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Kantorovich Type Integral Inequalities for Tensor
Products of Continuous Fields of Positive
Operators

Pattrawut Chansangiam*

Department of Mathematics, Faculty of Science,
King Mongkut’s Institute of Technology Ladkrabang,
Bangkok 10520, Thailand.

Abstract
This paper establishes a number of Kantorovich type integral inequal-
ities involving tensor products of continuous fields of positive operators
parametrized by a locally compact Hausdorff space. Such integrals appear
as Bochner integrals with respect to a finite Radon measure on that space.
Kantorovich type inequalities in which the operator product are replaced
by an operator mean are also investigated.

Keywords: continuous field of operators, Bochner integral, tensor product,
operator mean, operator monotone function

Mathematics Subject Classifications 2010: 26D15, 46G10, 47A63, 47A64,
47A80.

1 Introduction

One of well-known analytic inequalities is the classical Kantorovich inequality
[10], which states that for real numbers a; and w; such that 0 < a < a; < b and
w; = 0 for all 1 <4 < n, we have

n n w; (a+b)2 n 2
(; wlal> (; ai) < 1ab (; wl> . (1.1)
This inequality can be regarded as a reverse version of weighted arithmetic-
harmonic mean inequality. Applications of this inequality arise in convergence
analysis for numerical methods and statistics. Various generalizations, varia-
tions, refinements and equivalences of this inequality in several settings have
been investigated. Let us focus on an integral version of (1.1):

*Corresponding author. Email: pattrawut.ch@kmitl.ac.th
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Theorem 1.1 (see e.g. [4]). Let J be a real interval equipped with a probability
measure . For any continuous function f : J — R such that Range(f) C [a, b]
for some a,b > 0, it holds that

[ £ < (@ toy (/deu>2- (1.2)

Over the years, Kantorovich type inequalities were obtained in the contexts
of matrices and operators, see e.g. [5, 7, 12, 14] and references therein. A
matrix analogue of the inequality (1.1) involving Hadamard product (entrywise
product, denoted by ®) is given as follows.

Theorem 1.2 ([13], Theorem 2.2). For each i =1,2,...,n, let A; and W; be
positive definite matrices of the same size such that 0 < al < A; < bl. Then

iW%AW% ® iW%Ale% < a2 + b2 iW ® iW . (1.3)
Y Y ' 2ab i=1 Z =1 '

i=1 i=1

Note that the constant bound (a? + b2?)/(2ab) of the matrix case (1.3) is
slightly different to that of scalar case (a® + b%)/(4ab) in (1.1) and (1.2). The
inequality (1.3) can be viewed as a reverse of the Fiedler’s inequality

AocA ™t >1T

which holds for any positive definite matrix A (see [6]). Kantorovich type in-
equality in which the operator product is replaced by an operator mean was
considered in [15, 17].

In this paper, we establish certain integral inequalities of Kantorovich type
for continuous fields of positive operators on a Hilbert space. The inequalities
(1.1) and (1.2) are generalized in many ways in terms of Bochner integrals of
operator-valued functions defined on a locally compact Hausdorff space equipped
with a finite Radon measure. Instead of the Hadamard product in Theorem 1.2,
we consider the (Hilbert) tensor product and Kubo-Ando operator mean. Our
results include discrete inequalities as special cases.

This paper consists of four sections. Section 2 provides fundamental facts
about continuous fields of operators and its integrability. Section 3 deals with
Kantorovich type integral inequalities involving tensor products of continuous
fields of operators. In Section 4, we recall Kubo-Ando theory of operator means
and then derive Kantorovich type inequalities involving operator means.

2 Continuous field of operators and Bochner in-
tegrability

Throughout, let H be a complex Hilbert space. Denote by B(H) and B(H)"
the C*-algebra of all bounded linear operators on H and its positive cone, re-
spectively. Let A and AT be a unital C*-subalgebra of B(H) and its positive

1386 Chansangiam 1385-1397
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cone, respectively. Capital letters always denote operators on a Hilbert space.
In particular, I denotes the identity operator, where the underlying space is
clear from the context. The spectrum of an operator A is expressed as Sp(A4).
As usual, the operator norm of an operator A is denoted by || A||. For selfadjoint
elements A, B € A, the expression A < B indicates that B — A is a positive
element, while A > 0 means that A is positive and invertible.

Let us denote the supremum norm of a real-valued function f defined on a
set E by ||f|lc, - The symbol ||-||; denotes the L'-norm on a given set, which
is clear from the context.

The next lemma asserts the continuity of the map A — f(A). Here, f(A) is
the continuous functional calculus of f on Sp(A).

Lemma 2.1. Let A be a nonempty compact subset of C and let f : A — C
be a continuous function. Let A be the subset of A consisting of all operators
whose spectra are contained in A. Then the map sending A € A to f(A) € A is
continuous.

Proof. Let € > 0. Weierstrass’ approximation theorem guarantees the existence
of a polynomial p such that

€
— Pl < —.
If =Pl < 5

Since the map X — p(X) is continuous on A, there is a positive constant § such
that [|p(A) — p(B)|| < § whenever |A — B|| < 4. For any operators A, B € A
such that ||A — BJ| < J, we have

1£(A) = F(B)Il < [[f(A) —p(A)| + Ilp(4) — p(B)|| + [[p(B) — f(B)|
= |lf = Pllso,oa) + IP(A) = p(B)[| + | f = Plloc,o(B)
< f = plloo,a + Ip(A) = p(B) | + If = Plloo,a
< €.

Note that the above equality holds since the Gelfand transform f +— f(A) is an
isometry. Therefore the map A +— f(A) is continuous. O

From now on, let Q be a locally compact Hausdorff space. Equip 2 with a
Radon measure p, i.e., pu is a Borel measure on €2 that is finite on all compact
subsets, outer regular on all Borel subsets, and inner regular on all open subsets.
A family (A4)ieq of operators in A is said to be a continuous field of operators
if the parametrization ¢t — A; is continuous on Q. If we further assume the
Lebesgue integrability of the function ¢t — || A;||, then the Bochner integral
Jo At du(t) is well-defined as the element in A satisfying

o ([ aanv) = [ stanaute

for every ¢ in the norm dual of A (see e.g. [16]). Let C(Q;A™") be the set of
all continuous fields(A;)ieq such that A; € AT for all t € Q. If we want to
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specify that Sp(A4;) C J, for some subset J C [0,00), we shall use the notation
C(; AT, ).

The next lemma is useful for integrating any vector-valued function on a
finite measure space.

Lemma 2.2 (see e.g. [1], Theorem 11.44). Let (X,||-|x) be a Banach space,
and let (T',v) be a finite measure space. Suppose that f : T — X is a measurable
function (here, X is equipped with the Borel o-algebra). Then f is Bochner
integrable if and only if its norm function ||f|| is Lebesgue integrable, i.e.,

/||f||du < o0,
I
Here, | f|| is defined by || f||(x) = || f(z)||x for any x € X.

In what follows, suppose that p is a finite Radon measure on 2. The inte-
grability of a real-valued function is always in the sense of Lebesgue.

Proposition 2.3. Let A be a nonempty compact subset of C and let f: A — C
be a continuous function. Let (Ay)icq be a continuous field of normal operators
in A whose spectra are contained in A. Let (Wyi)ieq be a field in C(2;AT).
Suppose that the function t v« ||[Wy|| is integrable on Q. Then we can form the
Bochner integral

| W raowid duto. (2.1)

In addition, if f is nonnegative on A, then the operator (2.1) is positive.

Proof. By Lemma 2.2, it suffices to prove the integrability of the norm function
1 1
t — ||W2f(A)W2]. Since t — A; is continuous, the map ¢t — f(A¢) is
1 1
continuous by Lemma 2.1, and hence so is the map ¢ — W2 f(A,)W,;2. Thus

/ IWE FANWE | du(t) < / IWE - 1FAD] - [W2 ] dpute)
Q Q

/Q”WtHE S loo,spean - IWellZ du(t)

N

/ 1 Flloo.a - [Well dpu(t)
Q

1 1o /Q Wil dut)

< 0.
Now, suppose f(A) C [0,00). The spectral mapping theorem implies that

f(A:) is a positive element for all t € Q. Therefore the resulting integral (2.1)
is positive. U
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Remark 2.4. For convenience, we may assume that €2 is a compact Hausdorff
space. In this case, any Radon measure on () is always finite and hence every
continuous field (X;):cq of operators is automatically Bochner integrable. In-
deed, its norm function ¢ — || X¢|| is bounded and, thus, integrable. It follows
that the map ¢t — X, is Bochner integrable by Lemma 2.2.

Lemma 2.5 (see e.g. [1], Lemma 11.45). Let X and Y be Banach spaces and
let (T',v) be a measure space. Suppose that a function f : T — X is Bochner
integrable. If T : X — Y be a bounded linear operator, then the composition
T o f is also Bochner integrable and

/F(Tof)dz/ = T(/Ffdu>.

The next proposition will be useful in later discussions.

Proposition 2.6. Let (A¢)ieq be a bounded continuous field of operators in A.
For any X € A, we have

[ Avdnyox = [ (e x)dut) (2.2)
Q

Q
X@/QAt du(t) = /Q(X®At)du(t). (2.3)

Proof. By Lemma 2.2, the map t — A, is Bochner integrable on  since it is
continuous and bounded. Note that the maps T— T ® X and T'— X ® T are
bounded linear operators from B(H) to B(H @ H). It follows from Lemma 2.5
that the maps t = A; ® X and t — X ® A; are Bochner integrable on 2, and
the properties (2.2) and (2.3) hold. O

3 Integral inequalities of Kantorovich type for
tensor products of operators

In this section, we derive operators integral inequalities of Kantorovich type in
which the operator product is given by the tensor product. From now on, let
a,b be constants such that 0 < a < b. For each A, B € B(H), we denote

A®,B = ~(A® B+ B® A).

1
2
Recall that the tensor power A®? is defined to be A ® A.

Lemma 3.1. The minimum constant k for which the inequality

A B '+ A '®B < kI (3.1)

holds for all positive elements A, B € A whose spectra are contained in [a,b] is
determined by k = (a® + b%)/(ab). Here, I denotes the identity on H @ H.
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Proof. Since Sp(A),Sp(B) C [a, b], we have

Sp(A®B~") = {xy : x € Sp(A),y € Sp(B~')}
= {zz7' . 2 € Sp(A),z € Sp(B)}
C [a/b,b/al.

Note also that (A ® B~1)~! = A~ ® B. Let us denote by r(-) the spectral
radius of an operator. Spectral mapping theorem now implies that

|[A@ B!+ A '@B| = r(A® B '+ A"'® B)
supfA+ A" A eSp(A® BT}
< sup{A+ A"t A€ [a/b,b/al}
a® + b2
ab

Thus, we arrive at inequality (3.1). The constant (a? + b?)/(ab) cannot be
improved since the case A = aly and B = bl is reduced to the scalar case. [

The following theorem is an integral inequality of Kantorovich type.

Theorem 3.2. Let (At)icq be a field in C(Q; A, [a,b]). Let (Wy)ieq be a field
in C(S; AT) such that the function t — ||Wy|| is integrable on 2. Then

(/Q W du(t)> * 62

a? + b2
ab

/ W2 AW2 du(t)®, / W2 A W2 du(t) < 5
Q Q

Moreover, the constant (a? + b?)/(2ab) is best possible.

Proof. For convenience, let us denote
X = /Wt%AtWt%du(t) and Y = /Wt%Aflwt%du(t).
Q Q

By Proposition 2.3 with A = [a,b], the operators X,Y and [, W;du(t) are
well-defined and positive via putting f(z) = =z, f(z) = 1/z, and f(z) = 1,
respectively. Using properties (2.2) and (2.3) in Proposition 2.6, we obtain

XoY = / (WtéAthé ® / Wi AW d,u(r)> dult)
Q Q
- / / (WEAtWé ®W§A;1W§) dp(r) duft).
Q2
Similarly, we have

YoX = // (WﬁA;lwﬁ ® WT%ATWT%) dp(r) dp(t).
QZ
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It follows that
SAWE o WEAWE 4 WEAWE @ wha i
20X, y) = || (W AW © WEATWE + WEATWE @ WEAWE) du(r) du(t)
:/ (W @ W,)2 (4, @ A7+ A7 @A) (We @ W) 2 dp(r) dp(t).
Q2

Lemma 3.1 together with Proposition 2.6 imply that

b2
X®,Y < = //a 0% Wy @ W) dps(r) dp(t)

_ “2be2/ </ W,,du(r)> ® Wy dp(t)

a’ + b2

Therefore, we arrive at (3.2). The best possibility of the constant (a?+b?)/(2ab)
also comes from Lemma 3.1. O

The next result is an integral inequality of Kantorovich type in which the
weights are scalars.

Corollary 3.3. Let (Ay)ieq be a field in C(Q; AT [a,b]). Let w: Q — [0,00) be
a continuous integrable function. Then

4 a?+b
w(t) Ay dp(t) @, [ wH) AT du(t) < lwl2r.  (33)
Q Q 2ab
Proof. From Theorem 3.2, put W; = w(t)I for each t € Q. O

Corollary 3.4. Let (Ay)ieq and (By)ieq be fields in C(Q; AT) such that
i) Sp(Ay) C [a,b] C (0,00) for each t € 2,
ii) the function t — || By|| is integrable on Q, and
it1) AyBy = By Ay for each t € Q.
Then

a2 + b? 2
Q

Proof. From Theorem 3.2, put W; = B; for each t € . O

Corollary 3.5. Let f,¢ : Q — [0,00) be continuous functions. Assume that
Range(f) C [a,b] C (0,00) and ¢ is integrable with [, ¢du =1. Then

a2+ b2 1
lorl < =5 a7
7
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Proof. From Corollary 3.4, put A = C. Note that [,(¢/f)du > 0. O
Theorem 3.2 can be extended in the following way:

Theorem 3.6. Let (A¢)icq be a filed in C(Q; AT, [a,b]). Let (Wy)ieq be a field
in C(Q; A1) such that the function t — ||Wy|| is integrable on Q. Let f be a
continuous real-valued function defined on [a,b] U [1/b,1/a] such that

(i) f(z)f(1/x) <1 for all x € [a,b],
(ii) f(la,b]) € [a,b] or f([a,b]) C [1/b,1/a].
Then

/ W2 F(A)WE dp(t) / W2 FATYWE du(t) < “22:;’2 ( /Q W, du(t)>®2.
(3.5)

1 1
Proof. Since Sp(A; ') C [1/b,1/a] for each t, the function t — W2 f(A; )W,
is Bochner integrable by Proposition 2.3. The assumption also implies that

FATY) < f(A)™

for each t € Q. The inequality (3.5) now follows from Theorem 3.2. Note that
the constant (a? + b?)/(2ab) is not affected. O

Theorem 3.6 is reduced to Theorem 3.2 by setting f(x) =z or f(x) =1/z.

Corollary 3.7. Let 0 < a < b. Consider three continuous functions ¢ : 1 —
[a,b], g : [a,b] = (0,00) and f : [a,b]U[1/b,1/a] — R. Suppose that

(i) f(z)f(1/x) <1 for all x € [a,b],
(i1) f([a,b]) C la,b] or f([a,b]) C [1/b,1/a].
Then we have the bound

a®+b?  |lgoolt

1G9 ool < =510 Digopll

Proof. 1t is a special case of Theorem 3.6 when A = C. O

4 Kantorovich type integral inequalities involv-
ing operator means
In this section, we establish integral analogues of Kantorovich inequality in-

volving operator means. First of all, we recall some fundamental facts about
operator means [11]; see also [9, Ch. 5].
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Definition 4.1. A binary operation o : B(H)" x B(H)T — B(H)™" is called a
connection if the following conditions hold for all A, B,C,D € B(H)*:

(i) (joint) monotonicity: A< C,B< D = AocB<CoD
(i) transformer inequality: C'(Ao B)C < (CAC) o (CBC)

(iii) (joint) continuity from above: for any sequences (A,,), (B,) in B(H)™", if
A, )l Aand B, | B, then A,0 B, | Ao B. Here, X,, | X indicates that
(X,) is a decreasing sequence converging strongly to X.

It follows that every connection o satisfies the following properties:
X(AoB)X = (XAX)o (XBX), (4.1)
(A+B)o(C+D) =2 (AcC)+ (Bo D) (4.2)

for all A,B,C,D >0 and X > 0. A mean is a connection ¢ with idempotent
property Ao A = A for all A > 0.

Recall also that a continuous function f : [0,00) — R is said to be operator
monotone if the condition 0 < A < B implies f(A) < f(B). Such f is said to
be super-multiplicative if f(zy) = f(z)f(y) for all z,y > 0.

Proposition 4.2 ([11]). There is a one-to-one correspondence between operator
connections and operator monotone functions from [0,00) to itself such that

f(A) =TocA, AcBH)T. (4.3)
Moreover, o is an operator mean if and only if f(1) = 1.
Such f in this proposition is called the representing function of o. Every
operator connection o admits an integral representation (see e.g. [3])

1
AaB:/A!thy(t), A,BeBH)*T
0

for some finite Radon measure v on the interval [0,1]. Here, !; denotes the
t-weighted harmonic mean. Hence if A, B € A", then Ao B € AT since the
integral is a limit of finite sums.

Lemma 4.3 ([2]). For any operator connection o and A, B € B(H)", we have
Ao B < [|Allo||B]|.

Here, o on the right hand side is the induced connection on [0,00) defined by

(acb)I =alobl for any a,b € [0,00).

Lemma 4.4. Let o be an operator connection with associated super-multiplicative
operator-monotone function. Then for all positive operators A, B, C, D, we have

(Ao C) @, (Bo D) < (A®, B)o (C ®, D). (4.4)
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Proof. By a continuity argument using the monotonicity and the continuity from
1 1
above of a connection, we may assume that A, B > 0. Putting X = A"2CA™2
1 1 .
and Y = B~2DB™ 2%, we have from properties (4.1) and (4.3) that

(AcC)® (Bo D) =

~

cX)®(IoY)|(A® B)?
(X)® f(V)|(A® B)?

fX®Y)|(A® B)?

Io(X®Y)(A® B)?

(

Now, using property (4.2) yields

(AcC)® (Bo D)+ (BoD)® (Ao C)
S(A®B)o(C® D)+ (B® A)o(D ® C)
<

(A® B)+(B® A)] o [(C® D)+ (D ® C)]. O

The following result can be regarded as a Kantorovich type integral inequal-
ity concerning an operator mean.

Theorem 4.5. Let (A¢)icq be a filed in C(Q; AT, [a,b]). Let (Wy)ieq be a field
in C(Q; A1) such that the function t — ||Wy|| is integrable on Q. Let o be a
mean associated with a super-multiplicative representing function. Then

/Wt (A 0 BOWE du(t) /Wt Lo By YW du(t)

a® +b? ®2
< 2ab (/Wtd'u ) '

Proof. The upper semicontinuity of o, and the continuity of the maps t — A;
and t — By together imply the measurability of the map ¢t — A;oB;. Note
that ||A;0B;|| < b by the monotonicity and the idempotency of o, and the

(4.5)

norm estimation in Lemma 4.3. It follows that the map ¢ — Wt (Aro Bt)Wf 1s
1
Bochner integrable by Lemma 2.2. Similarly, the map ¢ — W2 (A; ' o By )Wt

10
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is Bochner integrable. Now, we have
/ W7 (A0 B)WE du(t) / W2 (A7 o BEYWE du(t)

< / (WtEAthanBth) du(t) ©, / (WﬁAglwﬁawﬁBglwﬁ) du(t)
Q Q

(since o satisfies the transformer inequality)

< /Wt AW dut) /Wt’thWt du(t )}
[/ W2 AW, 2 dult) /Wt By W2 dult )} (by (4.2))
< /Wt AW, 2 dp(t) /Wt A7 YW E dpt )}
o { / W2 B,W,? du(t) s /Q WtZBt_thzdu(t)] (by Lemma 4.4)
22—;)[)2 (/ Wy dp(t) >®2 o a22—c~;bb2 (/Q Wy du(t)>®2 (by Theorem 3.2)
_ ‘121‘;’2 </Q W, du(t)>®2. O

Theorem 4.5 is reduced to Theorem 3.2 by putting A; = B, for all t € Q.

Corollary 4.6. Let (At)icq and (Bi)ieq be two fields in C(2; AT, [a,b]). Let
w: Q — [0,00) be an integrable continuous function. Let o be an operator mean
associated with a super-multiplicative representing function. Then

CI,2 2
[ eOteByau e, [ wart o du) < SRl @)

Proof. From Theorem 4.5, put W; = w(¢)I for all t € Q. O

Theorem 4.7. Let 0 < a <1< b. Let (At)ieq be a field in C(2; AT, [a,b]). Let
(Wi)teq be a field in C(£; A*) such that the function t — ||Wy|| is integrable.
For any super-multiplicative operator-monotone function f : [0,00) — [0,00)
such that f(1) = 1, we have

/W FANWE dut) /W (A du(t) < “22be2 (/QWtdu(t)>®2.

(4.7)

Proof. Proposition 4.2 guarantees the existence of an operator mean o such that

f(A) =10 A for all A > 0. The inequality (4.7) now follows from Theorem 4.5
by considering I 0 A; instead of A; o B;. O

11

1395 Chansangiam 1385-1397



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Corollary 4.8. Let 0 < a < 1 < b and o € [-1,1]. Let (Ay)ieq be a field in
C(Q,;AT, [a,b]), and let (By)ieq be a field in C(,; AT) such that AyB; = B A,
for each t € Q. Then

a? + b2 ®2
[ arpauo o, [ aBiaut < % ( / Btdua)) )
Q Q ab Q

Proof. Tt suffices to assume that « € [0,1]. The famous Lowner-Heinz states
that the function f(x) = z® is operator monotone (see e.g. [9, Ch.4]). Note
that f is also super-multiplicative and f(1) = 1. The inequality 4.8 now follows
by replacing W; by B; in Theorem 4.7. O

The case A = C in Corollary 4.8 reads as follows.

Corollary 4.9. Let 0 < a < 1 < b and o € [-1,1]. Let ¢ : Q — [a,b] and
g: Q2 — (0,00) be continuous functions. We have
a®+0° gl

2ab gl

lgo™[l1 <

The next result is a generalization of Theorem 1.2 in the context of operators
in which the constant bound is given by (a? + b?)/(2ab).

Corollary 4.10. Let (At)ieq be a field in C(Q; AT, [a,b]). If n(Q) =1, then

2 432 ®2
/ Adut) o, T < T ( / A d,u(t)) . (4.9)
Q 2ab Q
Proof. From Corollary 4.8, put « =1 and A; = B, for all t € Q. O

Remark 4.11. Discrete versions for all results in this paper can be obtained
by putting € to be a finite space endowed with the counting measure. For
example, a discrete version of Theorem 4.5 is as follows: For eachi=1,2,... n,
let A; and B; be operators in AT whose spectra are contained in [a,b], and let
W; € AT. Let o be an operator mean associated with a super-multiplicative
operator-monotone function. Then

n

WA Ao B)WE @ zn:W%(A‘laB—l)W% iy Zn:W, ®2
P i 1 [ i s pt 7 1 i PR 50 2 f .
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Characteristic fuzzy sets and conditional fuzzy subalgebras
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Abstract. The notion of characteristic fuzzy sets is introduced. Using this notion,
conditions for a subset of BCK/BC1I-algebra to be a subalgebra are discussed. The
notion of conditional fuzzy subalgebras is introduced, and several properties are investi-
gated. Given a subalgebra of BC'K/BC'I-algebras, conditions for the characteristic fuzzy

set to be a conditional fuzzy subalgebra of several types are provided.

1. INTRODUCTION

The notions of “membership” and “quasicoincidence” of fuzzy points and fuzzy sets
were introduced by Pu and Liu in [13]. The idea of quasi-coincidence of a fuzzy point
with a fuzzy set, played a vital role to generate some different types of fuzzy subgroups,
called (o, 5)-fuzzy subgroups, introduced by Bhakat and Das [1]. In particular, (€,€V q)-
fuzzy subgroup is an important and useful generalization of Rosenfeld’s fuzzy subgroup.
Recently, these notions are applied to several algebraic structures, for example, near rings
(see [2]), hypernear-rings (see [3]), hemirings (see [4]), lattices (see [9]), pseudo-BL alge-
bras (see [15]), and BL-algebras (see [16]) etc. In BCK/BCI-algebras, many research
articles have been published on (a, §)-fuzzy subalgebras (see [6], [7], [8], [11], [12] and
[14]) which is an important and useful generalization of the well-known concepts, called
fuzzy subalgebras.

In this paper, we define characteristic fuzzy sets, as a generalization of crisp character-
istic function, and conditional fuzzy subalgebra. Using this notion, we discuss conditions
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2 G. Muhiuddin and Shuaa Aldhafeeri

for a subset of BC'K/BCI-algebra to be a subalgebra. Given a subalgebra of BCK/BC1I-
algebras, we provide conditions for the characteristic fuzzy set to be a conditional (€, q)-
fuzzy subalgebra, a conditional (g, €)-fuzzy subalgebra, a conditional (g, q)-fuzzy sub-
algebra, a conditional (€,€ A q)-fuzzy subalgebra, and a conditional (q,€ A q)-fuzzy
subalgebra.

2. PRELIMINARIES

By a BCI-algebra we mean an algebra (X, *,0) of type (2,0) satisfying the axioms:

(al) ((zxy)* (zxz2))x(zxy) =0,

(a2) (z* (xxy))*y =0,

(a3) zxx =0,

(ad) zxy=yxz=0 = =y,
for all x,y, z € X. We can define a partial ordering < by # < y if and only if z xy = 0. If
a B(C'I-algebra X satisfies the axiom

(a5) O0x 2z =0 for all z € X,

then we say that X is a BCK-algebra. A nonempty subset S of a BCK/BCI-algebra X
is called a subalgebra of X if x xy € S for all z,y € S. We refer the reader to the books
[5] and [10] for further information regarding BC' K /BC'I-algebras.

A fuzzy set u in a set X of the form

te (0,1 if y=ua,

n(y) = . £yt

is said to be a fuzzy point with support z and value ¢ and is denoted by x;.

For a fuzzy point z; and a fuzzy set p in a set X, Pu and Liu [13] introduced the
symbol z;au, where o € {€,q,€ Vq,€ ANq}. To say that x; € p (resp. x; q p), we
mean pu(xz) >t (resp. p(x) +t > 1), and in this case, z; is said to belong to (resp. be
quasi-coincident with) a fuzzy set u. To say that x; € Vq pu (resp. x; € Aq p), we mean
xy € pror xyqpu (resp. xy € pand xyqp). To say that z; @ p, we mean x,ap does not hold,
where o € {€,q,€Vq,ENq}.

A fuzzy set pin a BCK/BCI-algebra X is called a fuzzy subalgebra of X if it satisfies:

(2.1) p(x *y) > min{p(x), u(y)

for all z,y € X.
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A fuzzy set p in X is said to be an (a,f)-fuzzy subalgebra of X, where
a,f €€, q,EVq, ENq} and a # €Nq, if it satisfies the following condition:

(22) Ty Oy Y Ol = (I * y>min{t1,t2} 6 o2

for all z,y € X and ty,t, € (0,1].

Lemma 2.1 ([7]). A fuzzy set u in X is an (€, €V q)-fuzzy subalgebra of X if and only
iof it satisfies:

(2.3) (Vz,y € X) (u(z *y) = min{p(z), u(y),0.5}).

3. CHARACTERISTIC FUZZY SETS

In what follows, let X denote a BCK/BCI-algebra and ¢,d € [0, 1] with € > § unless
otherwise specified.

For a non-empty subset S of X, define a characteristic fuzzy set ,u(b‘f’(s) in X as follows:

s e ifxes,
ns? (z) =

0 otherwise.

In particular, the characteristic fuzzy set ug’é) in X with e =1 and 0 = 0 is the char-

acteristic function yg of S in X.

Theorem 3.1. For any non-empty subset S of X, the following are equivalent:

(1) S is a subalgebra of X.

(2) The characteristic fuzzy set ,u(a’(s

) s a fuzzy subalgebra of X.

Proof. Assume that S is a subalgebra of X and let z,y € X. If x,y € S, then z xy € S
and so

0 . 0 0
S )(fv*y)=€=mm{ﬂg (2), 1§ )(y)}-

Ifx¢ Sory¢sS, then ug’d)(a:) =0 or uf;’a) (y) = d. Hence

0 . ) 0
ps (@ ) 2 8 = min {u§ (@), 157 () }.
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Therefore pg’é) is a fuzzy subalgebra of X.

Conversely, suppose that (2) is valid. Let x,y € S. Then pg (&, 6)( ) =€ and ,ug’é) (y) =e.
It follows that u(s‘?(s)(x % ) > min {ué )( ), ,u(s )(y)} =¢. Thus z xy € S, and therefore
S is a subalgebra of X. O

Theorem 3.2. If S is a subalgebra of X, then the characteristic fuzzy set ,ugf’é) s an

(€, €V q)-fuzzy subalgebra of X.

Proof. Assume that S is a subalgebra of X. For any z,y € X, if z,y € S, then x xy € S
and so

ug’a)(x*y —6>m1n{ 0 =9 (y )05}

Ifz¢ Soryé¢sS, then uo%(x) =6 or &% (y) = 6. Hence

s (@xy) >0 s (@), ns Oy ),0-5}-

(,9)

It follows from Lemma 2.1 that pg is an (€, €V ¢ )-fuzzy subalgebra of X. O

The converse of Theorem 3.2 is not true in general as seen in the following example.

Example 3.3. Let X = {0, a,b,c,d} be a BCK-algebra with the following Cayley table:

o

0
0
a|a

b|b

oSt O O

b
0
0
0
cle ¢ b

did d c

> O O O O
o O O O O | X

For a subset S = {0, ¢,d} of X, consider a characteristic fuzzy set u(s %in X with e = 0.7
and 0 = 0.5. Then ,ug ) is an (€, €V q)-fuzzy subalgebra of X, but S is not a subalgebra
of X sincedxc=b¢S.

Theorem 3.4. Assume that ¢ < 0.5. If the characteristic fuzzy set ug’é) is an (€,€Vq)-
fuzzy subalgebra of X then S is a subalgebra of X.
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Proof. Let x,y € S. Then M(SE"S) () =¢= ug"s) (y). Using Lemma 2.1, we have

£,0 £,0 £,0
us (@) 2 {6 @), 16 (1),05} = (2,05} = =,

and so x xy € S. Therefore S is a subalgebra of X. OJ

Corollary 3.5. A non-empty subset S of X is a subalgebra of X if and only if the
characteristic function xs of S is an (€, €V q)-fuzzy subalgebra of X.

Proof. Clearly, we can find the necessity by taking ¢ = 1 and § = 0 in Theorem3.2.
Conversely, suppose that the characteristic function xg of S is an (€, € V ¢ )-fuzzy
subalgebra of X. Let z,y € S. Then ys(z) =1 = xs(y), which implies from (2.3) that

xs(z *y) > min{xs(x), xs(y),0.5} = min{1,0.5} = 0.5.

Hence x xy € S, and therefore S is a subalgebra of X. OJ

Theorem 3.6. For a subset S of X, let uf;’é) is an (€, q)-fuzzy subalgebra of X. If§ < 0.5
ore+09 <1, then S is a subalgebra of X.

Proof. Let x,y € S and assume that § < 0.5. Then ug’é) () =e > d and ug‘g’é) (y) =¢ >0,
that is, x5 € ug’é) and ys € ,uf;’d). Hence (z * y)5; = (% * ¥)min{s,5} q,ug’d), which implies
that ,ugf’é) (x*xy)+d > 1. Since § < 0,5, it follows that /Lf;’é)((ﬂ xy) > 1—06 > 9. Thus
/Lg’é) (x*y) =c and x *y € S. Therefore S is a subalgebra of X.

Now, suppose that ¢ + § < 1. Then ,ug"s) () = ¢ = ug’é)(y), and so x. € uf;’é) and
Ye € u(SE’é). Hence (2 % y). = (2 * Y)minfe.c} qp(ss’&), which implies that uf;’é)(:v xy)+e> 1.
Therefore uf;’g) (x*xy) > 1—e > 6, and thus Mg,é) (xxy) = e, that is, zxy € S. Consequently,

S is a subalgebra of X. O

Theorem 3.7. Let € > 0.5. If the characteristic fuzzy set ug’é) is a (q, €)-fuzzy subalgebra

of X, then S is a subalgebra of X .

Proof. Let x,y € S. Then Hg,a) () =¢= Mg,&) (y), which implies that

u(;’a)(x) +e=c+e>1and u(g"s)(y) +e=cec+e>1,
that is, x. qu(SE’é) and yaq,uéf’é). Since /L(SE’(S) is a (g, €)-fuzzy subalgebra of X, it follows
that (z * ¥): = (T * Y)minfee) € M(SE’(S) and so that M(SE"S)(x xy) = ¢, that is, x xy € S.
Therefore S is a subalgebra of X. OJ

Theorem 3.8. Assume that € > 0.5 and € + 0 < 1. If the characteristic fuzzy set u(;"s) 8

a (q, q)-fuzzy subalgebra of X, then S is a subalgebra of X.
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Proof. Let x,y € S. Then u(s 6)( )=¢e= ug"s) (y), which implies that

uS (a )+8—5+5>1andu(ad(y)+5:6+e>1,

that is, z. q ,u $ % and Ye q u s ). Since ug Yis a (q, q)-fuzzy subalgebra of X, 1t follows that

(xxY): = (T*Y)minfe.c} Q#(s %, Hence ,ufq £:0) (xxy) > 1—e > 4, and therefore Ns )(x*y) =

This proves that x xy € S, and S is a subalgebra of X. D

Theorem 3.9. Assume that ¢ + 0 < 1. If the characteristic fuzzy set ,u(;’é) is an (€,
€N q)-fuzzy subalgebra of X, then S is a subalgebra of X.

Proof. Assume that ¢ +J < 1 and the characteristic fuzzy set ug’é) is an (€,€ Aq)-

fuzzy subalgebra of X. Let z,y € S. Then u(s 6)( )=¢= ,ugf’é) (y), and so z. € ,ug? 2 and

Ye € N(s . Hence (z%y): = (*Y)min{e,c} EAquf;’ ), that is, (x*xy). = (m*y)mm{a e € /Lg’ )

and (2 # y): = (% Y)minec) ¢ 15 - Hence p$” (z +y) > e and p§”(z +y) +2 > 1 If

MS’B)(JC*?J) > ¢, then NS’ )(gc*y) = ¢ and thus z xy € S. If,u“s)(x*y) + e > 1, then

ug’é) (x*y) >1—¢e>¢and so ,ug )(x *y) = &, which shows that = x y € S. Therefore S

is a subalgebra of X. O

Theorem 3.10. Assume that e > 0.5 and €+ < 1. If the characteristic fuzzy set ,ug’a) 18

a (q, € \q)-fuzzy subalgebra or a (q, €V q)-fuzzy subalgebra of X, then S is a subalgebra
of X.

Proof. Let x,y € S. Then u(g )( )=¢c= ,ug’é) (y), which implies that

ps" @) te=cte>Land iV (y) +e=cre>1,

that is, x. q,us ) and Ye q,us =9) 1f u(a(s is a (q, € A q )-fuzzy subalgebra of X, then

5
(l’ * y>€ = ($ * y)min{s,s} EAq,LLL(S"E )7

that is, ,ugg’a)(a:*y) > ¢ and ug’ (x*xy)+e>1.1If p(s‘s (xxy) > e, thenzxy € S. If

Mg"s)(m*y)—i—s > 1, then uf;’g)(x*y) >1—¢e >0 and so ,ug 5)(a:*y) =¢c. Thus xxy € S,

and therefore S is a subalgebra of X.

If ,u(sa’és) is a (¢, € V q )-fuzzy subalgebra of X, then (z *y). = (x * y)mm{e e €V q,ug?’é),

and so that (z xy). € ug’é) or (z * y)aqusgé DI (e xy)e € ,“s , then ,“s )(a: xy) =¢

and so xxy € S. If (x * y)gqu(s ), then ,ufg )(.T xy)+e> 1. Slnce e+ 0 <1, it follows
that uf;’é)(x xy) >1—¢e > 9 and so that ;/J(;’a) (r*xy) =¢c. Thus z xy € S. Therefore S is

a subalgebra of X. OJ
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Lemma 3.11. We have the following relations among the types of (€, €V q), (EVq,€),
(€Va.q). (EVaq, €Ng), and (EVq, €Vq):

(€,eVq)

W

(3.1) (€Vg,eVq)

P

(eVg,€) <= (eVqg,eNg) = (€Vq,q)

Combining Lemma 3.11 and Theorem 3.4, we have the following corollary.

Corollary 3.12. Assume that ¢ < 0.5. If the characteristic fuzzy set /LS’J) s any one of

an («, B)-fuzzy subalgebra of X with (o, B) € {(€Vq,€),(EVq, ENqg),(EVq, EVq)},
then S is a subalgebra of X.

Theorem 3.13. Assume that ¢ + 9 < 1. If the characteristic fuzzy set ug’é) isa(EVq,

q)-fuzzy subalgebra of X, then S is a subalgebra of X.
Proof. 1f S is not a subalgebra of X, then there exists a,b € S such that a *b ¢ S. Thus

ug’é)(a) =¢c = ,u(;’é)(b) and ,ufga"s)(a x b) = 0. Hence a. € ug’d) and b, € ,u(sg’a), which
imply that a. € \/q,uf;’é) and b. € \/qu(;’d). Since uf;’d)(a xb)+e =0+ <1, we have
(a * b)equ’é). This is a contradiction, and so S is a subalgebra of X. 0J

4. CONDITIONAL (c, 3)-FUZZY SUBALGEBRAS

We begin with a definition.

Definition 4.1. Let R := {p € (0,1] | p has relations to € and/or 6} . A characteristic

fuzzy set ug’é) in X is called an R-conditional (o, B)-fuzzy subalgebra of X, where o, f €

{€, ¢, €Vq, ENng} and a # €Aq, if it satisfies the following condition:

€,0 £,0 £,0
(A1) (Yo, € X) (91, p2 € R) (250015, ypaa i = (25 Yingormy 5™ )
Example 4.2. (1) Let X = {0,1,2,3,4} be a set with the following Cayley table:

*x10 1 2 3 4
0j0 0 0 0O
111 0 1 0 1
212 20 20
33 1.3 0 3
414 4 2 40
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Then X is a BCK-algebra (see [10]). If we take R = {p € (0,1] | 0.3 < p < 0.7},
then M(SE"S) with S := {0,2,4} is an R-conditional (€, € A q )-fuzzy subalgebra of X where
0=0.2and e=0.7.

(2) For a fixed element a of a BCI-algebra X, let
S={reX|ax(axz)=1}
For 6 = 0.3 and ¢ = 0.6, if we consider Ry = {p € (0,1] | p > 0.4} then ufga’é) is an

Ri-conditional (€, q)-fuzzy subalgebra of X. If we take Ry = {p € (0,1] | p < 0.6} then

ug’é) is an Ro-conditional (g, €)-fuzzy subalgebra of X.

