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Abstract

We study the convergence of implicit midpoint type Picard sequence for strongly
accretive and strongly pseudocontractive mappings. We have also improved the results
of some authors.

2010 Mathematics Subject Classification: 4TH06, 47J05, 47J25

Key words and phrases: Banach space, Lipschitzian mapping, strongly pseudocontrac-
tive mapping, strongly accretive mapping, implicit midpoint type Picard iteration

1 Introduction and Preliminaries

Let F be a real Banach space with dual E*. A mapping T with domain D(7T') and range
R(T) in E is called strongly pseudocontractive if and only if for all z,y € D(T), the
following inequality is satisfied:

o —yll < (1 +7)(z —y) = rt(Tz = Ty)| (1.1)

for r > 0 and some t > 1. If ¢ = 1 in inequality (1.1), then T is called pseudocontractive.

*Corresponding author
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For E, we will denote by J the normalized duality mapping from E to 2F” defined by
J(@) ={f* € E*: (x, f*) = |=lI> = | 1%},

where (-, -) denotes the generalized duality pairing. As a consequence of a result of Kato
[15], it follows from inequality (1.1) that 7" is strongly pseudocontractive if and only if

(I =T)x—(I-T)y,jx—y) > kllz -yl (1.2)

holds for all z,y € D(T') and for some j(z — y) € J(z — y), where k = =1 € (0, 1).
Consequently, it follows easily (again from Kato [15] and inequality (1.2) that T is
strongly pseudocontractive if and only if the following inequality holds:

e =yl <lle—y+s[(I =T —=klz— (I =T = kl)y] (1.3)

for all x,y € D(T) and s > 0.

Closely related to the class of pseudocontractive mappings is the class of accretive
operators. A mapping A with domain D(A) and range R(A) in E is called accretive if the
following inequality holds:

2 =yl < llz—y+ s(Az — Ay)]|

for all z,y € D(A) and s > 0. Also, as a consequence of Kato [15], this accretive condition
can be expressed in terms of the duality map as follows: For each z,y € D(A), there exists
jlxr —y) € J(x — y) such that

(Az — Ay, j(z —y)) > 0. (1.4)

Consequently, inequality (1.1) with ¢ = 1 yields that A is accretive if and only if
T := (I — A) is pseudocontractive. Furthermore, setting A := (I — T), it follows from
inequality (1.3) that T is strongly pseudocontractive if and only if (A — kI) is accretive,
and using (1.4), this implies that T'(= I — A) is strongly pseudocontractive if and only if
the following inequality holds

(Az — Ay, j(z —y)) = kllz —y? (1.5)

for all z,y € D(A) and some k € (0,1). Operators A satisfying inequality (1.5) for all
xz,y € D(A) and some k € (0,1) are called strongly accretive. It is then clear that A is
strongly accretive if and only if 7' := (I — A) is strongly pseudocontractive. Thus, the
mapping theory for strongly accretive operators is closely related to the fixed point theory
of strongly pseudocontractive maps. We shall exploit this connection in the sequel.

The notion of accretive operators was introduced independently in 1967 by Browder [2]
and Kato [15]. An early fundamental result in the theory of accretive operators, due to
Browder, states that the initial value problem
du + Au =0, u(0)=wug (1.6)
dt
is solvable if A is locally Lipschitzian and accretive on E. If u is independent of ¢, then
Au = 0 and the solution of this equation corresponds to the equilibrium points of the
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system (1.6). Consequently, considerable research efforts have been devoted, especially
within the past 15 years or so, to developing constructive techniques for the determination
of the kernels of accretive operators in Banach spaces (see [3,4,8-12,14,16,17,19,20,22]).
Two well known iterative schemes, the Mann iterative method (see [18]) and the Ishikawa
iteration scheme (see [13]) have successfully been employed.

In [16], Liu obtained a fixed point of the strictly pseudocontractive mapping as the
limit of an iteratively constructed sequence with error estimation in general Banach spaces.

Theorem 1.1. Let E be a Banach space, and let K be a nonempty closed conver and
bounded subset of E. LetT : K — K be a Lipschitzian strictly pseudocontractive mapping.
If Fix(T) # 0, where Fix(T) is the fized point set of T, then {x,} is a sequence in K
generated by r1 € K,

Tp4+1 = (1 - an)$n + apy Ty,

where {ay} is a seqnence in (0, 1] satisfying
[ee]
Zan:oo, o, —0 n— oo

strongly converges to q € Fiz(T) and Fix(T) is a single set.

In [21], Sastry and Babu showed that any fixed point of a Lipschitzian, strictly pseu-
docontractive mapping 1" on a closed convex subset K of a Banach space E is necessarily
unique, and may be norm approximated by an iterative procedure. They also provided a
convergence rate estimate and removes the boundedness assumption on K, generalizing
Theorems of Liu.

Theorem 1.2. Let (E,| - ||), K,T,L and k be as described above. Let q € K be a fived
point of T'. Suppose that {a,} is a sequence in (0, 1] such that for some n € (0, k), for all
n €N,

il while i Qp = 0
(L+1)(L+2—k) —

Fiz x1 € K. Define for alln € N,

an <

Tnt1 = (1 —ap)xn + apnTa,.

Then there exists a sequence {fB,} in (0, 1) with each B, > {pan such that for alln € N,
n
201 —aqll < H (1= Bj)llz1 = qll.

In particular, {x,} converges strongly to q, and q is the unique fixed point of T

The Mann and Ishikawa iteration schemes are global and their rate of convergence is
generally of the order O(n_%). It is clear that if, for an operator U, the classical iteration
sequence of the form, x, 11 = Uxy,, 9 € D(U) (the so-called Picard sequence) converges,
then it is certainly superior and preferred to either the Mann or the Ishikawa sequence
since it requires less computations and moreover, its rate of convergence is always at least
as fast as that of a geometric progression.

In [5,6], Chidume proved the following results.
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Theorem 1.3. Let E be an arbitrary real Banach space and A : E — E be a Lipschitz
(with constant L > 0) and strongly accretive mapping with strong accretivity constant

k € (0,1). Let x* denote a solution of the equation Az = 0. Set e := %(%) and

define Ac : E — E by Acx := x — €Ax for each x € E. For arbitrary xo € E, define the
sequence {x,} in E by
Tpi1 = Aexn, n > 0. (1.7)

Then {x,}5%, converges strongly to x* with
|1 — 2% < 6™ |lwo — 27,

where § = 1 — %k‘e € (0,1) is the Lipschitz constant of the operator A. Moreover, x* is
unique.

Corollary 1.4. Let E be an arbitrary real Banach space and K be nonempty convex subset
of E. Let T : K — K be Lipschitz (with constant L > 0) and strongly pseudocontractive
(i.e., T satisfies inequality (1.3) for all x,y € K). Assume that T has a fized point x* € K.
Set €9 1= %(H—L(?ﬁT—k)) and define Ty : K — K by Te,x = (1 — €9)x + €Tz for each
x € K. For arbitrary xo € K, define the sequence {xn}ory in K by

Tpg1 = Tegn, n>0. (1.8)
Then {z,} converges strongly to x* with
[#np1 — 2] < 6" [lzo — 27,
where § :=1 — %k‘eo € (0,1). Moreover, x* is unique.
Recently Ciri¢ et al. [7] presented the following results.

Theorem 1.5. Let E be an arbitrary real Banach space, A : E — E be a Lipschitz (with
constant L > 0) and strongly accretive mapping with strong accretivity constant k € (0,1).
Let ¥ denote a solution of the equation Ax = 0. Set € := %, n € (0,k) and define
A E— FE by Acx .=z — €Ax for each x € E. For arbitrary xog € E, define the sequence
{z,} in E by

Tpy1 = Ay, n > 0.

Then {x,} converges strongly to x* with

[#n1 — ™| < 0"z — 27,

k2

where = 1 — H%&L)n € (0,1). Thus the choice n = % yields = 1 — LD

Moreover, x* is unique.

Corollary 1.6. Let E be an arbitrary real Banach space, K be a nonempty convex subset
of E. Let T : K — K be Lipschitz (with constant L > 0) and strongly pseudocontractive
(i.e., T satisfies inequality (1.3) for all x,y € K). Assume that T has a fized point x* € K.
Set € := %, n € (0,k) and define Ty : K — K by Teyx = (1 — €g)x + eoTx for each
x € K. For arbitrary xg € K, define the sequence {z,} in K by

Tnt1 = Tegn,n > 0.

4
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Then {z,} converges strongly to x* with
|1 — 27| < 0"[lzo — 2™,

where 6 :=1 — h— 57 € (0,1). Moreover, z* is unique.

]
k—n+L(2+L
However Kang et al. [14] established the following results.

Theorem 1.7. Let E be an arbitrary real Banach space, A : E — E be a Lipschitz (with
constant L > 1) and strongly accretive mapping with strong accretivity constant k € (0,1).
Let z* denote a solution of the equation Ax = 0. Set € := %, n € (0,k) and
define Ac : E — E by Acxy, = (1 —€) 1 + €xy, — €Az, for each x,, € E. For arbitrary

xg € E, define the sequence {x,,} in E by
Ty = Ay, n > 1.
Then {z,} converges strongly to x* with

[#n1 — ™| < A%Jao — 27|,

where A = 1 — mn € (0,1). Thus the choice n = % yields A = 1 —

k2

* - .
m. MOT@O’U@T, T 1§ unique.

Corollary 1.8. Let E be an arbitrary real Banach space ans K be a nonempty closed
convex subset of E. Let T : K — K be Lipschitz (with constant L > 0) and strongly
pseudocontractive (i.e., T satisfies inequality (1.3) for all z,y € K). Assume that T has
a fized point x* € K. Set ¢ := %, n € (0,k) and define A, : K — K by
A xpn = (1 —€) xn—1 + €0z — €0Axy, for each x,, € K. For arbitrary xo € K, define the
sequence {x,} in K by

Tp = AeyTp, n>1.

Then {z,} converges strongly to x* with

[#n1 — 2| < Agllwo — 27|,

where A\g = 1 — mn € (0,1). Thus the choice n = % yields A\g = 1 —

k2 s - .
m. MOT@O’U@T, T 1§ unique.

Let H be the Hilbert space. Recently Alghamdi et al. [1] defined the following algo-

rithm.

Algorithm 1.9. Initialize x,, € H arbitrarily and iterate

n>0

I I

Tp+ X
Tntl = (1 - tn)$n +t, T (%)

where t, € (0,1) for all n.

For the approximation of fixed points of nonexpansive mappings under the setting of
Hilbert spaces, they provide the following results.
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Lemma 1.10. Let {x,} be the sequence generated by Algorithm 1.9. Then
(1) |xnst1 — p|| < ||lxn — p|| for alln >0 and p € Fix(T),
(ii) Z;ozl tollzn — 5En+1||2 < 00,
(iii) 300 tn (1 — tn)||zn — T(E2E2mtl))12 < 0.

Lemma 1.11. Let {x,} be the sequence generated by Algorithm 1.9. Suppose that tfH_l <
at, for alln >0 and a > 0. Then

lim ||xp41 — zn]| = 0.
n—oo

Lemma 1.12. Assume that
(i) 2, <aty for alln >0 and a > 0,
(ii) limsup,,_,o tn > 0.
Then the sequence {x,} generated by Algorithm 1.9 satisfies the property

lim ||x, — Tzy| = 0.
n—oo

Theorem 1.13. Let H be a Hilbert space and T : H — H be a nonexpansive mapping
with Fix(T) # (. Assume that {z,} is generated by Algorithm 1.9, where the sequence
{tn} of parameters satisfies the conditions:

(i) 2, <aty for alln >0 and a > 0,

(ii) limsup,,_,o tn > 0.

Then {x,} converges weakly to a fixed point of T.

In this paper, we study the convergence of implicit Picard sequence for strongly ac-

cretive and strongly pseudocontractive mappings. We have also improved the results
of [5-7,14,16,19-21].

2 Main results

In the following theorems, L > 1 will denote the Lipschitz constant of the operator A and
k > 0 will denote the strong accretivity constant of A (as in inequality (1.5)). Furthermore,
€ > 0 is defined by
- k—n
< L+3(1+L)(k—mn)

With these notations, we prove the following theorem.

n e (0,k).

Theorem 2.1. Let E be an arbitrary real Banach space, A : E — E be a Lipschitz and
strongly accretive mapping with strong accretivity constant k € (0,1). Let =* denote a
solution of the equation Ax = 0. Define Ac : E — E by Acxy = (1 — €) xp—1 —|—ew -
614% for each x, € E. For arbitrary xo € E, define the sequence {x,}2>, in E by

Ty = Ay, n > 1.
Then {x,}o2, converges strongly to x* with

[€n1 —2*| < p"[|lwo — 27,

. Q(k— ) . k- . k2
where p = 1_2L+(k—77)(727+L+k)77 € (0,1). Thus the choice n = 5 yields p = = e

Moreover, x* is unique.
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Proof. Existence of z* follows from Theorem 13.1 of [8]. Define T' := (I — A) where [
denotes the identity mapping on E. Observe that Az* = 0 if and only if z* is a fixed point
of T. Moreover, T is strongly pseudocontractive (satisfies inequality (1.2) since A satisfies
(1.5), and so T also satisfies inequality (1.3) for all z,y € F and all s > 0. Furthermore,
the recursion formula x,, = A.x, becomes

Tp=(1—€xzp_1+ €T (W) , n>1. (2.1)

Observe that
=0+ €zx"+eI -T—kl)z" — (1 — k)ex™,
and from the recursion formula (2.1) that

Tp—1+ T Tp—1 + Ty

Tpo1=1+e)z,+el —T—kl) — (1 —k)e 5

+é (;nn_l -7 (@)) ’ (2.2)

Tp—1+ T

so that

:L"n_l—:E*:(1+e)($n—$*)+e[(I—T—k‘1)

(- k)e (% _$*> L <$n_1 4(%)) ‘

Assume that z,, ~ 2,,_1, which yields that w ~ x,. Replace w by x, in

the second term of right hand side, we get

—(I-T- k‘[):n*]

Tpn1—x =0 +e)(xy—a")+e[I-T—klxy, — (I —T — kI)z"]

(- ke (% _:,3*) L <$n_1 _7 (%)) ‘

This implies, using inequality (1.3) with s =

€

and y = z* that

1+€
[#n—1 — 2]
Z(1+6)[ (:En—:n*)—l—1+€[(I—T—k[):pn—(I—T—kI):n*] ]
—(1—k)e Ind Fn sl 2 mn_l—T<w>H

* € *
> (14 6)len —2*| = (1= B)5|lzn-1 — 2*| (2.3)

()|

€ * E _ *
= —(L= )5 llzn-1 = 2" + (1+ A +K) 5) lon — a7

et ()]

7
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Observe that

e ()|

Tp—1 + 2
< s + Tanoi ]| + HT:cn_l s (%) H

L Tp_1+x
e )

Tp—1 + T

N 1
<L ||5L'n—1 - || + 5 ||:En—1 - :En|| +L 2

Tp—1 —

. 1
= Lllzp-1 =™ + 5 1+ L) [l#n—1 — za

N 1 Tp-1+x
=Ll|zp1—x ||—|—§(1—|—L)e :En_l—T<%>‘

I

and so I
Tp—1 + Tp
=T < -2, 2.4
oy =T (B2 ) | € o = ) (2.4)
so that from (2.3) we obtain
6 *
(1+1=8) 5) lwns =27
€ Lé?
R R R -
(40 5) a2l = Ty (g et =1
Therefore L2
o — 7] < DY TG g (2.5
— Tyl — T )
n >~ 1—|—(1—|—k‘)% n—1 )
and consider L
p:1+(1_k)§+m
T+ (11k) <
o € b Le
1+(1+k)s 1-1(1+1L)e (2.6)
€
—1—

T+(1+k)S

B 2(k—mn)
L+ (k—nC+Ltk) "

From (2.5) and (2.6), we get

[en — 27| < pllwn — 27
<< ptlwo — a7

— 0

as n — oo. Hence x, — z* as n — oo. Uniqueness follows from the strong accretivity
property of A. This completes the proof. O
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The following is an immediate corollary of Theorem 2.1.

Corollary 2.2. Let E be an arbitrary real Banach space and K be anonempty closed

convex subset of E. Let T : K — K be Lipschitz (with constant L > 1) and strongly

pseudocontractive (i.e., T satisfies inequality (1.3) for all z,y € K). Assume that T has
; * — k—n . .

a fived point v* € K. Set ¢y := TrIa+L)Gn)’ n € (0,k) and Define Ay : K — K by

Aoy = (1 — €0) Tp—1 + €0 m”’l;'m” - eoAm”’l;'m” for each x,, € K. For arbitrary xo € K,

define the sequence {x,} in K by
Ty = AeyTn, n>1 (2.7)

Then {z,} converges strongly to x* with

[€n1 — 2| < pgllwo — 27,

where pg = 1 — 2L+(k2(5)_(21LL+k)77 € (0,1). Thus the choice n = % yields pg = 1 —

k2
AL+k(2+L+k) "

Proof. Observe that z* is a fixed point of T if and only if it is a fixed point of T,,.
Furthermore, the recursion formula (2.7) simplifies to the formula

Moreover, x* is unique.

Tn =1 —ey)xpn_1+ €Ty,

which is similar to (2.1). Following the method of computations as in the proof of the
Theorem 2.1, we obtain

€ Le?
H *n<1+u_ky§+k“ﬁLmn “I
Tn — TN S T+(1+h) D Tl T (2.8)
—(1- T
( 2L+%—nﬂ2+L+mn>w a7l

2(k—n)

Set po =1 — L+ (k—n) 2+ L1k

57- Then from (2.8) we obtain

|zn — 27| < pol|zn—1 — 27|
<o < phllo — a7
— 0

as n — o0o. This completes the proof. O

Remark 2.3. Since L > 1, consider
2(k—n)
L+ (k- 2+ Lk
k—n
+(k—n)(1+L+k)
2 1 .
—n) (2 +L—|—k‘)_L—|—(k;_77)(1_|_L_|_k,)>( —n)n
k—n
L+ (k—n)(1+L+k)
— (k‘—n) (L+k)n
QL+ (k—-nC+L+k)L+(k-n(I+L+k)

p=1- n
)

—1-

_'<2L-+(

<1-
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Thus the relation between Kang et al. [14] and our parameter of convergence, that is, A
and p, respectively, is the following:
p <A

Our convergence parameter p shows the overall improvement for A, and consequently
the results of Chidume [5,6], Ciri¢ et al. [7] and Kang et al. [14] are improved.
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JORDAN HOMOMORPHISMS IN C*-TERNARY ALGEBRAS AND
JB*-TRIPLES

MOHAMMAD RAGHEBI MOGHADAM, THEMISTOCLES M. RASSIAS, VAHID KESHAVARZ, CHOONKIL
PARK" AND YOUNG SUN PARK

ABSTRACT. In this paper, we investigate Jordan homomorphisms between C*-ternary algebras
and Jordan derivations on C*-ternary algebras, and Jordan homomorphisms between JB*-triples
and Jordan derivations on JB*-triples, associated with the following Apollonius type additive
functional equation

fz =)+ fz—9) = 5 f@+y) +2f (=

=)

1. INTRODUCTION AND PRELIMINARIES

We say that a functional equation (Q) is stable if any function g satisfying the equation (Q)
approximately is near to true solution of (Q).

Also, we say that a functional equation is superstable if every approximately solution is an
exact solution of it.

Ternary algebraic operations were considered in the 19 th century by several mathematicians
such as A.

Cayley [3] who introduced the notion of cubic matrix which in turn was generalized by Kapra-
nov, Gelfand and Zelevinskii in 1990 [17]. As an application in physics, the quark model inspired
a particular brand of ternary algebraic systems. The so-called Nambu mechanics which has been
proposed by Y. Nambu [19] in 1973, is based on such structures.

There are also some applications, although still hypothetical, in the fractional quantum Hall
effect, the non-standard statistics (the anyons), supersymmetric theories, Yang-Baxter equation,
ete, (cf. [1, 40)).

The comments on physical applications of ternary structures can be found in [2, 5, 7, 18].

A C*-ternary algebra is a complex Banach space A, equipped with a ternary product (z,y, z) —
[z,y, 2] of A% into A, which is C-linear in the outer variables, conjugate C-linear in the middle
variable, and associative in the sense that [z,y, [z, w,v]] = [z, [w, z,y],v] = [[z,vy, 2], w,v], and
satisfies [|[z,y, 2][| < [lz]| - [lyll - ||]l and [[[z, z, 2]|| = |=[|* (see [41]).

If a C*-ternary algebra (A,[-,-,-]) has an identity, i.e., an element e € A such that z =
[x,e,e] = [e,e,x] for all x € A, then it is routine to verify that A, endowed with z oy := [z, e, 1]
and z* := [e,x,¢], is a unital C*-algebra. Conversely, if (A,0) is a unital C*-algebra, then

9Keywords: Apollonius type additive functional equation, C*-ternary algebra Jordan homomorphism, Hyers-
Ulam stability, C*-ternary Jordan derivation, JB™*-triple Jordan homomorphism, JB*-triple Jordan derivation.
*Corresponding author.
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[,y, z] := x 0 y* 0 2 makes A into a C*-ternary algebra.
A C-linear mapping H : A — B is called a C*-ternary algebra homomorphism if

H([r,y,2]) = [H(x), H(y), H(2)]

for all x,y,z € A.
A C-linear mapping § : A — A is called a C*-ternary derivation if

62 2)) = 16),9. 2] + [2,0(9), 2] + [, 0(2)
for all z,y,z € A (see [22]).
A C-linear mapping H : A — B is called a ternary Jordan homomorphism if
H [ 2.a]) = [H(2), H(x), H(x)]
for all x € A.
A C-linear mapping 6 : A — A is called a ternary Jordan derivation if

5([mx}) = [6(z)za] + [26(x)2] + [vd(2)]

for all z € A. Suppose that 7 is a complex vector space endowed with a real trilinear composition
I XTI xJT > (z,y,2) = {zy*z} € J which is complex bilinear in (z, z) and conjugate linear in
y. Then J is called a Jordan triple system if {xy*z} = {zy*x} and

oy = b} + {{ay ohu™z} — {ay* {zuv}} = {={yau} v}
hold.

We are interested in Jordan triple systems having a Banach space structure. A complex
Jordan triple system J with a Banach space norm || - || is called a J*-triple if, for every = € J,
the operator z[x* is hermitian in the sense of Banach algebra theory. Here the operator x[lz*
on J is defined by (z0x*)y := {zaz*y}. This implies that z00z* has real spectrum o(z0z*) C R.
A J*-triple J is called a JB*-triple if every x € J satisfies o(2z0x*) > 0 and ||z0x*|| = ||z||*.
A C-linear mapping H : J — L is called a JB*-triple homomorphism if

H({yz}) = {H(2)H(y)H(=)}

for all x,y,z € J.
A C-linear mapping 0 : J — J is called a JB*-triple derivation if

6({oyz}) = (6@} + {2d(y)2} + fayo(2)}

for all z,y,z € J (see [20]).
A C-linear mapping H : J — L is called a JB*-triple Jordan homomorphism if

H({zex}) = {H(2)H(x)H ()}

for all z € J.
A C-linear mapping ¢ : J — J is called a JB*-triple Jordan derivation if

5({3:3535}) = {0(z)zx} + {zd(x)x} + {xxd(x)}
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forall z € J

The study of stability problems originated from a famous talk given by Ulam [39] in 1940:
“Under what condition does there exist a homomorphism near an approximate homomorphism?”
In the next year 1941, Hyers [11] answered affirmatively the question of Ulam for additive map-
pings between Banach spaces. Th.M. Rassias [25] provided a generalization of Hyers’ Theorem
which allows the Cauchy difference to be unbounded.

Theorem 1.1. (Th.M. Rassias). Let f : E — E’ be a mapping from a normed vector space E
into a Banach space E' subject to the inequality

1f (@ +y) = f(x) = fFWI < elllz]” + llyl”)
for all x,y € E, where € and p are constants with ¢ > 0 and p < 1. Then the limit

L(z) = lim f(2"z)

n—oo 2N

exists for allw € E and L : E — E' is the unique additive mapping which satisfies
2e
— L <
/) - L@l < 5=
for all x € E. Also, if for each © € E the function f(tx) is continuous in t € R, then L is
R-linear.

[l

Th.M. Rassias [26] during the 27" International Symposium on Functional Equations asked
the question whether such a theorem can also be proved for p > 1. Gajda [9] following the same
approach as in Th.M. Rassias [25], gave an affirmative solution to this question for p > 1. For
further research developments in stability of functional equations the readers are referred to the
works of Gavruta [10], Jung [16], Park [23], Th.M. Rassias [27]-[30], Th.M. Rassias and Semrl
[31], F. Skof [38] and the references cited therein. See also [32, 33, 34, 35, 36, 37] for functional
equations.

In an inner product space, the equality

T+ y|2
i
holds, and is called the Apollonius’ identity. The following functional equation, which was
motivated by this equation,

1
Iz =l + 2 = yl2 = 5llz = yll? +2|| -

Qe — )+ Q= —y) = 50 —y) +20(= ~ “TY), (11)

2
is quadratic. For this reason, the function equation (1.1) is called a quadratic functional equation
of Apollonius type, and each solution of the functional equation (1.1) is said to be a quadratic
mapping of Apollonius type. Jun and Kim [15] investigated the quadratic functional equation of
Apollonius type.

In this paper, employing the above equality (1.1), we introduce a new functional equation,
which is called the Apollonius type additive functional equation and whose solution of the func-
tional equation is said to be the Apollonius type additive mapping:

x—i—y)

Liz—2)+ L(z—y) = —%L(m—l—y) —|—2L(z—
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In this paper, we investigate Jordan homomorphisms and Jordan derivations in C*-ternary
algebras, and Jordan homomorphisms and Jordan derivations in JB*-triples.

2. JORDAN HOMOMORPHISMS BETWEEN C*-TERNARY ALGEBRAS

Throughout this section, assume that A is a C*-ternary algebra with norm || - |4 and that B
is a C*-ternary algebra with norm || - || 5.

In this section, we investigate Jordan homomorphisms between C*-ternary algebras.
The following lemma was proved in [24].

Lemma 2.1. Let f: A — B be a mapping such that

|#G=2)+ 7 —9) + S+, < |pree - 250

forall x,y,z € A. Then f is additive.

B

The following lemma was proved in [8].
Lemma 2.2. Let f : A — B be an additive mapping. Then the following assertions are equivalent
1 (ls,21) = [£(@), £ (@), f(@)]
for allz € A, and
£l + o 2o2) + [200) = @), ), SG)) + W), TG, F@) + TG F@), 7))
for all z,y, = € A.
The following lemma was proved in [6].

Lemma 2.3. Let f : A — A be an additive mapping. Then the following assertions are equiva-
lent.

£ (e,201) = (@) 2,0] + [, £ (), 2] + [, (2)]
forall x € A, and
£ (lay2) + [y=al + 2y
= [f(),b,c] + [z, f(y), 2] + [z, y, f(R)] + [f(y), 2, 2] + [y, f(2), 2]
+ [y, 2, f(@)] + [ (2), 2, 9] + [2, f(2), y] + [2,2, f ()],
for all x,y,z € A.

Theorem 2.4. Let r # 1 and 0 be nonnegative real numbers, and let f : A — B be a mapping
such that

|G~ o)+ uie =) + 55+ )| < [l2r - Y 21)
| £ (12921 + 2]+ [z ) = [£(@), £ ). )] = [F W), F(2), F@) = [, £, S|
< 0(llely + Iyl + 121%)
(2.2)
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forallpy e TV :={Ne€C | [N\ =1} and all x,y,2 € A. Then the mapping f : A — B is a
C*-ternary algebra Jordan homomorphism.

Proof. Assume r > 1.

Let 4 =11in (2.1). By Lemma 2.1, the mapping f : A — B is additive.
Letting y = —z and z = 0, we get

1f (—px) + pf(2)lls < [12f(0)|[5 =0
for all z € A and all u € T'. So
—f(px) + pf(x) = f(—pz) + pf(z) =0

for all x € A and all u € T!. Hence f(uz) = pf(x) for all z € A and all 4 € T!. By the same
reasoning as in the proof of [21, Theorem 2.1}, the mapping f : A — B is C-linear.
It follows from (2.2) that

17 (1w 21+ [, 2] + [2,,9]) = 1 @), £ ), ()] = [F0), £(2), F @) = [£2), F@), F W)
G I )

B

= lim 8"

n—oo 8N ]n "
=[P G0) 1G] =[£G £ 1G] = [FG0)- £G- £ |,
S an (Nl + gl + 11215 ) = 0

for all z,y,z € A. Thus

f([x,y, 2]+ [y, 2, 2] + [m,yD = [f(@), fy), F()] + [f(y), f(2), f(@)] + [f(2), f(x), f(y)]

for all z,y, z € A. Hence the mapping f : A — B is a C*-ternary algebra Jordan homomorphism.
Similarly, one obtains the result for the case r < 1. 0

3. JORDAN DERIVATIONS ON C*-TERNARY ALGEBRAS

Throughout this section, assume that A is a C*-ternary algebra with norm || - || 4.
In this section, we investigate Jordan derivations on C*-ternary algebras.

Theorem 3.1. Let r # 1 and 6 be nonnegative real numbers, and let f : A — A be a mapping
satisfying (2.1) such that

| £ (12921 + sz 2] + [0 0]) = [F (@), bl = Lo, £(), 2] = [0, £(2)] = [ (), 2,00
— [y S (2)s2] = [y 2, F@)] = [F) 29 = [= f (@), ] = [ )| (3.1)
< 0(llely + Iyl + 121

for all x,y,z € A. Then the mapping f : A — A is a C*-ternary Jordan derivation.

420 RAGHEBI MOGHADAM et al 416-424



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

M. RAGHEBI MOGHADAM, TH. M. RASSIAS, V. KESHAVARZ, C. PARK, Y. S. PARK

Proof. Assume r > 1.
By the same reasoning as in the proof of Theorem 2.4, the mapping f : A — A is C-linear.
It follows from (3.1) that

|12+ Ty 200 + [z, 90) = [ @),9,2] = 2 (0), 2] = 9, £(2)] = [F(9), 2,9

=y, f(2),2] = [y, 2, f(2)] = [f(2), 2, 9] = [z, f(2), 9] — [2,2, f(y)]]|
U SN

= G0 3] = [ e 1G] = (1G] = o F Si]

- [2%’27“’?(27)} - {f(27)’27’2%} - [2n’f } { 2n’f )]HA

.80
< Jim 2 (el + Il + 1120%) =0

— n—oo &Nr

for all z,y,z € A. So

7 (129,204 . 200] + [2,0]) = (£, w2+ Lo £, 2]+ 9 £)) + [0, 23]
+y, f(2), 5] + [y, 2, f (@) + [f(2), 2, 9] + [z, (), 4] + [z, 2, f(y)]
for all z,y,z € A.

Thus the mapping f: A — A is a C*-ternary Jordan derivation.
Similarly, one obtains the result for the case r < 1. g

4. JORDAN HOMOMORPHISMS BETWEEN .JB*-TRIPLES

Throughout this paper, assume that J is a JB*-triple with norm || - ||7 and that £ is a
JB*-triple with norm || - || 2.
In this section, we investigate Jordan homomorphisms between JB*-triples.

Theorem 4.1. Let r # 1 and 0 be nonnegative real numbers, and let f : J — L be a mapping

such that

r+y
4

(4.1)

17— p) +uf = 9) + g F @+ u)lle < J2f(

| £ (fay=t +{yza} + zan}) — @I W)}~ @) = @@,
<0(ll21% + Il +1121%)

for all p € T' and all z,y,2 € J. Then the mapping f : J — L is a JB*-triple Jordan
homomorphism.

Proof. Assume r > 1.
By the same reasoning as in the proof of Theorem 2.4, the mapping f : J — L is C-linear.
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It follows from (4.2) that

| £ (fay2) + {yza} + {0} ) = @I} = W@} D@},

=t 15 ok 2 ) {f<2%>f<2%>f<2%>}
~{1GIGIGH - {1GIGIGR Y,
<t S (el + ol + 1) =

n—oo 877,7‘

for all z,y,z € J. Thus
7 (faw2) + {wzn) + {zog}) = @I} + WG @) + () @) )

for all x,y,z € J. Hence the mapping f: J — L is a JB*-triple Jordan homomorphism.
Similarly, one obtains the result for the case r < 1. O

n

5. JORDAN DERIVATIONS ON .JB*-TRIPLES

Throughout this paper, assume that J is a JB*-triple with norm || - || 7
In this section, we investigate Jordan derivations on JB*-triples.

Theorem 5.1. Let r # 1 and € be nonnegative real numbers, and let f: J — J be a mapping
satisfying (4.1) such that

| £(tay2) + {yza) + zay)) — (S @z} — 2f )2} — {ayf ()} — {F )=o)
— {yf @t —{y2f (@)} — @y} — {2f @} — L2l W)} | (5.1)
< oIl + Iyl + 1121

for all x,y,z € J. Then the mapping f : J — J is a JB*-triple Jordan derivation.

Proof. Assume r > 1.
By the same reasoning as in the proof of Theorem 2.4, the mapping f : 7 — J is C-linear.

It follows from (5.1) that
17 ({oyz} + fyzad + (zan}) = {F@)w2} — {2f )2} — {2y ()}~ {f(v)2a)
— (I} — vl (@)} ~ {f)ay) — {=f @)} ~ e W)},

o on {zyz} {yza} {zzy} Ty z
= Jim 8 f(2n.2n on T gngnon 2n.2n.2n> {f(Q”)2" 2n}

et Goat Ama G - G ma -~ {5}
{Qyn;n (%)}_{f(;”;zi}_{2%“;)2%1} {2727f( )}HJ

n

0
(12 + Il + 12015 ) =

< lim8

n—0o0
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forall z,y,z € J. So f({zyz} +{yza} +{zay}) = {f(x)yz} +{xf(y)z} +{zyf(2)} +{f(y) 2z} +
{yf(R)z} +{yzf (@)} +{f(2)zy} + {2/ (2)y} + {z2f(y)}
for all z,y,z € J.

Thus the mapping f : J — J is a JB*-triple Jordan derivation.

Similarly, one obtains the result for the case r < 1. O
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THE GENERIC STABILITY OF KKM POINTS IN PMT SPACES

M. TATARI, S. M. VAEZPOUR, AND REZA SAADATI*

ABSTRACT. In this paper, we consider the generic stability of generalized KKM points and present a result
concerning the generic continuity of set-valued mappings in PMT spaces. Then we prove that almost all
of generalized KKM points of probabilistic upper semicontinuous set-valued mappings defined on compact
subsets of such spaces are stable in the sense of Baire category theory. Also, we discuss on existence of the
essential component of generalized KKM points.
Keywords: KKM point, PMT space, Hausdorff distance, Generic stability, Essential component, Generic
continuity

1. INTRODUCTION

In 2003, Yu et.al. [I], introduced the concept of KKM points of a KKM mapping G : X — K(X),
from a bounded complete convex subset X of a normed linear space F into nonempty compact subsets of
X. By Fort theorem, they prove that if M be the collection of all KKM mappings G, then there exists a
dense residual subset @@ of M such that for each G € @), G is essential. They also proved there exists at
least one essential component of KKM points for each G € M; (see also [2, [3]). In this paper, we present
a result concerning generic continuity of set-valued mappings based upon extensions of Fort’s theorems in
probabilistic metric type spaces.

2. PRELIMINARIES

First, let us give the background and auxiliary results which will be needed. For more details see [4, [5] [6]
7, 18.
Definition 2.1. ([9 10]) mapping F : (—oc0,00) — [0,1] is called a distribution function if it is non-
decreasing and left-continuous with inf e g F/(z) = 0 and sup,cp F(z) = 1. If in addition F(0) = 0, then F

is called a distance distribution function. The set of all distance distribution functions (d.d.f)is denoted by
AT, The maximal element for A" in this order is the d.d.f, €p, given by

0 ift<o0,
EO(t)_{ 1 if >0,

Definition 2.2. ([9]) A triangular norm (shorter ¢-norm) is a binary operation T" on [0, 1], i.e., a function
T :[0,1)> — [0, 1] which satisfies the following conditions:

(1) T is associative and commutative;

(2) T(a,1) =a for all a € [0, 1];

(3) T'(a,b) < T(c,d) whenever a < ¢ and b < d, for each a,b,c,d € [0,1].

In particular, a t—norm 7 is said to be continuous if it is a continuous function in [0, 1}2. A t—norm is
called sup-continuous if supyc, T'(ax,b) = T'(supyep ax, b) for any family {a : A € A} C [0,1] and b € [0, 1].
The operatins T, (a,b) = max(a + b —1,0), Tar(a,b) = min{a, b} and T,(a,b) = ab on [0,1] are T norms.
Lemma 2.3. ([II]) Let T be a t—norm.

(1) If T is left-continuous, then T satisfies supy.,., T(a,b) =b for all b € [0,1] ;
(2) If supycqer T(a,b) =0 for all b € [0,1], then T satisfies supgcq<c1 T (a,a) = 1.

*The corresponding author.
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Definition 2.4. A probabilistic metric type space (PMT space) is a triple (X, F, T), where X is a nonempty
set, T is a continuous t-norm and F' is a mapping from X x X into A" such that, if F, , denote the value
of F' at the pair (z,y), the following conditions hold:

(PMT1) Fy,(t) =eo(t) for all t > 0 if and only if = y;

(PMT?2) Fyy(t) = Fy .(t);

(PMT3) F,y(K(s+1t)) > T(Fy(s), F;y(t)) for any x,y,z € M, t,s > 0 for some constant K > 1;

Observe that if K = 1, then the PMT space is a probabilistic metric space, however it does not hold true
when K > 1.

Example 2.5. ([12]) Let X be the set of Lebesgue measurable functions on [0, 1] such that fol |f(z)|Pdr < oo,
where p > 0 is a real number. Define

0 ift<o0,

Fx,y(t)Z{ t T ift>0.
[y 1 (@) —g(@)|Pda) 7

Then (X, F,T,) is a PMT space with K = 25

In [12)], the authors proved that every PMT space (X, F,T), generated a topology 7 on X which has as

a base the family of sets of the form {B,(r,t) : € X,0 < r < 1,¢ > 0}, where B,(r,t) = {y € X :
Fpy(t) >1—r} forall r € (0,1) and t > 0, and (X, F,T) is a Hausdorff topological space. In virtue of this
topology T, a sequence {x,} in (X, F,T) is said to be convergent to z (we write z, — x or lim, o T, = Z)
if limn_mo F,, «(t)=1for all t > 0; {x,} is called a Cauchy sequence in (X, F,T) if for any given ¢ > 0 and

€ (0,1), there exists N = N(e,\) € Z* such that F,,_ . (t) >1—r, whenever n,m > N. Let t > 0 and

€ (0,1], A is said to have a finite (r,t)-net if there exists a finite set S C A such that A C {J,cg B.(7,1),
ie. , for each y € A there is « € S such that F, ,(t) > 1 —r. A is said to be totally bounded if for each
t > 0 and r € (0,1], A has a finite (r,t)-net. A is said to be probabilistically bounded( P—bounded ) if
Sup;soinfy yea Fyy(t) = 1. Let P(X) denote the class of all nonempty subsets of X. We use the notions:

(1) Py(X)={Y € P(X): Yis closed};

(2) Pbd( )={Y € P(X): Yis probabilistic bounded};

(3) Pp(X)={Y € P(X): Yis compact};

(4) clbd( ) = Pa(X) N Poa(X) -
Let ¥ : X — X be a mapping. VU is said to be closed if WA € P, (X) for each A € Py(X). It is said to be
bounded if TA € Pyy(X) for each A € Pyy(X).

Lemma 2.6. ([12]) Let (X,F,T) be a PMT space. Let A C X.
(1) A is compact if and only if A is sequentially compact;
(2) If A is compact, then A is closed and totally bounded;
(3) If A is totally bounded, then A € Pyy(X) and A is also totally bounded.
3. PROBABILISTIC HAUSDORFF DISTANCE TYPE

Given z € X, B € P(X), the ”probabilistic distance type” from z to B is defined as

0 ift=0,
Fop(t) = Fpa(t) = { SUD, <y SUPyep Fry(s) if £ € (0,00),
with the convention F, p = 1 — €g.

Given A, B € P(X), the ”probabilistic type distance” from A to B is defined as

0 ift=0,
Fap(t)=Fpa(t) = { SUP, < infyea SUpyep Fuy(s) if ¢ € (0,00).

For convenience, we write Fia p(s) = infrea sup,ep Fiuy(s). Then Fa p(t) = sup,, Fa.p(s). Based on the
above formulas, we can obtain the following definition.
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Definition 3.1. ([I3|[14]) Let (X, F,T) be a PMT space and let A, B € P(X). The probabilistic Hausdorff
distance type between A and B is a mapping Hy p : [0,00) — [0, 1] defined by

Hap(t) = sup min{F4 5(s), Fp,.a(s)}
s<

= supmin{inf sup F, ,(s), inf sup F, ,(s)}, ¢ € (0,00),
s<t T€A yeB YEB g A

where Hy p(0) = 0.

According to the above definition, some results related to the probabilistic Hausdorff distance type can
be obtained.
Lemma 3.2. ([13]) Let (X, F,T) be a PMT space, Let A,B,C € P(X),z,y € X and s,t € R". Then

(1) Fop(K(s+1t)) 2 T(Fay(s), FyB(t));

(2) Hop(K(s+1)) = T(Fya(s),Ha(t)):

(3) Fap(K(s+1t)) >T(Facl(s), Fo,p(t)).
Theorem 3.3. Let (X, F,T) be a PMT space. Then (Pupa(X), H,T) is also a PMT space.
Proof. The conditions (PMT1) and (PMT2) are obvious. Now, we have to show that the condition (PMT3)
is satisfied.

Let A, B,C € P, pq(X). If at least one of these three sets is empty, by Definition (3.1) it can easily be

verified that the inequality is true. Moreover, if s = 0 or ¢ = 0, the inequality is also obvious. Thus, we
assume that these three sets are non-empty and ¢ > 0, s > 0.

Set u < s, v < t. For every x € A we may assume that sup,cp F;y(u) > 0. Then for each e €
(0,sup,ep Flry(u)) there exists y, € B such that

sup Foy(u) — € < Fyy, (u) -
yEB ’

Moreover, since F' is a probabilistic metric type, it follows that
T(Fyy(u),sup Fy 2 (v)) < sup Fy - (K(u +v))
zeC zeC
for every y € B and constant K > 0. Thus we can obtain

T((sup Fyy(u) =€), inf sup Fy, . (v)) < T(Fr,y, (u),sup Fy, -(v)) < sup Fo . (K(u+v))
yeB YyeEB zeC zeC zeC

By the arbitrariness of ¢ and the continuity of 7" we have

T(sup F, y(u), inf sup Fy ,(v)) < sup F (K (u+v)). (3.1)
yeB YEB zeC zeC

Then we have that

T(inf sup Fy,(u), inf sup F, .(v)) < inf sup Fy . (K ,
(;QASIEJE () Jnf sup By, (“))—£2A§22 (K (u+v))

which implies that
T(Fa.(u), Fp.o(v)) < Faco(K(u+v)). (3.2)

In addition, if sup,¢cp Fy,y(u) = 0 for every x € A, then the inequality (1) still holds. So the inequality (2)
is also true in this case. Analogously, we also obtain that

T(Fp.a(u), Fop(v) < Foa(K(u+v)).
Therefore, we have
min{FAB (u), FB7A(u)}, min{FB,c(v), FC,B(’U)} )
min{T(Fa,5(u), Fp.0(v)), T(Fp,a(u), Fo.5(v))}
min{l*:‘A’c(K(u + U)), FC’A(K(U + U))}

ININ —
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Furthermore, we can get that

T supmin{FAB(u),FB’A(u)},ilgzmin{ﬁac(v),ﬁ'cﬁ(v)})

u<s

< sup min{Fac(K(u+v)),Foa(K(u+v))}
u<s,v<t

< sup min{Fa o(K(u+v)), Foa(K(u+v))}.
utv<s+t

Then, it follows from the above inequality that
T(Hap(s),Hpc(t) < Hac(K(s+1)) .
Hence, we conclude that (Pupq(X), H,T) is a PMT space. This completes the proof. O
As a consequence of Theorem and Lemma we have the following result.
Corollary 3.4. Let (X, F,T) be a PMT space. Then (P.p, H,T) is also a PMT space.
Theorem 3.5. Let (X, F,T) be a complete PMT space. Then (P pa(X),H,T) is a complete PMT space.

Proof. By Theorem (3.3), (Pupa(X), H,T) is a PMT space. Now let {An}flo=1 C Papa(X), Ay — A with
respect to H. We shall prove that A € P, pq(X). Take an arbitrary number A € (0,1]. By continuity of T,
we have supy_,; T'(a,a) = 1, applying the Lemma (2.3)), we have p € (0, ] and v € (0, A] such that

Tl—p,l—p)>1—-X and T(1—-v,1—v)>1—p. (3.3)
The convergence of {A,,} implies that there exists N € Z* such that
Hya,(1)>1—v  foralln > N. (3.4)

Since Ay is probabilistically bounded, we have sup;s o infe yeay Fzy(t) = 1. Thus, there exists M = M (v) >
0 such that F, ,(M/K) > 1—v for all z,y € Ax. Suppose that u,w € A are two arbitrary points. From (4)
it follows that there exists z,y € Ay such that F, ;(1/K) > 1 —v and Fy, 4(1) > 1 —v. Thus, from(3) we
have

Fuy(M +1) > T(Fy(/K), Py (M/K)) > T(1 1,1 - 0) > 1~ ,
and moreover,

Fuo(M +2) > T(Fy (M +1)/K), Fy (1K) > T(L = p, 1 = v) > T(1— ;1 — ) > 1\

Hence sup;.qinfy wea Fuw(t) > infy wea Fuw(M +2) > 1 — A By the arbitrariness of A, we have
SUp;s.oinfy, wea Fuw(t) =1, ie. , A is probabilistically bounded. Also similar to proof of Theorem 2.2, [13]
we can prove that A is closed. From Theorem we see that A is closed. Therefore A € Py pq(X), and
so the proof is complete. O

Theorem 3.6. Let (X, F,T) be a complete PMT space. Then (P.,(X),H,T) is complete PMT space.

Proof. By Theorem (3.3)), (Pa,pa(X), H,T) is a complete PMT space. By Corollary we see that P.,(X)
is PMT space. Since P.,(X) C P pa(X) , it is enough that P,,(X) is closed with respect to H.

Suppose that {A,} >, C Pp(X), A, — A with respect to H. We shall prove that A € P,,(X). Choose
any € > 0 and A € (0,1]. By the left-continuity of T' and lemma , we have supg.,1 T(a,a) = 1, and
then there exists p € (0, A\] such that

T(1—p,1—p)>1—=A (3.5)
By the convergence of {A,}, there exists N € ZT such that
HA,A,L(E) >1—p, foralln> N.

2
Since by Lemma (2.6), Ay is compact, Ay is also totally bounded. Thus, Ay has a finite (5, x)-net Sy.
From this we infer that Sy is a finite (¢, A\)-net of A. In fact, for each = € A, it follows the existence of
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y € Ay such that F, ,(5%) > 1 — p. For such y we can select z € Sy with F, .(5%) > 1 — . Hence, from
(5) we have

€ 5
> — —)) > — — —\
Fo€) 2 T(Fay (50 Fueloge)) 2 T = 1= ) > 1= A
This shows that Sy is a finite (¢,\)-net of A, and so A is totally bounded. From the completeness of
(X, F,T) it follows that A is compact, i.e. , A € P, (X). O

4. STABILITY OF KKM POINTS

Stability of solution maps has been intensively investigated recently [I5] 16, [I7]. In this section, we first
give some Lemmas and concepts, then we investigate on exictence of essential components and the stability
of the set of KKM points in PMT space.

For a set A, we denote the set of all nonempty finite subsets of A by (A4). Let A be a nonempty p-bounded
subset of PMT space (X, F,T). Then:

(1) co(A) =({B C X, B is a closed ball in X such that A C B};

(2) AX)={AC X, A=co(A)}, ie. Ae A(X) if and only if A is an intersection of all closed balls
containing A. In this case, we say that A is an admissible set in X;

(3) A is called subadmissible, if for each D C< A >, co(D) C A. Obviously, if A is an admissible subset
of X, then A must be subadmissible.

Recall that closed and open balls of X are defined as
Byrtl={ye X, Fp,(t) >1—r}, By(rt)={yeX, F,u (t) >1—r},

forany v € X and 0 <r <1 and t > 0. Let (X, F,T) be a PMT space and A a subadmissible subset of X
and P.,(X) the set of all nonempty compact subsets of X. G : X — P.,(X) is called a KKM mapping, if
for each A €< X >, we have co(A) C G(A). More generally, if G : X — P.,(X), S: X — P, (X) are two
set-valued functions such that for any A €< X >, S(co(A4)) C G(A), then G is called a generalized KKM
mapping with respect to S. If the set-valued function S : X — P.,(X) satisfies the requirement that for any
generalized KKM mapping G : X — P,,(X) with respect to S the family {G(x) : = € X} has the finite
intersection property, then S is said to have the KKM property. We define

KKM(X,Pp(X)) ={S: X = Pp(X) : S has the KKM property }.

Thus if S € KKM(X, P.,(X)), then for any generalized KKM mapping G : X — P.,(X) with respect
to S we have () .y G(x) # . then such a point z* € [|,cx G(), is called the KKM point of G and
denote by K(G) the set of all generalized KKM points of G. Let M be the collection of all KKM mappings
G : X — P, (X) with respect to S. For each G1,G2 € M define

HGLGQ (t) = zuel_gf HGl(w)sz(l‘)(t) ;

where H is the probabilistic Hausdorff distance type defined on all compact subsets of X. Clearly (M, H, T)
is a PMT space.

Lemma 4.1. (M, I:I,T) is a complete PMT space.

Proof. Let {G,},~; be any Cauchy sequence in M, then for any ¢ > 0 and r € (0, 1), there exists a positive
integer k such that Hg, g, (t) > 1 —r whenever n,m > k, ie.

