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SOME HERMITE-HADAMARD AND SIMPSON TYPE
INEQUALITIES FOR CONVEX FUNCTIONS VIA FRACTIONAL
INTEGRALS WITH APPLICATIONS

MUHAMMAD IQBAL, MUSTAFA HABIB, NASIR SIDDIQUI,
AND MUHAMMAD MUDDASSAR

ABSTRACT. In this paper, a new general identity for Riemann—Liouville frac-
tional integrals is established. Then by making use of the established identity,
we establish some new inequalities of the Simpson and the Hermite—Hadamard
type for functions whose absolute values of derivatives are convex. Our results
have some relationships with the results, proved in [3, 6, 10], and the analysis
used in the proofs is simple.

1. Introduction

Definition 1. Let I C R be an interval. The function f : I — R is said to be
convex on I, if for all a,b € I with a <b and X € [0,1], satisfies the inequality

fQa+(1=2)b) <Af(a)+ (1 =A)f ()

The inequalities discovered by Hermite and Hadamard for convex functions are
very important in the literature (see, e.g.,[[12], p. 137], ).These inequalities state
that if f: I — R is a convex function on the interval I of real numbers and a,b €
with @ < b. Then

< f@+70)

(") < ! 1)

Both inequalities hold in the reversed dlrectlon for f to be concave.

Hadamard’s inequality for convex functions has received renewed attention in
recent years and a remarkable variety of refinements and generalizations have been
found; see, for example, ([3],[5]—[6], [9]—[10], [12]) and the references cited therein.

n [10], a variant of Hermite—Hadamard type inequalities was obtained, which
follows as:

Theorem 1. Let f : I° C R — R be a differentiable function on I° and let
a,b € I° witha <b. If|f'] is convex function on [a,b], then the following inequality

holds: bla/abf(x)dx_f (a—;—b)‘ . b;a (If’(a) ‘2*‘ |f/(b)|) (2)

In [6] authors proved the following version of Hermite—Hadamard type inequal-
ities:

Date: December 5, 2016.

2000 Mathematics Subject Classification. 26D15, 26A51, 26A33.

Key words and phrases. Hermite—Hadamard’s Inequality, Simpson’s Inequality, Convex Func-
tions, Riemann—Liouville fractional integral.
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Theorem 2. Let f : I° C R — R be a differentiable function on I° and let
a,b € I° with a < b. If | | is convex function on [a,b], then the following inequality

holds:
fla+fo) 1 b—a (|f'(a)|+|f (D)
‘ —bia/Gf(x)dm < ( )

3)

2 4 2

The Simpson’s inequality is very important and well known in the literature. For
recent refinements, counterparts, generalizations and new Simpson’s type inequali-
ties, see ([7],[13], [16], [17]).

In [16], Sarikaya et al. obtained inequality for differentiable convex mappings
which is connected with Simpson’s inequality, is as follow:

Theorem 3. Let f:1° CR — R be a differentiable function such that f’ € L|a, ]
where a,b € I° with a < b. If |f'] is convex function on [a,b], then the following
inequality holds:

oy (a;rb>+f(a);f(b)}_bia/abf(a:)da;

In [3], the authors generalize some inequalities related to Hermite—Hadamard
and Simpsons inequality for functions whose derivatives in absolute value are convex
functions as:

Theorem 4. Let f : I° C R — R be a differentiable function on I° and let

a,beI° witha <b. If0<A<1 and |f’|é for ¢ > 1 is a convex on [a,b], then the
following inequality holds:

(1—>\)f(a+b>+)\f(a)+f(b) _bia/:f(gc)dx

5(b—a) (1 (@)| +1/'®)]
= 36 ( 2 ) )

2 2

1
b*(l 1E 1
< = 1—2 42 )13
<122 (1) 0o

x [({2 =30+ 203} |7/(0)|7 + {4 — 9 + 1202 203} | () |)

+({4— 9N+ 1222 — 203} (@) + {2 — 3) +20%) |f'(b)\Q)5] (5)

Remark 1. On letting A =,0,1, % with ¢ = 1 , inequality (5) reduces to inequalities
(2), (3) and (4), respectively..

It is well known that the integral inequalities play an important role in nonlinear
analysis. In the recent years, these inequalities have been improved and generalized
in a number of ways and a large number of research papers have been written on
these inequalities, (see, [1]—[2], [4], [10], [15]) and the references therein.

In recent paper, [10] Sarikaya et. al. proved a variant of Hermite—Hadamard’s
inequalities in fractional integral forms as follows:

Theorem 5. Let f : [a,b] = R be a positive function with0 < a < b and f € L[a,].
If f is convex function on [a, b, then the following inequalities for fractional integrals

hold:
(") < st s + g ) < LD

2 ~2(b—a)™
Remark 2. For a =1, inequality (6) reduces to inequality (1).

In the following, we will give some necessary definitions and mathematical pre-
liminaries of fractional calculus theory which are used further in this paper.
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Definition 2. Let f € Lla,b], the Reimann— Liouville integrals J&,. and J of
order a > 0 with a > 0 are defined by

e = ﬁ /;(x — 0ol @)dt, @ > a
and
1 b
Jpt = @/x (t—z)* L f(H)dt, 2z<a

respectively. Here, I'(a) = fooo e~ tu®"tdu is the Gamma function and J3+f(x) =

Ty~ f(@) = f(2).

In the case of @ = 1, the fractional integral reduces to the classical integral.
Properties concerning this operator can be found in ([8] , [11] , [14]).

The aim of this paper is to establish some new Hermite—Hadamard and Simp-
son type inequalities in the form of fractional integrals for functions whose ab-
solute values of derivatives are convex. we derive a general integral identity via
Riemann—Liouville fractional integrals.

2. Main Results
In order to prove our main results we need the following integral identity:

Lemma 1. Let I C R be an open interval, a,b € I with a < b and f : [a,b] = R
be a differentiable function such that f’ is integrable and 0 < a <1 on (a,b) with
a < b,then the following identity for Riemann— Liouville fractional integrals holds:

<1 - 2%) / ( + ”) A@OEIO) Tt D g gy e g

2 2 2(b—a)e
b—a <&
= 2a+2 ZI"
n=1
where L= [ (1= =N f (ta+ (1 —1t)%2) dt,
L= [y [A= (1= f (tb+ (1 - t)%£2) dt,
L= [ [2° = x—(2—8)% f (t%L + (1 - t)a) dt,
L= [y A =2%+ 2= 0)% f (¢ + (1 — t)b) dt
Proof. Integrating by parts and substituting v = ta + (1 — t)aTb
1
L= / (1=t =)\ f (ta+ (1 t)a;rb> dt
0
2[(1 =) = AL f' (ta+ (1 —t)<f2) dt |
a—>b 0
2« ! a+b
1 _ «@ / 1 _
+aib/0 1-0)"f (ta+( t) 5 >dt
2 2(1—=X) ,(a+b 20ty ER 1
@+ B () - e w0
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Analogously

2 201—-X) , (a+b 20+l 0 a1
Iz_b*af(b)—’— b*a f( ) )_(ba)a+1/a2+b(b_u) f(u)du

22 2024 —1-)\), (a+b gatly U3 ot
Iy = - b— d
1= ot S (1R - B [T e 0

_2) 202 —1-X) , (a+b 20 +1lq b a1

=g /O + ===, f( > )_(b—a)a“/a;b(b_u) flu)du

Multiplying above equalities by 2”;—&, then adding, to get required identity. 1

Theorem 6. Let I C R be an open interval, a,b € T with a <b and f : [a,0] = R
be a differentiable function such that f' is integrable and 0 < a < 1 on (a,b) with

a<band 0 <X <1 If|f'] is a convex on [a,b], then the following inequality for
Riemann— Liouville fractional integrals holds:

‘(1 B ;A) s (a—|— b) N )\f(a);;f(b) 3 2?((ba+a;i [T f(b) + T f(a)]

{1+20 -1 - - (29"}

+(1=20A+ (27 =)@ =29 (|f (@) +[f'®))  (7)
where ¢ =1 — A&, and € =2 — (2% — \)=.
Proof. Let ( =1—Aa,and € =2 — (2% — \)& then

1— 2(1 _ C)OH_I

T +(1—20)A

1
A= / I(1— ) — A dt =
0

B 1 N N - 1 +2a+1 _ 2(2 _ §)a+1 N

B /0 29— (2 1) — A dt = 2 (2% A)(1 - 2¢)

_ [ o _1-201-9"  2¢(1-Q A

C= /O [(L—t)* = At dt = GGy - et +51-2¢%)
1

D= / 27— (2 — 1) — Alt dt
0

1420222t 122 -t 1 o

(a+1)(a+2) a+1 +(2 _)\)(5_5)

By using the properties of modulus on Lemma 1 and convexity of |f/|, we have

‘(1 - ;A) ; (a;b) Hf(a);f(b) ~ zr((baja;i T2 F(b) + T f(a)]

b—a o
< e ILl ®)
n=1
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! a+b
|14 g/ (1 =) =N |f (ta+(1—t) 5 )’dt
0

1
:/\Ofwan
0

1 o 1+t 1-t ,
< [a-om - a{5 @ g o)
= POLATOL Fy1 gy oy o LOZOL Py a

= SUF @I+ 17O+ S @] - 1)
Analogously

f’(l;rtcw 12tb>‘dt

(1] < S @1+ 17O~ S @]~ 7o)
15 < BIF (@] ~ A1 ()] - |F O}
11l < BIFO)| + 5117 @)] - 17 0))

To get desired result, substituting the above inequalities into the inequality (8). 10

Corollary 1. Let f : I° C R — R be a differentiable function on I° and let
a,b € I° with a < b. If | f'| is convex function on [a,b], then the following inequality

holds:
a+b fla)+f0b) 1 /"
(1 A)f( 5 )—I—)\ 5 = af(:c)dz
b—a
< 2R -2+ 1 (1 @)+ 7B ()
Proof. Setting a = 1 in Theorem 5, we get the required result. 1

Remark 3. For setting A = 0, inequality (9) reduces to inequality (2).
For setting A = 1, inequality (9) reduces to inequality (3).

Theorem 7. Let I C R be an open interval, a,b € I with a < b and f : [a,b] - R
be a differentiable function such that f’ is integrable and 0 < o < 1 on (a,b) with
a<band 0 < X< 1. If|f| is a convex on [a,b], then the following inequality for
Riemann— Liouville fractional integrals holds:

‘(1 B ;A) ; (a—;b) +Af(a);f(b) ~ QF((baja;i T2 F(B) + T2 f(a)]

b—a ,(a+b |f (@) + | (b)]
At ()
where
_ 202420120267 | 2-2(1-Q) 72 —2¢(2-)°
= CESCES)) + atl
H(22 =N -6 - 3(1-2¢) + (1 - 20)A
Y= 22— —2(1—¢)* 2 —2%+2 + 20t —2¢(1-Q)* ' —2(1-9) (2= "

(a+1)(a+2) a+1
(27 A3 €) + 31— 27) (2 - X)(1 - 26).
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Proof. By using the properties of modulus on I; and convexity of |f’|, we have
! o a+b
nis [0l (s a-0%50)
0

S/Oll(l—t)“—AI{tlf’(a)|+(1—t) ’(“‘;b)\}dt

dt

<u-olr (3)+ar@
Analogously
Ll < '(“b)\wu'(bn
il < ( RACERZIO)
n o< oly (450)|+@-pirw

Substituting the above inequalities into the following inequality
2 a+b a)+ f(b I'a+1
(120 £ (57 AL IO - ) e o)+ g s

2 20 2(b — a)
b—a <
< 90+2 Z ‘In|
n=1

which completes the proof. T

Corollary 2. Let f :1I° C R — R be a differentiable function on I° and let
a,b € I° with a < b. If | f'| is convex function on [a,b], then the following inequality
holds:

- r () eI

< bl_; [(2— 3N+ 2X9) | f/ (a;b) ‘+(1— 3A+ 617 —2)?) (W)] (10)

Proof. Setting a = 1 in Theorem 6, we get the required result. |
The corresponding version for powers of the absolute value of the derivative is
incorporated in the following theorem.

Theorem 8. Let I C R be an open interval, a,b € I with a <b and f : [a,b] = R
be a differentiable function such that f' is integrable and 0 < a < 1 on (a,b) with

a<band 0 < A< 1. If |f’|% for ¢ > 1 is a convex on [a,b], then the following
inequality for Riemann— Liouville fractional integrals holds:

(1-22) 7 (5) Hf‘“);f( - e )+ )

A{(A ol A5 )+(A+Cf<a>|q+“‘2f|f’<b>|q)‘l’}<11>
+B{(23 i+ Do)+ (i + 2 le()|>;H~

< b—a
—2a+2x
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where
A % + (1 =20)A
s o 1t 2a+1;f(12 - (2 — ) (1 — 2)
C = ety eyt 0
D= e e G €

Proof. Using the well-known power-mean integral inequality , we have

’(1 - 2%) f (“”’) A@ETO)  T@t D e s 4 e pa)]

2 20 2(b— a)>
h— 1 N 17% 1 . , B
<t (o ) ([ (e
1 q %
+</0 [(1=1)" = Al f’(HaJrl;rtb) dt) }+
f (2;ﬁa+ ;b> th) ’

2
</01|2“—(2—t)°‘ Y dt)lq {(/Olm— (2—1)7— A
)H

N
dt)

' a a 1 l 2—-1
+</0 27 — (2— 1) — A f(2a+2b>

Which completes the proof. I

Remark 4. For a = 1, inequality (11) reduces to inequality (5).

Theorem 9. Let I C R be an open interval, a,b € I with a < b and f : [a,b] = R
be a differentiable function such that f' is integrable and 0 < a < 1 on (a,b) with

a<band < X< 1. If |f’|% for ¢ > 1 is a convex on [a,b], then the following
inequality for Riemann— Liouville fractional integrals holds:

< b—a
—20¢+1><

dSSIY
P Y]

\(1 - o) £ (557 ) AT - e e 10+ g f(w)

A {(if’(a)l(“r (-9 (=) é+(j|f'<b>|Q+ (:-%)
+B{(( 3@l (450 q>;+(<1 3) 1w g
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where
1-2(1- C)O‘“
A = — 2 1-20)\
a+1 +( <)
_ Letlogpogett
B = ) + (2 =XN)(1-2¢)
1-2(1 =02 2¢(1 =)ot A
(a+1)(a+2) a+1 2
142912 _2(2 —¢)at2 1 —2¢(2 —¢)ot! o 1
D 2-9 C-O" L ee-ni-e)

(a+1)(a+2) a+1 2

Corollary 3. Let f :I° C R — R be a differentiable function on I° and let

a,be I° witha <b. If0 <A <1 and |f’|% for ¢ > 1 is a convex on [a,b], then the
following inequality holds:

(1—A)f(a+b>+xf(a)+f(b) _bia/abf(gc)dx

2 2
X[

+ ({1 —3AH6AT =22/ (0)|7 + {2 — 3A + 207}

b—a 1 % 1
< ) 1 =2x+2)%)1 "9
<t (3) 0-mran

{1-3X46X> 2N} |f'(a)|? + {2 — 3A + 2X%}

)
(42) )] (12)

Proof. Setting a = 1 in Theorem 9, we get the required result. 1

/N

3. Applications To Quadrature Formulae

In this section, some particular inequalities which generalize some classical results
such as: trapezoid inequality, Simpsons inequality, midpoint inequality and others,
are pointed out.

Proposition 1. (Midpoint Inequality). Under the assumptions Corollary 2 with
A =0 in inequality (10), then the following inequality holds,

|f(“‘2”)) L (5] o)

Proposition 2. (Midpoint Inequality). Under the assumptions Corollary 3 with
A =0 in inequality (12), then the following inequality holds,
o L
£ a+b e
2

\f(“‘;b) i [ <5 [(W(anu?
)

b

<

(17@1+4

—a
24

8 3 3

1., 2
+(glron
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Proposition 3. (Trapezoid Inequality). Under the assumptions Corollary 2 with
A =1 in inequality (10), then the following inequality holds,

CESOR Ry (%) + )

2
Proposition 4. (Trapezoid Inequality). Under the assumptions Corollary 3 with
A =1 in inequality (12), then the following inequality holds,
f a+b\|? 0
2

‘f(“) L L
)

2
Proposition 5. Under the assumptions Corollary 2 with A = % in inequality (10),
then the following inequality holds,

;{f<a;b)+f(a);rf(b)}bia/abf(x)dx

Lo (172

b

<

o (17

b—a
8

<

2 eyt
(Gir@ir+

2. 1
+(Glren

—a
<
- 32

(5] o)

Proposition 6. Under the assumptions Corollary 3 with A = % in inequality (12),
then the following inequality holds,

;{f(a;b)+f(a);rf(b)}_b1a/abf(x)dx 1_6a><

K;f’(a)lui f’<a;b) Q>i+ (;|f’(b)|u; f,(a;b) q)é]

Proposition 7. (Simpson Inequality). Under the assumptions Corollary 2 with
A= % in inequality (10), then the following inequality holds,

o (S2) S L0 L

b—a
<
- 324

b

<

(8|f'<a> 129

(50| siron)

Proposition 8. (Simpson Inequality). Under the assumptions Corollary 3 with
A= % in inequality (12), then the following inequality holds,

o (S2) S L0 Ly,

16, 29, (a+b\|"\7 (16, 29
[<45|f(a)q+ r(55))) (e« 3

5(b—a)
72

,(a+0b
(5)

<

45

q)il
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The differentiability for fuzzy n-cell mappings and the
KKT optimality conditions for a class of fuzzy

constrained minimization problem *

She-Xiang Hai®! Zeng-Tai Gong®
@ School of Science, Lanzhou University of Technology, Lanzhou, 730050, P.R. China
b College of Mathematics and Statistics, Northwest Normal University, Lanzhou, 730070, P.R.China

Abstract In this paper, the concept of generalized difference for fuzzy n-cell numbers is presented, and we
use the generalized difference to introduce and study the differentiability for fuzzy n-cell mappings. Next,
the convexity for fuzzy n-cell mappings is studied, which is based on the concept of the partial ordering of
fuzzy n-cell numbers proposed in this study. Finally, using the differentiability and the convexity for fuzzy
n-cell mappings, we obtain the KKT optimality conditions for a class of fuzzy constrained minimization
problem.

Keywords: Fuzzy n-cell numbers; fuzzy n-cell mappings; differentiability; fuzzy optimization.

1. Introduction

Since the concept and operations of fuzzy set were introduced by Zadeh [1], enormous researchers have
been dedicated on development of various aspects of the theory and applications of fuzzy sets. The occurrence
of randomness and imprecision in the real world is inevitable owing to some unexpected situations. Therefore,
imposing the uncertainty upon the conventional optimization problems is an interesting research topic.

The theory and methods of mathematical programming are important components of optimization. The
importance of the derivative of a function in the study of mathematical programming is well-known. Given
that our interest is in fuzzy objective mappings, it is necessary to introduce a concept of derivative for
fuzzy mappings. Toward this end, in the fuzzy analysis, there are a variety of notions of derivative for
fuzzy mappings. The concept of fuzzy derivative first introduced by Chang and Zadeh [2] in 1972. Since
then, numerous definitions of the differentiability for fuzzy mappings have been presented. In 1983, Puri and
Ralescu [3] defined the derivative and G-derivative for fuzzy mappings from an open subset of a normal space
into n-dimension fuzzy number space E™ by using embedding theorem (which shows how to isometrically
embed E" into a Banach space as a closed convex cone of vertex zero) and Hukuhara difference. In 1987,
Kaleva [4] discussed the G-derivative, obtained a sufficient condition of the H-differentiability for fuzzy
mappings from [a,b] into E™ and a necessary condition for the H-differentiability of fuzzy mapping from
[a,b] into E'. In 2003, Wang and Wu [5] put forward the concepts of directional derivative, differential
and sub-differential for fuzzy mappings from R" into E' by using Hukuhara difference. However, the usual
Hukuhara difference between two fuzzy numbers exists only under very restrictive conditions [4] and the
H-difference of two fuzzy numbers does not always exist [6, 7]. The g-difference between two fuzzy numbers
proposed in [7] overcomes these shortcomings of the above discussed concepts and the g-difference of two
fuzzy numbers always exists. Based on the g-difference for two fuzzy numbers, Bede [8] introduced and
studied new generalized differentiability concepts for fuzzy valued functions in 2013, in particular, a new
very general fuzzy differentiability concept was defined and studied, the so-called g-derivative, and it was

*This work is supported by National Natural Science Fund of China (11461062, 61262022).
tCorresponding author. Tel.: +86 931 2973590. E-mail address: haishexiang@lut.cn (SX Hai), zt-gong@163.com (Z. Gong).
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shown that the g-derivative is the most general among all similar definitions.

Motivated both by [8] and the importance of the concept of differentiability for fuzzy optimization,
the paper focuses on the concept of differentiability for fuzzy mappings, which is based on the generalized
difference of fuzzy n-cell numbers presented in this paper. The Karush-Kuhn-Tucker optimality conditions
play an important role in the area of optimization theory and have been studied for over a century. We
extend the concept of convexity for real-valued functions to fuzzy n-cell mappings based on the partial
ordering =<, introduced in this paper, and then establish the KKT optimality conditions for an optimization
problem with a fuzzy n-cell objective mapping.

The remainder of the paper is organised as follows: First of all, we give the preliminary terminology used
in the present paper. And then, the generalized difference of fuzzy n-cell numbers is introduced. We use
the generalized difference of fuzzy n-cell numbers to study differentiability for fuzzy n-cell mappings, and
convexity for fuzzy n-cell mappings based on the partial ordering <. is discussed in Section 4. At last, using
the convexity and differentiability for fuzzy n-cell mappings, section 5 deals with the Karush-Kuhn-Tucker

optimality conditions for a class of constrained fuzzy minimization problem.

2. Preliminaries

Throughout this paper, F/(R™) denotes the set of all fuzzy subsets on n-dimensional Euclidean space R™.
A fuzzy set w on R™ is a mapping @ : R™ — [0, 1]. For each fuzzy set u, we denote its r-level set as [u]” = {z €
R™ :u(x) > r} for any r € (0, 1]. The support of & we denote by suppu where suppu = {z € R" : u(x) > 0}.
The closure of suppu defines the O-level of u, i.e. [u]° = cl(suppw). Here cl(M) denotes the closure of set M.
Fuzzy set u € F(R™) is called a fuzzy number if
(1) u is a normal fuzzy set, i.e. there exists an zy € R™ such that u(xg) = 1,
(2) u is a convex fuzzy set, i.e. w(Ax + (1 — A)y) > min{u(z), u(y)} for any z,y € R™ and X € [0, 1],
(3) @ is upper semi-continuous,
(4) [)° = cl(suppu) = cl(U,¢(0,1y[ul") is compact.
We will denote E™ the set of fuzzy numbers [9, 10, 11, 12].

It is clear that any u € R™ can be regarded as a fuzzy number u defined by

~ 1, z=u,
u(z) = .
0, otherwise.

In particular, the fuzzy number 0 is defined as 0(z) = 1 if z = 0, and 0(z) = 0 otherwise.
Definition 2.1. [13] If w € E™, and [4]” is a cell, i.e., for any r € [0, 1],

[a]" = H[UZ(T)vuT(r)] = [uy (), uy ()] x [ug (), ug (r)] % -+ [ug, (7), uf ()],

where u; (r),u; (r) € R with u; (r) <wuj(r) (i =1,2,--,n), then we call U a fuzzy n-cell number. Denote
the collection of all fuzzy n-cell numbers by L(E™).

For any r € [0,1], l;[u]” = u; (r) —u; (r) (i = 1,2,---,n) is called the r-level length of a fuzzy n-cell
number u with respect to the ith component.
Theorem 2.1. [13] (Representation theorem). If 4 € L(E™), then for i = 1,2,--- ,n, u; (r),u; (r) are
real-valued functions on [0, 1], and satisfy
(1) u; (r) are non-decreasing, left continuous at r € (0, 1] and right continuous at r = 0,
(2) uf (r) are non-increasing, left continuous at r € (0,1] and right continuous at r = 0,
(3) u; (r) <uf(r) (it is equivalent to u; (1) < uj(1)).

Conversely if a;(r),b;(r) (i = 1,2,---,n) are real-valued functions on [0,1] which satisfy conditions
(1)-(3), then there exists a unique w € L(E™) such that [a]” = [}, [a;(r), b;(r)] for any r € [0, 1].
Theorem 2.2. [13] Let w,v € L(E™) and k € R. Then for any r € [0,1],

(1) [@+72]" = [@" + @) = [T [ug () +v; (r),uf (r) + o ()],
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v e ) Tl [kug (7), kuf ()], k>0,
(@) " = Kl ‘{ T, e () Ry ()], & <0,
@) [l = [T fminfu; (o (r), g (o () () (), (o (1)),

max{u; (r)v; (r),u; (r)of (r),u (r)v; (), uf (r)of (r)}].
Given uw,v € L(E™), the distance D : L(E™) x L(E™) — [0,400) between @ and v is defined by the
equation

D(u,v) = sup d([u]",[0]") = sup max {| u; (r) —v; (r) |, uf (r) —vf (r) |}.
rel0,1] rel0,1] 1<i<n

Then (L(E™), D) is a complete metric space, and satisfies D(u+w,v+w) = D(u,v), D(ku, kv) = |k|D(u,v)
for any w,v,w € L(E™), k € R.

In recent years, several authors have discussed different ordering relation of fuzzy numbers [14]. To the
best of our knowledge, very few investigations have been appeared to study ordering relation of fuzzy n-cell
numbers. For this reason, an ordering <. of fuzzy n-cell numbers will be introduced.

Definition 2.2. Let 7: L(E™) — R™ be a vector-valued function defined by

~ . 1 f"'f['ilr ridridre---dr, (@ rodridra- dwn 1 f”'.f[a]r Tndr1dzo - dT,
@ = @ f~~f[m T das—da, O 2f0 f fu]r Wordzgdn, 2o 7 T Jrayr Ydardws-—dz, dr)
1~ _
= (Jy (@ () +uy () dr, fy (@ (1) +ug (0)dr,--, fy r(@ () +ug (r)dr),
1 S figyr vidzrdog-daoy . . S Jigyr vidzidaa--day,
where fo T f[] tdo e, —ar.@r (i =1,2,--- ,n) are the Lebesgue integral of r fmj['[;],,. tdrdny a0 =
1,2,--+,n) on [0 1]. The vector-valued function 7 is called a ranking value function defined on L(E™).

In thls case 7(u) represents a centroid of the fuzzy m-cell number @. From the ranking value function
7(u), we consider the following ordering relation <. on L(E™).

Definition 2.3. Let u,v € L(E™), C C R" be a closed convex cone with 0 € C' and C # R™. We say that
U =, U (u precedes v) if 7(v) € 7(w) + C (v(v) — 7(v) € C).

Obviously the order relation <. is reflexive and transitive, and <. is a partially ordered relation on
L(E™). For w,v € L(E™), if either & <. ¥ or ¥ <. @, then we say that ¥ and v are comparable, otherwise
non-comparable. If u,7 € E*, C = [0, +00) C R, then Definition 2.3 coincides with Definition 2.5 from [14].

We say that © <. v if u <. v and 7(u) # 7(V). Sometimes we may write U =, & (resp. U >, ) instead of
U <. U (resp. U <. D).

Remark 2.1. Let w,v € L(E™), k1, ks € R. According to Theorem 2.2 and Definition 2.2, it is easy to verify
that 7(k1w + kov) = ky17(U) + ka7 (D).

Theorem 2.3. Let Uy, s, V1,02, € L(E™), k1,ks € [0,400], C C R™ be a closed convex cone with 0 € C
and C # R™. If uy <. 01 and us =<, Vo, then kity + kot <. k101 + koTs.

The proof is similar to the proof of Theorem 2.3 in [15]

3. Generalized difference for fuzzy n-cell numbers

Definition 3.1. [16] Let w,v € L(E™). The generalized difference (g-difference for short) of % and v is given

by its level sets as

[w S, 0]" = H[gggmin{ui_(ﬂ) —v; (B),uf (B) — v (B)}, supmax{u; (8) —v; (8), v (B) — v (B)}],

Bzr

where g € [r,1].
Remark 3.1. If 4,0 € E', we have

(6, 01" = [1nf min{u™(8) —v=(8), ut(B) — v (B)}, Sup max{u”(8) — v~ (8),u"(8) — v (B)}],

which coincides with Definition 7 of reference [8].
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According to Proposition 13 in [7], we have the following conclusion.
Theorem 3.1. Let w,v € L(E™). If [;[u]” < L;[v]" or l;[u]” > I;[v]" for any r € [0,1] and i = 1,2, -
the g-difference w &4 v exists and w6, v € L(E™).

-, n, then

From now on, throughout this paper, we will assume that the g-difference w ©, v for any fuzzy n-cell

numbers u and v exists.

Theorem 3.2. For any u,v,w, € L(E™), we have
)Uc,u=0,00,0=1,00,0=—1,

2) u©y 0 =—(0Og 1),

(3) k(ueyv) = kusy kv, for any k € R,

4) k u@g kot = (k1 — ko)u, for any kq,ke € R and ky - kg > 0,

) u
)
)
(5) S (=0 )—099( ), (-u) 840 = (=0) Sy 4,
) (@
)0
) u

Proof. The proof of (1 ) (3) are immediate.
(2) According to Definition 3.1, for any r € [0, 1], we have

e

= —ITilinfe>, min{v; (8) — u; (B),0] (B) = (B)}, supgs, max{v; (8) —u; (8), v (B) —u;

= [Timi[=supgs, max{v; (8) —u; (8), v (B) — uf (B)},
— infg>, min{v; (8) — u; (), v (8) — u" (8)}]

= [Timi[=supgs, (= minfu; (8) — vy (8),ui (B) — v (B)}),
—infg>, (= max{u; (8) — v (8),u (8) — v’ (B)})]

= [Ii[infa>, min{uy (8) —v; (B),u (B) — v (B)}, supgs, max{u; (8) —v; (B),u (8) — v (B)}]

= [u Sy 0"

It follows from Theorem 2.2 that u6, v = —(vV o, u).
(4) For any r € [0, 1], it follows from Definition 3.1 that

[klﬂ Og koul"

= [I,[infs>, min{(k1 — k2)u; (B), (k1 — kg)u:r(ﬂ)}, supgs, max{ (k1 — ka)u; (B), (k1 — k2)u

If ky — ko > 0, for any r € [0, 1], it is obvious that

n

[kr@ ©4 kott]” = [ (k1 = ka)u; (r), (k1 — ka)uf (r)] = [(k1 — ka)al]".

i=1
On the other hand, if k; — ko < 0, for any r € [0, 1], we have from Theorem 2.2 that

[klﬂ @g kg’u r

= [T, [infgs, min{(ki — ka2)u; (B), (k1 — k2)u (B)}, supgs, max{(k1 — ka)u; (8), (k1 — k2)u

= [Ti=i[(k1 — ka) supgs, max{u; (8),w (B)}, (k1 — ko) infax, min{u; (8), u (8)}]
= [Tk = B2)uf (r), (k1 — ka2 )uy (r)]
= [(k1 = k2)u]".

Then ki1t 64 kot = (k1 — ko).

F(B)}.

7 (B)}]
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(5) According to Definition 3.1 and Theorem 2.2, for any r € [0, 1], we have

(&g (=0)]"

[Ti, [inf>, min{u; (8) + v (8), uf (8) +v; (B)}, supgs, max{u; (8) + v (8), ] (8) +v; (5)}]
[Ti, [infg>, min{v; (B8) + uf” (B),v;" (B) + u; (B)}, supgs, max{v; (B) +u; (8), v (B) +u; (8)}]

= [vo, (=)

Then u 6, (—v) =7 9,4 (—u). It follows from (3) that (—u) 6,0 = (—V) &4 U.
(6) For any r € [0, 1], we have from Theorem 2.2 that

[(@+v)o,0]" = [[iLilinfss, min{(u; (8) +v; (B)) —v; (B), (ui (B) + v (B)) — v (B)},
supg, max{(u; (8) +v; (8)) —v; (8), (ui (B) + v (B)) — v;" (B)}]

[Ty infp>r min{u; (8),uf (8)}, supgs, max{u; (8),uf (8)}]

= [T linfasr ui (B), supgs, uf (B)]

= [T [u (r), wf(r)]

= [a]".

Then (U +7) 6,0 =u.

(7) Tt follows from (1), (2) and (3) that the proof of (7) is immediate.

(8) We have from (2) that the proof of (8) is immediate.

For any w,v € L(E™), using the method with that Bede proved Proposition 15 in [8], we can show that
D(w,?) = D(W O, 0,0).

4. The differentiability and convexity for fuzzy n-cell mappings

In this work, let M be a convex set of m-dimensional Euclidean space R". We consider mapping F from
M into L(E™), such a mapping is called a fuzzy n-cell mapping. For the sake of brevity, F is called a fuzzy
mapping. For any r € [0, 1], we denote [F(t)]" by F,(t) = [T, [F (r,t), B (r, 1))

Let F : M — L(E™) be a fuzzy mapping and @ € L(E™). For t, € intM, we write lim;_,, F(t) = 1, if,
for every £ > 0, there exists a § > 0 such that, for 0 < ||t — to|| < &, we have D(F(t),) < e.

We say that F is continuous at to € intM if limy_,, F(t) = F(to).
Theorem 4.1. Let F : M — L(E™) be a fuzzy mapping such that F(t) = f(t) - &, where f(t) : M — R be
a real-valued function on M, w € L(E™) and u # 0. If f is continuous at tg, then F is continuous at ¢y and

lim F(t) =@ lim f(t).

t—to t—to

Proof. Assume that f is continuous at tg. Then for every € > 0, there exists a § > 0 such that, for

0 < ||t —to|l <&, we have |f(t) — f(to)| < ﬁ. According to the sign-preserving theorem of limit, we have

D(F(t), F(to)) = D(f(t) @, [(to)- @)
= sup,cpy maxi<i<n {1 (1) = f(to)l - [ui ()], 1 () = f(to)] - [u” ()]}
= |f(t) = f(to)|sup,ejo,yy maxa<i<n {|u; ()], [u (r)]}
= |/(t) = f(to)| - D(@,0)

< e,

which implies that F is continuous at to.
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Definition 4.1. [15] Let F : M — L(E™), to = (t9,43,--- ,1%) € intM and t = (t,tg,--- ,tp) € intM. If

g-difference F(t) Sy F(t) exists and there exist u; € L(E™) (j =1,2,--- ,m), such that

D(F(t) &4 F(to), 1L, U(t; —9))

it d(t,to) -
then we say that F is differentiable at to and the fuzzy vector (a1, Usg,--- ,Un) is the gradient of F at to,

denoted by VE(ty), i.e., VE(tg) = (U, U, - , Um)-
Remark 4.1. Let F : M — L(E"), to = (t9,--- ,#%,--- ,t%) € intM and h € R with ¢t = (£9, - 1+

~ ’ J7 ~ ~
h,---,t%) € intM. Then the gradient VF(t() exists at to if and only if and F(t) &, F(to) exists and there
are u; € L(E™) (j =1,2,--- ,m), such that

F(t(f,---,t9+h,--~,t0)@gF(t?,--- £0, o0 40)

m 17y

u; = lim
J h—0 h

Here the limit is taken in the metric space (L(E™), D).
Theorem 4.2. Let F : M — L(E™) be a fuzzy mapping such that F(t) = f(t) - 4, where f(t) : M — R
be a continuous function on M, & € L(E™) and @ # 0. If F(t) Sy F(t) exists, then the gradient VF(to) =

U, Uz, -+ Up) OF F exists at to if and only if the gradient V f = af ﬂ, S 9Ly of f exists at to and
Oty Oto ot
_of - .
u@t] |t:t0 = Uy (J = 1723 e 7m)'

Proof. It follows from the sign-preserving theorem of limit and Theorem 3.2 that

F(t) 64 F(to) = (f(t) — f(to)) - @
Only if: Taking h € R, such that ¢ = (£7,--- ;) + h,--- 1)) € intM, then

FOS e st 4hy st )= (80, 8, 19)

wlimy,_0 i
O S EE N N [ s B D
— limy o F(t9,- ,t§+h,---,t2,l)fgﬁ(t§’,--~, 19,0, 19)
_—
which implies that the gradient Vf = (%7%};7“' ,%) of f exists at ty and ﬂ%{.lt:to =u; (j =

1,2,---,m).
If: Taking h € R, such that ¢t = (7, 9 + h,--- ) € intM, then

YR m)

. ﬁ(t?7“'7t9+ha"' at?n)QQi(t?v'”v 9, 19

limp, g . =

. 09, 404k, t0) = F(£9 0 40+, t0)) T
i SO )=t )
_  of =
= Wj|t:to'u7

which implies that the gradient VF(to) = (T, tg,- - - Um) of F exists at t; and uj = ﬂg—tih:to (=
1,2,---,m).

Theorem 4.3. Let F : M — L(E™) be a fuzzy mapping such that F(t) = f(t) - @, where f(t) : M — R be
a continuous function on M, & € L(E™) and @ # 0. If F(t) Og F(to) exists and f is differentiable at to, then
F is differentiable at to.

Proof. It follows from the sign-preserving theorem of limit and Theorem 3.2 that F(t) Sy Fl(to) = (f(t) —
f(t0)) - w. According to Theorem 4.2, we have

D(F(t) &g F(to), X0, W(t; — t9))
= D@@(f(t) = F(t0)), Ty HElimio (b = 19))

= D(@,0)-|f(t) = f(to) = Y7Ly g le=to(t; = D),
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~ . F(t9, t94h, - 10 )0, F(t2, -+ 9, t0 .
where, @; = limp_g (e ’”)h oty oty ’"). This completes the proof.

Convexity plays a key role in mathematical economics, engineering, management science, and opti-
mization theory. Therefore, research into convexity is one of the most important aspects of mathematical
programming. Next, using the partial ordering relation <. we will extend the concept of convexity for
real-valued functions to fuzzy mappings.

Definition 4.2. Let F' : M — L(E™) be a fuzzy mapping. F is said to be convex (c.) on M if

F(Aty + (1= Ata) = AF(t1) + (1 — N F(t2)

for any t1,t5 € M and X € [0,1].

Remark 4.2. If F,G : M — L(E™) are convex fuzzy mappings and «, 8 > 0, then oF + BG is a convex
fuzzy mapping on M.

Theorem 4.4. Let F : M — L(E™) be a fuzzy mapping such that F(t) = f(t) - &, where f(t) : M — R be
a real-valued function on M, & € L(E™) and @ =, 0. F is convex on M if and only if f is convex on M.
Proof. If: Let C = R"" C R", where R"" = {(z1,22, -, x,) € R" : 11 > 0,29 > 0,- - -, 7, > 0}. Assume
that the real-valued function f is convex on M, then for any t1,to € M and A € [0, 1], we have

FO8+ (1= Nta) < Af(t) + (1= ) f(ta).
According to @ =, 0, we obtain
(@A f(t) + (1= N f(t2)) € 7(@) f (M1 + (1 — A)t2) + C.
For any t1,t, € M and A € [0,1], it follows from Remark 2.1 that
TONIf(t1) + (1= N)af(ta)) € T(@f(My + (1 — N)ta)) + C,
ie., TAF(ty) + (1 = N F(t2)) € T(F(My + (1 — A)t3)) 4+ C, which implies that
F(My 4 (1= Mta) =¢ AF(t1) + (1 — A\ F(t).

Therefore, F is convex on M.
Only if: Let F be convex on M. For any t,,t, € M and \ € [0, 1],

F(My+ (1= Mta) < AF(t1) + (1 = N F(t2),
ie., T(AF(t1) + (1 = A)F(t2)) € T(F(At1 + (1 — A)t3)) + C, which implies that
TONEf(t1) + (1= A)af(ta)) € 7(@f(My + (1 = N)ta)) + C.
According to Remark 2.1, we have
(@A f(t) + (1= N f(t2)) € 7(@) f (M1 + (1 = A)t2) + C.
For any t1,t, € M and X € [0, 1], we have from % = 0 that
FO+ (1= Nt2) S Af(t1) + (1= N f(ta).

Therefore, f is convex on M.

Theorem 4.5. Let [ : M — L(E™) be a fuzzy mapping such that ﬁ(t) = Ug+uy fr(t)+uafo(t)+- - -+u fi(t),
where fi, : M — R be real-valued functions on M, uy € L(E™) and u *=¢ 0 (k=0,1,2,---,0). If fx
(k=1,2,---,1) are convex on M, then F is convex on M.

Proof. Let f; (k=1,2,---,1) be convex fuzzy-number-valued functions. Then we have

Jet + (1= Nt2) < Mfi(t) + (1= A) fr(t2)
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for any t1,t, € M and X € [0, 1]. It follows from u =¢ 0 and Remark 2.1 that
ak : fk()\tl + (1 - )\)t2) jC )\ak . fk(tl) + (1 - )\)ak} . fk(t2> (k = 07 172a e 71)7

for any t1,t3 € M and X € [0, 1]. According to Theorem 2.3, we have

I ! I
Uo + > ik - fe(My+ (1= Nt2) = Mio + Yt - fr(t1)) + (1= M) (To + > U - fult2)),
k=1 k=1 k=1
which implies that
F(My + (1= N)ta) =¢ AF(t1) + (1= ) F(t2),

for any t1,t2 € M and A € [0, 1]. This completes the proof.

5. Convex fuzzy programming

It is well known that convexity plays an important role in the aspect of optimality conditions for math-
ematical programming. Based on the new concept of convexity for fuzzy mappings, the KKT optimality
conditions for a class of fuzzy optimization problems are established.

Let F(t),1(t),2(t), - - -, gm(t) be fuzzy mappings on M. We consider the following fuzzy constrained
minimization problem (FCMP1):

Minimize — F(t)

Subject to  gi(t) Zcur (k=1,2,---,1),
where uy € L(E™). In the following arguments the feasible set T' = {t € intM : gp(¢) <. up, k =1,2,--- ,1}
of fuzzy constrained minimization problem (FCMP1) is assumed to be a compact convex set. If ¢y € intM
and for no ¢t € intM such that F(t) <. F(to), then ¢y is called an optimal solution or a global optimal
solution to the problem FCMP1, F (to) is called the optimal objective value of F.

Let C = R*" C R™. We have from Definition 2.2 and Definition 2.3 that the problem FCMP1 can be
written as following constrained minimization problem (FCMP2):

Minimize F (t)

Subject to fo GO (1) + @)1 (Mldr < fy (@] (r) + @)y (M)]dr, k= 1,2, 1,

J: r[@(t»;(r) @)z (Odr < [ rl@0F () + @)y ())dr k= 1,2, 1,

f& G0 (1) + @05 (1) < f; W) + (@) ())dr, k=12, .1

Let G's( fO (t) (r)+ (9, ()) )dr_fo +() +(u ) (Mldr (i=1,2,--,n, k=121,
s=ixk= 1, 2,' -+,m x 1), denoted p =n x [. The problem FCMP2 can be written as follows (FCMP3):

Minimize F (t)

Subject to  G4(t) <0,s=1,2,---,p,
where G5 : M — R are real-valued functions. It is obvious that the feasible sets of problems (FCMP1) and
(FCMP3) are the same.

In the rest of this article, G, (s =1,2,---,p) are assumed to be convex functions on M, and continuously
differentiable at ty € T.
Theorem 5.1. Suppose that the fuzzy objective function F(t) = f(t) - &, where f(t): M — R, & € L(E™)
and U =, 0. let f be convex on M and continuously differentiable at ¢, € intM. If there exist Lagrange
multipliers ps >0 (s =1,2,--- ,p), such that

(1) Vi (to) + X2_, s - VGilto) =0,

(2) ps - Gs(to) =0 (s =1,2,--- ,p),
then tg is an optimal solution of FCMP3.
Proof. Since f is convex on M and continuously differentiable at ¢y € intM. We consider the following
constrained optimization problem

Minimize  f(t)
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Subject to Gs(t) <0 (s=1,2,---,p).
It is obvious that conditions (1) and (2) are the KKT optimality conditions for this optimization problem.
Therefore, we conclude that ¢y is an optimal solution of the real-valued objective function f, i.e.,

fto) < f(1), (5.1)

for any t € intM.
Suppose that tg is not a solution of problem FCMP3. Then, there exists a t € intM such that

F(#) <. F(to).
Let C = R** C R™, we have
7(f(to) -u) € 7(f(t) - u) + C.
Thus
fto) - 7(@) € f(2) - 7(w) + C,
and
fto) - m(w) # f(2) - 7(w).

It follows from @ =, 0 that f() < f(to). This is a contradiction with (5.1), then ¢, is an optimal solution of
FCMP3.
Example 5.1. Let

20y — 18, 0.9 < 5 < 0.95, 20022 — 90 < 21 < 290 — 20072,
—0.1z1 + 11, 100 < 21 < 110, 1.45 — 0.00521 < 2o < 0.45 + 0.00571,

w(xy,we) =< —20x9 +20, 0.95 < 29 <1, 290 — 20025 < 21 < 20025 — 90,
0.1x1 — 9, 90 < z; <100, 0.45 + 0.00527 < z9 < 1.45 — 0.00521,
0, otherwise,

C = R?>T C R?. Then for any r € [0, 1],
[@)" = [90 + 107,100 — 107] x [0.9 + 0.05r, 1 — 0.05¢].

According to Definition 2.3, 7(7) = (95,0.95), thus @ =, 0. Suppose that the fuzzy objective function
F:[1,400) = L(E?) and F(t) = f(t) - @, where f(t) = ¢! — 2. We consider the following fuzzy constrained
minimization problem:
Minimize  F(t),
Subject to Gi(t) =t*—25<0, Ga(t)=—-t+1<0.
It is obvious that G4(t) (s = 1,2) are convex functions on [1,4+00), and continuously differentiable at ¢ty = 1.
Since f is a convex function on [1,4+0c0), and continuously differentiable at ¢, = 1. On the other hand,
the condition (1) and (2) from Theorem 5.1 are satisfied for p; = 0, and pus = e — 2. Therefore, tg = 1 is an
optimal solution of FCMP3.
Theorem 5.2. Suppose that the fuzzy objective function F(t) = @y f1(t) 4 Uafo(t) + - - - + U fi(t), where
fe(t) : M = R, Uy € L(E™) and @ =, 0 (k = 1,2,---,1). Let real-valued functions f; are convex on M
and continuously differentiable at ¢, € intM. If there exist Lagrange multipliers u* >0 (s =1,2,--- ,p, k =
1,2,--- 1), such that
(1) Vfilto) + X7, ik -VGilto) = 0 (k= 1,2, 1),
(2) Wb Galto) = 0 (5 = 1,2, ,py k=1,2,+- 1),
then tg is an optimal solution of FCMP3.
Proof. Since the real-valued functions fi(t) (k = 1,2,--- ,1) are convex on M and continuously differentiable
at typ € int M. We consider the following constrained optimization problem
Minimize  fi(t) (k=1,2,---,1),
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Subject to Gs(t) <0 (s=1,2,---,p).
It is obvious that conditions (1) and (2) are the KKT optimality conditions for this optimization problem.

Therefore, we conclude that ¢y is an optimal solution of the real-valued objective functions fy, i.e.,

fk(tO) < fk(t) (k =12, 7l)

for any t € intM. Let C = R** C R™. We have from 4, = 0 that

T(ur) fr(t) € T(ur) fr(to) + C (B =1,2,---,1).

Thus,

l l
Z’T Uk fk EZT Uk fk to + C.
k=1 k=1

According to Remark 2.1, we obtain

l l
7O urfe(t)) € 7O unfilto)) + C
k=1

i.e., F(t) € F(to) + C. Therefore, F(ty) <. F(t), which implies that ¢, is an optimal solution of FCMP3.

6. Conclusion

The objective of this paper is to introduce the differentiability concept for fuzzy mappings and an ordering
relation on the fuzzy n-cell number space is considered. We have used the differentiability for fuzzy mappings
to obtain the KKT optimality conditions for fuzzy constrained minimization problem based on the ordering
relation <.

Future research includes studying other types of optimality conditions for fuzzy constrained minimization
problem. One alternative is to define the concept of invex function using differentiability and the ordering
relation <. for fuzzy mappings.
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Monotone iterative technique for fractional partial differential
equations with impulses *

Xuping Zhang! Yongxiang Li

Department of Mathematics, Northwest Normal University,
Lanzhou 730070, People’s Republic of China

Abstract

In this article, we use a monotone iterative technique based on the presence of lower and
upper solutions to discuss the existence of mild solutions for the initial value problem of the
impulsive time fractional order partial differential equation of Volterra type in an ordered
Banach space F

Dotult) + Au(t) = [(t,u(t), Tult), 1€, t £t
AU"t:tk :Ik(u(tk))v k=1,2,---,m,
u(0) = xo,

where D7 is the Caputo fractional derivative of order ¢, 0 < ¢ < 1, A: D(A) C E - E
is a closed linear operator and —A is a generator of equicontinuous Cy-semigroup, f €
C(JXExE,E),J=10,a], a > 0is a constant, T is a Volterra integral operator, 0 < ¢; < t3 <
<ty <a, Iy € C(E,E), k=1,2,--- ,m and 2y € E. Under wide monotone conditions
and the noncompactness measure condition of nonlinearity f, we obtain the existence of
extremal mild solutions and unique mild solution between lower and upper solutions. The
results obtained generalize the recent conclusions on this topic. An example is also given to
illustrate that our results are valuable.
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1 Introduction

Fractional order models are found to be more adequate than integer order models in some
real world problems. Fractional order derivatives describe the property of memory and heredity
of materials, and this is the major advantage of fractional order derivatives compared with
integer order derivatives. In recent years, fractional order differential calculus has attracted
many physicists, mathematicians and engineers, and notable contributions have been made to
both theory and applications of fractional differential equations. It has been found that the
differential equations involving fractional order derivatives in time are more realistic to describe
many phenomena in practical cases than those of integer order in time. For instance, fractional
calculus concepts have been used in the modelling of neurons [1], viscoelastic materials [2]. Other
examples from fractional order differential equations can be found in [3-7] and the references

therein.