(3) Let X =4{0,1,2,a,b} be a set with the following Cayley table:

x[0 1 2 a b
0/0 0 0 a a
111 01 a a
212 2 0 a a

ala a a 0 0

blb a b 1 0

Then X is a BC'I-algebra (see [5, 10]). Consider R = {p € (0,1] | 0.3 < p < 0.9}, Then

ug’é) with S := {0, 1,2} is an R-conditional (g, q)-fuzzy subalgebra of X where 6 = 0.1

and € = 0.7.

(4) Let X be a BCI-algebra and let S := {zxa | x € X} for a fixed element a € X.
Consider R = {p € (0,1] | 0.3 < p < 0.7}. Then pf;’é) is an R-conditional (g, € A q )-fuzzy
subalgebra of X with 6 = 0.1 and € = 0.7.

Theorem 4.3. Let R :== {p€ (0,1] | p> 0 ande+p > 1}. If S is a subalgebra of X,

)

then ug’a is an R-conditional (€, q)-fuzzy subalgebra of X.

Proof. Let z,y € X and py, p» € R be such that z, « ug’é) and y,, a ,uf;"s). Then ug’é)(x) >
p1 > 0 and ug’é)(y) > py > 0, which imply that z,y € S. Thus x xy € S, and so

u(se’a) (r *y) =e. Hence

us” @+ y) + minfpr, po} = e +min{pr, o} > 1,

that is, (Z * Y )min{p1,p} q,ug’é). Therefore uf;’é) is an R-conditional (&, q)-fuzzy subalgebra
of X. O]
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If we take e = 1 and 6 = 0 in Theorems 3.6 and 4.3, then we have the following corollary.

Corollary 4.4. A non-empty subset S of X is a subalgebra of X if and only if the
characteristic function xs of S is an (€, q)-fuzzy subalgebra of X.

Theorem 4.5. Let R := {p€ (0,1] |e>p and § <1 —p}. If S is a subalgebra of X,

(,9)

then pg™™ is an R-conditional (q, €)-fuzzy subalgebra of X.

Proof. Let z,y € X and py, p» € R be such that x,, q,ug %) and Yo C.I/A(g& %) Then M(s 6)( )+
p1 > 1 and u$” (y) + pp > 1, which imply that 1§”(z) > 1~ p; > 6 and p§” (u) >
1 — py > 6. Hence M(E )( )=¢= u(s‘?d)( ), and so x,y € S. Since S is a subalgebra of X,

we have zxy € S. Thus u§"” (v +y) = ¢ > min{py, po}, and hence (4 Y)min(pr o} € 15"
Therefore pg’é) is an R-conditional (g, €)-fuzzy subalgebra of X. O

If we take e = 1 and 6 = 0 in Theorems 3.7 and 4.5, then we have the following corollary.

Corollary 4.6. A non-empty subset S of X is a subalgebra of X if and only if the
characteristic function xs of S is a (q, €)-fuzzy subalgebra of X .

Theorem 4.7. Let R :={p € (0,1 |§ <1—p<e}. If S is a subalgebra of X, then the

characteristic fuzzy set ug’é) is an R-conditional (q, q)-fuzzy subalgebra of X.

Proof. Let x y E X and p1, p2 € R be such that z,, q,uS ) and Yps qps . Then u(a(s (x)+
p1 > 1 and ﬂs (y) + pg > 1, which imply that ,ué )( )>1—p; >0 and u(“; (y) >
1 — py > 0. It follows that /Lg’é)(l’) =¢ = ,u(s )( ) and so that z,y € S. Since S is a
subalgebra of X, we have z xy € S and so ,u(s )(x xy) = e. Thus

1§ (@ y) + min{p1, po} = £ + minfpr, po} > 1,

that is, (Z*Y)min{pr,pe} qug %) This shows that ,ufcf’é) is a (g, q)-fuzzy subalgebra of X. [
If we take e = 1 and 6 = 0 in Theorems 3.8 and 4.7, then we have the following corollary.

Corollary 4.8. A non-empty subset S of X is a subalgebra of X if and only if the
characteristic function xs of S is a (q, q)-fuzzy subalgebra of X.

Since the (g, € V ¢ )-fuzzy subalgebra is induced by a (g, €)-fuzzy subalgebra or a (q, q)-
fuzzy subalgebra, we have the following corollary by using Theorems 4.5 and 4.7.

Corollary 4.9. Let R be any one of

{pe0,1]|6<1—p<e}tand{pe (0,1] |e>pandd <1—p}.

If S is a subalgebra of X, then the characteristic fuzzy set ,ug’é) s an R-conditional

(q, €V q)-fuzzy subalgebra of X .
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Theorem 4.10. Let R :={p € (0,1]|d<p<eand1—p<e}.IfS is a subalgebra of

) is an R-conditional (€, € AN q)-fuzzy subalgebra

X, then the characteristic fuzzy set ug,a
of X.

Proof. Let z,y € X and pi,p2 € R be such that z, € uf;"” and z,, € M;"”. Then
M(SE’(S) () > p1 > 6 and ,ug’é) (y) > p2 > 0, which imply that ,uéf’é) () =¢= /L(g’(s)(y). Hence
x,y € S. Since S is a subalgebra of X, we have x xy € S. Hence ,ug’é)(x xy) =€ >
min{p1, p2}, i.e., (T * Y)min{pi,po} € ug’é). Now,

ps (@ y) +min{py, po} = & +min{py, po} > 1

and so (& *Y)min{p1,ps} ¢ u(;"s). Therefore (2 *Y)min{p1,p03 EANQ u(;’s), and consequently /LS’J)

is an (€, € A ¢ )-fuzzy subalgebra of X. O

If we take ¢ = 1 and 6 = 0 in Theorems 3.9 and 4.10, then we have the following
corollary.

Corollary 4.11. A non-empty subset S of X is a subalgebra of X if and only if the
characteristic function xs of S is an (€, €A q)-fuzzy subalgebra of X .

Theorem 4.12. Let R :={p e (0,1] |[e>p andec+p>1> 5+ p}. If S is a subalgebra
of X, then the characteristic fuzzy set ug’é) is an R-conditional (q, € A q )-fuzzy subalgebra
of X.

Proof. Let x,y € X and py, p2 € R be such that z,, qug’é) and y,, qug’é). Then ug’é) (x)+

p1 > 1 and ug’d)(y) + po > 1, which imply that ,ug’&) () >1—p; > 6 and u(s‘?’d)(y) >
1 — py > 0. Hence ug’d)(a:) =c= uf;’(s)(y), and so z,y € S. Since S is a subalgebra of X,

we have x xy € S and thus

ps” (e y) = & = min{pr, pa},
that is, (2 * ) min{pi,pe} € ug’é). Now, ,u(ss’é)(x*y) +min{py, p2} = e+min{py, p2} > 1, and
) (,0) o ) A (&,0) d (e,0) - A _f
SO (T * Y)min{pr,po} QMg - Hence (% Y)mingpr,p0) EAqug™, and pg™ is a (g, € A q )-fuzzy
subalgebra of X. O

If we take ¢ = 1 and 0 = 0 in Theorems 3.10 and 4.12, then we have the following
corollary.

Corollary 4.13. A non-empty subset S of X is a subalgebra of X if and only if the
characteristic function xs of S is an (q, €\ q)-fuzzy subalgebra of X .

Before ending our research, we pose an open question.

Question. Given a subalgebra S of X, when will the characteristic fuzzy set u(é‘?’d) m X
be a
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conditional (€V q, €)-fuzzy subalgebra of X ?
conditional (€V q, q)-fuzzy subalgebra of X ?
conditional (EV q, €V q )-fuzzy subalgebra of X ?
conditional (€V q, €N q)-fuzzy subalgebra of X ?

A~~~
= W N
—_ O O —

5. CONCLUSION

we have introduced the notions of characteristic fuzzy sets, as a generalization of crisp
characteristic function, and conditional fuzzy subalgebra. Using this notion, we have
discussed conditions for a subset of BC'K/BCI-algebra to be a subalgebra. Given a sub-
algebra of BC'K/BCI-algebras, we have provided conditions for the characteristic fuzzy
set to be a conditional (€, ¢)-fuzzy subalgebra, a conditional (g, €)-fuzzy subalgebra, a
conditional (g, ¢)-fuzzy subalgebra, a conditional (€, € A ¢ )-fuzzy subalgebra, and a con-
ditional (g, € A q )-fuzzy subalgebra.

On the basis of these results, we will apply the notions of characteristic fuzzy sets and
conditional fuzzy substructures to ideal and filter theory in several algebraic structures,
for example, BC' K /BCI-algebras, MV -algebras, BL-algebras, MT L-algebras, residuated
lattices, Ry-algebras, lattice implication algebras, F(Q-algebras etc.
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1 Introduction and preliminaries

In 2000, Hitzler and Seda [4] presented the concept of dislocated metric
space and generalized the well-known Banach contraction mapping principle
in complete dislocated metric spaces. In recent years, the study of dislocated
metric spaces has always attracted interest of researchers; see, for instance,
[1-3, 5-8, 10-16] and the references cited therein. One of the main reasons
for this lies in the fact that dislocated metric spaces play very important
roles not only in topology but also in other branches of science involving
mathematics especially in logic programming and electronics engineering.

In the present paper, we prove some common fixed point theorems in the
setting of dislocated metric spaces for two pairs of weakly compatible self
mappings which generalize, extend, and improve related results reported in
the literature. We need the following auxiliary definitions and results.

Definition 1.1 [4] Let X be a nonempty set and let d : X x X — [0,00) be
a function satisfying the following conditions:

(c1) d(&,m) = d(n,§) forall &,n € X;

(c2) d(&m) = d(n,&) = 0 implies that § = n;

(cs) d(€,m) < d(€,C) +d(C.n) for all €1, € X.

Then d is called dislocated metric (or d-metric) on X. The nonempty set X

together with d-metric, i.e., (X, d), is called a dislocated metric space.

Definition 1.2 [/] A sequence {&,} in a d-metric space (X,d) is called
Cauchy sequence if for given € > 0, there exists an ng € N such that
d(&m, &n) < € for all m,n > ny.

Definition 1.3 [4] A sequence {&,} in a d-metric space (X,d) converges
with respect to d (or in d) if there exists a & € X such that

lim d(¢, ¢) = 0.

In this case, & is called a limit of sequence {&,} and we write &, — £ as
n — 0.

Definition 1.4 [4] A d-metric space (X,d) is called complete if every Cauchy
sequence in it is convergent with respect to d.
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Definition 1.5 [4] Let (X, d) be a d-metric space. A mapping T : X — X
is called contraction if there exists a X € [0,1) such that d(TE,Tn) < Ad(&,n)
forallé,ne X.

Lemma 1.6 [11] Let (X,d) be a d-metric space. If g : X — X is a contrac-
tion function, then {g™ (&)} is a Cauchy sequence for each & € X.

Lemma 1.7 [4] Limits in a d-metric space are unique.

Definition 1.8 [J] Let A and S be mappings from a metric space (X, d) into
itself. Then, A and S are said to be weakly compatible if they commute at
their coincident points; that is, A = S¢ for some € € X yields ASE = SAE.

Theorem 1.9 [4] Let (X,d) be a complete dislocated metric space and let
T : X — X be a contraction mapping. Then, T has a unique fized point.

Remark 1.10 [3] It is easy to verify that in a d-metric space, the following
statements hold.

(1) A subsequence of a Cauchy sequence in d-metric space is a Cauchy se-
quence.

(1) A Cauchy sequence in d-metric space with a convergent subsequence is
also convergent.

(1i1) Limits of a convergent sequence are unique.

(iv) A d-metric d is continuous, i.e., & — & and n, — n imply that
d(&n,mn) — d(&,m) as n — oo.

2 Main results

In this section, we prove some fixed point theorems in d-metric spaces.

Theorem 2.1 Let (X, d) be a complete dislocated metric space. Assume that
A, B, ST : X — X are continuous self mappings satisfying the conditions:
(i) T(X) C A(X) and S(X) C B(X);

(1) the pairs (S, A) and (T, B) are weakly compatible;

(id) d(SE,Tn) < aid(AE, Tn) + d(Bn, S§)] + as[d(Bn, Tn) + d(AE, SE)] +
&,n e X, where ay,as,as,aq,a5 > 0 and 0 < 4ay 4 2a9 + az + 3a4 + 2a5 < 1.
Then A, B, S, and T have a unique common fized point.
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Proof. Define two sequences {£,,} and {n,} by

Mon = Ban—i—l = Sggn and on+1 = A€2n+2 = T€2n+1 fOI' n = 0, 1, 2, e

If 99, = mMops1 for some n, then B&y, 1 = T&s,11. Therefore, &1 is a
coincident point of B and T'. Also, if 75,,11 = 7Mopn12 for some n, then A&y, 10 =
S&onio. Hence, &5,.5 is a coincidence point of A and S. Suppose now that
Non 7 Nony1 for all n. Then, we conclude that

d(M2ns N2nt1) = d(S&an, Téon11)
ar[d(A&an, Téont1) + d(B&ani1, San)]
+as[d(BEapt1, Téon+1) + d(Aban, SE20)]
+azd(A&on, Béony1) + as[d(Aan, S&an) + d(Aon, Téony1)]
+as[d(Aan, Bant1) + d(Béany1, Té2n41)]
ar[d(n2n—1, N2n+1) + d(N2n, 12n)]
+az[d(M2n, Non+1) + d(M2n—1, M2n)]
+azd(nan—1,72n) + aald(n2n—1,M2n) + d(N2n—1, N2nt1)]
+as[d(Nan—1,M2n) + d(M2n; Nant1)]
a1[d(n2n—1,M2n) + d(N2n; N2n+1)
+d(M2n—1,M2n) + d(M2n, N2ni1)]
+az[d(N2n, Non+1) + d(M2n—1,M2n)] + asd(Nan—1, M2n)
Fasd(M2n—1,M2n) + d(M2n—1,M2n) + d(N2n, M2ns1)]
+as[d(n2n—1,n20) + d(N2n, N2n+1)]
= (2a1 + as + az + 2a4 + a5)d(N2n—1, M2n)

+(2a1 + az + ag + as)d(N2n, N2nt1)-

IN

IN

IN

Therefore, we get

< 2a1+a2+a3—|—2a4+a5
~ 1—(2a1 4 ag + as + as)

d(M2n, M2nt1) d(N2n—1,M2n)-

Let
. 2a1+a2+a3+2a4+a5

h =
1—(2a1+a2+a4+a5)

< 1.

Then
d(nn7 nn—l—l) S hd(nn—h 7771)
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Similarly, we have
d(nn—la nn) S hd(nn—Za nn—l)'

Continuing this process, we obtain

d(nna 77n+1) < hﬂd(??o, 771).

Now, for any m,n satisfying m > n, using triangle inequality, we get

Ay M) < Ay Mngr) + d(Mngers Mng2) + - A (-1, M)
< Rh"d(no,m) + R d(no,m) + - + K™ d(no, m)
< (W™ A" A2 Y (g, M)
hn
- 1 — hd(n07771)

Since h € [0,1), " — 0 as n — oo, which shows that {n,} is a Cauchy
sequence in the complete dislocated metric space (X, d). Hence, there exists
a point p € X such that lim,,_,., 7, = p and

lim S€2n = lim B€2n+1 = lim T£2n+1 = lim A£2n+2 =P
n—00 n— 00 n— 00 n—00
Since T'(X) C A(X), there exists a point v € X such that p = Av. Therefore,
d(Svap) = d<SvﬂT§2n+1)
< m [d(AU, Tg?n-ﬁ-l) + d(B§2n+17 SU)]
+ag [d(Bfgn+1, T£2n+1) + d(AU, SU)]

+azd(Av, Sv) + as[d(Av, Sv) + d(Au, T4 1)]
Fas|d(Av, Béant1) + d(B&n+1, Tén+1)].

Taking n — oo, we get

d(Sv,p) < ald(p,p) + d(p, Sv)] + az[d(p, p) + d(p, Sv)]
+azd(p, Sv) + asld(p, Sv) + d(p, p)] + as[d(p, p) + d(p, p)]
< (241 + 2a2 + 2a4 + 4as)d(p, Sv) + (a1 + az + a3 + a4)d(p, Sv)
= (3a1 + 3az + a3 + 3a4 + 4as)d(p, Sv),

which is a contradiction, and so Sv = Av = p. Again, since S(X) C B(X),
there exists a point u € X such that p = Bu. We claim now that p = Tu. If
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p # Tu, then

d(p, Tu)

IN

<

d(Sv,Tu)

ar[d(Av, Tu) + d(Bu, Sv)] + az[d(Bu, Tu) + d(Av, Sv)]
+azd(Av, Bu) + a4[d(Av, Sv) + d(Av, T'u)]

+as[d(Av, Bu) + d(Bu, Tu)]

ai[d(p, Tu) + d(p, p)] + az[d(p, Tu) + d(p, p)] + asd(p. p)
+aq(d(p,p) + d(p, Tu)] + as[d(p, p) + d(p, Tw)]

(3ay + 3ay + 2a3 + 3aq + 3as)d(p, Tu),

which is a contradiction, and thus p = Tu. Hence, we have Sv = Av =
Tu = Bu = p. Since (S, A) are weakly compatible, SAv = ASv implies that
Sp = Ap. Next, we show that p is the fixed point of S. If Sp # p, then

d(Sp,p) =
<

<

d(Sp, Tu)

ai

[d(Ap, Tu) + d(Bu, Sp)] + as|d(Bu, Tu) + d(Ap, Sp)]

+asd(Ap, Bu) + a4[d(Ap, Sp) + d(Ap, Tu)]
+as[d(Ap, Bu) + d(Bu, Tu)]

ai

[d(Sp, p) + d(p, Sp)] + az[d(p, p) + d(Sp, Sp)] + asd(Sp, p)

+a4[d(Sp, Sp) + d(Sp, p)] + as[d(Sp,p) + d(p,p)]
(2ay + 4ay + as + 3a4 + 3a5)d(Sp, p),

which is a contradiction, and so Sp = p. This yields Ap = Sp = p. Again,
(T, B) are weakly compatible, and hence T'Bu = BTw implies that Tp = Bp.
Now, we show that p is the fixed point of T'. If T'p # p, then

d(p, Tp)

<

IN

d(Sp, Tp)

a1[d(Ap, Tp) + d(Bp, Sp)] + az[d(Bp, Tp) + d(Ap, Sp)]
+azd(Ap, Sp) + as[d(Ap, Sp) + d(Ap, Tp)]

+as[d(Ap, Bp) + d(Bp, Tp)]

a1[d(p, Tp) + d(T'p,p)] + az[d(Tp, Tp) + d(p, p)]
+azd(p, T'p) + as|d(p, Tp) + d(p, T'p)]

+asld(p, Tp) + d(Tp,Tp)]

(2a1 + 4as + a3 + 2a4 + 3as)d(p, Tp),
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which is a contradiction, and hence p = T'p. Therefore, we have Ap = Bp =
Sp = Tp = p, which shows that p is the common fixed point of the self
mappings A, B, S, and T

Uniqueness. Suppose that v # u are two common fixed points of the
mappings A, B, S, and T. Then, we have

dlv,u) = d(Sv,Tu)

ai[d(Av, Tu) + d(Bu, Sv)] + as[d(Bu, Tu) + d(Av, Sv)]

+agd(Av, Bu) + ay[d(Av, Sv) + d(Av, Tu)]

+as[d(Av, Bu) 4+ d(Bu, Tu)]

= ai[d(v,u) + d(u,v)] + azld(u,u) + d(v,v)] + azd(v, u)
+a4ld(v,v) + d(v,u)] + as[d(v, u) + d(u, u)]

< (2a1 + 4as + a3 + 3a4 + 3as)d(v, u),

IN

which is a contradiction, and therefore v = u. The proof is complete. [

Letting A = B = I (an identity mapping), we can derive the following
result from Theorem 2.1.

Corollary 2.2 Let (X,d) be a complete dislocated metric space. If S,T :
X — X are continuous self mappings satisfying

d(S¢,Tn) < a[d(§,Tn) +d(n, SE)] + azld(n, Tn) + d(&, SE)] + azd(§,n)
+aqld(§, SE) + d(§, Tn)]| + as[d(§,n) + d(n, Tn)]

forall&;n € X, where ay, as,a3,a4,a5 > 0 and 0 < 4da;+2as+asz+3as+2a; <
1, then S and T have a unique common fized point.

If agy = a5 = 0 and S = T, then Corollary 2.2 reduces to the following
result obtained by Isufati [6].

Corollary 2.3 Let (X,d) be a complete dislocated metric space. If T : X —
X 1s a continuous self mapping satisfying

for all £,m € X, where ay,as,a3 > 0 and 0 < 4a; + 2a5 + ag < 1, then T has
a unique fixed point.
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Letting a4 = a5 = 0 in Theorem 2.1, we get the following result reported
by Panthi and Jha [11].

Corollary 2.4 Let (X, d) be a complete dislocated metric space. If A, B, S, T :
X — X are continuous self mappings satisfying the conditions:

(1) T(X) C A(X) and S(X) C B(X);

(17) the pairs (S, A) and (T, B) are weakly compatible;

(11d) d(SE Tn) < ai[d(AE, Tn) + d(Bn, S)] + as[d(Bn, Tn) + d(AE, S¢)] +
asd(AE, Bn) for all§,n € X, where a1, as,a3 > 0 and 0 < 4a; +2as+a3 < 1,
then A, B, S, and T have a unique common fized point.

Remark 2.5 Our results improve those obtained by Aage and Salunke [1, 2],
Jha and Panthi [7], Jha et al. [8], Rao and Rangaswamy [12], and Shrivas-
tava et al. [14].

3 Further results without any continuity re-
quirement

In this section, we prove some fixed point theorems without any continuity
requirement in d-metric spaces.

Theorem 3.1 Let (X, d) be a complete dislocated metric space. Suppose that
A, B, S, T : X — X are self mappings satisfying the conditions:

(1) T(X) C A(X) and S(X) C B(X);

(17) the pairs (S, A) and (T, B) are weakly compatible;

(iii) d(S¢,Tn) < ai[d(AE, Ty) + d(By, S€)] + arld(Bn, Tn) + d(AE, S€)] +
&,n e X, where ay,ag,as,aq,a5 > 0 and 0 < 4ay + 2a2 + a3z + 3a4 + 2a5 < 1,
then A, B, S, and T have a unique common fized point.

Proof. Let & € X be arbitrary. Choose & € X such that B¢ = S&.
Again, choose & € X such that A& = T¢;. Continuing this process, choose
&, € X such that S&, = B,y and Ty, 11 = Aégpio forn=20,1,2,.... To
simplify, we consider the sequence {n,} which is defined by 75, := S&,, and
Nont1 = T&pyq for n = 0,1,2,.... Next, we claim that {n,} is a Cauchy
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sequence. Indeed, for n > 1, we have

d(n2ns N2nt1) = d(S&an, Téon11)
ay[d(Aéon, Téony1) + d(Bant1, S&an)]
+ag|d(A2n, S&2n) + d(Bant1, T2n+41)]
+azd(Aban, Béan+1) + aald(Aan, SE4) + d(A2n, Té2n11)]
+as[d(Aan, B&ant1) + d(B&ant1, Téany1)]
ar[d(Nan—1, Mont1) + d(N2n, N2n)]
+azld(nan—1,M2n) + d(N2n; N2nt1)]
+azd(N2n—1,M2n) + aa[d(N2n—1,M20) + d(N2n-1, N2n+1)]
+as[d(n2n-1,M2n) + (N2, M2n+1)]
ar[d(nan—1,M2n) + d(N2n; M2n+1)
+d(M2n; N2n+1) + d(M2n41, 720
+as[d(n2n—1,M2n) + d(N2n, M2n+1)] + azd(N2n—1,72n)
+asld(N2n—1,M2n) + d(Man—1,M2n) + d(N2n; Man+1)]
+as[d(non—1,M20) + d(N2ns N2n+1)]
= (a1 + az + az + 2a4 + as)d(N2n—1, M2n)

+(3a1 + az + as + as)d(M2n, Mont1)-

IN

IN

IN

Hence, we conclude that

d(N2n, N2n+1) < hd(Nan—1,M2n),

where
- ay + as + as + 2a4 + as

~1—(3a1 + as + a4 + as)
This implies that {n,} is a Cauchy sequence in X. Then, by Remark 1.10,
{S¢&u}, {B&ni1}, {Témni1}, and {A&, 2} are also Cauchy sequences. As-
sume that S¢ is a complete subspace of X', the sequence {S&, } converges to
some Sa such that a € X. So, {n,}, {B&ni1}, {T¢n11}, and {A&s, 1o} also
converge to Sa. Since SX C BX, there exists a v € X such that Sa = Bv.
We show that Bv = Tw. In fact, we have

d(S€n, Tv) < a1[d(Als,, Tv) + d(Bv, Sta)]
+as[d(Aan, S&an) + d(Bv, Tv)]
+agd( Ay, Bv) + ag[d(Afsy,, S€ap) + d(Afap, TV)]
+as[d( A&y, Bv) + d(Bv, Tv)).

€1[0,1).

9
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Letting n — oo, we get

d(Bv,Tv) < ai[d(Bv,Tv)+ d(Bv, Bv)| + as[d(Bv, Bv) + d(Bv,Tv)]
+aszd(Bv, Bv) + a4[d(Bv, Bv) + d(Bv, Tv)]
+as[d(Bv, Bv) + d(Bv, Tv)]
< (a1 4+ as +az + a4 + as)d(Bv, Bv)
+(ay + az + a4 + as)d(Bv, Tv)
< (3ay + 3as + 2a3 + 3a4 + 3as)d(Bv, Tv).

Therefore, d(Bv,Tv) = 0, which implies that Tv = Bv. Since TX C AX,
there exists a u € X such that Tv = Au. We show that Su = Au. Indeed,
we have

d(Su, Au) = d(Su,Tv)

a1[d(Au, Tv) + d(Bv, Su)] + as[d(Au, Su) + d(Bv, Tv)]
+azd(Au, Bv) + a4[d(Au, Su) + d(Au, Tv)]

+a5[d(Au, Bv) + d(Bv, Tv)]

a1[d(Au, Au) + d(Au, Su)| + as]d(Au, Su) + d(Au, Au)]
+azd(Au, Au) + a4[d(Au, Su) + d(Au, Au)]

+as[d(Au, Au) + d(Au, Au)]

ai[d(Au, Su) + d(Su, Au) + d(Au, Su)]

+as|d(Au, Su) + d(Au, Su) + d(Su, Au)]

+asld(Au, Su) + d(Su, Au)]

+ay[d(Au, Su) + d(Au, Su) + d(Su, Au)]

+as|d(Au, Su) + d(Su, Au) + d(Au, Su) + d(Su, Au)]
= (3a; + 3az + 2a3 + 3ay + 4as)d(Au, Su).

IN

IN

IN

Hence, d(Su, Au) = 0, which yields Au = Su, and so Bv = Tv = Au =
Su. By virtue of the fact that (S, A) are weakly compatible, we deduce
that ASu = SAu, which yields AAu = ASu = SAu = SSu. The weak
compatibility of B and T implies that BTv = T Bv, from which it follows
that BBv = BTv =TBv =TTwv. Let us show that Bv is a fixed point of 7.

10
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In fact, we have

d(Bv,T Bv)

= d(Su,TBv)

a1[d(Au, TBv) + d(BBwv, Su)]

+as[d(Au, Su) + d(BBv, T Bv)|

+azd(Au, BBv) + a4[d(Au, Su) + d(Au, T Bv)]
+as[d(Au, BBv) + d(BBv, T Bv)]
ay[d(Bv,TBv) 4+ d(T Bv, Bv)|

+as[d(Bv, Bv) + d(TBv, T Bv)]

+asd(Bv, T Bv) + a4|d(Bv, Bv) + d(Bv, T Bv))]
+as[d(Bv, TBv) + d(TBv, T Bv)]

2a,d(Bv, T Bv) + as[d(Bv, T Bv) + d(T Bv, Bv)
+d(TBv, Bv) + d(Bv, TBv)| + asd(Bv, T Bv)
+ay[d(Bv, TBv) + d(T Bv, Bv) + d(Bv, T Bv)]
+as|d(Bv, TBv) + d(T Bv, Bv) + d(Bv, T Bv)]
= (2ay + 4ay + a3 + 3a4 + 3a;)d(Bv, T Bv),

IN

IN

IN

which yields d(Bv,TBv) = 0, and so TBv = Bv. Therefore, Bv is a fixed
point of T'. It follows that BBv = T'Bv = Bwv, which implies that Bv is also

a fixed point of B.

d(SBv, Bv)

IN

IN

IN

On the other hand, we get

d(SBv, TBv)

a1[d(ABv,TBv) + d(BBv, SBv)| + as[d(ABv, SBv)
+d(BBv,TBv)| + azd(ABv, BBv) + a4[d(ABv, SBv)
+d(ABv,TBv)] + as[d(ABv, BBv) + d(BBv, T Bv)]
a1[d(Bv, Bv) + d(Bv, SBv)| + a3[d(SBv, Bv)
+d(Bv, SBv)] + asd(Bv, Bv) + a4[d(Bv, Bv)
+d(Bv, Bv)| + as[d(Bv, Bv) + d(Bv, Bv)]

a1[d(Bv, SBv) + d(SBwv, Bv) 4+ d(Bv, SBv)]
+as[d(SBv, Bv) + d(Bv, SBv)| + a3[d(Bv, SBv)
+d(SBv, Bv)] + a4|d(Bv, SBv) + d(SBv, Bv)
+d(Bv, SBv) + d(SBv, Bv)| + as[d(Bv, SBv)
+d(SBv, Bv) + d(Bv, SBv) + d(SBv, Bv)]

(3a1 + 2as + 2a3 + 4ay + 4as)d(SBv, Bv),

11
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which implies that d(Bv, SBv) = 0, and hence SBv = Bv. Therefore, Bv is
a fixed point of S. It follows that ABv = SBv = Bv, which shows that Bv
is also a fixed point of A. Then Bv is a common fixed point of A, B, S, and
T.

Uniqueness. Let w,u € X be two fixed points such that Aw = Bw =
Sw=Tw and Au= Bu = Su = Tu. If d(w,u) # 0, then

d(w,u) = d(Sw,Tu)
< ay[d(Aw, Tu) + d(Bu, Sw)] + az[d(Bu, Tu) + d(Aw, Sw)]
+azd(Aw, Bu) + a4[d(Aw, Sw) + d(Aw, Tu)]
+as[d(Aw, Bu) + d(Bu, T'u)|
ar[d(w, u) + d(u, w)] + as[d(u, u) + d(w, w)] + azd(w, u)
+aq[d(w, w) + d(w, uw)] + as[d(w, u) + d(u, u)]
< (2a1 + 4as + a3 + 3ay + 3as)d(w, u),

which is a contradiction. Hence, d(v,u) = 0, which implies that v = u. The
proof is complete. [

Remark 3.2 One can derive from Theorem 3.1 a number of fized point the-
orems for self mappings A, B, S, and T. For example, we have the following
result by letting ay = a5 = 0.

Corollary 3.3 Let (X,d) be a complete dislocated metric space. If A, B, S, T :
X — X are self mappings satisfying the conditions:

(1) T(X) C A(X) and S(X) C B(&X);

(17) the pairs (S, A) and (T, B) are weakly compatible;

azd(AE, Bn) for all§,n € X, where a1, as,a3 > 0 and 0 < 4a; +2as+a3 < 1,
then A, B, S, and T have a unique common fized point.

Remark 3.4 Our results generalize, extend, and improve those obtained by
Bennani et al. [3].

4 Examples

The following examples illustrate theoretical results obtained in the previous
sections.

12
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Example 4.1 Assume that X = [0,1], d is a usual metric, and define the
mappings A, B, S, and T by

A =¢, BE=¢, SE=0, and Tﬁzé{.

Let
1 1 1 1 1

— = — = — = — d = —.

200 T o MT oy MT3yp M BTy

Then A, B, S, and T satisfy all assumptions of Theorem 2.1. As a matter
of fact, 0 € X is the unique common fixed point of the mappings A, B, S,
and T.

a] =

Example 4.2 Let X = [0,1], d(&,n) = [£| + |nl|, and define the mappings A,

B, S, and T by
Ag=¢ Be=¢ SE=0, and TE="
Set
1 1 1 1 ; 1
a1 = — Ao — — a3 — — ag = — an as — —.
1795 M2 o7 T390 T4 sy > 40

Then A, B, S, and T satisfy all assumptions of Theorem 3.1. In fact, 0 € X
1s the unique common fized point of the mappings A, B, S, and T.
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QUADRATIC p-FUNCTIONAL INEQUALITIES IN NON-ARCHIMEDEAN
BANACH SPACES

SUNGSIK YUN

ABSTRACT. In this paper, we solve the quadratic p-functional inequalities

17+ 9) + (@ —9) — 2 (@) 2/ )] (0.1)
p(a (55Y) + £ e =)~ 210~ 210))

where p is a fixed non-Archimedean number with |p| < |2|, and
o7 (552) + 1= 2000~ 210 02)
< llp(f (e +y) + flz —y) = 2f(2) = 2f (W),

where p is a fixed non-Archimedean number with |p| < 1.
Furthermore, we prove the Hyers-Ulam stability of the quadratic p-functional inequalities
(0.1) and (0.2) in non-Archimedean Banach spaces.

7

S ‘

1. INTRODUCTION AND PRELIMINARIES

A waluation is a function | - | from a field K into [0, c0) such that 0 is the unique element
having the 0 valuation, |rs| = |r| - |s| and the triangle inequality holds, i.e.,
I+ s| < |r|+ |s]|, Vr,s € K.

A field K is called a valued field if K carries a valuation. The usual absolute values of R and
C are examples of valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle inequality.
If the triangle inequality is replaced by

5| < max{jrl,|s]},  Vrse K,
then the function | - | is called a non-Archimedean valuation, and the field is called a non-
Archimedean field. Clearly |[1] = | — 1] =1 and |n| <1 for all n € N. A trivial example of
a non-Archimedean valuation is the function | - | taking everything except for 0 into 1 and

0| = 0.
Throughout this paper, we assume that the base field is a non-Archimedean field, hence
call it simply a field.

Definition 1.1. ([8]) Let X be a vector space over a field K with a non-Archimedean
valuation | - |. A function || - || : X — [0,00) is said to be a non-Archimedean norm if it
satisfies the following conditions:

(i) ||l=z]| = 0 if and only if = = 0;

(i) [[raf = [rfllell (r € K,z e X);
2010 Mathematics Subject Classification. Primary 46510, 39B62, 39B52, 47510, 12J25.

Key words and phrases. Hyers-Ulam stability; non-Archimedean normed space; quadratic p-functional
inequality.
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(iii) the strong triangle inequality
[z +yll < max{|[«|, [lyll},  Vo,yeX
holds. Then (X, || - ||) is called a non-Archimedean normed space.

Definition 1.2. (i) Let {z,} be a sequence in a non-Archimedean normed space X. Then
the sequence {x,} is called Cauchy if for a given € > 0 there is a positive integer N such that

H"En - Im” <e

for all n,m > N.

(ii) Let {z,,} be a sequence in a non-Archimedean normed space X. Then the sequence
{z,} is called convergent if for a given € > 0 there are a positive integer N and an x € X
such that

ln — 2l <&

foralln > N. Then we call x € X a limit of the sequence {xz, }, and denote by lim,, o, z, = .
(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed space X
is called a non-Archimedean Banach space.

The stability problem of functional equations originated from a question of Ulam [18] con-
cerning the stability of group homomorphisms. The functional equation f(z+y) = f(z)+f(y)
is called the Cauchy equation. In particular, every solution of the Cauchy equation is said to
be an additive mapping. Hyers [7] gave a first affirmative partial answer to the question of
Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [2] for additive mappings
and by Rassias [11] for linear mappings by considering an unbounded Cauchy difference.
A generalization of the Rassias theorem was obtained by Gavruta [6] by replacing the un-
bounded Cauchy difference by a general control function in the spirit of Rassias’ approach.

The functional equation f (%ﬂ) = 1f(z) + 3 f(y) is called the Jensen equation.

The functional equation f(x+y)+f(x—y) = 2f(x)+2f(y) is called the quadratic functional
equation. In particular, every solution of the quadratic functional equation is said to be a
quadratic mapping. The stability of quadratic functional equation was proved by Skof [17]
for mappings f : Fy — FEs, where E; is a normed space and F, is a Banach space. Cholewa
[5] noticed that the theorem of Skof is still true if the relevant domain E) is replaced by an
Abelian group. The functional equation 2 f (%ry) +2 (L;y) = f(z) + f(y) is called a Jensen
type quadratic equation. The stability problems of various functional equations have been
extensively investigated by a number of authors (see [1, 3, 4, 9, 10, 12, 13, 14, 15, 16, 19, 20]).

In Section 2, we solve the quadratic p-functional inequality (0.1) and prove the Hyers-Ulam
stability of the quadratic p-functional inequality (0.1) in non-Archimedean Banach spaces.

In Section 3, we solve the quadratic p-functional inequality (0.2) and prove the Hyers-Ulam
stability of the quadratic p-functional inequality (0.2) in non-Archimedean Banach spaces.

Throughout this paper, assume that X is a non-Archimedean normed space and that Y is
a non-Archimedean Banach space. Let |2| # 1.

2. QUADRATIC p-FUNCTIONAL INEQUALITY (0.1) IN NON-ARCHIMEDEAN NORMED
SPACES

Throughout this section, assume that p is a fixed non-Archimedean number with |p| < |2].
In this section, we solve the quadratic p-functional inequality (0.1) in non-Archimedean
normed spaces.
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Lemma 2.1. If a mapping f : G — Y satisfies

1f(z+y)+ flz—y)—2f(z) = 2f(y)] (2.1)
Hp <4f ( +y) +flz—y)—2f(z) - 2f(y)>H

forallz,y € G, then f: G =Y 1is quadratic.

Proof. Assume that f: G — Y satisfies (2.1).

Letting z =y = 0 in (2.1), we get [|2f(0)[] < [p[[[f(0)]|- So f(0) = 0.
Letting y = x in (2.1), we get ||f(22) —4f(z)|| < 0 and so f(2z) = 4f(z) for all z € G.
Thus

/()=

for all z € G.
It follows from (2.1) and (2.2) that

1z +y) + flz—y) = 2f(x) = 2/ (W)
<lo(ar ("5Y) + @ - —2@) ~24) )|
= pllf(z+y)+ flz —y) = 2f(z) = 2f(y)]

and so
fla+y)+ flz—y) =2f(z) +2f(y)
for all z,y € G. O

Now, we prove the Hyers-Ulam stability of the quadratic p-functional inequality (2.1) in
non-Archimedean Banach spaces.

Theorem 2.2. Let r < 2 and 0 be nonnegative real numbers and let f : X — 'Y be a mapping
satisfying

r+y

fa+9)+ £ —y) - 2@ =20l < o (1 (L) + £ =)~ 200) - 260 )
- olal + ol 23)

for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that

I1£(2) = Q) < -6l (2.4)

12"
forallz € X.

