Let f(z,y) € C? be the interpolated function, and P, ;j(x,y) be its interpolator defined
by (4) in [xi, xiv1;Y5,Yj+1]. Whatever the positive values of the parameters o s, B ; might be, the
error of the interpolation satisfies

o) = Pistea)] < LG+ 1510 + 121 ) ()

” 1]7

where B deﬁned by (14).
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82f(x7yj+l

% o ) |, then the following theorem holds.

Similarly, denoting Ha ! - )H = MaAXye(z; 2,,4] |
Theorem 5. Let f(z,y) € C? be the interpolated function, and P;;(x,y) be its interpolation
function defined by (4) in [z, xiv1;Yj5, Yj+1]. Whatever the positive values of the parameters o s, By ;

might be, the error of the interpolation satisfies

0 oP 82 Z,Yj T
o)~ Pt < GG+ 150D + 181 L2 5,

where BZ(Q;)H = maxge(o,1] B(0, i j+1), and B(0, ;) defined by (13).
(z)

Furthermore, for B;"’, we can conclude the following theorem:.

7 (@)

Theorem 6. For any positive parameters o s,5 = j,j + 1, BZ-,S are bounded, and

1
16 b5 =16

6 Numerical examples

For the bivariate rational spline interpolant defined by (4) , since there are three shape parameters
in the interpolation function, when the parameters vary, the interpolation function can be changed
for the unchanged interpolating data. Thus, the shape of the interpolating surface can be modified
by selecting suitable shape parameters according to the control need. Also, the interpolator can
give a good approximation to the interpolated function. In this section, in order to show the
effectiveness which the interpolator defined by (4) approximate a function, and to describe that the
shape of the interpolating surface can be modified by free shape parameters, some examples will
be given.

Example 1. Let the interpolated function be f(z,y) = sin(z? + y), (z,y) € [0,0.8;0,0.8], and let
hi=1; =02, thenz; =0.2(i—1), y; =0.2(j —1), 4,5 = 1,2,3,4,5. Also let o; ; = 0.3+0.2i+0.17,
Bi; = 0.6 +0.1j. The partial derivative values d;; at the knots (z;,y;) (i,j = 1,2,3,4,5) are
conducted by using (2) and (3). The partial derivative values e;; at the knots (z;,y;) (i,7 =
1,2,3,4,5) are given by (6).

Figure 1 shows the graph of the interpolated function f(z,y). Figure 2 shows the graph of the
interpolation function P(z,y) defined by (4). Figure 3 shows the surface of the error f(z,y) —
P(z,y). From Figure 3, it is evident that the error of the interpolation is smaller than £8 x 1073,
this means the interpolator defined by (4) gives a good approximation to the interpolated function.
Example 2. Let Q : [0,1.5;0,1.5] be the plane region, and the interpolation data are given in Table
1. The interpolation function P; j(x,y) defined by (4) can be constructed in [0,1.5;0,1.5] for the
given positive parameters «; ;, o; j+1 and 3; ;. In order to show that the shape of the interpolating
surface can be modified by selecting suitable parameters according to control need, we consider
the value control of the interpolating surface. Assume «a;; = a; j4+1 and ;; =constant for each
j €{1,2,3} and all i = 1,2,3, then the interpolant P, ;(x,y) defined by (4) is C? in interpolating
region [0, 1.5;0,1.5]. Without loss of generality, we only consider a subinterval [0.5,1;0.5, 1].

Let a;; = 0.5,08;; = 0.8. The partial derivative values d;; and e;; at the knots (x;,y;)
are conducted by using (2) and (6), respectively. For the given interpolation data, denote the
interpolation function by Pj(x,y) which is defined over [0.5,1;0.5,1]. Figure 4 shows the graph of
the bivariate rational interpolating surface P;(x,y) with the parameters o; ; = 0.5, 5; ; = 0.8. It is
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0 08

Figure 1: Graph of surface f(z,y). Figure 2: Graph of surface P(z,y).
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Figure 4: Graph of surface Pi(x,y) with oy ; =
Figure 3: Graph of surface f(x,y) — P(z,y). 0.5, 8;; = 0.8.

easy to compute that P;(0.875,0.875) = 2.84818. If the practical design requires P(0.875,0.875) =
2.8, then o; j; = 5 and f3; ; = 11.2921 can be obtained. Denote the interpolation by P(x,y). Figure
5 shows the graph of the surface P»(x,y) with the parameters oy ; = 5, 5; ; = 11.2921, and in this
case P(0.875,0.875) = 2.8.

Furthermore, if the practical design requires P(0.875,0.875) = 2.86, then «; ; = 0.112391 and
Bi; = 0.2 can be derived. Denote the interpolation by P;(z,y). Figure 6 shows the graph of the
surface P3(z,y) with the parameters «; ; = 0.112391, 8; ; = 0.2, and in this case P3(0.875,0.875) =
2.86.

Remark 2. Each interpolant of the family of the C? bivariate rational spline interpolation defined
by (4) is identified uniquely by the values of the shape parameters o ; and f3; ;. For different shape

Table 1: Set of the interpolating data.

(i, ;) | (0,0) (0,05) (0,1) (0,1.5) (0.50) (0.505) (0.51) (0.5,1.5)
fii 3 3 2 1 3 1 2 3

(xi,y;) | (LO) (1,05) (1,1) (1,1.5) (1.50) (1.505) (1.51) (1.5,1.5)
fig 4 2 3 2 3 3 2 1
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Figure 5: Graph of surface P(z,y) with «; ; = Figure 6: Graph of surface P3(z,y) with o; ; =
5, Bi; = 11.2921. 0.112391, 3;; = 0.2.

parameters, from Figures 4 to 6, we can catch sight of some minor changes of the surfaces in shape.
It means that the shape modification of interpolating surface can be achieved by selecting suitable
shape parameters according to needs of practical design.

7 Concluding remarks

Generally speaking, generating a C? bivariate interpolation is a very difficult task, it requires up
to second-order partial derivatives values of the interpolated function. Usual NURBS method is
the most popular technology in modern surface modeling, however, preset weights are needed to
generate a C? rational surface, the given points play the role of the control points.

This paper develops a new interpolating approach for construction of C? bivariate rational
spline interpolants only based on the values of a function. There are two schemes to generate this
type of interpolation function, one is interpolating from the z-direction first, another is from the
y-direction first. In the interpolant beginning from the z-direction first, there are three positive
shape parameters: «; ;,a; j4+1 and 3; j; In the interpolant beginning from the y-direction first, there
are also three positive shape parameters: (; ;,8i+1,; and «; ;. Generally, when the interpolating
data are given, because of the uniqueness of the interpolation function, the shape of interpolating
surface is fixed. However, note that there are some free shape parameters in (4) and (7), the
shape of the interpolating surfaces can be modified by selecting suitable shape parameters for the
unchanged interpolating data according to the control need, and numerical examples illustrate this
case. It means that the uniqueness of the interpolating surfaces for the given interpolating data
becomes that of for the given interpolating data and the shape parameters.

For each pitch of the interpolating surface, the value of the interpolation function depends on
the interpolating data. Theorem 3 shows that the values of the interpolant is bounded in whole
interpolating region, it means that the interpolant is stable for the positive shape parameters.
Also, numerical example shows that the interpolator can give a good approximation to the original
function.
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Abstract

In this paper, we investigate Brunn-Minkowski type inequalities for width-
integrals of index i related to the Blaschke Minkowski homomorphism. Some
inequalities similar to Lutwak’s inequality are established.
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1 Introduction and Main Results

Let K™ be the set of convex bodies, which is a compact, convex subsets with
nonempty interiors in Euclidean space R™. S"~! denotes the unit sphere in R".
We denote by V(K) the n-dimensional volume of a body K. For the standard
unit ball B in R"™, we denote its volume by w, = V(B).

The support function, hx = h(K,:) : R* — (—00,00), of a convex body
K € K™ is defined by (see [5, 14])

hK,z) =max{z-y:ye€ K}, zeR",

where x - y denotes the standard inner product of = and y.
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The study of width-integral has a long history, and has received considerable
attention. It was first considered by Blaschke [2], and a book by Hadwiger [6]
detailed this problem. In 1975, width-integral was extended to width-integrals
of index 4 by Lutwak in the reference [10]. For the more results associated with
width-integrals of index 4, we refer the interested reader to [8, 11-13].

Define by B;(K), i € R, the width-integrals of index i of K € K™ (see [10])

1

Bi(K) = - /SH b(K,u)" " dS(u), (1.1)

where dS(u) and b(K, u) denote the (n—1)-dimensional volume element on S"~!
and the half width, b(K,u) = §(h(K,u) + h(K, —u)), of K in the direction u,
respectively. If we take i = 0 in (1.1), B;(K) is just width-integral B(K).

The map, B; : K® — R, is continuous, positive, invariant under motion
and homogeneous of degree n — i. If there exists a constant A > 0 such that
b(K,u) = Ab(L,u) for all u € S"~!, then we call K and L with similar width.

Lutwak [10] showed that if K, L € K™, then for u € S"~!

b(K + L,u) = b(K,u) +b(L,u). (1.2)

From the above formula (1.2), Lutwak [10] established the following Brunn-
Minkowski inequality for width-integrals of index <.
Theorem 1.A If K, L € K" andi <n —1, then

_ 1 1 _— 1

BZ(K—F L)”*i < EZ(K)E + Bi(L)"*i,

with equality if and only if K and L have similar width.

The main results of the present paper are the following;:

We first establish a Brunn-Minkowski type inequality for width-integrals of
index ¢ similar to Theorem 1.A.
Theorem 1.1 If K,L € K", then fori<n —1

Bi(®(K+L))7 < By(®K)" + B;(PL)77, (1.3)

with equality if and only if PK and ®L are homothetic.

Here K+L is the Blaschke sum of K,L € K" (see (2.7)) and ® denotes
Blaschke Minkowski homomorphism (see Section 2.2). In fact, the more general
result than Theorem 1.1 will be obtained at the beginning of Section 3.

Moreover, we get the following Brunn-Minkowski type inequality of width-
integrals of index 7 based on the Blaschke Minkowski homomorphism.
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Theorem 1.2 If Ky, Ks,--+ ,Kn_2,L1,Ls € K", and let C = (K1, Ka, -+ , Kp_2),
then fori<n—1

Bi(®(C, Ly + Lz))7 < By(®(C, L1))7 + Bi(®(C, L2)) 7 (1.4)
fori>n
Bi(®(C, Ly + Lz))77 > By(®(C, L1)) 7 + By(®(C, Lz)) 7, (1.5)

with equality in every inequality if and only if ®(C, L1) and ®(C, L2) are homo-
thetic.

Here, we should note that ® denotes mixed Blaschke-Minkowski homomor-
phism (see Section 2.2 for precise definition), and L 4 Lo is the Minkowski sum
of Ly, L € K™ (see (2.5)).

Finally, we show the following result which is the more general form of the
Brunn-Minkowski type inequality of width-integrals of index i.

Theorem 1.3 If Ki,Ky, -+ , K, o, K,L € K", let C = (K;,Ka, -+ ,K,_2)

and i,j € R, then fori<n—-1<j<nandi#j

<Bi<<1><c: (K +1 L)) ) = < Bu(®(C,K")) ) = 1
Bj(®(C, (K +-1L)")) ~ \Bj(®(C,K))

form—1<i<n<jandi#j

+
7N
|

2

Q

&
=
|

Bi(®(C, (K +-1 L))\ _ (Bd®(C, KN\ | (Bi(®(C.L)\ 7"
By(@(C.(K+-1L))))  ~ \Bj(®(C, k")) B,(@(C,L7))
( ) = ( )"+ )

~—

(1.7)
with equality in every inequality if and only if ®(C, K*) and ®(C,L*) are ho-
mothetic.

Here K +_; L denotes the harmonic radial sum of K, L € §™ (see (2.4)) and
K* denotes the polar of K (see (2.2)).

2 Preliminaries

2.1 Radial function and polar of convex bodies
For a compact star-shaped set K in R", let px = p(K,-) : R™\ {0} — [0, 00)
denote the radial function of K (see[5, 14]), that is

p(K,u) =max{\>0:\-uc K}, ueS" L (2.1)

1410 Yibin Feng et al 1408-1418



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

If px is positive and continuous, then K is said to be a star body, and S™
denotes the set of star bodies in Fuclidean space R™.
For K € K™, its polar body is defined by (see[5, 14])

K'={zeR":z-y<l,ye K} (2.2)
Obviously, it follows from (2.2) that (K*)* = K and
hice = pic's pic- = hig'. (23)

For A, u > 0 (not both zero), define by Ax K 4+_1 pu L the harmonic radial
combination of K, L € 8" (see [4]). Namely,

pil(A*K‘i’—l N’*La') :Apil(Kv')*l’upil(Lv')' (24)

For A\, > 0 (not both zero), define by A - K + u - L the Minkowski linear
combination of K, L € K™ (see [5, 14]), Namely,

h(A- K + - L, ) = A(K, ) + ph(L, ). (2.5)

Combining (2.3), (2.4) with (2.5), we obtain that for K, L € K™ and A\, u > 0
(not both zero)
AxK+4+_3pu*xL) " =X-K*+pu- L. (2.6)

2.2 Blaschke Minkowski homomorphism
For A, iz > 0 (not both zero), define by A o K+u o L the Blaschke addition
of K, L € K™ such that (see [5, 14])

S(AoK+uolL,-)=AS(K,-)+ uS(L,), (2.7)

where S(K, -) denotes the surface area measure of K.

Schuster [15] introduced the definition of Blaschke Minkowski homomor-
phism as follows: A map ® : K™ — K" is called Blaschke Minkowski homomor-
phism if it satisfies the following conditions

(a) ® is continuous.

(b) @ is Blaschke Minkowski additive, i.e., for all K, L € K™

O(K+L) = ®K + L. (2.8)
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(c) @ intertwines rotation, i.e., for all K € K™ and ¢ € SO(n)
D(IK) = VK.

Here SO(n) is the group of rotation in n dimensions.

The following result is a direct extension for the Blaschke Minkowski homo-
morphism which is said to be the mixed Blaschke Minkowski homomorphism.
Theorem 2.A ([15]) There is a continuous operator

QK" x - x K" — K",
—_————

n—1

symmetric in its arguments such that for K1, | K., € K™ and Ay, -+, Ay >0,

DMK+ + A Km) = D> A i, (KL K ),

L1, yin—1

where the operator @ : ™ x - -+ x K" — K™ is called mixed Blaschke Minkowski
—_———

n—1
homomorphism.

Further, the author of [15] established the following properties for the mixed
Blaschke Minkowski homomorphism.

(i) @ : K" x -+ x K" — K" is continuous and symmetric with respect to
origin.
()UK, L,Ky,Ks, -+ ,Kp_2€K" A\,u>0,andlet C = (K1, Ko, -+, K,_2),
then
O(C,N-K+pu-L)=I0(C,K) + u®(C, L). (2.9)

3 The Proofs of Main Results

Here, we first establish Theorem 3.1 which is the more general version of
Theorem 1.1. Next, we will prove Theorems 1.2 and 1.3.
Theorem 3.1 If K, L€ K" andi,j € R, then fori <n—-1<j<mnandi#j

() < ()" G

form—1<i<n<jandi##j
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with equality in every inequality if and only if PK and ®L are homothetic.
The proof of Theorem 3.1 requires the following lemmas.
Lemma 3.1(/10]) If K is a convex body in R™, then

with equality if and only if K is origin-symmetric.

Beckenbach-Dresher inequality [3] is an extension of Beckenbach’s inequality
[1] which is proved by Dresher through the method of moment-space techniques.
Lemma 3.2(The Beckenbach-Dresher inequality) Ifp > 1>r >0, p # r,
f,9 >0, and ¢ is a distribution function, then

1 1

(Rrea) =(prae) -+ (pm) - oo

with equality if and only if the functions f and g are positively proportional.
Here E is a bounded measurable subset in R™.

The inverse Beckenbach-Dresher inequality was established in [9].
Lemma 3.3(The inverse Beckenbach-Dresher inequality) If 1 > p > 0 > r,
p#r, f,g >0, and ¢ is a distribution function, then

1 1 1

(i) = () < (i) v

with equality if and only if the functions f and g are positively proportional.
Proof of Theorem 3.1. According to (1.1) and (2.8), we obtain that for
pzlzr=>0

By (DKL) = ~ / B(@(KIL), w)PdS ()
n Jgn—1

1 / (B(OK, u) + B(DL, u))PdS (u). (3.6)
n Sn—1
Similarly,
By (D(KLL)) = % /S @K+ H@L ) dSw).  (37)
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From Lemma 3.2, (3.6) and (3.7), this implies

< <f5n—1 (PK, u)PdS(u))w N (ﬁn_

- (o) Geen) e

S| S

(L, u)PdS(u) > por
(DL, u)"dS(u)

Letp=n—iandr =n—j. By0<r <1< pandp # r, we obtain that
i<n—-1<j<nandi#j. Suppose p=n—iandr=n—jin (3.8), this
gives inequality (3.1). Similar to the above method, it follows from Lemma 3.3
that inequality (3.2).

The equality conditions of Lemmas 3.2 and 3.3 imply that equality holds in
inequalities (3.1) and (3.2) if and only if b(®K,u) and b(®L,u) are positively
proportional, namely, ® K and ®L have similar width. Since ®K and PL are
origin-symmetric, we have ®K and ®L are homothetic. Therefore, equality
holds in every inequality if and only if ®K and ®L are homothetic.[]

If j =nin (3.1), then B,(K) = 1 [, , dS(u) = w, is a constant. thus we
get Theorem 1.1.

Let i = 2n and j = n in (3.2). Note that ®K, ®L and ®(K+L) are origin-
symmetric. Thus Lemma 3.1 implies that inequality (3.2) has the following
result.

Corollary 3.1 If K,L € K", then

V(@ (K+L)) ™ » > V(®*K) » + V(®*L) =,

with equality if and only if PK and ®L are homothetic.
Proof of Theorem 1.2. We first prove inequality (1.4). From (1.1), (1.2), (2.9)
and the Minkowski’s integral inequality (see [7]), we obtain that for i <n —1

n—i

By(B(C, Ly + L)) 77 = <1 /Si B(D(C, Ly +L2),u)“d5(u)>

n

1414 Yibin Feng et al 1408-1418



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

1
n—1

- (1 /S (B(2(C, Ly),u) + B((C, L2)7U))n_ids(u)>

n

1
n—i

IN

(1 /SH b(2(C, L), u)"_idS(u))

n

1
n—i

(1) v asw)
n Jgn-1

= Bi(®(C, L1))™ + Bi(®(C. L))"
This implies inequality (1.4). Similarly, it follows from the inverse Minkowski’s
integral inequality that inequality (1.5).

From the equality condition of Minkowski’s integrals inequalities, it follows
that equality holds in inequalities (1.4) and (1.5) if and only if ®(C, L) and
®(C, Ly) have similar width. Since ®(C, L1) and ®(C, Ly) are origin-symmetric,
we obtain that equality holds in every inequality if and only if ®(C, L;) and
®(C, Ly) are homothetic.

If i = 0 in (1.4), then inequality (1.4) implies the following result.

Corollary 3.2 If Ky, Ko, - ,Ky,_2,L1,Ls € K™, and let C = (K1, Ko, -+ , K,,_2),
then

B(®(C, Ly + Lz))™ < B(®(C, L))" + B(®(C, Ly))7,

with equality if and only if ®(C, L1) and ®(C, Ly) are homothetic.

If we let i = 2n in (1.5), and note that ®(C, L), ®(C, L2) and ®(C, L1 + L)
are origin-symmetric, then Lemma 3.1 implies that inequality (1.5) has the
following result.
Corollary 3.3 If Ky, Ks,--+ ,Kp_o,L1,Ls € K", andletC = (K1, Ko, -+ , Kp_2),
then

V(®*(C, Ly + Lz)) ™% > V(®*(C, L)) "7 + V(®*(C, L2)) "7,

with equality if and only if ®(C, L1) and ®(C, Ly) are homothetic.
Proof of Theorem 1.3. Combining (1.1) with (2.6), we obtain that for p >
1>r>0
B y(®(C, (K +, 1)"))

- l/ b(®(C, (K +-1 L)), u)’dS(u)
Snfl

n

- / BO(C, K" + L', u)PdS (u)
Snfl

1
n
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- % [Sn,1<5<‘1><0> K*),u) +b((C, L*), u))PdS (u). (3.9)
Similarly,
By (®(C, (K +-1 L)"))
= %/Snfl(l?(@(c‘, K*),u) + b(®(C, L*), u))"dS (u). (3.10)

By Lemma 3.2, (3.9) and (3.10), it follows that

(Bn-p@»(a (K +_, L)*)))P”
En,T(Q(C, (K +71 L)*))

_ (fsnl(b(q)(C, K*),u) + l:)(q)(C7 L*)7u))pdS(u)) P
Jgn—1 (0((C, K*),u) + b(®(C, L*), u))"dS (u)

(ol =l

(=

(B f(®(C, KN\ (B p(®(C, L)\
(Bn_r<<1><c,f<*>>) B ) ' (3.11)

p(

+(@(C, L¥))
Ifp=n—iandr=n—jin (3.11),then0<r<1l<pandp#r=i<n-1<
j<mnandi#j.

This implies that inequality (1.6) is given. Similar to the above method,

(®(C, K*), u)PdS(u) ) e
(®(C, K*),u) dS(u)

Lemma 3.3 implies that inequality (1.7) holds.

The equality conditions of Lemmas 3.2 and 3.3 see that with equality in
inequalities (1.6) and (1.7) if and only if b(®(C, K*),u) and b(®(C, L*),u) are
positively proportional. Since ®(C, K*) and ®(C,L*) are origin-symmetric,
O(C, K*) and ®(C, L*) are homothetic. Therefore, equality holds in every in-
equality if and only if ®(C, K*) and ®(C, L*) are homothetic. O

Analogue to the proofs of Theorem 1.1 and Corollary 3.1, Theorem 1.3 has
the following facts.

Corollary 3.4 If K1, Ko, -+ ,K,,_o, K, L € K", andletC = (K1,Ksy, -+ ,K,_2),
then fori<n—1

1

Bi(R(C, (K + 1 L))

1

< Bi(®(C, K*)™7 + Bi(®(C, L") 7™,

with equality if and only if ®(C, K*) and ®(C, L*) are homothetic.
Corollary 3.5 Ilea K27 T ,ang, KvL € ’Cn’ and let C = (Kla K27 o 7Kn72)7
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then
V(®*(C, (K +-1 L)*)) ™7 > V(*(C,K*))™ = + V(®*(C,L*)) "7,

with equality if and only if ®(C, K*) and ®(C, L*) are homothetic.

4 Conclusions

We first establish some Brunn-Minkowski type inequalities of width-integrals
of index 7 which are related to the Blaschke Minkowski homomorphism. Then
together with the Blaschke Minkowski homomorphism, we use the Beckenbach-
Dresher inequalities to give more general Brunn-Minkowski type inequalities
of width-integrals of index ¢, in which some inequalities similar to Lutwak’s

inequality are established.
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On fuzzy mighty filters in BF-algebras
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Abstract. In this paper, we study several degrees in defining a fuzzy mighty filter, which is a generalization of a

fuzzy filter in B FE-algebras.

1. Introduction

In [6], H. S. Kim and Y. H. Kim introduced the notion of a BE-algebra. S. S. Ahn and K. S.
So [3, 4] introduced the notion of ideals in BE-algebras. S. S. Ahn et al. [2] fuzzified the concept
of BE-algebras, and investigated some of their properties. H. R. Lee and S. S. Ahn [7] defined
the notions of a mighty filter and an n-fold mighty filter, and considered some related properties
of them.

In this paper, we study several degrees in defining a fuzzy mighty filter, which is a generalization
of a fuzzy filter in B F-algebras.

2. Prelimiaries

We recall some definitions and results discussed in [3, 6].

An algebra (X;*,1) of type (2, 0) is called a BE-algebra if

(BE1l) zxx=1foral xz € X,
(BE2) zx1=1forall z € X,
(BE3) 1xx =z forall x € X,
(BE4) zx (y*2) =yx* (vx*z) for all z,y, 2 € X (exchange).

We introduce a relation “<” on a BFE-algebra X by x < y if and only if z *y = 1. A non-empty
subset S of a BF-algebra X is said to be a subalgebra of X if it is closed under the operation
“x”. Noticing that z xx = 1 for all z € X it is clear that 1 € S. A BFE-algebra (X;*,1) is said
to be self distributive if x x (y* z) = (zxy) * (v * 2) for all z,y,z € X.

92010 Mathematics Subject Classification: 06F35; 03G25; 06D72.

YKeywords: BFE-algebra; enlarged (mighty) filter; fuzzy enlarged (mighty) filter with degree (\, ).
* The corresponding author.

YE-mail: sunshine@dongguk.edu (S. S. Ahn); han@hanyang.ac.kr (J. S. Han)
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Let X be a BFE-algebra and n denote a positive integer. For any elements z,y € X, let 2™ x y
denote z * (-+- (z * (z xy))---), in which z occurs n times, and z° x y = y.

Definition 2.1. Let (X;*,1) be a BFE-algebra and let F' be a non-empty subset of X. Then F
is called a filter ([6]) of X if

(F1) 1 e F,

(F2) zxy€ Fand x € Fimply y € F

for all 2,y € X. A non-empty subset F of a BE-algebra X is called a mighty filter ([7]) of X if
it satisfies (F1) and

(F3) e (y*2) € Fand x € F imply ((zxy)xy)*xz € F

for all x,y,2z € X. A non-empty subset F' of a BFE-algebra X is called an n-fold mighty filter
([7]) of X if it satisfies (F1) and

(F4) o (y*z) € Fand x € F imply ((2"xy)*xy)*z € F
for all z,y,z € X.
Note that every mighty filter of a BFE-algebra X is a filter of X.

Proposition 2.2. Let (X;x,1) be a BE-algebra and let F be a filter of X. If t <y and z € F
for any y € X, then y € F.

Proposition 2.3 Let (X;x*,1) be a self distributive BFE-algebra. Then the following hold, for
any x,y,z € X:
(i) ifx <y, then zxx < zxy andy*z < T * z,
(i) y* 2z < (zxx) * (y *x x),
(ili) y*x 2 < (z*y) * (x * 2).
A BE-algebra (X;*,1) is said to be transitive if it satisfies Proposition 2.3 (iii). If a BE-algebra
X is transitive, then y < zimply zxy < x*z and zxx < yxx for all x,y,z € X.

Definition 2.4. ([5]) A fuzzy subset p of a BE-algebra X is called a fuzzy filter of X if it satisfies
for all z,y € X

(d1) u(1) = p(z),

(d2) p(x) = min{u(y = x), u(y)}-

Proposition 2.5. Every fuzzy filter of a BE-algebra X satisfies the following assertions:

(i) (Vo,y € X)(y <z = p(y) < p(x)),
(i) (Vo,y,2z € X)(z <y 2= p(z) > min{u(y), p(x)}).

Definition 2.6. ([5]) Let F' be a non-empty subset of a BE-algebra X which is not necessary a
filter of X. One says that a subset G of X is an enlarged filter of X related to F' if it satisfies:

(1) F is a subset of G,
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(2) 1 €@,
(3) Ve,ye X)Vz e F)(xxye F=yeQq).
Definition 2.7. ([5]) A fuzzy subset p of a BE-algebra X is called a fuzzy filter of X with degree
(A, k) if it satisfies:
(el) (Vo € X)(u(1) = Au(x)),
(€2) (Vo,y € X)(u(z) = rmin{u(y ), u(y)})-

Proposition 2.8. ([5]) Every fuzzy filter of a BE-algebra X with degree (), k) satisfies the
following assertions:

(i) (v, y € X)(u(z xy) = Anp(y)),
(i) (Vo,y € X)(y <z = pl(z) = Asu(y)),
(iii) (Vz,y,2 € X)(z < y* 2= p(z) > min{ru(y), Ac?pu(z)}.

3. Fuzzy mighty filters of BFE-algebras
In what follows, let X denote a BFE-algebra unless specified otherwise.

Definition 3.1. A fuzzy subset p of a BFE-algebra X is called a fuzzy mighty filter of X if it
satisfies (d1) and

(d3) p(((z*y) *y) *x) = min{u(z * (y * ), u(2)},
for all x,y,z € X.

Example 3.2. Let X :={1,a,b,¢,d,0} be a BE-algebra ([7]) with the following table:

x|1 a b ¢ d 0
111 a b ¢ d O
all 1 b ¢c b c
bl a 1 b a d
cll a1 1 a a
dll1 1 1 b 1 b
0/1 11111

Define a fuzzy subset p: X — [0, 1] by

(1 a b ¢ d 0
#=\07 04 07 07 04 04
Then p is a fuzzy mighty filter of X.

Proposition 3.3. Every fuzzy mighty filter of a BFE-algebra X is a fuzzy filter of X.

Proof. Let y := 1 in (d3). Then u(x) = p(((z % 1) * 1) * ) > min{u(z * (1 x x)), u(2)} =
min{u(z * z), u(z)}. Hence (d2) holds. O
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The converse of Proposition 3.3 may not be true in general (see Example 3.4).

Example 3.4. Let X := {1,a,b,¢,d} be a BE-algebra ([6]) with the following table:

— = = = |
—_ o = O O o
_ S 0 QL QL.

QO Q| ¥
—= = Q = Q|2
— = 0 o oo

Define a fuzzy subset v : X — [0, 1] by

L 1 a b c d
~\0.7 03 0.3 0.3 0.3

Then v is a fuzzy filter of X, but not a fuzzy mighty filter of X, since u(((a*c)*c)*a) = u(a) =
0.3 2 0.7 = p(1) = min{p(1 = (c*xa)), u(1)}.

Theorem 3.5. A fuzzy filter p of a BE-algebra X is mighty if and only if it satisfies the following
inequality:

(3.1) u(((x*xy) xy) xx) > p(yxx) for all z,y € X.

Proof. Suppose that a fuzzy filter p of a BFE-algebra X is mighty. Putting z := 1 in (d3), we

have p(((x *y) *y) * x) > min{u(l * (y xx)), u(1)} = p(y * z) for all z,y € X.
Conversely, assume that u is a fuzzy filter of X satisfying (3.1). It follows from (d2) and (3.1)

that p(((zxy)*xy)*x) > p(y * ) > min{u(z * (y * x)), u(2)}. Hence p is mighty. O

Theorem 3.6. Let u,v be fuzzy filters of a transitive BFE-algebra X such that u C v and
w(1) = v(1). If p is mighty, then so is v.

Proof. Let x,y € X. Since p is a fuzzy mighty filter of a BFE-algebra X, by (3.1) and p C v
we have p(1) = p(y * ((y * ) * 2)) < p((((y * ) * 2) *y) *y) * ((y * 2) *2)) < v(((((y*z) *
x) *y) *y) * ((y * x) * ). Since p(l) = v(1), we get v((y * x) * ((((y * x) * x) *y) *y) * x)) =
v((yxx)xx)*y)xy)* ((y+xx)*x)) =rv(l). It follows from (d1) and (d2) that
v(y*z) =min{r(l),v(y*x)}
=min{r((y * x) * (((y * 2) * ) x y) xy) x2),v(y * )} (3.2)
<v(((((y xx) x ) * y) *y) * ).
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Since X is transitive, we get

[((((y * )+ 2) % y) * y) * 2]« [((z * y) * y) * ]
> ((@xy) xy)x ((((y x x) x2) *y) *y)
2((( x) % 1) y) * (T xy)
:(y*x)*(q:*x)
= (yxz)x1=1.

It follows from Proposition 2.5 that min{v(((((y*x)*xz)xy)xy)*x), v(1)} = v(((((y*z)*x)*y)*y)*

x) < v(((zxy)xy)*x). Using (3.2), we have v(yxx) < v(((((y*xx)xx)*y)*y)*z) < v(((x*y)*y)*z).
Therefore v(y * x) < v(((x xy) xy) xx). By Theorem 3.5, v is a fuzzy mighty filter of X.

Proposition 3.7. Let y be a fuzzy mighty filter of a BE-algebra. Then X,, = {zx € X|u(z) =
w(1)} is a mighty filter.

Proof. Clearly, 1 € X,,. Let x * (y* z),z € X,,. Then p(z * (y * 2)) = pu(1) and p(x) = p(1).

It follows from (d3) that p(1) = min{u(z * (y * 2)), u(x)} < w((((z xy) *y) * 2). By (d1),
p((((zxy)*y)*z) = pu(1). Hence ((z*y) *y) * z € X, Therefore X, is a mighty filter of X. O

Definition 3.8. A fuzzy subset u of a BFE-algebra X is called a fuzzy n-fold mighty filter of X
if it satisfies (d1) and

(d4) (=" y) *y) *x) = min{u(z = (y * ), p(2)},
for all z,y,z € X.

Putting n := 1 in (d4), every fuzzy 1-fold mighty filter of a BFE-algebra X is a fuzzy mighty
filter of X.

Theorem 3.9. A fuzzy filter u of a BFE-algebra X is a fuzzy n-fold mighty if and only if it
satisfies the following inequality

(3.3) u(((a™xy) xy)xx) > p(y*x) for all x,y € X.

Proof. Suppose that a fuzzy filter p is a fuzzy n-fold mighty. Letting z := 1 in (d4), we have
p(((2" *+y) *y) * x) = min{u(l = (y * 2)), u(1)} = p(y * z) for all z,y € X.

Conversely, assume that p is a fuzzy filter of X satisfying (3.3). It follows from (d2) and (3.3)
that p(((z" *y) *y) *xx) > p(y*2z) > min{u(z * (y*x)), u(z)}. Hence p is a fuzzy n-fold mighty
filter of X. 4

Theorem 3.10. Let o and v be fuzzy filters of a transitive BFE-algebra X with p C v and
w(1l) =v(1). If p is a fuzzy n-fold mighty filter of X, then so is v.
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Proof. Let z,y € X. Setting w := (y*x)*z, we have yxw =y ((y*z)*xx) = (y*x) * (y*x) =
1. Since p is a fuzzy n-fold mighty filter of a BFE-algebra X, by (3.3) and u C v we have
p(1) = ply * w)) < p(((w" *y) *y) *w) < v(((w"*y)*y)*w). Since p(l) = (1), we get
v((w" xy) *xy) *w) =v(l). It follows from (d1) and (d2) that
v(y*x) =min{v(l),v(y *z)}
=min{v(((w" *y) xy) xw),v(y*x)}
(W™ xy) xy) « ((y * x) x 2)), v(y * )} (3.4)

=min{v((y x x) * (0" *xy) xy) « x2)),v(y * )}

<v(((w" xy) *y) * x).
Since y < w, we have w" xy < 2" xy, and so (w" xy) xy) *x < ((2" *xy) xy) * x. Using (3.4)
and Proposition 2.5(1), we have v(y * ) < v((w" xy) xy) x ) < v(((2" * y) * y) x x). Therefore
viyxx) <v(((x™xy) *xy) *xx). By Theorem 3.9, v is a fuzzy n-fold mighty filter of X. O

(
=min{y(
(

4. Fuzzy mighty filters of BFE-algebras with degrees in the interval (0, 1]

Definition 4.1. Let F' be a non-empty subset of a BFE-algebra X, which is not necessary a
mighty filter of X. One says that a subset G of X is an enlarged mighty filter of X related to F
if it satisfies:

(1) F is a subset of G,

(2) 1 €@,

(3) (Ve,ye X)(Vz€ F)(zx(yxx) € F= ((x*xy)*xy)*xx € G).

Obviously, every mighty filter is an enlarged mighty filter of X related to itself. Note that
there exists an enlarged mighty filter of X related to any non-empty subset F' of X.

Example 4.2. Consider a BFE-algebra X = {1,a,b,¢,d} as in Example 3.4. Then F := {1}
is not a mighty filter of X, since 1 *x (¢c*a) =1 € F and ((a*c) *c)*a = a ¢ F. But
G :={1,a,b,c} is an enlarged mighty filter of X related to F' and G is not a mighty filter of X,
since cx (1xd)=beG,ce Gand ((dx1)*x1)xd=d ¢ G.

Proposition 4.3. Let F' be a non-empty subset of a BE-algebra X. FEvery enlarged mighty
filter of X related to F' is an enlarged filter of X related to F.

Proof. Let G be an enlarged mighty filter of X related to F'. Putting y := 1 in Definition 4.1 (3),
we have forallz € X all z€ F zx (1*xx) =zxx € Fimply ((r*1)*1)*xx =x € G. Hence GG
is an enlarged filter of X related to F'. O

The converse of Proposition 4.3 is not true in general as seen in the following example.
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Example 4.4. Consider a BE-algebra X = {1,a,b,c,d} as in Example 3.4. Let H := {1,b}.
Then H is an enlarged filter of X related to F' := {1}, but it is not an enlarged mighty filter of
X related to F'since 1 x (cxa)=1¢€ F and ((axc)*xc)xa=a ¢ H.

