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A note on non-instantaneous impulsive fractional neutral
integro-differential systems with state-dependent delay in

Banach spaces

Selvaraj Suganya,* Dumitru Baleanu! Palaniyappan Kalamani* and Mani Mallika Arjunan®

Abstract

In this research, we establish the existence results for non-instantaneous impulsive fractional
neutral integro-differential systems with state-dependent delay in Banach space. By utilizing the
Banach contraction principle and condensing fixed point theorem coupled with semigroup theory,
we build up the desired results. To acquire the main results, our working concepts are that the
functions deciding the equation fulfill certain Lipschitz conditions of local type which is similar to

the hypotheses [5]. In the end, an example is given to show the abstract theory.

Keywords: Fractional order differential systems, Caputo fractional integral operator, non-
instantaneous impulses , state-dependent delay, fixed point theorem, semigroup theory.
MSC 2010: Primary 34K30, 26A33; Secondary 35R10, 47D06.

1 Introduction

Fractional calculus may be considered an old and yet novel topic. In fact, the concepts are almost as
old as their more familiar integer-order counterparts. In 1965 Leibniz and L’Hopital had correspondence
where they discussed the meaning of the derivative of order one half. Since then, many famous
mathematicians have worked on this and related questions, creating the field which is known today
as fractional calculus.

The fractional calculus is also considered a novel topic, since it is only during the last three decades
that it has been the subject of specialised conferences and treatises. This was stimulated by the fact that

many important applications of fractional calculus have been found in numerous diverse and widespread

*Department of Mathematics, C. B. M. College, Kovaipudur, Coimbatore - 641 042, Tamil Nadu, India. E. Mail:

selvarajsuganya2014@yahoo.in
fCorresponding author: Department of Mathematics, Faculty of Arts and Sciences, Cankaya University, 06530 Ankara,

Turkey and Institute of Space Sciences, Magurele-Bucharest, Romania, E. Mail: dumitru@cankaya.edu.tr
fDepartment of Mathematics, C. B. M. College, Kovaipudur, Coimbatore - 641 042, Tamil Nadu, India. E. Mail:

kalamn17@gmail.com
$Department of Mathematics, C. B. M. College, Kovaipudur, Coimbatore - 641 042, Tamil Nadu, India. E. Mail:

arjunphd07@yahoo.co.in
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fields in science, engineering and finance. Many authors have pointed out that fractional derivatives
and integrals are very suitable for modelling the memory and hereditary properties of various materials
and processes that are governed by anomalous diffusion. This represents the main advantage of using
the fractional derivatives in comparison with classical integer-order models, in which such effects are
not taken into account. For more details, we suggest the reader to refer the monographs [6, 24, 47|, and
the papers [1, 3, [10, 123, 28, 134, 144], and the references cited therein.

Due to the diverse applications in science and technology, functional differential equations turn out
to be the most essential branch of research in mathematical sciences. The work on non-integer order
functional differential equations with state-dependent delay (abbreviate, SDD), is going on last few
years. Furthermore, the study for such kind of the differential equations with SDD, we refer the papers
[2,4,19, 1113, 15, [16, 21, 41, 42, |45, 146].

An important feature of real-world dynamic processes that has attracted considerable interest by
scientists is the effect of abrupt changes. Hereby, “abrupt” is meant in the sense of a multi-scale problem,
i.e. the state of a system changes only slowly for a long time interval, and then undergoes a drastic
change within a very short time interval. For example, a football may be flying through the air for
several seconds before it changes its flight direction within milliseconds during a collision with a goal
post. For the mathematical description of this system, the specification of two sets of equations is
appropriate: one for the flight phase, and one for the collision phase.

Several mathematical models can be developed for the football example. In a simplified setting, the
motion of the football could be described by the position and velocity of its center of mass, and the
encounter with the goal post could be treated as an inelastic collision (i.e. by an immediate change of
the football’s velocity).

For the description of the collision of the ball with the goal post leads to differential equations in which
the velocity experiences, at the time of the collision, a so-called impulse. For additional information
on this concept and pertinent advancements of impulsive differential equations (abbreviated, IDEs), for
instance [7, I8, 26, 139].

However, in [22,132], the authors suggested a new class of abstract IDEs for which the impulses are

not instantaneous. In particular, in [22], the authors investigate the new type of IDEs with NII of the

form
u'(t) = Au(t) + f(t,u(t), te€ (si,tiyr],i=0,1,2,..., N, (1.1)
u(t) = gi(t,u(t)), te(tis),i=12---,N, (1.2)
u(0) = zo, (1.3)

and set up the existence and uniqueness solutions of mild and classical solutions by applying well-known
fixed point theorems. From the above system (1.1)-(1.3), we observe that the impulses start instantly
at the points ¢; and their action continue on a finite time interval [¢;,s;]. As indicated in [22], there
are actually several distinct aspirations for the research of this kind of model. For more details on this
theory and on its applications, we suggest the reader to refer [14, 22, 30, 32].

Moreover, Pierri et al. [32] have generalized the results of [22], by employing the theory of analytic
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semigroup and fractional power of closed operators and proven the existence results of solutions for a
class of semilinear IDEs with NII in Banach space. Furthermore, in [17,[19, 20, 25], the authors analyzed
the different types of IFDEs with NII in Banach spaces under appropriate fixed point theorem. Recently,
Suganya et al.[40] researched the existence results for fractional neutral integro-differential system with
SDD and NII in Banach space through the utilization of the Hausdorff’s measures of non-compactness
and Darbo-Sadovskii fixed point theorem.

On the other hand, the existence results for impulsive fractional neutral integro-differential
systems(abbreviated, IFNIDS) with SDD and NII in %), phase space axioms have not yet been
completely examined. This persuade us to explore the existence results of these types of structures
with NII in Banach spaces.

Motivated by the effort of the aforementioned papers [5, 17, 21, 22], the principle motivation behind

this manuscript is to research the existence of mild solutions for an IFNIDS with SDD of the model

“DP[2(t) = 21 (s 2¢ (1,20, Coctym)) | = F2(8) + 22 (b 2¢ (1,20 Co(t.20))

+ Qg (t, zC(t,zt)vczC(t,zt)) ,t e (Sz‘,ti+1], 1= 0, 1, 2, ce ,N, (1.4)
Z(t) = gl(tv zC(t,Zt))v te (tivs’i]v i = 1727 o 7N7 (15)
20 = p(t) € By, te(—00,0], (1.6)

where o/ denotes the infinitesimal generator of an analytic semigroup {T(¢)}>0 in a Banach space X;
CDtO‘ is the Caputo fractional derivative operator of order o with 0 < a < 1; .# = [0, 7] is an operational

interval; 21,25, 235 : I X Bp X Br, — X, (: I x B, — R are appropriate functions, and %, is a phase
t

space outlined in next section. The term Cz¢(y ,,) is given by Cz¢ (s .,) = / K(t,5)(2¢(s,2,))ds, where K €
0

C(2,R") is the set of all positive functions which are continuouson 2 = {(t,s) € ¥ x.# :0< s <t < T}

t

and C* = sup / K(t,s)ds. Here 0 = tg = s9 <11 <81 <tg<s93< -+ <ty <sy<tny1 =T, are
te[0,7] Jo

prefixed numbers, and g; € C((t;, s;] x B, X) for all i =1,2,..., N, is stand for impulsive conditions.

For almost any continuous function z characterized on (—oo,T] and for almost any ¢t > 0, we
designate by z; the part of %), characterized by z;(0) = z(t 4+ 0) for # < 0. Now z(-) speaks to the
historical backdrop of the state from every 6 € (—o0, 0] likely the current time ¢.

Contrary to the recent results, this paper has some useful features including the integral term in
the involved functions 21, 29, 23 and define a suitable mild solution of the model (1.4)-(1.6) with
the help of probability density function. Then, based on local Lipschitz conditions of the involved
functions, we establish the existence results for IFNIDS with SDD and NII of the problem (1.4)-(1.6)
under appropriate fixed point theorem, and the outcomes in |17, 21] might be viewed as the particular
situations.

We organize the paper as follows. We provide some basis definitions, lemmas and theorems in Section
2 as these are useful for establish our results. Section 3 focuses on the existence of mild solutions for the
model (1.4)-(1.6) with the help of the fixed point theorem. Section 4 provides an example to illustrate

the acquired abstract concept.
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2 Preliminaries

From now on, X represents Banach space with norm || - ||, C(.#,X) denotes the space of all X-valued
continuous functions on .# and .Z(X) is the Banach space of all linear and bounded operators on X.
Furthermore, the notation B,(z,X) stands for the closed ball with center at z and the radius » > 0 in
X.

Let &7 : D(«/) C X — Xis the infinitesimal generator of an analytic semigroup of uniformly bounded
linear operator on X. Let 0 € o(7), then it is possible to describe the fractional power &7, 0 < pu < 1,
as a closed linear operator on its domain D(.27#). Moreover, the subspace D(2/*) is dense in X and the
expression ||z||, = |@/*z||, z € D(4/"), defines a norm on D(&/*). For 0 < v < pu <1, X, = X, and
the imbedding is compact whenever the resolvent operator of 7 is compact. Also for every 0 < pu < 1,
there exists a positive constant M, such that

|l7#T(t)] < %, 0<t<T.
For additional information about the above preliminaries, we refer to [31, 135].

To portray properly our system, we claim that a function z : [0, 7] — X is a normalized piecewise
continuous function on [0, 7] if z is piecewise continuous and left continuous on (o, 7]. By the symbol
PC([o, 7];X), we mean the space of normalized piecewise continuous functions from [o,7] into X.
Specifically, we signify the space PC established by all functions z : [0,7] — X in ways that z is
continuous at t # t;, 2(t; ) = z(t;) and z(t]") exists, for all i = 1,2,--- , N. It is not difficult to find out

that PC is a Banach space having the norm ||z||pc = sup ||z(s)].
s€[0,7]
Once the delay is infinite, then we should talk about the theoretical phase space %} in a beneficial

way. Thus, in this manuscript, we deliberate phase spaces %; which are same as it was described in
[21]. As a result, we bypass the details.
We assume that the phase space (%, || -

#,) is a semi-normed linear space of functions mapping
(—00,0] into X, and fulfilling the subsequent elementary adages as a result of Fu et al. [18] and Ganga
Ram Gautam et al. |21].

If z: (=00, T) — X, T > 0, is continuous on .# and 2y € %}, then for every ¢t € .# the accompanying

conditions hold:
(Py) 2z is in By;
(P2) [z(®)lx < Hll2t]l 2,

(Ps) ||z, < &i(t)sup{|lz(s)|lx : 0 < s < t} + &(t)||20]|5,, where H > 0 is a constant and
&1(-) : [0,+00) — [0,+00) is continuous, &(-) : [0,4+00) — [0,+00) is locally bounded, and
&1, & are independent of z(-).

For our convenience, denote &7 = sup &1(s), &5 = sup &a(s).
ses se.g
Define the space

PBr ={z:(—00,T] = X such that zyp€ %, and the constraint z|, € PC},
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where z|s is the constraint of z to the real compact interval on .Z. The function || - ||z,

to be a seminorm in Ay, it is described by

12l = llellz, +sup{llz(s)lx : s € [0,T]}, 2z € Br.

To stay away from the reiterations of a few definitions utilized as a part of this paper we
refer the readers: such as for the definition of the fractional integral, Riemann-Liouville fractional
integral operator, the generalized Mittag-Leffler special function, Wright-type function and the Caputo’s
derivative one can see the papers |17, 135, 40] and the monographs [24, 133, 47].

Currently, we are have the ability to define the mild solution for the problem (1.4)-(1.6). For this,

initially we treat the following model

CDCx(t) = A 2(t) + 2a(t), (2.1)
z(0) = zo, (2.2)

where “ D¢ and &7 are just like described in (1.4)-(1.6).
By thinking the proofs as in [35, Lemma 6 and Lemma 9], we directly define the mild solution for
the model (2.1)-(2.2).

Definition 2.1. A function z : & — X is considered to be a mild solution of problem (2.1)-(2.2) if
z € C(H,X) fulfills the accompanying integral equation:

z(t) =Tu(t)zo0 + /Ot Sa(t —s)2a(s)ds, te.7.

For additional reference about this concept, we suggest the reader to refer|35, 138, 40].
Before we characterize the mild solution for the structure (1.4)-(1.6), finally, we treat the following

system

CDE2(t) — 2ui(t, 2(t))] = S 2(t) + Do(t, 2(t) + D3(t, 2(t)), t € (sistiz1], i =0,1,...,N, (2.7
z(t) = gi(t,2(t)), t € (tiysi],i=1,2,--- N, (2.8)

where ©Dg, g;(t,2(t)) and & are same as defined in (1.4)-(1.6) and zy € X, 2,2y, 23 are
appropriate functions.

We remark that, the impulses in problem (2.7)-(2.9) start abruptly at the points ¢; and their action
continues on the interval [t;, s;]. In addition, the function z takes an abrupt impulse at ¢; and follows
different rules in the two subintervals (¢;, s;] and (s;,t;+1] of the interval (¢;,t;41]. At the point s;, the
function z is continuous.

On the results received in the papers [35-37, 143, 48], first we define the mild solution for the system
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(2.7)-(2.9) is given by

Ta(t)[20 — 21(0, 20)] + 21(t, 2(t)) + /Ot ISa(t —5)21(s,2(s))ds

+/O Sa(t—s) |:.,@2(8, z(s)) + 2s(s, z(s))} ds, tel0,t],
91(t,2(1)), t € (t,s1],
Ta(t —s1)d1 + 21(t, 2(t)) + /0 ISt — 5)21(s, 2(s))ds
x(t) = + /Ot Sa(t —s) [9@2(3, z(s)) + Zs(s, z(s))} ds, te (s1,ta],
gi(t,z(t)), tc (tz‘,si],’iZLQ,--- , N,

To(t —si)d; + 21(t,2(t)) + /Ot St — 5)21(s, 2(s))ds

—i—/o Sa(t —s) [9@2(3, z(s)) + Zs(s, z(s))} ds, t€ (s tit1],
where

d; = gi(s,2(8;)) — 21(s4,2(s;)) — /OSi IS (s; — 5)21(s,2(s))ds
— /OSi Sa(s; — s) [Qg(s,z(s)) + 323(8,2’(8)):| ds,i=1,2,--- ,N.

Remark 2.1. From the discussion in [40], we clearly see that our definition of mild solution fulfills the
given model (2.7)-(2.9).

In accordance with the above discussion, we determine the mild solution of the model (1.4)-(1.6).

Definition 2.2. [0, Definition 2.8/ A function z : (—oo,T| — X is called a mild solution of the
model (1.1)-(1.3) if 20 = ¢ € By, 2(:)|s € PC and for each s € [0,t) the function /S, (t —
8)21(8, 2¢(5,2), C2¢(s,25)) 18 integrable and

Z(t) = Ta(t)[@(o) - "‘021(07 (P(O)v 0)] + "‘Ozl(tv zC(t,zt)7CZC(t,zz))
t
+/ ASq(t — 8)0*021(87zC(s,zs)vczC(s,zs))ds
0
t
+ / Sa(t — s)2s (3, zC(S,zs),CzC(S,ZS)) ds
0

t
+/ Sa(t - 8)323 (S, zC(s,zs)vczC(s,zs)) ds, t € [O,tl],
0

gi(t, ZC(tvzt))’ tc (ti,SZ‘], i=1,2,---, N, (2.16)
Ta(t - Sz)dl + 9@1 (t7 z{(t,zt)vczg(t,zt))

t
+/ ASq(t — 8)0*021(87zC(s,zs)chC(s,zs))ds
0
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t
+/ Sa(t = 8)22 (5, 2¢(s,2), Cc(s,2,)) A5
0

+ /Ot Sa(t — )25 (s, Z¢(s,25)> C2¢(s, 2) ds, t € (si,tig],
where
di = 9i(Sis 2¢(s1,26,)) = 21(8i5 2 (s1,25,)) C¥((51,25,)) — /OSi A Sa(si — 8)21(8, 2¢(s,20): C2¢(s,20))dS
- /O " Salsi = )22 (5, 200 Cgomn) 4 — /0 " Salsi = )23 (5. 200 Comn) B
i=1,2--- N. (2.17)
Now, we turn to the statement of Condensing fixed point theorem |21, Theorem 2.9].

Theorem 2.1. Let B be a convex, bounded and closed subset of Banach space X and let P : B — B be

a condensing map. Then P has a fized point.

3 Existence results

In this section, we show and demonstrate the existence of solutions for the model (1.4)-(1.6) under
different fixed point theorems and we consider ¢ € %}, a fixed function, .# = [0, T]. To simplify writing
of the text, in what follows, we assume that 0 < ((¢,%) <t for all ¢ € A,

Presently, we itemizing the subsequent suppositions:

(H1) The function 2 : & x %), x By, — X is continuous and we can find constants 8 € (0,1), Lo, > 0,
L 2, >0and Ly >0 in ways that 2 is X -valued and fulfills the subsequent assumptions:

| ()P 21(t,01,91) — ()P 21(t, 02,92) |x< Lo ller — 2llz, + Loy | Y1 — 2 |2,

| ()7 21(t, 0,9) |x< Lo, | ¥ |2, +L;,

where

LjOA = Itna}( H.Ql(t,O,O)HX, forall te.# and ¢,g01,§02,1/)1,¢2 S %h-
S

(H2) The function 2, : & x B, x B, — X is continuous and we can find positive constants L o,, L 2, >0
and L7, > 0 in ways that

| 2a2(t, p1,91) — La(t, p2,%2)|x < La,|lo1 — p2ll#, + Lo,

[ — 2|,

and

*
L,

= ma}(HQQ(t,0,0)Hx, forall te€ . and 1, 09,191,199 € By,.
te
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(H3) The function 23 : & x B, x B, — X is continuous and we can find positive constants L g,, L 2, >0
and L7, > 0 in ways that

125(t, o1,91) — 23(t, p2,%2)lIx < Lasller — p2llz, + Lasllvr — ¥zl 3,
and
Ly, = rtna}(Ho@g(t,O,O)HX, forall te€ . and 1, 09,191,199 € By,.
e
(H4) The function g; : (t;, 8| x B — X,i =1,2,--- | N are continuous and there exist positive constants

Lg, >0, Ly, > 0 such that

lgi(t, 1) = gi(t, v2)llx < Ly, llo1 — w21l 4,
Hgi(tv‘P)HX < LgiH(PH%’h + L;i’

where

Ly, = max |gi(t,0)]x, forall te& (t,si] and ¢,01,02 € Bp.

tE(ti,s;
(H5) For every r > 0, there exist constants Lo, (r) > 0,Lg,(r) > 0,Lg,(r) > 0 and Ly, (r) > 0 such
that
| ()" 24(t013,C1,) — ()" 20(t000,C,) | < Loy ()1 + €Y lt2 — ],
| a(t. 01y Clty) — Dalt. 00, C,) | € Ly ()1 + €Ot — ],
| 25(t, 1y, Cobry) — 23(t, 01, Cthry) || < Ly (r)(1 4 CF)[t2 — tal,
and ||gi(t, p1,) = gi(t, o) < Ly (r)lt2 —taf,  £,t1,t2 € S,

for all function z : (—o0,T] — X such that zp = ¢ € %,z : & — X is continuous and

<r.
max [=(s)] < v

(H6) The function ¢ : .# x %), — [0, 00) satisfies:

(i) For every ¢ € %y, the function t — ((¢,) is continuous.
(ii) There exists a constant L¢ > 0 such that
Gt p2) = Gt 1)l < Lellpa — @1ll,5 1,02 € By for all t € 7.

(H7) The following inequalities holds:

(i) Let
. My gT(B+1) TN
11;1%:5\[ {MMOLQ1 lollz, + MLy, + (M +1) <M0+ ToB 1 1) . 3 L,
MM +DT . .
—F(a+1) {L, + Ly, } + (&7 4 ca) | MLy,

Mi_gD(B+1) TP

+(M+1) (Mo + > (Lo, +C*Lg,)

L(aB+1) B
MM+ 1T ~ ~
%{(L% + Lo,) +C* (Lo, + La,)} } <r, for somer > 0.

610 Selvaraj Suganya et al 603-633



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

(i) Let

My_gT(B + )T
Bl (af +1)

A =& max | M(Lgy, + 2Ly, (r)L¢) + (M +1) (Mo +

1<i<N

) (Lgl + C*zgl

MM+ 1)T*

+LQI(T)L*) + F(Oc—i— 1)

{(LQQ + La@s) + C*(Za@z + Za@s) + (LQQ (T) + LQs(T))L*}] <1

be such that 0 < A < 1, where 2L¢(1 +C*) = L*.

(H8) The functions 2i,29, 235 and g¢;,i = 1,2,---,N are continuous and there exist
H2, (t)’ ﬁgl (t)’ K2, (t)’ ﬁQQ (t)’ H2sg (t)a ﬁa@g (t)a Hg; € C(ja [O’ OO)) in a way that

()P 21(t, 01, 02)Ix < po, )1z, + T, ()lle2]l 2,
| 22(t, o1, p2)|Ix < pa,()|e1llz, + B, (t)|v2]l2,,
125(t, 01, 02)|lx < posOle1llz, + Fas®)]e2]l2,,

lgi(t 0)lIx < pg, (Ol z,, i =1,2,-+ N,

forallt € . and ¢,p; € By, j=1,2.

Theorem 3.1. Assume that the conditions (H1)-(H7) hold. Then the structure (1.4)-(1.6) has a unique

mild solution on (—oo,T].

Proof. We will transform the model (1.4)-(1.6) into a fixed-point problem. Recognize the operator
T : 1 — ABr specified by

Ta()[(0) = 21(0,¢(0), 0)] + 21 (t, 2¢(2,20), C2¢(t,20))
/ WS t - 8)31(8 ZC(S Zs) CZC(S zs))d
/ Sa(t = )22 (5. 2¢(s,20): Co(s.20)) 45

+/ Sa(t - S)Qg (8, ZC(S,ZS)’CZC(S,ZS)) ds, t € [O,tl],
0
(Y2)(t) =9 gilt.z¢(tz), tE (tivsil, i=1,2,-+ N, (3.1)
Ta(t — si)di + 21(t, 2¢(t,20), C2e(t,20))
t

+/ dSa(t - 3)0«021(37 z((s,zs)vczC(s,zs))ds
0
t
+/ Sa(t - 5)32 (Sa ZC(s,zs)’CZC(S,Zs)) ds
0

t
+/ Sa(t — 8)323 (S, zC(s,zs)vczC(s,zs)) ds, t € (Sz‘,ti+1],
0

with d;, i = 1,2,3,--- , N, defined by (2.17).
In perspective of [40, Theorem 2.1] and for any z € X and 8 € (0, 1), we obtain

H’Q{Sa(t - S)Ql (37 Z¢(s,25)3 CZC(S,ZS))HX
= | PSa(t — )7 21(5, 25,2, Coc(s,2)) 1
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< [Oé/ ’I“gba(’l“)(t - 5)«171”@{17511‘((75 — s)ar)d’l“} Mﬁgl (S, ZC(S,Zs)’CZC(S,Zs))H
0 X
< aMy_g(t —s)*P1 [ / r%a(r)dr] 1P 21(5, 2¢(5,20), Cc(s,20)) |- (3.2)
0
< ra+4)
On the other hand, from / T~ Yo (r)dr = ﬁ, for all ¢ € [0, 1] (see |48, Lemma 3.2]), we have
0 q
© * 1 Ir'(1+p5)
/B p— —_— - —
/0 7 ho (r)dr /0 rﬁawa(r)dr T+ ) (3.3)

From (3.2) and (3.3), we conclude that

[97Sa(t — $)21(s, 2¢(s,24)+ Co¢(s,2)) Ix
04./\/[1,51“(1 + ,3)
“T(1+aB)(t —s)t-oB8
It is obvious that the function s — &/Tq(t — 5)21(8, 2¢(s ), C2¢(s,2,)) I8 integrable on [0,2) for every
t>0.
It is clear that the fixed points of the operator T are mild solutions of the model (1.4)-(1.6). We

Hﬂﬁe@l(saZC(s,zs)aC'ZC(s,Zs))HX' (34)

express the function y(-) : (—o00,T] — X as

Ta(t)p(0), te€ .7,
then yo = ¢. For every function x € C(.#,R) with z(0) = 0, we allocate as x is characterized by
0, t <0;
z(t), tes.

If z(-) obeys (2.16), we are able to split it as z(t) = y(t) + z(t), t € .#, which suggests z; = y; + x, for

each t € .# and also the function z(-) obeys

( ~ ~
~Ta(t)21(0,0(0),0) + 21 (t, T¢(twersn) T Uetaetin) Coetaetii) + Ue(taetin)

T /Ot ASa(t = 8)21(8, T¢(s,0047) T Y(s,06t7) CE(s,205) T Ye(s,00+750) ) DS

+ /0 t Sa(t = 5)22 (8, %¢(s,00470) F Ue(s,0at70) CF(s,00470) F V(s 0a4T)) A5

+ /Ot Sa(t — )23 (5’$<(s,xs+§s) T Ye (st CT¢(s,00+5) T ﬂc(s,xs+gs)) ds, t € [0,14],
(1) =93 it 2wtz + Utaran)s tE (tirsil i=1,2,-- N,

Ta(t — s0)di + 21t T¢aetii) + Tetaetin) Coctaeri) + Tetaern)

t
* /0 ﬂSa(t B S)Ql (8’ L¢(s,m547s) + §4(57$s+§s)’ Cx((svzs+§8) + g<(37x8+§5))d8
t

- /0 Sa(t = 8)22 (8, ¢(s.2s15:) T Ve(s.2atd0) CTC(s,2047) + Ue(s,20155)) B

t
* /0 Salt = 8)25 (8, T¢(s watg) T Ue(s.0at5)s CTC (5,001 50) T Ue(s,zatdn)) A5 T € (80 tivl,

10
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where
d; = gz’(Si, L((si,ms;+7s;) + g{(si,xsiny}i))
= Q1805 T (55,00, +5;) T Ye(sis;4501) CTC 55,30, 4+50;) T Ye(sis;45;))

- /0 MSQ(Si N S)Ql(s’ xC(Sal’s-f'?js) + gC(S:xS‘i‘%)’C‘TC(S:xS‘F%) + gC(SJS‘HJS))dS

B /0 Sa(si = 8)22 (8, 0¢ (s wst50) + Ue(s.atiin) CTC(swat5) T I(s20 7)) 45

Si
_/ Sa(si = 5)25 (5, 2¢(s.00450) T V(5,050 CTC(s,00450) T U(s.antiin)) 48, 1= 1,2, N. (3.5)
0
et = eXBr: xo=0¢€ HBy;. Let || - |4 be the seminorm in escribed by
L ,%’% P 0e#B L gTb h i ',%’%d ibed b
Izl 0, = sup [l2(t)1xc + [lwoll., = sup [l=(t)|x, = € #7,
tes tes

as a result (%%, || - \|%%) is a Banach space. Set B, = {z € %% : ||lz|x < r} for some r > 0; then for
each r, B, C @% is clearly a bounded closed convex set. For z € B,.(0, %%), from phase space axioms

(P1) — (P3) and along with the above discussion, we receive

¢ (5,25 +55s) T Uc(s,m5+3) | B
<N @e(sastao) lzn + 1Ucs,eato) 2,

<6 sup a(n)lx + &llzollz, +67 sup (7))l + & M|vollz,
0<7<L(s,5+7s) 0<7<( (5,25 +Ys)

<& sup |lz(7)]x + & Ta(®) | 2mlle0)l + & ¢l 2,

0<r<s

<& sup z(7)|x + (T MH + &5)|¢l| 2, -

0<r<s

In the event that ||z||x < r, r > 0, then
||x<(5773s+gs) + gC(vas‘f'gs)H%h S (gal*’r + Cn, s € jy (36)
where ¢, = (& MH + &5)|¢lls,. We delimit the operator T : 8% — %% by

( ~ ~
_Ta(t)gl (07 90(0)7 0) + 2 (t7 L¢(t,xe+Tt) + Y¢(txe+at) Cx((t7$t+gt) + y((t,xtJr@t))

T /Ot ASa(t = 8)21(5, T¢(s,00470) T Ye(s,6t7) CEs,00475) T Ye(s,00+750) ) DS
t
+ /0 Sa(t = 8)22 (8, T¢(s,00470) T (5,005 CT(s,20455) T Ue(s,20455)) A5
+ /0 t Sa(t = 8)25 (8, T¢(s 0047) T (5,005 CTe(s,20450) + Ue(s,20455)) A8, ¢ € [0, 1],
(Y2)(0) = gilt.Tctorm) + Tea)s ¢ € (sl i=1,2,--- N,
Ta(tt— s0)d; + 21 (b T (0, 450) + Vet CTe(tansii) + V(i)
+ /0 A Sa(t — 8)21(8, T¢(s,045) T V(5,005 CT(s,20150) T Ve (s,20475))0S
t

- /0 Sa(t = 8)22 (8, 2¢(s.s15:) T e(s.2atds) CTC(s,2047) T Ue(s,20155)) 05

t
* /0 Salt = 8)25 (8, %¢(s watg) T Uc(s.00t5)s CTC (5,001 50) T Ue(s,zatdn)) A5 T € (8istitl,

11
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with dj,i = 1,2,--- , N, defined by (3.5).
It is vindicated that the operator Y has a fixed point if and only if T admits a fixed point.

Remark 3.1. As a result, we have the following estimations:

= [ITa(t)21(0,(0),0)|1x
/ gba d?“Ql( )

= M||(«) P |[|()° 21(0,0,0) |
< MMy |Lo,lpllz, + Lig, |, where Mo = (/)7

X

Iy = || 21 (t, ¢t 4a) + Vetatin) Cocain) + Uettarin) llx

<[l(«)”"| [H(ﬂf)ﬁgl (t, et atgn) + Uettamrin) CE ot + Uetangn) — (@) 21(8,0,0)|x
T () 21,0, 0)||X]

< My [(Lgl + EQIC*)(&*T +cn)+ Lf%] )

t
~/O ﬂSa(t B S)Ql(s’ L¢(s,m5+7s) + g((s,zs+§s)vcx((s,xs+§s) + gg(svxs+§5))d8

My_gT(B+1) 7
B mﬁ+1) B

X

[(L + Lglc W&+ cn) + L*gl}, t €10,t4].

t - S)"@Q (S 1‘{(5 J»’S‘f’?JS) + yC(S xs-l—ys) CxC(S xs-l—ys) + yC(S $s+ys)) ds

H/ / P (r)(t — )" T((t — 5)°7)dr

X 23 (s, T¢(s,a0+5s) T Ye(s,ws+70) CLC(5,254+55) T gC(s,a:erﬂs)) ds

<a|[ o] [ (b — 9T - 5

X

(Sv T¢(saetGs) T Ye(s,00+7) CTC(s,254+55) T ?7<<s,zs+'y;>> ds

M(t1)*
S Tlat1)

X

|:(LQQ + EQQC*)(@@fT + Cn) + L:‘%] , b€ [0, tl].

t
Is = /0 So‘(t B S)"@?’ (S7xC(S,$s+?7s) + g{(s,xs+§s)vcx<(s,xs+gjs) + gg(s,ms+gs)) ds

M(t1)”
“Ia+1)
Is = ||lgi(t, T¢(tau+70) + Yetairan)lIx
< Hg (t ¢t arge) T Yettargn)) — 96 0)[x + [lgi(t, 0)[Ix
‘T +en) + Ly, t € (ti,si)-

X

[(ng + Lo,C) & + ¢n) + L:‘%] ,t€0,tq].

Lg, (&7
I = HQZ(SvaC(sz,xs +7s,) + yC(sz Ts,+7s;) )HX

12
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< Lo, (&r +¢n) + Ly, t € (s, tiga]-
Is = Ho@l(sivxc(si7zsi+gsi) + gc(si715i+§5i),Cxc(si7x5i+'g5i) + gC(sz',:vsiJr'zjsi))HX

< My I:(Lgl + Zglc*)(@@l*r + Cn) + Lf@1:| ,t € (Siati—f—l]'

Iy =

/ %S Ql (8 'TC(S Ts+Ys) + yC(S Tst+Ys)? C:CC(S Zs+Ys) + yC(S xs+ys))d

L MTE+D) ()
(e +1) I6;

IlO - H/ - S QQ (S ‘TC(S Ts+Ys) + y((s s+ys ) C‘Tc(s Ts+Ys) + y{(s stF?JS)) ds

M(si)*
" I'(a+1)

X

|:(L9,1 + EQIC*)(&*T + Cn) + L*~@1:|’ t e (Si’tz’Jrl]-

X

[(L,% + Lo,C) &+ ¢) + Lf%} € (siytiv)

/0 Sa(si = 5)25 (5, T¢(swat ) F Ue(s,wat7)s CU (5,20 45) F Te(s.atiin)) 05

M(s;)
“INa+1)

X

|:(Lg3 + LJBC )(51*7“ + Cn) + L*33:| ,te (Si’tz’Jrl]-

I =

/0 b%SCM(t - 5)"@1(5’ xC(S,Z‘s-ng) + gC(S,xs-‘rﬂs)’CxC(Sﬂ?s-‘rﬂs) + gC(Sams‘f'gs))dS
Mi_gT(B+1)  (tir1)™
I'(af +1) 5
t
Iz = ‘ /0 Sa(t — )22 (8, 2¢(s,2045:) T Ue(s.zatdn)s CTC(s2047) T Ue(s.20155)) 05
M(tig1)®
~ I'(a+1)
t
= ‘ /0 Sa(t = 8)25 (8, T¢(s,2,470) T e(s,s470)> CTC(5,00150) T Fe(s,zat)) A5

M(tiy1)"
< Tt

[(Lgl + Zglc*)(zo@l*r +cn)+ L*gl], t € (si,tiy1)

X

|:(L32 + ZQQC*)(gl*r +cn) + Lf_‘%} ,t € (s, tiv]-

X

[(ngg + Lo,C) &+ c) + Lf%l € (siytig1).
115 = Hgl (t7 xc(t,ﬂ?t‘f'gt) + gg(t=$t+gi)7cx<(tvxt+gt) + g{(t,zt—i—gjt))

— 21 (6, T¢(tm4m) + Uemin) CTemti) + Ietzan)

X

S HQl (t’ xC(tyxtJrgt) + g((t7$t+§t)’ Cm{(tht+gt) + gg(t,ﬁ?t*‘rgt))

— 21 (6Tt + Vet CTe i) + Ue(tarran))
+ 21 (6Tt 40) T Uctanti) CT (i) + Te(tatin))

— 21 (6, Tczra) + Ucmrin) CTczta) + czvm)) HX

< Mo& (Lo, + Lo,C* + Loy (r)L7)|lx — Tl 9.,

t
116 = H /0 %Sa(t — S) |:e@1 (S, $<(87x3+gs) + gg(s’ms_kgs),cxc(syxs_’_gs) + g<(87$s+§s))

= 218, T¢(s,70+50) T Ye(s,70+70) CT (5,70 +75) T ﬂ«s,m@s))} ds
X

13
615 Selvaraj Suganya et al 603-633



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

My gT(B+1) 157
- T(af+1) B

t
I = H /0 Sa(t = s) [e% (8, T¢(s.20t5s) T Tels,aatdin)s CTC(s.a155) T Ti(s,zatdn))

& (Lo, + Lo,C* + Lo, (r) L") |lw = F| 50, t € [0,t1].

— D5 (8, T¢(smat5) T Uc(s.20t50) CT(s 20t dn) F Ue(s.mati)) ] ds

M(t1)”
~Ia+1)

-7182‘

X

¥ (Lay + Loy,C* + Loy() L)l — Tl . t € [0 11]

t
/0 Sa(t = s) [93 (8, T (s.mat) T Uc(s,zatiie) CTC(s,00t) F Te(smat5))

= L3 (T t9) + V(o750 CTC( 7o) + Vel 70470)) ] ds

M (1)

“IN(a+1)

Lo = 19i(t, T¢twitm) T Yetaira) — 9 Tem+a) + Yem+a))lIx
< &1 [Lg, + 2Lg,(r) L]l — EHL@%a t € (i, 5.

X

&7 (Lo, + Lo,C" + Loy (r) L) |z — Tl g, t € [0, 1].

T30 = 119i (81> B¢ (51,00, +50,) F Ue(siwa;+751)) — 9i(805 B¢ (51,70, +50,) + Ye(si,70+55)) 1%
< &7 [Lg, + 2Lg,(r) Ll — | 0., € € (s, tiga].
It = |21 (86 T (s, +50,) T Us0,;+70;) CTC 50,00, 4T0;) T Ue(s0,00,+T;))
= 21(84, T (55,70 +5;) T (3,70, 4701) CTC 55,70 +5s;) T Y (51,7554 Ix

< Mo& (Lo, +Lo,C* + Loy (r)L¥) & — Tl 9., t € (si, tiv):

1222'

/0 A Sa(si — s) [Ql(sv Te(s,ws+7s) T Yc(s,06470)> CTC(5,06470) T Yc(s,25+70))

— 21(8,T¢(s,704+7) T Ye(s76+75) CTC(s,704+7) T+ 27<(s@+§s))} ds

M—F(ﬁ—f_l) Siaﬁ * T * * _
= rl(gﬁ+1) = ; E1(Lay + Lo C" + Loy (r)L7)llz =l g9, ¢ € (sistisa]-

fs = H /0 Sa(si =) ["% (8, 2¢(s.aat0) T Ue(swat50)s CL (5,20 50) T e(s,2at75))

X

~ 25 (8, T¢(s 2t ) T Ve(sm047) CTC(s.m0175) T V(s 2ot ) ] ds

X
M(s;)” ~ B
= F(T—;l) 1 (Lo, + Lo,C" + Loy (r)L7) |z — Tl 50, t € (si;tiga]-
Si
_[24 = ' /(; Sa(si - 5) |:.Q3 (S; ng(s,ms—kgs) + g<(57$s+§s)’cxf(5,$s+ﬂs) + ?7((5,965—1—,775))
— 23 (8, T¢(sme150) T (s, m0t70) CT(s 2t ds) T V(57 t)) ] ds
X
M(sl)a * T * * —
S 1“(047;1)@@1 (Loy + Lo,C* + Loy (r)L*) ||z — | 0., t € (si,tit1]-
t
Iys = ' / St —s) [321(5, Te(s,mstGs) T Ye(s,ms+7s) CTC(s,2545s) T Ye(s,ms+7s))
0

14
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— 21(8, T (s,70455) T Ve(s,76455)> CT(s,76475) T ﬂc(s,zsﬁs))] ds

cMipl(B+1)  (ti1)
I(af +1) s

X

B ~
61 (Lo, + La,C" + Lo, (r)L7) ||z = Tl 59, t € (sis tiva]-

126='

t
~/O Sa(t - S) |:Q2 (S’ xC(5=$s+?76) + gC(S:xS‘i‘%)’CxC(S:xS‘F%) + g{(s,ms—l—?js))

— Dy (8, T¢(s,00450) T Uc(s.mati)s CTC(s70450) T Uc(s,7043)) ]ds
< M(tig1)”
~ I'(a+1)

—7272'

X

éal*(LQQ + EQQC* + LQQ (T)L*)H:C - EH%%’ te (Si’tiJrl]'

t
A Sa(t - 8) |:°@3 (8’ :CC(&J»’S"'??S) + gC(S:xS‘i‘%)’C‘TC(S:xS‘F%) + gj{(&ms‘f'?js))

— D3 (5, ¢ (s pat ) T Uc(s.2045)2 CTC (s 20 150) T Vi(s,2atdn)) ] ds

M(tiy1)"
< Tt

X

& (Lo, + Lo,C" + Loy(r)L")lx — Fl g, ¢ € (sistiga]

Now, we start proving the main proof of this Theorem. We demonstrate that T maps B,.(0, #3)
into B,.(0,%2). For any z(-) € %%, by employing Remark 3.1, we sustain

5
I(T2)(t)llx = ZL‘

< MMoLg,

Ml*ﬁr(/@ + 1) 75(115 *
lollz, + <M0(M +1) + TT(ef+1) 7) L,

+Fw+lﬁh%+k%}H&T+%)<W%+ Tog+n 5 )Pt e
M(t1)® IS
+ m{(ﬂ,@g + Lo,) +C* (Lo, + ng)}]

S T, te [Ovtl]

|(T2) Ol = Io < Ly, (677 + n) + Ly, £ € (ti5], i = 1,2, ,N.
. 14
IT)Ollx =S &
=7

Mq_gl 1
< IISH%)](V {ML;. + (Mo(M +1)+ % . [M(Si)aﬁ + (tz‘+1)a6]> L:‘%

b e L+ Ly} M50 + (1201)°] + (&7 + c0)

INa+1) MLy,

My_sT(B+1)

+ (MO(M +1)+ B (B + 1)

M)+ (tmwﬁ}) (Lo, +C'Lo,)

! %{(L% + Loy) +C (Loy + Loy HM(s:)" + <ti+1>a}] } sr 1€ (st

15
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Then, for all ¢t € ., we conclude that

1(T) ()15
) My gT(B+1) TP\
< max {MMOL&H@H% + MLy, + (M+1) <M° * Il‘(oﬁéﬂ("" 1) : 8 ) Lo,
MM+DT .
F(a—+1){LQQ + L} + (677 4 ca) | MLy,

My gT(B+1) ] T8
L(af +1) B

+(M+1) (M0+ >(L31+C*Zgl)

}

Thus, T maps the ball B,(0, %) into itself. Now, we prove that T is a contraction on B,(0,%%). Let

MM + 1)1

F(Oc T 1) {(LQQ + La@s) +C*(Za@2 + Za@s)}

<r.

us consider 7,7 € B,(0,4%), then from estimations I;,j =15,---,27, we sustain
— — Mi_gD(B+1) 157 ~ M(ty)®
YTx)(t) — (Y2)(t)|x < &F —F————~.— | (Lg, + Lo,C*+ Lo, (r)L*) + ———
|(T2)(t) ($XNX_1<W%+ ) (Lo + EanC 4 Ly ()L + 52

{@%+L%wH#@%+E%y+ﬁu@xm+L%mem—ﬂ@%teMHL

I(Cz)(t) = (YZ) (1) % < &7 [Lg; + 2L, (r)Lelllz — Tl 9., t € (2 5i].

MTm@wwfwamxsa;gngwm+(me4+m+ﬁ%€%%%9~Mmeﬂ+meﬁ)

M

(Lgl +C Lgl +L91(T)L )‘f—m

{(La@z + ng) + C*(Za@z + za@s)
+ L*(La,(r) + Loy (r)) HM(s:)" + (ti+1)a}] |2 =T/l g0, t € (sis tiga]-

As a result, for all t € ., we conclude that

I(Cz)(t) — (T7)(2)lIx

Mi_gL(B+1)T"
Br(af +1)

< & max
1<i<N

MLy +(M+1) (Mo + > (Lo, +C*Lg, + Lo, (r)L*)

MM + 1)1

F(a + 1) {(La% + L«93) + C*(EQQ + Z«93) + L*(LQQ(T) + La%(r))}

o — %

< Alle — Fl 0.

From the assumption (H7) and in the perspective of the contraction mapping principle, we
understand that T includes a unique fixed point z € %% which is a mild solution of the model (1.4)-(1.6)
on (—oo,T]. The proof is now completed. O

16
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Theorem 3.2. Let the assumption (H8) hold and

Mi_oD(8 + )T
S ) s,

oo + C7 M2,

Ioo)} <1

(3.7)

Ay =7 max {Mllﬂgilloo + M +1) (Mo +

Then the system (1.4)-(1.6) has a mild solution on & .