One of the branches of fractional differential equations and dynamics is the theory of time
fractional order evolution equations. Since time fractional order semilinear evolution equations
are abstract formulations for many problems arising in engineering and physics, time fraction-
al evolution equations have attracted increasing attention in recent years, see [8-16] and the

references therein.

In this article, we use a monotone iterative technique based on the presence of lower and
upper solutions to discuss the existence of mild solutions for the initial value problem (IVP)
of impulsive time fractional order partial differential equation of Volterra type in an ordered
Banach space E

Dou(t) + Au(t) = f(t,u(t), Tu(t)), teJ, t+#t,
Au]t:tk :Ik(u(tk)), k: 1,2,--- ,m, (11)
u(0) = xo,
where Dy? is the Caputo fractional derivative of order ¢, 0 < ¢ < 1, A: D(A) C E - E
is a closed linear operator, —A generates a Cp-semigroup S(t)(t > 0) in E, J = [0,a], a > 0

is a constant, f € C(J X EX E,FE), 290 € E, 0 < t; <ty < -+ <ty <a, I, € C(E,E),
k=1,2,--- ,m, and

Tu(t) ::/O K(t,s)u(s)ds (1.2)

is a Volterra integral operator with integral kernel K € C(A,RT), A = {(t,s) € R? |0 < s <
t < a}, Auli—y, stands the jump of u(t) at t = ty, i.e., Auli—y, = u(ty) — u(ty), where u(t}))
and u(t, ) represent the right and left limits of u(t) at ¢ = t;, respectively.

The monotone iterative technique based on lower and upper solutions is an effective and
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flexible method, which yields monotone sequences of lower and upper approximate solutions
that converge to the minimal and maximal solutions between the lower and upper solutions. In
1982, Du and Lakshmikantham [17] established a monotone iterative method for an initial value
problem of ordinary differential equation in an ordered banach space. Later, Li [18,19], Chen
and Li [20,21] developed the monotone iterative method for the abstract evolution equations in

abstract space.

The theory of impulsive differential equations is a new and important branch of differential
equation theory, which has an extensive physical background and realistic mathematical model,
and hence has been emerging as an important area of investigation in recent years, see [22].
Correspondingly, the existence of solutions to impulsive integro-differential equations in Banach
spaces has also been studied by several authors, see for example [23,24] and the references therein.
But all of the results mentioned above are for the differential equations of integer order. To the
best of the author’s knowledge, no results yet exist for the initial value problem of the impulsive
time fractional order integro-differential evolution equation (1.1) by using the monotone iterative
technique. The purpose of this paper is to establish the monotone iterative method for IVP (1.1)
in an ordered Banach space E. Under the positivity assumption for the Cp semigroup S(¢) and
some monotone conditions combined with the noncompactness measure condition of nonlinearity

f, we obtain the results on the existence and uniqueness of mild solutions for IVP(1.1).

2 Preliminaries

Let (E,|| -||) be an ordered Banach space with the partial order “ < ”. Then the positive
cone P = {z € F | > 0} is normal with normal constant N. Denote C(J, E) the Banach

space of all E-value continuous functions with the supremum norm ||u|lc = sup ||u(t)||. Clearly,
teJ

C(J, E) is also an ordered Banach space, which partial order “ < ” is reduced by the positive
cone Po ={u e C(J, E) |u(t)>0,t € J}. Set
PC(J, E) ={u:J — E|u(t) is continuous at t # t,
left continuous at ¢ = ¢, and u(t;) exists, k=1,2,---,m }.

Evidently, PC(J, E) is also an ordered Banach space with the supremum norm ||ullpc =
supses |lu(t)], its partial order “ < ” is reduced by the positive function cone Ppc = {u €
PC(J, E) | u(t) > 0,t € J}. Ppc is also a normal with the same normal constant N. For
v, w € PC(J, E) with v < w, we use [v, w| to denote the order interval {u € PC(J, E) | v <
u < w}, and for every ¢t € J, we use [v(t), w(t)] to represent the order interval {z € E | v(t) <
z < wt)}in E. Let J := J\{t1,ta, - ,tm}. We denote by PC'(J, E) = {u € PC(J,E) N
CY(J,E)|u (t)) and u (t, ) exist}. Set L(J, E) be the Banach space of all E-valued Bochner
integrable functions defined on J with the norm |lu|j; = fg |lu(t)]|dt.
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Let 0 < ¢ < 1. The Caputo fractional order derivative of order ¢ with the lower limit O for
a function g € C'(J) is defined as

Dolf(t) = F(ll— ; /0 (tg/_(‘?)q ds, >0, (2.1)

where I'(+) is the Gamma function. See [7].

If g is an abstract function with values in E, the definition of its Caputo fractional order

derivative is same. In that case then the integrals appeared in (2.1) is taken in Bochner’s sense.

Let A: D(A) C E — FE be a closed linear operator and E; denote the Banach space D(A)
with the graphic norm |[z|; = ||z| + ||Az|. We assume that —A generates a Cp-semigroup
S(t) (t > 0) of linear bounded operators in E. Denote by .Z(E) the Banach space of all linear
bounded operators in E. By the exponential boundedness of Cy-semigroup, there exist M > 0
and w € R such that

ISl 2y < M, >0, (2.2)

If w =0, we call S(¢) a uniformly bounded semigroup. Let h € L(J, E) and consider the initial

value problem of the linear time fractional order evolution equation (LIVP)

Do%u(t) + Au(t) = h(t), ted,
(2.3)
u(0) = xo.

By [11], we have the following existence and uniqueness result

Lemma 2.1 Assume that the Cy-semigroup S(t) (t > 0) generated by —A is a uniformly
bounded and analytic semigroup. If h € C(J, E) is uniformly Holder continuous on J, then the

linear initial value problem (2.3) has a unique solution expressed by
t
u(t) = U(t)zo + / (t— )7LV (t — )h(s)ds (2.4)
0

where U(t), V(t) : [0, c0) — Z(F) are strongly continuous functions of linear bounded operator
value given by
U(t)a = / C(0)S(t)zxdd,  xe B, t>0,
0 e (2.5)
Vi) = q / 9C,(0)St9)edd, € B, t >0,
0

where )
G(0) = p 91D p (97 1/9) (2.6)
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is a probability density function on (0,400), in which

o0

1 r 1
pq(V) = - Z(—l)"_lﬁ_q"_l(n?@'—k) sin(nmq), v € (0,+00).
n=0 )

By [11], the probability density function (,(¢) given by (2.6) satisfies the following condition
1

/0 G W)Y =1, /O 9 0)0 = Frs

ot (2.7)

When S(t)(t > 0) is a uniformly bounded Cp-semigroup, we can also define two operator
value functions U(t) and V(¢) by (2.5). From [11, 12], we have the following result

Lemma 2.2 Assume that S(t)(t > 0) is a uniformly bounded Cy-semigroup. Then operators
U(t) and V(t) defined by (2.5) have the following properties:

(1). For evrey t > 0, U(t) and V (t) are linear bounded operators, and

\U(t)z] < Mz, uvwngﬁ(”q)nxn, e E. (2.8)

(2). U(t) and V(t) are strongly continuous on [0, +00).

(3). When S(t)(t > 0) is equicontinuous, U(t) and V(t) are continuous in [0, +00) by the

operator norm.

In this case, by means of Lemma 2.2 (2), the function u gived by (2.5) belongs to C(J, E), we

call it a mild solution of the linear fractional order evolution equation (2.3). That is:

Definition 2.1 Let S(t)(t > 0) be a uniformly bounded Cy-semigroup and h € L(.J, E). By the
mild solution of the LIVP (2.3), we mean that the function u € C(J, E) satisfying the integral

equation

u(t) = U(t)xo + /Ot(t —8)T W (t — s)h(s)ds.

Let h € PC(J,E), yp € E, k=1, 2, --- ,m. We consider the initial value problem of the

linear impulsive time fractional order evolution equation (LIVP)

Dotu(t) + Au(t) = h(t),  teJ, t+t,

Au|t=tk = Yk, k= 1) 2) s, M, (29)
u(0) = zo € E.
Let J; = [0, t1], Jx = (tk—1, tx], k = 2,3, ---, m + 1, where t,,11 = a. Using Definition 2.1,

from Jj to J,41 interval by interval, we can easily obtain the following result.
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Lemma 2.3 For every h € PC(J,E) andy, € E, k=1,2,--- ,m, the LIVP (2.9) has a unique
mild solution u € PC(J, E) given by

U(t)xo + /Ot(t — 5 WV () (t — s)h(s)ds, teJy,

Ut — ) (u(ty) + 1) + /t(t ~ TVt — $)h(s)ds, tE Iy,
u(t) = t1 (2.10)

Ut — to) (u(tm) + ym) + /tt (t—s)T V(t — s)h(s)ds, t € Jpy1.

Remark 2.1 Note that the operator value functions U(t) and V (t) do not possess the properties
of semigroup. The mild solution of the LIVP (2.9) can be expressed only by using piecewise

function.

We consider the nonlinear impulsive time fractional order evolution equation (1.1). By
Lemma 2.3, a function u € PC(J, E) is called a mild solution of IVP (1.1) if u satisfies the
piecewise integral equation

U(t)xg —I—/O (t —8)27 V(1) (t — s)f(s,u(s), Tu(s))ds, te.J,

o |7 )+ Bt + / (¢ — )7V — ) (s uls), Tuls))ds, t €,
u(t) = 131

Ut —tm)(u(tm) + Im(u(ty))) + /t (t — s)T YV (t — ) f(s,u(s), Tu(s))ds, t € Jpi1.

We will use the monotone iterative method based on lower and upper solutions to discuss
the existence of extremal mild solutions for IVP (1.1). Next, we introduce the concepts of lower

and upper solutions for IVP (1.1).

Definition 2.2 If a function vg € PC(J, E) N PC(J, E1) and satisfies inequalities

Doqv()(t) + Avo(t) < f(t,’l}o(t),T'l}o(t)), te J7 i 7£ ks
Avolt:tk S Ik(vo(tk)), k‘ = 1,2, e, M, (211)

v0(0) < o,

we called it a lower solution of IVP (1.1). If all the inequalities of (2.11) are inverse, we call it
an upper solution of IVP (1.1).
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Our discussion needs that the S(t)(t > 0) is a positive Cy-semigroup, that is, S(t)z > 6 for
any > 0 and t > 0. For more details of the properties of the positive Cy-semigroup, see [19,25].
Clearly, by the (2.5) we obtain that:

Lemma 2.4 If S(t)(t > 0) is a uniformly bounded positive Cy-semigroup in E, then U(t) and
V(t) are positive operators in E for every t € [0, 400).

Let C' > 0 is a constant, I denote the identity operator in E. It is easy to see that —(A+ CT)
generates a Cp-semigroup S1(t) = e=“*S(t) (t > 0) in E, and S (t) is a positive Cy semigroup
if S(t) is a positive Cy-semigroup. If C' > w, then by (2.2), Si(¢) is a a uniformly bounded
Co-semigroup, for more details please see [26]. Hence we can define the corresponding operator

value functions U (t) and Vi (t) as follows

U () = / G0)S) (190)xdd,  w e E, t>0,

0 (2.12)

Vi(t)z = q/ V¢, (9)S1(t)zdd, x€ E, t>0.
0

Ui(t) and Vi(t) have completely same properties with U(t) and V(¢). If the semigroup S(t) is
not uniformly bounded, we choose C' > w such that Si(¢) uniformly bounded. In this case, the
mild solution of IVP (1.1) can be expressed by U;(t) and Vi(t).

Next, we recall some properties about the measure of noncompactness that will be used in
the proof of our main results. Let a(-) denote the Kuratowski measure of noncompactness of the
bounded set. For the details of the definitions and properties of the measure of noncompactness,
see [27]. For V B C PC(J, E) and t € J, set B(t) = {u(t) : w € B} C E. If B is bounded in
PC(J, E), then B(t) is bounded in E and «(B(t)) < a(B).

Lemma 2.5 *") Let B ¢ C(J, E) be bounded and equicontinuous. Then a(B(t)) is continuous

on J, and
a({/]u(t) |ue B}) < /Ja(B(t))dt.

Lemma 2.6 128! Assume that B = {u,} C PC(J,E) is a countable set and there exists a
function m € L*(J,R") such that for every n € N

lun(®)| <m(t), aetel

Then a(B(t)) is Lebesgue integral on J, and

a({/]un(t)dt}) < 2/Ja(B(t))dt.
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Our discussion also need the following generalized Gronwall inequality which can be fund in
[29].

Lemma 2.7 Let Cy > 0 be a constant and a € L(J) be a nonnegative function. If ¢ € L(J) is

nonnegative and satisfies

t
o <alt) + Co/ (t—s)1Lp(s)ds, teJ,
0

then

o

o(t) < / [Z 00F (t — 5" la(s)|ds, te .

n=1

3 Main Results

In this section, we use the monotone iterative method based on lower and upper solutions to
discuss the existence of mild solution for IVP (1.1). We assume that the operator A : D(A) C
E — I satisfies

(HO) A: D(A) C E — E be a closed linear operator, —A generates a positive and equicontin-
uous Cp-semigroup S(t) (¢ > 0).

Our main results as follows:

Theorem 3.1 Let E be an ordered Banach space, and let the positive cone P be normal.
Assume that A : D(A) C E — FE satisfies the assumption (HO), f € C(J x E x E, E),
Iy e C(E,E), k=1,2,--- ,m, and IVP (1.1) has a lower solution vy and an upper solution wy

with vy < wg. If the following conditions are satisfied:
(H1) There exists a constant C' > 0 such that
f(ts z2, y2) — f(E, 21, y1) = —C(x2 — 1),
for Ve J, v(t) <z <xzo <wo(t), and Tog(t) < y1 < yo < Twy(t).
(H2) Ix(x) is increasing on the order interval [vy(t), wo(t)] for t € J, k=1,2,--- ,m
(H3) There exists a constant L > 0 such that
a({f(t, zn; yn)}) < Lla({zn}) + a({ya}));

for V ¢t € J, and increasing or decreasing monotonic sequences {z,} C [vo(t), wo(t)] and
{yn} - [Tvo(t), T’LUo(t)],
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then IVP (1.1) has minimal and maximal mild solutions between vy and wyg, and they can be

obtained by a monotone iterative procedure starting from vy and wy, respectively.

Proof. Without losing the generality, in the assumption (H1) we may assume that C' > w,
where w is the growth exponent of S(t) given by (2.2). Then the Cp-semigroup

Si(t)=eCtS(t), t>0 (3.1)

generated by —(A + CI) is uniformly bounded, positive and equicontinuous. Let Uy(t)(t > 0)
and V1 (t)(t > 0) be the operator value function defined by (2.12), then they have the properties
in Lemma 2.2, specially they satisfy

@ el < Mzl Vi) ] < Fqu)mn, >0, z€E. (3.2)
For every u € PC(J, E), set
G)(t) = f(t,u(t), Tu(t)) + Cu(t),  teJ. (3.3)

Then G : PC(J, E) — PC(J, E) is a continuous mapping. We rewrite the equation (1.1) to the

form of

Dotu(t) + (A + C) u(t) = G(u) (t), tE€J, t 1ty
Au|t:tk :Ik(u(tk)), k= 1,2,"' ,m, (34)
u(0) = xo,

then by Lemma 2.3, the mild solution of this equation, equivalently IVP (1.1), which means
that u € PC(J, E) satisfies the piecewise integral equation

Ul(t)xo+/0t(t—s)°‘1V1(t)(t—5) Gu)(s)ds, te.Ji,

Ui(t — ) (ulty) + L(u(tr) + /t(t — )Wt — 8) Gu)(s)ds, € Iy,
u(t) = t1

Ur(t — to) (u(tm) + I (u(tm))) +/t (t— )T Vi (t — 8)G(u)(s)ds, t € Ty

\

We define the mapping @ : [vg, wo] — PC(J, E) by
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UL (D)0 —i—/ot(t It — 5) Glu)(s) ds, €

Ui(t —t1)(u(tr) + Ii(u(tr))) + /t(t —8) 1WA (t — 5) G(u)(s)ds, t € Jo,
Qu(t) = 131

Ur(t — tm) (u(tm) + Im/(u(tym))) + /tt (t — )17 Vi (t — 8)G(u)(s)ds, t € Jpia,

(3.5)
then the mild solution of IVP (1.1) is equivalent to the fixed point of Q. Clearly, @ : [vg, wp] —
PC(J, E) is continuous. Since operators Uj(t) and Vi(t) are positive, by the assumptions (H1)
and (H2), @ is increasing in [vg, wp]. We use monotone iterative method of increasing operator
to find the fixed point of Q.

Firstly, we show that vy < Qug and Qugy < wy.

Let h(t) = Do%vo(t)+ Avg(t) +Cuvo(t). Then h € PC(J, E) and vy is the unique mild solution
of the the linear impulsive time fractional evolution equation (LIVP)

Do%u(t) + (A + CT)u(t) = h(t),  tEJ, t # by,
A’U,‘t:tk = Avﬂ‘t:tka k= 17 27 s, I, (36)
u(0) = vo(0) € E.

By the definition of lower solution
w(0) <z,  h(t) < G(w)(t), telJ,

Avgli=t, < Ip(vo(ty)), k=1,2,---, m.

Hence by Lemma 2.3 and the positivity of operators U;(t) and Vi (t), we have

p

Uy (t)vo(0) + /Ot(t — ) MV (t)(t — s)h(s)ds, t € Ji,

Ul(t - tl)(’vo(tl) + Avo‘t:tl) + /t(t — S)qflvl(t — s)h(s)ds, t e Jo,
Uo(t) = 1

t

Ur(t — tm) (vo(tm) + Avoli=t,,) + / (t— s)qflvl(t — s)h(s)ds, t € 1
tm
10
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Ui (t)vp(0) + /Ot(t — ) V(1) (t — 5)G(vo)(s)ds, t € Jy,

Ui(t —t1)(vo(t1) + I (vo(ty))) + /t(t — s)q_lvl(t —35)G(vo)(s)ds, t € Ja,

t1

IN

= Quo(t).

This means that vg < Qug. Using a similar method, we can prove that Quwg < wg. Combining
these facts and the increasing property of @ in [vg, wpl, we see that @ maps [vg, wp| into itself.

Hence, @ : [vo, wo] — [vo, wo] is a continuously increasing operator.

Secondly, we prove that the image set Q([vo,wp]) is equicontinuous in every interval Jj,
k=1,2,---,m+1.

For V u € [vg, wo], by the assumptions (H1) and (H2), we have

G(v) < G(u)(t) < G(wp), teJ,

and

vo(tr) + Ix(vo(tr)) < u(ty) + Ip(u(ty)) < wolty) + Ix(wo(ty)), k=1,2,--- ,m.
Hence by the normality of the cone P, there exist positive constant M* and Ly, k= 1,2, -+ ,m,
such that

[Gu) ()] < M*, tel 37
lu(ty) + T(u(t )| < Ly, k=1,2,--- ,m. '

Consider the case of J;. Let t,t" € Jyand 0 <t <t . We show that [|Qu(t")—Qu(t )| — 0
independently of v as t' —t — 0. By the definition of Q, we have

1"

Qu(t')—Qu(t) = Ut )y — Ui(t)zo
4 /t (" = )T Vi — )G (u)(s)ds
tl 1 / "
+/ [(t =) = (t —s) Vit — )G (u)(s)ds
0

’

+ / (t — ) Vit —s) = Vi(t — $)]G(u)(s)ds
0

11
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= S+ Si2+ Si3 + S,

where
Sll = Ul(t//).To*Ul(t/).’Eo,
Sa = [ @ -9 - e s
Siy = / (1" = )1 = (' = )" VA" = 8)G(u)(s)ds,
tl / 1" /
Sy = /0 (t —8) Vit —s) = Vi(t — )]G (u)(s)ds.
Since

1Qu (t) = Qu )|l < [|Suull + 1512l + S1sll + [[S1all,
we only need to check that ||Sy;|| — 0 independently of u € [vg, wol ast” —t — 0,i=1, 2, 3, 4.

For Si1, by Lemma 2.2 (2), Ui (t)zo is continuous on J, hence it is uniformly continuous on J
and we have

1Sull = UL ) 2o = Ur(t) 2ol = 0 (" = —0).
For S12 and Si3, by (3.2) and (3.7) we have

"

[S12f < /t (t" =)Vt — 9)G(u)(s)]|ds

MM* 1" ! 1 !
t —t)X—=0 (t —t —0).
grig) 0 )

/

1S < /0 (¢ =9)7" = (" =) Vi(t" — 5)G(u)(s)llds

MMt v et
o = (s

MM* Na _ (4"\a " 4'\a
= i € = =)
MM*
qT(q)

For Sij4, using (3.2), (3.7), Lemma 2.2(3) and the Lebesgue bounded convergence theorem of

" =t =0 (£ —t —0).

integration, we have

/

1Sl < /0 (¢ = )" VA(t" =) = Vi(t = 9)] - [|G(u)(s)]| ds.

12
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/

t
< M [ - -9 - il - o) ds
0

!/

t
- M*/ r i =t +r) = Vi(r)| dr
0

a
< M*/ FEYVAE — ) — Vi) dr =0 ('~ —0).
0
As a result, ||Q(u)(t") — Q(u)(t)]|| tends to 0 independently of u € [vg, wg] as t” —t — 0, which
means that Q([vo, wop)) is equicontinuous in the interval Jj.
Consider the case of Jo. For t',¢" € J, with ¢ < t”, we have

Quit')—Qu(t) = (Uit —t) = Uit — 1)) (u(ts) + L(u(tr)))

+f (A — )Gu)(s) ds
" / (= )7 — ( — Vil — 5)G(u)(s) ds

’

+ / (t — )1 Vit —s) = Vi(t — $)]G(u)(s) ds

t1
= So1 + S22 + Sa3 + Sou,
where

So1 = (Ui(t" —t1) = Uh(t = t1)) (ulty) + L(u(tr))),

1

50 = [ (= — )G (s) ds,

S = [ 1= = (=T 96 ds

t

Sos = / (¢ =) Vit = 5) = Vit = 5)]G(u)(s) ds.
t1

It is obvious that

1Qu (") = Qu(£)II < | Saall + 15221l + [|S23]| + [[S2all-

Therefore, we only need to check that ||Sa;|| — 0 independently of u € [vg, wo] as t* —t — 0,
i=1, 2,3, 4. For Sa1, by Lemma 2.2 (3) and (3.7), we have that

ISo1ll = (ULt —t1) = Us(t —t1)) (ulty) + I (w(tr)) )|

13
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IN

UL —t1) = UL (t —t1)]| - llu(ty) + T (u(t))])

IN

LUt —t) — Uit —t)| =0 (¢ —t —0).

For Sy, similarly to S12, we have

*

qI'(q)
For Sa3, by (3.2) and (3.7) we have

12| < ' —t) =0 (& -t —=0).

IS2s]] - < /t (8" = )77 = (" =) IVi(t" = 9)G(u)(s)]|ds

!

MM* [Pt a1
['(q) /m S ¢ o
MM* _ a_ (4" 1 \q " \a
= T [(t —t)?—(t —t))?+(t —t)1]
MM* "\Nq " 4
m(t —t)—=0 (t —t =0).

For Sa4, by (3.7) and lemma 2.2(3), we have

’

1Sull < / ( — ) Vit — 5) — Vi(t — 9)] - |G u)(s)]] ds.

t1

/

t
: M*/ (t =) Nt =) = VA(t —s)] ds

t1
tlit/ 1 !
_ M*/ PV — ) — Vi(r)|| dr
0
< M*/ PNV = 1) = i) dr =0 (£ —¢ — 0).
0

Consequently, [|Qu (t') — Qu (t')| tends to 0 independently of u € [vg, wo] as t —t — 0. This

means that Q([vo, wop)) is equicontinuous in the interval Js.

Continuing such a process interval by interval up to Jy,11, we can prove that Q([vo, wo] is

equicontinuous in every interval Ji, k=1,2, ---, m+ 1.

Now, we define two sequences {v,} and {w,} in [vg, wg] by the iterative schemes

Up = Qup_1, Wy =QWnp_1, n=1,2---. (3.8)

14
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Then from the monotonicity of (), one can easy to prove that

v <o <y < Swp < - < wp < wp (3.9)

We prove that {v,} and {w,} are uniformly convergent in J.

For convenience, let B = {v, | n € N} and By = {v,—1 | n € N}. Since B = Q(By) C
Q([vo, wo]), so that B is equicontinuous in every interval Ji, k = 2,3, ---, m. From By =
B U {vp} it is follows that a(By(t)) = a(B(t)) for t € J. Denote

o(t) = a(B(t)) = a(Bo(t)), teJ. (3.10)

By Lemma 2.5, ¢ € PC(J, R"). We from .J; to Jp,41 interval by interval show that ¢(¢) =0 in
J.

For every t € J, by Lemma 2.6 we get that

a(T(By)(t)) = a({ /(:K(t,s)vn_l(s)ds ‘ n e N})

IN

2 /0 a({K (¢, $)on_1(s) | n € N})ds
= 2/0 K(t,s) a({vn—1(s) | n € N})ds

t
< 2K, / o(s)ds,
0

where Ko = max(; s)ea K(t,s). Therefore

/Ot(t—s)qla(T(Bo)(s))ds < 2K0/0t(t—s)q1[/oscp(r)dr]ds

2K, [*
= 20 [ty
q Jo
t
< 2aKO/(t—s)q_1g0(s)ds, te (3.11)
q 0

For V t € Jy, by (3.5), using Lemma 2.6, the assumption (H3), (3.2) and (3.11), we have

p(t) = a(B(t) =a(Q(Bo)(t))
_ a({Ul(t)xg + /Ot(t — )W (t — 8)G(vn_1)(s) ds })
_ a({ /Ot(t — )T Wi (t — 8)G(vn_1)(s) ds })

15
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IN

IN

IN

<

t
2/ a({(t- $) IV (t — 5) G(vn_1)(5) }) ds
0

ggl%—ngﬂGm%Mﬁﬁﬂﬁ

1%(]‘5) /Ot(t — )70 ({ £(5,Vn1, Ttn_1(5)) + Ctn_1(s) }) ds
gg%ﬂpwﬂqU@M%@»+MTw®@”+CM3@»“k
ﬁg@+cy[u—$ww@m&+ﬁg[ﬂvwﬁ*ﬂﬂ&M@Ws
1%(]\5) (L +O+ 2alq(°L) /Ot(t — 5)7 ' p(s)ds.

Hence by Lemma 2.7, ¢(t) = 0 in J;. In particular, a(B(t1)) = a(Bo(t1)) = ¢(t1) = 0, this
means that B(t1) and By(t1) are precompact in E. Hence, from the continuity of I; we obtain
that I1(By(t1)) is precompact in F, and «(I1(By(t1))) = 0.

For Vt € Js, since

a({Ui(t = t1)[vn-1(t1) + i (on-1(t))]}) < a(Ui(t = 1) (Bo(t1) + Li(Bo(t1)))

< M(a(Bo(t1)) + a(l1(Bo(t1)))) = 0,

using (3.5) and a similar argument above, we have

o(t)

IN

IN

IN

a(B(t)) = a(Q(Bo)(t))
a({Ul(t—tl)[vn_l(tl)+I1(vn_1(t1))]+/t (t— )" Vilt — )G (o) (s) ds})
a({Ui(t — t1)[vn-1(t1) + i (vn-1(t1))]})

+a({ /tt(t — )TV (t — $)G(vn_1)(5) ds})
o{ /Ot(t T VA( — $)G(wam)(9)ds })

2/t a({(t- $) IV (t — 5) G(vn_1)(5) }) ds

2M
['(q)

t
j@—ﬂ“hGszMQD%

16
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_ 13(]‘5) /tlt(t — )9 ({ £(, 001, Ttn1(5)) + Cuni(s) }) ds

< I%(Aj) /tlt(t — 5)7 [ L(a(Bo(s)) + a(T(Bo)(s))) + Ca(Bo(s)) ] ds

- o) [amapas+ B [ - gt as
< %(L +0) /Ot(t — )1 1(s) ds + 21;]‘(4; /Ot(t ~ )1 a(T(Bo)(s)) ds
< 1?(]‘5) (L+o+ 2“[;@) /Ot(t — )T lp(s)ds.

Again by Lemma 2.7, ¢(t) = 0 on Ja, from which we obtain that a(By(t2)) = 0, and therefore
a(I2(Bo(t2))) = 0. Continuing such a process interval by interval up to Jy,11, we can prove that

¢ =0 1in every Jg.

Therefore, for every Ji, {v,} is equicontinuous on Ji and {v,(t)} is precompact in E for every
t € Ji. By the Arzela-Ascoli theorem, {v,} has a subsequence which is uniformly convergent
in Ji. Combining this with the monotonicity (3.9), we easily prove that {v,} itself is uniformly
convergent in Ji, k =1, 2, ---, m+ 1. Consequently, {v,(¢)} is uniformly convergent over the
whole of J.

Using a similar argument to that for {v,(¢)}, we can prove that {w,(t)} is also uniformly

convergent on J. Hence, {v,} and {w,} are convergent in the Banach space PC(J, E). Set

u= lim v, and w= lim w, in PC(J, E). (3.12)

n—oo n—oo

Letting n — oo in (3.8) and (3.9), we see that vg < u < u < wp and

u=Qu and uU=QT7u. (3.13)

By the monotonicity of @), it is easy to prove that w and & are the minimal and maximal fixed
points of @ in [vg, wp], and therefore, they are the minimal and maximal mild solutions of IVP

(1.1) in [vg, wo], respectively.
This completes the proof of Theorem 3.1. O

In Theorem 3.1, if F is weakly sequentially complete, the condition (H3) holds automatically.
In fact, when FE is an ordered and weakly sequentially complete Banach space, by Theorem 2.2 in
paper [30], we know that any monotonic and order-bounded sequence is precompact. Let {z,}
and {y,} be two increasing or decreasing sequences in condition (H3), then by condition (H1),

{ f(t, zp, yn) + Cxy,} is monotonic and order-bounded sequence. By the property of measure of

17
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noncompactness, we have

a({ f(t, xn, yn)}) < a({ f(E, Tn, yn) + Can}) + Ca({zn}) = 0.

Hence, condition (H3) holds for any L > 0. From Theorem 3.1, we obtain that

Corollary 3.1 Let E be an ordered and weakly sequentially complete Banach space, and let
the positive cone P be normal. Assume that A: D(A) C E — FE satisfies the assumption (H0),
feC(JxEXE E),and I, € C(E,E), k=1,2,--- ;m. If IVP (1.1) has a lower solution vy
and an upper solution wy with vy < wq and the assumptions (H1) and (H2) are satisfied, then
IVP (1.1) has minimal and maximal mild solutions between vy and wg, which can be obtained

by a monotone iterative procedure starting from vy and wy, respectively.

Now we discuss the uniqueness of the mild solution for IVP (1.1) in [vg, wp]. In theorem 3.1,
if replacing the assumption (H3) by the condition:

(H4) There exist positive constants C; and Cy such that
f(t, z2, y2) — f(t, 21, y1) < Cr(x2 — 21) + Ca(y2 — y1),
for Vit e J, and vo(t) < z1 < 2o <wo(t), Tvo(t) <y1 <y2 < Twp(t),
we have the following uniqueness result.

Theorem 3.2 Let I be an ordered Banach space, and let the positive cone P be normal.
Assume that A : D(A) C E — E satisfies the assumption (H0), f € C(J x E x E, E), and
Iy € C(E\E), k =1,2,--- ,m. If IVP(1.1) has a lower solution vy and an upper solution wy
with vg < wg such that conditions (H1), (H2) and (H4) hold, then IVP (1.1) has a unique mild
solution between vy and wg, which can be obtained by a monotone iterative procedure starting

from vy or wy.

Proof. We firstly prove that (H1) and (H4) can deduce (H3). For ¢t € J, let {z,} C
[vo(t), wo(t)] and {yn} C [Two(t), Two(t)] be two increasing sequences. For m,n € N with
m > n, by (H1) and (H4),

0 < (F{t zm, ym) = f(E, Tny yn) ) + Clam — 2n)
< (C + Cl)(xm - In) + CQ(ym - yn)-

By this and the normality of cone P, we have

| f(t, Tms Ym) — f(E, Tny yn)||

18

435 Xuping Zhang et al 418-440



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

S NI(C+ C)(@m — 2n) + Co(Ym — yn)|| + C [|[#m — 2|
< (C+ NC+ NCY)||zm — x|l + NCo|ym — ynll-
From this and the definition of the measure of noncompactness, it follows that
a({f(t, xn, yn)}) < (C+ NC+NC)a({zn}) + NCaa({yn})

L(a({zn}) + a({yn})),

where L = C + NC + NC1 + NCs. If {z,} and {y,} are two decreasing sequences, the above

IN

inequality is also valid. Hence (H3) holds.

Therefore, by Theorem 3.1, IVP (1.1) has a minimal mild solution » and a maximal mild
solution @ in [vg, wpl. Let {v,} and {wy,} be the sequences defined by the iterative scheme (3.8).
Then by the proof of Theorem 3.1, we know that (3.9), (3.12) and (3.13) are valid. We show
that u(t) = u(t) on J. Set

P(t) = |u) —u@)l,  tel (3.14)

then ¢ € PC(J, RT). We need to show that ¢(t) = 0 on J. We from J; to Jy,+1 interval by
interval show that ¢ (¢) =0 on J.

For every t € Ji, using (3.5), (3.8), (3.9) and assumption (H1) and (H4), we obtain that

0 < u(t) —ut) =Qu(t) - Qu(t)
= /0 (t =)Vt — 5) (G(@)(s) — G(u)(s) ) ds
< /0 (t = )" VAt = 5)((C + Cr)(a(s) — u(s)) + Ca(Tu(s) — Tu(s))) ds.

Hence, by the the normality of cone P and (3.2), we have

@) = |ult) —u@)]

< N [ =97 Wt = (€ + 1) (ats) = w(s) + Ca(Tals) ~ Tus) s
M_ t — ) Ly(s) ds t — 8) Y Tu(s) — Tu(s S

< Ml [ sveds e 0 [ et Tas) - Tut) as)
MNT t —5)T1ap(s) ds t — )0t ) r)drds

< Fl©+on [u—a v+ ety [ —st [ oy
MNT t — 5)1ly(s) ds Coko [* —r)%)(r)dr

< Fleren [a-artuds+ 25 [ rar]
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MN ¢ o1 aCyKy [*  ly(s)ds
< F(q)[wwl)/()(t—s) U(s) ds + = /O<t )i~ Y (s)d
MN aCy K, t _
- @(C"‘Cl"‘ 2 0)/0 (t_s)q 1¢(S)d8'

So we obtain that ¢ () = 0 on J; by Lemma 2.7.

For t € Js, noting that u(t1) = w(t1) and I[;(u(t1)) = [i(u(t1)), using (3.5) and the same

argument as above for t € Ji, by (3.5) we can prove that

b(t) < %(0+01+“02K0) /t (t — 5)9"(s)ds
NM aCoKoy (1 o
< @(C—i—(}’l—i— 2 0>/O(t—s) Lp(s)ds, €.

Again by Lemma 2.7, we have 1(t) = 0 on Js.

Continuing such a process interval by interval up to Jp,+1, we obtain that ¢(¢) = 0 over the
whole of J. Hence, u(t) = u(t) on J and w := u = w is a unique mild solution of IVP (1.1) in
[vo, wp], which can be obtained by the monotone iterative procedure (3.8) starting from vy or

wQ.
This completes the proof of Theorem 3.2. O

Remark 3.1 Since the condition (H4) can be more easily verified than (H3), the applications

of Theorem 3.2 are convenient.

4 Application

In order to illustrate the applicability of our main results, we consider the initial-boundary
value problem of time fractional order parabolic partial differential equation with impulses and

integral term
(0% — V?u = g(t, x, u(t,z), Tu(t,x)), (t,z)e€JxQ, t#t,
Auli—y, = cpu(tg,z), z€Q; k=1,2,--,m,

(4.1)
ulon =0,

U,(O,.%') = 900<1'), r €,

where 9,9 is the Caputo fractional order partial derivative of order ¢, 0 < ¢ < 1, V? is the
Laplace operator, J = [0,a], a > 0,0 < t; <ty < --- <ty < a, Q C RY is a bounded domain
with a sufficiently smooth boundary 9Q, g € C'(J x 2 x R x R) and satisfies the growth condition

|g(t7 z, 57 77)‘ §b0+b1|£|+b2|n‘? (tv z, ga U)GJXQXRXR, (42)
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with positive constants by, b1, b2, and

Tu(t,x) ::/0 K(t,s)u(s, x)ds (4.3)

is a Volterra integral operator with integral kernel K € C(A,RT), A :={(t,s) e R? |0 < s <

t <a};cy, o, -+, ¢y are positive constants, and the initial value function ¢o € L%(Q).

Let E = L?(Q), P ={u € L*(Q) | u(z) >0, a.e. z € Q}. Then E is a Banach space, P is a
normal cone of E. We define an operator A in L?(Q2) by

D(A) = H* Q)N HL(), Au=—V?u, (4.4)

From [26, Chapter 7, Theorem 3.2], we know that — A generates a positive and analytic semigroup
S(t)(t>0)in E. Let

flt, v, w) =gt z, v(z), w(z)), ted, v, week. (4.5)

Then by the condition (4.2), f:J x E x E — E is continuous. Let Iy = ¢t I, k=1,2, --- | m,
where I is the identity operator in L?(9). For the fuction u : J x Q — R, let u(t) = u(t,-). Then
the equation (4.1) be transformed into the following abstract form of IVP (1.1) in L%(Q)

Dou(t) + Au(t) = f(t,u(t), Tu(t)), tedJ, t#t,
Au|t:tk = Ik(u(tk)), k= 1, 2, e, M, (46)
u(0) = «o.

Let A1 be the first eigenvalue of A. It is well known that Ay > 0 and it has a unique positive
cigenfunction ¢1 € C*(Q) N Co(9) satisfied max, g ¢1(x) = 1. Let

p(t) =1+ o tEJ, (4.7)

then u € PC(J) and Apl=t, = ¢k, k=1, 2, ---, m. In order to solve the problem (4.1), we

make the following assumptions:
(A1) po € L2(Q) and 0 < @o(z) < ¢1(z) for a.e. x € Q.

(A2) g(t, #,0,0) > 0 and g(t, z, p(t)d1(z), ¢1(x) Tp(t)) < Arp(t) ¢i(z) for every (z,t) €
J x Q.

(A3) In J x 2 x R x R, g(¢, =, & n) has continuous partial derivative g¢'(¢, x, &, ) and
g'r]/(t7 .’E, ‘Ea 77)

Theorem 4.1 If the assumptions (Al)-(A3) are satisfied, then the equation (4.1) has a unique
L?-mild solution between 0 and pu(t)¢y(z).
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Proof. Consider IVP (4.6). From Definition 2.2 and the assumptions (A1) and (A2) we see

that vo(t) = 0 is a lower solution of IVP (4.6) and wo(t) = u(t)¢1 is an upper solution of IVP
(4.6). From (A3) it is easy to verify that f satisfies the assumption (H1) and (H4). Clearly, for

Iy =cl, k=1,2,---, m, (H2) holds. Therefore, by Theorem 3.2, IVP (4.6) has a unique mild
solution between vy and wy, that is, the equation (4.1) has a unique L2-mild solution between
0 and p(t)é1(z). O
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EVP, MINIMAX THEOREMS AND EXISTENCE OF NONCONVEX
EQUILIBRIA IN COMPLETE G-METRIC SPACES

E. HASHEMI AND R. SAADATT*

ABSTRACT. We prove generalized EVP (Ekeland’s variational principle) and generalized Taka-
hashi’s nonconvex minimization theorem by 2-distance on G-metric spaces. As a result of last

theorems, we get generalized flower petal theorem.

1. INTRODUCTION

EVP, studied first one in 1972, has found a multitude of applications in different fields of
analysis. It has also served to provide simple and elegant proofs of known results. The best

references for those are by Ekeland himself: his survey article [2], his book with Aubin [1] and

[4].

2. EVP

Definition 2.1. [3] Let X # @. The function G : X x X x X — [0, 00) is said to be G-metric

when
(i) G(u,v,w) =0 if u = v = w (coincidence),
(ii) G(u,u,v) > 0 for all u,v € X, where u # v,
(iil) G(u,u,w) < G(u,v,w) for all u,v,w € X, with w # v,
(iv) G(u,v,w) = G(P{u,v,w}), where p is a permutation of u, v, w (symmetry),
(v) Glu,v,w) < G(u,a,a) + G(a,v,w) for all u,v,w,a € X (rectangle inequality).

In this paper, ¢ : (—00,00) — (0,00) is a nondecreasing function. We say the function
h : X — (—o00,00] is lower semicontinuous from above (shortly lsca) at wy € X when for

every sequence {wy} in X with w, — wg and h(wy) > h(wz) > -+ > h(w,) > -+, we have

Key words and phrases. ()-distance; Generalized EVP; Lower semicontinuous from above function; Gener-
alized Caristi’s (common) fixed point theorem; Nonconvex minimax theorem; Nonconvex equilibrium theorem;
Generalized flower petal theorem.

*The corresponding author.
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h(wo) < limy,—s00 h(wy,). We say h is Isca on X when h is Isca at every point of X. We say h
is proper if h # oo.

Definition 2.2. [3] Let (X, G) be a G-metric space.

(1) A sequence {u,} in X is a G-Cauchy sequence when, for every ¢ > 0, there exists a

positive integer ng such that if m,n,l > ng, then G(up, un,u;) < €.

(2) A sequence {uy} in X is G-convergent to a point v € X when for every ¢ > 0, there

exists a positive integer ng such that for all m,n > ng we have G(up,, un,u) < ¢.

Definition 2.3. [5] Let (X,G) be a G-metric space. A function  : X x X x X — [0,00) is
said to be an (2-distance on X when

(a) Qu,v,w) < Qu,a,a) + QUa,v,w) for all u,v,w € X;

(b) For any u € X, Q(u,.,.) : X — [0,00) is lower semicontinuous;

(c) For each € > 0, there exists a 6 > 0 such that Q(u,a,a) < ¢ and Q(a,v,w) < ¢ imply

G(u,v,w) <e.

Example 2.4. [5] Let (X, d) be a metric space and G : X2 — [0, 00) defined by G(u,v,w) =
max{d(u,v),d(u,w),d(v,w)} for all u,v,w € X. Then Q@ = G is an -distance on X.

Lemma 2.5. [5] Let (X,G) be a G-metric space and Q an Q-distance on X. Let also
{un}, {vn} be sequences in X, {an} and {Bn} sequences in [0,00) converging to zero and

let u,v,w,a € X. Then we have

(1) if Qv up,un) < an and Quy,v,w) < B, for n € N, then G(v,v,w) < € and hence
w = v;

(2) if Qvp, tn,un) < ap and Q(ty, Uy, w) < By for any m > n € N, Then G(vy, U, w) —
0 and hence v, — w;

(3) if Qup,um,w) < ay for any l,m,n € N with n < m <, then {u,} is a G-Cauchy
sequence;

(4) if Qun,a,a) < ayp, for any n € N, then {u,} is a G-Cauchy sequence.

Lemma 2.6. Let Q be an Q-distance on X x X x X. If {un} is a sequence in X with

lim sup,, oo {Q(Un, Um, w;) = 1 <m <1} =0, then {u,} is a G-Cauchy sequence in X.

Proof. Suppose o, = sup{Q(un, um,u;)}. We have lim,,_,o o, = 0. By Lemma 2.5, we obtain

that {u,} is a G-Cauchy sequence in X. O
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Lemma 2.7. Let f : X — (—o00,00| be a function and Q a Q-distance on X x X x X. We
define the set P(u) by

Plu) ={ve X :v#u Qu v,0) <(f(w)(f(u) - f(v))}.
If v € P(u), then we have f(v) < f(u) and P(v) C P(u).
Proof. Let v € P(u). Then v # uwand Q(u,v,v) < @o(f(uw))(f(u)—f(v)). Since Q(u,v,v) > 0 for
any u,v € X and ¢ is nondecreasing in (0, 00), we have f(u) > f(v). If P(v) =0, then P(v) C
P(u). If P(v) # 0, then let w € P(v). We have w # v and Q(v,w,w) < o(f(v))(f(v) — f(w)).
Then, we have f(v) > f(w). Also we have

Q(u, w, w) < Qu,v,0) + Qv w, w) < (f(w) (f(u) — f(w)).

We claim that w # u. Let w = u; then Q(u,w,w) = 0. On the other hand

Qu,v,v) < p(f(W)) (f(u) = f(v)) < o(f(w))(f(u) — f(w)) =0.

Then Q(u,v,v) = 0; for each € > 0, we have Q(u,w,w) = 0 < 4, Q(w,v,v) =0 < § =
G(w,v,v) < e. Then G(w,v,v) =0 and w = v, which is a contradiction. Therefore w € P(u)

and hence P(v) C P(u). O

Proposition 2.8. Let f : X — (—o00,00] be a proper lsca and bounded from below function.

Let also 2 be an Q-distance on X x X x X. For each u € X, let

P(u) ={ve X 1 v#u, Qu,v,v) < p(f(uw)(f(u) - f(v))}
If {uy} is a sequence in X such that P(uy) is a nonempty set and un+1 € P(uy,) for alln € N,
then there exists ug € X such that w, — ug and ug € (), P(uy).

Also, if f(unt1) < infyep(y,) f(w)+1/n for alln € N, then (\,_; P(uy) has only one point.

Proof. First we show that {u,} is a Cauchy sequence. Whereas u,,+1 € P(u,), by Lemma 2.7,
f(up) > f(uns1) for all n € N, so {f(up)} is nonincreasing. On the other hand, f is bounded

from below; then r = lim, o f(uy), so f(uy) > r for all n € N.

We show that limsup,,_, .o {2 (un, Um, um) : m > n} = 0. We have

Q(una Um, um) < Q(un7 Un+1, un+1) + Q(un+17 Um, um)

< Qtn, Unt1, Ung1) + QUni1, Uny2, Ung2) + QUny2, U, Um)
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Therefore Q(tn, U, Um) < Z;n:_nl Quj, uj1, ujr1) < @(f(ur))(f(un) —r), for all m,n € N
with m > n. Put o, = Lp(f(ul)) (f(un) — r) for all n € N. We have sup{Q(un, tm, um) : m >

n} < a, for all n € N. So lim,,_,~ f(un) = r. We have lim,,_, a,, = 0 and
lim sup{Q(un, wm, um) : m >n} =0.
n—o0

By Lemma 2.6, {u,} is a G-Cauchy sequence, and X is a G-complete metric space, so there
exists ugp € X such that u, — ug. We show that ug € (,—; P(un). Since f is Isca, then
flup) < limy oo f(un) = 7 < f(ur). Suppose that n € N is fixed for all m € N with
m > n. We have Q(un, U, Un) < ZT:_nl Quj, wjpr, uj41) < (p(f(un)) ((f(un) — f(uo)). Since

Qu,.,.) : X — (0,00) is lower semi continuous, then

Q(un’ UQ, UO) < ‘p(f(un)) (f(un) - f(uO)) (2'1)

Also ug # u, for all n € N. Suppose contrary, that there exists j € N such that ug = u;.
Since Q(uj, wjt1,ujr1) < @(f(uy)) (f(uy) = f(ujy1)) < o (F(uy))(f(us) = fluog)) = 0, so we
would have Q(uj,ujt1,uj41) = 0. Similarly, we would have Q(u;q1,uj42,uj42) = 0. Now,
for e > 0, we would have Q(uj,ujt1,uj41) = 0 < 6 and Q(uj41,uj42,uj42) = 0 < 6. Then
G(uj, ujt2,uj42) < €, and by Definition 2.2, we would have u; = u;j42, which is contradiction.

Since uj41 € P(uj), then P(ujt1) € P(uj) and ujto2 € P(ujt1), so ujye € P(u;) and
therefore ujio # u;. We conclude that ug # w, for all n € N. By (2.1) we have uy €
NoZ1 P(uy), thus (2, P(u,) # 0. Now we assume that f(uny1) < inf,epy,) f(w) +1/n for
all n € N. We show that (o~ ; P(uy,) = {uo}. Let t € (o, P(uy); then

Qun, t,t) < o(f(un)) (f(un) — f(1))
o(f(u1))(f(un) — inf f(w))

wES (un)

< o(f(u)) (f (un) — funs1) +1/n).