In what follows let A and x be members of (0, 1], and let n and k denote a natural number and
a real number, respectively, such that k£ < n unless otherwise specified.

Definition 4.5. A fuzzy subset u of a BFE-algebra X is called a fuzzy mighty filter of X with
degree (A, k) if it satisfies (el) and

(e3) (Vz,y,2 € X)(u(((z *y) *y) *x x) > kmin{u(z * (y * x)), u(2)}).

Example 4.6. Consider a BFE-algebra X = {1, a,b, c,d,0} which is given in Example 3.2. Define
a fuzzy subset v : X — [0,1] by

L 1 a b c d 0
~\06 04 0.7 0.7 04 04

Then v is a fuzzy filter of X with degree (%, %), but it not a fuzzy mighty filter of X, since
(1) = 0.6 # u(b) =0.7.

Note that a fuzzy mighty filter with degree (A, k) is a fuzzy mighty filter if and only if (A, k) =
(1,1).

Proposition 4.7. If ju is a fuzzy mighty filter of a BE-algebra X with degree (A, k), then p is a
fuzzy filter of X with degree (X, k).

Proof. Putting y := 1 in (e3), we have

() = p(((z+ 1) * 1) * 2) Zkmin{p(z * (1% 2)), p(2)}
=rmin{pu(z * ), p(z)}

for any x,y € X. Thus p is a fuzzy filter of X with degree (A, k). O
The converse of Proposition 4.7 is not true in general (see Example 4.8).

Example 4.8. Consider a BFE-algebra X = {1,a,b, ¢, d} which is given in Example 3.4. Define
a fuzzy subset v : X — [0, 1] by

L 1 a b c d
~\06 04 0.7 04 0.4
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Then v is a fuzzy filter of X with degree (%, %), but it is not a fuzzy mighty filter of X with

4 4

degree (3, 5), since

v(((axc)xc)xa) =v(a) =04 %048 = g x 0.6

= xu(1)

:‘é x min{p(1 % (c * a)) = v(1), v(1)}.

Proposition 4.9. Let u be a fuzzy mighty filter of a BE-algebra X with degree (A, k). Then
the following holds:

(Vo,y € X)(u(((zxy) xy) xz) > KAu(y * x)).

Proof. Assume that p is a fuzzy mighty filter of a BE-algebra X with degree (A, k) and let
xz,y € X. Let z:=11n (e3). Then we have

(5 ) + ) ) Srmin{u(1+ (y « 2)), (1)}

>rmin{u(y * x), Auy « )}

=kA\u(y * x).
This completes the proof. O
Proposition 4.10. Let u be a fuzzy filter of a BE-algebra X with degree (A, k) satisfying

(Vo,y € X)(u(((z xy) xy) x x) = p(y * x)).
Then p is a fuzzy mighty filter of X with degree (X, k).
Proof. Let x,y,z € X. Using (e2), we have
p(((zxy) *y) * x) Zp(y * o)

> ki pu(z + (y * 7)), p(2)}-
Thus p is a fuzzy mighty filter of a BFE-algebra X with degree (A, k). O
Corollary 4.11. Let p be a fuzzy filter of X. Then p is a fuzzy mighty filter of X if and only if

(Vo,y € X)(u(((x *y) *y) * 2) > p(y * x)).

Proof. Tt follows from Proposition 4.9 and Proposition 4.10. 0

Definition 4.12. A fuzzy subset u of a BE-algebra X is called a fuzzy n-fold mighty filter of X
with degree (), k) if it satisfies (el) and

(ed) (Va,y,z € X)(u(((2" *y) * y) * v) > kmin{pu(z * (y * x)), u(2)}).
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A fuzzy subset p of a BE-algebra X is called a fuzzy weak n-fold mighty filter of X with degree
(A, k) if it satisfies (el) and

(€5) (Va,y,z € X)(p((z *y) xy) = wmin{pu(z * ((y" * x) * 1)), 1(2)}).

Putting y := 1 and = := y in (e4), and using (BE1), (BE2) and (BE3), we know that every
fuzzy n-fold mighty filter with degree (A, k) is a fuzzy mighty filter of X with degree (A, k).
Setting = := y in (e5) and using (BE1), (BE2) and (BE3), we know that every fuzzy weak n-fold
mighty filter with degree (), k) is a fuzzy mighty filter of X with degree (A, k). Hence every fuzzy
(weak) n-fold mighty filter of X with degree (), k) is a fuzzy filter of X with degree (A, k).

Example 4.13. Let X :={1,a,b,¢,d,0} be a BE-algebra ([6]) with the following table:

x|1 a b ¢ d 0
11 a b ¢ d O
all 1 a ¢ ¢ d
b1l 1 1 ¢ ¢ ¢
cll a b1 a b
d|l 1 a1 1 a
0/1 11111

Define a fuzzy subset u: X — [0, 1] by

B 1 a b c d 0
=V06 07 03 03 03 03

Then p is a fuzzy n(> 2)-fold mighty filter of X with degree (2, 3), but it is not a fuzzy mighty

filter of X with degree (2, 2), since pu(((b*c) x¢)*b) = p(b) = 0.3 # 0.399 = 2 x 0.7 = p(a) =
min{u(a * (¢ b)), u(a)}.
Proposition 4.14. Let u be a fuzzy n-fold mighty filter of a BE-algebra X with degree (A, k).
Then the following holds:

(Vo,y € X)(u(((2" x y) xy) x x) = kAu(y * x)).

Proof. Assume that p is a fuzzy n-fold mighty filter of a BFE-algebra X with degree (A, k) and
let z,y € X. Let z:= 1 in (e4). Then we have

p(((z" * y) * y) * x) Zrmin{p(l * (y x z)), u(1)}
>rmin{p(y * x), Au(y * z)}
=rA\u(y * x).
This completes the proof. U
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Proposition 4.15. Let p be a fuzzy filter of a BE-algebra X with degree (A, k) satisfying
(Va,y € X)(u(((z" xy) xy) x x) > p(y * x)).
Then p is a fuzzy n-fold mighty filter of X with degree (\, k).
Proof. Let z,y,z € X. Using (e2), we have
p(((2" * y) * y) * o) Zp(y * )
> ki pu(z + (3 * 7)), p(2)}-
Thus p is a fuzzy n-fold mighty filter of a BFE-algebra X with degree (), k). U

Proposition 4.16. If i is a fuzzy weak n-fold filter of X, then the following holds:
(4.1) (Vo,y € X)(u((z xy) *y) = sAu((y" * z) * x)).

Proof. Let z :=1in (eb). Then p((z *y)*xy) > rmin{p(1* ((y" *xx)*xz)), u(1)} > cmin{pu((y™ *
) *xx), \u((y" xx) * )} = kAu((y™ * ) * x). This completes the proof. O

Proposition 4.17. Let u be a fuzzy filter of a BE-algebra X with degree (A, k) satisfying
(Va,y € X)(u((y" * 2) x x) < p((2 + y) *y)).
Then p is a fuzzy weak n-fold mighty filter of X with degree (\, k).
Proof. Let z,y,z € X. Using (e2), we have
p((zxy) *y) >p((y" * z) * x)
Zrmin{pu(z = ((y* * x) x ), p(2)}.
Thus p is a fuzzy weak n-fold mighty filter of a BE-algebra X with degree (A, k). O
A BE-algebra X is said to be n-fold mighty if ((z" xy) *y) *x = y* x for all z,y € X.

Lemma 4.18. Let X be an n-fold mighty BFE-algebra. If u is a fuzzy filter of X with degree
(A, k), then the following holds:

(4.2) (Vo,y € X)(u((y * x) x 2) = Asp((2" + y) * y)).
Proof. Since X is an n-fold mighty B E-algebra, ((x™xy)xy)*((y*xx)*x) = (y*xz)*(((x™*y)*y)*x)

(y*x)* (yxx) =1, for all z,y € X. Hence (2" xy) xy < ((y *x) *xx). Using Proposition 2.8(ii),
we have pu((y x ) *xx) > Asp((2™ * y) *y)). This completes the proof. O

Proposition 4.19. Let X be an n-fold mighty transitive BFE-algebra. If i is a fuzzy filter of X
with degree (A, k), then it is a fuzzy weak n-fold mighty filter of X with degree (\, Ak?).

Proof. Let u be a fuzzy filter of X with degree (A, k). Using Lemma 4.18 and (e2), we have
p((y*z)*xx) > Aep((z" *y) *y)) > A*min{u(z * ((x™ * y) * y), u(z)}. Hence p is a fuzzy weak
n-fold mighty filter of X with degree (\, Ax?).
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Proposition 4.20. Let u be a fuzzy filter with degree (X, k) of an n-fold mighty BE-algebra X .
Then p is a fuzzy n-fold mighty filter of X with degree (\, k).

Proof. Let p be a fuzzy filter with degree (A, k) of an n-fold mighty BF-algebra X. Since X is
an n-fold mighty BFE-algebra, we have pu(((z™ *y) *y)*x) = u(y xx) > pu(y * x). By Proposition
4.15, p is a fuzzy n-fold mighty filter of X with degree (), k). O

Denote by Fj(X) the set of all mighty filters of a BFE-algebra X. Note that a fuzzy subset p
of a BFE-algebra X is a fuzzy mighty filter of X if and only if

(vt € [0, 1)(U(p; 1) := {x € X[u(x) = t} € Fu(X) U{0}).

But we know that for any fuzzy subset p of a BE-algebra X there exist A,k € (0,1) and t € [0, 1]
such that

(1) pis a fuzzy mighty filter of X with degree (), k),

(2) Ul t) ¢ Fu(X) U {0}

Example 4.21. Consider a BE-algebra X = {1,a,b, ¢,d,0} which is given Example 3.2. Define
a fuzzy subset p: X — [0, 1] by

B 1 a b c d 0
=108 03 09 03 03 03

If t € (0.8,1], then U(p;t) = {1,b} is not a mighty filter of X, since b* (a*c) =b € U(u;t) and
((cxa)*xa)xc=c¢U(p;t). But uis a fuzzy mighty filter of X with degree (0.6,0.3).

Theorem 4.22. Let p be a fuzzy subset of a BFE-algebra X. For any t € [0,1] with t <
max{\, k}, if U(p;t) is an enlarged mighty filter of X related to U(yu; m), then p is a fuzzy
mighty filter of X with degree (\, k).

Proof. Assume that pu(1) <t < Au(z) for some x € X and t € (0, A]. Then p(z) > 5 = g
and so x € U(u; m), ie., U(u; m) # (). Since U(p;t) is an enlarged filter of X related to
U (3 m), we have 1 € U(u;t), i.e., u(1) > t. This is a contradiction, and thus p(1) > Au(z)
for all x € X.

Now suppose that there exist a, b, ¢ € X such that u(((a*xb)*b)*a) < kmin{u(cx(bxa)), u(c)}.
If we take t := kmin{u(c* (b*a)),pu(c)}, then t € (0,x] C (0, max{\,x}|. Hence c* (bxa) €
Ulps £) € U m) and ¢ € U(p; £) € U(ps m) It follows from an enlarged mighty
filter that ((a*b)*b)*xa € U(p;t) so that u(((a*b) %) *a) > t, which is impossible. Therefore

p(((z* y) xy) * x) > kmin{p(z * (y * ), p(2)}

for all z,y,z € X. Thus u is a fuzzy mighty filter of X with degree (A, k). O
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Corollary 4.23. Let pu be a fuzzy subset of a BE-algebra X. For any t € [0,1] with t < £ if
U(u;t) is an enlarged mighty filter of X related to U(u; t), then p is a fuzzy mighty filter of X
with degree (£, %).

Theorem 4.24. Let t € [0,1] be such that U(u;t)(# 0) is not necessary a mighty filter of a
BE-algebra X. If ju is a fuzzy mighty filter of X with degree (X, k), then U(u;tmin{\, k}) is an
enlarged mighty filter of X related to U(u;t).

Proof. Since tmin{\, k} < t, we have U(u;t) C U(p;tmin{\, £}). Since U(u;t) # 0, there exists
x € U(p;t) and so u(x) > t. By (el), we obtain u(1) > Au(x) > At > tmin{\, x}. Therefore
1 € U(p;tmin{\, k}).

Let z,y,z € X be such that z % (y* 2) € U(u;t) and x € U(u;t). Then p(x * (y x 2)) >t and
wu(x) > t. It follows from (e3) that

(2 x y) * y) * 2) Zrmin{p(z * (y * 2)), p(v)}
>kt > tmin{\, k}.

so that ((zxy) *xy) * z € U(p;tmin{\, k}). Thus U(p;tmin{\, x}) is an enlarged mighty filter of
X related to U(u;t). O

REFERENCES

[1] S. S. Ahn, Y. H. Kim and J. M. Ko, Filters in commutative BE-algebras, Commun. Korea Math. Soc. 27
(2012), 233-242.

[2] S.S. Ahn, Y. H. Kim and K. S. So, Fuzzy BE-algebras, J. Appl. Math. and Informatics 29 (2011), 1049-1057.

[3] S. S. Ahn and K. K. So, On ideals and upper sets in BE-algebras, Sci. Math. Jpn. 68 (2008), 279-285.

[4] S. S. Ahn and K. K. So, On generalized upper sets in BE-algebras, Bull. Korean Math. Soc. 46 (2009),
281-287.

[5] Y. B. Jun and Sun Shin Ahn, Fuzzy implicative filters with degrees in the interval (0, 1], J. Computational
Analysis and Applications 15(2013), 1456-1466.

6] H. S. Kim and Y. H. Kim, On BE-algebras, Sci. Math. Jpn. 66 (2007), 113-116.

[6]

[7] H. R. Lee and S. S. Ahn, Mighty filters in BE-algebras, Honam Mathematical J. 37(2015), 221-233.
8] J. eng and Y. B. Jun, BC K-algebras, Kyungmoon Sa Co. Seoul, 1994.

[9] L. A. Zadeh, Fuzzy sets, Inform. Control 56 (2008), 338-353.

1430 Sun Shin Ahn et al 1419-1430



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

SYMMETRIC IDENTITIES FOR (h,q)-EXTENSIONS OF THE
GENERALIZED HIGHER ORDER MODIFIED ¢-EULER
POLYNOMIALS

JONGKYUM KWON?!, GYOYONG SOHN2, AND JIN-WOO PARK3*

ABSTRACT. In this paper, we introduce the (h, ¢)-extensions of the generalized
modified g-Euler polynomials. The main objective of this paper is to consider
symmetric identities of the (h, ¢)-extensions of the generalized modified ¢-Euler
polynomials attached to x which are derived from the p-adic fermionic integral
on Zp.

1. INTRODUCTION

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C,
will, respectively, denote the ring of p-adic rational integers, the field of p-adic
rational numbers and the completion of the algebraic closure of Q,. Let v, be
the normalized exponential valuation of C, with |p|, = p ) = %. Let ¢ be an

indeterminate in C, such that |¢ — 1], < p_ﬁ. The g-analogue of number x is
defined as [z]; =

TL-. Note that limg_1[z] = z.

Let f(z) be a continuous function on Z,. Then the p-adic fermionic g-integral
on Zy is defined by

p -1
[ 1@dngta) = Jim 3 f@hy o+ 2,)
P =0
1+g¢ A
= Jm 2 f@)(—q)"
V-1
:% lim Z: F(@)(=1)7¢%, (see[L, 3,4, 6,79, 11, 12, 14)).
- (1.1)
Thus, by (1.1), we get
q . f@+1)dp—q(z) + ; f(@)dp—q(x) = [2]¢f(0), (1.2)

2010 Mathematics Subject Classification. 11B68, 11540, 11S80.

Key words and phrases. the generalized higher order modified g-Euler polynomials, the p-adic
fermionic integral on Zj.

* corresponding author.
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and
n—1
s fla+n)dp_q(z)+(=1)" ! i f@)dp_q(x) =21y > FD (=", (1.3)
P P =0

where n € N (see [5, 10-13]).
The Euler polynomials are defined by the generating function to be

2 o~ tn
7€ :;)En(x)a, (see [2,8]), (1.4)

when x =0, E, = E,(0), (n > 0), are called Euler numbers.

It is known that the g-Fuler polynomials are given by the generating function as
follows:

@D, () = o 1,3-7,9—14 1.5
[ e ety Z @) see [13-7,0- 1)), (1.5)

when =0, E,, , = E, 4(0) are called g-Euler numbers.
It is known that

z)dp_1(z) = Tt (). .
/Xf()du () / dyis (2) (L6)

Let x be a primitive Dirichlet character with conductor d € Nwith d = 1 (mod 2).
Then, by (1.3), we get

/Xx(y)e(”ﬁ“’)tdlL () (edt—|— 1 Zx ) ‘”) et
Z (see [4,11])

(1.7)

where E,, , (z) are called the generalized Euler polynomials attached to x and « = 0,
E, = E,+(0) is called the n-th generalized Euler number attached to x.

From (1.7), we can derive the generalized higher order Euler polynomials at-
tached to x as follows:

/ / <nyz> y1+y2+»~+yT+z)tdu71(yl)dﬂA(yz)...dﬂfl(yT)
(edt+1zx ) ‘”) et (1.8)

:ZEf(f,;(I)E, (see [9, 11]).
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(h, ¢)-EXTENSIONS GENERALIZED HIGHER ORDER MODIFIED ¢-EULER POLYNOMIALS 3

From (1.8), we consider the (h, ¢)-extensions of higher order modified Euler poly-
nomials attached to x as follows:

// qZLl(h—l)yz(HX(yl))e[y1+yz+»~+yT+w]qtdu_l(yl)du_l(m)...du_l(yT)
X X 1=1

ZEr(LhXTBI _7 (See [97 11])5

(1.9)

where r € N, h € Z.

Recently, T. Kim and D.Kim studied (h, ¢)-extensions of the generalized higher
order Euler polynomials (see [11]). So, we introduce (h, q)-extensions of the gen-
eralized higher order modified g-Euler polynomials. The purpose of this paper is to
investigate symmetric identities of (h, ¢)-extensions of the generalized higher order
modified ¢g-Euler polynomials.

2. SYMMETRIC IDENTITIES FOR (h,q)—EXTENSIONS OF THE GENERALIZED
HIGHER ORDER MODIFIED ¢-EULER POLYNOMIALS

We introduce the (h, ¢)-extensions of the generalized higher order modified ¢-
Euler polynomials attached to x as follows:

/ / i nyz Yelvsruetturtelat gy (g g (ya) -~ dp—q(y,)

=1
= Z (]}Xfl)l _'

(2.1)

Now, we consider the symmetric identities of (h, ¢)-extensions of the generalized
higher order modified ¢-Euler polynomials.
Let wy,we € N such that wy =1 (mod 2) , wa =1 (mod 2). Then, we consider the
following identity.

[ qz:nhww(llf[lx(yz))

xelvrwartws iz grbws i vilatqy o (yy)dp—q(y2) -+ dpi—g(yr) 02)
2.2

1 dwo—1 pN—l

= D DD DI A | )

D iy yig, e ir=0y1,y2, yr=0 =1
Xe[’wl’lUQLE-'rIUz E;:l Jit+wi Elrzl(il'f‘deyl)]qt(_q)zle(il"‘deM) .

From (1.9), we have
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dwlfl

Z (_q)zz‘:1(iz+dwzyl)qw2 >oi—1(h=0 (H X(]l)) / . / qw1 S (h=D)y
=1 X X

J1,J2, 5 Jr=0
([ [ octwn))elrezetws micagvtes icawlatay_ o (yy)dp—q(y2) - - - dp—q(yr)
=1

dwl—l dUJ2—1 ;DNfl
= lim Z Z Z (_q)Zle(il‘f‘jl +yl)quzl(h—l)(w2jz+w1iz +wiway;)

N—oo . o .
J1:d2, 5 Jr=0141,42, ,tr=0y1,y2,- ,yr=0

Xe[w1w2(i+d pOHEN yl)+27:1(w2jz+w1il)]qt(]:[ X(iljl))-

=1
(2.3)

By the similar method as (2.3), we get
du}zfl

S (g Stk gon S G0 ([T x() / / g2 iz (=D
=1 X X

J1,J2, 5 Jr=0
([ [ octwn))elerezeten Zicavtwe Sicawlatay o (yy)dp—q(y2) - - - dp—q(yr)
=1

dUJ2—1 dwl—l prl
— lim Z Z Z (_q)zlrzl(iz-i'jz +yz)quzl(h—l)(w1jz+w2iz +wiwayr)

J1:d2, 5 Jr=0141,42, ,tr=0y1,y2, ,yr=0

Xe[w1w2(i+d DN yl)""ZLT:l(wljz-i-wzil)]qt(H X(iljl))-

=1
(2.4)

Therefore, by (2.3) and (2.4), we obtain the following theorem.

Theorem 2.1. Let wy,ws € N such that wy =1 (mod 2) , we =1 (mod 2). Then,
we have
dwl—l

3 (_q)z;:1<iz+dw2yz>qw2z;:ghfzm(HX(jl))/ / g i (=D
=1 X X

J1,J2, 5 Jr=0
([ ) )elormwaetws Ricw ot Sico sty (yy)dp—g(ya) - - dp—q (y,)
=1

dwgfl

=Y (g Tinalrrduan o S 0-0i [ () / / g Siza (=D
=1 X X

J1,J2, - ,Jr=0

([T xtwo))elreaeten mizadrtwe Sicavilatdy o (yy)dp—q(y2) - - dp—q(yr).
=1
(2.5)

Now, we consider that

r r
s+ s S i+ zyl] il
=1 =1

q

r T w1
w .
waT + w_2 g g+ E ul , (26)
L= =1 1y
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and

T r r T w2
. w .
WLWa X + Wy E i+ we E yll = [wa]q |1z + w—l E i+ E i , (2.7
2
-1 =1 1, =1 =1 1,

Therefore, by Theorem 2.1 , (2.6) and (2.7), we obtain the following theorem.

Theorem 2.2. Let wy,ws € N such that wy =1 (mod 2) , wy =1 (mod 2) and
n > 0. Then, we have

dwi—1 r

[wl]g Z (_q)Zerl Ji g > (k=D (H X(]l)) / o / g ST (h=Dy
I=1 X X

J1,J2,,Jr=0

r w . . . r n
([Ixtwn) war+ 220G+ g2+ 450 3 y] dp—qg(y1)dp—q(y2) -+~ dpi—g(y,)
=1 =1 qu1
dws—1 r

:[U’?]Z Z (_q)ZLljlqwl ZZ‘:I(hfl)jl(HX(jl))/ / qw2Z{‘:1(h7l)yz
=1 X X

Ji,g2, e 5dr=0

w X . X " "
w1z + w—:(ﬁ +j2 -+ ) Zyz] dp—q(y1)dp—q(y2) - - - dp—q(yr)-
=1

q"2

X(H x(i))
=1

Thus, by (1.7) and Theorem 2.2, we obtain the following theorem.

Theorem 2.3. Let wy,ws € N such that wy =1 (mod 2) , wy =1 (mod 2) and
n > 0. Then, we have

dwi;—1 r T

r - r AV . r W .
[wl]g Z (_q)zzzl g g2 i (R Z)JZ(HX(]l))Ey(z}?;W)Im (ng + w_j Zjl)
J1,J2, 5 Jr=0 =1 =1

dws—1 r T

o r N . r w .
=[w)r Y (mq)Zi g Za 0 (T X G) B e (w1x+w—1231)-

J1.d2, 5 Jr=0 =1

Now, we consider that
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w1 Z;:1(h_l)yz
PR q X y
/X /X 21}1 (o)

n

w " . a
W + w—j DD yl] dpi—q(yr)dp—q(y2) - - - dp—q(yr)
=1 =1

w

93

£ () oo o

K2

X

n—t

w2 + Z yl]
=1

ay’

(2.10)

X
—~

g)"* 2= OO (TT x () g (y1)dpe—g (y2) - dpi—g (y)
=1

7

— n n [w2]q 4 r ) w (nfl) er . (h,’r)
= Z <z> < [wl]q> lz ]l] q? 1=1 JlEnfi,X,qM (w2x)
=0 =1 1 gus
n n w n—i T . n—i o )
= Z < > <[ 2]q> Zjl g2 i1 JlEz'(,};,q)w1 (’LUQZZ?)
i—o \! [wilq =1 wy
q

From (2.6), we have

dwlfl

n NS G ws ST (A1) , / / wy S5y (=D
w q q X\ q
[w1]y E (—q) (l|:|1 (j1)) N

Ji,g2, e 5dr=0

T w ' ) ' T n
<([[oxtw)) fwoz + 2 (a2 o4 Jr) + Zyz] dpi—q (y1)dp—q(y2) - -~ dp—q (yr)
=1 ! =1 Jgum
dwi—1 r
= Z (_q)ElzlﬂzqwzElzl(h—l)Jz(Hx(jl))
Ji,j2,5dr=0 =1
- n A n—i - - w2 Ez‘,l Ji E(hvr)
X ;| [wlglwalg il =N, (wax)
1=0 =1 qu2
n dwi—1 r
i n—i (h,r T J . w T —1)j .
(7 Jnlunly B ) Y (=S 00 T i)
J1,J2, 5 Jr=0 =1
y [ jz] g2 S (==
=1 qw2
n ; ; (h ) wil r - r . r
(7 )nlifunly B ) Y (== 00 [T i)
J1sdzse =0 =1
=1 qw2

(2.11)
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By the similar method as (2.6), we get

d’wg—l r
[’U}Q]Z Z (_q)Zerl quw1 >oi—1(h=1)g (H X(]l)) / . / qw2 Si_ i (h=Dy
Ji,J2,5dr=0 =1 X X
r w ' . . n
X(H X)) |wiz + w—l(]l +io 4+ ge) + Zyl dufq(y1)dufq(y2) .. 'd,quq(yr)
=1 2 = o2
UJ2—1 r
n ; i (b v e .
:(’L) [w2]31[w1]:; Ei(,};,q)wz (wiz) Z (—q)zlzl quZl:l(h D (HX(]l))
J1,d2,53r=0 =1
x>

(2.12)
Therefore, by (2.6) and (2.7), we obtain the following theorem.

Theorem 2.4. Let wi,wz € N such that wy =1 (mod 2) , we =1 (mod 2) and
n > 0. Then, we have

wlfl
n . i - o - Y
()il B ez) 30 ()it Bina 0

J1.d2, 5 Jr=0

n—i
qv2

x(TTxG)) |
=1 =1

(it B ) DT (BB

J1:g2,53r=0

(2.13)

n—i

<([TxG)) |
=1 =1

q*1
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Some properties of (p, ¢)-tangent polynomials

R. P. Agarwal !, J. Y. Kang?", C. S. Ryoo®

Abstract We introduce (p, q)-tangent polynomials and their basic properties in-
cluding (p, q)-derivative and (p, ¢)-integral. By using Mathematica, we find roots of (p, q)-
tangent polynomials. We also investigate relations of zeros between (p, ¢)-tangent polyno-
mials and classical tangent polynomials.

2000 Mathematics Subject Classification - 11B68, 11B75, 12D10

Key words- (p, ¢)-tangent polynomials, (p, ¢)-derivative, (p, ¢)-integral, roots of (p, q)-
tangent polynomials

1. Introduction

In [1, 2, 3], R. Chakrabarti and R. Jagannathan, G. Brodimas, et al. and M. Arik, et
al. introduced the (p, ¢)-number in order to unify various forms of g-oscillator algebras.

For any n € C, the (p, ¢)-number is defined by

pniqn
[n]p,q = p—q

It is clear that (p,¢)-number contains symmetric property, and this number reduces to
g-number when p = 1. In particular, we can see that lim,_,1[n], , = n with p = 1(see [9]).
By using the above numbers, many researchers have studied (p, ¢)-calculus(see [4, 5, 8]).

Definition 1.1. We define the (p, ¢)-derivative operator

f(px) — f(qx)

Dyqf(x) = v —q)z

x #£0,

and Dp, ,f(0) = f'(0). The following properties of (p, ¢)-derivative operator are immediate.

L2 Department of Mathematics, Texas A & M University, Kingsville, USA
3 Department of Mathematics, Hanman University, Daejeon, KOREA
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Theorem 1.2. For the operator D, , the following hold

(i) Derivative of a product Dy, o(f(x)g(x)) = f(pr) Dy 09(x) + 9(q7) Dp o f (z)

(ii) Derivative of a ratio

g
_ g(pl‘)Dp,qf(.%‘) - f(px)Dp,qg(x)
9(px)g(qz) '

In [4], R. B. Corcino found (p, ¢)-extension of binomials coefficients and used it to
establish various properties related to horizontal function, the triangular function, and
the vertical function.

Definition 1.3. The (p, ¢)-analogue of (x + a)™ is defined by

M) (@+a)n, = 1 ifn=0
P47 (z+a)(pr+aq) - (" 2z +ag" ) (p" e +ag"t) ifn#£0

(i) (x+a)y,= Z mp qp(’s)q(";k)xka"*k,

)

where [ﬂ is (p, q)-Gauss-Binomial coefficients.
p,q

Definition 1.4. Let z be any complex numbers with |z| < 1. Two forms of (p, q)-
exponential functions are defined by

epq(2) = ZP(S) 2

"0 [nlp,q!
Eral?) = Z()q(g) [Tl/]zpyq!'

These forms are connected by the following interesting relations

ep,q(2)Epq(—2) =1, Ep,q(2) = ep-1 4-1(2).

Bernoulli, Euler, and Genocchi polynomials have been studied extensively by many math-
ematicians(see [5-7, 10-13]). In 2013, C. S. Ryoo introduced tangent polynomials and
he developed several properties of these polynomials(see [10]). The tangent numbers are
closely related to Euler numbers.

Definition 1.5. Tangent numbers T;, and tangent polynomials T;,(z) are defined by
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means of the generating functions

i T ﬁ _ 2 =9 i (_1)m62mt
= "nl et 41 = ’

o m 9 \ S (2mta)t
_ T m m-4x

E Tn—n! T 7€ 2 E (=1)™e .

n=0 m=0

Theorem 1.6. For any positive integer n, we have
T.(z) = (-1)"T,(2 — x).
Theorem 1.7. For any positive integer m(= odd), we have

:mnml . <2i+x

), n€Z+
m

=0

Theorem 1.8. For n € Z,, we have

To(z+y) = zn: <Z> Ti(2)y" "

k=0

The main aim of this paper is to extend tangent numbers and polynomials, and study
some of their properties. Our paper is organised as follows: In Section 2, we define
(p, q)-tangent polynomials and find some properties of these polynomials. In Section 3,
we consider (p,q)-tangent polynomials in two parameters and establish some relations
between (p, ¢)-tangent polynomials and (p, ¢)-Euler or Bernoulli polynomials. In Section
4, we observe roots distributions of (p, ¢)-tangent polynomials and demonstrate interesting
phenomenon.

2. Some properties of the (p,¢)-tangent polynomials

In this section we define the (p,¢)-tangent numbers and polynomials and establish
some of their basic properties. We also define (p, g)-derivative and (p, g)-integral of (p, ¢)-
tangent polynomials.

Definition 2.1. For z,p, ¢ € C, we define (p, ¢)-tangent polynomials as

o ]
Topq(@ - P ool <
HZ::O pua )[n]pg! epg(2t) + 1 pa(tz), [t 5

From Definition 2.1, it follows that

’ﬂ

S ¢ [2lp.q
Z nopa =2 T T a2+ 1

np,q! n—=0 np.q!

where Ty, .4 is (p,q)-tangent number. If p = 1, ¢ — 1, then it reduces to the classical
tangent polynoml I(see [10]).
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Theorem 2.2. Let z,p,q € C. Then, the following hold
2]p,q fn=0

(i) 4%«1"‘2[} znk ("2 ‘)77’”’7‘1:{0 7 ifn#£0 "~

() Tope +ZH (3T o) = (210 B

p.q

p.q

Proof. From the Definition 2.1, we have

o0
2]p,g = (1 + €p,4(2)) Z ,p,q*
n=0

= Z( ,p,q‘f‘Z[ } 2" k ("2 k)’ﬁc,p,q> %

=0

Now comparing the coefficients of ¢ we find (i). For (ii) we use the relation

oo tn
[2]p.q€p,q(t2) = (1 + €p,4(21) Z Tn.p.al [
ne0 ”}pyq
] gnky (e t"
= Z n.pq(T) + k 2 Thpog () nl
k=0 p:q ’
and again compare the coefficients of ¢".
O
Theorem 2.3. Let n be a non-negative integer. Then, the following holds
n n &
Tnp.q(T) = Z {k] p(2)7;L—k-,p7qu'
k=0 - 4p.a
Proof. From the definition of the (p, ¢)-exponential function, we have
Tn.p.q() = S—ep q(ta) = ». P2
,;0 PO nlpg! epq(2) +1771 ,;0 P n]y, q' Z npq!
-y (z H p<z>m,p,q<x>wk) T
n=0 \k=0 P,q pa
The required relation now follows on comparing the coefficients of t” on both sides.
a
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Theorem 2.4. Let n be a non-negative integer. Then, the following holds

Tura = 2 [Z] q<—1)"-kq<"5">n,p7q<w>x"-’“.

k=0 ;

Proof. From the property of (p, g)-exponential function, it follows that

Tl

ST =Bl e (t)

"0 Mlpq!  €pq(2t) +1
> >
— 7, q 7L '"/
0 npal ”pq' (M]p.q!
e n n—k tn
SIS >T<>) o
=0 \ieo " pig np,q:

The required relation now follows immediately.
a

In what follows, we consider (p,q)-derivative of e, 4(tx). Using the Mathematical
Induction, we find

tn
: 9. (1) -
(i) k=1: Dy, 1ep.q(tT) E p EEETE
.. . tn
(11) k=1: ep’q t.’L‘ E p m

If (ii) is true, then it follows that

(i) k=i+1:  DGHVe, (tx) =D (Zp )

[n — i]p,q!
> n . tn
— p(Q).Tn_(H—l) .
n;—l [n =i+ 1)]17711'

. i1 .
= tH_lp( 2 )ep’q(p”'ltx).
We are now in the position to prove the following theorem.

Theorem 2.5. For k € N, the following holds

n|p.q! k
pﬁ;T,p,q( ) = M[J%p(z)ﬁzk,p,q(pkx)'
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Proof. Considering (p, ¢)-derivative of e, ,(tz), we find

oo ,n

7 [ "
DI(%H Z npa 1:ZD1(), VTp.a()

— [1]p,q! [1]p,q!

qu :
_ 5 D(z+1) ¢
epq(2t) +1 71 (1)

o 9] -
() e
b ep,q(2t) + lepq(p @)
i1 e
= p( 2 ) Z[n + (Z + 1)]p,q e [’I’L + 2]p,q[n + I]Paq
n=0
7_ - tn+i+1
X n (2 T _
pa(P ) [+ (i + 1)y
i+1 > [n]p q i+1 tn
:p(E) ,—77;7,71'1,,(17 .Z‘) ?
nz:% n+ (i +1)]p,4! (+1)pa [lp.q!

which immediately gives the required result.

O
Theorem 2.6. Let a,b be any real numbers. Then, we have
n+1 pk
[ Toalay e = > iy T~ Tornna(o)
Proof. From Theorem 2.3, we find
b n n—k
/ Tnp.a p.gt = / {k} p )779 pa®" kdp,qaj
a =
_ . n (nfk) 1 n—k+1 b
=>. P2 Tepar— g %
pors M pa =k +1]p,q a
+1
_ nz: P (Tat1,,a(0) = Tnt1,p,4(a)) .
s prn+1]pq
O

3. Some properties of the (p,¢)-tangent polynomial in two parameters

In this section, we shall study the (p, q)-tangent polynomials involving two parame-
ters. We shall also find some important relations between these polynomials and other
polynomials.
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Definition 3.1. For z,y € C, we define (p, ¢)-tangent polynomial with two parameters
as

o (2]p,q ™
ZT n,p.q 33 y [ ]pq' - 6p7q(2t)+leP’Q(tx)ep,q(ty)7 |t| < 2'

From the Definition 3.1, it is clear that

_ 2l
ZTJMJ Z, 0 ! ZT npal np.q! - epq(2t) + 1ep7q(t$)7

q:

2],
Z%pqoo ZTqu :ep,q(Q:f))q—l—l’

P,q p q

where T, 4 is (p, ¢)-tangent number. We also note that the original tangent number, 7y,

li = NT, =
i 2 Tna U]y ] D "l et 1’
n=0 ’ n=0

where p =1 and ¢ — 1.

Theorem 3.2. Let z,y be any complex numbers. Then, the following hold

(1) Tnpqe(z,y)

[ } e (@)y"

! (l+k)2 !
§ : -k, k
[ } ’p’q { ] :I: y ’
p,q p,q

k=0

-2

=0
(i) Topg(z,y) = Z
=0

Proof. From the Definition 3.1, we have

" [2pg
ZT,p,q z,y) Mgl epq(20) + 1ep7q(tx)ep,q<ty)

o
S oo Sy
n=0 p.q:

Using Cauchy’s product and the method of coefficient comparison in the above relation,
we find (i). Next, we transform (p, ¢)-tangent polynomials in two parameters as

n=0

P#]'

- " [2]
Tn.pa(2,9) = N ep,q(t2)ep,q(ty)
nzz:o P Mgl ep, q(2t)+1 P -
o0 tn oo (") "
= » P> P2y
,LZO P nlp.g [lp.q! Z ”]p-,q! T;) np,q!

