Volume 32, Number 1 January 2024

ISSN:1521-1398 PRINT,1572-9206 ONLINE

Journal of
Computational

Analysis and

Applications

EUDOXUS PRESS,LLC



Journal of Computational Analysis and Applications
ISSNNno.’s:1521-1398 PRINT,1572-9206 ONLINE
SCOPE OF THE JOURNAL

An international publication of Eudoxus Press, LLC
(published biannually) www.eudoxuspress.com.

Editor in Chief: George Anastassiou

Department of Mathematical Sciences,

University of Memphis, Memphis, TN 38152-3240, U.S.A

ganastss@memphis.edu, ganastss2@gmail.com
http://web0.msci.memphis.edu/~ganastss/jocaaa/

The main purpose of "J.Computational Analysis and Applications"

is to publish high quality research articles from all subareas of

Computational Mathematical Analysis and its many potential

applications and connections to other areas of Mathematical

Sciences. Any paper whose approach and proofs are computational,using

methods from Mathematical Analysis in the broadest sense is suitable

and welcome for consideration in our journal, except from Applied

Numerical Analysis articles. Also plain word articles without formulas and

proofs are excluded. The list of possibly connected

mathematical areas with this publication includes, but is not

restricted to: Applied Analysis, Applied Functional Analysis,

Approximation Theory, Asymptotic Analysis, Difference Equations,

Differential Equations, Partial Differential Equations, Fourier

Analysis, Fractals, Fuzzy Sets, Harmonic Analysis, Inequalities,

Integral Equations, Measure Theory, Moment Theory, Neural Networks,

Numerical Functional Analysis, Potential Theory, Probability Theory,

Real and Complex Analysis, Signal Analysis, Special Functions,

Splines, Stochastic Analysis, Stochastic Processes, Summability,

Tomography, Wavelets, any combination of the above, e.t.c.

"J.Computational Analysis and Applications™ is a

peer-reviewed Journal. See the instructions for preparation and submission

of articles to JOCAAA.
Journal of Computational Analysis and Applications(JOCAAA) is published by
EUDOXUS PRESS,LLC,1424 Beaver Trail
Drive,Cordova, TN38016,USA anastassioug@yahoo.com
http://www.eudoxuspress.com. Annual Subscription Prices:For USA and
Canada, Institutional:Print $600, Electronic OPEN ACCESS. Individual:Print $300. For
any other part of the world add $150 more(handling and postages) to the above prices for
Print. No credit card payments.
Copyright©2024 by Eudoxus Press,LLC,all rights reserved.JOCAAA is printed in USA.
JoCAAA is reviewed and abstracted by Elsevier-Scopus, available also via EBSCO
publishing and EBSCO.
It is strictly prohibited the reproduction and transmission of any part of JJOCAAA and in
any form and by any means without the written permission of the publisher.It is only
allowed to educators to Xerox articles for educational purposes.The publisher assumes no
responsibility for the content of published papers.



mailto:ganastss@memphis.edu
http://web0.msci.memphis.edu/%7Eganastss/jocaaa/

Editorial Board
Associate Editors of Journal of Computational Analysis and Applications

Francesco Altomare

Dipartimento di Matematica

Universita®™ di Bari

Via E.Orabona, 4

70125 Bari, ITALY

Tel+39-080-5442690 office
+39-080-3944046 home
+39-080-5963612 Fax

altomare@dm.uniba.it

Approximation Theory, Functional

Analysis, Semigroups and Partial

Differential Equations, Positive

Operators.

Ravi P. Agarwal

Department of Mathematics

Texas A&M University - Kingsville
700 University Blvd.

Kingsville, TX 78363-8202

tel: 361-593-2600
Agarwal@tamuk .edu

Differential Equations, Difference
Equations, Inequalities

George A. Anastassiou

Department of Mathematical Sciences
The University of Memphis

Memphis, TN 38152,U.S.A

Tel .901-678-3144

e-mail: ganastss@memphis.edu
Approximation Theory, Real
Analysis,

Wavelets, Neural Networks,
Probability, Inequalities.

J. Marshall Ash

Department of Mathematics

De Paul University

2219 North Kenmore Ave.
Chicago, IL 60614-3504
773-325-4216

e-mail: mash@math.depaul .edu
Real and Harmonic Analysis

Dumitru Baleanu

Department of Mathematics and
Computer Sciences,

Cankaya University, Faculty of Art
and Sciences,

06530 Balgat, Ankara,

Turkey, dumitru@cankaya.edu.tr
Fractional Differential Equations
Nonlinear Analysis, Fractional
Dynamics

Carlo Bardaro

Dipartimento di Matematica e

Informatica

Universita di Perugia

Via Vanvitelli 1

06123 Perugia, ITALY

TEL+390755853822
+390755855034

FAX+390755855024

E-mail carlo.bardaro@unipg.it

Web site:

http://www_unipg.it/~bardaro/

Functional Analysis and

Approximation Theory, Signal

Analysis, Measure Theory, Real

Analysis.

Martin Bohner

Department of Mathematics and
Statistics, Missouri S&T

Rolla, MO 65409-0020, USA
bohner@mst.edu
web.mst.edu/~bohner

Difference equations, differential
equations, dynamic equations on
time scale, applications in
economics, finance, biology.

Jerry L. Bona

Department of Mathematics

The University of Illinois at
Chicago

851 S. Morgan St. CS 249
Chicago, IL 60601
e-mail:bona@math.uic.edu
Partial Differential Equations,
Fluid Dynamics

Luis A. Caffarelli

Department of Mathematics

The University of Texas at Austin
Austin, Texas 78712-1082
512-471-3160

e-mail: caffarel@math.utexas.edu
Partial Differential Equations



George Cybenko

Thayer School of Engineering
Dartmouth College

8000 Cummings Hall,

Hanover, NH 03755-8000

603-646-3843 (X 3546 Secr.)

e-mail :george.cybenko@dartmouth.edu
Approximation Theory and Neural
Networks

Sever S. Dragomir

School of Computer Science and
Mathematics, Victoria University,
PO Box 14428,

Melbourne City,

MC 8001, AUSTRALIA

Tel. +61 3 9688 4437

Fax +61 3 9688 4050

e-mail: sever.dragomir@vu.edu.au
Inequalities, Functional Analysis,
Numerical Analysis, Approximations,
Information Theory, Stochastics.

Oktay Duman

TOBB University of Economics and
Technology,

Department of Mathematics, TR-
06530, Ankara, Turkey,

e-mail: oduman@etu.edu.tr
Classical Approximation Theory,
Summability Theory, Statistical
Convergence and its Applications

J _A. Goldstein

Department of Mathematical Sciences
The University of Memphis

Memphis, TN 38152

901-678-3130

e-mail: jgoldste@memphis.edu
Partial Differential Equations,
Semigroups of Operators

H. H. Gonska

Department of Mathematics
University of Duisburg

Duisburg, D-47048

Germany

011-49-203-379-3542

e-mail: heiner.gonska@uni-due.de
Approximation Theory, Computer
Aided Geometric Design

John R. Graef

Department of Mathematics

University of Tennessee at
Chattanooga

Chattanooga, TN 37304 USA

e-mail: John-Graef@utc.edu
Ordinary and functional
differential equations, difference
equations, impulsive systems,
differential inclusions, dynamic
equations on time scales, control
theory and their applications

Weimin Han

Department of Mathematics
University of lowa

lowa City, IA 52242-1419
319-335-0770

e-mail: whan@math._uiowa.edu
Numerical analysis, Finite element
method, Numerical PDE, Variational
inequalities, Computational
mechanics

Tian-Xiao He

Department of Mathematics and
Computer Science

P.0O. Box 2900, Illinois Wesleyan
University

Bloomington, IL 61702-2900, USA
Tel (309)556-3089

Fax (309)556-3864

e-mail: the@iwu.edu
Approximations, Wavelet,
Integration Theory, Numerical
Analysis, Analytic Combinatorics

Margareta Heilmann

Faculty of Mathematics and Natural
Sciences, University of Wuppertal
Gaul3strale 20

D-42119 Wuppertal, Germany,

hei Imann@math.uni-wuppertal .de
Approximation Theory (Positive
Linear Operators)

Xing-Biao Hu

Institute of Computational
Mathematics

AMSS, Chinese Academy of Sciences
Beijing, 100190, CHINA

e-mail: hxb@lsec.cc.ac.cn
Computational Mathematics

Jong Kyu Kim

Department of Mathematics
Kyungnam University

Masan Kyungnam,631-701,Korea
Tel 82-(55)-249-2211

Fax 82-(55)-243-8609



e-mail: jongkyuk@kyungnam.ac.kr
Nonlinear Functional Analysis,
Variational Inequalities, Nonlinear
Ergodic Theory, ODE, PDE,
Functional Equations.

Robert Kozma

Department of Mathematical Sciences
The University of Memphis

Memphis, TN 38152, USA

e-mail: rkozma@memphis.edu

Neural Networks, Reproducing Kernel
Hilbert Spaces,

Neural Percolation Theory

Mustafa Kulenovic
Department of Mathematics
University of Rhode Island
Kingston, RI 02881, USA
e-mail: kulenm@math.uri.edu
Differential and Difference
Equations

Burkhard Lenze

Fachbereich Informatik
Fachhochschule Dortmund
University of Applied Sciences
Postfach 105018

D-44047 Dortmund, Germany
e-mail: lenze@fh-dortmund.de
Real Networks, Fourier Analysis,
Approximation Theory

Alina Alb Lupas

Department of Mathematics and
Computer Science

Faculty of Informatics
University of Oradea

2 Universitatiil Street,
410087 Oradea, Romania
e-mail: alblupas@gmail.com
e-mail: dalb@uoradea.ro
Complex Analysis, Topological
Algebra, Mathematical Analysis

Razvan A. Mezei

Computer Science Department

Hal and Inge Marcus School of
Engineering

Saint Martin’s University

Lacey, WA 98503, USA

e-mail: RMezei@stmartin.edu
Numerical Approximation, Fractional
Inequalities.

Hrushikesh N. Mhaskar
Department OFf Mathematics

California State University
Los Angeles, CA 90032
626-914-7002

e-mail: hmhaska@gmail.com
Orthogonal Polynomials,
Approximation Theory, Splines,
Wavelets, Neural Networks

Ram N. Mohapatra

Department of Mathematics
University of Central Florida
Orlando, FL 32816-1364

tel .407-823-5080

e-mail: ram.mohapatra@uc¥.edu
Real and Complex Analysis,
Approximation Th., Fourier
Analysis, Fuzzy Sets and Systems

Gaston M. N"Guerekata
Department of Mathematics
Morgan State University
Baltimore, MD 21251, USA

tel: 1-443-885-4373

Fax 1-443-885-8216
Gaston._N"Guerekata@morgan.edu
nguerekata@aol .com

Nonlinear Evolution Equations,
Abstract Harmonic Analysis,
Fractional Differential Equations,
Almost Periodicity & Almost
Automorphy

M.Zuhair Nashed

Department Of Mathematics
University of Central Florida

PO Box 161364

Orlando, FL 32816-1364

e-mail: znashed@mail.ucf.edu
Inverse and 1l11-Posed problems,
Numerical Functional Analysis,
Integral Equations, Optimization,
Signal Analysis

Mubenga N. Nkashama

Department OF Mathematics
University of Alabama at Birmingham
Birmingham, AL 35294-1170
205-934-2154

e-mail: nkashama@math.uab.edu
Ordinary Differential Equations,
Partial Differential Equations
Vassilis Papanicolaou

Department of Mathematics
National Technical University of
Athens

Zografou campus, 157 80

Athens, Greece



tel: +30(210) 772 1722

Fax  +30(210) 772 1775

e-mail: papanico@math._ntua.gr
Partial Differential Equations,
Probability

Choonkil Park

Department of Mathematics
Hanyang University

Seoul 133-791

S. Korea,

e-mail: baak@hanyang.ac.kr
Functional Equations

Svetlozar (Zari) Rachev,

Professor of Finance, College of
Business, and Director of
Quantitative Finance Program,
Department of Applied Mathematics &
Statistics

Stonybrook University

312 Harriman Hall, Stony Brook, NY
11794-3775

tel: +1-631-632-1998,
svetlozar.rachev@stonybrook.edu

Alexander G. Ramm

Mathematics Department

Kansas State University

Manhattan, KS 66506-2602

e-mail: ramm@math.ksu.edu

Inverse and 1l1l-posed Problems,
Scattering Theory, Operator Theory,
Theoretical Numerical Analysis,
Wave Propagation, Signal Processing
and Tomography

Tomasz Rychlik

Polish Academy of Sciences
Instytut Matematyczny PAN
00-956 Warszawa, skr. poczt. 21
ul. S$niadeckich 8

Poland

e-mail: trychlik@impan.pl
Mathematical Statistics,
Probabilistic Inequalities

Boris Shekhtman

Department of Mathematics
University of South Florida
Tampa, FL 33620, USA

Tel 813-974-9710

e-mail: shekhtma@usf.edu
Approximation Theory, Banach
spaces, Classical Analysis

T. E. Simos

Department of Computer

Science and Technology

Faculty of Sciences and Technology
University of Peloponnese

GR-221 00 Tripolis, Greece
Postal Address:

26 Menelaou St.

Anfithea - Paleon Faliron

GR-175 64 Athens, Greece

e-mail: tsimos@mail.ariadne-t.gr
Numerical Analysis

Jagdev Singh

JECRC University, Jaipur, India

Jagdevsinghrathore@gmail.com
Fractional Calculus, Mathematical

Modelling, Special Functions,
Numerical Methods

H. M. Srivastava

Department of Mathematics and
Statistics

University of Victoria

Victoria, British Columbia V8W 3R4
Canada

tel .250-472-5313; office,250-477-
6960 home, fax 250-721-8962
e-mail: harimsri@math.uvic.ca

Real and Complex Analysis,
Fractional Calculus and Appl.,
Integral Equations and Transforms,
Higher Transcendental Functions and
Appl.,g-Series and g-Polynomials,
Analytic Number Th.

1. P. Stavroulakis
Department of Mathematics
University of loannina
451-10 loannina, Greece
e-mail: ipstav@cc.uoi.gr
Differential Equations
Phone +3-065-109-8283

Jessada Tariboon

Department of Mathematics

King Mongut’s University of
Technology N. Bangkok

1518 Pracharat 1 Rd., Wongsawang,
Bangsue, Bangkok, Thailand 10800
e-mail: jJessada.t@sci.kmutnb.ac.th
Time scales
Differential/Difference Equations,
Fractional Differential Equations

Manfred Tasche
Department of Mathematics
University of Rostock



D-18051 Rostock, Germany
manfred.tasche@mathematik.uni-
rostock.de

Numerical Fourier Analysis, Fourier
Analysis, Harmonic Analysis, Signal
Analysis, Spectral Methods,
Wavelets, Splines, Approximation
Theory

Juan J. Trujillo

University of La Laguna
Departamento de Analisis Matematico
C/Astr.Fco.Sanchez s/n

38271. LalLaguna. Tenerife.

SPAIN

Tel/Fax 34-922-318209

e-mail: Juan.Trujillo@ull._es
Fractional: Differential Equations-
Operators-Fourier Transforms,
Special functions, Approximations,
and Applications

Xiao-Jun Yang

State Key Laboratory for
Geomechanics and Deep Underground
Engineering, China

University of Mining and
Technology, Xuzhou 221116, China
Local Fractional Calculus and
Applications, Fractional Calculus
and Applications, General
Fractional Calculus and
Applications, Variable-order
Calculus and Applications,
Viscoelasticity and Computational
methods for Mathematical
Physics.dyangxiaojun@163.com

Xiang Ming Yu

Department of Mathematical Sciences
Southwest Missouri State University
Springfield, MO 65804-0094
417-836-5931

e-mail: xmy944f@missouristate.edu
Classical Approximation Theory,
Wavelets

Richard A. Zalik
Department of Mathematics
Auburn University
Auburn University, AL 36849-5310
USA.
Tel 334-844-6557 office

Fax 334-844-6555
e-mail: zalik@auburn.edu
Approximation Theory, Chebychev
Systems, Wavelet Theory

Ahmed 1. Zayed

Department of Mathematical Sciences
DePaul University

2320 N. Kenmore Ave.

Chicago, IL 60614-3250
773-325-7808

e-mail: azayed@condor.depaul .edu
Shannon sampling theory, Harmonic
analysis and wavelets, Special
functions and orthogonal
polynomials, Integral transforms

Ding-Xuan Zhou

Department Of Mathematics

City University of Hong Kong

83 Tat Chee Avenue

Kowloon, Hong Kong

852-2788 9708,Fax:852-2788 8561
e-mail: mazhou@cityu.edu.hk
Approximation Theory, Spline
functions, Wavelets

Xin-long Zhou

Fachbereich Mathematik, Fachgebiet
Informatik
Gerhard-Mercator-Universitat
Duisburg

Lotharstr.65, D-47048 Duisburg,
Germany

e-mail :Xzhou@informatik.uni-
duisburg.de

Fourier Analysis, Computer-Aided
Geometric Design, Computational
Complexity, Multivariate
Approximation Theory, Approximation
and Interpolation Theory



Instructions to Contributors
Journal of Computational Analysis and Applications
An international publication of Eudoxus Press, LLC, of TN.

Editor in Chief: George Anastassiou
Department of Mathematical Sciences
University of Memphis
Memphis, TN 38152-3240, U.S.A.

1. Manuscripts files in Latex and PDF and in English, should be submitted via
email to the Editor-in-Chief:

Prof.George A. Anastassiou
Department of Mathematical Sciences
The University of Memphis
Memphis, TN 38152, USA.

Tel. 901.678.3144

e-mail: ganastss@memphis.edu

Authors may want to recommend an associate editor the most related to the
submission to possibly handle it.

Also authors may want to submit a list of six possible referees, to be used in case we
cannot find related referees by ourselves.

2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE. (Click HERE to
save a copy of the style file.)They should be carefully prepared in all respects.
Submitted articles should be brightly typed (not dot-matrix), double spaced, in ten
point type size and in 8(1/2)x11 inch area per page. Manuscripts should have generous
margins on all sides and should not exceed 24 pages.

3. Submission is a representation that the manuscript has not been published
previously in this or any other similar form and is not currently under consideration
for publication elsewhere. A statement transferring from the authors(or their
employers,if they hold the copyright) to Eudoxus Press, LLC, will be required before
the manuscript can be accepted for publication. The Editor-in-Chief will supply the
necessary forms for this transfer.Such a written transfer of copyright,which previously
was assumed to be implicit in the act of submitting a manuscript,is necessary under the
U.S.Copyright Law in order for the publisher to carry through the dissemination of
research results and reviews as widely and effective as possible.


mailto:ganastss@memphis.edu?subject=JCAAM%20inquirey
http://www.msci.memphis.edu/%7Eganastss/jcaam/EUDOXStyle.tex

4. The paper starts with the title of the article, author’s name(s) (no titles or degrees),
author's affiliation(s) and e-mail addresses. The affiliation should comprise the
department, institution (usually university or company), city, state (and/or nation) and
mail code.

The following items, 5 and 6, should be on page no. 1 of the paper.
5. An abstract is to be provided, preferably no longer than 150 words.

6. A list of 5 key words is to be provided directly below the abstract. Key words should
express the precise content of the manuscript, as they are used for indexing purposes.

The main body of the paper should begin on page no. 1, if possible.

7. All sections should be numbered with Arabic numerals (such as: 1.
INTRODUCTION) .

Subsections should be identified with section and subsection numbers (such as 6.1.
Second-Value Subheading).

If applicable, an independent single-number system (one for each category) should be
used to label all theorems, lemmas, propositions, corollaries, definitions, remarks,
examples, etc. The label (such as Lemma 7) should be typed with paragraph
indentation, followed by a period and the lemma itself.

8. Mathematical notation must be typeset. Equations should be numbered
consecutively with Arabic numerals in parentheses placed flush right, and should be
thusly referred to in the text [such as Egs.(2) and (5)]. The running title must be placed
at the top of even numbered pages and the first author's name, et al., must be placed at
the top of the odd numbed pages.

9. lllustrations (photographs, drawings, diagrams, and charts) are to be numbered in
one consecutive series of Arabic numerals. The captions for illustrations should be
typed double space. All illustrations, charts, tables, etc., must be embedded in the body
of the manuscript in proper, final, print position. In particular, manuscript, source,
and PDF file version must be at camera ready stage for publication or they cannot be
considered.

Tables are to be numbered (with Roman numerals) and referred to by number in
the text. Center the title above the table, and type explanatory footnotes (indicated by
superscript lowercase letters) below the table.

10. List references alphabetically at the end of the paper and number them
consecutively. Each must be cited in the text by the appropriate Arabic numeral in
square brackets on the baseline.

References should include (in the following order):

initials of first and middle name, last name of author(s)

title of article,



name of publication, volume number, inclusive pages, and year of publication.
Authors should follow these examples:

Journal Article

1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators,
(journal name in italics) J. Approx. Theory, 62,170-191(1990).

Book

2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986.

Contribution to a Book

3. M.K.Khan, Approximation properties of beta operators,in(title of book in italics) Progress in
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp.483-495.

11. All acknowledgements (including those for a grant and financial support) should
occur in one paragraph that directly precedes the References section.

12. Footnotes should be avoided. When their use is absolutely necessary, footnotes
should be numbered consecutively using Arabic numerals and should be typed at the
bottom of the page to which they refer. Place a line above the footnote, so that it is set
off from the text. Use the appropriate superscript numeral for citation in the text.

13. After each revision is made please again submit via email Latex and PDF files
of the revised manuscript, including the final one.

14. Effective 1 Nov. 2009 for current journal page charges, contact the Editor in
Chief. Upon acceptance of the paper an invoice will be sent to the contact author. The
fee payment will be due one month from the invoice date. The article will proceed to
publication only after the fee is paid. The charges are to be sent, by money order or
certified check, in US dollars, payable to Eudoxus Press, LLC, to the address shown on
the Eudoxus homepage.

No galleys will be sent and the contact author will receive one (1) electronic copy of
the journal issue in which the article appears.

15. This journal will consider for publication only papers that contain proofs for
their listed results.


http://www.eudoxuspress.com/

SETHIET AL 1-9 1

NECESSARY AND SUFFICIENT CONDITIONS OF FIRST ORDER NEUTRAL
DIFFERENTIAL EQUATIONS

ABHAY KUMAR SETHI'* AND JUNG RYE LEE**

ABSTRACT. In this work, we establish the necessary and sufficient conditions for oscillation of a
class of functional differential equations of the form

((x(t) + p()2(t — 0))" + q(t)p(x(t — 7)) + v(t)y(x(t —n)) =0

of a neutral coefficient p(t), by using the Knaster-Tarski fixed point theorem and Banach’s fixed
point theorem.

1. INTRODUCTION

Consider a class of first-order nonlinear neutral differential equations of the form

((x(t) +p(t)a(t — 0))) + at)p(x(t — 7)) + v(t)P(x(t —n)) = 0, (1.1)
where r, q, v, 7, o,n € C(R1,Ry), p € C(R+,R), ¢ € C(R,R) such that x¢(x) > 0,z¢(z) >0
for x # 0 and ¢, ¥ € C(R,R) satisfying the property x¢(x) > 0, wu(u) > 0 for x,u # 0.

In this work, our objective is to establish the necessary and sufficient condition results for oscil-
lation of all solutions of , where
(Ao) p € C([0,0),R), f € C(R,R), ¢,7,0,n € C(R+,R;) such that t — 7 < ¢, t — o < t and
t—n<t;
(A1) ¢,¢ € C(R,R) are nondecreasing and satisfy u¢(u) > 0, up(u) > 0 for u,v # 0.
Fatima et al. [1] studied the nonlinear neutral differential equation (NDDE) of the form

[r(®)(2(t) + p(t)z(t — 7)) + q(t)z(t — o) =0, (1.2)
where p € Cl[tg,00)],R], r,q € C|[tp,00),RT], 7,067 € R, and they obtained new sufficient
conditions for all solutions of NDDE to be oscillatory.

Graef et al. |8] studied the first order neutral delay differential equations of the form

[z(t) + p(t)2(t — )] + a(t) f(z(t — 0)) =0, (1.3)
under the conditions
(a) p € R, T and o are positive constants;
(b) q : [to,00) — Ris a continuous function with q(t) > 0;
(¢) f: R —= Ris continuous with uf(u) > 0 for u # 0, and there is a positive constant
M such that %) > M > 0, where a is a ratio of odd positive integers. They established internal
conditions for all solutions of nonlinear first order neutral delay differential equations.

Grammatikopoulos et al. [9] studied first order neutral delay differential equations of the form

[z(t) — p()z(t — 7)]' + Q(t)z(t — 9)) =0, (1.4)

2010 Mathematics Subject Classification. Primary 34K40, 34K30, 34C10.

Key words and phrases. Oscillation; nonoscillation; nonlinear neutral delay differential equation.
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jrlee@daejin.ac.kr).
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where p, Q,d € C([tp,00)],RT), and lim tS—EWtET AL They established sufficient conditions fof
H

oscillation of all solutions of the the neutral delay differential equations.

The motivation of the present work comes from the above studies. In this work, an attempt is
made to establish the necessary and sufficient condition for asymptotic behaviour of solutions of
, under various ranges in the neutral coefficient p(¢). Clearly, , and are special
cases of . However, there are few results to study the oscillation of . The purpose of
this work is to obtain some sufficient condition results for oscillation of . This work would be
interesting than the works of [15/19] as long as is concerned.

Neutral delay differential equations find numerous applications in electric network. For example,
they are frequently used for the study of distributed networks containing lossless transmission lines
which arise in high speed computers where the lossless transmission lines are used to interconnect
switching circuits (see for example |12]). The problem of obtaining sufficient conditions to ensure
the second order differential equations which are special cases of is oscillatory has received a
great attention. Since the first order equations have the applied applications, there is permanent
interest in obtaining new sufficient conditions for oscillation or nonoscillation of solutions of varietal
type of the first order equations (see |27},/11,|13}/14.|16-18.120]).

Definition 1.1. By a solution of , we mean a continuously differentiable function x(t) which
is defined for t > T* = min{(t — 09), (t — 10), (t — no)} such that x(t) satisfies for all t > tg.
In the sequel, it will always be assumed that the solution of exists on some half line [t1,00),
t1 > tg. A solution of s said to be oscillatory if it has arbitrarily large zeros; otherwise, it is
called nonoscillatory. Equation 1s called oscillatory if all its solutions are oscillatory.

2. OSCILLATION RESULTS

This section deals with the oscillation results for necessary and sufficient conditions for oscil-
lation of all solutions of (1.1), Throughout our discussion, we use the following notation

2(t) = x(t) + p(t)z(t — o).

Lemma 2.1. [10] Let p,z,z € C(]0,00),R) be such that z(t) = z(t) + p(t)z(t — o), t > 7 > 0,
x(t) > 0 fort > t; > 7, liminf; oo x(t) = 0 and hm z( ) = L exists. Let p(t) satisfy one of the

following conditions:

i) 0 <p1 <p(t) <p2<1,ii) 1 <p3 < p(t) <pg < oo, dii) —oo < —ps < p(t) <0,
where r; >0, 1 <i <5.
Then L = 0.

Theorem 2.2. Assume that (Ag) and (A1) hold and 0 < a1 < p(t) < as <1 fort € Ry. Let ¢,
¥ be Lipschitzian on intervals of the form [, 5], 0 < a < 8 < oo. Then every solution of
converges to zero as t — oo if and only if

(42) [;"la(s) + v(s)]ds = oo

Proof. Assume that (Az) holds. Let z(t) be a solution of (1.1)) on [t,, 0], t, > 0. Let z(¢) > 0 for
t>t;. Set

2(t) = z(t) + p(t)z(t — o), t > to. (2.1)
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Then ((1.1) becomes

Z(t) = —qt)p(x(t — 7)) — v(O)P(x(t - n)) <0, (2.2)

and hence z(t) is a decreasing function for ¢t > t; > to+ p. Since z(t) > 0 for t > to, tlirn z(t) exists.
—00

Consequently, z(t) > x(t) implies that z(¢) is bounded. Our aim is to show that tlim x(t) = 0. For
—00

this, we need to show that liminf; ,o, z(t) = 0. If liminf, o 2(¢) # 0, then there exist t3 > to and
B > 0 such that z(t — o) > 8 > 0 for ¢t > t3. Ultimately,

t

/ [((t — 7)) + () (a(t — m)]dt > $(8)a(®)]dt +¥(5) / ()]t

t3 t3
— +00, as t — 00,

due to (Ag).
On the other hand, we integrate (2.2]) from ¢35 to t(> t3) to obtain

t
/ [g@)@(x(t — 7)) + o()(x(t — )] dt < —=2(t) + 2(t3)

t3
<00, as t— 00,

which is a contradiction. Therefore, lim inf; , z(¢) = 0. Consequently, tlim z(t) = 0 due to Lemma
— 00
21l Thus we obtain

0= lim 2(¢) = limsup(z(¢) + p(t)z(t — o))

t—o0 t—00

> lim sup z(t),

t—r00
which implies that limsup,_, . z(t) = 0, that is, tlim x(t) = 0.
—00
Assume that z(t) < 0 for ¢ > ty. Setting y(t) = —x(t) for t > to in (1.1]), we obtain

(@) +p@)y(t —0))) +a®)(y(t — 7)) + o) (y(t —n)) =0,

and proceeding as above it is easy to prove that lim;,~ y(t) = 0.
In order to prove the condition (As) is necessary, we suppose that

/too [q(s) +v(s)]ds < 00 (2.3)

and we need to show that the equation (|1.1) admits a nonoscillatory solution which does not tend
to zero as t — oo when the limit exists. If possible, let there exist t; > 0 such that

> 1-a
d
| late) oo as < S
where C' = max{C}, &2, $(1),1(1)}, C; is the Lipschitz constant of ¢ and Cs is the Lipschitz

L
M, 1]. For tg > t1, set Y = BC(][t2,00),R), the space of real valued bounded
continuous functions on [ty, 00). Clearly, Y is a Banach space with respect to sup norm defined by

constant of ¢ on [ z

[[Y[| = sup{[Y'(?)] : t > ta2}.
Let’s define

S:{ueY: M<u(t)§1,t2t2}.

5 =
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Clearly, S is a closed and convex subspace SV ELEE T 5 — S be defined by 4
Ty(t) = Ty(ta +p), tE€ [ta,t2+p]
—p()y(t — o) + 259 4 [Z [g()g(y(t — 7)) + 0(s)p(y(t = m))] ds.t > t2+ p.
For every y € S,
2+ 3a & &
Ty(t) < 214 o01) [ latollds + o) [ lo(o)lds
t t
24+ 3aq 1—aq 1+ag
= 1
< 5 + 10 2 <
and
24 3a
Ty(t) > —p()y(t —7) + ———
24+3a1  2(1—aq)
> — =
> —a;+ 5 5
which imply that Ty € S. Now, for y1,y2 € S,
1 Ty1(t) = Ty2(t)] < [p(&)||ya(t — 7) — y2(t — 7)|
+C1 / a(s)lyr(s — o) —ya(s — o)lds + 02/ v(s)lyi(s —n) —y2(s —n)lds,
t ¢
that is,
T3(6) = T(0)] < aalln = well + Cillin = el [ lo(o)lds + Callin = nl] [ o(o))ds
< (an+ 55 o = el
which implies that
1Ty — Tyal| < pllyr — v2ll,
that is, T is a contraction mapping, where yu = aj + 5, - = 1+9“1 < 1. Since S is complete and T is

a contraction on S, by the Banach’s fixed point theorem, T has a unique fixed point on [%, 1} .
Hence Ty = y and

o (6) = {y(tg +p),  tE [tats+p)
—p(t)y(t — o) + FZU [ [ a()(y(s — 7)) + [ v(s)p(y(s —m)] ds, t > t2 +p

is a nonoscillatory solution of (1.1). Therefore, (A) is necessary. This completes the proof of the
theorem. O

Theorem 2.3. Assume that (Ag) and (A1) hold and 1 < a3 < p(t) < a4 < oo such that a3 > a4
fort € Ry. Let ¢, ¥ be Lipschitzian on intervals of the form [a, 8], 0 < a < B < oo. Then every
solution of converges to zero as t — oo if and only if (Az) holds.

Proof. The sufficient part is the same as in the proof of Theorem [2.2]
For the necessary part, we suppose that (2.2)) holds. It is possible to find a ¢; > 0 such that

| late)+ ol < B
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THI
1

where K = max{K, & T4 Ki, K are Llpsgh 17 Constatits of ¢ and ¥ on [a,b] and Ky = ¢(a ),w(b?

such that
2X(az? — a4) — as(az — 1)
a =
2a32a4 ’
— 142X -1
2as3 2(0,32 - a4)

Let Y = BC([t2,0),R) be the space of real valued bounded continuous functions on [te,00).
Clearly, Y is a Banach space with respect to sup norm defined by

lyll = sup{[y(t)] : t = t2}.
Define
S={ueY:a<u(t)<b, t>ts}.
It is easy to see that S is a closed convex subspace of Y. Let T : S — S be such that

Txz(ta + p), tE [ta,ta+ p]

Ta:(t) = :p(tJrO') %) o)
p(t+o)) + p(tio’)) + p(tia)) [f3+g q(s)p(x(s —7))ds + fs+g’ v(s)p(x(s — n)))ds} st 2>t + p.
Tz(t) < $()

For every = € S,
* (e\ds Y(b) = (s)ds
~ p(t+0)) /s+UQ( )d +p(t+0)) /s+a (s)d

1 -1
g[a?’ +)\}:b
as 2

and
z(t+ 7)) A
_l’_
p(t + T)) p(t + T))
b A
> —— 4 —
as a4
a3—1+2)\ A
—_—— +

Tz(t) > —

2(1% a4
_ 2\ (as® — aq) — aslag — 1)

Y

2a32a4
which imply that Tz € S. For y;,y2 € S,

Ty1(t) = Tya(t)] < ————=791(t + o) — ya(t + )|

1
P+ o)l
B et =0 =t -l as

+
Pt +0)| Lsta

that is,

Ty (t) - mxwmpmwmlwvﬁ s)ds + 2l - m/

1 a3—
<\ -+ ly1 — vl
as 2a3
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which implies that SETHIETAL1-9 6

[ Tyr — Tya|| < pllyr — ya2ll,

that is, T'is a contraction, where pu = (é + “5(;1

T has a unique fixed point which is a nonoscillatory solution of (1.1)) on [a,b]. Thus the proof of
the theorem is complete. ]

) < 1. Hence by the Banach’s fixed point theorem,

Theorem 2.4. Assume that (Ag) and (A1) hold and —1 < —as < p(t) <0, a5 > 0 fort € R,.
Then every solution of converges to zero as t — oo if and only if (Az) holds.

Proof. Proceeding as in the proof of Theorem we obtain (2.2)). Hence r(t)z(t) is monotonic on
[ta,00), ta > t1. Let z(t) > 0 for t > to. Then lim; o 2(t) exists. Let z(t) < 0 for t > to. We
claim that z(t) is bounded. If not, there exists {n,} such that 7(n,) < 7, and n,, — 00 as n — oo,
x(np) = 00 as n — oo and

x(np) = max{z(s) : t2 < s < n,}.
Therefore,

2(1n) = 2 (1) + p(n) (N0 — 0)
> (1 - a5)x(77n)

— 400, as n — 00,

which is a contradiction to the fact z(¢) > 0. So our claim holds. Consequently, z(t) < x(t) implies
that lim; o z(t) exists. Hence for any z(t), z(t) is bounded. Using the same type of argument
as in the proof of Theorem it is easy to show that liminf, ., z(¢) = 0 and by Lemma
lim;_,o0 2(t) = 0. Indeed,
0 = lim z(¢) = limsup(z(¢) + p(t)z(t — 0)))
t—o0 t—00

> 13 . _
> limsup z(t) + htrgggf( asz(t — o))

t—o00

= (1 — as) limsup z(t)

t—o00

which implies that limsup,_,. (t) = 0. The rest of the proof follows from Theorem

Next, we suppose that holds. Then there exists ¢; > 0 such that
/OO lg(s) +v(s)]ds < ——%5_ 1>,
s 5¢(1)¥(1)
For to > t1, let Y = BC([t2,00),R) be the space of all real valued bounded continuous functions
defined on [tg, 00). Clearly, Y is a Banach space with respect to sup norm defined by

lyll = sup{ly(t)| : t = t2}.

Let K = {yeY :y(t) >0, t>ty}. Then Y is a partially ordered Banach space (see [§]). For
u,v € Y, we define u < v if and only if u — v € K. Let

1_
S:{XGY: 5p5<:c(t)<1,t>t2}.

If xo(t) = 13“5, then z¢p € S and zg = g.1.b S. Further, if ¢ C S* C .5, then

1
S*:{JJEYleSZL‘(t)SlQ, Sll,lggl}.
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Let vo(t) = 1, t > t3, where I, = sup{lo :S%EEAH'E 1}. Then vy € S and vy = Lu.b S*. For
t3 =to+ p, define T : S — S by

Ta(t) = {T%% €t
—p(t)x(t — o)+ Lsas [ a(m)(a(s — 7))ds + [ v(s)b(a(s —n)ds] , t > ts.

For every z € S, Tz(t) > 1% and

Taft) < as++ 2+ 6(1) [ la(o)lds +0(1) [ fo(o)lds

which imply that Tx € S. Now, for x1,22 € S, it is easy to verify that z1 < zo implies that
Tz < Txy. Hence by the Knaster-Tarski fixed point theorem ( |8, Theorem 1.7.3]), 7" has a unique
fixed point such that lim;_,~ z(t) # 0. This completes the proof of the theorem. O

Theorem 2.5. Assume that (Ag) and (A1) hold and —oco < —ag < p(t) < —ay < —1, ag,a7 >0
fort € Ry. Let ¢, ¢ be Lipschitzian on intervals of the form [a, ], 0 < a < 8 < oo. Then every
bounded solution of converges to zero as t — oo if and only if (As) holds.

Proof. The proof of the theorem follows from Theorem For the necessary part, we need to

mention the following:
> a7 — 1
| late) oo ds < S

where K = max{K, K2}, K1, Ko are Lipschitz constants of ¢ and ¢ on [a, b], Ko = ¢(a)1(b) such
that

. 2)\(17 — aﬁ(cw — 1) b— A
“= 2aga7 T ar—1
for
)\ > (]6(@77_1) > O7
2a7
and

T:U((tg —l—)p), t e [tQ, to + p]
T-’L'(t) = z(t+o) 00 o0
R (tio)) +- (tia)) 25, a()0a(s = m)ds + [, v(s)b(e(s — m)ds|

where t > to + p. This completes the proof of the theorem. ]

Remark 2.6. In the above theorems, ¢ and ¥ could be linear, sublinear or superlinear.

Remark 2.7. Lemma [2.1] does not include p(t) = 1 for all t (see [§]). The present analysis does
not allow the case p(t) = —1 for all t. Hence in our discussion, a necessary and sufficient condition

is established excluding p(t) = +1 for all t. It seems that a different approach is necessary to study
the case p(t) = +1.

3. AN EXAMPLE
Example 3.1. Consider
(z(t) + x(t — 7)) + elp(z(t — 27)) + e'p(x(t — 37)) = 0,¢ > 2,

where ¢(x) = (x) = 23. Then all the conditions of Theorem are satisfied for . Hence
every solution of oscillates. In particular, x(t) = sint is one of such solution of .
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Clearly, all the conditions of Theorem e Satistiod. Hence, by Theorem every solutions

of ([1.1)) oscillates.

4. CONCLUSION

In this work, we established the necessary and sufficient conditions for oscillation of a class of
functional differential equations of the form

(@) +p()z(t — 0)) + qt)p(2(t — 7)) + v(t)(z(t —n)) =0
of a neutral coefficient p(t), by using the Knaster-Tarski fixed point theorem and Banach’s fixed
point theorem.
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On a class of k£ + 1 th-order difference equations with variable
coefficients

M. Folly-Gbetoula* , D. Nyirenda and N. Mnguni

School of Mathematics, University of the Witwatersrand, Johannesburg,
South Africa.

Abstract
A Lie point symmetry analysis of a class of higher order difference
equations with variable coefficients is considered and new symmetries
are found. These symmetries are utilized to investigate the existence
of solutions. The results in this paper generalize some results in the
literature.

Key words: Difference equation; symmetry; reduction; group invariant so-
lutions; periodicity

1 Introduction

Recently, rational difference equations have become a centre of interest of
many authors, see [1-4]. Many methods have been developed to solve dif-
ference equations in closed form, that is, when every solution can be written
in terms of the initial values and the indexing variable index n only. Among
others, is the Lie symmetry approach used for differential equations. This
differential equations method for difference equations was studied by P. Hy-
don and others (see [5-7, 9-11]). In [6], the author introduced an algorithm
for obtaining symmetries and conservation laws of second-order difference
equations. Now, it is known that these tools can be used to lower the order,
via the invariants of the Lie group of transformations, as it was established
for differential equations.

In this work, we aim to use the Lie symmetry approach to solve the following
difference equations:

Ty
Tpt1 = - ) <1>

k
=0

*Cooresponding author: Mensah.Folly-Gbetoula@wits.ac.za
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where (3, and ~, are real sequences. The definitions and notation in this
paper follow the ones used by Hydon in [6]. Therefore, we will have to shift
the equation £ times and study

Unp

: (2)

Un+k+1 = A
Bn + An H Up+i
i=0

instead.
Our work is a natural generalization of the results by Elabbasy, et. al. [1].
These authors used induction method to give solutions of

: (3)

H
Tny1 =

k
B+vTI] vnti
i=0

where the parameters o, [ and v are non-negative real numbers and the
initial values are positive numbers.

2 Definitions and algorithm

As mentioned earlier, the definitions and notation used in this paper follow
those adopted by Hydon in [6].

Definition 2.1 A parameterized set of point transformations,
I.:x— 2(x;e), (4)

where x = x;, 1 = 1,...,p are continuous variables, is a one-parameter local
Lie group of transformations if the following conditions are satisfied:

1. Ty is the identity map if © = x when ¢ =0
2. T,y = Tup for every a and b sufficiently close to 0

3. Each x; can be represented as a Taylor series (in a neighborhood of
e = 0 that is determined by x ), and therefore

Fi(z:e) =mx +e&i(x) +O(E?),i=1,..,p. (5)

11 M. Folly-Gbetoula et al 10-21
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Consider the k 4 1th-order difference equation

Un4k+1 = Q(“nv Un+1, - - - 7un+k>7 (6)

for some function €2. We shall restrict our attention to Lie point symmetries
where 1, is a function of n and w, only. In other words, we assume that the
Lie point symmetries are of the form

n=n; Up = Uy, + €Q(n, uy,) (7)

and that the analogous prolonged infinitesimal symmetry generator takes the
form

X[k]—ZQ N4 Upgi) = 0 (8)

a n+z

where @ = Q(n,u,,) is referred to as the characteristic. We define the sym-
metry condition as

an+k+1 = Q(n7 ,&7“ an—‘,—l; ) ﬁ”ﬂ-‘rk) (9>

whenever (6) holds. Substituting the Lie point symmetries (7) into the sym-
metry condition (9) leads to the linearized symmetry condition

Q(?’L + k + 1aun+k+1) - X[k]Q = 07 (10)

whenever (6) holds.
One can solve for the characteristic Q(n, u,) using the method of elimination
and thereafter lower the order the difference equation (6) via the canonical

coordinate [8]
du
= 11
= | Qi o

3 Main results

3.1 Symmetries
Consider the k + 1 th-order difference equations of the form (2), i.e.,

Un,

3 .

1=0

Upyht1 = 2 =

12 M. Folly-Gbetoula et al 10-21
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We impose the symmetry condition (10) on (2) to get

k
Q(?’L—{—k—F 1>un+k+1) - ZQ,unHQ(n—i_i?un-&-i) = 07 (12>
=0
where (2, denotes the partial derivative of {2 with respect to y.
The characteristic in (12) takes different arguments and one can eliminate the
undesirable variable by implicit differentiation. In this optic, we differentiate
(12) with respect to u,41 ( keeping Q fixed) and viewing u, o as a function

of Uy, Upy1, ..., Uy and , that is, we act the operator
0 ou, 0 0 Q. 0
[ — i Un+2 _ _ Yhupg (13>
8un-l—l aun—l—l aun—i—Z aun-l—l Q,un+2 aun—i—?
on (12). This yields
- Q,un+1Ql(n + 15 unJrl) + Q,un+1Q/<n + 27 un+2)
(14)

i Q
- 9) — i) Q(n+1i,uny) =0
yUn+iUn+1 Q yUn+iUn+2 y Yn+e) —
=0

s Un+2
which simplifies to
— U1 Un2Q (N + 2, Uny2) + U1 Unp2Q (1 + 1, Ung1) — Up2Q(n + 1, Upnyr)
+ Up1Q(n + 2,Up12) =0 (15)

after a set of rather long calculations. Note that ' stands for the derivative
with respect to the continuous variable. The differentiation of (15) with
respect to u, 1 twice (keeping u, o fixed) leads to

[un—HQ/(n + 17 un—i—l) - Q(n + 17 un-l—l)]” =0 (16)
after simplification. The solution of (16) is given by
Q (n,uy,) = ayuy, + byu, Inu, + ¢, (17)

for some functions a,, b, and ¢, of n. These functions are obtained by
substituting (17) in (12) and by splitting the resulting equations with respect
to product of shifts of u,, since they are functions of n only. It turns out
that b, = ¢, = 0 and we are left with the following reduced system:

1 D Upyky1 — Ap =0 (18a)

Up .« Uptk Do Qpr tapi2 + o+ Qg+ Qg1 = 0, (18b)
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or equivalently
(p + Qpy1 + Apyo + 0+ Qg = 0. (19)

We have found that

2
a, = exp (kTiz), 1 <s<k. (20)

Thus, the k infinitesimal generators are given by

X = exp (27”18 ) 0 1<s<k. (21)

k1 u"@un’ -

3.2 Reduction and exact solutions

Let

@:m(ﬁﬁﬁ and  Qunun) = (6,)" (22)

To lower the order of (2), we introduce the canonical coordinate defined in

(11). We have

du, 1 0l
5= [ Gy = g (23)

Thanks to (19), we have proved that

X, [(0)"Sn 4 (0)" Sy + -+ ()" S| =0, 1<s<k (24)

So,
'n = (Qs)nsn + (QS)R—HS’VH—I + -+ (98)n+k8’n+k (25>
is an invariant function of X, s =0,1,2,..., k. For convenience, we consider
1

70| = exp{—r,} ==+ (26)

k )
H Un+i
i=0

14 M. Folly-Gbetoula et al 10-21
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k

instead. We choose 7, = 1/ [[ un1; and the reader can readily check that 7,
=0

satisfies

7Zn-‘,—l = ann + An (27)
and that
n—1 n—1
=0 ko=Il+1

Thanks to (26) and (2), we have that

Tn
Untk+1 = 7 1un (29)
n+
and thus
n—1 ~
T(k+1)s+j .
U(k41)n+j :uij-—,]’ J :()717"'7k' (3())
g Tkt 1)stj+1
We have

R (k+1)s+j—1 (k+1)s+j—1 (k+1)s+j—1

w1 To I[I Bu|+ X A I Bk
k1=0 =0 ko=Il+1

Uk+1)n+j —Uj H

L s (btD)std [ (rD)std
- 7| II B+ > A II Bk
k1=0 1=0

ko=Il+1

(k+1)s+j—1 k (k+1)s+j—1 (k+1)s+5—1
(T B +(Hui) s (a1 B
k1=0 =0 =0 ko=I1+1
5 (k+1)s+j k (k+1)s+j5 (k+1)s+j
- I B, +(Hui> s (4T B

k1=0 =0

1=0 ko=l+1
(31)

for j =0,1,..., k. The solution to the sequence {z,} is then given by

(k+1)s+j5—1 (k+1)s+j5—1 (k+1)s+j5—1
n—1 H Bkl +P E N H Bk2
k1=0 =0

H ko=Il+1
Lt Dnetj—k = Ljk o (k+11‘)f+j (’““Z)SH (Hﬁw
= Be | +P Y B
k1=0 ' =0 ka=l+1 2
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where 5 = 0,1,2,...,k and P = H x_;. In the subsequent sections, we

investigate solutions to special cases of the difference equations.

4 The case when [, and 7, are 1-periodic

In this case, we assume that 8y = §; for all j > 1 and vy = ; for all j > 1.

4.1 The case when () # 1

The solution becomes

k+1)s+ 1—gYft sty
n—1 /8( A (Hl' )W%

. k (k+D)s+j+1
—g pk+1)s+j+1 1-8
=0 ﬁ() + H T 01_60 Yo

1=0

T(k41)n+j—k = Lj—k J=0,1,2,..., k.

Set By = v = % where a is a constant. Then the solution reduces to

—1)(k+1) DDt g
(a=1)k+Dsts (H T ) 1—)a*1 a
T(k4+1)n+j—k = LTj—k | |

k Y
=0 (g~ 1)(kHD)sHitl 4 (H»T l) (a i)(kﬂl)sﬂﬂa*l
a

=0

which is equivalent to

k (k+1)s+5—1
ne1 1+ (H .CE_Z') al
n 0

T(k4+1)n+j—k — Tj—ka H k (k+1)s+j '
s=0 1 + (H x_i) a,l

More explicitly, we have
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(k+1)s
xl> S oadl
1=0

(k+1)s+1
x_i) > d

=0

3
L
—_
_I._
YO
e

s
Il
=)

n
T(k+1D)n+1-k = T1—kQ

i
—_
_l’_

I~
o

<.
Il
o

k (k+1)s+1
n-11+ (H SE—i) > od
i=0 1=0

n
T(k+1)n+2-k = T2—kQ H

k (k+1)s+2
s=0 1 + (H x—i) Z al
i=0 1=0

S
I
o

and

k (k+1)s+k—1
n—1 14 (H l’_i> Z al
T(k+1)n = zoa" H = =0

k (k+1)s+k ’
=0 14 (H x@) >ood

1=0 =0

This solution has appeared in [1].

4.1.1 The special case = —1 and k is odd

The solution simplifies to

T(k+1)yn—k — T k(=14 (T kT p1T gy .- T170)%) ",

T(k4+1)n+1-k = $1—k(—1 + ($—k$—k+1$—k+2 .. -$—1$0)%)n,

Tt tynt2—k = To—k(—1 4+ (T_pTops1T g2 . . T_120)%0) ",

17 M. Folly-Gbetoula et al 10-21



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

Tpryn—1 = To1(—1 4+ (T_pTp1T—pg2 - - T_120)%0)

n
l’(k+1)n = ‘Qﬁj,k(—l + (iE,kiU,kJrl%,kJrg Ce :L',ll'o)’yo) s

as long as the denominator does not vanish.
However, the solution above can be written in compact form as

_1)itin
(s tyntjh = Tjok (—1 + (TpTop 1T pra - .. T_120)70)

for j=0,1,... k.
This solution has appeared in [1] (See Theorem 9).

k
Remark 4.1 Note that if vo [ x—; = 2, the solution is periodic with period

=0
k+1.

4.1.2 The special case = —1 and k is even

In this case, we have

—~
—_

~—
v

+

<.
+

— =
>
N
~
L
wo| L
&
=

n—1
L(k+1)n+j—k = Lj—k H
s=0 (—1)s+i+1 4

i i (o (1))

s2>0, —1 +
s—j is even h

)

N
I
e
<
_
iR
|
o=
;(f_
+
=

Il B
= =
IS
L
\—/
2
w
dw
w1y
oS
o,
o,
<
Il
o

If 7 is even and n is odd,

k -l K 1252
T(kt1)ntj—k = Tj—k <—1 + 7 H x—z‘) <—1 + H $—z>
i:O By =0
=Ty (—1 + 7 H xz>
=0

18 M. Folly-Gbetoula et al 10-21



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

If 5 is odd and n is odd,

n—1

k -1z k L%J*l
T(k+1)n+j—k = Tj—k <—1 + 7 H IE—i) <—1 + H x—i)
i=0 1=0
k
= Tjk <—1 + % HSU1> -
i=0

If 7 is even and n is even,

k —LnT_lJ—l k \_HT_IJ'H
T(k+1)n+j—k = Tj—k <—1 + % H 35@) (—1 + % H xz)
i=0 i=0
=Tj—-
If 5 is odd and n is even,
k —n3t)-1 k L5t +1
Tkt )n+j—k = Tj—k <—1 + % H x—i) <—1 + 7% H $—i)
i=0 i=0
=Tj—-
In summary, and more compactly, the solution is
K (=17t
i | =1+ r_; , if n is odd
Tkt Dntj—k = ¥ ( i il;lo )
Tj_k, if n is even.

This solution has appeared in [1] (See Theorem 8).

4.1.3 The case when [, =1

The solution is given by

1=0

# (L) (0 D+

n—1 1
T(k+1)n+ji—k :x]—kH ) j :0a1727"'7k'

s=0 1 4 (ﬁ x_i) (k+1)s+ 7+ 1)y

1=0

10
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5 Conclusion

We have utilized symmetry analysis to find point symmetries for certain
(k + 1) th-order difference equations. We performed the group reduction of
the equations using one of these symmetries and solutions were given in a
unified manner. Our results generalise those in [1] in the sense that (a) a,
B and v need not necessarily be non-negative integers and (b) the constants
can be replaced with sequences (variable constants).
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ABSTRACT. In this paper, we find solutions and investigate the superstability
bounded by function for the sine functional equation from the approximate
inequality of the Pexider type functional equation:

() -0 (552 = e

Furthermore, the results are extended to Banach algebras. As a consequence,

we obtain the superstability for the exponential functional equations, the hy-
perbolic functional equations, and the jointed Pexider Lobacevski equation.

Keywords: stability, superstability, sine functional equation, cosine functional
equation.

MSC 2020: 39B82, 39B52.

1. INTRODUCTION

In 1979, Baker et al. [4] announced the superstability as the new concept as
follows: If f satisfies |f(z +y) — f(x)f(y)| < € for some fixed € > 0, then either f
is bounded or f satisfies the exponential functional equation

fl@+y) = f()f(y) (E)
D’Alembert, in 1769, introduced the cosine (d’Alembert) functional equation
fl@+y)+ flx—y) =2f(x)f(y), (©)

whose superstability was proved on Abelian group by Baker [3] in 1980.
The cosine (d’Alembert) functional equation was generalized to the following:

fle+y) + fle—y) =2f(2)g(y), (W)
fle+y) + fl@—y) =29(x)f(y), (K)

in which is called the Wilson equation, and (K]) was raised by Kim [9].
The superstability of the cosine , Wilson (W) and Kim was founded in
Badora [I], Ger [2], Kannappan and Kim [9], Kim [I3] 15| 16 20], and in [5, [7, 22].
In 1983, Cholewa [6] investigated the superstability of the sine functional equation

1D - 15 = r)fw) ()
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under the condition bounded by constant (Hyers sense). His result was improved to
the condition bounded by a function (Gavruta’s sense in [§]) in Badora and Ger [2].

Their results were also improved by Kim [I11, 12} [T4], which are the superstability
of the generalized sine functional equations:

FESD = (550 = fgy) (Ss)
1S - 1Y = g@)fw) (Sar)
15 = 1557 = g(@)aty) (Saa)
TED? = (50 = g@inty) (Sgn)

under the condition bounded by a constant or a function.

The aim of this paper is to find solutions and to investigate the superstability
bounded by the function (Gavruta sense in [8]) for the sine functional equation
from an approximate inequality of the Pexider type functional equation:

() o (55Y) = mema (S )

which is represented by the exponential equations, hyperbolic cosine(sine) equations,
and the jointed Pexider Lobacevski equation .

As corollaries, we obtain the superstability bounded by a constant or the function
for the sine functional equation (S)) from an approximate inequality of the sine type

functional equations (Stg)), (Sgs), (Sgg), (Sgn), and the Pexider type functional

eqations:
(Y o (552 = o (S )
(Y o (552 = hwsw (S50n1)
() o (55Y) = o (S10na)
e R e (S7u1)
(Y o (55Y) = s (Sro10)
() o (55 = swsw (S1at1)
F(50) o (55Y) = eno) (S 200)
(Y o (552 = o) (S1300)
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() o (55Y) = s (S+12a1)

Furthermore, the obtained results are extended to Banach algebras.

In this paper, let (G, +) be an uniquely 2-divisible Abelian group, C the field of
complex numbers, and G the field of real numbers. f,g,h,k are nonzero functions
and ¢ is a nonnegative real constant, ¢ : G — R be a mapping.

2. CREATION OF THE EQUATIONS AND ITS SOLUTION.

The purpose of this chapter is to show the creation and the solution for the
frequently risen function equations dued by the trigonometric function.

Let us recall the trigonometric formula, except for .
sin(x + y) + cos(z — y) = [sin(z) + cos(z)][sin(y) + cos(y)] implies

f@+y)+9(z—y) = [f(@) +9@)]lf(y) + 9] = h@)h(y).  (fghh)
cos(z + y) + sin(z — y) = [cos(x) + sin(x)][cos(y) — sin(y)] implies

fle+y) +9(z—y) = [f(@) + 9()][f (v) —9(W)] = h(@)k(y).  (fghk)
sin(x + y) — sin(z — y) = 2 cos(z) sin(y) implies

fe+y) = fle—y) =29()f(y). (Tyy)
cos(z +y) — cos(x — y) = —2sin(x) sin(y) implies

[z +y) = [z —y) = =29(2)9(y) = 29(x)h(y).
cos(z 4+ y) — sin(z — y) = [cos(z) — sin(z)][cos(y) + sin(y)] implies

f@+y) =gz —y) = [f(z) - g@)]lf () + 9] = h@)k(y).  (Trgnr)
sin(z + y) — cos(x — y) = [sin(z) — cos(x)][cos(y) — sin(y)] implies

fle+y) —g(z —y) = [f(@) —g(0)]lg(y) = F(W)] = M@)k(y).  (Trgnk)

fle+y) = fle—y) =2f(2)f(y) (T)

Like the cosine and the sine, the above functional equations are also derived
simultaneously by the hyperbolic cosine (sine), exponential equation, and Jensen
equation, as can be seen in the following relations:

cosh(z + y) & cosh(z — y) = 2 cosh(z) cosh(y) ( = —2sinh(z) sinh(y))
sinh(z + y) & sinh(z — y) = 2sinh(z) cosh(y) ( = 2 cosh(z) sinh(y))
a®ty 4+ a* Y = QaI% ~ 26‘”% = 2¢® cosh(y) ( = 2¢® sinh(y))
(n(z +y) + ) £ (n(z —y) +¢) = 2(nz + ¢) (= 2n(y))
: Jensen equation, for f(x) = nx + ¢, g(y) = 1,

(Tgh)

where the subtraction corresponds into parentheses ().
Since the trigonometric and hyperbolic functions are expressed by an exponential

function as following: sinz = € _2;37” and sinhz = < _2‘371, respectively, all of the
above functional equations naturally have exponential and hyperbolic functions as

solution.
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Now, let’s bring the quadratic functional equation generated by a product or a
square of the above equations, which is the target of this paper.
It is well known that the sine functional equation is derived as follows:

F(252) — f (252)" = sin (542)° — sin (552)°
= sin (z) sin (y) = f(x) f(y)-

Eq. has simultaneously an exponential solution as follows :

1 ( oty ,im) 21 ( 2=y ﬂ.m,y) 2 e — e\ (e — e~
—le 2 —e 2 —| —=(e" 2 —e 2 = .
23 2i 27 29

Also, simultaneously, is satisfied for the hyperbolic sine function as follows:
(R = 7 (552 = sinh (252)” - sinh (552)
zt+y z 2 z—y z—y 2
) () = e e
= sinh(z) sinh(y) = f(z)f(y),

which is added solutions as the hyperbolic sine, exponential function.
Also, the other examples of the Pexider type quadratic functional equations

i) f(%)tf(””?’f2
i) 9(*5%)" — 9(*3")

2

2
y

[\

(i) sinh? (Z£¥) — sinh? (23%)
. ) (i) cosh? (£E¥) — cosh? (25Y)
sinh(z) sinh(y) = (i) cosh? (2£2) — sinh? (252)
(i) — ((sinh® (252) — cosh® (%54) ).

Next, the Lobacevski equation

(25 = s (w)

. . . . 2 « 2
is considered to the exponential equation by f (%ﬂ’) = (e ;y) = %Y =

e’e? = f(z)f(y)-
The Lobacevski equation was generalized by Kim [I7, 18] Kim and Park [21]
to the Pexider type Lobacevski equations

F(55Y) =stnm. Y = ) (PL)
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Hence ([Stqni) and all (S) type equations are also represented as joint of and
(PL) as follows:

() = (o) (sl )
= p (@)~ g0 ) = (pa” — g o
= h(x)k(y),
where f(z) = 7/p(a”), g(x) = /q(a™), h(z) = pa® — qa™%, k(x) = a”.

As a result, the target function equation (S¢qnk) has solutions as the trigonomet-
ric, exponential, hyperbolic function, jointed Pexider Lobacevski equation.

In the following, we show examples of solution applied to the trigonometric func-

tion for (Sgel), (Sgn), , (S tgnn). Of course, it is also natural to have the its so-

lutions as exponential function, hyperbolic sine(cosine) function, Pexider Lobacevski
equation. Their description will be skip.

Solution 1. The functions f,g,h : G — C satisfy if and only if f,g,h are
solutions with f(x) = coszx, g(x) =sinz, and h(x) = —sinz.

In particular, if the functions f,qg: G — C satisfy the functional equation
if and only if f,g are solutions with f(x) = cosz and g(x) =isinz.

Proof. f (%W)Q—f ("""—;y)2 = cos (L;?’)Q—cos ("""—;y)2 = —sinzsiny = g(x)h(y). In
particular case, it is established that f (l';y)fo (lgy)z = cos (%)27005 (“Lgy)2 =
Zsinzsiny = g(z)g(y). 0

&

Solution 2. The functions f,g,h,k : G — C satisfy (Stqnil) if and only if f,g,h
are solutions with f(z) = sin(x), g(z) = cos(x), h(z) = (sin? — cos?)(x), k()
(cos? —sin?)(x).

—sinxsiny = ¢

Proof. f (“”T“J)2 —g (””;y)2 = sin (%)2 — cos (%)2 = (sin® z — cos® z)(cos? y —
sin?y) = h(x)k(y). O
Solution 3. (i) The functions f,g,h: G — C satisfy (Syqns) if and only if f,g,h
are solutions with f(x) = cos(2x), g(z) = sin(2z), h(z) = (cos? —sin?)(z).

(i) The functions f,g,h : G — C satisfy (Sgqnn) if and only if f,g,h are
solutions with f(x) = sin(z), g(z) = cos(x), h(z) = i(sin?® — cos?) ().

Proof. (i) f (554)? — g (252)% = cos (2232)” —sin (225%)* = cos (z+y)” —sin (z —
y)2 = (cos? x — sin? 2)(cos? y — sin?y) = h(z)h(y).

(i) £ (55%)° — 9(*5%)" = sin (%3%)" — cos (3%)" = (sin”x — cos? ) (cos? y -
sin?y) = i?(sin? 2 — cos? z)(sin? y — cos?y) = h(x)h(y). O
Remark 1. (i) It is trivial that all have solutions as an exponential functions,
hyperbolic sine (cosine) functions, and Lovachevsky equations.

(i) The investigation of solutions associated with the generative method for ((S¢qnk)
can be further extended to that for the Pexider type function equation:

e (Prane)
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3. SUPERSTABILITY OF FROM THE APPROXIMATE INEQUALITY OF ([Sfgnk)

We investigate the superstability of the sine functional equation (S]) from the
approximate inequality of the Pexider type functional equation (S¢gnk) related to
(S). As a corollary, we obtain the superstability of the sine functional equation ().

Theorem 1. Assume that f,g,h,k : G — C satisfy the inequality

|f () o (55Y) e

which satisfies one of the cases k(0) = 0, f(z)? = g(x)%.
Then either h is bounded or k satisfies , In addition, if h satisfies , k and
h satisfy ([Tyg)i= k (z+y) — b (z — y) = 2h()k(y).

Proof. The inequality (3.1)) may equivalently be written as
f (@ +y)* —g(z—9)" - h20)k(2y)| < ¢(2y), Ya,yeq. (3.2)

Let h be unbounded. Then we can choose a sequence {x,} in G such that

<¢ly) Vr,yeq, (3.1)

0 # |h(2zy)] = 00, as n — co. (3.3)

Taking x = z,, in (3.2), we obtain

f (xn + y)2 — g(xn - y)2
‘ n@z,) — k(2y)

and so by (3.3]), we have

f(xn+y)2_g(xn_y) )

k(2y) = lim, h(22,,) (34)
Using (3.1]) we have
2n +141y\" 22, + 2 —y\’
20(0) 2 20+ a)iy) - ] (2L g (20

2c, —x + 2 2x, — T — 2
A CICPES) S

> | (h(2zy + 2) + h(22, — 7)) k(y)
() o)

- <f (xn + ;_ y) -9 <a:n - —x2+y>2> ‘ (3.5)

for all z,y € G and all n € N. Consequently,
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20(y) h(2z,, + x) + h(2z, — )
h(22,)] = h(2z,) ky)
Cflan+ ) — g (- )
h(2z,)
f (a5 — g (- 5

h(2z,)

for all z,y € G and all n € N.
Taking the limit as n — oo with the use of (3.4) and (3.6, we conclude that,
for every z € G, there exists the limit function

h(2z, + x) + h(2z, — )

Ly(z) == lim h(2ey) ;
where the obtained function L; : G — C satisfies the equation as even
k(x+y)+k(—z+y) = Li(2)k(y) Vz,y €G. (3.7)
First, let us consider the case k(0) = 0. Then it forces by that k is odd. So
is
k(x+y) —k(z —y) = Li(z)k(y) Vz,y € G. (3.8)
By means of and the oddness of k, we have the following

Ko+ 9)° — k(o — )2 = [z + 1) + Kz — ) (k) (39)
= [kQ2z +y) + k(2z — y)|k(y)

= [k(y + 22) — k(y — 22) | k(y)

= Li(y)k(2z)k(y).

Putting z = y in (3.8]), we conclude that

k(2y) = L1 (y)k(y) for all z,y € G. (3.10)
The equation (3.9), in return, leads with (3.10]) to the equation
k(x4 y)* — k(z —y)? = k(22)k(2y), (3.11)

which, by 2-divisibility of G, states nothing else bu.

In addition, if h satisfies 7 Ly forces 2h, so (3.8]) forces that k and h satisfy
[os)-

For the other case f(z)? = g(z)?, it is enough to show that k(0) = 0. Suppose

that this is not the case. Then, we may assume that k(0) = ¢: constant.
Putting y = 0 in (3.1)), from the above assumption, we obtain the inequality

(e < 0

This inequality means that h is globally bounded, which is a contradiction by
unboundedness assumption. Thus the claimed k(0) = 0 holds, so the proof is com-
pleted. O

Vxed.
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Theorem 2. Suppose that f,g,h,k : G — C satisfy the inequality

‘f (550) o (55Y) - hem)

which satisfies one of the cases h(0) =0, f(z)? = g(—x)2.
Then either k is bounded or h satisfies , In addition, if k satisfies , h and
k satisfy the Wilson equation (W)):= h(z+y)+h(z —y) = 2h(z)k(y).

< p(z) Vr,y€q, (3.12)

Proof. Let k be unbounded. Then we can choose a sequence {y,} in G such that
k(2y,)| — oo as n — oo. An obvious slight change in the proof steps applied in the
start of Theorem [I| gives us

T f(x+yn)2_g(x_yn)2
h(2z) = lim k(2yn) '

Replacing y by y + 2y,, and —y + 2y,, in (3.12)), the same procedure of (3.5 and
(3.6)) allows, with an applying of (3.13)), one to state the existence of a limit function

. k(Y4 2un) + k(=Y + 2yn)
L =1
2(y) := R (2ym) :

where Ly : G — C satisfies the equation
hz+y)+hiz—y) =h(z)Ls(y) Vr,y € G. (3.14)
For the case h(0) = 0, it forces by that h is odd.
Putting y = z in , we get
h(2z) = h(z)La(z) Vz,€ G. (3.15)
From , the oddness of h and , we obtain the equation
h(z +y)* = h(z —y)* = h( )L2(y)[h(z +y) — h(z — y)]

(3.13)

h(@)[h(x + 2y) — h(z — 2y)]
h(fv)[ (2y + ) + h(2y — 2)]
= h(z)h(2y) La(x)
= h(2x)h(2y),

which, by 2-divisibility of G, states (|5)).
In addition, if k satisfies , Ly forces 2k, so (3.14]) forces that h and k satisfy

(W).
The other case f(z)? = g(—z)? also is established h(0) = 0 for the same reason
as that of Theorem 1, so the proof is completed. O

From Theorems [1| and [2] we obtain the following result as a corollary.

Theorem 3. Suppose that f,g,h,k: G — C satisfy the inequality

‘f e

for all x,y € G. Then

< min{p(z), p(y)} (3.16)
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(i) either h under the cases k(0) = 0 or f(z)? = g(x)? is bounded or k satisfies
. In addition, if h satisfies , k and h satisfy :: kE(z+y) —k(z—y) =
2h(x)k(y);

(ii) either k under the cases h(0) = 0 or f(x)? = g(—x)* is bounded, or h
satisfies . In addition, if k satisfies , h and k satisfy the Wilson equation

(W):=h(z + y) + h(z — y) = 2h(z)k(y).
As a corollary, we obtain the stability of the sine functional equation from

Theorems [1] 2} [3]
Corollary 1. Assume that f : G — C satisfies the inequality

(52) -1 (552) - s = {00t

< q (@) o(),
Then, either [ is bounded or f satisfies .

(#ii) min{p(x),p(y)}-

Proof. Assumption f(0) = 0 in Theorems is simply eliminated (see [2, Theorem
5]). O

4. APPLICATION OF THE EQUATIONS (Stannl), (Stgnt), (Srgrnl)s (Stgzq

Replacing according to the location by f, g, or h for the functions &, h in Theorems
and (3] as corollaries, we obtain the stability of the sine functional equation

from the approximate inequalities of (Stgnn), (Srans)s (Srarnl), (Srargl)- Other cases
are skipped. All proofs follow from that of Theorems

4.1. Stability of the equation (Sf,n).
Corollary 2. Suppose that f,g,h : G — C satisfy the inequality

r(32) o (552) s <

< 9 (7) ¢(=) Vr,y € G.
(2i) min{ep(x), o(y)}

Then, either h is bounded or h satisfies under one of the cases h(0) = 0,

f(33)2 = 9(55)27 f(l“)2 = g(—x)Q, respectively.

4.2. Stability of the equation (Stgn¢).
Corollary 3. Assume that f,g,h : G — C satisfy the inequality

4 o\2 N2
F(55) -o(5FY) - nsw)
which satisfies one of the cases f(0) =0, f(x)? = g(z)?.

Then, either h is bounded or f satisfy . In addition, if h satisfies , then f
and h satisfy .': flx+y)— fx—y)=2hx)f(y).

<e(y), Vz,yed
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Corollary 4. Suppose that f,g,h : G — C satisfy the inequality

r+vy 2 r—y 2
F(55) -o(55Y) -nsw)
which satisfies one of the cases h(0) = 0, f(x)? = g(—x)>.

Then, either f is bounded or h satisfies . In addition, if f satisfies , h and
[ satisfy the Wilson equation (W):=h (z+y) + h(z —y) = 2h(z) f(y).

<o(z), Vr,yed

The following result follows from Corollaries [3] and [4]
Corollary 5. Suppose that f,g,h: G — C satisfy the inequality

(7)o (55 - merw)

for all xz,y € G. Then

(i) either h is bounded under one of the cases f(0) =0, f(z)? = g(x)? or f satisfy
. In addition, if h satisfies , f and h satisfy :: flea+y) —flx—y) =
2h(x) f(y);

(ii) either f is bounded under one of the cases h(0) = 0, f(x)? = g(—x)? or h
satisfies . In addition, if f satisfies , h and f satisfy the Wilson equation
W) :=h (z +y) + h(z —y) = 2h(2) f(y).

< min{p(z), ¢(y)}

4.3. Stability of the equation (Sy,s).
Corollary 6. Suppose that f,g,h : G — C satisfy the inequality

T+y 2 rT—y 2
F(55) —o(55Y) - samn)
which satisfies one of the cases h(0) =0, f(z)? = g(x)?2.

Then, either f is bounded or h satisfies . In addition, if f satisfies , h and
[osatisfy (Tgz):= h(z+y) —h(z—y)=2f(2)h(y).

Corollary 7. Suppose that f,g,h: G — C satisfy the inequality

r+y 2 r—y 2
() ~o(55Y) - fam)
which satisfies one of the cases f(0) =0, f(z)? = g(—x)?2.

Then, either h is bounded or f satisfies . In addition, if h satisfies , f and
h satisfy the Wilson equation :: fla+y)+ fx—y)=2f(x)h(y).

Corollary 8. Suppose that f,g,h : G — C satisfy the inequality

e e

for all x,y € G. Then

< (),

< p(w),

< min{p(z), p(y)}

(i) either f is bounded under one of the cases h(0) = 0, f(z)? = g(z)? or h
satisfies (S). In addition, if f satisfies (C)), h and f satisfy (Tys):= h(z+y) —

h(z—y) =2f(x)h(y);
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(ii) either h is bounded under one of the cases f(0) = 0, f(z)? = g(—x)% or f
satisfies . In addition, if h satisfies , f and h satisfy the Wilson equation

W):=f (z+y) + f (z—y) = 2f()h(y).

4.4. Stability of the equation (S/4y,).
Corollary 9. Suppose that f,g: G — C satisfy the inequality

() o (55Y) - s

which satisfies one of the cases g(0) =0, f(x)? = g(z)?.
Then, either f is bounded or g satisfies . In addition, if f satisfies , g and
[ osatisfy (Lyg):= g (x+y) —g(x—y) =2f(x)g(y).

Corollary 10. Suppose that f,g: G — C satisfy the inequality

x+y 2 r—y 2
f( 5 ) —g< 5 ) — f(@)g(y)
which satisfies one of the cases f(0) =0, f(x)? = g(—z)%.

Then, either g is bounded or f satisfies . In addition, if g satisfies , then
f and g satisfy the Wilson equation .

< e(y),

< (),

Corollary 11. Suppose that f,g: G — C satisfy the inequality

Tty 2 Tr—y 2
f( 5 ) —g< 5 ) — f(@)g(y)
for all x,y € G. Then

(i) either f is bounded under one of the cases g(0) = 0, f(x)? = g(z)? or g satisfies
(S). In addition, if f satisfies (C), g and f satisfy .': glz+y)—glz—y) =
2f(x)g(y);

(ii) either g is bounded under one of the cases f(0) = 0, f(z)* = g(—x)? or f
satisfies . In addition, if g satisfies , then f and g satisfy the Wilson equation
).

Remark 2. As corollaries, we obtain more stability results for the following reduced

equations of (Srqnkl)-

(i) The stability for the functional equations (Stqngl)s (Stagnl)s (Sraar)s (Starsl,
S ,and (Sgnl), (Sqf), (Srq), (Sgq) is skipped by same reason as the cases

< min{p(z), ¢(y)}

Starnl), (Stantl)s (Starnl)s (Stare- In particular, the stability for the equations
Son), (SqrD), (Srebs (Sgq) is found in papers (see [11} 14} [19]).

(ii) Applying o(x) = @(y) = € in all results containing (i), then it imply the
stability results.

5. EXTENSION OF THE STABILITY RESULTS TO BANACH ALGEBRAS

All the results in Sections [3]and [4 can be also extended to Banach algebras. The
following theorem is an extension dued by Theorem [T} Theorem [2] and Theorem [3]
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Theorem 4. Let (E,| -|) be a semisimple commutative Banach algebra. Assume
that f,g,h,k : G — E satisfy the inequality

Hf (250) o (552 ~mmon

Then, for an arbitrary linear multiplicative functional z* € E*,

(i) either the superposition x* o h under the cases k(0) = 0 or f(x)? = g(x)? is
bounded or k satisfies , In addition, if h satisfies , k and h satisfy ::
k(z+y)—k(z—y)=2h(x)ky);

(ii) either the superposition x* o k under the cases h(0) = 0 or f(z)? = g(—x)? is
bounded or h satisfies . In addition, if k satisfies , h and k satisfy the Wilson
equation (W)):= h(z+y) +h(z —y) = 2h(z)k(y);

(iii) (i) and (ii) hold.

(1) o(y),
< q (@) p(z),
(443) min{p(x),p(y)}.

Proof. Assume that (i) holds and fix arbitrarily a linear multiplicative functional
x* € E. As is well known we have ||z*|| = 1 whence, for every z,y € G, we have

h(a:)k(y)—f<x;y)2+g<x;y>2H
= v (o= (552) 0 (532))
o (h(2)) - &* (k(y)) — 2" (f (m;y» o (g (33;9)2>

which states that the superpositions z* o h and z* o k yield a solution of stability
inequality of Theorem Since, by assumption, the superposition z* o h is
unbounded, an appeal to Theorem [I| forces that the function x* o k solves the sine
equation . In other words, bearing the linear multiplicativity of z* in mind, for
all x,y € G, the difference DS : G — FE defined by

DS(x,y) ==k (m ; y>2 —k (m ; y)2 — k(2)k(y)

falls into the kernel of x*. Therefore, in view of the unrestricted choice of z*, we
infer that

ely) >

>

)

DS(z,y) € ﬂ{ker x* : z" is a multiplicative member of E*}

for all x,y € G. Since the algebra E has been assumed to be semisimple, the last
term of the above formula coincides with the singleton {0}, that is,

DS(z,y) =0 forall z,ye€q,

as claimed. The cases(ii), (iii) also are the same. O
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Corollary 12. Let (E, | -||) be a semisimple commutative Banach algebra. Assume
that f,g,h : G — E satisfy the inequality
< 4 (@) p(2),

z+y\’  (z-y\®
Hf( r) () e (i) min{e(z). (1)}

For an arbitrary linear multiplicative functional x* € E*, either the superposition
x* o h is bounded or h satisfies under one of the cases h(0) =0, f(z)? = g(z)?,
f(x)? = g(—x)2, respectively.