Proof. Letting x =y = 0 in (2.3), we get || f(0)]| < |p|||2f(0)]|. So f(0) =
Letting y = x in (2.3), we get

1f(22) = 4f ()| < 26][z]" (2:5)
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for all x € X. So Hf( f(%)

5(5)-+s(2)]

‘ < %QHxH’” for all x € X. Hence

< max{ 4t f (21) — Ay <2f+1> ( x— )_4mf (;”>H}

el )b ) )
At /

Smax{|2|rl,-' ' J2frm—D } 2" 2| |2| Il

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.6) that the
sequence {4" f(5%)} is a Cauchy sequence for all 2 € X. Since Y is complete, the sequence

4" f(2%)} converges. So one can define the mapping Q X =Y by
2
Q(z) := lim 4" f ( -)

n—o0

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.6), we get (2.4).
It follows from (2.3) that

1@z + y) +Q(r —y) —2Q(z) - 2Q(y)|

((552) o1 () -(3) - (2)

. n T4y Y x Yy 41" . .
< Jim ol o (Gt + £ (5572) =2 (55) = 26 ()] + Jim, e Clel” -+ )

— 1ol 1@ (L) + Qlw — y) — 20(@) - 2Q0)|
for all x,y € X. So

Q@ +y) + QG - y) — 20) — 20wl < o (12 (5 2) + @ — 1) - 20() - 2Q()) |

for all z,y € X. By Lemma 2.1, the mapping h : X — Y is quadratic.
Now, let T': X — Y be another quadratic mapping satisfying (2.4). Then we have

Q@) - 7@ = |10 () - 47 (5
<o ([ (5) w1 ()| lrr(5) - o (5} = e

which tends to zero as ¢ — oo for all z € X. So we can conclude that Q(z) = T'(x) for
all x € X. This proves the uniqueness of ). Thus the mapping @) : X — Y is a unique
quadratic mapping satisfying (2.4). O

= lim
n—oo

Theorem 2.3. Let r > 2 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying (2.3). Then there exists a unique quadmtic mapping Q : X — Y such that

1f(2) = Q)] <

’ al
|4\

forallz € X.
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Proof. It follows from (2.5) that

1 20
— o < Zizl
@) = 32| < Fled
for all z € X.
The rest of the proof is similar to the proof of Theorem 2.2. 0

3. QUADRATIC p-FUNCTIONAL INEQUALITY (0.2)

Throughout this section, assume that p is a fixed non-Archimedean number with |p| < 1.
In this section, we solve the quadratic p-functional inequality (0.2) in non-Archimedean
normed spaces.

Lemma 3.1. If a mapping f : G — Y satisfies

17 (5Y) + 1@ =) 26 @) — 20 ) (3.)

<llp(f(@+y)+ flz—y) = 2f(x) = 2f ()l
forall z,y € G, then f: G —Y is quadratic.

Proof. Assume that f: G — Y satisfies (3. 1)
Letting =y = 0 in (3.1), we get || £(0)|| < |p[[I2f(0)]|. So f(0) =
Letting y = 0 in (3.1), we get H4f< ) f(x H < 0 and so

for all z € G.

i1 (5) =1
It follows from (3.1) and (3.2) that
1f(z+y)+ flz—y) —2f(2z) = 2f ()]
= |+ (55Y) + F e =) —2@) - 21|
<lplllflx+y)+ flz —y) —2f(z) = 2f(y)|l

(3.2)

and so

flx+y)+ flx —y) =2f(z) +2f(y)
for all z,y € G. O

Now, we prove the Hyers-Ulam stability of the quadratic p-functional inequality (3.1) in
non-Archimedean Banach spaces.

Theorem 3.2. Let v < 2 and 0 be nonnegative real numbers, and let f : X — Y be a
mapping satisfying

[ (D) 41— —20@) =20 0)| < oG+ )+ £ =) = 20(@) — 27 w)]

O]l + lyll") (3.3)
for all x,y € X. Then there exists a unique quadratic mapping Q@ : X — Y such that
1f(z) = Q)] < 0|[]" (3.4)

forallz € X.
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Proof. Letting x =y = 0 in (3.3), we get [|2£(0)|| < |p|l|f(0)]|. So f(0) =
Letting y = 0 in (3.3), we get

HOBE
for all x € X. So

7(3)- () w

< Of|]" (3.5)

< {7 (2) = () oo s (5) - e ()]

{0t [ () =47 ()| [ () - 05 ()}
4’ 4! i

gmax{mﬂ,--- ,Wml}ﬂl ” ’2|(r 2z” H

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.6) that the
sequence {4" f(5%)} is a Cauchy sequence for all 2 € X. Since Y is complete, the sequence
{47 f(5%)} converges. So one can define the mapping @ : X — Y by

Q(x) := 11m4"f( w)

n—o0

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.6), we get (3.4).
The rest of the proof is similar to the proof of Theorem 2.2. OJ

Theorem 3.3. Let r > 2 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying (3.3). Then there exists a unique quadratic mapping Q : X — Y such that

2|"0
1) - Q@ < B el (3.7
forallz € X.
Proof. It follows from (3.5) that
1 2["6
[ - prea| < B el
for all z € X. Hence
1 l 1 m
| r @) = ) (33)
< max{’ ilf <2l$) — 4l1+1f (2l+11‘) , 17 f (2m—1I> _ 4}”f (le') }
— maX{|i|l f (QZQ;) — lf (21+1x) o ’Mrln—l f <2m_1l’> _ if (me> }
9 rl 9|r(m 1) 2m@
Smax{|ll|l|+1> |‘4|’m1}|2| 9” || |2||2’rl+2” ||

for all nonnegative integers m and ! with m > [ and all x € X. It follows from (3.8) that the
sequence {4% f(2"z)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
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{4 f(2"z)} converges. So one can define the mapping @ : X — Y by

for

Q) = lim 1 f(2"2)

all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.8), we get (3.7).

The rest of the proof is similar to the proofs of Theorems 2.2 and 3.2. OJ
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Abstract

We introduce a new inversion free variant of the basic fixed point iteration method for obtaining a
maximal positive definite solution of the nonlinear matrix equation X + A*X *A = I with A normal.
It has fewer operations and matrix-matrix multiplications than the existing algorithms. We derive con-
vergence conditions for the iteration and some numerical results to illustrate the behavior of the new
algorithm.
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1 Introduction

Consider the nonlinear matrix equation

X+AX1A=1 (1.1)

where A is an n X n complex normal matrix and I the identity matrix. Here A* stands for the conjugate
transpose of A.

Nonlinear matrix equation (1.1) has many applications. It often arises in control theory, dynamic pro-
gramming, ladder networks, stochastic filtering, statistics, and etc.; see [1,3-11,14-23] and the references
therein. It is well known that X is a solution of (1.1) if and only if it solves

X=I-A"I-AX'4A)"A
Assuming that A is invertible, we can write the above equation as
X=FR+XYH'F+1,
where F = A=*A and R = —A~*A~!. This is a special case of the discrete algebraic Riccati equation

X-FR+X H'F-TI=0,

*E-mail address: gzzdm2008@163. com.
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where I = I* and R = R* is invertible. For more details about the discrete algebraic Riccati equation, we
refer to [2,13].
In [17], Zhan proposed the following inversion free iteration

M1 - Xn+1 =1- A*YnAv
Yn+1 = Yn(QI - XnYn)7

starting from Xg =Yy = 1.
In [11], Guo and Lancaster proposed the following inversion free iteration

Y1 = Yo (20 — X,,Y,,),
Iy +1 ( )
Xn+1 =1- A*Yn-‘rlAa

starting from Xg =Yy = 1.
When A is a nonsingular matrix, Monsalve and Raydan proposed in [16] the following inversion free

iteration
Xo = AA*,
M3 - .
X1 =2X, - X, A1 -X,)A""X,, n=0,1,...

to solve the minimal solution. The maximal solution of (1.1) can be obtained through X, = I — Y_, where
Y_ is the minimal solution of the dual equation Y + AY ~'A* = I. M3 generates a Hermitian sequence of
X,,. The implementation of iteration M3 involves three matrix-matrix multiplications per iteration and the
inverse operation of A at the beginning only.

In [8], El-Sayed and Al-Dbiban proposed an algorithm that avoids the matrix inversion for every iteration,
called an inversion free variant of the basic fixed point iteration.

Yori=U-X,)Y,+1,
M- 1= ( Yo +
XnJrl =1- A*Yn+1A7

starting from Xg =Yy = 1.

It is important to notice that M1 and M2 generate a Hermitian sequence and require four matrix-matrix
multiplications per iteration, while M4 requires three matrix-matrix multiplications per iteration but does
not generate a Hermitian sequence. If A is a normal matrix, we will prove that M4 generates a Hermitian
sequence. And we propose the following algorithm.

Yo =1,
M5 :
Yoi1 = (AY,) (AY,)+ 1, n=0,1,....

The algorithm indicated by M5 is an inverse-free iterative method. Notice that it only requires to compute
X =1 — A*Y A at the end of the process, and only needs two matrix-matrix multiplications per iteration.
Therefore it is clearly inexpensive. By an inductive argument, it is also worth noticing that in M5, Y;, is a
Hermitian matrix for all n.

The following notations will be used throughout the paper. Let C**™ be the set of n x n complex matrices.
The notation B > 0(B > 0) means that B is a Hermitian positive semi-definite (definite) matrix. Moreover,
B > C(B > C) is used as a different notation for B — C' > 0(B — C > 0). This induces a partial ordering on
the Hermitian matrices. The symbols p(A) and ||A]| denote the spectral radius and the spectral norm of a
square matrix A, respectively.

2 Conditions for the Existence of Solutions

The following lemmas are needed for our purpose.
Lemma 2.1. For Algorithm M4, if A is normal, then
AX, = X, A, AY, =Y, A,
A*X, = X, A", AY, =Y, A"
forn=0,1,....
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Proof. Since Y1 =Yy = Xy =1,
AYy =YpA, AY; =Y1A, AXy= X(A.

Because
Xi=I-A"Y1A=1—-A"A,

Yo= (1= X)Yi+1=A"A+1,

and AA* = A*A,
AY, = A(A"A+1)=(A"A+1)A =Y5A.

That is, AY,, = Y, A is true for n=0, 1, 2. So, assume that AY,, =Y, A is true for n = k. Now we prove that
AY, =Y, A whenn==Fk+ 1. In fact

AYip1 = A((I = Xp)Yie +1) = AAY AY + A=Y 11 A
This completes the induction for n = k + 1. Therefore,
AY, =Y, A
forn=0,1,2,.... We also have
AXpi1 = Al - A 11A) = A—-A"Y, 1 AA+ A= X, 1A

for n = 1,2,.... The proof of A*X, = X, A* and A*Y,, = Y,,A* are similar to that of AX,, = X,,A and
AY, =Y, A, respectively. O

Lemma 2.2. If A is normal, then Algorithm M/ generates a Hermitian sequence.

Proof. Since Y1 = Yy = Xg = 1, Y1, Yy, and X are Hermitian. Assume that Y,, is Hermitian for n = k.
Then
Yign=((I-Xp)Y+1)" = (A" AY, + 1) =V, A A+ T

If A is a normal matrix, then according to Lemma 2.1,
Y, = AYRAY, + 1 =Yg,
This completes the induction for n = k + 1. Since X,, = — A*Y, A,
Xy =1-AYA=1-AY,A=X,
for n =1,2,.... This completes the proof. O

Lemma 2.3. For Algorithm M, if A is normal, then {Xn,Yn, Xnt1, Ynt1} @8 a commuting family, n =
0,1,2,....

Proof. Since Y1 =Yy = Xy =1, X; = I—A*A, it is easy to check that { Xy, Yo, X1, Y1} is a commuting family.
Now we prove that {X,,, Y, Xnt1, Yai1} is a commuting family for n =1,2,.... Since X,, =T — A*Y,, A,
Yoir1i=I-X,)Y,+1=A"Y,AY, + I
According to Lemma 2.1,
Yo1Y, = (AY,AY, + )Y,
=AY, AY, Y, +Y,

= YnYn+1a

(2.1)
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and
YrL+1X7L+1 = }/n—i-l(l - A*Yn+1A)
= Int1l — YnJrlA*YnJrlA
= Int+1 — A*Yn+1AYn+1
= n+1Yn+1~

This implies that ¥, X,, = X,,Y,, for n =1,2,.... From (2.1) and Lemma 2.1,

Yn+1Xn = n+1([ - A*YnA)
= Int1l — Yn-l—lA*YnA

y (2.2)
= Int1 — A YnAYn+1
== XnYn—i-l,
and
Xn+1Yn - (I - A*Yn_;,_lA)Yn
=Y, — A"Y,11AY,
=Y, -Y,A"Y, 1A
=Y, Xn41-
It follows from (2.2) and Lemma 2.1 that
Xn+1Xn - (I - A*Yn+1A)Xn
=X, - A"Y, 114X,
=X, - X,A"Y, 1A
= Xan-i-l-
This completes the proof. O

Lemma 2.4. If0< M < N,0< P <Q, and {M,N,P,Q} is a commuting family, then
MP < NQ.

Proof. Since M, N, P, Q are positive definite matrices, and {M, N, P, Q} is a commuting family. By Theorem
2.5.5 in [12], there is a unitary U such that

U*MU =\, U'NU=Q, U'PU=%, U'MU =T,

where A, 2, ¥, and T" are diagonal. Since M, N, P, ) are positive definite matrices, A, Q, ¥, and " are
positive diagonal matrices. Because {M, N, P, @} is a commuting family,

MP =UASU = UA*SA*U = P MP?* < PNP? = N3 PN*, (2.3)
Since 0 < P < Q, ) ) ) )
N:PN% < N:QN?: = NQ. (2.4)
Combining (2.3) and (2.4), we have
MP < NQ
This completes the proof. O

Now, we prove that the sequence {X,} in Algorithm M4 is monotone decreasing and converges to the
maximal solution X, and the sequence {Y,,} in Algorithm M4 is monotone increasing and converges to X;l.

Theorem 2.5. Let A be normal. If the nonlinear matriz equation (1.1) has a positive definite solution, and
the two sequences {X,} and {Y,} are determined by Algorithm M/, then {X,} is monotone decreasing and
converges to the mazimal solution X, and {Y,} is monotone increasing and converges to X;l.
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Proof. We will prove that
[=Xo>X; > >X, > X,

and
1

I=Yy<YV1 <--- <Y, < X"

Since X is a solution of (1.1), i.e.,
Xy =1-A"X"A,

Xo=1>X; and I < X' Also
X, =I-A"A<I=X,

and
Xi=T-A"A>1-A"X'"A= Xy,

i.e., I = XO Z X1 Z X+.
For the sequence {Y,,} we have Yy = Y; = I, and since I < X;l, then Yo = 17 < X_:l. From Lemmas
2.3 and 2.4, on the one hand,

on the other hand
Vo=l -X)Vi+I<(I-X )X +T=X]",

e, Vo=V <Y < X "
Assume that the above inequalities are true for n = k, i.e.,

I=Xo2>2X12>--- 22X, > Xy (2.5)

and
I=Yy<Y; <. <Y, <X;L (2.6)

Now we prove inequalities for n = k + 1. From (2.5) and (2.6), the sequences {X,,} and {Y;,} are Hermitian
positive definite for ¢ = 0,1, ..., k. According to Algorithm M4, Lemmas 2.3 and 2.4, (2.5), and (2.6), we get

Yiri=U0—-Xp)Ye+1> (I —Xp_1)Ye1 +1 =Y,
Vipr=(I = Xp)Ve+I< (T - X)X +T=X]1,
ie, Yy <Yii < X;l. Concerning the sequence {X,,}, we have
X = Xpy1 = A" (Vi1 — Yi)A
since Yi41 > Yy. Hence Xy > Xy 1. Therefore,
Xpp1=1 - AV A>T - A X['A= X,

1.6.7 Xk Z Xk+1 S X+.
This completes the induction for n = k + 1. Thus,

I=Xg>X, > >X,>X,

and
I=Y, <Y1 <. <Y, < X!
are true for all n. Therefore, These are convergent sequences, i.e., lim X, and lim Y,, exist. Taking limit
n—oo n—oo

in Algorithm M4 leads to Y = X ! and X = I — A*X'A. Moreover, as each X,, > X, and Y, < X;l,
then X = X, and Y = X;l, respectively. This completes the proof. O
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According to Theorem 2.5, we know that the sequence {Y,,} determined by Algorithm M4 is monotone
increasing and converges to Xil. From Lemmas 2.1 and 2.3, if A is normal, then {A,Y,,,Y,, 11} is a commuting
family, n = 0,1,2,.... So we can amend Algorithm M4 and obtain the following algorithm.

Yo =1,
M5 :
Y1 = (AY,)"(AY,)+1I, n=0,1,....

In this algorithm, M5 generates a Hermitian sequence, and requires two matrix-matrix multiplications per
iteration. Notice that it only requires to compute X = I — A*Y A at the end of the process. It is an inverse-free
iterative method.

If A is normal, from [9, Theorem 11], the nonlinear matrix equation (1.1) has a solution if and only if
p(A) < 3. Therefore, the nonlinear matrix equation (1.1) has a solution if and only if [|A|| < 1.

Lemma 2.6. Let A be normal. Assume that nonlinear matriz equation (1.1) has a positive definite solution
and the sequence {Yy,} is determined by Algorithm M5. Then {Y,} satisfies |AY, || <1 for everyn =0,1,....

Proof. Since A is normal and the nonlinear matrix equation (1.1) has a positive definite solution, [|A|| < 3.
Because Yy = I, [|[AYy| = ||A]| € 3 < 1. For Y7 we have Y = A*A + I, thus [[AV;]| = |A(A*A+1)|| <
|A||®> 4+ ||A|| < 1. That is, the inequality holds for n = 0,1. So, assume that the inequality satisfies n = k,
ie., ||AY%|| < 1. Now we prove the inequality when n = k + 1.
[AYjeqa || = | A ((AY2)*(AYE) + 1) ||

= [|A(AYR)* (AYR) + A]

< || Al AY5[* + | Al

< [lAlF+ (1Al

<1
This completes the induction for n = k + 1 and the lemma. O

Lemma 2.7. Let A be normal. The maximal solution Xy of the nonlinear matriz equation (1.1) commutes
with A.

Proof. If A is normal, by [18], we have
X, = % [I (- 4A*A)1/2] .

So, AX, = X A. This completes the proof. O

Theorem 2.8. Let A be normal. If the nonlinear matriz equation (1.1) has a positive definite solution, then
the sequence {Y,} determined by Algorithm M5 satisfies

[Yors — XTI < JAXTHIY, — X1
for all n large enough.

I+ (I —4A*A)'?

Proof. Since the nonlinear matrix equation (1.1) has a positive definite solution, X = %

is the maximal solution. Then
Xy +AX['A=1.

Multiplying by X;l on the right, we obtain
X' = (XTPA)PAXT L

By Lemma 2.7,
X' = (AX Y (AX DY) + 1.

By Algorithm M5,
Yoi1 = (AY,)"(AY,) + 1. (2.7)
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Subtracting X' from both sides of (2.7) we have that

Yo — X7 = (AY,)"(AY,) + 1 — X!
(AY,)*(AY,) + 1 — (AXTH*(AXTY) + 1)
= (AY,)"(AY,) — ( SO AXTY (2.8)
= (AYn)*(AY,) = (AXTY) (AYn) + (AXTH(AY,) — (AXTH*(AXTY)
= (Y, - X" A*(AYn) (AXTH*A®Y, — X11).

Taking norms in (2.8) and recalling that lim Y, = X' and ||4| < 1, we have that
n—oo

[Yosr = XTH = (Yo = X7 A (AYn) + (AXT) A(Y, — X7H||
< (1Yo = XTHIAN (1AY.] + 1AXTH)
< JAXTHIIY: = XTI

This completes the proof. O

3 Numerical Experiments

To illustrate the performance of our method described in the previous section, in this section several interesting
examples are given, which were carried out using MATLAB on a PC computer. We report the number of
required iterations (denoted as IT), the norm of the residual (denoted as Res), the computing time in seconds
(denoted as CPU), and the number of matrix-matrix (denoted as MM) multiplications required when the
process is stopped. Assume A is normal and (1.1) has a solution. Then

X, =1 [I (- 4A*A)1/2} (3.1)

2

is the maximal solution, and if A is nonsingular,
1
X =3 [I (- 4A*A)1/2] . (3.2)

is the minimal solution [18, Theorem 4.1]. This allows us to test the local convergence behavior of the five
methods by taking the computed X by using (3.1) as the accurate maximal solution and X_ by using (3.2)
as the accurate minimal solution.
In our implementation,
Yo = XTH < X5 x 1072

is used as the termination criterion for M1, M2, M4, and M5, and
X5 — X || <[[X_|| x107°

is used as the termination criterion for M3. We compare our iteration M5, with the inverse-free methods
M1, M2, M3 and M4 for solving (1.1). In all cases we describe also the initial guess for which convergence is
guaranteed.

Since M3 converges to the minimal solution, we use M3 to find the minimal solution Y_ of the dual
equation Y + AY "1 A* = I. We can obtain the maximal solution of (1.1) through X, = I — Y_. The value
of "Res” in our tables reports |[F(X,)|r = | X, + A*X,; 1A — I||r for M1, M2, M3, M4 and M5 when the
process is stopped.

Experiment 3.1. In this test, the matriz A is from [8] using Example 3.1

02 —-01 —-05 01
1 {-01 06 -05 0.7
321-05 —-05 01 038
0.1 0.7 08 0.5
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Table 1: Performance of M1, M2, M3, M4 and M5 to solve (1) for Experiment 3.1.

Scheme | IT | ||F(X,)||r | MM
M1 6 | 8.7390e-12 | 24
M2 4 | 2.9322e-14 | 16
M3 7 | 1.7493e-11 21
M4 4 | 1.1655e-13 | 12
M5 3 | 1.1655e-13 6

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Since A is normal and ||A|| = 0.0412 < 0.5, from [9, Theorem 11], the nonlinear matriz equation (1.1)
has a solution. In Table 1, we can see that M1 requires more matrix-matriz multiplications than the other
methods to achieve convergence. M3 requires more iterations than the other four methods to satisfy the
stopping criterion. M5 carries out fewer iterations and matriztCmatriz multiplications than all the other
methods. For this experiment, we could say that M5 is the best option.

Experiment 3.2. In this test, let

E me7n

Table 2: Iterations and the number of matrix-matrix products for Experiment 3.2.

o IA] M1 M2 M3 M4 M5
IT | MM | IT | MM | IT | MM | IT | MM | IT | MM
4 04013 | 29 | 116 | 16 | 64 | 15 | 45 | 22 | 66 | 21 | 42
8 0.4200 | 33 | 132 | 18 | 72 171 51 | 26| 78 |25 | 50
16 | 04261 | 34 | 136 | 19 | 76 | 18 | 54 |27 | 81 | 26 | 52
32 04279 | 35 | 140 | 19| 76 | 18 | 54 | 28 | 84 | 27| 54
64 | 04284 | 35| 140 | 19| 76 | 18 | 54 | 28 | 84 | 27| b4
128 | 04285 | 35 | 140 | 19 | 76 | 18 | 54 | 28 | 84 | 27| 54
256 | 04286 | 35 | 140 | 19 | 76 | 18 | 54 | 28 | 84 | 27 | 54
512 | 04286 | 35 | 140 | 19 | 76 | 18 | 54 | 28 | 84 |27 | 54
1024 | 0.4286 | 35 | 140 | 19 | 76 | - - 28 | 84 |27 | 54
Table 3: CPU time(s) for Experiment 3.2.
m M1 M2 M3 M4 M5
4 0.002191 | 0.000315 | 0.000634 | 0.000986 | 0.000246
8 0.002479 | 0.000821 | 0.000937 | 0.001263 | 0.000568
16 | 0.005854 | 0.001868 | 0.003523 | 0.002451 | 0.000956
32 | 0.012124 | 0.008553 | 0.006721 | 0.006701 | 0.004385
64 | 0.019125 | 0.014864 | 0.017950 | 0.022326 | 0.013876
128 | 0.075103 | 0.046237 | 0.075727 | 0.065126 | 0.049925
256 | 0.522263 | 0.300470 | 0.479174 | 0.383668 | 0.290019
512 | 3.557083 | 2.176928 | 20.980815 | 2.392791 | 1.886120
1024 | 46.442456 | 24.082342 - 27.282594 | 21.436297

According to Table 2, we know that ||A|| < 0.5. Since A is normal and A is nonsingular, the nonlinear
matriz equation X +A*X YA = I has a solution. In this test, the matriz sequence of X,, in M3 is badly scaled
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Table 4: Errors for Experiment 3.2.

m M1 M2 M3 M4 M5

4 1.9737e-10 | 5.8016e-11 | 2.2961e-10 | 1.3549e-10 | 1.3549e-10
8 1.8449e-10 | 6.3914e-11 | 2.1623e-10 | 9.5667e-11 | 9.5667e-11
16 | 3.2512e-10 | 5.5185e-11 | 1.8543e-10 | 1.4121e-10 | 1.4121e-10
32 | 2.5631e-10 | 9.4206e-11 | 3.0952e-10 | 1.1751e-10 | 1.1751e-10
64 | 3.8878e-10 | 1.4330e-10 | 4.6222e-10 | 1.8003e-10 | 1.8003e-10
128 | 5.6750e-10 | 2.0941e-10 | 6.7030e-10 | 2.6386e-10 | 2.6386e-10
256 | 8.1479e-10 | 3.0082e-10 | 9.5949e-10 | 3.7953e-10 | 3.7953e-10
512 | 1.1608e-9 | 4.2868e-10 | 1.3654e-09 | 5.4118e-10 | 5.4118e-10
1024 | 1.647e-19 | 6.0853e-10 - 7.6847e-10 | 7.6847e-10

when m = 1024. In Table 2, we can see that M1 requires more iterations and matriz-matriz multiplications
than the other methods to satisfy the stopping criterion. We can also observe that M5 needs more iterations
than M2 and M3 to reach convergence, but it carries out fewer matriz-matrixz multiplications than M1, M2,
M. Table 2 shows that M5 and M3 require the same number of matriz-matrix multiplications, but M5
considerably outperforms M3 in CPU time from Table 3. From Table 3 we observe that M5 outperforms the
other methods in CPU time. From our numerical results, we can see that M1 is the most expensive iteration
out of the five methods. For this experiment, we could say that M5 is the best option.
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involving Hadamard Fractional Derivatives™
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Abstract

In this paper, we show the Ulam-Hyers stability and Ulam-Hyers-Rassias stability criterion for
nonlinear Hadamard fractional relaxation differential equations on compact and unbounded time
intervals. More explicit Ulam-Hyers stability and Ulam-Hyers-Rassias results are presented by virtue
of estimation of Mittag-Leffler functions.

Keywords: Hadamard fractional derivative, Relaxation differential equations, Ulam-Hyers

stability, Ulam-Hyers-Rassias stability, Mittag-Leffler functions.

1. Introduction

The widely application of fractional differential equations arise in various areas of physics and
engineering (see [1, 2, 3, 4]). During the past decades, fractional differential equations has been more
and more recognized as an alternative model to the classical differential equations. There are many
interesting advance on the theory analysis for Caputo type and Riemann-Liouville type fractional
differential equations as well as Hadamard type fractional differential equations (see, for example,
[5, 6, 7, 8,9, 10, 11, 12, 13, 14, 15]).

The well-known Ulam stability problem of functional equations originated are posed in 1940.
Numerous monographs and special issues have appeared devoted to the theory of Ulam stability
for functional equations and differential equations (see for example [16, 17, 18, 19, 20, 21, 22, 23]).
Recently, Li and Wang [24] explore some fundamental properties of continuity, integrable estimation,
asymptotic property on Mittag-Leffler functions for a Hadamard fractional differential equation with
constant coefficient and present existence results for such equation by using fixed point theorems.
However, to our knowledge, Ulam’s stability results for nonlinear Hadamard fractional differential
equation with constant coefficient have not been investigated extensively. Especially, there are few

research on the Ulam’s stability for this kind of equation on noncompact interval.
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In this paper, we investigate Ulam’s type stability of Hadamard fractional differential equations

with constant coefficient A € R\ {0} of the type:
aDYy(x) = Ay(x) + f(z,y(x)), 0<a<l, zeJ=(1¢ or (e 00), (1)

where 7 D{, denotes the left-sided Hadamard fractional derivative of order o with the low limit 1
(see Definition 2.2), and nonlinear term f : J x R — R is a given function satisfying some certain

conditions. Let ¢ > 0 and ¢ : J — RT be a continuous function.

Set J :=[1,€] or [e,o0). Consider equation (1) and the following inequalities:
|a D z(x) — Az(x) — f(z,2(x))| <e, 0<a<1, xz el (2)
and
|la D z(x) — Az(z) — f(z,2(2)| <ep(x), 0<a<l, zel (3)

Definition 1.1. Equation (1) is Ulam-Hyers stable if there exists a constant ¢ > 0 such that for each
e > 0 and for each solution z € C1,(J,R) of inequality (2) there ezists a solution y € Cy1n(J,R)
of equation (1) with

|2(x) —y(z)| < ce, x € J.

Remark 1.2. A function z € Cy1,(J,R) is a solution of inequality (2) if and only if there exists
a function h € Cy1n(J,R) such that (i) |h(z)| < e,z € J, (ii) uD, 2(x) = Az(z) + f(z, 2(x)) +
h(z),z € J.

Definition 1.3. Fquation (1) is Ulam-Hyers-Rassias stable stable if there exists a constant ¢ > 0
such that for each e > 0 and for each solution z € C+ 1, (J,R) of inequality (3) there exists a solution
y € Cy(J,R) of equation (1) with

|z(x) — y(z)| < cep(z), = € J.

Remark 1.4. A function z € Cy1n(J,R) is a solution of inequality (3) if and only if there exists a
function h € Cy1u(J,R) such that (i) |h(z)| < ep(x),x € J, (ii) DY z(x) = Mz(x) + f(x, 2(x)) +

h(z),xz € J.

The rest of this paper is organized as follows. In Section 2, some notations and preparation
results are given. In Section 3, some useful remarks on bounded and unbounded time intervals are
presented. Section 4 is devoted to to give Ulam-Hyers stability and Ulam-Hyers-Rassias stability
criteria of the equation (1) on bounded and unbounded time intervals respectively. Finally, the

reason on the equation (1) is not necessary Ulam-Hyers-Rassias stable is analysed.
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2. Preliminaries

Let Y be a Banach space endowed with the norm |- ||y. Set J := (1, €] or (e, 00). Denote C(J,Y)
be the Banach space of all continuous functions from J into Y with the norm ||y||c = sup,¢; |ly(z)|y-
For 0 < p < 1, we denote the set Cy,1n(J,Y) = {y(z) : y : J — Y is continuous such that
(In f)“ y(z) € C(J,Y)}. Following [1, Theorem 3.29], C,,1n(J,Y) is a Banach space with the norm
1Wlley . = (02 y(@)ll = sup |(in ) y(e) -

rzeJ
The following definitions and lemmas will be used in this paper.

Definition 2.1. (see [1, p.110, (2.7.1)]) The left-sided Hadamard fractional integral of order o € R™
of function y(t) are defined by

(1T30)(0) = / (lnt)a_ly@)di (O<a<t<b),

N s s
where T'(+) is the Gamma function.

Definition 2.2. (see [1, p.111, (2.7.7)]) The left-sided Hadamard fractional derivative of order
a€[n—1,n), n €Z" of function y(t) are defined by

(D% ) (t) = ﬁ (tjt)n /at (m Z)n_w y(s)%, O<a<t<b).

Lemma 2.3. (see [{, Theorem 2.5]) Let o, 8 € (0,1] and 8 < 1+« be arbitrary. Then the following
statements hold:

(i) For all z > 0, we have

where

vsin(r(1 —ﬁ)) — zsin(m(1 —/84'04)).

v2 — 2uz cos(mar) + 22

z) = /000 S(v, z)dv

vsin(m(1 — B)) — zsin(r(1 — 5+ 04)).

v2 — 2uz cos(mar) + 22

1 1= 1
S(v,z) = EUT exp(—v=)

(i3) For all z < 0, we have

where
1-8

1 1
Sv,z) = E’UT exp(—v=)

We note that Eq(2) = Eq1(2).

By virtue of Lemma 2.3, Li and Wang [24] derived the following useful results for two-parameter
Mittag-Leffler function.
Lemma 2.4. (see [24, Theorem 2.11]) Let X\ > 0 be arbitrary, o, 8 € (0,1] and 8 < 1 + «. Denote

w(a, B, ) = max { asin(fm)T(20 = 8+ 1) afsin(m(8 — a))|U(a = 5+ 1) } _

Narsin?(ra) ’ Ao sin?(ra)
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For all x € (1,00), we have

_ 1. 1-a 1 w(a, a,N)
a—1 ay & - > < A
(Inz)* "Eq,o(A(Inx)®) a)\ exp(Ae Inx)| < nz)ort
In particular, for all x € (1,00),
1 1 w(a, 1, A)
E 1 ¥ — = o] < =127
o(A(lnz)?) o exp(A= Inz)| < (o)

Further, we give the following integral estimation.

Lemma 2.5. Let A > 0 be arbitrary, o € (0,1], we have
(2) For all x € (1, €], we have

g o= / ((1na: —Int)* By o(Anz — Int)®) — AlTT“Ea(A(lnx)a) exp(—/\é lnt)> Cit’
1

Eaal) | Ea()
Q A

(#4) For all z € (e,00), we have

Ja

/j ((1111' —Int)* 'E, o(AInz — Int)*) — (Inz)* By 0 (A(In2)*) exp(—A= lnt)) it‘

2

Ea,o()) N exp(A=)
Ao

« al

+w(a, @, \) (; + ) — M(a, \).

Proof. (i) For all x € (1, €], we obtain

¢ dt
/ exp(—Aw Int)—
1 t

Ji

IN

Eq.a(N) / (Inz —Int)*~ 1i‘ 4= “E, (\)
1

<

where we use the decreasing property of E, o(z) for z > 0.

(#4) For all x > e, by using Lemma 2.4, we have

L o= ( (Inz — nt)*'Ey o (A(lnz — n$)®) — (In2)° 'Eq o (A(Inz)%) exp(—A% lnt)> %
a—1 a 1 l—a 1 dt
< (Inz —Int)* "Epo(AInz —Int)*) — =A"= exp(A= (Inz — Int)) v
!
i 1 a—1 « dt
—/\ = exp(A\a (Inz — Int)) — (In2)*  Eq.o(A(Inz)) exp(— Aw Int) "
w(a a,A) dt © wlo,a,\) 1 dt
< —_— 07 —\o -
- /1 (Inz —Int)o+ ¢ +/1 (Inz)att exp(=A lnt)
© wlopa,\)  dt B dt
< _vead & 31
< /1 (nz— It ¢ +w(a,a,)\)/1 exp(—A nt)
< w(a, a, A) n w(a,(lx,)\)
[} Ao
1 1
= w(a,a, ) < + 1) .
o Ao
4
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According to Lemma 2.4 again, we have

w(a, a, N)

(Inz)* 'Eq,o(A(Inz)*) < (Inz)o+!

1 1-a
+ a)\T exp(A= Inz).

Thus, using the decreasing property of E, o(z) for z > 0 again, one has

dt

/; ((m —1nt)*  Eg oAz — Int)®) — (In2)* Eq o (A(In2)*) exp(—AT 1nt)> <

IQ = p

< / (lnx—1nt)a71]Ea7a(/\(lnx—lnt)a)? + / (Inz)* 'Eq o (AM(Inx)*) exp(—A= lnt)dt
< Eaa(N) / (lnx—lnt)“_l%
‘/ ( @ O;j\l exp(—A= Int) + A exp()\é(lnx—lnt))>ait‘
«
Eoo(N)  w(a,a,X) [ 1 a1 * dt
< Lt (Inz)otl /£ exp(—A= 1nt) + /\ /E exp(A= (Inz — Int))— ,
E % 1—a 1 1
< aa() + w(a,?z,/\) _ oA T ) + —)\ a Ao exp(A@)
« Ao Ao «
< B | wl@ad) | exp(h A%)
« Ao al

From above, we obtain

Eoold) | &PA) | 00,0 (i + f) ~

Jo<Ii +1 <
a

The proof is completed O
To end this section, we recall the following inequality which will be used in the sequel.
Lemma 2.6. (see [25, Lemma 25]) If \,v,w > 0, then for any t > a,a > 0, we have
(5 N (R B (0 4 e
a a s a a s

where C' is a positive constant independent of the time variable t.

3. Some useful lemmas and remarks

Now we plan to give the following integral estimation.

Lemma 3.1. Let A > 0, z € C, 1n([1,00),R) be a solution of inequality (2). Then z is a solution of
the following inequality:
dt

2(z) — (Inz)* 'Eqy o (A(In2)*)co — /j(lnx —Int)* 'Eq.o(AInz — Int)*) f(t, z(t))7

- /"E wla, o, \)e  dt | ex?™
~— Ji (Inz—Ing¢)ot! ¢ a\

where ¢ = g J}7%2(1%).
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Proof. According to the Remark 1.2, we have
oDV 2(x) = Az(2) + f(2,2(2)) + h(z), = € (1,00).

By [1, p.234,(4.1.89)-(4.1.95)] or [26, p.182, (7.2.60)-(7.2.64)], we obtain

2(z) = (In2)* 'E,o(\(Inz)*)co +/ (Inz —Int)* 'Ey o (A(Inz — lnt)a)f(t,z(t))%
1
¢ a—1 [eY dt
+ [ (Inz—Int)*"Eqo(A(lnz —1Int) )h(t)7, x € (1,00).
1
For all 1 < z < oo, using Lemma 2.4, one has
2(z) — (In2)* By o (A(Inz)*)co — / (Inz —Int)* By o (AInz — Int)®) f(t, z(t))%
1
¢ a—1 [eY dt
= (nz —Int)* "Ey o(A(Inz — Int) )h(t)7
1
* a—1 [e% 1 l=a ES dt
< (lnz —Int)*"Eq o(AInz — Int)®) — a)\ o exp(A=(lnz —Int)) h(t)?
1
x
1 10 1
+ / A exp(A= (Inz — In t))h(t)@
1 « t
T ow(a,a, e dt 1 1-a 1 dt
T owla,a,N)e dt e 1 €
< - _ a 1 _
- /1 (Inz —Int)ott ¢ + a exp(A® Inz) Ao
1
/I wla, o, N)e  dt ex®
— J1 (Inz—Int)et+l ¢ aX
The proof is completed. O

Remark 3.2. Note that for some fized point xo and x¢o > 6 > 1, we have

oo 1 dt b 1 dt 1
- % _y % lim S[(nzy—1nd) " — (Inzg) "% =
/1 (Inzg — Int)atl ¢ éigslo/l (Inxzg —Int)otl ¢ 5o a[( neo —lnd) (In2o) ™% = 00

which yields that it is not possible to obtain some explicit estimation in this case.
Next, we divide our time interval (1,00) into two subintervals (1, e] and (e, 00).