Now following same procedure as in (i), we obtain (ii).
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O

Theorem 3.3. Setting y = 2 in (p, ¢)-tangent polynomials with two parameters, the
following relation holds

[20p.p 32" = T (2,2) + Trpg ()

Proof. Using (p, q)-tangent polynomials and its polynomials with two parameters, we have

o0 oo

" " [2]p.q€p.q(2) 2]
> Towa(@2) e + D Tapal®) = SRR ey q(tr) + — BT —ep q(tx)
"0 e [n]p,q! ne0 P n]p,q! epq(2t) +1 71 epqg(2t) +1 771

= [2]p,q€p,q(tz)

Now from the definition of (p, ¢)-exponential function, the required relation follows.

Theorem 3.3 is interesting as it leads to the relation
n_ Tnp,a(@:2) + Tnpq(2)

xr = .

[2].qp(2)

Theorem 3.4. Let ‘%‘ < 1. Then, the following holds

n

Trpa(T) = Z [ZL) q(*l)kp(g)ﬁ@%(?):r"*k.

k=0 ’
Proof. To prove the relation, we note that

1,2 (~21) = £,4(~20),

where &, 4(t) = e,-1 4-1(t). Using the above equation we can represent the (p, q)-tangent
polynomials as

S Topala) o = )

n]pq!  epq(2t) +1

2l _
= 1+5p’q(_2t)gpyq( 2t)ep,q(tx)

[Q]P q
_— —2t tx
e %( Qt) 161»5( )GP»‘I( )

)

Il
(]2
S
ok
|
=
. 3
NgE
s
N3
8
3
~
3

n=0 [n]p.q! n=0 [lp.q!
SIS o @k b

which leads to the required relation immediately.

8
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O

Now we shall find relations between (p, ¢)-tangent polynomials and others polynomials.
For this, first we introduce well known polynomials by using (p, ¢)-numbers.

Definition 3.5. We define (p, ¢)-Euler polynomials, E,, ,.(z), and (p, ¢)-Bernoulli
polynomials, By, , 4(), as

- " [2]p,
ZEn,p,q(m) 1= (t];:— 1€p,q(m)a t] <,
P,

[]p,q!
n
t
By, = epq(tx), |t < 2m.
Z mal nlpg!  epq(t) —1 P

Theorem 3.6. For z,y € C, the following relation holds

7p7q(73a y)
n n—l n—l—k
Tacipg(®) S [n=1] 20T (@)
[ } (n?*z Eo| T | Bupa(my).
P k=0 Pyq
Proof. Transforming (p, g)-tangent polynomials containing two parameters, we find
2lp.q
epg(2t) + 16p,q( )ep,q(ty)

- (ttrro) (255) (o)

Thus, for the relation between (p, ¢)-tangent polynomials of two parameters and (p, q)-
Euler polynomials, we have

oo t”
Topa(z,y
HZ:O pa(:0) [lp,q!

o0

1 n t"
Z nnal y m [l q! Z mpal }p,q! (nz_;) mmp m[n]p,q! mw)

n=0 =0 ’ k=0 )
A {n] Trn—ipq(x) t
+ El, , (my) sP,q ’
2]p.q nz:;) ; ! P.q - m! [n]p,q!

which on comparing the coefficients immediately gives the required relation.
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Corollary 3.7. From Theorem 3.6, the following hold
(1) Tnglz,y) = ;béi{} (Tl” ijr_q nﬁ%dzﬁﬂmw.
(ii) ;i()( ()+§(k>gfvmmw

k=0

Theorem 3.8. For z,y € C, the following relation holds

Tn-1,p,9(:Y)
n n—I1 n—l—k
1 n n—1 p( 2 )'ﬁcpq(x) Tr—tpa()
B [n]pyq ; |:k:| p,q (Z |: k :|p’q mnik o ml Bl7p7q(my)-

Proof. We note that

epq[(22]:)q—|—1 ep,q(tx)ep q(ty)

(o) (25=) ()

Thus as in Theorem 3.6, we have

o0 n

Z 7;L,p,q(-r Z/) %pq'

_< p )ZB,pqmy ) ,Z npoal
oy n)p,q! p.q*
n n n n—1 " ek 779” T tn—l
(z z[ | w0 Uffi)ww)

k= p.q

Tn—1

]p,q'

0 D,q [n]P»q!

tnfl

[n]pﬂz!.

1 ( )Bl Pq(my)>

The required relation now follows on comparing the coefficients.

Corollary 3.9. From the Theorem 3.8, the following relations hold

n—I
() Toorgloy) = ( | ) —%‘;;?(I))Bm(my).
‘1 l 0 q
) 1 = Te(z)  Toi(x
() Toi(z,y) = nl_o(l> (k_o( . >nfn(2 mll( )>Bl(my).
10
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4. The observation of scattering zeros of the (p, q)-tangent polynomials

In this section, our aim is to find zeros of the (p, ¢)-tangent polynomials. From this
work, we can investigate relations between (p, ¢)-tangent polynomials and classical tan-
gent polynomials. In addition, we shall observe scattering of zeros of the (p,¢)-tangent
polynomials in three dimension. For this, we use Theorem 2.2 to calculate some elements
of (p, q)-tangent numbers and polynomials. The first few (p, ¢)-tangent numbers are

2
7—071741 = [ ];,q’

922
7—1,p,q — _ [ gp,q7
472 4[2)?
Topg = — [gp,qp_’_ 2;7417
P CT220pg 5, (24025, 8[2p.al3l . 8[2]p,q[3lp.q
3. 81 81 81 81

To compute (p, ¢)-tangent polynomials we employ Mathematica. The first few (p, q)-
tangent polynomials are

_|_
Topale) =5,
1
Tipa(2) = 50+ @) (=1 + ),
T2.p.q(¥) = %(*qz(*l + )+ pg(—2 + )z + p*(—1 — x + 2%)),

Ts,pg() = %(p + (P (—1+2) —pPq(—2+ %) —pg* (=2 + 2°) + p*(—1 —z — 2” + 2%)),

-.?

® i
e
z
e ee,
-
Ceoone®
-
®e
® omee e
=

'."ln--n“'... % ppet a0 00

Figure 1: Zeros of T, ,,(x) for ¢ = 0.19,0.39,0.59

11
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Using computer we can investigate the zeros of 7, p 4(x). Here, our expectation is
that a plot of 7T, ¢(x) will approach to a plot of T, (z) when p =1 and ¢ — 1. We let
n = 100. In Figure 1, for ¢ = 0.19,0.39,0.59, we observe from left to the right that the
middle shape is similar to a sphere, but it seems like an ellipse because one of real roots
is exists near to 2.

In In In

o » * . .
o e . s ! ', 2
) : . e 4 . p 4
. B . ’ . .
0 o
¢ [ . 0 ’ 0 '
0
* [ 2 [} (] []
y . . p i 4
] M H 4 [} o
S e g g ~—‘~—¢~—*—0#4—4~—~04—‘~{ Re W R
. 1 | 2 » n 2 s & 5 10
. : ’ . s v
i g .0 .' H (]
0 0 ]
A " . S % 0 N
et g . ., » . .
[] L] 4 L}
3 L > e » » !
.
o3l [} L [ ] (]

Figure 2: Zeros of T, ,,(x) for ¢ = 0.79,0.89,0.99

A similar pattern we see in Figure 2 for ¢ = 0.79,0.89,0.99. From Figures 1 and
2, it is clear that zeros of T, , ,(z) are very similar to zeros of T),(x) given in([11]) for
n =100,p = 1,q = 0.99. We can also expect that Im(z) = 0 of (p, ¢)-tangent polynomials
have reflective and symmetric properties. An interesting point is the location of roots. We
can see the empty spot in the middle of Figure 1 and observe spread of empty space in
Figure 2.

For n = 100,p = 1, and ¢ = 0.19, the approximate zeros of (p, ¢)-tangent polynomials
are listed in the following table.

degree | Approximate roots of (p, g)-tangent polynomials for p = 1,¢q = 0.19

100 -1.36843, -1.36556-0.087566i, -1.36556+0.087566i, -1.35692-0.1748991,
-1.35692+0.174899i, -1.34243-0.261765i, -1.342434-0.261765i,
-1.32191-0.347931i, -1.321914-0.347931i, -1.29512-0.4331631,
-1.29512+0.433163i, -1.26178-0.5173371, -1.261784-0.517337i,
-1.2219-0.6007561, -1.22194-0.6007561, -1.17691-0.6839484i,
-1.17691+0.683948i, -1.12913-0.764992i, -1.129134-0.764992,
-1.07803-0.84129i, -1.07803+0.84129i, -1.03576-0.5878111,
-1.03576+0.587811i, -1.02268-0.912499i-1.02268+4-0.912499i,
-0.963125-0.9788771, -0.963125+0.978877i, -0.899648-1.0407i,
-0.899648+-1.04071, -0.832427-1.09814i, -0.832427+1.09814i,
-0.761516-1.151161,-0.761516+1.151161, -0.68703-1.199471,
-0.68703+1.199471, -0.609252-1.24274i, -0.609252+1.24274i,
-0.528594-1.28064i, -0.528594+1.28064, -0.445526-1.31298i,
-0.4455264-1.31298i, -0.36053-1.33962i, -0.36053+1.339621,
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-0.274073-1.360531, -0.274073+41.360531, -0.186589-1.375711,
-0.1865894-1.37571i, -0.0984547-1.38522i-0.0984547+1.38522i,
-0.0099887-1.38914i, -0.0099887+1.38914i, 0.0785479-1.38753i,

0.0785479+41.387531, 0.166936-1.380391, 0.166936-+1.380394,

0.254936-1.367631, 0.2549364-1.367631, 0.342202-1.349134i,
0.342202+41.349131, 0.428262-1.32482i, 0.428262+1.32482i,
0.512581-1.29476i, 0.512581+4-1.29476i, 0.594658-1.25916i,
0.594658+-1.259161, 0.674095-1.21831i, 0.674095+41.21831i,
0.750625-1.172571, 0.750625+1.172571, 0.8241-1.12221,
0.8241+1.12221, 0.894413-1.06734i, 0.894413+1.06734i,
0.961386-1.008061, 0.961386+-1.00806i, 1.02471-0.9443671,
1.02471+0.944367i, 1.08399-0.876392i, 1.083994-0.8763921,
1.13879-0.804367i, 1.13879+4-0.8043671, 1.18869-0.728642i,
1.18869+4-0.728642i, 1.23339-0.649655i, 1.23339+0.6496551i,
1.27264-0.567879i1, 1.272644-0.5678791, 1.30629-0.483784,
1.30629+-0.48378i, 1.33425-0.397798i, 1.334254-0.397798i,
1.35643-0.310367i, 1.35643+4-0.3103671, 1.37275-0.221972i,
1.37275+0.221972i, 1.38331-0.133155i, 1.383314-0.133155i,
1.3884-0.04435561, 1.3884+0.04435561, 2

The above table for Tip0,1,0.19(x) shows that there are only two real roots, and the
shape is similar to a sphere.

Figure 3: Zeros of Ty, ,4(x) for p=1,¢=10.19,1 <n < 100
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From Figure 3 and the following table, we observe that (p, ¢)-tangent polynomials for
different values of n do not have a regular pattern of the number of zeros.

degree | Approximate roots of (p, ¢)-tangent polynomials for p =1,¢ = 0.19

100 1.36843, 2
99 2

98 -1.37033, 0.141925, 1.39158, 2
97 -1.37233, 1.38851, 2

96 1.37639, 2

95 ~1.16958, 1.36103, 2

94 1.32543, 2

93 1.32543, 2

92 0.362552, 1.33302, 2

In Figure 4, we stack the zeros of (p,q)-tangent polynomials for 1 < n < 100. We
put ¢ = 0.19(the top-left), 0.39(the top-middle), 0.59(the top-right),0.79(the bottom-left),
0.89(the bottom-middle), 0.99(the bottom-right) and p = 1. We observe scattering of zeros
of (p, q)-tangent polynomials including a stick when ¢ < 0.59. We expect that this stick
exists for all values of ¢ smaller than 0.59. From Figures 1-3, it appears that the shape of
zeros of (p, ¢)-tangent polynomials is similar to a sphere for all large values of n and small
values of q.

Figure 4: Stacks of zeros of T, ,,(x) for ¢ = 0.19,0.39,0.59,0.79,0.89,0.99
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Figure 5 shows the front view of Figure 4.

mnnnn{mlmmv""

R T
st

In-10—*

Figure 5: Zeros of Ty, 4(x) for 1 <n <100

Conclusion

Our first main contribution in the work is to show that the zeros of (p,q)-tangent
polynomials approach to zeros of classical tangent polynomials as ¢ — 1. To support our
claim we obtain some specific results. Next, we show that the shape of the roots in (p, q)-
tangent polynomials is almost identical to a circle when ¢ is small. We also observe that
as ¢ is large the zeros are separated into two parts maintaining the symmetry.
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Abstract

In this note, the strong convergence theorems of a non-convex hybrid iteration
algorithm corresponding to Noor iterative scheme about common fixed points for a
uniformly closed asymptotically family of countable quasi-Lipschitz mappings in a
Hilbert space has been proved. Moreover some applications of developed algorithm is
presented.
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Key words and phrases: Hybrid algorithm, quasi-Lipschitz mapping, nonexpansive
mapping, quasi-nonexpansive mapping, asmptotically quasi-nonexpansive mapping

1 Introduction

Fixed points of special mappings like nonexpansive, asymptotically nonexpansive, con-
tractive and other mappings has become a field of interest on its on and has a various
applications in related fields like image recovery, signal processing and geometry of ob-
jects [13]. Almost in all branches of mathematics we see some versions of theorems relating
to fixed points of functions of special nature. As a result we apply them in industry, toy
making, finance, aircrafts and manufacturing of new model cars. A fixed-point iteration
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scheme has been applied in intensity modulated radiation therapy optimization optimiza-
tion to pre-compute dose-deposition coefficient matrix, see [12]. Because of its vast range
of applications almost in all directions, the research in it is moving rapidly and an im-
mense literature is present now. Constructive fixed point theorems (for example, Banach
fixed point theorem) which not only claims the existence of a fixed point but yields an
algorithm, too (in the Banach case fixed point iteration z,+1 = f(x,)). Any equation that
can be written as x = f(x) for some mapping f that is contracting with respect to some
(complete) metric will provide such a fixed point iteration. Mann’s iteration method was
the stepping stone in this regard and is invariably used in most of the occasions see [6].
But it only ensures weak convergence, see [2] but more often then not, we require strong
convergence in many real world problems relating to Hilbert spaces, see [1]. So mathe-
matician are in search for the modifications of the Mann’s process to control and guarantee
the strong convergence (see [2-5,7-9,11] and references therein).

Most probably the first noticeable modification of Mann’s Iteration process was pro-
posed by Nakajo and Takahashi [9] in 2003. They introduced this modification for only
one nonexpansive mapping, where Kim and Xu [4] introduced a variant for asymptotically
nonexpansive mappings in a Hilbert space in 2006. In the same year Martinez-Yanes and
Xu [7] introduced a variation of the Ishikawa iteration process for a nonexpansive mapping
in a Hilbert space. They also gave a variant of the Halpern method. Su and Qin [11] gave a
hybrid iteration process for nonexpansive mappings which is monotone. Liu et al. [5] gave
a novel method for a finite family of quasi-asymptotically pseudo-contractive mappings.

Let H be a Hilbert space and C' be a nonempty, closed and convex subset of H. Let
P.(-) be the metric projection onto C. A mapping T': C' — C' is said to be nonexpensive if
|ITz—Ty| < |lx—y|| forall z,y € C. Denote by F(T') the set of fixed points of T'. It is well
known that F(T') is closed and convex. A mapping 7" : C' — C is said to be quasi-Lipschitz
if F(T) # 0 and |[Tz —p|| < L|jz —p| for all z € C, p € F(T), where 1 < L < o0 is a
constant. If L = 1, then T is known as quasi-nonexpansive. It is well-known that T is said
to be closed if z,, — = and ||Tx, — z,|| — 0 as n — oo implies Tx = x. T is said to be
weak closed if z,, = x and || Tz, — x,|| — 0 as n — oo implies T'x = x. It is obvious that
a weak closed mapping should be closed, but converse is no longer true.

Let {T},} be a sequence of mappings from C into itself with a nonempty common fixed
points set F. Then {T},} is said to be uniformly closed if for any convergent sequences
{zn} C C with conditions || Tz, — zn|| — 0 as n — oo, the limit of {z,} belongs to F.

In 1953 Mann [6] proposed an iterative scheme given as

Tpt1 = (1 —ap)zy + @y T(x,), n=0,1,2,....

Guan et al. [3] established the following non-convex hybrid iteration algorithm corre-
sponding to Mann iterative scheme:

xg € C' =(Qp, choosen arbitrarily,

yn = (1 —ap)xy + anThz,, n >0,

Co={2€C:|lyn— 2| <1+ (Ln — Da)||xn — 2| N4, n >0,
Qn={2€Qn-1:{xrp—2,20—2x,) >0}, n>1,

Tn+1 = Psonnga®o
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and proved some strong convergence results about common fixed points relating to a
family of countable uniformly closed asymptotically quasi-Lipschitz mappings in H. They
applied their results for the finite case to obtain fixed points.

The Noor iterative scheme [10] was defined in 2000 as

Tpt1 = (1 = an)xn + anT(yn),
Yn = (1 = bp)xn + 0,1 (2n),
zn =1 —cp)zn + ey T(xn), n>0.
In this article, we established a non-convex hybrid algorithm corresponding to Noor
iterative scheme. Then we also establish strong convergence theorems with proofs about
common fixed points related to a uniformly closed asymptotically family of countable

quasi-Lipschitz mappings in a Hilbert space. Some applications of presented algorithm
were also given.

2 Main results

In this section we formulate our main results.

Definition 2.1. Let C be a closed convex subset of a Hilbert space H, and let {T},} be
a family of countable quasi-L,-Lipschitz mappings from C into itself. {T},} is said to be
asymptotically if lim,,_,~ L, = 1.

The following lemmas are well known and useful for our conclusions
Proposition 2.2. Let C be a closed conver subset of a real Hilbert space H. Given x € H

and z € C. Then z = Pox if and only if we have the relation (x — z,z —y) > 1 for all
y e C.

Proposition 2.3. ([3]) Let C be a closed convex subset of a Hilbert space H and let {T,}
be a uniformly closed asymptotically family of countable quasi-L,,-Lipschitz mappings from
C into itself. Then the common fized point set F is closed and convex.

Proposition 2.4. Let C be a closed convexr subset of a Hilbert space H. For any given
xg € H, we have p = Poxg if and only if (p — z,29 — p) > 0 for all z € C.

Theorem 2.5. Let C be a closed convez subset of a Hilbert space H, and let {T,} : C — C
be a uniformly closed asymptotically family of countable quasi-L,,-Lipschitz mappings from
C' into itself. Assume that ay, by, ¢, € (a, 1] holds for some a € (0,1). Then {x,} generated

by
xg € C =Qq, chosen arbitrarily,

Yn = (1 —ap)xn + anThz,, n >0,

zn = (1= bp)xn + by Tntn, n>0,

tn = (1 —cp)zy + cnThzy, n >0,

Con={2€C :|lyn—2[| < [1+ (Ln(1 = bp) + LE(1 — cn)by
tbpcn L3 — Day]||zn, — 2|} N A, n>0,

Qn={2€Qn1:(Tn—2,20—1,) >0}, n>1,

Tn+1 = Psongn o,
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converges to Prxg, where coC,, denotes the closed convex closure of Cy, for alln > 1 and
A={z€ H:|z— Prxg| <1}.

Proof. We divide our proof in following seven steps.
Step 1. It is obvious that ¢oC,, and @), are closed and convex for all n > 0. Next, we
show that F'N A C ¢oC),, for all n > 0. Indeed, for each p € F' N A, we have

lyn —pll = (1 = an)xn + anThzn — pl|
= |I( )Tn + anTh[(a@ — bp)xn + bpThtn] — pl|
= ||( VEn + anTh[(a — bp)zy + 0, T (1 — en)xy + cnThzy)] — p
= [[(1 — an)(zn — p) + (@n — anby)(Tnzn — p)
+ (anbn — anbncn)(Tg"En —p)+ anbncn)(Ts"En — )|
< (1 =an)l|zn — pll + (an — anbn) Ln|lzn — p|
+ (anbn — anbncn)LiH"En —pll + anbncn)L§L||$n -7l
= [14 (Ly(1 = by) + L2(1 — ¢p)bp + bpen L2 — Day] ||z, — pl,

1—ay,

1—a,

and p € A, so p € C, which implies that FNA C C, for all n > 0. therefore, FNA C coC,
for all n > 0.

Step 2. We show that FF N A C ¢coC, N Q, for all n > 0. it suffices to show that
FNACQ,,forall n > 0. We prove this by mathematical induction. For n = 0 we have
FNACC =g Assume that FNA C @,. Since x,1 is the projection of xy onto
coCyp, N @y, from Proposition 2.2, we have

(Tnt1 — 2, Tpt1 —x0) <0, Vz €eC,NQy,

as FNA C coC,NQ.,, the last inequality holds, in particular, for all z € FNA. This together
with the definition of Q,,+1 implies that F N A C @,+1. Hence the FN A C coC,, N Qn
holds for all n > 0.

Step 3. We prove that {z,} is bounded. Using closeness and convexity properties
of F, we can say that we have a unique element zy € F such that zp = Prpxzg. From
Tn+1 = Pec,ng,To, we have

[@n41 — @ol| < |z — @0
for every z € coCy, N Q. As 29 € FN A C coC, NQ,, we get
[Zn+1 — ol < |lz0 — 2o

for each n > 0. This shows that {x,} is bounded.

Step 4. We show that {z,} converges strongly to a point of C' by showing that {z,}
is a Cauchy sequenc. As 2,11 = Pec,nQ,20 C Qpn and x, = Py, xo (Proposition 2.4), we
have

[n41 = @ol| = [lzn — @0

for every n > 0, which together with the boundedness of ||x,, —z¢|| implies that there exsists
the limit of ||z, —z¢||. On the other hand, from 4., € Q,, we have (z,—Tp1m, Tn—x0) <
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0 and hence

| Zrtm — 5En||2 = (zntm — w0) — (zn — $0)||2

< H‘/En—l—m - $0||2 - H‘/En - $0||2 - 2<$n+m — Tn, Tp — $0>

< l#nam — @ol* = llzn — 20]|* — 0, 7 — o0

for any m > 1. Therefore {z,,} is a Cauchy sequence in C, then there exists a point ¢ € C
such that lim,, .., , = q.
Step 5. We show that y, — ¢, as n — oco. Let

Dp={2€C: |lyn — 2> < & — 2| + (L5 = 1)(Ly, + D}
From the definition of D,,, we have

Dy ={2€C:{yn— 2y — 2) < (o — 2,2, — 2) + (L, = 1)(L; + 1)}
= {2 € C: lynll® = 2(yn, 2) + 1211 < l2nll® = 2z, 2) + ||21° + (L3, = (L5 + 1)}
={z€C: 2an —yn, 2) < lzal® = llynll* + (L; = (L5, + 1)}
This shows that D, is convex and closed, n € Z* U {0}. Next, we want to prove that

Cn CDyp,n>0.
In fact, for any z € C,,, we have

Y — z||2 (14 (Ln(1—by) + Lz( — cn)by + bnani - 1)an]2||$n - z||2
= ||z, — z||2 + [2(Lp(1 = by) + Li(l —¢p)bn + bnani — Day,
+ (Ln(1 = by) + Lz( —cn)by + bnani - 1)2ai]||$n - z||2

<lwn — 2112+ [2(L3 — 1) + (L3 — 1))z — 2]

= [lon — 2|* + (L3 — D)(L3 + 1)|Jzn — 2|%.

From
Con={2€C:|lyn —2|| <1+ (Ln(1 =by) + L?L(l — ¢pn)bn
+ bnani — Dayl||lzn — 2|} N4, n >0,

we have C,, C A, n > 0. Using convexity of A, we have eoC,, C A, n > 0. Consider
T, € coC,_1, we know that

lyn = 2l < llen = 2[* + (L5 = 1)(Ly, + Dlwn — 2]
< lwn — 2l + (L5 = DLy +1).

This implies that z € D, and hence C,, C D,, n > 0. Since D, is convex, we have
co(Cy) C Dy, n > 0. Therefore

lyn = Tns1ll? < llan — 2 |+ (Ly = (L5 +1) — 0

as n — oo. That is, y, — q as n — oo.
Step 6. To prove that ¢ € F, we use definition of y,,. So we have

(an + anbnTn + anbnchg)HTn:En - :EnH = ||yn - $n|| — 0
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as n — oo. Since a, € (a, 1] C [0, 1], from the above limit we have
lim ||Tx, — zn| = 0.
n—oo

Since {7} is uniformly closed and x,, — ¢, we have ¢ € F".
Step 7. We claim that ¢ = zp = Ppxo, if not, we have that ||zo—pl|| > ||zo —20]|. There
must exist a positive integer N, if n > N, then ||zg — x| > ||x0 — 20|, which leads to
120 = @nll® = 120 — &5 + 20 — 20]?
= llz0 — all® + ll2n — z0]|* + 2(20 — 25, 20 — w0)-
It follows that (zy — xp, x, — o) < 0, which implies that z2p€Q,,, so that zo€F, which is a
contradiction. This completes the proof. O

In [3], we show an example of C,, which does not involve a convex subset.

Corollary 2.6. Let C be a closed convex subset of a Hilbert space H, and let T : C — C
be a closed quasi-nonexpansive mapping from C into itself. Assume that ay, by, ¢, € (a, 1]
holds for some a € (0,1). Then {x,} generated by

xg € C =Qq, chosen arbitrarily,

Yn = (1 —ap)xy + anTz,, >0,

zn = (1=bp)xy +b,Tt,, n>0,

thn =1 —cp)zn + Tz, n>0,

Co={2€C:|yn— 2| <[1+ (Ln(1 —by) + LZ(1 — cp)by,
tbpca L3 — Day]||zn, — 2|} N A, n>0,

Qn={2€Qn-1:{(rn—2z,20—xy) >0}, n>1,

Tni1 = Pe,ng, o,

converges strongly to Ppr)xo, where A= {z € H : ||z — Prxo| < 1}.

Proof. Take T,, =T, L,, = 1 in Theorem 2.5, in this case, C,, is convex and closed for all
n > 0, by using Theorem 2.5, we obtain Corollary 2.6. O

Corollary 2.7. Let C be a closed convex subset of a Hilbert space H, and let T be a
nonexpansive mapping from C into itself. Assume that ay, by, c, € (a,1] holds for some
€ (0,1). Then {x,} generated by

xg € C =Qq, chosen arbitrarily,

Yn = (1 —ap)zy + anTz,, n >0,

zn = (1=bp)xy +b,Tt,, n>0,

thn =1 —cp)zn + Tz, n>0,

Cr={2€C:|yn— 2| <1+ (Ln(1 —by) + LZ(1 — cp)by,
tbpca L3 — Dag]||zn, — 2|} N A, n>0,

Qn={2€Qn-1:{(xrn—2z,20—1zy) >0}, n>1,

Tni1 = Pe,ng, o,

converges strongly to Pp(pyro, where A= {z € H : ||z — Ppxol| < 1}.
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3 Applications

Here, we give an application of our result for the following case of finite family of asymp-
totically quasi-nonexpansive mappings {7, n}g:_ol. Let

1T}z = pl| < kijlle —pll, VozeC peF,

where F' is the common fixed point set of {Tn}g:_o1 and limj_ok;j = 1 forall 0 <7 <
N — 1. The finite family of asymptotically quasi-nonexpansive mappings {7, n}g:_ol is said
to be uniformly L-Lipschitz if

1Tz — T/y|l < Lijle —yll, Ve,yeC
foralli € {0,1,2,..., N —1}, j > 1, where L > 1.

Theorem 3.1. Let C be a closed convex subset of a Hilbert space H, and let {Tn}g:_o1 :
C — C be a uniformly L-Lipschitz finite family of asymptotically quasi-nonexpansive
mappings with nonempty common fized point set F. Assume that ay, by, c, € (a,1] holds
for some a € (0,1). Then {x,} generated by

xg € C =Qq, chosen arbitrarily,

Yn = (1 — ap)zy, + anTij(%)zn, n >0,

en = (1= bn)n + b T tn, 1 >0,

thn = (1—cp)z, + C"Ti%)$"’ n >0,

Cn = {2 € C:lyn — 2l < [1+ (Kin) jim) (1 = bn) + k3 5y (1 = n)bn
—I—bncnkf(n)’j(n) — Dayll|zn — 2|} N A, n>0,

Qn={2€Qn1:{zn—2z20—2,) 20}, n=1,

Tn+l = Pmcann!EOa

converges strongly to Prxgy, where coC,, denotes the closed convex closure of C,, for all
n>1,n=mn)—1)N+i(n) foralln >0 and A={z€ H : ||z — Ppxo| < 1}.

Proof. We can acquire the prove from the conclusions:

Conclusion 1. {T 7&\/:61};0:0 is asymptotically family of uniformly closed countable quasi-
L,-Lipschitz mappings from C' into itself.

Conclusion 2.F = ﬂi:;o F(T,) = Nl F(T.j(n)), where F(T,,) is the fixed point set of

i(n)
7. O

Corollary 3.2. Let C be a closed convex subset of a Hilbert space H, and letT : C' — C' be
a L-Lipschitz asymptotically quasi-nonexpansive mappings with nonempty common fized
point set F'. Assume that ay,, by, ¢, € (a, 1] holds for some a € (0,1). Then {x,} generated
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xg € C =Qo, chosen arbitrarily,

Yn = (1 —ap)zy + anT"z,, n >0,

zn = (1= bp)xn +b,T"t,, n>0,

th =1 —cp)xn + ey Tz, n>0,

Co={2€C:|lyn — 2|l < [T+ (kn(1 —bn) + k2(1 — cn)by
tbpcnkd — Dag)||lzn — 2|} N A, n>0,

Qn={2€Qn1:(Tn—2,70—7,) 20}, n>1,

Tn+1 = Peonn@aos

converges strongly to Prxgy, where coC,, denotes the closed convex closure of C,, for all
n>1and A={z€ H :|z— Prxg| <1}.

Proof. Take T;, =T in 3.1, we get the desired result. O
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Abstract

In this paper, we have established the inclusion relations for k-uniformly
starlike functions under the (Dgf)(z) operator. We define two new sub-
class of k-uniformly starlike functions of order a. Moreover, for functions
belonging to these function classes, we investigate necessary and sufficient
coefficient conditions, distortion bounds, extreme points.
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1 Introduction, Definitions and Notations

Let A denote the class of functions of the form:
(o]
f(Z) =z+ Zanzna (1)
n=2

which are analytic in the open unit disk U = {z:2¢€ C and |z| <1} and
S be the subclass of A consisting of the form (1) which are also univalent in
U. A function f € A is called starlike of order o, 0 < «a < 1, if and only if

R (Z){;S)) > a (z € U). We denote by S(«) the subset of A consisting of all
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starlike functions of order . For o = 0 we get the class S of functions f that
maps U onto a starlike domain with respect to the origin.
Also represent by T' the subclass of A consisting of functions of the form:

fz)=2- Zanz", (an > 0). (2)
n=2

A function f € A is said to be in US(k, «), the class of k-uniformly starlike
functions of order o, 0 < v < 1, if f satisfies the condition

(4575

f(z)
(for details see [5]).

We remark here that the class of k-uniformly starlike functions is an exten-
sion of the relatively more familiar class of uniformly starlike functions investi-
gated earlier by (for example) Goodman [9], Renning [18], (see also the more
recent contributions on this function class by Srivastava and Mishra [21] and
others [11, 12, 19]).

In the field of Geometric Function Theory, various subclasses of analytic
functions have been studied from different viewpoints. The fractional g-calculus
is the important tools that are used to investigate subclasses of analytic func-
tions. Historically speaking, a firm footing of the usage of the the g-calculus in
the context of Geometric Function Theory was actually provided and the basic
(or ¢-) hypergeometric functions were first used in Geometric Function The-
ory in a book chapter by Srivastava (see, for details, [20]). In fact, the theory
of univalent functions can be described by using the theory of the g-calculus.
Moreover, in recent years, such g-calculus operators as the fractional g-integral
and fractional g-derivative operators were used to construct several subclasses
of analytic functions (see, for example, [1, 2, 4, 14] and [16]). In particular,
Purohit and Raina [17] investigated applications of fractional g-calculus oper-
ators to define several classes of functions which are analytic in the open unit
disk U. On the other hand, Mohammed and Darus [13] studied approximation
and geometric properties of these g-operators in regard to some subclasses of
analytic functions in a compact disk.

For the convenience, we provide some basic definitions and concept details of
g-calculus which are used in this paper. We suppose throughout the paper that
0 < ¢ < 1. We shall follow the notation and terminology as in [8]. We recall the
definitions of fractional g-calculus operators of complex valued function f(z).

-1 w=o

Definition 1 Let q € (0,1) and define the g-number [A], by

1—q’\
T, (AeC)
Na=1
S =14q+@ 44 gt A=neN={1,2,...}).
k=0

(3)
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Definition 2 Let g € (0,1) and define the g-fractional [n] ! by

I [kz]q, neN
n],l =
1, n=>0
Definition 3 For a € C, the g-shifted factorial is defined as a product of n € N
factors by
n—1 ] o] .
(@9o=1, (0= [ —ag), (0 =]]01—ag).
i=0 =0

Definition 4 (see [10]) The g-derivative of a function f is defined on a subset
of C is given by

<qu><z>=f‘i, if 240, (4)

and (Dqf)(0) = f'(0) provided f'(0) exists.
Note that

lim (D, f)(z) = lim 2 =@ &)

q—1- a—1- (1—9q)z dz

if f is differentiable. From (4), we deduce that
(Def)(z) =14 [n],anz""". (5)
n=2

Definition 5 (see [6]) The symmetric g-derivative 5qf of a function f given
by (1) is defined as follows:

flgz) = f(q'2)

(ﬁqf)(z) = (q o qfl)z ’ Zf Z # 07 (6)
and (D f)(0) = f'(0) provided f'(0) eists.
From (6), we deduce that
(Dof)(z) =14 3 [n] =",
n=2

where the symbol [n]  denotes the number

[,T\L,]q _ qn _q:ln
q—4q
3
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frequently occurring in the study of g-deformed quantum mechanical simple
harmonic oscillator (see [7]).
The following properties hold

Dy(f(2) + 9(2)) = (Dyf)(2) + (Dyg)(2)

Dy(f(2)9(2)) = gla"2)(Def)(2) + [ (a2)(Dgg)(2)

9(a2)(Daf)(2) + f(g"2)(Dqg)(2)

Dgz" = [n]qz”_l.

Finally, we have the following relation
ﬁqf('z) = Dqu(q_lz)‘

Definition 6 Let 0 < k < 0o and 0 < o < 1. By US(q; k, \, ) we denote the
class of functions f € A satisfying the condition

5 ( (D)) a) - 2(Duf)(2)
(1= NF () +A2(Def)(2) (1= Nf () +A2(Def)(2)

We also let UTS(q; k, A\, o) =US(q; k,\,a) NT.

-1/, (z€U).

We note that
lim US(q;k, N\, ) =US(k, \, )
qg—1—
where US(k, \, ) is the class of defined by Murugusundaramoorthy and Magesh
[15].

Murugusundaramoorthy and Magesh [15] and Srivastava and Mishra [21]
defined the new subclasses of the families UCV and US making use of hy-
pergeometric functions and fractional calculus respectively and obtained vari-
ous interesting properties. In light of this in this paper, we study the classes
US(g; k, A\, ) and UT'S(g; k, A\, @) defining by symmetric g-derivative operator.
We provide necessary and sufficent coefficient conditions, distortion bounds,
extreme points for functions in UT'S(¢; k, A, a).

2 Main Results

Theorem 7 Let f € A be given by (1). If the inequality

3 [ﬁq(k+1)_(k+a)(1_A+A[?{]q) lan| <1—a (7)

n=2

holds true for some k (0 <k < o0) and a (0 < a < 1), then f € US(q; k, A, ).
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From Definition 6, it suffices to prove that

(D)
(1 =N f(2) + Az(Dgf)(2)
Observe that

By 2(Dof)(2) e ( 2(Dyf)(2) B 1)
(1= XN)f(2) + Az(Dg f)(2) (L= X)f(2) + Az(Dqf)(2)
=(Dyf)(2) _
< (k+1) ‘ (1=A)f(2)+A2(Dq f)(2) 1’
§ ([/'r?]qf)\mqfljt)\)anz"_l
=(k+1) == — ; (12l < 1)
1+ 22(17)\+)\[n]q)anz"*1
S5 ([nl,~Alnl,~142) lan|
< (k+1)2=2 — .
1—722(1—)\+)\[n]q)|an|

The last expression is bounded by 1 — « if the inequality (7) holds.
The next Corollary can be easily obtained from Theorem 7.