Ilg( HG, ()G (@) >1—1

for any n,m > k. It follows that for each z € X, {G,},~, is a Cauchy sequence in (P.,(X),H,T). By
Theorem (3.6)), there is G : X — P, (X) such that He, (4),¢(x)(t) > 1 — 7 for each € X. And it is easy
to prove that inf,cx Hg, (2),G(2)(t) > 1 — 7. Suppose that G were not generalized KKM mapping with
respect to S, then there exist {xy,...,zm} C X and 2’ € S(co{x1, ..., Zm}) such that 2 € [, G(x;). Since
sup,ex He,, (2),G(2)(t) > 1 — 7, there is ny such that (J*; Gy () € U2, Bg s, (r,t) for any n > ny. Thus
z ¢ Ui~ Gn(x;) for any n > no which contradicts the assumption that G,, is generalized KKM mapping
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with respect to S for all n =1,2,... . Hence G must be generalized KKM mapping with respect to S, and
(M, H,T) is complete. O

Now we state some definitions. A set-valued mapping S from PMT space (X, F,T), into nonempty
subsets of a PMT space (Y, F*,T*) is said to be probabilistic upper (lower) semicontinuous at zyp € X,
if for any 0 < r < 1, there exists 0 < 7 < 1 such that S(z') C Bs(zg)(r,t)  (S(xo) C Bgy)(r,t)) for

each 2 € X with Foot) >1- ', for t > 0. S is probabilistic continuous at zo € X if S is both
probabilistic upper semicontinuous and probabilistic lower semicontinuous at zy. Also S is said probabilistic
metric upper semicontinuous at o € X if, for any 0 < r < 1, there exists a neighborhood U of zy such
that S(U) C Bga,)(r,t) for t > 0. It is easily verified that if S(xo) is compact, then S is probabilistic
metric upper semicontinuous at x¢ if and only if S is probabilistic upper semicontinuous at zy. In general
probabilistic metric upper semicontinuity is a weaker notion than probabilistic upper semicontinuity. On
the other hand, the set-valued mapping S is said to be probabilistic metric lower semicontinuous at xq if
for any 0 < 7 < 1 there exists a neighborhood U of x¢ such that S(zg) C Bg(y(r,t) for every x € U and
t > 0. It is easy to see that if S(zg) is totally bounded, then S is probabilistic lower semicontinuous at xg if
and only if S is probabilistic metric lower semicontinuous at xg. However, we can also show that in general
probabilistic lower semicontinuity is a weaker notion than probabilistic metric lower semicontinuity.

Also a subset @ in X is called a residual set if it contains a countable intersection of open dense subsets
of X. A set @ is called nowhere dense in X if int(Q) = (). If there exists a dense residual set @ of X such
that S is continuous at each point of ) then we say that S is continuous at most point of X. In this case
we shall also say that S is generically continuous on X. Result concerning generic continuity of set-valued
mappings were first considered by Fort in [I8]. After Fort’s theorems were published there have been several
extensions of his original results; see [19, 20]. In the following we will extend Fort’s theorem in PMT space.

Theorem 4.2. Let (X,F,T) be a complete PMT space, (Y, F*,T*) be a PMT space and S : X — 2V be
a probabilistic metric upper semicontinuous. Then there exists a dense residual set Q C X such that S is
probabilistic metric lower semicontinuous at each x € Q.

Proof. For each 0 < r <1 let
Cry={zeX :V0<ry<rand0 < r o< 1,dy e Bx(r/,t) suchthatBS(y ro,t) 2 S(x) fort > 0}

First, we prove that C(r) is a closed set. For any 0 < k < r and 0 < ro< 1, let r9 < roo < r and
700 — To = 7. Due to the probabilistic metric upper semicontinuity of S, for each z € m, there exists
0 <7 <r suchthat S(z) C Bg(zy(n,t) for all x € B.(r",t). Then there exists z € C(r)NB,(r ,t) such that
S(z) C Bg(z)(n,t). From z € B.(r",t), Choose 0 < v < r" such that B,(r" ,t) C B.(r" ) Asxz e C(r )
it is easy to see that there exists y € B,(r ,t) C B.(r ,t) C B.(r,t) such that Bg,(roo,t) 2 S(z

Thus, it follows that Bg(y) (ro, t) D S(z). In fact, if Bs(y)(ro, t) D S(z), then BBS(?/)(TOJ)(U, t) D Bg(y) (n, ),
so that Bgy)(roo,t) 2 S(x). Thus, it follows that Bg,(ro,t) 2 S(z). In fact, if Bg)(ro.t) D S(z),
then Bp, (ro.t)(m,t) D BS(z)(Th t), so that Bg(y)(roo,1) Z) S(x) Wthh contradicts x € C(r). Thus, it is
proved that z € C(r) and C(r) is a closed set. Next, we will prove that C(r) is a nowhere dense set, that
is, to prove that C(r) contains no interior point. If not, let z; € C(r) be a interior point of C(r). For
any 0 < rg < r, choose rop < rgp < 7 and set roo — r9p = 7. Then there exists 0 < r; < 1 such that
By, (r1,t) € C(r) and S(z') C Bs(xl)(n, t), V& € By, (r1,t). From 2; € C(r), it is known that there exists
xy € By, (r1,t) such that Bg(g,)(roo,t ;é S(x1). For xy € By, (r1,t) C C(r), choose 0 < ry < - such that
By, (r2,t) C By, (r1,t) € C(r) and S(z') C Bs(wz)(n,t) for all ' € By, (rs,t). From x5 € C(r), there exists
x3 € By, (r2,t) such that Bg (s, (reo,t) ) 2 S(x2). The rest may be deduced by analogy, thus there exists

n—1
2 b
B, (rn,t) C By, _,(rn-1,t) C ... C By,(ra,t) C By, (r1,t) C C(e)

1,79, «ess Tu—1, T, ... such that 0 < r,, <

and
S(z ) C Bs(a,)(n,t), Vo € By, (rn,t).
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We also have
Bs(xn+1) 7’007 ;é S (En , N = ].,2,....

From the completeness of (X, F,T) and the closedness of C(r), it is known that there exists z* € C(r) and
Ty, — . As 2™ € By, (ra,t) for each n = 1,2, ..., we have S(z ) C Bg(z,)(n,t). Therefore BS +(ro,t) C
BBS(mn)(U’t)(r()’t) = BS(mn)(TOO;t)- It follows from Bs(z ) 7“00, 2 S J}n 1) that BS’(@* ’I"(), 2 S l‘n 1)
In addition, from z,, — x* and the upper semicontinuity of S at x*, for given ro > 0, it is known that
S(zn-1) C Bg(g+)(r0,t) when n is sufficiently large, which is a contradiction. Thus, we can prove that C(r)
is nowhere dense.

Let (0,1)z be the rational number set in [0, 1], C' = UTE(O,I)R C(r) and @ = X\ C. From the completeness
of X and nowhere density of C(r), it is easy to see that C' is of first category. Hence, @ is a dense residual
set and of second category for any 0 < r < 1, choose r e (0,1) such that 0 < 9 < r. For each x € Q, by
the definition of Q we have z ¢ C(rq). Also by the definition of C/(rg), there exists 0 < * < ro and 7 > 0
such that Bg,(r*,t) D S(x) for all y € B,(r',t), and hence Bgy)(r,t) D S(z). From the arbitrariness of
0 < r < 1, it is known that S is probabilistic metric lower semicotinuous at x. Therefore, S is probabilistic

metric lower semicontinuous at each p € Q.
|

Because in general probabilistic metric upper semi-continuity is a weaker notion than probabilistic upper
semicontinuity, the following corollary is obvious.

Corollary 4.3. Let (X, F,T) be a complete PMT space, (Y,F*,T*) be a PMT space and S : X — 2¥ be
probabilistic upper semicontinuous. Then there exists a dense residual set Q C X such that S is probabilistic
metric lower semicontinuous at each x € Q, and hence S is also probabilistic lower semi-continuity at each

T E€Q.

For each G € M, K(G) is the set of all KKM points of G, G — K(G) indeed defines a set-valued mapping
K:M — 2%

Lemma 4.4. K : M — 2% is a probabilistic upper semicontinuous and compact-valued (pusco) mapping.

Proof. For any G € M, for any sequence {x,} ~_, in K(G) with z,, — z*, then z,, € G(z) for each z € X.
Since G(x) is compact, then z* € G(x) for each x € X and 2* € [,y G(), v* € K(G). Hence K(G) is
closed, K(G) C G(z) must be compact. Fix ¢t > 0, suppose that I were not probabilitic upper semicontinuous
at G € M, then there exist 0 < ro < 1 and a sequence {G,},-, in M with G,, — G such that for each
n = 1,2,.., there is z, € K(G,) with x,, ¢ Bx () (ro,t). Since z, € K(G,), we have x, € [,y Gn().
For any x 6 X, since Gp,(z) — G(x), Gp(z) (n = 1,2,...) and G(z) is compact, thus ﬂoo 2(2) JG(2) is
compact. z, € Gp(z), we may assume that x,, — z*, we obtain z* € G(x). Thus z* € ﬂxeX n(z) and
z* € K(G) C Bg(g)(ro,t) which contradicts the assumption that x,, — z* and z,, ¢ Bi(g)(ro,t) for each
n =1,2,... . Therefore, K must be probabilistic upper semicontinuous on M. O

Definition 4.5. G € M, (1) z € K(G) is essential if for any 0 < r < 1, there exists 0 < 7 < 1 such that for
each G' € M with Hgo(t)>1- 7', there exists € K(G'), with F, (t) >1-r,(2) G is weakly essential
if there exists z € K(G) which is essential and (3) G is essential if every x € IC(G) is essential.

Theorem 4.6. K : M — P.,(X) is probabilistic lower semicontinuous at G € M if and only if G is essential.

Proof. If IC is probabilistic lower semicontinuous at G € M, then for any 0 < r < 1, there exists 0 < r<1
such that K(G) C By g (r,t) for each G € M with ﬁG)G/ (t) > 1 —4. For each z € K(G) there exists
z € K(G') with F, /(t) > 1 — 7, x is essential and G is essential. Conversely, suppose that G is essential.
If K were not probablhstlc lower semicontinuous at G, then there exist 0 < 79 < 1 and a sequence {G,},.,
in M with G, — G such that for each n = 1,2,..., there is an x,, € K(G) with z,, € By(g,,)(r0,t). Since
K(G) is compact, we map assume that z, — x € IC(G). Since x is essential, G,, = G, x,, = x, there is an N
such that F, .(t) > 1— % and By, )(%5,t) for all n > N. Hence x, € By, )(r1,t) for all n > N which

431 M. TATARI et al 425-434



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

8 TATARI, VAEZPOUR, AND SAADATI
contracts the assumption that z,, ¢ Bx(qa,)(ro,t) for all n = 1,2,... . Hence K must be probabilistic lower
semicontinuous at G. O

Theorem 4.7. There exists a dense residual subset QQ of M such that for each G € Q, G is essential.

Proof. by Lemma (4.4), X : M — P.,(X) is an pusco mapping. By Corollary (4.3), there exists a dense
residual subset @ of M such that for each G € @, K is probabilistic lower semicontinuous at G. By Theorem
(4.6)), for each G € Q, G is essential. |

Remark 4.8. If G € Q, by Lemma (4.4) and Theorem (4.6)), K is probabilistic continuous, then for any
0 <r <1, there exists 0 < r < 1 such that for any G' € M with Hg o (t) > 1 -7, Hiyie)t) >1—r,
G is stable.

Now we shall introduce some definitions. For each G € M, the component of a point x € (@) is the
union of all connected subsets of (G) which contain the point z. Note that components are connected
closed subsets of (G) and are also connected compact. It is easy to see that the components of two distinct
points K(G) either coincide or are disjoint, so that all components constitute a decomposition of K(G) into
connected pairwise disjoint compact subsets, i.e. ,

K@) = | Cal@)

a€cl

where A is an index set; for any a € A, C,(G) is a nonempty connected compact and for any a, 8 € A(a # ),
Co(G)NC3(G) = 0.

Definition 4.9. For each G € M, let e(G) be a nonempty closed subset of K(G). Fix t > 0, e(G) is called
an essential set of K(G) if for eny 0 < r < 1, there exists 0 < r < 1 such that for any G € M with
ﬁa,c’ ) >1—1, IC(G/)ﬂBe(G) (r,t) # 0. If C,(G), the component of K(G) is essential, then C,(G) is
called an essential component of K(G).

Following theorem is the main result .

Theorem 4.10. For each G € M, there exists at least one essential component of K(G).

Proof. By Lemma , K: M — P, (X) is probabilistic upper semicontinuous, that is for any 0 < r < 1,
there exists 0 < r < 1 such that for any G € M with f{G,G' (t) >1- 7‘,, IC(G/) C By(g)(r,t). Hence
K@GHnN By (r,t) # 0, K(G) is essential set of itself. Let ® denote the family of all essential sets of K(G)
ordered by set inclusion. Thus ® is nonempty and every decreasing chain of elements in ® has a lower bound
(because by the compactness the intersection is in ®); therefore by Zorn’s Lemma, ® has a minimal element
m(G) and m(G) is essential. Suppose that m(G) were not connected. Then there exist two nonempty closed
sets ¢1(G), c2(G) and two open sets V7 and Va such that m(G) = ¢1(G) Je2(G), c1(G) C V1, 2(G) C Va,
Vi V2 = 0. Since m(G) is minimal, neither ¢;(G) nor c2(G) is essential, there exist 0 <r; <1,0<ry < 1
such that for any 0 < r < 1, there exists G1,Go € M such that Hg, g,(t) > 1 -7, Hga,(t) > 1 —
' with K(G1) N[Bey ) (r1,1)] = 0, K(G2) N[Bey )y (r2,t)] = 0. Denote Wy = Vi N[Be,()(r1,1)], Wa =
VaN[Be, () (ra,t)], then Wi, Wy are open. Since ¢1(G) C Wi, co(G) C Wa, there exists 0 < rg < 1 such
that [B., (q)(r1,t)] C W1, [Be,(c)(r2,t)] € Wa. Denote W, = Be, () (r' 1), Wy = Be, () (r',t), we know that
W,, W, are open. Since W, |JW, = Bcl(G)UCQ(G)(r/7t) = B (r',t) D m(G), then there exists 0 < r* < 1
such that for any G' € M with fIGG/ (t) >1—r*, K(G)N(W1UWz) # 0. We may suppose that * > a,
where a = FWII’WZI (t) > 0. For this 7* we can find an r > 7* such that T(1 — rf,1 — ) > 1 —r*. Thus for
0 < rt < 1 there exist G}, G5 € M such that I~{G7G;(2§() >1—rf, ﬁQG;(Q’}{) >1—r1 K(G)NW, =0,
K(Gy) W, = 0. Note that

~ ~ t B " )
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Now define G : X — P.,(X) as follows:
G'(z) =[G \ W] ([G2\ W), zeX

Suppose that G’ were not a generalized KKM mapping with respect to S, then there exist {x1,...,x,} C X
and 2 € S(co{xy,....,xm}) such that ' ¢ J, G (x;). Since W, Wy = 0, then = ¢ W, or = ¢ W,.
Without loss of generality, we may assume that 2’ ¢ W,. Since z ¢ Gg(xl) \ W, then 2" ¢ Ga(;) for each
i=1,.,m,z ¢ U™, G2(z;) which contradicts that Go € M. Thus G e M.

Next we are going to prove that HG G (t) > H ( ). Note that

Hy o 1(t) = inf H ., (I%G;(I)( ) = inf {supmln{ inf E, a @(8), Inf F o(s)}}

zeX z€X " s<t yeG (x) y€G] (2)

and

Hg oy (t) = inf He o) gy (1) = ;gﬁ({iglg mm{yeglf( )Fy @) (8); glf(z)Fy,G;(x)(s)}} -

For any y € G (2), if y € Gy () \ Wy, then F, o (s)=1;if y € Gy(z) \ W;, then

Fraiw®) 2 Ty e,

and

yelcl:lf(x) Fya@(s) 2 if Fy ) (s) 2 He a6, (1)-

yEGy (@)
For any y € G(z), since W, Wy = 0, then y ¢ W, or y ¢ W,. If y ¢ W,, then y € G,(x)\ Wy,
F o om(s)=1ifye W,, then y ¢ W,

Fy,G’(m)(S) 2 Fy,G;(m)(S) \Wy = sup - Fy.(s).
z€G,(2)\W,
Since Fy,G;(x)( 5) > Fgy ' (@),G (x)( s) > I:IGLG;(t) > 1—r*, and wheny € W,, z € Wl', F,.(s) < FW,,Wy(s) <
a7, thus By ) (s $) = SUD. e (1) P (5)s B () 2 By () = il )FyG (@) (8 0y eqr @) Fyar (@) (8) 2
inf, e, ) By ) 2 Bt (01,00 (9)

Thus HG;(QC)G;(Q?)(S) < Hg (w),Gl(:c)( ), for any = € X, HG;,G;(t) < ﬁc/,G’l (t). Since

( ( ), ﬁc’l,c(t))

( ( ), E[G',G(t))

(14 1—r)y>TA—rT1—¢T) > 1%,

K(GHYNW, UW,] # 0. Take 2* € K(G')N[W, |W,], without losing the generality, we may assume that
z* € K(GYN\W,, then z* ¢ Gy(x) \ W, for any 2 € X. Since K(G /)ﬂW{ = ), then z* ¢ K(G)), that is
o ¢ Nex G (z). There is & € X such that z* ¢ G (%), so 2* ¢ G1(2) \ W, «* ¢ G (Z), 2* ¢ K(G') which

is a contradiction. Thus, m(G) must be connected. Thus there is a component c,,(G) of K(G) such that
m(G) C ¢ (G). It is obvious that c,, (G) is essential which complete the proof. O

Hy o(2Kt) >

Y

Vv

5. CONCLUSIONS

In this paper, at first we studied probabilistic metric type spaces. Next, we presented a result concerning
generic continuity of set-valued mappings based upon extensions of Fort’s theorems in these spaces.
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The essential norm of the generalized integration operator *
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2. School of Mathematics and Physics Science, Xuzhou Institute of Technology, Xuzhou 221018 , China

Abstract: We provide a function-theoretic estimate for the essential norm of the generalized in-
tegration operator LSZE from mixed-norm spaces H(p, ¢, ¢) to Zygmund-type spaces Z,, by means of
the definition of the essential norm of an operator and the properties of the analytic function.
Keywords Essential norm; generalized integration operator; mixed-norm spaces; Zygmund-type
space; mean value theorem

MR (2000) Subject Classification 47B38, 47G10, 47A30, 30D45.

1 Introduction

Let D = {z € C : |z| < 1} denote the open unit disc in the complex plane C, H(D) the linear space
of all analytic functions on D and S(D) the set of all analytic self-maps on D. Let g € H(D) and
v € S(D). The following generalized integration operator:

10 £(2) = / T (p(e))g(E)de, = €D,

has been recently introduced in [23] and considerably studied (see, e.g., [10, 11, 21, 26, 36]). One of
the reasons is that it provides connections between operator theorem and complex analysis and helps
us to gain a deep understanding of both areas. Recently, there has a lot of work on some related
operators on different spaces of analytic functions on the unit disc, see also [1, 6, 20, 28, 29, 30, 31, 32]
and the related references therein.

Recall that, for 0 < p, ¢ < oo and ¢ normal, let H(p, q, ¢) denote the space of all f € H(D) such

that Y
1 p
PP (r)
D,q,9 — (/0 Mg(fvr)l_ dr < 0,

/1

where the integral means M, (f,r) are defined by

r

1/q

2w
My(f,r) = (%/0 |f(rei9)|qd9> , 0<r<l.

For 1 < p < o0, the mixed-norm space H(p, q, ¢) equipped with the norm || - ||;.4,4 is a Banach space
(see [13, 34]). For related results in the setting of the unit ball, see, for example, [12, 24] and the

*Foundation item: Supported by the Natural Science Foundation of China (11171285) and the Foundation Research
Project of Jiangsu Province, China (BK20161158)
TEmail: minliu@jsnu.edu.cn
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references therein. Given a bounded, continuous and strictly positive function y on D. Let Z, denote
the space of all f € H(D) N C(D) such that

sup 11(2)| f”(2)] < o0.
zeD

Under the norm

£z, = [FO)] +[(0)] +itelgu(2)|f”(2)l, (1)

it is easy to see that Z, is a Banach space.
Let X and Y be two Banach spaces. T is a bounded linear operator from X to Y. The essential
norm of 7" is defined by
[T le.x—y = mf{IT = Sllx .y},

where || - ||x—y denote the operator norm and the infimum is taken over all admissible compact
operator S from X to Y. For results on the essential norms of composition, weighted composition and
some integral operators, see, for instance, [2, 3, 4, 5, 7, 8,9, 14, 15, 16, 17, 18, 19, 22, 27, 33, 35, 37, 38|,
and the references therein.

Inspired by the above results, for 1 < p < oo and 0 < g < oo, we provide a function-theoretic
estimate for the essential norms of the generalized integration operator Ig(f;Z: H(p, q, ¢) — Z, on
the basis of the characterizations of the boundedness and compactness of the generalized integration
operator ([10]). The main result is Theorem 3.1.

Throughout the paper, the letter C' denotes a positive constant which may vary at each occurrence
but it is independent of the essential variables. For two functions A and B, we use the abbreviation
A = B if there is a positive constant C independent of A and B such that A < CB. We write A < B
if A< B <A

2 Some Lemmas

To prove our main results, we need several lemmas. The next Schwartz-type lemma is proved in a
standard way, hence we omit its proof.

Lemma 2.1 Assume that 0 < p, g < co. Then I(ng : H(p, q, ) — 2, is compact if and only 1(2 :
H(p, q, ¢) — 2, is bounded and for every bounded sequence {fn} in H(p, q, $) which converges to

zero uniformly on compact subsets of D as m — oo, we have ||I§Tf2fm|\z“ — 0 as m — oo.

The following characterizations of boundedness and compactness of the operator /, (ZZ: H(p, q, ¢) —
Z,, have been essentially proved in [10]. The parts of this work which are relevant here are given in
the following two lemmas.

Lemma 2.2 ([/10]) Assume that 0 < p, ¢ < co. Then Igfg : H(p, q, ) — Z,, is bounded if and only if

o WDl ()g(2) N
My =510 SN — o) Tt <> ®

and
. (g ) . "

zep (lp(2) (1 = [e(2)]?)V/atn
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Lemma 2.3 ([10]) Assume that 0 < p, ¢ < co. Then 1(2 : H(p, q, ¢) — 2, is compact if and only
if Isgfg : H(p, q, ¢) — Z, is bounded,

| WD
e STPED A — o) By 7wt — @

and

. pl2)lg'(2)
o1 SN~ [z F) o

On the basis of the compactness criterion, the following lemma provides a sufficient condition of the

=0. (5)

compactness of the operator I(S"gz H(p, q, ) — Z,.

Lemma 2.4 Assume that 1 < p < 00, 0 < q¢ < co. Then I(ZE H(p, q, ) — Z,, is compact, if [(752 :
H(p, q, ¢) — 2, is bounded and ||¢| < 1.

Proof. Since I(S"gz H(p, ¢, ) — Z, is bounded and ||¢|l < 1, the conditions (4) and (5) hold,
Lemma 2.3 implies that the operator Ig(@: H(p, ¢, ¢) — 2, is compact.
The last auxiliary results needed are the following two lemmas.

Lemma 2.5 (/25]) Let 0 < p, g < oo and f € H(p, q, ¢). Then for every m € Ny, there is a positive
constant C' independent of f such that

[ fllp.q. ¢

fM(z) < C —
(]z]) (1 — |2[2)" 1/

Lemma 2.6 (/10, P. 384]) Let 0 < p, ¢ < o0, w € D and

_ APy
fiw(2) = o)) (1 — mz)itt1/a’

z e D.

Then f;j» € H(p, q, ¢) (j € N), where the constant t is from the definition of the normality of the
function ¢.

3 The essential norm of the operator Ig(zg : H(p, q, ¢) — 2,

The following theorem is the main result of the paper.

Theorem 3.1 Assume that 1 < p < 00, 0 < g < o0, Iéfg: H(p, q, ¢) — 2, is bounded. Then

I e b, 0, 6)— 2,

= max{ lim )P (2)9(2)] . u(2)lg'(2) }
o) =1 d(Jo(2)]) (1 — |@(2)]2)" 1+ 1o(z) =1 ¢(|o(2)) (1 — |p(2)|2)n /e |

Proof. If ||¢|lcc < 1, by Lemma 2.4, Ig(f;Z: H(p, q, ) — Z, is compact, so ||I§2||67H(p7 06—z, = 0.
The result holds.
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Now assume that ||¢||cc = 1. We first give the lower estimate of

HISTZZI e.H(p,q,¢)—2,- Let Cj(g,t) =1/qg+j+1t, j=1,2,...,n+2. For a fixed w € D, set the test
function

fu(2) = Chi1(g: ) frw(2) — Ci(g, 1) f20(2)
_ (1 - o)+ (1 - o)
IR (7 [ e A ([ (e

e D.

By Lemma 2.6, we have f,, € H(p, ¢, ¢) and sup || fullp, ¢, < C. By an easy calculation,
weD

(9 Cen@.0CH g 00 a1)-+-Cula. (1 = ) @)"
i P(|w]) (1 — wz)nti+t+l/a
o CVl (Q7 t)C2 (Q7 t)C3 (Q7 t) e Cn+1 (qa t)(l — |w|2)2+t (w)n (6)
Sl ) (L = @2 2T |
f("+1)(z) _ C,%H(q, t)C1(q,t)Ca(q,t) - Cr(q, t)(1 — |w|?) T (w)nﬂ
’ Sl (T — w2y 21
Cig.)Ca(q,1) -+ Crga(g, (1 — w]?)?H @) (7)

P(lwl)(1 — wz)rt3teti/a
Let {zx}ren C D, satisfying klim |o(zr)| = 1. Let
fk(z) = f%’(zk)(z)

_ Crny1(q,0)(1 ﬂk)P)H_t _ Gilg,n@ _m”?)%t
e ey P Ve PP e ey M R

Then fi € H(p, q, ¢), 2115 Il fxl
€

D, so for every compact operator K: H(p, ¢, ¢) — Z,, by Lemma 2.1 , one has klim Hka”ZM = 0.

Using (6) and (7), we have

keN

pago < Cand {fi} converges to zero uniformly on compact subsets of

_ \n+1
~Cila,HC2(a:1) -+ Cara(a,) (9())

o(le(z1)]) (1 = |@(z)|2)" H1HY4

() =0, £ (p(zr)) =

Therefore

O3} = Ko, 002, = lmsup | (101 = K) el 2,

k—o0
> timsup (115712, 1K fel 2,)

> lim sup ||I(§"<2fk|‘2u
k—oo

|n+1

: p(zr)lo(ze) "7 - 1@ (21)g (20)|
> (q, t)OQ(q, t) ce Cn+1(q, t) lllzllsip ¢(|80(Zk)|)(1 — |<P(Zk)|2)n+1+1/qv
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thus

/
o . >C lim p(2) ¢ (2)9(2)| .
Hoelestwan-2.2C I N Q- p@r) T

Further, let

Cuea(g: (1 — o)) (g, (1L~ fola) P
ooz — Pl 1 Gz (1 — plen)2) 21/

Similarly hix € H(p, g, ¢), sup ||hillp, ¢, ¢ < C, and
keN

hk(z) =

Ci(a,)Ca(a,1) - Cula,t) (9C))
h,(gl)(sﬁ(zk)) = (o)) (1 — |90(Zk)|2)(n+1/]2 ) , h,(gl+1)(90(2k)) =0.

It is clear that {hy} converges to zero uniformly on compact subsets of D, Lemma 2.1 implies that
klim | Khil|z, = 0 and consequently
— 00

ONIG) =~ Kll(s,0,0)~2, > limsup| (15 = K) bz,

k—oo

> lillinsup (lII(" hillz — ||th||Zu)

> lim sup ||I(" hil| 2,
k—o0

plzi)le(zi) " - 19’ (1)
> C1(q,t)C2(g,t) - - Cnlg, )hgiso‘ip (o2 ) (1 = [@(z)[2)n+1/a

_ —_— (k) - |9’ (2k)]
@G0 Cla DB GG G PP

thus

/
. e im u(=)lg'(2)] | 0
Mstohetnaco-2 2 C LB G000 (1 - IR Y

By (8) and (9), we get

- { o w(2)|e (2)g(2)| i u(2) 19 (2)] }
(=1 (| (2)]) (1 — |o(2) )" T 1eGI=1 g (| (2)]) (1 — |o(2)[2) T

= HIg,Lp ||€,H(ZD7 4 P) =2

as desired.
Next, we intend to give the upper estimate of ”I.(Tt/z”e,H(p, 0, 8)—z,- Since L§f§2: H(p, q, ¢) — Z,

is bounded, then for any f € H(p, q, ¢), there is a constant C' such that ||I(§"<2f||zu < Clfllp.q, ¢
Taking test function f(z) = % € H(p, q, ¢), we obtain

Ky = ilelgu(Z) lg'(2)] < o0. (10)
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n+1

If take f(z) = Famlis H(p, q, ), we have
Ky = sugu(Z)lcp'(Z)g(Z)l < 0. (11)
z€E
For a fixed p € (0,1), using the normality of ¢ we have

pE) oo, 4 lee (o)
zeD ¢(p|lp(2)]) (1 — |pg0(z)|2)"+1+l/q = eb o(p) (1 — |p|2 )n+1+1/q )

and
u(2)lg' (2)] BN IONE)]
260 (plp(2)]) (1 — |pp(2)[2)" 9 ™ 2eb g(p) (1 — |p]2)" /1

By Lemma 2.2, we get Ig(f;,)@: H(p, q, ¢) — Z, is bounded. Since |pp(z)| < p < 1, by Lemma 2.6,

Iéflp)gai H(p, q, ) — Z, is compact, thus

H Lp”e H(p,q,¢)—=Zu = HI - Iénpka H(p,q,9)—2u

(2 - 1) 1],

(I(nf Ig?@) (2)

= sup
1l e, g, )<1

= sup  suppu(z)
”fHH(p, q, $)<1 zeD

< sup  suppu(2)
1f 2 p, g, p)<1 2ED

+ sup sup ()| f" (p(2) = F ™ (pe(2))l]9 ()]

1f Nl e p, q, p)<1 Z2€ED

(D (p(2)) — pf("“)(pw(Z))‘ ¥ (2)g(2)]

< sup sup  fu(z)
Il o, q, p)<1 [0 (2) <7

(@(2) = pf D pp(2)] I (2)9(2)

+ s swp p(z) |[FU (=) = pf U (pe(2)| € (2)g(2)
£l 5, g, 0y<1 T<l(2)I<1
sup sup pu(2)|f (0(2) = 17 (pip(2)) I (2)]
£l e, q. <1 l0(R)<T
+ sup sup  u(2)|f ™ (p(2)) = £ (pe(2))llg (2)]
1flz(p, g, 9y<1 T<|p(2)|<1
=1+ I A I+ I (12)
Using the mean value theorem, the triangle inequality, (10), (11) and Lemma 2.5 we have
I, = sw o sup p(2) [FUTO(e(2) = pf D (pp(2)| |4 (2)9(2)]
111, a, 9y<1 l0(R)I<T
= s s a9 £ (@) = S (pp(=)) + (1= p)f D (pp(2))|
e (o, a, 0r<1 l@(2)| <P
< sup sup (1= p)u(z)l¢'(2)g(2)| (Sup |FOHD (w)] + sup If(”“)(IU)l)
Nl p, q, o)<t l@(2)I<T |w|<r |w|<r

1 1
<C(-p) <¢(r)(1 — T2)n+2+1/q + o(r)(1 — T2)n+1+1/q>

—0(p—1), (13)
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LY = sup sup ()| (e(2) = FP(pp(2)lg (2)]

1l e (p, q, o)<t l(2)|<r
< sup sup (1= p)u(2)|g'(2)] sup [£D (w)]
o, 0. 0)<1 lP(2) <7 [w|<r

1

<C(1- p)¢(r)(1 — 2)ntiti/g

—0(p—1), (14)

12(27),7‘ -

s sup (=) [F(6(2) = pf D (pp(2))| 19 (2)g(2)]

11, g, 0)<1 T<le(2)|<1

< s s ) ()] ([FU )]+ o pp(2)))

1Al o, 0, )1 7<]i0(2)| <1
C”f”p q; ¢
< sup sup  pu(2)]¢’(2)g(2)] >
1l 2o, 0. <1 7<i0(2)| <1 P(|o(2))(1 = |p(2)[2)nF1+1/a

su su Do (2)a(z C”f”p,q,a5
+nfnmpi’,mr<w<§§\<1“< WD SN = T By 17

" Cu(z)l¢'(2)g9(2)| N Cu(2)|¢' (2)g(2)]
= revmi<t Ble@NA — [ P74 28 Bl — pp(z) )+ e
(

w(2)|¢'(2)g(2)]

_|_

T SN - eEyEE 2D 15)
and
o= sw s WG - I el )
T H®, q, p)<1 T<|P(2)|<

“ s Cu(=)lg'(2)]
S et BIPEN — ey e

u u Cu(z)|g'(2)|
T e SN — gy 1 e

su ( )|g/( )l su (Z)lgl(2)|
< CT<\<P p\<1 d(Jo(2))(1 — [p(z )|2)n+1/q + CT<‘¢ p‘<1 o(plo()) (1 — |p¢(z)|2>n+l/q
— 2C sup w(2)lg'(2)] ). )

r<lo(z)l<1 Blp(2))(1 = |p(z)|2)nt1/a (o

Using the conditions (13-16), let p — 1 in (12), then let » — 1, we have

11§ (b0, ) 2
w(z)|e'(2)g(2)] . w(z)|g' (2)]
S e —Tex) Py T2 LB SN = e e

max 4 Tim p(2)le' (2)g(2)| - u(2)lg' (2)|
- {wl T R sl T e |<P(Z)|2)"“/"}’

we get the desired result, so we are done.

441 Yongmin Liu et al 435-443



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

The essential norm of the generalized integration operator 8

References
(1] Avetisyan K, Stevi¢ S. Extended Cesaro operators between different Hardy spaces. Appl Math Comput, 2009,
207(2): 346-350

[2] Chen C, Zhou Z. Essential norms of generalized composition operators between Bloch-type spaces in the unit ball.
Complex Var Elliptic Equ, 2015, 60(5): 696-706

[3] Cheng Z, Jiang L, et al. An upper bound of essential norm of composition operator on H?(B,). Chin Ann Math,
Ser B, 2012, 33(6): 841856

[4] Cheng Z, Jiang L, Yan Q. A note on the essential norm of composition operators from H(p, q, ¢)(Bx) to H4(By).
Chin Ann Math, Ser B, 2013, 34(5): 683-690

[5] Colonna F, Tjani M. Operator norms and essential norms of weighted composition operators between Banach
spaces of analytic functions. J Math Anal Appl, 2016, 434 (1): 93-124

[6] Contreras M et al. Integral operators mapping into the space of bounded analytic functions. J Funct Anal, 2016,
http://dx.doi.org/10.1016/j.jfa.2016.05.021

(7] Esmaeili K, Lindstrém M. Weighted composition operators between Zygmund type spaces and their essential norms.
Integr Equ Oper Theory, 2013, 75(4): 473-490

[8] Galindo P, Laitila J, Lindstrom M. Essential norm estimates for composition operators on BMOA. J Funct Anal,
2013, 265(4): 629-643

[9] Galindo P, Lindstrom M, Stevié¢ S. Essential norm of operators into weighted-type spaces on the unit ball. Abstr
Appl Anal, 2011, Article ID 939873, 13 pages, doi:10.1155/2011/939873

[10] Guo J, Liu Y. Generalized integration operators from mixed-norm to Zygmund-type spaces. Bull. Malays. Math.
Sci. Soc., 2016, 39(3): 1043-1057

[11] He Z and Cao G. Generalized integration operator between Bloch-type spaces and F(p, q, s) spaces. Taiwanese J.
Math., 2013, 17(4): 1211-1225

[12] Hedenmalm H, Korenblum B and Zhu K. Theory of Bergman Spaces. Graduate Text in Mathematics, Springer,
2000.

[13] Hu Z. Extended Cesaro operators on the Bloch space in the unit ball of C™. Acta Math Sci Ser B Engl Ed, 2003,
23(4): 561-566.

[14] Hyvéinen O, Lindstrom M. Estimates of essential norms of weighted composition operators between Bloch-type
spaces. J Math Anal Appl, 2012, 393(1): 38-44

[15] Hyvéainen O, Kemppainen M, Lindstrom M, et al. The essential norms of weighted composition operators on
weighted Banach spaces of analytic functions. Integr Equ Oper Theory, 2012, 72(2): 151-157

[16] Hyvéinen O, Lindstrom M. Estimates of essential norms of weighted composition operators between Bloch type
spaces. J Math Anal Appl, 2012, 393(1): 38-44

[17] Liu J, Lou Z, Xiong C. Essential norms of integral operators on spaces of analytic functions. Nonlinear Anal, 2012,
75(13): 5145-5156

[18] Luo L, Chen J. Essential norms of composition operators between weighted Bergman spaces of the unit disc. Acta
Math Sin, Engl Ser 2013, 29(4): 633-638

[19] Manhas J, Zhao R. New estimates of essential norms of weighted composition operators between Bloch type spaces.
J Math Anal Appl, 2012, 389(1): 32-47

[20] Pau J. Integration operators between Hardy spaces on the unit ball. J Funct Anal, 2016, 270(1): 134-176

[21] Qu H, Liu Y, Cheng S. Generalized integration operators from Hardy spaces to Zygmund-type spaces. J Comput
Anal Appl, 2015, 18(6): 1004-1016

[22] Sanatpour Amir H. Estimates of essential norm of the Li-Stevié integral type operator between Zygmund type
spaces. Math Inequal Appl, 2016, 19(2): 685-696

[23] Sharma S, Sharma A. Generalized integration operators from Bloch type spaces to weighted BMOA spaces. Demon-
stratio Math, 2011, 44(2): 373-390

[24] Stevi¢ S. On an integral-type operator from logarithmic Bloch-type and mixed-norm spaces to Bloch-type spaces.
Nonlinear Anal, 2009, 71: 6323-6342

[25] Stevi¢ S. Weighted differentiation composition operators from mixed-norm spaces to weighted-type spaces. Appl
Math Comput, 2009, 211(1): 222-233

442 Yongmin Liu et al 435-443



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

The essential norm of the generalized integration operator 9

[26] Stevi¢ S, Sharma A and Sharma S. Generalized integration operators from the space of integral transforms into
Bloch-type spaces. J Comput Anal Appl, 2012, 14(6): 1139-1147

[27] Tang X. Essential norms of weighted composition operators from Bloch-type space to H°® on the unit ball. Complex
Anal Oper Theory, 2015, 9(1): 229-244

[28] Ueki S I. On the Li-Stevié integral type operators from weighted Bergman spaces into 3-Zygmund spaces. Integr
Equ Oper Theory, 2012, 74(1): 137-150

[29] Wang L, Liu Y, Fang M. Volterra-type operators from Hardy spaces to little Zygmund-type spaces (in Chinese). J
Jiangsu Norm Univ Nat Sci Ed, 2015, 33(4): 21-24

[30] Yu Y. Volterra-type composition operators from logarithmic Bloch spaces into Bloch-type spaces. J Xuzhou Norm
Univ Natl Sci Ed, 2009, 27(3): 14-18

[31] YuY, LiuY. On a Li-Stevié Integral-type operators between different weighted Bloch-type space. J Inequal Appl,
2008, Article ID 780845, 14 pages, doi: 10. 1155/2008/780845.

[32] Yu Y, Liu Y. Integral-type operators from weighted Bloch spaces into Bergman spaces. Integral Transform Spec
Funct, 2009, 20(6): 419-428

[33] YuY, Liu Y. The essential norm of a generalized composition operator between Bloch type spaces and Qg type
spaces. Complex Anal Oper Theory, 2012, 6(6): 1231-1240

[34] Zhang X, Xiao J, Hu Z. The multipliers between the mixed norm spaces in C™. J Math Anal Appl, 2005, 311:
664674

[35] Zhou Z, Liang Y, Zeng H. Essential norms of weighted composition operators from weighted Bergman space to
mixed-norm space on the unit ball. Acta Math Sin, Engl Ser 2013, 29(3): 547556

[36] Zhu X. An integral-type operator from H*° to Zygmund-type spaces. Bull. Malays. Math. Sci. Soc. (2), 2012, 35(3):
679-686

[37] Zhu X. Essential norm of generalized weighted composition operators on Bloch-type spaces. Appl Math Comput,
2016, 274: 133-142

[38] Hu Q, Zhu X. Essential norm of weighted composition operators from the Lipschtiz space to the Zygmund space.
Bull. Malays. Math. Sci. Soc., First online: 08 June 2016

443 Yongmin Liu et al 435-443



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Solution of a third order fractional system of difference
equations

Asim Asiri', M. M. El-Dessoky!? and E. M. Elsayed!-?

1King Abdulaziz University, Faculty of Science,Mathematics Department,
P. O. Box 80203, Jeddah 21589, Saudi Arabia.
2Department of Mathematics, Faculty of Science,
Mansoura University, Mansoura 35516, Egypt.
E-mail: amkasiri@kau.edu.sa, dessokym@mans.edu.eg,
emmelsayed@yahoo.com.

ABSTRACT

This paper is devoted to study the form of the solutions and the periodicity of the following third order systems
of rational difference equations

Yn—2 y L= Tn—2
1= ynoZn1yn’ T Elta, oyn1an

Tp+1 =

with initial conditions x_o, x_1, %o, y—2, y—1 and yo are real numbers.

Keywords: System of difference equations, Periodic solutions.
Mathematics Subject Classification: 39A10

1. INTRODUCTION

Recently, many researchers have studied systems of difference equations. This concern is due to the importance
of some systems that can be used in some mathematical models in biology, economics, genetics, psychology,
populations etc [1-37]. Many articles discuss difference equations systems, for example, Cinar [1] investigated

the following system

_m _ PYn
Tn+1 = — Yn+1 = —— -
Yn Tn—1Yn—1

Elsayed et al. [2] dealt with the solutions of the system of the difference equations

- 1 _ Tn—pYn—p
Tn+1 = sy Yn41 = 5
LTn—pYn—p Tn—qYn—q
and
o 1 _ Tn—pYn—pZn—p _ Tn—gYn—qPn—q
xn+1 — 9 yn+1 — 9 Zn+1 - .
Tn—pYn—pZn—p Tn—qYn—qen—q Tn—rYn—rin—r

The behavior of positive solutions of the following system

Tp—1 Yn—1

€T = PEEEEE— - .
i 1+ zn_1yn Yt 1+yn_12n

has been discussed by Kurbanli et al. [3].
In [7] Yalginkaya studied the sufficient condition for the global asymptotic stability of the following system

tnzn—1+a Zntn-1+a

e = .
tn + Zn-1 Zn + tn—l

y bn+1 —
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In [5] El-Dessoky considered the solutions of the following system

Yn—1Yn—2 Yni1 = Tn—-1Tn—2
Tn (:l:]- =+ ynflyn72) P Yn (:l:]- =+ $n71$n72)

Tn4+1 =

Touafek et al. [6] examined the periodic nature and found the form of the solutions of the following system
. _ Tn—3 _ Yn—3
MRS RIS s R
Kurbanli [7] investigated solutions’ behavior for the following

Tn—1 Yn—1 Tn
Tn+1 = 717 Yn+1 = 71; Zn4+1 = .
Tn—1Yn — Yn—1Tn — Zn—1Yn

El-Dessoky et al. [8] obtained the form of the solutions of the following system

Tp—1 y _ Yn—1 P _ Zn—m
T . . 5 Yn+1 = 7T An+4+1 — .
1+ ynTn_1 1+ zpyn_1 TnYn

Tn4+1 =

We consider in this paper, the solution of the systems of difference equations

Yn—2 y _ Tp—2
- +1 — )
1- yn—2x’n—1yn7 " ) Tn—2Yn—1Tn

Tp+1 =

with initial conditions x_o, x_1, zg, y—_2, y—1 and yg are real numbers.

. _ Yn_o _ XN_2
2. ON THE SYSTEM: Xy1 = 5y ove YNH = TRy X
In this section, we investigate the solutions of the system of two difference equations
Yn—2 Tp—2
Tnt1 = - Y= ——— (1)

1- Yn—2Tn—-1Yn 1+ xn72ynflxn,
where n € Ny and the initial conditions are real numbers with y_sz_1y0 # 1 and x_sy_12¢ # —1.
The following theorem is concerned with the form of the solutions of system (1).

Theorem 1. Suppose that {z,,y,} are solutions of system (1). Then every solution of system (1) are periodic
with period six and for n =0,1,2, ...,

Y—2
Ten—2 = T-2, Ten—-1=7T-1, Len = L0, TLént+l = m,
—Y—2Z-1Y0
Yo
Tentz = Y-1(1+2_2y_170), Tents = )
(1—y—2z_1%0)
T2
and Yen—2 = Y-2, Yén—1 =¥Y—1, ¥Yen = Yo, Yén+1 = m,
(1 ) =
a = €T _ —_ _ o _ » =
Yén+2 1 Y—2T-1Y0), Yén+3 (1+m_2y_1x0)

Proof: If n = 0, the result holds. We now assume that n > 0 and that our assumption holds for n — 1. That is,

Y-2
Ten—8 = T—-2, Ten-7=7T-1, Lén—6 = L0, Ten—5= m,
Ten—4 — y_1(1 +$_2y_1360), Ten_3 = L,
(1—y_22_1y0)
)
and Yon—s = Y-2, Yon-7=Y-1, Yon—6=Y0, Yon-5= m7
—2Y—1Z0
(1 ) 20
- = T —Y-2T— ) -3 =7 -
Y6n—4a 1 Y—2T-1Y0 Yon—3 (T2 2y 170)
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Now it follows from Eq.(1) that

Yen—5
Ten—2 =
1 — Y6n—5T6n—aYen—3
T_2
_ (1+x_2y_170)
T —
1-—- (myq(l + $72y—1$0)(l+ﬁ)y71—zo)>
T2
= =T-2,
T—2Y—1Z0
(1 + x_gy_1$0) (1 B (1+172y—1wo)>
Y . Ten—4
bn—1 =
" 1+ Tep—aYen—3Ton—2
_ y—1(14+z_2y_120)
1+ (y—l(l + $_2y_1$0) (1+:B7m22/—1$0)1‘_2)
oyl +zoy1z) y
= =y_1
14+ y_oy_170 7
_xo
_ Yen—3 _ (I+z_2y—120) _
Ten — 1 — T - z = 7o,
Y6n—3T6n—2Y6n—1 1— (mx_zy_l)
Ten—2 )
Yen+1 =

1+ Ten—2Yen—1Ten 1+ T_oy_170

Also, we can prove the other relations and so the proof is completed.

Example 1. We look at interesting numerical example for the system (1) with the initial conditions x_o =
05, x_1=0.9, 20 =0.2, y_o =11, y_1 = 0.7 and yp = 0.3. (See Fig. 1).

plot of X(Nn+1)=Y(N—2)/(1—Y ("n—2)X(N—1)Y (N)),Y(N+1)=X(Nn—2)/(1+X(Nn—2)Y (n—1)X(N))

xX(n)

‘“H

IN

w

N

=y

o]

_20 5 10 15 20 25 30 35 4‘0 11‘5 50
n
Figure 1.
3. ON THE SYSTEM: Xy 1= —— 22 Yy 4 =282
: * AN+ T—Yn_oXy 1Yy’ ~IV+1 1-Xn_2YN_1 XN

In this section, we get the form of the solutions of the system of two difference equations

Yn—2 Tp—2

Int1 =7 Ynt1 = 77—,
1 —yn—oTn_1yn 1 —zp_oyn_17n

where n € Ny and the initial conditions are arbitrary real numbers.
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Theorem 2. Suppose that {z,,y,} are solutions of system (2). Then for n =0,1,2, ...,

(1 —(68)z—2y—_170)(1 — (67 + 3)T_2y_170)
T 2H 1

Ton-2 = — GZ +1 33 2y 1«’50)(1 — (6’L +4).’17 2Y— 11’0)

- _ . H (1—(6i+ Dy_2x_190)(1 — (6i +4)y_2x_1y0)

P 0= 60+ 2)ymoa i) (1= (61 + B)y—sa—1y0)

T - H (1 — (60 + 2)z_2y_120)(1 — (6i + 5)x_2y—_120)

6n 0 25 (L= (60 + 3)z_2y—120)(1 — (6i + 6)x_2y_120)
Tem1 = Y2 T ( — (6@ + 3)y—sa_190)(1 — (61 + 6)y—27_130)
" (1 —y—2x_1y0) - (1= (6i+ 4)y—22_150)(1 — (6i + T)y—22-1%0)’

y—1(1 — z_2y—170) o (1 —(6i +4)x_oy 120)(1 — (6i + T)x_2y 170)

(1 —2z_3y_170) 5 (1 —(6i+5)z_2y_170

(3

(1 — (60 +8)x_oy_170)’

3
,_.