Corollary 13. Let (E, | -||) be a semisimple commutative Banach algebra. Assume
that f,g: G — E satisfy the inequality
< q (@) ¢(),

r+y\* -y’
|f( Qy) —g( Qy) ~ h(x)f(y) e,

Then, for an arbitrary linear multiplicative functional z* € E*,

(i) either the superposition x* o h under one of the cases f(0) =0, f(x)? = g(x)?
is bounded or f satisfies , In addition, if h satisfies , f and h satisfy ,'

(ii) either the superposition x*o f under one of the cases h(0) = 0, f(z)? = g(—x)?
is bounded or h satisfies . In addition, if f satisfies , h and f satisfy the
Wilson equation ;

(iii) (i) and (ii) hold.
Corollary 14. Let (E, | -||) be a semisimple commutative Banach algebra. Assume
that f,g : G — E satisfy the inequality

< q (@) p(z),

’f <m;y>2 (% y> B (i) min{p(z), o).

Then, for an arbitrary linear multiplicative functional x* € E*,

(i)) either the superposition x* o f under one of the cases h(0) =0, f(z)? = g(x)?
is bounded or h satisfy ;

In addition, if [ satisfies , h and f satisfy :: hz+y)—h(z—y) =
2(x)h(y).

(ii) either the superposition x* o h under the cases f(0) =0 or f(x)? = f(—x)? is
bounded or f satisﬁes . In addition, if h satisfies , f and h satisfy the Wilson
equation (W)= f (z+y) + f (z — y) = f(2)h(y);

(iil) (i) and( i) hold.

Corollary 15. Let (E, || -||) be a semisimple commutative Banach algebra. Assume
that f : G — FE satisfies the inequality
< 4 (@) p(),

v+y\® L (a—
Hf< 2 ) f( (iii) min{p(x), ¢(y)},

For an arbitrary linear multiplicative functional x* € E*, either the superposition

x* o f is bounded or f satisfies .

() (),

(1) (y),

(1) ¢(y),

(1) ¢(y),

2
y) @) W)
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Remark 3. All items of Remark [3 also hold to same results for all functional
equations on Banach algebras.

6. CONCLUSION

We investigated the superstability bounded by function for the sine functional

equation (S)) from the approximate inequality of the Pexider type functional equa-
tion (Sygnk)), and we studied a creative process for the sine, cosine(d’Alembert),

Wilson, Kim’s, (S) type functional equations, which are a frequently arisen function
equations related for the sine functional equation and the Pexider type functional

equation(Stgnk)-

As aresult, all (S) types functional equations related with and (S¢gnk)) can be
represented by the trigonometric, exponential, hyperbolic function, jointed Pexider
Lobacevski equation. Furthermore, we showed the application of our results to a
myriad of equations and the results were extended to Banach algebra.
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TERNARY HOM-DERIVATION-HOMOMORPHISM

SAJJAD KHAN, JUNG RYE LEE*, AND EON WHA SHIM

ABSTRACT. In this paper, we introduce and solve the following additive-additive (s, t)-functional
inequality

lg (z +y+2) —g(z) = g9(y) = 9(2)||

+Hh(:v+y+z)+h(xf2y+z)+h(m+y722 — 3h(x)]| (0.1)
< (o (Z52) 0|
t(3h(%y+z)+h(x—2y+z)+h(x+y—2z)—3h(ac)>’ ,

where s and t are fixed nonzero complex numbers with |s|] < 1 and |t| < 1. Using the
direct method and the fixed point method, we prove the Hyers-Ulam stability of ternary hom-
derivations and ternary homomorphisms in C*-ternary algebras, associated to the additive-
additive (s, t)-functional inequality (0.1) and the following functional inequality

lg([z,y, 2]) — [9(2), h(y), h(2)] = [R(x), 9(v), h(2)] — [h(x), h(y), 9(AIIl  (0.2)
FlIh (2, y, 2]) = [A(z), h(y), h(2)]]| < p(z,y, 2).

1. INTRODUCTION AND PRELIMINARIES

A C*-ternary algebra is a complex Banach space A, equipped with a ternary product
(z,y,2) = [z,y,2] of A% into A, which is C-linear in the outer variables, conjugate C-linear
in the middle variable, and associative in the sense that [z,y,[z,w,v]] = [z,[w, z,y],v] =
[z, y, 2], w,v], and satisfies ||[,y, 2]|| < ||=[| - [y]l - ||2]| and ||[z,2, ][] = [|z[* (see [33]).

Let A be a C*-ternary algebra. A C-linear mapping g : A — A is a ternary derivation if
g: A — A satisfies

9([z,y, 2]) = [9(2), y, 2] + [2,9(y), 2] + [, 9, 9(2)]
for all z,y,z € A, and a C-linear mapping h : A — A is a ternary homomorphism if h: A — A
satisfies
Mz, y, 2]) = [h(@), h(y), h(2)]
for all z,y,z € A (see [1, 18]). For a ternary derivation g : A — A and a ternary homomorphism
h:A— A,

goh(lz,y,2]) = [g o h(x), h(y), h(2)] + [h(x), g o h(y), h(2)] + [h(2), h(y), g © h(2)]

for all z,y,z € A. The C-linear mapping go h : A — A is called a ternary hom-derivation,
which is defined as follows:
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Definition 1.1. Let A be a C*-ternary algebra and H : A — A be ternary homomorphism. A
C-linear mapping D : A — A is called a ternary hom-derivation in A if D : A — A satisfies

D([z,y,2]) = [D(x), H(y), H(2)| + [H(x), D(y), H(2)] + [H(z), H(y), D(z)]
for all z,y,z € A.

The stability problem of functional equations originated from a question of Ulam [31] con-
cerning the stability of group homomorphisms. Hyers [15] gave a first affirmative partial answer
to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [2] for ad-
ditive mappings and by Rassias [26] for linear mappings by considering an unbounded Cauchy
difference. A generalization of the Rassias theorem was obtained by Gavruta [13] by replacing
the unbounded Cauchy difference by a general control function in the spirit of Rassias’ approach.
Park [21, 22, 24] defined additive p-functional inequalities and proved the Hyers-Ulam stability
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces.
The stability problems of various functional equations and functional inequalities have been
extensively investigated by a number of authors (see [8, 9, 10, 11, 12, 14, 19, 27, 28, 29, 30, 32]).

We recall a fundamental result in fixed point theory.

Theorem 1.2. [3, 6] Let (X,d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant o < 1. Then for each given element
x € X, either

d(J"z, J" ) = oo

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, J"1r) < oo, Vn > ng;
(2) the sequence {J"x} converges to a fized point y* of J;
(3) y* is the unique fized point of J in the set Y = {y € X | d(J™z,y) < 0o};
(4) d(y,y*) < 25y, Jy) for ally €Y.

In 1996, Isac and Rassias [16] were the first to provide applications of stability theory of
functional equations for the proof of new fixed point theorems with applications. By using
fixed point methods, the stability problems of several functional equations have been extensively
investigated by a number of authors (see [4, 5, 7, 23, 25]).

In this paper, we solve the additive-additive (s, ¢)-functional inequality (0.1). Furthermore,
we investigate ternary hom-derivations and ternary homomorphisms in C*-ternary algebras
associated to the additive-additive (s, t)-functional inequality (0.1) and the functional inequality
(0.2) by using the direct method and by the fixed point method.

Throughout this paper, assume that A is a C*-ternary algebra and that s and t are fixed

nonzero complex numbers with |s| < 1 and |¢| < 1.
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2. STABILITY OF ADDITIVE-ADDITIVE (s,t)-FUNCTIONAL INEQUALITY (0.1): A DIRECT
METHOD

In this section, we solve and investigate the additive-additive (s, ¢)-functional inequality (0.1)
in C*-ternary algebras.

Lemma 2.1. If mappings g,h : A — A satisfy g(0) = h(0) =0 and

lg(z+y+2)—g(x)—g(y) —g(z)|l
+||h(a:+y—|—z)—|—h(x—2y—|—z)+h(ﬂc+y—22 — 3h(x)]] (2.1)

(30 (7577) o0 -0t ot

+ Ht <3h (W) +h(x—2y+2)+hizx+y—2z) - 3h(w)) H

for all x,y,z € A, then the mappings g,h : A — A are additive.

<

Proof. Letting x =y = z in (2.1), we get
l9(3z) = 3g(2)|| + [[h(3z) — 3h(x)[| <O
for all z € A. So ¢g(3z) = 3g(x) and h(3z) = 3h(z) for all x € A. It follows from (2.1) that

lg (z +y+2) —g(x) —g(y) — g(2)]

+|h(x+y+ 2z) + h(x —2y+ 2) + h(z +y — 22) — 3h(x)||
<ls(g@+y+2z)—glx)—gy) —g(2)]
+t(h(z+y+2)+h(x—2y+2)+ h(z+y —22) — 3h(z))||

for all z,y,z € A. Thus
9@ +y+2z)=g()+9(y) +9(2),
hMx+y+z)+h(x—2y+2)+ h(z+y —22) = 3h(z)
for all x,y,z € A, since |s| < 1 and |t| < 1. So the mappings g,h : A — A are additive. O

Lemma 2.2. [20, Theorem 2.1] Let f : A — A be an additive mapping such that

f(Aa) = Af(a)
forall A\ € TV :={¢ € C:|¢| =1} and all a € A. Then the mapping f : A — A is C-linear.

Using the direct method, we prove the Hyers-Ulam stability of pairs of ternary hom-derivations
and ternary homomorphisms in C*-ternary algebras associated to the additive-additive (s, t)-

functional inequality (2.1).

Theorem 2.3. Let ¢ : A3 — [0,00) be a function such that

229 ( ;)<oo (2.2)
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forall z,y,z € A. Let g,h : A — A be mappings satisfying g(0) = h(0) =0 and

lg Az +y+2)) — AMg(z) + g(y) + 9(2))|l
+|h(A(z +y + 2)) h()\(m—2y+z)) +h()\ x4y —22)) — 3\h(z)|| (2.3)

(0 o)

<
< s (o0 (57 )
H <3h< +y+2> + h(\ x—2y+z))+h(/\(x+y—2,z))—3)\h(a;)>H+<p(gg,y7z)

for all X € T' and all x,y,z € A. If the mappings g,h : A — A satisfy

l9([z, 9, 2]) = [g(2), h(y), h(2)] = [h(2), (), h(2)] = [A(x), h(y), 9(2)]]] (2.4)
+IA([z,y, 2]) = [h(2), h(y), h(2)]l| < (2,9, 2)

for all z,y,z € A, then there exist a unique ternary hom-derivation D : A — A and a unique

ternary homomorphism H : A — A such that

y z
la@) = D) + Ih(z) = H)| < Zsﬂ (5L 5) (2:5)
for all x € A.
Proof. Letting A =1 and y = z = x in (2.3), we get

lg(3z) = 3g(x)|| + [[h(3z) = 3h(z)|| < p(z, z,z) (2.6)

and so

for all z € A. Thus

a(3)- (2]

(3)- ()

m—1
i (L) i+l i () sty
S‘l 3g<3j 3 3J+1 Z Sh| g7 ) =3 g
j= Jj=
LI T T T
S Z 3‘7_1@ ('7'7')
Pt 377377 37

for all nonnegative integers m and ! with m > [ and all z € A. It follows from (2.7) that the
sequences {3Fg (37)} and {3’%( )} are Cauchy for all x € A. Since Y is a Banach space, the
sequences {3%g (35)} and {Skh(%)} converge. So one can define the mappings D, H : A — A
by
k L T k X
D(z) == hm 3 <3k> & H(x):= khﬁn;l@?; h (31€>

for all z € A. Moreover, letting | = 0 and passing to the limit m — oo in (2.7), we get (2.5).
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It folllows from (2.3) that

D (A(z+y+2) = AMD(z) + D(y) + D(2))||
+HIHMNz+y+2)+ HMNx—2y+2)) + HAz+y —22)) — 3\H(z)]|

r+y+z T Y

1 n - < I

= 3 <’\ 3n ) /\< (3">+g(3”)+g<3">>H
+ lim 3" h(AHerz) h(A 2y+2>+h(AW)_3Ah(x)“
n=00 3n 3n 3 3"

] n x+y+2 “
<« (2 (V) <2 (0 (50) <0 (57) +9 (50)))|

o NAVAE: 2y+z Ty -2 v
i o (o (32 ) o (5 )+ (v ) - ()

+ lim 3" (x Y Z)

S AT T T
— 3(3D (A”W;“)—A(D( )+ D(y )H
+ Ht <3H ()\W) +H\z — 2y +2)) + H\z +y — 22)) — 3)\H(x)> H

for all A € T! and all z,y,z € A. So

1D Mz +y+2)) —A(D(z) + D(y) + D(2))|
+HIHMz+y+2)+ HAMNx —2y+2)) + H Az +y —22)) — 3\H(2)||

s <3D (A“é”) _A(D(z) + D(y) + D(z))> H (2.8)
4 Ht <3H (A‘”“é”) FHO @ =2y +2) + HO\@ +y — 22)) — 3)\H(m)) H

for all A € T! and all z,y,z € A.
Let A =1 in (2.8). By Lemma 2.1, the mappings D, H : A — A are additive.
It follows from (2.8) and the additivity of D and H that

D (A(z+y+2) = AMD(z) + D(y) + D(2))||
+HIHNMz+y+2)+ HMNx—2y+2)) + HAz+y —22)) — 3\H(z)||
< Is(DA(@+y+2) = AMD(z) + D(y) + D(2)))|l
+t(HNMz+y+2)+ HAMNx—2y+2)) + HAz+y —22)) — 3 H(z))||
for all A € T! and all z,y,2 € A. Since |s| < 1 and [t| < 1,
DMNz+y+2)—AXND(z)+D(y)+ D(2)) = 0,
HXNz+y+z2)+HMNz—2y+2)+HANx+y—22)) —3X\H(z) = 0

and so D(Ar) = AD(z) and H(Ax) = AH(z) for all A € T! and all z,y, 2 € A. Thus by Lemma
2.2, the additive mappings D, H : A — A are C-linear.
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It follows from (2.4) and the additivity of D, H that

1D ([, y, 2]) = [D(x), H(y), H(2)] = [H(z), D(y), H(2)] — [H(x), H(y), D(2)]
I H([2,y,2]) = [H(z), H(y), H(2)]|

1((57) - (7) () ()]
() o (o) ()] - 1 () 1 () o (55
()P ) el 5)

which tends to zero as n — oo, by (2.2). So

D([x,y, 2]) = [D(x), H(y), H(2)] — [H(x), D(y), H(2)] — [H(x), H(y), D(2)] = 0
H([z,y,2]) = [H(x),H(y), H(2)] = 0

=27"

%=

IN

for all x,y,z € A. Hence the mapping D : A — A is a ternary hom-derivation and the mapping
H : A— Ais a ternary homomorphism. 0

Corollary 2.4. Let r > 3 and 6 be nonnegative real numbers and g,h : A — A be mappings
satisfying g(0) = h(0) =0 and

lg (A(z +y +2)) — Alg(z) + 9(y) + 9(2))
+h(Az+y+2)) h()\(a:—2y+z)) +h()\ T +y—22)) — 3\h(z)]| (2.9)

(30 (45 ) A0 o 4o

R
H <3h( ‘”y”)m x—2y+z))+h()\(x+y—2z))—3/\h(x)>H
+O(lllI” + llyll")

<

for all X € T' and all x,y,z € A. If the mappings g,h : A — A satisfy

l9([z,y, 2]) = [g(2), h(y), h(2)] = [1(x), 9(y), h(2)] = [h(x), h(y), g()]II  (2.10)
+l|A e, y, 21) = [h(x), h(y), () < Ol )"+ [lyll" + ll=[")
for all x,y,z € A, then there exist a unique ternary hom-derivation D : A — A and a unique
ternary homomorphism H : A — A such that

lg(x) — D@ + h(2) — H@)|| < -

3 -3

]|
for all x € A.

Proof. The proof follows from Theorem 2.3 by o(x,y, 2) = 0(||z||"+ ||y||"+||z||") for all z,y, z €
A. O

Theorem 2.5. Let ¢ : A2 — [0,00) be a function and g,h : A — A be mappings satisfying
g(0) = h(0) =0, (2.3), (2.4) and

o0

Oz, y,2) =) o

Jj=0

0(37x,37y,372) < 00 (2.11)

w‘H
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for all x,y,z € A. Then there exist a unique ternary hom-derivation D : A — A and a unique

ternary homomorphism H : A — A such that

lg(z) = D(2)|| + [[h(x) — H(z)|| < éfb(x,:c,m) (2.12)
for all x € A.

Proof. Tt follows from (2.6) that

H — fg (3z) o(z,z,x) (2.13)

for all z € A. Thus

‘?}’g <?:f’> 3%9(3m | ’ %h (3%a) - 3%’1(37"95) (2.14)
m—1 -
< par 379(9 )_3jl+19<33+1x)‘+j§ 3Jh(3] ) #h(zgﬁl )‘
< lmili J J J
=3 3j90(3:c,3x,3 :z:)

for all nonnegative integers m and [ with m > [ and all x € A. It follows from (2.14) that the
sequences {3%9(3"33:)} and {%kh(?)kx)} are Cauchy for all z € A. Since Y is a Banach space, the
sequences {3%9(3]“36)} and {%,ch(3km)} converge. So one can define the mappings D, H : A — A
by
1
D(z) := hrn 3kg (3ka:>,
— i k
H(x):= klgglo Skh (3 x)
for all x € A. Moreover, letting [ = 0 and passing to the limit m — oo in (2.14), we get (2.12).
By the same reasoning as in the proof of Theorem 2.3, one can show that the mappings
D,H : A— A are C-linear.
It follows from (2.4) and the additivity of D and H that
+||H([33 y,z]) — [H(z), H(y), H(2)]|
5o lg 27"z, y,2]) — [g (3"x) , h(3"y), h(3"2)]
—[h(3"x), (3"y), h(3"2)] = [h (3"x) , h(3"y), g(3"2)]|
1l (27" 2, y, 2]) — [h (3") , b (3"y) , h(3"2)]|

27”

27”
< ST 4 (3"z,3"y,3"2) < Bian (3"z,3"y,3"2),
which tends to zero as n — oo, by (2.11). So
D((,y,2]) — [D(x), H(y), H(=)] - [H(x), D), H()] - [H(z), H(y), D(2)]
H([z,y,z]) — [H(x), H(y), H(z)] = 0

Il
o

for all x,y, 2z € A. Hence the mapping D : A — A is a ternary hom-derivation and the mapping
H: A — Ais a ternary homomorphism. O
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Corollary 2.6. Let r < 1 and 6 be nonnegative real numbers and g,h : A — A be mappings
satisfying g(0) = h(0) = 0, (2.9) and (2.10). Then there exist a unique ternary hom-derivation
D: A— A and a unique ternary homomorphism H : A — A such that

o) — D@ + (@) — Ha)l < 32

]|
for all x € A.

Proof. The proof follows from Theorem 2.5 by o(x,y, 2) = 0(||z||"+ ||y||" +||z||") for all z,y, z €
A. O

3. STABILITY OF ADDITIVE-ADDITIVE (s, ¢)-FUNCTIONAL INEQUALITY (0.1): A FIXED POINT
METHOD

Using the fixed point method, we prove the Hyers-Ulam stability of pairs of hom-derivations
and homomorphisms in C*-ternary algebras associated to the additive-additive (s, t)-functional

inequality (0.1).
Theorem 3.1. Let ¢ : A3 — [0,00) be a function such that there exists an L < 1 with

T Y z L L
S22 <= <= 3.1
30(3,3,3)_2790(96,%2)_ 3¢ (2.9,2) (3.1)

for all x,y,z € A. Let g,h : A — A be mappings satisfying g(0) = h(0) = 0, (2.3) and
(2.4). Then there ezist a unique ternary hom-derivation D : A — A and a unique ternary
homomorphism H : A — A such that

lg(x) = D(@)|| + [[h(x) = H(z)|| < 3(1LL)<P (z,z,2) (3.2)

for all x € A.

Proof. 1t follows from (3.1) that

L
73 J
E 27 ( ) E 27 27]g0xy 1_Lg0(a:,y,z)<oo

for all z,y,z € A. By Theorem 2.3, there exist a unique ternary hom-derivation D : A — A
and a unique ternary homomorphism H : A — A satisfying (2.5).
Letting A =1 and y = z = z in (2.3), we get

lg(3z) = 3g() || + [h(3x) — 3h(z)|| < p(x, z,z) (3.3)

for all z € A.
Consider the set

S:=A{(g,h): (A, A) = (A, A), ¢(0) =h(0) =0}
and introduce the generalized metric on S

d((g,h), (g91,h1)) = inf {p € Ry = [[g(z) — g1(2)[| + [|h(z) — ha(2)|| < pep (2, 2,2) , Vo € A},

where, as usual, inf ¢ = +o00. It is easy to show that (5, d) is complete (see [17]).
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Now we consider the linear mapping J : S — S such that

o = (n(3) 4 (3)
for all x € A.

Let (g,h), (g1,h1) € S be given such that d((g,h), (g1,h1)) = ¢. Then

lg(x) = g1(@)[| + |h(z) = ha(2)[| < e (2, 2, )

o 5) o0 ) [ (5) - 5)

T T T L
< L
35@(3 3 3) 353@(3} x,x) = Lep (z,x,x)

for all z € A, t d(J(g,h),J(g1,h1)) < Le. This means that

d(J(g,h),J(g1,h1)) < Ld((g, h), (91, 1))

for all x € A. Since

for all (97 h)7 (gla hl) €5
It follows from (3.3) that

-0 &) 3 (3) 0 (55.) ot

for all z € A. So d((g,h),(Jg, Jh)) < £
By Theorem 1.2, there exist mappings D, H : A — A satisfying the following;:
(1) (D, H) is a fixed point of J, i.e.,

D (z) = 3D (g) . H(z)=3H (g) (3.4)

for all x € A. The mapping (D, H) is a unique fixed point of J. This implies that (D, H) is a
unique mapping satisfying (3.4) such that there exists a u € (0, 00) satisfying

lg(x) = D(@)|| + [[h(x) = H@)| < pep (2,2, 7)

for all x € A;
(2) d(JY(g,h), (D, H)) = 0 as | — co. This implies the equality

hm 3lg <3l> = D(z), llg& 3'n (;) = H(x)
for all x € A;
(3) d((g,h),(D,H)) < d((g,h),J(g,h)), which implies

lg(x) = D(@)|| + [[h(x) = H(2)|| < 3(1L_L)<P (z, 2, 2)

for all z € A. Thus we get the inequality (3.2).
The rest of the proof is the same as in the proof of Theorem 2.3. U
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Corollary 3.2. Let r > 3 and 0 be nonnegative real numbers and g,h : A — A be mappings
satisfying g(0) = h(0) = 0, (2.9) and (2.10). Then there exist a unique ternary hom-derivation
D: A— A and a unique ternary homomorphism H : A — A such that

lo(z) ~ D@+ lIn(z) ~ H@)l < 5o

][
for all x € A.

Proof. The proof follows from Theorem 3.1 by taking L = 3'=" and (=, y, z) = 0(||z|"+||ly||" +
|z||") for all x,y, z € A. O

Theorem 3.3. Let ¢ : A3 — [0,00) be a function such that there evists an L < 1 with
Ty z
<2TLp | —=,Z, = .
¢ (2,y,2) <27 <p<2,2,2> (3.5)
for all x,y,z € A. Let g,h : A — A be mappings satisfying g(0) = h(0) = 0, (2.3) and
(2.4). Then there exist a unique ternary hom-derivation D : A — A and a unique ternary
homomorphism H : A — A such that

1
lg(x) = D(@)|| + [[h(x) = H(z)|| < 30-0)7 (z,2,2) (3.6)
for all x € A.
Proof. Tt follows from (3.5) that
=1 =1 L
o3 30y 3 _
JZ; 27]<p(3 z,3y,372) < Z 577 2TLY o(,y,2) = T—F (w9, 2) <

for all z,y,z € A. By Theorem 2.5, there exist a unique ternary hom-derivation D : A — A
and a unique ternary homomorphism H : A — A satisfying (2.12).

Let (S,d) be the generalized metric space defined in the proof of Theorem 3.1.

Now we consider the linear mapping J : S — S such that

T(g.W)@) i= (50 (30), 3h (31)

for all x € A.
It follows from (3.3) that
1
H - fg (3x) Hh( ) — fh(31:) <3¥ o(x,z,x)
for all x € A. Thus we get the inequality (3.6).
The rest of the proof is similar to the proof of Theorem 3.1. O

Corollary 3.4. Let r < 1 and 6 be nonnegative real numbers and g,h : A — A be mappings
satisfying g(0) = h(0) = 0, (2.9) and (2.10). Then there exist a unique ternary hom-derivation
D:A— A and a unique ternary homomorphism H : A — A such that

l9(z) = D(@)|| + [[A(z) = H(z)[| < )"

3 37“
for all x € A.
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Proof. The proof follows from Theorem 3.3 by taking L = 3"~! and ¢(x,y, z) = 0(||z|"+||ly||" +
|z||I") for all x,y, z € A. O

4. CONCLUSIONS

We have introduced the additive-additive (s,?)-functional inequality (0.1), and using the
direct method and the fixed point method, we have proved the Hyers-Ulam stability of ternary
hom-derivations and ternary homomorphisms in C*-ternary algebras, associated to the additive-
additive (s,t)-functional inequality (0.1) and the functional inequality (0.2).
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ABSTRACT. In this article, we introduce a new generalized multifarious radical reciprocal func-
tional equation by generalizing the equation employed by Narasimman et al. in [5] and combining
three classical Pythagorean means arithmetic, geometric and harmonic. Also, we illustrate the
geometrical interpretation. Mainly, we find its general solution and stabilities related to Ulam

problem in modular spaces by using fixed point approach.

1. INTRODUCTION AND PRELIMINARIES

In the development of broad field functional equations, we come acrossing various types like
additive, quadratic, cubic and so on. In recent research many researchers modeled functional
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equations from physical phenomena. In particular, by geometrical construction authors intro-
duced remarkable reciprocal type functional equations.

In 2010, Ravi and Senthil Kumar [6] introduced functional equation of reciprocal type

5()s(w) W

) = T stw)

with solution s(z) = <.

In 2014, Bodaghi and Kim [I] introduced the quadratic reciprocal functional equation, which
was generalized by Song andSong cite AM.

In 2015, Narasimman, Ravi and Pinelas [5] introduced the radical reciprocal quadratic func-
tional equation

s<\2/z2+w2> :Ss(z)s(w)7 z,w € (0,00), (1.2)

(2) + s(w)
which is satisfied by s(z) = 5. Also, they provided the solution and stability of 1) with
geometrical interpretation and application.

For the necessary introduction on stability related to Ulam problem and the notion of modular
spaces one can refer to 7, 8, [9] 10, 12].

2. MAIN RESULTS

Definition 2.1. A reciprocal functional equation is a functional equation with solution of the
form ﬁ When s(z) = z,22,2%... we have various type of reciprocal functional equations like

reciprocal additive, reciprocal quadratic, reciprocal cubic and so on.

Definition 2.2. Pythagorean means [3] The three classical Pythagorean means are the arithmetic

mean (AM), the geometric mean (GM), and the harmonic mean (HM), which are defined by
1
AM (a1, a2, ...,an) = ﬁ(al + ... Fan),
GM(ay,az,...,an) = Va1 + ... + an,

n

HM(Gl, ag, ..., an) e ——
a Tt

Definition 2.3. A functional equations which are arisen from the relations between three Pythagorean

means (arithmetic, geometric and harmonic) are known as Pythagorean mean functional equa-

tions.

Definition 2.4. A reciprocal Pythagorean mean functional equation which shall possess the
nature of any type of functional equation like additive, quadratic, cubic and so on is said to be a

multifarious reciprocal Pythagorean mean functional equation.
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In this paper, using Pythagorean means, we introduce the new generalized 2—dimensional and
3—dimensional multifarious radical reciprocal functional equations.

The following 2—dimensional and 3—dimensional multifarious radical reciprocal functional
equations are obtained by generalizing ((1.1)) and (|1.2)

s(VT T ) = en)olzy)ols) (2.4

s(z1)s(22) + s(22)s(z3) + s(21)s(23)’

which are satisfied by s(z) = &, for all z,w, 21, 22,23 € (0,00),m € N. Observe that if m =1
and m = 2 in , we have and , respectively. Further, if m = 3,4,--- in , then
we have various type of functional equations. Hence the functional equation is known as
two dimensional multifarious radical reciprocal functional equation. By similar argument,
is known as three dimensional multifarious radical reciprocal functional equation.

2.1. Geometrical construction and geometrical interpretation of multifarious radical
reciprocal functional equations. Geometric construction of three Pythagorean means of two
variables can be constructed geometrically as showed in Figure [[I Geometric construction of
geometric mean of three variables are not possible but the other Pythagorean means can be
constructed for any number of variables, one can refer [4, [IT].

a b

FicURE 1. Pythagorean means of a and b. A is the arithmetic mean, H is the

harmonic mean and G is the geometric mean.

The relations between three Pythagorean means of p—objects 21, 22, - - , 2, are represented by
the following equation

G p
H(z1,22, %) = G220 7) . (2.5)

117P LT R B i 12 )
A(Znizlzz’z2niz1zu 'z z‘:lzz)

P

Consider two spheres S7 and S of radii 71 and ro with 71 > ro, which are located along the
xr—axis centered at C(0,0,0) and Ca(d, 0,0), respectively.
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| A G (H | NG|
oo ] @00

f
.

FIGURE 2. Intersecting two spheres S7 and Ss.

We can show that the length of CyC] is % which is the arithmetic mean of z; and zo. We
can find the length AC1, using Pythagoras’ theorem, is the geometric mean /z1z2 of 21 and zs.
Also, we can obtain the length HC is ZijrZ, which is the harmonic mean of z; and zy, since
CyACT and AH(C1 are similar.

From Figure we have the equality HC, = C C , that is

G (21,2)°
H (21722) — . (Zl 22) (26)
A(Z Hz 122322 H, 1Zz>
which is the particular case of (2.5) by assuming p = 2 and which implies
1 2129
i+*:Z1+22' (2.7)
21 z
Assuming z; = % and zo = i in , we obtain
L i
= . 2.8
z4+w % + % (2:8)

In that case, 1} is valid by 1} which is satisfied by s(z) = £. Assuming z; = Z% and zo = 2

in (2.7) leads

24w Ly
In that case 1) is valid by 1) which is satisfied by s(2) = 5. In general, assuming z; = zim

and zo = u%m in , we have

1 1 1
= (210
< w sw T oom

In that case, (2.3) is valid by (2.10]), which is satisfied by s(z) = -&.
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In Figure [2, AB is the diameter of common circle. The common circle is the solution of the
System

242422 =r (2.11)
(21 —d)> 4 23 + 23 = r3,
which implies
1
22+ 22+ 22
1
(21 — d)? + 23 + 23

(2.12)

= =
ww‘ = Hw‘ =

The system ([2.12)) can be expressed by radical reciprocal quadratic functional equations of the
form

s (r?) = ( ) ( )3( )
(1) s(z1)s(z2) + s(22)s(z3) + s(z1)s(23)’ (2.13)
s (7"2) = s(z1 — d)s(z2)s(z3)
2 s(z1 — d)s(22) + s(z2)s(z3) + s(z21 — d)s(z3)”

for z1, 29, 23,71, 72 € (0,00), which is satisfied by s(21) = 7 and the denominators are not equal
1

to zero. Also, observe that the equation (2.13]) is the particular case of (2.4) for m = 2. By
assuming p = 3 in (12.5)), we obtain

G (21, 22, 23)°

H (Zl, Z92, 23) = s (2.14)
A(LTE 20, 2T 20 2 T 2
21 =1 ~1» 29 =1~ 23 =1~
which gives
1 o Z129%3 (2 15)
1 1 T : :
Tt Rastamtzz
Assuming z; = Z%, 29 = Z% and 23 = sz in , we have
1 2 3
11 1
. e i (2.16)
m m m ~ 1 1 1 '
A I I i

In that case 1) is valid by l) which is satisfied by s(z1) = %

3. GENERAL SOLUTION OF THE MULTIFARIOUS RADICAL RECIPROCAL FUNCTIONAL EQUATIONS

The following theorems give the solution of (2.3)) and (2.4) through motivated by the work of
Ger [7].

Theorem 3.1. A general solution of is 8(2) = ;s 2z € (0,00) with S(ifz) a quotient at zero.

Zm
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Proof. Assuming z,w = z in ([2.3)), we have
1
s(V2z2) = 55(,2)

for all z € (0,00). Assuming

~—

9(z) = #

27
for all z € (0,00), we have

lim
z—>0+@::c€]&

=
for all z € (0,00). Dividing (3.17)) by i%, we obtain
s( ’{L/iz) B %s(z)
V2

o1

m
2

ﬁz% z

for all z € (0,00). Using (3.18) in (3.19), we have

o( V/22) = jigw),

for all z € (0,00). Replacing z by ’éﬁ in 1j we get

V29(2) = g (%) :

Again, replacing z by m%/i in l’ we have

(VBR(:) = ( %)) ,

for all z € (0,00). Continuing the same process k times, we obtain

(VDo) = ( %k) ,

for all z € (0, 00).

Now,
1
e (i)
g(lz) (v2) 9(12) V) o gy koo,
T VL v2)
z 2 z 2 Z%
for all z € (0,00). Eq. (3.18) implies that
1 1 1 c
s(z) = wy(2) = w—wmc=—;
z 2 zZ2 z2 z

for all z € (0,00). This completes the proof.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

g

Theorem 3.2. A general solution of is 5(2) = 2w 2 € (0,00) with 32 4 quotient at zero.

zm
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(3.24)

(3.25)

Proof. Assuming z1, 29, 23 = z in ([2.4]), we have
1
s(V/3z2) = gs(z),

and assuming

h(z

I =
(3.26)

we obtain

by —=, we get
z 2
s(¥/3z)
(3.27)

3.24

Dividing

and substituting (3.25)) in (3.26[), we obtain
1
h(¥3z) = —h(2),
(32) = (2
(3.28)

and replacing z by Tz/g in 1' we have
V3h(z) =h ( i ) .
( ) m 3
(3.29)

Again, replacing z by mi\/g in 1' we get

(3.30)

for all z € (0,00). Continuing the same process k times, we have
z
Y

for all z € (0,00). Now,
k h(—2z
o) e Mowe)
N S S ]
22 22 Z%
for all z € (0,00). Egs. (3.25)) and (3.30]) imply that
1 1 1
5(2) =~ h(2) = —ar € = —
22 22 722 zm
O

for all z € (0,00). This completes the proof.
In the following theorem, we obtain general solution of (2.3) and (2.4) by derivative method.
PACHAIYAPPAN et al 49-71



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

Theorem 3.3. Let s : (0,00) — R be a continuously differentiable function with nowhere van-
ishing derivatives s'. Then s yields a solution to the functional equation if and only if there

exists a nonzero real constant ¢ such that s(z) = &, z € (0,00).

Proof. Differentiating (2.3)) with respect to z on both side, we get

o (21 B (5’(z)s(w)> [s(z)+s(w)} . (s(z)s(w)) [s'(z)}
) eyt (56 +sw)’ o

Assuming z,w = z in (3.31]), we obtain

/1 m _LS/Z
s(\/iz)—2% (2), (3.32)

and setting z = %/2z and w = z in (3.31)) and making use of (3.17) and (3.32)), we get

S'(V3z2) = @){{L/gs/(z) (3.33)

for all z € (0,00). By making use of (3.32) and (3.33)), we have

s’ (( V2)R(/3)! z) = ! ! ls'(z)

for all integers k, . We derive its linearity by assuming A = ( ¥/2)*( ¥/3)! and z = 1,
1
()\)erl
for A € (0,00). Therefore, there exist real numbers ¢ # 0, d such that s(z) = & +d for z € (0, 00).
Note that we have d = 0 because of the equality s( %/22) = £s(z) valid for all positive 2. This

s'(\) = ¢(1)

completes the proof. O

Theorem 3.4. Let s : (0,00) — R be a continuously differentiable function with nowhere van-
ishing derivatives s'. Then s yields a solution to the functional equation if and only if there

exists a nonzero real constant ¢ such that s(z) = &, z € (0,00).

Proof. Differentiating with respect to z; on both side, we obtain
sy — v (3
(3/a ) P R )
s (21) (s(22))* EAGY (5(2p11))°
(s(z1) +5(22))°  (s(21) + s(zp41))*
and implies

s'(V2z2) = s'(2). (3.35)
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Assuming z; = z and 23 = 2,41 = V22 in (3.34) and making use of (3.24)) and (3.35), we get

1
s'(V/3z2) = s'(2), 3.36
(932) = 5= (2) (3.30)
and from (3.35)) and ( -, we get
1 1
s’(%k%lz): s'(2),
for all integers k,l. We derive its linearity by assuming A = ( %/2)*( ¥/3)! and z = 1,
) =50 g3
sWA) =9 ()t
for A € (0, 00). Therefore, there exist real numbers ¢ # 0, d such that s(z) = 5% +d for z € (0, 00).
Note that we have to have d = 0 because of the equality s( ¥/2z) = 1s(2) exists. This completes
the proof. 0

4. GENERALIZED HYERS-ULAM STABILITY OF TWO DIMENSIONAL MULTIFARIOUS FUNCTIONAL

EQUATION

This section deals the generalized Hyers-Ulam stability of two dimensional multifarious func-
tional equation ([2.3]) in modular spaces by making use of fixed point approach.

Theorem 4.1. Consider a mapping n: M? — [0, +00) with

khm L77 ((2) z z, (2)%10) =0, (4.37)
== (3)"
and
0 ((2)%,2, (2)%@0) (4.38)
% yn{z, w},Vz,w € M,

or Y < 1. Assume that s : — ulfills
fory <1. A h M — Z¢ fulfill

¢ (Mis(z,w)) < n(z,w), (4.39)
for all z,w € M. In that case, there is a unique reciprocal mapping R : M — Z¢ such that

€R(2) — 5(2)) < —— i(z,2), Y2 M. (4.40)

(1=
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Proof. Assume N = ¢’ and define £ on N as,
¢'(q) = mf{(2) > 0: €(h(j)) < (2)7n(z,w), ¥z € M.

One can easily prove that £ is a convex modular with Fatou property on N and Ngs is {—complete,

see [2]. Consider the function o : Neo — Ng defined by

04(2) = ga(272), (1.41)

for all z € M and q € Ng. Let ¢,r € N and (2)% € [0,1) with (¢ —r) < (2)# By definition
of ¢, we get

£(q(z) — 1(2)) < (2)mn(z,w),Vz,w € M. (4.42)

By making use of (4.38) and (4.42)), we get

(1259129 eyt et
2 2 2

for all z,w € M. In that case, o is a ' —contraction and (4.39)) implies
1
s((2)mz
¢ (W - s<z>) <
2

and replacing z by (2)%2 in 1} we get

_

Tn(2,2),Vz € M, (4.43)
2

¢ (W - s<<2>%z>> < M@ ey (4.44)
2 2
By making use of and , we get
¢ (W _ s(z)) < %77((2)%,2, (2)%2) + %77(2,2), (4.45)
22 22 p

for all z € M and by generalization, we get
((2)72) S 1
S mz 1= RN
f( T —8(2)> < (@) (2)m) 7 2)
— o

< —n(z,2) Z P’

< ﬁn(z, z), Vz € M. (4.46)
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We obtain from ,
(it _sop:) o
2k 2u
< %5 <28((222:z) — 28(2)) + ¢ (28((221;”2) — 23(2))
< 3¢ (5((22)1;"‘) - s<z>> + 3¢ (S“QQZU*”Z) - s<z>>
< %(1R—w)7](z z), Vze M
where k,u € . Thus
(ohs — ots) < — 0
€ < 15

and hence the boundedness of an orbit of o at s is given. {7¥s} is & —converges to R € Ng¢ by

Theorem 1.5 in [2]. By &' —contractivity of o, we get
¢'(oFs — oR) < &' (c"1s — R).
Letting k — oo and by Fatou property of £, we get
¢(cR—R) < 211_{1(()10 inf ¢'(0R — o)

< lim inf&'(R — o*~1s) = 0.
k—o0

Hence R is a fixed point of 0. In (4.39)), replacing (z, W) by ((2)5,2, (2)%10), we get

¢ (1Mls<<2>fiz, <2>’k"“’>> < ()= @) A9
ok 2k

By Theorems [3-3] and letting k — oo, we obtain that R is a reciprocal mapping and using
(4.46)), we obtain (4.40). For the uniqueness of R, consider another multifarious type reciprocal
mapping T : M — Z satisfying (4.40). Then 7" is a fixed point of o such that

§(R-T) = ¢(cR—oT) < v¢(R—T). (4.49)
From (4.49), we get R = T. This completes the proof. O

The proofs of the following corollaries [£.2] and [£.4] follow from the fact that, each normed space
implies a modular space with modular £(z) = ||z]|.
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Corollary 4.2. Assume 1 is a function from M? to [0, 4o0) for

) 1
lim T
k—o00 5%

n{(27)z, (27w} = 0,
and

n{(27)z, (27w} < %wn{z,w}, < 1.

Assume that s : M — Z satisfies the condition, for a Banach space Z,

[Ms(z, w) || < 1z, w),

(4.50)

(4.51)

(4.52)

for all z,w € M. Then there is a unique reciprocal mapping R : M — Z such that

z) —s(z _zz)
IRG) - ()1 < 7205

for all z € M.

Theorem 4.3. Assume 1 is a function from M? to [0, +0c0) with

. 1 z w 0
im — =
el (2)%’ (2)% ’

z w P
9 1 S EN Z7w 9
' <<2>3n <2>m> e

for all z,w € M, < 1. Assume that s : M — Z¢ fulfills

and

§ (Mis(z,w)) < n(z,w).

Then there is a unique reciprocal mapping R : M — Z¢ such that

E(R(z) —s(2)) < 777(2,2), Vz e M.

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

Proof. Replacing z by —%1 in (4.41]) of Theorem and using a similar method to that of

(2)m
Theorem we complete the proof.

Corollary 4.4. Assume 0 is a function from M? to [0, 4+o00) with
1 z w
lim — =0
oo ok ((2»’%’ <2>w‘i>

n( S )S?n{z,w},w<1.
2

and

60

g

(4.58)

(4.59)
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Assume that s : M — Z fulfills
[ Mys(z,w)| < n(z,w), (4.60)

for all z,w € M. Then there is a unique reciprocal mapping R : M — Z such that

IR(:) = s < 725Gz, 2), (461)

forall ze M.

Using Corollaries and [£.4] we obtain the following corollaries.

Corollary 4.5. Assume 1 is a function from M? to [0,+cc), Z is a Banach space and € > 0 is

a real number such that

lim (@2, @)% w) =0, (4.62)
o
and
M@z, (2w} < Jonlz w) b <1 (463)

Assume that s : M — Z fulfills
[Mys(z,w)|| <, (4.64)

for all zyw € M. Then there is a unique reciprocal mapping R : M — Z, defined by R(z) =

k
2)m
limg_ 00 M, such that
ok

|R(2) — s(2)| < 2e, (4.65)

for all z € M.

Proof. Assume that n(z,w) = € for all z,w € Z. The Corollary implies
I1R(2) = s(2)]| < 2,

for all z € Z and making use of Corollary we get
[1R(z) = s(2)]| < 2,

forall z € Z. O
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Corollary 4.6. Assume that s : M — X fulfills the following, for a linear space M and a Banach

space Z , respectively,

[Mys(z,w)l| < e (2" + [[w]®), (4.66)
forall z,w € M with0 <u < —m oru > —m for some € > 0. Then there is a reciprocal mapping
k
s((2)mz
R: M — Z, defined by R(z) = limg_, o M, such that
ok
4e w
IR(z) — s(2)| < 7’ — Iz, Vze M. (4.67)

Proof. If we choose n(z,w) = €(||z]|* 4 ||w||*), then Corollary 4.2/ implies

4e w
18(z) =)l = w1

for all z € Z and u < —m. Using Corollary{4.4] we obtain

4e
m-+u

27m —1

[17(2) = s(2)]| < I121%,

for all z € Z and u > —m. O

The following is an example to elucidate (2.3)), which is not stable for u = —m in Corollary
4.0l

Ezxample 4.7. Define ¢ : R — R with a > 0 as

QS(Z):{ S, if z € (1,00)

a, otherwise

and a function s : R — R by s(z) = > 5y 92 "2 Then s fulfills

omk

a 2m
M5z )] < gy *

1 1
for all z;,w € R. In that case there does not exist a reciprocal mapping R : R — R as

1s(2) — R(2)| < B ‘;ﬂ L B>0,Vz€R. (4.69)

Corollary 4.8. Let s: Z1 — Z3 be a mapping. Assume that there exists € > 0 such that

M5z, w)ll < e (Il )
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for all z,w € Zy. Then there exists a unique reciprocal mapping R : Z1 — Z3 satisfying and

ﬁllzll“ foru < —m
—2™m

Ir(2) = s(2)] <

Z __|z|* foru>-—m

+
o™ 1

for all z € 7.

Proof. Replace n(z,w) by € (HZH% HwH%) Then Corollary implies

2e

m4u
— m

[17(z) = s(2)[| < 12112,

for u < —m and for all z € Z; and making use of Corollary{4.4] we get
2¢

m-+tu
m —

1B(2) = s(2)|| < ; 12112, (4.70)

for u > —m and for all z € Z;. O

Corollary 4.9. Let € > 0 and a < =% or a > — be real numbers, and s : Zy — Z3 be a

mapping satisfying the functional inequality
1M15(z, w)| < € {[12]7* + [lwl** + (|21 |w]|*)}

Then e there exists a unique reciprocal mapping R : Z1 — Zs fulfilling and

%Hzll%‘ fora < -3
1-2"m

[1R(2) = s(2)|| <

et fora>—3
27 m 1

for all z € Z3.

Proof. Set e{HzHQO‘ + [Jw|?* + (||2]]*Jw]|*) } instead of 7(z,w). Then Corollary implies

e o
1R(2) = s(z)I| < 127m+mll2ll2 :

for o < —% and for all z € Z; and making use of Corollary-f.4] we get
b€

IR(2) = s()]l < —gagm—Il2117,

fora>—% and for all z € Z. O

The following is an example to elucidate (2.3]), which is not stable for & = —% in Corollary
4.9
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Ezample 4.10. Define ¢ : R — R with a constant [ > 0 as

Loz 00

[, otherwise

and a function s : R — R by s(z) = > pey 9272 Then s fulfills

omk
1 1
‘ m’ 'wm > (4.71)

a22m(3) (
for all z,w € R. In that case, there does not exist a reciprocal mapping R : R — R as

[[Mys(z,w)

”—2@m—1

|s(z) — R(2)] < , B>0,Vz e R. (4.72)

5. GENERALIZED HYERS-ULAM STABILITY OF THREE DIMENSIONAL MULTIFARIOUS

FUNCTIONAL EQUATION

This section deals the Hyers-Ulam stability of the three dimensional multifarious functional
equation (2.4) in modular spaces by making use of fixed point approach.

Theorem 5.1. Consider a mapping n: M? — [0, +00) with

. 1 k k k
i, e ()7 21,(3)7 22, (3) 7 23) =0, (5.73)
3
and
1 1 1 1
n ((3)’”Zl> (3)m 22, (3)mz3) < §¢77{Z1722723}7V21,Z2,Z3 €M, (5.74)

for ¢ < 1. Assume that s : M — Z¢ fulfills
g(Mls(Zl,Zg,Zg)) S 77(21722723)) (575)

for all z1, 20,23 € M. Then there is a unique reciprocal mapping R : M — Z¢ such that
1

E(R(z) —s(2)) < wn(z,z,z), Vz e M. (5.76)
3

Proof. Assume N = ¢’ and define £ on N by

€'(q) = inf{(3)m > 0: £(h())) < (3)mn(21, 22, 23), V= € M},

One can easily prove that £ is a convex modular with Fatou property on NV and Ng is {—complete,

see [2]. Consider the mapping o : Neo — Ng defined by

oq(z) = éq(l’)iz)7 (5.77)
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for all z € M and g € Ngr. Let ¢,r € Ng and (3)% € [0,1) with &'(¢ —r) < (3)# By definition
of ¢, we get

E(q(z) — 7(2)) < (3)mn(21, 22, 23), Va1, 22, 23 € M. (5.78)

By making use of (5.74) and (5.78)), we have

¢ <Q((33mz) B r((33m2)> < %5 (q((g)%z) _ r((g)%z))
3 3 3

< %(3)%77 ((3)#2, (3)%;;2,(3)#2;3) < (3)#@7 (21,22, 23)
3

for all 21, 29,23 € M. Then o is a {'—contraction and ([5.75|) implies

¢ (SW _ 5(z)> < %n(z,z,z),v,z € M, (5.79)
3 3
and replacing z by (3)%2 in , we get
¢ (“337") - s<<3>iz>> s T VN
3 3

and by making use of (5.79)) and (5.80)), we get

¢ (W - s<z>> < (@), (B)mz, (3)72) + 1a(z 2. 2)
9 9

for all z € M and by generalization, we get

1@77(2,2,,2), Vz € M. (5.81)
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We obtain from ,
c <s<<3>i3> ) s<<3>%iz>>
1 1
3k 3u
< %5 <28((32mz) — 28(2)) + 5{ (28((337’12) - 23(2))
3k 3u
ki, (s((3)m2) ko (s((3)72)
< 25( T —s<z>> +2£< ! —s<z>>
< %(1 _w)n(z,z,z), Ve M
where k,u € . Thus
"(o%s — os n

and hence the boundedness of an orbit of o at s is given. So {r¥s} is ¢ —convergent to R € Ng

by Theorem 1.5 in [2]. By &'—contractivity of o, we get
¢ (oFs — oR) < € (6" s — R).
Taking k — oo and by Fatou property of &', we get

¢(cR — R) < lim inf¢(oR — o"s) < ¢ lim inf & (R — 0" 1s) = 0.
k—o0 k—o0

Hence R is a fixed point of . In (5.75)), replacing (z1, 22, 23) by ((3)521, (3)%2'2, (3)%z3>, we

get
1 L3 L3 k 1 k L3 E
E| T Mis((B)mz1,(3)mz2,(8)mz3) | < - n((3)m 21, (3)m 22, (3) 7 23).
3k
By Theorems and taking k — oo, we obtain that R is a reciprocal mapping and using
(5.81)), we have (5.76)). For the uniqueness of R, consider another multi-type reciprocal mapping

T : M — Z satisfying (5.76)). Then T is a fixed point of o such that

E(R-T)=¢(oR—0oT) <y&(R-T). (5.82)
From ([5.82)), we get R =T. This completes the proof. O

The proofs of Corollaries [5.2] and [5.4] follows from the fact that every normed space is a modular
space of modular £(z) = ||z]|.

Corollary 5.2. Assume 1 is a function from M? to [0, 400) such that

. 1 k k L3
khm Tn{(?)m)zh(3m)22,(3m)Z3} =0,
=00 o
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and

I3 )21, (3%)22, (3%) 25} < et 22,20}, 0 < 1.

Assume that s : M — Z satisfies the following, for a Banach space Z,

HMlS(Zla 22, 23)” < 77(217 22 Z3)>
for all z1, 29,23 € M. Then there is a unique reciprocal mapping R : M — Z such that

IR(=) — s(2)] < He22)
3

(1-9)
for all z € M.

Theorem 5.3. Assume 1 is a function from M? to [0, +o0) with

lim in “1 =2 “3 =0
G ENCOENOLY

and

2 oz 7z Y
n ( 1 1 1> < T,O{Zl,ZQ,Zg},
@B)m (3)m (3)m 3
for all z1, 29,23 € M,y < 1. Assume that s : M — Z¢ fulfills

& (Mis(z1, 22, 23)) < n(21, 22, 23).

Then there is a unique reciprocal mapping R : M — Z¢ such that

E(R(z) —s(2)) < &n(zz,z,z), Vz e M.

Proof. Replacing z by (3)2 — in (5.77) of Theorem and by a similar method to that of Theorem
.1 we complete the proof.

[l
Corollary 5.4. Assume 1 is a function from M? to [0, 4o00) with

lim in Al =2 = =0
e\ @) @) @)

and

Assume that s : M — Z fulfills
[ Ms(21, 22, 23) || < (21, 22, 23),
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for all z1, 29,23 € M. Then there is a unique reciprocal mapping R : M — Z such that
[R(z) — s(z)]| <

forall ze M.

Using Corollaries [5.2] and we obtain the following corollaries.

Corollary 5.5. Assume 1 is a function from M? to [0,+o0), Z is a Banach space and € > 0 is

a real number such that

. 1 k k LA
khm 71 7”{(3) m 217 (3)TVLZ2, (3)mZ3} =0,
=00

and

1 1

1 i 1 1
n{(3) a1 B)m a2, B)mzs} < gum{a, 22,2}, 9 < L
Assume that s : M — Z fulfills

[Mys(z1, 22, 23)|| < €,

for all z1,29,23 € M. Then there is a unique reciprocal mapping R : M — Z, defined by

. s(@)m =)
R(z) = limy_yoo =%, such that
3k

forall ze M.

Proof. Assume that n(z1, 22, 23) = € for all z1, 29, z3 € Z. Then Corollary implies

pe
IR() - s()] < &

for all 2 € Z and p # 0,+1 and making use of Corollary we get

3e
IRE) - ()] < 5

forall z € Z. O

Corollary 5.6. If s : M — X fulfills the following inequality, for a linear space M and a Banach

space Z, respectively,

[Mys(z1, 22, 28) | < € (2]l + 22l + llzs]®)

68 PACHAIYAPPAN et al 49-71



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

for all z1,29,23 € M with 0 < u < —m or u > —m for some € > 0. Then there is a reciprocal

k
sl (3)m z
mapping R : M — Z, defined by R(z) = limy_, o %)) such that
3k
¢ u
[R(2) — s(2)]| < I2||“, Vze M.

m+tu
— m

Proof. If we choose 7(z1, 22, 23) = €(||z1[[* + ||22]|“ + || 23]*), then Corollary |4.2|implies

e w
[R(2) —s(2)|| < WH'ZH ;

for all z € Z and u < —m. Using Corollary we obtain

IR(2) — ()| <

— m+u

3m —1

21"
for all z € Z and u > —m. O

The following is an example to elucidate (2.4), which is not stable for « = —m in Corollary
0.0l

Ezxample 5.7. Define ¢ : R — R with @ > 0 as

qb(z):{ S, if z € (1,00)

a , otherwise

and a function s : R — R by s(z) = > 72, M?%’]ZZ) Then s fulfills

a3?m(4) y (

1
| Mys(21, 22, 23)|| < 3(3m —1)

m
21

1

m
Z9

1

m
Z3

)

for all z1, 22, 23 € R. In that case, there does not exist a reciprocal mapping R : R — R such that

15(2) — R(2)| Sﬁ‘;n ,8>0,YzeR

Corollary 5.8. Assume s: Z1 — Zo is a mapping. Assume that there exists ¢ > 0 such that
|Mys(z1, 22, 28) | < e (0¥ 120l 125117

for all z1, 29,23 € Zy. Then there exists a unique reciprocal mapping R : Z1 — Zso fulfilling

and
3¢ u B
[r(2) —s(2)|| < 1-37" 2] foru<—m
B 3e ”
thllzn foru> —m
m —

forall z € Zy.
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Proof. Replace n(z1, 22, 23) by € (HZ1H%HZ2H%H2’3H%> Then Corollaryimplies

3e

m4u
— m

[1R(2) = s(2)|| < =11,

for u < —m and for all z € Z; and making use of Corollary [5.4] we get

3e
IR(2) = s(2)|| <z l=11%,

3 m —1
for u > —m and for all z € Z;.

0

Corollary 5.9. Let € > 0 and o < —§ or a > —% be real numbers, and s : Zy — Z3 be a

mapping satisfying the functional inequality

1Ms(21, 22, 28) || < € {llzl® + [zl + sl + (L2l llz2]*[l23]1%) } -

Then there exists a unique reciprocal mapping R : Z1 — Zy fulfilling and

12¢

1)~ s(2)] < 4 13

— e l21P fora < -2
m

WHZHM fora> -2
35w —1

for all z € Z3.

Proof. Replace n(z1, 22, 23) by 6{H21H3°‘+|!22H3“+HZsH?’aJr(||21H°‘H22H°“H23Ha) } Then Corollary

implies
12¢

[1R(2) — s(2)]| < oz 121

for < —* and for all z € Z; and making use of Corollary we get

12¢
[R(2) — s(2)]| < WHZHBQ,

for a > —% and for all z € Z.

g

The following is an example to elucidate (2.4)), which is not stable for & = —% in Corollary

0.9

Ezample 5.10. Define ¢ : R — R with a constant [ > 0 as

L ifz o0
¢<z>—{z’”’ e e ()

[, otherwise

and a function s : R — R by s(z) = > pey 962 Then s fulfills

3mk
a32m(4) 1 1 !
M =3 -\ Tl T
H 18(2’1,2’2,2'3)” = 3(3m _ 1) x ( Z{n + 2’5" - Zi?’)n

70

1

m
2]

1

m
22

1

m
Z3

)
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for all z1, 22, 23 € R. In that case, there does not exist a reciprocal mapping R : R — R such that

15(2) — R(2)| Sﬁ\;n ,8>0,VzER

6. CONCLUSION

In this work, we introduced the new generalized multifarious type radical reciprocal functional

equations combining three classical Pythagorean means arithmetic, geometric and harmonic.

Importantly, we obtained their general solution and stabilities related to Ulam problem with

suitable counter examples in modular spaces by using fixed point approach. Furthermore, we

illustrated their geometrical interpretation.
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WEIGHTED DIFFERENTIATION SUPERPOSITION OPERATOR
FROM H* TO nth WEIGHTED-TYPE SPACE

CHENG-SHI HUANG AND ZHI-JIE JIANG*

ABSTRACT. Let H(D) be the set of all analytic functions on the open unit disk D
of C, uw € H(D) and ¢ an entire function on C. In this paper, we characterize the
boundedness and compactness of the weighted differentiation superposition operator
D7*Sy from H*® to the nth weighted-type space.

1. INTRODUCTION

Let N denote the set of all positive integers, No = NU{0}, D ={z € C: |z| < 1}, H(D)
the set of all analytic functions on I and S(D) the set of all analytic self-maps of D.

First, we present some of the most interesting linear operators studied on some sub-
spaces of H(D). Let z € D, then the multiplication operator with symbol v € H(D)
is defined by M,(f)(z) = u(2)f(z), and composition operator with symbol ¢ € S(D) is
defined by C,p(f)(2) = ((2).

Let m € Ny and f € H(D), then the mth differentiation operator is defined by

D" f(z) = f"™(2), 2€D, (1)

where f(© = f. If m = 1, then it is the standard differentiation operator D. In recent
years, there has been a lot of interest in the study of products of differential operator and
others. For example, products DC, and C,D, which are the most basic product-type
operators involving the differentiation operator, have been studied, for example, in [1-9].
Many other results have evolved from them, for example, the following six operators were
studied in [10]

DM,C,, DC,M,, C,DM,, C,M,D, M,C,D,M,DC,,. (2)

An operator, namely including all the operators in (2), was introduced and investigated
in [11,12]. In some studies, for example, Wang et al. in [13] generalized operators in (2)
and studied the following operators

D"M,C,, D"C,M,, C,D"M,, C,M,D", M,C,D", M,D"C,,. (3)

Some other product-type operators on subspaces of H(ID) can be found (see, e.g., [14-17]
and the related references therein).

Next, we introduce the superposition operator (see, for example, [18] or [19]). Let ¢ be
a complex-valued function on C. Then the superposition operator Sy on H (D) is defined
as

Sof = ¢(f(2)), zeD.

2000 Mathematics Subject Classification. Primary 42A18; Secondary 47B33.

Key words and phrases. Superposition operator; weighted differentiation superposition operator; H°;
nth weighted-type spaces; boundedness and compactness.
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2 CHENG-SHI HUANG AND ZHI-JIE JIANG*

Assume that X and Y are two metric spaces of analytic functions on I and Sy maps
X into Y. Note that if X contain the linear functions, then ¢ must be an entire function.
Recently, the boundedness and compactness of Sy have been characterized on or between
some analytic function spaces (see, for example, [19-26]).

The following weighted differentiation superposition operator, which is introduced in
[27], is a class of nonlinear operators. Let m € Ny, u € H(D) and ¢ be an entire function
on C. The weighted differentiation superposition operator denoted as D;'Ss on some
subspaces of H(D) is defined by

(DISuf)(2) = u(2)™ (f(2)), =€ D.

Our goal of this paper is to improve results of Kamal and Eissa in [27]. Here, we rethink
the boundedness and compactness of this operator from H® space to nth weighted-type
space, which can be regarded as a continuation of our work (see, for example, [19]).

Now, we introduce the important Bell polynomial (see, for example, [13,15]). Let
n,k € Ng. Then the Bell polynomial is defined as

—k—1 .
n! " i\ Ji
By k= Bp k(71,22 .., Tnpt1) = Z P H (71) ; (4)
L= g = e
where the sum is taken over all non-negative integer sequences ji, jo, . .., jn—k+1 satisfying

Z;:lkﬂ ji = k and E;:f“ ij; = n. In particular, if K = 0, we have Byp = 1 and
Bno=0forneN.

Next, we collect some needed spaces as follows (see [7]). The symbol H* denotes the
space of all bounded analytic functions f on D such that

[fllso = sup | f(z)] < +o0.
z€D

Let p be a weight function (i.e. a positive continuous function on D) and n € Ny. Then
the nth weighted-type space W,Sn) (D) := W,S") consists of all f € H(D) such that

byyon (f) := sup ()| f™ (2)] < +o0.
® zeD

If n = 0, it is the weighted-type space H° (see, for example, [28-30]). If n = 1, the
Bloch-type space By, and if n = 2 the Zygmund-type space Z,. If u(z) = 1 — |z|?, we
correspondingly get the classical weighted-type space, Bloch space and Zygmund space.
Some information on these classical function spaces and some operators on them can be
found, for example, in [31-37].

Let n € N, then the quantity bwfln) (f) is a seminorm on W,S") and a norm on W,Sn)/IP’n,l,
where P,,_; is the class of all polynomials whose degrees are less than or equal to n — 1.
A natural norm on WSL) can be introduced as follows

n—1

1l = D 1FP O]+ by (F)-
7=0

The set Wﬁ") with this norm becomes a Banach space. The little nth weighted-type space
W(fg consists of all f € H(D) such that

N
lim_p(=)| £ (2)] = 0.

|z|—1
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It is easy to see that Wﬁng is a closed subspace of W;(Ln) and the set of all polynomials is

dense in Wﬁ"o) If n =1 and p(z) =1 — |2]?, then it is the little Bloch space By.
Finally, we will introduce the boundedness and compactness of a operator T'. Let X

and Y be two Banach spaces, and T : X — Y be a operator. If there is a positive constant
K such that

ITflly < K| fllx

for all f € X, we say that T is bounded. The operator T': X — Y is compact if it maps
bounded sets into relatively compact sets.

As usual, some positive constants are denoted by C, and they may differ from one
occurrence to another. The notation a < b (resp. a 2 b) means that there is a positive
constant C' such that a < Cb (resp. a > Cb). When a < b and b 2 a, we write a < b.

2. PRELIMINARY RESULTS
In this section, we need several auxiliary results for proving the main results. First, we
have the following useful result which can be found in [38].

Lemma 2.1. Let f € H*®. Then for every n € N, there exists a constant C > 0
independent of f such that

sup(l — 12" f™ ()] < Ol flloo-

zE

The following lemma is introduced in [31].

Lemma 2.2. Let f € B. Then for every n € N
n—1
118 =D 1F90)] + Sgg(l — 21" (=)
j=0 ?

The following lemma shows that any bounded analytic function on D is in Bloch space
(see Proposition 5.1.2 in [39]).

Lemma 2.3. H>® C B. Moreover, ||fllg < |[fllec for all f € H*>.
The following gives an important test function (see [40]).

Lemma 2.4. For fizedt > 0 and w € C, the following function is in H>
- 1— Jwl? t+1
i)~ (=)

sup [|guw,tlloc S 1.
weC

Moreover,

We construct some suitable linear combinations of the functions in Lemma 2.4, which
will be used in the proofs of the main results.

Lemma 2.5. Let w € C. Then there are constants cg,c1,...,c, such that the function

hw (Z) = Z Ckgw,k(z)
k=0
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satisfies
S

s w
hgl‘))(w) = 7(1 — |w|2)5’

0<s<n and h{(w)=0, (5)
where | € {0,1,...,n}\{s}. Moreover,

Sup ||y lloo < 4o00.
weC

Proof. For the simplicity sake, we write d, = k 4+ 1. By a direct calculation, it is easy to
see that the system (5) is equivalent to the following system

1 1 . 1 co 0
do d1 e dn C1 O

s—1 s—1 . . s—1 . . .
H d; H di1 H di+n s |=1 1 |. (6)
k=0 k=0 k=0

n—1 n—1 n—1
[T TLde — TLdeen
k=0 k=0 k=0

Since dy > 0, k = 0,n, by Lemma 5 in [41], the determinant of system (6) is D,,41(dp) =

Cn 0

H;.l:l 4!, which is different from zero. Therefore, there exist constants cg,cq,...,c, such
that the system (5) holds. Furthermore, we obtain sup,,cc [|Aw|oo < +00. O
Remark 2.1. In Lemma 2.5, it is clear that, if s = 0, then there are constants cg, ¢, ..., ¢y,

such that the function h,,(z) satisfies hY) (w) = hy(w) =1 and A (w)=0forl=1,n.

We also have the following characterization of compactness which can be proved similar
to that in [42] (Proposition 3.11), and so we omit the proof.

Lemma 2.6. Let m € Ng, n € N, u € H(D) and ¢ be an entire function. Then the

bounded operator D' Sy : H> — W,(Z") is compact if and only if for each bounded sequence
{fx}(k € N) C H*® such that fr, = 0 uniformly on any compact subsets of D as k — oo,
it follows that

103" So fellyyem = 0-

lim
k—o0
Finally, we need the following result proved in [34]. So, the details are omitted.

Lemma 2.7. A closed set K in Wl(fg is compact if and only if it is bounded and satisfies

lim sup p(2)|f™(2)] = 0.
[z|]—=1 fek
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3. MAIN RESULTS AND PROOFS
Now, we begin to characterize the boundedness and compactness of the operator D)'S :
H* 5 W (or wid).

Theorem 3.1. Let m € No, n € N, u € H(D) and ¢ an entire function with (™ (1) # 0
and ¢V (0) £ 0. Then the operator DSy : H® — Wl(tn) is bounded if and only if

p(2)[u 9 (2)]
M; :=sup ————— < 400 7
B0y g

fori=0,n.
Moreover, if the operator D' Sy : H> — W;(L") is bounded, then the following asymptotic
relationship holds

n
”DZlS‘bHHwanL") = Z M;. (8)
=0

Proof. Assume that condition (7) holds. Then for each z € D and f € H*, we have

zeD

sup (2)| (D3 8./)") ()| =sup (= \Z (X G @)Bus (£(:2)) 6" (1(2))
<supu() 3 (2 Gl @B (SN o (D,
where
BLy(f(2) = Buy (£/(2).4 (). (), 0<j<i<n
Applying formula (4) and Lemma 2.1, we obtain
Bis(F@)| = |Bis (£, ) £970(2)) |
co (M, W Wl Y o)

AR Ol T R O 1 e

For the convenience, we write

I llse Nflloc [RdES ) , (10)

Bi;(f,z) = Bi; (1 — 12|27 (1= 2]2)27 "7 (1 — |2]2)i—d+1
From (9) and (10), we get
sup (2)| (D 50" (2)| < supn(s Z (Zcz W) B, ) |6 )
(11)
For i > j, we have Em'(f, z) =0. Let f € H*® and || f||cc < M. Then, we obtain

1
0<j<i

a-ppye 0=9sh (42

1j(fa )
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where 4 = 0,n. From (11) and (12), we have

sup () (D5.0) ()] <sup Z(Z ()| By (/, = )|¢m+ﬂ> 72|

z€D =0

<C'supp(z) <Iu<”><z)||¢<m><f<z>>|

Z'“(n f(ZW“ |)) (13)

Since f € H*® and || f|lcc < M and ¢ is an entire function, we obtain

9D ()] < max |6 w)| = Ly < +oo )

for each z € D and j = 0,n. From (13) and (14), we have
sup (DL 50) ()] < Csup ()] + Z A2 )

On the other hand, we also have that for every [ = 0,n — 1

(D25,1) (0 S\Z( S0 CHD OB (0 )6 (0] < . (16)

=j
From Lemma 2.2, (7), (15) and (16), we see that the operator D]'S, : B — W,Sn) is
bounded. By Lemma 2.3 (or (7) and (15)), it is obvious that the operator D;"'Sy : H>® —
W,g") is bounded. Moreover, it follows that

1D 56 e ypppmr < C> M. (17)
=0

Now assume that the operator D}*Sy : H* — W,Sn) is bounded, then there is a positive
constant C' independent of f such that

10356 fllyyem < Cllflloo (18)
for each f € H>*. By Remark 2.1, there is a function h,, € H*> such that
ho(w)=1 and A (w)=0 (19)

for | =1,n. Let Lo = ||hw]||co- Then, from (18) and (19), we obtain
Lol Dy Soll e oy ZIDG Sphuwllyyem

—sup \Z(ZCl ") B (hul2)) )67 ()

= p(w) [u™ ()| Bo,o (huw () || (1)

) @) | 20)
Since |¢("™)(1)| # 0, we have
Lol Dy Ssll ey 2 103 Sphaolyyim > Cra(z)ul™ (2)], (21)

for each z € D, which implies that My < 4o0.
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By Lemma 2.4, there is a function h,, € H> such that

n

——— and A (w) =
A= [w])" d  hy(w)=0 (22)

) =

for I =0,n — 1. Let Ly, = ||hwl||lco. Then, from (18) and (22), we have

L[ D3 So proe i 21D Sohuwllyyoo
n

(30 o) By () )™ ()

j=0 i=j
>p(w) |[u(w) Br1 (R (w)) ™ (0) + u™ (w) Bo o (b (w)) ™ (0)|

u(w)w™

ZW")\WW*”(O) + ™ (w)g™ (0)|

=sup (2)
zeD

()| g 6 VO] i) e, (23

where
Bij(hu(2)) 1= Biy (W, (2), W20, B0 ()
From (21) and (23), we have

w u(w)w™
p(w) (

0 0)] < LD Sl + (1) ()™ 0)

< (Ln + CL)IIDG Sl roe -
Since |¢(™+1)(0)| # 0, we have
(L + CLO)IDE Soll ey > D7 Sl > CW. (24)
From (24), we have

p)u(z)|l" _ C p(2)|u(z)|
(Lo + CL) DSyl o > C sup MU S O m@uE)] o)
e N (I PR D T e v (R F DT
One the other hand, we have
p(2)|u(z)| (4>"
sup ——5- < | = su z)|u(z)]- 26
B \<F/2 (I—lz)» = \3 |z|§£)/2/jl( (=)l (26)
From (25) and (26), we get that M,, < +oo.
By Lemma 2.4, there is a function h,, € H*> such that
wnfl R
h = (w) = A=)t and Q) (w) =0, (27)

where [ € {0,1,...,n} \ {n — 1}. Let L,_1 = ||huw||oc. From (18) and (27), we have
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Lot DZ ol ey 2D Sy
—sup (2 \Z(Zcz " () B () ) 4 (s (2))|

u (w)Bn—l,l (ilw (w))¢(m+1) (0)

+Z By, ;( il ))¢(m+j)(0) +u ”)( )¢(M)( )‘

0/ () By 1,1 ()6 (0)
+ 7 () By s ()6 (0)| = pa(w) [ u™ (w)6 ™) (0)],
(28)

where B; ;(ho(2)) = Bi (ﬁ;,(z),iz;;(z), N .,ﬁﬁj*ﬂl)(z)). From (21) and (28), by using
the triangle inequality, we obtain

(Ln—1+ CLo) D396 fyoe im0

2 (1) |10 () B ()60 (0) + 3 () B (ra (10)) 6 0)|

)

J

> () o () B 11 (s ()60 0)] = )| D7 () By (oo ()6 (0)]. (29

1

J

From (29), we have
w) |/ (w) By 1,1 ()" 1 (0)]

<(Ln-1 + CLOIDT ol ey + 1) D () B () 8™+ 0)|

=1

<.

§<Ln_1+0Lo>Dusd;nHMWﬁm((wlj'n'(zw D)), 60

Since |¢(™+1)(0)| # 0, by using (24) and (30), we obtain
(2)[ul2)]|=]"
=2

() (2)||z]" 1 m w(z
o ((1)_ |(z|)2|)|"|_1 | < (Lnt + CLO) DY Sg | o Ly + € a C
< (L + L1+ 2CLo) 1D S | g - (31)

From (31), we have

p(z)|u ()] |2
Ly, + L1+ 2CL0o)|| D} Sl 1o my > C sup
( )H ¢||H —WY 2>1/2 (1 _ ‘Z|2)"71

¢ sup M (32)

>
= gn—1 2[>1/2 (1—|z[2)1
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One the other hand, we have
a2l ()] (4) /
Sup a1 = | 3 sup 2)|u'(2)]. 33
lzj<1/2 (1 —|2[?)"~1 3 \z\§1/2‘u( )|’ (2)] (33)

From (32) and (33), we get that M,,_; < 4o0.
Now, assume that (7) holds for &k < i < n, where 1 <k <n—2. Let Ly_1 = ||hw|oo-
By using the function in Lemma 2.4, we have

L1 1D5" 5ol groe oy 2|\Dm5¢>hw|\w<n>

fsupy ’Z( Cw (n— l)( )Bi,j(hw(z)))‘f’(mﬂ)(hw(z))‘

>u<w>\05*1u D))y )0

n 7

D=3 GO (=) By (ha (w)) " (0) 4 u™ ()™ 0)

1=

n

>3 G (@) By (w))d " (0)| = () |u ™ ()™ (0)]

+
kJ
> pu(w) | O~ =) (@) B (B (w))6 ") (0)
+
kj=

1=

for each w € D. From (21) and (34), we have

(Lk—1+ CLO)HDLnS(ﬁHH“’*)Wﬁ,n) ZM(“’)‘Cﬁ_lu("_(k—l))(w)Bk_1,1(hw(w))¢(m+1)(0)

+ 30D Gl () By () $ ) 0)

i=k j=1
zu(w)‘Cﬁ_lu(n_(k_l))(w)Bk_171(hw(w))¢(m+l)(O)‘
)] 3037 €D () By (s ()6 (0)|
i=k j=1

Then, we have
p(w)|CH= = F D) () By 1 (hay (w)) ™1 (0 )‘
<(Lp_1 + CLO)HDLHS¢||H°°~>W,&7L)

w)| 30D Chul (=) By (s (1)) (0)]

i=k j=1
S(Lk—l + CLO) HDmS¢||HOO—>WfL")

O30 WO B ()6 H0)|

i=k j=1
<(Li—1 4 CLo)[[Dy" S| roe _y i
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‘u(nfl)

" p(w) W)l (| mas)
O T Py (;I@5 (0)]) (35)

Since |¢(™+1)(0)| # 0, from (35) and the assumption (7), we have
p(2) [l )2

(1—[2[2)k—1
i w) w9 (w)]|wl?
(L1 + CL) D Sl gy +C' D 1 )(I1 ! le(Q)ZI |
i=k
g( S Lot (n—k+ 2)C’L0) 102 Sl ey (36)
t=k—1

From (36), we have
(2)ut" =D ()]
(1= [z2)*=

L C @) ED()]
=2k (1 [z2)k-1

(3 Lot (0= k+2)CLo) D5 Syl ey = CF
t=k—1

(37)

One the other hand, we have
n—(k— n—(k—1)
p(2)|[utn =) () 4 (k-
s <(3)  gpeentREL e

From (37) and (38), we get that Mj_; < +oo. Hence, from the mathematical induction
it follows that (7) holds for every ¢ = 0,n. Moreover, we also obtain

S My < D Soll ey (39)
=0
From (17) and (39), then the asymptotic relation (8) follows, as desired. O

Theorem 3.2. Let m € Ng, n € N, u € H(D) and ¢ an entire function with (™ (1) # 0
and ¢V (0) # 0. Then the operator DSy : H® — Wﬁng is bounded if and only if the
operator D]'Sy : H® — W,i") is bounded and for each i € {0,1,...,n}

lim p(z)[u™9 ()] = 0. (40)

|z]—1

Proof. Assume that D;'Sy : H* — Wﬁno) is bounded. Then for each f € H*, we have

lim (2)|(Dy"Sp.f)™ ()] = 0. (41)
|z]—1
Clearly, the operator D]'Sy : H® — Wl(tn) is bounded. Hence, from (24), we obtain
w(z)u(z)||z|" ma T \(n
G < cueor ) )l (42)
From (42), we obtain
u(@)u)|l2" < Cu()|(Dy Sphu) ™ (2)] (43)

By taking |z| — 1 in (43) and using (41), it follows that (40) holds for i = n. Hence, by
the proof of Theorem 3.1, we get that (40) holds for each i = 0, n.
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Conversely, assume that DS, : H*® — WS is bounded and condition (40) holds.
Let p € H*® and ||p||cc < M. Then, we have

|0 (p(2))| < oo

For every polynomial p, we have

WAD560) )] = supna)| 3 (30 €Al ()31 ) ) 5(6)
=€ Jj=0 i=j
< swp(: }:(Xyﬂwm” N[B[0 (3(2)] — 0
7=0

as |z| — 1. From this, we have that for every polynomial p, D}'Syp € W( Since the set
of all polynomials is dense in H*°, we have that for each f € H* there ex1st a sequence
of polynomial {py} such that

Jim [~ iyl = 0. (44)
— 00
From (44) and using the boundedness of D}'S, : H>® — W;(Ln), we obtain

1D Sof = Dy Seprllyyen < D59 o oo 1 = Prlloc =0 (45)

as k — oco. Hence, D}'S,(H™) C )/V4 ¢ and the operator DSy : H* — W( 0 is bounded.
The proof is finished. 0

Theorem 3.3. Let m € Ng, n €N, u € H(D) and ¢ an entire function with (™ (1) # 0
and ¢\ (0) # 0. Then the following statements are equivalent:
(a) The operator Dj}'Sy : H* — W,L" is compact.
(b) The operator D}'Sy : H>® — W( is compact.
(¢c) For eachi € {0,1,...,n}, it follows that
B (2)

(I )

Proof. (¢) = (b). From (13) and using (46), we obtain
i sup u(2)|(DIS, )" (2)] =0,

2121 £l e <1

Obviously, the set is bounded. Hence, by Lemma 2.6 the compactness of the operator
DSy H® — W(n follows.