Corollary 8 Let f(z) = z + apz". If

1_
jan| < = - ——, (122

[n],(k+1) = (k+a)(1 =X+ An],)
then f € US(q; k, A, ).

Theorem 9 A necessary and sufficient condition for f(z) of the form (2) to be
in the class UTS(q; k, A\, @), is that

> [,k +1) - (k+a)(1—x+xmq)} an <1—a,

= ()

0<k<oo; 0<a<l; zel).
The result is sharp for the function f(z) given by
1
fR)=2—= a —2".
[n],(k+1) = (k+a)(1 = A+ Aln],)

Proof. In view of Theorem 7, we need only to prove the necessity. If f €
UTS(q; k, A, o), using the fact that |R(2)| < |z| for any z, then

1- § [A”/}qanznil i (mq - )\[/7:;](1 -1+ )\) anz" !
— n=2 — —al> k n=2 - —
L= (T =A+An],)anz"t 1= (T =X+ An],)anz""t
n=2 n=2
(9)
)
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Choose values of z on the real axis so that 5q f(2) is real. Upon clearing the
dominator in (9) and letting z — 1~ through the real values, we obtain (8). m
This completes the proof.
Letting ¢ — 1~ we get desired Corollary.

Corollary 10 As special cases of Theorem 9, for k=0 and A =0, see [5].

3 Distortion Theorems

Theorem 11 Let the function f defined by (2) in the class UTS(q; k, \, ). Then

(1-a) 2 (1-a) 2
"= @ErnEE=traeeern” < @ ST e ara e e e
(10)
(lz2| = r<1)
for z e U.
Equality in (10) holds true for the function f(z) given by
q(1—a) 2
=|z| + . 11
= e T D = (=N F M@+ D) 7 (1)
Proof. Since f € UTS(q; k, A\, @), in view of Theorem 9, we have
2], (k+1) = (k+a)(1 - A+ )\[Z]q)] Slad < Y [[n}q(k‘ +1) = (k+a)(1 = A+ Aln],)] an
n=2 n=2
S 1- a,
which gives
o] 1 o
Y a, < = a — (12)
=2 2],(k+1) = (k+ o) (1= A+ A[2])
Therefore
F] < fzl+ D an 2"
n=2
< r+ a(1-c) r?
= (@®+1)(k+1)—(k+a)(1-N)g+A(¢>+1) "~
On the other hand,
F = 2= an 2"
n=2
(1—e) 2
2 T @D (N
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Theorem 12 Let the function f defined by (2) in the class UT'S(q; k, A\, ). Then

2(1—a) / 2¢(1—a)
1 - ermmm—traa e < PO+ emmm—arad @ "

(13)
lz] = r<1
for z e U.
From (2),
F() <14 nan 2" <147) nan, (14)
n=2 n=2
and - -
F(2)] = 1= nan 2" 2171 nap. (15)
n=2 n=2

The assertion (13) of Theorem 12 would now follow from (14) and (15) by means
of a rather simple consequence of (12) given by

“na 2(1—a)
n; = 2, (k+1) — (k+a)(1-A+A2],)

This completes the proof of Theorem 12.

4 Extreme Points of the Function Class UT'S(q; k, A\, )

Theorem 13 Let
fi(z) ==
and
Falz) = 2 — — 1-a " (n=2,3,...).
[n],(k+1) = (k+a)(l = A+ An],)

Then f € UTS(q; k, A\, «) if and only if it can be expressed in the form
(oo}
n=1

where A, >0 and > A, = 1.

n=1
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Proof. Suppose that

F2) = D Mafal2) = MAGR) + D Anfal2)

n=1

l—«

= A z An |2 — = o
1f1( )+; [ (], (k+1) = (k+a)(1 =X+ An],)

= \iz AnZ — A =— —2"
D Dy T TR T T e

= (ikny‘iknﬁ L-o ___n

(k+1) — (k+a)(L — A+ Alnl,)

> l—«
= z- py— —2" .
nZQ [n]q(k+1)—(k+a)(1—/\+/\[n]q)
Then
> 1—a [l (k+1) - (k + a) >
A= — = An
nz:; [n],(k+1) — (k+«a) l-a T;
= i)\n—/\l
= 1-)\ <1

Thus we have f € UTS(q; k, A\, ). m
Conversely, suppose that f € UT'S(q; k, A\, ). Since

l—«
|a/n|§~ — )

[n],(k+1) = (k+a)(1 = A+ An],)

we may set

(], (k+1) — (k+a)(1 — A+ Aln],)

An = = lan]  and A =1-3 .

n=2
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[e%e) 11—«
z = Z anz =z >\ ~
f(z) +n; *Z (k+1) (k+a)(1—X+Aln],)

= Z—|—ZAH Z"‘fn —Z+2Anz+z)\nfn
= <1_an>z+ZAnfn(z)=A12+ZAnfn(z)
n=2 n=2

n=2
= Mfilz +2Anff, anfn

This completes the proof.
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ON SOLUTION OF SYSTEM OF INTEGRAL EQUATIONS VIA
FIXED POINT METHOD

MUHAMMAD NAZAM, MUHAMMAD ARSHAD, CHOONKIL PARK*, AFTAB HUSSAIN,
AND DONG YUN SHIN*

ABSTRACT. In this article, following the approach of F-contractions, we establish a
common fixed point theorem for a pair of self-mappings satisfying F-contraction of
rational type in complete metric spaces. An example is constructed to illustrate this
result. An application to system of integral equations is presented.

Keywords: metric space; fixed point; rational type F-contraction; integral equation.
AMS 2010 Subject Classification: 47TH09; 47H10; 54H25.
1

1. INTRODUCTION AND PRELIMINARIES

Banach Contraction Principle has been extended and generalized in many directions
(see [3, 7, 8,9, 10]). One of the most interesting generalization of it was given by War-
dowski [22]. Later on, Abbas et al.[1] further generalized the concept of F-contraction
and proved certain fixed point results. Hussain and Salimi [13] introduced a-GF' con-
traction with respect to a general family of functions G and established Wardowski
type fixed point results in ordered metric spaces. Batra et al. [5, 6] extended the con-
cept of F-contraction on graphs and altered distances. Batra also proved some fixed
point and coincidence point results. Recently, Cosentino and Vetro [11] followed the ap-
proach of F-contraction and obtained some fixed point theorems for Hardy-Rogers-type
self-mappings in complete metric spaces and complete ordered metric spaces.

In this article, following Cosentino and Vetro [11], we prove common fixed point
theorems for a pair of self-mappings satisfying F-contraction of rational type in complete
metric spaces. An example is constructed to illustrate this result. An application to
system of Volterra type integral equations is presented.

Throughout this paper, we denote (0, 00) by RT, [0, 00) by R{, (=00, +00) by R and
the set of natural numbers by N. The following concepts and results will be required
for the proofs of main results.

Definition 1. A mapping 7' : X — X is said to be an F-contraction if it satisfies the
following condition:

d(T(x), T(y)) > 0= t+ F(d(T(x), T(y))) < F(d(z,y)) (1.1)

for all z,y € X and some ¢t > 0. Here F': Rt — R is a mapping satisfying the following
properties:

I Corresponding authors.
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(F1) F is strictly increasing.

(Fy) For each sequence {a,} of positive numbers lim, ., a, = 0 if and only if
lim,, o F(a,) = —o0.

(F3) There exists 6 € (0,1) such that lim,_,q+(a)? F(a) = 0.

Wardowski [22] established the following result using F-contraction:
Theorem 1. [22] Let (X,d) be a complete metric space and T : X — X be an F-

contraction. Then T has a unique fixed point v € X and for every Xy € X a sequence
{T™(Xo)} is convergent to v.

We denote by Ap the set of all functions satisfying the conditions (F}) — (F3).

Ezample 1. [22] Let F' : RT — R be given by the formula F'(«) = Ina. It is clear that
F satisfies (Fy) — (F3) for any « € (0,1). Each mapping 7" : X — X satisfying (1.1) is
an [-contraction such that

d(T(z),T(y)) < e "d(z,y) for all x,y € X with T'(z) # T(y).

Obviously, for all z,y € X such that T(x) = T(y), the inequality d(T'(z),T(y)) <
e "d(z,y) holds, that is, T" is a Banach contraction.

Remark 1. From (Fy) and (1.1) it is easy to conclude that every F-contraction is
necessarily continuous.

2. MAIN RESULT
We begin with the following definitions.

Definition 2. Let (X, d) be a metric space. A mapping T : X — X is called a rational
type F-contraction if, for all x,y € X, we have

T+ F((T (@), T()) < F (N(z,y)), (2.1
where F' € Ap and 7 > 0, and

N(a,y) = max {d(a, ),

d(z, T (x))d(y, T (y)) d(ﬂfyT(fﬁ))d(ny(y))}
1+ d(z,y) " 1+d(T(2), T(y) |

Definition 3. Let (X, d) be a metric space. Mappings S, T': X — X are called a pair
of rational type F-contractions if for all z,y € X, we have

r 4 F(d(S(x), T(y)) < F (M(z,)). (2:2)
where F' € Ar and 7 > 0, and

M(z,y) = max {d(x,y),

d(x, S(x))d(y, T(y)) d(x,S(x))d(y, T(y)) }
L+d(z,y) ' 14+d(S(@),T(y) J

The following theorem is one of our main results.

Theorem 2. Let (X,d) be a complete metric space and S, T : X — X be a pair of
mappings such that

(1) (S, T) is a pair of continuous mappings,
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(2) (S, T) is a pair of rational type F-contractions.
Then there exists a common fized point v of a pair (S, T') in X.

Proof. We begin with the following observation:
M (z,y) =0 if and only if z =y is a common fixed point of (S5, 7).

Indeed, if z = y is a common fixed point of (S,T"), then T'(y) =T(z) =x =y = S(y) =
S(z) and

M(a, ) = max {d@;, ), W @)y, T(y)) dler, S())dly, 7)) } o

1+d(x,y) " 14+d(S(x), T(y))

Conversely, if M(z,y) = 0, it is easy to check that x = y is a fixed point of S and T.
In order to find common fixed points of S and 7" for the situation when M (x,y) > 0 for
all z,y € X with z # y, we construct an iterative sequence {x,} of points in X such a
way that Loj+1 = S(l‘gz) and Loj42 = T(x2i+1) where 1 = 07 1, 2, o If Tn 7é Tn+1 for all
n > 0, then from contractive condition (2.2), we get

F (d(z2i41, T2i42)) = F (d(S(22;), T(22i41))) < F (M(29;, 29i41)) — T
for all i € NU {0}, where
d($2z‘7 S<$2i))d(x2i+17 T($2i+1))

d($2i, $2i+1):
o _ 1+ d(z2i, T2i41)
M<x2“ 9621“) - max d($2i, S($2i))d($21+1, T($2i+1))

1+ d(S(za:), T(w2i41))

Y

d($2z’,$2z‘+1)d(I2z’+1,$2i+2) d(IQiax2i+1)d($2z’+17x2i+2)

= max {d(ﬂﬁzi, $2i+1)7 )

1+ d(z2i, T2i41)

< max {d(xa;, Tait1), d(T2i41, Taiv2) } -

1+ d(xgit1, T2it2)

If M(x9;,x2i11) = d(T2:41, Toi12), then
F (d(z2i41, T2i42)) < F (d(22i41, Taig2)) — T,

which is a contradiction due to Fj. Therefore,

F (d(w2i41,T2i12)) < F (d(22i, 22i41)) — T,
for all i € NU {0}. Hence

F(d(@n41, Tns2)) < F(d(2n, Tng1)) — 7, (2.3)
for all n € NU{0}. By (2.3), we obtain

F(d(zp, tpi1)) < F(d(zp_2,2y-1)) — 27T.
Repeating these steps, we get

F (d(xn, Tpy1)) < F (d(zo, 1)) — nT. (2.4)
From (2.4), we obtain lim,, o F' (d(xy, Z,+1)) = —o0. Since F' € Ap,
li_)m d(xp, Tpng1) = 0. (2.5)
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From the property (F3) of F-contraction, there exists x € (0, 1) such that
T (A, 0)" F (@l 2011))) =0, (2:6)
By (2.4), for all n € N, we obtain
(d(n, Tn1))" (F (d(@n, 2n41)) = F (d(z0, 21))) < = (d(@n, Tp11)) 07 <0 (2.7)
Considering (2.5), (2.6) and letting n — oo in (2.7), we have
lim (n (d(xn, Tny1))") = 0. (2.8)

n—oo

Since (2.8) holds, there exists n; € N, such that n (d(x,, 2,,1))" <1 for all n > ny or,

T for all n > n;. (2.9)
ne

d<$n7 In—l—l) S

Using (2.9), we get for m > n > ny,
d(l‘na Im) S d(xn’ xn—&—l) + d(l’n+1, xn+2) + d<xn+27 xn+3) + -+ d('rm—h xm);

m—1 ©
= Z d(z;,xipq) < Zd(%l’m)
< Z

The convergence of the series Y .-

?r"“l —

| -

entails lim,, 00 d(2, ) = 0. Hence {z,,} is a

Z&\)—-

"
Cauchy sequence in (X, d). Since (X, d) is a complete metric space, there exists v € X

such that x, — v as n — co, moreover, x9, 11 — v and xg,19 — v.
Now the continuity of T" implies

v= lim x, = hm Tony1 = hm Tonio = hm T(x2n+1) T(lim xonyq) = T(v).

Analogously, v = S(U). Thus we have S(v) = T'(v) = v. Hence (S,T') has a common
fixed point. Now we show that v is the unique common fixed point of S and T'. Assume
the contrary, that is, there exists w € X such that w = T'(w). From the contractive
condition (2.2), we have

T+ F(d(S(v), T(w))) < F (M(v,w)), (2.10)

where

) (0, S(0)d(w, T(w)) d(o, S(v))d(w, Tw))
(o) = mas {0, R HE, S TR

From (2.10), we have
T+ F(d(v,w)) < F (d(v,w)),, (2.11)
which implies
d(v,w) < d(v,w),
which is a contradiction. Hence v = w and v is a unique common fixed point of a pair

(S, T). O
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Let us consider an example to illustrate Theorem 2.

Ezample 2. Let X = [1,00| and d(x,y) = |x —y|. Then (X,d) is a complete metric
space. Define the mappings S,7 : X — X as follows:

S(x) =2% and T(x) =z + 3 for all z € X.

Define the function F' : Rt — R by F(x) = In(z) for all x € R™ > 0 and 7 > 0.
Then the contractive condition (2.2) is satisfied. Indeed, for all z,y € X, the following
inequality

T+ In(d(S(x), T(y))) < In(M(z,y))
holds. Particularly, for x = 2 and y = 3, we have

d(2,5(2))d(3,T(3)) d(2,S(2))d(3,T(3))}
1+d(2,3) ' 1+d(52,73)

M(2,3) = max {d(Q, 3),
= max{1,3,2} =3
and
d(S2,T3) =d(4,6) = 2.
Thus
T+1In(d(S(2),7(3))) =7+1n2 <In(M(2,3)) =In3,
which implies
T+ F(d(S(x), T(y)) < F(M(z,y)).

Hence all the hypotheses of Theorem 2 are satisfied and so (S,7) have a common fixed
point.

By setting S = T, we obtain the following result.

Corollary 1. Let (X, d) be a complete metric space and T : X — X be a mapping such
that

(1) T is a continuous mapping,
(2) T is a rational type F-contraction.

Then T" has a unique fived point v in X.

Remark 2. If we set N(z,y) = max {d(z,y),d(x,T(x)),d(y,T(y))} in (2.1), then Corol-
lary 1 remains true. Similarly, if we set M (x,y) = max {d(z,y),d(z,T(x)),d(y, S(y))}
in (2.2), then Theorem 2 remains true.

3. APPLICATION TO SYSTEM OF INTEGRAL EQUATIONS

Now we discuss an application of fixed point theorem, proved in the previous section,
in solving the system of Volterra type integral equations. Such a system is given by the
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following equations

t

u(t) = f(t)+/K1(t,s,u(s))ds. (3.1)

w(t) = f(t)+/K2(t,s,w(s))ds. (3.2)

for all t € [0,a], and a > 0. We shall show, by using Theorem 2, that the solution of
integral equations (3.1) and (3.2) exists. Let C([0, a],R) be the space of all continuous
functions defined on [0,a]. For u € C([0,a],R), define supremum norm as: ||lul|, =

sup {u(t)e"™}, where 7 > 0. Let C([0,a], R) be endowed with the metric
tel0,a]

dr(u,v) = sup || u(t) —v(t)|e ||~ (3.3)

te(0,a]

for all u,v € C([0,a],R). Obviously, C([0,a],R,| - ||-) is a Banach space.
Now we prove the following theorem to ensure the existence of solution of system of
integral equations.

Theorem 3. Assume the following conditions are satisfied:

(i) K1, Ky :[0,a] X [0,a] x R — R and f,g:[0,a] = R are continuous;
(i1) Define the operators

Su(t) = f(t)+/K1(t,s,u(3))ds,

Tu(t) = f(t)—l—/Kg(t,s,u(s))ds,

and there exists T > 1 such that
‘K1<t7 S, u) - K2<t7 S, ’U)’ < TeiT[M('L% U)]
for allt,s € [0,a] and u,v € C([0,al,R), where

u(t) = Su(®)] [v(t) = To(@)] |u(t) = Su®)| [v(t) = To()|

M (u,v) = max{|u(t) — v(t)], T+ [u(t) — v(0)] © 14 [Su(t) = To(t)]

1.

Then the system of integral equations given in (3.1) and (3.2) has a unique solution.
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Proof. By assumption (ii), we have
t

|Tu(t) — Sv(t)] = /|K1(t, s,u(s) — Ky(t, s,v(s)))| ds

IN

/TGT”M(U, v)|l-e"ds
0
t

TB_THM(U,’U)HT/GTSdS

0

1
Te || M (u, 0)-—e™

IA

IN

< e 7||M(u,v)|e™.

This implies
|Tu(t) — Sv(t)|e™™ < e[| M (u,v)|,
that is,
[Tu(t) — Sv(t)[l- < e[| M (u, v)]|.
So we have
7+ In[[Tu(t) — Svt)|l- < In|[M(u,v)|-.
Thus all the conditions of Theorem 2 are satisfied. Hence the system of integral equa-
tions given in (3.1) and (3.2) has a unique common solution. 0
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Abstract. In this paper, we define and study a function F' : [0,00) — R and extensions F': R — C, F:C—>C
which are continuous and such that if n € Z, the set of all integers, then F(n) = F,, the n*™ Fibonacci number
based on Fy = Fy = 1. If z is not an integer and z < 0, then F(x) may be a complex number, e.g., F(—1.5) = 3 +1i.
If z = a + bi, then F(z) = F(a) +iF(b— 1) defines complex Fibonacci numbers. In connection with this function
(and in general) we define a Fibonacci derivative of f : R — R as (Af)(z) = f(x +2) — f(x + 1) — f(x) so that
if (Af)(z) =0 for all z € R, then f is a (real) Fibonacci function. A complex Fibonacci derivative A is given as
Af(a+bi)=Af(a)+iA f(b—1) and its properties are discussed in same detail.

1. Introduction

Fibonacci-numbers have been studied in many different forms for centuries and the literature on the subject is
consequently incredibly vast. One of the amazing qualities of these numbers is the variety of mathematical models
where they play some sort of role and where their properties are of importance in elucidating the ability of the
model under discussion to explain whatever implications are inherent in it. The fact that the ratio of successive
Fibonacci numbers approaches the Golden ratio (section) rather quickly as they go to infinity probably has a
good deal to do with the observation made in the previous sentence. Surveys and connections of the type just
mentioned are provided in [1] and [2] for a very minimal set of examples of such texts, while in [7] Kim and Neggers
showed that there is a mapping D : M — DM on means such that if M is a Fibonacci mean so is DM, that if
M is the harmonic mean, then DM is the arithmetic mean, and if M is a Fibonacci mean, then lim,, ,., D" M is
the golden section mean. Hyers-Ulam stability of Fibonacci functional equation was studied in [6]. Surprisingly
novel perspectives are still available and will presumably continue to be so for the future as long as mathematical
investigations continue to be made. In the following the authors of the present paper are making another small
offering at the same spot many previous contributors have visited in both recent and more distant pasts.

Han et al. [4] considered several properties of Fibonacci sequences in arbitrary groupoids. They discussed
Fibonacci sequences in both several groupoids and groups. The present authors [8] introduced the notion of
generalized Fibonacci sequences over a groupoid and discussed these in particular for the case where the groupoid
contains idempotents and pre-idempotents. Using the notion of Smarandache-type P-algebras they obtained
several relations on groupoids which are derived from generalized Fibonacci sequences.

In [5] Han et al. discussed Fibonacci functions on the real numbers R, i.e., functions f : R — R such that
forall z € R, f(x +2) = f(x +1) + f(z), and developed the notion of Fibonacci functions using the concept of

f(z+1)

f-even and f-odd functions. Moreover, they showed that if f is a Fibonacci function then lim,_, ORN 1+T‘/5

KNS[4445] discussed Fibonacci functions using the (ultimately) periodicity and we also discuss the exponential

9% Correspondence: Tel.: +82 33 248 2011, Fax: +82 33 256 2011 (K. S. So).
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Fibonacci functions. Especially, given a non-negative real-valued function, we obtain several exponential Fibonacci

functions.

In this paper we are interested in describing properties of a function F': R — C, the complex numbers, where
F(z) == (Fy—1))* " + Fl, )+ (z — |z] — 1) and |z] is the greatest integer function. It follows that if z = n € Z,
then |n| =n and F(n) = (F,_1)° + F, + (n —n — 1), where (F,,_1)°? = 1 implies F(n) = F,, with [, = F}, =1
and F_,, = (—1)"F,,_5 so that F_; = —F_; = 0 for example. If one computes F; directly, then F} = Fy + F_;
and 1 =1+ 0 yields Fy = 1 as well.

It also follows that F'(z) is not itself a Fibonacci function in the sense that F(x + 2) # F(x + 1) + F(z) if
x— |z| # 0, ie, if ¢ ¢ Z. Nevertheless it is a very interesting function which allows one to define continuous
Fibonacci numbers in an interesting manner. If one computes F(—1.5) for example, then one finds that F(—1.5) =
%—H’, which suggests that the function F'(x) may deserve looking at in the context of the study of the zeta-function.

Given the fact that F': R — C and that F(R)NC # 0, it also becomes a question of interest to study possible
complex extensions of F to F': C — C where z = a + bi means F(z) = F(a) +iF(b— 1), so that if z = a, then
F(z) = F(a) 4+ iF(—1), where F(—1) = 0 implies F(a) = F(a), i.e., F is an extension of F. According to this
construction we find that F(1 + i) = F(1) 4+ iF(0) = 1 + i as one would hope.

A second component of the paper is a study of properties of the Fibonacci derivative A f of a function f : R — R,
given by the formula (Af)(z) = f(z+2) — f(z+1) — f(z), so that (Af)(z) = 0 means that f is then a Fibonacci
function. If one notes that (Af) exists for any function f : R — R, then a variety of questions may be asked
about properties of this operator. For example (Af)(z) = f(x) is a simple type of Fibonacci derivative equation
with many types of solutions. Other analogs of standard differential equations may also be addressed.

Given that F': R — C is itself a function of interest in this context, AF : R — C is looked at below. Finally,
a complex version AF : C — C defined by AF(z) = AF(a+ bi) = AF(a) +i A F(b— 1), reduces for b = 0 to
AF(a) = AF(a), i.e., A extends the operator A, and thus again it is a matter of interest to study the behavior
of the function AF(z) for complex numbers.

Note that because of the very rich structure of relations among the coefficients F,,, we may expect there to
eventually be development of an equally rich structure of relations among the various values of F(z) (and F(z))

extending the ones already known.

2. Preliminaries
A function f defined on the real numbers is said to be a Fibonacci function ([5]) if it satisfies the formula
fle+2) = flz+1) + f(z)
for any x € R, where R (as usual) is the set of real numbers.

Example 2.1. ([5]) Let f(z) := a® be a Fibonacci function on R where a > 0. Then a%a? = f(z + 2) =
fx+1)+ f(z) = a®(a+1). Since a > 0, we have a®> = a+1 and @ = Y5, Hence f(z) = (1/5) is a Fibonacci

function, and the unique Fibonacci function of this type on R.

If we let ug = 0,u; = 1, then we consider the full Fibonacci sequence: --- ,5,—3,2,—1,1,0,1,1,2,3,5,---, i.e.,
U_p, = (—=1)"u,, for n > 0, and u,, = F,, the nth Fibonacci number.
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Example 2.2. ([5]) Let {u,}5>_ and {v,}32 _ . be full Fibonacci sequences. We define a function f(x)
by f(x) := Ulz) + Vgt where t = 2 — |2]| € (0,1). Then f(x +2) = Ulgy2| T V|zg2)t = U(|z]42) T V(|z)+2)t =
(U(|z)+1) T Uz)) + (V(|z)+1) T V12))t = f(x+1) + f(z) for any x € R. This proves that f is a Fibonacci function.

Note that if a Fibonacci function is differentiable on R, then its derivative is also a Fibonacci function.

Proposition 2.3. ([5]) Let f be a Fibonacci function. If we define g(z) := f(x +t) wheret € R for any x € R,

then g is also a Fibonacci function.

1+\/5)m+t _ (1+\/5
2 2

For example, since f(z) = (%)T is a Fibonacci function, g(z) = ( )t f(x) is also a Fibonacci

function where t € R.

Theorem 2.4. ([5]) If f(x) is a Fibonacci function, then the limit of the quotient % exists.

Corollary 2.5. ([5]) If f(z) is a Fibonacci function, then

o FE+D) 1++5
T—00 (x) o 2

3. Continuous Fibonacci functions

Given a real number z ¢ Z, we define a map F(x) by
(1) F(z) = (Flom1)" ™ 4 Floy + (@ — [2) = 1)
where {F,} is the sequence of Fibonacci numbers with Fy = F} = 1.

Example 3.1. We compute some F(z) as follows: F(1.5) = (Fly5-1)"" W) +F15 + (1.5 — [1.5] —
1) = (F)+F +(1.5—-1-1) =15 and F(1.75) = (Fp)*™ + Fy + (1.75 — |1.75] — 1) = 1.75. Moreover,
F(3.25) = (Fi3.25-1))"% + Flz.25) + (3.25 — [3.25] — 1) = (F2)"% + F3 4+ (3.25 — 3 — 1) = 4V/2 + 2.25.

Theorem 3.2. If we define F(n) := F,,, the n'" Fibonacci function, then F(z) is continuous for all z € R.
Proof. Let © :==n+ ¢ where n € Z and 0 < ¢ < 1. Then F(z) = FS_, + F, + (e — 1). It follows that
lim, o+ F(z) =lim_ o+ (FS_1+ F,+(e—1))=F,. Let  :=n — e where n € Z and 0 < € < 1. Then

n

F(z) = (FLn,Efu)n_e_m_GJ +Flpey+(n—€e—[n—¢€ —1)
= (Foa)" V4 Bt (n—e—(n—1)-1)
= (Fo2) "4 Fui1—¢
It follows that lim g+ F(x) = lime_,o+ [(Fp_2)' ¢+ Fro1 — €] = Fy_o + F,,_1 = F,,. O
In Theorem 3.2, we call the real number F(x) the (continuous) Fibonacci function at .

Let f: R — R be a real-valued function. We shall consider the expression

(Af) () = [z +2) = flz+1) - f(z)
to be the Fibonacci derivative of f(z). For example, if ¢ := 1+2\/5, then f(z) = &% yields (Af)(z) = ®*F2 —
Pr+l — d* = (% — & — 1) = 0 and similarly, if f is any Fibonacci function, then (Af)(x) = 0 for all z € R.
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We are next concerned with determining the Fibonacci derivative of F(z) as we have defined above.
Theorem 3.3. If F(z) is a continuous Fibonacci function, then its Fibonacci derivative is
(2) (AF)() = (Fus1)* — (Fa) = (Fa_1)* — (e~ 1)
wherex =n+e,neZ,0<e<1
Proof. Given x =n+¢€,n € Z,0 < € < 1, by using the formula (1), we obtain
(AF)(x) = Fn+2+¢)—F(n+1+¢) —F(n+e)
= (Flatite))  + Fosz + (e = 1)
—(Flnte)) = Fap1—(e—1)
_(FLn—1+eJ)6 —F,—(e—1)
= (Fog1)" = (Fn) = (Foo1) = (e— 1)

O
Note that the map F'(z) in Theorem 3.3 is not necessarily a Fibonacci function.
The formula (2) is a function depending on €, and so we need to know the value of £ [AF(z)].
LAR@] = S (Fus) — ()~ (Fat) — (e~ 1)
= W(Fo) (Fusn)* — (B (F)© = In(Fy 1) (Fa ) — 1
We denote L[AF(z)] by (AF) ().
Proposition 3.4. If F(z) is a continuous Fibonacci function, then
3) (D(AF))(@) = (Fass)® = 2(Far2)® — (Fast)® + 2(F)* + (Fu-1) + (e~ 1)
Proof. Tt follows from the formula (2) that
(AAF))(x) = AF(x+2)—AF(x+1) - AF(x)
= (Fat3)" = (Fas2)® = (Fnp1) = (e = 1)
—(Fng2) 4 (Fog1) — (Fo)" + (e — 1)
—(Fn1) 4 (Fn)" = (Fn1) + (e = 1)
= (Fats)" = 2(Fat2) = (Fugn)® + 2(F) + (F1) + (e — 1),
proving the proposition. ([

Proposition 3.5. (AF)(z) is a continuous function and (AF)(n) =0 for alln € Z.

Proof. Tt follows from Theorem 3.3 that (AF)(z) is a continuous function. Since lim._,o(AF)(z) = lime_o[(Frnt1)—
(Fn)—(Fp_1)°—(e—1)] = 0and lime 1 (AF) (z) = lime 1 [(Fog1) = (Fn) = (Fno1) —(e=1)] = Fop1—F,—F,_1 =
0 for any n € Z. O

Theorem 3.6. If F(x) is a continuous Fibonacci function, then there exists a v, € (n,n + 1) such that

(AF) () =0 for alln € Z.
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Proof. Since (AF)(z) is a continuous function and (AF)(n) = (AF)(n+ 1) = 0, by Rolle’s Theorem, there
exists a v, € (n,n + 1) such that (AF) (v,,) = £(AF)(v,) = 0. O

Theorem 3.7. If F(z) is a continuous Fibonacci function, then (AF)(zx) is concave down.

Proof. If we let T(x) := %[(AF)(x)], then
) = L4 (am@)

- %[ln(Fn+1)(Fn+l)€ () (F)E — In(Fpy)(Fat)€ — 1]

= {ln(Fn+1)}2(Fn+l)€ - {ln(Fn)}2(Fn)E - {ln(Fn—l)}z(Fn—l)e-
Let n be very large so that Feer — ¢ = Y5 1t follows that

Fy, 2
11’1(Fn+1) Fn+1 ln(Fn) 2[ Fn

o) Py
{ln(F‘nfl)}’Q(Fanl)6 ln(Fn71> anl hl(anl) anl
2In® + In(F,,—1)

- @

{ Jc—1

If we let n — oo, then

T(x)
4 li
W A T )P )
If we let € := %, then 2 —d¢ —1 =P /& —land d—1 = ‘/5271, VO = 1+2\/5, so that (® —1)2 — (V@)% =
%\/5 < 0, proving that T'(z) < 0. This shows that (AF)(x) is concave down. O

6:(1)25_(1)6_1

We discuss a Fibonacci derivative of a function which is not a Fibonacci function as below.

Proposition 3.8. Let f(x) := ax + b for some a,b € R. Then

AP (@) = (=D az + (=1)F[(k + 1)a - 0]

Proof. The Fibonacci derivative (Af)(x) of f(z) =ax+bis f(z+2)— f(z+1)— f(z) = [a(z+2)+b] — [a(z+
1) +b] — [az + b] = —az + a — b. Similarly, we obtain [A2(f)](z) = ax — 2a + b, [A3(f)](x) = —az + 3a — b and
[AY(N)](x) = ax — 4a + b. Assume AF(f)(z) = (—1)Faz + (=1)* " (ka — b). Then
A (f)(2) = ALA(S)(@)]
= AN +2) - ANz +1) - A5 (f)(2)
= (-Dfa(z+2) + (=1)* ' (ka — b)
~[(=D*a(z +1) + (=1)* "} (ka — b)]
~[(-1)*az + (-1)* " (ka — b)]
= (-1)""az + (—D*[(k + 1)a - b].

Note that [(AF+3 + AFFZ) — (ARFL L AR () (2) = (=1)¥+22a — (—1)*2a = 0.
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We need to find some conditions for a map f: R — R satisfying (Af)(z) = f(x).

Proposition 3.9. Let f : R — R be a map. If it satisfies the condition either (i) 2f(x) = f(x +2) — f(x + 1)
or (ii) f(x +1) = —f(x) for all x € R, then (Af)(z) = f(x).

Proof. Straightforward. O

Example 3.10. If f(z) := 27, then (2972 — 2*71) = 2% and hence A(27)(z) = 2°. If we let f(z) := sin(7z),
then f(zx+ 1) =sinnw(z+ 1) = —sinwe = — f(z) and hence A(sin7a)(z) = sin wz.

Now, we define a function f : R — R satisfying the condition: 2f(z) = f(z 4+ 2) — f(z + 1). If we make such a
function, then it satisfies the condition (Af)(z) = f(x).

Suppose that one defines f(x) for 0 < z < 2 at will. Then for z € [2,3) one defines f(2+0) :=2f(0) + f(1+6)
where 0 < 0 < 1. If f(x) has been defined for « € [m—1, m), then we define f(m+0) := 2f((m—2)+0)+f(m—1+0),
where 0 < 6 < 1. Then f(z) is uniquely determined on [0,00). To define f(z) for [—1,0), we have f(1+ 6) =
2f(=1+0)+ f(0) or f(=1+0) =(f(14+6)— f(0))/2, and thus f(—m+0) = [f(—-m+2+0)— f(—m+1+6)]/2
inductively as well to obtain f(z) defined on the entire real line.

Example 3.11. if f(z) := 1on [0, 2), then f(240) = 2f(0)+f(1+0) = 2+1 = 3, f(34+0) = 2f(14+0)+f(2+0) =
5and f(4+60) =2f2+60)+ f3+0) =2-3+5=11. If we take F} = 1,Fy = 3,Ff =5,Ff =11,---, then
{Fy} is a Fibonacci sequence type satisfying Fi, , = 2F;_ + F;;. We have f(44+0) =2f(2+0) + f(3+6) =
5f(140)+6f(0) = F5f(1+6)+ 2F; f(0). Assume that f(n+0) = Ff_,f(146) +2F*_5f(6). Then

fln+1+60) = 2f(n—1+6)+2f(n+0)
= 2F of(1+0) +2F, 5 f(0)] + [Fy_f(1 +0) + 2F;_,f(0)]
= QF o+ Fi)f(140)+20Q2F, 5+ F,_2)f(0)
— FLf(146)+2F, £(6)

4. Complex Fibonacci functions

Given the Fibonacci sequence Fy = 1, Fy = 1, Fy = 2, F5 = 3,---, we may compute F_,,, n = 1,2,--- via the
equation
(5) F—7L+2 = F—n+1 +F
so that F_1 = Fl—F() = O,F_Q = Fo—F_l =1-0= l,F_g = F_l—F_g =0-1= —1, F‘4 = F_Q—F_g = 1—(—1) =
2F s=F 3—F 4;=-1-2= (-1 ’Fsand F. ¢ =F 4, — F 5= (—1)5F;. Assume F_,, = (=1)"F,,_5 (n > 5).
Then F_(41) = Fo(nyn42 — Fo(ny)41 = (=) 'F,1 — (=1)"F, = (-1)""Y(F,_3+ F,_2) = (-1)"F,_4
so that F g = (=1)2Fy = 1,F_3 = (-=1)'F; = —1. For F_1, the formula would yield F_; = (—1)'F_4, i.e.,
F_1 = —F_4 which would imply F_1 = 0 as well. Hence we have the result: for n > 1,
(6) F_,=(-1)"F,_»
Thus, we may apply the formula (1) for < 0 as well. For example, F'(—1.5) = (FL_1_5_1J)(*1'5*L*1'5J) +F|_15+
(=15 —[-1.5] = 1) = (F3)®® + Fo+ (-15— (-2) = 1) = vV=1+1—- 1 =1 +i ie, F(-1.5) = % + 4, the
complex number.
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Example 4.1. We compute F(—4 + 6), (0 < 0 < 1) as follows:

F5)'+F 4+ (0-1)
-3) 424+ (0-1)
= 391 +0+1

(

F(=4+40) = (Floaro—1) U 4 oy + (4460 - |-4+0] - 1)
(
(

where (—1)? = exp?"(=1) 50 that In(—1) = Log(—1), where Log(—1) is a “suitable branch of the Log-function”.
Note that i> = —1, so Log(—1) = Log(i?) = 2Log(i) = 21In(i). If we set Ini := a+bi, then exp™’ = i = exp® exp®i

and a = 0, b = 7 yields Ini = §4. Thus 2Ini = 7 = Log(—1) and (-1)¢ = exp™ e.g., § = 1 yields

(—1)! = exp™ = —1 as required. Thus we set (—3)? = 3% exp™ = 3%(cos w6 + isin7f). Hence
F(—4+0) = (3 cosm0 + 1+ 0) + (37 sin76)i
Hence the evaluation of F(z) for < 0 may involve complex numbers.
Definition 4.2. Given a complex number z := a + bi € C, we define a map F:C—C by
F(z) := F(a) +iF(b—1)
where F(z) is the continuous Fibonacei function on R. We call such a map F' a complez Fibonacci function.