Proof. Let T : ,%’% — ,%’% be the operator same as defined in Theorem 3.1. Now, we demonstrate that

T has a fixed point.
Remark 3.2. From the hypothesis (H8) along with the above discussion, we sustain
Ipg = [|Ta(t)21(0,¢(0), 0)[|x
< MMollpo, [|sollll, -
Loy = [| 21 (t: 2¢(earsi) + Tottartin Cocatin + Tetarn) |1

< Mo(&ir + cn>{uugl oo + Hﬁgluooc*}.

t
I3 = ‘ /o ISyt — S)Ql(s,xg(S,xs-f-gs) + ﬂ<(37x3+gs),czﬂg(s,ms+gs) + g{(s,ms—kﬂs))ds
X
My pT(B+1) 77 _
< ——F——— - —(& n 21 |loo 2, |lecC* b, t .
L(af +1) 5( 17+ cn)q 2 lloo + 22 llocC € [0,4]
t
I31 = ‘ /0 Salt — 5)2s (S,QJC(S,xSJr’gS) + Uc(s,254755) CT¢(s,00470) T gg(8,$s+§s)) ds “
M(t,)” N
< (53* n 95 || 0o 2 OOC* , t O’t .
—F(a+1)( 17“+C) HiU'J2’ +HMJ2H 6[ 1]
t
I3y = ‘ /0 Sa(t — )25 (s,xg(s,str’gs) F Y (s,2547) CTC(s,25+55) T g((s,:ver@”s)) ds .
M) o ~ )
ST .
“T(a+1) (&7 4+ cn)3 [112slloo + [[125]|0cC” ¢, t € [0, 1]

Iss = |9:(t, ¢ taira) T+ Vcttaeran))Ix
< g lloc (67T + cn), t € (L, 5i].

T34 = 1|9i(Si> T (si,m0,455,) T Ye(sivws, +70,)) X
< | pgilloo (77 + €n), t € (i, tita]-

I35 = || 2150, T¢(si00,450;) T Ye(si,m8,+70;)r CTC (50,003 +70;) T Ye (36,00 +75)) Ix

< Mo(&7r + cn>{||ugl

oo + Hﬁ,%HooC*}, t € (si,tiv1]

I36 - ‘ A ﬂSa(Si - S)Ql (vag(s,:ver@s) + gg(s7zs+gs),CxC(s7zs+gS) + g{(s,strgs))dS
X
Mi_gl'(B+1) (si)o‘ﬁ _
. éa* n 2 |l oo P ooc* 7 ¢ i,tz‘ )
= T(ef+1) 5 (G Fen)q rallee + Iz | € (sirtis1]
Ist = H /0 Sa(si = 8)22 (8,2 (s,00450) T Ve(s.0+70) CTC(s,0050) T+ Fe(s,00470)) S .

17
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M (s:)”
STt

67+ c{ Il + Il ) t € (]

I3z =

/0 Sa(si = 8) 23 (8, T¢ (e watd) T Uc(srattin)r CTC(s.20150) F Ve(s,eatdn)) 48

M((si)”
~Ia+1)

X

&+ cn>{uugsuoo n Hﬁgsuooc*}, te (si,tina].

I39 =

t
/0 A Sa(t = 8)21(8, ¢ (s,20+70) T Ye(s,25+70) CTC(s,20450) T Yo (s,2045))4S

Mi_gT(B+1 tiv)? N )
%(Sﬁ(f 5 ) ( +ﬁ1) (&T—i—cn){”ﬂgl\\oo + |22, ||ocC }, te (sitip1]-

X

Iy =

t
/0 Sa(t = 8)22 (8, T¢(s 0 t0) T Ue(s2e45)s CT (5,20t 70) T Ye(s.zatis)) A5

M(tis1)®
-~ INa+1)

X

&+ cn>{uu@um n Hﬁ%umc*}, te (s bl

Iy =

t
/0 Sa(t = 8)25 (8, 2¢(s.s15:) T Ve(s.20t70) CTE(s,2047) + Ue(s,20155)) 05

M(tig1)?
~ I'(a+1)

X

67+ co{ Il + 7l .t € o]

Now, we will give the main proof of this theorem. We remark that (Yx)(t) C %9. Let B, be the set

same as defined in Theorem 3.1, where

r> {MMonugl el + (67 -+ e) | Ml
My _gT(B+1) TP i~
w0 (o4 P T (g o+ €y )

MM + 1)1
Ia+1)

{(ln2.lloo + ln2slloc) + C* (22 ]l00 + 2

Ioo)}] }

It is obvious that B, is closed bounded and convex subset of #%. Let z € B,.(0, %%) then for t € [0,#1],

we receive

_ . My gT(B+1) (t)*
|(T2)lzy < MMollpay sl @lla, + (677 + ca) (Mo+ s
* ||~ M(tl)a * ()| ~
+C* |2, | oo) + m{(\\ugg\\m + [[12;l00) + C* (|12, |0 + HuggHoo)}]-

In the similar manner for ¢ € (¢;, s;|, we sustain

I(C2)llzg, < llperlloollllz, (677 + €n), i =1,2,--- , N.

Similarly, for ¢ € (s;,t;+1], we find that

18
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1(C) ]| 0, < max (617 + Cn){/\/l\lugi\loo

# (Mot 1+ L EED M6 4 (50217} ) (o + € )

M (gl +
F(a—f—l) HQQ o0 :U’Q3

loo) + C* (Il

oo + [112.25

loo) H{M (5:)" + (ti+1)a}}~

From this, we notice that | Yx|| g9 < 1 for every t € J. Therefore, T (B,) C B,. In order to utilizing

the Theorem 2.2, we have to prove that the operator T is a condensing operator. For this, we split T
by T=7;+ Tg, where

~Ta t(t)o@l(& #(0),0) + 21 (£, 2¢ (1, 450) + Vec(trit7)s CFe timt ) T Wetimtan))

+ /0 FSa(t = 8) 208, T (s wut5) T Vels.mat) COe (20 t5) T Ue(s,metii) )5, T € [0,81],
9i(t, Tt wtg) T Yetaotan))s T E (tissil, i=1,2,--- N,

B To(t — s;) [Qi(si’ T (50,20, +T0;) T Ye(5i,0;+7s;))

—3218(% T (i, +Ts;) T Ye(sivs; +70,)2 COC (510, +Ts;,) T YC (50,5, 475,))

- /0 ' ASalsi — 5)21(s, Te(s,20150) T Ue(s,06+7) CTC(s,0455) T Y(5,264+7)) A5

+ 21 T (tz0+50) T Yetotn) COCtata) T Yetotan)

t
" /0 St = 8) 218, T¢(s,0,470) T Yc(s,watii) CEs,aats) T Ye(s,aatii) )48, T E (80 biga],

and

t
/O Sa(t N 8)322 (S’ x((s,a}s—l—gjs) + g((s,xs+§s)7 CmC(SJ»’S‘i‘gs) + gﬁ(5=$s+§3)) ds
t

+ [ Salt = 8)2Ds (8, %¢(s.20150) F Ue(swatdn)s CTC(s2a ) + Uc(s.atin)) 455 T € [0,11],
0

0, tG(ti,Si],izl,Z-",N,
(TQx)(t) = _Ta(t B Si) I:/O Sa(Si N S)QQ (87 x4(5715+§s) + g{(s,strﬂs)vC'%'((s,str'gjs) + g((s,zs+§5)) ds
- /O Sa(si = 8)23 (5, 2¢(s,0045) T Ue(swet50) CF(s,0050) T Ue(s,s47)) 05

t

+/0 Sa(t N 8)32 (S’ xC(vaergs) + g((s,zs+§5)’ Cx((3715+§8) + ﬂg(s,strgs)) ds

t
* /0 Salt — 8)23 (8, 2¢(s,20150) T Uc(siaatin)s CTe(s.2at7e) T Ue(s.atgs)) 455 t € (80 tig1]-

Firstly, we show that T; is continuous, so we consider a sequence 2™ — x € B,.. In perspective of (3.1),
we notice that

2t ap ) T Yctap+im 2, < ETT+ cn
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Remark 3.3. By utilizing the hypothesis (H8) and Definition 2.2, we receive:
(i) For everyt € [0,t1], we obtain
21 (t Pty T Uottap+7) CoCap ) T Ve(tar+3n) )
-2 (t Te(taetie) T Yetoetie) CEtatmn) + Yc(t, xt-l—yz))
and since
Hﬁl (ta Tl antg) T Yetar+i) Clantgn) T Yetap +yt>)

< 2Iy9.
X

A (t’ Te(taote) T Uetarti) CTC(tarin) T Yc W“*g*))
(i1) For everyt € [0,t1], we obtain
ASa(t —5)21 (s, T (sntgs) T Y(santi)s CTl(s ang) T gC(SvI?%))

— ASa(t — 5)2 (s, Te(s,204s) T U(s,20+7) CC(s,064+76) T §c<s,zs+:ﬁs>>

and since

t
H /0 A Sa(t — ) [Ql (87 L5 an i) T Ue(s,en+iie) C8 (s amtgiy) T ?7<(s,a:g+§s)>

—2 <5’ T¢(saatii) T Ye(saatiin)r CTC(s.ati) T ﬂc(s,xsws))] ds|| < 2L.
(iii) For each t € (t;,s;], we sustain
9i (t .1'((1& er4gy) T Ye(tan+31)s Cxc(t ep4) T Ye(tan+3r) )
= 9i (t Te(taretii) + Yetatin) CLeatan) T Ve, xt+yt))
and since
9i (t xC(t eptg) T Yo, P 4g) ng(t ertg) T e, P +3) )
9 (t Te(twirin) T Vc(tatin) CECtamtin) T Ve, xt+yt)> < 2133,

(iv) For everyt € (s;,ti+1], we receive

gi(Si, x?(si,l’?i-i-ﬂsi) + gg(si7zgi+§si)) — gi(sia x((si,zsiJrﬂsi) + g((si,zsiJr@si))

and since

gi(si, x?(si,zQ,Jrjjs.) + g{(si,m?,—i—?jsi)) - gi(siv w((si,a}si-i-ﬂsi) + g{(si,msi+§si))" < 2134‘
i i i <

20
622 Selvaraj Suganya et al 603-633



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

(v) For allt € (s;,tiy1], we get

D18 T (a5, +77,) T+ Velsiset 4500 C¥ sy +5n,) T Uelsiat, +7,)
— 21(si, T (55,25, +Fs;) + g((si,xsﬂr@si)v Cx((si,zsiJr@]si) + g((si,zsﬂr@si))

and since
Hgl(% T (si,am +7e) T Iloiw2 +70,)> COC(s1,0m +5) F Yelsirot, +5))
=218 T (s, +50,) T V(100 +70,)1 CC (5000, +000,) + Y (51,20, +5,)) HX < 2.
(vi) For everyt € (s, tit1], we obtain
Sa(si = 5) 21 <87 T (sapti) T U453 C8(s oy + 27<<s,xz+as>>

— ASa(s; — 5)21 (8: T¢(s,m5+55) T Ye(s,m0+50) CLC(5,26455) T ﬂ«s,xsws))

and since

s
H /0 “Salsi =) ["@1 (S’ Tl (s entgs) T Yo(san+3i)s CT(s.am45) T yC(Sv“?%))

< 2136.

-2 (8, Ti(s,s+s) T g{(5,$s+gs)’cx<(57l‘s+gs) + gC(vas+gs)>:| ds .
(vii) For everyt € (s;,tit1], we find that
FSalt = )2 (S’ (s apti) T V(o) Col(s 77 T %(w%))
— S (t — 5)21 (S, Te(s,aatGe) T Ye(s,2015) CTC(s,20450) T @g(s,zs+'y“s)>
and since
H /0 L Sa(t - s) [e@l (87 Tl(san47) T Ye(san49:) CU (s wpt7) + ?7<(s,a:g+gs>)

< 2139.
X

-2 <57 L (s,2015s) T Ye(s,06455) CT¢(s,20455) T ?c“(s,xsws))] ds

From the Remark 3.3, for all [0,¢1], we have
1(T12") = (T12) ]| 0 < 2(I29 + I30),
and for every t € (s;,t;+1], we receive
1(T12"™) = (T1z)ll g0, < 2| M(I34 + Iss + Ing) + T2 + Ig |-
Since the functions 2; and ¢;,7 = 1,2,--- , N are continuous, so we conclude that
(T12™) — (Tlx)H@% —0 as n— oo.
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Hence Y is continuous.
Next, we prove that the operator Y is contraction on B,.(0, %’%) Indeed, let 2,7 € B,.(0, %%), for

[0,¢1], we sustain

— — _ My gl 1 o
I(T12) = (Tro)llg, < 6 iz o+ € Mo ) (Mo + 22D LY o

and for t € (;, s;], we get
1(F12™) = (T12) |0, < &Y llitg, ool — Tl 0.,
and for every t € (s;,t;+1], we sustain
I(T1a™) = (1)l 0,

< & max {Mnﬂgiuoo

1<i<N

My gT(B+1)
B (af +1)

Then for all ¢t € ., we find that

+ <M0(M +1)+ AM(s) + (mﬂaﬁ}) (lre llo +C 2, ||<>o)}\|~’C — |z,

1(T12™) = (T1)l| g

My _gT(B+ )T
B (aB +1)

<6 max, {Muuginm # ) (Mo + ) o+ €7t uoo>}u:c - g

< Al — .

Since Ay < 1, which implies that YT, is a contraction.
Next, we prove that the operator Y is completely continuous on B,.(0, %’%) First, we prove Y is
continuous, so consider a sequence " — = € B,. By applying the condition (HS), I31, 32, I37, I38, 110, 141

and in perspective of Remark 3.3, for all ¢ € [0,t1], we get
I(T22™) — (T2z) ]l 0 < 2(I31 + I32),
and for all ¢t € (s;,t;41], we receive
[(T22™) = (Tox)|l 0 < 2| M(Is7 + Iss) + Luo + Lu1 |-
Since the functions 25 and 23 are continuous, so we conclude that
|(Toz™) — (Tgx)H@% —0 as n— oo

Hence Y is continuous.
Next, we show that the operator Yo maps bounded sets into bounded set in B,. It is enough to

show that there exists a positive constant Ag such that for each x € B, one has || Taz|| 0. < Ay. For all

t € .Z, we obtain

MM +1)T*

Yozl <
H 21‘”3% = F(Oé+1)

&+ cn>{<uu%um T luylloe) + € (liza 1 + HﬁggHoo)} < Ao,
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Finally, we show that Y5 is a family of equi-continuous functions. Let 71,7 € [0,%1] be such that
0< 71 <1 <t;. Then

1(Tax)(12) — (Tox)(11)]lx

T1
< /0 1Sa(T2 = 8) = Sa(m1 — 8)ll.2x) 122 (8, Z¢ (s o) T Tes,wstiin)r CEC(s,s+i7s) T Tcs,oatiie)) 1xds

T2
+/ [1Sa (2 = $) L2122 (8, e (s,m0t5) T Ue(smet5)s CTC(5,0045) T Ue(smatss)) xS

1

T1
+/0 [Sa(72 = 8) = Sa(T1 — )|l 2x) 123 (8, T (s 00450) F Ues,mstiie)> CEC(s,05455) + Ucs,matis)) xds

T2
4 [ 180t = 5)200128 (5,2t 45) + Ttometis Cctom 1) + T s

T1

T1
< (&7 + Cn){(HuggHoo +ll12slloo) + C* (|72, 100 + HﬁggHoo)} (/0 1Sa(r2 — ) = Saln1 — 8)|l.2x)ds

M(TQ — Tl)a
O >

and for all 71,75 € (s;,ti4+1], we have

1(T2x)(r2) = (Tow)(m1)lIx

oo + 1125 ll00) + C* (1125 lloo + [|12.25

Ioo)} (/0 [Sa(r2 — 5) = Sa(T1 — 8) || 2 (x)ds

HT ( z) _Ta(ﬁ —Sz')Hg(X)>.

< (&r +cn>{<||u32

M —m)* | M(si)"

" T+ T+l

Since T,, and S, are strongly continuous, so lim [Su(72 — 5) = Sa(71 — 8)[| 2x) = 0, lim ||Ta (72 —
T2—T1 o o T2—T1

5i) — Ta(m1 — 8i)||#2x) = 0. From this, we conclude that [|(Yox)(2) — (Yox)(T1)|lx — 0 as 72 — 71.

This proves that Yo is a family of equi-continuous functions. Hence, the operator Yo is completely

continuous. Therefore the operator T = T + Y is a condensing operator from %% into %, where T

is contraction and Y5 is completely continuous. Finally, from Theorem 2.2, we infer that there exists a

mild solution of the structure (1.4)-(1.6). This completes the proof. O

4 Example

To prove our theoretical results, we treat the IFNIDS with SDD of the model

e+ [ o= GG )
K sy T — G (T)G(lu(r)]]), 2) _
/0 sin(t — s / e2(7=5) 36 drds| = @u(t, z)
t yu(s — Gu(s)G(lluls)l); 2)
of ;
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f[ww—s/ s i = Q@G D)

25
+/too (s —Gi(s )gZ(HU(S)H)aZ) ds
N
/ n(t—s / ?(r=s) yur =Gl )526 [u(ml), 2) drds, (t,z) € H(si,tHl] x [0,7], (4.1)
w(t,0) =0 =u(t,®), tel0,T], (4.2)
u(t,z) = ¢(t,z), t<0, ze€l0,n], (4.3)
ult, 2) = /_; 25— U8 = Cl(s)gi(”“(s)”)’z) ds, (t,2) € (ti, 8] x [0,7], i =1,2,...,N, (4.4)

where CDf is Caputo’s fractional derivative of order 0 < ¢ < 1,0 =ty = 59 < t1 < tg < -+ <
tn_1 < Sy <ty <tyy1 =T are pre-fixed real numbers and ¢ € %;,. We consider X = L?[0, 7] having
the norm || - ||;2 and determine the operator &7 : D(«7) C X — X by &/w = w” having the domain

D(o)={w € X:w,w’ are absolutely continuous, w"” € X, w(0) = w(w) = 0}.

Then -
dw = Zn2<w,wn>wn, w € D(),
n=1
where wy,(s) = \/gsin(ns), n =1,2,...,. denotes the orthogonal set of eigenvectors of 7. It is long
familiar that &7 is the infinitesimal generator of an analytic semigroup {T(¢)};>0 in X and is provided
by

T(t)w = Z e_”2t<w,wn>wn, forall weX, andevery t>0.
n=1
We can find a constant M > 0 in a way that || T(¢) [|< M. If we fix 8 = 3, then the operator (ﬁ%)%
is given by
()iw =Y —n(w,wp)w,, we (D()?),

n=1

in which (D(;zf)%) = {w() eX: in2(w,wn>wn € X} . Then
n=1

Sa(t)w = a/oo rgba(r)to‘*l'ﬂ‘(to‘r)dr,
0

o0
= Z Ea,a(—thO‘)<w,wn>wn, w € X.

n=1

0

1
For the phase space, we choose h = €2, s < 0, then | = / h(s)ds = 5 <% for t < 0 and

. — 00
determine

0
Il = [ bs) sup o0l

—00 0€(s,0]
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Hence, for (¢,¢) € [0,T] x A, where ¢(0)(z) = ¢(0, z), (6, z) € (—00,0] x [0, 7]. Set

u(t)(z) =ult, z), ¢t @) = Q)0

we have
0
2t TR = [ O Eds+ (H)(e),
— 0 © N
Daltop AR = [ HO2ds 4 (p)(2),
o
Dt AR = [ Eds+ (Fp)(e)
(;)o ¥
atp)e) = [ POLds i= 12, N,
where

(F2)() = /0 “in(t - s) /_ 0L dras,

_ ; 0

(A p)(2) :/0 sin(t — 8)/ Ar );Sdes
- t 0

(Hp)(z) :/0 sin(t — 3)/_ (7)1('06de3

then using these configurations, the system (4.1)-(4.4) is usually written in the theoretical form of design

(1.4)-(1.6).

To treat this system we assume that ¢; : [0,00) — [0,00), i = 1,2 are continuous. Now, we can see
that for ¢t € [0,1],p, P € Ay, we have
1

(2210, ) < (/0 (|Gl as+ [1sme—on [ 02 ‘des>2dz>2

™71 (0 0 2 3
<([ (g ) swlelias+ g5 [ O swplolas) s

\/_
_49

< Lo, |¢l2, + Lall¢lz,,

R
2o I1ellz, + S5 el

where Lg, + Lo, = %, and

()2 21 (t, 0, Hp) — ()2 21 (t, 5, HP)||x

< (/W (/0 2 ‘g_g' ds—i—/tHSin(t—S)H/o (") des>2dz>2

0 —00 49 49 0 —00
T /1 0 0 2 3

< </0 (@ /Oo ) sup || — s0||d8+% ) Supllw—EIIdS) d2>
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i

ﬁ _
4—||60 ?llm, + ||60 — 0|2,
< Loy — Pz, + L&H@ ?ll 3, -

Similarly, we conclude

1

(L (g v [0 ara) o)
</ Hslilin g | | e Sup||60||d8)2d27>%
f

\/_
< 5 llella, + 5H<PH%

12a(t, 0, H0)|| 2 <

«92 ||@||@h + LQQ |90H%ha

where L g, + EQQ — 3T and

|9a(t, 0, Hp) — Do(t, 5, 79)|| 2
1

= t 0 2 2
LA %H ds + / || sin(t — s)|| / () des) dz>
0 —o0

1 [0 2\
©) sup || — Plids + o= | (s)supllw—¢||d8> d2>

<

L
25 25

25

‘Q‘/\/\
\ \

N
< H«P |z, + 9% — v — %=,
92 H‘P - ‘PHL@h + LQQ H‘p - @Hﬂh

Correspondingly, we have

125(t, 0, ' 9)|| 12 <

1
2\ 2
‘ds+/”smt—3H/ ﬁ‘drds) dz)

0 2 2
) sup ol ds + = / 2<s>sup||so||ds) dz)

\/7
Hszh 16 1¢l#.

IN

b*cn e N
‘S\\

IN

HSOHZ}] + LQ3 |30||Zha

where Lo, + L g, = 81%\2/5, and

125 (t, 0, Hp) — 25(t, 5, HP)|| 12
1

S(/ </ 2(s) ‘———Hds—i—/”smt—s”/ 2(r) des) dz)
0 —

™ /1 [0 0 2 2
<([ (G ) swle—wlas+ 55 [ O supllo-las) a:

26
628 Selvaraj Suganya et al 603-633

‘16 16



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

JF

s \/7_1'
<M, _3% Mo =3,
< Loslly =Pz, + Laslle - 9ll2,-

Finally,

T 0 2 %
llg: (¢, 9)llx = (/O </_Oo e2(®) ‘%chs) dz)
< (/ﬂ (i /0 62(5) sup ||g0||d8>2d2> ’
, \81/

< Lgi”‘P”%’h, 7= 172’... ,N’

[un

_
where Lg, = ¥, and

Hgi (t’ 30) - gi(t’ @) HX

s 0 —_ 2 %
= / / 2O (|2 2 Nas) dx
0\ 81 81
T 1 0 ) 2 %
< /O <§/ e sup || — @HdS> dz

< Ly, llo — 2,

Therefore the conditions (H1)-(H6) are all fulfilled. Furthermore, we assume that &* = 1, M =
ILMy=1,M1 =10 = %, T =1,C* =1and L; = 1. Moreover, the appropriate values of the constants
2
Ly, (r),La,(r), Lg,(r)and Lg,(r), obtain

My_gD(B + 1)T8
Al (aB +1)

A= max [M@m +2Lg, (r)L¢) + (M +1) <Mo + > (Lo, +C* Lo,

MM + 1)1

+ Loy (L) + T

{(LQQ + LQg) + C*(EQQ + ZQg) + (LQQ (T) + LQg(T))L*}] <1

be such that 0 < A < 1, where 2L¢(1 4+ C*) = L*. Thus the condition (H7) holds. Hence by Theorem
3.1, we realize that the system (4.1)-(4.4) has a unique mild solution on [0,1].
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Abstract. The notion of positive implicative superior ideals of BCK-algebras is introduced, and their
properties are investigated. Relations between a superior ideal and a positive implicative superior ideal in
BCK-algebras are studied, and conditions for a superior ideal to be a positive implicative superior ideal
are provided. Characterizations of positive implicative superior ideals induced by superior mappings are

discussed.

1. Introduction

Algebras have played an important role in pure and applied mathematics and have its comprehensive
applications in many aspects including dynamical systems and genetic code of biology (see [1I, [2], [T],
and [12]). Starting from the four DNA bases order in the Boolean lattice, Sdanchez et al. [11] proposed
a novel Lie Algebra of the genetic code which shows strong connections among algebraic relationship,
codon assignments and physicochemical properties of amino acids. A BCK/BCl-algebra (see [3] [4, [10])
is an important class of logical algebras introduced by Iséki and was extensively investigated by several
researchers. Jun and Song [5] introduced the notion of BCK-valued functions and investigated several
properties. They established block-codes by using the notion of BCK-valued functions, and shown that
every finite BCK-algebra determines a block-code. In [6], Jun and Song introduced the notion of superior
mapping by using partially ordered sets. Using the superior mapping, they introduced the concept of
superior subalgebras and (commutative) superior ideals in BCK/BClI-algebras, and investigated related
properties. They also discussed relations among a superior subalgebra, a superior ideal and a commutative
superior ideal.

In this paper, we introduce the notion of positive implicative superior ideals of BCK-algebras, and in-
vestigate properties. We investigate relations between a superior ideal and a positive implicative superior
ideal in BCK-algebras. We provide conditions for a superior ideal to be a positive implicative superior

ideal, and discuss characterizations of positive implicative superior ideals.
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2. Preliminaries

We display basic definitions and properties of BCK/BCl-algebras that will be used in this paper. For
more details of BCK/BCI-algebras, we refer the reader to [3], [8], [9] and [I0].
An algebra £ := (L;#,0) is called a BCI-algebra if it satisfies the following conditions:

() (Vo,y,2 € L) (((z*xy) * (z*2)) x (2 xy) = 0),
(D) (Va,y € L) ((z* (x xy)) xy = 0),

(ITI) (Vz € L) (z*xx =0),

(IV) Vz,y € L) (xxy=0,yxxz=0 = z=1y).

If a BCl-algebra L satisfies the following identity:
(V) (Vze L) (0xx=0),

then L is called a BCK-algebra.
A BCK-algebra £ is said to be positive implicative if it satisfies:

(Va,y,z € L) (e y) vz = (x5 2) % (y  2)). (2.1)

Any BCK/BCl-algebra L satisfies the following conditions:

(Vexel)(zx0=ux), (2.2)
(Va,y,ze€ L) (e <y = zxz2<yx*xz, zxy < zxx), (2.3)
(Va,y,2 € L) (w4 y) vz = (2 2) +1). (2.4)
(Va,y,z € L) ((x % 2) * (y x 2) < xy) (2.5)
where z < y if and only if z xy = 0.
A subset A of a BCK/BCl-algebra L is called an ideal of £ if it satisfies:

0e A, (2.6)
(Ve,ye L) (zxyc A, yec A = z€A). (2.7)

A subset A of a BCK-algebra L is called a positive implicative ideal of £ if it satisfies (2.6)) and
(Ve,y,z€ L) ((xxy)*xz€ A, yxz€ A = wzxz€ A). (2.8)

Let L be a set of parameters and let U be a partially ordered set with the partial ordering < and the
first element e. For a mapping f : L — P(U), we consider the mapping

sup f(z) if Isup f(),

. (2.9)
e otherwise,

IIfll: L —U, xl—>{

which is called the superior mapping of L with respect to (f, L). In this case, we say that (f, L) is a
pair on (U, =) (see [6]).
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Definition 2.1 ([6]). Let £ := (L, *,0) be a BCK/BClI-algebra. By a superior ideal on (£, f), we mean
the superior mapping || f || of £ with respect to ( 1, L) which satisfies the following conditions:

(va e 1) (IF10) = IFl(@)) . (2.10)
(v € L) (1F11(z) = sup{[1F11(z 9. I1F1@)}) (2.11)

Proposition 2.2 ([6]). If ||f|| is a superior ideal on (L, f), then ||f||(z) < ||f||(y) for all z,y € L with
<.

3. Positive implicative superior ideals

In what follows, let £ := (L, *,0) be a BCK-algebra unless otherwise specified, where L is a set of

parameters.

Definition 3.1. By a positive implicative superior ideal on (£, f), we mean the superior mapping ||f]|
of £ with respect to ( 1, L) which satisfies the condition (2.10) and

(va,y,2 € L) (Il + 2) 2 sup{l|F11((@ + ) + 2), 11l (y = )}) (3.1)
Example 3.2. Let L = {0, 1,2,3} be a set with a binary operation ‘*’ shown in Table

TABLE 1. Cayley table for the binary operation ‘x’

* 0 1 2 3
0 0 0 0 0
1 1 0 0 1
2 2 2 0 2
3 3 3 3 0

Then L := (L, *,0) is a BCK-algebra (see [10]). Let U = {a, b, ¢, d, e, f} be ordered as pictured in Figure
A3.

a

Figure A3
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(1) Let (f, L) be a pair on (U, <) where f is given as follows:

{a,b} if x =0,
{a,d, f} ifzx=1,
{b,c,d, f} ifz=2,
{a,b,c} if x = 3.

f:L—=PU), z—

Then the superior mapping || f|| of £ with respect to (f, L) is described as follows: ||f]|(0) = b, ||f]|(1) =
II11(2) = f and ||f]|(3) = ¢. By routine calculations, we know that || f|| is a positive implicative superior
ideal on (L, f).

(2) Let (g, L) be a pair on (U, <) where g is given as follows:

{a, b} ifx=0,
G:LoPU), x> {bedel ifz=3,
{b,e,d, f} ifxze{l,2}

Then the superior mapping ||g|| of £ with respect to (g, L) is described as follows: [|g]|(0) = b, ||f]|(1) =
I1£11(2) = f and || f]|(3) = e. Tt is not a positive implicative superior ideal on (£, f) since there does not
exist sup{||f||((3%2) % 1), ||f]|(2% 1)} because || f]|((3%2)*1) = e and |[|f||(2%1) = f are noncomparable.

Example 3.3. Let U = {a,b,¢,d, e, f} be ordered as pictured in Figure B3.

d
a e
b f
c
Figure B3

Let L ={0,1,2,3,4} be a set with a binary operation ‘«’ shown in Table

TABLE 2. Cayley table for the binary operation ‘x’

* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 1
2 2 2 0 2 0
3 3 1 3 0 3
4 4 4 4 4 0
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Then £ := (L, *,0) is a BCK-algebra (see [10]). Let (f, L) be a pair on (U, <) where f is defined by

{b,c} if x =0,
{a,b,e} ifzx=1,
f:L—=PU)), z— {b,e, [} if x =2,
{a,c,e, f} if x =3,
{d,e} if z = 4.

Then the superior mapping of £ with respect to (f, L) is described as follows: ||f]|(0) = b, ||f||(1) = ¢,
HfH(?) = e, |\f|\(3) = ¢ and |\f||(4) = d, and it is neither a superior ideal nor a positive implicative
superior ideal on (£, f).

Theorem 3.4. Let (f, L) be a pair on (U, X). If |\f|| is a positive implicative superior ideal on (L, f),

then the nonempty set
1flla == {z € L|||fl|(z) < a}

is a positive implicative ideal of L for all « € U.

Proof. Let a € U be such that || f||o # 0. Clearly 0 € ||f]|a. Let x,y, 2 € L be such that (zxy)*2 € ||f||a
and y * z € ||f||a- Then ||f]|((z *y) * z) < o and || f]|(y * z) < a. Tt follows from (3.1)) that

17112 2) = sup{[IF1I((z * y) * 2), [|f](y % )} < .

Thus  * z € ||f||a, and therefore |||, is a positive implicative ideal of L. O

Corollary 3.5. Let (f, L) be a pair on (U,=). If ||f|| is a positive implicative superior ideal on (L, f),
then the set

A= {z e L||IflI(z) = [If]10)}

is a positive implicative ideal of L.
Theorem 3.6. Fvery positive implicative superior ideal is a superior ideal.

Proof. Let ||f|| be a positive implicative superior ideal on (£, f). If we take z = 0 in (3.1)) and use (2.2)),
then

1711(2) = [1]](z * 0) = sup{|[ f]|((z *y)  0), |If1l(y * 0)} = sup{||F]|(z *y), I1I(»)}

for all z,yy € L. Hence ||f|| is a superior ideal on (£, f). O
The converse of Theorem is not true in general as seen in the following example.

Example 3.7. Let L = {0,a,b,c} be a set with a binary operation ‘x’ shown in Table
Then L := (L, *,0) is a BCK-algebra (see [10]). Let U = {1,2,3,--- ,8} be ordered as pictured in Figure
1.
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)

TABLE 3. Cayley table for the binary operation ‘x

* 0 b c
0 0 0 0
a a 0 a
b b 0 b
c c c 0

Figure 1
Consider a pair ( 1, L) in which f is given as follows:
{6, 8} if x € {0},

f:L—=PU), x— < {4,6,7} if x € {a, b},
{2,3,5,6,7} ifzx=c.

Then the superior mapping ||f|| on (£, f) is described as follows: ||f]|(0) = 6, ||f]|(a) = ||f||(b) = 3 and
|If]|(c) = 2. Routine calculations show that ||f|| is a superior ideal on (£, f). But it is not a positive

implicative superior ideal on (£, f) since
1F1I(b*a) =3 £ 6 = sup{[|f[|((b* a) * a), || f]|(a *a)}.
We provide conditions for a superior ideal to be a positive implicative superior ideal.

Theorem 3.8. For a superior ideal ||f|| on (L, f), the following are equivalent.
(i) ||f]| is a positive implicative superior ideal on (L, f).
(i) (va,y € L) (IFll@+9) < Il (@) + 1))
Proof. Assume that || f || is a positive implicative superior ideal on (L, f). If we put z =y in , then
1711z y) < sup{IIFII((z * ) o), 1F1l(y * 9)}
= sup{||f[|((z * y) xy), || £1/(0)}

= [1fll((@y) *y)
for all z,y € L.
Conversely, let ||f|| be a superior ideal on (£, f) which satisfies the condition (ii). Note that
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for all z,y, z € L. Tt follows from (ii), and Proposition 2.2 that
1f11(z  2) 2 ([ FI((@ % 2) % 2)
< sup{|| f|(((z % 2) % 2) * (y * 2)), || f1](y * 2)}
< sup{|| f]|((z * y) = 2), || fl[(y * 2)}

for all z,y, z € L. Therefore || f || is a positive implicative superior ideal on (L, f ). O

Theorem 3.9. For a superior ideal ||f|| on (L, f), the following are equivalent.
(i) ||f]| is a positive implicative superior ideal on (L, f).

(i) (va,y,2 € L) (|IF11(( % 2) « (g 2) 2 A xy) 2)) -

Proof. Suppose that ||f|| is a positive implicative superior ideal on (£, f) Then ||f|| is a superior ideal
on (L, f) by Theorem Note that
for all x,y, z € L. It follows from , Theorem and Proposition that
1711 = 2) % (y % 2)) = 1F11((z % (y * 2)) * 2)
<A@ (y % 2)) * 2) * 2)
< fll((z x y) * 2)

for all z,y,z € L.
Conversely, let || f|| be a superior ideal on (£, f) which satisfies the second condition. Using (2.11]) and

the second condition, we have

1711 * 2) = sup{||F1|((z * 2) * (y * 2)), [|f1l(y * 2)}
=< sup{[|f[|((z ) *2), || fll(y * 2)}

for all x,y, z € L. Therefore || f || is a positive implicative superior ideal on (L, f ). O

Theorem 3.10. Let ||f|| be the superior mapping of L with respect to (f, L). Then ||f|| is a positive
implicative superior ideal on (L, f) if and only if it satisfies the condition (2.10) and

(Va,y,z € L) (Ilf\l(ﬂ? «y) < sup{||f]|(((z y) xy) * 2), IIfH(Z)}) : (3.2)

Proof. Assume that ||f]| is a positive implicative superior ideal on (£, f). Then ||f]| is a superior ideal

on (£, f) by Theorem and so || f|| satisfies the condition (2.10). Using (2.11)), (III), (2.2), ([2.4) and
Theorem we have

for all z,y,z € L.
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Conversely, suppose that || f || satisfies two conditions and . Then
1711() = [If1I(z * 0)
=< sup{|| f1I(((z * 0) x 0)  2), || f]|(2)}
= sup{||f]I(z * 2), || f1I(=)}
for all z,z € L, and so ||f|| is a superior ideal on (£, f). If we take z = 0 in and use and
, then
1711z % y) < sup{[|F1I(((z * y) = y) % 0), || F1I(0)}
= sup{||f[|((z * y) * ), || /11(0)}
= [1/1((z * y) *y)

for all 2,y € L. Therefore || f || is a positive implicative superior ideal on (L, f) by Theorem O

Lemma 3.11. Let ||f|| be the superior mapping of £ with respect to a pair (f, L) on (U,=). Then ||f]]

is a superior ideal on (L, f) if and only if it satisfies the following assertion:
(Vz,y,2 € L) ((96 xy)x2=0 = ||f]|(z) < sup{[|Fll(v), Hf||(2)}) : (3.3)

Proof. Assume that ||f|| is a superior ideal on (£, f). Let x,y,z € L be such that  * y < z. Then

(z%y)*2z=0, and so
1£11(z * y) < sup{[[FI|(( *y)  2), [[F1|(2)} = sup{IIF11(0), | FII(=)} = [ F11(2)
by and (2.10). It follows that
[1711) < sup{[|F[I(z * ), [1711()} = sup{]IF11(=), [I/1I()}-
Conversely, suppose that the assertion is valid. Since

(Oxz)*x=0and (z(z*y))*y =0
for all z,y € L, it follows from that

1711(0) = sup{|| fll(2), [| Fll(x)} = |If]I(z)
and

1711() < sup{|If]|(x ), [1F1I(y)}
for all 2,y € L. Therefore ||f]| is a superior ideal on (£, f). O

Corollary 3.12. Let ||f|| be the superior mapping of L with respect to a pair (f, L) on (U,=x). Then

If|| is a superior ideal on (L, f) if and only if it satisfies the following assertion:

1/11(2) = sup{|[f[|(a2), [l fll(az), -, 1l fll(an)} (3.4)

for all x,a1,a2, -+ yan, € L with (--- ((x % a1) * ag) * -+ ) xa, = 0.
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Theorem 3.13. Let ||f|| be the superior mapping of L with respect to a pair (f, L) on (U,=). Then

|f|| is a positive implicative superior ideal on (L, f) if and only if it satisfies the following assertion:

17112+ ) < sup{[|.fl|(a), || F11(0)} (3.5)
for all z,y,a,b € L with ((x*y) *xy)*a)«b=0.

Proof. Assume that || f|| is a positive implicative superior ideal on (£, f). Then ||f|| is a superior ideal
on (£, f) by Theorem [3.6, Let x,y,a,b € L be such that (((z*y)*y) *a)*b= 0. Using Theorem [3.8(ii)

and , we have
1F11(z * y) < IF11((x * y) xy) < sup{||f][(a), || F1/(B)}-
Conversely, suppose that || f|| satisfies the condition forall z,y,a,b € L with (((z*y)*y)*a)*b = 0.
Assume that (zsu)*v = 0 for all ,u,v € L. Then (((z%0)*0)xu)*v = 0, and so ||f||(z) = ||f||(z*0) =<

sup{||f]|(w), ||f]|(v)} by [@B-F). It follows from Lemma that ||f|| is a superior ideal on (£, f). Note
that

(((zxy)xy)* ((xxy) xy)) 0 =0
for all x,y € L. Using and , we have
1F11(z *y) = sup{[| F1|((z* y) * ), || F11(0)} = | F][((z % y) * )

for all z,y € L. Therefore |\f|| is a positive implicative superior ideal on (£, f) by Theorem |3.8 O

Corollary 3.14. Let ||f\| be the superior mapping of L with respect to a pair (f, L) on (U,X). Then

HfH is a positive implicative superior ideal on (L, f) if and only if it satisfies the following assertion:

1 f11(z * y) < sup{[| F|(ar), |Ifl[(az), -~ , || f1/(an)} (3.6)

for all z,y,a1,a2, -+ ,an € L with (- ((((x*xy) *y) xay) xag) -+ ) *a, =0.

Theorem 3.15. Let ||f|| be the superior mapping of L with respect to a pair (f, L) on (U,=X). Then

HfH is a positive implicative superior ideal on (L, f) if and only if it satisfies the following assertion:
1F11((@ % 2) * (y * 2)) < sup{]| flI(a), || FII(b)} 3.7)

for all x,y,z,a,b € L with (((x xy) *x2) xa) *b = 0.

Proof. Assume that ||f]| is a positive implicative superior ideal on (£, f). Then ||f]| is a superior ideal
on (£, f) by Theorem Suppose that (((z*y) *x2)*a)*b=0 for all z,y,2,a,b € L. Then

1F11(( % 2) % (y * 2)) < NIFII((@ = ) = 2) < sup{[ £lI(a), [LF11(2)}

by Theorem [3.9] and Lemma
Conversely, suppose that || f|| satisfies the condition (3.7) for all z,y, z,a, b € L with (((z*y)*2z)%a)%b =
0. Let x,y,a,b € L be such that (((z *y) *y) *a) *b=0. Then

171G *y) = [1F][((z * y) * (y =) < sup{||flI(a), || 1I(b)}
by (3.7)). It follows from Theorem that ||f|| is a positive implicative superior ideal on (£, f). O

642 Seok Zun Song et al 634-643



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Seok Zun Song"f, Young Bae Jun? and Hee Sik Kim?3*

Corollary 3.16. Let ||f\| be the superior mapping of L with respect to a pair (f, L) on (U,=x). Then

|f|| is a positive implicative superior ideal on (L, f) if and only if it satisfies the following assertion:
IF1I((z * 2) * (y * 2)) < sup{|Ifll(ar), [ Fll(az), -~ 1 F]](an)} (3.8)
for all z,y,z,a1,a2, -+ ,an € L with (--- ((((x *y) *2) *xa1) *ag) *--+) *xa, = 0.

Theorem 3.17. Let ||f|| and ||g|| be superior ideals on (L, f) and (L, §), respectively, such that ||f||(0) =
L,

1311(0) and ||g]|(z) < ||f]|(x) for all z(# 0) € L. If ||f|| is a positive implicative superior ideal on (L, f),
then ||g|| is a positive implicative superior ideal on (L,g).
Proof. For any x,y,z € L, let u:= (z % y) * z. Then
gl[(((z % 2)  (y * 2)) * (2 % y) * 2)) = [[g](((2  2) * (y * 2)) * u)
= 1g11(((z x u) % 2)  (y * 2)) 2| FI1(((2 5 u)  2) * (y * 2))
< (@ *u) xy) * 2) = [IF1I(((2 * ) * 2) * )
= [£11(0) = 1311(0),
and so ||g]|(((m * 2) x (y x 2)) * ((x *y) * 2)) = ||g]|(0). It follows from that
g11((  2) * (y * 2)) 2 sup{[|gl[(((z = 2) * (y % 2)) = (& xy) * 2)), [|9]]((z * y) * 2)}
= sup{[|gl1(0), l|g[|((z * y) * 2)} = ||g]|((z * y) * ).
Therefore ||§|| is a positive implicative superior ideal on (£, §) by Theorem [B.9 O
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Abstract
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1 Introduction and main results

The purpose of this paper is to investigate the uniqueness of meromorphic functions
sharing sets in an angular domain by using the Tsuji’s characteristic functions of angular
domain. It is assumed that the readers are familiar with the notations of the Nevanlinna
theory such as T'(r, ), m(r, f), N(r, f) and so on, that can be found, for instance, in
[5, 17].

We use C to denote the open complex plane, @(: C|J{o0}) to denote the extended
complex plane, and Q(C C) to denote an angular domain. Let S be a set of distinct
elements in C and C C. Define

E(S,Q, f) = U {z € Q|fa(z) =0, counting multiplicities},
aeS

*This project was supported by the NSF of China(11561033), the Natural Science foundation of
Jiangxi Province in China (20151BAB201008). The last author is supported by the project of Beijing
Municipal Science and Technology(D161100003516003).
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E(S,Q,f) = U {z € Q|fu(2) =0, ignoring multiplicities},
a€sS
where fo(2) = f(z) —aif a € C and fo(2) = 1/f(2).

Let f and g be two non-constant meromorphic functions in C. If E(S,Q, f) =
E(S,9,9), we say that f and g share the set S CM (counting multiplicities) in €.
If £(S,Q,f) = E(S,9,9), we say f and g share the set S IM (ignoring multiplicities)
in Q. In particular, when S = {a}, where a € ((A:, we say f and g share the value a
CM in Qif E(S5,Q,f)) = E(S,Q,g), and we say f and g share the value a IM in
Qif E(S,Q,f) = E(S,9,9). When Q = C, we give the simple notation as before,
E(S, f), E(S, f) and so on(see [13]).

Let | be a nonnegative integer or infinity. For a € CU {oo}, we denote by E;(a, 2, f)
the set of all a-points of f in §2, where an a-point of multiplicity k& is counted one times
if £k <1 and zero times if k > (.