— (61 + 8)y_22_1y0)
— (60 +9)y_2x_130)’

Ten+2 = )
' )

Ten+3 = c
(1

Yo(1 —2y_2x_1%0) H (1 —(6i+5)y—22_1%0)
)

(1 = 3y—2z_1%0) (1—(6i+6)y—2x_1Y0

=0

T ff (1= (61)y—22_190) (1 — (6i +3)y_»a_1y0)
o2 ? (1= (60 +1)y—2z_190)(1 — (6i +4)y_27_1y0)’
i _ H (1 — 6’L + ]. ZL’ 2Y— 11’0)(1 — (62 + 4)1},2?/,1330)
Yon—1 Y-1 n (1 —(6i+2)z_2y_120)(1 — (60 +5)x_2y_170)’
von = U H F(1— (60 +2) y 22-1Y0)(1 — (63 + 5)y—22_1%0)
" O =i+ 3)y 22 1y0) (1= (6i + 6)y_2z_130)”
Ye ) _ 1:[ GZ + 3 33 2Y_— 1.’170)(1 — (6’L + 6).’1772y,11'0)
" (1 =2 _2y—1wo0) ¢ (60 + 4)z_2y—170)(1 = (6i + T)z_2y_120)’
ozl =y 22 _1y0) = 67 +4)y_ox_190)(1 — (60 + 7)y_22_190
Y6n+2 - H )

(1 - 2y,2x,1y0) 67+ 5)y_ox_1Yyo

3 <

zo(1 = 22_2y-170) T
(1 —=3z_2y_17%0)

Yen+3

(1—( )(1 = ( )
(1—( ) )(1 = (60 + 8)y—2x_170)
( — (67 4+ 5)z_2y_120)(1 — (6 + 8)x_2y_120)
(1—=( ) )= ( ) )

o 67 4+ 6)x_2y_170 — (67 +9)x_sy_170 '

-1
where [[ C; =1
i=0

Proof: The result holds for n = 0. Now suppose that n > 1 and that our assumption holds for n — 1. that is,

Pons = l:[ (1 — (60 +3)y—2z—_1y0) (1 — (6i + 6)y_27_130)
" (1 —y—2z_1yo) 4 (1= (60 + 4)y—za_1y0)(1 — (6i + T)y—2z_1y0)’

n—2

. Y- 1(1 —x_9y_120) H (1= (60 +4)z_oy_120)(1 — (66 4+ T)x_2y_120)
Gn—4 (1 —2z_9y_120) (1 —(6i+5)z_2y_170)(1 — (6i + 8)x_2y_120)’
(1

(1

1=

n—

— (61 + 8)y_2x_190)
— (60 +9)y_2x_1y0)’

Cens — Yo(1 —2y_2x_1%0) (1 — (61 +5)y_22_190)
" (1 —=3y—27_190) (1 — (60 +6)y—22_190)

1=0

Yonos = Ti:f (1 — (614 3)z_oy_120)(1 — (6i + 6)x_2y_170)

(1 —2_oy—1@0) it (1— (60 + 4)z_2y_120)(1 — (6i + T)x_2y_17o)’
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Yon—a = w_1(1 = y_aw_1y0) 7T (1= (6i + 4)y_sz_130)(1 — (6i + T)y_2a_130)
" (1—2ysz_1y0) ¢ (1—(6i+5)y—22_1y0)(1 — (6 + 8)y_22_1y0)’

Yons = zo(1 — 222y _120) = (1 — (67 +5)x oy 170)(1 — (6i + 8)x_2y_170)
" (1 — 3$,2y,1$0) ( (6Z + 6)1’ nylﬂf())( — (GZ + g)ﬂffgy,l.’l?()) ’

It follows from Eq.(2) that

Yen—>5
1 — Y6n—5Ten—aYen—3

Ten—2

H (1—(6i4+3)x_2y_120)(1—(6i+6)x_2y_120)
(1—z_ 2y 120) (1—(6i4+4)z_2y—120)(1—(6i+T)z—2y—_1T0)

1 H ()’L+d 13 21— 11’0)( 7(61‘4’6)172@;7110)
(1—z_ 2y 1Z0) —(6i+4)z_2y—120)(1—(6i4+7)z_2y_120)
y—1(1—z_2y_ 1500) H —(6i+4)z_2y_120)(1—(6i4+7)z_2y_120)
(1—2z_2y_10) —(6i+5)z_2y—120)(1—(6:4+8)z_2y_120)

zo(1—2x_o2y_ 1:00) H —(6i+5)z_2y—_120)(1—(6i+8)z_2y_120)
(1-3z_2y—10) —(6i+6)z_2y—_120)(1—(6:4+9)z_2y_170)

H (1—=(6i4+3)x_2y_120)(1—(6i+6)x_2y_1x0)
(I—=z_ 2y 170) (1—(6i+4)z_2y—120)(1—(69+7)z_2y—_120)

1 Toy—1o—2 H —(6i+3)x_2y—170)
(1-3z_2y—1x0) —(6i+9)z_2y—_120)

—2 . .
T_o nl—[ (1—(6143)x_2y_120)(1—(6i+6)x_2y_1x0)
(1—z_2y_120) =0 (1—(6i4+4)z_2y_120)(1—(6i+T7)x_2y—_1x0)

1 _ T—_2Y—1T0
(1—(6n—3)z_2y_120)

—2 .
T_o " (1—(6i4+3)x_2y_120)(1

(
(1—z_2y—_120) o (1—(6i4+4)x_2y—120)(1
- (1 (6n—2)x_oy_ 110)

1—(6n— 31 2Y_1Z0

7(6i+6)I72y71I0)
— (6i+7)z,2y, 1IU)

H (1—(6i4+3)x_2y_120)(1—(6i+6)x_2y_1x0)
(1—z_ 21/ 1Z0) im0 (1—(6i4+4)z_2y—120)(1—(6i+T7)z_2y—_1T0)

- (17(6n72)z,2y,1zo)

1—(6n—3)z_2y_120

Then we see that

(1—(68)x_2y_1x0)(1—(6i+3)x_2y_120)
Ton—2 = T2 H — (6z+1)a;22y113:o)( (6i+4)zi2y1—1(]$0)'
Also, we see from Eq.(2) that

Ten—4
1 — Z6n—aY6n—3Ten—2

Yon—1

y_l(lfz_gy_lro) nH (17(6i+4)x_2y_1x0)(17(6i+7)m_2y_11:0)
(172I72y71I0) 17(6i+5)I72y71I0)(17(6Z‘+8)£E72y71:E(])

_ 1=0
y_1(l—z_2y_ 19-"0) H —(6i+4)z_2y_120)(1—(6i+7)z_2y_120)
(1-2x_2y—10) —(6i+5)z_2y—120)(1—(6i+8)z_2y—_120)
1 zo(1—2x_oy_ 1910) H —(6i+5)x_2y—_120)(1—(6i+8)z_2y_120)
(1-3x_2y—1x0) —(6i+6)z_2y—120)(1—(6i4+9)z_2y—_120)

(1 (61);3 y_120)(1—(6i4+3)x_2y_1x0)
-2 H 1 O D) 2yor50) (1= (67 F Do —2y—120)
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—2 . .
y_1(l—z_oy_1x0) nH (1—(6i4+4)xz_oy_120)(1—(6i+T)x_2y_1T0)
(1-2z_2y—_10) o (1—(6t4+5)z_2y—120)(1—(6i4+8)x_2y—_1x0)

Yén—1 =

—2 . .
z_oxoy—1(1—z_2y_1x0) nH (1=(6i+4)z_2y—_120)(1—(6i+T)x_2y—_1T0)
(1-3z_2y— 1960) L (1= (6iA6)z—2y—120) (1~ (6i+9)z—2y—120)

H (1—=(61)x—2y—120)(1—(6i+3)z_2y_120)
(1 (6i4+ 1)z _2y—120)(1—(6i+4)z_2y_170)

y_1(l—z_sy_ 1:00) H —(6i+4)z_oy_120)(1—(6i+7)z_2y_120)
(1—2z_2y_10) —(6i+5)z_2y—120)(1—(6:4+8)z_2y_120)

n—2 n—1
1-— <$—2$0y 1 H (1* (61+4)ZE 2Y— 15170) H = 61+4)x 2Y— 1x0))

y—1(1-2_2y_1w0) H (A—(6it4)z_2y_120)(1—(6i+7)z_2y_120)
(1—2z_2y—_10) (1—(6i45)z_2y—120)(1—(6i+8)x_2y_1x0)

_ ZT—2T0Y—-1
1— (6n 2)x_2y_120

y_1(l—z_2y_1x0) H (1—(6i4+4)z_2y_120)(1—(6i+T)x_2y_120)
(1—2z_2y—_10) (1—(6i4+5)z_2y—120)(1—(6i+8)x_2y—_170)

(1 (6n—1)x_2y_ 11@)

1—(6n—2)z_2y_120

Then

H (1= (60 + Dz_oy_120)(1 — (67 + 4)x_2y_170)
Yon—1 =41 (60 +2)x_2y_120)(1 — (61 + 5)z_2y_170)

Similarly we can prove the other relations. Hence, the proof is completed.

Lemma 1. If 2_5,2_1,20,y—2,y—1 and yo are arbitrary real numbers and {x,,y,} are solutions of system (2),
then the following statements are true:

JIfx_9 =0, y_1 #0, xg # 0, then we have z6,—2 = Ysn+1 = 0 and Ten = Yon+3 = L0, Tent2 = Yon—1 = Y—1-
i) fox_1 =0, y—2 #0, yo #0, then we have z6,—1 = Ysn+2 = 0 and Ten+1 = Ysn—2 = Y—2, Ten+3 = Y6n = Yo-
ili) ff g =0, y—1 # 0, x_o # 0, then we have Zg,, = Ygnt3 = 0 and Ten—2 = Yon+1 = T—2, Ten+2 = Yén—1 = Y—1-

(i
(
(
(iv) fy_o =0, z_1 # 0, yo # 0, then we have ysn—2 = Ten+1 = 0 and Ten—1 = Yon+2 = T—1, Ten+3 = Yon = Yo-
(v) Ify_1 =0, zo #0, z_2 # 0, then we have yg,—1 = Zent+2 = 0 and Ten—2 = Yont+1 = T—2, Ten = Y6n+3 = Zo-
(

vi)Ifyo =0, y_o # 0, z_1 # 0, then we have yg,, = Ten+3 = 0 and Ten—1 = Ynt+2 = T—1, Tent1l = Yon—2 = Y—2-

Proof: The proof follows from the form of the solutions of system (2).

Example 2. We assume the initial conditions z_o = —0.5, x_1 = 0.9, zg =3, y_2 =2, y_1 =04 and yo = 0.3,
for the difference system (2), see Fig. 2
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plot of X(N+1)=Y(N—2)/(1—Y (N—2)X(N—1)Y (N)), Y (N+1)=X(N—2)/(1—X(N—2)Y (N—1)X(Nn))
4.5 . . . : . :

X(n)
al Y ()]
3.5 1
sl i
2.5
£ .l
= 1.5
1L
0.5
ol
—o- 50 1‘0 2‘0 3‘0 4‘0 5‘0 60 70
n
Figure 2.
The following cases can be proved similarly.
4. ON THE SYSTEM: Xy.1 = 522 ——, Yy = 52—
N—2XN_1YN N—2YN_1XN

In this section, we get the solutions of the system of the difference equations

yn72
Tn+1 =

1- Yn—2Tn—1Yn

y Yn+1 =

Tp—2
)
-1+ Tp—2Yn—1Tn

(3)

where n € Ny and the initial conditions are arbitrary real numbers such that z_sy_1z9 # +1 and y_ox_1yo #

1,# 3.

Theorem 3. If {z,,y,} are solutions of difference equation system (3). Then every solution of system (3) are

periodic with period twelve and for n =0,1,2, ...,

Y—2
Tiop—2 = T_39, Ti2p—1 = T—-1, Ti2p = Lo, Ti2p+1 = mv
—Y—2T—_1%0
Yo —1 + 2y—2$—1y0
Tiont2 = —y_l(—l + $_2y—1$0)7 T12n+3 = ((_1 + y_ox 1y0) )
N _ za(l+ oy 1x0) . — Lol
12n+4 (—1+z_oy_1m0) = " T (C14 2y_ox_1y0)’
N _ zo(=1+7 5y 1%0) - _ Z¥-2(1 4 2y-o7-130)
1ano I+ o ay_1z0) = 27 (=1 +y—22-130)
—Yo
ZTionts = —Y-1(14+2_2y_120), Ti2nt9 = m’
T2
Yizn—2 = Y-2, Y12n-1 =Y-1, Yizn = Y0, Yi2n+1 = (—1+z_2y_120)’
, | o YT y _ w0
12n+2 (—1+2y_sz_1y0) " T U+ 2 _sy_120)
—T_,
Yion+4 = —Y-2, Y12n+5 = —Y-1, Y12n+6 = —Y0, Y12n+7 = m’
_ zal=l+y ez ) - o
Y12n+8 (—1+2y 22 _190) Y12n+9 (1+z 2y 1m0)
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Example 3. Figure (3) shows the behavior of the solution of the difference system (3) with the initial conditions
r_o=-07 2_1=16, xg=-0.3, y_o=-0.2, y_1 =—-19 and yg = 1.1.

plot of X(N+1)=Y(N—2)/(1—Y(N—2)X(Nn—1)Y(N)),Y((N+1)=X(Nn—2)/(—1+X(Nn—2)Y(n—1)X(n))

RO)
1.5 Y ()
r “\ ‘\ “\ ‘\
o5 \ “ ‘ “
. or .
g —0.5} | ‘ |
= |
_1sb
oL i
—2.5 i
35 = 10 15 20 2;15 30 35 20 a5 50
Figure 3.
5. ON THE SYSTEM Xy | = 122 Yy, = ——¢ 22
N—2XN-1¥YN N—2YN-_1XN

In this section, we discuss the solutions of the following system of the difference equations

Yn—2 Tn—2
—— . Ynp1= : (4)
1 —yp—oTn_1Yn —1—zy_oyn—12p

Tp+1 =

where n € Ny and the initial conditions are real numbers with z_oy_1z0 # —1,%# —% and y_ox_1yo # 1.

Theorem 4. Suppose that {x,,y,} are solutions of system (4). Then every solution of system (4) are periodic
with period twelve and for n =0,1,2, ...,

Y—2
Ti2n—2 = T-2, T12pn—-1 = T-1, Ti2n = T0, Li2n+l1 = (1 _ y72x71y0),
Piomis = y—1(1+ =’L2y71$0), Tromis = o Tiomis = —T_a,
(1422 _2y_170) (14+y—22_1y0)
Ti2n+5 = —T-1, Ti2n+6 = —T0, TLi2n+7 = Lv
(1 = y—22-1y0)
P —y_1(1 +x_2y_120) | iomio = *—yo7
(1+2z_2y-170) (14+y-22_1y0)
—z_y
Yiozn—2 = Y-2, Yizn—1 =Y-1, Yi12n = Yo, Y12n+1 = (1 T x_2y_1x0),
Yizng2 = —T_1(1 =y 2T 190), Yi2nt3 = oL+ 225y-120)
(1 + 1E_2y_11'0)
igmid = —y_2(1+ y—2$—1yo), P —Y_1 ’
(1 —y_27_1y0) (14 22_2y_170)
~ —yo(I —y_2x_190) 2 a(1+ 2w 9y 1m0)
Jonts = (14+y—2z_1y0) Yrantr = (14 z_2y_120)
Yiznes = T_1(1+y_2r_1Y0), Yiznto = M-

Example 4. Figure (4) shows the periodicity of the solution of the difference system (4) when we put the initial
conditions x_5 = —0.7, x_y = .6, g =5, y_2 = —.5, y_1 = .18 and yy = 6.
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plot of X(N+1)=Y(N—2)/(1—Y(N—2)X(n—1)Y(N)),Y (n+1)=X(N—2)/(—1—X(N—2)Y (n—1)X(n))

x(n)
y(n)

Figure 4.
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Inequalities For Orlicz mixed Harmonic Quermassintegrals *

Lewen Ji, Zhenbing Zeng |
Department of Mathematics, Shanghai University, Shanghai, 200444, China

Abstract: In this paper, we introduce the notion of Orlicz mixed harmonic
quermassintegrals. The variational formula of harmonic quermassintegrals with
respect to the Orlicz combination is proved. The Minkowski type inequality and
the Brunn-Minkowski type inequality are established for Orlicz mixed harmonic
quermassintegrals.

Keywords: Orlicz mixed harmonic quermassintegrals, variational formula,
harmonic quermassintegrals.
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1. Introduction

Associated with a body K € Kf are its harmonic quermassintegrals, /Wo, /Wl, <o Wi
These quermassintegrals were introduced by Hadwiger [6,section 6.4.8], and can be defined
by letting Wy = V(K),W,, = wy, and for j =1,2,--- ,n—1,

e Wn, ; _ _
Woy =22 VORI o) (11)
Wi JGr(n.j)
Where K |¢ denote the image of the orthogonal projection of K onto £. From the Schwarz

or Hoder inequality, we have .
Wi(K) < Wi(K).

Here 0 < ¢ < n, with equality hold if and only if K has constant outer n — i-measure. For
more details, please see [8,10].

Recently, the Orlicz-Brunn Minkowski theory originated with the work of Lutwak,
Yang and Zhang [11,12]and Haberl [5]. This theory is much more general than the L,
Brunn-Minkowski theory(see [2,9,13]), for the development of the Orlicz Brunn Minkowski
theory, see[3-5,7,11-12,15-16]. Gardner [3] extended the L, Brunn-Minkowski theory to a
Orlicz Brunn-Minkowski theory. As the same time, Xi, jin and leng[15] defined the Orlicz
addition and given the Orlicz Brunn-Minkowski inequality. Note that xi use a completely
different approach technique of Steiner symmetrization, although these results coincide
with Gardner.

Following the spirit of Hadwiger, we introduce the Orlicz mixed harmonic quermass-
integrals as follow: Let K, L € K}, ¢ € CT, we have, for j =1,2,--- ,n— 1,

_ vl Kle Le)
Wony(0.1) = 221 | ( A)WW}(KK)‘WW(&)}*- (12)
r(n,j

wj

*Research is supported by the Natural Science Foundation of China (Grant No.11471209).
TCorresponding author:zbzeng@shu.edu.cn; jilewen2008@163.com.
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Note that, taking K = L, ¢(1) = 1, we have Wy n_;(K, K) = W,_;(K). where V1}(K|¢)
denotes the j—dimensional volume of intersection of K with an j— dimensional subspace
¢ C R"™. The Grassmann manifold Gr(n, j) is endowed with the normalized Haar measure.
In Section 3. Using the Orlicz combination, we give the variational formula of harmonic
quermassintegrals. That is, if K,L € Kl,¢ € C*, then for each j = 1,2,--- ,n — 1,
£ € Gr(n, j),
iy Wn-i(E Age-L) = Way(K) _ j
e—0t £ ¢2(1)

Orlicz mixing homogeneous quermassintegrals as a generalization of the harmonic ho-
mogeneous integration. A nature question is whether there is a Minkowski type isoperi-
metric inequality for Orlicz mixing homogeneous quermassintegrals, we give a definite
answer.

In the section 4, we prove the following Minkowski type inequality: Let K, L € KZ,0 <
j<mn,¢eCt. Then

Wqﬁ,n—j(K? L)_Ianj(K)Q'

—

Wi (L)

W (K, 1) 2 Way () Ho((= )
n—j

)1/j)_
If ¢ is strictly convex, with equality holds if and only if K and L are dilations.
We also establish the Brunn-Minkowski type inequality for convex bodies. The follow-

ing Brunn-Minkowski type inequality: Let K,L € K,0 < 7 < n,e > 0. Then for any
¢ ecCt,

6(1) 2 (i) iy g i)y
Wiy—j(K +4¢- L) Wh—j(K +4¢- L)
If ¢ is strictly convex, with equality holds if and only if K and L are dilations.

In the section 5, We obtain the Brunn-Minkowski type inequality for Orlicz sum
+4(K1, Ko, -+ ,Ky). Let Ki,Ky,--- K, € Kjy € K, ¢ is n > 2 variate functions,
j=1,2,--- ,n— 1. Then following inequality hold,

—

1> ¢((— Wa—j (K1) VWi (= Wi (Kn)
> Wh—j(+¢(K1, Ko, -+, Ky)) Wi j(+o(K1, Ko, -+, Ky))

9.
If ¢ is strictly convex, with equality holds if and only if K, Ka,--- , K, are dilations.

2. Notation and background material

We collect some basic facts about convex bodies that are needed in our paper.
2.1. Mixed volumes

The unit ball in R and unit sphere denoted by B and S™ !, respectively. Let Gr(n, 5)
denote the Grassmann manifold of j—dimensional subspaces ¢ through the origin in R"™.
dpj(€) is the normalized rotation invariant measure on Gr(n,j) and to emphasize the
dependence of j.

The Minkowski addition and scalar product of sets K and L in R" is defined by(see[1])

aK +bL ={ax+by:x € K,y € L},for all a,b€ R. (2.1)
It K,L € Ky can be defined as a convex body such that

har+or (1) = ahg (u) + bhy(u), for all u e S™7L
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The volume of a Minkowski combination A\1L1 4+ - - - 4+ A, Ly, of convex bodies L1,..., Ly,
can be expressed as a homogeneous polynomial of degree n (see [1]):

VML + -+ AnLm) = > V(Liyyo oo, Lig)Xiy -+ Ay,

Z’lr“ﬂ’ﬂ

The coefficients V(L;,, ..., L;,) are called mixed volumes of L;,, ..., L;,.

n

2.2. Orlicz mixed volumes

Consider convex function ¢ : (—o00,0) U (0,00) — (0,00) such that lim; ,o ¢(t) =
00, limy_,0 ¢(t) = 0 . we assume that C be the class of convex function ¢ : (0,00) — (0, 00).
Let CT be the class of convex and strictly increasing functions ¢ : [0,00) — (0, 00) such
that limy_,oo ¢(t) = 00, limy,0 ¢(t) = 0 . It is easy to conclude from [14, pp. 23-24] that
¢ € C is continuous on [0, 00), and the left derivative ¢; and right derivative ¢, exists and
¢ are positive on (0, 00).

The Orlicz combination were defined by Gardner [3] and xi [15]. Let «, 5 > 0(not both
zero) and ¢ € CT, the Orlicz combination « - K +4 8 - L given by, for all u € g1

hoorct,p0(u) = inf{t > 0: a¢(th(“)) + 5¢(th“>) < $(1)}. (2.2)

By the definition of Orlicz combination and Orlicz mixed volume, we derive

ho-K+4p-L(0) haL+,pL(u)”

¢(1) = ag( )+ Bo( (2.3)

Vs (K, K) = ¢(1)V(K)
V(IK+4+4e-L)p(1) =Vu(K +4e- LK) +eVy(K +4e-L,L) forall e >0. (2.4)
If ¢(t) = tP, p > 1, then the Orlicz combination reduces to the L, combination. Xi[15]
defined the Orlicz mixed volume V4(K, L) of K, L € K by

vz = A iy VIE Hoe- 1) = V(E)

n =0t IS

and obtain the following integral formula of the Orlicz mixed volume:

V.= [ ol Zj{iij))

Vhi(u)dS (K, u).

Jensen’ inequality: Let p be a probability measure in a space X, let U be an open
convex set in R", and let ¢ be a convex real-valued function on U. Assume that g : X —
U is measurable and component-wise p-integrable, and that ¢ o g is p-integrable. Let
20 = [y g(x)dp(x). Then zy € U and

/ (o) dp(z) > o / o(x)du(z)).
X X

If ¢ is strictly convex, equality holds if and only if g(x) is constant for p—almost all
x € X.(see[4])

3. Orlicz mixed harmonic quermassintegrals
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In this section, We are ready to derive the variational formula of harmonic quermassin-
tegrals with respect to Orlicz combination. For this aim, the following Lemma is needed.

According to the proof of lemma 5.2 and theorem 2(see[15]) , we give the following
Lemma :

Lemma 3.1 Let K,L € K{},¢p € CT,0 <eg <1land K. = K+4¢e-L . Then for ¢ € (0,e0],
vit(K ) -VUY (K]
g

the family of functions { )} uniformly bounded on Gr(n, j).

Lemma 3.2(7 Let K, L € K8, eCtandj=1,2,--- ,n—1. Then for each £ € Gr(n, j)
and € > 0, we have
(K +ge- L)€ = (K[§) +¢e- (L)

Theorem 3.3 If K,L € KJ,¢ € C*, then for each j =1,2,--- ,n—1,

— o~

o Wy (K g2 L) = Wary (K)
e0+ 5 ¢,(1)

W n—j (), L)' W,_j(K)?

Proof. By the Lemma 3.1, there exist a positive constant c, such that for all £ €
Gr(n,j) and 0 < e < g,

VUG ~ VI (KIE)
S

C.

Therefore,

V{j}(KE\g)fl _ V{j}(K‘g)*l
‘ 13

_ VUNEL|e) - VI (K]E) _

— eVONEOVUI(K]E) ~ minger(n,) VI (K6

vt (K )" 1=V (K]~
g

o

1
Thus, we know that the family of functions { }o<e<e, uniformly

bounded on Gr(n, j) and calculating the limitation

i VOO - VUHEIT g
e—07t € ¢l(1)

VI (K, LIe VI (Ke) 2,

pointwise on Gr(n, j). It follows from Lebesgue dominated convergence theorem, Lemma
3.2 that

o~ o~

i Wn-i(E toe L) — Waj(K)

e—0t £

. {7} . -1 _ yH4s} -1
ey ORI (o) i [ e DI S VR,
Wi Gr(n,j) e=0" JGr(n,j) <
w. . ] . .
=n VU (K€) " dp, (€))7 v (ke LI VI (K| 2dp,
2, O @) s [ VI Kl gV (Kl
j — 97 1
— W, (KW, (K, L)L
¢l(1) ]( ) ®, ]( )
as desired. O

4. Brunn-Minkowski type inequalities
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In the section. We establish the Minkowski type isoperimetric inequality for Orlicz
mixed affine quermassintegrals, on this basis, we obtain the Brunn-Minkowski type in-
equality with respect to Orlicz combination for Orlicz mixed harmonic quermassintegrals.
Theorem 4.1 Let K,L € K{},0<j <n,¢ €C". Then

Wi (K, L)1 > W, (K) L p((s=2=L2L)1/), 4.1
- (K, L) i () ((Wn_j(K)) ) (4.1)
If K and L are dilations, then equality holds in (4.1). Conversely, if ¢ is strictly convex,

then K and L are dilations. -
Proof. The condition on K guarantees that W,,_;(K) > 0. Since

Wi = 221 [ IR GRS

(22)~ WAHKE) "y, (€)
W, (K)

n

equality and Holder inequality that

is a probability measure on Gr(n,j). It follows from Jensen’s in-

Wonss1) (& Sy VAP (K6, LIOV K |€)2dpy(€)
Wooj(K) ~ W j(K)~
V{J} K16 1-Viyv{iit(L1e)ig
Z¢( et (K1)” ' (Ll¢) u(&))
Wi (K) ™!
Wy ()~ HVDW, (L)Y Wali(L) )
> ¢( AT )_¢((Wn_j (K)> ).

If K and L are dilations, taking K = alL,a > 0, then by Orlicz mixed harmonic
quermassintegrals and harmonic quermassintegrals, we have following equality holds,

—

w -1 = a) = M 1/
| Wi (K) o (b((anj(K)) )

conversely, we will show K and L are dilations when ¢ is strictly convex. We are divided

into two cases to prove.
Firstly, we suppose j = 1. By the define of Orlicz mixed volume, we derive

VA (Ku, Lju) ho(w))  h(w) o ha(cw) bk ()
VN Ku)  hi(u) b () + hi(—u) hic(—u)” b (w) + hi (—u)
Note that,
hi(u) hi (u) hi(—u) hi (—u) AR

e (u) e () + P () B (=) B (u) + b (—u) V(K |u)

{1}
Since equality hold in inequality (4.1), we know that V¢V éi'}zélu) = “//{{11}} ((II}'&)) It follows

from ¢ is strictly convex that
hp(u) _ hr(—uw)

hi(u)  hg(—u)
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And by Hélder equality condition, we conclude, exist a positive constant b > 0, for any
u € 8" 1, such that VI (K|u) = bV} (L|u). Consequently, we obtain K and L are

dilations. 4
Vi (Kl LIg)
VUl (KlE)

Now, we suppose 2 < j < n — 1. For any £ € Gr(n,j), we have

vt (L|¢
#(arice
metric inequality of Orlicz mixed volume, we have, for £ € Gr(n,j) , K| and L|{ are dila-
tions of each. By Lemma 3.12(see[7]), we derive K and L are dilations for each £ € Gr(n, j)

)1/7) according to equality hold in inequality (4.1). By the Mimkowski isoperi-

O
In Theorem 4.1, we derive the following corollary:
Corollary 4.2 Let K,L € Kj,0 < j <n,p > 1. Then
_ _ W (L) .,
Wy (K, L)~ > Wn_j(K)*l(AiJ())P/J. (4.2)

Wh—;(K)

When p = 1, the equality holds for 2 < 5 < n—1 if and only if K and L are homothetic;
the equality holds for j = 1 if and only if exist a positive constant a such that for v € S~ 1,
VI (K|u) = aVI}(L|u). When p > 1, the equality holds if and only if K and L are
dilations.

Now, we obtain the following Brunn-Minkowski type inequality for Orlicz mixed har-
monic quermassintegrals as follows:

Theorem 4.3 Let K,L € K{},0 < j < n,e > 0. Then for any ¢ € CT,

?(1) = o((= Wy (K) M) 4 ep((= Wa—j (L) 1/3),

(4.3)
anj(K ‘|‘¢ €- L) Wn,]’(K —{—¢ € - L)

If ¢ is strictly convex, equality holds in (4.3) if and only if K and L are dilations.
Proof. Let Ky = K +4¢ - L. From Orlicz mixed harmonic quermassintegrals, Orlicz
combination, the Theorem 4.1 and (2.4), it follows that

(%)_1 fGr(n,j) ¢(1)V{j} (K¢|£)_1d“j (&)

W, (K, K) + eWaj (K, L) ! o Wy (B) 1) Wi (L) 1y
- — _¢ P — J + ¢ /\73 l/j .
W5 (Kg)! T T k)

The equality holds in theorem 4.1, we know that, if K and L are dilations, then equality
holds in (4.3). Conversely, if ¢ is strictly convex, then K and L are dilations.

O
Using Theorem 4.3, we give the following Corollary:
Corollary 4.4 Let K,L € K},0 < j <n,e > 0. Then for any p > 1,
Womj (K +g e - L 2 (Woej(K)PH 4 e(Way (L)P. (4.4)

When p = 1, the equality holds for 2 < j < n—1if and only if K and L are homothetic; the
equality holds for j = 1 if and only if exist a positive constant a such that for v € S~ 1,
VI (K|u) = aVI}(L|u). When p > 1, the equality holds if and only if K and L are
dilations.
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We now derive the equivalence between the inequality (4.1) and the inequality (4.3).
We have proved Theorem 4.3 by Theorem 4.1. Thus, we only need to prove the inequality
(4.1) by the inequality (4.3).

Proof. Let Ky = K +4¢ - L, by (4.3), the following function

Wi—;(K) 1/4 Wn—j@) 1/5
f(&) = o(ZL=5)) + ed((="—L2)) — (1)
Wi (Kg) Wi (Kg)
is non-positive, then
;Wn—j(K) 1/5 AVV\n—j(L) /7Y — (1
lim (e) — f(0) — Lm <b((Wn—j(K¢)) )+€¢((anj(K¢)) )~ o)
e—0t £ e—0t €
Wi (K) \1/; 1 _
— lim M S = o o(Xn=iE) yuys,
es0+ £ Wi (Ky)
W (K) \1/] 1 Wi (K) \1/j _ ¢
— lim ¢ anj(K¢)) )~ o) lim anj(f%))
e—0+ Win—; (K) )1/] 1 e—07F €
Wh—j(Ky)
TPELLE AN
Wi (Kg)
Let a = (%)1” and a — 1~ as ¢ — 07, consequently,
An—(K) 1/‘
(2=l VT) — (1) _ ,
e—0t (anj(K) )1/]' 1 a—1+ a—1
Wi (Ky)
and by theorem 3.3, we have
/@H—(K) /i _q _
lim T _ 1 (W@—j(K, L))fl'
=0+ € ¢,(1) Wo—;(K)
Thus,
_ (K. L s 4
e—0+ € Wi (K) Wi (Kg)
which finishes the proof. O

Obviously, We derive the equivalence between the inequality (4.2) and the inequality
(4.4).

5. Brunn-Minkowski inequality with respect to n variables

Gardner in [3] introduced the notion of Orlicz sum: consider a young function ¢ :
[0,00)" — [0,00), that is for every u € S"~! N [0,00)", ¢(tu) is convex and strict-
ly increasing with ¢(0) = 0. For Ki, Kj, - -, K, € K{, exist a unique convex body
+4 (K1, Ko, -, Ky) € K{, the support function defined by

hi,(u) hi,(u) bk, (u)
D D W D

Dty (K Ko oK) (1) = IE{A >0 2 65( ) <1},u € R".

7
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The convex body +4(K1, Ko, - -, Ky) is called Orlicz sum of Ky, Ko, -+, Kp.
We obtain the Brunn-Minkowski type inequality on above Orlicz sum.

Theorem 5.1 Let K, Ky, --- , K, € Ky € K, ¢ is n > 2 variate young functions,
j=1,2,--- ,n—1. Then following inequality hold,
1> (e V=g K1) Wi (e Wi (B Uiy,
Wn—j +¢ (Kl)K27”' 7Kn) Wn—] +¢ (Kl)K27"‘ aKn)

If K1, Ky, -+, K, are dilations, then the above equality holds . Conversely, if ¢ is strictly
convex, then Ky, Ko, --- , K, are dilations.
Proof. Considering a probability measure v on Gr(n, j), is given by

VU (Kg™!
fGr(n’j)V“}(Klﬁ)‘ld#j(f)
Using the same method of theory 4.1 . We have , for all £ € Gr(n, j)

dv(§) = dpu(€)-

O VUNEK( S T T VUK S T
here K = —|—¢(K1,K2, s ,Kn)
It follows from Jensen’s inequality that
- Gr(n,j) V{]}(K’é.) ’ ’ V{]}(K‘f
VU KELE) 1)y W(K 1) 175
> 4 /G M(( Toe) e e ) )

s Jartng VIO VORI dis 6
T gy VO Ity €) |

S,y VI IV (K1) 17y (6)
h Jory VO (K16 Vdns (€) )
>¢((M)w7... (M)m)'

Wi (K) - W)
Here equality holds according to the equality holds of theorem 4.1, we obtain, if K1, Ko, - , Kj
are dilations, then the above equality holds . Conversely, if ¢ is strictly convex, then

Ky, Ky, .-, K, are dilations. O
Let ¢1, 92 € CT and ¢(t1,t2) = ¢1(t1) + ¢2(t2), Then for every K, L € K, we have
W (K . Wi (L .
1> ¢1(A J( ) )1/]) +¢2(A J( ) )1/])'
Wi—j(+4(K, L) Wi—j(+4(K, L)

More generally, taking ¢(t1,t2) = % then, for +4(K,L) = K +4¢ - L, we have,

Wn*j(K) )1/])+6¢(( Wn*j(l’) l/j)'

A T Waos(K e L)

Acknowledgements
We are grateful to the referee for the suggested improvements.

461 Lewen Ji et al 454-462



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

References

[1] A.D. Aleksandrov, On the theory of mixed volumes. III. Extension of two theorems of
Minkowski on convex polyhedra to arbitrary convex bodies, Mat. Sb. (N.S.) 3 (1938)
27-46. (Russian)

[2] R. Gardner, The dual Brunn-Minkowski theory for bounded Borel sets. Dual affine
quermassintegrals and inequalities. Adv. Math., 216(2007), 358-386.

[3] R. Gardner, D. Hua and W. Weil, The Orlicz-Brunn-Minkowski theory: a general
framework, additions and inequalities. J. Differential Geom., 97(2014), 427-476.

[4] R. Gardner, D. Hua, W. Weil and D. Ye, The dual Orlicz-Brunn-Minkowski theory,
J. Math. Anal. Appl., 430(2015), 810-829.

[5] C. Haberl, E. Lutwak and D. Yang, The even Orlicz Minkowski problem. Adv. Math.,
224(2010), 2485-2510.

[6] H. Hadwiger and H. Sagan, Vorlesungen iiber Inhalt, Oberfliche und Isoperimetrie.
Amer. Math. Monthly 65(1958). 300.

[7] D. Li, D. Zou and G. Xiong, Orlicz mixed affine quermassintegrals. Sci. China Math.,
57(2015), 1715-1722.

[8] E. Lutwak, Inequalities for Hadwiger’s harmonic quermassintegrals, Math. Ann.
280(1988), no.1, 165-175.

[9] E. Lutwak, The Brunn-Minkowski-Firey theorey, II: affine and geominimal surface
area. Adv. Math., 118(1996), 244-294.

[10] E. Lutwak, A general isepiphanic inequality. Proc. Am. Math. Soc., 90(1984), 415-421.

[11] E. Lutwak, D.Yang and G. Zhang, Orlicz projection bodies. Adv. Math., 223(2010),
220-242.

[12] E. Lutwak, D.Yang and G.Zhang. Orlicz centroid bodies. J. Differential Geom,
84(2010), 365-387.

[13] E. Lutwak, The Brunn-Minkowski-Firey theory I: mixed volumes and the Minkowski
problem, J. Differential Geom., 38(1993), 131-150.

[14] R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, Cambridge U. Press,
Cambridge, 1993.

[15] D. Xi, H. Jin and G. Leng, The Orlicz Brunn-Minkowski inequality, Adv. Math.,
260(2014), 350-374.

[16] B. Zhu, J. Zhou and W. Xu, Dual Orlicz-Brunn-Minkowski theory, Adv. Math.,
264(2014), 700-725.

462 Lewen Ji et al 454-462



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

ROUGHNESS IN (€,,€, Vgs5)-FUZZY SUBSTRUCTURES OF
SEMIGROUPS BASED ON SET VALUED MAPPING

NOOR REHMAN, SYED INAYAT ALI SHAH, ABBAS ALI, AND RABIA ASLAM

ABSTRACT. Study of generalized roughness for fuzzy algebraic substrucures
of semigroups has been initiated. Many different kinds of set valued maps
are needed to preserve an algebraic substrucure while considering its lower
and upper approximations. In the present paper generalized lower and upper
approximations in (€~, €y Vgs)-fuzzy ideals of semigroups have been investi-
gated. An (€., €4 Vgs)-fuzzy subset of a subsemigroup have two parts viz.
lower and upper parts. Several properties of lower and upper approximations
have been given for these. To conclud this paper, lower and upper approxi-
mations for (€, €y Vgs)-fuzzy interior ideals and (€, €y Vgs)-fuzzy bi-ideals
have been discussed in semigroups.

1. INTRODUCTION

A semigroup is an algebraic structure consisting of a nonempty set S together
with an associative binary operation. Semigroups are important in many areas of
mathematics, for example coding and language theory, automata theory, combina-
torics and mathematical analysis. Zadeh introduced the notion of fuzzy subset in
[24].

The idea of quasi coincidence of a fuzzy point with a fuzzy set which is mentioned
in [17], played a vital role to generate some different types of fuzzy subgroups, called
(o, B)-fuzzy subgroups, introduced by Bakat and Das (see [2]-[4]) . Fuzzy point play
a vital role in the study of («,)-fuzzy subgroups initiated by Bhakat and Das
[3], using the combined notions of  belongingness” and “quasi-coincidence” of a
fuzzy point with a fuzzy set. Shabir et al. have applied this concept in semi-
group [20]. Rehman and Shabir initiated the study of («, §)-fuzzy substructures in
ternary semigroups [18]. Jun introduced (€, € Vg )-fuzzy subalgebras in BCK /BCI
algebras [11]. Shabir et al. introduced (€, € Vqi)-fuzzy ideals in semigroup [21].
Rehman and Shabir initiated the study of (€, € Vgy)-fuzzy substructures in ternary
semigroups [22]. Shabir and Ali introduced (€5, €4 Vgs)-fuzzy ideal in semigroup
[23]. Rehman and Shabir initiated the study of (€., €, Vgs)-fuzzy substructures in
ternary semigroups [19].

Pawlak was the first to discuss rough set with the help of equivalence relation
among the elements of a set which is a key point to discuss the uncertainty [16].
There are at least two methods for the development of rough set theory, the con-
structive and axiomatic approaches. In rough sets, equivalence classes play an
important role in the construction of both lower and upper approximations. But
some times in algebraic structures, it is difficult to find equivalence relations. Many
researchers have worked on this to initiate rough set without equivalence relations.

Key words and phrases. Semigroup, Generalized fuzzy roughness, (€5, €4 Vgs)-fuzzy ideals

1
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2 NOOR REHMAN, SYED INAYAT ALI SHAH, ABBAS ALI, AND RABIA ASLAM

Couso and Dubois in [7] initiated generalized rough set or “T-rough set” with the
help of a set valued mapping, which is a more generalized rough form of the Pawlak
rough set. The notion of roughness in fuzzy set introduced by Dubois and Prade
in [9]. Some researchers applied this concept in [1] and [6].

Many researchers have taken interest to apply the concept of roughness in dif-
ferent algebraic structures (see [5],[8],[12],[15]). Hossini has applied generalized
rough set in fuzzy algebraic structures (See [13],[14]). However, in the case of
(€, €y Vgs)-fuzzy algebraic structures much attention has not been paid. There-
fore it is important to study the roughness in generalized fuzzy algebraic structures
such as in (€., €y Vgs)-fuzzy structures.

2. PRELIMINARIES

In this section some basic concepts of fuzzy set, fuzzy point, (€5, €, Vgs)-fuzzy
substructures of semigroup, different types of set valued homomorphism are given.
Throughout this paper S will denote a semigroup unless specified otherwise

A fuzzy subset p of S is a function p : S — [0,1]. A fuzzy subset p of S is called
fuzzy left (right) ideal of S if p(ab) > p(b) (u(ab) > wu(a)) for all a,b € S. p is
fuzzy ideal of S if it is both fuzzy left and fuzzy right ideal of S.

Definition 1. [17] A fuzzy subset p of S of the form
te (0,1 ife=
p(z) = { (0,1] df ()

0 otherwise

is said to be a fuzzy point with support x and value t and is denoted by x;.

Definition 2. [23] Let p be a fuzzy subset of S. Then p is called an (€., €y Vgs)-
fuzzy subsemigroup of S if the following condition hold:

(\V/.CB,y € S) (tha t2 S ('Ya 1]) (xtnytz E’Y m— (my)min{tl,tz} E‘y \/Q5/”’>

Theorem 1. [23] Let p be a fuzzy subset of S. Then p is an (€., €y Vgs)-fuzzy
subsemigroup of S if and only if p(xy) Vv > min{u(x),u(y),0} for all z,y € S.

Definition 3. [23] Let p be a fuzzy subset of S. Then p is called an (€., €~ Vgs)-
fuzzy left ideal of S if the following condition holds:

(Va,y € S) (Vt € (7,1]) (yr € p — (2Y); €4 Vasp)

Theorem 2. [23] Let 11 be a fuzzy subset of a semigroup S. Then p is an (€., €y Vgs)-
fuzzy left ideal of S if and only if p(ab) Vv > min{u (b),d} for all a,b € S.

Definition 4. [23] Let u be an (€., €y Vqs)-fuzzy subsemigroup of S. Then p is
called an (€., €, Vgqs)-fuzzy interior ideal of S if the following condition holds:

(Vz,a,y € S) (Vt € (0,1]) (ar €4 p — (zay), € Vgsp)

Theorem 3. [23] Let p be an (€4, €, Vgs)-fuzzy subsemigroup of S. Then p is an
(€4, €4 Vas)-fuzzy interior ideal of S if and only if p (xay)V~y > min{u(a),d} for
all z,y and a € S.

Definition 5. [23] Let p be an (€., €, Vqs)-fuzzy subsemigroup of S. Then p is
called an (€., €, Vgs)-fuzzy bi-ideal of S if the following condition holds:

(Vz,a,y € S) (th)tQ S (73 1]) (:L'tl,ym G’Y n— (xay)IIlin{t17t2} €’Y \/%u)
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Theorem 4. [23] Let p be an (€4, €, Vas)-fuzzy subsemigroup of S. Then p is an

(€4, €4 Vgs)-fuzzy bi-ideal of S if and only if p(zay) Vy > min{p (z), 1 (y), 0} for
all z,y and a € S.

Definition 6. [23] Let A\, i be fuzzy subsets of a semigroup S, we define the fuzzy
subsets X, (AA p)",(AV p)* of S as follows:

(@) = (A(@) V) A S AR (@) = (AAp) (@) V) A6

and (AV )" () = (AV p) (z) V) A

Definition 7. Let \, i be fuzzy subsets of S, we define the fuzzy subsets A°, (A A p)°,
(AV w)° of S as follows:

X (z) = A(2) V8, (AAp)° (2) = (A A p) (@) V)

and (AV p)° (z) = ((AV ) (2) V 9).

Definition 8. Let T : S — P (S) be a set valued (SV) mapping. Then T is called
an SV-homomorphism, if T (a) T (b) C T (ab) for all a,b € S.

Definition 9. Let T : S — P (S) be an SV-homomorphism. Then T is called
reflexive if a € T (a) for all a € S. In this paper reflexive set valued homomorphism
will be denoted by RSV-homomorphism.

Definition 10. Let T : S — P (S) be a set valued (SV) mapping. Then T is called
a strong set valued (SSV) homomorphism, if T (a) T (b) = T (ab) for all a,b € S.

3. GENERALIZED ROUGHNESS IN (€., €5 Vgs)-FUZZY SUBSEMIGROUPS

This section deals with generalized roughness in fuzzy sets and the approximation
of (€4, €, Vgs)-fuzzy subsemigroups. We provide an example to show that the lower
approximation of an (€., €, Vgs)-fuzzy subsemigroup of a semigroup S is not an
(€4, €y Vgs)-fuzzy subsemigroup of a semigroup S under an SV-homomorphism.

Definition 11. Let S be a semigroup and T : S — P (S) be an SV-mapping. Let
u be a fuzzy subset of S. For every x € S, we define T-rough lower and T-rough
upper fuzzy subsets of S by

T = A nl@ adTw) =\ nl).

a€T(x) a€T (z)

Proposition 1. Let T : S — P (S) be an SV-homomorphism and p be a fuzzy
subset of S. If p is an (€, €y Vas)-fuzzy subsemigroup of S, then T (u) is an
(€4, €4 Vas)-fuzzy subsemigroup of S.

Proof. Let a,b € S and p be an (€4, € Vgs)-fuzzy subsemigroup of S. Let ay, , by, €,
T (). Then T (u) (a) > t1 > v and T (u) (b) > to > =, where t1,t5 € (7,1]. It
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follows that
min {t1,t2,6} < T (p)(a) AT (u) () A

IA
<

pay)vy=|{ \/n@y | vy
z€T (a),yeT(b) zy€T (a)T(b)

\/ w(z) | Vv (where z = xy)
z€T (a)T(b)

IN

\ 1(z) | vy =T () (ab) V7.
z€T (ab)

This implies that min {t1,22,5} < T (1) (ab) V 7.
If min {t,,¢2} > &, then T (1) (ab) > 6. This implies that T () (ab)+min {1, ¢} >
040 = 26. Which implies (ab) ¢4, 1,3 967 (1) - I min {t1, 2} <6, then T () (ab) =

min {t,¢2} > ~. This implies that (ab),i, 4, 1,3 €y 1 (1) . Hence (ab) in0s, 101 €v
VgsT (i) . Therefore T () is an (€., €., Vgs)-fuzzy subsemigroup of S. d
Proposition 2. Let T : S — P (S) be an SSV-homomorphism and p be a fuzzy

subset of S. If u is an (€, € Vgs)-fuzzy subsemigroup of S, then T(u) is an
(€4, €4 Vgs)-fuzzy subsemigroup of S.

Proof. Let a,b € S and let p be an (€., €, Vgs)-fuzzy subsemigroup of S. Let
at, by, € T(p). Then T (u)(a) > t1 > v and T (u) (b) > ta > v, where t1,t5 €
(v,1]. It follows that

{Tw@)vyr = N w@vy= A nwk) vy

z€T (ab) 2€T (a)T'(b)
= /\ w(zy) Vo (where z = zy)
zy€T (a)T(b)

> A W@ Any)Ad)

z€T(a),yeT (b)

= A @) Al A @) As

z€T(a) y€T(b)
= T () (@) AT () (8) A6 > min {11, 13,0}
This implies that {T (x) (ab) V v} > min {t1, 2,0} .

Ifmin {¢1,¢2} > &, thenT () (ab) > 4. This implies that T (1) (ab)+min {¢1,t2} >
046 = 26. Which implies (ab) ¢, 1,3 4L (1) - I min {1, 22} < 6, then T' () (ab) >
min {ty,¢2} > 7. This implies that (ab),,;, 4, 1,3 €y L (1) . Hence (ab) 44, 101 €+
VgsT (1) . Therefore T (p) is an (€4, €4 Vgs)-fuzzy subsemigroup of S. O
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Remark 1. IfT is an SV-homomorphism, then T(1) may not be an (€., €y Vgs)-
fuzzy subsemigroup as seen in the following example.

Example 1. Consider the semigroup S with the following table:
al|b d

U OO
SERSRESRES
SERSEESEES
SO
e e

Define an SV-mapping T : S — P(S) by T (a) = {a,b,c,d}, T (b) = {a,b,c}, and
T(c) =T(d) ={a,b}. Then T is an SV homomorphism. Let u be a fuzzy subset
of S define by p(a) = 0.5, (b) = 0.6,u(c) = 0.6, (d) = 0.2. Also T (u)(d) =
T(u)(b) =T (u)(c) =05 and T () (a) = 0.2. Let ag.2,bo.3,¢0.36,d0.15 € T (1) .
Then u is an (€0.1, €0.1 Vqo.3)-fuzzy subsemigroup of S. But (bb)min{O.B,O.S} = (a)g.5-
Since T (p) (a) = 0.2 £ 0.3. This implies that (a), 3 €011 (1) . Also T (1) (bb) +
min {0.3,0.3} # 20. This implies that (a), 7oL (). Hence T(p) is not an
(€0.1,€0.1 Vqo.3)-fuzzy subsemigroup of S.

~

4. APPROXIMATION OF SOME TYPES OF FUZZY SUBSETS

The notion of different types of fuzzy subsets related to (€., €, Vgs)-fuzzy sub-
sets of S is given in [23]. In this section we discuss the lower and upper approxi-
mations of these subsets.