IN

Let 8, = gp(f(ul)) (f(un) — f(upt1) + 1/n), for all n € N. Then lim, o B, = 0, thus
limy, o0 Q(un, t,t) = 0; also {uy,} is G-Cauchy. Then lim, oo (U, Um, un) = 0, and we

obtain u, — t. By uniqueness, we have ¢t = ug. Then ()~ P(uy) = {uo}- O

Theorem 2.9 (Generalized EVP). Let f : X — (—00, 00| be a proper lsca and bounded from
below function. Let also Q) be an Q-distance on X x X x X. Then there exists t € X such that

Qt,u,w) > (f()(f) = f(w) for allu € X with u # t.
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Proof. Suppose contrary, that for each v € X, there exists v € X with v # wu such that
Q(u,v,v) < o(f(u))(f(u) — f(v)). That would mean that P(u) # () for each u € X. Since
f is proper, there would exist u € X such that f(u) # oco. We define a sequence {u,} as
follows: let uy = x, and choose uz € P(u1) such that f(u2) < inf,ecp(y,) f(u) + 1. Suppose
u, € X is so defined, and choose u,+1 € P(uy) such that f(uni1) < infyepqy,) f(u) +1/n.
By Proposition 2.8, there would exist ug € X such that (>, P(u,) = {uo}. By Lemma 2.7,
P(up) € Ny P(un) = {uo}, so P(up) = {uo}, which is a contradiction. Therefore, there
exists t € X such that

Qt,u,u) > o(f(0) (f(t) = f(u)) for all uw € X with u # ¢. O

Theorem 2.10 (Generalized Caristi’s common fixed point theorem for a family of multivalued
maps). Let f: X — (—o0,00] be a proper Isca and bounded from below function. Let also
Q be an Q-distance on X x X x X. Let J be any index set and for each j € J, suppose
P X — 2X is a multivalued map with nonempty values such that for each u € X, there exists
v=uv(u,j) € Pj(u) with

Qu,v,v) < o (F)) (Fw) — F©))- (2.2)
Then there exists t € X such thatt € ();c; P;(1), and Q(t,t,t) = 0.

Proof. By Theorem 2.9, there exists ¢ € X such that Q(¢,u,u) > o(f(t)) (f(t) — f(w)) for all
u € X with u # t. Now we show that ¢ € (o, Pj(t) and Q(¢,¢,¢) = 0. According to the
assumption, there exists w(t, j) € P;(t) such that Q(¢,w,w) < o(f(t)) (f(t) — f(w(t,5))). We
claim that w(t, j) =t, for all j € J. If, on the contrary, w(t, jo) # t for some jo € J, then
Qt, w,w) < p(F()) (F() = f(w)) < Qt,w, w).

which is a contradiction. Therefore t = w(t, j) € P;(t) for all j € P.

Since Q(¢,¢,t) < o(f(t)) (f(t) — f(t)) =0, we obtain Q(¢,¢,¢) = 0. O
Corollary 2.11 (Generalized Caristi’s common fixed point theorem for a family of single-val-
ued maps). Let f: X — (—o0, 00| be a proper lsca and bounded from below function. Let also

Q be an Q-distance on X x X x X. Let J be any index set and for each j € J, let gj : X — X

be a single-valued map so that

Q(u, gj(u), gj(w) < (f(w) (f(u) — f(g;(w))) (2.3)

is established for each uw € X. Then there exists t € X such that gj(t) =t for each j € J and
Q(t,t,t) = 0.
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Proof. Let P; : X — X and Pj(z) = {g;(u)}, for all u € X and j € J. Then by Theorem 2.10,
gj(t) =t for each j € J and Q(t,¢,t) = 0. 0

Remark 2.12. (a) Corollary 2.11 implies Theorem 2.10.
Suppose that for each u € X, there exists v(u, j) € Pj(u) such that

Q(u, v(u, 5),v(u, 5))) < o(f(W) (f(uw) = f(v(u, 1))

for each j € J, and let g;(u) = v(u,j). Then g; is single-valued map and

Q(u, g;(u), gj(w)) < @(f(w)(f(u) — flg;(w)))

for all u € X. By Corollary 2.11, there exists t € X such that t = g;(t) € P;(t) for each j € J
and Q(¢,t,t) =0
(b) Theorem 2.10 implies Theorem 2.9.

Suppose contrary, that for each u € X, there exists v € X with v # u such that

Qu,v,v) < p(f(w)) (f(u) — f(v)).

Define P : X — 2%\ {(} by

Plu) ={ve X v #u,Qu,v,v) <¢(f(w)(f(u) — f(v))}.

By Theorem 2.10, P has a fixed point ¢ € X; this means ¢ € P(¢). This is a contradiction,
because t ¢ P(t).

Theorem 2.13 (Nonconvex maximal element theorem for a family of multivalued maps).
Let f : X — (—00,00] be a proper lsca and bounded from below function. Let also Q be an -
distance on X x X x X and J be any index set. For eachj € J, let P; : X — 2% be a multivalued
map. Suppose that for each (u,j) € X x J with Pj(u) # 0, there exists v = v(u, j) € X with
v # u such that (2.2) holds. Then there exists t € X such that P;(t) =0 for each j € J.

Proof. By Theorem 2.9, there exists ¢ € X, such that Q(t,u,u) > ¢(f(t))(f(t) — f(u)) for all
u € X with u # t. We prove that P;(t) = () for each j € J. Indeed, if P;,(t) # 0, for some

jo € J, according to the assumption, there would exist w = w(t,jo) € X with w # t such
that Q(¢, w,w) < o(f(t))(f(t) — f(w)). Also Q(t,w,w) > o(f(t))(f(t) — f(w)), which is a

contradiction. O
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Remark 2.14. Theorem 2.13 implies Theorem 2.9.

Suppose contrary, that for each u € X, there exists v € X with v # u such that

Qu,v,v) < @(f(w)) (f(u) = f(v)).

For each u € X, we define

P(u) = v € X :v#u, Qu,0,0) < o(f(0) (F(u) - F())}.

Then P(u) # () for all u € X. But by Theorem 2.13, there would exist ¢ € X such that

P(t) = (), which is a contradiction.

3. NONCONVEX OPTIMIZATION AND MINIMAX THEOREMS

Theorem 3.1 (Generalized Takahashi’s nonconvex minimization theorem). Let f : X —
(=00, 00] be a proper Isca and bounded from below function. Also, let Q be an Q-distance on
X x X x X. Suppose that for any v € X with f(u) > infy,cx f(w) there exists v € X with
v # u such that (2.2) holds. Then there exists t € X such that f(t) = inf,cx f(w).

Proof. By Theorem 2.9, there exists ¢t € X such that Q(¢,u,u) > o(f(t))(f(t) — f(u)), for
all u € X, u # t. Now we prove that f(t) = infy,ex f(w). On the contrary, let f(t) >
inf,cx f(w). According to the assumption, there would exist v = v(t) € X, with v # t such
that Q(¢,v,v) < (f(¢))(f(t) — f(v)). Then we would have

Q(t,v,v) < Sp(f(t)) (f(t) - f(v)) < Q(t,’l),’l))

which is a contradiction. OJ

Remark 3.2. Using Theorem 3.1, we can infer Theorem 2.9.

If we could not, then for each u € X, there would exist v € X with v # wu such that
Qu,v,v) < o(f(w)(f(u) = f(v)). By Theorem 3.1, there would exist ¢ € X such that
f(t) = infyex f(w). According to the assumption, there would exist z € X with z # u, such
that Q(¢,2,2) < o(f(t)) (f(t)— f(z)) <0. Then Q(t, 2,2) = 0 and f(t) = f(z) = infyex f(w).
There would exist w € X with w # z such that Q(z,w,w) < ¢(f(2))(f(2) — f(w)) < 0. Then
we would have Q(z,w,w) = 0 and f(t) = f(z) = f(w) = infyex f(u). Since Q(t,w,w) <
Qt, z,z) + Qz,w,w), then Q(t,w,w) = 0. For ¢ > 0 we would have Q(t,z,2) = 0 < 0,
Q(z,w,w) = 0 < 6; then G(t,w,w) < e, that is, ¢ = w. Also for ¢ > 0 we would have
Qz,t,t) = 0 < 6, Qt,w,w) = 0 < ¢§; then G(z,w,w) < e that is, z = w, which is a

contradiction.
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Theorem 3.3 (Nonconvex minimax theorem). Let G : X x X — (—o0,00] be a proper lsca
and bounded from below function in the first argument. Suppose that for each u € X with

{x € X : G(u,z) > infuex G(a,x)} # 0, there exists v =v(u) € X with v # u such that
Qu,v,v) < (G(u,t)) (Gu,t) — G(v,t)) (3.1)

forallt € {x € X : G(u,x) > infoex G(a,z)}.

Then inf,c x sup,cx G(u,v) = sup,¢ x infyex G(u,v).

Proof. By Theorem 3.1, for every v € X, there exists u(v) € X such that G(u(v),v) =

infuex G(u,v). Then, sup,cy G(u(v),v) = sup,cy infyex G(u,v).

Replacing u(v) by an arbitrary u € X, we obtain

inf sup G(u,v) = sup inf G(u,v). O
ueX yeXx veX ueX

Theorem 3.4 (Nonconvex equilibrium theorem). Let G and ¢ be the same as in Theorem 3.3.
Let for each u € X with {x € X : G(u,x) < 0} # 0, there exist v =v(u) € X with v # u such
that (3.1) holds for allt € X. Then there exists y € X such that G(y,v) >0 for allv € X.

Proof. By Theorem 2.9, for each w € X, there exists y(w) € X such that Q(y(w),u,u) >
o(Gly(w), w)) (G(y(w),w) — G(u,w)) for all v € X with u # y(w). We show that there
exists y € X such that G(y,v) > 0 for all v € X. Suppose contrary, that for each u € X
there exists v € X such that G(u,v) < 0. Then for each v € X, {z € X : G(u,z) <
0} # (. According to the assumption, there would exist v = v(y(w)), y # y(w) such that
Qy(w),v,v) < o(Gy(w),w)) (G(y(w),w) — G(v,w)), which is a contradiction. O

Example 3.5. Let X = [0,1] and G(u,v,w) = max{|u — v|, |[u — w|,|[v — w|}. Then (X,G)
is a complete G-metric space. Suppose that a,b are positive real numbers with a > b. Let
H: X x X — R with H(u,v) = au — bv. Therefore, the function u — H (u,v) is proper, lower

semicontinuous and bounded from below, and H(1,v) > 0 for every v € X. Also H(u,v) >0
b
’a

v € [$u,1]. Then set {z € X : H(u,x) < 0} # 0 for every u € [0, 2]. Let u,v € X, u > v;

for every u € [2,1] and every v € X. In fact, for every u € [0, 2], H(u,v) = au — bv < 0 when

we have u — v = 1{(au — bx) — (av — bx)}, for every z € X. Define ¢ : [0,00) — [0,00) by

o(t) = % Then G(u,v,v) < ¢(H(u,z))(H(u,z) — H(v,)), for every u > v, and u,v,z € X.
By Theorem 3.4, there exists y € X such that H(y,v) > 0 for every v € X.

448 E. HASHEMI et al 441-451



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC
EKELAND’S VARIATIONAL PRINCIPLE 9

Theorem 3.6. Let Q, ¢ be the same as in Theorem 2.9. For each j € J, let P; : X — X be
multivalued maps with nonempty values, gj, hj : X x X — R be functions and {a;} and {b;}

families of real numbers. Suppose that:

(i) For each (u,j) € X x J, there exists v = v(u, j) € Pj(u) such that gj(u,v) > a; and
Q(u,v,v) < @(f(w) (f(u) - f(v));

(ii) For each (x,j) € X x J, there exists w = w(x,j) € Pj(x) such that hj(x,w) < bj and

Az, w,w) < ¢(f(2))(f(2) - f(w)).

Then there exists ug € Pj(u,) such that gj(ug,uo) > aj and hj(ug,ug) < by for all j € J and

Q(uo, up, up) = 0.

Proof. By Theorem 2.9, there exists ¢t € X such that Q(¢,u,u) > o(f(t))(f(t) — f(u)), for
all w € X with u # t. For each j € J, by (i) there exists w1 = wi(t,j) € Pj(t) such that
g;(t,w1) > aj and Q(t,,wi,w1) < o(f(¢)) (f(t) — f(w1)). Also according to (ii), there exists
< bj and Q(t,, w2, w2) < ©(f())(f(t) — f(w2)). If
wy # t, then Q(t,,wi,w1) < @(f(t))(f(t) — f(wr)) < Q(t, w1, w:), which is a contradiction.
Therefore wy = ¢. Similarly, we have wy = t. Since Q(t,,t,t) < o(f(t))(f(t) — f(t)) = 0,

hence Q(t,t,t) = 0. O

)
)

wy = wa(t,j) € Pj(t) such that h;(t, wo

Remark 3.7. (a) In Theorem 3.6, put g; = h; = Fj and a; = b; = c;; then there exists
ug € Pj(uop) such that Fj(ug,up) = ¢; for all j € J and Q(ug, uo, up) = 0.

(b) In (a), put Pj(u) = X for all u € X; then there exists ug € X such that Fj(ug,up) = cj
for all j € J and Q(ug, ug,up) = 0.

Remark 3.8. From Theorem 3.5, we can infer Theorem 2.9.

Suppose contrary, that for each u € X, there exists v € X with v # u such that

Qu,v,0) < @(f(w)) (f(u) = f(v)).

Define P : X — X \ {0} by P(u) = {v € X : v # u} and a function F' : X x X — R by
F(u,v) = Xpeu)(v), where x4 is the characteristic function for an arbitrary set A. We would
have v € P(u) <= F(u,v) = 1. Then for each u € X, there would exist v € X such that
F(u,v) =1 and Q(t,,u,u) < ¢(f(t))(f(t) — f(u)). According to Remark 3.7(a) with ¢ = 1,
there would exist ug € X such that F(ug,ug) = 1 and Q(ugp, up,up) = 0. Then ug € P(up).

This is a contradiction.
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4. APPLICATIONS

Let (X, G) be a G-metric space and a,b € X. Suppose that x : X — (0,00) is a function
and 2 a 2-distance on X. Define

Q(a,b,x) = {u € X : eQ(a,u,u) < k(a)(Qb,a,a) — Qb,u,u))}
such that € € (0,00) and a,b € X.
Lemma 4.1. Let ), f,and ¢ be the same as in Theorem 2.9. Let € > 0 and ) be an Q-distance

on X. Suppose that there exists v € X such that f(x) < co and Q(z,z,x) = 0. Then there
exists t € X such that

(i) eQ(x,t,t) < o(f(2)) (f(2) = f(1));
(i) Qt,u,u) > o(f())(f(t) = f(u)) for all u € X with u # t.

Proof. Let x € X, f(x) < 400 and Q(z,z,x) = 0. Put

V=A{ueX:eQx,uu) < go(f(a:)) (f(x) — f(u))}

The space (V,G) is a nonempty complete G-metric space. By Theorem 2.9, there exists t € V
such that eQ(¢, u,u) > o(f(t)) (f(t) — f(u)) for all u € V with u # ¢. For any u € X \ V, since

e[z, t,t) + Qt, u, uw)] > eQ(z,u,u) > o(f(2)) (f(z) — f(w))
> eQ(a,t,t) + o (f(1) (f(t) = f(u)),

we have eQ(t, u,u) > o(f(¢)) (f(t)— f(u)) for all w € X\ V. Then eQ(t,u,u) > ¢(f(t))(f(t)—
f(t)) for all u € X with u # ¢. O

Theorem 4.2 (Generalized flower petal theorem). Suppose that N is a proper complete subset
of a G-metric space X and a € N. Let Q be an Q-distance on X with Q(a,a,a) = 0. Let
be X\N, Qb N,N) = infyeny Qb,u,u) > r, Qb,a,a) = s > 0, and let there exist a
function k : X — (0,00) satisfying k(u) = <p(Q(b, u, u)) for some nondecreasing function
¢ (—o00,00] = (0,00). Then for each € > 0, there exists t € N N Q(a,b, k) such that
Qo (t,b, k) V(N \ {t}) =0 and Q(a,t,t) < e k(a)(s — 7).

Proof. The space (N,G) is a complete G-metric space. Consider the function f : N —
(—00, 00| defined by f(u) = Q(b,u,u). Since f(a) = Q(b,a,a) = s < oo and Q(b,N,N) =
infyen Q(b,u,u) > r, f is a proper lower semicontinuous and bounded from below function.

By Lemma 4.2, there exists ¢ € N such that
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(1) eQ(a,t,1) < £(a)(f(a) = f(1));
(ii) eQ(t,u,u) > K(t)(f(t) — f(t)) for all u € N with u # ¢.

Applying (i), we get t € N () Q:(a,b, x). Applying (i) again, we get Q(a,t,t) < e 'x(a) (2(b, a,a)—
Q(b,t,t)) < e 'r(a)(s —r). By (ii), we obtain eQ(t, u,u) > £(t)(Q(b, t,t) — Q(b, u,u)) for all
u € N with u # t. Therefore u ¢ Q.(t,b,x) for all u € N\ {t} or Q:(¢,b,k)N(N\{t})=0. O
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1. Introduction

Let A be the class of functions f normalized by

f2) =2+ an?", (1.1)
n=2

which are analytic in the open unit disk U = {z : z € C and |2| < 1} and S the subclass of A
consisting of functions which are also univalent in U. A function f € A is said to be starlike of

order a (0 < a < 1), if and only if
Zf’(2)>
R ( >a (zel).
)7 BEY
This function class is denoted by S*(«r). We also write $*(0) =: §*, where S* denotes the class of

functions f € A that are starlike in U with respect to the origin. A function f € A is said to be
convex of order o (0 < o < 1) if and only if

R (1 + ZJ{(S)) >a (2€U).

This class is denoted by K(«). Further, K = K(0), the well-known standard class of convex func-
tions. It is an established fact that

feK(a) = 2f € §*(a).

There has been a continuous interest shown on the Geometric and other related properties of
Bessel functions (like hypergeometric functions) after many papers have been published by Baricz
[2](see also the other works of Baricz) in recent times. One such problem of Baricz [3] was to find
conditions on the triplet p, b and ¢ such that the function u, . is starlike and convex of order «. In
earlier investigations, finding conditions on the parameters for which the Gaussian hypergeometric
function belong to the various classes of functions have been discussed in detail by Shanmugam [20],
Sivasubramanian et al. [21] and Sivasubramanian and Sokol [22] (See also [6, 7, 10, 11, 12, 13, 16, 17]
).

Let us consider the following second-order linear homogenous differential equation (see, for de-
tails, [3]):

220" (2) + b (2) + [622 —p?P+(1- b)plw(z) =0 (b,c,p € C). (1.2)

The function wy,p (), which is called the generalized Bessel function of the first kind of order
p, is defined as a particular solution of (1.2). Further, the function wyp.(2) has the familiar
representation

3 (=o)" AN C 1.3
el =3 ooy (3) GEO) (13)
where I' stands for the Euler gamma function. The series (1.3) permits the study of Bessel, modified
Bessel and spherical Bessel functions all together. Solutions of (1.2) are referred as the generalized
Bessel function of order p. The particular solution given by (1.3) is called the generalized Bessel
function of the first kind order of p. Although the series defined above is convergent everywhere,
the function wy . is generally not univalent in U. By ratio test, the radius of convergence for the
series in (1.3) is infinity and hence wy,; (%) converges everywhere for all b, ¢,p € C and for all z € U.
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It is worth mentioning that, in particular, for b = ¢ = 1 in (1.3), we obtain the familiar Bessel
function of the first kind of order p defined by

o0 —1)n 2\ 20+
Jy(z) = 7;) n!m(ﬂriﬁl) (5) (z € Q). (1.4)

Further, for the choices ¢ = 1 and b = 2 in (1.3), we obtain the familiar spherical Bessel function
of the first kind of order p defined by

S,(z) = z_;] T (=" (g)mp (z€0). (1.5)

p+n+3/2)

For the choices of b = 1 and ¢ = —1 in (1.3), we obtain the modified Bessel function of the first
kind of order p defined by

> 1 z\ 2n+p
L(z) = 7;)”!T<P+“+1) (5) (z € C). (1.6)

From (1.3), it is clear that w(0) = 0. Therefore, it follows from (1.3) that

b+1 c 4 +0+1)/2) 5,
Wpbe(z) = [2”1“ (p+ 2)} pnzz: n'F/ p—i-n]:— (b(+ )/)é))zz (z € C). (1.7)

Let us set

Upp (2 Zb 2"

po— /" T+ (+1)/2)
" nC'(p+n+(b+1)/2)

where

Hence, (1.7) becomes

pel2) = [2pr <p " b‘glﬂ R (18)

By using the well-known Pochhammer symbol (or the shifted factorial) (\),, defined, for A\, € C
and in terms of the Euler I' function, by

I CCE | =00 € CLI0D
FTOTO) A+ (A +n—1) (p=neN;xeC).

In view of the fact that (0)g := 1, the series representation for the function u,y . is given by

Uppe(z) = ;)m (m =p+ (b+ 1)/2&25) (1.9)
and therefore,
2Up b e(2) :z—i-gm (ke=p+(b+1)/2¢Zy) (1.10)

where N := {1,2,...} and Z; := {0,—1,-2,...}. The function uy; . is called the generalized and
normalized Bessel function of the first kind of order p. We note that by the ratio test, the radius of
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convergence of the series u, . is infinity. Moreover, the function u, . is analytic in C and satisfies
the differential equation 4z%u”(z) + 4rzu’(2) + czu(z) = 0. Also, if b, p,c € C and & ¢ Zy , then the
function u, . satisfies the recursive relation

dkuy,y, (2) = —cupy1pe(z) (2 € C). (1.11)

Further, for z = 1, we denote uy, .(2) simply by u,(1). For f € A, we define the operator I .f(2)
by

—c/H" L a2
Ippe f(2) = 2uppc(2) * f(2) = 2 + Z / (1.12)

1 (n=1)V

where kK = p+ (b+1)/2 € Z;. In fact, the function Ip7b7cf( ) given by (1.12) is an elementary
transform of the generalized hypergeometric function. Thus, it is easy to see that

Ippef(2) = zoFi(k; —c/42) * f(2).
For the special choices of b = ¢ = 1 in (1.12), I, .f reduces to J, : A — A related with Bessel
function, defined by

- - 1/4 n 1 P
%o J() = pra(e) > Z+nzz o+ Do (i— D (1.13)

For the special choices of b =1 and ¢ = —1 in (1.12), I, .f reduces to M, : A — A related with
modified Bessel function, defined by

My f(z) = zup,1,-1(2) * Z+Z y=1( p+1 1 (nz_ 1)!

n

(1.14)

where * denotes the usual Hadamard product or convolutlon of power series.

If f and g are analytic in U, then we say that the function f is subordinate to g, if there ex-
ists a Schwarz function w(z), analytic in U with w(0) = 0 and |w(z)| < 1 (¢ € U), such that
f(z) = g(w(2)) (z € U). We denote this subordination by f < g or f(z) < g(2) (z € U).

For -1<F<FE<L1,let

S*[E,F]—{feA: ij(g) ~< 11?2 (zeU)}

and

/C[E,F]z{feA:HZJ{,/;S) < i?z (ZEU)}.

It is fairly straightforward to see that S*[1,—1] is the familiar class of starlike functions S*,
S*[1 —2v,—-1] (0 < v < 1) is the class of starlike functions of order  and also the class S* [\, 0] is de-
noted by S¥. Further, K [1, —1] is the familiar class of convex functions /C, K [1 — 2y, —1] (0 < v < 1)
is the class of convex functions of order v and also the class K [A, 0] is denoted by KCy. These two
classes have been investigated in several works, for example, see [18, 19].

The connection between the Janowski starlike, Janowski convex functions and the Bessel func-
tions is not considered so far. In the present paper, we obtain mapping properties between various
subclasses of S motivated by the works of Anbudurai and Parvatham [1] (see also [5, 10, 11, 12,
16, 17, 18, 24]).
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2. Sufficient conditions for Bessel functions to be in
S*[E,F] and K[E, F| involving Jack’s Lemma

In the present section, we determine certain sufficient conditions involving Jack’s Lemma for
Uppe and zupyp . to be in the class of Janowski starlike and Janowski convex functions. To prove
the main theorems we need the following lemma.

Lemma 2.1. [9] Let w be regular in the unit disk U with w(0) = 0. If |w(2)| attains a mazximum
value on the circle |z| = r (0 < r < 1) at a point z, then z1w'(z1) = mw(z1) where m is real and
m > 1.

Lemma 2.2. [18] Let a function f of the form (1.1) satisfy

2f'(z) 2f"(2)|* (E—-F)2+E+ E*)~
fz) f'(2) (1+[F)A+ E)*
for fized constants E, F' and « such that =1 < F < E <1, a« >0 and z € U. Then f € S*[E, F].
Theorem 2.1. Let f € A. If

1—
|(Tppef () =17
then Iy o f is univalent in U.

Proof. We know that

(2.1)

W(Ippef(2))"]°

et )y | 28 V200 (2.2)

—c 4n 1
p,bcf _Z+Z / a" 2"

n 1TL—1)

in A. Define w by w(z) = (Ipcf(2)) —1 for z € U. Then it follows that w is analytic in U with
w(0) = 0. In view of (2.2), we have

B / B
1 5 W'(z) _ 2w’ (2) 1 < 1 93
(=)l 1+w() N0 Trem)| <o (23)
Suppose that there exists a point z; € U such that |1‘na|ux| |w(z)| = |w(z1)| = 1. Then, by Lemma
z|<]z1
3.1, we can put
av) s
w(z1)
Therefore, we obtain
2W'(z1) 1 p

m\ B 1

(1)l w(z1) 1+w(z) = (5) = 28
which contradicts the condition (2.3). This shows that |w(z)| = |(Ipp.cf(2)) — 1| < 1 which implies
that R(Ippcf(2)) > 0 for z € U. Therefore, by the Noshiro-Warschawski theorem [8], I, .f is
univalent in U. OJ

Theorem 2.2. Let f € A, c€ C and k > 0. If uyyp . defined by (1.9) satisfies the inequality
zu;,b’c(z) E—_F

up,b,c(z) 1+ |F‘ 7

where =1 < F <E <1, -1<F <0 and z €U, then zupp. € S*[E, F).

(2.4)

456 V.RADHIKA et al 452-466



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

6 V.RADHIKA, S.SIVASUBRAMANIAN, N.E.CHO AND G.MURUGUSUNDARAMOORTHY

Proof. Let us define a function F' by
F(z) = zuppc(2) (2 € ).

In view of (2.4), we have

F’ E—-F
) . (2.5)
F(z) 1+ |F|
An application of Lemma 2.2 with o = 0 proves Theorem 2.2. g
Theorem 2.3. Let f € A, c€ C and k > 0. If uyyp . defined by (1.9) satisfies the inequality
zupy (2)|  (E—F)(2+E+ E?) (2.6)
u;7b7c(z) 1+ |F)(1+E)? '

where —1 < F < E <1 and —1 < F <0, then uyy . is starlike of order (E + F')/2F and type |F|
with respect to 1.

Proof. Let h: U — C be defined by
(2)—b
h(z) = tobel2) “bo,
b1
Then h € A and h satisfies
zh(2)
W (z)

Z“g,b,c(z)
u;’b’c(z)
(E-F)2+E+ E?
(14 |F|)(1+ E)?
An application of Lemma 2.2 with o = 1 implies that u, . is starlike of order (E + F)/2F and

type |F| with respect to 1 as the value of by = 1. O

Theorem 2.4. Let f € A, c€ C and k > 0. If uyyp . defined by (1.9) satisfies the inequality
Hp1pel?)|  E—F @7
Upt1pe(2) | L+I|F[

where =1 < F < E <1, -1 < F <0 and ¢ # 0, then upyp(2) € K[E, F|.

Proof. By virtue of Theorem 2.2, zup i1 € S*[E, F]. In view of (1.11), zuj,;, (2) = biupi1,p.c(2),

where by = —c/4k # 0. Therefore, we have zuy,;, . € S*[E, F], which implies u,p. € K[E,F]. O

Remark 2.1. Note that, the conclusions of Theorem 2.2, Theorem 2.3 and Theorem 2.4 hold in the
disk |z| < 4/|c| where 0 < |c| < 4 which is larger than the unit disk. By applying as in Theorems 2,3,
and 5 of Owa and Srivastava [15] to the function F(z) = oFi(k, z) and using the transformation
F(z) = upp(—42/c) and replacing z by —cz/4, we obtain that Theorem 2.2, Theorem 2.3 and
Theorem 2.4 hold in the disk |z| < 4/|c|.

Theorem 2.5. LetceC, - 1< F<E <1, -1 < F <0 and k > 0. If the Bessel’s inequality
c]
(1= F) o ttprip ol (1) + (B = Flupp (1) < 2(E — F) (2.8)

is satisfied, then zuyyp . € S* [E, F).
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Proof. A special case of Theorem 3 in [1] gives a sufficient condition for a function f € S*[E, F]
and is given by

> In(1—F)-(1-E)]|A,| < E-F,
n=2
where )
_ (=™
An = (K)p—1(n — 1)1
To prove the theorem, we need to show that
T: = Y- F) - (1-E)]|4,|
n=2
o\ 1 (—c/4)"
- Z (1~ F)— (1= B)]| e
B - (/9" | x| ()
- z_: =1t U E)nz:; (Fnr(n— 1)1
& c\/4 ! LS (e
SR D DY e TRA D Y ety
- (- F>ﬁup+1,b,|c|<1> F(E=F) (g (1)~ 1),
which is bounded above by E — F'if (2.8) is satisfied. O

For the choices of E = A and F' = 0, we get the following corollary.
Corollary 2.1. Letce C, -1 < F < E <1, -1 < F <0 and k > 0. If the Bessel’s inequality

Il

1 Wil (1) + Atppe(1) < 27 (2.9)

is satisfied, then zu,y | € S3.

Theorem 2.6. Let ¢ € C and k > 0. If the Bessel’s inequality

2
(1= F) R0y ago1) 4 @+ B = 30) L w0 + (B F)u

is satisfied, then the operator zupy . € K [E, F].

pblel(1) < 2(E—F) (2.10)

Proof. By an analogous similar result [1] mentioned as in the earlier theorem, a sufficient condition
for f € K[E, F] is that

S nln(l—F)— (1-E)||A.| < E— F,
n=2
where —e/t) .
—c/N"
An = (K)n_1(n— 1)1’
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Then we have to show that
o0

Ty :=) n[n(l-F)-(1-E)]|A4,| <E-F. (2.11)
n=2

Writing n = n — 1 4+ 1, and proceeding with the calculation as in the previous theorem, we get

NPy | e
T, = ;n(nu F)—(1-E)) OISR
N (’C|/4n ! (’C|/4)n—1
< ;(n(l—F)—(l—E))(K)n N +Z ~ 1= B) Ty

Breaking the above inequality into two parts and simplifying, we observe that the summation is
bounded above by E — F if (2.10) is satisfied. O

For the choices of £ = A and F = 0, we get the following corollary.

Corollary 2.2. Let c € C and « > 0. If the Bessel’s inequality

2
,5|(Z|/_:_1)1)up+2,b,|c|(1) (2+ )\)‘ i

is satisfied, then the operator zupyp . € K.

Upg1,b,[e (1) + Aty g o (1) < 2A (2.12)

Remark 2.2. For the choices of E=1—2a (0 < a < 1) and F = —1, each of the above theorems
reduces to the results obtained by Baricz [3].

3. Inclusion properties involving the class of
Janowski starlike and convex functions

Let a function f € A is said to be in the class R7(A, B) if
f'(z) -

T(A—=B) - B(f'(z) - 1)

Clearly, a function f belongs to R™(A, B) if and only if there exists a function w regular in U
satisfying w(0) = 0 and |w(z)| <1 z € U such that

1 1+ Aw(z)

1+ —(flz) - 1) = —=~

+ T (F(z)=1) 1+ Bw(z)

The class R™(A, B) was introduced by Dixit and Pal [6]. For r =1, A=3, B= -3, (0< < 1),
R7(A, B) reduces to the class of functions f € A satisfying the inequality

f'z) -1
f'(z)+1
which was studied by Caplinger and Cauchy [4] and Padmanaban [14].

Now we aim at investigating various mapping and inclusion properties involving the class of
Janowski starlike and Janowski convex functions. To prove the main results we need the following
lemmas.

<1l (-1<B<A<L;7eC\{0};z€). (3.1)

(z € ).

<B (z€elU; 0<pB<),
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Lemma 3.1. [6] Let a function f of the form (1.1) be in R"(A, B). Then

’an’ < (A_B)|T‘
n

The result is sharp for the function

f(z):/oz (1+(AB)|T‘Zn_1>dz (n>2; 2€U)

1+ Bzl
Lemma 3.2. [6] Let a function f of the form (1.1) satisfy the inequality
> (1+[Bl)njan| < (A= B)|r| (-1<B<A<1; 7€C)
n=2
Then f € R™(A, B). The result is sharp for the function
(A—B)T
= — " > 2; :
fz)=2z+ (1+]B|)nz (n>2; z€ )
Theorem 3.1. Let c € C, k > 0. Suppose that f € R™(A, B). If the Bessel’s inequality
(k—1) 1
2up b1 (1) — 4 (116t (1) 1) < 7y +1
is satisfied, then zu,p (%) * f(z) € R7(A, B)
Proof. Suppose that f € R7(A, B). We note that
2uppe(2?) = 2 + i ﬂ Z2nL
w = (K)n-1(n —1)!
By Lemma 3.2, it is enough to show that
§§1+wwen—u1<4”%1an<cA—wa
= (K)p—1(n —1)!

Then by a similar proof as in the earlier theorem, we get

k—1
(A=) 11 A+ 1B) 200000 = 152 o100 = 1) -1 < (4= B)
which completes the proof of Theorem 3.1.

Theorem 3.2. Let ¢ € C and k > 0. Suppose that f € R (A, B) and satisfy the condition

(1) < 1 +1
u .
p:balcl -1 + ‘B|

Then I,y . f € R™(A, B).

(3.2)

(3.3)

Proof. Let f be of the form (1.1) belong to the class R (A, B). By Lemma 3.2, it suffices to show

that

> n(1+B))|A,] < (A= B},

n=2

(3.4)
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where

(e
A= e — 1)

By virtue of Lemma 3.1 and making use of the fact that |—c/4]" < (J¢|/4)", we obtain

Q.

S (et A s/t
> n(r+15) o] < s iB) I 4 DN

= (4B Ir[ (A= B) [upp,(1) = 1],

which is bounded above by (A — B)|7| in view of (3.3). This completes the proof of Theorem
3.2. g

Theorem 3.3. Let ¢ € C and k > 0. Suppose that f € R (A, B). If the Bessel’s inequality
4(k —1) E-F (1-E)d(k—-1)
(1= Flupp (1) = (A= E)————up1p|(1) € 57— T E—F —
phe ff R (A= B
is satisfied, then the operator Iy . f € S*[E, F.

Proof. Let f be of the form (1.1) belong to the class R™(A, B). A special case of Theorem 3 [1]
gives a sufficient condition that

A

(3.5)

€]

> [n(1—F)—(1-E)]|A,| < E-F,
n=2
where .
et
A= e
Then we have to show that
T .= i n(1—F)—(1—E)]|AJ <E— F (3.6)
Since, f € R"(A, B), in virtue of Lemma 3.1,
- (—c/4)"' | (A= B)|7|
rs ,;[”(1‘”‘“‘” (Kna(n—DI| 7
B [ 5 emt | ] (e
= (A-B) r_ Z =T~ E)nzz <m>n_1<n!>]
' = (el = (Jel/4)"!
S (A_B)|T| - Z n 1 7’L—1> _(1_E)n§_:2(ﬁ)n—l(n‘>]
R P, I e L lel/4
= (=B |- P - 1 - 0= BT (g - 1= ]

which is bounded above by E — F'if (3.5) is satisfied. O
For the choices of E = A and F = 0, we get the following corollary.
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Corollary 3.1. Let c € C, kK > 0 and A € [0,1]. Suppose that f € R7(A, B) and satisfy the
condition

Ak -1 1

)
up:bv‘c‘(l) + ()\ - 1) 7 [upflbec‘(l) - 1] S m + 1 )\
Then the operator I,y .f € S5.

Theorem 3.4. Let ¢ € C and k > 0. Suppose that f € R (A, B). If the Bessel’s inequality

1= F) s + (B = Fhggo0) < (B-F) (= 1) G0

is satisfied, then the operator Ipy .f € K[E, F].
Proof. Let f be of the form (1.1) belong to the class R™(A, B). We need to show (see [1]) that

S nl(n(l—F)—(1-E)] |4, < E-F,
n=2
where .
IO
T
Since, f € R"(A, B), in virtue of Lemma 3.1,
T: = in[n(l—F)—(l—E)]\An\gE—F
n=2
- (=c/9)"!
T < %(n(l—F)—(l—E)) (ma(n— 1) (A - B)|7|
e P T 72 K B < I G0
= (A= B) |_(1 F); (K)n—1(n —1)! (1 E); (/i)n1(n—1)!]
a1 prse (e R N (1
< (- |0-n Y e ns S
A B |1 F) g (1) + (B — F) (1) - 1)} ,

which is bounded above by E — F' if (3.7) is satisfied. This completes the proof of Theorem 3.4. [J
For the choices of E = A and F' = 0, we get the following corollary.
Corollary 3.2. Let ¢ € C and k > 0. Suppose that f € R™(A, B). If the Bessel’s inequality

|c| 1
@Upﬂ,b,\c\(l) + Aupp e (1) < A (A= B +1 (3.8)

is satisfied, then the operator Iy .f € Ky.
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4. Sufficient conditions for Bessel’s integral operator to be
in the class of S*[E, F| and K[E, F|

As in the work of Baricz [3], one can look at other linear operators acting on u,p . to obtain
similar results. In this section, we make use of this idea in the case of a particular integral operator.
We continue our earlier work that was done in the earlier section. That is, we determine sufficient
conditions for the integral operator g defined by (4.1) to be in the class of Janowski starlike and
Janowski convex functions as follows:

o(z) = /O up(t)dt

Ny
— n—1 _n
= Z+Z o z

n=2
o (/)"
2 (a7
Theorem 4.1. Let ¢ € C and k > 0. Further, let -1 < F < E <1 and -1 < F < 0. If the
Bessel’s inequality

4k —1)
(L= Fluppe(1) = (1= E)Tupfl,b,M(l) <2E-F)-(1-E)

is satisfied, then the function g € S* [E, F| where g is defined by (4.1).

z+ (4.1)

4(k — 1)

a (4.2)

Proof. To prove the theorem, we have to show that
o0
7= (1~ F)~ (1 - )] |Ba| < E— F, (4.3)
n=2

where

(~c/0)"

Br = )

Then

o0

T = Y [n1-F)-(1- D)

n=2

(—c/4)"!
(K)n—1(n)!

= (jel/ y (el/ar
< (1—F)Zm‘“‘E)Zm

= (1= F) (upp)e(1) = 1) = (1~ E) [4(_1) (up_l,b,|c|<1> e </Lc‘—/41>>] ’

]

n=2 n=2

which is bounded above by E — F'if (4.2) is satisfied. O
For the choices of E' = X and F = 0, we get the following corollary.

Corollary 4.1. Let ¢ € C and k > 0. Further, let A > 0. If the Bessel’s inequality

e (1) = (1= )\)4(/7@_|l)up—1,b,c(1) <24 (1— A)4("5|c_1)
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is satisfied, then the function g € S5 where g is defined by (4.1).

Theorem 4.2. Let c € C and k > 0. Further, let -1 < F < E <1 and -1 < F <0 and g be
defined as in (4.1). If the Bessel’s inequality

(1= F) 1)+ (B = g q(1) < 25— ) (4.5

is satisfied, then the integral operator g € K [E, F).
Proof. We have to show that

o0

Ty:=>» n(n(l-F)—(1-E))|By) <E-F (4.6)
n=2
where )
_ (/9™
= Wt
Then
N g g (e
T, = ;n n(1—F)—(1-E)] CO
- (|—c/a)" "
< ;[n(l_F)_(l_E)](n)nl(n—l)!
e (/! e (e
= (1-F) ;2 a2 T F)nz:; (Dr(n = 1)
- P g0 (B~ F) (10000) - 1),
which is bounded above by E — F'if (4.5) is satisfied. O

For the choices of E = A and F' = 0, we get the following corollary.

Corollary 4.2. Let ¢c € C and k > 0. Further, let -1 < F < E <1 and =1 < F <0 and g be
defined as in (4.1). If the Bessel’s inequality

C
1 (1) Ay (1) < 20 (4.7

is satisfied, then g € Ky.

5. Consequences and observations

Since the study generalized Bessel function permits the study of Bessel, modifed Bessel and spher-
ical Bessel functions all together, each of these Theorems can also be stated for the Bessel, modified
Bessel and spherical Bessel functions for special choices of the parameters b and c¢. However, we
leave all these results for the interested readers.
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ON THE JENSEN-TYPE INEQUALITY FOR THE g-INTEGRAL.
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ABSTRACT. We consider the pseudo-integral with respect to a o — @-measure of set-valued
functions which was defined by Grbic et al. Romén-Flores et al.(2007) proved the Jensen
type inequality for fuzzy integral with respect to a fuzzy measure. In this paper, we prove
the Jensen type inequality for the g-integral with respect to a o — @4-measure under some
sufficient conditions.

1. INTRODUCTION

Benvenuti-Mesiar [2], Deschrijver [3], J. Fang [4], Mesiar-Pap [9], Ralescu-Adams [10], and
Wu-Wang-Ma [12] provided the properties and applications of the generalized fuzzy integral
which is a generalization of fuzzy integrals.

The integrals of set-valued functions was introduced by Aumanm [1], and Jang [6,7] and
Zhang-Guo [13] investigated some properties of the generalized fuzzy integral of set-valued
functions. Not long ago, authors in [8,11] proved the Jensen type inequality for the fuzzy
integral and for the generalized Sugeno integral. We consider the pseudo-integral with respect
to a o — @-measure of set-valued functions which was defined by Grbic et al [5]. Romdan-Flores
et al. [11] proved the Jensen type inequality for fuzzy integral with respect to a fuzzy measure.
In this paper, we prove the Jensen type inequality for g-integral with respect to a o — @©4-
measure under some sufficient conditions.

2. JENSEN TYPE INEQUALITY FOR THE g-INTEGRAL

Let [a,b] be a closed (in some cases can be considered semiclosed) subinterval of R =
[—00,00] and let < be a total order on [a,b]. We introduce a semiring which is a structure
([a,b], ®, ®) as follows.

Key words and phrases. Sugeno integral, o — @-measure, g-integral, Jensen inequality.
1
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Definition 2.1. ([2,7,9]) (1) A function & : [a, b] X [a,b] —> [a, b] is called a pseudo-addition
if it is commutative, non-decreasing with respect to <, associative, and with a zero (natural)
element denoted by 0, that is, for each = € [a,b], 0 ® x =  holds (usually 0 is either a or b).

(2) A function © : [a,b] X [a,b] — [a, b] is called a pseudo-multiplication if it is commu-
tative, positively non-decreasing, that is, x < y implies x @ z < y ©@ z for all z € [a,b]+ =
{z|z € [a,b],0 < z}, associative and there exists a unit element 1 € [a,b], that is, for each
z €la,b], 10z =u.

(3) The structure ([a,b],®,®) is called a semiring if 0 ® z = 0 and © is a distributive
pseudo-multiplication with respect to @, thatis, c @ (y® z) = (z O y) & (z © 2).

(4) A set function p : ¥ — [a,b] is a 0 — @-measure if it satisfies the following two
conditions:

(i) u(0) = 0 (if @ is not idempotent);

(ii) p(UR A;) = @2, 1(A;) holds for any sequence (A;);en of disjoint sets from .

We note that for a real interval [a,b] = [0,00], a pseudo-addition & and a pseudo-
multiplication ® are generated by a strictly monotone bijective function g : [0,00] — [0, o0],
that is, pseudo-operations are given by

z@,y=9 "(9(x)+g(y) and 2 Ogy = g~ (g(x)g(y))-

Now, the pseudo-integral, known as the g-integral, of some measurable function f : X —
[0, 0] is

(g)/deu: jgf@g dp =g~ (/X(gOf) d(gou)) (1)

where g o i is the Lebesgue measure and the integral on the right-hand side of (A) is the
Lebesgue integral (see [7,9]). Let (X, X, 1) be a 0 — @-measure space. Grbic et al. [5] defined
the pseudo-integral of an interval-valued function F' on A € Y as follows;

D [S]
/ F®du={/ o dulf € S(F)} @)
A A

where 1 is a 0 — @-measure and S(F) is the set of all selections of F. Let L!(n) be the set
of all Lebesgue integrable functions on the Lebesgue space ([0,00),%.,n) and f € L& () if
and only if go f € L'(g o u). We introduce the definition of g-integrable boundedness of a
set-valued function F' as follows:

Definition 2.2. ([5]) Let g be a strictly monotone bijective function. A set-valued function
F is g -integrable bounded if there is a function h € Lé(p) such that

(i) ®acr(z)a < h(z), for the idempotent pseudo-addition,

(ii) supyep(z) @ < h(x), for the pseudo-addition given by an increasing generator g,

(iii) inf e p(ay @ < h(2), for the pseudo-addition given by a decreasing generator g.

From Proposition 11 in [5], we note that if F' is a pseudo-integrable bounded set-valued
function, then F is pseudo-integrable, that is, | ;? Fodu#0.
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Theorem 2.1. (Theorem 2.4 [5]) Let F' be a pseudo-integrable bounded interval-valued func-
tion with border functions f; and f.. Then we have

/jFdea:Ujszduv/X@fTGdu}, (3)

Now, we obtain the following Jensen type inequality for the g-integral with respect to a
0 — g-measure.

Theorem 2.2. Let g be a decreasing function and (X, ,gou) be the Lebesgue measure space
and f € Liu with (g) [ fdu = m. If ® : [0,00) — [0,00) is strictly increasing function
such that ®(z) < z, for every x € [0,m] and ®(f) € L} (i), then we have

o (o) [ sin) < (@) [ otrrin 0
X X
Proof. Since ®(f) < f and g is decrasing,
go®(f)=go f. ()
By (5) and monotonicity of the Lebesgue integral with respect to g o u, we have
/go<1>(f)dgw2/90fdgou- (6)
X X
Since g~ is decreasing, by (6), we have
9’1/go@(f)dgouég’l/wfdgou- (7)
X X
By (7),

‘I’((g)/xfdu) = <1><9‘1/X90fd90u)

g‘l/ gofdgopn
X

-1 od dg o
g /Xg (f) dgop

IN

IN

Theorem 2.3. Let g be an increasing function and (X, ,g o u) be the Lebesgue measure
space and f € L (u) with (9) [y fdu = m. If ® : [0,00) — [0,00) is strictly increasing
function such that ®(z) > z, for every x € [0,m], and ®(f) € Li(n), then

o (o) [ sin) = @) [ otrin ®
Proof. Since ®(f) < f and g is increasing,
go®(f)<gof. 9)

By (9) and monotonicity of the Lebesgue integral with respect to g o u, we have
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/goé(f)dgouS/QOfdgou- (10)
X X
Since g~ is increasing, by (10), we have

-1 od dg o -1 of dgo .
g/Xg (f)gﬂﬁg/nggu (11)

‘P((g)/xfdu) = <I><91/Xg<>fdgou)

-1 o f) dgo

g /(g f) gou
-1 od dg o
g /9 (f) dgop

= (g)/x@(f)du~

\Y]

v

3. JENSEN TYPE INEQUALITY FOR THE g-INTEGRAL

Let I([0,c0]) be the set of all bounded closed intervals in [0, oo] as follows :

I([0,00]) = {@ = [a1, ar]|ai, ar € [0,00] and a; < a,}

For these intervals, we define the order, the strictly order, and strong strictly order of intervals
as follows:

Definition 3.1. ([5]) If @ = [a;, a,],b = [b;, b,] € I([0,00]), then we define order (<), strictly
order (<), and strong strictly order (<) as follows :

(a) @ < b if and only if a; < b; and a, < b,,

(b) @ < b if and only if @ < b and @ # b,

(c) @ <4 b if and only if a; < b; and a, < b,..

Definition 3.2. A mapping ® = [®;,®,] : [0,00) x [0,00) — [0,00) X [0,0) by ®(x,y) =
[@;(x), ®,.(y)] is called a strictly increasing function if for all z = [z, x.],5 = [y, yr] €
[0, 00) x [0, 00),

T <, 7= ®(T) <5 P(y).

From Definition 2.2, we directly obtain the following theorem.
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Theorem 3.1. Let ® = [®;,®,] : [0,00)x[0,00) — [0,00)x[0,00) by ®(z,y) = [®;(x), D, (y)]
be a mapping. Then ® = [®;, ®,] is an strictly increasing function if and only if ®; and ®,
are strictly increasing functions.

We remark that if f € L} (v) = L'(gopu), then f is a (g)-integrable function and g~* [} (go
g) dg o u is finite. By Theorem 2.1, and (1), we obtain the following theorem.

Theorem 3.2. Let F' be a pseudo-inequality bounded interval-valued function with border
functions f; and f.. If § = [g1,9:] is a monotone function and g; o fi € L'(g, o ) and
gro fr € L' (g, op). Then we have

(Q)/deu= {(gz)/xfzdu, (gr)/Xfrd/{|~ (12)
Proof. By (1), we have
(gz)/szdu = gl_; (/X(gzOf) dgzo#)
_ " oy du (13)
and
r ) = ;1 r O dg, o
(g)/Xfu g@(/x(g f) dg u)
= / " O, dp. (14)
X
By (13) and (14), and Theorem 2.1, we have
(E)/ fdp = /%F@du
X X J
Dg; Do
= |:/ fl @gl d,u7/ f’f @g,‘ du:|
X X

= {(gz)Lfld% (gr)/xfrdu}-

Finally, we obtain the following Jensen inequality for the g-integral with respect to a .