R.Nevanlinna(see [9]) proved the following well-known theorem.

Theorem 1.1 (see [9].) If f and g are two non-constant meromorphic functions that
share five distinct values a1, a9, a3, aq,a5 IM in Q = C, then f(z) = g(z).

After his theorems, the uniqueness problems of meromorphic functions sharing values
in the whole complex plane attracted many investigations (see [15]). In 2004, Zheng
[19] studied the uniqueness problem under the condition that five values are shared in
some angular domain in C. It is an interesting topic to investigate the uniqueness with
shared values in the remaining part of the complex plane removing an unbounded closed
set, see [3, 4, 7, 8, 10, 13, 18, 19, 20]. Zheng [20], Cao and Yi [2], Xu and Yi [13]
continued to investigate the uniqueness of meromorphic functions sharing five values and
four values, Lin, Mori and Tohge [7] and Lin, Mori and Yi [8] investigated the uniqueness
of meromorphic and entire functions sharing sets in an angular domain. To state theirs
results, we need the following basic notations and definitions of meromorphic functions
in an angular domain(see [5, 19, 20]).

In 2009, the present author [14] investigated the uniqueness of meromorphic functions
with finite order sharing some values in an angular domain and obtained the following
theorem

Theorem 1.2 (see [14]). Let f(z) and g(z) be both transcendental meromorphic func-
tions, and let f(z) be of finite order A (lower order ) and such that for some a € C and
an integer p > 0,8 = (a, f®)) > 0. For m pair of real numbers {o, B;} satisfying

<o <fiLar B <ay < By <21

and .
4 . 0
Z(ajH —B;) < — arcsin \/g,
j=1
where o = max{w, p}, w = max{ ﬁljal e, 6mfam }, assume that a;(j =1,2,...,q) beg
distinct complex numbers, and let k;(j =1,2,...,q) be positive integers or oo satisfying

ki >ky > > kp, (1)
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E}c].(aj,Q f) :Ek.(aj,Q,g)7

Yty @

where @ = {z: o <argz < B} Ifw < A(f), then f(z) = g(2).

In 2009, Cao and Yi [2] investigated the uniqueness problem of two transcendental
meromorphic functions f, g sharing five values IM in an angular domain and obtained
the following result which extended Theorem 1.1 to an angular domain.

Theorem 1.3 (see [2, Theorem 1.3].) Let f and g be two transcendental meromorphic
functions. Given one angular domain Q = {z : a < argz < B} with 0 < f — a < 2,
we assume that f and g share five distinct values a;(j = 1,2,3,4,5) IM in Q. Then
f(z) = g(2), provided that

lim 75%5(7‘, 1))
r—oc log(rT'(r, f))

where Sq (7, f) is called the Nevanlinna’s angular characteristic.

= 00, (T%E),

Moreover, Cao and Yi [2] also investigated the two uniqueness problems of two tran-
scendental meromorphic functions f, g sharing four distinct values CM in an angular
domain X and f,g sharng two distinct values CM in an angular domain X and the
other two distinct values I'M in an angular domain X, and they obtained two interesting
results which extended the analogous results as in the whole complex plane to an angular
domain. In 2011, Xu and Cao [11, 12] improve the results given by Cao and Yi[l, 2] to
some extent.

Most recently, Zheng [21] prove the following theorem by using the Tsuji’s character-
istic to extend the five IM theorem of Nevanlinna’s to an angular domain. The Tsuji’s
characteristic will be introduced in Section 2.

Theorem 1.4 (see [21]). Let f(z) and g(z) be both meromorphic functions in an angular
domain Q = {z : a < argz < B} with 0 < a < § < 27 and f(z) be transcendental in
the Tsuji’s sense. Assume that a;(j = 1,2,...,5) be b distinct complex numbers. If

E(aj,Q, f) = E(a;,9,9), then f(z) = g(2).

In this paper, we will deal with the uniqueness of meromorphic functions sharing sets
in an angular domain by using the Tsuji’s characteristic and obtain the following results
which are improvement of Theorem 1.4.

Theorem 1.5 Let f(z) and g(z) be both meromorphic functions in an angular domain
Q={z:a<argz < f} with0 < a < B <27 and f(z) be transcendental in the Tsuji’s
sense. Suppose that

Sj:{aj,aj+b,...,aj+(l71)b}, j:1,2,...,q7

withb# 0, S;NS; =0, (i # j). Letkj (j =1,2,...,q) be positive integers or oo satisfying
(1) and - -
EkJ)(SJaQ7f):Ektj)(s_]vgag)? (.]:172a7Q) (3)
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Furthermore, let

q -1

:Z@T(O,f—a ZZQT — (a;j + sb)),

j=1s=0

2 le o 07(0, f = (a; + 5b)) g lk +67(0, f — (a; + sb))
ZZ o

A =
o + 1 =~ 1
(Im=3l+ 1)k, (21—-1k,
- —2
K 4 1 1 oW
and
q 1-1
A, = Z Zs OéT(Og a3+5b sz +07(0,9 — (Clj+Sb))
kn+1 it ki+1
(In —3l+ D)k, (2l — Dk,
2,
o + 1 peea O
where m and n are positive integers in {1,2,...,q} and a is an arbitrary complex number
or co. If
min{A4;, A2} >0, and max{A;, A2} >0. (4)

Then f1(z) = f2(z).

From Theorem 1.5, we can get the following corollaries.

Corollary 1.1 Let f(z) and g(z) be both meromorphic functions in an angular domain
Q={z:a<argz < P} with0 < a < B <2r and f(z) be transcendental in the Tsuji’s
sense. Suppose that

Sj:{aj,aj+b,...,aj+(l—1)b}, j:1,2,...,q,

withb # 0, S;NS; =0, (i # j). Letkj (j =1,2,...,q) be positive integers or oo satisfying

(1) and B B
Ekj)(sj597f) = Ekj)(Sjvﬂag)a (] = 1727"'7q)'

If

q -1

k; 2 —20)k

) D DL

— — kj—‘rl ks +1

7=3 5=0

Then f(z) = g(2).

Proof: Let m = n = 3. Since O¢(f) > 0,07(g) > 0, 67(0, f — (a; + sb)) > 0 and
07(0,9 — (a; + sb)) > 0 for j = 1,2,...,q, one can deduce from Theorem 1.5 that
Corollary 1.1 follows. a

The following corollary is an analog of a result due to Yi (Theorem 10.7 in [15], see
also [16]) on C.
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Corollary 1.2 Let f(z) and g(z) be both meromorphic functions in an angular domain
Q={z:ra<argz < B} with0 < a < <27 and f(z) be transcendental in the Tsuji’s
sense. Suppose that

Sjz{aj,aj—l—b,...,aj+(l—1)b}7 j=12,...,q,

with b 7é 0, ¢ > 4, SZmSJ = @7 (Z 7& ]) IfE(SJ797f) = E(S],Q,g),(] = 1727"'7Q)'
Then f(z) = g(2).

Proof: Let k1 = ky = ... = kg = c0. One can deduce from Corollary 1.1 that Corollary
1.2 follows immediately. a

Let [ = 1. Then it is easily derived the following corollary from Corollary 1.1, which
is an analog of the Corollary of Theorem 3.15 in [15].

Corollary 1.3 Let f(z) and g(z) be both meromorphic functions in an angular do-
main Q@ = {z : a < argz < B} with 0 < o < B < 27 and f(z) be transcenden-
tal in the Tsuji’s sense. Let aj (j = 1,2,...,q) be q distinct complex numbers in @,
and k;j(j = 1,2,...,q) be positive integers or oo satisfying (1) and Ekj)(aj,ﬂ, f) =
Ekj)(aj’Q7g)7 (.] =12..., q) Then

(i) if g =7, then f(z) = g(z).

(ii) if g = 6 and ks > 2, then f(z) = g(2).

(iti) if g =5, ks > 3 and ks > 2, then f(2) = g(2).

(i) if ¢ =5 and ky > 4, then f( ) =g(2).

(v) if ¢ =5, ks > 5 and ky > 3, then f(z) = g(2).

(vi) if g =05, ks > 6 and ky > 2, then f(z) = g(2).

Another main theorem of this paper is listed as follows.

Theorem 1.6 Let f(z) and g(2) be both meromorphic functions in an angular domain
Q={z:a<argz < P} with0 < a < B <27 and f(z) be transcendental in the Tsuji’s
sense. Suppose that

S; ={c+aj,ctajw,...ctamw'™} j=1,2,...,4q,

with a; #0, (j =1,2,...,q), w=exp(3%), ;N S; =0, (i #j). Let k; (j =1,2,...,q)
be positive integers or oo satisfying (1) and

Ekj)(SJanf) :Ek]‘)(Sj7Qag)7 (,7 = 172a"'7q)' (5)
Furthermore, let
q 1-1
:Z@T(O,f—a ZZ@T — (c+ ajw?)),
a j=1s5=0
-1
57(0, ¢+ a;w d L
A = E Zs 0 7(0, f —( jW sz +47(0 (C+ajw )
by +1 framdpr, +1
I(m—2)kn, Ik,
+ (m=2) +O7r(f) -2

b +1  kp41
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and
= L Yes007(0,9 — (e + ayu° 1 \ ki + 67(0, g — (¢ + ajw®))
b - 2y
kn+1 ki +1
j=n s=0
ln—2)k, Ik,
- 2
bt 1 el OTO2
where m and n are positive integers in {1,2,...,q} and a is an arbitrary complex number
or co. If
min{A4;, A2} >0, and max{A;, A2} >0. (6)

Then (f(z) —¢)! = (g(z) — ¢)'.
From Theorem 1.6, we can get the following corollary immediately.

Corollary 1.4 Let f(z) and g(z) be both meromorphic functions in an angular domain
Q={z:ra<argz < B} with0 < a < f <27 and f(z) be transcendental in the Tsuji’s
sense. Suppose that

S; ={c+aj,ctaw,....ctaw' ™t} j=1,2,...,q,

with a; # 0, (j = 1,2,...,9), ¢ > 24 2 w = exp(F), $;NnS; =0, (i #j4).If
E(S;,9, f) = E(S},9,9) for] =1,2,...,q, then (f(2) —¢)! = (9(z) — ¢)!

Proof: Set m=n=1and k; = ko = ... = co. Since O¢(f) > 0,07(g) > 0, 67 (0, f —
(aj +sb)) > 0 and 07(0,g — (a; +sb)) > 0 for j =1,2,...,q. Then Corollary 1.4 follows
immediately from Theorem 1.6. a

2 Preliminaries

In this section, we will introduce some notations of Tsuji’s characteristic in an angular
domain (see [6, 21]). For meromorphic function f in an angular domain € and w = 57,
we define

1 m—arcsin( ) ) . . 1
M, : — loet ‘ i(at+w™"0) sin® 0 ’ — e,
0 (T f) 2m /arcsin(rw) & f(re m ) re Sin2 0

Nag(r, f) = > (W - rlw> :
1< b | <r(sin(w(Bn—a))) " "
where b, are the poles of f(z) in Z(a,B;7) = {z = 70 : o < 6 < B,1 < t <
r(sin(w(B, — a)))*  appearing often according to their multiplicities and then Tsuji
characteristic of f is
‘Iaﬁ(r7 f) = ma,ﬁ(r7 f) + ‘ﬁa’g(r, f)
We denote by nq (7, f) the number of poles of f(z) in E(a, 8;7), and then

r 1 1 r N 7
Moslri§) = [ (= ) dnastrs) = [ 2220
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when pole b,, occurs in the sum Zl<|bn|<r(sin(w(6n—a)))“’

Nq (7, f). For meromorphic function f in Q and for all complex numbers a, if
Sa,ﬁ (Tv f)

lim sup ———= = o0,
r—00 IOgT

-1 only once, we denote it by

then f is called transcendental with respect to the Tsuji characteristic[21], and we have
the Tsuji deficiency of f(z) as follows

dr(a, fia, B) = liminf w =1— limsup ma’ﬁ(r’fl“)7
T Rl e Tap(r )
and
T (7 7%3)

Or(a, f;a,8) =1 —limsup ————%,

r(a, f;a, B) T_mop Tos(r )

for a # oo and dp(oo, f;a, ) is defined by the above formula with 9, g(r, f) and
MNa,5(r, f) in place of My 5(r, ﬁ) and Mg 5(r, %), Or (0o, f;a, B) is defined by the

above formula with M, (r, f) in place of Mg 4(r, f%a) If no confusion occur in the
context, then we simply write dr(a, f) for dr(a, f;a, 8) and Or(a, f) for Or(a, f; a, 5).
or(a, f) is called the Tsuji deficiency of f at a and if ér(a, f) > 0, then a is said to be a
Tsuji deficient value of f. In addition, from ref.[21], we have the following properties of
this Tsuji’s characteristic

1
%o (r s ) = Taslr )+ O, ™)
—a
and the fundamental inequalities
q
— 1

(0= 2%0s( ) < DR (172 ) + Qusr ), ®

=1 !

hold for ¢ distinct points a; € @,
Qa,,@(ra f) = O(lOng ‘:a,,ﬁ(ra f) + log ’I"), T ¢ E

where E denotes a set of r with finite linear measure. It is not necessarily the same for ev-
ery occurrence in the context. For sake of simplicity, we omit the subscript in all notations
and use M(r, f),N(r, f),Q(r, ) and Z(r, f) instead of My, g(r, ), Na,(r, ), Qa,5(r, f)
and T, 5(r, f), respectively.

By using Lo Yang’s method in dealing with the multiple values problem, we can get
the following lemma

Lemma 2.1 For meromorphic function f in an angular domain Q0 and w = ﬁ%a, Let a
be an arbitrary complex number, and k be a positive integer. Then

- 1 R 1 1 1
<
(Z) maﬁ(?“, f—a) “k+1 aﬁ(r’ f—a) + k+ 1ma7@(7“, f—a)’
N = 1 k =k 1 1
(i) MNa,p(r, H) < mma,g(r’ ﬁ) + mfaﬁ(?“, f)+0(1),
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—
where ma)’ﬁ(n f—ia) to denote the zeros of f(z) — a in Q, whose multiplicities are no

Lo ~—(k
greater than k and are counted only once. Likewise, we use ‘ﬁgﬁ(r, ﬁ) to denote the
zeros of f(z) —a in Q, whose multiplicities are greater than k and are counted only once.

By using Lemma 2.1 and (8), we can obtain the following lemma

Lemma 2.2 For meromorphic function f in an angular domain  and w = 57% Let

ai, az, ..., aq be q distinct complex numbers in the extended complex plane @, let k1, ko,
, kg be g positive integers. Then

0 =230 <3 L ) Z,Hl P Q)

q
(i) q—Q—Zk )T _Z Vi )+ Q0 ),

where

Ly v o f) - (e ),

NW(r, f) = N(r, 7

and Q(r, f) is stated as in (8).

From (8) and the definition of transcendental in Tsuji sense, we can get the following
lemma.

Lemma 2.3 (Picard theorem for angular domain) Let f be an transcendental meromor-
phic function in Q in the Tsuji sense. Then f has at most two Picard exceptional values
in Q.

3 Proof of Theorem 1.5

Suppose that f(z) # g(z). Without loss of generality, we assume that there exist infinitely
many d such that ©7(0, f—d) > 0and d & {a;+sb:j=1,2,...,qands =0,1,...,[—1}.
We denote them by dj, (k=1,2,...,00). Obviously, O (f) = > r—; O7(0, f — di). Thus
there exits a p such that > ¢¥_, O7(0, f — di) > Or(f) — € holds for any given (> 0).
From (8) we have

(gl +p—2)% Zi m Zﬁ +Q(r, f).
j=1 =0 J

From the definition of deficiency in Tsuji sense, we have

— 1

N(r, 7——) <@ =067(0, f —dp)) T(r, f) + Q(r, f).
f—d
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From Lemma 2.1 and the definition of deficiency in Tsuji sense, it follows that for s €

0,1,...,1—1}
_ 1
M )
ki —k) 1 1
s kjilm (r7f—(aj+8b))+kj+1m(r7f—(aj+5b))
ki <k;) 1 1
< kjilm (r7f*(aj+sb))+ kj+1 (1 =0r(0, f — (a;j +sb))) T(r, )
(r, f).

Thus, from Lemma 2.2, we have

(gl +p—2)%(r, f)

< { (1_@T(07f_dk))}z('rﬂ f)+
k=1 ]

,_.

@
I

=)

q I-1
—|—{Z 5 1—5T(O f—(q; +sb)))}‘$(r,f)+Q(r7f).

Since

we can deduce that

(gl +p—2)%(r, f)

q -1 1
< (p—0Or(f)+e)Z(r, f 1]2520 m)
m—11-1 k
+ ZZ(k - ";1)<15T<o,f<aj+sb>>> (r, /)
7j=1 s=0 m
q 1-1 5 .
+{Z Sl Lt i §J+Sb)>}f(r,f)+62(r,f),
7j=1s5=0 J
that is,
I(m — 1)k, =k 5 1
<W+B1€>S(T>f)<;§km+l ,m)JrQ(r,f),
where

By =

> o 67(0, f — (a5 + sb)) izk+6T0f (a; + sb)

—9.
m + 1 ki +1 +0r(f)

j=m s=0
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Similar to the above discussion, we also have

lln—1k, [— 1
—— + By — N (r,——————
( kn+1 + 52 €> iz(’r,g)<;s:0 kn+1 0 (T’g_(aj+8b))+Q(T7g)7
where
S o 0r(0,9 — (a; + b)) K2 Ky + 670, g — (a; + sb))
B = 1= S= J ) ] _ 2.
? kn,+1 +]z::n§ kj+1 + O71(9)
Thus,
I(m— 1)k, In—1k,
By — By —
q -1 1—1
km  <kj) 1 kn k) 1
< D O T —
'2::0]{:’”_"1 (rf_(aj+5b))+j§::lszok’n+l (Tg—(aj—ksb))

+Q(r, f) + Q(r, g).

We will prove that f(z) —g(z) # sb, s =1,2,...,1—1. Suppose that f(z)—g(z) = sb,
s =1,2,...,1 — 1., we get that a; (j = 1,2,...,q) are the Picard exceptional values
of f, and that a; + (I —1)b (j = 1,2,...,q) are the Picard exceptional values of g in
Q. By Lemma 2.3, we can get a contradiction. Similarly, we have g(z) — f(z) # sb,
s=1,2,...,0—1.

By using (7) and condition (4), we have

q 1-1 ko) 1
BT s
j; s=0 (n f - (aj + Sb))
1 l—li 1 -1 1
< m(r7f*9)+s:1 (T’ffgfsb)—‘r;m(r’g—ffsb)
< (2=1)(Z(r f)+2(r,9) + O(1).
and
q l—likv) 1
N (r
J;szo (79_(aj+8b))
- 1 -1 1 -1 1
S m(r7f_g)+;m(r,m)+;m(r,m)

< (2 =D(E(r ) +%(r9)) + O(1).

Therefore, from the above discussion we obtain
I(m— Dk, ln—1k,
AT, B AT B
( 1 T BE) (T P B )3
km kn,

< (20-1) (km e 1> (Z(r, ) +Z(r,9)) + Q(r, f) + Q(r, 9),
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that is,

(A1 =) T(r, f) + (A2 = &) T(r, 9) < Q(r, f) + Q(r, 9)-

Since f and g are transcendental in Tsuji sense and € is arbitrary, the above inequality
contradicts the conditions (4).
Therefore, the proof of Theorem 1.5 is completed

4 The proof of Theorem 1.6

Suppose that (f(z) — ¢)! # (g9(z) — ¢)!. Without loss of generality, we assume that
there exist infinitely many d such that ©7(0,f —d) > 0 and d &€ {c + ajw® : j =
1,2,...,qands = 0,1,...,1 — 1}. We denote them by di (k = 1,2,...,00). Obviously,
Or(f) = > 1oy O7(0, f — di). Thus there exits a p such that > ¥_, Or(0, f — di) >
Or(f) — € holds for any given (> 0).

Using a similar discussion as in the proof of Theorem 1.5, we obtain

<l<m—1>km FBi—e) S0+ (Z(”_”’“ + By 6) T(r.9)

km +1 kn +1
g -1 _) q - 1
! (7’,4 T, )
;s k 1 [ = (c+ajw?) Z;ZO g—(c—i—ajws)
+Q(r, f) + Q(r, 9),
where
E Zl 106T(0 f—=(c+aw 7 1 kj +07(0, f — (¢ + a;w®))
B 2 7 —
L Fom + 1 ;n;) j+1 +or(f)
Z Zs 06T(0 g— C+@J ! k; +67(0,9 — (c +ajws))
B2 = kn +1 ;g kj + 1 +Or(9)~
Furthermore, from the condition (5), (7) and Lemma 2.1, we have
O 1 1
n) —,<‘ﬁfr, <UZ(r, f) +%(r,g)) +O(1),
>y ) < g ) < U N+ T + O
and
. k;) 1 1
N (r, ———) < N(r, <UZ(r, f)+%(r,g)) + O(1).
ST ) < =) < (B0 + 30 + O

Therefore, from the above discussion we obtain

(M= Dy Y gy (M, et

< (k:ﬂ; 1t knki 1) (2(r, f) +5(r,9)) + Qr, f) + Q(r, 9),
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that is,

(A1 =) T(r, f) + (A2 =€) T(r, 9) < Q(r, f) + Q(r, 9)-

Since f and g are transcendental and e is arbitrary, the above inequality contradicts (6).
Therefore, the proof of Theorem 1.6 is completed.

5 Remarks

Zheng [21] had proved the results related to Tsuji’s characteristic and Nevanlinna’s char-
acteristic as follows

Lemma 5.1 (see [21, lemma 2.3.3]) Let f(z) be a meromorphic function in Q(a, B), for
any real number € > 0, Q. = Qa+¢e,8 —¢). Then for e > 0, we have

Q Q
i ) <o e PR R g

and

N(r, f) = wc‘*’M +w20“’/ Mdt
1

rw twtl

where 0 < ¢ <1 is a constant depending on ¢, w = 5"~ and N (¢, )= fr n(t.2.f) Q S g,
n(t,Q, f) is the number of poles of f(z) in QN{z:1<|z| <t}

From Lemma 5.1, we can get that f is transcendental in Tsuji sense if f satisfies
condition (9). Thus, we can get the following results

Theorem 5.2 Let the assumptions of Theorems 1.5-1.6 and Corollaries 1.1-1.4 be given
with the exception of that f(z) is transcendental in Tsuji sense. Assume that for some
a€Cande >0,
) N(r,Q., f=a)
limsup —=

r—s00 rvlogr

where w, N (t,8, f) are stated as in Lemma 5.1. Then f(z) = g(z).

= o0, (9)
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A new generalization of Fibonacci and Lucas p—numbers
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Abstract

In this paper, we define a new generalization of the Fibonacci and Lucas p—numbers. Further, we build up
the tree diagrams for generalized Fibonacci and Lucas p—sequence and derive the recurrence relations of these
sequences by using these diagrams. Also, we show that the generalized Fibonacci and Lucas p—sequences
can be reduced into the various number sequences. Finally, we develop Binet formulas for the generalized
Fibonacci and Lucas p—numbers and present the numerical and graphical results, which obtained by means
of the Binet formulas, for specific values of a, b and p.

Keywords: The generalized Fibonacci p—numbers, The generalized Lucas p—numbers, Binet formula.

2010 MSC: 11B39

1. Introduction

Fibonacci and Lucas sequences are one of the most popular and fascinating sequences that arise in
various situations, especially in mathematics, physics and related fields. The classical Fibonacci and Lucas
sequences are defined by Fi4o = F,11 + F,, and Ly,y2 = Lyy1 + Ly, for n € N, with initial conditions
Fy=0, Fy=1and Ly =2, L; =1, respectively. One of the most important sources of this area is [1],
which was written by Thomas Koshy, and contains numerous applications, generalizations and recurrence
relations of Fibonacci and Lucas numbers. In recent years, many authors have studied generalizations of the
Fibonacci and Lucas sequences [2-12]. For instance, in [8, 10] the authors defined the generalized Fibonacci
{@n}nen, sequence as

agn+1 + qn,if n =0 (mod 2)

qo = Oa q1 = ]-, qn+2 = (1)
bGn+1 + Gn,if n =1 (mod 2),

*Corresponding Author
Email addresses: yyazlik@nevsehir.edu.tr (Yasin YAZLIK), cahitkome@gmail.com (Cahit KOME),
vinay.m2000@gmail.com (Vinay MADHUSUDANAN)
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and the generalized Lucas {l,, }necn, sequence as in the form

blyi1+1,,if n =0 (mod 2
lo=2 li=a, lpo=4 " ( ) 2)

alpy1 + 1y, if n =1 (mod 2).
Stakhov and Rozin introduced Fibonacci and Lucas p—numbers, one of the most significant mathematical

discoveries of the modern Fibonacci numbers theory, and they presented some properties of this sequence,
Fp(n) =Fp(n—1) + Fp(n—p—1) (3)

and

L,(n)=Ly(n—1)+Ly(n—p—1), (4)
in [13], with the initial conditions F},(0) =0, F,(1) = 1, F,(2) =1,...,F,(p) =l and L,(0) = p+1,L,(1) =
1,L,(2) =1,...,L,(p) = 1, respectively. After that, Kocer et al. defined the m—extension of the Fibonacci

and Lucas p—numbers,

Fpm(n+p+1) =mFpm(n+p) + Fpm(n) (5)

and

LPJH(” +p+1)= mLPJn(n +p) + Lp,m(n)a (6)

with initial conditions F}, ,(0) = 0,F, (1) = 1, Fpm(2) = m, Fpm(3) = m?,..., Fpm(p + 1) = mP and
Lym(0) =p+1,Lym(1) = m,Lym(2) = m? Ly m(3) =m3,...,Lym(p+1) = mPT, where p and n are
nonnegative integers and m is a positive real number [14]. The main purpose of the present article is to give
a wider generalization of the generalized Fibonacci and Lucas sequence given by (1) and (2), the Fibonacci
and Lucas p-sequences given by (3) and (4) and the m—extension of the Fibonacci and Lucas p-sequences
given by (5) and (6) to introduce a new class of the recurrence numerical sequences called the generalization

of Fibonacci and Lucas p—numbers.

2. Generalized Fibonacci and Lucas p—numbers

Definition 2.1. For any positive real numbers a, b and positive integer p, the generalized Fibonacci

p—sequence { f,}52, and Lucas p—sequence {£,}>2 , are defined recursively by

afn—1+ fn—p-1,if n =0 (mod 2) bly—1 + lp_p_1,if n =0 (mod 2)
fn = and /£, =

bfn—1+ fn—p-1,if n =1 (mod 2), alp_1 +Lly_p_1,if n =1 (mod 2),

where n > p+ 1 and the initial conditions of f,, and £, are

fO:07f1:17f2:a7"'afp:a|-gjb\_pz;lj (7)
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and

lo=p+1,01=a,ly=ab,... 0,=al">Ipl5] (8)
respectively.

Note that, these sequences can be reduced to different sequences for specific values of p, a and b. It is
not difficult to see from the following table that Fibonacci, Lucas, Pell, Pell—Lucas, k—Fibonacci, k—Lucas,
Fibonacci p, Lucas p, Pell p, Pell-Lucas p, m—extension of Fibonacci p and m—extension of Lucas p-

sequences are special cases of generalized Fibonacci and Lucas p—sequence.

plalb In ly
1|1 Classical Fibonacci sequence Fj, Classical Lucas sequence L,
112 ] 2 Classical Pell sequence P, Classical Pell-Lucas sequence @,
1 k| k k—Fibonacci numbers {Fy , }5% k—Lucas numbers {Ly ,}22,
pl 1 ]1 Fibonacci p—sequence Fj, ,, Lucas p—sequence Ly,
pl 2|2 Pell p—sequence F}, ,, Pell-Lucas p—sequence Ly, ,,
p | m | m | m—extension of Fibonacci p—numbers F}, ,,, ,, | m—extension of Lucas p—numbers Ly, ,, »

Let a and b be positive real numbers, p be a positive integer and £(n) = n — 2| §]. We can construct the

tree diagrams for the generalized Fibonacci and Lucas p—numbers as:

fn ln,
£<n>gy \ a&(n)bl—&% \
fn-1 fr—p—1 U1 lp—p_1
af(mpl- E(W)/ \ &(ntp)pl— €(n+p)/ \ al—f(n)bf(n)/ \1 al—¢(n+p) bE(ner/ \1
fn—2  fa—p—2 fr—p—2  frn—2p—2 bp—o lh_po bn—p—2 Lln_op_2
Figure 1: Tree diagram for generalized Fibonacci p—numbers  Figure 2: Tree diagram for generalized Lucas p—numbers.

By considering Figures 1 and 2, we will derive the recurrence relations for f,, and ¢,. First we suppose

that p is even. Then, {f,} satisfies the recurrence relation

fn = alfﬁ(n)bé(n)fn_l + frp1
= =€)t (aé(n)bl—ﬁ(n)fn_2 + fn—p—2) +aSFPIPI=EER) o fuap o
= abfp_o+a T REM o aEIPIE 4 e p s
= abfy_o+ (a1—5<”>b€<n>+a (n)pl—&(n )fn 2 b foops

= ab.fn72 + (a + b) fn7p72 + fn72p72~
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Next, we suppose that p is odd. Then, f,, also satisfies the recurrence relation

fo = al_ﬁ(”)bg(”)fn,l + foopo1
= glEpEm) (aan) RO A fnfpfz) tafppl=Ente) e
= abfp_o+ alfﬁ(n)bﬁ(n)fnfpf2 + alff(n)bﬁ(n)fnfpf2 + fo2p2
= abfu—2+2a B f ot faopo
= abfp—2+2(fa—p-1— fr—2p—2) + fr—2p—2

= abfn—Q + 2fn—p—1 - fn—2p—2-
In a similar way, we can easily obtain the same recurrence relation for ¢,,. Let

frn, fag=0,00 =19 :a,...,ap:angpr%lJ
Q, =

by, fag=p+1,a; =a,a :ab,...,ozp:at%ﬂ)[%J

be a sequence that satisfies both f,, and ¢,. Thereby, a,, satisfies the recurrence relation

aboy,_o + (a+b) ap_p_o + ap_op_2, if pis even,
Qp = (9)

abay_9 +20p,_p_1 — 0tp_9p—2, if pis odd.

By considering eq. (9), the characteristic polynomial of a, is

( | 22Pt2 _ qb?P — (a+b)aP —1, if piseven, ( )
0y (z) = 10
2Pt — b — 2Pt 41, if p is odd.

2

By taking r = =, we can express the characteristic equation (10) as

Pt —abr? — (a +b)r% — 1, if pis even,

Bp(r) = (11)

p+1

Pl —abr? — 22 +1, if pis odd.

Lemma 2.1. Assume that p is odd. Then the characteristic equation of the generalized Fibonacci and
Lucas p—numbers a,(z) does not have multiple roots.
For the other case, it can easily seen that there are no multiple real roots. However, whether there exists

complex multiple roots or not is an open problem, and we suggest that interested readers study it with us.

Proof of Lemma. The characteristic equation of the generalized Fibonacci and Lucas p—numbers for odd p
can be written in the form

ap(z) = (2P —1)% — aba®®

and its derivative is
o (z) = 2(p + D)aP(zP™! — 1) — 2paba®~ 1,
4
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Then, ay,(z) = 0 if and only if
p+1 __ 1 2
ab — M
xr<P
and aj,(x) = 0 if and only if

y_ DI = 1) (pt Dz artt — 1
ab = T = » pera

1
Upon simplifying, we obtain ab = <p—|—> xv/ab. Therefore, oy () and oy (x) vanish for the same = if and
p
only if for some root = of a,(x),
1 Vab
ab = <p—|—> Vab or equivalently, x = u.
p p+1
So, for every p and ab, if such an z is a root, it is a multiple root. Let ¢ be a multiple root. Then,

p+1 22 .
ab = — t%. Since a,(t) = 0, we have

2
1202 _ <p+ 1) 212 ot 41 =0
p

_ (2p + 1>t2p+2 _ 2tp+1 + 1=0

P2
(2p + 1)t2PFD popptl _ 2 — .
When treated as a quadratic equation in tP*!, the discriminant is

dp* +4p*(2p + 1) = 4p°(p + 1),

and therefore, the solutions are

Pt = — .
P o1

But substituting the same ab in a;,(t) = 0, we get

2
1
2p+ PP+ — 1) — 2p (H) $2rHl =
P

P = 1) = (p+ 1)+ = 0

Pt = —p

1\2
Then, by ab = <p+> t2, we have
p
1 2
ab= P
(=p) T
The equation has multiple roots exactly when ab and p are related as above. Note that for odd values of p,

ab will be a real number, and then, ab < 0. This is a contradiction. Therefore the characteristic equation

ap () has distinet roots. The proof is complete. O
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We will describe the terms of the sequence {ay,} clearly by using the Binet formula. So, we can give the

generalized Binet formula for the generalized Fibonacci and Lucas p—numbers with the following theorem.

Theorem 2.1. Suppose that the characteristic equation (11) has (p+1) distinct roots, r1,72,...,mps1. Then

ay, satisfies the relation

E ’I"kl?”]€2 . Tkp+1,j

p+1 p 1<k1<k2<...<kpy1-;<p+1
B 1) ki,ka,..kpy1— 70 1 lz]
an = d (-1) Q2j_24¢(n) T Qapie(n) | 707 -
=11 =1 II i—ro) IT i—rs)
1<k<p+1 1<k<p+1
k#i k#i

Proof. Let r1,7a,...,7p41 be (p + 1) distinct roots of the characteristic equation (11). There are (2p + 2)

coefficients k1, k2, . .., kapt1, k2p42 such that

an = ki (V)" + k2 (=v/r)" + ks(Vr2)" + ka(=v/r2)" 4 - 4 kapa (V)™ + kapra (=)™

First, we suppose that n is even. Then we obtain

an = (k1 +k2)(V/r)" + (k3 + ka)(V/12)" + -+ + (kops1 + kapr2) (VTpr1)"

p+1
= > (kaic1 4 k2i) (V)™ (12)
i=1
In order to determine the coefficients ki, ks, ..., Kkapt1,k2pt2, We must solve the linear equation system
Vv = a, where V, ; = 7”;-71 is a Vandermonde matrix, v = (y1,72,...,%p+1)" and a = (oo, @2, ..., a2p)"
are the column vectors. Considering the cases n = 0,2,4,...,2p in (12), we have the linear equation system
1 1 1 N 1 Y1 (67}
e T2 T3 ... Tpi1 Y2 Qg
2 or: or? oL 7“12,+1 3 =] as |, (13)
iy oy 7”£+1 Tp+1 Q2p

where 7, = kop_1+kap. The (p+1) x (p+ 1) Vandermonde matrix can be factorized as V = LU, (see [15]),

where L is a lower triangular matrix with units on its main diagonal, (4, j)-th element of L is

1 , ifi=j,
Li; = > PiaTh e oThy s iF0> > 1,
1<k1<ko<...<k;i—;<j
0 . ifi<g,
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and U is an upper triangular matrix, (¢, j)-th element of U is

1 . ifi=1,
i—1
U, = [T —r)  iti<y,
' k=1
k£
0 , ifi>g.
Now we suppose that Ajvi + Aava + -+ + Ay, + Apr1vpr1 = (0,0,...,0), where vi, = (1,7}, 72, ... ,rh) is
the k-th column vector and Aq, Ag, ..., A\py1 are real numbers. Then the k-th coordinate

)\1+)\27‘k+)\37"]%+...+)\p+17"z:0,

which means that 7 is a zero of the polynomial £(r) = A\; 4+ Xor 4+ X372 + ... + Ap+17P. If the polynomial
&(r) of degree at most p has (p+1) distinct zeros rq, g, ..., 7p+1 then it must be zero polynomial and we get
A1 = X2 =...=Xpq1 = 0. Soit is easily seen that the vectors vi,vs, ..., vp11 are linearly independent. This
proves that V is invertible. So, we can factorize the inverse of the Vandermonde matrix as V™1 = UL},

(see [16]), where L™" is a lower triangular matrix with units on its main diagonal, (i, j)-th element of L™ is

1 , ifi=j,
—1 _ _ . . .
Li,j = Li_le_l —Li_lmri_l , 1=2,3,....,p+1;5=2,3,...,i—1,

0 . ifi<y,

and U™! is an upper triangular matrix, (¢, j)-th element of U lis

, ifi <y,

0 . ifi>g.
Therefore (i, j)-th element of V™' can be written as

E TkiThko « - - Tkp+17j

lSk1<k2<...<k1,+1_J§p+l
. k1,k2,....k _iF# . .
(71)] 1,72 p+1—j 70 i1 S] <p+17

[T oi—r ’

V= 1<k<p+1
’ k%i

1

I im0

1<k<p+1
k#i

, ifj=p+1.
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Since v = V™ 'a, the i-th element of ~ is v; = ZPH Vv, Oégj 2. So, we have

E Tklrkz...rkp+17j

1<k <ka2<...<kpy1-;<p+1

AR 2 j k1,kos..kpy1—j 71 Q2p 5
o, Z Qoj—2 + ri. (14)
i1 | j=1 H (ry — 1) H (ri — 1)
1<k<p+1 1<k<p+1
k#i k#i

Next, we suppose that n is odd. Then we obtain

an = (k1 —k2)(v/r1)" + (ks — ka)(V/r2)" + -+ + (k2p1 — kopt2) (VTpr1)"

p+1
= > (ka1 — ko)) (V)™ (15)
i=1

Considering the cases n =1,3,5,...,2p+ 1 in (15), we have

N VT2 VT3 e VTprl 71 a1

N NN Y S e 72 a

VP NZX N X Wﬂs v =] a5 |, (16)
\/ﬁ2p+1 \/7722p+1 \/7,>32P+1 /7 Vo1 Q2pi1

where 7, = kap—1 — kap. It can be easily seen that L; ; and L-f-1 are the same as in the previous case. In a

similar way, we can find the (7, j)—th element of the matrices U; ; and U, ;, respectively, as

’Lj’
\/Fj , ifi=1, ﬁ 1 oo
T = N ) 1 Z — .]’
. _ i< s _ Ti(r; — 1)
U(i,j) = WH re) o, i, and U7} =4t vrilrs
k=1
% 0 i
0 L ifi> g
Using these identities, we find the (i, j)—th element of V™!
Z ThiTha -+ Thpy1—;
1<ky <ka<...<kpii—;<p+1
(1 kb L ifl<j<p+l,
Vi T (ri=m)
V*]1 = 1<k<p+1
' k;ﬁi
C ifj=p+l.
Vi H — k)
1<k<p+1
kA
8
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Thus, «,, satisfies the recurrence relation

E TkiThko « - Tkp+17j

1<ki1<ka2<.. <kp+1 i<p+1

p+1 P ; PR % a n—1
o Z 1,R2; 5 Rp41—j g1 + 2p+1 ,riT. (17)
i=1 [ j=1 II i—ro II i—me)
1<k<p+1 1<k<p+1
ki ki
Finally, by combining (14) and (17), we have the generalized Binet formula
Z rklrkz . Tkpﬂ J
p+1 p 1<k1 <kz:<.. <kp+1 i<p+1
ki,ka,.. k #i Qopy n
On = > (-1 S— Qj-24¢(n) + ) )
i1 | j=1 H (ry — 1)) H (ri — 1)
1<k<p+1 1<k<p+1
ki =
which proves the theorem. U

Corollary 2.1. If we take the initial conditions {ao =0, =l,as=a,...,ap = aLngL%J} in (18), we
obtain the Binet formula of the generalized Fibonacci p—numbers as

E 7“le]€2 e Tkp+1,j

1<k1<k2<..4<kp+1,j§p+1

AR k1 koo k o fopten) L3]
; 1:R25..05 +1—3 n 5
fn = Z = Joj—24emn) + P ri®7. (19)
=1 7j=1 H (r,- — Tk) H (Ti — T‘k)
1<k<p+1 1<k<p+1
k#i k#i

If we take the initial conditions {ao =p+l,a1=a,00=ab,...,0p = aL%JbL%J} in (18), we obtain the
Binet formula of the generalized Lucas p—numbers as

E TkITkQ e Tkp+1,j

1</€1<k2<...</€p+171§17+1

an P : ki,ka,..kpy1— 70 £2p+£(n) [Z]
b, = Z loj_oten) + %7 (20)
i=1 | j=1 H (ri —71) H (ri —1k)
1<k<p+1 1<k<p+1
ki k#i

3. Examples

In this section, we present the numerical results of generalized Fibonacci and Lucas p—sequence by

specifying p, a and b.

3.1. Casep=1

By considering (18), we obtain the Binet formulas of the generalized Fibonacci and Lucas 1—numbers as

f - <f2+§<n> - f5<n>7“2> NET (f2+5<n> - fsmﬂ“l) el (21)

L — T2 r —T2

9
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and

. (fz+s<n> — lem

L —T2

)

loven) — fan)ﬁ) rL8)

L — T2

(22)

where 71 = (M; W) and ro = (“H%— W’). We give the first few terms of the generalized

Fibonacci and Lucas 1—numbers with the following table as

Table 1: Generalized Fibonacci and Lucas 1—numbers for different a and b

(a,b) (1,1) (1,2) (2,1) (2,2)
o {0,1,1,2,3,5,8...} | {0,1,1,3,4,11,15,...} | {0,1,2,3,8,11,30,...} | {0,1,2,5,12,29,70,...}
0, | {2,1,3,4,7,11,18,...} | {2,1,4,5,14,19,52,...} | {2,2,4,10,14,38,52,...} | {2,2,6,14,34,82,198,...}

Moreover, we give the graphical illustration of the first 30 terms of the generalized Fibonacci and Lucas

1—numbers for different values of a and b, ( see Figure 3 and Figure 4 ).

\ ——
1x107F r I B 4 ‘
[ ‘ | ‘
‘ |
, | T ﬁ | i
8x105F | f g 1.5x107 [ | [ 1
[ | ‘ 1 ‘ ‘
| |/ 1 | |
t i I/ | w
sxi0tp ‘ 1 | [
[ | / 1.0x107 [ / |n 4
[ | |
[ | J | I/
4x10° . [+ | b ‘
| R S B
[ A [ ] 5.0x10°[ #/ 1
2x10° / | 1 It / ’
L ) »/ 1
ok = ¥ ‘
0 5 10 15 20 25 30 0 5 10 15 20 25 30
—o— (ab)=(1,1) —® (a,0)=(1,2) o (ab)=(1,1) —® (a,0)=(1,2)
& (a,0)=(2,1) & (a,0)=(2,1) & (a,0)=(2,1) —& (a,p)=(2,1)
Figure 3: generalized Fibonacci 1—numbers Figure 4: generalized Lucas 1—numbers
3.2. Casep=2

Recall the equation (18). The Binet formulas for the generalized Fibonacci and Lucas 2—numbers are

. Jarem = (r2 +78) fovem) £ rorsfeen | 1310 (Fareen = (4 78) forein) £ 1178fem |13
! (r1 = r3)(r1 —72) ' (ry —r3)(ra —71) ?
N faren) = (11 +712) farem) + 1172 fe(n) oL3] (23)
(rs —r2)(rs — 1) °
and
o = (ftareey = (2 A r9)loven +rarsleen | 1) (lareon = (M T8)lrem) Fmslem)) | 13
" (r1 —73)(r1 —72) ! (rg —73)(r2 —71) ?
(24)

N <€4+5(n) — (r1 +r2)logem) + 7"1?'2&@)) L8]
(7“3—7“2)(7“3—7‘1) 3
10
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where
§/2a3b3 + 9a2b + \/(2a3b3 +9a2b + 9ab? + 27)% — 4 (a2b2 + 3a + 3b)° + 9ab? + 27
r = -
1 3\3/5
2 (a2b2 + 3a + 3b) ab
+ T
3§/2a3b3 + 9a2b + \/(2a3b3 + 9a2b + 9ab? + 27)° — 4 (a2b? + 3a + 3b)® + 9ab? + 27
(—1+4v3) {’/2a3b3 + 9a2b + \/(2a3b3 +9a2b + 9ab? + 27)% — 4 (a2b? + 3a + 3b)® + 9ab? + 27
rog = -
2 6{’/?
(1+14v3) (—a®b* — 3a — 3b) ab
+ +3
3 22/3 §/2a3b3 + 9a2b + \/(2a3b3 + 9a2b + 9ab? + 27)° — 4 (a2b? + 3a + 3b)® + 9ab? + 27
and
(1+iV3) §'/2a3b3 + 9a2b + \/(2a3b3 + 9a2b + 9ab? + 27)° — 4 (a2b? + 3a + 3b)® + 9ab? + 27
T = — -
3 6\3/5

(1 —1iv3) (—a®b* — 3a — 3b) L ab

3 22/3 §/2a3b3 + 9a2b + \/(2a3b3 + 9a2b + 9ab? + 27)% — 4 (a2b? + 3a + 3b)° + 9ab? + 27

_|_

We give the the first few terms of the generalized Fibonacci and Lucas 2—numbers with the following table

as

Table 2: Generalized Fibonacci and Lucas 2—numbers for different a and b

(a,b) (1,1) (1,2) (2,1) (2,2)
fo | {0,1,1,1,2,3,4..} {0,1,1,2,3,7,9,...} | {0,1,2,2,5,7,16,...} | {0,1,2,4,9,20,44,...}
0, |{3,1,1,4,5,6,10,...} | {3,1,2,5,11,13,31,...} | {3,2,2,7,9,20,27,...} | {3,2,4,11,24,52,115,...}

Moreover, we give the graphical illustration of the first 30 terms of the generalized Fibonacci and Lucas

2—numbers for different values of a and b, ( see Figure 5 and Figure 6 ).