Proposition 3. Let T : S — P (S) be an SV-homomorphism and let A, i be fuzzy
subsets of S. Then the following hold:
) TAAW =T (N AT (n)°
(i) TAV ) =TN VT (n)°.
Proof. (i) Let z € S. Then
TOam@® = \ Gauf@ =V ((AnEV)

z€T(x) z€T (z)

=V (NERVHA((2)VE)

z€T(x)

=V (NEVHA((=)VE)

z€T (x)

=V W@V (V)
2€T(z) z€T(x)

=V X@n V@) =TW @ AT W @),

z€T(x) z€T(x)
(ii) The proof is similar to (i) using Definition 7. |

Proposition 4. Let T : S — P (S) be an SV-homomorphism and let \,u be fuzzy
subsets of S. Then the following hold:

() TAAR)° =T (N AT (1)°
(i) TV p)° = T (N)° VT ()°.
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Proof. (i) Let € S. Then
TOA @) = A OAp= A (A )V

z€T(x) 2€T(x)

= A\ (VEVHA(()(2) V)
z€T(x)

= A\ (VERVHA((1(2) V)
z€T(x)

= N (VEHVHOA A\ (W()V)
z€T(x) 2€T(x)

= A XA A FE=TO @ AL (@)
z€T(x) 2€T(z)

(ii) The proof is similar to (i) using Definition 7. U

Proposition 5. Let T : S — P (S) be an SV homomorphism and let A\, u be fuzzy
subsets of S. Then the following hold:

O TOAp =T AT ()’
(@) TAVE) =T VT ()" .
Proof. (i) Let z € S. Then
TOAw' @) = \ OAw ()= \ (OAm()v)As

z€T(x) z€T (z)

=V (WEVNA () EV))AS
z€T (x)

=V (NEVNASA() () V) AS)
z€T(x)

=V (WEvNrA (W) () V) A)
z€T(x) z€T(x)

= XN@A Vw0 =TO @ AT W ().
z€T(x) z€T(x)

(ii) The proof is similar to (i) using Definition 6. O

Proposition 6. Let S be a semigroup and T : S — P (S) be an SV-homomorphism.
If X\ and p are fuzzy ideals of S, then

T(poN) (y) T ()" () AT(N)" (y) .-
Proof. Let ;1w and A\ be fuzzy ideals of S. Then

(oM@ < (oS =\ {u
y=ab
=V @A = ) < plab) = ().
y=ab

That is (10 d) (y) < p(y).
that (j10 A)" (y) < (u y (y) - Similarly (1o A)" (y) < (V)

) Now ((rod) (y) Vy) A < (u( :;j) V 4) Ad. This implies
)\ *
T (n) (y) and T (o) (y) T (A)" (v).

Hence T (po\)* (y) <
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Therefore T (o A)* (y) < {T (w)" (¥) AT (\)" ()} - O

In general equality does not hold in above proposition. Following example makes
the situation clear.

Example 2. Consider the semigroup S of Example 1. Define an SV-mapping T :
S —P(S) by T(a) = {a,b,c},T(b) ={b,c},T(c) ={c} and T (d) = {d}. Then
T is an SV-homomorphism. Let A\, be fuzzy subsets of S defined by p(a) =
0.4, (b) = 0.35, 1 (c) = 0.2 and 1 (d) = 0.2 also A(a) = 0.38,A(b) = 0.3, A (¢) =
0.1 = X(d). Then clearly X\ and u are fuzzy ideals of S. Also (poN)* (a) = 0.36,
(Lo X)* (b) = (Lo N)*(¢) = (no )" (d) = 0.1. This implies that T (uo\)* (a) =
0.36, T (o XN)*(b) = T (oA (c) =T (o)) (d) = 0.1. Also T (p)" (b) = 0.35
and T (X)" (b) = 0.3. Therefore T (o X)* (b) # {T ()" (b) AT (A)" (b)}, where
v=0.1 and 6 = 0.36.

However in case of an idempotent semigroup equality can be shown.

Proposition 7. Let S be an idempotent semigroup and T : S — P (S) be an
SV-homomorphism. If u and X are fuzzy ideals of S, then

T(uoXN) () =T " () AT (N (y).
<

Proof. From Proposition 6, it is obvious that T (10 \)* (y)
For the reverse inequality, let y € S. It follows that

T () W)ATN) (v) V W @a \/ )@

T ()" (AT (N (y) -

a€T(y) beT (z)
=V (w@vnroa \ () @)vy)As)
a€T(y) beET(y)

= Vo (0@ Vvy) Ad) AN (b) V) A D)

a€T (y),beT(y)

= Vo (w@vy) Al @ vy))as

abeT (y)T (y)
= Vo (@AM @) vy s
abeT (y)T (y)
< Vo (W (@A) @) V) AS
z=abeT (yy)
=V (\/ ((u)(aM(A)(b))\/v) Ad
z€T(y) \z=ab
=V ((moNEVYAS=
z€T(y)
=V @oN () =T(oN) (v).
z€T(y)
This implies that 7' ()" (y) AT (A)" (y) < T (o) (y). Hence T (noX)" (y) =
T () (y) AT (V) (y)- O

Proposition 8. Let T : S — P (S) be an SV-homomorphism and let A\,pu be fuzzy
subsets of S. Then the following hold:
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) TAAp)" =T\ AL ()

() T AV ) =T (N VT ()"
Proof. (i) Let € S. Then
TOAw (@) = AN AAw ()= N (AAp)(z)vy)Ab

z€T(x) z€T (x)

= A (WEVNAU) () V) AS
z€T(x)

= A ((VE VA1) (2) V) AS)
z€T(x)

= N\ (WEvAHA A (1) (=) V) A6)
2€T(x) z€T(x)

= A NEA N EE=TO) @ AT W @),
z€T(x) z€T(x)

(ii) The proof is similar to (i) using Definition 6. O

Proposition 9. Let S be an idempotent semigroup and T : S — P(S) be an
SV-homomorphism. If u and X are fuzzy ideals of S, then

T(poN) () ={T ()" W) AT N (1)}
Proof. The proof is similar to the proof of Proposition 7. (]

5. UPPER AND LOWER APPROXIMATIONS OF (€., €, Vqs)-FUZZY IDEALS OF
SEMIGROUPS

In this section some properties of upper an lower approximation for fuzzy ideals
of semigroups are studied.

Proposition 10. Let T : S — P(S) be an RSV-homomorphism. If p is an
(€, €4 Vas)-fuzzy left ideal of S, then T (i) is an (€, €, Vas)-fuzzy left ideal of
S.

Proof. Let a,b € S and let p be an (€., €, Vgs)-fuzzy left ideal of S. Let b, €,
T (u). Then T (u) (b) >t > v, where t € (v,1]. It follows that

min{t,6} < T(p)®)Ad= \/ (u(y)Ad
y€ET(b)

= \/ wwrd<s \ ply)vy

y€T(b) a€T(a),yeT(b)

Vulay) | vy=| Vuk) | vy (z=ay)
ay€T (a)T'(b) z€T (a)T(b)

< (\Vue) | v =T @ @)
z€T (ab)

This implies that min {t,0} < {T (u) (ab) V 7} .
Hence by Theorem 2, T (i) is an (€, €+ Vgs)-fuzzy left ideal of S. O
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Proposition 11. Let T : S — P (S) be an SSV-homomorphism and and p be
a fuzzy subset of S. If p is an (€~, €y Vgs)-fuzzy left ideal of S, then T(p) is an
(€4, €4 Vas)-fuzzy left ideal of S.

Proof. Let a,b € S and let u be an (€, €, Vgs)-fuzzy left ideal of S. Let b, € T' (u) .
Then T (p) (b) >t > v, where t € (v,1]. It follows that

T(a)vy = N w@vy= AN wk vy
z€T (ab) 2€T (a)T(b)
= /\ w(zy)Vy  (where z = zy)
zy€T (a)T(b)
> A wwro)=| N ww)|nré
yET(b) yeT'(b)

= T(u)(b)Ad>min{t,0}.

This implies that T (p) (ab) V v > min{t,0}. Hence by Theorem 2, T (i) is an
(€4, €4 Vgs)-fuzzy left ideal of S. O

Proposition 12. Let T : S — P (S) be an RSV-homomorphism and p be a fuzzy
subset of S. If p is an (€, €y Vqs)-fuzzy interior ideal of S, then T (u) is an
(€4, €4 Vgs)-fuzzy interior ideal of S.

Proof. 1t is straightforward. (]
Proposition 13. Let T : S — P (S) be an SSV-homomorphism and p be a fuzzy

subset of S. If p is an (€4, €, Vgs)-fuzzy interior ideal of S, then T (u) is an
(€4, €4 Vas)-fuzzy interior ideal of S.

Proof. 1t is straightforward. O
Proposition 14. Let T : S — P (S) be an RSV-homomorphism and u be a fuzzy

subset of S. If p is an (€., €4 Vgs)-fuzzy bi-ideal of S, then T (1) is an (€., € Vs)-
fuzzy bi-ideal of S.

Proof. Let a,z,y € S and let yu be an (€., € Vgs)-fuzzy bi-ideal of S. Let ¢, ,y;, €
T (w). Then T (u) (z) > ts > v and T (u) (y) > t, > v, where tst, € (v,1]. It
follows that

min {t,,t,,6} < {T(w) (@ AT () W)AsE=\ p®A \ n@d)nrs

beT (x) deT (y)

1 (bad) V vy

-V

beT (z),deT (y)

\V p (bad) V y < \V

ba€T (z)T(a),deT (y)

\V  slbed) vy <

(ba)deT (za)T (y)

\V  u@) vy

€T ((wa)y)
{T () (zay) v~}

471

(11 (b) A (d) A 6) < V

beT (z),a€T (a),dET (y)
p (bad) v~y

beeT (za),deT (y)

\V  w(bad) vy

(ba)deT ((za)y)

(where z = bad)
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This implies that min {ts,t,,6} < T (n) ((za) y) V 7.
Hence by Theorem 4, T (i) is an (€, €, Vgs)-fuzzy bi-deal of S. O

Proposition 15. Let T : S — P (S) be an SSV-homomorphism and p be a fuzzy
subset of S. If u is an (€, €4 Vgs5)-fuzzy bi-ideal of S, then T (u) is an (€4, €4 Vas)-
fuzzy bi-ideal of S.

Proof. Let a,z,y € S and let pu be an (€, €, Vgs)-fuzzy bi-ideal of S. Let x4, y:, €
T (w). Then T (p)(x) > ts > v and T () (y) > t, > vy, where t5t, € (v,1]. It
follows that

T (za)yyvy = N\ wkEvy= N nwk@vy

z€T ((za)y) 2€T (xa)T(y)

= /\ w((be)d)Vy  (where z = (bc)d)
(be)d€T ((wa)y)

_ A 1 ((be)d) vy = A p((be) d) vy

beeT (za),deT (y) beeT (x)T (a),deT (y)

_ A n(bod vy
beT (z),c€T(a),deT (y)

A WO A AS)

beT (z),deT (y)
= A sOA N (@ AS=T () (@) AT (1) (5) A S
beT (z) deT (y)

This implies that T (p) ((za) y) Vv > min {¢1,2,0}.
Hence by Theorem 4, T (pt) is an (€., €, Vgs)-fuzzy bi-ideal of S. O

v

Conclusion; Associative algebras are being studied all over the globe, in partic-
ular semigroups have attracted many authors and researchers. The (€, €, Vgs)-
fuzzy algebraic substructures are generalizations of fuzzy algebraic substructures
and (€, € Vg )-fuzzy algebraic substructures. In this paper, generalized roughness
have been studied for (€5, €, Vgs)-fuzzy algebraic substructures of semigroups. It
is seen that, in order to preserve a particular algebraic substructure in case of its ap-
proximations, many types of set valued homomorphisms are required. This aspect
of roughness study in semigroups makes this study more interesting.
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Abstract. We obtain some equivalence conditions for the convergence of iterative sequences

for set-valued contraction mapping in C AT'(0) spaces.

1. INTRODUCTION

Let (X, d) be a metric space. One of the most interesting aspects of metric
fixed point theory is to extend a linear version of known result to the nonlinear
case in metric spaces. To achieve this, Takahashi [32] introduced a convex
structure in a metric space (X,d). A mapping W : X x X x[0,1] - X is a
convez structure in X if

d(u, W(z,y,\)) < Ad(u,z) + (1 — N)d(u,y)

forall z,y € X and X € [0, 1]. A metric space together with a convex structure
W is known as a convex metric space. A nonempty subset K of a convex
metric space is said to be convez if

W(z,y,\) € K

for all z,y € K and A € [0,1]. In fact, every normed space and its convex
subsets are convex metric spaces but the converse is not true, in general (see,
[32]).

Example 1.1. ([15, 16]) Let X = {(x1,29) € R* : 21 > 0, x5 > 0}.
For all z = (z1,22),y = (y1,¥2) € X and A € [0,1]. We define a mapping
W:X xXx[0,1] - X by

1_
W(x,y,\) = <)\1‘1 (1= Ny, Axiz2 + ( )\)yly2>

Azt + (1= Ny
and define a metric d: X x X — [0,00) by
d(z,y) = |z1 — 1| + |z122 — y192].
Then we can show that (X, d, W) is a convex metric space but not a normed

linear space.

92010 Mathematics Subject Classification: 40G05, 41A60, 41A65, 51K05.
9Keywords: CAT(0) space, geodesic, Hausdorff metric, contraction, fixed point, multi-
valued mapping, iteration.
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A metric space X is a CAT'(0) space. This term is due to M. Gromov [10]
and it is an acronym for E. Cartan, A.D. Aleksandrov and V.A. Toponogov.
If it is geodesically connected, and if every geodesic triangle in X is at least as
‘thin’ as its comparison triangle in the Euclidean plane(see, e.g., [2], p.159).
It is well known that any complete, simply connected Riemannian manifold
nonpositive sectional curvature is a CAT(0) space. The precise definition is
given below. For a thorough discussion of these spaces and of the fundamental
role they play in various branches of mathematics, see Bridson and Haefliger
[2] or Burago et al. [1].

Let (X,d) be a metric space. A geodesic path joining x € X to y € X (or,
more briefly, a geodesic from x to y) is a mapping ¢ from a closed interval
[0,{] C R to X such that ¢(0) = z,¢(l) =y, and d(c(t), c(t')) = |t — t'| for all
t,t’ € [0,1]. In particular, ¢ is an isometry and d(x,y) = I. The image « of ¢ is
called a geodesic (or, metric) segment joining = and y. When it is unique, this
geodesic is denoted by [z, y]. The space (X, d) is said to be a geodesic space if
every two points of X are joined by a geodesic, and X is said to be uniquely
geodesic if there is exactly one geodesic joining x and y for each x,y € X. A
subset Y C X is said to be conver if Y includes every geodesic segment joining
any two of its points.

A geodesic triangle /\(z1, 2, x3) is a geodesic metric space (X, d) consists of
three points x1, 2,23 € X (the vertices of /) and a geodesic segment between
each pair of vertices (the edges of A). A comparison triangle for the geodesic
triangle A(x1, 22, 23) in (X, d) is a triangle A(z1, 22, 23) = A(@1, T2, 73) in
R? such that dp2 (%, @5) = d(x;, ;) for i,j € {1,2,3}. Such a triangle always
exists(see, [2]).

A geodesic metric space is said to be a CAT(0) space if all geodesic triangles

of appropriate size satisfy the following C AT'(0) comparison axiom.

Let A be a geodesic triangle in X and let A C R? be a comparison
triangle for A. Then A is said to satisfy the CAT(0) inequality if for
all x,y € A and all comparison points T,y € A,

d(z,y) < d(z,7).

Complete C AT'(0) spaces are often called Hadamard spaces(see [22]). If z, y1, y2
are points of a C AT (0) space and if yg is the midpoint of the segment [y, y2],
which we will denote by 2%2 then the CAT(0) inequality implies

8P, 1 1 1
d? <$, 7 y2> < §d2(ﬂf,y1) + §d2(937y2) - Zd2(y1,y2)~
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This inequality is the (CN) inequality of Bruhat and Tits [3]. In fact, a geodesic

space is a CAT(0) space if and only if satisfies the (CN) inequality (cf. [2],

p.163). The above inequality has been extended by Khamsi and Kirk [12] as
d(z,az® (1 -«

maze(1-ap) 2 o

< ad™(z,2) + (1 — a)d(z,y) — ol — a)d”(z,y),

for any o € [0, 1] and z,y, 2z € X. The inequality (CN*) also appeared in [5].
Let us recall that a geodesic metric space is a CAT'(0) space if and only if
it satisfies the (CN) inequality(see, [2], p.163). Moreover, if X is a CAT(0)
metric space and z,y € X, then for any « € [0, 1], there exists a unique point
az @ (1 — a)y € [z,y] such that
d(z,ax @ (1 —a)y) < ad(z,z) + (1 — a)d(z,y)

for any z € X and [z,y] = {ax ® (1 — @)y : « € [0,1]}. In view of the above
inequality, C'AT'(0) space have Takahashi’s convex structure W (z, y, o) = ax®
(1 — a)y. It is easy to see that for any x,y € X and A € [0, 1],

d(z, (1 =Nz @ \y) = Ad(z,y),
d(y, (1 =Nz @ A\y) = (1 = N)d(z,y).
As a consequence,
1240 -y==x,
I-=XNzdlxr=X xad(1-Nz==z.

Moreover, a subset K of CAT(0) space X is convex if for any x,y € K, we
have [z,y] C K.

(1.1)

2. PRELIMINARIES

Let D be a nonempty subset of a CAT(0) space X. We shall denote by
CB(D) the family of nonempty bounded closed subset of D. Let H(-,-) be
the Hausdorff metric on CB(D), i.e.,

H(A,B) = rnax{sup dist(a, B),sup dist(b, A)} , A BeCB(D),
acA beB

where dist(a, B) = inf {d(a,b) : b € B} is the distance from the point a to the
set B.
A multivalued mapping T : D — C'B(D) is said to be a contraction if there
exists a constant k € (0, 1) such that
H(Tﬂl’,Ty)Skd(J?,y), vayED'

A point x is called a fized point of any mapping T if x € Tx. We denote by
F(T') the set of all fixed points of 7.

476 Kyung Soo Kim 474-485



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

4 Kyung Soo Kim

Let X be a CAT(0) space, and let {z,} be a bounded sequence in X, for

x € X we let
r(z,{x,}) = limsupd(z, z,).
n—oo
The asymptotic radius r({zy}) of {z,} is given by
r({zn}) = inf {r(z,{z,}) : 2 € X},
and the asymptotic center A({x,}) of {z,} is the set
A{wn}) = {z e X :r(z, {on}) = r({an})}-

It is known that in a CAT(0) space asymptotic center A({z,}) consists of

exactly one point(see, e.g., [6], Proposition 7).

Definition 2.1. ([23]) A sequence {z,} in a CAT(0) space X is said to A-
converge to x € X if x is the unique asymptotic center of {u,} for every
subsequence {u,} of {x,}. In this case one must write

VAN .
Ty, — 2 or A—limz,=x
n—roo

and call x the A-limit of {z,}.
Remark 2.1. In a CAT(0) space X, strong convergence implies /A-convergence.

Lemma 2.1. ([28]) Let (X, d) be a complete metric space andT : X — CB(X)
be a multivalued mapping. Then for any given € > 0 and for any given x,y €
X, u € Tx, there exists v € Ty such that

d(u,v) < (1+)H(Tx, Ty)
where H(-,-) is the Hausdorff metric on CB(X).

Definition 2.2. Let D be a nonempty convex subset of a CAT(0) space X,
T : D — CB(D) be a multivalued mapping. Let {a,}, {8} and {y,} are
three sequences in [0, 1] satisfying some conditions.

(1) The sequence of Picard iterates (cf., [30]) is defined by wg € D,

Wnt1 = Vn, (P)
where v,, € Tw, such that
d(Vpt1,vn) < (14 e)H(Twp41, Twy).
(2) The sequence of Mann iterates (cf., [27]) is defined by ug € D,
Unt1 = (1 — ap)up ® anbyp, (M)
where 0,, € T'u,, such that
d(Ony1,0n) < (14 e)H(Tupt1, Tuy).
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(3) The sequence of Ishikawa iterates (cf., [11]) is defined by rg € D,
sp=(1— /Bn)rn D Bnon,
Tna1 = (1 — an)rp ® oy,
where 6,, € Tr,, and o,, € T's,, such that
d(0nt1,0n) < (1 +e)H(Trpy1,Try),
d(opt1,0n) < (L+e)H(Tsp+1,Tsn).
(4) The sequence of three-step iterates (cf., [13, 14]) is defined by x¢ € D,
zn = (1 = Yn)Tn & Ynpin,
Yn = (1 = Bn)zn ® Bnén, (TH)
Tnt1 = (1 — ap)zn ® anny,
where py, € Txy, &, € Tz, and n, € Ty, such that
d(pnt1, i) < (L + ) H(Tznt1, Tn),
d(nt1,8n) < (1 +e)H(Tzn 41, T2),
d(Mnt1,1m) < (L+ ) H(Tyn+1, Tyn).

Another iteration processes and other some results in CAT(0) space have
been studied extensively by various authors(see e.g. [4, 9, 17, 24, 26, 31]).

Lemma 2.2. ([7]) Let {a,} be recursively generated by
i1 = (1 —t)a, + b2
withn > 1, a, >0, {t,} € [0,1] and

oo o0
Zbi < 00, Ztn = oo.
n=1 n=1

Then

lim a, = 0.
n—oo

3. MAIN THEOREMS

Theorem 3.1. Let (X,d) be a CAT(0) space and D be a nonempty convex
subset of X. Let T : D — CB(D) be a multivalued contraction mapping with
k< ﬁ and F(T) # 0 satisfying Tp = {p} for any fized point p € F(T). Let
a constant L satisfying sup,ery zep d(p,w) < L, for allx € D. Let {w,} and
{z,} be the Picard and three step iterative sequence defined by (P) and (TH)

respectively and satisfying the following conditions:
(i) any Bnyyn €10,1], Vn>0;
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(i) Yoo g amfn <00, D07 (1 —ay) = occ.
If wg = xq, then the following statements are equivalent:

(1) the Picard iterative sequence {wy} A-converegs to x* € F(T');
(2) the three step iterative sequence {x,} A-converegs to x* € F(T).

Furthermore, x* is the unique fized point of T.

Proof. From Nadler [28], there exists a fixed point 2* € F(T'). Put
M' =L+ d(p, x).

From the contractive of T', we have

d2($n+1ap) = d2((1 - O‘n)l‘n @ annnap)

< (1= an)d* (@, p) + and® (1, ) — (1 — an)atnd® (ny 1)
< (1= ap)d*(zn, p) + an(H(Tyn, Tp))?

< (1 = an)d(2n, p) + ank2d*(yn, p)

< (1= on)d?(@n, p) + ank?(d*((1 = Bn)Tn @ Buén,p))

< (1 = an)d?(zp, p)

+ ank? (1= B)d* (20, ) + Bud® (€0, p) = Bu(1 = Ba)d” (20, &1))
< (1= an)d?(@n, p) + an - k(1 = Bn)d* (2, p)
+anBn - k- d(z0,0) — anfa(l = B)k? - & (w0, &)
< (1= an)d*(zn, p) + an(l = Bn) - K*d*(2n, p)
+ B KN (1 = ) d* (20, p) + Y (tin, p) — (1 = ) nd> (2, pin))
— anBu(1 = Bp)k? - d*(xp, &)
< d*(wn, p) — anBum(1 =) - k* - d* (2, pin),
for p € F(T). This implies
0 < anButn(l = )k d* (@n, pin) < d*(2n,p) — d* (@41, p)-
Therefore, we have

d(xn—i-lap) S d(:nn,p)

By induction, it is easy to see that

Sli%{d(p7 IU’TL)7 d<p7 nn)a d(p7 €R)7 d<p7 xn)u d(p7 yn); d(p7 zn)} S MI;

for un, € Ty, ny € Ty, and &, € Tz,, n > 0. By hypothesis, let
M" = d(p,wo) +d(p,w1) < oo, VpeF(T).
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Put
M = max{M’', M"}.

From {w,} be the Picard iterative sequence defined by (IP), we have
d(VnyVUny1) < (1 +e)H(Twy, Twp—1)
< (1 +e)k - d(wp, wp—1)
=(1+e)k-dvp-1,Vn—2)
<(Q+e)k(l+e)H(Twp—1,Twy—2)
<(

(14 e)k)*d(wn—1, wn—2) (3.1)

< (1 + 2)k)"d(wy, w)
<((1+e)k)"M
for any given € > 0. From {z,} be the three step iterative sequence defined
by (TH) and (3.1), for each n >0
d(xn-&-l; wn—l—l) = d((l - O‘n)xn ® annn, V'n)
< (1 = ap)d(xpn, vn) + o - d(nn, vn)
< (1 = ap){d(zn, wn) + d(wp, vm)}
+ ank - d(Yn, wp)
< (1= an){d(zn, wn) + ((1 +€)k)" M}
+ ank - d(yn, wn),

d(yn’ wn) = d((l - Bn)xn ® Bnén, wn)
< (1= Bp)d(@n, wn) + B - d(&n, vn—1)
< (1 - Bn)d(xna wn)
+ /Bn(d(gnv ) Vn) + d(Vny anl)) <3.3)
< (1 - Bn)d(xna wn)
+ Bk - d(zn, wn) + Bu((1 +€)k)" M

and
d(znv wn) = d((l — Yn)Tn © Ynlin, wn)

)Zn
< (1= ym)d(zn, wn) + Yo - d(fin, Vn-1)
< (1 —v)d(@n, wn)

+ Y k{d(xn, wy) + d(wy, wp—1)}
< (1 —v)d(@n, wn)

+ Yk {d(zp, wy) 4+ (1 + €)k)" 1M},

(3.4)
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Substituting (3.4) into (3.3), we get
d(yn, wn)
< (1 - 5n)d($n7 wn)
+ Bk (1 = )@y wn) + ak{d(@as ) + (L+2)k)" 0}
+ Bu((1 4+ €)k)"M
< (1 - Bn)d<xn, wn) + Bn((l + E)k)nM
+ Bk { (1 = (1 = k))d(@n, wn) + Yu((1 + €)k)"M}.

Combining (3.5) and (3.2), we can obtain

(3.5)

d(Tng1, Wny1)
< (1 — ap){d(zn,wy) + ((L+e)k)" M}

)
+ank[(1 — Ba)d(@n, wn) + B((1+ £)k)" M
o+ Buk{ (1= (1 = k) d(@n, wa) +7a((1 +)k)"M | |
= (1= an)d(zp,wn) + (1 — an)((1+e)k)"M
+ ank(l - 6n)d($na wn) + anﬁnk((l + E)k)nM (36)
Bk { (1= 71 = )@, wa) + 70 ((1+2)k)"M }
= |:1 —an + an(l - ﬂn)k + O‘nﬁnk2(1 - ’Vn(l - k))} Cl(:Cn, wn)
+ (1 —an)((L+)k)"M + anBpk(1 + kyn)((1 + €)k)" M
< (1 —an(l=E))d(zn, wy)
+ {(1 - an) + anﬁn(l + k")/n)}((l + E)k‘)nM

Take
ap = d(xTn, wy), tn=oan(l—k)
and
bp = {(1 = an) + anBu (1 + kya) }(1 + €)k)" M
n (3.6). Since (1 +¢e)k <1, > 2 anfp < oo and Y 2 (1 —ay) < oo, we

have
oo o0
Ztn = 00, Zbi < 00.
n=0 n=0
By Lemma 2.2, we know that
A — lim d(xy,,wy) = 0.

n—o0
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If w, Ly € F(T) as n — 0o, by Definition 2.1, we have
. o A
d(zp,, ") < d(xn,, wn, ) + d(wy,,z*) — 0
as n — oo. Ifa:nia:*eF(T) as n — 0o, we have

A
d(wp,, %) < d(wp,, Tn, ) + d(@n,, ") — 0
as n — oo. Therefore, the equivalence between the statement (1) and (2) was
proved. Finally, we prove that * € X is the unique fixed point of T In fact,
let *,y* € X be two fixed points of T'. Since T is a multivalued contraction
with constant 0 < k < 1, we have
dz*,y*) < (1+e)H(Tz",Ty")

< (I +e)k-d(z",y").
Since ¢ is arbitrary, this implies that

d(z*,y*) =0,
i.e.,

x* =y

This completes the proof. O

If v, = 0in (TH), then it reduces to (I). So we can easily prove the following
corollary.

Corollary 3.1. Let (X,d) be a CAT(0) space and D be a nonempty convex
subset of X. Let T : D — CB(D) be a multivalued contraction mapping with
k< 1%_5 and F(T) # 0 satisfying Tp = {p} for any fized point p € F(T).
Let a constant L satisfying supyery zep d(p,w) < L, for all x € D. Let {wy}
and {r,} be the Picard and Ishikawa iterative sequence defined by (P) and (I)
respectively and satisfying the following conditions:

(1) O,y Bﬂ € [07 1]a \V/ n 2 07'

(iii) Yoo gamfn <00, D07 (1 —ay) = occ.
If wg = 1o, then the following statements are equivalent:

(1) the Picard iterative sequence {wy} A-converegs to x* € F(T');

(2) the Ishikawa iterative sequence {xyn} /\-converegs to x* € F(T).

Furthermore, =* is the unique fized point of T.

If 5, = 0in (I), then it reduces to (M). So we can easily prove the following
corollary.
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Corollary 3.2. Let (X,d) be a CAT(0) space and D be a nonempty convexr
subset of X. Let T : D — CB(D) be a multivalued contraction mapping with
k< %—&-5 and F(T) # 0 satisfying Tp = {p} for any fized point p € F(T).
Let a constant L satisfying supyery zep d(p,w) < L, for all x € D. Let {wy}
and {r,} be the Picard and Mann iterative sequence defined by (P) and (M)

respectively and satisfying the following conditions:
(i) ap €10,1], Vn>0;
(i) 2onio(l — an) = oo.
If wg = ug, then the following statements are equivalent:

(1) the Picard iterative sequence {w,} A-converegs to z* € F(T);
(2) the Mann iterative sequence {x,} /A-converegs to x* € F(T).

Furthermore, x* is the unique fized point of T.

4. SOME REMARKS AND OPEN PROBLEM

For a real number k, a CAT (k) space is defined by a geodesic metric space
whose geodesic triangle is sufficiently thinner than the corresponding triangle
in a model space with curvature x.

For x = 0, the 2-dimensional model space M2 = Mg is the Euclidean space
R? with the metric induced from the Euclidean norm. For & > 0, M2 is the 2-
dimensional sphere ﬁSQ whose metric is length of a minimal great arc joining

each two points. For x < 0, M2 is the 2-dimensional hyperbolic space \/%—K]I-]Iz

with the metric defined by a usual hyperbolic distance. For more details about
the properties of CAT (k) spaces, see [2], [8], [20], [21], [29].

Open Problem 1. It will be interesting to obtain a generalization of both
Theorem 3.1 and Theorem 3.2 to CAT' (k) space.

Open Problem 2. Can Theorem 3.1 be generalized to more than one con-
tractive, or a commutative or left amenable semigroup S of mappings for which
the sequence is defined by a strongly left invariant sequence (or net) of finite
means on S(see [18], [19], [25])7
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Abstract

The purpose of this paper is to introduce the generalized viscosity implicit rules of one asymptotically nonex-
pansive mapping in Hilbert spaces. We obtain some strong convergence theorems under certain assumptions
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1. Introduction

Let C be a subset of real Hilbert space H. Let F(T) be the set of fixed points of mapping T'. We recall
some basic definitions.
A mapping f : C — C is called a strict contraction, if there exists a constant a € (0, 1) such that

1f(@) = fWll <allz—yl, Va,yel. (1.1)
A mapping T : C' — C' is called nonexpansive if
[Tz =Tyl < llv—yll,V 2,y € C. (1.2)

A mapping T : C — C is called asymptotically nonexpansive if there exists a sequence {6,,} C [0, +o0)
with lim,,_, o 6, = 0 such that

[Tz =Tyl < (14 0n) |z —yll,YVn 20, 2,y € C. (1.3)

It is easy to see that asymptotically nonexpansive mapping contains strict contraction, nonexpansive mapping
as a special case.
A mapping A : C — H is called monotone if

(Az — Ay,z —y) >0, Va,y € C. (1.4)

*Corresponding author.
Email addresses: qianyanmath@163.com (Qian Yan), shaotaohu@163.com (Shaotao Hu*)
1This work was supported by the NSF of China (No. 11401063), the Natural Science Foundation of Chongqing (c-
stc2014jcyjA00016), Science and Technology Project of Chongqing Education Committee (Grant No. KJ1500314) and the
graduate students’ innovative research project of Chongqing normal University (YKC16001)
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A mapping A : C — H is called a-inverse strongly monotone if there exists a positive real number «
such that
(Az — Ay,z —y) > a||Az — Ay|*, Vz,y € C. (1.5)

Recently, viscosity iterative algorithms for finding a common element of the set of fixed point of nonex-
pansive mappings, the set of solution of variational inequality problem and mixed equilibrium problems have
been investigated extensively by many authors, see [1-15] and the references therein. For instance, Moudafi[1]
introduced the viscosity technique for nonexpansive mappings in Hilbert spaces. Xu [2] refined the main
results of [1] in Hilbert spaces and extended them to more general uniformly smooth spaces. Precisely, he
proved that the suggested viscosity iterative sequence converges strongly to a fixed point of one nonexpansive
mapping, which also solves some variational inequality.

Very recently, the implicit midpoint rule has become a powerful methods for solving ordinary differential
equations; see [16-22] and the references therein. Xu et al. [20] considered the following viscosity implicit

midpoint rule:

Tn + xn-‘rl

Tnt1 = anf(xn) + (1 — an)T( ), n>0. (1.6)

By using contractions to regularize the implicit midpoint rule for nonexpansive mappings, they proved that
the iterative sequence defined by (1.6) converges in norm to a fixed point of T', which also solves the variational
inequality:

(I—-f)g,z—q)>0,ze€ F(T). (1.7)

On the other hand, many authors studied the Mann and Ishikawa iterations processes for asymptotically
nonexpansive mapping in Hilbert spaces or Banach spaces, see [23-30] and the references therein. For
example, Lou et al.[24] investigated some iterative algorithms for asymptotically nonexpansive mapping on
a uniformly convex Banach space with uniformly Gateaux differentiable norm.

In this paper, we introduce a viscosity implicit rules for an asymptotically nonexpansive mapping in
Hilbert spaces. Under suitable assumptions imposed on the parameters, we obtain some strong convergence
theorems for finding a fixed point of an asymptotically nonexpansive mapping. We also apply our main
results to solve mixed equilibrium problem in Hilbert spaces.

2. Preliminaries

Let C be a nonempty closed convex subset of H. For all x € H, there exists a unique nearest point in
C, denoted by Pgox, such that
|z — Pox|| < |lz —yl| for all y € C. (2.1)

In this case, P is called a metric projection of H onto C. It is well known that P¢ is a nonexpansive mapping
of H onto C' and satisfies

(& —y, Pox — Poy) > |[Pox — Poy||*, Va,y € H. (2.2)

Furthermore, Pox is characterized by the following properties: Pox € C' and
(x — Pox,y — Pox) <0, (2.3)
lz = yl* = llz = Peal* + |ly - Pex||* Vo € H,y € C. (2.4)

We need the following lemmas for proving our main results.
Lemma 2.1 ([2]). Assume {a,} is a sequence of nonnegative real numbers such that
An+1 é (]- - an)an + 5’(7,7 n 2 07

where {ay,} is a sequence in (0,1) and {0,} is a sequence in R such that
(i) > O = 00,
(ii) either imsup,, ., 2= <0 or 307 |0,] < o0.

Then lim,,_, o a,, = 0.

Lemma 2.2 ([21]). Let T be an asymptotically nonexpansive mapping defined on a nonempty bounded closed
convex subset C of a Hilbert space H. If {x,} is a sequence in C such that x, — z and Tx, —x, — 0, then
z € F(T).
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3. Main results

Theorem 3.1. Let H be a Hilbert space, C' a nonempty closed convexr subset of H. Let T : C' — C be
an asymptotically nonezpansive mapping with a sequence {0, } such that F(T) # 0 and f : C — C a strict
contraction with coefficient o € [0,1). Pick any xg € C. Let {x,} be a sequence generated by

Tn + Tn+1

Tn+1l = anf(xn) + (1 - an)Tn( 2 )7

(3.1)

where {a,} is a real sequence in [0,1] satisfying the following conditions:
(Z) limy, 00 vy =0, Zn 0 @n = 05

(ii) lim,, o0 % =0;
(Z“) Zn:l ‘Oén-i-l - an| < 00,
f gw) PPl T — T"QCH < 00, where C' is a closed convex subset of C that contains sequence
ZTn}

Then {x,} converges strongly to a fized point q of the asymptotically nonexpansive mapping T, which is also
the solution of the variational inequality

(I=1Hay—q) >0, forally € F(T).

Proof. First, we show that {z,,} is bounded. Indeed, take p € F(T) arbitrarily, since lim,,_, an = 0, then

there exists N € N such that for all n > N, = On < 1oa 5. Choose a constant M; > 0 sufficiently large such
that

-«
len = pll < My, [|f(p) = pl| < —5—M.
We proceed by induction to show that ||z, —p|| < Mi,Vn > 1. Assume |z, —p|| < My, for some n > N.
We show that ||z,4+1 — p|| < M;. We observe

[#ni1 —p
Tn + Tn41

= llanf(zn) + (1 - O‘n)Tn(#) -l

Tn + Tn41

= llan(f(zn) = p) + (1~ @) [T (————) — 2l

n,Tn T Tn
< aullF(z) — SO + aull 70) —pl + (1 - @) (E sty
Tp + Tp
<l — pll + 0l f5) — pll (1= ) (0 + DIZ2EEE
1—a,)0,+1 1—a,)l,+1
< aanlen —pl +anllf(p) —pll+ E7 MO T Dy B ana Dy, )

It follows that

1—an+2a,a+ (1 — )b, an
14 a, — (1 — )by lzn — pll + 1+o, — (1*04n)9n”f(p) ||
20 (1 — ) = 2(1 — )

[€n41 = pll <

Qp,

L Wy s e Lt Il ey ¢ el A
om(l — o) om(l=a) | f(p)—pl
sl 1+an_(1_an)9n]”$n_p‘|+1+Oén—(1—ozn)9n I—a
< max{||z, — p|, ||f( ) p||}
< M. (3.2)

This implies that {x,} is bounded.
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Next, we prove that lim, e ||€nt+1 — Tnl = 0. It follows from (3.1) that
[Zn+1 — @nl|
nsTn + Ty n1,Tn-1+ Tn
= flan F ) + (1= )T (LI o 1) — (1 ) (T
nLn + Tn+1 nTn—1 + Tn
= fn(F () = £ 1)) + = ) fr) + (L= a2 0Ly Tnt £y
n/Tn—1+ Tn nsTn—11+ Ty
+ (1= )T (F=) = (L= an )T (F =)
Tp—1+Tn Tn—1+Tn

N L e R

= Nlon () = £ n 1))+ (1 = )T (P57 = T (] o (o, — )
(o) =T N+ (1= e[ ey oy (T Ty

< @l — @+ (1 - ) 8, + DTt =0l o0 = nmall

Tpn-1+ Tn
2

2 2
n Tn— + x, n n—
+lan — an—a| | f(@n-1) =T (17)” + sup [T — T e
2 vec’
20, + (1 — ay)(0, + 1) (1—au)(b,+1)
= |zn — 2n_1ll + |Znt1 — zn]]

2 2

+ |t — an—1| My + sup [Tz — T" 'z,

zeC’
where M, is a constant such that

n/Tn-1+ Tn
My = sup ||f (1) = T" (5|
n>0

It follows that

2—(1—ay)(b,+1)

200, + (1 — ay)(0, + 1)
9 Hanrl - an <

2

+ sup |[T"z — T" ']
zeC’

||xn - xnle + |an - O57’L71| M2

This implies

||$n+1 _an
2aan—|—(1—an)(9n—|—1)“ B I+ .

=T A —an)(@ 1) T T T A )0, 1 1)
2 n mn—1

2= (1— ) (O + 1) ooy [Tz — Tz

B 21 — acy, — (1 — ) (0, + 1)] 2M,

= (1 2~ (1—a)(On+ 1) lon = enll+ 5= oG5
2

2 (1—an)(0, +1)

2M>,

|an - an71| +

lay, — ap—1| + sup |T"x — T" x| (3.3)
zeC’

Let

21 — acy, — (1 — ay) (0, + 1)]

T T T A —an) (B + 1)
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We note

_ 2[an (1 —a) + 0, (avn, — 1)]
" 1— 0, + an(f,+1)
2[an(l — @) + 0, (ay, — 1)]
1-60,+(0,+1)
=an(l—a)+6,(a, —1)

1—«

Zan(lfa)*enz

.

By condition (i), we have > 7 v, = co. Apply Lemma 2.1 to (3.3), we get

lim ||zp41 — 2n] = 0.
n— oo
Next, we prove that lim, . |2, — Tz,| = 0. In fact, we have
o Tn + Tngl n,Tn T Tpi1
e = T (T | = | ) — TP
— 0 as n — oo.
Moreover, we get

lzn — T2, ||
Tn + Tp nsTn + Ty n

= ||zy — Tpt1 + Tne1 — T”(%) +T (7+1) — Tz,

Ty + Tp n,Tn + Tp n

< @ntr — 2ol + 2041 — T"(%)H + T ’(%) =Ty
o Tn + Tp, 0, +1

< lznts = zall + llzngs = T(—— =911+ 5 lent1 =l

911 + 3 nsTn + Tn+1
= 5 lznt1 = 2ol + [lznts = T (———)ll

Combining (3.4) and (3.5), we can obtain

lim |z, — T"z,| = 0.
n— oo

We notice
lzn — Tz, ||

= lzp — T2y + T 2, — T" o, + T e, — T, ||
< wn = Trap|| + | T 20 — T || + (14 600) [T 2y — 24

<l = Tl + sup [T — T ]| 4 (1 + )| T2, — 2]l
zeC’

By condition (iv) and (3.6), we have
lim ||z, — Tx,| =0.
n—o0
Next, we claim that

limsup (¢ — f(q),q — =) <0,

n—oo
where ¢ = Py f(q). Indeed, there exists a subsequence {z,, } of {z,} such that

limsup<q— f(q),q_xn> = zllfgo <q_ f(Q)aq_x'sz> .

n—oo

490
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Since {z,} is bounded, there exists a subsequence of {z,,} which converges weakly to p. Without loss of

generality, we may assume that x,, — p. From (3.7) and Lemma 2.2, we have p € F(T). This together with
the property of the metric projection implies that

limsup (¢ - f(g),¢ = x) = lim (¢ = f(q),q = @n;) = {a = f(a)sq —p) <0.

n—00 oo

Then (3.8) holds. Finally, we show that x,, — ¢ as n — oo. In fact, we have

|zns1 — all?

= (@nf () + (1= an) " (575 — g s — )

= (an(f () = @) + (1= ) (T () — )y — )

= an(f(n) = F(@),Ensr = @)+ @l F(@) — @ 2ss — @)+ (L= @) (T g gy g

Tn —( anrl —q
< aanl|zn = gl - zn4r =gl + (1 = an)(On + D= + ——5—II - [lzn+1 — d
+ o (f(0) — ¢, Tnt1 — @)

(o707 oo, (1-— an)(gn + 1)
< O — gl + 25 g~ + I g, g2
1—an)(fn+1 1—an)(0,+1
+%”x"+1 —dl*+ ( )2( )||95n+1—q||2+04n<f(Q)—qvxn+1—q>7

which implies
4 — 200, —3(1 —ay,)(0, +1
O o)ty s g

2000, + (1 — ap) (0 + 1
< ( 1 A )H:cnffJHQJran(f(Q)*qvxn+1*q>'

That is

€01 — ql?
200, + (1 — ay)(0, + 1)
~ 4 —2aa, —3(1 —ay) (0, +1)
4 by + ay — aay, — 0y) 9 4o,
4 — 200y, — 3(1 — an) (6, + 1)”‘“ —dl 1= 2000, — 3(1 — an) (0, + 1)
(f(@) = ¢ xnt1 — @). (3.9)

4o,
4 — 200, —3(1 —ay)(0, +1) (f(q) — ¢, Tny1 —q)

lzn — Q||2 +

=[1-

Put

4(05n0n + Ay — Q0 — en)
4— 200, —3(1 —a,) (0, + 1)

Tn =

We have

400, (an, — 1) + an(1 — )]
T 1= 2aay + 30, (an — 1) + 30
400, (o, — 1) + (1 — )]
1+ 3a,
> On(an — 1)+ an(l —a)
11—«

Tn

v

Y

an(l—a)—0, > .

Apply Lemma 2.1 to (3.9), we obtain x,, = ¢ as n — oo. This completes the proof. O
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Since nonexpansive mapping is asymptotically nonexpansive, so we obtain the main results of [20].

Theorem 3.2. Let H be a Hilbert space, C' a nonempty closed convex subset of H. Let T : C' — C be a
nonexpansive mapping with such that F(T) # (0 and f : C — C a strict contraction with coefficient o € [0,1).
Pick any xg € C. Let {x,} be a sequence generated by

T + Ln41

Tn+l = anf(mn) + (1 - a’ﬂ)T( 2

), (3.10)
where {a,} is a real sequence in [0,1] satisfying the following conditions:

(i) imy, o0 0y = 0,307 ) @y = 00;

(i15) D07 1 |any1 — an| < 00 or limy, s o = 0.
Then {x,} converges strongly to a fized point q of nonexpansive mapping T, which is also the solution of the
variational inequality

(I—-fa,y—q) >0, forally e F(T).
Now we give an example that one mapping satisfies condition (iv) in Theorem 3.1.

Example 3.3. Let T : C — C be a strict contraction with a constant 8 € (0,1) and let C' be a bounded
subset of C. Then

[T e — T || < ™| Tz — a| < B"Ky, Vo € C,

where K1 is a constant such that K1 = sup,eor (||| + || Tz||). It follows that

oo

Tn—i—l _Tn < nK —
> sup [T w||fn§::1/3 |

n=1

BK;
1-5

< 0

Example 3.4. Let C' be a nonempty closed convex subset of a Banach space. Define mapping T : C — C
as Tz = (1 + %)x for any x € C. It is easy to see that T is asymptotically nonexpansive mapping in the
intermediate sense. Let {x,} be a bounded sequence in C, we observe

1

70l = e

1 1
Il < — llanll < =5 K2,

where Ko is a constant such that Ky = sup,,> ||z, ||. Hence we obtain

oo oo 1
Z HT”Hxn — T"an < Z EKQ < 00.
n=1 n=1

4. Applications

In this section, we apply our main results to solve mixed equilibrium problems.
Let ¢ : C — R be a real-valued function and F : C x C — R be a bifunction. The mixed equilibrium
problem is to find x € C such that

F(z,y) +¢(y) —p(z) > 0,Vy € C. (4.1)

The set of solutions of (1.1) is denoted by M EP(F, ). If ¢ = 0, then problem (4.1) reduces to equilibrium
problem which is to find € C such that

F(z,y) >0,Vy € C. (4.2)

We denote the set of solutions of (4.2) by EP(F).

For solving the mixed equilibrium problem, let us give the following assumptions for the bifunction F, ¢
and the set C([13]):

(Al) F(z,z) =0 for all x € C;
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F is monotone, i.e., F(z,y) + F(y,x) <0 for any z,y € C;
for each y € C, z — F(z,y) is weakly upper semicontinuous;

) y

) (z,y)
) for each z € C, y — F(z,y) is convex;
; (2,9)

foreachx € C, y — F is lower semicontinuous;

)

F(e,a) + 9lua) + (e — 2,2 = 2) < 9(2);

(B2) C is bounded set.

Lemma 4.1 ([13]). Let C be a nonempty closed convex subset of H. Let F be a bifunction from C x C to
R satisfying (A1)-(A5) and let p : C — R U {+o0} be a proper lower semicontinuous and convex function.

Assume that either (B1) or (B2) holds. Forr >0 and x € H, define a mapping 79 H - C as follows.

T ) () = {ZGC:F(Z,y)+<p(y)+i<y—z7z—$> 2<P(Z)a\7?/ec}

for all x € H. Then the following conclusions hold:
(1) for each x € H, T5#) (x) # 0;
(2) T s single-valued;
(3) TT(F’W is firmly nonexpansive, i.e., for any x,y € H,

2
|79 @) = TR )| < (109 (@) = T ()0 - y)
(4) F(I;"7) = MEP(F, ¢);
(5) MEP(F, ) is closed and convex.

Theorem 4.1. Let H be a Hilbert space, C' a nonempty closed convex subset of H. Let F' be a bifunction
from C x C to R satisfying (A1)-(A5), ¢ : C — RU {400} be a proper lower semicontinuous and convex
function. Assume that either (B1) or (B2) holds. Let f : C — C be a strict contraction with coefficient
a €[0,1). Pick any xg € C. Let {x,} be a sequence generated by

Tpg1 = an f(2n) + (1 = an) 2,

zn € C such that F(zn,y) + (y) + 1 (y — 20, 20 — un) > @(2,,),Y7 > 0,y € C, (4.3)
_ TptTnpil
u’ﬂ - 2 b)

where {a, } is a real sequence in [0,1] satisfying the following conditions:

(i) im0 iy = 0,307 @y = 00;

(i15) D07 1 |an41 — an| < 00 or limy, o0 o = 0.
Then {x,} converges strongly to an element of mized equilibrium problem (4.1), which is also the solution
of the variational inequality

((I—=fla,y—q) >0, for ally € MEP(F, p).

Proof. We can rewrite (4.3) as follows:

T + Ln41

Tpy1 = an f(rn) + (1 — Oén)Tr(F’w( )-

Then we obtain the desired results by Theorem 3.2 easily. O
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5. Numerical Examples

Example 5.1. Let inner product < -,- >: R3 x R® — R be defined by
(m,y) =z y=21-y1+22-y2+73-Y3

and the usual norm ||-|| : R* — R be defined by

||| = \ v} 4y} + 22, ¥V x=(21,72,23),y = (y1,Y2,y3) € R”.

Let T, f : R? = R3 be defined by

1 1
Tx= g(m), flx) = 1% VzeR.

Let o, = 2=,V n € N and let {x,} be a sequence generated by (3.10). It is easy to see that F(T) = {0}.
Then {x,} converges strongly to 0 by Theorem 3.2.

We can rewrite (3.10) as follows:
10n +1
o0n + 2

Choosing 1 = (1,3,5) in (5.1), we have the following numerical results in Figure 1 and Figure 2.