Theorem 3.3. Let § be a decreasing function and (X, ,gs o u) be the Lebesgue measure
space for s = I,7 and gi o fi € L'(gi o p) and g, o fr € L' (g, o ) with (g1) [ frdp = my
and (gT) fx frdp = m,. If ® = [Q)l’(l)r] : [0,00) X [0,007) — [0,00) X [0700) by @(x,y) =
[®(z), @, (y)] is strictly increasing function such that ®(z,y) < (z,y) for every (z,y) €
[0,m] x [0,m,] and ®;(f;) € L' (g1 0 ) and ®,.(f.) € L' (g, o ), then we have

®( (g Fd g ®(F)dp. 15
(@ [ Fan) <@ [ 3@ (15)
Proof. By Theorem 3.1 we have the following two inequalities :

@ [ Fan=) [ santan) [ gl (16)
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and
) | ®(F)du = ®,(£)du, (g.) | ®,(F)dp) .
@ [ B [<gl> [ et a0 [ 205 u} (7)
By Theorem 2.2, we have
(I)S s sd >~ s (I)s T d ’
((g)/Xf u><(g)/X (fz)dp (18)

for s =1,r. By (16), (17) and (18), we obtain the following result :

(i foru) = [o o ) (o f )]

[(Ql)/xq’l(fl)dlh (gr)/XQ%(f,,)du]
@) [ @A)
@ [ 3Py

IN

Theorem 3.4. Let § be an increasing function and (X, gs o 1) be the Legesgue measure
space and go fy € L' (grop) and g, o fr € L' (grop) with (g1) [ fidpw = my and (g,) [y frdp =
M.
[® = [@1,8,] : [0,00) x [0,00) — [0,00) x [0,00) by Bz,y) = [Bi(x), @, (y)] for al
(z,y) € [0,00) x [0,00) is strictly increasing such that ®(x,y) > (x,y) for every (x,y) €
[0, 4] x [0,m,] and ®;(fi) € L' (g o p) and @,(f,) € L' (g, 0 1),

@, ((g> / qu) > (0) [ #Fin (19)
Proof. By using Theorem 2.3,we have
o, (<gs> /. fsdu) > (0 [ @£ (20)

for s =1,r. By (16), (17) and (20), we obtain the following result:

o (@ [ ran) = |o (@ [ fan).@ (@) [ sau)]

[(gl)/)(q)l(fl)d/iv (gr)/ber(fr)du]
(@) [ (@5, @5 dn

X

(@ /X B(F)dy.

Il v
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SOME NEW HERMITE-HADAMARD TYPE INEQUALITIES FOR
OPERATOR m-CONVEX AND (a,m)-CONVEX FUNCTIONS ON THE
CO-ORDINATES

SHU-HONG WANG AND SHAN-HE WU

ABSTRACT. In this paper, operator m-convex and («a, m)-convex function on the co-ordinates
are defined, and some new integral inequalities of Hermite-Hadamard type for operator m-
convex and (a, m)-convex on the co-ordinates are established.

1. INTRODUCTION

Throughout this paper, we adopt the notations: R = (—o0,00) and Ry = [0, 00).
The following inequality holds for any convex function f defined on R and a,b € R with a < b

f<“;rb>_b_ /f o < 1T (1.1)

Both inequalities hold in the reversed direction if f is concave on [a,b]. The inequality
is well known in the literature as Hermite-Hadamard’s inequality. We note that the Hermite-
Hadamard’s inequality may be regarded as a refinement of the concept of convexity and it follows
easily from Jensen’s inequality.

The concept of m-convexity was first introduced by G. Toader in [I9] (see also [2]) and it is
defined as follows:

Definition 1.1 ([I9]). The function f : [0,b] — R, b > 0 is said to be m-convex, where m € [0, 1],
if for every z,y € [0,b] and t € [0, 1], we have

[tz +m(l—t)y) < tf(x) +m(l —1)f(y). (1.2)

The class of («, m)-convex functions was also first introduced in [I6] and it is defined as follows:

Definition 1.2 ([I6]). The function f : [0,b] — R, b > 0 is said to be («,m)-convex, where
(a,m) € [0,1]?, if we have

[tz +m(1 —t)y) <t*f(z) +m(1 —t%)f(y) (1.3)
for all z,y € [0,b] and ¢ € [0,1].

Also, the m-convex and (a, m)-convex functions on the co-ordinates defined in a rectangle
from the plane were introduced as follows.

Definition 1.3 ([I7]). Let A := [0,b] x [0,d] be the bidimensional interval in RZ with b > 0
and d > 0. For some m € [0, 1], the function f : A — R is said to be m-convex if the following
inequality

FOz+ (1 =Nz, Ay +m(l = Nw) < Af(z,y) + m(1 =N f(z,w) (1.4)

1991 Mathematics Subject Classification. 15A45, 15A46, 15A47, 26A51, 26D15.

Key words and phrases. integral inequality; operator m-convex function on the co-ordinates; operator (o, m)-
convex function on the co-ordinates.

This paper was typeset using AAS-IATEX.
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holds for all (z,y),(z,w) € A and A € (0,1).

Definition 1.4 ([I7]). For some m € [0, 1], a function f : A := [0,b] x [0,d] C R3 — R which is
m-convex on A will be called m-convex on the co-ordinates with b > 0 and d > 0 if the partial
mappings

fy a0 = R, fy(u) = f(u,y)
and

fo: [07 d] - var(v) = f(:IT,U)

are m~convex for all y € [¢,d] and x € [a, b].

Definition 1.5 ([I7]). Let A := [0,b] x [0,d] be the bidimensional interval in R3 with b > 0
and d > 0. For some (a,m) € [0,1]2, the function f : A — R is said to be («, m)-convex if the
following inequality

FOz+ (1 =Nz, gy +m(1l — Nw) < Af(z,y) + m(1 — \¥) f(z,w) (1.5)
holds for all (z,y), (z,w) € A and A € (0,1).

Definition 1.6 ([17]). For some (a,m) € [0,1%], a function f : A := [0,b] x [0,d] C RZ — R
which is (a,m)-convex on A will be called («, m)-convex on the co-ordinates with b > 0 and
d > 0 if the partial mappings

fy la,b] = R, fy(u) = f(u,y)
and
foile,d] = R, fo(v) i= f(z,v)

are (o, m)-convex for all y € [¢,d] and z € [a, b].

In recent years several extensions and generalizations have been considered for classical con-
vexity. A significant generalization of convex functions is that of operator functions introduced
by S. S. Dragomir in [6].

We review the operator order in B(H) and the continuous functional calculus for a bounded
self-adjoint operator. For self-adjoint operators A, B € B(H), we write A < B if (Az,z) <
(B, x) for every vector x € H, we call it the operator order.

Let A be a bounded self-adjoint linear operator on a complex Hilbert space (H;(.,.)). The
Gelfand map establishes a *-isometrically isomorphism ® between the set C'(Sp(A)) of all contin-
uous complex-valued functions defined on the spectrum of A, denoted Sp(A), and the C*-algebra
C*(A) generated by A and the identity operator 15 on H as follows (see for instance [§], p.3).
For any f,g € C(Sp(A)) and any «, 3 € C, we have

(1) @(af +Bg) = a®(f) + £P(9);
(i) ®(fg) = 2(f)®(9) and (f) = ()"
(@id) (f) =l fll == sup [f];

teSp(A)
(iv) ®(fo) =1y and P(f1)=A, where fo(t)=1 and fi(t)=1t for te Sp(A).

With this notation, we define
f(A):=®(f) forall feC(Sp(A)) (1.6)

and we call it the continuous functional calculus for a bounded self-adjoint operator A.
A real valued continuous function f on an interval I C R is said to be operator convex
(operator concave) if the operator inequality

F(A=XNA+AB) < (2)(1 = A)f(A) + Af(B) (1.7)
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holds in the operator order in B(H), for all A € [0, 1] and for every bounded self-adjoint operators
A and B in B(H) whose spectra are contained in I.
In [20], Wang defined operator m-convex and («, m)-convex functions in the following way:.

Definition 1.7. Let [0,b] C Ry with b > 0 and K be a convex set of B(H)". A continuous
function f : [0,b] — R is said to be operator m-convex on [0, b] for operators in K, if

FEA+m(1 —¢)B) <tf(A)+m(l—1t)f(B) (1.8)

in the operator order in B(H), for all ¢ € [0, 1] and every positive operators A and B in K whose
spectra are contained in [0, 5] and for some fixed m € [0, 1].

Definition 1.8. Let [0,b] € Ry with b > 0 and K be a convex set of B(H)". A continuous
function f : [0,b] — R is said to be operator (a, m)-convex on [0, b] for operators in K, if

FtA+m(1 —t)B) <t f(A) +m(1 — t)f(B) (1.9)

in the operator order in B(H), for all ¢ € [0, 1] and every positive operators A and B in K whose
spectra are contained in [0, 5] and for some fixed (o, m) € [0, 1]2.

Also, author proved the following inequalities in [20]:

Theorem 1.1 ([20]). Let the continuous function f : Ry — R be operator (o, m)-convex for
operators in K C B(H)% with (a,m) € (0,1]2. Then for all positive operator A, B € K with
spectra in Rq, the following inequality holds:

(1.10)

! N fA) +amf () [(B)+amf(5)
/0 f(tA—|—(1—t)B)dt§mm{ P , a1 .

Theorem 1.2 ([20]). Let the continuous function f : Ry — R be operator (o, m)-convez for
operators in K C B(H)% with (a,m) € (0,1]%. Then for all positive operator A, B € K with
spectra in Rg, the following inequalities hold:

((252) < [ rona-om e (48

gM{f(A) + f(B)+m(a+2"—1) {f@) *f@ﬂ

+am?(2* — 1) {f(é) - f(nljz)] } (1.11)

Theorem 1.3 ([20]). Let the continuous function f : Ry — R be operator (o, m)-convex for
operators in K C B(H)* with (a,m) € (0,1]2. Then for all positive operator A, B € K with
spectra in Rg, the following inequality holds:

FA) +F(B) +om[f(5) + (2]
2(a+1) '

1
/ fEA+ (1 —-1t)B)dt < (1.12)
0
Theorem 1.4 ([20]). Let the continuous function f : Ry — R be operator (o, m)-convex for
operators in K C B(H)% with (a,m) € (0,1]2. Then for all positive operator A, B € K with
spectra in Rg, the following inequality holds:
(1 +ma)[f(A) + f(B)]

/1 [f(tA+m(1 —t)B) + f(tB+m(1 —t)A)] dt < . (1.13)
0 a+1
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Theorem 1.5 ([20]). Let the continuous function f : Ry — R be operator (o, m)-convex for
operators in K C B(H)* with (a,m) € (0,1]2. Then for all positive operator A, B € K with
spectra in Rg, the following inequalities hold:

(35" B+ o)

2 2
g2ia /01 [f(t(Q Cm)B 4 (1— )mPA) + m(2° — 1)f<(1 — 1)@ *Z)B “mzAﬂ dt
<ty [ - mB) 4 mla 20 = 1)fma)
+m2a (2% — 1)f((2_mT)B>} (1.14)

For recent results related to Hermite-Hadamard type inequalities are given in [I], [4], [5], [7],
[8], [@], [10], [13], [14], and plenty of references therein.

The main purpose of this paper is to establish some new Hadamard type inequalities for
operator m)-convex and (o, m)-convex functions on the co-ordinates.

2. OPERATOR CO-ORDINATED m-CONVEX AND (a,m)—CONVEX FUNCTIONS

Let I, I be real intervals and let f : I; x I — R be a Borel measurable and essentially
bounded function. Let X = (X7, X3) be a 2-tuple of bounded self-adjoint operators on Hilbert
spaces Hy, Hs such that the spectrum of X; is contained in I; for ¢ = 1,2. We say that such a
2-tuple is in the domain of f. If

X, = / NEi(dN),i = 1,2
I;
is the spectral decomposition of X; where E; is a bounded positive measure on I;, we define
f(X) = / FO1, X2)Er(dA) @ Ex(dA2)
Il><12

as a bounded self-adjoint operator on the tensor product H; ® Hs. If the Hilbert spaces are of
finite dimension, then the above integrals become finite sums, and we may consider the functional
calculus for arbitrary real functions. This construction have the property that

f(X1,X2) = f1(X1) ® fo(X2),

whenever f can be separated as a product f(t1,t2) = f1(t1)f2(t2) of 2 functions each depending
on only one variable.

With above functional calculus, we say that a function f : Iy x I — R is operator convex if
f is continuous and the operator inequality

fAX + (1 =t)Y) <tf(X)+ (1 =t)f(Y) (2.1)
holds for all 2-tuples of self-adjoint operators X = (X7, X3) and Y = (Y1, Y2) in the domain of
f acting on any Hilbert spaces Hy, Hy and for all ¢ € [0, 1].

In [2T], Hermite-Hadamard type inequality for the co-ordinated operator convex functions is
given.

Theorem 2.1. Suppose that a continuous function f : I x I, C R? — R is operator conver on
the co-ordinates for all 2-tuples of self-adjoint operators in the domain of f acting on any Hilbert
spaces Hy, Ho. Then we have the inequalities

fA+CB+D
2 72
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1] [t B+ D L /7A+C
SQUO f<tA+(1t)C, 5 >dt+/0 f< 5 ,AB+(1A)D)dA}

1 1
g/o /O F(tA+ (1= O, AB + (1 — \)D) dtdA

1 1 1
§4[/0 f(tA+(1—t)C,B)dt+/0 FtA+ (1 —)C, D) dt

1

+ f(A,AB+(1—)\)D)dA+/1f(C,)\B+(1—A)D)d/\]
0 0

J(AB) + f(A D)+ f(C,B) + f(C, D)
— 4 b
where (A, B), (C, D) € B(Hy) ® B(Hs) with spectra in Iy x I.

(2.2)

For some fundamental results on operator convex and operator monotone functions of several
variables, see [I1], [12], [I5], and the references therein

Now we give the concepts of operator m-convex and («,m)-convex functions on the co-
ordinates.

Definition 2.1. A continuous function f : [0,b] x[0,d] C R3 — R is said to be operator m-convex
with b > 0 and d > 0 for some fixed m € [0, 1] if the operator inequality

fXa + (1 =1)Y1,tXe + m(1 = )Y2) <tf (X, X2) +m(1 — 1) f(Y1,Y2) (2.3)
holds for all 2-tuples of self-adjoint operators X = (X7, X5) and Y = (Y7,Y2) in the domain of
f acting on any Hilbert spaces Hy, Hy and for all ¢ € (0,1).

Definition 2.2. A continuous function f : [0,b] x [0,d] € RZ — R which is operator m-convex
on [0,b] x [0,d] with b > 0 and d > 0 is said to be operator m-convex on the co-ordinates for
some fixed m € [0,1] if the partial mapping

fxo 1T = R, fx, (u) == f(u, X2)
and

fx, 12 = R, fx, (v) := f(X1,v)
are operator m-convex for all operators Xy € B(Hs) and X; € B(H;) whose spectra are con-
tained in [0, d] and [0, ], respectively.

Definition 2.3. A continuous function f : [0,b] x [0,d] C R3 — R is said to be operator
(e, m)-convex with b > 0 and d > 0 for some fixed (o, m) € [0,1]? if the operator inequality

fEX1+ (1= Y1, tX + m(1 = 1)Y2) <% f(Xy, Xa) + m(1 — %) f(Y1,Y2) (2.4)
holds for all 2-tuples of self-adjoint operators X = (X7, X3) and Y = (Y1, Y2) in the domain of
f acting on any Hilbert spaces Hy, Hy and for all ¢ € (0,1).

Definition 2.4. A continuous function f : [0,b] x [0,d] € R3 — R which is operator (a,m)-
convex on [0,b] x [0,d] with b > 0 and d > 0 is said to be operator («,m)-convex on the
co-ordinates for some fixed (a, m) € [0, 1]? if the partial mapping

fX2 L — RmeQ(“) = f(quQ)
and

le : ‘[2 - R?le (U) = f(lev)
are operator (a,m)-convex for all operators Xo € B(H;) and X; € B(H;) whose spectra are
contained in [0,d] and [0, b], respectively.
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Remark 2.1. It can be easily seen that for (a,m) € {(1,1),(1,m)} one obtains the classes of
operator convex and operator m-convex functions of two variables, respectively.

The following lemmas hold:

Lemma 2.1. For b > 0, d > 0, and some fired m € [0,1], every operator m-convexr mapping
f:00,8] x [0,d] € R3 — R is operator m-convex on the co-ordinates, but the converse is not
generally true.

Proof. Suppose that f is operator m-convex mapping on [0,b] x [0,d]. Consider fx, : [0,d] —
R, fx, (v) := f(X1,v). Then for all ¢t € (0,1) and operators A, C € B(H>) with spectra in [0, d],
one has

Fx,(BA+m(1 —1)C) = f(tX, + (1 — 1) X1, tA+m(1 —t)C)

where X; € B(H;) with spectra in [0, b]. It shows the operator m-convexity of fx,.

The fact that fx, : [0,b] — R, fx,(u) := f(u, X3) is also operator m-convex on [0, b] for all
operators Xo € B(H3) with spectra in [0,d] goes likewise and we shall omit the details.

In [21], authors gave a mapping f : [0,1]> — Rg defined by f(r1,72) = r1 x r2 which is
operator convex on the co-ordinates but is not operator convex. We consider the same function
with m = 1 to prove that the operator m-convexity on the co-ordinates does not imply the
operator m-convexity.

The Lemma [2.1] is thus proved. ]

Similarly, we state the following elementary results without proof.

Lemma 2.2. For b > 0, d > 0, and some fived (o, m) € [0,1]%, every operator (o, m)-convex
mapping f : [0,b] x [0,d] € R3 — R is operator (o, m)-convex on the co-ordinates, but the
converse is not generally true.

3. HERMITE-HADAMARD TYPE INEQUALITIES FOR OPERATOR m-CONVEX AND
(o, m)-CONVEX FUNCTIONS ON THE CO-ORDINATES
We will now point out some new inequalities of the Hermite-Hadamard type.

Theorem 3.1. Let some fized (o, m) € (0,1])? and a continuous function f : R2 — R be operator
(o, m)-convex: on the co-ordinates for all 2-tuples of positive self-adjoint operators in the domain
of f acting on any Hilbert spaces Hy, Hy. Then one has

/1 /1 F(EA+ (1= CAB + (1— ND)drde < imdvnve} Fmindvg va} =g g
where (A, B), (C,D) € B(Hy) x B(Hzy) with spectra in RZ, and
1 1 D
v = /0 FtA+ (1 — )0, B)dt + am/o f(tA F(1-1)C, m> dt,
1 1
vy = / FtA+ (1 — )0, D)dt + am/ f(tA F(1-1)C, 5) dt,
0 0
1 L o
vy = /0 F(AAB+ (1= X\)D)dX + am/o f(m,AB +(1- A)D> da,
1 1 A
vy = / F(CAB + (1 — \)D)dA + am f(, AB+(1— /\)D> . (3.2)
0 0 m
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Proof. Since the spectrum of tA + (1 — ¢t)C and AB + (1 — A\)D are contained in Ry, and f is
continuous, the operator valued integrals fol fA+ (1 —1t)C)dt, fol fOAB + (1 —A)D)d\ and
fo fO JA+ (1 —-t)C,AB+ (1 —A\)D)dtdA exist.

From the operator co-ordinated (a, m)-convexity of f and the inequality (L.10]) it is easy to
see that

/1 F(tA+ (1= C,AB + (1 — \)D)dt
0

9

<min{ FAAB + (1= M\)D)) +amf(S,AB + (1 - \)D))
a—+1

F(C,AB + (1= M\)D)) +amf (A, AB + (1 - \)D)) }
a+1 '

Integrating this inequality on [0, 1] over A, we deduce

//ftA+ (1—t)C,AB+ (1 —A)D)dtdA

Sa_i_mzn{/fA)\B—l-(l—/\) )d/\+am/ < /\B+(1—/\)D)d/\,

1 1 A
/ FCAB+ (1= \)D)dA+ am/ f(m, AB + (1— A)D) d/\}. (3.3)
0 0
By a similar argument we get

/1/1f(fA+(1—t)C,/\B+(1—>\)D)d)\dt
o Jo

1 . L 1 D
Sa—i—lmm{/o f(tA+(1—t)C,B)dt+am/0 f<tA+(1_t)C’m> dt,

/01 FIEA+ (1 —1)C, D) dt + am/ol f(tA +(1-1)C, ﬁ) dt}. (3.4)

Summing the inequalities (3.3) and (3.4)) and dividing by 2, we get the inequality ([3.1]).
The proof thus is complete. O

Corollary 3.1.1. Under the assumptions of Theorem[3.1], choosing o = 1, we get the inequality

for operator m-convex:

min{uy, ug} +min{us, us}
4 )

/1 /1 FtA+ (1 —t)C,AB + (1 — A\)D)dAdt < (3.5)
0 0

where

1 1
uy :/O f(tA—l—(l—t)C,B)dt—i—m/O f(tA+(1—t)C, Z) dt,
1 1
Uy = / f(tA+ (1 —t)C,D)dt + m/ f(tA +(1-1)C, i) dt,
0 0

1 1 C
w= [ sansa-nnjiem [ r(Sana-np)an
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ug = /01 F(C,AB + (1= \)D)dA +m/01 f(i,AB +(1- )\)D) . (3.6)

Furthermore, for a, m =1 we have

/1/1f(tA+(1 —1)C,AB + (1 — A\)D)d\dt
0 0
Si{/olf(tAJr(lt)C,B)dt+/01f(tA+(1t)C,D)dt

1 1
+/ FAAB + (1 —A)D)dA +/ FCAB+ (1= A\)D)dA|. (3.7)
0 0

Theorem 3.2. Let some fized (o, m) € (0,1])? and a continuous function f : RZ — R be operator
(o, m)-convex on the co-ordinates for all 2-tuples of positive self-adjoint operators in the domain
of f acting on any Hilbert spaces Hy, Hy. Then one has

f(A+C B+D>

2 2
<2j+1{/0 [f(A‘;C AB+(1—A)D>+m(2a—1)f(A+C,“‘MBJFAD)}dA

2 m

+/1[ (tA+(1—t) B-s—2D>+m(2a_1)f<(1—t)A+tC’B+D>}dt}
f

m 2

§2a+za+1{f a+c > (A+C >+ (A’B+D>+f<C’BJQFD>
(B 2) (850 2) (8 232) 252
+ am?( [ (A+C B) ( nl;)

+f(ni‘27B¥D)+ ("7} o

where (A, B), (C,D) € B(H;) x B(Hs) with spectra in RE.

Proof. By operator co-ordinated («,m)-convexity of f and and the inequality (1.11]), we can give

f(A;-O’B+D>

1 B+D o (1-t)A+tC B+ D

b [ (04000 252 i -y (U045 B2V,
B+ D B+D

e (4 )+f( )

+mla +2°‘—1)[f<;i B—;D (C B—l—D)}
A B+D C B+D

rante 0|52 557 1 757 @)

and
A+C B+D
(455552
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1 [,/ A A 1-A)B+AD
<on {f( ;C,AB+(1A)D)+m(2a1)f< ;C,( )B+ )]d/\

<o (500) o (50)
+m(a+2a_1){f(,4+c73> +f<A+C7D>}

2 m 2 m
A+C B A+C D
2/oa
Summing the inequalities (3.9) and (3.10) and dividing by 2, we get the inequality (3.8]).
The proof is completed. O

Corollary 3.2.1. Under the assumptions of Theorem[3.3, choosing o = 1, we get the inequality
for operator m-convex:

f(A+C B+D>

1 1
st (50
! B+D (1-t)A+tC B+ D
+/O[<tA+ (1-¢t)C 5 >+mf( ™ , 5 >}dt}
1 A+C B+ D B+ D
/(5 )+f(z o) es(a552) (0 257)
(A5 2) (2 252) (5 252)
A+C B A+C D A B+D C B+D
et (255 08) (55 0) o (Ge ) (e 250} e

Furthermore, for a, m = 1 we have

f<A+C B+D>

A)D> +mf(A+C, (1A)B+/\D>} 0

2 m

2 72

g;[/o f(A—;O )\B—i—(l—A)D)d)\+/01f(tA—|—(1—t)C,B—2FD)dt}

(A1) (S50 (1 252) s(0252))

Theorem 3.3. Let some fized (o, m) € (0,1]? and a continuous function f : RZ — R be operator
(o, m)-convex on the co-ordinates for all 2-tuples of positive self-adjoint operators in the domain
of f acting on any Hilbert spaces Hy, Hs. Then one has

/1 /1 FEA+ (1 —)C,AB + (1 — A\)D)dAdt
0 0

1 1 1
S4(a+1){/0 f(tA+(1—t)C’,B)dt+/O FtA+ (1 —t)C,D)dt

+amU01f<tA+(1—t)c,fL> dt—s—/olf(tA—l—(l—t)C,Z) dt]

+/1f(A,/\B+(1—A)D)dA+/1f(C,/\B+(1—A)D)dA
0 0
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+am{/01f<i,/\3+ (1 A)D) dA+Alf<g,AB+ (1 )\)D) dx} } (3.13)

where (A, B), (C,D) € B(Hy) x B(Hs) with spectra in RE.
Proof. Using operator co-ordinated («, m)-convexity of f and the inequality (1.12]), we can write
1
/ FIEA+ (1 = )C,AB + (1 — A)D) dt
0

1
< -
“2(a+1)

+am[f<;i,>\3+ (1 )\)D> +f<i,AB+ (1 A)D)]}.

Integrating this inequality on [0, 1] over A, we deduce

{f(A7)\B+ (1=XND)+ f(C,AB+ (1—-X\)D)

/1/1f(tA+ (1—=t)C,AB+ (1 —X)D)dtdA
0 0

1 1 1
Sz(a“){/o F(AAB+(1 *A>D)dA+/O FCAB+ (1= A)D)dA

+am{/01f<i,w+ (1 A)D) d)\+/01f<g,>\B+ (1 )\)D) dx} } (3.14)

By a similar argument we get
1,1
//f(tAJr(17t)C,)\B+(1—)\)D)d)\dt
o Jo
1 1 1
<— tA+(1—-¢t)C,B)dt tA+(1—-t)C,D)dt
Ssarml ) feasa-nemas [ feara-oc.n)

+amU01f<tA+ (1-4)C, ﬁ) dt+/01f<tA+ (1-14)C, ﬁ) dt] } (3.15)

Summing the inequalities (3.14) and (3.15) and dividing by 2, we get the inequality (3.13)).
The proof thus is complete. O

Corollary 3.3.1. Under the assumptions of Theorem[3.3, choosing o =1, we get the inequality
for operator m-convex:

/olfolf(tAJr(lt)C’)‘BJf(l/\)D)d)\dt
Sé{/;f(tA#—(l—t)C,B)dt+/01f(tA+(1—t)C,D)dt+m{/olf<tA+(1_t)c’ﬁ) "

+/01f<tA+(1—t)C,Z> dt} —|—/Olf(A,)\B+(1—)\)D)dA—i—/Olf(C,)\BJr(1—)\)D)d)\

+m[/01f(i,)\3+ (1- )\)D) dA+/01f(g,AB+ (1 —)\)D> d)\} } (3.16)

Furthermore, for a,m = 1 we have

/1/1f(tA+ (1 —t)C,AB + (1 — \)D)dAdt
0 0
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1 1 1

SZ {/ fA+ (1 —-1t)C,B)dt + / fA+ (1 —1¢)C,D)dt
0 0
1 1

+/ fAAB+ (1 —M)D)dA +/ f(C,AB+ (1 —=X)D)dA|. (3.17)

0 0
Theorem 3.4. Let some fized (o, m) € (0, 1]2 and a continuous function f : Rg — R be operator

(o, m)-convex on the co-ordinates for all 2-tuples of positive self-adjoint operators in the domain
of f acting on any Hilbert spaces Hy, Hs. Then one has

/1 /1 [ftA+m(1 —t)C,AB +m(1 — \)D) + f(tC +m(1 —t)A,AB +m(1 — A\)D)] dtdA
0 0

< 1+ma
“2(a+1)

1 1
U FEA+m(1 - )C, B)dt + / F(EA +m(1 — £)C, D) dt
0 0
1 1
+ / fAAB+m(1—=AN)D)dX+ / f(C,AB+m(1—A)D)dA|, (3.18)
0 0
where (A, B), (C,D) € B(H;) x B(Hs) with spectra in RE.
Proof. Using operator co-ordinated (c, m)-convexity of f and the inequality (1.13]), we can write
1
/ [f(tA+m(1 —=t)C,AB+m(1 = A)D) + f(tC +m(1 — t)A,AB +m(1 — \)D)] dt
0

<(1 +ma)[f(A,AB+m(1l —X\)D)+ f(C,AB+ m(1—\)D]
- a+1 '

Integrating this inequality on [0, 1] over A, we deduce

/1 /1 [F(tA +m(1 — )C,AB +m(1 — \)D) + f(tC +m(1 — )A, AB +m(1 — \)D)] dtdA
0 0

<1+ma
T a+1

1 1

{/ fAAB+m(1 —A)D)d\+ / f(C,AB +m(1 —A\)D) d)\]. (3.19)
0 0

By a similar argument we get

/1 /1 [fEA+m(1—t)C,AB+m(1 —X\)D) + f(tC +m(1 —t)A,AB +m(1 — \)D)| dtdA
0 0

1+mal ! !
< ) fEA+m(l—-t)C,B)dt+ | f(tA+m(1l—1t)C,D)dt|. (3.20)
0 0
Summing the inequalities (3.19) and (3.20) and dividing by 2, we get the inequality (3.18]).
The proof thus is complete. O

Corollary 3.4.1. Under the assumptions of Theorem[3.3, choosing o =1, we get the inequality
for operator m-convex:

/1 /1 [fEA+m(1—t)C,AB+m(1 —A\)D) + f(tC +m(1 —t)A,AB +m(1 — \)D)| dtdA
0 0

<

14+m ! !
1 [/0 f(tA+m(1—t)C,B)dt+/0 fA+m(1l—1t)C,D)dt
1

+ /1 F(AAB+m(1—A)D)dA+ [ f(C,AB+m(1—A)D)dA|. (3.21)
0 0
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Furthermore, for a, m = 1 we have
1,1
/ / F(tA+ (1= D)C,AB + (1 — \)D) dAdt
o Jo
1r L 1
34{/ f(tA—i—(l—t)C,B)dt—i—/ F(tA+ (1 —)C, D) dt
0 0

1 1
+/ FAAB+ (1—=A)D)dA +/ f(C;AB+ (1= X)D)dA|. (3.22)
0 0
Theorem 3.5. Let some fized (o, m) € (0,1])? and a continuous function f : RZ — R be operator

(o, m)-convex on the co-ordinates for all 2-tuples of positive self-adjoint operators in the domain
of f acting on any Hilbert spaces Hy, Hy. Then one has

(3520 + S 25D + S )

§2T1+1 UO f(2_20+ 5 (MA), A2 —m)D + (1 - )\)m2B> d\
(2 — 1)/01 f(2_2mC+ ™ (may, LZN@=m)D + Am23> ar

2( m

+ /01 f(t(2 —m)C+ (- tym?A, 22D ¢ Z(mB)) dt

2
+m(2"‘—1)/0 f((l_t)( m)0+tm2A,2_2 D—i—T;(mB))dt}
§2a+2<z+ 5 {f(2 SO+ mA), (2 —m)D> +mlat 20— 1)f<2_2mC+ T;L(mA),mB)

+mla(2® — 1)f(2m0 + ), (n:;)D> + f<(2 —m)C, %TmD + n;(mB))

+m(a+2% — )f(mA 5 D+2(mB)>

+mZa (2% — 1)f((2 :nT)C, 2 _2mD + n;(mB))] , (3.23)

where (A, B), (C,D) € B(H;y) x B(Hs) with spectra in RE.

Proof. From operator co-ordinated (a, m)-convexity of f and the inequality (1.14])), we can deduce
2 —
_— A 7D B
(3570 + S 257D + Gms))
1

<3 01 [f (t(2 —m)C + (1 — ym2A, 2_TmD + T;(mB))

+m(2a_1)f<(1—t)(2—nn;a)0—|—tm A’2—2mD+ 2( B))} dt
1

gww{f<(2 —m)C, Q_TmD + ’;(mB)) +mfa+2% - 1)f(mA, Zomp g T;(mB))

2
+m2a(2° — 1)f((2 _mzl)c, 2_2mD+ Tg(mB))} (3.24)

485 SHU-HONG WANG et al 474-487



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

HERMITE-HADAMARD TYPE INEQUALITIES 13

and

f<2_2m0+ " ma), 2D+ (mB))

32% 1{f<2m0+ 5 (mA),)\(2—m)D+(1—)\)m2B>
0
2—m

+m(2o‘—1)f<C+ 5 (mA), (1_A)(2_Z)D+Am23>}d/\

§2a+1(1a+ 5 {f<2 Moy ”;(mA),@m)D) +m(a 2o - 1)f<2_2mC+ Z(mA),mB)

2—m

+m?a (2% — 1)f(0 + D ma), (m)D> } (3.25)

m?2

Summing the inequalities (3.24)) and (3.25) and dividing by 2, we get the inequality (3.23)).
The proof is completed. O

Corollary 3.5.1. Under the assumptions of Theorem[3.5, choosing o = 1, we get the inequality
for operator m-convex:

(3570 + S 257D + Gn))
gi [/01 f(2_2m0 + %(mA), A2 —m)D+(1— A)mQB) dA

+m 1f<2_2 C+2( A),(l_A)(Q_Z)D“LAmQB)dA
0

+ 1f H2 = m)C + (1 — m2A, 2= D + ™ (mB) ) dt
2 2

+m/ (1—75 m)C+tm2A72—2 D—s-T;(mB))dt}
<i6 [f(c+ 2 (mA), (2 —m)D) +2mf(2_2mC+ Zl(mA),mB)
cnf (2500 G, B ) w p(mme 2D )
-|—2mf<mA 5 “"py 2(mB))
enf (B3 2 0 4 R ). (3.26)

Furthermore, for a, m = 1 we have

fA+CB+D
2 72

[/Olf<A‘;CAB+(1 > /(tAJrlt)CB;D)dt}

1
2
AV(ASE0) A(2180) s (1252) e 25))
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ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITIES IN FUZZY
BANACH SPACES: A FIXED POINT APPROACH

CHOONKIL PARK', JUNG RYE LEE?*, AND DONG YUN SHIN?

ABSTRACT. Let
Mif@y): = Sf@+y) - (-2 —y)+ 1 f@—) + /- 2)~ f@) - )
Mmofay): = 2f () (FF) 41 (Y50) - @) - fw).

Using the fixed point method, we prove the Hyers-Ulam stability of the additive-quadratic
p-functional inequalities

N(le(l',y) - pMQf(xvy)vt) >

t
t+o(x,y) 01

and

¢
N (Mzf(z,y) = pMif(@,y),t) 2 572

in fuzzy Banach spaces, where p is a fixed real number with p # 1.

(0.2)

1. INTRODUCTION AND PRELIMINARIES

Katsaras [19] defined a fuzzy norm on a vector space to construct a fuzzy vector topological
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from
various points of view [15, 21, 48]. In particular, Bag and Samanta [3], following Cheng and
Mordeson [11], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy
metric is of Kramosil and Michalek type [20]. They established a decomposition theorem of
a fuzzy norm into a family of crisp norms and investigated some properties of fuzzy normed
spaces [4].

We use the definition of fuzzy normed spaces given in [3, 25, 26| to investigate the Hyers-Ulam
stability of additive p-functional inequalities in fuzzy Banach spaces.

Definition 1.1. [3, 25, 26, 27] Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for all x,y € X and all s,t € R,
(N1) N(z,t) =0 for t < 0;
(N2) x =0 if and only if N(x,t) =1 for all t > 0;
(N3) N(cz,t) = N(=x, |C|) it ¢ # 0;
(Ng) N(z+y,s+t) > min{N(z,s), N(y,t)};
(N5) N(z,-) is a non-decreasing function of R and lim;_, N(z,t) = 1.
(Ne) f

Ng) for x # 0, N(z,-) is continuous on R.

2010 Mathematics Subject Classification. Primary 46540, 39B52, 47TH10, 39B62, 2650, 47540.

Key words and phrases. fuzzy Banach space; fixed point method; additive-quadratic p-functional inequality;
Hyers-Ulam stability.
*Corresponding author.
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The pair (X, N) is called a fuzzy normed vector space.
The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in
[25, 28].

Definition 1.2. [3, 28, 26, 27] Let (X, N) be a fuzzy normed vector space. A sequence {z,} in
X is said to be convergent or converge if there exists an € X such that lim,,_,oc N(z,—x,t) =1
for all ¢ > 0. In this case, z is called the limit of the sequence {z,} and we denote it by N-

lim,, 00 T, = T.

Definition 1.3. [3, 28, 26, 27] Let (X, N) be a fuzzy normed vector space. A sequence {z,}
in X is called Cauchy if for each € > 0 and each t > 0 there exists an ng € N such that for all
n > ng and all p > 0, we have N (2 4p — xp,t) > 1 —¢.

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy
normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is
continuous at a point zg € X if for each sequence {z,} converging to zy in X, then the
sequence {f(x,)} converges to f(xzg). If f : X — Y is continuous at each z € X, then
f:X — Y is said to be continuous on X (see [4]).

The stability problem of functional equations originated from a question of Ulam [47]
concerning the stability of group homomorphisms.

The functional equation f(x+vy) = f(z)+ f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [17] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem
was generalized by Aoki [2] for additive mappings and by Rassias [39] for linear mappings by
considering an unbounded Cauchy difference. A generalization of the Rassias theorem was
obtained by Gavruta [16] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Rassias’ approach.

The functional equation f(z+y)+ f(z—y) = 2f(z)+2f(y) is called the quadratic functional
equation. In particular, every solution of the quadratic functional equation is said to be a
quadratic mapping. The stability of quadratic functional equation was proved by Skof [46] for
mappings f : E1 — E», where F; is a normed space and Fjy is a Banach space. Cholewa [12]
noticed that the theorem of Skof is still true if the relevant domain Fj is replaced by an Abelian
group. The stability problems of various functional equations have been extensively investigated
by a number of authors (see [1, 5, 9, 10, 14, 22, 24, 29, 34, 35, 36, 40, 41, 42, 43, 44, 45, 49, 50]).

We recall a fundamental result in fixed point theory.

Theorem 1.4. [6, 13] Let (X,d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant o < 1. Then for each given element
x € X, either
d(J"z, J" ) = oo
for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, J"r) < oo, Vn > ngp;
(2) the sequence {J"x} converges to a fized point y* of J;
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(3) y* is the unique fized point of J in the set Y ={y € X | d(J™z,y) < oo};
(4) d(y,y") < 725d(y, Jy) for ally €Y.

In 1996, G. Isac and Th.M. Rassias [18] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [7, 8, 30, 31, 38]).

Park [32, 33] defined additive p-functional inequalities and proved the Hyers-Ulam stability
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces.

In Section 2, we prove the Hyers-Ulam stability of the additive-quadratic p-functional in-
equality (0.1) in fuzzy Banach spaces by using the fixed point method.

In Section 3, we prove the Hyers-Ulam stability of the additive-quadratic p-functional in-
equality (0.2) in fuzzy Banach spaces by using the fixed point method.

Throughout this paper, assume that X is a real vector space and (Y, N) is a fuzzy Banach
space. Let p be a real number with p # 1.

2. ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITY (0.1)

In this section, we prove the Hyers-Ulam stability of the additive-quadratic p-functional
inequality (0.1) in fuzzy Banach spaces.

Theorem 2.1. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with
L L
pla,y) < 7o (20,2y) < S (22, 2y) (2.1)

forall xz,y € X.
(i) Let f: X =Y be an odd mapping satisfying
t
Nfoay _pr:E?y?t >
(M1 f ) = oMo .0).0) > s

for all x,y € X and all t > 0. Then A(x) := N-limy 00 2"f (5%) ewists for each x € X and
defines an additive mapping A : X — 'Y such that

(2.2)

(2 - 2L)t
(2—2L)t+ Ly(z, x)

N (f(2) ~ Ala).1) > (2.3)

forallxz € X and allt > 0.

(ii) Let f : X — Y be an even mapping satisfying f(0) = 0 and (2.2). Then Q(x) := N-
limp, oo 4" f (55) exists for each x € X and defines a quadratic mapping Q : X — Y such
that

(2 - 2L)t

N (f(z) = Q(x),t) = @ 2LVt Lo(z.2) (2.4)
for allz € X and all t > 0.
Proof. (i) Letting y = z in (2.2), we get
N (f (22) - 2f(2), 1) > wf() (2.5)
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and so
N(f(m)—2f<x>,t)2tmm (2.6)
2 t"’@(fa f)
for all z € X.
Consider the set
={g: XY}

and introduce the generalized metric on S:

d(g,h) = inf {u €R; : N(g(z) — h(x), ut) , Vo e X,Vt > 0} ,

>

T i+ p(z,x)

where, as usual, inf ¢ = +00. It is easy to show that (5, d) is complete (see [23, Lemma 2.1]).
Now we consider the linear mapping J : S — S such that

T
Jg(z) =29 <2>
for all x € X.

Let g,h € S be given such that d(g,h) = €. Then
N — h(x),et) > ——
(9(a) = ia)oet) > s

for all x € X and all t > 0. Hence

N(Jg(z) — Jh(z),Let) = N <29 <°§> —2h (g) ,L5t> =N <g (”;) —h (g) ,§5t>

Lt Lt
3 3 t

F+v(3.%) ~ §+50a) t+ela)
for all x € X and all t > 0. So d(g, h) = € implies that d(Jg, Jh) < Le. This means that

d(Jg,Jh) < Ld(g,h)

for all g,h € S.
It follows from (2.6) that N (f(a:) -2f(3), %t) >
d(f,Jf) < 5.
By Theorem 1.4, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, i.e.,

WforallxeXandallt>0. So

A (;”) _ %A(g;) (2.7)

forall z € X. Since f: X - Y isodd, A: X — Y is an odd mapping. The mapping A is a
unique fixed point of J in the set

M={ge S:d(f,g) < oo}

This implies that A is a unique mapping satisfying (2.7) such that there exists a p € (0, 00)
satisfying
N(f(z) — A(z), ut) > ————
(@) = Aw)it) 2 o
for all x € X;
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(2) d(J™f, A) — 0 as n — oo. This implies the equality
. n KA
N—nlLrgOZ f (2n> = A(z)
for all z € X;
(3) d(f, A) < 2d(f,J f), which implies the inequality
L

d(f,A) < 5=

This implies that the inequality (2.3) holds.

By (2.2),
V() () () ) e
and so

(o (500 () -2 (2) - ()92 ey

t

for all z,y € X, all t > 0 and all n € N. Since lim,, er*q:'(ﬂcy) =1 for all z,y € X and all
PIg on )
t>0,

N(A(z +y) - Alz) - A(y),t) = 1

for all x,y € X and all ¢ > 0. So the mapping A : X — Y is additive.
(ii) Letting y =  in (2.2), we get

1 t
N (2f(2$) - 2f($)7t> 2 m (2.8)
and so
t
_ x 2 _ t
V(s (3)0) 2 oD 12 (2.9)
for all x € X.

Now we consider the linear mapping J : S — S such that

Jg(x) :=4g (326)
for all z € X.
Let g,h € S be given such that d(g,h) =e. Then
N —h(x),et) > ————
(9(0) = h(o).t) >
for all z € X and all ¢ > 0. Hence

N(Jg(z) — Jh(z),Let) = N <4g (;“) — 4h (;”) ,Let) =N <g (;”) —h (”2“") ,ia)

Lt Lt
T T t

B33~ Z+te(a)  t+olz )

for all z € X and all £ > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg,Jh) < Ld(g, h)
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for all g,h € S.
It follows from (2.9) that N (f(a:) —4f(3), %t) >
d(f,Jf) < 5.
By Theorem 1.4, there exists a mapping ) : X — Y satisfying the following:
(1) @ is a fixed point of J, i.e.,

WforallxeXandallt>0. So

Q (QC) = 1Q(a:) (2.10)

for all z € X. Since f: X = Y iseven, @ : X — Y is a even mapping. The mapping @ is a
unique fixed point of J in the set

M={ge S:d(f,g) < oo}

This implies that @ is a unique mapping satisfying (2.10) such that there exists a u € (0, 00)
satisfying
N —Qa),ut) > ————
(1) = Qa)ot) > s
for all z € X;
(2) d(J™f,Q) — 0 as n — oo. This implies the equality

. n T\
V- tim 25 (57) = Q)
for all z € X;
(3) d(f,Q) < ﬁd(f, J f), which implies the inequality

L
2 —2L°

d(f,Q) <

This implies that the inequality (2.4) holds.
By (2.2),

V(e () e () o (3) 2 () ) = s
and so
W (53 (5 () () )2 oy

_t
for all z,y € X, allt > 0 and all n € N. Since lim,, ,o0o —%—— = 1 for all z,y € X and all
0 mtame(@y)
t>0,

2
for all x,y € X and all ¢ > 0. So the mapping Q) : X — Y is quadratic. (|

N (500 +1)+ 5@ — ) - Q) - Q)t) = 1

Corollary 2.2. Let 6§ > 0 and let p be a real number with p > 2. Let X be a normed vector
space with norm || - ||.
(i) Let f : X =Y be an odd mapping satisfying
t
N (Myf(z,y) — pMaf(z,y),1)

>
— 4+ O( P+ lyllP)

(2.11)
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for all z,y € X and all t > 0. Then A(x) := N-lim, o 2" f(57) ewists for each v € X and
defines an additive mapping A : X — 'Y such that
(2P — 2)t

N (f(z) = A(z),t) > (20 — 2)t + 20|z||?

forallx € X and all t > 0.
(i) Let f : X — Y be an even mapping satisfying f(0) = 0 and (2.11). Then Q(z) := N-
limy, ;00 4" f(55) exists for each x € X and defines a quadratic mapping Q : X — Y such
that

(2P — 4)t
(2P — 4)t + 40||x||P

N (f(z) — Q(z),1) >
for all x € X and all t > 0.

Proof. The proof follows from Theorem 2.1 by taking ¢(z,y) := 6(||z||P+||y||?) for all z,y € X.
Choosing L = 2P for an odd mapping case and L = 2?7P for an even mapping case, then we
obtain the desired results. (]

Theorem 2.3. Let ¢ : X% — [0,00) be a function such that there exists an L < 1 with
v (z,y) < 2Ly <323’ g) <4Lyp (:;, g) (2.12)
forall z,y € X..
(i) Let f : X — Y be an odd mapping satisfying (2.2). Then A(z) := N-lim, o0 57 f (2"2)
exists for each x € X and defines an additive mapping A : X — 'Y such that
(2 —2L)t
(2-20)t+ ¢(z,x)

N (f(z) - A(z),t) =

for all x € X and all t > 0.
(ii) Let f : X — Y be an even mapping satisfying f(0) = 0 and (2.2). Then Q(x) := N-
lim,, 00 4%]‘" (2"x) exists for each x € X and defines a quadratic mapping Q : X — Y such
that

(2—2L)t
(2 —2L)t + ¢(z, z)

N (f(z) — Q(z),1) >
forallxz € X and all t > 0.

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1.
(i) It follows from (2.5) that
1 1
N ——f(2z), =t ]| > ———
(1) = 51@0.5t) = s
for all z € X and all £ > 0.
(ii) It follows from (2.8) that
1 1
N ——f(2x), =t > —->+—
()= 3r@n.5t) > e
for all x € X and all t > 0.
The rest of the proof is similar to the proof of Theorem 2.1. O
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Corollary 2.4. Let 8 > 0 and let p be a real number with 0 < p < 1. Let X be a normed
vector space with norm || - ||.
(i) Let f : X = Y be an odd mapping satisfying (2.11). Then A(z) := N-lim, o0 57 f(2"2)
exists for each x € X and defines an additive mapping A : X — Y such that

(2 —2P)t
(2 —2P)t + 20||x||P

N (f(z) = Alz),1) =

forallx € X and all t > 0.

(ii) Let f : X — Y be an even mapping satisfying f(0) = 0 and (2.11). Then Q(zx) := N-
lim,, 00 ﬁf(?”:c) exists for each x € X and defines a quadratic mapping Q : X — Y such
that

(4—2P)t

N - t) >

forallx € X and all t > 0.

Proof. The proof follows from Theorem 2.3 by taking ¢ (z,y) := 6(||z|”+ ||y||?) for all z,y € X.
Choosing L = 2P~! for an odd mapping case and L = 2P~2 for an even mapping case, then we
obtain the desired results. 0

3. ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITY (0.2)

In this section, we prove the Hyers-Ulam stability of the additive-quadratic p-functional
inequality (0.2) in fuzzy Banach spaces.

Theorem 3.1. Let ¢ : X2 — [0,00) be a function satisfying (2.1).
(i) Let f: X =Y be an odd mapping satisfying
N M2f z,y _lef x,y),t > —
(Mo (w.9) = P2 9),8) > s
for all z,y € X and all t > 0. Then A(x) := N-limy 0 2"f (5%) ewists for each v € X and
defines an additive mapping A : X — Y such that

(3.1)

(1- L)t
(11— L)t + ¢z, )

N (f(z) = Alz),t) >

for all x € X and all t > 0.
(ii) Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.1). Then Q(x) := N-
lim,, oo 4™ f (2%) exists for each x € X and defines a quadratic mapping Q : X — Y such
that

(1—-L)t
(1—=L)t+ ¢(z,z)

N (f(z) = Q(x),t) >
forallxz € X and all t > 0.

