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Asymptotic behavior of equilibrium point for a system of
fourth-order rational difference equations

Ping Liu !, Changyou Wang !-2*, Yonghong Li !*, Rui Li 3

1. College of Science, Chongqing University of Posts and Telecommunications,
Chongqing, 400065, People’s Republic of China
2. College of Applied Mathematics, Chengdu University of Information Technology,
Chengdu, Sichuan 610225, People’s Republic of China
3. College of Automation, Chongqing University of Posts and Telecommunications,
Chongging 400065, People’s Republic of China

Abstract
Our aim in this paper is to investigate the dynamics of a system of fourth-order rational

difference equations

X 1—=) Y, 3—X
_ n-3 n-1 _ n-3 n-1 _
xn+1_ ’ y,m— ~ l’l—O,l,---,

A + xn—3yn—l A + yn—3xn—1
where the parameter A4 is arbitrary positive real number and the initial conditions
X 45X 5, X ,Xy, Y 3,V 4,V 5V, are arbitrary nonnegative real numbers. By using new iteration

method for the more general nonlinear difference equations and inequality skills, we establish
some sufficient conditions which guarantee the existence, unstability and global asymptotic
stability of the equilibriums for this nonlinear system. Numerical examples to the difference

system are given to verify our theoretical results.
Keywords: difference system; equilibrium point; asymptotical stability; unstability
1. Introduction

Because of the necessity for some techniques that can be used in mathematical models
describing real situations, nonlinear difference equations have been studied in the fields of
population biology, economics, probability theory, genetics, psychology etc (see, e.g., [1-4]

and the references therein). In recent years, with the dramatically development of

*Corresponding authors at: College of Science, Chongqing University of Posts and
Telecommunications, Chongqing, 400065, People’s Republic of China
Email addresses: wangcy@cuit.edu.cn (C.Y. Wang), livh@cqupt.edu.cn (Y.H. Li).
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computer-based computational techniques, difference equations are found to be much
appropriate mathematical representations for computer simulation and experiment (see, e.g.,
[5-8]). However, it is more interesting to investigate the behavior of solutions of a system of
higher-order rational difference equations and to discuss the asymptotic stability of their
equilibrium points (for example, see [9-19]).

Recently, Bajo and Liz [20] described the asymptotic behavior and the stability properties

of the solution to the following nonlinear second-order difference equation

_ xn_1 , nZO,l,"'. (11)
a+bxx,

xn+1

for all values of the real parameters a,b, and any initial condition (x_,,x,) € R*.

In [21], Kurbanli, Cinar, and Yalcinkaya investigated the positive solutions of the following

difference equations

= x’hl ) yn+1 = y"*I n= 0)1, :
yn‘xn—l +1

_ , (1.2)
‘xnyn—l +1

n+l

where (x,,y,)<€[0,0) for k=-10.

Moreover, Touafek and Elsayed [22] deal with the periodic nature and the form of the

solutions of the following systems of rational difference equations.

x”l—3 yn—3
= I T n:OaL“'a 13
tltx, .y e tlty, X, (13)

xn+1

n-1

with a nonzero real number’s initial conditions.
As an extension of (1.3), Elsayed [23] continuously dealt with the existence of solutions

and the periodicity character of the following systems of rational difference equations

xnyn—l y”lx—”’l n= O, 1, ceey (14)

xn+ =T yn+ = s
1 Yn (xnyn—l il) 1 xn (ynxn—l il)

where the initial conditions Xx_,,X,,V_, and », are nonzero real numbers.

More recently, Khan and Qureshi [24] study the equilibrium points, local asymptotic
stability of equilibrium point, unstability of equilibrium points, global character of
equilibrium point, periodicity behavior of positive solutions and rate of convergence of

positive solutions of the following systems

axnfl — W—”4, n= O’ 1’ EEEN (15)

ﬂl _ylxnxn—l

X

nl = s y,,+1

ﬁ_}/ynyn—l

and
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o ay,, v = ax, , n=0,1,--- (1.6)

bl - clynyn—l

Especially, Yalginkaya [25] investigated the sufficient condition for the global asymptotic

stability of the following systems of difference equations

XtV Wt X , n=0,1,-- (1.7)

X 1’ n+l 1
xnyn—l - ynxn—l -

n+l

where the initial conditions Xx_,,X,,V_, and J, are nonzero real numbers.

Motivated by works [20-25], our aim in this paper is to investigate the dynamics of a

system of fourth-order rational difference equations

Xn3 ~ Va Ynz = X
_ n-3 n-1 — n-3 n-1 n=0,1,~

_ , .-, (1.8)
A + xn-3yn—1 A + yn—3x -

n+l

where 4 € (0,0) and (x,,y,)€[0,0)x[0,0) for n=-3,-2,-10, -

For more related work, one can refer to [26-35] and references therein.

2. Some preliminary results

To prove the main results in this paper we first give some definitions and preliminary

results [36-38] which are basically used throughout this paper.

Lemma 2.1 Let [,/ be some intervals of real numbers and let f:/" ><I;*1 -1,
g: ' ><I;*1 — [, be continuously differentiable functions. Then for every set of initial
conditions (x;, ypyel xI,, (i= —k,—k+1,---,0, j=—1,—1+1,---,0) , the following system
of difference equations

X = xaxn_a""xn_: no V10" s Vua)s
{nﬂ S, 1 k> Vs Vit Vi) n=0,1,2, 2.1)

yn+l :g(xn’xn—l’.“9xn—k9yn9yn—l9.“9yn—l)>
has a unique solution {(x;.y,)},2° ", .
Definition 2.1 A point (x,y) e/ x/, is called an equilibrium point of system (2.1) if
f:f(f’fa'“afa)?aya'”aﬂ 5 _)_;:g(f-f""af’y’ya“'ay)'

Thatis, (x,,»,)=(x,y) for n>0 is the solution of difference system (2.1), or equivalently,

(x,y) 1isa fixed point of the vector map (f, g).

3
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Definition 2.2 Assume that (x, y) be an equilibrium point of the system (2.1). Then, we have
(1) An equilibrium point (x,y) 1is called locally stable if for every ¢ >0, there exits

0 >0 such that for any initial conditions (x,,y,) e I, x 1, (i=—k, -0, j=—/,--,0), with

Z?:_k|xi—f|<5, Z‘(;}l‘yj—)_/ké‘,wehave |xn—f|<5, yn—)7|<5 forany n>0.

(i1) An equilibrium point (x,y) is called attractor if /im __x =X ,lim

n—0"'n n—)ooyn

=y for any
initial conditions (x;,y,) e I, x1I (i=—k,-,0, j=—1,---,0).

(ii1) An equilibrium point (x,y) is called asymptotically stable if it is stable, and (x,y)
is also attractor.

(iv) An equilibrium point (x,y) 1is called unstable if it is not locally stable.
Definition 2.3 Let (X,7) be an equilibrium point of the vector map F=(f,x, ;X _,, &V, *:).,)»
where f and g are continuously differentiable functions at (x,y). The linearized system

of (1.8) about the equilibrium point (x,y) is X

w =F(X,)=F,-X,, where F, is the
Jacobian matrix of the system (1.8) about (¥,¥) and X, =(x,,-*:X, ,,V,,"*V,,) -
Definition 2.4 let p, g, s,¢ be four nonnegative integers such that p+¢=n, s+¢=m. Splitting
x=(X,%, +»x,) into x:([x]p , [x]q) and y=(y;, ,,-»,) into y=(y] ,[y]), where[x]_denotes
a vector with o -components of x . We say that the function f(x,,x,,"-*,x,, ¥, V,,-**»¥,,)
possesses a mixed monotone property in subsets /7 x I of R"xR" if f([x],[x],[V],[v]) is
monotone non-decreasing in each component of ([x],,[y],), and is monotone non-increasing
in each component of ([x]q J[y]) for (x,y)el!xI.In particular, if ¢=0,7=0, then it is
said to be monotone non-decreasing in [} x/ .

Lemma 2.2 Assume that X(n+1) = F(X(n)),n=0,1,---, is a system of difference equations

and X is the equilibrium point of this system i.e., F(X)=X . Then we have

(1) If all eigenvalues of the Jacobian matrix J, about X lie inside the open unit disk
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4| <1, then X is locally asymptotically stable.

(i) If one of eigenvalues of the Jacobian matrix J, about X has norm greater than one,

then X is unstable.

Lemma 2.3 Assume that X(n+1)=F(X(n)),n=0,1,---, is a system of difference equations

and X is the equilibrium point of this system, the characteristic polynomial of this system

about the equilibrium point X is P(1)=a,A" +a A" +---+a, A+a, =0, with the real
coefficients and a, > 0. Then all roots of the polynomial P(A) lie inside the open unit disk
2| <1 if and only if

A, >0 for k=12,---,n, (2.2)

where A, is the principal minor of order k& ofthe nxn matrix

a, a, as 0
a, a, a,

A =0 a a
0 0 O a,

3. Main results and their proofs

In this section, we shall investigate the qualitative behavior of the system (1.8). Let

(x,y) Dbe an equilibrium point of system (1.8), then the system (1.8) has a unique

equilibrium (0,00 when 0< A4<2, and the system (1.8) has following three equilibrium

points P =(0,0), B=(A4-2,-vA4-2),and P,=(—A-2,vA-2) if 4>2.

To construct corresponding linearlized form of the nonlinear system (1.8), we consider the

transformation
(X5 X, 15X, 25 %, 35 Vs Vs V2o Vuz) P (5 S15 25 /3585815825 83) (3.1)
where
x”l- _y}’l- y"l- _xl’l- :
:# ’f; :xn—Hl’g :#’ gi = yn—Hl’ 1= 1’ 2’ 3
A + xn—3yn—1 A + yn—3xn—l
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The Jacobian matrix about the equilibrium point (x,y) under the transformation (3.1) is

given by
00 065 0 5,0 0]
100 0O0O0O0OO
01 000O0O0O0

F(5.5) = 001 0O0O0O0O0 ,

06,00 0 0 0 g,
000 0T1O0TO0O
0 000O0OT1O0OUO0
0000001 0|

where 51:A+—)72 0. ﬂ Ay AT

. = ) 5 = s —_ = A~ .
(A+xy) 7 (A+xy)?T 7 (A+xy)’ ] (4+xy)
Theorem 3.1 If A>1, then the equilibrium point (0,0) of the system (1.8) is locally

asymptotically stable.

Proof: We can easily obtain that the linearlized system of (1.8) about the equilibrium point

0,00 is

q))Hl = D¢n (32)
where
r . 0 0 O l 0 —l 0 0
X A A
X, 1 00 00 O OO
X, , 0O 10 00 O OO
X, , 0O 01 00 0 O0UO
@n= D= | |
n 0-—000 0 0 —
ynfl A A
0O 00 01 O 0
yn—2
0O 00 0 0 1 0
_yn73
0 00 00 0 0|

The characteristic equation of (3.2) is

1
f(y=@x' —Z)Z =0. (3.3)
In view of A >1, it is clear that all roots of characteristic equation (3.3) lie inside unit disk.

Hence the equilibrium (0,0) is locally asymptotically stable by Lemma 2.1.
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Theorem 3.2 Let /,/, be some intervals of real numbers and assume that f I xT ;“ —1,

and g:I""'xI }’,“ — 1, be continuously differentiable functions satisfying mixed monotone

property. If there exits

My SMIN{X_,, X0, V)5, Vot SMAX{X_ L, X0, Vs Yoy S Mg, (3.4)
My SMIN{X -, X,V ) Vo SMAX{X_ L, X0,V Vo S Ny,

such that

{mo Sf([mo]p’[MO]q’[no:L"[No]t)Sf([Mo]p’[mO]q’[No]s’[no][)SMO’ (3.5)

ny < g([my], . [M,],.[n1, [N, 1,) < g([M,],,[my], .[No],»[n,],) < Ny,
then there exit (m,M)e[m,,M,]* and (n,N)e[n,,N,]’ satisfying

{M =f(IM],,[m],.[N].[n]), m=f(m],[M],[n],[N]), (3.6)

N=g(M],.[m], [N, .[n] ), n=g(m],.[M],.[n];,[N],)
Moreover, if m=M,n=N , then equation (2.1) has a unique equilibrium point (x,y)e
[m,,M,]x[n,,N,] and every solution of (2.1) converges to (X, ).
Proof. Using m,,M,,n, and N, as two couples of initial iterations, we construct four
sequences {m,},{M},{n},and {N,}(i=12,---) from the following equations

{mi =f(m_1,.IM ], [n 00N L), M= (M, Im ] IN L s ), (3.7)

n; = g([m,q ]pl 7[Mi71 ]ql 7[”171 ]Sl a[N,q ][I )> N, = g([M[—l]pl a[m,'fl ]ql ,[NFI ]51 ,[I’ZFI ]z] )-

It is obvious from the mixed monotone property of fand g that the sequences {m,},{M.},

{n,;} and {N,} possess the following monotone property

1 1

ny<n <--<n <--<N,<--<N, <N,,

1 1

my<m <--<m <--<M, < <M <M,,
(3.8)

where i=0,1,2,---, and

m <x, <M, n<y <N, for uz(k+)i+Lv=(+1i+1,i=0,1,2,--- (3.9
Set
m=limm, M =limM,, n=Ilimn,N=lmN,. (3.10)
Then
7
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m< &Lr}gmfxi < }LIESUPXZ- <M, n< }ggmfyi < }EBSUPJ’I- <N. (3.11)

By the continuity of f and g, one has

{M = f((M],.[m],.[N],.[n]),m = [ ([m],,[M],, [n],,[N],), (3.12)

N =g([M],.[m],,[N],.[n], ), n = g([m], .IM],.[n], .[N],).

