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Some identities involving generalized degenerate tangent
polynomials arising from differential equations

C. S. Ryoo

Department of Mathematics, Hannam University, Daejeon 306-791, Korea

Abstract : In this paper, we study differential equations arising from the generating functions of
generalized degenerate tangent polynomials. We give explicit identities for the generalized degenerate

tangent polynomials arising from differential equations.

Key words : Differential equations, tangent numbers, higher-order tangent numbers, degenerate

tangent polynomials, generalized degenerate tangent polynomials.

2000 Mathematics Subject Classification : 05A19, 11B83, 34A30, 651.99.
1. Introduction

Recently, many mathematicians have studied in the area of the degenerate Euler numbers,
degenerate Bernoulli numbers, degenerate Genocchi numbers, and degenerate tangent numbers(see
[1,2,3,5,6,7,8,9, 10, 11]).

We first give the definitions of the tangent numbers and polynomials. It should be mentioned
that the definition of tangent numbers T;, and polynomials T),(z) can be found in [5, 6]. The tangent

numbers T,, and polynomials T,,(z) are defined by means of the generating functions:
2 o, "
€2t + 1 = Z Tnﬁ’
n=0

<62t2+1) et — iTn@)%. (1.1)

n=0
Generalized tangent polynomials T),(z)(n > 0), were introduced by Ryoo. The generalized tangent

polynomials T}, (z) are defined by the generating function:

(th2+1>£ _ i:r’n(x)g. (1.2)

n=0
Degenerate tangent numbers T, » and polynomials, T, x(z)(n > 0), were introduced by Ryoo(see
[8]). The degenerate tangent numbers T, » are defined by the generating function:

oo

2 tn
L N 1.3
(14 M)2A+1 HZ:OT’*n! (13)

The generalized degenerate tangent polynomials 7, x(x) are defined by means of the following gen-

erating function

2 2 X m
((HMMJ =2 Ty (L4)

We recall that the classical Stirling numbers of the first kind S;(n, k) and Sa(n, k) are defined by
the relations(see [11])

n

(@) = 3 S1(n, k)a* and 2" = 3 S(n, K) (@),
k=0

k=0
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respectively. Here (z), = x(z —1)--- (2 —n+ 1) denotes the falling factorial polynomial of order n.
The symbol < x >, is used for the rising factorial: <  >,=z(x+1)---(r+n—1). The generalized
falling factorial (x|\), with increment A is defined by

n—1

(@M)n = [ (@ = k) (1.5)

k=0

for positive integer n, with the convention (z|\)g = 1. The generalized rising factorial < x|\ >y, )

is defined by

n—1
<aA>M=T[@+ -k (1.6)
k=0

N)

for positive integer n, with the convention < z|A >(() = 1. We also need the binomial theorem: for

a variable x,
L+ )" =" (@|N)n—- (1.7)
n=0
Many mathematicians have studied in the area of the linear and nonlinear differential equations
arising from the generating functions of special polynomials in order to give explicit identities for
special polynomials(see [3, 7, 9]). In this paper, we study differential equations arising from the
generating functions of generalized degenerate tangent polynomials. We give explicit identities for

the generalized degenerate tangent polynomials.
2. Differential equations associated with generalized degenerate tangent polynomials

In this section, we study differential equations arising from the generating functions of gener-

alized degenerate tangent polynomials. Let

2 xT
F=F(tz)\) = ((HW"“H) . (2.1)

Then, by (2.1), we have

0 0 2 v
W _ 2
Fo=gifted =5 ((1+At)2/A +1)

rz—1 2/\
- 2 AL+ X (2.2)
L+ X\ (14 X)2/A+1 (1+X)2/>2+1
Pt x4+ 1,\) = 22F(t,z,)\)
B 1+ Mt

and

FO = Zp0) (xF(l)(t, z+1,\) — 20FD (¢, 2, )\)) (1+ M)~

ot
—MNaF(t,x +1,)\) = 22F(t, 2, \)) (1 + \t) "2
_xle+ DF(tx+2,0) (42”422 + M) F(t, 2, ) (2.3)
(14 Xt)2 (14 At)2
(422 + 22\ F(t, z,1)
(1+Xt)? ’

Continuing this process, we can guess that
o\ N
FN = (=) F(t,z, A
=) R

N (2.4)
=> ai(N,a, )F(t,x +i, )1+ 1), (N=0,1,2,...).
1=0
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Taking the derivative with respect to ¢ in (2.4), we have

N
ey _ (0N
F =\ 5 F(t,z, \)

N
= ai(N, 2, \)(=NA)F(t,z + 1, \)(1+ xt) "N~

=0

N
+3 " ai(N,z, NFO (x4, M) (1 + M)~
=0

N
= a;(N,z, \)(=NXN)(t,z 4+ i, \) (1 + xt)"NV1
1=0

(2.5)

N
+> (N2, N [(@+ ) F(ta+i+1L,A) =20+ i) F(tz+i,\)] (1+ M)~
=0

N
= (=2x —2i = NN)a;(N, 2, ) F(t,z + i, \)(1+ M)~ ¥~!
=0

N41
+ Z (x+i—Da_1(N,z, \F(t,z+i,\)(1+x)" V!
i=1
On the other hand, by replacing N by N + 1 in (2.4), we get
N+1
FVHD = N " a;(N + L, )F(t, 2+, A\) (1 + M)~V
i=0
By (2.5) and (2.6), we have
N
> (=2x = 2i = NAN)a;(N, 2, ) F(t, 2 + i, A)(1+ M)~V
i=0
N+1
+ Z (x+i—Da;_1(N,z, \)F(t,z +i,\)(1+xt)" V!
i=1
N+1
= > ai(N+1,2,\N)F(t,z+i,A)(1+ )"V
i=0

Comparing the coefficients on both sides of (2.7), we obtain
ag(N + 1,2,\) = — (22 + NX)ao(N, z, A),
aN+1(N + 17 €, A) = (Z‘ + N)G'N(Na Zz, A)a

and
a;(N+1,z,\) = (=1)(2z + 2i + NN)a;(N,z, \)

+(.’L’+i—1)ai,1(N,l',)\), (1§Z§N)
In addition, by (2.2) and (2.4), we get
F=FO = qy(0,2, \)F(t,z,\) = F(t,z,\).
Thus, by (2.10), we obtain
Qo (07 €T, )‘) =
It is not difficult to show that
cF(tz+ 1,1+ )" = 2zF(t, 2, \)(1+ xt) ™"

1
> ai(Lz, NF(tx+i,A)(1+ )"

1=0

ao(L,z, NV F(t, 2, (1 + M) " 4+ ay (1,2, N F(t, x4+ 1, ) (14 At) .
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Thus, by (2.12), we also get

ap(l,z,A) = =2z, a1(l,z,A) = =x. (2.13)
From (2.8), we note that
ao(N +1,2,A) = —(22 + NA)ag(N, 2, A) = --- = (~1)¥ 1 < 22[A >V,
and
ant1(N+1,2,0) = (x+ N)ay(N,z,\) = =2ap(0,2,\) =< & >n41 - (2.14)
For i =1,2,3 in (2.9), we get
N

ai(N+1,a,2) = xz(— <2z + 22 >N ag(N =k, 2, \),

N
as(N+1,2,0) = (z+1) Z )< 22 4+ 4 >N 4 (N = k2, )), and

2

-2
as(N+ 1Lz, \) = (2 +2) Y (=% < 224 6]A) > ay(N — &, z, \).
=0

x>

Continuing this process, we can deduce that, for 1 <i < N,

N—i+1
ai(N+ 1Lz, M) =(X+i-1) > (~DF <2z +2i]\) > a1 (N — k,2,\). (2.15)
k=0

Note that, here the matrix a;(j, z, A)o<i,j<n+1 is given by

1 =2 (20)2z+\) —(Qu)2z+NQ2e+2)) -+ (DN <222 >,
0 <xz>

0 0 <X >9

0 0 0 < x>y

0 0 0 0 < T >Nl

Now, we give explicit expressions for a;(N + 1,2z, A). By (2.14) and (2.15), we get

N
a(N+1z,0) =23 (1" <20 +2A > ag(V — ky, 2, \)

k1=0
N
=2y (DY <2z + 2 >V < 22 n ST
k1=0
N
=<z > Y (DN <2z + 2 >V <2z p S{0Y,
k1=0
N-—-1
arx(N+ 1Lz \) = (@ +1) Y (D <22+ 4 >0 ay (N — k2, )
ko=0
N—1N—ky—1
=<z >y ()N < 22 4+ 4|\ >(N)
k=0 k1=0
<22+ 2N > T oy SRR
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and

as(N +1,z,\)
N-2

=(2+2) > (-1)" <20+ 6]A > ax(V — ks, \)
k3=0
N—2 N—k3—2 N—ks—ko—2

=<z>3 > Y S )V <2z 6a >
ks=0 k2=0 k1=0

(N—ks—1) (N—ks—ky—2) (N—ks—ky—k1—3)

X <2z 44|\ > <2z +2A > <29C\)\>N kg —ko—ki—2

Continuing this process, we obtain

a;(N+1,z,))
N—i+1 N—k;—i+1l  N—k;j—-—ka—i+1
=<z > Z > 3 (1N < 2z 4 240 >V (2.16)
i ki—1=0 k1=0
x <20 +2(0 — DA >ITRTY L cggn SRk ken )
Therefore, by (2.16), we obtain the following theorem.
Theorem 1. For N =0,1,2, ..., the functional equation
N
FMN) = "a;(N, 2, ) F(t,z + i, ) (1 + )Y
i=0
has a solution
2 x
F=F(t,z, )= ——F5~+—
(&2, 2) ((1 FALRA 1) ’
where
ao(N,z,A) = (=) < 22A >V,
an(N,z,\) =<z >n,
a;(N,z,\)
N—i N—k;—1 N—k;—-—ko—1
= (-1 <a>; (" lz Z Z (- 1)N1<2x—|—22|)\>(N b
ki=0 ki_1= k1=0
x < 2x+2(i — 1)|A >(N MR <o SR ke ke ki)

(I1<i<N-1).
Here is a plot of the surface for this solution. We choose A = 1/10. The viewing windows is

{(t,z) : =4 < ¢t < 10,0 < = < 15}. In Figure 1(left), we plot of the surface for this solution. In
Figure 1(right), we shows a higher-resolution density plot of the solution.
From (1.1), we note that

(N — (315) Zn)\(l‘)ﬁ = ZﬁwN,)\(l‘)y. (2.17)
n=0 T k=0 ’

From Theorem 1, (1.3), and (2.17), we can derive the following equation:
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Figure 1: The surface for the solution F'(t,z, \)

¢S] n N
me(x)% = FN =3 "a;i(N, 2, N F(t, 2+, ) (1+ M)~
n=0 ’ i=0
N B ) x4
_ Z;ai(N,:c,)\)(l AN (m) »
N - § 2.18
~S e Ny (Z (Ll N [ e z’)) "
=0 n=0 \I1=0 :
B oo N n n N4+1-1 ! ) X ﬁ
_7;)(;;(1)( N -1 )( )‘) l‘az(N’x’)‘),ﬁLl,)\(ZU‘i‘l)) n'

By comparing the coeflicients on both sides of (2.18), we obtain the following theorem.

Theorem 2. For k=0,1,...,and N =0,1,2,..., we have

N n
Toona) =30 (”) <N o 1) (=N Has(N, 2, N To a2 + ), (2.19)

where
ao(N,z,\) = (=) < 22|\ >$§71),

any(N,z,A) =<z >p,

CM(N,ZL‘,)\)
N—i N—k;—1 N—k;——ko—i
ki=0 k;—1=0 k1=0
x <2420 — DA SEET <o SETE R Ty,
(1<i<N-1).

Let us take n = 0 in (2.19). Then, we have the following corollary.

Corollary 3. For N =0,1,2,..., we have

N

Tua(x) = Zai(N,x, M) Toa(z +1).

=0
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3. Zeros of the generalized degenerate tangent polynomial

This section aims to demonstrate the benefit of using numerical investigation to support theo-
retical prediction and to discover new interesting pattern of the zeros of the generalized degenerate
tangent polynomial 7, x(z). By using computer, the generalized degenerate tangent polynomials

Tna(x) can be determined explicitly. The first few of them are

Toa(x) =

Tia(z) =

Tax(z) = —z 4+ Az + 22,

Tan(z) = 3\x — 2)\%x + 32 — 3\2? — 2

Taa(w) = 22 — 11X%z + 63z + 322 18)\x2 + 110%2% — 623 + 6M2® + 2*,
Tsa() = =202z + 5073z — 24)\*z — 102% — 30\z? + 105\%22 — 50\3 22

— 1523 4+ 60Az® — 350223 + 102* — 10 Az — 2°

Toa(r) = =162 + 170022 — 274\ x + 1200z — 3022 + 15022 + 255)\2 22
— 6752322 + 274\ 2? + 1523 + 225 2% — 5100223 + 225\32°
+ 452 — 150 \z* + 850 %2* — 1525 + 1502° + 5.

We investigate the beautiful zeros of the generalized degenerate tangent polynomials 7, x(z) by
using a computer. We plot the zeros of the 7, x(z) for n = 20, A\ = 15/10,10/10, 5/10,1/10, and
x € C(Figure 2). In Figure 2(top-left), we choose n = 20 and A = 15/10. In Figure 2(top-right),
we choose n = 20 and A = 10/10. In Figure 2(bottom-left), we choose n = 20 and A = 5/10. In
Figure 2(bottom-right), we choose n = 20and A = 1/10. Prove that 7, (z),z € C, has Im(z) =0
reflection symmetry analytic complex functions(see Figure 2).

Stacks of zeros of the generalized degenerate tangent polynomials 7, x(x) for 1 <n < 20,A =
1/10 from a 3-D structure are presented(Figure 3).

Our numerical results for approximate solutions of real zeros of the generalized degenerate
tangent polynomials 7, x(z) = 0, A = 15/10 are displayed(Tables 1, 2).

Table 1. Numbers of real and complex zeros of T, »(z)

’ degree n H real zeros complex zeros ‘
1 1 0
2 2 0
3 3 0
4 4 0
5 3 2
6 4 2
7 3 4
8 4 4
9 3 6
10 4 6
11 3 8
12 4 8
13 3 10
14 4 10
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Figure 2: Zeros of Ty ()

Plot of real zeros of T, (z) for 1 < n < 20 structure are presented(Figure 4).
We observe a remarkably regular structure of the complex roots of the generalized degenerate
tangent polynomials 7, x(x). We hope to verify a remarkably regular structure of the complex

roots of the generalized degenerate tangent polynomials 7, x(x) (Table 1). Next, we calculated an
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Figure 4: Real zeros of T, (z) for 1 <n <20

approximate solution satisfying 7, x(x) = 0, A = 15/10,x € R. The results are given in Table 2.

Table 2. Approximate solutions of 7, x(z) =0,z € R

degree n T
1 0
2 —0.50000, O
3 —1.5000, 0, O
4 —2.0000, —1.7247, 0.7247, 0
5 —3.0000, 1.6113, O
6 —3.5000, —3.3258, 2.6128, O
7 —4.5000, 3.6997, 0
8 —5.0001, —4.8845, 4.8524, 0
9 6.0575, —6.0000, O

983
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Finally, we shall consider the more general problems. How many zeros does T, x(z) have?

Tax(z) = 0 has not n distinct solutions(see Table 2). Find the numbers of complex zeros C'r, | (x)

of Tpa(z),Im(z) # 0. Since n is the degree of the polynomial 7, x(x), the number of real zeros

R, () lying on the real line I'm(x) = 0 is then Ry, (o) = n — C7, | (2), Where C7, | (,) denotes

complex zeros. See Table 1 for tabulated values of R, | ;) and C7, | (). The author has no doubt

that investigations along this line will lead to a new approach employing numerical method in the

research field of the generalized degenerate tangent polynomials 7, x(z) to appear in mathematics

and physics.
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Abstract

In the paper, the authors establish several new inequalities of the Hermite-Hadamard type
for functions whose derivatives are extended s-convex in the absolute value and present some
applications to special means of positive real numbers.
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1 Introduction

The following definitions are well known in the literature.

Definition 1.1. Let I be an interval in R = (—00,00). Then a function f : I — R is said to be
convex if f(tx 4+ (1 —t)y) < tf(x) + (1 —t)f(y) holds for all x,y € I and ¢t € [0, 1].

It is famous that, for any convex function f defined on [a, b], the Hermite-Hadamard inequality

Ty

holds true.

Definition 1.2 ([3,[6]). Let s € (0,1] be a real number. A function f : Ry = [0,00) — Rq is said
to be s-convex (in the second sense) if f(tx + (1 —t)y) < t*f(x)+ (1 —¢)°f(y) holds for all x,y € I
and ¢ € [0, 1].

Definition 1.3 ([I2]). A function f: R — R is said to be extended s-convex if f(tx 4 (1 —t)y) <
t*f(xz) + (1 —t)° f(y) holds for all z,y € I and ¢t € (0,1) and for some fixed s € [-1,1].
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In recent decades, a lot of integral inequalities of the Hermite-Hadamard type for various kinds
of convex functions have been established. Some of them can be recited as follows.

Theorem 1.1 ([IL Theorem 6]). Let f: I CR — R be a differentiable function on I° and a,b € I°
with a < b such that f' € Li([a,b]). If | f'|? is s-convex on [a,b] for s € (0,1], then

fla) +1f(b)
’ r+1 —a/f )de

b—a
- (r+1)(s+1)(s+2)

27+ 2

X Hs—r+1+ W]U’(aﬂ + {T(s—i—l) -1+ W]U’(bﬂ}. (1.1)

Theorem 1.2 ([, Theorem 3.1]). Let f: 1 C Ry — R be differentiable on I°, a,b € I with a < b,
and f' € L1([a,b]). If |f'| is s-convex on [a,b] for some s € (0,1], then

b—a
U oy
+ N[O+ (s+ D] f (Aa+ (L=Nb)|]}. (1.2)

Theorem 1.3 ([5, Theorem 2.2]). Let f : I° C R — R be a differentiable mapping on I° and
a,b e I° with a <b. If | f'| is convex on [a,b], then
—a)(f (@) +]f )

f@+ ) 1 (b
‘ - [ e < :

Theorem 1.4 ([7, Theorems 4]). Let f : I C Ry — R be differentiable on I°, a,b € I with a < b,
and " € L1([a,b]). If | f'|9 is s-convex on [a,b] for some fized s € (0,1] and ¢ > 1, then

() <2lerees) ()

. {[U'(a)u(sﬂ) ()" [roms oo (<[]}

Theorem 1.5 ([8, Theorems 1 and 3]). Let f : I C Ry — R be differentiable on I° and a,b € 1
with a < b. If |f'(z)|? is s-convex on [a,b] for some fized s € (0,1] and ¢ > 1, then

Theorem 1.6 ([9, Theorems 1 and 2]). Let f : I CR — R be differentiable on I° and a,b € I with
a<b. If|f'|? is convex on [a,b] for ¢ > 1, then

‘f )+ f(b) = /f ‘ <|f’( )q+|f'(b)|q>1/q

2
’f<a+b> 7a/f Vdz

‘f()\cH—(l A)b / f(z N[ @)+ (s+1)| f (Aa+(1=A)b)|]

z)dx

1,1 _
where;—i—a—l.

and

(f( >|q—2k|ff<b>|q>”é
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Theorem 1.7 ([12, Theorems 3.1(2) and 3.2]). Let 0 < \,p < land f : I CR — R be a
differentiable function on I°, a,b € I with a < b, and ' € Lq[a,b] such that |f'(z )|q forq>11s
extended s-convex on [a,b] for some fized s € [—1,1].

1. If -1 < s <1, then

‘)\f(a)+uf(b)+2—)\ ,uf(a+b> /f 1

a[<s+1><s+2>]l/q

2 2

1-1/q
x{(;A+Aﬁ k%lAV”+(s+mAmj%®P+(%“2+s+1

b 1/q 1-1/q
f/<a; ) } (—u+u> {(2u5+2+s+1

)

—(s+2)A

—(s+2)u)|f a4

1/q
<—u>s+2+<s+2>u—1)f’<b>|q} }; (13)

2. If s = —1, we have

(43

< ;’3_2/ {[(21n2—1)|f( T+ 17+ (1 @)+ 22 - DI )] (1)

For recent generalizations of the Hermite-Hadamard type inequalities, please refer to [2 [10] [T1]
13] and the references cited therein.

The main aim of this paper is to establish new inequalities of the Hermite-Hadamard type for
the class of functions whose derivatives to certain powers are extended s-convex functions.

2 Lemmas

In order to prove our main results, we need the following lemmas.

Lemma 2.1. Let f: I CR — R be differentiable on I° and a,b € I with a <b. If f' € Li([a,b]),
A €ER, and £ € 0,1], then

Af(a) +pf(b)  2=A—p
2 2
b—a

=25t a-o [ea-or-nraeo a-on+a-nad

b
flea+ (190 - 5 [ f@)ds

Le / (1 — 268) f/(t(Ea + (1 — E)b) + (1 — H)b)dt|.

In particular, when & = 0,1,

b 1
Af(a) + (1 — N f(b) — /f(x)dx:(bfa)/o (t—NF'((1—t)a+tb)dt.

b—a
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Proof. Integrating by part and changing variables of integration yield

b—a
2

w6 [ (w20 g+ 1- 90+ (1- 1) dt}

[(1 ~9 [ QO- - NI+ (- 90+ (1 - dayar

Sa+(1-£)b
—3|e--vrera-om -2 [T @

9 b
b e SEat (-0 + a0 -2 [ swas]

oy b
M@ @), 2o uf(m(l_g)b)_bla/af(x)dx

This completes the proof. O

Lemma 2.2. Let A\ € R and s > —1. Then
(s+1)—(s+2)A

’ A< 07
) (5+2+ D(s+2) -
At d = 2 —($+2))\+(5+l)’ 0<A<l,
0 (s+1)(s+2)
(s+2)A—(s+1) >
G+D+2) -
and
1 (1 - )\)S+1 - (_A)S+17 A < Oa
/ Ao tfdt= A L), 0<A<],
0 s+1
)\s-i-l_()\_l)s-‘rl’ A> 1.
Proof. These follow from straightforward computation of definite integrals. O

3 Main results

We are now in a position to establish some new integral inequalities of the Hermite-Hadamard type
for differentiable and extended s-convex functions.

Theorem 3.1. Let 0 < A\, pu, & < 1 and f: I CR — R be a differentiable function on I°, a,b € 1
with a < b, and ' € Ly1([a,b]) such that |f'|9 for ¢ > 1 is extended s-convez on [a,b] for some fized
€ [-1,1].

1. If £ € (0,1) and s € (—1,1], then

MO 22270 fea v (1 - ) _a/ e oo

X [B(1—&X,0)]YIE(1 - €226 =\ s)|f' ()] + E(1— & A, 5)| f'(€a+ (1 — €)b)]4]
+ (B 0) VB, )| [ (Ca+ (1 = OB)|? + B(&, 26 — . 8)| £/ (0)]) ‘1}; (3.1)

—a
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2. If £ €(0,1) and s = —1, we have

‘ﬂfaﬂl_ _7/ flz)d 21 ST1/q L —9> (e —1—&)|f (a)
OB+ el £ @)~ (€ + (1= )IF )1

3. If£=0,1 and s # —1, we have
1

‘Af(a”(l —a/ fle)d= 21_17q[<s+1><
x [(20 = A2+ (s +2)A = 1) [ f'(a)|? + (A6+2—(s+2)A+s+1)|f’(b)|Q}”q, (3.3)

Y 2 1-1/
2N =2 N+ 1) /4
s+2)] ( +1)

where

1
E(&, N, s) = /O 26t — AJt* dt.

Proof. For ¢ € (0,1) and s € (—1,1], from Lemma using Holder’s integral inequality and
extended s-convexity of |f’|?, we have

Af(a) +pf(d)  2—A—
’ 5 + 5 f(f +(1-¢ b—a/ f(z)dz

< b;a[(l—é‘)/o 1201 — &)t — M| f'(t(Ea+ (1 — )b) + (1 — t)a)| d ¢

+e / =266 (t(a-+ (1= 1)+ (1= )]

{ 1—§>(/12(1—f>t—A|dt)l_1/q

2
1/q
U Ot = AIf'(t (§a+(1—£)b)+(1—t)a)|th] (3.4)

5( 25t|dt)1 /[/ - 2st|f<<sa+<1s>b>+<1t>b>|thT/q}

oo o) [f oo

1-1/q
< (1 (€a+ (L— D) + (1 — 01 F (@] dt] +£( / - 2«5t|dt)

1 1/q
x [/ i — 260 (£ (a4 (1 — OB + (1 — )| B)]) dt} }

From Lemma [2.2] we have

1 1
0 0
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and
1
[ gt = -0 de = B2 - o) (3.6)
0
By virtue of (3.5) to (3.6) in (3.4), we obtain (3.1]).

For £ € (0,1) and s = —1, since | f’|7 is extended s-convex, by Lemma 2.1 and Hélder’s integral

inequality, we have
1 b
el RICLE

></ t|f’((t§+1—t)a+(t—tg)b)|dt+(b—a)§2/ tlf'(t€a+ (1 —t&)b)|dt
0 0

<(b—a)(1-¢)>°

‘ﬂ@+ﬂ—®®—

1/q

<b-a0 —5)2(/01tdt>1_1/q [/Oltf’((t§+ L~ a+ (t—tg)b)|th}

+(b—a)e (/Oltdt>1_l/q [/01t|f’(t§a+ (1- t§)b)|‘1dt] e

—a 1 —1 pr
< g 02| [ (s 1= 0 1@ 4= 0 o ar]

1/q

+¥{474mrwfmw+wﬂ—%Y‘f“”*“rm}

We thus deduce the inequality (3.2)).
For £ =0,1 and s # —1, by Lemma Holder’s integral inequality, and extended s-convexity
of |f']9, we have

b 1
@+ =0 - 1 [ e <00 [N - e mlar

< (b—a) (/01 it — )\|dt>1_1/q(/01 = Al —t)a+tb)|th)1/q
Sw—w(énraﬂw>kmxlfH—M«L¢ﬂfwm+fUWmﬂdQUé

We arrive at the inequality (3.3]). Theorem is proved. O

Corollary 3.1.1. When £ € (0,1) and g =1 in Theorem|3.1

1. if =1 < s <1, we have

M(a) +pf(b)  2-A—p I
P 2 s - on - = [ f@)de

<P -9B0 - 622 - A.9)|f(a)

+[A=OE1 =& N, s) + EE(E 1, 8)|If (Ga+ (1= )b)| + EB(E,26 — 1, 5)|f' (b))}
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2. if s = —1, we have

fléa+ (1 - 7@/1f

—a)[(26 = 1= &)[f'(a)] + (1 = 26 = In(1 = )| (B)]].

Corollary 3.1.2. Under conditions of Theorem[3.]]

1. if =1 < s <1, then

‘é[f(a)+2f<2a+b> +2f(“22b> +f(b)} - ' fa)da

3
’<2a;b>‘+(4s+5)

b—a
T 18(s+1)(s+2)

f/<a—;2b>‘ I (8+5)|f’(b)|];

X [(s +5)|f'(a)] + (45 + 5)

2. if s = —1, then
1[,(2a+b a+2b TP
) (52 o

Proof. Since

1 2a+0b a—+2b

e (Po52) s (552) £ 10 - 2 [ soras

2a+b 1P 1 a+2b

cor(352)] s [ s+ H?f( )50

(b—a)[(s + 5)|f'(a)] + (45 + 5)|f'(*%E)| + (45 + 5)| f'( “+2b)|+(8+5)|f(b)|]
18(s+ 1)(s +2)

1| . /2a+0b 1 b
SQ‘J‘( 3 >_b—a/a f(z)dx

<2 @3~ w27 (@) + £ O)).

— 223~ 2)(|f (@) + /' (b))

<
-2

<

\p<>

1
2

fl@)dz

<
and
1], (2a+b a+2b I
) A2 o o
a+2b 1 b
S (57) -
Corollary [3:1.2] is thus proved. O

Remark 3.1. The inequality (1.2) can be deduced from applied to A = u = 0,¢ = 1, and
0 < s < 1. The inequalities nd can be deduced from and applied to & =271
If we take ¢ = 1 and A = (r + 1)~ for r € [0,1] in , then the inequality becomes (|1.1)).
These show that Theorem and its corollaries generalize some main results in [I} [4] [T2].

z)dx

Theorem 3.2. Let s € (—1,1], A\, i, & € [0,1], f : T CR — R be a differentiable function on I°,
a,b e I with a <b, and " € Li([a,b]). When |f'|? for ¢ > 1 is extended s-convex on [a,b],
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1. if € € (0,1), then

Af(a) +pf)  2—A—p
‘ 2 T _a/f

f(&a+

= 2(;:1?1@{(1_5) [F(l—m q_ql)] 1/q[\f’(a)|q+|f’(£a+(1—§)b)lq]l/q

welr(enL7)] T P e - SOTURAECY)

2. if £ =0,1, then

- _ 1-1/q
‘)\f(a)—i—(l /f )dz| < S+1)a1/q(2qq11)

[)\(Qq D/@=1) 4 (1 = \)@a=D/ @DV p(g) a4 | £/(b)[9]1/9, (3.8)

where .
F(§,)\,s):/ |26t — A dt.
0

Proof. For £ € (0,1), by Lemma Holder’s integral inequality, and the extended s-convexity of
|f19, we have

Ma)+pfb) 2-A—n
' 5 + T f(Eat+ (1-¢) ——/f )da

< bga[u_e/o 20— &)t — A|F(H(Ea+ (L - £)b) + (1~ a)] dt

+£/01 | =262 | £ (t(Ea + (1 = €)b) + (L = 1)b)| dt]
<! 5 a{(l —¢) (/01 |2¢(1 — &) — A9/l D) dt>1l/q [/01 I (t(€a + (1 — €)b) + (1 — t)a)|th] e

( 2t/ dt)“/q Ji I bat (1- D)+ (1 ) ] l/q}

1-1/q
{1— (/ 126(1 — &) — |9/~ 1>dt)

g Uo (1 (€a+ (1 = OB + (L = 1)° 1S (@)l") dt} " +€</01 I — 26t]2/ (D dt)l_l/q

1 1/q
<[ [ wireasa-gnrea-orromal
0
From Lemma we derive the inequality (3.7).

For £ =0, 1, since | '] is extended s-convex, from Lemmaand by Holder’s integral inequality,
we have
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1 b 1
@)+ (=050 - 5 [ 1@ s < 0-0) [ Al e mjar
<(b-a) (/01 it — AJ#/a=D) dt)l_l/q (/01 (1 — t)a+tb)|th>1/q
<o-af e A/ dt)H/q (/ (@ e dt)l/q

1-1/q
- <si_1>a1/q (2qq__11> (AGa=D/ =D (1 — N @a=DAa=D) (| (g | (p)]9) 1/,

Hence, we acquire the inequality (3.8). The proof of Theorem [3.2]is complete. 0O

Theorem 3.3. Let f : I C R — R be a differentiable function on I°, a,b € I with a < b, and
e Li(la,b]). Let 0 <E<1and0<{,r<1. If|f'|? for ¢ > 1 is extended s-convex on [a,b] for
€ (—1,1], then

qg—1 1-1/q

< [(rg+ 5+ 1)1 f €0+ (1— b)) + Blrg+L,s + 1)|f’(b)“}1/q},

b
flea+ (-9 - 7 [ f@)de

X[B(EQ+1’S+1)f’(a)|q+(5q+8+1)1|f’(§a+(1g)b)|q]1/q+§2{

where
1
Bl(a, ) :/ 7l —)Ptdt, @, B8>0
0
is the noted beta function.

Proof. Since |f'|? is extended s-convex, from Lemma using Holder’s integral inequality, we have

reas -0 - 7 [ rwas

1/q

< 0o e[ [ e a] T [enpea s a-on s a-sarad

1/4q

+(b-a) Uol {1-r)a/(a-1) dt} o Uol 9 (#(€a + (1 — )b) + (1— )b)|° dt}

_ 1-1/q p1 1/q
<o-a0-|gla| | e a- oo a- i@

1/q

R et o [ rreirear - one+ -l af

Theorem [3.3]is thus proved. O
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4 Applications to means

In this final section, we apply some inequalities of the Hermite—Hadamard type for extended s-
convex functions to construct some inequalities for means.
For two positive numbers a,b > 0 and s € [—1, 1], define

A(a,b):a;—b, Ac(a,b) = €a+ (1= )b, €€ 0,1]

and y
b5+1—a5+1 s
- = b _1:
[(Hl)(b_a)] atbs£0,-1;
b—a
O — b,s = —1;

Ls(a,b) =< Inb—Ina’ aFbs ’

1 bb 1/(b—a)
e(aa) ) a#b,s:O,
a, a="b.

These means are respectively called the arithmetic, weighted arithmetic, and generalized logarithmic
means of two positive number a and b.

s

Letf(ac):“;L1 forxz >0, —-1<s<1,and g > 1. If 0 < sq <1, we have
|F/ Az 4 (1 = Ny)|?7 < A2 4 (1 = X)*y*? < N[ f'(2)]7 + (1= N)°[f(y)|
for z,y >0 and A € (0,1). If —1 < sq < 0, we have
|f' A+ (L= X)y)|? < (@ DMy ) < N (@) + (1= A)°[f (y)]?

for z,y > 0 and A € (0,1). These mean that, when —1 < sq < 1, the function |f’'(z)|? = x* is
extended s-convex on R} = (0,00). Consequently, applying the inequality (3.3) to 2°7 yields

Theorem 4.1. Letb>a>0,¢g>1, -1<s<1, —-1<s¢<1,and0< ¢ < 1. Then

s+1 7s+1 s+1 b—a 1 Ha 2 1-1/q
|4 (a* T, 6°7) — LiT1(a,b)| <o 1a\ 512 (s +1)(26 — 26 +1)]

x [(201 = &2 4 (s +2)6 — 1)a* + (2652 — (s + 2)¢ + 5+ 1)b*1] /.

In particular, if £ = %, then

b—a 1\ 1/

s+1 7s+1 s+1 1-1 s s s q

A7) - I < iy <s+2> (s + D'7V(2% + DA™, b)]
s+1 . .

Taking f(z) = ‘2+1 forz >0, -1 < s <1 and q > 1 in Corollary derives the following

inequalities for means.

Theorem 4.2. Letb>a >0 and —1 < s<1. Then

2 b s+1 2b s+1
A(as+1,bs+1)+2A(< a3+> (“J; ) >3L§ﬁ(a,b)’

< 3(1’8;”2) {(s +5)A(a®,b°) + (4s + 5)A<(2“3+ b) (“J;%)s)] .
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Applying the inequality (3.8]) to z°? yields
Theorem 4.3. Letb>a>0,qg>1, -1 <s<1, -1<s¢<1,and0<E&<1. Then

_ 1-1/q
[Aca94) - LifGan)| < 2700 - o (D)
=

% [g@q*l)/(q*l) +(1— 5)(2%1)/(11*1)] 1-1/q [A(asq7 bsq)]l/q.

Furthermore, if £ = %, we have

s - 1-1/q
|A(as+1,bs+1) _ ini(a’ b)| < (b— a)<(;_(21q)(:]1)1)> [A(asq,bsq)]l/q-
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Abstract

We can find many convex iterative algorithms for common fixed points for a uni-
formly closed asymptotically family of countable quasi-Lipschitz mappings in the do-
mains of Hilbert spaces and there are only few non-convex iterative algorithms. In this
report, we present a new non-convex hybrid iteration algorithm concerning Suantai it-
erative scheme. We also establish strong convergence theorems of common fixed points
for a uniformly closed asymptotically family of countable quasi-Lipschitz mappings in
the domains of Hilbert spaces.

2010 Mathematics Subject Classification: 47TH05, 47TH09, 47H10

Key words and phrases: hybrid algorithm, nonexpansive mapping, quasi-Lipschitz
mapping, quasi-nonexpansive mapping

1 Introduction

Fixed point theory of special mappings like nonexpansive, asymptotically nonexpansive,
contractive and other mappings is an active area of interest and finds applications in many
related fields like image recovery, signal processing and geometry of objects. From time to
time, some versions of theorems relating to fixed points of functions of special nature keep
on appearing in almost in all branches of mathematics. Consequently, we apply them
in industry, toy making, finance, aircrafts and manufacturing of new model cars. For
example, a fixed-point iteration scheme has been applied in intensity modulated radiation

* Corresponding author
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therapy optimization to pre-compute dose-deposition coefficient matrix, see [21]. Because
of its vast range of applications almost in all directions, the research in it is moving rapidly
and an immense literature is present currently. The construction of fixed point theorems
(e.g., Banach fixed point theorem) which not only claim the existence of a fixed point
but yield an algorithm, too (in the Banach case fixed point iteration z,+1 = f(xy)).
Any equation that can be written as z = f(x) for some map f that is contracting with
respect to some (complete) metric on X will provide such a fixed point iteration. Mann’s
iteration method was the stepping stone in this regard and is invariably used in most
of the occasions see [11]. But it only ensures weak convergence, see [3] but, we require
strong convergence in many real world problems relating to Hilbert spaces, see [1]. So
mathematician are in search for the modifications of the Mann’s process to control and
ensure the strong convergence, (see [2,5,7-9,14-19], and references therein).