11
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$ | 1 2.5%10°
1.2x10° : | ﬂ 1
[ | [ 1
[ | | -
1.0x10° [ | i - 2.0x10°[
[ | |
L | |
L |- il
800000 | I L sx10°k
[ | |m
L |/
600000 " 5
t / ,‘ - 1.0x10°[
[ | 1
/|
400000 | #/ 5
[ / / 1
t A / - 500000
200000 F : / J
[ ~/ 1
L =9 s 1 0 ks
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—— (ap)=(2,1) & (ab)=(2,1)

& (ap)=(2,1) & (ap)=(2,1)

Figure 6: generalized Lucas 2—numbers

Figure 5: generalized Fibonacci 2—numbers

4. Conclusion

In this study, for the first time in literature we define a new generalization of Fibonacci and Lucas
p—numbers. Also, we produce a Binet formula for these sequences by taking different initial conditions.
The generalized Binet formula of the Fibonacci and Lucas p—numbers can be reduced to different Binet

formulas in the literature. For example, if we take p = 1, we reduce the Binet formula of {f,} to the

bi-periodic Fibonacci numbers ¢,, = (%) %, in [8]. If we take p = 2, we reduce the Binet formulas
a

of {fn} and {¢,} to the v,, in [12], Theorem 2.1. As a result, this study contributes to the literature by

providing essential information for the generalization of Fibonacci and Lucas p—numbers.
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SOME FAMILIES OF GENERATING FUNCTIONS FOR THE
GENERALIZED CESARO POLYNOMIALS

NEJLA OZMEN AND ESRA ERKUS-DUMAN

ABSTRACT. The present study deals with some new properties for the gener-
alized Cesaro polynomials. The results obtained here include various families
of multilinear and multilateral generating functions, miscellaneous properties
and also some special cases for these polynomials. In addition, we derive a
theorem giving certain families of bilateral generating functions for the gen-
eralized Cesaro polynomials and the generalized Lauricella functions. Finally,
we get several interesting results of this theorem.

1. INTRODUCTION
The Cesaro polynomials gff)(x) are defined by the generating relation (see, for
example,[2], p. 449, Problem 20)

> g @ =1 —t) 1 —at) (1.1)
n=0
It is from (1.1) that
9\ () = (S+n> oFy [, 15 —s —n; ], (1.2)

n

where o F} denotes Gauss’s hypergeometric series whose natural generalization of
an arbitrary number of p numerator and ¢ denominator parameters (p,q € Ng :=
NU{0}) is called and denoted by the generalized hypergeometric series ,F;, defined
by

A1, ...y Qp, - S Mﬁ
pEq [ By - B¢ Z] o nZ:O (B)n - (By)n !
= qu (ala"'aap;ﬁla"wﬂ%'z)'

Here (\), denotes the Pochhammer symbol defined (in terms of gamma function)

by
M = S heezg)
e if v = 0; A C\{0}
o {A(A—f—l)...(A—l—n—l), ifr=neN; AeC

and Z, denotes the set of nonpositive integers and I'(A) is the familiar Gamma
function.

Key words and phrases. Generalized Cesaro polynomials, generating function, multilinear and
multilateral generating functions, recurrence relation, hypergeometric function.
2000 Mathematics Subject Classification. 33C45.
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In addition, we have the following relationship between the Cesaro polynomials

g% () and the classical Jacobi polynomials ple? )(x) [2] :

g (x) = Pt (2 — 1),

n

In 2011, Lin et. al. [3] introduced the generalized Cesaro polynomials as follows:
0 = (1) 2Rl xi—s -l (1)

It is noted that the special case A = 1 of (1.3) reduces immediately to the Cesaro
polynomials defined by (1.2).

The four Appell functions of two variables, denoted by Fi, Fy, F3 and Fj, were
generalized by Lauricella functions of n variables which are denoted by Ffln), F gl), F én)
and FU [2] and

FO=F, FY =F, F? = F,, FY = F.

A further generalization of the familiar Kampé de Fériet hypergeometric function
in two variables is due to Srivastava and Daoust [4] who defined the generalized
Lauricella (or the Srivastava-Daoust ) function as follows:

1 (@) 0™, 0™ ] @) 0] s [6) 6]
[(©: 0@, p®] @) 005 s [@) )
- in_o“(m“ ,mn>;}z -

where, for convenience,

4 B B(™
1) (n)
H(aj)mlegl)Jr.Hrmn@gn) H (bj )m1¢§1> H (bj )mn¢§”)
_ =l ' i=1 .=
Qmy,...,myp) = c D) "D
_ (1) (n)
H(cj)mldJ;-l)"r---‘f‘mnd’ﬁ'") H (d_] )n115§1) H (djn )mhé;")
j=1 j=1 i=1

the coefficients

(k) (+ _ A (k) (+ _ k). 1. —
0;7 =14 k=1,..,n), and ¢, (j =1, o B®: k=1, n),

w(k) j=1,..,C; k=1,...n), and (5§k) (=1, DV k=1, iy 1)

o)

are real constants and ( B

) abbreviates the array of B*) parameters

b (j=1,.. B®; k=1,..,n)

with similar interpretations for other sets of parameters [1].
For a suitably bounded non-vanishing multiple sequence {Q(my; ma, ..., ms)}mhm2 . ma.eNo
of real or complex parameters, let ¢,,(u1; us, ..., us) of s (real or complex) variables
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ON THE GENERALIZED CESARO POLYNOMIALS

U1 Ug, ..., us defined by

b, (ur;ug,y .oy us) = Z Z

((d)mss

mi1=0 ma,....ms=0

xQ(f(m1,ma,...,mg);ma, ...

where, for convenience,

B D

;M)

(_n)ml ((b))m1¢

w1y
mi! mg! ’

(0)mrs = [T ®)mio, and (@)mis = ][ (d;)mss,-

j=1 j=1

The main object of this paper to study different properties of the generalized
Cesaro polynomials. We give various families of multilinear and multilateral gen-
erating functions, miscellaneous properties and also some special cases for these
polynomials. In addition, we derive a theorem giving certain families of bilateral
generating functions for the generalized Cesaro polynomials and the generalized

Lauricella functions.

2. GENERATING FUNCTIONS

Theorem 2.1. The generalized Cesaro polynomials ggf)()\,x) have the following

generating function:

S ol = (1- 1)1 - )
n=0

(2.1)

Proof. If we denote the right-hand side of (2.1) by G, then we obtain

By using the formula

we get

> tn & (.’Et)’m
G = nZ:O(s + Doy ;:O(A)m —

=0 =0 n:m:

== (n —m)Im!

s+n—m)!
(5 + 1)n—m = %7
© n 0.
Z Z (S + )TL m(A)mxmtn
(n —m)!m!

n=0m=0

2 () e e
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Lemma 2.2. The following generating function holds true:

i <n2m> Il 2" = (1= 1)1 (1 = 3t) Mgl (A, (1_’5)) (2.2)

= 1—at

Proof. If we write t + u instead of ¢ in (2.1) , we get

STt rw" = (-t —u) T (- ot — zu)
n=0
S "\ /n w \ 5t su \ D
(s) n—m,m _ 4\ —s—1 o . Y -
nz::ogn (A ) z::O <m>t u 1-1) (1 - t) (1 - t) <1 = xt) ,

Replacing n by n + m in last relation, we may write that

Z Z (“+m) n+m(/\ o)t"u™ = (1—t) "5 (1—at) = i(l—t)—mggs) ()\7 H) u™

n=0m=0 m=0

From the coefficients of 4™ on the both sides of the equality, one can get the desired
result. (]

Lemma 2.3. The following addition formula holds for the generalized Cesaro poly-
nomials g,(f)()\, x):

g O+ 0g,2) = 3 g (A, 2)gt (e, ). (2.3)
k=0
Proof. Replacing s by s1 + s2 + 1 and A by A1 + Ag in (2.1), we obtain
Sl At = (L= 1) (1 = gy ()

n=0

= (1—t) Y1 —at) (1 —t)27 11 — xt)

= Y00 Y g (. o)t
n=0 k=0

= D02 @g g et
n=0 k=0

= ZZg” (A1, )5 (g, )t
n=0 k=0

From the coefficients of t” on the both sides of the last equality, one can get the
desired result. ]

3. BILINEAR AND BILATERAL GENERATING FUNCTIONS

In this section, we derive several families of bilinear and bilateral generating
fuctions for the generalized Cesaro polynomials gT(f)(/\, x) given by (1.3) .
We begin by stating the following theorem.
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Theorem 3.1. Corresponding to an identically non-vanishing function Q,(y1, ..., yr )
of r complex variables y1, ..., y, (r € N) and of complex order p, 1, let

M@ 9 ©) = Y @k Qg (Y1, 90)CF (ar # 0) (3.1)
k=0
and
[n/p]
@np ()‘ Y1, - 7y7“7 Z akgn pk )Qu-l-wk(yla "'7y7“)£k'

Then, for p € N, we have

77 n —5— —
Z@np <A,x;y1,.--7yr;t;)t = (1= 1= at) My, yn) (32)

provided that each member of (3.2) exists.

Proof. For convenience, let S denote the first member of the assertion (3.2) of
Theorem 3.1. Then,

oo [n/p]

S = Z Z a’kgfzs—)pk ()‘7 .’I?) Q!Hrlﬁk(ylv () yr)nktn_pk'
n=0 k=0

Replacing n by n + pk, we may write that

S = Z Zakg ) Qg (Y1, ey )0 1"
n=0 k=0
= D> a0 )Y akQuypk sy
n=0 k=0
= (1= 1 —at) MAuu W, yrin)
which completes the proof. [l

By using a similar idea, we also get the next result immediately.

Theorem 3.2. Corresponding to an identically non-vanishing function Q,(y1, ..., yr )
of r complex variables y1, ...,y (r € N) and of complex order u, 1, let

[n/p]
) +s2+1)
A (N + X2, 591, Y 2 Z ar f:lpkgﬁ (A1 + A2, 2)Qpun (Y1, -, ) 25,

where ai, # 0,n,p € N and the notation [n/p] means the greatest integer less than
or equal n/p.
Then, for p € N |, we have

n [k/p]

Z Z agl (A, @) gL 2,1()\2, 2) Qg (Y1, s )2 = AT (A1 + A2, 301, o, U 2)
k=0 1=0

(3.3)
provided that each member of (3.3) exists.
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Proof. For convenince, let T' denote the first member of the assertion (3.3). Then,

upon substituting for the polynomials g5 7" (A} + Ay, 2) from the (2.3) into the
left-hand side of (3.3), we obtain

[n/p] n—pl

T o= 33 a0 2)g8 O, 2) Qi (Y1, s )

=0 k=0

[n/p] n—pl
- Z ag (Z gn )\h ) 2)(A27$)> Qu-‘r’(l)l(yla "'ayr)zl

=0
(n/p] .
= Z a gn81;82+ )\ + )\27 ) u+wl(y17 ...,yr)Zl

= An’p ()\1 + )\2,1’ Y1, - 7yTvz)

Theorem 3.3. Corresponding to an identically non-vanishing function Q,(y1, ..., yr )
of r complex variables y1, ...,y (r € N) and of complex order , let

Mpupg N w3915 03 1] Z G gn X )Lt pn (U1, oy Y )"
n=0

where a, # 0 and

[n/q]
m-+mn
an,p,q(yh ""yr;z) = Z (n _ qk>akQH+pk(y17~-~7yr)Zk
k=0
Then, for p € N; we have
ng+n ,;D,q(yh -"7yr;z)tn

x(1—1t)

= (1 _ t)*Sfmfl(l — $t)7AAIL7I,7q <)\, 1_7“

t
;y17--~7y7-;Z(H)q> (3.4)

provided that each member of (3.4) exists.

Proof. For convenience, let T' denote the first member of the assertion (3.4) of
Theorem 3.3. Then,

[n/d]
T = zg D N S LT TR ORN RO
m+n ’I’L*qk nt+p 1y Yr

k=0
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Replacing n by n + gk and then using (2.2), we may write that

b ZZ( n >g’(’LLTL+qk(A’$)akQu+pk(y1,--~,yr)zkt +ak
n=0 k=0
00
m+n+qgk\ (s .
— <Z ( n )gﬁnlnquk()vl')t > akQu+pk(y1’ ---,yr)(th)k

|
NNgk uMg

—s—m s x(l—1t
1 - t vk 1(1 .%'t) Ag;lqk ()\ 1(3715)) akQN+Pk<y17 "'7yT)(th)k

e N z(l—1t
= (1-¢) Y1 —at) Z(l - quinz‘qu ()\7 l(—a:t)> arQpup (Y1, - yr) (2£9)"

k=0
_ _ 4\—s—m—1 _ —A Z’(l _t) . ¢ q
= (1-1%) (I—at)  Apupq ()\, T YL Y z(1 — t)

which completes the proof. O

4. SPECIAL CASES

When the multivariable function Q,4yk(Y1,...,yr), kK € No, 7 € N, is expressed
in terms of simpler functions of one and more variables, then we can give further
applications of the above theorems. We first set

Qi W1 ooy ) = D) (01, o)

o)

in Theorem 3.1 , where the multivariable polynomials @, , (z1,...,2,) [5], gener-

ated by

(1 _ xlt)—ue(w2+...+xr) t Z q)glo‘) (9017 ~-~7$r) tn
n=0 (4.1)

(accs i< {l™}).

Thus, we have the following result which provides a class of bilateral generating
functions for the multivariable polynomials (I>gi)¢k (21, ...,z,) and the generalized
Cesaro polynomials.

Corollary 4.1. If

00
Auﬂb(yl’n-ath) L= Zakq)ioﬁwk(yla“'ayr)wk
k=0

(ak#ov ILL,’I/}EC),

then, we have

co_[n/3] " "
Z Z a’kgn pk ) q)ucj,-q/}k(yla cey yr)tpiktn (42)
n=0 k=0

= (1 *t)7571(1 *xt)iAAp,dJ(yla"'ayT’;w)

provided that each member of (4.2) exists.
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Remark 4.1. Using the generating relation (4.1) for the multivariable polynomials
o) (z1,...,z) and getting ap, =1, p =0, ¥ = 1 in Corollary 4.1, we find that

oo [n/p]
Z Zgn pk A .’L‘ ¢( )(yla"'ay’r)wktn_pk

n=0 k=0
= (1-t)"""Y1—at) M1 — yyw) elv2ttur) v
Yy

(lel < {ll™})-

Qutyr (1) = giSij(Ag, Y)
in Theorem 3.2, we have the following bilinear generating functions for the gener-
alized Cesaro polynomials.

Corollary 4.2. If

If we set =1 and

[n/p]
AE A+ A0, mi ds,y32) 1 = Za gSEE (O + A, 2)g (0 (s, )2

(a‘k 7é Oaliﬂ/JE(C)

then, we have

n [k/p]
Zzazgn (A1, 2)gy" 2])01()\2,90)9,(22)1()\3, Y2 = AT (A + Ao, w5 As,52)  (4.3)
k=0 =0

provided that each member of (4.3) exists.

Remark 4.2. Using (4.3) and taking a; =1, p=0, v =1,z =y ,p=11in
Corollary 4.2, we have

303 g (e, )l (g )" = (1) B (g,
n=01=0
Finally, choosing

(011, SO )

s=rand Quipk(Y1, - ¥r) = w30 (Y1, Yr)
in Theorem 3.3, where the Erkus-Srivastava polynomials u{"")(

generated by [7]

Y1y ey Yp) 18

H{(17$jtmj)7aj} - Z al’ vor) (T1, ey ) 17,

=1 n=0
(aj € C (j=1,..,r); |t|< rnin{|a:1|_1/m1 S e |xr|_1/mr}

we get a family of the bilateral generating functions for the Erkus-Srivastava poly-
nomials and the generalized Cesaro polynomials as follows:

Corollary 4.3. If

Mg N3ty ey 2] 0 = Z akgfslqk()\, ;z:)ugil{pjc"%)(yl, o Yp)2F
k=0
(ap £ 0, m € No, k £ 0)
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and
[n/ql m+n ( )
9%#713(917 ’yr’z) = Z (n B qk) kuﬂo‘?{ﬂk7ar (y17 ..~7y7-)2k
k=0

where n,p € N, then we have

ng+n A 2O (Y1 ooy Yo 2)E" (4.4)

_ _4\—s—m—1/1 _ - 1‘(1 _ t) . . t !
- (1 t) (1 .’Et) Am,q |:>\a 1 — 2t YLy s Yrs 2 1—¢

provided that each member of (4.4) exists.

Furthermore, for every suitable choice of the coefficients ay (k € Ny), if the multi-
variable functions Q4 yr(y1,...,Yr), 7 € N, are expressed as an appropriate product
of several simpler functions, the assertions of Theorem 3.1, Theorem 3.2, Theorem
3.3 can be applied in order to derive various families of multilinear and multilat-

eral generating functions for the family of the generalized Cesaro polynomials given
explicitly by (1.3).

5. MISCELLANEOUS PROPERTIES

In this section we give some properties for the generalized Cesaro polynomials
(s) :
gn’ (A, x) given by (1.3).

Theorem 5.1. The generalized Cesaro polynomials gn ()\ x) have the following
integral representation:

s w1 4u u + usx s A—
97(1)()\755) s—l—l //e (urtuz) 171 n!2 )" ulug L duq dus. (5.1)
0

Proof. If we use the identity

oo

—v_i e—utv—l e(v
a _F(U)/ 1, (Re(v) > 0)

0

on the right-hand side of the generating function (2.1), we have

o0 oo

1 1
(s) A £ / —(1—t)uy 5 / —(1—zt)us >\—1d
T;:Ogn (A x) 1) e uj U1F()\)O e s dug

o0

o0
_ A—
= (s + 1T //e (“1+“2)e(“1+“2“")tu‘{u2 Ldug dus
0

—(uitu (uq —I—ugac
s+1 // (1+ 2)2 M uuy duadus.

From the coefficents of t™ on the both sides of the last equality, one can get the
desired result. (]
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We now discuss some miscellaneous recurrence relations of the generalized Cesaro
polynomials. By differentiating each member of the generating function relation
(2.1) with respect to x and using

SN A(kn) =Y A(k,n— k), (5.2)

n=0 k=0 n=0 k=0
we arrive at the following (differential) recurrence relation for the generalized Cesaro

polynomials:

0
9 .0 O -
axgn ()\7 SU) xaxgn—l()\7 .’L’) )\gn—l (>\’ $)7 n =1 (53)

On the other hand, by differentiating each member of the generating function rela-
tion (2.1) with respect to z, we have

9 . n—1 . i
G0 o) =AY e g (). (5.4)
k=0

If we consider (5.3) and (5.4), we can easily get the following recurrence relation
for the generalized Cesaro polynomials :

n—1 n—2
S oL a) - 3 e (A 2) = g ().
k=0 k=0

Besides, by differentiating each member of the generating function relation (2.1)
with respect to ¢, we have the following another recurrence relation for these poly-
nomials:

n

(n+1)gshi ) = 3 [(s+ D gl (Am) + A gl ().

m=0

6. THE GENERALIZED LAURICELLA FUNCTIONS

In the present section, we derive various families of bilateral generating func-
tions for the generalized Cesaro polynomials and the generalized Lauricella (or the
Srivastava-Daoust) functions.

Theorem 6.1. The following bilateral generating function holds true:

Z gr(LS)()‘a x)(bn(ul; Uy «ney uk>tn

n=0

. o —s—1 o - = ((b))('rrb1+p)¢(5+1)7711(>‘)P
R (@)

mi,p,ma,...,mr=0

p
ult my ulxt m m
(#7) (;vtfl uy?  upt

| | 1 1’
ma: & mao- my-

xQ(f((m1 +p) , Mo, ...,mk); ma, ,mk)

where ¢, (u1;us, ..., u) is given by (1.4).
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Proof. By using the relationship (2.2), it is easily observed that

Zg &, (U5 ug, o ug)t"
_ (s) ()i (0) s
= g’ (A )
ng() mlzzo ’rng,A;mk:O ((d))m16
ul™ gt
x (f(ml,m27 "'amk); ma, amk) 77’11' . W]Zk' "
0o b s
= Z EECZ))))¢Q (f(m17m27"'7mk);m27”'7mk)
mi,ma,...,mi=0 mi6
_ mi u72n2 ug™* _p\—s—mi—177 _ (s) (1 — t)
X ( ult) m2! mk! (]‘ t) (1 xt) gﬂLl )\7 1 .Tt
- b mi
= 1-t)*711 —axt)? Z (())7059 (f(my,ma,...;mg); ma, ..., my)
ml,mg,...,mk:O ((d))m15
m 5 u?k —mq [ S + < - (_ml)p()‘)p 1’(1 — t) b
— ! 1-— t
x (zut) ms! mk!( ) ( m ) Z (=s—ma)pp! \ 1—at

p=0

= (1-t)*(1—at)?

d) (m1+p)d

mi,p,ma,...,mr=0

By appropriately choosing the multiple sequence Q(mq,ma, ...,

)"
- ((b))(m1+p)¢ m m
X Z (( ) Q(f(( 1+p)a 29 00y

ms) in Theorem

6.1, we obtain several interesting results as follows which give bilateral generating
functions for the generalized Cesaro polynomials and the generalized Lauricella (or

the Srivastava-Daoust) functions.
1.By letting

( (m17m27 mk);m27'~7mk)
A B® B
(k)
H (@5),,,, 6+ 4myo H m2¢§2’ H(bj Do ®
=1 j=1 j=1
- E D@ D)
2) (k)
H ) gDt b 11 )iz 1™ 5§
j=1 j=1 j=1

in Theorem 6.1,we get the following result.
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Corollary 6.2. The following bilateral generating function holds true:

(o]
s A:B+1;B®;.. ;B
§ 97(1, )()‘a I)FE;D;D@);...;D(’“)

n=0

(@00, 8] 0 il [0 6h (6) 6P i [6®): 60
[(©) D, ™) [(d):8); [(@@): @] s [(@R) 6™

n
UL, U2,y .05 Uk

—s—1 -2 A+B:1;1;B(2);.4.;B(’“)
= (1—¢t)°" (1 —uxt) F D:0:0:D® D)

(&) W, @® ] [s1:1), A1) [6®) 6] o [6®) 6V
{(f)té“(l),...,f(k“)}: - = [@®) 6P (@R 6M);
(A0 () )

where the coefficients e;, fj;, <p§~k) and §§»k) are given by

oo w  (A=js4)
Cbjma(A<j<A+B),

= ¢y (1<j<E)
7 \dj—g (E<j < E+D),

0\) (1<j<A; 1<r<?2)
o) — 0D (1<j<A 2<r<k+1)
! $;i_a (A<j<A+B;1<r<2)
0 (A<j<A+B;2<r<k+1)
and
e (1<j<E1<r<2)
£ w?’*” (1<j<E;2<r<k+1)
! 0j—E (E<j<E+D;1<r<2)
0 (E<j<E+D;2<r<k+1)
respectively.

II.Upon setting

(a)ml + ooy, (b2)m2 -~-(bk)mk
(c1)my--(Ch)my

Q (f(ml,mg, ...,mk); ma, ,mk) =

and
¢p=0=0 (thatis, py=..=dg=901=..=dp =0)

in Theorem 6.1,we obtain the following result.
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Corollary 6.3. The following bilateral generating function holds true:
o0
2955)(/\, JL‘)FXC) [@, =10, b, oy b5 €1y ey Clos UL, Uy ooy Uge| £

— -0 R

[(a):1,..,1]: [s +1:1]; [A:1]; [b2:1]; o [br 1]
(YRRl R = e 1)y fewt 1]
(tu_ltl)a(;:lxtl)vu%- y Uk ) ’

where the coefficients 1/1(”) are given by

oL (<=2
0, 2<n<k+1)"

III. If we put

k— k—
(@)oo (@) (@5 oo (@S ™)
(C)ml +etmy

Q (f(mla ma, 7mk)a ma, 7mk) =

and
B=1,by=b¢;=1andd=0

in Theorem 6.1,we obtain Corollary 6.4 below.

Corollary 6.4. The following bilateral generating function holds true:
Zg(s (\, ) F(k) [ n agl),...,agk_l),b,a(l) aék D, e ul,uz,...,uk] t"
n=0

= (=677 (1 - 2) M Fioon

{(b) W), ...,9(k+1)} co[s+1:1); A1)y [@M 1] o [akD 1]

[(c): 1,....1]: ) - -3 o —;

ut urxrt ),
(0 () ey

where the coefficients 0 are given by

o L L (1<n<2)
0, @<n<k+1)"

IV.By letting

(a’)ml+~~»+mk (b2)m2 (bs)mk
(O

Q(f(my,ma,...,mg);ma, ...,my) =

and
¢p=0=0,

in Theorem 6.1,we obtain the following result.
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Corollary 6.5. The following bilateral generating function holds true:
o0
Z P, x)FI(Dk) [a, —m, ba, ..., bg; ¢; Ut , Ug, ...y Uk £
n=0

ujxt
xt—1

ult

= (1-t)711 —mt)*’\Fl()kH) a,s—i—l,)\,bg,...,bk;c;(t—l

) (

)7“23 ey U
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On uniqueness of meromorphic functions sharing one small

function
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Abstract: In this paper, we prove the uniqueness theorems of meromorphic functions concerning
shared small functions. Let f and g be meromorphic functions with finite order. We prove f = tg under
some conditions, when f"f®) and ¢g"¢®) share a small function a(z). We improve the results of Wang
and Gao in [7].

Keywords: meromorphic function; shared value; uniqueness.
1. Introduction and results

In this article, a meromorphic function means meromorphic in the whole complex plane. We shall
use the standard notations in the Nevanlinna value distribution theorem of meromorphic functions such
as T(r, f), N(r, f), m(r, f), N(r, f), etc. (see [1],[2]) For any nonconstant meromorphic function f, we
denote by S(r, f) any quantity satisfying

o S(r, f)
A T, )

possibly outside of a finite linear measure in RT.

=0,

Let f and g be two nonconstant meromorphic functions. A meromorphic function a(z) is called a
small function with respect to f provided that T'(r,a) = S(r, f). Note that the set of all small functions of
fis afield. Let a(z) be a small function with respect to f and g. We say that f and g share a(z) CM(IM)
provided that f — a(z) and g — a(z) have same zeros counting multiplicities (ignoring multiplicities).

Throughout this paper, we need the following definitions.

: N(r,b; f)
O(b, f) =1 — limsup ——==,
(b, f) MSUp )
where b is a value in the extended complex plane.
The order of growth p of f:
log" T'(r, f)

:1.
p(f) msup

*Xuan Zuxing is the corresponding author and he is supported in part by NNSFC (No. 91420202) , the Project of
Construction of Innovative Teams and Teacher Career Development for Universities and Colleges Under Beijing Municipality
(CIT and TCD201504041) and the project of Beijing Municifal Science and technology(D161100003516003).
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The exponent of convergence of a—value of f:

)\(aaf) == lnf{T>OZ|a1|T<OO}
n=1 n

log+n(r L )

= limsup L fra
r—00 logr
log™ N(r, +17)
= limsup ———.
r—00 log r

where {a,} is the sequence of a-value of f(z). If a = 0, we denote A(0, f) by A(f). If a = oo, we denote
Moo, £) by A(3).

In 1920’s, Nevanlinna [3] proved the famous four-valued theorem, which is an important result about
uniqueness of meromorphic functions. Then many results about meromorphic functions that share more
than or equal to two values have been obtained (see [4]). In 1997, Yang and Hua [5] studied meromorphic
functions sharing one value.

Theorem A. (see [5]). Let f(z) and g(z) be two nonconstant meromorphic functions and let n > 11 be
a positive integer. If f”f’ and g"¢’ share 1 CM, then either f(z) = c1e®, g(z) = coe™ %, where ¢y, ca,
and c are three constants satisfying (c1co)"t1c? = —1, or f(2) = tg(z) for a constant such that "1 = 1.

In 2002, Fang and Qiu [6] investigated meromorphic functions sharing fixed point.

Theorem B. (see [6]). Let f(z) and g(z) be two nonconstant meromorphic(entire) functions and let n >
11(n > 6) be a positive integer. If f™f' and g"g’ share z CM, then either f(z) = 016022, g9(z) = 026*“2,
where c1, co, and c are three constants satisfying 4(cicz)"1c? = —1, or f(z) = tg(z) for a constant such
that t" 1 = 1.

In 2007, Wang and Gao [7] extended Theorem B, in which they studied meromorphic functions sharing
a small function.

Theorem C. (see [7]). Let f(z) and g(z) be two transcendental meromorphic functions, and let a(z)(% 0)
be a common small function with respect to them, and let n > 11 be a positive integer. If f™f’ and g"¢’
share a(z) CM, then either f"f'g"g’ = a(2)?, or f(2) = tg(z) for a constant such that "1 = 1.

In this paper we replace f’ by f*) in Theorem C and obtain the following results which improve

Theorem C.

Theorem 1. Let f and g be two transcendental meromorphic functions with finite order and max{A(f), A\( %)} <

1. Let k, n be two positive integers and a(z)( 0) be a small function of f and g. If f*f*) and ¢g"g®*)
share a(z) CM, f and g share 0 CM, and n > k+4 + Vk2 + 4k + 25, then f = tg for a constant such
that "+t =1 or f7fRgngk) = a(2)2.

Remark: When k = 1,7 > 11 > 54++/30. Let a(z) = z, f(2), g(2) in the Theorem B satisfy the conditions
of Theorem 1 and f"f'g"g’ = 22

Theorem 2. Let f and g be two transcendental meromorphic functions with finite order and max {)\( ), )\(%)} <

1. Let k, n be two positive integers and a(z)( 0) be a small function of f and g. If f*f*) and ¢g"g*)
share a(z) IM, f and g share 0 CM and A = min{A;, As} > 6k + 20 — n, where

Ay = (Bk+4)O(c0, f) + (2k 4+ 3)O(0, g) + 40(0, f) + 30(0, g)

+ Opy2(0, f) + 0ry2(0,9) 4+ 26541(0, f) + 0r41(0,9),
2
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Ay = (B3k+4)O(c0,g) + (2k + 3)0(o0, f) + 406(0,9) + 30(0, f)
+ Or42(0,9) + 0ry2(0, f) 4+ 26141(0,9) + 0 41(0, f),

then f = tg for a constant such that t"t' = 1 or f*f*)gng(k) = g(2)2.
2.Lemmas

In this section, we present some lemmas which will be needed in the sequel. We now explain some
definitions and notions which are used in this paper.

Definition 1. Let £k be a positive integer. We denote by Ny, (r, f—ia) the counting function for the zeros
of f — a with multiplicity < k and by Nk) (r, ﬁ) the corresponding one for which the multiplicity is
not counted. Let N (r, ﬁ) be the counting function for the zeros of f — a with multiplicity > k, and

N(k (7“7 ﬁ) be the corresponding one for which the multiplicity is not counted. Set

Ni (r, ﬁ) :N(r, ﬁ) + N, (r, fia) 4+ +Ng (r, ﬁ) :

Definition 2. For b € CU {oo} we put

or(b, f)=1- 1ini>sup N,;((: l;;)f)

Definition 3. Let f and g be two non-constant meromorphic functions such that f and g share the value
1IM. Let zg be a zero of f — 1 with multiplicity p, and a zero of g — 1 with multiplicity ¢g. We denote
by Nr(r,1; f) the reduced counting function of those common zeros of f — 1 and g — 1 satisfying p > q.
Similarly we define N (r,1;g). In addition, we denote by N ;J) (7“, ﬁ) the counting function of those
common simple 1-points of f(z) and g(z).

Lemma 2.1(]9], Lemma 3) Let f be a nonconstant meromorphic function and k be a positive integer.
Then

N, (r, f(lk)) < Npig (r, }) +kN(r, f)+S(r, f) (2.1).

Lemma 2.2([10], Lemma 2) Let f be a nonconstant meromorphic function. If f and g share 1 IM, then

¥ (rm=g) < ¥ (rg ) + N0) + 501). (22

Lemma 2.3([7,11], Lemma 3) Let f and g be two transcendental meromorphic functions defined in the
complex plane C. If f and g share 1 CM, then one of the following cases will occur:
()T, £) < Na(r, 3) + Na(r, 2) + Na(r, f) + Na(r.g) + S(r, /), (2.3)
(i)f =gor fg=1.
Lemma 2.4 Let f and g be two meromorphic functions with finite order defined in the complex plane C
and let k, n be two positive integers. If f and g share 0 CM, max {)\(f), )\(%)} < land frf) = gngk),
then f = tg for a constant such that t"*1 = 1.

Proof: Let zo be a pole of f with multiplicity p, then by f*f®*) = g"g(®) 2, is also a pole of g with
multiplicity p, thus f and g share oo CM. Since f and g share 0 CM, f and g have same zeros and poles.
Suppose f and g have the forms f = Z;—Ezgea(z), g= Z;—Ezgeﬁ(z), where hi(z), ho(z) are entire functions,

and «a(z), f(z) are polynomials.
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_ h(z)
Let h(z) = O
1, p(h) < 1.
First we assume k = 1, then f"f’ = g"¢’, by integration we have f7*!

constant. From the condition that f and g share 0 CM we have ¢ = 0, thus f
Next we assume k = 2, then

fnf// — 6(n+1)ahn[h(a/)2 + 2h/a/ + hOé” + hl/]7

gng// — e(n+1)ﬁhn[h(6/)2 + 2h/6/ + hﬁ// + h//]7

thus f"f"” = g"g"” gives
e(n+1)a[h(a/)2 + o2 o + ha!' + h//] =

e UBIR(B)Y2 + 20/ B + hB" + ).

Thus f and g have the forms f = h(2)e®*), g = h(2)e?(*). Since max {)\(f), /\(%)} <

= g™t 4+ ¢, where ¢ is a

= tg where t"*! = 1.

If a # 3, we set a — § = C where C is constant or a« — § = P(z) where P(z) is a polynomial.

Let a — 8 = C. We have f = C1g and replace (2.4) by the following equality

n I

Crigty" =g"g",

then f = tg where t"t! = 1.
Let o — 8 = P(z). We replace (2.4) by the following equality

e(n+1)P(z) [h(a/)Q + o2 o + ha!! + h”} = [h(ﬁ/)2 + 2h/5/ + hﬂ” + h”].

P(z) is a nonconstant polynomial, then p(e(*tVP(*)) > 1. Since p(h) < 1 and «, 3 are polynomials,

h(O/)2 +2h/a/+ha//+h// - 1
h(ﬂ’)2+2h'ﬂ’+hﬂ”+h” :

It is a contradiction.
At last we consider f"f*) = ¢"¢g(*®) By calculation we get
fnf(k) _ e(nJrl)ahn[h(al)k + D(O/,CYH,

where D is a differential polynomial concerning v and h.

Similarly,
gng(k:) _ 6(n+1)6hn[h(ﬁ/)k + D(Bl,ﬁ”?‘ i

Thus f*f®) = g7g®*) yields
e(n-i—l)(a—ﬁ) [h(al)k + D(a’7 O//, o

[h(ﬂl)k + D(ﬁlvﬁna T 76(k)7 hv hlv h”» e ah(k))}

v a® o R ’h(k))]v

. ,5(k),h7h'7h”, .. ’h(’f))].

LaB) R R R ,h(’“))]

(2.5)

If o — B = C, as the same proof of the case where k = 2, we obtain f = tg where t"*! = 1.
If « — 8 = P(z) where P(z) is a polynomial, from (2.5) we get a contraction. The proof of Lemma 2.4 is

completed.

3. The Proof of Theorem 1
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Let

B fnf(k) _ gng(k)
oalz) oalz)

Then F and G share 1 CM. This and Lemma 2.1 imply that

1
N2 (T, F) =

<

IN

IN

IN

Thus we have

Ny (7«, ;) Ny F) < —>-N (r, ! ) + =2k,

Since

nT(r, f)

Ny (r, fi(;)k)) <N, (n J%) + Na(r, a(2))
2N (ﬁ,) +N( f(k)> +5(r, f)

2 1
(1 - n) N (7’, f(k)) + S(r, f)
N () + S0 )

“’%%L {nNk (7’}) +N< f(k)> + nkN(r, f)]

2 1 2 1 1
n’ (’"’ fnf<k>> * (1 - n) raa (’"’ fnf<k>>

3 N (r, L ) G Q)kﬁ(n £+ S f). (3.2)

n+1

n+1 frf) n+1
+ 2N(r, f) + S(r, f)
_ 3 1 (n—2)k+2n+2
TSR I) ntl
3 1 (n—2)k+2n+2
nJrlN(r’F) (n+1)2
3 1 (n—2)k+2n+2
2 N(r =
n+1 (T’F) (n+1)2

(n— 2’1 +1)52” O F) 4 S ). (3.3)

() s

T(r,F)+T( f( )) +S(r, f)

T(r, F)+T(r, f®) + S(r, )
T(r, F)+T(r, ffk)—i—T( f)+Sr, f

T(r,F)+N< (k)> (f;k) )+ S, f)

T(r,F)+ N(r,f) +kN(r, f) +T(r, f) + S(r, f)
T(r,F)+ (k+2)T (7“5]”)+S(r,f)7 (3.4)

N(r.f)+8(r,f)

IN

N(r, f"f*) + S(r, f)

IN

N(r, F) +5(r, f)

IN

IN - IN A

IA

VAN VAN
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we have S(r, f) = S(r, F'). Combining with (3.3), we obtain

(n—2)k+5n+5
(n+1)?

Ny <r, ;) + No(r, F) < T(r, F)+ S(r, F). (3.5)

Similarly, we get
(n—2)k+5n+5

(n+1)2

1
N2 (T)G> +N2(T, G) S

By Lemma 2.3, if (i) holds, then we have

T(r,G)+ S(r,G) (3.6)

2(n — 2)k + 10n + 10

T(r,F)+T(r,G) < 1)

[T(r,F)+T(r,G)]+S(rF)+S(rG),

this contradicts with the assumption n > k+4++vk2 + 4k + 25, therefore, f7 f#) = g"g®*) or f fF) gng(k) =
a(z)?. If f7f*) = gng®) by Lemma 2.4, we obtain f = tg. This completes the proof of Theorem 1.

4. The Proof of Theorem 2

Let *) ")
mf g"g
F— _ 4.1
F"  2F G 26
H(F’F—l)(G’G—l)' (42)

Suppose that H # 0, from the condition that f™f*) and g"g®) share a(z)IM, we have F and G share

1IM, so the common simple 1-point of F' and G is the zero of H, and

W) - (e
N (r, I;) <T(r,H)+ O(1)
N(r,H)+ S(r, f)+ S(r,9), (4.3)

IN

IN

From (4.2) we have

_ 1 _ 1 — — — 1
N(r,H) < N < ’F> + N2 (T,G> +N(r,F)+ N(r,G)+ Ny, (T’F—l)

+ Ng (7‘, Gl_ 1) + No (r, ;) + No <r, é) +S(r, f) + S(r,9). (4.4)

where N (7‘, %) is the counting function of the zeros of F’, which are not the zeros of F' and F — 1 and

Ny (r, é) is the counting function of the zeros of G’, which are not the zeros of G and G — 1. Noting
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that F' and G share 1 IM, we get

1 .
N(T’F—l) + N r,G_1>
=D 1 (2 1 — 1
= 2Ny <7",F_1>+2NE (r’F—1>+2NL<T’F—1>
— 1
b W (rg iy ) + 50+ S000)
— 1 — 1 —
< N(Z = +N(2 = +N(T7F)+N(T7G)
F G
+ 3N L) W !
L\"Fo1 L\"e-1
—(2 1 —1) 1
+ 2NE<7",F_1>+NE(T,F_1>
— 1 — 1
b Wo(rg )+ Fo(ng ) 45004 5000 (@)
It is easy to see that
— 1 — 1 (2 1 1) 1
NL<T’F—1> + 2NL<T,G_1>+2NE<T,F_1>+NE(T,F_1>
1
< N(r,G 1) <T(r,G)+0(1) (4.6)
This and (4.5) give
_ 1 — 1 — 1 — 1
< _ —
N(T,F1>+N(T,Gl> < N(Q(T,F>+N(2<T,G>
+ N(r,F)+ N(r,G) +2N(r, 71)
_ 1 1
+ L(T,G_1)+T(T,G)+N0(T,ﬁ)
— 1
+  No(r, G/)+S(r f)+S(r,9). (4.7)
By the second fundamental theorem and (4.7), we have
_ 1 — — — 1
T(r,F)+T(r,G) < N(, ) ( > N(TF)—i—N(r,G)—i—N(r,F_l)
— 1
+ N(rG ) ( > ( >+S( f)+5(r.9)
_ — 1 1
< T(r,G)+2N(r,F)+ 2N (r,G) + Ny (T‘,F>—|—N2 <T7G>
+ 2N + N - +S(r, )+ S(r,g)
L T7F_1 L T7G_1 T, 79)-

Thus

(4.8)
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From Lemma 2.2, we obtain

N, (r, Fl—l) <N@mF) +N <7“, ;) , (4.9)

Np <r, Gl_ 1) < N(r,G) +N<r,é>. (4.10)

Taking (4.9) and (4.10) into (4.8) and combining with Lemma 2.1 , we get

T(r,F) < 4N(r,F)+3N(r,G) + Ny (r, }17,>

+ Ny <T, é) +2N <T, ;) +N (7‘, é) +S(r, f)+ S(r,9)
N(r, f) +3N(r,g) + Na (r, fln>

1 1 1
o ( f<>> R ( g) N ( g<>>

IA

+ 2N <r7 fln> + 2N (r, f(lk)) +N (r, gln>
. v g(lk)) L S(r.f) + S(r.g)

3N(r,g) +4N(r, %)

+
— 1 1 1
+ 3N (’I", g) +N2 (’I", f(k)) +N2 (T, g(k)>

7)) +N (r,g(k)> + S(r, f)+ S(r,9)

IN
w
2
_|_
N
E
=

=

+ (2k +3)N(r,g) + 4N (r, })
+ 3N <T71>+N2+k< >+N2+k< !
g f g

b Wi (15 ) + N (12 ) 4 S0 0) + 5(0). (111)

On the other hand, from (3.4) we have
T(r,F)>(n—k—=1T(r, f)+ S(r, ). (4.12)
Thus from (4.11) and (4.12), it follows that
(n—k—=1T(r f) < @Bk+4)N(r,f)+ (2k+3)N(r,g)

() () o)
oo (1) 20 () 0 ()

S(r, f)+5(r,g). (4.13)

—_
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In a similar way, we can get

+ 4N (r, ;) +3N (r, }) + Noyp (7", ;)
s () e 2) v ()

S(r, f)+5(r,g). (4.14)

We suppose that there exists a set I of infinite measure such that T'(r,g) < T'(r, f) for r € I. Hence by
(4.13) we have

nT(r,f) < [(6k+20) — (3k +3)0(co, f) — (2k + 3)0(c0, g) — 46(0, f)
— 306(0,9) = 0k+2(0, f) = 0k+2(0,9) — 2654+1(0, f) — 4+1(0, ) + €/ T'(r, f) + S(r, f)

for r € T and 0 < € < Ay — (6k + 20 — n). And we obtain T(r, f) < S(r, f) for r € I, which is a
contradiction.
Similarly, if T'(r, f) < T'(r,g) for r € I, by (4.14) we have

nT(r,g) < [(6k+20)— (3k+3)O(c0,g) — (2k + 3)O(o0, f) — 46(0, g)
— 30(0, f) = 0k+2(0,9) — 0k+2(0, f) — 26541(0, 9) — Ok+1(0, f) + €] T'(r, g) + S(r, 9)

for r € I and 0 < € < Ay — (6k + 20 — n), which also is a contradiction.
Hence H(z) = 0. That is

Without loss of generality, next we suppose that there exists a set I of infinite measure such that T'(r, g) <

T(r, f) for r € I. By integrating two sides of the above equality we get
- = —— + B, (4.15)

where A(# 0) and B are constants.
We consider the following three cases:
Case 1. Let B # 0and A = B. If B = —1, from (4.15) we obtain FG = 1, that is f" f*) g"g(®) = q(2)2.