Remark 3.3. Let A > 0, z € Cy 1n([1, €], R) be a solution of inequality (2). Then z is a solution of
the following inequality:

ﬁ
t

2(z) — (Inz)* 'Eqy o (A(In2)*)co — /j(lnx —Int)* 'Eq.o(AInz —Int)*) f(t, 2(t))

/j ((lnx —Int)* 'Ea.o(A(nz —Int)®) — A5 Eq(A(Inz)®) exp(—A# lnt)) h(t)%

IN

/x Ao Eq(A(Inz)®) exp(— A& lnt)h(t)%
Eaod)  Ea(A\)\  eEq(N)
E( a T >+ X

o (Bool ) e

where we use Lemma 2.5(i), Remark 1.2 and Eq,o(2) is an increasing function for z > 0.

+

IA

IN
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Remark 3.4. Let A > 0, z € C 1n([e,0),R) be a solution of inequality (2). Then z is a solution
of the following inequality:

2(z) — (In2)* 'Eqy o A(Inz)*)co — / (Inz — Int)* 'Ey o (A(Inz — lnt)a)f(t,z(t))%
1
¢ a—1 @ a—1 [eY L dt
< ((lnx 1) Eq o (A(lnz — Int)®) — (In2)° 'Eq a(A(Inz)®) exp(— AT lnt)) ht) T
1
’ a—1 « ES dt
+ (Inz)* "Eg,o(A(Inz)®) exp(—A= lnt)h(t)?
1
T w(a,a,N) 1 1 1-a 1 dt
< eM(a, M) +e¢ /1 ((lnx)a“ exp(—A= Int) + a)\ o exp(Ae(lnz — lnt))> "
< eM(a )+ ew(a,la,/\) n axlE
Ao Ao
= oMoy ¢ 22N )
Ao Ao
where we use Lemma 2.4, Lemma 2.5(ii) and Remark 1.2.

Remark 3.5. Let A < 0, z € C, 1n([1,00),R) be a solution of inequality (2). Then z is a solution
of the following inequality:

2(z) — (Inz)* 'Eqy o (A(In2)*)co — /j(lnx —Int)* By o(AInz — Int)*) f(t, z(t))%
e(lnx)®
Tatl) x € (1, 00),

where we use the fact Eq o(2) < ﬁ for z < 0.

Remark 3.6. Let A < 0, z € C,1n([1,00),R) be a solution of inequality (3). Then z is a solution
of the following inequality:

2(z) — (Inz)* 'Eqy o (A(In2)*)co — /j(lnx —Int)* By o(AInz — Int)*) f(t, z(t))%

[ e 1m0 ot - 10 7
1

€ v ) dt
F(a)/l (Inz —Int) go(t)7

where we use the fact By o(2) < F(la) for z <0 again.

, T € (1,00),

4. Main results

4.1. Ulam-Hyers stability results
We introduce the following assumptions:
(A1) f:(1,e] x R — R be a function such that f(-,y(-)) € Cym[l,e], 1 —a <~y < 1.
(Az) There exists L > 0 such that

|f(x,y) — f(z,2)] < Lly — z| for each z € J and all y,z € R.

(A3) w=1—LE, o(AN)B[l —~,a] > 0.
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Theorem 4.1. Assume that (A1), (A2), and (A3) are satisfied. Then equation (1) with A > 0 is
Ulam-Hyers stable on J = (1,e€].

Proof. Let z € C m([1,€],R) be a solution of inequality (2). By (A1), (A2), and (As), one can apply

Banach fixed point theorem to derive

DY y(x) = My(z) + f(z,y(x), 0<a <1, zel
w7 2(11) = c,

has the unique solution

y(r) = (Inz)* 'Ep o (A(In2)*)co + /lz(lna: —Int)* 'Ey o (AInz — Int)*) f(t, y(t))%

By using Lemma 2.5(i) and Remark 3.3, we have

|(2(z) — y(x))(In2)7|

= |(Inz)Y (z(m) — (In2)* 'Ey o (AInz)*)co — [ (Inz —Int)* 'Ey o(A(Inz — lnt)a)f(t,y(t))it>’

X
o ]

< |(lnx)” (z(m) — (Inz)* 'Eqy o (A(In z)* (Inz —Int)* By o(A(Inz — Int)®) f(t, z(t))?) ’
v /WmmwmmJMW*Em<mmfmw%U<<>> Ok
1

Eoao 2, _ _dt
< e(lnz)” < ’a()\) + )\()\)) +LIEOW()\)/ (Inz)"(Inz — Int)*~(Int) V?Hz —ylle,
1
Eo oA 2E, (A
< e(lnz)” ( ’a( ) + )\( )) + LEq,o(MN)B[1 =7, a2z = yllc, 1,

which yields that

e (Eaa(N)  2E,(N)
— < = J v,
12 = ylle,m < - ( o T ) (m2)

Thus,

o) — y(@)] < ce, = - -

The proof is completed. O

1 (Eqo(A 2K, (A

(), )
w

Remark 4.2. Let A < 0. Assume that (A1) and (As) are satisfied. One can use the above similar

methods via Remark 3.5 to check that the equation (1) is Ulam-Hyers-Rassias stable on J = (1,00)
provided by p =1 — LBI=v.a] (. That 18,

T(a)
2(2) — y(z)| < cep(z), z € (1,00), c= m >0, o(x) = (Inz)".
Example 4.3. Let a = % A= % and v = % Consider the fractional order differential equation
2 1 1 . 5
u D} y(2) = Sy() + ysin”y(z), @ € (1,¢],1>0, (4)

and the inequality

luD3, 2(x) — 22(z) — > sin? 2(x)| < e, x € (1,¢]. (5)
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Let z € Cy1n([1,€],R) be a solution of inequality (5). Then there exists a function h(xz) = elnx €
Cym([1,€e],R) such that |h(x)| < e,z € (1,€], and HD1%+z(m) = 12(z)+ 7 sin 22(x)+h(x), z € (1,€].

Define f(z,y(z)) = +sin®(z), = € (1,e] and L = 2. Obviously, (A1) and (As) hold. Moreover,
we choose | = 6E%’§ (%) B [%, %], then

2 1 12 2

which implies that (As) holds. According to Theorem 4.2, we have

2(e) ~ y(@)] < & <15 (;) T 4E, (;))

Thus, equation (4) is Ulam-Hyers stable on (1, €] with ¢ = 3 (1.5E§’§ (3) + 4E 2 (%))

4.2. Ulam-Hyers-Rassias stability result
Next, we introduce the following assumptions:
(B1) Let A\<Oand y=1—q.
(Bs) f:J xR — R is jointly continuous and there exists L(-) € C([1,00),R") such that

|f(x,y) — f(z,2)] < L(x)|y — z| for each x € J and all y,z € R,

where L(-) satisfying
dt

/ (Inz)"(Inz — lnt)‘kl(lnt)*”L(t)7 < C(nz)*" !, C > 0. (6)
1
(Bs) There exists a ¢(-) € C([1,00),RT) such that
/ (lnx — lnt)“_lgo(t)? < Co(t), C>0. (7)
1

(By) W' =1- =5 >0.

Theorem 4.4. Let A < 0. Assume that (By), (Bz), (Bs) and (By) are satisfied. Then equation (1)

is Ulam-Hyers-Rassias stable on J = (1,00).

Proof. Note that the fact Eq o (2) < ﬁ for z < 0. By Remark 3.6, one can obtain

|(2(z) = y(@))(Inz)7|

< )y (Z(w)  (ine)1E, (Al g) e - /lmnx —1nt)* 'Eq o (A(Inz — Int)®) f(t, z(t))‘it> ‘
+ m(lnz) Yz — nt)*Ea o (A(Inz — Int))(f(£ 2() — f(t,y(t)))?
< g /1 () (Inz — 1) zp() T
1 )/1 (Inz)(lnz — 1nt)°‘*1L(t)|y—zl%
< €(I£(a))7C<p( )+F(100/1$(1nx)7(1nx—1nt)a1(1nt)7L(t)it|y—zllcw
< A G + Fi)anxwwy ~ ey
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This yields that

C e(lnz)Y 4
(1 - 1“(a)> ly — zllcyp < Ta) Co(z).

This implies that

Ce
)~ 2(0) < payela). =€
The proof is completed. O
Example 4.5. Let o = %, A= f% and vy = % Consider the fractional order differential equation
1 1 1 .5
Dl y(x) = —iy(x) + 753 Sin y(x), = € (1,00),1 >0, (8)
and the inequality
1 1 1 .5
gD z(x) — iz(x) ~ 73 5in z(x)] < ep(z), x € (1,00). ©))

Define f(z,y(z)) = %5 sin®(z) and L(z) = %

Tz3 1x3>

of inequality (9). There exists a function h(z) = £(Inz)*~1=7 € C, 1n([1,00),R) such that |h(z)| <

z € (1,00). Let z € Cym([1,00),R) be a solution

e(lnz)* 177 := p(z), = € (1,00). Moreover, (5) via Lemma 2.6 reduces to

/ (1nx)%(lnx flnt)*%(lnt)*%l — < T\/g(lnx)*%, x € (1,00),
1

and (9) reduces to
/ (Inz)Y(Inz —Int)* te(lnz)* 7= < Ce(lnz)* 7 = Ce(lnz)™t, € >0, z € (1,00).
1

From above, (By), (Bz2) and (Bs) hold. Now we choose | = % andw' =1— M =1>0, which

implies that (By4) holds. According to Theorem 4.4, we have
2Ce

T(0.5) (Inz)~t.

|2(z) —y(z)| <

2C

s ad p(z) =e(lnz)™, z €

Thus, equation (8) is Ulam-Hyers-Rassias stable on (1, 00) with ¢ =
(1,00).

4.8. Final remarks

Let A > 0. Assume that (Bp) and (Bs) are satisfied. It seems that we can not use the above
approach to discuss Ulam-Hyers-Rassias stability of the equation (1) with A > 0 on J = (e, 00).

In fact, by Remark 3.4, one has

(e(0) — y(@) (ma)’| < GM@M+”%?M+?ﬂamw

Q=

+‘ /lm(ln z)"(lnz — In t)aflE%a()\(lnx —Int)*)L(t)|y(t) — z(t)\%
wlo,a, N exw

eM(a, \) + c . +
Aa A

IN

) (Inz)” +Y(@)lly — zllc, . (10)

Q=

10
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where

T(z) = (Inz)"Ea,0(A(Inz)®) /1 x(lna: — lnt)a’lL(t)(lnt)”Y% .

Set L(t) =t=", w > 0. According to Lemma 2.6, we have

T(@) = (n2)Eqa(A(lnz)?) /lm(lnx—lnt)“(lnt)%wit‘

= (Inz)"EqoA(Inz)®) / (hmc—1nt)a_1(1nt)(1_7)_1t_wcﬂ
1

A Eaoa(A(Inx)™)
1—v s
G e

IN

(C>0)

l—«
1o 1—
A e Cw ’Ym)\é+7
)

«

where we use the fact o )

, LN exp(Aa Inx)
lim —¢

z—oo (Inz)* 1E, o (A(Inz)®)

Dividing (Inz)” by (10) we obtain

=1

wlo, o, \)  exw Y (z)
T + ly = 2llc, - (11)

&
@) -yl < (M@ + o) ey

Obviously,

o 1

. T(x) A ew! ™Y e

lim = im =
z—oo (Inx)Y « z—oo (lnx)?Y

T(x)
(Inz)~

Thus, the term ly — zllc, ., in (11) does not vanish. Therefore, the equation (1) with A > 0 is

not necessary Ulam-Hyers-Rassias stable on J = (e, 00).
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LINEARLY STABLE PERIODIC SOLUTIONS FOR
LAGRANGIAN EQUATION

FENG WANG!2 AND SHENGJUN LI34

ABSTRACT. In this paper we study the existence and uniqueness of linearly
stable periodic solutions for the Lagrangian equation. The proof is based on
the eigenvalue theory combined with degree theory. Compared with those
results in the literature, our conditions are weaker.

1. INTRODUCTION

This paper is devoted to the study of the existence and uniqueness of linear
stablity of periodic solutions for the following nonlinear scalar Lagrangian equation

(1.1) i+ g(t,x) =0,

where g(t,z) : R x R — R is a T-periodic function in ¢ and is semilinear in the
following sense: There exist T-periodic functions ¢, ® € L(0,T) such that

¢(t) < gm(tvx) < (I)(t)7

uniformly in ¢ € [0,7]. We say that a T-periodic solution 1 (t) of (1.1) is linearly
stable if the linearized equation

(12) v+ (gz(t7w(t))y =0

is stable. But it is not sufficient to guarantee that v (¢) is Lyapunov stable as
(1.1) is a conservative system, Lyapunov stability of 1(¢) cannot be determined by
linearized equation (1.2) and involves higher order approximations of (1.1). Based
on this idea, a practical method, now known as the third order approximation, has
been developed by Ortega based on the Birkhoff normal forms and the Moser’s
twist theorem [17]. After there has been considerable progress on this topic. We
refer the reader to [2, 3, 4, 5]. However, an “almost” necessary condition for (%)
to be stable is that it is linearly stable. In this direction, it is worth mentioning
the example found by Chu [3]. That is, the equilibrium z(¢) = 0 of the motion of

2010 Mathematics Subject Classification. Primary 34C25.

Key words and phrases. Lagrangian equation; linear stability; periodic solutions; existence;
uniqueness.
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2 FENG WANG AND SHENGJUN LI

a pendulum with variable length and relativistic effects

(ﬂx_—z) +I(t)sinz =0, I(t)>0, leCR/TZ),

is stable if its linearized equation
Z+It)r=0

is stable. In this paper it is shown how a topological invariant, the index of an
oscillation, can be used to obtain linear stability results. Actually, it will be proved
that the index characterizes linearly stable in certain case (see section 2). Our
study is mainly motivated by [7], where a result is the following.

Theorem 1.1. If there exists a > 0 and ® € L*(0,T) such that
(1.3) a < gz(t,x) < (1),

for all x and a.e. t € [0,T], and | @], < K(2p*) for some p € [1,+], then (1.1)
has a unique T-periodic solution which is linearly stable.

It must be noticed that the strict positiveness assumption of g, (¢, x) is crucial
for this result since this implied the monotonicity of the nonlinearity and then a
method of lower and upper coupled with the monotone iterative technique was used
to get existence and linear stability. Unfortunately, in some interesting problems we
find that the constant g, (¢, z) changes sign and Theorem 1.1 cannot be applied. It
should be pointed out that Ortega has presented the index characterized asymptotic
stability in dissipative case. See the references [15, 16] and the surveys [18, 19]. In
this paper, we try to obtain similar results for the conservative case following the
ideas in [15, 16, 18, 19], see Theorem 2.3 below.

The purpose of the present paper is to extend Theorem 1.1 which hold when
gz (t, z) changes sign, we prove the following theorems.

Theorem 1.2. Suppose that g(t,z) € C1(R x R) satisfies the following semilin-
earity condition: there exist T-periodic functions ¢, ® € L(0,T) such that

(1.4) o(t) < ga(t, x) < (1),
uniformly in t. Furthermore, assume
(1.5) (t) > 0 and )\, (®) > 0,

here ¢(t) denotes the average of ¢(t) over a period and A, is antiperiodic eigenvalue.
Then (1.1) has a unique T-periodic solution which is linearly stable.

Let us recall a lower bound for A, (®) from [20]. Let us define the positive part
of a function ® as &+ = max{®,0}. If the L? norm || ®*||, satisfies

H<D+||P S K(2p*)a p* :p/p - ]-7

Y 2 "l
M@= () (1- quzzlL))'

Here K (q) is the best Sobolev constant in the following inequality:
C||:c||(21 < |||z for all z € H&(O,T),

then (see (13) in [20])
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3

where H}(0,T) is a Sobolev space of all the T-periodic absolutely continuous func-
tions x such that fOT i2(t)dt < oo with the norm

el 7 = (/OT¢2(t)dt+/0Tx2(t)dt)é.

Explicitly,

o &Lfﬂm(wa
K(g) = oT7i\Za) — \TGH)
T>

See Talenti [13]. Thus we have the following

2
),ﬁ1§q<m,

if ¢ = o0.

Corollary 1.3. Assume all conditions of Theorem 1.2 hold except (1.5) and as-
sume o

6(8) > 0 and |9+, < K(2p"), 1<p < +oc.
Then the same conclusion holds. In particular, when p = +o00, we arrive at the

usual criterion

7T2

ﬁ.

2. LINEAR STABILITY AND INDEX

127 oo < K(2) =

2.1. Hill’s equation and eigenvalue theory. To each function a € L'(R/TZ),
we associate a linear equation
(2.1) Z+a(t)r =0,

which is called Hill’'s equation and there are many studies about it. The book by
Magnus and Winkler [11] is a classical reference.

Now we recall some standard notions in the theory of Hill’'s equations. Denote
by U(t) = ¢1(t) + iga(t) the complex-valued solution of (2.1) with the initial data:
¥(0) =1 and ¥'(0) = ¢, where ¢ and ¢, are respectively the real and imaginary

parts of W. Let
_ | n(t) da(t)
wio= (50 o)

be employed for the fundamental matrix solution of
X =A)X, X(0) = I,

where the column vector function X (t) = (x(t),2'(t))T, Iy is the 2 x 2 identity
matrix and A(t) is the matrix function

0= sy o)

Liouville’s theorem implies that the matrix solution M () always satisfies
det M(t) = 1.

This property motivates our interest in the symplectic group. The monodromy
matrix associated with (2.1) is
¢1(T)  ¢a(T) )

M) = ¢ :

@ =50

Then M is symplectic, i.e., det M = 1. The eigenvalues p;, ¢ = 1,2, of M are called
the Floguet multipliers of (2.1). They satisfy p; - po = 1. We can classify (2.1)
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into three types, according to the Floquet multipliers, as either hyperbolic when
|p1.2] # 1, or elliptic when |p1 2] = 1 but p12 # £1, or parabolic when p; o = %1,

respectively.
Next we introduce some notations on eigenvalues. Consider the eigenvalue prob-
lems
(2.2) "+ (A +a(t)z =0
subject to the periodic boundary condition
(2.3) z(0) — z(T) = 2'(0) — 2/(T) = 0,
or to the anti-periodic boundary condition
(2.4) z(0) + 2(T) = 2'(0) + 2/(T) = 0.
We use

M) < AP(a) << 2P(a)---
to denote all eigenvalues of (2.2) with the Dirichlet boundary condition (D) :
(2.5) z(0) =z(T) = 0.

The following are standard results for eigenvalue theory. See, e.g. Reference [11].
A partial generalization of these results to the one-dimensional p-Laplacian with
periodic potentials is given in Reference [14].

Theorem 2.1. There exist two sequences {)\,(a) : n € N} and {\,(a) : n € ZT}
of the reals such that
(Py) they have the following order:

—00 < Ao(a) < Ay(a) < M(a) <--- < A, (a) < X(a) < -

and ), (a) — +00, A\n(a) = +oo as n — oo.

(P2) X is an eigenvalue of (2.2)-(2.3) if and only if X = )\, (a) or A\, (a) for some
even integer n; X is an eigenvalue of (2.2)-(2.4) if and only if X = \,(a) or A\, (a)
for some odd integer n.

(P3) (Continuity) A\P(a), ), (a), and \,(a) are continuous functions of q with
respect to the L'-metric on q’s: d(a1,as) = fOT laq(t) — az(t)|dt.

(Py) the eigenvalues A, (a) and N\, (a) can be recovered from the Dirichlet eigen-
values in the following way: for any n € N,

A, (a) = min{)\f(ato) tto € R}, A\p(a) = max{)\fl)(ato) 110 € R},

here ay, (t) denotes the translation of a(t) : at, (t) = a(t + to).
(Ps) (Comparison) the comparison results hold for all of these eigenvalues. If
a1 > ag then

(2.6) An(a1) <A, (a2), Anlar) < Xnlar), AD(q1) < A2 (g2),

for any n € N. If a1(t) > ax(t) for all t, and a1(t) > as(t) for t in a subset of
positive measure, then all of the inequalities in (2.6) are strict.

(Ps) (Nodal structure) The eigenfunction of Ao(a) do not vanish everywhere. For
n € N, the eigenfunctions of \,,(a) or A\, (a) have ezactly n—1 zeros in the intervals
of the form (to,to +T).
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2.2. Definition of the index via the Poincaré map. In this subsection we
assume uniqueness for the initial value problem associated to (1.1). Given £ =
(£1,&) € R? let 2(t;€) be the solution of (1.1) satisfying
2(0) =¢&1, 2'(0) =&
The Poincaré map is defined as the mapping
PT:DTCRQ%RQa PT(g):<x(T7€)7x(T7§))a

where Dy = {£ € R? : z(t;€) is defined in [0,77}.

The standard theory of the Cauchy problem says that Dy is open in R? and Pr
is a homeomorphism between Dr and Pr(Dr). In addition, the fixed points of Pr
correspond to the initial conditions of the T-periodic solutions and the search of
T-periodic solutions is reduced to the study of the equation in R2,

§=Pr(f).

Let = be a T-periodic solution of 1.1 and &, = (z(0),2'(0)). The solution z is
said to be isolated (periodic T') if & is an isolated fixed point of Pr. In such case
the index of z is defined in terms of the following formula

indz(z) = i[Pr, &,
where i refers to the definition of the local fixed point index in the plane employed

in [1]. For more information on the index of periodic solutions see [8] and [12].

2.3. Connection between linear stability and index. In this subsection we
proof a few lemmas that are crucial for the proofs of the main results. First we
need the following.

Definition 2.2. Given a T-periodic solution z(t) of (1.1). It will be said that z(t)
is non-degenerate of periodic T if the variational equation is

(2.7) J+ gz(t,x)y =10

has no periodic solutions different from zero of periodic T'.

Theorem 2.3. Assume that z is a nondegenerate T-periodic solution of (1.1) such
that the inequality below holds

(2.8) A1(ga2(t,2)) 20,

fort € R. Then x is linearly stable if and only if indr (z)=1.

Remark 2.4. Notice that a nondegenerate solution is always isolated and it is

assumed that z is a nondegenerate in order to employ linearization techniques.

We do not know if Theorem 2.3 is still valid when nondegenerate is replaced by

degenerate. Because the computation of the index in the degenerate case
pr=p2=1

is more delicate the previous technique does not work and the index of x depends

not only on (2.7) but also on the nonlinear terms of the Taylor expansion of g.

Some methods about computation in the degenerate case can be found in [?] or [9]

for more details.

The crucial step in proof of Theorem 1.2 is the following observation on the Hill
equation (2.1).
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Lemma 2.5. Assume that
(2.9) A (a) > 0.

Then problem (2.1) does not admit any negative Floquet multipliers. In particular,
(2.1) does not admit any nontrivial subharmonic periodic solution of order 2.

Proof. Suppose that there is a nontrivial solution of (2.1) with a negative Floquet
multiplier, i.e. z(t +T) = pz(t), t € R for some p < 0. Hence, there exists
to € [0,T] with z(tg) = z(to + T) = 0. Thus the corresponding z is a nontrivial
solution of the following Dirichlet boundary value problem

{ Z(t) + a(t)x = 0,
x(to) = (T + t9) = 0.

That is, # is an eigenfunction associated with eigenvalue AP (a) = 0 for some k > 1
of

Z(t) + (A +a(t))z =0,

l‘(to) = l‘(T + to) =0,
and hence )\, (a) < AP (a) < AP (a) = 0, contradicting (2.9).
Proof of Theorem 2.3. When the inequality in (2.8) is not strict it is elementary
to show that x is linearly stable and indp(z) = 1. Therefore it will be assumed that
the inequality in (2.8) is strict, at least on a set of positive measure. Denote by
p1,p2 (|p1] = |p2|) the Floquet multipliers of (2.1). By Lemma 2.5 the multipliers
are either conjugate complex or real and positive. In the elliptic case,

p1 =2
if and only if
indy(z) = sign{det(l, — M(T))} = sign{|1 — p;|*} = 1.
In the hyperbolic case,
0<pr <1l<pg
if and only if
indr(x) = sign{det(Iy — M(T))} =sign{(1 — p1)(1 — p2)} = —1.

The parabolic case is excluded because z is nondegenerate 1 cannot be a Floquet
multipler.

The conclusion now follows from the well-known principle of stability for Hill
equation (see Theorem 7.2 in [6]) that periodic system (2.1) is stable in the sense
of Lyapunov if and only if (2.1) is elliptic, or is parabolic (p; = ps = +1) with
further property that all solutions of (2.1) satisfy x(t + T) = z(t), the T-periodic
solutions in case p; = po = 1, or z(t +T') = —x(t), the T-anti-periodic solutions in
case p; = pg = —1.

3. PROOF OF THEOREM 1.2

The proof of existence is based on the following two lemmas.

Lemma 3.1. Assume that

(3.1) a(t) > 0 and A\ (a) > 0.
Then Hill equation (2.1) has only the trivial T-periodic solution.
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Proof. Suppose on the contrary that (2.1) admits a nontrivial T-periodic solution
x(t). We claim that x(t) vanishes at some to € [0,T]. If not, then x(t) # 0 for all ¢
&(T) _ #(0)
(T) — =(0)°

in R. By the periodic boundary conditions, we have #(T') = #(0) and
Dividing (2.1) by x(¢) and integrating by part gives that

T ;04)2 T
/0 J:%Q +/0 a(t)dt =0,

which contradicts the hypothesis a(t) > 0. So z(t) has a zero in [0,T]. We may
assume that z(0) = 0 so that 2(0) = x(T") = 0. Thus the corresponding = is a
nontrivial solution of the Dirichlet boundary value problem (2.1)-(2.5) That is, z is
an eigenfunction associated with eigenvalue AP (a) = 0 for some k > 1 of (2.2)-(2.5),
and hence )\, (a) < AP(a) < AP (a) = 0, contradicting (3.1).

Lemma 3.2. Under the conditions of Lemma 3.1, the Hill equation (2.1) is stable.

Proof. The proof will be completed using Theorem 2.3. To this end, we compute
the local index and consider following parametric equation

Ly =%+ [Aa(t) + (1 — Naglr =0, A€ 0,1],

where 0 < ag < (7/T)2.
Let ay = Xa(t) + (1 — N)ag. Since

ay = Aa(t) + (1 — Nag > 0,
and
Ar(ax) 2 A Aq(a) + (1 = A)A (a0) > 0,
it follows from Lemma 3.1 that Lyx = 0 does not admit a nontrivial T-periodic
solution. Let B, be the e-ball of 0, then Lyz = 0 has no T-periodic solution on 0B,

for A € [0,1]. By the homotopy invariance properties of the topological degree, we
have that

ind(L1,0) = deg(Ly, B, 0) = deg(Ly, B, 0)

0 1
- deg(LOuBmO) = sgn —ag 0

-

The conclusion follows from Theorem 2.3.
Proof of Theorem 1.2 In order to show that the conditions are sufficient, we
divide the proof into two steps.

Step 1: Uniqueness. Suppose that z1(t) and x2(t) are two T-periodic solutions
of (1.1). Then

(3.2) [21(t) = 22()]" + [9(2, 21(2)) — g(£, 22(1))] = 0.

Setting Z(t) = z1(t) — x2(t), we obtain, from (3.2), that

(3-3) T'(t) + B()2(t) =0,

where 8(t) = %ﬁim&). It follows from Lemma 3.1 that Z(¢) = 0, which implies

that x1(t) = z2(t) for all ¢ € R.

Step 2: Existence and linearly stable. Without loss of generality, we may assume
that g(¢,0) = 0, for otherwise we can reduce both sides of Eq. (1.1) by g(¢,0).
A natural choice for the parametrized equation in applying homotopy invariance
property is to take H defined by

(3.4) Hy(z) =2(t) + Ag(t,z) + (1 — N)@(t)x = 0,
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in which ®(¢t) is as in Theorem 1.2.

We claim that there is R > 0 such that equation (3.4) has no solution on 0Bg
in L>°[0,T] for all A € [0,1]. Suppose the assertion is not true. Let x,, = z,(t)
be a sequence of T-periodic solutions such that ||z,| — oo and A, € [0, 1] be the

corresponding sequence. Let z,(t) = 2ult)  First, dividing (3.4) by ||zn]|, then

multiplying by ¢(t) € CZ and finally integrating by parts we have that

/OT {zngb + [/\ng(t, ) + (1 — An)<1>(t)xn} : <p/\|xn||}dt —0.

The conditions of Theorem 1.2 imply that {[A,g(t, zn) + (1 — A\p)@(t)zy]/ ||z} is
bounded and hence is pre-compact in weak star topology in L'[0,T]. Thus there
is a subsequence such that g(¢,x,)/x, — a(t) and A\, — A. Taking the limit as
n — 00, one obtains that z, — z,

T
/0 (26 + 2(t)p)dt = 0,

where w(t) = Aa(t) + (1 — \)®(¢) satisfying the conditions of Lemma 3.1. It follows
from Lemma 3.1 that z(¢) = 0, which contradicts ||z(¢)|| = 1. This shows the
boundedness of the periodic solutions of (3.4). By the standard argument one can
verify that the C'-norm is bounded independently of \. Next, by applying the
homotopy invariance property, we have that

deg(H,, Br,0) = deg(Hy, Bg,0).

From the same reasonings of Lemma 3.2 one proves that deg(Hy, Br,0) = 1. This
completes the existence of T-periodic solution z, and linear stability can be obtained
by Lemma 3.2.

4. FINAL REMARK

Theorem 2.3 can be applied to other kinds of problems. In particular, to the
piecewise linear equation

(4.1) 4+ put)rt —v(t)z =0,

where 27 = max{x,0},2~ = max{—z,0},u,v € L*(0,7). The equation (4.1)
is very popular since a series of works of Lazer and McKenna [10] as a simple
mathematical model for vertical oscillations of a long-span suspension bridge. The
following result can be proved in a way similar to Theorem 1.2

Equation (4.1) has a unique T-periodic solution which is linearly stable zfm >
0,v(t) >0 and

| max{u() v(O)}l, < K(207), 1<p< +oc.
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Abstract: The primary focus of this paper is to investigate the boundedness and asymptotic
behavior of the following symmetric system of max-type difference equations
p p

P z X
Xy = max{c,);—”}, Vo = max{c,T”}, Z,,= max{c,T”}, neN,,
Zn—l Xn—l n-1

where the parameters c, p,qe(0,00) and the initial conditions X ,,%,,Y ,,¥, 24,2, are

arbitrary positive real numbers. Our main results considerably improve results appearing in
the literature (see, Stevic, (2014) [29]).

Keywords: max-type system, difference equations, boundedness, global attractivity.
1. Introduction

In last few decades there has been a great interest in studying nonlinear difference
equations and systems for developing some new techniques which can be used in
investigating the models describing real life situations in biology, control theory, economics,
etc. (see, e.g., [1-15] and the references therein). Recently, the so-called max-type difference
equation has attracted more and more attention. However, the maxima operator is not a
smooth function in n-dimensional real vector space so that the techniques which use

* Corresponding author at: College of Automation, Chongging University of Posts and
Telecommunications, Chongging 400065 P. R. China.
Email addresses: liruimath@qg.com (Rui LI).
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derivatives could be of almost no use, so the study of max-type systems of difference
equations become more difficult. Some studies of these difference equations have been
presented in [16-25].

Paper [26] is one of the first such papers on max-type difference equations. It studies
positive solutions of the difference equation
p

X. .y = max{a,X—”}, neN,, (1.1
N+ XrE)_l

where initial values x_;, X,, and parametersa and p are positive numbers.

In [27], Stevo Stevi¢ studied the boundedness character of positive solutions to the
following max-type difference equation,
Xp
X, =max{A,—2}, neN,, (1.2)
Xn_k

n
wherek € N \{1}, the parameters A and I are positive and P is a nonnegative real number.

As an extension of (1.2), Stevo Stevi¢ studied the boundedness character and global
attractivity of positive solutions of the following symmetric system of max-type difference
equation

p

p
Xy = max{c,y—“}, Y,., = max{c, %o }, neN,, (1.3)
n+ er)il n+ np—l

where ¢, p € (0,+x) (see [28]).
Above results motivated Stevo Stevi¢ to continuously investigate the behavior of positive
solutions of the following max-type system of differences
p p

yP z X
X .= max{c,zT“}, Yo = max{c,XT?}, Z,., =max{c,—-}, neNy, (1.4)
n-1 n-1 n-1

where the parameters ¢ and P are positive real numbers. It is proved that system (1.4) is
permanent when p € (0,4) and so forth (see [29]).

Motivated by works [26-29], the primary focus of this paper is to investigate the
boundedness character and global attractivity of the following max-type difference equations

Xy = max{c,ZT”}, Vou = max{c,XT”}, z,, =max{c,——} neN,, (1.5)
n-1 n-1 n-1
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where ¢, p,q € (0,4+0) . It is obvious that the paper can be considered as a continuation of
studying special cases of the next systems of difference equations
Xnm

p ZP
Xn+1 = maX{Aﬂ yn—m}, yn+l = maX{Aﬂ Xr:;m}’ Zn+l = maX{Aﬂ q }’ ne NO’

q
Zn—k n—k n-k

wherem,k e N, p,qe(0,+x), and (A1)neN is a sequence of positive numbers. For more
related papers in this research area, see, for example, [30-33] and the references therein.

The rest of the paper is organized as follows. In Section 2, we will focus our attention on
the buondedness character of solutions of system (1.5) by developing new iterative method
and inequality technique. In Section 3, we will investigate the asymptotic behavior of
solutions of system (1.5). Then we show an example and carry out numerical simulations in
Section 4, from which it can be seen that all simulations agree with the theoretical results.
We finally conclude our paper in Section 5.

2. Boundedness character of solutions

This section is devoted to analyzing the boundedness of the positive solutions to the max-
type difference systems (1.5).

Theorem 2.1. Assume that f(1)=A°-pA+q and (a) thereis 4 >1 suchthat f(4)=0,

or (b) there is 4, =4, =1 such that f(4)= f(4,)=0. Then the system (1.5) has positive
unbounded solutions.

Proof. Obviously, from (1.5), we can easily see that

p p p
yn Zn Xn
Xn+1 Z q ' yn+1 Z q ! Zn+1 2 q . (21)
Zn—l Xn—l yn—l

By taking logarithm in (2.1), for anyn € N, we obtain
Inx,,>plny,—-qlnz,,, Iny,,>plnz,—qlnx,,, Inz _,>plnx, —qlny,,. (2.2)
Moreover, it follows that
INX,.. Y02 = PINXY,Z, —QINX, Y, 42, ;- (2.3)
Let v, =InX,y,z,, wheren>-1, then inequality (2.3) becomes
V,,=pv,—qv,,, neN,. (2.4)
By hypothesis (a), we have that f (1)=0 and 2 >1.

Let
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f(/l)— f(ﬂ) =A+a, (2.5)
then it follows that
f(A)=(1+a)(1-41,). (2.6)
Thus, we can obtain p=4,—-a and q=-a4,.
Set
u,=v,+av,,, neN,, (2.7)

Then inequation (2.4) can be written in the following form

= PV TV, =V = (4 -3V, —adv,,
= vn+1 +av, -4 (v, +av, ,) 2.8)
— AU,
>0.
That is
Uy, = AU, . (2.9)
Let Vv_,, V,be chosen such that
>lallv,]|. (2.10)
This, along with (2.9), yields to
U, = A4'Uy, and u,>0. (2.11)
Letting n— oo in(2.11), from assumption (a) 4 >1 and U, >0, it follows that
u,=V,+av,, —>+wo as N—+w, (2.12)
Hence {v,} ., isunbounded.As v, =Inxy,z,, it follows that
X,Y,Z, > as N—>oo, (2.13)

which along with \/x? + y2 + 22 >~/33/x_y z_ implies
X+ Vi 427 = o0, (2.14)

from which it follows that the sequence {(x,, Y,.Z,)},. , is unbounded.
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By hypothesis (b), we have p =2, q=1. Then from (2.1) we get

X Zn+1 > Xn
, , > (2.15)

yn Zn—l Zn Xn—l Xn yn—l

n+1 > yn yn+1 > Zn

Moreover, one has

Xn+l yn+1 yn+l > Xn ynzn > 00> XO yO Z0

22 ,» NeNg, (2.16)
Xn yn Zn Xn—l yn—lzn—l X—l y—l Z—1
and consequently
XoZy n
X0 YnZo 2 (M) XoYoZo» NE Ny, (2.17)
—ly—l -1

If we choose the initial conditionsx ,,y ,,z ;,%,, Y,,Z, suchthatx,y,z, >x,y ,z,>0then
we obtain (2.13) and consequently (2.14), which implies that the sequence{(xn, yn,zn)}nz_l is
unbounded, and then the proof of Theorem 2.1 is completed.

Next, we study the different cases concerning with the boundedness of positive solutions
to the systems (1.5).

Theorem2.2.If ¢>0,p>0 and p® <4q, then the solutions to system (1.5) are bounded.

Proof. Assume that (x,,Y,,z,) is a positive solution to systems (1.5). Then the following

n>-1

estimate obviously holds

min{x,,Yy,.z,}=¢, neN,. (2.18)

Due to the symmetry among {X,},{Y.} and{z.}, as long as we prove the boundedness of

{x.}, other sequences {Y,} and {z,}can be proved as well.

From systems (1.5), it follows that

Yo c? zp)
Xp,q = Max{c, ZL}: max{c,z, P }neN. (2.19)
Casel. When p?<q, we get
1

X .. <max{c !
L ' oI oPa-pRHg

t. (2.20)

Thus, the sequence {X,},._. is bounded.

Case2. When p’>q, letsequence {a}_ be defined as follows
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. 2.21
a,=9/(p-3q), a,=0, leN, (2.21)
From (1.5) and (2.21), we have
o g
La pq }
n-1 n-1
Z
p (p-a/p)p
= max{C, ( q/p) (Xq/(p q/p)) }
Zy4 n-2
c I ~ x P-a/(p-a/p)
= max{c, ( q/p)P’( q/(p_q/p))(p a/p)p (e )(p q/p)p}
Zn—l Xn—2 n—3
T ecese e a (2-22)
= max{c, ( ¢ ( ¢ (X”p G 11>)p Bz, (Al Yy
- q/p "Nyal(p-a/p) * ! q
Zn -1 Xn—2 n-3k
C Cp*aam yp_(p_aSkfl)_q B B
—maX{C ( q/p ( q/(p—q/p)’“"( ; , ”3" )p ask-z,,,,)(P q/P))p}
—1 Xn—2 yn 3k Zn—(3k+l)
¢ yr?—_;Ek p—ag.; (p-a/p)yp
= max{c, ( q/p (. a/(p-a/p) o q ) ) )}
n -1 Xn—2 n—(3k+1)
max{c ( ( ¢ (Z’? (ae’g‘:fl) )P Ak __,)(p—q/p))p}
- q/p ql(p-a/p) ' '\yq '
n -1 Xn—2 Xn (3k+2)

From the monotonicity of g(x)=q/(p—X) on the interval (0, p) along with the fact
O0=a,<a =q/p, it follows that the sequence {a,} is increasing as far as & <p for
every | eNy. Hence, we have lim,__a =x, x e(0,p] and x" is the solution of the

following equation

fO)=x(p—x)—q=0. (2.23)

However the equation (2.23) has no real roots existing in (0, p] when p* <4q, which is

contradiction. Hence there is |, €N suchthat & _, <P and & 2p.