Most probably the first noticeable modification of Mann’s Iteration process was pro-
posed by Nakajo and Takahashi [13] in 2003. They introduced this modification for only
one nonexpansive mapping in a Hilbert space where as Kim and Xu [6] introduced a mod-
ification for asymptotically nonexpansive mapping in the Hilbert space in 2006. In the
same year Martinez-Yanes and Xu [12] introduced a modification of the Ishikawa Iteration
process for a nonexpansive mapping for a Hilbert space. They also gave modification of
Halpern iteration method in Hilbert space. Su and Qin. [20] gave a monotone hybrid
iteration process for nonexpansive mapping in a Hilbert space. Liu et al. [10] gave a novel
iteration method for finite family of quasi-asymptotically pseudo-contractive mapping in
a Hilbert space. Hence, we can find many iterative methods for finding fixed point of
different type of mappings in literature. If we talk about the iterative algorithms for com-
mon fixed points of a uniformly closed asymptotically family of countable quasi-Lipschitz
mappings in the domains of Hilbert spaces,

Let H be the fixed notation for Hilbert space and C' be nonempty, closed and convex
subset of it. First we recall some basic definitions that will accompany us throughout this
paper. Let P.(-) be the metric projection onto C.

A mapping T : C — C is said to be non-expensive if ||Tz — Ty|| < ||z — y|| for all
z,y € C. And T : C — C is said to be quasi-Lipschitz if Fix(T) # ¢ and For all
p € Fiz(T), | Tz — p|| < L|jz — p||, where L is a constant 1 < L < oo.

If L =1, then T is known as quasi-nonexpansive. It is well-known that 7' is said to be
closed if for n — oo, x, — x and ||Tx,, — x| — 0 implies Tz = x. T is said to be weak
closed if x, = x and ||Tx, — x| — 0 implies Tz = z. as n — oo. It is admitted fact that
a mapping which is weak closed should be closed but converse is no longer true.

Let {T},} be a sequence of mappings having a non-empty fixed points set F'. Then {7}
is defined to be uniformly closed if for all convergent sequences {z,} C C' with conditions
|Tzn — zn|| — 0, n — oo implies the limit of {z,} belongs to F.

In 1953 [11], Mann proposed an iterative scheme given as:

Tpt1 = (1 —ap)zyn + o, T(xy,), n=0,1,2,....

Guan et al. in [4] established the following non-convex hybrid iteration algorithm
corresponding to Mann iterative scheme:

xg € C' =(Qp, choosen arbitrarily,

Yn = (1 —an)zn + apThzn, n >0,

Co={2€C:|lyn — 2| <1+ (Ln — Day)||xn — 2| N4, n >0,
Qn=1{2€Qn-1:(vn — 2,0 — 1) >0}, n>1,

Tny1 = Pesc,nQ,o-
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In [4] Guan et al. established non-convex hybrid iteration algorithm and proved some
strong convergence results relating to common fixed points for a uniformly closed asymp-
totic family of countable quasi-Lipschitz mappings in H. They applied their results for
the finite case to obtain fixed points. In this article, we establish a non-convex hybrid
algorithms corresponding to Karakaya iteration scheme. Then we also establish strong
convergence theorems with proofs about common fixed points related to a uniformly closed
asymptotically family of countable quasi-Lipschitz mappings in the realm of Hilbert spaces.
An application of this algorithm is also given. We fix ¢oC,, for closed convex closure of
Cyforalln >1, A={z¢€ H : |z — Prxo| < 1}, T}, for countable quasi-L,-Lipschitz
mappings from C' into itself, and T" be closed quasi-nonexpansive mapping from C' into
itself to avoid redundancy. We also present an application of our algorithm.

2 Main results
In this part we formulate our main results. We start with some basic definitions.

Definition 2.1. Let {T},} be a family of countable quasi-L,-Lipschitz mappings from C'
into itself, where C is a closed convex subset of a Hilbert space H. Then {7} is said to
be asymptotic if lim,, .o L, = 1.

Proposition 2.2. Let C be a closed convex subset of a Hilbert space H. Then for x € H
and z € C, z = Pox if and only if we have (x — z,z —y) > 0 for all y € C.

Proposition 2.3. Let {T},} be a family of countable quasi-L,,-Lipschitz mappings from C
into itself, where C is a closed convex subset of a Hilbert space H. Then the common fized
point set F is closed and conver.

Proposition 2.4. Let C' be a closed conver subset of a Hilbert space H. Then for any
given xg € H, we have p = Poxq if and only if (p — z,x0 —p) >0, Vz € C.

Theorem 2.5. Let C' be a closed convex subset of a Hilbert space H, and let {T,,} be
uniformly closed asymptotically family of countable quasi-Ly-Lipschitz mappings from C
into itself. Suppose that o, B, Yn, an and by, € [0,1], ap, + By, € [0,1] and a, + by, € [0, 1]
for alln € N and 377 (an + ) = 0o. Then {x,} generated by

xg € C = Qq, choosen arbitrarily,
Yn = (1 —ap — Bp)en + anThzn + BnTotn, n >0,
2n = (1= ap — bp)xn + anTyty + by Thxy, n >0,
thn = (1 —vn)zn + WTnxn, n>0,
Cn={2€C:|lyn— 2| <1+ (Ln(1—an— by)
+L2((1 = vn)an + bp)anyn L3 — Vay,
+(Ln(1 =) — 1) + 'VHL%L)ﬁn]H:Un —z[|}NA, n>0,
Qn={2€Qn-1:{(xrn—2z,20—2x,) >0}, n>1,
ZTn1 = Peoc,nQ.%o

converges strongly to Prxg.

Proof. We give our proof in following steps.
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STEP 1. We know that ¢oC,, and @,, are closed and convex for all n > 0. Next, we
show that F'N A C coC, for all n > 0. Indeed, for each p € F'N A, we have

1yn — pll
= (1 — an, — Bn)xn + anThzn + BnTutn — pl
=|(1 — an — Bn)xn + anTn((1 — ap — b))z + an Tty + by Thnxn) + BuThntn — D
=|(1 = an — Bn)xn + anTu[(1 — an — bp)zy + an T (1 — Yn)xn + Y Thn) + bnThay]
+ BnTn[(1 = v)@n + Y Thes] — pll
= [[(1 — an = Bn)(@n — p) + (an — anon — bpay + Bn — Bnyn) (Tnxn — p)
+ (anon — ananyn + bpom + ﬁn'Vn)(Tf%"En —p)+ ano‘n'yn)(TS"En -p)ll
< (1 —ay = B)llzn —pll + (an — anan — bpon + B — Buyn) Lul| Tnxy — pl|
+ (@nan — ananyn + bpan + ﬁn'Vn)LiHTv%:En —pll+ anan'yn)LiHTs‘ﬁn -7l
= [1+ (Ln(1 — ap — bp) + LE((1 = ) an + bp)anyn L3 — 1ay,
+ (Ln(1 =) — 1)+ 'Vnng)ﬁn]H:En - ll;
and p € A, so p € C,, which implies that FNA C C, for all n > 0. therefore, FNA C ¢coC,
for all n > 0.
STEP 2. We show that F N A C ¢coC,, N @, for all n > 0. it suffices to show that
FNACQ,,forall n>0. We prove this by mathematical induction. For n = 0 we have

FNACC =g Assume that FNA C @,. Since x,.1 is the projection of xy onto
coCyp, N @y, from Proposition 2.2, we have

(Tnt1 — 2, Tpy1 —x0) <0, Vz €2Cp N Qn,

as
FNAC@C,NQy,

the last inequality holds, in particular, for all z € F'N A. This together with the definition
of Q1 implies that FN A C Qp+1. Hence the FN A C coC,, N Q,, holds for all n > 0.
STEP 3. We prove {z,} is bounded. Since F'is a nonempty, closed, and convex subset
of C, there exists a unique element zg € F' such that 2o = Prxo. From z,41 = Pse,nQ. %0,
we have
[Zn1 — 2ol < ||z — @ol|

for every z € coCy, N Q. As 29 € FN A C coCyp N Qp, we get
|21 — 2ol < [lz0 — ol

for each n > 0. This implies that {x,} is bounded.

STEP 4. We show that {z,,} converges strongly to a point of C' (we show that {x,} is
a cauchy sequence). As z,+1 = Pesc,nQ,20 C Qn and x, = Pg, xo (Proposition 2.4), we
have

|Znt1 — 2ol = [lzn — 0|
for every n > 0, which together with the boundedness of ||x,, —z¢|| implies that there exsists
the limit of ||z, —zo||. On the other hand, from x4, € Q,, we have (z,—Tp1m, Tn—x0) <
0 and hence
|Zntm — 517n||2 = [[(#ntm — x0) — (%0 — 5170)||2

<N @ntm = zoll? = ll2n — zol* = 2(Zntm — @n, @0 — o)

< |l#ntm — zoll* = [lzn — 2ol — 0, 7 — o0
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[

for any m > 1. Therefore {x,} is a cauchy sequence in C, then there exists a point ¢ € C'

such that lim,, .. z, = q.
STEP 5. We show that v, — ¢q, as n — oco. Let

Dy ={2€C:|lyn — 2> < llwn — 2|* + (Ly + 2L — Ln — 2)(L;; + 2L;, — Ly)}-

From the definition of D,,, we have

D,={z€C:(y, zyn—z> (Tn — 2,2 — 2)
+ (L3 +2L2 — L, — 2)(L3 +2L2 — L,)}
={z€C: |yl - 2<ymz> + 1207 < flenll® = 2(an, 2) + |21
+ (L3 +2L2 — L, — 2)(L3 +2L% — L,)}

e C e - yn,z> < Jlaal® - Iyl

+ (L3 +2L2 — L, —2)(L? +2L% — L,)}.

This shows that D,, is convex and closed, n € Z* U {0}.
Next, we want to prove that C,, C D,, n > 0. In fact, for any z € C,,, we have

lyn — z||2 <1+ (Ln(1 = an —by) + LZ((l — Vn)an + bn)an'Vnng —Day
+ (Ln(l =) — 1)+ 'Vnng)ﬁn]zn"En - z||2
= ||z — z||2 + 2[(Ln(1 — @y, — by) + Li((l — Yn)On + bn)an'VnLi - Doy,
+ (Ln(l =) — 1)+ 'Vnng)ﬁn] + [(Ln(1 = an — bn)
+ Li((l — Yn)an + bn)an'VnLi —Day,
+ (Ln(l =) — 1)+ 'Vnng)ﬁn]zn"En - z||2
< lwn — 212+ [2(L3 +2L7 — Ly — 2) + (Ly + 2L — Ly — 2)%] |2y — 2
= ||wn — 2||> + (L3 + 2L2 — L,, — 2)(L3 + 2L% — L,,) ||z, — 2|

From
Con={2€C:|yn— 2| <[1+ (Ln(l —an —bn) + Li((l — Yn)an + bn)an'Vnng — Doy
+ (Ln(l =) — 1)+ 'Vnng)ﬁn]H:En —z[[} N4, n=>0,

we have C,, C A, n > 0. Since A is convex, we also have ¢coC,, C A, n > 0. Consider
T, € coC,_1, we know that

lgn — 2l < llon — 201> + (L), + 2L7 — Ly, — 2)(L;) + 2L} — Ly)||zn — 2|
<lwn = 2)1* + (Ly + 215 — Ly — 2)(Ly) + 2L, — Ly).

This implies that z € D,, and hence C,, C D,, n > 0. Sinnce D, is convex, we have
co(Cy) C Dy, n > 0. Therefore

lyn = @1 ll? < llan — @i |® + (L + 2L3 — Ly — 2)(Ly, +2L7 — Ln) — 0

as n — oo. That is, y, — q as n — oo.
STEP 6. We show that ¢ € F. From the definition of y,,, we have

(an + anonTy + bnanT + ﬁn + ﬁn'ynT + anan'yn )||Tn$n - $n||

= [y — 2al =0
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as n — oo. Since oy, € (a, 1] C [0, 1], from the above limit we have

lim ||Tx, — zn]| = 0.
n—oo

Since {7} is uniformly closed and z,, — ¢, we have q € F..

STEP 7. We claim that ¢ = zp = Ppxg, if not, we have that ||zo — p|| > ||zo — 20]|-
There must exist a positive integer N, if n > N, then ||zg — z,|| > ||xo — 20||, which leads
to

120 — zul1® = l|20 — 25 + 25 — 20]|* = |20 — @nl|* + |2 — 20]|* +2(20 — @, 25 — 0)-

It follows that (29 — 2y, T, — 2o) < 0, which implies that zg € Q,,, so that zy € F, this is
a contradiction. This completes the proof. O

Now, we present an example of C,, which does not involve a convex subset.

Example 2.6. Take H = R?, and a sequence of mappings T}, : R? — R? given by

1
T, : (tl,tg) — <§t17t2>7 V(tl,tg) € Rz, n > 0.

It is clear that {7),} satisfies the desired definition of with F' = {(¢1,0) : t; € (—o0, +00)}
common fixed point set. Take z¢g = (4,0), ag = g, we have

1 6 1 4 6
Yo 7330-1-70330 X7+8X7 (1,0)

Take 1 + (Lo — 1)ag = /3, we have

5
Co={2€R?: llyo— = < \/;HSUO |}

It is easy to show that z; = (1,3), 20 = (—1,3) € Cp. But

1 1 _
==z —z9 = (0,3)EC
7 =gat g (0,3)€Cy,

since ||yo — z|| = 2, ||zo — z|| = 1. Therefore Cj is not convex.

Corollary 2.7. Let C be a closed conver subset of a Hilbert space H, and let T be a
closed quasi-nonexpansive mapping from C into itself. Assume that oy, Bn, Yn, an and
by, € [0,1], oy + B, € [0,1] and ay, + by, € [0,1] for alln € N and > 77 ((an + B,) = .
Then {z,} generated by

xg € C =Qo, choosen arbitrarily,

Yn = (1 —ay, — Bp)zn + anTzy + 8, Tt,, n >0,
zn =1 —an —bp)zy + a Tty + b, Ty, n>0,
th =1 —v)xn + WTxn, n>0,
Co={2€C:|lyn—2|| < ||lxnn—2z||} N A, n>0,
Qn={2€Qu1:(Tn—2,20—1,) 20}, n>1,
ZTnt1 = Po,n@.%o

converges strongly to Prxg.
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Proof. Take T, =T, L, = 1 in Theorem 2.5, in this case, C,, is convex and closed and ,
for all n > 0, by using Theorem 2.5, we obtain Corollary 2.7. U

Corollary 2.8. Let C' be a closed conver subset of a Hilbert space H, and let T be a
nonexpansive mapping from C into itself. Assume that o, B, Yn, an and b, € [0,1],
an + Bn € 10,1] and an + b, € [0,1] for alln € N and ;7 o(an + Bp) = 0o. Then {xy}
generated by

xg € C =Qo, choosen arbitrarily,

Yn = (1 - Qp — ﬁn)$n +ap,Tzp + By Tt,, n>0,

zn =1 —an —bp)xy +ay Tty + b, Ty, n>0,

tn = (1 - 'Vn)inn + Y TLxn, n=>0,

Co={2€C:|yn— 2| < lzn—2[} N4, n=0,
Qn:{ZGQn—l:<$n_za$0_$n>20}a n>1,

Tni1 = Po,ng.To

converges strongly to PF(T):EO

3 Applications

Here, we give an application of our result for the following case of finite family of asymp-
totically quasi-nonexpansive mappings {7, n}g:_ol. Let

1T} — pll < kijlle —pll, Vel peF,

where F' is common fixed point sets of {Tn}g:_o1 and limj_o k; j = 1forall0 <i < N —1.
The finite family of asymptotically quasi-nonexpansive mappings {7, n}g:_ol is uniformly
L-Lipschitz it ' '

1Tz — Tyl < Lijllz —yl, Va,yeC,

foralli e {0,1,2,...,N—1}, 7 > 1, where L > 1.
Theorem 3.1. Let C be a closed convex subset of a Hilbert space H, and let {T,, }N ! be
a finite uniformly L-Lipschitz family of asymptotically quasi-nonexrpansive mappings wzth
the nonempty common fized point set F. Assume that o, B, Yn, an and b, € [0,1],
an + Bn € 10,1] and an + b, € [0,1] for alln € N and ;7 o(on + By) = 0o. Then {xy}
generated by
xg € C = Qg, arbitrarily,
Un = (1 — ap — Bn)Tn + ay z((n Zn + ﬁnTZ((:) n, n =0,
zn =1 —ap —by)zy, + aan(%)t +b le((;;)lbn, n >0,
tn = (1= y)Tn + 'VnTZ((n)):Um n >0,
Cn={2€C:|lyn — 2zl < [1+ (ki) jm)(1 — an — bp)

iy gty (1= An)an +bn)an ki iy — Lon

- Kitmy gy (1= ) = 1)+ k2 ) Bl — 2} O A, 70> 0,
Qn:{zeQn—l:<$n_za$0_$n>20}a n>1,
Tn+1 = Pwo,n@.Zo

converges strongly to Prx.
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Proof. We can drive the prove from the following two conclusions.

Conclusion 1 {T, é\[:f]l}gozo is a uniformly closed asymptotically family of countable
quasi-L,-Lipschitz mappings from C' into itself.

Conclusion 2

F = ﬂi:[:o F(T,) =Ny F(Ti%)), where F(T,,) denotes the fixed point set of the map-

pings T),. ]

Corollary 3.2. Let C be a closed convex subset of a Hilbert space H, and let T be a
L-Lipschitz asymptotically quasi-nonexrpansive mapping with the nonempty common fized
point set F'. Assume that ay,, B, Vn, an and b, € [0,1], an+ 06, € [0,1] and a, +b,, € [0, 1]
for alln € N and Y77 o (a + Bn) = 0o. Then {x,} generated by

xg € C = Qp, arbitrarily,
Yn = (1 —ay, — Bp)zn + T2 + BT, n >0,
zn =1 —an —bp)zy + ay T, + b, Tz, n >0,
thn = (1 —vn)xn + T x,, n >0,
Con={2€C:|yn—2|| <1+ (Kn(1 - ay —by)
+EK2((1 = yp)an + bp)an K — 1)ay,
HEu(1 =) = 1) + mK2)Balllzn — 2} N A, n >0,
Qn={2€Qn_1:{(xrn—2,20—1y) >0}, n>1,
Tn+1 = Pwon,ngno

converges strongly to Prxg.

Proof. Take T, =T in Theorem 3.1, we get the desired result. O
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Abstract
Let A be the family of functions f(z) = z + a2z + ... which are analytic in the open unit
disc D = {z : |z| < 1}, and denote by P of functions p(z) = z + p12 + p2z? + ... analytic in D
such that p(z) is in P if and only if
14 ¢(z)

< p(z) = 1_7¢(z),

for some Schwarz function ¢(z) and every z € D.
Let f(z) be an element of A, and satisfies the condition

o =(ira)me-(1-3)me

where pi1(z),p2(z) € P and k > 2, then f(z) is called function with bounded radius rotation.
The class of such functions is denoted by Rj. This class is generalization of starlike functions.
The main purpose is to give some properties of the class Ry.

1 Introduction

Let Q be the family of functions ¢(z) which are analytic in I and satisfy the conditions ¢(0) = 0,
|p(2)] < 1 for all z € D. If f1(2) and fa(z) are analytic functions in D, then we say that fi(z) is
subordinate to fo(z), written as f1(2) < fa(z) if there exists a Schwarz function ¢ €  such that
f1(z) = fa(p(2)), z € D. We also note that if fo univalent in D, then fi(z) < f2(2) if and only if
fl(o) = f2(0)a fl(]D)) C f2(D) imphes fl(Dr) C fQ(Dr)a where D, = {Z : |Z| < 7”,0 <r< 1} (See [2])
Denote by P the family of functions p(z) = 1 + p1z + p22% + p32® + -+ analytic in D such that p
is in P if and only if

1+z 14 ¢(2)
1— 2 p(z)*1_¢(2)a

p(2) < 2€D (1.1)

2010 Mathematics Subject Classification: 30C45
Key words and phrases: Bounded radius rotation, bounded boundary rotation, distortion theorem, growth theorem
and coefficient inequality.
Corresponding Author*
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Let f(z) be an element of A. Then f(z) is called convex or starlike if it maps D onto a convex
or starlike region, respectively. Corresponding classes are denoted by C and S*. It is well known
that C C S*, that both are subclasses of the univalent functions and have the following analytical
representations.

f"(2)
f(z) €C <= Re| 1+ 27 >0, zeD (1.2)
f'(2)
and 702
z
z) € 8" <= Rel z >0, z€D 1.3
e (-5 (13
More on these classes can be found in [2]. Let f(z) be an element of A. If there is a function g(z)
in C such that 2)
z
Re >0, z€D 1.4
(557) )

then f(z) is called close-to-convex function in D and the class of such functions are denoted by CC.

A function analytic and locally univalent in a given simply connected domain is said to be of
bounded boundary rotation if its range has bounded boundary rotation which is defined as the
total variation of the direction angle of the tangent to the boundary curve under a complete circuit.
Let V. denote the class of functions f(z) € A which maps D conformally onto an image domain of
boundary rotation at most kw. The class of functions of bounded boundary rotation was introduced
by Loewner [3] in 1917 and was developed by Paatero [5, 6] who systematically developed their
properties and made an exhaustive study of the class V. Paatero has shown that f(z) € Vj if and
only if

f'(z) = Exp { /Ozﬂ log (1 —ze™") du(t)} ) (1.5)

where p(t) is real-valued function of bounded variation for which

2m

du(t) =2 and /W|du(t)\§k (1.6)
0 0

for fixed k > 2 it can also be expressed as

/02” (zf'(2))

ReW do < 2km, z=re". (1.7)
Clearly, if k1 < ko then Vi, C Vi, that is the class Vi obviously expands on k increases. Va is
the class of C of convex univalent functions. Paatero showed that Vy C S, where § is the class of
normalized univalent functions. Later Pinchuk proved that Vj is close-to convex functions in D if
2<k<4]1.
Let Ry denote the class of analytic functions f of the form f(2) = 2 + a22? + az2® + ... having
the representation

f(z) =zExp {—/0 ! log (1 —ze ™) du(t)| , (1.8)

where p(t) is given in (1.6). We note that the class Ry was introduced by Pinchuk and Pinchuk
showed that Alexander type relation between the classes Vi and Ry exist,

feVie Zf/(Z) € Ry, (1.9)
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Rj; consists of those function f(z) which satisfy

/2” 0 f/(e)
0 Fre?)

Geometrically, the condition is that the total variation of angle between radius vector f(re'®) makes
with positive real axis is bounded kw. Thus, Ry, is the class of functions of bounded radius rotation
bounded by km, therefore Ry generalizes the starlike functions.

Py, denote the class of functions p(0) = 1 analytic in I and having representation

27 Zefit
pe) =5 | (1.11)

2 1—ze it

Re(re

)‘ df < km,z =re®. (1.10)

where u(t) is given in (1.6). Clearly, P, = P where P is the class of analytic functions with positive
real part. For more details see [7]. From (1.11), one can easily find that p(z) € P can also written
by

o= (5+3)me) - (§-3)me. =ep (1.12)

where p1(z),p2(z) € P. Pinchuk [7] has shown that the classes Vi, and Ry can be defined by using
the class Py as gives below
CrE) b
o

feVie ———— ¢ 1.13
7 (49
and 70
zf'(z
f € R, & e P 1.14
) (4
At the same time, we note that Vj generalizes of convex functions.
2 Main Results
Lemma 2.1. Let p(z) be an element of Py, then
1472 kr
‘p(Z) 12| ST (2.1)
Proof. Let f(z) be an element of V. Using (1.13), we can write
f"(z)
p(z) =1+ ,p(z) € Py 2.2
() =1+ 55 n(2) (22)
On the other hand M.S. Robertson [8] proved that if f(z) € V4, then
1"(2) 22 kr
— 2.
‘Zf’(z) 1—7r2] 7 1—172 (2:3)
Therefore the relation can be written in the following form,
1"(2) 1+72 kr
1 — 2.4
‘( +Zf’(z)) 1—7r2| =~ 1—172 (2:4)
Using the definition of the class V4, we obtain (2.1). O
3
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Theorem 2.2. Let f(z) be an element of Ry, then

T T
— - < |f(z)] < : — 2.5
(1= (1+7)5 e 1-r)S 1+ 25
1—kr+1r? 14+ kr 412
<) s T (2.6)
(1-7r)>72(1+7r)*">2 (1—7)?T2(1+r)% 2
Proof. Using the definition of Ry, then we can write
/ 1 2
zf (2) 14 < kr 27)
flz) 1—r2 1—r2
This inequality can be written in the following form,
1—kr+nr? fl(z)  14+kr+r?
— < < 2.
1_ 72 _Rezf(z) =T 2 (2.8)
On the other hand, we have
f'(z) 9
=r.—l 2.
Resd 28 = r Lol 7(2) (29)
Thus we have N ) 5 L )
L—kr+r 1+kr+r
—_ < — < ——mM— 2.10
A=) o oglf(2)] < Ry (2.10)
Integrating both sides (2.10), we get (2.5). The inequality (2.7) can be written in the form
1—Fkr+1r2 f'(z) 1+ kr+r?
< 2.11
1_ 2 Zf(z) =T 2 (2.11)
In this step, if we use (2.5), we obtain (2.6). O
Corollary 2.3. For k=2 in (2.5), we obtain
T r
— < <
(1—|—T’)2 = |f(2)| = (1_7_)2
This is well known growth theorem for starlike functions [2].
Corollary 2.4. For k=2 in (2.6), we obtain
1—r 1+7r
—— < |f'(2)| <
A5 S lF'(2)] < A=r)p
This is well known distortion theorem for starlike functions [2].
Corollary 2.5. The radius of starlikeness of Ry, is
k—vVEk?2—4
Rg: = ———— k=2 (2.12)
4
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Proof. Since

Re(zf/(z)) - 1—Fkr+r?

1— 72
O

Hence for R < Rg~ the left hand side of the preceding inequality is positive which implies (2.12).
We note that all results are sharp because of extremal function is

2(1—2)51
(1+z)2t1

fi(z)  1—kz+22 &Jr} l+z (k 1\1-=z
) T 1-2 \a2)1i—2 4 2)1+2

Thus, f«(z) € R and f.(z) is extremal function.

fu(2) =

Indeed,

Lemma 2.6. Let p(z) = 1+ p1z + p22? + ... be an element of Py, then
lpn| <k
Proof. Method 1. Since p(z) € Py, then we have
ko1 k1
po = (5 +35)me - (5-3) mi
ko1 ko1

= <4 -+ 2) (14 a1z +a2®+...) — <4 — 2) (14b1z+by2® 4 ...)

Then we have

Thus

This shows that,
lpn| <k

Method II. Since p(z) € Py, then p(z) can be written in the form

1 (271 4 ze—it
p(2) / Lre )

“or 1—ze it
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and ) )
/ du(t) =27 and / |[du(t)| < k.
0 0
Then

1 [*" 1+ ze
21 Jo 1 — ze i uet)

) . » .
1 T 14 ze T — zeTH 4 zeT

p(z) =1+piz4p2?+.. =

2w Jo 1—ze uet)
1 [ 2ze~
= — 1— —— |du(t
27 Jo ( 1—26_Zt> u(t)
1 27
ol <> [ ldu(o) <k
T Jo
is obtained.
We note that this lemma was proved first by K.I. Noor [4] (Method II). O
Theorem 2.7. Let f(z) be an element of Ry, then
1 n—2
nl < —m—+ k 2.1
onl < gy L0 (213)
Proof. Since f(z) € Ry, then we have
LE )
/()

where p(z) € Py. Thus
2f'(2) = f(2)p(2)

Comparing the coefficients in both sides of zf'(2) = f(2)p(z), we obtain the recursion formula

1 n—1
An = anfual/z n>2
v=1

"on—1

and therefore by Lemma 2.6,
n—1
k
|an| = T Zl |ay|

Induction shows that )
e

lan| < ﬁ H(k+’/)-
v=0
O

Corollary 2.8. For k = 2, we obtain |a,| < n. This inequality is well known coefficient inequality
for starlike functions.
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Indeed,

1 k(b4 1)k 42).(k+ (n —2)
lan| < myl;[o(mu) - = .

If we take k = 2,
lan| < 2.34..(n—2).(n—1).n -
(n—1)!

Corollary 2.9. Let f(z) be an element of Vi, then

n—2
1
lan| < EH(k-‘v—I/) (2.14)
T v=0

Proof. Using the theorem of Pinchuk
f(z) € Vi & 2f'(2) € Ry,
we get (2.14). O

Corollary 2.10. For k = 2, we obtain |a,| < 1. This inequality is well known coefficient inequality
for conver functions.

We note that all these inequalities are sharp because extremal function is,

B 2(1—z)z~!
foz) = (1+2)5+1°
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POLY-GENOCCHI POLYNOMIALS WITH UMBRAL CALCULUS
VIEWPOINT

TAEKYUN KIM!, DAE SAN KIM?2, GWAN-WOO JANG3, AND JONGKYUM KWON%:*

ABSTRACT. In this paper, we would like to exploit umbral calculus in order to
derive explicit expressions, some properties, recurrence relations and identities
for poly-Genocchi polynomials.

1. Review on umbral calculus

The purpose of this paper is to use umbral calculus in order to derive some new
and interesting expressions, recurrence relations and identities for poly-Genocchi
polynomials. To do that we first recall the umbral calculus very briefly. For more
details, the reader may refer to [11, 12]. We denote the algebra of polynomials in a
single variable x over C by IP and the vector space of all linear functionals on P by P*.
The action of a linear functional L on a polynomial p(z) is denoted by (L|p(z)). We
define the vector space structure on P* by (cL+c' L'|p(x)) = ¢(L|p(z))+ (L' |p(z)),
where ¢, € C. We define the algebra of formal power series in a single variable ¢
to be

k
F = f(t):Zak%MLkG(C . (1.1)

k>0

A power series f(t) € F defines a linear functional on P by setting

(f()|2™) = an, for all n > 0. (1.2)
By (1.1) and (1.2), we have
{t*|2™) = nl6, k, for all n,k >0, (1.3)

where 9y, , is the Kronecker’s symbol. Let fr(t) = En>O<L\m">%. From (1.2), we
have (fr(t)|z") = (L|z™). So, the map L ~— fr(t) is a vector space isomorphism
from P* onto F. Thus, F is thought of as set of both formal power series and linear
functionals. We call F the umbral algebra. The umbral calculus is the study of
umbral algebra.

The order O(f(t)) of the non-zero power series f(t) € F is the smallest integer
k for which the coefficient of #* does not vanish. Suppose that f(t),g(t) € F such
that O(f(t)) = 1 and O(g(t)) = 0, then there exists a unique sequence s, (x) of
polynomials such that

(g (£ ()" [sn(2)) = nldp1, (1.4)

2010 Mathematics Subject Classification. 11B83, 42A16.
Key words and phrases. Poly-Genocchi polynomials, umbral calculus.
* corresponding author.
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2 Fourier series of finite products of Bernoulli and Genocchi functions

where n,k > 0. The sequence s, (x) is called the Sheffer sequence for (g(t), f(t))
which is denoted by s, (x) ~ (g(t), f(t)) (see [11, 12]). In particular, if s,(z) ~
(g9(t),t), then s,(x) is called the Appell sequence for g(¢). For f(t) € F and
p(x) € P, we have (e¥'|p(x)) = p(y), (f(D)g(®)Ip(x)) = (9(t)| f()p(z)) and

n

£ = U@l @) = Syt (1.5
n>0 n>0
From (1.5), we obtain (t*|p(x)) = p®)(0) and (1]p®*) (z)) = p*) (0), where p¥ (0)
denotes the k-th derivative of p(x) with respect to x at = 0. So, we get that
thp(z) = p¥) (z) = Cfgﬁ—k,cp(:v), for all k > 0. Let s, (z) ~ (g(t), f(t)). Then we have

_ L e N
70 T;) n(¥) (1.6)

for all y € C, where f(t) is the compositional inverse of f(t) satisfying f(f(t)) =

F(f(t)) = t. Let s,(z) = D iy cniri(z), for s,(z) ~ (g(t), f(t)) and 7, (z) ~
(h(t),£(t)). Then we have

ot = g (ST ) (1)
(see [11, 12]).
For s,,(z) ~ (g(t), f(t)), we have the recurrence relation
=|z— g(t) Ls x
swale) = (2= 2 ) g (18)
Finally, for any h(t) € F and p(z) € P, we have the following.
(h(t)|zp(x)) = (Oeh(t)|p(x)). (1.9)

2. Introduction

Let r be any integer. We recall here that
oo :'Cn
Lip(x) =Y — (2.1)
n=1
is the rth polylogarithm function for » > 1, and a rational function for » < 0. It is
immediate to see that

d . 1.
%(LZTH(:E)) = ;Lzr(m). (2.2)
The Poly-Genocchi polynomials G%r) (z) of index r are given by
2Lir(1—e7") 1 = Ayt
_— = T —_ 2.
P ICCT (23)

For z = 0, G = G{7(0) are called poly-Genocchi numbers of index r. In
particular, if r = 1, Gg)(x) = @, are the ’classical’ Genocchi polynomials defined
by

n

et =Y ) (see 8) 2.

n=0
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The Poly-Genocchi polynomials Ggf)(z) were first introduced in [3], even though
they were called poly-Euler polynomials and denoted by E{")(x). For the obvious
reason, it seems more appropriate to call them poly-Genocchi polynomials rather
than poly-Euler polynomials. There are other definitions for poly-Euler numbers

and poly-Euler polynomials. Indeed, in [10, 13] the poly-Euler numbers E,(;) are
defined by

Li(1— —4t > tm
Li,(1—e™™) - Z E’(’:)ﬁ (2.5)

4t cosht
m=0

For poly-Euler polynomials, see [2]. The poly-Bernoulli polynomials B,(Lr)(x) of
index r are given by

M ZB(T) f, (see [1, 4, 6]). (2:6)

When z = 0, B = Br(LT)(O) are called poly-Bernoulli numbers of index r. In
particular, if r = 1, B(l)( ) = B, are the Bernoulli polynomials defined by

=y Bn(gc)%. (2.7)
n=0

The Euler polynomials E,, (x) are given by

=) En(x)g. (2.8)
n=0

As is well knwon,

1
= > . .
En(x) n+ 1Gn+1(x)v (n = 0) (2 9)
Writing Li, (1 — e!) = 30°  apty = ¢t + 3207, a,, L7, from (2.3) and (2.7) we
see that
oo ; tn
3 G (a Z (Z ( )anlEl(m)> — (2.10)
n=0 n=1 =
This implies that

Gér) (x) =0, GY)(m) =1, deg G (z)=n—1, (n>1). (2.11)

In this paper, we would like that to exploit umbral calculus in order to derive
explicit expressions, some properties, recurrence relations and identities for poly-
Genocchi polynomials.

3. Explicit expressions

It is important to observe that sometimes we can not directly apply the umbral
calculus techniques to the generating function (2.3) of poly-Genocchi polynomials,

since % is a delta series, and hence is not invertible. Instead, we have to
use the next generating function for %fx) (n > 1), which follows from (2.3) and
(2.10).
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4 Fourier series of finite products of Bernoulli and Genocchi functions

2Lip(1—e™t) _, G ()
cherl=e 7)) —Z

1

t(et +1) — n+tl nl’ (3:1)

We see from (2.11) that ”“( ) is the Appell sequence for %, namely
G;Tll(m) t(et +1)

ZntiA N=— "7 ft)=t]. 2

U (g0 = g s 0 =) (3.2

. —t
We will compute <% | a:"+1> in four different ways in order to get inter-
esting identities. Firstly, we have

<Lz’,.(1t—e_t)|xn+l>

- <1 P |o:”+1>

m=1

n+2
_ mm' ]‘ 1 —t m| . n+1
fmg_jlel) o <tm!<e ) >

n+2 (33)
= <Z SQ ]a tj 1‘ n+1>

m—l !

n+2 n+2 )
= DT Z Sa(j,m (n+1)!6n+1,5-1

m:l

12 m!

_ _1\ym+n
—n+2mz::1( 1) mS(n—I—Qm)

t 3.4

m=0 m L

sy n+1 !

= Z ( >Bn:)/ u" " dy
m=0 m 0
n+1
m ™n—m+2
m=0
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Thirdly, we obtain

m=0
> L /1"
= T(,’L’l)'</ smd5|x"+1>
m=0 me t 0
= 1
. r—1 m|,.n+1 35
- 7(n )< ¥+ 1)| <t |£U * > ( )
m=0
- N (r—1) 1 IS
m (m+1)|<n+ ) n+1lm
m=0 ’
_ L e
n+2 n+1

Lastly, in [7] we showed that

00 00
Li,.(l — e_t) = Z Z it tir-1tl
J1=0 Jr—1=0
r—1 B (36)
5 L (r>2),

X 17 :
il;[lji!(yl+-~-+yi+1)

which follows from the well-known integral representation

| Vol Y 1 vy
. —t\ __
Lig(1 —e )_A ey—lfo ey—lfo ey—l/o ey—ldy dydydy, (37)

(k—2) times

0o o] r—1 B.
-3 .. i petie |t
2 Z: ; Ji!(j1+---+ji+1)< )

T B]q
e e st B /L €T S [ o

(3.8)

) (TL + 1)!67l+17j1+"'+jr—1

r—1 B
=(n+1)! I :
j1+---+jo;1:n+1 i=1 it 4 ji+ 1)
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6 Fourier series of finite products of Bernoulli and Genocchi functions

Theorem 3.1. For all integers v > 2, and n > —1, we have the following.