Given a real number a € R, we have F(a) = F(a+i0) = F(a)+iF(—1) = F(a), so that F extends the function
I already defined on R to the complex numbers C.

Proposition 4.3. Given a Gaussian integer z = m + in (m,n € Z), we have

F((m+2) + (n+3)i) = F((m+1) + (n+ 2)i) + F(m + (n+1)i))

Proof. Since F(m+ni) = F(m)+ F(n—1)i = F,, + F,_yi, we obtain F((m+2) 4 (n+3)i) = Fyo+ Fpy0i =
(Fs1 + Fog19) + (Fo + Fi) = F((m + 1) + (n + 2)i) + F(m + (n + 1)i)). O

Using the fact that the Fibonacci derivative is a linear mapping, we define the Fibonacci derivative for complex

Fibonacci numbers as follows: Given z = a + bi (a,b € R),

AF(z) := AF(a) +i A F(b—1)

Proposition 4.4. Given a complex Fibonacci function ﬁ(z), we have

AF(z)=F(z+2(141) — F(z+1+1i) — F(2)

Proof. Given z :=a + bi € R, we have
AF(z) = AF(a)+iAF(b—1)
= [Fla+2)—F(a+1) = F(a)] +i[F(b+1) = F(b) — F(b—1)]
= F(la+2)+i(b+2)—F((a+1)+i(b+1)) — F(a + ib)
= F(z+2(141i)—F(z+141) — F(2),
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ie., A is the complex Fibonacci derivative. O

5. Concluding remark

As was already been mentioned in the introduction and has been demonstrated in the paper, the extensions of

{F, }nez to F(z) and F(z) show themselves to be rather remarkable functions. We should note that F(0) = F(1) =

1, only selects one among a family of functions of this type. Considering the usual property limg_, o, ! Sf(:}l) = 1t 2‘/5

for Fibonacci function f : R — R, it is naturally of interest to check on a variety of limit problems of this type

and discover properties and solutions to these problems among others.

6. Future works

One area which needs further investigation is the adapting of the theory developed above to general groupoids.
In order to do this we will need to reduce formulas such as given above, which involve two (closely related) binary
operations to those using only one such binary operation. Thus, consider an arbitrary groupoid (X,*) and an
element a € X. We consider functions f : X — X such that (VS f)(x) = (f(z)* f(z*a))* f((x*a)*a) = ¢ and let
these be (a, c)-(X, *)-Fibonacci-functions. That this is a true generalization can be seen as follows. Let (X, x) =
(R,—)andlet a =1,¢=0. Then (V{f)(x) = f(z)— f(x—1)— f(x—2) = 0 means f(z) = f(z—1)+ f(x—2), i.e.,
an (1,0)-(R, —)-Fibonacci-function as defined above. At the same time, if (Af)(z) = f(zx +2) — f(x +1) — f(x),
then (Af)(z —2) = f(x) — f(x — 1) — f(z — 2) = (V{f) (), so that Af is a translation of 7 f on (R, —). Using
these approach one hopes to develop very general Fibonacci properties which may be directly applied to a great
variety of situations and thus also with an improved chance for possible applications, due to a much larger range
of possible models which may be available. Therefore it is among our plans to follow through with this approach

as well as what has been mentioned in the concluding remark section also.
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Abstract. For a bivariate function on the unit square, if we extend it robustly into a periodic function
on the plane, then its Fourier coefficients decay very slowly due to the discontinuity on the boundary of the
unit square, therefore, we need a lot of Fourier coefficients to reconstruct this bivariate function. In order to
solve this problem, for any bivariate smooth function on the unit square, we introduce a Fourier expansion with
a polynomial term and several polynomial factors such that the corresponding Fourier coefficients decay fast.

Using this expansion, we can construct a good approximation tool for any bivariate function on the unit square.

1. Introduction

It is well-known that smooth period functions can be approximated well by Fourier series. But, for a
bivariate function f on the unit square [0,1]2, if we extend it into a periodic function on the plane, then its
Fourier coefficients decay very slowly due to the discontinuity on the boundary of [0,1]?. So we need a lot of
Fourier coefficients to reconstruct this bivariate function. In order to reconstruct f by fewest Fourier coefficients,
we will develop a new approximation tool in this paper. We first construct four simple univariate polynomial
; (i =1,...,4) of degree 3 which is independent of f. With the help of these polynomials, we express f into a

sum:
f=h+fot f3

In this decomposition formula, f; is a linear combination of ¢;(z)p;(y) (4,4 =1,...,4), f2 is a sum of products
of a polynomial ¢; and a univariate function, and f3 is a bivariate function whoes partial derivatives vanish
on the boundary of [0,1]2. Then we expand these univariate functions and this bivariate function into Fourier
series, where the corresponding Fourier coefficients will decay fast. We call this process a Fourier expansion
of f with a polynomial term and several polynomial factors. Based on this expansion, we can develop a good
approximation tool of f by using the partial sums of these univariate Fourier series and the hyperbolic cross

truncation of bivariate Fourier series. Precisely say, for a function f satisfying %gyg € C([0,1]?), if we use our

*This research is supported by National Key Science Programme for Global Change Research 2015CB953602, Beijing Higher
Education Young Elite Teacher Project, and Scientific Research Foundation for the Returned Overseas Chinese Scholars, State
Education Ministry.
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4
approximation tool, then the approximation error is equivalent to log]TNd, however, if we directly expand f into
d

Fourier series, the approximation errors of its partial sums and hyperbolic cross truncation are equivalent to

1 log Ng
VNa’  Na
tool is much better than traditional Fourier approximation. At the end of this paper, we will extend these results

, respectively, where N is the number of Fourier coefficients used. It is clear that our approximation

to the case of random processes.
Throughout this paper we always assume bivariate functions on [0, 1]? are real-valued. Denote by {0,1}?
vertexes of the unit square [0, 1]? and by ([0, 1]?) the boundary of [0,1]2. We say f € C>2)([0,1]?) if 3826{ 5

is a continuous function on [0, 1]2. Denote by sy (f;z,y) the Fourier series partial sum of f on [0,1]2, i.e.,

Qﬂimz 2min
NGEENERD D P ey,

|m|<N |n|<N

Denote by sn ( f;x,y) the Fourier series hyperbolic cross truncation of f on [0,1]?, i.e.,

N
s (fiz,y) = 3 emolf)e2mime

|m|=0

N (1a 1)
+ E Con e2miny + Z cmn(f) e2mi(mz+ny)

|n|=1 1<|mn|<N

For a random variable £, denote by FE[{] and Var(&) its expectation and variance, respectively. For two
random variables &, 7, denote by Cov(&, ) their covariance. We also always assume that £ is real-valued. The
concept of the random calculus may refer the reference [2,6].

This paper is organized as follows: In section 2 we give a decomposition formula of a bivariate function on
[0,1]2. In section 3 we discuss Fourier expansions with polynomial term and polynomial factors and estimate
Fourier coefficients. In Section 4 we present a new approximation tool and estimate the corresponding approx-

imation error. In Section 5 we generalize these results to random processes on [0, 1]2.

2. Decomposition of bivariate functions on the unit square
Suppose that f(z,y) is a real-valued function on [0,1]? and f € C??)([0,1]?). First we introduce four
fundamental polynomials:

o1(z) = (1+22)(z — 1) = —(3 — 22)2% + 1,

p2(x) = (3 = 22)2” = —p1(x) + 1,
(2.1)
p3(x) = x(x —1)%,

o4(z) = 2%(x — 1)
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satisfying the following conditions

O =1, al0) = pall) = (1) = 0. 22
A =1, wi(0) = a(1) = ¢(0) = 0
Define a bivariate polynomial:
file) = X (00010 + FLV)oa(e) prily)
+ % (B0.00s(@) + S V)ea(@) preu ) (2.3)

v=0

+ 3 (B0 Fena) ronte

v=
This is a linear combination of {¢;(z)y;(y)}i j=1,..,4 whose coefficients depend only on values of f and partial

derivatives of f at vertexes {0,1}? = {(0,0), (0,1), (1,0), (1,1)}. Denote

g(xvy) = f(l',:l/) - f1(:c,y)-

We construct a bivariate function fo which depends only on values of g and partial derivatives of g at the

boundary of [0, 1]?. Define
fa(z,y) = 9(2,0)@1(y) + 9(x, 1)2(y) + 9(0, y)e1 () + (1, y)pa(z)
+52(0,9)¢3(x) + 52(1,9)pa(@) + 52 (2, 0)3(y) + 52 (x, pa(y)-
This is a sum of products of univariate functions and fundamental polynomials ¢;. Finally, we let
f3(x,y) = f(xay) - fl(xvy) - fQ(xvy)

Then the following decomposition formula holds.

Theorem 2.1. Let f € C>2)(]0,1]?). Then

f(x’y):fl(x7y)+f2($?y)+f3($?y)’ (25)

where f1, f2, and f3 are stated as above and satisfy

(i) fi(z,y) is a bivariate polynomial and for (z,y) € {0,1}2,

filz,y) = f(z,y), o (2,y) = (2, y),

2] f3) 9 9°

hw,y) =G (wy),  Sh(ey) = ok (z.y),
3
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i.e., g = f — f1 satisfies

0 0 02
9(e9) = 50 () = 5 y) = 50 (ey) =0, (o) € (0,11

(ii) the remainder f3 € C22)([0,1]?) and for (x,y) € 9([0, 1]?),

0 0 0?
fB(xvy) = Tf(x,y) = aif;(xvy) = argz;(x?y) = 0.

From the definitions of fi, fa, f5, and (2.2), we can directly check (i) and (ii).
With the help of this decomposition formula, we give a Fourier expansion with polynomial factors and a

new approximation tool such that we can reconstruct functions on [0, 1]? by fewest Fourier coefficients.

3. A kind of new Fourier expansions
In this section we give a Fourier expansion of the function on [0, 1]? with a polynomial term and several
polynomial factors.

Suppose that f € C22)([0,1]?). By Theorem 2.1,

f(xvy) = f1(33,y) +f2(33,y) +f3(l',y),

where f; is a polynomial which is stated in (2.3) and f> is stated in (2.4). We expand the first factor of each

term in (2.4) into univariate Fourier series, such as we expand g(z,v) (v = 0, 1) into the Fourier series:
g(x, l/) _ Za%) eerima:’
m

where a'%) = fol g(z,v)e ?™m*dz and >, = > - . Using the integration by parts, by Theorem 2.1 (i) and

m=—o0"

Riemann-Lebesgue lemma, the Fourier coefficients satisfy

aly) = fol g(z,v) e ?mimrdy = L 01 99 (z,v) e 2" dy

1 2 _ .
747r21m2 0 STg(va) e ?mmrdr = o (#) :

Similarly, we expand g(v,y), %(V, Y), g—z(x, v) (v =0,1) into Fourier series:

g(v,y) = S0 e2miny,

n

B(0,4) = Solf érn,

n

%($7 V) — Zﬁﬁr’:) eQﬂ'imwl

m
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From this, we see that fo(z,y) can be expanded into the following Fourier series with polynomial factors ¢;:

f2 (.’E, y) = 1 (y) Z ag,?) gZmime + 2 (y) Z ag‘rlz) e2mima

+ o1 (x) E bgz()) e2riny + @2 (x) Z b?(ll) e2miny

(3.1)
+ 903(1') Z OZ'SLO) e2miny + @4(1') Z a%l) e2miny
+ 03 (y) Zﬁg}) e27rima: + 304(y) Zﬁf&) e27rim7;
and
o) o). W =o().
ol =), B =0 ().
Finally, expand f3 into a bivariate Fourier series:
f3 (fﬂ, y) = Z Cm,n(f3) 627ri(mz+ny),
where ¢, (f3) = fol fol f3(z,y) e~ 2™ ma+ny) dzdy and Zm,n = > . By Theorem 2.1 (ii), the
interior integral is equal to
1 1 92
. 1 O f .
727r1(mm+ny)d — 3 727rzmmd )
/0 fS(xv y) € € (2mm)2 0 3;102 (Qf, y) € €
So the Fourier coefficients:
1 1 i 1 82f3 i
i _ ; —2mimx , —2miny q dz.
o) = gz | 2 ([ G ey ) as
Again, by Theorem 2.1 (ii),
1 _orima 1 3 —2min
cm’ﬂ(f?’) = (27ri1m)2 fO e? (271'1171 0 ;)mzfgy (J?,y) e? ydy) dz
(3.2)

16w4in2n2 fol fol %(m’ y) e 2mimetny dady.
Summarizing up the above results, we get a Fourier expansion with polynomial term and polynomial factors,
where Fourier coefficients decay fast.
Theorem 3.1. Let f € C>2)([0,1]?) and fi, fa, f3 be stated as in (2.3)-(2.5), and ¢;(i = 1, ...,4) be stated
as in (2.1). Then f can be expanded into Fourier series with a polynomial term and several polynomial factors

as follows:

1
flwy) = file.y) + 32 (sow@) S 2T 4 o1 (@) T b )

m n

1 ) . .
3 (%03+u<x> Sl ey 4 oy, (y) Y 65 m) (3.3)

n m

+ 2 mn(f3) e2mi(matny),

m,n
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where f1(x,y) is a polynomial which is stated in (2.3), both the second term and the third term are a combination

of four univariate Fourier expansions and four fundamental polynomials, and for v =0, 1,

aly) = fol g(z,v) e ?™mrdy = o (L3),

b = [ g(v.y) e T mvde = o (),
(3.4)
o) = [ B (v,y) e mvdy = o0 (&),

7(71:) _ fOl %($7y) e—2mimed, — o (L)

m?2

and g(x,y) = f(z,y) — f1(z,y), and the last term is a bivariate Fourier series of f3 whose coefficients satisfy

Cmn(f3) :O(ﬁ) (m—>OO or n—»oo),
con(f3) =0 (5z) (n — o), (3.5)
cmo(fs) =0 (72) (m — o0).

4. A new approximation tool

We want to reconstruct the bivariate function f(x,y) by the fewest Fourier coefficients. For this purpose, we
take partial sums of univariate Fourier series and hyperbolic cross truncation of the bivariate Fourier series of
S Cn(f3) €27 m=479) in (3.3), we get a hyperbolic cross truncation of Fourier expansion of f with a polynomial
:zz;lm and several polynomial factors. For an appropriate N € Z., we define such a combination of polynomials

and trigonometric polynomials:

1 y 0 14 N
Tz(vh) (z,y) = filz,y) + 2_:0 (tplw(y) > aly) e2mine Pr10(T) Y b 62”””’)

In|<N In|<N
(4.1)
! W) omi W) omi (h)
+ 3 [ esrv(@) X an” €Tt (y) X B €T ) 4 sy (fai@,y),
v=0 In|<N In|[<N
where the last term is the hyperbolic cross truncation of fs which is stated in (1.1).
From this and (3.3), it follows that
fa,y) = T3 (@) = s§ (@,y) + 55 (2.9), (4.2)
where
(1) ! (V) 2rina (v) 2miny
sy (@) = X | e(y) X an e o) 3 bhe
v=0 [n|>N [n|>N
(4.3)

v=0 [n|>N [n|>N

+ Z <¢3+y(x) Z Oésy,u) 627\"Lny + g03+u(y) Z ﬂ'r(LV) 627rinx>

(2)(

s$D(@,y) = fa(z,y) — s0(f3,2,y).
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Consider the square error:

1 1
| f-T® 2= / / F(a.y) — T (32, ) Pdady,

By (4.2), we have
IF =T B<2 ) 8§ 13 +2 1 % 112

By (4.3) and || h(2)ha(y) [I3=] hn (@) 3] ha(y) |3, where || h(t) [[3= [ [h(t)*dt, we have

1
1 3 71"
IsW 13 < 643 (o 31 X a2 134 [ orp I3 X 65 €2 |3
v=0 |n|>N In|>N

N——

1 . .
+ 64y (II o303 S ol ™ 2 4 | pag Bl X BY) e2mine |3
v=0 [n|>N [n|>N

By the Parseval identity of the univariate Fourier series, we get
1
1 14 v v v
s 13< 643" (o 13 3 (aP + D)4 1 @an 13 D7 (101 +1821)
V=0 In|>N n>N|
Again, by (3.4),
1 1 1
18 =0 3 ) =o(53)-
In|>N

For sg\?), by (1.1), we have

S Using) = 5 cmo(fs) Tk 55 e (f) 20
[m|>N [n|>N |m|=0

N
=+ Z Z Cmn(f3) e27ri(mx+ny).

[n[=1|m|> I
By the Parseval identity and (3.5), we have || sg\?) 3= JJ(Vl) + J](\?) + J](\?), where

TP = 3 Jemo(fs)2 =0 () = o (5),

[m|>N

W= ¥ 5 |cmn<f3>|2=o< z ) (lf Wh>=o(;3),

[n|>N |m|=1

(3) _ N 2 _ 1
IN =2 2 lem(B)IP=0( X X 5

[n1=1 | > [ 2] Inl=1 |m|> 25

N
o[ £x 2 ) -of 5 24 o).
n|= Im|> 25
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Therefore,
2 1
158 18=0 (5 toe ).

From this and (4.4), and (4.5), it follows that

h log N
I7-1 IB=o0 (FEY).

Since Zl<|mn\<N 1~ NlogN, by (4.1), we see that the number N, of Fourier coefficients in the approximation

tool T](Vh) (x,y) is equivalent to Nlog N, i.e.,
Ng ~ Nlog N.

This implies the following:
Theorem 4.1. Let f € C32)(]0,1]?) and TI(Vh) be the hyperbolic cross truncation of its Fourier expansion
with a polynomial term and several polynomial factors which are stated in (4.1). Then

log® Ny
N3 ’

1 f-T{ 3=0 ( (4.6)

where N, is the number of Fourier coefficients in T](Vh ).

For f € C2)([0,1]?), consider the partial sums of the Fourier series of f:
SN(SE,y) _ Z Z Cmn(f) e27ri(m:v+ny)'
[m|<N |n|<N

By the Parseval identity,

9] N
1 f=sw = 3 S JemnE+ 3 S femalHE

|n|>N |m|=0 |n|=0|m|>N

From this and ¢;,o(f) = O (i) , con(f) =0 (l) , Cmn(f) =0 (ﬁ), it follows that

n

7= IB=0(5)-

Note that the number Ny of Fourier coefficients in the partial sum is equivalent to N2, i.e., Ny ~ N2. So
I sx 3= 0 ( (17)
2 VN '

Consider the hyperbolic cross truncation of the Fourier series of f. By (1.1) and the Parseval identity,

_ )2 2 S 2 = 2 _ log N
If =y 13= D lemo(DP+ D2 D lemn(DP+ D2 D2 lemn(NF =0 (=3 ) (4.8)

|m|[>N [n|>N |m|=1 [nl=1 |m|> 2

From this and Ny ~ Nlog N,
A log® N
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)

Comparing (4.7), (4.8) with (4.6), we see that the approximation tool T](Vh is such that we reconstruct f by the

fewest Fourier coefficients.

5. Uncertainty analysis

Now we extend the above results to the case of random processes. Suppose that f is a real-valued random
process on [0,1]? and f € C22([0,1]?) (Refer to [6] for random calculus). Then the decomposition formula
(2.5) is still valid:

f=f+fo+ f3

where f; and fs are stated as in (2.3) and (2.4), respectively, and f3 is the residual. However, now f; is a random
polynomial, f5 is a sum of products of univariate random processes and fundamental polynomials ¢;. Theorem
2.1 and the expansion (3.3) are still valid. However, Fourier coefficients in (3.3): a%), b, ), 67(5) (vr=0,1),

and ¢ (f3) are now all random variables. Consider their expectations and variances. Note that

1
aly) = / gz, v)e Az (y=0,1). (5.1)
0

Since the expectation and the integral can be exchanged,
1

Ela)] = ; Elg(z,v)] e ?™m*dy (v=0,1). (5.2)

Since the random process g = f — f1 belongs to C(*2)([0,1]?) and the expectation and the partial derivatives
can be exchanged, the deterministic function E[g(z,y)] € C*2)([0,1]?). Noticing that Theorem 2.1 is still valid,
for (z,y) € {0,1}?,

Elg(z,y)] =F [Zi(%y)] =F BZ(:@y)} =F [ggy (sc,y)} =0.

Exchanging the expectation and the partial derivatives, for (x,y) € {0,1}?, we get

0 0 0?2
Elg(a,y)] = 5. Elg(e.y)] = 5. Elo@y)] = 55 Elg(.y)] = 0.
Therefore,
v 1 —2mimax
Elal)] = -3t Elg(a,v)]]io + 5 fo 2 (Elg(a,v)]) e 2" m*dz

1 1 52 —2mimxz
- _(27”'1771)2 %E[g(x”/mx:o"_ (2m‘1m)2 0 %(E[g(x,y)])e 2 dx

= (27ri11ﬂ)2 01 %(E[g(.ﬁ, V)]) e 2mmrdy = o (#) (V =0, 1)
This implies that

2
E[a(”) < 1 9

m ] = An2m?2 0?3§1|@E[g<$71/)“ (V:O, 1)

Similarly, we compute E[bY], E[al’], B[], and Elcmn(f3)]. So we have the following:
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Theorem 5.1. Let f be a random process on [0,1]? and f € C(>2)(]0,1]?). Then, in the Fourier expansion

(3.3) with a random polynomial and several random polynomial factors, Fourier coefficients satisfy

Ela)] = 0 (), Blaf)] < gt uax, | 7 Elo(w. )]

EpY) = o (L), BR) < gb a5 Blo(v ),

ElaY) =0 (L), Ela] < = m e <1|azay Blg(v.y)],

E[ﬁ,(,'f)] =o0(2), E[ﬁr(;:)] < ooz o2 §1|8z28yE[g(m7V)H (v=0,1),
Blemn(fs)] = 0 () Blemn(fs)] < tamrme w55 Blfs(o,0)]l

where g = f — f1 and fi, fo are stated as above.
Now we consider the variances of Fourier coefficients in (3.3).

Since ¢ is a real-valued, by (5.1), we deduce that for v =0, 1,
fo fo g(t,v) e 2mmE=t)dadt,
E y)|2 fO j‘o (t u)]e‘Qmm(w—t)dxdt,

Since E[g(z,v)g(t,v)] € C*2)(]0,1]?), by Theorem 2.1 (i) and using integration by parts, it follows that

Blaf)P] = i / / S Blo@,)g(t.v)] e 2N dadt (v =0,1), (5.3)

and so

Var(alf) < Bl Pl =o () (=00 (5.4)
From (5.2), it follows that
(E[a)])? 16W4m4 / / o2gz(E (9(z,v)|E[g(t,v)]) e 2™ @Ddzdt (v =0,1). (5.5)

Again, by the covariance formula: Cov(g(z,v), g(t,v)) = Elg(x,v)g(t,v)] — E[g(z,v)|E[g(t,v)], we have
v —2mim(z—
Var(a(})) = 167T4m4 / / 2012 ———Cov(g(z,v), g(t,v))e @D dzdt (v=0,1).

Similarly, we compute Var(b}}), Var(al)), Var(8%), and Var(cmn(f3)). So we have

10
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Theorem 5.2. Under conditions of Theorem 5.1, for v = 0, 1, we have

Var(an) < szt max | 535m Covlg(e,v), g(t,v),

Var(by”) < s max | 585mCov(g(v,y), 9 0),

Var(all)) < gk max 595 Cov (2(ny), 2w,0)),

6nn® o2y,

Var(B17) < o s |t Cov (G(@): BE(t0)) |

Var(emn(fs)) < ggwdrn , max _ |Cov (g5ebia (.9), gfia(5)) |

Similar to (5.5), we can obtain that the second-order moments are as follows. For v =0, 1,

Ella 2] = 0 () . Elli?] = o (%)
Bl Pl =0 (k). sl =o(5), (5:6)

Finally, for a random process, we still define an approximation tool TI(Vh ) (z,y) as in (4.1). Now TJ(\,h) (z,y) is
a combination of random polynomials of degree 3 and random trigonometric polynomials of degree N. Using
the Parseval identity, by (5.6), we have the following:

Theorem 5.3. Let f be a random process on [0,1]? and f € C>2)([0,1]?), and T](Vh) be stated as above.

Then the mean square error of approximation by Tj(vh) satisfies

log* N,
Bl £ -1 11 =0 (5 ).

where N, is the number of Fourier coefficients in T](Vh).
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Abstract: This paper is devoted to studying the Gronwall-Bellman type
inequalities involving the distributional Henstock-Kurzweil integral. More-
over, an linear differential equation with distributional coefficients is consid-

ered as an application.

Keywords: distributional derivative, distributional Henstock-Kurzweil in-

tegral, Gronwall-Bellman inequality.
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1 Introduction

It is well-known that the Gronwall-Bellman inequality (also called the Gron-
wall’s lemma or the Gronwall’s inequality) has played a fundamental role in
the study of the qualitative behaviour of solutions of differential and integral
equations.

In 1919, T. H. Gronwall [1] firstly established the following integral in-
equality.

Lemma 1.1. Let f(t) be a continuous function defined on |a,a + §] C R,
for which the inequality

0 < f(t) S/t(af(s)—l—ﬁ)ds, t€la,a+d] (1.1)

*Supported by the Program of High-end Foreign Experts of the SAFEA (No.
GDW20163200216).
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holds, where o, 3, & are nonnegative constants. Then
0 < f(t) < Boexp(ad), te a,a+0]. (1.2)
In 1943, R. Bellman [2] generalized Lemma 1.1 to the following result.

Lemma 1.2. Let f(t) and g(t) be nonnegative, continuous functions on
[a,b] C R, for which the inequality

0< f(t) <+ / 9()f(s)ds, € [a,] (1.3)

holds, where n is a nonnegative constant. Then

0 < f(t) <nexp </atg(s)ds> , t€la,b. (1.4)

Because of the importance of this inequality, over the years investigators
have discovered many useful generalizations in order to achieve a diversity of
desired goals in various branches of differential and integral equations [3-18].

However, almost all the generalizations are based on continuous func-
tions under Riemann and Lebesgue integrals, they are not applicable to
generalized ordinary differential equations [19,20]. This did not really
change until S. Schwabik [11] presented the Gronwall-Bellman inequality
for the Henstock-Kurzweil integral in 1985, while K. Ostaszewski and J.
Sochacki [12] gave a simpler and significant proof in 1987. As for the
Gronwall-Bellman type inequalities for the Stieltjes integrals, we refer the
reader to [14-18].

In this paper, we study the Gronwall-Bellman type inequalities for the
distributional Henstock-Kurzweil integral, which defined by using Schwartz
distributional derivative. It is a very wide integral form including the Rie-
mann integral, the Lebesgue integral, and the Henstock-Kurzweil integral
(see [19-22,27-30] for details). The space of such integrable distributions,
denoted by Dpp, is a completion of the space of Henstock-Kurzweil inte-
grable functions (shortly, HK).

This paper is organized as follows. Section 2 is devoted to the basic
notations of the distributional Henstock-Kurzweil integral. Section 3 con-
tains our main results on the Gronwall-Bellman type inequalities involving
the distributional Henstock-Kurzweil integral, while Section 4 sets forth an

application to an linear differential equation with distributional coefficients.
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2 The Distributional Henstock-Kurzweil Integral
Let (a,b) be an open interval in R, we define
D((a,b)) ={¢: (a,b) = R| ¢ € C° and ¢ has a compact support in (a,b)}.

The distributions on (a, b) are defined to be the continuous linear functionals
on D((a,b)). The dual space of D((a, b)) is denoted by D’'((a,b)).

For all f € D'((a,b)), we define the distributional derivative f’ of f to
be a distribution satisfying (f', ¢) = —(f, ¢'), where ¢ € D((a,b)) is a test
function. Further, we write distributional derivative as f’ and its pointwise
derivative as f’(t) where t € R. From now on, all derivative in this paper
will be distributional derivatives unless stated otherwise.

Denote the space of continuous functions on [a, b] by C|a,b]. Let
Co={F € Cla,b] : F(a) =0}. (2.1)
Then Cj is an Banach space under the norm

[Flloc = sup |F(t)| = max |F(t)].

te[a,b] t€(a,b]
Definition 2.1 ( [29, Definition 1]). A distribution f € D’((a,b)) is said to
be Henstock—Kurzweil integrable (shortly D) on an interval [a, b] if there
exists a continuous function F' € Cy such that F’ = f, i.e., the distributional
derivative of F'is f. The distributional Henstock—Kurzweil integral of f on
[a, b] is denoted by f; f(t)dt = F(b) — F(a). The function F is called the
primitive of f.

For every f € Dyg, ¢ € D((a,b)), we write

b b
o) = [ 1ot~ [ Fo¢war

The distributional Henstock—Kurzweil integral is very wide and it in-
cludes Riemann integral, Lebesgue integral, Henstock—Kurzweil integral, re-
stricted and wide Denjoy integral (see [21,22,27-29]). From now on, we
write “ f:f(t)dt 7 as ¢ f;f ” for short.

For f € Dy, define the Alexiewicz norm in Dy as

Ifl = [IFlloc = sup [F(t)] = max [F(¢)].
te(a,b] t€(a,b]
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Under the Alexiewicz norm, Dy is a Banach space, see [28, Theorem 2].
For F € Cy, the positive part F* = maxe[q,5{F(t), 0}, the negative part
F~ = maxyc[q5{—F(t),0}, and hence F' = F" — F'~ and the absolute value
|F| = F* 4+ F~. Moreover, F™, F~, |F| all belong to Cy. Let f € Dy
with the primitive F' € Cp, as in [28], define
fr=En, fm=E), f=1FI" (2.2)
Then,
== =1+ (2.3)
In Cj there exists a pointwise order: for F,G € Cy, F' < G if and only
if F(t) < G(t) for all t € [a,b]. For f,g € Dy with primitives F,G € Cy,

respectively, we say
FYgorg ¥ f) ifandonlyif F(t) < G(t), Vt€ [a,b], (2.4)
and
f “;? g (oryg (;) f) if and only if /f < /g, (2.5)
I I

where [ is arbitrary subinterval of [a, b]. Obviously,

%9 = % (2.6)

but the converse is not true. Particularly, if f, g are functions, then
JO <9 (iefad) & [Fg = f¥g @D
Lemma 2.2. Let f,g € Dyi. Then
(I) |fl € Dk and | [} fI < [} |f] for all t € [a,b];
D) A= FT =1 E] oo = £l

() (£ +g) € 1]+ lgl-

Proof. (I) and (II) see [28, Theorem 24].
Since |F+ G| < |F|+ |G| in Cp, (IIT) follows immediately from (2.3) and
(2.4). O

If g : [a,b] — R, its variation is Vg = sup ), |9(tn) — g(sn)|, where
the supremum is taken over every sequence {(t,, s,)} of disjoint intervals in
[a,b]. If Vg < oo then g is called a function with bounded variation. Denote
the set of functions with bounded variation by BY (see [21-23]).
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Lemma 2.3 ( [23, Theorem 2.2]). Let g, h € BY. Then
(i) gtheBY and V(g+th) <Vg+Vh;
(ii) gh € BV;
(iti) gh™' = ¢ € BY if there exists constant § > 0 such that |h| > 6.
Moreover, we have the following result.

Lemma 2.4 ( [25, Lemma 1.5]). Let F' € Cl[a,b] and g € BY. Then

/

Flg= (/atng) : (2.8)
Fg = (/at ng>,. (2.9)

Lemma 2.5 ( [29, Lemma 2, Integration by parts]). Let f € Dgg, and
g€ BY. Then fg € Dk and

and

b b
[ t9=ro) - [ Fas
a a
By Lemmas 2.4 and 2.5, it is easy to see that

Lemma 2.6. Let f € Dy be the distributional derivative of F' € Cla,b],
and g € BY. Then

(Fg)' = fg+Fyg.
From (2.5) and Lemma 2.5, the following lemma holds.
Lemma 2.7. Let f € Dyg and let g be a nonnegative function on |a,b].

(1) If f 0 and g is monotone on [a,b], then

fg & o.

(1) If f (? 0 and g is nonincreasing on |a,b|, then

f9 2o
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Proof. ()LetF f f, t €la,b]. Then, F € Cla,b], and F > 0 on [a, b],
because f t 0. Since g > 0 is monotone, then g € BY. By the first mean

value theorem for Riemann integrals, there exists £ € [¢, d] C [a, b] such that

d
/ Fdg = F(€)(g(d) — g(c), €€ [e.d].

In view of Lemma 2.5 and (2.5), one has fg € Dy, and

/cdfg—Fg ?—/chdg
= F(d)g(d) — F(c)g(c) — F(£)(g(d) — g(c))
/f+g /f>0 ¥ [e,d] C [a,b].
Hence, by (2. 5) (1) follows.
(1) Let F( = ['f, t €[a,b]. Then, F € Cla,b], and F > 0 on [a, ],

because f t 0. Smce g > 0 is nonincreasing on [a,b], then g € BY and

fg € Dyg. Moreover,

[ 9= raly+ / Fa(-
> F(t)g(t) = Fa)g(a) + F(n)(g(a) — g(t)) = 0, t € [a,b],
where F'(1) = minge(, ) F'(s). Thus, by(2.4), (II) holds. The proof is there-

fore complete. ]

Remark 2.8. In Lemma 2.7, (II) is not true if ¢ is nondecreasing on [a, b].

For example, let

0, t € 0,m),
1, t e [7T, %ﬂ] .

f=sint, t e {0, 5:} , and g(t) = {

It is easy to see that f (? 0 and g is nonnegative and nondecreasing on
5w 57

[O, %’T] However, [,* fg = [ sint = g — 1 < 0. This implies by (2.4)

that (II) is not true.

3 Main Results

In this section, we shall prove that the Gronwall-Bellman type inequalities

involving the distributional Henstock-Kurzweil integral remain valid.
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Theorem 3.1. Let f € Dy, g : [a,b] — R be a nonnegative nonincreasing

function. If there is a constant n such that

t
0(§)f(§)n+/ fg, tela,bl. (3.1)

Then .
0% 5% nexp ( / g) . teladl (3.2)

Proof. Since g is a nonnegative nonincreasing function on [a,b], then
g exp <— f(f g> is also nonnegative and nonincreasing on [a, b]. This together

with Lemma 2.5 implies that

t
f9 € Dpk, fgexp (—/ g> € Dyk.
a

Let x(t) = f;’ fg, then z(t) € Cy, ' = fg, and (3.1) can be transformed

into
0% f ® n+x, on [a,b]. (3.3)

Furthermore, by Lemma 2.7, 0 < =z(t), t € [a,b]. Multiplying by
g exp <— fj g> on both sides of (3.3), one has

(fg — xg) exp < /: g> = ngexp < /: g> , t€la,b]. (3.4)

By Lemma 2.6,

<xexp <—/:g>>/ 9 <77—17exp <—/:g>>/, tefab.  (35)

Taking in account (2.4), we get

0§x(t)§n<exp </atg) —1>, vt € [a,b]. (3.6)

It follows from (2.7), (3.3) and (3.6) that

t t
O(g>f<g)n+17<exp</ g>—1>:nexp</ g>, t € [a,bl.

This completes the proof. ]

As Lemma 1.1, we have the following consequence.
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Corollary 3.2. Let f € Dpg. If there exist positive constants K and n

such that

0% f¥ /t(Kf(s)—i—n)ds, t € [a,b).

Then

0% £ % (b~ a)exp (K(b—a)).

Remark 3.3. If f(t) is nonnegative and Henstock-Kurzweil integrable on
[a, b], then Theorem 3.1 and Corollary 3.2 are still valid. Therefore, Lemma

1.1 and the corresponding result in [12] are only special cases of our results.

For the ordering (2.5), we have the following result.