If 1, =3k, then by using (2.18) in (2.22) it follows that

C Yo e \p-ages  \(p-a/p)yp
nia = Max{C, ( q/p (Xq/(pfq/p)"“’( q ) ) )"}

AN Zn-(3k+1) (2.24)
c 1

C — —
< maxde, (o (s () ™))

for n> 3k, from which the boundedness of {x,}  follows in this case.

If I, =3k+1, then it follows that
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P—a3k

c c Zy_(3k+1) \p-a (p-a/p)yp
Xn+1:max{c'(zq/p’( q/(p—q/p)’m’( q )e) )’}
1 Xno2 n-(3k+2) (2.25)
c ,cC 1 - -
< maX{C,(g,(c—az,'..,(cq_p+a3k+l)p ask,...)(p a1))p}

for n>3k+1, from which the boundedness of {x } . follows in this case.

If l,=3k+2, then it follows that

= ¢ ¢ Xr:):(a;kkfz) P—agis1 (p-a/p)y\p
X”*l_max{c’(zq/p’( q/(p—q/p)"“’(yq ) ) )’}
n-1 n-2 n-3(k+1) (2.26)
c ,C 1 ) )
SmaX{C,(E,(CTZ,1(W)P a3k+1’._.)(p al))p}

for n>3k+1, from which the boundedness of {x,} _ follows in this case.

Combined the case 1 p°<q and the case 2 q< p” <4q, we can obtain that the sequence
{Xx}.. is bounded when p<4j. In the same way, we can prove that the sequence {Y,} and

{z.} are bounded as well. Hence, every solution to systems (1.5) is bounded when p’ <4q.

Theorem 2.3. Assume that ¢>0, >0 and p=1. Then the solutions to systems (1.5)
are bounded.

Proof. Assume that {(X,,¥,.Z,)} is any positive solution to systems (1.5) in particular p=1.

We can easily know that X, =C,Y, 2C,Z, 2C. Therefore, we have
yn Zn Xn
X < maX{C,C—q}, Ynu < maX{C,C—q}, Zon < maX{C,C—q}, ne NO : (227)

From the above (2.27), it follows that

C X

X ot (2.28)

n+1

cC z c
< max{c,—y”}é max{c, —, =} < max{c,—,
Cq Cq c q Cq

Set

Vv —max{cC c Y
L "¢t e ¢

2y n=12,---and v, = X, V, =X,V = X, . (2.29)

3q

Assume that {v,} isthe solution to (2.29). Then V, is greater than X, forany n>2.

Casel. c>1.
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3g+1

). If v, <c* v, <c®* and v, <c®* from (2.29) we can obtain that ¢¢>1 and

v T
JT;*Z<C,SO V, =C,V; =C,Vy =C,---, which implies that Vv;,, =C. Moreover, V,=C, V,=C,

Vjp =C,--+, which implies that V;,,, =C and similarly V;, =C . Hence, the boundedness of
{Vo},., follows in this case.

3g+1

(b). If v, >c* v, >c* and v, >c* from (2.29) we can obtain that €<Zz;<z,<Z.

Through iteration, we can get that {Vy,,} is monotonically decreasing. Additionally,
V,>c forany n=3k-1keN, we can obtain that {vs,,} is bounded. Similarly, {v;,} and

{V;,..} are bounded as well. Hence, the boundedness of {v,} . follows in this case.

n>-1

(). If v,<c*™ v, <c®* and v, >c**, from above proof we can obtain that Vs, =C,
V;, =C and {vi,..} is monotonically decreasing. Additionally V, >C, we can obtain the

boundedness of {v,} _, follows in this case.

(d). If v, <™ v,>c* and v,<c*™ | from above proof we can obtain that
Vsny =C, Vi, =C and {vy,} is monotonically decreasing. Additionally Vv, >c, we can

obtain the boundedness of {v,} . follows in this case.

n>-1

3g+1 3gq+1 3g9+1

(). If v,>c™ v, <c™and v, <c™", from above proof we can obtain that V,, =C,

Vs =C and {Vi;,,} is monotonically decreasing. Additionally Vv, >c, we can obtain the

boundedness of {v,} . follows in this case.

n>-1

3g9+1

(f). If v, <c™, vy >c™™ and v, >c** from above proof we can obtain that Vs, , =C,

{v;,} and {v;,..} are monotonically decreasing. Additionally v, >C , we can obtain the

boundedness of {Vv,} . follows in this case.

n>-1

3g+1 3gq+1 3g+1

(9). If v,>c™, v,<c and v, >c™, from above proof we can obtain that Vv, =C,

{v;.} and {vi,..,} are monotonically decreasing. Additionally V, >C, we can obtain the

boundedness of {v,} _, follows in this case.

" and v, <c* | from above proof we can obtain that

(h). If v, >c* v, >c
Varn =C, {v5,.} and {v;,} are monotonically decreasing. Additionally V, >C , we can

obtain the boundedness of {V,} . follows in this case.

n>-1
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Due to the bounededness of { }

n>—

1

and X, <V,, we can obtain the boundedness of {x,}.

Similarly {y.} and {z.} are bounded as well. Hence, every positive solution to systems

(1.5) is bounded.

Case 2. O0<c<l.

(@)

If =1, infact X, >c, from (1.5) it follows that

z

n-1
1 1 , Zq 1)(q 2}
n-: n-: n-. n— (230)
c 1 1
= max{c,—,—}< max{c —1}
q 1X C2q -1
n-1 n-1"n-2
for ne N, which means that {X.} is bounded.
(b). If 0<q<1,letsequence {a} be defined as follows
a,=a-b, b,=0a, a=1-9,b=q, leN. (2.31)
Thus, from (1.5) we have
1-q &y
c z.9 e
., = max{c,—,— } max{c— 31 1
n-1 n -2 Zn—l Xn—2
1-q (1 q) q 3 a—b
c X c c¢c* X
:maX{C’ q q '’ q(l q)} max{c q b ncgffl
n-1 Xn—2 yn 3 Zn—l Xn—Z n-3
-9  A(-9)-q [(1-a)-al-q(1-q) 4 o by a,—h,
C C C c ¢ Yol
=max{c n-3 }=max{c
oa g9 7 ya-g) ! al(1-a)-q] oa T yb qa ' qa
Zn—l Xn 2 n-3 Zn—4 n-1 X 2 n—13 Zn—il
_ — by a a, a Agk-1
c ¢t c¥P g xr2” ch c® ¢® X
=max{C, — =, —— Ty e Emax{e, o S e )
Zn—l Xn—2 yn—3 Zn—4 yn—3k n-1 Xn—2 yn3 Zn4 yn—Sk
C Cal Cal_bl Caz‘bz g1 —P3 C Ca1 Caz Caa a3k
=max{c, e nb33k 3= max{c, e il EL L n3k}
Zn—l Xn—2 yn—3 Zn—4 Zn (3k+1) n-1 Xn 2 yn—3 Zn—4 Zn (3k+1)
_ _ -b.
C Cal Cal by Caz b, Za3k 3k Cal Caz Ca3 Zaam
=Max{C, ——,——, T, e, R Ma(C, e, e, e
Zn—l Xn 2 yn—S Zn—4 Xn (3k+2) Zn—l Xn 2 yn—S Z," Xn—(3k+2)
(2.32)
forevery keN.
From (2.31), we can deduce
a,—a+0a ,=01eN. (2.33)
9
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It is easy to see that the general solution of difference equation (2.33) is

8 =cA +Ch, C.CeR, (2.34)
where 4, = (1+1-4q)/2 . The fact VM‘ <lalong with (2.34) implies that the sequence
lim_.. a =0.From this and (2.31) we get lim,_, b =0,

Now note that from (2.32) it follows that

c® c® c® X
Xn+1 S maX{C, :: y y bz y b3 ey n éjkkll)}, (2.35)
Zn—l Xn—2 yn—3 Zn—4 yn—gk
or
c c* ¢®% c* Yo
Xn+1 < maX{C, q Ty b b T b3kn }, (236)
Zn—l Xn—Z n-3 Zn—4 Zn—(3k+1)
or

c c* c* % PAR
| o Beny (2.37)
q Xbl

Tyl b b
Zn—l n-2 yn2—3 Zn—4 Xn—k(?l,k+2)

X,,; < max{c,

The convergence of {a,} and {b|}I2—l along with (2.35)-(2.37) implies the boundedness

of {X}

1>-1

Since systems (1.5) is symmetric, the boundedness of {X,,}nz_1 implies the

n>-1"

boundedness of {Y,}.., and {z,} _,,asclaimed.

n>-1"

Theorem 2.4. Assume that ¢ >0, pe(0,1, then the solutions to systems (1.5) are bounded.

Proof. Assume that (X,, Y. Z,)ss iS a positive solution to systems (1.5). Then the following
estimate obviously holds

min{X,,y,,z,}=¢, neN,. (2.38)
Hence

p p’
C 4y

X C_q’cpq+q}

p
< max{c,y—g}g max{c,
c

n+1

o ; (2.39)
< max{c, e %o s
Cq

1.

! cPa+a ! Cp2q+pq+q
Let {v,} be the solutions of the following difference equation (2.40) and V=X,

Vo =Xg, V= X,

10
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3
1 1 vy
V,., = max{c,—, ,— 2
n+l t cI P " opa-pPa ” o pia+pag

Y} n=123.-. (2.40)

Since p €(0,1), the following function

3

1 XP
! c pg-p’+q ’ c p2g+pg-+q

1 (2.41)

f (x) = max{c, ip
c

is a concave function for sufficiently large x. Thus, it follows that there is a fixed point x",
suchthat f(X)<x for x>x". Itiseasy to see that if v, €(0,X], the sequence {V,},., is
bounded above by x* and if v, >X , it is non-increasing and bounded below by x".
Hence the sequence {V,} is bounded and consequently the sequence {X,} is bounded too.
In the same way, we can prove that the sequence {Y,} and {z,} are bounded as well.
Hence, every solution to systems (1.5) is bounded as claimed.

3. Asymptotic behavior of solutions

This section is devoted to analyzing the asymptotic behavior of solutions to system (1.5)
for c>1 and ce(0,1].

Theorem 3.1. Assuming 0< p <1 whenc € (0,1] then {(X, Y. Z,)} converges to

(x,y,2)=@11), while ¢>1, {(X,, ¥, 2,)} convergesto (x',y",z)=(c,c,c).
Proof. Casel. ce(0,1].

Due to the positivity of the solution to {(X.,Y¥,,Z,)} with initial data X,, X, >0
Yo: Y1 >0 and z,,z, >0, the systems (1.5) can be transformed to the following systems (3.1)

by the change of x,=e™,y, =€e",z =e" where s,20,t >0, r,>0, n>k and Inc<O0.

S, =Mmax{Inc, pt, —qr, ,}<max{Inc, pt } < pt,,
t.., =max{Inc, pr, —gs, ,}<max{Inc, pr.} < pr,, (3.1)
r.,=max{lnc, ps, —qt, ,}<max{Inc, ps,} < ps,.

Obviously, from systems (3.1), inequality (3.2) follows
Sn+3 = p3Sn7 tn+3 < pstn' r-n+3 = psrn- (32)
For p<1, s,,<s, can be obtained from inequality (3.2). The sequences {Ss;,}, {Ssn..}
and {s;..,} are monotone decreasing. In addition, as S, >0, we can get that lim s =0
and lim_,_x, =lim_,_e* =1 Then {X,} convergestol. {y,} and {z,} can be proved

11
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in the same way. Therefore, when c<(0,1] , if p<1, then {(X.,¥,.z,)} converges to
(x,y,2)=(@111).
Case 2. c>1.

Correspondingly, systems (1.5) can be transformed to systems (3.3) by the change of
X =c™,y =c",z =c" where S, 21t >1r >1 dueto X,=C,Y,=C,Z,>C.

Sn+l = maX{l, ptn - qrn—l}’
tn+1 = maX{l, pr, — qsnfl}' (33)
r., =max{l ps, —qt, ,}.

Furthermore, systems (3.3) can be written as systems (3.4).

S,., —L=max{0, pt. —qr, , -1},

t.., —1=max{0, pr,—-qs,, -1}, (3.4)
r.,—1=max{0, ps, —qt, ,—1}.

Similar proof has been fully given in case ¢ € (0,1]and here the rest proof is omitted.
Then the result is much alike with the one in above case:

lims, =1 limt =1 limr, _1
n—oo n ' now n ! now (35)
and
limx, =limc™ =c_ limy, =limc" =c_limz, =limc" =c (3.6)
n—o n—o n—o n—o ' noowo n—ow ' .

Therefore, assume 0<p<1 and c>1,then (x,,y,,z,) convergesto (X,y,Z)=(c.C,.cC).

Hence Theorem 3.1 is proved completely.
4. Simulation experiment

In this section, some numerical simulations are given to support our theoretical analysis.
As examples, we consider the following difference equations

05 05

X,,, = max{0.5, y“ =} V.., =max{0.5, ” —Hh Y, =max{0. 5 ——hneN,, (4.1)
Z n-1 —1 —1
Yn Z, X,

X, = max{l, ZT}, You = max{l,—-}, z,,=max{lL,—-}, neN, 4.2)
n-1 n-1 n-1
and

y Z05 XO.5

Xy = Max{l.5, =}y, =max{l.5,——},z,,, =max{l.5,——}, neN,. (4.3)
Z n-1 X n-1 n-1

12
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By employing Matlab R2013b, we solve the numerical solutions of the above equations,
which are shown respectively in the following Figures.

More precisely, the initial conditions of (4.1) are that x, =15, x,=12, y,=0.5,

Y,=08, z,=1,and z,=15. It is easy to show that the equations (4.1) satisfy the

conditions of Theorem 2.2. Fig.4.1 shows that the solutions of the equations (4.1) are
bounded. The initial conditions of (4.2) are that x, =15, x,=12, y,=05, y,=038,

z,=25,and z,=3. It is easy to show that the equations (4.2) satisfy the conditions of

Theorem 2.3 and Theorem 3.1. Figure 4.2 shows the solutions to equations (4.2) are
bounded and globally attractive. The initial conditions of equations (4.3) are that x , =15,

X, =12, y,=05, y,=08, z,=1,and z,=1.5. Itis easy to show that the equations

(4.3) satisfy the conditions of Theorem 2.4 and Theorem 3.1. Figure 4.3 shows the solutions
to the equations (4.3) are bounded and globally attractive.

12 ‘
— —x()
¢=0.5,p=0.5,9=2 —y(n)
10 “ z(n) H
\
8| | 1

x(n)/y(n)/z(n)
(ep]

-20 0 20 40 60 80 100

Figure 4.1. the solutions to equation (4.1)
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x(N)y(n)/z(n)

5
— X(n)
45+ - y(n) M
c=1,p=1,9=2 —1z(n)
4 4
35~ B
L | B
3 \‘
\
251~ ‘ B
I
Il
2 [ -
15 B
1 [
0.5 “\ | | | |
-20 0 20 40 60 80 100
Figure4.2. the solutions to equation (4.2)
4.5
—— x(n)
4l o y(n) i
—z(n)
351 c=1.5,p=0.5,9=2 ]
3 [ —
|
2.5~ =
I
It
2+ Il B
I
‘\ |
1.5~ o
[
1| | |
05 e‘s\ ! ! ! !
-20 0 20 40 60 80 100

Figure 4.3. the solutions to equation (4.3)

14

1476 Chang-youWang et al 1463-1479



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

5. Conclusion

It is obvious that the system of three max-type difference equations (1.5) is the extension
of the models in [26-29]. In this paper, we have dealt with the problem of boundedness
character and global attractivity for a class of max-type difference system. And we have
obtained some sufficient conditions which ensure the boundedness character and global
attractivity of the max-type system. Especially, the sufficient conditions that we obtained are
very simple, which provide flexibility for the application and analysis of max-type
difference system. These results generalize and improve some previous works. In addition,
we present the use of a new iteration method for symmetric systems of max-type difference
equations. This technique is a powerful tool for solving various difference equations and it
can be applied to other nonlinear differential equations in mathematical physics.
Computations are performed using the software package Matlab R2013b. Finally, some
numerical examples are given to show the validity of the obtained theoretic results
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The convexity of n-dimensional fuzzy mappings and the
saddle point conditions of the fuzzy optimization problems

Hong-Xia Li%*, Yu-Juan Bai?®, Zeng-Tai Gong®
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bCollege of Mathematics and Statistics, Northwest Normal University, Lanzhou, Gansu 730070 China

Abstract The purpose of this work is to consider the optimization problem of n-dimensional fuzzy
number valued functions. Firstly, the differentiability and convexity of n-dimensional fuzzy number
valued function are discussed by means of the support function and a new order relation, which is built
in the aid of the support function and the order of vector. Secondly, the fuzzy Lagrange function of fuzzy
nonlinear programming is presented and weak duality theorems are obtained. At last, the saddle point
of fuzzy lagrangian function is defined, the sufficient and necessity conditions of saddle point are given.
Keywords Fuzzy numbers; fuzzy programming; saddle point; duality theorem

1. Introduction

Since the concept and operations of fuzzy set were introduced by Zadeh, many studies have focused
on the theoretical aspects and applications of fuzzy sets, one of the main stream is the fuzzy optimization
in operation research. In 1970, Bellman and Zadeh[1] inspired the development of fuzzy optimization by
providing the aggregation operators, which combined the fuzzy goals and fuzzy decision space. After this
motivation and inspiration, there came out a lot of articles dealing with the fuzzy optimization problems
and the insightful survey can be seen in [3, 7, 11].

The duality of fuzzy linear programming was first studied by Rodder and Zimmermann[9] who consid-
ered the economic interpretation of the dual variables. Zhong and Shi[20] presented a parametric approach
for duality in fuzzy multi criteria and multi constrainted linear programming which extended fuzzy linear
programming approaches. Wu[l4|formulate the fuzzy primal and dual linear programming problems with
fuzzy coefficients by using fuzzy scalar product, prove the weak and strong duality theorems. Wu[15]
discuss the saddle-point optimality conditions in fuzzy optimization problems by introducing the fuzzy
scalar product. In Wu[16], under a general setting partial ordering, the duality theorems and saddle point
optimality of fuzzy nonlinear programming problems are derived. Zhang[21]discuss the saddle-points and
minimax theorems under fuzzy environment, obtain the KT conditions for fuzzy programming and con-
sider the “perturbed” convex fuzzy programming. Gong[5] propose the fuzzy Lagrangian function of a
fuzzy optimization problem by considering a total ordering on the set of fuzzy numbers, and the saddle
point of fuzzy Lagrangian function with its optimality condition were dicussed.Howere,the fuzzy number
in these research above is on the real line,which is one dimensional. There are few studies on n-dimensional
fuzzy numbers, maybe the ranking of n-dimensional fuzzy numbers has been a bottleneck for researchers.

The differentiability of fuzzy mappings from an open subset of a normed space into the n-dimension
fuzzy number space E™ was developed by Puri and Ralescu[8], which generalized and extended the
concept of Hukuhara differentiability for set mappings. Wang and Wu[12] proposed the directional
derivative,differential and sub-differential of fuzzy mappings from R™ into E using Hukuhara difference.
Hai[6] characterize the generalized difference of n-dimensional fuzzy number valued functions by means
of support functions and give the order relation <;by the aid of support function. Yan[18] give the order
relation on E considering the left and right endpoints and weights, which is a total order. Based on this,
we give the order relation of n- dimensional fuzzy numbers by means of the support function and the
order of vector, this order is partial and practical.

tThis work is supported by National Natural Science Foundation (11461062) and the Scientific Research Project for
Higher Education of Gansu Province (2015A-144).
*Corresponding Author: Hong-Xia Li. Tel.: +8613830467235. E-mail addresses: 1hxia0929@163.com
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The purpose of this work is to consider the optimization problem of n-dimensional fuzzy number
valued function. First, we present the terminology used in the present paper, and give the order relation
of n-dimensional fuzzy-number-valued function. In section 3, the differentiability and convexity are
introduced and its relations is studied. For nonlinear fuzzy programming problem, the weak duality
theorem the saddle point of fuzzy lagrangian function is is presented, further, the sufficient and necessity
condition of saddle point are obtained.

2. Definitions and preliminaries

In this section,basic definitions and operations for fuzzy numbers are presented.

Definition 2.1!71 X = R™ n > 1 is the real n-dimensional Euclidean space, A fuzzy number is a
mapping u : R™ — [0, 1] with the following properties:

(1) @ is a normal fuzzy set, i.e.there exists xg € R™ such that u(zg) = 1,

(2) w is a convex fuzzy set, i.e. u(Ax + (1 — N\)y) > min{u(x),u(y)} for any z,y € R™ and X € [0, 1].

(3) u is upper semi-continuous.

(4) [a]° = cl(suppu) = {x € R" : u(x) > 0} is compact.

we will denote E™ the set of fuzzy numbers.It is clear that any w € E™,r € [0,1],[u]" = {x € R" :
u(x) > r} denoted as r—level cut is a compact convex set. Further, we give the representation theorem
of these compact convex sets.

Theorem 2.20'7 Let & € E™, then

(1)[a]" is a nonempty compact convex subset of R™ for any r € [0, 1],

(2)[a]™ C [a]™, for 0 <ry <r; <1,

(3)If 7 > 0 and 7y, is a nondecreasing sequence converging to r € (0, 1], then (2, [u]™ = [@]",

Conversely, if {[A]" C R" : r € [0, 1]} satisfies the conditions (1)-(3),then there exists a unique u € E™
such that [u]” = [A]" for each r € (0,1] and [u]° = cd(Uyeo[u]") € [A]°.

Let u,v € E™ and k € R, the addition u+v and scalar multiplication ku is defined as: for any x € R",

(u+v)(x) = sup min{u(s),v(t)},
s+t=x

(ka0 () = a(%), k0,00 = 0,

where 0(z) = 1 when z = 0,0(z) = 0 when z # 0.
It is easy to get that the addition @ + ¥ and scalar multiplication ku have the level cut:

[a+0]" =" + 0] ={z+y:zeclu,ycu},

[Ful” = kfu]" = {kz : 2 € [u]"}.
The Hausdorff distance D : E™ x E™ — [0, 4+00) is defined by

D(u,v) = sup d([u]",v]"),
re(0,1]

where d is Harsdorff metric given by d(A4, B) = inf{c : N(A,e) D B, N(B,e) D A}, and N(A,e) = {z €
R™:d(x,A) = infyca d(z,y) < e}is the e— neighborhood of A. Then (E™, D) is a complete metric space,
and satisfies D(u + w,v + w) = D(u,v), D(ku, kv) = |k|D(w,v) for any u,v,w € E™ and k € R.
Definition 2.3['7 Let @ € E™, the support function of @ is defined by

a*(r,p) = sup (a,p), (r,p) € I x S,

a€lul”

where I = [0,1],8"1 = {x € R" : ||z|| = 1} be the unit sphere of R" and (-, -)be the inner product in
R", that is (z,y) = ;" | 2;y;, where © = (z1,22, -+ ,2n) € R",y = (y1,42, -+ ,yn) € R". Also, assume
that u = (ﬂl, Ug, - - ,ﬂn), then <.’L‘,ﬁ> = Z?:l Tiu;, u; € E™.
Theorem 2.4817 et 7 € E"™, then support functionu™® satisfy:

(Da*(r,p +q) < @*(r,p) +u*(r,q) for p,q € S"~1.

(2)u*(r, kp) = ku*(r,p),k > 0.
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(3)u* is uniformly bounded on I x S~ and |u*(r,p)| < SUPgeqpo |lall,

(4)u*(r,p) is nonincreasing and left continuous on r € [0, 1], right continuous at = 0 for each fixed
pe St

(5)u*(r,-) is uniformly Lipschitz continuous for r € [0, 1], that is

| (r;p) = 0" (r,q)| < (sup [lal])llx =y,

a0

(6)
d([u]", [o]") = sup [u*(r,p) — 0" (r,p)l;
peSnfl

for any r € [0,1],u,u € E™.

(T)(=u)"(r,p) = @ (r, —p).
Theorem 2.5 Let w,v € E™, then

(1)(su + tv)*(r,p) = su*(r,p) + tv*(r,p),s,t > 0,

(2)D(u, v) = sup,epo 1) [a* (r, p) — 0*(r, p)|| = sup,epo,1) SUPpesn-—1 [u*(r, p) — 0*(r, p)|.
Proof (1)We prove that (u+v)*(r,p) = u*(r, p) +v*(r, p) firstly. From the definition of support function,

(@+0)"(r,p)= sup (a,p)= sup (a,p)= sup (b+c,p)
a€lu+v)” a€(u]"+[v]" be(a]",cev]”
= sup (<b7p> + <C, p>) = ﬂ*(T’, p) + 6*(7’,]))
bem"" celo]”

in addition,for any k& > 0,

SO a s
(ku)*(r,p) = sup (a,p) = sup (a,p) = sup k(-,p) = ku*(r,p),
a€lka]” acka]” FE[@"

therefore,we get (1).

(2)

D(u,v) = sup d([u]",[u]") = sup sup [|u"(r,p) —v*(r,p)| = sup [[a*(r,p) —v"(r,p)l.
ref0,1] r€f0,1] pesn—t ref0,1]
we denote by K" and K§ the spaces of (nonempty) compact convex sets of R" respectively.The

generalized Hukuhara difference of two set A, B € K (gH-difference for short)is defined in[4,6,10] as

follows:
(a)A=B+C,

or(b)B=A+(-1)C

where A+ B={x+y:z € Ay € B},kA = {kx : x € A}, k € R. Stefanini[10] extent the generalized
Hukuhara difference to the fuzzy case. For any u,v € E™, the generalized Hukuhara difference(gH-
difference for short)is the fuzzy number w, if it exist,then

_ o (a)u =7v+ w,
UOGgH V=W <

A@gHB:C<:>{

or(b)v =u+ (—1)w.

From the theorem 2.4,it is easy to have the follows:
Theorem 2.6 Let u,v € E",u ©45 v = w, Then w*(r,p) = w*(r,p) — v* 7‘, p),r €[0,1],p € S"!
Proof Since ©w ©45 v = w, then either (a)u = v+ w, or (b)v = u+ (—1)w. For (a), from 2.5(1),we have

u(r,p) = v*(r,p) + w*(r, p).
For (b),
0" (r,p) = u*(r,p) + (=)w"(r,p) = u*(r, p) + w"(r, —p),
then
w*(r,p) = —w*(r, —p) = u*(r,p) — v*(r, p)
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for any r € [0,1],p € S*~1L.
Definition 2.7 Let @,7 € E, % < ¥ denoted as

) 1
/ r(@ (r) + @ (r))dr < / r(U(r) + 07 (r))dr,
; 0

where [u]" = [a(r),a"(r)], [0]" = [0 (r), 0" (r)],r € [0,1].

For any © = (z1,22, -+ ,Zn), ¥y = (1,92, ,yn) € R", we define: x <y if and only if z; < y;for any
i(i=1,2,--- ,n), and = < y means x < y and there exist m, such that z,, < y,(m =1,2,--- n).
Definition 2.8 For any u,v € E™, we say that u < v if

(7(u1),7(u2), -+, 7(wn) < (7(01),7(v2), - -+, 7(Vn),
~ 1 ~k ~k - — - —
where 7(u;) = fo r(u*(r, ej) — u*(r,e; ))dr, e;“ = (z1,22, -+ ,Tp) € S" 1’62‘ = (y1,y2, - ,yn) € ™71
andz; = 1,y; = —1 when j =4, z; = y; = 0 when j # i(i,j = 1,2,--- ,n). we say that u < vifu < v

and there exist i(i = 1,2,--- ,n), such that 7(u;) < 7(v;). Particularly, Def 2.8 is just as Def 2.7 when
n = 1, it means the Def 2.8 is the extension of the Def 2.7. u < v also denoted as v > .

min(u,v) = w if and only if 7(w;) = min(7(w;), 7(v;))(¢ = 1,2,--- ,n). In the follows, we denote
(T(ﬂl)a T(ﬁ2)7 T 77(17“)) = H[ﬂ],

3. Differentiability and convexity

Wang and Wu[l12] present the directional derivative of the fuzzy mapping F' : R" — E, that is
characterized by the directional derivative of the real function. Below we give the differentiability of
F: R" — E", and transformed it into the differentiability of functional in Banach space, then defined
gradient and convexity and studied its relations.

Definition 3.1 Let F : M(C R") — E™ be a fuzzy-number-valued function, 2° = (29,29, ,29) €
intM. If there exist uy, U, - ,u, € E™, such that
. D(F(x),F(2°) + 31 (z; — 27)a)

lim =0,

z—20 d(:(}, 1’0)
then we call F is differentiable at 2°, and denotesy F(2°) = (U1, s, - - - , Up) the gradient of ' at 2°, where
T = (1’1,-’132, e ,l’n).
Theorem 3.2 Let F': M(C R") — E" be a fuzzy-number-valued function, 2° = (29,29,--- ,2%) € intM.

F is differentiable at 2° if and only if
F(2)*(r,p) = F(a°)"(r,p) + Y _(xj — 23)@;(r,p) + o(d(x,2°)) (3.1)
j=1

for any r € [0,1] and p € S*~ L.
Proof F is differentiable at 20, if and only if

i, PUE@), F(2%) + 375 (25 — 27);)
2ra0 d(z, x0)

:0’

if and only if

1o SUPrefo,1] SUPpesn-t [F(@)"(r,p) — F (2°)(r,p) = 30y (g — ad)us(r,p)| 0
x—>z0 d(.’L‘,l’O) -

if and only if
L AP@) () — P () = S (0~ )5 r,p)
z—x0 d(:ﬂ, CEO)

=0
for any r € [0,1] and p € S* !, if and only if

F(2)"(r,p) = F(@) (r,p) + Y _(z; — 2@} (r,p) + o(d(x,2"))
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for any r € [0,1] and p € S™ L.

Theorem 3.3 Let F' : M(C R") — E" be a fuzzy-number-valued function, F is differentiable at 7, if =
is a local minimum solution, then VF () = (0,0, -- ,0).

Proof Since 7 is a local minimum solution, then there exist a § > 0, such that F(x) = F(Z) for any
z € J(T,d) N M. that is

1 1
P(F();) = /0 P[P () (re}) — F(a)* (e )]dr > /0 @) (r.e}) — F@) (¢} )]dr = 7(F(z),)

for 1 <i < n. From the theorem 3.2 and arbitrariness of x,
1
T((uj)i) = / r[ﬂj(r, ej) —uj(r, e; )Jdr=0(i,5=1,2,--- ,n),
0

thus %, = 0, and VF(Z) = (0,0,--- ,0).

Definition 3.4 Let F' : M(C R") — E" be a fuzzy-number-valued function,M be a convex set. Then
F(z) is said to be a convex fuzzy-number-valued function on M if for any =,y € M, \ € [0, 1], such that
Az + (1 — Ny € M, we have

FAz+ (1= XNy) 2 AF(z) + (1 = N F(y). (3.2)

we call F(x) is a strictly convex fuzzy-number-valued function on M, if for any xz,y € M,z # y, A €
[0,1],such that Az + (1 — A\)y € M, we have

FOa + (1— Ny) < AF(z) + (1 — N F(y).

Theorem 3.5 Let M be an open convex set, F': M — E", and F is differentiable, then F' is convex if
and only if

F(x) = F(y) +(VF(y),z —y) (3.3)

for any z,y € M.
Proof Assume that F' is convex, then for any z,y € M, \ € (0,1), we have

Fz + (1= ANy) 2 AF(z) + (1= A)F(y),

that is
H[F(Az + (1= Ny)] < AH[F(z)] + (1 = N H[F(y)].

thus
T(F(Az + (1= Ny)i) < AT(F(2)i) + (1 = )7 (F(y):)

for any 1 < i < n, that is

1
/0 r[F(Az + (1 — XN)y)*(r, e:r) — FAz+ (1= N)y)*(r,e; )]dr

< / rF(@)*(reF) — F(a)(r,e0)]dr + (1 - ) / rF(y) (r, ) — P(y)*(r,e;)dr.
0 0

Since F' is differentiable, then

F(ha + (1= N)y)"(r,p) = F(y)*(r,p) = D Az — )75 (r,p) + Mollz — ]|,
j=1

for any r € [0,1] and p € S" !, where VF(y) = (01,02, ,Up), therefore,

1 1
/0 PP + (1= Ny)(ryef) — FOe + (1= A))* (5 ))dr — /O r[F(y) (r.ef) — F(y)* (r, ] )ldr
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< A<jﬁ rF(2) (r,ef) — F()*(r, e )]dr — jﬁ rF(y)(r, ) = F(y)* (r,e0))dr)

thus
1 n n
/0 T[Z My — ;)05 (r, el) — Z)\(QSJ y;)v; (r,e; )dr
Jj=1 j=1
1 1
<[ PG () = Fa) (e lr = [ olP@)ue) = P ey lar)
that is .
(O (25— y)(@)i) < T(F(2):) = 7(F(y):),
j=1
We have .
> (@ —y)v; = Flw) — F(y),
j=1
therefore

F(z) = F(y) +(VF(y),z — y).

Conversely, assume that for any (), 2(2) € M, we have
F(z®) = F(aW) + (VF(zW), 2?) — 1),

Let y be a point between the (1) and (), then y = Az + (1 — X\)z® for some A € (0,1), and y € M
since M is a convex set. Based on the assumption, we have

F(zW) = Fy) + (VF(y), = —y),

F(z®) = F(y) + (VF(y),=® —y),

that is
H[F ()] > H[F(y)] + H{(VF(y),z") - y)], (3-4)
H[F(x®)] > H[F(y)] + H{(VF(y), = —y) (3.5)
From (3.4)and (3.5),
T(F(z)) = 7(F(y)i) + T((VF(y), 2" = y))i), (3.6)

T(F(2®);) = 7(F(y)i) + T(VF(y), 2 = y))i) (3.7)
for 1 <14 < n. Multiple(3.6),(3.7)by A, (1 — \) respectively, and then add the result, we have

:-‘\

A (E (W) + (1= Nr(F(@®)) = m(F(y)s),

that is
FOz® 4+ (1= Nz®) < AF@EW) + (1 = ) F(z?),

thus F' is a convex fuzzy-number-valued function.

4. The duality and the saddle point

Duality plays an important role in the development of optimization theory and algorithm. In this
section, the duality theory of fuzzy nonlinear programming is introduced, and the weak duality theorems
are obtained. At the same time, the Lagrange function of fuzzy nonlinear programming and saddle
point are defined, and then discusses the relation between the saddle point of Lagrange function and the
optimal solution of prime problem and dual problem and given saddle point optimality conditions.
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Let X C R™ be an open set, F(z),Gi(x)(i = 1,2,--- ,m) be fuzzy-valued functions on X, now we
consider the following primal fuzzy optimization:

(FP) { Gi(x) =0(j =1,2,--- ,m), (4.1)

where S = {z € X|Gj(z) < 0(j = 1,2,--- ,m)} is the set of feasible solutions for problem (FP), and
denote = € S the feasible solution for problem (F'P).
We define the fuzzy-valued Lagrangian function for the primal problem as follow:

m

L(z,u) = F(z)+ Y _u;G;(x)
j=1
for all x € S and all (uy,u2, -+ ,um) € R, u; >0(j =1,2,---,m).
Now we define the dual fuzzy optimization problem as follow:
max L(u)
(FD) {ujzouzl,z---,m)- 42)
where L(u) = ming L(z,u),u = (ui,ug, - ,um) € R™.

Theorem 4.1 (Weak Duality Theorem) Let z € X(C R"),u € Y(C R™) be the feasible solution of
problems (FP) and (FD) respectively. then

F(x) = L(u).

Proof From the definition of L(u), we have

L(w) = min L(z,u) = min(F(z) + Y u;G;(2)) < Fz) + Y u;Gy(x). (4.3)
j=1 j=1
that is .
T(L(w)i) < 7(F(@):) + Y uym(Gy(x)s),
j=1

for 1 <14 < n. Since x and u is the feasible solution of problems (FP) and (FD) respectively, that is u; > 0
and G(x) < 0(j = 1,2,--- ,m), thus 7(G;(z);) <0(i = 1,2,--- ,n), then we have 7(L(u);) < 7(F(x);)for
1 <i < n, then L(u) < F(z).

From above it follows easily:
Proposition 4.2 For the problems (FP) and (FD), we have

min{F(z)|G;(z) <0,z € X,j=1,2,--- ,m} = max{L(u)|u > 0}.

Proposition 4.3 Assume that
F(z) 2 L(u),

where 7 € {z|Gj(z) = 0,z € X,j =12, ,m}, w > 0, then T and w are the optimal solutions of
problems (FP) and (FD) respectively.

Definition 4.4 Let 7 € X(C R"),u € Y(C R™), then (7, u) is called a saddle point of the fuzzy-valued
Lagrangian function L : X x Y — E™ if and only if

L(z,u) % L(z,u) X L(x,u) (4.4)

holds for every (z,u) € X x Y.
Theorem 4.5 Let (7,u) be a saddle point of the fuzzy-valued Lagrangian function L(x,u), then T and
u are the optimal solutions of problems (FP) and (FD) respectively.
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Proof Assume that (Z,u) be a saddle point, we are going to prove T € S firstly. It follows easily from
the definition of saddle point, L(Z,u) < L(Z,u) holds for all u € R™, that is

F(@)+ > uGi(@) < F@) + Y _u;G;(T),
j=1

j=1
o . .
T(F(®)i) + Y uyr(Gi(@)i) < 7(F(@)i) + Y u(G5(T)s),
j=1 j=1
> (uj —w)r(G5(x);) < 0. (4.5)
j=1
holds for any 1 < i < n, Let uy, = U, + 1 and u; = u;,j # k, from (5.5)we have 7(Gy(T);) < 0(k =
1,2,---,m).It says that T is a feasible solution of (FP). Now we’ll prove T and u are the optimal so-

lutions of problems (FP) and (FD) respectively. Let uj(j = 1,2,---,m) in (4.5) be taken as 0, then
> o1 (=) 7(G}(T);) < 0. since w; > 0, 7(G(7);) < 0, then we have

> (—1,)7(G;(@);) = 0. (4.6)
j=1

From the right inequality of (4.4), 7(F(Z);) < 7(F(x):) + > 7L, (@;7(Gj(x);) holds for all € S. So
F (%) = L(u). That is T and @ are the optimal solutions of problems (FP) and (FD) from the proposition
4.3.
Lemma 4.606 Let X be a nonempty convex set in a real vector space R*, F : X — R, G = (G1,Gay -+,
Gn),G; : R" — R(i =1,2,--- ,n) be convex functions. We consider the following conditions.

Condition a: F(x) < 0 and G(x) < 0 for some z € X

Condition b: uoF(z) + (u,G(x)) > 0 for all x € X, (ug,u) > 0 and (up,u) # 0.