Moreover, if m=M,n=N ,then m=M =limx,=x,n=N =limy, =y , and then the proof

i—0 i—o0
is complete.

Theorem 3.3 If 1< A, then the equilibrium point (0,0) of the system (1.8) is global
attractor for any condition (x_y,X_,X_, Xy, V.55V, V1, Vo) €(0,0)°.
Proof: Let (f,g):(0,00)*x(0,0)* = (0,00)x(0,00) be a function defined by

xn—3 — yn—l

f(xn’xn—l’xn-25xn.3ayn5yn_1>yn_2ayn_3): > (313)
A + ‘xn—3yn—1
and
Yoz X
g(xn Txn-l’xn—Z 7xn—3 ’yn ’yn—19yn—2 7yn—3 ): — : (3 14)
A + xn—lyn—S
Set
X—=Yy y—x
= , &= , 3.15
A+xy £ A+xy ( )

we can obtain that

A+y’ —A-y°
N = (14_|_—y)2 > 0, gx = ﬁ<
+ X +Xx
4 4 (3.16)
—A-x’ A+x’
f;/ = — < , gx = — >
(A+xy) (A+xy)
which implies that f and g possess a mixed monotone property.
Let M,=N,=max{x ,,X ,X ,X,, V3,V 5,V 1, Y,y and —A/M,<m,=n,<M,/(1-4).
Thus, we have
m, < my =Ny My n, <M,,n, < =M, Ny —m, N,. (3.17)
A+myN, A+Mn, A+nM, A+ Ngm,

Moreover, from (1.8) and Theorem 3.2, one can derive that there exists m,M €[m,,M,],
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n,N €[n,,N,] satisfying

m—N n-M M —n N-—-m
m= L= M= N = .
A+mN A+nM A+nM A+ Nm

(3.18)

Hence, we have
M=N=m=n=0.

According to Lemma 2.2 and Theorem 3.2, If 1< 4, the unique equilibrium (0,0) is not
only locally asymptotically stable, but also a global attractor. The proof is complete.
Theorem 3.4 If A <1, then the equilibrium point (0,0) is unstable.

Proof: It is easy to see that there exist roots of characteristic equation (3.3) lie outside unit

disk when 4 < 1. According to Lemma 2.2, the equilibrium point (0, 0) is unstable.

Theorem 3.5 The equilibrium points p, :(m, —\/ﬂ) ,and p, = (—\/ﬁ, \/ﬁ)
of the system (1.8) are locally asymptotically stable when 2< A4 <3 . And the equilibrium
points p; and p, of the system (1.8) are unstable when A4 >3.

Proof: We can easily obtain that the linear equations of the system (1.8) about the

equilibrium point p, = (\/A-2,-/4-2) is

§0n+1 = D ¢n s
where
- - 0 0 0 4-1 0 1-4 0 0
Xy 2 2
X, 1 0 0 0 0 O 0 O
X, , 01 0 0 0 O 0 O
X, 3 0 O 0 0 0 0 O
P = , D= -4 41 (3.19)
Y 0—=0 0 0 0 0
ynfl 2 2
v 0 O 0 0 0
v 0 O 1 0 O
10 0 0 1 0 |
The characteristic equation of (3.18) is
A-1
f(/1)=(l“——2 )’ =0. (3.20)

Hence, we have that the equilibrium point p, of the system (1.8) is locally asymptotically

stable when 2< A4 <3, and the equilibrium point p, of the system (1.8) is unstable when
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A>3 . The stability and unstability of the equilibrium point p, can be proved similarly.

4. Numerical simulations

In this section some numerical examples are given in order to confirm the results of the
previous sections and to support our theoretical discussions. These examples represent
different types of qualitative behavior of solutions of the system (1.8). As examples, we

consider the following difference equations

X3 = Ve Yuz X
_ n-3 n-1 n-3 nl’ n:O’l,

n+l T 3+xn_3yn_1 ’ yn+1 - 3+yn_3xn_1 ) (41)
X - —X

- — n-3 yn—l s yn+1 — yn—3 n-1 , n= 0, 1, e (42)
5+xn—3yn—1 5+yn—3xn—1

and
‘xn—3 — yn—l yn—3 _‘xn—l
TS St /R SRS RS
054, Ly, T =054 V3%, ' (4.3)

By employing the software package MATLAB7.0, we can solve the numerical solutions
of the system (4.1), (4.2) and (4.3) which are shown respectively in Figures 4.1-Figure 4.4.
More precisely, it is obvious that the equations (4.1) satisfy the conditions of Theorems 3.1

and Figure 4.1 shows that the solution of the difference system (1.8) is local stability if 4=3
and the initial conditions x,=6,x,=4,x,=2,x,=8,y,=1,y,=4, y, =2 and y =3.
We can also see that the equations (4.1) satisfy the conditions of Theorems 3.2 and Theorem
3.3, and Figure 4.2 shows that the solution of the difference system (1.8) is globally

asymptotically stable where 4 =3, n,=m, =-0.9, N,=M,=0.9 and the initial conditions

x,=001x,=002x,=001x,=003y,=02,y,=04, y =08 and y =0.7.]It can
be noticed that the equations (4.2) satisfy the conditions of Theorems 3.1, Theorems 3.2 and
Theorem 3.3, and Figure 4.3 shows that the solution of the difference system (1.8) is globally

asymptotically stable where 4=5, n,=m,=-0.3, N,=M =0.5 and the initial conditions

x,=02,x,=006,x,=04x,=008y,=002y,=004, y =001 and y =0.1.Itis

clear that the equations (4.3) satisfy the conditions of Theorem 3.4, and Figure 4.4 shows that
the solution of the difference system (1.8) is unstable where A4=0.5, and the initial
conditions x,=16,x,=Lx,=15x,=18y,=Ly,=4, y =2 and Yo=3-

10
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x(n)/y(n)
w

-20 0 20 40 60 80 100
n

Figure 4.1. Solutions of (4.1) with A=3 and the initial conditions

x,;=6,x,=4,x,=2,x,=8,y,=Ly,=4, y,=2 and y,=3

1 ‘
—x(n),A=3
0.8+ M(n),A=3 | |
— m(n),A=3
061 T y(n)AS=3 |
0.41 1
021 |
B
= of ]
[
<
0.2f 1
041 1
0.6F 1
0.8F 1
_1 1 1 1 1 1
20 0 20 40 60 80 100

Figure 4.2. Solutions of (4.1) with 4=3, n,=m,=-09, N,=M, =09 and the initial conditions

x,=001,x,=002,x,=00Lx=003y,=02y,=04, y =08 and y =0.7
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0.5
x(n) A=5
0.41 —M(n)A=5| ]
m(n) A=5
0.3f y(n) A=5 4
0.2r 7
<
2 01r .
=
£
0 |- .
011 7
-0.21 |
_03 L L L L L
-20 0 20 40 60 80 100

Figure 4.3. Solutions of (4.2) with4 =5, n,=nm,=-03, N,=M, =05 and the initial conditions

x,=02,x,=006,x,=04x =008 y,=002y,=004, y, =001 and y, =0.1

200 x(n)A=0.5 |
y(n)A=0.5

150 7

~ 100 ]

x(n)/y(n

Figure 4.4. Solutions of (4.3) with A = 0.5, and the initial conditions
x,=16,x,=1,,x,=15x=18y.=Ly,=4, y,=2 and y,=3
12
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5. Conclusions

This paper presents the use of a variational iteration method for systems of nonlinear
difference equations. This technique is a powerful tool for solving various difference
equations and can also be applied to other nonlinear differential equations in mathematical
physics. The numerical simulations show that this method is an effective and convenient one.
The variational iteration method provides an efficient method to handle the nonlinear
structure. Computations are performed using the software package MATLAB7.0.

We have dealt with the problem of global asymptotic stability analysis for a class of
nonlinear high order difference equations. The general sufficient conditions have been
obtained to ensure the existence, unstability and global asymptotic stability of the equilibrium
point for the nonlinear difference equations. These criteria generalize and improve some
known results. In particular, some illustrate examples are given to show the effectiveness of
the obtained results. In addition, the sufficient conditions that we obtained are very simple,

which provide flexibility for the application and analysis of nonlinear difference equation.
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In this paper we are interested to give the Hadamard inequality for n-times differ-
entiable convex functions via Caputo fractional derivatives. We also find bounds of a
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1 introduction

Fractional calculus was mainly a study kept for the finest minds in mathematics. The
history of fractional calculus is as old as the history of differential calculus. It does indeed
provide several potentially useful tools for solving differential and integral equations, and
various other problems involving special functions of mathematical physics as well as their
extensions and generalizations in one and more variables. Fourier, Eulern and Laplace
are among those mathematicians who showed a casual interest by fractional calculus and

* Corresponding author
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mathematical consequences. A lot of them established definitions by means of their own
notion and style. Most renowned of these definitions are the Grunwald-Letnikov and
Riemann-Liouville definitions [6-8].

In the following we give the definition of Caputo fractional derivatives [6].

Definition 1.1. Let @« > 0 and o ¢ {1,2,3,...}, n = [a] + 1, f € AC™[a,b], the space
of functions having nth derivatives absolutely continuous. The right-sided and left-sided
Caputo fractional derivatives of order o are defined as follows:

x (n)
(CD3+ )(z) = F(nl— o) / @ f t)ogi)n+1 dt,x > a (1.1)
and (_1)n b f(n) (t)
(“Di_f)(x) = T a) / et e <b. (1.2)

Ifa =n e {1,2,3,..} and usual derivative f(") () of order n exists, then Caputo fractional
derivative (° D2, f)(x) coincides with f(™)(z), whereas (° D f)(z) coincides with f(™ ()
with exactness to a constant multiplier (—1)". In particular we have

(“Daf)(@) = (“Dy_f)(@) = f(x)

where n =1 and a = 0.

Definition 1.2. ([7]) Let f € L]a,b]. Then Riemann-Liouville fractional integrals of f of
order « are defined as follows

1% f(z) = ﬁ /z(:n — 0o ()dt, x> a

and

b
o f(z) = ﬁ / (t— ) f (D)t @ < b.

In [10], Sarikaya et al. proved following Hadamard-type inequalities for Riemann-
Liouville fractional integrals:

Theorem 1.3. Let f : [a,b] — R be a positive function with 0 < a < b and f € Ly[a,b]. If
f is a convex function on [a,b], then the following inequalities for fractional integrals hold

a+b 2070 (e + 1) 1, N
f( 5 >§w[(%b)+f(b)+ (aTH?)_f(a)

fla) + f(b)
2

(1.3)

IN

with o > 0.
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Theorem 1.4. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If | f'|1
is convex on [a,b] for ¢ > 1, then the following inequality for fractional integrals holds

20 10 (q + 1 N N atb

ﬁ[ Casay F(0) + [usa)F(@)] —f( ! )‘

= 4(Z_+a1) ( (a1_|_2)>g [((CH1)|f’(a)|q+(a+3)|f’(b)|q)% (1.4)
+ ((a+3)I1 (@) + (a+ DIFB)) 7]

with o > 0.

Theorem 1.5. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If | f'|4
is convex on [a,b] for ¢ > 1, then the following inequality for fractional integral holds

Q

(b— 2

(L) <<|f<>|q+43|f’<b>|q>%+<3|f’<a>|q:|f’<b>|q>%> w3

" (apH) @)+ 17 O,

1,1 _
where;—l—a—l.

w[ (aHbe(b) + (%TH,)_f(a)] —f (a + b> I

In recent days many researchers have focused their attention in establishing inequalities
of Hadamard type via utilization of fractional integral operators, (see, [1-5,9]) and refer-
ences therein. In this paper we are interested to give versions of inequalities (1.3), (1.4)
and (1.5) for n-times differentiable convex functions via Caputo fractional derivatives.

In the whole paper C™[a, b] denotes the space of n-times differentiable functions such
that f(") are continuous on [a, b].

2 Hadamard-type inequalities for Caputo fractional deriva-
tives

In this section we give a version of the Hadamard inequality via Caputo fractional deriva-
tives. First we prove the following lemma.

Lemma 2.1. Let g : [a,b] — R be a function such that g € C"[a,b], also let g™ is

a+b

integrable and symmetric to “57. Then we have

(“Dg9)(0) = (=1)"(“Di_g)(a)

;[(CDa+g)(b) +(=1)"(“Di_g)(a)].
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Proof. By symmetricity of g we have ¢(™ (a+b—z) = ¢(™(z), where z € [a, b]. Replacing
x with @ + b — x in the following integral we have

b oy
(CD(O;—I—Q)(b) = F(’I’Ll— OZ) /a, (b_g$)i_)n+1 dz

b 4(n) _
_ 1 / g\ (a+b—x) da
'n—-a) J, (x—a)entl

1 b g"(a)
- T'(n—a) /a (z —a)e—ntl dr

= (-1)"(“Di_g)(a).