Proof. (i) Letting y = 0 in (3.1), we get

N (f(a:) —of (;) ,t) =N (Qf (;”) - f(x),t) > W (3.2)

for all z € X.
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Consider the set
S={g: X ->Y}

and introduce the generalized metric on S

d(g,h) = inf {,u € Ry : N(g(z) — h(x), ut) , Vo e X,Vt > 0} ,

t
> 7
T t+¢(z,0)

where, as usual, inf ¢ = 4-00. It is easy to show that (S, d) is complete (see [23, Lemma 2.1]).
The rest of the proof is similar to the proof of Theorem 2.1 (i).
(ii) Letting y = 0 in (3.1), we get

N (@ -ar (3).¢) =5 (17 (5) - r@)t) = e (3.3)

for all z € X.
The rest of the proof is similar to the proof of Theorem 2.1 (ii). O

Corollary 3.2. Let 6 > 0 and let p be a real number with p > 2. Let X be a normed vector
space with norm || - ||.
(i) Let f: X — Y be an odd mapping satisfying
t

>

t+0(lzl” +[lyllP)
for all x,y € X and allt > 0. Then A(x) := N-lim, . 2" f(5%) ewists for each x € X and
defines an additive mapping A : X — 'Y such that

N (Maf(z,y) — pMif(z,y),t)

(3.4)

(20 — 2)t

N (f@) = A@)D 2 o=y orgialp

forallxz € X and all t > 0.

(ii)) Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.4). Then Q(x) := N-
limy, 00 4" f(55) exists for each x € X and defines a quadratic mapping Q : X — Y such
that

(2P — 4)t

N (@) = Q@)Y 2 G 5 gyl

forallxz € X and all t > 0.

Proof. The proof follows from Theorem 3.1 by taking ¢(x,y) := 6(||x||P+ ||y||?) for all z,y € X.
Choosing L = 2P for an odd mapping case and L = 227P for an even mapping case, then we
obtain the desired results. O

Theorem 3.3. Let ¢ : X2 — [0,00) be a function satisfying (2.12).
(i) Let f : X — Y be an odd mapping satisfying (3.1). Then A(z) := N-lim, %f (2"z)
exists for each x € X and defines an additive mapping A : X — Y such that
(1—-L)t
(1—L)t+ Ly(z, )

N (f(z) = Alz),1) >

forallx € X and all t > 0.
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(ii) Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.1). Then Q(z) := N-
limy, 00 4%]" (2"x) exists for each x € X and defines a quadratic mapping Q : X — Y such
that

(1—-1L)t
(1—-L)t+ Lo(z,x)

N (f(z) — Q(z),1) >
forallx € X and all t > 0.

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 3.1.
(i) It follows from (3.2) that

1 t
N (1) - 5/0.3) 2 oo

and so

1 2Lt ¢
N (f(l‘) - 2f(25”)’Lt> = 2Lt + p(21,0) Tt ¢(z,0)

for all z € X and all ¢t > 0.
(ii) It follows from (3.3) that

N (f@) - 37@0. %) 2

>_ -
T t+ ¢(22,0)

and so

1 ALt ¢
N (f(x) - 4f(2$)7Lt> 2 ALt + ¢(22,0)  t+¢(,0)

for all x € X and all t > 0.
The rest of the proof is similar to the proof of Theorem 2.1. O

Corollary 3.4. Let 8 > 0 and let p be a real number with 0 < p < 1. Let X be a normed
vector space with norm || - ||.

(i) Let f : X — Y be an odd mapping satisfying (3.4). Then A(z) := N-limp o0 5= f(2"2)
exists for each x € X and defines an additive mapping A : X — Y such that

(2 —2P)t

N (f(@) = A@)D) 2 5oy 3 argifalp

forallz e X.

(ii) Let f : X — Y be an even mapping satisfying f(0) = 0 and (3.4). Then Q(z) := N-
limy, 00 4%f(2”a:) exists for each x € X and defines a quadratic mapping Q : X — Y such
that

(4 — 2Pt

N (@) = Q@)Y = oy gyl

forallz e X.

Proof. The proof follows from Theorem 3.3 by taking ¢(x,y) := 6(||z||P+ ||y||?) for all z,y € X.
Choosing L = 2P~! for an odd mapping case and L = 2P~2 for an even mapping case, then we
obtain the desired results. O
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Abstract

This paper is devoted to the optimal harvesting problem for a diffusive population dynam-
ics with functional response in a polluted environment . Cp-semigroup theory is used to obtain
the existence and uniqueness of the positive strong solution for the controlled system. The
first order necessary optimality condition is derived by means the technique of tangent-normal
cones and adjoint system of the state. The second-order necessary and sufficient optimal-
ity conditions are established by making use of the second order Fréchet derivative of the
associated Lagrange function.

Keywords: Optimal harvesting; optimal conditions; functional response; toxicant

1 Introduction

The optimal control problems of population dynamics have been widely studied, such as N.C.
Apreutesei [1] studied for a Lotka-Volterra system of three differential equations, some necessary
conditions of optimality were founded in order to maximize the total number of individuals. W.Ko
[2-3] considered a diffusive two-competing-prey and one-predator system with functional response
(Beddington-DeAngelis and ratio-dependent), showed the properties for the positive steady-state
solutions of the corresponding elliptic system with Robin boundary. Then N.C. Apreutesei [4]
studied for a reaction-diffusion system as follows

% = a1Ay1 +y191(y1) + wyr — iy f (),

% = asAys — ays + by1yaf(y1) + cyaysh(ys),

% = a3Ays + y393(y3) + usys — y3y2h(ys), (L1)
%%(t,w) =0, on ¥ =1[0,T] x 9, i=1,2,3,

yi(0,2) =yd(z), x € Q, i=1,2,3.

the author considered the general functional response y; f(y;), which contains the classical various
Holling type, the existence of an optimal solution and first and second order optimality conditions

*Corresponding author. E-mail: 1hw1220@126.com
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were proved. E.Casas [5] investigated an abstract formulation for optimization problems in some
LP spaces, devoted to reduce the classical gap between the necessary and sufficient conditions for
optimization problems in Banach spaces. Other models from population dynamics and optimal
control problems can be found in [6-9]. However, those papers were not take into account toxicant
factor. Among the practical problems, it determines the real rate of the biological individual and
the behavior of individual. To this end, Luo [10-12] first formulated a new age-dependent toxicant
population model in an environment with small toxicant capacity, effectively bridge the research
between age-structure and polluted environment. Inspired his works, this paper propose a more
realistic models with toxicant-population in a small content of the environment.

The aim of this paper is to seek the maximum of the following functional, which gives the profit
from harvesting less the cost of harvesting:

3 T T
IEDS /0 /Q (K it )it ) — %C’iu?(t,m)]dajdt— % /O Calv ()2t (OH)

where K; are selling price factors, positive constants C; and Cy represents the cost factors of har-
vesting and the cost factor of administering pollution of environment, respectively; u = (u1, us, u3)
are the proportions of the populations to be harvested, v(t) is the exogenous toxicant input rate
the moment ¢, and the state y = (y1, y2,y3) is the solution of the following system corresponding
to (u1, ug, us):

0
% = a1Ay1 +y1[g1(y1) — rici0] — yayaf(y1) — waya,
0
% = asAys — (a — rac20)y2 + byrya f(y1) + cyaysh(ys) — uzysz,
0
% = azAys + yslg3(y3) — racso] — ysy2h(ys) — usys, (1.2)
d;f = keo(t) — geio(t) — mei(t),i = 1,2, 3,
dce 2
= ke () + (1) +ys()] + 91 Y cio()wilt) — hee(t) + v(t)
i1

for (t,x) € @, subject to some Neumann boundary conditions

y;
ov

(t,2) =0, on X =[0,T] x 092, i =1,2,3
and to the initial conditions
yi(0,2) =yd(z), x € Q, i=1,2,3.

which descried a diffusive one-predator and two-competing-prey system in a spatially inhomoge-
neous environment, where Q = (0,7) x €, ) is a bounded domain in R%(d > 1) with the boundary
99 of class C?17 (o > 0), we denote by y;(t,x) the density of individuals of ith population at the
moment ¢ and in the location @ € Q. ¢o(t) is the concentration of the toxicant in an organism
at the moment ¢, c(t) is the concentration of the toxicant in the environment at the moment ¢.
The function wu; is the harvesting rate of population y;, and the coefficients oy, as, as, a, b, ¢ are all
positive constants. For the simplicity, we have assumed that f and A depend only on y; and on
ys respectively, but the reasoning and the main results remain true also in the case when f and h
depend on y, too, parameter a is the per capita death rate of the predator.
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The admissible control set is defined as
Uga = {(u,v) € [L*(Q)]> x L=(0,T)] 0 < u(t,z) <1, aein Q, 0 < v(t) < h aein (0,T)}.

Throughout this paper, we always assume that:

(H1) g1, g3 are continuous and bounded on (0, c0);

(Hz) f, h are continuous and positive on (0, 00) and bounded on bounded sets;
(H3) v¥ € H?(Q),4? > 0 on Q and 9yY/0v = 0 a.e. on 99, i =1,2,3;

(Hy) v(+) € L?[0,T],0 < v(t) < 1y < +o0;

(Hs) 0 < ¢i0(0) £ 1,0 <ce(0) < 1

(He) g <k <g+m,v<h,

The paper is organized as follows: In section 2, we use results from the semigroup theory and
some well-known existence theorems from [13-14] to derive the global existence and uniqueness of a
positive strong solution of the controlled system (1.2), Section 3 is devoted to first order necessary
optimality conditions for (OH). Necessary and sufficient second order optimality conditions are
given in Section 4.

2 Basic properties of the solution

This section concerns the most important properties of the dynamics system with diffusion. Ex-
istence, uniqueness and positivity of the solution will be proved. Thus formally, system (1.1) can
be written as an infinite dimensional Cauchy problem of the form
dy
-0 =Ay(t) + F(t,y(t)), t€[0,T],
y(o) = Yo,

where A : D(A) C X — X is the infinitesimal generator of a Cy-semigroup of contractions {S(t)}1>0
on the Banach space X if X is a Hilbert space, A is called dissipative if (Ax,z) < 0,Vz € D(A),
and F : [0,7] x X — X is measurable in ¢ and Lipschtiz in & € X uniformly with respect to ¢.

We shall employ a general existence result which we use in the sequel (Proposition 1.2, p.175,[14]).
Theorem 2.1 For each yy € X, the initial value problem (2.1) has a unique mild solution
y € C([0,T];X), and

(2.1)

y(t) = S(t)yo +/ S(t—s)F(s,y(s))ds, te[0,T].

0
In addition, if X is a Hilbert space, A is self-adjoint and dissipative on X, and yg € D(A), then the
mild solution is in fact a strong solution and y € W2([6,T]; X),V$ € [0, T].
Thus, we work in the Hilbert space H = (L?(Q))3, where the operator A : D(A) C H — H,

A0 0 Fi(t,y(t))
A= 0 A 0 . Flty@)=| Fty®) |,
0 0 a3/ Fs(t,y(t))

yi
for y = (y12:8) € D(A).D(A) = {y = (1,92,3) € (HAD)®, 55 = 0 on 92 = 1,2,3],

Y = (49,49, v3) is the initial value of y, and F' = (Fy, Fy, F3) is the nonlinear term in (2.1), that is

Fi(t,yt) = y191(y1) — vayaf(y1) — waya,
Fy(t,y(t)) = —ayz2 + byrya f (y1) + cyays3h(ys) — uzys2, (2.2)
Fs(t,y(t)) = y393(ys) — ysy2h(ys) — usys,
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Theorem 2.2 Suppose that y° = (y9,49,49) € D(A), and v? > 0,i = 1,2,3. Then for each
u € Uyq, the system (2.1) has a unique nonnegative solution (y(¢, ), co(t), ce(t)), such that

(i) (yi(t,x), cio(t),ce(t)) € L*°(Q) N L2(0,T; H2(Q) N L*°(0,T; HY(Q))) x L*°(0,T) x L>(0,T),
(i) 0 < eio(t) < 1,0 <ce(t) <1,VE€(0,7).

Proof Since F' is not satisfy Lipschtiz conditions, we cannot apply the theorem 2.1 directly for
our problem, usually we use a truncation procedure for F', consider the truncated initial value

problem
M(t z) = Ay (t) + FN(t,y(t), te[0,T]
ot T YY), b (2.3)
y™ (0) = wo,

where FN = (FN,F{¥, FY) is obtained from F = (F, Fy, F3), a fixed large number N > 0. If
ly;| < N, then y; in F(t,y1,y2,y3) remains unchanged, if y; > N, then y; from (2.2) is replaced
by N, if y; < —N, then y; from (2.2) is replaced by —N. Thus function FV becomes Lipschitz
continuous with respect to ¢, according theorem 2.1, the problem (2.3) admits a unique strong
solution yV = (y&V,yd,yY) € Wh2([6,T); H) N L%(0,T; D(A)), V6 € [0,T).

To begin with, we shall that y € L2(0,T; H*(Q)NL>(0,T; H*()). On one hand, from theorem
2.1 we know y € L2(0 T; H%(Q), on the other hand, from (2.3) we derive that

/ ’ayl ‘ dsdq;—QOél/ Ay{vdsdx—l—a / |AyN |2dsdx—/ |Fy(t, y(t))|?dsdz,
Using the regularity of y¥ and the Green’s formula, we have
/‘3‘1’1 ’ dsda:+2oz1/ VN 2dz + o /|Ay{V stda;—/ IFy(t, y(t ))|2dsdz+2a1/ V40 2da.
Since y € W12(0,T; H) and y{ € H%(Q), by the Lipschitz property of F}¥ we deduce that
2a1/ |V |2dx </ |yN|dxd$—|—2a1/ |Vyl|?dz < 4o0.

Thus, we have y; € L°°(0,T; H'(Q)), analogously y2,y3 are proved.
Further more, it remains to prove that y™ € L>(Q), (cio,c.) € L>(0,T). Indeed, consider the
following auxiliary initial value problems

000y ) = ApN (1) + FN (6 y() — My, t € (0.7,

ot (2.4)
P (0) = y§ — 9]l = ()
and
O’ (t,z) = AwN () + FN (t,y(t)) + My, t€[0,T]
at ’ ’ b (2.5)

wi' (0) = 99 + 190l o= (0),

where My = max { | FN (,y(t) (@), 199 (@) = 1, 2,3}

By theorem 2.1 the function pY and w{ in C([0,T];X) is a mild solution to problem (2.4) and
(2.5), the solution of these can be written as

t
pr(t) = SO — 1|2~ () +/ S(t—s)(FY (5,91, y2,y3) — Mn)ds,
0
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t
w(t) =S (W) + 197l @) +/ St —s)(FY (5,91, y2,y3) + My)ds.
0
Remark that their solutions are
_ N 0 _ N 0
pl(tvx) = (t,.’L’) — Mnt — HylllL“’O(Q)a wl(t’w) = <t7x) + Myt + ||y1||L°°(Q)»

since |F{N (t,y")| < My, from the comparison principle of linear parabolic equation, we deduce
that p (0) <0, wi¥(0) > 0, that is

lyr (£, )] < Mt + [|y7]] L= @)

and in the same manner to prove that y2', y2" hold for (¢,z) € Q. Therefor, y¥ € L>(Q). To prove
(cio, ce) € L™(0,T), we define G : X — X, from (1.2) we can deduce that

Gi(t) = cio(t) = cio(0) exp{—(g + m)t} + k;/o ce(s)exp{(s —t)(g+m)}ds,i=1,2,3, (2.6)

Ga(t) = ce(t) = c.(0) exp{ —/ Zklyl + hl dT}

+/ot [91(262'0(8)%(3))%- v(s) }exp{/ Zklyz +h dT}dS

if the hypothesis (Hg) hold, it is clear that 0 < ¢;o(t) < 1,0 < ¢(t) < 1 and (¢, c.) € L>(0,T), i =
2, 3. the specific process can refer to [15].
Moreover, we shall that y are positive on @, to this end, let y¥ = (y¥)™ — (yN)~, where

(2.7)

(yi )F(t,z) = sup{yl (t,z),0}, ) (t,x) = inf{yfv(t,x),O}7 1=1,2,3. (2.8)

Multiplying the first equation from (2.1) by yI¥ we have

)P = 0 AN+ 168 Ploal) 98 7l ] 29)

Integrating (2.9) on Q and using Greens formula we get

1 0
3 [ o Par=—ar [ 19029 Pt [ 1607 Plono) - 05 503 — i

By integrating over [0,¢], for ¢ € [0, 7], and take into consideration of the uniformly boundedness
of ¥V, it is not difficult to see that there exists a constant C > 0 depending on N such that

1 t t
1 / ) Pz + / / V() Pduds < OV / / Y (s) dcds.
2 Ja o Ja o Ja

Gronwalls inequality lead to

/ l(yN)~|?dz <0, Vte[0,T],
Q

that is (yY)~ = 0, by the definition of (2.8) we conclude that y¥(¢,z) > 0, analogously we get
y3 (t,) > 0 and yY (¢, z) > 0.
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¢) and (42, ¢, c?) are

two solutions of problem (1.2), where y' = (1. 93.93), b = (clo, c30:¢ho)s ¥° = (41,95,93), c§ =
(€34, 39, C39), we denote by p =y — y2, then ¢ is the solution of

In addition, we prove the uniqueness of the solution. For any (y!,c},c

i1

W = alASOI + Fl(tvy%7y%7y§) - Fl(tay%7y§7y§)7

92 _ o + Byt yt s, ud) — Fa(t,y2, y2,92)

ot = Q2AAP2 20, Y1,Y2, Y3 20, Y1,Y2,Y3 )5

O3 2.10
W :a3A§03+F3(tay%ay%7y?{)_FS(tay%aygayg)a ( )
84,01 8(,02 6(,03

Ov v v o

301(0737) = 4102(va) = 903(073") =0.

Suppose g1, g3, f,h € C1[0,0), g1, g3 are bounded and f, h are positive and have at most polyno-
mial growth, then from (2.2) we obtain

\Fy(tytsy3,u3) — Fi(tut u3, u3)| < 1] + |o2] + |esl),

where ¢ is a positive constant. Multiplying (2.10) by 1, 2, @3 respectively, and integrating on
Qp = Q x (0,t) we get

,Z\/ |90z 2d§c+2/ 041|V801| de:ZZiz/ aylay27y3) Fl(t,y%,yg,yg))dsdx
< CA /Q(|§01(8)|2 + |Q02(8)|2 + |503(5)|2)d8d1',

(2.11)
From (2.11) and Gronwall’s lemma we have

/Q(Ism(S)l2 +pa(s)]* + les(s)[*) <0,

which yields that o1 = @2 = @3 = 0, thus we have proved the uniqueness of the y;. However, we
can follow by (2.6) and (2.7)

3 t
() = 0] = X lelo (1) — ()] < 3 / ch(s) — c(s)lds, i =1,2,3. (2.12)
3 t
ICi(t)—é(t)ISMl;/o lcio(s) — cio(s)|ds, (2.13)

where M, is constant. We define an equivalent norm in X as follows:

I(cios ce)ll. = Ess  sup e~ {Zmo )+ lee®)]},

te(0,T)
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by (2.11) and (2.12) we obtain
IG(") = G(2)?||. = |Gi(a) = Gi(a?), Ga(a) = Gal2?)]«

< MyEss sup e~ t/ {Z\czo o ()| + |c(s) — C§($)|}d5
te(0,T)

< MyEss sup e_)‘t/ { A Z\Czo s)| + les(s) — Cg<3>|]}d5
te(0,T)

< M|zt — 2%||.Ess  sup {e_)‘t/ eMds}

te(0,T) 0
M-
< 2||91j -2,
where My is constant, choose A > Ms yields that G is a strict contraction on (X, || - ||.) and

consequently has a unique fixed point.
Thus, the system (1.2) has a unique solution (y;, ¢;o, ¢c). the proof is completed.

3  Necessary optimality conditions

In this section, we find some necessary optimality conditions in order to maximize the profit from
harvesting less the cost of harvesting.
Theorem 3.1 If (u*,v*) is an optimal control and (y*, ¢}, ¢&) is the corresponding optimal state,

then K i}
ui(t,z) = Ez(w>7 1=1,2,3, a.e. in Q,
C;
g () (3.1)
vi(t) = £4( ),a.e. in (0,7T),
Cy
where
0 <0
Li(x)=4¢ = 0<z<H;, j=1,234.
Hj T > Hj
and ¢ = (q1, ¢, - - ., q7) is the solution of following adjoint system corresponding to (u*,v*).
aq * * * * * * * * ok *
a0 =~ + 01 (u]) — iy +uign () — ui —u3F () — wivs £ (vD)an
= [bys f(y1) + byiys ' (yi)lae + [kic; — giciolar + Kuug,
8q * * * * * * *
87: = —aaAge + Y1 (Y1) — [—a — racsy + byy f(y1) + cyzh(y3)] a2
+y3h(y3)as + [kic; — gicsolar + Kaus,
aq * * * * * * * * %k *
87753 = —a3qgs — [93(y3) — raco +y395(y1) — uz — y3h(y3) — y3ysh' (v3)]as (3.2)
—cys[h(yz) +y3h/(y3)laz + [kict — glcgo}rh + Kszuj,
0.
%:(gd‘_m) 91%9%]—1“‘3 Z_17273
3(]7 -
qu] +k Zym + haz,
qZ(T7$) = 07 x € Q,
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% =0 ae onX, 1=1,2,3.
v

Proof Existence and uniqueness of the solution ¢ to system (3.2) follows by theorem 2.2. Denote
by Ny, (u*,v*) the normal cone at Uyq in (u*,v*),

Ny, ,(u*,v*) = {v1 € L*(Q), vy € L?(0,T) satisfying the following formula},

vi(t,z) <0, when u(t,z) =0, va(t) <0, when v(t) =0,
vi(t,z) =0, when 0 <u(t,z) <1, va(t) =0, when 0 <wv(t) <h,
vi(t,x) >0, when u(t,z) =1, va(t) >0, when v(t) =h,
for any given (¢1,92) € Ty, , (u*,v*) 91 = (Y11, 921,931), as € > 0 small enough, (u*+edy,v*+

eta) € Uya, we get
Ju +edy, v +edy) < J(uF,vh). (3.3)

Substituting (2.1) into (3.3) gives that
3 T 1 3 T 1 (T
Z/ /Ki(u;k + e¥i1)y; dadt — 3 Z/ / Cyi(uf + e9;1)*dadt — 5/ Cy(v* + ) 2dt
i=170 i 0

<Z/ /Kuyzdxdtffz// ddt;/OTCl;[u*]th,

that is

3 T 3 T T
> / / Kujzfdadt + ) / / (Kiy; — Cyul)dndrdt — / v adt <0, (3.4)
-1 J/0 Ja i1 J/0 Ja 0

where

s —yf € —c* £ X
ailtyr) = tim B UOD) gy gy DD =@ gy gy, O @)

e—0*t £ e—0*t £ e—0+ €

1=1,2,3,

£

(Y%, ¢§, &) is the state corresponding to (u* + ey, v* + €13), it follows from the state system (1.2)
that z = (21, 29, ..., 27) is the solution of

6Z * * * * * * * * *

871 = a1z + 21[91(y7) +vig1(vr) —ul =y f(yi) — yivs f (1))
—yizef(y7) — Y11yi,

32 * * * %k * * * * * *

872 = apAzy + +bz1[ys f(yT) + yivs £/ (0] + zel—a — w5 + byy f(y7) + cyz h(y3)]
+ cz3lysh(yz) + yzysh'(y3)] — V2193,

82 * * * * * * * % *

87; = agAz3 + 23[93(y3) + ya95(yr) — us — ysh(ys) — yaysh'(v3))]

— 2y5h(y3) — V3193,

%:k%(t%gzﬁ‘(t%m%(t) j=i+3,1=123,
62’7 . *
Tt e nglch 2 )—|—g1;yi2§] klzyL ) + hlz2(t) + V2 (t),

(3.5)
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for all (t,x) € Q, subject to the boundary and initial conditions

0q;
ov

zi(0,2) =2;(0) =0, 2 € Q,j=i+3, i=1,2,3.

=0 ae on X i=1,23.

Multiplying the (3.5) by ¢1, o, - . ., g7 respectively, integrating on @ and (0,7") and using (3.2) yield

Z/ /Kutleﬁacdxdt Z/ /yltxqztxﬁhdxdt—&—/ Pa(t)qr(t)dt. (3.6)

Substituting (3.6) into (3.4) we obtain that

T
Z/ / C u,; ]1911d$dt +/ (—041/* + Q7)192dt <0. (37)
0

By using the concept of normal cone U,q at (u*,v*) [16], we get
((Ki —q)y; — Ciuf, —Cyv* + Q7) € N, (u*,v"),

the proof is completed by the characteristics properties of the normal vector [14].

4 Second order optimality conditions

In this section, we discuss the second order sufficient conditions for the controlled system, since
the second order optimality conditions can be solved by using the second order Fréchet derivative
of the associated Lagrange function, so we introduce the Lagrange function firstly,

q(@)Tdtdx, (4.1)

L(y,uv,q) = J(u,v) — / 4y — Ay — F)dida /
Q 31/

P

0 Oy1 Oyy O
here the upper index T is the transposed of any matrix and Y ( g1 9h2 CYs

o \ow o 5)’ we employ

the method from [17-18], let X = (y,co,¢.), U = (u,v), Q = (q1,492, - ,q7), then (4.1) can be
written in detail as

T T
1 1
ﬁ(X, U, Q) :/ / [K1U1y1 + K2U2y2 + K3U3y3 — 5(0111% + Cgug + Cgug)] dxdt — 5 / C4V2dt
0 0

0 0 0q3
+/ (aq; 1+% 2+ > y3>dtd$+/Q(0<1y1Aq1+a2yqu2+asysAQ3)dtdw

+ / [ylgl(yl)(h + y3g3(y3)Q3 — U1Y1q1 — U2Y2q2 — U3Y3q3 + ylyzf(yl)(qu - th)
Q
— ay2q2 + y2ysh(ys)(cgz — gs)]dtdz + / Z qjlkce — (g +m)cioldt

T
- / qr(kice(yr + yo + ys) + g1(cioyr + caoy2 + c30ys) — hee + v]dt,
0

508 Jiangbi Liu et al 500-511



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

10 Jiangbi Liu et al.

we introduce the Hamiltonian function secondly

H(X,U,Q) =Ki1uyr + Kauoys + Kszusys + y191(y1)a1 + y393(y3)q3 — u1y1q1 — U2y2q2 — u3y3qs
6

+y1y2f (1) (bg2 — @1) — ayaqz + yaysh(ys) (cga — gs) + Y _ q;[kce — (g + m)cio]
j=4

— qrlkice(y1 + y2 + y3) + g1(croy1 + c20y2 + c30y3) — hee + 1],

Assume that g;, g3, f and h are functions of class C2. If @, 7 is an admissible control and y, g are
the corresponding state and adjoint state, then the associated Hessian matrix at (y,u, q) is

Hyy Hip 0 Hy 0 0
Hyy 0 Hypz 0 Hys 0
0 Hzy Hzz 0 0  Hsg
D*H(y,u,v,q)=| Hy 0 0 —C; 0 0
0 Hso 0 0 —Csy 0
0 0 Hgs 0 0 —C3
0 0 0 0 0 0 —

QOOOOOO
N

and

Hiy = @ [297(01) + 9197 (1)) — 92(@ — ba=2)[2f" (1) + i f" (1))
Hig = —(q1 — bq2)[f(91) + y1.f' (1)),

Haz = —(q3 — cq2)[1(y3) + ¥ f' (y3)],

Hsz = q3[295(y3) + 9395 (73)] — 92(q3 — cG2)[21 (y3) + y3h” (§3)]
Hyy=Hy = Ky — q1,Hos = Hsy = Ky — 2, H3g = Hg3 = K3 — ¢3.

Then, we have
£33, 5, ) (s w0, (9, 0, )] = / (0, 0) D*H(y, . ) (y, u, v) dtda,
Q

that is
£"(g,u,7,9)[(y,u,v), (y,u,v)]
= Q(y1)2[§1(291 (71) + 7197 (1)) — G2 (@1 — b@2) (2f" (G1) + G f" (31))]dtdx:
+ /Q (y3)°[a3(295(3) + U395 (53)) — §2(d3 — c@2)(2h' (3) + yah" (y3))]dtdx
+ /Q 2[—y1y2(q1 — b@2) (f (7)) + 51 f (1)) — y2y3(@s — cq2) (W(F3) + Fsf' (§s))]dtda

+ / [2u1y1 (K1 — 1) + 2u2y2 (Ko — G2) + 2uzys(K3 — g3)|dtds
Q

T
— / (C1u3 + Cous + Cyu3)dtdr — / Cy?dt
Q 0

Now we can formulate the second order optimality conditions for our problem.
Theorem 4.1 (i) (Second order necessary optimality conditions.) Under the hypotheses of
Theorem 3.1, if (u*,v*) is an optimal pair and ¢ is the corresponding adjoint variable, then

,Cll(y*7u*,y*7q)[(y,u,y), (y,u7l/)] <0, V (U7V> € Nuad(u*7y*)'
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(ii) (Second order sufficient optimality conditions.) V (u*,v*) € Uyq, together with its correspond-
ing state y* and adjoint state ¢, if (y*,u*,v*,q) satisfies the first order necessary condition (3.1)
and the condition

'C”(y*v'wk’ V*7Q)[(y’u, V)a (y’uvy)] < ’{(HU1”%2(Q) + HUQH%P(O,T))? v ('Ul’v2) € Nl/{adv

for some k > 0, then (y*,u*,v*) is an optimal local solution of the controlled system (1.2).
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Abstract

In this paper, we establish and study some new existence theorems for a new extended vector
variational-like inequality in a Banach space. The results are proved by using the new definition
of g — f — n— ¢ — u—quasimonotone of Stampacchia and of Minty type mappings. The obtained
results in this article can be viewed as some new and generalized forms which can be applied to
several problems.

Keywords: New extended vector variational-like inequality; Existence result; C-convex;
KKM-mapping; g — f — 7 — ¢ — p—quasimonotonicity; g — f — n — ¢ — p—pseudomonotoncity.

1. Introduction

In 1980, Giannessi introduced a generalization of variational inequality is the vector variational
inequality (for short, VVI) in a finite-dimensional Euclidean space, see [8]. For the past years, vector
variational inequalities and their generalizations have been studied and applied in various directions.
The vector variational-like inequalities is a generalized form of a vector variational inequalities re-
lated to the class of n-connected sets which is much more general than the class of convex sets.
It well Known that monotonicity plays an important role to proving existence of solutions of vec-
tor variational inequalities and vector variational-like inequalities. Some important generalizations
of monotonicity, such as quasimonotonicity, proper quasimonotonicity, pseu-domonotonicity, dense
pseudomonotonicity, semimonotonicity, have been introduced and considered to study various varia-
tional inequalities and other related problems. In [H] Ahmad and Irfan obtained existence results for
extended vector variational-like inequality and equilibrium problems by using g-h-n-quasimonotone
of Stampacchia and Minty types.

In this paper, we introduce a new definition for a new extended vector variational-like inequality
and we define a new and general form of definitions for quasimonotone of Stampacchia and Minty
type mappings. We have some ideas to establish some sufficient conditions to guarantee the exis-
tence of solutions. The new problems can be viewed as some unified forms of the previous problem,
that is, extended vector variational-like inequalities considered and studied by Ahmad and Irfan
[@.

Let X and Y be two real Banach spaces, K C X be a nonempty, closed and convex subset,
C C Y be a pointed, closed and convex cone in Y such that intC # () where intC denote the

*Corresponding author. Tel.:466 55963250; fax:4+66 55963201.
Email addresses: kasamsuku@nu.ac.th (Kasamsuk Ungchittrakool), boonyaritng@hotmail.com (Boonyarit
Ngeonkam)
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interior of C. Then for x,y € Y , a partial order >¢ in Y is defined as

r>cysxz—yeCl.

Let L(X,Y) be the space of all continuous linear mappings from X to Y. Let 77,75, -+ ,Tn :
K-> LX) Y),qf:K—>Kn: KxK-—Xand¢,u: Kx K —Y are mappings.
We consider the following new extended vector variational-like inequalities:

and

Find x € Ksuch that,

(NEVVLI —1I) <§_V31T¢(x), n(9(y), g(rv))> +o(f(y), f(x) —u(f(z), f(y)) >c0,
vy € K.

Find z € Ksuch that,

(NEVVLI — II) <§: T(y), n(g(:v)7g(y))> 6 (F(@), F@)) — 1 (£, £(2)) <o,
Yy € K.

Special cases:

(i)

(i)

(iii)

If 13,7y, In=0,T1 = ST, =T, ¢ =h, p =0 and f = g then (NEVVLI-I) and
(NEVVLI-II) reduces to the following extended vector variational-like inequalities considered
and studied by Ahmad and Irfan [8]

Find x € Ksuch that,

(EVVLI —1) ¢ (S(z) + T(x),n(9(y), 9(x))) + h(g(y), g(x)) >c 0,
Yy € K,

and

Find z € Ksuch that,

(EVVLI — II) § (S(y) + T(y),n(g(x), 9(y))) + h(g(z), 9(y)) <c 0,
Yy € K,

75,13, ,\ ITNn=0,T1 =T,¢p=h,u=0and f = g = I then (NEVVLI-T) and (NEVVLI-II)
reduces to the following vector variational-like inequalities considered and studied by Ahmad
(@]

Find x € Ksuch that,

(VVLI —1I) {
(T(x),n(y, =) + h(y,2) >c 0, Vy€ K,

and

Find x € Ksuch that,

(VVLI —1I) {
(T(y),n(z,y)) + h(z,y) <c 0, Vye K,

If 75,75, ,\In =0, 71 =T, ¢ =0, p = 0 and g = I then (NEVVLI-I) and (NEVVLI-II)
reduces to the following vector variational-like inequalities considered and studied by Zhao
and Xia [

Find x € Ksuch that,

(VVLI - 1I) {
(T(x),n(y,x)) >c 0, Yy €K,
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and

Find z € Ksuch that,

(VVLI —1I) {
(T(y),n(z,y)) <c 0, VyeK,

The following concepts and results are needed for the results.

Definition 1.1. A mapping f : K — Y is said to be hemicontinuous if, for any fixed x,y € K, the
mapping t — f(z + t(y — x)) is continuous at 0%.

Definition 1.2. Let C : K — 2¥ be a set-valued mapping, h: K x K - Y and g: K x K — X
are the single-valued mappings. Then

(i) h(-,v) is said to be C-convex in the first argument if

h(tuy + (1 — t)ug,v) € th(uy,v) + (1 — t)h(uz,v) — C,Yui,us € K, t€0,1],

(ii) If K is an affine set, the n(x,y) is said to be affine with respect to u if for any given v € K
n(tuy + (1 — t)ug, v) = tn(ur,v) + (1 — t)n(uz,v),Vuy,us € K, t €R,
with u = (tu; + (1 — t)uz) € K.

Definition 1.3. Let 171,75, , v : K - L(X,Y),9,f : K - K,;n: K x K — X and ¢, u :
K x K — Y are mappings. Then T7,T5,-- ,Tn are said to be g-f-n-¢-p-pseudomonotone if for
any x,y € K,

N
<ZTi(x), n(g(y), 9($))> + 9 (f(y), (@) = n(f(2), f(y) 20,

N
= <Z Ti(y),n(g(w),g(y))> + 0 (f(2), f(y)) — n(f(y), f(x)) <cO.
i=1

Example 1.4. Let X =R, K =R,,Y =R?, C :R?‘_ and

Ti(z) = G) ,o(x) = (;2) ,Ts(x) = (;ﬁ) o I (r) = (gi)

8y — 12x
g9(z) = 3z, f(z) = 2x,n(y, ) = 4y — 5z, ¢(y,z) = <6y2 7y5xy B sz) ;

3z — 4y
M(‘Tay) = (4.132 _ 2$y _ 6y2> av‘ray S K

Thus

n(g(y), 9(x)) = n(3y, 3z)
= 4(3y) — 5(3x)
=12y — 15z,
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¢(f<y)7 f(x)) = ¢(2:ya 256)
8(2y) — 12(2x)
6(2y)% — 5(2z)(2y) — 11(2z)?

16y — 24z
24y? — 20xy — 4422 )’

and
w(f(x), f(y)) = u(2y,2z)

3(2z) — 4(2y)
= [ 4(22)% — 2(22)(2y) — 2(2y)*

_ 6x — 8y
— \1622 — 8xy — 2492 ) -

Then Vz,y € K

N
<Z Ti(w)m(g(y)vg(x))> + o (f(y), f(x) — 1 (f(@), f(y))
i=1

1427 437 4
14277 4377 4.

1427 437 4
14274377 4.

14274 3%+
14277 4377 4.

1427 437 4.
14277 4377 4.

o 14274374
S22 3T

~ (12y - 152) [(
= (12y — 152) (

1427437 44 N7 (2

14277 4+37 4. 4 N 7@ Ay + )
1427437+ 4 N® 42 -

14277 3 4. 4 N7 4y +4z) =

16y — 24x
2422 — 20zy — 44y

2442 — 20xy — 4422

24y — 30z
48y% — 122y — 6022

2(12y — 15z)
)+ (2(12y — 152)(y + )
2

6x — 8y
16y? — 8ry — 24>

16y — 24x — 6x + 8y

— 1622 + 8xy + 24y

)

x)) (12y — 152)

implies that 12y > 15x. Thus, 122 < 15z < 12y < 15y. Therefore, 122 — 15y < 0.
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So it follows that

<Z Ti(y)7n(g(:v)7g(y))> + o (f(@), f (W) — n(f(), f(2))

162 — 24y 6y — 8x

:< LR20 430 0t Y ) (120 — 15y) + | 2492 — 200y — 44a? | — [ 1602 — 82y — 242

1+27Y4+3 YV +...+ N7Y

16z — 24y — 6y + 8x

L2737+ (122 — 15y) + | 2422 — 20y — 449> — 1642 + Szy + 242

1427V 4374

24x — 30y
(122 — 15y) + | 4822 — 122y — 60y

14+29+3Y+ ...+ NY
1+2°Y4+3 Y+...+ NV

)
( )
(L)
( )
(

2(12x — 15y) )

(122 = 15y) + (z(m —15y)(z +9)

14+2Y94+3Y4+...+ NV 2
1+2y+3y+~~+Ny> (122 = 15y) + (4(:c+y)> (122 = 15y)

B 142V +3Y 4.+ NV 2
= (122 = 15y) [(1+2—y+3—y+~--+N—y) + (4(m+y))]

14+2Y+3Y+ ...+ NY+2
— (122 —1 <c 0.
(120 5y)(1+2—y+3—y+~-~+Z\f‘y+4w+42/> =

= 11,15, -+, TN are g-f-n-¢-pu-pseudomonotone.

Definition 1.5. A multi-valued operator S : X — 2% is called quasimonotone if for all z,y € X
the following implications hold:

Jz*eS(x): (e, y—x)>0= 3Ty € S(y): (y*,y—x) > 0.

Definition 1.6. A multi-valued operator S : X — 2% is called properly quasimonotone if for all
Z1,%2, ..., T, € X and every y € Conv{xy,xa,...,x,} there exist i such that

Vel € S(x;) : (xf,y —a;) > 0.

Definition 1.7. A mapping T : K — L(X,Y) is said to be properly quasimonotone of Stampacchia
type if for all n € N for all vectors vi,ve,...,v, € K and scalars \; > 0,7 = 1,2,...,n with
SroAi=1and u = Y7 Nvi, (Tu,v; —u) >c0 holds for some i. T is said to be properly
quasimonotone of Minty type if for all vectors vy, vs,...,v, € K and scalars \; > 0,¢ = 1,2,...,n
with 27 Ay =1 and w:= Y1, \v;, (Tv;,v; — u) <0 holds for some 1.

Definition 1.8. A mapping T : K — L(X,Y) is said to be properly g-n-quasimonotone of Stam-
pacchia type if for all n € N for all vectors v, ve,...,v, € K and scalars A\; > 0,7 = 1,2,...,n with
Y hi=land u:=3"" N, (Tu,n(g(vi), g(u))) >0 holds for some 4. T is said to be properly
g-n-quasimonotone of Minty type if for all vectors vy, vs, ...,v, € K and scalars \; > 0,i=1,2,....,n
with 327 A =1, and w:= Y., \jvi, (Tvi,n(g(vi), g(uw))) <c0 holds for some i.

Definition 1.9. A mapping T : K — L(X,Y) is said to be properly g-h-n-quasimonotone of
Stampacchia type if for all n € N for all vectors v, va,...,v, € K and scalars \; > 0,7 =1,2,....;n
with 327 N =1land uw:= " \vs, (Tu,n(9(vi), g(w))) +h(g(v;), g(u))>c0 holds for some i. T is
said to be properly g-h-n-quasimonotone of Minty type if for all vectors vy, va, ..., v, € K and scalars
N >0,i=1,2,...,nwith> "\ =1, and u:=>"" | Ny, (Tvi,n(g(u), g(v:)))+h(g(w), g(vi))<c0
holds for some 1.
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Definition 1.10. A mapping T : K — L(X,Y) is said to be properly g-f-n-¢-u-quasimonotone of
Stampacchia type if for all n € N for all vectors vy, vs, ...,v, € K and scalars A; > 0,i =1,2,...,n
with S0, A = 1and u i= S Aws, (T(w),n(g(0r), g(w) + 6(f(vs), f(w) — p(f (), F(0:))>c0
holds for some i. T is said to be properly g-f-n-¢-u-quasimonotone of Minty type if for all vec-
tors vy, vg,...,v, € K and scalars \; > 0,4 = 1,2,...,n with >, \; =1, and u := Y ;" \vj,
(T (0r),n(g(w), 9(00))) + G(F(w), £ (v:)) — p(f(03), F(1))<c0 holds for some i.

Example 1.11. Let X =R, K =R,,Y =R?,C = Ri and

i) = () Tao) = (5) 7o) = (3) oo 1) = ()

2x+ 3
wlz,y) = (sz N 352> Vo, y € K.

Thus

n(g(y), 9(x)) = n(2y, 2z)
= T(2y) — 5(22)
= 14y — 10z,

o(f(y), f(z)) = ¢(3y, 3z)
5(3y) + 3(3z)
5(3y)” + 3(3z)°

_ 15y + 9z
T \4b5y? +272% )

and

w(f(x), f(y)) = u(3z,3y)
2(3z) + 3(3y)
= | 2(3z)* + 3(3y)?

_ 6x + 9y

o \18x2 427y )
We claim that Ty, T5, - - - , Ty are properly g- f-n-¢-p-quasimonotone of Stampacchia type. Suppose
to the contrary that there exists x; € K,t; > 0,71 =1,2,...,n with Z?:l t; = 1 such that

N
<Z E(:v)7n(g(:vi)>g(w))> + ¢ (f(2i), f(2) = (f(@), f(2:) 0,0 = 1,2,
=1
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where z; = Y. | iz, it follows that

<Z 9@ ))>+¢(f( i), f(@) = p(f(2), f(z:))

1+42+3+---+N >(14:c1-109:)+< 15x; + 9z )( 6 + 9x; )

cH+a2 a3+ 42N 452,% + 2722 1822 + 27z,

182
$+x + g3+ ..—|—.I‘N>(14.Ti—103;‘ 8z, + 9z

_(
( 1+243+- -+N)(14xi—1033)))+ ot #c0
(

1—|—2+3+ -+ N)(14z; — 10z) + 62; + 3z 400
(z+22 425+ +2V)(14z; — 10z) + 18z, + 92 ) 7©

i=1,2,..

which is a contradiction, since
(1+2+3+- -+ N)(14z; — 10z) + 6z; + 37 >¢ 0,
and
(x+ 22+ 2% 4+ -+ 2)(14a; — 102) + 18z; + 92 >¢ 0,
for atleast one i. Thus T1,75, - , TN are properly g-f-n-¢-pu-quasimonotone of Stampacchia type.

Lemma 1.12. Let Ty, T5,--- , Iy : K - L(X,)Y),n : K XK —» X, ¢,u : K x K - Y and
g: K = K be mappings. If T1,Ts,--- ,Tn are g-f-n-¢-u-pseudomonotone and properly g-f-n-¢-pu-
quasimonotone of Stampacchia type, then Ty, Ts,--- ,Tn are properly g-f-n-¢-p-quasimonotone of
Minty type.

Proof. The fact directly follows from Definitions I3 and 9. O

Definition 1.13. Let D be a nonempty subset of a topological Hausdorff space E. A mapping
G : D — 2% (the family of nonempty subset of E) is said to be a KKM mapping if for any finite
subset {z1,x2,...,2,} C D,

we have Co{z1,...,z,} C U, G(x;). where Co denotes the convex hull operator.

Lemma 1.14 ([G]). Let D be a nonempty subset of a topological Hausdorff vector space E and

G : D — 2F be a KKM mapping. If G(z) is closed for any x € D, and compact for some x € D,
then () G(z) # 0.

zeD

Lemma 1.15. Let Y be a topological vector space with a pointed, closed and convex cone C such
that intC # 0. Ifu,veY andu ¢ C andv € —C, then tv+ (1 —t)u g C, Vte (0,1).

Proof. Assume that u,v € Y and v ¢ C and v € —C. We must to show that tv 4+ (1 — t)u ¢ C
vt € (0,1). Suppose to the contrary that there exists some ¢ € (0,1) such that tv 4+ (1 — t)u € C.
Since C is cone and v € —C, we have —tv € C. Thus tv+ (1 —t)u+ (—tv) € C'+ C C C and hence
(I1-t)ue C. By (1—t) >0 and C is cone, it follows that ﬁ(l —t)jue C. Sou e C. Which is
a contradiction. Hence tv + (1 —t)u ¢ C, Vt € (0,1). This completes the proof. O
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2. Existence results

In this section, we establish some existence results for (NEVVLI-I) and (NEVVLI-IT) by using
Lemma T4

Lemma 2.1. Let Ty, T, - ,In : K - L(X,)Y),n: K x K = X,¢,u: K x K =Y be mappings
and g, f : K — K is affine mapping satisfying the following conditions:

(a) Ty, To,--- ,Tn are g-f-n-¢-p-pseudomonotone;
N

(b) for any fized x € X, the mapping y <Z Ti(y),n(g(x),g(y))> 18 hemicontinuous and
i=1

o(f(x), fly)) and p(f(y), f(x)) are continuous with {z} — xo € K,z € K;
(c) o, f(y)) is C-convex in the first variable and ¢(f(zx), f(z)) =0,Vz € K;
(d) u(f(y),-) is C-concave in the second variable and p(f(z), f(z)) =0,Vx € K;
(e) n(-,g(y)) is affine in the first variable and n(g(x), g(x)) = 0,Vz € K.

Then for any xg € K, the following statements are equivalent

(U<§pumxmwmguwﬁ+¢uuxﬂm»—uuuwjm»zw,

HD<§E@MMW@MM»+¢UmmKM—uﬁ@i@m<w-

Proof. T1,Ts,--- , TN are g-f-n-¢-p-pseudomonotone, it follows that (I) = (I1).
(IT) = (I). Suppose that (II) holds for any zg € K

N
<Z Ti(y),n(g(x), g(y))> + ¢ (f(2), f(Y) = n(fy), f(@)) <cO.

For arbitrary z € K, letting z = (1 — t)zo + tz, t € (0,1), we have z; € K by convexity of K.
Hence we have

N
<Z E(Zt)m(g(fvo),g(%))> + ¢ (f(wo); f(2)) = 1 (f (), f(20)) <c0.

Now we show that

N
<Z Ti(zt),m(9(2), g(Zt))> + ¢ (f(2), f(2)) = n(f(z), f(2)) 20

Suppose to the contrary that there exists some ¢ € (0,1) such that

N
<Z Ti(zt),m(9(2), Q(Zt))> + ¢ (f(2), f(z)) = n(f(ze), f(2)) 20.
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As C is a convex cone and in veiw of (m), (@) and (8) we get

0= <Z E(Zt)an(g(zt)7g(2t))> + ¢ (f(2t), f(20) — 1 (f(20), f(21))

N
= <Z T;(z),n(g((1 — t)zo + tz>79(zt))> + ¢ (f((1—t)xo +t2), f(24))

= <i Ti(z4),n((1 = t)g(xo) + tg(Z)yg(Zt))> + 0 ((1 =) f(xo) +t£(2), f(2))
= (f(z), (1 =) f (o) +1f(2))
= <§: Ti(z), (1 = t)n(g(xo)g(2t)) + tn(g(Z),g(Zt))> + o ((L=1)f(xo) +£(2), f(z1))
— 1 (f(z), A=) f (o) + f(2))
<c <Z Ti(z1), (L = t)n(g(xo)g(z:)) + tn(g(Z)vg(Zt))> + (L =1)¢ (f(xo), f(21))
+10(f(2), f(z1) = [(L =) (f (21), £ (o)) + tulf (21), f(2))]
< Ti(z), (1 = t)n(g(xo)g(Zt))> + <§: E(Zt),tn(g(Z),g(Zt))>
:& — )6 (f(x0), f(21)) + to(f(2), f(:)l) — (L= (f (), f(wo)) — tu(f(2), £(2))
=(1-1) iﬂ(%)m(g(wo)g(%))> +t <§;Ti(2t)m(g(2),g(2t))>

=1

+ (L =19 (f(zo), f(21)) +to(f(2), f(20)) = (L = ) (f(20), f(20)) — tu(f(20), (2))

N
+(1-1) {<Zi”i(zﬁ)ﬂ7(g(ﬁvo)g(%)) + ¢ (f(@o), f(20)) = (f(21), f(xo))>} -G,

i=1

which implies that

t { <Z Ti(20),n(9(2), 9(20)) + &(f(2), f(20)) — tu(f (20), f(Z))> }

N
+(1-1) {<Z Ti(zt),1(9(w0)g(21)) + ¢ (f(20), f(20)) — 1 (f(21), f(l‘o))>}

eC.
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Which is a contradiction. Hence

N
<Z Ti(zt),m(9(2), Q(Zt))> + ¢ (f(2), f(2)) = n(f(2), f(2)) 20

Condition (b) implies that

N
<Z Ti(mo)an(g(z)ag(xO))> + ¢ (f(2), f(w0)) — p(f (o), f(2)) 20,z € K.