(b) = (a) is 0bV10us

(a) = (c¢). Suppose that D]*S, : H® — Wﬂ is compact. Then it is clear that the
operator is bounded. Let {z;} be a sequence in D such that |zx| — 1 as k — oo. If such
a sequence does not exist, then condition (46) is vacuously satisfied. Let hy = hzk, where
h,, is defined in the proof of the Theorem 3.1 (or Lemma 2.4). Since limy_, hz =0, we

have hy — 0 uniformly on any compact subset of D as k& — oco. Hence, by Lemma 2.5 we
have

}clggo ||Du S¢hk||WlSH) =0. (47)
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On the other hand, from (25), for sufficiently large k it follows that

ma i () [u(zr)|
D > R 4
D3 Sghllyyon > 0= )’ (48)

which along with (47) and letting & — oo in inequality (48) and since {zx} is an arbitrary
sequence such that |z;| — 1 as k — oo, implies that (46) holds for ¢ = n. By the proof of
the Theorem 3.1, we get that equality (46) holds for each i € {0,1,...,n}. This completes
the proof. O
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Abstract.

In this paper, we introduce two iterative algorithms for finding the solution of the sum of two
monotone operators by using hybrid projection methods and shrinking projection methods. Under
some suitable conditions, we prove strong convergence theorems of such sequences to the solution
of the sum of an inverse-strongly monotone and a maximal monotone operator. Finally, we present
a numerical result of our algorithm which defined by the hybrid method.

Keywords: Hybrid projection methods, Shrinking projection methods, Monotone operators and
Resolvent.

AMS Classification: 47J25, 47H05, 65K10, 65K15, 90C25.

1 Introduction

In this work, we consider the problem is finding a zero point of the sum of three monotone operators
that is,
find z € H such that 0 € (A+ B+ C)z, (1.1)

where A is a multi-valued maximal monotone operator and B, C' are two single monotone operators.
In 2017, Davis and Yin [5] shown that the problem (1.1) can be related to a convex optimization
problem, that is,
minimize,c g F () + G(z) + M (),

where A = OR,B = 905 and C = VP with OR and 0S denote the subdiferentials of R and S,
respectively. The convex optimization problem involves several specific problems that have emerged
in material sciences, medical and image processing and signal and image processing (see more in
[6, 7]). Moreover, the monotone inclusion problems (1.1) includes some special cases. For example,
when B = 0, problem (1.1) becomes find « € H, such that

0€ Az + Cx. (1.2)
If C =0, problem (1.1) reduces to find x € H, such that

0 € Ax + Bz. (1.3)
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If B=0and C =0, problem (1.1) reduces to the simple monotone inclusion find z € H such that
0 € Ax. (1.4)

So, we have the problem (1.1) is very important. Many researcher study and develop algorithm
methods to solve the solution. Davis and Yin [5] introduced the fixed-point equation for solving
monotone inclusions with three operators. In 2018, Cevher et al. [8] extended the three-operator
splitting algorithm [5] from the determinist setting to the stochastic setting for solving the problem
(1.1). Similarly, Yurtsever et al. [9] introduced a stochastic three-composite minimization algo-
rithm to solve the convex minimization of the sum of three convex functions. In addition, Yu et
al. [10] introduced an outer reflected forward-backward splitting algorithm to solve this problem
as

Tni1 = JMx, — ABz, — \Cx,,) — 7(Bxy, — By 1). (1.5)

The sequence {x,} converges weakly to solution of the problem (1.1).

Motivated and inspired by all above contributions, in this work, we will introduce two iter-
ative algorithms for finding the solution of the sum of three monotone operators by using hybrid
projection method and shrinking projection method. Under some suitable conditions, we prove
strong convergence theorems of such sequences to the solution of the sum of three monotone op-
erators. Finally, we will present a numerical result of our algorithm which defined by the hybrid
method and applied to image inpainting.

2 Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. Denote that — and
— are a weak and strong convergence, respectively. I denotes the identity operator on H. For a
given sequence, let wy,(xy,) := {x : Iz, — =} denote the weak w-limit set of {x,}.

Lemma 2.1. Letx € H and z € C. Then we have

(i) z=Pe(x) if (v —2,2—y) >0, forallyecC.

(i) [|Pe(z) — Pe(y)|l < llz —yl, for all z,y € H
(iii) ||z — Pe(@)|I” < [lz = ylI* = lly — Pe(@)||* for all y € C.
Definition 2.2. [/] Let T : H — H be a single-valued operator. Then

(i) T is said to be nonexpansive if

Tz — Tyl < |z —yl, forallz,yec H.
(i) T is said to be firmly nonexpansive if
(Tx — Ty, —y) > ||[Tx —Ty|?, for allz,yc H.

It is obvious that a firmly nonexpansive operator is nonerpansive.

(@ii) T is said to be L-Lipschitz continuous, for some L >0, if
|7 — Tyl < Lz —yll, for allz,y € H.

If L =1, then T is nonexpansive.
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(iv) T is said to be c-cocoercive (or c-inverse strongly monotone), if
(x —y,Tx —Ty) > c|Tx —Tyl||, forallz,y € H,
where ¢ > 0.

(v) T is said to be monotone if
(Tx—Ty,x—y) >0, forallz,yec H.

Remark 2.3. If C is c-cocoercive, then C is 1/c-Lipschitz continuous and monotone. By using
the L-Lipschitz continuity of B, we obtain that B+ C is (L+1/¢)-Lipschitz continuous. Moreover,
since C' is c-cocoercive, we have C is monotone.

Definition 2.4. Let A: H — 2% be a set-valued operator and the domain of A be D(A) = {z €
H : Az # 0}. The graph of A is denoted by Graph(A) = {(z,u) € H x H : uw € Ax}. Then the
operator A is monotone if (x1 — 2,21 — 22) > 0 whenever z; € Ax; and 29 € Axs.

A monotone operator A is mazimal if for any (z,z) € H x H such that
(x—y,2—w) >0
for all (y,w) € Graph(A) implies z € Ax.

Let A be a maximal monotone operator and r > 0. Then we can define the resolvent .J,. :
R(I+rA) — D(A) by
T =+

where D(A) is the domain of A. We know that J” is nonexpensive and we can study the other
properties in references [12, 11, 13].

Lemma 2.5. [/ Let A: H — 2" be a mazimal monotone mapping and let B : H — H be a
Lipschitz continuous and monotone mapping. Then A+ B is maximally monotone.

Lemma 2.6. [7] Let C be a closed convex subset of a real Hilbert space H, x € H and z = Pex.
If {z,} is a sequence in C such that w,(x,) C C and

[2n — || < [l — =],
for all n > 1, then the sequence {x,} converges strongly to a point z.

Lemma 2.7. [3] Let C be a closed convex subset a real Hilbert space H, and z,y,z € H. Then,
for given a € R, the set

U={wel:|y—v|* <z —v|*+ (z,0) +a}

is convex and closed.

3 Hybrid Projection Methods

In this section, we introduce a intertial hybrid projection method and prove a strong convergence
theorem.

(A1) A: H — 2" is maximal monotone.

(A2) B: H — H is monotone and L-Lipchitz continuous, for some L > 0.
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(A3) C: H— H is c-cocoercive.
(Ad) Q:=(A+B+C)"1(0) #0.

The method is of the following form.

Algorithm 3.1 : Inertial hybrid projection algorithm (IHP Algorithm) Initializa-
tion : Choose zg,x1 € H, o, € [0,1).

Iterative step : Compute z,41 via

Wp = Ty, + an(xn + :Cnfl)a
Yn = Ji (wy, — r Bwy, — 1, Cwy),
Zn = Yn — Tn(Byn - Bwn), (3 1)
Cn={z€H:|lzy—2|* < lwn — 21> = (1 — 3 — L*r})[[wn — yal*},
Qn={z€H:(x,—z,x, —x0) <0},
Tn+1 = Po,nq, (o),
where )
0 < r, < min{c, i} and nlgréo rn =0.

Lemma 3.1. Let {z,} be a sequence generated by IHP Algorithm. If conditions (A1) — (A4) hold,

we have
r

= — L) ||lwn — ynll?, for allu € Q. (3.2)

2 = ull® < flwn — ul — (1 - 22

Proof. Let a,, = 72| By, — Bw,||?> — 2rn(yn — u, By, — Bw,). Thus
lzn —ull® = llyn — rn(Byn — Bwy) — ulf®
= ||yn - u||2 - 2rn<yn —u, Byn - Bwn> + T72L||Byn - Bwn||2
= flwn — qu + [lyn — wnH2 +2(Wn — Uy Y — Wy) + ap,
- ||wn - UH2 + ||yn - wnH2 - 2<yn - wnyyn - wn> + 2<yn - w’ruyn - ’LL> + (79}
l[wn — uH2 = lyn — wnH2 = 2(Yn — U, Wy, — Yn + 10 (BYn — Bwy,))
+72 || Byn — Bw,|*. (3.3)
Since B is L-Lipchitz continuous, we have
|[Bwn — Byn|| < Llwn — ynll|- (3.4)
By using (3.3) and (3.4), we have
ll2n — u||2 < lwy, - UHQ - (1- L2r721)||wn - ynH2 = 2(Yn — U, Wy, = Yn + Tn(BYn — Bwy)).  (3.5)
Since y,, = J;i (wy, — r Bw, — r,Cw,,), we have (I — r, B — r,Cw, € (I +1,A)y,. So, we obtain

1
T—(wn — rpBwy, — ryCw, — yn) € Ayp,. (3.6)

Since 0 € (A + B + C)u, we have
—Bu — Cu € Au. (3.7)

Since the operator A is maximal monotone, one gets

1
T—(wn — rpBw,, — r,,Cw, — yn + rnBu+r,Cu,y, —u) > 0.
n
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This implies that
(wp — T Bwy, — 1nCwy — Y + rpBu + 1,Cu, yp —u) > 0.
It follows that

<wn —Yn +7nn(Byn - Bwn)ayn _u> > <TnByn _TnBU_TnCU+rnCwnayn _u>
= (rpByn — rnBu,y, —u) + (r,Cw, — r,Cu,y, — u)
> (rp,Cw, —r,Cu, y, — u) (3.8)

and since C' is c-cococercive, we have

2r, (Cwy, — Cu, Yy, — u) 2r, (Cwy, — Cu, Y, — wy) + 2r, (Cw, — Cu, w,, — u)

—21,[|Cwy — Culll|yn — w || + 2¢r, || Cwy, — Cul?

A\

Y

T.
_2crn||0wn - CU||2 - ?Z”yn - wn||2 =+ QCTnHOwn - Cu||2

Tn 9
5 HIn — Wnil - 3.9
"y — (39)
Combining the equation (3.8) and (3.9), we obtain
T'n
_2<wn — Yn + rn(Byn - Bwn)7yn - ’LL> S ?CHyn - wn||2' (310)

Combining the equation (3.5) and (3.10), we obtain

Iz — u||2 < JJw, — uH2 - (1- ;—n - LZTi)Hwn - yn||27 for all u € Q.
c

This completed the proof.

Lemma 3.2. Let the operators A, B and C satisfies conditions (Al) — (A4). The three sequences
{zn}, {wn} and {y,} generated by IHP Algorithm. Assume thatlim, o ||wn—2, | = limy, 00 [[wn—

Ynll = 0. If a subsequence {zn,} of {x,} converges weakly to some x* € H, then z* € Q where
Q:=(A+ B+ C)~10).

Proof. Suppose that (u,v) € Graph(A + B + C). Thus v — Bu — Cu € Au. Since y,, =
JA (wp, — 7, Bwy,, — rn,Cwy, ), we have (I — 1, (B + C)) € (I + 75, A)yn, . This implies that

Tny

1
7(wnk ~ Ynp — Tny (B + O)wnk) € Aynk .

nk
By using the maximal monotonicity of A, we get
(= yYn,,v — Bu— Cu — L(wnk — Ynp — Tny (B + Clwy,)) > 0.
ng
It follows that
(U= Yn,,v) = (u—yYpn,,(B+C)u+ %(wnk — Ynp — Tny (B + Clwy,))

ng

1
= <u*ynkv(3+0)u* (B+C)wnk> + T<u7ynk7wnk 7ynk:>

= {u=yn, B+ CO)u—(B+ O)yny) + (u = yny, (B + Oy, — (B + Chwny,)
1
+

np

Y%

1
<u - ynk’(B+C)ynk - (B+C)wnk> + r(u_ynwwnk - ynk>'

ng
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Since lim,, o0 [|Jwy, — zp|| = limy, o0 ||wn — yn|| = 0 and B + C is Lipschitz continuous, we have
lim, 00 [|(B + C)yn,, — (B + C)wy, || = 0. From 0 < 7, < min{c, 5}, one get

1Lm (U = Yn,,,v) = (u—2x*,v) > 0.

Since A+ B+ C' is maximal monotone, we have 0 € (A+ B+ C)z*. We can conclude that z* € €.
This completed the proof.

Theorem 3.3. Let the operators A, B and C satisfy conditions (A1) — (A4). Then, the sequence
{zn} generated by IHP Algorithm converges strongly to x* = Pq(xg).

Proof. It is obvious that C),, and @Q,, are closed convex for every n € N. First, we will prove that
Q C Cp, for all n € N. By using Lemma 3.1, we obtain 2 C C,, for all n € N. Next, we prove that
Q C @, for all n € N by the mathematical induction. By the definition of @,, in IHP Algorithm,
we have )1 = H. For n = 1, we note that Q C H = Q. Suppose that 2 C @ for some k € N.
Since C; N Q) is closed and convex, we can define

Tr1 = Poynqs (20).
This implies that
(g1 — 2,20 — Tp41) = 0 for all z € Cr N Q.

Since 2 C Ci N Qg, we have Q C Qx11. It follows that Q C @, for all n € N. So, {z,} is well
defined. Next, we show that {z,} is a bounded sequence and lim, .« ||w, — yn|[> = 0. Since
QC CpNQy, forall n € N, and z,,11 = Pc, nq, (z0), we have

[2nt1 — ol <[l — o
This mean that {x,} is bounde, so {w,} is also bounded. From the definition of @,, we obtain
zn, = Py, (z0). Since z,4+1 € @, we have

lzn, — zol| < ||Zn+1 — zol|, for alln € N.

This implies that lim,, o ||z, — 2ol exists. Therefore,
lZns1 = 2nll* = ll(zn41 — 20) = (zn — o)
21 = 2ol|* = [l2n — 2ol|* = 2(@n 41 — 2p, 20 — 20)

[ Znt1 — 2ol|? = |lzn — o1

IA

It follows that lim, oo ||Tnt1 — zn]| = 0. Since x,41 € C,, N Qy, C Cy, we have

r
Hzn - xn-&-l”Q < lwn, — xn-i-l”Q -(1- = - L2T721)||wn - yn||2~

2c

Since 0 < 7, < min{c, 57}, we have ||z, — @p41]| < [|wy — Tp41]|. Moreover, by the definition of
{wn}, we get

lwn — x|l = |20 + an(Tn — Tny1) — zull = |anll|lTn — Tpga|
This implies that lim,, o ||wy, — 2] = 0 and lim, o ||2n — 2,|| = 0. Therefore,

r

(1- ?Z - Lzri)Hwn - yn||2 < |lw, — xn+1||2 — |lzn — $n+1||2’

Since lim,, o0 7, = 0, we have lim,, ;o (1 — 32 — L?r2) = 1. It follows that lim,, s ||w, — yn|| = 0.

Finally, we show that {z,} converges strongly to 2* = Pq(zg). Let * = Pq(zp). Therefore,
[n — 2ol < [lznt1 — 2ol < [lzo — 27|

By Lemma 3.2, we have every sequential weakcluster point of the sequence {z,} belong to Q. That
is wy (zn) C Q. Hence by Lemma 2.6, we can conclude that the sequence {z,} converges strongly
to z* = Pq(xp). This completes the proof. O
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3 The Inertial Shrinking projection methods

In this section, we introduce a intertial shrinking projection method and prove a strong convergence
theorem.

Algorithm 3.2 : Inertial shrinking projection algorithm (ISP Algorithm) Initial-
ization : Choose zg,x1 € H,a, €[0,1). Let Cy = H

Iterative step : Compute x,,41 via

Wp = Ty + an(xn + mn71)7

Yn = J;‘}1 (wy, — rp Bwy, — rp,Cwy,),

Zn = Yn — Tn(Byn — Bwy), (3.11)
Cni1={2€Cp: |lzn — 2|* < |lwp — 2[I* = (1 = 52 = L?r7)[lwn — g},

Tni1 = Po, ., (T0),

where .
0 < r, < min{e, ﬁ} and nli{rolo rp = 0.

Theorem 3.4. Let the operators A, B and C satisfy conditions (A1) — (A4). Then, the sequence
{z,} generated by ISP Algorithm converges strongly to z* = Pq(xo).

Proof. By Lemma 3.1, we obtain

Iz — u||2 < Jw, — uH2 —-(1- ;—n - Lzri)Hwn - yn||2, for all u € Q.
c

It follows from x,, = Pc, (z0) and x,41 = Pc, ., (70) € Cpy1 C C), that
|z = zoll < [[Zp41 — 2ol-

On the other hand, since z* € € C,, and z,, = Pc, (x0), we have ||z, — zo|| < ||z* — zo]|. Thus
{z} is bounded and lim,,_, |2, — %o exists. Similarly proof of Theorem 3.3, we can proof that
limy, o0 [|Znt1 — Znl] = 0 and lim, o0 ||wn — ynl| = 0. By Lemma 2.6 and Lemma 3.2, we can
conclude that {z,} converges strongly to 2* = Pq(x). This completes the proof. O

4 Numerical results

In this section, we firstly present by following the ideas of He et al. [14] and Dong et al. [15]. For
C = H, we can write the algorithm 3.1 as in the following

To, 20 € H,

Yn = Qp2n + (]- - an)xn;

Zn+1 = J;L: (yn - Tn(B + C)yn)v

Up = QpZn + (1 - an)xn — Zn+1,

Un = (an[l2nl? + (1 = an)l|znll? = ll2n41l?) /2, (4.1)
Cp={2z€C: (unz) <v,},

Qn={2€C:{x, — 2z, —x0) <0},

Tpt1 = Pn, if pn € Qn,

Tng1 = Gn, ifpn ¢ Qn,
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where

p = o — )
! unll> "
(o — Tp, Try — Pp) (To — T, Ty — Pn)
qn = 1-— Pn + Wn,,
<l‘0 Tn,y Wn pn> <$0 — T, Wn — pn)
<unaxn> Un
Wp = Tp —

Next, we will applies the above to image inpainting. We consider the degradation model
that represents an actual image restoration problems or through the least useful mathematical
abstractions thereof.

y=Hx+w

where y, H,x and w are the degraded image, degradation operator, or blurring operator; original
image; and noise operator, respectively.

The regularized least-squares problem can be solve to obtain the reconstructed image is the
following

min{ 3| (z) — yl13 + pp(v)} (12)

where p > 0 is the regularization parameter and ¢(.) is the regularization functional. A well-known
regularization function used to remove noise in the restoration problem is the [; norm, which is
called Tikhonov regularization [?]. The problem (4.2) can be written in the form of the following
problem as:

o1
min {1 H (@) — yl + pllel: ) (43)
TERF

Note that problem (4.3) is a spacial case of the problem (1.1) by setting A = 9f(.), B = 0,
and C = VL(.) where f(z) = ||z| and L(z) = 1|Hz — y||3 This setting we have that C(z) =
VL(z) = H'(Hz—vy), where H' is a transpose of H. We begin the problem by choosing images and
degrade them by random noise and different types of blurring. The random noise in this study is
provided by Gaussian white noise of zero mean and 0.0001 variance. We solve the problem in (4.3)
by using the above algorithm. We set ¢ = 70n?, L = 0.001 and 7, = Wﬁz—&-l' All the experiments
were implemented in Matlab R2015 running on a Desktop with Intel(R) Core(TM) i5-7200u CPU

2.50 GHz, and 4 GB RAM. We obtain the following results.
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(a) Mandril (b) Gaussian blur (c) Our algorithm

Figure 1: Pictures of animals

(a) Lotus (b) Gaussian blur (¢) Our algorithm

Figure 2: Pictures of lotus

‘uﬁ'uw« \l*n 1‘.\ rr ‘... l“ﬂl ‘\““ w‘» i

il

(a) Fabric (b) Gaussian blur (¢) Our algorithm

Figure 3: Pictures of Thai fabric
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Abstract

In this paper we study linear abstract Cauchy problem in two
variables. Theory of two-parameter semigroups of linear operators
and tensor product of Banach spaces is needed to study the solution
of such equation.

Keywords: Two-parameter semigroup, Abstract Cauchy problem, Op-
erator valued function, Banach space.
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1 Introduction

Ordinary and partial differential equations in which the unknown function
and its derivatives take values in some abstract space such as Hilbert space
or Banach space are called abstract differential equations. One of the most
powerful tools for solving linear abstract differential equations is the method
of semigroups of linear operators on Banach spaces. The basics of this method
was originated, independently, by both E. Hille in (1948) [1] and K. Yosida
in (1948) [2]. The power of the semigroup approach became clear through
contribution by W. Feller in (1952, 1954) [3]. One of the classical vector
valued differential equations that can be handled via semigroups of operators
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is the so called the abstract Cauchy problem which has the form:

du

_— = >
7 Au(t), t>0,
u(0) =z,

where A : D(A) € X — X a linear operator of an appropriate type, z € X
is given and u : [0,00) — X is the unknown function. For both linear
and nonlinear abstract Cauchy problems, there are many applications in
engineering and applied sciences. For any abstract Cauchy problem, one can
associate a family of bounded linear operators that is known as a semigroup
of operators.

Let X be a Banach space, and L(X, X) be the space of all bounded linear
operators on X. A one-parameter semigroup is a family of linear operators,
namely, {7'(¢)},5o € L(X, X) such that

(1) T(0) = I, the identity operator of X,
(i1) T(s +t) =T (s)T'(t) fore very t,s > 0.

If, in addition, for each fixed x € X, T(t)r — x as t — 0+, then the
semigroup is called co-semigroup or strongly continuous semigroup.

The fact that every non-zero continuous real or complex function that
satisfies the fact g(s+t) = g(s)g(t) for every ¢, s > 0 has the form g(t) = e**
and that ¢ is determined by the number a = ¢'(0), reveals the association

of an operator A to {T' ()}, such that Az := t%ﬁw; x € D(A)

and is called the infinitesimal generator of {7" (t)},-,.

In 2004, Khalil etal presented the definition of the infinitesimal generator
for two parameter semigroups [4]. Recently, in 2019, M. Akkouchi et al.[5]
carried out a theoretical framework for two-parameter semigroups of bounded
linear operators on a Banach space. For more related works, we refer the
reader to [0} [7, [8, [9)].

The object of this paper is study the abstract Cauchy problem in two
variables by considering two characteristics, namely, the concept of two-
parameter semigroup of linear operators and the theory of tensor product
of Banach spaces.
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2 Preliminaries

Definition 1 Let X be a Banach space, and L(X,X) be the space of all
bounded linear operators on X. A map defined by T : [0,00) X [0,00) —
L(X, X) is called a two-parameter semigroup or semigroup in two variables

of

(1) T(0,0) =1, the identity operator of X,

(@) T ((s1,t1) + (s2,t2)) = T'(s1,t1)T (52, t2) fore very t,s > 0.
Remark 1 From the above definition, it follows that

T(s,t) = T((s,0)+(0,t))
= T(s,0)7(0,¢).

This implies that a semigroup in two variables is the product of two
semigroups in one variable.

Definition 2 The linear operator L(1,1) defined by
L(1,1)x = Ajx + Asz,

where

is the infinitesimal generator of the two-parameter semigroup {T'(s,t)}, o,
Ay and, Ay are the generators of T'(s,0) and T(0,t), respectively. We write
L for L(1,1)x.

Theorem 1 Let {T'(s,t)}, .~ be a two-parameter semigroup and L be its
infinitesimal generator. Then

DT(s,1) ( ' ) v = (A + A5) T(s, {)z.

3 Main Results

3.1 Abstract Cauchy Problems in Two Variables

In this section, we provide the solution of the non-homogeneous abstract
Cauchy problems in two variables.
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Consider the abstract Cauchy problem in two variables:

8“;» b a“g? b _ Lu(s,t) + f(s) + g(t), (1)

where L : X — X closed linear operator with Dom(L) C Rang(u). Let us
assume the initial condition u(0,0) = z..

Procedure
(1) Consider the semigroup of operators

T(s,t)x = "2, Vs, t>0and x € X. (2)
To make life easy, let us assume L to be of exponential order, in the sense:

(7) L is densely defined,
(id) S, Gt |L"z|| < oo, Yz € Dom(L),

n!

(13i) If x € Dom(L), then C (z,L) = {x, Lz, L'z, - - } C Dom(L).

(2) Let
u(s,t) = T(s,0)xs +T(0,8)z,
—l—/OST(s —0,0)f(0)do
+/0tT(O,t— w)g(w) dw. (3)
The claim is such u(s, t) is a solution of ().

Indeed, using the form of T'(s — 6, 0)z = e*Fe "z for any  in the domain
of L, and similarly for7'(0,t — w) we get

% = LT(s,0)z, + L/OS T(s—6,0)f(8)db + f(s)
% = LT(0,t)x, + L/o T(0,t — w)g(w) dw + g(t). (4)
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Hence,
ou_, on
ds Ot
—l—L/Ts—HO 0)do + f(s)
0

+L TOt— (w) dw + g(t)
= Lfu(s, )] + f(s) + g(t). (5)

Thus, such u(s,t) given in (ref A-3) satisfies equation (1)).

3.2 Tensor Product Abstract Cauchy Problem in Two
Variables

Definition 3 Let X and Y be any two Banach spaces and X* is the dual
space of X. Forx € X andy €Y, the operator T : X* — Y, defined by

T(z*) = a*(x)y = (x, ")y,

1s a bounded one rank linear operator. We write x ® y for such T . Such
operators are called atoms.

Atoms are used in theory of best approximation in Banach spaces [10]
and they are considered among the fundamental ingredients in the theory of
tensor product of Banach spaces. For more related work on tensor product
of Banach spaces, we refer reader to [10, [IT], T2} [17] .

Definition 4 Let X and Y be Banach spaces and A : Dom(A) C X — Y
be linear. The operator A is called of exponential order if:

(i) If v € Dom(A) then {x, Ax, A%z, ---} C Dom(A),
(i) S0 LAy < oo, Vo € Dom(A)

nln'

Clearly every bounded linear operator is of exponential order.
We will write e'tz for 07 | & ||A"z|.
Now, consider the abstract Cauchy problem.

u(s)@u'(t) = Au(s)® Bu(t) + f(s) @ Bu(t)
+Au(s) @ g(t) + f(s) @ g(t) (6)

5
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where X and Y are Banach spaces, u : [0,00) — X, v : [0,00) = Y,
A : Dom(A) C X — X, Rang(u) C Dom(A), B : Dom(B) CY — Y,
Rang(v) € Dom(B), A, B are closed operators of exponential order, and
both f :[0,00) = X, g : [0,00) — Y are given. Moreover, let us assume
u(0) = 2o and v(0) = ..

Procedure
Let

us) = a6 o), ™)
0

v(s) = etByo-i—/te(tw)Bg(w)dw. (8)
0

Then, using the same technique as in section 1 for differentiating the integral
we get:

d(s) = Az, + A / e F(0)do + f(s)

— Au(s) + (s), 0
V() = &f%+3/2“”mmmwnm

= DBu(s)+ g(t).o (10)

Compiling both (9) and in tensor product form yields ().

Remark 2 Both eSAa:o and etByo have no meaning unless A and B are,
respectively, of exponential order. Thus, one can summarize the above result
as follows:

If A and B are of exponential order, then (0]) has a unique solution where
u(0) =z and v(0) = ys.

4 Conclusions
This paper has successfully introduced analytical methods for handling non-

homogeneous abstract Cauchy problem in two variables. The first method
is based on the new concept of two-parameter semigroup of linear operators
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and its infinitesimal generator. While the second method utilizes the theory
of tensor product of Banach spaces coupled with the tensor product proper-
ties to formulate a solution to a general tensor version of nonhomogeneous
abstract Cauchy problem. In both cases the obtained results seem to be
very interesting and promising in the sense that they could be extended for
further classes of abstract Cauchy problems.
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APPROXIMATE EULER-LAGRANGE QUADRATIC MAPPINGS
IN FUZZY BANACH SPACES *

ICK-SOON CHANG, HARK-MAHN KIM f, AND JOHN M. RASSIAS

ABSTRACT. For any rational numbers k, [ with kl(I — 1) # 0, we prove the gener-
alized Hyers—Ulam stability of the Euler-Lagrange quadratic functional equation

Jlke + y) + f(ke — ly) + 200 — DEf(2) — 1f ()] = U (ke + ) + [(ka — y)]
using both the direct method and fixed point method in fuzzy Banach spaces.

1. INTRODUCTION.

Some mathematicians have established fuzzy spaces with fuzzy norms on linear
spaces from various points of view [2, 12, 18, 34|. Xiao and Zhu [34], Cheng and
Mordeson [6], and Bag and Samanta [2, 3] gave the idea of fuzzy norms over linear
spaces in such a manner that the corresponding fuzzy metric may be of Kramosil
and Michalek type [17] and investigated some properties of fuzzy linear operators
on fuzzy normed spaces.

Now, we introduce the definition of fuzzy normed spaces given in [2, 21, 22].

Definition 1.1 [2, 21, 22]. Let X be a real linear space. A function N : X x R —
[0, 1] is said to be a fuzzy norm on X if for all x,y € X and all s,t € R,
(N1) N(z,t) =0 for ¢t <0;
(N2) x =0 if and only if N(z,t) =1 for all t > 0;
(N3) N(cx,t) = N(z, Tl ) for ¢ # 0;
(Ny) N(z +y,s+t) >min{N(z,s), N(y,t)};
(N5) N(z,-) is a non-decreasing function on R and lim; ,, N(z,t) = 1;
(Ng) for x # 0, N(z,-) is continuous on R.
The pair (X, N) is called a fuzzy normed (linear) space. The properties of fuzzy
normed linear spaces and examples of fuzzy norms are given in [21, 23].

Definition 1.2 [2, 21, 22]. Let (X, N) be a fuzzy normed linear space. A sequence
{z,} in X is said to be convergent or to converge to x if there exists an x € X such
that lim, . N(z, — z,t) = 1 for all ¢ > 0. In this case, x is called the limit of the
sequence {x,}, and we denote it by N-lim,_, =, = .

2000 Mathematics Subject Classification. 39B82, 39B72, 47L05.
Key words and phrases. Fuzzy Banach spaces; Generalized Hyers—Ulam stability; Fuler—
Lagrange quadratic mappings; Fixed point method; Direct method.
* This work was supported by research fund of Chungnam National University.
T Corresponding author:hmkim@cnu.ac.kr.
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2 I.-S. CHANG, H.-M. KIM, AND JOHN M. RASSIAS

Definition 1.3 [2, 21, 22]. Let (X, N) be a fuzzy normed linear space. A sequence
{z,} in X is called Cauchy if for each € > 0 and each ¢t > 0, there exists an nop € N
such that for all n > ng and all p > 0, we have N(z,1, — z,,t) > 1 —¢.

It is well known that every convergent sequence in a fuzzy normed space is a
Cauchy sequence. If each Cauchy sequence is convergent, then the fuzzy norm is
said to be complete and the fuzzy normed space is called a fuzzy Banach space.
They say that a mapping f : X — Y between fuzzy normed spaces X and Y is
continuous at zp € X if for each sequence {x,} converging to each xzy € X, the
sequence {f(x,)} converges to f(xo). If f: X — Y is continuous at each z € X,
then f: X — Y is said to be continuous on X (see [3, 21]).

The stability problem of functional equations originated from a question of Ulam
[33] concerning the stability of group homomorphisms. Hyers [14] gave the first
affirmative partial answer to the question of Ulam for additive mappings on Ba-
nach spaces. Hyers’s theorem has been generalized by Aoki [1], Th.M. Rassias [28]
and Gavruta [13] by considering an unbounded Cauchy difference. The classical
functional equation

flx+y)+ fle—y)=2f(x)+2f(y),

associated with the parallelogram equality ||z + y||> + ||z — y||* = 2||z|* + 2||y||? in
inner product spaces, is called a quadratic functional equation, and every solution
of the quadratic functional equation is said to be a quadratic mapping. First of all,
the Hyers-Ulam stability problem for the quadratic functional equation has been
established by Skof [32], Cholewa [7] and Czerwik [9]. In particular, Isac and Th.M
Rassias [15] have provided a new application of fixed point theorems to prove the
stability theory of functional equations. By using fixed point methods, the stability
problems of several functional equations have been extensively investigated by a
number of authors (see [4, 8, 31, 23, 27, 26]).

We recall the fixed point theorem from [19], which is needed in Section 3.

Theorem 1.4 [4, 19]. Let (X,d) be a complete generalized metric space and let
J : X — X be a strictly contractive mapping with the Lipschitz constant L < 1.
Then, for each given element x € X, either

d(J"z, J""r) = oo

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x, J" ) < oo, Vn > ng;
(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the unique fixed point of J in the set Y = {y € X]d(J”Ox y) < oo}
(4) d(y,y*) < 5d(y, Jy) forally € Y.
On the other hand, J.M. Rassias investigated the Hyers—Ulam stability for the
relative Euler—Lagrange functional equation

flaz +by) + f(bz —ay) = (a® +0°)[f(x) + f(y)]
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in [29, 30]. The stability problems of several quadratic functional equations have
been extensively investigated by a number of authors, and there are many interesting
results concerning this problem (see [5, 24, 10, 11]). In the paper [16], the authors
have proved the generalized Hyers-Ulam stability of the Euler-Lagrange quadratic
functional equation

(1.1) flkx + ly) + f(kx —ly)
= Kl[f(x+y) + [z —y)] +2(k = D[Ef(z) = 1f(y)]
in fuzzy Banach spaces, where k, [ are nonzero rational numbers with &k # [.
Motivated to research stability results of the Euler—Lagrange functional equation,

we investigate the generalized Hyers—Ulam stability of the following modified Euler—
Lagrange functional equation

(1.2) flkx +1y) + f(kx —ly) +2(1 = D)[F* f(z) — 1f (y)]
= I[f(kz +y) + f(kx —y)]

using both the fixed point method and the direct method in fuzzy Banach spaces in
the paper, where k, [ are nonzero rational numbers with k(I — 1) # 0 . Throughout
the paper, we assume that X is a linear space, (Y, N) is a fuzzy Banach space and
(Z,N') is a fuzzy normed space.

2. GENERAL SOLUTION OF (1.2).

The following lemma can be found in the paper [16].

Lemma 2.1. [16] A mapping f : X — Y between linear spaces satisfies the
functional equation

fra+y)+ flrz —y) =rlf(z+y) + fx —y)] +2(r = D[rf(z) — f(y)]

for any fixed rational numbers r with r # 0, 1 if and only if f is quadratic.
Now, we present the general solution of the functional equation (1.2).

Theorem 2.2. A mapping f : X — Y between vector spaces satisfies the functional
equation (1.2) if and only if f— f(0) is quadratic, where f(0) = 0 whenever k* # [+1.

Proof. First of all, replacing (z,y) := (0,0) in the functional equation (1.2), we
find f(0) = 0 whenever k? # [ + 1. Substituting (z,y) := (x,0) in (1.2), we get
f(kz) = K*f(x) for all z € X. Putting (z,y) := (0,z) in (1.2), one has

(2.1) flz) + f(=lx) = (20 = ) f(2) + 1f (=)
for all x € X. Replacing by —z in (2.1), one gets
(2.2) f(=lz) + f(lx) = (20 = ) f(~2) + Lf (2)

for all € X. Subtracting equation (2.1) from (2.2), we find f(—z) = f(z) and so
f(lz) = I2f(z) for all z € X. Thus the equation (1.2) can be rewritten as

Ly ly Yy Yy Yy
fla+ )+ flo =) =Ufle+ )+ flo = D) =20 = DIf (@) = LA(D)];
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which yields by switching (z,y) with (y, kx)

flz+y)+ fle —y) =1f(x+y) + fle —y)] + 20 - D[f(z) = f(y)]

for all =,y € X. Therefore, it follows from Lemma 2.1 that f is quadratic.
Conversely, if a mapping f is quadratic, then it is obvious that f satisfies the
equation (1.2).

3. STABILITY OF EQUATION (1.2) BY FIXED POINT METHOD.

For notational convenience, we define the difference operator Dy f : X? — Y of
the equation (1.2) for a given mapping f: X — Y as

Duf(z,y) = [flkx+1ly)+ f(ke —ly) +2(0 — D[ f(z) — Lf(y)]
—l[f(kx +y) + f(kr — y)]

for all x,y € X. Now, we are going to consider a stability problem concerning the
stability of equation (1.2) by using the fixed point theorem for contraction mappings
on generalized complete metric spaces.

Theorem 3.1. Assume that a mapping f : X — Y with f(0) = 0 satisfies the
functional inequality

(3.1) N(Dyf(z,y), t1 + t2) = min{N'(p(2), 1), N'((y), t3)}

for all z,y € X and all ¢; > 0 (i = 1,2), and for some ¢ > 0, and assume in addition
that there exists a constant s € R with |s| # 1,0 < |3|§ < k? such that a constrained
function ¢ : X — Z satisfies the inequality

(32) N'(p(kz),t) > N'(sp(x), 1),

for all z € X and all ¢t > 0. Then there exists a unique Euler-Lagrange quadratic
mapping @ : X — Y satisfying the equation Dy Q(x,y) = 0 and the approximate
functional inequality

(3.3) N(f(z) — Q(z),t) > mm{N'(“_Hq“(Dg)_‘qu,tq),

, (0) ,
" <|Z— 1|q20k2 ey ))

near f for all z € X and all t > 0.

Proof. We consider the set of functions
Q:={g: X = Y]g(0) =0}
and define a generalized metric on €2 as follows:
do(g, h) := inf {K € [0,00] : N(g(x) — h(z), Kt) = min{N'(p(x), t*), N'(£(0), ) },
ve € X,V > 0},

Then one can easily see that (2, dg) is a complete generalized metric space [20].
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Now, we define an operator J : 2 — 2 as

forall g € 2, x € X.

We first prove that J is strictly contractive on . For any g, h € €2, let € € [0, 00)
be any constant with do(g,h) < e. Then it follows from the use of (3.2) and the
definition of dg(g, h) < € that

N(g(z) = h(z),et) > min{N'(p(z),17), N'(¢(0),t9)},
g(kz)  h(kz) |s|s
= N ( 22 k2

5t> > min{ N’ (p(kz), |s]t7), N'((0), |s|t1)},

= N(Jg(:c) — Jh(z), %51&) > min{N'(p(2), 19), N'(0(0), 1)},

=

5]

= do(Jg, Jh) <

£, Ve e X,t>0.

Since € is an arbitrary constant with do(g, h) < €, we see that for any g, h € €,

Qe

5]

do(Jg, Jh) < =3

dﬂ(ga h);

1
which implies J is strictly contractive with the constant ‘2‘—; < 1 on €.

We now want to show that do(f, Jf) < oco. f weput y :=0,¢;,:=t (i =1,2) in
(3.1), then we arrive at

V(s - L8 L) 2 min{V (el ), N (p(0), 1),

which yields do(f, Jf) < m < 00, and so

n n 1
do(J"f, J" f) < da(f, Tf) < = 1k2

for all n € N. Now, applying the fixed point theorem of the alternative for con-
tractions on generalized complete metric spaces due to Margolis and Diaz [19], we
obtain the following approximate functional inequalities (a), (b) and (c):

(a) There is a mapping @ : X — Y with Q(0) = 0 such that

1 1
d 9 S ld 7J S 1 Y
QS I S
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and thus @ is a fixed point of the operator .J, that is, #Q(l{;x) = JQ(z) = Q(x) for

all x € X. Thus we arrive at

t
= 1]k — 5] )
N(f(w) = Q(),£) = min { N (sp(), |l = 1[9(k* — |s]2)7 17),

N (l0), 1 = 1700 = [sffye 7))

N(f(@) - Q) ) = min{ V(). ), N'((0), 1)},

for all t > 0 and all z € X, which implies the approximation (3.3).
(b) Since do(J™f,Q) — 0 as n — oo, we obtain

f(k"z)
L2n - Q(x>7 t)

= N (K@) — Q). K1)
T (o N )
Y G = )Y G e ™)

[ () RPONm N ©(0) kyn
me{N<|l_1’q(k2_‘s|é)q’<\?|> t>’N<|l—1\q(k2—]3|;)q’<’3|> t >}

k24
—1 as n— (W>1>
S

N

/N

v

for all t > 0 and all x € X, that is, the mapping ) : X — Y given by

(3.4) N- tim £077)

n—oo k20

= Q(x)

is well defined for all x € X. In addition, it follows from the conditions (3.1), (3.2)
and (Ny) that

N(2ERR) ) s i v (o), B, 0 (rm), ) )
(oo (2 ) o (25
(3.5) — 1 as n—oo, t>0,
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for all x € X. Therefore we obtain, by use of (Ny), (3.4) and (3.5),

N(DuQ(z,y),t) > min{N<Dle(x’y)_Dklf(knx,kny) 3)7

k2n "2
Dy f(k™x, k™y) t
N( klf(sz y)’ﬁ)}

k2n "2

> min {N’ (so(flf), (%)ni—b 7 N’(*"@)’ (%)ng) }

— 1 as n—o0, t>0,

Dy f(k"x, k™y) t
= N( uf (K, ky) ), (for sufficiently large n)

which implies Dy Q(x,y) = 0 by (Ns), and so the mapping @ is quadratic satisfying
equation (1.2).

(¢) The mapping @ is a unique fixed point of the operator J in the set A = {g €
Q|da(f,g) < oo}. Thus, if we assume that there exists another Euler-Lagrange type
quadratic mapping @' : X — Y satisfying inequality (3.3), then

Q' (kx) ) , 1
= =J s d s < 1
o =@, el Q) < <o

Q'(z)

and so @' is a fixed point of the operator J and Q' € A = {g € Qlda(f,g) < co}.
By the uniqueness of the fixed point of J in A, we find that @ = @', which proves
the uniqueness of @) satisfying inequality (3.3). This ends the proof of the theorem.

We observe that if 0 < |s| < 1 in Theorem 3.1, then
min {N'(p(x), 1), N'(¢(0), %) } = N'(¢p(), 1)
for all z € X and all £ > 0 since N’(p(0), #4) > N’(gp(O), |t—|) s 1asn — oo by
the condition (3.2).

Theorem 3.2 Assume that a mapping f : X — Y with f(0) = 0 satisfies the
inequality

N(Dklf(a:a y)? b+ tQ) > Hlin{Nl(gp(x), t?)? N/(90<y)7 tg>}

for all z,y € X and all t; > 0 (i = 1,2) and for some ¢ > 0, and furthermore assume

that there exists a constant s € R with |s| # 1, ]s]% > k? such that a constrained
function ¢ : X — Z satisfies

¥(s(3)) 2 (ko)

for all x € X. Then there exists a unique Euler-Lagrange quadratic mapping
Q : X — Y satisfying the equation Dy, Q(z,y) = 0 and the approximate functional
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inequality

(36 N(@-Q@.t) > min{N(— )
1= 1jo(]s]t — k2)s

)
|l —1[a(]s[s — k?)
forallt >0 and all z € X.

Proof. Finally, applying the same argument as in the proof of Theorem 3.1, we can
find a mapping @) : X — Y defined by

N- lim k?ﬂf%) = Q(z)

n—o0

satisfying the equation Dy,Q(z,y) = 0 and the approximate functional inequality
(3.6) near f.

4. STABILITY OF EQUATION (1.2) BY DIRECT METHOD.

In the following, we are going to investigate alternatively generalized Hyers-Ulam
stability of the Euler-Lagrange functional equation (1.2) via the direct method in
fuzzy Banach spaces.

Theorem 4.1. Assume that a mapping f : X — Y with f(0) = 0 satisfies the
inequality

(4.1) N(Dif(x,y),t) = N'(e(2,y),1)

and assume in addition that there exists a constant s € R subject to 0 < |s| < k?
such that a constrained function ¢ : X? — Z satisfies the functional inequality

(4.2) N'(p(kz, ky),t) > N'(sp(x,y),1)

for all x € X and all t > 0. Then there exists a unique Euler-Lagrange quadratic
mapping @ : X — Y satisfying the equation Dy Q(x,y) = 0 and the approximate
inequality

(43)  N(f(@) - Q@).0) = N'(

for all z € X.

©(x,0)
2|0 — 1](k% — |s]

),t), t >0,

Proof. It follows from the assumption (4.2) that

N'(e(k"x,k"y),t) = N'(s"¢(z,y).t)

t
- N,<Q0<I',y)7—>, t>07

|s|”
which yields
(4.4) N'(p(k"x, k"y), [s]"t) = N'(p(2,y),t), t>0,
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for all z,y € X. Putting (z,y) := (x,0) in (4.1), we have
N2 = 1) f (k) = 2(1 = DE* f (), 1) = N'((2,0), 1),

flex) ¢
(4.5) or, ( (x) — T 1|k2> > N'(p(z,0),1)
for all z € X. Therefore it follows from (4.4), (4.5) that
fErz)  f(k"a) |5 n n
N( k2n B k2(n+1) 2|l _ 1|k2(n+1)) > N/(QD(]{Z JI,O), |S| t) > N/(90<x70)7t)
for all z € X and any integer n > 0. Thus, we deduce the functional inequality
fOkra) g~ Jsf't
(4.6) N(f@) -2 Z TR )
n—1 ; n—1 ;
_ flkx) (k™) |s|'t
B N( o ( k2 k2D )ZO 2|1 — 1|/<;2<i+1>>
. flkx) — f(k" ) |s|'t
= oglirélil_l{N( K2 gD 9 - 1|k2(i+1)>}

> N'(o(x,0),t), t>0,

which implies

w(L0rn) 1 ”‘Z ste
f2m k2(m+p) =~ 2|l_1|k2(i+1)

. flk'z) — f(k™ ) |s|'t
= mgfg“nirip_l{N ( K2 g2 9 - 1|k2<z'+1>>}
> N'(¢(x,0),t), t>0,
for all x € X and any integers p > 0, m > 0. Therefore, one concludes

f(Emz)  f(Em ) : t
(47) N< 2 - 1:2(m+p) ,t> > N <S0($’ 0)7 Zm—l—p—l |s|®

i=m Q\l 1‘k2(i+1)

m—+p—1 ; ; m—+p—1 .
f(Kx)  f(E* ) |s|'t
= N( Z ( k2 g2(i+1) )7 Z _2|l — 1|k2(i+1)>

for all z € X and any integers p > 0,m > O ¢t > 0. Since 7P ! ',;'l

series, we know that the sequence {f on } is Cauchy in the fuzzy Banach space
(Y, N), and so it converges in Y. Therefore a mapping @ : X — Y defined by

is a convergent

0@) = N- tim L8 o N(f(kix) —Q(z),t) =1, ¥t >0,

n—oo k20 n—00 k2

is well defined for all € X. In addition, we see from (4.6) that

49 N (s T 2 v (0, ),

1=0 2|l71‘k2(i+1)
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and thus for any € with 0 < & < 1 the following inequality

@9) N - Q) > min{N(f@) - LD 0 o)

N(f(km - Q(x),et)}

> N’ (gp(ﬁ 0) :
- ) ) -1 K3
Z?:o 2|171‘|$k‘2<i+1>

> N(p(x,0),2] - 1)1 — )k — |s])t),

holds good for sufficiently large n, and for all z € X and all ¢ > 0. Since ¢ is
arbitrary and N’ is a left continuous function, we obtain

N(f(z) = Q(z),t) = N'(¢(,0), 21 — 1|(k* = |s|)t), >0,

for all x € X, which yields the approximation (4.3).
On the other hand, it is clear from (4.1) and (Ns) that the relation

Dy f(k™x, k"y " om "
(Pl () s N k) K

k2n

> N’(w(w,y% Wt>

— 1 as n—

holds for all z,y € X and all ¢ > 0. Therefore, we figure out by definition of

lim,, oo N(Z52 — Q(2),t) = 1 for all (¢ > 0) that

Dy f(kK"x, k"y) f)
k2n "2’

Dy f(k"x, k™y) t
N( wf (K", K"y) )}

N(DpQ(z,y),t) > min {N(Dle(x,y) —

B2

k2n "2

an

> N’< , ,—t), t>0
> oz, y) TR

— 1 as n — oo,

D n n
N( uf (K, ky) t) (for sufficiently large n)

which implies Dy Q(z,y) = 0 by (N3). Thus we find that @ is a quadratic map-
ping satisfying equation (1.2) and inequality (4.3) near the approximate quadratic
mapping f: X — Y.

To prove the uniqueness, we now assume that there is another quadratic mapping
Q' : X — Y which satisfies the approximate inequality (4.3). Then it follows from
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the equality Q'(k"z) = k*Q'(z), Q(k"x) = k*"Q(x) and (4.3) that
Q(k"z)  Q'(k"x) t)

NQ) - Q). = N(

k2n k.2n
: Q(k"z)  f(k"z) ¢ f(k"x)  Q'(k"z) ¢
> mln{N< k2n - k2n ’5)’N< k2n o k2n ’5)}
> N'(p(k"2,0), (K* - [s])k*")
: (K — |s])k*"t
> (ol B g

for all n € N, which tends to 1 as n — oo by (V). Therefore one obtains Q(z) =
Q'(x) for all x € X, completing the proof of uniqueness. This completes the proof
of the theorem.

We remark that if £ =1 in Theorem 4.1, then

N'(p(z,y),t) = N'(p(z,y), —) = 1

t
|s["
asn — 0o, and so p(z,y) = 0 for all x,y € X. Hence, Dy, f(z,y) =0forall z,y € X
and thus f is itself an Euler-Lagrange quadratic mapping.

Theorem 4.2. Assume that a mapping f : X — Y with f(0) = 0 satisfies the
inequality

(4.10) N(Dyf(z,y),t) = N'(p(z,y), 1)

and assume in addition that there exists a constant s € R subject to |s| > k? such
that a constrained function ¢ : X? — Z satisfies the inequality

(4.11) N’((p(%,%),t) > N'(égp(x,y),t), t>0,

for all z € X and all ¢ > 0. Then there exists a unique Euler-Lagrange quadratic
mapping @ : X — Y satisfying the equation DyQ(x,y) = 0 and the approximate
inequality

(112)  N(f(@) - Q@).) = N'(

for all z € X.

o(x,0)
2|0 — 1/(|s] — k2

,t), t >0,
)

Proof. It follows from (4.5) and (4.11) that

N () =25 (3) m

for all x € X. Therefore it follows that

) = Nelw.0).0), >0,

n—1 le

N(#@) =k (55) X g get) 2 Ve 0.0, >0,

1=0
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for all x € X and any integer n > 0. Thus we see from the last inequality that

N(f) =k (2)0) = N0, t

Yoo FaE
=0 2[1—1[[s] 11

> N'(p(x,0),2ll = 1[(]s| — k*)t), > 0.

The remaining assertions go through the corresponding part of Theorem 4.1 by
the similar way.

We also observe that if £ = 1 in Theorem 4.2, then

N'(¢(z,y),t) > N'(¢(z,y), |s|"t) = 1

as n — 00, and so ¢(x,y) =0 for all z,y € X. Hence, Dy, f = 0 and thus f is itself
an Euler-Lagrange quadratic mapping.

Corollary 4.3. Let X be a normed space and (R, N’) be a fuzzy normed space.
Assume that there exist real numbers 6; > 0, #, > 0 and that p is a real number
such that either 0 < p < 2 or p > 2. If a mapping f : X — Y with f(0) = 0 satisfies
the inequality

N(Dklf(may)at) 2 N/(eleHP + 92”y”p>t)

for all z,y € X and all t > 0, then we can find a unique Euler-Lagrange quadratic
mapping @ : X — Y satisfying the equation DyQ(x,y) = 0 and the inequality

N/%,t, f0<p<2 [kl >1, (p>2, |kl <1
N(f(z)—Q(z),t) > Ql—gﬁ;ﬂ—pwv’) ) Ho<p || (p k| < 1)
N' (gl 1), ifp>2, [k > 1, (0<p<2, [kl <1)

for all z € X and all t > 0.

Proof. Taking ¢(z,y) = 601]|z||” + 62]|y||? and applying Theorem 4.1 and Theorem
4.2, we obtain the desired approximations, respectively.

Corollary 4.4. Assume that for k # 1, there exists a real number 6§ > 0 such that
the mapping f: X — Y with f(0) = 0 satisfies the inequality

N<Dklf(x7y)7t) Z N/(67t>

for all x,y € X and all t > 0. Then we can find a unique Euler—Lagrange quadratic
mapping @ : X — Y satisfying the equation Dy Q(x,y) = 0 and the inequality

N(f(@) = Qo)) = N (gr—yri—71)

for all z € X and all £ > 0.

We remark that if § = 0, then N (Dy, f(z,y),t) > N'(0,t) = 1, and so Dy f(x,y) =
0. Thus we get f = @ is itself an Euler-Lagrange quadratic mapping.
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Abstract. In this paper we introduce the notion of liner fuzzy real numbers, and show that the set of all positive
(or negative) symmetric linear fuzzy real numbers forms a semiring. Moreover, we discuss a complex transform

of linear fuzzy real numbers.

1. INTRODUCTION

A. Kaufmann and M. M. Gupta [2] introduced the notion of a trapezoidal fuzzy number, and
D. Dubois and H. Prade [I] generalized the notion of trapezoidal fuzzy numbers. X. F. Zhang
and G. W. Meng [12] introduced the notion of an isoceles triangular fuzzy number, and discussed
the simplification of addition and subtraction operations of fuzzy numbers. A. Kumar et al. [2]
studied an RM approach for ranking of generalized trapezoidal fuzzy numbers, and showed that
the ranking function satisfies all the reasonable properties of fuzzy quantities proposed by X.
Wang and E. E. Kerre [II]. Neggers and Kim researched fuzzy posets [7] and created Linear
Fuzzy Real numbers [§]. Linear Fuzzy Real numbers were used by Monk [4]. In [9], Rogers et al.
focused on linear fuzzy programming problems. Rogers [10] focused on solving and manipulating
Fuzzy Nonlinear problems in the Linear Fuzzy Real number system using the Gradient Descent.
In texts on fuzzy logic, fuzzy subsets of the real numbers may also be referred to as fuzzy real
numbers, thus obviating the needs to talk about fuzzy subsets of the real numbers. Actually,
equating these concepts may be a disadvantage since in some way we expect numbers, whether
fuzzy or not, to behave differently from (sub)sets, whether fuzzy or not. It is with this in mind
that we seek to introduce among several models of systems of fuzzy real numbers, the system of
linear fuzzy real numbers discussed below. For general concepts for fuzzy set theory we refer to
[51 [6].
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2. LINEAR FUZZY REAL NUMBERS

A mapping pu : R — [0,1] is called a linear fuzzy real number [8, [] if there is a triple of real
numbers a,b, ¢ (a < b < ¢) such that

(1) p(b) =1

(2) u(z) =0 ifx<aorz>ec,
(3) pu(zr) === ifa<z <,
(4) plr) = ifb<o<ec

We denote such a linear fuzzy real number by a triple u =< a,b,¢ > or p = u(a,b,c) where
a < b < c. Notice that the integral f wu(t)dt = bT“ + %b = 5%, l.e., if the goodness of the fuzzy
subset p : (—o00,00) — [0, 1] is defined by

eV — 1 00 .
6= Sy W =1 o
then in the case of a linear fuzzy real number y =< a, b, c >, it follows that
|
ecfa, —_
Gp) = ———
ee—a + 1

In particular, if we let ¢ — a — 07, then G(u) — 1, so that for any u =< a,a,a >, we set
G(n) = 1. On the other hand, if ¢ — a — oo, then G(u) — 0%, and 0 < G(p) < 1. If
w=<a,a,a >, then u(t) = 0if t # a, while p(a) = 1, i.e., u = d,, the characteristic function of
the real number a. For any two linear fuzzy real numbers u; =< a;, b;,¢; > (i = 1,2), we define
1+ po =< ay + as, by + by, cp + o >.

Theorem 2.1. If p; =< a;,b;,¢; > (i = 1,2) be linear fuzzy real numbers, then G(u; + p2) <
min{G(p1), G(p2)}-

H\M

Proof. 1f we let F(z) := 2+1 then
PO G o SR e
- 2
(ex +1)?
B —de:
22(es +1)2

< 0.
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Hence, if 1 > w9, then F(x1) < F(x3). Since (¢1 + ¢2) — (a1 + a2) > ¢; — ay, (i = 1,2),

G +p2) = F((er+c2) = (a1 + az))
< F(¢—a;)
(

Q

14i)
proving the theorem. U
Corollary 2.2. If G(u1 + p2) = G(p1), then us is the characteristic function of a real number.

Proof. If G(p1 + p2) = G(p1), then (¢q + ¢o) — (a1 + az) = ¢4 — a; and hence ¢3 — as = 0, which
means that ps =< by, by, by >= 0, for some by € R. O

Proposition 2.3. Let p; =< a;,b;,¢; >, (i = 1,2,3), be linear fuzzy real numbers and §y =<
0,0,0 >. Then

(i) pi + do = pui,
(ii) p1 + p2 = po + pa,
(iif) (o1 + pr2) + pa = pa + (p2 + pa3),
(iv) If gy + po = do, then py = dy,, pto = 6, and by = —by.
Proof. (iv). If we let p1 + pp = do, then G(u1 + p2) = G(d) = 1 < min{G(p1), G(p2)} by
Theorem 2.1. Hence G(u1) = G(p2) = 1, ie., u1 = &, and puy = 9, for some by, by € R and
obviously by = —b;. O

By Proposition 2.3, we obtain the following theorem.

Theorem 2.4. If L is the collection of all linear fuzzy real numbers with the operation “+7, then
(L,+) is a commutative semigroup with a neutral element .

Remark. In view of Theorem 2.1, there exists a function G : £ — [0, 1] such that G(u; + pe) <
min{G(u1), G(uz2)}, denoting “the goodness” of the linear fuzzy real number.

Let p; :=< a;,b;,¢; >, (i = 1,2), be linear fuzzy real numbers. We define a new linear fuzzy
real number py © ps (=< ay — as, by — by, c; — co > when ay — ay < by — by < ¢y — ¢9, which is
called the subtraction of py by po.

Proposition 2.5. If 3 © po = 0, for some real number b, then G(u1) = G(p2).

Proof. If 11 © g = 0y, then ay —as = by —by = ¢; —co = b, i.e., py and uo have the same “shape”,
and G(u1) = G(p2). O

Proposition 2.6. If p3 © po is defined, then G(p1) < min{G(u1 © p2), G(u2)}-

Proof. If uy © s is defined, then py = (p1 © po) + p2. By applying Theorem 2.1, we obtain the
result. U
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Remark. The fact G(u1) < G(uz2) is not sufficient to determine that p; © ps is defined. For
example, consider iy =< 2,3,7 > and ps =< 1,3,4 >. Then G(u1) = Zz;zﬁ < Zzg: = G(po),
but py & ps is not defined, since 2 —1>3—-3,3 -3 <7 —4.

3. MULTIPLCATIONS OF LINEAR FUZZY REAL NUMBERS

Let A be the set of all linear fuzzy real numbers u =< a,b,c > with a # c. Given p; =<
a;,bi,c; >€ A (1 =1,2), we construct p; ® ps as follows:
a = inf{t1t2 | tz S [CL“CZ‘],Z' = 172}7
c = sup{tita|t; € |ai, ci],i = 1,2},
a+c bp—ar  by—a
b o— { 1o b 2}'

2 C1 — ay Co — Q9

For example, < —3,-2,—1 > ® < —5,—1,4 >=< —12,b,15 > where b = %{% + %} 17 " and

<—=3,-2,2>0< -5, —1,4>= <_12,§g,15>

Remark. The associative law for the product ® fails for linear fuzzy real numbers. Consider p; =

—10, -9, —1 >, iy =< —8,1,2 > and p3 =< 1,4,5 >. Then (i ® pz) ® pg =< —20, 931,80 >

® < 1,4,5 >=< —100,94,400 >, but p; © (p2 ® p3) =< —10,-9, -1 > © < —40, =%, 10 >=<
—100, 1?24,400 >. Hence (1 © po) ® pg # p1 © (p2 © ps).

a+tc
D)

i a symmetric linear fuzzy real number. Let B be the set of all symmetric linear fuzzy real

numbers p =< a, “T*C,c > with a # ¢. It is easy to show that if 01,0, € B, then o1 + 05 € B,

and 01 ® 09 € B. Furthermore, it is easy to show that (o1 ® 02) ® 03 = 01 @ (09 ® 03) and

Consider a linear fuzzy real number p =< a ¢ > with a # ¢. We call such a fuzzy subset

01 ® 09 = 09 ® 0. We summarize:

Theorem 3.1. Let B be the set of all symmetric linear fuzzy real numbers p =< a, a;c’ c > with

a # c. Then (B,®) is a commutative semigroup. Moreover, i ® &y = &g for all p € B.

Remark. Given the symmetric linear fuzzy real numbers p; =< —2, —1.5, =1 >, s =< —3,—-0.5,2 >
Sz =< —4,—1,2 > € B, we have (u1 + po) ©® pz =< —10,5,20 >, but g © pg + po © pz =<
—12,4,20 >. Hence the distributive law fails.

A linear fuzzy real number p =< a, b, ¢ > is said to be positive(negative, resp.) if a > 0 (¢ < 0,
resp.).
Proposition 3.2. Let p; € B (i =1,2,3). If us is positive (or negative), then (py + pa) © ps =
1 © pg 4 po © ps. If py is positive (or negative), then py © (pg + p13) = 1 © po + 1 © ps.
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Proof. Straightforward. O

Given p; =< a;, b, ¢; >€ A (i = 1,2), we consider a “weighted product” 3 @ ps :=< a,b,c >
where

a = lnf{tltg‘tz € [&Z’,Ci],i = 1,2},
c = sup{tita |t; € [a;,¢],i = 1,2},

bi1—aq ba—as
c1—aq)? co—ag)?
SN -=nchl ==
clfa1+627a2

Thus, if ¢; — a1 = 3 — a9, then we obtain for b the formula:

(bl — al) + (bg — ag)
(c1 —ay) + (o — ag)

b= (a+c)

1 1 1 1
= +_
b= (a—i—c)Q(Cl_‘l“) 2(;2—“2)

c1—ax c2—az

a+c
2

so that for py, us € B, we obtain p; ® ps = 1 © po. We summarize:
Proposition 3.3. If uy, pe € B, then puy ® ps = 1 © po.

Remark. The weighted product o7 ® o9 is not associative in general. For example, let o1 :=<
—10,-9, -1 >,05 :=< —8,1,2 > and 03 :=< 1,4,5 >. Then 01 ® 03 =< —20, 122,80 > and
09 ® 03 =< —40, —%, 10 > and so (01 ® 09) ® 03 =< —100, 102573’400 > and 01 ® (03 ® 03) =<

106,774
—100, 2,478 ,400 >.

Actually, in general case, products p; ® 05, and p; ® dp, are troublesome to define in a simple
way since as = by = c¢o produce singularities.

Theorem 3.4. Let C be the set of all positive (or negative) symmetric linear fuzzy real numbers.
Then (C,+,®) is a semiring.

Proof. Tt follows from Theorems 2.4 and 3.1, and Proposition 3.2. U

121 Sunae Hwang et al 117-124



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

Sunae Hwang, Hee Sik Kim and Sun Shin Ahn

4. COMPLEX TRANSFORMS OF LINEAR FUZZY REAL NUMBERS

Given the linear fuzzy real number p = u(a, b, ¢) we may associate with it the complex transform
T(u), where

5) 7)) = [ Seulabio)(e)i

o0

By integration by parts we obtain
T(p)(s) =

b C _t
= /se dt—l—/ tc—dt
b

c—b
1

_ _sby
N c—b( e”) b—a

SZeSt,u (a,b,c)(t)dt

(esb - 6sa)
We summarize:

Proposition 4.1. If u = p(a,b,c) is a linear fuzzy real number, then its associated complex
transformation T'(u) is

1

(6) T(p)(s) = (€% —e?) =

p— (esb_esa)

b—a

Example 4.2. If 1o = p(—1,0,1), then T'(uo)(s) = (e*—1)—(1—e~*) = (e*+e *)—2 = 2 cosh s—2

. T 2
or “inversely” coshs = %

“pseudo-hyperbolic” in nature.

indicating that we may consider the functions 7'(u)(s) to be

Proposition 4.3. If u = p(a, b, c) is a linear fuzzy real number and X\ # 0, then

(7) T(p)(A\s) = ﬁ L(eksb )

Asc _ _Asby
(e ™) o

Proof. If A # 0, then

o) = [ " (A8 u(a, b, ¢) (1)t

[e.9]

— )\2/b82 )\stt dt+)\2/ 2 )\stc tdt
“ b— b c—b

s)\b 1 1 Asb )\ )\tct
8 _EA_Q(e 8 sa and fb s dt

, which proves the proposmon. Il

By integration by parts, we obtain fab sttt =
_§€>\Sb + Clb = (6)\50 _ e)be)
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Given a linear fuzzy real number p = p(a,b,c) and A € R, we define a new linear fuzzy real
number A\p as follows:

p(Aa, Ab, Ae) it A >0
p(Ae, Ab, Aa)  otherwise

Au(a,b,c) == {

Proposition 4.4. If p = p(a, b, c) is a linear fuzzy real number and \ > 0, then
T()(\s) = AT(Au)(s)

Proof. If = p(a,b,c) and X > 0, then Au = p(Aa, A\b, Ac) and hence

Ac
T(Au)(s) = [\ s2e* p(Aa, Ab, Ac)(t)dt

a

Ab Ac
t— \a Ac—t
2 st 2 st
= —dt —dt
/M”Ab—xa +/M,86)\c—)\b
1 1 sA\b sAa
e —b) o—ale T
By multiplying A to both sides and by applying Proposition 4.3, we proves the proposition. [

( sAc sAb) _

Proposition 4.5. If u = p(a,b,c) is a linear fuzzy real number and A < 0, then
T(p)(As) = (=A)T(Au)(s)

Proof. If u = u(a,b,c) is a linear fuzzy real number and A < 0, then Ap = pu(—|A|e, —|A|b, —|A|a).
By applying Proposition 4.1, we obtain
1
T(Au)(s) =
(=[Ala) = (=[Alb)

Using Proposition 4.3 we obtain

XT(O)(s) = (=ADT(w)(s)
1
o
= —T()(As)

1
( s(=[Alb) _ eS(*IMC)).

es(*P\la) _ 68(*|/\\b) _ e
( )= = e

1
(e/\sb . e)\sc)

Asa _ _Asby
(e ™) P

Combining Propositions 4.4 and 4.5 we obtain:

Theorem 4.6. If i = u(a, b, c) is a linear fuzzy real number and A\ € R, then
(8) T(p)(As) = [NT(Au)(s)
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Proof. For non-zero real number ), it was proved by Propositions 4.4 and 4.5. If A = 0, then
T(1)(0s) = 0, and so (8) holds trivially. O

Given a fuzzy real number p = p(a,b,c¢) and X = —1, we have T(u)(—s) = T(p)((—1)s) =
| = UT((=Dp)(s) = T((=¢, =b, —a))(s), L.e,,

(9) T(p(a,b,c))(=s) = T(u(=¢, =b, —a))(s)

If we let s := —s in (9), then we have

(10) T(pla,b,c))(s) = T(u(—¢, b, —a))(—s)

For A = 2, we obtain from (8) a “doubling formula”.

(1) T(11)(25) = 2T(2)(s)
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Abstract

Fuzzy number (FN) plays a vital role in decision making problems
as it is used to represent the uncertain terms. Researchers in the field of
decision-making analysis have used triangular and trapezoidal FN to solve
the problem in the uncertain environment. FN have also been extended
recently such as pentagonal, hexagonal, and heptagonal and so on. This
paper aims to generalize the Hexadecagonal fuzzy number (GHFN) which
contains set of 16-tuples. Membership functions and alpha cuts of lin-
ear and nonlinear GHFN with symmetry and asymmetry have also been
derived.

1 Introduction

Fuzzy sets have been presented by (Zadeh, 1965) to handle imprecision informa
tion, all things considered, issues [1]. In 2003 (Coxe & Reiter, 2003), utilized
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fuzzy automata on a hexagonal foundation utilizing straightforward number jug-
gling mixes of neighboring fuzzy qualities |2]. In 2013, (Rajarajeswari & Sudha,
2013) involved stretch math in another activity for expansion, deduction and
duplication of Hexagonal Fuzzy number based on alpha cut sets of fuzzy num-
bers [3]. (Rajarajeswari & Sudha, 2014) summed up hexagonal fuzzy numbers
by rank, mode, uniqueness and spreads to improve the independent direction,
estimate and chance investigation [4]. In the extended time of 2015, (Dhurai &
Karpagam, 2016) utilized span math to present another enrollment capability
and fulfilled the activity of expansion, deduction and duplication of hexagonal
fuzzy number based on alpha cut sets of fuzzy numbers [5].Hexagonal, heptago-
nal, nonagon, decagonal fuzzy numbers have additionally been acquainted with
tackle the dubiousness [6}7,|13].Sankar and Manimohan embraced pentagonal
fuzzy number, determined direct and non-straight pentagonal fuzzy number and
add- ressed fuzzy conditions utilizing pentagonal fuzzy number [14].Karthik et.
al., proposed straight and nonlinear enrollment capabilities for the summed up
heptagonal fuzzy number and presented Haar positioning technique for hexag-
onal fuzzy number [9]. Malini and Kennedy tackled fuzzy transportation issue
by utilizing octagonal fuzzy numbers [10]. Felix et.al., proposed the nonagonal
fuzzy number and its math activities and determined alpha cuts for nonago-
nal fuzzy number [7]. Venkatesh and Britto presented a positioning technique
utilizing decagonal fuzzy number for diet control [15]. Nagadevi and Rosario
tackled transportation issue, in which decagonal fuzzy numbers are utilized to
address transportation expenses to find least transportation cost [11]. Naveena
and Rajkumar presented turn around request pentadecagonal, nonagonal and
decagonal fuzzy numbers and their math activities [12]. Necessary preliminaries
are cited therein [8H10].

2 Hexadecagonal Fuzzy Number(HFN) and It’s
Variation

Hexadecagonal Fuzzy Number: A HFN A =

(1,902,Q3, Q4, s, Qg, Q7, Qs, Qo, Q1o, D1, L2, 3, Y4, L5, Qie)
where

01, Q2,Q3,Q4, Q5,Q6, Q7,Qg, Qo, Q10, 11, 12, 213, D14, Q15,216 € R must
hold the consequent conditions

o1 5(0) is a continuous function(breifly, cts.fn) in [0, 1].

o/15(0) is strictly increasing and cts.fn on [Q4,Q], [Q2, Q3], [Q3, Q4] and
[Qa, Qs), (25, 6], [26, Q7] and [Q7, Qs].
/. ;(0) is strictly decreasing and cts. fn on [Qg, Qio], [Q10, Q11], [Q11, Q2]

[Q12, 3], [Q3, Qual, [Q14, Q5] and [Qu5, Q6]

3.1.1 Equality of two HFN’S: Two HFN'S A = (€1, Q2,Q3, Q4, Q5, Q, Q7,
Qg, Qo, D10, N1, Qi2, D3, Qua, Qis, Que) and B = (1, v2, ©3, P4, P5, P6, P75
8, P9, P10, P11, P125 P13, P14, P15, P16) are equal iff Qg = @1, Qp = 2, Q3 =
w3, QU = 01, Qs = 5, Qs = s, 8 = g, Qg = @9, Qg = Y10, Q11 =
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11, Q12 = @12, Q13 = 13, Qg = p14, Q15 = @15, 16 = P16
Linear Hexadecagonal Symmetry:

Mz =

P(I7%> Q<2< Q

Qo —
z—Q
D+ ( 937Q22 yRe2 > b > 983

p)
+(r—q)(g=5 ). Q<<

(
+(s—r) (&) Q<2 <Qs
(t—

05—

:13795
te—0s ) <7<

)
t+ (u—t) 57_—056 Qe <z <Qr

wt (1-w) (%), 0 <7 <0

laQSSxSQQ

u—(u— 1)(5?120:59 8y <2 < Qo
—(t—u) (g ), Qo <o <Oy
= (5= aZmy ) 2 < v <
—(r—s)(g2egs ), Qe < @ < 3
—(g—1)aMgs ) M < e < Qu
~ (- ) (255 ) Qu < e < Qg
p(%)ﬁlw <o < e
0,z <Q and = > Q4
Arp(a) =+ (5)(Q2 — ) fora € [0, p]
Aap(a) = Qo+ (B=2)( — 03) fora € [p,d]
Asp(a) = Q3+ (522)(Q — Q3) fora € [q, 7]
Agp (@) = Q4 + (2=5)(Q5 — Qq) fora € [r, s]
A5L(a) =Q5 + (?_:)(Qﬁ — Q5)f07‘Oé € [S,t]
Agr(a) = Qg + (2=5) (7 — Q) fora € [t,u]
Arp(a) = Q7 + (§=2) (2 — Q7) fora € [u, 1]
Azp(a) = Q1o + (5=7)(Q10 — Qo) fora € [u, 1]
Agr(a) = Q11 + (?‘_j)(Qu — Qo) fora € [t,u]
Asp(a) = Qo + (5=) (2 — Q1) fora € [s, 1]
Asr(a) = Q3 + (5=5) (3 — Qo) fora € [r, s]
Asr(a) = Qg + (551 (Q1a — Qus) fora € [q,7]
Azr(a) = Qs + (5=5) (@15 — Qua) fora € [p, q]
Aip(a) = Qe — (5)(Q16 — Qus) fora € [0, p]

Linear Haxadecagonal Asymmetry
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o( %) 0 <o <0,

Q-1
P+(a—p)(5=&) 2 <z <0
g+ (r— (5= ) B<z<W
r+(s—r) 55:%4 Y <z <5
s+ (t—s)gas ) 2 <2<
t+(u—t)( =8 ), Q% <z <O
+(1_U)(§8:Qg{7)797§$§98

1798§(E§QQ

o 6—(6—1)<%),Qg§x§910
f—(f—e)%vﬂloﬁl’ﬁgn
g_(g—f)%,ﬁnﬁfﬁﬂu
h= (b= g)( G225 ), 2 < @ < Qg
i—(i—h) (g ) Qi <z < Qu
J— G —i)(aegs ), <o < s
j(Q?;i?;iE))anB << Qe

0,z < Qiandx > Q6

Aip(a) = Q1+ ($)(Q2 — ) fora € [0, ]
Aap () = Qo + (55) (25 — Q2) fora € [p, g]
Asp () = Q3 + (5=1)(Q4 — Q3) fora € [g,7]
Ayp(a) = Q4 + (555)(Qs5 — Qu) fora € [r, 5]
Asp(a) = Qs + ($=0) (%6 — Q5) fora € [s,1]
Agr (o) = QG + (3:;)(97 — Q) fora € [t,u)

o) A =0 G290 - anforace i1

a A7R(a) = QIO + (3:16)(910 — Qg)fO’f’Ck S [6 1]

AﬁR(Oé) = + (?ﬁ:i)(Qn — Qlo)fO’l“Oé S [ ,6]
Asp(a) = Qg + (5F) (2 — Qi) fora € [g, f]
Ayr(a) = Q3 + (2:;)(913 — Qyg) fora € [h, g]
A3R(a) =y + (?_;)(lel - Qld)fOT'Oz € [Z, ]
AQR(Oé) =5+ (?_i)(Qw — 914)fOTOé S [],Z]
AlR(Oé) = QlG — (%)(916 — Qu‘,)fOT’Oé S [0 j]

Nonlinear Haxadecagonal Symmetry:
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( =
z—) S
r+ (- (%) L <e <0
Ss
s+(t—s)(§ﬁi%5) Qs <z < Qg
x—6 S
t+(u—t)<ﬂ7fﬂg) Qe <z <Oy
z—Q7 7
wt (-u)(g=%) 7 0 <o <0
e = 1, <z <Q
xr 131
w—(u—1)( 58 ) 0 <o < Qo
P>
t=(t-w) (a5 ) o <z <0
P3
s—(-0(a22) O <a<n
Py
r—(r— 5)(9512313;}1?2) o <z <3
Ps
g (g -n)(f2) s <2 <0
Pg
p—(p—q)(g?;i;iJ g <o < Qs

Pr
Q —
p(g - 15) ;s <2< Qs

Aip(o) = Q1+ (5)(Q2 — ) fora € [0, p]
Az (a) = Q2+ (52) (2 — o) fora € [p, q]
Asp(a) = Q3 + (5= 3)(94 —Q3)fora € [q,7]
Ay (@) = Qs + (2=5)(Q5 — Qu) fora € [r, s]
Asp (o) = Qs + ($=2)(Q6 — Q2s5) fora € [s, 1]
Agr(a) = Qg + (2=5) (7 — Qg) fora € [t,u]
A = Arp (o) = Q7 + ($52) (2 — Q) fora € [u, 1]
) Arr(a) = Qo+ (5=1) (o — Qo) fora € [u, 1]
AGR(Oé) =Qu + (? t)(Qll — Qlo)fO’)"a € [t, U]
A5R(a) = ng + (ift )(ng — Qll>f07"04 S [S,t]
Ayr(a) = Q3 + (2=5) (3 — Qo) fora € [r, 5]
Asr(a) = Qg + (551 (Qua — us) fora € [q,7]
AQR(OL) = 915 -+ (g_s)(ng) — 914)fOT'CK c [p, ]
AlR(Oé) = ng — (%)(916 — 915)f07’04 S [0,]7]

Nonlinear Haxadecagonal Asymmetry:
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(Qg*Qz Q
_Q S

o+ —a) (%) <o
S.

r+(s—r)(s§d’_¥§4) 4,Q4§l’§95
S

s+ (t—s)(E%) 0 <2<
0s )¢

t+(u—t)(§;§§6> Qg <z <O

/‘l“z - _ _ Qlofx
€ (6 1) Q10— ,Qg S x < QlO
f=0f= 6)(9?111,_9:?0) o <@ < Oy
g—(9— f)(g?;i;il) Q1 <z < Qo
h—(h—g) (i) Qe <7< Qg
i—(i— h)(g?;f?ig) iy <@ <y
i-G-0(o) e < Qs
Py
j(akegt ) s < v < Qu
0,z < Qiandx > Q6
Arp(a) =+ (5)(Q2 — Q1) fora € [0, p]
Azp () = Q2 + (575)(Q3 — Q2) fora € [p, q]
A3L(a) = Qg + (2‘:3)(94 — Qg)fO’f‘Oé S [ 77‘}
A4L(a) = Q4 + (2‘7:>(Q5 — Q4)f07“0& c [’I", S]
Asp(a) = Qs + (5=5)(Q6 — Qs) fora € [s, ]
Agr(a) = Qg + (3:;)(97 —Qg)fora € [t,u]
A A7L(a):Q7+(?:5)(Qg—97)f07”016 [ ,1]
@ A7R(Oé) = QlO + (?:16)(910 — Qg)fOTOL S [6, 1]
Asr(a) = Q1 + (?:z)(Qu — Qqp) fora € [f, €]
Asp(a) = Q0 + (3:?)(912 — Q1) fora € [g, f]
A4R(Oé) =3+ (%:Z)(ng, — Q]_Q)fO?"O( S [h g]
AgR(Oé) =4+ (?:;)(Ql;; — ng)fOTOt € [ h]
Asr(a) = Qs + (?:Z)(Qw — Qu4) fora € [4,1]
Arr(a) = g — (5)(Q16 — Q1s5) fora € [0, ]

1. Arithmetic operations on linear HFN with symmetry Let A;g =
(Ql7 QQ, Q37 Q47 as, g, a7, as, ag, QIOa Qllv 9127 Ql?)? 9147 Ql5a QIG; mi, n’l) a’nd
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BLS = (901,90279037<P4,905,8067@7,90879097s0107<,011,<,0127@13,9014,90157<P16;m2,n2)
be two linear heptagonal FN’s with symmetry, then

(i) The summation of two

HFN’s is defined as C’Ls =

Aps+ Brs = (0 +

01, Q2 + w2, Q3 + 03, Qg + @4, Q5+ @5, Q6 + 06, Q7 + 07, Q8 + 8, Qo + 9, Q10 +
010, 11+ 011, Q2+ @12, Q3+ @13, Qa4+ @14, Q15 + 915, Q16 + @163 M, 1) Where
m = min{my, ms} and n = min{ny, ns}.