O

Theorem 2.2. Let f : [a,b] — R be a positive function with 0 < a < b and f € C"[a,b).
If ™ s a convex function on [a,b], then the following inequalities for Caputo fractional
derivatives hold

(n) (I—|—b
" (57)

n—a—1 n—a
<- (bi(aw—a 2 [(CDfusty HO) + (17 Diasy_(a) (2.1)
AR ;rf(")(b)'

Proof. From convexity of (™ we have

) <$+y> < (@) + M (y)
2 - 2 '

Setting x = %a + (22;’5)13,1/ = @a + %b for t € [0,1]. Then z,y € [a,b] and above

inequality gives

) (O+bY ey (L, 21 m (2=t 1t
2f <2>_f 2a+2b—|—f 2a+2b,

multiplying both sides of above inequality with *~~! and integrating over [0, 1] we have

1
2/ <a+b>/ t—elqy
2 0

! t o 2—t ! 2—t t
< n—a—1¢(n) [ © / n—a—1 g(n) M
_/Ot f <2a—|——2 b>dt+ ; t f 5 a—|—2b dt

= o [ Dfug O+ (D) 1]

from which one can have

(n) a+ b
()

- 21D (n —a + 1)
- (b—a)"®

(CDfass) HO) + (—1"(CDoy D] (22)
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On the other hand convexity of f(™ gives

m(t 2-1 m (2=t t
f <2a—|— 5 b>+f (2 a+5b

FO @) + 20 + L0 + S 50),

<

N | o+

multiplying both sides of above inequality with *~®~! and integrating over [0, 1] we have

1 1
n—a—1 £(n) E 21 / n—a—1 ¢(n) 2-¢ E
/Ot f <2a—|— 2 b>dt—|— ; t I 5 a—|—2b dt

< [f<“>(a> + f<“>(b>} / ety

0

from which one can have

2" (n —a + 1)
(b _ a)n—a

(€D )+ (~1)"(“Dfuny_f)(@)

(2.3)
_ £+ 1)
—_ 2 .
Combining inequality (2.2) and inequality (2.3) we get inequality (2.1). O

3 Caputo fractional inequalities related to the Hadamard
inequality

In this section we give the bounds of a difference of the Hadamard inequality proved in
previous section. For our results we use the following lemma.

Lemma 3.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f € "t a, b, then the following equality for Caputo fractional derivatives holds

2" (n —a + 1)
(b—a)r@

_(n) (1—|-b
()
b—al [! t 2—t
_ n—a ¢(n+1) [ ©
1 [/Ot f <2a—|——2 b>dt

1 2—1t t
o n—o g(n+l) [ £ ° v
/0 t f ( 7 a—+ 2b> dt] .

€Dy )+ (~1)"(“Dfuny (@)

(3.1)
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Proof. One can note that

b—al [* t 22—t
o (n+1) [ © 4 ° t
2 oo (Ger i) o

b—a |, n t
= [t f(< +—b>5
_ /1 tn—a—l_f(n) Za+ Eb

0 a—b 2@ 2

_b—a[_if(n)<a+b> (3.2)
4 b—a 2

a+b

-2 [ (e :c>> %f(")(w)dw]

bRy () 20t D, o).

Similarly

b—al (! 2t t
N n—a ¢(n+1) t
. [/Ot f ( 5 a—|—2b>dt

b—a 2 a+b 2n—a+lr(n o+ 1) (3.3)
- (n) _ B D
4 [b — af ( 2 > (b — a)n—a—l—l ( (a+b)+f)(a):| :
Combining (3.2) and (3.3) one can have (3.1). O

Using the above lemma we give the following Caputo fractional Hadamard-type in-
equality.

Theorem 3.2. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b and
f e a,b]. If | f™tD|9 is convex on [a,b] for ¢ > 1, then the following inequality for
Caputo fractional derivatives holds

2"‘0‘_1F(n —a+1)
G (Dl IO+ (F)" Dy (@)

»(3)

§4m€::m< n—a+m>
N

+ (= a+3)[FE)] " + [(n - a+3) [f D (@)

(n—a+1)[f" D (a))

+o—a+ 1) 0.
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Proof. From Lemma 3.1 and convexity of |f("+1)| and for ¢ = 1 we have

2n—a—1f(n — o+ 1) o o
G ama Dy DO+ (Dl (@)

) a+b
! ( 2 >‘
1
bt o (o (s 258 e (25 )

= ﬁ [|f("+1)(a)| + |f(n+1)(b)|} '

For ¢ > 1 using Lemma 3.1 we have

Using power mean inequality we get

2210 (n —a + 1)
(b—a)r— [(

_(n) (1—|-b
(7))
b—a 1 v L
<5t () |
1
n—a|pm+r) (220 T
+[/0 t flnt ( a—|—2b>

2

“Deuy F)B)+ (~1)"(“ Dy ()]

1
7 19
dt]

fnt1) (%a + ?b)

th] %] |
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Convexity of | f("+1)]4 gives

2"_0‘_1F(n—a—|—1) o N N
G ama Dy DO+ (0D Do)

) (0ED
(%)
b— 1\ [ 2 — g
b ([ (o Son)
1 9_ .
+[At“a(3ﬁﬂ“W@w+;W”Wwﬁd4]

R >i{[ﬂwﬂwaﬂMU@qﬂM”@q

1
q

4 n—a+1 2m—a+2) n—-%+1 2(n—a+2)

1
q:|
)

which after a little computation gives the required result. O

n S @) 1@ @)
n—a+1l 2nh—a+2) 2(n—a+2)

Theorem 3.3. Let f : [a,b] — R be a function such that f € C"1[a,b], a < b. If|f("+1D)]a

is convex on [a,b] for ¢ > 1, then the following inequality for Caputo fractional derivatives
holds

2=~ (n — a + 1) o " N
G ama Dy DO+ ()" Dy Do)

(3

N >% O ARl OTAY
! np —oap+1 4 (3.4)
(3.f“+lxa>q+.fm+lkb>q>$]
* 4

<b—a 4
- 4 3(np—ap+1

)>ﬂm“Ww+uwm@m

201 1
wzth;—l—a—l.
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Proof. From Lemma 3.1 we have

21D (p —a + 1)
(b—a)r@

_p(n) a+ b
i <3a + ?b) ‘ dt

< b—a /1 o
- 4 0 2
1 fe—
+/ nme | pntd) (ua—l— Eb)‘dt] :
0 2

2
From Hoélder’s inequality we get

(C Dy D)+ (~1)"(“Dfuny_f)(@)

21D (n —a + 1)
(b—a)r—@

_(n) (I—|—b
()]
<b—(1 [/ltnp—apdt]%[/l
-4 0 0
1 L1
np—op 1. | * (nt1) (22t T
—I—[/Otf” pdt] [/0 flnt ( 5 a—|—2b>

Convexity of | f("+D]7 gives

(D) HO) + (1" (Do) ()]

1
_ q q
FotD) <3a + ub) dt] !

2 2
1
a 17
dtH.

2" I (n —a + 1)
(b—a)r—@

_ (n) (1—|-b
()

b—(l 1 v 1 t (n 1) 2—t (n 1) %
<t () [{A (3ot + 20 D)

+Lf(?;uwmww+§ﬂ“Ww§ﬁF]

_b—a 1 5
4 np—ap+1

+[mﬂWHM@w+wfmﬂxww]l

|(ODussy H®) + (~1)"(ODfosay (@)

S

uwmwm+mﬂMqu3
4

4

Q
S |
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For second inequality of (3.4) we use Minkowski’s inequality as follows

2210 (n — a4 1)
(b—a)r—@

o ()

boa 1 5 [T s (n+1)
RSSO S p—

(€ Dussy B+ (~1)" (O Dfssy (@)

1
q

+ @i+ ]|

<P (mry) 6 D0 )

16 np—ap+1
b—a 4 z (n+1) (n+1)
< (o) U@L )
U
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Abstract

Hesitant fuzzy information systems are generalized types of traditional information
systems. First, a dominance relation is defined by the score function of hesitant
fuzzy value in hesitant fuzzy information systems. By introducing the dominance
relation to hesitant fuzzy information systems, we then establish a dominance-based
rough set model by replacing the indiscernibility relation in classic rough set theory
with the dominance relation, and develop a ranking approach for all objects based
on dominance classes. Furthermore, to simplify the knowledge representation, we
provide an attribute reduction approach to eliminate the redundant information. And
an example is provided to illustrate the validity of this approach.

Key words: Dominance relation; Dominance-based rough set; Hesitant fuzzy in-
formation systems; Reduction

1 Introduction

As a mathematical approach to handle imprecision, vagueness and uncertainty in data
analysis, rough set theory introduced by Pawlak [22,23] is a valid means of granular
computing [24]. In Pawlak’s rough set model, the equivalence relation is a key tool and
can represent information systems or decision tables. However, the equivalence relation
is a very stringent condition that may limit the application of rough sets in practical
problems. Therefore many researchers have generalized the notion of Pawlak’s rough
set by replacing the equivalence relation with other binary relations. It may be a fuzzy,
intuitionistic fuzzy, interval-valued fuzzy, hesitant fuzzy or other indiscernibility one within
the generalized rough sets [1,3,4,15,21,27,31,34,39,40,42-51, 54, 55, 59].

The aforementioned rough sets, such as fuzzy rough set [1,3,21,27,34,39], intuitionistic
fuzzy rough set [15,54,55], hesitant fuzzy rough set [4,40,46], and so on, do not consider

*Corresponding author. Address: School of Mathematics and Computer Science Northwest MinZu
University, LanZhou, Gansu, 730030, P.R.China. E-mail:lingdianstar@163.com
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attributes with preference-ordered domains. However, in many real-life situations, we are
always faced with some problems in which the ordering of properties of the considered
attributes plays a key role. In such case, to take into consideration the ordering properties
of criteria, Greco et al. [8-11] generalized the notion of Pawlak’s rough set and initiated the
dominance-based rough sets approach (DRSA) by replacing the indiscernibility relation
with a dominance relation. In DRSA, the knowledge approximated is a collection of
upward and downward unions of classes and the dominance classes are sets of objects
defined by a dominance relation in which condition attributes are the criteria and classes
are preference ordered. Up to now, many fruitful results in DRSA have been achieved
[5,12,13,25,29,30,52].

Hesitant fuzzy (HF) set theory, initiated by Torra and Narukawa [32] and Torra [33]
as one of the extensions of Zadeh’s fuzzy set [56], permits the membership degree of an
element to a set having several possible different values. Because HF set can express the
hesitant information more comprehensively than other extensions of fuzzy set, it has been
applied in dealing with lots of decision making problems successfully [2,6,17,18,28,35-38,
57]. Although rough sets and HF sets both capture particular facets of the same notion-
imprecision, studies on the combination of rough set theory and HF set theory are rare.
In [40], Yang et al. proposed the concept of HF rough sets by integrating HF sets with
rough sets. However, Zhang et al. [46] pointed out that hesitant fuzzy subset based on the
hesitant fuzzy rough sets is not necessarily antisymmetric. To remedy this defect, they
introduced an HF rough set over two universes and give a new decision making approach
in uncertainty environment using the model. Subsequently, Zhang et al. [47] extended
the rough set into interval-valued hesitant fuzzy environment and introduced the concept
of interval-valued hesitant fuzzy rough sets. In typical hesitant fuzzy background, Zhang
and Yang [53] studied the constructive approach to rough set approximation operators and
proposed a typical hesitant fuzzy rough set. By combining the hesitant fuzzy linguistic
term set and rough set, Zhang et al. [41] developed a general framework for the study of
hesitant fuzzy linguistic rough sets over two universes.

On the one hand, hybrid models integrating an HF set with a rough set are rarely
developed despite the above mentioned research efforts. Knowledge reduction is also an
important task in classic and generalized rough set theory. However, the issue has rarely
been discussed under the hesitant fuzzy environment. On the other hand, it is well known
that the rough set data analysis starts from information systems which contain data about
objects of interest, characterized by a finite set of attributes. As an important type of data
tables, information systems on decision problems have been widely studied [7, 14,16, 19,
20,25,26]. However, in general, we may not have enough expertise or possess a sufficient
level of knowledge to precisely express our preferences over the objects by using a value or
a single term, and then, we may usually have a certain hesitancy between a few different
values. In such a case, the traditional information system can not express our preferences
or assessments by only a single term or value. Considering the facts, it is natural for
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us to investigate information systems in the context of hesitant fuzzy settings which is
called hesitant fuzzy information systems. So how to make a decision by a dominance
relation is an urgent need in hesitant fuzzy information systems. The aim of this paper is
to introduce a dominance relation to hesitant fuzzy information systems and establish a
rough set approach by replacing the indiscernibility relation with the dominance relation.
Then we develop a reduction approach in hesitant fuzzy ordered information systems for
eliminating redundant information from the perspective of the ordering of objects.

The rest of the paper is organized as follows. In Section 2, by reviewing some basic
concepts, a dominance relation is introduced to hesitant fuzzy information systems and
some properties are discussed. Section 3 establishes a dominance-based rough set approach
in hesitant fuzzy ordered information systems by replacing the indiscernibility relation with
a dominance relation. In Section 4, a ranking approach is established through the notions
of dominance degree and whole dominance degree. Section 5 proposes a reduction approach
in hesitant fuzzy ordered information system for eliminating redundant information from
the perspective of the ordering of objects. Finally, we conclude the paper in Section 6.