<Li,.(1t— e ) Ix"+1>

12 g M
m=1
- TYL - m + 2
1 (r—1)
= B
n -+ 2 n+1

:(n+1)| Z H]z ]1+ +]1+1)

Jittir—1=n+1i=1

Similarly, the following was derived in [7] except for the first one which is left as
an exercise to the reader.

Theorem 3.2. For all integers v > 2, and n > —1, we have the following.

<Li7~(1 — eft)|x"+1>
n+1 '
= Z m+"+1 S (n+1,m)

m=0 m
:B’SLT—l)

AP sz ,71+ +J +1)

Jittjr—1=ni=1

The following is also immediate from (2.3). However, we derive it by using

umbral calculus.
(7“) < Z G(r n>

_[2Li,(1—e"t) =Y,

“\ Tt It (39)
" (n\ ,/2Li,(1—¢e7Y) ,

=3 (1) (e
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Thus we have shown
G(T) _ E n G(T) l'
n ({E) i (l n—l‘IIj

Next, in order to express poly-Genocchi polynomials in terms of Euler polyno-
mials, we first observe the following.

"
G (y) = <2L27(1€)eyt|xn>

et +1

Li,(1—e")|= - 1eytm">
(3.10)

From this and Theorem 1.2, after simple manipulations, we obtain the following
explicit expressions for Gg)(x), as linear combinations of Euler polynomials.

Theorem 3.3. For any integer n > 0, we have

> (7)(1)“’”77352(””1)&”(@

3 Bj;
Sy ol e

=1 g1, gr—120,51++jr1=l-1 i=1

This time we want to express poly-Genocchi polynomials in terms of Genocchi
polynomials. For this, we first observe the following.

Co ot
G (y) = <2LZ7‘(1€)eyt|mn>

et +1
<L2T (I1—e" etQJtr 1eytxn>
< |§Gz(y)§ix”> (3.11)
:§<Z)Gz(y)<LiT(1t gt

From this and Theorem 1.1, after simple manipulations, we get the following
explicit expressions for Gg)(:v), as linear combinations of Genocchi polynomials.
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8 Fourier series of finite products of Bernoulli and Genocchi functions

Theorem 3.4. For any integer n > 0, we have

n—1 1+1
G (x

=0 m=1

I—m+1 <7> <7;) B Gy i(x)
1 (7) B VG ()

3 N
|

M7 I
- ﬁM~

=0
n—1 r—1
B,
= Z (n)l H Y & : Gn
.| .
S it Tt iy S i)

=> > z+1( > (—1)Hm- 1;’; Sa(l+ 1,m) Gy ()

,l((E).

As a final remark in this section, we mention the following Appell identity.

B{(x+y) = En: (Z‘) B (y)an.

=0

4. Recurrence relations

From (1.9), for s,(x) ~ (g(t),t) we have

smin () = (m - g'(t)) sn(2).

Here we apply this recurrence relation to

Gl (@) He! + 1)
TR (9“)  2Li(1 et)’t>'

Then
Gila(x) 1
n+2 n+1
Observe first that

) git) 1

Liy_1(1— et)>

et +1 Liy(1—et) et —1

(3.12)

(4.1)

(4.4)

2Li, (1 —e™t)

2Li(1—e ) 2Lip(1—e™®) 1 2
( t(et +1) et +1 S 2et+1
2 Li,_1(1—et)\ tlet+1)
Cet41 et—1 >2LiT(1—e—t)'

et +1

1021
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Now,
g0 1
g(t) n+1 Eﬁ)ﬂ(x)
1/2Li,(1—e™?)  2Li(1—e) 1 2 2Li(1—e™)
:g( t(et +1) et +1 S 2et+1 et +1
L2 Lol (45)
et +1 et —1
1 /2Li,(1—e7?) 2Li,(1—e7?) 1 2 2Li(1—e")
:n+1( t(et +1) et+1 S 2et+1 et +1
2 Lip—1(1—e )\ i1
et +1 et —1 )x ’
Note here that the expression in bracket of (4.5) has order > 1, and

Wt + ) GY(x)

= 4.6
2Li,(1—e7?) n+1 (46)
We now compute the four pieces in the expression of (?7?):
2Lir(1 — e_t)xn+1 - Gl(+1 t a1
t(et +1) — I+11!
- (4.7)
:Z 1 <”+1)Gl(:)1 1=l
= I+1 l
2Li,(1—e™') .1 T)t
e Sl P G
et + 1 Z
(4.8)
n+1
— Z (n + ) n+1 l
, _ +1
2 2Li.(1—e t)an _ 2 "Z A1\ o) i
et +1 et +1 et—i—llzo l !
n+1
ntl\ o 2 ai
= " 4~
l_0< l )Gl et 1 (4.9)
n+1 n+ 1
B < ! )GE”EHH-M),
1=0
2 Linl(l —€ ) n+1 2 B 1)ﬁ n+1
et +1 -1 et +1 l!
n+1
2 (n + 1) (r=1) n+1-1
= B s (4.10)
¢
et +1 — l
+
n+1 e
= ( >B< VB i1i(@).
1=0
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10 Fourier series of finite products of Bernoulli and Genocchi functions

Putting everything altogether, we arrive at the following theorem.

Theorem 4.1. For any integer n > 0, we have

G\, (x) 1 1 (&2t 1
n+2 _ (7") - (7")
n+ 2 _n+1xG”+1(x)+n+1(§( l )(QGl

n+1 (r)
= n+ 1 G T n+1l—
+Bl( 1))En+171($) — Z ( l )(zfi +Gz( )>x +1 z)_
1=0

Assume that n > 1,

2Li,.(1 —et
G;r)(y) _ < Zr( e )eytxn>

et +1
2L = e e\ L /2t
_<(atM)€ |.’L' + T(@e )‘l’

It is easy to see that the second term in (4.11) is equal to yG (y). For the first
term, we observe that

2Li.(1 —e™t)
o(= )
et +1
ol D ot (et 1) 2L (1 e et (412)
o (et +1)2
2 Liia(l—e?) 2Li(1—e®) 1 2 2Li(1—e")
et 41 et — 1 et +1 2et4+1  et41
So the first term can be written as three sums:

. —t . —t
(e ) - (e o)
e e — e

4.13
1/ 2 2Li(1—e™) 0 ay (4.13)
- e¥'|x .

2 \et+1 et +1

(4.11)

We now compute the three terms in (4.13):

(4.14)

2Lir(1 =€) i noa (r)
<et+1€y | =G 21(y), (4.15)
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2 2Li.(1—e t)eyt|x” 1
et +1 et +1
(2 prali—e) o
et +1 et +1
2 Nt e
- G (y)=a"
<et+1|lz; oWy (4.16)

Putting everything altogether, we have the following theorem.

Theorem 4.2. For any integer n > 1, we have the following recursive relation.
-1
- r—1 T
=Y (") ) BB @)+ 560 @)

5. Connections with other families of polynomials

In this section, we will exploit (1.7) in order to express poly-Genocchi polyno-
mials as linear combinations of well known families of polynomials. To express
poly-Genocchi polynomials in terms of Bernoulli polynomials, with noting that

(e (S). e

we let "“(z) = >0 CnkBi(x). Then

t_ C 1 _ et
Cop = 1<e 12Li,(1 e) )tk|x">

R\ ¢ tlet+1
<n) <e -1 2L’LT 1—e") nk>
k t(et +1)
<n) <€ _1|iG(r)1 £ . > (5.2)
k l+1l'
n S —k\ -1
() Z (e ()
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12 Fourier series of finite products of Bernoulli and Genocchi functions

n n—k 1 n 2 o L
- - Gr n—k—ld
(k>;l+l( l ) l+1/ou u
n—k
= : n=k) g
_(k> =0 (l+1)(nkl+1)( I )Gl+1 (5.3)

n—~k
_ 1 n+1\/n-—1 )
C(n+ 1)k ; (l+1> (/c—l)Gl“'

Thus we get the following result.

Theorem 5.1. For any integer n > 0, we have the following.

EE ) k1 (e | () L AT

k=0 1=0

(r)
Write Gt (2) = ZZ:O Cn,k(m)vu with

n+1
G(T) T et
Sia)“<ﬂia+2ty0’@%“WLﬁ—U, (5.4)

where (z),, are the lower factorial polynomials. Then

1 /2Li,(1—et) X
Ch = 1)Fa"
k=1 < et 1) (e = 1)z

2Li.(1—e7%) 1
2wl L x>
k!

< t(et + 1)
<2L

S S senge)

n in(1—et (5.5)
)$““<ﬂk;+n)”%§

(r)

G,
)it

" /n+1 r
— (M) s

Thus we obtain the following theorem.
Theorem 5.2. For any integer n > 0, we have the following.

T n+1 T
G0, () ZZ( )lk)Gi%H( »

k=0 l=k

Let Ob,(x) denote the ordered Bell polynomials given by

Q_é }:Ob (5.6)

n=0
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The ordered Bell polynomials have been of great use in number theory and enu-
merative combinatorics.

Here we would like to express the poly-Genocchi polynomials in terms of ordered
Bell polynomials. With observing that

(") (o ot
GZT(l = (2L€'E(1tle)—t)’t> Oale) (2= 51) o0

we let "“(z) =Y 1o CnkObi(x). Then

(2 _ et)QLzze(tl—i_le) )tk|3}n>

2 2Lin(1 =) . )
t(et + 1)

Thus we get the following result.

Theorem 5.3. For any integer n > 0, we have the following.

n n—=k
r n+1\/n— r
G =33 (z + 1) < )G§+)1(257, k1 — 1)Ob ().

We recall here that the Bernoulli polynomials of the second kind b, (x) are given

by
t
et Zb (see [9])- (5.9)
With noting that
Gill () t(et +1) .
n+1l <2LiT(1_e_t)7t),bn(x)~ <et—1’6 1>, (5.10)
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14 Fourier series of finite products of Bernoulli and Genocchi functions

Gl (@) n
we let il Ek:() kabk(aj). Then

1/ t 2Li(1—et),, .
n, -1 "
Cne = < o s G A

?E

t 2Li, (1 —e_t)|l( .
-1 tlet+1) k!

)t 2Li(1—e7t) o o
< t_ 1 t(et—i—l) |252(lak)ﬁx >

t  2Li.(1—e7t) ,_,
S2(l <et—1| t(et—i—l) v

(i)s0
(s (513 omt )
(1)s0

(5.11)

m=

= Ggll n-— t n—l—m
s 3 2 (M) ()

1=k m=0
1

n

— [(n+1 "
T+l z_:(m+1>( l )52(1 B)Gyi1 Bucim.

1=k

Thus we deduced the following theorem.
Theorem 5.4. For any integer n > 0, we have the following.
x):iinz_l (HH)( )52(1 K)G Bo 1 mbi(@).
=0 1=k m=o \"* T 1 e

The exponential polynomials ¢, (z)(also called Bell or Touchard polynomials)
are given by

e?(¢' 1) = Z¢n : (5.12)
With noting that
G(:),l(x) t(et+1)
n ~ t n(z) ~ (1,log(1 +1t)), 5.13
0t <2Lir(1—e‘t)7)7¢ 0 (Lloslt 1) 19
am
we write "“ =30 Cnk®r(x). Then

QLZT( — _t) n
Co— <M<log<1+t>>k|x )

_<2Lir( - )
S\ t(et +1)

2Li, (1 —
:< et+1 |Z‘gllku>

ios1 +1)s") (5.14)
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" /n 2Li (1 —et), .,
= L) (S T C Sy
Z(z)sl(’ )< i)
=k
— (n G(r)l+1

k
1 &(n+1
—n+1§< TS0 RG

Thus we have the following result.

Theorem 5.5. For any integer n > 0, we have the following.

. n o n n+1 .
&), (@) ZZ( ) (1LR)CD,, du(a).
=0 l=

The Daehee polynomials D,,(x) are given by

log(1 +t) > t"
— 2 (1+t)* = D, (x)—. 5.16
(107 = 32 Dufe) (516)
Gy (@) n : :
Let —22— = > ko Cn .k Dy (), with noting that
G (z) t(et +1) et —1
n ~ t Dn ~ t - ]_ . .].
nt 1 <2Lir(1—e—t)’ ) (z) < r ) (5.17)
Then we have
1 /et —12Li(1—e"
Cn - r k n
R < t tet+ 1) Vle >
et —12Li,(1—e7%) 1
- | (¢! = 1)ka”
t t(et + 1) k!

—12Li(1—
:< t et+1 |ZSQlkl' >

7;) Sa(l, k) <e - %) QLZ&;S )x”l>

et — G(r) tm
So(l. k E m+1 n—l
2(7 )< t |m:O7TLJr17nlJj

n—l (r) t
n Gm+1 n—1 e —1 n—l—m
l)sz(l’k) m+1( m >< ol

— G(T) _ 1
Sg(l,k) m+1 (n l) / un—l—mdu
0

m

(5.18)
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16 Fourier series of finite products of Bernoulli and Genocchi functions

:zn: (7)52(17’“) i (m + 1)(7(557—%1— m+1) (n"; l>

=k ;" (5.19)
I &« 1 (n+1\/n-m+1 s
- L Sy (1, k)G, .
n+1l_kmz_0m+l( m )( ! ) 21 k)G

Thus we derived the following result.
Theorem 5.6. For any integer n > 0, we have the following.

n n n—I
r n+1 —m+1 r
Gl =3 § ( ) < l >Sg(l,k)G£n)+1Dk(:c).

k=0 l=k m= 0

The Mittag-Leffler polynomials M, (z) are given by

(ii)x = iMn(x)g. (5.20)

n=0

)
Write Sntrl®) — > ro CneMy(z), with observing that

n+1
GEALT-)H(JC) tlet +1) ot 1

Then we have
2Li (1 —et) fet —1\"
Cn k= |:I,‘
’ k" t(et+1) et +1

- 2 L 2Li(l—et) 1 , .
=2 k<(et+1)k (e(t+1) )|H(6 —1' >

2 2Li, (1 —
_o—k ) 2Lir (
=2 <(et—|—1) et—l-l |ZSQlkl' >

2 g 2Li.(1—eY) .,
1) | et z
et +1 t(et +1)

2.8

oo, oo (5.22)
S2(l, ) < et—l—l |Z m—|—1m'
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Here ET(Lk) are the Euler numbers of order k given by

2 k— 3 E(’“)tn 5.23
€t+1 _Z na' (' )

n=0

Thus we deduced the following theorem.

Theorem 5.7. For any integer n > 0, we have the following.

n n n—l
r o f(n+1 n—m
=23 Y (1) (")) s et B o)

k=0 l=k m=0
The Boole polynomials Bl,,(z) are given by

1+(17+t (14+1)® ZBZ . (5.24)

To express the poly-Genocchi polynomials in terms of Boole polynomials, we let

S8 xr
Cona (z) = r_oCniBli(z), with noting that

n+1
Gili@) ([ Hel+1)
n+1 2Li, (1 —e™t

),t> ,Bly(z) ~ (1+eM et —1). (5.25)
Then

. -t
Cn e = <(1 4 ekt)2L7/T(1 € )(et _ 1)k|xn

t(et+1)

)
= <(1 + eht)M‘l(et _ 1)kxn>

t(et +1)

9

Y (?)Sg(l,k)<1+e’\t| i Z%i::xn_l> (5.26)
(1)
9

n n—l
n—+1 n — N
:n +1 Z Z <m 4+ 1> < l >52(l k)Gm+1(6n—l,nz + A ! )

So we obtained the following theorem.

Theorem 5.8. For any integer n > 0, we have the following.

. LN A | -m . el

n
k=0 =k m=0
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Abstract

The objective of this paper is to investigate and extend some Pach-
patte type dynamic inequalities on time scales in three independent
variables which provide explicit bounds on unknown functions and
their derivatives. Some applications are also discussed here in order
to illustrate the usefulness of our results.

Keywords and phrases: Time scales, integral inequality, dynamic inequal-
ity, explicit estimates .

2010 Mathematics Subject Classification: 26E70, 26D10, 34N05.

1 Introduction

The theory of time scales was created by Hilger [11] in order to unify the
theories of differential equations and of difference equations and in order to
extend those theories to other kinds of the so-called ”dynamic equations”.
The two main features of the calculus on time scales are unification and
extension of continuous and discrete analysis. Since then, many authors
have studied different aspects of dynamic and integral inequalities on time
scales by using various techniques(for example, see[1-22] and the references
therein).

Our work is related to the explicit bounds of Pachpatte [15], [19] in the
form of dynamic inequalities with three variables which can be used as handy
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tools to study the properties of certain differential and dynamic equations on
time scales. We hope the results given here will assure greater importance
in near future.

2 Notations and Preliminaries on Time Scales

Here, we begin by giving some necessary material for our study.

Throughout this paper, we assume that a time scale T is an arbitrary
nonempty closed subset of R where R denotes the set of real numbers and
R, =10,00). Also T; and T5 be two time scales with atleast two points and
& =T, xTy and N = & x I, where J = [a,b]. Furthermore f: 7T — R is
rd-continuous provided f is continuous right dense point 7" and has a finite
left sided limit at each left dense point of T" and will be denoted by C,4. The
partial delta derivative of z(z,y) for (z,y) € N with respect to x is denoted
by 221 (z,y).

Before giving our main results, we introduce the following lemma which
is required in our theorems.

Lemmal8]: Let w,a, f € C.q(Ty X Ty, R) and a is nondecreasing in each
of the variables. If

uw(z,y) < alx,y)+ /x /yf(s,t)u(s,t)AtAs, (2.1)
for (z,y) € T\ x Ty, then o
u(z,y) < alz,y)ecy) (T, o), (2.2)
where ”
C(z,y) = / f(z, t)At, (2.3)
Yo

for (I,y) € T1 X TQ.

3 Results and discussion

Our main results are based on the following theorems of integral inequalities
with three independent variables which can be used in certain situations.

Theorem 3.1. Let u(z,y, z), f(z,y,2) and g(x,y,z) €Cra(N, Ry) and ¢ be
a nonnegative constant. If

T Y b
uz(az,y,z)écz—l—Q///[f(s,t,r)uQ(s,t,r)+g(s,t,7’)u(s,t,r)]ArAtAs,
o Y Yo v a
(3.1)
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for (z,y,2) € N,then

u(m,y,z) < p(fE,y,Z>€W(x7y)(l',[E0), (32)
where
T Y b
p(x,y,z):c—l—/ / /g(s,t,r)ArAtAs, (3.3)
zo Jyo Ja
and
Yy b
W(m,y):/ / flz t,r)ArAt, (3.4)
Yo Ja

for (z,y,z) € N.
Proof. Let ¢ > 0 and define a function z(z,y) by the right hand side of (3.1),

then
2(x0,y) = &, ulx, y, 2) < Vz(x,y), (3.5)
and
2(x,y) =+ 2/ / E(s,t)AtAs, (3.6)
where
b
E(z,vy) :/ [f(x,y,r)if(x,y,r) + g(z,y,m)u(z,y,r)| Ar. (3.7)

From (3.5), (3.6) and (3.7), we notice that

221 (2, y) = Q/yE(w,t),

Yo
which implies

\/E(%,y) §2/yo/a [f( 7ta )\/_( ,t)+g( ,t, ) Ar/t. (38)

Now from (3.8) above we have by taking delta integral

Vz(z,y) < plz,y, 2 / / / f(s,t,m)V2(s,t) ArAtAs, (3.9)

where p(x,y, z) be defined as in (3.3). Clearly p(z,y, z) is nonnegative, con-
tinuous and nondecreasing (z,y,z) € N. We assume that p(x,y,z) > 0 for
(x,y,2) € N. From (3.9), it is easy to observe that

(x e <1+/ /yo/f iA AtAs. (3.10)
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Define a function v(z,y) by

xy—l—l—///fst ;AAtAs (3.11)

it follows from (3.10) and (3.11) that

v(zo,y) = 1, Vz(x,y) < p(e,y, 2)v(z,y), (3.12)

now from (3.11) and delta derivative with respect to x yields

021 (2, y)

o) < Wi(x,y), (3.13)

where W (z,y) be defined as in (3.4). Keeping y fixed and set © = s and
delta integrate the resulting inequality with respect to s from zy to x for
(x,y,2) € N and using (3.12), we have

U(ZL‘, y) < EW (z,y) (xa (L’()). (314)
The desired inequality in (3.2) follows by using (3.14) and (3.12) in (3.5). O

Remarkl1: If we take f =0 and Ty = T; = R, then Theorem 3.1 reduces
to [18] Theorem 1(as).

Remark?2: It is interesting to note that the inequalities established in The-
orem 3.1 with three variables become the inequalities of Theorem 1 (ay)and

Theorem 4 (by)withTy = Ty = R and Ty = Ty = Z of one variable
respectively given in [19].

Remark3: Theorem 3.1 reduces to [18] Theorem 2 (bs) with Ty =Ty = Z
and f = 0.

Theorem 3.2. Let u(x,y,z), f(x,y,2), g(x,y,2), h(z,y,z) and m(z,y, 2)
ECTd(N, R+) [f

T Y b
u(z,y,2) < g(z,y,2)+h(z, vy, Z)/ / / [f(s,t,r)u(s,t,r)+m(s,t,r)}ArAtAs,
zo Jyo Ja

(3.15)
for (x,y,z) € N, then
u(x,y,z) S g(x,y,z) + h(x,y,z)pl(x,y,z)ew*(g:’y)(x,xo),
where
Y b
W (2, y) = / / @t 1) h(x, b 1) ArAL, (3.16)
v Ja
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(x,y,z / / / (s,t,7)g(s,t,7m) +m(s,t 7")] ArAtAs,  (3.17)

for (z,y,2) €
Proof. Define a function z(z,y) by

(2, y) ://yy/b [F(s.tr)uls.t.r) £ mis.tr)| Aratas,  (3.18)

then
2(20,y) = 0,u(x,y, 2) < g(x,y,2) + h(z,y,2)2(z,y), (3.19)
and c
2, y) = / / Els, ) AtAs, (3.20)
o Yo
where

b
B(e.y) = [ [fynuteyr) + myn|an (32
From (3.19), (3.20) and (3.21), we notice that

A y) = 2/yE(x,t),

Yo

221z, y) < /y /ab [f(s,t,r)g(s,t,r) +m(s,t,r)}ArAt

—i—/y:’ /ab [f(x,t,T)h(:c,t,r)z(a:,t)}&r&t,

which implies

2(z,y) < pi(x,y,2) + /x: /y: /ab [f(s,t,'r’)h(s,t,r)z(s,t)} ArAtAs,

where py(z,y, z) be defined as in (3.17). The remaining proof can be com-
pleted by following a suitable modifications at the proof of Theorem 3.1 given
above. Here we omit the details. O

Remarky: By taking m=0, it is easy to observe that the bound obtained
in Theorem 3.2 reduces to the bound obtained in Theorem 2.1 given in [15].

Remarks: Theorem 8.2 with Ty = T5 = R and m=0 reduces to Theorem
1(az) given in [18].

Remark6: If we take Ty = Ty = Z and m=0, then Theorem 3.2 takes the
form of Theorem 2(bg) given in [18].
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Theorem 3.3. Let u(z,y,z2), f(x,y,2), g(x,y,z) and ¢ be defined as in
Theorem 3.1. If
u*(z,y,2) <

c2+2/;/y/: [f(s,t,r)u(s,t,r)

s t d
(u(s, t, r)—l—/ / / g(o,s,m)u(o,s, T)ATAgAU) +h(s,t,r)u(s,t, 7’)] ArAtAs,
sop Jtog Jc

(3.22)
for (z,y,z) € N, then
U(l’,y,Z) S p?(xaya Z>6W1(m,y)(xax0)v (323)
where
T Y b
po(,y,2) =c +/ / / h(s,t,r)ArAtAs, (3.24)
o Yo a
and
Y b
Wl(xay) = / / |:f($,t,7’) +g<x7t77a)] A?“At, (325>
yo Ja

for (z,y,z) € N.
Proof. Let ¢ > 0 and define a function z(x, y) by the right hand side of (3.22),

then
2(w0,y) = ¢, u(w,y,2) < Vz(z,y), (3.26)
and c py
2(m,y) = + 2/ / E(s, t)AtAs, (3.27)
Zo Yo
where

Bla,y) =
/ab [f(a:,y,r)U(x,y,r) <u(x,y,7") + /x: /yoy /Cdg(s,t,T)u(,t,T)ATAtAs>

‘I‘h(l‘,y,T)U,(fE,y,T)] A’T‘. (328)
From (3.26), (3.27) and (3.28), we notice that

ey =2 [ B

Yo
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which implies

my<2// Fla ) (Va1

T t
+/ / / g(s, s, 7))V (s, g)ATAgAs) + h(x, t,r)} ArAt, (3.29)
xg Jig Jc
now from (3.29) above we have by taking delta integral

Va(z,y) < pala,y, z)

/// flostr) (Vs )+ /// (0,5, TWV2(0,9) st ) | Arostis,

(3.30)
where po(z,y, z) be defined as in (3.24). Clearly py(z,vy, z) is nonnegative,
continuous and nondecreasing (z,y,z) € N. We assume that py(z,y,2) > 0
for (z,y,z) € N. From (3.30), it is easy to observe that

pa(x,y, 2 <1+/ /yo/ fatr ]92(5(757"))

/// a§7p2( ))ATAgAa)]ArAtAs. (3.31)

Define a function v(zx,y) by

a:y—1+/// fls, b, pg(s(tT))
/ / / ( T))Amgaa)]mams, (3.32)

it follows from (3.31) and (3. 32) that

v(zo,y) = L,Vz(x,y) < pala,y, 2)v(z,y). (3-33)
Now from (3.33) and delta derivative with respect to z yields

021 (z,y)
v(z,y)
where Wi(x,y) be defined as in (3.25). Keeping y fixed and set x = s and

delta integrate the resulting inequality with respect to s from xy to z for
(x,y,2) € N and using (3.33), we have

< Wi(z,y), (3.34)

'U(l', y) < EW(z,y) (I, x())- (335)
The desired inequality in (3.23) follows by using (3.33) and (3.35) in (3.26).
[l

7
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Remark7: We note that Theorem 3.3 is the further extension of Theorem
1(ag) given in [19] with three variables.

Remark8: Theorem 3.3 with f=0 and T} = Ty = R converted into Theo-
rem 1(a3) given in [18].

Remark9: By taking g=0 and Ty =I5 = R in Theorem 3.3, it reduces to
Theorem 1(ay) given in [19] with three variables.

Remark10: If we put g=0 and Ty = T, = Z in Theorem 3.3, then it
reduces to Theorem 4(by) given in [19] with three variables.

Theorem 3.4. Let u(z,y,2), f(x,y,2), g(z,y,2) and ¢ be defined as in
Theorem 3.1. Let L € C,q(N, Ry) which satisfies the condition

0<L(z,y,2,v) = L(z,y,z,w) < k(z,y,z,w)(v —w), (3.36)

for (x,y,z) € N and v > w > 0 where k € Crq(N, Ry). If
T Y b
u?(z,y,2) < 02+2/ / / [f(s,t,r)u(s,t,r)l}(s,t,r,u(s,t,r))
zo Jyo Ja
+g(s,t,r)u(s,t, T)} ArAtAs, (3.37)
for (z,y,z) € N, then

U(Zlf, Y, Z) < p(.fE, Y, Z) + q(xa Y, 2)6W2(I,y)(x7 '170)7 (338)
where p(x,y,z) be defined as in (3.3) and

T Y b
q(z,y,2) =c+ / / / f(s,t,r)L(s,t,r,p(s,t,r))ArAtAs, (3.39)
o Y Yo a

Way(z,y) = /y /bf(a:,t,r)k(x,t,r,p(x,t,r))ArAt, (3.40)

for (z,y,z) € N.
Proof. Let ¢ > 0 and define a function z(x, y) by the right hand side of (3.37),

then
Z(.To,y) = c2,u(a:,y, Z) S \/Z(,Clﬁ,y), (341)
and e
z(r,y) = + 2/ / E(s,t)AtAs, (3.42)
o Yo
8
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where

E(z,y) = / [f(x, y,r)u(x,y,r)L(z,y,r,u(x,y,r)) + g(z,y, r)u(z, y,r)] Ar.

(3.43)
From (3.41), (3.42) and (3.43), we notice that

B1(g ) :2/yE(x,t),

Yo

which implies

21 (2,y) vort
\/E(I,y) < 2/yo /a [f(l',t, T)L(l}ta?% \/Z(l',t)) +g(x,t,7’) Ar/At. (344)

Now from (3.44) above we have by taking delta integral

Vz(z,y) gp(q:,y,z)jL/x /y/ f(s,t,7)L(s,t,m/z(s, 1)) ArAtAs, (3.45)

where p(x,y, z) be defined as in (3.3). Let

o(, y) = / /yy / H(s. 8PV, 11 25, ) ArAEAS, (3.46)

it follows from (3.45) and (3.46) that

v(zo,y) = 0,Vz(z,y) < plz,y, 2) +v(z,y). (3.47)

Now from (3.46), (3.47) and (3.36), we observe that

(z,y) < q(z,,2) ///fstr (s,,7, p(s, t,7))u(s, ) ArAstAs,

(3.48)
where ¢(x,y,z) be defined as in (3.39). Clearly ¢(x,y,z) is nonnegative,
continuous and nondecreasing (z,y,z) € N. We assume that ¢(z,y,2) > 0
for (z,y,z) € N. From (3.48), it is easy to observe that

v(z,y)

where

R(z,y) <1+///fstr (s,t,r,p(s,t, 1)) (( )>AA15A3 (3.50)

9
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and
R(xg,y) = 1. (3.51)
Now from (3.50) and delta derivative with respect to x yields
R* (2, y)
— T WA 3.52
R(‘ij) = Z(xvy)a ( )

where Wy(x,y) be defined as in (3.40). Keeping y fixed and set x = s and
delta integrate the resulting inequality with respect to s from zy to x for
(x,y,2z) € N and using (3.51), we have

R((L’, y) S €W2(a:,y) (ZL’, x(])‘ (353)
The desired inequality in (3.38) follows by using (3.47), (3.49) and (3.53) in
(3.41). -

4 Some Applications

In this section, we present some applications of the Theorem 3.2. Consider
the following dynamic integral equation of the form

w(@,y, 2) = d(z,y, ) /// (2,4, 2 5,47, u(s, £, 7)) ArAtAs, (4.1)

where (z,y,2z) € N and d € C,y(N, R), F € C.q(N* X R, R).
First, we shall give the following theorem concerning the estimate on the

solution of (4.1).

Theorem 4.1. : Assume that the function F in (4.1) satisfies the condition
| F(x,y, 2,8 t,ru(s,t,r)) |<qlx,y,2) | f(s,t,7) | u | —I—h(s,t,r)], (4.2)

where f,q,h € Coq(N, R). If u(x,y, z) is a solution of (4.1), then
| ulz,y, 2) [< d(x,y,2) + q(2,y,2) B(2,y, 2)epmay) (2, 20),  (43)

B(z,y,z /// f(s,t,r) | d(s,t,r) + h(s,t,r) | |[ArAtAs, (4.4)
Yo

M(z,y) :/ / flz,t,r)q(z, t,r)ArAt, (4.5)
for (x,y,z) € N.

10
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Proof. Let u € Crq(N, R) be a solution of (4.1). Then from the hypotheses,
we have

T Yy b
ul(,y,2) |<] dlz,y,2) | + / / / | F(z,y,2,5,t,m,u(s, t,1)) | ArAths
o Yo a

(4.6)
T Y b
<l dw.y2) | +alepz) [ [ [ [fetn) Lutsitr) |hs.n] araens
0 Yo (47)
for (x,y,z) € N. Now an application of the inequality given in Theorem 3.2
to (4.7) yields the desired estimate in (4.3). O

The next theorem gives the estimation on the solution of equation (4.1)
assuming that the function F in equation (4.1) satisfies the Lipschitz type
condition.

Theorem 4.2. : Assume that the function F in (4.1) satisfies the condition

| F(z,y,z2,s,t,r,u)—F(x,y, z,s,t,7,0) |< q(z,y, 2) [f(s,t,r) | u—v | —{—h(s,t,r)},
(4.8)
where f,q,h € Crq(N, R). If u(x,y, z) is a solution of (4.1), then

| U(l‘,y,2> - d<x7@/72) ’S k(l’,y, Z) —i—q(x,y,z)Bl(:r;,y, Z)eM(z,y)(xax())? (49)

where M (z,y) be defined as in (4.5) and

x Y b
k(x,y, z) :/ / / | F(x,y,2,8,t,r,d(s,t,r)) | ArAtAs, (4.10)
o Yo

a

T Y b
Bi(z,y, z) —/ / / f(s,t,r)[ | k(s,t,r) + h(s,t,r) | |ArAtAs, (4.11)
for (z,y,z) € N.

Proof. Let u € C.q(N, R) be a solution of (4.1). Then from the hypotheses,
we have

T Y b
u(e.g2) ~ ey 2) 1< [ [Pzttt | Aratss
o Y Yo a

T Y b
< / / / | F(x,y, 2,8, t,r,u(s, t,r)—F(z,y, z, s, t,r,d(s, t,1)) | ArAtAs
o Y Yo a

11
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T Y b
+/ / / | F(z,y,2,s,t,r,d(s,t,r)) | ArAtAs
o JYYo Y a

T Y b
<Hap)rawns) [ ] [fstn L utstn-dis.t) | +his ] aratss
o Yo a

(4.12)
for (x,y,z) € N. Now an application of the inequality given in Theorem 3.2
to (4.12) yields the desired estimate in (4.9). O

We next consider the equation (4.1) and also the following integral equa-
tion

v(z,y,2) =g(x,y, 2 / / / (z,y, 2,8, t,r,v(s, t,r)) ArAtAs, (4.13)

for g€ Crq(N,R), L € Crq(N? x R, R).

Theorem 4.3. : Suppose that the function F in (4.1) satisfies the condition
(4.8). Then for every solution v € C.q(N, R) of (4.13) and u € C.q(N, R) a
solution of equation (4.1), we have the estimates

’ u(m,y,z)—v(x,y,z) ’S [dl(xay72)+k1(xvya Z)]—i-q(l’,y,Z)Bz(iC,y,Z)@M(m,y)<£E,Z‘0),
4

(4.14)
where M(z,y) be defined as in (4.5) and

di(z,y,2) =| d(x,y,2) — g(z,y,2) |, (4.15)

(x,y,2 / / / | F(xz,y,2,8,t,r,0(s,t,7))—L(x,y, 2,8, t,r,0(s,t,7)) | ArAtAs,
(4.16)

Bsy(x,y, z) ///fstr (str)—l—k:(str)—l—h(str)]ArAtAs

(4.17)
for (z,y,z) € N.

Proof. Since u(x,y,z) and v(x,y, z) are respectively solutions of (4.1) and
(4.13) we have

| U(ZIZ’,y, Z) - U(ZE,y, Z) |§| d(l‘,y,Z) - g(ﬂf,y,Z) |

T Y b
—1—/ / / | F(z,y,2,s,t,r,u(s, t,r)—F(z,y, z,s,t,r,0(s,t,1)) | ArAtAs
o YYo v a

12
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T Y b
+/ / / | F(z,y,2,s,t,r,0(s,t,r)—L(z,y, 2,8, t,1,0(s,t,7r)) | ArAtAs,
o YYo Y a
(4.18)
‘ny, ('Ty7 )|<d1(ﬂfy, >+k1<'ry7 )

q(z,y, z / / / (s,t,7) |u—wv|+h(s,t r)]ArAtAs (4.19)

for (z,y,z) € N. Now an application of Theorem 3.2 to (4.19) yields (4.14).
O]
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Divisibility of Generalized Catalan Numbers and
Raney Numbers

Jacob Bobrowski * Tian-Xiao He T and  Peter J.-S. Shiue *

Abstract

The Raney numbers, also called Fuss-Catalan numbers, are defined by R (n,r) =
r(k":'T) /(kn + 7). A generalized Lobb numbers is introduced. The relation-
ship between Raney numbers and generalized Lobb numbers and the relation-
ship between generalized Lobb numbers and generalized Catalan numbers are
given. Based on the relationships among Raney numbers, generalized Lobb
numbers, and generalized Catalan numbers, we present the divisibility of a
certain class of those numbers.

AMS Subject Classification: 05A15, 65B10, 33C45, 39A70, 41A80.

Key Words and Phrases: Raney numbers, Fuss-Catalan numbers, Lobb
numbers, generalized Lobb numbers, generalized Catalan numbers, Catalan
numbers, divisibility.