6 7 8 .9 0 11 ,12 13 .14 15 _16
Theorem 2.1.. Let H1 (a’l'w alu7 alu’ a’lu’ alu’ alu7 alu’ alualu’ Ay a’lu 2 Qo> Ay s Ay 7 a’lu ’ alu)
andH — ( 11 12 14 15 )
2 aﬁ’ a,6’7 a[;?’ ozﬁ’ aﬁ’ aB’ aﬂ’ aB’ aBN’ oc,@’ aB’ aﬁ’ a,6’7 a[;?’ ozﬁ’ aﬁ

b~e two H~FN’S; t}len th~e arithmetic operation of Hlanng, denoted as H1 ®
H2,H1@H2 and H1 (9 H2 an y

ield another HFN,

ol 6 6 7 7 8 8
l.ayom, = [ “lu +“aﬁ ”m*‘laéa alu+aa{3 “m*%g alu+aaﬁ’alu4+aaf’al1t+aaé’alu+ao¢ )
ajy +adg aty ol aly +aljsiall +alBald +all alt +all ald +alyaf8 +all
16 2 15 .3 14 4 13 5 12,6 11,7 10 9
2 H10Ho — alu - aaﬁ’alu - aaﬁ’alu - aaﬁ’alu - aaﬁ’alu - aaﬁ‘alu - aaB‘alu - aaB‘alu Y]
«H1©Hy = Q9 g8 G107 a1 Q12 _ 50 13 4t 14 37 a5 20 6 1 :
lu aB’ “lu ap’ “lu afB’ “lu aB’ “lu ap’ “lu afB’ Ylu aB’ “lu af
o7 o7 8 .8
al a? a3 at a a ad a
- . lu® Tu®a Tu®a lu®a lu®a P wapB Ylua
.m0y = a agﬁ @10, 1§ ally 1F ai2 1? a13a1§ alta alsalg alﬁalg :
lu®aB “lu®apf “lu®aB “luap “lu®ap’ “lu aﬁ’ lu®ap *lu®apB

A® Hy =

Aalu )\alu A

1 2 3 4 5 6 7 8
(Xajy s Aajy, Aajy s Aajy, Napy s Xajy,, Aagy,, Xagy,,

alu )\alu Aalg >\a Aal5 >\a16)

Haar Ranking method for Haxadecagonal Fuzzy Number:

Let A =

(Q1,Q9,03, 4, as, as, ar, as, ag, 210, Q11, 12, 13, Q1a, Q15, Q1) be

the HFN. Using HRM(Haar ranking method), the HFN is rewritten as A =

(21,992,903, a5, ag, a7, as, ag,

QlOa Qllv QlQ) Ql3a 9147 9153 Qlﬁ)

. The average

and elaborate coefficients namely the scaling and wavelet coefficients of HFN

can be calculated as follows.

Step-1: Group the HFN in pairs.

[le QQ]; [Q?n 94]7 [CL57 CLG], [a77 CLSL [agv Qlo]a [Qll7 912}7 [9137 914]7 [9157 Qlﬁ]

Step-2: Replace the first 4 elements of approximation coefficient with the de-

tailed coefficient,

o= (8 gy = (B2 4y (200 o (20

o5 = (%Qm),ae = (M),(M = (@)70@ = (%)
pr = (@) P2 = (Q?)T) Bs = (20, = (Tag)

Bs = (&) Be = (@)ﬁ? = (13%(214),68 = (@)

The:Al Changed into Al = (alaa27a37a4aa57a67a77aSv@la527ﬁ37547ﬁ57667ﬁ7758)

Step-3: Group the pair of approximation coefficients of A

. Then, find the

new approximation coefficients and the detailed coefficients for the pair of ap-

proximation coefficient of "A;

[, 2], [, ], s, a6, [a7, s

= (

as + oy

as + Qg

)7’73: 9

2 ( )7'74:
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a1 — Q2 a3 — Qg a5 — Qg a7 — Qg
m = (72 )y M2 = (72 )3 = (72 )s M4 = (72 )

TheA; changed into Aa = (v1, 72,73, Ya: 0102, 13, T4, B, B2 B3 Ba, Bs, B, Br, Bs)

Step-4: Determine the pair of approximation coefficient in "As. Then, find
the new approximation and detailed coefficients for the pair of approximation
coefficient of 4.

[717 Y2573, ’74]
Y1+ e Y3+ Ya Y1~ Y2 Y3 — V4

The Az changed into"Az = (01, 02, €1, €2, 01,12, M3, N4, B1, B2, B3, Bas Bs Be B7, Bs)

Step-4: Determine the pair of approximation coefficient in "A3. Then, find
the new approximation and detailed coefficients for the pair of approximation
coefficient of As.

[61, 02]
01496 0 —6

ps = ( 12 2)7M2=( 12 2)

The:A3 Changed into HfA) = (,ulu M2, €1, €2,M1,712,713, 74, ﬂh 627 /837 ﬁ4u 657 BGJ 577 58)

Step-5: Determine the Rankingg. }

oA < B, if the first element of the ordered tuple of H(A) is less than the
first element of the ordered tuple of H(B) . B

oA = B, if the first element of the ordered tuple of H(A) is greater than the
first element of the ordered tuple of H(B) . . 3

eA ~ B if and only if all the elements of H(A) and H(B) are term wise
equal.

3 Fuzzy Assignment Problem(FAP)

FAP in general defines as follows

min (or)max X =, > Pyiyij

Subject to

Zyij = 1fori =1,2,...,m.
i=1

m

> Sy =1forj =1,2,...,m.

j=1

yij = 1, if the ' job is assigned to j* person

0, if the i*" job is not assigned to j* person
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Example 4.1: A FAP with 4 machinesMy, My, M3, M4 and 4 jobs J, Js, J3, Jy4
is premeditated. The cost matrix Cj;- is whose values are depicted by HEFN.
The problem is to find the minimum assignment cost. Here, the Hungarian
method.

After taking the averages of fuzzy cost matrix, the following is obtained

5 82 94 72
83 7.1 151 83

A=1105 94 105 106
13.8 83 125 7.5
Row wise subtraction,
[0 32 44 22
A= 1.2 0 8 1.2

11 0 11 12
63 08 5 0

Column wise subtraction,

0 32 33 22]
1.2 0 69 1.2
1.1 0 0 1.2
6.3 0.8 39 0

Number of rows=Number of squares.
Therefore, the optimal cost is =5+ 7.1 + 10.5 + 7.5 = 30.1.

4 Conclusion

In this present study, the GHFN’s have been derived under fuzzy environment
which may help to handle uncertainties in the decision-making problems.

These kinds of FN’s are helpful when decision maker needs to represent a
parameter at 16 different points. The following important outcomes have been
attained in this research,

e The membership curve of a generalized linear and nonlinear Haxadecagonal
fuzzy number with symmetry and asymmetry has been derived.

e Alpha cuts for all kinds of Haxadecagonal fuzzy number have also been
derived.

Generalized Haxadecagonal fuzzy numbers can be used to extend Multi Cri-
teria Decision Making (MCDM) models such as DEMATEL, TOPSIS, VIKOR,
and others. These numbers are helpful in transportation problems such fuzzy
assignment and transportation.
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Abstract

In this paper, we introduce a general composite iterative algorithm for finding a common element of the
set of solutions of variational inequality problem for a hemicontinuous monotone mapping and the set of
fixed points of a hemicontinuous pseudocontractive mapping in a Hilbert space. Under suitable control
conditions, we establish strong convergence of the sequence generated by the proposed iterative algorithm
to a common element of two sets, which is the unique solution of a certain variational inequality related
to a boundedly Lipschitzian and strongly monotone mapping. As a consequence, we obtain the unique
minimum-norm common point of two sets.

MSC: ATH06, 47H09, ATH10, 47J20, 49J40, 47J25, 47J05.

K ey words:  Tterative algorithm, Hemicontinuous monotone mapping, Hemicontiunous
pseudocontractive mapping, Boundedly Lipschitzian, n-Strongly monotone mapping, Variational

inequality, Fixe points.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and induced norm || - |.
Let C' be a nonempty closed convex subset of H and S : C' — C be self-mapping
on C'. We denote by Fiz(S) the set of fixed points of S.

Let A be a nonlinear mapping of C' into H. The variational inequality problem
(shortly, VIP) is to find a u € C such that

(v —u,Au) >0, YveC. (1.1)
We denote the set of solutions of the VIP (1.1) by VI(C,A). The variational

inequality problem has been extensively studied in the literature; see [4,14,15,24]
and the references therein.
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A fixed point problem (shortly, FPP) is to find a fixed point z of a nonlinear
mapping 7' : C' — C with property:

zeC, Tz=z. (1.2)

Fixed point theory is one of the most powerful and important tools of modern
mathematics and may be considered a core subject of nonlinear analysis.

The class of pseudocontractive mappings is one of the most important classes of
mappings among nonlinear mappings. We recall that a mapping T : C — H is
said to be pseudocontractive if

1Tz = Tyll* < |z —ylI* + (1 = Tz — (I = T)yl*, vz, y €C,

and T is said to be k-strictly pseudocontractive ([3]) if there exists a constant
k € [0, 1)such that

1Tz —Ty|* < [z —y|* + k|(I = T)x — (I = T)y|I*, Vz, yeC,

where [ is the identity mapping. Note that the class of k-strictly pseudocontrac-
tive mappings includes the class of nonexpansive mappings as a subclass. That
is, T is nonexpansive (i.e., ||Tx — Ty| < ||z — y||, Vo, y € C) if and only if T is
0-strictly pseudocontractive. Clearly, the class of pseudocontractive mappings in-
cludes the class of strictly pseudocontractive mappings as a subclass, and the class
of k-strictly pseudocontractive mappings falls into the one between the class of
nonexpansive mappings and the class of pseudocontractive mappings. Moreover,
this inclusion is strict due to Example 5.7.1 and Example 5.7.2 in [1].

Recently, in order to study the VIP (1.1) coupled with the FPP (1.2), many au-
thors have introduced some iterative algorithms for finding a common element of
the set of the solutions of the VIP (1.1) for an inverse-strongly monotone map-
ping A and the set of fixed points of a nonexpansive mapping 7'; see [6,8,9,12,19]
and the references therein. Also, some iterative algorithms for finding a common
element of the set of the solutions of the VIP (1.1) for a continuous monotone
mapping A more general than an inverse-strongly monotone mapping and the set
of fixed points of a continuous pseudocontractive mapping 7" more general than a
nonexpansive mapping were considered by many authors: see [20,22,26] and the
references therein.

In 2001, Yamada [24] introduced the hybrid steepest descent method for the
nonexpansive mapping to solve a variational inequality related to a Lipschitzian
and strongly monotone mapping. Since then, in 2009, He and Xu [11] invented
a hybrid iterative algorithm for the nonexpansive mapping to obtain the unique
solution to the VIP (1.1) related to a boundedly Lipschitzian and strongly mono-
tone mapping. As the result, He and Xu [11] were able to relax the global Lips-
chitz condition on the mapping to the weaker bounded Lipschitz condition, and
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improved the Yamada’s result [24]. In 2010, He and Liang [10] considered the
hybrid steepest descent algorithm for the strict pseudocontractive mapping more
general than the nonexpansive mapping to solve a variational inequality related
to a boundedly Lipschitzian and strongly monotone mapping, and extended the
corresponding results in He and Xu [11].

On the other hand, by using ideas of Yamada [24], Tien [21] and Ceng et al. [5]
provided general iterative algorithms for finding a fixed point of the nonexpansive
mapping, which solves a certain variational inequality related to a Lipschitzian
and strongly monotone mapping. Jung [13] gave a general iterative algorithm for
finding a fixed point of the k-strictly pseudocontractive mapping.

In this paper, inspired and motivated by the above mentioned results, we in-
troduce a general composite iterative algorithm for finding a common point of
the set of solutions of the VIP (1.1) for a hemicontinuous monotone mapping
A and the set of fixed points of a hemicontinuous pseudocontractive mapping
T. We establish strong convergence of the sequence generated by the proposed
iterative algorithm to a common point of the above two sets, which solves a
certain variational inequality related to a boundedly Lipschitzian and strongly
monotone mapping. As a direct consequence, we find the unique solution of the
minimum-norm problem: find z* € Fiz(T) N VI(C, A) such that

|z*|| = min{||z|| : € Fiz(T)NVI(C, A)}.

Our results extend and unify the corresponding results of Ceng et al. [5], Chen et
al. [6], Tiduka and Takahashi [8], Jung [12], Su et al. [16], Tian [21], Wangkeeree
and Nammanee [22], Zegeye [25], Zegeye and Shahzad [26], and some recent results
in the literature.

2. Preliminaries and Lemmas

Let H be a real Hilbert space, and let C' be a nonempty closed convex subset of H.
We denote by S(x : R) the closed ball with center x € H and radius R > 0. We
write x, — x to indicate that the sequence {x,} converges weakly to z. z,, — =
implies that {x,} converges strongly to z.

For every point x € H, there exists a unique nearest point in C', denoted by
Pc(x), such that

|z = Pe(z)|| < llz —yll, vyeC.
Pe is called the metric projection of H onto C. Po(x) is characterized by the

property:
u=Po(r)<= (x —u,u—y) >0, VYreH yeC. (2.1)

We recall that a mapping A of H into H is called
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(i) monotone if (x —y, Ax — Ay) >0, Vz, y € H,;
(ii) a-inverse-strongly monotone ([9,14]) if there exists a positive real number «
such that

(r —y, Az — Ay) > a||Az — Ay|*, Vz, y € H;
(iii) strongly monotone if there exists a positive real number 1 such that
(x —y, Az — Ay) > nl|lz —y||?, Vaz, y € H;
(iv) Lipschitzian continuous if there exists L > 0 such that
Az — Ayl| < Lz —yl|, Vz, y € H;

(v) hemicontinuous ([1,17]) if, for all z,y € H, the mapping g : [0,1] — H
defined by g(t) = A(tx+(1—t)y) is continuous, where H has a weak topology;

(vi) boundedly Lipschitzian on C| if for each nonempty bounded subset S on C,
there exists a positive constant kg > 0 depending only on the set S such
that ||Ax — Ay|| < ksllz —y||, Vax, y€S.

We note that (i) if A is a monotone mapping, then 7'= I — A is a pseudocontrac-
tive mapping, and (ii) the class of the Lipschitzian mappings is a proper subclass
of the class of the boundedly Lipschitzian mappings. It is easy to see that if
T :C — H is continuous on C, then T" is hemicontinuous on C' and bounded on
any line segment of C', but the converse is not true (see Example 1.10.14 in [1]).

The following lemmas can be easily proven, and therefore, we omit the proofs
(see [10,24]).

Lemma 2.1. Let H be a real Hilbert space. Let V : H — H be an [-Lipschitzian
mapping with constant [ > 0, and let F : H — H be a boundedly Lipschitzian
and n-strongly monotone mapping with constant n > 0. Take xq € H arbitrarily
and set C' = S(zo, R) for some R > 0. Denote by & the Lipschitz constant of F'
on C. Then for 0 < vl < pm,

(WF = AV)z — (uF = AV)y,x —y) > (un —Al)llz =y, Vo, yeC.
That is, pF" — vV 1is strongly monotone on C with constant un — vl.

Lemma 2.2. Let H be a real Hilbert space H. Let F' : H — H be a boundedly
Lipschitzian and n-strongly monotone mapping with constant n > 0. Take xqg € H
arbitrarily and set C = S(xo, R) for some R > 0. Denote by k the Lipschitz
constant of F on C Let 0 < p < 2 and 0 <t < p < 1. Then G := pl — tuF

K2
restricted to C' is a contractive mapping with constant p — tT, where 7 = 1 —

V1= (2 — pi2).

139 Jong Soo Jung 136-157



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

By a similar arguments in [2], we obtain the following lemma for the hemicontin-
uous monotone mapping, which extends Lemma 2.3 of Zegeye [25].

Lemma 2.3. Let C' be a closed convex subset of a real Hilbert space H. Let
A C — H be a hemicontinuous monotone mapping. Suppose that for each
x,y € C, there exists T4y, > 0 such that A(tx + (1 — t)y) < 7y for all t € [0,1];
that is, A is bounded on any line segment on C. Then, for r > 0 and x € H,
there exists z € C such that

1
<y—z,Az)+;<y—z,z—x> >0, VyedC.

Proof. Since A : C' — H is a hemicontinuous mapping, for x,y € C', the mapping
g :[0,1] — H defined by g(t) = A(tz + (1 — t)y) is continuous, where H has a
weak topology, and so A is bounded on any line segment on C. Thus, by taking
f(z,y) = (y — 2z, A(z)) as a bifunction f : C' x C — R in [2], the result follows
from a similar argument in [2].

Moreover, by a similar argument in [7,18] together with Lemma 2.3, we have the
following lemma, which improves Lemma 2.4 of Zegeye [25].

Lemma 2.4. Let C be a closed conver subset of a real Hilbert space H. Let
A C — H be a hemicontinuous monotone mapping. Suppose that for each
x,y € C, there exists T,y > 0 such that A(tx + (1 — t)y) < Ty for all t € [0, 1];
that is, A is bounded on any line segment on C. For X > 0 and x € H, define
Ay H— C by

1
A,\x:{zEC’:(y—z,Az>+)\<y—Z,Z—I>ZO7 ‘v’yEC’}.

Then the following hold:

(i) Ax is single-valued;
(ii) Ay is firmly nonexpansive, that is,

Az — Ay|® < (v —y, Axz — Ayy), Va, y € H;

(ili) Fiz(Ay) =VI(C,A);
(iv) VI(C,A) is a closed convex subset of C

Proof. Let f(z,y) = (y — 2z, Az) as a bifunction f : C' x C — R in [7]. Then the
result follows from similar arguments in [2] and [7].

Applying Lemma 2.3 and lemma 2.4, we get the following lemmas for the hemi-
continuous pseudocontractive mapping, which generalize Lemma 3.1 and Lemma
3.2 of Zegeye [25], respectively.
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Lemma 2.5. Let C be a closed convex subset of a real Hilbert space H. Let
T : C — H be a hemicontinuous pseudocontractive mapping. Suppose that T’
is bounded on any line segment on C'. Then, for r > 0 and x € H, there exists
z € C such that

1
(y—z,Tz)—;(y—z,(l—i—T)z—x)§O, vy e C.

Proof. Let A := [ — T, where [ is the identity mapping on C. Then, T is a
hemicontinuous pseudocontractive mapping and 7' is bounded on any line segment
of C', A is clearly hemicontinuous monotone mapping and bounded on any line
segment of C'. Thus, by Lemma 2.3, there exists z € C such that (y — z, Az) +
(1/r){y — z,z —x) > 0 for all y € C. But this is equivalent to (y — z,Tz) —
(1/r){y — 2z,(1 + 1)z —x) <0 for all y € C. Hence the result holds.

Lemma 2.6. Let C' be a closed conver subset of a real Hilbert space H. Let
T :C — C be a hemicontinuous pseudocontractive mapping. Suppose that T is
bounded on any line segment on C. Forr >0 and x € H, define T, : H — C by

Tr:c:{zeC:<y—z,Tz>—i(y—z,(l—i—'r’)Z—x)SU, VyEC}

Then the following hold:

(i) T, is single-valued;
(i) T, is firmly nonexpansive, that is,

| Tz — TryH2 <(r—-y,Tx—Ty), Yz, yeH,

(iti) Fiz(T,) = Fiz(T);

(iv) Fiz(T) is a closed convex subset of C

Proof. We note that (y — 2,7z) — (1/r)(y — z2,(1+7r)z —x) <0, for all y € C,
is equivalent to (y — z, Az) + (1/r)(y — z,z —x) > 0, for all y € C, where
A :=T1—T is a hemicontinuous monotone mapping and [ is the identity mapping

on C. Moreover, as T' is a self-mapping, we get that VI(C, A) = Fix(T). Thus,
by Lemma 2.4, the conclusions of (i)—(iv) hold.

We also need the following lemmas for the proof of our main results.

Lemma 2.7. In a real Hilbert space H, there holds the following inequality

lz +yll* < ll=l* +2(y,x +v), Va, y € H.
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Lemma 2.8. ([23]) Let {s,} be a sequence of non-negative real numbers satisfying
Sn+1 S (1_>\n)5n+6n+’7n7 VTLZ 17
where {\,} and {B,} satisfy the following conditions:

(1) {A} C[0,1] and 302, A\, = 00 or, equivalently, TI72 (1 — A,) = 0;
(ii) Lmsup, . 5> <0 or 3207, [Ba] < oo
(iii) v, >0 (n>1), 200 7 < 00.

Then lim,,_ oo S, = 0.

3. Main results

Throughout the rest of this paper, we always assume the following:

H is a Hilbert space with the inner product (-, -) and the induced norm || - |[;

C' is a nonempty closed convex subset of H;

A : C — H is a hemicontinuous monotone mapping with VI(C, A) # () and

is bounded on any line segment of

e T :(C — (C'is a hemicontinuous pseudocontractive mapping with Fix(T) # ()
and is bounded on any line segment of

e A, : H— (C is a mapping defined by

1
Ay, = {z eC: (y—z,Az>+)\—<y—z,z—x) >0, Vye C’},
where {\,} C (0, c0);
e T, : H— (C is a mapping defined by

1
Trnx:{zeC:@—z,Tz)—(y—z,(l—i—r)z—a:)SO, VyGC’},

where {r,} C (0,00);
e I': H — H is a boundedly Lipschitzian and n-strongly monotone mapping
with constant n > 0;

V' H — H is an [-Lipschitzian mapping with constant [ > 0;
e O :=VIC,A)NFix(T)#0

By Lemma 2.4 and Lemma 2.6, we note that A, and 7T, are firmly nonexpansive
and so nonexpansive, and VI(C, A) = Fiz(A,,) and Fiz(T,,) = Fiz(T).

Now, we present a new composite iterative algorithm for hemicontinuous mono-

tone mappings and hemicontinuous pseudocontractive mappings and establish
strong convergence of this algorithm.

142 Jong Soo Jung 136-157



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

Theorem 3.1. Let xy € Q be chosen arbitrarily. Set C = S(zo, M)DC

R T—l
and denote by K the Lipschitz constant of F' on C', where the constants u, v and T
are such that 0 < p < %—Z, 0<A~l<Tand 1= 1—\/1 — p(2n — pR?), respectively.
Let {x,} be a sequence generated by

{yn = WVian + (I — anuF)T,, Ay, 20, (3.1)

Tpt+1 = (1 - ﬁn>yn + /BnTTnA)\nyTLJ Vn >0,

where {ay,}, {Bn} C [0,1) and {\.}, {rn} C (0,00). Let {an}, {Bn}, {\n} and
{rn} satisfy the conditions:

C1)

C2)

C3) X0 lanir — ap| < oo

C4) B, C [0,a) for alln > 0 and for some a € (0,1) and >0° o |Bni1 — Bl < 00;
C5h) liminf, 00 Ay > 0 and 302 o | A1 — An| < 00;

C6) liminf, 7, >0, and 300 [ras1 — 1| < 00.

Then {x,} converges strongly to q € ), which is a solution of the following
variational inequality

(W —nF)g.q—p) 20, VpeQ. (3.2)

Proof. Note that from the condition (C1), without loss of generality, we assume
that 2, (7 —vl) < 1 and o, < 1=, — a,, for n > 1. For K = Py, it follows that
K(I 4~V — uF) is a contractive mapping of C into Q. In fact, from Lemma 2.2,
we have, for any x,y € C,

K1 +~V = puF)z—( +~V — ul)y|l
<N +V —puF)x — (I +~9V — pF)yl|
<AWVz—=Vy| +|(I = pF)z — (I — puF)yl
<Alllz =yl + 1 =7z -yl
= (1= (r=7))llz -yl

This is, K(I +~V — pF') is a contractive mapping with constant (1 — (7 — 71)).
Since C is complete, there exists a unique element ¢ € C such that q= Po(l +
vV — uF)q. Equivalently, by (2.1), ¢ is the unique solution of the variational
inequality:

(WV = puF)g,q—p) >0, VpeQ.
In fact, noting that 0 < vl < 7 and un > 7 <= k > n, it follows from Lemma
2.1 that

(UF = V)x — (uF = AV)y,x —y) > (un — vz — y*.
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That is, uF' — vV is strongly monotone on C for 0 < vl < 7 < un. Hence the
variational inequality (3.2) has only one solution. Below we use ¢ € €2 to denote
the unique solution of the variational inequality (3.2):

From now, put z, = Ay, xn, up = Ty, 20, Wy = Ax, Un, and v, = T, w, for every
n > 0.

Now, we divide the proof into several steps.

Step 1. We show that z, € C for all n > 0 by induction, and hence {z,} is
bounded. It is obvious that xy € C. First of all, from Lemma 2.4 (iii) and Lemma
2.6 (iii), we observe that VI(C, A) = Fix(A,,) and Fiz(T) = Fix(T,,). Then, it
follows that

lzn = wol| = [|Ax, 20 — 2ol < [lwn — @0,
and

[[wn = zol| = | Ax, yn — Toll < llyn — zol|

Now, suppose that we have proved z,, € 6’, that is,

Vol + pllFxol
7=l '

[0 — wol| <

Using lemma 2.2, Lemma 2.4 (ii), and Lemma 2.6 (ii), we derive that

[y — 2ol = lan(VVan, — pFxo) + (I — anpF)T,, Ay, 20 — (I — anpiF)zo|
<N = anpuB) T, 2 = (I = B )ao|| + [l (Va2 — pnFxo) ||
< (1= 7a0)ll2n — 2oll + 2| Ve — Vol + cnllyVizo — uF o
< (1= 7ow)||zn = zoll + cnyl|zn — 2ol + o |[yV o — pF o
V[V ol + pl| Fo|
T =7l

IN

(1= (7 = yDan)||lzn = 2o + (7 = D) an

YV aoll + pll Faoll
T = '

This implies y,, € C and

[zn1 = oll = [[(1 = Bn) (Yn — T0) + Bu(Tr, Ax,yn — o) |
< I = Ba)llyn — @oll + Ball T, wi — o
< (1= Bu)llyn = woll + Bullwn — ol
< (1= Bu)llyn — moll + Bullyn — ol

= llyn — pll
_ Vol + sl Fol
- T —l ’

It prove that =, € C. Therefore, z,, € C for all n > 0. Thus, {x,} is bounded.
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It is not difficult to verify that that the sequences {y,}, {z.}, {wn}, {Vz,.},
{Fz,}, {Fy.}, {Fu,}, are bounded. Moreover, since ||u, — xo|| = ||T, 20 — o]
< @, — mo| and |jv,, — @o|| = |17, wn — To| < ||yn — @ol|, {un} and {v,} are also
bounded. And, by the condition (C1), we have

1Y — unll = llyn — 15, 2all
= ||V, — puFT, 2| (3.3)
< an(Y||Van| + pl|Fu|]) = 0 (as n — o0).

Step 2. We show that lim, o ||2n11 — Zn|| = 0 and limy, o0 ||yns1 — yal| = 0.
Indeed, since z, = Ay, z, and z,_1 = A),_,T,_1, we have

1
(y — 2, Azp) + )\—(y — Zny2n —xn) >0, Yy e C, (3.4)

n

and

1
(Y — zn-1, Azn1) + 3 (Y = 2Zn—1,2n—1 — Tn—1) 20, VyeC, (3.5)

n—1

Putting y := 2,-1 in (3.4) and y := z, in (3.5), we get

1
(zn—1— 2zn, Azp) + A—(zn,l — Zpy Zp — Tp) > 0, (3.6)
and .
<Zn — Zn—1, AZn—1> + )\ <Zn — Zn—1;%n—1 — xn—1> > 0 (3 7)
n—1

Adding (3.6) and (3.7), we obtain

Zn—1 — Tp—1 Zn — X
(2n — 2Zn—1, Azn_1 — Azy) + <Zn — Zpg, 2 ;) n—1 n)\ n> >0,
n—1 n

which implies

—(zn — Zn_1,Azy — Az 1) + <zn — Zn_1, Zn_l)\__lxn_l — Zn; xn> >0. (3.8)

Since A is monotone, from (3.8) we get

Zpn—1 — Tp—1 Zn — In
Zn T Zn—1, \ - A 2 07
n—1 n

and hence

10
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Without loss of generality, let us assume that there exists a real number A such
that A, > A > 0 for all n > 0. Then we have

A
Hzn - Zn—1H2 S <Zn — Zn—1,Tn — Tp-1 + (1 - A 1><2n - xn)>

\ (3.9)
< o =l =l |1 = 2y =
and hence from (3.9) we obtain
12 = zn-1ll < [l@n — Tpa || + )\7|)‘n = A=t llzn — @
n (3.10)

1
S ||:En - xn—l” + Xp\n - )\n—1|L17

where Ly = sup{||z, — z,|| : n > 0} < co. Using the same method, we also get
1
”wn - wnle S ”yn - ynflu + X|)\n - >\n71’L27 (311)
where Ly = sup{||w, — yn| : n > 0} < 0.

Moreover, since u,—1 = 1;, 2,1 and u, =1, z,, we have

<y — Up—1, Tun—1> - <y — Up—1, (1 + rn—l)un—l - Zn—l) S 0, Vy S Ca (312)

Tn—1

and

1
(Y — U, Tup) — —(y — Uy, (L+1)u, — 2,) <0, Vy € C, (3.13)

n

Putting y := u, in (3.12) and y := u,_1 in (3.13), we get

1
<un — Up—1, Tun—1> - <un — Un—1, (1 + Tn—l)un—l - Zn—1> S 07 (314)
T'n—1
and 1
(Up—1 — Up, Ttp) — —(Up_1 — Uy, (L +7)u, — 2,) < 0. (3.15)
r

Adding (3.14) and (3.15), we obtain
<un — Up—1, Tunfl - Tun>
- <un VIR o VT e S S ) o Z"> <0,

Tn—1 Tn
which implies that

<U’7L — Up-1, (un - Tun)_<un71 - Tunfl»

Up—1 — Zn—1 Up — Zn
—{ Up — Up—1, - < 0.
T'n—1 Tn

11
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Now, since T is pseudocontractive, we obtain

Up—1 — Zn—1 Up — Zn
<un — Up-—1, - 2 07

Tn—1 'n
and hence
Tn—1
<un — Up—1,Up—1 — Up + Up — Zp—1 — r (un - Zn)> Z 0
n

Also, we can assume that r, > r > 0 for all n and for some r > 0. Thus, using
the method in (3.9) and (3.10), we deduce

1
[tn — tnal| < l2n — 201l + ;|Tn — rn1|Ls, (3.17)
where L = sup{||un, — 2,|| : n > 0}. Also, using the same method, we have
1
||Un - Un—l” < ||wn - wn—l” + ;‘Tn - rn—1|L47 (318)

where Ly = sup{||v, — w,|| : n > 0}.
Now, simple calculations show that

Yn — Yn-1 = @YV, + (I — anpuF)T,. Ay, xp — Qp 1YV Tn_1
— (I — o u)T,, (AN, Tno
= oYV, + (I — apuB)T,, 2 — a1V, 4
— (I — appuB)T,, 20
= (ap — an_1)(YWap1 — pFuy_1) + any(Va, — Va,_q)
+ (I — appuF)u, — (I — appuF)u, .

By (3.17) and Lemma 2.2, we obtain

Yn = Ynall < lan — ana|(VIVEa sl + pl| Fun-1l])
+ oYl wn — |l + (1 — 7om) Jun — tn—1 |
<o — ana|(V[Vanall + pl| Fupl]) + cnlf|zn — 20 | (3.19)

1
+ (1 = 7an) |20 — 201l + ;'Tn — Tno1|Ls.
Also, observe that

Toy1r — T = (L= B0)(Yn — Yn-1) + (B — Bn1) (L, s Wn1 — Yn—1)
+ Bn(T,, wy, — T, Wy —1)
= (1= 82)Wn = Yn-1) + (Bn — Ba-1)(Vr, , — Yn-1)
+ Bn(vy — vp1).

(3.20)

12
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By (3.10), (3.11), (3.18), (3.19), and (3.20), we have

[Zni1 — 2]
< (1= B)lyn = yn—1ll + 185 = Ba-al([vn-1ll + [[yn-1l)
+ﬁn”vn - Un—l”

< (1 =By = yn-1ll + 180 = Bual(lvn-1ll + [[yn-1ll)
1
+ ﬁnHwn - wn—ln + ;|Tn - Tn—1|L4
< (1= B)Yn = Ynall + Ballyn = Yn-sll + 180 = Bual(lvn-1ll + [|yn-1ll)
1 1
+ 7|)\n - )\n—llLZ + 7|rn - Tn—1|L4
A r
= 1yn = Yn-1ll + [Bn = Bua|(lvn=1ll + l[yn-1l])

1 1
+X|)\n_)\n—1|L2+;|Tn_Tn—1|L4 (321)

< 'VlanHIn - xn—1| + (1 - TO‘N)HZN - Zn—l”
+ lan — ana|(Yl|lzn-1ll + pll Frun-ll) + 180 = Bo-al(lvn-1ll + [[yn-1l])

1 1
—+ X|)\n — )\n_1|L2 + ;’Tn — Tn_1|<L3 + L4)

< (1= (7 =9Dan)l|zn = zpall + |an = ana|(YIVEn |l + pll Funi])

+18n = Ba-al([va-1ll + llyn-1l))
1 1
+ X’)\n — Aot |(Ln + Lo) + ;|7”n — rn_1|(Ls + La)
S (1 - (7— - W)Ofn)H%m - xn—l” + M1|an - O-/n—1| + M2|Bn - Bn—1|

+ MB‘)\n - )\n71| + M4’rn - 'rnflla

where My = sup{7||Vzn| + pl|[Fun|| : n = 0}, My = sup{lval + llyall : n = 0},
Ms = §(Ly + Ly) and My = (L3 + Ly). From the conditions (C1) — (C6), it is
easy to see that

nh_)I{‘lo(T —yl)a,, =0, nz::l(T — )y, = o0,
and
Z(M1|05n - anfll + MZ‘ﬁn - ﬁnfl‘ + M3|)\n - /\n71| + M4’Tn — 7””,1‘) < 0.
n=2

Applying Lemma 2.8 to (3.21), we obtain

Jggo [Znt1 — znl = 0.

Moreover, by (3.10) and (3.19), we also have

nh_I)IOIO ||Zn+1 - an =0 and nh_I}IOIO ||yn+1 - yn” = 0.

13

148 Jong Soo Jung 136-157



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

Step 3. We show that lim,, ., ||z, — y,|| = 0 and lim,, .« ||z, — u,|| = 0. Indeed,

|Znt1 = Yull = Ballvn — all
< 5n(||vn - un“ + “un - ynH)
< a([lwn = 2Zoll + lun — yull)
< a([lyn — @all + [[un — ynll)
< allyn — Tpar || + [[2nr1 — 2ol + lua — ynll)

which implies that

a
st = oll < 1 lomss = all + [t = gl

Obviously, by (3.3) and Step 2, we have ||z,+1 — yn|| = 0 as n — oo. This implies
that that
120 = ynll < 20 — Zpaa | + |2ns1 — Yl = 0 as n — oo. (3.22)

By (3.2) and (3.22), we also have

|len — unl| < |ln — Ynll + [|[Yn — un]| — 0 as n — oo.

Step 4. We show that lim,, .« ||2, — 2»|| = 0 and lim,, o ||yn — 2x|| = 0. To this
end, let p € Q. Since Fiz(T) = Fix(T,,) by Lemma 2.6 (iii), from Lemma 2.2,
we have

lyn — pl?
= llan(YWan — pFp) + (I — anuF)T,, Ay, 0 — (I — anpF)p||?
(anllVWVan — pFpl| + (I = anpuF) Ty, 20 — (I — auuF)Typl))* (3.23)
an|[YV i, — pFp||> + (1 — 7o) || 20 — pl|®
+ 20, (1 — T, ) [[VVa, — pFpll||z, — pl|-

<
<

Moreover, since VI(C, A) = Fiz(A,,) by Lemma 2.4 (iii), from Lemma 2.4 (ii),
we obtain

Iz = plI* = |Ax, 20 — pII?
< (Ay,m, — Ar,p, Tn — D)?
= <Zn _p>$n_p>
1
=5l — plI* + llzn — plI? = llzn — zall?),
and hence
120 = pII* < [Jan — pII° = llzn — 2l (3.24)

14
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Therefore, from (3.23) and (3.24), we deduce

1y — plI> < anl[VVa, — pFpl” + (1 = 7o) (|2 — pl* = llzn — 2al?)
+ 200, (1 — 7)) |V Van, — pFpll||2n — 2,

and hence

(1 = 7am)|lzn — 24|

<an|YVan — pFpl? + (len = pll + llyn — pI) (20 — 2Il = llyn — pll)
+ 200, [V Vi, — pFpll|| 20 — pl

< anllyVan — pFpll? + (lzn — pll + llyn — 2l 20 — ynl]
+ 200, [|[YV i, — pFpll| 20 — -

Since a,, — 0 by condition (C1) and ||z, —y,| — 0 by (3.22), we get ||z, — z,| —
0. Also, from (3.22), it follows that

[yn = 2all < llyn = zall + [0 — 20]] = 0 (n — 00). (3.25)

Step 5. We show that lim,, . ||ty — 20|l = |17, 20 — 2u|| = 0. Indeed, from (3.3)
and (3.25), we get

tn — znll = |17, 20 — 2nll <t = Ynll + [[Yn — 2all = 0 asn — oo,

Step 6. We show that

limsup((vV — pF))q, yn — q) <0,

n—o0

where ¢ is the unique solution of the variational inequality (3.2). First of all, from
(3.3) and Step 4, without of loss generality, we may assume that u,, z, in C for
alln > 0.

First we prove that

limsup((vV — pF)g, u, — q) < 0.

n—00

To show this inequality, we choose a subsequence {u,, } of {u,}

limsup((YV' = pF)q, un — q) = lim (V' = pF)q, un, — q).

n—o0

Since {u,,} is bounded, we can choose a subsequence {un”} of {u,,} and z € H
such that Up; — 2. Without loss of generality, we may assume that u,, — z. Since

C is closed and convex, it is weakly closed and hence z € C. Since Uy — 2Zp — 0
as n — oo by Step 5, we have z,, — z.
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Now, we show that z € Q. First we prove that z € Fiz(T). In fact, from definition
Zn,;, We have

1
(Y — U, Tp,) — — (Y = Un,, (L + 70, U, — 2n,) <0, VyeC. (3.26)

ng

Put z; =tv + (1 —t)z for all t € (0,1] and v € C. Then z; € C and from (3.26)
and pseudocontractivity of T', it follows that

(un, — 20, Tz) > (un, — 21, T2) + (21 — Uy, Ttin,)

1
- 7<Zt — Un,, (1 + Tm)um - Zni>

ng

= — (2t —Up,, Tzp — Tup,) — — (2t — Up,, U, — 2Zn,)
n;
— (2 = Un, Un,) (3.27)
1
Z - ”Zt - um||2 - 7<Zt — Unp;, Up; — Zm)
Tn;

T
— (2t — Un,, Un,)
Up, — Zn.
- - <Zt - univzt> - <Zt - um? %>

ng

Since u, — z, — 0 as n — oo by Step 5 and liminf, ., r, > 0 by condition (C6),
we have =" — () as i — oo. Therefore, as i — oo in (3.27), it follows that

7y

(z — 21, Tz) > (2 — 2z, 21),

and hence
—(v—2,Tz)>—(v—2,2), Yve(C.

Letting ¢t — 0 and using the fact that T" is hemicontinuous, we have
—(v—2,Tz) > —(v—22), YveC.
Now, let v = T'z. Then we obtain that z = Tz and so z € Fiz(T).

Next, let us show that z € VI(C, A). From the definition of z,, we get that

Y — Zn,, Azp,) + y—zn.,M >0, VyeC. 3.28
1 7 T A

i

Set vy = tv + (1 —t)z for all t € (0,1] and v € C. Then, it follows that v; € C.
From (3.28), we have

<'Ut — Zng» AUt) > <'Ut — Zng» AUt) - <Ut — Zng» AZm) - <Ut — Zng»

= (v — 2n;, Avy — Azp,) — (V0 — 2,
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From the fact that ||z, — x,|| = 0 in Step 4 and liminf,_,,, A, > 0 by condition
(C5), it follows that 'z”/\;x" — 0 as ¢ — 00.. Since A is monotone, we also have

(Vg — 2p,, Avy — Azp,) > 0, Thus, it follows that

0 < lim (vy — 2y, Avy) = (v — 2, Avy),

1—00

and hence

(v—2Av) >0, Yvel.
It t — 0, the hemicontinuity A yields that

(v—2,A2) >0, YveC.
This implies that z € VI(C, A). Therefore, z € Q.

Now, since ¢ is the unique solution of the variational inequality (3.2), from Step
5, we obtain

lim sup{(yV" = uF')q, un = )
= lim ((YV = pF)q, tn; = 2n,) + i ((YV = pF)q, 20, = q)
< lim [[(5V = pF)ql[[[un, = 2n,[| + I ((yV = puF)q, 20, — q)
(W = nF)g,z—q) <0.

(3.29)

By (3.3) and (3.29) , we conclude that

limsup((yV' — pF)q, yn — q)
< limsup((YV — puf)q, yp — un) + limsup((7V — pF)q, u, — q)
n—oo n—oo
< limsup [|(yV — nF)qllllyn — all + limsup((yV — pF)q, un — g) < 0.

Step 7. We show that lim,, . ||z, — ¢|| = 0, where ¢ is the unique solution of
the variational inequality (3.2). Indeed, from (3.1), Lemma 2.2, and lemma 2.7,
we derive

H$n+1 - Q||2 < Hyn - QH2
= lan(YWan — pFq) + (I — anpF)T,, Ay, 20 — (I — anpF)q|?
<N = )T, 20 — (I = anpuF)q|? + 200, (4 Vi — P, yn — q)
< (1 - Tan)QHZn - QHQ + 2an7<vxn —Va,yn — Q>
+ 200, (YW q — pFq, yn — q))
< (1= 7om)?||l2n — qll? + 2007120 = g[lyn — 4l
+ 20, (VY = uF)q, yn — q)
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<(1- TO‘n)ZHxn - QHZ + 200 yl||zn — ql|([yn — znll + |20 — qll)
+ 20, (VV = nF)q, yn — q)
= (1= 2(7 = Al)ow)|Jzn — ql”
+apm?||z, — ql® + 200512 — gll{|yn — ]
+ 200 (VW = 1F) g, yn — q),
that is,

|ns1 =l < (1= 2(7 = )an)llzn — qlI* + 057 Mg + 2007|yn — 20l Ms
+ 200 (VY = pF)g, yn — )
= (1 —@)llzn — ql* + Bn,
where M5 = sup{||x, — ¢|| : n > 1}, &, = 2(7 — yl)av,, and
B = anlanm Mg + 291|yn — @u|| M5 + 2((7V = F)g, yn — q)]-

From the conditions (C1) and (C2), ||y, — @,|| — 0 in Step 3, and Step 6, it
is easily seen that o, — 0, >.7°, @, = oo, and limsup,,_, 5:2 < 0. Hence, by

Lemma 2.8, we conclude z,, — ¢ as n — oo. This completes the proof. [J

By taking F =1,V =0, u=1,7=1, and [ =0 in Theorem 3.1, we obtain the
following result.

Corollary 3.1. Let H, C, A, T, T;,, and A, be as in Theorem 3.1. Let xg €
Q= Fiz(T)NVI(C,A) be chosen arbitrarily and let C' = S(xo, ||zo]]) N C. Let

{z,} be a sequence generated by

(3.30)

Yn = (1 - Oén)T'rnA)\nxn7
Tnt1 = (1 - Bn)yn + ﬂnTrnA)\nyna vn > O,

where {ay,}, {Bn} C [0,1) and {\.}, {rn} C (0,00). Let {a,}, {Bn}, {\n} and
{rn} satisfy the conditions (C1) — (C6) in Theorem 3.1. Then {x,} converges
strongly to a point q € €2, which solves the following minimum-norm problem:
find x* € Q such that

[l = min [l]]. (3.31)

Proof. Take F =1,V =0, u=1, 7= 1, and [ = 0 in Theorem 3.1. Then the
variational inequality (3.2) is reduced to the inequality

(¢, —p) <0, VpeQ.
This obviously implies that

lgl* < {a,p) < lldllllpll, vp € Q.
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It turns out that ||¢|| < ||p|| for all p € Q. Therefore ¢ is the minimum-norm point
of . O

Taking 3, = 0 for n > 0 in Theorem 3.1 and Corollary 3.1, respectively, we derive
the following results.

Corollary 3.2. Let H, C, C, AT, 1., A\, F,V,y, 7,k n, 1 and p be as in
Theorem 3.1. Let {x,} be a sequence generated by xo € 2 and

Tapr = 0V + (I — anpF)T, Ay, W > 0,

where {a,,} C [0,1) and {\,},{rn} C (0,00). Let {ov, }, {\n} and {r,} satisfy the
conditions (C1), (C2), (C3), (C5) and (C6) in Theorem 3.1. Then {z,} converges
strongly to q € S, which is the unique solution of the variational inequality (3.2).

Corollary 3.3. Let H, C, A, T, T, and A, be as in Theorem 3.1. Let xo € €2 be
chosen arbitrarily and let C' = S(xo, ||zo]]) NC. Let {x,} be a sequence generated
by
Tpr1 = (1 —apn)T,, Ay xpy, Y0 >0,

where {a,} is a sequence in [0,1). Let {a,} and {\.}, {r.} C (0,00) satisfy the
conditions (C1), (C2), (C3), (C5) and C6) in Theorem 3.1. Then {x,} converges
strongly to a point q € €0, which solves the following minimum-norm problem
(3.31).

As direct consequences of Theorem 3.1 along with 3, = 0 for n > 0, we also have
the following results. First, if, in Theorem 3.1, we take that A = I, the identity
mapping on C', then we obtain the following corollary.

Corollary 3.4. Let H, C, C, AT, 1., F,V,~ 7,8 n, 1l and p be as in
Theorem 3.1. Let xy € Fix(T) be chosen arbitrarily. Let {x,} be a sequence
generated by

Tpi1 = oYV, + (I — anuF)T,, x,, ¥n >0,

where {ay,} C [0,1) and {r,} C (0,00). Let {c,} and {r,} satisfy the conditions
(C1), (C2), (C3) and (C6) in Theorem 3.1. Then {z,} converges strongly to
q € Fix(T), which is the unique solution of the variational inequality

(W —uF)g,q—p) >0, Vpe Fiz(T).

Next, if, in Theorem 3.1, T' = [ is the identity mapping on C' along with 5, =0
for n > 0, then we have the following corollary.

Corollary 3.5. Let H, C, C, A, Ax,, B,V v, 7, R, m, L and p be as in Theorem

3.1. Let xy € VI(C, A) be chosen arbitrarily, and let C' = S(xo, %W)DC.
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Let {x,} be a sequence generated by
tis = 0y Vi + (I — 0pF) Ay, >0,

where {a,} C [0,1) and {\,} C (0,00). Let {cv,} and {\,} satisfy the conditions
(C1), (C2), (C3) and (C5) in Theorem 3.1. Then {x,} converges strongly to
q € VI(C, A), which is the unique solution of the variational inequality

(W —=uF)q,q—p) >0, VpeVI(C,A).

Remark 3.1.

1) Our results extend and unify most of the results that have been established
for these important classes of nonlinear mappings. In particular, Theorem
3.1 and Corollary 3.2 improve Theorem 3.1 of Jung [12] and Theorem 3.1 of
Wangkeeree and Nammanee [22] and Theorem 3.1 of Zegeye and Shahzad
[26], respectively, in the sense that our convergence is for more general classes
of nonlinear mappings such as hemicintinuos monotone mappings, hemicon-
tinuous pseudocontractive mappings, boundedly Lipschitzian and strongly
monotone mappings, and Lipschizian mappings.

2) It is worth pointing out that the variable parameters A, and r, in our it-
erative algorithms are used in comparison with the corresponding iterative
algorithms in [22,25,26].

3) Corollary 3.2 also includes Proposition 3.1 of Chen et al. [6], Theorem 3.1 of
liduka and Takahashi [8] and Corollary 3.2 of Su et al. [16] in the convergence
sense for more general classes of nonlinear mappings mentioned in 1).

4) Corollary 3.1 and Corollary 3.3 are new results for finding the minimum-
norm point of Fiz(T)NVI(C, A).

5) Corollary 3.4 and Corollary 3.5 also improve the corresponding results of
Chen et al. [5], Tian [21], Wangkeeree and Nammanee [22] and Zegeye and
Shahzad [26] in the sense that our results are for more general classes of
nonlinear mappings.

6) As in Corollary 3.1, if we take F = I,V =0, u=1,7=1,and [ = 0 in
Corollary 3.4 and Corollary 3.5, then we can find the minimum-norm point
of Fiz(T) and VI(C, A), respectively.
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Abstract The purpose of this paper is to study by applying the makgeolli
structure to commutative ideal in BCK-algebras. The notion of commutative
makgeolli ideal is introduced, and their properties are investigated. The rela-
tionship between makgeolli ideal and commutative makgeolli ideal is discussed.
Example to show that a makgeolli ideal may not be a commutative makgeolli
ideal is provided, and then the conditions under which a makgeolli ideal can
be a commutative makgeolli ideal are explored. A new commutative makgeolli
ideal is established using the given commutative makgeolli ideal, and character-
izations of a commutative makgeolli ideal are displayed. Finally, the extension
property for a commutative makgeolli ideal is established.

Keywords: BCK-soft universe, makgeolli structure, makgeolli ideal, commuta-
tive makgeolli ideal.
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1 Introduction

Many of the problems that need to be solved in the real world often include
inherently inaccurate, uncertain, and ambiguous elements. The fuzzy set by
Zadeh [26, 27, 28] is useful tool as a means of effectively controlling uncer-
tainty, which is an attribute of information. Uncertainty is limited in handling
using traditional mathematical tools, but can be handled using a wide range
of theories such as probability theory, (intuitionistic) fuzzy set theory, theory
of interval mathematics, vague set theory, rough set theory, and soft set the-
ory etc. Molodtsov [21] introduced the concept of a soft set as a new tool
for dealing with uncertainties beyond the difficulties that plagued general the-
oretical approaches, and he suggested several directions for the application of
the soft set. Globally, interest in soft set theory and its application has been
growing rapidly in recent years. Following this trend, research in the field of
algebraic structure is also showing the use of soft sets. For example, groups,
rings, fields and modules etc. (see [1, 3, 4, 5, 12]), and BCK/BCl-algebras etc.
(see [9, 10, 11, 13, 14, 15, 16, 17, 22, 24]). In 2019, Ahn et al. [2] introduced the
notion of makgeolli structures as a hybrid structure based on fuzzy set and soft
set theory, and applied it to BCK/BCl-algebras. Kologani et al. [18] applied the
makgeolli structure to hoops, and Song et al. [25] studied positive implicative
makgeolli ideals of BCK-algebras.

In this paper, we apply the makgeolli structure to the commutative ideal of
BCK-algebras. We introduce the notion of commutative makgeolli ideal, and
investigate their properties. We discuss the relationship between makgeolli ideal
and commutative makgeolli ideal. We provide example to show that any mak-
geolli ideal may not be a commutative makgeolli ideal, and then we explore the
conditions under which makgeolli ideal can be commutative makgeolli ideal. We
make a new commutative makgeolli ideal using the given commutative makge-
olli ideal. We explore the characterization of commutative makgeolli ideal and
establish the extension property for commutative makgeolli ideal.

2 Preliminaries

2.1 Preliminaries on BCK-algebras

BCI/BCK-algebra is an important type of logical algebra introduced by K. Iséki
(see [7] and [8]), and it has been extensively investigated by several researchers.

See the books [6, 20] for further information regarding BCI-algebras and BCK-
algebras. In this section, we recall the definitions and basic results required in
this paper.

Let L be a set with a special element “0” and a binary operation “x”. If it
satisfies the following conditions:
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(I1) (Va,b,c € L) (((axb)* (axc))* (cxb)=0),
(12) (Va,b€ L) ((ax(axb))*b=0),
(I3) (Vae L) (a*xa=0),
(I4) (Va,be L) (axb=0,bxa=0 = a=b),
(K) (Vae L) (0xa=0),

then it is called a BCK-algebra, and it is denoted by (L, *,0).
The order relation “ <” in a BCK-algebra (L, %, 0) is defined as follows:

(Va,b € L)(a<b & axb=0). (2.1)
Every BCK/BCl-algebra (L, %,0) satisfies the following conditions (see [19,
D:
(Vae L)(ax0=a), (2.2)
(Va,b,ce L)(a<b = axc<bxc,cxb<cxa), .
(Va,b,c € L) ((axb)xc= (ax*xc)*b). (2.4)

Every BCI-algebra (L, x,0) satisfies (see [0]):

(Va,b e L) (a*x(ax(axb)) =axb), (2.5)
(Va,b € L) (0% (axb) = (0xa)*(0xb)). (2.6)

A BCK-algebra (L, *,0) is said to be commutative (see [20]) if it satisfies:
(Va,b € L)(ax(axb)=bx(bxa)). (2.7)
A subset R of a BCK/BCl-algebra (L, x,0) is called

e a subalgebra of (L,*,0) (see [6, 20]) if it satisfies:
(Va,b e R)(axb eR), (2.8)
e an ideal of (L,*,0) (see [0, 20]) if it satisfies:
0eR, (2.9)
(Va,be L)(axbeR,bER = acR). (2.10)

A subset R of a BCK-algebra (L, , 0) is called a commutative ideal of (L, x,0)
(see [20]) if it satisfies (2.9) and

(Va,b,c e L)((axb)xceR, c€R = ax(bx(bxa)) e R). (2.11)

Lemma 2.1 ([20]). A nonempty subset R of a BCK-algebra (L, *,0) is a com-
mutative ideal of (L,*,0) if and only if R is an ideal of (L,*,0) that satisfies:

(Ma,beL)(axbeR = ax(bx(bxa)) €R). (2.12)
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2.2 Preliminaries on makgeolli structures

Let L be a universal set and E a set of parameters. We say that the pair (L, E)
is a soft universe.

Definition 2.2 ([2]). Let (L,E) be a soft universe and let R and S be subsets
of E. A makgeolli structure over (L,E) (related to R and S) is a structure of
the form:

Mg s,y = {{(a,b, 2); fr(a), gs(b),£(2)) [ (a,b,2) e R x S x L} (2.13)

where fr := (f,R) and gs := (g, S) are soft sets over L and & is a fuzzy set in
L.

A fuzzy set € in a set L of the form

[ te(0,1] if b=a,
£(b) ’_{ 0 it b a,

is said to be a fuzzy point with support a and value ¢ and is denoted by (a;).
For a fuzzy set £ in a set L, we say that a fuzzy point (a;) is

(i) contained in &, denoted by (a;) € &, (see [23]) if {(a) > ¢
(i) quasi-coincident with &, denoted by (a;) ¢ &, (see [23]) if £(a) +¢ > 1.

For the sake of simplicity, the makgeolli structure in (2.13) will be denoted by
Mz.s,0) = (fr,9s,§). The makgeolli structure Mz =,z := (fr,gr,§) over
(L,E) related to a subset R of E is simply denoted by Mz 1) := (fr,9r,§). If
R =S = E, we use the notation M, g) := (f&, g&, §) as the makgeolli structure
over (L,E).

We say that a soft universe (L,E) is a BCK/BCI-soft universe if L and E

Wy ”

are BCK/BCl-algebras with binary operations “«” and “@”, respectively.

Definition 2.3 ([2]). Let (L,E) be a BCK/BCI-soft universe. A makgeolli
structure My, gy := (fg, gg, &) is called a makgeolli ideal of (L,E) if it satisfies:

Va € E) (f < :
{ Cr Dby 2y, e e @) .
5(a) D fe(a@b) N fz(b)
(Va,b € E) < 5(a) C ge(a @ b) Ugs(b) | (2.15)
((xy)/t) €& (y/r) €€
(Vz,y € L)(Vt,r € (0,1]) < = (z/min{t,r}) € ¢ ) ’

Lemma 2.4 ([2]). Let (L,E) be a BCK/BCI-soft universe. Every makgeolli
ideal M1, gy := (f&, g, &) of (L, E) satisfies the following assertions.

(Va,beE(a<b :>{ & 2;1;; )

(Ve,yel)(x <y = £(x) = 5

(i)
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<Va,b,ceJE>( aob<c ;‘{ Eii;"ié 38
(=

(Ve,y,ze L) (xxy <z = &= )zmln{f( ), &

fe(c)
gr(c)
-

Let (L, E) be a BCK/BClI-soft universe. Given a makgeolli structure My, g) :=
(fr, gr, &) over (L,E), consider the following sets:

fe(B;a) :={acE| fe(a) 2 a},
g9u(E;0) == {b € E | g(b) € 6},
§(Lit) :={z € L|&(z) >t}

where o and § are subsets of L and ¢ € [0, 1].

(i)

Lemma 2.5 ([2]). A makgeolli structure M1, gy := (f&, g, §) over a BCK/BCI-
soft universe (L,E) is a makgeolli ideal of (L,E) if and only if the nonempty
sets fe(E; ) and gr(E; ) are ideals of (E,,0), and the nonempty set £(L;t)
is an ideal of (L,*,0) for all subsets a and § of L and t € [0,1].

3 Commutative makgeolli ideals

In what follows, let (Y, E) be a BCK-soft universe unless otherwise specified.

Definition 3.1. A makgeolli structure My gy := (fg, gg, §) is called a commu-
tative makgeolli ideal of (Y,E) if it satisfies (2.14) and

B fe(@o@o(@or)) 2 f((Zoy)oz)N fu(2)
( "ZEE><gw@(y@(y@ﬁc)))ggE«mz))@z)umé))’ .
((mxy)xz2)/t) €& (2/r) €€
(Vx,y,z € Y)(Vt,r € (0 1])( S ((z% (g (y *2))) /min{t, r}) € € ) (3.2)

Example 3.2. Consider a BCK-soft universe (Y,E) where Y := {0,1,2,3,4}

Wy

and E := {0, 1,2, 3} have binary operations “x” and “@”, respectively, given by
Table 1.

Wy ”

Table 1: Cayley tables for the binary operations “«” and “@”

1

* [0 2 3 4

|0 1 2 3
0{0 0 0 0 O

0|0 0 0 O
111 0 0 1 1

111 0 1 1
212 1 0 2 2

212 2 0 2
313 3 3 0 3 303 3 3 0
414 4 4 4 0
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Let My gy := (fE, gr, §) be a makgeolli structure over (Y, E) defined as follows:

Y if x =0,

) {3,4} if v=1,
B E=PY), z— {1.3,4) ifr—2
{1,2,3,4} if z =3,

{4} if z=0,
. {0,1,4} ifz=1,
ge:E—=PY), z— (1,4} ifr—2
{0,1,3,4} if 2 =3,
and
0.79 if y=0,
0.62 if y=1,
E:Y = [0,1], y— < 062 if y=2,
045 if y=3,
0.67 if y=4.

It is routine to verify that My g) := (fg, gE, ) is a commutative makgeolli ideal
of (Y,E).

We discuss the relationship between the commutative makgeolli ideal and
the makgeolli ideal.

Theorem 3.3. Every commutative makgeolli ideal is a makgeolli ideal.

Proof. Let My := (fg, g&, §) be a commutative makgeolli ideal of (Y,E). If
we put g =0 =y in (3.1) and (3.2) and use (K) and (2.2), then we get (2.15).
Hence My := (f&, &, §) is a makgeolli ideal of (Y,E). O

The following example informs the existence of the makgeolli ideal, not the
commutative makgeolli ideal.

Example 3.4. Consider a BCK-soft universe (Y, E) in which Y = {0, 1,2, 3,4} =

Wy ”

E with binary operations “x” and “©”, respectively, given by Table 2.

Table 2: Cayley tables for the binary operations “«” and “@”

*0 1 2 3 4 |0 1 2 3 4
0j0 0 0 0 O 00 0 0 0 O
111 0 1 0 O 111 0 1 0 O
212 2 0 0 0 212 2 0 2 0
313 3 3 0 0 313 1 3 0 1
414 4 4 3 0 414 4 4 4 0
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Let My := (f&, g&, ) be a makgeolli structure on (Y,E) defined as follows:

Y if =0,
(1,2,4)  ifr=1,
fE:E=PY), z—< {0,1,3,4} if z =2,

1,4} if =3,
{0,2} if x =4,
4 if =0,
(0,2,4}y  ifzr=1,
g :E—=PY), z— ¢ {1,4} it =2,

{0,2,4}  if z =3,
{0,1,2,4} if z =4,

and
0.73 if y =0,
0.63 if y=1,
€Y 5 [0,1], y—<{ 054 if y=2,
0.42 if y =3,
042 if y=4.

It is routine to verify that My gy := (f, gg, §) is a makgeolli ideal of (V,E).
But it is not a commutative makgeolli ideal of (Y, E) since

2040 (402)) = fe(2) ={0,1,3,4} 2 {1,2,4} = fe((204) @ 1) N fe(1)
and/or {((2%3)%0)/0.71) € ¢ and (0/0.65) € &, but
((2% (3% (3%2)))/min{0.71,0.65} = (2/0.65) €.

We explore the conditions for the makgeolli ideal to be the commutative
makgeolli ideal.

Theorem 3.5. In a commutative BCK-algebra, every makgeolli ideal is a com-
mutative makgeolli ideal.

Proof. Let (Y,E) be a BCK-soft universe in which (Y,*,0) and (E,®,0) are
commutative BCK-algebras, and let M(y gy := (f, gr, §) be a makgeolli ideal
of (Y,E). Using (I1), (I3), (2.1), (2.4) and the commutativity of Y and E, we

have
(Vz,9,2 € E)((z0 (o (y0)) o (Zoy) 0z) < 2),
(Vo,y,z € E)((z* (y*x (y*x))) * (zxy) * 2) < 2).
It follows from Lemma 2.4(ii) that
fe(@o (o (o)) 2 fel(zoy) @2)N ful?),
gE(Z O (Yo (o)) Ca((@oy) oz)uUg(),

164 Seok-Zun Song et al 158-173



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

and

§lax (y+ (y +x))) = min{€((x * y) * 2),£(2)}- (3.3)

Let z,y,2z € Y and ¢,r € (0,1] be such that (((z *y) *2)/t) € £ and (z/7) € &.
Then ((z xy) *z) >t and £(z) > r, and so

(2 (y+ (y* x))) > min{E((z +y) * 2),£(2)} > min{t, r}

by (3.3). Hence ((x* (y * (y * )))/min{t,7}) € {. Therefore My ) := (f&, gk,

§) is a commutative makgeolli ideal of (Y, E). O

Corollary 3.6. If a BCK-soft universe (Y,E) satisfies any one of the following

conditions:
(vi,geE)(zo(@oy) <yo (o), (3.4)
(Vo,y €Y) (zx (zxy) <y*(yxx)), '
(VEjCE)(E<g = 2=§0(50%), 55)
Ve,yeY)(z<y = z=yx(y*xx)), ’
(Vi,g,2€B)(# <2 209<20% = #<79), (3.6)
(Ve,y,ze€Y)(x <z zxy<zsxzx = z<y), '

then every makgeolli ideal is a commutative makgeolli ideal.

Proof. Straightforward. O

Theorem 3.7. Let (Y, E) be a BCK-soft universe in which (Y, x,0) and (E, @,0)
are lower semilattices with respect to the order relation “<”. Then every mak-
geolli ideal is a commutative makgeolli ideal.

Proof. Assume that (Y,%,0) and (E,@,0) are lower semilattices with respect
to the order relation “<” in the BCK-soft universe (Y,E). Let &,y € E and
xz,y €Y. Then £ ® (Z @ g) is a common lower bound of # and y; and z * (x * y)
is a common lower bound of z and y. Also, § © (§ @ &) is the greatest lower
bound of & and §; and y * (y * x) is the greatest lower bound of 2 and y. Hence
T2 (209 <go (o) and z* (z+y) < yx*(y*z). Therefore every makgeolli
ideal is a commutative makgeolli ideal by Corollary 3.6. O

Theorem 3.8. If a makgeolli ideal My ) := (fr, &, §) of (Y,E) satisfies:

L { f@Eono@ogen) 2 k(@on o)
<vx’y’ZEE)<g<< 050 o (z?@@))CgE(((f@y)@é))’ (37
(Fa,5,2 € ¥) (€@ 5 2) * (g (g ) 2 E(((59) * 2)), (33)
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Proof. Let My ) := (fg, gr, §) be a makgeolli ideal of (Y,E) that satisfies the
conditions (3.7) and (3.8). Using (2.4), (2.15) and (3.7), we have

and

Let z,y,z € Y and t,r € (0,1] be such that (((z *y) *x2)/t) € £ and (z/r) € &.
Then

E((wx (yx (yxa)))x2) = E((xx2) x (y* (yx2))) > E(((xxy) x2) >t

by (2.4) and (3.8), that is, (((z % (y x (y x x))) * 2)/t) € £&. It follows from (2.15)

that ((x * (y * (y * ¥)))/min{t,r}) € & Therefore My g) := (fg, gg, &) is a
commutative makgeolli ideal of (Y, E). O

Theorem 3.9. A makgeolli structure My gy = (fg, gr, &) over (Y,E) is a
commutative makgeolli ideal of (Y,E) if and only if it is a makgeolli ideal of
(Y,E) that satisfies:

L fe@o@o(@or)) 2 frlzoy)
(V2.5 € E) ( ge(# 0 (§ 2 (§ 0 7)) C el @ P) ) ’ (39)
(Vo,y €Y) (§(z* (yx (y*x))) > E(r*y)). (3.10)

Proof. Assume that M(yg) := (fg, gr, §) is a commutative makgeolli ideal of
(Y,E). Then it is a makgeolli ideal of (Y,E) (see Theorem 3.3). If we put 2 =0
in (3.1) and use (2.2) and (2.14), then

fe(@o (o (o)) 2 fel(@
ge(E 2 (G (g0 1)) C ge((®

Let t := &(x*y) for all z,y € Y. Then ¢ := ((xxy) *0), i.e., (((xxy)=*0)/t) € £.
Since (0/t) € £ by (2.14), it follows from (3.2) that ((x * (y * (y * x)))/t) € &.
Hence &(x + (y * (y x 2))) > t = £(x x y). Therefore (3.9) and (3.10) are valid.

Conversely, let My gy := (fg, g, §) be a makgeolli ideal of (Y,E) that
satisfies (3.9) and (3.10). For every &,y,2 € E, we have

Ne
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by (3.9) and (2.15). Let x,y,z € Y and ¢, € (0,1] be such that (z/r) € € and
(((xxy) x2)/t) € & Then {(z x y)/min{¢,r}) € £ by (2.15). It follows from
(3.10) that

§((wx (yx (yxx))) = &(w +y) = minft, 7},

ie., (((z* (y*(y*x)))/min{t,r}) € £ Consequently, M(yg) := (f&, g&, &) is a
commutative makgeolli ideal of (Y, E). O

Theorem 3.10. A makgeolli structure My gy == (fg, gg, §) over (Y,E) is a
commutative makgeolli ideal of (Y, E) if and only if the nonempty sets fr(E; )
and gr(E;0) are commutative ideals of (E,@,0) for all subsets o and § of Y,
and the nonempty set £(Y';t) is a commutative ideal of (Y, *,0) for all t € [0, 1].

Proof. Let My ) := (fg, &, {) be a commutative makgeolli ideal of (Y,E).
Then it is a makgeolli ideal of (Y, E) (see Theorem 3.3). Hence the nonempty
sets fr(E;a) and gg(E;d) are ideals of (E,®,0), and the nonempty set £(Y;¢)
is an ideal of (Y, %,0) for all subsets & and § of Y and ¢ € [0, 1] by Lemma 2.5.
Let 2@y € fe(E;a) Ngr(E;d) for all #,7 € E and subsets o and § of Y. Then
fe(2©y) 2 aand ge(z@g) Cd. It follows from (3.9) that

fe(zo (o (o)) 2 felt0y) 2

and gr(20 (10 (1)) Cge(¥@y) Cd. Hence i @ (0 (0 &)) € fr(E;a)N
gr(E; 0), and therefore fr(E; ) and gg(E; ) are commutative ideals of (E, @, 0)
by Lemma 2.1. Let 2,y € Y and ¢ € [0, 1] be such that z xy € £(Y;t). Then
Ewsy) > t, and 50 E(v x (y+ (y +2)) = &z *y) > ¢ by (3.10), that i,
x#* (y* (y*xx)) € (Y;t). Thus £(Y;t) is a commutative iddeal of (Y, x,0) by
Lemma 2.1.

Conversely, suppose that the nonempty sets fg(E; ) and gg(E;J) are com-
mutative ideals of (E,®,0) for all subsets o and ¢ of Y, and the nonempty
set £(Y;t) is a commutative ideal of (Y,*,0) for all ¢ € [0,1]. Then fg(E;«)
and gg(E;¢) are ideals of (E,®,0), and £(Y;t) is an ideal of (Y] %,0). Thus
My gy == (fE, 9E, &) is a makgeolli ideal of (Y, E) by Lemma 2.5. Let &, € E be
such that fr(2@9) = o and gg(Z@7) = d. Then 2@y € fr(E; o)Ngr(E; ), and so
to(yo(yoi)) € fe(E;a)Ngr(E;d) by Lemma 2.1. Hence fr(20 (32 (30%))) 2
a=fglz0y)and gr(Z @ (@ (@ &))) Cd = fe(r@y). Let x,y € Y be such
that &(x xy) = t. Then z xy) € £(Y;t), which implies from Lemma 2.1 that
2 (y* (y* ) € E(V3t). Thus €(z 5 (y * (y <)) > ¢ = £(z *y). Therefore
Mgy = (fg, g&, §) is a commutative makgeolli ideal of (Y,[E) by Theorem
3.9. O

Corollary 3.11. If M(yg) := (fg, gr, &) is a commutative makgeolli ideal of
(Y,E), then fu(E;a) N gr(E;0) and £(Y;t) are commutative ideals of (E,@,0)
and (Y, *,0), respectively, for all subsets a and 6 of Y and t € [0,1].

Proof. Straightforward. O

The converse of Corollary 3.11 is not true in general as seen in the following
example.

10
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Example 3.12. Consider a BCK-soft universe (Y, E) where Y = E := {0, 1, 2, 3,4}

has binary operation “x(= @)” given by Table 3.

Table 3: Cayley tables for the binary operations “x(= ©)”

H=0)

AW R oo
B W o o~
NI = i =
B O N~ Olw

=W N = O

O OO OO

Let My gy := (fE, g8, ) be a makgeolli structure over (Y, E) defined as follows:

Y

{3,4}
fEE=PY), z—< {1,3,4}

{4}

{3}
{0,3}
ge :E—=PY), z—<¢ {0,2,3}

and

0.82
0.54
€Y =01, y—{ 075
0.65
0.42

{1,2,3,4} if z =3,

if =0,
if =1,
if x =2,
if x =4,
if x=0,
if =1,
if ©=2,

{0,2,3,4} if z =3,
Y

if x =4,

if y=0,
if y=1,
if y=2,
if y=3,
if y=4.

It is routine to verify that My ) := (fg, g, §) is a makgeolli ideal of (Y,E)
and the nonempty sets fr(E; ) N gr(E;d) and £(Y;t) are commutative ideals
of (E,,0) and (Y, ,0), respectively, for all subsets @ and d of Y and ¢ € [0, 1].
We have fr(20(40(402))) = fe(2) ={1,3,4} 2Y = fe(0) = fe(204) and/or
E(1x (4% (4% 1)) = (1) = 0.54 # 0.82 = £(0) = £(1 % 4). Hence Myy.g) = (fs,
gE, &) 1s not a commutative makgeolli ideal of (Y, E) by Theorem 3.9.

We make a new commutative makgeolli ideal using the given commutative

makgeolli ideal.

Theorem 3.13. Given a makgeolli structure My gy := (fg, gg, §) over (Y,E),
let M?YJE) = (f§, g5, &) be a new makgeolli structure over (Y,E) which is

11
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defined by
if # € fu(E; fe(w)),

otherwise,

fi i PY), @ { @

E— PY), @ ge(%) if 7 € gr(E; gr(w)),
¥ otherwise,

- {(z) if w € {(V;€(u)),
&Y =01, o { k otherwise,

where w €E, u €Y, k€ [0,1] and B,y € P(Y) with 5 C fu(Z), v 2 ge(Z) and
&(x) > k. If Mg = (f, g8, &) is a commutative makgeolli ideal of (Y,E),
then M?YJE) = (fg, g5, €) is a commutative makgeolli ideal of (Y,E).

Proof. Assume that M(yg) := (fg, gg, §) is a commutative makgeolli ideal
of (Y,E). Then the sets fg(E; fe(w)) and gg(E; gg(w)) are commutative ideals
of (E,@,0) for all w € E, and £(Y;&(u)) is a commutative ideal of (Y, x*,0)
for all w € Y. Hence 0 € fr(E; fe(w)) N ge(E; gr(w)) N &(Y;€(u)), and so
f5(0) = fe(0) 2 fe(¥) O f(%) and gg(0) = g(0) € gr(¥) € gg(z) for all
€ E. Also, we get £*(0) = £(0) > &(x) > &*(x), i.e., (0/&*(&)) € &* for all
x €Y. Let 2,9, 2 € E. If (09 @2 € feE; fe(w)) Ngr(E;gr(w)) and z €
Je(E; fe(w)) Nge(E; ge(w)), then 0 (@ (§01)) € fu(E; fe(w)) Ngr(E; ge(w)).