2 Dominance relation in hesitant fuzzy information systems
In [32,33], Torra and Narukawa introduced the notions related to HF sets.

Definition 2.1 ( [32,33]) Let U be a fized set, a hesitant fuzzy set A on U is in terms
of a function ha(zx) that when applied to U returns a subset of [0,1].

To be easily understood, Xia and Xu [35] denoted the HF set by a mathematical
symbol:

A={<z hp(z)>|xeU},
where hy(x) is a set of some different values in [0,1], standing for the possible membership
degrees of the element x € U to A.

For convenience, Xia and Xu [35] called hy(z) an HF element, and denoted the set of
all HF sets on U by HF(U).

To compare the HF elements, Xia and Xu [35] defined the following comparison laws:

Definition 2.2 ( [35]) For an HF element h, s(h) = ﬁ > nen Y 18 called the score func-
tion of h, where #h is the number of the elements in h. For two HF elements h1 and ho,
if s(h1) > s(hg), then hy = ha; if s(h1) = s(ha), then hy = ho.

An HF information system is a quadruple Z = (U, AT, V, f), where
e U is a non-empty finite set of objects called the universe;
e AT is a non-empty finite set of attributes;
e V is the domain of all attributes, i.e., V' = Var = J,car Va;
o f: UxAT — V is atotal function such that f(z,a) € V, for every a € AT, x € U, called
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Table 1: An HF information system

U ay as as aq as

z1 {0.4,0.6,0.7} {0.4,0.5,0.6} {0.3,0.4,0.6} {0.1,0.3,0.4} {0.4,0.5,0.8}
zo {04,0.5,0.6} {0.0,0.4,0.5} {0.5,0.6,0.7} {0.4,0.6,0.7} {0.2,0.3,0.4}
z3 {0.5,0.6,0.7} {0.5,0.7,0.8} {0.6,0.8,0.9} {0.5,0.7,0.8} {0.6,0.8,0.9}
zy {04,0.7,0.8} {0.4,0.6,0.7} {0.5,0.7,0.8} {0.8,0.9,1.0} {0.7,0.8,0.9}
x5 {0.4,0.6,0.8} {0.4,0.5,0.8} {0.4,0.6,0.7} {0.5,0.7,0.8} {0.4,0.6,0.8}
z¢ {0.2,0.3,0.4} {0.2,0.3,0.6} {0.3,0.4,0.5} {0.4,0.6,0.9} {0.3,0.6,0.7}
z7 {0.1,0.4,0.5} {0.5,0.6,0.7} {0.4,0.6,0.7} {0.3,0.7,0.8} {0.6,0.8,0.9}
zg {0.2,0.5,0.7} {0.2,0.6,0.8} {0.3,0.4,0.5} {0.4,0.6,0.8} {0.4,0.5,0.8}

an information function, where V, is a set of HF elements. Denote as f(z,a) = hqy(x),
then we call it the HF value of x under the attribute a. In particular, if the information
function f(x,a) contains only one real number, the HF information system degenerates
into a traditional information system [29].

Example 2.3 An HF information system is given in Table 1, where U = {x1, x2, x3, 4, T5,
Te, X7, 1’8}7 AT = {al, as,as, ayq, CL5}.

In practical decision analysis, we always consider a dominance relation between objects
that are possibly dominant in terms of values of an attributes set in an HF information
system. Generally, an increasing preference and a decreasing preference can be considered
by a decision maker. If the domain of an attribute is ordered by a decreasing or increasing
preference, then the attribute is a criterion.

Definition 2.4 An HF information system is called an HF ordered information system
(HFOIS) if all attributes are criterions.

On the basis of Definition 2.2, we develop an approach to rank two objects whose
attribute characters are described by HF values.

Definition 2.5 Let Z = (U, AT,V, f) be an HFOIS. For x,y € U, denote as
v zay<=Va€A, f(z,a) = f(y,a) <= Va € A, f(z,a) = f(y,a) V f(z,a) = f(y,a),

then we say that x dominates y with respect to A C AT ifx = 4 y, denoted by xR%y. Where
RE ={(y,x) € U x Uly =4 x} is called a dominance relation in HFOIS. Analogously, we
call the relation R;x a dominated relation in HFOIS, which can be defined as follows:

R = {(y,2) € U x Ulz =4 y}.

From Definitions 2.5 and 2.2, we can easily obtain the following theorem.
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Theorem 2.6 Let Z = (U, AT,V, f) be an HFOIS and A C AT, then
(1) R% and fo are reflexive, transitive and unsymmetric;

“ - < <
(2) RZ = ﬂaeA R{_a}’ R;l = maGA IR{_a}'
=

The dominance class induced by the dominance relation R% is the set of objects dom-
inating z, i.e.,

(25 = {y € Ulf(y,a) = f(z,a) V f(y,a) = f(z,a)(Va € A)}
= {y € Ul(y,x) € R3},

where [m]z describes the set of objects that may dominate x and is called the A-dominating
set with respect to z € U.

Similarly, the dominance class induced by the dominated relation fo is the set of
objects dominated by =z, i.e.,

[2]3 = {y € Ulf(z,a) = f(y,a) V f(z,a) = f(y,a)(Va € A)}
={y € Ul(y,x) € R3},

where [:EE1 describes the set of objects that may be dominated by x and is called the
A-dominated set with respect to x € U.

Let U/R7 denote classification on the universe, which is the family set {[z]5|z € U}.
Any element from U/ RE is called a dominance class with respect to A. Dominance classes
in U/ RZ do not constitute a partition of U, but constitute a covering of U.

In the text that follows, without loss of generality, we adopt the dominance relation
RZ for investigating HFOIS and consider attributes with increasing preference.

Theorem 2.7 Let T = (U, AT,V, f) be an HFOIS and A,B C AT.
(1) If B C A C AT, then RS D RS D RS,
(2) If B C A C AT, then [z]5 D [2]5 2 [#]5,-
(3) If & € [wi]%, then [1;)5 C [2:]5 and [&:]5 = U{[a;]5 : o) € [x]3}.
(4) [2]7 = [2;]7 iff f(2i,0) = f(z),a)(Va € A).

Proof. (1) and (2) are straightforward.

(3) If z; € [wz]i, by Definition 2.5, then f(z;,a) > f(z;,a) for all a € A. Similarly, for
all x € [xj]i, we have f(x,a) = f(z;,a). According to the transitivity of the dominance
relation R%, then f(z,a) = f(zi,a), ie. z € [%E Thus [arj]% - [w,]i Consequently,
)5 = Uf[25]% : 25 € [=i]5)-

(4) “=" Assume that [a:z]f1 = [xj]i, then [acl]% C [CCJ‘]E. Based on the result (3), for
all a € A, we have f(x;,a) = f(z;,a). Similarly, we can conclude that f(z;,a) = f(z;,a).
Consequently, f(z;,a) = f(zj,a)(Va € A).

“<” Tt can be directly derived from the definition of the set of objects dominating x.
O
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Example 2.8 (Continued from Example 2.3). Compute the classification induced by the
. . - .

dominance relation R%, in Table 1.
From Table 1, we have

U/RZT = {[xl]iTv [$2]§T= R [xS]ZT}a
where
[xl]ZT — {1‘171"3)1747:]35}’ [xQ]ET — {562,373,274}, [333]%71 = {ﬁg}, [ ]%T = {334},
(2537 = {23, 24, 25}, [26) 37 = {23, 24, 75, 76}, [27) 70 = {3, 27}, [28]57 = {23, 24, 25, T8}

From Example 2.8, it is evident that dominance classes in U/ RZT do not constitute a
partition of U, but constitute a covering of U.

3 Rough set approach to HFOIS

In this section, we shall investigate the problems of set approximation and roughness
measure with respect to the dominance relation R% in HFOIS.

Definition 3.1 Let Z = (U, AT, V, f) be an HFOIS. For any X C U and A C AT, the

lower and upper approximations of the set X with respect to the dominance relation Ri

are defined as follows:
R (X) = { € Ulla]

R5(X) = {x € Ul[a]

C X},
NX #0}.

z
A =
t
A

From Definition 3.1, we can easily obtain the following theorem.

Theorem 3.2 Let T = (U, AT,V, f) be an HFOIS and X,Y C U, then
(1) R5(X) =~ Rj(~ X), R5(X) =~ R (~ X);
(2) R5(X) € X C R5(X);
(3) A C AT = R5(X) C RG7(X), R7(X) 2 Rip(X);
(4) X CY = R5(X) C R5(Y), R5(X) C R5(Y);

(5) RE(X NY) = R5(X) NR5(Y), R5(X UY) = R5(X) UR5(Y);
(6) RE(X UY) 2RE(X) URE(Y), RE(X NY) C R5(X) NRE(Y);
(1) R5(0) = R5(0) = 0, R5(U) = R5(U) = U,

(8) R5(R5(X)) = R5(X), R5(R5(X)) = R (X)

Theorem 3.3 Let Z = (U, AT,V, f) be an HFOIS and A C AT. If RE = R%T, then
R (X) = Ry (X) and R5(X) = R (X).
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Proof. It is directly derived from Definitions 2.5 and 3.1.
O
Generally speaking, the uncertainty of a set is due to the existence of the borderline
region. The wider the borderline region of a set is, the lower the accuracy of the set is.
To express the idea precisely, some basic measures (accuracy and roughness) are defined
to depict the quality of the rough approximation of a set. In the following, we introduce
the concepts of roughness measure and accuracy measure to measure the imprecision of
rough sets induced by dominance relation R% in HFOIS.

Definition 3.4 Let T = (U, AT,V, f) be an HFOIS, X C U and A C AT. Then the

=
roughness measure p]i“‘ of the set X with respect to the dominance relation RZ is defined

as follows:
—
RS IRZ (X))
pxt =1 =
IRZ (X))

- — R RE [R5 (X)|
where |-| denotes the cardinality of a set. If R5(X) =0, we define p* = 0. ny* = |R:>(X)|
A

1s referred to as the accuracy measure of X with respect to the dominance relation R%.

=
According to Definition 3.4 and Theorem 3.2(2), we observe that 0 < pi“ < 1 and
0<ny R <1.
Obviously, by Theorem 3.3 and Definition 3.4, we can draw the following conclusion.
Theorem 3.5 Let Z = (U, AT, V, f) be an HFOIS and A C AT. If RS = R5,, then

(U.
RS = = RS
e

R7
pxt = pyT and nyt =1

Theorem 3.6 Let Z = (U, AT,V, f) be an HFOIS, X C U and A C AT, then the follow-
ng holds
>.
(1) pX i < pX ,
(2) ny > nRA

Proof. (1) Since A C AT, by Theorem 3.2(3) we have RS R7(X) C RZT(X) and KZ( X)

V)

- N RZCOI _ [RGp(X)] R%
r(X). It implies that i < =—=—. According to Definition 3.4, then p,* =
N N IRZ (X IR (X)
IR (X)] IR 7 (X)] RS RS R
1- == >1—- === —pA,lep AT < p At
RS (X)) IR(X0) * *
(2) It is directly derived from the result (1) and Definition 3.4. O

Example 3.7 Consider HFOIS in Table 1. Let A = {a1,a4,a5} € AT and X = {x9,x3, x5, 27}.
Now we compute the rough sets of X induced by U/R%T and U/R%, respectively.
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By Definition 3.1 and Example 2.8, the rough set (RZT(X), ET(X)) can be obtained

as follows:
Ry (X) = {23, 27}, RG0(X)) = {21, 22, 3, 5, 6, 27, T8}
Then we compute the classification set induced by the dominance relation U/R%. By
Table 1, we have
U/RG = {[21]7, (w27, - [2sl3 )
where
- - - =
(1] = {z1, 23, 24, x5}, [22]7 = {22, w3, 24, x5}, [23]7 = {w3, 24}, [24]7 = {24},
[25]5 = {23, 24, 75}, [v6]7 = {@3, 24, 25, 76}, [27]7 = {23, 24, 27}, [w8]7 = {w3, 74, 75, 75}
Similarly, by Definition 3.1, we calculate the rough set (]R%(X),]R%(X)) as follows:

&(X) = (Z); R%(X)) = {$1,$2,$3,l’5,l’6,$7,3§'8}-
Therefore, we have

- >
- R (X)] R% IR (X)) 2 5
RZ(X)| IR (X))|
we [RE(X)) re IREp(0Ol 2
’]’]X = 7} —_— s X —_— >_ = — —
IR (X)) RG(X)| 7

R% RZ R R%
Thus, p*" < py* and ny*™ > ny*.

4 Ranking for all objects in HFOIS

In [58], Zhang et al. defined the concept of dominance degrees for ranking all objects
in classical ordered information systems. Inspired by the idea, we introduce a dominance
degree between two objects in HFOIS as follows:

Definition 4.1 Let Z = (U, AT,V, f) be an HFOIS and A C AT. Dominance degree
between two objects with respect to the dominance relation RZ is defined as
- =
_ I~ [l U A

where | - | denotes the cardinality of a set, x;,x; € U.

Theorem 4.2 Dominance degree D 4(z;, ;) satisfies the following properties:
(1) 7 < Dalzi,z)) < 1;
(2) if (xj,x) € R%, then Da(zi, x5) < Da(xi, xr) and Da(xj, ;) > Da(ay, ;).