1 Introduction

The Fuss-Catalan numbers or Raney numbers are numbers of the form

Retnr) " (kn + 7")7 Q)

:kn+r n

which are named after N. I. Fuss and E. C. Catalan (see [5, 6, 13, 15, 17]) and initially
studied by Raney in [17]. The Fuss-Catalan numbers have several combinatorial
applications. They count for example (see, for instance, [8]):

(i) the number of ways of subdividing a convex polygon, with n(k — 1) + 2
vertices, into n disjoint k + 1-gons by means of nonintersecting diagonals,

(ii) the number of sequences (a1, asg,...,ank), where a; € {1,1 — k}, with all
partial sums a; + ... + ax nonnegative and with a; + ... + an,x = 0,

*Department of Mathematical Sciences, University of Nevada, Las Vegas, Las Vegas, Nevada,
89154-4020, USA.

TDepartment of Mathematics, Illinois Wesleyan University, Bloomington, Illinois 61702, USA

IDepartment of Mathematical Sciences, University of Nevada, Las Vegas, Las Vegas, Nevada,
89154-4020, USA. This work was completed while on sabbatical leave from University of Nevada,
Las Vegas, and the author would like to thank UNLV for its support.
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(iii) the number of noncrossing partitions 7 of 1,2, ...,n(k — 1), such that k — 1
divides the cardinality of every block of ,

(iv) the number of k-cacti formed of n polygons, etc. See [1, 3, 4, 6, 16, 18, 19]
for more details and examples.

The generating function Ry(¢) for the Fuss-Catalan numbers, {Ry(n,1)},>0 is
called the generalized binomial series in [6], and it satisfies the function equation
Ri(t) = 1 +tRy(t)*. Hence, from the Lambert’s formula for the Taylor expansion
of the powers of Ry(t) (see [6]), we have

= = (M) ®

n>0

for all r € Z. Equation (2) implies the following formula of Ry/(t):
Ri(t) = 1+ tRE(t). (3)
Lobb [12] defines his Lobb numbers as

I a 2n+1 2n
T Mt n+1\m+n

for n > m > 0, which have the following combinatorial interpretation: Let L,, ,,, be
the number of sequences of length 2n with n + m of the terms equal 1 and n — m
of the terms equal —1. It is natural to extend Lobb numbers to the number of
sequences with (k — 1)n + m terms equal to 1 and n —m terms equal to 1 — k. We
denote the extended Lobb numbers by LF, . and define them as

km 41 kn
Lk = . 4
m (kl)nerJrl(nm) )

Generalized Lobb numbers include many number sequences as their special cases.
For instance, when k = 2, L2 = are classical Lobb numbers; when m = 0,

1 kn
k= =:
b=t () = Gl 6
are the generalized Catalan numbers; when & = 2 and m = 0, then
1 2n
L2g=—— =:Cy(n)=C 6
2o= 1 () = et = ctm) ®

are the classical Catalan numbers; when k£ = 1, then

Lh.=("
n,m m

are the binomial numbers. Other special cases can be seen in [7, 8]. The following
relationship between generalized Lobb numbers and Raney numbers make us switch
our results between the generalized Lobb numbers and the Raney numbers (see, for
example, [9]):

LY . = Ri(n—m, km+1), (7)
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Divisibility of Generalized Catalan Numbers and Raney Numbers 3

which can be proved below. From (1) and using the transformation n — n —m and
r — km + 1, we have

kEm+1 k(n—m)+km+1
_ 1) =
Ri(n—m, km +1) k(nm)+km+1( n—m )
_ km+1(kn+1\ km+1 (kn +1)!
 knd+1\n-m/)  kn+1((k—1Dn+m+1)(n—m)

B km+1 kn \ Ik
- (k—=Dn+m+1\n-m/) ™
or equivalently,

Ly, vy s = Ry(n,7). (8)

nt—7%-"%

This paper is arranged as follows. In next section, we discuss the relationship
between the generalized Lobb numbers and Raney numbers and the relationship
between the generalized Lobb numbers and Ballot numbers. Some properties and
identities of the generalized Lobb numbers are given. In Section 3, we discuss
the divisibilities of the generalized Lobb numbers, Raney numbers, and generalized
Catalan numbers.

2 Properties of the generalized Lobb numbers and
Raney numbers

Proposition 2.1 Let L, be defined by (4). Then

kn kn
k — — —
Ln,m - <?’L _ m> (k 1) (TL —m = 1) . (9)
Particularly,
L%m: 2m+1 2n _ 2n _ 2n . (10)
’ n+m+1l\n—m n—m n—m-—1

For generalized Catalan numbers and Catalan numbers, there are

LE § = Ci(n) = (i”) — (k- 1)( hn ) and

n—1
L%, =Cy(n) = (i:‘) - <n2j‘1>. (11)

Formula (9) also shows
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Proof. The right-hand side of (9) generates
RHS( kn > (kzl)(nm)( kn >

n—m) kn—n+m+1)\n—m

- ) ()

B km+1 kn _ Ik
 (k—=Dn+m+1\n-m) ™

The results for special cases are straightforward from (9).

Proposition 2.2 Let L, be defined by (4). Then it can be written as

()
Particularly,
Lim2m+l<2n+1) 2m+1 < 2n > 2m+1 < 2n > (13)
’ 2Zn+1\n—m n+m+1\n—m n+m+1\n+m
Proof. The right-hand side of (12) can be changed to
|
RHS = ]Z:j—_ll (n— m)'((lljzi_i)—k m+1)!
_ km+1 (kn)! Ik
(k—Dn+m+1(n—m)((k—1n+m)! mm
The special case (13) follows from (12).
Proposition 2.3 Let L, be defined by (4). Then
Lfl_m% = L’:L_W%z + Lﬁ_m_l,%zﬂ. (14)
Proof. From Corollary 3 of [14], we have
Ri(n,r) = Rg(n,r — 1)+ Reg(n — 1,r + k — 1), (15)

which implies (14) by using (8).

Lobb numbers L2 ,, are also related to Ballot numbers (see, for example, [6])

a—bfa+b a—bfa+b
B = = . 1
(a,5) a+b( a ) a+b< b ) (16)
Proposition 2.4 Let LY, and B(a,b) be defined by (4) and (16), respectively.
Then
Lim:B(n—i—m—i—l,n—m), (17)
or equivalently,
B(n,m)=L%m-1 n-m1- (18)
2 ’ 2

Hence, L2, is a special case of Ballot numbers.

n,m
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Proof. Substituting a =n+m+ 1 and b =n — m yields

2 1/2 1
Bn+m+1n—m)= mt nt =12
2n+1 \n—m ’
where the last equation is from (12).
Corollary 2.5 Let LY., be defined by (4). Then
Li,m = L3 1 2m1 + L3 1 2mis- (19)
2 2 2 2

Proof. From [6], we have
B(n,k)=B(n—1,k)+ B(n,k—1).
Thus,
Bn+m+1,n—m)=Bn+mmn—m)+Bn+m+1,n—m-—1),
which implies (19) by using (18).

3 Divisibility of generalized Catalan numbers, gen-
eralized Lobb numbers, and Raney numbers

We now consider the divisibility properties of generalized Lobb numbers, generalized
Catalan numbers, and Raney numbers.

Theorem 3.1 Let Ci(n) := (T)/((k —n+1)(k>2), andletn=(k+1)t+1
(t=0,1,2,...). Then
(a) If k is odd, then

((k =1t +1)|Cr(n). (20)
(b) If k is even and t is even, then
((E=1)t+1)| Cr(n). (21)
(c) If k is even and t is odd, then
((k =1t +1)|2Ck(n). (22)
Proof. First, we express Lobb numbers Lfmn in terms of generalized Catalan num-
bers Ci(n):
Ik km+1 kn
mme(k—=1Dn+m+1\n—m
|
= (km+1) (kn)!

(n=m)((k = 1)n+m+1)!
(kn)! m n—j+1
((E—Dn+1)! 7= k—1)n+j+1
n—j+1
(k—1n+j+1

(k:m—i—l)n

= (km+1)Cr(n)I}L,
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Therefore, for non-negative integer t

(k+1)((k+ 1)t + 1)

k —
Ligiyepna = Cu((k+ Dt +1) (k=1D((k+1)t+1)+2

(k+1)t+1

= Cp((k+1)t+ 1)m.

(23)

Secondly, we consider different cases for k. In case (a), let k be odd, i.e., k =20 +1,
1=0,1,2,.... Then,
(k—1)t+1=20t+1

and
(k+1)t+1=2(+1)t+1.

Noting (k+ 1)t +1 = (k— 1)t + 1 + 2t, we have
ged [(k+1)t+1,(k—1t+ 1] =ged 2t,(k—-1t+1] =1

because (k—1)t+1 is an odd integer. From (23), we have proved ((k — 1)t + 1)| C((k+
1)t + 1) when k is odd. In case (b), we assume k = 2/ (I € Z), an even number.
Then
(k—1)t+1=(2—1)t+1,
(k4+1D)t+1= 2+ 1)t+1= (2 —1)t+1+ 2t
Thus,
ged [(k+ 1)t +1,(k— 1)t + 1] = ged [2t,(20 — 1)t + 1].

If ¢ is even, then gcd [2¢, (2] — 1)t + 1] = 1, which implies ((k — 1)t + 1)| Cr((k +
1)t +1). Finally, considering the case (c), where k is an even number 2/ and ¢ is an
odd number 2u + 1 (I,u € Z), we have

ged [2t, (21— 1)t + 1] = ged [2(2u+ 1), (20 — 1)(2u + 1) + 1]
= gcd 2(2u+1),—2u] =2
So that ((k— 1)t +1)|2C%((k + 1)t + 1), which completes the proof.
Example 3.1 For k =3 and t = 1, we have (k —1)t+1=3 and (k+ 1)t +1=>5.
C3(5) = 273 and 3|C3(5). For k = 3 and ¢ = 2, we have (k —1)t+1 = 5 and

(k+1)t+1 = 9. Thus 5|C3(9) = 246675. For k = 2 and t = 2, we have (k—1)t+1 =3
and (k+ 1)t + 1 = 7, which implies 3|C3(7) = 429.

Example 3.2 For k = 3, from Theorem 3.1 there holds 2t + 1| C5(4¢ + 1). Thus,
11 C3(1), 3| C5(5), 5| C3(9), 7| C3(13), 9] C5(17), etc.

Here, {2t +1 :t = 0,1,2,...} and {4t + 1 : ¢ = 0,1,2,...} form arithmetical
sequences.
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Remark From the expression of Lobb numbers Lfl,m in terms of generalized Catalan
numbers Ck(n), we have

k+1 kn n
Lk, =—_- =(k+1 —_—. 24
m1 (k—l)n+2<n—1> (k+ )Ck(n)(k—l)n—l—Q (24)
Hence, provided
ged ((k+Dn, (k—1)n+2) =1,
or equivalently,
ged ((k + 1)n, —2(n — 1)) = 1, (25)
we have
((k—1)n+2)|Cx(n). (26)

Note (25) implies that (k + 1)n must be odd, or equivalently, n is odd and k is
even. In other words, if k is even and t is even, Ci((k + 1)t + 1) has two divisors
(k—1)t+1 and (k* — 1)t + k + 1, which are given by (21) and (26) respectively.
Example 3.3 If n = 3 and k = 2, then ged (k4 1)n, (k— 1)n+2) = ged (9.4) = 1.
From (26), 5|C2(3). Actually, C5(3) = 5. Similarly, if n = 3 and k& = 4, then
ged (11,4) = 1, which implies 11|Cy4(3). Actually, C4(3) = 22. While n = 3 and
k = 6 yield 17|Cs(3), where Cg(3) = 51, and n = 5 and k = 2 yield 7|Ca(5),
where C3(5) = 42. An non-example is given by n = 7 and k = 2, which yields
ged (21, —12) = 3 # 1. Since C3(7) = 429, which does not have divisor 21.

Sury [20] proves if n # (p! —1)/(p — 1) for any prime p > 3, then
pl Cp(n). (27)

A natural question is what is a divisor of C,((p' — 1)/(p — 1)). We now apply
Theorem 3.1 to answer this question.

Corollary 3.2 Let Ci(n) be the generalized Catalan numbers defined by (5). Then

for an odd integer | we have
P+l
p+1

a(2) w29 (25)

p—1

Proof. f k=p>3andn=(k+1)t+1=(p! —1)/(p — 1), then

. p—1 ) p—p
Ck+1\p—1 Copr—1

where t is an integer because [ is odd. Thus

l 1 l

pt—1 p'—p pt+1

k—Dt+1=(k+1t+1—-2t= -2 = .
( )+ (k+1) p—1 pP—1 p+1

Substituting k = p, n = (k+1)t+1 = (p'—~1)/(p—1), and (k—1)t+1 = (p'+1)/(p+1)
into (20) of Theorem 3.1, we obtain (28).
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In [11, 10], the following result is given
(21 = 3)| Co (M),

where M; are the Mersenne numbers, 2! — 1 (I = 0,1,2,...), and Cy(n) = L%,o
are classical Catalan numbers. Thus, for [ = 4 and 5, there are 29|Cy(M,4) and
61|C2(Ms5), respectively.

We obtain the following corollary from Theorem 3.1, which extends the results
shown in [11, 10].

Corollary 3.3 Let Co(n) be the Catalan numbers. Then

2l +1
3

G2 (2'=1) (29)

forl =1,3,5,7,.... Combining [11], Co(My,) has two different divisors, 211 — 3
and (2! +1)/3, when odd | > 1. Furthermore, if | is odd and not a prime, then all
of its divisors are divisors of Co(2! — 1).

Proof. Set (k+ 1)t +1 =2 —1. Then t = (2! — 2)/(k+1). Let k = 2, we have
t = (2! —2)/3. Here t is even because

3t =2 -2
is even. Thus,
2841
(k—1)t+1=(2-1)t+1= ; .
From Theorem 3.1 (b), for k = 2 and t = (2! — 2)/3 we obtain
20 +1
= (k—1)t+1)|Cr((k+1)t+1)=C (2" - 1)

for 1 =1,3,5,7,.... To prove that Cy(M;) has two different divisors, 2!+ — 3 and
(2! 4+1)/3, when odd [ > 1, we only need to show

2l 41
ol 32
7 3

when [ > 1. This is clearly true, otherwise, there is a contradiction
3.2l 27l =5

for [ > 1. Finally, from [2], we know that (2! + 1)/3 is a prime only if [ is a
prime. Hence, if [ is not a prime number, then (2! + 1)/3 is a composite number.
Additionally, when [ is odd and not a prime, then all of the divisors of such composite
number are also divisors of C3(2! — 1) because of (29).

Example 3.4 For | = 1,3,5, and 7, Corollary 3.3 generates 213—"’1‘ Cs (2l - 1) for
l=1,3,5, and 7. For examples,

1|C5(1), 3|Co(7), 11|C2(31), and 43|C2(127).
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Among the above results, the second and fourth are new. Actually, we may give
infinitely many new results from Corollary 3.3.

We now extend the result on Catalan numbers shown in Corollary 3.3 to gener-
alized Catalan numbers.

Theorem 3.4 Let Ci(n) := L’fho be the generalized Catalan numbers defined by
(5). If k is even and £ =1 (mod ¢(k + 1)), where ¢p(n) is Euler’s totient function,
then

<(k1)i;12+1>‘0k(211). (30)

Proof. Let
(k+1t+1=2" -1,

the Mersenne numbers. Then ¢ = (2! —2)/(k+1), where t is even because k is even,

and o _ 9
k—1t+1=(k—1)"—"+1.
(k=1 +1= (k=17 +
To prove (30), we need to show the right-hand side of the above equation is an
integer, i.e.,

(k—=1)(2" —=2) =0 (mod k +1).
The last equation is equivalent to
—4(271 —1) =0 (mod k + 1)
because
(k—1)(2"'=2) = (k+1)(2" —2) — 42" - 1).
Therefore, if ged (4,k + 1) = 1, then we need
271 =1 (mod k + 1). (31)
From Euler theorem, if ged (2,k + 1) = 1; i.e., k is even, then
20041 =1 (mod k + 1),

where ¢(n) is Euler’s totient function, i.e., the number of the positive integers less
than or equal to n that are relatively prime to n. Comparing the above equation
and equation (31), we should have

I —1=0 (mod ¢(k + 1)),
or equivalently,
(=up(k+1)+1

for some integer u. Now, we assume that & is even and £ = 1 (mod ¢(k+1)), where ¢
is Euler’s totient function. Under the conditions, ((k—1)t+1 = (k—1)(2!—2)/(k+1)
is an integer when ¢ = (2! —2)/(k+1). Now k is even and ¢ is even. Then by Theorem
3.1 (b)

<(k1)i;12 +1>‘C’k(211).
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Example 3.4 Let Ci(n) := Lﬁ,o be the generalized Catalan numbers defined by (5).
Since k = 4 is even, and ¢(k + 1) = ¢(5) = 4, from Theorem 3.4, for I =1 (mod 4),
ie, l=1,5,9,..., we have

((4— 1)%;;12 +1>

3-20—1
)

Cy(28 = 1),

which implies
‘ Cy(2h = 1) (32)

forl =1,5,9,....

In Theorem 3.4, the condition I = 1 (mod ¢(k + 1)) can be replaced by I =
1 (mod k) when k + 1 is a prime number greater than 3. In this case, the condition
of that k is even is automatically satisfied. Hence, we have the following corollary
of Theorem 3.4.

Corollary 3.5 Let Cy(n) := Lf;}o be the generalized Catalan numbers defined by
(5). If k+ 1 is a prime number greater than 3, and { =1 (mod k), then

<(k1)i;12+1>‘0k(2l1). (33)

Proof. 1t is sufficient to note that if £+ 1 is a prime number greater than 3, then k
is an even number and ¢(k + 1) = k. Hence, Theorem 3.4 implies the corollary.

From the above discussion, the key to get divisibility of Cj(n) by using (23) is
(k—=Dt+ 1) (k+1)t+1.

Hence, we may have a special case of Theorem 3.1, which is more easier to be
applied.

Example 3.6 Let Cy(n) := Lf ; be the generalized Catalan numbers defined by
(5). If ¢ is even, then

(t+1)]Ca(3t+1) and (3t +1)|Cu(5t+1). (34)

Thus,
1) Cy(1), 3| Co(7), 5| Co(13), 7| C(19), 9] Ca(25), ete.

and
1] C4(1), 7) C4(11), 13| C4(21), 19] C4(31), 25| C4(41), etc.

In general, if t = 2m, then we have
(2m 4+ 1)|Co(6m + 1), (6m + 1)| C4(10m + 1), (10m + 1)| Cs(14m + 1), etc.
for k = 2,4,6, etc. More generally, for K = 2u and ¢ = 2m, we have
(2(2u — 1)m + 1)| C2u (2(2u + 1)m + 1),

where the sequences of {2(2u—1)m+1t = 0,1,2,...}, {2(2u—1)m+1m =0,1,2,...},
{22u+1)m+1t=0,1,2,...}, and {2(2u+1)m+1m =0,1,2,...} are arithmetical
sequences.
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We now transfer the divisibility from the generalized Lobb numbers to Raney
numbers and Ballot numbers.

Theorem 3.6 Let Ri(n,m) be Raney numbers defined by (1). If k is an odd inte-
ger, then we have
(k=1t+1)|Rp((k+ 1)t +1,1). (35)

If k is an even integer and n = (k + 1)t + 1 is odd, then (35) holds. If both k and
n=(k+1)t+1 are even, then

(k=1)t+1)|2Rk((k+ 1)t +1,1) (36)
holds.

Proof. By using the relationship (7) between the generalized Lobb numbers and
Raney numbers, we may establish Theorem 3.6 from Theorem 3.1.

Theorem 3.7 Let B(a,b) be Ballot numbers defined by (16). If n =3t + 1 is odd,
then we have
(E=1t+1)|B((k+1)t+2,(k+1)t+1). (37)

If n =3t + 1 is even, then t is odd and
(k—Dt+1)2B((k+ 1Dt +2,(k+1)t+1) (38)
holds.

Proof. From the relationship between L2 ,, and B(a,b) shown in (17) and Theorem
3.1, we may obtain (37) and (38).
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COUPLED FIXED POINT THEOREMS FOR TWO MAPS IN CONE
b-METRIC SPACES OVER BANACH ALGEBRAS

YOUNG-OH YANG* AND HONG JOON CHOI

ABSTRACT. In this paper, we obtain some coupled fixed point results for two map-
pings satisfying some contractive conditions in cone b-metric spaces over Banach
algebras with a solid cone by virtue of the properties of spectral radius. Also we give
an example as an applications of one of the main results.

1. Introduction

In 2007 the concept of cone metric space was introduced by Huang and Zhang in
[4], where they generalized metric space by replacing the set of real numbers with an
ordering Banach space, investigated the convergence in cone metric space and proved
some fixed point theorems for contractive mappings on these spaces. Recently, in
([1],[3], [4], [6], [7], [8], [10], [11]) some common fixed point theorems have been proved
for contractive maps on cone metric spaces. Gnana Bhaskar and Lakshmikantham([2])
introduced the concept of coupled fixed point of a mapping F' : X x X — X and
investigated some coupled fixed point theorems in partially ordered sets. Since then
this new concept is extended and used in various directions([2], [5]).

In 2013, in order to generalize the Banach contraction principle to more general form,
Liu and Xu([8]) introduced the concept of cone metric spaces over Banach algebras, by
replacing Banach spaces with Banach algebras as the underlying spaces of cone metric
spaces, and proved some fixed point theorems of generalized Lipschitz mappings with
weaker and natural conditions on generalized Lipschitz constants by means of spectral
radius. Furthermore, they gave an example to explain that the fixed point theorems in
cone metric spaces over Banach algebras are not equivalent to those in metric spaces.

Motivated by the above works, in this paper, we obtain some coupled fixed point
results for two mappings satisfying some contractive conditions in cone b-metric spaces
over Banach algebras without the assumption of normal cones by virtue of the prop-
erties of spectral radius. Our main results generalize the corresponding main results

1991 Mathematics Subject Classification. 47TH10, 54H25.
Key words and phrases. cone metric spaces over Banach algebras, coupled fixed point, spectral
radius.
*The corresponding author: yangyo®jejunu.ac.kr (Young-Oh Yang).
1
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in cone metric spaces obtained by H.K. Nashie, Y. Rohen and C. Thokchom([5]. Also
we give an example as an applications of one of the main results.

Let A always be a real Banach algebra. That is, A is a real Banach space in which
an operation of multiplication is defined, subject to the following properties (for all
r,y,z € A, a € R):

(1) (zy)z = z(y2);
(2) z(y +2) =xy+zz and (v + y)z = zz + yz;
(3) a(zy) = (az)y = z(ay);
4) llzyll < llz[lllyll-
In this paper, we shall assume that A is a real Banach algebra with a unit (i.e.,
a multiplicative identity) e. An element x € A is said to be invertible if there is an

inverse element y € A such that xy = yx = e. The inverse of x is denoted by z~!.

Let A be a real Banach algebra with a unit e and 6 the zero element of A. A
nonempty closed subset P of Banach algebra A is called a cone if
(i) {0. e} C P;
(ii) aP + pyP C P for all nonnegative real numbers «, (3 ;
(iii) P2P=PPC P ;
(iv) PN (—=P)={0}ie, v € P and —z € P imply =z = 0.

For any cone P C A, we can define a partial ordering < with respect to P by z <y
if and only if y — 2 € P. z < y stands for x < y but x # y. Also, we use z < y to
indicate that y — x € int P where int P denotes the interior of P. If int P # () then P
is called a solid cone.

Definition 1.1. Let X be a nonempty set, s > 1 be a constant and A be a real Banach
algebra. Suppose the mapping d : X x X — A satisfies the following conditions:

(1) 0 = d(x,y) for all z,y € X and d(x,y) =6 if and only if z =y ;
(2) d(x,y) = d(y,x) for all z,y € X ;
(3) d(z,y) = sld(z,2) + d(z,y)] for all z,y,z € X.

Then d is called a cone b-metric on X, and (X, d) is called a cone b-metric space over
the Banach algebra A.

If s = 1,then every cone b-metric is a cone metric space.

Definition 1.2. Let (X, d) be a cone b-metric space over the Banach algebra A. Let
{x,} be a sequence in X and = € X.

(1) If for every ¢ € A with # < ¢, there exists a natural number N such that
d(x,,x) < c for all n > N, then {z,} is said to be convergent and {xz,}
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converges to x, and the point x is the limit of {x,}. We denote this by

lim z, =2 or x,—x (n— 00).

(2) If for all ¢ € A with 6 < ¢, there exists a positive integer N such that
d(zp, ) < c for all m,n > N, then {z,} is called a Cauchy sequence in
X.

(3) A cone b-metric space (X,d) is said to be complete if every Cauchy sequence
in X is convergent.

Definition 1.3. Let E be a real Banach space with a solid cone P. A sequens
{z,} C P is called a c—sequence if for any ¢ € A with 6 < ¢, there exists a positive
integer N such that z, < c for all n > N.

Lemma 1.4. ([6], [8]) Let E be a real Banach space with a cone P. Then
(p1) Ifa << b and b < ¢, then a < c.
(p2) If a 2 b and b < ¢, then a < c.
(p3) If a X b+ c for each § < ¢, then a = b.
(pa) If 0 2 u < ¢ for each 0 < ¢, then u = 6.
(ps) If {xn}, {yn} are sequences in E such that x, — z, y, — y and x,, <Xy, for all
n>1, then x < y.

We define the spectral radius of x € A by

r(x) = lim ||x"||1/" = inf ||x”||1/”.
n—oo n>1

Lemma 1.5. ([8]) Let z,y be vectors in the Banach algebra A. If x and y commute,
then the spectral radius p satisfies the following properties :

(1) r(zy) < r(z)r(y);
(2) r(x+y) <r(z)+r(y);
(3) Ir(z) —r(y)| < r(z—y).

Lemma 1.6. ([8]) Let A ba a real Banach algebra with a unit e and v € A. If
0 <r(x) <1, then

1) e — x is invertible, (e —z)™' = 3 2% and
( ’ =0

r(le—2)™) < (1 —r(2))"

(2) [|=™]| — 0 as n — oc.

Lemma 1.7. ([6]) Let P be a solid cone in the Banach algebra A and ||x,| — 0 as
n — oo, then {x,} is a c—sequence.
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Lemma 1.8. ([8]) Let P ba a solid cone in a Banach space A and and {x,} be a
sequence in P. If k € P is an arbitrarily given vector and {x,} is c—sequence in P,
then {kx,} is a c—sequence.

Lemma 1.9. ([8]) Let A be a Banach algebra with a unit e and let P be a solid cone
in A. The following assertions hold true:

(1) For any z,y € A, a € P with x <y, we have ax <X ay.
(2) For any sequences {x,},{yn} C A withx,, — x (n — o) and y, — y (n — )
where x,y € A, we have x,y, — xy (n — o).

Lemma 1.10. ([8]) Let (X, d) be a complete cone metric space over a Banach algebra
A and let P be a solid cone in A. Let {x,} be a sequence in X. If {x,} converges to
x € X, then we have:

(1) {d(zp,z)} is a c-sequence.
(2) For any p € N, {d(zp, pyp)} is a c-sequence.

Lemma 1.11. ([8]) Let P be a solid cone in a real Banach algebra A and k € P. If
r(k) < 1,then the following assertions hold true:

(1) If u € P and u = ku, then u = 0.
(2) If k = 0,then (e — k)™' = 0.

Definition 1.12. Let (X, d) be a cone b-metric space over the Banach algebra A. An
element (z,y) € X x X is called a coupled fized pointof F': X x X — X if z = F(z,vy)
and y = F(y, ).

Note that if (x,y) is a coupled fixed point of F', then (y,x) is also a coupled fixed
point of F.

2. Main results

In the following, we always assume that (X,d) is a cone b-metric space over the
Banach algebra A. In this section, we establish a common coupled fixed point results
for two mappings 5,7 : X x X — X satisfying certain contractive condition on cone
metric spaces over Banach algebras. The following results generalize the corresponding
results in cone metric spaces obtained by H.K. Nashie, Y. Rohen and C. Thokchom([5]).

Theorem 2.1. Let (X, d) be a complete cone b-metric space over the Banach algebra
A with the coefficient s > 1 and let P be a solid cone in A. Suppose that S, T :
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X x X — X are two mappings satisfying the condition

d(S(z,y), T(u,v)) = ard(x,u)+ axd(S(z,y),x) + asd(y,v) (2.2.1)
+  asd(T(u,v),u) + asd(S(x,y),u) + agd(T (u,v), x)

for all x,y,u,v € X, where a; € P and a;a; = aja; (1,5 =1,2,3,4,5,6). If
s[r(a) +r(az) + r(as)] + r(as) + r(as) + (s> + s)r(ag) < 1,
then S and T have a common coupled fixed point in X.
Proof. Let xy and gy, be any points X. Let
Topr1 = S(Tar, Yok ) Yorr1 = S(Yak, Tar)
and

Topro = T (Tokt1, Yout1),  Yorte = T (Y2kt1s Tokg1)

for k =0,1,2,---. Then we have

d(zops1, Topro) = d(S(wak, Yor), T(Tokt1, Y2k+1))
ard(Tok, Tokt1) + aod(S (T, Yok ), Tox) + asd(Yak, Yokt1)
asd(T(op11, Yort1), Tokr1) + asd(S(Tak, Yor ), Topt1)

agd

IA

+ o+

(3521:4-17 yzk+1) $2k)

(
(T
(T
(Tok, Torr1) + aod(Topgr, Tor) + azd(Yor, Y2rr1)
(
(
(

U

I
2

1
asd(Togto, Togt1) + asd(Togt1, Tokt1) + aed(Tokt2, Tox)
ard(xok, Togr1) + aed(Topt1, Tok) + asd(Yok, Yor+1)
ayd(Togto, Topt1) + as - 0

agld(Tok, Top41) + d(Toks1, Topt2)]-

A+

+ o+

which implies that

(6 — a4 — 5a6>d(x2k+17 $2k+2) = (a1 + as + SaG)d(me $2k+1) + a3d(y2k7 y2k+1).

By hypothesis and Lemma 1.8, e — (a4 + sag) is invertible. Putting a = (e — ay —
sag) Y ay + as + sag), 8= (e — as — sag) 'agz, we have

d(Tokt1, Tokto) = ad(Tog, Topr1) + Bd(Yak, Yok+1)- (2.2.2)
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Similarly,
d(y2k+1, 3/2k+2) = (S(y%, xzk) (y2k+1, $2k+1))

= a1 d(Yok, Yor+1) + a2d(S Yok, Yor ), Yor) + asd(Tag, Tort1)
+  agd(T(Yort1, Tokt1), Yor+1) + asd(S(Yor, Tar), Yor+1)
+  ad(T(Y2rt1, T2k+1)s Yor)
= a1d(Yok, Yok+1) + a2d(Yok+1, Yor) + asd(Tok, Tog41)
+  asd(Yort2, Yor+1) + asd(Yor+1, Yort1) + a6d(Yok+2, Yor )
= a1 d(Yok, Yok+1) + a2d(Yors1, Yor) + asd(Tog, Tokt1)
+ d(y2k+27 Yort1) +as - 0
+ sas[d(Yars Yort1) + A(Yort1; Yors2)]-

which implies that

d(Yort1, Yar+2) = ad(Yor, Yort1) + Bd(xog, Tori1)- (2.2.3)

Adding both inequalities, we have

d(@2k+1, Topr2) + d(Yorr1, Yorr2) =2 (o + B)[d(Tor, Tar+1) + d(Yor, Yort1)]
= hld(@opk, Tort1) + d(Yor, Yort1)]

where h = a + (3 = (e — aq — sag) ‘(a1 + as + a3 + sag). Also we have
d(Tokt2, Tokys) + d(Yakra, Yorrs) = Ad(Tor1, Tory2) + d(Yori1, Yorto)]-

Therefore

d<xn7 xn—l—l) + d(y'm yn—l-l) j h[d('rn—la CL’n) + d(yn—h yn)]
j : j hn[d(x07x1> +d<y07y1)]

By hypothesis, Lemma 1.7 and Lemma 1.8, we have

r(h) < r((e— a4 — sag) )r(a; + ay + as + sag)
< r(ay) + r(ag) + r(ag) + sr(ag) _ 1
- 1 —r(ay) — sr(ag) s
which means that e — h is invertible, (e — )™t = 332, A" and ||h"|| — 0 as n — oo.

Now if §,, = d(xn, Tpe1) + d(Yn, Yns1), then the above relation implies

571 j hf(sn—l j e j hn(SO-
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For m > n, we have

d<xn> xm) + d(yn7 ym) 5m71 + 5m72 + -+ 571
(hm—l + hm—2 N hn)50
R*(L+h+-+h"" 15
(> h")dg

=0

= (6 - h)_lhn50

since r(h) < 1 and P is closed. Since r(h) < 1, ||(e — h)"'h"| — 0 as n — oo, and
so for any ¢ € A with 6 < ¢, there exists N € N such that for any n > m > N, we
have

A TA

A

d(xy, Tp) + d(Yn, ym) = (e — h)Th"6y < c.
Thus {d(zp, xm) + d(Yn, Ym)} is & c-sequence in P. Since
0 2 d(Tn, Tm), d(Yns Ym) = ATy Tim) + A(Yns Y ),
{d(zn, zm)} and {d(yn, ym)} are c-sequences and so Cauchy sequence in X. Since X
is complete, there exists z € X and y € X such that =, — x and y,, — y as n — oo.
Now we show that z = S(z,y) and y = S(y, x). On the contrary, let us assume that
x # S(x,y) or y # S(y,z) so that d(x,S(x,y)) = k = 0 and d(y,S(y,z)) = > 0.
Then we have
k=d(z,S(x,y)) = dx, vaps2) + d(22042,5(2, )
= d(z,var12) + d(T(Taps1, Yor+1), S(7,y))
d(w, Topy2) + ard(w, Do y1) + ad(S(7,y), x) + azd(y, Yari1)
asd(T (Tart1, Yarr1)s Tars1) + asd(S(z,y), Tapr1)
agd(T (Top+1, Yor+1), )
d(w, Topy2) + ard(z, Do y1) + ad(S(7,y), x) + azd(y, Yari1)

asd(Top+2, Topt1) + asd(S(z,y), Taps1) + asd(Tok12, T)

I+ + IX

+

which implies that
k=d(xz,S(x,y)) = (e+as)d(x,ronr) + ard(x,xop11) + azd(z, S(z,y))
+  a3d(y, yort1) + aad(Top 2, Topr1) + asd(S(x,y), vapi1)-
Taking n — oo, by Lemma 1.6 and Lemma 1.10, we have
k=d(z, S(x,y) = (e+as)f+ar-0+ad(S(z,y),z)+as-0
+ a4-0+asd(S(z,y),x) +ag -6

and so d(x,S(x,y)) = (as + as)d(x,S(z,y)). Since r(ay + as) < 1, by Lemma 1.11,
d(z,S(z,y)) = 0. Therefore x = S(z,y). Similarly we can prove that y = S(y,z). It
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follows similarly that
r=T(z,y) and y=T(y, )
Therefore (z,y) is a common coupled fixed point of S and 7.

In order to prove the uniqueness, let (z',3) € X x X be another common coupled
fixed point of S and T. Then

d(z,2") = d(S(z,y),T(",y))

ard(z,x') + asd(S(z,y), ) + azd(y,y")

asd(T (2’ y), 2") + asd(S(z,y), ') + asd(T(2',y'), x)
ard(z,2") + asd(z, ) + azd(y,y')

asd(z',2") + asd(z, 2") + agd(2’, )

(a1 + a5 + ag)d(2’, z) + asd(y, )

I+ IX

+

which implies that
(e — a1 — a5 — ag)d(z, ") =< azd(y,y).

Since r(a; + a5 + ag) < 1, e — (a1 + a5 + ag) is invertible and

d(z,z") = (e — a1 — a5 — ag) tazd(y, y).
Similarly we can prove that

d(y,y') = (e — a1 — a5 — ag) " 'agd(z, 2").
Adding both sides, we get

d(z,x") + d(y,y') = (e — a1 — a5 — ag) " agld(z, 2") + d(y, y')],

Since r((e — a; — a5 — ag)"'az) < 1, by Lemma 1.11, we have d(z,z') + d(y,y') = 6.
Therefore x = 2" and y = ¢/'. OJ

The following results generalize the corresponding results in cone metric spaces

obtained by H.K. Nashie, Y. Rohen and C. Thokchom([5]).

Corollary 2.2. (Theorem 2.1 of [5]) Let (X,d) be a complete cone metric space with
a solid cone P. Suppose that S, T : X x X — X are two mappings satisfying the
condition

d(S(z,y), T(u,v)) =X ard(x,u)+ ad(S(z,y), ) + aszd(y,v)
+  asd(T(u,v),u) + asd(S(z,y),u) + agd(T(u,v), x)

for all z,y,u,v € X, where a; (i = 1,2,3,4,5,6) are non-negative real numbers such
that Zle a; +2ag < 1. Then S and T have a common coupled fized point in X.