Thus
fe@o@o@@or)) = fel@o@oor))
2 fe((F @)@ 2)N fu(2)
= fk((Fog) o 2)nfz(?)
and
ge(T 0 (§o (y0 1)) =90 (§ (§ 2 T)))
Ce((F0y)02)Uge(2)
= g&((Z29) ©2) U gp(?)
f@Eog) oz¢ fwlfalw )) or z ¢ fe(E; fg(w)), then fp((z 0 g) @ %) = B
or fi(2) = B. Hence fr(z @ (yo (0 1)) 2 f = fe((Z2y) ©2) N fi(z). If
(Fog) oz ¢ ge(E;ge(w)) or z ¢ ge(E;ge(w)), then gp(( @ g) © 2) = 7 or
9&(2) = 7. Hence gg(z @ (§ @ (§ © 7)) € v = gz((£ @ 9) @ 2) U gi(2). Let
z,y,z €Y and t,r € (0,1] be such that (((z*y)*z)/t) € & and (z/r) € £*. If
(zxy)x 2z € £(V;€(u)) and 2z € £(Y;€(u)), then zx (y + (y + x)) € {(Y;(u)) and

thus

> min{{((z *xy) * 2),&(2)}
=min{*((x xy) x 2),£"(2)}

> min{¢, 7},

12
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that is, ((x * (y * (y xx)))/min{¢,r}) € & If (xxy) 2z & E(V;&(u)) or z ¢
E(Y;€&(u)), then &*((z *y) x 2) = k or £*(2) = k. Thus

(Y * (y*x) 2k =min{¢"((z+y) *2),£"(2)} = minft, 7},

and so (@ * (y * (y * x)))/min{t, r}) € £*. Therefore Mty ) == (fg, g, £) is a
commutative makgeolli ideal of (Y, E). O

Note that a makgeolli ideal might not be a commutative makgeolli ideal (see
Example 3.4). But we can consider the extension property for a commutative
makgeolli ideal.

Theorem 3.14. Let My ) := (fg, g&, &) and M(Y,E) = (fE, JE, 5) be makgeolli
ideals of (Y,E) such that M(y ) € M(Y,E), that is,

(i) fe(0) = fe(0), gs(0) = g&(0), £(0) = £(0),
(i) (V& € EVz €Y) (fa(d) 2 fe(#), de(@) C gu(@), &(z) = &()).

If My := (fE, 98, &) is a commutative makgeolli ideal of (Y,E), then so is
M(Y,]E) - (fIEa glEa 6)

Proof. Let My gy := (f&, g, §) and M (V) '= (fE, JE, é) be makgeolli ideals of
(Y,E) such that My gy € M(YE) Then fg(E;a) C fe(E; ), ge(E;68) 2 gz (E;d)
and £(Y;t) C £(Y;t) for all subsets a and 6 of Y and ¢ € (0,1]. Assume that
Mgy = (fe, g8, §) is a commutative makgeolli ideal of (Y,[E). Then the
nonempty sets fg(E; ) and gg(E;d) are commutative ideals of (E,@,0) for all
subsets « and § of Y, and the nonempty set £(Y;t) is a commutative ideal
of (Y,%,0) for all ¢ € (0,1] by Theorem 3.10. Since M(Y,E) = (f[g, JE, 5) is
a makgeolli ideal of (Y, ), we know from Lemma 2.5 that the nonempty sets
Je(E; ) and gr(E; ) are ideals of (E,®,0) for all subsets a and ¢ of Y, and
the nonempty set £(Y;¢t) is an ideal of (Y, %,0) for all ¢ € (0,1]. Let z,y € Y
and t € (0,1] be such that z xy € £(Y;t). Using (I3) and (2.4), we have
(x*(r*xy)xy=(zxy)*(v*xy) =0¢€{(Y;t). Since {(Y;¢) is a commutative
ideal of (Y, *,0), using (2.4) and Lemma 2.1 leads to

(x* (y*(y*(z*(xxy))))) * (vxy)
=(@x(xxy))*(y* (yx*(z*(x*y))))
€ L(Y3t) CE(Yst),

and so x % (y* (y* (z* (xxy)))) € £(V;t) bacause £(Y;t) is an ideal of (Y, *,0).

13
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Note that

(% (y*x(y*x)))* (@ (y*(y*(zx(xxy)))))
e @r @) * (92 2))

(1)

< (yxx)* (yx* (zx(zxy)))

(Igl) (xx(xxy))*z

(2.4)

=" (z*xx)*(x*y) (I9LE) 0eé

e &(Y;t).

Hence z % (y * (y * z)) € £(Y;t), and therefore £(Y;t) is a commutative ideal of
(Y, *,0). Let &, ¢ € E be such that # @ § € fe(E; ) N gg(E;d). Then

(Fo(@oy)og=(@0g)o(@oy)=0c¢c fa(la)nge(E;d)
by (I3) and (2.4), and so

(Fo@o@o(zo(zwy))) o@oy
=(@0(@0y)o @
€ fe(E; o) Ngr(E;d)

~

since fr(E; ) and gg(E; ) are commutative ideals of (E, ®,0). Using (I1), (I3),
(K) and (2.4), we have

Fo@o@or))o@o@o@o (o (®ay))) <0.
Since f(F; a) and gg(E;d) are ideals of (E,®,0), it follows that
0G0 H05) € fa(Ba) N ge(E; ).

Hence fg(E;a) and gg(E;0) are commutative ideals of (E,®,0) by Lemma 2.1.

Consequently, My gy := (fg, gr, §) is a commutative makgeolli ideal of (Y, E).
O
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Abstract

Existing Literature, Problem and Limitation: To address problems of fuzzy data in
various fields, Molodtsov presented soft set theory, a broad mathematical technique for ambi-
guity. This theory has been used in a variety of pure and practical mathematical fields. It is
evident in this theory that soft subsets and soft equal relations significantly contributed to soft
topology, lattices, soft groups, etc. Existing research is limited in that various features, such as
associative, distributive, etc., are not confirmed by some current soft subsets for soft product
operations. Purpose: While studying soft subsets, we observe that several algebraic properties
have not yet been investigated on various generalized soft subsets to enhance algebraic structures
in soft set theory. So, this article investigates some of these algebraic properties on different
generalized soft subsets on different soft operations. Contribution: This study demonstrates
a few counterexamples that some algebraic properties are unsatisfied by generalized soft sub-
sets. Based on this approach, we present some crucial theorems and results that show these
significant features on all soft subsets by employing additional conditions. A universal comple-
ment property in soft set theory in relation to soft complements (negation complement () and
relative complement (7)) is propounded. Limitation: The sole restriction of these results is
that two generalised soft subsets (soft J-subset and soft L-subset) do not satisfy the union and
intersection condition of classical mathematics as described in section 4.

Keywords: Soft sets, Soft M-subset, Soft L-subset, Soft F-subset, Soft J-subset, Soft Com-
plements etc.

1. Introduction

1.1. Problem Statement:

Most existing techniques for formal reasoning, computing, and modelling have a clear, deter-
ministic, and precise nature. But there are other challenging issues in fields, including economics,
engineering, environment etc., that can sometimes involve fuzzy data. Because these challenges
contain a variety of forms of uncertainty, we cannot effectively employ classical approaches to solve
them. Several theories can be viewed as a framework in mathematics to cope with ambiguities,
including the theory of interval mathematics, vague sets, fuzzy sets, and a few others. Molodtsov [1]
noted each of these theories includes deficiencies that are inherent to them. To address these issues
mathematically, Molodtsov developed the idea of soft set theory. Soft sets could be viewed as a
particular type of neighbourhood systems and context-dependent fuzzy sets. The problem of con-
structing the membership function as well as other related complications are essentially nonexistent
in this theory. As a result, it is extremely useful and has potential applications in various areas
of mathematics, as shown in [1]. In recent years, many authors [1, 6, 8, 10, 11, 19, 20] worked on
operations of soft sets and studied algebraic structures in soft set theory. But we observe that very
few works has been done on join(V) and meet(A) operations of soft sets. Therefore, for extending
algebraic structures in soft set theory, we studied these operators on generalized soft subsets, and
gives some algebraic properties in this research article.

1.2. Previous Research and Limitations:

* Corresponding Author.
Email address: rsingh7@amity.edu (Rashmi Singh)
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Maji et. al. [11] provided the first detailed explanation of the concept of soft subsets. A complete
theoretical examination on soft sets was also written by them, and asserted a few results regarding
soft distributive laws with respect to soft products (A and V) operations of soft sets, but they did
not present any supporting data (see 2.6 in [11]). Moreover, according to Ali et al. [6], the results
in [10] were inaccurate (see 2.8 in [10]). Therefore, the ideas of generalized soft subsets and soft
equal relations were also put forward by Jun and Yang [20]. In an effort to respond to Maji’s results
(Proposition 2.6 in [11]) and suggested generalized soft distribution laws, they also tried to apply
generalized soft equal relations. They started by defining soft J-equal and soft L-equal relations. It is
crucial to note that Jun and Yang in [20] and Liu et al. in [19] did not reach the same conclusion on
the applicability of distributive laws to all types of soft equal relations. Additionally, Feng and Li [3]
thoroughly examined soft product operations, conducted a systematic investigation of five different
kinds of soft subsets and developed the free soft algebraic quotient structures linked to soft product
operations. But no one study these soft product operations on different types of generalized soft
subsets. Therefore, we tried to attempt and explore some operations on various types of generalized
soft subsets.

1.8. Motivation:

Yadav and Singh [12] first studied El-algebra in soft sets and introduced the concept of soft El-
algebra as well as a number of noteworthy algebraic features. But while studying ES structure [13, 18]
on soft sets, we observed that the given structure does not make a lattice structure in the sense of
soft M-subsets. Therefore, we studied other generalized soft subsets [19, 20] and found that ES
structure makes a lattice structure with respect to soft J-subsets. Furthermore, for defining order
reversing involution operator on ES structure, we needed complement operation of soft sets. So, we
studied two types of complements [6, 11] in soft sets and observed that no one worked on generalized
soft sets on these complements. Therefore, in the present article, we derive some algebraic properties
of generalized soft subsets on these complement operations.

1.4. Contribution of the study:

Soft Set Theory is a mathematical framework that deals with ambiguities and vagueness in
real-world scenarios. In this research article, the researchers focused on the algebraic properties of
generalized soft subsets. They found that some of these algebraic properties were not satisfied by
any of generalized soft subsets, and demonstrated these findings with a few counterexamples.

To overcome this issue, the researchers proposed additional conditions on the elements of param-
eter set, that would satisfy these significant algebraic features on all soft subsets. They presented
some crucial theorems and results supported by real life example that showed how these conditions
could be used to achieve these algebraic features. Moreover, the researchers studied the universal
complement property on all generalized soft subsets in soft set theory. This property relates to two
types of soft complements, which include negation soft complement (¢) and relative soft complement
(™). The researchers proposed a new approach to achieve this property, which can be used to define
soft complements more generally. Overall, this study contributes to the advances of soft set theory
by addressing some of the algebraic properties of generalized soft subsets and proposing new condi-
tions to satisfy these properties.

1.5. Paper Organization:

This work is divided into six components as: Section 1. provides research problem, previous
research, motivation, background etc. Section 2. summarise the fundamental definitions of soft
sets and their operations like soft unions (U), soft intersections (M), soft products (V and A) etc.
with some basic results. Section 3. gives a brief introduction to four types of soft subsets with an
important proposition about their interrelations. Section 4. is devoted to provide some important
outcomes on various soft subsets in terms of soft product, soft union and soft intersection operations.
In Section 5. we first give a general property of complement on classical sets in mathematics, and
then study this property on all generalized soft subsets in the sense of soft negation and soft relative
complements [6, 11]. Section 6. provides the conclusion and future work of present study.
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1.6. Background:

As we know that Molodtsov [1] presented the idea of soft sets as a unique mathematical tech-
nique to dealing with ambiguities. The implementation of this theory to a decision-making issue
involving rough sets is described by Maji et. al. [10] by utilizing soft sets in the form of a binary
information table, and defined first time parameter reduction on soft sets. Further, in [11], they
gave a few definitions and operations of soft sets like soft subset (C), soft superset (2), null soft set
(&3), absolute soft sets (121), soft complement, soft union (U), soft intersection (N), “AND” and “OR”
(A and V) operations. Further, Feng et. al. [4] provided the definition of soft subset in a different
way. But, Cagman and Enginoglu [8] built a uni-int decision-making approach by redefining soft
sets operations to improve new results. Ali et. al. [6] also gave some new operations on soft sets like
extended and restricted intersection, difference and union, relative and negation complements, and
proved De-Morgan’s law on these operations. Moreover, in [6, 8], they proved that soft products
(V-product and A-product) does not hold commutative and associative properties in the sense of soft
M-equal relation. For studying these algebraic properties, Jun and Yang [20] gave the definition of
generalized soft subset (Soft J-subset in [19]), and proved distributive property called it generalized
distributive law, with respect to soft J-equality and generalized interval-valued fuzzy soft equality.
After that Liu et. al. [19] combined fuzzy, rough and soft sets to provide four types of generalized
soft subsets with some basic properties. They found that the distributive property given in [20]
does holds with respect to soft J-equal, and provided a new generalized soft distributive law of soft
L-equal. Moreover, they amended the associative property of Maji [11] with respect to soft L-equal
and said that this property can be satisfied only by soft L-equality instead of other existing equality.

In literature, some authors [2, 7, 9] have explored above properties to topological spaces in soft
set theory and presented different kinds of soft topological spaces. A full and exhaustive overview
of the researches done in soft set theory and the advancements of topological spaces in soft sets was
provided by Yadav and Singh [14]. According to Bentley [5], topological spaces can be derived from
nearness spaces. Furthermore, Singh with others [15, 16, 17] studied the concepts of soft d-proximity,
soft binary heminearness spaces, and nearness of finite order S,-merotopy respectively.

2. Preliminaries:

Some fundamental definitions of soft sets and associated operators are provided in this section.
Throughout the whole article, U and E are non-empty finite universal sets of objects and all possible
parameters/attributes respectively. The touple (U, E) or Ug is referred to as a soft universe.

Definition 2.01([1]): Let P(U) be the power set of U and A C E. Then a couple (F, A) is said to
be soft set over U, if F is a representation defined as:

F:A— P(U).

Here, we writes a soft set (F, A) by F4, where F4 = {(a, F(a)) | @ € A, F(a) € P(U)}. Set F(a)
can be selected at random. Soft set is not a classical set. Then, a significant quantity of information
was provided in [1].

Definition 2.02([11]): 1. A null soft set ®, is a soft set F4 on U, if V a € A, F(a) = ¢ (null set).
2. An absolute soft set A, is a soft set F4 on U, if Va € A, F(a) = U.

Definition 2.03([11]): Let F, and F% are two soft sets on U. Then Intersection of F} and ¥%,
over U is defined as: F; N F% = F3 , where Ag = A; N Ay, and F?(a) = F?(a) or F'(a), (as

both have similar approximation), V o € As.

Definition 2.04([6]): The exztended intersection of ¥l and F2_ over U is written as Fly e F%
and defined as: le41 Me FZZ = Ff’%, where A3 = A; U Ay, andV a € A3
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Fl(a) ,OéeAl—AQ
F3(a) =1 F%(a) ,o € Ay — Ay
Fl(a) N F%(a) ;o€ Ay N A,

Definition 2.05([6]): Let F; and F2_ are soft sets on U such as A; N Ay # ¢. Then, the restricted
intersection of ) and F2_ is written as F}, @ F% , described as Fly @ F% = F3_, where Az =
A1 N Ay and V a € Az, F3(a) = Fi(a) N F2(a).

Result 2.06: By the definitions 2.03, 2.04 and 2.05 we can conclude that intersection and extended
intersection of two non-null soft sets is a non-null soft set, either their approximations are similar
or not at the same attribute. However, their restricted intersection may be a null soft set, as shown
by below example.

Example 2.07: Consider U = {1, ua, 43, pa, ps} be the set of five canditates for an interview
in a company, and E = {01, 02, 03, 04, 05} be the set of five types of jobs, where p; stands for
Network Administrator (NA), g2 stands for User Experience Designer (UED), g3 stands for System
Analyst (SA), o4 stands for Database Administrator (DA) and g5 stands for Development Operations
Engineer (DOE). let FY and F?  are two members in selection board, which provides the names
of capable canditates for respective jobs in sets A; and As respectively. Here, we consider Fhl and
F1242 are two soft sets over universe set U, defined as:

F%xl = {(917 {/1'17 /1'2})7 (02, {M47 MS})}7

F%, = {(o1, {us}), (02, {11, p2}), (03, {4, ps})}-
By definition 2.05, F1141 0l F1242 = Fis, where A3 = A; N Ay, Now, Az = {01, 02} and hence Fis
= {(01, 9), (02, ¢)}. Here, Fly @ F% provides the most suitable canditates for common jobs in
respect to the opinions of F}; and F% .

Definition 2.08([11]): Let F} and F%_ are soft sets on U, then the soft union is provided as a
soft set F 4, that satisfies the following criteria:

(i) A = Ay U As,
(i) V a € A,
Fl(a) ,aEAl—AQ
F(a): FQ(Oz) ,ya € Ay — Ay

Fl(a)UFQ(a) ,CYEAlmAQ.

Definition 2.09([11]): Let F}; and F%  are soft sets described on U, where A;, Ay C E. Then
“AND” can be defined as: Fly A F% = F4 a,, where V (o, 8) € Ay x Ay, F(a, 8) = Fl(a) N
F2(8).

E. Then

Definition 2.10([11]): Let F}, and F%  are soft sets described on U, where A;, A,
Fl(a) U

“OR” can be defined as: Fl V F% = Fa,xa,, where V (o, 8) € A1 x Ay, F(a, B)
F2().

Result 2.11: Let Fjl41 #* P, F?% #* ®. Then, “AND” of F}41 and F?% can be a null soft set i.e. F}41
AFY, = ® (see example 2.12).

N

Example 2.12: Let U and E are universal sets as given in example 2.07, Fl; and F% are soft sets
defined as:

F}41 = {(917 {ﬂlv /~L2})7 (02, {MS})}v

F, = (o1, {us}), (os, {ns})}-
Now, Az = Ay x Ay = {(01, 1), (02, 1), (01, 03), (02, 03)}. Thus, F}y AF% =F3 = {((e1, o1),

¢), ((02, 01), ¢), ((01, 03), @), ((02, 03), ¢)}, where F}y A F%  provides most suitable candidates
for one or two perticular jobs at a time with respect to the opinion of le41 and F1242.
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3. Generalized Soft Subsets:

Maji et. al. [11] and Feng et. al. [4] gave two kinds of soft subsets and soft equal relations. Liu
et. al. [19] called it soft M-subset, soft F-subset and soft M-equal relation, soft F-equal relation. A
generalization of soft subsets was examined by Jun and Yang [20]. Furthermore, Liu et. al. [19] gave
the notions of soft J-subset and soft L-subset and demonstrated that soft M-equal and soft F-equal
relations are correlate with one another, while others are distinct in general. Here, we provide an
overview of four different soft subsets as:

Definition 3.01([11]): Let F! and F%  are soft sets defined on U. Then F} is a soft subset
(renamed it a soft M-subset in [19]) of F?_ if:

(i) A1 C Ay,

(ii) For each a; € Ay, F!(a;) and F?(a;) are approximations that are similar.
Soft subset is represented by F c F2, or F}41~ Cu F2.. Also Fi‘h and F?% are called soft M-equal
or soft equal, written as Fly =y F% ,if Fy Cy F% and F3 C, Fly .

Definition 3.02([4]): Let F}; and F2_ are soft sets on U. Then FY; is soft subset (renamed it a

soft F-subset in [19]) of F?qz7 written as F}41 - F1242, iff Ay € Ay and Fl(a;) C F?(a;) V a; € Ay.

?}so, Fl, and F%  are called soft F-equal, denoted as ¥}y =p F% | if F} Cp F4 and F4 Cp
Ay

Definition 3.03([19]): Let F); and F?_ are non-empty soft sets. Then F is called soft J-subset
of F1242 or F1141 - F1242 if and only if for any a; € Ay, 3 ay € Ay such that Fl(a;) C FQ(%Q) (see
example 3.04). Also, Fly and F2_ are called soft J-equal, denoted as Fly =; F% ,if F} C; F3
and F4, C; Fl .

Example 3.04: Consider U and E are universal sets of candidates and jobs respectively, as given
in example 2.07. Let,

F}41 = {(le {va N’Q})7 (QQa {:u3})7 (93, {ILLQ’ ;U'S})}a
FE\Q = {(le {/~L17 /~L2})7 (937 {M% M3})7 (94’ {NZ})} .

Since A1 # Ay, so FYy #p F% . But we can see that, FYy C; F4 and F4 C; F} . Hence, F
=, FY .

Here, if FYy Cj; F%,, then from example 2.07 it indicates that both members (F} and F% )
of selection board selected same candidates for every job in A;. Similarly, if FY C; F% . then it
indicates that for every job in A, the members selected by le41 are also selected by F2A2 for the
same or different job in As.

Definition 3.05([19]): Let F}; and F%, are non-empty soft sets on U. Then, FY is soft L-subset
of F%, or Fl Cr F%, if and only if for any a; € Ay, 3 ay € Ay such tI}at Fl(a;) = FQ(%Q). Soft
sets F}; and F2_ are called soft L-equal, denoted as Fy =p F% ,if Fy C; F3 and F% C, F} .

Proposition 3.06([19]): Let F, # ® and F%, # ®. Then,
(DFy, Cy Fy, = Fy CpFi = Fy C,F,
(2)Fy, Cy Fy, = Fy, C Fy = F4 C,F,,
(3) le41 =M F1242 — le41 =r F%Q — Fjl‘h =7 F2A2

But generally, the converse of the aforementioned arguments does not exist (see examples 2.6, 2.9,
3.3 in [19]).

4. Generalized Soft Subsets on Soft Operations:

This section presents some characterizations of above given different types of soft subsets with
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respect to two properties given below. We can see that all soft subsets satisfy only property 4.01
(1); property 4.01 (2) could be satisfied by soft F-subset and soft M-subset instead of soft J-subset
and soft L-subset.

Property 4.01: Let P, Q, X and Y are four crisp subsets of the universe set U such as P C X and
Q C Y. Then we have,

(1).PVQCXVY,andPAQCXAY,

(2. PNQCXnNY,andPUQCXUY.

Proposition 4.02: Let F}, , F% , F% and F are four soft sets defined on U. Then,

(F14). IfFYy CpF3, and Fy Cp FY  then Fly VF CpF% VFYy andFy AFY CpFi

(F{;?-H Fli, Cu F4, and F, Cp, F% , then FYy VF3 Cy F4 VFY and Fy AF5 Cy FL

](??§L.1'If FL, C, F% and F% C, F4  then Fy VF3 C;F%3 VF} and Fy AF3 C,Fi A

%{;?If Fly Cp F%, and F%, C, F4 , then FYy VF3 C, F% VFYy andFy AF% C, F4 A
-

>

>

Proof: We simply demonstrate the correctness of (1) and (3); same method can be used to obtain
(2) and (4).

(1). Let Fly V F3 = Fa a4, and F5 V F} = Ga,xa,, where F(a, v) = Fl(a) UF3(v), V (o,
v) € A1 x Ag and G(8, §) = F2(8) UF(4),V (B, ) € Ay x Ay. Since, Fly Cp F%, and F3 Cp
F%,. So, we have Ay C Ay, Ag C Ay, Fl(a) C F?(a) V o € Ay and F?(7) C F(y) V v € As. Tt
implies that, A; x Az C Ay x Ay and F!(a) UF3(y) C F%(a) UF*(v), ¥ (o, 7) € Ay x Az. Hence,
FL, VF3 CpF%4 VFY, . Similarly, we can prove that Fly A F% CpF% AFY .

(3). Since, F1141 - F?% and Fig_ - F‘ih, so for every a € A1, 3 8 € Ay such that Fl(a) C F2(3).
Similarly, for every v € As, 3§ € Ay such that F3(y) C F*(6). Now, let F}y V F3 = F4, x4, and
F2%, VFL, = Gayxa,. Then F(a, v) = F'(a) UF?(v), ¥ (a, 7) € A1 x Az and G(8, §) = F*(8) U
F4(8), Vv (B, §) € Ay x Ay But Fi(a) U F3(y) C F2(B8) U F4(§). This implies that, for any (o, 7)
€ A1 x Az, 3 (B, 0) € Az x Ay such that Fl(a) UF3(y) C F2(B) U F4(5~). Hence from definition
3.03, Fyy Vv F%, C, F%, VFY, . Similarly, we can prove that Fly AF3% C; F3 AF} .

Proposition 4.03: Let Fl, , F% | Fis and F} are four soft sets over U. Then,
(14). FL, Cp F%, and F% Cp FY , implies Fy U F% CpF% OFY and Fy NFY CpFi N
Fa,»
(2). If Fly, Car F4, and F Cpp FY, implies Fly O FY Cpy F4, OF,, and Fly N FS Cy F3
NF .

4
Proof: We just varify the validity of (1); subsequent work could be use identical methods to estab-
lish (2). To this end, Let F}y U F% = Jp, where D = Ay U A3, and F3, U F} = J,, where D
= Ay U A4. By definition 2.08, we have

F(d) cde A — Ag
J(d) = F3(d) ,de A3 — A, ,VdeD,
FYd)UF3d) ,de AN A,
F2(d) d e Ay — Ay
J(d)=1{ F4d) deA—A, ,vdeD
(

F2dYUFYd)  ,d € AynAg
To prove J Cp J/D,, we show that D C D" and J(a) C J/(oz)7 V a € D. Since F}41 Cp F?% and
F, Cr FY,, 50 Ay C Ay, F'(a) C F?*(a), Vv € Ay, and Az C Ay, F3(a) C F4(a), V a € A3 Tt

implies that D=ALUA; CAyUA,= D and DND = D. Now,
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Case 1. If v € A; - As, then J(a) = Fl(a) C F2(a) = J'(a).

Case 2. If & € Ag - Ay then J(a) = F3(a) C F4(a) = J'(a).

Case 3. If & € Ay N Ag, then J(o) = F(a) U F3(a) C F2(a) U F4(a) = J'(a).

Hence, V o € D, J(a) € J' (@) and thus we finally conclude that FL OF% CpF% OF% . Similarly,
we can prove that Fiy A F3 Cp F4 NFY .

The following examples provides an explanation to how the property 4.01 (2) need not be satisfied
by soft J-subsets and soft L-subsets, as we discussed above.

Example 4.04: Let U = {1, 2, 3,4, 5} and E = {a, b, ¢, d, e} are the universe set and the essential
set of parameters. Consider, le417 F12427 F%g and Ff% are four soft sets defined over U as:

F,léll = {(a7 {27 3})7 (b’ {1’ 3, 4})}v

F1242 = {(C7 {2’ 3})’ (d7 {17 37 4’ 5})}7

F1343, - {(av {37 5})}a

Fil44 = {(Cv {4})a (ea {17 3, 5})}' ~

Then, it is clear that F} C; F3 and F% C; F} , since F'(a) C F?(c), F'(b) C F?(d) and
F3(a) C F*(e) respectively. Now, let us write F}y U F% = Jp and F3, O F}, = J/D,7 where D =
{a, b} and D" = {c, d, e} such that Jp = {(a, {2, 3, 5}), (b, {1, 3, 4})} and J/D, = {(c, {2, 3, 4}),
(d, {1, 3,4, 5}), (e, {1, 3, 5})}. Then, clearly we can see that J(b) C J'(d) but for a € D there does
not exists any o' € D’ such as J(a) C J'(a’) which gives Jp ,@J J/D, or Fly UF3, ;éJ F%, UFY,.
Also by definition 2.05, let us write Fly A F% = Jp and F4 N F} = J;j,, where D = {a} and
D’ = {c} such that Jp = {(a, {3})} and JID/ = {(c, ¢)}. Therefore, we have F}; A F3 iJ F3. N
Fi,-

Example 4.05: Let U and E are universal sets as given in example 4.04. Consider, Fl , F2_, Ff’%
and F}  are four soft sets defined over U as:

F%ll = {(a7 {2})7 (b’ {1’ 3, 4})}7

FA2 = {(C7 {2})3 (d7 {17 37 4})7 (67 {5})}5

F243 = {(av {3’ 5} }a

F 4 (C7 {27 4}),~(e, {3, 5})} ~

Then, clearly F}y Cp F% and F3 C, F} , since F'(a) = F?(c), Fll(b) = F%(d) and F3(a) =
F*(e) respectively. Now, let us write Fly UF% = Jp and F%, OF}, =J ,, where D = {a, b} and
D' = {c, d, e} such that Jp = {(a, {2, 3, 5}), (b, {1, 3, 4})} and J/D, = {(c, {2, 4}), (d, {1, 3, 4}),
(e, {3, 5})}. Therefore, we have J(b) = J'(d) but fora € R 3 a’ € D such as J(a) = J'(a’). Thus,
Jp &, JID, or IT}Lh OF, ¢, F3, U Fjl%; Also by definition 2.05, let us write FlA} N F3, = Jp and
F%, NFY4, =J,,, where D = {a} and D = {c, e} such that Jp = {(a, ¢)} and T, = {(c, {2}), (e,
{5})}. Therefore, we have Fly NF3 &, F3 NFY .

5. Complement Property and Generalized Soft Subsets:

In this section, first we define a universal complement property on classical subsets and soft
complements (negation ¢ and relative " complement) on soft sets. In soft set theory, it is obvious
that none of the soft subsets presented in section 4 satisfy the complement property 5.01. However,
by applying a restrictions on their parameter sets, we show the validity of the specified complement
property on all soft subsets.

Definition 5.01(Universal Complement Property): Let the universe set be X. If U C X and
VCXsuchasUCV,then V C U, where “” is called complement operator defined as U = X -
U.

Definition 5.02([11]): The soft set (F4)° is the complement of soft set F 4, described as (F4)¢ =
F{,, where F¢ is a mapping as: F* : TA — P(U), such that V a € |A, F¢(a) = U - F(—«). Here, |A

180 1Pooja Yadav et al 174-185



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

is read as “NOT set of a set A”; A = {—a1, —as,....., 7ay }, where —a; = not a;, V i. (It should be
observed that the operators | and — are distinct). This type of soft complement is called “negation
complement (neg-complement or pseudo-complement [6])”.

Definition 5.03([6]): The soft set (F4)" is the complement of soft set F 4, defined as (F4)" = F7,,
where F” is a mapping: F" : A — P(U), such as V o € A, F"(«) = U - F(a). This type of soft
complement is called “Relative Complement”.

Clearly, ((F4)°)¢=F4 and ((F4)")" = Fa. However, it is noted that the parameter set in relative
complement (F4)" is still the original set A of parameters, instead of A in negation complement
(Fa)¢. The following theorem provides an important result that, if Fa, C Ga,, then (Fa4,)¢ C
(Ga,)¢ and (Fa,)" C (Ga,)" with respect to soft M-subset and soft L-subset.

Theorem 5.04: Let F 4, and G4, are soft sets defined on U. Then,

(1). Fa, Cu Ga, == Fi, Cu Gfy,,

(2). Fa, Cur Ga, <= F4 Cy G,

(3). Fa, ?L Ga, <= Fi,, NQL Gf 4,5

(4) FA1 QL GA2 s Fgl QL Gib

Proof: We only varify the correctness of (1) and (3); using similar techniques we can give the proof
of (2) and (4).

(1). Let Fa, Cyps Ga,. Then we have A; C A, and for all @ € A, F(a) = G(a). Now by defintion
5.02, we write (Fa,)¢ = F{, , where F*(-a) = U - F(a), V ~a € [Ay or V a € A;. Since F(a) =
G(a), and F(a), G(a) are crisp subsets of universe set U, so we can find that U - F(a) = U - G(a),
for all « € A;. Also, we know that A; C Ay iff TA; C JA,. Tt implies that, for any —a € A4,
F¢(-a) = G°(~a). This shows that F{, Car G,

Conversely, let us take FWCAl Cur GfAz. It implies that JA; C JA; = A; C Ay, andV ~«a €

JA1, Fé(ma) = G¢(ma). Thus, U - F(a) = U - G(a) which gives F(a) = G(a). So we have V « €
Ay, F(a) = G(«). Hence Fa, Cpr Ga,.
(3). Let (Fa,)® =Fj, , where F°(ma) = U - F(a), V ~a € JAjorVa € A;. Since Fa, Cp Ga,.
Therefore, for any o € Ay, 3 € Ay such that F(a) = G(5). Consequently U - F(a) = U - G().
We also know that for any oo € Ay, ma € ]Ay. So, we can find that for any —a € TA; 3-8 € 1A,
such that F¢(-a) = U - ~F(oz) = U - G(B) = G°(—f). Hence, we have Fiy, Co Gia,-

Conversely, let F]CA1 - G]CA2. Then for any —~« € 1Ay, 3 =8 € JAg such that F¢(—a) = G¢(—=4).
Thus, U - F(a) = U - G(B) which implies F(a) = G(8). Also, —a € A if and only if a € A;.
Thus, for any o« € Ay 3 f € Ay such as F(a) = G(B). Therefore, Fa, Cp Ga,.

Remark 5.05: From the theorem 5.04, we conclude that the property 5.01 is not satisfied by soft
L-subset. Whenever soft M-subset satisfies 5.01, the attribute sets should be equal. That is, if A;
= Ay and Fa, Cp; Ga,, then Gh, Cu Fy, and Gf,, Cu F{,, (see theorem 5.09). We give the
following example only for soft L-subset. One can also see it for soft M-subsets, when A; C As.

Example 5.06: Let U and E are universal sets as given in example 4.04, F 4, # ® and G A, F P
are defined as: Fu, = {(a, {2, 3}), (b, {1, 4, 5})}, Ga, = {(c, {2, 3}), (d, {3, 4}), (e, {1, 4, 5})}.
So, we can see that for a € Ay, 3 ¢ € Ay such as F(a) = G(c), and for b € A, 3 e € Ay such that
F(b) = G(e). Therefore, F4, C; Ga,. Now by defintions 5.02 and 5.03, we have F§,, = {(—a, {1,
4,5}), (=b, {2, 3})}, G{4, = {(=c, {1, 4, 5}), (=d, {1, 2, 5}), (e, {2, 3})}, Fly, = {(a, {1, 4, 5}),
(b, {2, 3})} and G%, = {(c, {1, 4, 5}), (d, {1, 2, 5}), (e, {2, 3})}. So we can see that Ay & A; and
for —e € [A, there does not exists any element —e’ € |A1 such that G°(—e) = F¢(—=e'). Tt implies
that Gf,, &, Ff,, . Similarly, we can find that G, €, F, .

Remark 5.07: The above properties given in the theorem 5.04 and definition 5.01 are not satisfied
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by soft F-subset and soft J-subset. Here, we give an example only for soft J-subset. Similarly, one
can give an example for soft F-subset.

Example 5.08: Let U and E are universal sets as given in example 4.04, F 4, and G4, are soft sets
over U, defined as: Fa, = {(a, {2, 3}), (b, {1, 3, 4})}, Ga, = {(c, {1, 2, 3}), (d, {1, 3, 4, 5}), (e,

{2, 4})}. Clearly, we can see that Fa4, C; Ga,. Now, we have Fy = {(a, {1, 4, 5}), (b, {2, 5})}

and G7y, = {(c, {4, 5}), (d, {2}), (e, {1, 3, 5})}. It implies that neither G, <y F7, mnor F C;
"4, Similarly, we can find that neither GWCAQ - FWCAl nor Fchl - G$A2.

The following theorems proves the validity of the stated complement property 5.01 on all gener-
alized soft subsets by taking an onto mapping between sets of parameters/attributes.

Theorem 5.09: Let F 4, and G4, are soft sets on U and A; = Ay. Then,
(1). FA1 Cwm GA2 — GIT42 Cm F?:417

(2). Fa, Sy Ga, < G4, Cum Fia

(3). Fa, gp Ga, = GTAQ Q~F FTA17

(4) FA1 Cgp GA2 < G]CA2 Crp FSI:AI.

Proof: We give only the validity of argument (4); the proof of other statements (1), (2) and (3)
can be obtained by the same method. Let us take F 4, - Ga,. Then A; C A, and for all & € Ay,
F(a) C G(a) which gives U - G(a) U - F(«). That is, G(—a) C F¢(—a). Since, A; = Ay iff JA; =
Az, so we have V —a € Ay, G*(mar) € F¢(ma). Hence Gf,, Cr Fiy,

Conversely, let G4, Cr F{,,- Then Ay C JA; and V =3 € Az, G*(=5) € F°(=f). Therefore,
U - G(B) C U - F(B) which implies F(8) € G(3). Since, A; = Ay iff JA; = Ay, hence V o € A4,
F(a) C G(a).

Theorem 5.10: Let F4, and G4, are soft sets on U. If there exists a surjective or onto mapping f
: Ay — A as; for any a € Ay, f(a) = B where 8 € Ay, such that F(a) C G(f(a)), then Fa, C;
Ga,. Hence, G]CA2 Cy F%Al and GQQ Cy Fih.

Proof: Since f is a mapping as, for any a € Ay, f(a) = 3, such as F(a) C G(f(a)). So for any «
€ Ay, 38 = f(a) € A such as F(a) € G(5). So we have F4, C; Ga,. Now, for any o € A;, 3 3
€ Ay such as F(a) € G(f). That is, U - G(f) C U - F(«). Consequently G°(—f5) C F°(—a). We
also know that f is onto mapping, so for every 8 € As, 3 a € A; such as § = f(a). Thus, -5 =
f(~). Hence, for any =3 € [Az, 3 - € Ay such as G*(=f) € F°(~a). Therefore, we have Gf,,

Cy F]cAl. Similarly, we can prove G, - Fl,-

Theorem 5.11: Let F 4, and G4, are soft sets over U. If there exists a surjective or onto mapping
f: A1 — As as; for any a € Ay, f(a) = B where 8 € Az, such as F(a) = G(f(«a)), then Fu, Cp,
Ga,. Hence, G]CA2 Cr, Fchl and quz Cr, FIT41~

Proof: Due to similar proof to that of the Theorem 5.10, the proof is excluded.

The following real world example first makes two soft sets as soft J-subset using a mapping
between two different parameter sets and then show above given complement property (theorem
5.10) on them. Here, noted that these parameter sets may share common elements.

Example 5.12: Let U = {u1, po, p3, pa, pis } be the universal set of five canditates for an interview in
a company, and E = {p1, 02, 03, 04, 05, 01, 02, 03, 04} be the universal set of all attributes/parameters
defined on U, where all g;’s (i € {1, 2, 3, 4, 5}) represents the name of jobs as given in example 2.07,
and all g;’s (j € {1, 2, 3, 4}) represents the required qualifications for respective jobs such as; g
indicates bachelor in information technology (Bach. I.T.), g- indicates bachelor in computer science
(Bach. C.S.), g5 indicates bachelor in information technology with course work in design and web
developer (Bach. I.T. + C.W. in Dgn and Web devl.), and g4 indicates bachelor in computer science
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with course work in business administration (Bach. C.S. + C.W. in B.A.). Below table provides the
connection between jobs and required qualifications for corresponding jobs.

Table 1: Data table for jobs and required qualifications

Attributes repre- Name of jobs Required qualifi- Representation
sentation of jobs cations of corre- of required qual-
sponding jobs ifications in
attribute form
01 Network Adminis- Bach. I.T. or Bach. 01 or 0o
trator (NA) C.S.
02 User Experience Bach. I.T. + C.W. 03
Designer (UED) in Dgn and Web
devl.
03 System Analyst Bach. C.S. or re- 04
(SA) lated fields + C.W.
in B.A. or Manage-
ment or Finance
04 Database Adminis- Bach. C.S. 02
trator (DA)
05 Development  Op- Bach. I.T. or Bach. 01 Or 02
erations Engineer C.S.
(DOE)

Now, consider two soft sets F4, and Ga,, where F 4, provides the canditates for corresponding
jobs in Ay = {p1, 02, 03} and G4, provides the canditates according to the qualifications in Ay =
{01, 02}, defined as:

Fa, = {(o1, {m, ns}), (02, {n2}), (03, {13, pus})},
GAz = {(glv {/1’27 /1’4})7 (QNQV {/1'17 u3, /1'5})}

From given table 1 and soft sets F 4, and Ga,, we can see that there exist an onto mapping f
defined as:
f: A1 — Ao, where f(01) = 02, f(02) = 01, and f(03) = 02, such as for every o; € A1 3 g; € Ag,
F(oi) € G(f(0:)). So, clearly we have F4, C; Gy4,. Now,

FS = A{(o1, {n2, pas ps}), (mo2s {ps ps, pa, pst), (—os, {pa, p2, pal)},

G4, = {(m01, {p1, ps, ps}), (202, {p2, pa})}-
Therefore, G]CAZ - F%Al' Similarly, we can see that G, - Fh,-

By utilizing above results (5.01 - 5.11) of complements on all generalized soft subsets, we provide
here some more results on soft product operators. Proofs will be similar to above results. So, we
exclude their proofs.

Theorem 5.13:

(1). It ¥y, VF3, Cy F4 VFY,, then Fiq, AFS, Cum F39, A Fi4,. Similarly, if F}y A F% Cum
F2, A F%,, then F%il v F%ZS Cu F]Qf42 v F%f%. Also, it holds with respect to soft L-subset.

(2). Let AyxAs = AyxAy. Then, Fly VF% Cy F4 UV FY  implies that F2o, A FiS, Cu Fl4,
A F, . Similarly, Fly A FY Cu F4, A F4,, implies that Fi9, V Fi4, Cu Fi4, VF . Also, it
holds with respect to soft F-subset.

Both points are also true for relative complement (").

10
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Theorem 5.14: Let le41 Y FPAS =Fa,xA4, F?42 v Ffﬁn = Ga,x4, and f be an onto mapping defined
as: f: AjxAs — AgxAy; for any (aq, ag) € Ay xAs, f(ag, az) = (ag, ag) where (g, ay) € Ag,
Ay, such as: 3 3

(1) If F(Oél7 053) g G(f(Oél, ()(3)), then FA1><A3 QJ GA2><A4- HBHCB7 G]CAlx—\Ag QJ GWCAQX—\Az; and

GTAlXAs é] GTA2><A4' - ~
(2) If F(Oq, 043) = G(f(al, 043)), then FA1><A3 QL GA2><A4- Hence, G]CA1><—\A3 QL G—C‘A2X—|A4 and

GTAlXAS éL GTAQXA4'
6. CONCLUSION AND FUTURE WORK

Due to the non-availability of complement property on generalized soft subsets in soft set theory,
generalized soft subsets can not be used to study various algebraic structures. This research provides
a platform in this area. It presents crucial results on soft operations using various generalized soft
subsets. It is also shown here that the classical property of intersection and union (Property 4.01(2))
only holds with respect to soft M-subset and soft F-subset but not for soft J-subset and soft L-subset.
Further, we provide the complement property 5.01 for given soft subsets, and prove that the property
is not satisfied by any generalized soft subsets for which the relevant counterexamples are given. But,
this problem is solved in the given study by an onto mapping between the sets of parameters on all
generalized soft subsets.

In classical mathematics, subsets, operators and complements are very important concepts when
studying algebraic structures such as topology, lattices, and Boolean algebra. In soft set theory,
these concepts are also crucial for studying these structures. To achieve this, some researchers have
provided soft topological spaces in various forms using soft union, soft intersection, soft M-subsets,
soft F-subsets, and soft complement operators.

In addition, some researchers have focused on soft product operations to enhance algebraic
properties, and it has been found that these soft product operations can be utilized in soft lattice
structures. As such, it is suggested that future research can expand on these findings by investigating
various soft subsets in other algebraic properties to make lattice structures on various generalized
soft subsets. By studying these structures in soft set theory, researchers can gain a better under-
standing of how uncertainty and vagueness can affect the algebraic properties of subsets, operators,
and complements. The findings from this research can also have practical applications in various
fields such as decision-making, data analysis, and artificial intelligence.
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Abstract

Here based on trigonometric and hyperbolic type Taylor formulae we
derive Polya type inequalities in a number of cases.
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1 Main Results

We present a collection of Polya’s type inequalities.

Theorem 1 Let f € C?([a,b],K), where K = R or C, such that f*) (a) =
f® (b) =0, k=0,1, andp,q>1:%—|—%:1. We set

My 1= max {1+ fll e fo,o32) 17+ Fll oo )} .
My = maX{Hf” + f”Ll([a,“gb]) ) ||fN + f”Ll([aTer’b])} ’ (2)
and
My = s {10+ Sl ey o197+ Sl gt - )
Then

/abf(x)dx

b (b—a)?
S/|f<ac>|d:fﬂsmn 7 My, @
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Proof. Here f € C?([a,b], K), such that f*) (a)

=f®®) =0k=0,1
By Corollary 3.4 of [1], we have
f@)= [ @@+ f @) -, (5)
and
b
f@ = [ GO+ F @)sine - 0 (6)
By using [sinz| < |z], V = € R, we obtain
@< [ 17O+ 7 Ol]sin - 0] de <
[ role-nas ([ @04l = ©
(x — a)2 " a+b
5 7+ fllo fa,ap0), V€ {m 5 ] .
Also it holds N
rl<e-a ([ 1o+ o)< ©)
,, a+b
(z — CL) Hf + f”Ll([a’a?b]) , Vxe |:a, 5 ] .
Furthermore, by Holder’s inequality, we have (p,q > 1: % + % =1)
(9)

s

1

" (‘ria)p
ARRLA(CE S ey

2)| < (/jlf”(t)Jrf(t)lth); (/j(m—t)pdt>; <
|

"=
<C
8
m
| — |
8
IS
vo |+
S

‘We have found that

EE N+ Pl fo,e52]

I (@) < <w—a>j|f”+f“L ([o282]) . (0)
oty I+ ey (aege)), Pa>1i5+7=1
(p+1)7

Vsce[ “+b}.

Similarly acting, we get that

|f (@) =

b
[ ®+ s @)sinte— o <
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b
[ 157w+ £ @llsin(e - o) de < (1)

b
/ P70+ F ()] (¢ — ) d,
and

||f”+f|\ [e£2 0]
1f (2)] < <*”f>”f"+f”m<[27]>’ . (12)

b—zx 43
St W Mgy, pra> 1=
Vae [QTH’,b].
Consequently, we obtain
. SN+ o 01
= b—
/2 ()] de < 5 ‘” I+ Il o))
a (b a) " 1 1 _
T 4 fll g PO > 1=

P (p+1)7 (2+1)
Similarly, we derive that

CTENF" 4 Fllo gt g
b a 1"
/H f (z)|dz < %Hf Tf||L1([L+bb]),

=a % 1P+ Fllpy (g2 )y, Pa>105+75 :(11;1)
We have that
b ath b
[t@lde= [T is@ldss [ 1 @ldo<
S TUF" + Fllog fo,g) + 157 + Pl ose )]
"+ Ly ([, a+b])+||f et < (1)
(b a) +% 1" 1"
Ty I Moz, 1+ Iy gogeap]
Cla,,
O My, . (16)

1
b= gy
Y T M3
27 ()7 (243)

The claim is proved. m
We continue with
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Theorem 2 All as in Theorem 1. Denote

M7 = s {1~ Pl g 10— Pl o} (1)
M; = maX{”f” = ey (fa,eg2)) - 17 = f”Ll([“T*b,b])} , (18)
and
M; i= max {11 = fllp o sy 157 = Fllg, (feseap) } - (19)
Then
(b—8a)3]\414<7
/b b ) (bfa)QM*
f(x)dx S/ |f (z)] de < mincosh (b — a) X 20
a a +’l(b—a) P M?T

(20)

Proof. As similar to Theorem 1 it is omitted. It based on Corollary 3.5 of
[1]. Also we use that |sinhz| < cosh(b—a)|z|,V z € [-(b—a),b—a], by the
mean value theorem. m

It follows

Theorem 3 Let f € C*([a,b],K), where K = R or C, such that f*) (a) =
f®(b) =0, k=0,1,2,3, andp,q>1:%+%:1. We set

L LACRi IR FCE I SR

)
2] oo, [ 252,

Ay = max{”f(4)f’ fo—f . bD}a (22)

Ly([o.=5]) L[5,

and
N (P ) _
Aoz ma {Hf gy =1 qu,m}‘ )
Then
b b
[ @il < [@lde<
in COB =@+ 1) J 0oy, (24)
4 (b-a)*">

0
2 (pr1)s (245)

Proof. As similar to Theorem 1 it is omitted. It is based on Corollary 3.6
of [1]. m
We continue with
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Theorem 4 Let f € C*([a,b],K), where K = R or C, such that f*) (a) =
f® () =0, k=0,1,2,3, and p,q > 1 : %—I—% = 1. Let also o, € R with
af (a2 — ﬁz) #£0. We set

Bj := max { Hf(4) + ((12 + 52) 1+ Oé2ﬁ2fHOO7[a7 ate) ’

50+ @ e ) et ) (25)

B max {10+ (024 ) ot

Hf(ﬁl) + (a2 +ﬂ2) f/,+04262f’ (26)

Ll([a;bvb])}’
and
Bs = max{”f(4) +(®+8) f + a2[32f‘

La([e,25%])

|9+ (o2 +5%) 7+ 025

b
/ f (@) da
a
_\3
(b 4a) B17

1 (bfaz)2
|67 — 2| (b-a)*F

20 (417 (243)

Lq([“é*’vb])}'
Then

b
s/ 1f (@) de <

(28)
Bs

Proof. As similar to Theorem 1 it is omitted. It is based on Corollary 3.7
of [1]. m
We finish with

Theorem 5 All as in Theorem 4, |af,|8| < 1.However here, instead of By, Ba,
Bs, we set

Dy = max{Hf(4) — (a2 +52) f" +a262fHoo,[a,“—+’“] )

Hf(4) _ (a2 +52) f”+a262fH007[a;rb7b]}’ (29)

Dy := maX{Hf(4) a (0‘2 +ﬁ2) 1+ a262fHL1([“’aT+b]) 7
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(4) _ 2\ g1 2
7@ @+ %) 17+ 0% f’L1<[“;b7b]>}’ 0
and
Dy = max{Hf(4) SR LT F
4) _ 2 " 2
70— eyt g b .
Then
b b
/f(x)dx g/ |f (2)] do <
cosh(b—a) ) Cip,, (32)

min |52 - a2| (b—a)H%

————D
25 (rh0)F (24)

Proof. As similar to Theorem 1 it is omitted. It is based on Corollary 3.9
of [1]. m
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Abstract The notion of bipolar-valued fuzzy set is used to treat the filter
and deductive system in Sheffer stroke Hilbert algebras. The concepts of bipolar-
valued fuzzy filter and bipolar-valued fuzzy deductive system are introduced and
related properties are investigated. Conditions under which the bipolar-valued
fuzzy set can be a bipolar-valued fuzzy filter are explored. Characterizations
of the bipolar-valued fuzzy filter are examined. A bipolar-valued fuzzy filter is
built using a filter. To consider the nomality of bipolar-valued fuzzy filter, the
notion of normal bipolar-valued fuzzy filter is introduced and related properties
are investigated. The method of normalizing the bipolar-valued fuzzy filter is
addressed, and we will see what the normal bipolar-valued fuzzy filter looks like.
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1 Introduction

The shaper stroke, denoted by the symbol ”|”, is a logical operation for two
inputs that produces false results only when both inputs are true, as shown in
Table 1.

Table 1: The truth table for the Sheffer stroke “|”

BB E Y
HmAaEO

)
=3 HHIg

The Sheffer stroke has been applied to several algebraic structures, for ex-
ample, Boolean algebra, MV-algebra, BL-algebra, BCK-algebra, and ortho-
lattices, etc., and it is also being dealt with in the fuzzy environment (see
[3, , 14, 15]). In 2021, Oner et al. [12] applied the Sheffer
btroke to Hllbert algebras. They mtroduced Sheffer stroke Hilbert algebra and
investigated several properties. In [11], Oner et al. introduced the notion of de-
ductive system and filter of Sheffer stroke Hilbert algebras, and dealt with their
fuzzification. The bipolar-valued fuzzy set, which is introduced by Lee [9, 10]
is a type of fuzzy set where the degree of membership to a set is represented
by a value that can take on both positive and negative values, as opposed to
traditional fuzzy sets where the degree of membership is represented by a value
between 0 and 1. The value 0 in the bipolar-valued fuzzy set represents a lack
of information about membership or a neutral position. Also, the negative val-
ues represent the degree of non-membership, while the positive values represent
the degree of membership to the set. The bipolar-valued fuzzy set is useful for
methods such as modeling complex and uncertain situations beyond traditional
fuzzy sets. Therefore, the bipolar-valued fuzzy set has been applied in various
fields, such as pattern recognition, decision making, and control systems etc.
The bipolar-valued fuzzy set has also been widely applied in algebraic struc-
tures (see [1, 2, 4, 6, 8])

In this paper, we introduce the notion of the bipolar-valued fuzzy deductive
system and the bipolar-valued fuzzy filter in Sheffer stroke Hilbert algebras,
and investigate several properties. We first show that the bipolar-valued fuzzy
deductive system and the bipolar-valued fuzzy filter are equivalent each other.
We explore the conditions under which a bipolar-valued fuzzy set can be a
bipolar-valued fuzzy filter. We establish characterization of the bipolar-valued
fuzzy filter. Using the filter of Sheffer stroke Hilbert algebra, we make a bipolar-
valued fuzzy filter. We discuss the nomality of bipolar-valued fuzzy filter, and
we deal with how to normalize the bipolar-valued fuzzy filter. We look into
what the normal bipolar-valued fuzzy filter looks like.
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2 Preliminaries

Definition 2.1 ([16]). Let A := (A,|) be a groupoid. Then the operation “|”
is said to be Sheffer stroke or Sheffer operation if it satisfies:

(s1) (Va,b € A) (a|b = bla),

(s2) (Va,b € A) ((afa)|(alb) = a),

(s3) (Va,b,c € A) (al((b[e)|(ble)) = ((afb)[(alb))]c),

(s4) (Va,b,c e A) ((a]((ala)[(b]b)))[(al((ala)|(b[b))) = a).

Definition 2.2 ([12]). A Sheffer stroke Hilbert algebra is a groupoid L := (L,])
with a Sheffer stroke “|” that satisfies:

(sH1) (al((A)I(ANI((B )|(( INEMIB)IE)(C)))) = al(ala),
where A := b|(c|¢), B := a|(b|b) and C := a|(c]|¢),

(sH2) al(blb) =b|(ala) =a|(ajla) = a=0b
for all a,b,c € L.

Let £ := (L,|) be a Sheffer stroke Hilbert algebra. Then the order relation
“<p 7 on L is defined as follows:

(Va,be L)(a <y b < a|(blb) =1). (2.1)

We observe that the relation “ <j ” is a partial order in a Sheffer stroke
Hilbert algebra £ := (L,|) (see [12]).

Proposition 2.3 ([12]). Every Sheffer stroke Hilbert algebra L := (L,|) satis-

fies:
(Va € L)(al(ala) = 1), (2.2)
(Va € L)(a|(1]1) = 1), (2.3)
(Va € L)(1[(ala) = a), (2.4)
(Va,b € L)(a <z, b|(a]a)), (2.5)
(Va,b € L)((al(b[b))|(b[b) = (b](ala))|(ala)), (2.6)
(Va,b € L) (((al(b]b))[(b]b))|(b]b) = af(b]b)), (2.7)
(Va,b,c € L) (al((b](c|c))|(b](c[c))) = bI((al(c[c))[(al(c[¢)))) , (2.8)

Definition 2.4 ([11]). Let (L,]) be a Sheffer stroke Hilbert algebra. A subset
F of L is called

e a deductive system of (L, |) if it satisfies:

1€ F, (2.9)
(Va,b € L)(a € F, a|(blb) e FF = beF), (2.10)
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e a filter of (L,|) if it satisfies (2.9) and
(Va,be L)(b € F = a|(blb) € F), (2.11)
(Va,b,c € L)(b,c € F = (a|(b]c))|(b]c) € F). (2.12)

Definition 2.5 ([11]). Let (L,|) be a Sheffer stroke Hilbert algebra. A fuzzy
set f in L is called a fuzzy filter of (L, |) if it satisfies:

(Vae L)(f(1) = f(a)), (2.13)
(Va,b € L)(f(al(b]b)) = f(b)), (2.14)
(Va, b, ¢ € L)(f((al(b[c))[(b[¢)) = min{f(b), f(c)})- (2.15)
Denote by F'S(L) the collection of all fuzzy sets in L. Define a relation “ C”
on FS(L) by

(Vf,9 € FS(L))(f S g < (Vae L)(f(a) < g(a))).
Consider two maps f~ and f on L (; a universe of discourse) as follows:
fm:L—[-1,00and f*:L —[0,1],
respectively. A structure
f=1{(a;f(a),f"(a)) |ae L}

is called a bipolar-valued fuzzy seton L (see [9]), and is will be denoted by simply
fo=(L; =, ).
For a BVF-set f:= (L; f~, f7) in L and (s,t) € [-1,0] x [0,1], we define

L(f75s):={ae L | f(a) < s},
U(f*rit):={acL|f"(a) 2t}

which are called the negative s-cut and the positive t-cut of § := (L; f~, fT),
respectively.

3 Bipolar-valued fuzzy deductive systems and
filters

In what follows, let £ := (L, |) denote the Sheffer stroke Hilbert algebra unless
otherwise specified.

Definition 3.1. A bipolar-valued fuzzy set f := (L; f, f7) in L is called
e a bipolar-valued fuzzy deductive system of L := (L,|) if it satisfies:
(Vze L)(f~(1) < f7(2), fT(1) = f(2)), (3.1)

f7(y) < max{f~(z), f~(=|(yly))
(\’“'”’y“)<f+<y>me{f+<x>,f+<x|<y|y>>} ) (32
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e a bipolar-valued fuzzy filter of £ := (L,|) if it satisfies (3.1) and

(Vo,y € L)(f~ (=l(yly) < F~ @), fT(@l(ly) = (), (3.3)

7 (@D 1) < max{s~ (), ()}
(= e t) ( FH(@l W=D 612) = min £ @), £ ()} ) B

Example 3.2. Consider a set L = {0,1,2,3,4,5,6,7}. The Hasse diagram and
the Sheffer stroke “|” on L are given by Figure 1 and Table 2, respectively.

Figure 1: Hasse Diagram

e

Table 2: Cayley table for the Sheffer stroke “|”

' o 2 3 4 5 6 7 1
o] 1 1 1 1 1 1 1 1
2|1 7 1 1 7 7 1 7
3/ 1 1 6 1 6 1 6 6
411 1 1 5 1 5 5 5
501 7 6 1 4 7 6 4
6| 1 7 1 5 7 3 5 3
7|11 1 6 5 6 5 2 2
1] 1 7 6 5 4 3 2 0

Then £ := (L,]) is a Sheffer stroke Hilbert algebra (see [12]). Let f:= (L; f—,
f*) and g:= (L; g—, g*) be BVF-sets in L given by Table 3.

It is routine to verify that § := (L; f—, f¥) is a bipolar-valued fuzzy deductive
system of £ := (L,]), and g := (L; g, g*) is a bipolar-valued fuzzy filter of
L:=(L,|).

Theorem 3.3. Given a bipolar-valued fuzzy set § := (L; f~, f1) in L, the
following are equivalent to each other.

(i) §:= (L; f~, f1) is a bipolar-valued fuzzy deductive system of L := (L, |).
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Table 3: Tabular representation of §f and g

L /(@) fH(x) g9 (z) 9" (@)
0 —0.42 0.49 —0.48 0.33
2 ~0.56 0.68 ~0.62 0.33
3 —0.42 0.49 —0.48 0.46
4 —0.42 0.49 ~0.48 0.33
5 —0.64 0.79 ~0.75 0.46
6 —0.56 0.68 ~0.62 0.33
7 —0.42 0.49 —0.48 0.61
1 —0.72 0.83 ~0.79 0.67

(i) f:=(L; f~, f1) is a bipolar-valued fuzzy filter of L := (L,|).

Proof. Assume that f := (L; f~, f7) is a bipolar-valued fuzzy deductive system
of £ :=(L,]) and let x,y,z € L. Note that y|((z|(y|y))|(z|(y|y))) = 1 by (2.1)
and (2.5). The use of (3.1) and (3.2) leads to

f(=|(yly)) < max{f~(v), f~ Wl((=|(ylv)(2|(ylv)))}

_ , - | (3.5)
=max{f (y),f (D} =f (y)
and
S (yly)) = min{ £ ¥ (y), £ Wl (] (yly) (=] (y]y)}
. (3.6)
=min{f*(y), T (1)} = f(v).
Note that
yl(((Wl2)[2)1((Wl2)]2)) = yl(((wl2)|((z]2)[(z|2))((y]2)|((2]2)](2]2))))
£ (Yl2)[(WI((z[2)| =[]yl ((2]2)](2]2))))
= (y12)|((y12)|(]2))
22
It follows from (3.1) and (3.2) that
1~ ((l2)]2) < max{f~ (), £~ @@ (@)} o
=max{f (y),f ()} =" (y) '
and
I ((y2)]2) > min{f* (), £ WI(((y]2)]2)|((y]2)]|2)))} (3.8)

=min{f"(y), fF (1)} = fH(y).
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Since 2|(((412)|(¥12)] (12)|619))) 2 21(512) L (y]2)]z, we obtain
g~ ((412)](512) < max{g™ (=), I D@ @1)}
= max{g™(2), 9~ ((4]2)]2)} (3.9)
<max{g (2),9” (»)}
and
FH (@2 (w1) > ming £ (=), 7 (@121l (@12 612)))}
= min{ f*(2), * ((y]2)]2)} (3.10)
> min{f+(2), f* (5)}.
Hence
£ (@ (019)w]2)
D (@)D (W12 DI @I (@12 612)
(W)
Y max (=), 1 ()}
and

FH((=[yl))l2)
@ f*((xl(((y\Z)|(yIZ))|((y\Z)|(yIZ))))|(((yIZ)I(yIZ))I((yIZ)\(yIZ))))

f*((yIZ)I(y\Z))

(3.10)
> min{f"(2), f " (y)}.

Therefore f := (L; f~, f*) is a bipolar-valued fuzzy filter of £ := (L, ).

Conversely, assume that f:= (L; f~, fT) is a bipolar-valued fuzzy filter of
L :=(L,]) and let z,y,z € L. If we replace y, z, and = with z, z|(y|y), and y,
respectively, in (3.4), then

() = 1~ (((z]2)|(11)(y]y))
= 7 (((]2) (Il Wy ly)))I(yly))
= 7 ((((([2)[9)((z]2)]y)) [ (y]y))] (y]y))
= [ (l((l2)[9)I((z]2)]y))
= /7 () ) ((]2)|y)]y))
= (@] [l ]zl (y]))))
< max{f~(x), [~ (2|(yly))}
7
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and

)
=
S
~—

by (s1), (s2), (s3), (2.2), (2.3), (2.4) (2.6) and (2.7). Consequently, f:= (L; f~,
f1) is a bipolar-valued fuzzy deductive system of £ := (L, |). O

By Theorem 3.3, it can be seen that all the results for the bipolar-valued
fuzzy filter covered below can be handled in the same way using the bipolar-
valued fuzzy deductive system.

Proposition 3.4. Every bipolar-valued fuzzy filter § := (L; f~, fT) of L :=
(L,]|) satisfies:

(@) < £~ @)
(e et) ( FHA)I6l) = £ @) > | (311
(Va,y € L) < r<ry = { ;;Eg i j:gzg ) . (3.12)

Proof. Let f:= (L; f~, f7) be a bipolar-valued fuzzy filter of £ := (L,|). Then
(@)l (wly)) = = ((wlle)[(z]x) < max{f~ (), [~ ()} = [~ (2),
@l yly)lly) = £ (Wl(]2))(z]2)) = min{f*(2), 7 (2)} = f7(2)

for all z,y € L by (2.6) and (3.4). Therefore, (3.11) is valid. Let z,y € L be
such that « <, y. Then z|(y|y) = 1, and so

=) = yly) = f~ ((=l(yly)lyly) < f(2)

and
() = FHlly) = & ly)lyly) = ()
by (2.4) and (3.11). O

We consider a bipolar-valued fuzzy set f:= (L; f~, f*) in L satisfying the
condition (3.12) and question whether it becomes a bipolar-valued fuzzy filter.
But the example below shows that the answer to that is negative.
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Figure 2: Hasse Diagram

1

0

Table 4: Cayley table for the Sheffer stroke “|”

—= N W O
— =W W N
— N = DN W
e

O W N =

Table 5: Tabular representation of f := (L; f~, fT)

T @) (@)
0 —0.12 0.09
2 —0.37 0.16
3 —0.54 0.28
1 —0.81 0.62

Example 3.5. Consider a set L = {0,1,2,3}. The Hasse diagram and the
Sheffer stroke “|” on L are given by Figure 2 and Table 4, respectively.

Then £ := (L,]|) is a Sheffer stroke Hilbert algebra (see [12]). Let f:= (L; f—,
1) be a BVF-set in L given by Table 5.

Then § := (L; f=, fT) satisfies the condition (3.12). But it is not a bipolar-
valued fuzzy filter of £ := (L,|) since

F(O1312))/(3[2)) = £7(0) = ~0.12 £ ~0.37 = max{f~(3), /~(2)}
andfor f+((0](3]2))](312)) = J*(0) = 0.09 # 0.16 = min{ f+(3), /*(2)}.

We explore the conditions under which a bipolar-valued fuzzy set can be a
bipolar-valued fuzzy filter.

Theorem 3.6. A bipolar-valued fuzzy set f :== (L; f~, f1) in L is a bipolar-
valued fuzzy filter of L := (L,|) if and only if it satisfies the condition (3.12)
and

(3.13)

— ( I (@ly)|(2ly)) < max{f~(2), (1)} ) |

fH(ly)l(zly)) = min{f*(z), f ()}
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Proof. Let f:= (L; f~, f*) be a bipolar-valued fuzzy filter of £ := (L,|). Then
the condition (3.12) is valid by Proposition 3.4. Using (s1), (s2), (2.3), (2.4) and
(3.4), we have f~((z|y)|(z]y)) = f~((LD)|(z|y))[(x]y)) < max{f~(z), [~ (y)}

ond £ ((a)l(el) = 1 (DIl (el) > mind 7 (@) 1)) foral .y €

Conversely, assume that f := (L; f~, fT) satisfies (3.12) and (3.13). Since
z <r 1 and y <p z|(y|y) for all z,y € L, we have f~(1) < f~(z), fH(1) >
(@), f~(2l(yly)) < f~(y), and f*(2|(yly)) > f*(y) by (3.12). Using (2.5),
(s2), (3.12) and (3.13), we have

F((=l))I(y]2) < f~((wl2)I(y]2)) < max{f~(y), [~ ()}

and f*((2(y|2))I(yl2)) = f*((y]2)I(yl2)) = min{f*(y), f(2)} for all z,y € L.
Therefore f := (L; f~, f1) is a bipolar-valued fuzzy filter of £ := (L, |). O

Theorem 3.7. A bipolar-valued fuzzy set f :== (L; f~, f1) in L is a bipolar-
valued fuzzy filter of £ := (L,|) if and only if its negative s-cut and positive t-cut
are filters of £ := (L, |) whenever they are nonempty for all (s,t) € [—1,0]x[0, 1].

Proof. Assume that f := (L; f~, f1) is a bipolar-valued fuzzy filter of £ := (L, |)
and L(f~;s) #0 # U(f*;¢t) for all (s,t) € [-1,0] x [0,1]. It is clear that 1 €
L(f~;8)NU(f";t). Let y,b € L be such that (y,b) € L(f ;) xU(f";¢). Then
[~ (y) < sand fT(b) > ¢. It follows from (3.3) that f~(z|(y|y)) < f~(y) <
s and f*(a|(b|b)) > f*(b) > t for all z,a € L. Hence (x|(yly),al(b[b)) €
L(f~;8) x U(f*;t). Let y,b,2,¢ € L be such that (y,b) € L(f~;s) x U(f*;t)
and (z,¢) € L(f7;s) % U(f*;t). Then f~(y) <s, f7(z) < s, f+( ) > t, and
F+(c) > t. Using (3.4), we get 1~ ((z|(412))I(y]2)) < max{f~(5), /- (2)} < s
and /7 (al(6]e)) (616)) > min{f*(b), /*(c)} > £, and s0

((|(l2)I(y]2), (al(b]e))[(blc)) € L(f 75 5) x U(fT51).

Therefore L(f~;s) and U(f";t) are filters of £ := (L, |).

Conversely, let f:= (L; f~, f*) be a bipolar-valued fuzzy set in L for which
its negative s-cut and positive t-cut are filters of £ := (L,|) whenever they are
nonempty for all (s,t) € [-1,0] x [0,1]. If f=(1) > f~(a) or fT(1) < fH(x)
for some xz,a € L, then a € L(f~;f (a)) and € U(f*; f(z)), but 1 ¢
L(f~;f~(a)nU(f*; f*(x)). This is a contradiction, and thus f~(1) < f~(z)
and f*t(1) > f(x) for all z € L. If f~(a|(b]b)) > f(b) for some a,b € L,
then b € L(f~; f~(b )) but al(blb) ¢ L(f~;f (b)) which is a contradiction.
Hence f~ (x|(y|y)) < f(y ) for all xz,y € L. If f(z|(yly)) < f*(y) for some
z,y € L, then y € U(f*; f*(y)) but z|(yly) ¢ U(fT;fT(y)), a contadiction.
Thus f*(z|(yly)) > fH(y ) for all z,y € L. Suppose that

f
f~((al(blc))(ble)) > max{f~(b), f~(c)}

or fT((z|(yl2))(ylz)) < min{f*(y), fT(2)} for some a, b, ¢, z, y, 2 € L. Then
b,c € L(f;s) or y,z € U(fT;t) where s := max{f(b),f (¢)} and t :=

10
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min{f*(y), f*(2)}. But (a|(ble))(b[c) & L(f7;s) or (z|(y|2))(ylz) & U(fT;1), a
contradiction. Therefore f~((x|(y|2))(y|z)) < max{f~(y), f~ ()} and

(= l(yl2)(yl2)) = min{f " (y), f(2)}

for all z,y,z € L. Consequently, f := (L; f~, fT) is a bipolar-valued fuzzy
filter of L := (L, |). O

Theorem 3.8. A bipolar-valued fuzzy set f := (L; f~, f1) in L is a bipolar-
valued fuzzy filter of £ := (L, |) if and only if the fuzzy sets f7 and fT are fuzzy
filters of L := (L, |), where f7 : L = [0,1], z—1— f~(z).

Proof. Assume that § := (L; f~, f*) is is a bipolar-valued fuzzy filter of £ :=
(L,]). Tt is clear that f* is a fuzzy filter of £ := (L, |). For every x,y,z € L, we

have fo (1) =1—f~(1) 21— f~(z) = fo (),
fo@l(yly) =1 - (=|(yly) > 1 - f(y) = fo (y),
and
fo ((2l(yl2)[(yl2)) = 1 — f~ ((z](yl2))I(yl2))
> 1 —max{f"(y),f (2)}
=min{l — [~ (y),1 - f(2)}
=min{f: (y), [ 2)}-

Hence f; is a fuzzy filter of £ := (L, ).

Conversely, let f := (L; f~, f*) be a bipolar-valued fuzzy set in L for which
f7 and f* are fuzzy filters of £ := (L,|). Then 1 — f~(1) = f- (1) > f7(z) =
1—f~(2),

L—f=(l(yly) = fo @l(yly) = fo () =1- [ (y)
and
1=~ ((=[(y2)I(yl2)) = fo ((=(y[2)I(yl2))
> min{ /- (y), fo (2)}
=min{l — f7(y),1 - f(2)}
=1-max{f"(y), [ (2)}

for all x,y,z € L. Hence f~(1) < f~(x), f~(z|(y|y)) < f~(y) and

(=] (y[2)|(yl2)) < max{f~(y), [ (2)}

for all z,y,z € L. Therefore, f:= (L; f~, f1) is a bipolar-valued fuzzy filter of
L:=(L,]). O

11
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Theorem 3.9. Given a nonempty subset F of L, let fr := (L; fr, f}r) be a
bipolar-valued fuzzy set in L defined as follows:

- s~ ifac F,
fr L —[-1,0], ar { t~ otherwise,
and
L -
. st if xe€F,
friL—=[0,1], v { t*t  otherwise,

where s~ <t~ in [~1,0] and st > t+ in [0,1]. Then fr = (L; fr, ff) is a
bipolar-valued fuzzy filter of L := (L,|) if and only if F is a filter of L := (L,|).
Moreover, we have F = L;, :={z € L | fp(z) = f (1), f () = f£(1)}.

Proof. Assume that fr := (L; f5, f#+) is a bipolar-valued fuzzy filter of £ :=
(L,]). Then fr(1) = s~ and f#(1) = s™, and so 1 € F. Let z,y € L be such
that y € F. Then f5(y) = s~ and fi(y) = s*. It follows from (3.3) that s~ =

fr(y) > fr(zl(yly)) and st = fif(y) < fi(z/(yly)). Hence fr(x|(yly)) = s~
and f#(z|(yly)) = s*, from which z|(y|y) € F is derived. Let z,y,2z € L be
such that y,z € F. Using (3.4), we have:

fr ((@(y]2)I(yl2)) < max{fz(y), fp(2)} =57,
FE(@I DI @12) = ming £ (), F£(2)} = 7
and so f7 ((z](y]2)|(312)) = 5~ and f#((z](y])|(3]2)) = s+ This shows that
(z|(y|2))|(y|z) € F. Therefore F is a filter of £ := (L, ).
Conversely, let F' be a filter of £ := (L, |). Since 1 € F, we get frn (1) =5 <
fr(a) and fi (1) = s > fi(z) for all (a,2) € L x L. Let z,y € L. Ify € F,
then z[(yly) € F, and thus fr (z[(yly)) = s~ = [z (y) and [z (z[(yly)) = s* =

fi(). Ty ¢ F,then fr(y) =t~ > fp(z|(yly)) and f5 (y) =+ < £ (2|(yly))-
For every z,y,z € L, if y,z € F then (x|(y|2))|(y|z) € F which implies that

Fr (@[(y2))|(yl2)) = s~ = max{fp (y), fr (2)} and f£((z|(y]2))](y]2)) = s+ =
min{ fi (y), f&(2)}. If y ¢ F or z ¢ F, then

Fr (@l (yl))|(l2) <t = max{fz (), fz (2)},
Fi (@l (yl2))(l2) > 7 = min{f (y), f (=)}

Therefore, fr := (L; f, f7) is a bipolar-valued fuzzy filter of £ := (L, |). Since
F is a filter of £ := (L,|), we get

Ly, ={z € L| fr(x) = fr (1), f#(x) = fZ (1)}
={zel|fp(@)=s", fi(x)=s"}
={rel|zeF}=F

This completes the proof. O

12
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4 Normality of bipolar-valued fuzzy filters

Definition 4.1. A bipolar-valued fuzzy filter f := (L; f~, fT) of £ := (L,])
is said to be normal if there exists (a,z) € L x L such that f~(a) = —1 and

)=
Example 4.2. Consider the Sheffer stroke Hilbert algebra £ := (L,|) in Ex-
ample 3.2. Let f:= (L; f~, fT) be a BVF-set in L given by Table 6.

Table 6: Tabular representation of f := (L; f~, fT)

L [~ (z) fH(z)
0 —0.42 0.36
2 —0.42 0.36
3 —0.42 0.76
4 —0.57 0.36
5 —0.42 1.00
6 —1.00 0.36
7 —0.57 0.76
1 —1.00 1.00

Then f:= (L; f~, f*) is a normal bipolar-valued fuzzy filter of £ := (L, |).

Theorem 4.3. A bipolar-valued fuzzy filter § := (L; f~, f7) of L := (L,]) is
normal if and only if f~(1) = —1 and fT(1) = 1.
Proof. Suppose that f := (L; f~, f*) is a normal bipolar-valued fuzzy filter
of £ := (L,|). Then f~(a) = —1 and f*(z) =1 for some (a,z) € L x L. Tt
follows from (3.1) that f=(1) < f~(a) = —1 and f*(1) > f*™(x) = 1. Hence
f7(1) =—1and f*(1) = 1. The sufficiency is clear. O
Given two bipolar-valued fuzzy sets f := (L; f~, f*) and g := (L; g, g7)
in L, the inclusion “ € between them is defined as follows:

feg & (VzeL)(f (z) 29 (2), f[M(x) < g7 (2))
In this case we say that g := (L; g—, g7) is larger than f:= (L; f—, f).

Theorem 4.4. Given a bipolar-valued fuzzy set § :== (L; f~, f*) in L, let
fo := (L; f, ) be a bipolar-valued fuzzy set in L defined by f(a) = f~(a) —
1—f7(1) and fr(z) = fH(z)+1— f+(1) for all (a,x) € L x L. Then §:= (L;
f=, ) is a bipolar-valued fuzzy filter of £ := (L,|) if and only if f. :== (L; fo,
15 is a bipolar-valued fuzzy filter of L := (L,|). Moreover, . := (L; f, fi¥)
is normal which is larger than §:= (L; f~, f).

Proof. Assume that f := (L; f—, f7) is a bipolar-valued fuzzy filter of £ := (L, |)
and let x,y € L be such that z <p y. Then

fo@)=f"@)-1-f0) =2y -1-f1) =/, )

13
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and
fr@) = @) +1-f )< fry+1-771) = fFw.