Theorem 3.4. Let f € Dy, g : [a,b] — R be a positive monotone function.
If there is a constant n such that

¢
0%t Yo+ [ o telab (3.7
a
Then

(m) , (m) t
0 < f < nexp (/ g), t € [a,b]. (3.8)

a
Proof. The proof is similar to Theorem 3.1, so we omit it. O

Remark 3.5. Assume that f, g are nonnegative continuous functions. Since
the ordering (2.5) equals to the pointwise ordering (see (2.7)), it is easy to

see that Theorem 3.4 is a generalization of Lemma 1.2.

Next we give a more general version of the Gronwall-Bellman type in-
equality due to H. E. Gollwitzer [13].

Theorem 3.6. Let f € Dyg, g : [a,b] — R be a nonnegative nonincreasing
function. If there exist | € Dy, 1 (Q 0 on [a,b], and h € HK, h > 0 on
[a,b], such that

t
0% % l+h/ fg, telabl. (3.9)
Then
® , @ ¢ t
0<f<l+h/lgexp</ gh>, t € [a,b). (3.10)

Proof. Since ¢g(t) € BY and f,l € Dyg. Then exp (— fat g) e BY, fg €
Dy, and lg € Dy . Suppose that x(t) = flf fg, one has x(a) = 0 and

¥’ = fg, on [a,b]. (3.11)
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According to (3.9),
(® ()

0<f<1l+hx, onlab (3.12)
It turns out from (3.11), (3.12) and Lemma 2.7 that
7' — ghx ® lg, on [a,b]. (3.13)

Multiplying exp (— fj gh) on both sides of (3.13), we have

(exp <— /atgh> x)l © 1gexp (— /at gh> <lg, telab. (3.14)

Applying (2.5) yields that

t t
0 <uz(t) <exp (/ gh> / gl, te€la,b, (3.15)
and hence, by (2.7) and (3.12),

t t
0 (%) f (2) I+ hexp (/ gh) / gl, tE€lab],
which completes the proof. ]

Corollary 3.7. Let f € Dyg, K be a positive constant. If there exist
l € Dyk, 1 @ 0 on [a,b], and h € HK, h > 0 on [a,b], such that

t
0% 5% l+h/ fK, telab. (3.16)

Then "
0% %I Khexp </ Kh), t € [a,b]. (3.17)

Proof. Let F(t) = f;f and L(t) = fjl By Theorem 3.6 and Lemma 2.7,

we get
t t
0% f %14+ Khexp (/ Kh>/ I, t€la,bl. (3.18)

Moreover, in view of (2.4),

ogF(t)gL(tH/: (Khexp </Kh> /z>
<1l <1+/: (Khexp </Kh>)> (3.19)
— il exp </:Kh), te [ab].

Therefore, by (2.4) and Lemma 2.4, the assertion follows. O
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Remark 3.8. In Corollary 3.7, without loss of generality, let h € Cla,b).
Obviously, the inequality (3.16) implies by (2.5) that

t t
0< F(t) < L(#) +/ KhF < || +/ KhF, telab. (320

Since F, h € Cla,b] are nonnegative, K, ||I|| are positive constants, then by

Lemma 1.2,
t
0 < F(t) < ||l exp (/ Kh> , te€la,b],
a
which is the same result as in (3.19). Hence, our results are extensions of
Lemma 1.2.

Furthermore, we have another result for the ordering (2.5).

Theorem 3.9. Let f € Dy, g: [a,b] — R be a nonnegative nonincreasing
function. If there exist | € Dy, 1 (;) 0 on [a,b], and h € HK, h > 0 on
[a,b], such that

t
o(!”)f<’<”)l+h/ fg, telab]. (3.21)

Then . .
0% f « l+h/ lgexp (/ gh) , tela,b]. (3.22)

Remark 3.10. If f, g, h, [ are nonnegative continuous functions, the inequal-
ities in Theorem 3.6 also hold for the pointwise order in Cla,b], because of

(2.7). Therefore, Theorem 3.6 extends the corresponding result in [13].

4 Application

In this section, we will give an application concerned about the Gronwall-
Bellman type inequalities.

We consider the system
Al(on)/ - /21' = F/, (41)

where the derivatives, products and equality are understood in the sense of

distributions, see [26].

Assumptions 4.1. The function Ay € C[0,T], Ag # 0 on [0,T], A{* € BV
with [A7!] > 61 > 0, and Ay € C[0,T] N BY. Furthermore, F € C[0,T].

10
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Let us notice that under Assumptions 4.1 the products A;(Apx)" and
Abz, by Lemma 2.4, are well defined for any = € C[0, 7.

Definition 4.2. A function z(t) is called a solution to the equation (4.1)
on the interval [0,7T] if x € C[0,T] and A;(Apz)" — Abx — F’ is the zero

distribution.
Firstly, we show the estimate of solutions to the equation (4.1).

Theorem 4.3. Let the assumptions 4.1 be satisfied. If x(t) € C[0,T] is a
solution to the equation (4.1) on [0,T], then

()] < |Ag (@)1} exp (/0 h) , te[0,T], (4.2)

where

L=|AT'F),  h=]AT AL ALY, (4.3)
Proof. By Assumptions 4.1 and (4.1),
(Apz) = AT'F' + ATTAL A (Ao). (4.4)
Hence, by Lemma 2.2,
t
(») _ _ —_
(Aoz)| 2 [A7F'| + AT AR AG 1!/0 |(Aoz)'[- (4.5)

Let

1=|AT'F'|, g=1, h=|A7"AASY. (4.6)

It is easy to see that | € Dy, h € HK. Therefore, by Corollary 3.7,

¢
(Aoz)'| 2 [ exp ( / h) tepT) (47)
0
which yields by (2.4) and Lemma 2.2 that
. t
[z(8)] < [Ag~(@®)[[Z]] exp </O h> , tel0,T]. (4.8)
The proof is therefore complete. O

Finally, we give an existence and uniqueness result.

11
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Theorem 4.4. Let the Assumptions 4.1 be satisfied. Moreover, either
Ayt € BY with |AyY] > 6o > 0 or Ay € AC holds. Then (4.1) has a

unique solution x(t) € C[0,T] satisfying
t
2(8) = AT Ok () / RATVF, te[0,T], (4.9)
0

where .
k(t) = exp <—/ AglAl‘ldA2>, te0,7]. (4.10)
0

Proof. We only prove the necessity, the sufficiency is easy to prove.
By Assumptions 4.1 and (4.1),

(Agz) — ATTAL A (Agz) = ATTF. (4.11)
Let .
k(t) = exp (—/0 AglAl‘ldA2> , telo,T). (4.12)
It is easy to see that k(t) € C[0,7]NBY. Multiplying both side of (4.11) by
k(t), we get
k(Agx) — kAT ALAS (Agz) = kAT F. (4.13)
By Lemma 2.6,
(kAgzx) = kATTF. (4.14)
Therefore,

t
() = A (k1 (1) / KAV, te[0,T].
0
Let y(t) be another solution to (4.1). Then,
z(t) —y(t) =0, tel0,T].

Therefore, z(t) satisfying (4.9) is a unique solution of (4.1). O
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ABSTRACT
We obtain the formulas of the solutions of the recursive sequences

TnLn—5
Tp—a(£] + Ty xp—5)’

Tpyl = n=20,1,...,

where the initial conditions are arbitrary non zero real numbers. Also, we discuss and illustrate the stability of
the solutions in the neighborhood of the critical points and the periodicity of the considered equations.

Keywords: equilibrium point, recursive sequences, periodicity.

Mathematics Subject Classification: 39A10.

1. INTRODUCTION

In recent years, the qualitative study of difference equations has become an active research area among a consid-
erable number of mathematicians. Some economical and biological examples can be seen in [9,36,40,47,48,54]. Tt
is commonly known that nonlinear difference equations are able to produce and present sophisticated behaviors
regardless their orders.

Some articles show that a great effort has been done to demonstrate and explore the dynamics of nonlinear
difference equations (see [40]-[61]). In fact, investigating these equations is a challenge and still new in the
mathematical world. It is strongly believed that the rational difference equations are significant in their own
right.

Abo-Zeid and Cinar [1] illustrated the global stability, cyclical behavior, oscillation of all acceptable solutions
of the equation
Ay 1
e B—Cxntp_o"
In [7], [8] Cinar considered the solutions of the equations

— Yn—1 — Yn—1
Yn+1 1+aynyn—1’ Yn+t1 —14+aynyn—1"

A. El-Moneam, and Alamoudy [16] examined the positive solutions of the equation in terms of its periodicity,
boundedness and the global stability. The considered difference equation is given by

brp_1+crn_o+fTn_3+TTn_4a
dxy_1+exn_o2+9Tn_3+STn_4a"

Tpt1 = ATy +

Khatibzadeh and Ibrahim [42] studied the boundedness, asymptotic stability, oscillatory behavior and discovered
the closed form of solutions of the equation

1517 E. M. Elsayed et al 1517-1531



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

b
Tn+1 = ATpn + CI:J:ia:nl,l :
Simsek et al. [49] has found and explored solutions for the recursive formula

— _Yn-3
Ynt+1 = 1+yn—1"

For other related papers, see [25-46].

We analyze and explore the solutions of the following nonlinear recursive equation
T — TnTp—5
el Tp_a(E1 * 2px0_5)’

with conditions posed on the initial values are arbitrary non zero real numbers. Also, we will survey some
dynamic behaviors of its solutions.

n=01,.., (1)

The linearized equation of equation
Tn+1 :f(xnvxn—lv'“vxn—k))a TL:O,I,..., (2)

about the equilibrium 7 is the linear difference equation

k
o/@z,..T
Ynt1 = Z wynﬂn

7=

Theorem A [43]: Assume that p;, € R, i = 1,2,...,k and k € {0,1,2,...}. Then Zle lpi| < 1, is a sufficient
condition for the asymptotic stability of the difference equation

Tptk +P1Tntk—1+ .. +prxn =0, n=0,1,....

2. THE FIRST EQUATION Xy = v—rit—r

This section is devoted to give a specific solution of the first difference equation which is

TnTn—5
. 3
xn74(1 + x’ﬂx’ﬂf5) ( )

Tn4+1 =

THEOREM 2.1. Let {x,}5 _5 be a solution of Eq.(3). Then

n—1
B 1+ (10d)af 14+ (10 4+ Daf
P1on-5 = fH (1+ (10i + 5)af )’ on= 4_6H (1+ (10i + 6)af

_ L+ (10 + 2)af 14 (10 4 S)af
Tion-3 = dH( (10i+7)af>’ on= Q_CH <1+ 102+8)af)

B (10i + 4)af 1+ (10i 4+ 5)af
Tion-1 = bH (W)? x“’”_“H (1+ 10z+10)af>

af 1+ (10i + 6)af  af 1+ (10i + 7)af
o+l = 1 af) 11 (1+ (10i+11)af> 02 T 0 T 2af) 11 <1+ (10i+12)af> ’

N __af "1:[1<1+(10i+8)af> N 1:[<1+1Oz+9)af)
O T e 3af) A\ T+ (10 13)af )0 T 1+4af 1+ (10i + 14)af

where we put z_5 = f,z_4 =e, x_3=d, x_s=c¢, x_1 =0, 29 =a.
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Proof: The result holds for n = 0. Assume that n > 0 and our assumption true for n — 1. Then;

n—2
1+ (10d)a 1+ (10: + 1a
Tion—15 = H <—f> Tion—14 = € H (W)

Falrs (10i 4+ 5)af
- 2y (10i 4 2)a 14+ (10i 4+ 3)af
Tion—-13 = u < 1+ (100 + T)af )7 T10n—12 —CH (1+ 1()1+8)af>
21+ (100 + d)af 14 (10i +5)af
Tion-11 = 1:[( 1+ (100 + 9)af >, L10n— 10—GH(1+ 10@+10)af)
- af T 14 (10 + 6)af ~ af "1:[2 1+ (10i 4 T)af
Tion—9 = —e(1+af) 1 —1+(10i+11)af ; T1on—8 = d(1 + 2af) p 14 (10 + 12)af /)’
) of "2 /14 (10 + 8)af af A1+ (10i+9)af
Tion—7 = m g (m) y  Tlon—6 = b(1 + daf) E) <1 + (10 + 14)af) .

Now, it follows from Eq.(3) that

ZL10n—6L10n—11

T10n—
Hon=2 T10n-10(1 + Z10n—6Z10n—11)
n—2
af 14+(10i4+9)a f 14+(10i+4)af
b(1+4af) H (1+ 102+14 af) b H (1+ 102+9)af>
_ i=0
- n—2 n—2
1+(10i+5)af 1+4(10i+9)af 10i+4)af
[a H (1+(10i+10)af) 1+ b(1+4af) H (1+ 107114 af) b H ( 101+9)af)]
=0 =0
f ﬁ 1+ (10i + 4)af
(1 +4af) 1A\ T (100 + 14)af
- ”1:[2 1+ (0i+5)af \] [, af "1:[2 1+ (10i + 4)af
LT (100 + 10)af (1 +4af) LA\ T (100 + 14)af
4
(10117 6)af
H 1+ (10i + 5)af - af
S\t (10i 4+ 10)af 1+ (10n —6)af
_ /
— - -
1+ (10i + 5)af
TR N L (10n —
H<1+(10i+10)af [1+ (100 =6)af +af]
f 52 (14 (100 + 10)af 1+ (100)af
= H — | =f H —_— .
[+ (10n —5)af] =+ \ 1+ (10i +5)af o \1+ (10i +5)f
Also, we have
Z10n—5L10n—10

T10n—4 =
T1on—9(1 + Tion—5T10n—10)
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14+(10%9)af 14+(10i+5)af
f H (1+ 10045 af) a H (1+(102+10 af)

n—2 n—2
af 14-(10i4-6)af 1+(104)af 14-(10i4+-5)af
[ +ar) H (1+(101+11 af) L+ H (1+ 10z+5)af) a H (1+(10i+10)af)]

i=0 =0
1
af <1 ¥ (10n—5)af>

n—2

af 14+(10i+6)af __af
e(l+af) H (1+(10i+11)af) |:1 + 14+ (1OTL _ 5)(Lf:|
L =0
_ af
- n—2

[ af 1+ (10 + 6)af
_e(l +af) E} <1+ (10¢ + 11)af>

e(l+af) 57 (1+00i+10)af\ Y1 (1+(10i+ Daf
[1+(10n4)af]il:-!)(1+(10i+6)af)_eil_[(1+(10i+6)af>'

=0

[1+4 (10n —5)af + af]

Similarly
Z10n—4T10n-9

Z1on—s(1 + T1on—4aT10n—9)

ZTion—-3 =

140+ Daf\ o T 1+ 10i+6)af
6H<1+(102+6)af> (Faf) ) (1+(10i+11)af>

—2
af g 14+(10i4+7)af
d(14+2af) H 14+(10i+12)af

=0

n—2
14(10i+1)af af 14 (10i+6)af
L+e H (1+(101+6 af) e(1+af) H (1+(10i+11)af)]
i=0

n—1 —
af
- (1+(10i+6
g <1+(10i+6af 1;[ (100 +6)af)
= n—2 n—1
af H ( 14+(10i+7)af )
d(142af) 1+(10i+12)af 1+(10z+6)af
i=0 i=0

)]
L+ ] <L> ﬁ(l + (101+6)af)]
)

af
(1 + (10n — 4)af

1+(10i+7)af af
d(1+2af) H (1+ 10z+12)af> |:1 + <1 + (10n _ 4)(1f>:|

d
14+(10i+7)af
1+2af) H (1+(1ol+12))af) 1+ (10n —4)af + af]

n—1 .
1 1 2
T — :dH(JEngi?;Z;)'
14+(10i+7)af =0
1+2af) H (1+(102+12))af> [1+ (10n — 3)af]

Similarly, one can simply find the other relations. Thus, the proof is done.

THEOREM 2.2. The unique equilibrium point of Eq.(3) is the number zero which is not locally asymptotically
stable.
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Proof: The equilibrium points of Eq.(3) obtained by

52

S =

Arranging the previous equation gives T* = 0. Thus Z = 0.

Let f:(0,00)® — (0,00) be a function takes the form

uw
Tl o) = S way
Therefore w ww u
uu7,U7w :7) 'Uu’v7w :_7) wu’v7w = 9
f( ) U(1+uw)2 f( ) ’l]2 (1+U’UJ) f ( ) 'U(l—l—uw)2
So

fu@,z, ) =1, f,(T,7,2)=1, f[fu(T,Z,T)=1.
Then by using Theorem A the proof follows.

Example 1. We assume x_5 =6, z_4, =11, x_3=3, x5 =2, x_1 = 1.8, g = —7. See Fig. 1.

plot of x(n+1)=x(n)x(n-5)/(x(n-4)(1+x(n)x(n-5))
T T T T T

12

0 10 20 30 40 50 60 70 80 90 100

Figure 1.

Example 2. See Fig. 2, since x_5=1.6, x4, =12, x_3=-3, o =.7, x_1 = 1.8, o = 3.
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plot of x(n+1)=x(n)x(n-5)/(x(n-4)(1+x(n)x(n-5))
3 T T T T T

x(n)

Figure 2.

XNXN-5
XN-a(—1+XNXnN_5)

This section is devoted to obtain the solution of the difference equation which is

3. THE SECOND EQUATION Xpy4; =

TnTp—5
xn—4(71 + wnzn—S) ,

Tn4+1 =

where xox_5 # 1.
THEOREM 3.1. Let {z,}°—_. be a solution of Eq.(4). Then for

n=-—>5
Tion-5 = —f ZTion—a = e(—1+af)"
(=L+af)"’ ’
d
n— = 1 A n—2 — -1 nv
Z10n-3 Citaf)r Tion—2 = c(—=1+af)
b
_ = _—— n = —1 ’I’L’
T10-1 Cita Tion = a(—1+af)
o af o af=laf)
10n+1 = (—1Faf) i 10n+2 = p )
I of o _af(-l+apr

Proof: The result holds for n = 0. Assume that n > 0 and that our assumption true for n — 1. Then;
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Tion-15 = (_1_‘_#, T1on-14 = (=1 +af)" ",
d _
Twon-13 = T Tion-12 = c(—1+af)" ",
b _
Ti0-11 = W7 Tion-10 = a(=1+af)" ",
. _ af o _af(=l4af)"
10n—-9 — 6(—1 T af)”’ 10n—8 — d )
. _ af o af(El4af)m
10n—-7 — C(—l ¥ af)"’ 10n—6 — b .

It follows from (4) that

P — T10n—6L10n—11 _ af _ af 7
Zion—10(—1 + T1on—6Z10n-11) a(—=1+af)""t[-1+4+af] a(-1+af)?
N Z10n-5T10n—10
T1on—9(—1 + T10n—5%10n—10)
af e
- —a(—l—i—af)"a(ilJraf) 1
B af af e
o) [ e et e
e(—1+af)" e(—1+af)"
= = =e(—1+4+af)".
(—1+af)[—1+(1a7faf)} [t -af+af]

Similarly one can simply prove the other relations.

THEOREM 3.2. Eq.(4) has a period ten solution iff af =2 and will be in the following form

af af af af

e’d ¢’ b’

{f7€7d7c7b7a7

Proof: Firstly, assume that there exists a period ten solution

afﬂa_faf

e’ d’ ¢’

d,c,b
{fae7 G, 0, @, ba

of Eq.(4). Then, we can notice from the solution of Eq.(4) that

_ f _ n o og_
f = m, 6—6(*14’&]") 5 d—
_ b — ol noof

b = CTra™ a=a(—-1+af)",
af _ af(z1taf)* af _  af
d d ’ c  cof-1+af)ntl’

or,

(=14+af)" =1.
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f,e,d,...}.

f,e,d,...

d ¢=c(~1+af)"

af

e e(—1+af)ntl’

af _af(-1+af)"
b b '
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Then
af =2.

Secondly, suppose that af = 2. Then, it is easily seen from the solution of Eq.(4) that

Tion—s = f» Tion—a=¢€, Tion-3=4d, Tiopn—2=2¢, Ti0—1 =0b,
af af af af
Tion = G, Tion4+1 = ?, Tion+2 = 77 T10n+3 = 7, T10n+4 = T

Thus, the periodic solution of period ten is obtained and this proves the theorem.

THEOREM 3.3. Eq.(4) has two equilibrium points which are 0, /2 and these equilibrium points are not locally
asymptotically stable.

Proof: The equilibrium points of Eq.(4) can be written in the following form

2

T
T (-1472)
Arranging this gives
7 (-147%) = 7
= T (T-2) =0
Therefore, the fixed points are 0, £+v/2.
Let f:(0,00)® — (0,00) be a function defined by
uw
flw o) =+ ww)
Then it follows that
w
ull, U, W = - )
ful ) v (—1 4 uw)®
uw
folw,v,w) = 02 (=1 + uw)’
U
w W, U, W = T 2
ful ) v (=1 + uw)?

It can be seen that
fu(§7T7T) =-1, fv(f,f, 33) = =41, fw(f,f,f) = —1.

Then by using Theorem A the proof follows.
Example 3. We consider x_5=.8, x_4, =17, z_3=.3, 9 =2, x_1 = 1.8, 29 =.7. See Fig. 3.
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50

plot of x(n+1)=x(n)x(n-5)/(X(n-4)(-1+x(n)x(n-5))

40—

30—

20—

x(n)

-10~

-20—

10+

-30
0

Figure 3.

Example 4. See Fig. 4, since x_5 =8, v_4 =17, z_3=.3, z_2 =2, x_1 = 1.8, g = 1/4.

plot of x(n+1)=x(n)x(n-5)/(x(n-4)(-1+x(n)x(n-5))

50

Figure 4.

XNXN_5
XN-4(1-XNXN_5)

4. THE THIRD EQUATION Xy, =

In this section we will obtain and present the solution of the third difference equation which is

TnTp—5

xn—4(1 - mnxn—S) '

Tp41 =

50
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THEOREM 4.1. Let {x,}>2 ¢ be a solution of Eq.(5). Then forn =0,1,.

—5

n—1

_ 1—(10d)af 1—(10i 4+ 1)af
Tion-5 = fH (W), T10n— 4—6H (W)

B (10i + 2)af (10 + 3)af
Tion-3 = d E) (W) T1on-2 =€ H < (100 + 8)af)
(

B 10 + 4)af 1 — (10i + 5)af
Tion-1 = bzll (m) Tion = @ H (m) ,
- af Y4 [ 1—(10i+6)af
Tion+1 = e(l—af) g (1—(10i+11)af>,
- af "I/ 1—(10i + T)af
Tion4+2 = d(1 - 2af) g} (1 — (104 + 12)af) ’

af 5/ 1—(10i + 8)af
Tion4+3 = o(1 = 3af) <1 — (10é + 13)af)

af "o/ 1—(10i +9)af
Tion+4 = b(l — 4af) (1 — (102’ + 14)0Lf> '

|
=

|
=

THEOREM 4.2. The unique critical point of Eq.(5) is the number zero which is not locally asymptotically stable.
Example 5. Suppose that ©_5 =8, z_4, =17, x_3=.3, x_o=2, z_1 = 1.8, 9 = 1/4 see Fig. 5.

plot of x(n+1)=x(n)x(n-5)/(x(n-4)(1-x(n)x(n-5))
8 T T T T T

x(n)
N
T

0 5 10 15 20 25 30 35 40 45 50

Figure 5.

Example 6. See Fig. 6since x_5=—-7, 4 =15, x_3=-3, 2 =2, z_1 =12, 2o = 4.
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plot of x(n+1)=x(n)x(n-5)/(x(n-4)(1-x(n)x(n-5))
12 T T T T T

10+

x(n)
N
T

0 5 10 15 20 25 30 35 40 45 50

Figure 6.

5. THE FOURTH EQUATION Xy 1 = v— 350

Now, we will explore and discover the solution of the following difference equation
LnLn—5

xn—4(71 - wnxn—S) ,

Tpa1 = n=0,1,.., (6)

where x_szo # —1.

THEOREM 5.1. Let {x,}52 _5 be a solution of Eq.(6). Then Eq.(6) has unboundedness solution (except in the
case if af = —2) and for n =10,1, ...

L10n—5 = ﬁ, Tion—4 = e(=1—af)",
d
Tion—-3 = (_1_7@0)"’ Tion—2 = (=1 —af)",
b
Z10-1 = m, Tion = a(*l - af)n,
_ af _af(=1—af)"
L10n+1 = —e(—l —afyntl Tion+2 = 4
af af(=1—af)"
Tion+3 = W, T1on+4 = I S

THEOREM 5.2. FEq.(6) has a periodic solution of period ten iff af = —2 and written in the following form

{f’e7d7c7b?a"£7£7a_f7f767d7c7"'}'
e d ¢

THEOREM 5.3. The unique equilibrium of Eq.(6) is the number zero which is not locally asymptotically stable.

Example 7. Consider x_5 = -7, x4 =15, x_3=-3, x_o=2, x_1 =12, xo = 4 see Fig. 7.
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s x 10° plot of x(n+1)=x(n)x(n-5)/(x(n-4)(-1-x(n)x(n-5))
T T T T

x(n)

-2

Figure 7.

Example 8. Fig. 8 illustrates the solutions when x_5 = -7, x_4 =15, x_3=-3, x_2 =2, x_1 =12, g =
2/17.

plot of x(n+1)=x(n)x(n-5)/(x(n-4)(-1-x(n)x(n-5))
12 T T

Figure 8.
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A rational bicubic spline for visualization of shaped data
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Abstract

The shaped data usually needs to be represented in such a way that its visual display looks
smooth and pleasant, its shape is preserved everywhere and the computation cost is economical.
This work contributes to the graphical display of positive or monotone data. For this purpose,
a new bicubic rational interpolating spline with biquadratic denominator is developed based on
function values and partial derivatives, and simple sufficient conditions are derived on the shape
parameters in the description of the rational function to visualize the positive or monotone data
in the view of positive or monotone surfaces.

Keywords: Rational bicubic spline, shape parameter, positivity, monotonicity.

1 Introduction

The construction method of curve and surface and the mathematical description of them is a im-
portant issue in Computer-Aided Geometry Design (CAGD). Generally speaking, the interpolating
data are often given as a set of values, in order to display these data, it is first necessary to construct
an interpolant through those data; and then this interpolant is used in the subsequent contouring
or curve and surface drawing. Thus, for the data obtained from some complex function or from
some scientific phenomena, smooth curve or surface expression becomes crucial to incorporate the
inherited features of the data. In many problems of industrial design and manufacturing, the given
data often have some special shape properties, such as positivity, monotonicity and convexity, it
is usually needed to generate a smooth function, which passes through the given set of data and
preserves those certain shape properties of the data.

In recent years, a good amount of work has been published that focuses on shape preserving
curves and surfaces. Goodman and Ong [7] presented a local convexity preserving interpolation
scheme using parametric C? cubic splines with uniform knots produced by a vector subdivision
scheme. In [2, 4, 8, 9, 13, 14, 16, 18], several shape-preserving rational curves were shown for
shaped data, such as positive data, monotonic data and convex data. Beatson and Ziegler [1]
interpolated monotone data, given on a rectangular grid, with a C' monotone quadratic spline,
and derived necessary and sufficient conditions to visualize monotone data. Floater and Pena [6]
defined three kinds of monotonicity preservation of systems of bivariate functions on a triangle,
and investigated some geometric applications. In [10], authors proposed a kind of monotonicity-
preserving interpolating schemes for 2D /3D monotone data by constraints on shape parameters in
the description of rational spline interpolants. In [12], Hussain et al. presented the C! rational
bi-cubic local interpolation schemes for the shape preservation of convex, monotone and positive
surface data. In [11], A bi-quadratic trigonometric interpolation scheme with four free parameters
is developed for the positive and monotone 3D data. Piah et al. [15] discussed the problem of
positivity preserving for scattered data interpolation.
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In [5], Duan et al. developed a C' bivariate rational spline interpolant based on function values
and partial derivatives under some suitable hypotheses. In [17], Sun et al. proposed a surface
modeling method by using C? piecewise rational spline interpolation. This paper is concerned with
the preservation of 3D positive data and monotone data. To solve the problem, motivated by [5, 17],
we will first construct a new bicubic rational interpolating spline with biquadratic denominator
based function values and derivative values of an original function. Further more, a positivity-
preserving scheme and a monotonicity-preserving scheme are developed to visualize 3D positive
data and monotone data in the view of positive surfaces and monotone surfaces, respectively.

This paper is arranged as follows. Section 2 describes about the C! bicubic rational spline
interpolant to be used in the surface schemes. In Section 3, the positivity problem is discussed for
the generation of a smooth surface which can preserve the shape of positive data. In Section 4, a
method is developed to preserve the shape of monotone data in the view of monotone surfaces by
making constraints on shape parameters in the description of bicubic rational interpolant. Finally,
Numerical examples are presented to discuss and demonstrate the performance of the method in
Section 5.

2 Bicubic rational interpolant

Let Q = [a,b;c,d] be the plane region, and {(z;,y;, fi;) : ¢ = 1,2,---,n;5 = 1,2,---,m} be a
given set of data points, where a = 21 < z9 < ... < ap =b,c=y1 < Y2 < -+ < Yy, = d are
the knot spacings, f; ; represents f; ;(z,y) at the point (x;,y;). Let d;j and d; ; be chosen partial
derivative values % and % at the knots (x;,y;), respectively. Denote h; = xj11 — x4,
i =y —vy;, I ={1,2,---,n}, J ={1,2,---,m}, and for any point (z,y) € [xi, Tit1;Yj, Yj+1)
0 := I*Z_xi, n = y__yj. Let o7 ;, B;7; and 7;; be the positive parameters. First, we construct the
z-direction interpolating curve P;;(z) in [z;, z;11], this is given by

(L= 0)%af; fug 01— )2V + 62(1— O)W7; + 6°57 i,

(1= 0)%az, + (1 — O)F, + 073, ()

where

Vi = (a7 + 5 5) fig + hiog ;d7 5,

Wz*] = ( Zj +fyiﬁ:j)fi+1d hi /61] i+1,5°

The interpolant Pl*J(m) is called a rational cubic spline interpolation in [z1, 2], and which satisfies:

Pi(wi) = fij, Plj(wiv1) = firry, PZ*] (z:) = d; ;, PZ*] (Tit1) = diyq -

Using the z-direction P;’;(z) defines the bivariate function on [x;, Tit+1;y;, y;+1] as follow:

. _ - pz,]( r,y)
P(z,y) = P j(z,y) = ) (2)
where
pij(@,y) = (1= n)Pai ;i Ply(a) + 0l —0)*Vig + (1 = Wi +0°Bi; P (2),

i (y) = (1 —n)cuj+n(1 —n)vig +n°Bij,

with

Vi = (qij+ )P () + 1o ;D j(z),

Wij = (Bij +%.3)Plj1(@) = 1iBi i Dija(2),
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and

(1= 0)*(aj; + 07 ;)dij 02((1 — 0)v;; + B ) div1,

(1 =0)%a;; +0(1 = 0)y;; + 0257, Ta- 0)2ai; +0(1 = 0)y); + 0267,

D; j(x) = (3)

and «o;; > 0,0;; > 0,v;; > 0. The interpolant P(z,y) defined by (2) is called a bicubic rational
interpolation in [z1, Zn; Y1, Ym], and which satisfies

OPLU 7y *
P(ﬁr;ys) — f(l',r.’ys)7 (8:28) = d'r,87
oP
(;;’yS):dr,Sv TZZ,Z+1;SZJ7.7+1

It is easy to test that the interpolant P(z,y) is C! in the interpolating region [a, b;c, d] if the
shape parameters satisfy «; ; =constant, 3; ; =constant and +; ; =constant, for each j € J and all
i € I, no matter what the shape parameters a; ;, 5;; and ~;; might be.

3 Positivity-preserving surface interpolating scheme

In engineering, industrial, and scientific problems, the construction of shape preserving interpolants
is an everlasting demand and one of the major research areas of computer aided design. In this
section, we identify suitable values for the shape parameters involved in P(z,y) defined by (2),
which make the interpolating surface to preserve positive property of given data.

Let {(zi,y;, fij) 4 = 1,2,---,n;j = 1,2,---,m} be a monotone data set defined over the
rectangular grid [z;, Zi1;yj, yj+1] such that f;; > 0 for all 4, j. Here, the aim is to construct a
piecewise rational bivariate function P(x,y) on Q = [z1, Zpn; Y1, Ym] such that

P(xz,y]):fw, i:172’-..7n;j:1,27...’m’

and P(z,y) > 0 for (z,y) € Q. From (2), ¢;;(y) > 0 for the positive shape parameters, therefore,
P(z,y) is positive if the following constraints hold:

From (1), it is easy to see that P;(z) > 0 holds if the following equalities are satisfied:

Vi = (aij + i) fig + hiaf;di ;> 0,

Wi = (B + i) fivy — hiBjdi ;> 0.
Thus, P/;(z) > 0 if

N h:d* . vE O hgdE
LVAES v, —1, Z*J 41y

o fij by Jit1j

Similarly, P;;(z) > 0 if

* * * *
Vi j+1 S _hidi,j+1 1 Vi, j+1 hidz’+1,j+1 1 (5)
* .. ’ :
Q41 Jij+1

ﬂ;j+1 Jit1,5+1
Consider V; ; which, after simplification, leads to

(1 — 9)3,%1 + 9(1 — 9)2,%2 + 92(1 — 0)/@3 + 93,%4

Vig = |
J (1—0)2a;,; +0(1—0)y;; + 057,
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where
k1= o (i +vig)fig + idi o 5),
Ko = (aij + %) (] j +975) fig + had joi ;) + lidi ji (g + 77 5),
k3 = (i + 7)) (875 + i) fivry — hadiyy j675) + Lidia o (855 + 77 5),
ra = 07 (g +Yig) fivrg + lidigrjou ).

Note that V; ; > 0 if

o ; fij T fit1,j
Yid 5 maxfo, — 0% g 2L gy
Qi fij fit1,

Moreover, W; ; can be rewritten as

W, ;= (1—0)%m1 +0(1 —0)°1 + 6°(1 — )13 + 67y
h,J — (1-— 6)204;,3‘ +0(1 — Q)f)/zj + eﬁ;j )

where
T =0 ;1 ((Bij +vig) fijr — lidij1Bi5),
o = (Bij + %) j 11 T ) figer + hid] 007 500) = Lidij1Bi (05 41+ 541)
T3 = (51’,3’ + %’,j)((ﬂijﬂ + ’Yz'*,j+1)fz'+1,j+l - hid?+1,j+1ﬁ;,j+1) - ljdi+1,j+1»8i,j (sz—i-l + 7?,]’4—1)’
7 = B 01((Big + vig) firrj41 — Lidir1,j+158i5)-

Thus, it is easy to derive that V; ; > 0 if

* * * *
Vigr1 _ 2hidii o Vige  2hidi i
) )
o i1 fij+1 B fit1,5+1
Yi,j > max{0, jOij+1 1,2 i+1,j+1 1.
Bi.j Jij+1 Jit1,j+1

Based on the analysis above, from (4)-(7), the following theorem can be obtained.

Theorem 1. Let {(xj,y;, fij) i =1,2,---,n;5 =1,2,---,m} be a positive data set defined over
the plane region [x1,Zn; Y1, Ym| such that fi; > 0 for all i and j, where f;j represents f; j(z,y) at
the point (x;,vy;). Let d;j and d; ; be the chosen partial derwatives. Then the bivariate rational
spline interpolant P(x,y) defined in (2) visualize positive data in the view of positive surface if the

positive shape parameters satisfy the following constraints:

* Oh.d* -
T > max{0, -t 1y,
Q; 5 fij
* Oh.d. . .
%*’j > max{0, 7; g 1},
i.j i+1,7
Z@;{ > ma{0, == 1, fﬂ“f — 1,
1,) 2, 1,7
Yig max{0 2dij1 1 2dit1j41 1.
Bi.; Jij+1 Jit1,j+1
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4 Monotonicity-preserving surface interpolating scheme

In this section, we will develop a monotonicity preserving surface interpolating scheme for the given
monotone interpolating data.

Denote A = (fix1j = fig)/hi, AY = (fijr = Fi)/l- Let {(ziyy, fig) 1i= 1,2, ,n;j =
1,2,---,m} be a monotone data set defined over the rectangular grid [x;, ziy1;y;,y;j+1] such that

f¢+1,j > fij, fij+1 > fij for all 4,7, or equivalently AE,) > 0, A( ¥) > 0. For a monotone surface
P(z,vy), it is necessary that the corresponding first partial derlvatlves d; ; and d; j should meet:

di; >0, dij>0, forall i=1,2---,n;5=1,2,---,m.

Using the result developed in [3]: Bicubic partially blended surface patch inherits all the properties
of network of boundary curves, we just need to consider the monotonicity of the boundary curves
in the interpolating surface.