Proof. Taking s = 1 and letting A as a real Banach space in Theorem 2.1, we get the
required result. O
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Corollary 2.3. Let (X,d) be a complete cone metric space over the Banach algebra
A and let P be a solid cone in A. Suppose that S,T : X x X — X are two mappings
satisfying the condition

d(S(z,y), T(u,v)) = ard(x,u)+ ad(S(z,y), )+ asd(y,v) (2.2.4)
+  agd(T(u,v),u) + asd(S(x,y),u) + agd(T (u,v), x)
for all z,y,u,v € X, where a; € P and a;a; = a;a; (1,5 =1,2,3,4,5,6). If
s(r(ay) +r(az) +r(as)) +r(as) + r(as) + (s> + s)r(ag) < 1,
then S and T" have a common coupled fixed point in X .

Proof. Taking s = 1 in Theorem 2.1, we get the required result. 0

Corollary 2.4. Let (X,d) be a complete cone b-metric space over the Banach algebra
A with the coefficient s > 1 and let P be a solid cone. Suppose that T : X x X — X
is a mapping satisfying the condition
d(T(x,y), T(u,v)) = ard(z,u)+ axd(T(z,y), ) + azd(y,v) + ayd(T(u,v), u)
+ azd(T(x,y),u) + asgd(T(u,v), x)
for all z,y,u,v € X, where a; € P and a;a; = a;a; (1,5 =1,2,3,4,5,6). If
s(r(a1) +r(az) +1(as)) +r(as) +r(as) + (s* + s)r(a) < 1,
then T has a unique coupled fixed point in X.

Corollary 2.5. Let (X,d) be a complete cone b-metric space over the Banach algebra
A with the coefficient s > 1 and let P be a solid cone. Suppose that S, T : X x X — X
are two mappings satisfying the condition

d(S(z,y), T(u,v)) = ad(z,u)+bd(y,v)+ cld(S(z,y),x) + d(T(u,v),u)]
+ eld(S(z,y),u) + d(T(u,v), )]
for all x,y,u,v € X, where a,b,c,e € P are commuting. If
(r(@) + () + (5 4+ V() + (5% + 5+ r(e) < 1,

then S and T have a unique common coupled fixed point in X .

Corollary 2.6. Let (X,d) be a complete cone b-metric space over the Banach algebra
A with the coefficient s > 1 and let P be a solid cone. Suppose that S, T : X x X — X
are two mappings satisfying the condition

d(T(z,y), T(u,v)) =< ad(z,u)+bd(y,v)+ cld(T(x,y),x) + d(T(u,v),u)]
+ eld(T(x,y),u) + d(T(u,v),x)]

1067 YOUNG-OH YANG ET AL 1059-1069



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

10 YANG AND CHOI

for all x,y,u,v € X, where a,b,c,e € P are commuting. If
s(r(a) +1(0) + (s + r(e)) + (s* + s + Dr(e) < 1,
then T has a unique coupled fixed point in X.

Now we give an example showing that Theorem 2.1 is a proper extension of known
results. In this example, the conditions of Theorem 2.1 are fulfilled.

Example 2.7. Let A = C}[0,1] and define a norm on A by ||z]| = ||zl + [|7/]|c for
x € A. Define multiplication in A as just pointwise multiplication. Then A is a real
Banach algebra with unit e = 1(e(t) = 1 for allt € [0,1]). Theset P={z € A: 2z > 0}
is a cone in A. Moreover, P is not normal.

Let X = {1,2,3}. Defined : X x X — A by d(1,2)(t) = d(2,1)(t) = d(2,3)(t) =
d(3,2)(t) = €',d(1,3)(t) = d(3,1)(t) = 3e',d(z,z)(t) = 6 for all t € [0,1] and for
each © € X. Then (X, d) is a solid cone b-metric space over Banach algebra with the
coefficient s = % But it is not a cone metric space over Banach algebra since it does
not satisfy the triangle inequality.

Define two mappings S, 7 : X x X — X by S(x,y) =1 for any (z,y) € X x X, and

2, (z,y)=(31)
1, otherwise

T(%y)z{

Let ay, as, a, ay, a5, ag € P defined with a1(t) = aq(t) = as(t) = 0.2, a4(t) = 0.1, a5(t) =
0.4, a6(t) = 0.05 for all t € [0, 1]. Then, by definition of spectral radius, r(a;) = r(az) =
r(as) = 0.2,7(ay) = 0.1,7(as) = 0.4,r(ag) = 0.05 and so

s[r(ax) + r(az) +r(as)] + 7(as) + r(as) + (s* + s)r(ag) = 0.9875 < 1.

Since d(S(z,y),T(3,1))(t) = d(1,2)(t)) = €' for any z,y € X, by careful calculations,
we can get that for any x,y,u,v € X, S and T satisfy the contractive condition (2.2.4)
of Theorem 2.1. Hence the hypotheses are satisfied and so by Theorem 2.1, S and T
have a common coupled fixed point in X. Since S(1,1) = 1 = T(1,1), (1,1) is the
unique coupled fixed point of S and T
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FOURIER SERIES OF SUMS OF PRODUCTS OF
POLY-GENOCCHI FUNCTIONS

TAEKYUN KIM!, DAE SAN KIMZ2, DMITRY V. DOLGY3, AND JIN-WOO PARK%*

ABSTRACT. Recently, some authors introduced poly-Genocchi polynomials as
an analogy to poly-Bernoulli polynomials. In this paper, we will consider three
types of sums of products of poly-Genocchi functions and derive their Fourier
expansions. In addition, we will express each of them in terms of Bernoulli
functions.

1. INTRODUCTION

The Bernoulli polynomials By, (x) are given by the generating function

t oo tm
P mZ:OBm(x)m.
When 2 =0, B,,, = B,,(0) are called Bernoulli numbers.
The Genocchi polynomials G, () are defined by the generating function
21 ot 0 tm
ar1e = 2 Gl

For x =0, G,,, = G, (0) are called Genocchi numbers.
Let r be any integer. The poly-Bernoulli polynomials Bsﬁ) (z) of index r are given

by
Lif(l=e™) o o pey ot
etfl € :T;)Bm (.ﬁ)%’

where Li,(z) = > °_, % is the rth polylogarithm function for » > 1, and a
rational function for » < 0. We note here that this definition of poly-Bernoulli

polynomials are slightly different from the Kaneko’s original definition [1, 2, 3, 5].
Indeed, if I@%) (z) denotes the Kaneko’s poly-Bernoulli polynomial of index r, then
B (x) = B (x —1). Also, for z = 0, B = B%)(O) are called poly-Bernoulli
numbers of index r. Clearly,

B\ (z) = Bp(z), B (z) = 1, B () = 2™,

m

d r
BO = 6,0, d—]B%(T) (z) = mBU) | (x), (m > 1).
XL

2010 Mathematics Subject Classification. 11B68, 11B83, 42A16.

Key words and phrases. Fourier series, Bernoulli polynomial, Euler function, Genocchi poly-
nomial, poly-Genocchi polynomial, poly-Bernoulli polynomial.
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2 Fourier series of sums of products of poly-Genocchi functions

As an analogy to this construction of poly-Bernoulli polynomials, the poly-Genocchi
polynomials G(mr)(;v) of index r are given by

2Lir(1—e™) 1 = (o "

When z = 0, G%) = GS:;) (0) are called poly-Genocchi numbers. Unfortunately,
the poly-Genocchi polynomials were named as poly-Euler polynomials. But, as

we clearly have G%)(x) = Gp(x), it seems more appropriate to call them poly-
Genocchi polynomials (see [6]). There are other definitions for poly-Euler numbers

and polynomials. Indeed, in [7, 8], the poly-Euler numbers E,(,Z) are defined by

Li,(1—e %) & tm
e 2 ) B2
4t cosh t mzzo ™ m!

For poly-Euler polynomials, see [4].
As is known or one can see,
d

2 (Lira (@) = - Lin(e).

In addition, since G%)(l‘) are Appell polynomials,

%G@ (z) =mG") | (2), (m >1).
Here we claim that
GU () +GLY(0) = 2B ), (m > 1). (1.2)
From (1.1), we clearly have
> (64(1) + 65H(0)) % — 2Ly (1— e ). (1.3)

m=0

Differentiation of LHS of (1.3) with respect to ¢ gives

> (8P m+ei o)
m=0

On the other hahd, differentiation of RHS of (1.3) with respect to t yields

2Li (1 —e7t) _, — () "
TP P s

From these, we get the desired result. Writing Li, (1 — e™%) = Y 07, an% =
t+ 300 5 anty, from (1.1) we obtain
o) 0 m—1
t'fﬂ m t'”L
(M) () — -
Zows - 2 (5 (7)oor)

where E,,(x) are Euler polynomials given by

2 L e tm
e =3 Ep(2)—.
E = (x)m!
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In particular, this implies that
G(()T)(ac) =0, Ggr)(ac) =1, degG)(z) =m — 1,for m > 1.
As a quick application of (1.2), we express GS;+1)(JZ) as a linear combination

of Euler polynomials. For this, we recall that, for a polynomial p(z) € Q[z] with
degp(z) =m,

p(x) =Y biE;(x), b; € Q,
=0
where

1 ; ; .
b; = 27' (p(J)(l) +p(J)(O)) , j=0,1,...,m.

We now apply this to the polynomial p(z) = (Gr(mrﬂ)(x), and let
Gt (@) =D biEj(x).
j=0

Then

by = (6100 + 6 0)

m—j

(?)B;:)_j_l, for0<j<m-1,
0, for j=m

Thus

>
@
o

&
]
=
—~
&
m
=]
8
2
+
=
o
D
0
=
~
Il
E

where b; = 2%, (pU=Y(1) +pU=(0)), for m=1,...,m+ 1.
Applying this to p(z) = GS,:H)(xL we see that
1 (m+1\p(r) ;
by g (")By Ly, for 1< 5 <m,
0, for j =m+ 1.
Thus we obtain

1 m+1
G+ — E : B . >1).
m (.’17) 1 = ( ] > m*jGJ (:E)v (m = )

For any real number z, we let
(r) =2 —[z] €0, 1)

denote the fractional part of x.

Here we will consider the following three types of sums of products of poly-
Genocchi functions a,, ((2)), Bm({z)), and v,,({z)) and derive their Fourier expan-
sions. In addition, we will express each of them in terms of Bernoulli functions.

(a) am((z)) = S0 G (@)GE) (@), (m > 3);
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m— 1 s+1
(0) B () = X7 G T (@) G T () (m = 3);
m— r+1 s+1
(0) (@) = SH 5 GF T (@) T (), (m > 3).
2. THE SUMS OF PRODUCTS OF POLY-GENOCCHI FUNCTIONS, TYPE [
For integers r, s, m, with m > 3, let

m—1

am(z) =3 G (@)GET) (2).

ahl@) = 3 (G @ES D @) + (m — HE T @)CETY ()}

m—k—1
N BG4+ B AVCICERVRVSICERY
k—1 (IZ’) m—k (IZ’)+ (m ) k (‘T) m—k—l(x)
k= k=1

m—

3
b

o N

m—2

(k+ )G ™ (@G () + Y (m - kG T (2)G8T) (x)

m—k—1

k=1 k=1
=(m + Dam-1(x).

From this, we have

() o

m+ 2

/O () = —— (A 11(1) = 1 (0))

For m > 3, we put

Ap =An(r,8) = am (1) — am(0)

o

(foﬂ)(l)G(SH)(l) B G](J-H)Gg:i))

m—Fk
k=1
m—1
r+1 r s+1 s r+1 s+1
=5 (e o) (-eh v, ) - o e))
k=1
m—1 )
r+1 S s+1 S
25 (6B, + B, G - BB, ).
k=1
Thus
am(0) = (1)
A, =0
m—1
r+1 s r s+1 r s
=5 (erm, vm0, 0l B0 B, ) =,
k=1

1
1
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We are now going to consider the function

(@) = 3 GE()EED (@), (m > 3),
k=1

defined on R, which is periodic with period 1.
The Fourier series of a,, ((z)) is

oo

Z A 27rzn:c

n=—oo

where

1 1
A%m) 2/ Qo () e ™2™ g =/ ()2 g,
0 0

Now, we would like to determine the Fourier coefficients AEZ" ).

Case 1: n#0.

1
Alm) :/ ()™ 2™ g
0

1 —2mi 1 1 L / —2mi
- - Tinx i minz g
2min [am()e ]0 + 2mnA A (@)e .
1 m+1 [ —omna
0
:7m+1A(m71) - 1 m
2min " 2min

from which we can easily deduce that

m— 2
+2
Alm) — _ (m A
" m+2; (2min)J g+l

Case 2: n=0.
! 1
Aém) = / am(x)de = ——Api1.
0

m+ 2
We recall the following facts about Bernoulli functions B,, ({x)):
(a) for m > 2,
e eQTrinz
B, = !
((z)) = —m! Y~ Gmin)
n=-—oo
n#0
(b) for m =1,
7 =, e2mine | Bi({z)), forz ¢ Z,
“—~ 2min N 0, for x € Z.
Maz0

am({z)), (m > 3) is piecewise C*°. Moreover, o, ({x)) is continuous for those
integers m > 3 with A,, = 0, and discontinuous with jump discontinuities at
integers for those integers m > 3 with A,, # 0.
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Assume first that m is an integer > 3 with A,;, = 0. Then @, (0) = an,(1).
Hence ayy, ((z)) is piecewise C*°, and continuous. Thus the Fourier series of o, ((x))
converges uniformly to a,,((z)), and

am((z))

1 > 1 T (m+2)
= A _ J 2minT
m+ 2 m+1+n;m m+2 & @miny I C
n#0 =
1 1 (m+2 X, e2mina
— A 4
m+2- "t + +2 4 ( J mot | 7 Z (2min)J
Jj=1 —00

1 1 m + 2
— = A, _
m+ 2 +1+m+22( j

=2
Bi({z)), forax¢Z,
+Am X { 0, for v € Z.

Now, we are ready to state our first theorem.

Theorem 2.1. For each integer 1 > 3, let

-1
A=A s) =23 (6B, + B, G - 2B B, ).

Assume that A, =0, for an integer m > 3. Then we have the following.
(a) Z;_ll G,&T+1)(<$>)G£:t?(<x>) has the Fourier series expansion

3 G ()G ((a))
k=1

1 > w2 m—|—2
_ A 27rznz’
m 4+ 2 m+1 Z m—|—2 (2min)J Am—jt1 | €
n=-—oo j=1
n#0

for all x € R, where the convergence is uniform.

(b)

m—1 ( ) ( ) 1 m—2 m4+2
r+1 s+1

- Amf' B; )
> el enel e = g X () nsea Bt

1
for all x € R.

Assume next that m is an integer > 3, with A, # 0. Then a,,(0) # an,(1).
Hence ay,((z)) is piecewise C*°, and discontinuous with jump discontinuities at
integers. Thus the Foureir series of «,,({z)) converges pointwise to a,,({x)), for

x ¢ Z, and converges to
1 1
5 (am(0) + (1)) = am(0) + §Am7

for x € Z. We are now ready to state our second theorem.
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Theorem 2.2. For each integer | > 3, we let

Ay = Ay(r, ) —22 (60 B,y + B - 280 B, ).

Assume that A, # 0, for an integer m > 3. Then we have the following

(a)
1 e 1 (m+2)
A J . 2minx
P Vi e DI
‘n#0 7=
_ PG (@GS (), fora gz
m 1 G(TH)G S+l) + lAm, for x € Z.
(b)
1 m—2 m+2 m—1
[ r+1 s+1
m+z§3< i )Amﬂ+¢%ww>§j@<+x@m@;;x@»,ﬁrx¢z
J=0 k=1
m—2 m+2 m—1
Z ( )Am i+1B;((z)) = G(T—H G(H_l + Am, for x € Z.
mt J=0 J k=1
J#1

3. THE SUMS OF PRODUCTS OF POLY-GENOCCHI FUNCTIONS, TYPE II

Let
m—1 1
r+1 s+1
On(@) =2 i = k)lGl(c )Gt @), (m=3).
k=1~ :
— G ()Gl m—k (1), (s
T+1 s+1 - r+1 s+1
Pt {kl m k (x)Gmfk (x) + k'(m o k)|Gk (m)Gmkl(‘r)}
S (1) A K 1 (1) a(s41)
_ Y a1 G s+1 Y o e s+1
- P (k _ 1) (m k.) Gk—l (I)Gm k ( )+ —~ k'(m —_k— 1)'Gk: (x)Gm—k—l(z)
:m—2 ;G(ﬂrl)(m)(@(ﬁl) (z) +m_2 ;G(T+1)({E)G(S+l) (z)
Pt k"(m — k- 1)! k m—k—1 P k'(m — k= 1)! k m—k—1
:2Bm—1($)-

From this, we obtain that

(W) = Bn@)

t/ﬁm 2 Brna(1) — B (0)).
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For m > 3, we let

Q= Qn(r, 8) = B (1) — B (0)

m—1
1 r+1 s+1 1) ~(s+1
=2 W (Eaniten Vol
k=1 :
m—1
1 r+1) r s+1 s r+1 s+1
- Kl(m — k)! ((_ch + 2]]331(@—)1) (_G’En—k) + 2B5n)_k—1> - Gl(e )an_k))
k=1
m—1

r+1 s r s+1 r s
(6B, + B, 60D 280 B, ).

I
|
[\
™
I
™
=
—

I(m —k)!

Bm(o) = ﬁm(l) — Qm =

m—1
1 (1) (s) (r) (s+1) (1) ps) _
— kZ:1 Wm = k) (G B, 1 +B,,G, ") —2B,”\B , 1) =0,

! 1
0

‘We now would like to consider the function

Z Hm—k)! GV (@GS (7)), (m > 3),

defined on R, which is periodic with period 1.
The Fourier series of §,,({x)) is

(oo}

Z BSLm) eQﬂ'inz7

n=—oo

where
1 1
Br(Lm) :/ ﬁm(<x>)e—2ﬂ'inwdx — / Bm(:v)e_2”mda;.
0 0

Next, we want to determine the Fourier coefficients B,(Lm).
Case 1: n#0.

1
Br(Lm):/ ﬁm(l')e_anIdCL'

 2min

_ —2minz]l 1 ! / —2minx
= [Brm (2)e ]0"’%/ By, (x)e dx

—2mnx
= m m m— d
 2min (B (1) = Bm(0) 27mn/ B v
2 1
=B~ ——Q,,
2min~ " 2min

from which by induction we can easily deduce that

m—

1

= 1-
2 27rm Lt
Jj=1
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Case 2: n=0.
1
1
B{™ = / Bn(@)dz = 5 Q1.
0

Bm({x)), (m > 3) is piecewise C*°. Moreover, it is continuous for those integers
m > 3 with ©,, = 0, and discontinuous with jump discontinuities at integers for
those integers m > 3 with Q,, # 0.

Assume first that m is an integer > 3 with Q,, = 0. Then £,,(0) = B, (1).
Hence B, ({x)) is piecewise C*°, and continuous. Thus the Fourier series of 5,,,((x))
converges uniformly to 3, ({(x)), and

Bm((z))

Tt =
1 1 m—2 2j > e27rin1
Q — Qe
5t tmt1 + 5 ]Zl G j+1 | —J n_z (2min)

1 2 g Bi((w)), forz¢Z.
_§Qm+1 +5 Z; ﬁQm—j-l-lBj(<x>> + O X { 0, for z € Z.
=

Now, we are ready to state our first theorem.

Theorem 3.1. For each integer 1 > 3, let
& =, s) QZ k! l— ( (TH)Bl(i)k 1 +Bl(<: )1G(S+1) ZBI(CZ)IBl(i)k71> -

Assume that 2, = 0, for an integer m > 3. Then we have the following.
(a) Z;n;ll m(}gﬂ)((@)(}fﬁf?((x)) has the Fourier series expansion

m—1

Zk,m Gy (ENE ) (@)

1Q + Eoo 71"572 2J 2minx
2 2 £~ (2min)i - "It

n=-—oo j=1

n#0

for all x € R, where the convergence is uniform.

(b)

m—1
_ b g (s41) )y 1 em 2
— k!(m—k)!Gk ((2)G,, 2y ((2) = 5 2 i Qm j+1B;((2)),
n J
Jj#1
for all z € R.

Assume next that m is an integer > 3 with Q,, # 0. Then £,,(0) # Bn(1),
and hence 3,,((z)) is piecewise C'*°, and discontinuous with jump discontinuities
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at integers. Thus the Fourier series of 3,,((x)) converges pointwise to B,,({x)), for
x ¢ Z, and converges to

5 (B 0) + (1) = B 0) + 30,

for z € Z.
We are now ready to state our second theorem.

Theorem 3.2. For each integer | > 3, let

1

+1 s s+1
k'(l — k‘)' (Gl(cr )Bl(—)k—l +]Bl(:—)l([;l(—k )~ 2]8](;21}Rl(i)k—1> :

-1
Ql = Ql(’l", 8) = 722
k=1

Assume Q,, £ 0, for an integer m > 3. Then we have the following

(a)
1Q = 1 = 2 2minx
5 m+1 T _Z *5 - (27rzn)J m—j+1 | €
’I’L;;é)o J=
m— r+1 s+1
S wmm G T (e)en ) (@), fora ¢z,
P GGG 440, foreez
(b)
1 m—2 2j m—1 1 (r+1) (s41)
B Q1B ((z)) = m(@k (2)G,, -y ((z)), for z ¢ Z;
=0 7] = .
1 m—2 2j m—1 1 (1) e (511) 1
3 2 e Bille) = 30 e s TG + S0, fora € 2,
J

4. THE SUMS OF PRODUCTS OF POLY-(GENOCCHI FUNCTIONS, TYPE III

Let
m—1
1 (r+1) (s+1)
Ym(Z) = G SUGm_ x,ng
(z) ’;k(m_k)k ()G, 2y (), ( )
m—1
1 ™ S T S
@) = 3 g P @GN @)+ on = DGV @6 ()]
k=1
m—1 1 m—2 1
r+1 s+1 r+1 s+1
=Y G @E @ + Y 6 @En (@)
k=2 k=1
~ 1 L\ (1) (sD)
= 1 )G @6 ()
k=1
S 1 (r+1) e (5+1)
_ 1 - - r4+1 G s+1
(m ) kZ:1 k(m . k' . 1) k ("E) m—k—l(x)
=(m — 1)'7m71($)'
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From this, we have
Ym+1() ' _
= Y (),
m

and

1

1

/ (@) = = (Y1 (1) = A (0))
0 m

For m > 3, we let

Apm = Am(ra S) = Vm(l) - me(O)

m—1
- 1 (r+1) (s+1) i (r4+1) ~(s+1)
- P k(m _ /{i) (Gk‘ (1)Gm—k (1) Gk Gm—k )

m—1
_ 1 _qr+D ™) ) (_q+D (s) _ et s+
- P k(m _ k) (( Gk + ZIB3kfl> ( Gmfkr + 2B?ﬂfkrfl) Gk Gmfk )

m—1
1 1)1 (s r s+1 r s

=2 ; Em =k (Gi B +BLGHT) — 213231185,1)_k_1) :

Then 7,,(0) = v, (1) <= A,, =0, and

! 1
= —A .
/0 Y (z)d m m+1

We are now going to consider

m—1
(e = 3 p s G (@B ), (2 3),
k=1

defined on R, which is periodic with period 1.
The Fourier series of v, ({zx)) is

0o
Z Cr(lm)e27rinm,

n=—oo

where
1 1
C'I(Lm):/ fym(<x>)e*2”md$:/ 'ym(x)efzmm”d:c.
0 0

Now, we want to determine the Fourier coefficients Cflm).
Case 1: n#0.

1 —oming 1 1 t o
_ - TinT minz g
2in [1m(®) Jot 2rin /0 Ym(T)e .
— o ) = @) + 5 [ (e
= 2min T 2rin Jq Tm—1
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from which by induction on m we can deduce that
-2

1~ ()
cim = —— I Am—jil -
" m ; (2min)J It

Case 2: n=0.

1
. 1

Ym({x)), (m > 3) is piecewise C*°. Further, it is continuous for those integers
m > 3 with A,, = 0, and discontinuous with jump discontinuities at integers for
those integers m > 3 with A,,, # 0.

Assume first that m is an integer > 3 with A,, = 0. Then v,,(0) = 7, (1).
Hence 7, ({x)) is piecewise C*°, and continuous. Thus the Fourier series of ,,, ((x))
converges uniformly to 7., ((z)), and

Ym ({x))

0o m—2
1 1 (m); '
:7Am 1 7]/\ . 2minx
m Jrn_ZW m Zl (2min)i =™ e
n£0 =
m—2 0 inw
1 1 m eQﬂ'lnl
oy et + m 4 (J) J+1 J Z (27in)J
=1 n=-—o00
n#0
m—2
1 1 m Bi({x)), forx¢Z,
_EAerl + oy z; (j )Am—]-‘rlBJ«x)) + A X { 0, for x € Z.
j=

Now, we can state our first theorem.

Theorem 4.1. For each integer 1 > 3, let
-1
]- r+1 s r s+1 r s
Ay =Ay(r,s) = _QZ m (Gé )Bl(—)k—l + Blg—)lGl(—k ) 2]3;—)1131(—)1@—1) :
k=1

Assume that A, = 0, for an integer m > 3. Then we have the following

(a) Z;l m@,&rﬂ)((@)(}f{i?((w)) has the Fourier series expansion

m—1
1 T S
o G (@)EE (@)

k=1

1 o] 1 m—2 (m) .
=—A _ J A 2minx

m mtl +n;m m ; (2min)7 m—j+1 | ¢ ’

n#0

for all x € R, where the convergence is uniform.

(b)

m—1 1 - . 1 m—2

o O NG (e = - 3 () A By (G
i
for all z € R.
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Assume next that m is an integer > 3 with A, # 0. Then 7,,(0) # vm (1),
and hence 7, ((z)) is piecewise C*°, and discontinuous with jump discontinuities

at integers. Thus the Fourier series of 7, ((z)) converges pointwise to 7, ({(z)), for
x ¢ Z, and converges to

1 1
5 (’Ym(o) + ’Ym(l)) = 'Ym(o) + iAm
‘We can now state our second theorem.

Theorem 4.2. For each integer 1 > 3, let

A= Ay(r, s) QZ H l— ( (r+1)B§s> » +IB%(T) G(s+1) 72B(r) BI(S)k 1)

Assume that A, # 0, for an integer m > 3. Then we have the following

(a)
1A - 1 e (m)J A 2mwinx
m mt1 + _2: m Z (2min)J moj+l [ €
e =t
_ [ - k>G““><<x>>GE:+?<<x>>, forz ¢,
Zk 1 k(m 7 G(TH)G(SH) + 1A,  forz el
(b)
m—2
1 m
D Dl (4 LU}
=0 \J
m—1 1
r4+1 s+1
= m‘gé T (@)GSTY (@), for v ¢ 2
k=1
m—2
1 m
=X ()t By (G
i=o
j#1
m—1 1
- T Ok G(TH)G(SH) + Am7 for z € Z.
= klm = k)
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Abstract. The notions of a hesitant fuzzy subalgebra and a hesitant fuzzy normal subalgebra of a B-algebra are
introduced, and related properties are investigated. A quotient structure of a B-algebra using a hesitant fuzzy

normal subalgebra is constructed. The fundamental homomorphism of a quotient B-algebra is established.

1. Introduction

The notions of Atanassov’s intuitionistic fuzzy sets, type 2 fuzzy sets and fuzzy multisets etc.
are a generalization of fuzzy sets. As another generalization of fuzzy sets, Torra [9] introduced
the notion of hesitant fuzzy sets which are a very useful to express peoples hesitancy in daily life.
The hesitant fuzzy set is a very useful tool to deal with uncertainty, which can be accurately and
perfectly described in terms of the opinions of decision makers. Also, hesitant fuzzy set theory is
used in decision making problem etc. [2, 3, 10, 11], and is applied to MT L-algebras [5]. On the
while, J. Neggers and H. S. Kim [7] introduced the notion of B-algebra and investigated several
properties. Y. B. Jun et al. [4] defined the notion of a fuzzy B-algebra and studied some related
properties of it.

In this paper, we discuss applications of a hesitant fuzzy set in a (normal) subalgebra of
a B-algebra. We introduce the notion of hesitant fuzzy (normal) subalgebra of a B-algebra,
and investigate some properties of it. Also we consider a new construction of a quotient B-
algebra induced by a hesitant fuzzy normal subalgebra. Finally, we establish the fundamental
homomorphism of B-algebra.

2. Preliminaries

A B-algebra ([7]) is a non-empty set X with a constant 0 and a binary operation “x” satisfying

axioms:
(Bl) zx 2z =0,
(B2) 20 ==z,

(B) (z*xy)*xz=zx*(z*(0xy))

92010 Mathematics Subject Classification: 06F35, 03G25, 06D72.
YKeywords: 7-inclusive set; hesitant fuzzy (normal) subalgebra; B-algebra.

* The corresponding author. Tel.: +82 2 2260 3410, Fax: +82 2 2266 3409 (S. S. Ahn).
YE-mail: jmko@gwnu.ac.kr (J. M. Ko); sunshine@dongguk.edu (S. S. Ahn).
9This study was supported by Gangneung-Wonju National University.
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for any x,y, 2z in X. For brevity we call X a B-algebra. In X we can define a binary relation
“<7” by x <yif and only if z xy = 0.

Proposition 2.1.([1, 7]) Let (X;*,0) be a B-algebra. Then

(i) the left cancellation law holds in X, i.e., x x y = x % z implies y = z,
(ii) if txy = 0, then x = y for any x,y € X,

(iv) 0% (0% x) ==z, for all z € X,

)
(iii) if O x z = 0%y, then x =y for any z,y € X,
)
(V) xx(yxz) = (x*(0%2))xy for all z,y,z € X.

Let (X;*x,0x) and (Y;*y,0y) be B-algebras. A mapping ¢ : X — Y is called a homomor-
phism if p(z xx y) = p(z) *y (y) for any x,y € X. A homomorphism ¢ : X — Y is called an
isomorphism if ¢ is a bijection, and denote it by X =2 Y. Let ¢ : X — Y be a homomorphism.
Then the subset {x € X|p(z) = Oy} of X is called the kernel of the homomorphism ¢, and
denote it by Ker ¢. A non-empty subset S of X is called a subalgebra of X if x xy € S for any
z,y € X.

A non-empty subset N of X is said to be normal if (xxa) * (y*b) € N for any x*xy,a+xb € N.
Then any normal subset N of a B-algebra X is a subalgebra of X, but the converse need not be
true ([8]). A non-empty subset X of a B-algebra X is a called a normal subalgebra of X if it is
both a subalgebra and normal.

Let X be a B-algebra and let N be a normal subalgebra of X. Define a relation ~y on X
by © ~y y if and only if x xy € N, where x,y € X. Then it is a congruence relation on X
([13]). Denote the equivalence class containing z by [z]y, i.e., [x]y := {y € X|x ~xn y} and let
X/N = {[z]ny|z € X}.

Theorem 2.2.([8]) Let N be a normal subalgebra of a BG-algebra X. Then X/N is a B-algebra.
The B-algebra X/N is discussed in Theorem 2.2 is called the quotient B-algebra of X by N.

Theorem 2.3.([8]) Let N be a normal subalgebra of a B-algebra X. Then the mapping y : X —
X/N given by vy(z) := [z|y is a surjective homomorphism, and Kery = N.

Theorem 2.4.([8]) Let ¢ : X — Y be a homomorphism of B-algebras. Then Kery is a normal
subalgebra of X.

Theorem 2.5.([8]) Let ¢ : X — Y be a homomorphism of B-algebras. Then X/Kery = Imep.
In particular, if ¢ is surjective, then X/Kerp =Y.

Definition 2.6.([9]) Let E be a reference set. A hesitant fuzzy set on E is defined in terms of a
function that when applied to E returns a subset of [0, 1], which can be viewed as the following
mathematical representation: Hg := {(e, hg(e))|e € E} where hg : E — 22([0,1]).
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Definition 2.7.([2]) Given a non-empty subset A of a set X, a hesitant fuzzy set Hy :=
{(z,hx(z))|x € X} on satisfying the following condition: hx(x) = @ for all z ¢ A (briefly,
A-hesitant fuzzy set) on X, and is represented by Hy := {(z,ha(z)) | x € X}, where hy is a
mapping from X to ([0, 1]) with ha(z) = 0 for all = ¢ A.

For a hesitant fuzzy set Hx := {(x,hx(z)) | © € X} of a set X and a subset 7 of [0, 1], the
hesitant fuzzy 7-inclusive set of Hyx, denoted by Hx(7), is defined to be the set Hx(v) := {x €
X|y C hx(z)}. For any hesitant fuzzy set Hx = {(z,hx(z)|x € X} and Gx = {(z,gx(z))|x €
X}, we call Hy a hesitant fuzzy subset of G'x, denoted by HxCGy, if hx(z) C gx(z) for all
x € X. The hesitant fuzzy union of Hx and Gx, denoted by HxUGx, is defined to be the hesitant
fuzzy set (hxUgx)(z) = hx(z) U gx(z) for all z € X. The hesitant fuzzy intersection of Hy and
G'x, denoted by HxNGy, is defined to be the hesitant fuzzy set (hxNgx)(x) = hx(z) N gx(v)
for all x € X.

3. Hesitant fuzzy normal subalgebra
In what follows let X denote a B-algebra X unless otherwise specified.
Definition 3.1. Let X be a B-algebra. Given a non-empty subset (subalgebra as much as
possible) A of X, let Hy := {(z,ha(z)) | * € X} be an A-hesitant fuzzy set on X. Then

Hy = {(x,ha(z)) | * € X} is called a hesitant fuzzy subalgebra of X related to A (briefly,
A-hesitant fuzzy subalgebra of X) if it satisfies the following condition:

(3.1) ha(x) N ha(y) C ha(x *y) for all z,y € A.
An A-hesitant fuzzy subalgebra of X with A = X is called a hesitant fuzzy subalgebra of X.

Proposition 3.2. Every hesitant fuzzy subalgebra Hx := {(x, hx(x))|z € X} of a B-algebra X
satisfies the following inclusion:

(3.2) hx(z) C hx(0) for all x € X.

Proof. Using (3.1) and (B1), we have hx(z) = hx(z) N hx(z) C hx(z *xx) = hx(0) for all

r e X. l
Example 3.3. Let X = {0, 1,2,3} is a B-algebra ([6]) with the following Cayley table:

*|10 1 2 3

0(0 2 1 3

111 0 3 2

212 3 01

313 1 20

Let Hy := {(z,hx(z))|x € X} be a hesitant fuzzy set on X defined by
Hyx = {(0,(0,1]), (1, (£, 2)), (2. (5, ), 3, (1. DN} -
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It is easy to verify that Hx := {(x,hx(x)) | x € X} is a hesitant fuzzy subalgebra of X.

Theorem 3.4. A hesitant fuzzy set Hy = {(x,hx(x))|x € X} of a B-algebra is a hesitant
fuzzy subalgebra of X if and only if Hx(vy) := {x € X|y C hx(x)} is a subalgebra of X for all
v € Z([0,1]) whenever it is non-empty.

Proof. Assume that Hx := {(z, hx(z))|x € X} is a hesitant fuzzy subalgebra of X. Let z,y € X
and v € Z([0,1]) be such that x,y € Hx(7y). Then v C hx(x) and v C hx(y). It follows from
(3.1) that v C hx(xz) Nhx(y) C hx(z *xy) Hence x xy € hx(v). Thus Hx(7) is a subalgebra of
X.

Conversely, suppose that Hx(7) is a subalgebra X for all v € £([0,1]) with Hx(y) # 0. Let
z,y € X, be such that hx(z) = 7, and hx(y) = ~v,. Take v = 7, N,. Then z,y € Hx(v)
and so x *y € Hx(y) by assumption. Hence hx(x) Nhx(y) =7 Ny, =7 C hx(x *y). Thus
Hyx = {(z,hx(x))|z € X} is a hesitant fuzzy subalgebra of X. O

Theorem 3.5. Every subalgebra of a B-algebra can be represented as a y-inclusive set of a
hesitant fuzzy subalgebra.

Proof. Let A be a subalgebra of a B-algebra X. For a subset v of [0, 1], define a hesitant fuzzy
set Hx on X by

' v ifxeA
hX.X—>3”([O,1]),a:r—>{® i1 ¢ A

Obviously, A = Hx(vy). We now prove that Hx is a hesitant fuzzy subalgebra of X. Let z,y € X.
If x,y € A, then zxy € A because A is a subalgebra of X. Hence hx(x) = hx(y) = hx(z*xy) =,
and so hx(x) Nhx(y) C hx(zxy). ff z € Aand y ¢ A, then hx(x) = v and hx(y) = () which
imply that hx(z) Nhx(y) = yNO = 0 C hx(z*y). Similarly, if z ¢ A and y € A, then
hx(x) Nhx(y) C hx(x*y). Obviously, if x ¢ A and y ¢ A, then hx(z) Nhx(y) C hx(z *y).
Therefore Hy is a hesitant fuzzy subalgebra of X. O

Any subalgebra of a B-algebra X may not be represented as a ~-inclusive set of a hesitant
fuzzy subalgebra of X in general (see Example 3.6).

Example 3.6. Let X = {0,1,2,3} be a B-algebra with the following Cayley table:

*x0 1 2 3
0/0 1 2 3
1/1 0 3 2
212 3 01
313 210

Let Hx := {(z,hx(x))|x € X} be a hesitant fuzzy set on X defined by
Hx = {(0,(0,1]),(1,(3,2)),(2.(3, 1), 3, (3, 2))} -
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It is easy to verify that Hx := {(z,hx(z)) | * € X} is a hesitant fuzzy subalgebra of X. The
~v-inclusive set of Hx are described as follows:

{0} ity e {[0,1]}
Hx(7)={X ifye{S[0cCscC(i)

0 otherwise.