If B # —1, from (4.15) we get & = %, thus N (r, Fﬁ%) = N(r,&). By the second funda-
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mental theorem, (4.12) and Lemma 2.1, we have

(n—k-0T(r,f) < T(r,F)+S(rF)

< N(r,F)-i—N(n 1) +N<r, 11> +S(r, F)
(

IA

=
=
=

IN
=
+
=
=
=
=
+
o~
=
=
s
+
=
~~
el
~
+
=
A~
3
| —
~

IN

(3k +4)N(r, f) + (2k + 3)N(r, 9)
+ 4N (T, }) +3N (r, ;) + Notp (T, ]{,)
+ Noyy (7“, ) +2Ni4g (7“, ;)

+ N (r2 ) +5(n0) + (g

—_

—

Q

That is,

(n—k—-1T(r,f) < @Bk+4)N(r,f)+ (2k+3)N(r,g)

o (1) 75 () oo (v)
1

Thus we obtain
[A1 = (5k + 18 —n)|T'(r, f) < S(r, f),

which is a contradiction.
Case 2. Let B # 0 and A = B. If B = —1, we have from (4.15) that G = ﬁ, therefore

N(r, ﬁ) = N(r,G). By the second fundamental theorem and the same argument as in case 1, we
get a contradiction.
If B # —1, we have from (4.15) that G — (1+ &) = WAA%B), therefore N (r, @) = N(r,G).

Next by the second fundamental theorem and the same argument as in case 1, we get a contradiction.
Case 3. Let B = 0, then we obtain from (4.15) that G = % +1— % IfA#1, then N (r, G_;%) =
N (r, %) By the second fundamental theorem and the same argument as in case 1, we get a contradiction.
Thus A = 1, so we have F = G, that is f"f*) = ¢"¢*). By Lemma 2.4 we have f = tg for a constant
such that t"*! = 1. From the above proof we obtain f = tg or f*f*)gngk) = a(2)2.

The proof of Theorem 2 is completed. 10
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Stochastic elastic equation in d-dimensional
space driven by multiplicative multi-parameter
fractional white noise

Yinghan Zhang*
School of Mathematics and Physics, University of Science and Technology Beijing,
Beijing 100083, P.R.China.

Abstract

Stochastic elastic equation in d-dimensional space driven by multiplicative multi-
parameter fractional white noise are considered. By using the Wiener chaos expan-
sion and undetermined coefficient methods, we obtain the existence and uniqueness
of the solution in a distribution space. The Lyapunov exponents and the Holder
continuity in the distribution space of the solution are also estimated.

Key Words: Fractional Brownian motion; Multi-parameter fractional white

noise; Winner Chaos expansion; Asymptotic behavior.

1 Introduction

The subject of stochastic calculus with respect to fractional Brownian motion has
gained considerable popularity and importance due to its frequent appearance in a
wide variety of physical phenomena, such as hydrology, economic, telecommunications
and medicine. Many contributions for stochastic calculus with respect to fractional
Brownian motion have emerged in the last decades, see [3, 7, 23, 24]. Since some
physical phenomena are naturally modeled by stochastic partial differential equations
and the randomness can be described by multi-parameter fractional white noise, it is
important to study the problems of solutions of stochastic partial differential equations
with multi-parameter fractional white noise. Many studies of the solutions of stochastic
equations with fractional white noise have emerged recently, see [8, 15, 19, 25, 28] and
reference therein.

In [14], Y. Hu studied the existence and uniqueness of the solution for a stochastic
heat equation by chaos expansion, and estimated the Lyapunov exponent in a distribu-

tion space of the solution. In [11], the authors considered a class of hyperbolic stochastic

*Corresponding author. E-mail: zhangyinghan007@126.com.
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partial differential equation driven by a space time fractional noise. In [1, 27], some au-
thors considered stochastic wave equation with fractional Gaussian noise. A stochastic
generalized Burgers equations driven by fractional noises has been studied in [20]. In
[3], the authors investigated stochastic Poisson equation and quasi-linear heat equation
driven by multi-parameter fractional white noise. In a recent paper [30], the authors
considered a 1-dimensional stochastic Burgers’ equation driven by a genuine cylindrical
fBm with Hurst parameter H > i. They proved the regularities of the solution to
the linear stochastic problem corresponding to the stochastic Burgers’ equation and
then obtained the global existence and uniqueness results of the stochastic Burgers’
equation. For more contributions on stochastic calculus with fractional noise, we refer
the reader to [4, 16-18, 20, 22, 26, 29, 30] and reference therein.

It should be noted that most of the papers and books on stochastic partial d-
ifferential equations with fractional noise are devoted to the case of additive noise.
However, there are few papers that consider the case of multiplicative fractional noise
(2,9, 14, 18]. Enlightened by the above contributions, in this paper we will consider a
stochastic elastic equation driven by multiplicative multi-parameter white noise.

Let H = (hg,h1,...,hq) with % < h; < 1,i = 0,1,...,d. Consider the following
stochastic elastic equation

duy(t, x)

T A%t @) = u(t, @) o Wt ), (1.1)

where t > 0,2 € D = (0,1)¢ with initial and boundary conditions

u(0,z) = up(z),

a—?(o,x) =wvo(x), x €D,

u(t,z) = Au(t,x) =0, on ID.

We assume that ug and vy are deterministic functions defined on [0, 1]d, ug and Awug
both vanish at 9D, W is a (d + 1)-dimensional fractional white noise and u o W is
Wick product which will be defined in section 2.

Stochastic elastic equation driven by Brownian motion has been studied by many
authors, (see [5, 6, 12, 21, 31]). However, there are few papers consider stochastic elastic
equation driven by fractional Brownian motion. Such equation is a fourth order partial
differential equation and has very wide applications in structural engineering. As an
engineering problem, it has its applications in beams, bridges and other structures, see

[5, 26].
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Our aim in this paper is to obtain the existence, uniqueness, the asymptotic be-
havior and the Holder continuity of the mild solution of problem (1.1) in a distribution
space. The keys to the proof are the Wiener chaos expansion of the solution and the
undetermined coefficient method.

Throughout the paper, we use the letter C' denotes a constant that may not be the
same form one occurrence to anther, even in the same line. We express the dependence
on some parameters by writing the parameters as arguments, e.g. C' = C(H).

The remaining of this paper is organized as follows. In section 2, we give prelimi-
naries of the stochastic integral with respect to multi-parameter fractional white noise.
In section 3, we prove the the existence, uniqueness, asymptotic behavior and Hélder

continuity in a distribution space of the solutions of problem (1.1).

2 Stochastic integral with respect to multi-parameter frac-
tional white noise

In this section, we introduce the definition of stochastic integral with respect to
the d—parameter fractional Brownian fields for Hurst index H = (h, -, hq), (% <
hi < 1,i = 1,--- ,d) by using the fractional white noise analysis method. For more
contributions about white noise analysis, we refer the reader to [3, 13].

Let h € (0,1). A fractional Brownian motion BJ;¢ > 0, of Hurst index h is a

continuous Gaussian stochastic process, such that for all s,t € R,
1
By =0, E(B)=0, E(B}B}) = g(ltlzh + 82" — |t = s*). (2.1)

Since we are concerned with the fractional Brownian motions of multi-parameter,
some notations must be introduced. Let u = (ug, - - - ,uq) € R%, denote du = duy - - - dug.

Fix h with 3 < h < 1. We put
dn(s,t) = h(2h —1)|s —t|*"72, st e R, (2.2)

and

d
d)H(u’ U) = H@bhi(uivvi)v U= (ula T 7ud)’v = (U17' e vvd) € Rd (2'3)
i=1

for H = (hl,”' ,hd),(% <h;<l,i=1,--- ,d).
Let S(R?) be the Schwartz space of rapidly decreasing smooth functions on R? and
S’(R%) be the dual of S(R?), i.e., S’'(RY) is the space of tempered distributions on RY.
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The action of w € S'(R?) on f € S(RY) is given by (w, f) = [paw(®)f(z)dz. Denote

U q)er = / F()g(©)bm (u,v)dudv, f,g € SRY). (2.4)

If we equip S(RY) with the inner product (-,-)y and the norm ||f||g = (f, f)m, then
the completion of S(R?), denote by LiH (RY), becomes a separable Hilbert space. Now
let Q = S’(R?). The map f — ez % s positive definite on S(R?), by the Bochner-
Minlos theorem [13], there exists a probability measure PZ on the Borel subset B(f2)
of 2 such that

/Q e qpH (i) = =311 v e S(RY), (2.5)

Let E denotes the expectation under the probability measure P then
E[(-, )] =0, E[(-, )’ =Ifll3 (2.6)
Now define a square integrable stochastic field B (z),z € R as
BY(z) = B" (z,w) = {w, [jp,4 (")), (2.7)

where x = (21, ,24) € Rd,I[O@] = Ijo,2,] "+ * Lj0,z, and for every i € {1,2,---,d},

1 0<y <=,
Ioey(yi) = —1 2;<y; <0, excetp x; = y; =0, (2.8)
0 otherwise.

From (2.7), we see that B (z) is a Gaussian field and for every z,y € R?,
1 d
E[B"(x)] =0, E[B"(z)B =54 H i 4 [y — s — w0, (2.9)

where we have used the well known identity

/ on(s,t)dsdt = §(|x,~]2h’ + |yi|2hz — |z — yi|2hl). (2.10)
0o Jo

By Kolmogorov’s continuity theorem, B () has a continuous version. The fractional
Brownian field is defined as the continuous version of B (z), which we sill denote it
by BH (z).

Similarly to the case of stochastic integral with respect to fractional Brownian

motion for deterministic function [3, 7, 10], we have the following lemma.

Lemma 2.1 If f € L% (RY), then [y, f(x)dBY(z) is well-defined Gaussian random

variable and

2
E[ Rdf(x)dB%)} o, E[ Rdf(x)dBH(w)] = [, 1) )auce
(2.11)
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The Hermite polynomials h,(z) are defined by

2

(e72"), n=0,1,2,.... (2.12)

1.2 d"
PR

dxm

hn(z) = (=1)"e

For example, the first Hermite polynomials are
ho(z) =1, hi(z) =, ho(z) =22 -1, hg(x) =23z, --. (2.13)

Let &,(z) be the Hermite functions defined by
(@) =7 H (0= D) Shar(VEZ2)e 5, n=1,2,.... (2.14)

It is proved in [13] that &, € S(R) and the collection {, } 2 ; constitutes an orthonormal
basis of L?(IR). The most important property of &, used in this paper is

Cn~ 12, |z| < 2¢/n,

n=12,..., 2.15
Ce ™" |z| > 2y/nm, (2.15)

1€n(2)] < {

where constants C' and  are independent of n.

1

Lemma 2.2 [3] Let % < h < 1. The fractional integral Iﬁ_i is defined by

h—

72 fu) = o /Oo(t — ) F(dt, (2.16)

where ¢, = \/h(2h — 1)T'(3/2 — h)/(T(h — 1/2)T'(2 — 2h)) and T denotes the gamma
1
function. Then 177 s an isometry from Lih (R) to L%(R).

1
Now we define n/(u) = (Iﬁ 2)71(&,)(u). Then by Lemma 2.2 and the properties of

&ny {n}22, is an orthonormal basis of Lih (R).

Let 6 = (d1,...,d4) denote d-dimensional multi-indices with ¢; € N,i = 1,...,d,

where N is the set of natural numbers. Then the family of tensor products

ns(x1, 32, . xq) = pt ()02 (22) -+ i (2a), 6 = (01,...,84) € N (2.17)

forms an orthonormal basis of LiH (RY). Let {0" = (&%,...,6%)}3°, be a fixed ordering

of N?. From a detailed proof in [13], we can assume that the ordering has the properties

that
i <j=> O A4 0L <+ O (2.18)
and
ji <65 <. (2.19)
5
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Let J = (N§)c denote the set of all multi-indices & = (aq, 2, ...) with elements
a; € Ny = NU {0} and with compact support, i.e., with only finitely many a; # 0.
Denote |a] = >~ a;. Define

e3() = o () = Gl (ea) 0l (ea), = (onse sz G = 120 (220)
Then {e;} forms an orthonormal basis of LiH (RY). If a = (a1, 9, . . ., i) € T, define
Ho(w) = [ ] o, ((w, €3)). (2.21)

i=1

Then we have the following fractional Wiener Ito chaos expansion theorem.

Theorem 2.1 [3] The family {Ha}acs constitutes an orthogonal basis for L*(PH) and

fora=(aj,ae,...) €T,
[HallZ2em = E[HA] = ol = arlas! - - . (2.22)

Moreover, if F € L*(PH), then there exist constants co € R, € J, such that
w) = Z CaHa(w)a (223)
acJ
where the convergence holds in L*(PH) and
||F||L2 PH) Z CY'C . (224)
acJg

Now we compute the Wiener Ito chaos expansion of the fractional Brownian field

BH(z). By (2.7),

B(z) = (w, W7Z Lo q)s €i) HES) = Z<[[O,x}7ei>H<W7€i>
=1 i=1
= Z [/ /Rd V) (u U)dvdu] H o) (w), (2.25)

i=1
where ¢ = (0,...,0,1,0,...) denote the ith unit vector.

The fractional Hida test function and distribution spaces are defined as follows.

Definition 2.1 The fractional Hida test function space (S)g = (\peo(S)mk, where
(S)mk is the set of all P(w) = > e 7 aaHa(w) € L2(PH) such that

[6lFr s =D alal(2N)** < o0, k€N, (2.26)
aeJ
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where (2N)Y = []72,(25)% if v = (v1,72,...) € J. The fractional Hida distribution
space (S)y = U,20(S)y,_» where (S)jy _, is the set of all formal expansions G(w) =

Zaej boHa(w) such that

IG5y = > alal(2N)™* < oo, g € N. (2.27)
acJ
The family of seminorms || - ||zx, k € N gives rise to a topology on (S)y and (S)%

can be identified with the dual of (S)y by the action

<G, >= )" alagba. (2.28)
aceJ

Definition 2.2 G : R? — (S)%; is dz-integrable in (S)% if
< G(z),¢ >e LYRY), for ally € (S)y. (2.29)

If G : R — (S)}; is dz-integrable in (S)}, We define [pq G(z)dx to be the unique
element of (S)}; such that

< / G(x)dz, ¢ >= / < G(x),Y > dx, forally € (S)y. (2.30)
R R4
The fractional noise W (z) is defined by the formal derivative of B (x) in (S)%,
W (z) = Z [/ ei(v)pu(z,v)dv| Hoo (w). (2.31)
R4

i=1

Then, WH(z) € (S)}; and L BH(z) = WH(z) in (S).

Definition 2.3 The Wick product F ¢ G of F(w) = Zaej aoHa(w) € (S)}i{ and
G(w) = pcqsbaMa(w) € (S)j is defined by

FoGw)= Y aabsHarpw)=)_ ( > aabﬁ) H(w). (2.32)

a,ped veJ \at+pB=y
Based on the preparations above, now we define the fractional Wick Ito Skorohod

integral as follows.

Definition 2.4 Suppose G : R — (8)%; is a given function and G(x) o WH (z) is dz-
integrable in (S)%;. Then the fractional Wick Ito Skorohod integral [pq G(x)dB (z) is
defined by

G(x)dBH (z) = G(x) o WH (z)dz. (2.33)
Rd Rd

For a interval in R, the integral can be defined as

| 6w o) = [ 6wlenwas" ), (2.34)
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3 Main results

Let H = (ho, h1, ..., hq) with % < h; <1,i=0,1,...,d. In this section, we consider
the following stochastic elastic equation

duy(t, x)

T A%t ) = u(t,x) o WH (), (3.1)

where t > 0,z € D = (0,1)¢, with initial and boundary conditions

u(0, ) = up(z), 8—1;(0,:1:) =wv(x), x €D,

u(t,z) = Au(t,z) =0, on ID.

We assume that uy and vy are deterministic functions defined on [0, 1]¢, ug and Aug
both vanish at z = 0 and z = 1, and that W is a (d+ 1)-dimensional fractional white
noise has been defined in section 2.

Letr = (r1,...,7q) € N\, z = (z1,...,19) € R% Define ,(2) = \/271_[?:1 sin(r;ma;).
Then {¢, },cne satisfy the boundary conditions of (3.1) and compose of a complete or-
thonormal system on L?(D) which diagonalize A with

d

A = w2|r|? = 7? Zr?, (3.2)
i=1

the corresponding eigenvalues.

For a given function g : D — R and p € R, define

[

lgllpz = | DA+ Ng, 0|

reNd
where (-,-) stands for the usual scalar product in L?(D), and denote by H??(D) the
set of functions g : D — R such that ||g||,2 < co. Notice that H??(D) is a subspace
of the fractional Sobolev space of fractional differential order v and integrability order

p =2 (see [27]). For a special case p = 0, it is clear that H??(D) = L?*(D) and we will

denote || - ||lo,2 by || - ||. By Parseval’s identity, we have
lgl* =">" g, ¢r)?, Vg € L*(D). (33)
reNd

Since the fundamental solution of

Vgt + AQU = 0,

v=Au=0o0n0dD, v|i=o = ¢(x), vi|lt=0 = (z) on D
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is given by

= sin(A) x cos x
vt = 3 B /| Sy + 3 ol /| ¢<y>sor<y>d<y,)
3.4

we can define the solution of (3.1) as follows.

Definition 3.1 A random field u = u(t,z) : RT™ x D x Q — R is said to be a solution
of (5.1), if

(i) u=u(t,z) : RT x D x Q — R is jointly measurable.

(i) There exists constant ¢ € N, such that for almost all x € D and t > 0,

Z/O /DW%(fﬂ)%(y)U(s,y)dBH(s,y)

reNd

is well defined as an element of (S)*H7_q, and that

2
LIZ L L e wentonto. s s, ez
y—q
(i) It holds in (S)} _, that
u(t,z) = TEZNCZW%(%)/Dvo(yM(y)dy
+T§dcos()\rt)<pr(x)/Duo(y)gpr(y)dy
Eorosin(\(t — s)) I

Let

utte) = 30 ) [ enle iy

reNd

+ 3 cosnthor(a) [ wn(w)or )y,

reNd

Then by the definition of the stochastic integral, the solution of (3.1), if it exists, can

be written as

¢ sin — S
u(t, ) = Up(t, =) + T%\;d/o /D W«pr(az)wr(y)u(s, y) o WH(s,y)dsdy. (3.6)
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If we assume that the solution of (3.1) exists in (S)}; and it has a formal expansions
u(t,x) = Z ca(t, z)He, (3.7)
acd

where ¢, (t,z),a € J are coefficients of Wiener chaos expansion of u, which are unde-
termined. Let
y =0 if a; =0. (3.8)

Ca—eli

Then by the formal expansion of W we obtain that
u(t,z) o WH(t,z) = Z [Z Copeli (t, ) </ ei(v)gﬁH(t,x;v)dv)] Ho(w). (3.9)
aceJ Li=1 Rd+1

Brought (3.9) into (3.6), we derive that

t) = tita) = 3 [ ] = e puts, ) o W sy
B L osin(t—s) - .
_ 6%1 %Jo /DAT o )wr(y); oz (5,)
X </Rd+1 ei(v)omr(s,y; U)dU) dsdy] Hea. (3.10)

Therefore, by (3.10) and (3.7), we get co(t,z) = Up(t,x) if @ = 0 and for |a| > 1,

B Eorosin(A(t — s)) . > o (s
calt,z) = Z/O /D)\T or( )wr(y); a—e (8,9)

reNd

X ( /R . ei(v)qu(s,y;v)dv) dsdy. (3.11)

We will need the following preliminaries and lemmas to estimate c,.

The boundedness and Holder continuity of Uy are given by the following lemma.

Lemma 3.1 Assume that vg € H%?(D) for some o0 > —2 and ug € HP?(D) for some
p >0, then Uy(t,-) € L*(D), and
sup ||Uo(t, )| < +oo. (3.12)

teR+

Moreover, if vg € H%%(D) for some o0 > 0 and ug € H??(D) for some p > 2, then, for

any t,s € RT with |t —s| < 1,
Un(t, ) — Uo(s, P < Clt — sf2 (313)

10
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Proof. Tt is clear that ||Uy(t, )| < || I(¢, )| + [|J(¢, )|, with

) = % e [ wtewa

reNd Ar
J(tz) = ngcosurt)w) /D wo(y)r (4)dy.

By (3.2), (3.3) and the assumptions of vy, we have

I AP =Y 1< It )pr >

reNd

.. 92 2
sin“( A\t < Vo >
= E )EQT)|<§0,”,U0>|QSC§ W<+oo.
reNd T reNd

Similarly, we have

TP < C Y[ <orug > |? < +o0.
reNd

Thus, the first part of the lemma if proved. For the second part, we have
1Uo(t,-) = Uo(s, )P < 2011t 55 )P + [112(8, 53 1%),

where

htsie) = 3 RO 0 [ e s

A
reNd
Lt s;2) = TGZNd(COS(ATt)_COS(ATS)W@ /D wo(y)er (y)dy.

By the assumptions on ug, vy, we get

It s )17 = D | <Dt s;:), 00 >
reNd

| sin(\qt) — sin(A,.s)]
> o

T

2
| < ¢T7U0:>|2
reNd
Clt—s) D | <prvo> P <C(t—5)
reNd

IN

and

IT2(t, s )17 = D | <ITaltys;-), 00 >
reNd

= Z | cos(\t) — cos(Ars)?| < o, 00 > |?
reNd

Clt—s)" D NP < rvo > P
reNd

C(t —s)? Z (1+|7?)? < @r,v0 > > < Ot — 5)%
reNd

IN

IN

11

705 Yinghan Zhang 695-713



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Bringing together the above estimates, we obtain
HUO(ta ) - UO(Sv )||2 < C(t — S)z,

with a constant C' independent of . Thus the lemma is proved. §

Let ®i(t,z) = [par1 €i(s,y)¢u(t, z;5,y)dsdy, then we have the following lemma.

Lemma 3.2 There exists constant C = C(h), such that

sup |®;(t,2)| < C(h)i"M (1 v h=2), ieN, (3.14)
xeD

where h = max{ho, h1,...,hq}, 1V th=3 — max{l,th_%} and

L(h—2y 2
GURL B A 619

Proof. By the definitions of e; and ¢y, we have

/ ei(s,9)om(t, z; 5, y)dsdy
Ra+1

= /Rny Yono(t, s dsH / 7762 Y)on, (z,y)dy. (3.16)

Let 3 <h <1and n € N. It is proved in [? ] that

on(t,s) = 2 /Ms(s — )" (¢ — )i du. (3.17)

—00

where ¢;, = \/h(2h — 1)T'(3/2 — h)/(T'(h — 1/2)['(2 — 2h)). Therefore, by (2.15) and

Lemma 3.2, we have

'/ﬂn )on(t, s)d

JRGE zdu/:w(s—mh ol (5)ds
[t i ad =a | [ @ -t

—00 Cp, —c0

< [/ (t— u)h_%n_ﬁdu + / (t— u)h_ge_WQdu] . (3.18)
lul<2v/n |u|>2v/n

If 0 < t < 24/n, it follows from (3.18) that

/ 0l (s)én(t, )ds
R

—oym , ¢
< ¢ [/ {(t - u)h_gqj ue™ 7 du, + / (t— u)h_gn_fzdu]
oo ovm

[t | (5 = u) =3 (t — ) Eduds

—0o0

= Ch

2

e~dm ; 1 _1
< ch[ M 2R e e 2 ]
< Ch)n =(t+2v/n)"2 < C(h)nz=3) (1 v ¢h2) (3.19)
12
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For the case of t > 2y/n, we have

vn .
/ (5@t 5)ds < e [/2 (t—u)""2n"12du
R

,2\/5

—2v/n t
+ / [(t—u)hgi] ue”“Qdu%—/ (t—u)hgeWQdu]

. 2/n
S i G O L +n*%(t+2\/ﬁ)h*%—(n*$ — e M)t —2y/m)h 2
< ¢

4fyn% h — %

< C(h)n~12(t+2v/n)""2 < C(h)nz=3) (1 v ¢h2). (3.20)

With the estimates of (3.19), (3.20), we obtain from (3.16) that

d

/ €Z‘(S,y)¢H(t,x;S,y)‘ < C(h(]’hla o ah ) H((Sk)%( %)(1 \/thl_%)
Rd+1 k=0
< C(ho,h1,--- ,h Hal 2= (1 v th—z) < O(h)ie™ (1 v ' 2), (3.21)

where h = max{ho, h1,--- ,hq} and o(h) is given by (3.15). This proves the lemma.

Using the above lemmas, now we can estimate ¢, (t, ).

Lemma 3.3 Assume that all the assumptions of Lemma 3.1 are satisfied, then for
every a € J and t > 0, cq(t,-) € L?(D). Moreover, there exists constant C = C(h),

such that
(N) (20(h)+1)c

(6

lea(t, )II? < C(h)?! (8 v g2l (3.22)

Proof. Let a = (a1,0a2,...,am,) and Cyu(t) = |ca(t,*)||>. By Cauchy-Schwartz

inequality, we obtain

Cot) = > | <calt,),or >
reNd

m 2

sin )\T (t—s)
/ / S5 0 () S o (5,9) i, 5)dsdy

=1

reNd
2

E
M
INgE

I o w)eaatr (5, Bis,) s
T D

reNd i=1
Tt sin( A\ (t — s 2 t 2

< mZZ/ (A())‘ dS/ /sor(y)ca_€<i>(8,y)<1>i(s,y)dy ds

eNd i=1 0 r 0 D
< Cth/ > 1< rr e (s,)i(s, ) > [Pds

reNd
< Cimy [ oo, 12165, Pas, (3.23)
i=1"0

13
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Owing to Lemma 3.2, sup,cp |®;(t,2)] < C(h)i"™ (1 v th_%). Hence, by (3.23),
mo ot
Colt) < €t [ w5, P
< th 20 (1 / o ()L (57H))2ds
t
< C(h)3(tV t2h)m2i2"(h) / C, . (s)ds. (3.24)
i=1 0
Now let n = |a] = a1 + -+ + ap,. By iterating the above equation, we get
m t
Calt) < C(R)*(EV EM)m > 20 / C, . (s)ds
i=1 0

< C(h)2n(t V t2h)n[1a12a—2 e mOém] Z (iyig - - _Z-n)Qa(h) v

11,02,..,n=1

/ / / / a (i) —g(i2).. _8(%)(8” 1)d8n 1° dslds. (3.25)

Since for some 8 € J with 3; = 0 we have Cy__;) = 0, and by Lemma 3.1, Co(t) =
|Uo(t, )] is bounded on R™, thus we derive from (3.25) that

|
Calt) < O (tV M) 102072 o] — 1912 .o 270

al - o
/ / / / 0(Sn—1)dsp—1---dsids

tn

< 2n 2h\n 192 20(h)+1"

s GV )all'-‘am.[l 2 ] n!

(20(h)+1)ax
= C(h)Qlal(Mw(tQVt%H)lal. (3.26)

This proves the lemma.

The following lemma will be used in the proof of our main results.

Lemma 3.4 Let constants a > 0,b € R, g € R. Then the sufficient and necessary

condition for

(aN)?(2N) 79 < oo (3.27)
>
acJ

is ¢ > max{b+ 1,blogya}.

Proof. For a = (a1,m,...,) € J, let ag = max{j;a; # 0}. Then

> (aN)*(2N)~ Z > (aN)(2N)" ian.
aceJ n=0a€J ,a0=n n=0

14
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We assume ¢ > blog,a and ¢ > b+ 1, then ag = 1 and for n > 1,

a = ) (aN)*(@N)T = > (aN)b(2N) 9@
aeda0=n a1,.en0n—1>0,a,>1
0 (-1 00
= ( > (an)ba”(%)_qa”) IT | D (a2
an=1 | =1 \a;=0
B 0 (cm)b an n—1 0 (aj)b a;
B (Z [@n)q] > 11 ZO [<2j>q}
_ (an)” (23) n)’ 27
— (2n)7 — (an)b l;I (25)2 — (aj)? qJI;[l 2702 — (aj)>” (3.28)

By (3.28), we have
an (an)®(2n +2)7  (2n+2)7 — (an + a)’

anp1 (an+a)b(2n)1 (2n + 2)4
_ n \'[/n+1 ¢ (an+a) _ 1+1 qu_ (an)b. (3.20)
n+1 n (2n)4 n (2n)9
This gives
_ b
G g5 a=b (an) (3.30)
Apt1 n (2n)4
Hence
lim inf n( n —1>2q—b>1. (3.31)

Therefore, by Abel’s criterion for convergence, > >°  ja, < oo. Conversely, if ¢ <

blogy a, then, by (3.28), a,, = co. If ¢ = b+1, then, by (3.29), liminf, ., n (a = 1) =

1 - %(%)b < 1, by Abel’s criterion, » >° ja, = co. Hence, condition ¢ > max{b +
1,blogy a} is sufficient and necessary for the convergence of (3.27).

We now present our main results.

Theorem 3.1 Assume that all the conditions in Lemma 3.1 are satisfied, then there

exists a unique solution of (3.1) in the sense of Definition 3.1.

Proof. From the above analyses and lemmas, we know that the stochastic field

u(t, z) with a formal expansions

u(t,z) = calt,x)Ha, (3.32)

acJ
where ¢, (t,x) = Up(t,z) if & = 0 and for |o| > 1,

Z//sm At —38)) an ()
reNd

x (/}Rd+1 ei(v)ng(s,y;U)dU) dsdy, (3.33)

15
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is a solution of (3.1) in the sense of Definition 3.1, if for almost every x € D and ¢ > 0,
it belongs to (S)j; _, for some ¢ € N and [, [Ju(t, x)|]%{7_qd:v < 400, (Vt > 0). Now we

compute [ [Ju(t, x)||%{’7qd:v. By Lemma 3.3, we have

/ lult, )2 _gdz = 3 alllealt, )2@N)

acJ
C(h)2|a|(N)(20( )+1)a(t2 vV t2h+1)\o¢|(2N)—qa
< Y o~ (3.34)
acJ
It is prove in [13] that for o € J,
la|! < ol(2N)?, (3.35)
Therefore,
2|a\ N (20(h)+1)a 12 v/ $2h+1 | IN)—(9N)2e
/HutxHH e Y SO (a“ )lol(2) ~7(21)
acJ '
00 12\, $2h+1\n 20 (h)+1)a
Z (t \/t )" Z (C(h)20(2)+lN>( (R}+1) (2N) (a2 (3.36)

la|=n

If we choose a natural number ¢ > max{4 + 20(h),2 + 2log, C(h)}, then by Lemma

1 (20(h)+1)a
3.4, 5 jajen (C(R) 2o<i>+1N) (2N)~(-22 < o0, Thus
(42 $2ht1yn
/ ut ol gde < om) Y EYET S omet s
D ’ o n!
Now we prove the uniqueness. Assume that stochastic fields u(t, z), v(t, z) with formal
expansions
u(t,r) = Z ao(t, z)Hey v Z bo(t, z)H (3.38)
acJ acJ

are two solutions of (3.1) in the sense of Definition 3.1. Then wu(t,x) — v(t,z) is a
solution of of (3.1) in the sense of Definition 3.1 with zero initial conditions, that is,
ap(t,x) — bo(t,x) = 0. Therefore, similarly to the proof of Lemma 3.3, we can derive

that

laa(t, ) = balt, )

|
< C(h)P(tvhyr1eage=2?. .. mam]ﬁ[laqw - emem]20(h)
L )]

t S 51 Sn—2
/ / / / ao(sn1,-) — bo(Sn_t, ) [2dsn_1 - - - dsads = 0. (3.39)
0 0 0 0

Thus the theorem follows. q

The following corollary deals with the asymptotic properties of u(t,z) in (8)}; .

16
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Corollary 3.1 Let u(t,z) be the solution of (3.1) and ¢ > max{4+20(h),2+2logy C'(h)},
where C(h) is given by (3.37), then u(t,x) € (8)j _, for almost all (t,z) € RT x [0, 1],

" In( [t ),y
lim tili%o D t27h+1 H.—q < 00 (3.40)
Proof. By (3.37), we know that for sufficiently large ¢,
/D lut, )3 _yde < C(h)e™". (3.41)
Therefore
hmtilfio (/p ||Ui7;ahi)1||12t[—qu) < lim til-lgzo ln(c(}g}?:; e =1 (3.42)

This shows the corollary. §
We now study the Holder property of the trajectories of the solution of equation

(3.1) in the distribution space (S)3 _,-

Theorem 3.2 Fiz T > 0 and let u(t, x) be the solution of (3.1) in time interval [0,T]
with initial conditions vg € HPV2(D) for some By > 0 and ug € HP?2 for some By > 2,

then there exists ¢ € N, such that for any t,7 € [0,T] with |t — 7| < 1,
/ lu(t,z) — u(r, 2)|%_ydz < CJt — 7. (3.43)
D
Proof. Let 0 <7 <t <T.First we estimate the term ||c,(¢,-) — co(T,)||. Since

ca(t,x) — co(T, T)
[e.e]

Sln t —_ S
B Z/ / an 5(1) S y '(S,y)dsdy
reNd i1
sm /\T T — 3
- Z / / an z—:<) S y '(S,Q)dsdy
reNd
sin(\.(t — s 0
- Z/ / >(,0 ( (‘Dr an e(i)(37y)(bi(3,y)dsdy
reNd ! =1
sin(A,(t — s)) — sin(\. (7 —
+Z// DA =) )
eNd

X Z Coel (8,4)Pi(s,y)dsdy
= I(t,m2) + J(t, 75 2).

By using the methods used in the proof of Lemma 3.3, we can derive that

(20(h)+1)c
112 < (- el B ey paniaylal
!
(20(h)+1)c
)2 < (- neme W ey qanyal
Ql

17
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Thus we have ||ca(t, -) — ca(7, -)||2 < C(t — 7)C(h)2Ial T2 (2 p2htylal By the
definition of the norm | - |3 _,, we can divide the term [, [Ju(t,z) — u(r, z)|% _,dz

into two terms, that is

/D lu(t, ) — u(r, @)% _oda

< 2{10(t,) = To(m )P+ > alllealt, ) — calr, )| *(2N) %
acJ,|lal>1
< o(t-n) Y [emy@ v )] oI onyaa.

acJ

Bringing together the above estimates and by Lemma 3.1, Lemma 3.3, we obtain that
/ |lu(t,z) — u(T,x)H%L_qu < Ch,T)(t—1),
D

if ¢ > max{20(h)+2,2logy, C(h)(T' V Th+%)}, where C'(h) is given by (3.37). The proof
is finished. q
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FOURIER SERIES OF SUMS OF PRODUCTS OF EULER FUNCTIONS AND
THEIR APPLICATIONS

TAEKYUN KIM, DAE SAN KIM, GWAN-WOO JANG, AND LEE CHAE JANG

ABSTRACT. We consider three types of sums of products of Euler functions and derive their Fourier
series expansions. In addition, we express each of them in terms of Bernoulli functions.

1. Introduction

Let E,,(z) be the Euler polynomials given by the generating function

x — tm
=3 Ep(2)—, (see [1,2,14]). (1.1)
m=0
For any real number z, we let
<x>=x—[z] €[0,1) (1.2)

denote the fractional part of x.
Here we will consider the following three types of sums of products of Euler functions and derive

their Fourier series expansions. Further, we will express each of them in terms of Bernoulli functions
B (< x>).

(1) ap(<z>)= ;”OEk(<x>)Em_k(<x>),(m2 1);

(2) Bm(<z>) =311, mEk(< T >) By g (<2 >), (m > 1);

(3) Ym(<z>) =0 k(m Er(< 2 >)Epn_p(<x>), (m > 2).
For elementary facts about Fourier analysis, the reader may refer to any book (for example, see
[8,13,15,18]).

As to v, (< x >), we note that the polynomial identity (1.3 ) follows immediately from (4.16), which
is in turn derived from the Fourier series expansion of v, (< z >).

Z k( Ey(2) Epm—1()
1 U (1.3)
= ( ) s = o 0

where H,, = Z;n 13 L are the harmonic numbers.
The obvious polynomlal identities can be derived also for o, (< x >) and B, (< « >) from (2.21) and

(2.24), and (3.15) and (3.18), respectively. It is remarkable that from the Fourier series expansion of the
2010 Mathematics Subject Classification. 11B68, 42A16.

Key words and phrases. Fourier series, Euler polynomials, Euler functions.
1
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2 Fourier series of sums of products of Bernoulli functions and their applications

function S5 mBk(< 2 >)By_1(< o >) we can derive the following corresponding polynomial
identity:

1 2
— ~  By.(z) Bom
ok @m — 2k P2k (8) Bame2n (2) + 507

Bl (J,‘) Bgm_l (Z‘) (15)

1 /2m 1
— ( )szBzmzk (z) + EHzquzm (x)
-1

2m—1B1 (1‘) Bgm_l, (mz 2)

Letting = 0in (1.4) gives a slightly different version of the well-known Miki’s identity (see [3,6,16,17]):

m—1

1

mBZszm—% (1-6)

k=1

1<~ 1/2m 1
=— —_— B Bm_ *Hm—Bmla 22 M
m;2k<2k> 21 Bo 2k+m 2m—1D2 (m )

_2771—1

Setting x = % in (1.5) with B,, = (12?) B,, = (21_m — 1) B,, = B, (%), we have

1 —
————————— B Boy— 1.7
2k (2m — 2k) 2kD2m—2k (1.7)

_ 1 _
)BQkB2m—2k + EH?m—lBva (m>2),

which is the Faber-Pandharipande-Zagier identity (see [4]). Some related works can be found in [9-12].

2. Fourier series of functions of the first type

In this section, we consider the function

am(<z>)=> Ep(<ax>)Ep p(<z>), (m>1) (2.1)
k=0

defined on (—o0, —o0) which is periodic of period 1. The Fourier series of ., (< z >) is

Z A'(nm) 6271'1'7117 (22)

n—=—oo
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where

1
Am) = / am(< o >)e 2y
0

1
= / Qo (x)e 2T
0

Before proceeding further, we observe the following.

m

alp(@) = S (K1 (2) B() + (m — K) By () B ()

(kEk_l(x)E )+ Z m — k)Eg(2) Ep—p—_1(z))
k=0

I
3 X Eond
INNgEN

= k +1 Ek E,._ kfl(lL') + (m — k)Ek($)Em,k,1(1'))
0 0

=(m+1) Z Ep (@) Ep—1-1(x)
k=0

=(m+ Dam—1(x).

3

,_.

—
o
B

SN~—

E
I

!
From this, we have (%ﬁg@) = oy (). Then we have

/0 o (2)dz = %ﬂ<am+1(1) — a1 (0)). (2.5)

Noting that E,,(x 4+ 1) + E,,(x) = 22™, we see that Ey,, (1) + En(0) = 20,,,0. So, we have
(

Am ( ) Am O)

I
Ms

(BEx(1)Epm—1(1) — Ex(0)Ern—r(0))

=~
Il
<

I
NE

((—Ek(O) + 25k,0)(_Emfk(O> + 25m7k,0) — Ek(O)Em,k(O)) (26)

S
I
=

I
Ms

(—20m—k,0Ek(0) — 2E},_(0)6k,0 + 40k,00m—k.0)

’“TT
o

Om,0 —4En(0), (m >0).
Thus, for m > 1,

a?rL(l) - anL(O) - _4Em (27)
Also,
! 1
| amla)ds = @) = @ (0) .
4
:—mEm-H-

Now, we would like to determine the Fourier coefficients A%m).
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4 Fourier series of sums of products of Bernoulli functions and their applications

Case 1: n#0.

1
Agbm) :/ Qo (2)e2™ g
0

_ 1 —2minx
© 2min [am(x)e ]

1 " 1
2min

1
/ o (x)e 2Ty
0

m 1 .
=L (1) = am(0)) + *,1/0 Q1 ()€~ 2%

2min 2min
_mt 1A(m vy 2p,
2min min
1
_mAl T pome 2>+—Em1 +2p,
2min \ 2min mn min (2.9)
(m+1m (o m+1 2
= A2 ——Ep —E
(2min)? 2min win Lt
(m+1L)m ( 3) m+1 2
- m-— —E _ 2B +-2E,
(2min)? 2mn * + 2min win o min
(m+1)mim—1) .3 (m+1)m 2 m+1 2
= Am=3) L - T T " g —FE— —E
(2mwin)3 " (2min)? win > orin win L
_(m+17n1 mz_:lm‘i'lk 1i
~ (2min)m—1 A5 £ (2min) F=T qjp "RED
where
1 4 1 . 1
AL = /0 oy (x)e 2N gy = /0 (22 — 1) e 2™y = - (2.10)
Hence
m—1
A = _2mF Dy s mt Dy p
" (2win)™ — ~ (2min)k )
= (2.11
4 K (m+2)g
= E — .
m+ 2 ; (2min)k R
Case 2: n=0.
m)_ [ 4
0
We recall here that
1
B, = —5,13%+1 =0, for n>1,(—1)""' By, >0, (2.13)
(see [5], Proposition 15.1.1), and
1
= fm@”” ~2)Bpy1 (n>0), (see [3]). (2.14)
From these, we see that
Es,=0(n>1), Eop1#0(n>1), and By = 1. (2.15)
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From these and (2.7), we observe that

(1) = @ (0)(am (1) # amn(0)) <= Epn = 0(E,, #0)

. e . e (2.16)
<= m is an even positive integer (m is an odd positive integer).

Here oy, (< x >) is piecewise C*°. In addition, a,, (< x >) is continuous for all even positive integers m
and discontinuous with jump discontinuities at integers for all odd positive integers m.
We now recall the following facts about Bernoulli functions By, (< = >):

(a) for m > 2,
> eQTrinac
n=—o0,n#0
(b) for m =1,

x 2minT
e Bi(<x>), f € Z°,
S :{ i<z >), for = (2.18)

0 2min 0, for x€7Z,
where Z¢ = R — Z. Assume first that m is an even positive integer. Then a;,(1) = o, (0). Thus
am (< x >) is piecewise C°, and continuous. Hence the Fourier series of o, (< x >) converges uniformly
to am (< x >), and

am(< x>)
4 = 4 & (mA+2) )
= — Em ' TinT
m+2 " + Z <m+2 Z (2min)k kit )€
n=-—o00,n#0 k=1
4 4~ (m+2 . e2minz
=— E -— Ep— —k!
m+2 " m2 ; ( k > mokt ngn;éo (2min)k
m (2.19)
4 4 m + 2
=—F 41— — Ep_p1Br(< x>
m2 m+2kz_2( k > wnBi(<e>)
4 m+2 Bi(< x>), for zeZ°
-— B, x
m+ 2 1 0, for x€7Z
4 N (m+2
=—-—— En_rp+1B ,
mez, 3, (07 Ewanige
k=0,k#1
for all x € (—o0, 00). Hence we get the following theorem.
Theorem 2.1. Let m be an even positive integer. Then we have the following.
(a) >yt Ex(< @ >)Ey_ix(< x >) has the Fourier series expansion
ZEk-(< x >)Em—k(< x >)
= N (2.20)

4 - 4 (m +2)s o

— _ Em Em7 7TZ7L$7

m+2 " + Z (m+2 Z (2min)k kit €
n=-—o00,n#0 k=1

for all x € (—o0,00), where the convergence is uniform.
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6 Fourier series of sums of products of Bernoulli functions and their applications

(b)
> Ep(< @ >)Ep_p(<z>)
k=0

4 i m + 2

= E E,_ri1B

m+ 2 ( k ) krBr(<z>)
k=0,k#1

(2.21)

for all x € (—o00,00), where By(< x >) is the Bernoulli function.