Proof. (1) It is straightforward.
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(2) Assume that (z;,z) € Ri. By Theorem 2.7, then [xj]i C [mkﬁ Therefore, we
have

Da(ws, x5) — Dalas, xx) = |[1]|(! ~ [ U )3 — | ~ [z U 2] 5))
< 7~ 5 U 3] = | ~ el U il 5)
0,
]D)A(:B]’$l) Dy (zg, x5) = |1|(’ ~ [553'],4 U [xz]Z| =]~ [xk']A U [M%D
> 7~ a5 U 5] = | ~ [l O el 5)
= 0.
That is, Da(zs, 2;5) < Da(z, zx) and Da(zj, z5) > Da(xg, ;). O

According to Definition 4.1, we may construct a dominance relation matrix with respect
to A induced by the dominance relation R%. Based on the dominance relation matrix, the
whole dominance degree of each object can be calculated by the following formula

1
Da(z;) = o1 ZDA(%%), zi,xj € U. (1)
J#i
Obviously, by the concepts of dominance degree and whole dominance degree, the
following theorem holds.

Theorem 4.3 Let T = (U, AT,V, f) be an HFOIS and A C AT. If RE = R%T, then
Da(xi, zj) = Dar(xi, x;) and Da(z;) = Dar(z;).

By employing the whole dominance degree of each object on the universe, we may rank
all objects by the values of D4(z;). The following example is given to demonstrate the
application of this method.

Example 4.4 (Continued from Ezample 2.8). Rank all objects in U based on the domi-
nance relation RET. By the concept of dominance degree, we obtain the dominance relation

matriz as follows
1 0.75 0.625 0.625 0.875 0.875 0.625 0.875

0.875 1 0.75 0.75 0.875 0.875 0.75 0.875

1 1 1 0.875 1 1 1 1
1 1 0.875 1 1 1 0.875 1
1 0875 0.7 075 1 1 0.7 1

0.875 0.75 0.625 0.625 0.875 1 0.625 0.875
0.875 0.875 0.875 0.75 0.875 0.875 1 0.875
0.875 0.875 0.625 0.625 0.875 0.875 0.625 1
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Therefore, by Equation 1, the whole dominance degree of each object x; can be calculated
as follows:

]D)AT(:cl) = 0.75, ]D)AT(xg) = 0.82, ]D)AT(mg) = 0.98, DAT($4) = 0.96,

Dar(xzs) = 0.875, Dar(ze) = 0.75, Dgr(x7) = 0.857, Dar(zg) = 0.768.
An object with larger value implies a better object. Therefore, based on the values of
Dar(z;), we can rank all objects as follows:

T
fﬁgiut%tx?i:vst(;).
6

5 Attribute reduction in HFOIS

In order to simplify knowledge representation in HFOIS, it is necessary for us to reduce
some dispensable attributes in the context of dominance relations. In this section, we will
develop an approach to attribute reduction in a given HFOIS.

Definition 5.1 Let T = (U, AT,V, f) be an HFOIS and A C AT. For any B C A, if
RZ = RZT and ]R% % RZT, then we call A an attribute reduction of I.

By Definition 5.1, we can easily verify the following conclusion holds.

Theorem 5.2 Let T = (U, AT,V, f) be an HFOIS and A C AT. If A is an attribute
reduction of I, then Da(x;, z;) = Dar(xi, x;), xi,x; € U.

In what follows we define several special attributes in HFOIS as follows:

Definition 5.3 Let T = (U, AT,V, f) be an HFOIS. IfR ar = R(AT {a})y O attribute

a € AT is called dispensable with respect to the dominance relation RAT, otherwise, a is
called indispensable. The set of all indispensable attributes is called a core with respect to
the dominance relation R%T.

Definition 5.4 Let Z = (U, AT, V, f) be an HFOIS and A C AT. Denote by Dis(x,y) =
{a € Al(z,y) ¢ R{ta}}, then we call Dis(z,y) a discernibility attribute set between x and vy,
and DIS = (Dis(x,y) : z,y € U) a discernibility matriz of the HFOIS.

Theorem 5.5 Let Z = (U, AT, V, f) be an HFOIS and A C AT'. Suppose that Dis(z,y) is
the discernibility attribute set of T; then R, = RS iff AN Dis(z,y) # 0 (Dis(z,y) # 0).

Proof. “=" Assume that R%T = Ri, for any y € U then [y ]E [y ]Z If some
x ¢ [y]iT, then = ¢ [y]%. Therefore, there exists a € A such that (z,y) ¢ R . Thus,
a € Dis(z,y). Consequently, if Dis(z,y) # 0, we have AN Dis(x,y) # 0.
“<=" Based on Definition 5.4, we can observe that if (z,y) ¢ R%T for any (x,y) € U x
U then Dis(z, y) # (). Since AN Dis(x,y) # 0, there exists a € A such that a € Dis(z,y),
o (z,y) € R{a} Thus (z,y) ¢ Ri. Consequently, RZT 2 Ri. On the other hand, note

that A C AT, then we have RET - R%. Hence, RET = R%. O
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Table 2: The discernibility matrix of Table 1

U =1 T9 T3 T4 5 T T7 s

z1 0 asaq Q102030405 0102030405 4102030405 G4 aza3a4as  A204
T2 aia20as 0 a1a2a3a4a5 A1G2030405 @1020405 aga4a5  A20405 ag0a4a5
x3 0 0 0 ajasas 0 0 0 0

Ty @ Q) az2as3 (Z) @ Q) a9 (Z)

x5 0 as asazas ajazasas 0 0 asas 0

Te Q1020305 Q103 (102030405 Q102030405 0102030405 () aiazazas  a1a20s5
rr Qi ayjas ailasasay a1azaqary a1a4 a4 @ aq

Trg apag aijasz a1a2a3a4as5 (102030405 11042030405 A4 a2a3as 0

Definition 5.6 Let Z = (U, AT,V, f) be an HFOIS, A C AT and Dis(z,y) the discerni-
bility attributes set of I with respect to R%T' Denote as

M= /\ {\/{a ca € Dis(z,y)|z,y € U}} ,
then we call M a discernibility function.

From the definition of minimal disjunctive normal form of the discernibility function
and Theorem 5.5, we can easily verify the following conclusion.

Theorem 5.7 Let T = (U, AT, V, f) be an HFOIS. The minimal disjunctive normal form

of M is
3 dk
M= (/\) |
k=1

s=1

Denoted by By, = {ai, : s = 1,2,...,qx}, then {By : k = 1,2,...,t} are the family of all
attribute reductions of L.

By Theorem 5.7, a practical approach to attribute reductions of HFOIS is provided.
In the following, we shall illustrate how to obtain attribute reductions of an HFOIS by an
example.

Example 5.8 (Continued from Example 2.3). According to Definition 5.4, we obtain the
discernibility matriz of Table 1 (see Table 2). Thus, we have

M= (a1VazVas)A(a1VazVazVas)Nai A (a1 Vas) A (azVas) Aas
A (a1 VagVasVagVas)A(agVas)A(azVaszVas)A(ap VagVasgVay)
A(ar VagVas)A(arVasVagVas)A(arVagVagVas)A(agVayg) Aay
A(ag VagVas)A(agVagVagVas)Aag A(azVas) A(az Vayg)

=ay1 Nag Nag /N ay
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Therefore, there is only one attribute reduction for the HFOIS, which is {a1,a2,as,a4}.
From the perspective of the ordering of objects, the attributes ay,as,as and a4 are indis-
pensable in Table 1.

6 Conclusions

Although the conventional rough set theory is a powerful and useful mathematical tool
to deal with uncertainty information, it can not deal with ordering objects instead of clas-
sifying objects. In this situation, we have investigated information systems in the context
of hesitant fuzzy settings, which is called hesitant fuzzy information systems. The hesitant
fuzzy information system is an important type of data tables, which is generalized from
the traditional information systems. First, based on the score function of hesitant fuzzy
value, a dominance relation has been introduced to hesitant fuzzy information systems.
Then we have established a rough set approach in HFOIS by replacing the indiscernibility
relation with the dominance relation, and given a ranking approach to all objects by em-
ploying the whole dominance degree of each object. Finally, from the perspective of the
ordering of objects, we have also developed a reduction approach in HFOIS for eliminating
redundant information.
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THE STABILITY OF CUBIC FUNCTIONAL EQUATIONS WITH
INVOLUTION IN MODULAR SPACES

CHANGIL KIM AND GILJUN HAN*

ABSTRACT. In this paper, we prove the generalized Hyers-Ulam stability for
the following cubic functional equation with involution
fQRz+y)+ f2x+0o(y) —2f(z+y) —2f(z +o(y)) —12f(x) =0

in modular spaces by using a fixed point theorem.

1. INTRODUCTION AND PRELIMINARIES

In 1940, Ulam proposed the following stability problem (cf. [21]):

“Let G1 be a group and G5 a metric group with the metric d. Given a constant
0 > 0, does there exist a constant ¢ > 0 such that if a mapping f : G; —
Go satisfies d(f(zy), f(x)f(y)) < c for all z,y € G, then there exists a unique
homomorphism h : Gy — G5 with d(f(z), h(x)) < § for all x € G17”

In the next year, Hyers [6] gave the first affirmative partial answer to the ques-
tion of Ulam for Banach spaces. Hyers’ theorem was generalized by Aoki [2] for
additive mappings and by Rassias [17] for linear mappings by considering an un-
bounded Cauchy difference, the latter of which has influenced many developments
in the stability theory. This area is then referred to as the generalized Hyers-Ulam
stability. A generalization of the Rassias’ theorem was obtained by Gavruta [5]
by replasing the unbounded Cauchy difference by a general control function in the
spirit of Rassias’ approach.

A problem that mathematicians has dealt with is "how to generalize the classical
function space LP”. A first attempt was made by Birnhaum and Orlicz in 1931.
This generalization found many applications in differential and intergral equations
with kernls of nonpower types. The more abstract generalization was given by
Nakano [14] in 1950 based on replacing the particular integral form of the func-
tional by an abstract one that satisfies some good properties. This functional was
called modular. Since then, these have been thoroughly developed by several math-
ematicians, for example, Amemiya [1], Koshi and Shimogaki [9], Yamamuro [23],
Orlicz [15], Mazur [11], Musielak [12], Luxemburg [10], Turpin [20]. This idea was
refined and generalized by Musielak and Orlicz [13] in 1959.

Recently, Sadeghi [18] presented a fixed point method to prove the general-
ized Hyers-Ulam stability of functional equations in modular spaces with the Ao-
condition, Wongkum, Chaipunya, and Kumam [22] proved the fixed point theorem
and the generalized Hyers-Ulam stability for quadratic mappings in a modular

2010 Mathematics Subject Classification. 39B52, 39B72, 47HO09.

Key words and phrases. Fixed point theorem, Hyers-Ulam stability, cubic functional equations,
modular spaces.
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space whose modular is convex, lower semi-continuous but do not satisfy the As-
condition, and Park, Bodaghi, and Kim [16] proved the generalized Hyers-Ulam
stability for additive mappings in a modular space with As-conditions.

Let X and Y be real vector spaces. For an additive mapping ¢ : X — X with
o(o(x)) = x for all x € X, o is called an involution of X. For a given involution
o : X — X, the functional equation

(1.1) fle+y) + f@+oly) =2f(z)

is called an additive functional equation with involution and a solution of (1.1) is
called an additive mapping with involution. For a given involution ¢ : X — X,
the functional equation

(1.2) fl@+y)+ fz+0a(y) =2f(x) +2f(y)

is called the quadratic functional equation with involution and a solution of (1.2) is
called a quadratic mapping with involution. The functional equation (1.2) has been
studied by Stetkser [19] and the generalized Hyers-Ulam stability for (1.2) has been
obtained by Bouikhalene et al. [3, 4, 7].

In this paper, we prove the generalized Hyers-Ulam stability for the following
cubic functional equation with involution

(1.3) fRz+y)+fQRr+o(y) —2f(x+y) —2f(z +0o(y)) —12f(x) =0

in modular spaces without the As-condition and the convexity by using a fixed
point theorem. Unlike Banach spaces and F-spaces, due to the triangle inequlity
in modular spaces, we need subtle calculation in the proofs of Theorem 2.1 and
Theorem 2.2

Definition 1.1. Let X be a vector space over a field K(R, C, or N).
(1) A generalized functional p : X — [0, 00] is called a modular if
(M1) p(z) =0if and only if x =0,
(M2) p(ax) = p(x) for every scalar a with |a| = 1, and
(M3) p(z) < p(z) + p(y) whenever z is a convex combination of z and y.
(2) If (M3) is replaced by
(M4) p(az + By) < ap(z) + Bp(y)
for all z,y € V' and for all nonnegative real numbers «, 8 with o + 8 = 1, then we
say that p is converz.

For any modular p on X, the modular space X, is defined by
X, ={zeX|p(Ax) > 0as A = 0}

and the modular space X, can be equipped with a norm called the Luxemburg
norm, defined by
lall, = inf {3 >0 p(5) <1}.

Let X, be a modular space and {z,} a sequence in X,. Then (i) {z,} is called
p-Cauchy if for any € > 0, one has p(x,, — x,,,) < € for sufficiently large m,n € N,
(ii) {xn} is called p-convergent to a point z € X, if p(x, —x) — 0 as n — oo, and
(ili) a subset K of X, is called p-complete if each p-Cauchy sequence is p-convergent
to a point in K.