This completes the proof. O

Theorem 2.2. Let X and Y be two real Banach spaces and K C X a nonempty, compact and
conver set. Let Ty, T, -+ , Tn: K - LX) Y),n: KxK - X, ¢o,u: KxK—Y andg,f: K - K
are the mappings satisfying the following conditions:

(i) for any fizedy € X, the mapping x — <§Ti(x),n(g(y)7g(x))>, o(f(y), f(x)) and p(f(x), f(y))

are continuous;
(ii) T1,Ts,--- , T are properly g-f-n-¢-u-quasimonotone of Stampacchia type;
(it} for all & € K, n(g(x), g(x)) = 0 and 6(f(x), f(z)) = 0 = u(f(2), ().
Then there exists x € K such that

N
<ZTi(m)7n(g(y)79(ﬂf))> +o(f(Y), f(2) = n(f(2), f(y) 2c0, Vye K.

Proof. Define a multivalued mapping M; : K — 2K by

M(2) = {<Z Ti(fﬂ)m(g(Z),g(x))> + ¢ (f(2), f(2)) — n(f(2), f(2)) ZCO} , Vz€EK,

then Mj(z) is nonempty for each z € K. We claim that M; is a KKM mapping. In fact if it is
not the case then there exists {z1,22,...,2,} C K, v = > t;x; with ¢; > 0,i = 1,2,...,n and
Z?:l ti =1 such that x ¢ U:r;l M1 (CCZ)

This implies that

N
<Z Ti(x), n(g(wi)yg(x))> + ¢ (f(wi), f(2) = (f (@), f(2:)) 20

This contradicts condition (d). Therefore M; is a KKM mapping; Now we prove that for any
z € K, Mi(z) is closed.
In veiw of (H), let there exists a net {z,} C Mi(z) such that x,, — = € K. Because

<Z Ti(xn), n(g(z)7g($n))> + ¢ (f(2), f(@n) = (f(zn), f(2)) 2c0, Vn,

we have

N
<Z Ti(x)m(g(Z),g(x))> + ¢ (f(2), f(2)) = n(f(2), f(2)) 20
=1
10
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Hence z € My(z) and so M;(z) is closed. It follows from the compactness of K and closedness of
M (z) C K, that M;(z) is compact. Thus by Lemma IIa, we have (), Mi(z) # 0. Hence there
exist € K such that

N
<ZTi(x)m(g(y)ag(x))> + 9o (f(), f(zx) —p(f(z), f(y) 2c0 Vy € K.
i=1

This completes the proof. O

Theorem 2.3. Let K be a nonempty, bounded, closed and convex subset a real reflexive Banach
space X and Y a real Banach space. Let Th,Ta,- -, Tn : K — L(X,)Y),n: KX K — X ¢, u:
KxK—=Y and g, f: K — K are the mappings satisfying the following conditions:

(i) for any fired y € X, the mapping <%Ti(y),n(9(-)7g(y))>; o(f(-), f(y)) and pu(f(y), f(-)) are

lower semicontinuous;
(ii)) Th,T5,--- ,Tn are properly g-f-n-¢-pu-quasimonotone of Minty type;
(it}) forall @ € K.n(g(x), g(x)) = 0 and ¢(f(x). f(z)) = 0 = u(f(x). f(x)).
Then there exists © € K such that

N
<Zﬂ(y)m(g(w)yg(y))> + o (f(2), f(y) — n(f(y), f(2)) <0, Yy € K.
=1

Proof. Define a multivalued mapping M, : K — 2K by

N
Ms(z) = {x €K: <Z E(y),n(g(x),g(y))> + o (f(@), W) — n(f(y), f(2)) ScO} , Vz€EK.
i=1
then Ms(2) is nonempty for each z € K. We claim that My is not KKM mapping, then there
exists {x1,22,...,2,} C K, x = > t;x; with ¢; > 0,i = 1,2,...,n and >, t; = 1 such that
This implies that

N
<ZT1($1)77](9(J;)79(£1))> + d)(f(x)’f(xl)) — K (f(xl)vf(x)) ﬁco, i=1,2,..,n.

This contradicts condition (). Therefore My is a KKM mapping. Since K is bounded, Ms(z) is
bounded. From (@), we have M(2) is convex. Next, we will show that Ms(z) closed.
In veiw of (), let there exists a net {z,} C Ma(z) such that z,, - x € K. Because

<Z Ti(y)m(g(wn)»g(y))> + ¢ (f(@n), f(y) — 1 (f(y), f(xn)) <c0, Vn,

we have

<Z Ti(y),n(g(x), g(y>)> +0(f(2),f(y) = n(f(y), f(=)) <cO0.
Hence z € M3(z) and so Ms(z) is closed.

Since X is reflexive, Ms(z) is weakly compact for all z € K. Tt follows from Lemma [T, that
N,ex M2(z) # 0. Hence there exist 2 € K such that

<ZTi(y)m(g(fC)79(y))> + ¢ (f(2), f(y) — u(f(y), f(x)) <c0, Vye€ K.

This completes the proof. O
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It is useful to mention that the result of Theorem P2 can be viewed as an improvement of the
following corollary.

Corollary 2.4 ([@, Theorem 2.1]). Let X andY be two real Banach spaces and K C X a nonempty,
compact and convex set. Let S, T : K - L(X,Y),n: K xK - X,h: KxK—=Y andg: K - K
are the mappings satisfying the following conditions:

(a) for any fized y € X, the mapping x — (S(y) + T(y),n(g9(x),9(y))) and h(g(x),9(y)) are
continuous;

(b) S and T are properly g-h-n-quasimonotone of Stampacchia type;

(c) for all x € K,n(g(x),g(x)) = 0= h(g(z),g(z)).
Then there exists x € K such that

(S(x) +T(x),n(9(y), 9(x))) + h(g(y),9(x)) >c 0, Vy € K.

Proof. By taking 153,74, ,\ITn =0, T1 = 5,15 =T, ¢ =h, p =0 and f = ¢g in Theorem 232, we
obtain the desired results. O
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Abstract

By using monotone iterative technique and operator semigroup theorem, we
consider the existence of mild solutions for a class of nonlocal semi-linear evolution
equation with not instantaneous impulses in ordered Banach spaces. Finally, an
example is given to show the existence results.
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1 Introduction

The impulsive differential equations are used to describe mathematical models of
many real processes and phenomena studied by physical, chemical, biological, popula-
tion dynamics, industrial robotics, economics, engineering and so on, see [1]. Applied
impulsive mathematical models have become an active research subject in nonlinear
science and have attracted more attention in many fields , see[2-4] and references there-
in.

For more details on differential equations with “abrupt and instantaneous” impulses,
one can see for instance the monographs[5-7] and the references therein. By means of
monotone iterative method coupled with lower and upper solutions, some sufficient
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conditions for the existence of solutions of impulsive integro-differential equations were
established in [8]. Recently, the existence results to impulsive differential equations
with nonlocal conditions was studied in [9-15]. Moreover, Chen, Li and Yang[16] used
the perturbation method and monotone iterative technique in the presence of lower
and upper solutions to discuss the existence of mild solutions for the nonlocal impulsive
evolution equation in ordered Banach spaces.

However, it seems that the models with instantaneous impulses could not explain
the certain dynamics of evolution processes in pharmacotherapy. For example, one
considers the hemodynamic equilibrium of a person, the introduction of the drugs in
the bloodstream and the consequent absorption for the body are gradual and continuous
process. Hernandez and O’Regan[17] and Pierri et al.[18] initially studied on Cauchy
problems for a new type first order evolution equations with not instantaneous impulses
of the form:

u'(t) = Au(t) + f(t,u(t)), te (sitiya],t=0,1,2,--- m,
ut) = hi(t,u(t)), te (tys], =12 ,m
u(0) = up.

Wang and Li[19], Yu et al.[20] considered periodic boundary value problems for non-
linear evolution equations with non instantaneous impulses. Wang et al.[21] discussed
a class of new fractional differential equations with not instantaneous impulses.

However, to the best of our knowledge, the existence mild solutions for nonlocal
evolution equations with not instantaneous impulses by means of monotone iterative
technique has not been investigated yet. Motivated by this consideration, in this paper,
we discuss the existence of mild solutions for the nonlocal evolution equation with not
instantaneous impulses in an ordered Banach space X

' (t) + Au(t) = f(t,u(t)), te€ (siytiya),i=0,1,2,--- m,
u(t) :hi(tvu(t))v te (tiasi]v i=1,2,---,m, (1.1)
u(0) = g(u),
where A : D(A) C X — X is a closed linear operator and —A generates a Cyp-semigroup
T)(t>0)in X;0=150<t; <81 <tg<sp<tz3<s3<- <ty <51 <l <

Sm < tmy1 = a are pre-fixed numbers, J = [0,a], a > 0 is a constant; f € C([0,a], X).
hi € C([ti,si] x X, X) foralli =1,2,--- m.
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2 Preliminaries

Throughout this paper, Let X be a Banach space, A : D(A) C X — X be a closed
linear operator and —A generate a Cy-semigroup 7'(¢)(t > 0) in X. Denote

M = sup [T ()],
ted
which is a finite number. For more details of the properties of the operator semigroups
and positive Cp-semigroup, we refer to the monographs[22, 23| and [24].
Let X be an ordered Banach space with the norm || || and partial order ” <7, whose
positive cone K = {z € X|z > 0} is normal with normal constant N. Let C(J, X) with
the norm |jul|c = max |u(t)||, then C(J, X) is an ordered Banach space induced by the

convex cone K¢ = {u e C(J,X) |u(t) > 0,t € J}, and K¢ is also a normal cone.

Let J' = J\{tl,tg,"',tm}, J" = J\ {O,tl,tz,"',tm}. Evidently, PC(J,X) =
{u:J — X | u(t) is continuous in J’, and left continuous at tx, and u(t;) exists,
k=12---,m}. PC(J,X) is a Banach space with the norm || - ||[pc = sup |[u(t)]|.

teg

Evidently, PC(J, X) is also an order Banach space with the partial order ” < ” induced
by the positive cone Kpo = {u € PC(J, X)|u(t) > 0,t € J}. Kpc is normal with the
same normal constant N. For v,w € PC(J,X) with v < w, we use [v,w] to denote
the order interval {u € PC(J,X) |v <u <w} in PC(J,X), and [v(t), w(t)] to denote
the order interval {u € X | v(t) < u(t) < w(t),t € J} in X. We use X; to denote the
Banach space D(A) with the graph norm || - ||y = || - || + ||A - ||. For more details and
definitions of the partial and cone, we refer to the monographs [25, 26].

Definition 2.1. If functions vy € PC(J, X)NCHJ", X)NC(J', X,) satisfy

vp(t) + Avg(t) < f(t,vo(t)), t € (si,tiv1],i=0,1,2,---,m,
vo(t) < hi(t,vo(t)), te€ (tiys], i=1,2,---,m. (2.1)
vo(0) < g(wo),

we call vy a lower solution of problem (1.1); if all the inequalities of (2.1) are inverse,
we call it an upper solution of problem (1.1).

Next, we recall some properties of measure of noncompactness that will be used in
the proof of our main results. Let a(-) denotes the Kuratowski measure of noncompact-
ness of the bounded set.For the details of the definition and properties of the measure
of noncompactness, see [25]. The following lemmas are needed in our arguments.

Lemma 2.3.([27]) Let B C C(J,X) be bounded and equicontinuous. Then ca(B(t)) is
continuous on J, and
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Lemma 2.4. ([28]) Let B = {u,} C C(J,X)(n=1,2,---) be a bounded and countable
set. Then a(B(t)) is Lebesgue integral on J, and

a({/]un(t)dt Inen}) < Z/Ia(B(t))dt. (2.2)

3 Linear nonlocal problem

Let I = [to,t], to > 0. It is well-known ([22])that for any zo € D(A) and h €
C1(I, X), the initial value problem of linear evolution equation

' (t) + Au(t) = h(t), tel,
(3.1)
u(to) = Xy,
has a unique classical solution u € C'(I, X) N C(I, X;) expressed by
t
uw(t) =T(t —to)xo + / T(t — s)h(s)ds,t € I (3.2)
to

If zg € X and h € C(I, X), the function u given by (3.2) belongs to C'(I, X), which is
known as a mild solution of IVP(3.1).

To prove our main results, for any h € PC(J, X) and y; € PC(J, X),i =1,2,---,m,
we consider the linear nonlocal evolution equation with not instantaneous impulses in

X
w'(t) + Au(t) = h(t), te€ (sitiqa],i=0,1,2,---,m,

(t) ( ), t e (ti78i]7 1= ]_,2, e, M. (33)
u(0) = g(u).

Theorem 3.1. Let X be a Banach space, A : D(A) C X — X be a closed linear
operator and —A generate a Cy-semigroup T(t)(t > 0) in X. For any h € PC(J, X),

y; € PC(J,X),i =1,2,---,m, g : PC(J,X) — X, problem(3.3) has a unique mild
solution uw € PC(J, X) given by

u(t)

u(t) :yi(t), te (ty,s], i=1,2,---,m;

T(t)g —i—fo (t —7)h(r)dr, te€l0,t];

u(t) = T(t — s3)yi(si +f T(t—7)h(r)dr, tE€ (siytiv1], i=1,2,--- m.
(3.4)
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Proof Let t € [0,#], problem(3.3) is equivalent to the linear nonlocal evolution
equation without impulse

{ W' (t) + Au(t) = h(t), t€[0,t),
u(0) = g(u).

Then (3.5) has a unique mild solution u € C([0, ], X') given by

(3.5)

u(t) =T(t)g(u) + /0 T(t — 7)h(r)dr.

Let t € (t;, 8], then u(t) = y;(¢t), i=1,2,---,m.
Let t € (s;,tit1], problem(3.3) is equivalent to the initial value problem of linear
evolution equation

{ u'(t) + Au(t) = h(t), te (sitiyal,,i=1,2,---,m,
(3.6)
u(s;) = yi(si).

Then (3.6) has a unique mild solution u € C([s;, t;+1], X) given by

MQ:T@—&MQJ+/JW—TMHM1

Inversely, we can verify directly that the function v € PC(J, X) defined by(3.4)

is a mild solution of problem(3.3). Hence problem(3.3) has a unique mild solution
u € PC(J,X) given by (3.4). This completes the proof.

Remark 3.2. In Theorem 3.1, let X be an ordered Banach space,—A generate a positive
Co-semigroup T(t)(t > 0) in X. For any h > 0,9 > 0 and y; > 0,1 =1,2,---,m, then
the mild solution of problem(3.3) is a positive solution.

4 The main results

Now, we are in a position to state and prove our main results of this section.

Theorem 4.1. Let X be an ordered Banach space, whose positive cone K is normal,
and Ny be the normal constant. Let A : D(A) C X — X be a closed linear operator
and —A generate a compact and positive Cy-semigroup T(t)(t > 0) in X. f € C(J x
X, X). Assume that problem(1.1) has lower and upper solutions vy and wy with vy(t) <
wo(t)(t € J). Suppose that the following conditions are satisfied:

(H1) There exists a constant C' > 0 such that
f(t,l’g) - f(t7x1> 2 _O(xQ - x1)7 le J7
d
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for any t € J, and vy(t) < x1 < 29 < wp(t).
(H2) The impulsive functions h;(i = 1,2,---,m) are satisfy the conditions

hi(tny) Z hi(t,xl), ’L = ]_’2’ S om,

for ¥t € Jyug(t) < x1 < x9 < wp(t).

(H3) The nonlocal function g(u) is increasing in u for u € [vy, wy).
(H}) h; € C(J x X, X)(i =1,2,---,m) are compact operators.
(H5) g : PC(J, X) — X is compact operator.

Then the problem (1.1) has minimal and maximal mild solutions u and T between vy
and wq, which can be obtained by monotone iterative sequences starting from vy and wy.

Proof It is easy to see that —(A + C1I) generates a positive compact semigroup

S(t) = e “*T(t). Define D = [vo,wg]. Let M = sup||S(t)|, we define an operator
ted

Q:D— PC(J,X) by

(

St)g(u) + f3 St — 7)(f(r,u(r)) + Cu(r))dr, te[0,t];

hi(t,u(t)), te(tys;], 1=1,2,---,m;

Qupy = | MO e sl (@)
S(t— si)hi(si,u(si)) + [1 S(t = 7)(f(7,u(r)) + Cu(r))dr,

|t € (sivtipal, i=1,2,---,m.

Since f, h; and g are continuous, so @ : D — PC(J, X) is continuous. Clearly, from
Theorem 3.1, the mild solutions of problem (1.1) are equivalent to the fixed point of
operator Q.

(i) We show @ : D — PC(J, X) is an increasing operator.
For V1,29 € D and x1 < x5, from the assumptions (H1) and (H2), we have

F(t,21(8) + Car(t) < f(t, 2a(t)) + Cao(t), t € J. (4.2)

and
hi(t,21(t)) < hi(t, 22(t)),i=1,2,---,m. (4.3)

Combining the positive of Cy-semigroup S(t) with (4.2), (4.2) and (H3), we have
S0t + [ St =)(fran(7) + Car()ir
< S0+ [ S =)f(ra(r)) + Coar)ar, ¢ 0,1
hi<t’x1<t)) < hi<t’x2<t))7t S (tiu 32’]7 t=1,2,---,m;

6
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St — si)hi(ss, 21 (5:)) + / S(t— 1) (r21(7)) + Can (7))

< S(t = s)hu(siaa(s)) + [ St =) (raalr) + Can(r))dr
t e (Siati—i-l]? Z: 1,2,"':771,

Namely, @ : D — PC(J, X) is an increasing operator.

(il) We show vy < Q(vp), Q(wp) < wy.
Let
U/O(t) + AUO(t) + CUO(t) = f(t) le (Sivti-‘rl]ai = 07 17 2a e,

vo(t) = hi(t), t€ (tisi], i=12,--,m
vo(0) = g(vo),
by the definition of vy, we have
f@) < f(t,vo(t) + Cuo(t), t€ (sivtiga], i =0,1,2,--+,m,
hi(t) < hi(t,wo(t), t€ (ti,s], i=1,2,---,m
g(vo) < g(vo),
By Theorem 3.1, (4.5)and (4.6), we have
([ S(t)g(vo) + [3 S(t —7)f(r)dr, te[0,t];
hi(t), t€ (ti,s], i=1,2--,m;
S(t = s)hi(si) + [ S(t — 1) f(r)dr
L te(snti), i=1,2,-,m

Uo(t) =

and

S(6)g(w0) + / S(t — 1) f(r)dr

< S(t)g(vo) / St —71)(f(1,v0(T)) + Cug(7))dr, t€10,t1];
hi(t) < hi(t,vo(t)), t€ (tiys], i=1,2,---,m;
S(t — si)hi(s +/ S(t —7)f(r)dr

< S(t—sz)hz(sz,vo(sz))—l—/. S(t—T1)(f(1,v0(7)) + Cuvo(7))drT,

te(Si,tH_l], i:1,2,---,m

(4.6)
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Namely, vg(t) < Q(vo)(t). Similarly, it can be shown that Q(wy)(t) < wo(t). Therefore,
Q : [vo, wo] — [vo, wp| is a continuously increasing operator.

(iii) We prove that the operator @) has fixed points on [vg, wp).
Now, we define two sequences {v,} and {w,} by the iterative scheme

Un = Q(Un—l)> Wp, = Q(wn—l)a n= 1a 2a T (47)
Then from the monotonicity of operator @) it follows that
Vo< SV <K < Sy <o g < wp < . (4.8)

Next, we prove that {v,} and {w,} are convergent in J. Let B = {v, | n € N},
By = {vn-1 | n € N}, then By = {vo} U B and B = Q(By).
For any v,,_1 € By, let

(Qvn-1)(t) = S(t)g(u) +/Ot St =1)(f(7,0n1(7)) + Copa(7))dr, ¢ € [0, 41];

(Qon1)(t) = hi(t,ona (1), tE(tis, 1=1,2---,m;

(Qsvn—1)(t) = S(t — s;)hi(si, vn—1( ~|—/ St —7)(f(1,v5-1(7)) + Cvy_1(7))dr,
te (sistip1], 1= -, m.

For 0 < t < a, by the assumption (H1), we know that

J(tvo(t) + Cog(t) < f(t, va-1(t)) + Cvn1(t) < (¢ wo(t)) + Cwo(t).

Since f(t,vo(t)) and f(t,wp(t)) are continuous in compact set [0, a], so their image sets
are compact sets in X, namely image sets are bounded. Combining this fact with the
normality of cone K in X, we have dM; > 0, Yv,,_1 € By,

[ f(t, vn-1(t)) + Cvpa (B
< £t vo(t)) + Cuo(t)[| + Noll f(t, wo(t)) + Cwo(t) — f(t,vo(t)) — Cuo(®)||  (4.9)
< M.

Case 1. For interval [0,¢;] and any 0 < € < t;, let

(Whve_1)(t) := /0 St —7)(f(1,v0-1(7)) + Cvp_y(7))dT

and

(van—l)(t) = /0 B S(t - T) (f<7—7 Un—1<7—>> + CU”—l(T))dT’

8
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then

[(Watn 1)(0)) — (Wvn 1) (0]
= [ 8= D) + Conr ()i

= [ 8= 9 vans () + o
< [ 186 =Dt + Cona (D

S MMlﬁ.

Therefore, Y;(t) = {(Wiv,_1)(t) | v,_1 € By} is precompact in X by using the total
boundedness.

On the other hand, by the assumption (H5), {S(t)g(vn_1) | vn_1 € By} is precom-
pact in X due to the compactness of S(t). Therefore, {(Q1v,-1)(t) | vo_1 € Bp} is
precompact in X for ¢ € [0,].

Case 2. For t € (t;,s;],i=1,2,--+,m, the set {(Qavp_1)(t) | vo_1 € By} is precom-
pact in X by the assumption (H4).

Case 3. For t € (s;,t;41],0 =1,2,---,m, similar to the case 1, {(Q3v,—1)(t) | vp_1 €
By} is precompact in X by (4.9)and the assumption (H4).

Hence, {v,(t)} = {Q(vn-1)(t) | vn_1 € By} is precompact in X for ¢ € J, combining
this fact with the monotonicity of {v,}, we easily prove that {v,(t)} is convergent. Let
{vn(t)} = w(t) in t € J. Similarly, we prove that {w,(t)} — u(t) int € J.

Evidently {v,(t)},{w,(t)} € PC(J,X), so u(t) and u(t) is bounded integrable in
J). Since for any t € J, v,(t) = Q(vn_1)(t), wa(t) = Q(wn—1)(t), letting n — oo, by
the Lebesgue dominated convergence theorem, we have u(t) = Q(u)(t), u(t) = Q(u)(t)
and u(t),u(t) € PC(J,X). Combining this with monotonicity (4.8), we have vy(t) <
u(t) <a(t) < wp(t).

Next, we prove that u(t) and u(t) are the minimal and maximal fixed points of @
in [vg, wo|, respectively. In fact, for any u* € [vg, wo|, Q(u*) = u*, we have vy < u* < wy
and v; = Q(vg) < Qu*) = u* < Q(wy) = wy. Continuing such progress, we get
v, < u* < w,. Letting n — oo, we get u(t) < u* < u(t). Therefor, u(t) and u(t) are
the minimal and maximal mild solutions of the problem (1.1) between v and wg, which
can be obtained by monotone iterative sequences starting from vy and wy, respectively.[]

From the Theorem4.1, we obtain the following result.

Theorem4.2. Let X be an ordered Banach space, whose positive cone K is normal,
and Ny be the normal constant. Let A : D(A) C X — X be a closed linear operator

9
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and —A generate a compact and positive Cy-semigroup T(t)(t > 0) in X. f € C(J x
X, X). Assume that problem(1.1) has lower and upper solutions vy and wy with vy(t) <
wo(t)(t € J). Suppose that conditions (H1), (H2), (H3) and the following conditions
are satisfied:

(H6) {hi(-,z,)}(@ =1,2,---,m) are precompact in X, for any increasing or decreasing
monotonic sequence {x,} C [vg, wo).

(H7) {g(z,)} is a precompact set in X, for any increasing or decreasing monotonic
sequence {x,} C [vo, wo).

Then problem (1.1) has minimal and mazximal mild solutions u and u between vy and

wq, which can be obtained by monotone iterative sequences starting from vy and wy.

Next, we discuss the existence of the mild solutions for problem (1.1) under the
function ¢ is continuous in PC(J,X) and noncompactness measure conditions.

Theorem 4.3. Let X be an ordered Banach space, whose positive cone K is normal,
and Ny be the normal constant. Let A : D(A) C X — X be a closed linear operator
and —A generate an equicontinuous and positive Cy-semigroup T(t)(t > 0) in X. f €
CIxX,X). h eC(Jx X, X)(i=1,2,---,m). g: PC(J,X)— X be a continuous
function. Assume that problem(1.1) has lower and upper solutions vy and wy with
vo(t) < wo(t)(t € J). Suppose that conditions (H1), (H2) and (H3) hold, and satisfy:

(H8) There exist a constant L > 0 such that

a({f(t,zn)}) < La({zn}),

for allt € J, and increasing or decreasing sequence {x,} C [vo(t), wo(t)].
(H9) There exist constants 0 < L; < 1(i = 1,2,---,m) such that

a(thit,zn)}) < Liae({za}), (0 = 1,2,---,m),

for allt € J, and increasing or decreasing sequence {x,} C [vo(t), wo(t)].

(H10) There exist a constant L' > 0 such that

a({g(za)}) < L'a({z.}),

for allt € J, and increasing or decreasing sequence {x,} C [vo(t), wo(t)].

(H11) M[L;+ L' +2(L+ C)a] < 1(i = 1,2,---,m).

Then the problem (1.1) has minimal and maximal mild solutions w and T between vy
and wy, which can be obtained by monotone iterative sequences starting from vy and wy.

Proof From Theorem 4.1, we know that @ : [vg, wo] — [vo, wo] is continuous. Further-
more, if conditions (H1), (H2) and (H3) are satisfied, the iterative sequences {v,} and

10
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{w,} defined by (4.7) satisfying (4.8). Therefore, for any t € J, {v,(t)} and {w,(t)}
are monotone and order-bounded sequences in X.
Next, we prove that {v,} and {w,} are convergent in J. Since T'(t)(t > 0) is an
equicontinuous Cy-semigroup, so S(t)(t > 0) also is an equicontinuous Cp-semigroup.
Let B = {v, | n € N} and By = {v,,—1 | n € N}, by (4.8) and the normality of the
positive cone K, then B and B, are bounded.

(i) We prove that Q(By) is equicontinuous in PC(J, X).

Combining (H2) and (H3) with the normality of cone K in X, we have IMy >
0, Mz >0, Yv,_1 € By,

lg(on-1)|l < llg(vo)ll + Nollg(wo) — g(wo)|| < M. (4.10)
1Pt vna ()| < ([Pt 0 ()| + Nolli(t, wo(t)) — g(hi(t, vo(t) || < Ms. (411
Case 1. For Vt',t" € [0,t1] and ¢’ < t”, by (4.9) and (4.10) we have that

1(Quaa) (") — (Quas)(t)]
= S g(0) + / S — ) (7, vps (7)) + Cs (7))

S(#)g(vnr) — / S — 7)(f (7 v (7)) + Conr(7))dr|

< 18" = SE)Mlg(va-1)ll

+ /Otl 1S —7) = St = T f (7,001 (7)) + Cvpr ()| dT

+ /tt 1St = DI f (7, va-1(7)) + Cvpr (7)||dT
< MISWOIISE )~ 1+ M, [ IS )~ S~ i+ WA )
< MMS(# —t') = I|| + M, /Ot/ IS(t" = +7) — S(r)||dr + MM, (" —t')

— 0" =t —0).

Case 2. For Vt' t" € (t;,s;](i = 1,2,---,m) and ¢ < t”, we have that

1(Qua—1)(t") = (Qua—t)(E)| = i (", 001 (")) = (¥, v a () ]| = O(" =" — 0).

11
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Case 3. For Vt',t" € (s;,t;i41)(i = 1,2,---,m) and ¢’ < ¢, by (4.9) and (4.11) we
have that

IN

IN

IN

_>

(Qun—1)(t") — (Qua—1)(¥)|

1S (") (s, vn-1(s:)) + /t St = 7)(f (7, vn-1(7)) + Cvna (7)) d7

=S () hi(si, vn-1(s:)) — /t St =7)(f (7, vn-1(7)) + Cona(7))dr|

15(t") = S [[7i(si; vn-1(s:)

+ /t 15" = 7) = St = T)[1f (7, vn-1(7)) + Cvna(7)l|dT

+ /tt 15" = DL (7, vn-1(7)) + Cvna (7)[|dT

M;||SESE" —t') = I|| + My /Sitl ISt —7)— St —7)||dr + MM, (t" —t')
MM||S{#" —t') — I|| + M, /Ot,_Si |SH" =t +7) — S(7)||dr + MM;(t" — t')

ot" —t' —0).

Therefore, Q(By) is equicontinuous in PC(J, X).

(ii) We prove that a(B(t)) =0 for t € J.
It follows from By = {vg} U B that a(B(t)) = a(Bo(t)) for t € J.

Case 1. For t € [0, 1], by Lemma 2.3 and Lemma 2.4, we have that

IN

IN

VAN

a(B(t)) = a((QBo)(?))

a<{5(t)g(vn_1) + /Ot S(t — 1) (f(7, vor (7)) + Cvps (7))dr | 0 € N})
a({S(t)g(vn-1) | n € N})

+a<{ /Ot S(t — 7Y (F (T, vr (7)) + Conr(7))drT | 1 € N})

Ma({g(v,_1) | n € N}) + 2/0 a({S(t —7)(f(r,vp-1(7)) + Cvp_1(7))dr | n € N})

ML «(By) +2M /Ot(L + C)a(By(T))dr
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< ML maxa(B(t)) + 2M(L + C)amax o B(t))

teJ teJ

< MIL +2(L + C)a max a(B(t)).

Case 2. For t € (t;,s;],1=1,2,---,m, by (H9) we have
a(B(1) = a(QBy)(1) = a{hi(t, v 1 (1)) | n € N})

< Lija(By(t)) < L; I?G%X&(B(t)) < maxa(B(t)).

ted
Case 3. For t € (s;,t;41](i =1,2,---,m), we have

a(B(t)) = a((QBo)(?))

_ a<{S(t — 8 ha(56,0n1(55)) + /t S(t — 7Y (f (T, vmr (7)) + Conr (7))dT | n € N})

IN

a({S(t = si)hi(si, vn-1(s:)) | n € N})

va({ /t St~ T)(f (7, vas (1) + Cvaa(r))dr | n €N}
Moa({hi(si,vn-1(si)) | n € N})

IN

42 / a({S(t = ) (f (7, vur (7)) + Con 1 (7))dr | n € N})

i

< MLa(By) + QM/%(L + C)a(By(r))dr

< MLimaxa(B(t)) +2M(L + C)amax a(B(t))

teJ teJ

< M][L; 4+ 2(L + C)a] max o B(t)).

teJ

By (H11), we have a(B(t)) < max a(B(t)), then a(B(t)) = 0in t € J. Therefore,
S

{vn(t)} is precompact in X for ¢ € J, combining this fact with the monotonicity of {v,},
we easily prove that {v,(¢)} is convergent. Let {v,(t)} — w(t) in t € J. The same idea
can be used to prove that {w,(t)} — @(t) in ¢t € J. Similar to the proof of Theorem
4.1, we know that u(t) and u(t) are the problem(1.1) between vy and wg, which can be
obtained by monotone iterative sequences starting from vy and wy, respectively. This
completes the proof of Theorem 4.3. [J

Remark 4.4. Analytic semigroup and differentiable semigroup are equicontinuous
semigroup ([22]). In the application of partial differential equations, such as parabolic
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and strongly damped wave equations, the corresponding solution semigroup are analytic
semigroup. Therefore, Theorem 4.3. has extensive applicability.

we discuss the existence of the mild solutions for problem (1.1) under the positive
cone is regular.

Theorem 4.5. Let X be an ordered Banach space, whose positive cone K is reqular.
Let A: D(A) C X — X be a closed linear operator and —A generate a positive Cy-
semigroup T(t)(t > 0) in X. f e C(Jx X, X). h € C(Jx X, X)(1 =1,2,---,m).
g: PC(J,X) — X be a continuous function. Assume that problem(1.1) has lower and
upper solutions vy and wy with vo(t) < wo(t)(t € J). Suppose that conditions (H1),
(H2) and (H3) are satisfied.

Then the problem (1.1) has minimal and maximal mild solutions w and T between vy
and wq, which can be obtained by monotone iterative sequences starting from vy and wy.

Proof From Theorem 4.1 we know that @ : [vg,wg] — [vo,wp] is a continuously
increasing operator. Similarly, the two sequences {v,(t)} and {w,(t)} are defined in
[vg, wo] by the iterative scheme (4.7). By conditions (H1), (H2) and (H3), then {v,(t)}
and {w,(t)} are ordered-monotonic and ordered-bounded sequences in X.

Using the regularity of the cone K, any ordered-monotonic and ordered-bounded
sequence in X is convergent. Similar to the proof of Theorem 4.1, we know that wu(t)
and u(t) are the problem(1.1) between vy and wp, which can be obtained by monotone
iterative sequences starting from vy and wy, respectively. This completes the proof of
Theorem 4.5. [J

Corollary 4.6. Let X be an ordered and weakly sequentially complete Banach space,
whose positive cone K is normal, and Ny be the normal constant. Let A: D(A) C X —
X be a closed linear operator and —A generate a positive Cy-semigroup T (t)(t > 0) in
X. feCUxX,X) heC(UxX,X)1t=1,2,---,m). g: PC(J,X) > X be a
continuous function. Assume that problem(1.1) has lower and upper solutions vy and wy
with vo(t) < wo(t)(t € J). Suppose that conditions (H1), (H2) and (H3) are satisfied.
Then the problem (1.1) has minimal and maximal mild solutions u and T between vy
and wq, which can be obtained by monotone iterative sequences starting from vy and wy.

Proof In an ordered and weakly sequentially complete Banach space, the normal cone
K is regular. Then the proof is complete. []

Next, we discuss the existence of mild solutions of problem (1.1), when we don’t
assume the lower and upper solutions of problem (1.1) be exist.

Theorem 4.7. Let X be an ordered Banach space, whose positive cone K is normal,
and Ny be the normal constant. Let A : D(A) C X — X be a closed linear operator and

14
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—A generate a positive and compact Cy-semigroup T'(t)(t > 0) in X. f e C(Jx X, X).
hi € C(J x X, X)(i = 1,2,---,m). g: PC(J,X) — X be a continuous function.
Suppose that conditions (H1)-(H5) hold and the following condition is satisfied:

(H12) 3b > 0, h € PC(J,X),h > 0, yi(s;) € D(A),y; > 0,i = 1,2,---,m and
g(u) € D(A),g(u) >0 for any u € PC(J, X), such that

flt,u) <bu+h(t), hi(t,u) <wy(t), u>0;

bu—h(t) < f(t,u), —yi(t) <hi(t,u), u<O0.

Then the problem (1.1) has minimal and mazximal mild solutions , which can be obtained
by monotone iterative procedure.

Proof For h(t) > 6,y;(t) > 0, we consider the linear nonlocal evolution equation with
not instantaneous impulses in X

ul(t) + Au(t) - bu(t) = h(t)7 t S (Siat’i-‘rl]ai - 07 17 2; e, N,
U(t) :yl(t)7 te (tivsi]7 1= 1727"'7m- (412)
u

(0)

g(u),

Since —(A — bl) generate a positive Cp-semigroup S(t) = eT(t)(t > 0) in X. By
Theorem 3.1 and assumption (H12), we know that the problem (4.12) has a unique
positive solution u* > 0. Let vg = —u*,wy = u*, by the conditions (H1)-(H3) and
(H12), we get

’U6<t) —+ AUQ(t) = bl)()(t) — h(t) S f(t, Uo(t)), t e (Si,ti+1],i = 0, 1, 2, e,y

’Uo(t) = —yl(t) S hl’(t,Uo(t)), t e (tl, 3@']7 = 1,2, e, M.

o(0) = —g(—vo) < g(vo),

(4.13)

and
wh(t) + Awg(t) = bwo(t) + h(t) > f(t,wo(t)), t€ (s tis],i=0,1,2,--- m,
wo(t) = yi(t) = hi(t,wolt)), t€ (ti,si], i=1,2--,m.
wo(0) > g(wo),

(4.14)
So, we inferred that vy and wy are a lower solution and an upper solution of the problem
(1.1), respectively. Therefore by Theorem 4.1., the conclusion holds. Then the proof is
complete.[]

15

539 Huanhuan Zhang et al 525-543



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Meanwhile, we can obtain the following results from Theorem 4.2, 4.3, 4.5 and
Corollary 4.6, respectively.

Corollary 4.8. Let X be an ordered Banach space, whose positive cone K is normal,
and Ny be the normal constant. Let A : D(A) C X — X be a closed linear operator and
—A generate a positive and compact Cy-semigroup T'(t)(t > 0) in X. f e C(Jx X, X).
g,hi(i = 1,2,--- ,m) are continuous and map a monotonic set into a precompact set
and conditions (H1)-(H3) and (H12) hold, then the problem (1.1) has minimal and
mazimal mild solutions , which can be obtained by monotone iterative procedure.

Corollary 4.9. Let X be an ordered Banach space, whose positive cone K is normal,
and Ny be the normal constant. Let A : D(A) C X — X be a closed linear operator and
—A generate a positive Cy-semigroup T(t)(t > 0) in X. f € C(J x X, X). g, hi(i =
1,2,---,m) are continuous and for any monotonic sequence {x,} satisfy conditions
(H8)-(H11) and conditions (H1)-(H3) as well as (H12) hold, then the problem (1.1)
has minimal and maximal mild solutions , which can be obtained by monotone iterative
procedure.

Corollary 4.10. Let X be an ordered Banach space, whose positive cone K 1is reqular.
Let A: D(A) C X — X be a closed linear operator and —A generate a positive Cy-
semigroup T(t)(t > 0) in X. f e C(J x X, X). g,h(i =1,2,---,m) are continuous
and conditions (H1)-(H3) as well as (H12) hold, then the problem (1.1) has minimal
and mazimal mild solutions , which can be obtained by monotone iterative procedure.

Corollary 4.11. Let X be an ordered and weakly sequentially complete Banach space,
whose positive cone K is normal, and Ny be the normal constant. Let A: D(A) C X —
X be a closed linear operator and —A generate a positive Cy-semigroup T'(t)(t > 0) in
X. feCJx X, X). g,hi(i=1,2,---,m) are continuous and conditions (H1)-(H3)
as well as (H12) hold, then the problem (1.1) has minimal and maximal mild solutions,
which can be obtained by monotone iterative procedure.

5 Application

In this section, we present one example, which indicates how our abstract results
can be applied to concrete problems.

Example 5.1. Consider the following nonlocal parabolic partial differential equa-
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tion with not instantaneous impulses:

( 2u(z,t) + A(z, D)u(z,t) = f(z,t,u(z,1), =€,
teJ, te(Si,tﬂ_l],izo’l’Q’...,m’

u(z,t) = hi(z, t,u(z,t), x€Q, te(t,s], i=1,2,---,m, (5.1)
Bu=0, (x,t)€0QxJ,
L u(z,0) =g(u), e,

where J = [0,a], a > 0 is a constant, 0 = 59 < t; < §3 <ty < 59 <t3<853< -+ <
tno1 < Smo1 <t < Sy < tmy1 = a are pre-fixed numbers, integer n > 1,2 C R" is a
bounded domain with a sufficiently smooth boundary 0f2,

0
ZZ @il 8x 8y] +Zaz oz,

=1 j=1 =1

()

is a strongly elliptic operator of second order, coefficient functions a;;(x),a;(z) and
ap(z) are Holder continuous in €2, Bu = by(x)u + (5% is a regular boundary operator
on 99, f: QxJ xR — R is continuous, h; : Q x J x R — R are also continuous,
t=1,2,---,m, g is a continuous function.

Let X = LP(Q) with p >n+2, K ={u € LP(Q) | u(x) >0 ae. z € Q}, and
define the operator A as follows:

D(A) = {u € W?*?(Q) | Bu =0}, Au= A(z, D)u.

We know that X is a Banach space, K is a regular cone of X, and —A generates
a positive and analytic Cy-semigroup T'(t)(t > 0) in X (see [22]). Define u(t) =
u(-,t), ft,u(t)) = f( tul- 1)), hi(t,u(t)) = hi(-,t,u(-t)), then system (5.1) can be
reformulated as problem (1.1) in X. We assume that the following conditions hold:

(i) Let f(z,t,0) >0, h;(x,t,0) > 0,9(0) > 0,z € Q.

(i1) There exist w = w(z,t) € PC(Qx J)NC*(Qx J"), and w(z,t) > 0,2 € Q,t € J
such that
( Dw(z,t) + Az, D)w(z,t) > fz,t,w(z,t)), z€Q,

tedJ, te(s,tiy],i=0,1,2--- m,

w(z,t) > hi(z, t,w(z,t), z€Q, te(t,s], i=12--,m,
Bw =0, (z,t)€ 00 xJ,
| w(e,0) > g(w), zeQ,

(iii) The partial derivative f!(x,t,u) is continuous on any bounded domain.
(iv) For any uy, us € [0, w(x,t)] with uy < ug, for any z € Q,i =1,2,---, m,we have

hi(z, t,uy(z,t)) < hi(z, t,us(z, 1)), g(ur) < g(uq)
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Theorem 5.2. If assumptions (i), (ii), (iii) and (iv) are satisfied, then the impul-
sive parabolic partial differential equation (5.1) has minimal and maximal mild solu-
tions between 0 and w(x,t), which can be obtained by a monotone iterative procedure
starting from 0 and w(z,t), respectively.

Proof From assumptions (i) and(ii) we know that 0 and w(z,t) are lower and
upper solutions of problem (5.1), respectively. (iii) implies that condition (H1) is satis-
fied. (iv) implies that conditions (H2) and (H2) are satisfied. So, by Theorem 4.5., we
have the result. Then the proof is complete.[]

6 Conclusions

In this paper, we consider the existence of mild solutions for the new nonlocal
evolution equation with impulses. We initially use the monotone iterative technique to
the problem under new impulsive conditions. Hence the results are new.
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Eigenvalue for a system of Caputo fractional
differential equations *
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Abstract: In this article, we study the existence of positive solutions for a system of non-
linear differential equations of mixed Caputo fractional orders

DL ult) + Af(t, u(

DG, v(t) + pg(t, u(t), v(t))
u(0) = u'(0) = u”(1) = «"(0)
v(0) = 2’'(0) = 0" (1) =2"(0) = 0,

where 3 < o, < 4 are real numbers, “Dg ,° Dg . are the Caputo fractional derivatives,
and f,g : [0,1] x [0,400) x [0,+00) — [0,+00) are given continuous functions. By using
Krasnoselskii’s fixed point theorem, some sufficient conditions for the existence of positive
solutions and the eigenvalue intervals on which there exists a positive solution are obtained.
Keywords: Fractional order differential equation, Positive solution, Existence, Krasnosel-
skii’s fixed point theorem, Eigenvalue.

2010 Mathematics Subject Classification: 34B15, 34B16, 34B18

1 Introduction

Fractional differential equations describe many phenomena in various fields of engineering and sci-
entific disciplines such as physics, biophysics, chemistry, economics, control theory, see [4, 8]. Recently,
fractional differential equations have been of great interest, there are a large number of papers dealing
with the existence of positive solutions of nonlinear fractional differential equations by the use of tech-
niques of nonlinear analysis (such as upper and lower solution method, Leray-Schauder theory, etc.), see
[1, 2,5, 7,9, 10]. In this paper, we consider the system of Caputo fractional differential equations

°Dg,u(t) + Af (t,u(t),v(t) =0, 0<t<l,
Dy v () + g (t,u (t) v (t)) =0, 0<t<l, (L1)
u(0) =o' (0) =" (1) =" (0) =0, ‘

v (0) = ' (0) = v (1) = v (0) = 0,

where 3 < «,8 < 4 are real numbers, “Dg, ,¢ DO’B+ are the Caputo fractional derivatives, and f,g :
[0,1] x [0,400) X [0, +00) — [0,400) are given continuous functions. By using Krasnoselskii’s fixed point
theorem, some sufficient conditions for the existence of positive solutions and the eigenvalue intervals on
which there exists a positive solution are obtained.

This paper is organized as follows. In Section 2, we present some basic definitions and properties from
the fractional calculus theory. In Section 3, based on the Krasnoselskii’s fixed point theorem, we prove
two existence theorems of the positive solutions for BVP (1.1). In section 4, an example is presented to
illustrate the main results.

2 Preliminaries

Let us start with the necessary definitions which are used throughout this paper.

*Supported by NNSF of China (11371368) and HEBNSF of China (A2014506016).
fCorresponding author. E-mail address: fhanying@126.com (H. Feng)
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Definition 2.1 ([2]). The Riemann-Liouville fractional integral of order @ > 0 of a function f :
(0, +00) — R is given by

18, f(t) = 1)/O(t—s)a—1f(s)ds, >0,

()

provided the right-hand side is pointwise defined on (0, +00).
Definition 2.2 ([3, 8]).For a function f : (0,4+00) — R, the Caputo derivative of fractional order is
defined as

¢ _ 1 AR
D(]+f(t) - F(n o Oé) /0 (t _ S)a_n+1 dsv t > 07

where n = [a] 4+ 1, [a] denotes the integer part of the number a.
Lemma 2.1 ([3, 9]). Let o > 0, then fractional differential equation °D§, u(t) = 0 has solutions

u(t) =CL +Cot+ -+ Cpt" 1,0, €Ri=1,2,---,n,n = [a] + 1.
Lemma 2.2 ([3, 9]). Let a > 0, then
I8 °D§ u(t) = u(t) + C1 4+ Cot + - -+ Cpt" 1, C; € Ryi = 1,2, - -,n,mn = [a] + L.

In the following, we present Green’s function of BVP (1.1).
Lemma 2.3 . Let hy € C[0,1] and 3 < a < 4, the unique solution of problem

Dy u(t) +hi(t) =0,0<t <1, (2.1)
u(0) = u/(0) = " (1) = «"(0) = 0, (2.2)
1
1Sh u(t) = /0 G1(t,s)h1(s)ds
(a—1)(a—2)t3(1—5)* 3 —2(t —s)*7! D<s<t<]
Gl(tvs) = t2(1 _ s)a—3 ZF(Oé) - (23)
m, 0<t S s<1

Here G1(t, s) is called the Green’s function of BVP (2.1) and (2.2).
Proof. We may apply Lemma 2.2 to reduce (2.1) to an equivalent integral equation

u(t) = =I5 ha(t) + C1 + Cot + Cst® + Cyt®,
for some C1, Cs, C3,Cy € R. Consequently, the general solution of (2.1) is

1 t
ut) = ——— / (t — $)* 'hi(s)ds + C1 + Cat + Cst® + Cyt®.
I'(a) Jo

1 1
By (2.2), there are C; = Co = Cy =0, and C3 = % / (1 —8)*3hy(s)ds.
0

2N« —
Therefore, the unique solution of problem (2.1) and (2.2) is

1

ut) =~y [ =9 mes + g [ 0= s

t a 3 — s a—1 1,9 s a3
/0 { 2(1—1‘ (a — N ¢ F(o)z) } hi(s)ds +/t Mbl(S)ds
/ R 2”2(1 AT / Rt P

2T () M —2)
1
/ Gl t S h1 d
0
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The proof is finished.
Lemma 2.4 . The function G (¢, s) defined by (2.3) possesses the following properties:

(1) Gy (t,s) >0, for t,s € (0,1);
. 1 1
(2) irgntlg% Gl(tas) > TGOrgtaSXl Gl(tas) = TGGl(laS)a for s € (Oa 1) :

a — a — 2 75a737 73(171 2 780173
Proof. Let gi(t,s) = (a=Dia=2)t (12F(a)) 2(t = 5) . g2(t,s) = tQ(I1‘(a—)2)'

(1) Since 3<a<4,0<s<t<1, s0

(= 1)(a—2)t2(1 — 5)*3 > 2%(1 — 5)*73 > 2%(t — 5)* 3 > 2(t — 5)*7 1,

therefore, g1(t,s) > 0, obviously, g2(¢,s) > 0, thus G1(¢,s) > 0, for t,s € (0,1).
(2) Since

o I'(a) ot INa—2)

O(ts) _(@=D(@=t=9)""~(a=N(t=9)"" | dglts) _tl-s"*

so G1(t, s) is monotone increasing function for ¢.