Assume next that m is an odd positive integer. Then (1) # @, (0), and hence ayn, (< = >) is
piecewise C*° and discontinuous with jump discontinuities at integers. Thus the Fourier series of a, (<
x >) converges pointwise to oy, (< x >), for « € Z¢, and converges to

%(am(O) + am(1)) = am(0) — 2B, (2.22)

for x € Z., Thus we get the following theorem.

Theorem 2.2. Let m be an odd positive integer. Then we have the following.

(a)
(oo} m
4 (m + 2)k i
Em_ mTinT
Z <m +2 Z (2min)k k+1> c
n=—o0,n#0 k=1 (223)
Y EBi(<x >)Ep_p(<x>), for xeZf
o ka:() Ey B, —2FE,,, for z € Z.
(b)
4 " m+2
- E,_xi1B
m+2;( k > enBi(<z>)
. - (2.24)
= Ep(<a>)Ep_p(<z>),
k=0
forx € Z°;
4 s (m+2
T T o EnL— 1))
m+2kz2< 2 ) w1 (< z>)
" - (2.25)
=> BBk — 2Em,
k=0
forx € Z.
3. Fourier series of functions of the second type
In this section, we consider the function
Bm(<x>)= i éEkk x>)Ep_p(<x>), (m>1) (3.1)
= kl(m — k)! ’ -
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defined on (—o0, —00) which is periodic of period 1. The Fourier series of §,,(< x >) is

o0

Z B,Elm)GQWinw, (32)

n=—oo

where

B(m) _/ ﬁ <z >) —2ming g,

(3.3)
/ Bm 727Tznmdx
Before proceeding further, we observe the following.
/ _ S k m—k
e =3 { i Bt (0B s(o) + MEk<x>EM1<x)}
m 1 m—1
=2 O G @)
m—1 1
= ;0 mEk( ) m—1— k + Z k:' —1_ ) Ek(CU)Em—l—k(x)
= 25771—1(33)
So, ;. (x) = 2Bm—1(x). From this, we have
and
| @) = 5(Bua(1) = B (0). (3.
Using E,,(1) + E,,(0) = 26,, 0, we observe that
B1) = B (0) = 3 sy (B1) B k(1) = Eil0) B s(0))
= k! !
=y m {(=Ex(0) + 20%,0) (= Em—(0) + 20m—r,0) — Er(0) En—1(0)}
k=0 " ’ (3.7)
-3 ! 57 (20008 4(0) ~ 254(0)3n-0 + 4650610}
k=0
= (B (0) = bm0)
So, for m > 1,
Br(1) = B(0) = ——Ep (3.8)
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8 Fourier series of sums of products of Bernoulli functions and their applications
Also, we have

/ /B’m(x)daj = %(ﬁm—&-l(l) - 6m+1(0))
0
1

T2 (‘(m4+1>') (Ern1(0) = Om+1.0) (3.9)

2
—Fnt1.
(m+ 1)1 ™

Now, we are ready to determine the Fourier coefficients BT(Lm).
Case 1: n # 0.

1
B(m):/ Bm(iﬂ)ei%ﬁnwdiﬂ
0

—2minx 1 ! —2minx
[ (2)e 15+2m | ez

_27rin
—2minx
= m m m— d
27rm (B (1) = B 27rm / Bm—( v
_ L gy ii "
win " m! mwin
:L LB(M*Q)_F 2 LE L +ELE
min \ mwin " (m— 1) win~ ™" m! win
1 2 1 2 1
= Bm2,_ = - p 4+ " F
(min)2 " + (m— ) (rin)2 ™" + m!win~ "
1 1 2 1 2 1 2 1 (3.10)
- (=Bmyy g o)+t E. 4+ B,
(min)? <7rin " * (m —2)! win )t (m — 1)! (win)? Lt m! win
1 2 1 2 1 2 1
— B(7rL—3) - S = B,
(min)3 " * (m —2)! (win)3 2t (m —1)! (7win)? L m! win
1 = 2 1
- - E
(win)m— B '+ ; (m—k+ 1)! (min)k ™4
m—1
1 1
= B
 (win)™ + ; (m — k + 1)! (win)k i
~  Em_ki 1
=2 .
z:l (m —k+1)! (win)*
Case 2: n = 0. By (3.9), we see that
o _ [ 2

From (3.8), we observe that
Bin(1) = B (0)(Bm(1) # Bm(0)) <= Ey, = 0(Ey, # 0)

3.12
<= m is an even positive integer (m is an odd positive integer). ( )

Here 5, (< x >) is piecewise C*°. In addition, f,,(< x >) is continuous for all even positive integers m
and discontinuous with jump discontinuities at integers for all odd positive integers m.
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Assume first that m is an even positive integer. Then £,,(1) = £,,(0). So B (< = >) is piecewise C*,
and continuous. Thus the Fourier series of §,,(< « >) converges uniformly to 8,,(< z >), and

Bm(< x>)
— _LE 1 + i 2§m: m k+1 1 e27rin;v
(m+1)" """ e 0 — (m—k+1)! (mwin)k
2 1 & m+ 1 o eZmne
=——Fpni1 — —— o1 E, —k!
(m+ D)™ 4+ 1) ; ( k ) N n};ﬂﬂ (2min)*
m ' (3.13)
2 1 m+1
= - ——— Em - 2k+1 Em* B
(mt 1 " (m—|—1)!kZ:2 k k1 Br(< e >)
4 m+1 Bi(<xz>), for zeZ°
- E,, X
(m+1)! 1 0, for ze€Z
1 . m+ 1
= > Qkﬂ( >Em—k+1Bk(< T >),
(m +1)! ho T k
for all x € (—o0, 00).
Hence we get the following theorem.
Theorem 3.1. Let m be an even positive integer. Then we have the following.
(a) >ty mEk(< x >)En,_p(< x >) has the Fourier series expansion
> éEkK 2 >)Ep_p(< z>)
Pt El(m — k)!
B ) o ) (3.14)
— _7Em 2 m k+1 27rinz,
et (P
for all x € (—o0,00), where the convergence is uniform.
(b)
i éEk(< x >>Em—k(< x >)
= El(m — k)!
- ) m ) (3.15)
+
= Z 2k+1 <m )Emk+1Bk(< X >),
(m + 1! 0T k

for all x € (—00,00), where By(< x >) is the Bernoulli function.

Assume next that m is an odd positive integer. Then £3,,(1) # £,,(0), and hence §,,(< x >) is piecewise
C* and discontinuous with jump discontinuities at integers. Thus the Fourier series of §,,(< x >)
converges pointwise to S, (< x >), for z € Z°, and converges to

%(ﬁm(o) + ﬁm(l)) = ﬁnL(O) - %E’NH (316)

for x € Z., Thus we get the following theorem.

Theorem 3.2. Let m be an odd positive integer. Then we have the following.

722 TAEKYUN KIM et al 714-727



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

10 Fourier series of sums of products of Bernoulli functions and their applications

(a)

= = m k+1 1 Tinx
Z (22 (m—k+1)! (m’n)’f>62

n=—o00,n#0 1

m (3.17)
Zk 0 mEk(< X >)Em k-(< X >)7 for =z c ZC,
Zk 0 T(m= k)lEkEm k= Em, for =z €Z.
Here the convergence is pointwise.
(b)
I & m+ 2
— )y 2kH Ep k1B
(m+1)!kz_1 ( k ) k1 Br(<z>)
- (3.18)
=> éEkk z>)Ep_p(< x >),
kl(m — k)!
k=0
forx € Z°¢;
1 & m+1
— ) okt Epp_pr1Br(< z >
(m—|—1)!kz_:2 ( k > bnBir(<e>)
" - (3.19)
1 2
=) v EkEnm—r — —Em,
D Kl(m — k)
k=0
forx € Z.
4. Fourier series of functions of the third type
In this section, we consider the function
m—1 1
-~ frng 7E Em7 4.1
Ym(< 2 >) 2 (= ) K<z >) B (<2 >) (4.1)
defined on (—o0, —o0) which is periodic of period 1. The Fourier series of v,,(< = >) is
Z 07(Lm)627rinx, (42)
where
C’I(Lm) — / '7m(< T >)e—27rzn;tdx _ / ,ym(x)e—QTrzn;de. (43)
0 0
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To proceed further, we note the following.

’Y;n(x) = z_: ml_kEk'—l( m— k + %Ek m k‘—l(x)
k=1 k=1
m—2
:Z 11kEk;()m1k: +Z Ek VEm—1-&(x)
e (4.4)
2 i 1
= m_1m 1(w) + (m —1) ; K ( _1_k)Ek(z)Em 1-k(7)
= (m— Dy 1(2) + B 1 ()
So,
Y (%) = (M = Dy () + ——= Erm—1(2) (4.5)
From this, we note that
1 2 '
(@) = S Bal@)) = i) (16)
1
/ Y (2)dx
0
1 2 !
= [ ) = gy Bt
= =t (1) = %1 (0) = s (B (1) = B (0) (17)
= (et (1) = Y41 (0) = s (<2 (0) + 26rr0)
= () = 1 O) 4 B
Observe that
m—1
101 = 900) = - s (B Bk (1) = Bul0) B (0)
k=1
- m ((=Ex(0) + 201,0) (= Em—x(0) + 20m—1,0) = Ex(0) Em—1(0)) (48)
-y Fom 5 (“2000Bn(0) = 2B0)5 k0 + B1000)
k=1
=0.
Thus, for m > 2, v,,(1) — 7, (0) = 0. Also,
! 1 4 4
/0 Vm(x)dxa(%nﬂ(m) — m+1(0)) + mEmH(O) = mEm+1~ (4.9)
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We can show that

1 m—1
—2minx m—1)p—
| s = 3 i B (410
k=1

Now, we are ready to determine the Fourier coefficients C’,Sm)
Case 1: n#£0

1
07(1771) :/ ,ym(x)e—Qﬂ'inwdx
0

1 —2 ! ! —2
J—— m 'ﬂ'lnm ﬂ"ZTLZL’d
2min bym(@)e 27mn/0 *
— (1) / Dimoa (@) + 2 B (w))e 277
= - m m - m— m € X
omin O+ o ), J¥m-1 et
1 2 !

- 2min " 2minm —1 £ 2rin)k ~mF
m—2 m—1
m—1[m—2 _ 4 1 (m—2)k_1 1 4 (m—1)g_1
= cim=2 Bk Ep-
2min ( orin " T m—22min £ (2min)k T T ominm—1 ]; (2min)k Tk
m—2
(m—1)(m—2) -z, m—1 4 Z( —2)k-1 .
(2min)? " (2min)2 m — 2 = (2min)k R
1 4 ””f (m— 1)1
2minm — 1 £~ (2rin)k TmF
(m—l)‘ 0(2) m—2( —1[ L m— l —lk 1
- (2min)m—2"" * ; (2min)t m — l; (2min)k Bt
2m—1)1 = (m— 1) iyl m =D
- (2win)™ * po (2min)t m — ll; (2min)k Bm—k-t41
m— m— l
D e R Sl
(2min)t m —1 27rm Bt
=1 k=1
m— m—I
_ 4 z:l 1 (M)r+1-1 1
m m—1 (2min)kHl MR
=1 k=1
4 m (m)é—l s—1 1
T m (2min)s most Z m—1
5=2 =1
4 - m S Em S
*Z ( ) s 1 (Hm 1 Hm s)
m 4= (2min)*m — s+ 1
(4.11)
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where
(2) ' 727rinxd ! 2 1 727rina:d 2 4.12
Cp —/O’Yz($)6 33—/0 (z —x—|—4>e z__(27rin)2' ( )
Case 2: n =0.
m _ [ 4
cy" = de = ———F . 4.13
§ = [ m@he = s B (113)

As ¥, (1) = 4, (0), for all m > 2, v,,(< x >) is piecewise C°°, and continuous. Hence the Fourier
series of v, (< « >) converges uniformly to v, (<  >), and

Y (< 2 >)

4 = 4 - s ms+1 2ming
= 7Em Hm, _ Hmfs TinT
et 3 (A3 s 1, )

e om0 4 2min)sm — s+ 1

4 4 m m Em—s+l o0 e27rin:1:
———~FEmy1 — ————(Hp—1 — Hpp— —s! ™
m2m+1)" " m ; (S) m—s 10 S| n_gnﬂ (2min)® (4.14)

4 4 (m\ Em_sia
——Fn - ————(Hy1— Hyps)Bs
m2(m+1) " mz(s>ms+1( ! )Bs(<z>)

s=2
4 & Epm_s
_ 4 Z <m>””+1(Hm_1—Hm_s)Bs(<x>)
My s/m—s—+1

Finally, we obtain the following theorem.

Theorem 4.1. Let m be an integer > 2. Then we have the following.
(a) >-5—0 7gm—p Er(< @ >)Em—i(< & >) has the Fourier expansion

m—1
1
—F Epn_
2 i = 3 (< >)Epm_p(<x>)
h - " ) (4.15)
4 4 m)s  Em—st1 2mi
=—F, _ H,_1—H,, 4 wznx’
m2(m+1) 1t Z (mz(Zmn)smerl( ! ))e
n=—o00,n#0 5=2
for all x € (—o0,00), where the convergence is uniform.
(b)
m—1
k Ey(<xz>)Ep k(< x>)
=t L o i (4.16)
=_—— Z (m>m—S+1(Hm_l — Hp_)By(< z>),
m s)m—s+1
s=0,s#1

for all x € (—o00,00), where Bs(< x >) is the Bernoulli function.
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Quotient subtraction algebras by an int-soft ideal

Sun Shin Ahn' and Young Hee Kim ?*
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Abstract. The aim of this article is to lay a foundation for providing a soft algebraic tool in considering
many problems that contain uncertainties. In order to provide these soft algebraic structures, the notion of an
intersectional soft subalgebra and an intersectional soft ideal of a subtraction algebra are introduced, and related
properties are investigated. A quotient structure of a subtraction algebra using an intersectional soft ideal is

constructed.

1. Introduction

The real world is inherently uncertain, imprecise and vague. Various problems in system
identification involve characteristics which are essentially non-probabilistic in nature [16]. In
response to this situation Zadeh [17] introduced fuzzy set theory as an alternative to probability
theory. Uncertainty is an attribute of information. In order to suggest a more general framework,
the approach to uncertainty is outlined by Zadeh [18]. To solve complicated problem in economics,
engineering, and environment, we can’t successfully use classical methods because of various
uncertainties typical for those problems. There are three theories: theory of probability, theory
of fuzzy sets, and the interval mathematics which we can consider as mathematical tools for
dealing with uncertainties. But all these theories have their own difficulties. Uncertainties can’t
be handled using traditional mathematical tools but may be dealt with using a wide range of
existing theories such as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague
sets, theory of interval mathematics, and theory of rough sets. However, all of these theories have
their own difficulties which are pointed out in [14]. Maji et al. [13] and Molodtsov [14] suggested
that one reason for these difficulties may be due to the inadequacy of the parametrization tool
of the theory. To overcome these difficulties, Molodtsov [14] introduced the concept of soft set
as a new mathematical tool for dealing with uncertainties that is free from the difficulties that
have troubled the usual theoretical approaches. Molodtsov pointed out several directions for the
applications of soft sets. Worldwide, there has been a rapid growth in interest in soft set theory
and its applications in recent years. Evidence of this can be found in the increasing number

92010 Mathematics Subject Classification: 06F35; 03G25; 06D72.
YKeywords: v-inclusive set; int-soft subalgebra; int-soft ideal; subtraction algebra.
* The corresponding author.
YE-mail: sunshine@dongguk.edu (S. S. Ahn); yhkim@chungbuk.ac.kr (Y. H. Kim).
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of high-quality articles on soft sets and related topics that have been published in a variety of
international journals, symposia, workshops, and international conferences in recent years. Maji
et al. [13] described the application of soft set theory to a decision making problem. Maji et
al. [12] also studied several operations on the theory of soft sets. Aktag and Cagman [4] studied
the basic concepts of soft set theory, and compared soft sets to fuzzy and rough sets, providing
examples to clarify their differences. They also discussed the notion of soft groups. Jun [9]
discussed the union soft sets with applications in BC'K/BCI-algebras. We refer the reader to
the papers [1, 5, 7, 8, 15] for further information regarding algebraic structures/properties of soft
set theory.

In this paper, we discuss applications of the an intersectional soft sets in a subalgebra (an ideal)
of a subtraction algebra. We introduce the notion of an intersectional soft subalgebra (ideal) of
a subtraction algebra, and investigate some related properties. We consider a new construction
of a quotient subtraction algebra induced by an int-soft ideal. Also we investigated some related
properties.

2. Preliminaries

We review some definitions and properties that will be useful in our results (see [10]).

By a subtraction algebra we mean an algebra (X, x,0) with a single binary operation “—" that
satisfies the following conditions: for any z,y,z € S,

(S) z—(y—z) ==,

(52) z = (x—y) =y — (y — x),

(83) (zr—y)—z=(r—2) -y
The subtraction determines an order relation on X: a < bif and only if a—b = 0, where 0 = a—a
ia an element that does not depend on the choice of @ € X. The ordered set (X; <) is a semi-
Boolean algebras in the sense of [2], that is, it is a meet semilattice with zero 0 in which every
interval [0, a] is a Boolean algebra with respect to the induced order. Hence a Ab=a — (a — b);
the complement of an element b € [0,a] is a — b; and if b, ¢ € [0, a], then

bVe =AY =a—((a—b)A(a—0)
—a—((a—0b) = ((a—1b)— (a—2c))).

In a subtraction algebra, the following are true:

(al) (z —y) —y =z —vy,
(a2) r— 0=z and 0 — 2z =0,
(a3) (z —y) —z =0,
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(ad) z — (z —y) <,

(a5) (z—y) = (y—2) =2 -y,

(a6) z — (z — (z —y)) =z —y,

@a7) (z—y) —(z—y) <z —z

(a8) = <y if and only if z = y — w for some w € X

(a9) <y impliesz —z2<y—zand z —y < z—z forall z € X,
(al0) x,y < z implies x —y =z A (z — y),
(all) (zAy)—(zAz2) <z A(y—2).

A non-empty subset A of a subtraction algebra X is called a subalgebra ([10]) of X if z —y € A
for any z,y € A. A non-empty subset I of a subtraction algebra X is called an ideal ([10]) of X
if

(11) 0 € 1,

(12) x —y,y € I imply x € [ for any z,y,z € X.

A mapping f : X — Y of subtraction algebras is called a homomorphism if f(x—y) = f(z)— f(y)
for all z,y € X.

Molodtsov [12] defined the soft set in the following way: Let U be an initial universe set and
let £ be a set of parameters. We say that the pair (U, E) is a soft universe. Let &?(U) denotes
the power set of U and A, B,C,--- C E.

A fair (f, A) is called a soft set over U, where f is a mapping given by f: X — 2(U).

In other words, a soft set over U is parameterized family of subsets of the universe U. For
ce A f (¢) may be considered as the set of e-approximate elements of the set ( 1, A). A soft set
over U can bd represented by the set of ordered pairs:

(f,4) = {(z. f(2))le € A, f(2) € 2(U)},

where f: X — 2(U) such that f(z) = 0 if z ¢ A. Clearly, a soft set is not a set.
For a soft set (f, A) of X and a subset v of U, the ~vy-inclusive set of (f, A), defined to be the
set

ia(fi7) ={z € Aly C f(2)}.

3. Intersectional soft subalgebras
In what follows let X denote a subtraction algebra unless otherwise specified.

Definition 3.1. A soft set (f,X) over U is called an intersectional soft subalgebra (briefly,
int-soft subalgebra of X if it satisfies:
(3.1) f(x)N f(y) C f(z —y) for all v,y € X.
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Proposition 3.2. Every int-soft subalgebra ( f, X ) of a subtraction algebra X satisfies the
following inclusion:

(3.2) f(z) C f(0) for all z € X.
Proof. Using (3.1), we have f(z) = f(z) N f(z) C f(z —x) = f(0) for all z € X O

Example 3.3. Let (U = Z, X) where X = {0,1,2,3} is a subtraction algebra ([11]) with the
following Cayley table:

*x10 1 2 3
0/0 0 0 O
1110 1 0
212 200
313 210

Let (f,X) be a soft set over U defined as follows:

) Z ifxr=0
[+ X —=>20U), v— < 2Z ifze{l2}
47, if v = 3.

It is easy to check that (f, X) is an int-soft subalgebra over U.

Theorem 3.4. A soft set ( f, X ) of a subtraction algebra X over U is an int-soft subalgebra of
X over U if and only if the v-inclusive set ix(f;v) is a subalgebra of X for all v € 2(U) with

ix(f;7) # 0.

Proof. Assume that ( X ) is an int-soft subalgebra over U. Let x,y € X and v € Z(U) be such
that 2,y € ix(f;7). Then v C f(z) and v C f(y). It follows from (3.1) that v C f(z) N f(y) C
f(x —y) Hence . —y € z'X(f; 7). Thus ix(f,X) is a subalgebra of X.

Conversely, suppose that ix(f;7) is a subalgebra X for all v € Z(U) with ix(f;~) # 0. Let
z,y € X, be such that f(z) = 7, and f(y) = Yy Take v =, N~,. Then z,y € ix(f;7) and so
z—y €ix(f;7) by assumption. Hence f(x) N f(y) = 7, Ny, =7C f(z —y). Thus (f,X) is an
int-soft subalgebra over U. U

The subalgebra ix ( f: 7v) in Theorem 3.4 is called the inclusive subalgebra of X.

Theorem 3.5. Every subalgebra of a subtraction algebra can be represented as a y-inclusive set
of an int-soft subalgebra.
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Proof. Let A be a subalgebra of a subtraction algebra X. For a subset v of U, define a soft set
(f,X) over U by

Fix o o), m{ b
Obviously, A = ix( f; 7). We now prove that ( f,x ) is an int-soft subalgebra over U. Let z,y € X.
If 2,y € A, then  —y € A because A is a subalgebra of X. Hence f(z) = f(y) = f(z —y) = 7,
and so f(z)Nf(y) C f(x—y). Ifz € Aand y ¢ A, then f(z) = v and f(y) = @ which imply that
f@)Nfly)=vyN0=0C f(x—vy). Similarly, if z ¢ A and y € A, then f(z) N f(y) C f(x —1y).
Obviously, if z ¢ A and y ¢ A, then f(z) N f(y) € f(z —y). Therefore (f, X) is an int-soft
subalgebra over U. O

Any subalgebra of a subtraction algebra X may not be represented as a ~y-inclusive set of an
int-soft subalgebra (f, X) over U in general (see the following example).

Example 3.6. Consider a subtraction algebra X = {0,1,2,3} which is given Example 3.3.
Consider a soft set (f, X)) which is given by

{0,1} ifz=0

f:X = 20), xH{ {1} ifze{1,2,3}

Then (f,X) is an int-soft subalgebra over U. The y-inclusive set of (f, X) are described as
follows:

X ifye{0,{1}}
ix(f;7) = {0} if v € {{0},{0,1}}
0 otherwise.

The subalgebra {0,2} cannot be a y-inclusive set ix(f;~) since there is no v C U such that
ix(f;v) =102}

We make a new int-soft subalgebra from old one.

Theorem 3.7. Let (f, X) be a soft set of a subtraction algebra X over U. Define a soft set
(f*,X) of X over U by

fri X = 2(U), x,_>{ flz) itz €ix(f;7)

1) otherwise

where 7 is a non-empty subset subset of U. If ( f.X ) is an int-soft subalgebra of X, then so is
(f*, ).
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Proof. If (f, X) is an int-soft subalgebra over U, then ix( f: 7v) is a subalgebra of X for all v C U
by Theorem 3.6. Let z,y € X. If x,y € ix(f;7), then  —y € ZX(f 7). Hence we have

fr(x)n fx(y) = f) 0 fly) € fla— ) fr(z —y).
If o ¢ ix(f;7)oryéix(f;v), then f*(x )—@or f*(y) = 0. Thus
fr(x)n fy) = f( y).
Therefore (f*, X) is an int-soft subalgebra over U. O

Definition 3.8. A soft set (f, X) over U is called an intersectional ideal (briefly, int-soft ideal)
of X if it satisfies (3.2) and

(3.3) f(x — ) ﬂf(y) C f(ac) for all z,y € X.

Example 3.9. (1) Let E = X be the set of parameters and let U = X be the universe set where
X ={0,a,b,c} is a subtraction algebra ([3]) with the following Cayley table:

x|0 a b c
0/]0 0 0 O
ala 0 a a
blb b 0 b
clec c ¢ 0

Let (f,X) be a soft set over U defined as follows:

Y2 ifx € {O,CL}

f: X —=>20), IEH{% if v € {b,c}

where v, and 7, are subsets of U with 73 C v, It is easy to check that ( f,X ) is an int-soft ideal
of X.

(2) In Example 3.3, (f, X) is an int-soft subalgebra of X. But it is not an int-soft ideal of X,
since f(3—1)N f(2) =2Z € 4Z = f(3).

Proposition 3.10. Every int-soft ideal ( f,x ) of a subtraction algebra X satisfies the following
inclusion:

() (oye X)a<y=flo) € fw),

(ii) (Vz,y,2 € X)(f((z —y) —2) N fy) € f(z — 2)).
i Proof. (i)~ Let x,~y € X be such that x < y. Then x —y = 0. Hence f(y) = f(O) N f(y) =
Fla— ) N Fw) € Fla). N - N
(ii) Let 2,5,z € X. Using (S3) and (3.3), we have f((z—y) —2))N f(y) = f((z—2)—y))N f(y) ©
flz —2). O
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Theorem 3.11. Let (f, X) be a soft set of X over U. Then (f, X) is an int-soft ideal of X over
U if and only if

(3.4) (Vz,y,2 € X)(z —y <z= f(2) N f(y) € f(x)).
Proof. Assume that ( f ,X) is an int-soft ideal of X over U. Let x,y and z € X be such that
x —y < z. By Proposition 3.10(i) and (3.3), we have f(2) N f(y) C f(z —y) N f(y) C f(x).
Conversely, suppose that (f, X) satisfies (3.4). By (a2), we get 0 < z for any 2 € X. Using
Proposition 3.10(i), we have f(z) C f(0) for any = € X. By (a4), we have z — (z — y) < y for
any ,y € X. It follows from (3.4) that f(y) N f(z —y) € f(x). Hence (3.3) hold. Therefore
(f,X) is an int-soft ideal of X over U. O

Theorem 3.12. A soft set (f, X) of X over U is an int-soft ideal of a subtraction algebra X over
U if and only if the y-inclusive set ix(f;~y) is an ideal of X for all v € 2 (U) with ix(f;~) # 0.

Proof. Similar to Theorem 3.4. O
The ideal iy (f;+) in Theorem 3.12 is called the inclusive ideal of X.

Proposition 3.13. Let (f, X) be a soft set of a subtraction algebra X over U. Then the set
X;:={r € X|f(z) = f(0)} is an ideal of X.
Proof. Obviously, 0 € X7. Let x,y € X besuch that z—y € X;andy € X;. Then f(z—y) = f(0)

and f(y ) f(0). By (3 3), we have f(0) = f(z —y) N f(y) C f(z). It follows from (3.2) that
f(x) = f(0). Hence z € Xj. Therefore X; is an ideal of X. O

4. Quotient subtraction algebras induced by an int-soft ideal

Let ( f, X ) be an int-soft ideal of a subtraction algebra X. For any z,y € X, we define a binary

«

~f 7 on X as follows:

z~ly e flz—y) = fly—a) = f(0).

operation

Lemma 4.1. The operation ~f is an equivalence relation on a subtraction algebra X.

Proof Obviously, it is reflexive and Symmetrlc Let x,y and z € X be such that x ~ y and

y ~ z Then f(z —y) = f(y —2) = f(0) and f(y — 2) = f(= —y) = f(0). By (a7), w
have (z — z) — (y—z)<x—yand (z—2)—(y—2) < z—y. Using (3.4) and (3.2), we have
f(0

J0)=flx—y)nfly—=2) C flz—2)C )andf() flz=y)Nn fly—=) C f(z—z) C f(0).
Hence f(z — 2) = f(z —z) = f(0). Thus z ~/ z, that is, ~/ is transitive. Therefore ~/ is an
equivalence relation. O

Lemma 4.2. For any x,y,u,v € X, ifxwfy anduwfv, thenx—uwfy—v.
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Proof. Let x,y,u,v € X be such that x ~f y and u ~/ v. Then f(x— y)=fly—z) = f(()) and
flu=v) = flv—u) = f(0). Since (z—u)—(y—u) <z—yand (y—u)— (z—u) < y—u, it

from Proposition 3.10(i) that f( 0) = f(x —y) < f((:c —u) — (y — u)) and f(O) = f(y —x) <
f((y—u)—(z—wu)). By (3.2), we have f((z—u)—(y—u)) = f(0) and f((y—u)—(z—u)) = f(0).
Hence x — u ~' y — u.

By (a4), (a9) and (S3), we have (y — (y —v)) —u = (y —u) — (y —v) < v —u. Using
Proposition 3.10(i), we obtain f( ) = f(v —u) < f((y — u) (y —v)). It follows from (3.2)
that f(( u) — (y — v)) = f(O) By a similar way, we get f(( v) (y —u)) = f(O) Hence
y—v ~f y—u. Since ~7 is symmetric, we have y—u ~f y—v. Since ~7 is transitive, z—u ~ y—v.
Therefore ~7 is a congruence relation on X. ]

Denote f, and X / f the equivalence class containing = and the set of all equivalence classes of

X, respectively, i.e., )
for=A{y € Xly ~ o} and X/f = {fulz € X}.
Define a binary relation — on X/ f as follows:
fr - fy - fx—y

for all f,, fy € X/ f. Then this operation is well-defined by Lemma 4.2.
Theorem 4.3. If ( f,X ) is an int-soft ideal of a subtraction algebra X, then the quotient
X/f:=(X/f;—) is a subtraction algebra.
Proof. Straightforward. O

Proposition 4.4. Let i : X — Y be an epimorphism of subtraction algebras. If (f,Y) is an
int-soft ideal of Y, then (f o p, X)) is an int-soft ideal of X .

Proof. For any # € X, we have (f o p)(x) = f(u(x)) € f(Oy) = f(u(0x)) = (f o p)(0x) and
(fou)(x) = flu(x)) D flu(z) —y a) N f(a) for any a € Y. Let y be any preimage of a under .
Then we have

(f o p)(x)

| U

(1) =y @) 1 f(a)
(@) = n(y)) 0 f(uly))
((x —x y) O f(p(y))
fom(a—xy)n(fou(y)

Hence f o i is an int-soft ideal of X. U

[ ||
~~ khz

Proposition 4.5. Let (f,X) be an int-soft ideal of a subtraction algebra X. The mapping
v: X — X/f, given by v(x) := f,, is a surjective homomorphism, and Kervy = {z € X|y(x) =
fo} = X;.
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Proof. Let f, € X / f. Then there exists an element z € X such that v(x) = f,. Hence v is
surjective. For any z,y € X, we have
We—y) = foy = Fo = fy = 7(@) = 7(v).

Thus 7 is a homomorphism. Moreover, Ker v = {z € X|y(z) = fol={zeXlzef}={ze
X|z ~ 0} = {z € X|f(z) = f(0)} = X7 It completes the proof. O

Proposition 4.6. Let a soft set ( f, X ) over U of a subtraction algebra X be an int-soft ideal of
X. If J is an ideal of X, then J/f is an ideal of X/f.

Proof. Let a soft set (f, X) over U of a subtraction algebras X be an int-soft ideal of X and let
J be an ideal of X. Then 0 € J. Hence fy € J/f. Let f,, f, € J/f such that f, — f, € J/f and
fy € J/f Since f,_ y = f,— fy, we have r — y,y € J. Since J is an ideal of X, we have x € J.
Hence f, € J/f. O

Theorem 4.7. If J* is an ideal of a quotient subtraction algebra X/ f , then there exists an ideal
J={x € X|f, € J*} in X such that J/f = J*.

Pmof Since J* is an ideal of X/f, fo € J*. Hence 0 € J. Let fx,fy € J/f be such that
o fy,fyeJ* Since f,_ y = fo— fy,we have x —y,y € J. Since J* is an ideal of J/f fzeJ/f
and so x € J. Therefore J is an ideal of X. By Proposition 4.6, we have

IIf ={flie T}
—{f;|3f. € J* such that j ~F x}
—{f;|3f. € J* such that f, = f;}
={filfse 1} =T"
O
Theorem 4.8. Let a soft set ( f.X) over U be an int-soft ideal of a subtraction algebra X. If
J is an ideal of X, then X—/Jj = X/J.
J/f

X/f

Proof. Note that —= = / f
J/f

{[fal,)f1f € X/[}. 1f we define ¢ P X/J by o(lfal ) =

[z]; = {y € X|z ~7 y}, then it is well defined. In fact, suppose that [fI]J/J; = [fy]J/f. Then
fo ~AIE fy and so fx_y = fo — fy,fy_x = fy — f, € J/f. Hence y — x,x —y € J. Therefore
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x~7y, ie., [2]; = [y];. Given [fx]J/f, [fy]J/]z € )J(T/JJ;’ we have

(p([fm]J/f - [fy]J/f) :%0([];:1: - fy]J/f) = [z —yl,

=lzls — Wy = e(fal sy ) — (ful s )-
Hence ¢ is a homomorphism.
Obviously, ¢ is onto. Finally, we show that ¢ is one-to-one. If go([fm]J/f) = cp([fy]J/f) then

(2], = [yl e, x ~T gy If f, € [fx]J/f, then f, ~//7 f, and hence fu_u, foa € J/f. It follows
that a — x,2 —a € J, i.e., a ~’ z. Since ~” is an equivalence relation, a ~’ y and so J, = J,,.
Hence a — y,y —a € J and so f,_y, fy—a € J/f. Therefore f, ~ ~IIE f Hence f, € [fl )7

Thus [fm]J/f [fy]J/f Similarly, we obtain [fy]J/f [fx]J/f Therefore [fm]J/ [fy]J/f. It is
completes the proof. O
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Abstract

In this paper, we study the solution set of variational like-inequalities (in this sense we are called
n-variational inequalities) and introduce the notion of a weak sharp set of solutions to n-variational
inequality problem in reflexive, strictly convex and smooth Banach space. We also present sufficient
conditions for the relevant mapping to be constant on the solutions. Moreover, we characterize the
weak sharpness of the solutions of 7-variational inequality by primal gap function.

Keywords: mn-variational inequality, Gap function, Weakly sharp solution

1. Introduction

Burke and Ferris [B] introduced the concept of a weak sharp minimum to present sufficient con-
ditions for the finite identification, by iterative algorithm, of local minima associated with mathe-
matical programming in space R™. Patriksson [[@] has generalized the concept of the weak sharpness
of the solution set of a variational inequality problem (in short, VIP). Their concepts have been
extended by Marcotte and Zhu [B] to introduce another the notion of weak sharp solutions for
variational inequalities. They also characterized the weak sharp solutions in terms of a dual gap
function for variational inequalities. The relevant results have been obtained by Zhang et al. [[2)].
It is further study by Wu and Wu [B-]. Hu and Song [@] have extended the results of weak
sharpness for the solutions of VIP under some continuity and monotonicity assumptions in Banach
space. They also introduce the notion of weak sharp set of solutions to a variational inequality
problem in a reflexive, strictly convex and smooth Banach space and present its several equivalent
conditions. Liu and Wu [B] studied weak sharp solutions for the variational inequality in terms of
its primal gap function. They also characterized the weak sharpness of the solution set of VIP in
terms of primal gap function. Recently, AL-Hamidan et al. [0] give some characterization of weak
sharp solutions for the VIP without considering the primal or dual gap function.

In this paper, we provide some general two concepts of Liu and Wu [B] and Hu and Song [@] to
study the weak sharpness of solution set of n-variational inequality problem in Banach space. We
also give some characterizations of weak sharp solutions for the n-VIP and also present its several
equivalent conditions. Our purpose in this paper is to develop the weak sharpness result in space
R™.
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Email addresses: kasamsuku@nu.ac.th (Kasamsuk Ungchittrakool), na_tta_pon@hotmail.com (Natthaphon
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The paper is organized as follows. Section 2 discuss the new concepts of the Gateaux differen-
tiable and Lipschitz continuity of the primal gap function and we also introduce the main definitions.
Several equivalent conditions for F' to be constant are discuss and present some relationship among
cn, Cy, T'(z*), and A(z*) in Section 3. Finally, section 4 addresses the weak sharpness of C" in
terms of the primal gap function is characterized.

2. Preliminaries and formulations

Let E be a real Banach space with is topological dual space E* and (-,-) denote the pairing
between E and E* respectively. For a mapping from 7 : E x E to E . Let g be a mapping from
FE into Banach space Y. The mapping g is called directionally differentiable at a point z € E in a
direction v € F if the limit

exists. We say that g is directionally differentiable at x, if ¢ is directionally differentiable at z in
every direction v € E.

The mapping g is called Gateaux differentiable at x if g is directionally differentiable at z and
the directional derivative ¢'(z,v) is linear and continuous in v and we denote this operator by

Vyg(z), i.e. (Vg(z),v) = ¢'(z,v).

Definition 2.1. Let g be a mapping from E into Banach space Y. The mapping ¢ is called 7-
Gateaux differentiable at x if g is Gateaux differentiable at x and there exists a unique £ € E* such
that (£,1(v,0)) = (Vg(z),v) ,Yv € E. We denote this operator by V,g(z) i.e. (V,g(z),n(v,0)) =
J'(x,v).

We defined n-subdifferential of a proper convex function f at z € E is given by
O f(x) :=A{z" € E*: (2", n(y,x)) < f(y) — f(2),Vy € E}.
Let C be a closed convex subset of E. The mapping P¢ : E — 2¢ defined by
Po(r) :={y € C: v —y| = d(z, O)},

is called the metric projection operator.

We known that if F is a reflexive and strictly convex Banach space, Po is a single-valued
mapping.

The duality mappings J : E — 2E" and J* : E* — 2F are defined by

J(z) ={a" € B" : (a",2) = |2"||2 = ||z|*},Va € E
and
J(x*)={z € E: (x,2*) = ||z|* = ||=*||?}, Va* € E*.
We know the following (see [H])

(i) if E is smooth, then J is single-valued;
(ii) if E is reflexive, then J is onto;
(iii) if F is strictly convex, then J is one-to-one;
(iv) if E is strictly convex, then J is strictly monotone.

Thought out this paper, we let n: E' X E to E be satisfy the following condition;

(i) n is continuous on E X E;
(i) for any =,y € E, n(z,y) = —n(y, z);
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(iii) for any z,y € E and «, 8 are scalars, n(ax + By, 0) = an(z,0) + An(y, 0);
(iv) there exists k > 0 such that ||n(z,y)|| = k||z — y|| for all z,y € E;
(v) n(E x{0}) = E.

For a mapping ¢ from a Banach space E into Banach space Y, we say that g is n-locally Lipschitz
on F if for any T € E there exist § > 0 and L > 0 such that

lg(z) — gyl < Lln(z,y)|, forall z,ye B(T,0).

The following results are importance:

ll|]
Lemma 2.2 ([8)). Let E be a Banach space, J : E — 25" a duality mapping and ®(||z||) = / ds,
0
0#x € X. Then J(x) = 00(||z]|).

Lemma 2.3. Assume that E is a reflexive, strictly conver and smooth Banach space. Let C' be a
closed convex subset of E and & € C. Then the following are equivalent:

(i) & is a best approxzimation to x :||n(z, )| = inéfj [[n(z,v)||-
ye
(i) the inequality (J(n(z,)),n(y,z)) <0, Vy € C holds.
Proof. (ii) = (i) For each « € E. Let & € C such that
(J(n(z,2)),n(y,2)) <0 Vy € C.

Then

[n(e, 2)[[[17(n(z, )]«

IA
At/\
—~
= ==
5 " H
>
NN NN

IA
=
=
&
>

Hence, [|In(z, 2)[| = inf |in(z, y)]
(i) = (it) For each x € E. Suppose that & € C such that

S — inf '
In(, 2)[| = inf Jin(z, y)l
Since C' is convex, we obtain that
In(z, 2)|| < lIn(z, (1 - )2 +ty)ll, VyeC and tel0,1],
which implies that

O([In(z, )[) = 2(lIn(z, (1 =) +ty)l}), Yy € C and te€[0,1],

x

where ® : Ry — R, give by ®(z) = / ds, forall xeR,.
0
By Lemma 232, J(z) = 9®(]|z]|). It follows that

(J(n(z, (1 =)@ +ty)),n(x, &) —n(z, (1 - )& + ty)) O([In(x, D)) — S([In(z, (1 = )2 +ty)|)

<
< 0, YyeC and te€]0,1],

that is,
tJ(n(x, (1 =) +ty)),n(y,2)) <0, Yy C and te|0,1]

740 Natthaphon Artsawang et al 738-750



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Therefore,
(J(n(z, (1 =1)& +ty)),n(y,2)) <0, Vye C and te[0,1].

Taking ¢t — 0, we have
(J(n(z,2)),n(y,2)) <0, VyeC.

Remark 2.4. By definition of 5 for each z € F if & = Po(x) then ||n(z,2)| = ing In(x, v)|-
ye

If C is a closed convex subset of E and T € C, then the n-tangent cone to C at T has the form
T(z) = {de€ E: there exists a bounded sequence {dy} € X with 7(dy,0) — d,t L0
such that T 4 txdy € C, Vk € N}.

In the above, denote x = T + txdy € C. Taking the limit as k — +o0, tx — 0, which implies
that tpdr — 0, thereby leading to x; — Z. Also from construction,

n(wlwf)
t

Thus, the n-tangent cone can be equivalently expressed as

T(Z) = {d e E:there exists sequence {z;} C C with x) — T,t;, | 0
@k, T) — d}.
172
Proposition 2.5. Consider a set C C E and T € C. Then the following hold:
(i) TA(T) is closed;
(i) If C is convex, T (T) is the closure of the cone generated by n(C' x {T}), that is,
TE(F) = cone(n(C x {z}))

such that

Proof. (i) Suppose that {d;} C T/(Z) such that dj, — d. Since dj, € TA(T), there exist {z}} C C
with 2}, — T and {t}} C Ry with ¢}, — 0 such that

L
W—m{k, Vk € N.
k

For a fixed k, there exists 7 such that

T, T 1 _
22k 7) - ) _ay)l < oV
k

Taking k — 400, one can generate a sequence {x} C C with z; — T and ¢t | 0 such that

n(ka f) — d
t

Thus, d € TA(T). Hence, T/ (T) is closed.
(ii) Suppose that d € T/ (Z), which implies that there exist {z;} C C with 2, — T and {¢} C Ry
with t; — 0 such that
77($kvf) d.
tk

Observe that n(zx,Z) € n(C x {Z}). Since ¢ > 0, i > 0. Therefore,

n(zy, )

e € cone n(C x {z}).
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Thus, d € cone(n(C x {z})). Hence, T2(Z) C cone(n(C x {Z})).
Conversely, for each = € C. Define a sequence
1
Tp =T+ %(a:—f), vk e N.
By the convexity of C| it is obvious that {z}} C C. Taking k — 400, z; — T, by construction, we
obtain that

kn(zy, T) = n(z,T).
Set t, = + >0, tx — 0 such that alee®) _, n(z,T), which implies that n(z,z) € T2(Z).

ly

Since z € C'is arbitrary, n(C'x{z}) C T/(Z). Because T/ (T) is cone, we have cone(n(C x{z})) C
T2(Z). By (i), T2(Z) is closed, which implies that cone(n(C x {z})) C TA(Z). O

The n-normal cone to C at T is defined by N/ (Z) := [T (Z)]°, where

A°:={z" € E*: (z",x) <0,Vx € A}
If C' is convex, then

N(F) = {z* € E* : (*,n(c,7)) <0 for all c € C} itz e C,
0, if 7 ¢ C.