The function P(z,y;) is monotonic increasing if and only if P'(z,y;) > 0. From (2), we can
derive that

(1—0)1Cy + 0(1 — 0)3Cs + 62(1 — 0)2C; + 03(1 — 0)Cy + 0°Cs

P ) =
o) (1= 8Pai, + 01— O, + 078, ®
with
Ci = a;‘gdw,
C 20[1][(52] + i ]) ﬁz ]derl,]]

C (7@] + sz(az] + ﬁzg) + 40&1 j/B’Lj) ) - a;k,](ﬁz*,j + ’ﬁ:j)dl,] - ﬂ;{,j(a;] + VZj)diJrl,j)
04_2ﬁzj[(azg+7z]>A( )—Oé d ]

= 5i,jdz+1,3'

It is evident that C and C5 are positive, and Cy > 0 if L J - >

~ 1,00 > 0 3 > ”(if ~1.
'L,j ©J
Further, since

Cs = (Ca+ C1) + (32 + 201, 81,) A — af 77 i —ﬁ;‘,ﬂ:jdm,j

1
(CQ+C4)+’V”(2

[\g\ ,_.l\D\ —_

. 1
FYZ]A( )—Oé d7])+71](

2'71,] /81 jdl+17])

2d* |
it is easy to see that C3 > 0 if 7” > {IJ) and % - > ”1].
Similarly, we have

(1 —n)*Ky +2n(1 —n)3Ka + n*(1 — n)?Ks + n*(1 — n) Ky + n* K5

Pl(ziy) = (1 =m)2ai; +n(l —n)yij +nBi;)? 7 Y
where
K; a d i
Ky = Qaz‘j[(ﬁz‘j + %‘,j)A(‘y') = Bijdi 1],
K3 = (v2; + (0 + Big) + 40538 ) ALY = B (0 g + 7 3)di 1 — 0 (Big + 7i5)di g
K4 =28 j[(cuj + ’YLJ)A( Y — i jd;l,
= @‘,jdwﬂ'
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Hence, K; >0 (k=1,2,---,5) hold if %J > 27 and %] > 2d1$1_

y
2] 0]

Thus, the above discussion is epltomlzed in the form of following theorem.

Theorem 2. Let {(z;,y;, fij) : ¢ =1,2,---,n;j = 1,2,---,m} be a monotone data set defined
over the plane region [x1,Zn; Y1, Ym| such that fit1; > fij, fij+1 > fij for alli and j, where a =
1<z <..<zp=0b,c=y1 <Yz <--- <ym=d are the knot spacings, f;; represents f; ;(x,y)
at the point (:UZ, yj). Let d* - and d; j be the chosen partial derivatives, so that d* >0 and d; ; > 0.
Then the bivariate rational splme interpolant P(x,y) defined in (2) visualize monotomc data in the
view of monotone surface if the positive shape parameters satisfy the following constraints:

Vig o 2di; 0 iy 2diviy iy ol 2dig o iy o 2digar
af; T AW BT Al T iy T AW By T AW

2y ’ 2, 2, J

5 Demonstration

In this section, we shall illustrate the positivity preserving scheme and the monotonicity preserving
scheme developed in Sections 3 and 4 with some examples, respectively.

Example 1. First of all, let us take the example of a positive data in Table 1. This data is generated
approximately from the following smooth positive function by taking the values truncated to four
decimal places:

f(z,y) = exp(fa:2 —2y)+0.01, 0<z,y<S8. (10)

The interpolant P(x,y) defined by (2) is identified uniquely by the given interpolating data and

Table 1: A positive data set taken from function (10).
y/z 0 2 4 6 8
0 1.0100 0.0283 0.0103 0.0100 0.0100
0.0283 0.0103 0.0100 0.0100 0.0100
0.0100 0.0100 0.0100 0.0100 0.0100
0.0100 0.0100 0.0100 0.0100 0.0100
0.0100 0.0100 0.0100 0.0100 0.0100

0 O =N

the values of shape parameters. We take of ; = §;; = a;; = 08;; = 1 and 7/'; = 7;,; = 2, the inter-
polant coincides with the bicubic Hermite interpolant. Figure 1 shows the graph of corresponding
interpolating surface Pj(x,y), which loses the positivity.

For the same data set in table 1, we employ Theorem 1 to compute the values of shape param-
eters, which are taken as: o ; = 37, = o j = (;; = 0.4 and 7]'; = 7, ; = 3. Figure 2 provides the
graph of the corresponding bicubic rational interpolant Pa(z,y). It is obvious to see from Figure 2
that the shape of the data has been preserved by the surface representation.

Example 2. Here, we consider the example of a monotonic data in Table 2. This data has been

generated approximately from the following smooth function:
f(z,y) =sin(z? + y> + zy), 0< 2,9 < 0.6. (11)

This example will illustrate how visualization of 3D monotone data can be achieved in the view of
monotone surfaces only by selecting suitable shape parameters for unchanged interpolating data in
Table 2. For any values of the shape parameters, it cannot be guaranteed that the bicubic rational

surface generated by (2) is monotone. For example, we take o ; = a;; = 1, 7, = 3;; = 8 and
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which are taken as:
Xilian Fu 1532-1540

vi,j = 1.2. Figure 5 provides the graph of the corresponding
It is obvious to see from Figure 5 that the shape of the

I

Figure 4: A different view of surface Ps.
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Now, we employ Theorem 2 to compute the values of shape parameters
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*
bicubic rational interpolant Py(x,y).
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monotone data in Table 2 has been preserved by the surface representation. Figure 6 is produced

from this data set using a bicubic Hermite interpolant.
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Figure 6: Monotonic Hermite surface Ps.

Figure 5: Monotonic rational surface Pj.

the problem, we present a new bicubic rational interpolating spline with the shape parameters

a contribution towards the graphical display of data when it is positive or monotone. To overcome
based on function values and partial derivatives.

In engineering, industrial and scientific problems, the construction of shape preserving interpolants
is an everlasting demand and one of the major research areas of computer aided design. This work is

6 Concluding remarks

Further, a positivity-preserving scheme and a

view of positive surface and monotone surface, respectively, and the simple sufficient conditions are

monotonicity-preserving scheme are developed to visualize positive data and monotone data in the
derived on the shape parameters in the description of the rational function.
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Abstract
This article presents a new explicit viscosity rule for nonexpansive mappings in
Hilbert spaces. The strong convergence theorems of the rule is proved under certain
assumptions imposed on the sequence of parameters. Moreover, we give applications to
a more general system of variational inequalities, the constrained convex minimization
problem and K-mapping.
2010 Mathematics Subject Classification: 47TH05, 47TH09, 47H10

Key words and phrases: Explicit viscosity rule, nonexpansive mappings, variational
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1 Introduction

In this paper, we will take H as a real Hilbert space with inner product (-,-) and the
induced norm || - ||, and C as a nonempty closed subset of the Hilbert space H. A mapping
T : H — H is called nonezxpansive if

1T(z) =T < llz—yll, Vz,yeH.
A mapping f: H — H is called a contraction if there exists 6 € [0, 1) such that

If(z)— f(y)| <O|lx—yl||, Vz,yeH.

Note that F(T') is the set of fixed points of T. The following strong convergence
theorem for nonexpansive mappings in real Hilbert spaces is given by Moudafi [8] in 2000.

*Corresponding author
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Theorem 1.1. Let C be a noneempty closed conver subset of the a Hilbert space H. Let
T be a nonexpansive mapping of C into itself such that F(T) is nonempty. Let f be a
contraction of C into itself with coefficient § € [0,1). Pick any xo € C, let {z,} be a
sequence generated by

€n
1+e¢,

fan) + T(zpn), n=0,

Tntl = 1+e,
where the sequence {e,} in (0,1) satisfies

(1) limy, 00 €, = 0,

(2) g en = o0,

(3) limy—oo [ = — | = 0.

Then {x,}converges strongly to a fized point x* of the mapping T, which is also the
unique solution of the variational inequality

(I-flz,y—=z) <0, VeFT).

In other words, x* is the unique fived point of the contraction Prr)f, that is, Pp(ryf(z*)

="

This type of method for approximation of fixed points is called the wviscosity approxi-
mation method.

In 2015, Xu et al. [11] applied the viscosity method on the midpoint rule for nonex-
pansive mappings and give the following generalized viscosity implicit rule:

Tn + Tny1

Tntl = anf($n) + (1 - an)T < 2

>, Vn > 0.

This use contraction to regularize the implicit midpoint rule for nonexpansive map-
pings. They also proved that the sequence generated by the generalized viscosity implicit
rule converges strongly to a fixed point of 7', which can also solved variational inequality.

Ke and Ma [6] motivated and inspired by the idea of Xu et al. [11] and they proposed
two generalized viscosity implicit rules:

Tpp1 = anf(on) + (1 — )T (sprp + (1 — 55)Tpq1)

and
Tptl = QpTp + ﬁf(:nn) + VnT(sn:En + (1 - sn)l'n—l—l)

forn > 0.

In [3,7], new viscosity rules and applications are developed. But they correspond to
one step viscosity rule.

In this paper, we give the following new two step explicit viscosity rule:

{$n+1 = (1 — an) f(zn) + T (yn),

We also give many applications of above rule.
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2 Preliminaries

Now, we recall the properties of the metric projection.

Definition 2.1. Po: H — C is called a metric projection if for every point x € H, there
exist a unique nearest point in C, denoted by Pox, such that

lo - Pox| < lle —yll, VyeC.
The following lemma gives the condition for a projection mapping to be nonexpansive.

Lemma 2.2. Let C' be a nonempty closed convexr subset of a real Hilbert space H and
Po: H — H be a metric projection. Then

(1) |Poz — Poy|]? < (x — y, Pox — Pey) for all 2,y € H.

(2) Pc is a nonexpansive mapping, that is, ||x — Pox|| < ||z —yl| for ally € C.

(3) (x — Pox,y— Pox) <0 for allz € H and y € C.

In order to verify the weak convergence of an algorithm to a fixed point of a nonex-
pansive mapping we need the demiclosedness principle:

Lemma 2.3. (The demiclosedness principle) ([2]) Let C' be a nonempty closed convex
subset of a real Hilbert space H and T : C — C' such that

xp,—2"€C and (I-T)x, —0.
Then z* = Tx*, where — and — denote strong and weak convergence, respectively.
In addition, we also need the following convergence lemma.

Lemma 2.4. ([11]) Assume that {z,} is a sequence of non-negative real numbers such
that
an+1 < (1 - 'Vn)an + 5n,V’I’L >0,

where {v,} is a sequence in (0,1) and{d,} is a sequence such that

(1) 2nZ0 ¥ = 0,
(2) lim,, o sup f{—: < 0or Y07 |0n] < 0.
Then lim,,—,oo an, = 0 as n — oo.

3 Main results

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T : C — C be a nonexpansive mapping with F(T) # 0 and f : C — C be a contraction
with coefficient € [0,1). Pick any z¢ € C, let {x,} be a sequence generated by

{:En+1 = (1 —an)f(zn) + anT(yn), (3.1)

Yn = (1 - ﬁn)$n + ﬁnT($n)7

where {an} and {B,} are sequences in (0, 1) satisfying the following conditions:
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(1) limy,— 00 @y = 1 and lim, o B, = 1,
(i) Doplgan =00 and > 07 Bn = o0,
(iii) Y02 |t — am| < 00 and Y02 o |Bng1 — Bu| < 00, ¥n >0,
(iv) limy, oo ||@ — T'(x4)]| = 0.
Then {x,} converges strongly to a fixed point =* of the mapping T which is also the
unique solution of the variational inequality

(I - flz,y—x) >0, Yye F(T).

In other words, x* is the unique fived point of the contraction Prr)f, that is, Pp(ryf(z*)

= ™.

Proof. We divide the proof into the following five steps.
Step 1. Firstly, we show that z,, is bounded.
Indeed, take p € F(T) arbitrarily, we have

|1 = pll = (1 = an) f(@n) + anT'(yn) — 1|
= [|(1 = an) f(zn) — (1 — an)p + anT(yn) — anp||
< (T =an)llf(2n) = pll + anl T (yn) — pl
< (= an)llf(@n) = fP) + (L =)l f(p) —pll (3:2)
+ anllyn — 1
< (1= an)bl|zn — pll + (L — e[| f () — pll
+ anllyn —pll-

Now, consider

1yn = pll = |(1 = Bn)@n + BuT (24) —

=11 = Bn)zn — (1= Bo)p+ BT (zn) — Bupl|

< (L= Bu)llzn = pll + BullT (20) — p

< (1= Bu)llzn — pll + Bullzn — pl

< [lzn = pll-
Using this in (3.2) we have

[2n1 = pll < (1= an)fl|lzn —pll + (1 = an) [ f(p) — pll + cnllzn — pll

(1= an)d + anlllzn —pl| + (1 = an)|lf(p) — pll
L=1+a+ (1 —an)]flzn —pll+ (1 = )| f(p) = pll
1= (1 =)+ (1= an)bllzn —pll + (1 — )] f(p) — P
1= (1= an)(1=0)l|lzn —p

+ a0 (725170 - o).

(
=
=
=
=

Thus, we have
T Smax{n:cn ol ( ) - p||>}-

4
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Similarly
||:nn—p||Smax{||:nm p||( e p||>

From this }

||:cn+1—p||gmax{||:cn p||( e p||>

<mx{:c ol (=5l -5 )}
g;ax{nmo ol (Tgl50) -1 )}

which shows that {z,,} is bounded. From this we deduce immediately that {f(x,)},
{T(z,)} are bounded.

Step 2. Next, we want to prove that lim,, . ||zp+1 — Zn|| = 0.

For this consider

[Znt1 — 2|
= (1 = an)f(zn) + anT (yn) — (1 — 1) f(@n-1) — an-1 T (yn-1)||
= (1 — an)(f(zn) = flzn-1)) = (a0 — an-1) f(zn-1)
+ an(T(yn) = T(yn-1)) + (an — an-1)T(yn-1) |
< (A= an)ll|zn — -1l + |l — ana [T (yn-1) — f(2n-1)|
+ anlyn — yn-1-

Now, consider

1Y — Yn-1ll
= [(1 = Bn)an + BT (zn) — (1 = Bn-1)n—1 — Bn1T (xn-1)||
= (1 = Bu)(@n — 2n-1) — (Bn — Bu—1)Tn-1 + Bn(T(7s) — T(Tn-1))
+ (Bn — Bn-1)T (71|
< (1= Bullen = zn-all + 18n = Ba1lIT (@n-1) — @p—1ll + Bnllzn — 2n-l
< lzn = zp-all + [Bn — Bl T (2n-1) — Tn-1ll.

Using this in (3.3) we get

|Znt1 — 24|

<A —an)bllzn — a1l + lon — ana [T (yn-1) — f(zn-1)|
+ anllTn — Tp-1l| + @B — Bu-al|T(@n-1) — Tp-1|

=[(1 = an)0 + an]|lzn — -1l + |on — a1 [T (yn-1) — f(zn-1)|l
+ an|Bn — Br—1 || T (2n-1) — Tn-1]-

Let A, = (1—ay,) so A\, € (0,1) since o, € (0,1) Y07 g Ay = 00, Y oo [an—ap—1] < o0
and Y >° 1 |3n — Bn—1]| < 0o. By using Lemma 2.4, we get limy, oo |Zn41 — ]| = 0.
Step 3. Now we want to prove that lim, . ||z, — T (yn)| = 0.
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Now, consider

[+ 1T (xn) = T(ya) |l
I+ llzn — ynl

|Zn =T (Y|l < |20 — T(2n
< lzp — T'(zy
= llzn = T(@n)ll + 20 — (1 = Bp)an — BT (zn)]
<|lzn = T(zp)|| + Bullzn — T(2n)|l
< 1+ Bp)llzn — T(zn)||

— 0 asn — oo.

~— — ~— —

Step 4. In this step, we claim that limsup,,_,.(z* — f(z*),2* — z,) < 0, where
r* = Ppp) f(x").

Indeed, we take a subsequence {z,,} of {z,,} which converges weakly to a fixed point
p of T. Without loss of generality, we may assume that {z,,} — p. From lim, .« ||z, —
Tz,|| = 0 and Lemma 2.3 we have p = T'p. This together with the property of the metric
projection implies that

limsup(z® — f(z*), 2" — x,,) = limsup(z* — f(z¥), 2" — xy,)

n—oo n—od

= (27 — f(«"), 2" = p)
<0.

Step 5. Finally, we show that z,, — z* as n — oo.
Here again z* € F(T') is the unique fixed point of the contraction Pp(r)f. Consider

lzns1 — 2| = 111 = an) f(zn) + anT (yn) — 2|

= [[(1 — an)[f(zn) — 2] + @u[T(yn) — 27]|°

= (1= an)pll f(zn) — 2| + (1 = an)?| T (z5) — "2
+ 20m (1 — an)(f(2n) — 27, T(yn) — z7)

< apllyn — 2" + (1 = an)?||f(@n) — 272
+ 20 (1 — an)(f (2n) — f(27), T(yn) — z7)
+2an(1 — an)(f(27) — 2%, T(yn) — 27) (3.4)

< opllyn — 27+ (1= an)?[ f(2n) — 2*|?
+ 20 (1 = an) || f (2n) = f(2") T (yn) — 2]
+2an (1 — an)(f(2%) — 2%, T(yn) — 27)

< apllyn — 2*|* + 200(1 — an)bllzn — 2* |y — 27|
+ (1= an)?[| f(wn) — 2*|
+ 20m (1 — an)(f(z%) — 2%, T(yn) — 27).

Now, consider

lyn — 2% = [[(1 = Bp)an + BT (zn) — 27|
= |1 = Bp)an — (1 = Bu)a™ + BT (zn) — Bnz™||
< (L= Bo)llzn — 2| + BullT(zn) — 27|
< (A= Bu)llzn — || + Ballzn — 27|
< lwn — 2.
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Using (3.5) in (3.4) we get

|Zng1 — ¥
< ai”:nn - :E*||2 + 20,(1 — ap)0|| @y, — |||z, —
+ (1= an)?|If(@n) — & [* + 20m(1 — ) (f (") — 2%, T (yn) — 2*)

Il

Il

< ||z, — 2| 4 200, (1 — )b n — z*||||20 — =
+ (1= an)?f(z) — 2*)1* + 200 (1 — @) (f(2*) = 2%, T(yn) — 27)
< ap + 205 (1 = an)f]|zn — a*||° + (1 — an)?|| f () — 2™
+ 2an(1 = o ) (f(27) — 2%, T(yn) — x7).

Note that o, < ay, since ay, € (0,1) and 6 € [0, 1).

20,0 < 2au,
implies
20,0(1 — ap) < 200 (1 — o)
implies
A2 +20,0(1 — ay,) < &2 + 20, (1 — ).
So we have

lmen — o2 < [02 + 20n(1 — an)ln — 2|2 + (1 — an)2]1f(2n) — |2

§ 2001 — an) (&) — 2, Ty — )
< (200 — a2)]2n — "2+ (1 — )| f @) — 27|
§ 2001 — ) (@) — 2, Ty) — )

< 20z — 2| + (1 — @) () — 2* (39)
£ 200(1 - an) (@) — 2, Ty — )

<21 — (1— an)llan — 22 + (1 — o) () — o2
£ 20n(1 - ) (@) — 2. Ty — o).

By lim,, .o o, = 1 we have

(1 — on)?[lf (zn) — 2] + 200 (1 — an)(f (") — 2%, T(yn) — a™)

lim sup
= lim sup[(1 — ) || f(2n) — 2|12 + 205 (f(2*) — 2%, T(yn) — 2*)] < 0.

From (3.6), (3.7) and Lemma 2.4 we have

lim ||zp41 — 20)|> =0,
n—oo

which implies that xz,, — z* as n — oco. This completes the proof.
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4 Applications

4.1 A more general system of variational inequalities

Let Cbe a nonempty closed convex subset of a real Hilbert space H and {Ai}fil :
C — H be a family of mappings. In [1], Cai and Bu considered the problem of find-
ing 27, 25,...,2 € C x C x --- x C such that

(ANAnzy + 2] —ay, z —x]) >0,
(AN_1AN1TN_ oy — TN, — ) >0,
(4.1)

(AoAoxs + x5 — x5, x — x3)
*
)

>0,
(MAz] + 25 — 2], x—x3) >0, Vrel.

The equation (4.1) can be written as

(7 — (I = ANAN)TN, © —27) >0,

(ay — (I = AN_1AN—1)TN_, . — ) >0,

(x5 — (I — ApAg)xs, o — x)
(x5 — (I = MAr)zy, @ — 23)

which is a more general system of variational inequalities in a Hilbert space, where A; > 0
for all i € {1,2,3,..., N}. We also have following lemmas.

>0,
>0, Vel

Lemma 4.1. ([6]) Let C be a nonempty closed convexr subset of a real Hilbert spaces H.
Fori e {1,2,3,....N}, let A; : C — H be §;-inverse-strongly monotone for some positive
real number §;, namely,

(Ajx — Ay, x — y) > 6| Az — Agy||?, Va,yeC
Let G : C'— C be a mapping defined by

G(:E) = Pc(f — /\NAN)Pc(I — /\N—lAN—l) cee

4.2
Pc(f — /\QAQ)Pc(I — /\1A1)ZE, Vo € C. ( )

If 0 < \; <26; foralli € {1,2,..., N}, then G is nonexpansive.

Lemma 4.2. ([5]) Let C be a nonempty closed convex subject of a real Hilbert space H.

Let A; : C — H be a nonlinear mapping, where i € {1,2,3,..., N}. For given z; € C,

ie€{1,2,3,..,N}, (aF, x5, 2%, ..., xy) is a solution of the problem (4.1) if and onli if
x] = Po(I — ANAN)ZY,

. . , (4.3)
T; = Pc'(I - /\i—lAi—l):Ei—la 1= 2, 3, 4, ceey N,

that is,

LET = Pc(f — /\NAN)Pc(I — /\N—lAN—l) cee
Pc(f — /\2A2)PC(I — /\1A1):E>{, Vo € C.

1548 Young Chel Kwun et al 1541-1552



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

From Lemma 4.2, we know that =} = G(z7}), that is, = is a fixed point of the mapping
G, where G is defined by (4.2). Moreover, if we find the fixed point =7, it is easy to get
the other points by (4.3). Applying Theorem 3.1 we get the result

Theorem 4.3. Let C be a nonempty closed convex subject of a real Hilbert space H. For
1e{1,2,3,...... , N}, let A; : C — H be d;-inverse-strongly monotone for some positive real
number &; with F(G) # 0, where G : C — C' is defined by

G(:E) = Pc(f — /\NAN)Pc(I — /\N—lAN—l) cee
Pc(f — /\QAQ)Pc(I — /\1A1)ZE, Vo € C.

Let f: C — C be a contraction with coefficient 0 € [0,1). Pick any z¢ € C, let {x,}
be a sequence generated by

Tpt1 = (1 — an) f(zn) + anG(yn),
Yn = (1 - ﬁn)$n + ﬁnG($n)7

where \; € (0,20;), 1 = 1,2,3,..., N, {a,} and {B,} are sequences in (0,1) satisfying the
conditions (i)-(iv).

Then {x,} converges strongly to a fixed point z* of the nonexpansive mapping G, which
1s also the unique solution of the variational inequality

(I - flz,y—x) >0, Yye F(T).

In other words, x* is the unique fived point of the contraction Pp ) f, that is, Ppq) f(z*)

=z*.

4.2 The constrained convex minimization problem

Now, we consider the following constrained convex minimization problem:

i 44
min ¢(z), (4.4)
where ¢ : C' — R is a real-valued convex function and assumes that the problem (4.4) is
consistent. Let €2 denote its solution set.
For the minimization problem (4.4), if ¢ is (Fréchet)differentiable, then we have the
following lemma.

Lemma 4.4. (Optimality Condition) ([5]) A necessary condition of optimality for a point
x* € C to be a solution of the minimization problem (4.4) is that x* solves the variational
inequality

(Vo(z*),x —x*) >0, Vxel. (4.4)

Equivalently, z* € C solves the fized point equation
z* = Po (2" — AV¢(z7))

for every constant X > 0. If, in a addition ¢ is convex, then the optimality condition (4.5)
1s also sufficient.
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It is well known that the mapping P (I — AA) is nonexpansive when the mapping A
is d-inverse-strongly monotone and 0 < A < 24. We therefore have the following result.

Theorem 4.5. Let C' be a nonempty closed convex subset of the real Hilbert Space H.
For the minimization problem (4.4), assume that ¢ is (Fréchet) differentiable and the
gradient V¢ is a §-inverse-strongly monotone mapping for some positive real number 6.
Let f: C — C be a contraction with coefficient 6 € [0,1). Pick any xy € C, let {x,} be a
sequence generated by

{xnﬂ = (1 - an) f(2n) + anPo(1 = AVO) (yn),
Yn = (1 - ﬁn)$n + ﬁnPC(l - /\VQS)(:En)v

where \; € (0,20), {an} and {5,} are sequences in (0,1) satisfying the conditions (i)-(iv).
Then {x,} converges strongly to a solution x* of the minimization problem (4.4), which
1s also the unique solution of the variational inequality

(I = flz,y—x) >0, Vye

In other words, ©* is the unique fized point of the contraction Pqf, that is, Pof(z*) =

*

T,

4.3 The K-mapping

In 2009, Kangtunyakarn and Suantai [4] gave a K-mapping generated by 11, Ts, T3, ..., Ty
and A1, Ao, As, ..., Ay as follows.

Definition 4.6. Let C' be a nonempty convex subset of a real Banach space. Let {T, Z}f\il
be a family of mappings of C' into itself and let A1, A2, A3, ..., Ay be real numbers such that
0< )\, <1foreveryi=1,2,3,..,N. We define a mapping K : C' — C as follows:

U =M1+ (1 — /\1)1,
Uy = N\oT5U; + (1 — /\Q)Ul,

Unv-1 = AN1IN-1Un—2+ (1 — An-1)Un—2,
K=Uny = ANTNUN_1 + (1 — /\N)UN—l-

Such a mapping is called a K-mapping generated by 11,15, T3, ..., Ty and A1, Ag, A3, ..., An.

In 2014, Suwannaut and Kangtunyakarn [10] established the following result for K-
mapping generated by T3, 15,153, ..., Tn and A1, Ao, A3, ..., An.

Lemma 4.7. Let C' be a nonempty closed convex subset of a real Hilbert space H. For
i=1,2,3,...,N, let {Ti}f\il be a finite family of k;-strictly pseudo-contractive mapping of
C into itself with k; < wy and ﬂi\il F(T;) # 0, namely, there exist constants k; € [0,1)
such that

ITix — Tiyll* < llz — ylI* + kil (I = Tz — (I = T)yll*, Va,y e C.

10
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Let A1, A2, A3, ..., An be real numbers with 0 < A\; < we for all i = 1,2,3,..., N and
w1 twe < 1. Let K be the K-mapping generated by T4, 1o, T3, ..., Ty and A1, Aa, A3, ..., AN.
Then the following properties hold:

(a) F(K) = (Y, F(T)),

(b) K is a nonexpansive mapping.

On the bases of above lemma, we have the following results.

Theorem 4.8. Let C be a nonempty closed convex subset of a real Hilbert space H. For
i=1,2,3,...,N, let {Ti}f\il be a finite family of k;-strictly pseudo-contractive mapping of
C into tself with k; < w1 and ﬂf\il F(T;) #0. Let M\, Ao, A3, ..., AN be real numbers with
O0< Ni<ws foralli=1,2,3,....,N and w1 + w2 < 1. Let K be the K-mapping generated
by T1, 15,15, ..., Tn and A1, Ao, As, ..., An.Let f: C — C be a contraction with coefficient
0 €10,1). Pick any xo € C, let {x,} be sequence generated by

{$n+1 = (1 — an) f(2n) + anK(yn),

where {ay} and {B,} are sequences in (0, 1) satisfying the conditions (i)-(iv).
Then {x,} converges strongly to a fized point x* of the mappings {T;}X_,, which is also
the unique solution of the variational inequality

N

i=1

In other words, x* is the unique fized point of the contraction Pﬂ’.‘ilF(Ti)f’ that is,

Pmiv:1 F(Tl)f(:E*) = x*.
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Abstract

We give some strong convergence theorems about asymptotically nonexpansive
non-self mappings. In the end we give some applications of our results in the form of
examples. Our results extend the results already proved.
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Key words and phrases: Strong convergence, asymptotically nonexpansive non-self
mapping, fixed point, uniformly convex Banach space

1 Introduction

Fixed points of special mappings like asymptotically nonexpansive, nonexpansive, con-
tractive and other mappings has become a field of interest on its on and has a variety of
applications in related fields like image recovery, signal processing and geometry of ob-
jects. Almost in all branches of mathematics we see some versions of theorems relating
to fixed points of functions of special nature. As a result we apply them in industry, toy
making, finance, aircrafts and manufacturing of new model cars. Because of its vast range
of applications almost in all directions, the research in it is moving rapidly and an immense
literature is present now.
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Let C' be a nonempty subset of a real normed space F of A mapping T': C — C' is
asymptotically nonexpansive if there exist a sequence {k,} C [0, 00) with lim, . k, = 1
such that | 7"z — T"y|| < ky||lx — y|| for all z,y € C and n > 1. This class was introduced
by Goebel and Kirk in 1972, see [4]. Ever since it has occupied a central place in fixed
point theory and other related fields concerning about special mappings.

Theorem 1.1. If C is a nonempty closed convex subset of a real uniformly conver Banach
space E and T : C — C' is an asymptotically nonerpansive mapping, then T has a unique
fized point in C.

However, in 1991, Schu [9] developed the modified Mann process for the approximation
of fixed points of an asymptotically nonexpansive self mapping which is defined on a
nonempty closed convex bounded subset of a Hilbert space given as follows:

Theorem 1.2. Let C be a nonempty closed convex bounded subset of a Hilbert space H
andT : C — C be a completely continuous and asymptotically nonexpansive mapping with
sequence {kn} C [1, 00] having lim, oo ky, = 1 and > 00 (k2 — 1) < co. Let {a,} be a real
sequence in [0, 1] with condition € < oy, < 1 —€ for all n > 1 and for some € > 0. Then
the sequence {x,} defined recursively by

{:El e C (arbitrarily), (11)

Tnt1 = (1 —ap)zy + @y T2y, Yn>1
converges strongly to some fized point of T.

In the above theorem, T is a self mapping of C, where C' is a nonempty closed convex
subset of H. If, however, the domain D(7T') of T is a proper subset of H and T': D(T') — H
is a mapping the modified iteration {x,,} may fail to be well defined.

To overcome this, in 2003, Chidume et al. [3] introduce the concept of asymptotically
nonexpansive non-self mappings.

Let E be a real Banach space. A subset C of E is called a retract of E if there exist
a continuous mapping P : E — E such that Px = x for all x € C. Every closed convex
subset of a uniform convex Banach space is a retract. A mapping P : E — F is called a
retraction if P?> = P. It is clear that if P is a retraction, then Py = y for all y in the the
range of P (see [3]).

Definition 1.3. Let C' be a nonempty subset of a normed linear space F. Let P : £ — C
be a nonexpansive retraction of £ onto C. A non-self mapping T : C — E is said to be
asymptotically nonexpansive if there exist a sequence k,, C [0, 1) with lim, k, = 1 such
that

|T(PT)" ! (z) = T(PT)"  (y)|| < knllz — yl| (1.2)

forall xz,y € C and n > 1.

Chidume et al. [3] introduced the following iterative scheme:

x1 € C,
(1.3)
Tniy1 = P((1 — ap)zy + o, T(PT)" 12,,)
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for all n > 1, where {a,,} C (0, 1) and proved some results of strong convergence and weak
convergence for asymptotic nonexpansive non-self mapping.
Throughout this paper, we denote Fixz(T) ={x € C: Tz = z}.

Remark 1.4. If T: C' — C is a self mapping, then P becomes identity and we have

1. The non-self mapping with (1.2) coincides with an asymptotically nonexpansive self
mapping in (1.1).

2. Both iterations (1.3) and (1.1) coincide.

After Chidume et al. many authors proved weak and strong convergence theorems
for asymptotically nonexpansive non-self mapping in Banach spaces [6-8,10]. Guo and
Guo [7] introduced following new iterative scheme which is given as:

Let E be a real Banach space, C be a nonempty closed convex subset of E and
P : C — FE be anonexpansive retraction of ¥ onto C. Let T : C — E be an asymptotically
nonexpansive non-self mapping defined by

x1 € C,
yn = P((1 — Bp)xn + BT (PT)" 2y, (1.4)
Tny1 = P((1 — an)zn + o T(PT)" 1y,
for all n > 1, where {a,,} C (0,1) and {5,} C [0, 1]. They proved some theorems of
strong convergence and weak convergence of the above iteration for an asymptotically

nonexpansive non-self mapping 7' : C' — E.
In this paper, we first introduce a new iterative scheme {x,} defined as follows:

x1 € C,

Yn = P((1 = Bn)zn + BT (PT)" ay),

zn = P((1 = m)yn + T (PT)" yn),

Tni1 = P((1— an)zn + o, T(PT)" 1 (L2t2e )

(1.5)

for all n > 1, where {a,,} C (0,1) and {5,}, {7n} C [0, 1]. We first use the condition which
is weaker than the completely continuous mappings, given in [5] named as the condition
(BP). Secondly, we prove some strong convergence theorems for our iteration scheme for
an asymptotically nonexpansive non-self mapping. It is important to remark that our
results extend the results in [3,5]. Finally, we give examples to explain the main results
of this paper.

2 Some lemmas
In this section we give some key lemmas which will be used to prove the main results of
this paper.

Lemma 2.1. ([11]) Letp > 1 and R > 0 and E be a Banach space. Then E is uniformly
conver if and only if there exist a continuous, strictly increasing and convex function
g :[0,00) — [0,00) with g(0) = 0 such that

Az + (1= Ny|[” < Allz]l” + (1 = Mly[[” = wp (Mg ([l = yl])
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for all z,y € B(0O,R) = {z € E : |z| < R} with A € [0, 1], where wy(A) = A(1 — X\)P +
AP(1—N).

Lemma 2.2. Let E be a real uniformly convex Banach space and C be a nonempty convex
subset of E. Let T : C — FE be an asymptotically nonexrpansive non-self mapping with
{hn} C [1,00) such that > o2 (hn — 1) < 0o and Fixz(T) # 0. Let {z,} be the sequence
defined by (1.5), where {a,} C [0,1) and {Bn}, {1} C [0,1]. Then

(a) lzns1 — pll < 2lln — pl| for all p € Fia(T).

(b) limy, o0 ||@n, — pl| exists for all p € Fix(T).

Proof. TakeTy =Ty = T and Sy = S1 = I in [6], we obtain the required result (see [5]). O

Lemma 2.3. Let E be a real uniform conver Banach space and C be a nonempty closed

conver subset of E. Let T : C — E be an asmyptotically nonexpansive non-self mapping
with {hy},{h,} C [1,00) and h}, < hy, such that Y o> (hn —1) < o0, Y o0 (k] —1) < 00
and Fix(T) # 0. Let {z,} a sequence defined in (1.5), where

0 < liminfa,, limsupa, <1,limsupf, <1, limsupy, < 1.

n—0oo n—oo n—oo n—oo
Then limy, o0 |2, — Txy|| = 0.

Proof. By Lemma 2.2, we know that lim, . ||z, — p|| exists for all p € Fiz(T). So

{:En _p}v {yn _p}v {Zn _p}v {T(PT)H_1$H _p}v {T(PT)H_lyn _p} and {T(PT)H_lzn _p}
are all bounded so we have a real number R > 0 such that

{:En —DyYn —PsZn — D T(PT)n_l‘rn 'z T(PT)n_lyn - pT(PT)n_lzn - p} C B(07 R)v
for all n > 1. It follows from (1.5) and Lemma 2.1 that

1y = plI* < (1= Ba) (20 — p) + Ba(T(PT)" 2 —p)|?
< (1= Ba)ll(@n =) + Bal(T(PT)" " 2y — p)|I?
= Bn(1 = Bu)g(llan — T(PT)" ')
< (1= Bkl (@n = PP + Buhiy |2 — p?
= || (zn — )|,

20 = pII? < 111 =) (Un — D) + 1 T(PT)" Ly, — p)|?
< (1 =) wn =PI + 7l (T(PT)"  yp — p)|I?
— V(1 = 7n)g(lyn — T(PT)" ynl|)
< (1= )W 2 — D) + b 2llyn — 2]
= 12| (yn — )|
< WoR2|(zn — )|
< hd||(zn — ).
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Also
2

fowss =91 < [0 = an)(an =)+ an (TPTY (2522 ) )

o ()

2

< (1= an)llzn = pl* + an

—an(l— ozn)g< 2y — T(PT)"! (@) >
2 Yn + 2 2
<(@1- O‘n)hin‘ﬁn - p||2 + O‘nh/nh% % -

— an(1 —ozn)g<

_ + z
2y — T(PT)" (L . "> >
1 2
< (1—ap)hd |z, — pl> + §anh'nhi(llyn —p|?+ |20 — p|1?)
—an(l— ozn)g< 2y — T(PT)"! (@) >

< (1= an)hy ||z — pl|* + anhi s — plf?