Thus,
0 <Gi(t,s) < [ax Gi(t,s) =G1(1,s), t,se[0,1].

Noticing that

(a—1)(a—2)(1—s)* =321 —s)" 1
1 39T ) S € (Oa Z]v
min Gy(t,s) = Gi(+,s) = a—3 (o
j<e<y 4 (1-5) et
32T (o — 2) =l
B (a1 (@-2)1-5)*" 215"
Oréléigxl Gl(tvs) = Gl(la 5) = or (a) ) 5 € (07 1)
Next we proof
1

1
Gi(t,s) = —=G1(1,s).
1223 16 a2 Gt 9) = g5 Callys)

SO min_ Gy (t,s) >

The proof is finished.
Lemma 2.5 . If the function f € C([0,1] x [0, +00) X [0, 4+00), [0, +00)), then the unique solution of

BVP (1.1) satisfied
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Proof. From lemma 2.3, we known

/ G1 (t,8) f (s,u(s),v(s))ds </ max G (¢, 3) f (s,u(s),v(s))ds,

0<t<1
and

1 1
|lull = max |u(t)] = max / G1(t,s) f(s,u(s),v(s))ds < max G (t,s) f (s,u(s),v(s))ds.

0<t<1 0<t<1 o 0<t<1

From lemma 2.4, we have

1
min_ u(t) = min / G1 (t,s) f (s,u(s),v(s))ds
i<t<y i<t<i Jo
> L[ Gy () £ (5, us)0(s)) ds > = s [ G (). () ds = = [lu]
=16 Jy ogigy T\ TS uls) U —1609351 1 (t9) f (s, )48 = g I
The proof is finished.
Similarly, we can obtain Gy (¢, s) if « is replaced by 3,
_ _ 2(1 _ <\B-3 _ _ \B1
CENCES (Tl TEF P
Gz (t,s) = £2(1 — 5)8-3 (B) (2.4)
L 7 0<t<s<l
20 (3~ 2)

The function Gs (t,s) defined by (2.4) have the same properties with Gy (t,s), so

lriltlg Ga(t,s) > 1i60m?<x1 Ga(t,s) = —6G2(17s)7s €(0,1).

Lemma 2.6 ([6]) Let E be a Banach space, and let P C E be a cone in E. Assume 4, Qs be two
open subsets of E with 6 € ; C Q; C 9, and let T : P — P be a completely continuous operator such
that either

O|ITw| < |lw|l,w € PN, ||Tw|| > ||w|,w € PN N, or

(i) Tw]| > |Jw|l,w € PN, ||Tw| < ||w|,w e PN o,y
holds. Then T has a fixed point in P N Qy\;.

3 Main results and proof

In this section, we establish the existence of positive solutions for BVP (1.1). For convenience, we
introduce the following notations

ta u,v e . t7 u,v
fo= liminf min M, go = liminf min M7
who s elhy] ut o i) u
7 = timsup max LEU 0 jin gy may 42
utv—0+ t€0,1] U+ v w0t tE01] U+ v
¢ t
foo = liminf min M, goo = liminf min M
u+v—>oote[i7%] u+v u+v—>oote[1 3] u+v
[ = limsup max M, ¢ = limsup max M
utv—oo t€[0,1] U+ V wtv—oot€[0,1] UV

By using the Green’s functions G; (¢, s) (i = 1,2), from Section 2, the problem (1.1) can be written
equivalently as the following nonlinear system of integral equations

—)\/ Gi(t,s)f(s,u(s),v(s))ds,0 <t <1,

—,u/ Ga(t, 8)g(s,u(s),v(s))ds,0 <t < 1.
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We consider the Banach space X = C'[0, 1] with the norm |lu| = [nax | (t)], and the Banach space

Y = X x X with the norm ||(w,v)||y = [Ju| + ||v]|.
We define the cone P C Y by

ol o)ly e € o,

For A\, u > 0, we define the operators 71,75 : Y — X and T : Y — Y respectively by

P=q(u,v) €Y|u(t) >0,v(t) >0, r<nl£1 (u(t) +ov(t)) >

Ty (u,v)(t) = )\/ G (t,5) (5, u(s), v(s))ds, 0 < t < 1,
0
1
To(u,v)(t) = p | Ga(t, s)g(s,u(s),v(s))ds,0 < t <1,
0
and T (u,v) = (Th (u,v), T (u,v)), (u,v) € Y. Thus, the solutions of BVP (1.1) are the fixed points of
the operator T

Lemma 3.1. T : P — P is a completely continuous operator.
Proof. Let (u,v) € P be an arbitrary element. From the definition 7T} (u,v) and Lemma 2.4, we get

T30l = oo, 110,01 < [ gna, G955, (5,
1

min_ T (u,v)(t) = min / G1(t,s)f(s,u(s),v(s))ds > —/ max G (t,s) f (s,u(s),v(s))ds

<= 1<t Jo 0<t<1
1 1
276 a2 / G (t,5) F (5,u(s),0(s)) ds = o I Ta(u, )]

1
In the similar manner, we deduce min Ty (u,v)(t) > 6 I T2 (u, v)]| .

Thus we have 1 1
1213 (T1.(u, ) (8) + To(u, 0) (1)) 2 7 (1T (w, )| + [ Ta(w, v)l) = 76T (u, )y
Hence T'(u, U) € P that is T(P) C P.
According to the Arzela-Ascoli theorem, we can easily get that T : P — P is a completely continuous
operator. The proof is completed.
Next, for aq, ao, @y, @ > 0 such that oy + as = 1, @1 + @y = 1, we define the numbers Ly, L, L3, Ly
by

3 3
Ji Gi(1,5)ds Ji Ga(1,5)ds Ji Ga(1,5)ds Ji Ga(1,5)ds
Ly=—"—F—), Ly=—"——"—", Ly= —“+—Fr——, Ly="——7—".
256041 (&3] 2560&2 (65
Theorem 3.1. If 9 ¢° foo,gOo € (0,00), Lllfao <z fU and + g < ﬁgo hold, then for any X\ €

(#7 #fo) and p € (Lsg , L4g 5), BVP (1.1) has at least one pos1t1ve solution (u(t),v(t)),t € [0,1].

Proof. When \ € <L1f ' T fo) and p € ( ) choosing ¢ > 0, such that

LSgoo7L4g
;<)\< 1 1 < [
Li(fo—2) = " La(fO%e) ILalgw—2) "= La(g" +e)

By the definition of f9, g%, there exists Ry > 0, such that for all ¢ € [0,1],u,v € RT, with 0 < u +v < Ry,
we have

(3.1)

Fltu,v) < (fO+e)(u+v),  glt,uv) < (¢°+e)(u+w). (3.2)
Now define the set Q1 = {(u,v) € Y, ||(u,v)||y < R1}. Let (u,v) € PN OOy, that is (u,v) € P with
[[(w,v)|ly = R1, so u(t) +v(t) < Ry for all t € [0,1], thus
/\/ Gr(t, 5)f (s, uls), v(s )ds<)\/ Gr (1, 8)(f* + &) (uls) + v(s))ds
A+ e) / G (L. 5)ds|(w ) < - / G (L, s)dsll(u,v)ly

<ay [|[(w, )]y -
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Therefore, || T1(u,v)|| < o |[(u,v)|ly -
In the similar manner, we deduce

Ty (u,v)(t) < p(g” +5)/0 Go(1, s)ds || (u, v)]ly < @z |(u, v)ly -

So, || T2 (u, v)|| < ez [[(u, v)]y -
Then for (u,v) € PN oYy, we deduce

1T (w, 0)lly = [ITh (u, 0)[| + [| T2 (u, ) [| < (a1 + az2) [[(u, v)lly = [[(u, V)[ly -

By the definition of fu, goo, there exists Re > 0, such that for all ¢ € [0, 1], u,v € RT, with u + v > Ry,
we have

ftu,0) 2 (fo —€)(ut0),  g(t,u,0) = (goo —€)(u+v). (3:3)

(
Now define the set Qo = {(u,v) € Y, ||(u,v)|ly < Rg} Let (u,v) € PN 0Ny, that is (u,v) € P with
[[(w, v)|ly = Ra, so u(t) +v(t) > &||(u,v)|ly forall t € | thus, it follows from Lemma 2.4 that

3l

T4 (u, ) (1) =)\/0 Gt 5)f (s, u(s), v(s))ds > /\/j Gt 5) (s, u(s), v(s))ds

2 [ 5Ol =) s = S [ oute) 4ot

M s0) /G118>dsu<u Olly 2 g / Gi(1,)ds [, )l = a1 0]y

Therefore, |11 (u,v)|| > @ ||(u,v)|ly -
Similarly, we have

T 2 S [T s ol 2 @ ol

So, || Ta(u, v)|| = @ [|(u, v)]ly -
Then for (u,v) € PN 0Ny, we deduce

1T (w, 0)lly = 1Ty (u, 0) || + | T2(w, 0) | = @1 +@2) [[(u, )|y = [[(u, v)ly -

By using Lemma 2.6, we conclude that T has a fixed point (u,v) € PN (Qa \ Q1) such that Ry <
[[ull + [lvl] < R
Theorem 3.2. If fo,go,f‘xj > e (0, oo),L = < T foo and

Lsgo 90
(Lllfo’ szoo) and p € (+2 ), BVP (1.1) has at least one positive solutlon (u(t),v(t)),t € [0,1].

Proof. When ) € (Llfo’sz“) and p € (+1

Lsgo’ L49

Tage’ L4q ), choosing € > 0, such that

1 1 1 1

LGo-9 " “LO~79 L 9 "“Li~ia (3.4

By the definition of fg, go, there exists Rz > 0, such that for all ¢ € [0,1],u,v € RT, with 0 < u + v < Rg,
we have

f(t,u,v) 2 (fo—E)(U+U), g(tau7v) 2 (90_6)(u+v)' (35)
Now define the set Q3 = {(u, v) €Y, ||(u,v)|ly < Rs}. Let (u,v) € PN 0Qs, that is (u,v) € P with
[(u,v)|ly = Rs, so u(t) + v(t) > & ||(u,v)]|ly for all t € [+, 2], thus, it follows from Lemma 2.4 that

T (u,v)(t) —)\/ G1(t,s)f(s,u(s),v(s))ds > )\/ G1(t,s)f(s,u(s),v(s))ds

>A/ —G1(1 5)(fo —&)(u(s) +v(s))ds = /\(fiigg)/; G1(1, ) (u(s) +v(s))ds

1 3
N 256 /Gﬂsds\\(u “”Yzm/i Gr(1, 5)ds||(u,0) [y > @ | (u, 0)]|y-
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Therefore, |11 (u,v)|| > @ ||(u,v)|]y -
In the similar manner, we deduce

o 2 MG [T 6,9ty 2@ 0l

So, || Ta(u, v)|| = @ [|(u, v}l -
Then for (u,v) € PN oQs, we deduce

1T (u, )]y = T2 (w, 0)[| + [ To(u, v)[| = (@1 +a2) [|(u, )]y = [[(w, )]y

Next, we define the functions f*,g* : [0,1] x Rt — Rt f*(t,x) = o JhaAX ft,u,v), g*(t, )

0 J0AX g(t,u,v),t € [0,1],2 € RT. Then f(t,u,v) < f*(t,z),9(t,u,v) < g*(t,x) for all t € [0,1],u

0,v > 0 and u + v < x. The functions f*(¢,-),g*(¢,-) are nondecreasing for every ¢t € [0, 1], and satisfy
the conditions

V

*(t *(t
lim sup max (¢, 2) < [, lim sup max (¢, 2) < g*=.

r—oo t€[0,1] x rz—oo t€[0,1] x

Therefore, for £ > 0, there exists R4 > 0, such that for all z > Ry and t € [0, 1], we can get

*(t *(t
Irtx) < limsup max It )
x r—o0 t€[0,1] x

*(t *(t
g'(t,2) < limsup max gtz
x r—o0o t€[0,1] x

so f*(t,x) < (f* +e)x,g"(t,x) < (9% + ).
We consider Ry > R4+ Rs and define the set Q4 = {(u,v) € Y, ||(u,v)|ly < Ra}. Let (u,v) € PNOQy,
that is (u,v) € P with ||(u,v)|y, = R4 or equivalently |lu|| + ||v|| = R4. By the definition of f*, g*, we

can get for all ¢ € [0, 1],

[ u(t),v(t) < 7@ Hw0)lly), — g(t uld),v(t)) < g™ (& [[(u, v)]ly). (3.6)

+e< fP+e,

+e<g¥+e,

Thus
1 (u, 0)(t) :)\/O Gr(t, 5) £ (s, uls), v(s))ds < )\/0 Cr(1, )£ (&, | (1w 0) |y )ds
<\ / G1(1,8)(/ + &) Rads = A(f +¢) / G1 (1, 5)dsl|(u, )|y

1 1
Sf/ G1(L, 8)ds|(uw, v)lly < en[[(w, )]y -
2.Jo

Therefore, ||T7(u,v)|| < a1 ||(u,v)]|y -
Similarly, we have

Ta(u, v)(t) < p(g™ +€)/O Ga(1, s)ds||(u, v) [y <az|[(u, v)]y -

So, || Tz (u, v)|| < ez [|(w, 0)]y -
Then for(u,v) € PN 0y, we deduce
1T (w, v)lly = [Ty (u, 0) || + [ To(u, v) || < (1 + a2)|[(w, 0) [y = [[(u, v) ||y

By using Lemma 2.6, we conclude that T has a fixed point (u,v) € PN (94 \ Q3) such that Ry <
l[ull + llvf] < Ra.
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4 Example

Example 4.1. Consider the following system of fractional differential equations

CD%()—kAf(t, (), 0(t) =0, 0<t<l,

‘D’ o(t) + pg(t,u(t), v(t) =0, 0<t<1, (4.1)
u(0) = u/'(0) = u"(1) = u"(0) =0,

v(0) = v'(0) = v"(1) = v"(0) = 0,

_7 g_ 10
In the system (4.1), « = 3,3 = 5 and

u
u

(t+ Dlp1(u+v) + gre” ] (u + v)

t
tu0) = e ,
t 1 2 —(u+v)
o) (Dt ) ek o)
u+v+1

for t € [0,1],u,v > 0, where p1,p2,q1,¢2 > 0.
We deduce L; =~ 70‘%0107,L2 ~ 02902 7. o 00007 '~ 0‘21220. We have f0 = 2¢1,¢° = 4qa, foo =

ay az
P15 Joo = P2. For aq,as > 0 with a1 +as =1, We con81der o) = aq, gy = Qs.

Then, the conditions Lllfoo <4 f(, and < 0 g become

L39

Lipi > 2Laqu, Laps > 4L4qs.

For example, if P > 830 and P2 > 1783, then the above conditions are satisfied. Therefore, by Theorem
q1 q2
3.1, there exists one positive solution (u(t),v(t)),t € [0,1].

References

[1] C. Bai, J. Fang, The existence of a positive solution for a singular coupled system of nonlinear
fractional differential equations, Appl. Math. Comput. 150 (2004) 611-621.

[2] Z. Bai, H. Lii, Positive solutions for boundary value problem of nonlinear fractional differential
equation, J. Math. Anal. Appl. 311 (2005) 495-505.

[3] Z. Bai, T. Qiu. Existence of positive solutions for singular fractional differential equation. Appl.
Math. Comput. 215 (2009) 2761-2767

[4] S. Das, Functional Fractional Calculus for System Identification andControls, Springer, New York
(2008).

[5] W. Feng, S. Sun, Z. Han, Y. Zhao, Existence of solutions for a singular system of nonlinear fractional
differential equations, Comput. Math. Appl. 62 (2011) 1370-1378.

[6] D. Guo, J. Sun, Z. Liu, Functional Methods in Nonlinear Ordinary Differential Equations, Shandong
Science and Technology Press, Jinan, 1995 (in Chinese).

[7] J. Henderson, R. Luca, Positive solutions for a system of nonlocal fractional boundary value problems,
Fract. Calc. Appl. Anal. 16 (2013) 985-1008.

[8] 1. Podlubny, Fractional Differential Equations, Academic Press, SanDiego (1999).

[9] S. Zhang, Positive solutions for boundary value problems of nonlinear fractional differential equa-
tions, Elect. J. Diff. Equ. 36 (2006) 1-12.

[10] Y. Zhao, S. Sun, Z. Han, W. Feng, Positive solutions for a coupled system of nonlinear differential
equations of mixed fractional orders, Adv. Diff. Equ. 2011 (2011) 1-13.

551 Xiaofeng Zhang et al 544-551



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

A COMMON FIXED POINT THEOREM FOR A PAIR OF GENERALIZED
CONTRACTION MAPPINGS WITH APPLICATIONS

MUHAMMAD NAZAM, MUHAMMAD ARSHAD, AND CHOONKIL PARK*

ABSTRACT. In this article, we introduce abscissa dominating function F : [0,00)? — R and define
a generalized (o, T, 1, p)-contraction mapping which retrieves Banach’s contraction, Geraghty type
contraction and weak contraction as particular cases. We establish a common fixed points theorem
for a pair of generalized (o, F, 1, p)-contraction mappings in complete partial metric spaces and apply
this theorem to show the existence of solution of system of integral equations. This result and its
consequences generalize many existing results both in partial metric spaces and metric spaces. We
give examples to illustrate our results and to express the usefulness of these results in the literature.

1. INTRODUCTION

A partial metric on a nonempty set X is a function p: X x X — [0, 00) such that

(p1) z =y« p(z,z) =p(r,y) = pY,Y),

(p2) p(z,z) < p(z,y),
(p3) p(z,y) = p(y,z),
(pa) p(z,y) < p(z,2) +p(2,y) — p(2, 2).

Partial metrics were introduced in [12] as a generalization of the notion of metric to allow non-zero
self distance for the purpose of modeling partial objects in reasoning about data flow networks. The
self distance p(z,x) is to be understood as a quantification of the extent to which z is unknown. A
partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.
Matthews [12] proved an analogue of Banach’s fixed point theorem in partial metric spaces. After
this remarkable fixed point theorem, many authors took interest in partial metric spaces and its
topological properties and established many well known fixed point results successfully (see [1, 2, 3,
4,5,6, 7,8, 11)).

In this paper, continuing the study of fixed point theorems in partial metric spaces, we shall
establish a common fixed points theorem for a pair of generalized (o, F, 1), p)-contraction mappings
and shall discuss its consequences. The result proved in this paper generalizes many existing results
in the literature (see [5, 7, 8, 14]). We explain hypotheses of our result through an example. In
the last section of this paper, we apply this theorem to show the existence of solution of system of
integral equations.

2010 Mathematics Subject Classification. Primary: 47TH09; 47H10; 54H25.
Key words and phrases. common fixed points; generalized contraction mapping; partial metric space.
*Corresponding author.
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M. NAZAM, M. ARSHAD, AND C. PARK

2. PRELIMINARIES

Throughout this paper, we denote (0,00) by R*, [0,00) by Ry, (—oc, +00) by R and the set of
natural numbers by N. Following concepts and results will be required for the proofs of main results.
Matthews [12] proved that every partial metric p on X induces a metric dp : X x X — Rar by

dp (z,y) = 2p (z,y) —p(z,2) —p(y,9), (2.1)
for all z,y € X.

Notice that a metric on a set X is a partial metric p such that p(x,z) = 0 for all z € X. Following
[12], each partial metric p on X generates a Tj topology 7(p) on X. The base of the topology 7(p) is
the family of open p-balls { B, (x,€) :z € X, € > 0}, where B, (z,¢) ={y € X : p(z,y) < p(x,x) + €}
for all z € X and € > 0.

A sequence {z,}nen in (X, p) converges to a point x € X if and only if p(z, x) = lim,, 00 p(z, ).

Definition 1. [12] Let (X, p) be a partial metric space.

(1) A sequence {zp}nen in (X, p) is called a Cauchy sequence if limy, ;00 P(@n, Tm) exists and
is finite.

(2) A partial metric space (X, p) is said to be complete if every Cauchy sequence {xy, }nen in X
converges, with respect to 7(p), to a point x € X such that p(x, x) = limy, ;00 P(Tn, Tm)-

Definition 2. [15] Let S : X — X and o : X x X — R} be two functions. Then S is said to be
a-admissible if
a(z,y) > 1 implies a(S(x),S(y)) > 1V z,y € X.

Definition 3. [10] Let S: X — X and o : X x X — R be two functions. Then S is said to be a
triangular a-admissible mapping if

(1) e(z,y) > 1 implies a(S(z), S(y)) = 1,

(2) a(z,z) > 1 and a(z,y) > 1 imply a(z,y) > 1
for all z,y,z € X.
Definition 4. [1] Let 5,7 : X — X and a: X x X — R{ be two functions. The pair (9, 7) is said

to be triangular a-admissible if

(1) a(z,y) > 1 implies a(S(z),T(y)) > 1 and «
(2) a(z,z) > 1 and a(z,y) > 1 imply a(z,y) >

for all z,y,z € X.

(T'(x),5(y) = 1,
1

The following lemma will be helpful in the sequel.

Lemma 1. [12]

(1) A partial metric space (X, p) is complete if and only if the metric space (X, d,) is complete.

(2) A sequence {xy,}nen in X converges to a point x € X, with respect to 7(dp) if and only if
lim, o0 p(f’% xn) = P(JUa 1") = liInn,m—)oo p(xn, xm)

(3) If lim,, 00 2, = v such that p(v,v) = 0 then lim, o p(zn,y) = p(v,y) for every y € X.
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GENERALIZED CONTRACTION MAPPINGS

Lemma 2. [5] Let S : X — X be a triangular a-admissible mapping. Assume that there exists
xo € X such that a(zg,S(zg)) > 1. Define a sequence {x,} by xp+1 = S(z,,). Then we have
Ty, ) > 1 for all m,n € NU {0} with n < m.

Lemma 3. [1] Let S,7 : X — X be triangular a-admissible mappings. Assume that there exists
xo € X such that a(xo, S(zg)) > 1. Define sequence x9; 41 = S(x9;), and x9;+0 = T(x2i+1), where
1 =0,1,2,..... Then we have a(xy, zy,) > 1 for all m,n € NU {0} with n < m.

Definition 5. A continuous function F : [0,00)? — R is called an abscissa dominating function if for
any u,v € ]Rar , the following conditions hold:

(1) Flu,v) <w,

(2) If F(u,v) = u, then either w =0 or v = 0.

An extra condition F(0,0) = 0 could be imposed in some cases if required. Let A. denote the class
of all abscissa dominating functions.

Example 1. (1) F(u,v) =u—wv.
(2) F(u,v) = ru, for some r € (0,1).

(3) F(u,v) = ﬁ for some r € (0, 00).
(4) F(u,v) = IO%Y_:—C;), for some a > 1.
v

1

(5) Flu,v) = (u+ 1)1+ _1 151 for r € (0, 00).
(6) F(u,v) = upf(u), where B R+ — [0,1). and continuous.

(7) F(u,v) = un—1/? I

\f—l-vj

Let ® denote the class of the functions ¢ : Rar — Ra“ which satisfy the following conditions:

(a) ¢ is continuous;
(b) ¢(t) > 0,t >0 and ¢(0) > 0,
and ¥ denote the class of all the functions ) : Rar — Rar which satisfy the following conditions:

(1) % is increasing;
(2) ¥(t) > 0,t >0 and ¢(t) =0 imply ¢t = 0.

3. MAIN RESULTS

This section contains definitions, a common fixed point result for a pair of generalized (o, F, 1, )-
contraction mappings in the setting of partial metric spaces and examples to support this result. We
begin with following definitions.

Definition 6. Let (X,p) be a partial metric space and o : X x X — [0, 00) be a function. Mappings
S, T : X — X are called a pair of generalized («, F, 1, ¢)-contraction mapping if for all z,y € X, the
contractive condition

a(z, y)y (p(S(2), T(y))) < F(p(M(x,y)), p(M(x,y))) (3.1)
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holds, where F € A, € ¥, p € & and

p(x, S(x))p(y, T(y)) plx,S(x))p(y, T(y)) }
L+p(xy) 7 1+p(S),T(y) |

If we set S =T in (3.1), then we obtain the following contractive condition

oz, y) (p(T(x),T(y))) < F(N(z,y)), o(N(z,y))),

M(z,y) = max {p(x, Y),

where

p(@, T (x))p(y, T(y)) p(fﬁvT(ﬂc))p(y,T(y))}
L+p(zy) 7 14+p(T(x),T(y) |
The following theorem is one of the main results.

N(z,y) = max {p(:ﬂ, Y),

Theorem 1. Let (X, p) be a complete partial metric space, o : X x X — R(')F be a function. Suppose

that S, T : X — X are continuous mappings satisfying the following conditions:

(1) (S,T) is a pair of (a,F, 1, p)-contraction mappings,

(2

(3
(4

Then

(S,T) is triangular a-admissible,
there exists xo € X such that a(xo, S(zo)) > 1,
a(z,y) > 1 for all z,y € Fiz(T,S).

S, T) have a unique common fized point.

—~ — — —

Proof. We begin with the following observation. M (z,y) = 0 if and only if x = y is a common fixed
point of (S,7T). Indeed, if x = y is a common fixed point of (S,T"), then T(y) = T(x) =x =y =
S(y) = S(x) and

p(ac,a;)p(x,x) p((]j7f1}‘)p(x7x)} :p(x,x)

M (z,y) = max {p(%l‘)? 1+p(z,z) * 1+p(z, )

From the contractive condition (3.1), we get

Y (p(x,z)) =¥ (p(S(7),T(y))) < a(z,y)¢ (p(S(x), T(y))) <F (W (M(z,y)), ¢ (M(z,y))),

which is only possible if p(z,z) = 0. So M(z,y) = 0.

Conversely, if M(z,y) = 0, then by (P1) and (F) it is easy to check that = = y is a fixed point of
S and T.

On the other hand, if M (z,y) > 0, we construct an iterative sequence z,, of points in X such a way
that z9;41 = S(x9;) and x9; 492 = T(x2;+1) where i = 0,1,2,.... We observe that if x,, = z,,4+1, then
Zn is a common fixed point of S and T'. Suppose that z, # x,41 for all n > 0. Since a(zg,z1) > 1
and the pair (S,7) is a-admissible, by Lemma 3, we have

Xy, Tpy1) > 1 for all n € NU {0}. (3.2)
Thus, for F € A., we have

Y (p(x2541, T2i42)) = ¥ (P(S(x2:), T(r2i+1))) < (@, T2i41)v (p(S(r2:), T(22i41)))
F (¢ (M (22i, 2i11)) , 0 (M (224, 22i11)))

IA

for all i € NU{0}.
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Now
p(w2;, S(w2;))p(22i41, T(22i41))
T2, T2
P(@2i, T2i1), 1+p(332i;332i+1)
p(xzz, (x22)) (£U2z+1, ($2i+1
L+ p(S(z2:), T(72i41))

p(l‘zz, $2z+1)P($2i+1, $2i+2) p($2i, 1?2i+1)p(902z’+1, =’L‘2i+2) }

Y

M (29, x2i41) = max

= maxq plx2i, T2%+1 ’
{ ( i H—) 1+p(:132i,$2i+1) 1+p(:c2i+1,:c2i+2)

< max {p(w2i, 2i+1), P(T2i41, T2it2)} -
From the definition of F, the case M (z2;, x2i+1) = p(T2i+1,%2i+2) is impossible. Indeed, if z9;11 #
T2;i+2, then
VY (p(r2i41, 22i42)) < F (0 (M (w2, w2i11)) , 0 (M (224, 22i11)))
< (M (25, w2i41)) = ¥ (p(22i41, T2i42))
)

which is a contradiction. Therefore, M (z2;, 2;1+1) = p(22i, 2i+1). Thus

U (p(x2ig1, T2iv2)) < F (P (M (220, 22i11)) 0 (M (223, 2241)))

< F @ (p(22i, 22i41)) » ¢ (P((220, 22i41)) < ¥ (P(22, 22i41)))
and so

¥ (P(22i41, T2iv2)) < ¥ (220, T2i41)) -
The definition of ¢ implies that

P(T2i41, Tait2) < p(@2i, Tait1)-
Thus
P(Tnt1, Tnt2) < p(Tn, Tny1), for all n e NU{0}. (3.3)

Hence we deduce that the sequence {p(2n,Zni1)},cn i nonnegative and nonincreasing. Conse-

quently, there exists r > 0 such that lim, oo p(@n, zny1) = r. We assert that » = 0. Suppose, on
contrary, that » > 0. If » > 0, then letting n — 400 in the following inequality

Y (P(Tns1, Tny2)) < F (@ (0(@n, Tnt1)) s @ (P((Tn; Tna1))) < ¥ (p(2n, Try1)) (3.4)
we get
P(r) SF((r),¢(r)) <(r),

which is a contradiction. Thus » = 0. Hence

lim p(zp—1,2z,) =0. (3.5)

n=+oo
Now, we claim that the sequence {z,} is a Cauchy sequence in (X, p). Suppose, on contrary, that
{z} is not a Cauchy sequence. Then limy, 00 P(Zn, Tm) # 0 and there exists € > 0 for which we can
find two subsequences {x,, } and {z,, } of {z,} such that my, is the smallest index for my > n; > k
satisfying

P(Tmy,, Tny) > €. (3.6)
This means that

p(ajmk’xnk—l) < €. (3.7)
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By the triangle inequality, we have

€ é p($mk7xnk)
p(xmk7x”k71) + p(xnk—1 ) xnk) - p(xnk,l ) xnk,l)
p(‘rmmxnkq) +p(xnk_1vwnk)

€ +p(xnk_17xnk.)-

AN VAR VAN

That is,
€< €+ p(Tn, ;s Tn,) (3.8)
for all £ € N. In the view of (3.8), (3.5), we have

im p(@m,,,Tn,) = €. (3.9)
k—o00
Again using the triangle inequality, we have

p(xmwwnk) < p(xmk7‘rmk+1) +p(xmk+1=xnk) _p(xmk+17mmk+1)

< p(xmk7xmk+1) p(xmk+1’xnk)

< P@mys Togyr) + 2@ Tngn) + P(@ngeyrs Tng) = DTy Ty )

< p(xmk7xmk+1) p(xmk+17$nk+1> +p(1’nk+17xnk)

and
P( Tyt Trgr) S P( Ty Tmy) + 2Ty, Togy) — P(Tmy, > Tmy,)
< p(mel,xmk) + p(fL’mk,.’EnkH)
< (@ Tmy,) F P( Ty, Ty ) + P(Tny, Togy ) — P(Tny,, Tny,)
< p(xmk+17xm ) + D(Tmys Tny) + P( Ty Ty, )-
(

k
Taking the limit as K — +oo and using (3.5) and (3.9), we obtain

kEﬂI_l p(xmk+1’$nk+1) =€ (3'10)

> 1, we have

P(S (@), T(Tmyin)) < (@ Ty )V (P(S (@), T (T )
¢ (M($nk7mmk+1)) P (M(xnlw xmk+1))) :

This implies that limy o p(Zn,, Ty, ) = 0 < €, which is a contradiction. So limy ym 00 P(Tn, Tm) =
0, which implies that {z,} is a Cauchy sequence in (X, p). From (2.1), we obtain that dp(z,, zm) <
2p(2n, Tm). Therefore, limy, ;m—o00 dp(Zn, Zm) = 0 and thus by Lemma 1, {z,} is a Cauchy sequence in
both (X, p) and (X, d,). Since (X, p) is a complete partial metric space, by Lemma 1, (X, d)) is also
a complete metric space. Thus there exists v € X such that z, — v, that is, lim,,_,o dp(zp,v) = 0.
Then again from Lemma 1, we get

By Lemma 3 and a(zy,, Zm,_,

)
¢(p(xnk+17xmk+g)) = 9
F

<

A/\

lim p(v,z,) =p(v,v) = lLm p(zy, Tm). (3.11)

n—oo n,Mm—00

Due to limy, ;00 P(Zn, Zm) = 0, it follows from (3.11) that p(v,v) = 0 and {x,} converges to v with
respect to 7(p). Moreover, x9,+1 — v and 2,412 — v. Now the continuity of T implies

v= lim x, = hm Tont1l = hm ZTonto = lim T(xop41) = T'( lim z9p41) = T'(v).
n—oo n—oo n—oo
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Analogously, v = S(v). Thus we have S(v) = T'(v) = v. Hence (S,T") have a common fixed point.
Now we show that v is the unique common fixed point of S and T. Assume the contrary, that is,
there exists w € X such that v # w and w = T'(w). From the contractive condition (3.1), we have

¥ (p(v,w)) < F (¥ (M(v,w)), ¢ (M(v,w))) < (M(v,w)),
but

M(U,w):max{p(v,w)7p(U7S(U))p(w’T(w)) p(v, S(v))p(w, T(w))}'

)
L+pv,w) 7 1+p(S(v), T(w))
This implies that
M(v,0) = p(v,).
This means that p(v,w) < p(v,w), which is a contradiction and so p(v,w) = 0. Consequently, v is a
unique common fixed point of the pair (S, T). O

It is also possible to remove the continuity of the mappings S and 7" by replacing a weaker condition:
(C) If {x,} is a sequence in X such that a(x,,zp+1) > 1 for all n € NU{0} and z,, - v € X as
n — 400, then there exists a subsequence {z, } of {z,} such that a(z,,,v) > 1 for all k.

Theorem 2. Let (X,p) be a complete partial metric space and o : X x X — ]Rar be a function.
Suppose that S, T : X — X are mappings such that

(1) (S,T) is a pair of (o, F, 1, p)-contraction mappings,

(2) (S,T) is triangular c-admissible,

(3) there exists xo € X such that a(xo, S(xo)) > 1,

(4) a(z,y) > 1 for all z,y € Fiz(T,S),

(5) (C) holds.

(

Then (S,T) have a unique common fized point.

Proof. Following the proof of Theorem 1, we know that x2,11 — v and x99 — v as n — +0o0. We
only have to show that v is a common fixed point of the pair (S,7"). Due to the hypothesis (4), there
exists a subsequence {z,, } of {z,} such that a(z2,,,v) > 1 for all k. Now by using (3.1) for all k,
we have

¥ (P(@2n, 41, T()) = 2 (p(S(220,), T ) @nk, )Y (P(S(220,.), T(v)))
v)))

IA
=
=
E
8
[~}

S

©
i
5‘2
5

and so

which implies that
p(xan+17T(U)) < M(x2nk7U)~ (312)
On the other hand, we obtain

P(@2ny, S(220,))P(0, T(0)) P(22ny, S(22n,))p(v, T (v)) } '

M N - Nk ) ’
(T2n,,v) = max {p(m 5 V) 1+ p(azn,, ) 1+ p(S(wan, ), T(v))

Letting k£ — oo, we have

lim M (z2p,,v) < max {p(v, S(v)),p(v,T(v))}. (3.13)

k—o0
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Case I. Assume that limy_,oo M(22,,,v) = p(v,T(v)). Suppose that p(v,T'(v)) > 0. Otherwise,
the result is obvious. Letting k¥ — oo in (3.12), we obtain that p(v,T(v)) < p(v,T(v)), which is a
contradiction. Thus we obtain that p(v, T'(v)) = 0. Due to (PM1) and (PM2), we have v = T'(v).

Case II. Assume that limg_,oo M (22y,,v) = p(v, S(v)). Then arguing as above, we get v = S(v).
Thus v = T'(v) = S(v). O

p(x, S(x))p(y, S(y)) plz,S(x))p(y, S(y))
L+pz,y) 7 1+p(S(x),S(y))

If we set T'=S and M(z,y) = max {p(m,y), } in Theo-

rems 1 and 2, then we obtain the following results.

Corollary 1. Let (X,p) be a complete partial metric space and a : X x X — Rar be a function.
Suppose that S : X — X is a continuous mapping such that

(1) S is a (a,F, ¢, p)-contraction mapping,

(2) S is triangular o-admissible,

(3) there exists xg € X such that a(xg, S(zg) > 1,

(4) a(z,y) > 1 for all z,y € Fiz(S).
Then S has a unique fixed point v € X and {S™(x)} converges to v for every x € X.

Corollary 2. Let (X,p) be a complete partial metric space and o : X X X — Rar be a function.
Suppose that S satisfies the following conditions:

(1) S is a (o, F, 9, @)-contraction mapping,

(2) S is triangular a-admissible,

(3) there exists xg € X such that a(xg, S(xg)) > 1,

(4) a(z,y) > 1 for all z,y € Fix(S),

(5) (C) holds.

Then S has a unique fized point v € X and {S™(x)} converges to v for every x € X.

Remark 1. For a partial metric space (X,p), we have the following observations:

(1) If we set p(z,x) = 0 and F(z,y) = B(x)x for all x,y € X in Corollaries 1 and 2, then we
obtain the results presented by Chandok [4].

(2) If we set M (z,y) = max{p(z,y),p(z,S(x)),p(y,S(y))}, p(x,z) =0 and F(z,y) = B(x)x for
all z,y € X in Theorems 1 and 2, then the results presented by Cho et al. [5] can be viewed
as particular cases of Theorems 1 and 2.

4. CONSEQUENCES

The following corollaries shall support our claim that Theorem 1 is a generalized version of many
corresponding results and shorten the proofs of many results presented in the literature.
The results established in [14] can be viewed as particular cases of Corollary 3.

Corollary 3. ([14]) Let (X,p) be a complete partial metric space and o : X x X — Ry be a function.
Let S,T : X — X be a pair of self-mappings such that

(1) (S,T) is a pair of Geraghty type contraction mappings,
(2) (S,T) is triangular a-admissible,
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(3
(4
(5
Then

there exists xo € X such that a(xo, S(zo)) > 1,
a(z,y) > 1 for all z,y € Fiz(T,S),
either S, T are continuous or the condition (C) holds.

—~ — — ~—

S,T) have a unique common fized point v in X with p(v,v) = 0.
Proof. Setting F(z,y) = z5(x), ¥(t) =t, ¢(t) =t in Theorem 1, we obtain the required result. [
Corollary 4. ([14]) Let (X, p) be a complete partial metric space and v : X x X — Ry be a function.
Let S,T : X — X be a pair of self-mappings such that

(1) the pair (S,T) satisfies

a(z,y)p(S(x), T(y)) < kM(z,y) where k € (0, 1),

(2) (S,T) is triangular a-admissible,
(3) there exists xg € X such that a(xo, S(xo)) > 1,
(4) a(z,y) > 1 for all z,y € Fiz(T,95),

(5) either S, T are continuous or the condition (C) holds.
Then (S,T) have a unique common fized point v in X with p(v,v) = 0.

Proof. Setting F(z,y) = kz, ¥(t) =t, p(t) =t in Theorem 1, we obtain the required result. O
Corollary 5 generalizes the results proved in [13].

Corollary 5. ([13]) Let (X,p) be a complete partial metric space and v : X x X — Ry be a function.
Let S, T : X — X be a pair of self-mappings such that

(1) the pair (S,T) satisfies
a(z,y)P(p(S(z), T(y))) < P(M(z,y)) — o(M(z,y)),

(2) (S,T) is triangular a-admissible,

(3) there exists xg € X such that a(xg, S(x)) > 1,

(4) az,y) > 1 for all z,y € Fiz(T,S),

(5) either S,T are continuous or thecondition (C) holds.
(

Then (S,T) have a unique common fized point v in X with p(v,v) = 0.
Proof. Setting F(z,y) = x — y in Theorem 1, we obtain the required result. ([

To illustrate the results proved in this paper and to show the superiority of a pair of («,F, 1, )-
contraction mappings than the contractions used in [4, 5], we present the following example.

Example 2. Let X = {1,2,3}. Define p: X x X — R by

5 1 2 3
1,3) = 3;1)==,p(1,1) = —,p(2,2) = —,p(3,3) = —
p(1,3) p(3,1) = 7 p(1,1) = 55,0(2,2) = 15,9(3,3) = 35,
3 4
p(1,2) = p(2,1)= ?,p(2,3) =p(3,2) = -
It is easy to check that p is a partial metric and define v : X x X —>R0+ by

oz, y) = 1 ifz,yeX;
'Y= 0 if otherwise.
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Define the mappings S, T : X — X as follows:

S(z) = 1 foreach =€ X,
T1) = T@B)=1, T(2) =3.

In addition, define F(z,y) = 8(z)z for all z € X, where 8 : Rf — [0,1) defined by 8 (M (z,y)) =

9
10 for all x,y € X. Note that S(z) and T'(x) belong to X and are continuous. The pair (S,T) is

a-admissible. Indeed, a(z,y) = 1 implies a(S(z), T (y)) = 1. We shall show that the condition (3.1)
in Theorem 2 is satisfied. If x = 2, y = 3, then «(2,3) =1 and

p(2,5(2)pB3,T(3)) p(2,5(2)p(3,T(3)) }
1+p(2,3) 7 14p(5(2),7(3))

S S A G
N 7720714 14’

p(S(2), 7)) =p(1,1) = 1o Now

M(2,3) = max{p(?,?)),

& =a(2,3)p(S(2), T(3)) < AM(2,3)M(2,3) = 1o
holds.

Similarly, for other cases (x =1, y = 3 and x = 2, y = 1), it is easy to check that the contractive
condition (3.1) in Theorem 1 is satisfied. Consequently, all the conditions (1-4) of Theorem 1 are
satisfied. Hence (S,7") have a unique common fixed point (x = 1). Nevertheless, the contractive
condition (3) in [5] does not hold for this particular case. Indeed, for z = 2, y = 3,

M(2,3) = max{d(2,3),d(2,T(2)),d3,T(3))}
B 445 5
= max{7’7’7}—7’

5,9
a(2,3)d(T(2), T(3)) = o £ 1, = BIM(2,3))M(2,3).
Similarly, the contractive condition (2.1) in [4] does not hold for this particular case. Indeed, for

x=2,y=3and ¢(t) =t,

M(2,3) = max{d(z,s),d(2,T(2)),d(3,T(3)),d(z’m))d(?”T(?’)) d(Q’T(z))d(?”m))}

1+d(2,3) ' 1+d(T2,T3)

4452 5 5
= max{ —,—,—,—, — p = —
Nrrrrroal T T

) 9

a(2,3)9 (d(T(2),T(3))) = o £ 75 = P (M(2,3)) ¥ (M(2,3)).

Here we have assumed that p(x,y) = d(z,y) for all z,y € X such that z # y.
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5. APPLICATION TO SYSTEM OF INTEGRAL EQUATIONS

In this section, we shall apply Theorem 1 to show the existence of solution of a pair of simultaneous
Volterra-Hammerstein integral equations

x(t):f(t)Jr)\/O K(t, 5)Fu(s, (s)) ds, (5.1)

1
y(t) = F(£) + A /0 K (t, 8)Go(s. y(s)) ds (5.2)

for all t € [0,1], where f(t) is known, K(t,s), F,(s,z(s)) and Gy (s,y(s)) are real-valued functions
that are measurable both in ¢ and s on [0,1], and A is a real number.
Let X = L'([0,1],R) and p(x,y) = d(z,y) + ¢, for all z,y € X, where

1
d(z,y) = llz(s) —y(s)llx = /0 |z(s) —y(s)| ds

and {c,} is a sequence of positive real numbers satisfying ¢, — 0 as n — oo. It is easy to verify that
(X, p) is a complete partial metric space. We define I : [0, 00)? — R by F(z,y) = B(z)z for all z € X
and ¥(t) =

Let © represent the class of functions ¢ : ]RSr — RE{ with the following properties

(1) ¢ is increasing,

) ¢

(2) For each t > 0, ¢(t) < t,
(3)
)

3) Ji o dt<q§<f0tdt)
(4) B(t) =4 € 5.
For examples, ¢(t) = +t, (t) = m are elements of O.

Now we present the main result regarding application of Theorem 1.

Theorem 3. Assume that the following hypotheses are satisfied:

(C1)
1
/ sup |K(t,s)| dt = Ry < +o0.
0 0<s<1

(Co) F,G € L'[0,1] are such that, for all s € [0,1] and x,y € L'[0,1],
[Fn(s,2(s)) = Gn(s,y(s))] < d(x(s) —y(s)), asn — oc.

Then the system of integral equations (5.1) and (5.2) has a solution for each \ with ARy < 1.

Proof. We define the operators, for all =,y € X,

1
Sxz(t) = f(t) + )x/o K(t,s)Fy(s,z(s)) ds,

1
Ty(t) = SO+ A [ K(t9)Gu(s.(5) ds

562 MUHAMMAD NAZAM et al 552-564



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

M. NAZAM, M. ARSHAD, AND C. PARK
Then S and T are operators from X into itself. Indeed, we have

1
Sa| < 1F(0)]+ N /0 (K (¢, 5)Fu(s, 2(s))| ds

1
< [fBOI+ Al sup \K(t>8)|/ [ Fn(s,x(s))| ds.
0<s<1 0
By the assumptions (C}) and (Cg), we obtain

/ |Sz|dt < || sup ]Kts\dt/ | Fo (s, 2( ]ds+/ |f(t)] dt < +o0.
0 0<s<
This implies that Sx € X.
Similarly Ty € X.
Now consider
p(Sz,Ty) = d(Sz,Ty)+c,
= [[Sz =Tyl +cn

1
_ /O|Sx(t)—Ty(t)|dt+Cn

1 1 1
)\/ K(t,s)Fn(s,x(s))ds—/\/o K (L, 5)Gn(5,y(s)) ds| dt + e

dt + ¢,

/ K(t,8) [Fa(s,2(5)) — Gn(s, y(s))] ds

IN

I\l sup |K(t,s |dt/ |F (s, x( Gn(s,y(s))| ds+ cn
0 0<s<1

for all z,y € X.
Letting n — oo, we get

p(Sr.Ty) < |\R / b (|2(s) - y(s)]) ds
NR16 (d(z,y)) < 6 (d(z,y)) < 6 ().

IN

Thus
p(S2.Ty) < ¢<p<x,y>>s¢<M<x,y>>—wa,y),

p(Sz,Ty) < B(M(z,y)) M(z,y)
for all z,y € X.
Finally, we define oo : X x X — RS’ by

(2,y) = 1 ifx,y € X;
ALY =N 0 otherwise.

Hence, for all z,y € X, we have

a(z,y)v (p(S(z), T(y))) <F (@ (M(z,y)), ¢ (M(z,y))) -

Apparently, a(x,y) = 1 and a(y, z) = 1 imply «(z,z) =1 for all z,y,z € X. Moreover, a(x,y) = 1
(y

implies a(S(x),T(y)) = 1 and a(T'(x),S(y)) = 1 and so (S,7T) is a triangular a-admissible pair of
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mappings. Hence all the hypotheses of Theorem 1 are satisfied. Consequently, the mappings .S and T
have a common fixed point which is the solution of system of integral equations (5.1) and (5.2). O

6. CONCLUSION

This paper presents a common fixed point theorem for a pair of generalized («, I, 1, ¢)-contraction
mappings. The presented theorem not only generalizes and improvea many new and classical results
in fixed point theory but also proves a short method to show the existence of fixed points. The
authors believe that the use of abscissa dominating function to find fixed points of various contraction
mappings makes significant and useful contribution in the existing literature.
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Inner-outer factorization on the
Nevanlinna space in a strip

Cuiqiao Wang, Guantie Deng*, Huaping Huang

School of Mathematical Sciences, Beijing Normal University, Laboratory of Mathematics and Complex
Systems, Ministry of Education, Beijing, 100875, China

Abstract In this paper, we prove a famous harmonic majorant lemma, and by applying this
lemma to log™ | f|, we claim that log™ | f| has indeed a harmonic majorant for every function f
in the Nevanlinna space in a strip instead of the usual assumption on log™ | /| having a harmonic
majorant in the same setting. By using the conformal mapping from a strip onto the unit disk
and the inner-outer factorization theorem on the Nevanlinna space in the unit disk, we obtain
an inner-outer factorization theorem on the Nevanlinna space in such a strip.

Key words Nevanlinna space; strip; inner-outer factorization; harmonic majorant

1 Introduction

Let C be the complex plane. We denote the unit disk {z € C : |z| < 1} by U and its
boundary by 0U. Let H(U) be the space of all holomorphic functions in U. For 0 < p < oo,
the Hardy space HP(U) (see [1-3]) is the set of f € H(U) for which

™

1 )
1£IP = sup — [ |f(re?)|PdO < co.

0<7‘<12 —r

The Nevanlinna space H(U) (see [1-3]) is the set of f € H(U) for which

1 [" ‘
10 = sup exp { - [ tog |77 | < o

0<r<1

Let €% be a point of OU. We write lim,_, i, f(2) = A nontangentially if for every open
triangular sector D in U with vertex at e, f(z) — A as z — €™ within D.
For a sequence {z,} in U satisfying > (1 — |z,|) < oo, the following function

‘Zn‘ Zn —
H 2n(1 — 27,) (1.1)

is called a Blaschke product, where k is a nonnegative integer. Note that {z,} may be finite,
or even empty. If {z,} is empty, then denote B(z) = 2*.