The subalgebra {0, 1} cannot be a v-inclusive set Hx(y) since there is no v C [0, 1] such that

Definition 3.7. A hesitant fuzzy set Hy := {(z,hx)|z € X} on a B-algebra X is said to be
hesitant fuzzy normal if it satisfies:

(3.3) hx(x*y)Nhx(axb) C hy((x*xa)* (y=Db)) for all z,y,a,b € X.

A hesitant fuzzy set Hx on a B-algebra X is called a hesitant fuzzy normal subalgebra of X if it
satisfies (3.1) and (3.3).

Example 3.8. Let X = {0, 1,2,3} be a B-algebra as in Example 3.3. Let Hyx := {(x, hx)|z € X}
be a hesitant fuzzy set on X defined by

Hyx = {(0,[0,1]), (1, (5, ), (2. (3, D), (3, [0, 1))} .
It is easy to verify that Hx := {(x, hx(x)) | x € X} is hesitant fuzzy normal.

Proposition 3.9. Every hesitant fuzzy normal Hx of a B-algebra X is a hesitant fuzzy subal-
gebra of X.

Proof. Put y :=0,b:=0and a :=yin (3.3). Then hx(z*0)Nhx(y*0) C hx((x*xy)*(0x0)) for
any =,y € X. Using (B2) and (B1), we have hx(z) Nhx(y) C hx(x*y). Hence Hy is a hesitant
fuzzy subalgebra of X. O

The converse of Proposition 3.9 may not be true in general (see Example 3.10).

Example 3.10. Let X = {0,1,2,3,4,5} be a B-algebra ([8]) with the following table:

*x(0 1 2 3 45
0(0 21 3 45
111 0 2 4 5 3
212105 3 4
313 450 21
414 5 310 2
515 3 4 2 10

Let Hx be a hesitant fuzzy set defined by

HX = {(0773)7 (17 '71>7 (27’71)7 (3771)7 (47 71)7 (5772)} .
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where 71,72 and 73 are subsets of [0,1] with 74 € v € v3. It is easy to check that Hx is a
hesitant fuzzy subalgebra of X. But it is not hesitant fuzzy normal since hx (1% 4) Nhx(3%2) =

hx(5) Nhx(5) =9 € v = hx(1) = hx((1%3) % (4% 2)).

Theorem 3.11. A hesitant fuzzy set Hx = {(z,hx(z))|x € X} of a B-algebra is a hesitant
fuzzy normal subalgebra of X if and only if Hx () := {x € X|y C hx(z)} is a normal subalgebra
of X for all v € Z(|0,1]) whenever it is non-empty.

Proof. Similar to Theorem 3.4. O

Proposition 3.12. Let a hesitant fuzzy set Hx of a B-algebra X be hesitant fuzzy normal.
Then hx(x xy) = hx(y * x) for any z,y € X.

Proof. Let z,y € X. By (B1) and (B2), we have hx(x xy) = hx((x xy) * (zxx)) D hx(x *x)N
hx(y*x) = hx(0)Nhx(y*z) = hx(y*x). Interchanging x with y, we obtain hx (y*x) 2 hx(x*y),
which proves the proposition. 0

Theorem 3.13. Let Hx := {(z,h.(x))|z € X} be a hesitant fuzzy normal subalgebra of a
B-algebra X. Then the set X, = {z € X|hx(xz) = hx(0)} is a normal subalgebra of X.

Proof. 1t is sufficient to show that X, is normal. Let a,b,z,y € X be such that x xy € X,
and a * b € Xp,,. Then hx(x xy) = hx(0) = hx(a *b). Since Hx is a hesitant fuzzy normal
subalgebra of X, it follows that hx((z*a)* (y*b)) D hx(x*y)Nhx(a*xb) = hx(0). Using (3.2),
we conclude that hx((z *a)* (y* b)) = hx(0). Hence (x xa) * (y *xb) € X} . This completes the
proof. O

Theorem 3.14. The intersection of any set of a hesitant fuzzy normal subalgebra of a B-algebra
X is also a hesitant fuzzy normal subalgebra.

Proof. Let {(Hx)a|low € A} be a family of hesitant fuzzy normal subalgebras of a B-algebra X
and let a,b,x,y € X. Then

Paea(ix)al( 5 0) * (g %)) = inf (a2 a) = (y 1))
> it {(hx)a(z 9) N (hxala 1)}
=[inf (hx)a(w # )] 0 [i0f (hx)a(a # )

=((Naea(Px)a) (@ * ¥)) N ((Naea(hx)a)(a + b))

which shows that Nyea(Hx ) is hesitant fuzzy normal. By Proposition 3.9, Naep(Hx)q is an
int-soft normal subalgebra of X. O

The union of any set of hesitant fuzzy normal subalgebra of a B-algebra X need not be a
hesitant fuzzy normal subalgebra of X.
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Example 3.15. Let X := {0,1,2,3,4,5} be a B-algebra as in Example 3.10. Let Hx :=
{(z,hx(z))|zr € X} and Gx := {(z, gx(x))|x € X} be hesitant fuzzy sets of X defined as follows:

: X 1
hx — ’@([07 ])’ T { v ifxe {1727375}

where v1 C 72 € v3 € [0, 1]. It is easy to check that Hy and Gx are hesitant fuzzy subalgebras
of X. But Hx UGy is not a hesitant fuzzy subalgebra of X because
(hx Ugx)(4) N (hx Ugx)(5) =(hx(4) Ugx(4)) N (hx(5) U gx(5))
=(13U) N (mUs) =7
o = U = hx(2) Ugx(2)
=(hx Ugx)(2) = (hx U gx)(4 %5).
Since every hesitant fuzzy normal subalgebra of a B-algebra X is a hesitant fuzzy subalgebra of

X, the union of hesitant fuzzy normal subalgebra need not be a hesitant fuzzy normal subalgebra
of a B-algebra.

4. Quotient B-algebras induced by a hesitant fuzzy normal subalgebra

Let Hx := {(z,hx(x))|z € X} be a hesitant fuzzy normal subalgebra of a B-algebra X. For
any z,y € X, we define a binary operation “ ~"X ” on X as follows: x ~"* y < hx(x*y) = hx(0).

Lemma 4.1. The operation ~"*X is an equivalence relation on a B-algebra X.

Proof. Obviously, it is reflexive. Let 2 ~"* y. Then hx (z*y) = hx(0). It follows from Proposition
3.12 that hx(0) = hx(z *y) = hx(y * ¥). Hence ~"X is symmetric. Let x,y,2z € X be such that
x ~" yand y ~"X 2. Then hx(x *y) = hx(0) and hx(y * 2) = hx(0). Using Proposition 3.12,
(3.3), (B1), (B2) and (3.2), we have hx(0) = hx(z*y) Nhx(y*z) = hx(z*xy) Nhx(z*xy) C
hx((wx2)x (y*y)) = hx((x*2)*0) = hyx(z*2) C hx(0). Hence hx(x * 2) = hx(0), i.e., ~"* is
transitive. Therefore “ ~"X 7 is an equivalence relation on X. 0

Lemma 4.2. For any z,y,p,q € X, if x ~"* y and p ~"X ¢, then x * p ~"X y x q.

Proof. Let x,y,p,q € X be such that x ~"* y and p ~"* q. Then hx(z*y) = hx(y*x) = hx(0)
and hx(pxq) = hx(gxp) = hx(0). Using (3.3) and (3.2), we have hx(0) = hx(zxy)Nhx(pxq) C
hx((x xp) * (y xq)) € hx(0). Hence hx((z % p) * (y * ¢)) = hx(0). By similar way, we get
hx((y x q) * (x x p)) = hx(0). Therefore z * p ~"* y % q. Thus “ ~"* 7 is a congruence relation
on X. U
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Denote (hx), and X/hx the equivalence class containing = and the set of all equivalence classes
of X, respectively, i.e., (hx), = {y € X|y ~"* 2} and X/hx := {(hx).|r € X}. Define a binary
relation e on X/hy as follows: (hx), ® (hx)y = (hx )y for all (hx)., (hx), € X/hx. Then this
operation is well-defined by Lemma 4.2.

Theorem 4.3. If Hy := {(z, hx(z))|x € X} is a hesitant fuzzy normal subalgebra of a B-algebra
X, then the quotient algebra X/hx := (X/hx,e, (hx)o) is a B-algebra.

Proof. Straightforward. 0

Proposition 4.4. Let i : X — Y be a homomorphism of B-algebras. If Hy = {(y, hy (y))|y €
Y} is a hesitant fuzzy normal subalgebra of Y, then (hy o p, X) is a hesitant fuzzy normal
subalgebra of X.

Proof. For any x,y,a,b € X, we have

(hy o p)((z *x a) *x (y *x b)) =hy (u((z *x a) *x (y *x b))
=hx((u(z) *y p(a)) *y (u(y) *y u(b)))
Dhy (u(x) *y p(y)) N hy (p(a) *y (b))
=hy ((x *x y)) N hy (u(a *x b))
=(hy o p)(x *x y) N (hy o u)(a*x b).

Hence hy o u is hesitant fuzzy normal. By Proposition 3.9, (hy o u, X) is a hesitant fuzzy normal
subalgebra of X. 0

Proposition 4.5. Let Hx be a hesitant fuzzy normal subalgebra of a B-algebra X. The
mapping v : X — X/hx, given by v(x) := (hx)s, is a surjective homomorphism, and Kervy =
{z € X|y(z) = (hx)o} = Xy

Proof. Let (hx), € X/hx. Then there exists an element = € X such that v(x) = (hx),. Hence
7 is surjective. For any z,y € X, we have y(z*y) = (hx)zy = (hx)z ® (hx), = 7(x) ®¥(y). Thus
7 is a homomorphism. Moreover, Ker v = {z € X|y(z) = (hx)o} = {z € X|z ~"* 0} = {z €
X|hx($)=hx(0)}=th ]

Example 4.6. Let X = {0, 1,2,3} be a B-algebra ([4]) with the following Cayley table:

*x10 1 2 3
0/0 1 2 3
111 0 3 2
21210 3
313 210
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Let Hx be a hesitant fuzzy set defined by

o ifxe€{0,2

h: X = 2(U), “‘H{ ; ifa;e%,?j

where v € 72 C [0, 1]. It is easy to check that Hx is a hesitant fuzzy normal subalgebras of X.
Then X, = {z € X|hx(z) = hx(0)} = {0,2}. Define z ~"x y if and only if hx(z xy) = hx(0).
Then (hx)o = {z € X|z ~"x 0} = {z € X|hx(z *0) = hx(0)} = {0,2} and (hx); = {z €
Xz ~h 1} = {z € X|hx(z x1) = hx(0)} = {1,3} Hence X/hx = {(hx)o, (hx)1}. Let
¢ : X — X/hx be a map defined by ¢(0) = ¢(2) = (hx)o and (1) = p(3) = (hx):1. It is easy
to check that ¢ is a homomorphism and Keryp = {x € X|p(z) = (hx)o} = {x € X|x ~"* 0} =
{z € X|hx(z) =hx(0)} = Xp,.

Theorem 4.7. Let X := (X;xx,0x) be a B-algebra andY := (Y; %y, 0y) be a B-algebra and let
i: X =Y be an epimorphism. If Hy := {(y, hy)|y € Y} is a hesitant fuzzy normal subalgebra
of Y, then the quotient algebra X/(hy o u) := (X/(hy o u),ex, (hy o p)oy ) is isomorphic to the
quotient algebra Y/hx := (Y/hy, ey, (hy)oy)-

Proof. By Theorem 4.3 and Proposition 4.4, X/hy ou : (X/(hyou),ex, (hyou)o, ) is a B-algebra
and Y/hy := (Y/hx, ey, (hy)o, ) is a B-algebra. Define a map

n: X/(hy op) = Y/hy, (hy op)e = (hy)u@)

for all z € X. Then the function 7 is well-defined. In fact, assume that (hy o p), = (hy o ), for
all z,y € X. Then we have hy (u(z) *y u(y)) = hy (u(z*xxy)) = (hyop)(zxxy) = (hyou)(0x) =
hy (1(0x)) = hy (Oy). Hence (hy)u@) = (hy)u()-

For any (hy o ), (hy omy & X/(hy o ), we have 1((hy o 1) ox (hy 0 1)) = 1((hy © 1)aey) =
(hy) pwixy) = (Ay) p@yey uw) = (Ay)uz) ® (By) @) = n((hy o 1);) @y n((hy o p)y). Therefore 7 is a
homomorphism.

Let (hy)s € Y/hy. Then there exists € X such that u(z) = a since p is surjective. Hence
n((hx o pt)z) = (hy)u@) = (hy)a and so 7 is surjective.

Let z,y € X be such that (hy)u@m) = (hy)uw)- Then we have (hy op)(x*xy) = hy ((z*xy)) =
hy (p(x) *y u(y)) = hy(0y) = hy (u(0x)) = (hy o u)(0x). It follows that (hy o u), = (hy o f1),,.
Thus 7 is injective. U

The homomorphism 7 : X — X/hx, © — (hx),, is called the natural homomorphism of

X onto X/hx. In Theorem 4.7, if we define natural homomorphisms 7x : X — X/hy o u and
Ty : Y — Y/hy then it is easy to show that nomy = my oy, i.e., the following diagram commutes.
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X LI

ﬂxl wyl
X/ (hy o) 1 Y/hy.

Proposition 4.8. Let Hx be a hesitant fuzzy normal subalgebra of a B-algebras X. If J is a
normal subalgebra of X, then J/hx is a normal subalgebra of X/hx.

Proof. Let Hy be a hesitant fuzzy normal subalgebra of a B-algebras X and let J be a normal
subalgebra of X. Then for any z,y € J, xxy € J. Let (hx)s, (hx), € J/hx. Then (hx),®(hx), =
(hx)awy € J/hx. Hence J/hx = {(hx),|x € J} is a subalgebra of X/hx.

For any z*y,axbe€ J, (x*a)*(y*b) € J, so for any (hx), ® (hx)y, (hx)a® (hx)y € J/hx, we
have ((hx)s ® (hx)a) ® ((hx)y @ (hx)s) = (hx)wwa ® (hx)yo = (hx)@ra)s(yt) € J/hx. Thus J/hx
is a normal subalgebra of X/hx. O

Theorem 4.9. Let Hx be a hesitant fuzzy normal subalgebra of a B-algebras X . If J* is a normal
subalgebra of a B-algebra X /hx, then there exists a normal subalgebra J = {x € X|(hx), € J*}
in X such that J/hx = J*.

Proof. Since J* is a normal subalgebra of X/hx, so (hx), ® (hx), = (hx)ey € J* for any
(hx)a, (hx)y € J*. Thus x xy € J for any x,y € J. And (hx)awa ® (hx)yss = (hx)(@wa)s(ysr) € J*
for any (hx )y, (hx)ase € J*. Thus (z xa) % (y*b) € J for any x *xy,a*b € J. Therefore J is a
normal subalgebra of X. By Proposition 4.5, we have

J/hx ={(hx);lj € J}

{(hx);|3(hx), € J* such that j ~hx )
{(hx);|3(hx), € J* such that (hx), = (hx);}
{(hx);l(hx); € J°} = J".

Theorem 4.10. Let Hyx be a hesitant fuzzy normal subalgebra of a B-algebra X. If J is a

X/h
normal subalgebra of X, then hx = X/J.
J/hx
X/h X/h
Proof. Note that [hx _ {[(hx)alsmyhx € X/hx}. If we define ¢ : [hx X/J by
J/hX J/hX

o([(hx)zlimy) = [2]ls = {y € X|z ~7 y}, then it is well defined. In fact, suppose that
[(hx)alayny = [(hx)ylamy- Then (hx)s ~""% (hx), and so (hx)esy = (hx)e ® (hx), € J/hx.
X/hyx

Hence z * y € J. Therefore z ~7 y, i.e., [x]; = [y]s. Given [(hx).]sny, [(hx)y]i/ny € Tlhy

, we

have ©([(hx),li/ny ® [(hx),)imy) = @([(hx), ® (hx),Juny) = [z * yls = [z];* [yl
= @([(hx),)u/mx) * @([(hx)y]J/hx). Hence ¢ is a homomorphism.
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Obviously, ¢ is onto. Finally, we show that ¢ is one-to-one. If ¢([(hx)z|i/ny) = @([(Ax)yli/nx )
then [z]; = [yls, ie, 2 ~T y. If (hx)a € [(hx)alsny, then (hx), ~?/"* (hy), and hence
(hx)asz € J/hx. Tt follows that a x x € J, i.e., a ~/ x. Since ~/ is an equivalence relation,
a~'yandso J, =, Hence axy € J and 5o (hx)ay € J/hx. Therefore (hy), ~"/"x (hx),.
Hence (hx)a S [(hX)y]J/hX. Thus [(hx)x]J/hX Q [(hX)y]J/hX. Similarly, we obtain [(hX)y]J/hX Q
[(hx)z)a/ny - Therefore [(hx)az]s/my = [(hx)yls/ny- This completes the proof. O
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IMPULSIVE PERIODIC SOLUTIONS OF SECOND ORDER
DIFFERENTIAL EQUATIONS WITH SINGULARITY

SHENGJUN LI}2, YANHUA WANG!

ABSTRACT. In this paper, we study the impulsive periodic solutions of second
order singular ordinary differential equations. The proof of the main result
relies on a nonlinear alternative principle of Leray-Schauder, together with
a truncation technique and the result is applicable to the case of a strong
singularity as well as the case of a weak singularity.

1. INTRODUCTION

Impulsive effects occur widely in many evolution processes in which their states
are changed abruptly at certain moments of time, for example, in population bi-
ology, the radiation of electromagnetic waves, the spread of heat, the diffusion of
chemicals, the maintenance of a species through instantaneous stocking, harvesting.
The impulsive diffferential equation is also an adequate apparatus for the mathe-
matical simulation of such processes and phenomena. For the general aspects of
impulsive differential equations, we refer the reader to the classical monograph [9].

In this paper, we study the existence of positive solution for the periodic bound-
ary value problem with impulse effects:

(1.1) o +a(t)e = f(t,x), tel,

’ z(0) — z(T) = 2/(0) — 2/(T) =0,
under the impulse conditions
(1.2) —AZ |y, = I(z(tr)), k=1,2,...,p,
where J = [0,T),t1,t0,...,t, € Jwith 0 = tg < t1 < --+ < tp, < tpy1 = T,
I = T\ {t1,t2,...,tp}; the nonlinearity f(¢,z) is continuous in (¢,z) € J' x R,
f(t;,x), f(ty,x) exist, f(t,,x) = f(tr,x) and T—periodic in t; Ax'|,—y, = x’(tZ)f
o' (t;) with 2/ () = lim. 2/ (t); a(t) is continuous, T—periodic function; the impul-

t—t;

sive I : R = R(k = 1,...,p) are continuous functions. We are mainly interested
in the case that f(¢,x) presents a repulsive singularity at = 0, which means that

lim f(¢,2) = 400, uniformly in ¢.
z—0t

By an impulsive periodic solution of (1.1), we mean that € PC(J) satisfying
(1.1). PC(J) denotes the class of the maps « : J — R such that x(¢) is continuous at
t # tx, and left continuous at ¢ = 4, the right limit z(¢) exists for k = 1,2,...,p.
Note that PC(J) is a Banach space with the norm ||z||pc = sup,¢; |z(t)|.

2010 Mathematics Subject Classification. 34C25.
Key words and phrases. Periodic solution; Impulse; Singularity; Leray-Schauder alternative
principle.
1
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Impulsive differential equations have been studied by many authors [3, 6, 16,
17, 20, 21, 22]. Some classical tools have been used to study such problems in the
literature. These classical techniques include the obtention of a priori bounds for
the possible solutions and then the applications of the coincidence degree theory
of Mawhin [18], the method of upper and lower solutions with monotone technique
[2] and some fixed point theorems [4] and variational methods [23, 24].

On the other hand, singular periodic problems without impulse effects have
also been investigated extensively in the literature by variational methods [15],
or topological methods [5, 8, 11, 12, 13|, which were started with the pioneering
paper of Lazer and Solimini [10], in this paper, they proved that a necessary and
sufficient condition for the existence of a positive periodic solution for equation

2 (t) = x% +e(t)

is that the mean value of e is negative, € < 0, here A > 1, which is a strong force
condition in a terminology first introduced by Gordon [7]. Moreover, if 0 < A < 1,
which corresponds to a weak force condition, they found example of functions e
with negative mean values and such that periodic solutions do not exist. Since
then, the strong force condition became standard in the related works; see, for
instance [26, 27]. The study of impulsive singular problems is more recent and
the number of references is much smaller [14, 21]. In this paper, we will apply a
nonlinear alternative principle of Leray-Schauder to study the impulsive periodic
solutions of second-order singular differential equations (1.1) and (1.2). Our main
aim is to obtain some new existence results for positive impulsive periodic solutions
of the singular problem

1
(1.3) () + a(t)r = pro pa?,

/
—AL |y, =,k =1,...,p,

where o, 8 > 0 and pu € R is a given parameter. Here we emphasize that new
results are applicable to the case of a strong singularity as well as the case of a
weak singularity.

The rest of this paper is organized as follows. In Section 2, some preliminary
results will be given. In Section 3, we will state and prove the main results. To
illustrate the new results, some applications are also given.

2. PRELIMINARIES
Let us consider the linear equation
(2.1) " +a(t)z = 0.

When (2.1) is nonresonant, i.e., its unique T-periodic solution is the trivial one, as
a consequence of Fredholm’s alternative, the nonhomogeneous equation

(2.2) 2" +a(t)x = h(t)

admits a unique T-periodic solution which can be written as

x(t):/o G(t,s)h(s)ds,
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where G(t,s) is the Green’s function of (2.1) associated with periodic boundary
conditions
(2.3) z(0) = z(T), 2'(0)=2'(T).

Throughout this paper, we always assume that the following standing hypothesis
is satisfied:

(H) a(t) is a continuous T-function and the Green’s function of (2.1) is positive
for all (¢,s) € [0,T] x [0,T].

In other words, the strict anti-maximum principle holds for (2.1)-(2.3). In order
to guarantee the positivity of G(¢,s), it is prove in [25] that if a(t) satisfies a > 0
then the positivity of G(t, s) is equivalent to

A1 (a) > Oa
where the notation a > 0 means that a(¢) > 0 for all ¢ € [0,7] and a(t) > 0 for ¢ in
a subset of positive measure, A, (a) denotes the first anti-periodic eigenvalue of
2+ (A +a(t)r =0
subject to the anti-periodic boundary conditions
2(0) = —(T), 2'(0) = —a'(T).

Now we make condition (H) clear. When a(t) = k2, condition (H) is equivalent
to saying that 0 < k? < \; = (n/T)?, where \; is the first eigenvalue of the
homogeneous equation z” + k?z = 0 with Dirichlet boundary conditions z(0) =
z(T) = 0. For a non-constant function a(t), there is an LP-criterion proved in [25].
To describe these, we use || - ||, to denote the usual L9-norm over (0,7) for any
given exponent ¢ € [1,00]. The conjugate exponent of ¢ is denoted by p : % + % =1.
Let M(q) denote the best Sobolev constant in the following inequality

Cllull2 < lW/'|l3  for all w € H}(0,T).
The explicit formula for M(q) is
1-2/q 2
2 2 ['(1/q)
Mg - | 7 (Fa)  (mpdm)  ori<e<c
%, for g = oo,

where I'(+) is the Gamma function of Euler.

Lemma 2.1 [25] Assume that a > 0 and a € LP[0,T] for some 1 < p < 4o0. If

llall, < M(29),

then (2.1) satisfies the standing hypothesis (H), i.e, G(t,s) > 0 for all (¢,s) €
[0,T] x [0,T].
When a(t) = k? and 0 < k << /T, we have

sin k(t—s)+sin k(T —t+s) 0<s<t<T
G(t,s) = {

(Qk()lfcos k:(T) )’ -2 ="="
sin k(s—t)+sin k(T —s+t
2k(1—cos kT) ’ O<st<s<T.

Under hypothesis (H), we always denote

m
M = G(t = min_ G(t =—.
o2E Ok = e Ok =y

Thus M >m>0and 0 <o < 1.
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Now, we define the operator T : PC(J) — PC(J]) by

T P
(T2)(0) = | Gt (s o(s))ds + Y- Gt i) ula(tn)).
0 k=1
Lemma 2.3 T is continuous and completely continuous. Moreover, x(t) is an
impulsive periodic solution of (1.1) and (1.2) if and only if z(t) is a fixed point of
T.
Proof. The proof is similar to that of [1], and therefore we omit the detail.

3. MAIN RESULTS

In this section, we state and prove the new existence results for (1.1). In order
to prove our main results, the following nonlinear alternative of Leray-Schauder is
need, which can be found in [19]. Let us define the function w(z) = fOT G(z,s)ds
and use || - |1 denote the usual L'— norm over (0,7), by || - || the supremum norm
of C[0,T].

Lemma 3.1 Assume (2 is a relatively compact subset of a convex set E in a normed
space X. Let T : Q — F be a compact map with 0 € . Then one of the following
two conclusions holds:

(i) T has at least one fixed point in €.
(i) There exist u € 00 and 0 < A < 1 such that v = ATu.

Now we present our main existence result of positive solution to problem (1.1).
Theorem 3.2 Suppose that (1.1) satisfies (H). Furthermore, assume that there
exists a constant r > 0 such that

(H;) There exists a continuous function ¢, > 0 such that f(t,z) > ¢, (t) for all
(t,z) € [0,T] x (0,7].

(Hy) There exist continuous, non-negative functions g(x), h(xz) and ¥(z) on
(0, 00) such that

ft,x) < g(z)+ h(z), forall (¢t,z) € [0,T] x (0,00),

P
In(x) >0,k=1,... ,p,Z[k(x) <4¢(z) forall z € (0,0),
k=1

where g(x) > 0 is non-increasing, h(z)/g(x) and ¢ (x) is non-decreasing.
(H3) The following inequality holds
r— My(r)

g(or) {1 + Zé:;}

> [l

Then (1.1) has at least one positive T-periodic solution x with 0 < ||z|| < 7.
Proof. Since (Hs) holds, let Ny = {ng,no+ 1,---}, we can choose ng € {1,2,---}

such that — < or and
1o

follton) {1+ 50 4 arvy + L <

Consider the family of equations

(3.1) 2 (t) + a(t)x(t) = Afn(t, z(t)) + ?
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associated with boundary conditions
(3.2) () =2 () + Ien(z(ty), k=1,....p,

where A € [0,1], n € Ny and

_ ) fta) i 2 >1/n,
f"“’x)_{ F(t,1/n) if = <1/n.

and

I(z) if z>1/n,
Lyn(x) = { n(i/n) if o< 1/n.

Problem (3.1)-(3.2) is equivalent to the following fixed point of the operator equa-
tion

B3) o) = [ G (sl ds+ 30 Gl (ot + 1

k=1

— AT (1) + %

Now we show ||z| # r for any fixed point x of (3.3). If not, assume that = is a
fixed point of (3.3) for some A € [0, 1] such that ||z|| = r. Note that

() — % _ A/O G(t, ) fals, 2())ds + 3 Gt i) T (i(t))

k=1

T p
> Am/o Fals,2(s))ds +m S T n((ty))
k=1

T r
_ JMA/O Fals,(s))ds + oM S T n(w(te)

k=1

v

T p
o max {/\/0 G(t,s)fn(s,x(s))ds+ZG(t,tk)Im(x(tk))}

tel0, T
SOy Pt

= oz — —|.
n

By the choice of ng, 1/n < 1/ng < or. Hence, we have

1 1 1 1
x(t)20||x||+2cr(||x||>+Zcrr, forall 0<z<T.
n n n n
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Thus, from condition (Hy) we have

x(t) = /\/0 G(t,3) fn(s,z(s))ds + Z G(t,tg) L n(x(tr)) + %

k=1

= )\/0 G(t,s)f(s,m(s))ds+ZG(Ltk)Ik(x(tk))+%

k=1

T p 1
< [ Gltarsatods + Y Gl helt) +

k=1

< [ Glasgtate) {1+ 220N
(r)

< g(or) {1+ }/OTG(t,s)derMz/)(r) +%

} ds + Mu(xz(ty)) + %

>

< g(or) {1 +
Therefore,

r= el < gton) {1+ 20} o+

This is a contradiction to the choice of ng, so ||z|| # r.
Using Lemma 3.1, we know that

#(t) = (Toa)(0) +

has a fixed point, denoted by z,, in B, = {x € PC(J) : ||z|| < r}, that is, the
equation

(3.4) (1) + a(®)a(t) = fult,2(0) + 22,

n
has a periodic solution x,, with |z,| < 7. Since x,(t) > 1/n for all t € [0,T] and
Zy, is actually a positive solution of (3.4).

Next we claim that these solutions x,, have a uniform positive lower bound, i.e.,
there exists a constant & > 0, independent of n € Ny, such that

min z,(t) > 9
te[0,T]

for all n € Ny. To see this, we know from (H;) that there exists a function ¢, > 0
such that f(t,z) > ¢,(t) for (¢t,z) € [0,T] x (0,7]. Now let z,.(¢) be the unique
periodic solution to the problem (2.2) with A = ¢,.(t). Then

T
o(t) = / Gt 5)6,(s)ds > My > 0.
Let

E{tE[O,T]:xn(t)z } E = [0, T]\E.

S|
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So we have

o) = [ Gl ()ds + 2 Gltti) i (o(t) +

k=1

= [t aseast [ o (s ) s Y6 nne)

’

> [Gttsjonds+ [ Gtoonds

T
- /0 G(t, 5)6,(5)ds > M|g,|r = 0.

In order to pass the solutions of the truncation equation (3.1) (with A = 1) to
that of the original equation (1.1), we need the fact ||2],|| is bounded. Now we show
that

(3-5) )l < H

for some constant H > 0 and for all n > nyg.
Integrating (3.1) from 0 to T' (with A = 1), we obtain

/OT a(t)z, (t)dt = /OT {fn(t,xn(t)) +

Since z(0) = z(T'), there exists to € [0,T] such that z/,(tg) = 0, therefore

t
/ xl(s)ds
to
max

| [ sl + 8 (o) (9] as

T T
/ lfn(S,In(S)) + ﬁds +/ a(s)xn(s)l ds
0 0

n

=

“)} dt.

n

/ /
— t —
lrnll = max |ar, (t)] = max

IN

T
= 2/ a(s)xn(s)ds = 2r||ally =: H.
0

The fact ||z,|| < r and ||z,|| < H show that {z,}nen, is a bounded and
equi-continuous family on [0, 7]. Thus the Arzela-Ascoli Theorem guarantees that
{Zn}nen, has a subsequence {x,, };en converging uniformly on [0,7] to a function
x € C[0,T]. f is uniformly continuous since x, satisfies 6 < z,(t) < r for all
t € [0,T]. Moreover, x,, satisfies the integral equation

T p 1
(1) = / G(t,5)F (5, 2n,(5))ds + 3 Gty ) (s (8)) + —

n
i=1 ¢

Letting ¢ — oo, we arrive at

T P
x(t) = / G(t,8)f (s,w(s))ds + Y G(t, t:) Ix(w (1))
0 i=1
Therefore, x is a positive periodic solution of (1.1) and satisfies 0 < ||z|| < r.
P
Corollary 3.3 Assume that a > 0,8 > 0,¢, >0,k =1,2,...,p,M > ¢ < 1.
k=1
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(i) if B < 1, then (1.3) has at least one positive periodic solution for each
w> 0.
(ii) if B8 > 1, then (1.3) has at least one positive periodic solution for each
0 < p < p*, where p* is some positive constant.
Proof. We will apply Theorem 3.2. To this end, the assumption (H;y) is fulfilled
with ¢.(t) = r—. If we take

glx) =27 h(z)=pa®, z)= chx,
k=1

then conditions (Hs) is satisfied. Let w(t) = fOT G(t,s)ds. Now the existence con-
dition (Hs) becomes

P p
r<1Mch> —M > e
k=1 =11
lwllrot? (or) =« rots

for some r > 0. So (1.3) has at least one positive periodic solution for
p p

T(l—MZCk) —M > e
k=1 =

1
O0< u<pt:= k=1 _ .
pebo=oy ][t (or) e rats

w<

P

Note that p* = oo if Since M Y ¢ < 1, it is easy to see that p, = oo if 8 < 1 and
k=1

e < o0 if 8> 1. We have (i) and (ii).
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Abstract

Gauss diagrams were introduced by Polyak and Viro as an appropriate device to
describe finite-type invariants, which now appear as a very convenient way of coding
knots in computer-recognizable form.
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1 Introduction

Gauss diagrams were introduced by Polyak and Viro [14] as an appropriate device to
describe finite type invariants in 1994.

Planar diagrams are convenient for presenting knots graphically, while Gauss diagrams
are suited better for coding knots in a computer-recognizable form.

Goussarov [7] proved that any Vassiliev invariant can be calculated as a function of ar-
row polynomials on the knot diagram. Polyak used in [15] the notion of chord diagrams to
define their representations in Gauss diagrams of plane curves. He also obtained invariants
of generic plane and spherical curves in a systematic way via Gauss diagrams. Moreover,
he proved that any Gauss diagram invariants are of finite degree. Fiedler showed in [6]
that Gauss diagram invariants can be effectively used to show that a given knot is not
isotopic to any closed braid. (Actually, it a well-known theorem of Alexander that each

* Corresponding author
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link in R3 is isotopic to a closed braid. But this is no longer the case for knots in the
solid torus.) Mortier introduced in [10] decorated Gauss diagram as an efficient tool for
recovering a knot diagram from it, and established characterization of the decorated Gauss
diagrams of closed braids. Kauffman [9] gave a formula for Vassiliev invariants of a knot
in terms of its chord diagram, which was related the Gauss diagram of the knot. Ochiai
showed in [17] that the Gauss diagram formulas for the Kontsevich integral agree with the
formulas for Vassiliev invariants which are introduced by Polyak and Viro [14]. Recently,
Nizami [12] studied Kauffman bracket 2 and 3-strand braid links.

Our main contribution in this regard is the answer to the question “What happens to
the Gauss diagram if a knot is mirrored and what happens to it if a knot is reversed 7’ We
prove that the Gauss diagram remains unchanged if a knot is mirrored, and is mirrored if
the knot is reversed.

This paper is organized as follows: Section 2 includes basic, relevant material (including
knots, braids, Gauss codes, Gauss diagrams, and Reidemeister moves) which is necessary
to understand the results. We tried to make it interesting, particularly for a new reader.
The results we got are presented in Section 3.

2 Preliminary Notions

This section is devoted to basic notions, relevant to Gauss diagrams.

2.1 Knots

A knot is an embedding of the unit circle S' in R3. A link is an embedding of a disjoint
union of such circles; each circle in a link is called a component. A 1-component link is
actually a knot.

Knots are usually studied via projecting them on a plan; a projection with extra
information of overcrossing and undercrossing is called the knot diagram.

undercrossing
Trefoil knot Hopf link

Two knots are called isotopic if one of them can be transformed to the other by a
diffeomorphism of the ambient space onto itself. A fundamental result about the isotopic
knot diagrams is:

Theorem 2.1. [18] Two knots K1 and Ky are equivalent if and only if a diagram of Ky

can be transformed into a diagram of Ko by a finite sequence of ambient isotopies of the
plane and local (Reidemeister) moves:

> ] ¥0 -

Ry
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K= X

An oriented knot is an image of an embedding of S! into R? together with the choice
of one of the two possible directions on it. Each crossing of an oriented knot is either

positive or negative:
<X
AN /

positive crossing negative crossing

The local writhe of a crossing is defined as +1 or -1 for positive or negative crossing,
respectively. The writhe (or total writhe) of a diagram is the sum of all the local writhes,
or, equivalently, the difference between the number of positive and negative crossings.

A knot with total writhe 0

The set of all knots that are equivalent to a knot K is called a class of K.

Remark 2.2. By a knot K we shall always mean a class of the knot K.

2.2 Braids

An n-strand braid is a set of n non intersecting smooth paths connecting n points on a
horizontal plane to n points exactly below them on another horizontal plane in an arbitrary
order. The smooth paths are called strands of the braid.

A 3-strand braid

The product ab of two n-strand braids is defined by putting the braid b below the braid
a and then gluing their common end points.

A braid with only one crossing is called the elementary braid; the ith elementary braid
x; with n strands is:
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1 i i+l n
1 il n
X

A useful property of elementary braids is that every braid can be written as a product
of elementary braids. For instance, the Aabove 3-strand braid is x1zox1x9.

The closure of a braid b is the link b obtained by connecting the lower ends of b with
the corresponding upper ends.

§
S

b

Remark 2.3. 1. All braids are oriented from top to bottom.
2. By a braid b we shall mean the link b.
3. By a braid knot we shall mean a knot obtained as a closure of a braid.

An important result connecting knots and braids is by Alexander:

Theorem 2.4. ( [1]) Each link can be represented as the closure of a braid.