For every x,y € L, we have:

F((l)l(zly)) = £~ ((=ly)|(z]y)) — 1= f~(1)

|

<max{f"(z), [ (y)} —1-f"(1)

=max{f (z)-1—-f"(1),f (y) —1—-f (1)}
= max{f, (2), fi (y)}

and
FE(ly)|(=ly) = F((2ly)l(z]y) + 1= F7(1)

> min{f*(x), f ( )}+1—f+( )

= min{f"(z) + fHQ), ) +1- 1)}
= min{f" (2), f ( )}

Hence f. := (L; f,, f.F) is a bipolar-valued fuzzy filter of £ := (L, |) by Theorem
3.6. Suppose that f. := (L; f., f.) is a bipolar-valued fuzzy filter of £ :=
(L)), Since f~(1) ~ 1~ f~(1) = f(1) < f-(a) = f~(a) — 1 — /(1) and
PR 41— Fr) = A1) > @) = f ) 41— () for al (a,0) € L x L,
we have f7(1) < f~(z) and fT(1) > f(x) for all z € L. Since

f7(0) =1 = f=(1) = f7(b) > f. (a|(b]b)) = f(al(b]b)) =1 — f~(1)
and f*(y) +1— fH(1) = fiF(y) < fiF(2|(yly) ( I(yly)) + 1 = fH(1) for

) =
all (a,z),(b,y) € L x L, it follows that f~(y) > f~(z|(yly)) and f*(y) <
1 (z|(yly)) for all z,y € L. Since

S ((al(ble))|(ble)) =1 = f7(1) = £ ((al(blc))[(b]c))
< max{f,(b), f, (¢ )}

=max{f"(b) =1 —f~(1), /() - 1= f~(1)}

= max{f~(b), f ()} =1 - f7(1)

and

FH(Iyl2))|(yl2) +1 = F7(1) = £ ((2|(y]2)](y]2))
> min{f(y), f( )}

=min{f"(y) +1 - f7(1), fF(z) +1 - fH(1)}

= min{f"(y), ( )}+1*f+( )

for all (a,z), (b,y),(c,z) € L x L, we have

S ((=(y]2)|(yl2)) < max{f~(y), [ (2)}

14

205 Hee Sik Kim et al 192-210



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

and f((z|(y|2))|(y|z)) > min{f*(y), f*(2)} for all z,y,z € L. Therefore,
f:= (L; f~, f*) is a bipolar-valued fuzzy filter of £ := (L, |). Since f (1) =
fF1)—=1—f(1)=—-1and ff(1) = fH(1)+1— f(1) = 1, we know that
fo := (L; fo, f7) is normal. Also, we have f; (z) = f~(2)—1—f~(1) < f~(2)
and ff(z) = fH(z)+1—fT(1) > f(x) for all z € L. This shows that f, := (L;
o, f) is larger than f:= (L; f~, f). O

Theorem 4.5. Let § := (L; f~, f1) be a bipolar-valued fuzzy filter of £ =
(L,]). Then it is normal if and only if f. = §, that is, f~(x) = f(x) and
fH(z) = fH(z) forallx € L.

Proof. Let § :== (L; f~, f*) be a bipolar-valued fuzzy filter of £ := (L,|).
Then f, := (L; f,, fiF) is a normal bipolar-valued fuzzy filter of £ := (L,|) by
Theorem 4.4. Hence it is clear that if f, = f, then f := (L; f~, f*) is normal.
Conversely, if f := (L; f~, f1) is normal, then f; (z) = f~(z)—1—f(1) =
[ (z)and ff(z)=fT(z)+1— ft(1) = fT(x) for all z € L. Hence f. =f. O

Proposition 4.6. Let§:= (L; f~, f*) andg:= (L; g~, g") be bipolar-valued
fuzzy filters of L := (L,|) with f € g. If f~(1) = g~ (1) and fT(1) = g*(1),
then Lj, C Lg,..

Proof. Straightforward. O

The example below shows that there are bipolar-valued fuzzy filters f := (L;
f7. ft) and g:=(L; g—, g7) of £ :=(L,|) that satisfy L;, C Ly, and §  g.

Example 4.7. Consider the Sheffer stroke Hilbert algebra £ := (L,|) in Ex-
ample 3.5. Let f:= (L; f~, f7) and g := (L; g—, g7) be bipolar-valued fuzzy
sets in L defined by the Table 7.

Table 7: Tabular representation of § and g

L [~ (@) [ (x) 9 (z) 9" (x)
0 —0.42 0.43 —0.36 0.33
2 ~1.00 1.00 ~1.00 1.00
3 —0.42 0.43 ~0.36 0.33
1 ~1.00 1.00 ~1.00 1.00

Then Ls, = {1,2} = Ly, but § & g since f~(3) = —0.42 < —0.36 = g~ (3)
and/or f1(0) =0.43 > 0.33 = g*(0).

Theorem 4.8. Let f := (L; f~, f1) be a bipolar-valued fuzzy filter of £ =
(L,]). Then it is normal if and only if there is a bipolar-valued fuzzy filter
g:=(L; g7, g") of L:=(L,]|) such that g, € §.

Proof. The necessity is straightforward because if f := (L; f~, fT) is normal,

then f. = f.

15
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Conversely, assume that there is a bipolar-valued fuzzy filter g := (L; g,
g") of £ :=(L,]|) such that g. €f. Then -1 =g, (1) > f~(1)and 1 = g (1) <
fr(). Thus f=(1) = =1 and f*(1) = 1,and so f := (L; f~, f7) isnormal. [
Theorem 4.9. Given a bipolar-valued fuzzy set f :== (L; f~, fT) in L, consider
an increasing mapping £ := (£~,07) : [=1, f~(1)] x [0, fT(1)] — [-1,0] x [0, 1].
If f .= (L; f=, f7) is a bipolar-valued fuzzy filter of L = (L,|), then the
bipolar-valued fuzzy set f, == (L; f, , ff) in L defined by f, (a) = £~ (f(a))
and f;(x) = 0X(f*(x)) for all (a,2) € L x L is a bipolar-valued fuzzy filter of
L := (L,|). Moreover, if f; (1) = —1 and f; (1) =1, then §o := (L; f,;, f) is
normal, and

(V(s,t) € [=1,f (W] x [0, fTMNE (s) < 5, £5(t) >t = FE o)

Proof. Assume that § := (L; f~, fT) is a bipolar-valued fuzzy filter of £ :=
(L,]). Let z,y € L be such that x < y. Then f, (z) = (= (f (x)) >
C(f~(y) = fi (y) and f(x) = (F(fF(2)) < £5(f*(y) = f (y). For ev-
ery x,y,z € L, we have
fo (ly)l(zly)) =€ (f~ ((=y)l(zly)))

< (max{f" (), f~()})

= max{¢~(f(z)), £ (f~ ()}

= max{f, (z), f; ()}

and

FE(@I(ly)) = €5 (FF (1Y) (2])))

> (" (min{f"(2), [ (y)})

= min{¢" (" (2)), €7 (f"(y))}

= min{f," (z), £ (y)}.
Therefore, f, := (L; f,, f;') is a bipolar-valued fuzzy filter of £ := (L,|) by
Theorem 3.6. If f, (1) = —1 and f,;5(1) = 1, then §, := (L; f,;, f,) is normal
by Theorem 4.3. Let (s,t) € [—1, f~(1)] x [0, f7(1)] be such that £~ (s) < s and
C*(t) > t. Then f, () = € (f~ () < f~ () and f; (z) = (+(f*(2)) > f*(2)
for all € L. Hence | € f,. O

Theorem 4.10. Let §:= (L; f~, f*) be a normal bipolar-valued fuzzy filter of
L := (L,|) such that f~(a) # f~(1) and f+(z) # fT(1) for some (a,z) € Lx L.
If f:= (L; f=, f%) is a mazimal element of (NF(L), €), then it is described as
follows:

-1 ifa=1,

[T L—[-1,0], ar { 0 otherwise,

4.1
1 if =1, (41)

+ .
fT:L—=10,1], v { 0 otherwise,

where Ng(L) is the set of all normal bipolar-valued fuzzy filters of L := (L, |).

16
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Proof. Clearly, (Np(L),€) is a poset. Assume that f := (L; f~, fT) is a
maximal element of (Ng(L), €). It is clear that f~(1) = —1 and f+( ) 1
since f := (L; f~, fT) isnormal. Let (a,2) € L x L be such that f~(a) # f=(1)
and ft(z) # fH(1). If f~(a) # 0 and fT(z) # 0, then —1 < f~(¢) < 0 and
0 < f*(2) <1 for some (¢,2) € Lx L. Let g := (L; g~, g7) be a bipolar-valued
fuzzy set in L defined by

9~ L= [-1,0], ar> 3(f(a) + f(c)),
g L= [0,1], @ = 5(fF(2) + f1(2)).

Let z,y € L be such that x < y. Then
9 (@) =5(fT@+ ()25 W)+ () =9 (v)
and gt (x) = 3(f*(2)+ f1(2)) < 5(FH (W) +F1(2)) = g* (). For every z,y € L,

we have
9~ ((y)|(2ly) = $(F~ ((@ly)|(xly)) + ()
< y(max{f~(z), [~ (y)} + [ (c))
= gmax{f~(z) + f(c), f~

SO NON
= max{5(f~(x) + f7(0), 5(f~(y) + f~(0))}
=max{g (z),9” (y)}

and

9" ((xly)l(=ly)) = 3 (f T ((@ly)l(z]y) + F7(2))

> z(min{f* (@), f*(y)} + f7(2))

= gmin{f*(z) + [ (2), T (y) + [T (2)}
= min{3(f"(2) + f7(2), 3(f*(v) + ()}
=min{g" (2),9" ()}.

Hence g := (L; g~, g7) is a bipolar-valued fuzzy filter of £ := (L,|) by Theorem

3.6, and g. := (L; g5, g7) is a normal bipolar-valued fuzzy filter of £ := (L, |)
by Theorem 4.4. We can observe that

(
(S~ @)+ () —1=3(f (W) + [ (0))
f

and
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for all z € L. Hence f € g, and so §f := (L; f~, fT) is not a maximal element
of (Mr(L), €). This is a contradiction, and therefore (f~(a), f*(z)) = (0,0) for
all (a,2) € L x L with f~(a) # —1 and f*(z) # 1. Consequently, §:= (L; f~,
f1) is described as (4.1). O
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Abstract

Here we present general multivariate Opial and Polya type inequalities
over spherical shells. The proofs derive by the use of some estimates
coming out of some new trigonometric and hyperbolic Taylor’s formulae
([1], [2]) and reducing the multivariate problem to a univariate one via
general polar coordinates.

Mathematics Subject Classification (2020): 26A24, 26D10, 26D15.
Keywords and phrases: Opial and Polya inequalities, polar coordinates,
spherical shell.

1 Background
We need
Remark 1 Let the spherical shell
A:=B(0,Ry) — B(0, Ry),

0< R <Ry, ACRN N>2 x€ A;r=|x|, r€[R,Ra],V €A, /| the

Euclidean norm. Here x can be written uniquely as © = rw, where r = |x| > 0

and w = 7 € SN=1 w| =1, see ([3], pp. 149-150 and [5], p. 421).
Furthermore for F : A — R a Lebesgue integrable function we have that

/AF(a:) dm:/SM ( I:QF(W) rN_ldT> dw, (1)

where SN~ :={z e RN : |z| =1} .
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Let dw be the element of surface measure on SN~ with surface area

wN:/SN_ldeF(g). (2)

Here it is volume of A,

_ wn (RY — RY)
vol (A) = —2N L2 3)

Above it is B(0,7) == {z € RN : |[z[ <r}, r> 0.

Here K is either R or C, and C}% (I) denotes functions n-times continuously
differentiable on an interval I C R with values in K.
From [2] we need to mention the following Opial type inequalities.

Theorem 2 Let f € C3 (I), with interval I CR, a,z € I, a < z, and f (a) =
1
q

f'(a) =0, withp,q>1:%+ =1. Then

/I 1 @)1 (w) + f (w)] dw <

25 ([ ([ b o) dw)’l’ ([ 1w +f<w>|qczw)5. (4)

Theorem 3 Let f € C%4 (1), a,z € I, a < z, and f(a) = f'(a) = 0, with
p,q>1:%+%:1. Then

[ 1@l w) - fwldo <

25 ([ ([ - o ae) dw)é ([rrw-swrw)’ o

Theorem 4 Let f € C4 (I), interval I C R, let a,z € I, a < z, f(a) =
f'(a) = f"(a) = f"(a) =0, withp,g > 1: > + ¢ = 1. Then

J @[ ) - g )] dw <

9-(1+3%) (/L (/w |sinh (w — ¢) — sin (w — t)”dt) dw> ’ (6)
(L

2
q

79 w) - 1 ) dw)
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Theorem 5 All as in Theorem 4. Let o, € R : af8 (a2 — ﬁ2) #0. Then

J 1 @[5 )+ (@2 ) 57 ) + 028 ()] dw <

st ([ ([ i)

(L |

Theorem 6 All as in Theorem j. Let o € R, a #£ 0. Then

=

PO )+ @4 ) ettt ) )

[ 1)1 [ £ () + 2027 ) + 0t ()| o <

2+1|a| ([ ([ bntato=0)-aw-owsatw- o)) )

(L

Theorem 7 All as in Theorem 5. Then

3 =

2 ®
@ (w) + 202" (w) + a* f (w)‘q dw> "

J 1 @[5 ) = (@2 ) 57 ) + 05 ()] dw <

1

</j (9)

Theorem 8 All as in Theorem 6. Then

2

F@ (w) = (a® 4 82) " (w) + 252 f (w)‘q dw) !

/ £ )] [£9 () - 20% 77 (w) + 0 ()| o <

1

2+1|a| ([ ([ 10t teosh(atw—0) - snh(a (w - )p ) )’

(10)
y

We will use the above Opial type inequalities in the case of p = ¢ = 2.

Qo

@ (w) — 262" (w) + o f (w)‘q dw)

The motivation came from the following famous Opial’s inequality
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Theorem 9 (Z. Opial, 1960, [4]) Let ¢ > 0 and y(z) be real, continuously
differentiable on [0, c], with y (0) =y (c) =0. Then

\y Ddr< S [ @ @) de. (11)
4 Jo

Equality holds for the function y(x) = x on [O, %] and y(x) =c—x on [%, c] .

2 Results

First we present a collection of Opial type inequalities on the spherical shell A.

Theorem 10 Let F : A — R Lebesgue integrable function with F (-w) € C? ([R1, Rs)),
with F (Riw) = %&£ (Riw) =0, V w € SN=1. Then

[ir@i|rw+ 2
272 (gj)Nl (/}:2 (/Ri (sin (r — 1)) dt) dr) : /A (F (z) + 82;;536))201@

(12)
Proof. Here we apply Theorem 2 to F (-w) for p = ¢ = 2. So for every
w € SV~ we have that

[ p | P54 )
(L
13)

Ry 87“2
WehaveR1<r<R2andRN L pN= 1<RN l,ande N < pl=N <

/R: (sin (r — t))2 dt) dr)é (/1:2 (821;7,(560) (rw) )
(
RI7N.

We observe the following

dz <

dr <

fiz 0°F (rw)
1-N
R, /Rl |F (rw)] ‘87‘2 + F (rw)

I PG| ZEE 4 o

Ry 87"2
R2
/ IF (rw)
Ry

rN=tdr < (14)

N-1,1-N g _

0?F (rw) i (1<3)

52 + F (rw)
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o ([ 0wy o)
([ (5 ) )
L </RR </R (sin (r — 1))? dt) dr>é (15)

</1:2 (3225;"‘”) +F(rw)>27’N1dr> .

Therefore it holds

I 1P| 552 4 P )

R or?
( /R (sin (r — t))? dt) dr) : (16)

rN=ldr <

N

(&) (L
(/RR <821;'r(2rw) + F(Tw)>2rN1dr> .

Consequently we obtain

/.. (/: Pl | 255 4 ()

(%)Nl (/RR (/R (sin (r — 1))* dt) dr> : (17)
/szv—1 (/,:2 (8227"(;“) + F(W)>27“N‘1dr> dw.

Applying (1) we obtain (12). =

erdr> dw <

SIS

9-

Next, we present more Opial type inequalities on spherical shell. Their proofs
are similar to the proof of Theorem 10 and are based on Theorems 3-8. Use

also of (1).
Theorem 11 Same assumptions as in Theorem 10. Then
O’F (x)
F F(x) - dx <
[P @)|F @) - e <

/R (sinh (r — t))%lt) dr) : /A (F (z) — 82§§$))2dz.

(18)

(1
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Proof. Based on (5). m

Theorem 12 Let F': A — R Lebesgue integrable function with F (-w) € C* ([R1, Rs]),
with F (Riw) = 29F (Ryw) =0, i = 1,2,3; V w € SN~1. Then
O*F (x)

[ 1F @l
(2)%1 (/RR (/R (sinh (r — t) —sin(r—t))2dt> dr>

/A (agix) - F(x))2 dz. (19)

Proof. Based on (6). m

— F(z)|dx <

wjw
[N

90—

Theorem 13 All as in Theorem 12. Let o, € R : a8 (on — 62) #0. Then

| 1F@

0*F ()

I'F (z) 292
7"4 W—‘r@ﬁF(IE)

3 + (a® + B%)

dz <

N—-1
A= (7)
(/1:2 (/RT1 (Bsin (a (r —t)) — asin (8 (r — t)))° dt) dr)

I'F (x) 2 o\ O%F (2) 9 .2 2
/A( ort + (o +5%) 972 +OfﬁF(x)> dz. (20)

Proof. Based on (7). ®

[N

Theorem 14 All as in Theorem 12. Let « € R, aw # 0. Then

J 1P @
1 (RN R .
23 o3| <R1> </Rl </R1 (sin(a(r —1t)) — a(r —t)cos (a(r —1t))) dt) d7~>

/A (84§T£x) + 20 82;;595) + a4F(a:)>2 d. (1)

Proof. Based on (8). m

O*F (z 0°F (x
87"‘(* ) + 20 87"5 ) +o*F (z)

dz <

=
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Theorem 15 All as in Theorem 13. Then

4 T 2 T
Jir@n| Tt - (@24 6 L a5 (1) o <

1 <R2)N—1
V2[aB (8° = a?)[ \ I

/T (asinh (8 (r — t)) — Bsinh (o (r — 1)))? dt) dr)

(1

Ry
9*F (z) (2 ) 92F (z) . 2 i
/A( ort (" +57) a2 T BF( )> dz. (22)

Proof. By (9). =
Finally we give the following Opial type inequality.

Theorem 16 All as in Theorem 1j. Then

J1F@
/T (o (r — t) cosh (a (r — t)) — sinh (a (r — £)))? dt) dr)

() (U
2% |of® \ I R \JR,

/A (agf”) - 2&2% +a'F (m)>2 da. (23)

O'F (z) a2 O9?F (z)

ort or? +a'F (z)

dz <

1
2

Proof. Based on (10). m
We need the following results.

Theorem 17 ([1]) For f € C% ([a,b]) and x € [a,b] : f(a) = f'(a) = 0, we
have that

ra= [ (P @)+ £ (1) sin (z — ) d, (24)

and

fa = [ U@ -5 @) - o (25)

Theorem 18 ([1]) For f € C% ([a,b]) and = € [a,b] : f (a) = f'(a) = " (a) =
" (a) =0, we have that

r=[ o - (BHEELZREED g
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Theorem 19 (/1)) Let o, 8 € R with af (8> —a?) # 0, and f € C ([a,0]),
x €la,b]: f(a)=f"(a)=f"(a)=f"(a) =0. Then

_ 1 ’ " 052 2 " 042 2
IW= G | 0O+ ) 0+ )
(Bsin (a(z —t)) — asin (B (z —t))) dt. (27)

Theorem 20 (/1]) Let o, 8 € R with af (o — %) # 0, and f € C ([a,0]),
x €la,b]: f(a)=f"(a)=f"(a)=f"(a)=0. Then

) = M [ = @2+ ) 57 0+ 025 1)
(asinh (8 (z — 1)) — Bsinh (a (z — £)) ) dt. (28)
We will use
sine| < ||, ¥z €R, (29)
jsinh | < cosh (b—a)|z|, Vae[—(b—a),b—al. (30)

Both of the above come by applications of mean value theorem.
We give the following Polya type univariate inequalities.

Theorem 21 For f € C% ([a,b]) and z € [a,b] : f (a) = f'(a) =0, it holds

/|f Nz < ©

/|f )| do < cosh (b— a) L= /|f” _F ()t (32)

/ )+ (1) dt, (31)

and

Proof. (i) By (24) we have that
@< [ 17" @)+ O sin (e - 0] dr <
[ 1w rwle-va< (33)

x b
<m—a>/ £ () + £ (D) dt < <m—a>/ () + £ ()] dt.

Therefore, it holds

/f<w>|dxs</’<x—a>dx>/ VORI CTY
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o) /If” )+ £ (1)) dt.

(ii) By (25) we have that
?) </ £7(8) ~ £ (©)lsinh (@ — )] dt <
cosh (b~ a) / - F )@ tyde < (35)
coshi (b= ) (a — a) [ 11”0~ f (0] dt <

b
cosh (b —a) (z — a) / lf" (t) — f(t)]dt.

Therefore, we get

/ab|f(m)|dx§cosh(b—a)</a r—a dx)/ [f" (t) (t)|dt = (36)
S e

Theorem 22 All as in Theorem 18. Then

cosh (b — a)

/ I (2)] dz < (cosh (b—a) + 1) / @ - F@)]d (37)
Theorem 23 All as in Theorem 19. Then
b 2 b
(b_a) 111 "
/a f (@)l de < M/ £ (8) + (o2 + B) £ (1) + a?B2F (1)  dt. (38)

Theorem 24 All as in Theorem 20, plus |af, |B| < 1. Then

/|f ‘d<cosh

2‘—a /‘f//// —a+,32)f()+a25f |dt
(39)

Next comes a collection of Polya type inequalities on the spherical shell.
Their proofs are based on Theorems 21-24, (1) and they are similar to the proof
of Theorem 10, and as such details are omitted.
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Theorem 25 Same assumptions as in Theorem 10. Then

/A|F(~"3>| < (f;)N_l (R22Rl)2/A

and
/A|F(m)| < (%)N_lcosh(Rg — Ry) (R ;Rl)Q /A

0*F ()
Oor?

+ F (2)

0*F ()
or?

Proof. Based on Theorem 21. m

Theorem 26 Same assumptions as in Theorem 12. Then

By \ (Ry— Ry)’
/A|F(LE)| < <R1) (cosh (R — Ry) + 1) e

/

Proof. Based on Theorem 22. m

O4F (x)

54 dx. (42)

— F(2)

Theorem 27 All as in Theorem 13. Then

R2 N—-1 (RQ _R1)2
[reis(E) T
0?F ()
o

O*F (x)
ort

+ (a? + 5?) + o?B%F (z)| dz. (43)

/

Proof. Based on Theorem 23. m
We finish with

Theorem 28 All as in Theorem 13, plus |a|,|B] < 1. Then

/A |F (z)] < (gj)N_l cosh (Ry = ) (Ry = )"

6% = o?|
/

Proof. Based on Theorem 24. m

O*F (x)

_( 2 O°F (x)
or4

+ 62) W + 04262F (.73) da: (44)

10
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Abstract

In this article we study the behaviors of a piecewise linear map with
initial condition in the second quadrant. There is a unique equilibrium
point and two 4-cycles of the map. We found regions of initial condition
that solutions become equilibrium point or 4-cycles. We divided the sec-
ond quadrant into sub-regions and identify behaviors of solutions in each
sub-region by direct calculations, and formulated inductive statements to
explain the behaviors of the map without using stability theorems.

Key words: Coexisting attractors, Periodic solution, Equilibrium point,
Piecewise linear map.
2010 Mathematics Subject Classification: 39A10 and 65Q10.

1 Introduction

Lozi map (Lozi, 1978) is a well known two dimensional piecewise linear map
which is a simplified version of Hénon map and has a strange attractor. There
are many applications of piecewise linear maps in models such as power elec-
tronic converters and switching circuits (Banerjee & Verghese, 2001; Zhusu
baliyev &Mosekilde, 2003). We know that multistability (Simpson, 2010; Zhusub-
aliyev et al., 2008) can be found in piecewise linear map. Bifurcations sequence
in a family of piecewise linear maps were cosidered in articles (Gardini & Tikjha,
2019; Tikjha & Gardini, 2020) and also a transition between invertibility and
non-invertibility of piecewise linear map were studied in article (Gardini &
Tikjha, 2020). A solution {(2n,yn)}32, of a map is called eventually peri-
odic with prime period-p (or minimal period-p) if there exists an integer N > 0
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and a smallest positive integer p such that {(z,,yn)}32, is periodic with period
p; that is,
('rn-l-;m yn-l-p) = (l‘n, yn) for all n > .

As we all known that piecewise linear function is not differentiable. In the case
of system that can reduce to equation (one-dimensional map), we are unable to
verify stability via stability theorem such as Schwazian derivative (D. Singer,
1978). An open problem about a piecewise linear map was mentioned in (Grove
et al.,2012):
Tpl1 = |xn‘ + ayn + b (1)
Yn+1 = Tpn + C|yn| +d

with initial condition (xq,yp) € R?. Many papers studied the open problem
for example: Gove et al. (2012) found that every solution is eventually prime
period-3 solutions except for the unique equilibrium solution. In article (Tikjha
et al., 2010; 2015; 2017) and (Tikjha & Lapiere, 2020), they studied some
special cases of system (1), and showed that there are periodic attractors. They
showed that every solution is eventually either periodic attractors or equilibrium
point by using direct calculation and inductive statement. Recently in article
(Aiewcharoen et al. 2021; Laoharenoo et al. 2023), they investigated a family
of systems that contain absolute value similar to (1) and they showed that all
solutions become the equilibrium point. Moreover, they also showed that there
exist a prime period 5 when b < —6. In article (Lapiere & Tikjha, 2021),
they also studied the special case of (1) with a = b =d = —1 and ¢ = 1.
Our goal is to continue investigate the special case of (1) with a = ¢ = —1,
b= —3 and d = 1 which Tikjha and Piasu (Tikjha & Piasu, 2020) reported the
condition of solutions becoming equilibrium point or periodic with prime period
4. They investigated initial point only in region of the first quadrant. We aim to
extend the initial condition in second quadrant and find all possible behaviors of
solutions for this map and then characterize the coexisting attractors between
equilibrium point and periodic with prime period 4 (4-cycle) and their basin of
attractions.

2 Main Results

In this section we will study the following two dimensional map:

Tpt+1 = |xn| —Yn — 3;yn+1 = Tn — ‘yn| +1 (2)

with initial condition belonging to second quadrant. This map has the unique
equilibrium point (—1,—1) that can be computed by solving the system:

Asin (Tikjha & Piasu, 2020), there are 4-cycles of the system (2) given by Py ; =
{((_57 _1)7 (37 _5)7 (57 _1)7 (37 5))} and P4<2 = {((L _3)7 (L _1)7 (_17 1)7 (_37 _1))}
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The 4-cycles are found by numerical calculation. It is easy to verify that Py 1
and Pyo are 4-cycles. Let (zg,yo) be in the second quadrant of zy plane,
Q2 = {(z,y) € R?*lz < 0 and y > 0}. We have the first iteration as the
following:

z1=l|xo|—yo—3 =-x0—Y —3 (3)
y1 =m0 — |yo| +1 =20 —yo+1

Before we calculate the next iteration, we have to know the sign (negative or
non-negative) of x; and y; which are the function of xy and yo. The sign of
will change when initial point (xg,y0) above or below the line f(z) = —x — 3
(resp. g(x) = = + 1 for y1). Now we divide the second quadrant into three
sub-regions as Fig. 1 that we will investigate in the next sub-section.

Yy

4:@«“

(—10-1)

4

Figure 1: The second quadrant is separated into three sub-regions by the lines
f(z) and g(x). The red point is the equilibrium point of system (2).

2.1 Stable equilibrium point

In this section we will investigate rightmost region of second quadrant that is
when initial condition belonging to the green region as Fig.2 From (3), we have

{1’22y01 (4)

y2:—2$0—3<0.

Firstly, we will investigate when x5 > 0 that is initial condition % <y <1
as in Fig.3. So the next iteration can be written in the form:

{xg = 21’0 + 2y0 -1 (5)

ys = —2x9 + 2yp — 3 < 0.
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yﬂ

([)—1’4—1

9

H"

/

Figure 2: The region of initial points such that x; is negative and ¥, is positive.

. A,
/ g

Figure 3: The region of initial points such that zs is non-negative.

Again we separate region in Fig.3 into two parts above and below a line i(x) =
—z + 1 as in Fig.4. For an initial condition above the line i(z) = —z + 3, the
forth iteration is in the form:

{.’L‘4=4l’0—1<0

6
Y4 = 4yo — 3. (6)

If initial conditions are in green region in Fig.4 with above line i(z) and yg €
[%, %], we have y; < 0. By direct calculations we have:

;j: ; ;éx_(’)_ ;yiyggig 0 , and { ;s ; :11 . The solution of this region is
eventually equilibrium point within sixth iteration. For initial conditions are in
green region in Fig. 4 with above line i(z) and yy € (%, 1] , we have the following
x5 = —4rg—4yo+1<0

ys =4dxg —4yp +3 <0

$6:8y0—7
{y6=—8y0+5<0 ' (7)

closed form of solution: { , and so

Note that the closed form of the sixth iteration with this region is independent

from . It is easy to verify that when yo € (2, 1], 26 < 0 and so 27 = y7 = —1.
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Figure 4: The third iteration of (5) x3 change sign when initial point (z,yo)
crosses the line i(x).

This means that the solution of this region is also eventually equilibrium point
within seventh iteration. The remain region is when yy € (%,1} which we
have zg > 0. The following inductive statement will be used to prove that
every solution is eventually equilibrium point for this remain region. Let a, =
%,bn = %,% = 22n%2 _ 1 and P(n) be the following statement :
“yo € (an,1], then

= 22"+2y0 - 6n

Tan+3
Yan+3 = —1
If yo € (an, by then 24,13 < 0 and so
Tan+4 = 722n+2y0 + 5n —-2<0 Tan+5 = -1
Yanta = 22n+2y0 — 0, <0 { Yant+s = —1
If yo € (by, 1] then 24,435 > 0 and so
Tanta = 22"yo — 6, —2 <0 Tangs = —22"3ys + 26, —1 <0
Yanta = 22" 2y — 5, > 0 ’ { Yants = —1 ’
Tan+6 = 22"+3y0 —26, -1
{ Yante = —22"3yg 4+ 26, —1 <0
If yo € (bn,ans1] then z4,46 <0, and so
Tgny7r = —1
Yant+7 = —1
If yo € (ant1,1] then 2446 > 0.7
We shall show that P(1) is true. For y € (a1,1] = (Z,1] and &, = 15,
we have g = 8yp — 7 > 0,96 = —8yo + 5 < 0 and so
Ty1)+3 = o7 = 16y — 15 = 222y, — 4,
Yay+3 = yr = —1
If yo € (a1,b1] = (%, %] then z7 < 0 and so
Ty(1)+4 = X8 = —16yp + 13 = —22(1)+2y0 +d01—-2<0
Ya(y4a = ys = 16yg — 15 = 22(MW+2y0 — 5, <0 ’
Ty(1)45 = Tg = —1
Ya)+s5 = Yo = —1

If yo € (b1,1] = (%, 1} then 7 > 0 and so
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Ty1)+a = Tg = 16yg — 17 =22 +2y, — 5, —2 <0
Ya(y4a = Ys = 16yo — 15 = 22+ —§; > 0 ’
Ta(1yes = Lo = —32y0 + 29 = —22M+3y, 125, — 1 <0
Ya(1)yrs = Yo = —1
Ta1)+6 = T10 = 32y — 31 = 223y, — 25, — 1
Ya)+6 = Y10 = —32yo +29 = —22MF3y, 425, — 1 <0
If yo € (b1, a2] = (%, %] then z19 < 0 and so

Ty1)y47 =211 = —1

Yaryrr = y11 = —1
If yo € (az,1] = (%, 1] then x4(1)4+6 = 210 = 32yo — 31 > 0. Therefore P(1) is

)

—

true. It means that for this region and initial condition y € (%, %] , the solution
is eventually equilibrium point (—1, —1). Next Suppose P(k) is true. We shall

show that P(k + 1) is true. For yo € (ag41,1] = (%, 1], then

Tapge = 22K 3yg — 20, — 1 >0
{ Yapro = —22FFyg +26, -1 <0 ° Then

22(k:+1)+2y0 _ (22(k+1)+2 _ 1) — 22(k+1)+2y0 _ 6k+1

{ T4(k+1)+3 =
Ya(k+1)+3 = —1

2k4+3 _ 2k+4_ .
If yo € (agr1,bp41] = (22%7%,17 %] then 2447 = T4(k41)+3 < 0 (by substi-
tuting boundary of yo) and so

{ Ta(hryra = —22FFDF 20 4 6,1 —2 <0

Ya(hp1)a = 22FFDF 2y, — 5,4 <0 ’
Tyt1)4+5 = —1
Ya(k+1)+5 = —1
2k+4
If yo € (bgt1,1] = %, 1} then 447 = T4p41)+3 > 0 and so
{ Taharya = 220D 2y — Gy —2 <0
Ya(hprya = 22D+ 2y — 5,0 >0 ’
T4(k+1)+5 = —22(k+1)+3y0 + 2041 —1<0
Yak+1)+5 = —1 ’

{ Ta(e)r6 = 22F DTy — 26,4 — 1

Ya(k+1)+6 = —22(k+1)+3yo + 20,41 —1<0
2k4_ 2k45_
If yo € (brt1, ant2] = Bz, Zgmrs] then zy(g1)+6 < 0 and 50 Ty(i1)47 =

—1 and yyk+1)47 = —1.
2k45
Ifyo € (aryo, 1] = ( oz, 1} then Zy(j11)+6 = Tans10 = 22F D3y 26, 1 —

1 > 0. Hence P(k + 1) is also true. By mathematical induction P(n) is true
for any positive integer n. From the inductive statement we have that every
solution with initial condition yy between a, and b, is eventually equilibrium
point. It is easy to see that the limits of sequences a, and b, are equal to 1.
Therefore we can confirm that with initial condition, the green region in Fig. 4
with above line i(x), the solution is eventually equilibrium point.

For an initial condition below or in the line i(z) = —z + 1, the initial
condition satisfy xo < —yo + % then x3 = 2x9 4+ 2yp — 1 < 0. We have the forth
iteration as r4 = —4xg+ 1 < 0 and y4 = 4yg — 3. In this green region below

227 Youtuam et al 222-235



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

i(z) of Fig. 4, yo is at most %. Then y4 = 4yp —3 < 0 and so z5 = y5 = —1. So
we proved the following lemma.

Proposition 2.1. Let {(zn,yn) 2, be a solution of the map (2) and initial
condition (x0,y0) € {(z,y) € Q2ly < x4+ 1and 3 <y < 1} . Then every
solution is eventually equilibrium point.

Now we consider the below part of the Fig. 3, which (z¢,yo) satisfies the
following conditions: 1 = —zo —yo —3 < 0,y1 =29 —yo+1 > 0 and zy <
0,70 > 0. We have xo = 2y — 1 and yo = —2x¢ — 3. In this case we consider
when 0 < yo < % So x5 < 0 and (xg,yo) belong to green portion of Fig. 5. The

Yy

/ T
Figure 5: The green region of initial points such that x5 is negative.

next iteration can be written in the form:

{56'3 =2x9—2yp+1 (8)

y3:—2$0+2y0—3<0.

We separate x5 into two cases, above and below line k(z) = = + % as in Fig. 6,
when (g, yo) is above k(z) then x3 < 0 while it is positive when (zo, yo) below

YA

Figure 6: The x3 of (8) change sign when initial point (zg,yo) crosses the line
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In the case of z3 < 0 (above k(z)), we immediately have x4 = y4 = —1. For

the case of z3 > 0, we have

rg =4xg —4dyo+ 1

ys = —1 '
For x4 = 4x¢ — 4yo + 1 < 0, we have

x5 = —4zog+ 4y —3 <0

ys =4xo —4yo +1 <0
and so rg = yg¢ = —1. In the case of x4 = 4xg — 4yg + 1 > 0, that is in remain
region of initial condition in A = {(zo,y0) € Q2]4xo — 4yo + 1 > 0} as Fig.7.
We will use an inductive statement to verify that the remain solution is even-

Yy

l(a:):z+i

]Y

/

Figure 7: The green region is the initial points belonging to A.

tually equilibrium point. Let A,, = {(z,y) € Q2 | 2" — 2*"y +1 > 0}, D,, =
{(z,y) € Qo | 22" Hx — 227+1y + 1 > 0} and Q(n) be the following statement:
“(370790) € A, then
Tan+1 = 22n{L‘0 — 22ny0 —1<0 Ton+2 = —22n+1$0 + 22”+1yo —-3<0
Yans1 = 2220 — 27"yo +1 >0’ { Ydny2 = —1 ’
Tanyz = 22wy — 22y +1
Yants = =22 Mgy + 220y, —3 <0
If (x0,90) € Ap — Dy, then 24,45 < 0 and 80 T4y 44 = Yanta = —1.
If (xo,y0) € Dy, then x4, 13 > 0 and so
Tynys = 22n+2x0 _ 22n+2y0 +1

Yanta = —1
If (x0,10) € Dy — Apqq then 24,44 <0
Tanys = =22 2pq + 2272y, — 3 <0

and so x = = —1.
Ynis = 22n+2x0 _ 22n+2y0 +1<0 4An+6 = Y4n+6

If (zo,90) € Any1 then xg,14 > 07 We shall show that Q(1) is true. For
(zo,y0) € A1 ={(z,y) € Q2 | 4x — 4y + 1 > 0}. We have
Ta(1)+1 = dao — dyo — 1 =22Wze —22Wys —1 <0
y4(1)+1 = 4330 - 4y0 +1= 22(1)1‘0 - 22(1)y0 +1>0 ’
{ Ta1)+2 = —8xo + 8yo — 3 = —22WHlgy 4 22+, 3 <0
Ya(ry42 = —1
Ta(1)+3 = 8o — 8yp + 1 = 22 F1gy — 221y, 4]
{ Ya(y4s = —8xo + 8y — 3 = —22WHlg, 4 22(W+ly, 3 <0~

)
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If (zo,y0) € A1 — D1 = {(z,y) € Q2|0 < 4x —4y+1and 8z — 8y + 1 < 0}
then z7 < 0 and S0 T4(1)44 = Ysa(1)44 = — 1.
If (x0,90) € D1 ={(z,y) € Q2 | 8¢ — 8y + 1 > 0} then z7 > 0 ans so
Ty1)+a = 1620 — 16y + 1 = 2225, — 22(D+2y, 4 ]
Ya(1)yra = —1 ’
If (z0,90) € D1 — Ao ={(z,y) € Q2|0 < 8 —8y+ 1 and 162 — 16y + 1 < 0}
then xg = 1629 — 16y9 + 1 < 0. Then
Ty1)+5 = —16z0 + 16yg — 3 = —22(D+2g, 4 22(D+2y 3 < 0
Ya(1)+5 = 1620 — 16yo + 1 = 22(M+2g, — 22(+2y5 41 <
Ya1y+6 = —1.
If (x0,90) € Az = {(20,¥0) € Q2 | 162 — 16y + 1 > 0} then x4(1)44 > 0. Hence
9Q(1) is true. Suppose Q(k) is true. Next, we show that Q(k + 1) is true. Since
Q(k) is true, we have wyp g = 22225 — 2242y 1+ 1 > 0, and yyppa = —1
when (z0,10) € Apy1 = {(z,y) € Q2 | 22F 22 — 226+2y + 1 > 0} and so
Ta(hi1) 1 = 22(k+1)x0 _ 22(k+1)y0 —1<0
Yakt1)+1 = 22 g — 22y +1>0 7

, and 80 Ty(1)46 =

{ I4(k+1)+2 — —22k+1+1l’0 + 22k+1+1y0 ~-3<0

Ta(pt1)+2 = —1 ’

{ Tty = 220D gy 920D+ Ly 4
y4(k+1)+3 — 722(k+1)+1x0 + 22(k+1)+1y0 —3<0°

If (x0,90) € Apr1—Diy1 = {(7,y) € Qo | 0 < —2%F254.226+2y 1 | and 22(k+D+15
22(k+ D41y 4 1 < 0} then z4(,11)43 < 0 and so

Ty(kt1)4+4 = —1

Yakt1)4a = —1
If (20,50) € Dpt1 = {(z,y) € Qq | 22(F+D+1y — 220kt D+1y 4 1 > 0} then
$4(k+1)+3 > 0 and so

x4(k+1)+4 _ 22(k+1)+2$0 _ 22(k+1)+2y0 +1

Ya(k+1)+4 = —1 '
If (20,90) € Dit1 — Apsa = {(z,9) € Qo | 0 < 22+ DLy — 22(k+DHLy, 4
1 and 22+ D425, — 22(k+ D42y 4 1 < 0} then z4(441)44 < 0 and so

{ m4(k+l)+5 _ —22(k+1)+2l‘0 + 22(k+1)+2y0 —3<0

y4(k+1)+5 — 22(k+1)+21.0 o 22(k+1)+2y0 +1 S 0

Ty(kt1)46 = —1

Yakt1)46 = —1
If (x0,90) € Agso = {(z,y) € Qo | 22TV +25 — 22(k+1)+2y 4 1 > 0} then
Ta(k41)+4 > 0. Hence Q(k +1) is also true. By mathematical induction Q(n) is
true for any positive integer n > 1. So we proved the following lemma.

Proposition 2.2. Let {(zn,yn) 52, be a solution of the map (2) and initial
condition (zo,y0) € {(z,y) € Qaly < 2+ 1and0 < y < 1} . Then every
solution is eventually equilibrium point.

Now we complete the proof that every solution is eventually equilibrium
point with initial point in the green region of Fig.2.
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2.2 Coexisting attractors

This section we will consider the case that ©1 = —x¢9 — yg — 3 < 0 and
Y1 = To — Yo + 1 < 0 which means that initial point belong to cyan region
of Fig.8. Then we have the next iteration in the form

Y

K)zx+l

Figure 8: The region that x; and y; are negative, that (xg,yo) is in cyan.

{ Ty =2yo — 1
y2:—2y0—1<0.
That is the second iteration and the remain solutions are independent from x.
If yg < % then x5 < 0 then z3 = y3 = —1. In the case of% <y < %, we have
x9 > 0 and so
$3:4y0—3§0 x4:—4y0+1<0 x5 = —1
yz = —1 ’ {y4:4yo—3é0 ’ {y5=—1
Ifyozgthen
{$3:4y0—3>0 {x4:4y0—5>0 {1’5:—5
ys = —1 ’ Yya=4yo—3>0 "~ ys = —1
If%<y0§%then
{z34y03>0 {144y05<0 {x58y+5<0
ys = —1 ’ ya=4yo—3>0 ~ ys = —1 ’
re =8y —7<0 T7 = —
{y6:—8y+5<0 ’ yr = —1

Now we can conclude that solutions with initial point in green portion of Fig.
9 become equilibrium point within seventh iteration while solutions with initial
point in red portion of Fig. 9 become 4- cycle within fifth iteration. The remain
region, cyan region of Fig. 9, is g < Yo < Z which We have third iteration to
fifth iteration are the same as in the case 4 <y <1 g but the sixth iteration is
xg = 8yo—7 > 0 and y¢ = —8yp+5 < 0. The remain 1terat10ns can be proved to
become equilibrium point or 4-cycle by using induction. We will use the follow-

. . N . 2n42 2n41 2n
ing inductive statement to verify. Let A, = %, l, = 22%“ 1 , Uy = 22211

10
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r)=x+1

o]~ | N x|t

Figure 9: The red (green) region is initial points of solutions that are eventually
4-cycle Py (equilibrium point) while the remain region is in cyan.

and v, = 22"*2 — 1 and R(n) be the following statement : “for yo € (I,,, uy),

then z4n13 = 22" 290 — v, Yants = —1. If yo € (In, A, then 24,43 < 0 and so
Ton+4 = —22"+2y0 + Yn — 2<0 Ton+5 = -1
Yanta = 22" 2y — v, <0 ’ Yanys = —1
If yo € (An, uy) then x4,13 > 0 and so
Tanta = 22" 2yp — 4, — 2
Yan+a = 2772y — 7, > 0
If yo € [unt1,Un) then 24,14 > 0 and 80 Z4n4+5 = —5 and yap+5 = —1.
If yo € (An, upt1) then x4,14 < 0 and so
Tangs = —22"3yg 4+ 27, =1 <0 { Tange = 22" F3yg — 27, — 1
Yan+s = —1 ’ Yante = —22"T3yg + 27, —1 <0
If yo € (An,lng1] then 24,46 < 0 and s0 Tapt7 = Yanyr = —1

If yo € (lnt1, Unt1) then z4p46 > 07

We shall first show that P(1) is true. For yo € (I1,u1) = (£, 3) and vy = 15
we have ¢ =8yo — 7 > 0,y = —8yo + 5 < 0 and so
{ Ty(1)43 = 16yo — 15 = 22+ 2y — 4y

Yary+z = —1
If yo € (I, A1) = (£, 2] then z7 < 0 and so
{ Ta(ypa = —16yp + 13 = =22 +2y, 44 —2 <0 { Ta1)+s = —1
Ya(1)+a = 16yo — 15 = 22 +2y0 — ) <0 ’ Yary4s = —1
If yo € (A1, u1) = (%, %) then x7 > 0 and so
{ Ta(iyra = 16yo — 17 = 22 +2y5 — 5y —2
Ya(1y+a = 16yg — 15 = 22 +2y0 — 4 >0
If yo € [ug,u1) = %, 2) then g > 0 and 5o T4(1)+5 = —5, Ya(1)45 = —1.
If yo € (A1, uz) = (12, 1%) then zg < 0 and so

11
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{ Ty1y4s = —32y0 +29 = =223y, + 29, —1 <0
Yary+s = —1 ’
Ta1)+6 = 32yo — 31 = 223y, — 24, — 1
a6 = —32y0 +29 = =223y + 29y —1 <0

If yo € (A1, 1] = (53, 35] then 219 < 0 and 0 Zy(1)47 = Ya)47 = — 1.
If yo € (lo,uz) = (35, 30) then x4(1)46 = 32y — 31 = 223y, — 29, — 1> 0.

Thus R(1) is true. So the base case of induction is done. Similar to P(n),
one can prove that step case is also true. By mathematical induction R(n) is
true for any positive integer n > 1. From inductive statement one can infer
that solution will become 4-cycle (Py1) when yo € [uy41,uy,) while solution will
become equilibrium point when yy € (I, A,] and yo € (An,ln+1]- One can see
that limit of sequence A,,l,, and wu, are 1. So the cyan region of Fig. 9 will
collapse into a single line L := {(x,1)|x € [-4,0]}. For (zg,y0) € L one can
verify that (ze2,y2) = (1,—3) € Py2. It means the solution will become 4-cycle
(Py.2) when yo € L.

Proposition 2.3. Let {(zn,yn) 5>, be a solution of the map (2) and initial
condition (xo,y0) € {(z,y) € Qa2ly > z+1andy > —x — 3}. Then every
solution is eventually equilibrium point.

We can conclude that there are three attractors: equilibrium point, Py 1 and
P,5. The basin of attraction of equilibrium point is green portion of Fig.10
while Py 1 has red portion of Fig. 10 and P, o has L being the basin.

Y

‘Qz):—m—3

() =241

ool D\ ot

Figure 10: Basin of attraction of P, 1, Pso is in red and cyan respectively, while
the basin of attraction of equilibrium point is in green.

12
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3 Conclusion and discussion

We investigated the system of piecewise linear map (2) with initial condition in
the second quadrant. By separating the second quadrant into three sub-regions
as in Fig.1, we have the following behaviors of solutions. In the rightmost region
of second quadrant (initial point below the line g(x)), every solution is eventually
equilibrium point. For the middle region of second quadrant (initial point above
the lines f(z) and g(z)), the solution is eventually either equilibrium point or
4-cycle. We proved it by direct calculations and induction. For the last region
of second quadrant (below the line f(x)) x; is positive and y; is negative. The
behaviors of solution are more complicated than the other two sub-regions and
interesting to study that we leave for future work. The behaviors of the map (2)
are agree to Tikjha & Piasu (2020) that attractors are only equilibrium point
and 4-cycles. It is possible to have equilibrium point and 4-cycles as attractors.
But we do still not confirm that until knowing behaviors of solutions with initial
condition (g, o) completely in R2.
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In this paper, we construct higher-order g-poly-tangent numbers and polyno-
mials and give several properties, including addition formula and multiplication
formula. Finally, we explore the distribution of roots of higher-order g-poly-
tangent polynomials.

1 Introduction

In [7], we defined the tangent numbers and polynomials. The tangent polyno-
mials are defined as the following generating function

2 R tn
<e2t—|—1) & = ZOT”(I)E

In [8], we constructed the poly-tangent numbers and polynomials. A modified
poly-tangent numbers and polynomials different from the poly-tangent numbers
and polynomials defined in [8] was introduced. In [9], we introduced tangent
numbers and tangent polynomials of higher order. We also obtain interesting
properties of these numbers and polynomials. For a nonnegative integer r, tan-
gent polynomials of higher order are defined as the following generating function

2 " xt = (r) t
(&) ==X

Definition 1.1. For any integer k, the modified poly-tangent polynomials are
defined as the following generating function

2Lin(1— e )\ .t = oopy, (17
SR F ) et — E TF) ()
< e vy )5 T & @)%

where Lij(t) = Y07 | L7 is polylogarithm function.

T,(Lk) =T ,(Lk) (0) are the called poly-tangent numbers when z = 0. If we set k =
1 in Definition 1.1, then the poly-tangent polynomials are reduced to classical
tangent polynomials because of Liy (1 — e~t) = ¢. That is, T\" (z) = T, ().
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2 Some properties of the higher-order ¢-poly-
tangent numbers and polynomials

In this section, we define higher-order ¢-poly-tangent polynomials and study
several properties, including addition formula and multiplication formula.

In [3], [2], [8], the g-number is defined by
1—-4"
[x]q: 1_q’ (q;é]‘)'

We note that lim,_,1[x], = x. The g-factorial of n of order k is defined as

I = [lgln =g [0~ k+ 1y, (k=1,2,3,--),
where [n], is g-number. Specially, when k = n, it is reduced the g-factorial
[n]g! = [n]q[n — 1]q - [1]g.

For k € Z, the g-analogue of polylogarithm function Lij 4 is known by

Ligg(z) =Y %

Definition 2.1. For any integer k, a nonnegative integer r, higher-order g-poly-
tangent polynomials are defined as the following generating function

2Lik (1= e ™)\ oi =iy, A"
s Tt T( 77) —.
( t(e? +1) c RZ:O ni (@) n!
TT(LIfq’T) = TT(L]fq’T)(O) are called higher-order ¢-poly-tangent numbers when x =

0. If we set £k =1,q — 1 in Definition 2.1, then the higher-order g-poly-tangent
polynomials are reduced to higher-order tangent polynomials.

Theorem 2.2. For any integer k and a nonnegative integer r, n, and m, we get

T,(L’fq”) (ma) = Z (7> Tl(,l;’r)m”_lx”—l.
=0

Proof. From Definition 2.1, we have

oo n . —t ‘s
Z Tékér)(mw)tf = <2sz’q(1 — ¢ )) emat
= n!

t(e?t +1)
_ - k,r " - ntn
_ (z 1605 (S ma & )
n=0 n=0
— - n k,r n—Il,.n— t
:Z(Z (l>Tl(-,q ‘m" e l) ol
n=0 \1=0 ’

Therefore, we finish the proof of Theorem 2.2 by comparing the coefficients of
o
O

n!"
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If m =1 in Theorem 2.2, then we get the following corollary.
Corollary 2.3. For any integer k£ and a nonnegative integer r and n, we have
k,r _ = n (k,r)  m—1
Té,q )(x)_Z(l>ﬂ,q z
1=0

Theorem 2.4. For any integer k£ and a nonnegative integer r and n, we get

T ! n kJ’ n—
(1) T}L{i;)(x+y)z<l>7}(,q @)yt
1=0

n
r+s n k,r k,s
@ T =3 (7)1 @I 0,

=0

Proof. (1) Proof is omitted since it is a similar method of Theorem 2.2.
(2) From Definition 1.1, we have

Z TT(L]ZTJFS)(:U +y)—
n=0
_ 2Lig,q(1 —€e") e olrty)t
t(e?t +1)
o . - . (2)
_ k,r k,s
- (Srpel) (Srwt)
n=0 n=0
R N A1 P D N
Y (S ()mwrnm)
n=0 \!=0

Therefore, we end the proof by comparing the coefficients of % on both sides
of the above equation (2). O

Theorem 2.5. For any integer k and a nonnegative integer r, n, and m, we

obtain .

r n k,r n—l,.n—

Té’fq’ )(mx) = Z (l)Tl(’q )(x) (m—1) Lpn—t,
=0

Proof. By utlizing Definition 2.1, we have

ZT (kyr) t” _ (2Likg(1—e7") rezte(m Dt
na He2 + 1)

_ (Z T,Ef“q’m(x)f;) <Z(m g ;) .
n=0 2
) ZO (l—o <Tll>Tl(’Z T)(x) (m—1)" l.n l) %7:
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Therefore, we end the proof by comparing the coefficients of %L, on both sides
of the above equation (3). O

Theorem 2.6. For any integer k, a nonnegative integer r, and a positive integer
n, we have

T T k,r
T (@ +1) - T (@) Z( )T( (

=0

Proof. By using Definition 2.1, we have

oo tn o0
k,r k,r
ST e+ 1) = ST @)
n=0 n=0
_ (Lieg( =D ne _ (2Likg(l =)'
th T 1) t(e?t +1)

Then we compare the coefficients of "~ for n > 1. The reason both sides of
the above equation (4) can be Compared the coefficients is that 0(2 ™) (x+1) -
TéZ’T)(I) = 0. Thus, the proof is done. O

3 Polynomials and numbers related to higher-
order ¢-poly-tangent polynomials and its symmtric
property

In this section, we examine the association between higher-order g-poly-tangent

numbers and poly-tangent polynomials using Cauchy product. We also explore

relation of higher-order g-poly-tangent polynomials and Stirling numbers of the

second kind. Furthermore, we study the symmetry properties of higher-order
g-poly-tangent polynomials.
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We recall a multinomial coefficient, which is

|

n n!

( ) Ims! I (5)
M1, Mo, -+ , My mq!lmsgl---my!

Let us consider the following equation using the equation (5) above. This
equation is an equation expressed by applying Cauchy product continuously.

Theorem 3.1. For any integer k, a nonnegative integer n, and r > 3, we get

mMyr—1

GCUIEID SE SIS SIS
myp—1=0m,_2=0 ma=0m;=0
n
k
«( e
mi, Mg — M1, Myp—1 — Myp—_2, 1 — Myp_1
(k) 7(k) 7(k)
XTm2*m1,q(x) o m, 1My — 2,q(x) n—"my— 1;q(x)
where ( & ) is multinomial coefficient.
mi,mz, - ,my

Generating function of the Stirling numbers of the second kind Sa(n, k) is
defined as follows:

ZSQ’nk (6;1).

Theorem 3.2. For any integer k, a nonnegative integer r and a positive integer

n, we obtain
0 =33 () @satmr,

=0 m=0
where (z),, = z(x —1)--- (x — m + 1) is falling factorial.

Proof. From Definition 2.1, we have

iT(k Mz )tT: _ <2Lz’k,q2(t1 —@t)>r y
o n! t(e?t +1)
_ (2Ligg(1—e )\ (et —1)™
- ( t(e2 + 1) m;(f”)m ml
B & T(k,’r) tn o © s tn
- Z n,q ﬁ Z(:E)m 2(n7m)7| (6)
n=0 n=0m=0
o0 (k T) t oo n t"
_ ZT”"} - Z () m Sa(n,m) '
n=0 n=0m=0
(k) | T
Z(ZZ() mSa( l,m)T_lq>
n—l, n!
n=0 \I[=0 m=0
Thus, we finish the proof by comparing the coefficients of tn—ﬂ, O
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Theorem 3.3. Let r and n be a nonnegative integer and wq, ws > 0 (w1 # wa).
Then we have

Z <l>w1w2 lT(k )(ng)Tr(lli’;)q(wlx)

=0
Z( ) wi T (wy2) T (waa).

Proof. Let us consider the function

4LZk‘7q(1 - e_wlt)Lik’lI(]' - e_w2t) " 2wy waxt
F(t) = ( 12(e2unt 4 1)(e2wal + 1) e (7)

Then we obtain

2sz7Q(1 — eiwlt) " wiwaxt 2sz,q(1 — eiwzt) " w1 waxt
F(t) = ( T eW1w2 H(e2urt 1) W1 W2

- n—+r tn - n—+r 9 tn
(Z Wit T (wzx)n!> <Z wy T (ww)n!> (8)

n=0 n=0

T T tn
Z (Z( ) FrugTT ><w2x>T£’%,L<w1x>> o

By calculating in the same way as the above equation (8), we can get
- " n T —_ r k),’!' k?,’!' t’ﬂ
P =3 (Z () )ugrrortom ><w1z>T,5_l,L<w2x>> 2w
n=0 \1=0
The proof is complete as a result of the equations (8) and (9). O

Let w is an odd number. Then we can easily see
> . tn ewt 41
A(w) ==,
3 Aoy =G (10)

where A, (w) = ?:01(71)1 ™ is called alternating power sum.

Theorem 3.4. Let w; and ws be an odd number and n be a nonnegative
integer. Then we have

n ] n— ]
SN (1)1

j=0 i=0 =0

<.

) TR Ty (wow) A i1 (wr)

n—j—i,q

Jj n—j
Z ( )( )2n j—=l 1+l+r %n 2j—i— l+T’T(7’;7)
0 1l=0

j 1=

n

x T Ty(wiz) An_j_i(ws).
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Proof. First, let us assume that

47-(Lik,q(1 _ 6—w1t))r(Lik’q(1 _ e—wzt))7-(62w1w2t + 1)
127 (e2wit 4 1) (e2wat 4 1) (e2wit + 1)(e2w2t + 1)

G(t) = eZwiwat (11)

Then we calculate
G(t) =2 2Lipq(1—e"1)\" (2Lixq(1 — e\’
t(e2wit + 1) t(e2w2t + 1)
x 2 elewgzt 62w1w2t + 1
(€2w1t + 1) e2w2t + 1

[e'S) m 9] m
_ n+r k,r n+r k.r
_ (zwl g, >) (z T, >)

n=0 n=0

(Z Wi, ¢ (wax) ) (Z 2"l A, (wy)
. R . (12)
_ n+rm(k,r n+r k ,T

n=0 n=0

oo n ~ tn
X ZZ (7)2” Lwhwy~ Tl(ng)An,l(wl)a

n=0 (=0

j n—j
iz ( >(’I’L j)2n 7=l z+l+r 2n—2j—i—l+r
Wa

n=0 \ j=0 =0 [=0

v

tlﬂg

k,r k,r t "
T TE T (wsw) Ay () ) .

In a similar way to the above equation (12), we get

(Z wi Tk ) (i Wit ”i.)

n— A t
3 (7)ot T i) A )
n=0 =0

Hence, by usmg Cauchy product, the proof is complete by comparing the coef-
ficients of £ on both sides of the equations (12) and (13). O

4 Distribution of zeros of the higher-order ¢-
poly-tangent polynomials

Using generating functions, the generalized forms of known polynomials such

as the Bernoulli, Euler, falling factorial and tangent polynomials are studied.

In particular, various properties of these polynomials were investigated through
numerical experiments, see for example [1] , [4], [6], [7], [8], [9], [10], [11], [12].
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In this section, we discover new interesting pattern of the zeros of the higher-
order g-poly-tangent polynomials T,EIZS) (z). We propose some conjectures by
numerical experiments. The higher-order g-poly-tangent polynomials Tﬁq’g) (x)
can be determined explicitly.

A few of them are

k,3
T35 (2) = 1,

9 1-2\ "
Tl(’kq’g)(a:):—Q-l-?)( a ) +x,
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We investigate the beautiful zeros of the higher-order g-poly-tangent poly-
nomials TT(LIL’T)(:L") by using a computer. We plot the zeros of higher-order ¢-
poly-tangent polynomials TT(L’fq’T) (z) for n = 30,7 = 3 and x € C(Figure 1).

104 [ ) .— 10+ ® —
o L
bl ® o
mey 0 ‘4 mey 0@ e o —
o ® * 7
) o |0
~10f [ ] .7, -0} -
Re(x) Re(x)
[ ] [ ] ) [
° o ° °
([ ] (4

[ ] [ H :
mi o———Snooeeessed e o immomk

[ ]

: .. [ ] [ ]

PY ° [ ] [ ]
~10f . . 10F ° ° R
-20 -10 R:!' 10 20 -20 -10 R:(x) 10 20

. (k,r)
Figure 1: Zeros of T 4 ()
In Figure 1(top-left), we choose n = 30,q = %o and ¥ = —3. In Figure
1(top-right), we choose n = 30,q = 1% and k£ = —3. In Figure 1(bottom-left),

we choose n = 30,q = 1—10, and k = 3. In Figure 1(bottom-right), we choose
n:30,q:%andk=3.
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Stacks of zeros of Tnlfq’r) (x) for 1 < n < 30 from a 3-D structure are pre-
sented (Figure 2).

Figure 2: Stacks of zeros of T\"") (z) for 1 < n < 30

In Figure 2(top-left), we choose r = 3,¢ = 15 and k = —3. In Figure 2(top-
right), we choose r = 3, ¢ = = and k = —3. In Figure 2(bottom-left), we choose

10
r=3,q= %, and k = 3. In Figure 2(bottom-right), we choose r = 3,¢ = %
and k£ = 3.
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We plot the real zeros of the higher-order g-poly-tangent polynomials Tnvqr) (x)
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and = € C(Figure 3).
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and k = —3. In Figure 3(top-

for1<n<30
and k = —3. In Figure 3(bottom-left), we choose

1
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Figure 3: Real zeros of T\%" (x)
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Next, we calculated an approximate solution satisfying higher-order g-poly-
tangent polynomials E(Lfcq’r)(x) for x € R. The results are given in Table 1 and

Table 2.

Table 1. Approximate solutions of T,(L{Z’T)(x) =0,k=-3,r=3,q= %

Table 2. Approximate solutions of T 4

degree n x
1 0.50700
2 —1.4556, 2.4696
3 —2.9508, 0.62706, 3.8447
4 —4.1946, —0.87747, 2.1935, 4.9066
5 —5.2759, —2.1561, 0.70762, 3.5182, 5.7412
6 —6.2440, —3.2614, —0.61966, 2.0917,
4.7059, 6.3694
7 —7.1317, —4.2202, -1.8162, 0.75900,
3.3518, 5.8907, 6.7156
8 —7.9630, —5.0461, —2.9002, —0.48398,
2.0429, 4.5281
(k,r)

(I):O,k:?),’l”=37q:%

degree n x
1 2.2461
2 0.72612, 3.7660
3 —0.38330, 2.2395, 4.8819
4 —1.2186, 0.89693, 3.5776, 5.7283
5 —1.8044, —0.32452, 2.2334, 4.7925, 6.3333
6 0.97798, 3.4837, 6.1347, 6.5052
7 —0.20813, 2.2289, 4.6632
8 —1.3362, 1.0256, 3.4282, 5.7835
12
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1. Introduction

The basic features of the completely monotone functions constructed on some forms of white
noise spaces are provided in this study. if for each a € Z", (—=1)'*ID*f(x) > 0, then a
function f is completely monotone on RY; see [3, 8, 12] for several features of completely
monotone functions. According to Bernstein's theorem, f is completely monotone if and only if

fG) = f et du(t) (1.1)
Rn

u is a positive measure that is based on a subset of R”. Let Q stand for a locally compact basis
on the space R%. C,(Q) is a linear space of continuous bounded complex-valued functions which
is a complete normed space compared to the norm

Ifllo = sztglf(X)I (1.2)
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f defined on Q, where The space of infinitely differential and bounded functions on Q will be
denoted by C,°(Q),Moreover, by S(Q), the linear subspace of C;°(Q) created by the set which
contains functions on Qlike that x*DAf(x) < Cap » Witha, B € Z%}and a constant C,z.The

space of tempered distributions is represented by S'(Q) , Which is linear and continuous
functional on S(Q). There are numerous works that explore white noise spaces. Using the
Wiener-1t6-Segal isomorphism and other Fock space riggings, some of these works are devoted
to the building of test spaces, generalized functions, and operators having to act in these spaces
[1,9].The study of PDEs and quantum field theory, where quantum fields are characterized as
operator valued distributions, both depend heavily on distributions [5,11]. The works of
Berezanskyi and Samoilenko [2] and Hida [9] are where the modern theory of generalized
functions of infinitely many variables is derived. As infinite tensor products of one-dimensional
spaces, the test and generalized function spaces in [2] were created. The theory of generalized
functions was constructed using the classical method in [9], but all functions were functions of a
point in the infinite-dimensional space on which the Gaussian measure was defined, which
served the same purpose as the Lebesgue measure in the classical theory of generalized
functions. The structure of this paper is as follows: section 2, we devoted to introduce and give
the main properties of the class of double monotone functions defined on S(Q). In section 3, the
main properties of the class of weak monotone functions defined on S(Q) are given.Section 4
introduces a novel method for creating spaces of generalized functions. Section 5 concludes by
deriving the principal relationships between the creation of hypercomplex systems and the theory
of white noise analysis.

2. Double completely monotone functions on S(Q)

Rabidly decreasing functions are the name given to the components of S(Q), which has a family
of seminorms for each o, f € Z%

Iflle,s = Sgng“Dﬁf(X)l (2.1)

Let F: Q — Cbe a continuous double completely monotone function, i.e., F = f; + if, and
f1, f> are two completely monotone functions. We define

() G(Q) X Co(Q) —~ C
by

(@ )p = fQ fQ Flx =) 9(0) PO du()dv(y) 2.2)

where p, v € M(Q), the space of Radon measure on Q. The inner product ( -, - )y satisfies the
following conditions:
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I. (-, -)gin the first coordinate is complex linear and in the second conjugate
complex linear i.e., forany ¢,y € Cy(Q)andanyc € C

(C(p' l/) >F =c ( Y, lp)Fand( (p!Cl/} )F = E( Y, l/j)F

Il. (-, -)gisconjugate symmetric i.e., forany ¢, Y € C,(Q)

(QD:l/))F = <l/)!(p>F
. (-, - )z is positive definite meaning that for any ¢ € C,(Q)

(@, 0)r = Lp(p) = 0

IV. Forall o € Cy(Q)suchthat{¢p, @) = 0,thengp = 0

Theorem 2.1. For any double completely monotone function F on Q, the inner product space
(Co(@), (-, *)r) isacomplex Hilbert space.

Proof. We have that (-, -)z is an inner product space and C,(Q) is an infinite space so all we
need to prove is the completeness for that space , so we assume that we have a Cauchy sequence
{¢,,} and should prove that this Cauchy sequence converges to a limit in (C,(Q),(-, *)r) .

Where
(o) = f f Flx — ) 9(0) 90 du(x)dv(y)
QJQ

oY € Cy(Q), u,v € M(Q) the space of Radon measure on .

”(pn - (Pm”Z = (‘pn — OmPn — (pm>
- j j FOx =) (n — 0m) () @ = om0 dp()dv(y)
QJQ

Jo Iy F G = 019 (0) = 9 (01 du(x)dv(y)
-0
as n,m — oo, This implies
ln(x) — Pm ()| > 0
as n,m — . So

|5 (x) — @ (x)| = 0

as n,m — .Since {¢,} is a Cauchy sequence and we have that C,(Q) is a complete space
which means that lim,,_,., ¢,, = @ asn - o i.e |@,(x) — ¢(x)| = 0 as n — oo, which tends to
that ¢ belongs to(C,(Q),(*, *)r) , SO this space is complete.

3
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Corollary 2.2. For any double completely monotone function F on Q, the space Hp =
(Co(Q),(, -)p)is a subspace of Hilbert space L? ().

Proof. We want to prove H c L?(u) so let ¢,y € Hy and we need to reach to these functions
in L2 (u).Assume that

f F(x — )| du(x) < M, forally € Q
Q

and

fIF(x—y)Idv(y) <M, forallx€Q
Q

and by using (2.2)

(o)l =

f j Flx =) 9(0) 0 du(x)dv(y)
QJQ

Where by using (Cauchy — young inequality: If % + g = 1,thenab < %p + bq—q for a,b = 0)

ie.,
|<P(X)W| SI<.0(2x)| _I_IIIJ(;/)I
|F(x=y)| 2 [F(x—y)I 2
< J, J, "= av)loo 2 duo) + |, f, "2 dpGolp(n)1? dv(y)
M M
<2112, + 2 1112,
So.y € L*(w) .

Let M, stand for the set of all continuously real-valued functions w on R™ that fulfill the
requirements listed below:

1) 0=w0 < o@+n) < 0@ +wom); {n €R"

0®)
2) Jon e 46 < @

3) w({)= a + blog(1+ |{|) for some constant a,b
4) w({) is radial.

with the weight function w in M, and open set Q € R" Bjorck extend the Schwartz space by the
space S,,of all C* — function ¢ € L'(R™):

Pup(@) = sup e**® |D%(x)| < oo
x€ R"

And
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Mo (@) = sup e*© DY) < oo
JERM

and S’,, the dual space of S,,. Let f be a double completely monotone function and

wr (§) = log(1 + |f(DD (2.3)

for s € R we denote by }[f‘“'s the set of all generalized distributions u € S',:

1
haips = [ [ e Oa@P dg1z 24)

]R’n.

Theorem 2.3. The space }(f“"sis a Hilbert space with an inner product denoted by

@y = [ eroroag)neia 2.5)

R

Proof. We need to prove that the space }[f“"s is complete, so we assume that we have a Cauchy
sequence {u,,} in }[f“"s and we want to prove that this Cauchy converges to a limit u in J{f“"s :
where norm defined as:

2
llully = [ f e?s0r® |ﬁ(<)|2d<]

R

So
1
2

llum —ully” = “925“”’@ | (O) = ﬁ(()lzdil
RN

From (2.3), we have

1

ity — ull® = [ f 1+ [FQD* [ (D) —a(c)|2d<]
]Rn

|~

2

= [ j(l + |f(<)|)25+(n+1) 11, —a(Q)2(1 + |f(<)|)_(n+1)dZ]
Rn

1

< sup(1 + [F QD72 |2,(D) — 2D [ Ja+ f(o|)—<n+1>d<]
Rn

< Cllty, —all,
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< C”um - u”p+n+1

Where >s+ (n+1)/2, we find that ||u,, — u|lp » 0 as m - o Vp € N, which come from
that C,° is dense in S, then u € ﬂ-[f“"s which proves the completeness in it and so }[f“"s IS a
Hilbert space.

Lemma 2.4. Let u€H , < wu ->7” is the conjugate linear functional on S, which
uniquely extends to conjugate linear functional on f}[f“"s satisfying

) uo)p® = @M™ [, e*rOuv(0)dd.
2) | (uv )l < [l vl ue HP v e HP™

3 (uv)y” = (vu)p”’

Theorem 2.5. The space S,, is dense in #*forall s € R.

Proof. To prove that S, is dense in }[f“"s we need to check two things the first is that S, c J{f“"s
and the second is that S, = :I-ff“"s, for the first let we have a bijective map g,:S, = S,
u - eS9r®g. With (2.3) and f is a continuous double completely monotone function.

We have from the definition of map that e**s@a € S,, ¢ L, which leads to S,, ;.

Secondly we want to prove that S, = }[f“"s, so we must prove that S. = {0}( orthogonal
complement for S, ). Where Si = {u € H/*: ((u,p )){** =0 Vo €5,} . We want to get to
that=0.i.e.u € H> withu € S leadto ((w, ))7* = 0 Vo € S, . We have

(g )2 = (e59rDg,es0r@g),

Since g; is bijective , V¢ € S,, ,we find (e5“r@a,p), =0, since S,is dense in L,, 1 <p <
oo.which mean that e5*/@4 = 0, Sou = 0, i.e. S5 = {0}, soS,, = #;*°. Which complete the
proof.

Note that S,,is dense in L,, comes from that S,, < L,, .and that Cs° is dense in L,,.

Corollary 2.6 jff“"t c }[f“"sfor t > s, the inclusion is continuous and has dense image.
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3. Weak completely monotone functions

The purpose of this section is to discuss the idea of Weak completely monotone functions on the
Schwartz spaces. Let 2 € R be an open interval, f € C*(2)and ¢ € D(2), where

D) := {p € C*(,C) : supp(p) := {x; p(x) # 0} S 2 iscompact}

Using integration by parts, we will get
| # wweax = - | f ogeadx
N 0

Since, D(2)is the space of test functions which is dense in LP (2) for 1 < p < oo, so we can
rewrite the above equation using the scalar product of L, () as

(flo) = =(fl9)

We call a function g that satisfies (gl ) = — ( f|@) a weak derivative of f. Let 2 € R"
open, f € C1(2)and ¢ € D(), then

9 ~ 9
5 f19) = = (fl 52

( @)

Applying Gauss Theorem, we similarly obtain

(D¢f 1) = (=1)I( f |D%p)

Theorem 3.1. For any multi-index a € R the differential D is a continuous and linear operator
from 3" to }[f“"s"“'.

Proof. Where the linearity of the operator is obvious, so all we need to prove is that
ID%ul| 271 < cflull (3.1)

From (2.4), we have,
1
2

<1 = [ f e2(slabuws@ |a(<)|2d<]
]Rn

So

N[

ID%ul| "1 = [Jez(s‘m')“’f@ |D“u(0|2d§]
Rn

Which equivalent to
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||D“u||;)'s_|a| = ”e(s—lal)wf(Z)Dau(O ”L2

For a particular case let @« = 1

||e(s—1)wf(()m(<)||L2 = ||e(5—1)a)f(()§ ﬁ(Z)”Lz
< C”eS(uf(Oﬁ(Z)”L
2

= cllull®®

,$—1 ,
ID%ul|5~* < clfuf] @

where by using induction on |a| we can generalize this for any multi index @ € R .which follow
from this that the linear operator D% is continuous from }[f“"s to }[f“"s_'“l .

Theorem 3.2. The pairing (( -, -))¢"* identifies H >~ *isometrically with the antidual of H;*. If
u € DP’then u € H;>* if and only if there is a constant ¢ such that |u(¢)| < cllg|lf*~" for € DY

proof. Let the anti-dual of £/ be (#*) we will define a map L: }>~* — (1)’ as
L@ = (va) = o™ [ 9Q A ds
So we will show firstly that L: v — L, is bijective. Let L,(u) = 0,s0 (v,u) = 0 and
o [ 5@ 7@ =0
This implies
(2m)™ f e=s9r0p(£) e50rQRD) dg = 0
and
@0 [ e 0@ dt=0 foralles,

so,v=0inS,and v =0 in }[f“’"s. So, L is one to one. Then we will show that L is surjective.

Lety € (7—[;"5)' and ¥, € H"* we need to reach to v, € H” such that Ly, = ¢ . So from
Resize representation theorem we have, ¥(u) = ((p,u));” for allu € }H>°. From the
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continuous linear function on s,, then there exists ¥, € F*~*such that }, () = e*“r©, (7)
at most, so this leads to

Y = ((PuNy”
— @ [ e, A0 o
= (2m) ™" [ 201 © 725010, (Qa(Q) dg
= (P,u) = Ly, (w) forall ue }[f“"s
Hence,
¥ =Ly,
So L is surjective. Next we will show the isometry of . Let u € 3;*° and v € 3*~° such that
Q) = e *r09(Q)
and
L,(u) = 2m)™" [ 2(9) B(]) dg
= @2m)™" [e #1990 5(D) dg
= @m)™ [ e #r91p(Q)|* d
= [llvlig]”
= vl llullf?
Which means that L, is isometry from £~ to (3*)".

The second part of the proof is that if u € DY’ then u € H**, so there exists a constant c
such that

(@)l < cllpll 2.
So we will assume that € D]ﬁ" ,thenu € }[f“"s and we want to prove that
lu(p)l < cliplly ™.
We have that
ILu(@)] = [ud) < llull?*llplly ™ < cllplly™
This implies

lu@l < cllgpliz™.
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Conversely, let u € D}*’ and |u(e)| <c ||¢||ji’"5 , We want to prove that u € }[f“"s. Where
forall ¢ € DY the map ¢ - u(¢) can be extended uniquely to an element of a conjugate
w,—S

linear functional on H;*", with a bounded norm. So there exists e}[fw'sin sense that
Ly(®) = ((Y,9)) = u(p) = (w,p).So Y =uandu € H;”* which complete the proof.

4. Reproducing kernel Hilbert space Ay

Let F be a continuous double completely monotone function on R?, set F, (x) := F(x — y) for
all x,y € R%. Define:

(@ * F)() = f oONE,x)dy , ¢ € 52 4.1)
]Rd
and
(@xFp*F g, i= f f Flx — »)oG)v(y)dxdy 4.2)
Rd Rd

for all @, € S%. Then @ *F; ¢ € S¢ forms a pre-Hilbert space Ar with inner-product
< T )cﬂF

Lemma 4.1. A function ¢ = Fisin Ay ifandonly if § € L?(u) and

lo *FliZ, = j I du(@) 43)
]Rd

where u is the tempered measure.