Tyl = T,. (5.1)

Figure 1: Figure 2:

@m °E
T T T
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HERMITE HADAMARD TYPE INEQUALITIES FOR m-CONVEX
AND (o,m)-CONVEX FUNCTIONS FOR FUZZY INTEGRALS

M. A. LATIF ', WAJEEHA IRSHAD 2, AND M. MUSHTAQ 3

ABSTRACT. In this paper we prove Hermite-Hadamard type inequalities for
m-convex and (a, m)-convex functions for fuzzy integrals. Some examples are
also given to illustrate the results.

1. MAIN RESULTS

Let [0,b], where b > 0, be an interval of the real line R. A function f is said to
be convex on [0,b] if

[+ (1 =t)y) <tf(z) + (1 =) f(y),
holds for all z,y € [0,b] and ¢ € [0,1] and
a function f is starshaped with respect to the origin on [0, 9] if
f(tx) <tf(x),
holds for all x € [0,b] and ¢ € [0,1] .

In [26] G. Toader, (see also [1, 2, 4]) defined m-convexity: another intermediate
between the usual convexity and starshaped convexity as follow:

Definition 1. The function f : [0,b] = R, b > 0, is said to be m-convex, where
m € [0,1] , if we have
fltz+m(1 —t)y) <tf(x) +m(l—1)f(y)
for all z,y € [0,0] and t € [0,1] . We say that [ is m-concave if —f is m-convex.
The class of all m-convex functions on [0,b] for which f(0) < 0 is denoted by
K, (b). Obviously, for m = 1, m-convexity is the standard convexity of functions

on [0,b] , and for m = 0 the concept of starshaped functions.
The following lemmas hold (see [26] see also [1, Lemma A & Lemma B, Page 2]).

Lemma 1. [1, Lemma A, Page 2] If fis in the class K,,(b) , then it is starshaped.

Lemma 2. [1, Lemma B, Page 2| If f is in the class K, (b) and 0 <n <m <1,
then f is in the class K, (b).

From Lemma 2 and Lemma 3 it follows that
Ki(b) C Kn(b) C Ko(b)
whenever m € (0,1) . Note that in the class K;(b) are only convex functions

f:[0,b] = R for which f(0) <0, that is, K7(b) is a proper subclass of the class of

Date: June, 23, 2016.

Key words and phrases. Hermite-Hadamard inequality, Sugeno integral, m-convex function,
(e, m)-convex function.

This paper is in final form and no version of it will be submitted for publication elsewhere.
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convex functions on [0, b]. It is interesting to point out that for any m € (0, 1) there
are continuous and differentiable functions which are m-convex, but which are not
convex in the standard sense (see [27]).

The notion of m-convexity was further generalized in the following definition (see
also [1, 2]).

Definition 2. [11] The function f :[0,b] — R, b > 0, is said to be (a, m)-convex,
where (a,m) € [0,1]% , if we have

fltz +m(l —t)y) <t f(x) +m(l —t%)f(y)
for all x,y € [0,b] and t € [0,1].

The class of all («a, m)-convex functions on [0,b] for which f(0) < 0 is denoted
by K2 (b).

If we take (or,m) = (1,m) , it can be easily seen that («, m)-convexity reduces
to m-convexity and for (a,m) = (1,1) , (o, m)-convexity reduces to the concept of
usual convexity defined on [0, b],b > 0.

For further results on inequalities related to m-convex and (a, m)-convex func-
tions we refer the readers to [1, 2, 4].

In [4], S.S. Dragomir and G. Toader proved the following Hadamard type in-
equality for m-convex functions:

Theorem 1. Let f : [0,00) — R be an m-convex function with m € (0,1] . If
0<a<b<ooand f €L (a,b]) then

b a)+mf (L& mf (e
R — /f<x>dx§mm{f<>+ £ () S0)+ f<m>}

b—a 2 2

We will see that this inequalitiy does not valid for fuzzy integrals in general.
To prove our assertion we consider the function f : [0,00) — [0, 00), f(z) = ax™,
n €N, n>2 a>0,then fis m-convex on [0,00), m € (0, 1].

Example 1. Take X = [0,1] and let p be the usual Lebesque measure on X. Let
f :]0,00) = [0,00) be defined as f(x) = I—; with m = 2. Now to calculate the
Sugeno integral fol m—;du, consider the distribution function F associated to f on
[0,1] then

F(a)=u([071]ﬂ{f2a})=u([071]ﬂ{3§ Za})
:;L([O,l}ﬂ{xz\/@}):l—\/%

and we solve the equation 1 — v/3a = . It can be easily seen that the solution of
this equation is % — %\/21, therefore by Remark 1, we have that

1.2

T 5 1

—dpy = - —=v21~0.2 1.
/O gdn =5 — 5V21~ 02087

Now
fla) +mf (%)

5
> =g & 0.1851852
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and on the other hand
fb) +mf ()
2

~ 0.16666667.

S| =

Therefore

~ (0.16666667.

- { fl@+mf(3) JO)+mf () } _
2 ’ 2 B

=

Which follows that (2.1) is not satisfied in the fuzzy context.

Now we prove Hdadamard type inequalites like (2.1) but for Sugeno Integral or
fuzzy integral.

Theorem 2. Let g : [0,00) — [0,00) be an m-convez function with m € (0,1]
such that mg(0) < g(1) and g(0) < mg (L). Let p be the Lebesque measure on
[0,1] C [0,00), then

! . my () 9(1)
(2:2) /O 9dp < min {1’ 1+mg (5;) —9(0)" 1+ g (1) = mg(0) } |

Proof. Since g is an m-convex function, therefore for z € [0,1] and m € (0,1], we
have

1
o0) =9 (1= 2)0+ 1) < (1-2)g(0) + mag () = (o)
and hence by (3) of Proposition 1,

/0 g < /0 1 <<1 —2)g(0) + mag (;)) = /01 e

Let F be the distribution function associated to h on [0, 1], then

Fa) = p(0.110 > ) = (0,110 {1 = ) 9(0) 4 mag 1) = a} )

_ . a—g(0)
_H([o,m{ ng<;>—9<o>}>

a—g(0)
mg (=) — g(0)

and as a solution of the equation o =1 —

a—g(0)
mg(&)—9(0)’
o M9 ()
= ; .

1+mg (L) —g(0)

Analogously by the m-convexity of g, we also have
9(x) =g((1 =)0+ 1-2) <m(1-2)g(0) +xg(1) = ha ().

Arguing smilarly, let F; be the distribution function accociated to hy on [0, 1], then
o g(1) _

1+g(1) —mg(0)
By (1) of Proposition 1, we have that

(2.5) | radn = [ ws@di < o) =1

we get

(2.3)

(2.4)
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The equations (2.3), (2.4), (2.5) and the definition of Sugeno integral give us the
desired inequality. ([

A similar results may be stated as follow, however, we leave the details for the
intrested readers.

Proposition 1. Let g : [0,00) — [0,00) be an m-convex function with m € (0,1]
such that mg(0) > g(1) and g(0) > mg (). Let p be the Lebesgue measure on
[0,1] C [0,00), then

1 . g(0) myg (0)
(2:6) /0 9dp < min {1’ 1=mg (5;) +9(0)" 1 =g (1) +mg(0) } |

Remark 1. Ifm = 1, then the inequalities (2.2) and (2.6) become those inequalities
proved in Theroem 1 and Theorem 2 from [3, p. 3].

Now we give general cases of Theroem 2 and Theorem 3.

Theorem 3. Let f : [0,00) — [0,00) be an m-convex function with m € (0, 1] such
that mg(%) < g(b) and g(a) < mg (). Let ju be the Lebesque measure on [a,b]
and 0 < a <b< o0o. Then

b . mg (L) (b—a) (b—a)g(d)
(2.7) / gdugmm{Lmeg(&) g(a)’b_a+g(b)—mg(;)}'

Proof. Since ¢ is an m-convex function m € (0, 1], therefore for z € [a,b], 0 < a <
b < 0o, we have

g(z)g(<1§_z>a+2_z.b>
() (2 (2)

By (3) of Proposition 1, we have

[ [[G=2)oorem (55 o ()] o= [

Let us consider the distribution function F' given by

Fla) = p([a, 0] N {h = a})

B ([ O
la,] N {:17 5 alb- 2;(759(%)— bg(a) })
a(b—a)+mag (%) —bg(a)

myg (;5) — g9(a)

= b —
oz(bfa)erag(%)fbg(a)
mg(&)-g(a)

mg () (b —a)
b—a+mg(L)—ga)

= q, we get that

and as solution of the equation b —

(2.8) o=
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Analogously by the m-convexity of g, we also have

T—a T —a
= 1— b
9(x) g(( b_a>a+b_a )
b—=x a T —a
< — b)=nh .
< (=5) o)+ (522 o) = mia)
Arguing smilarly, let F; be the distribution function accociated to hy on [a, b], then

B (b—a)g(b)
(2.9) T h—atg)—mg(2)

Moreover by (1) of Proposition 1, we have

b b
(2.10) [ #adi= [ @y < (lat) = b a.
From (2.8), (2.9), (2.10) and by the definition of fuzzy integral, we obtain (2.7).
This completes the proof of the Teorem. [l

Again, we state smilar results like the one proved in Theorem 4, however, the
details are left to the intrested readers.
Proposition 2. Let f : [0,00) — [0,00) be an m-convez function with m € (0,1]

such that mg(%) > g(b) and g(a) > mg (L). Let u be the Lebesque measure on
[a,b] and 0 < a < b < oco. Then

b . (b—a)g(a) m(b—a)g ()
(2.11) /a gd“Smm{l’b—wrg(a)—mg(,i)’ba+m9(iﬁ) g(b)}'

Remark 2. If m = 1, then the inequalities (2.7) and (2.11) become those inequal-
ities proved in Theorem & from [3, p. 4].

Example 2. Take X = [0,1] and let u be the usual Lebesque measure on X. Let
f :]0,00) = [0,00) be defined as f(z) = z2, then f is an m-convex function on
[0, 1] with mg(0) < g(1) and g(0) < mg (), m € (0,1]. Now

mg (5;) 1

1+mg(L)—g(0) m+1

and
g(1) 1

1+g(1)—mg(0) 2
Therefore by Theorem 2, we have
1, 1
du < —.
/0 = 2

Now we give our results for (a, m)-convex functions

Theorem 4. Let g : [0,00) — [0,00) be an (o, m)-convex function with o, m €
(0,1]% such that mg(0) < g(1) and g(0) < mg (). Let u be the Lebesque measure
on [0,1], then

1
(2.12) / gdp <min{l, ay,as},
0
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Q=

where a1 and as are positive real solutions of the equations o =1- (M)

1

and o =1— <g(’f)_%) respectively.

Proof. Since g is an (a,m)-convex function, therefore for = € [a,b] and «a, m €
(0,1)2, we have

gx)=g(1—2)04+1-2) <(1—2%)g(0)+mag <;) = h(z)
and hence by (3) of Proposition 1,

/01 gdp < /01 ((1 —2%)g(0) + ma®g <nlz>> = /o1 e )dn

Let F be the distribution function associated to h on [0, 1], then

(i o)) < (a0 s (£) )
—ul0,1n xz<m>;

_1_< o’ —g(0) )
mg (=) — 9(0)

and hence we get the equation

P ST U
(2.13) 1 (mg (%) — g(O))

Analogously by the (a, m)-convexity of g, we also have
g@)=g(1-2)0+1-2) <m(l-2a%)g(0)+2%g(1) = hi(x).

Arguing smilarly, let F; be the distribution function accociated to hy on [0, 1], then
we have that the following equation:

S o —g(0) -
(2.14) o =1 <g(1) _mg(0)> .

By (1) of Proposition 1, we have that

(2.15) / h()dp = / b (2)dp < 1 ([0,1]) =
The equations (2.13), (2.14), (2.15) and the definition of Sugeno integral give us
the required inequality. ([l

A similar result can be stated as follow, however, the details are left to the
intrested reasers:
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Proposition 3. Let g : [0,00) — [0,00) be an (a,m)-convex function with «,

m € (0,1]* such that mg(0) > g(1) and g(0) > mg (L). Let pu be the Lebesgue
measure on [0,1] C [0,00), then

1
(2.16) / gdp <min{l, oy, as},
0

Q=

where ay and ag are positive real solutions of the equations o = (m>

1

and o = (mg((g))_‘;(l)> i respectively.

Remark 3. If (a,m) = (1, 1), then the inequalities (2.12) and (2.16) become those
inequalities proved in Theroem 1 and Theorem 2 from [3, p.4].

Now in following results we give the general case of the last two results.

Theorem 5. Let g : [0,00) — [0,00) be an (o, m)-convex function with o, m €
(0,1]% such that mg(2) < g(b) and g(a) < mg (£). Let p be the Lebesgue measure

a
m

on [a,b], 0 < a<b< oo, then

1
(2.17) / gdp < min {1, 01, a0},
0

1
. . : S (o —ga) \*©
where a1 and ay are positive real solutions of the equationsa = (b—a) |1 (mg(,i)g(a)> 1

o - _ alfg(%) o .
and o = (b—a) [1 <g(b)_mg S,)) ] respectively.

Proof. Since g is an (a,m)-convex function, therefore for z € [0,1] and «a, m €
(0,1]2, we have

g(x)zg(<1_§:;‘)a+§:2‘.b>
(o () (2o (2) e

and hence by (3) of Proposition 1,

/01ng = /01 Kl - (:—§)a> g(a) +m (“Z_Z)ag (,’;ﬂ dp = /Olhmdu.
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Let F be the distribution function associated to h on [0, 1], then

F(a') zu([a>b] n {h = O‘})
:M([a,b]ﬂ{(l— (i_Z)a> g(a)+m<2_z>a

9
=p | la,b] N :cza+(b_a)<0/b—9(a)>“ )

mg (E) —g(a)

ol (e e N
=(0-at <mg(f;)—g<a>>

and hence we get the equation

1

R N Y O
(2.18) (b—a) |1 (mg(&)—g(a))

Analogously by the (a, m)-convexity of g, we also have

g(x)zg((l— ::Z)aﬂg:;‘ -b)
< m(l— (i:;)a>g<;) + <z:s>ag(b) = ha ().

Arguing smilarly, let F; be the distribution function accociated to hy on [0, 1], then
we have that the following equation:

1
, o —g(2) “
(2.19) o =(b—a)|1— | —Tm_
g(b) —myg ()
By (1) of Proposition 1, we have that
1 1
(2.20) | = [ hi@an < (ia,th <o~ a
0 0
The equations (2.18), (2.19), (2.20) and the definition of Sugeno integral give us
the required inequality. [

A similar resutl is stated below, however, the details are left:

Theorem 6. Let g : [0,00) — [0,00) be an (o, m)-convex function with o, m €
(0,1]2 such that mg(2) > g(b) and g(a) > mg (). Let i be the Lebesque measure

a b
m m

on [a,b], 0 < a <b< oo, then

1
(2.21) / gdp < min{l,aq, s},
0
1
where oy and a are positive real solutions of the equations o/ = (b—a) (g(a)_a)) ]

gla)—mg( L
and o' = (b—a) l( il

1
)—a' \© .
ma(2)=a®) respectively.

3o |3l

)—g(b)
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Remark 4. If (a,m) = (1,1), then the inequalities (2.17) and (2.21) become those
inequalities proved in Theroem 3 from [3, p.4].
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Abstract

In this paper, we introduce the concept of very true operators on equality algebras and
investigate some related properties of such operators. As an application of properties of
very true operators on equality algebras, we give a characterization of prelinear equality
algebras, and discuss the relation between very true operator and internal state operator
on equality algebras. Moreover, we put forth the notion of very true filter on equality
algebras and obtain some important results. In particular, using very true filter, we
characterize the simple very true equality algebras and establish the uniform structures
on very true equality algebras.

Keywords: fuzzy higher logic; equality algebras; very true operators; very true filters;
uniform structures.

1. Introduction

Fuzzy type theory [13, 14, 15, 16], whose basic connective is a fuzzy equality ~, was
developed as a fuzzy counterpart of the classical higher-order logic (type theory in which
identity is a basic connective, see [9]). Since the truth values for algebra of fuzzy type
theory is no longer a residuated lattice, a specific algebra called an EQ-algebra [17] was
proposed. Viewing the axioms of EQ-algebras with a purely algebraic eye it appears
that unlike in the case of residuated lattices where the adjointness condition ties product
with implication. By contrast, the product in EQ-algebras is quite loosely related to the
other connectives, which lead to the product in EQ-algebra may be replaced by other
similar connectives. Furthermore, the freedom in choosing the product might prohibit
to find deep related algebraic results. For this reason, a new algebraic structure was in-
troduced in [11], called equality algebra, which consisting of two binary operations-meet
and equivalence, and constant 1. It was proved in [12] that any equality algebra has
a corresponding BCK-meet-semilattice and any BCK-meet-semilattice with (D) has a
corresponding equality algebras. Apart from their algebraic interest, the general moti-
vation for equality algebras from the side of logic was to define an algebraic structure
which (with appropriate extensions) is suitable to axiomatize a large class of substruc-
tural logics based on an equivalence connective rather than implication. The very first
step toward this aim has been done in [11]. Indeed, the equality algebras could also be
candidates for a possible algebraic semantics for fuzzy type theory, which lead to the
study of equality algebra is highly motivated.

*Corresponding author.
Email addresses: wjt@stumail.nwu.edu.cn(J.T. Wang), xlxin@nwu.edu.cn (X.L. Xin),
skywine@gmail.com(Y.B. Jun).
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In the sense of Zadeh [5]( 1975), fuzzy logic distinguish in broad and narrow sense. In
narrow sense, fuzzy logic deals with some many valued logic but asks questions different
from those asked by logicians, who devote to completeness and soundness, etc. Compare
to narrow sense, Zadeh stress the importance of fuzzy truth values as very true, quite
true and so on, that themselves are fuzzy subsets of all truth degrees. He always gives
some examples of handling these fuzzy truth values but seems uninterested in any sort
of axiomatization. In order to answer the question “ if any natural axiomatization is
possible and how far can even this sort of fuzzy logic be captured by standard methods
of mathematical logic“, Hajek[8] introduced the concept of very true operator on BL-
algebras as a tool for reducing the number of possible logical values in many valued
fuzzy logic. Consequently, the notion of very true operator has been extended to other
logical algebras such as MV-algebra [2], Rf-monoid[3], residuated lattices[10, 20] and
provided an algebraic foundation for reasoning about fuzzy truth valued of events in
many valued logic system, which belong to a subclass of substructural logic based on an
fuzzy implication.

As for BL-algebras, MV-algebras R¢-monoid and residuated lattices, we observed that
although they are different algebras they all are essentially particular types of equality
algebras. Thus, it is natural to generalized the concept of very true operators to equality
algebras for studying the most general results regarding very true operators in the above-
mentioned algebras. On the other hand, BL, Lukasiewicz, ML, they are all many valued
logic system belong to a subclass of substructural logic based on an fuzzy implication.
However, the logic system corresponding to equality algebra is a fuzzy higher logic, which
belong to subclass of substructural logic based on fuzzy equality and is different from
above common many valued logic system that based on fuzzy implication. Moreover, all
results of this paper may be considered providing an algebraic foundation for reasoning
about probabilities of fuzzy events for higher fuzzy logic. This is the motivation for us
to investigate very true operators on equality algebras.

Based on above consideration, we enrich the language of equality algebras by adding
a very true operator to get algebras named very true equality algebras. This paper is
structured in five sections. In order to make the paper as self-contained as possible,
we recapitulate in Section 2 the definition of equality algebras, and review their basic
properties that will be used in the remainder of the paper. In Section 3, we introduce
very true operator on equality algebras and study some properties of them. Also, we
give a characterizations of a prelinear equality algebras and discuss the relation between
very true operator and internal state on equality algebras. In Section 4, we investigate
very true filter of very true equality algebras. In particular, by using very true filter,
simple very true equality algebras are characterized and the uniform structures on very
true equality algebras are established.

2. Preliminaries

In this section, we summarize some definitions and results about equality algebras
which will be used in the following and we shall not cite them every time they are used.

Definition 2.1. [11] An algebra (&€, ~, A, 1) of type (2,2,0) is called an equality algebra
if it satisfies the following conditions:

(E1) (€,A,1) is a commutative idempotent integral monoid (i.e., A-semilattice with top
element 1),
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for all z,y,z € €.

In what follows, by £ we denote the universe of (£,~,A,1). For any z,y € &, we
define fuzzy implication as * — y = z ~ (z A y) and agree that ~ and — have higher
priority than A.

On an equality algebra (€, ~, A, 1) we define x < y iff x Ay = z. It is easy to check
that < is a partial order relation on £ and for all z € £, x < 1.

Definition 2.2. [6, 7] Let (£,~, A, 1) be an equality algebra. Then & is called:

(1) bounded if there exists an element 0 € £ such that 0 < z for all z € &,
(2) prelinear if for all x,y € £, 1 is the unique upper bounded in &£ of the set {(y —
z), (x = y)}-

Proposition 2.3. [6, 7] If (£,~,A,1) is a prelinear equality algebra, then (£,<) is a
lattice, where the join operation is given by zVy = ((z = y) = y) A (y — x) — x), for
any x,y € £.

Proposition 2.4. [6, 7] An equality algebra (£,~, A, 1) is prelinear if and only if (z —
y) > z2<((y—>x)—z2) =z forall z,y,z € E.

Proposition 2.5. [11, 12] In every equality algebra (£, ~, A, 1) the following properties
hold for all z,y,z € &:

ae~y<zeoy<z—y,
)z~y=1iff z =y,
)z —y=1iff z <y,
) x—>y=1landy — x=1imply x =y,
Jloszx=z,x—>1=12x—x=1,
) z<y—u,

7 x<(z—y) =y,
8) z—y<(y—z2) —(r—z2),

Jr<y—ziffy <z — z,

) if x <y, then x <z ~y,

) x <yimplyy —z=y~uz,

Jx<yimplyy —sz<z—zz—ox<z—>y,

13) If £ is a prelinear equality algebra, then A;c;(z; = y) = V;c; i — y, provided that
both infimum as well as supremum exist.

Definition 2.6. [11] Let (&£,~,A, 1) and (£',~,M,1’) be two equality algebras and f :
E — &' be a mapping. We call f a homomorphism if the following conditions hold for
all x,y € &:
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(1) flxAy) = flz)1 f(y),
(2) flx~y) = f(z)~ f(y)

The following theorem provides a connection of equality algebras with a special class
of BCK-algebras with meet.

Theorem 2.7. [4, 11, 12] The following two statements hold:

(1) For any equality algebra (£,~, A, 1), the structure ¥(&) = {€,A, —, 1} is a BCK-
meet-semilattice, where — denotes the implication of &,

(2) For any BCK(D)-meet-semilattice (B, A, —, 1), the structure ®(B) = {B, A, <>, 1) is
an equality algebra, where <> denotes the equivalence operation of B. Moreover, the
implication of ®(B) coincide with —, that is, z = y =z < (x A y).

Let (£,~,A,1) be an equality algebra. A nonempty set F is called a filter of & if it
satisfies: (1) z € F, x < y impliesy € F, (2) x € F, x ~ y € F implies y € F. One
can prove that the set of filters of an equality algebra coincide with the set of filter of
its underlying BCK-algebra. A filter F' of an equality algebra &£ is proper if F # £. A
proper filter is called maximal if it is not strictly contained in any other proper filter of
€. We will denote by F(E) the set of all filter of £. Clearly, {1}, £ C F(€) and F(&)
is closed under arbitrary intersections. As a consequence, (F'(£),C) forms a complete
lattice. An equality algebra (€, ~, A, 1) is calle a simple if F(£) = {{1},£}. (see [4, 12])

Definition 2.8. [4, 11, 12] Let (£, ~, A, 1) be an equality algebra. A subset § C € x £ is
called a congruence of £ if it is an equivalence relation on £ and for all x1,y1,z2,y2 € €
such that (z1,y1), (z2,y2) € 0 the following hold:

(1) (z1 Azo,y1 Ny2) €06,
(2) (x1 ~x2,y1 ~y2) €6,

Let F be a filter of £. Define the congruence relation =g on £ by x = y if and only
if z ~ y € F. The set of all congruence class is denote by £/F, i.e. £/F = {[z]|x € £},
where [z] = {z € &|lr = y}. Define o, — on E/F as follows: [z] e [y] = [z A y],
[] — [y] = [x ~ y]. Therefore, (£/F,e,— [1]) is an equality algebra which is called a
quotient equality algebra of £ with respect to F. (see [4])

In what follows, we review some notions about uniformity which will be necessary in
the following section.

Let X be a nonempty set and U, V be any subset of X x X. Defined UoV = {(z,y) €
X x X| for some z € X, (z,y) €U and (z,2) € V}, U1 = {(z,y) € X x X|(y,x) € U},
A ={(z,z) e X x X|z € X}.

Definition 2.9. [1, 18, 19] By an uniformity on X we shall mean a nonempty collection
K of subsets of X x X which satisfies the following conditions:

(Ul) ACU forany U € K,

(U2) If U € K, then U™ € K,

(U3) If U € K, then there exists a V € K such that VoV C U,

(U4) If U,V e K, then UNV € K,

(Us) fUe KandUCV C X x X thenV € K,

The pair (X, K) is called an uniform structure (uniform space).
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3. Very true operators on equality algebras

In this section, we introduce the notion of very true operators in an equality algebras
and investigate some related properties of such operators. Also, we give characteriza-
tions of prelinea equality algebras and discuss relations between very true operators and
internal state operators on equality algebras.

Definition 3.1. Let £ be an equality algebra. The mapping 7 : £ — £ is called a very
true operator if it satisfies the following conditions:

(VE1) 7(1) =1,

(VE2) 7(z) <

(VE3) 7(x) < TT( ),

(VE4) 7(z ~y) <7(z) ~ 7(y),

(VE5) 7(z Ay) = 7(x) A7(y).

The pair (£, 7) is said to be wery true equality algebra.

Note. (1) Such a proliferation of logics deserves some explanation. Since 1 is con-
sidered as the logical value absolutely true. First note that (VE1) means that absolutely
true is very true, which is the standard axiom obtain the classical logic. (VE2) means
that if ¢ is very true then it is true. (VE3) says that very true of very true is very true,
which is a kind of necessitation with respect to very true connective. (VE4) means that
if both ¢ and ¢ ~ 1 are very true then so is v, that means the connective 7 preserve
modus ponens based on fuzzy equality ~. (VE5) says that if both ¢ and v are very true
then so is conjunction ¢ A1), one can easily to check that (VE5) is sound for each natural
interpretation in equality algebra. Indeed, the order in equality algebra is lattice order,
that is the conjunction A is interpreted as the lattice meet A.

(2) Although equality algebras belong to some subclasses of substructural logics based
on fuzzy equality rather than on fuzzy implication, we define very true operators on them
in the way which is in accordance with traditional definitions in residuated lattices. In
fact, a very true operator on residuated lattice was introduced by Vychodil [10] in 2005
as a mapping 7 : £ — & satisfying conditions (VE1)-(VE3) in Definition 3.1 and (VE4’)
T(x — y) < 7(x) = 7(y). We know that residuated lattices are special cases of equality
algebras satisfying the residuated law. In residuated lattice, fuzzy equality ~ can be
defined by z ~y = (z — y) A (y = z). From (VE4) and (VE5), one can obtain that the
connective T always preserve modus ponens based on fuzzy implication. Based on (VE4’)
and the isotonicity of very true connective 7, one can easily obtain 7(z ~ y) = 7((x —
YAy =) < 7(z = ) Arly = 2) < ((2) = (1) A (7(y) = 7(2)) = 7(2) ~ (1),
thus the (VE5) hold. From this point of view, the very true equality algebra essentially
generalize residuated lattice with very true operator. Thus, it is the most general logic
algebras with very true in the existing ones founded in the literature, at least to the
authors knowledge.

Now, we will give some important examples to illustrate above definition is existing
and meaningful.

Example 3.2. For every equality algebra £ there exist at least two very true operator.
One is the identical mapping 79(x) = x for any x € &, and the other is defined by
71(1) = 1 and 71(z) = 0 for any = < 1. It is evident that if 7 is a very true operator on
&, we have 7i(z) < 7(x) < 19(x). Thus these 7y ,7 are extremal.
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Example 3.3. Let £ = {0,a,b,1} with 0 < a < b < 1. Consider the operation ~ and
— given by the following tables:

~|[0 a b 1 =0 a b 1
0|1 a 0 O 01 1 1 1
ala 1 a a ala 1 1 1
b0 a 1 b b 10 a 1 1
110 a b 1 110 a b 1

Then (€,~,A,1) is an equality algebra in [4]. Now,we define 7(0) = 0, 7(a) = a,
7(b) = a, 7(1) = 1. One can easily check that 7 is a very true operator on £. However,
7 is not a endhomomorphism on £ since 7(a ~ b) = a # 1 = 7(a) ~ 7(b).

Next, we present some useful properties of very true operator on equality algebras.

Proposition 3.4. Let (£,7) be a very true equality algebra, then for any z,y,z € £ we
have,

1) If £ is a bounded equality algebra, then 7(0) = 0,
7(z) =1 if and only if z = 1,

T(z = y) < 7(2) = 7(Y),

< y implies 7(x) < 7(y),

7(z) <y if and only if 7(x) < 7(y),

7(€) = Fiz,,where Fiz, = {z € &|1(x) = z},

8

)
)
)
)
)
)
) Fiz, is closed under A,
9) If y <z, then 7(x) — 7(y) = 7(x) ~ 7(y),
) T(x ~y) < 7(x) = 1(y),
) T(@~y) < (zAz)~(yAz),
) (€) =&, then T = idg,
) Ker(7) = {1}, where Ker(7) = {z € &|r(x) = 1},
) 7) is a filter of &,
) 7(z) = x or 7(x) and x are not comparable,
)

¢}
=
—~

If £ is linearly order, then 7 = idg¢.

Proof. (1) Applying (VE2), we have 7(0) < 0 and hence 7(0) = 0.

(2) If 7(x) = 1 for some x € £ then by (VE2), 1 = 7(z) < = giving « = 1. The
converse follows by (VE1).

(3) Applying (VE2) and (VE3), we have 77(x) = 7(z).

(4) By (VE4) and (VE5) we have 7(x — y) = 1(z Ay ~x) = 7(x Ay) ~ 7(x) <
(@) A () ~ 7(z) = 7(z) = 7(y).

(5) If z <y, then x — y = 1. It follows from (VE1) and (4) that 7(x) — 7(y) = 1.
Therefore, 7(x) < 7(y).

(6) Assume that 7(z) <y, we have 77(z) < 7(y). By (3), we get 77(x) =
) < 7(y). Conversely, suppose that 7(z) < 7(y), we have 7(x) < 7(y) < y.
(7) Let y € 7(&), so there exists x € £ such that y = 7(x). Hence 7(y) = 77(x) =
7(z) = y. It follows that y € Fiz,. Conversely, if y € Fiz,, we have y € 7(€). Therefore,
7(€) = Fiz,.

(8) By (VE5), we obtain that Fiz, is closed under A.
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(9) Since y < z, we have 7(y) < 7(x) and 7(z) = 7(y) = 7(x) ~ 7(x) AT(y) = 7(2) ~
T(y).

(10) By Proposition 2.5(1) and (4),(5), we have 7(x ~ y) < 7(z = y) < 7(x) = 7(y).

(11) By (E6) and (VE2), one can obtain it very easy and hence we omit the process
of this proof.

(12) For any = € &, we have x = 7(x) for some zy € £. By (3), we have 7(x) =
7(7(x0)) = 7(x0) = . Therefore, 7 = idg.

(13) Assume that x € £ but x # 1 such that 7(x) = 1. Applying (VE2), we have
1 =7(x) <z and hence = = 1, which is a contradiction. Therefore, Ker(7) = {1}.

(14) It is easy to check it and hence we omit the process.

(15) Assume z € & such that 7(z) # x and 7(x) and x are comparable. Then 7(x) < x
or x < 7(x), from (3),(5), we have 7(x) < 7(x), which is a contradiction.

(16) It follows from (15) directly.

From the above Proposition 3.4, one can see that 7(&) is closed under the operation
A. However, the following example shows that 7(€) is not a subalgebra of £ since it is
not closed under ~ in general.

Example 3.5. Let & = {0,a,b,¢,1} with 0 < a < b,¢ < 1. Consider the operation ~
and — given by the following tables:

~|0 a b ¢ 1 =10 a b ¢ 1
0|1 0 0 0 O o1 1 1 1 1
al0 1 ¢ b a a |0 1 1 1 1
b0 ¢ 1 0 b b |0 ¢ 1 ¢ 1
c|0 b 0 1 ¢ c |0 b b 1 1
110 a b 1 b 110 a b ¢ 1

Then (&€, ~, A, 1) is an equality algebra. Now,we define 7(0) = 0, 7(a) = a, 7(b) = a,
7(c) = ¢, 7(1) = 1. One can easily check that 7 is a very true operator on £. However,
7(€) is not a subalgebra of £ since a ~c =0 ¢ 7(&).

Although the 7(€) is not necessary a subalgebra of an equality algebra in general,
while it forms an equality algebra after redefined its fuzzy equality, which reveals the
essence of the fixed point set.

Theorem 3.6. Let (£,7) be a very true equality algebra. Then (7(€), A, ~-,1) is also
an equality algebra, where x ~» y = 7(xz ~ y) for all z,y € 7(£).

Proof. Now, we will show that (7(£),A,~>, 1) is an equality algebra.

For (E1), we show that (7(€),A,1) is a semilattice with 1 as the greatest element.
From Definition 3.1(5), we have that 7(€) is closed under A. Therefore (7(£),A) is a
semilattice. For all z € 7(&), one can easily check that x A1 = z. Thus, 1 is the greatest
element in 7(&).

For (E2), we will show that x ~» y =y ~> z. It is easy to prove.

For (E3), we will show that = ~~ z = 1. Applying (VE1), we have 7(1) = 1 and hence
x~~zx=T1(x~z)=71(1) =1

For (E4), we will show that 2 ~~ 1 = x. Since z € 7(£), we have 7(z) = = and hence
r~~1l=71(r~1)=7(x) =2

In the similarly way, we can show that (E5)-(E7) hold.

Combine them, we obtain that (7(€), A,~»,1) is an equality algebra.
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Note. In fact, it is easily checked that (7(€),A,~»,1) is an equality algebra, where
7(x) ~ 7(y) = 7(x ~ y). Furthermore, we also obtain that if 7(x) ~» 7(y) = 1, then
7(z) = 7(y). Indeed, if 7(z),7(y) € Fiz,, by above Theorem 3.6, 7(x) ~» 7(y) =
7(r(x) ~ 7(y)) = 7(x) ~ 7(y). Thus 7(x) ~ 7(y) = 1, and we have 7(z) = 7(y) by
Proposition 2.5(3).

In what following, we will give an analogy first isomorphism theorem related to very
true operator on equality algebras, which will be used in the next section.

Theorem 3.7. Let (£,7) be a very true equality algebra and (7(£),A,~»,1) be an
equality algebra. Then the following properties hold:

(1) 7: & — 7(&) is a homomorphism,
(2) The mapping 79 : £/Ker(r) — 7(€) defined by 79([z]) = 7(z) is a isomorphism.

Proof. (1) It follows from (VE1) and (VE5) in Definition 3.1 that 7(1) = 1 and 7(zAy) =
7(x) A7(y). Moreover, from the above Note, we have 7(z) ~» 7(y) = 7(x ~ y). Therefore
7:& — 7(€) is a homomorphism.

(2) Assume that [z] = [y] and hence (x,y) € Ker(r). Then = ~ y € Ker(7), that
is, 7(z ~ y) = 1. From the above Note, we have 7(x) ~ 7(y) = 1 and (7(£), A, ~, 1)
is an equality algebras and so 7(x) = 7(y). Therefore, 7y is well defined. Now, we will
show that 79 is a isomorphism. First, we will show that 7y is a homomorphism. From
(1), we have mo([z] = [y]) = ro([z ~ y]) = 7(x ~ y) = 7(2) ~ 7(y) = 70([2]) ~ 70([y]).
Moreover, we have o([z] ® [y]) = 1o([x Ay]) = T(z Ay) = 7(x) AT(y) = 10([x]) A T0([Y])-
Clearly, 79([1]) = 1. Hence 79 is a homomorphism. Next, we will show that 7y is
one to one. From the above Note, if 7o([x]) = 70([y]) then 7(x) = 7(y) and hence
7(z) ~ 7(y) = 7(x ~ y) = 1, that is means (x,y) € Ker(r) and hence [z] = [y] and so 79
is one to one. Furthermore, since 7 is onto, 7y is onto. Combine them, we obtain that
is a isomorphism.

As an application of the properties respect to very true operators, we give a char-
acterization of prelinear equality algebras. For obtaining this important result, we need
the following theorem.

Theorem 3.8. The following conditions are equivalent in each very true equality alge-
bra (&, 7):

(1) 7z —y) < (zAz) = (YA 2),
(2) 7(y) <z— (YA 2),
(3) 7(y) Su— (un(z = (YA 2)).

Proof. (1) = (2) Assume (1) holds. From Proposition 2.5 (1) and Proposition 3.5 (11),
we have 7(z = y) < (1A 2) ~(yA2) < ((1Az2) = (yAz)=2z—= (YA 2).

(2) = (3) Assume (2) holds. By (VE3), we get 7(y) < 77(y) < 7(2 = (y A 2)), which
implies, by (2) again, 7(y) <u — (u A (2 = (2 Ay))).
(3) = (2) Taking u = 1, we obtain that (2) holds.
(2) = (1) Assume (2) holds. By (3), we have 7(x — y) < (xAz) = ((z = y)A(xAz)).
Thus, 7(x = y) < (x A z) = ((x = y) Az A z). Furthermore, from Proposition 2.5(12),
we have 7(z = y) < (zAz2) = ((z = y) Az Az) < (xAz)— (yA=2).

=
=
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Conditions for an equality algebra to be a prelinear equality algebra is gave via very
true operator on equality algebra.

Theorem 3.9. The following conditions are equivalent in each very true equality alge-
bras:

(1) & is prelinear,

(2) T(zVy)=71(z)V7(y),

B) 7@ =y VTly = z) =1,

4) T((x »y) = 2) <7y —>2) > 2) — 2

Proof. (1) = (2) Assume that & is prelinear equality algebra. By(VE5) and Proposition
2.3, we obtain, for all z,y € L, 7(zVy) = 7((x = y) = y) A7((y = =) — x). By
Proposition 3.4(5) and (VE3), we get 7(x Vy) < 7((x = y) = (7(x) V7(9))) A (T(y —
xz) — (7(x) V 7(y))). Hence by Proposition 2.5(13), we obtain 7(z Vy) < (r(z —
y))V(T(y = x)) = (7(z) V7(y)) and hence 7(z Vy) < 7(x) V 7(y). The other inequality
easily by Proposition 3.4(5).

(2) = (3) straightforward.

(3) = (4) This follows exactly by a proof similar to the proof of the equivalence
between prelinearity and (z — y) — 2z < ((y — =) — z) — z) in Proposition 2.4.

(4) = (1) Taking very true operator 7 = idg and direct from Proposition 2.4.

Note. We know a BL-algebras is an prelinear quality algebra satisfies the divisibili-
ty. From the above theorem, one can check that the very true prelinear equality algebra
essentially generalize BL-algebras with very true operator, which introduced by Hajek [8]
in 2001 as a mapping 7 : £ — & satisfying conditions (VE1)-(VE3), (4) in Proposition
3.5 and (2) in Theorem 3.9.

In what follows, we will give a relationship between very true equality algebras and
sate (morphism) equality algebras, which was introduced by L.C. Ciungu [4] to providing
an algebraic foundation for reasoning about probabilities of fuzzy events of a large class
of substructural logics based on an fuzzy equality.

Definition 3.10. [4] An equality algebra with internal state or state equality algebra is
a structure (£,0) = (€,A,~,0,1), where (€, A\, ~, 1) is an equality algebraand o : &€ — &
is a unary operator on &£, called internal state or state operator, such that for all z,y € £
the following conditions are satisfied:

(1) o(x) < o(y), whenever z < y,

(2) o(z~azny)=o((z~zny)~y)~oy),
(3) a(o(z) ~ aly)) = o(x) ~ o(y),
(4) o(o(z) No(y)) = o(x) Aa(y).

Definition 3.11. [4] Let (£, A ~, 1) be an equality algebra. A state morphism operator
on £ is a map o : £ — & satisfying the following condition for all z,y € &:

(1) o(z ~y) =o(x) ~o(y),
(2) o(zAy) =o(x) Ao(y),
3) o(o(z)) = o(x).
The pair (€,0) is called a state morphism equality algebra.
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Theorem 3.12. [4] Any state morphism on a linearly ordered equality algebra £ is an
internal state on £.

Theorem 3.13. Let (€, 7) be a very true equality algebra. Then the following conditions
are equivalent:

(1) (&€,7) is a state morphism equality algebras,
(2) T =idg.

Proof. (1) = (2) We note that (£,7) is not only a state morphism equality algebras
but also a very true equality algebras. In order to prove this important result, we need
some useful result. First, we will prove that x < y implies 7(z) < 7(y). Assume that
r <y, then 7(x) < 7(y). If 7(z) = 7(y), then 7(x — y) = 7(z) — 7(y) = 1. By
Proposition 3.4(13), we have y — x = 1 and hence y < x, which is a contraction to
x < y. Now, we will show that 7(z) = x for all x € £. By (VE2), we have 7(z) < x.
Assume that 7(z) # z, then 7(z) < x and hence 77(x) < 7(z). Thus 7(z) < 7(x), which
is a contradiction. Therefore, T = idg¢.
(2) = (1) straightforward.

Theorem 3.14. Let (£,7) be a very true linearly order equality algebra. Then the
following conditions are equivalent:

(1) (€,7) is a state equality algebras,

(2) T =idg.

Proof. It follows from Proposition 3.4(16), we can easily to obtain this result.

4. Very true filters in very true equality algebras

In this section, we introduce very true filters of very true equality algebras and obtain
some important result of them. In particular, using very true filter, we give a charac-
terization of simple very true equality algebras and construct the uniform structures on
very true equality algebras.

Definition 4.1. Let (£,7) be a very true equality algebra. A nonempty subset F' of £
is called a very true filter of (£, 7) if F is a filter of £ such that if z € F, then 7(z) € F
forall z € £.

Example 4.2. Let (£, 7) be a very true equality algebra. Then Ker(7) = {z € X|7(x) =
1} is a very true filter of (&, 7).

Example 4.3. Consider the Example 3.3, one can easily check that the very true filter
of (€,7) are {1}, {a,b,1} and €. On the other hand, one can see that {b, 1} is not a very
true filter of (£, 7), but it is a filter of £, that is to say, not every filter is very true filter.

As an application of very true filters, we give a characterizations of simple very true
equality algebras. For obtaining this important result, we need the following proposition.

Proposition 4.4. Let (£,7) be a very true equality algebra.
(1) If F is a filter of 7(&), then 771(F) is a very true filter of (£, 7),
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(2) If F is a very true filter of (€, 7), then 7(F) is a filter of 7(&).

Proof. (1) Suppose that F is a filter of 7(€). If z,7 ~y € 7-Y(F). Then 7(x),7(z ~
y) € F. Since 7(z ~ y) < 7(x) ~ 7(y) and 7(x) ~ 7(y) € F, thus 7(y) € F, that is
y € 7 Y(F). Let 7,y € € such that € 77}(F) and < y. Then 7(x) < 7(y). Since
7(x) € F and 7(y) € 7(€), we can obtain that 7(y) € F, that is y € 771(F). Obviously,
1 € 77 (F). Therefore 771(F) is a filter of £.

If + € 77YF), then 7(z) € F, so 77(x) = 7(x) € F, that is, 7(z) € 77Y(F).
Therefore, 77(F) is a very true filter of (£, 7).

(2) First, we have 7(F') = FN7(&). Indeed, if x € FNT(E), thenx = 7(x) as z € 7(E),
and 7(z) € 7(F') as € F. Thus, we have z € 7(F). It follows that F N 7(€) C 7(F).
Conversely, if y € 7(F), then there exists z € F such that y = 7(z). Since F is an very
true filter of (€, 7), we obtain y = 7(x) € F. Therefore, 7(F) = FN71(E).

Ifz,x~yer(F)=FnN7(€), then 7(y) € FN7(£) = 7(F) and hence y € 7(F). On
the other hand, if z € 7(F) = FN7(€), y € 7(€) such that z <y, theny € FN7(&) =
7(F). Therefore, 7(F) is a filter of 7(&).

Now, we introduce simple very true equality algebras and give a characterizations of
it via very true filter.

Definition 4.5. A very true equality algebra (£, 7) is called simple very true if it has
exactly two very true filter: {1} and &.

Example 4.6. For each equality algebra &£, (£, 71) is a simple very true equality algebra,
where 71(1) =1 and 7(0) =0 if x < 1.

Theorem 4.7. Let (£,7) be a very true equality algebra. Then the following are equiv-
alent:

(1) (&,7) is a simple very true equality algebra,
(2) 7(&) is a simple equality algebra.

Proof. (1) = (2) Let F be a filter of 7(£) and F # {1}. It follows from Proposition
4.4(1) that 7=Y(F) is a very true filter of (€, 7). Since (£, 7) is very true simple, we have
that 7=1(F) = {1} or 771(F) = €. Notice that F C 7= 1(F) (if z € F, then 7(z) = z,
that is, # € 771(F), we obtain that 7=1(F) # {1}. Thus, 77 }(F) = &£. Then 0 € 77 1(F),
that is, 0 = 7(0) € F. So we obtain that F = 7(&). Therefore, 7(£) is simple equality
algebra.

(2) = (1) Let F be a very true filter of (£,7) and F' # {1}. By Proposition 4.4(2),
we obtain that 7(F') is a filter of 7(£). Since 7(&) is simple equality algebra, we obtain
that 7(F) = {1} or 7(F) = &£. Since Ker(7) = {1}, we have F' # {1}. Thus, 7(F) = €.
Then 0 € 7(F), that is, 0 € F. It follows that F' = £. Therefore (£,7) is a simple very
true equality algebra.

Note. The above theorem brings a method of how to check a very true equality
algebra is simple very true. As an application of above theorem, one can easily check
that the very true equality algebra in example 4.6 is simple very true since 7(£) = {0, 1}
is a simple equality algebra.

For any very true filter F' of (£,7). Defined by 77 : £/F — £/F as a mapping
r([z]) = [7(2)].
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Proposition 4.8. Let (£,7) be a very true equality algebra and F' be a very true filter
of very true equality algebra (£,7). Then 7p is a very true operator on £/F.

Proof. First, we will prove that 77 is well defined. Indeed, assume that [z] = [y] for
xz,y € €. Then (x,y) €=p, ie.,, x ~ y € F. Since F is a very true filter and hence
7(x ~ y) € F. Now, applying (VE4) of Definition 3.1, 7(x ~ y) < 7(z) ~ 7(y) € F.
Thus (7(x),7(y)) € F and [7(x)] = [7(y)]. The rest of the proof is easy:

(VEL) 7r([1)) = [7(1)] = [1],

(VE2) 7p([z]) = [r(z)] < [«],

(VE3) 7r([z]) = [7(2)] < [r7(2)] < 7r7r(([2]),

(VEA) 7r (] ~ [y]) = [7(z ~ y)] < [7(2) ~ ()] = 7 ([z]) ~ 7 (Y]),
(VES) 7r(fe] Aly]) = [7(x Ay)] = [r(2) AT(y)] = 7r(l]) ATr((y])-

Combine them, one can obtain that (£/F, 7p) is a very true equality algebra.

Proposition 4.9. In the very true equality algebra (€/Ker(7), Tger(r)) We have:
(1) [z] <[yliff r(x ~xAy)=1iff T(x — y) =1,
(2) [x] = [yl i 7(z ~y) = 1.

Proof. (1) Applying the definition of £/Ker(r) we get: [z] < [y] iff [x] @ [y] = [z] iff
] = [z Ayl iff [z2] = [zAy] =[1]if [zt ~zAy] =[1]iff 2 ~2xAy € Ker(r) iff
T(x~zANy)=1iff 7(x - y) =1.

( (2) \)Ne lllave [z] = [y] iff [z] = [y] = [1] iff [x ~y] = [1] iff v ~y € Ker(r) iff
T(x ~y) = 1.

Definition 4.10. Let (£, 7) be a very true equality algebra and 6 be a congruence on
E. Then 0 is called a very true congruence on (&€, 7) if (x,y) € 6 implies (7(x),7(y)) € 0
for each z,y € £.

Example 4.11. Consider the Example 3.4, one can see that R = {{0,0}, {a,a}, {b, b},
{1,1},{a,b},{b,a},{a,1},{1,a},{1,b},{b,1}} is a very true congruence on a very true
equality algebra (&, 7).

Theorem 4.12. Let (£,7) be a very true equality algebra. Then there is a one to one
correspondence between its very true filters and its very true congruences.

Proof. Suppose that # is a very true congruence relation on (£,7). Clearly Fy = {z €
E|(x,1) € 0} is a very true filter of (£, 7). Now given x € Fy, we have (x,1) € n and hence
(1(z),1) = (7(x),7(1)) € 6 and therefore 7(z) € Fy. This proves that Fy is a very true
filter on (&€, 7). Conversely, let F' be a very true filter. Then 6 is a very true congruence
on very true equality algebra, since for each (x,y) € 0, we have x ~ y € F. Since F'is a
very true filter and hence 7(x ~ y) € F. By (VE4), we have 7(z) ~ 7(y) € 0, thus 0 is
an very true congruence of (£,7). It can be easily shown that gh(f) = 6 and hg(F) = F,
for all very true congruence 6 and very true filter F' of (£, 7).

As another applications of very true filter on very true equality algebra, we consider
the uniformity structure on a very true equality algebra.
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Theorem 4.13. Let (£,7) be a very true equality algebra and F' be a very true filter
of (€,7). Define Ur = {(z,y) € E x E|1(x) ~ 7(y) € F} and K* = {Up|F is a very true
filter of (€, 7)}. Then K* satisfies the conditions (U;)-(Uy).

Proof. Now, we will show that K* satisfies the conditions (U;)-(Uy).