Let C be a nonempty closed convex subset of reflexive, strictly convex and smooth Banach space
E. For a mapping F from FE into E*, the n-variational inequality problem [n-VIP] is to find a vector
z* € C such that

(F(z*),n(z,z*)) >0 for all x € C. (2.1)

We denote the solution set of the n-VIP by C”
The n-dual variational inequality problem [n-DVIP] is to find a vector z,. € C such that

(F(x),n(xz,x,)) >0 for all z € C. (2.2)
We denote the solution set of the n-DVIP by C,,

Definition 2.6. The mapping F' : £ — E* is said to be:

(i) n-monotone on C if (F(z) — F(y),n(y,z)) > 0 for all x,y € C;
(ii) n-pseudomonotone at x € C if for each y € C' there holds

(F(x),n(y,)) = 0= (F(y),n(y, ) = 0;
(iii) n-pseudomonotone™ on C if it is n-pseudomonotone at each point in C' and, for all x,y € C,
(F(y),n(z,y)) = 0
= F(x) = F(y).
(F(z).n(z.y)) = 0 ()= Fw)
Now, we define the primal gap function g(x) associated with n-VIP (E) as

g(x) := sup{(F(x),n(z,y))}, for all x € E,
yeC

and we setting
I(z) :={y € C: (F(z,n(z,y))) = g(z)}.
Similarly, we define the dual gap function G(z) associated with n-DVIP (E2) as

G(z) := Elelg{<F(y),n(x7y)>}, for all x € F,

and we setting
Az) :={y € C: (F(y,n(x,y))) = G(x)}.
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3. Sufficient condition for constancy of F on C" and some properties of the primal
gap function

In this section, we discuss about relations among C", C,, T'(z*), and A(z*). We study suf-
ficient condition for F' to be constant on C" and also study the n-Lipschitz continuity and 7-
subdifferentiability of the primal gap function g in terms of the mapping F.

Proposition 3.1. Let & € C. Then

(i) 2 € C" < g(z) =0 & € I'(2);
(i) £ € Cp e G(&) =07 € A(Z).

Proof. (i) Consider

FeCm o (F(i

And we also consider
tel(t) < (F()n( ) =g(2)
& 0=g().

Similarly, we can obtain (ii). O
Proposition 3.2. If F' is n-pseudomonotone on C, C" C C),.
Proof. Immediate from the definitions. O

The following proposition we present a sufficient condition for F' to be constant on C".
Proposition 3.3. Let F be n-pseudomonotone™ on C". Then F is constant on C"

Proof. Let x1,z5 € C". Since F is n-pseudomonotone™ on C”, we have
(F(z1),n(z2,21)) 20 and (F(x2),n(z1,22)) 2 0.
By pseudomonotonicity of F' on C", we have
(F(z1),n(z1,22)) >0 it follows that (F(x1),n(z1,22)) =0.

Since F is n-pseudomonotone™ on C" and (F(xs),n(z1,22)) > 0, implies that F(z1) = F(z2).
Hence, F' is constant on C". O

Proposition 3.4. Let F be n-pseudomonotone™ on C and z* € C". Then C" = A(x*) and F is
constant on A(z*).

Proof. First, we prove that F' is constant on A(x*). For * € C" and ¢ € C, we have
(F(z*),n(c,x*)) > 0. Since F is pseudomonotone, we get that

(F(c),n(c,z*)) > 0,Ve € C. It follows that G(z*) =0.

For ¢ € A(x*), we have

(F(c),n(c,z*)) = —G(x*) =0 and hence F(c) = F(z").
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It sufficient to show that C" = A(x*).
(©): Let y* € C". Then (F(y*),n(z*,y*)) > 0. Since z* € C" C C,), we have

(F(2),m(z,2")) > 0,Vz € C.
It follows that G(z*) =0, and (F(y*),n(y*,z*)) > 0. Therefore,
(F(y*),n(z*,y*)) = 0= G(x¥), thatis, y* € A(z*). Thus C" C A(z").
(2): Let y* € A(z*). Then (F(y*),n(z*,y*)) = G(z*) > 0. Since z* € C", we have
(F(z"),n(y,x")) = 0,vy € C.
Note that z* € A(z*), we have F(z*) = F(y*). Consider, for all y € C,
0 <{E@)nly,2")) = (F(y"),n(y,y7)) + (Fy"),n(y", z7))
implies 0 < (F(y*),n(z*,y*)) < (F(y*),n(y,y*)),Vy € C. Therefore, C" = A(x™*). O

Proposition 3.5. Suppose that F be n-pseudomonotone on C and z* € C". If F is constant on
['(a*) then F is constant on C". And hence

C"=C, =T(z") = A(z").
Proof. Since F' is n-pseudomonotone on C, we have C" C C),. Let y* € ;). Then
(F("),n(z",y%)) = 0.
By assumption, we obtain that g(z*) = 0 and hence (F(z*),n(y*,z*)) > 0. It follows that
(F(")n(a",y")) = 0 = g(a). Thus y* € T(a").

Therefore C" C C,, CT'(z*). Let z* € I'(z*). Then (F(z*), n(z*, z*)) = g(z*) = 0.
From above z* € C" C T'(z*) and F is constant on I'(x*), we obtain that F(z*) = F(z*). Since
x* € C", we have (F(z*),n(z,2*)) > 0,Vz € C.

It follows that, for all z € C,

0 < (F(z%),n(z27))

() ) + () (e at)

F(z"),n(z, =
= (FG) (e 2) + (P (o)
= (F(z"),n(z2%)).
This implies that z* € C". Thus I'(«*) C C" and hence
C"=C, =T(z").
It sufficient to prove that T'(z*) = A(z*). For ¢ € T'(z*), we have
(F(z"),n(x",c)) = g(z") = 0,
so (F(c),n(z*,c)) = 0 = G(z*). Therefore,
¢ € A(z*), which implies that I'(z*) C A(z™).

Now let ¢ € A(z*). Then
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The pseudomonotonicity of F' on C implies that (F(x*),n(z*,¢)) > 0. In this case,
(F(z*),n(z*,¢)) =0=g(z") since z* e C".
Thus ¢ € T'(z*) and hence A(z*) C T'(«*). Therefore
C"=C,=T(z") = Az").
O
Proposition 3.6. Let F' be n-pseudomonotone™ on C. Then, for x* € C", F is constant on I'(z*)
if and only if
C"=C,=T(z") = Alz").
Proof. (=)Suppose that F is constant on I'(z*). By Proposition B3, we obtain that
C"=C, =T(z") = A(z").
(«<)Assume that C" = C,, = T'(z*) = A(z*). Let 1,29 € I'(z*). Then
(F(z1),n(x2,21)) >0 and (F(x2),n(z1,22)) >0 , because x1,z2 € C".
Since F is n-pseudomonotone and (F(x2),n(x1,z2)) > 0, we obtain that

(F(z1),n(x1,22)) >0 , thatis, (F(z1),n(x2,z1)) <0.

Thus (F(x1),n(z2,21)) = 0. Since F' is n-pseudomonotone® on C, we have F(z1) = F(x3).

O
Proposition 3.7. Let F' be n-pseudomonotone™ on C. Then the following are equivalent:
(i) F is constant on I'(x*) for each x* € C".
(i) C" =C, =T(z*) = A(z*) for each z* € C".
(iii) C" =T (z*) = A(z*) for each z* € C".
(iv) C" =T(z*) for each z* € C".
Proof. (i) = (i1) = (#i1) = (iv) are immediate. It suffices to show (iv) = (). Suppose that C" =
I'(z*) for each z* € C". Let * € C" and x1,x2 € I'(z*). Then z1, 22 € C" and (F(x1),n(x2, 1)) >
0 and (F(z2),n(x1,22)) > 0.
Since F is n-pseudomonotone and (F(z3),n(x1,z2)) > 0, we obtain that
(F(z1),n(x1,22)) >0 , thatis, (F(z1),n(x2,21)) <O0.
Thus (F(x1),n(x2,21)) = 0. Since F' is n-pseudomonotone™ on C, we have

Next we prove that if F' is n-locally Lipschitz on C7, then so is g.

Lemma 3.8. Let C be compact. If F is n-locally Lipschitz on C", then g is also n-locally Lipschitz
on C".

Proof. Suppose that F' is n-locally Lipschitz on C". Let x* be any element in C". Then there exist
6 > 0 and Ly > 0 such that

1F(z) = F(y)ll < Loln(z,y)ll and [[F(z)[| < Lo for all z,y € B(z",0).
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Let ¢ € T'(z) with « € B(z*,§). Then

g(x) —gly) < (F(a), ( c)) = (F(y),n(y, c))

(F(z),n(z,y)) + (F(x),n(y, ¢) = (F(y),n(y,¢))

<77(33,y)> +< () = F(y),n(y, )

IE@)|[lIn(z, )l + [1F(@) = F@)llln(y, o)l

Lolln(z, y) |l + Lolln(z, y)[n(y, o)l-

By the compactness of C' and definition of 7 implies that there exists a constant M > 0 such that

<
<

In(y, o)l < M for all y € B(z*,6) and ce C.

We set L = Lo + LoM, we obtain that

9(z) = g(y) < Lln(z, y)|.-
We can conclude that g is n-locally Lipschitz on C". O

The following Proposition B2 we present the n-subdifferential of g at * € C" is a singleton
under sufficient condition.

Proposition 3.9. Let F' be n-monotone on X and x* € C". Suppose that g is finite on X and
n-Gateaux differentiable at x*. Then O0pg(z*) = {F(z*)}.

Proof. Since z* € C", we have g(z*) = 0. For each y € X and F is n-monotone, we obtain that
9() —9(@*) = (F(y),n(y,z")) = (F(z*),n(y, z")).

Hence F(z*) € Opg(z*).
Let z € 0yg(x*). Then for each v € X and ¢t > 0, we get that
g(a™ +tv) = g(2") = (z,n(z" + tv,27)) = t{z,1(v,0)),
that is, . .
gla +t1;) =9 s (w,0)).

By the n-Gateaux differentiability of g at «* implies that

(Vog(z*),n(v,0)) = lim g(x* +tv) — g(z*)

lim t > (2,1(0,0).

Therefore, (z — V,g(z*),n(v,0)) < 0, for all v € X. By definition of 7 we can set 7(v,0) =
— V,9(z*), we have ||z — V,g(z*)||* < 0. This implies that z = V,g(z*), and hence 9, g(z*)
{Vag(z™)} = {F ()} 0

4. Weak sharpness of C"

Throughout this paper, we assume that C" and C),, are nonempty and that E is a reflexive,
strictly convex, and smooth Banach space. We introduce the notion of weak sharpness solution for
generalized variational inequality(n-VIP).

Definition 4.1. The solution set C" is said to be weakly sharp, if F' satisfies

—F(x*) € int ﬂ [Te(x) N J*Nen(x)]° for all o™ € C.
zeCn
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Theorem 4.2. Let F' be n-monotone on E and constant on T'(x*) for some x* € C". Suppose that
g is n-Gateauzx differentiable, n-locally Lipschitz on C", and g(x) < 400 for all x € E. Then C" is
weakly sharp if and only if there exists a positive number « such that

adl, (x) < g(z) forall zeC, (4.1)
Ul —
where b, (@) == inf |z, y)].
Proof. On the given assumption and by Proposition B3, we obtain that
C"=C, =T(z") = A(z").
If C" is weakly sharp, then for any z* € C" there exists o > 0 such that

aBg- C F(z*)+ () [To(z) N J*Nea (@), (4.2)
zeCn

where Bg- is the open unit ball in E*.
Since F is constant on I'(z*), « satisfies (E2) for all z* € C". Therefore, for every y € Bg~, we
have
ay — F(z*) € ﬂ [Te(x) N J*Nen(x)]° C [Te(z™) N J*Nea (27)]°.
zeCn

Thus, for every z € [Tc(z*) N J*New (z*)]. It follows that
(ay — F(z"),z) <0. (4.3)
Taking y = ﬁ in (E3), we get that, for each z* € C",

« *
al|Jz]l = W(Jz,z) < (F(x"),2).

This implies that for every z € [To(z*) N J* New (2*)], we have
allzll < (F(z7), 2).

For any x € C, set T = Pen(x), we have n(z,T) € Te(ZT) N J*Nea (Z) by Proposition 3 and lemma
3. Therefore,
(F(27),n(2,7)) = alln(z,7)|| = adl, (z).

Conversely, suppose that there exists a > 0 such that
adl,(z) < g(x) foreach z e C.
We claim that
aBg» C F(z*) + [Te(x*) N J*Nen (2*)]° for each 2™ € C". (4.4)

If Te(z*) N J*Nea(2*) = {0} for z* € C", then [Te(x*) N J*Nen(2*)]" = E and aBg« C F(2*) +
[Te(z*) N J* Nen (2*)]7, trivially. So it suffices to prove (B4) to hold if Te(z*) N J* New (2*) # {0}
for z* € C". Now let 0 # z € Te(2*) N J*Nen(2*). By definition of 5 there exists a unique v € E
such that z = n(v,0). Then

(J(n(v,0)),n(v,0)) >0 and (J(n(v,0)),n(y",2")) <0 for each y* € C",
which implies that C" is separated from xz* + v by the hyperplane

Hy ={z e E: (J(n(v,0)),n(z,2")) = 0} = {x € E: {J(n(v,0)),n(x,0)) = (J(n(v,0)),n(z",0))}.
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Thus we can write

H, = {33 eL: <J(’I7(U,0)),T](l‘,0)> = ﬁ}’ where (= <J(77(U’0))777($*’0)>'

Since 7(v,0) € Te(x*), for each positive sequence {t;} decreasing to 0, there exists a sequence {v;}
such that {n(v;,0)} converging to n(v,0) and z* + t;v; € C for sufficiently large i . By definition of
7, we obtain that v; converging to v. Thus (J(n(v,0)),n(v;,0)) > 0 holds for sufficiently large 4, and
hence we suppose that z* + t;v; lies in the open set {z € E : (J(n(v,0)),n(z,z*)) > 0}. Therefore,

dg,,, (il'* + ti’l)i) Z dnH,, ((E* + tlvl) (45)

For each x € E. We set

Y l<J<n(v,0>>,n<x,0)> _ 5] )
17w, 0))]2

A straightforward computation show that (J(n(v,0)),n(y,0)) = B, i.e., y € Hy.
Furthermore, for any z € H,, we have

<J(77(’U70))777($7 O)> B 6
|7 (v, 0)|

(JO(z,y).n(zy)) = [

= 0.

] ((J(n(v,0)),n(2,0)) = (J(n(v,0)),7(y,0)))

By Lemma B3, we have
iy, (a" +tivg) = [In(z” +tivi, y)||
a0 w0y
76w, o)
ti(J(n(v,0)),n(vi,0))
[, 0]

and hence, by (E0),

<J77(Ua 0)7 TI(% 0)>
[[n(v, 0)]

g(z* + tv;) > aden (7 + tiv;) > at;

By Proposition B, g(z*) = 0 for any z* € C", so

<J77('U, 0)7 77(% 0)>
[[n(v, 0)]

Since g is n-locally Lipschitz and n-Gateaux differentiable on C", there hold

gz + tv;) — g(a*) = g(a* + tv;) > ot

lg(z™ + tivi) — g(a™ + tiv) || < Lti|n(vi, v)]|

for some L > 0 and all sufficiently large ¢ and

g(z” +tiv) — g(z~)

(Vag(a")n(,0)) = lim }
1—>00 tl
F+tiv) — g2t
1—+00 ti

By Proposition B9, V,g(z*) = F(z*). Thus

(F(z%),n(v,0)) = alln(v, 0)]].
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This implies that for each w € Bgx,

(aw = F(z7),1(v,0)) = (aw, (v, 0)) = (F(z"),n(v,0)) < afn(v, 0)|| — alln(v, 0)[| = 0.
Hence aBg+ — F(z*) C [To(x*) N J*New (2*)]°, that is,
aBg« C F(z*) + [Te(x™) N J* Nen (27)]°.
This shows that C" is weakly sharp since F' is constant on C". O

Corollary 4.3 ([B]). Let F' be monotone on R™ and constant on T'(z*) for some z* € C*. Suppose
that g is Gateauz differentiable, locally Lipschitz on C*, and g(x) < +oo for all x € R™. Then C*
1s weakly sharp if and only if there exists a positive number o such that

adex(x) < g(x) for all xz € C.

Proof. By applying above Theorem B2, if we define n(z,y) = « — y, for all z,y € E and space
E = R", then C" can be reduce to C*, where C* is the solution set of variational inequalities.
Moreover, the mapping g is Gateaux differentiable and locally Lipschitz on C*. O
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INEQUALITIES OF HERMITE-HADAMARD TYPE FOR n-TIMES DIFFERENTIABLE
(o, m)-LOGARITHMICALLY CONVEX FUNCTIONS

M. A. LATIF, S. S. DRAGOMIRY2, AND E. MOMONIAT

ABSTRACT. In this paper, some new integral inequalities of Hermite-Hadamard type are presented for functions
whose nth derivatives in absolute value are (c, m)-logarithmically convex. From our results, several inequalities
of Hermite-Hadamard type can be derived in terms of functions whose first and second derivatives in absolute
value are («a, m)-logarithmically convex functions as special cases. Our results may provide refinements of
some results for (a, m)-logarithmically convex functions already exist in the most recent concerned literature of
inequalities.

1. INTRODUCTION
Let us first refresh our knowledge how the following definition of classical convex functions is generalized.
Definition 1. A function f: I — R, ) # I C R, is said to be convex on I if the inequality
(L) fltz+ (1 =ty) <tf(z)+ (1 —-1)f(y)
holds for all z,y € I and t € [0,1]. The inequalities in (1.1) are swapped if [ is a concave function.

The definition of convex functions plays an important role in the theory of convex analysis and in many other
branches of pure and applied mathematics. A number of remarkable and significant results in the theory of
inequality hinge on this definition.

One of the momentous results which uses the notion of convexity is stated as follows:

(12) f<a+b)§ ! /abf(x)dxgw

2 b—a 2 ’

where f: () 21 CR — R, is a convex function of single variable, a, b € I with a < b. The inequalities in (1.2)
are celebrated as Hermite-Hadamard inequality and are overturned if f is a concave function.

The inequalities (1.2) have been target of extensive research because of its usefulness and usages in the theory
of inequalities and in various other branches of mathematics. A vast literature is reported on the Hermite-
Hadamard type inequalities during the past few years which generalize, improve and extend the inequalities
(1.2), see for example [6, 12, 13, 14, 15, 17, 19, 23, 28] and closely related references therein.

The classical convexity has been generalized in diverse ways such as s-convexity, m-convexity, (a,m)-
convexity, h-convexity, logarithmic-convexity, s- logarithmic convexity, («, m)- logarithmic convexity and h-
logarithmic-convexity but we will focus on the following generalizations of the classical convexity to prove our
results.

Definition 2. [2, 33, 34] If a function f: T CR — (0,00) satisfies
<

13)  fOz+1=Ny) <[f@f @]

forallz, y €I, X\ €[0,1], the function f is called logarithmically convex on I. If the inequality (1.3) reverses,
the function f is called logarithmically concave on I.

The above stated concept logarithmically convex functions is further generalized as in the definitions below.
Definition 3. [9] A function f :[0,b] — (0,00) is said to be m-logarithmically convex if
Stz +m (L=1)y) < [f @] [f )"
holds for all x, y € [0,b], t € [0,1] and m € (0, 1].
Definition 4. [9] A function f :[0,b] — (0,00) is said to be (a, m)-logarithmically convex if
Flta+m (L= t)y) < [f @] [f )"
holds for all x, y € [0,b], ¢t € [0,1] and (a,m) € (0,1] x (0, 1].
Date: Today.
2000 Mathematics Subject Classification. Primary 26D15, 26D20, 26E60; Secondary 41A55.

Key words and phrases. Hermite-Hadamard’s inequality, (a, m)-logarithmically convex function, Holder integral inequality.
This paper is in final form and no version of it will be submitted for publication elsewhere.
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It is also obvious that if m = 1 in Definition 3 and if (o, m) = (1, 1) in Definition 4, the notion of m-logarithmic
convexity and («, m)-logarithmic convexity recapture the notion of usual logarithmic convexity.

Many papers have been written by a number of mathematicians concerning Hermite-Hadamard type inequal-
ities for different classes of convex functions see for instance the recent papers [2, 3, 4, 7, 8, 9, 16, 18, 24, 25,
27, 29, 31, 32, 33, 35] and the references within these papers.

The main purpose of the present paper is to establish new Hermite-Hadamard type integral inequalities by
using the notion of m- and («, m)-logarithmically convex functions and a new identity for n-times differentiable
functions from [19]in Section 2.

2. MAIN RESULTS
We will use the following Lemmas to establish our main results in this section.

Lemma 1. [19] Let f : I C R — R be a function such that f) exists on I° and f™ € L([a,b]) for n € N,
where a, b € I° with a < b, we have the identity

. - 1+ (-1 (b*a) a
(2.1) fla+] b_a/f ) dx — 2:: {;ﬁ—l kl—l) f(k)<;b>

- (b_a) 1 n—1 (n) 1 t ].+t

D —a) n=1 . _ my (L—-t, 1+t
+ /0(1 )" (n—1+1)f ( b+ >dt,

ontlpl 2

where an empty sum is understood to be nil.

Lemma 2. [20] If 4 > 0 and n € NU {0}, then

_1)nt+t _1)k
(2:2) /1tn I e O
. phdt =
0 1
FEsg p=1

Lemma 3. If u > 0 and NU {0}, then

1
L e~ ! i G A7 L
(23) Emp):= [ (1-t)"p'dt=
0

1 —
Eesg p=1L

Proof. By making the substitution ¢t = 1 — u in Lemma 2, we get (2.3). O
Lemma 4. [7] For a > 0 and 1 > 0, we have
1 acl 0 (ln /,L)k71
(24)  G(osp) ;:/ 1=t pldt =) < o0,
0 —1 (@),

where

(), =a(a+1)(a+2)...(a+k—-1).

From Lemma 3 and Lemma 4, by simple computations we get the following results.

Lemma 5. If 4 >0 and n € N, then

nlp(ln p—1) 1 n In p—1
T T g M Xk e A F
(25)  F(nsp):=nE(n—1ipu) - E(n;p) =

= pet
Lemma 6. For a >0 and p > 0, we have
e} k—1
k—a)(l
(2.6) H(a;p):=nG(asp) —G(a+1;u) Z (nat n )oz)(n,u) < o0,
k=1 k+1

where

(@) =a(a+1)(a+2)...(a+k).
Lemma 7. [35] Let 0< £ <1<n,0<A<1and0<s<1. Then
27) & < and ™ < S,
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Theorem 1. Let I D [0,00) be an open interval and let f : T — (0,00) be a function such that f) exists on
I. If f™ € L([a,b]) forn € N, where 0 < a < b < oo and |f(")‘q is (a,m)-logarithmically convex on [0, %]
for (a,m) € (0,1] x (0,1], g € [1,00). Then

S Kl ;p Nk
g (K] /f o =3 k[ cuje-a o (2r
' 2 2R+ (| + 1) 2
(b—a)" ) "y _ag\11/4 aq\11/4
< 7 . 2 R 2
<O () L (s )] [ ()]
L . 5 ()]
where F (n; ) is defined in Lemma 5, M—W and
5 0<p<l
0:
1-95, p>1

Proof. From Lemma 1, the Holder inequality and using the fact that ‘ f ‘q is (a0, m)-logarithmically convex on
[0, %]7 we have

k|14 (=) (- a) a
o) |[HOTEE Zl {2k+1kl—l) f(k)( +b> —a/f

A
x{(/ol(l—t)n_l(n—l—i-t) a(*5* )Uq </01 —)"  (n—1+1t)p (1+t)adt>l/q},

£ (@)]
Where n = W

It is obvious that

(2.10) /01 (1—=8)"""(n—14t)dt =

n
n+1

When 0 < p <1, by using Lemma 5 and Lemma 7, we obtain

(2.11) (/Ol(l—t)"1(n—1+t)uq(12t)udt>;—i—(/ol(l—t)"1(n—1+t) (H)adt);

) (/01 Lt -1+t Maq(y)dt)é . </01 1=0)""(n—1+1) u“ff(%“)ﬁ)é

1

1 g 1 N
=u% (/ (1—t)"_1(n—1+t)ua2th> +u® (/ (1—t)"_1(n—1+t)u'gdt>
0 0

s {[r )]

-

_|_
"
/N
=
=
<2
~—
—
~
<
—

When p > 1, by using Lemma 5 and Lemma 7, we have
1 1—t\o % 1 14t\
(2.12) (/ (11" (n—1+41t)p25) dt) + (/ (1= (n—141t)pa5) dt)
0 0

< (/o1 (1—0)"" (n—1+1) uaq(lgt)ﬂ_ath) % - (/01 (1=8)""(n—1+¢) uaq(l;t)+q_ath> %

al (/l A=t (n=1+1) u‘aéﬁdt)é + % (/1 (1—)" " (n—1 +t)u°3“dt) q
0 0
-7 {[p o)) [ )]

A combination of (2.9)-(2.12) gives the desired result. O

Q=
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Corollary 1. Suppose the assumptions of Theorem 1 are satisfied and if ¢ =1, we have

n—1 —ak
(2.13) fla )-QFf _a/ fla dx_Zk{ Qk(+1 il(f) )f(k) <a-2|-b>
(b—a)" "

< nriy) pAF (nip ) + F (min) ),

e (b>
m

(n)
where F (n; ) is defined in Lemma 5, pn = % and 0 is defined in Theorem 1.

Corollary 2. Under the assumptions of Theorem 1, if n =1, we have the inequality

(b—a) (1IN |, /b\|™ g1/ 1/q
<7 (2) # ()| e )] [ ()]

where | = f,f(/ia))‘, 0 is defined in Theorem 1 and

AL §#1

F(L¢) = 15[ 1&}

T E=1.

Corollary 3. Corollary 2 with q = 1 gives the followz'ng result
b\ o o

1) |HOHIO L [ ) < OO (D) (F st + [P )],

where F (1;€) and p are defined as in Corollary 2 and 0 is as defined in Theorem 1.
Corollary 4. Suppose the assumptions of Theorem 1 are fulfilled and if n = 2, we have

f();rf bfa/f

< ;?2 ()

where | = f|,,f(())), 0 is as defined in Theorem 1 and

26 InE—(In €)% —2£642
F(2;6) = { ) (Ing)?  §F L

(2.16)

3 §:1
3
Corollary 5. Ifq =1in Corollary 4, we have

f( )+f / a)2 w (BN 0 _a o
2.1 — F(2;p 2 F (252
(2.17) 5 | o [\ ) AE @)+ F(27)),

where 6 is defined in Theorem 1 and p, F (2;€) are defined in Corollary 4.

Theorem 2. Let I O [0,00) be an open interval and let f : I — (0,00) be a function such that f) exists on
I. If f™ € L([a,b]) forn € N, where 0 < a < b < oo and |f(”)|q is (a, m)-logarithmically convex on [O, %]
for (a;m) € (0,1] x (0,1], ¢ € (1,00), we have

(2.18) f(a); b_a/ f (@) de ~ 2:: ll zk(+1 ;l(f)a) £ <a;b>

b—a)" |:n(2q71)/(q71) —(n— 1)(2q—1)/(q—1)} K]

g—1 1/q
2ntinl <2q—1>
X {{G(nq—q—&—lm_?)]é—l—[ (nq—q+1 u;”;},

(n)
where p = %, G (a; &) is defined in Lemma 4 and 0 is defined in Theorem 1.

<
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Proof. Using Lemma 1, the Holder inequality and the (a, m)-logarithmic convexity of | f |q on [O, %], we have

) w1k 1+ (=1)F] (0 — a)" a
(2.19) f();f(b b_a/ dz—}; ! 2k+1(kl-1) f(k)< ;b>

1

(b _ a)n (n) b m 1 %1 *%
= et [ , (T LrnTd
1 RN 1 . a
% {(/ (1— t)‘](n—l) pq(%) dt) + </ (1-— t)‘](n—l) Mq(%) dt)} )
0 0
The proof follows by using similar arguments as in proving Theorem 1, using Lemma 4 and Lemma 7. ([

Corollary 6. Under the assumptions of Theorem 2, if n = 1, we have the inequality

f()-QFf bfa/f

_ _ 1/q
< a) (q—1
= 4 21

(2.20)

where |1 = f,,(a))|

0 k-1
Guio=Y " <o

k!
k=1

and 0 1is defined in Theorem 1.

Corollary 7. Under the assumptions of Theorem 2, if n = 2, we have the inequality

oo [f@+10 _a/ e

2

-

B (b—a)? [22a=D/(a=1) 1] =g ( g—1 )1/f1

= 16 2¢ — 1

where = W,

’ B 00 (lnf)k_l N
G(q+1,§)—;7(q+l)k <

and 0 1is defined in Theorem 1.

Theorem 3. Let I D [0,00) be an open interval and let f : I — R be a function such that f™) exists on I.
If ™ € L([a,b]) forn € N, where 0 < a < b < oo and |f(")|q is (o, m)-logarithmically convex on [0, m] for
(a,m) € (0,1] x (0,1], g € (1,00), we have

) 21k |1+ (-D)F| (b—a) a
(2.22) f();r b_a/f )dz — ,; [2k+1k11) f<k)< ;b)

n4+1—1 n 1—1 1 1
n a(b—a) 1 ng—1 2¢g—1 Ty _ag\T4q 23\ 73
< Pl (o))" [ ()]
= ont 1) [ (n G—1"q-1 1% 3lp 2 + 3 (2
£ (a)
where,uzﬁ,
e £#1
Fa(f) =4 e
o={ 7 71
B(z;a,ﬁ):/ 1) A, 0<2<1,0>0,8>0
0

18 the incomplete Beta function and 0 is defined in Theorem 1.
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Proof. Using Lemma 1, the Holder inequality and the (a, m)-logarithmic convexity of | f |q on [O, %], we have

(2.23) f(a)-QF _a/ fla dx—nZ:l k{ Qkil Ll(f)_ a)kf(k) (a;b>
< (;)n—ﬂr)u £ <:1>’ (/01 (1— t)Q(”—l)/(q—l) (n—1+ t)Q/(q—l) dt>1_1/q

By using Lemma 7 and the fact that

1
/ (1- t)q(nfl)/(qfl) (n—1+ t)Q/(qfl) dt
0

e /ﬁ pEsSE (1- t)q PR~ <1. ng—1 2q— 1) ’
0

n" g—1" g—1
we get the required inequality (2.22) from (2.23). O

Corollary 8. Suppose the assumptions of Theorem 3 are satisfied and if n = 1, we have the inequality

o 1002 [ < 52 (525) o [ e 0],
where p = f,f((ba)‘
F5 () = { El_fl’ g i 1

and 0 are defined as in Theorem 1.

Corollary 9. Suppose the assumptions of Theorem 8 are satisfied and if n = 2, we have the inequality

(2.25) 'f()+f _a/f

2
<;?k@%;%ﬁbrﬂﬁmwvw+mwm%»

where 1 = Mn,

e £#1
Fa(6)=J e
o={ 7 71
B (z;a, B) is the incomplete Beta function as defined in Theorem 8 and 0 is defined as in Theorem 1.

Theorem 4. Let I D [0,00) be an open interval and let f : I C [0,00) — (0,00) be a function such that f
exists on 1. If f € L([a,b]) forn € N, where 0 < a < b < oo and |f(”)‘q is (a, m)-logarithmically convexr on
[0, 2] for (e, m) € (0,1] x (0,1], g € (1,00) for 0 <r < (n—1)q. Then

oy (L0 L[y dx_”zlk[ C )}(b‘“)kfm(aH)

2FHT (k4 1)! 2

(2
x {[H (7"—|—1;,uf%)r/q—|— [H <r+1 0w )}Uq}.

) (q
nw= M, 0 is defined in Theorem 1 and H (c; &) is defined in Lemma 6.

1—1
q

(b—a)" |(g—1) (n*¢—nr —2n+r+1)
— 2ntlpl | (ng—r—1)(ng+q—1-—2)
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Proof. From Lemma 1, the Holder inequality and using the fact that | ) ‘ s (a, m)-logarithmically convex on
[O, TZ;L] we have
Lk |1+ (D" (b -a)
fla)+f / [ } o [a+b
2.2 )d (k)
(227) 2 “pog ), f@de ]; Gl 2
1—1
b=a)" | ) (2N ([ (na—q=r)/(a=1) !
1 e 1/q 1 e 1/q
x {(/ (1—t)" (n—1+1t)p=") dt) + (/ (1—1)" (n—1+¢t)p(=") dt) }
0 0
The rest of the proof is similar to that of the proof of Theorem 2 by using Lemma 6 and Lemma 7. O

Corollary 10. Suppose the assumptions of Theorem 4 are fulfilled and if r = 0, we have
k
fl@+fm) 1 /b kL D00
(2:28) 2 p—a ) @ Z ) 2
(b—a)" l(q— 1) (n%q—2n+1)

< bt ()l )] ) )

Corollary 11. Suppose the assumptions of Theorem 4 are fulfilled and if r = (n — 1) q, we have

n —ak
(2.29) f(a);f(b)—bia/:f(w)dx—z:lk[ 2k<+1 I)ji—(f) ) £ (a;rb>

G
x {[H = 1)q+1;u—%)]l/q+ [# ((n=1)g+150% )}l/q}.

Remark 1. Several interesting inequalities for m-logarithmically convex functions can be obtained by setting
a =1 in the results presented in this section. However, we leave the details to the interested reader.

°

(b—a)" [2ng—2n—q+1 =g
- 2ntip) 2(g—1)

Remark 2. We can get several interesting inequalities for logarithmically convex functions by setting o = 1
and m =1 in the results proved above. However, the details are left to the interested reader.

3. APPLICATIONS TO SPECIAL MEANS

For positive real numbers a > 0, b > 0, we consider the following means

2
Afah) = 52 G ah) = Vab H (0.b) = 225,

I(a,b) =
a a = b,
and
pptl_gptl 1/p
{m} , p#0,—1 and a # b,
b—a
) = —1and a # b,
Ly(ab)=q B p #
I(a,b), p=0anda#b,
@, a=b.

It is well known that A, G, H, L = L_1, I = Ly and L, are called the arithmetic, geometric, harmonic, identric,
exponential and generalized logarithmic means of positive real numbers a and b.

In what follows we will use the above means and the established results of the previous section to obtain
some interesting inequalities involving means.

Theorem 5. Let0<a<b<1l,r<0,7r# —1andq>1.
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(1) If r # =2, then
|A (@™t — LT (a,b)]

<(b—a) (;)3—‘1 |r + 1] (M)l/q {br/Q [bq,./g I (aq"/Q,bq’“/Q)T/q
+a"? {L (aqr/2, bqr/2> B aqr/z] 1/(1} .

(2) If r = =2, then

‘H(a,b) - L(tllvbl)’
o0 () () -

+at [L (a7, b7) — a7

Proof. Let f (z) = ‘f/ (x)‘ = 2" and
In|f e+ (1= )|
<Aln|f @] + - Nm|f @)
for z, y € (0,1], A € [0,1] and ¢ > 1. This shows that ’f/ (x)’q = 2" is logarithmically convex function on (0, 1]

/(@

HO)
> ’f/ (b)’ =b" > 1, hence

so that we have (a,m) = (1,1), u = and 0 = 1.

Since)f' (a)

|
[fel-cy

and
2 () s {[ ()] [ ()] )
= Fora{[r )] [r ()]}
S {[r ()] [ ()]
- (qr n b—lna)>1/ {br/2 {bqr/z (aqr/Q bqr/gﬂ 1/q
+a'l? [L (aqr/{ qu) g /2] 1/q} |
Substituting the above quantities in Corollary 2, we get the required results. 0

Remark 3. Many interesting inequalities of means can be obtained from the other results of Section 2, however,
the details are left to the readers.
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Positive solutions for p-Laplacian fractional difference
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Abstract: In this paper, we consider a boundary value problem for fractional difference
equation with p-Laplacian operator involving a parameter

Algp (AL () Xt +v—Lut+v—1)) =0,t € [0,b— 1]y,
Au(v —2) = Agu(0) = 0, u(v + b) = vu(n),

where 1 < v < 2is areal number, ¢,(s) = |s|°"2s,p > 1,7 € (0,1),n € (v, v+b), A% denotes
the discrete Caputo fractional difference of order v, f: [v — 1,v +b — 2]n,_, X [0,+00) —
(0, 400) is a continuous function, b > 3 is an integer, A > 0 is a parameter. We study the
existence of positive solutions to this problem by the properties of the Green function and
Guo-Krasnosel’skii fixed point theorem in cones.

Keywords: boundary value problem; discrete fractional calculus; existence of solutions;
p-Laplacian operator; Guo-Krasnosel’skii theorem.

Mathematics Subject Classification 2010: 39A12; 26A33; 34B15

1 Introduction

In recent years, fractional differential equations have received increasing attention. With the
development of computer, it is well known that discrete analogues of differential equations can be
very useful, especially for using computer to simulate the behavior of solutions for certain dynamic
equations. More recent works to the discrete fractional calculus can be find in [1-7] and references
contained therein. For example, Y. Pan and Z. Han et al. [5] studied the the existence and
nonexistence of positive solutions to a boundary value problem for fractional difference equation
with a parameter
—AYy(t) =Af(t+v—1Ly{t+v—1)),t€[0,b+ 1]n,,

yv—2)=ylv+b+1) =0,

where 1 < v < 2 is a real number, f: [v—1,v+b]y, , X R — (0,+00) is a continuous function,
b > 2 is an integer, A is a parameter. The eigenvalue intervals of boundary value problem to a
nonlinear fractional difference equation are considered by the properties of the Green function and
Guo-Krasnosel’skii fixed point theorem in cones, some sufficient conditions to the nonexistence of
positive solutions for the boundary value problem are established.

Differential equations with p-Laplacian operator are applied in real life, especially in physics
and engineering [8]. Some theories of fractional difference equations with p-Laplacian operator are
just beginning to be investigated. W. Lv [9] investigated the following boundary value problem for
fractional difference equation involving a p-Laplacian operator

Algp(Agu)(t) = f(t+a =L ult +a—1)),t € [0, b,

u(a —2) = fru(la+ b+ 1),

*Corresponding author: Shurong Sun, e-mail: sshrong@163.com. This research is supported by the Natural
Science Foundation of China(11571202, 61374074), and supported by Shandong Provincial Natural Science
Foundation(ZR2016AM17).

760 Yongshun Zhao et al 760-769



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Au(a —2) = Au(a — 1) = B2 Au(a + b),
where 1 <a <2,b€ Ny, 81 #1, B2 # 1, A is the forward difference operator with step size 1, A&
denotes the discrete Caputo fractional difference of order «, f:[a —1,a+b— 1]y, , X R = R is
a continuous function, and ¢, is the p-Laplacian operator. Some existence and uniqueness results
are obtained by using the Banach contraction mapping theorem.
In this paper, we discuss the following boundary value problem for fractional difference equation
with p-Laplacian operator

Alpy(ALW)](t) + NPT f(t+v—Lu(t+v—1)) =0,t € [0,b— 1]n,, (1.1)
Au(v —2) = Agu(0) = 0,u(v +b) = yu(n), (1.2)

where 1 < v < 2 is a real number, v € (0,1),n7 € (v,v +b), A% denotes the discrete Caputo
fractional difference of order v, f : [v — 1,v + b — 2]y,_, X [0,+00) — (0,+00) is a continuous
function, b > 3 is an integer, A > 0 is a parameter. ¢, is the p-Laplacian operator, that is,
bp(s) = |s|P~2s, p > 1. Obviously, ¢, is invertible and its inverse operator is ¢4, where ¢ > 1 is a
constant with % + % =1.

Our work presented in this article has the following features which are worth emphasizing.

(i) As far as we know, there are not many results available concerning with three—point bound-
ary value problem of fractional difference equation which A{ is the standard Caputo fractional
difference.

(i1) We consider the boundary value problem with p-Laplacian which arises in the modeling of
different physical and natural phenomena.

(iit) We investigate the intervals of parameter A for boundary value problem to a nonlinear
fractional difference equation with p-Laplacian.

The plan of the paper is as follows. In Section 2, we shall present some definitions and lemmas
in order to prove our main results, the corresponding Green function and some properties of the
Green function. In Section 3, we shall deduce the existence of positive solutions to problem (1.1)-
(1.2) by the properties of the Green function and Guo-Krasnosel’skii fixed point theorem in cones.
In Section 4, we give some examples to illustrate the theorems.

2 Preliminaries

For the convenience of the reader, we give some necessary basic definitions and lemmas that will
be important to us in what follows.

Definition 2.1 ([6]) We define t£ := % for any ¢ and v, for which the right-hand side
is defined. We also appeal to the convention that if £ + 1 — v is a pole of the Gamma function and
t + 1 is not a pole, then t¥* = 0.

Definition 2.2 ([7]) Assume f: N, — R and v > 0. Then the v-th fractional sum of f(based
at a) at the point ¢ € N4, is defined by

(t—s— D=Lf(s).

sS=a

AT = £

Note that by our convention on delta sums we can extend the domain of A, ¥ f to Nyt n, where
N is the unique positive integer satisfying N — 1 < v < N, by noting that
AV f(t)=0,t e NTV T L.
Definition 2.3 ([10]) The v-th Caputo fractional difference of a function f : N, — R, for
v >0, v ¢N, is defined by
ALf(t) =AIAR (1)

= F(nlfl/) Eé;g-i_l/(t -5 1)n—l/—1Anf(s>7

for t € Ngyp—,, where n is the smallest integer greater than or equal to v and A" is the n-th
forward difference operator. If v = n, then AZ f(t) = A™f(¢).
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Lemma 2.1 ([11]) Assume that v > 0 and f is defined on N,. Then
Cf(t)=f(t)+ Co+ Cit + -+ Cpyt™=1,
for some C; e R, i =1,2,...,n—1, and n is the smallest integer greater than or equal to v.
Lemma 2.2 (/6]) Let t and v be any numbers for which t“ and t“=L are defined. Then
At = =L,

Lemma 2.3 (/6]) For t and s, for which both (t —s —1)% and (t — s — 2)% are defined, we find
that
At —s—1)4 = —v(t — s —2)x=

Lemma 2.4 Let f : [v—1,v+b—2]y, , X [0,400) — (0,400) be given. A function u is a
solution of the (1.1)-(1.2), if and only if it has the form

u(t) = A0 Gt )b (520 f(T +v— 1 u(r + v —1)))

(2.2)
125 S G 8)og (ST S v Lulr v — 1))t € v — 2,0+ b,
where G(t, s) is given by
1 (v+b—s—1)r=L—(t—s—1)=L0<s<t—v+1<b,
Gt s) = —— 2.3
(t,9) F(V){(u+b—s—1)”_1,0§t—u+1Ssgb. (2:3)

Proof. If u(t) is a solution to (1.1)—(1.2). Then from (1.1), together with condition A¥u(0) = 0,
we find that

[6p(AZw)]() = dp(Au(0) = W= 370 f(s +v = Liu(s +v = 1))
= NI (s v —Lu(s + v — 1))t € [0,b]n,,
SO
t—1
cu(t) = Agf)q(Zf(s +v—Tlu(s+v— 1))>,t € [0,b]n,,
s=0
in view of Lemma 2.1, we have
)\ t—v
F(y Z (t—s—1)
s=0

Furthermore, (2.3) implies that

s—1

= 1¢q<2f (t+v—1, u(7+1/1))>+00+01t,t€ [v—2,v+bn,_,-
7=0

(2.6)

t—(r—1)

s—1
Z (t—s—1)¥= 2¢q(2f T+v—1,u(r+v— 1))>—|—Cl,t € v=2,v+b—1]n,_,-

s=0 7=0

Au(t) =

V—l

By condition Au(v — 2) = 0, we can get that C; = 0. Then we obtain

t—v s—1
F(AV > (t—s-1)"¢ (Z fr+v—1ulr+v— 1))) +Co,t € [V=2,v4b]n,_,. (2.8)
s=0 7=0
Now
A b s—1
u(v +b) :fﬁz v+b—s—1)¥1g, (Zf(T+V1,u(T+l/1))> + Co,
5= 7=0
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~yu(n fr—’yi —s—1)

s=0

s—1
v— 1¢q <Zf 7‘+I/*1 U(T+I/1))> +’)/Co,

7=0
by condition u(v + b) = yu(n), we obtain that

Co= G=Ar5) Lemov+b—5—1)""Lg, (Zi;é fir+v—Tou(r+v- 1)))

—v v— s—1
*(1_?;% Z:O(W*S* 1) 1¢q (ZT:OJC(TJFV* Lu(r +v— 1))) .