Proof. The first statement is obvious from the previous definitions in section 4., so we will prove
(4.3) . Where we have that F is a continuous double completely monotone function, so we can
use Bernstein’s theorem

PO = [ e™tdu
R4
So we have that, with ¢ € S (Schwartz space on R%)

[Feogwdx = [ [ 00 dut dx

R4 RA Rd
= fRd f]Rd e Pp(x)dx du(Q)
= [ra ®(© du(®)

10
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And so we can conclude that

I+ FIIZ, = f f F(x — ) $()$0) dx dy

RE R4

= f 16| du(®
]Rd

Theorem 4.2. Let k € N, and A € D¥ and setFy = Yz e x € R* ; as a tempered
completely monotone distribution, and letA g, be the generalized RKHS of Schwartz. Then
a function h on R¥is in A, if and only if it has a convolution factorization

h = ¢ *xF,
where ¢ is a measurable function such that ¢(A) exists forall A € A, and (1), 1 € A belongs
to [,(A) and

ki3, = ) 6@/ (44)

e

Proof. We have that F, (x)=2ze,1e‘ix§,xe]R{k as a tempered completely monotone
distributions , we will prove that

I+ Fallz, = ) 6@

EA

Where ¢ € S¥(the Schwartz space on R¥) , ¢ is the standard Fourier transform , from (4.1),

(6 * F) () = f S(Fr(x —y) dy
]Rk

= ka d(¥) Xzea e =) dy
= Yeea fu #()e 0P dy

= Dzea ka P(y) e’ dy e™*%

_ Z J (e dy =it

CEA RK

Hence

@+ F)() = ) $Q e

eEA

11

272 Ghany et al 262-275



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

And so,

P * FollZ, = (¢ * Fp, ¢ * Fn)ag,

- f f Fy(x — ) $(0B0) dx dy

Rk RK
= f]Rk ka Z(EA e—l’((x—y) d)(x)m dx dy

Using Fubini’s theorem:

z f fe—ii(x—y)qb(x)m dx dy =Z[je—iix¢(x) dx feiiym dy
(€A | Rk

(EA Rk RK RK
= Z(eA[ka e ¥ (x) dx ka e Wo(y) dyl
= Y1 $Q 6O

= ZzeAl(ﬁ(Olz
So,

I * Fall%, = ) 6@

zeA

5. Concluding Remarks

In this work, we introduced and gave the main properties of the class of double monotone
functions defined on S(Q). Moreover, the main properties of the class of weak monotone
functions defined on S(Q) are given.Finally, a novel method for creating spaces of generalized
functions are given. Tempered distributions refer to the set of all continuous linear functional on
S(Q), and it is represented by the symbol $(Q). suppose [ € S(Q) and a € Z%. The weak
derivative D%, often known as the derivative of the sense of distributions, is obtained by

(D*D(f) = D" LDf)

for f € (Q). This corresponds to D%*l{g} = l{ D*g}. Noting thatdistributions are always
weakly derivative. If assume that Q = R™. So, x = (x;, =+, x,) € R". Let x* be denote the

product x;* - x,™, Z% represents a set of n-tuples.(a;, -+, a,)where each a; is an integer that

. . ] . . lal

is not negative , |a| = Xi-; a;and D*denote the partial differential operator axaf__w .The
1 n

12
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particular case, which follows the space of rapidly decreasing function on R™ is denoted as
S(Q) = S(R™) (also known as the Schwartz space), and its dual space of a tempered
distribution on R™ is denoted as S(Q) = S(R™).
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Numerical investigation of zeros of the fully
modified (p, ¢)-poly-Euler polynomials
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The aim of this paper is to introduce a fully modified (p,q)-poly-Euler poly-
nomials and numbers of the first type. We investigate some properties that
is related with (p, ¢)-Gaussian binomials coefficients. We also construct (p, q)-
analogue of the Stirling numbers of the second kind and fully modified (p,q)-
poly-Euler polynomials and numbers of the first type with two variables.

1 Introduction

Many researchers are interested in the applications of g-numbers and (p,q)-
numbers. In areas of quantum mechanics, physics and mathematics, the apply-
ing theory is studied and extended actively. Especially, Mathematicians in the
fields of combinatorics, number theory and special functions, frequently explorer
that(ct [2], [3], [4], [7], [8],19], [10], [11], [12], [13]). We also obtain the general-
ization of poly Bernoulli polynomials and poly tangent polynomials involving
(p, g)-numbers. In this paper, we use the following notations. N denotes the set
of natural numbers, Z,; denotes the set of nonnegative integers, Z denotes the
set of integers, R denotes the set of all real numbers and C denotes the set of
complex numbers, respectively.
For 0 < ¢ < p <1, the (p, ¢)-numbers are defined by

pn _ qn
n = ,
o = 2

where p =1, [n], ¢ = [n]y and lim,_,1[n], = n.
The (p, g)-factorial of n of order k is defined as

() = [n]pg[n — Upg [0~k + Upg

for k=1,2,3,--- . If k =mn, it is denoted [n], 4! = [n]pq[n — 1p,q- - [1]p,q that
is called (p, q)-factorial of n.
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The (p, q¢)-Gaussian binomial formula is defined by

(x+a), Z [ ] n2k)a”7kxk,

. . . . . n _ [n]p,q!
with the (p, ¢)-Gaussian binomial coefficient, L{L ) = W

In [13] , two type of the (p, ¢)-exponential functions are given as below

ep,q(@ Zp
Zq

In [8], [10], the (p, ¢)-analogue of polylogarithm function Liy, , , is known by

oo
Lijpq(z E ,

(n>k).

[1]p,q!

(1.1)

[]p,q!

,(keZ).

In [5], we defined the fully modified g-poly-Bernoulli polynomials By, By )( ) of

the first type and the fully modified ¢-poly-Euler polynomials E,(”)I(x) of the
first type.

Definition 1.1. For n € Z,,k € Z and 0 < q < 1, we define fully modified
g-poly-Bernoulli polynomials Bﬁﬁ;(m) of the first type and the fully modified
g-poly-tangent polynomials Tr(fq) (z) of the first type by

ié 9 (@) " Ligg(1 - eq(—t))eq(xt),

n=0 " [n]q' (eq(t) - 1) (1 2)
o t" [2]qLig,q(1 — eq(—t)) :
;Eﬁﬁ(x) T ey )

When z = 0, Eﬁfi} = ET(L’%(O), E,(f; = ET(L]%(O) are called fully modified ¢-poly-
Bernoulli numbers of the first type and fully modified g-poly-Euler numbers of
the first type. If ¢ — 1 in (1.2), we get the poly-Bernoulli polynomials B,(zk) (z)
and poly-Euler polynomials Eflk)(x), respectively.

Substitute £ = 1,¢ — 1 in (1.2), we have Bernoulli polynomials B, (z)and
Euler polynomials E,, (), respectively.

- " _ t xt - 2 _ 2 xt
S ne = (o) XEen= ()
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2 Some properties of the fully modified (p,q)-
poly-Euler polynomials of the first type

In this section, we introduce fully modified (p, ¢)-poly-Euler numbers and poly-
nomials of the first type by the generating functions. We explore some identities
of the polynomials and find a relation connected with (p,g)-analogue of the
ordinary Euler polynomials.

Definition 2.1. Forn € Z,,k € Z,p,q € R such that 0 < ¢ < p < 1, we define
a fully modified (p, ¢)-poly-tangent polynomials ET(L]f,),’q (z) of the first type by

[2]p,qLik,p,q(1 — epq(—t))
ZE?gk;q (x) ] 1 = ( - f fq epq(2t).
0 P.q° epq(t) +1)

When z = 0, Ey(l,),q = Efl,)qq(O) are called fully modified (p, q)-poly-Euler
numbers of the first type. Note that p = 1, [n], , = [n],, and Equ,),q(x) = Ef,kg ().
Ifweset k =1,p=1,q — 1in Definition 2.1, then the Euler polynomials E,,(z).

Theorem 2.2. Forn € Z,,k € Z and p,q € R such that 0 < g < p <1, the
following result holds

k - n n l (k:) n—l
(,;,q _Z{ } lp>qx :
1= p,q

In [5], the generating series of (p, ¢)-Stirling numbers of the second kind is

defined by
H—-1)" & tn
(ep,q(t) ) _ Zqu(n m)

[m]p.q n—m [n]p.q
We also ontain
Ligpq(1 — ep g SR ltnatl "

= (— 1)+”+S_y(n+1l)
nz(); P:q ]p,q P [ ]p,q

Using the above identity, we derive the following result which is connected with
(p, q)-Stirling numbers of the second kind and (p, ¢)-Euler polynomials.

Theorem 2.3. Forn € Z,,k € Z and p,q € R such that 0 < ¢ < p <1, the
following identity holds

n a+1l
~ ZZ lp.q!
Er(f;);q [ } 1)k Hp,ql (=) Sy (@ + 1,1 En_apq().
=1 q[]p,q[a’+ ]p,q

a=0

278 Ryoo 276-285



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

Proof. Let n € Z,,k € Z and 0 < ¢ < p < 1. By the recomposition of
(p, q)-polylogarithm function in (3.2), we have

o0

_ " [2paLiya(l— epa(—t))
Er(zk) (z)= = pa=lhpa D,q epqlat)
nZ:O ma t(ep,q(t) +1) e
e n+1 H—’VH- n > n
= CUT il (n+1,1) Eppg(t) ———
nzllzl dn+1pg [”]p,qlnzzo P nlp.g!
) n a+1l
( 1)l+a+1mpq! n
= U et g (a4 1,0) By pg(a)
%%ZXQH Tl Uy el

Comparing the coefficient both sides, we get

n a+l
MIJ q! l+a+1
E E (1 +1,0)E,_ .
,p,q [ } b [l]’;,q[a 1]p7q( ) Spqla ) En—apq()

a=0[=1

Now, we introduce fully modified (p, g)-poly-Euler polynomials of the first
type with two variables by using two generating functions.

Definition 2.4. For n € Z;,k € Z,p,q € Rand 0 < ¢ < p < 1, the fully

modified (p, ¢)-poly-Euler polynomials B ])g q(x,y) of the first type with two

variables by

> t" [2]p.qLi (1 —epq(—1))
E*) v _ Epgteipig D,q E
nz:% th('r Z/)n! t(epq() + 1) ep,q(@t) Ep ¢ (yt).

Theorem 2.5. Letn € Zy,k € Z. Then we have the addition theorem.

n n ~(k n—1 n—
Eaen) =Y 1] B @t
p,q

=0

Proof. Let n be a nonnegative integer and k € Z. Then we get

2~ t"  2lpgLik (1 —epq(—t
ZEr(fl)),q(xvy)a = g t(eZZEt) n f)q( ))epﬂ(ﬂ)Ep,q(yt)

= ~(k) (gj) (n;l) n—l L
= q Y .
g <Z [ ]M b [n]p’q!
Thus, we have
= n =(k nely
EE) () =3 M El(m)’q(;z:)q( 2yt
=0 b,q

Theorem 2.6. Letn € N, k € Z and p,q € R such that 0 < g < p < 1. We
have

n—1
B (e,y) — B (2) = [”] ) BB (@) .
=0 p,q
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3 Distribution of zeros of the fully modified (p, q)-
poly-Euler polynomials

This section aims to demonstrate the benefit of using numerical investigation
to support theoretical prediction and to discover new interesting pattern of the
zeros of the fully modified (p,q)-poly-Euler polynomials E,(Lk,),q(x) The fully
(k)

1.p.¢(%) can be determined explicitly. A

modified (p, ¢)-poly-Euler polynomials E
few of them are

~(k Ptyq
Egl o(@) = T,

~ 3 q ptq  prtgx
@) ==~ 1% pr 2

p.q

~ 3 2 2 3
E(kz) (m) _ p + P q pq q

8(p—q) 8(p—q) 8lp—q Blp—2q)
p* P’q’ q* p°

dp—q?2k, 20—-9)?21k, 4p—-9?2k, @-0*@+ql2k,

2p°q? pq* p

-9+, @-9*P+a 2(p—9)P*+pg+q?)
P°q’ N P’
20— (P* +pa+q*)  2(p—q)*(P* +pg+ )3l ,
P°q’ p'e’

(p—a)*(P*+pg+a)Bly, 20— a)*@P*+pg+¢*)3l},
¢’ N P’q°
20— q)*P* +pa+a®)Bli, -0 +pa+a®)Bl,
q 3pix p’qx
20-q)Pw* +pa+a*)Bli, 4p—-q) 4lp—q
g’z g'r pla P
dp—q) 4lp—q 200-9?2, @-9?2k,
N q4x N p31.2 B pq2x2 .
20-9)H)2k, 2b—q) 2(—q)

_|_

+
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We investigate the zeros of the fully modified (p, g)-poly-Euler polynomials
E,(f,),,q(x) by using a computer. We plot the zeros of the (p, ¢)-poly-Euler poly-
nomials E,(l]f,)m(m) for n = 20 and © € C(Figure 1). In Figure 1(top-left), we

2 2
1 1
o
FY ) PY P o%eo Y
o° ° ° o)
) i ° ¢
Imx) 0 —_ Imx) 0 L 2 4
.. Y [ ) °
®eqe o % o®
Geeo
_2—2 -1 0 1 2 _2—2 1 0 1 2
Re(x) Re(x)
2 2
1 1
0 ° ° ®
° o ° e
[ J o
Imx) 0 — ‘. Im(x) 0 — .'
% o % °
®ep0 .Q...
L -1
-2

Re(x)
Figure 1: Zeros of E,gkz),q(:v) =0
choose n = 20,p = 9/10,¢q = 1/10, and k = 1. In Figure 1(top-right), we choose
n = 20,p = 9/10,¢q = 1/10, and & = 5. In Figure 1(bottom-left), we choose

n =20,p =9/10,q = 1/10, and k = —1. In Figure 1(bottom-right), we choose
n=20,p=9/10,¢ = 1/10, and k = —5.
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Stacks of zeros of E,(Lk,),q(x) =0for 1 <n <20 from a 3-D structure are
presented(Figure 3). In Figure 3(top-left), we choose p = 9/10,¢ = 1/10, and

(J
?.a:u. o
o

..

L ]

o e
& Qe
v !

AN

0 o8
LN
@ o
00 /

&

/

e

/

° O
®
°

Figure 2: Stacks of zeros of Ey(w),,q(x) =0for1<n<20

k = 1. In Figure 3(top-right), we choose p = 9/10,¢q = 1/10, and k = 5. In
Figure 3(bottom-left), we choose p = 9/10,¢ = 1/10, and k = —1. In Figure
3(bottom-right), we choose p = 9/10,¢ = 1/10, and k = —5.
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The plot of real zeros of E,Skgq(x) = 0 for 1 < n < 20 structure are pre-

sented (Figure 4).

[ (]
20 [] ¢ 2 []
r [] i L]
L] (] [} []
L] []
(] (] (] ]
16+ o 15 L]
r L] L]
[ (]
(] L]
nor e [ ]
10 (] 10
[ ] [
[ ]
[]
[ ] [}
5 [ 5+
r [] ]
r (] (]
le L
Il I (] )
0 1 1.
Re(x) Re(x)
] ¢ 0 (] ()
2010 [ ] 200 [}
o (] L] L] ]
o [ L] (]
re [ (] L]
re (] L] L]
150 (] (] 1510
re L] L] L]
(] [] (] { ]
re (] L] []
nore L] e n 0
100 o 100 []
re [ [ ] [ ]
o L] -0 (]
[ [ ] [}
L] L] L] []
5 L] [] 5- 0
r [ ] [ ] [}
r L] [] []
r L] L] L]
[l
-1 0 1. 0 1
Re(x)

Figure 3: Real zeros of E,(lkz)g

q(@)=0for 1 <n <20

Re(x)

In Figure 4(top-left), we choose p = 9/10,¢ = 1/10, and k = 1. In Figure
4(top-right), we choose p = 9/10,¢ = 1/10, and k = 5. In Figure 4(bottom-
left), we choose p =9/10,¢ = 1/10, and k = —1. In Figure 4(bottom-right), we
choose p = 9/10,q = 1/10, and k = —5.
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Next, we calculated an approximate solution satisfying (p, ¢)-poly-Eulert

polynomials E'Sn,p,q

Table 2.

() = 0 for z € C. The results are given in Table 1 and

Table 1. Approximate solutions of E’S;,,‘?é(a:) =0,p=9/10,q =1/10

degree n x

1 0.40000

2 —0.64015, 1.0846

3 —0.97595, 0.71267 — 0.32117, 0.71267 4 0.32117:

4 —1.1619, 0.24937 — 0.682507, 0.24937 + 0.682501,
1.1131

5 —1.2512, —0.01718 —0.76730¢, —0.01718 4 0.767303,

0.86775 — 0.23513i, 0.86775 + 0.23513¢
6 —1.2998, —0.22150 — 0.760577, —0.22150 + 0.760573,
0.55131 — 0.56698:, 0.55131 + 0.56698:, 1.0902

Table 2. Approximate solutions of Er(L

5)

p,q(l‘) = O7p = 9/107q = 1/10

degree n x

1 0.40000

2 0.22222 — 0.58608; 0.22222 4 0.586084

3 —0.11575 — 0.76525¢, —0.11575+ 0.76525¢, 0.68089

4 —0.28591 — 0.75902¢, —0.28591 + 0.759021,
0.51087 — 0.33499¢, 0.51087 + 0.33499:

5 —0.46789 — 0.689757, —0.46789 4 0.689751,

0.28053 — 0.71282¢, 0.28053 + 0.712827, 0.82471

6 —0.54973 — 0.647397, —0.54973 4 0.647391,
0.15514 — 0.78522i, 0.15514 + 0.785224,
0.61959 — 0.14392¢, 0.61959 + 0.14392:
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Abstract

Here we examine the univariate quantitative approximation, ordinary
and fractional, of Banach space valued continuous functions on a compact
interval or all the real line by quasi-interpolation Banach space valued
neural network operators. These approximations are derived by estab-
lishing Jackson type inequalities involving the modulus of continuity of
the engaged function or its Banach space valued high order derivative
or fractional derivatives. Our operators are defined by using a density
function generated by a parametrized Gudermannian sigmoid function.
The approximations are pointwise and of the uniform norm. The related
Banach space valued feed-forward neural networks are with one hidden
layer.
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Keywords and Phrases: Parametrized Gudermannian sigmoid function, Ba-
nach space valued neural network approximation, Banach space valued quasi-
interpolation operator, modulus of continuity, Banach space valued Caputo frac-
tional derivative, Banach space valued fractional approximation.

1 Introduction

The author in [1] and [2], see Chapters 2-5, was the first to establish neural net-
work approximation to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliagnet-Euvrard and ” Squashing” types,
by employing the modulus of continuity of the engaged function or its high order
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derivative, and producing very tight Jackson type inequalities. He treats there
both the univariate and multivariate cases. The defining these operators ”bell-
shaped” and ”squashing” functions are assumed to be of compact suport. Also
in [2] he gives the Nth order asymptotic expansion for the error of weak approx-
imation of these two operators to a special natural class of smooth functions,
see Chapters 4-5 there.

The author inspired by [15], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators
of sigmoidal and hyperbolic tangent type which resulted into [3] - [7], by treat-
ing both the univariate and multivariate cases. He did also the corresponding
fractional case [8].

In this article we are greatly inspired by the related works [16], [17].

The author here performs parametrized Gudermannian function based neural
network approximations to continuous functions over compact intervals of the
real line or over the whole R with values to an arbitrary Banach space (X, ||-]]).
Finally he treats completely the related X-valued fractional approximation. All
convergences here are with rates expressed via the modulus of continuity of the
involved function or its X-valued high order derivative, or X-valued fractional
derivatives and given by very tight Jackson type inequalities.

Our compact intervals are not necessarily symmetric to the origin. Some of
our upper bounds to error quantity are very flexible and general. In preparation
to prove our results we establish important properties of the basic density func-
tion defining our operators which is induced by a parametrized Gudermannian
sigmoid function.

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the
only type of networks we deal with in this article, are mathematically expressed

as
n

N, (z) = cha(<aj ~x)+b;), zeR’ seN,
§=0
where for 0 < 5 < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € X are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental neural
network models, the activation function is derived by the Gudermannian sigmoid
functions. About neural networks in general read [18], [19], [21]. See also [9] for
a complete study of real valued approximation by neural network operators.
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2 Background

Here we consider the Gudermannian function ([23]) gd () which is defined as
follows

gd(x) := /OI i _ 2 arctan (tanh (g)) ,VaoeR. (1)

cosht
Let A > 0, then

Az
dt A
gd (\x) = /0 e 2 arctan (tanh (2>> . (2)

We will use the following normalized and parametrized function

(@) = %gd (\z) = 2 arctan (tanh (?)) _ 3)

™

2 /“ dt 4 /” dt
z == — ., z€R
mJo cosht 7w J, et+et

We will prove that f is a generator sigmoid function with the general properties
asin [14]. When 0 < X < 1, f) is expected to outperform ReLu and Leaky ReLu
activation functions.

We notice that

2 ' 2
—gd = 0
(wg (x)) woosha ~

and ,
2 2\
/ — — = — R 4
fi0) = (20100) = 2o >0, vae ()
Hence f) is strictly increasing on R.
Furthermore we have
2)\% sinh A
M(z) = -2 Sy e R (5)

T (cosh Az)®’

Notice that
Y (z) >0 for x <0, and

i (z) <0 for z >0, and
A (0)=0.

Therefore f) is stritly concave up for x < 0, and f) is striclty concave down for
x>0, and fy (0) =0, with (0,0) the inflection point.

Let x — +o00, then tanh (%) — 1 and arctan (tanh (%)) — 7. Let z —
—o00, then tanh (%) — —1 and arctan (tanh (%)) - =7

Clearly, then f) (+00) =1 and f) (—o0) = —1, so that y = £1 are horizontal
asymptotes for f.
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Also it is fy (z) > 0 for x > 0, and f) (z) < 0 for z < 0. Obviously then
fr:R—[-1,1], with f{ € C(R).

Notice that tanh (—z) = — tanhz and arctan (—z) = — arctanz, z € R.

We have that

fr(—z) = %arctan (tanh (—>\2x)> = %arctan <—tanh <>\2x)> =
—% arctan <tanh ()\;>) =—f (95) )

(=z)==fa(z), YzeR (6)

So, indeed, fy is a sigmoid function as in [14].
So, all the theory of [14] applies here for fy, etc.
We consider the activation function

proving

w(x)::i(f,\(x—i—l)—fk(ax—l)), zER, (7)

As in [13], p. 285, and [14], we get that ¢ (—x) = ¢ (x), thus ¢ is an even
function. Since x +1 >z — 1, then fy (z +1) > f\(z — 1), and ¢ (z) > 0, all
z eR.

We see that

¥ (0) = = : (8)

Let x > 1, we have that

V@)= (Rt - R 1) <0,

by f4 being strictly decreasing over [0, +00).

Let now 0 < x < 1, then 1 —x > 0and 0 < 1 —2z < 14 z. It holds
fil@—1)=f{ (1 —2) > fi (¥ + 1), so that again ¢’ (z) < 0. Consequently
is stritly decreasing on (0, 400).

Clearly, 1 is strictly increasing on (—o0,0), and v’ (0) = 0.

See that )
xEI}rloow (z) = 1 (fa (00) = fa (+00)) =0, 9)
and
im (1) = § (2 (~00) — f(~00)) = 0. (10)

That is the z-axis is the horizontal asymptote on ).
Conclusion, 1 is a bell symmetric function with maximum

v(0) = 92N,

™

‘We need
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Theorem 1 (by [14]) We have that

iw(x—i)zl, Vel (11)

i=—00

Theorem 2 (by [14]) It holds

/_00 Y (z)de = 1. (12)

Thus v (z) is a density function on R.
We give

Theorem 3 (by [14]) Let 0 < a < 1, and n € N with n'=* > 2. It holds

i ¥ (nx — k) < (1= fr(nt7>=2)) _ (r — 29d (A (n*— _2))).

2 27
k= —o0
Cnw — k| > ntme

Notice that

(13)

i (17200 (A" = 2)))

=0.
n—+oo 2

Denote by |-] the integral part of the number and by [-] the ceiling of the
number.
We further give

Theorem 4 (by [14]) Let x € [a,b] C R and n € N so that [na] < |nb|. It

holds
1 1 4 27
- - v 0. 14
T e R Y C I
Remark 5 (by [14]) We have that
Lnb]
lim Y ¢ (ne—k)# 1, (15)
k=[na]

for at least some x € [a,b] .
See also [13], p. 290, same reasoning.

Note 6 For large enough n we always obtain [na] < [nb]. Alsoa < £ <b, iff
[na] < k < |nb|. In general it holds (by (11))

[nb]

Z P (ne —k) < 1. (16)

k=[na]
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Let (X, ]|-]|) be a Banach space.

Definition 7 Let f € C ([a,b],X) andn € N: [na] < |nb|. We introduce and
define the X -valued linear neural network operators

b
ZIEZHna] (Tkz) w ('I’Lfﬂ - k)
nb ’
leéz |Jna'\ (nx - k)
Clearly here A, (f,z) € C([a,b],X). For convenience we use the same A,
for real valued function when needed. We study here the pointwise and uniform

convergence of A, (f,z) to f (x) with rates.
For convenience also we call

€ [a,b]. (17)

Ay, (f,x) =

Lnbd)]
(ro)= 3 7 () v, (18)
k=[na]
(similarly A} can be defined for real valued function) that is
A5 (,2) o
A 50) = S S (19)
So that A (f.2)
Ay (fo2) = f (z) = n 7 -
(f,z) = f(2) Z]Elena] (nz — ) f ()
A (frm) = 1 (@) (S (2 = R)) o)
S ¥ (0 — k) '
Consequently we derive
27 Lnt]
14n (£,2) = £ @l < 7555 || 48 (@) k%}w nz—k) || (21)
That is
- [nb] k
14,0 - s @l < s 3 (7(5)-s@) v -n). @)

k=[na]

We will estimate the right hand side of (22).
For that we need, for f € C([a,b], X) the first modulus of continuity

w1 (f,0)gp =w1(f,6) = sup  |[[f(z)=f@I, §>0. (23)
x,y € [a,b]
lz—y| <4
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Similarly, it is defined w; for f € Cyp (R, X) (uniformly continuous and bounded
functions from R into X), for f € Cp (R, X) (continuous and bounded X-
valued) and for f € C, (R, X) (uniformly continuous).

The fact f € C ([a,b],X) or f € C, (R, X), is equivalent to }in})wl (f,0) =0,
see [11].

Definition 8 When f € Cyp (R, X), or f € Cp (R, X), we define
_ s k
A, (f, ) ._k;wf(n>z/}(nx—k), neN, zeR, (24)

the X -valued quasi-interpolation neural network operator.

Remark 9 (by [14]) We have that the series > oo f (%) (na — k) is ab-

solutely convergent in X, hence it is convergent in X and A, (f,z) € X.
We denote by || f|l, = sup |f ()|, for f € C([a,b],X), similarly is

z€[a,b]

defined for f € Cp (R, X).

3 Main Results

We present a series of X-valued neural network approximations to a function
given with rates.
We first give

Theorem 10 Let f € C([a,b],X),0<a<1l,neN:n'"">2 € [a,b].

Then
)
40 (.0 = F @ = o on (£ ) + 0= 107 = 2) 11| =0
)
and
i)
140 (1) = Fle < (20

We notice lim A, (f) = f, pointwise and uniformly.
n—oo

The speed of convergence is max (%, (1 — fa (nl’o‘ — 2))) .

Proof. As similar to [13], p. 293 is omitted, see also [14]. ®
Next we give
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Theorem 11 Let f € Cp (R, X), 0<a<1,neN:n'"®>2 x €R. Then
i)

7 (1.0) = £ @] < (£ ) + (0= 5 007 =) Il = (2)

and
i)
1A, () Fl < n (28)
For f € Cyup (R, X) we get lim A, (f) = f, pointwise and uniformly.
The speed of convergenc:?;omax (n%, (1 — fa (nl_“ — 2))) .
Proof. As similar to [13], p. 294 is omitted, see also [14]. ®

In the next we discuss high order neural network X-valued approximation
by using the smoothness of f.

Theorem 12 Let f € CV ([a,b],X), n,N € N, 0 < a < 1, = € [a,b] and
n'= > 2. Then

i)
N (4) 1— l—-a __ 2 )
o) s < s 43 WSO o BB 0y
(29)
1y 1 @-h-2) iV 0 -a)Y
[wl (f(N), na) N N + N ,
ii) assume further f9) (z0) =0, j = 1,...,N, for some zo € [a,b], it holds
2
[An (f,z0) = f (o) < m
1— l—a _ ) (N) b _ N
o (75 s+ LRI
and
iii)
N (J) 1— l—a _ 2 )
b )= 1 = s 432 ol | 5 QDO oy

Ll(fm S +<1fx<n”2>>||f<N>||oo<”)N”' (1)

"ne ) naNN| N!

Again we obtain lim A, (f) = f, pointwise and uniformly.

n—oo
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Proof. As similar to [13], pp. 296-301 is omitted, see also [14]. =
All integrals from now on are of Bochner type [20].
We need

Definition 13 ([12]) Let [a,b] C R, X be a Banach space, o > 0; m = [a] € N,
([] is the ceiling of the number), f : [a,b] — X. We assume that f(™ €
Ly ([a,b] , X). We call the Caputo-Bochner left fractional derivative of order a:

(D f) (z) == %a) / ’ (x =)™ M)y dt, Vxelab].  (32)

T'(m
If o € N, we set D2, f := f") the ordinary X -valued derivative (defined similar
to numerical one, see [22], p. 83), and also set DO, f = f.

By [12], (D2,f) (z) exists almost everywhere in z € [a,b] and D, f €
Ly ([a’v b] 7X)

If }|f<m>||Lm([a y.x) < 00, thenby [12], D2, f € C([a,b], X) , hence || D2, f|| €
C ([a,0]).

Definition 14 ([10]) Let [a,b] C R, X be a Banach space, a > 0, m := [«a].
We assume that f) € Ly ([a,b], X), where f : [a,b] — X. We call the Caputo-
Bochner right fractional derivative of order a:

(=)™

b
(D5-1) (@)= ity | (=)™ S (@) Vaefod. (Y

We observe that (D™ f) (z) = (=1)™ f(™) (z), for m € N, and (Dj_f) (z) =
f(x).

By [10], (Dg- f) () exists almost everywhere on [a, b] and (D f) € L1 ([a,b] , X).

If Hf(’”)HL (an.x) < OO and o ¢ N, by [10], D¢ f € C([a,b],X), hence
D5 f|| € € ([a, B])-

We present the following X-valued fractional approximation result by neural
networks.

Theorem 15 Let a > 0, N = [a], a ¢ N, f € CN ([a,],X), 0 < B8 < 1,
x € [a,b],n € N:n'=# > 2 Then

i)
N—1 ,;
f9 (x) j
Anlh0) = 32 A (C=aY) (@) - F @) <
o (w0 (D2 £, )y + 01 (D2 35) )
gd (20T (e + 1) nob +

294 Anastassiou 286-299



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

_ nl—ﬁi
(1 fx(2 )(HDa Fllocfomy (@ = @) + 11D f 1 [r,b](b—x)a)},

(34)
i) if fO)(z) =0, forj=1,..,N — 1, we have
2w
|An (f,2) = f(2)]| < N T (@t 1)

noh

{ (wl (Dg*f’ n%)[a,;v] +wi (D*amf7 %)[m,b}) +

(1‘“”2 )>(||Da Fllc oy & = @+ D% Fll oy (b z)a)},

(35)
iii) 4, ( ) < 2m
N-1 i -
1r9 @) [ 1 (1= f(nt P —2)
{ T Rl G !
Jj=1
1 (W] (D f’ )[a z] +wi <Dga:f’ "%)[va])
T(a+1) neh ’
1-— nt=P —
(S22 (1021 =0 19 0 )
(36)
Yz € [a, b
and
i)
2
N-1 i
L., f 1 L g (7 —2)
{ > e 2 '
j=1
( sup wi (Dg*f’ niﬁ)[a ] T sup wi (D*zf’ "B)[w b])
1 z€[a,b] ’ z€(a,b]
I'a+1) ned '

10
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1- =5 _2 N
hn ) (b—a)™ | sup [[DS_f||0ur+ SUP D% Fll oo fosy :
2 ] o[a.2] z€la,b]

z€la,b
(37)
Above, when N =1 the sum Z;V:zl -=0.

As we see here we obtain X -valued fractionally type pointwise and uniform
convergence with rates of A, — I the unit operator, as n — oo.

Proof. It is very lengthy, as similar to [13], pp. 305-316, is omitted, see also
[14]. =
Next we apply Theorem 15 for N = 1.

Theorem 16 Let 0 < o, <1, f € C*([a,b],X), v € [a,b], n € N:nl=F > 2.

Then
i)
[An (f, @) = f(@)] <
27 (Wl (D?—f’ n%)[a,m] twi (Dgxf’ n%)[z,b])
gd@VT (a+1) b *

1- 1-8 _9
( b (7; )) (D2l oy (& = @+ 1Dl gy 0= 2)%) } ,

(38)
and
i)
2
A, f — <——
14nd =Tl < 7N T @ 1)
(wzl[lfb]wl (DS fs 7)oy + Sp w1 (D.f, nlﬂ)[x,b]>
: : +
nob
1-— f)\ nlfﬁ -2 o o @
< (2 ) (b — a) sup HDx—fHoo [a,z] + sup HD*mf”oc,[x,b]
z€(a,b] Y z€[a,b]
(39)

When a = % we derive
Corollary 17 Let 0 < 8 < 1, f € C* ([a,b],X), z € [a,b], n € N:nt=8 > 2.
Then
i)
[An (f, @) = f(@)] <

11
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)y (PR ), +

(L0 (o, v o

[N

n

\Mm<w@»,

2
(40)
and
4/7
A, f — <
14nf =l < 3055
Sup wi (Dé—f) niﬁ) + sup wi (Dézfa n%)
z€la,b] [a,z] z€la,b] [x,0]
5 +
nz
1- =82 1 1
Ix (n ) V(b—a)| sup HDE_fH + sup Hszf‘ < o0.
2 z€la,b] 00, [a,x] z€la,b] 00, [x,b]

We finish with

(41)

Remark 18 Some convergence analysis follows:
Let0 < B3 <1, fe€C ([a,b],X), € [a,b],ncN:n'"P >2 We elaborate

on (41). Assume that

1 1 Kl
D2 f — < — 42
w1 ( a:—fa ﬂ6>[a@] = 'I’LB ) ( )
and ) K
o (Dhr) <3 (43)
nB (2.0] nB
YV x € [a,b], VneN, where K1, Ko > 0.
Then it holds
1 1
sup wi (D;_f, 7%5) + sup wq (szf, n%)
z€Ja,b] [a,] z€la,b] [,b]
B >
nz
(K1+K>) (K
n 1+ K2) K
2 = 38 N (44)
n2 n=z n=z

where K := K; + K9 > 0.

12
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The other summand of the right hand side of (41), for large enough n, con-
_ 1-8_
verges to zero at the speed (W

Then, for large enough n € N, by (41) and (44) and the last comment, we

obtain that
_ 1-8 _
|Anf — fll. < M max (; <1 I (7”; 2)>>7 (45)

n 2

where M > 0.

i (nth_
If éﬂ > M

2

1— 1=8_2
, then ni,; > % , and consequently

n2
|Anf — fllo in (45) converges to zero faster than in Theorem 10. This because
the differentiability of f.
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In this paper, we consider the problem of constructing new optimal explicit
and implicit Adams-type difference formulas for finding an approximate solution
to the Cauchy problem for an ordinary differential equation in a Hilbert space.
In this work, I minimize the norm of the error functional of the difference formula
with respect to the coefficients, we obtain a system of linear algebraic equations
for the coefficients of the difference formulas. This system of equations is reduced
to a system of equations in convolution and the system of equations is completely
solved using a discrete analog of a differential operator d?/dxz? — 1. Here we
present an algorithm for constructing optimal explicit and implicit difference
formulas in a specific Hilbert space. In addition, comparing the Euler method
with optimal explicit and implicit difference formulas, numerical experiments are
given. Experiments show that the optimal formulas give a good approximation
compared to the Euler method.

Keywords: Hilbert space; initial-value problem; multistep method; the
error functional; optimal difference formula.

1 Introduction

It is known that the solutions of many practical problems lead to solutions of
differential equations or their systems. Although differential equations have so
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many applications and only a small number of them can be solved exactly using
elementary functions and their combinations. Even in the analytical analysis
of differential equations, their application can be inconvenient due to the com-
plexity of the obtained solution. If it is very difficult to obtain or impossible to
find an analytic solution to a differential equation, one can find an approximate
solution.

In the present paper we consider the problem of approximate solution to the
first order linear ordinary differential equation

y/ = f(x7y)7 (S [07 1] (1)

with the initial condition

y(0) = yo. (2)
We assume that f(z,y) is a suitable function and the differential equation (1)
with the initial condition (2) has a unique solution on the interval [0, 1].

For approximate solution of problem (1)-(2) we divide the interval [0, 1] into
N pieces of the length h = % and find approximate values y, of the function
y(z) for n =0,1,..., N at nodes z,, = nh.

A classic method of approximate solution of the initial-value problem (1)-
(2) is the Euler method. Using this method, the approximate solution of the
differential equation is calculated as follows: to find an approximate value y,+1
of the function at the node x,41, it is used the approximate value y, at the
node x,,:

Ynt1 = Yn + hyy,, (3)

where y!, = f(@n, yn), so that y,41 is a linear combination of the values of the
unknown function y(z) and its first-order derivative at the node z,,.

Everyone are known that there are many methods for solving the initial-value
problem for ordinary differential equation (1). For example, the initial-value
problem can be solved using the Euler, Runge-Kutta, Adams-Bashforth and
Adams-Moulton formulas of varying degrees [1]. In [2] by Ahmad Fadly Nurul-
lah Rasedee, et al., research they discussed the order and stepsize strategies of
the variable order stepsize algorithm. The stability and convergence estimations
of the method are also established. In the work [3] by Adekoya Odunayo M.
and Z.0.0gunwobi, it was shown that the Adam-Bashforth-Moulton method
is better than the Milne Simpson method in solving a second-order differential
equation. Some studies have raised the question of whether Nordsieck’s tech-
nique for changing the step size in the Adams-Bashforth method is equivalent
to the explicit continuous Adams-Bashforth method. And in N.S.Hoang and
R.B.Sidje’s work [4] they provided a complete proof that the two approaches
are indeed equivalent. In the works [5] and [6] there were shown the potential
superiority of semi-explicit and semi-implicit methods over conventional linear
multi-step algorithms.

However, it is very important to choose the right one among these formulas
to solve the Initial-value problem and it is not always possible to do this. Also,
in this work, in contrast to the above-mentioned works, exact estimates of the
error of the formula is obtained.
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Our aim, in this paper, is to construct new difference formulas that are exact
for e™* and optimal in the Hilbert space W2(2’1)(0, 1). Also these formulas can
be used to solve certain classes of problems with great accuracy.

The rest of the work is organized as follows. In the first paragraph, an
algorithm for constructing an explicit difference formula in the space is given.
The above algorithm is used to obtain an analytical formula for the optimal
coefficients of an explicit difference formula. In the second section, the same
algorithm is used to obtain an analytical formula for the optimal coefficients of
the implicit difference formula. In the third and fourth sections, respectively,
exact formulas are given for the square of the norm of the error functionals of
explicit and implicit difference formulas. Numerical experiments are presented
at the end of the work.

2 Optimal explicit difference formulas of Adams-

Bashforth type in the Hilbert space Wf’”((), 1)

We consider a difference formula of the following form for the approximate
solution of the problem (1)-(2) [7, 8]

k k—1
Y ClBlelBl -hY_ CilAl¢' 1A =0, (1)
B=0 B=0

where h = %, N is a natural number, C[8] and C4[8] are the coefficients,

functions ¢ belong to the Hilbert space W2(2’1)(0, 1). The space W2(2’1)(0, 1) is
defined as follows

WiD(0,1) = {¢: [0,1] = R|¢’ is abs.contunuous, ¢” € Ly(0,1)}

equipped with the norm [9, 10]

w01 ={ [ (¢ + @) s} " (2

The following difference between the sums given in the formula (1) is called the
error of the formula (1) [11]

k k—1
(L) = ClBle (hB) =1 Y Cr[Bl¢ (hB).
B=0 B=0
To this error corresponds the error functional [12]
k k—1
Uw) =D ClBlo( —hB) +h Y _ C1[B)Y (x — hB), (3)
B=0 p=0
3
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where 0(z) is Dirac’s delta-function. We note that (¢, ¢) is the value of the error
functional ¢ at a function ¢ and it is defined as [13, 14]

oo

(£, ) = /E(x)go(x)d:c.

— 00

It should be also noted that since the error functional ¢ is defined on the space
VVQ(Q’I)(O7 1) it satisfies the following conditions

(6,1) =0, (£,e™")=0.

These give us the following equations with respect to coefficients C[5] and C1[f]:

k
> =0, (4)
£=0
k k—1
52_:0 ClBle " + h; C1[Ble " = 0. (5)

Based on the Cauchy-Schwartz inequality for the absolute value of the error
of the formula (1) we have the estimation

2,1 2,1)%
1, 0)] < lelWs>D |- oW ).

Hence, the absolute error of the difference formula (1) in the space W2(2’1) is
estimated by the norm of the error functional £ on the conjugate space W2(2’1)*.
From this we get the following[15].

Problem 1. Calculate the norm H€|W2(2’1)*|| of the error functional /.

From the formula (3) one can see that the norm ||€|W2(2’1)* | depends on the
coefficients C[f] and Cy[f]. )

Problem 2. Find such coefficients C1[8] = C1[8] that satisfy the equality

° * . g’
1AW = inf  sup '(i@)')
CLlB w1V |10 [l W™l

In this case Cy [0] are called the optimal coefficients and the corresponding
difference formula (1) is called the optimal difference formula.
A function 1), satisfying the following equation is called the extremal function
of the difference formula (1) [13]
(€)= W5 e W5V (6)

Since the space W2(2’1)(0, 1) is a Hilbert space, then from the Riesz theorem on
the general form of a linear continuous functional on a Hilbert space there is a
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function )y (which is the extremal function) that satisfies the following equation
(16, 17]
(4, 0) = <<P7W>Wzg2,1> (7)
(2,1)% (2,1)
and the equality [|¢|TVy | = ll9e[W3™ || holds, here (o, ¥}, 2.1)
2
product in the space WQ( ’ )(O, 1) and is defined as follows [18]

is the inner

Theorem 2.1 The solution of equation (7) has the form
Ye(z) = L(x) * Ga(x) + de™™ + po (8)

and it is an extremal function for the difference formula (1), where Gy(z) =

sgn ()

z —x
2 (% - x), d and py are real numbers.

According to the above mentioned Riesz’s theorem, the following equalities is
fulfilled
2,1)# 2,1)% 2,1
w212 = (6 we) = 1AW - el 5™V

By direct calculation from the last equality for the norm of the error functional
for the difference formula (1) we have the following result [18].

Theorem 2.2 For the norm of the error functional of the difference formula
(1) we have the following expression

k—1 k
w202 = ch BGa(hy—hB)—20Y " Cily] Y ClBIGS (hy—hB)—
7=05=0 v=0 B=0
k—1k—1
—h2 YN CiRCIBIG (hy — ), 9)
=0 8=0

where G (x) = 42 (€457 1) and GY(2) = B2 (<57,

It is known that stability in the Dahlquist sense, just like strong stability,
is determined only by the coefficients C [3], 8 = 0, k. For this reason, our search
for the optimal formula is only related to finding C; [8]. Therefore, in this
subsection we consider difference formulas of the Adams-Bashforth type, i.e.
Clkl] = -Clk—1=1and Clk—1i] =0, i = 2,k, [19, 20]. Then is easy to
check, that the coeflicients satisfy the condition (4).

In this work, we find the minimum of the norm (9) by the coefficients Cy [§]

under the condition (5) in the space W2(271)(O,1) [21]. Then using Lagrange
method of undetermined multipliers we get the following system of linear equa-
tions with respect to the coefficients C1[g]:

hZCl G — ) +de ™ = = 3" CLI Gy — ), (10)

~=0
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k-1 k
B Cible ==Y Chle ™. (1)
v=0 =0

It is easy to prove that the solution of this system gives the minimum value to the
expression (9) under the condition (5). Here d is an unknown constant, C1 [3]
are optimal coefficient. Given that C[k] = 1, C[k—1] = -1, Clk—i] = 0,
i = 2, k the system (10),(11) is reduced to the form,

hch |Gy (hB —hy) +de™ " = f[5],  B=0,k—1 (12)
k=1
RS Ciple™ =g, (13)
~=0
where
1—e hB—hk —hB+hk—h
FIB) = == (MM — ety (14)
g = etk _ ghk, (15)

Assuming that Cy [] =0, for 8 < 0 and § > k — 1, we rewrite the system (12),
(13) in the convolution form

{ W [B] % G4 (hB) + de=8 = F[8] for B=0,k—1, (1)

hZ'y 001[} h7:g~
We denote first equation of the system (16) by Ueyyp

Ueap |8] = hC1 [B] * G4 (hB) + de™ 2. (17)

(12) implies that
Uewp (8] = f 18] forB=0,k—1. (18)

Now calculating the convolution we have
Ueap (8] = C1 8] % G5 (hB) + de™% = h Z C1 [V G5 (hB — hy) + de™

~v=0

For 8 < 0 we get

o h h hB—hy _ g=hfB+hy
Vo 1= 13" 4 oo (5 - v)(e . >+d6_w

v=0

o ng
=——"hY 1] e — hch | " +de="P = —%g—ke‘hﬂ (d+10).
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For g >k —1
eh L
Uexp[ﬂ]:—4 g+e " (d—b).

Then d* =d+ b and d- = d — b the function Uy, [8] becomes

—#g—&—e‘hﬁd*‘ for B>k—1,
Uemp [ﬂ] = fh[ﬁﬁ] fOT ﬁ = 07 k— ]-v (19)
S 9+ e "Pd- for B <O0.

We use to find the unknowns d* and d~ from the discrete analogue of the

differential operator % - % which is given below [22]

1 —2¢eh for 18] =1,
Dy [8] = 1= ch 2(1+¢e*h)  for =0, (20)
- 0 for 18] > 2.

The unknowns dt and d~ are determined from the conditions
8’1 8] = LD, [B] % Ueap [B] =0 for B<0and 8>k —1. (21)
Calculate the convolution

h_lDl [B] * Uexp 18]

=0 Y Di[B 4] Ueap [=7] + 7" D D1 [8 =) Ueay 1]
r=1 =0

+h ™Y Dy [B—k =y 4 Y Ueap [k +v—1].
y=1
From (19) with 8 =k and 5 = —1, we have

™ Dy [0] Ueap [—1] + B Dy [1] Uegp [—2] + h ™Dy [~1] Uegyp [0] = 0,
{ h='Dy 0] Ueap [K] + h='Dy [1] Ueap [k — 1] + h='Dy [~1] Ueap [k +1] = 0.

Hence, due to (21), we get

{ 2 (1 + )

2 (1+ €2

—1e g+ ehdﬂ] — 2¢eh [[—iezhg + e2hdt] —2¢" f[0] =0

1€ g +eMhd| — 2eh [FeMhThg 4 e T] — 2¢h flhk — h] = 0

From the first equation d* is equal to the following

ohk _ phk—h

4

dt =

From the second equation d~ is equal to the following
hk _ 3¢hk—h 4 9ohk—2h
4

a =S
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SO

_ df +dg _ ehk _ 9ehk—h 4 chk—2h e i —dg _ ehk—h _ ohk—2h

d 2 4 2 4

Now we calculate the optimal coefficients C'; [5]

8'1 [6] = h_lDl [ﬁ} * erp [5} =h"" Z D, [ﬁ - 'Y] erp h’] , B=0,k—-1.
y=—00
Let 3 =k — 1, then
Cilk—1=h"" Y Dilk—1-Uesp ]
y=—00

= 0" {D1 0] Ueap [k — 1] + D1 [1] Ueap [k — 2] + D1 [=1] Ueay [K]}

eh—1
heh ’

h—l
:m{l_e_h—’_eh_th}:

thus, Oy [k —1] = &2 for 8=k — 1.
Compute (Oj’l [0]

Cr 0] =ht > Dy [ Uy Y]

y=—00

=h™ ' {D1 [0] Ueap [0] + D1 [1] Ueap [—1] + Dy [=1] Ueayp [1]}

h71
_ (1 4 o2 (e hk _ Ghk—h _ —hk+h L hk
72(1_62,1) {( +e*")(e e e + ™)
e M (e g g hhh _ hkth ehk)}

h! h( —hk+h _ _hk—2h hk+2h | _hk—h h!

T ey e M T ) = oy 0= 0,

hence, &’1 [0] =0 for 8 =0.
Now calculate 8’1 [B] for B=1,k—2

Cr 1Bl =07 Y Dy [ Uesp 1]
= h_l {Dl [O] Uezrp [5] + Dy [1] Uexp [5 - 1] + D1 [_1] Uemp [5 + 1]}
_ 2(1/1_;%) (14 M)(1— (e HhS _ hk—hB—hy)

h71

_m . {efh(l — ehy(e~hkHhA—h _ ehkfhﬁ)}
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ht L h—!
_ e (] — oh)(e—hk+hB+h _ shk—hB—2h\\ _ 0 —
a1 ey ¢ Ao ¢ W= saoemy 070
thereby, 8‘1 [B]=0for f=1,k—2.

Finally, we have proved the following theorem.

Theorem 2.3 In the Hilbert space W2(2’1)(0, 1) there is a unique optimal ex-
plicit difference formula of the Adams-Bashforth type whose coefficients are de-
termined by following expressions

1 for B=k,
clpl=< -1 for f=k—-1, (22)
0 for 8=0,k—2,
¢ 18] = G for f=k—1, (23)
0 for B=0k—2.
Thus, the optimal explicit difference formula in W2(2’1)(0, 1) has the form
el —1
Pnt+k = Pntk—1 + T‘P;ﬁkqa (24)

where n =0,1,... N —k, k> 1.

3 Optimal implicit difference formulas of Adams-
Moulton type in the Hilbert space W2(2’1)(0, 1)

Consider an implicit difference formula of the form

k k
> ClBlelBl - 1Y Ci[Bl¢'18] =0 (1)
B=0 B=0
with the error function
k k
()= ClBl6(x —hB) +h Y Ci[B]6 (z — hp) (2)
B=0 B=0

in the space W2(2’1)(0, 1).

In this section, we also consider the case C[k] = —C[k—1] = 1, and C[k—i] = 0,
i = 2,k, i.e. Adams-Moulton type formula. Minimizing the norm of the error
functional (2) of an implicit difference formula of the form (1) with respect to

the coefficients C1[8], 8 = 0,k in the space WQ(Z’D(O, 1) we obtain a system of
linear algebraic equations
{ Bt Cr ] GY(hE — hy) +de=P = (8], B=0.F
Wyt Cille =g
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Here 8‘1 [B] are unknowns coefficients of the implicit difference formulas (1),
B =0,k and d is an unknown constant,

f 18] = Go(hB — hk + h) — Gy(hf — hk)

1 (1 _ eh) (e—hk+hB _ ohk—hB—h 7 —0k—1,
4 (6 te ) ’ /8 =K,
g = e_hk"rh _ e—hk. (4)
Assuming, in general, that
C1l8] =0 , for B<0and B>k, (5)

rewrite the system in the convolution form

{ hen (8] = G (hB) + de="8 = 18], 8 =0.F,
hZZj:o C1[] e M = g.

Denote by Uimp[5] = hco'l (8] * GY (hB) + de~"8. Shows that

Uimp[ﬁ] = f[ﬁ] fOT‘ ﬂ = O, k (6)

Now we find U, [8] for 8 < 0 and 8 > k. Let 8 < 0, then

k
_ ° sgn (hB — hy) (e"P~h1 — emhft —hB
v=0
ehB ko . e—hB ko i .,
__ - - v —hp
= 4hZC1M€ T+ 1 hZC’l[v]e'y—i—de .
v=0 v=0
Here d* is defined by the equality
e e hY o Je—hB
dt = 1 h;}cl [y]e" 4+ de™"". (7)

Similarly, for 5 > k we have

k

o sgn (hB —h ehB—hy _ g—hB+hy “h

Uiy 9= Y &0 ] 2RI (2 E ) e
v=0

6h’8 k o —hy e_h’B k o hey —hg
=0 7=0
10
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Here d~ is defined by the equality

e B

e
4

k
h Z C1[y] " + de P, (8)
v=0

(7) and (8) immediately imply that

+ —
g rd
2

S0 Usmp[f] for any 8 € Z is defined by the formula

—#g +e MBdt  for B>k,
Uimp [/6] = fh[ﬁﬂ] fOT' 5 = O, kv (10)

9+ e hBd- for B <O.

If we operate operator (20) on expression Usmp[3], we get
[e]

C11B] = h ' D1[B] * Uimp(B] , B € Z. (11)

Assuming that (071[6] =0 for B < 0 and B8 > k, we get a system of linear
equations for finding the unknowns d* and d~ in the formula (10). Indeed,
calculating the convolution, we have

h='Dy (8] * Uimyp [8] = ht Z D1 B =] Usmyp []

y=—o0

-1

k
= h_l Z Dl [ﬁ - 7] Uimp [7] + h_l Z Dl [ﬁ N 7] Uimp h/]

y=—00 ~=0
+h~t Z D1 [B =] Uimp V]
y=k+1

- k
=pt Z Dy [B+ Y] Uimp [—7] + h™! Z Dy [B = Uiy 1]

y=1 v=0

+h71iD1 (8 =k =] Uimp [k + 7] (12)

=1

Equating the expression (12) to zero with 8 = —1, 8 = k 4+ 1and using the
formulas (10), (20) we get

h_lDl [O} Uimp [—1] + h_lDl [1] Uimp [—2] + h_lDl [—1] Uimp [0} =0,
{ hilDl [0} Uimp U’C + 1] + hilDl [1] Uimp [k] + hilDl [71] Uimp [k + 2] =0

11
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or

2(1+e?) [—Le g+ ehdt] — 2" [—Te g + e2hdT] — 2e" f[0] =
Lehkthy | o=hk=hg=] _geh [Lehkt2hg | o=hk=2hg~] _

2(1+ €2

By virtue of the formulas (3) and (4), finally, we find

d+ (ehk _ ehk—h) ,

_1

T4
d- = 1 (ehk—h _ ehk)
1 .

Then from (9) we find that d = 0.
As a result, we rewrite U;p,p[5] through the (13) and (14) as follows

g I (kY o gk,

Uimp [8] = ¢ £ (5] for B=0,k,

D254 S (MR _ehK)  for §<0.

0,
2¢" flhk] = 0.

(13)

(14)

(15)

Now we turn to calculating the optimal coefficients of implicit difference formulas

8’1[5] , B =0,k according to the formula (11)

Cilk] =h™" 3" Dilk—Uimplr] =
= h™ {D1[0|Uimpk] + D1 Uimp[k — 1] + D1 [~ 1)Uy [k + 1]} =
ht e —1
2(1—62h)( h(eh+1)

—2e" + 4e" —2) =

o h_
So C1]k] = hfeh+11)'

Calculate the next optimal coefficient

Calk—1] =~ i Dy[k =y = 1Uimp[] =
= b= {D1[0]Usmp [k — 1] + D1[1)Uimp[k — 2] + Dy [=1]Uimp K]} =

h~t et —1
(2Pl )=
2(1—e2h)( e et —2) h(eh+1)

Thus C1 [k — 1] = 75745

Go to computed 6071[6] when 8 =1,k — 2

LB =Y. DilB — NUimph]

y=—o00

12
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= h™ {D1[0]Uimyp[B8] + Dr[1Usimp[B — 1] + Di[~1]Uimp 5 + 1]}

ht {(1 + e2h) (efthrhﬁ _ hk—hB—h _ —hk+hf+h ehkfhﬁ)}

g e s i
2 (1h__162h) (e (e7MMHhIH — IRZRE=2h o mhRAREE2R 4 hh=hi=l) }
Bl
= 30—y 0= 0.

Thereby, C1[3] =0 , for = 1,k — 2.
Then calculate 8‘1 [0]

Cr0 =" > Dyl U]

y=—00
= h_l {Dl [O]Uimzi[o] + Dl[l]Uimz)[_l] + Dy [_I]Uimp[l]}
h! 2h\ (.—hk _ _hk—h _ _—hk+h | _hk
g LU ) (e e )
ht h “hk | _—hk—h | _hk+h _ _hk
Y {e" (—e " +e +e — ™)}
ht h (,—hk+th _ _hk—2h hk+2h | _hk—h ht
— Y7 - — - — e - = 0 = O
2(1_e2h) {e (e € € te )} 2(1_62h)

hence (' [0] = 0.
Finally, we have proved the following.

Theorem 3.1 In the Hilbert space VVQ(Q’I)(O7 1), there exists a unique optimal
implicit difference formula, of Adams-Moulton type, whose coefficients are de-
termined by formulas

1 for B=k,
ClBl=¢q -1 for B=k-1, (16)
0 for B=0,k—2,
eh—l _
° h(ih+1) fOT. ﬂ - k?
Cilfl =\ oy for B=k—-1, (17)
0 for B=0,k—2
Consequently, the optimal implicit difference formula in W2(2’1)(07 1) has the
form
eh—1 / ’
Ontk = Pntk—1 + 1 (Onak + Pnik1) (18)

where n =0,1,.... N —k, k> 1.

13
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4 Norm of the error functional of the optimal
explicit difference formula

The square of the norm of an explicit Adams-Bashforth type difference for-
mula is expressed by the equality

kk
e[ o] = 3 chicec b - 4 -
=0 =0
k—1 k—1k—1
21" Cily ZC BIGy [y =Bl = kY Y CibGiBGs [y = 6. (1)
¥=0 B=0 7=05=0

In this section, we deal with the calculation of the squared norm (1) in the space

W2(2’1)(0, 1). For this we use the coefficients C[3] and Co'l[ﬁ], which is detected
in the formulas (22) and (23).
Then we calculate (1) in sequence as follows.

ez . | }jo [{Ga [y — K] = G2y — k + 1]}

—2h201 G [y — K] = Gy [y — k + 1]}

eh—15d,
P > Ci{GY [y -k + 1]}
v=0
2(eh —1 e —1)?
= G2 0)-Ga [1-Ga [ 11465 [0- 2=~ (s -1y - g oy - ey o
B 20" 1) , . 2(e"—1) sgn(h) (" +e"
= —2G; [1] + TGQ 1] = Ty 5 1
. sgn(h) eh—eh_ eh—1 €2h—26h+1_62h—1
27 ( 2 M= 2eh peh T h
(eh — 1) (36 — 1)
=h-— 262h

As a result, we get the following outcome.

Theorem 4.1 The square of the norm of the optimal error functional of an
explicit difference formula of the form (1) in the quotient space W2(2’1)(O, 1) is
expressed as formula

i w0, H2 P G 136(2?26" -9

14
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5 Norm of the error functional of the implicit
optimal difference formula

In this case, the square of the norm of the error functional of an implicit
Adams-Moulton type difference formula of the form (1) is expressed by the

equality
sz o0.0 [ = o3 ctctng -1~
—06-0
k k
21" Cily Zc 181G, [y — 8] - ZZC& blaiBiGs v =81 (1)
¥=0 B=0 7=08=0

Here we use the optimal coefficients of an implicit difference formula of the form
(1), which is detected in the formulas (16) and (17).
Then, we calculate (1) as follows

H£’W2 H ZC H{Gao [y =K = G2 [y — k +1]}

—2hZCl HGy [y =k = Gy [y —k+ 1]}

h

2%251[71{6"2’[%161+G’2’h—k+1]}
~=0
eh—
= G2 0]-Ga [11-Ga [ 11462 0l 57 (63 10] - G 1]+ Gy 1] - Gy o)
2 (eh _ 2
A (0 + G 1+ G 11+ G o)
o 4(6h ) ’ (eh_1>2 "
= —2G, [U*‘hi_HG 2 [1] — mGz (1]
_A(e"—1) sgn(h) (e +en sgn(h) (et — el
T e+l 2 ( 2 _1>—2' 2 ( 2 _h)
(eh—1)2 sgn(h) (el — el
ICES < 2 >
_n e —1 2(eh—1)2(eh—1) (eh—1)2(eh—1)
=T et 2¢h (eh+1)  2eh(eh41)
(1) () o 2(eh )
=ht 2eh <6h—|—1 _eh_:l)_h_eh—&—l'

Consequently, we get the following result.

15
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Theorem 5.1 Among all implicit difference formulas of the form (1) in the
Hilbert space W2(2’1)(0, 1), there is a unique implicit optimal difference formula
square the norms of the error functional of which is determined by the equality

. 2 2 (" — 1)
(2,1)* H _
[ | =h- =552

6 Numerical results

In this section, we give some numerical results in order to show tables and
graphs of solutions and errors of our optimal explicit difference formulas (24) and
optimal implicit difference formulas (18), with coeflicients given correspondingly
in Theorem 2.3 and Theorem 3.1. We show the results of the created formulas
in some examples in the form of tables and graphs. Here, of course, the results
presented in the table are then shown in the graph.

Example: y'=xsin(-3x)-2, N = 18, h = 8.1, y_8=1; exact solution: 1/3xcos(-3x)-1/3cos(-3x)-2x+4/3

N=18

y_0=1

| | Exact solution | solutien of the Euler | Error of the Euler | Solution of the Optimal exp.diff | Error of the Optimal exp.dif |
| | I Hethod I Hethod I .formula | f.fornula |
| 0.8 | 1.8 I 1.8 | 8.8 | 1.8 | 0.0 |
| 0.1 | 8.846732386595652 | 8.8 | ©.946732386595651 | 0.80967483607191% | 8.0370575508523732 |
| 0.2 | 8.713243836024086 | 8.597044797933387 | ©.1161990380906%9 | 0.616537425554994 | 0.096706410469092 |
| 0.3 | 8.588291007403512 | 0.385751948465486 | ©.202539058938026 | 0.415465694495946 | 0.172825312907565 |
| 0.4 | 0.460861782437999 | 0.162252141176661 | ©.298609641261337 | 0.202777587195246 | 0.258084275242752 |
| 0.5 | 8.321543799722049 | -0.075029422262028 | ©.396573221984077 | -8.023825755097653 | 0.344569554819702 |
| 0.6 | 8.163626945959078 | -0.32490417159223 | ©.488531117551308 | -0.260813018236448 | 0.424439964195526 |
| 0.7 | -08.016182056206681 | -0.583335029444922 | ©.567152973238241 | -0.906742495160889 | 0.490560438954208 |
| 0.8 | -08.217507085630584 | -0.8437596851108343 | ©.62625259947976 | -0.754569321563065 | 8.537062235932482 |
| 0.9 | -0.436530928599431 | -1.097796739554436 | ©.661265810955004 | -0.996317541717459 | 8.559786613118027 |
| 1.0 | -0.666666666666667 | -1.33626092877548 | ©.669594262108813 | -1.22324622123982 | 8.556579554573153 |

Graph of and exact solutions for ODEs 07 The difference between exact and solutions
1.0 | —+ Graph of the approximate solution of the Euler method = The error of the Euler method
—+- Graph of the approximate solution ofthe Optimal expdiformula 06 | — The errr of the Optimal expaiftformula
— Graph of the exact soution
0s
0s
) go4
= Zos
05 z
02
10 o1
00
00 02 04 o6 o8 10 00 02 04 o6 o8 10
¢ ¢
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Example: y'=xsin(-3x)-2, N = 18, h = 8.1, y_8=8; exact solution: 1/3xcos(-3x)-1/3cos(-3x)-2x+4/3

N=10

y_8=0

| t | Exact solution | Solution of the Euler | Error of the Euler | Solution of the Optimal exp.diff. | Error of the Optimal exp.dif |
| | I Hethod I Hethod I formula | f.formula |
| 8.8 | 8.8 I 8.8 I 8.8 I 8.8 | 0.0 |
| 8.1 | 8.177582570455131 | 8.2 | 0.822417429544869 | 0.1908325163928081 | 0.01274259347295

| 8.2 | 8.318937805892713 | 8.35751574648716 | ©.838578748514447 | 8.3482212152089865 | 0.021284209316352 |
| 8.3 | 9.433883226340232 | 0.48432171812668 | ©.850438491786449 | 0.460893051981951 | 0.02700982564172

| 8.4 | B.529205824465697 | 0.588522961386072 | ©.859317136928375 | 8.560853645506219 | 0.03088478210408522 |
| 8.5 | 0.689635519478213 | 8.675744617789182 | 0.866189098318888 | 8.643856025771146 | 0.033420506292933

| 8.6 | B.67850887558362 | 0.749931212884026 | ©.871422336508406 | 8.713653904373384 | 0.035145028789763 |
| 8.7 | 8.738212188552286 | 8.81388417182237 | 0.875671990478884 | 8.774513191341514 | 0.036301010789229 |
| 8.8 | 8.790480484888187 | 0.869623707664033 | ©.879143222775846 | 8.827556373584513 | 0.037075888696326 |
| 8.9 | 0.8365994089647578 | 8.918632824473592 | ©.882833414826814 | 8.874194714538262 | 0.037595304890684 |
| 1.8 | 8.877541649106374 | 0.962022162692381 | ©.0844805135860807 | 0.915485129884372 | 0.037943479977998 |

Figure 3:
Graph of approximate and exact solutions for ODES The difference between exact and approximate solutions

&+ Graph of the approximate solution of the Euler method
~e- Graph of the approximate solution of the Optimal exp.diftformula
0.8 { — Graph of the exact solution

—— The error of the Euler method
—— The error of the Optimal exp.diffformula

Iy(t)-ap_sol|
3

Figure 4:

The tables in Figures 1, 3, and 5 show the exact and approximate solutions
and the differences between the exact and approximate solutions.

According to the tables in Figures 1 and 3 on the left side of these Figures
2 and 4 are graphs of approximate and exact solutions, and on the right side of
these Figures 2 and 4 graphs of the difference between the actual and approxi-
mate solutions are shown. As can be seen from the results presented above, in a
certain sense, the optimal explicit formula gives better results than the classical
Euler formula.

In accordance with the table, shown in Figure 5, on the left side of these
Figure 6, graphs of approximate and exact solutions are shown, and on the
right side of these Figure 6, graphs of the difference between the authentic and
approximate solutions. As can be seen from the results presented above, in a
certain sense, optimal explicit and implicit difference formulas give better results
than the classical Euler formula.

It should also be noted that with the help of newly constructed difference
schemes, it is possible to obtain approximate solutions with good accuracy.

17
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Exanple: y'=y-x*2+1, N = 18, h = 8.1, y_8=8.5; exact solution: y(x)=(x+1)*2-8.5e"(x)
N=10
y_8=0.5

| t | Exact solution | Solution of the Euler | Error of the Euler M | Solution of the Optimal imp.diff. | Error of the Optimal imp.diff |

| | I Hethod I ethod I formula | .formula |
| 8.0 | 8.5 I 8.5 I 8.8 ] 8.5 | 0.8 |
| 8.1 | ©.657414541 | 8.65 | 0.807414541 | 8.6572305225 | 0.0001840184 |
| 8.2 | ©.82929862089 | 8.814 I 9.8152986209 ] 9.8288937851 | 0.0004049158 |
| 8.3 | 1.8150705962 | 8.9914 | 0.0236705962 | 1.0144040254 | 0.0006665708 |
| 8.4 | 1.2140876512 | 1.18154 | 0.8325476512 | 1.2131143814 | 0.0009732698 |
| 8.5 | 1.4256393646 | 1.383694 | 8.8419453846 | 1.42430896145 | 0.0013297501 |
| 8.6 | 1.6489485998 | 1.5970634 | 9.8518771998 | 1.6471993523 | 0.0017412475 |
| 8.7 | 1.8831236463 | 1.82076974 | 8.8623539063 | 1.88089108984 | 0.0022135479 |
| 8.8 | 2.1272295358 | 2.053846714 | 9.08733828218 | 2.1244764896 | 0.0027530461 |
| 8.9 | 2.3801984444 | 2.2952313854 | 8.884967859 | 2.3768316349 | 0.003365680895 |
| 1.8 | 2.64085908858 | 2.5437545239 | 0.08971045618 | 2.6367964373 | 0.0040626485 |
Figure 5:
Graph of approximate and exact solutions for ODEs The difference between exact and approximate solutions
e Graph of the approximate solution of the Euler method 4 20 ¥ e ertor of the Euler method
25 Graph of the approximate solution of the Optimal imp.diféformula o The error of the Optimal imp.diféformula
—— Graph of the exact solution "~ 0.08
20
o0
g5 g
Soos
0 002
05 000
00 02 04 06 08 10 00 02 04 06 08 10
t t

Figure 6:

Also, with the help of these methods, it is possible to solve problems in various
fields of mechanics. The cited numerical results were obtained using the Python
programming language.

7 Conclusion

In conclusion, In this paper, new Adams-type optimal difference formulas are
constructed and exact expressions for the exact estimation of their error are
obtained. Moreover, we have shown that the results obtained by the optimal
explicit difference formulas constructed in the W2(2’1)(0,1) Hilbert space are
better than the results obtained by the Euler formula. In addition, the optimal
implicit formula is more accurate than the optimal explicit formula and the
effectiveness of the new optimal difference formulas was shown in the numerical
results.
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Direct approach to the stability of various functional
equations in Felbin’s type non-archimedean fuzzy normed
spaces

JOHN MICHAEL RASSIAS, SHALU SHARMA, JYOTSANA JAKHAR AND
JAGJEET JAKHAR

ABSTRACT. Using the direct approach, the authors find the Ulam
stability of the septic functional equation and octic functional equa-
tion in Felbin’s type non-Archimedean fuzzy normed space.

1. INTRODUCTION AND PRELIMINARIES

The emergence of functional equations coincided with the modern
formulation of the function concept. The first publications regarding
functional equations were authored by D’Alembert [1] during the pe-
riod between 1747 and 1750. Due to their apparent simplicity and
harmonic characteristics, functional equations have captured the in-
terest of numerous renowned mathematicians. Notable figures such as
Rassias [5], Aoki [4], Gavruta [6] and Jakhar [11, 12] have all engaged
with this area of study.

The foundational concept of Hyers-Ulam stability for functional equa-
tions traces back to a renowned problem centered on group homomor-
phisms(“Let G be a group and G’ be a metric group with metric d(., .).
Given € > 0 does there exists a § > 0 such that if a function f : G — G’
satisfies the inequality d(f(zy), f(z)f(y)) < ¢ for all z,y € G, then
there exists homomorphism H : G — G’ with d(f(z), H(x)) < € for
all z € G77), successfully addressed by Ulam [2] and Hyers [3]. Over
the past decades, a substantial volume of literature has been devoted
to addressing the stability problem in the context of functional equa-
tions, with significant focus on crucial issues within this domain (see
[7,8,9, 10, 11, 12]). Consequently, numerous effective techniques have
been detailed in various papers (such as [10, 18-24, 27]), encompassing
approaches like the direct method, fixed point method. Notably, the

2010 Mathematics Subject Classification. Primary: 39B52, 39B72.
Key words and phrases. Direct Method, Felbin’s type fuzzy normed space,
Hyers-Ulam stability, Octic functional equation, Septic functional equation.
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direct method consistently emerges as the primary investigative tool
for exploring functional equations of diverse kinds.

The idea of fuzzy criteria on a set of data is used in the field of
fuzzy functional analysis. In 1984, Katsaras [13]| was the first to sug-
gest this concept while researching fuzzy topological vector spaces, his
groundbreaking work [14, 15, 16] being a motivating factor for many
mathematicians. The authors Cheng & Mordsen [19] introduced an
alternative form of fuzzy norm for linear spaces utilizing a distinct
technique . In a related context, Michalek and Kramosil [20] further
investigated the associated fuzzy metric in 1994 . The concept of a
fuzzy real number’s criterion, as articulated by Géhler and Géhler [21],
quantifies the discrepancy between its negative and positive compo-
nents.

Interestingly, Samantha and Bag [22] identified an enigmatic crite-
rion that diverged somewhat from Mordsen & Cheng’s established cri-
terion. They subsequently demonstrated an applicable decomposition
theorem for this distinctive criterion. This concept has found utility in
the advancement and execution of fuzzy functional analysis, leading to
an array of publications from diverse researchers.

Of particular significance is the work conducted by Xiao and Zhu[26]
in this domain . They explored into various aspects of fuzzy norm lin-
ear spaces, encompassing the consideration of Felbin-type fuzzy norms
in their generalized manifestation. Bag and Samantha, in their contri-
bution [27], presented a minor alteration to Felbin’s concept of a fuzzy
standardized linear space.

The functional equation

g(u+4v) — Tg(u + 3v) 4+ 21g(u + 2v) — 35g9(u + v) — 21g(u — v)
+7g(u — 2v) — g(u — 3v) + 35g(u) = 5040¢g(v)

is known as septic functional equation since cu’ is the solution.
Similarly, the functional equation

g(u+4v) — 8¢g(u + 3v) + 28¢g(u + 2v) — 56g(u + v)
—56g(u — v) + 28g(u — 2v) — 8g(u — 3v) + g(u — 4v)
+70g(u) = 40320g(v)

is known as octic functional equation since cu® is the solution. Each
solution to a octic functional equation in particular is referred to as a
octic mapping.

Now, the authors will address the definitions, notations, and funda-
mental characteristics of a non-Archimedean fuzzy normed linear space
in the Felbin’s type framework.
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Definition 1.1. [26] A function o : R — [0,1] is termed a fuzzy real
number if its a-level set is represented as [0], = {s : o(s) > a} and
function satisfies two conditions:

(1) there exist so € R such as o(sg) = 1.
(2) [0]a = [0, 02] for each a € (0,1]
where —oo < [o}] < [0?] < 400.

F denotes the set of all fuzzy real numbers.

Definition 1.2. [19] Let 0,¢ € F and [0], = [I},ml], [c]la = [12, m?],
a € (0,1]. Then [¢ ® o], = [IL + 12, mL + m?].

Definition 1.3. [17] A partial order denoted by ”=<" is established
within the set F as follows: For any ¢ and ¢ in F, ¢ =< ¢ holds if
and only if, for all @ € (0, 1], it satisfies o} < ¢! and 02 < ¢2, where
[0]a = [0l,02] and [¢], = [s},¢2]. Furthermore, a stricter inequality,

denoted by “ < 7, is defined within F: ¢ < ¢ if and only if, for all
a € (0, 1], the conditions ¢} < ¢! and 02 < ¢2 are satisfied.

Definition 1.4. [17] Consider a vector space U over R and ||.|| : U —
R*(I)(set of all upper semi continuous normal convex fuzzy real num-
bers) and let the mappings £,R : [0,1] x [0,1] — [0,1] be symmet-
ric, non-decreasing in both arguments and satisfy £(0,0) = 0 and
R(1,1) = 0. Write

lullla = Uull, Julls] V' wel & 0<a<l

and suppose for all u € U,u # 0, there exists ag € (0, 1] independent
of u such that for all o < g
(1) lulls < oo,
(I1) ||u||$ > 0. The quadruple (U, ||.||, £L,U) is called a fuzzy normed
linear space and ||.|| is a fuzzy norm if

(1) |Ju]] =0 < u=0.

(2) ||rul| = |r||ju|] V weUreR.

(3) For all u,v € U

(a) whenever

p<|lulll,g <|Plli and p+q<||u+o|l],
Ju+v||(p+q) = L(|ul|(p), ||v]|(g)),

(b) whenever

p =l g = lvlli and p+q > Jlu+tolly,
[lu+[[(p +q) <U([[ul|(p), [|v]|(g))-
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Fuzzy norm on a linear space is defined in [17] as stated by C. Felbin.
Now, as stated in [17], we define the fuzzy norm of modified Felbin’s
type on a linear space.

Definition 1.5. [17] Consider a linear space U over R. Let
| || : U — F* be a mapping satisfying

(1) lul] =0 <= u=0.

(2) ||rul| = |r||ju|] V weUreR.

(3) [lv+ ul| 2 o[l @ [[u]| ¥ v,u € U, and

u#0=|lul|(s)=0 V s<0.
Then (U, || ||) is known as fuzzy normed linear space and || || is

known as fuzzy norm on U.

Definition 1.6. [12] Suppose K be a field. An absolute value on K is
classified as non-Archimedean field if it satisfies the following conditions
for any elements a and b in K:

(1) la] >0 and |a| =0 <= a=0.

(2) |a+ b < max{lal,|b|}.

(3) |abl = |al[b].

(4) There exists ag € K such that |ag| # 0, 1.

The main objective of this study is to establish the generalized Hyers-
Ulam stability for septic and octic functional equations within a mod-
ified Felbin-type fuzzy normed linear space. The article is organized
into three sections. In section 2, we examine the stability analysis of
the septic functional equation within a non-Archimedean fuzzy normed
linear space of the Felbin type. Moving on to section 3, our focus shifts
to the generalized Hyers-Ulam stability of the octic functional equa-
tion. This investigation takes place within a non-Archimedean fuzzy
normed linear space of the Felbin type.