If Z does not satisfy Condition a, then Condition b has a solution (ug,u) when T substitute x.
Theorem 4.7 Let X C R" be a nonempty convex sets, F' : X — E",G; : X — E"(j =1,2,---,m)
be convex fuzzy-valued functions, T be an optimal solution of problem (F P), assume that there exist z

, such that G(z) < 6, then there exists w > 0,such that
L(z, ) = F(z)

holds for every z € X.
Proof 7 be an optimal solution of (F'P), then F(x) > F(Z) for any z € X, that is

1 1
T@@MZATWWWWDN@WﬁHWZArW@WWDﬂ@%@ﬂmzﬂﬂm)

for 1 <i < mn,Since FF': X - E",G; : X — E™(j = 1,2,--- ,m) be convex fuzzy-valued functions,
then 7(F(z);), 7(Gj(z):)(j = 1,2,--- ,m,i =1,2,--- ,n) are convex real-valued functions. Therefore we
consider the following systems:

1 1
/ F[F () (ryeF) = F(2)*(r, e Y)dr — / FF@) (r,eF) = F@) (1 e7))dr < 0,
0 0

1
/ T[G;(r,ej')—G;(r,e;)]dTSO(jzl,Z,--- 7m)?
0

the system has no solution on X, then from lemma 4.6, there exists (up,u) > 0 and (ug, u) # 0 such that

m

uo(r(F(x);) — 7(F(®):) + > uym(Gy(x)i) > 0

J=1
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for every 2 € X. assume that ug = 0, then » 7", u;7(G;(2);) > 0 holds for every » € X, since there
exists x, such that 7(Gj(z);) < 0 for 1 <i < n, then u; = 0(j = 1,2,---,m), it contracts (ug,u) # 0,
thus ug > 0. dividing the inequality by ug, we have

T(F(2);) — 7(F(@):) + Y _ujr(Gj(x)i) > 0,
j=1

where u; = Z—é(j =1,2,---,m). then

m

F(z)+ ) ujGj(z) = F(T).

J=1

denote w by v/, and then there exists u > 0, such that L(z,u) > F(T).

Theorem 4.8 Let X C R" be a nonempty convex set, F': X — E", G; : X — E"(j =1,2,--- ,m) be
convex fuzzy-valued functions, T be a optimal solution of problem (F'P), assume there exists xz, such that
Gj(x) = 0, then there exists w > 0, such that (Z,u) be a saddle point of the fuzzy-valued Lagrangian
function L(z,u).

Proof Let T be an optimal solution of problem (F'P), from the theorem 4.7, there exists @ > 0 such that

L(z,7) = F(7) (4.7)

holds for every x € X. then

and @; > 0,G4(Z) < 0(j =1,2,--- ,m), s0

> u;Gi(T) =0. (4.8)

j=1
That is .
L(z,m) = F(E) + Y_u,G,(T) = F(T),
j=1
From (4.7), we have
L(z,u) < L(z,u) (4.9)
From the definition of L(x,u), we have
L(Z,u) = F(Z)+ Y u;G,(T),
j=1
and G4(Z) < 0,u; > 0(j = 1,2,--- ,m), then
L(z,u) = F(z) = L(z,u). (4.10)

the (4.9),(4.10) indicate that (Z,u) be a saddle point of the fuzzy-valued Lagrangian function L(x,u).

5. Conclusion

In this article, we introduced the convexity and differentiability of n-dimensional fuzzy-number-valued
function by means of a new order relation, which Pave a way for n-dimensional fuzzy optimization
problem, so the saddle point optimal condition can be implemented.The n-dimensional fuzzy number
valued function has been embedded into a complete Banach space, which is expressed by its support
function, but the order of its support function is improper for fuzzy number, and establish this new order
relationship more grasp the location information of fuzzy numbers. In the future work, we will discuss
the application of n-dimensional fuzzy optimization in practice.
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Abstract

The full comprehension and handling of the phenomenon of shattering, sometime happening
during the process of polymer chain degradation [29, 32], remains unsolved when using the tra-
ditional evolution equations describing the degradation. This traditional model has been proved
to be very hard to handle as it involves evolution of two intertwined quantities. moreover, the
explicit form of its solution is, in general, impossible to obtain. In this article, we explore the
possibility of generalizing evolution equation modeling the polymer chain degradation and ana-
lyze the model with § derivative. We consider the general case where the breakup rate depends
on the size of the chain breaking up. In the process, the alternative version of Sumudu integral
transform is used to provide an explicit form of the general solution representing the evolution
of polymer sizes distribution. In particular, we show that this evolution exhibits existence of
complex periodic properties due to the presence of cosine and sine functions governing the so-
lutions. Numerical simulations are performed for some particular cases and proves that such a
system describing the polymer chain degradation contains complex and simple harmonic poles
whose effects are given by these functions or a combination of them. This result may be crucial
in the ongoing research to better handle and explain the phenomenon of shattering.

Keywords: (- derivative; depolymerization; replicated fractional poles; simple and complex
harmonic motion; shattering

1 Introduction, motivation and Justification

Depolymerization is the process where polymers or biopolymers are converted into
monomers or mixtures of monomers. Polymers range from familiar synthetic plastics
such as polystyrene (also called styrofoam) to natural biopolymers such as DNA and pro-
teins that are fundamental to biological structure and function. Historically, products
arising from the linkage of repeating units by covalent chemical bonds have been the
primary focus of polymer science; emerging important areas of the science now focus on
non-covalent links. Polyisoprene of latex rubber and the polystyrene of styrofoam are
examples of polymeric natural/biological and synthetic polymers, respectively. In biolog-
ical contexts, essentially all biological macromolecules, i.e. proteins (polyamides), nucleic
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acids (polynucleotides), and polysaccharides are purely polymeric, composed in large part
of polymeric components, for instance, isoprenylated /lipid-modified glycoproteins, where
small lipidic molecule and oligosaccharide modifications occur on the polyamide backbone
of the protein.

Today, it is widely known that the Newtonian concept of derivative can no longer
satisfy all the complexity of the natural occurrences. A couple of complex phenomena
and features happening in some areas of sciences or engineering are still (partially) un-
explained by the traditional existing methods and remain open problems. Usually in
mathematical modeling of a natural phenomenon that changes, the evolution is described
by a family of time-parameter operators, that map an initial given state of the system to
all subsequent states that takes the system during the evolution. A widely devotion has
been predominantly offered to way of looking at that evolution in which time’s change
is described as transitions from one state to another. Hence, this is how the theory of
semigroups was developed [16, 25], providing the mathematicians with very interesting
tools to investigate and analyze resulting mathematical models. However, most of the
phenomena scientists try to analyze and describe mathematically are complex and very
hard to handle. Some of them like depolymerization, the rock fractures and fragmentation
processes are difficult to analyze [11, 33] and often involve evolution of two intertwined
quantities: the number of particles and the distribution of mass among the particles in the
ensemble [15, 20, 28]. Then, though linear, they display non-linear features such as phase
transition (called “shattering”) causing the appearance of a “dust” of “zero-size” particles
with nonzero mass. The phenomena of “shattering” remain (partially) unexplained by
traditional models.

Another example is the groundwater flowing within a leaky aquifer. Recall that an
aquifer is an underground layer of water-bearing permeable rock or unconsolidated mate-
rials (gravel, sand, or silt) from which groundwater can be extracted using a water well.
Then, how do we explain accurately the observed movement of water within the leaky
aquifer? As an attempt to answer this question, Hantush [17, 18] proposed an equation
with the same name and his model has since been used by many hydro-geologists around
the world. However, it is necessary to note that the model does not take into account
all the non-usual details surrounding the movement of water through a leaky geological
formation. Indeed, due to the deformation of some aquifers, the Hantush equation is not
able to account for the effect of the changes in the mathematical formulation. Hence, all
those non-usual features are beyond the usual models’ resolutions and need other tech-
niques and methods of modeling with more parameters involved.

Furthermore, time’s evolution and changes occurring in some systems do not happen
on the same manner after a fixed or constant interval of time and do not follow the same
routine as one would expect. For instance, a huge variation can occur in a fraction of
second causing a major change that may affect the whole system’s state forever. Indeed,
it has turned out recently that many phenomena in different fields, including sciences, en-
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gineering and technology can be described very successfully by the models using fractional
order differential equations [4, 6, 9, 10, 13, 14, 19, 22, 27]. Hence, differential equations
with fractional derivative have become a useful tool for describing nonlinear phenomena
that are involved in many branches of chemistry, engineering, biology, ecology and numer-
ous domains of applied sciences. Many mathematical models, including those in acoustic
dissipation, mathematical epidemiology, continuous time random walk, biomedical engi-
neering, fractional signal and image processing, control theory, Levy statistics, fractional
phase-locked loops, fractional Brownian, porous media, fractional filters motion and non-
local phenomena have proved to provide a better description of the phenomenon under
investigation than models with the conventional integer-order derivative [6, 22, 26].

One of the attempts to enhance mathematical models was to introduce the concept
of derivative with fractional order. There exist in the literature number of definitions of
fractional derivatives, including Riemann—Liouville and Caputo derivatives respectively

defined as

Do) = s () [ 0w )

n—1<a<n and

D (1(0) = s [ (a0 () S0 )

n—1<a<n. A new fractional derivative with no singular kernel was recently proposed

by Caputo et al. in [7]. However, Caputo fractional derivative [8], for instance, is the
one mostly used for modelling real world problems in the field [4, 6, 1315, 20, 28].
However, this derivative exhibits some limitations like not obeying the traditional chain
rule; which chain rule represents one of the key elements of the match asymptotic method
[20, 28]. Recall that the match asymptotic method has never been used to solve any
kind of fractional differential equations because of the nature and properties of fractional
derivatives. Hence, the conformable fractional derivative was proposed [2, 21]. This
fractional derivative is theoretically very easier to handle and obeys the chain rule. But
it also exhibits a huge failure that is expressed by the fact that the fractional derivative
of any differentiable function at the point zero is zero. This does not make any sense in a
physical point of view and then, a modified new version, the S—derivative was proposed
in order to skirt the noticed weakness. The main aim of this new derivative was, first
of all, to extend the well-known match asymptotic method to the scope of the fractional
differential equation and later to describe the boundary layers problems within the folder
of fractional calculus. The f-derivative was defined as [1, 15, 20]:

g(t+e(t+ﬁ)l_ﬁ)—g(t)

lirré - forallt>0, 0<pf<1
0DJg(t)=4 7 (3)
g(t) for all t >0, =0,
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where ¢ is a function such that g: [0, oco) =R and I' the gamma-function

)= /OOO t~te L.

If the above limit of exists then ¢ is said to be S—differentiable.

Note that for =1, we have D/ ¢(t) = £ g(t). Moreover, unlike other derivatives with
fractional parameters, the S—derivative of a function can be locally defined at a certain
point, the same way like the first order derivative. For a general order, let us say mf3, the
mp—derivative of g is defined as

ApmE (1) =4 DP (g;‘pgm—”ﬁg(t)) for all t>0,meN, 0<f<1 (4)

Notice that the mp—derivative of a given function provides information about the previous
n — l—derivatives of the same function. For instance we have

DP9 =4 D7 (4 D7g(1))

(o) [0 (eort) (o) o] "

This gives the f—derivative a unique property of memory, that is not provided by any
other derivative. It is also easy to verify that for § =1, we recover the second derivative
of g. For more properties and details on this new derivative, the readers can consult the
reference [1, 15, 20, 28].

1.1 The kinetic equation

The evolution of the sizes distribution occurring during polymer chain degradation is
well known [12, 15, 32] to be described by the following integrodifferential equation

o0

%g(fat):—g(w,t)/OIH(y,x—y)dy+2/g(y,t)H(x,y—x)dy, x,t>0.  (6)

x

Expressing the solution of equation (6) in its explicit form is very hard since fragmentation
(or polymer chain degradation) processes, as explained in the previous section, are difficult
to analyse as they involve evolution of two intertwined quantities: the distribution of
mass among the particles in the ensemble and the number of particles in it. That is why,
though linear, they display non-linear features such as “shattering” phenomena which
they cannot fully explain [11, 15, 33]. Then, in order to have a broader idea about the
evolution of polymer chain degradation and maybe trying to understand the phenomenon
of shattering as described here above, we explore the possibility of extending the analysis
by considering the f—derivative defined in the previous section. This yields the following
integrodifferential equation:
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éng(x,t):—g(x,t)/ Hg(y,x—y)dy—i—Q/g(y,t)Hg(x,y—:L’)dy, x, t>0. (7>
0

subject to the initial condition

g(x,()):go(x), z>0 (8)

where g(z,t) represents the density of z-groups (i.e. groups of size ) at time ¢ and Hg(z,y)
gives the average fragmentation rate, that is, the average number at which clusters of size
x+vy undergo splitting to form an z-group and a y-group.

2 Some useful properties in the f—differentiation

Recall that there is a growing problem about the choice of the type of fractional
derivative to use among the large number of its existing versions. We already men-
tioned the incapacity of most of them to explicitly provide the variation of the functions.
Moreover, many models using fractional derivatives are not easy to handle analytically.
The pf—derivative allows us to palliate some insufficiencies of other fractional derivatives
and then, we were able to successfully extend the well-known match asymptotic method
[20, 28] to the scope of the fractional differential equation and also describe the boundary
layers problems within the scope of fractional calculus. Next we recall some properties of
the J-derivative all proved in [15, 20, 28].

Theorem 2.1. Assuming that, a given function, say g :la, oo) = R is f—differentiable
at a given point, say to>a, B € (0, 1], then g is also continuous at to.

Theorem 2.2. Assuming that f is S—differentiable on an open interval (a, b) then
1. If 64Dt’8f(t) <0 for all t € (a, b) then f is decreasing on (a,b);
2. If éfo(t) >0 for all t € (a, b) then f is increasing on (a,b);
3. If OAfo(t) =0 for all t € (a, b) then f is constant on (a,b).

Theorem 2.3. Assuming that, g # 0 and f are two [—differentiable functions with 3 €
(0,1] then the following relations are satisfied

1. 64Dt’3 (af (t)+0bg(t)) = af)“DtB (f (1) —i—bg‘Df (g(t)) for all real numbers a and b;
2. 64Dt’8 (¢)=0 for any given constant c;
30D (£ (1) 9(®) =g (3D, (f 1)+ (HFD; (9());

4 A Dt,B < f(t)) B g(t)é‘Df(f(t))ff(t)é‘Df(g(t))'

9(t) 9%()
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Theorem 2.4. Let f: [a, 00) — R be a function such that f is differentiable and also
B—differentiable. Let g be a function defined in the range of f and also differentiable,
then we have the following rule

1-8
8 1
0D, (gof ()= (t+=r= | f()g (F(1) (9)
INE)
Definition 2.1. Let f: [a, 00) — R be a given function, then we propose that the 5—
integral of f is
A 3 t 1 B-1
oI (f(t :/(§+—) f&)de 10
(o= [ (ergg) 1@ (10)
The above operator is the inverse operator of the proposed fractional derivative. We
shall present to underpin this statement by the following theorem.

Theorem 2.5. D/ [é[ff(t)] = f(t) for all ¢ > 0 with f a given continuous and
differentiable function.

Proof. [1, Theorem 7] O

Theorem 2.6.
o] = - (11)

for all t > a with f a given continuous and differentiable function.

Proof. [1, Theorem §] O

3 Solutions to the model

Note that these above models (6) and (7) are well applicable in many branches of
natural sciences, including physics, chemistry, engineering, biology, ecology, just to name
a few, and in numerous domains of applied sciences, such as the rock fractures and break
of droplets. Various types of fragmentation equations have been comprehensively an-
alyzed in numerous works (see, e.g., [12, 30, 33]). In the domain of polymer science,
the fragmentation dynamics has also been of considerable interest, since degradation of
bonds or depolymerisation results in fragmentation, see [5, 23, 32]. In [23], the authors
used statistical arguments to find and analyze the size distribution of the model. The
authors in [5] analysed the model in combination with the inverse process, that is, the
coagulation process, and provided a similar result for the size distribution. However, the
classical fragmentation model (6) has been proved to be unable to fully describe some
bizarre phenomena observed in such a degradation process, like for instance shattering
as described above and also in [11, 23, 32, 33]. Recall that shattering is a phenomenon
seen as an explosive or dishonest Markov process, see e.g. [3, 24] and has been associated
with an infinite cascade of breakup events creating a ‘dust’ of particles of zero size which,
however, carry non-zero mass. Hence, to have explicit solutions to the model, we consider
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the case where the breakup rate depends on the size of the chain breaking and takes the
form
Ha(z,y)=(z+y)", veR (12)

Substituting in equation (7) yields

Df (gl ) = 2" g a, 1) + 2 / Voly iy, 0<B<1 (13)

Taking the the modified Sumudu transform Sg (see the Appendix below) of both sides of
equation (13) yields

S5 (Dlg(e.t).r) =162 )+ 2 [ 4" GEw.r)dy,

where G(z,r) represents the the modified Sumudu transform Sz(g(x,t),r) of g(z,t).
Using the relation (23) of Appendix, we obtain

o0

G ) — gy (2)) = 2" TG () + 2 / ¥ G (y,r)dy,

x

rearranged to have

o0

(1+271) G2wr) -2 [ G2y =g, (). (14

Next, it is important to mention that considering the differential equation (13), it is
implicitly required that the function £ — ¢(§,t) is integrable, in the sense of Lebesgue,
on any interval [¢,00) for € > 0 and almost every & > 0. Obviously, the same assertion
applies to the functions £ — g,(€) and € — GZ(¢,7), 0<B<1.

This allows us to put
[e.e]

Z(x,r)=—27‘2/y”Gf(yﬂ‘)dy (15)
knowing that the integrand will be integrable over any interval [e,00) and the integral will
be absolutely continuous at each z > 0. The substitution of Z(z,r) into (14) yields the
partial differential equation

14 a7t ip?
(m 8$Z(I',T)+Z(I',T):go(l'). (16)
Choosing the constant in the general solution so as to have solutions converging to zero
at 0o, we obtain its solution given as

o0
conn@) [ 8798 o
Z(x,1r) =2r2e @ Tgf”ﬂe rw(©) gg

T
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where

)= [ 2 (1) (17)
oru(x) = ey n r )
0

Thus, substituting Z(z,r) into (15) yields the solution of (14) given as

Gﬁ(.T,T) — ;_Vl (ﬂeahy(@) 5”90(5) a”,(g le—}— ( )

s 1+T’2I’V+1 1+r2£l/+1 1+7=2 v+1
(18)
g () v v !
=) / e (L) g e

(1+7r22v+1)""

Applying the inverse of the modified Sumudu transform, which coincides with the inverse
Sumudu transform, we are finally lead to the solution of the model (13), given by

g(,t) = S5 1(G(x,7), 1)

2
s

- v [ TP (At
~0@55" () - /f 0,(6)57" —
(1+r2xu+1) + (19)
241 T
— g,(z) cos(tv/aHT) —2 / a8, | CUE) ) e
% (14r2zv+1)"

Remark 3.1. The expression g(x,t) in (19) is well-defined only if the integral

]5”9 (£)S5" et

(L r2zv+1)™"

+1
)V

td§

+1 7

converges.

We are now capable of taking some specific values of v to see the exact expression of
the solution.

e For v =1, expression (19) becomes

R Ce-r ) /sgo <1+:22x2) t)dg

tsinxt
=g,(x)cosxt — /

o0

(20)
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e For v = —3, expression (19) becomes

ol =085 (1) - / £a,(€

— g, cos——2/fgo gtsm e e

xT

—g,(a)cos T~ [ t€%,(€)sin

o0

gl(x,t) when go(x) =18

40
30
20

10

a,x0

"
-10 ""mo‘o"‘
“0
":Q'H o ‘3:3"“3“'

'0

o
u'
'\ 'of

-20

-30

-40
15

S5t (2 (1422

Fig. 1. g(z,t) when v=1 and g,(z) =1/2>

4 Concluding remarks

)

(21)

We have explored the possibility of using new and alternative methods to generalize
evolution equation modeling the polymer chain degradation. In the process, a modified
version of the Sumudu transform is exploited to perform analysis of the system endowed

the f—derivative and where the breakup rate depends on the size of the chain breaking
up. Explicit forms of the solutions in some particular cases showed that the dynamics of
this evolution exhibits complex periodic properties due to the presence of cosine and sine
functions, as shown in Figs. 1 to 6, plotted for a positive value (v = 1) and a negative
value (v = —3) of v. Figs. 1 to 3 represent the solution for » =1 with initial condition

go(r) =1/2%: Fig.1 is the 2—D surface plot while Fig. 2 and 3 are respectively its cross
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gl(t) when go(x) =158
20 T T

14

Fig. 2. g(z,t) as a function of t when v=1 and g, (z) =1/23, for a few values of =

gl(x) when go(x) =18
40 T T

9,00

—40 I I I |
0.5 1 15 2 25 3

Fig. 3. g(z,t) as a function of x when v=1 and g,(z) =1/23, for a few values of t: 0,7, 27,3, 4w

section and longitudinal section drawn for some specific values of the size x and time t. A
similar reasoning applies to Figs. 4 to 6, but this time with v = —3. This infers existence
of complex and simple harmonic poles in the dynamics of polymer chain degradation
whose effects are characterized by these functions or a combination of them. This work
improved the preceding one with the inclusion of a more general expression of the breakup
rate derivative and f—derivative. This work might be a breakthrough that may lead to
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30

gz(x,t) when go(x) =18

Fig. 4. g(z,t) when v=—3 and g,(z) =1/2>

gz(l) when go(x) =18

25

20

15

x=0.5
0 x=1 ]
x=15
xX=2
_5 x=25 B
x=3
-10 L L L L L L
0 2 4 6 8 10 12 14
t
Fig. 5. g(z,t) as a function of ¢t when v=—3 and g, (z) = 1/z3, for a few values of =

a better understanding of bizarre phenomena happening in some dynamics such as the

phenomenon of shattering.
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gz(x) when go(x) =158
30 T

251

t=0
s e
o/ \ t=2n -
20f | — t=3m

| [\ i~ _—

25 3
Fig. 6. g(z,t) as a function of z when v=—3 and g, (z) =1/z3, for a few values of t: 0,7,2,3m, 47
Appendix: The new Sumudu integral transform

Definition: Let g be a function defined in (0,00), then, we define the modified Sumudu
transform of ¢ as

L \A181

Sita00= [~ (tri) e oo, (22)

where [ ] is the smallest integer greater or equal to 5. Since 5 € (0,1] in this article then,
B—[Bl=B-1.

An important property of the modified Sumudu transform:

If S(g(t),u) is the well known Sumudu transform of g defined in [31] as

<1 t
S(g(t = — —— | g(t)dt
o) = [ vean | 2] oty
then, we have the following relation:
1 — 1
Ss(i D" (1)) = S (g(t).0) = Y ——g(0) (23)
k=0
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Proof. By definition we have

Sy(ADE g 1(t),u):/000 (H—ﬁ)ﬁl

n—1 1 1-5
1 " 1 5_11 g t+€<t+m>
| ()

—exp
U

> 1\ t LT g () — g
) e () :

1-6
where we have put n = €<t—i— ﬁ) — 0 as ¢ — 0. Hence, making use of the well

known property of Sumudu transform S(g(t),u) [31], we obtain

1
unfk

S D15 (1)) = S(6" (1)) = —S(9(0), ) ~ S ——gV/(0),

which concludes the proof. O
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1 Introductions

Numerous problems can be formulated as an equation like
R(x) =0, (1.1)

where R is a continuous operator defined on a subset {2 of a Banach space B,
with values in a Banach space By using Mathematical Modelling [1], [7], [11],
[12], [16], [18]. The solutions denoted by z* can be found in explicit form only
in special cases. That is why most solution methods for these equations are
usually iterative. Let £ (B, B2) denote the space of bounded linear operators
from Bj into Bs. Let also A () : @ — L (B, B1) be a continuous operator. Set

F=LR, (1.2)
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where L € £ (Bs, By). We shall approximate 2* using a sequence {z,, } generated
by the fixed point scheme:

Tp41 = Tp + 2n, A (xn> Zn + F (xn) =0

& 20 = Q(2) 1= (I — A(20)) 20 — F (1), (13
where xy € Q. The sequence {z,} defined by
Tnt1 = Q (z,) = QU (o) (1.4)
exists. In case of convergence we write:
Q> (o) = lim (Q" (o)) = lim w,. (1.5)
n—00 n—00

Many methods in the literature can be considered special cases of method (1.3).
We can choose A to be: A(z) = F'(z) (Newton’s method), A (z) = F’ (zg)
(Modified Newton’s method), A (x) = [z,g9(x);F], g : Q@ — By (Steffensen’s
method). Many other choices for A can be found in [1-20] and the references
there in. Therefore, it is important to study the convergence of method (1.3)
under generalized conditions. In particular, we present the semi-local conver-
gence of method (1.3) using only continuity assumptions on operator F' and for
a so general operator A as to allow applications to left multivariate fractional
calculus and other areas.

The rest of the paper is organized as follows: Section 2 contains the semi-
local convergence of method (1.3). In the concluding Section 3, we suggest some
applications to left multivariate fractional calculus.

2 Convergence

Let B(w,§), B (w,§) stand, respectively for the open and closed balls in By
with center w € By and of radius £ > 0.
We present the semi-local convergence of method (1.3) in this section.

Theorem 2.1 Let F: Q C By — By, A() : Q — L(B1,B1) and zp € Q be as
defined in the Introduction. Suppose: there exist 09 € (0,1), §1 € (0,1), n >0
such that for each x,y € Q)

§:=00+06, <1, (2.1)

1 (o) <, (2.2)

11— A(z)]| < o, (2.3)

1F (y) = F(z) — Az) (y — 2)|| < 01 ly — 2| (2.4)
2
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and
B (z0,6) C Q, (2.5)
where

_ "
P=1_5 (2.6)

Then, sequence {x,} generated for xo € Q by

Tnp1 =2 + Q% (0), Qn(2):= I - A(zn))z = F(zn) (2.7)

is well defined in B (zo,p), remains in B (xq,p) for each n = 0,1,2,... and
converges to x* which is the only solution of equation F (x) = 0 in B (zq,p).
Moreover, an apriori error estimate is given by the sequence {p, } defined by

po = p, o =T (0), Tp(t) =00+ 01p, 1 (2.8)
for each n =1,2, ... and satisfying

lim p,, = 0. (2.9)

n— o0

Furthermore, an aposteriori error estimate is given by the sequence {o,,} derfined

by
on:=H2(0), Hy, (t) = 6t + d1pn—1, (2.10)
where
Prn—1:= ||Tn — xp_1| for each n=1,2,.. (2.12)

Proof. We shall show using mathematical induction the following assertion
is true:
(A,) x, € X and p, >0 are well defined and such that
Pn +pn71 S Prn—1- (2]‘3)

By the definition of p, (2.3)-(2.6) we have that there exists r < p (Lemma 1.4
[7, pp. 3]) such that
So7 + [|F (zo)l| = 7

and
Ser < dkp — 0 as k — oo.

That is (Lemma 1.5 [7, pp. 4]) z; is well defined and py < r.
We need the estimate:

Ti(p—r)=10do(p—1)+d1py =
dop —dor +01p=Go(p) —r=p—1.
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That is (Lemma 1.4 [7, pp. 3]) p; exists and satisfies

p1L+Po=p—T+T=p=pp-

Hence (Ip) is true. Suppose that for each k = 1,2, ...,n, assertion (Ij) is true.
We must show: xj41 exists and find a bound r for pi. Indeed, we have in turn
that

S0Py + 01 (Pr—1 — pi) = Sopy, +01pp_1 — 194
=Ty () — 01P) < Pp-
That is there exists r < p, such that

r = 0gr + 01 (pk_l — pk) and (dp + 61)i r— 0 (2.14)

as 1 — 00.
The induction hypothesis gives that

k—1 k—1
%< D Pn< D (P = Pms1) =P = Pp < Py
m=0 m=0

so x), € B (w0, p) C Q and z; satisfies ||[I — A (z1)]| < 6o (by (2.3)).
Using the induction hypothesis, (1.3) and (2.4), we get

| (zp)l| = [|1F (zx) = F (w5-1) — A(zp-1) (26 — 2-1)]| (2.15)

<O1pr-1 <61 (Pk_1 - pk)
leading together with (2.14) to:

dor + || F (x) || <1,

which implies x4 exists and pr < r < pg. It follows from the definition of
Pr+1 that
Tis1 (ppe — 1) =T (pr) =7 = pp — 1,

SO Py exists and satisfies

Prs1 + Dk S pp — 7T +T = py

so the induction for (I,) is completed.
Let 5 > k. Then, we obtain in turn that

J J
2tk — 2kl < Zpi < Z (Pj - Pj+1) =Pk = Pjtk < Pr- (2.16)
i=k i=k

We also have using induction that

i1 = Tor1 (Prsr) < T (pr) < 0py, <o < 6"Hp. (2.17)
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Hence, by (2.1) and (2.17) kllm pr = 0, so {xx} is a complete sequence in a
Banach space X and as such i%o converges to some x*. By letting j — oo in
(2.16), we conclude that z* € B (zy, p;). Moreover, by letting k — oo in (2.15)
and using the continuity of F' we get that F' (x*) = 0. Notice that

Hi (py) < Tk (pg) < pis

so the apriori bound exists. That is oy, is smaller in general than p,. Clearly, the
conditions of the theorem are satisfied for zj, replacing zo (by (2.16)). Hence,
by (2.8) #* € B (zy,0,), which completes the proof for the aposteriori bound.
|

Remark 2.2 (a) It follows from the proof of Theorem 2.1 that the conclusions
hold, if A (-) is replaced by a more general continuous operator A : Q) — Bj.

(b) In the next section some applications are suggested for special choices of
the "A" operators with v, := 0 and 7y, := J1.

3 Applications to left multivariate fractional cal-
culus

Our presented earlier semi-local convergence results, see Theorem 2.1, apply in
the next two multivariate fractional settings given that the following inequalities
are fulfilled:

1= A@)] <70 €(0,1), (3.1)

and
|F @) -F@) 7 —A@ - <7 ly-al. (3:2)

where 74,7, € (0,1), furthermore
¥="7 +7 €(0,1), (3.3)

k
for all z,y € H [ar,bf], where a; < af < bf <b;,i=1,.. k.

R
=1

Above 7 is the unit vector in R¥,

The specific functions A (z), F' (x) will be described next.

I) Consider the left multidimensional Riemann-Liouville fractional integral
of order a = (o, ..., o) (a; > 0,9 =1,....k):

- . .
) H =1, and ||-|| is a norm in R*.

(Ig+f) (x) =5 / / a7—1 f(tl,...,tk)dtl...dtk,
H Ak =1

(3.4)
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k
where I" is the gamma function, f € Lo <H [ai, 1]), a = (ag,..
=1
i 2
x = (z1,...,2%) € [] [ai, bi] .
i=1

k

) ak)a and

By [6], we get that (I2, f) is a continuous function on [T [a;, b;]. Further-

i=1
more by [6] we get that I$, is a bounded linear operator, which is

operator, plus that (I +f) (a) =

[ 7.]'

k
In particular, (g, f) is continuous on [] [a}, b}
i=1

k
Thus there exist z;,z2 € H [a¥,b}] such that

f) (z1) = min
f) (z2) = max

(Ingf) (x) )
(L?ﬁ-f) (m) )

k
over all z € [] [af, b}

1971
i=1
We assume that

].

(I(?Jrf) (.’171) >0

Hence

122 A1l

i

(I(?_,'_f) (ZEQ) >0

]

* ¥

07

II :[w

[a

1

Here, we define

1
mf(x), O<m<§,

Jf (x)

al,bs

1771

forannyH[

].

Therefore the equation

has the same solutions as the equation

Jf (x)

F(z):= 2 (1o, 1) (52) =0, xen[a;,b;].

Notice that

2, (

f

2 Ig‘ )(x2)> (CL’) —

U f)@) _1_, T
2o ) ey =2 <1 =< 1

*
a;,b;

(18

1509

a positive

(3.5)

(3.10)

I, (3.11)
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Call
( O£+f) ( *
Az = e N (2] Vaelllal,bl]. 3.12
TR @) H 12
We notice that
(L) ) _ Tiat. b
0< (02 ) ) < A(z) ];[ aj, by (3.13)
Hence, the first condition (3.1) is fulfilled by
_ (8 f) (z1) _ .
|1—A(m)|_1—A(x)§l—m 'yO,VxEHaZ,bz. (3.14)

k
Hence, ||1 — A(2)| < 7o, where ||| is over [] [a},b;]. Clearly 7, € (0,1).

f(@)

i=1
Next, we assume that is a contraction, that is
2(12, f)(x2)

fl) f(y)
21, f) (z2)  2(18f) (2)

<Olz—vy|, all z yEHaz,bf , 0<8<1.
i=1

(3.15)
Hence
mf (z) mf (y) 4
- <mbllz—y| <5 llz—yll, allz,ye|]lai,b]].
2 (Ingf) (552) 2 (Ingf) (372) 2 H
(3 16)
Set A = g, itis0< A< % We have that
[F(z) = F(y)l <Mz —yl, (3.17)

allxye]_[[a br].

17

Equ1valently we have

[ 1f (@) = Jf )] < 2X (LG4 ) (w2) e =yl all @ yEH [a7,07]. (3.18)

We observe that
|(F@) - F@)7 - @ - <

[F'(y) = F (@) +[A ()] |ly — ]| < (3.19)

My = zll+A @) ly =zl = A+ [A@)]) ly = =l| = (1), Vz,ye H [ai, b] .-
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(3.20)

(12 £) (@)] < (H M) e
Ve f[ .71, where [} now is over [ [ay.b].
Hence
A= ’((Ii?)(( )|> TN (ﬁ %) 1Fllos < 00, (321)
Ve H [aX, bl].

Therefore we get

(¥1) < </\+ 2([

Va,y€e H [aX,bF].
Call

(bz
T (

. ) 11 ) Iy~
) £l

k

s e (L

—a;) small enough, i = 1, ...,

(bi —

A
* I'(a

0<y, =

and by choosing (b;
fulfilling (3.2).

Next, we call and we need that

(I8 f) (1)

0<yi=v+tmnm= (1_2(Ig+f) (x2)>+

(b — a;)™
<A+ (Hf ([{F >||f|| )
equivalently,
M) @) <U ey +1>>”f” 2 (12.f) ()’
equivalently,
k (b;
AT (H Tl >||f|| < (I2.f) (x),

1511

k, we can make vy, €

(3.22)

(3.23)

(0,1),

(3.24)

(3.25)

(3.26)
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which is possible for small A and small (b; — a;), alli =1, ..., k. Thatisy € (0,1),
fulfilling (3.3). So our numerical method converges and solves (3.9)

ITI) Let o = (1, ..., o), & > 0, my = [a;] ([]

ceiling function), a; ¢ N,
k
i=1,.,k€N, and G € CXizimi—1 (H [ai, bi]

, such that
i=1
>
o= G
0#&ﬁWj%V€Lm<LU%m0'

Here we consider the multivariate left Caputo type fractional mixed partial
derivative of order a:

D36 (¢) = —— b/ /‘ Ly (@)
H _Olz Ak =1
k
aiglmiG(tl, m’tk)dtl...dtk
oty ..ot ’
where again I' is the gamma function, a = (a1,...,ax), V & = (z1,...,2k) €

H [a;, b;] . Notice here that m;

—a; >0,i=1,...,k.
- k
By [6], we get that D¢, G is a continuous function on H [a;, b;], and it holds
that D% G (a) = 0. -

k
In particular D%, G is continuous on H [aF,bf], where a; < af < bf < by,
i=1,..k -

k

Therefore there exist x1,z2 € H [af,bf] such that

(D2,@G) (z1) = min (D%, G) (z),
(D%, G) (z2) = max (D2,G) (z), (3.28)
k
over all z € I:[ [af,b}].

‘We assume that

(D2G) (1) > 0.

(3.29)
Hence
IDEGl o w = (Dg,G) (z2) > 0. (3.30)
= fifoc ]
Here we define 1
JG(x) =mG(z), 0<m< 3 (3.31)
9
1512
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1771

k
for any « € [] [af, b]].
i=1

i
Therefore the equation

k
JG () =0, er[af, 1, (3.32)
i=1
has the same solutions as the equation
JG (z) b
F(x) ::m:07 Iellill[az,b,] (333)
Notice that
k
G (z) D¢.G (x) 1
D& = *a <-x<1 7,07 34
" (spacim) = ey <3 <" [0l (330
We call .
D¢.G (z)
A =2/ 07 .
(x) 5D° G (wg)’ Vxeil;[l[al,bl} (3.35)
We notice that De G (1) )
ga T
—_— < - .
0<2D§aG(x2)_A(w)_2 (3.36)

Hence, the first condition (3.1) is fulfilled by

D2 G (z1) b
—_ = — < — ez V7 ! =: : * .
1-A@)=1-A@) <1- 75070 VO,Vxei[[l[a“bl] (3.37)

Hence
1—A@)| <70 (3.38)

k
where ||-||  is over [] [a},b].

R
i=1

Clearly v, € (0,1).

Next we assume that % is a contraction, that is

G (2) G (y) :

— < — 11 | I *bY .

‘2(0;«&0) (02) ~ 2Dg,G (a)| =17 Y Amy e P bl 539
with 0 < 6 < 1.
Hence
mG (x) mG (y) 0

_ < — < — — .

‘2(%6‘) (@) 205,0) (@) = IS g el G40

10
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k
all z,y € [] [af, b]].
i=1
Set)\—g 1tisO<)\<%.Wehavethat
|F(z) = F(y)| < Allz -y, (3.41)
all z,y € H [aX,bf].

Equlvalently we have
|JG (LE) - JG (y)| < 27 (DgaG) (1:2) Hl’ - yH ) all z Y € H azvbj : (342)

We observe that
|(F @)~ F@)T - A@) - )| <

[F'(y) = F (@) + [A ()] |ly — ]| <
My =zl + [A @)y — 2l = A+ A (@) [ly — 2l =: (¥2), (3.43)

Va,y € H [a, b7] -
By (3 27) we notice that

1
«
|D%,G (z)] < .
[IT(mi —a)
i=1
>
/ / YT gyt i
ak  ;—1 1..-Ulg 32?;”18332”“
>
- 1 ﬁ (2 —a)™ ™ o= G
s m; — Qg 6mT1 8.’1321’“
H r (mz Olz) =1
i=1 )
k
H mi—al 6@21 miG (3 44)
F (m; —a; + 1) O D . .
We have proved that
>
bz — ai)miiai Hi=1 sz
e ) 3.45
| (lljl L (m; —a; + 1)) o O™ (3.45)

o0

11
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1971

k
Ve H la}, b7], where ||-||  now is over H [ai, b;].

Hence we get

a;)" 0= G
a; +1)

k
A < :
|4 (=)] < 2DO‘ (z2) (H (m; —

=1

S.

VmEH[a by].