(Uy) Let Up € K* and (z,x) € A. Since x ~ x = 1 € F, we have (z,z) € Up.
Therefore (Uy) holds.

(Uz) Note that (z,y) € Up if and only if 7(z) ~ 7(y) € F if and only if 7(y) ~ 7(x) €
F if and only if (y,x) € Ur if and only if (x,y) € Un'. Thus Up' = Ur € K*. Therefore
(Us) is true.

(Us) Let X(F) = {Fy|F, C F} be the collection of very true filters contained in F.
Clearly, X(F') is not empty. Let G be the very true filter generated by U,F,. Then
Us C K*. Tt is sufficient to show that Ug o Us C Up. If (x,y) € Ug o Ug, then there
exists z € £ such that (z,2) € Ug and (z,y) € Ug. It follows from (E7) in Definition
2.1 that (z,y) € Ug, that is, 7(z) ~ 7(y) € G. Since G is the minimal very true filter
containing U, F,, and U, F, C F, it follows that G C F. Thus 7(x) ~ 7(y) € F and hence
(z,y) € Up. Therefore Ug o Ug C Up is true.

(Ug) This will from the observation that Ug N Up = Ugnr for all Ug, Up € K*.
Indeed, if (x,y) € Ug N Up. Then (z,y) € Ug and (z,y) € Up, which implies 7(x) ~
7(y) € G and 7(x) ~ 7(y) € F. Thus 7(z) ~ 7(y) € GN F and hence (z,y) € Ugnr.
Similary, we can show that Upng C UrNUg, whence Upng = UpNUg. This completeness
the proof.

Theorem 4.14. Let (£, 7) be a very true equality algebra. Define K = {U € ExE|Ur C
U, for some Up € K*}. Then K satisfies a uniformity on (£,7) and hence the pair
((€,7), K) is a uniform space.

Proof. Using Theorem 4.13, we can show that K satisfies the conditions (Uy) — (Us).
Now, we will show that it satisfies (Us). If U € K and U C V C £ x €. Then there exists
a Up € K* such that Up C U C V, which implies that V' € K. Therefore,((€,7), K) is a
uniform space.

For x € £ and U € K, we define
Ulz] = {y € €|(z,y) € U}.

Theorem 4.15. Let (£,7) be a very true equality algebra. Define T' = {G C &|rx €
G,3U € K,U[x] C G}. Then T is a topology on (&, 7).

Proof. It is clear ) € T and £ € T. Also from the nature of that definition, it is clear
that T is closed under arbitrary union. Finally to show that 7' is closed under finite
intersection, let G, W € T and suppose x € GNW. Then there exist U and V € K such
that Ulz] C G and V[z] CW. Let N =UNV, then N € K. Also N[z] C Ulz] N V[x]
and hence N[z] C GNW, thus GNW € T. Therefore T is a topology on (&, 7).

Note We denote the uniform topology obtained by an arbitrary family A, by T and If
A = {F}, we denote it by Tr.

Theorem 4.16. Let (£, 7) be a very true equality algebra. For each = € £, the collection
U, = {U[z]|U € K} forms a neighborhood base at x, making (£, 7) a topological space.
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Proof. We note that = € Ulx]| for each z. Since Uj[z] N Uzlz] = (Ur N Uz)[x], Wthh
means that the intersection of neighborhoods is a neighborhood. Finally, if U[z] €

then there exists a W € K such that W oW C U by (Us). Then for any y € W{z], [ },
so this property of neighborhoods is satisfied.

Theorem 4.17. Let (£, 7) be a very true equality algebra and (€, Tk, (r)) be a compact
topological space. Then 7(&) is finite.

Proof. Since & = U{Up[z]|x € £} and (£, TF) is a compact topological space. Thus there
exist x1,x9 -+ ,x, € £ such that &€ = UUp[z;]. Now, let = be a arbitrary element of £.
By Theorem 3.7, 7: £ — 7(€) is a homomorphism and by the Note after the Theorem
3.6, (1(€),~,1) is an equality algebra, hence we have 7(Ur[z]) = {7(y)|ly € Uplx]} =
{r@)|(r(2),7(9) € B} = {r()I7(x) ~ 7(9) € F} = {r)lr(x) = 7(3)} = {r(x)}. Thus
T(Ur[z]) = {7(x)} and so Fiz, = UUp[z;] = {7(z1), -+ ,7(x,)}, that is, 7(&) is finite.

Corollary 4.18. Let (£, 7) be a very true equality algebra and (£,Tk.,(-)) be a compact
topological space. Then 7(€) is a compact subset of £.

Proof. It follows from Theorem 4.17 directly and hence we omit it.

5. Conclusion

As we mentioned in the introduction, the study of equality algebras is motivated by
the goal to develop appropriate algebraic semantics for fuzzy type theory, so a concept of
fuzzy type theory should be introduced based on these algebras. In this paper, motivating
by the previous research on very true residuated lattice, very true MV-algebras and very
true BL-algebras, we extended the concept of very true operators to the more general
fuzzy structures, namely equality algebras. We introduce and study very true equality
algebras and prove some new results regarding these structures. The aim of this paper
is to provide an algebraic foundation for fuzzy type theory. Since the above topics are of
current interest we suggest further directions of research:

1. Characterize very true filter generated by a subset of an very true equality algebra
in terms of fuzzy equality operation.

2. Define and characterize subdirectly irreducible very true equality algebras.

3. Establish the logic system corresponding to very true equality algebra and prove
the soundness and completeness theorem of this logic.
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Abstract

In this paper, a system of accretive inclusions is proposed and a splitting iter-
ative method is investigated for solutions of proposed system of operator inclusion
problems. Under suitable conditions on the parameters, strong convergence of our
splitting iterative method is established in a reflexive Banach space.
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1 Introduction

In the area of nonlinear analysis, the theory of accretive operators is an important and
developing field [3, 4]. The class of accretive operators is firmly connected with equations
of evolutions found in the heat, wave, Schrodinger and similar other equations [5]. Many
problems in operations research and mathematical physics can be written as variational
inequalities, equilibrium problems or operator inclusions with accretive operators [2, 10,
17].

Let H be a real Hilbert space whose inner product and norm are denoted by (-, -) and
|| - ||, respectively. One popular method for solving the following inclusion problem:

find z € H such that 0 € Az, (1.1)

*Corresponding author
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where A : H — 2H is an m-accretive operator, is the proximal point algorithm, which
was proposed by Martinet [15, 16] and generalized by Rockafellar [20, 21]. Rockafellar [20]
proved the weak convergence of the sequence {x, } defined by

Tpil = Jf}lznn, neN (1.2)

to an element of solution set of problem (1.1). The weak and strong convergence of the
sequence {x,} defined by (1.2) have been extensively discussed in Hilbert and Banach
spaces (see [7, 28, 29, 30, 31] and the references therein). The proximal point like methods
for finding solutions of problem (1.1) have been studied by Lehdili and Moudafi [12] and
Tossings [26] in Hilbert spaces and by Sahu and Yao [23] in Banach spaces.
Many nonlinear problems arising in applied areas such as image recovery, signal pro-
cessing, and machine learning can be mathematically modeled in form of inclusion problem:
to find z € C such that
0€ (A+ B)z, (1.3)

where C' is a nonempty closed convex subset of H, A : H — 2 and B : C — H are
monotone operators. For instance, a stationary solution to the initial value problem of the
evolution equation

ou
ot
can be recast as (1.3) when the governing maximal monotone F' is of the form F = A+ B,
see, for example, [13].

0e + Fu, wug=wu(0)

The central problem is to iteratively find the solution of the inclusion problem (1.3)
when A and B are two monotone operators in a Hilbert space H. One method for finding
solutions of problem (1.3) is splitting method. A splitting method for (1.3) means an
iterative method for which each iteration involves only with the individual operators A
and B, but not the sum A 4+ B. Splitting methods for linear equations were introduced
by Douglas and Rachford [8] and Peaceman and Rachford [18]. Extensions to nonlinear
equations in Hilbert spaces were carried out by Kellogg [9] and Lions and Mercier [13] (see
also [22, 27]).

In this paper, we are interested in the following system of operator inclusion problems:

find z € C such that 0 € (A; + B;)z, i€ Ay:={1,2,---,N}, (1.4)

in the framework of a Banach space X, where N > 1 is a positive integer, C is a
nonempty closed convex subset of X, A; : X — 2% is an m-accretive operator such
that (;ca, D(A4i) € C and B; : € — X an operator. The inclusion problem (1.4) is more
general in nature. For instance, if B; is the operator constantly zero for all i € Ay, the

problem (1.4) reduces
find z € C such that 0 € 4;z, i€ Apn. (1.5)

The purpose of this paper is to introduce a forward-backward splitting method to
solve the system of operator inclusion problem (1.4) in a Banach space. We prove strong
convergence of iterative sequences generated by our algorithm. In Section 2, we give
duality mappings, nonexpansive mappings and their properties and accretive operators
and their properties. In Section 3, we introduce a forward-backward splitting method and
state main theoretical result of the paper. Our iterative method improves and generalizes
the corresponding results of inclusion problem (1.5).
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2 Preliminaries

2.1 Duality mappings

A continuous strictly increasing function ¢ : R™ — R™ is said to be a gauge if p(0) = 0
and limy .o ¢(t) = co. The mapping J, : X — 2X" defined by

Jo(@) ={j € X7 : (. ) = llz[[ljll ll7ll« = eIz}, =€ X,

is called the duality mapping with gauge ¢. In the special case where ¢(t) = ¢, the duality
mapping J, =: J is the classical normalized duality mapping. In the case ¢(t) = =1,
p > 1, the duality mapping J, =: J), is called the generalized duality mapping and it is
given by

Jp(a) :={j € X*: (z, ) = l2lllj]l« |3l = ll=[P~}, =€ X.

Note that if p = 2, then Jy = J is the normalized duality mapping. By ¢ we always mean
a gauge and by ® the corresponding function defined by

t
O(t) = / o(s)ds.
0
For a smooth Banach space X, we have
O(llz + yll) < (l|lzl]) + (v, Jo(z +y)) for all z,y € X; (2.1)
or considering the normalized duality mapping J, we have

lz +yl* < llz]* + 2{y, J(z +y)) forallz,ye X.

2.2 Nonexpansive mappings

Let C be a nonempty subset of a Banach space X and T': C' — X a mapping. T is said
to be nonexpansive if

[Tz — Ty|| < ||z —y|| forall z,y e C.

The set of fixed point of T" is denoted by Fiz(T).
The following result was proved by Kirk [11].

Lemma 2.1. (Kirk [11]) Let X be a reflexive Banach space and let C' be a nonempty
closed convex bounded subset of X which has normal structure. Let T be a nonexpansive
mapping of C' into itself. Then T has a fixed point.

A subset C' of a Banach space X is called a retract of X if there exists a continuous
mapping P from X onto C such that Px = x for all z in C. We call such P a retraction
of X onto C. It follows that if a mapping P is a retraction, then Py = y for all y in the
range of P. A retraction P is said to be sunny if P(Px + t(x — Pz)) = Px for each x in
X and t > 0. If a sunny retraction P is also nonexpansive, then C' is said to be a sunny
nonezpansive retract of X.

The following lemmas will be useful for our main result.
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Lemma 2.2. ([1, Corollary 5.6.4]) Let X be a Banach space with a weakly continuous
duality mapping J, : X — X* with gauge function ¢. Let C' be a nonempty closed convex
subset of X and T : C — C an nonexpansive mapping. Then I — T is demiclosed at
zero, that is, if {z,} is a sequence in C' which converges weakly to = and if the sequence
{x,, — Tx,} converges strongly to zero, then z — Tz = 0.

Lemma 2.3. ([6]) Let X be a strictly convex Banach space. Let C' be a nonempty closed
convex subset of X and let V > 1 be a positive integer. For each i € Ay, let T; : C — C
be a nonexpansive mapping such that ;. Fiz(T;) # 0. Let {d;}ica, C (0,1) such
that Zfil 0; = 1. Then the mapping Zfil 0;T; is nonexpansive with F’L;U(Zi\il 6 T;) =
Nieay Fiz(Th).

Lemma 2.4. Let C be a convex subset of a smooth Banach space X, D a nonempty subset
of C' and P a retraction from C onto D. Then the following are equivalent:

(a) P is a sunny and nonexpansive.

(b) (x — Px,J(z — Px)) <0 forallz € C,z € D.

(¢) {x —y, J(Px — Py)) > ||Px — Py|? for all z,y € C.

Lemma 2.5. Let X be a reflexive Banach space which has a weakly continuous duality
map J,. Let C be a nonempty closed convex subset of X and T : C' — C a nonexpansive
mapping such that Fix(T) # (. Then Fix(T) is the sunny nonexpansive retract of C.

The property (N) alludes to the fact that in order to solve the system of operator
inclusions (1.4).

Definition 2.6. ([22]) Let C be a nonempty closed convex subset of a Banach space X.
An operator B : C' — X is said to satisfy the property (N) on (0,7vx p) if there exists
vx,B € (0,00], depends on X and B, such that I — (B : C — C' is nonexpansive for each

E € (05 IYX,B)-

Remark 2.7. For a nonexpansive mapping 7' : C — C with B = I — T, the average
mapping Ty, = I —wB is always nonexpansive for each w € (0,vx,p), where yx g = 1.

2.3 Accretive operators

Let X be a real Banach space. For an operator A : X — 2% we define its domain, range
and graph as follows:

D(A) ={z € X : Az # 0},

R(A) = J{Az: 2 € D(A)},
and

GA) ={(z,y) e X x X :x € D(A),y € Ax},

respectively. Thus, we write A : X — 2% as follows: A C X x X. The inverse A~! of A is
defined by
r e A lyif and only if y e Az.

The operator A is said to be accretive if for each z; € D(A) and y; € Ax; (i = 1,2),
there exists j € J(x1 — x2) such that (y; — y2,j) > 0. An accretive operator A is said
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to be mazimal accretive if there is no proper accretive extension of A and m-accretive if
R(I+A) = X, where I stands for the identity operator on X (It follows that R(I+rA) = X
for all » > 0). If A is m-accretive, then it is maximal accretive, but the converse is not
true in general. If A is accretive, then we can define, for each A > 0, a nonexpansive
single-valued mapping Jf\‘ :R(14+ XA) — D(A) by

J = (T +x4)7L

It is called the resolvent of A. It is well known that if A is an m-accretive operator on a
Banach space X, then for each A > 0, the resolvent J;? = (I + MA)~! is a single-valued
nonexpansive mapping whose domain is entire space X. An accretive operator A defined on
a Banach space X is said to satisfy the range condition if D(A) C R(1+ \A) for all A > 0,
where D(A) denotes the closure of the domain of A. It is well known that for an accretive
operator A which satisfies the range condition, A=*(0) = Fiz(J{') for all A > 0. We also
define the Yosida approzimation A, by A, = (I — JA)/r. We know that A,z € AJAx for
all x € R(I +rA) and ||A,yz| < |Az| = inf{||y|| : vy € Az} for all x € D(A)N R(I +rA).
We also know the following [25]: For each A\, x> 0 and x € R(I + AA) N R(I + pA), it
holds that

A —
HJ?:E—J[?:EH < | /\M|||:E—J§\1:E||.

Lemma 2.8. ([22]) Let C be a nonempty closed conver subset of a Banach space X,
AC X x X an accretive operator such that D(A) C C C Niso BRI +tA) and B:C — X
an operator such that Zer(A+B) # () and B has the property (N') on (0,vx B), where yx B
is a constant depends on X and B. Forr € (0,vx,B), define an operator JAB o ¢

by

JABe = JAI —rB)z, zeC.

Then the following statements hold.
(a) JAP s nonezpansive.
(b) Fiz(J{*P) = Zer(A+ B).

Lemma 2.9. ([24]) Let {z,} and {yn} be bounded sequences in a Banach space X and let
{Bn} be a sequence in [0, 1] with 0 < liminf,,_ B, < limsup,_, ., B, < 1. Suppose that

Tntl = (1 - ﬁn)$n + ﬁnyn fOT alln € N

and
limsup([[yn+1 = yall = 2041 — 2ul]) < 0.
n—oo
Then limy, o0 [|[yn — zn|| = 0.

Lemma 2.10. ([14]) Let {an} and {cn} be two sequences of nonnegative real numbers and
let {b,} be a sequence in R satisfying the following condition.:

ant1 < (1 —an)an + by +c¢, foralln €N,

where {ay,} is a sequence in (0,1]. Assume that > 7 | ¢, < 0. Then the following state-
ments hold:
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(a) If b, < Ko, for alln € N and for some K > 0, then
ant1 < dpar + (1 —0,)K + ch for alln € N,
j=1

where 6, = H;L:1(1 — o) and hence {ay,} is bounded.

(b) If Y07 | oo, = 00 and lim sup,,_, 3—’; <0, then {an}o2, converges to zero.

3 Main results

Now we are ready to prove our main result for solving the system of operator inclusions
(1.4) in the framework of Banach space.

Theorem 3.1. Let X be a strictly convex and reflexive Banach space which has a weakly

continuous duality map J,. Let C be a nonempty closed convex subset of X and let N > 1

be a positive integer. Let f : C'— C be a contraction mapping with Lipschitz constant kj.

For eachi € Ay, let A; : X — 2% be an m-accretive operator such that Nicay D(Ai) €C

and B; : C — X an operator such that S := ﬂieAN Zer(A; + B;) # (. For each i € Ay,

let B; has the property (N') on (0,7vx,B,), where vx p, is a constant depends on X and B;.
Let {an}, {Bn} and {y,} be real number sequences in (0,1) and let {6,;} be a real

number sequence in (0,1) for each i € Ay satisfying the following conditions:

Cl) ap + Bn+vn = Zf\il Oni =1 for all ne N,

C2) limy, 0o a0, = 0 and Y07 | @y = 00,

C3) 0 < liminf, o G, < limsup,_,,, On < 1,

C4) limy, 00 0 s = 6; € (0,1) for alli € Ay.

Let {x,} be a sequence in C' generated by the following splitting iterative method:

(
(
(
(

N
Tn1 = anf(Tn) + Bu¥n + o Y Onifii(I = 7iB)xy,  for alln €N, (3.1)

n=1

where {r;}ica, is a set of positive real numbers. Then {x,} converges strongly to z* € C,
which is the unique solution to the following variational inequality:

to find z € ﬂ Zer(A; + B;) such that (I — f)z,x —z) >0 (3.2)
1IEAN

for all x € N;en,, Zer(Ai + Bi).

Proof. (a) Define T' = Zf\il 5Z-J;‘3i(l — 1;B). From Lemmas 2.3 and 2.8, we see that T is
nonexpansive with Fiz(T) = (\,ca, Zer(4; + B;). From Lemma 2.5 shows that S is the
Sunny nonexpansive retract of C. Let (Js be the sunny nonexpansive retraction of C' onto
S. It follows that Qsf is a contraction. Hence there exists a unique fixed point «* € C' of
Qsf. From Lemma 2.4 that the variational inequality problem (3.2) has a unique solution
x* e C.

(b) We proceed with the following steps:

STEP I: {z,} is bounded.
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From (3.1), we have

N
Z 5n7iJf:i(I —riB)x, —z*

i=1
S ’ffoénHiEn — @7 + anl[f(27) — 27| + Bullzn — 27|

[2nt1 = 2%| < anll f(2n) — 27| + Bullzn — 2" +

+7n25nz||<] I—r; ):En_:E*H

< k‘faanEn — a7+ anl[f(z7) = 27| + (1 — o) lzn — 27|
= (1= (A =kp)an)llzn — 27| + anl[f(27) — 27|

< max{ |, — o7, L
SmaX{HJE -z, ||f(1_);f$*||}

Thus, {x,} is bounded.
STEP II: ||Xp41 — xn|| — 0 and ||z, — Tz,]| — 0 as n — oc.
Set v, = 22[21 5n7iJf:i(I — r;B)x,. Note

N N
Z 5n+17i¢]£i (I — T’Z’B):En_H — Z 5n7ZJ£Z (I — T’Z’B):En

i=1 i=1

|Yn+1 — ynll =

N
n—l—l,iJ::i(I — ’f’iB):En+1 - 25n+1,i*]£i([ — T’Z'B);En
i=1

n—l—l,iJ::i([_ ;B 25n ZJA — Ty ) Tn
< Z5n+1 AT — v B)wnsr — Jii (I — v, By
- N
A;

Z n+1,4 — an ( _TiB)$n

- N
< lzns1 — @l + Z |On+1,i — On,il ||Jrf:l([ —riB)an||.

=1

From (3.1), we have
Tpt1 = Qn f(Tn) + BnTn + YnYn
= Bnrn + (1 = Bn)zn,
where
1
1— by

Zn = [on f(Tn) + YnYn] -
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Hence
1 1
Zn+l T Rn = T, [O‘n—l-lf(‘rn—l-l) + 7n+1yn+1] -7 45 [anf($n) + 'Vnyn]
11— ﬁn—l—l 1-— ﬁn
1
1T [ns1 f(@nt1) + (1 = ang1 — Bas1)Yns1]
mn
1
- q [anf($n) + (1 — Qp — ﬁn)yn]
n
A1 «
= 1 _ng 1 [f($n+1) - yn—l—l] - 1 _nﬁ [f(:En) — yn] + Yn+1 — Yn-
mn n
Note
Ont1 a
[2n41 — 2|l < JTH”JC(%H) — Yn1]| + ﬁ”f(iﬂn) — Ynll + |Yn+1 = |
n n

Apt1
T 1=l

17 Gent) = sl + =51 o) = gl

1
N
Fllens — @l + 3 s — nal [T = riB)ea.
i=1
Thus, we have

Qnt1 Qo

[2n+1 = 2ol = Znt1 — 2nll £ —F— 1 f(@n11) = Y|l + 1f(zn) = ynll
1- ﬁn—l—l 1- ﬁn
N
+ > 10nt1i = Snalll T (T = i B)anl.
i=1
From the conditions (C1)-(C4), we get
limsup(|[zn41 — 2n || = [Znt1 — zal]) 0.
n—oo
From Lemma 2.9, we obtain that
lim |z, — z,|| = 0.
n—oo
Since zp41 — p = (1 — Bp) (20 — ), we have
[Znt1 — znll = (1 = Bp)llzn — @nll <z — 20l = 0 as n— oo

Observe that

|20 — Txp|| < |20 — Tpta|| + [|[Tng1 — Ty

< ||:En - l’n—l—l” + an||f($n) - T$n|| + ﬁn||$n - T$n||
N

> (Oni = 0) i (I = riB)ay,

=1
< Nwn — zppa |l + anll f(2n) — T || + Bullvn — Ty

+ n

N
9 > [6ni — 8l |72 (I = riB)anl|,
=1
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which implies that

(1= B)llzn — Tan|| < |2 — 2pta || + ol f(2n) — Ty ||

N
9 Y [8ni = 8l 1T (I = riB)an].
i=1
Thus, we have
lim ||, — Tz,| = 0.
n—oo

STEP I11: {z,,} converges strongly to =*.
Take a subsequence {z,,} of {z,} such that

limsup(f(z*) — z*, Jo(x, — 2™)) = lim (f(2z*) — 2%, J(xn, — 27)).

n—oo 1—00

Since X is reflexive, we may further assume that x,, — z for some z € C. It follows from
Lemma 2.2 that z € Fiz(T). From the weak continuity of the duality mapping J, and
(3.2) we obtain that

limsup(f(z*) — 2%, Jp(an — 27)) = lim (f(z%) — 27, Jo(xn, — 27))

n—oo 1—00

From (2.1) and (3.1), we have

O(||zn41 — ™)
= @(|lanf(zn) + Baxn + Ynyn — 27|
< O([lom(f(zn) = f(27) + Bu(an — 2%) + n(yn — 27) + an(f(2") — 27)]])
< O([lon(f(zn) = f(27) + Bu(wn — 2%) + yn(yn — 27)]])
+ o (f(27) — 27, Jp(Tntr — x%))
< @(an || f(zn) = fF@) + Bullon — 2™ + Ynllyn — ™)
+ o (f(2%) — 27, Jp(Tntr — 27))
< O((1— (1= kp)am)||on — 27[]) + an(f(z") — 2%, Jo(Tpy1 — 7))
< (1= A =kf)an)@([len — 27[]) + an(f (") — 27, Jo(Tn41 — 27)).

Noticing that lim sup,,_, . (f(z*) — 2%, Jo(zpy1 — 2*)) <0 and Y .7 | o, = 0o. Therefore,
we conclude from Lemma 2.10 that ®(||z, —x*||) — 0, that is, {x,,} converges strongly to
z*. O

Theorem 3.1 is more general in nature due to the property (N) of operators B;, there-
fore, we are able to derive the some new and known results from it. To demonstrate the
wide range of applicability of our convergence theory, a few examples are detailed below.
In particular for B; = 0, we immediately obtain an improvement upon Qing and Lv [19,
Theorem 2.1] as follows:
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Corollary 3.2. Let X be a strictly convex and reflexive Banach space which has a weakly
continuous duality map J,. Let C be a nonempty closed convex subset of X and let N > 1
be a positive integer. Let f : C'— C be a contraction mapping with Lipschitz constant kj.
For eachi € Ay, let A; : X — 2% be an m-accretive operator such that Nieay P(4i) € C
such that (Nica A7H0) # 0. Let {an}, {Bn} and {7y} be real number sequences in (0,1)
and let {d,,;} be a real number sequence in (0,1) for each i € Ay satisfying the conditions
(C1)-(C4).

Let {x,} be a sequence in C' generated in the following iterative process:

N
Tnt1 = A f(Tn) + BnTn + Tn Z 5n7i¢]£i$n for all n € N,

n=1

where {r;}ica, is a set of positive real numbers. Then {x,} converges strongly to z* € C,
which is the unique solution to the following variational inequality:

to find z € ﬂ A7Y(0) such that (I — f)z,x —z) >0
1EAN

for all x € Niea, A71H0).

Theorem 3.3. Let X be a strictly conver and reflexive Banach space which has a weakly
continuous duality map J,. Let C be a nonempty closed convex subset of X and let N > 1
be a positive integer. Let f : C'— C be a contraction mapping with Lipschitz constant kj.
For eachi € An, let A; : X — 2% be an m-accretive operator such that ﬂieAN D(A;) CC
and T; : C'— C a nonexpansive with B; = I —T; such that S := (;cn Zer(Ai + B;) # 0.

Let {an}, {Bn} and {y,} be real number sequences in (0,1) and let {6,;} be a real
number sequence in (0,1) for each i € Ay satisfying the conditions (C1)-(C4).

Let {x,} be a sequence in C' generated in the following iterative process:

N
Tnt1 = Qnf(Tn) + BnZn + Tn Z 5n7iJ£i(I —riBi)x, foralln €N,

n=1

where {r;}ica, is a set of positive real numbers. Then {x,} converges strongly to z* € C,
which is the unique solution to the following variational inequality:

to find z € ﬂ Zer(A; + B;) such that (I — f)z,x —z) >0
1EAN

for all x € Nicp,, Zer(Ai + B).

Proof. Note each T; is nonexpansive with B; = I — T;. It follows from Remark 2.7 that
the average mapping T, éf) = I —wB; is always nonexpansive for each w € (0, vx, p,), where
vx,B; = 1. Therefore, Theorem 3.3 follows from Theorem 3.1. O
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Sidi-Israeli Quadrature Method for Steady-State
Anisotropic Field Problems by Direct Domain
Mapping*

Xin Luo | Jin Huang? Tai-Song Xiong?

Abstract

In this paper, the two-dimensional steady-state anisotropic field problems
are transformed into the Laplace equation by direct domain mapping, and
then the Sidi-Israeli quadrature method is applied to solve the weakly singu-
lar boundary integral equation of the Laplace equation. Especially, the kress’s
variable transformation is used for the polygon case in order to improve the ac-
curacy by smoothing the singularities of the exact solution at the corner points
of the boundary. The convergence and error analysis of numerical solutions
are given by use of collective compact theory. At last, numerical examples are
tested and results verify the theoretical analysis.

Keyword: Boundary integral equation, singularity, variable transforma-
tion, convergence

1 Introduction

Consider an anisotropic medium in domain Q € R? bounded by its boundary I' =
UL, (m > 1) which may consist of m segments each being sufficiently smooth (
in the sense of Liapunov ). In the absence of heat sources, the equation governing
steady-state heat conduction with Dirichlet condition can be described as (see as
1,2, 9)) 2
0%u(x) .
'%2] 01',8% - 0? (27] - 1? 2)7

uz)=g, zel,

(1.1)
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where u represents the temperature, and v = {r;;}1<; j<o denotes the thermal con-
ductivity matrix which satisfies the symmetry (k12 = K21) and positive-definite (|x| =
Ki1Kao — K1 > 0) conditions.

Using the following coordinate transformation [2]

. \/ﬂ K12 (1.2>

Ty =—%21, T2==T2 — T,
R11 R11

Eq. (1.1) can be written as the ’isotropic’ Laplacian form in a mapped plane in the
transformed ; —system

0?u () N 0*u ()

5 tTam > ST ud)el (13)

Then by single-layer potential theory [8], Eq. (1.3) can be converted into the following
weakly singular boundary integral equation (BIE):

1

5= | v(@)In|z —glds: = g(9), §eT, (1.4)
2 Jp

where IV is the boundary of the transformed domain €'. The solution of Eq. (1.4)
exists and is unique as long as Crv # 1, where Cp is the logarithmic capacity [11, 12].
As soon as v(z) is solved from (1.4), the solution u(z) of the problem (1.3) can be
calculated by the following

1

o 1wv(:ﬁ) In|z — g|ldsz, ye Q. (1.5)

u(y) = -

Finally, using the inverse transformation of (1.2)

ki1 . N K12
Ty = ——T1, Lo =2T9+ —F——21, (16)

we can obtain the solution u(x) of the problem (1.1).

As far as we know, the most popular numerical methods for engineering prob-
lems include, for example, the finite element method (FEM) [17], the finite difference
method (FDM) [15], and the boundary element method (BEM) [11, 12]. The for-
mer two, used frequently in numerical modeling, are referred to as domain solution
techniques and require full discretization of the whole domain and are often compu-
tationally costly and mathematically tricky in the volume mesh generation [1]. The
BEM has been recognized as an efficient computational method that only the bound-
ary needs to be modeled and owing the high approximation. For the application of
BEM for the steady-state anisotropic heat conduction problems (1.1), various types of
elements, namely constant, continuous and discontinuous linear elements and contin-
uous and discontinuous quadratic elements has been investigated in the literature [5].
In this article, the Sidi-Israeli quadrature formula [3] is applied to calculate weakly
singular integrals. Especially for the case of closed curved polygons I, we use the

2
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Kress’s variable transformation [4] to overcome the corner singularities and improve
the accuracy at the boundary corners.

This paper is organized as follows: in Section 2, the convergence and error analysis
are carried out based on the theory of collectively compact operators [6, 7] for closed
smooth boundaries. The Kress’s variable transformation is introduced to overcome
the corner singularities for curved polygons in Section 3. Numerical examples are
provided to verify the theoretical results in Section 4, and some useful conclusions
are made in Section 5.

2 Sidi-Israeli quadrature method for boundary in-
tegral equation on smooth domain

Suppose that the boundary I (= 092') to be a smooth closed curve and assume that
the curve I can be parameterized by y(t) = ¢(t) = (p1(t), p2(t)) : [0,27) — 0.
Then Eq. (1.4) can be written as

9s) == | In |(s) — o(t)[v(t)dt, (2.1)

where v(t) = |¢'(t)|v(p(t)) and g(t) = g(¢(t)) are periodic functions with period 2.

In order to achieve high accuracy for numerical computation of finite-range in-
tegrals with weakly singular kernels, the following lemma about Sidi’s quadrature
formula is introduced.

Lemma 2.1. [3] Assume that the functions H,(¢,7) and Hs (¢, 7) are 2¢ times dif-
ferentiable on [0, 27]. Assume also that the functions H (¢, 7) are periodic with period
T = 27, and that they are 2 times differentiable on R = (—o0, 00)\{7 + kT}2°___|
If a(t,7) = Hy(t, 7)n|t — 7| + Ha(t, 7), then

a(t,7)] —hz a(t;, ) + Hy tj,T)h—l—ln(;l )VHi(t;, 7)h, h:%”, t; = jh,
tﬁeT
and
o C(=2p) 0™
Epla(t, 7)] =2 @ o (Hy(tj, 7)) % 40 (h*), as h— 0,
o

where ((z) is a Riemann function [9, 13| and E,[a(t,T)] = fozw a(t, 7)dt — Qnla(t, 7)].
Define the integral operator

(Lv)(s) = /0 ’ (s, t)v(t)dt, (2.2)
with the kernel

(15, 1) = —5Tns) — (1)
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and construct the Nystrom operator by the Sidi’s quadrature formula

h h , — ‘ 27
(406 = =5 [ () + ) 41 3 1), 5 =, =TT
i
Let V" = span{eg(s),e1(s), - ,en(s)} C C[0,27) be a piecewise linear function

subspace with nodes {s;}}_, where ¢;(s) is the basis function satisfying e;(s;) = dy;.
Define a prolongation operator P : 8" — V" and a restricted operator Q" satisfying

Ph’U:’U-e, ’U:(UO’... 71)“)7 62(607"' 76n> e%n’
Q"v = (v(so), -+, v(s,)) € R, v e Cl0.2m).

Then Eq. (2.1) and its approximation equation are

Lv=yg
Lhoh = Qhg

where L" = [I;;]77}, and the entries are

i,j=0
l {hl(5i>tj)> 27&]7
ij = Bl (t; .
S gl =

Define the following integral operator

(on)(s):/OWao(s,t)v(t)dt, (2.3)

with the kernel ) ;
aop(s,t) = o In ‘26_1/2811187}.

Let L — Ay = Aj, then the integral equation (1.4) can be split into a singularity part
and a compact perturbation part

Agv + Av =g, (2.4)
where (A;v)(s) = (v(.), a1(s,.))r2 with the kernel

—5-In ‘61/2%_;;@‘, s—t#2r7,
aq (8, t) =
—Ln (e!2¢/(s)]), s—t=2rZ.
Now we construct the approximations of Ay and A;. For the logarithmically
singular operators Ag, by the Sidi’s quadrature formula [3], we can construct the
Fredholm approximation

(AGo)(s) = h Y aols, t;)u(ty), (2.5)
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where

1 _ s —1;
— 2—111}26 1/2s1n(Tj)‘ s # i,

ao(s, t;) = 17T 12, (2.6)
—gln( o ) s =tj,
which has the following error bounds:
—2 3= (' (—2p)
(Abv)(s;) — (Agv)(s;) = — o) [v(s)] 3 B2+ 4 O(h2). (2.7)

For the integral operators A; with periodic kernels, we can construct the Nystrom
approximation by the trapezoidal rule [8],

s)=h> ai(s,t;)o(t;) j=0,1,--- ,n—1,

which has the error bounds O (h?), [ € N.
Consider the discrete approximation of (2.4)

(Af + A" = g, (2.8)
where v = (U(fJLaU{L> e 702—1)717 Ag = [ao(Si,t )]zy =0 Ah = [al(sl’t ]zy =0 and g
(g(0(50)), -+, g(@(s,-1)))T . Obviously, (2.8) is a linear equation system Wlth n

unknowns. Once v" is solved from (2.8), the solution of (1.5) u(g) (§ € ') can be
computed by

= ot > )i i s0) — ] (29

From (2.6), we have

n (6_§2£) ln‘Qe QSmh} ln}Qe_%sin—("_l)h
Ah:_ﬁ ln}Qe zsmh‘ ln(e é%) 1n}2€ 1gipn (n=2h 2)h‘
0 2 : : : .
o b et (e

By [10], we know that [|(A})~!|| < cn. Hence the Eq. (2.8) is equivalent to
(" + Ph(AD)IQh AN = PR(AR)IQM, (2.10)

where E" is the identity operator.
Lemma 2.2. The operator sequence {Ph(Ag)_lQhAg : 30, 2m) — C|o, 27?)} is
uniformly bounded and

PMANT'Q Ay B 1.
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where % denotes the pointwisely convergence and I is the embedding operator .

Proof. Let v € C3[0,27) and v" be the solutions of the auxiliary equations Agv = g
and Ahv" = Q"g respectively, where

n—1
1 he~1/2
ALQM = Alu(t) = h;ao(si,tj)v(tj) ~ 5 In ( - Jo(ts),
JFi

and

From (2.7), we obtain that
th - Ath'U =0 (h?’)v

and

njor

1Q"g — ALQ 0], = (n(O (h*)*)7 = O (h
By (2.11), the following holds
1Q"0 — (AR Q" Agoll = Q" — (A Q" gl

= [Q"v —v"|2

= [I(A5) T A (Q"v — v") |2

). (2.11)

1
< CIA5(@" — ")

1
= L145Q" = Al

3
2

1
= 21Q"g — 4LQ"vll, = O (b1,

the proof of Lemma 2.2 is completed. [

Theorem 2.3. Assume that 09 is a simply smooth and closed curve, Q" is a
restricted operator and P" is a prolongation operator with nodes {s;}1,, then the
operator sequence { P"(AR)~1Q" A} is collectively compactly convergent to Ay ' A; in
C0, 27), that is,

P (AMNTIQM AL =5 A A,

Proof. Since (P"(A})~1QM)(P"AYQM) = (P"(A})~1Q"Ap)((Ag) T PPATQM), we
get

I(P"(AG) Q") (P"ATQMII < [P (A5) ™' Q" Aollos | (Ao) ™ P* ATQ" 50.

From [10] and by Lemma 2.2, we have (4) "' PP AMQ" &5 Aj' Ay and P*(A}) Q" Ay &
I. The proof of Theorem 2.3 is completed. [J
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~ h ~ h
Replacing (A%)~, Al A%, v and g" by (A,")"1 = Ph(AL)1Q", A" = PrALQ"
, Alh = PhARQ", o = P and g = P AR)~1Q"g" |, respectively. Then (2.10) can
be written as o
(E" + (Ay )P A YoM = " (2.12)
Theorem 2.4. Assume that 9€) is a simply smooth and closed curve, v and "
are the solutions of (2.4) and (2.12), respectively, z; € C°[0,27) and g(s) € C®[0, 27),
then the following holds

(0" —v)| __ =0 (n®). (2.13)

s=s;

Proof. By the trapezoidal rule, the asymptotic expansion holds [10]
(9—9g")|,_, =P Q"p| _, +0O (b, (2.14)
with ¢1(s) = —¢'(—=2)g"(s)/m . Using (2.7) and (2.14), we can obtain

P"(AG + ANQ" (" —v)| _

— g — PMAL+ ADQM|

= " — [(o + Ao — BP'Qhp)| _ +0 (%)
= (9" = 9)|,_,, T’ P"Q"pa| _ + O (h%)

s=

= WP"Q | _, +O (1),

where y(s) = —¢& (=2)v"(s)/m, and p(s) = @1(s) + p2(s). From Theorem 2.3, we
have

(B + (Ao ) AN (0 — "), = (Ao ") P"Q (s)|

S=s;

+ O (h°). (2.15)

Since (E" + (th)_lA}f)_l is uniformly bounded, we immediately get

(@h — v)‘

=0 (h3). (2.16)

8=858;

O

3 Corner singularity and convergence analysis

Definition 3.1. [14] A real-valued function = is said to be a sigmoidal transformation
if the following conditions are satisfied:

(i) v € C'0,1] U C>=(0, 1) with v(0) = 0;

(i) y(z) +y(1—2) =1, 0 <z < 1;

(iii) ~y is strictly increasing on [0, 1] and its derivative 7/ is strictly increasing on
[0,1/2] with 4/(0) = 0.
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1

Figure 1: ~, transformation

The Kress’s variable transformation is an example of ”algebraic” sigmoidal trans-
formations, which was first proposed by Kress [4]. The function +, defined on [0, 1]
by

V(@) = f(o)/(f(@) + f(1 —x)),

where
f(x) = (x4 cBs(z))",

here r > 1, ¢ is a constant to be determined and Bj is the Bernoulli polynomial of
degree 3 defined by
Bs(z) :=z(x — 1/2)(z — 1).

If we choose ¢ = —8(1/r — 1/2), then we have
o) (o)
Oa(t)  (6(t) + (0(2m — 2mt))"

where 6(t) = (£ — 3)(1 —2t)3 4+ 1(2t — 1) + 1. The plots for ~, is shown in Figure 1.
Assume that T = UL, T, (¢ > 1) be the boundary of a polygonal domain €' in
R% T, € C**Y(g=1,...,m, L€ N), and let g, = g - Define the boundary integral

q
operators on I,

(1) :[0,1] — [0,1], r>1, (3.1)

1

(quvq)@) = o o

Uq(i) In }j - g‘dszﬁa g = (?317?32) S F;) (p7q = 17 7m) (32)

Then Eq. (1.4) can be converted into a matrix operator equation
Lv =G, (3.3)

where L = [L,)]"_1, G = (91(9), ., gm(9))" and v = (v1(&), ..., vn (&))", Assume
that I', can be described by the parameter mapping: #4(s) = ¢(s) = (¢41(5), Pqa(s))

8
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2 0,1] — T with @ (s)] = [Jea(s)]*+ [eg(s)[}]'/? > 0. In order to degrade the
singularities at corners, we apply the Kress’s variable transformation to (3.3) and
give the following decomposition of L,,,

qu = AO(pp) + Al(pq)'

The operators Ay and A, are singular and compact operators respectively, and
their Nystrom approximation are

(Agipyten)(6) = Jy totpa) (1, T)p(T)dr, ¢ € [0,1],
(AOé)pp)wP) (t) = hyp 32521 aop) (T, T5)wy(T5) — by In ‘6_1/2hp‘wp(t)> hy = 1/ny,

t;ﬁTj
and
1
Al(pQ) (’wq)(t) = fO ?Ll(pq)(t, T)wq(T)dT, tc [0’ 1]’
hq q .
(Al wa) () = hy Z:lal(pQ)(taTj)wq(Tj), tel0,1), 7, =jh p,qg=1,...m,
‘]:
where 1
ao(pp)(ta T) = 5 In }26_1/2 sin7(t — 7-)}’
s
and A A
_ il |2(t) — 7q(7)] s b
_1/2 1 _ p - Q7
— 21 [2e~Y2sinzw(t — 7)|
A1 (pq) (ta 7') = 1
- %ln‘jp(t) _gq(T)‘ as p # q,
here

Tq(t) = (q (1 (1)), Pa2(7 (1)),
wq(t) = vg(q(vr(£))) g (e (1)) [7(1).

Then Eq. (3.3) and its discrete equations are

{ (Ag + AW = G, (3.4)

(Al + AN = G,
where

Ay = diag(Aoar), - Aopmmy), A1 = [Al(pQ)]z?q:D

W o= (wi,,wn)", G=(g91,,9m)"  ga(t) = gq(i04(1)),
wh = (w?l(tl),...,w?l(tm),...,wﬁ{"(tl),...,whm(tnm))T,

m

3 h hm n
Ag = dlag(Ao(111)>"'aAo(mm))v Ag(pp) = [aO(PP)(tj’Ti)]j,Zi,:D
h hq m h Np,N
Al = A=t Alpg = 0109, 7)]551

G" = (g(tr) s 1(tuy), s (1) ooy Gin(tn,))

9
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The operator Ay, is an isometry operator from (H"[0,1])™ to (H"+1[0,1])™ [11, 12].
In addition, from [10], we know that Agg ) and A} are invertible, and ||(Aggqq))_1H =

qq
O(ng) and [|(A)7!| = O(h,'), where || - || denotes the spectral norm. Hence Eq.

(3.4) is equivalent to

{ (E+ A7 ADW = Ag'G =G

(B! + (Al AN Wh = G (3:5)

Obviously, the second equation of (3.5) is a system of linear equations with n
(= X" ,n;) unknowns. Once W" is solved by (3.5), the solution u(g) (§ € ') can be
computed by

NS et i .
u"(g) = Tor Z Z hp I |Zpq () — ny;(Tq”wZ(Tq)-

p=1 ¢=1

Let the function v,(t) = t*¢,(t) (0 > oy > —1/2), where ¢,(t) is differentiable
enough on [0, 1] with ¢,(0) # 0. From Taylor’s formula we have

A C))

v, (t) = Z q%'(o)t”aq + Oty as t — 0T (3.6)
=
and -
/ r—1+j +
o (t) ~ Z(Sjt as t— 0", and & > 0. (3.7)
=0

By substituting (3.6) and (3.7) into the expression of w,(t), then the function w,(t)
can be expressed by

wy(t) = c10,(0)t" V=11 4 O(t)) as t — 0T, (3.8)

where ¢; is a constant independent of ¢. 5 5

Similarly, let the function vy(t) = (1 — £)%¢y(t) (0 > oy > —1/2), where ¢4(t)
is differentiable enough on [0, 1] with ¢,(1) # 0. Then the function w,(t) can be
expressed by

w(t) = esdy(1)(1 = D14 01— 1)) as ¢ — 1, (3.9)

where ¢; is a constant independent of ¢.
Remark 1 The function v,(t) has singularities at endpoints t = 0 and ¢ = 1 [16],
but w,(t) has no singularities by Kress transformation at ¢t = 0 and t = 1.

Lemma 3.2. Let

Q1pg) (1, T) = a1 (T (E), v 21, Tp,NT #0, (3.10)

then a(yq)(¢, 7) is smooth on [0, 1]2.
Proof. By using the continuity of G, (¢, 7) and the boundness of 7/.(t), we can

10
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immediately complete the proof for the case p =¢. Let I',_y NI, = P, = (0,0) and
B, € (0,27) be the corresponding interior angle. Since ¢,_1(1) = ¢,_1(0), the kernel
a1(p—1,)(t, 7) have singularities at the points (¢,7) = (0,1) and (¢,7) = (1,0). For
convenience of analysis, we only discuss the case in that (t,7) = (1,0). If (¢,7) #
(1,0), we write

iy (6 7) = —%(Sl(t, )+ S(t, 7). (3.11)
where
Si(t, 1) = (1) (lp-1(t)* + [0p(7)*)
and
Sa(t, ) = ' (t) In[1 = 2|, 1 (1)l (7)] cos Bp—1/([0p-1()]* + |p(T)[*)].
Since

2l op-1(t)]l0p(T)] 08 Byr/ (lpp-1 (O + lp(T)[*)]| < 1,
the function Sy(t,7) and its first derivative are bounded. Noting that

we have
k k _
\%(3 )(0)\ = w,& )(1)\ =0, p=p—1lorp, k=1,---,7.

Let (t,7) € [/2,¢] x [1 —¢&,1 —¢/2] for all € > 0, we have
[Su(t, )] = O(" | Inel),

so Si(t,7) is also bounded. In addition, from

2 1 . /
‘gsl(t,r) <o(t ) |¢p(7)”5’3p—;(7 (T))||vg(r)|
or -1 (P + ()]
= 0(e"H)O(E¥ ) /02 = O Y),
we know 2207 5o a1 continuous in (C10,1])%. The proof of Lemma 3.2 is com-
pleted. [

Suppose that
t,=w+1)/2 for —1<v <1,

so that —1 < v < 1 with to = 1/2 and t; = 1. The offset trapezoidal rule Q%’j’r]f with

11
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transformation v,, n € N, —1 < v < 1 is defined by

( n—1

LS f0nlG ) mAUG + b)), 1< <1,

n <
j=0

QL]L}ﬂf - 1 n—1
=2 oG/, v =1

\

At the same time, we define the truncation error E"" f by

EYrfi=1f — QY. (3.12)

Let us assume that near x = 0 we can write
Y(@) = co(r)a” (1 4+ di(r)z®). (3.13)
k=1

Theorem 3.3. [14] Assume that f is holomorphic at both 0 and 1, and f,(7) :=
f(y (). (1), 0 <7 <1 can be continuous into the strip S such that

(i) fr(7) is continuous in S and holomorphic in int(S);

(i) fr(7) = o(exp(2mn|Rz|)) as Rz — oo in S, uniformly with respect to Rz.
For any sigmoidal transformation v, of order r > 1 and for —1 < v < 1 then for
n>>1

(27n) BT f ~ 2¢0(r)T(r + 1)(£(0) + f(1)) x {cos(rm/2)(1 — 2"7)¢(r)
— sin(rm/2)(r + 1)di(r)(1 — 277)((r + 1)/(27n) } + O(1/n™™ @),

(3.14)
and
(2mn) BN o~ 2¢0(r)T(r + 1)(f(0) + f(1)) x {cos(rm/2)¢(r) (3.15)
— sin(rm/2)(r 4+ 1)dy (r)C(r 4+ 1)/(27n)} + O(1 /n™nE0), '
Theorem 3.4. [14] Suppose f is defined on S by
f(2) =221 = 2)Pg(2) fora, p>1, (3.16)

where ¢ is holomorphic on S, real on [0, 1] and such that ¢g(0) # 0, g(1) # 0. Let ~,
be a sigmoidal transformation of order r, » > 1. Then for n >> 1

n BV~ T (a,r,m)g(0) + (8, 1,m)g(1),
where the strip S of the complex z— plane defined by

S={2:0<2z=Rz<1, —-co<y=7Zz < 0},

12
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Jola,r,n) = —r(co(r)) {1 = r(a+1),t,)
+ (a+1+1/r)dy(r)¢(=r(a+1),t,)/n}/n".

and

(3.17)

and
t_,=1—t,, for —1<v<1.