2. STABILITY OF SEPTIC FUNCTIONAL EQUATION

The stability problems of various septic functional equations in sev-
eral spaces such as intuitionistic fuzzy normed spaces, random normed
spaces, non-Archimedean spaces, Banach spaces, orthogonal spaces and
many other spaces have been broadly investigated by a number of math-
ematicians. Motivated by the approach of research by various mathe-
maticians, an effort has been made in this paper to obtain the stability
of the following functional equations.

g(u+4v) — Tg(u+ 3v) + 21g(u + 2v) — 35g(u + v) — 21g(u — v)
+7g(u — 2v) — g(u — 3v) + 35g(u) = 5040g(v). (2.1)
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To simplify notation, let us introduce the “difference operator ”denoted
by Asl.
Agg(u,v) = glu+4v) — 7g(u+ 3v) + 21g(u + 2v) — 35g(u + v)
— 2lg(u—v) + Tg(u — 2v) — g(u — 3v) + 35g(u)
— 5040¢g(v).
Theorem 2.1. Suppose that U is a linear space and (W, ||.||~) is a
fuzzy normed space. Consider ¢ : U? — W be a mapping such that

LTI ~1 TRV ~2
e 2 e 2 )l
n—00 |27n| n—00 |27n|

for allu,v € U and o € (0,1]. Let (V,||.]|) is a non-Archimedean fuzzy
Banach space. If the mapping g : U — V' is such that

1Ay g(u, v)[| 2 [ (u, v)]|™ (2.3)
for all u,v € U, then there exists one and only one septic mapping
S U — V fulfilling the given condition

—0, (2.2)

1 H(2%u)
HS(u)—g(u)Hjymax{T;k’eNUO}, (2.4)
where
1
H(2M) = |- 2ku)||~ 2, —6.2%)||
(2w) ‘2520 ‘10080 (WM ™ @ [[(6.2"u, 6 U)H>
1 k ~ k k ~
o || (w0 a2 8 w2t —azw)
1 ~ ~
@ o= {900, 3.250)[|™ @ [[¢(3.2%u, —3.25u)]|
180
& | |11(0, 2.25u) ||~ @ || (2.2Fu, —2.2Fu)| |~
288 :
373 R .
© [ (110201 962, ~240) )
1 k, ok, |~ 7 k. ok, \||~
@ |5 |l(A2% 28)[[7 & |5 [[9(3:2%, 2% )|
©  11|[0(2.28u, 25u) ||~ @ 21.]|¢(2%u, 2Fu)||~
1
o [3lv0.2201~ o 2810201 @ [T w0l
Proof. Taking u =0 = v in (2.3), we obtain
[1%(0,0)]~
O 2 = — 2.5
19(0)]] = 5010) (2.5)
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Taking (u,v) = (0,u) in (2.3), the authors get
llg(4u) — Tg(3u) + 21g(2u) — 5075g(u) + 35¢(0) — 21g(—u)
+7g(=2u) — g(=3u)|[ = [[¢(0, w)[|™. (2.6)
Putting (u,v) = (u, —u) in (2.3), we get
l|g(—3u) — 7g(—2u) — 5019g(—u) — 35¢(0) + 35g(u) — 21g(2u)
+79(3u) — g(4u)|| 2 || (u, —u)||™. (2.7)
By (2.6) and (2.7), we obtain

o) = (=)l = 5

Putting (u,v) = (4u, u) in (2.3), we get

llg(8u) — 7g(Tu) 4+ 21g(6u) — 359(5u) + 35g(4u) — 21g(3u)
+79(2u) — 5041g(u)[| = [[¢(4u, w)||™. (2.9)

Taking (u,v) = (0,2u) in (2.3), the authors get

llg(8u) — Tg(6u) + 21g(4u) — 5075g(2u) 4+ 359(0) — 21g(—2u)
+79(—4u) — g(=6u)|[ 2 [[¢(0, 2u)|[". (2.10)

By (2.9) and (2.10), we obtain
[|7g(Tu) — 28¢(6u) + 35g(5u) — 14g(4u) + 21g(3u)
—5082¢(2u) + 5041g(u) + 359(0) — 21g(—2u)
+7g(—4u) — g(=6u)|| = ([l¥(du, w)||™ @ [[$(0, 2u)[|7).(2.11)
Now, using (2.5), (2.8) and (2.11), we conclude
[|7g(Tu) — 27g(6u) + 359(5u) — 21g(4u) + 21g(3u) — 5061g(2u)

oo (00, 6u) ||~ @ [ (6u, —6u)||™)

U0 W™ @ [¢(u, —w)[|™). (2.8)

1
+5041g(u)|| < |5040|
1

~ ~ 1 ~
@WWOIOAU)H @ [[¢(4u, —4u)[[7) & 10| oo U0, 2u)|
@W(?u —2u)[|”) @ |[¢(4u, w)|[ @ [|¢(0, 2u)[|™
B [0(0.0)]" (212)
Putting (u,v) = (3u, u) in (2.3), we get

llg(Tu) — 7g(6u) + 21g(5u) — 35g(4u) 4+ 359(3u) — 21g(2u)
—5033g(u) — g(0)[| = [[¢(3u, w)[|™. (2.13)
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From (2.5), we obtain
l|g(Tu) — 7g(6u) + 21g(5u) — 35g(4u) + 35¢(3u) — 21g(2u)

—5033g(w)|| 2 [[¢(3u, u)|[~ ® |5O4O|||¢(0 O™ (2.14)

From (2.12) and (2.14), we obtain
[11g(6u) — 569(5u) + 112¢(4u) — 112¢(3u) — 2457g(2u)

+20136¢(u)|| _.|10080|qy¢<0 6u)||~ @ ||1(6u, —6u)||™)
HLNWWOMMV®HMMw4MH) MmNW@2>W

1 7
DIy (2u, =2u)[[7) @ Fllv (4w, w)[[™ & Fllv (Bu, w7

&3119(0,20)|1 ® 5 (0, 0)] 1 (215)
Putting (u,v) = (2u,u) in (2.3), we obtain

l|g(6u) — 7g(5u) 4+ 21g(4u) — 359(3u) 4+ 35g(2u) — 5061g(u)

—g(=u) + 79(0)]] = [[¢(2u, w)||™. (2.16)
Now, by using (2.5), (2.8) and (2.16), we get

l|g(6u) — 7g(5u) + 21g(4u) — 35g(3u) + 35¢g(2u) — 50609 (u)||

=l Qu, w)[|™ @ e (190, w)|™ @ [ (u, —u)]|™)

\5040]

1 -
@WW(U,O)H : (2.17)

From (2.15)and (2.17), the authors obtain
||21g(5u) — 119¢g(4u) + 2739 (3u) — 2842¢(2u) + 75796¢g(u)||

(1140, 6u) [~ @ [[4(6u, —6u)||) & @wm,zxuw

oo U0, 2u)||™ @ |¢(2u, =2u)[|™)

|10080|

&= (00, )~ & i, —w)[) &

o S0l

2]

1

(0, 0)]. (2.18)

69|—W(3u, w)||™ & 1|y (2u, w)[|™ &

®l360 360
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Putting (u,v) = (u,u) in (2.3), we get
llg(5u) — Tg(4u) + 21g(3u) — 359(2u) — g(—2u) — 5005¢g(u)
+7g(—u) = 21g(0)[[ = [[¢(u, w)[|”™. (2.19)
With the help of (2.5), (2.8) and (2.19), we get
lg(5u) — To(4u) +219(3u) — 34g(2u) — 50129(a)| < [, )]

Sl )| @ T (0. 2] & 1o 2 ~20)])

oo (190, W[~ @ ([P (u, —u)[|™) ® 7= [[$(0,0)[|7). (2.20)

|720| |240|
Now, from (2.18) and (2.20), we conclude

1128¢(4u) — 168¢(3u) — 21328¢(2u) + 181048g( )|

= g (110 B0l & (6, ~60)|[) & (100,40
Bl (4o, ~4a) ) & |160|<||¢<o 2|1~ @ 1o (2w, ~2u)]|)
@%mwo W)l @ [, ~u)|1) @ 3l (s, )

@§II¢(3U, u)||~ @ 11||¢(2u w)||~ @ 21 [ (u, w)||~

& 51100, 20)||~ & o [[(0,0) |~ (221)

720
Now, by using (2.5), (2.6) and (2.8), we obtain

o) = Ga(3u) + 14g(20) — 50349(w)] % 5 (000,300
Il ~30)[") & T (10(0. 20[1” & (20, ~20) )
|2i0|<\\w<o W)~ @ 1 (a, ~u) 1) © (0, )
o vO.0l (222)

Now, by (2.21) and (2.22), the authors conclude that

19(2u) — 27g(u)l| = H (u) (2.23)
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where

1 1
2520 | 10080

1
&5 1900 4|~ @ (|4 (4u, —4u)||™) & = ([0, 3u)||™

B[y (3u, =3u)[|7) © E(H%D(O, 2u)|[” @ [[¢(2u, —2u)[|™)

288
373

1
@ (10, [~ @ [, —u)||7) @ 5[l (du, )|~

7 1
DIl Bu, W™ & 11J9 (2w, w)[|™ & |19 (w, w)[[™ ® 5[[(0, 2u)]|™

217
720

H{(u) (140, 6u)||™ @ [[¢(6u, —6u)[|™)

@281 (0, w)[|™ & —[[¥(0,0)|I7].

Hence from (2.23), we get

19(2u) — 27g(u)l[a < Hi(u), (2.24)
and

l9(2u) — 27g(u)|[2 < Ha(u), (2.25)
where for a € (0, 1], then

1 1

Hy (1) = oo | <o (1900, 60) 11 & [ (6, —60) |1)

1 1
D= ([ (0, 4u)] [ @ [y (du, —4u)||5™) & = (1[40, 3u)| |5

1440 180
11930, ~3u)[157) ® oo (16(0, 20)] [ & 1 (2, ~20)[13")
B (60,15 & g, ~w) 157) @ 3119 (du, w1y~
B llé(Bu w5 © 110 20,1k @ 9 w5 & v, 201
2810, )15 & 2o 16(0, 0) 1~ (2.26)

328 RASSIAS et al 320-352



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

1OHN MICHAEL RASSIAS, SHALU SHARMA, JYOTSANA JAKHAR AND JAGJEET JAKHAR

and
1 1
Hy(u) =
2520 | 10080

o [P0, 4U)H2N€B H¢(4u —du)[[37) & 180(IIQ/J(O 3u)|[2

2 (o0, 202 @ (2w, ~20)] )

o= (1000, 6u) |5 &[]0 (6u, —6u)|[5)

S 1110
®|[¢(3u, =3u)[[37) ®

288
373

@ﬁmm wlla” @ [[¥(u, —u)|27) & —||¢(4u,U)|IiN

1
—I|w(3u u)lla” @ 11Hw(2u wlla” @ [l wlle™ & 1180, 2|13

52810, 0)[[2 & ot [0, 0) |2 (2.27)
720
From (2.25), we conclude
9(2u) ~ o Hi(u)
15577 — 9(wlla™ < =5 (2.28)
2 27]
Replacing u by 2"u in (2.28) and dividing both side by 2™, we obtain
g2 ) g(2"u)||" _ Hi(2"u)
‘ ‘ 27(n+1) 27n = |27(n+1)’ (229)

for all non-negative integers n. Hence the sequence {Z (22;")} is Cauchy.

Every Cauchy sequence is convergent in Y, since Y is complete. So,
the authors construct a mapping S : U — V such that

Qn
S(u) = nlggo g(zmu), (2.30)
ie.,
| [9(2") a
nh_{&’ 57 — S(u) ’ =0. (2.31)

Now for each non-negative integer n, the authors explore

1

n—1
9(2"u) _ 92" ') g(2"u)
H 97n — g(u) - Z( 97(ntl)  97n
e k=0 e
92 g2k ||
< max{H 57D 9m :0§k<n}
1 Hy(2F
< ?max{%:0§k<n}. (2.32)
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Similarly, the authors can show that

n 2 k
g(2"u) 1 Hy(2%u)
o ot < e
Taking n — oo in (2.32) and (2.33), the authors see that inequality

(2.4) holds. Next we prove that S : U — V is a cubic mapping.
Replacing (u,v) by (2"u,2"v) and divide by [2™| in (2.3), we get

:0§k:<n}. (2.33)

5121902+ 40)) — Tg(2"(u 4 30)) + 219(2"(u + 20))
=35(2"(u +v)) — 219(2"(u — v)) + Tg(2" (u — 20v))
—g(2"(u — 3v)) + 35g(2"u) — 50409(2"v)||

2y, 270 ||
jHW_Q“;; v) (2.34)

Taking n — oo in the above inequality, we get
]S (u+ 4v) — 3S(u + 3v) + 215 (u + 2v) — 355 (u + v) — 215 (u — v)
+7S(u — 2v) — S(u — 3v) + 355 (u) — 50405 (v)|| 2 0
this implies that
S(u+4v) — 35(u+ 3v) + 215 (u + 2v) — 355(u + v) — 215 (u — v)
+75(u —2v) — S(u — 3v) + 355 (u) — 50405 (v) = 0.
U

Therefore, the mapping S : U — V is septic. Next we shall prove
uniqueness of mapping S. Now, consider another septic mapping S :
U — V which satisfies (2.1) and (2.4). For fix v € U, certainly
S(2"u) = 2™S(u) and S'(2"u) = 2™S'(u) for all n € N. Therefore,

/ : ]' n ! /on
IS — ')l = lim oS - /(2|
: 1 n n n / n
= tim o 1S(2) — g(2'w) + g(2") — (2
: 1 n n 1 n ! n
< Jim o { 11S@'0) = o2l gz llo@'a) — S0l

< lim i 1 H(2Mmy)  H (2K ™)
= o i AR A D7t otk ok

=0.
Therefore, S(u) — S’ (u) = 0. So, S(u) = S’(u) Hence, we deduced that

S is unique mapping.
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Corollary 2.2. Suppose that (U, ||.||) is a normed space, (W,|| ||™)
is a fuzzy normed space, and (V.|| ||) is a non-Archimedean complete
fuzzy normed space. Let wy € W and p < 7 be non-negative real
numbers, respectively. If the mapping g : U — V is such that

[1Asg(w, )] = [0l 4 [[ul[")wol | (2.35)

for all u,v € U, then there exists one and only one septic mapping
S U =V fulfilling the given condition

[ [ul[Pwol [~ | 1 | (]50773] _|61]2P| _|[3[”
S(u) — = 60
15 (u) = g(u)l] = o7 2520\ | 840 | ¥ | 06 60
e el | [P+ |73+ 1)
N ‘480 Plaze0| V|2 |7 2

@ |11(2] +1)|)].

Corollary 2.3. Suppose that (U, ||.||) is a normed space, (W,|| ||™)
is a fuzzy normed space, and (V.|| ||) is a non-Archimedean complete
fuzzy normed space. Let wy € W and p,q < 7 be non-negative real
numbers, respectively. If the mapping g : U — V is such that

[1Asg(u, v)[] = ([(Ho][P[el|*)wol [~

for all u,v € U, then there exists one and only one septic mapping
S U =V fulfilling the given condition

[l P owol [~ | L | (|52920] | 13[2P*F4] | [3[P*9
— <
[S(u) = g(w)|| = o7 2520|\ | 2520 | | 288 180
P it P o A L e (1)
1440 | | 10080 2 2

o ())]

Corollary 2.4. Suppose that (U, ||.||) is a normed space, (W,|| ||™)
is a fuzzy normed space, and (V.|| ||) is a non-Archimedean complete
fuzzy normed space. Let wg € W and A = s +r < 7 be non-negative
real numbers, respectively. If the mapping g : U — V' is such that

[1Asg(u, )IF =2 0l Hull” A+ (lul 77+ [l )]wol ™ (2.36)
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for all u,v € U, then there exists one and only one septic mapping
S U =V fulfilling the given condition

||l [Pwol |~ | 1 6733| [49]2* 13]*
S(u) — <
15(w) =gl = o7 2520\ 630 | ¥ | 72 15
o 4> |6]* 703"+ 3] + 1)
380~ 2520 2
4" + 4 + 1
@ ‘%‘@|11(]2|”+2A+1)|)}

Theorem 2.5. Suppose that U is a linear space and (W, ||.||~) is a
fuzzy normed space. Consider v : U> — W be a mapping such that

~2

=0, (2.37)

~1

= lim 2™

lim |27
n—oo

n—oo

u v u v
w(zﬂ?) w(zﬂ?)

for allu € U and « € (0,1]. Let (V,||.||) is a non-Archimedean fuzzy
Banach space. If the mapping g : U — V is such that

« «

1Asg(u, 0)|| = [ (u, v)[]~ (2.38)

for all u,v € U, then there exists one and only one septic mapping
S U —V fulfilling the given condition

u

1S (u) — g(u)]| = %max {\27(’“+1)|H(2k+1> k€ NU {0}} (2.39)
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where

1 N 6u

2k+1 ‘M‘HM'QW( 2k+1)|| ||¢(2k+1’2k+1)|| )
1 N 4u 4u
| (e o 2M)H ||w(2kﬂ W)H)

14
1 N -
180 H 2k+1 H Hw(2k+17 2k+1)‘|

((
© || (1052 )1 @ I e 3 )11

288
© || (110 i 1”@ o e 5 ) 1)
N R K e
© 111 525 i I © 21110 i g ) I°

1
o [5]1 (0. 0 ) 1 @ 2810 (0. 557 1

217 N
2.0,

Proof. From (2.24

D

the authors get

),
Hg(U) —27g (g) ; <H (g) (2.40)

for a € (0,1]. Replacing u by 7% and multiplying both side by |27 in
(2.40), we get

u u
‘ 2™ <2_n) _ 27(n+1)g(ﬁ) < |27"|H1(2n+1) (2.41)

for all negative integer n. Hence the sequence g{2g(5%)} is Cauchy
by (2.37) and (2.41). Every Cauchy sequence is convergent in Y, since
Y is complete. So, the authors construct a mapping S : U — V such
that

1

«

S(u) = lim 27”g<£)
n—00 on
for all w € U. That is
hmufw(i)—swmzﬁ

n—o00 on
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for all w € U. Now, for each positive integer n, the authors have

U
27n -
[7o(5:) -0 -
7(k+1 u % (U
<ma{[(240 (%) -2 (1))

1
< mma><;{|27<’f+1 | H, (2k+1) 0<k< n} (2.42)

Similarly , it can be shown from (2.25)

u
() o)
1
< mmax{ﬂ”’““ |Hy <2k+1) 0<k< n} (2.43)

Taking n — oo in (2.42) and (2.43), the authors see that inequality
(2.39) holds. The authors conclude that S(u) is a unique cubic mapping

holding (2.39) using the same procedure as in the demonstration of
theorem (2.1).

1

(7 () (5

1

1

«

;0§k<n}

2

O

Corollary 2.6. Suppose that (U, ||.||) is a normed space, (W,|| ||™)
is a fuzzy normed space, and (V.|| ||) is a non-Archimedean complete
fuzzy normed space. Let wy € W and p > 7 be non-negative real
numbers, respectively. If the mapping g : U — V' is such that

1Asg(u, 0)| Z (|0l + ||ul|P)wol[~ (2.44)

for all u,v € U, then there exists one and only one septic mapping
S U =V fulfilling the given condition

UlllPunll= | 1| (]50773] _[6121| (13l
S(u) — < 131*
[S(u) = g(w)|| = 2] 5550\ =10 | © |06 =

P P L P P (T
480 3360 2

@ |11(|2°| + 1)])}
forallu e U.

Corollary 2.7. Suppose that (U,||.||) is a normed space, (W, || ||™)
is a fuzzy normed space, and (V.|| ||) is a non-Archimedean complete
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fuzzy normed space. Let wy € W and p,q > 7 be non-negative real
numbers, respectively. If the mapping g : U — V is such that

[1Asrg(w, )] = ([0l |*)wol I~

for all uw,v € U, then there exists one and only one septic mapping
S U =V fulfilling the given condition

[ ulPFwo| |~ ] 1 | []52920]  |13[2Pe] |[3[P*e
S — <
1S(u) — g(w)|| = o7 2520\ | 2520 | ¥ | 288 180
. |4|P+a . |6|P+ - 4P o 7(]3[P)
1440 | = | 10080 2 2

o gDl |

Corollary 2.8. Suppose that (U, ||.||) is a normed space, (W, || ||™)
is a fuzzy normed space, and (V,|| ||) is a non-Archimedean complete
fuzzy normed space. Let wyg € W and A = s+ r > 7 be non-negative
real numbers, respectively. If the mapping g : U — V' is such that

1A g(u, 0)IF 2 0l Hull” + (ol + ul I )]wol ™ (2.45)

for all u,v € U, then there exists one and only one septic mapping
S U —V fulfilling the given condition

[ wlPwol [ ] 1 6733| _[4912]*| _ |I3]*
S(u) — <
15(w) =gl = 2] 2520 |\ 630 | ¢ | 72 15
o [A2] g |10 | 4 |73 + 131 + 1)
380| 2520 2
4"+ 14 +1
® ‘%‘@umzrwkﬂ)\)}
forallu e U.

Counterexample 2.9. Consider a real Banach algebra (U, ||.||) and a
non-Archimedean complete fuzzy norm space (U, || ||™~) in which

”ut”7, when [|u|]” < t,t #0

lllP @ =1, when flul" =t =0
0, otherwise.
whose a-level set is defined as [||u||~]o = [||u]]", %] Construct a
mapping g : U — U such that g(u) = u” + ||u||"ug, where uq is a unit

vector and

[186g(u, v)[[™ = [1(128]ful " + 42560[[v]|")uo| |,
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then there does not exist a septic mapping S : U — U fulfilling the
given condition

15(u) = g(@)l|™ = 27| "uol|™

3. STABILITY OF OCTIC FUNCTIONAL EQUATION

The stability problems of various octic functional equations in sev-
eral spaces such as intuitionistic fuzzy normed spaces, random normed
spaces, non-Archimedean spaces, Banach spaces, orthogonal spaces and
many other spaces have been broadly investigated by a number of math-
ematicians. Motivated by the approach of research by various mathe-
maticians, an effort has been made in this paper to obtain the stability
of the following functional equations.

g(u+4v) — 8¢g(u + 3v) + 28¢g(u + 2v) — 56¢g(u + v)
—56g(u — v) + 28¢(u — 2v) — 8g(u — 3v) + g(u — 4v)
+70g(u) = 40320g(v). (3.1)

To simplify notation, let us introduce the “difference operator ”denoted

by A,.
ANog(u,v) = g(u+4v) — 8g(u + 3v) + 28¢g(u + 2v) — 56g9(u + v)
— 56g(u —v) + 28¢g(u — 2v) — 8¢g(u — 3v) + g(u — 4v)
+ T70g(u) — 40320g(v).

Theorem 3.1. Suppose that U is a linear space and (W, ||.||~) is a
fuzzy normed space. Consider v : U> — W be a mapping such that
e 2l

on on ~1
g @M 20l

n—00 |28n| n—00 |28"|

0, (3.2)

for allu,v € U and « € (0,1]. Let (V. ||.]|) is a non-Archimedean fuzzy
Banach space. If the mapping g : U — V' is such that

1Aog(w, v)[| 2 [ (u, )|~ (3.3)

for all u,v € U, then there exists one and only one octic mapping
O :U =V fulfilling the given condition

Fu
||O(u)—g(u)]|j%maX{H(2ik );k:ENUO}, (3.4)
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where
Hw) — | L (1(8.25u, 8.250)|| @ [[ob(8.2, —8.25u) |~
20160 || 80640 ’ ’
k k||~ k), _a ok \[|~
® ‘10080 (||1/162 1, 6.250) ||~ @ |[1:(6.2%w, —6.2%w)| )
© Igggl (W02 429011 @ lva2e, 4.2
1
o |5 (lwe2s20l o lve2e 320
139
5 (224, 2.2~ & |1(2.250, —2.2%)~
480
417 b ok A~ b\
© [g50| ((l0n 20l @ vz, 20
& (19425, 250~ ® I8 [9(3.2%, 2w [~ @ 28] | (224, 240) |~
N N 851 N
© Il le(zHu 20l o B0, 20l © oo (0,0l
forallu e U.
Proof. Taking u =0 = v in (3.3), we have
L)l < —=—[16(0,0)I" (35)

|40320|
Replacing (u,v) in (3.3) with (u,-v), we get

|g(u + 4v) — 8g(u + 3v) + 28g(u + 2v) — 56g(u + v)
—56g(u — v) + 28g(u — 2v) — 8g(u — 3v) + g(u — 4v)
+70g(u) — 40320g(—v)|| = [[¢(u, —v)||™ (3.6)

By using (3.3) and (3.6), we get

[lg(u) — g(=u)]| =

y4oggo|<”¢< Wl @ [ —uw)l[*)  (3.7)

Replacing (u,v) in (3.3) with (0,2u), the authors get

l|g(8u) — 8¢g(6u) 4 28g(4u) — 40376¢g(2u) 4+ 70g(0) — 569(—2u)
+28g(—4u) — 8g(—6u) + g(—8u)|| = [[¢(0, 2u)]|". (3.8)
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Now, by using (3.5), (3.7) and (3.8), we obtain

|lg(8u) — 8g(6u) + 28g(4u) — 202169 (2u)|| = = ([|1(8u, 8u)||™

1
180640|

B[y (8u, =8u)[[”) © (4 (6u, 6u)[|™ @ [|¢(6u, —6u)[|™)

110080|

Haaar UV Eu, 4u)||™ @ [[¢ (4u, —4u)||™) s (19 (2u, 2u)| |

©12880]
B[ (2u, —2u)[|™) &

11440]

g .0 (39)

Replacing (u,v) in (3.3) with (4u,u), we get

l|g(8u) — 8¢g(Tu) 4+ 28¢(6u) — 56¢g(5u) + 70g(4u) — 56g(3u)
+28¢g(2u) — 40328¢(u) + g(0)|| =< || (du, w)||™. (3.10)

By using (3.5), (3.9) and (3.10), we obtain

[18g(7Tu) — 369(6u) + 56g(bu) — 42g(4u) 4+ 56¢(3u) — 20244¢9(2u)

403289 1) | = g (105, 80)|1* @ (8, ~8u)| )
g 1460 00) [ @ 166, ~6)] ) & (1 (. 4w
1[0 (4u, ~40)]| >| o7 1022011 @ (20,201
Il W) & g 000 (3.11)

11120
Replacing (u,v) in (3.3) with (3u,u), we get

[lg(Tu) — 8¢ (6u) + 28g(5u) — 56¢g(2u) — 40292g(u)
+g(—u) = 8g(0)[| = |[¢(Bu, w)|™. (3.12)

Now, by using (3.5), (3.7) and (3.12), we obtain
l|g(Tu) — 8g(6u) + 289(5u) — 56g(4u) 4+ 70g(3u) — 569 (2u)
—40291g(u)|| = 40320(H¢(U u|I” @ [ (u, —u)||7) @ [[¢(Bu, u)||™

Do l0(0,0)]1™ (313)
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By using (3.11) and (3.13), we get
[12g(6u) — 12g(5u) + 29g(4u) — 36¢9(3u) — 1414g9(2u)

1 1
+25904g(u)l| % 77| 3520 (1 (8w 8w~ & [ (8u, —8u)]|)
1 ~ ~
B oo ({60, 60)[” © [[9 (60, 6] [*) o (s, 4u) |

B¢ (du, —4u)||™) & —= ([¥(2u, 2u)|[~ @ [[¢(2u, —2u)||7)

1440

5040(l|¢(u ull” @ [[¢(u, —u)l|™) & [[¢(du, w)[|~ & 8|1 (3u, u)||™

B0l (314)

Replacing (u,v) in (3.3) with (2u,u), we get
[|g(6u) — 8g(5u) + 28g(4u) — 56¢(3u) + 70g(2u) + g(—2u)
—40376g(u) — 8g(—u) + 28¢(0)|| = [|v(2u, u)||~. (3.15)
By using (3.5), (3.7) and (3.15), we obtain
|g(6u) — 8¢g(5u) + 28¢(4u) — 56¢g(3u) + 71g(2u) 40384¢g(u)||

< = (1192 2]~ © [l (20, ~20)|1) © = (s(u, )|~

Sl (u, —u)|[7) @ [[¢ (2u, )|~ ® @II@D(O O™ (3.16)

Now, from (3.14) and (3.16), we obtain
l14g(5u) — 27g(4u) + 76g(3u) — 1556¢(2u) + 106672g(u)||

< | g (98, 80) 1~ @ [[9(8u, ~8u)l|)
B (1h(6u, 60)|[~ [0 (6, 6] |) @ o (o, 4w
By (4o, ~4u)||”) @ = (12w, 2]~ & [ (20, ~20)][)

s (0w ]I~ @ 1, ~w)l1") @ 19w, ]|~ & 819 Bu, |~
@289 (20, wl|~ & 7o [0 0,0)] (317)

1120
Replacing (u,v) in (3.3) with (u,u), we get
[lg(5u) — 8g(4u) + 28g(3u) + g(—3u) — 569(2u) — 8g(—2u)
—40250g(u) + 28g(—u) — 56g(0)|| = [[¢(u, w)[|™. (3.18)
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With the help of (3.5), (3.7) and (3.18), we get
|g(5u) — 8¢g(4u) + 29¢g(3u) — 64g(2u) — 40222¢g(u)||
1 1
= ——=([[¥(Bu, 3u)[|™ & [|[v(3u, =3u)||7) & —=([[¢(2u, 2u)[|~

5040 630
1
8l (2, ~20)][") & — (|| & ¥ (w, )] )
1
Bl (. W)~ & o5l [¥(0, 0l (319

By using (3.19) and (3.17), we get
l|g(4u) — 8¢(3u) — 260g(2u) + 53512¢g(u)||

17 1 N N
ﬁ% M(W(SU,SU)H @ ||v(8u, —8u)||™)
1 1
@m(H@/}(()ﬂ, 6u)||™ @ [|[¢(6u, —6u)||™) @ m(lW(‘lu,‘lu)HN
1

|| (4u, —4u)||~) ® %(Hiﬁ(i’)u, 3u)||™ @ [[¢(3u, =3u)||™)

137
@@(W(Qu, 2u)||” @ [[¥(2u, —2u)||™)

1793
@M(HWU,U)HN © ||Y(u, —u)||™) @ ||¥(4u, w)||™ @ 8|1 (3u, u)||™

1573

D28|[v (2u, u)||™ @ 56|[1 (u, u)||~ & MW(Q 0)]1™]. (3.20)

Replacing (u,v) in (3.3) with (0,u), we get
|g(4u) + g(—4u) — 8¢g(3u) — 8g(—3u) + 28¢(2u) + 28g(—2u)
—40376g(u) — 56g(—u) + 70g(0)|] < [|¢(0,u)||™. (3.21)
Using (3.5), (3.7) and (3.21), we obtain

)~ 8g(3u) + 259(20) ~ 20216900} = 3 | sl 40

B¢ (4u, —4u)|[™) © L(II@D(?W; 3u)l[™ @ [[v(3u, =3u)||7)

630
® 35 (11920, 201~ @ 192w, ~20)]|) © s (1[0 )
ollv(u -0l © W00l © 6.0 | (3.22)
By (3.20) and (3.22), the authors conclude that
lg(2u) — 2w < H(w) (323)
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where,
H = ! L Su, 8u)||™ 8 Su)||™
@ = | o163 | [zpga0 | 18w s~ @ vt sl
1 ~ ~
© |05 100,601 @ (60, 6w
7
& [or o, 4u) [~ © [, ~4u)] )
1
139
o[22 (teu 201~ @ 1o (20, ~20)] )
417
AT )~ @ Y, ~)] ) @ e, )~
& I8 (G I~ @ (2511020 0)| [ & [56l (]
851
35 0. |~ © o (0,0)| .
Hence from (3.23), we have
la(2u) — L1y < Hy (1), (3:24)
and
la(2u) — L2 < Hafu), (325
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where for « € (0, 1]

. 1 1 1~ - 1~
i) = | ||| s 110 801 © l(su, -8l
1
© | pgas (1906 6™ @ 60, <601
7
& [o | Qotan 4 & o, ~a])1)
1
& [ (B, s @ (3, —3u)|1)
139 1 1o
S @ (||77/}(2U’7 2U)||a @ ||1/1(2U, _2u)||a )
417 1o 1~ 1~
& [T )2 @ [, —u)|[2) @ [, )
& J8lI(Eu Wl 28] (2u 0] @ 1561, )|
1~ 851 1mo
& LI & (0.0 (3.20
and
1 1 , e
Hal) = ||| s 01 S 801 © (50, ~su)2)
1
© | s (1906 01~ @ 60, -6
7
& [ors ot 42 & o, ~4u]2)
1
& [ (B, 30 2 @ (3, —3u) )
139 9 2~
S @ (||1/1(2U, 2u)||a ® ||1/1(2U, _2u)||a )
417 9 9 9
& [T, ) 2 @ o, —)|2) @ [, ) 2
& I8l Wl 28] (2u )] 2 @ 156110 . w2
9. 851 9
& eI & w02 (3:27
From (3.24), we conclude
2 H
1957 ~ gttt < T, (3.28)
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By substituting 2"u for v in (3.28), then dividing both sides by 25", we
get

28 (n+1) 28n

! _ H2M

g(2)  g(2m)
& < s (3.29)

for all non-negative integers n. Hence the sequence {%} is Cauchy
by (3.2) and (3.29). Since Y is complete therefore, every Cauchy se-
quence is convergent in Y. So, the authors define a mapping

O : U — V such that
9(2"u)

O(u) = nlljgo oo (3.30)
i.e.,
92" _a
nh_}r{.lo‘ e T O(u)|| = 0. (3.31)
Now for each non-negative integer n, the authors have
n 1 n—l1 k+1 k
9(2"u) _ 92" u)  g(2"u)
H 98n g(u) - Z ( 28(ntl)  98n
(e 0 «
g2 u)  g(2Ru) ||
< maX{H 585G o :0§k‘<n}
< ﬁmaX{W:O§k<n : (3.32)

Similarly, the authors can show that
g(2"u) S Hy(25u)
’ oEn gu)|l <= o5 max T 0<k<ngy. (333

Taking n — oo in (3.32) and (3.33), the authors see that inequality
(3.4) holds. Next we prove that O : U — V is a octic mapping.
Replacing (u,v) by (2"u,2"v) and divide by 28" in (3.3), we get

2] 1g(2™ (u + 4v)) — 8g(u + 3v) + 28¢(u + 2v) — 56g(u + v)

—569(u — v) + 28g(u — 2v) — 8g(u — 3v) + g(u — 4v) + 70g(u)
2", 2"v) |

—403204(v)|| < H%H

Taking n — oo in the above inequality, we get
[|O(u + 4v) — 80(u + 3v) 4+ 280 (u + 2v) — 560 (u + v) — 560 (u — v)
+280(u — 2v) — 80(u — 3v) + O(u — 4v) + 700(u) — 403200 (v)|| < 0
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this implies that
O(u + 4v) — 80(u + 3v) + 280 (u + 2v) — 560 (u + v) — 560(u — v)
+280(u — 2v) — 80(u — 3v) + O(u — 4v) + 700(u) — 403200(v) = 0.

Therefore, the mapping O : U — V is octic. Next we shall prove
uniqueness of mapping O. Now, consider another octic mapping O’ :
U — V which satisfies (3.1) and (3.4). For fix u € U, certainly
O(2"u) = 28"O(u) and O'(2"u) = 2870’ (u) for all n € N. Therefore,

/ : 1 n !l (on
10(w) = O'(w)l] = lim S[|0(2"u) = O'(2"u)|

~ lim = [JO(2M) — g(2"0) + g(2"0) — O(2")]|

n—oo 28n

1 1
fmnmm{—mmwm—mwmm—wmwm—ovwm}
n—00 28n 28n
DETI 1 H(2Mmy)  H(2™y)
= iy i T AKX 950 o8k 7 ok
=0.

Therefore, O(u) — O'(u) = 0. So, O'(u) = O(u). Hence we deduced
that O is unique mapping. O

Corollary 3.2. Suppose that (U, ||.||) is a normed space, (W,|| ||™)
is a fuzzy normed space, and (V.|| ||) is a non-Archimedean complete
fuzzy normed space. Let wy € W and p < 8 be non-negative real
numbers. If the mapping g : U — V 1is such that

[1B0g(u, 0)[| Z(I(I[0]1 + [fulIP)wol [~ (3.34)

for all u,v € U, then there exists one and only one octic mapping
O : U =V fulfilling the given condition

fullPwoll* [| 1| (|8089| _ |13927| _|4[3
O(u) — =<
10(u) =gl = 28 50160|\| 560 | ¥ | 120 15
7|4[P |67 |87
AP+ 1
@ '240 2520| @ |20160| @ 14" *

@ )8(|3|p + 1)‘ @ [28(|2F| + 1)|)}

forallu e U.

Corollary 3.3. Suppose that (U,||.||) is a normed space, (W, || ||™)
is a fuzzy normed space, and (V.|| ||) is a non-Archimedean complete
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fuzzy normed space. Let wy € W and p,q < 8 be non-negative real
numbers, respectively. If the mapping g : U — V is such that

A g, v)[| = {|([[v][P[lul|*)wol[~

for all u,v € U, then there exists one and only one octic mapping
O :U —V fulfilling the given condition

|| ] [P 9awo |~ 1 2|8|Pte 2|6[+ 14[4p*a
O(u) — <
106s) =gl =2 28 20160 80640 10080 960
2|3|pta| |278)2PTe| |32192
© \ 15 \ 150 =0 | @ 114Dl @ [8(37)]

o s()l)]

Corollary 3.4. Assume that (U,||.||) is a normed space, (W,|| ||™)
is a fuzzy normed space, and (V,|| ||) is a non-Archimedean complete
fuzzy normed space. Let wyg € W and A = s +r < 8 be non-negative
real numbers. If the mapping g : U — V' is such that

[1A0g (o) ] 2 ([l el l” + (ol + [ful|*)wol | (3.35)

for all u,v € U, then there exists one and only one octic mapping
O : U — V fulfilling the given condition

Pl [| 1 \ .
@) — < 134408 1680|6
100) — gy = MLl (iaas0psp) o [1650/6)"
o [P |81 o 139121 | ., |58091
160 5 130 280
& (4] + 4P + 1) @ 803 + 3P + 1)
& |<|2|T+|2|A+1>)]
forallu e U.

Theorem 3.5. Assume that U is a linear space and (W, ||.||~) is a
fuzzy normed space. Consider ¢ : U?> — W be a function such that

~1 ~2
u v L 8n u v _

w(zn,zn) = Jim 2 w(zn,zn) 0, (3.36)
for allu,v € U and o € (0,1]. Let (V,||.]|) is a non-Archimedean fuzzy

n—oo
Banach space. If the mapping g : U — V is such that
1Aog(w, v)[| 2 [ (u, v)|[~ (3.37)

lim [2%"
n— oo

« «
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for all uw € U, then there exists one and only one octic mapping
O :U =V fulfilling the given condition

1
000) = g0} = g max {24011 (2 ) ke VU 0} ] (339
where
U 1 Su  8u ~ Su —8u
H(2k+1> - 20160’H80640‘<Hw(2k+172k+1> @Hw<2k+172k+1)
6u  6u - 6u —6u\||”
® 10080 (“¢(2k+1’2k+1) @Hw<2k+l’2kz+1> )
du  4u - du  —4u\||”
® 960 (“¢<2k+1’2k+1> @Hw<2k+l’2k+1) )
3u 3u —=3u\||”
- b2 b2
139 2u  2u 2u —2u\||~
o || (| ()| @ | (o 700
417 U u ~ U —u ~
@ Jseo|\|| 2 ) || ][0\ g g
" -
b |8| H¢(2k+1’ 2k+1)

u
b ‘¢<2k+1 %)

u - u
ot o5t )| | @05 5

)

851 -
o ol u(0.50m )| [ eto.orr]
forallu e U.
Proof. From (3.24), the authors get
1
u u
Hg(U) — 2% (§> < H, (5) (3.39)

for v € (0,1]. Replacing u by 5% and multiplying both side by [2%"| in
(3.39), we get

sn [ Y o8(nt1) [ W
2a(5e) 2o (5

for all negative integer n. Hence the sequence ¢g{2°"g(3%)} is Cauchy
by (3.36) and (3.40). Every Cauchy sequence is convergent in Y since

1
< |28 H, (2 +1) (3.40)

o

346 RASSIAS et al 320-352



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

2F0OHN MICHAEL RASSIAS, SHALU SHARMA, JYOTSANA JAKHAR AND JAGJEET JAKHAR

Y is complete. So, the authors construct a mapping O : U — V such
that

. 8n U
Ofu) = lim 2 g(2n>
for all w € U. That is

. . [ u _
lim [[2° g(2—) —O(u)|| =0

n—oo

for all w € U. Now, for each positive integer n, the authors have

n—1
sn [ W 8(k+1) u sk [ U
a5 o) | = |10 (5 - 25
@ k=0
8(k+1 u gk [ U
<ma{ | (20 (55 ) -2 ()

1 u
< Emax {|28(k+1)’H1 (2k+1> 0<k< n} (3.41)

Similarly , it can be shown from (3.25)

2
1
o I | Y L

ok+1
Taking n — oo in (3.41) and (3.42), the authors see that inequality
(3.39) holds. The authors conclude that O(u) is a unique cubic map-

ping holding (3.38) using same procedure as in the demonstration of
theorem (3.1).

1 1

«

0<k<n}

O

Corollary 3.6. Assume that (U,||.||) is a normed space, (W,|| ||™)
is a fuzzy normed space, and (V.|| ||) is a non-Archimedean complete
fuzzy normed space. Let wy € W and p > 8 be mon-negative real
numbers. If the mapping g : U — V is such that

[1Bog(u, 0)[| Z (I(I[o] 1P + [[ulIP)wol [~ (3.43)

for all u,v € U, then there exists one and only one octic mapping
O :U =V fulfilling the given condition

[l [P~ T| 1 8089 139127 |4[3[7
O(u) — =<
10() =gl = 127] 20160|\ | 560 | ¥ | 120 15
7|4 6] 8]
4P 41
© ’240 ‘2520 ® | 50160| ® |4+

o [sq3p+ 1| 2521+ 1)
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forallu e U.

Corollary 3.7. Suppose that (U, ||.||) is a normed space, (W,|| ||™)
is a fuzzy normed space, and (V.|| ||) is a non-Archimedean complete
fuzzy normed space. Let wy € W and p,q > 8 be non-negative real
numbers, respectively. If the mapping g : U — V is such that

[1Asg(u, v)[] = ([(Hol[P [l *)wol [~

for all u,v € U, then there exists one and only one octic mapping
O :U =V fulfilling the given condition

[ [P+ 9o [~ 1 2|8|Pte 2|67+ 14|4|p+a
O(u) — <
10(w) = g(u)]| = 2% 20160 |\ | 80640 | | 10080 960
213[pte| |278)2Pte| 32192
© ‘ 15 \ 130 oo | @ 1Dl @ 1837

o s()l)]

Corollary 3.8. Suppose that (U, ||.||) is a normed space, (W,|| ||™)
is a fuzzy normed space, and (V.|| ||) is a non-Archimedean complete
fuzzy normed space. Let wg € W and A = s +r > 8 be non-negative
real numbers. If the mapping g : U — V' is such that

[180g(w, )] 2wl ull” 4 (ol + [Jul|*)wol | (3.44)

for all u,v € U, then there exists one and only one octic mapping
O :U —V fulfilling the given condition

ol |1 , ;
O(u) — =< 13440|8 1680|6
106) ~ gl = T | | gag | (113440081 & 168061
. 7140 (831} [139]21* | 58091
160 5 130 280

& [(14] + 141 + D] @ 831 + 131 + 1)
& (2 + ]2 + 1>)]

forallu e U.
Counterexample 3.9. Consider a real Banach algebra (U, ||.||) and a
non-Archimedean complete fuzzy norm space (U, || ||™) in which
w, when ||[ul|® < t,t #0
[lul|” () = {1, when |[u[* =t =0
0, otherwise.
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whose a-level set is defined as [||ul|~], = [||u][?, @] Construct a
mapping g : U — U such that g(u) = u® + ||u||3ug, where ug is a unit
vector and

[180g(u, )| = 11(256][ul|* + 290816 [v]|*)uol| ™,

then there does not exist an octic mapping O : U — U fulfilling the
given condition

10(u) =g~ = 2| ful P
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General sigmoid based Banach space valued

neural network multivariate approximations

George A. Anastassiou
Department of Mathematical Sciences
University of Memphis
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu

Abstract

Here we expose multivariate quantitative approximations of Banach
space valued continuous multivariate functions on a box or RV, N € N,
by the multivariate normalized, quasi-interpolation, Kantorovich type and
quadrature type neural network operators. We treat also the case of ap-
proximation by iterated operators of the last four types. These approx-
imations are derived by establishing multidimensional Jackson type in-
equalities involving the multivariate modulus of continuity of the engaged
function or its high order Fréchet derivatives. Our multivariate operators
are defined by using a multidimensional density function induced by a
general sigmoid function. The approximations are pointwise and uniform.
The related feed-forward neural network is with one hidden layer.

2020 AMS Mathematics Subject Classification: 41A17, 41A25, 41A30,
41A36.

Keywords and Phrases: General sigmoid function, multivariate neural
network approximation, quasi-interpolation operator, Kantorovich type oper-
ator, quadrature type operator, multivariate modulus of continuity, abstract
approximation, iterated approximation.

1 Introduction

The author in [2] and [3], see chapters 2-5, was the first to establish neural net-
work approximations to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliagnet-Euvrard and ”Squashing” types,
by employing the modulus of continuity of the engaged function or its high or-
der derivative, and producing very tight Jackson type inequalities. He treats
there both the univariate and multivariate cases. The defining these operators
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"bell-shaped” and ”squashing” functions are assumed to be of compact sup-
port. Also in [3] he gives the Nth order asymptotic expansion for the error of
weak approximation of these two operators to a special natural class of smooth
functions, see chapters 4-5 there.

For this article the author is motivated by the article [13] of Z. Chen and F.
Cao, also by [4], [5], [6], [7], [8], [9], [10], [11], [12], [15], [16].

The author here performs multivariate general sigmoid function based neural
network approximations to continuous functions over boxes or over the whole
RN, N € N. Also he does iterated approximation. All convergences here are
with rates expressed via the multivariate modulus of continuity of the involved
function or its high order Fréchet derivative and given by very tight multidi-
mensional Jackson type inequalities.

The author here comes up with the ”right” precisely defined multivariate
normalized, quasi-interpolation neural network operators related to boxes or
RY, as well as Kantorovich type and quadrature type related operators on RY.
Our boxes are not necessarily symmetric to the origin. In preparation to prove
our results we establish important properties of the basic multivariate density
function induced by a general sigmoid function and defining our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

Nn(di):ZCjO'(<aj'l’>+bj), :L‘G]RS, SGN,

=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental network
models, the activation function is a general sigmoid function. About neural
networks read [17], [18], [19].

2 Basics

Let h : R — [—1,1] be a general sigmoid function, such that it is strictly
increasing, h(0) = 0, h(—z) = —h(z), h(+o0) = 1, h(—o0) = —1. Also h
is strictly convex over (—oo,0] and striclty concave over [0, +00), with h(?) €
C (R).

We consider the activation function

@[J(x)::i(h(x—l—l)—h(x—l)), z € R, (1)

Asin [11], p. 285, we get that ¢ (—z) = ¢ (z), thus ¢ is an even function. Since
z+1>x—1,then h(z+1)>h(x—1),and ¢ (z) >0, all z € R.
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We see that

Let x > 1, we have that
1
Y (z) = Z(h’(aH—l)—h’(x—l)) <0,

by h’ being strictly decreasing over [0, 400).

Let now 0 < x < 1, then 1 —x >0and 0 < 1 — 2z < 14 z. It holds
h'(x —1)=h'(1 —2) > k' (x+ 1), so that again 1/’ (z) < 0. Consequently v is
stritly decreasing on (0, +00) .

Clearly, 1) is strictly increasing on (—o0,0), and v’ (0) = 0.

See that .
Jim 3 (2) =  (h (00) — h(+00)) =0, 3)

and 1
Jtim 4 (2) = 5 (h(~00) — h(~o0)) =0, (4)

That is the x-axis is the horizontal asymptote on ).
Conclusion, 1 is a bell symmetric function with maximum

h(1)
v (0) =232
‘We need
Theorem 1 We have that
Y px—i)=1, VaeR (5)

i=—00

Proof. As exactly the same as in [11], p. 286 is omitted. m

Theorem 2 It holds -
/ ¥ (z)de = 1. (6)

Proof. Similar to [11], p. 287. It is omitted. m
Thus ¥ (z) is a density function on R.
We give

Theorem 3 Let 0 < a < 1, and n € N with n'=® > 2. It holds

S ¥ (na — k) < (1_h(”27a_2)). (7)
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Notice that (i
1-— 2
L h (e 9)

=0.
n—-+oo 2

Proof. Let x > 1. Thatis 0 <z —1 < x + 1. Applying the mean value
theorem we get

2.0 (&) = ; (8)

for some z — 1 < &<z +1.
Since A’ is strictly decreasing we obtain A’ (§) < b/ (x — 1) and

/
-1
w(x)<%,vle. 9)
Therefore we have
S b (nz— k) = ) b (Inz — ) <

k= —o0 k= —o0

Cnx — k| > ntme nx — k| > ntme
LY weeeMnsi [T We-nde-n-
5 nx <3 Jone, x x =

k= —o00
nx — k| > ntme

5 (ha= DIz ) = 5 Tro0) — b (1= =)

The claim is proved. =

Denote by || the integral part of the number and by [-] the ceiling of the
number.

We further give

Theorem 4 Let z € [a,b] CR and n € N so that [na]| < [nb]. It holds

1 1
b).
Z,&’;”Hnﬂ e — F) < o) V x € [a,b (11)

Proof. As similar to [11], p. 289 is omitted. m

Remark 5 ([11], pp. 290-291)
i) We have that

Lnb)
lim > ¥ (nz—k)#1, (12)
k=[na]

for at least some x € [a,b].
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ii) For large enough n € N we always obtain [na)] < |nb]. Alsoa < £ <b,

iff [na] <k < |nb|.
In general, by Theorem 1, it holds

We introduce

Z (21, ..,xn) = Z (x) := Hw(a:i), = (z1,..,2x) RN, N eN.

It has the properties:
(i) Z(x) >0, VzeRY,
(i)

(oo}

k=—oc0 k1=—00 ko=—00 kn=—0c0

where k := (k1,....,k,) € ZN, ¥ 2 € RV,
hence

(iii)

i Z (nx —k) =1,

k=—o00

VzeRN:neN,
and

(iv)
/RN Z (x)dz =1,

that is Z is a multivariate density function.

Here denote ||z|| := max {|z1], ..., |zn|}, 2 € RV, also set 00 := (00, ...

Z Z(x—k):= Z Z Z Z (1 — ka,

ey TN — kN) = 1,

—00 := (—00, ..., —00) upon the multivariate context, and

[na] := ([na1],..., [nan]),

[nb] := (|nb1], ..., |nbNn]),

where a := (ay, ...,an), b:= (b1,...,bn) .
We obviously see that

[nb] [nb] N
Z Z(nx —k) = Z <H¢(m¢i _ki)> =

k=[na] k=[na] \i=1
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|nb1] [nbn | N |nb;]
Z Z (H’(/J nxt_ i ) H Z ’w(nxt_kt)

ki=[na1] kn=[nan| i=1 \k;=[na;]

For 0 < 8 <1and n €N, a fixed 2 € RV, we have that

Lnb]

Z Z (nx — k) =

k=[na]

[nb] |nb]

Z Z (nx — k) + Z Z (nz — k).

{ k = [nal { k—fW

1% =2l < 55 15 =2l > 5

(19)

(20)

In the last two sums the counting is over disjoint vector sets of k’s, because the

condition ||% - z”oo > niﬁ implies that there exists at least one |% —

where r € {1,..., N}.
(v) As in [10], pp. 379-380, we derive that

Lnb]

(1) 1—h(nt=# -2
Z Z(nx—k) < (n2 ),0<,5<17
{ k= [n(ﬂ
15 =2l > 5
withneN:n' 8 >2 ¢ Hf\il [ai, b;] .
(vi) By Theorem 4 we get that
1 1
0< <

S Znz — k) @)

Ve (HZ 1 [az,bl]), neN.
It is also clear that

(vii)

{ k=—00
1% ==l > 77

0<B<l,neN:n""#>2 zecRVN.
Furthermore it holds

Lnb]
lim Z Z (nx —k) #1,
k=[na]

for at least some z € (Hf\il [a;, bz]) .
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Here (X, ””’v) is a Banach space.

Let f e C (Hf\;l (@i, by 7X) , = (T1,...,ZN) € va:l [ai, b;], n € N such
that [na;] < |nb;|,i=1,...,N.

We introduce and define the following multivariate linear normalized neural
network operator (z := (z1,...,ZN) € (vazl [a;, bz]))

Zlganna—\ ( ) Z (TLI’ - k)
A’I’L 5 g asny = A’ﬂ 5 = =
(f Z1 .TN) (f JZ) Z]Ean7’a] (nm _ k-)

by nba nb N
ZIEZL_ [nai] Z\l;;: Hnag-\ ZII;; N|'JnaN'| (ljzl ’ kTN) (Hi:l w (TLIL’I - kl))
N nb; ’
Hi:l ( I\;',i=|J'nLLJ ¢ (nxl - kl))

For large enough n € N we always obtain [na;] < |nb;], i = 1,...,N. Also
a; < & < by, iff [na;] < ki < [nbi),i=1,..,N.
When geC (Hl 1 lag, bl]) we define the companion operator

(25)

A (g.0) o i 9 () Z (02— #)
n\g, ) = ZLan (nx—k) .
k=[na]

Clearly Zn is a positive linear operator. We have that
N N
A, (1,z)=1, Vo e (H [ai,bi]> .
i=1

Notice that A, (f) € C (Hfil [a;, b;] ,X) and A, (g) € C (Hl 1 [al,bl]) .
Furthermore it holds

lLenbemﬂ Hf( )H Z (nx — k) - i (”f” :E)
n '\/’ K

27
Zlganna"\ (nm - k) ( )

[An (f,2)ll, <

Ve szil [ai,bi] .
N
Clearly |/, € C (T}, [as, bi)

So, we have that
140 (£, < Aa (151, 12) (28)

Vo eI, fabl, ¥ ne N,V f e C (T, [as,bi], X)
LetceXandgeC(Hl 1[a“bz]) then cgEC’(H2 1[al,bz],X).
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Furthermore it holds

A, (eg, )—cA ,T) VméHal, . (29)

Since A, (1) = 1, we get that
Ap(c)=¢, VceX. (30)

We call A, the companion operator of A,,.
For convinience we call
Lnb)

A (f, @) Zf() (ne — k) =

k=[na]

[nb1 | [nb2 | |nbn | i N
ooy LY f( - N) (Hw(nxi—ki)>, (31)
i=1

ki=[na1] ka=[na2] kn=[nan]

vae (I lasbil).
That is

As (f, @)
An ) = ’
(f LE) Z,Enb[Jnaw (nw _ k‘)

(32)

Ve (Hfil [ai,bi]), n € N.
Hence
A (F2) = £ @) (Sf ) Z (02— B)

A, (f,x) = f () = - : (33)
Sk meﬂ (nz — k)

Consequently we derive

1Au (fr2) — F @), 2 —2 a2 (fe % Z( (34)
n ,.’I/' — X S — , TLI'— s
= GOy o

vae (T1Y, o b))
We will estimate the right hand side of (34).
For the last and others we need

Definition 6 (/11], p. 274) Let M be a convex and compact subset of (RN7 ||~Hp),
p € [1,00], and (X, H||,y) be a Banach space. Let f € C(M,X). We define the

first modulus of continuity of f as

wi (f,0):= sup  [If(x) = F(®)l,, 0<0<diam(M). (35)
x,y€e M :
= yll, <o
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If 6 > diam (M), then
wi (f,0) = w1 (f, diam (M) . (36)

Notice wy (f,d) is increasing in 6 > 0. For f € Cp (M, X) (continuous and
bounded functions) wy (f,9) is defined similarly.

Lemma 7 ([11], p. 274) We have w1 (f,6) — 0 asd | 0, iff f € C(M,X),

where M is a convex compact subset of (RY, H||p), p € [1,00].

Clearly we have also: f € Cpy (RN , X ) (uniformly continuous functions),
iff wy (f,0) — 0 as § | 0, where wy is defined similarly to (35). The space
Cp (RN , X ) denotes the continuous and bounded functions on RY.

When f € Cp (RN,X) we define,

B, (f,7) = By (fow1, csn) i= i ! <fb) Z (nx — k) :=

k=—o0

'] oo o) N
ki ko kn
> Y e > (B ([[ven-n). o1
k1=—00 ko=—00 kn=—o0 i=1
neN,VzeRYN, N eN, the multivariate quasi-interpolation neural network

operator.
Also for f € Cp (RN , X ) we define the multivariate Kantorovich type neural

network operator

Cn(f,m) ::Cn(f,mla"'axN) = Z <nN/nf(t)dt>Z(nx_k)_

k=—o0

) o oo < ki+1 kat1 Ent1
n

kq k
k‘N:—OO n

r2 En
klz—tx) kg:—oo n

f (tl, ...,tN) dtl...dtN>

n

N
~ (H ¥ (nx; — m) : (38)

i=1
neN, VaeRN.
Again for f € Cp (RN , X ) , N € N, we define the multivariate neural net-
work operator of quadrature type D, (f,z), n € N, as follows.
Let 0 = (0y,....,05) € NV r = (ry,...,7x) € Zf, Wy = Wy, ry,..ry = 0, such

0 01 62 On
that > w,= Y > . > Wy ppen =1; k€ ZYN and
r=0 r1=07r2=0 rny=0

0 k
O (f) 1= Onbs ks (F) 1= ) w0rf (n * 7:9) -
r=0
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01 02 On
k k k
Z Z Z W rawns | <1+7"1 Rz | T2 ky ) (39)

= = n o mf’n  n 7 n | nlx
where § := ’1,%, ’%)
We set
Dn (fvm) = Dn (f,mla“'axN) = Z 5nk (f)Z(TLEL’—k) = (40)
k=—o0
%) o o N
Z Z Z On ks ko, kone () <H¢(mﬁz - kz)) ;
k1=—o00 ko=—00 kn=—o0 1=1
Yz e RV,

In this article we study the approximation properties of A,, B,,C,, D,
neural network operators and as well of their iterates. That is, the quantitative
pointwise and uniform convergence of these operators to the unit operator I.

3 Multivariate general sigmoid Neural Network
Approximations

Here we present several vectorial neural network approximations to Banach
space valued functions given with rates.
We give

Theorem 8 Let f € C(Hﬁvzl [ai,bi],X>, 0<pB<lze (Hivzl [ai,bi]),
N,n € N with n'=? > 2. Then

1)
40 (f2) = £ @), <
S o (s )@= n 2 st || =
and
J

140 () =71, _ = 2. (42)
We notice that lim A, (f) Il f, pointwise and uniformly.

Above wy is with respect to p = oo and the speed of convergnece is
max (#, (1 —h (nlfﬁ — 2))) .

Proof. As similar to [12] is omitted. m

‘We make

10
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Remark 9 ([11], pp. 263-266) Let (RN, H||p), N € N; where |||, is the Ly-

norm, 1 < p < oo. RN is a Banach space, and (RN)J denotes the j-fold product

space RN x ... x RN endowed with the max-norm [l (gryi = max [z, where
1<A<) b

z:=(x1,...,x) € (RN)j :

Let (X, ||||ﬂ/) be a general Banach space. Then the space Lj := L; ((RN)J ;X)
of all j-multilinear continuous maps g : (RN)j — X, j=1,...,m, is a Banach
space with norm

lg (@)l

—_— 43
Y R

lgll ==1llgll., == sup llg(@)ll, = sup

Hz\l(w)j =1

Let M be a non-empty convex and compact subset of R* and xog € M is fized.

Let O be an open subset of RN : M C O. Let f : O — X be a continuous
function, whose Fréchet derivatives (see [20]) f9) : O — L; = L, ((RN)] ;X)
exist and are continuous for 1 <j <m, m € N.

Call (z — x0) = (x — xg, ..., & — x0) € (RVY, 2 € M.

We will work with f|as.

Then, by Taylor’s formula ([13]), ([20], p. 124), we get

f(x)= i Ik ($o)j('$ — )’ + Ry (x,20), allz € M, (44)
j=0 )

where the remainder is the Riemann integral

1 —u m—1
Ry (z,20) := /0 A-w™ (f("”) (zo + u(x — x0)) — (™ (mo)) (x — x0)" du,

(m—1)!
(45)
here we set fO) (z0) (x — 20)° = f (20) .
We consider
W= w (f(m), h) = sup Hf(m) () — ™ @], (46)
x,yeEM:
le—yll, <h
h > 0.
We obtain
| (7 oo = w0)) = £ @) (& = 20)"| <
£ (o + (@ = w0)) = £ (o) |- llz = ol <
m [wllz—zoll
w ||z — o, [hp-‘ ) (47)
11

363 Anastassiou 353-377



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

by Lemma 7.1.1, [1], p. 208, where [-] is the ceiling.
Therefore for all x € M (see [1], pp. 121-122):

Mullr —woll, 7 (10— w)™ !
< _ m D
o (o0l < wlle =zl [ [0 | Gt

=, (|l = o], (48)

by a change of variable, where
AR TUED G R
P = —| ————ds = — —jh)" R 4
= [ 3] s = > =i} | veer, @

is a (polynomial) spline function, see [1], p. 210-211.
Also from there we get

D, (1) < ﬂJr't‘erw VteR (50)
= m+ 1) 2m! 8(m—1)! ) ’

with equality true only at t = 0.
Therefore it holds

R e wolly ™z —wolly Rz —woll, Ve M
| R (2, 20) ||, < w (m+1)!h+ oml | 8m—1 J TTEM

(51)
We have found that
Y9 (o) (2 — wo)
f(z) - . <
-3 Ll
¥
m41 m m—1
- h|lz — o
m) p, Hx Z‘o” |z x0||p p 59
wl(f ’ )( T O T om T smon ) < (2
Y x,xg € M.
Here 0 < wy (f(m), h) < 00, by M being compact and f™) being continuous
on M.
One can rewrite (52) as follows:
Zf(]) xo _xo)j -
¥
m—+1 m m—1
- - hl- = ol
(m) h) Il xO” | x0||p p v M. (53
“1 (f ’ ( m+ Ol T 2ml  8mo1p ) e (53)

12
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a pointwise functional inequality on M.

Here (- — x0)’ maps M into (RN)] and it is continuous, also f) (x¢) maps
(RN)J into X and it is continuous. Hence their composition f@) (x) (- — zo)
s continuous from M into X.

Clearly f (-)=>"5~ M € C (M, X), hence Hf () =2 W c
C(M). K
Let {EN}NGN be a sequence of positive linear operators mapping C (M) into
C(M).

Therefore we obtain

7=0

(Jx -—x
Hf N OV ICA TG [ ) P

L To ! T L =T T
w1 (f(m),h) ( N(”( Hl)!h ))( ) ( N(” 5 0!”1’))( 0)
T m—1 Z
h (LN (||é(—mfﬂo|;17)! )) (o) ’ (54)

VNeN,Vaxye M.

Clearly (54) is valid when M = H [a;,b;) and L, = A,,, see (26).

All the above is preparation for the following theorem, where we assume
Fréchet differentiability of functions.

This will be a direct application of Theorem 10.2, [11], pp. 268-270. The
operators A, A, fulfill its assumptions, see (25), (26), (28), (29) and (30).

We present the following high order approximation results.

N
Theorem 10 Let O open subset of (RN, ||-||p>, p € [1,00], such that ] [a;,b;] C
i=1

O C RV, and let (X, ||H7> be a general Banach space. Let m € N and f €

C™(0,X), the space of m-times continuously Fréchet differentiable functions

from O into X. We study the approzimation of f| . Letxg € (H [a;, L])

[ai,bs] =

andr > 0. Then

1)

13
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wn (10 (G (1= 2ol ) ) @) ™) .
el - wty) ) )((An(||-—xo||?“))(xo>)(’"’“)

{(mil)+2+m8rz}, (55)

2) additionally if f9) (zo) =0, j = 1,...,m, we have

1(An (£)) (z0) = [ (o)l <

(m+1) 8
3)
1(An (1)) (20) = f (o), gi;‘ | (4n (59 @) (- = 20)') ) (wo)H7+
wr ( F,r = ol ™)) o)) ™ =
' < (( ( rm'o )> i ) ) ((ﬁn (|| —zo||;”+1)> (x0)>(m+l)
i (57)
1 r mr?
{(m—&- 1) T3 8}
and
4)
Al _ oo =
> 1], 11042 (59 o) = 207)) ] oo fionl
o (f<m>,r (A (1 = 2olly") ) (o) ;ﬂeﬁlw,bi])
rm)! -
[ (=) ol 52 )

ot me?
(m+1) 2 8 |

14
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‘We need

~ N
Lemma 11 The function (An (|| - $0||;n)) (z0) is continuous in xo € <H [a;, b;]

=1
m € N.

Proof. By Lemma 10.3, [11], p. 272. =
We make

Remark 12 By Remark 10.4, [11], p. 273, we get that

| (A (1 = =oll)) (xo)Hm,meiﬁlw <
(e A ) Ko %

forallk=1,...m
We give

Corollary 13 (to Theorem 10, case of m = 1) Then

1)
(A (D) (o) = 7 @), < || (4n (/O 0 (- = 20)) ) o)+

e (10 (A (1= a0l2)) ) ) (A (1= 0l2) ) ) 00

N
N

7,,2
1 -
)
and
2)
R RN
[1can o
s (59 @) = ) o) I
Tlloo,zo€ [] [ai,bi]
i=1
1 ( 9 3
2+ 1) Hg o
g (10 (G (1=l @l
H(E (H-—x ||2>)(x )H% N Lirs (61)
n 0 P 0 oo,woeljl[ai,bi] 4 ’
r > 0.
15

)
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‘We make

Remark 14 We estimate (0 < a <1, m,n € N:nl=% > 2),

S 15 = wol| 0 Z (no — K) 2

e m na (22)

Ay, (||' *$0||oo+1> (o) = L ina (6] <

Zk [na] (n(L'() - k)
L”bj ‘ m—+1
— — 2 Z (nxog — k) =
(w< @)~ kzrn:a] ’ %0
1 [nb] k m+1
—_— — — T Z (nxo — k) +
(W (1) _Z Hn .
k= [nal
& -, < s
L"bj m—+1
(23)
Z Hk—xo Z (nxog—k) p <
n
{ k = [na] OO
& = 2ol > 5w
1 1 1—h(nl=o—2 .
N a(m-+1) + ( ) Hbi ” i )
(@) 2
(where b—a = (by — a1,...,by —an)).

an
N
We have proved that (V xg € H [ai, b;])

Ay (I = woll™) (wo) <
1 1 1—h(nt=™-2) mal
(1/1 (1))]\[ {na(m+1) + ( 9 Hb H =¥ (n)
O<a<l,mneN:nl=>2)
And, consequently it holds
|30 (=20l 2™ @o)|| <

00,20€ [ [ai,bi]
i=1

1 1 1—h(nt~>—
@)~ | 2

16
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(63)

2
)> 16— ||m+l} =¢,(n) — 0, asn — +oo.

(65)
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So, we have that ¢, (n) — 0, as n — +oo. Thus, when p € [1,00], from
Theorem 10 we have the convergence to zero in the right hand sides of parts (1),

(2).

Next we estimate H (gn (f(j) (o) (- — xo)j)) (z0)
We have that

Y

Ztan FD (o) (£~ xo)j Z (nxo — k)

(3 19 =) a0 = e B
66
When p =00, j =1,...,m, we obtain 0
‘fm (o) (712 _$O>j < Hfm (“TO)H Hﬁ — 2 J (67)
We further have that
3.5 0 -0 o],
T (L:q a0 () | 200 ‘”) :
SN o I T R
k=[na °°
1 ; LT J B
W Hf( ) (:CO)H (k—%a] Hn — %o . Z (nxg — k)) =
1 ) [nb] k j
skl (B ez
{ 15 = ol < 7=
+ % Hk -z ’ Z (nxg — k) (QSE) (69)
= [na] h
{ 15 = oll > 7=

W 79 @o| {nl N (1 (e _2)) ”ba”;} e

17
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That s '
H (gn (f(j) (o) (- — xo)J)) (mO)HW — 0, as n — o0.

Therefore when p = oo, for j =1,...,m, we have proved:

| (4 (59 @) (= 20)') ) (@0)| <

Y

(W)Y ”fﬂ) o H {W (1_h(n2l_a_2)> b—allio} < (70)

T HWW{W+Cw%ﬂJUWWQ:%W<w

and converges to Z€Ero, as n — Q.

We conclude:

In Theorem 10, the right hand sides of (57) and (58) converge to zero as
n — oo, for any p € [1, 00].

Also in Corollary 13, the right hand sides of (60) and (61) converge to zero
as n — oo, for any p € [1,00].

Conclusion 15 We have proved that the left hand sides of (55), (56), (57),
(58) and (60), (61) converge to zero as n — oo, for p € [1,00]. Consequently
Ay — I (unit operator) pointwise and uniformly, as n — oo, where p € [1,00].
In the presence of initial conditions we achieve a higher speed of convergence,
see (56). Higher speed of convergence happens also to the left hand side of (55).

We give

Corollary 16 (to Theorem 10) Let O open subset of (RN, ||||..), such that
N
H [ai,b;] € O CRY, and let (X [l ) be a general Banach space. Let m € N

and f e C™(0,X), the space of m-times continuously Fréchet differentiable
functions from O into X. We study the approzimation of f| . Let xp €

1] [ai,bi
N =
(H [ai,bi]) and r > 0. Here p; (n) as in (65) and py; (n) as in (70), where
i=1
neEN:n' @ >2 0<a<l,j=1,..,m. Then
1)
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2) additionally, if f9) (x0) =0, j = 1,...,m, we have
(A () (20) = £ (@0, <
wr (.7 (y ()77 )

m—l—l)+§ 8

rm!
3)
4. (1) = 11 H oot = > %
wbil i
wi (£, 7 (py (m) 75 n
- ( 'rm!l ) (1 (”))(’”“) (73)
2
{(m:—l)—'—;—kmg} =:p3(n) — 0, as n — oo.

We continue with

Theorem 17 Let f € Cp (RN,X), 0< B <1 ze RN NneN with
n'=P > 2, wy is for p=oo. Then

1
1B, (1.0) = £ @l < (£ ) + @ =n 0 =) UL = re o),
(74)
)
180 () =111, <22 (). (75)

Given that f € (CU (RN,X) NCg (]RN,X)), we obtain lim B, (f) = f, uni-
formly. The speed of convergence above is max ( =7, (1 — h (nlfﬁ — 2))) .

Proof. As similar to [12] is omitted. m
We give

Theorem 18 Let f € Cp (RV,X), 0 < 8 < 1, z € RN, N,n € N with
n'=8 > 2, wy is for p=oo. Then

1)
I (f.0) = £ @), o (55 4+ 25 )+ = (7 =) A1, | = 0.
(76)
)
G (=11, _ < 2s ). (77)
Given that f € (CU (RN,X) NCg (]RN,X)) , we obtain nILH;OC" (f) = f, uni-
formly.
19
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Proof. As similar to [12] is omitted. m
We also present

Theorem 19 Let f € Cpg (RN7X), 0<pB <1 2eRN NneN with
n'=8 > 2, wy is for p=oo. Then

1)
1Dn (£,2) = @), < w1 (ﬁ "+ nlg)+(1 —h (0= =) If1L | = xa ),
(78)
2
[1Dn 5y = 11| < 2. (79)
Given that | € (CU (RN,X) NCpg (RN,X)) , we obtain nlLII;ODn =1
uniformly.

Proof. As similar to [12] is omitted. m
We make

Definition 20 Let f € Cp (RN,X), N € N, where (X, ||||7) is a Banach

space. We define the general neural network operator

Fo(fox)i= Y b (f)Z(nz—k) =

k=—oc0

Bn(f7$>7 Zflnk(f>:f(%)k7+1
Cn (f,.%‘), if Lok (f) = fon f(t> dt, (80)

Clearly l,,x, (f) is an X-valued bounded linear functional such that ||l (f)]., <

s 7

Hence F), (f) is a bounded linear operator with HHFn (f)||7H < H”f”’YH .
We need > >

Theorem 21 Let f € Cp (RN, X), N > 1. Then F, (f) € Cp (RY,X).
Proof. Very lengthy and as similar to [12] is omitted. m

Remark 22 By (25) it is obvious that H||An (f)”VH < H||fH7H < 0o, and
o0

o0

=

i=1

N
An (f) € C <H [ai,bi] ,X), gZ"U@’fL that f (S C ( [ai,bi] ,X>
i=1 i
Call L,, any of the operators A,, B,,Cy, D,.

20
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Clearly then

ez o[ = 1za @ oo || < [1zaom]| < s,

etc.
Therefore we get

ik )

the contraction property.
Also we see that

lzt ol < 15 ol << {ean | <], o

—~

81)

<|ish] . vren, (82)

I

Here Lk are bounded linear operators.

Notation 23 Here N € N, 0 < 8 < 1. Denote by

@)™, i L, = A,
N = {1, if Ly, = By, Cy, Dy, )

1 .
o B Zan:An, Bn,

¢m)_{i L. if Ly = Co. Dy (%)

N .
Q:: C(}:[l [ai,bi],X> B Zan:An, (86)

C’B ( NyX) ’ ian = Bvucn;Dna
and
N .

Y = il;ll [ai7 bL] ’ Zf L, = Ana (87)

RN7 ifLTL = BnacnaDn-
We give the condensed
Theorem 24 Let f€Q,0< <1,z €Y;n, NN withn'=? >2. Then

(i)
1 (£,2) = £ @), < ex [wr (o ) + (1 =k (0 =2)) [I£1L,]|_] =7 (),
(88)
where wy 18 for p = oo,
and
(i1
[0 () = £1L]| <7 () =0, asn— o0 (89)

For f uniformly continuous and in £ we obtain
lim Ly, (f) = f,

pointwise and uniformly.

21
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Proof. By Theorems 8, 17, 18, 19. =
Next we do iterated neural network approximation (see also [9]).
We make

Remark 25 Letr € N and L,, as above. We observe that
Lyf—f=Lnf—Ly )+ (L =Ly f) +
(L2 =Ly ) + o+ (Lof = Lof) + (Lnf = ).
Then

e =ai|| =< ieas =zl ||+ izt - 2l +
[ze2s = 2ol |+ et [ = Zas |+ 12ns = 1] =
l2et @ar = ||+ [|12672 @t = D]+ [|lI257° @ = DL

oot |1 L f = DU+ [120f = 71| <7 12as =50 00)

That is

(91)

8

lnzes =g < |izas - 11,
We give

Theorem 26 All here as in Theorem 24 and r € N, 7(n) as in (88). Then
lzns = £lL|| < e o). (92)

So that the speed of convergence to the unit operator of L, is not worse than of
Ly,.

Proof. By (91) and (89). m
We make

Remark 27 Let my,....m, E N:m; <mo < ...<m,,0< g8 <1, fe€Q.
Then ¢ (m1) > ¢ (m2) > ... > p(m,), ¢ as in (85).
Therefore

wi (f, ¢ (m1)) = w1 (f,(m2)) = .. Z wi (f,9 (mr)) - (93)

Assume further that mg_ﬁ >2 4i=1,...,7. Then

(el ) () ag
2 - 2 - 2

T

1-8 _ 2)

22
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Let L,,, as above, i =1,...;7, all of the same kind.
We write

Lun, L,y (--Liny (L m1f))) - f=
Lin, (Li,—y (+-Lingy (L, £))) = L, (Lin—y (--Liny f)) +
Lo, (L, —y (.Liny f)) = Ly, (Lm,,,l (-Lms f)) +
L, (L, (.Ling £)) = Lin, (L, (.Liny f)) + o (95)
L, (L, s f) = Lin, f + Lin, f = | =
Lo, (Limy_y (<Liny)) (Ling f = f) + Ly, (Liy—y (-Ling)) (L f — f) +
Lo, (L, —y (o-Liny)) (L f = f) 4 oo+ Lo, (Liny o f = f) + Ln, f — [

Hence by the triangle inequality property of H””“’H we get
o0
HLmT (Lmr,l ( mo ( mlf - f”"/ S

|Zon, (Lan, s -Lna)) Lo f = D ||+
HLmr (Lmr—l (Lma)) (Lmzf - f)”,y +
HHLWT (Lmr—l ("-Lm4)) (wa,f - f)H"VHoo + ...+

H ||L7”7‘ (Lmqu - f) ||7H + H HLmrf - f||7H
(o) oo
(repeatedly applying (81))

< || f = 11|+ |12

o+ mar = 1|+t

2 st = A1+ 1t = 1] = S 1t =11 00)
=1

That is, we proved

l1Em, (s o Lo ) = 1L | <ZHHL S=1l o

We give

Theorem 28 Let f € Q; N, my,mg,....m, E N:m; <mg < ... <m,, 0<
8 < 1; mg_ﬁ >2,i=1,..,r,z €Y, and let (L, ..., Lim,.) as (Apmy, ey Am,.)
or (Bmys sy Bm,) or (Crmyy ooty Crn) 07 (Dippyy ooy D), p = 00. Then

L, (L, (<oLny (L f))) (2) = f (@)]], <

~

23

375 Anastassiou 353-377



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

HHLmr (Lmr—l (~~L7nz (Lmlf))) - f”w

oo

S (s =11, <
=1

r

ex Y [ (g m) + (1=n (mi= =2) ) |[if1,]|_] <

ren [wi (fp (m) + (1=h (mi~* =2)) 171, _]- (98)

Clearly, we notice that the speed of convergence to the unit operator of the mul-
tiply iterated operator is not worse than the speed of Ly, .

Proof. Using (97), (93), (94) and (88), (89). m
We continue with

Theorem 29 Let all as in Corollary 16, and r € N. Here p5 (n) is as in (73).
Then

145s = 71| < r{|14ns = 71| < 7es ). (99)
Proof. By (91) and (73). m

Application 30 A typical application of all of our results is when (X, ||||7> =

(C,|]), where C are the complex numbers.
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