2.3 Gauss Diagram

Planar diagrams are convenient for presenting knots graphically, while Gauss diagrams
are suited better for coding knots in a computer-recognizable form.

A Gauss diagram is a diagrammatic representation of the classical Gauss code of the
knot. The Gauss code is obtained from the oriented knot diagram by first labelling each
crossing with a naming label (such as 1,2, . ..) and also indicating the crossing type (+1 or
—1). Then choose a basepoint on the knot diagram and begin walking along the diagram,
recording the name of the crossings encountered, their sign and whether the walk takes
you over or under that crossing. For example, if you go under crossing 1 whose sign is +
then you will record it as Ul4. You may see the following knot along with its Gauss:

Gauss code: Ul —02—-U34+044+U2—-01-U4+ 03+

To form a Gauss diagram from a Gauss code, take an oriented circle with a basepoint
chosen on the circle. Walk along the circle marking it with the labels for the crossings in
the order of the Gauss code. Now draw chords between the points on the circle that have
the same label. Orient each chord from overcrossing site to undercrossing site. Mark each
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chord with +1 or —1 according to the sign of the corresponding crossing in the Gauss
code. The resulting labelled and basepointed graph is the (based) Gauss diagram for the
knot. See, for instance, the knot and its Gauss diagram:

1
/\2
4 4
<+
3\1\/ : 3
1 2

Gauss diagram of K

Remark 2.5. 1. A knot can be uniquely recovered from its Gauss diagrams and also

from Gauss code.
2. Gauss diagrams are considered up to orientation-preserving homeomorphisms of the
circle.

2.4 Reidemeister moves for Gauss diagrams

As we know, two oriented knot diagrams represent the same knot if and only if they are
related by a sequence of oriented Reidemeister moves. The corresponding moves translated
into the language of Gauss diagrams are:

3 The results

In this section we shall prove that the Gauss diagram remains unchanged if a knot is
mirrored, and it is mirrored if the knot is reversed. Here we also show that the Reidemeister
move V Q3 for Gauss diagrams is a combination of the moves Vs and V2, and that the
move V) is a combination of the moves VQy and V3.
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Theorem 3.1. (a) The Gauss diagram remains the same if a knot is mirrored. In this
case all the crossings switch their signs.
(b) The Gauss diagram is mirrored if a knot is reversed.

Proof. (a) In the mirror image K of a knot K the overcrossings remain overcrossings and
undercrossings remain undercrossings. So, the sequence of over and under crossings in the
Guass code of K remains the same as in the knot K. However, since the positive crossings
change to negative and negative to positive in K, the signs of chords in the Gauss diagram
of K change accordingly. You may observe some examples:

1.
Gauss diagram 5
2.
3
2
3
2
4 - 4
; L)
N
1 2
K: Figure-eight knot Gauss diagram of K
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3 4 *
P L)
4 N
1 2
K

Gauss diagram of K

IS

(b) The proof will be finished with just two reasons: When a knot K is reversed,
the sign of each crossing remains unchanged, a positive crossing remains positive and a
negative crossing remains negative. However, the Gauss code of —K reverses. Just have
a look at the examples:

1.
2.
Gauss diagram of —z3z3
4 - 4
; L)
1 2
K: Figure-eight knot Gauss diagram of K
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4 3 E/\ 3
- 2 + ¥
e )
+ ’ ) ~__ ’
1 2
-K Gauss diagram of —K

O

We now show that in case of Gauss diagrams the second and third Reidemeister moves
are related to two special moves, which we shall denote by VQ:

V(1) V(1)

Theorem 3.2. (a) Each of the moves V Qg3 is a combination of the moves VQq and VY.
(b) Each of the moves V¥ is a combination of the moves V Qo and V Q3.

Proof. (a) Here is the proof of the first part (which is denoted by C) of the VQs:

0 i (N

2

Now goes D:
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(b) Just see the step-by-step application of the concerned moves:
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Abstract

We give the Jones polynomial of the alternating links that correspond to a family
of positive-signed connected planar graphs. We first find the general form of the Tutte
polynomial of the family of graphs and then specializes it to the Jones polynomial.
Then we recover the flow and chromatic polynomials from it as special cases. Finally,
we give useful combinatorial information about the graph by evaluating the Tutte
polynomial at some special points.
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Key words and phrases: Tutte polynomial, Jones polynomial, flow polynomial,
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1 Introduction

The Tutte polynomial was introduced by Tutte [21] in 1954 as a generalization of chro-
matic polynomials studied by Birkhoff [1] and Whitney [24]. This graph invariant became
popular because of its universal property that any multiplicative graph invariant with a
deletion/contraction reduction must be an evaluation of it, and because of its applications
in computer science, engineering, optimization, physics, biology, and knot theory.

In 1985, Jones [10] revolutionized knot theory by defining the Jones polynomial as a
knot invariant via Von Neumann algebras. However, in 1987 Kauffman introduced in [13]
a state-sum model construction of the Jones polynomial that was purely combinatorial
and remarkably simple; we follow this construction.

Our primary motivation to study the Tutte polynomial came from the remarkable con-
nection between the Tutte and the Jones polynomials that up to a sign and multiplication

* Corresponding author
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by a power of t the Jones polynomial V,(t) of an alternating link L is equal to the Tutte
polynomial Tg(—t, —t=1). For detail study about knot theory, we refer [9,12,15,16,18,19].
This paper is organized as follows: In Section 2 we give some basic notions about graphs
and knots along with definitions of the Tutte and the Jones polynomials. Moreover, in
this section we give the relation between graphs and knots, and the relation between the
Tutte and the Jones polynomials. Then the main result is given in Section 3. Finally, in
Section 4 we specialize the Tutte polynomial to the Jones and the chromatic polynomials,
and in Section 5 we give interpretations of some evaluations of the Tutte polynomial.

2 Preliminary notions

2.1 Basic concepts of graphs

A graph G is an ordered pair of disjoint sets (V, E) such that F is a subset of the set V2 of
unordered pairs of V. The set V is the set of vertices and F is the set of edges. If G is a
graph, then V' = V(@) is the vertex set of G, and E = E(G) is the edge set. An edge z,y
is said to join the vertices x and y, and is denoted by xy; the vertices x and y are the end
vertices of this edge. If xy € E(G), then x and y are adjacent, or neighboring, vertices of
G, and the vertices z and y are incident with the edge xy. Two edges are adjacent if they
have exactly one common end vertex.

We say that G’ = (V', E’) is a subgraph of G = (V,E)if V! C V and E' C E. In this
case we write G’ C G. If G’ contains all edges of G that join two vertices in V' then G’
is said to be the subgraph induced or spanned by V', and is denoted by G[V’]. Thus, a
subgraph G’ of G is an induced subgraph if G' = G[V(G")]. If V =V’ then G’ is said to
be a spanning subgraph of G.

Two graphs are isomorphic if there is a correspondence between their vertex sets that
preserves adjacency. Thus, G = (V, E) is isomorphic to G’ = (V', E’), denoted G ~ G’, if
there is a bijection ¢ : V' — V' such that zy € E if and only if p(zy) € E'.

The dual notion of a cycle is that of cut or cocycle. If {V'1,V2} is a partition of the
vertex set, and the set C, consisting of those edges with one end in V7 and one end in V5,
is not empty, then C' is called a cut. A cycle with one edge is called a loop and a cocycle
with one edge is called a bridge. We refer to an edge that is neither a loop nor a bridge
as ordinary.

A graph is connected if there is a path from one vertex to any other vertex of the graph.
A connected subgraph of a graph G is called the component of G. We denote by k(G) the
number of connected components of a graph G, and by ¢(G) the number of non-trivial
connected components, that is the number of connected components not counting isolated
vertices. A graph is k-connected if at least k vertices must be removed to disconnect the
graph.

A tree is a connected graph without cycles. A forest is a graph whose connected
components are all trees. (Spanning trees in connected graphs play a fundamental role in
the theory of the Tutte polynomial.) Observe that a loop in a connected graph can be
characterized as an edge that is in no spanning tree, while a bridge is an edge that is in
every spanning tree.

A graph is planar if it can be drawn in the plane without edges crossings. A drawing
of a graph in the plane separates the plane into regions called faces. Every plane graph
G has a dual graph, G*, formed by assigning a vertex of G* to each face of G and joining
two vertices of G* by k edges if and only if the corresponding faces of GG share k edges in
their boundaries. Note that G* is always connected. If G is connected, then (G*)* = G.
If G is planar, it may have many dual graphs.
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A graph invariant is a function f on the collection of all graphs such that f(G;1) =
f(G3) whenever G7 = G5. A graph polynomial is a graph invariant where the image lies
in some polynomial ring.

2.2 The Tutte polynomial

The following two operations are essential to understand the Tutte polynomial definition
for a graph G. These are: edge deletion denoted by G’ = G — e, and edge contraction
G" =G/e.

G G-e, Gle,
The deletion and contraction operations

Definition 2.1. ([21-23]) The Tutte polynomial of a graph G is a two-variable polynomial
T (z,y) defined as follows:

1 if F is empty,
Te(z,y) = xT(G/e) if e is a bridge,
G\ Y/ = yT' (G —e) if e is a loop,

T(G —e€)+T(G/e) if e is neither a bridge nor a loop.

Example 2.2. Here is the Tutte polynomial of the graph G = A
T2 =1 + 7O
=277+ 7(Q) + 1¢0)
=2’ +z+y.

Remark 2.3. The definition of the Tutte polynomial outlines a simple recursive procedure
to compute it, but the order of the rules applied is not fixed.

2.3 Basic concepts of Knots

A knot is a circle embedded in R3, and a link is an embedding of a union of such circles.
Since knots are special cases of links, we shall often use the term link for both knots and
links. Links are usually studied via projecting them on a plan; a projection with extra
information of overcrossing and undercrossing is called the link diagram.

undercrossing . ]
Trefoil knot Hopf link

Two links are called isotopic if one of them can be transformed to the other by a
diffeomorphism of the ambient space onto itself. A fundamental result about the isotopic
link diagrams is: Two unoriented links L1 and Lo are equivalent if and only if a diagram
of L1 can be transformed into a diagram of Lo by a finite sequence of ambient isotopies of
the plane and local (Reidemeister) moves of the following three types:
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|=>9% — X
X = X

The set of all links that are equivalent to a link L is called a class of L. By a link L
we shall always mean a class of the link L.

2.4 The Jones polynomial

The main question of knot theory is Which two links are equivalent and which are not?
To address this question one needs a knot invariant, a function that gives one value
on all links in a single class and gives different values (but not always) on links that
belong to different classes. In 1985, Jones revolutionized knot theory by defining the
Jones polynomial as a knot invariant via Von Neumann algebras [10]. However, in 1987
Kauffman introduced in [13] a state-sum model construction of the Jones polynomial that
was purely combinatorial and remarkably simple.

Definition 2.4. [10,11,13] The Jones polynomial Vi (t) of an oriented link L is a Laurent
polynomial in the variable v/t satisfying the skein relation

VL (1) — VL (8) = (7 — £ )V, (),

and that the value of the unknot is 1. Here L, L_, and Lg are three oriented links having
diagrams that are isotopic everywhere except at one crossing where they differ as in the

figure below:
L. L. Lo
Example 2.5. The Jones polynomials of the Hopf link and the trefoil knot are respectively

V(QQ) = —t7%/2 —t=1/2 and V(@) =t~ 4173 4t

2.5 A connection between Knots and graphs

Corresponding to every connected link diagram we can find a connected signed planar
graph and vice versa. The process is as follows: Suppose K is a knot and K’ its projection.
The projection K’ divides the plane into several regions. Starting with the outermost
region, we can color the regions either white or black. By our convention, we color the
outermost region white. Now, we color the regions so that on either side of an edge the
colors never agree.

h--& -2

The graph G corresponding to the knot projection K'
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Next, choose a vertex in each black region. If two black regions R and R’ have common
crossing points ¢, ¢a, . . ., ¢,, then we connect the selected vertices of R and R’ by simple
edges that pass through cq, cs, ..., ¢, and lie in these two black regions. In this way, we
obtain from K’ a plane graph G [17].

However, in order for the plane graph to embody some of the characteristics of the
knot, we need to use the regular diagram rather than the projection. So, we need to
consider the under- and over-crossings. To this end, we assign to each edge of G either
the sign + or — as you can see in the following figure.

S e e

Q- & - L

K G(K)
A signed graph corresponding to a knot diagram

A signed plane graph that has been formed by means of the above process is said to be
the graph of the knot K [17].

Conversely, corresponding to a connected signed planar graph, we can find a connected
planar link diagram. The construction is clear from the following figure.

A knot diagram corresponding to a signed graph

The fundamental combinatorial result connecting knots and graphs is:

Theorem 2.6. ([15]) The collection of connected planar link diagrams is in one-to-one
correspondence with the collection of connected signed planar graphs.

2.6 Connection between the Tutte and the Jones polynomials

The primary motivation to study the Tutte polynomial came from the following remarkable
connection between the Tutte and the Jones polynomials.

Theorem 2.7. ([9,15,19]) (Thistlethwaite) Up to a sign and multiplication by a power
of t the Jones polynomial Vi(t) of an alternating link L is equal to the Tutte polynomial
To(—t, —t71).

For positive-signed connected graphs, we have the precise connection:

Theorem 2.8. ([2]) Let G be the positive-signed connected planar graph of an alternating
oriented link diagram L. Then the Jones polynomial of the link L is

b(L)—a(L)+3wr(L)
4

Vi(t) = (-1)"r To(—t,—t™),

where a(L) is the number of vertices in G, b(L) is the number of vertices in the dual of G,
and wr(L) is the writhe of L.
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Remark 2.9. In this paper, we shall compute Jones polynomials of links that correspond
only to positive-signed graphs.

Example 2.10. Corresponding to the positive-signed graph G: &, we receive the right-
handed trefoil knot L: @Q It is easy to check, by definitions, that V(@Q; t) = —t* 34+t
and T(A; x,y) = 22+ x +y. Further note that the number of vertices in G is 3, number
of vertices in the dual @' of GG is 2, and withe of L is 3. Now notice that

V(@Q; t) = (—)%wT(ﬁ; —t, -t = 22 —t —t71),

which agrees with the known value.

3 The main result
In this section we give the general form of the Tutte polynomial of the following graph:

. For reference purposes, we denote
this graph by G3,, where n is the
number of edges parallel to one of
the edges, as you can observe in the

Gan figure.

Theorem 3.1. The Tutte polynomial of the graph Gz, is

n
Ty, (2,y) = (z+2%) + (1+2)) v +y*
=1

Proof. We prove it by induction on n. For n = 1, we have

vT(@):T(V)+T(®©)
=22t a4y+T(C )+ T(C=O)
=2’ +z+y+ay+y’
=z+22+ (1 +2)y+y?
1
=@+ +(1+2)) v +y't
=1

Just for authentication, we check for two more values of n. So, for n = 2 we get

T(@) — () + T(QOO)
:$2+$+($+1)y+y2+T(q©) —I—T(%)

=zl t 2+ (x+Dy+y? +ay®+o°
=2'+o+@+Dy+y) +y°

2
=@+ +(1+2)> v+
=1
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Similarly, if we take n = 3, then

T(@) =’ +a+ (@+Dy+y° +9°) +y
3
=(@+a)+(1+2)) v+t
=1

We now suppose the result holds for n = k, that is,

k
T(@) = (:E+:E2)+(1+$)Zyi+yk+1. (3.1)

i=1

Now for n = k + 1 the Tutte polynomial becomes

T(@ ) = T(@) + T(%?). (3.2)

Note that in the second term of equation (3.2) k£ + 1 loops are attached to the graph O
Now applying the inductive step on the first term and definition on the second term of
equation (3.2), we get

k
T(@ )=lz+a2?)+(1+2)> v+ + yk“T(O)

i=1

k
=@+ a)+1+2) Sy + ]+ ) + 7))
=1

k
=@+ + (1 +2)> v+ +y 4y

i=1
k .
_ ($+$2) + (1 +:E)Zyz _|_yk+1 —|—£L'yk+1 _|_yk+2
i=1
k .
=@+ + (1+2)) v + 1+ o2
i=1
k+1 '
=(@+a)+ (1+2)) v+,
i=1
which is the desired result. O

4 Specializations

In this section we specialize the Tutte polynomial T¢, ,(z,y) to the chromatic and the
Jones polynomials.
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4.1 The Jones polynomial

The alternating links L that correspond to the graphs G3 ,, are given in the following table.
n 1 2 4 9

G@@é@@

o] o] e | [0

| ()
@ W8 |W
L) | 3 | 3 3 3 3
o) | 3 | 4 5 6 7
wr(L) | 0 5 2 7 4
Lemma 4.1. The number of vertices b(L) in the dual of G3,p, is n+ 2.
Proof. Obvious from the table. O

Lemma 4.2. The writhe of the link L corresponding to the graph Gs,, is

n—+3, niseven
L — ) )
wr(L) {n —1, n is odd.

Proof. It is also obvious from the table. O

Proposition 4.3. The Jones polynomial of the alternating link L that corresponds to the
planar graph G3.,, when n is a even, s

n—1
VL(t) — i + 3 2 9 Z(_t)n+2—i _ 2 4+t
i=1
Proof. We prove it by specializing the Tutte polynomial of the graph G ,, using Theorem
2.3, which says that

b(L)—a(L)+3wr(L)
4

Vi(t) = (—1) Toy, (—t, 7).

—a 3wr(L)

Observe that, from Lemmas 4.1 and 4.2, the factor (—1)“”"(L)tb(L) G duces to
—t"*t2. Now using this factor and substituting z = —t and y = —t~! in Theorem 3.1, we
have

n .
Vi(t) = (") [t 4+ + (1 =) Y (=) + (=) "]

i=1

n
— 3yt + (tn+3 _ tn+2) Z(_t)—i +t
i=1

:_tn+4_|_tn+3+(tn+3_tn+2)[_t—1_|_t—2_t—3_|_“._|_t—n+2_t—n—i-l_i_t—n} 4t
:_tn+4+tn+3+[_tn+2+tn+1_tn+"'+t5_t4+t3]

S R A S A S A A
:_tn+4+tn+3_tn+2+2[tn+1_tn+"'+t5_t4+t3] 24y,

which finally reduces to the desired result. O
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Proposition 4.4. The Jones polynomial of the alternating link L that corresponds to the
planar graph G3.,, when n is odd, is

n—1
VK(t) — gl _yn + 1 +2 Z(_t)n—l—i _ 41 + =2
i=1

b(L)—a(L)+3wr(L)
4

Proof. In this case, the factor (—1)wr(E)t reduces to t"~'. The proof is
however similar to the proof of Proposition 4.3. U

With the understanding that span of Vi, (t) is the difference of the largest and smallest
exponents of ¢, we have:

Proposition 4.5. If L is the alternating link corresponding to the planar graph Gs ,, then

n+4, n s even,

spanVy(t) =n+3 (n € N) and deg VL(t) = {n +1, nisodd

Proof. Obvious from Propositions 4.3 and 4.4. O

4.2 The flow polynomial

The flow polynomial was investigated by Tutte in 1947 in [20] as a function which could
count the number of flows in a connected graph.

Definition 4.6. Let G be a graph with an arbitrary but fixed orientation, and let K be
an Abelian group of order £ and with 0 as its identity element. A K-flow is a mapping ¢

of the oriented edges E')(G) into the elements of the group K such that:

S oe@)+ Y e(@) =0 (4.1)

€ =Uu—v € =U—v

for every vertex v, and where the first sum is taken over all arcs towards v and the second
sum is over all arcs leaving v.

A K-flow is nowhere zero if ¢ never takes the value 0. The relation (4.1) is called the
conservation law (that is, the Kirchhoff’s law is satisfied at each vertex of G).

It is well known [2,3,5] that the number of proper K-flows does not depend on the
structure of the group, but rather only on its order, and this number is a polynomial
function of k£ that we refer to as the flow polynomial.

The following, due to Tutte [21], relates the Tutte polynomial of G with the number
of nowhere zero flows of G over a finite Abelian group (which, in our case, is Zy).

Theorem 4.7. ([21]) Let G = (V, E) be a graph and K a finite Abelian group. If Fg(k)
denotes the number of nowhere zero K -flows then

Fg(k) = (-)/P-VHKOT (0,1 - k),

where |E| is the number of edges, |V| is the number of vertices, and k(G) is the number
of connected components of G.

Proposition 4.8. The flow polynomial of the graph Gs,, is

Foyn(h) = S0 [0 - ) (1 - 1yt - 1),
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Proof. We prove it by specializing the Tutte polynomial to the flow polynomial by the
relation Fg, , (k) = (—D)IE=IVIFRE T (0,1 - k).

50007

4000

Observe that in the graph

Gsn, kK(G) =1, |[E| = n + 07
3, and |V| = 3.  Since F
the factors (—1)EI-IVIHK(G) 20007
and T(0,1 — k) reduces re-
spectively to (—1)"*! and 1000

S — k)

0
0 2 4 6 8 10
k
Flow polynomials F verses the order k of the group K
(The curves forn =2, 3, 4, and 5 appear respecttively from right to left.)

The sum of the geometric series Z?:ll(l — k)" (with first term (1 — k), common ratio
(1 — k), and number of terms n + 1) is % ((1— k)" —1). Finally, applying Theorem

4.7, we receive the desired result. O
4.3 The chromatic polynomial

The chromatic polynomial, because of its theoretical and applied importance, has gener-
ated a large body of work. Chia [4] provides an extensive bibliography on the chromatic
polynomial, and Dong, Koh, and Teo [6] give a comprehensive treatment.

For positive integer A, a A-coloring of a graph G is a mapping of V(G) into the set
{1,2,3,---, A} of A colors. Thus, there are exactly A" colorings for a graph on n vertices.
If ¢ is a A-coloring such that ¢(u) # ¢(v) for all uv € E, then ¢ is called a proper (or
admissible) coloring.

Definition 4.9. The chromatic polynomial Pg(\) of a graph G is a one-variable graph
invariant and is defined recursively by the following deletion-contraction relation:

Pa(A) = P(G —e) - P(G/e)

We wish to find the number of admissible A-colorings of a graph Gs,. Since the
chromatic polynomial counts the number of distinct ways to color a graph with A colors,
we recover it from the Tutte polynomial Tg, , (7,y). The following theorem gives the
precise relation between these polynomials.

Theorem 4.10. [2] The chromatic polynomial of a graph G = (V, E) is
Pe(\) = (~)IVITHONOT5(1 - A, 0),
where k(G) denote the number of connected components of G.

Proposition 4.11. The chromatic polynomial of the graph Gz, is

Pey (A) = A = 327 4+ 2.
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Proof. Although one can directly compute the chromatic polynomial of G'3,, by definition,
we recover it from the Tutte polynomial.

700
600

500+
Since |V| = 3 and k(G) = 1,
the factor (—1)IVI=k(G)\K(G) , .
reduces to A. Also, the factor ol
Te(1—X,0)is A2 — 3\ + 2 for
every n € {0,1,2,---}, and 201
the result is thus established.

1004

0

¥ T T T 1
0 2 4 6 8 10
A

The chromatic polynomial P verses the number of colors &

5 Evaluations

In this section, we evaluate T, , (z,y) at some points, and give the corresponding useful
combinatorial information about G ,,.

Theorem 5.1. ([7]) If G = (V, E) is a connected graph, then
1. Tg(1,1) is the number of spanning trees of G.
2. T(2,1) equals the number of spanning forests of G.
3. Tc(1,2) is the number of spanning connected subgraphs of G.
4. Te(2,2) equals 21!, and is the number of subgraphs of G.
Proposition 5.2. The following statements hold for the connected, planar graph G3.,,.
1. Ty, (1,1) = 2n + 3.
2. Tay, (2,1) =30 +7.
3. Ta, . (2,2) = 2"F3,
4. Tg,, (1,2) =321 — 2,

Proof. We prove it step by step using directly Theorem 3.1:
1. For different values of n, we get the following different values of 7'(1, 1).

n |1]2]3]4
TA,1) [5|7]9]11

It is now clear that Tg,, (1,1) = 2n + 3.
2. This result is similarly followed from the table:

n 1234
T(2,1) |10 | 13 16 | 19

3. Since for the graph G5, we have |E| = n + 3, the result follows from the Theorem
5.1.
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4. Directly substituting z = 1 and y = 2 in Theorem 3.1 we receive

n
Te,,(1,2)=2+2) 242"
=1
:(2+22+23++2n+1)+2n+1

1_2n+1
=2( ———— ) + 2"
(=)

— _2(1 _ 2n+1) + 2n+1’

which reduces to the desired result. O
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FOURIER SERIES OF SUMS OF PRODUCT OF
POLY-BERNOULLI AND EULER FUNCTIONS AND THEIR
APPLICATIONS

TAEKYUN KIM,! DAE SAN KIM,? GWAN-WOO JANG,? and JONGKYUM KWON**

ABSTRACT. We consider three types of functions given by sums of products of
poly-Bernoulli and Euler functions and derive their Fourier series expansions.
In addition, we will express each of them in terms of Bernoulli and Euler
functions.

1. INTRODUCTION AND PRELIMINARIES

As is well known, the Euler polynomials E,,(z) are given by the generating

function
2

et +1

o tm
et = Z:()Em(x)m, (see [6,10,11,13,14,16,19]). (1.1)

For any integer 7, the poly-Bernoulli polynomials B{")(z) of index r are given
by the generating function

Li(1-¢) o g
e :mz::OB (). (see [1-3,5,7,9,12,15]), (1.2)

w here Li.(r) = >.°°_ 27 is the rth polylogarithmic function for » > 1 and a

m=0 mr
rational function for r < 0.

Observe here that

d . L
%(Lzrﬂ(x)) = ;Lzr(x). (1.3)
As to poly-Bernoulli polynomials, we note the following:
d
B (2) = mB,)(2), (m > 1), (14)
x
B (z) = Bn(x), B (z) = 1L,BY(x) = 2™, w5
B = 0,0, B (1) = BU(0) = By (0). (m > 1), |
For any real number x, we let
<zx>=uz-—[z]€][0,1) (1.6)

denote the fractional part of x.

2010 Mathematics Subject Classification. 42A16, 11B68, 11B83.
Key words and phrases. Fourier series, poly-Bernoulli function, Euler function.
* corresponding author.

1

1127 T.KIMET AL 1127-1145



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

2 TAEKYUN KIM, DAE SAN KIM, GWAN-WOO JANG, and JONGKYUM KWON

Here we consider three types of functions given by sums of products of poly-
Bernoulli and Euler functions and derive their Fourier series expansions. In ad-
dition, we will express each of them in terms of Bernoulli and Euler functions.

(1) am(z) = S5 BY ™V (@) Bi(2), (m > 1),
(2) Bn(< 2 >) = 0o s Bl T Bi(< @ >), (m 2 1),

(3) ym(< 2w >) =05 k(ml—k)Bl(chrl)Em*k(< x >),(m = 2).

For elementary facts about Fourier analysis, the reader may refer to any book
(for example, see [4,18,20]). Some related works about Fourier series expansion
for higher-order Bernoulli functions can be found in the recent papers in [8,17].

2. THE FUNCTION a,,(< x >)

For integers r,m with m > 1, we let

m

(@) =D By (@) By (). (2.1)

k=0

m m—1

= > kB (@) Ep k(@) + Y (m = k)BT (2) B g ()

k=1 k=0

m—1 m—1

= >k + DBV @) B i(2) + > (m = k)BY D (@) By ()

k=0 k=0
m—1

= (m+1)Y By (@) By k()
k=0

(2.2)

| enl@ds = — (@mia1) = i (0). 23)

(1) = am(0) = > (BY V(1) By s(1) = BY VB, )

=9 <<B,§’“+” + nggl) (=Bt + 20,) — B,S““)Em_k)
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FOURIER SERIES FOR POLY-BERNOULLI AND EULER FUNCTIONS 3

=3 (B Bk 2B b — B i+ 2B 00— BY VB, )

k=1
—2E,, + 20m0
=2 Z By "VE, - B B, +2B"Y +2BY) | - 2E,
k=1

=2 Z B(r+1 Ep_i Z B K+ B(mr)—l

(2.4)
For m > 1, we put
Ay = an(1) — a,(0)
m—1 m—1
2.5
:_ZZB](:—H)E ZBkl mk:—"B( ( )
k=0 k=1
Then o, (1) = a(0) <= A, =0, and
! 1

Now, we will consider the function

am(<z>) =" B (<2 >)E, (<z>),(m>1)
defined on (—o0, ), Wthh is periodic with period 1.
The Fourier series of o, (< x >) is

oo

Z Agm) p2mine ’

n=—oo

where

Alm)

n

(< @ >)e 2y

m<x)€f27rinxdx'

S— S—

Q
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4 TAEKYUN KIM, DAE SAN KIM, GWAN-WOO JANG, and JONGKYUM KWON

Now, we would like to determine the Fourier coefficients A,(lm).
Casel :n # 0.

1
A(m) _ / am(l,)e—%rinxdx
0

n

1 : I A
_ _2 : |:O{ (x)e—sznx:| o / o (l,)e—Qﬂznxdx
TIn 0o 2min J,
1 m+ 1 ' —2minx
i (am(1) — an(0)) Sy /0 Q1 (7)™ 2" dy
_m +1 m—1) 1
2min " 2min
= m+ ! m A%m—Q) - 1 Am—l - 1 Am
2min \ 2min 2min 2min
_(m—l—l)mA(m 5 m+1 1
(2min)? "~ " (2min)? 2min
~(m+1)m m—lA(m_g)_ 1 , m+ 1 1 1
(2min)? 2min " 2min (2min)2 " 2min
3
(m+1)3 _ (m+1);-1
_ A(m 3) J -
(2min)3 Z (2min)I A
7j=1
_ (m + 1)m 0 i (m + ]-)j—l '
(2min)™ : (2min)i "
7j=1
1 (m+2);
 om+2 Z (2min)i "I
7=1
(2.8)
where AY) = fol e 2"t dy = ().
Case2 :n = 0.
1
m 1
We recall the following facts about Bernoulli functions B, (< = >) :
(a) for m > 2,
o0 2minx
e
B, (<z>)=—-ml —_— 2.10
(< >) m n:§n¢0 @riny (2.10)
(b) for m =1,
- i p2min _ ) Bil<z>), forz ¢ Z, (2.11)
s 2T 0, for = € Z. '
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FOURIER SERIES FOR POLY-BERNOULLI AND EULER FUNCTIONS 5

am(< & >),(m > 1) is piecewise C*°. Moreover, a,,(< x >) is continuous for
those positive integers m with A,, = 0 and discontinuous with jump discontinu-
ities at integers for those positive integers m with A,, # 0.

Assume first that m is a positive integer with A,, = 0. Then a,,,(1) = @, (0).

(< o >) is piecewise C*°, and continuous. So the Fourier series of a,,(< x >)
converges uniformly to ., (< x >), and

1

=~ m+2 TinT
(<) = bt S <m+2z ’”)

2min)J
n=-—o00,n#0 j=1

1 1 m+ 2
=—A, T A
m 2 +1+m+2j1( j j+1

o eQm’nx
x | —7! A
( J B Z o (2min)I )

n=—00,n#

1 1 m+ 2
= m——|-2Am+1 + ﬁ Z ( . )Am—j—f—l X Bj(< x >)

J

LA Bi(< z>), forx%Z,
0, for x € Z.

(2.12)

Now, we can state our first theorem.

Theorem 2.1. For each positive integer [, let

-1 -1
A =23 BB~ Y B E B,
k=0 k=1
Assume that A,, = 0, for a positive integer m. Then we have the following.

(a) Y4y B T+1)(< x >)E, k(< x >) has the Fourier series expansion

S B (<a>)Eu (< x>)
k=0

1 > I &K (m+2); ,
= ——A,, _ J A, 2mine
T Z m+ 2 Z (2min)J anl
— j=1

(b) zmj B (< 1 >)Ep_i(< z >)

1 1 +2
e R

— m 24 >AMj+1Bj(< T >),
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for all v € (—00,00), where Bj(< x >) is the Bernoulli function.

Assume next that m is a positive integer with A, # 0. Then «a,,(1) # a;,(0).
Thus a,,(< & >) is piecewise C* | and discontinuous with jump discontinuities
at integers. The Fourier series of a,,(< z >) converges pointwise to o, (< = >) |
for x ¢ Z, and converges to

2 (@n(0) + (1) = an(0) + 34,

(2.13)

for z € Z.

Next, we can state the second theorem.
Theorem 2.2. For each positive integer [, let

-1 -1
A= 2y BB~ Y B B+ B
= k=1

Assume that A,, # 0, for a positive integer m. Then we have the following.

1
m + 2

G 1 — (m + 2)]‘ 2mi
. I, TinT
+ Z ( m + 2 ]21 (2min)I JH) ‘

n=—00,n#0

(a)

m+1

S B TH (< x>)E, (< x>), forxé¢l,
> o B TH Bk + 340m, for x € 7.

1 1 & /m+2
(b)—Am.H + m——i—Q Z ( . )Am_j+1Bj<< €T >)
j=1

m+ 2 J

ZB(TH) (< >)En_k(<ax>), forx¢Z,

m
k=0

1 1 m+ 2
_La, 1+—+22( T aby<a)

Z B(TJrl B+ §Am’ for x € Z.

m
k=0
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3. THE FUNCTION [,,(< x >)

Let (1) = Yo o Bi (@) Enr(), (m > 1),

=
37
=

I
NE

{LBI(J—T) (2) Em—x(z)

£ | Kl(m — k)!
m — k ,
T H(m - k;)vBi(e (@) B )}
m 1 )
- Z (k—1)!(m l{:)lB’(lel)(x)Em k()
k=1 : :
S L 3.1)
* Kl(m —k — 1)!B1§T+1)($)Em—k—1(x) (3.
k=0 :
m—1 1
T = k(m—1—k) By (@) Bt ()
k=0
m—1 1
* Z El(m—1-— k)lBlErrH)(x)Em—l—k(x)
k=0 :
= 2ﬁm71(13)

So, A (x) = 26,,—1(x), and from this we obtain (M) = Bp(x).

| Bntaie = 5 (Bnia) = 5 0). (32
For m > 1, we have
Q= Quu(r )Zﬁ (1) = Bm(0)

(TJrl)(l)Em,k(l) . B](:+1)Em,k)

Z kl(m — k)!
- g k!(ml— K] {BIY 4B )~ B+ 20m0) = BY ™V Epi
+ %( 2y, + 20,m0) (3.3)
=2 Zm: ];Bgu(rﬂ Z ﬁm 1D 2B’(°2+!1) + 2B:7’”'Z—1 - 2%
= BME B0 B 1.

=2 % k\(m Z k\(m IB“?*T
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Also,
! 1
/ B (x)dz = QQm—&-l-
0

Now, we are going to consider the function

(< T >) Z I E—T r+1)<< T >) By p(<x>), (m>1)

which is defined on (—oo, 00), and periodic with period 1.
The Fourier series of §,,(< x >) is

i BT(Lm) 62m'nz :

n=—oo

where

1 1
= / Bn(< x >)e 2™ dy = / B (z)e 2" .
0 0

We are going to determine the Fourier coefficients B,(zm).

Case 1: n # 0.
1 .
B7(lm) _ / 6m<l’)€_2mn$d$

Tl 1 1 .
—2minx / —2minx
- d
 2min [5 (z)e }o—i_ 27rin/0 F()e v

— o (3 = () + 2 | s (a2

" 27in
_ 2 Bm=1) _ 1 9)
2mwin " 2min
2 2 1 1
2min \2min 2min 2min
2 \2 2 1
— (o) B = O = 0
2min (2min)? 2min

- ( 2 )" BY _Zm: 27 4
2min " (2min)i "It
m i1
- _]z: 2min)J g1,
where B = fo e 2™ dy = ().

Case 2: n=0.
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/ B ——Qm+1 (3.5)

Bm(< x>), (m > 1) is piecewise C*°. Moreover, §,,(< x >) is continuous for
those positive integers m with €2, = 0 and discontinuous with jump discontinu-
ities at integers for those positive integers m with €, # 0.

Assume first that m is a positive integer with €, = 0. Then £,,(1) = 5,,(0).
Bm(< x >) is piecewise C'*, and continuous. Thus the Fourier series of 5,,(< x >)
converges uniformly to f,,(< x >), and

1 m 91 p2mina
= Q1 + Qi—jr1 X <—]' )

2 ; ! n_go;n (27rm)ﬂ (36)

1 ~ 201
= §Qm+1 + Z j' me]+1Bj<< x >)

=2
L0 x Bi(< x>), fora¢Z,
"0, for v € Z.

Now, we are ready to state our first theorem.
Theorem 3.1. For each positive integer [, let

B(r+1 E -1 B(r) B 1
-9 Z l k _ P17k + _Bl(i)l'
HO—R 2RIk

Assume that Q =0, for a positive integer m. Then we have the following.
(a) >y k,(m il B(r+1)(< x >)En, (< x >) has the Fourier series expansion

m 1 .
> i B € ) B )

k=0
1 20! .
— Qm < m )627rznaz7
9 * Z Z (2min)J A
n=—00,n#0 j=1
for all x € (—oo 00), where the convergence is uniform.