Remark 2 If we choose r = 3 for v, then y3 ~ O (¢*) and d;(r) = 0. In addition,
if 3 =0, we have
EVf ~n™  w=min{r, («+ 1)r}. (3.18)

For the Nystrom approximation operator A}fgp o Of the integral operator A; (), we
have the error bounds [8]

(Aspgywy)(t) — (AL w,)(t) = O (B"), for T, =T, or T,NT, =0, reN, (3.19)

1(pq)

and
Arpg) () (1) = (A7 w,)(t) = O (h*), for T,NT, € {F,}, (3.20)

where w = min{r, (a« 4+ 1)r}.
For the approximate operator Agfpp) of the logarithmically singular operator Agp),
h
(Ag(ppy W) (t Zln ‘26 YV2sin 7 (t — )| wy(75)

i (3.21)

h .
B ﬁ {hl ‘26_1/2hp‘wp(t)} (Z = 17 LA np)7

which have the error bounds [3]

2
(Agépq)wp>(t) - (AO(pp)wp = - Z ] (21) h2ﬂ+1 + O(h%) t e {tl},

where (’(t) is the derivative of the Rlemann zeta function.
From (3.21), we can obtain

In(;%) ln(S“iS’;’;gh e (e
sin(mwhm, sin((np—2)7h
Ahp _ _@ ln( 67(1/2/2)) ln(el/Q) e ln(((eT/;p))
Olep) — 9 : : : | ’
() (RO G

Define the subspace Cy[0,1] = {v(t) € C[0,1] : v(t)/vs(nt) € C[0,1]} of the
space C[0,1] with the norm ||v||* = maxg<i<; [v(t)/73(t)]. Let S" = span{e;(t),
Jj=1,...,n,} C Cyl0,1] be a piecewise linear function subspace with the basis nodes
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{t;}:7,, where e;(t) are the basis functions satisfying e,;(t,;) = d;;. Also define a
prolongation operator [ : R — S" and a restricted operator R" : C4[0,1] — R"
satisfying

Phry =370 vpiepi(T), v = (Vp1, -, Upn,) € R",
Qv = (v(1p1), -+, v(Tpn,)) € R™, v e C[0,2m).

For the properties of Ah” , we have the following lemma from [10].

Lemma 3.5. The operator sequence {PhP(A ) Q" Aoy + C?[0,1] — €0, 1]}
is uniformly bounded and

P"P(A ) Q" Aoy = 1. (3.22)

If |p—q| # 1 or m — 1, by the definition of A;(,, we know the kernel a;(q) (¢, 7)
of the operator A;(, and its derivatives of higher order are continuous .
Lemma 3.6. Let I = Uy I satisfy Cr # 1, and also let

h
he { Al Tp=TporT,NT, =10,
1(pq) — ih

i Aty TpNTye{P}),

where the kernel @) (t,7) of Ay, is defined by (3.10). Then under the transfor-
mation (3.1), we have

_ _hq
1 (Aor) ™' A, ollzo <M (3.23a)
(pq)

and

Phe(Agr )M AN S5 (Aogy) M Arpg, in C[0,1] — C[0,1], (3.23b)

0(pp)

where M is a constant.
proof. From [10] and by Lemma 3.2, a1(,q)(t, 7) and ay(pq) (¢, 7) are continuous on
(C?[0,1])?, and then we have (3.23a). Using the results of Lemma 3.5, and by

[P (Agpp) Q" AL,y lloo = H(Ph*’( 2 o) Q" Ao (Ao T AL ) oo

hq
< ||Ph”( ) Q" Aoy llo.2 1l (Aogp)) ™ Al(pq)||2’0
<C,

where C' is a constant. Thus, we complete the proof of Lemma 3.6. [
Consider the following discrete equation

(" + Ph(AR)IQE ANV = Ph(AL) QMG (3.24)
where P" =diag(P", ..., P") and Q" =diag(Q™, ..., Q"").

Theorem 3.7. Assume [" = UL, T, satisfy C’p/ #1,and I, (¢ =1, ..., m) are
smooth curves. Then we have

Ph(AMNTIQM AL =5 A A, (3.25)
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Proof. Let B = {2z : ||z]| < 1,z € (C[0,1])™} be the unit ball in the space
V = (C|0,1])™, and
H={HY H® ...} H"={p" ... pm}

m

are multi-parameter sequences. Also let max;<,<pm, hg")

the sequence {Z,,h € H} C © and

— 0 as ny — oo. Choosing

Zh = (ZU“-.- ’th), th = (qu’... 7anq)7 q — 1’ 7m’

satisfying
max  max gg§<><l| (1) /73(mt)] < 1. (3.26)
From
Phl (Aglll ) 1Qh1
h
PhANHTIQ" = th(Aozm )~'Q"
h —
P (Ag ) Q™
and
PRANL QM PRAR, QM PhmATE QM
h1 Ahl th PhQAh2 th thAhm th
1(21) 1(22) e
ph A?Qh _ ( ( :
PhlA?(lml QM thAngQ)th thA’fE;;l @
we have

Sy P AR )M A 1(10 Q" Zyp
ha( AR 1) hy 7
AR Az = | ot P (A1 Ay Q' o
m hq
Zq:l phm (Agf;nm ) 1thA1(mq)thth
If I, NI, = 0, from Lemma 3.6 we obtain

Phe (Al )1thAhq = A At o) (3.27)

0(pp)

If I, NI, # 0, using Lemma 3.5 and Lemma 3.6, and by

“h, ,
[[P"2 (Afpy) Q" AL Q" Znllo = ([P (Afy) ™' QM A Q" Zgp /sy
— 1hy . *

th”’ AO(pp) QM AO(pp)HO,g, HAO(;p)Anpq)H&O HHQh gh

)

(3.28)
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PE : hy( Ahe \=1)hp g :
we can find an infinite subsequence in {P" (A0 )7 Q" Al Q" Zg} which con-

0(pp) L(pq
verges as h — (0. Hence, there exists an infinite subsequence H; C H such that
(3.28) converges, As above, there exists an infinite subsequence {H;, [ = 1,--- m}

such that {Ph(AM)IQ"A", h € H,} is a convergent sequence in the space V =
(Co[0,1])™. This shows that {P"(AM)~1Q" A"} is a collectively compact sequence,
and Ph(Al)~'Q" A% is pointwisely convergent to Ay'A;. The proof of Theorem 3.7
is completed. [

Similar to Theorem 2.4, we have the following theorem.

Theorem 3.8. Assume I = Uy T satisfy Cr # 1, g, = glr, € C%(T), then
when we choose an appropriate number 7 in (3.18) such that w > 3, there exists a
vector function ® = (®; ..., ®,,)" € (Cy[0,1])™ independent of h = (hy, ..., hy,)" such
that the following multi-parameter asymptotic expansions hold at nodes

w — " = diag(h3, ..., h3 ) + O(h3 e, (3.29)

max

T

where hpax = maxj<g<m by, and e = (1,1,--- ,1)" is a m dimensional vector.

4 Numerical experiments

In this section, two numerical examples are presented to verify the efficiency of the
Sidi-Israeli quadrature method for anisotropic heat conduction problems.

Suppose that e, = }u — un} be the errors by Sidi-Israeli quadrature method using
n boundary nodes, and let 7,, = log,(e,/€,/2) be the error ratio.

Example 1. [5] Consider the steady state heat conduction in an anisotropic
material in the two dimensional disc €2 of radius unity. The thermal conductivity
tensor is chosen to be k13 = 5.0, K12 = K91 = 2.0, and k9 = 1.0. Dirichlet boundary
conditions corresponding to the analytical solution u(wz1, zy) = 23 /5 — 23wy + 1123 +
x3/3 are applied to the whole boundary ' = {(x1, )|z + 25 = 1}. Under the
transformation (1.2), the physical domain is distorted into an oblique ellipse {2’ with
the boundary I = {(&1, Z2)|(5Z1)? + (Z2 + 22 )? = 1} on the mapped plane, as shown
in Fig. 2. The computed values at the interior points P; = (0.2,0.2), P, = (0.4,0.4)
and Py = (0.6,0.6) using different boundary nodes are listed in Table 1, from the
numerical results we can see that 7, ~ 3.

In addition, the numerical solution u of the interior points along the line x5 = 2
are computed, where x; = \/§/2p and p = —0.9 : 0.05 : 0.9. The plots of computed
errors are shown in Figure 3 to Figure 5.

Example 2. Consider a square domain €2 with the boundary I' = 22:1 I';, where
Pl = {(ZE’l,O) -0 S T S 1}, Fg = {(1,1’2) -0 S T S 1}, Fg = {(Zl'l,].) -0 S
x1 < 1}, and I'y = {(0,22) : 0 < 29 < 1}. The invariant coefficients are chosen
to be k11 = 1, k1o = 0.5, and koy = 1. The Dirichlet condition are applied to
the T is u(xy,22) = 327 + z120 — 23 4+ 2. Let each boundary Ty (¢ = 1,---,4) be
divided into 2¥ (k = 4,---,10) segments. The physical domain and the ’isotropic’
mapped domain (parallelogram) are shown in Fig. 6. In order to overcome the
singularities at the corners, we use Sidi-Israeli quadrature method with the Kress’s
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Table 1: The errors for u at the points P, =

(0.2,0.2), P, = (0.4,0.4) and P; =

(0.6,0.6)

n 25 26 27 28 29 210 211
en(Py) | 8.633E-4 | 2.420E-5 | 3.672E-6 | 4.589E-7 | 5.735E-8 | 7.169E-9 | 8.961E-10
T (Pr) - 5.517 2.720 3.000 3.000 3.000 3.000
en(Py) | 1.533E-3 | 9.791E-6 | 6.180E-6 | 7.621E-7 | 9.525E-8 | 1.191E-8 | 1.488E-9
T (P2) - 7.291 0.644 3.020 3.000 3.000 3.000
en(P3) | 2.377TE-3 | 1.532E-3 | 7.495E-5 | 3.283E-7 | 9.447E-8 | 1.178E-8 | 1.472E-9
T (P3) - 0.6324 4.355 7.835 1.797 3.004 3.000

Figure 2: Left: The physical domain Q); Right: The mapped domain €Y.
—% 8 —0‘.8 —0‘4 0.‘2 0 022 25)0‘.4 0.‘6 0.8 —%.8 -0.6 -0.4 -0.2 0 0.2 0.4 0‘.6 0.8

x coordina

te of the points (n = :

z coordinate of the points (n = 20)

Figure 3: Left: Errors for u by 2° boundary nodes; Right: Errors for u
by 2° boundary nodes.
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Errors

L
-0.6
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-0.4

 coordinate of the points (n = 27)

L L L
-0.2 0 0.2 0.4

L
0.6

0.8

18

161

14r

1.2r

Errors

x10°

-04 -02 0 0.2 0.4 0.6
 coordinate of the points (n = 2%)

Figure 4: Left: Errors for u by 27 boundary nodes; Right: Errors for u
by 28 boundary nodes.
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0.6

0.4r

[0}
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-0.8
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-0.6
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-0.4

. . .
-0.2 0 0.2 0.4
 coordinate of the points (n = 29)

L
0.6

0.8

14

121

0.8

Errors

0.6

041

0

-0.

x10°

0.8
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. . . . .
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Figure 5: Left: Errors for u by 2° boundary nodes; Right: Errors for u
by 210 boundary nodes.
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ATy

Xy

Figure 6: Left: The physical domain Q2; Right: The mapped domain €Y.

variable transformation -3 for this problem. The computed values at the interior
points P, = (0.1,0.1), P, = (0.3,0.3) and P; = (0.5,0.5) using n (= 4 x 2¥ k =
4,---,10 nodes are listed in Table 2, from the numerical results we can also see that
Tn R 3.

In addition, the numerical solution u of the interior points along the line xo = x4
are computed, where z1 = p and p = 0.1 : 0.02 : 0.9. The plots of computed errors
are shown in Figure 7 to Figure 9.

Table 2: The errors for v at the points P, = (0.1,0.1), P» = (0.3,0.3) and P; =
(0.5,0.5)

n 24 25 26 27 28 29 210
en(Pr) | 1.154E-4 | 1.254E-5 | 1.565E-6 | 1.956E-7 | 2.444E-8 | 3.055E-9 | 3.819E-10
o (P) - 3.202 3.002 3.000 3.000 3.000 3.000
en(P,) | 1.158E-4 | 1.445E-5 | 1.805E-6 | 2.256E-7 | 2.820E-8 | 3.525E-9 | 4.406E-10
T (Py) - 3.003 3.001 3.000 3.000 3.000 3.000
en(Ps) | 1.198E-4 | 1.495E-5 | 1.869E-6 | 2.336E-7 | 2.919E-8 | 3.649E-9 | 4.561E-10
T (P3) - 3.002 3.001 3.000 3.000 3.000 3.000

5 Conclusions

In this paper, the Sidi-Israeli quadrature method is used to solve the boundary in-
tegral equations of steady state anisotropic heat conduction problems on the two-
dimensional domain with smooth boundaries and polygons respectively. Especially,
in order to provide a good accuracy in the solution near the singular points, the
Kress’s variable transformation is used for the weakly singular integral equations of
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Errors
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9
z coordinate of the points (n = 4 x 2%)

2.4

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

a coordinate of the points (n =4 x 26)

Figure 7: Left: Errors for u by 4 x 2° boundary nodes; Right: Errors

for w by 4 x 2% boundary nodes.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

a coordinate of the points (n =4 x 27)

x10°

3.8

Errors

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

a coordinate of the points (n =4 x 2%)

Figure 8: Left: Errors for u by 4 x 27 boundary nodes; Right: Errors

for u by 4 x 2% boundary nodes.

0.3 0.4 0.5 0.6 0.7 0.8 0.9
a coordinate of the points (n =4 x 29)

0.2 0.3 0.4 05 0.6 0.7 0.8 0.9
« coordinate of the points (n =4 x 210)

Figure 9: Left: Errors for u by 4 x 2° boundary nodes; Right: Errors

for u by 4 x 2! boundary nodes.
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problems (1.1). The numerical results show that the presented algorithm has a high
accuracy of O (n=3), which coincides with our theoretical analysis.
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Hyers-Ulam stability of an additive set-valued functional
equation

Gang Lu, Jun Xie, Choonkil Park* and Yuanfeng Jin*

Abstract. In this paper, we define the following additive set-valued functional equation
fRx+3y—2)+ fRy+3z—2)+ f(3z +2z—vy)
=fl@+y) +fly+2)+ flo+2)+ f(22) + f(29) + F(22)

and prove the Hyers-Ulam stability of the above additive set-valued functional equation.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations was originated from a question of Ulam [28] concerning
the stability of group homomorphisms. Hyers [6] gave a first affirmative partial answer to the question
of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [2] for additive mappings and by
Rassias [19] for linear mappings by considering an unbounded Cauchy difference. A generalization of the
Rassias theorem was obtained by Gavruta [5] by replacing the unbounded Cauchy difference by a general
control function in the spirit of Rassias’ approach (see [1, 4, 5, 7, 8, 14, 15, 20, 21, 22, 23, 24, 25, 26, 27]).

It is easy to show that if f: R — R is a solution of the inequality

[f(x+y) = flz) = fly)l <e (1.1)

for some € > 0 then there exists a linear function g(z) = ma, m € R, such that |f(z) — g(x)| < € for all
z eR.

The inequality (1.1) can be written as the form
f(x+y) = fx) = fy) € B(0,¢),
where B(0,¢) := (—¢,¢). Hence we have
f@+y)+B(0,¢) C f(x) + B(0,¢) + f(y) + B(0,¢)
and denoting by F'(z) = f(z) + B(0,¢),x € R, we get
Flzx+y) CF(z)+ F(y),z,y €R
and
g(x) € F(x).
Let Y be a real normed space. The family of all closed and convex subsets, containing 0, of Y will

be denoted by ccz(Y).

92010 Mathematics Subject Classification: 54C60, 39B52, 47H04, 49J54.
YKeywords: Hyers-Ulam stability, additive set-valued functional equation, closed and convex subset,
cone

*Corresponding authors.
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Let A, B be nonempty subsets of a real vector space X and A a real number. We define
A+B = {zeX:x=a+b, acAbe B},
M = {reX:zx=X, acA}l

Lemma 1.1. ([13]) Let A and p be real numbers. If A and B are nonempty subsets of a real vector
space X, then

AMA+ B) =) A+ AB,

AN+ p1)ACAA+ puB.
Moreover, if A is a convex set and Ap > 0, then we have

AN+ p)A = A+ pA.

A subset A C X is said to be a coneif A+ A C A and MA C A for all A > 0. If the zero vector in X
belongs to A, then we say that A is a cone with zero.

Set-valued functional equations have been extensively investigated by a number of authors and there
are many interesting results concerning this problem (see [3, 10, 11, 12]).

2. STABILITY OF THE SET-VALUED FUNCTIONAL EQUATION (1)

In this section, let X be a real vector space, A C X a cone with zero and Y a Banach space.

The following theorem is similar to the results of [16] and [18]

Theorem 2.1. If F: A — ccz(Y) is a set-valued map satisfying

F2r+3y—2)+FQ2y+3z—z)+FBzx +2z—y)

(2.1)
CFx+y)+Fly+z)+F(x+z)+ F(2z) + F(2y) + F(2z)
and
sup{diam(F(x)) : x € A} < 400
for all z,y,z € A, then there exists a unique additive mapping g : A —'Y such that g(z) € F(x).
Proof. Take an element = € A. Letting y = z = « in (2.1) and using Lemma 1.1, we get
3F (4z) C 6F(2x). (2.2)
Replacing 2z by 2"z in (2.2), we obtain
F(2"t'z) C 2F (2"x)
and
F(2ntly) _ F(2"z)
2n+1 - on :
Denoting by F,(z) = F(Qz::w)m € A,n € N, we obtain that (F,(z)),>0 is a decreasing sequence of

closed subsets of the Banach space Y. We have also

1
diam(F,(x)) = s-diam (F (2"x)).
7 Gang Lu et al 556-560



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

G. Lu, J. Xie, C. Park, Y. Jin
Taking account of sup{diam(F(z)) : x € A} < 400, we get

lim diam(F,(x)) =0.

n—oo
Using the Cantor theorem for the sequence (F),(z)),>0, we obtain that the intersection Ny,>oF,(x) is a
singleton set and we denote this intersection by g(x) for all z € A. Thus we get a mapping g : A = Y
and g(x) € Fy(z) = F(x) for all x € A.
We now show that ¢ is additive. For all z; € A,7=1,2,--- N and n € N,

Fo2r+3y—2)+F,2y+32—2)+ F,(3z+ 2z —y)
F(2"(2x + 3y — 2)) n F(2"(2y+ 3z — x)) n F(2"(3z+2z—y))
2n 2n n
c F@2"(x+vy)+F2"(y+2))+ F(2"(x+ 2)) + F(2"(2z)) + F(2"(2y)) + F(2"(22))
- on .
= F x4y +F.(y+2)+ Fo.(z+2) + F.(22) + F,(2y) + Fn.(22).

By the definition of g, we obtain
92z +3y —2)+ 92y + 3z —x)+ g3z + 2z — y)

= ﬂFn(Qx—l—Sy—z)—i— an(2y+3z—I)+ an(3x+2z—y)

n=0 n=0 n=0

C ﬂ {F(2x+ 3y — 2) + F,(2y + 32 — x) + F,,(3z + 22 — y)}

n=0

C ﬁ {Folz+y)+ Eo(y+2) + Fu(z+ 2) + F,(22) + F.(2y) + F.(22)}

n=0

and g(x;) € F,(x;). Thus we get
lg(2x +3y —2) + 92y + 32z — x) + g(3x + 22 — )
—g9(z+y)—g(y+2) —g(z+2) — g(2z) — g(2y) — g(22)|
< diam (F, (z +vy)) + diam (F,, (y + 2)) + diam (F,, (x + 2)) + diam (F,, (2x))
+diam (F,, (2y)) + diam (F,, (2z2))

which tends to zero as n tends to co. Thus
92z +3y—2)+ 92y +32z—2z) + g8z + 2z —y)
(2.3)
= 9@ +y) +9(y+2) +g(z +2) + 9(22) + 9(2y) + 9(22)
for all x,y,z € A.
Letting z =y = z = 0 in (2.3), we have 3¢g(0) = 6¢(0). Thus g(0) = 0. Letting z = y = z in (2.3), we
get g(2x) = 2¢g(x) for all x € A. And letting y = z = 0 in (2.3), we have
9(=z) +9(37) = 29(x) = g(2) (2.4)
for all x € A. Letting z = —z,y = 2z in (2.4), we get

9(z) + g9y —2) = g(y) (2.5)

for all y,z € A. Letting y = 0 in (2.5), we have g(—z) = —g(z) for all z € A. Hence

9(y —2) =g(y) +9(=2)
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for all i,z € A. That is, g is an additive mapping. O
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Abstract. In this paper, we construct a topological space on the set of all fuzzy prime ideals of a commutative
BCC-algebra X, and we discuss fuzzy prime ideals in commutative BC'C-algebras.

1. Introduction

In 1966, Imai and Iséki ([7]) defined a class of algebras of type (2,0), called BCK -algebras which generalized the
notion of an algebra of sets with the set subtraction as the only fundamental non-nullary operation, and also the
notion of implication algebras ([8]). The class of all BC K-algebras is a quasi-variety. Iséki posed an interesting
problem whether the class of BC' K-algebras is a variety. That problem was solved by Wronski ([11]), who proved
that BC K-algebra do not form a variety. In connection with this problem, Komori ([9]) introduced the notion
of BCC-algebras, and Dudeck ([1, 2]) redefined the notion of BC'C-algebras by using a dual form of the original
definition in the sense of Komori. In [5], Dudek and Zhang introduced a new notion of ideals in BC'C-algebras and
described some connections between such ideals and congruences. Dudek and Jun ([3]) considered the fuzzification
of ideals in BCC-algebras. Dudek, Jun and Stojakovic ([4]) described fuzzy BCC-ideals and its image. In this
paper, we define a topology on the set of all fuzzy prime ideals of a commutative BC'C-algebra X and the resulting

space, denoted by F-spec(X), and obtain some related properties.

2. Preliminaries

“ R

By a BCC-algebra ([6]) we mean a nonempty set X with a constant 0 and a binary operation “x” satisfying

axioms: for all z,y,z € X,
(@) ((@xy)*(z*y)) = (zx2) =0,
(I1) 0xa =0,

(ITI) %0 ==z,

(IV) z+y=0and y xx =0 imply z = y.

For brevity, we also call X a BC'C-algebra. In X we can define a binary relation “ <7 by z < y if and only
if x xy = 0. Then < is a partial ordering on X. The relation “ <7 is called a BCC-order on X. A non-empty
subset S of a BC'C-algebra X is called a subalgebra of X if x xy € S for all z,y € S.

In a BCC-algebra X, the following hold: for any z,y,z € X,

(2.1) zxxz =0,

(2.2) (x*xy)*xx =0,

(23) z<y=>ax*xz<y=xz,

YCorrespondence: +82 33 248 2011 (phone), +82 33 256 2011 (fax) (K. S. So).
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(24) z<y=zxy<z=xzx.

Any BCK-algebra is a BCC-algebra, but there exist BC'C-algebras which are not BCK-algebras (cf. [2]).
Note that a BCC-algebra is a BC K-algebra if and only if it satisfies:

(2.5) (zxy)*xz= (z*xz)xy, forall z,y,z € X.

Definition 2.1 ([5]). Let X be a BCC-algebra and () # I C X. I is called an ideal (or a BCK -ideal) of X if it

satisfies the following conditions:
(i) 0el,
(ii) z*y,y € I imply = € T for all z,y € X.

Theorem 2.2 ([5]). In a BCC-algebra X, every ideal of X is a subalgebra of X.

Definition 2.3 ([5]). Let X be a BC'C-algebra and ) # I C X. I is called a BCC-ideal of X if it satisfies the

following conditions:
() 0el,
(ii) (x*xy)xz€landy € I imply x*xz € I, for all z,y,z € X.

Lemma 2.4 ([5]). In a BCC-algebra X, any BCC-ideal of X is an ideal of X.
Corollary 2.5 ([5]). Any BCC-ideal X of a BCC-algebra X is a subalgebra of X.

Remark. In a BCC-algebra, a subalgebra need not be an ideal, and an ideal need not be a BC'C-ideal in general
(see [2, 4]).

We now review some fuzzy logic concept. Let X be a BCC-algebra. A fuzzy set p in X is a function
w: X — [0,1]. The set s := {& € X|u(x) > t}, where t € [0,1] is fixed, is called a level set of X. By
Im(u) we denote the image set of p. A fuzzy set p : X — [0,1] is called a fuzzy subalgebra ([3]) of X if

w(x xy) > min{u(x), u(y)} for all z,y € X.
Definition 2.6. For t € [0, 1], fuzzy point x4 is a fuzzy subset of X such that

) t ify=u=x,
x =
Y 0 ify+#ax.

Definition 2.7 ([3]). A fuzzy set u in a BCC-algebra X is called a fuzzy BCK -ideal if
(i) p(0) > p(z) for all z € X,
(ii) w(z) > min{p(z *y), p(y)} for all z,y € X.

Lemma 2.8 ([3]). Let X be a BCC-algebra and u be a fuzzy BCK-ideal of X.
(i) if x xy =0, then p(x) > u(y) for any z,y € X,
(ii) wp(z *y) > min{p(z * 2), u(z *y)} for all x,y,z € X.
Definition 2.9 ([3]). A fuzzy set u in a BCC-algebra X is called a fuzzy BCC-ideal if

(i) u(0) > p(zx) for all z € X,

(il) p(z*z) > min{p((x *y) * 2), u(y)} for all z,y,z € X.
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On fuzzy spectrum of a BC'C-algebra

Any fuzzy BCC-ideal is a fuzzy BC K-ideal in BC'C-algebras.
Lemma 2.10 ([4]). If p is a fuzzy BCC-ideal of a BCC-algebra X, then, for any z,y,z € X,

(i) @ <y implies p(y) < p(z),

(i) p(z*y) = p(0), then p(x) > u(y),
zxy) > p(z),

*y) > min{u(z), u(y)},

* (y x 2)) = min{u(z), u(y), n(2)},
(xxy)* (z*2)) > p(z*y).

)
(iii)
(iv) w(z
(V) p(z
(i)

Proposition 2.11 ([3]). A fuzzy set u in a BCC-algebra X is a fuzzy BCK(BCC, resp.)-ideal (subalgebra, resp.)
if and only if for every t € [0,1], the level subset u; is either empty or a BCK(BCC), resp.)-ideal (subalgebra,

(
1(
(
11(
1(

resp.) of X.

Theorem 2.12. If ] is an ideal of a BC'C-algebra, then the characteristic function xy: X — [0,1] of I, is a fuzzy
ideal of X with I = X, ,, where X, =: {z € X|xs(z) = x1(0).

Proof. Tt is easily checked that xj is a fuzzy ideal of X. Given an ideal I, we have

Xy, ={z € X[xr(x) = x1(0)}
={r € X[xs(z) = 1}
=I.

3. Toplogical Spaces by fuzzy prime ideals

Theorem 3.1. Let X be a BCC-algebra and let {n;}{;cay be a family of fuzzy BOCK(BCC, resp.)-ideals of X.
Then N;ean; is a fuzzy BCK(BCC, resp.)-ideal of X.

Proof. Straighforward. (]

If u is a fuzzy subset of a BC'C-algebra X, then the ideal generated by p which is denoted by (u) is defined as
follows:

(uy = N{n|lp C n,n is a fuzzy BCC(BCK, resp.)-ideal of X }.

For all 2,y in a BCC-algebra X, y * (y x x) is denoted by x Ay. A BCC-algebra X is said to be commutative
(2) ifxx(zxy) =y (yxx), forall z,y € X, e, t Ay =y Az. If X is a commutative BCC-algebra, then it is
easy to check that

zAy<zandzAy<y. (*)

A proper ideal P of a BCC-algebra X is said to be prime if for all ideals A, B of X such that AB C P, either

A C P or BC P, where
AB ={aAblac A,be B}.

In what follows, let X be a BCC-algebra, unless otherwise specified.
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Definition 3.2. Let p and 1 be two fuzzy subsets of X. Then the fuzzy set un is defined by

pn(z) = sup{min{u(y),n(2)Hz =y A z}.

Clearly, since x A © = x, each x € X is expressible as x = y A z for some y,z € X.

Definition 3.3. A non-constant fuzzy ideal p of X is said to be fuzzy prime if for all fuzzy ideals 8, o such that
Oo C u, either 8 C por o C p.

Lemma 3.4. Let p and n be two fuzzy BCK(BCC, resp.)-ideals of X. Then un C pN.

Proof. Let € X such that x = aAb for some a,b € X and let u, n be fuzzy BCK(BCC, resp.)-ideals of X. Then
u(a) < pla Ab) = p(x) and n(b) < n(a Ab) = n(z) from Lemma 2.10-(i). Hence min{u(a),n(b)} < (unNn)(z).
Thus pn(z) < (uNn)(). O

Let Y be the set of all fuzzy prime ideals of X. Let V() := {u € Y|0 C u}, where 6 is any fuzzy subset of X.
Put Y(0) =Y \ V(0), the complement of V(0) in Y.

Lemma 3.5. If 0 is a fuzzy subset of X, then V({0)) = V(o). In particular, V({zg)) = V(z) for any fuzzy point
T3 of X.

Proof. Clearly, V(o) C V({0)). Now, let u € V({c)) = {p € Y|{o) C pu}. Then we have (o) C u. Since o C (o),
we have o C p which implies that p € V(o). Thus V({o)) C V(o). O

Theorem 3.6. Let 7 = {Y(0)|0 is a fuzzy BCK (BCC)-ideal of X}. Then the pair (Y,7) is a topological

space.

Proof. Consider the fuzzy ideals 6 and o of Y defined by 6(z) := 0 and o(z) := 1 for all z € X. Then V() =Y
and V(o) = 0 so that 0,Y € 7. Now let 6; and 63 be two fuzzy BCK(BCC)-ideals of X. We show that
V(61) UV (02) = V(01 NB). To do this, if p € V(61) UV (02), then u € V(01) or p € V(02), ie., 61 C p or
02 C p and hence 64 N0y C p. Therefore p € V(61 NOs). Thus V(61) UV (0y) C V(61 Nby). On the other
hand, if u € V(0; N65), then 6; Ny C pu. By Lemma 3.4, 6105 C 01 N0y C p and 6105 C p. Since p is a fuzzy
prime ideal of X, 61 C p or 03 C p. Hence p € V(61) UV (02). Therefore V(6; N6y) C V(01) U V(f2) and hence
V(01) UV (0:) =V (01 N6y). Thus Y(0;) NY (62) =Y (61 NOs), ie., 7 is closed under finite intersection.
Now we will prove that if {6;};ca is a family of fuzzy BCK(BCC)-ideal of X, then

NieaV (0:) =V ((Uieabs))- (%)
Let 4 € Y. Then we have
peV@,),VieAs0; CuViel
& Uiea 0; C
& (Uieali) C
< p € V({Uieats)).
Therefore (x*) holds. Thus N;eaY (0;) = Y ({(U;eabi)). This proves that 7 is closed under arbitrary union. Thus
(Y, 1) is a topological space. |
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On fuzzy spectrum of a BC'C-algebra

The topological space (Y, 7) described in Theorem 3.6 is called a fuzzy spectrum of Y or F-spectrum of Y and
is denoted by F-spec (V).

Theorem 3.7. Let (Y,7) be a topological space. Then the subfamily B = {Y (zg)|z € X,8 € (0,1]} of 7 is a

base for .

Proof. Tt is enough to show that for all Y/(6) € 7 and p € Y () there exists Y (xg) € B such that p € Y(zg) and
Y(z3) C Y (6). To do this, if Y(#) € 7 and p € Y (), then § ¢ p. Hence there exists # € X such that 6(z) > p(z).
If O(x) = f, then

be Y(zp). 1)
If 0 € V(0) is an arbitrary element, then o(x) > 6(x) = f = zg(z), which implies that g C o. Therefore
o € V(zg) and hence V(0) C V(zg). Thus we have

Y(zg) CY(0). (2)
By (1) and (2), the proof is complete. O
4. Fuzzy prime ideals of commutative BC'C-algebras
Proposition 4.1. Let p be a fuzzy BCK (BCC)-ideal of a BCC-algebra X. Then X, := {z € X|u(z) = pn(0)}
is a BCK(BC(C)-ideal of X.
Proof. Straightforward. O

If 1 is not a fuzzy BCK(BCC)-ideal of a BCC-algebra X, then Proposition 4.1 need not be true as shown in

the following example.

Example 4.2. Let X be a BCC-algebra with the following table:

*0 1 2 3 4 5
00 0 00 0 O
111 0 0 0 0 1
212 2 0 0 1 1
313 2 1 0 1 1
414 4 4 4 0 1
515 5 5 5 5 0

Then (X;%,0) is not a BCK-algebra, since (2 1) %4 =1 # 0 = (2x4)x1. Let S := {0,1,2,3,4} and
T := {0,1,2}. Then S is a BCC-ideal of X and T is a BCC-subalgebra of X, but not a BCK-ideal of X,
since 3x2=0¢€ T and 3 ¢ T ([5]). Let u: X — [0,1] be a map defined by u(0) = u(l) = p(2) = 1 and
1(3) = p(4) = u(5) = 3. Then p is not a BCK-ideal, since 1+ = u(3) < min{u(3 x2),u(2)} = 1. X, = {0,1,2}
is not a BCK-ideal of X, since 1 = 3%x2 € X, and 2 € X, but 3 ¢ X,,. Define a fuzzy subset v in X
by v(0) = v(1) = v(5) = 0.9 and v(2) = v(3) = v(4) = 0.3. Then v is not a fuzzy BCC-ideal of X, since
v(4*2)=v(4) =03 <min{v((4*5)*2) =v(1x2) =v(0) =0.9,v(5) =09} =0.9. But X, ={0,1,5} is not a
BCC-ideal of X, since (4x5)*x0=1,5€ X, but 4x0=4¢ X,.

A proper ideal P of a BC'C-algebra X is said to be s-prime if

rANyePsxePorye P, forall z,y € X.
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Definition 4.3. Let X be a commutative BC'C-algebra. A non-constant fuzzy BCK-ideal (or fuzzy ideal) p of
X is said to be s-prime if for all z,y € X, either pu(z Ay) = p(z) or plz Ay) = u(y).

Lemma 4.4. A non-constant fuzzy set u of a commutative X is a fuzzy s-prime ideal of X if and only if for each

t €10,1], ps is either empty or an s-prime ideal of X if it is proper.

Proof. Suppose that p is a fuzzy s-prime ideal of X. For each ¢t € [0,1], assume that p; # 0 and z Ay € puy,
where z,y € X. Then u(x Ay) > t. Since p is a fuzzy s-prime ideal of X, we obtain p(z Ay) = p(z) >t or
w(x Ay) = u(y) > t. Hence either x € p; or y € py. Thus p is an s-prime ideal of X.

Conversely, if p is not an s-prime ideal of X, then u(x Ay) # p(z) and p(x Ay) # u(y) for all z,y € X. Let
x Ay € g for all z,y € X. Then p(x Ay) > t. Since u is not an s-prime ideal of X, we obtain p(z) < ¢ and
wu(y) < t. Hence © ¢ p; and y ¢ g, which is a contradiction. O

Lemma 4.5. Let u be a fuzzy prime ideal of a BCC-algebra X. Then for any t € [0, 1], yu; is either empty or a
prime ideal of X if it is proper.

Proof. Let t € [0,1] and p; # (0. By Proposition 2.11, p; is a BCK-ideal of X. Now let A, B be two ideals of X
such that

AB C py = {z € X|p(x) > t}.
If we define the fuzzy subsets 6 := x4 and o := xp, then it is easy to show that o C u, which implies 6 C u or
o C pu, since p is a fuzzy prime ideal of X. It follows that A C py or B C py. O

Lemma 4.6. Let X be a commutative BCC-algebra X. If z <z and z <y for all x,y,z € X, then z <z Ay.

Proof. Since z < z and z < y, we have zxx =0 and zxy =0. Then z = 2% 0 =z % (zxz) = x * (x * z) and
z=2zx0=z2x(2zxy) =yx(y*2), since X is commutative. Hence z = x * (xx2) = x*x (x x (y* (y * 2))) <

z* (z*xy) =y Az =z Ay. This competes the proof. (]
A BCC-algebra X is said to be positive implicative ([2]) if for any z,y,z € X, (x xy) * 2 = (x % 2) * (y * 2).

Lemma 4.7. Let X be a positive implicative BCC-algebra which is commutative. Then a proper ideal P of X

is an s-prime ideal of X if and only if P is a prime ideal of X.

Proof. Suppose that P is an s-prime ideal such that AB C P for some ideals A, B of X. In order to prove that
A C Por BC P, let us assume that neither A C P nor B C P. Then there exist a € A, b € B such that a ¢ P
and b ¢ P. Since aAb € AB and AB C P, we have a Ab € P. Since P is an s-prime ideal of X, a € Por b € P,
which is a contradiction. Thus AB C P implies A C P or B C P.

Conversely, suppose that for any ideals A, B of X, AB C P implies A C P or B C P. We prove that P is an
s-prime ideal of X. Let a Ab € P, where a,b € X. Put A(a) := {z € X|z < a} and A(b) := {y € X|y < b}.
Clearly, 0,a € A(a). Let x xy,y € A(a). Then z xy < a and y < a. Since X is positive implicative, we have
(xxy)*xa=(xxa)*(y*xa) = (xxa)*0=2x%a=0. Hence z € A(a). Therefore A(a) is a BC'K-ideal of X.
Similarly, A(b) is a BCK-ideal of X. We claim that A(a)A(b) C P. Let € A(a) and y € A(b). Then z < a and
y < b. Since X is commutative, we obtain z Ay < z. Since (X, <) is a partially ordered set, we have z Ay < a.
Similarly, x Ay < b. By Lemma 4.6, we obtain z Ay < aAband aAb € P. Since P is a BCK-ideal, xt Ay € P.
Hence A(a)B(b) C P. By hypothesis, A(a) C P or A(b) C P. Since a € A(a),b € A(b), we have a € P or b € P.
Thus P is an s-prime ideal of X. (I
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On fuzzy spectrum of a BC'C-algebra
Theorem 4.8. Let p be a fuzzy prime ideal of a BCC-algebra X. Then X,, is a prime ideal of X.
Proof. Clearly, X,, = p, (). By Lemma 4.5, X, is a prime ideal of X. ([l

Theorem 4.9. Let u be a fuzzy prime ideal of a positive implicative BC'C-algebra X which is commutative.

Then p is a fuzzy s-prime ideal of X.

Proof. Let u be a fuzzy prime ideal of X. By Lemma 4.5, p; is a prime ideal of X. Using Lemma 4.7, y; is an
s-prime ideal of X. It follows from Lemma 4.4 that p is a fuzzy s-prime ideal of X. O

The following example shows that the converse of Theorem 4.9 does not hold.

Example 4.10. Let X := {0, e} be a set with the following table:

o Ol x
o oo
o ol

Then (X;x,0) is a positive implicative BC'C-algebra which is commutative. Define the fuzzy subset u of X by
1(0) = 0.7, u(e) = 0. Clearly p is a fuzzy s-prime ideal of X. Now consider the fuzzy ideals o and 6 of X which
are defined by o(z) = 1 for all 2 € X and 6(e) = 0,6(0) = 1. Then we have 0 C p but 0 ¢ p and 6 ¢ p. Thus

w1 is not a fuzzy prime ideal of X.

Theorem 4.11. Let X be a commutative BCC-algebra. Then I is an s-prime ideal of X if and only if x; is a
fuzzy s-prime ideal of X .

Proof. Suppose that I is an s-prime ideal of X. By Theorem 2.12, x is a fuzzy ideal of X. Since [ is proper, xr
is a non-constant function. Let z,y € X. If x € [ or y € I, then x Ay € I. Hence x;(z Ay) =1 = x1(z) V x1(y).
Ifx¢Tandyé¢l, then x Ay ¢ I. Hence xr(z Ay) =0=x(z)V xz(y). Thus xs is a fuzzy s-prime ideal of X.
Conversely, since I = X, ,, if x; is a fuzzy s-prime ideal of X, it follows by Lemma 4.4 that I is an s-prime
ideal of X. O

Corollary 4.12. Let X be a positive implicative BCC-algebra which is commutative. Then P is a prime ideal
of X if and only if xp is a fuzzy prime ideal of X.

Proof. Let P be a prime ideal of X. Then xp is a fuzzy ideal of X. Now let 8,0 be two fuzzy ideals such that
0o C xp. We shall show that

0 C xporoCxp. (s * %)

If (% * ) does not hold, then there exist z,y € X \ P such that 8(x) > 0 and o(y) > 0. By Lemma 4.7, we have
x Ay ¢ P. Since 8o C xp, we have

0 < min{f(z),0(y)} < bo(zAy) < xp(zAy).

In other words, z Ay € P, which is a contradiction. Hence (x * x) holds.
Conversely, let xp be a fuzzy prime ideal. By Theorem 4.9, xp is a fuzzy s-prime ideal. By Theorem 4.11, P
is an s-prime ideal of X. By Lemma 4.7, P is a prime ideal of X. O
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RIESZ FUZZY NORMED SPACES AND STABILITY OF A LATTICE
PRESERVING FUNCTIONAL EQUATION

CHOONKIL PARK, EHSAN MOVAHEDNIA*, SEYED MOHAMMAD SADEGH MODARRES MOSADEGH,
AND MOHAMMAD MURSALEEN

ABSTRACT. The main objective of this paper is to introduce and to study fuzzy normed Riesz spaces.
By the direct method, we prove the Hyers-Ulam stability of the following lattice preserving functional
equation in fuzzy Banach Riesz space

No (f(rz Vny) — 7f(2) Vaf(y),t) > Mi(e(te V iy, 7o Any),t)

where (X, N1), (Y, N2) are fuzzy normed Riesz space and fuzzy Banach Riesz space, respectively; and
p: X x X — X is a mapping such that

a [Ty
plz,y) < ()2 e (*, *)
TN
for all 7,7 > 1 and « € [0,1).

1. INTRODUCTION

Riesz spaces are named after Frigyes Riesz who first defined them in [1] . Riesz spaces are real vector
spaces equipped with a partial order. Under this partial order the Riesz space must satisfy some axioms,
including the axiom that it is a lattice.

For the basic theory of vector lattices (Riesz spaces) and Banach lattices and for unexplained termi-
nology we refer to [2, 3, 4].

In 1984, Katrasas [5] defined a fuzzy norm on a linear space to construct a fuzzy vector topological
structure on the space. Later, some mathematicians have defined fuzzy norms on a linear space from
various points of view [6, 7]. In particular, Bag and Samanta [8], following Cheng and Mordeson [9],
gave an idea of a fuzzy norm in such a manner that the corresponding fuzzy metric is of Kramosil and
Michalek type [10]. They also established a decomposition theorem of a fuzzy norm into a family of
crisp norms and investigated some properties of fuzzy normed spaces.

A classical question in the theory of functional equations is the following: When is it true that a
function which approximately satisfies a functional equation D must be close to an exact solution of
D? If the problem accepts a solution, we say that the equation D is stable. The first stability prob-
lem concerning group homomorphisms was raised by Ulam [11] in 1940. In 1941, Hyers [12] solved
this stability problem for additive mappings subject to the Hyers condition on approximately additive
mappings. The result of Hyers was generalized by Rassias [13] for linear mapping by considering an un-
bounded Cauchy difference. The stability problems of several functional equations have been extensively
investigated by a number of authors, and there are many interesting results concerning this problem
([14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]). Recently, considerable attention has been increasing to
the problem of fuzzy stability of functional equations. Several fuzzy stability results concerning Cauchy,
Jensen, simple quadratic, and cubic functional equations have been investigated [26]—[31].

In this paper, Riesz fuzzy normed spaces are defined and the stability condition are verified.

2010 Mathematics Subject Classification. 54A40, 46540, 39B52.

Key words and phrases. fuzzy normed Riesz space; fixed point; Hyers-Ulam stability; lattice preserving functional
equation.
*Corresponding author.
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2. PRELIMINARY ESTIMATES

A non empty set M with a relation “<” is said to be an ordered set whenever the following conditions
are satisfied :

1. x < z for every x € M.

2.z <y and y < z implies that x = y.

3. x <y and y < z implies that z < z.
If, in addition, for all x,y € M either x < y or y < z, then M is called a totally ordered set. Let A
be subset of an ordered set M. x € M is called an upper bound of A if y < x for every y € A. z € M
is called a lower bound of A if y > z for all y € A. Moreover, if there is an upper bound of A, then A
is said to be bounded from above. If there is a lower bound of A, then A is said to be bounded from
below. If A is bounded from above and from below, then we will briefly say that A is order bounded.

An order set (M, <) is called a lattice if any two elements x,y € M have a least upper bound denoted
by x Vy = sup(x,y) and a greatest lower bound denoted by = A y = inf(z, y).

A real vector space £ which is also an ordered set is an ordered vector space if the order and the
vector space structure are compatible in the following sense:

1. If z,y € £ such that <y, thenx + 2 <y + 2z for all z € £.

2. If x,y € € such that x <y, then az < ay for all a > 0.
(€, <) is called a Riesz space if (£, <) is a lattice and ordered vector space.
A norm || - || on Riesz space &, is called a lattice norm if ||z]| < ||ly|| whenever |z| < |y|. In the latter case
(&, - 1) is called a normed Riesz space.
(&, |l - I) is called a Banach lattice if for all z,y € £

1. (&, - ) is a Banach space.

2. £ is a Riesz space.

3. |- |l is a lattice norm.

Example 2.1. Suppose that X is compact Hausdor[f space. We denote by C(K) the Banach space of all
real continuous functions on X. Let “<” be a point-wise order on C(K), f < g if and only if f(t) < g(t)
for allt € K. It is easy to see that (C(K), <) is a Banach lattice.

Let £ be a Riesz space and let the positive cone £1 of £ consist of all z € £ such that > 0. For
every x € £ let

P =2v0 27 =-2V0 |z|=2V -2

Let £ be a Riesz space. For all x,y,z € £ and a € R the following assertions hold

l.zet+y=aVy+tzAy, —(xVy =—xAy.

2.z+@yVvz)=(@+y)V(e+z), 2+ YAz)=(x+y)A(x+2).

3ol =2t +a7, |4y < x|+ ]yl

4. ¢ <y is equivalent to 27 < yT and y~ < z”.

5. (xvy)Az=(xAy)V(yAz), (xAy)Vz=(xVy) A(yV z).

A Riesz space € is Archimedean if z < 0 holds whenever the set {nz : n € N} is bounded from
above.

Definition 2.1. [2] Let X and Y be Banach lattices. A mapping T : X — Y is called positive if
TXH) ={T(z|]) :x € X} Cc Y.

Theorem 2.1. [3] For an operator T : X — Y between two Riesz spaces the following statements are
equivalent:

1. T is a lattice homomorphism.

2. T(xT)=T(x)* forallz € X.

3.T(@Ay)=T(@) AT (y).

4. Ife ANy=01in X, then T(z) AT (y) =0 holds in ).
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5. T(|z]) = [T (x)].
Definition 2.2. [4] Let X and Y be Banach lattices and let T : X — Y be a positive mapping. We
define
(P1) lattice homomorphism functional equation:
T (|l v lyl) = T(|lz]) vV T(ly]);
(P2) semi-homogeneity: for all x € X and every number o € RY

T(alz]) = oT (|z])-

Remark 2.1. [4] Given two Banach lattices X and Y, let a positive mapping f : X — Y satisfy the
property (P1). Then the following statements are valid.

L f(lzvyl) < f(lz) V f(lyl) for all z,y € X.
2. The semi-homogeneity implies that f(0) = 0.
3. f is an increasing operator, in the sense that if x,y € X are such that |x| < |y, then f(|z|) < f(|y]).

3. MAIN RESULTS

Definition 3.1. Let (X, <) be a Riesz space. A function N : X x R — [0,1] is called a Riesz fuzzy
norm on X if for all x,y € X and all s,t € R

limi_oo N(z,t) =1 ;
(Ng) for = # 0, N (z,.) is continuous on R ;
(N7) N(z,t) > N(y,t) whenever |z| < |y|.
Then (X, <,N) is called a Riesz fuzzy normed space.

Example 3.1. Let (X,<,|.||) be a normed Riesz space. One can easily verify that for each k >0 ,

t
- ift>0
t+k

Ni(a 1) = [z

0 ift<o0

defines a Riesz fuzzy norm on X.

Note that (A7) — (Ns) have been checked in [8]. We show that (N7) is satisfied. Suppose that |z| < |y]
for all z,y € X. Then ||z|| < ||y|| since (X, <,]| -]|) is a normed Riesz space. So
t t
>
t+ Kkl e+ Kyl

and so

N(z,t) > N(y,t)
for all ¢ > 0 and k > 0. Therefore, (X, <,N) is a Riesz fuzzy normed space.
Example 3.2. Let (X,<,|.|| ) be a normed Riesz space. We define

0 ift <
N((E,t) =
1 ift >z
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It is very easy to show that (X, <, N) is a Riesz fuzzy normed space.

Remark 3.1. Convergent and Cauchy sequences in Riesz fuzzy normed space are same as in fuzzy
normed space.

Definition 3.2. Let (X, <,N) be a fuzzy normed Riesz space. A sequence {x,} in X is said to be
convergent if there exists an x € X such that lim,_coN (zn, — x,t) = 1 for all t >0. In this case, T is
called the limit of the sequence {x,} and we denote it by

N = limyooN(z, — x,t) = .

Definition 3.3. Let (X, <,N) be a fuzzy normed Riesz space. A sequence {x,} in X is said to be
Cauchy if for each € > 0 and each § > 0 there exists an ng € N such that

N(xp —xp,8) >1—¢€ (m,n > ng).

Definition 3.4. Let (X,<,N) be a fuzzy normed Riesz space. A sequence y,, in X is called order fuzzy
convergent to y as n — oo if there exists a sequence x, L 0 in X asn — oo and

N(yn —y,t) > N(xp,t)
for allm € N. We write y = of — limy 00 Yn -

It is well-known that every convergent sequence in a fuzzy normed Riesz space is Cauchy. If each
Cauchy sequence is convergent, then the Riesz fuzzy norm is said to be complete and the fuzzy normed
Riesz space is called a fuzzy Banach Riesz space.