1771

Therefore we obtain

my mg
Oxy"...0x)

k mi—a i i
1 (bi —ai)™ ™ o=
<
(V) < | A+ 2D, G (x2) <H I'(m; —a; + 1)) O™ ...Oxy

i=1

Va,y€E H [aX,bF].
i=1
Call

k
S m;

k m;—a
1 (bi —a;)™ ™ o= G
= A
0<m - 2D G (z2) (1_[1 I'(m; —a; + 1)) dx™ .oz || 7

1=

and by choosing (b; — a;) small enough, i = 1, ...,
fulfilling (3.2).
Next we call and we need that

DfaG(J?l))) n

0 = =(1-
<7v:=7%+M ( 2D2 G (22

k

)77”—(11, ) 8"21 mlG

a; +1) ) |0z .0z}

k
v (M

i=1

equivalently,

k mi—a; 2. i
1 (bz — ai) v o= G
At 2D¢, G (z2) <H I'(m; — oy + 1)) dx"...0x)""

o0

12

1515

k, we can make vy, €

< 00, (3.46)

ly — =l

T 34

(3.48)

(0,1),

<1, (3.49)

D2,G (1)

2D>?aG (1’2) 7

(3.50)
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equivalently,

k
s Z mg
bi — a; M i=1
a:) ) 0= G Il poGa), (351)

(
I'(m; —a; +1) ) || 0.0z

oo

k
20D G (x2) + (

=1

which is possible for small A and small (b; — a;), alli = 1,..., k. That isy € (0, 1),
fulfilling (3.3). So our numerical method converges and solves (3.32).
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Abstract

In this paper, we study the stability analysis of a virus dynamics model with CTL immune response
and with both cell-to-cell and virus-to-cell transmissions. The model contains three types of distributed
time delays. The existence and global stability of all steady states of the model are determined by two
parameters, the basic reproduction number (Rp) and the CTL immune response activation number (R1).
By using suitable Lyapunov functionals, we show that if Ry < 1, then the infection-free steady state Ej
is globally asymptotically stable; if R; < 1 < Ry, then the CTL-inactivated infection steady state E;
is globally asymptotically stable; if Ry > 1, then the CTL-activated infection steady state E. is globally
asymptotically stable. Numerical simulations are conducted to support the theoretical results.

Keywords: Virus dynamics; CTL immune response; Global stability; time delay; cell-to-cell transmis-

sion.

1 Introduction

During the past decades, several mathematical models have been proposed to describe the dynamical behavior
of many human viruses such as HIV, HBV, HCV and HTLV-I (see e.g. [1]-[27]). Studying the global stability
of the model’s equilibria has become one of the most important features which help us to better understanding
of the virus dynamics. Thus, several researchers have devoted extensive efforts to study the global stability of
virus dynamics models (see e.g. [2]-[13]). All the above mentioned works focus on cell-free viral spread in a
compartment such as the bloodstream. Recently, some viral infection models have been proposed to model both
virus-to-cell and cell-to-cell transmissions (see [28]-[29]). The viral infection model with cell-to-cell transmission
and distributed time delay has been proposed in [29] as:

T(t) = A — dT(t) — BTV () — BT ()T (1), 1)
T*(t) = /0 [T (t — s)V(t —s)ds + BT (t — s)T*(t — s)] f(s)e " %ds — ua T (¢), (2)
V(t) = bT*(t — s)ds — cV(t), (3)

where, T'(t), T*(t) andV (¢) are the concentrations of the uninfected cells which are susceptible to infection,
infected cells that produces viruses, and free virus particles at time ¢, respectively; 3; is the virus-to-cell infection
rate constant; (s is the cell-to-cell infection rate constant; p; and ¢ are death rate constants of the infected
cells and viruses, respectively; b is the average number of viruses that bud out from an infected cell. e #1° is
the survival rate of infected cells during the time delay s, where s is assumed to be distributed according to a
probability distribution f(s).
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It is observed that, all the viral infection models with cell-to-cell transmission did not consider the effect
of immune response. The immune response is universal and necessary to eliminate or control the disease after
viral infection. The Cytotoxic T Lymphocyte (CTL) cells are responsible to attack and kill the infected cells.
Several viral infection models have been introduced in the literature to model the CTL immune response to
several diseases [23]-[27]. However, in [23]-[27], only virus-to-cell transmission has been considered. Therefore,
our aim in this paper is to propose and analyze a delay-distributed virus dynamics model with virus-to-cell and

cell-to-cell transmissions and takes into account the CTL immune response.

2 The model

In this section, we propose a virus dynamics model with cell-to-cell transmission and CTL immune response.

T(t) = A—dT(t) — BTV (t) — BT (t)T*(t), (4)
T*(t) = /0 fi(s)e M2 BT (t — s)V(t — s) + BT (t — 8)T™(t — s)] ds — u T™(t) — pT™* () Z(t), (5)
Vi) = b /0 e ()T (t — $)ds — eV (1), (6)
Z(t) = kT*(t)Z(t) — qZ(t), (7)

where, Z(t) is the concentration of CTL immune cells at time ¢. The infected cells are killed by the CTL
immune response with rate pT™*(¢)Z(t), where p is constant. The CTLs are proliferated at a rate kT*(¢)Z(t)
and die at a rate ¢Z(¢). All the other variables and parameters of the model have the same meanings as given
in (1)-(3).

Let us assume that the probability distribution function f;(s) satisfy f;(s) >0, ¢=1,2 and

/fi(s)ds =1, /fi(u)efudu <oo, i=1,2,
0 0

where ¢ > 0. Denote

i =/ fi(s)e™"?ds, i=1,2.
0

Thus 0 < n; < 1. Define the Banach space of fading memory type
Co = {¢ € C((—00,0],R) : ¢(#)e*? is uniformly continuous for € (—o0,0] and [|¢|| < oo}
where « is a positive constant and ||¢|| = sup |¢(0)]e*?. Let
6<0
Cr={peCy:9(0) >0 for € (—c0,0]}.

The initial conditions for system (4)-(7) are given as:

T(0) = ¢1(0), T*(0) = 2(0), V(0) = ¢3(0), Z(0) = pa(0), for 6 € (—00,0],
o, €CH i=1,..,4. (8)

By the fundamental theory of functional differential equations [33], system (4)-(7) with initial conditions (8)

has a unique solution.

2.1 Non-negativity and boundedness of solutions

We show the non-negativity and boundedness of the solutions of model (4)-(7).

1519 Elaiw et al 1518-1531



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC
Lemma 1. The solutions (T'(t), T*(t), V(t), Z(t)) of model (4)-(7) with initial conditions (8) are non-negative
and ultimately bounded.
Proof: First we prove T'(t) > 0 for all ¢ > 0. Assume the contrary and let ¢t; > 0 such that T'(¢1) = 0. Then
from Eq. (4), we have T'(t;) = A > 0. Therefore T(t) < 0 for t € (t; —&,t;) and & > 0 is sufficiently small. This
contradicts with the fact of T'(t) > 0 for ¢ € [0,¢;). It follows that T'(t) > 0 for ¢t > 0. From Egs. (5)-(7), we

have

T*(t) = 3(0)e Jo (1 +pZ()dc
t . o
_|_/ e~ (/t1+pZ(C))dC/ fi(8)e S [B1T(n — s)V(n — 8) 4+ BoT(n — 8)T*(n — s)] dsdn,
0 0
t o)
V(t) = p3(0)e=" + b/ €_C(t_<)/ fa(s)e™H25T* (¢ — s)dsd(,
0 0

Z(t) = pa(0)e™ Jsa=kT™(©))dC

which yield that T*(¢) > 0, V(¢) > 0 and Z(t) > Ofor all ¢t > 0.

Q| >
ri
(e}
-+

Next we show the boundedness of the solutions. From Eq. (7) we have tlim supT(t) <
—00

F(t) = /O ()T — )ds + T(1) + %Z(t).

Then

F(t) = /000 fi(s)e T3 N —dT(t —s) — 1T (t —s)V(t —s) — BT (t — 8)T™(t — s)] ds—

+ /OOO BiT(t — s)V(t—s)fi(s)e " °ds + /OOO BoT(t — )T (t — s)fi(s)e ™ °ds — u T (t) — %Z(t)

= — d/ooo f1(s)e ™ T (t — s)ds — 1 T™(t) — =—Z(t)
<A-o (/000 f1(8)e T (t — s)ds + T*(t) + zZ(t)> =A—0oF(t),

where, 0 = min{d, p1, ¢}. Hence, limsup,_,  F(t) < —. Since fooo fi(s)e 3T (t—s)ds >0, T* > 0and Z > 0,

A
then limsup,_ . T%*(t) < L; and limsup,_,., Z(t) < La, where Ly = — and Ly = %Ll. From Eq. (6) we have
o
V= b/ €125 1o ($)T* (t — 8)ds — ¢V (t) < by Ly — V(1) < bLy — eV (1),
0

bL
Thus limsup V() < L3, where Ly = —~. Therefore, T(t), T*(t), V(t) and Z(t) are ultimately bounded. [
c

t—o0

2.2 Steady States

Lemma 1.
(i) If Ry <1, then there exists only positive steady state Ey,
(i) if Ry <1 < Ry, then there exist only two positive steady states Ey and Fy,
(ii) if Ry > 1, then there exist three positive steady states Ey, E; and Fs.
The proof. Let the R.H.S of system (4)-(7) be equal zero

0=A—dT — BTV — BoTT*, (9)
0=m (B1TV + BoTT") — i T* — pT" Z, (10)
0 = nbT* —cV, (11)
0=kT*Z —qZ. (12)
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Solving Egs. (9)-(12) we find that the system has three steady states, infection-free steady state Ey =
A
(T5,0,0,0,0), where Ty = =, CTL-inactivated infection steady state E1(T31, Ty, V7,0) and CTL-activated infec-
tion steady state Eo(Ts, Ty, Vo, Zs), where

To de b T
Ty = ) Ty = Ry —1 ’ Vi=- ’
"7 Ry LT (0B +052)( 0o=1) ! c
kAc q bz K1
Ty = L Tr=2 Vo= 2Ty, Zy="L(R -1,
2 kdc + bqBine + qfBac 27k 272 2 P (i )
and T kd
T C
Ro =~ (bBy1ma + Ry = Ro,
0 Hic (b2 + Bc) ! q(bBin2 + Pac) + kdc 0

where Ry represents the basic infection reproduction number which describes the average number of newly
infected cells generated from one infected cell at the beginning of the infectious process and R; represents the
immune response activation number which expresses the CTL load during the lifespan of a CTL cell. Clearly
Ry > R;. O

2.3 Global stability analysis

In this section, we study the global stability of all the steady states of system (4)-(7) employing the method
of Lyapunov function. We will use the follwing function g(z) = 2 — 1 —Ina and the notation (T,7*,V,Z) =
(T, T (1), V1), Z(2)).

Theorem 1. If Ry < 1, then Ey is GAS.

Proof. Define a Lyapunov functional L as follows:

T T

+ % /OOO Fi(s)ere /OS[BlT(t — )V (t—0) + BT (t — O)T"(t — 0)]d0ds
b6 To [ s [
e /0 Fals)e " /0 T*(t — 9)d6ds.

Calculating the derivative of L along the solutions of the system (4)-(7), we obtain

Cflf = (1 - TO) (A—dT — BTV — BTT™)

T

" [/OOO fi(8)eM1 (BT (t — $)V(t — ) + BaT(t — $)T*(t — 5)] ds — juT* — pT"Z

T o]
+ Q [b/o e 125 fo(8)T*(t — s)ds — CV] + ? (kT Z — g2

+ 771/OC f1(8)e M3 BTV + BoTT* — 51T (t — s)V(t — s) — BT (t — s)T*(t — s)] ds
1Jo
+ MTTO /Oo fa(s)e 2 [T* — T*(t — s)] ds
To boiTony « Dq
(1—T) ()\—dT)+ (ﬂQTo—I—C_m)T _HZ

(T —Tp)? n ﬂ(RO RNy ﬂZ. (13)

=—d
T T]l ?’]1]{1

dL
If Ry < 1, then T < 0 for all T,7*,Z > 0. Thus the solutions of system (4)-(7) limit to M, the largest

dL
invariant subset of {(T,T*,V, Z) : 4£ = 0}. Clearly, it follows from Eq. (13) that i = 0if and only if T = Ty,
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T* =0 and Z = 0. Noting that M is invariant, for each element of M we have T* = 0 and Z = 0, then T* = 0.
From Eq. (5) we drive that

0= T‘>k = /OO fl(S)eiﬂlsﬂlT(]V(t - S)dS

It follows that V' = 0. Hence @ =0ifand only if T =Ty, T* =0, V =0 and Z = 0. LaSalle’s invariance
principle implies that Fy is GAS when Ry < 1. O

Theorem 2. If Ry <1< Ry, then E; is GAS.

Proof. Define the following Lyapunov functional

T TV, 1%
U(T, T*,V,Z) = Tlg<T)+ —Trg (T*>+Bl ! 1Vlg< )+Z

bngT* i mk
51T1V1/ _ 9))
+ s)e ’“S dfds
m 0 fi(s) T1V1

@ = - 18 T T* t_0)>

T1T1
Wy [
Iy |
72 0

T ) dfds.
Ty
The time derivative of U along the trajectories of (4)-(7) is given by
au Ty
1——= | (A=dT = 1TV — BTT*
s ( T ) ( f1 BTT™)
1

+m<1_) (/ fils)e 2 [BiT(t = s)V(t = ) + 2T (t—s)T*(t—s)]ds—ulT*—pT*Z)

BT Vh ( ) ( / )
+ 1—-— Ye 2T (t — s)ds —cV | + — (KT*Z — qZ
b Ty fa(s ( ) mk( q7)

[V EL 2 e s [TV Tt —s)V(t—s) Tt—s)V(t—s)
+ 7/ fi(s)e™ <T1V1 - T, +ln< i >) ds
/BQTlTl s (TT* T(t—8)T*(t — s) Tt —s)T*(t—s
/ fils)e™® (TlTl* - T\ T; 1 < T~ >)
,81T1V1 —los T* T (t — 5) T*(t — 8)
+ 2 /0 fa(s)e™ (Tl* - N + In ( T )) ds. (14)

Collecting terms of Eq. (14) and applying the steady state condtions for Ej:

C
\—dTy = B1TiVy + BT = %Tf _ Ci1 3
1

b
we get
duU d . T
dt = _T (T—T1)2+(51T1V1+ﬁ2T1T1) (1— ,1})
BlTlv‘i / o h1s ( — S)V(t - S)Tl* . ﬂQTlTl* /oo *MlST(t - S)T* (t — S)
fi(s VT ds ; fi(s)e T ds
1T1Vi / o H VlT*(t — S) 61T1V1 /oo _ T(t — S)V(t — S)
28 d K1s d
fa(s VT s+ m ; fi(s)e n v s
Lﬂl/ ms)ew(ws;;<fs>)ds

TV, T*(t
+Ah 1/ fals)e “25111( (T* )>ds+p<T1*—q>Z+2ﬂ1T1V1 + BTV TS
m k
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Consider the following equalities

i (M) = (M ) v () (V7).
N (T(t Tt — s)) :m (T(t Tt — s)) . (T) |

TT* T,T* T
In <T*(;*_S)> =1In <%> +In <“2§f:) , 1=1,2. (15)
Using Eq. (15) with i = 1 we get
% = f% (T —T1)* — (BT Vi + BoTUTY) (? —1—-In ( )
_ ﬁlLiVl /OOO Fi(s)e s :T(t _;i“;l(;: Oy (T Tz‘ljl(;*_ S)Tf)] ds
BT [ oo [T )y (TP Y]
_ % /Ooo Fa(s)er2® :VlT;(;f_ ) 1 (‘GT;(;{ s)ﬂ ds + % (17-1)2
BT BT+ ) g (T ) - P [ gy (T2 g

BT [ g (TP ) BTN [ (ST,
0

T, T* vViIy
2,81()(]7’]2 + Baqc + dck
m  (Bibgnz + Bage)k

(Ri—1)Z

Hence, if Ry < 1, then we obtain that 4% < 0 and then solutions of system (4)-(7) limit to M, the largest

invariant subset of {(T,T*,V,Z): 4 = 0} It can be seen that = 0 if and only if

’dt

Ty T(—s)VE—9s)T7 _T-—s)T"(t—s) VT*(t—s) _ 1
T TWAT* B T\ T* vy

LaSalle’s invariance principle implies the global stability of F;. O
Theorem 3. If Ry > 1, then E5 is GAS.
Define the following Lyapunov functional

7T zZ)="T: — Ty — 7y
WT.T V. 2) 2g<Tz)+771 29 <Tz*>+b772T*Vg<V)+ 1k <Z)
1T2Vz/ ot g/ ( )
1] & d
fi(s LY T2V2
ﬁszTz/ _m&/ T(t —0)
fi(s 9 TQT* dods
61T2V2/ f2 6 Mzs/ g< 7 )d@ds
0

2
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The time derivative of W along the trajectories of (4)-(7) is given by

aw T:
= <1 - 13) (A —dT — 1TV — BoTT*)
* % (1 - ) (/ Fi(s)e ™5 (BT (t — s)V(E—5) + BoT(t — 8)T*(t — 5)) ds — iy T —pT*Z)
1

B () s (-F o
+ % /OOO fi(s)e ® ( TV _TE-slVit=s) )y <T(t8)v(t8))> ds

oV, T,Vs TV
BoToTy /Oo s (TT T —s)T"(t—s) T(t—s)T*(t—s)
227272 s _ d
), e T T T 3
p112V2 /OO - T T*(t-s) T*(t —s)
+—— | fals)e™* | = — — +n
2 0 (#) 13 15
Using the following steady state conditions for Fy
b
N—dTy = BiToVo + BTy = 2152, + Py, 15 =40 1 =02
m m k ck
we get
dw d N T
— =7 T =D) +(BLVs + BDT) (1 - I?)
Vs —s)V 5 LTy [ Tt —s)T*(t —
ﬂl 2 2/ f e~ Hs ( 5) ( ) Zd BT 2 fl(s)ef,uls ( 3) ( S)dS
ToVoT* m 0 LT
ﬁlTQVQ / N Y A ) B1 1oV, /°° _ (T(t —s)V(t— s))
- s)e H2® ds + s)e 1% 1n ds
[ no) o == ne o
B IT5 /OO i T(t—s)T*(t—s)
== °1 d
+ " ; fi(s)e n T s

TV [ T*(t —
% / fa(s)e 2% 1n ((TS’)> ds + 281 ToVa + BoToTy .
0

Using Eq. (15) with i = 2 we get

o _% (T —T)% = (B T2V + BoT2T3) g (TQ) _ ALV /00 fi(s)e H1sg <T(t —s)V(t - S)Tz*) ds
mn 0

dt T ToVoT™*
BQTQTQ* /oo —n (T(t — S)Tw< (t — 8)) ﬂlTQVQ /OO _ (‘/QT* (t - 8)>
- s)e M3 ds — ——— s)e 28 ———— | ds.
m 0 fi(s) g T M2 0 f2(s) g ViIy

Noting that T,T*,V, Z > 0, we have that 47 < 0. The solutions of model (4)-(7) converge to M, the largest
invariant subset of { (T, T*,V,Z): & = 0} We have ¥ — 0 if and only if T =T, and g = 0 i.e.,
T, T—s)V(Et—s)Ty Tt—s)T"(t—s) WI*({t-s)

T ToVoT* T VTy (16)

If T = Ty, then from Eq. (16) we get T* = T and V = V5. The set M is invariant and for any element belongs
to M satisfies T* = T and

T =0=mn (6112V2 + o135 ) — Ty — pTy Z,

which gives Z = Z5. Therefore, W =0ifand only if T' = 15,7 = T3,V = V5 and Z = Zy. The global

asymptotic stability of Fy follows from LaSalle’s invariance principle. [
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3 Numerical simulations

In this section, we perform numerical simulations for the model (4)-(7) with particular distribution functions
f1(s) and fa(s) as
fi(s) = 0(s = 51), fa(s) = d(s — s2),

where §(.) is the dirac delta function, s; and sy are positive constants. Then, we can see that,

® o0

/fi(s)ds =1, n = / 8(s—s;)e Mi¥ds =e % i =1,2
0

0

|8t = siee st - syis = o0t — 1),
0

for any function ¢. With such choice, model (4)-(7) leads to:

T(t) = A —dT(t) = BiT(H)V () = BT (1) T (t), (17)
T*(t) = [B1T(t — 51)V(t — 51) 4+ BoT(t — 51)T*(t — 51)] e 150 — py T*(t) — pT*(t) Z(t),
V(t) = be H252T*(t — s9) — ¢V (1), (18)
Z(t) = kT*(t) Z(t) — qZ(t). (19)
_eTMs(bBreTH2%2 + Bac) B kdc
The parameters Ry and R; become Ry = cnd , Ry = (bBe 75 + o) + kchO

Now we perform some numerical simulations for model (17)-(19) with parameters values given in Table 1.

Table 1: The values of the parameters of model (17 )-(19).

H Parameter H Value H Parameter H Value H
L » [ w [ « [ 3 |
L ¢ Jooof]l ¢ [ o1]
L » o1 [ 5 [oooo]
L v [ 1w | m [ o9 |
H $1 H Varied H o H 0.1 H
H 59 H Varied H b1,k H Varied H

3.1 Effect of the parameters $; and k£ on the stability of steady states

To show the global stablity of the steady states we consider three different initial conditions:

IC1: ¢1(0) = 600, p2(0) = 1,03(0) = 1, 04(0) = 10,

IC2: 1(0) = 200, p2(0) = 0.5, p3(6) = 3, pa(b) =5,

IC3: @1(0) = 700, p2(0) = 5,3(0) = 9,4(0) = 12,

where, 0 € [-max{s1,s2},0].

In this case we choose s; = 0.5, so = 0.9 and study the following subcases:

(i): Rp < 1. We choose, 81 = 0.0001 and k£ = 0.008, then we compute Ry = 0.295489 and R; = 0.194228.
From Lemma 2 we have that the system has one steady state Ey. From Figures 1-4 we can see that, the
concentration of uninfected cells is increasing and tends its normal value A\/d = 1000, while the concentrations
of infected cells, free viruses and CTls are decaying and approaching zero. It means that, Ey is GAS and the
virus will be removed. This result support the result of Theorem 1.
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(ii): Ry <1 < Ry. We choose 81 = 0.001 and k& = 0.008, and then, Ry = 2.317257 and R; = 0.455395.
Lemma 2 state that the system has two steady states Ey and E;. Figures 5-8 show that the numerical re-
sults are consistent with Theorem 2. We can see that, the solution of the system converges to the steady
F1(431.54,4.03,12.77,0) for the initial conditions IC1-IC3.

(iii): Ry > 1: In this case, we choose 81 = 0.001 and k = 0.03 and then R; = 1.108600 > 1. According to
Lemma 2, the system has three steady states Ey, F4 and Es. From Figures 9-12 we can see that, the solutions
of the system approach the steady state F5(478.41,3.33,10.57,0.98) for large ¢ and for the initial conditions
IC1-IC3. This support the result of Theorems 3.

3.2 Effect of the time delays on the stability of steady states

In this case, we consider the initial condition IC2. We take the values 81 = 0.001 and k& = 0.03. Without loss
of generality we let S = s; = so. In Table 2, we present the values of Ry, R; and the steady states of system
(17 )-(19) with different values of S.

From Table 2 we can see that, the values of Ry and R; are decreased as S is increased. Using the values of
the parameters given in Table 1, we obtain that the following:

(i) if 0 < S < 0.8447, then E, exists and it is GAS,

(if) if 0.8447 < S < 0.8868, then F; exists and it is GAS,

(iii) if S > 0.8868, then Fy is GAS.

Figures 13-16 show that the numerical results are also compatible with the results of Theorems 1-3. From a
biological point of view, the intracellular delay plays a similar role as an antiviral treatment in eliminating the
virus. We observe that, sufficiently large delay suppresses viral replication and clears the virus. This gives us

some suggestions on new drugs to prolong the increase the intracellular delay period.

Table 2: The values of steady states, Ry and R; for model (17)-(19) with different values of the delay parameter
S.

H Delay parameter H Steady states H Ry H Ry H
| S=00 [ Ex(578.98,1.11,1.23,27.89) || 654 || 3.79 ||
| S =02 | P-(626.03,1.11,1.01,17.56) || 4.40 || 2.76 ||
[ S =04 | B2(670.65,1.11,0.83,9.87) || 2.96 || 1.99 ||
| S=0.7 | E2(731.69,1.11,0.61,1.99) [ 1.64 [ 1.2 ||
| s=o08 | B»(751.30,1.11,0550) [ 133 1 |
[ S =09 | B1(904.23,0.39,0.18,0) || 1.11 [ 0.85 ||
| s=09 | Eo(1000, 0,0, 0) [ 1 Joms]
[ S=1 | E((1000,0,0,0) [ 091 [ 0.71 |
| s=15 | Eo(1000, 0,0, 0) [ 0.34 [ 0.29 ||
| S=2 | E(1000, 0,0, 0) [ 013 [ 0.12 ||
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Figure 7: The evolution of free viruses with initial

IC1-IC3 in case of Ry <1 < Rg.
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Abstract

This paper study the dynamical behavior of HIV-1 infection model with saturated virus-target and
infected-target incidences. The model is incorporated by two types of intracellular distributed time delays.
The model generalizes all the existing HIV-1 infection models with cell-to-cell transmission presented in the
literature by considering saturated incidence rate. The nonnegativity and boundedness of the solutions of
the model as well as global stability of the steady states are studied. The global stability are established
using Lyapunov method. Using MATLAB we conduct some numerical simulations to confirm our results.
The effect of the saturated incidence of the HIV-1 dynamics is shown.

Keywords: HIV-1 dynamics; Global stability; time delay; cell-to-cell transfer.

1 Introduction

It is known that human immunodeficiency virus type 1 (HIV-1) infects the CD4™" T cells which play the central
role in the immune system of the human body. Mathematical models that describe the dynamics of HIV-1
are helpful in understanding the virus dynamics and improving diagnosis and treatment strategies. The basic
HIV-1 infection model has been given in [1] as:

T=p—dl — BTV (1)
T* =BTV — T, (2)
V =bT* — ¢V, (3)

where, T, T* and V are the concentrations of the uninfected CD4T T cells, infected cells, and free HIV-1
particles, respectively. The CD41 T cells are replenished at rate p, die at rate dT' and become infected at rate
BTV, where 3 is the virus-target incidence rate constant. The infected cells are die at rate pu. The HIV-1
particles are produced from infected cells at rate b7 and cleared at rate cV. Parameters p,d, 8, 4, b and c are
all positive.

In model (1)-(3), the infection rate is given by bilinear incidence ST'V. In case when the concentration of the
viruses is high, this bilinear incidence may not describe the HIV-1 dynamics accurately. Therefore, the model

has been modified to incorporate the saturated incidence rate [2]:

TpdTBT<1+VaV) (4)
7 =07 (e ) 1T 5)
V =bT* — ¢V, (6)
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where, a is the saturation constant. Moreover, several works have been done to modify the basic model (1)-(3) by
considering different effects such as: CTL immune response [3]-[5], humoral immune response [6]-[8], nonlinear
incidence rate [9]-[11], intracellular time delay [10], [12], [13], [15], antiviral treatments [15]-[17], latently infected
cells [18]-[19] and two types of target cells [20]-[22]. All the these works assume that the uninfected CD4* T
cells becomes infected due to HIV-1 contacts. Recently, it has been reported that the uninfected CD4™ T cells
can also become infected due to direct contact with infected cells (see [23]-[26]). However, in [23]-[26], the rates
of virus-target and infected-target infection are based on the mass action principle.

The aim of this paper is to study the dynamical behavior of HIV-1 infection model with saturated virus-
target and infected-target incidences. Both discrete and distributed time delays are incorporated. We study
the global stability analysis of the model using Lyapunov method.

2 HIV-1 model with discrete delays

We formulate an HIV-1 infection model with saturated virus-target and infected-target incidences and two types

of discrete time delays as:

ATV BTOT ()

1+ OqV(t) 14+ asT™* (t) ’
BTt —7)V(t—m1) | BTt —71)T*(t —71)
1+ a1 V(t—1) L+ aT*(t —m1)

V(t) = be %272T*(t — 1) — ¢V (2). (9)

T(t) = p— dT(1)

T*(t) = e

— uT™(t), (8)

Parameter 7 represents for the time between the virus or the infected cell contacts with an uninfected CD4™ T
cell, until it becomes infected but not yet producer cell. The parameter 7 represents the time needed for new
HIV-1 to be mature. The factor e~%*™* is the loss of CD4% T cells during the interval [t — 71,t] while, e~%27
represents the loss of infected cells during the interval [t — 7o, t], where §; and o are positive constants.

The initial conditions for system (7)-(9) are given as:

T(n) = e1(n), T"(n) = p2(n),V(n) = p3(n),
i) >0, nel-70, j=12,3 (10)

where 7 = maz{r, 7} and (¢1(n), p2(n), ¢3(n)) € C([—7: 0),R%), where C is the Banach space of continuous
functions mapping the interval [—7,0) into R?.. System (7)-(9) with initial conditions (10) has a unique solution
[27].

2.1 Basic properties

The non-negativity and boundedness of the solutions of system (7)-(9) is established in the following lemma:
Lemma 1. All solutions (T'(¢),T*(¢t), V(t)) of model (7)-(9) with initial conditions (10) are non-negative
and ultimately bounded.
Proof: From Eq. (7), we have T |r—o= p > 0, therefore T(t) > 0 for t € (0,;) where (0,c0) is the
maximal interval of existence of solution of system (7)-(9) with (10). Moreover, from Egs. (8)-(9), we have

{5171(7] —1)V(n—m1)  BoT(n—71)T"(n—11)
1+a1V(n—m) L+ aT*(n —71)

t
T*(t) = e pa(0) + e~ / e = dn >0,

0
t

V(t) = e “p3(0) + be 0272 / e—clt=mp* (n—7m2)dn >0,
0

for t € [0, 7]. By recursive argument we obtain T*(¢), V(¢) > 0 for all t > 0.

1533 Elaiw et al 15632-1546



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC
From Eq. (7) we know tlim supT(t) < g Let Fy(t) = e O T(t — 71) + T*(t). Then
— 00

_ ,BlT(t—Tl)V(t—Tl) _ BQT(t—Tl)T*(t—Tl)

Fi(t) = e 07 {p —dT(t—m1)

1+C¥1V(t—7’1) 1+C¥2T*(t—7‘1)
iy BlT(t—Tl)V(t—Tl) BQT(t—Tl)T*(t—Tl) "
171 - T
e [ T+ arV(i—m) T+ | W

= pe 0T —de T (t — ) — pT*(t)
<p—o (e MT(t— 1) +T*(t)) = p—oFi(t),

where, 0 = min{d, u}. Hence, limsup,_, . Fi(t) <

SRS

and then limsup,_, . T*(t) <

SHES

. From Eq. (9) we have

V(t) = be™52m2T*(t — 15) — eV (t) < be 2L _cv(t) < b2 — eV (1).
ag ag

b
Thus limsup V(¢) < C—p Therefore, T'(t), T*(t) and V (¢) are all ultimately bounded.O
o

t—o0

Now we prove the existence of the steady state of the model (7)-(9).
Lemma 2.

(i) If Ry < 1, then there exists only positive steady state Sp,

(ii) If 1 < Ry, then there exist two positive steady states Sy and 5.
The proof. Let the R.H.S of system (7)-(9) equal to zero

BTV BoTT™

0=p—dTl — — 11

p LoV 1taT (11)
_ BTV BoTT*

0=e 27 — uT* 12

€ <1+041V+1+CVQT* H ’ ( )

0= e %2m2pT* — ¢V, (13)

Solving Eqs. (11)-(13) we find that the system has two steady states, disease-free steady state Sy = (7o, 0,0),
where Ty = P and endemic steady state Sy (71,77, V1), where

d
T pe (14 arVy) (be™%27 + ascly) T _ —B++vB?2 - 4AC
L7 beGimitoam) [By (be— 27 + ancVi) + Bac (L + arVi)]’ 1= 24 ’
Vl = beiészTl*a
c
where
A = pbe™™ (dajas + Bras + Baan)
B = Ba(uc — palbe_(‘sl”'“s?”)) + Brbe %2 (n— page_‘slﬁ) + du(cas + albe_‘sﬂz), (14)
C = duc (1 - Ry).
and

T()e_él‘rl (bﬂle_éy—2 + ﬂgc)
7?/0 = )
e

where Rg represents the basic infection reproduction number. [

2.2 Global properties

In the following we established the global stability of the two steady states by of system (7)-(9) by constructing
suitable Lyapunov functionals. Through the paper we will use the following function g(z) =« —1—1Inz and
the notation (T, T*,V) = (T'(¢t),T*(t), V(¢)).
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Theorem 1. If Ry < 1, then S is globally asymptotically stable.
Proof. Define a Lyapunov functional

BoT'(t —n)T™(t —n)

) T 1. BT /“ BTt —mV(t—mn)
Li(T,T*,V) = Tog | — ™"+ —V
1( y ) ) 09 <T0)+6—517'1 + c + 0 1—|—a1V(t—Tl)
b1 T =
+%6_527—2/ T*(t — n)dn.
0

dL
We evaluate d—tl along the solutions of the system (7)-(9),

ALy _ (| D\ (, gy BTV BIT
dt T)\” T+aV 1+ apl™

e~ 91T 1+OZ1V(t—’Tl) ].-|-042T*(t—7'1)

BTy , _s. BTV BoTT*
= 2T2 R (¢ —
+ c [be (t=m) CV] + 14+aV 1+ aeT*
. BIT(t - Tl)V(t - Tl) . 52T(t - T)T*(t - 7'1) bﬁlTO 67627—2

1+ aoT*(t —1n)

1 {e—am (ﬂ1T(t —m)V({t—n) n BoT'(t — )T (t — Tl)) B MT*]

T —T*(t —
1+ V(t—m) 1+ axT*(t— 1) c [ (t = 72)]
TO 2 T*Q
= (1-22) (p—dT) — 11 To——— — a2 BoTy————
( T) (p ) —a1f T o a2 T T apT™
Thb — (8171 +0272) T —017T1
/; < obBre + ToBe B 1) T
e 90171 Mc /’L
(T _ TO)2 V2 T*2 L
=AY BT — anBeT 1T
T a1f1To; T azf2To7 P t = (Ro—1)
dL,

dLy

dn

(15)

IfROSl,thenﬁ§Of0rallT,T*,V>0andW:OifandonlyifT:To,T*:OandV:O.

Let Dy = {(T,7*,V): %1 =

invariance principle implies that Sy is globally asymptotically stable when Ry < 1.0J

Theorem 2. If 1 < Rg, then S; is globally asymptotically stable.
Proof. Define

T 1 T* BT Vh |4
UT,T*V)=Tig( =)+ ——Trg (= Vig [ —
(T.T%.V) = Tg (T1> a1 (Tl*) T e n Ty (1+ aii) 19(1/1)
n BTV /”g(T(t—n)V(t—n) (1‘f‘041V1))ah7
1+a1Vi Jo Vi (14 a1V(t—n))

1+a1Wy

52T1T1*/ g (T(t—ﬂ*)T (t_n)*(1+a2Tl)>dn+ p1T1V1 / g(T (t—71)>d77.
1+ a2TT Jy TTY (14 aoT*(t —n)) 0
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Evaluating %41 along the trajectories of (7)-(9) as:

U, T BTV BTT*
T (1) (p—dr - -
dt ( T ) (p TtV

14+ aT™*
1 T1 _5 ,81T(t—7’1)V(t—T1) ﬁgT(t—Tl)T*(t—Tl)
- 1 171 _ T*
+ e~ 017 ( T*) (6 |: 1+O¢1V(t—’7’1) + 1+CK2T*(t—T1) H
B1T1Va 1% _5
1— — 2T2 % _ _

befég'rgT* (1 n 0[1‘/1) Vv (be T (t Tg) CV)
B1T1V1 ( TV (]. + a1V1)

T(t — Tl)V(t — Tl) (]. + Q1V1)>

L+aVi \T'Vi (1 +aqV) "WV (14 aV(t—11))
i B1T1‘/1 In T(t*Tl)V(thl)(1+OZ1V)

l+aWy TV (1+aV(t—m))

BT Ty ( TT* (1 + axTy) _ Tt —7m)T*(t—7) (1 + ongl*))

1+ OéQTl* TlTl* (1 + O[QT*) TlTl* (]. + OéQT*(t — Tl))
n BT In Tt —71)T*(t—11) (1 + aT*)

1+ Ty TT* (1+ aoT*(t — 11))

T * * _ * o

I pnhvy (17T (t T2)+1n T (t — 1) '
1+aVi \T¥ Ty T+

Collecting terms of Eq. (16) and applying the steady state conditions for Sy:

BTV BoTh T 1 ci
—dTy = = T = V;
P ! 1+oW) 1+ OLQTI* e—61m1 1 be—(6171+6272) L

we get

dU d T A% Ty v ™T*
71:77(T7T1) 1771 ﬂlll+6211 +611 521
dt T T 1+O(1V71 1+a2T1* 1+a1V 1+O{2T*
_ ﬂlTl*T(t — T1)V(t - Tl) _ ﬁng*T(t — T1)T*(t — 7'1) _ ﬁQTlT
T+ (1+C¥1V(t—7’1)) T+ (1+C¥2T*(t—7’1))
BTy BTV T (t—m2)
1 + Oéng* 1 + oz1V1 VTl*

BTy
1+ OZQTl* 1+ alVl
BTV BT Vy

1+ aVy 14+ a
ﬂlTlvi In T(t*Tl)V(thl) (1+041V) + ﬂQTlTl* T(t*Tl)T*(thl) (1+042T*)
1+a1Wy TV(1+aV(t—m7)) 14 aoTy TT* (1 + axT*(t — 1))
B1T1Va T*(t — 12)
1 .
+ ].+041V1 . T+

Consider the following equalities:

TV (I + a1 V(t—1)) .

ln<T(t—7-1)V(t—ﬁ)( +a1V) | Tt—ﬁ)(‘lft—ﬁ)(t(l_tlc;;‘;k)Tf)+1 (7;)

1+aV I wr
1+041V1 VT* ’

(

<Tt—T )T*(t — 1) (1 + aT}) T
ln<< T 1(1+a2T1*(t—7'1)2) 1 >+1n <1> (17)
(o

In

+

In T(t — Tl)T*(t — Tl) (]. + QQT*
TT* (1 + O[QT*(t — 7'1

In

ln(T (t—7'2 ) In

+

T
1 —+ OéQT*
1 + O{QT

ViT*(t — 7 VT
] .
VTr ) +n (VlT*)
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Using Egs. (17) we get

W 4 gy BTN [UTeWIV VL)
it T T+ [I+aaV)Vi W 1+o
BTy T [(1+a2T1*)T* ™ 1+0¢2T*} BT V4 [Tl—l—ln (Tl)]
1+ Ty |+ a1y Ty 14+ aTY 1+ T
BT [VlT* t— ) 1_ln<V1T*(t—T2)>+ LtalV <1+alv>}
1+ VTy VTy 1+ 1+
BT [Tlll <T1>} _ BIVTY {1+042T*11n<1+042T*>]
14+ a7 | T T 14+ Ty |14 Ty 14 aoTY
BT |:T(t—7'1 (t—m)1+ Vi) Ty 1 (T(t—Tl)V(t—Tl)(l—l-Oqu)Tl*):l
14+a1Vy Wi+ V(E—m))T* Wi+ V(E—m))T*
_ BITy [T t-r) T —n) (At aly) (T(t—n)T*(t—n)(1+a2Tf)>]
1+ aoTy T (1+ axT*(t — 1)) T (1+ axT*(t — 1))
Then
dau,  d 2 ATV ay (V- W)° BTy Ty ap (T = T7)?
o - T 14V |+ V) A+ Vi) Vi | 14Ty | (14 aoT*) (1 + aT) T

B1T1V1 |: (Tl>+g(T(t—Tl)V<t—7‘1)(1+OZ1V1)T1*>+g<1+0&1V)+g<V1T*(t—T2)>:|
1+O{1‘/1 T T1V1 (1+O{1V(t—7’1))T* 1—|-051‘/1 VTl*

_ BIY [ <T1) +g (T(tn)T*(tﬁ) (1 +O¢2T1*)> I (1 +0¢2T*>}
1+a2T1* T T\T* (1+052T*(t—7'1)) 1+a2T1* ’

(18)

Since Ry > 1, then T,7*,V > 0. From Eq. (18) we have dgtl < 0 and dU1 = 0 ocurs at S;. Let Dy =

{(T, T V): % = O}. It is clear that S; is the largest invariant subset of Dl. Using LaSalle’s invariance
principle we obtain that 57 is globally asymptotically stable when Ry > 1. O

3 HIV-1 model with distributed delays

In this section, we formulate an HIV-1 infection model with saturated virus-target and infected-target incidences
and two types of distributed time delays:

BTV BT()T* (1)

) = p = dT(0) = T ™ T o (D) (19)
0= [ a0 (20)
V() = b/o Fa(8)e= T (t — 5)ds — eV (1), (21)

Let us assume that the probability distribution functions f;(s) satisfy f;(s) > 0, ¢ =1,2 and

/fi(s)ds =1, /fi(u)eeudu < oo, i=1,2,
0 0

where £ > 0. Denote 1; = fooo fi(s)e=%3ds, i = 1,2, thus, 0 < 1; < 1. Define the Banach space of fading
memory type

C,={¢ € C((—0,0],R) : €*"¢(n) is uniformly continuous for n € (—oo, 0] and ||¢| < oo}

where v is a positive constant and ||¢|| = sup |p(n)| e7". Let
n<0

Cr={oeCy:0(n) >0 for ne (00,0}
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The initial conditions for system (19)-(21) are given as:

T(n) =e1(n), T*() = p2(n),V(n) = ¢3(n), forn e (—o0,0],
;e CH, i=1,2,3. (22)

System (7)-(9) with initial conditions (22) has a unique solution [27].