*Corresponding author.
Email addresses: bnuwcq@hotmail.com, denggt@bnu.edu.cn, mathhhp@163.com
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A function g € H(U) is said to be an inner function if it is bounded and has nontangential
limit whose modulus is 1 almost everywhere on JU. The following function

S(2) = exp {— ! /ﬂ « +Zdu(t)} (12)

2 J_, et — 2z

is called a singular inner function, where p(t) is a bounded nondecreasing singular function.
One can show that every inner function has a factorization ¢ B(2)S(z), where B(z) is from
(1.1), S(z) is from (1.2). For more details on inner function, we refer to [4-8].

A function h € H(U) is called an outer function if there exists a positive function ¢
with log ¢ € L'(9U) and a complex number ¢ with |¢| = 1 such that

1 T it )
h(z) = cexp {—/ €tz log gp(e”)dt} :

it
2 J_ et —z

Let Sy ={z+iy: 2 € R,0 <y < a}(a>0)be astrip in C. We denote its boundary by
0S, = LoJ Lo, where L, = {t +ib:t € R} (b€ R). Let H(S,) be the space of all analytic
functions in S,. The Nevanlinna space H°(S,) is the set of f € H(S,) with

1 o
[fllz0 = sup eXp{%/ log+|f(:r+iy)|da:} < 0.

0<y<a —o0

If « >0 and zyg = xg + iyp € 9S,, then the angular domain in S, with vertex zo and
aperture a > 0 is the region

Co(z0) ={z+iy € Sy : |x — 0| < aly — vol }-

Let . (R) be the set of finite complex valued Borel measures, then .# (R) is a Banach
space with the norm [|ull., = [ d|p|(x), where |u| is the total variation of p € .#(R).
Moreover, by Riesz representation theorem, .# (R) is the dual space of Cy(R) in the sense
of isomorphism (see [9]).

It is well known that every f € HP(U) (p > 0) has a unique canonical factorization
f(z) = B(2)S(2)F(z), where B(z) is a Blaschke product, S(z) is a singular inner function,
and F(z) is an outer function. Motivated by this result, inner-outer factorization of analytic
functions in some other spaces were studied (see Q, spaces [10], Besov-type spaces [11,12]).
However, there is a sharp structural difference between functions in the Hardy space and that
in the Nevanlinna space. In factoring functions in the Nevanlinna space H°(U), the singular
factor is replaced by a quotient of two singular inner functions. That is the following theorem,
which can be found in [1, 3].

Theorem A If f € HO(U), f #Z0, then f*(e?) = lime f(2) exists nontangentially at almost
z—e’
every 0 € [—m,m) and log |f*(e?)| € L*([—m,7)). Moreover, f(z) can be written by

f(z) = eB(2)G(2)5(2),
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where ¢ is a constant with |c| = 1. B(z) is the Blaschke product of the form (1.1), where
{zn} are the zeros of f(z); and

1 [Tel+2 o
G(z):exp{g/ eZ.t_zlog\f (et)|dt}

1s an outer function in U; and

s =ew{p [ )

2w ) et —z

s a quotient of two singular inner functions in U, where g is a singular signed measure on
[—7, m) with finite total variation.

Inner-outer factorization on the Nevanlinna space in other domains were studied (see
[3,13]). However, most of the results on the unit disk or other domains were obtained on
the premise that log* |f| had a harmonic majorant (see [1,13,14]). In this paper, we prove
that log™ |f| has a harmonic majorant indeed for every function f in the Nevanlinna space
in a strip. Based on this fact, we obtain the existence of nontangential limits of f € H°(S,)
as follows:

Theorem 1.1 If f € H(S,) and f(z) £ 0, then

)= tim f(), ferio) = lm o f(2) (13
2€lq () zezl"—(;(:—lazja)

exist nontangentially at almost every t € R, and

/°° | log | £*(&)I] + |log | f*(t + ia)|

dt ) 1.4
cosh gt =0 (1.4)

[e.e]

Further, f*(t), f*(t +1ia) # 0 at almost every t € R.

Next, we give a similar factorization on H°(S,) as Theorem A, which is also called
inner-outer factorization.

Theorem 1.2 Let f € HY(S,), f #Z0, then the zeros {z,} of [ satisfy

ea® sin Ty,
Z —zﬁay < 00, Zp = Ty + 1Yn, (1.5)
l+eatn

n

and there exist two singular signed measures 11, on Lo and po s on L, such that

[log |7 ()I] ,, llog!f*(t“a)HdH/MJr/w oo, (L6)
R R

g cosh ¢ R cosh 7t cosh 74 cosh 2t
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Moreover, f can be written by
f(2) = cG(2)5(2) B(2),

where ¢ is a complex constant with |c| =1,

27y

G( ) al / o - 1 ‘f*(t)| t
z ex = = = 0 d
P 2 eal — ea” 1+ eat 8

1 [ cat et
- — P log | f*(t + ia)|dt ¢ ;

¢ Tz
ar J_o \ ea’ + ea 1+e

and

. . 1 [ cat et
S(z) :exp{iﬁeaz — iTyea® +— — = dpy (1)

; Tt Tz
at J_o \ ea” — €a 1+ea

1 o0 e%t e%t
ai —0 (egt +enr 1+ 62;15) d/@s(t)} )

where T, Ty are real numbers; and
Tz -\ K Tz Tz
B(s) = [ Col T Ca i)
Z - s . T ™ = e )
ea” 414 ea? — ea*n
n

where k is a nonnegative integer and

i0(zn) _ (ex™ +i)(ea™ — i)'
|e§Z" + z'HegZ" — i

e

2 Proofs of main results

In this section, we will give the proofs of our main results in Section 1. To this end, we need
the following lemmas.

Lemma 2.1 Ifv(z) is subharmonic in S, and it satisfies

C = sup / lv(z + dy)|dx < oo, (2.1)
O<y<a J -
then
) 2C
v(r +iy) <

rmin{y,a —y}
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Proof Let z=x+ 1y € S,, p = min{y,a — y}, D(z,p) = {w : |w — z| < p}. By the mean
property, it establishes that

o(e) < / v<<>c“”s / )rv<<>|d“0

w2
< / /Iv € +in)|d&dn

= 7Tmm{y,a -y}

Lemma 2.2 Let o
sin 2y

P(z) =
v (@) 2a(cosh T F cos Zy)

and Py(z) = Pf(z) + P, (x). Then
(1)

(2) Py(x) >0,x4+1y € S,;
)fRP:t dﬂj—lﬂ:%— f]R d:p_l

(4) Jipss Py(@)dz — 0 (y — 0) and fx|>5 (x)dx — 0 (y — a), where 6 > 0 is a constant.

P(z,y) = P,(x) is harmonic in S,;

Proof The proofs of these facts follow from the following relations (see [15]):
+ _ 1 Tz\—1.
A Pf(r) = SIm(£1 —ea®)™;
. —cosh 2z < cos 2y < cosh Zx;

B
C. L (Larctan(tan Zy - tanh Zz)) = P, (z), B (z) = Py (2);
D

dx Y
. cosZy € (—1,1), e «l*l(cosh Zz — 1) is even and increasing for § < = < +oo, which
implies that

Zlzl+26
€ e sin -y
Py > 9).
I e MUED
L]
~ sin —5—y @ .
Lemma 2.3 Let Pyi(x) = a0 (coh — Qy‘;ICOS =k 0 < yo < §5, then there exist Ay, Ay >
0 depending on yo and y, such that
1 1 1 s T
PH(z) — P+ < - |- = |iA -t
Py (@) = Py (@ )|_1—cos§y 2a  2(a—2yp) * a—2y o«

129 = 2725 (Y — o)
2(a— 2y0) (1 — cos 2y)
N 12y — 75 (W — vo)
2(a = 2yo)(1 — cos Zy)(1 — cos =5 (y — wo))

(2.2)
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and

< 1 1 1 .
“14cosTy |2a  2(a— 2yo)
12y — 5 (W — vo)
2(a — 2yo)(1 + cos Zy)

T

129 — o5 (Y — o)

™ ™

2 a—2y a

n 2.3
2(a — 2yo)(1 4 cos Ty)(1 + cos =5~y — o)) (2.3)
hold for every yo <y < a — yp.
Proof Firstly, we have
P () = B 0) =gl ek i
Y v 2a(cosh Zz — cos Zy)  2(a — 2yo)(cosh g — €08 =5 (Y — Yo))

=0 + Iy + I3+ Iy,

where
7 - 1 1 sin 7y
"7 |2a  2(a—2y)] cosh Ty —cos Ty’
I sin 2y — sin a_’;yo (y — o)
> 2(a — 2yp)(cosh Tr —cosZy)’
P (Y — %) cos 7y — €08 Z5=(y — Yo)
3 — T T T T )
2(a —2yo)  (cosh 7w — cos Zy)(cosh oL — COS o (y — vo))
I sin —=5—~(y — %o) cosh -5 —x — cosh
4 — T T T T :
2(a —2yo)  (cosh fx — cos Ty)(cosh —5-x — cos =5 (y — yo))
Obviously,
1 1 1
1 —cosZy|2a 2(a— 2y)

By mean value theorem of differentials, it is easy to see that

12y — 75 (W — vo)
(@ — 2yo)(1 — cos gy)’

us

159 — 5 (Y — o)

|I5| < 5

|I3| S e e )
2(a — 2yo)(1 — cos Ly)(1 — cos =5—(y — ¥o))
I, — sin =5 (y — o) (a_’;yo — )x -sinh
2(a—2yo)  (coshfz — cos Ty)(cosh Zo-x — cos Zo-(y — yo))
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where § is between Zr and —F—z. Note that there exists M > 0 such that |z|e~wlel <

a—2yo
}l, cosh 7z > 2 and cosh o = 2 for all |x| > M. Therefore, we have
g o el
cosh Tz —cos Ty — scosh Ta — ealel =
and - ' 3
_ |smh£|7T <- |s1nh§r| < 267r <4

cosh =52 — cos - (y —vo) ~ 5cosh o cosh 5 -

Hence
T v
|14] < ——1.
a—2yyla—2yy a
If |z] < M, then
. . ™ . 7T ) T .
| sinh £ < sinh —|z| + sinh |z| < sinh —M + sinh M,
a a — 2y a a — 2Yyo
which follows that
M (sinh =M + sinh ——M
|[4 S 1 ( _ a T(:—Qyo ) T B z .
2(a = 2yo) (1 — cos Ty)(1 — cos 75— (y — wo)) |a =2y @
Let
2 M (sinh =M + sinh —%— M)
A; = max , — o ,
a—2yo 2(a — 2yo)(1 — cos Ty)(1 — cos 75~ (y — ¥o))
then
L <A |——-Z|, zeR,
a—2y a

(2.2) is thus proved. Similarly, we can prove (2.3). O

Lemma 2.4 (Harmonic Majorant) Let v(z) be a nonnegative subharmonic function in
Sa satisfying (2.1), then

M) = [ oo+ e

is convex in (0,a) and there exist two positive measures py, pg € A (R) with ||p1||, ||p2|l < C
such that

o0

u(xr +1y) = /00 Pl (x —t)du (t) + / P (v —t)dus(t).

[e.e] — 00

Moreover, v(z) < u(z) for all z € S,.
Proof There exists a sequence {yi} such that limy o yx = 0. By (2.1), {vy, }, {vay,

are bounded linear functionals on Cy(R) and they are uniformly bounded, where v,(z) =
v(z +1iy). Based on Banach-Alaoglu theorem, there exist 1, s € .4 (R) and a subsequence
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{yr, } such that {vyk]_} converges weakly to u; as j — oo and {va_ykj} converges weakly to
f2 as j — oo. That is, for each ¢ € Cy(R),

im [ ot i o0t = [ o)

770 J o —00

lim [ o(e+ita— et = [ otdult)

J—00 —00 o)

Accordingly, we obtain that

sl =sup {| [ ot0)dua(0)] o € Rl = 1}

Sliminf/v(t+iykj)dt <,
R

Jj—0o0

liall =sup ] [ e(Oia(0)] s ¢ € Co(®). ol =1}
<lim inf/ v(t +i(a — y,)dt < C.
j—oo Jr
Because of p(t) = Pf(x —t)(or P (v —t)) € Co(R), in particular, we have

o0 o0

lim v(t + iy, ) P (x — t)dt + lim v(t +i(a — yr,)) Py (x —t)dt
j—=oo J_ oo J—oo J_ o
—/ Pl (x —t)dp (t) + / P (x — t)dps(t) = u(z + iy).

For any fixed 0 < yo < y1 < a, let r = #=4 then the function

a(2) :/Rv(tJriyo)Py*(a:—t)dtJr/Rv(tJrz'yl)Py(a:—t)dt

is harmonic in S, (see [15, Theorem 1]). Assume that ¢ > 0 and A > exp{m} +1.

Since v(rz +1iyo) is subharmonic in the set {z = 2z +iy : 2 € R, -% <y < “=2} then there

exist two sequences of continuous functions {ug)(t)} and {ug) (1)} decreasing to v(rt + iyo)
and ov(rt +iy;) on [—A, A], respectively. Let

Upn(2) = /i Pz — tyul)(t)dt + /i Py (z — tyulP(t)dt,

then by Lemma 2.2, U,(2) is harmonic in S, and

U,(2)| < (¢ AN = A,.
Un(2)] < max{ﬁgﬁun ( ),E@(un (t)}
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Therefore, the function
Vo(2) = v(rz +iyg) — 2elog |z +i| — U,(2)
is subharmonic in S,, and by Lemma 2.1, we speculate that
Va(z) < ‘ —cloglz®+ (y+ 1)°|+ A, = —00 (2 = 00,0 < y < a).
mmin{yg,a — y1 }

It follows that

2C
limsup V,(z) < , —2elogA <0
2—t,0<y<a mmin{yo, a — yi }
and
: 2C
limsup V,(z) < —2elogA<0

z—t+ia,0<y<a o Wmiﬂ{yoa a — yl}
fort e R, [t| > A. If t € R, |t| < A, then
limsup Vj,(2) < v(rt +iyy) — ulM(t) <0,

z—t,0<y<a

and
limsup V,(2) <wv(rt +iy,) — ul?(t) <0,

z—t+ia,0<y<a

By [3, Theorem 4.3.11], we derive that V,,(z) < 0 on S,. Take n — oo, then A — oo, and
then let ¢ — 0, we obtain

o(rz + iyo) < /

—0o0 —0o0

o0 o0

Pz —t)o(rt + dyo)dt + / P (z — t)v(rt + iy )dt.

Y

Hence, for every 0 < yp < y < y1 < a, we have

v(z)g/ Pr,. <§—t>v(rt+iyo)dt+/ Py, (%—t)v(rtJriyl)dt

1 r ) <1 x ot .

Moreover, by Lemma 2.2,

/ v(x + 1y)dx §/ / ;P;li (; - ;) v(t + iyo)dtdz
+ / / -P, (f — —) v(t + iy )dtdx
o d—co " T \T r

:(1—‘”‘“)/ v(t+iyo)dt+y_y0/ o(t + iyy)dt

ar ar

oo —00

_n-y / u(t + iyo)dt + L2 / u(t + iyy)dt.
Y1 — Yo J-x Y1~ Y% J-
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Thus, we conclude that M,(y) is convex in (0,a). Let y1 = a — yo, then 1PS (£ —1) =

Y~Y% T
~:|: r
P, (xr —t) and (2.4) becomes
v(z) < / f);“_yo (x — t)v(t + iyo)dt + / ﬁy__yo(x —t)v(t +i(a — yo))dt,
where 0 < yg <y < a — yp < a. By Lemma 2.3, one has
. H+ . o
jlgl(}o . |Py_ykj (z —t) = Pf(z — t)|v(t + iyx,)dt = 0,
lim |]5?;yk_(x—t) — P (xz —t)v(t +i(a — yx,;))dt = 0.
J—=oo J_ o J
Therefore, it is not hard to verify that
o(z) < lim [ [olt 4 i B (e — £) ot + i — yi,)) Py (@ — D)de
j=oo ) oo
[ Pra-tdm@+ [P 0du)
=u(z)
for all z =x + 1y, 0 <y < a. It completes the proof. O

Next, we will apply this lemma to the function log™ |f| to prove Theorem 1.1 and
Theorem 1.2, where f € H°(S,).

Lemma 2.5 ([2,14]) Ifv is subharmonic in U, then the following statements are equivalent:
(1) v has a harmonic majorant in U;

(i1) sup {5= [ v(re)dp} < occ.
0<r<1

Proof of Theorem 1.1 Since log™ |f| is subharmonic and it satisfies (2.1), it follows from
Lemma 2.4 that there exist two positive measures fi, 1o € 4 (R) such that

u(x +iy) = / Pz —t)du (t) + / P, (z —t)dus(t),
and log* | f|(2) < u(z) for all z € S,. The conformal mapping
ea? — i
= r 2-5
8e) = 25)

from S, onto U maps 95, onto JU\{1, —1} conformally (to be precise, there exists a contin-
uous and strictly increasing function @y (¢) from R onto (—,0) such that ’® = 3(t); and
there exists a continuous and strictly decreasing function () from R onto (0, 7) such that
() = B(t +ia)). Its inverse mapping is

a (14w
aw) = 1og 1)
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(take the analytic branch log1 = 0). Then the function log™ |f|(a(w)) has a harmonic
majorant u(a(w)) in U. According to Lemma 2.5, one has F(w) = f(a(w)) € H°(U).
Therefore, by Theorem A, F(w) = f(a(w)) has a nontangential limit F*(e?) at almost
every 0 € [—m, ) and log |F*(e?)| € L'([—m,7)). Since a and 3 are conformal, the limits in
(1.3) exist nontangentially for almost every ¢t € R. By virtue of

o=t _ pZ(t+ia) _

1) — B(t) = o
ea’ 41

%O = B(t + ia) = e (thia) 14’
ea L

27 %t _legt . .
which follows that df; = E—lmdt and dfy = e dt. Thus, (1.4) follows immediately from

+ea

the following identities:

T oo 2m 7t *
[ st @yan= [~ 2O,

2m
—00 1+ eat

002_71'%151 *t+
[ el

2my

—00 1+€a
7 /°° [log [ f*(t)|| + | log | f*(t + ia)]]

dt.
a cosh gt

o0

[]
Proof of Theorem 1.2 According to Theorem 1.1, f(z) has nontangential limits f*(¢) and
f*(t+ia) and they satisfy (1.4). Since log™ | f] is subharmonic and it satisfies (2.1), then by
Lemma 2.4, log™ | f| has a harmonic majorant in S,. It follows that F'(w) = f(a(w)) € H(U)
and log™ |F| has a harmonic majorant in U. By Lemma 2.5, we have I € H°(U). Then,
by Theorem A, F(w) has a nontangential limit F*(e®) at almost every § € [—m, ) and
log |F*(e?)| € L*([—m,w)). Furthermore, F can be written by

F(U)) = ClGl (U})Bl (w)51 (w),

where ¢; is a constant with |¢;| = 1, and

1 T 0 )
Gl(w):exp{—/ ¢ +wlog|F*(e’9)|d9}

2 | e —w

is an outer function in U; and

S1(w) =expq — , dvg(0

e e = 20)

is a quotient of two singular inner functions in U, where v, is a singular signed measure on
[—7, m) with finite total variation;

) = T1(25=0) ()
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is a Blaschke product in U, where k is a nonnegative integer and

Z(l—wzn <221—|an

(2.6)
Therefore,

g G (32)| =5 |~ (Reﬁ)w ) log (1)t

)+ B(z)
B(t)

1 B(t +ia) + B(z)
+— (RB
z)

(t +ia) — B(z ))W (t + ia)|log | f*(t + ia)]dt,

() + oRel 0B (o)

—B(x)" (=)
1 B(t) +
%/ (RS20 ()
1 ﬁ(t—l—za —|—ﬁ 2)
o | (RGeS an )
Making use of (2.5), we have
e sin T ea* sin Ty,
LIl = 1+ e%™ + 25 sin S 14 gaan (27)
and
Bzn) —w Bz) \ _ eatn — e i0(zn)
hm e = ="
where
£i0n) (ea® +i)(ea™ — 1)
lea? +i||ea” — i
Moreover,
1., —1+8(2) vs{=m})y o =
2_R _1_ (Z) <{ ﬂ-}) ot Re(ze “ )7
1+ 5(2)

Vs({O})

L BO+BE) o [ e
2B - pe) { (- H)}
1 R B(t +ia) + B(z)

1 eal et
— '(t = = .
27 eﬁ(t%—ia)—ﬁ(z)W( +ia)] = Re{ ai (eat+@a 1—1—62”)}
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Let 7, = vs({=m}) . _ VS(Q{;)})

5 T2 . Define two singular signed measures f1; s on Ly and s s on L,
by

duy () = |B'()| s (61(t)) = %cosh gt dvg(0:(t)),

dpin,s(t) = |B/(t + ia)| " dvy(6(t)) = % cosh gt dv,(0(1)),

then log |G1(B(z))| = log|G(z)| and log |S1(5(2))| = log|S(z)|. Therefore, there exist two
constants ¢y, c3 with |c2| = |eg| = 1 such that G1(6(2)) = cG(2),51(6(2)) = c35(2).
Let ¢ = cicac3, B(2) = B1(B(2)), then f(z) = ¢G(2)S(z)B(z). Accordingly, (1.5) follows
instantly from (2.6) and (2.7). Since v is finite, then (1.6) follows from (1.4). It completes
the proof. O
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Controllability of Stochastic Evolution Differential Equations Driven by
Fractional Brownian Motion and Poisson Jumping Processes *

Liang Zhao T
1School of Information and Statistics,Guangxi University of Finance and Economics,
Nanning,Guangxi,530003,P.R.China

Abstract

In this article, we investigate stochastic evolution differential equations driven by fractional Brownian mo-
tions and Poisson random measure processes. At first, we discuss the existence and unique of the mild solution
by using Banach fixed point principle. Secondly, sufficient conditions for the complete controllability of the s-
tochastic evolution systems are formulated and proved by using the Cp-semigroup theory and stochastic analysis
techniques. In the end, an example is presented to illustrate our main results.

Key words: Stochastic evolution equation; Fractional Brownian motion; Poisson noise process; Mild solution;
Complete controllability.

1 Introduction

In this paper, we will study the problem having the following form:

dz(t) = [Ax(t) + Bu(t) + f(t,z(t))]dt + o(t)dBE (t) / h(t, 2(8), y) N (dt, dy),

teJ=10,T] (1.1)
z(0) = zo.

where A is the infinitesimal generator of a Cyp-semigroup S(t) on a separable Hilbert space X, Bg (t) is a fractional

Brownian motion (fBm for short) with Hurst index H € (%, 1) on a real and separable Hilbert space K. f :
JxX = X,0:J— LYK, X),h:JxX xZ— X are Borel measurable functions. Here LY(K, X) denotes the
space of all @-Hilbert-Schmidt operators from K into X. The control function u(t) takes value in V' = Lyo(J, U),
and U is a Hilbert space, B is a linear operator from V into Lo(J, X). N(dt,dy) is the compensated Poisson
measure which will be given in the below.

Recently, stochastic differential systems have attracted a great attention since it arises naturally in mathemat-
ical modeling of various phenomena in the social and natural sciences, such as pricing an option, forecasting the
growth of population and determining optimal portfolio of investments, for example one can see [16, 29, 32] and
the references therein. Prato and Giuseppe [33] researched stochastic equations in infinite dimensions. Luo and
Taniguchi [26] considered the existence and uniqueness of non-Lipschitz stochastic neutral delay evolution equa-
tions driven by Poisson jumps. For the literatures on controllability of stochastic system with impulsive effect,
one can see the papers [18, 24, 27, 36] and references therein.

It’s well known that the noise or perturbations of a stochastic differential system are typically modeled by a
Brownian motion as such a process is Gauss-Markov and has independent increments. However, many researchers
have found that empirical data from many physical phenomena with the standard Brownian motion is often shown
not to be an effective process to use in a model. A family of processes that seems to have wide physical applicability
is fractional Brownian motion (fBm). Since it was first introduced by Kolmogorov in 1940, Mandelbrot and Ness
discussed the applications of the fBm process in later. Since then, based on different settings, various forms of
equations have been studied. For example, the case of finite-dimensional equations has been studied by Besalu and
Rovira [5], Jérémie Unterberger [39], Dung [9], Leén and Tindel [23], for the case of infinite-dimensional systems in
a Hilbert space have been considered by Boufoussi and Hajji [7], Caraballo, Garrido-Atienza and Taniguchi [8], and
Ahmed [11]. Furthermore, the stochastic differential equations driven by a Poisson process can be widely found in
applications from various fields such as storage systems, queueing systems, economic systems and neurophysiology
systems, for example, one can see [1, 20, 35]. SPDEs with Poisson jump process is an important step for the study
of SPDEs with Lévy process. In recent years, there is quite a substantial amount of work that has been done in
this field. Hausenblas[12] dealt with SPDEs driven by Poisson random measures with non-Lipschitz coefficients in
Banach spaces. Laukajtys and Slomiriski [22] considered the penalization method for a reflected SDE driven by

*Project supported by School-based research project on the key discipline development and research in Guangxi university of
Finance and Economics in 20162016KY 20.
fCorresponding author. E-mail address: zhaoliang200809@yeah.net; Tel.: +86-771-3833280.
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Poisson jumps. Later, II{Aén ang %u [fiﬁT estab-Els ed existerice and uniqueness %-(I)r solutions of multiva ue(g;, finite

dimensional SDEs driven by Poisson point processes, where the maximal monotone operator has the whole space
as domain.

On the other hand, one of the well-known qualitative behaviors of a dynamical system is controllability, which
was first introduced by Kalman [17] in 1963. It means that it is possible to steer a dynamical control system
from an arbitrary initial state to an arbitrary final state using the set of admissible controls. Recently, many
researchers take attention to the study of the controllability for a variety of differential dynamical systems. For
example, Leiva [13] considered the exact controllability of the suspension bridge model proposed by Lazer and
McKenna. Liu and Li [25] studied the controllability of impulsive fractional evolution inclusions in Banach spaces.
The approximate controllability for a class of semilinear abstract equations was discussed by Zhou [40]. For
more detailed, one can see [4, 14, 37]. For the controllability problem there are different methods for various
types of nonlinear stochastic systems. Subalakshmi and Balachandran [37] studied the approximate controllability
of nonlinear stochastic impulsive systems in Hilbert spaces by using Nussbaum’s fixed point theorem. In [19],
using a stochastic Lyapunov-like approach, sufficient conditions for stochastic e-controllability are formulated.
Balachandran etal.[3] researched the controllability of semilinear stochastic integrodifferential systems by using the
Picard type iteration. By using the contraction mapping principle, Mahmudov and Zorlu studied the controllability
[28] for non-linear stochastic systems.

By contrast, there has not been very much research of stochastic differential equations driven both by fractional
Brownian motion and by Poisson noise processes. By using the extended form of Krylov-type estimate for the
combined noise of fBM and compound Poisson, Bai and Ma [2] studied the existence of the strong solutions for
the stochastic differential equation driven by fractional Brownian motion and Poisson point processes. Hajji and
Lakhel [10] discussed the existence of the neutral stochastic functional differential equation driven by fractional
Brownian motion and Poisson point processes. To the best of our knowledge, there is no paper researched the
complete controllability of stochastic differential equations driven by fractional Brownian motions and poisson
noise processes. Thus, we shall make the first attempt to discuss such problem in this paper.

The rest of this paper is organized as follows. In the next section, we will introduce some useful preliminaries
on the data. In Section 3, some sufficient conditions are established to guarantee the existence and uniqueness
of mild solutions of the system (1.1). In Section 4, we will study the completely controllability for stochastic
evolution systems. Finally, we present an example to illustrate our main results.

2 Preliminaries

Now, we introduce some basic definitions and preliminaries which are used throughout this paper. Throughout
this article, we use the following notations:

Let (Q, F,{F,t € [0,T]|}, P) be a complete probability space satisfying the standard conditions, which means
that the filtration F, ¢ € [0, 7] is right continuous increasing family and Fy contains all P-null sets. Let Lo(£2, X) =
Ly (92, F1, X) be the Hilbert space of all Fi-measurable square integrable random variables with values in X.
Moreover, let L (J,X) be the Hilbert space of all square integrable and F;-adapted measurable processes with
values in X. Further, let C'(J, Ly(2, X)) := C(J, L2(Q, F, X)) be the Banach space of continuous maps from J
into Ly(£2, X) satisfying sup,c ; E||x(t)[|* < oo with the norm ||z = (sup,c, Elz@®)|%)z.

Now, we present some basic definitions on fractional Brownian motion (fBm).

Definition 2.1. The fractional Brownian motion (fBm) with Hurst index H € (0,1) is a Gaussian process
B = {B}f, F;,t € [0, T}, having the properties Bl = 0, EBHf =0, and EBBH = 1(s?H 4 21 — |t — g2H),

Let T > 0, for a linear space A, there exists a R—valued step function ¢ € A on [0, 7], such that

n—1

d)(t) = Z Z’iX(ti,ti+1](t>7

i=1

where t € [0,T],2; € Rand 0 =t; <ty < --- < t, = T. For any ¢ € A, the Wiener integral with respect to B¥
can be defined as

[ 687 6) = X a5 1) - B(00),

Let H be a Hilbert space, which is defined as the closure of A with respect to the scalar product (xo.4, X (0,s]) % =
Rp(t,s). Then the mapping

n—1 T
¢ = Z ZiX (ti tig1) = / Qb(S)dBH(s)
1=1 0

is an isometry between A and the linear space span {BH(t) : t € [0,T]}, which can be extended to an isometry
between H and the first Wiener chaos of the fBm spanL2(Q){BH(t) :t € [0,T]} (see [38] ). The image of an
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element ¢ € # Tb %15 1somefry 1s ca eg th ‘%\hener integral c% ¢ wit % respect to é% ur next aim 1s'to give an

explicit expression of this integral.
Now, let us consider the Kernel

¢
Ku(t:s) :CHséiH/ (Z—S)Hfng*%dz,
S

2
where cy = (m) (B(-,-) denote the Beta function), and ¢ > s. It is easily shown that

OKu(ts)  (t\"7F, s
T =CH <5> (t S) .

[

Let Ky : A — L?([0,7T]) be the linear operator, which is defined as

Kuo(s /¢ ‘9KH (t,s)dt.

Then (Kaxo,r1)(s) = Ku(t,s)xjo,r)(s), and Kg is an isometry between A and L ([0, 7]) which can be extended
to H.
We denote L¥([0,T]) = {¢ € H: Ku¢ € Lo([0,T])}, then for H > 3, we get

L7 ([0,T]) < LI([0,T7).

Moreover, the following lemma hold:

Lemma 2.2 ([30]). For ¢ € L7 ([0,T]),

#([0,7])

2H71/ / )| (2)]r — ul?H~ 2drdz<cH||<;5|| 1

Let (X, ]| |x,(-,")x) and (K, ||k, (-, -) k) be separable Hilbert spaces. L(K, X) denotes the space of all bounded
linear operator from K to X and Q € L(K, X) is a non-negative self adjoint operator. Denote by LY(K, X) the
space of all £ € L(K, X) such that §Q% is a Hilbert-Schmidt operator, the norm is given by

Rk x) = 1€Q7[Trs = tr(£QE").

Then ¢ is a @-Hilbert-Schmidt operator from K to X.
Let {BX(t)},en be a sequence of two-side one-dimensional fBm mutually independent on the complete prob-
ability space (2, F, P), {e, }nen be a complete orthonormal basis in K. We define the K-valued stochastic process

Bg(t) as
oo
1
=Y BIWQ > 0.
n=1

If @ is a non-negative self-adjoint trace class operator, then the series Y - | BX (t)Qée",t > 0 converges in the
space K, i.e., it holds that Bg (t) € L2(9Q, K). Then, we can say that Bg(t) is a K-valued Q-cylindrical fBm with
covariance operator Q.

Definition 2.3. Let 1 : [0,7] — LY(K, X) such that

Z ||’CH(¢Q%)%||L2([O,T],X) < 0. (2.1)

n=1

Then for ¢ > 0, its stochastic integral with respect to the {Bm Bg is defined as

/1/1 (s)dBE (s Z/ V(5)Q2endB) (s) Z/ (lCH szen)>() w(s),

where w is a Wiener process.

Notice that if

> 1
Z ||wQ26nHL%([O7T],X) < OO, (2'2)

n=1

then in particular (2.2) holds, which follows immediately from (2.1).
The following lemma is obtained as a simple application of Lemma 2.2.
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Lemmia 3.4 (1305 For iy > 10,2 s LS XS saen har S o B e 2 = uniormly convergent for
t €10,T], and for any p,q € [0,T] with p > q,

P 2
E / ¥(s)dBg (s)

o0 D )
<ScHQH -1)(p-¢*" 'Y [ [0Q%en|ids.
X

n=1v4

Then

2
g

X

/ " §(s)dBE (s)

where ¢ = c¢(H).

< ctt(2 - 1)(p- 0" [ 0()l3gds, (23

In the follow, we give the definition of the Poission random measure.

Let {p(t) : t € J} be a Poisson point process, and take its value in a measure in a measurable space (Z, B(Z))
with a o-finite intensity measure p(dy). We denote the Poisson counting measure as N (dt, dy), which is induced
by p(-), and the compensating martingale measure by

N (dt, dy) = N(dt,dy) — p(dy)dt.
For investigated our main results, we shall give the following lemma.

Lemma 2.5. Let the space Mﬁ(J x Qx (K —{0}),H), (0 >2) be the set of all random process L(t,y) with values
in H, predictable with respect to {F;}i>o0 such that

e( [ ' [ Il ) <.

Assume L € M2(J x Q x (K —{0}), H) N Mj(J x Q x (K —{0}), H), then for any t € J, we have

[ ] st 150 ¥ a9 ] < e [ [ 1melmas)
we( [ t / ||L<s,y>||%{u<dy>ds)é}

Now, we define the mild solution of the system(1.1) as follows.

{ sup
0<r<t

for some number | > 0 dependent on T > 0.

Definition 2.6. A X-valued process z(t) is called a mild solution of (1.1), if (0) = =g, z(t) € C(J, L2(Q, X)), for
each 0 <t < T, the following integral equation satisfies:

2(t) = S+ / S(t — 5)Bu(s)ds + /0 S(t = ) f(s, (s))dt + /O S(t — s)o(s)dBY (s)

//St—s (t,z(t),y)N(ds,dy). (2.4)

3 Existence result

The purpose of this section is to study the existence of mild solutions for problem (1.1). Our main method is
the Banach contraction fixed point theorem.

At first, we assume that the following hypotheses be held:

(H1) The Cp-semigroup {S(t)}+>0 is linear and bounded in X [31], i.e., there exists a constant M > 0, such
that

I1S@®) < M.
(H3) There exist constants Ly, Ly > 0 such that

1f(t, 1) — f(t,22)])® < Ly|wy — a2
1t 2)||* < Lo(1 + ||z]|?)

for all z1,20,x € X and a.e. t € J.
(H3) There are some constants Lg, Ly > 0 such that

/Z (¢, 21(t), ) — h(t, 22(t), )| 1(dy) < Lallz(t) — z2(8)]1%,
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; 1Rt 2(t), y) — h(t, x(t),y)[*p(dy) < Lallz(t) — z2(2)]%,

for all 1,25,z € X and a.e. t € J.
(Hy4) There are some constants Ly, Lg > 0 such that

[ Inte.a(0).0) Putd) < L1+ [0,
[ Intt.a(o). )l utin) < Lo(1+ (o))

for all z1,20,x € X and a.e. t € J.
(Hs) The function o : [0,00) — LY(K, X) satisfies fo llo(s
Now, we consider the existence result for system (1.1).

HLodS < 0.

Theorem 3.1. Assume that hypotheses (Hy1) — (Hs) hold. Then for any u € Lo(J,U) the stochastic system (1.1)
has a unique mild solution on J, if
2T?[M?Ly + (L3 +/L4)] < 1.

Proof. We define an operator F : C(J, L2(Q2, X)) — C(J, L2(Q, X)) by

(Fx)(t) = S(t ):Eo+/ S(t — s)Bu(s )ds+/ S(t—s)f(s,z(s))ds

/St—s dBQ //St—s (s,2(s),y)N(ds,dy).

Using the contraction mapping principle, we will show that the operator F' has a fixed point. To prove this, we
subdivide the proof into four steps.

Step 1. For any « € C(J, L2(2, X)), we show that F' maps C(J, L2(€2, X)) into itself.

For all z € C(J, L2(€2, X)), we have

E||(Fz)(®)]?
2
< 5E|S(t )1:0||2+5EH/ (t — s)Bu(s)ds +5EH/ (t —s)f(s,2(s))ds
2
+5EH/St—s) ()dBQ +5EH//St—s (t,x(t),y)N(ds,dy)
T
< 5J\42[Ellmol|2+E|Bu"’T2+TLz(1JrEIIxII%)+0H(2H—1)T2H1/0 IIU(S)IIigg(V,mdS}
sl ([ [ inteaiuants) +2( [ [ s limas) |
T
< 5M? EIISL‘oII2+El\f’3uH2TQ+TL2(1+J-“7||93||%)+0H(2H—1)T2H‘1/O IIU(S)IIion,U)dS}
t }
+Z[L5/ E(1+ ||z(s)||*)ds + /L </ (1+ ||z(s )||4)ds) ]
0
< 5M?|Ellzo|? + Bl Bul*T? + TLy(1 + El|z[|2,)
) T
+cH(2H—1)T2H—1/O ||0(s)||2L%(V,U)dS] +U(LsT +\/LeT)E(1 + ||z(s)]|?) (3.1)
forallt e J.

From the inequality (3.1) and the assumptions, one can see that there exists M7 > 0 such that
E|(Fx)®* < M1+ TSUI;EIIJJ(S)IIQ)
se
for all t € J. Thus, F maps C(J, L2(€2, X)) into itself.

Step 2. We prove that F' is a contraction mapping.
Let z1,29 € C(J, La(Q, X)), for t € J we have

B(Fxy)(t) = (Fa2) (1)

< EH/ (t — $)[f(s,21(5)) — f(5,22(s))]ds
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S(t = s)[h(t, 1(t), y) — h(t, z2(t), y)IN (ds, dy)

< 2PTL, sup E||x1<t>—x2<t>xz+2l{E( [ [ inteano).) = oo, )llcu(dy)d>

t€[0,T)

E(/Ot/z At z1(t),y) — h(t7$2(t)’y)||éﬂ(dy)ds>é}

< 2M2T?Lysup E||z1(s) — z2(s)||% + 21(Ls + /L / Eljx1(s) — xa(s)||ds
seJ
< 2T%[M?Ly + (L3 + \/Ly)]sup E||z1(s) — 22(s)||%.
seJ

Since 2T%[M?Ly +1(L3 ++/L4)] < 1, then F is a contraction mapping and hence there exists a unique fixed point
x(+) in C(J, L2(92, X)) which is the mild solution of problem (1.1). O

4 Controllability results

In this section, we discuss the controllability results for System (1.1). Before starting, we consider the following

assumption:
(Hs) The linear operator LL € Lo(U, X) is defined by

T
LOTU:/O S(T — s)Bu(s)ds.

has an inverse operator (LI)~! which takes values in Ly(J,U) \ ker LT, where ker LT = {z € Ly(J,U), LTz = 0},
and there are positive constants My, My, such that | B||> < My, ||[(LE) 72 < M.
To the readers’ convenience, we give the definitions of controllability as follows.

Definition 4.1. System (1.1) is said to be completely controllable on the interval J if
Rt(xo) = C(‘L LQ(Qa X)>7

that is, all the points in C(J, Ly(£2, X)) can be exactly reached from arbitrary initial condition x(0) = z¢ and xr
at time T

Theorem 4.2. Assume that hypotheses (Hy) — (Hs) hold. Then the stochastic system (1.1) is completely control-
lable on J, if

3{TM2 <L1T + 2M?MZMp[M?L\T + (L3 + \/L4)]T2) + (L3 + \/L4)} <1

Proof. Fix T > 0 and let Zp = C(J, L2(Q2, X)) be the Banach space of all functions from .J into L2 (2, X), endowed
with the supremum norm

Iz, = ( sup Ellu(t)||2)
te[0,T]

Let’s consider the set
Gr={z € Zp:2(0) = x0}.

We easily know that G is a closed subset of Zr equipped with norm || - || z;..
By assumption (Hs), one can choose the feedback control function u,(t) as

T
uy(t) = B*S*(T - t)E{(Lg)_l(xT —S(T)xo —/ S(T — s)f(s,z(s))ds

[/s ~ 5)o(s)dBY (s //s — $)h(s, (s),y)N (dsdy)h]—"t}.

We will prove that if we use this control u,(t), the operator ® define on || - ||z, by

d(z)(t) = S(t)wo+ /Ot S(t —s)BB*S*(T — s)E {(LOT)‘I <x,, — S(T)xo
T T
— [ S - atnin- [ | 5= notmasgm)
0 0
T t
+ [ ] s =it st N dyﬂ m] s+ [ 5= ). als))ds
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+ | St—s)o( dBQ S(t—s)h(s,z(s),y)N(ds,dy).
0

has a fixed point on J.

To prove that the operator ® has a fixed point on J, we divide the subsequent proof into the following two
steps.

Step 1. For any = € Gp, let’s prove that ¢t — ®(x)(¢) is continuous on J in the Lo (2, X)-sense.

Let 0 <t <t+6<T,here t,t+ 6 are belong to J, and é > 0 is sufficiently small. Then we have

E||®(z)(t +6) — @(x)(t)]?
9B S(t + 8)zo — S(t)xo]|® + QEH /0 [S(t+8 — ) — S(t — 8)]f (s, 2(s))ds

2

IN

t+9

+9E’ S(t+0—s)f(s,xz(s))ds : —|—9EH /(:[S(t—i—é—s) —S(t—s)|B

t

T
< B*SH(T — s)(LT)™ (szmxo | s —m st

2

_/OTsw_m (B (n //ST DG 01). )N ) ) s

T
S(t+6 — 5)BBS*(T — )(LT) ! <xT = S(Teo = [ S = fn.a)dr

2

+9E

/ST n)o dBQ //ST nh(n,z(n), )N(dn,dy))ds

+9E /[St+6—s S(t — 5)]o(s)dBL (s)

2

+ 9F (t — s)o(s)dBg (s)

2

9B //[S(t+6—s)—8(t—s)]h(t (1), y) N (ds, dy)

2

+9E /t+6/S t+9—s)h(t,x(t),y)N(ds, dy)
9

< 9) I
i=1

We can easily know that

I < ||IS(t +6) — S@)|IPE|lzol> =0 asd — 0.

By using the well-known Hélder’s inequality, we get

t
I, < t/ IS(t+ 8 —s5)—S(t—s)||*sup E(1+ ||z(s)||*)ds — 0 as 6 — 0.
0 seJ

t+5
I; < Mgt/ sup E(1 + ||z(s)||*)ds — 0 as 0 — 0.
t seJ

By Hoélder’s inequality again, Lemma 2.4 and the condition (H3), we get

t
Lo< oot |S<t+6—s>—s<t—s>2||B||4|L0T||2(E||xT|2+M2E||xo||2
0
T 2
< [ s -snsti)in +EH / (T — n)o(n)dBE (n)
2
B /ST Wh(n, 2(n), )N (dn, dy) )ds
< 5Mb2ML/ ||S(t+5s)S(ts)||2<E||:ET||2+M2E||xo||2
0
T T
+M2T/ sup E(1+ [2(n)|[2)dy + M2cH(2H — 1)T2H*1/ lo () 12adn
0 ned 2
([ [ minm . uaan + 5[ [ Bine .l )i
< 5M5ML/ ||S(t+6—s)—S(t—s)||2<E||:ET||2+M2E||x0||2
0
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+M2T/ sup E(1+ lz(mI*)dn + M?cH(2H — 1)T**=1 [ lo(n)|79dn
ne 0

L5T+ vV L6T 1+ Hx ))dS

Hence, by Lebesgue’s dominated convergence, one can know that I, — 0 as § — 0.
For a similar way, we obtain
T

t+0
I 5M2 MMy / (EII%TI2 + M2E|xo|* + M2T/ sup E(L+ ||z(n)||*)dn
t 0 ne

IN

T
+M3cH(2H — 1)T2H*1/ lo(m)79dn
0

T
+L4M2/ sup E(1 + ||x(77)||2)d77> ds — 0as § — 0.
0 neJ

&
IN

t
CH(2H — 1)1 /O 1St + 8~ 5) = S(t - )|2o(s)|2yds as 5 - 0.

5
IA

t+5
CH(2H — 1)M252H—1/ lo(s)|2yds as 8 - 0.
t
t
Is < (LsT+ \/LGT)/ |S(t+38—s)—S(t—s)||?*sup E(1+ ||z(s)|*)ds as § — 0.
0 seJ

t+9
Iy < I(LsT + \/LﬁT)/ sup E(1 4 [|z(s)|*)ds as § — 0.
t seJ

Then, by the strong continuous of S(t) and the Lebesgue’s dominated convergence theorem, we know that the
right hand of I;(i = 1,--- ,9) tends to 0 as § — 0. Hence, ®(x)(¢) is continuous on J in the Lo(2, X)-sense.
Next, we prove that ® is a contraction mapping. Let z, z € C(J, Ly(2, X)) are two mild solution of (1.1), then

B[ @(x)(t) - 2(=) ()%

< 3E 5(75 —8)[f(s,2(s)) — f(s,2(s))lds
+3E / S(t = $)B(3)[ua(s) — ua(s)]ds
2
+3E (t = s)[h(s,z(s),y) — h(s, z(s),y)IN (ds, dy)

< 3J1+ 3J2 + 3J3

We can easily show that

Ji < TM?LyTsup E|z(t) — 2(t)| %, (4.1)
teJ
Js < l(L3+\/L4)su5)EHo:(t)—z(t)Hz. (4.2)
te
Since

Ellug(t) — ux(t )||2

< HB S* (T — )(LT)" (/ S(T — $)(f(s,2(5)) — f(s, 2(s)))ds
- / / S<T—s>[h<s,x<s>,y>—h(s,z<s>,y>1N<ds,dy>) 2
< 2M2MbML(M2 / E|f(s,z(s)) = f(s,2(s))|[*ds
([ [ min . uaan + 5[ [ Bine .’}
< MMMy MLT + (Ls + VI / s Blle(s) =(3)|Pds.
we have

sup E|lug (t) — u. (t)||* < 2M*MyMp[M?*L T + (L3 + \/L4)]Tsu5)EHx(t) —z(t)|*
te

teJ
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11

Jy < 2M*MZMp[M?LiT + (Ls + /L) T? sup E||z(t) — z(1)||?, (4.3)
teJ
By inequalities (4.1)-(4.3), we get
B|¥(x)(t) - ¥(2)(1)]?

< 3{TM2 (LlT + 2M*MEM L [M? LT + (L3 + \/L4)}T2> +1(Ls + \/L4)}||ac —z||%.

Since 3{TM2 (LlT + 2M2MEM[M?L1\T + (Ls + v/L4)|T? | +1(Ls 4+ /L4) ¢ < 1. Therefore, ® is a contraction

mapping and hence there exists a unique fixed point z(-) in C(J, L2(2, X)) which is the mild solution of system
(1.1). Thus, system (1.1) is complete controllable on J.
O

5 An example

Let’s consider the following stochastic partial differential equations driven by fractional Brownian motion and
Poisson noise process:

da(0,t) = % + F(0,t,2(0,1)) + g(0, t)} dt + o (t)dB" (1)

+/ costa(0,)uN (dt, dp), in Q x [0, 7], (5.1)
2(60,4) = 0, z on 99 x [0, 7],
z(0,0) = zo(0), g€ Q,

where B is a fractional Brownian motion, 2 is a bounded open set in R, F : © x J x R — R is nonlinear
function, measurable with respect to 6 and almost everywhere continuous with respect to t. Let {q(¢),t € [0,7]}
be the Poisson jump process taking values in the space H = [0, c0) with a o-finite intensity measure A(dy) on the
completely probability space (3, F, P). We denote the Poisson counting measure as N (dt, du), which is induced
by ¢(+), and compensating martingale measure given by

N(dt,dp) = N(dt,dp) — A(dp)dt.
Take X =Y = U = L?([0,7]) and the operator A : D(A) C X — X is defined by

Az = 2",

D(A) = {z € X : x, 2’ are absolutely continuous, z” € X, x(0) = x(r) = 0}.

Then, A can be written as
Az = — Z n?(z, Tn)Tn, x € D(A),
n=1

where z,,(z) = \/2/msinny(n = 1,2,---) is an orthonormal basis of X. It is well known that A is the infinitesimal
generator of a differentiable semigroup T'(¢)(t > 0) in X given by

T(t)x = Zexp_”2t(x,xn)xn, zeX, and |T(t)| <et<1=M.
n=1

In order to define the operator Q : Y — R, we choose a sequence {l,},eny C RT, let Qe,, = l,e,, and assume
that

tr(Q) = Z I, < oo.
n=1

Thus, we define the fractional Brownian motion in Y as

BY(t) =Y Vi (t)en,

where H € (3,1) and {7’ },,c,, is a sequence of one-dimensional fractional Brownian motion mutually independent.

Let z(t)(-) = (-, t), f(t,z)(-) = F(-,t,2(-)). Define the bounded operator B : U — X by Bu(t)(8) = ¢g(0,t),0 €
Q,u € U. Hence, by the above choice, it’s easily known that the system (5.1) can be written into (1.1) and all
the conditions of Theorem 4.2 are satisfied. Then by the Theorem 4.2, the stochastic partial differential equations
driven by fractional Brownian motion and Poisson noise process is completely controllable on [0, 7].
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