Now, substitution of Cy and Cy into (2.6) gives

u(t) = —ry IG5 = 1y (S0 S 4y = LuGr+v = 1)

+ﬁ Zz=o(’/ +b—s— 1)V71¢q (Zf—;%) fir+v—1Lu(r+v— 1)))

s Ty (- s — 1)L, (zj;}) fr+v—1u(r+v— 1))) e lv—20+bN,
splitting the second sum in two parts on the basis of the following equality

1 n 0 _ 1
P(v)  (1-7Cr) (1-1I)

therefore,

u(t) =~y Dih(t =5 = 1226, (Si2y f(r+v = Lu(r+v - 1))

+ﬁ Zg:o(V +b—s—1)=Lg, (Zi;é fr+v—Tulr+v— 1)))

Sy Shcolv +b— s = 1216, (S92 f(r+v = Lu(r +v— 1))

_(1%\% Z;g<n -5~ 1)V_1¢q (E'Sr;%) f(T +v-— 17“(7- tv-— 1))) te [V —2,v+ b]NU727
which is equivalent to (2.1) that
u(t) = Ao Glt:5)6y(X720 F(7T+v = Loulr +v—1))
2L Y GO s)og (o f(r+v—Lu(r+v—1)t€[v—2,v+bly,_,

On the other hand, if the function u(t) satisfies to (2.1), then u(v + b) = yu(n). What’s more,
function u(t) defined by (2.2) can transform to (2.8) that

A t—v bt s—1
= W; (t—s—1)=¢, (;}f (t4+v-—1, u(T+V—1))) +Cot€v—2,v+0bln,_,
Then we find that
t—(vr—1) s—1
1/ 2
Au(t) = -1 ; t—s—1 qﬁq(;of T+v—1lu(r+v— 1))),t €v—-2,v+b—1ln, ,,
(2.16)
and
Abu(t) = —AY {A*” [)\d)q (ZQ;E fls+v—Tu(s+v— 1)))}}
(2.17)

= 0 (SO s v~ Luls v 1)) b€ 0,8,
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From (2.16) and (2.17), we see that Au(v — 2) = A%u(0) = 0.

From the above proofs, it is to say function u(t) meets the boundary condition (1.2). Then we will
proof that u(t) satisfies the fractional difference equation (1.1). Taking p-Laplacian operators on
sides of (2.17), we find that

t—1

[pp(ALW)](t) = — Z)\p_lf(s +v—1lu(s+v—1)),te€[0,by,- (2.18)

5=0
By equation (2.18), function A[¢,(A%w)](t) has the form
Algp(AZw)](t) = =N f(t+v = Lu(t+v—1)),t €[0,b— 1,

which shows that if (1.1)—(1.2) has a solution, then it can be represented by (2.2) and that every
function of the form (2.2) is a solution of (1.1)—(1.2), which completes the proof.

Lemma 2.5 ([12]) Let v be any positive real number and a,b be two real numbers such that
v < a<b. Then the following are valid.

(i) = is a decreasing function for x € (0,+00)x.

(i4) %Z:Bi is a decreasing function for x € [0,a — v)N.

Lemma 2.6 The function G(t,s) defined by (2.3) has the following properties:
1.0<G(t,s) <G(s+v—1,s), fort € [v—2,v+b]n,_, and s € [0,b]n,;

2. there exists a positive number x € (0,1) such that

min G(t,s) >k max G(t,s) = kG(s+v—1,s),
te L) 3] telv—2,0+bn, _,

for s €10,b].
Proof. 1. For0<s<t—v+1<b, we get

(v+b—s—1)=L> (t—s—1)=L

which implies G(¢,s) > 0. For 0 <t—v+1<s <b, clear G(t, s) > 0.
On the other hand, case (1): 0<s<t—v+1<b,

(v—1)(t—s—1)2=2
L'(v)

NGt s) = — < 05

case (2): 0<t—v+1<s<b,
AtG(t,S) =0.

Combining the above two cases, we have the function G(¢, s) is non-increasing of t, thus

G(t,s) <G(s+v—1,s),s € [0,b]y,-

2. For s >t—v+1and (bZ”) <t< S(bz'”), we have

G(t,s)

G(s+v—1,9) =1

For s<t—v+1and % <t< 3(b2'”),we have that

G(t,s) _ (v4b—s—1)r=L_(t—s—1)x=1
G(s+v—1,5) (v+b—s—1)2=1

o (t—s—1)x=tL
(v+b—s—1)2=L

=1

3(bt+v) _3_1)1/71

(
z L— (uibfsfl)i :
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By Lemma 2.5 (i4),

(S(bzu) —s— 1)1/771

(v+b—s—1)=L

3(b+v)

is decreasing for 0 < s < = — — v + 1. Hence
b+v v—
G(t,s) (e gyt
G(s+v—1,s) — (v+b—1)x=L"

which implies

min G(t,s) > kG(s+v —1,s),
(b41) B(btv)
te[ 1 1 ]

3(b+v v—
e et

where kK = 1—m

Lemma 2.7 ([12]) Let B be a Banach space and let P C B be a cone. Assume that
and Qo are open subsets contained in B such that 0 € Q1 and Q1 C Qo. Assume, further, that
T:PN(Q\ Q) — P is a completely continuous operator. If either
(D Tull < ||u|| for w e PN O and ||[Tu| > ||u|| for w e PN ONs; or
)| Tu|| > |Ju|| for w e PN O and | Tul| < ||ul| for u € PN ONs.

Then T has at least one fived point in PN (Qy \ Q).

Define the Banach space B by
B={u:[v—-2,v+bn,_, — R}
with norm ||u|| = max{|u(t)|,t € [v —2,v + b]n,_, }-

Define the cone

P = {uGB |u(t) >0,t€v—2,v+bN,_,, min u(t) > oflul|l,oc = k(1 —~)

b4v) B(b+v
te[ 5 2y,

(2.21)
From Lemma 2.4, we know that u is a solution of (1.1)—(1.2) if and only if w is a fixed point of the
operator T': B — B defined by

Tu(t) = AX0_o Gt,8) (X520 F(T+v —1ulr +v —1)))

LS G, )0y (S f(r v — Lau(r v = 1))t € [V — 2,0+ b, .
(2.22)

Lemma 2.8 Let T be defined as in (2.22) and P as in (2.21). Then T : P — P is completely
continuous.

Proof. Note that T is a summation operator on a discrete finite set, so T is trivially completely
continuous. We have that

b v—1 s—1
ITull < 7 i S Z@ v+b ;(SV)_ D) bq (Z fr+v—Tlu(r+v-— 1))) . (2.23)

=0
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For all uw € P, it follows from (2.23) that

b s—1
min  (Tu)(t) = min  ADG(t5)é, <Z fr4+v—1ulr+v-— 1)))

b+v) 3(b+v b+v 3(b+v
te[gn) 3(4n) te[ b 30k

s=0 =0
/\77 b 1% — 8§ — v—1 = . b ulr L
+ (1—7)T(v) ;( +0b 1) =pq (;)f( + 1u(r + 1)))
_Lniu — s — v—1 = . v ulr L
(1 =I() SZO(” 1) ¢4 <§f( +v—Lu(r+ 1)))

b s—1
> /@)\Z max G(t, s)dq (Zf(T+I/1,U(T+I/1))>
s= 7=0

0 telv—2,v+bn,_,

b s—1
:H(l—y)%ZG(s—l—u—l,s)q’)q (Zf(T—i—V— Lu(r+v— 1)))

s=0 7=0

> o[ Tul.

It is obvious that (T'u)(t) > 0 whenever u € P, thus, T : P — P as desired.

3 Existence of positive solutions

In this section, we will show the existence of positive solutions for boundary value problem (1.1)—
(1.2). Let us put

o(l) = min{f(t,u), (t,u) € v — 1L, v+b—2]n,_, x[0,1]},
Y1) = max{f(t,u), (t,u) € [v—1,v+b—2n,_, x[0,1]}.
maXiey—1,v+b-2]y, _, f(tu)

(H1) The function f(t,u) satisfies lim = =0

p—1
u—0t u?

minte[u—l‘u+b—2]Nu_1 f(tu)

(H2) The function f(¢,u) satisfies lim = +00.

u——+00
Set lp = [¥22 —y 17,0 = 28—y 1], K = maxG(t, s), for (t,5) € [v —2,v + b, _, X
[0, b]n,. For convenience, we denote

151
A=Y "04(5),B="_ ¢4(s)-

s=0 s=lo

upP—1

Theorem 3.1 If f € C([v—1,v+b—2|n,_, X [0,+00) — (0,400)) and there exist two positive
constants cy > a1 such that

dp(d101) < p(an), Y(az) < ¢p(0202)
hold, where 81,82 are positive constants satisfying

02 A

\e ((mélKB)> _1, (?K‘j) _1> ,

the problem (1.1)-(1.2) has at least one positive solution.

< k01 B,

then for each

Proof. Let Q; = {u € B : |lu|| < a1}. For any u € P with ||u| = a1, we have ¢p(d1a1) <
ola) < ft+v—1Lu(t+v—1)) for (t+v—1ult+v—1)) €[0,b— 1]y, X [0,x1]. We have
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Tu(t)] = AY20_g Gty )dg (X320 F(T +v = Lu(r +v — 1))
+1L Y00 G0, 8)dg (Xiso F(r +v —Lu(r +v —1)))
>AY, Gt 8)g (020 f(r+v—Lou(r + v —1)))
> KAK Y0y 6 (X520 (an))

> KAK Z?:lo ¢q ( Zj—;é ¢p(61a1))
= 011(51)\KZKB

>Ot1.

So,
|Tul| > |Jul,w € PN osY. (3.2)

On the other hand, let Qs = {u € B : ||u|| < az}. For any u € P with |Ju|| = ag, we have

f+v—1TLult+v—1)) <lag) < ¢p(daae) for (t+v —1Lu(t+v—1)) € [0,b— 1]y, X [0, 2.
We have

Tu(t)] =AYy Glt,8)bq(Xizg F(r +v = Lu(r+v —1)))
2L Y G, 8)0g (X520 F(r+v = Lu(r +v —1)))

< KAY! o0 (2520 0l02)) + 25K 0 é (X520 v(as))

< K25 Y0000 (X520 6p(0202))
= 52042)\%14

< Q9.

Hence,
|1Tu] < |lu|l,w € PN OQs. (3.4)

Consequently, from (3.2) and (3.4), we may invoke Lemma 2.6 to deduce that T" has a fixed point
in the set PN (02 \ ©Q1). Then the theorem is proved.

Theorem 3.2 Suppose that conditions (H1)-(H2) hold. If there exist a sufficient small positive
constant 03 and sufficient large 04 such that

A
03 1 < Kk04B

e (o) (22) )

then problem (1.1)-(1.2) has at least one positive solution.

holds, then for each

Proof. Because of condition (H1), there exist 51 > 0 and a sufficient small constant d3 > 0
such that

f(t,u) < (63u)P1,0 < u < Br. (3.5)
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So for u € P with ||u|| = £1, by (2.22) and (3.5), we have for all t € [v — 2,v + b]y

v—27

ITall = max  AY Gt 86 ( ST f(r v Lou(r 4 v - 1))

te[v—2,v4bln,_,

LY G0, 8)bg (X0 F (T +v = Lu(r +v—1)))

< Mullds KA+ 2% 0564 (36)
— MulldK £ A
< lull-
Thus, if we choose Q; = {u € B : ||u]| < (1}, then (3.6) implies that
ITu|l < |ul|l,w € PN o. (3.7)

On the other hand, condition (H2) implies that there exist a number 0 < ; < (2 and a
sufficient large constant d4 such that

fltu) > (64u)P ™" u > By, (3.8)

And then we set 85 = '%2 > (2. Then, u € P and ||u]| = 85 implies min u(t) > oljul|| = Ba,
te[ ) 3040

thus u(t) > B, for all ¢t € [(bzl’%W]. Therefore, for all t € [v — 2,v + by
(3.8), we have that

Tu(t) =AY, Gt,8)dg (X520 f(T +v —Lu(r +v —1)))

by (2.11) and

v—27

HEL S G0, 8)0g (50 F(r +v = Lu(r +v—1)))

> AN, Gt )by (20 f(r+ v — Lu(r +v — 1))

(3.9)
> )\’@'lel:zo Kgbq(Zi;(l) f(r+v—1u(r+v-1)))
> M|u||dsx KB
2 |ull-
Hence, if we choose Q3 = {u € B : ||u|| < 85}, from (3.9) we have that
|Tul| > |Jul,w € PN ok. (3.10)

Consequently, from (3.7) and (3.10), we may invoke Lemma 2.6 to deduce that 7" has a fixed point
in the set PN (22 \ ©21). Then the theorem is proved.

4 Examples

In this section, we will present some examples to illustrate main results.

Example 4.1 Suppose that v = %b =9,p= % Take v = 0.1, @1 = 2 and a = 80000. Then
f(t,u) =t + sinu + 6 and problem (1.1)—(1.2) becomes

Algp(AZu)](t) + N f(t,u) = 0,¢ € [0, 8], (4.1)
Au(y —2) = Azu(0) = 0, u(v + b) = 0.1u(n). (4.2)

Make 6; = 15 and d; = . By calculation, we have K = MaX (s g)e[— 1,2 ], x (0,9, G(t, s) ~ 3.524,

V30 = ¢p(daa1) < p(ay) = 6 and 88 = (az) < ¢p(d102) ~ 89. Then 51Kﬁ Zgzo Pq(s) =
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3(b+v) 71/+1j

3.524 x § x 285 ~ 111.6 and (52/@](2L (‘tbw) e ¢q(s) = 15 x 0.0871 x 3.524 x 135 ~ 690. So,
s=[—F—~—v

the conditions of Theorem 3.1 are satisfied. Then the boundary value problem (4.1)—(4.2) has at
least one positive solution for each A € (0.001,0.009).

Example 4.2 Suppose that v = %,b =9,p= % Take v = 0.1,03 = ﬁ and d;, = 2. Then

f(t,u) = (t+1)u?, and problem (1.1)~(1.2) becomes

Alg(AZW)(E) + X f(t,u) = 0,1 € [0, 8], (4.3)
Au(y —2) = Azu(0) = 0, u(v + b) = 0.1u(n). (4.4)

maXyely—1,04b-2)y, _, f(tu)
up—1 =

G(t,s) ~ 3.524, lim

In addition, we have K = max(; )cj_1 21 Jim,

*5’7]1\10 X[079]N0

minte[u—l,u+b—2]Nu_l f(tu)

Oand lim o = +00. Then 03K 2= 3°0_ bq(s) ~ 15 X 3.524 x 10 x 285 ~
uU—1+00
34v) ..
1.116 and 45K " o “ﬁﬂ bq(s) ~ 2 x 0.0871 x 3.524 x 135x ~ 90.90. So, the conditions of
s=[—F——v

Theorem 3.2 are satisfied. Then the boundary value problem (4.3)—(4.4) has at least one positive
solution for each A € (0.012,0.896).
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Abstract

In this paper we characterize the boundedness and compactness of the weighted compo-
sition operator from the analytic Morrey spaces £2* to the Zygmund space Z, and the little
analytic Morrey spaces ES‘A to the little Zygmund space Zy, respectively.
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edness; Compactness
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1 Introduction

Let D = {z : |z| < 1} be the open unit disk in the complex plane and H(D) denote the set of
all analytic functions on D. Let u,p € H(D), where ¢ is an analytic self-map of D. Then the
well-known weighted composition operator uCy, on H (D) is defined by uCy(f)(2) = u(z)-(fop(2))
for f € H(D) and z € D. Weighted composition operators can be regarded as a generalization
of multiplication operators M, and composition operators C,. In 2001, Ohno and Zhao studied
the weighted composition operators on the classical Bloch space 8 in [18], which has led many
researchers to study this operator on other Banach spaces of analytic functions. The boundedness
and compactness of it have been studied on various Banach spaces of analytic functions, such as
Hardy, Bergman, BMOA, Bloch-type spaces, see, e.g. [4, 6, 11, 29].
For an arc I C D, let |I| = 5= [, |d(| be the normalized arc length of I,

1 |d¢]
= Sl reHD
fi=1 [ 105 s e n),
and S(I) be the Carleson box based on I with
S(I)y={zeD:1—|I|<|z| < 1,—;' eI}

Clearly, if I = 0D, then S(I) = D.
Let £2*(D) represent the analytic Morrey spaces of all analytic functions f € H? on D such
that

1 d
sup (1 [ 170 = APIE) " <o

IcoD
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11571217) and the Natural Science Foundation of Fujian Province, China(Grant No. 2015J01005).
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where 0 < A < 1 and the Hardy space H? consists of analytic functions f in D satisfying

1 2

sup |f(re®)|? df < oo.

0<r<1 27 Jo

From Theorem 3.1 of [25] or Theorem 3.21 of [26], we can define the norm of function f € £2*(D)

and its equivalent formula as follows

1/2

[£1l 22 |F(0)] + sup (ﬁ /S(I) /()1 = [2]*)dm(2))

ICoD

Q

|£(0)] + sup ((1 —[a]?)' > / 1/ (2)2(1 = |ga(2)]?)dm(2)) /2.
ac€D D

Similarly to the relation between BMOA space and VMOA space, we have that f € LE’A(D),
the little analytic Morrey spaces, if f € £2*(D) and

. 1 |dC| 172
l;gO(W/If(o—fﬁ%) 0.

Clearly, L%l(D) = VMOA. The following lemma gives equivalent conditions of L',g')‘. The

proof is similar to that of Theorem 6.3 in [10], we omit the details.

a—z

Lemma 1.1 Suppose that 0 < A < 1 and f € H(D). Let a € D, ¢.(z) Then the

following statements are equivalent.
(i) f € LgN(D);
(i) tim (1= 10 [ 7P a2 )dm(z) = 0
1
i14) lim 1—a21_k/ "(2)|*log ————dm(z) = 0.
(i) Jim (1= (o) [ 17/ log —dm(2)

It is known that £21(D) = BMOA andif 0 < A < 1, BMOA ¢ £**(D). For more information
on BMOA and VMOA, see [10].
The Zygmund space Z consists of all analytic functions f defined on D such that

- 1—az

2(f) = sup{(1 — [2[*)|f"(2)] : 2 € D} < +o0.

From a theorem of Zygmund (see [37, vol. I, p. 263] or [8, Theorem 5.3]), we see that f € Z if
and only if f is continuous in the close unit disk D = {z : |2| < 1} and the boundary function
f(e'?) such that

< 0.

oy L) 4 F0) £
h>0,0 h
An analytic function f € H(D) is said to belong to the little Zymund space Z; consists of
all f € Z satisfying lim,|_,1 (1 — |2|)|f"(2)| = 0. It can easily proved that Z is a Banach space
under the norm

I£llz = £ (O] + £ (0)] + 2(f)

and the polynomials are norm-dense in closed subspace Z; of Z. For some other information on
this space and some operators on it, see, for example, [12, 13, 15].

Morrey space was initially introduced in 1938 by Morrey [17] to show that certain systems
of partial differential equations (PDEs) had Holder continuous solutions. In the past, Morrey

space has been studied heavily in different areas. For example, Adams and Xiao studied Morrey
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spaces which is defined on Euclidean spaces R™ by potential theory and Hausdorff capacity in
[1, 2]. Wang, Xiao [23] studied holomorphic Campanato spaces on the open unit ball B™ of C".
Wang and Xiao [24] characterized the first and second preduals of the analytic Morrey spaces
L£2* on the unit disk. Xiao and Yuan [28] studied the analytic Campanato spaces (including the
analytic Morrey spaces) in terms of the Mobius mappings and the Littlewood-Paley forms. Xiao
and Xu [27] studied the composition operators of £2* spaces. Li, Liu and Lou[14] studied the
Volterra-type operators on £2* spaces. Zhuo and Ye [36] considered this operators from £2*
spaces to the classical Bloch space.

In 2006, the boundedness of composition operators on the Zygmund space Z was first studied
by Choe, Koo, and Smith in [3]. Later, many researchers have studied composition operators and
weighted composition operators acting on the Zygmund space Z. Li and Stevié in [12] studied the
boundedness and compactness of the generalized composition operators on Zygmund spaces and
Bloch type spaces. Ye and Hu in [34] characterized boundedness and compactness of weighted
composition operators on the Zygmund space Z. Esmaeili and Lindstrom in [9] studied weighted
composition operators from Zygmund type spaces to Bloch type spaces and their essential norms.
Sanatpour and Hassanlou in [20] gave the essential norms of this operators between Zygmund-type
spaces and Bloch-type spaces. See also [7, 19, 22, 29, 30, 31, 32, 33, 35] for corresponding results
for weighted composition operators from one Banach space of analytic functions to another. In
this paper we consider the weighted composition operators from the analytic Morrey spaces £2
to the Zygmund space Z, and the little analytic Morrey spaces ﬁg’)‘ to the little Zygmund space
Z, respectively.

Notations: For two functions F' and G, if there is a constant C' > 0 dependent only on indexes
p, A... such that FF < CG, then we say that F < G. Furthermore, denote that F = G (F is
comparable with G) whenever FF < G < F.

2 Auxiliary results
In order to prove the main results of this paper. we need some auxiliary results.

Lemma 2.1 Let 0 < A< 1. If f & L>*, then

(i) 1f(2)| < M for every z € D;
(i) | (2)] u”ﬂ”f) for every 2 € D;
— |z 2
(iii) |f"(2)] < @JC”T;;“ for every z € D.
1212)%3
1
Proof (i) and (ii) are from Lemma 2.5 in [14]. For any f € £2*. Fix z € D and let p = +2 12l
by the Cauchy integral formula, we obtain that
()] = |L/ © g Mo 17 pdd _ flees  p o flen
21 gy €= 20 7T (L= )T 2o Jpe? =P (1= )T P Y (- o)

Hence (iii) holds.
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Lemma 2.2 Let 0 < A< 1. If f € E(Q)’A, then

(i) lim (1= |=%) 5| ()| = 0;
(i) Jim (1= |=%) 3 1f()] = 0;

(i) |,li|gll(1 — |Z|2)?|f”(z)| =0.

The proof of (i) is similar to that of Lemma 2.5 in [14], and we easily obtain (ii) and (iii) by (i).

These details are omitted here.

Lemma 2.3 Suppose uCy, : E(Q)’A — 2o 1s a bounded operator, then uC, : L2 — Z is a bounded

operator.

The proof is similar to that of Lemma 2.3 in [33]. The details are omitted.

3 Boundedness of uC,

In this section we characterize the boundedness of the weighted composition operator uC, from
the analytic Morrey spaces £2* to the Zygmund space Z, and the little analytic Morrey spaces
6(2)’)‘ to the little Zygmund space Zy, respectively.

Theorem 3.1 Let u be an analytic function on the unit disc D, and ¢ an analytic self-map of
D. Then uC, is a bounded operator from the analytic Morrey spaces L2 to the Zygmund space
Z if and only if the following are satisfied:

(1= [2)]u" ()]

2eD (1 Jp(2)[2) 7

qup LT ARG () () + ¢ (2Ju(z)|
z€D (1—le(=)2) 7

(1 — [z u(2)(¢'(2))?]

00; (3.1)

< 00; (3.2)

— 00. 3.3
A kep® 33

Proof Suppose uC,, is bounded from the analytic Morrey spaces L% to the Zygmund space Z.
Using functions f(z) =1, f(z) = z and and f(z) = 22 in £2*, we have

u € Z, (3.4)

fgg(l = |22/ ()’ (2) + ¢ (2)u(z) + p(2)u” (2)| < +00, (3.5)

and
jlelg(l — 121?)|40(2)¢’ (2)u/ (2) + ©*(2)u" (2) + 2u(z)(0(2)¢" (2) + (¢'(2))?)] < oe.

Since ¢(z) is a self-map, we get

Ky = jlelg(l — 12|26 ()’ (2) + " (2)u(2)] < +o0 (3.6)
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and
£ = sup(1 = [2)|(¢(2))u(z)] < +oc. (3.7)

Fix a € D with |a| > 3, we take the test functions:
1—|af? (1 —al*)? lal?)®
-2 =y (3-8)

Z) = (1_
fol2) (1-—a2)"> (1—a2)= (1—az)=

for z € D. Then, arguing as the proof of Lemma 3.2 in [14] we obtain that f, € £>* and
2%
sup, || fallczr < 1. Since fo(a) = 0, fi(a) =0, f/(a) = W, it follows that for all
— |la 2

X € D with |p(A)| > 1, we have

[fallezn 2 IIUQofaIIz2Sgg(lfIZIQ)I(uCgofa)"(Z)I
= sup(l— |212)(2¢ (2)u'(2) + ¢ (2)u()) fa (0(2))
+ L)) (2)*ulz) + v (2) falp(2)].

Let a = p(A), it follows that

vV

[ fallc2x (1= P2 (N () + " (Nu(N)) Fo (V)

+ Lo (@) M) u(N) +u”(N) forn) (V)]

= 1 PP )P — 2P Y —
1 - AP)IE'N) ()<1f|@<x>\2>%'
(1= APl A)*u(N)]
1 - lp(N)2) "=

For VA € D with |¢(\)] < 3, by (3.7), we have

(L= PPI ORI dysr oo ey ()2 e
xeb (1= ]p(N)2)*7 =(3) Aegﬂ IA2) @ (A)2u(N)] < +oo.

Hence (3.3) holds.
Next, we will show that (3.2) holds. Fix a € D with |a| > %, we take another test functions:
L—la*  12-2)\ (1—[a[*)?®  5-X (1—]a])?

ga(z):(kaz)% T-X 1-a) T-Al-a)= (39)

for 2 € D. Then g, € £>* and sup,, ||ga| z2.» < 1(see [14]). Since g,(a) =0, ¢”(a) =0, g (a)=

94
a —, it follows that for all A € D with |p(\)| > &, we have
(7= N1~ [aP)F I
— —lal2) =

Vv

lgalles 2 uCogallz 2 sup(1 = =) |(uCpg0)" (=)
= sup(l- 1219)](2¢ (2)u' (2) + ¢ (2)u(2)) b ((2))

+ 9a(9(2))(¢'(2)%u(2) +u" (2)ga(p(2))]-
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Let a = p(A), it follows that

lgall 2 2 (1= IAP)(20" (N () + ¢ (Nu(N)) g (9 (M)
+ 9500 (e M) uN) + 1 (V) gen) (V)]

= (1= PP N () + " (Mu(N))

—20(\) |

(7= N1~ p(V)2)*7
L (1= P2 NN + " (NuN)]

T-A (1= [e(\)[2)*=

>

For VA € D with |¢(\)] < 3, by (3.6), we have

qup L= PRI ) + " (Nu()]
reD (1= le(N)2) ="

IN

4 5
(377 sup (1= A2 () () + " AJu(V)] < +oc.
Hence (3.2) holds.

Finally we will show (3.1) holds. Let

1— |a|?
ho(2) = ————~ 3.10
()= e = (3.10)

for z € D. It is easily proved that sups |41 [|hallz22 S 1. Then,

[uCphallz > (1 = [2[*)[(uCpha)" ()]
(1= )" (2)ha(p ()] = (1 = 2")](2¢ (2)u' (2) + ¢ (2)u(2)) he ((2)))|
= (1= P)hae() (@' () u(2)].

Therefore, by Lemma 2.1, (3.2) and (3.3), we obtain that

1hallc2n 2
>

jlelg(l—\ZIQ)\U”(Z)ha(sO(Z))I < ZSlelg(l—|Z|2)|(290’(2)U'(2)+30”(Z)U(Z))hil(<ﬁ(2))l

+ jggﬂ — 2[Ry ((2)) (¢ (2))*u(2)| + Cllhal| c2.5

(1= [2)I2¢'(2)u'(2) + " (2)ul2)]

< sup . [hall 222
b (= le()P)
1 — 2| |u(z)((2))?
. Sup( 21%)|u( )(@r(k)) |||ha||cz,x+|\ha|lgm .

D (1=lp(2)]?)7

Let a = ¢(z), it follows that

2 " (1 — |Z|2)|UH(2)|
sup(l — |z u (z ha z =Sup — 1~
sup(1 = [2[)[u"(2)ha(o(2))] = sup o)) 5

For VA € D with |p(\)| < 3, by (3.4), we have

(1= AP (M)
PN =Y

— % %Su _ 2 u// 00
xeD (1 _ |90()\)|2)T - (3) )\eg(l |)‘| )| ()‘)| < .

Hence (3.1) holds.
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Conversely, suppose that (3.1), (3.2), and (3.2) hold. For f € £**, by Lemma 2.1, we have
the following inequality:

L= 2)@Co )" ()] = (1= [z)(2¢" () (2) + ¢ (2)u(2)) ' ((2))

+ f((@))(¢(2)*ulz) + v (2) f(o(2)]

IN

(1= [2)1(2¢" ()0 (2) + ¢" (2)u(2)) £ (9(2))]

+ (L= 2P (@)@ () *ul2)] + (1 = [ (2) f(2(2)]

(1= D)2 (') + "l

5 3—X
(1= lp(2)) =
(L= P P (0 P ()]
s O Ml + = S e
< e,

and

[u(0)f (@(0))] + [ (0)f (@(0))] + [u(0) ' (£(0)) ¢ (0)]
[u(0)] + [/ (O)L L [ul0e (O)L )l
1 =1leO) =" (1 =lp0)?)™

This shows that uC, is bounded. This completes the proof of Theorem 3.1.

<

Theorem 3.2 Let u be an analytic function on the unit disc D, and ¢ an analytic self-map of
D. Then uCy, is bounded from the little analytic Morrey spaces L‘g’)‘ to the little Zygmund space
Zo if and only if u € 2y, (3.1), (3.2) and (3.3) hold, and the following are satisfied:

lim (1= =) fu(z)(¢'(2)*] = 0 (3.11)

lim (1 [27)2¢/(2)0/(2) + ¢ (2)u(=)] = 0. (3.12)

Proof Suppose that uC, is bounded from E(Q)’)‘ to Zp. Then u = uCy,1 € Zy. Also up = uCypz €
2y, thus
(1= [21)[2¢ ()0 (2) + ¢" (2)u(2) + (2)u" (2)] — 0 (|2 = 17).
Since |p| < 1 and u € 2y, we have llilm(l —12]%)12¢" (2)¢ (2) + ¢" (2)u(z)| = 0. Hence (3.12) holds.
z|—

Similarly, uC,z? € Zy, then
(1= [2)4p(2)@" ()1 (2) + ¢ (2)u” (2) + 2u(2)(p(2) 9" (2) + (¢ (2))*)] —> 0 (|2] = 17).

By (3.12), || < 1 and u € Zy, we get that |h|m1(1_ |2|%)[u(2) (¢ (2))?| = 0, i. e. that (3.11) holds.
z|—
On the other hand, by Lemma 2.3 and Theorem 3.1, we obtain that (3.1), (3.2) and (3.3) hold.

Conversely, let
1— 2 2 / / "
My = sup LDV + " (Hu(z)]
€D (1 =le(2)]*) =

< 00,
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1— 2
v — s A PP
:eD (1= p(2)[?)"7"
Mo — sy L= D)
zeD (1—[p(2)[?) =
For Vfe ES)‘, by Lemma 2.2, given € > 0 there is a 0 < § < 1 such that (1 — |z \2)¥|f’( )| <
3M L= 2T ()] < 3;42 and (1— |22)" = |£(2)| <or © - for all = with § < [2] < 1.
If |p(z)| > 6, it follows that

(1= |2M)l(C, f)" (2)] (1= [2)1(2¢' ()0 (2) + ¢" (2)u(2)) f(¢(2))

+ (e(@)(¢(2)*ulz) + v (2) f((2)]

IN

(1= 21|20 ()0 (2) + " (2)u(2)) ' (12(2))]

+ (L= 2P (@)@ () *ul2)] + (L = [ (2) f (o(2)]
(1 — 21?29 (2)u'(2) + " (2)u(2)| e

) -l 3

P o 70) S A e E O
(@R T 3 (1 [p(z)?)F 30

< €

We know that there exists a constant K such that |f(z)] < K, |f/(2)] < K and |f"(2)] < K
for all |z| < 0.
If |p(2)| <6, it follows that

(1= ) @Co )" (2)] (1= )1 (2¢' ()0 (2) + " (2)ul2)) £ (0(2))

+ (@) (2)*ulz) + v (2) f(o(2))]

IN

K(1—|2")|2¢' (2)u/ (2) + ¢ (2)ul2)|

+ K= [P (2)*ulz)] + K1 = [2*)u”"(2)].

Thus we conclude that (1 — |z|?)|(uCy(f))"(2)] — 0 as |z| — 17. Hence uC,f € Z; for all
fe Eg)‘. On the other hand, uC,, is bounded from £2* to Z by Theorem 3.1. Hence uC,, is a
bounded operator from ES’A to Zy.

Corollary 3.1 Let ¢ be an analytic self-map of D. Then C, is a bounded operator from the
analytic Morrey spaces L>* to the Zygmund space Z if and only if the following are satisfied:

sup L~ |Z|2)|(90'(§))j\

o0; 3.13
s TR (31
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—(1 — ‘Z|2)‘¢H§Z)| < 00. (3.14)

D (1 - [p(2)?) 5

Corollary 3.2 Let ¢ be an analytic self-map of D. Then C, is a bounded operator from the little
analytic Morrey spaces Eg”\ to the little Zygmund space Zy if and only if ¢ € 2y, (3.13) and
(3.14) holds.

Proof By Theorem 3.2, C, is a bounded operator from £g”\ to Zy if and only if ¢ € Zj,
lim, - (1 — [2?)|(¢'(2))?| = 0, (3.13) and (3.14) hold. However, by (1.5) in [33], That ¢ € Z
implies that lim,|;- (1 — |2?)|(¢/(2))?] = 0. Then, C, is a bounded operator if and only if
Y € Zy, (3.13) and (3.14) hold.

In the formulation of lemma, we use the notation M, on H(D) defined by M,f = uf for
f e H(D).

Corollary 3.3 The pointwise multiplier M, : £>* — Z is a bounded operator if and only if
u = 0.

4 Compactness of uC,

In order to prove the compactness of uC,,, we require the following lemmas.

Lemma 4.1 Suppose that uCy, be a bounded operator from L% to Z, then uCy, is compact if
and only if for any bounded sequence {fn,} in L>* which converges to 0 uniformly on compact
subsets of D. We have |uCyu(fn)||lz =0, asn— oo .

The proof is similar to that of Proposition 3.11 in [5] . The details are omitted.

Lemma 4.2 Let U C Zy. Then U is compact if and only if it is closed, bounded and satisfies

lim sup(1 — |z|?)|f"(2)| = 0.
[z|=1 feU

The proof is similar to that of Lemma 1 in [16], we omit it.

Theorem 4.1 Let u be an analytic function on the unit disc D and ¢ an analytic self-map of D.
Suppose that uCy, is a bounded operator from L2 to Z. Then uCy, is compact if and only if the
following are satisfied:

(L= [zl ()] _,, (4.1)
P()=1 (1= Jp(2)) 7

i L1260 (2)(2) —Stio"(z)u(z)\ —0: (4.2)
e (=) =1 (1= le(2)]?) =
T G 9 LI CAO) S Y (4.3)

=1 (1—|p(2)]2) %2
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Proof Suppose that uC,, is compact from £** to the Zygmund space Z. Let {z,} be a sequence
in D such that |p(z,)| = 1 as n — oco. If such a sequence does not exist, then (4.1), (4.2) and
(4.3) are automatically satisfied. Without loss of generality we may suppose that |¢(z,)| > 1 for
all n. We take the test functions
L= lo@)l” 20— le(z)P)? | (1= le(z)?)’

(1=p()2) = (I=plE)2)T  (-plm)a)=
By the proof of Theorem 3.1 we know that that sup,, ||fnllz2x < C < oco. Then {f,} is a
bounded sequence in £2* which converges to 0 uniformly on compact subsets of D. Then
limy, o0 [[uCy(fn)l|z = 0 by Lemma 4.1. Note that f,(¢(2,)) = 0, f,(¢(2n)) = 0 and
Hplen) = ——aPln)

EY
(1 - [gp(zn)?) 7
It follows that

[uCofullz = (1= |zal*)|(20 (2n)¢" (20) + " (zn)u(2n)) £7,(#(2n))

fn(2) = (4.4)

+u(zn) fr (9(20)) (@ (20))* + U (20) fu (9 (20))]

= 91— 2 )| () Pum) — )

S (= anlP)lulzn) (¢ ()]
(1= lp(za)]?) 2

_ 2 /
Then fim (= O C oy (4.3) holds.

5—X
e (1= e(za)P)
Next, let

Ll 1279 (-G, oA (-lel .
o) T e T AL )

We similarly obtain that {g,} is a bounded sequence in £>* which converges to 0 uniformly on

compact subsets of D. Then lim,_, ||[uC,(g95)||z = 0 by Lemma 4.1. Note that g,(¢(2,)) =

"(o(z)) = nd o 2 ) = _2(<P(Zn))2 WS
0, g/(p(2n)) =0 and g/, (o(2n)) TN e It follows that

[uCognllz = (1= |2a*)|(20/ (2n)¢ (2n) + ¢ (2n)u(2n)) g7, (2 (2n))

JFU(ZH)Q;Z(SO(ZH))(‘Pl(zn))Q + U//(Zn)gn(@(zn)”

=(1- |Zn|2)|2u/(zn)¢/(zn) + @//(Zn)u(zn

> (L= 2?26 (zn) ' (zn) + @ (n)ulen)|

3—A

(7= = lp(za) )=
Then lim (1= [on )20 (2 )" (2n) ifﬁ(zn)u(zn” = 0. Thus (4.2) holds.
e (1= 1le(za)?) ="
Finally, let ,
hn(2) = LG)ls—/\ (4.6)

(1 —(zn)2) =
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We know that {h,} is a bounded sequence in £%* which converges to 0 uniformly on com-

pact subsets of D. Then lim,_, [|[uC,(hy)||z = 0 by Lemma 4.1. Note that hy,(¢(z,)) =
1 _ _ _
e W) = A and () = A
(1= lp(zn)l?) = 2(1 = |o(zn)?) =" A1 = lo(zn)?) 2
It follows that

[uCohnllz = (1= |zal*) (20 (20)¢" (2n) + " (zn)u(zn)) i (9 (2n))

+u(zn) by (9(20)) (@ (20))* + U (20) i ((20) ).

Then,
(=B Call o 1 s 1 e Bt (o (o 2 BN
TP [uCohnllz + (1 = |zn]")[u(zn) (¢ (2n)) |4(17|¢(Zn)‘2)%
3—-A

A0

(1= lp(za)|?) =

hence (4.1) holds by (4.2) and (4.3). The proof of the necessary is completed.
Conversely, suppose that (4.1), (4.2), and (4.3) hold. Since uC,, is a bounded operator, by

+(1 = |2a )20 (20) @' (20) + ¢ (zn)u(z0))] 5

Theorem 3.1, we have

M, = sup L7 )2 ()’ (=) + " (Jul2)] _

zeD (1 - le(2)2) ="

My — sup L EDG R

b (1 [p(2)) %
2y — s LRI
ceb (1— |p(=)) 7

Let {f.} be a bounded sequence in £%* with ||f,|/z2» < 1 and f,, — 0 uniformly on compact

subsets of D. We only prove lim [|[uCy(f,)||z = 0 by Lemma 4.1. By the assumption, for any
n—oo
€ > 0, there is a constant 6, 0 < § < 1, such that § < |p(z)| < 1 implies

(L= P2, Q=P E)]
)%

5—

1~ |p(2)2) =" L -ex))

and
(1= [2P)[2¢' () (2) + 9" (2)u(2)]

3—X

(1—=le(2)]*) =
Let K = {w € D : |w| < §}. Noting that K is a compact subset of D, we get that

< €.
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2(uCufn) = sup(l—[z*)[(uCpfn)"(2)l

zeD

IN

Sgg(l — 12121 (2¢' (2)u/ (2) + " (2)u(2)) f1.(0(2))]

+ sup(l - 2217 (0(2)) (@' () u(2)] + sup(1 = |2[*)[u” (2) fu(0(2))]

N

3¢ + ‘ ?11)1|><6(1 — 226 ()0 (2) + ¢" (2)u(2)) £, (0(2))]

+ sup (1= 2P ()¢ (2)*ulz)| + sup (1= |2 (2) fal0(2))]
lp(2)<6 lp(2)<6

IN

B¢ + My sup |fi(w)| + My sup |2 (w)] + Ms sup | (w)].
weK weK weK

As n — oo,
|uCy frllz — 0.

Hence uC,, is compact. This completes the proof of Theorem 4.1.

Theorem 4.2 Let u be an analytic function on the unit disc D, and ¢ an analytic self-map of
D. Then uCy, is compact from Eg”\ to Zy if and only if the following are satisfied:

1— 2 "

0Pl _, @

1—X )

=1 (1= [p(2)?) =

(1= [2)[2¢ (2)v/ (2) jﬁf”(Z)U(Z)\ ~0. (4.8)
|2[—=1 (L= le(x)?) ="
1— 2 / 2
o L LEPREER (4.9)
=1 (1 —p(2)]?) =
Proof Assume (4.7), (4.8), and (4.9) hold. From Theorem 4.2, we know that uC, is bounded

from E(Q)’)‘ to Zy. Suppose that f € Eg)‘ with || f]l 222 < 1. We obtain that

L= [@CH)" ()] = (1= [z)(2¢' ()0 (2) + ¢ (2)u(2)) ' ((2))

+ F ()@ (2)*ulz) +u” (2) f(9(2)]

IN

(1= [21)|(2¢' ()0 (2) + 9" (2)u(2)) [ (12(2))]

+

(1= )" ()¢ () *ul2)] + (1 = [2]*)[u"(2) f((2))]

< A=[P)20(2)u'(2) + 9" (2)ulz)]

~ (1-— |cp(z)|2)¥ | f[l c2.2
(1= [2)I(¢'(2)?u(2)] A=l
(1—\<p(z)|2)% £l 222 + (1_|¢(2)|2)%||f“£ )
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thus
sup{|(1 — [2[*)(uCy )" (2)| = f € L& || fll o < 1}

~ (= [2P)2¢ (2)u'(2) + ¢ (2)ulz)]
~ (1—lp(=)2)*=

e IZ\Q)I(SO’(Z))Zg(Z)I L A=) UH(KA 7

|
(1 - lp(z)2)*= (I =1le(2)2) ="

and it follows that

Jm sup{|(1 = [z1")(wCy /)" (2)] : f € L3N I fllc2n < 1} =0,

hence uC, : [,(2)’>‘ — 2y is compact by Lemma 4.2.

Conversely, suppose that uC, : ﬁg”\ — Zy is compact.

First, it is obvious that uC,, : £(2)’)‘ — 2 is bounded, then by Theorem 3.2, we have u € Z
and that (3.11) and (3.12) hold. On the other hand, by Lemma 4.2 we have

lim sup{|(1 = |=2)(uCl )" ()] : £ € £ fllan < M} =0,

for some M > 0.
Next, noting that the proof of Theorem 3.1 and the fact that the functions given in (3.8) are

in E(Q)’A and have norms bounded independently of a, we obtain that

o = 2P ()] _

5

o1 (1= Jp(2)2)
for |p(z)| > 3. However, if |¢(z)| < 1, by (3.11), we easily have

(1= [z lu(=)(¢'(2))°]

S (1= lea)R) T

4 5-x
<(3)

Thus (4.9) holds. Also, the second statement, that (4.8), is proved similarly. We omitted it here.
Similarly, noting that the functions given in (3.10) are in 53* and have norms bounded inde-

lim (1= |2*)[u(z)(¢(2))*] = 0.

|z|—1

pendently of a, we obtain that

LA PR o (A P2 () + o (ulz)
Z=1 (1= [p(2)[2) 7 Tl 1 - Jp(2)2) ="

m CEPREE | e e

5—X

=1 (L=e(2)PP) = l=1=1
for |¢(z)| > 3. So by (4.8) and (4.9), it follows that

1— 2 "
i =2
=21 (1= [e(2)?) =
for |¢(z)| > 3. However, if [¢(2)| < 1, by u € Z, we easily have
A= [P 4

e Jim ()= (1= |z (2)] = 0.

=0

This completes the proof of Theorem 4.2.
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Corollary 4.1 Let ¢ be an analytic self-map of D. Then C, is a compact operator from the
analytic Morrey space L** to the Zygmund space Z if and only if C, is bounded,

(Ul 1 1{CCO ) P (= [zP)e" (] _

im
le()1=1 (1 —|p(2)]2) 2 le()=1 (1 — |p(2)]2) 2

Corollary 4.2 Let ¢ be an analytic self-map of D. Then C, is a compact operator from £g,>\ to
Zy if and only if

(1 - \zIQ)\(w’(fz)fl _o

(1 (o))

and )
(1—1[=%)

|
=1 (1= Jp(2)?) =
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