Theorem 3.1. Let (X, <,N) be a fuzzy normed Riesz space and let {z,,},{yn} be sequences in X such
that

aczof—nli_)ngoxn and y20f_7}i—>ngoy”'

Then
xn"’_yn = Of_ hIIl.T-’-y,
n—oo
Tp VY, = of — lim xVy,
n—oo
Ty ANy, = of — lim x Avy.
n—oo

Theorem 3.2. Let (X,<,N) be a fuzzy normed Riesz space. Then lattice operators are continuous.
Proof. Assume that
lim N(z, —x,5) =1 limpoo N(yn —y,t) =1 (3.1)
n—roo

for all ¢,s > 0. Therefore,

N(@p ANyn, —x Ay, t+s)

N(@n Ayn = Tn Ny + 20 Ay —z Ay, t+5)

> min{N(zp Ayp — 0 Ay, t),N(zp ANy —x Ay, s)}
> min{N(y, — y,t),N(z, — z,5)}.
So
nangoN(znAyn—xAy,t+s) =1
It is easy to see that the other lattice operations are continuous. O

Theorem 3.3. Every fuzzy normed Riesz space is Archimedean.
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Proof. Let (X,<,N) be fuzzy normed Riesz space. We show that X has Archimedean properties.
Suppose that z,y € X, and nx <y for all n € N.

N(nz,t) > N(y,t) ¢t>0

and so
J\/(wi) > N(y,t) t > 0.
Therefore,
N(z,t) > N(y,nt) t>0
and
N(z,t) > N(nty,t) t>0.
Since n € N is arbitrary as n — oo, we have x = 0. Hence X has Archimedean properties. (]

Theorem 3.4. Let (£,<,N) be a fuzzy normed Riesz space. Then the positive cone £, is closed.

Proof. Assume that z,, € &4

lim N(znx,;) =1 forallt>0,z€é&.

n—oo

By Theorem 3.2, we have

n—oo

t
lim N<xn\/0—x\/072) =1 forallt>0,z€f.
So z,, V0 = z, since x,, € &;. Therefore,

t
lim N(mn—x\/o,Q) =1 forallt >0,z €&

n—oo

and hence by (M), we get
N (z—xVO0,t) Zmin{/\f (:En—x\/O,;> ,N(mn—x,;>}

for all t > 0 and = € £. Two terms on the right hand side of the above inequality tend to 1 as n — oo,
and so z = x V0. Hence x € £,. Thus the proof is complete. O

Theorem 3.5. Let (£,<,N) be a fuzzy normed Riesz space. For every increasing convergent sequence
{zn} C &

lim N(z, —u,t) =1 forall t>0,

n—oo
where u = sup{x,, : n € N}.
Proof. Suppose that {z,} is an increasing convergent sequence and

lim N(z, —x,t) =1 forall t>0andallneN. (3.2)

n— oo
For every m > n, we have
T — Ty € E4.
It follows from Theorem 3.4 that x — x, > 0 and z,, < u < z for all n € N. So by (N7)
N(zy, — 2, t) < N(x)y —u,t) for all £ > 0.

Therefore, as n — oo, we have lim,,_, oo N'(z,, —u,t) = 1 and hence u = z. This completes the proof. [

Definition 3.5. The sequence {x,} is called uniformly bounded if there exist e € £y and a,, € I* such
that x,, < a, - e.
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Definition 3.6. Let (£,<,N) be a fuzzy normed Riesz space. Then & is called uniformly complete if
sup{>_1", x; : n € N} exists for every uniformly bounded sequence x,, C E4.

Theorem 3.6. FEvery fuzzy Banach Riesz space is uniformly complete.

Proof. Let (£,<,N) be a fuzzy Banach Riesz space and {z,} C £, be a sequence such that =, < ane
for a suitable sequence {a,} € I* and some e € £;. We show that sup{>_"_, z; : n € N} exists. We set

Yp=x1+xo+ ..+, and b, = Z a;. (3.3)
Jj=n-+1
By (3.3) and (N7) we have
N(yn+p - yn,t) = N(anrl +-+ xn+p>t)
2 N(Z An+j - €,t)
j=1
= N(b, -e,t)

for all t > 0. As n — o0, we get
nlgr;ON(yner - ynat) =1

So (yn) is a Cauchy sequence in fuzzy Banach Riesz space and therefore there exists y € £ such that
yn —V y. Since y,, is increasing and convergence sequence, by Theorem 3.5, we have

lim N(y, — Vyn,t) =1
n—oo

that is, y, —* sup{>_;°, z; : n € N}. Using a unique limit we have

y= sup{in : ne N}
i=1

Thus the proof is complete. O

Definition 3.7. Let (£,<,N) be a fuzzy normed Riesz space. A C & is solid if
(1) f € Aif and only if | f| € A;
(2) if0< feAandge &y then fAg e A.

Definition 3.8. FEvery solid subset I of € is called an ideal in E.
Definition 3.9. An ordered closed ideal is referred to as a band.

Theorem 3.7. Let (£,<,N) be a fuzzy normed Riesz space. Then the closure of every solid subset of
& is solid.

Proof. Let A C & be solid and f € A. We show that |f| € A. There exists {f,} € A such that
fn —N f. It follows from || f,,| — |f|| < |fn — f| and (N5) that
N(fal = 1f11) = N fn = fI,1)
= N(fn = f,t)
for all n € N and ¢ > 0. Therefore, |f,| =" |f| as n tends to infinity. Hence |f| € A, since A is solid

and f, € A. Conversely, assume that |f| € A. Then there exists f, € A, such that f, —* |f|. By
(3.2) we have

o Nf—NFAIfI= T

574 CHOONKIL PARK et al 569-579



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

RIESZ FUZZY NORMED SPACES

Therefore, f € A, since f, A f € A.
Now, assume that 0 < f € A and g € £,. There exists a sequence {f,} € Ay such that f, —* f.
Hence by (3.2)

fang =N fAg.
So fn Ag € A. Since f, € Aand A is solid, f Ag € A. O

Theorem 3.8. Let (£,<,N) be a fuzzy normed Riesz space. Then every band in £ is closed.

Proof. Suppose that B is a band and assume that {f,} C B is a sequence such that f, —N f for some
f € &. It follows from (3.2) that

[ fal AL =N 1£]
as n — oco. For every n € N, let
gn = ([fal V- VL)) ALS]-
Then {g,} is an increasing sequence and
g = (fal A LDV oV (I ALSD.
So | ful A1f] < gn < |f]- Therefore, by (N7) we have
NUST = gnst) 2 N(IfI = [fal AL T)

for all t > 0. Hence g, —* |f| as n — oco. O

4. HYERS-ULAM STABILITY OF LATTICE HOMOMORPHISMS IN FUZZY NORMED RIESZ SPACES

Using the direct method, we prove the Hyers-Ulam stability of lattice homomorphisms in fuzzy Banach
Riesz space as below.

Theorem 4.1. Let f be a positive operator from a fuzzy normed Riesz space (X,N1) to a fuzzy Banach
Riesz space (¥, Na) such that

N (f(raz v ny) — 7 f(x) Vaf(y)t) = Nile(re vV ny, 7z Any),t) (4.4)
forallz,y e X andt > 0. Here p : X x X — X is a mapping such that
o Ty
p(r,y) < (mn)2¢ ( )
TN
for all T,n > 1 and for which there are a number o € [0,1) and a unique positive operator T : X — Y
satisfying the properties (P1) and (Pa) for x € X1 and the inequality

No(T (@) = F(2),6) > Nl 2), = 1),

Proof. Putting y =z and 7 = n in (?7), we have
NQ(f(Tx) - Tf($)7t) > N1((p(T.%', T.%'),t)
> Nl (Ta(p(l‘,x),t)

|
=
A/~
5
&
=
~—

Therefore,

N (1f<m> - f<x>ma1t) > Nilp(e,2),0). (45)
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Now, replacing = by 7z in (4.5) and using the assumption that ¢(7z, 72) < 7%p(x, z) and the property
(N3) and (N7) of Definition 3.1, we obtain

% (L120) = fra)rei)

v

Ni(p(tx,71),t)

> N (m%¢(z,2),1)

- M (gﬁ(x,oj), Tta) .

Hence
N (7_12f(72x) - 71_f(7'm),7'2°‘_2t> > Ni(p(z,x),t). (4.6)
By comparing (4.5) and (4.6) and using property (N3), we obtain
Na (7_12f(72x) — f(@), (7ot 4 r2e) t) > Nipl,),t). (4.7)
Again, replacing « by 7z in (4.7), we have
N (50 = L, (P 470 0)1) 2 NaGelona). o) (18)
By comparing (4.5) and (4.8) and the property (ANy), we obtain
N (7_13]“(7'3@ = f(@), (7@ 4 oD 4 pileD) t) > Ni(pl(@,2),t).
With this process, we obtain
Ao <T1nf(7"ar) - (@), ir“a”t) > Nilplr, )1 (4.9
k=1
foralln € N. If m € N and n > m > 0, then n —m € N. Replacing n by n —m in (4.9), we get
N <Tn1_mf(7”mw) - f<x>,§nfk<al>t> > Nilgla, o)1) (4.10)
k=1

By replacing z by 7z and using (N7), we obtain

1 1 1 n—m
Ny <Tnf(7-”x) - T—mf(fmz), m kZ::l Tk(al)f)

v

Nl (@(mev me)7 t)
Z Nl (Tma<p(za $)7t)

= M ((p(m,x), 7:m> )

It follows that
1 1 1 &
Ne (Tnf(f”sv)—mf(f’”x)»m E:IT’““%) >N (ple,a), ). (4.11)

Let ¢ > 0, and let € be given. Since limy_, ., N7 (¢(x,x),t) = 1, there is some tg > 0 such that
M(p(z,x),t) > 1—e.

k(a—1)

Fix t > to. The convergence of series > ,-, T guarantees that there exists some ny > 0 such that,

for each n > m > ng, the inequality
n

Z rhle=1) « ¢

k=m-+1
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holds. It follows that

Mo (0G0 = Zma)e) = (ﬂﬂr"m) TGOS Tk<a-1>t>
T T T T k=m+1
> N1(§0($,£B),t) > 1—e
flr"z)
™n
converges to some 7 (z) € ). It means that

Hence { } is a Cauchy sequence in fuzzy Banach Riesz space (Y, N3) and thus this sequence

() = No — Tim 1%

n— 00 TN

Furthermore, by putting m = 0 in (4.11), we have

Na (Tlnf(r"@—f(x),zf’“"“”t) > Ni(p(z,),t).
k=1

So

&
N
|~
~
—~
\]
3
2
|
~
—
oS
J(*
~——
\Y

t
Nl <g0($,$), Zzzl Tk(a_1)> .

As n — 0o, we have

Na (T() = f(x), )

Y

N <<p(x,z), U t) .

T
Next, we show that T satisfies (P1). Putting 7 =n = 7" in (4.4), we get
Na (f (7w v y) — 7" f(2) V7" f(y), 1)

Y

M (p(r"z VvV Ty, 7"z ATy, t)
t
> M (cp(:c\/y,x/\y),w) :
Substituting = with 7”2 and y with 7™y in this last inequality, one can get
Ne (f(r™ (r"a v ry)) — 7" f(7" ) V 7" f(T"y), 1)
t
> M ((p(T"x vy, " ATy, )
Tna
t
ZNl So(xvyax/\y)am ;

which yields

2n n n
N2<f(r @vy) S f) ;) > N (plev g Ap), 720-0).
T T T T

The term on the right-hand side of the above inequality tends to 1 as n — co. By Theorem 3.2, we
obtain

No(T(xVy)—TzVTyt) > 1.
This means that
TxVvy) = TxVTy,

consequently, the property (P;) holds.
Next, we show that 7 (rz) = 77 (z) for all x € X4 and 7 > 1. In fact, in the inequality (4.4), choose
n =7,y =0 and substitute 2”7 for 7 and consider Remark 2.1.

No (f 2"z Vv 0)—2"7f(z)VvO0,t) > N (p(2"7x,0),1)
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for all x € X. Now we replace x with 2"z. Consequently, by (2.1)

fdrrx)  Tf(2mx) ¢
N2< T 4)

N1 ((p (4”7‘.%‘, 0) ,t)
> M (4"1% (z,0),1).

Therefore,

(M) = e estens).

The term on the right-hand side of the above inequality tends to 1 as n — oco. Thus
T(rz) =1(Tx)
for all z € X4 O

Theorem 4.2. Let X, be Banach lattices and p : [0,00) — [0,00) be a continuous function. Consider
a positive map f: X — Y for which there are numbers v € R and 0 <1 < 1 such that

No (st v ) — P PO (o)

for all z,y € X and a, 8 € RT. Then there exists a unique positive mapping T : X — Y which satisfies
the properties (P1), (P2) and the inequality

,t) >N (v(z"Vy"),t) (4.12)

Na(Fllal) = Tl = A (525000)

Proof. Putting a = 8 =2 and x = y in (4.12), we get

- LD )

for all x € X and r € [0, 1). Therefore,
N (f2lz]) = 2f(|z]).t) = Ni(va”,t),

1
N (G Felel) = Fllt) = Ao Gt 20).
The rest of the proof is similar to the previous one. O

5. CONCLUSION

In the classical Riesz space theory, Banach lattice requires more attention. In the present research
work, we briefly introduced and studied the fuzzy normed Riesz spaces. Thus we think that there are
many open problems and applications in this new research area. For example we will introduce M-space,
L-space and order unit in fuzzy normed Riesz spaces in our future research work.
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BIPOLAR FUZZY SETS OF BCK-MODULES

M. A. ALGHAMDI!, N. O. ALSHEHRI?, AND N. M. MUTHANA3

ABSTRACT. The notion of bipolar fuzzy BCK-submodules are introduced, and
some characterizations of bipolar fuzzy BCK-submodules are given. The con-
ceopt of homomorphic images and preimages of bipolar fuzzy BCK-submodules
are investigated. Normality and completely normality of bipolar fuzzy BCK-
submodules are discussed.

keywords: bipolar fuzzy BCK-submodule, normal (completely normal) bipolar
fuzzy BCK-submodule, maximal bipolar fuzzy BCK-submodule.

1. Introduction

In the traditional fuzzy sets, which presented by Zadeh [8] in 1965, the mem-
bership of elements are expressed in degrees ranging from 0 to 1. The membership
degree 0 is assigned to elements which do not satisfy a corresponding property to
the concerned fuzzy set. It is of interest to know whether these elements are sat-
isfying a counter-property of our fuzzy set, but the restriction of the membership
degrees to the interval [0,1] led to a great difficulty in doing this. For this reason,
Lee [7] introduced the concept of the bipolar-valued fuzzy sets as an extension of
the fuzzy sets. In the case of bipolar-valued fuzzy sets, the membership degrees
range is increased from the interval [0,1] to the interval [-1,1]. The representation of
bipolar-valued fuzzy sets express the difference of contrary elements from irrelevant
elements.

The notion of bipolar-valued fuzzy subalgebra and bipolar-valued fuzzy ideal was
introduced by Lee [6].

H. A. S. Abujabal, M. Aslam and A. B. Thaheem [1], introduced the notion
of BCK-modules as an action of BCK-algebra over a commutative group. The
concept of fuzzy BCK-submodules was introduced by M. Bakhshi [2], where he
characterized the fuzzy BCK-submodules and provided some operations of it.

In this paper, we apply the notion of bipolar-valued fuzzy set on BCK-modules
and introduce the notion of bipolar-valued fuzzy BCK-submodules. Then we present
some characterization of bipolar-valued fuzzy BCK-submodules by means of posi-
tive t-level cut and negative s-level cut. Moreover, a certain form of bipolar fuzzy
BCK-submodules is derived from a given BCK-submodule. We investigate the
homomorphic image and preimage of the bipolar-valued fuzzy BCK-submodules
under some conditions. The later work is devoted to discuss the normality and
completely normality of bipolar fuzzy BCK-submodules. A maximal bipolar fuzzy
BCK-submodule is defined and its range is specified quit so. Many examples are
given to illustrate our concepts and results.
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2. Preliminaries

In this section we review some definitions and results regarding BCK-algebras,
BCK-modules and bipolar fuzzy sets.

By a BCK-algebra, we mean an algebra (X, x,0) of type (2,0) satisfying the
following axioms:

(I) ((zxy) = (z*2))(z*y) =0,

(IT) (z* (zxy)) *xy =0,

(III) zxz =0,

IV) 0%z =0,

(V) zxy=0and y xa =0 implies x = y, for all z,y,z € X.

Let (X, *,0) be a BCK-algebra. Then X is a partially ordered set with the
partial ordering < defined on X by: =z < y if and only if z *y = 0. X is said to
be bounded if there is an element 1 € X such that x <1 for all x € X. X is said
to be commutative (implicative) if t Ay =y Az (zx(y*xz)=z) forall z,y € X
where z Ay =y * (y * x).

Definition 2.1[1] Let X be a BCK-algebra. Then by a left X-module (abbre-
viated X-module), we mean an abelian group M with an operation X x M — M
with (z,m) — xm satisfies the following axioms for all z,y € X and m,n € M,

(1) (zAy)m = z(ym),
(2) z(m+n) =xm+ zn,
(3) Om =0.

Moreover, if X is bounded and M satisfies 1m = m, for all m € M, then M is

said to be unitary.

Example 2.2 Any bounded implicative BCK-algebra X forms an X-module,
where "+ "is defined as t +y = (z*xy) V (y*z) and zy =z A y.

A subgroup N of an X-module M is called submodule of M if N is also an
X-module.

Theorem 2.3 [2] A subset N of a BCK-module M is a BCK-submodule of M
if and only if ny — ny,zn € N for all ny,no,n € N and z € X.

Definition 2.4 [1] Let M, N be modules over a BCK-algebra X. A mapping
f:M — N is called an X-homomorphism if

(1) f(m1 +m2) = f(m1) + f(m2)
(2) f(xzm) =z f(m) for all my,ma,m e M, z € X.

A BCK-module homomorphism is said to be monomorphism (epimorphism) if
it is one to one (onto). If it is both one to one and onto, then we say that it is an
isomorphism.

Let X be the universe of discourse. A bipolar valued fuzzy set ® of X is an
object having the form

® = {(2;0%(2), 2" (2)) | z € X}
where @+ : X — [0,1] and ®~ : X — [~1,0] are mappings. The positive
membership degree ®*(z) denotes the satisfaction degree of an element x to the
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property corresponding to a bipolar -valued fuzzy set ® = {(a; ®™(z),® (z)) |z €
X}, and the negative membership degree ®~(x) denotes the satisfaction degree of
x to some implicit counter-property of ® = {(x; @t (z),® (z)) | z € X}.

For the sake of simplicity, we shall use the symbol ® = (X;®* &) for the
bipolar-valued fuzzy set ® = {(z;®"(z),® (z)) | z € X}, and use the notion of
bipolar fuzzy sets instead of the notion of bipolar-valued fuzzy sets.

For a bipolar fuzzy set ® = (X;®",®7) and (¢,s) € [0,1] x [-1,0], we define

P(®;t) = {zeX|oT(2)
N(@;s) = {z€X|P (x)

which are called the positive t-level cut of ® = (X;®* &) and the negative
s-level cut of ® = (X, ®T,d), respectively. For k € [0, 1], the set

>t}
< s}

L(®;k) = P(®; k) N N(P; —k)
is called the k-level cut of ® = (X;®T, &) (see [6]).

If ®=(X;®",®") and ¥ = (X; ¥+, U~) are bipolar fuzzy sets defined on X,
then the union and the intersection of ® and ¥ are bipolar fuzzy sets of X defined
as follows:

PUT = (X;(@UW)T (@UD) ) and NT = (X;(@NT)T ,(@NT)7), re-
spectively, where

(®U )" (z) = max {0 (z), 9" (2)}, (PUY) (z) =min{® (z), ¥ (2)},
and

(®N )" (z) = min {oF (z), 0" (2)}, (2NV) (2) = max{® (2),¥ (z)},
for all x € X.

Definition 2.5 [3] Let ® = (X;®1,®~) and ¥ = (X; UT, U ~) be bipolar fuzzy
sets of X. If Ut (z) > &1 (z) and U~ (x) < &~ (x) for all z € X, then we say
that ¥ = (X; U, ¥™) is a bipolar fuzzy extension of ® = (X;®*, &) (simply ®
is subset of ¥) and we write ® C U.

In what follows, X will denote a bounded BCK-algebra and M, N are X-modules
unless otherwise specified.

3. Bipolar Fuzzy BCK-Submodules

In this section applying bipolar fuzzy sets theory to BCK-modules, we introduce
the notion of bipolar fuzzy BCK-submodules and discuss their properties.

Definition 3.1 A bipolar fuzzy set ® = (M;®+,®7) of a BCK-module M is
said to be a bipolar fuzzy BCK-submodule if it satisfies:
(BFS1) & (my + msa) > min{®"(my),®"(m2)} and
O~ (my + m2) < max{® (my), P (m2)},
(BFS2) T (—m) = &+ (m) and &~ (—m) = &~ (m),
(BFS3) & (zm) > &+ (m) and &~ (zm) < &~ (m).
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For the sake of simplicity, we shall use the symbols BF (M) and BFS(M) for the
set of all bipolar fuzzy sets of M, and the set of all bipolar fuzzy BCK-submodules
of M, respectively.

Example 3.2 Let X = P(Z) with * defined by A* B = AN B¢ and 0 is the
empty set @, then X is a BCK-algebra. M = Z%Z = {f | f : Z — 7}, considered
with the traditional addition of maps and 0 is the zero map, is an abelian group. If
we define an action of X on M by Af = x4 f, then M forms an X-module. Define
a bipolar fuzzy set ® = (M;®*,®~) on M by

1 iff=0
+ _ )
() = { 0 otherwise,

and
e [ -1 iff=o0,
e7(f) = { 0 otherwise.

Then & is a bipolar fuzzy BCK-submodule of M.

Example 3.3 Let X = {0,a,b,c,d} and consider the following table:

*|10 a b ¢ d

0/0 0 0O 0 O

ala 0 a 0 a

blb b 0 0 b

clec b a 0 d

dld d d d 0
Tab. 3.1

Then (X, *,0) is a commutative BCK-algebra which is not bounded. The subset
M =1{0,a,b,c} of X along with the operation + defined by Table 3.2 is an abelian
group. Table 3.3 shows the action of X on M (zm = x A m). Consequently, M
forms an X-module.

+10 a b c
010 a b c
ala 0 ¢ b
b|b ¢ 0 a
clec b a 0
Tab. 3.2
AlOlal|b]|ec
0]0|0|0O|O
a|0]lal|0]a
b|O0|b|b|b
c|0|lal|lb|c
d|0|0|0|O0
Tab. 3.3

Now let ® = (M;®T,®7) be a bipolar fuzzy set on M defined as follows:

M |0 a b c

ot |1 0.7 0.7 0.7

- | -0.8] -0.6 | —-0.6 | —0.6
Tab. 3.4
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Then ® = (M;®*,®7) is a bipolar fuzzy BCK-submodule of M.

Theorem 3.4 A bipolar fuzzy set ® = (M;®+, &) € BFS(M) if and only if
(i) @t (zm) > ®*(m) and &~ (zm) < &~ (m),

(ii) T (m1 — m2) > min{®* (my), ®" (msg)} and

O~ (my —ma) < max{P® (mq), P (mg)} for all m,m;,mg € M and = € X.
Proof Let ® = (M;®",d7) € BFS(M), then

Ot (my —ma) > min{®"(my), dT(-m2)}
= min{®*(my),®" (ma2)},

max{®~ (my),d~

= max{®P (my), P~

Conversely, assume that (i) and (ii) are satisfied. Put £ = 0 in (i), then ®*(0) >
&t (m), and @~ (0) < &~ (m) for all m € M. So using (ii), we have

IN

(I)7 (m1 — m2)

T (—m) = @®7(0—m) > min{®"(0),d"(m)} > ®*(m),
SHm) = (0 (—m)) > min{®*(0), &+ (—m)} > &+ (—m),
which implies that
Ot (—m) = &T(m).
Moreover,
Ot (my+my) = ®F(my— (—my))

> min{®*(my),®"(—mz)}

= min{®"(my), ®*(ma2)}.
We can verify that @~ (—m) = &~ (m) and @~ (m1+msg) < max{® (m), P~ (ma)}
by similar argument.

Theorem 3.5 A bipolar fuzzy set ® = (M;®",d~) € BFS(M) if and only if

(i) ®7(0) > ®*(m) and &~ (0) < d~(m),

(i) @ (z1m1 — zama) > min{®*(my), P (my)} and O~ (z1m; — xamy) <
max{® (mq), P (m2)}

for all m,m1,me € M and xy1,x9 € X.

Proof Let ® = (M; @, ®7) € BFS(M) and let m,my,me € M and z1, x5 € X.
(i) is already shown in the proof of Theorem 3.4. Moreover,

Ot (zymy — xoma) > min{®T (zymy), @ (z9ms)}
> min{®"(my),®"(m2)},
and
O (zymy — xoma) < max{P (zymy), P (zam2)}
< max{® (mq), P (m2)}.

Now, let ® = (M;®*,®~) be a bipolar fuzzy set of M. Assume that (i) and (ii)
hold. Let m,my,ma € M and x € X, then ®*(zm) = & (zm — 0) = ®T (am —
0m) > min{®*(m)),®*(m)} = ®*(m), and &~ (zm) = &~ (zm — 0) = &~ (zm —
0m) < max{® (m)),® (m)} = &~ (m). Now
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OF(my—my) = & (1my — Ims) > min{®* (my), ®dT(ms)}, and = (mq —ms) =
O~ (1my — Img) < max{® (m1),® (m2)}. Using Theorem 3.4, & = (M; D", o~
is a bipolar fuzzy BCK-submodule of M.

Theorem 3.6 Let ® = (M;®",d7) € BF(M). Then ® € BFS(M) if and only
if @ # P(®;t) and @ # N(P;s) are submodules of M for all (¢,s) € [0,1] x [-1,0].

Proof Assume that ® = (M;®",d7) € BFS(M) and (¢, s) € [0,1] x [-1,0] be
such that & # P(®;t),0 # N(®;s). Let m, my,mg € P(®;t) and m’,m),m} €
N(®;s) and z € X. Then

<I>+(m1 — m2)

© (my —my)

ie. my —mg € P(®;t) and mj —mb € N(®;s).
Further,

Ot (xm)

& (xm”)
Thus we have xm € P(®;t) and am’ € N(®;s). Hence P(®;¢) and N(P;s) are
submodules of M.

Conversely, assume that @ # P(®;t) and @ # N(®;s) are submodules of M
for all (t,s) € [0,1] x [-1,0]. For m,m’ € M, let tx = min{®*(m),®*(m’)}
and sg = max{® (m),®~(m')}. Then m,mr € P(®;ty) and m,ms € N(P;sp).
Since P(®;ty) and N(®;sp) are submodules of M, then m — m/ € P(®;ty) and
m —m/ € N(®; sg), which means that

> @t (m)>t,
<

O~ (m') < s.

Ot (m —m') >ty = min{®*(m), dT(m’)},
and
O (m—m') < sp=max{® (m),® (m)}.
Now, let ®*(m) = t1, @ (m’) = s; and € X. Then m € P(®,¢1) and m’ €
N(®;s1) which implies that zm € P(®;t1) and xm’ € N(®;s;). i.e. &t (zm) >
t; = ®*(m), and ®~ (zm') < s; = &~ (m’). Thus by Theorem 3.4, ® € BFS(M).

Corollary 3.7 If ® = (M;®",d~) € BFS(M), then the intersection of a non-
empty positive t-level cut and a non-empty negative s-level cut of ® = (M; d+, d7)
is a submodule of M for all (¢,s) € [0,1] x [—1,0]. In particular, the non-empty
k-level cut of ® = (M;®*,®7) is a submodule of M for all k € [0, 1].

The union of a non-empty positive t-level cut and a non-empty negative s-level
cut of ® = (M;®*,®~) € BFS(M) is not a submodule of M in general as seen in
the following example.

Example 3.8 Let X = {0,a,b,¢,d,1} with a binary operation * defined on
Table 3.5. For the subset M = {0, qa,c,d} of X, define an operation + as © +y =
(x*y) V (y*z). It follows by Table 3.6 that (M, +) is an abelian group. M is an
X-module according to Table 3.7.
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*x|10 a b ¢ d 1
0/0 0 OO O O
ala 0 0 a 0 O
blb a 0 b a O
clec ¢c ¢ 0 0 O
did ¢ ¢ a 0 0
11 d ¢ b a 0

Tab. 3.5
+10 a ¢ d
0|0 a ¢ d
ala 0 d c
clec d 0 a
d|d ¢ a 0

Tab. 3.6
A0 a ¢ d
0/0 0 0 O
a|l0 a 0 a
b|0 a 0 a
c|0 0 ¢ ¢
d|0 a ¢ d
110 a ¢ d

Tab. 3.7

Define a bipolar fuzzy set on M by the following table:

M |0 a c d

&+t 109 0.6 0.4 0.4

® | -1 -05 -0.7 -0.5
Tab. 3.8

We can easily check that ® = (X;®*,®7) is a bipolar fuzzy BCK-submodule
of M. The positive 0.5-level cut is P(®;0.5) = {0,a}, and the negative —0.7-level
cut is N(®; —0.7) = {0,c}. It is clear that P(®;0.5) U N(®; -0.7) = {0,a,c} is
not a submodule of M. Furthermore, P(®;0.6) U N(®;—0.6) = {0,a,c} is not a

submodule of M.

A sufficient condition for P(®;k) U N(®; —k) to be a submodule of M is given
in the next theorem. without this condition, P(®;k) U N(®; —k) need not be a
submodule of M as we have already seen.

Theorem 3.9 If & = (M;d+, &) € BFS(M) such that

()

(**)

O (m) + &~ (m) > 0,

®F(m) + P~ (m) <0,

for all m € M, then the union of a non-empty positive k-level cut and a non-empty
negative —k-level cut of ® = (M;®*, &) is a submodule of M for all k¥ € [0,1].
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Proof Let k € [0,1] such that P(®;k) # @ and N(®; —k) # &. Then they are
submodules of M by Theorem 3.6. Let © € X and m,my,my € P(®;k)UN(D; —k).
If m € P(®;k), then

am € P(®; k) C P(®;k) U N(®; —k).
If m € N(®—,—k), then
axm € N(®;—k) C P(®;k) UN(P; —k).
Now we shall prove that m; —mg € P(®"; k) UN(®~; —k). We have the following
three cases:

i. mi,mg € P(®;k),

il. my,me € N(®; k),

iii. my € P(®;k), mg € N(P; —k).

Case i. implies that

my —mg € P(®;k) C P(®;k) U N(P; —k).

Case ii. gives

my —mg € N(®; —k) C P(®; k) UN(D; —k).

In case iii. ®T(m1) > k and &~ (mz) < —k. If we consider (*), then ®T(my) +
®~(mgy) > 0 which means that ®*(mz) > k and so

my —mg € P(®;k) C P(®;k) UN(P; —k).
If we consider (**), then ®*(m4)+ ®~ (my) < 0 implies that &~ (m4) < —k. Hence
my —ma € N(®; —k) C P(®; k) UN(®; —k).
Therefore P(®; k) U N(®; —k) is a submodule of M.

For a bipolar fuzzy set ® = (M;®T,®~) and an element m € M, we shall write
® (m) = (o, B) in the meaning of &+ (m) = a and &~ (m) = 3.

Theorem 3.10 Let M be a module over a BCK-algebra X and @ # N C M.
Suppose that ® = (M;®T,®7) is a bipolar fuzzy set on M defined as follows:

| (a,y) if meN,
®(m) = { (8,8) otherwise,

where (,7), (8,0) € [0,1]x[—1,0] with @ > Band v < 6. Then ® = (M; D+, ™)
is a bipolar fuzzy BCK-submodule of M if and only if N is a submodule of M.

Proof Assume that ® = (M;®", &) € BFS(M) and we shall prove that N is
a submodule of M. Let n € N and z € X. Then ®*(zn) > ®*(n) = a > 8 which
implies that ®*(zn) = a i.e. zn € N.

Now let ny,nz € N, then ¥ (ny) = ®T(ny) = a and T (ny —ns) > min{d* (ny),

®T(ny)} = a > B and this gives ®T(n; — ny) = @ i.e. ny — ny € N. Hence N is
a submodule of M.

Conversely, let N be a submodule of M and let m,mi,ms € M and z € X. We
shall prove that ®*(zm) > ®*(m) and ®~ (zm) < &~ (m). If m € N,then zm € N
and we obtain

Ot (xm) =a = (m),
and
O (zm) =y =P (m).
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If m ¢ N, then ®*(m) = 3 and & (m) = 6. So we have
o (am) > =2 (m)
and
O (zm) <0 =P (m).
To show that
Ot (my—ms) > min{®" (my), @ (m2)} and @~ (m1—mz) < max{® (my), ® (m2)},
we consider the following cases:
i. my,me € N,
ii. mq, Mo ¢ N,
iii. m; € N,mg ¢ N.
For case i. we have m; — mo € N and so
O (my —my) = a = min{®" (m,), ®"(m2)}
and
O~ (my —mg) =y =max{®P (my), P (ma)}.
For case ii. and iii. we have
" (my —ms) > B =min{®" (my), 2" (m2)}
and
O~ (my —mg2) <6 =max{® (my), P (m2)}.
Therefore ® = (M;®+,®7) € BFS(M).

For a submodule N of M, denote by ®y = (M, ®};, ®y) the bipolar fuzzy set
defined in the theorem above with (a,~) = (1,—1) and (8,9) = (0,0).

Example 3.11 Let f : M — N be a homomorphism of BCK-modules. We
know that ker f and Im f are submodules of M and N respectively. So @uer f =
(M; @f{erf, Py, ) and Ui p = (IV; \Ilfmf, U1, ) are bipolar fuzzy BCK-submodules.

Definition 3.12 Let f : M — N be a BCK-module homomorphism and let
® € BFS(M). Then the homomorphic image f(®) = (N; f(®1), f(®7)) of  under
f defined as follows:

sup  @F(m) if f71(n) # 2,
(@) (n) = { mef1(n)
0 if f~1(n) = @,

and

inf @& (m) if f~1(n) # 9,

f(@7)(n) = { gleffl(n) i) — o

Theorem 3.13 Let f : M — N be a BCK-module epimorphism. If & =
(M;®+,®) € BFS(M), then the homomorphic image f(®) € BFS(N).

Proof According to Theorem 3.6, it is sufficient to prove that P(f(®);t) and
N(f(®);s) are submodules of N for all (¢, s) € [0, 1] x[—1, 0] satisfying P(f(®);t) #
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o, N(f(®);s) # @. Let ng,n1,ne € P(f(®);t) and = € X. Since f is an epimor-
phism, then there exist mo € f~'(ng),m1 € f~'(n1),ms € f~(n2) such that
ot (m;) >t,i=0,1,2. Now

f(@N)(zng) = sup @ (m) > @ (xmy) > T (mg) > ¢,
mef~1(xzn)
and
F(@)(ng—ny) = sup O (m) > &1 (my—mz) > min{®* (my), " (ma)} > t.

mef-1(ni—mn2)
Which implies that zng,ny — ny € P(f(®);t). Therefore P(f(®);t) is a sub-
module of N for all ¢ € [0,1]. Analogously, we can verify that N(f(®);s) is a
submodules of N for all s € [—1,0]. This completes the proof.

Definition 3.14 Let f : M — N be a homomorphism of BCK-modules, and
U = (N; ¥+, ¥U~) be a bipolar fuzzy set of N. Then the preimage of ¥, f~1(¥) =
(M; f=H(¥T), f~1(¥7)), is the bipolar fuzzy set on M given by f~1(¥+)(m) =
U (f(m)), fFHP7)(m) = ¥~ (f(m)) for all m € M.

Theorem 3.15 Let f : M — N be a homomorphism of BCK-modules, and ¥ =
(N; U, ¥~) € BFS(N), then the preimage f~1(W) = (M; f~1(¥1), f~1(¥7))

€ BFS(M).

Proof Suppose that ¥ = (N; ¥, ¥~) € BFS(N) and f is a homomorphism of
BCK-modules from M to N. Then for all mq,ms € M, we have

FHT)m —ma) = UF(f(ma —ma)) = ¥ (f(m1) — f(mz))
min{ ¥ (f(m1)), T (f(m2))}

min{f 1 (¥F) (m1), f7H(ET)(m2)}
Moreover, let z € X and m € M. then

v

FHE) @m) = OF(f(am)) = U (af(m))
UE(f(m)) = f7H(TF)(m).

Y

Analogously, we have

FTHET)(my —mo) < max{f7H(ET)(ma), fH(ET)(m2)}
and
FHET)(@m) < max f7H(E7)(m).
Hence, f~1(¥) = (M; f~1(¥"), f~1(¥7)) is a bipolar fuzzy BCK-submodule of
M.

Theorem 3.16 Let f : M — N be an epimorphism of BCK-modules. If
U = (N; ¥+ ¥~) is a bipolar fuzzy set on N such that the preimage f~1(¥) =
(M; f=5(¥T), f~Y(¥7)) € BFS(M), then ¥ € BFS(N).

Proof Let f~1(¥) = (M; f~1(¥*), f~1(¥7)) be a bipolar fuzzy BCK-submodule
on M and let f : M — N be an epimorphism. For ng,ni,ne € N, there exist
mo, m1, Mg € M such that f(mg) = no, f(m1) = n1, and f(mz) = na.
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Now
Ut(ng —ng) = WH(f(my—mg)) = f1 () (m1 —ma)
> min{f () (ma), fTHEF)(m2)}
= min{¥T(f(m1), ¥ (f(m2))}
min{¥* (ny), ¥ (no)}
and

U (zno) = T (f(zmo)) = 71 () (wmo) = f7H(IF)(mo) = TF(f(mo)) = T (no),

for all x € X. By similar argument, we have

U~ (n; —n2) <max{¥~ (n1), ¥ (ng)},

and
U~ (2ng) < ¥~ (ng).
This finishes the proof.

For a bipolar fuzzy set ® = (M;®",®~), we define Mg to be the set of all
elements m € M with ®(m) = ©(0).

Proposition 3.17 If ® = (M; &, &) € BFS(M), then Mg is a submodule of
M.
Proof Clearly Mg # &, since 0 € Mg. Let m,m1,mo € Mg and = € X. Then

@ (0) > @F(zm) > &1 (m) = &7 (0)
ie. ®F (zm) = &1 (0). Similarly, @~ (zm) = &~ (0) and so zm € Mg. Further-
more,
ot (0) > &1 (my —my) > min {‘I>+ (my), @+ (mg)} = o (0),
which means ®* (m; —ms) = &1 (0). Analogously, &~ (m; —ms) = &~ (0).

Hence my — mo € Mg. Therefore Mg is a submodule of M.

Definition 3.18 If ® (0) = (1, —1) for ® = (M;®*, &) € BFS(M), then ® is
said to be normal.

Theorem 3.19 Let ® = (M;®",®~) € BFS(M). The normalization & =
(M;®+,®7) of @ defined by @* (m) = &+ (m)+1—d*1 (0) and @~ (m) = ¢~ (m)—
1—-®~ (0), for all m € M, is normal bipolar fuzzy BCK-submodule of M containing
.

~ Proof Clearly, ®* (m) > ®* (m) and &~ (m) < @ (m) for all m € M. i.e.® C
®. Now let m,my,mo € M and x € X. Then

O (xm) =T (am) +1 - @7 (0) > T (m) +1—- T (0) = & (m),
and
<T>+(m1 — m2) = ‘:I)jL (ml - mz) +1-— CI)+ (0)
min {®F (my),®* (m2)} +1— & (0)
min {®* (my) + 1 — & (0), 2" (m2) + 1 — @1 (0)}
= min{®"(my),®"(m2)}.

v
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Analogously, @~ (zm) < ®~(m) and @~ (my — my) < max {®~(mq), P~ (ma)}.

Hence ® € BFS(M). Moreover,

T (0) =27 (0)+1— 0" (0) =1,
and

O~ (0)=9 (0)—1—- (0) = —1.

Which means that ® is normal.

Let S(M) (respectively N'(M)) denote the set of all submodules (respectively,
normal bipolar fuzzy BCK-submodules) of M. We define functions F : S(M)
— N(M) and G : N(M) — S(M) by F(N) = &y and G (®) = Mg. Then
GF = IS(M) and FG ((I)) = F(M@) = ‘I)Mq, g P.

Note that S(M) (respectively N (M)) is a poset under the set inclusion (respec-
tively, bipolar fuzzy set inclusion).

Theorem 3.20 If N, K € S(M), then ®ynx = Py NPk, that is, F(NNK) =
F(N)NF(K). If &9 € N(M), then Myny = My N My, that is, G (N T) =
G (®)NG(¥).

Proof Let m € M. If m € NN K, then ®ynx(m) = (1,—1). From m € N and
m € K it follows that ®x(m) = ®x(m) = (1,—1). Hence

(@n N k)" (m) = min{@F (m), B (M)} = 1= @}, (m),
and
(On N@x) (M) = max{®y (m), Py (M)} = =1 = Pyyp (M) .
If m¢ NNK, then m¢ N or m ¢ K. Thus
(Pn NPx)T (m) = min{ @} (m), ®F (M)} = 0= 0} (M),
and
(On NPk) " (m) = max{Py (m), Py (m)} = 0= Pypy (m).
Therefore ®ynx = Py NPk, and so F(INNK)=F(N)NF (K). Now let &, ¥ €
N (M). Then

Mory = {meM|[(@N¥)T (m)=1,(2NT¥)" (m)=-1}
{m e M | min{®" (m), V" (m)} = 1,max {®~ (m), ¥~ (m)} = -1}
= {meM|®F (m) =¥t (m) =1, (m) =¥~ (m) = -1}
= {meM|d¥(m)=1,8 (m)=-1}n
{meM|¥"(m)=1,0" (m)=-1}
= {meM|®(m)=2(0)}n{meM|¥(m)="V(0)}
= Mg N My,

that is, G (@ NT¥) = G (®) N G(¥). This completes the proof.

Proposition 3.21 Let ® = (M;®*, &) be a non-constant normal bipolar fuzzy
BCK-submodule which is maximal in (M (M), C), then ® takes only a value among
(0,0),(1,0),(0,—1) and (1, —1).

Proof Let ® = (M;®*,®7) be a non-constant maximal element in (N (M), C).
Since @ is normal, then ® (0) = (1, —1). Let mo € M be such that T (mg) # 1.
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Then @ (mg) = 0. Otherwise, 0 < ®* (mg) < 1. Consider ¥ = (M, ¥+ ¥™)

defined by

1

W (m) = (@ (m) + @7 (mg)), ¥ (m) = (& (m) + & (mo)),

2

for all m € M. Clearly VU is well defined. Let m,my, my € M, then

1
\I/+ (m1 — mg) =

v

g(qﬁ (m1 —my) + & (mg))

%(min{fIfr (m1),®*(m2)} + @* (mg))

= min{ (@ () + @ (mo)), (@ (ma) + 27 (mo)))
= min{¥" (my), " (ma)},

and

Ut (zm)
>

By similar argument, we can show

S@ (am) + & (m)

S (B (m) + B (mo))
Ut (m).

U~ (my —ma) <max{¥~ (mq1), T~ (ma)},

and
-
Hence, ¥ € BFS(M).

(xm) < T~ (m).
Clearly, ¥ is non-constant and by Theorem 3.19, ¥ =

(M, ¥+, ¥~) € N(M). Now for all m € M, we have

U (m) = W (m) + 19 (0)
= L@ () + 87 (mo)) 1~ (87 (0) + B (mo))
= S0 (m) > 0" (m),
and
T (m) = U (m)— 10 (0)
= S(@ (m) + 2 (mg) — 1~ (27 (0) + 27 (mo))
= S@ (m)-1)
< @ (m)
Furthermore,

\I/+ (m()) = %(1 + (I)+ (m(])) > (I)+ (m()) .

This means that ® is a proper subset of ¥, which contradicts the maximality of ®
in N (M). Thus the possible values of ®* are only 0 and 1. Likewise, we can show
that 0 and —1 are the only possible values of ®~. Therefore, ® takes only a value
among (0,0),(1,0),(0,—1) and (1,—1). This finishes the proof.
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For ® = (M;®",®~) € BFS(M), consider the following sets:
MY = {me M| & (m) >0,& (m) <0} =M,
MO = {me M| (m) >1, (m) <0} = {me M| &+ (m) =1},

MO = fme M |®T(m) >0, (m)< 1} ={me M| (m)=—1},
MY = {me M| ®t(m) > 1,8 (m) < —1}
= {meM|dt(m)=1,0 (m)=—1}.

Clearly, we have the relations

Mél,—l) C Mél,o) C MéO,O), Mél,—l) C MéO,—l) C MéO,O), Mé)l,O)mMéO,—l) :Mél,—l).

Definition 3.22 A normal bipolar fuzzy BCK-submodule ® = (M;®+, &) is
said to be completely normal if there exists m € M such that ® (m) = (0, 0).

Example 3.23 Let N be a proper submodule of M. Then ®y = (M;®%, ®y)
is completely normal bipolar fuzzy BCK-submodule.

Denote by C(M) the set of all completely normal bipolar fuzzy BCK-submodules
of M. Note that C(M) C N(M) and the restriction of the partial ordering ” C 7
of N (M) gives a partial ordering of C(M).

Theorem 3.24 A non-constant maximal element of (A (M), C) is also a maximal
element of ( C(M), Q).

Proof First, we show that if ® = (M;®", &) is a non-constant maximal el-
ement of (N(M),C),then ® € C(M). Suppose that there is no m € M with

® (m) = (0,0) ie. Méo’o) — (Mél’o) UMéO’fl)) = @. Since ® is non-constant
normal, then ® assumes the value (1,0) or (and) (0, —1) at some points in M and
so we have the following cases:

i My MY £, MO M = @,

i MO MY 2 e, MY - MY = o,

i, MY -~ MY 2o, MO - MY 2 g,

For case i. let

1,—1 it me MY,
¥ (m) = { ( 1 ) n A0 ]\3(1,71)
(1,—5) 1Im & P — > .

For case ii. let

(1,-1) if me MY,
im)=4 : (0.-1) _ yr(1.=1)
(5,—1) ifme Mg — Mg .

For case iii. let

(1,-1) it me MY,
U(m)=S (1,-%) itme M — MY,

(3,-1) ifme My — MY,

Noting that Mél’_l), Mél’o), and Méo’_l) are submodules of M, it is not difficult to
show that U = (M;¥*,¥~) € BFS(M) in each case. obviously, ¥ is non-constant
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normal and ® C ¥. But this contradicts the fact that ® is non-constant maximal
in (M(M),C). Thus ® should has the value (0,0) at some points m € M and
so & € C(M). Now let ® € C(M) such that ® C &'. It follows that & C &’
in N (M). Since ® is maximal in (N (M), C) and since ' is non-constant, then
® = @’. Therefore ¢ is maximal in (C (M), Q).

Definition 3.25 A bipolar fuzzy set ® = (M;®+, &) € BFS(M) is said to be
maximal if it satisfies:

(¢) ® is non-constant

(i) ® is maximal element in (N(M), C).

Theorem 3.26 A maximal bipolar fuzzy BCK-submodule is completely normal
and equivalent to its normalization.

Proof If ® = (M;®",®") is a maximal bipolar fuzzy BCK-submodule of M,
then ® is non-constant maximal in (N (M), C) and so it is maximal in (C (M), C).
So for some m € M,

0 = & (m)=d" (m)+1-a"(0),
0 = & (m)=d (m)—1—-2 (0).
Which implies that
ot (m) = ®(0)—1<0,
® (m) = @ (0)+1>0.
Since T (m) > 0 and ®~ (m) < 0, then ®* (0) = 1 and &~ (0) = —1. Therefore

® = & and so ® is completely normal.
Now we arrive at one of our main theorems

Theorem 3.27 A maximal bipolar fuzzy BCK-submodule takes exactly the
values (1,—1), (0,0).

Proof Assume that ® = (M; ® T, ®™) is a maximal bipolar fuzzy BCK-submodule.
Then ® takes a value among (0, 0) (1 0), (0,—1) and (1, —1) and it is completely

normal. So M — (M UMP™) # @ The subsets M{" — My and

MY — MY of M are empty. If not, then we have the following cases:
i Mg,o) . Mél’_l) 7& , Méo,—n _ Mél’_l) s
i Méo,—l) _ Mé’l,fl) L, Mél,O) _ Mél’fl) 5
iii. Mél’o) - Mélv—l) £, MéO,—l) _ Mél,—l) e
For case i. let

(1,-1) ifm e Mél’*l),
¥(m)=4q (1,-3) ifme Mél’o) _ Mg»*l)’

. 0,0 1,0
(0,0) if m e MO — M0

For case ii. let

(1,-1) it me MY,
U(m)=14 (3,-1) itme M —mY,

. 0,0 0,—1
(0,0) if m e MY — MO,
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For case iii. let

(1,-1) if me MY,
o (1,-2) it me M{™® — MY,
(m =3 (-1 it me My — MY,

(
(0,0) if m € Méo’o) _ (Mél’o) U Mé0,71)> .

In each case, ¥ is non-constant completely normal bipolar fuzzy BCK-submodules
containing ®. A contradiction. Hence Mg’o) — Mg’_l) = @ and Mé,o’_l) —

Mél’fl) = &, i.e. ® does not assume the values (1,0) and (0, —1) at any point in
M. Therefore ® takes exactly the values (0,0) and (1, —1).

Clearly Mg’fl) = Mg, for ® € N(M). We are thus led to the following result.

Corollary 3.28 If ® = (M; ®, ®~) is a maximal bipolar fuzzy BCK-submodule,
then @57, = .

Theorem 3.29 For a maximal bipolar fuzzy BCK-submodule ® = (M;®*, &),
Mg is a maximal submodule of M.

Proof Let ® = (M;®*,®") be a maximal bipolar fuzzy BCK-submodule and
suppose that N is a proper submodule of M such that Mg C N. Consider the
normal bipolar fuzzy BCK-submodule Uy = (M; ¥}, ¥y). If Mg is a proper
submodule of N then ® is proper subset of ¥y. A contradiction. Hence Mg is a
maximal submodule of M.

4. Conclusion

The notion of bipolar-valued fuzzy set was introduced by K. M. Lee in 2000.
Since then, bipolarity has been applied to various algebraic structures by many
researchers. In this paper, we have applied the notion of bipolar-valued fuzzy sets
to BCK-modules. We have characterized our new concept "bipolar fuzzy BCK-
submodule " in several ways. Next, the homomorphic images and pre images of
bipolar fuzzy BCK-submodules were discussed. The remainder of the paper was
focused on the normal and completely normal bipolar fuzzy BCK-submodules which
guided finally to the concept of maximality.
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