Another unnatural behavior one usually encounter is that the convergence of a
sequence {z,} to z does not imply that {cz,} converges to cx for some ¢ € K.
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Thus, many mathematicians imposed some additional conditions for a modular to
meet in order to make the multiples of {x,} converge naturally. Such preferences
are referred to mostly under the term related to As-condition.

A modular space X, is said to satisfy the Aq-condition if there exists k > 2 such
that X,(22) < kX, (x) for all z € X. Some authors varied the notion so that only
k > 0 is required and called it the As-type condition. In fact, one may see that
these two notions coincide. There are still a number of equivalent notions related to
the As-condition. In [8], Khamsi proved a series of fixed point theorems in modular
spaces where the modulars do not satisfy As-conditions. His results exploit one
unifying hypothesis in which the boundedness of an orbit is assumed.

Example 1.2. A convex function ¢ defined on the interval [0, c0), nondecreasing
and continuous, such that ¢(0) = 0,{(«) > 0 for o > 0, ((a) — 00 as a — oo, is
called an Orlicz function. Let (€2, %, 1) be a measure space and L°(u) the set of
all measurable real valued (or complex valued) functions on €. Deine the Orlicz
modular p¢ on L°(y) by the formula

pelf) = /Q C(1fDdp.

The associated modular space with respect to this modular is called an Orlicz space,
and will be denoted by (L¢,, 1) or briefly LS. In other words,

LS ={f € L) | pc(\f) < oo for some A > 0}.

It is known that the Orlicz space L¢ is pc-complete. Moreover, (LS, || - [|,.) is a
Banach space, where the Luxemburg norm || - ||, is defined as follows

£l =it (3> 0| [ o(M)an <1},

Further, if p is the Lebesgue measure on R and ((¢f) = e’ — 1, then p; does not
satisfy the As-condition.

For a modular space X,, a nonempty subset C' of X,, and a mapping T': C' —
C, the orbit of T at x € C is the set

O(z) = {z, Tz, T?x,- - -}.

The quantity d,(z) = sup{p(u —v) | u,v € O(z)} is called the orbital diameter of
T at x and if 6,(x) < oo, then one says that T has a bounded orbit at x.

Khamsi [8] proved a series of fixed point theorems in modular spaces where the
modulars do not satisfy Ag-conditions. His results exploit one unifying hypothesis
in which the boundedness of an orbit is assumed.

Lemma 1.3. [8] Let X, be a modular space whose induced modular is lower semi-
continuous and let C C X, be a p-complete subset. If T : C — C is a p-
contraction, that is, there is a constant L € [0,1) such that

p(TJZ - Ty) < Lp(l’ - y)a vxay eC

and T has a bounded orbit at a point xg € C, then the sequence {T"xo} is p-
convergent to a point w € C.
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For any modular p on X and any linear space V', we define a set M
M:={g:V — X, | g(0) =0}
and the generalized function p on M by for each g € M,

plg) :=inf{c >0 [ p(g(z)) < cyp(x,0), Vo €V},

where 1 : V2 — [0, 00) is a mapping. The proof of the following lemma is similar
to the proof of Lemma 10 in [22].

Lemma 1.4. Let V be a linear space, X, a p-complete modular space where p is
lower semi-continuous and f : V — X, a mapping with f(0) =0. Let ¢ : vV —
[0,00) be a mapping such that

(2", 2"y)
(1.4) nl;rrgo = 0, ¥(2z,2z) < 8L(x,x)
for all x,y € V and some L with 0 < L < 1. Then we have the following :
(1) M is a linear space,
(2) p is a modular on M,
(3) if p is convex, then p is convet,
(4) Mz = M and My is p-complete, and
(5) p is lower semi-continuous.

Proof. (1), (2), and (3) are trivial.
(4) By the definition of M5, Mz = M. Let ¢ > 0. Take any p-Cauchy sequence
{gn} in M. Then there is an [ € N such that for n,m € N with n,m >,

(1.5) P(gn (@) = gm(x)) < €y (,0)

for all z € V. Hence {g,(z)} is a p-Cauchy sequence in X, for all z € V. Since
X, is a p-complete modular space, there is a mapping g : V' — X, such that
p(gn(z) — g(x)) — 0 as n — oo for all x € V. Since each g, € M, there is an
m € N such that

p(gm(0) —g(0)) = p(g(0)) <€

and hence g € M;. Since p is lower semi-continuous, by (1.5), we have
plgn(x) = g(x)) <liminf p(g, () = gm(z)) < €y (,0)

for all z € V. Hence My is p-complete.
(5) Suppose that {g,} is a sequence in M which is p-convergent to g € M. Let
€ > 0. Then for any n € N, there is a positive real number ¢, such that

ﬁ(gn) <cp < ﬁ(gn) +e

and so
p(g(x)) < liminf p(gn(z))
(1.6) . -
< liminf ¢,(2,0) < (lminf p(gn(x)) + ) (z,0)
for all z € V. Hence p is lower semi-continuous. O
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2. THE GENERALIZED HYERS-ULAM STABILITY FOR (1.3) IN MODULAR SPACES

Throughout this section, we assume that every modular is lower semi-continuous.
In this section, we prove the generalized Hyers-Ulam stability for (1.3).
For any f:V — X, and any involution o : V. — V/, let

Df(z,y) = f2x +y) + f2x +0o(y)) —2f(z +y) — 2f(x + o(y)) — 12f ().

Theorem 2.1. Let V be a linear space, X, a p-complete modular space and f :
V — X, a mapping with f(0) = 0. Let ¢ : V* — [0,00) be a mapping such that

(2.1) $(2x,2y) < 8Lo(x,y), d(x+o(x),y+0o(y)) < 8Lp(z,y)
forall x,y € V and some L with 0 < L < % and
(2.2) p(Df(z,y)) < o(x,y)

for all z,y € V. Then there exists a unique cubic mapping F' : V. — X, with
involution such that

(2.3) p(F) - 17@) < 1
forallz e V.

Proof. Let ¥(z,y) = ¢(x,y) + &(y,x) for all z,y € V. Then 1) satisfies (1.4) and
hence, by Lemma 1.4, p is a lower semi-continuous convex modular on Mz, Mz = M,
and M5 is p-complete. Define T': Mz — M by

To(a) = 5 (9(20) + oo+ 0(2)))

for all g € My and all « € V. Let g,h € Mj. Suppose that p(g — h) < ¢ for some
nonnegative real number c¢. Then by (2.1), we have

p(Tg(w) ~ Thi) < p(§19(22) — h(2x)]) + p(Flo(e + () — hiar + 0())])
< 16Lcy(x,0)
for all x € V and so p(T'g — Th) < 16Lp(g — h). Hence T is a p-contraction. By

¢(,0)

(2.2), we get

(2.4) p(f(2) + f(o(2))) < $(0,2)

and

(2.5) p(£(22) = 81(x)) < p(2f(22) - 16f(2)) < 6(,0)

for all x € X. Letting x = x 4+ o(x) in (2.4), by (M3), we have

(2.6)  p(f(z+o(2) <p2f(x+o(x)) < 60,2+ 0(x)) < 8LH(0, ),
for all x € X and by (2.5) and (M3), we get

1
(2.7) p(55/22) = £(@)) < p(f(20) = 8F(x)) < 6(a,0)
for all x € X.
Now, we claim that T has a bounded orbit at if. By the definition of T, we
have
1
(2.8) T"f(z +o(2)) = 5, (2" (2 + 0(2)))
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for all z € V and for all n € N. Hence by (2.1), (2.6), and (2.8), we have

p(T" f(z + o(2))) < p(£(2"(x + 0()))) < (8L)" (0, 2)

for all z € V and for all n € N. By (2.7), for any nonnegative integer n, we obtain

pGT" (@) = 5 (@)
1 1
< p(T"1(@) = 55(22) + pl35/(22) - f(2))
< o574 r) = 3120)) + (T fla+ @) + 6(2.0)

< p(%T"’lf@x) - %f(Zx)) +(8L)" (0, 2) + ¢(z,0)

for all x € V and by induction, we have

p(A1 1) - L) < XLy 00,20 + 3 o2'.0)
(2.9) i=0 =0
< n(SL)"6(0,2) + == 6(z,0)

for all z € V and all n € N. Hence by (2.9), we get

@(x,0) + [n(8L)"™ + m(8L)"™]¢(0, x)

(2.10) p(iT”f(x) - %Tmf(”f)) =7 728L

for all x € V' and all all nonnegative integers n, m and since 0 < L < 1—16, by (2.10),
we have

p({T7 5 (@) {7 1 (@) < 46(x,0) + 6(0,) < 49(,0)

for all x € V and all nonnegative integers n, m. Hence we have
1 1
p(rmsf—1m= ) <4
p( el )=

all nonnegative integers n, m and thus 7T has a bounded orbit at % f-
By Lemma 1.3, there is an F' € Mj such that {T”%f} is p-convergent to F.
Since p is lower semi-continuous, we get

1 1
<p — < liminfp — -/ ) <lmin pl|F—=T1"~=f) =
0<p(TF-F liminf p( TF T"+14f liminf 16 Lp( F T”4f 0
n—oo

n—oo

and hence F' is a fixed point of 7" in M. By induction, we can easily show that

T (@) = oh F(2%) 4 o S 227w+ 0(a)
=0

= g ') + (2 @ o(a)

for all x € X and n € N. Moreover, we have

(211) p(55DF(.9)) < (5 [DF(@9) ~T" 3D f )] ) +0( 57" D)
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for all x,y € V and all n € N. Note that

p<2—17 [DF(x,y) - T"in(x, y)D

< o5 [FQx+9) ~ T3 f20 4 )] ) + 0 (5 [Fr 4 0(0) ~ T 110 + o))
+ p(%4 [QF(w +y) - T"%f(w + y)D + p(%4 {ZF(JT +o(y)) - T"%f(w + U(y))D
+ p(% [12F(x) - T"ilZf(x)D
for all z,y € V and all n € N. Since {T"1 f} is j-convergent to F, we get
(2.12) Tim. p(% [DF(x,y) - T”in(a:,y)D —0
for all z,y € V. Further, we have

o(5 T 105 ) = (5T DI (,9))

ni

< (G DI 2)) + (g DA 4+ o)), 2 (5 + o))
< 92", 2%y) + ¢(2" (z + o(2)), 2" (y + 0 (y)))
<2(8L)"¢(z,y)

for all x,y € V and all n € N. Letting n — oo in the last inequality, we get

. 1,1

(2.13) nl;rrgc p(?T ZDf(x,y)) =0

for all z,y € V. By (2.11), (2.12), (2.13), and (M1), we obtain
DF(z,y) =0

for all z,y € V and hence F is a cubic mapping with involution. Moreover, since p
is lower semi-continuous, by (2.10), we get

p(Fl)— 17@) <

2
< 0(@,0)
for all x € X. O
If p is covex, then Theorem 2.1 can replaced by the following theorem.

Theorem 2.2. All conditions of Theorem 2.1 are assumed. Further, suppose that
p s a convex modular and 0 < L < % Then there exists a unique cubic mapping
F:V — X, with involution such that

(214) o(F@) = 31@) < gr—gy0(.0)

forallz € V.

Proof. Let ¥(z,y) = ¢(z,y) + ¢(y,x) for all 2,y € V. Then 1) satisfies (1.4) and
hence, by Lemma 1.4, p is a lower semi-continuous convex modular on Mz, Mz = M,
and My is p-complete. Define T': Mz — M by

To(a) = 5 (9020) + 9o + o (2))
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for all g € M and all x € V. Let g,h € M. Suppose that p(g — h) < ¢ for some
nonnegative real number ¢. Then by (2.1), we have

p(Tg(w) ~ Thi)) < p(3lo(22) — h2x))) + 3 p(lole + o(@) ~ hia + o(2))])

< 2Lcy(z,0)
for all x € V and so p(Tg — Th) < 2Lp(g — h). Hence T is a p-contraction. By
(2.2), we get
(2.15) p(f(x) + fo(x))) < 6(0,2)
and
(216)  p(s@0) = 87@)) < 3p(27(20) ~ 16£(2)) < 30(,0)

for all x € X. Letting x = x 4+ o(x) in (2.15), by (M3), we have
1

(2.17)  p(flz +0(2))) < 5p(2f(x +0(2))) <

for all x € X and by (2.16) and (M3), we get

218)  p(gf@n) — F(@) < splf(20) ~ 8 (a)) <

for all x € X.
Now, we claim that T has a bounded orbit at i f. By the definition of T', we
have

(219) T" (x4 0(2)) = 5 f(2" (2 + 0(x)
for all x € V and for all n € N. Hence by (2.1), (2.15), and (2.19), we have
p(T" f(z + o(x))) < 2%[)(]‘(2"(50 +o(2))) < 22L)" (0, 2)
for all x € V and for all n € N. By (2.18), for any nonnegative integer n, we obtain
p(5T7 ()~ 5 5(@))
< 5o(T"5@) ~ 7)) + 5o (5 F20) — £(2)
(5T F20) = 2 F0n) + 5o (T (o 4 0(2))) + 550(,0)
L n
< moo(5r = rn) - Lren) + PR 00,0 + Lote.0)

1
for all x € V' and by induction, we have

%QS(O, x+o(x)) <4Le(0, ),

L

550(,0)