3.1 Basic properties

The non-negativity and boundedness of the solutions of model (19)-(21) will be established in the next lemma.
Lemma 3. The solutions (T'(t),T*(t), V(t)) of model (19)-(21) with initial conditions (22) are non-negative
and ultimately bounded.
Proof: Similar to the proof of Lemma 1, one can show T'(¢) > 0 for all T'(¢t) > 0 for t € (0,w3), where
(0,702) is the maximal interval of existence of solution of system (19)-(21) with (22). From Egs. (20)-(21), we
have

) i e [BTO =WV —8) | BT0 =T 9)] .
70 = a0+ [ et [ pgeon [P 0) | B = IR0 gy,

V(t) = e “p3(0) + b/ e~elt=m) / fa(s)e™%25T* (n — s)dsdn > 0.
0 0

From Eq. (19) we have hm supT'(t) < =. Let F(t) = [, fi(s)e 9*T(t — s)ds + T*(t). Then

Q.\b

t) = /00 fi(s)e [,0 —dT(t —s) — AT —s)Vii—5)  PpT(t—s)T"(f — s)} ds

1+aV(t—s) 1+ axT*(t — s)
—3818 B (t_S) (t—S) 6T<t_S)T*(t—5) )

— oy —d /0 Fu(s)e= 5Tt — 8)ds — T (1)
<p—-o (/000 f1(s)e™ T (t — s)ds + T*(t)) =p—oF(t),

where, 0 = min{d, u}. Hence, limsup,_, . F5(t) < 2 Since IS fi(s)e 5T (t — s)ds > 0 and T* > 0, then
o

limsup; , o, T(t) < 2. From Eq. (21) we have
o
V —b/ fa(s —523T*(t—s)d8—CV()<bn27—cV()<b7—cV()

b
Thus limsup V(¢) < ey Therefore, T'(t), T*(t) and V (¢) are ultimately bounded.O
co

t—o0
The existence of the steady state of the model (19)-(21) will be shown in the next lemma.

Lemma 4.

(i) If Ry < 1, then there exists only positive steady state Sp,

(ii) if 1 < Ryg, then there exist only two positive steady states Sy and 5.
The proof. Let the R.H.S of system (19)-(21) be equal zero

pTV BIT™

=p—dTl — — 2
0 P d 1+OZ1V 1+OZQT*, ( 3)
51TV BoTT™ .
0= —uT 24
n1<1+a1V+1+a2T* pE (24)
0 = mbT™ — ¢V, (25)
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Solving Eqgs. (23)-(25) we find that the system has two steady states, disease-free steady state Sy = (7o, 0,0, 0),
where Ty = g, and endemic steady state Sy (11,717, V1), where

- MC(l + a1V1) (bﬂz + OézCVl) T — —B++VB?2 - 4AC V= b’l]ng*
bz [B1 (bna + aacVh) + Bac (1 + ay Vi) ! 24 ’ ! c
where
A = pbns (donag + frog + faon),
B = Ba(pc — parbming) + Bibna(p — pasm) + dp(cas + aqbns), (26)
C = duc(l - Ry),
and

T
Ro = 2771 (bB1m2 + Bac),

where R represents the basic infection reproduction number. [J

3.2 Global properties

In this section, we study the global stability of all the steady states of system (19)-(21) employing the method
of Lyapunov function.

Theorem 3. If Ry < 1, then S is globally asymptotically stable.

Proof. Define

Ly(T,T*,V) = Tyg <;;> T ﬁlcTov
L as [T[BTE=mV(E—m) BTt —n)T"(t —n)
oy e R A e

b T oo S
+ i To / fa(s)e %28 / T*(t — n)dnds.
¢ 0 0
. dLy . .
Calculating s along the solutions of the system (19)-(21), we obtain

Ly _ (| T\ (, o BTV BIT
dt T)\” T+ta,V  1+ogl*

o L e e s e

+ /BlcTO {b/o fa(s)e 25T (t — s)ds — CV]

L[ _oys | BTV BaTT*  BiT(t—s)V(t—s) BoT(t—s)T*(t —s)
+7/0 fi)e [1+alv+1+a2T*_ T+aiV({t—s)  1+asT*(t—s) }ds

b Ty [
+ ﬁz 0/ fa(s)e™025 [T — T*(t — s)] ds
To V2 T+ p(TobBimnz | ToBam
1—29) (p— dT) — 1 i Ty ——— — aBoTy———— + 2 1) 7
( T)(P ) — 1B Tra v sz T agT +771 e + p
(T_TO)2 V2 T*Z i
= —d—" — To———— — To——————+ —(Ro — 1)T". 27
T a1 TraV az 32 T T agT +771( 0o—1) (27)

dL
If Ry <1, then =22 20 for all T,T*,V > 0. Similar to the proof of Theorem 1 one can easily show that Sy is
globally asymptotically stable when Ry < 1.[J
Theorem 4. If 1 <Ry, then S; is globally asymptotically stable.
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Proof. We construct the following Lyapunov functional

" T 1 T BT Va V
Us(T.T*, V., ) Tlg<T1>+ Tl( >+bn2T*(1+a1V1)v <V1>

/T V1 b1 STt -n)V(t—n) 1+ aiV1)
1711+oz1V1/ Jils / ( T (L+aaV(t—n) )d"ds

_ BRNIIT o—d1s (T =Tt —n) (1 + a2TY)
- f1 - dnds
m (1+ axT7) TTy (1+ axT*(t —n))

BITYV; / - / <T*(t—n)>
4+ 28 ——— | dnds.
matav ), ¢ Ty s

We evaluate % along the trajectories of (19)-(21) is given by

Wy (| TN (o BTV BTT
dt T )\’ T+aV 1+ aol™

LGB ([Tae mﬂ&ﬂpﬂwhﬁ+&ﬂh$WWﬂqmﬂJ?

1+ a1 V(t—s) 1+ aT*(t —s)

BT Va P B
T Ty 1+ V) ( )( / fals)e ™ T (¢ = s)ds CV)

ﬂlTl‘/l / f 7515 <TV (1+CJ£1V1) . T(t*S)V(t*S) (1+Q1V1)) ds
m (L +a1Vh) ' TVi(L+aV) TVi(1+aV(t—s))
YA o1 T(t—s8)V(t—s)(1+a1V)
f In ds
m (14 a1 Vi) TV 14+ a1 V(t—s))
BT / fu(s)edrs ( TT* (1 + 1Y) _ T(t—s)T*(t—s)(1+ ang*)) ds
T]l 1 + OZQT* 1 TlT* (1 + OZQT*) TlTl* (1 + OZQT* (t — S))

 BLTY ey (T T (=) (1 + auT")
m (1 + aTy) / fils In ( TT* (14 axT*(t — 3)) ) ds

B1T1Va / =02 ™ T(t—s) T*(t — s)
s(L LU= g (20900 g,
+— m 0t o) fa(s i T +1In T ds

Collecting terms of Eq. (28) and applying the steady state conditions for Si:

A% Ty c
p—dleﬁlll+B211*=ET1*=7MV1,
1 + 011‘/1 1 + Othl 771 bT]17]2

we get

dUs d B1T1 V1 BTy TY BTV
2 (T-T -2
dt 7 )"+ ( T><1+a1V1+1+a2T1* TV

BT T™ o0is BTt —s)V(t—s)
* 1+012T* B ThT* / fils 14+ oV (t—s) ds
/ Fi(s)e~0 BT (t — s)T*(t — s) ds — BT T BT Va

1T* 1+ aT*(t —s) y 1+ a7y 1+aqWy
BoTh 1Y BT / Fals)e=®2 ViT*(t — s) ds — BTV
1+ a1y 1]2 (1+ayV7) ViIy 1+a1V
n 61TV i Th / fi(s)e=% In < t—9s)V(it—s)(1+ a1V)) ds
1+aVi - m(1+a1Vh) TV (14 oV (t—s))

BTy o—b1s (t—s)T*(t —s) (1 + aT™)
m (1 + a2TY) / fils . < TT* (14 axT*(t — s5)) )ds

/i1 Vv / o—b25 ], T*(t —s)
——~ | ds.
Tt av) N2 (1+ a1V4) fa(s T+ 8
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Using Eq. (17) we get

@:—g(T—Tlf—i— 61171V, {(1+0¢1V1)V_V_ 1+a1V}
dt T l+aVi |+ aV)VE 1 1+
BoTiTr [(1+ aoT)T* T+ 1+ aoT™
1+ Ty {(1+a2T*)T* ST 1+a2T1*}
BTV, |:T1_1_1 (ﬂ)} BT {Tl_ I <T1>}
1+a1V1 T 1+ a7 | T T

BTV / fi(s _515{ t—s)V(Et—s)(1+a1Vh)T} _1} ds

771 1—‘—0[1‘/1 T1V1 (1—‘—0[1V(t—8))T*
51T1V1 obis Tt—s)V({t—s)(1+aVi)TT
f1 In ds
m(1+a V) Vi (14 V(t—s))T*
ﬁQTlTl T(t — S)T* (t — 5) (1 + OéQTl*)

—018 _ s
m (1 + aaTy) fl() { T\T* (1+ axT*(t — s)) l]d

BTy / (s _olgl < (t—s)T*(t—s)(l—Fang*))ds

771 1 -+ QQT* TlT* (]. + CEQT* (t — S))
B 51T1V1 / Fals)e=®2 wr (t —5) 1 m ViT*(t — s) ds
n2 (14 aiVh) V1T ViIy
. B1T1‘/1 1+041V —1-1 1+041V . /BQTlTl* 1+OZQT* —1—-In 1+OZQT*
1+oqVi [14+ oWy 1+ 1+ aTy |1+ aTy 1+ aTY
_d gy ATV a1 (V= V)? BT as (T* - Tt)?
T ! L+onVi |[(I+aqV) (A +aVi) Vi | 1+ aoTy | (1+aoT*) (1 + aTy) Tt

ﬂ1T1V1 _515 T1 T(t—S)V(t—S) (1+a1V1)T1* 1+041V
Tty / Sils { (T>+g< TV (L +a V(t— ) T >+9(1+alvl)]ds
BQTlTl 7613 T(t—S)T*(t—S) (].—‘rO[QTl*) 1+O¢2T*
T (L + Ty / (s { (T>+g< TiT* (1 + aoT*(t — 5)) >+g(1+a2Tf‘>}d8

61T1V1 / f 7525 VlT*(t — S) ds
T+ a ) 2 VTr '

Similar to the proof of Theorem 2, one can easily show that S; is globally asymptotically stable. [J

4 Numerical simulations

In order to illustrate our theoretical results, we will perform numerical simulations for system (7)-(9). We use
the data given in Table 1.

Table 1: The data of system (7)-(9).

H Parameter H Value H Parameter H Parameter H
H A H 10 cells mm—3day ! H 1 H Varied H
H d H 0.01 day~* H T2 H Varied H
I Varied [ o ] 0.9 day ! |
H B H 0.0001 cells™! mm?3day ! H 0a H 0.1 day—* H
H ay H Varied H b H 10 virus cells~'day ! H
H Qg H Varied H c H 3 day ! H
C v T w7 )
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4.1 Effect of the parameter (; on the stability of steady states

To show the global stability of the steady states we consider three different initial conditions:

IC1: @1(n) = 600, w2(n) = 1,p3(n) = 1,
1C2: ¢1(n) = 200, w2(n) = 0.5,p3(n) =
IC3: ¢1(n) = 700, wa2(n) = 5,p3(n) =9,

where, 1 € [~ max{7y,m},0].

~! mm3, @y = 0.005 cells ~' mm? and

In this case we choose 7y = 0.5 day, 72 = 0.9 day, @3 = 0.009 virus
study the following subcases for the initial conditions IC1-1C3.:

(i) Ro < 1. We choose, 1 = 0.0001 virus ~! mm3day~!, then we compute Ry = 0.2867 < 1. From
Lemma 2 we have that the system has one steady state Sy. From Figures 1-3 we can see that, the concentration
of uninfected CD4" T cells is increasing and tends its normal value p/d = 1000, while the concentrations of
infected cells and free HIV-1 are decaying and approaching zero for all the three initial conditions IC1-IC3. It
means that, Sy is globally asymptotically stable and the virus will be removed. This result support the result
of Theorem 1.

(ii) Ro > 1. We take 31 = 0.001 virus ~! mm3day~!, and then, Ro = 2.2292 > 1. Lemma 2 state that
the system has two positive steady states Sy and S;. It is clear from Figures 4-6 that, both the numerical
results and the theoretical results given in Theorem 2 are consistent. It is seen that, the solutions of the system

converges to the steady S7(491.6543,3.6015,10.9717), for all the three initial conditions IC1-IC3.

4.2 Effect of the saturation infection on the HIV-1 dynamics

In this case, we consider the initial condition IC2. We take the values 7y = 0.5 day, 75 = 0.9 day andf; = 0.001

virus~! mm3day—!

. Figures 7-9 show the effect of saturation infection. We observe that, as a; and as are
increased, both the virus-target and infected-target infection rates are decreased, and then the concentration
of the CD4" T cells are increased, while the concentrations of the infected cells and free HIV-1 particles are

decreased.

4.3 Effect of the time delays on the stability of steady states

In this case, we consider the initial condition IC2. We take the values 81 = 0.001 virus ~! mm?3day ', a1 = 0.009
virus~! mm? and as = 0.005 cells ~! mm?®. Let us consider the case 7 = 74 = 9. The values of Ry and the

steady states of system (7)-(9) with different values of 7 are presented in Table 2.

Table 2: The values of steady states, Ry for model (7)-(9) with different values of the delay parameter 7.

H Delay parameter H Steady states H Ry H
| r=00 [ B =(319.8688,7.5570,25.1900) || 3.8148 ||
| r=02 [ Ei=(373.1935,5.8172,19.0069) | 3.1251 ||
| r=06 | B =(517.7076,3.1228,9.8032) [ 2.0973 ||
| =09 | Ei=(670.8935,1.6267,4.9557) | 1.5552 ||
| T=1. | E: = (733.0161,1.2061,3.6377) | 1.4077 ||
| r=13431 | Eo = (1000, 0,0,0) [ 1 ]
| r=15 | Eqy = (1000, 0,0,0) [ 0.8552 |
[ =2 | Eq = (1000, 0,0,0) | 0.5196 ||
| =25 | = (1000, 0,0,0) [ 0.3157 ||
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From Table 2 we can see that, Ry is decreased as 7 is increased. Using the data given in Table 1, we get:
(i) if 0 <7 < 1.343070098, then S; exists and it is globally asymptotically stable,
(ii) if 7 > 1.343070098, then Sy is globally asymptotically stable.
Figures 10-12 show that the numerical results are also compatible with the results of Theorems 1 and 2. It
can be seen that when the time delay is increased, the system can be stabilized around the disease-free steady

state Sg. This means that the delay plays a similar job as the antiviral treatment in clearing the HIV-1 from

the plasma.
1000 5 T
—IC1 - —IC1
aool - =102 45p - - -1c2]
s B 11C3
- |
8001 -
: 35¢
E 700 é 3l
% 600 g2
£ g0l £ 2
151
4001
3001
200 : : : : ‘
0 200 400 600 800 1000 1200 10
Time
Figure 1: The evolution of uninfected CD4+ T cells Figure 2: The evolution of infected cells with initial
with initial IC1-IC3 in case of Ry < 1. IC1-IC3 in case of Ry < 1.
15 T T
—IC1 —IC1
---ic2 - --1c2||
oIc3 s
2 38
2 g
I £ 300p
5 5 "
200
100+
00 160 260 360 460 560 600
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Figure 3: The evolution of free HIV-1 with initial Figure 4: The evolution of uninfected CD4™ T cells
IC1-IC3 in case of Ry < 1. with initial IC1-IC3 in case of Ry > 1.
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Infected Cells

Figure 11: The evolution of infected cells with dif-
ferent delay parameter 7.
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Figure 12: The evolution of free HIV-1 with differ-
ent delay parameter 7.
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Abstract
The aim of this paper is utilize proper iterative methods for solving
equations on Banach spaces. The differentiability of the operator involved
is not assumed neither the convexity of its domain. Applications of the
semi-local convergence are suggested including Banach space valued func-
tions of fractional calculus, where all integrals are of Bochner-type.
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1 Introduction

Let By, By stand for Banach space and let 2 stand for an open subset of Bj.
Let also U (z, p) := {u € By : |[u— z|| < p} and let U (z, p) stand for the closure
of U (z,p).

Many problems in Computational Sciences, Engineering, Mathematical Chem-
istry, Mathematical Physics, Mathematical Economics and other disciplines can
written as

F(z)=0 (1.1)
using Mathematical Modeling [1]-[17], where F : Q — Bs is a continuous op-
erator. The solution z* of equation (1.1) is sought in closed form, but this is
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attainable only in special cases. That explains why most solution methods for
such equations are usually iterative. There is a plethora of iterative methods
for solving equation (1.1), more the [2, 6, 7, 9 - 13, 15, 16].

Newton’s method [6, 7, 11, 15, 16]:

Tng1 = T — F' (2,)  F (2) . (1.2)
Secant method:
Tna1 = Tn — [Tn_1,Tn; F] 7' F (z0) (1.3)
where [, -; F] denotes a divided difference of order one on §2 x Q [7, 15, 16].

Newton-like method:
Tpy1 =2n — B F (22), (1.4)

where E,, = E(F)(z,) and E : Q — L (Bj, By) the space of bounded linear
operators from Bj into Bs. Other methods can be found in [7], [11], [15], [16]
and the references therein.
In the present study we consider the new method defined for each n =
0,1,2,... by
Tni1 = G (zy)

G (wn41) = G (zn) — A;LlF (@n) (1.5)

where zp € Q is an initial point, G : By — Q (Bs a Banach space), A, =
A(F) (zny1,2n) = A(@pt1,2n) and A 1 Q x Q — L(B1,Bs). Method (1.5)
generates a sequence which we shall show converges to * under some Lipschitz-
type conditions (to be precised in Section 2). Although method (1.5) (and
Section 2) is of independent interest, it is nevertheless designed especially to be
used in g-Abstract Fractional Calculus (to be precised in Section 3). As far as
we know such iterative methods have not yet appeared in connection to solve
equations in Abstract Fractional Calculus.

In this paper we present the semi-local convergence of method (1.5) in Sec-
tion 2. Some applications to Abstract g-Fractional Calculus are suggested in
Section 3 on a certain Banach space valued functions, where all the integrals
are of Bochner-type [8], [14].

2 Semi-local Convergence analysis
We present the semi-local convergence analysis of method (1.5) using conditions
(M):

(m) F :Q C By — By is continuous, G : By — Q is continuous and
A(z,y) € L (B, Ba) for each (z,y) € Q x Q.
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(my) There exist 8 > 0 and Q C By such that A (z,y)”" € L (By, B;) for
each (z,y) € Qg x Qy and

|A@y || <57

Set Q1 = QN Q.
(m3) There exists a continuous and nondecreasing function v : [0, +00)® —
[0, 4+00) such that for each x,y €

I1F () = F(y) = A(z,y) (G (2) = G(y))] <

B (lz =yl lz = 2ol ly — zoll) IG (z) = G ()] -

(m4) There exists a continuous and nondecreasing function 1 : [0, +00) —
[0, 4+00) such that for each x € £y

|G (2) = G (xo)|| < %o ([l = zoll) [l — zol| -
(ms) For zp € Qo and 21 = G (x0) € Qp there exists n > 0 such that
|4 @1,20) ™" F (o) < .
(mg) There exists s > 0 such that
¥ (n,s,5) <1,

Yo (s) <1
and
U

G (xg) —xg|| < s < ,
16 (@) =zl <5 < T2

where go = 1 (1, 5,5).
(m7) U (xo,s) C L
Next, we present the semi-local convergence analysis for method (1.5) using

the conditions (M) and the preceding notation.

Theorem 2.1 Assume that the conditions (M) hold. Then, sequence {z,}
generated by method (1.5) starting at zo € Q is well defined in U (xo, s), remains
in U (xg,s) for each n = 0,1,2,... and converges to a solution z* € U (g, s)
of equation F (x) = 0. The limit point x* is the unique solution of equation
F(x)=01inU (x,s).

Proof. By the definition of s and (ms), we have z1 € U (9, s). The proof
is based on mathematical induction on k. Suppose that ||z — zr_1] < ¢ 'n

and ||z — xo|| < s.
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We get by (1.5), (m2) — (ms) in turn that
G (zh41) — G (z)]| = || A ' F ()| =
| A" (F (zk) = F (k1) — Ap—1 (G (zx) — G (2-1)))|
<AL IF (1) = F (w-1) = A1 (G () = G (2-1))]| <
BB (lze — zh—alls zn—1 — zoll s yx — 20l) |G (2x) — G (zr—1)[| <

¥ (n,5,8) |G (x) — G (@r-1) ]| = 90 |G (@) — G (xh-1)|| < g5 [l1 — 2ol < gfn
(2.1)
and by (mg)

k41 = 2oll = |G (21) — zoll <G (z) = G (20) || + (|G (w0) — o
< g ([lek = zol) lzx — woll + (|G (z0) — @0l

<1 (8) 8 + (|G (x0) — wol| < 5.

The induction is completed. Moreover, we have by (2.1) that for m =0,1,2, ...

1 _ q6ﬂ k
T — x| < qo M-
i = il < =gbn

It follows from the preceding inequation that sequence {G (z1)} is complete in a
Banach space By and as such it converges to some z* € U (z, s) (since U (z, s)
is a closed ball). By letting k — 400 in (2.1) we get F (z*) = 0. We also get
by (1.5) that G (z*) = z*. To show the uniqueness part, let ** € U (xq, ) be
a solution of equation F'(z) = 0 and G (z**) = 2**. By using (1.5), we obtain
in turn that

|2 — G (ziia)l| = ||z — G (ax) + AL F (a1) — A F (™)

<
[AHHIE () = F (2x) = Ak (G (&™) = G (a))]| <

B8 (2™ = zill, ks — ol llor — zol) IG (&™) = G (zx)]| <
6 G () = G (zp)l| < g5 llo** — ol

so lim x, = z*. We have shown that lim x; =z*, soz* =z**. =
k—-+4o00 k— o0

Remark 2.2 (1) Condition (mg) can become part of condition (m3) by consid-
ering

(m3)" There exists a continuous and nondecreasing function ¢ : [0, +00)3 —
[0,4+00) such that for each z,y €

HA (@,y) " [F(x) = F(y) — A(2,y) (G(x) - G (y))]H <
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@ (lz =yl [lz = zoll, [ly = zol) |G () — G ()] -
Notice that
@ (ur,uz,u3) < 9 (u1,uz,us3)

for each uy >0, ug > 0 and uz > 0. Similarly, a function @, can replace ¥, for
the uniqueness of the solution part. These replacements are of Mysovskii-type
[6], [11], [15] and influence the weaking of the convergence criterion in (mg),
error bounds and the precision of s.

(2) Suppose that there exist 3 >0, 8, > 0 and L € L (B, By) with L™ €
L (B2, B1) such that

Iz~ < 87"
[A (z,y) — LIl < B,

and

B = 5_151 <1l

Then, it follows from the Banach lemma on invertible operators [11], and
LA (z,y) = L) < B8 =B, < 1

that A(:c,y)fl € L(B2,By). Let 8 = % Then, under these replacements,
condition (ms) is implied, therefore it can be dropped from the conditions (M).

Remark 2.3 Section 2 has an interest independent of Section 3. It is worth
noticing that the results especially of Theorem 2.1 can apply in Abstract g-
Fractional Calculus as illustrated in Section 8. By specializing function ¥, we
can apply the results of say Theorem 2.1 in the examples suggested in Section
3. In particular for (3.21), we choose for u; >0, ug >0, uz >0

_ Apy
¥l = 5EG) r y

if lg (x) — g (y)| < py for each x,y € [a,b];

_ Aps
AL (v) (v +1)

if lg(x) — g ()| < & |z —yl| for each z,y € [a,b] and py = &5 |b— al;

/IZ} (u17u2; ud)

A
AL (v) (v + 1)
if |9 (z)| < &g for each x,y € [a,b] and ug = 2&5, where \,v and F are defined
in Section 3. Other choices of function v are also possible.
Notice that with these choices of function ¢ and f = F and g = G, crucial
condition (m3) is satisfied, which justifies our definition of method (1.5). We
can provide similar choices for the other examples of Section 3.

7/} (Ul,UQ,Ug) =
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3 Applications to X-valued g-Fractional Calcu-
lus of Canavati type

Here we deal with Banach space (X, ||-||) valued functions f of real domain [a, b].
All integrals here are of Bochner-type, see [14]. The derivatives of f are defined
similarly to numerical ones, see [17], pp. 83-86 and p. 93.

Here both needed backgrounds come from [5].

Let v > 1, v ¢ N, with integral part [v] = n € N. Let ¢ : [a,b] — R be a
strictly increasing function, such that g € C* ([a,b]), g~ € C™ ([g (a), g (b)),
andlet f € C™ ([a,b], X). It clear then we obtain that (f o g~') € C" ([g (a), g (b)], X).
Let a:=v—[v]=rv—n(0<a<l).

(I) See [5]. Let h € C ([g (a), g (b)], X), we define the X-valued left Riemann-
Liouville fractional integral as

(J20R) (2) 1= — /Z(z—t)”_lh(t)dt, (3.1)

F (1/) zZ0
for g (a) < zg < z < g (b), where I is the gamma function.

We define the subspace Cy, ([g (a) , g (b)], X) of C" ([g (a) , g (b)], X), where
z € [a,b]:

v (19(@),g 0], X) = {h € C" (g (@) , 9 (4)], X) : DB € C* (g (@), g ()], X) |
(3.2)
So let h € Cy ) ([g(a),g(b)],X); we define the X-valued left g-generalized
fractional derivative of h of order v, of Canavati type, over [g (z), g (b)] as
v o (9@ pm)
Yoyh = (Jf_ah( )) . (3.3)

Clearly, for h € C¥ ) ([ (a), g (b)], X), there exists

()

(Do) )= sy [ G=0 W wa @)

forall g(z) <z<g(b).
In particular, when fog~! e Cyx) ([9(a), g (b)], X) we have that

_ 1 d [# _ 1\ ()
v 1 _ « 1
(Dg(z) (foyg )) (2) = T—a)de /g(m) (z=t)""(fog™) " (t)dt, (3.5)
forall z: g(x) <z<g(b).
We have that D;‘(I) (f o g_l) = (f og_l)(n) and Dg(m) (f og_l) =fog '
From [5] we have for (fog™') o) (9 (@), g (b)], X), where € [a,b],
(X-valued left fractional Taylor’s formula) that

n—1 o —1 (k) T
IR AT i A W UIL YT SR CRU Y
k=1
6
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1 9(y) b V B
T (v) /g@) (9(y)—1) ( o (fog ))(t)dt, for all y € [a,b] : y > 2.

Alternatively, for (fog™') € Cyi (l9(a), g (b)], X), where y € [a,b], we
can write (again X-valued left fractional Taylor’s formula) that:

© (e )Y

HOESIOEDY o (9(z) =g ()" + (3.7)
k=1
1 9(z) o )} B |
T (V) /g(y) (g (33) o t) (Dg(y) (f °g )) (t) dt, for all z € [a7 b] cx >y

Here we consider f € C™ ([a,b], X), such that (fog™!) € Cyry (l9(a), g (B)], X),
for every @ € [a, b]; which is the same as (fog™') € Cyy (L9 (@), g (b)], X), for
every y € [a,b] (i.e. exchange roles of z and y); we write that as (fog™') €

v, (lg(a),g(b)], X).
We have that

(P (Fo5™) = rr—ayiz . ;) (=0 (Fog™) ™ (0t (3.9

forall z:g(y) <z<g(b).
So here we work with f € C™ ([a,b], X), such that (f o g=') € C¥, ([g(a),g (b)],X).
We define the X-valued left linear fractional operator

n—1 (fog™ )™ (9(2)) -
o % (9(y)—g (96))':1 +

(A1 () (z,y) := { n-1 (Jos )™ (9w) (¢ () (3.9)

k=1 " —g)" "+
(D) (Fog)) (0/o)) St o,

f(n) (.’E), r=y.

We may assume that (see [12], p. 3)

(A1 (D) (@) = (A () )l = |7 @) = 1 ()| =

[(r g ) g @)= (1 og™) G| < @ls@ -9 @I, (310)

where ® > 0; for any =,y € [a,b].
We make the following estimations:
(i) case of y > = : We have that

1 (y) = £ (2) = (AL () (2, 9) (9 () — 9 (@) =
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o/ " () -0 (D (Fog™)) -

g9(z)
I'v+1)

(Db (F097)) (9 )

(by [1], p. 426, Theorem 11.43)

- ﬁ / (()) (90) =0 ((Dyy (T097) 0= (i (Foa™)) (9 w) dt”
g (3.11)
(by [8])

< /(()) 66 =0 (D (7097™) O = (Dl (097 ) (o ) |
(we assume here that

[(P5y (Foa) = (D (Fea™) W@ <Ml -g ). (312)

for every ¢,9 (y) g (z) € [9(a), g (b)] such that g (y) >t = g (x); A& > 0)

A\ 9(v) —
<ty L, @00 @ = (3.13)
Al/g(y) (o) — ) dt= 2 W) —g@)" (3.14)
L) Jyw) I'(v) (v+1)
We have proved that
_ x v+1
150 =1 (@) = (41 () @) ) g )] < 5 220
(3.15)
for all z,y € [a,b] : y > x.
(ii) Case of x > y : We observe that
1f () = F(x) = (AL (f)) (z,9) (9 () — g (2))]| =
1f () = f () = (AL (f)) (z,9) (9 () =g ()] =
1 g(z) 1 y _
wy 0@ =0 (D5 (Fogh) W=
(D5 (o979 (o) LE— 00| (3.16)
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(we assume that

|(Dsy (Fo97)) = (D) (Fo97)) (9 @] <Rkt =g (@) (3.18)

for all t,g (z), g (y) € [g(a),g ()] such that g (z) >t > g(y); A2 > 0)

Ao [ - B
ST /g<y) (9(@) =" (g (@) —t)dt = (3.19)
ﬁ g(x) Y B )\2 (g (J}) —g (y))u+l
0 /g(y) (9(@) o= o WO g O
We have proved that
_ v+1
150~ £ (@) = (A () ) (0 0) = g @) < iy H2 20—,
(3.20)

for any x,y € [a,b] : x > y.
Conclusion 3.1 Set A := max (A1, \2). Then

A lg(y) —g (@)
(v) (v+1) ’
(3.21)

1F () = £ (@) = (AL (f)) (2,9) (9 () =g @)l < &

YV x,y € [a,b] (the case of x =y is trivially true).

We may choose that ﬁ <1
Also we notice here that v +1 > 2.
(IT) See [5] again. Let h € C ([g (a),g (b)],X), we define the X-valued right

Riemann-Liouville fractional integral as

(J2 _h) (z) = F(1V) / (=" h (o), (3.22)

for g(a) <z<z <g(b).
We define the subspace Cy ., ([g (a) , g (b)], X) of C" ([g (a) , g (b)], X), where
x € [a,b] :

Clty— (l9(@) g )], X) = {h € C" (g (a),g ()], X) : S35 b € O (g (@) g ()], X) }
(3.23)

Solet h € Cy,)_([g(a),g(b)],X); we define the X-valued right g-generalized

fractional derivative of h of order v, of Canavati type, over [g (a), g (z)] as

/

v L n—1 e n
DYy h = (1) (Jg(m)_h( >) (3.24)

9
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Clearly, for h € Cy(,y_ ([9(a), g (b)], X), there exists

—1)»t 9(z)
(Bro-m) @ =g [ G- wa

foraug(a)gzgg(x)ﬁg(b)

In particular, when fog~! € Cya)- ([9(a), g (b)], X) we have that

g(z)—

_1\n—1 g(z)
(P (og™) () = é(ll)—cv)i/ (t=2)" (Fog™)" (t)at
’ (3.26)
for all g(a) <z2<g(z) <g(b).
We get that
(ng— (fo 9*1)) (2) = (-1)" (fog ™)™ (2), (3.27)
and
(Do(z>— (fo 9_1)> (2) = (fog™)(2), (3.28)

for all z € [g(a), g (z)], see [5].
From [5] we have, for (fog™!) € Chiay— (g (@), g ()], X), where x € [a, b],

v > 1 (X-valued right fractional Taylor’s formula) that:

1 o) v—1 v _
T'(v) /g(y) t—9() (Dg(@f (fog 1)) (t)dt, alla<y <z (3.29)

Alternatively, for (fog™') € Cyiy- ([9(a), g (b)], X), where y € [a, 0], v >
1 (again X-valued right fractional Taylor’s formula) that:

- —1 (k)
fla Z )W) (4 ) — g )+

b

1 9(y) vt (e B
F(v)/g(x) (t—g(x)) (Dg(y), (fog 1)) (t)dt, ala<z<y. (3.30)

Here we consider f € C™ ([a,b], X), such that (fog™') € Cyay- ([9(a), g (b)], X),
for every @ € [a,b]; which is the same as (fog™') € Coy)— ([g (a),g(b)],X),

for every y € [a,b]; (i.e. exchange roles of x and y) we write that as (f ) gfl) €

Cy_(lg(a),g(b)], X).
We have that

_1\yn! 9(y)
(DZ@)— (fo 971)) (2) = ls(ll)_a);i/z (t—2""(fog ™™ @) dr,
(3.31)
10
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for all g (a) <z <g(y) <g(b).
So here we work with f € C™ ([a, b], X), such that (fog~") € C¥_ ([g(a), g (b)],X).
We define the X-valued right linear fractional operator

01 (k) =
it P (g ) — g @) -
(D (Fog™)) (9 () L2 sy,

(A2 (f)) (z,y) == -l (ng‘lzj!k)(g(y)) (0(2) — g ()" = (3.32)

(D2 (Fog™)) (9(@) W)= y >,

f(n)(x)v r=y.

We may assume that ([12], p. 3)

(A2 (1)) (2,2) = (A2 (£) (.9 = |

1 @) = 1 )| < @719 (@) - 9 W)

(3.33)
where ®* > 0; for any z,y € [a,b].
We make the following estimations:
(i) case of z > y : We have that
1f (@) = f (y) = (A2 (f)) (z,9) (9 (2) —g W)l =
1f () = F(x) = (A2 (f)) (z,9) (9 (y) — g (2))]| = (3.34)
1f () = F(2) + (A2 (f)) (z,9) (9 (z) =g (W) =
1 9(x) o1 y _
iy L @) (D (o)) @
(D (£o07)) (o) D=2 (3.35)

(by [1], p. 426, Theorem 11.43)

1

T /gg(m)“g(y)) (Do (Fog™)) 0= (Dyy- (Fo97) (0 w))) e

(v)

(by [8])

/gm D;’(w) (f og_l)) (t) — (Dg(m)_ (f og‘l)) (9 (y))H dt
" (3.36)
(we assume here that

|(Pyor- (Fo97) ) = (Dior- (Foa™)) (9 wD)|| < prlt =g )], (3:37)

11
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for every t, g (y) g (x) € [g(a), g (b)] such that g (x) =t =g (y); p; > 0)

P g(x) B . n (g(x)—g(y))U—H
I'(v) /g@) E=90) dt‘r(y) w+1) (3.38)

We have proved that

p1 (g(z)—gy)™"
1) = F0) = (2 (1) ) o )~ g )] < 2 0000

(3.39)

Va,y €la,bl:z>y.
(ii) Case of x < y : We have that

1f (2) = f (y) = (A2 (f)) (z,9) (9 (2) =g (W)l =
1f (@) = f (y) + (A2 () (z,9) (9 (y) — 9 (@) = (3.40)

1
I'(v)

/g:(?) (t=g@)" " ((Psy- (Foa™)) @) = (Dyy- (Fog™)) (9@)) dt

ﬁ / j(j) (t=9 @) ||(Dhy- (Fog™)) ) = (D (Fog™)) (9 @)
- (3.41)

(we assume that
[(Ds- (Foa™) )= (Dyy- (Fog™) 0@ < pali—g @), (342
>

for any t,g(z),9(y) € [g(a),g(0)] : g(y) > ¢

9(y)
P / (t— g (2))" dt = (3.43)

P2 (9(y) —g(@) " (3.44)
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We have proved that

py (g9(y) —g(a)" ™

1F (2) = £ (y) = (A2 (f)) (2,9) (9 (z) =9 W]l < ¢

¥) w+1)
(3.45)
Va,y € la,b]:x<y.
Conclusion 3.2 Set p := max (p;, py). Then
p lg(@) g
I£(2) = 7 () = (42 () 0.9) (9 0) ~ g )] < s 22—,
(3.46)

YV x,y € [a,b] ((3.46) is trivially true when © =1y).

One may choose F( 5 < 1.
Here again v +1 > 2.

Conclusion 3.3 Based on (3.10) and (3.21) of (I), and based on (3.33) and
(8.46) of (II), using our numerical results presented earlier, we can solve nu-
merically f (x) = 0.

Some examples for g follow:

g(z) = € [a,b] CR,
g(x): sin z,
g (z) =tanwz,

(=
wher xe[—%—i—a,%—a],With£>Osmall.
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