—an(l— ozn)g< 2y — T(PT)"! (@) >
e (552

where g : [0, 00) — [0, 00) is a continuous, strictly increasing and convex function with the
condition ¢g(0) = 0. Since we have condition 0 < liminf, . «;, and limsup,,_, ., o, < 1.
So there exist two real numbers a, b € (0, 1) and a positive integer ng such that a < a;, <b
for all n > ng, so

— 18 — P2 — (1 — an>g(

a(1 =b)g(|l zn — T(PT)" 'y [I) < h* | 2 = p |I> = | @1 —p |17
and
_ 4
a(1=b)g(| xn = T(PT)" "2 ) < B | 2n —p | = | @ —p [I” -
Since lim,_.o hp, = 1 and lim,,_.o A/, = 1, there exist positive integer mg, to and real
number s, s’ € (0, 1) such that 3,h, < s and v,h',, < & for all n > mg and
Hyn - $n|| < ﬁn||T(PT)n_1$n - $n||
< ﬁnHT(PT)n_l:En - T(PT)n_lynH + Bullzn — T(PT)n_lynH
< Buhnltn = ynll + llzn — T(PT)"  yn .
Similarly,
20 — 2p| < 'Vnh/nH:En — zn|| + [|Tn — T(PT)n_lan-
Hence

(1= 8)llyn = zall < (L= Baln)llyn — zall < l|lzn — T(PT)" |

and
(1- s/)||zn — | < (1 - 'Vnh/n)Hzn — Zpl|| < lzn — T(PT)n_lan-
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So we have
lim ||y, —z,]|=0 and lim |z, —z,| =0.
n—00 n—0o0

Furthermore from
|2n — T(PT)" ' 2n| < ||n — T(PT)" ynll + | T(PT)*  yp — T(PT)™ 4|
+ |lzn — T(PT)n_lynH + hal|yn — 20l

it follows
lim ||z, — T(PT)" 'z,| = 0.

n—oo
Using equations, we get
lim [|1 — T(PT)" g | = 0.

lim ||:En+1 — T(PT)n_lan =0.
n—00

lim ||zp41 — ynl| = 0.
n—oo
lim ||@p41 — 20| = 0.
n—oo

Now

120 = Tanl| < ||z = T(PT)" " ap|| + |T(PT)" 2y — T
< lwn = T(PT)" tan || + IT(PT)" an — T(PT)" ™ yp1]
1

H|T(PT)" Yoot = Tan|| + | T(PT)" 2y — T(PT)" ™ 2|
FIT(PTY ™ 20y — Ty,
and using above condition we get required result lim,_, ||z, — Tz,|| = 0. The completes
the proof. O

3 The conditions (BP)

Here we recall the condition introduced in [5]. Let E be a Banach space and T : E — FE be
a bounded linear operator. In 1966, Browdin and Petryshyn [2] considered the existence
of a solution of the equation f = u — T'u by iteration of Picard-Poincoré-Newmann,

9 € E (3 1)
Tpy1 =Tzn + f,

or

9 € F (3 2)
Tpp1 =T"20+ (f+Tf+--+T"7'f), Yn>0, feE. '
In fact, in 1958, Browder [1] proved the following.

Theorem 3.1. Let E be a reflevive Banach space. Then a solution u of the equation
u—Tu = f exists for a given point f € E and an operator T which is asmyptotic bounded
if and only if the sequence {x,} defined by (3.1) is bounded for any fixed xy € E.

1558 Young Chel Kwun et al 1553-1564



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Relaxing the assumption of reflexivity on E, under a slight sharp condition on T,
Browden and Petryshyn proved the following:

Theorem 3.2. Let E be a Banach space, T : E — E be a bounded linear operator which
is asymptotically convergent, that is, {T"x} converges in E for all x € E. Then we have
the following:

(1) If f € R(1 —T), the sequence {x,} converges to a solution u of the equation
u+Tu=f.

(2) If any subsequence {x,, } of the sequence {x,} converges to an elementy € E, then
y s a solution of the equation y — Ty = f.

(3) If E is a reflexive Banach space and the sequence {x,} is bounded, then the sequence
{xn} converges to a solution of the equation u+ Tu = f.

Motivated by the above theorem, we have the concept of the condition (BP) as in [5]
given by

Let E be a real normed linear space, C' be a nonempty subset of £ and T : C' — E be
a mapping

Definition 3.3. (Condition) The pair (7, C) is said to satisfy the condition (BP) if for
any bounded closed subset G of C, {z: z =2 — Tx,z € G} is a closed subset of E.

Let £ and F' be Banach spaces. Recall that a mapping 7' : E — F' is completely
continuous if it is continuous and compact (that is, C' is bounded implies that T(C) is
compact) or a weakly convergent sequence (z, — x weakly) implies a strong convergent
sequence (Tx,, — Tx).

Next we establish a relation between the condition (BP) and completely continuous
mapping given as:

Proposition 3.4. Let E be a real normed linear space, C be a nonempty subset of E and
T :C — E be a completely continuous mapping. Then the pair (T, C) satisfy the condition
(BP).

Proof. 1t is similar as in [5]. O

Remark 3.5. ([5]) The converse of the above proposition does not holds in general.

4 Strong convergence theorems

Now we turn to strong convergence theorems for the asymptotically nonexpansive non-self
mappings with condition in the real uniformly convex Banach spaces. First two results
correspond to our new scheme where as remaining results are the same results in [3] and [5],
which are the simple derivations of our result.

Theorem 4.1. Let E be a real uniformly convex Banach space and C be a nonempty closed
convex subset of E. LetT : C' — E be an asymptotically nonexpansive non-self mapping
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with {hy},{h,} C [1,00) and h}, < hy, such that y o> (hn —1) <00, Y o0 (k] —1) < 0
and Fix(T) # 0. Let {z,} be a sequence defined by

x1 € C,
Yn = P((l - ﬁn)$n + ﬁnT(PT)n_1$n)a

zn = P((1 = V)Y + 'VnT(PT)n_lyn)a
Tpil = P((l — )Ty + a, T(PT)" 1 (%))

(4.1)

for all n > 1, where

0 <liminfa,, limsupa, <1, limsupg, <1, limsup~y, <1.
n—oo n—oo n—oo n—oo
If the pair (T, C) satisfy the condition (BP), then the sequence {x,} converges strongly to
a fized point of T.

Proof. Let G = {Z,}, where A denotes the closure of A. Since the sequence {z,} is
bounded in C by Lemma 2.2 and so G is a bounded closed subset of C. As pair (T, C)
satisfy (BP) conditions, it follows that

N={z2=2—-Tz:z G}

is closed. Lemma 2.3 guarantees {x, — Tz,} C N and z,, — Tx,, — 0, {y, — Tyn} C N
and y, — Ty, — 0 as n — oco. Clearly the zero vector 0 € N so there exist a ¢ € G such
that ¢ = T'q so q € Fiz(T). Since ¢ € G so there exists a positive integer ny such that
Zn, = q or there exists a subsequence {zy, } of the sequence {x,} such that z,, — ¢ as
k — oo.

If x,, = g, then it follows from Lemma 2.2 that z,, = g for all n > ng and so =, — ¢
as n — oo.

If ,, — g, then, since lim, . ||z, — ¢|| exists, we have x,, — ¢ as n — oo. This
completes the proof. O

Using Theorem 4.1 and Proposition 3.4, we have

Corollary 4.2. Let E be a real uniformly convexr Banach space and C' be a nonempty closed
convex subset of E. LetT : C' — E be an asymptotically nonexpansive non-self mapping
with {hyp},{h,} C [1,00) and hl, < hy, such that > o> (hy — 1) < 00, > 02 (hl, —1) < o0
and Fix(T) # 0. Let {z,} be a sequence defined by (4.1), where

0 <liminfa,, limsupa, <1, limsupf, <1, limsup~y, < 1.

n—0o0 n—oo n—oo n—oo

If T is completely continuous, then the sequence {x,} converges strongly to a fized
point of T.

Theorem 4.3. Let E be a real uniformly convex Banach space and C be a nonempty
closed conver subset of E. Let T : C — FE be an asymptotically nonexpansive non-self
mapping with {hy,} C [1,00) such that Y o> (hy, — 1) < 0o and Fiz(T) # 0. Let {x,} be
a sequence defined by (1.3), where

0 <liminfa, and limsupa, <1.
n—00 n—00
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If the pair (T, C) satisfy the condition (BP), then the sequence {x,} converges strongly
to a fixed point of T.

Proof. In Theorem 4.1, take 3, = 0 and v, = 0 for all n > 1, we arrive at the result. [
Using Theorem 4.3 and Proposition 3.4, we have

Corollary 4.4. Let E be a real uniformly convex Banach space and C be a monempty
closed conver subset of . Let T : C — E be an asymptotically nonexpansive non-self
mapping with {hy,} C [1,00) such that Y o> (hy, — 1) < 0o and Fiz(T) # 0. Let {x,} be
a sequence defined by (1.3), where

0 <liminfa, and limsupa, <1.
n—00 n—00

If T is completely continuous, then the sequence {x,} converges strongly to a fized
point of T.

Remark 4.5. The results proved in [3] can also be obtained from our Theorem 4.1 under
special assumptions of sequences on ay,, B, and y,.
5 Examples

Here we focus on the families of examples to apply on our results. First example also
extends the example presented in [5].

Example 5.1. Let X be a Hilbert space and
C={zeX:|z|]| <rVr>0}

Let P: C — C by

e ifre X —C.

(Bl

{ZE, ifx € C,
Pz =

Then P is a nonexpansive retraction of X onto C' (see [5]).
Take X = R" with .
(@, y) = wiy,
i=1

and

Then X is a Hilbert space.
Let C={ze X :|z|| <1,}.
Take P : C' — C by
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Then P is a nonexpansive retraction of X onto C by [8], taking r = 1.
Define T; : C — X by T; = (0,0, ...,1 — 20,0, ...,0) for all X = (x1, 29, x3, ..., 2,) € C.
Then
| Tz; — Ty;|| =1(0,0,...1—2;0,0,...,0)— (0,0,...., 1 —9;,0,0, ..., 0)|
=1/(0,0,...,z; — 4;,0,0,....0)||
<z —yl.
So T;x are a family of nonexpansive non-self mappings, so
|IT;(PT;)* e — Ti(PTy)*y|| < || P(Tix) — P(Tiy)|
< || Tz — Tuy||
<z —yl.
Suppose that
IT,(PT)* 2 = Ty(PT)* 'yl < |z —yll, Yn=*k
Taking n = k + 1, we have
T (PT)E1 — T PTYSH)y| < [|P(T)EHD = P(T) 07|
= | P(T) P(Tie)* " — P(T)P(T) |
< | T:P(Tix)* ! = TiP(Tiy)* |
<z —yl.
It follws that from Mathematical Induction, 7T; is a family of an asymptotically non ex-
pensive non-self mapping with sequence {h;,} defined by h;, =1 for all n > 1. Put

1
Fiz(T;) = {(0,0, 15:0,0, ...,0)}.

Now, we prove that the pairs (T}, C) for each i satisfy the condition. For any closed
subset G of C, we denoted N; = {z = x — Tjz : * € G} Then N; are closed. Reality is
that, for any z, € N; with z, — z, there exist z,, € G such that z, = z, — T;z,. As G is
bounded and closed in C' so is compact. Therefore, there exists a convergent subsequence
{zp, } of {z,,}. Letting x,, — xo as k — oo, we have zo € G. Also as T; are continuous so

z= lim z,, = lim (z,, — Tizy,) = xo — Tizg € N;.
k—o0 k—o0

For any given x; € C, take a sequence {x, }
Yn = P((l - ﬁl)$n + ﬁnTz(PTz)n_1$n)a
zn = P((1 = 71)yn + 'VnTi(PTi)n_lyn)a
Tny1 = P((1 — a1)zy + anT;(PT;)" ! (%))

for any n > 1, where

4 1
an:5—|—6—n, 'I’LZO(mOd2),
LA =1 (mod 2)
Oén—lo 2’[’1/’ n = mo 5
2n
= = — > 1.
B =m 3n+2’ "=
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Clearly

liminfoy, = -, i _ 4
iminfa, =15, limsupan = &,

limsup 3, = limsup~y, = =.
n—oo n—oo 3
So all condition of Theorem 4.1 are satisfied and so {x, } converge strongly to a fixed point

(0,0,0,...,%,0,0, ...,0) of T;.

Remark 5.2. If we take Ty(x1,22) = (1 — 21,0) with z; = (0,0), then {z,} converges
strongly to Fiz(T;) = (3,0) after single iteration.

1
Example 5.3. Let X = [% with (z,y) = >°7°; z;y; and ||z| = (3572, 2?)? . Then X is a

=11

real infinite dimensional Hilbert space. Let C = {z € X : ||z|| < 1}. Define a mapping

P:X —Chby
z, ifrelX,
Px =4 .
Tall? ifre X -C.

Then P is nonexpansive retraction of X onto C. Define T': C — X by
Tr = (—x1,—2x9,...,—Tj,...), VaxeC.

Then we have
||T33 - Tl/|| = ||(y1 —T1,Y2 — T2, -, Yi — Ti, ---)||

00 3
= (Z(yz - :Uz')2> = llz =yl
i=1
for all x = (z1,22,.... %4 ...), ¥y = (Y1,Y25 -, Yir ...) € C so T is an asymptotically non-
expansive non-self mapping with sequence {h,} defined by h, = 1 for all n > 1 and
Fiz(T)={(0,0,...,0)}.

Now we prove that the pair (7',C) satisfy our condition and T is not completely
continuous. In fact for any closed subset G of C, we denote N = {z =z — Tz : c € G}.
For any z,, € N with z,, — z as n — oo, there exists z, = z, — Tz, = 2x,. It follows from
Zn — z that x, — %z as n — oo. Since G is closed in C, it follows that %z € G. Since T
is continuous, it follows that

n—00 n—00 2

1 1
z= lim 2z, = 1im(:nn—T:En):—z—T<§z> € N.

This shows that the pair (7, C) satisfy the condition (BP). Since T is surjective, and
unit ball C = {x € X : ||z|| < 1}, is not sequentially compact, so T is not completely
continuous (see [5]).

For z1 € C, define sequence {x,} by

Yn = P((1 = Bn)zn + ﬁnT(PT)n_l"En)a

zn = P((1 = v)yn + 'VnT(PT)n_lyn)a

Tny1 = P((1 — an)z, + anT(PT)"_l(%)),
11
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where «,, = %—I—ﬁ,n: 1 (mod 2), and «a,, = ;+%,n:0 (mod 2) for all ¢ > 1,
Bn = 45’%, Yo = 42% for all n > 1. Clearly liminf,, .., o, = % and limsup,, . o, =
and limsup,, ., Br = limsup,,_,. ¥n = %. So all conditions of Theorem 4.1 are satisfied.

Hence the sequence {z,} converges strongly to fixed point (0,0, ...,0) of T.

oy
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Abstract

We investigate a g¢-fractional integral equation with supremum and prove
an existence theorem for it. We will prove that our g-integral equation has a
solution in C0,1] which is monotonic on [0,1]. The monotonicity measure of
noncompactness due to Bana$ and Olszowy and Darbo’s theorem are the main
tools used in the proof our main result.

MSC: 45G10, 47H09, 45M99.
Keywords: ¢-fractional; integral equation; monotonic solutions; Darbo theorem; monotonic-
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1 Introduction

Jackson in [20, 21] introduced the concept of quantum calculus (g-calculus). This area of
research has rich history and several applications, see [1, 3, 22, 23] and references therein.
There are several developments and applications of the g-calculus in mathematical physics,
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especially concerning quantum mechanics, the theory of relativity and special functions [1, 3,
17, 23, 24]. Recently, several researchers attracted their attention by the concept of ¢g-calculus,
and we can find several new results in [2, 3, 18, 25] and the references therein.

In several papers among them [4, 19], differential equations with supremum as well as
integral equations with supremum have been studied. In [10, ?, 12, 13, 14, 15] Darwish et al.
studied differential and integral equations of arbitrary orders with supremum. Also, Caballero
et al. [8, 9] introduced and studied the quadratic Volterra equations with supremum. They
showed that these equations have monotonic solutions in the space C[0,1]. In [10], Darwish
generalized and extend Caballero et al. [8] results to the quadratic integral equations of
arbitrary orders with supremum.

In this paper we will study the g-quadratic integral equation with supremum

EN T [ i
Fq(ﬁ)/o (gs/t;q)5_1 (L, ) max] ly(T)| dgs, t € J =0,1], (1.1)

[0,0(s)
where 0 < 8, ¢q€ (0,1), f: J=>R, T:C(J)=C(J),k:JxJ—=Ryando:J— J.
By using Darbo fixed point theorem and the monotonicity measure of noncompactness

due to Bana$ and Olszowy [6] we prove the existence of monotonic solution to Eq.(1.1) in
C1o,1].

y(t) = f(t) +

2 Fractional ¢-calculus

We collect basic definitions and results of the g-fractional integrals and g-derivatives, for more
details, see [2, 3, 7, 17, 18, 24, 25] and references therein.
First, for a real parameter g € (0, 1), we define a g-real number [a], by

a

1—gq
1—q’

lalg = a €R,

and a g-analog of the Pochhammer symbol (g-shifted factorial) is defined by

1, n =0,
(@;0)n = n1

[1(1-ag*), neN.

k=0

Also, the g-analog of the power (a — b)" is given by

1, n =0,
(-t =2

[T (a—0b¢"), neN;abeR.

k=0

Moreover,
(a—b)"™ =a"(b/a;q)n, a # 0.
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Notice that, lim (a;q), exists and we will denote it by (a; q)so
n—oo

More generally, for § € R, ag® # ¢~™ (n € N), we define

(a5 q) oo

(a5q)p = (0P 0)m

and
0 1)@ — 8 _b/6 2o
(@=9 (@Pb/a;q)0e

Notice that (a — b)®) = a?(b/a; q)s. Therefore, if b = 0, then a(?) = a”.

Now, the g-gamma function is given by

Ly(x) = r € R\{0,—-1,-2,---},

where G(¢%) = . Or, equivalently, I';(z) = % and satisfies I'y(z+1) = [z],I'¢(2).

(¢” q)

Next, the g-derivative of a function f is given by

JO=JG b £)(0) = im(D, £)(8),

t—qt t—0

(Dgf)(t) =
and the g-derivative of higher order of a function f is defined by

f(t), n =0,
(Dg )(t) =
Dy(DI-1f)(t), neN.

Let f be a function defined on [0,b]. The g-integral of f is defined as follows

t 0o
=i4f@)%szdl—®§:¢7@f%t€mﬁk (2.2)
n=0

If f is given on the interval [0,b] and a € [0, )], then

/f ds—/f Vs = [ 1) d

The operator I is defined by

f(t)v n =0,
(L f)(t) =
1,(I771f)(t), neN.

The fundamental theorem of calculus satisfies for Dy and I, i.e., (Dqlyf)(t) = f(t), and if f
is continuous at ¢t = 0, then (I,D,f)(t) = f(t) — f(0).
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The following four formulas will be used later in this paper
[a(t — )P = aB(t — 5)P),
tDy(t — ) = B4t — )Y,
Dyt = )P = —[Blq(t — g5)" 7V
and . .
D, /0 F(t,5) dys = /0 Dy f(t,5) dgs + F(at. 1),
where 1D, denotes the derivative with respect to variable ¢.
Notice that, if 8> 0 and a < b < ¢, then (t — b)®) < (t —a)P).

Definition 1. [1] Let f be a function defined on [0,1]. The fractional g-integral of the
Riemann-Liouville type of order 8 > 0 is given by

f(t)v ﬂzo,
(17N =

t 00 8.
oy [ = 090 D1(6) dys = 91— )" 5 e flaqr), >0, 1€ 0,1

Notice that, for § = 1, the above g-integral reduces to (2.2).

Definition 2. [1] The fractional g-derivative of the Riemann-Liouville type of order 5 > 0
is given by
/ (t)v p =0,
(DF)(E) =
O, B>,
where [(] stands for the smallest integer equal or greater than f.

In g—calculus, the derivative rule for the product of two functions and integration by
parts formulas are

(Dafa)(t) = (Daf)(0)g(t) + £(at) (Dag) (1),
| 16)Du)s) dus = 106Ny~ [ (Duf))9(a5) dys.
0 0

Lemma 1. Let 8,7 > 0. Then the following are verified for a function f defined on [0,1]:
(1) (113 )(0) = (I (@),

(2) (DFI171)(8) = £(0).

Lemma 2. [2/] For 5 > 0. Then g-integration by parts allows us to have

+(8)

(I21)(t) = T, 3+1)

or
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3 Measure of noncompactness

We assume that (E, ||.||) is a real Banach space with zero element 6 and we denote by B(z,r)
the closed ball with radius r and centre x, where B, = B(6,r).

Now, let X C E and denote by X and ConvX the closure and convex closure of X,
respectively. Also, the symbols X +Y and AY stands for the usual algebraic operators on sets.
Moreover, the families g and Ng are defined by Mrp = {A C E: A # (), A is bounded}
and Mg = {B C Mg : B is relatively compact}, respectively.

Definition 3. [5] Let p : Mg — [0, +00). If the following conditions
1° 0 £{X € Mg : u(X) =0} =keru C Ng,
20 if X C Y, then pu(X) < u(Y),
3° w(X) = pu(X) = p(ConvX),
42° pAX + 1 =NY) < Ap(X)+ (1 —=Nu(Y),0<A<1and

5° if (X,,) is a sequence of closed subsets of My with X, 11 C X,,, n =1, 2, 3, ..., and
lim w(Xp) =0 then Xoo =N, X,, # 0
n o0

hold. Then, the mapping p is said to be a measure of noncompactness in F.

Here, kerp is the kernel of the measure of noncompactness u.

Our result will establish in C'(J) the Banach space of all defined, continuous and real
functions on J = [0, 1] with ||y|| = max{|y(7)| : 7 € J}.

Next, we defined the measure of noncompactness related to monotonicity in C(J), see
[5, 6].

We fix a bounded subset Y # 0 of C(J). For ¢ > 0 and y € Y, w(y,e) denotes the
modulus of continuity of the function y given by

w(y,e) = sup{|y(t) —y(s)| : t,s € J, [t —s] <e}.

Moreover, we let
w(Y,e) =sup{w(y,e) 1y € Y}

and
wo(Y) = gii%w(Y, £).
Define
d(y) = LS (ly(@) = y(s)] = [y(@) = y(s)])
and

d(Y') = sup d(y).
yey

Notice that all functions in Y are nondecreasing on J if and only if d(Y) = 0.
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Now, we define the map u on Mg ;) as
u(Y) = d(Y) +wo(Y).

Clearly, p verifies all conditions in Definition 3 and, therefore it is a measure of noncompact-

ness in C(J) [6].

Definition 4. Let ) # M C E. Let P : M — E be a continuous operator. Suppose
that P maps bounded sets onto bounded ones. If there exists a bounded ¥ C M with
w(PY) < au(Y), a >0, then P is said to be satisfies the Darbo condition with respect to a
measure of noncompactness fi.

If @ < 1, then P is called a contraction operator with respect to u.

Theorem 1. [16] Let Q # 0 be a bounded, convex and closed subset of E. If P : Q2 — Q is a
contraction operator with respect to p. Then P has at least one fized point belongs to §2.

We will need the following two lemmas throughout our proof [8].

Lemma 3. Letr: J — J be a continuous function and y € C(J). If, fort € J,

(Fy)(t) = inax ly(7)l,

then Fy € C(J).

Lemma 4. Let (y,) be a sequence in C(J) and y € C(J). If (yn) converges toy € C(J),
then (Fyy,) converges uniformly to Fy uniformly J.

4 Main Theorem

Let us consider the following hypotheses:
(h1) f € C(J). Moreover, f is nondecreasing and nonnegative on J.

(h2) The operator T': C'(J) — C(J) is continuous and satisfies the Darbo condition with a
constant ¢ for the measure of noncompactness p . Moreover, Tz > 0 if z > 0.

(hg) Fa,b>0 s.t. [(Tx)(t)| <a+b|z|| Yx e C(J), t € J.

(ha) The function k : J x J — R4 is continuous on J x J and nondecreasing V¢ and s

separately. Moreover, k* = sup k(t,s).
(t,s)eJxJ

(hs) The function o : J — J is nondecreasing and continuous on .J.

(he) I ro > 0 such that
m*ro(a<+-br0)
+——F—-<r 4.3
151+ SR <o (4.3

ck*r
andl—\q(Tﬁ)l)<1
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Now, we rewrite Eq.(1.1) as

z(t) = (Tz)(t) tfi S —¢8)B Y max |z(r S
(1= 1)+ Fogt | w9 (= 0907 ma o) dys 0 < B 1 v S (4

and define the two operators K and F on C(J) as follows

! tm $)(t — qs)PY max |y(r s
(D0 = g5 [ w090 = a5)7 s () (1.5
and
(Fy)(t) = £(2) + (Ty)(8) - () 1), (1.6

respectively. Finding a fixed point of the operator F is equivalent to solving Eq.(4.4).
Under the above hypotheses, we state and prove our main theorem.

Theorem 2. Assume the hypotheses (h1) — (hg) be verified. Then Eq.(4.4) has at least one
solution x € C(J) which is nondecreasing on J.

Proof. First, we will show that the operator F maps C(J) into itself. For this, it is sufficient
to show that Kz € C(J) if z € C(J). Fix e > 0 and let x € C(J) and t1, to € J (t1 < t3)
with [to — t1| < e. We have

to
[(Kz)(t2) — (Kz)(t1)|] = ‘I}tﬁ)/o f"v(tz,S)(tz—(IS)(B_I)[&%]WTNdqs
_ ! /t1 k(t1,s)(t, — qs) PV max |z(7)| dys
r,(8) Jy “U A 0.0(5)] ’
I
< [ | st =0 ) g o

1 /tz (8-1)
Kk(t1,5)(t qs max |x(7)| dgs
Iq(ﬁ) 0 (11, 5)(t2 ) [0,0(5)]| ™)l /

t2
+ /mt,st—qs(ﬁ_l)max x(7)| dgs
o ) R @) e el 4

t1
- — Ht,st—qs(ﬁ_l)max x(7)| dgs
F ) )t =) i je(r)]

1 /tl (8-1)
4+ |=— Kk(t1,s)(ta — gs max |x(7)| dgs
o ) R @) e el 4

I
- — mt,st—qs(ﬁfl)max x(7)| dgs
g R a9 max ()] d,

to
| Ieltan9) = w9t = 05)0 . fa()] dys
0 (s

< 1
— Ty(B)

1 t2
+= Kk(t1,s to — qs) PV max |x(7)| dys
5 / 1.9l (t2 = 49)") max [(7)]
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(4.7)

8
T /tlut ) I(t2 = g™ = (1 = 45)7V] max Ja(r)| d
, —gs — —qs max |z S
0,3 Jo Motz —a N = R
||| /” (8-1)
< Wk (&, - to — qs dgs
r,8) (&) J) (2= as) T ds
* t1 t2
o [t = a9 = (- a9 s+ [ - )V
Fq(ﬁ) 0 t
|z @ , szl L® L0 B)
Fq(ﬂ—i—l)W(g)Q +Fq(5+1)[1 2 1 2(t2 — 1))
|z @ , 26" ||z )
< e )t 2o N (g — ¢
> Fq(ﬁ‘i‘l) w (6 ) 2 +1—‘q(5+1>( 2 1)
||| g, Kzl 4
< — 0 Wk 5,. t +7€ )
T,(8+1) (&)t T(6+1)
where we used
wn(ea ) - sup ”%(t’ S) - H(T’ 8)’

t, T€J, [t—T|<e
Notice that, since the function x is uniformly continuous on J x J, then when € — 0 we have
that wk(e,.) — 0.
Therefore, Kz € C(J) and consequently, Fz € C(J).
Now, Vt € J, we have

(Fa)0)] < ‘f(t)Jr(Tx)(t) [ ts) 0= 057 s a7} dys

[y (5) [0.0(s)]
t
< A1+ ST [ e = 0O o) s
a—i—beH
< |If to gD
I1£1] T, B+1)" K|l
Hence bl
a+ b||x
Fz| < + — k2]
175l < 111+ Fgegse o)
From hypothesis (hg), if ||z|| < 79, we get
a ~+ brg
Fz| < D K7
[ F ] 171l CESN
S To-

Therefore, F maps B,, into itself.

Next, we consider the operator F on the set B} = {z € By, : z(t) > 0, Vt € J}. It is
clear that Bt # 0 is closed, convex and bounded. By this facts and hypotheses (h1), (h3)
and (hs), we obtain F transforms B;! into itself.

In what follows, we will show that F is continuous on B,J,g. For, let (x,,) be us a sequence
in Bt such that z, — = and we will show that Fz, — Fz. We have, Vt € J,

(Fa® - FaO] = [ [ttt =05 ma o)l
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9
t
—(T‘””W D[ sttt = 0D o fo(r)ldys
0,0(s
(T'25)( / )31
< (t,s)(t —qs) max |z, dgs
'Fq) gty ol da
O Tt 00— 090 [ (1) s
q S
(TSU)(t)/ (B—1)
+ t,s)(t—gs max |r,(7)| dys
D [ttt = 09 . a1 d
Tx _
= ()()) / W, 3)(1 — 43)"° >[g%\x< )l dys
\(Txn —(Tz ’/ (8-1)
K(t,s) max |z, (7)| dgs
< - (9l (t — 05)* Y . o (7)| d
B=D | max |zn — max |z(7)]| dgs.
/ 09" | ma an(r)| = max [2(7)]| dy
Applying Lemma 4, we obtain
| Fan — Fall < O T, — T 4+ ST g (4.8
Tn T STG+0) Tn x EESY Ty — x| .
By the continuity of T, In; € N such that
| Txy — Tx| < LB +1) Vn >n
2K*rg
Also, Ing € N such that
T 1
| s To(f+1) Vn > na.

—all = 2k*(a + bro)
Now, take max{nj,no} < n, then (4.8) gives us that

| Fx, — Fzx| <e.

This shows that F is continuous in B .

Now, we take § # X C B;f. Let us fix an arbitrarily number ¢ > 0 and choose = € X
and t1, to € J with [ta — t1| < e. We will assume that t; < ¢y because no generality will be
loss. Then, by using our hypotheses and inequality (4.7), we get

[(Fa)(t2) — (Fa)(t)] < |f(t2) = f(0)] + [(T2)(t2) (Kz)(t2) — (Tx)(t2) (Ka)(t)|
+(Tx)(t2) (Kz)(t1) — (Tx)(t1) (Kz)(t1)]
< w(f,e) +[(T)(t2)] |(K)(t2) — (Kz)(t1)]
+(Tx)(t2) = (Tx)(t0)] |[(K)(t1)]

(a+bllz])
< w(f,e) + m

w(Tz,e)

H H n( )+ 2K" HxH€ Fq(,@—l—l)

][
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10
To(a + b?”o) « B K*ro
< w(f,e)+ T,(3+1) [wi(e,.) +2 K" ] + T,(3+1) 1)w(Tx,5).
Hence,
To(CL + bro) x_f K* T

w(Fz,e) <w(f,e)+ T,0+1) [wi(e,.) +2r" "] + T,3+1) 1)w(Ta:,5).
Consequently,

w(FX,e) <w(f,e)+ m[wn(s, )+ 26 + F:;%w(TX,E).

q q

Since the function k is uniformly continuous on J x J and the function f is continuous on J,
then the last inequality gives us that

K 1o
Lq(B+1)
Further, fix arbitrary « € X and ¢1,t9 € J with ¢ > ;. Then, by our hypotheses, we have

[(Fz)(t2) — (Fz)(t)| — [(Fz)(t2) — (Fr)(t1)]
Tzx)(t2) [
= 'f(tg) + (T'z)(t2) / k(ta, s)(ta — qs)(ﬁfl) [max |z(T)| dgs
0

wo(FX) < wo(TX). (4.9)

Ly(9) (s)]
— — (Lz)(t1) —¢s)BY max |z S
st = TG [ttt — )0 s o)
(Tz)(t) S —¢s) PV max |z S
[t + G20 [ttt = )0 s b
1t = T [ sttt = 095 s o) s
x t2
< (102) = o) = e2) = 7001 + [SL952 [ o s)e = o)) g (o) s
— (Tx)(tl) ’ — (s (6-1) max (T\T S
Frgtt | Rt~ gD max [a(r) dy
T:I} (tl — (s ( ) max (T S
‘ Tq(B) / Ktz 9)(ta = g9)" g ()]
e / (i o)t = as) 7 g () s
(Tx)(t2) B=1D) max |z(r s
TR [ wtas)ta =) o) 4,
Tx)(tl —qs)® Y max |z(r S
L [ i)t — 090 s o) s
L)t — 497D max [5(7)] dys
[w) / K(t2.5)(t2 = )" s la(7)] d,
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- G e =001 g o ]
<A{l(Tz)(t2) . (T)(t1)| = [(Tz)(t2) — (Tx)(t1)]}
XF;BLA K(t2.5)(t2 = 09" ma [2(7)] dys
-iéhﬁ@hgal_qgw—ﬂﬁggﬂmuﬂdﬁ
= a2 07 s fe(r)] s
—Ahdh£Xh—ng4n£$%uwn%%}. (4.10)

Now, we will prove that

to t1
/ K(t, s)(ta — gs) PV max |z(7)| dys — / K(t1, ) (t — gs) PV max |x(7)| dys > 0.
0 [0,0(5)] 0 [0,0(5)]

In fact, we have

to t1
/ k(ta, s)(ta — qs)(ﬁfl) max |z(7)| dgs —/ k(t1,s)(t1 — qs)(ﬁfl) max |z(7)| dys
0 [0,0(s)] 0 [0,0(s)]

to to
= / K(ta, s)(ta — qs)(ﬂfl) max_|z(7)| dgs —/ k(t1,s)(ta — qs)(ﬂfl) max _|z(7)| dgs
0 [0,0(s)] 0 [0,0(s)]

to t1
+/ K(t1,s)(ta — qs)(ﬂfl) max _|z(7)| dgs —/ k(t1,s)(ta — qs)(ﬁfl) max _|z(7)| dgs
0 [0,0(s)] 0 [0,0(s)]

t1 t1
+/ k(t1,$)(ta — qs)(ﬂ_l) max _|z(7)| dgs —/ k(t1,s)(t1 — qs)(ﬁ_l) max _|z(7)| dgs
0 0,0(s)] 0 [0,0(s)]

to
= [ lt2.5) = r(e1, ) 12 = 09 o) dys
0 ,o(s

[3)
+ +/ k(t1,s)(ta — qs)(ﬂ_l) max _|z(7)| dgs
t [0,0(s)]

ty
+/ K(t1, 8)[(t2 — gs) P~ — (8 — gs)P~Y)] [énz%xﬂ |z(7)] dgs.
0 ,o(s

But, x(t1,s) < k(ta,s) because k(t, s) is increasing with respect to ¢, then
to
/ (K(tg, s) — K(t1,s))(ta — ¢s) P~V max |2(7)| dgs >0 (4.11)
0 [0,5(s)]

and, since (ty — qs)B=1) — (t; — ¢s)P=D >0 for s € [0,¢;) then

t1
| Rt 3)1(t2 = 037 = (0= )] . fa()] dys
0 ,o(s
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to
+ K(t1, ) (ta — gs) PV max |z(7)| dys
t1 [070(5)}
t1
> / Rt t)[(b — g5) P = (81— gs)7 )] Quax |(7)| dgs
O'tl
(t1,11) ty —qs)P Y max |x(r)| dys
[ )= ) s o001 d
to t
= (e 0) g o) | [0 =007 dys = [ =0 s
[0,0(t1)] 0 0
ty —t)
t1,t max |x(7T
st 1) [Blq [070(t1)1| Sl
> 0. (4.12)

Finally, (4.11) and (4.12) imply that
to t1
K S —¢s)®Y max |z s — K s —¢s)®Y max |z s .
[ a9t = a9 s o) dys = [ n(t1,5)(02 = 05)5Y [ ()] dys > 0
The above inequality and (4.10) leads us to
[(Fz)(t2) — (Fz)(tr)| = [(Fr)(t2) — (Fa)(t1)]
= {[(Tx)(t2) — (Tx)(t1)| — [(Tx)(t2) — (Tx)(t1)]}

to
/ wlta.5)(t2 = 43) 1) g [o(7)] dys
0 0,0(s

« 1
Lq(B)
K 1o

Thus,
d(Fx)Ty(B+1) < k*rod(Tx)

and therefore,
d(FX)Ty(B+1) < k*'rod(TX). (4.13)

Finally, (4.9) and (4.13) gives us that

*

K To
wo(FX)+d(FX) < ————(wo(FX)+d(TX
(FX) +d(FX) € G2l FX) + d(TX))
or
ror*
FX) < ——u(TX
WEFX) < B n(T)
K*erg
< —u(X).
S N EFSAaS
But ”(Eicl) < 1, then
H(FX) < p(X). (4.14)
Inequality (4.14) enables us to use Theorem 1, then there are solutions to Eq.(1.1) in C(J).
This finishes our proof. O
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