<

(3 - L) < 5 0.+ LS Lo

(2.20) i=0 =
(2L)" 1
< 00,2) + (1= L)cb(x,o)

for all z € V and all n € N. Hence by (2.20), we get

@21) p(F7(@) = {77 F(@)) < G50l 0) + 71RL)" + 2L)"}o(0.2)
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for all z € V and all all nonnegative integers n,m and since 0 < L < 3, by (2.21),
we have

p(F775@) = 177 5(@) < g o0)+ 50(0.0)

< S0(2,0) + 56(0,2)

< J¥(,0)

for all x € V and all nonnegative integers n, m. Hence we have

) <)

all nonnegative integers n, m and thus 7" has a bounded orbit at }1 f-

By Lemma 1.3, there is an ' € Mj such that {T”lf} is p-convergent to F'.
Since p is lower semi-continuous, we get

. 1
0 < G(TF — F) < liminf 5(TF - TnHZf) < liminf 2L5( F - T"Zf) =0

n—oo n—oo

and hence F is a fixed point of T in M. By induction, we can easily show that

T (@) = o F(2'0) + i S0 2F(@27 (@ + ()
=0

= s f@a) + 2 @t o))

for all z € X and n € N. Moreover, we have
(2.22)
1 n 1 1 mn
o(55DF@9) < 30(57 [DF@.9) = T (D5 w)]) + 5o(5T" D1 w))

for all z,y € V and all n € N. Note that

p(% [DF(m,y) - T"%Df(w, y)D

= (216 [P0 +4) - T”%f(Qx £9)]) + geo(ge [F@o 4 0l) ~ 17 F(20 1 o))
21 ( [2F s 2f(ac + y)D + 2%0(2% [QF(JS +oly) — T"%f(x + G(y))D

1 ( [12F s 12f( )D

for all ,y € V and all n € N. Since {T"%f} is p-convergent to F', we get

(2.23) lim p(27 [DF(Q: y) — T”in(ac,y)D =0

n—oo
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for all z,y € V. Further, we have

p(%T”%Df(%y)) = p(%gT”Df(%y))

< %p(?m%Df(Q"x, 2"y)) + %p(%DﬂZ”_l(x +o(x)),2" Hy + U(y))))
< S H(2 2 + 60" (w4 0(2), 2" (g 0 (1))

L n
< O o0

for all x,y € V and all n € N. Letting n — oo in the last inequality, we get

. 1,1 B

(2.24) lim p(?T ZDf(x,y)) =0

for all z,y € V. By (2.22), (2.23), (2.24), and (M1), we obtain
DF(z,y) =0

for all z,y € V and hence F' is a cubic mapping with involution. Moreover, since p
is lower semi-continuous, by (2.21), we get

p(F(m) - i f(x)) S5 (117 L)¢>(x,0)
forallz € X. [l

It is well-known that every normed space is a modular space with p(z) = ||z||.
Using Theorem 2.2, we have the following corollary.

Corollary 2.3. Let X and Y be normed spaces and €, 0, and p be real numbers
withe >0,0 >0, and 0 <p < % Let f: X — Y be a mapping with involution o
such that f(0) =0 and

IDs (2, )l < e+ 01zl + [yll* + [l=]7[ly][")
and
|z +o(@)] < 2[z

for all x,y € X. Then there is a cubic mapping F : X — Y with involution such
that

1F(z) = f(2)] < 3 (e + 0l*")

_
(8 —22r)
forallz € X.

Proof. Let p(z) = ||2| for all y € Y and ¢(z,y) = e+ O([|z[|*” + [[y||* + [|=]/”|y]|")
for all ,y € V. Then p is a convex modular on a normed space Y, Y =Y, and

¢(2z,2y) < 2%¢(x,y), d(z+0o(x),y+0o(y)) <2%¢(z,y)

for all x,y € V. By Theorem 2.2, we have the results. (|

Using Example 1.3, we get the following example.
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Example 2.4. Let €, 6, and p be real numbers with e > 0,0 > 0, and 0 < p < %
Let ¢ be an Orlicz function and L¢ the Orlicz space. Let f : V. — L¢ be a mapping
with involution ¢ such that f(0) =0 and

yédﬁ@x+w+f@$+awﬂ—Qﬂx+w—2ﬂ$+dw)—mﬂﬂww

<e+0(|2[1% + ylI*? + [l [ly]?)
and
2+ o(@)] < 2[z

for all x,y € X. Then there is a cubic mapping F' : X — Y with involution such
that

[ 1P @) = L@ < 5= e+ 01l )
for all x € X.

Define a mapping ps : R — R by pa(z) = |x|% Then clearly, ps is a modular
on R and R,, = R. Note that
1 13 V2 1 11 1
‘2x2+2x4 = V3> Y24 1= o x 2+ o xaph
Hence ps is not convex. Moreover, since (R, |-|) is a complete normed space, we can
easily show that (R, p2) is a complete modular space. Using these and Theorem 2.1,
we have the following example.

Example 2.5. Let €, 6, and p be real numbers with e > 0,0 > 0, and 0 < p < %
Let f: V — R be a mapping with involution o such that f(0) =0 and

)
[f(2x +y) + f(2x +a(y) — 2f(x +y) — 2f(z + o(y)) — 12f(2)|2
< e+ (2] + lylI* + |17 ly|”)

and
|z +o()| < 2|z

for all z,y € X. Then there is a cubic mapping F' : X — Y with involution such
that

|F(z) — < f(z)]? < (e +0)z]?)

2
- 1-—2%
for all z € X.
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A nonstandard finite difference method applied to a
mathematical cholera model with spatial diffusion

Shu Liao®  Weiming Yang*
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Chongging Technology and Business University, Chongqing, 400067,China

Abstract

In this paper, we propose a nonstandard finite difference (NSFD) scheme to solve
numerically a cholera epidemic model with spatial diffusion. Through constructing dis-
crete Lyapunov functions, we prove the globally asymptotical stabilities of the disease-
free equilibrium and the chronic infection equilibrium, which coincide with the corre-
sponding continuous model . Finally, numerical simulations are provided to illustrate
the theoretical results.

Cholera, partial differential equation, nonstandard finite difference scheme, Lyapunov
function, global stability.

1 Introduction

Cholera is an infection of the intestines caused by the bacterium called Vibrio cholerae and
can spread rapidly in areas with inadequate treatment of sewage and drinking water. The
World Health Organization (WHO) has warned that there are an estimated 3-5 million
infected cases and 28,800-130,000 deaths worldwide due to cholera every year. Since 1817,
seven cholera pandemics have spread in many places, with periodic outbreaks such as the
latest one in Yemen in October 2016, which is the worst cholera outbreak in the world. The
total cases in Yemen have exceeded half a million, with nearly 2,000 deaths reported, since
the outbreak began to spread rapidly at the end of April 2017 due to the deteriorating hygiene
and sanitation conditions and the disrupted water supply across the country. There have
been massive outbreaks of cholera in many developing countries of Africa and South-east
Asia, including Congo (2008), Iraq (2008), Zimbabwe (2008-2009), Vietnam (2009), Nigeria
(2010), Haiti (2010), Mexico (2013), South Sudan (2014), and Somalia (2017).

In recent years, many epidemic models have been proposed to a better understanding of
the transmission of cholera. In 2001, Codeco [1] proposed a STRB epidemic model to study
the transmission of cholera in which B represents the V. cholerae concentration in water.
Hartley Morris and Smith [2] in 2006 discovered a representative hyperinfectious state of
the pathogen, which is the ’explosive’ infectivity of freshly shed V. cholerae based on the
laboratory results. Tien and Earn [3] proposed a water-borne disease model with multiple
transmission pathways: both direct human-to-human and indirect water-to-human transmis-
sions, and identified how these transmission routes influence disease dynamics. Mukandavire
et al. [4] simplified Hartley’s model to understand transmission dynamics of cholera outbreak
in Zimbabwe. Liao and Wang [5] in 2011 conducted a dynamical analysis of the Hartley’s
model to study the stability of both the disease-free and endemic equilibria so as to explore
the complex epidemic and endemic dynamics of the disease. Bertuzzo et al. [6] based on
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the Codeco’s work and developed a partial differential equation model for cholera epidemics.
Their results suggested that cholera outbreaks may be triggered by time scales of disease
dynamics. In a recently study, Safi et al. [7] designed a new two-strain model to assess the
impact of basic control measures and dose-structured mass vaccination on cholera transmis-
sion dynamics in a population. More papers in the field of cholera epidemic models are
presented in ( [8-11]).

Nowadays, more and more researchers consider to discretize the continuous models for
practical purposes. One of the reasons is that most numerical methods like traditional
Euler, Runge-Kutta and some standard procedures of MATLAB software will fail to solve
nonlinear systems generating oscillations, chaos, and unsteady states if the time step size
increases to a critical size. The other reason is that the results of the discrete time models
are more accurate and convenient to describe infectious diseases and can preserve as much as
possible the qualitative properties of the corresponding continuous models. The nonstandard
finite difference (NSFD) scheme developed by Mickens ( [12-14]) performs well and has
been applied to many articles. An NSFD discretization must satisfy one of the following
two conditions ( [15,16]): nonlocal approximation is used and discretization of derivative
must be a denominator function. Cui et al. [17] employed an NSFD scheme to discuss a
class of STR epidemic model with vaccination and treatment. The dynamical properties of
their discretized model were analysed to demonstrate that the discretized epidemic model
maintains essential properties of the corresponding continuous model, such as positivity
property, boundness of solutions, equilibrium points and their local stability properties.
Suryanto et al. [18] constructed an NSFD scheme to solve a SIR epidemic model with
modified saturated incidence rate. From their numerical simulations, the NSFD scheme
allowed large time step size to save the computational cost. Qin et al. [19] proposed an
NSFD method for an epidemic model which described the hepatitis B virus infection with
spatial dependence. They have shown that the NSFD method is unconditionally positive by
using the M-matrix theory. Moveover, asymptotical stabilities of the steady-state solutions
were fully determined by constructing discrete Lyapunov functions independent of the time
and space step sizes. Manna and Chakrabarty [20] analysed a spatiotemporal model for
HBYV infection by using an NSFD scheme, and studied the global stability properties of
the discretized model. The simulation results demonstrated the advantages of the usage of
NSFD method over the other schemes. For more investigations on NSFD scheme can be
found in ( [21-24]).

In 2015, Wang and Wang [25] proposed a PDE model to simulate cholera infection with
spatial diffusion, taking multiple transmission ways into account among the human host, the
pathogen, and the environment. The model in their paper assumes that both the human
population and the bacteria undergo a diffusion process and is given by the following system
of PDEs:

a5 W(z,t)S(x,t)

ol w S

T A RS 1) — (- k() + DAL (2
2—2/ = &I(z,t) — SW(x,t) + DyAW, (3)
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OR
dt
where S(z,t), I(z,t), R(x,t) and W (z,t) denote the susceptible, the infected, the recovered
populations and the density of V. cholerae at location x and time ¢, respectively. The param-
eters (3, and Py denote the concentrations of the hyperinfectious (HI) and less-infectious (LI)
vibrios, respectively. u represents the natural death rate that is not related to the disease,
uy defines the rate of disease-related death, x is the concentration of vibrios in contaminated
water, £ the natural decay rate of V. cholerae, § the bacterial death rate, v the recovery
rate, and D; (i = 1,2, 3,4) are the diffusion coefficients.
(2 is a bounded domain in R"™ with smooth boundary 02, A is the Laplacian operator,
that is A = ", 68_;2 with n is the number of spatial dimensions of the domain 2. The

Neumann boundary conditions of the model system are:
05 _ oI _ow _ R
dtdt dt  dt

In the case that the diffusion coefficients D; are all equal to zero, according to Wang and

Wang’s [25], we know that the basic reproduction number is given by:

A
Ry = +0 : 6
0 u5ﬁ(7+u+ul)(£ﬁw k) (6)
And the disease-free equilibrium FEy(Sy, Iy, Wo, Ro) is (%,0,0,0), the endemic equilibrium
E*(S*, I*,W* R*) is determined by:
S*:é_(v+u+ul)17j*: BeS _@’W*:EI,R*:VI_
I It Y+ ptu— Bt € 0 ju

Wang and Wang’ paper [25] also established the following results:

= 7l(z,t) — pR(x,t) + D4AR, (4)

=0,z € 09. (5)

Theorem 1 Assume D; = 0, then for model system (1-4), (1) the disease-free equilibrium
Ey is locally and globally asymptotically stable if Ry < 1; and (2) if Ry > 1, the unique
chronic infection equilibrium E* is globally asymptotically stable.

In this paper, we consider the cholera spatially dependent model proposed in Wang and
wang [25] and construct an NSEFD scheme for this model. As far as we know, there are
few studies on the continuous cholera models designed as discrete equations. The rest of
the paper is organized as follows. In the next section, we construct a discretized cholera
model with diffusion from the continuous model by using the nonstandard finite difference
method. In Section 3 and Section 4, the global asymptotic stability analysis of the equilibria
is performed by using discrete Lyapunov functions. In Section 5, we carry out the numerical
study of the discrete model, which confirms our theoretical results. Finally, the conclusions
are summarized in Section 6.