. 1 i1
Z o 7] B (< >)Ep (< z>) = §Qm+1+z

Jj=2

Qpjr1Bj(< z>),
for all x € (—o00,00), where Bj(< x >) is the Bernoulli function.

Assume next that m is a positive integer with €,,, # 0. Then, ,,(1) # 5,,(0).
Thus S,,(< x >) is piecewise C'*° and discontinuous with jump discontinuities at

1135 T.KIMET AL 1127-1145



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

10 TAEKYUN KIM, DAE SAN KIM, GWAN-WOO JANG, and JONGKYUM KWON

integers. The Fourier series of (,,(< z >) converges pointwise to 5,,(< z >), for
x ¢ Z, and converges to

S(Gn(0) + (1) = Fu(0) + 500

r+1) 1
= E,., -,
Z El(m — k)! -kt 2

for x € Z.

Now, we can state our second theorem.

Theorem 3.2. For each positive integer [, let

L Bt LB B 1
9 Ptk Lp
Z k'l— =R

Assume that Q,,, # 0, for a positive integer m. Then we have the following.

1 U .
Qm ( m ) 2minx
(a )2 +1 +n§n¢0 z; drin) j+1)e

_ {Zko mB(T+1)(< z>)E,_(<x>), forxd¢lZ,

m r+1
k=0 mBi(g Bk + 5Qm, for x € Z.

Here the convergence is pointwise.
(b)
1

m 2j—1
§Qm+1 + ; TQm_j+1Bj(< x >>

i ﬁB(TH)K VB w(<x>), forxd,
k=0

1 NG
Sl + > Tmej+1Bj(< T >)
=2 7

m

1 1
— - B"YE. 4O for x € Z.
kz% El(m — k)" 2

Here By(< x >) is the Bernoulli function.

4. THE FUCTION 7,,(< = >)

Let v (z) = S5 mB,&TH)(a:)Em_k(x), (m > 2).
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m—1 1
Yiulw) = 3 e (BB (@) B (@) + (m = BB (@) By 1 ()
“— k(m — k)
m—2 1 m—1 1
= B @ Eaw(@) + Y B (@) Ei(a)
k=0 k=1
1 =1
-~ B — BB, .
p— 1(:v)+;m_l_,C p (@) Enok(2)
1 =
(r+1) (r+1)
B (@) + ; B (@) Bn1k(2)
= 1 1 1

B (r+1) (r+1)
=D o @Fenosle) 4 Ty Eeale) + B @

m—1
S (4.1)
o) = = (BED (@) + B (@)) + (m — Dy ().
From this, we obtain
(%(%H(@ - B ) m%lm))/ = (@)

/01 Ym () dz
= %[’ym+1($) — mB%iP(z) — mEerl(x)};
= (s (D) = 3 (0) = s (B () - B 0)
— m Epga(1) — Em+1(0)>> (42)
= = () = a0) — — LB
- _m(m—l—i— 1y (2Ene1 + 2010

1

1 2
= (s =y (0) = ———— BO 4 2 _p )
m(v #1(1) = Ym41(0) m(m + 1) m+m(m+1) +

For m > 2, we let
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1 r r
=2 5 B WEn (V) = BV Ey)
k=1
m—1
1 ( (r41) (r) (r+1)
=N (B + B (=g + 204) — B Em_k,>
o klm — k) ’ o * (4.3)
S (r+1) (r)
= m <_2Bk‘ Em_k- - kalEm—k>
k=1
m—1 1
== (2B + B ) B
k(m — k) ( et BEn F
k=1
So,
Also,
/1 (x)dz = = (A L gy 2 g (4.5)
m(x)de = — [ Ay — ———— ——FE . :
0 7 m Tomm A+ mim+ 1)
We are now going to consider
m—1 1
In(< @ >) =3 gy B (< o >)Bun(< @ >) (4.6)
k=1
which is defined on (—o0, 00), and periodic with period 1.
The Fourier series of 7,,(< z >) is
Z Cﬁm)GQﬂ—im’:, (47)
where
1 . 1 .
C’,(Lm) :/ Y (< T >)e 2™ g :/ Y (2) e 2T g, (4.8)
0 0
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Now, we are ready to determine the Fourier coefficients cim.
Case 1: n # 0.

1 |: ( ) 2ﬂinx]1 ]' /1 / ( ) *27T’L.n-'ﬂd
=— m(z)e , x)e x
omin L/ 0o 2min J, Tm
1
= = (m(1) = m(0))
5= (1) = m(0)
[ (o D+ B @)
2rin J, Tt T P m—1 "
1 m—1

=——A, Cm=1
2min + 2min "

1 ' (r+1) j
B T 727rznacd
2min(m — 1) /0 m- (@)e v

1 ! .
) / Ep_1(x)e 2™ dy,
0

2min(m — 1

(4.9)
where, for [ > 1 and n # 0,
! (r+1) —2minx l (l>k*1 (r)
Bl ($)6 dr = — Z (27T.Z'n)kBl—k7
0 k=1
!
1E 727rimvd -9 (l)k—l B
Z<I>€ €T = ZW I—k+1-
0 k=1
Thus
cm M=oy _ 1
" 2min " 2min.
1 o . 9 o (4.10)
2rin(m —1) " 2min(m —1) "™’
where, for m > 2,
m—1
1
Ay = (1) = 7 (0) = — —(2]3(7"“) B >Em,
k=1
m—1
(m — Dg-150)
O,, = , 4.11
(27T1n)k m—k—1 ( )
k=1
m—1
— 1)
(I)m - (m - )k 1Em—k
(2min)*
k=1
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om M~ 1C(m—l) _ LA - ;@ + #(I)m

" 2min " owin. " 2min(m —1) " 2min(m — 1)
—1/m-2 1 1
= fom=2) [P < W
2min ( 2rin " orin. "' 2min(m—2) " *
1 1 2
A,
2min 2min(m — 1) * 2min(m — 1)
_m=1m=2) 9 m-—1 1 A m—1
T (2min)? n 2min)2 " 2w ™ (2@in)2(m — 2)
1 2(m — 1) 2

~ (2min)(m — 1) Om (2min)2(m — 2) P+ 2min(m — 1) O

)
2min(m — 1) !
Dy

@m—l

ml m—1

_ (m 1)3 1
B (27rm ym- 2 Z 27rm Am—g1 = Z (2min)i(m —j)@m I

Jj=1

. D,
(2min)i(m —j) "

m—1

m—1);_ m—1):_
= — #Am—jﬁ-l_z( ( )J 1 )@m i
j=1

(2mwin)J 2min)i(m — j

Prn—j1,
(2min)i(m —j) "

(4.12)

where C,Sl) =
Before proceeding further, we note the following.

-1

3

2(m—1)j 1
Crin)i(m — j) o

<.
—_

—_

3

m—j

2(m —1),4 m— J)k— g
(27Tm 2; (2min)k Bzt

<.
Il
A

(4.13)

3

—J

3

2(m — 1) k-2 g
@iy (m =) "

<
Il
—_
ol
Il

1

3
L
—

0
3
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= 2(m
Z 27TZTL m s+1Z

2 — H,
—— e B g1
m Z 27rm —s+1 1

7j=1 =1
m—1m
_ ZJ — 1)jrk—2 B
— (2min)i+k(m — j) M-Ik
=t k=1 (4.14)
m—1
1 —1 s r
sy e,
m—j “ (2min)*
j=1 s=j+1
m s—1
_ Z (m 1)5 QB(T) ]_
—~  (2min)* e m—
_lf: (m)s Hm 1 H (r)
m 4= (2min)* m-—s+1 "7
Putting everything together, we obtain
1 ¢ (m)
C(m) * Apes
m Z (2min)* +1
s=1
L~ (m)s Hpoy = Hyog 2 — Hys
- - Emfs
m;(%rm —s+1 m5+m; 27rm —s+1 +
1 — ) Hyr — Hos oy 00)
- - m—s Bm 2Em s
m; 27in) ( n m—s+1 ( +1)
(4.15)
Case 2: n=0
1
1 1 2
clm :/ m(x)dr = — (Apyy — ———BP + ———F,1]. (416
0 07($)$ ™ AR m+m(m+1) +1 (4.16)

Ym(< x >), (m > 2) is piecewise C>°. Moreover, v,,(< x >) is continuous
for those positive integers m > 2 with A,, = 0 and discontinuous with jump
discontinuities at integers for those positive integers m > 2 with A,, # 0.
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Assume first that A,, = 0. Then v,,(1) = %,(0). Yn(< = >) is piecewise
C* and continuous. So the Fourier series of 7,,(< = >) converges uniformly to
Ym(< x >), and

(< T >)
1 1 2
=— | A, — B0 4 —F,
m ( e ( +1) ™ m(m+1) 1
m Hm— - Hm—s r TINT
- Z ( Z (2 < m—s+1 T —mol Tmes (Bfn),s — QEm_S+1)>>e2
e oozt Tin)s m—s+1

1 1 2
- (Apy—————BOy £ g
m ( T mm1) T * m(m + 1) +1)

1 . m H, —I_Hm s (r)
+E; <S>< m— S+1+—(Bm—5_2Em78+1>>

—s+1

2minx

> e
<_S! Z ) s)
S (2min)
(r) 2

1 1
- (Apyy———— B+ = B
m ( 1 m(m+1) ™" + m(m + 1) +1>

1 - m H, —1_Hm s (r)
+ E; <S>( sl L —mes (gl 2Em_s+1>)33(< z>)

X

m—s—+1

LA x {Bl(<:c>), for x ¢ Z,

0, for x € Z,
(4.17)
where H,, = Y /" 1.
Now, we are able to state our first theorem.

Theorem 4.1. For each integer | > 2, let

-1
1
AN=—-S —— (2B"™Y L B Vg,
’ ;k(l—k)< B

Assume that A, = 0, for the an integer m > 2.
Then we have the following.
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(a) Zn:_ll k(mlfk) BIE:T+1)(< x >)E,,_,(< x >) has the Fourier series expansion
m—1 1
mBz(f+l)(< x> B, k(< x>)
k=1
1 1 9
m ( i m(m =+ 1) m - m(m + 1) +1)
00 1 m s Hm— — Hm—s ., '
- ) (‘ > (””Q (Am_sH g Hmt T Hmes gl zEm_s+1)>>€zmm7
ne om0 N S (2min)® m—s+1

(b)

for all x € (—00,00). Here Bi(< x >) is the Bernoulli function.

Assume next that m is an integer > 2 with A,, # 0. Then, v,,(1) # 7,(0).
Hence v, (< x >) is piecewise C* and discontinuous with jump discontinuities at

integers. Thus the Fourier series of v,,,(< & >) converges pointwise to 7y, (< x >),
for x ¢ Z, and converges to

3
L

1 1
o (r+1) +
Ao =3 p B Bt A, (418)

1

£ (0) 7 (1) = 3(0) +

N | —

B
Il

for x € Z.
Next, we can state our second theorem.

Theorem 4.2. For each integer | > 2, let

1
Y S S

Assume that A, # 0, for an integer m > 2.
Then we have the following.
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(a)

1 1 2
“(Apyy———— BO4+ =
m ( T m(m 1) * m(m + 1) m+1)

> 1 - (m)s Hm—l - Hm—s (r) 27
— — N 7/° Amfs o= TS B ;- 2Emfs )) TInT
Z (mz (27m'n)3< T m—s+1 (B ) )e

n=—00,n#0 s=1
m— r+1
iy mB% - ;(< r>)E, k(<x>), forx¢lZ,
- m—1 r4+1
k=1 MBk Emt + 5Am, for x € Z.

Here the convergence is pointwise.

1 2
“(Apyy———— B =g
m ( e mmr )™ * m(m + 1) H)

1 m m Hm— _ Hm_s ,
+ = (S) (Am_sﬂ g imel s omes (gl 2Em_s+1>)35(< z>)
=2

m m—s+1
m—1 1

= —B(T+1)(< x>)En k(< x>), forx ¢ Z,
 f(m— k)"

1 1 2
“(Apyy————— B = g
m ( e mmr )™ * m(m + 1) H)

1 < /m Hypr— Hops
=2 ( ) (Ao + 2Lt (B 2B, ) ) B(< @ >)

— \s m—s+1
m—1 1 1
— B,(:H)Em,k + =A,,, forxz € Z.
— k(m — k) 2
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Abstract

First we characterize a differential subcopmlex of de de Rham complex for lo-
cally conformally calibrated Go-manifolds. Then we give co-effective complex for Go-
manifolds and prove that in dimension different from 3 this complex is elliptic.
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complex, ellipticity of co-effective complex

1 Introduction

Recently, the theory of special G-structures on smooth manifolds has enjoyed a lot of
success among mathematicians and physicist as they exhibit some nice properties. For
example Go-structure can be geometric models in the theory of super strings with torsion
[16]. Also Donaldson and Segal [9] suggested recently that manifolds with non-vanishing
torsion Ge-structure can be the right framework for guage theory in dimension 7. Main
computable models for manifolds with Gs-structure are homogeneous spaces having co-

homogeneity one [8,22,26].

* Corresponding author
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In 1884 Killing exposed a vigorous proof of the presence of smallest of the remarkable
simple lie algebra g$'. In 1907, Reichel [25], a student of Engel [10], succeeded in achieving
the uniform geometric explanation of the Lie groups G2 and Go, which are two real forms
of GY. In 1914, Cartan proved that G and G5 can be treated as the automorphism group
of octonions and split-octonions respectively. Later these groups appeared in the Bereger’s
celebrated list of potential holonomy of pseudo-Riemannian mertic see [1]. In 1989 Bryant
and Salamon [5] gave construction of first complete but non-compact Riemannian man-
ifolds having holonomy G, while the first compact example was given by Joyce [17] in
1994. Ferndndez and Gray [13] classified all Go-structures in 16 classes in 1982 by decom-
posing the covariant derivative in 4 irreducible components. A lot has already been said
about these different classes. For example, in [24] Friedrich et all discussed special proper-
ties of nearly parallel Go-structures and prove that they carry Einstein metric. Kath [18]
initialized the study of psudo-Riemannian 7-manifolds with a Ga-structure. Munir and
Nizami [24] gave classification of G-structures using intrinsic torsion with sixteen classes
of algebraic types of Ga-structures and also proved some strict inclusion relations among
the classes of these structures. Manifold with G4 are relatively less explained as compared
to those admitting Go-structures. To our knowledge there are only a few papers discussing
a few properties about them, see, for example, [4,18-20,22, 24].

We recall that a 7-dimensional smooth manifold M7 is said to admit a Ga-structure if it
has a section of the bundle F(M7)/Gy on M7, where F(M7) is the frame bundle on M7. It
is noted that G is the automorphism group of a 3-form @ over R” which is called a 3-form
of Go-type [21]. Tt is known that GL(R")-orbit of ¢ is an open orbit of the GL(R")-action
on A3(R7). A 3-form in that open orbit is known as indefinite 3-form. The presence of a
Go-structure on a manifold M7 is equivalent to the presence of an indefinite differential
3-form ¢ over M7. A manifold with a Ga-structure is said to be parallel if V = 0 or
dp = dx* @ =0 and almost parallel or calibrated if dp = 0, locally conformal calibrated if
dp = 6 A ¢ where 0 is the differential 1-form on M and 6 = I (x(xd@ A @) [3,7,11,12].

In this paper, we study manifolds with a locally confromally calibrated Ga-structure
which constitute the class Wy @ W, of [24]. We first construct a differential sub-copmlex
of de Rham complex for locally conformally calibrated Go-manifolds, then we have a co-
effective complex and determine its ellipticity. Bouche [2] constructed similar complex
for symplectic manifolds where as Ferndandez and Ugrate [14] discussed the co-effective
complex for Go-manifolds. In Section 2 we describe some properties and representation of
the group Go and construct the co-effective complex for locally conformal calibrated Go-
manifolds. We use this name as the complex is analogue to the complex developed by [2]
for the case of symplectic manifolds. In Section 3 we discuss the ellipticity of this complex.
However it is important to remark that we study these manifolds for two particular reasons.
First, they having striking similarities with those admitting a Go-structure and secondly,
because of their interesting class in pseudo-Riemannian geometry, see [6,27].
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2 Co-effective complex for locally conformal calibrated Go-
manifolds

In this section first we introduce basic representations for Go-manifolds. Then we give
simple characterizations of locally conformal calibrated Go-manifolds in the form of a
complex.

Let A?(M) be the space of differential g-forms on M. Our main purpose is the study
of those manifolds for which the sequence

s B S M) L BT (M) — - (2.1)
is a differential complex. Here BI(M) is the subspace of A?(M) defined by
B (M) ={6 €AY (M) |3 Ap =0}

and d denotes the restriction to BY(M) of the exterior differential d of M. A Go-manifold
is defined as a 7-dimensional Riemannian manifold M (in which a Riemannian metric
gs = (1,1,1,-1,—1,—1,-1) is defined) endowed with a 2-fold vector cross product P
satisfying the following axioms

1. (P(X1,X2), X1) = (P(X1,X2),X2) =0
2 |P(X0, Xo)|I? = X0 P X% — (X7, Xo)?
for X1, X € X(M). The fundamental 3-form on M is then defined as
P(X1, Xo, X3) = (P(X1, X3), X3)
for X, X9, X5 € X(M) and inner product for z,y € AY(M) is defined as
(x, )V =z A *y (2.2)

where Vjy is the volume form on M. It is proved that A%(M) splits orthogonally into Go-
irreducible components /\? of dimension [ [3]. An isometry known as Hodge star operator
defined as * : A9(M) — AT79(M) make two irreducible component isomorphic. For
example the representation of Go on A'(M) and A7(M) are isomorphic. So it is sufficient
to describe the representation of Gy on A2(M) and A3(M) as follows

Nj(M) = {x(a A*@) | a € A" (M)}

N(M) = {8 € N*(M) | B A *p =0}

N(M) ={f@| feFM)} (2.3)
N(M) = {x(a N @) | ae A (M)}

Nr(M) = {y € N(M) |y A @ =~ Nxp=0.

From above, it is easy to compute

N(M) ® N37 (M) = {y € N(M)]y A ¢ =0}. (2.4)
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AL(M) @ Ny (M) = {X € AY (M)A A @ = 0}. (2.5)

For a seven dimensional manifold M, a Ga-structure on M can be distinguished by a
globally defined 3-form ¢ which can be written at each point as

167 246 6257 + 6347 + 6356

G=eP p el el e

with respect to some local co frame e!, €2, ..., e" see [5]. It induces a Riemannian metric

gs and volume form dV,z on M given by
.
9p(X,Y) = Zix@ Ny A @
for any pair of vector fields X,Y on M.
Now we have the following result [23].

Proposition 2.1. Let M be a Go-manifold with a fundamental 3-form p. Then

(1) For any differential 1-form o on M, x(x(a A @) A @) = dav.

(2) If there is a differential 1-form 1 on M such that dp = nA@, thenn = i(*(*d@/\gﬁ)
and M is locally conformal calibrated.

Definition 2.2. Let M be a C~¥2 manifold having 3-form ¢. For each [, 0 <[ < 7, we
denote the space B (M) = {\ € AY(M)|AA @ = 0}. Also, the orthogonal compliment of
BY(M) in A9(M) is denoted by A'(M).

Lemma 2.3. Let M be a Go-manifold. Then we have the following
BY(M)={0} for0<1<2,

B} (M) = AY(M) & A3;(M)

BY(M) = A7(M) & A3z (M)

BY (M) = A(M) for5<1<7
therdore: A(M) = A (M) for0<1<2,

A (M) = A3(M),

AN (M) = AH(M),

AN (M) ={0} for5<1<T.

Proposition 2.4. Let M be a Go manifold endowed with fundamental 3-form ¢. Then
M s locally conformal calibrated if and only if for any differential 3-form p € A3(M) &
A3.(M), the esterior differential dp € AX(M) @ A3,(M).

In the following, we take B3(M) = A3(M) ® A3,(M) and B*(M) = AZ(M) @ AL, (M).
Here we give the co-effective complex for locally conformal calibrated Gso-manifold.

Theorem 2.5. Let M be a Gy -manifold. Then M is locally conformal calibrated iff there
exist the complex

0 — ASM) @ A (M) % AYM) @ AL (M) L AS(M) L AS(M) & AT(M) — 0, (2.6)

where d denotes the restriction to BY(M)(q = 3,4) of the exterior differential d of M
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Proof. From Proposition 2.4 it is clear that (2.6) is a complex if M is locally conformal
calibrated. To prove the converse, let us first show that for any f € (M) and y €
B3(M) = AY{(M) @ A3,(M) we have

mi0d(fy) = fmaod(y), (2.7)

that is, the operator myod : B3(M) — A*(M) is tensorial, where 74 denotes the orthogonal
projection of A*(M) onto A*(M) = A}(M). In fact, since y € A3(M) & A3,(M), from
equation (2.4) and equation (2.5) it follows that df Ay € A} (M) & A3, (M), that is,
m4(df A y) = 0; thus

mgod(fy) = ma(df Ny) +ma(fdy) = fra(dy),

which shows equation (2.7) Now suppose that equation (2.6) is a complex, that is, d(azy) =
0 for any y € B3(M). Since dy = m40d(y) + dy, applying d to this equality we get

d(ms0d(y)) = 0 (2.8)

for any y € B3(M). Therefore, if f is any function on M, from equation (2.7) and equation
(2.8) we get
0 = d(msod(fy)) = d(fmsod(y)) = df Ars0d(y)

Since miod(y) € A}(M), there is h, € (M) such that ms0d(y) = hy * ¢ and thus
hy(df A x@) = 0, for anyf € S(M). But a A xa = 0 iff @ = 0, for @ € AY(M), which
implies that the function h, must be zero. Therefore, m40d(y) = 0 for any y € B3(M),
that is, d(B3(M)) c B*(M), and Proposition 2.4 implies that M is locally calibrated. O

Definition 2.6. Let M be a Gy-manifold.For 0 < ¢ < 3, the map d,, : AY(M) — AT (M)
is defined by

v

dq = Tg410d (2.9)
where 7,41 @ AT (M) — AZTL(M) is the orthogonal projection of A9T1(M) onto AITL(M).

Theorem 2.7. Let M be a Go-manifold with fundamental 3-form . Then M is locally
conformal calibrated if and if the sequence

0 — AYM) L AL S A2() 2 A3 B AY (M) — 0 (2.10)

s a compler.

Proof. consider o € AY(M). From equation (2.9) we see that da(da) = w30d(da) = 0.
This proves that dood = 0. Now, let us suppose that M is locally conformal calibrated,
and let 8 € A?(M). Using the fact that

AP(M) = AF (M) @ AF(M) @ A37(M),

we have

dB = dof3 +y, (2.11)

1150 Mobeen Munir ET AL 1146-1156



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

where dof € A3(M) = A3(M) and y € A3(M) & A3,(M). Proposition 2.4 implies that
dy € AJ(M) & A3;(M). Then taking equation (2.11) the exterior differential d of M, we
obtain

0 = d(d2) + dy

which means that d(do3) € AL(M) & A3,(M). Thus d3(ds3) = 0 because ds(d23) is the
image of d(dyf3) by the orthogonal projection 7y : A*(M) — AY(M) = A}(M). To prove
the converse, let 8 be a 2-form on M. Therefore, the exterior differential dj of G is

B = do3 +, (2.12)

where dy3 € A3(M) and y € A3(M) & A3,(M). Appling exterior differential d of M on
equation (2.12),we get

0 = d(do) + dn. (2.13)

Applying the projection 74 to equation (2.13) and using equation (2.9) together with
the hypothesis dsody = 0, we obtain

0 = m4(d(daB)) + ma(d)
= JgoJQ(ﬁ) + m4(dy)
= 774(d7)7

which implies that dy € A%(M) & A3,(M). Moreover, using equation (2.7) we conclude
that

d(AF(M) @ A3z (M) € A7(M) & Mgz (M).

From Proposition 2.4 it follows that M is locally conformal calibrated. O

3 Ellipticity of the coeffective complex

In this section we determine the ellipticity of the complex given in (2.6) and (2.10)

.

Theorem 3.1. The complex given (A*(M),d) in (2.10) is elliptic in degree q for any
q#2.

Proof. Tt is obvious that the complex (A*(M), J) is elliptic in degrees 0 and 1, because
the de Rham complex (A*(M),d) of M is elliptic. The complex (A*(M),d) is elliptic in
degrees 3 and 4 if for any point m € M and for any 1-form g non-zero at m, the complex

NPT, 0) 22 AT M) P AT M) — 0

is exact in the steps 3 and 4, where T M is the cotangent space of M at m,and

v

ou(d2)(B) = m3(u A B), (3.1)

v

ox(ds()) = ma(p Ay),
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for 8 € A2(T*M) and v € A3(T%M). Therefore, to prove that the complex (A*(M), d) is
elliptic in degree ¢ = 3 it is sufficient to prove that

v v

ker(or(d3)) C Im(ox(dz)). (3.2)

Let v € A3(T}, M) be such that v € Ker(o,(ds)), or equivalently mq(u A ) = 0. This
implies that u Ay € AHT}M) & A3 (T M), and so u Ay A G = 0. Since YA @, €
AS(T M) from the ellipticity of the de Rham complex it follows that there is n € A®(T* M)
satisfying
YA Pm = A1 (3.3)
Now, we use the isomorphism A@,, : A2(T*M) — A°(T*M) given by Ap,(3) =
B A G, for B € A}(T}M). This isomorphism implies that there is v € A?(T; M) such
that n = v A @p,. Thus equation (3.2) becomes

YAPm =pAVA Py =m3(WAV) A G-

Therefore, we have

(v =73 Av)) A pm = 0. (3.4)
But the wedge product by @y, is also an isomorphism A@,, : A3(T7 M) — A®(T: M) and
so, from equation (3.4), it follows that (v — m3(u A v)) = 0, using equation (3.1),

v

vy=m3(uAv)=o0r(d2)(v),

.

which proves equation (3.2). To prove the ellipticity of the complex (A*(M),d) in degree
q = 4, we show

AT M) C Im(on(ds))

Let A € AH(T:M). Then A A @y, € A7(T,M). Now, from the ellipticity of the de Rham
Complex of M, we conclude that

UAW=ANA D, (3.5)

for some w € AS(T M). Using the isomorphism A@,, : A3(T5 M) — AS(T* M) again, we
obtain w = y A @, for some v € A2(T;5,M). Then equation (3.5) becomes

AN @ = AYN @ = Ta(lt AY) A G,
which implies that
(A =ma(u A7) Apm = 0. (3.6)
But A@,, : A{(T:M) — AT(T M) is an isomorphism, and hence, from equation (3.6),

we have

v

A=ma(p A7) = ou(ds)(7).
Thus A\ € Im(o*“((ig)). This completes the proof. O
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Remark 3.2. As

> (—1)Udim(ANT, M) =1—T+21—-7T+1=9
q=0

so the complex (A*(M), d) is not elliptic in degree ¢ = 2.
Theorem 3.3. The complex (B*(M), (2) given by (2.6) is elliptic in degree q for any q # 3.

Proof. Tt is obvious that the complex (B*(M), aAV/) is elliptic in degrees 6 and 7, because it
is the de Rham complex of M. Now we show that (B*(M), d) is elliptic in degree q = 4,
we must prove that for m € M and for non-zero p € T}, (M), the complex

AT M) @ A3 (T M) X5 AXTEM) @ Mgy (T M) 25 A5 (T3 M) (3.7)

is exact in degree 4. A € AT M) @ AL, (T} M) satisfy p A XA = 0. We must show that
there is n € A3(T;, M) & A3, (T M) such that A = uwAn. By the definition of ellipticity of
the de Rham complex there exist 1, € A3(T)* M) such that

A=pAn, (3-8)

where m1 = ny/ +m” with i’ € A3(T% M) and m" € AJ(T5, M) ® A3 (15, M) Now equation
(3.8) becomes

A=pAm=pAm' +pAm” (3.9)
But A and p A" € AT} M) & A3, (T, M) hence 7r4(,u Am') = 0, which implies that
m' € Ker(o,(ds)). From Theorem 1.8 it follows that ;" € I'm(c,(ds). This means that
there exist w € A?(T;; M) such that 0y’ € m3(u Aw). Let v € AJ(TH M) @® A3 (T, M) be
the image of uAw by the orthogonal projection of A3(T}; M) onto A3(T: M) EBA ( T%M).
Then we get

O=pA(pAw)=puAm +puia
and we obtain A = u A (—a +n1”). Now implies that the form n = —a + ;" is such that
n € A3(T M) ® A3, (T} M) and A €= p An. This proves that equation (3.7) is exact in
degree 4.
Finally, we must prove that the complex

AYTE M) @ AL (T M) L85 AP (T M) 2285 AS(T7 M)

is exact in degree 5. Let 8 € A®(T%M) satisfy u A 3 = 0. We must find a 4-form
¢ € ANTH M) @ A3, (T, M) such that

B=nuNng. (3.10)

By the ellipticity of the de Rham complex of M we see that there is o = A*(T* M) such
that

B=uNa. (3.11)
Because AV (T M) = AN(TM) @ AX(T M) ® AL, (T} M) and o € A (T}, M) we have

a=d +a’, (3.12)
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where o € A}(THM) and o’ € AT} M) & A3 (T M). By Theorem 1.8 there exist
n € A3(T} M) such that

/

o' = ma(pAn) (3.13)

from equation (3.13) it follows that
O=puA(pAn)=pAd +punv, (3.14)

where v is the image of v A n by the orthogonal projection of A*(T7% M) onto subspace
ANTH M) & A3 (T5 M). The identity equation (3.14) implies that p Ao/ = —p Av. Thus
from equation (3.11) and equation (3.12) we conclude that

B=pN(-v+a)

Consider 7 = —v + o/’. Then & € AX(T} M) ® A3,(T), M), and moreover 3 = i A n. This

proves equation (3.10) and completes the proof. O
Remark 3.4. -

> (—1)%dim(BY(T;,M)) = —28 +34 — 21 + 7 — 1

q=3
so complex (B*(M), d) is not elliptic in degree ¢ = 3.

References

[1] M. Berger, Sur les groupes d’holonomie homogene des variétés a connexion affine et
des variétés riemanniennes, Bull. Soc. Math. France, 83 (1955), 279-330.

[2] T. Bouche, La cohomologie coeffective d’une variété symplectique, (French) [The
coeffective cohomology of a symplectic manifold|, Bull. Sci. Math., 114 (1990), 115—
122.

[3] R.L. Bryant, Metrics with exceptional holonomy, Ann. Math., 126 (1987), 525-576.

[4] R.L. Bryant, Some remarks on Ga-structures. Proceedings of Gokova Geometry-
Topology Conference 2005, 75-109, Gokova Geometry/Topology Conference, Gokova,
2006.

[5] R.L. Bryant and S. M. Salamon, On the construction of some complete metrics with
exceptional holonomy, Duke Math. J., 58 (1989), 829-850.

[6] F.M. Cabrera, On Riemannian manifolds with Gy-structures, Boll. Unione Mat. Ital.,
7 (1996), 99-112.

[7] F.M. Cabrera, M.D. Monar and A.F. Swann, Classification of Go-structures, .J.
London Math. Soc., 53 (1996), 407-416.

[8] R. Cleyton, A.F. Swann, Cohomogeneity-one Ga-structures, J. Geom. Phys., 44
(2002), 202-220.

1154 Mobeen Munir ET AL 1146-1156



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

[9] S. Donaldson and E. Segal, Gauge theory in higher dimension, II, arXiv:0902.3239
[math.DG].

[10] F. Engel, Ein neues, dem linearen Komplexe analoges Gebilde, Leipz. Ber., 52 (1900),
220-239.

[11] M. Ferndndez, An example of a compact calibrated manifold associated with the
exceptional Lie group Go, J. Differential Geom., 26 (1987), 367-370.

[12] M. Fernéndez, A family of compact solvable Ga-calibrated manifolds, Tohoku Math.
J., 39 (1987), 287-289.

[13] M. Fernédndez and A. Gray, Riemannian manifolds with structure group G, Ann.
Mat. Pura Appl., 132 (1982), 19-45.

[14] M. Fernédndez and L. Ugrate, A differential complex for locally conformal calibrated
Go-manifolds, Illinois J. Math., 44 (2000), 363-390.

[15] Th. Friedrich, I. Kath, A. Moroianu and U. Semmelmann, On nearly parallel Go-
structures, J. Geom. Phys., 23 (1997), 259-286.

[16] J. Gauntlett, D. Martelli and S. Pakis, Superstrings with intrinsic torsion, Phys, Rev.
D, 69 (2004), 086002.

[17] D.D. Joyce, Compact manifolds with special holonmy, Oxford University Press, 2000.

(18] I. Kath, Gy(g)-structures on pseudo-Riemannian manifolds, J. Geom. Phys., 27
(1998), 155-177.

[19] H.V. Lé, The existence of closed 3-forms of Go-type on T7-manifolds,
arXiv:math/0603182 [math.DG].

[20] H.V. Lé, Manifolds admitting a Go-stucture, arXiv:0704.0503 [math.AT).

[21] H.V. Lé, Geometric structures associated with a simple Cartan 3-form, J. Geom.
Phys., 70 (2013), 205-223.

[22] H.V. Lé and M. Munir, Classification of compact homogeneous spaces with invariant
Go-structures, Adv. Geom., 12 (2012), 303-328.

[23] M. Munir, W. Nazeer, S. M. Kang and A. Ashraf, Conformal automorphisms for exact
locally conformally callibrated Ga-structures, J. Comput. Anal. Appl., to appear.

[24] M. Munir and A.R. Nizami, On classification of algebraic types of Ga-structures, J.
Geom. Topol., 14 (2013), 39-60.

[25] W. Reichel, Uber trilineare alternierende Formen in sechs und sieben Veranderlichen
und die durch sie denierten geometrischen Gebilde, Dissertation Greiswald, 1907.

[26] F. Reidegeld, Spaces admitting homogeneous Ga-structures, Differential Geom. Appl.,
28 (2010), 301-312.

1155 Mobeen Munir ET AL 1146-1156



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

[27] S.M. Salamon, Riemannian geometry and holonomy groups, Pitman Research Notes
in Mathematics Series, vol. 201, Longman Scientific & Technical, Harlow; copublished
in the United States with John Wiley & Sons, Inc., New York, 1989.

1156 Mobeen Munir ET AL 1146-1156



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL
ANALYSIS AND APPLICATIONS, VOL. 26, NO. 6, 2019

Some identities involving generalized degenerate tangent polynomials arising from differential
BAUALIONS, C. S. RY00, ...ttt ettt e et e e e e e e e e e 975

Some New Inequalities of the Hermite-Hadamard Type for Extended s-Convex Functions, Jian
Sun, Bo-Yan Xi, and FENG Q... vt et e e e e e e e e e e 985

On non-convex hybrid algorithm for a family of countable quasi-Lipschitz mappings in Hilbert
spaces, Muhammad Saeed Ahmad, Shin Min Kang, Wagas Nazeer, and Samina Kausar,...997

Some Results of The Class of Functions with Bounded Radius Rotation, Yasar Polatoglu,
Yasemin Kahramaner, and Arzu YemisCi SN, .........coovvivveiiiiiiiiniiiniiiinevneeennnn... 1006

Poly-Genocchi polynomials with umbral calculus viewpoint, Taekyun Kim, Dae San Kim,

Gwan-Woo Jang, and JongKyum KWON,........c.oeie i e e e e e aea 1014
On a class of certain dynamic inequalities in three independent variables on time scales, Zareen.
N 2T R 1 0 1 7
Divisibility of Generalized Catalan Numbers and Raney Numbers, Jacob Bobrowski, Tian-Xiao
He, and Peter J.-S. ShiU€,........c.coo it e e a2 1047
Coupled fixed point theorems for two maps in cone b-metric spaces over Banach algebras,
Young-Oh Yang and Hong Joon Choi,.........ccooiiiiii i e en. ... 1059
Fourier series of sums of products of poly-Genocchi functions, Taekyun Kim, Dae San Kim,
Dmitry V. Dolgy, and JiN-WO00 Park, ... .......c.uouuie i e e e e e 1070
Hesitant fuzzy normal subalgebras in B-algebras, Jung Mi Ko and Sun Shin Ahn,............ 1084

Impulsive periodic solutions of second order differential equations with singularity, Shengjun Li
L0 I 0] 0T - TR g o R 1095

On Gauss diagrams of Knots: A modern approach, Young Chel Kwun, Abdul Rauf Nizami,
Wagas Nazeer, Mobeen Munir, and Shin Min Kang,..........c.cooviiiiiiiiiiiiie e e 1104

The Jones polynomial of graph links via the Tutte polynomial, Young Chel Kwun, Abdul Rauf
Nizami, Wagas Nazeer, and Shin Min Kang,..........ccoeoviiieie i venieiieienenenna.. 1114



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL
ANALYSIS AND APPLICATIONS, VOL. 26, NO. 6, 2019

(continued)

Fourier series of sums of product of poly-Bernoulli and Euler functions and their applications,
Taekyun Kim, Dae San Kim, Gwan-Woo Jang, and Jongkyum Kwon,........................ 1127

Ellipticity of co-effective complex for locally conformally calibrated G,-manifolds, Mobeen
Munir, Wagas Nazeer, Shin Min Kang, Abdul Rauf Nizami, and Zakia Shahzadi,............ 1146