2 A discretized model

Assume Q = [a,b] with a,b € R, let At be the time step size and Ax = % be the space
step size, t, = kAt for k € N be the time mesh point, where N is the set of all non-negative
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integers. The space mesh point is X,, = nAx for n € {0,1,---,N}. At each point, we
denote approximations of S(x,,t), I(Zn,tx), W(x,, 1) and R(z,,t) by S¥, Ik Wk and RF,

respectively. For the sake of convenience, a (N + 1)— dimensional vector

is used to represent all the approximation solutions at the time ¢,. The notation ()7 denotes
the transposition of a vector, and all components of a vector U are non-negative.
We construct the following NSFD method for model system (1-4):

W — Bw %+5 SMLIE (4 4 u) IFH 4 Dy IF — (Ziﬁ;)l;r I,fﬂ(g)
W _ e _gwin o p Vi = 2(VAV;; swi o
W AR D4lezﬂ - (Qii; + Rﬁﬂ’ 1)

with discrete initial value conditions
Sp = U1(@n), I = ba(wn), Wy = ¥3(2n), Ry = Ya(z),
forn € {0,1,--- , N}, and discrete boundary condition is given as:
551 = S(IJC>SJI% = S]]if-&-hlﬁl = I(I)C, []]if = 11%4—17 W]j1 = Wka Wzlff = Wzlff+1:Rlil = R](§7R]]€V = R];VH-

It is easy to check that the solutions of the discrete system (8-11) are positive, and have the
disease-free equilibrium FEj and the chronic infection equilibrium E*, which are the same as
that of the model (1-4).

3 Global stability of the disease-free equilibrium

Since R does not appear in the first three equations of the system (8-11), we only need to
study the system (8-10). In this section, we establish the global stability of the disease-free
equilibrium of system (8-10) by constructing a discrete Lyapunov function.

Theorem 2 If Ry < 1, the disease-free equilibrium Eq of the model system (8-10) is globally
asymptotically stable.

Proof Define a discrete Lyapunov function

Sk (v + p+up) (1 + 5AL)
(Sny 4y O k 12
ZN Soa(ge) + ; Wil (12
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where the function g(x) = 2 — 1 —Ilnz, x € RT, clearly, g(x) > 0 with equality only if x = 1.
Thus we have L* > 0 with equality if and only if S¥ = Sy, I¥ = 0 and W* = 0 for all

n

n €{0,1,..., N}. Then, along the trajectory of (8-10), we have

N
1 Sk
LRk — Z E[Ssﬂ _ sk SolnSkL Ty o v+ ,lé-F Uy (WhHL k)]
n=0 n
i o(y + lg + u1) (W pky

N ket 1 k1 | ghtl
B Sy Wy k1 7k k Spi1 — 25, + 5,5

= oN -2 T n g ghtlpk o gktl  py Tnd n n
D I L o v v

A2 ABwWE  ABLIF  AD, S¥T — 28kt 4 gk

e R (Ba)?
Bw St Wy k+1 7k k+1 Iy =205 + I
n n I o I —+ D n+ n n
(v + 1+ uq) (v + o+ uy) WEH — oWkt ksl
IkJrl o k+1 D n+1 n n—1
+ (v + p w1, — W™+ Ds : B0)? ]
g n n
N
A Sk
< IR = g — 5+ () (R 1)
n=0 n
Cp SUACSY st ost - ey
b (b b(Lap (Ax)? (Ax)?
L p e u) WRE - W™ (et ) Wt — WA
’ 3 (Ax)? ’ 3 (Az)?
N
A ,MSSH
:Z[A(2_ pSH T A )+ (v + i+ un) Iy (Ro — 1)].
=0 n
Since 2 — /ﬁ — & Sfﬂ < 0 by the arithmetic-geometric inequality, it then follows that if
Ry < 1, L*' — LF < 0, for all k € IN and the equality holds if and only if SF¥! = &

“w
This yields that {L*} is a monotone decreasing sequence. Thus, there exists a constant Lg

such that limy_, oo (L*1 — L*) = 0. Therefore, we have limy_, ;oS = %, limp_s 100l =0,
limp_s 10 WE =0, for all n. € {0,1,... N}. Hence, Ej is globally asymptotically stable when
Ry < 1. This completes the proof. m

4 Global Stability of the chronic infection equilibrium

In this section we concern with the global stability of the chronic infection steady state of
system (8-10) when Ry > 1.
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Theorem 3 If Ry > 1, the chronic infection equilibrium E* of the model system (8-10) is
globally asymptotically stable.

Using the expression for S* along with system (8-10) and discrete boundary conditions,
we first have

%)~ o)

N

l>|

S
I

A
)=
2| =

Sﬁ—i—l — g%
(St — 55)(@)]

n=0
N ke+1 k+1 k1 *
1 5WSk+1Wk k+1 1k k Snp1 — 2557 + 5.0 S
:Z§M T + BpSEHLIE — S L Dy (L) A= )]
n=0 n
N
1 5WS*W* ® T * ﬁWSkH_ka k+1 71k k+1 S*
:Z§[(‘/@+WT + BpSTT A+ pS* = K+ Wk = BnSy T  — Sy (1 - )]
n=0 n
N k41 k+1 k+1 *
1 SnJrl Sn + Snfl S
+> §[(D1 (Ar)? )1 - W)]
n=0 n
_ XN:[_MSS“ — S BwW g S WS
= 2 S*S'r’i—’—l K+ W Sk+1 (l{ + Wg)S*W*
. g Sk+1]k N-1 S,’fbﬁ Gh+1)2
+ O - Sﬁ“)( S*I* D Z (Ax)2SEH1gh+t”
In the same way, we have
N
1 ]k+1 ]71:
> 2o~ o)
N
1., . RO ASEE
<> E[([nJrl [n><W>]
n=0
N
1 ﬁ Sk—i—lwk
=3 F[W BuSy Ly = (v + p ) I
n=0
D) LR I*
+D2( (Ax)Q )( - ]k‘—i—l)]
N
B SEHWE IS T s
nzg[ I* ( Ik+1)(/<a+W,’f (/£+W*)I*)+6h5( ijﬂ)( S*I* I* )
1 i [FH okt Jkii)( o )
I (Ax)? Ik+1

SEWE ST N
1— n n __ °n (1 — n n __n
7 15+1)<R+W5 s r ) ST ) G = )

Il
M 2
RS

=

S
I
o
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S
-2 Z (A$)2[k+1lk+1'
n=0 n+l-n

Similarly, by letting £1* = W™, we obtain:

N k+1 k
W W

() — o)

N
1 WL 17+
< Z (Wt — Wf)(W)]

t

n=0

N k+1 k+1 k+1 *

1 Warr —2Whm + Wi w

— Ik+1 5 k+1 D n+1 n n—1 1

2 lEnT - oW oy (1= )

N * * N *
Y ) 1 1474 )(W Tk Ry 1 [(W51}—2W,’;+1+W,fﬁ)(l_ W :

e WhH1/8 T n Al (Ax)? Wkl

N x * N-1
S W WRT gy p Z Woii W' )

£y Wh+1 I 3 — (Ax 2WEH kL

We then define the following Lyapunov function:

LoSayy Lo dny Bw W
me G+ gt + 5 e (13)

Thus, H* > 0 for all k € N, with equality if and only if S¥ = S*, [* = [* and W = W* for
all n € {0,1,...N}. The difference of H” is:

N

1 Sk—H _ Sk Sk: 1 ]k:-i-l _ ]k ]k
k+1 k __ n n n n n n
HM [ _Z[ﬁhl*( < +lnsk+1)+ﬁh5*( = +ln[k+1)
n=0 n
Wkl _ Wk W N— Sk+1 Sk+1 2
o M - py Y SRS
ﬁh =0 Sn—i-lS
p, 3~ Ut = L2 W,fi% W’““>
-2 Z (Az)2[FH [+ —Ds Z Az)2WEA W+
=0 n

p(SE — 872 §* Ik ghHpk i
_Z{ k+1 Qx [ +(2_ k+1 Tk+1 *+ *)
BSkSHT Sk [ Ikge g
L GwW S ISP W) W W)
Bul*(k+ W) Skt = I+ I (k+ WHSW*  (k+ WHW
wa* Wk+1 ]k+1W* ]k+1

_ mn n _ n _ 1

Bul*(k + W*)( W T wEE T )}

n=0 n+1

N-1 ak+1 k+1\2 N-1 /rk+1 k+1 N-1 k+1 k+1\2
Sty — Sy L =1 (Wi — W
—D1Z( +1 ) D2Z( +1 _D3Z +1 )
n=0

(AapSiiset i (A >21’f+11'f+1 (AaPWEHWEH
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Sk—H S*)Q 9* Sﬁ—i—ljs LI;:-&-I [k—i-l
—Z{_ B, SE+1G* [+ _[9(5k+1)+9(1k+15*)+ IE —In I* ]
ﬂhl*oi + W*) S{rli—&-l I* Iﬁ-}-lS*W* W

ﬁwﬂf* ”7k+1 Ik+1”7* ]k+1
_ n n _ n _ 1
TS SN G 7y R

N-1 /ak+1 k+1\2 N—-1 /7k4+1 k+1 N-1 k+1 k+1)2
Spii— Sy =1 (Wrr — Wk
—Dlz( 11 ) —DQZ< 1 —D3Z 1 )

< (Az)25kt] Sk (A:v)Zlk*lI’f“ = (Ax)2WhEHWEH
Sk+1 S*)Q 9* S7l§+1]7l§
= Z{_ B, Sk+1.6+ [+ - g<571§+1 - g<15+15*)

BwW* S SR (1 + W) Wit Etwe
N ﬁhl*(n+W*)[g(Sk+1>+g( TS )+l W* )+9(Wk+1]*)]}
N-1 N-—1 N—
Cp, S SEH SR NS I Z (WEH — W)
Ve (AepsiisE T e (AP g (AW W

n=0

It is easy to see H**1 — H*¥ < 0 for all K € IN. Then there exists a constant H* such that
limg—y oo (HFTL — H’“) = 0, which implies limk_>+OOS = S*. Combined with system (8-10),
we have lzmkﬁﬂo[ = J* and lzm;H%oW W= as well, for all n € {0,1,... N}. Hence,
E* is globally asymptotically stable when Ry > 1. This completes the proof.

5 Numerical results

In this section, we propose numerical simulations to verify the stability properties of the
NSFD scheme. We use the data regarding the course of the cholera in Zimbabwe during
2008-2009, which is the worst outbreak in Africa in the past 30 years with over 100,000
humans have been infected and more than 4,300 killed. The total population in Zimbabwe
is 12,347,240, for mathematical simplicity, we scale down all data numbers by a factor of
1,200. All epidemiological parameter values for cholera in literature are given as: A = 4.5,
@ = 0.000442, ¢ = 70, 6 = 0.2333, u; = 0.04, v = 1.4, k = 1000000 ( [2,4,5,9]). In
addition, the initial values are taken as I(x,0) = 10 x exp(—z), S(z,0) = 1000 x exp(—zx),
W(z,0) =10 x exp(—=z), and R(z,0) = 10 x exp(—=z), where z € [0, 50].

Let the grid sizes used in the simulation are Az = 0.5 and At = 0.1, respectively, and
the diffusion coefficients D; are all fixed as 0.01. The discussions in ( [2,4,5,9]) indicate that
parameters [y, and [, are sensitive and vary from place to place, so we first set Sy, = 0.0001
and g, = 0.0001, which renders Ry = 0.7070 < 1. Hence, model system has a disease-
free equilibrium in this case, the number of infectious decreases quickly and the disease
dies out. It can be observed from Figure 1, where the steady state approaches to E, =
(0.6,0,0). For the other case, we choose Sy = 0.0001, 5, = 0.000236 and do not change
the other parameter values, which gives Ry = 1.6683 > 1, the chronic infection steady state
is E* = (0.5135,1899.14, 8200.46) by calculation, the infected steady state is stable as can
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be observed numerically in Figure 2. We then examine the case with different sets of initial
conditions when Ry > 1, also obtain almost the same patterns.

Figure 3 compares the profile when we choose two different combinations of D;, as,
(0.01,0.05,0.01,0.05) and (0.05,0.1,0.05,0.1) for Ry > 1. Only the distribution of the density
of I(xz,t) is depicted, similar results for the other two variables S(z,t) and R(z,t) are not
presented here. Comparing Fig. 3 and Fig 1.(a), we can find that diffusion coefficients have
no effect on the convergence of solutions, but the larger diffusion coefficients will deduce
the number of infected population and speed up the arrived time at the chronic infection
equilibrium.

In a addition, we perform numerical simulations of a standard finite difference (SFD)
scheme to compare the results with NSFD scheme using the same discrete boundary condi-
tions and parameter values in Figure 4. The stronger competitiveness of NSFD scheme has
been proved by its succsess in preserving the global stability of equilibrium and the failure
of the SFD method.

10

Numbers Infectious
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N}
3

N}
S}

3

Recovered Numbers
v 8

=3
S
© o

Figure 1: Graphs of the numerical solutions of the NSFD method when Ry < 1.
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6 Conclusions and discussions

In this article, we derive a discrete cholera infection model with spatial diffusion by using an
NSFEFD method. We show that the disease-free steady state of the discrete model is globally
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Figure 2: Graphs of the numerical solutions of the NSFD method when R, > 1.
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Figure 3: Dynamics of infected population when Ry > 1 for two different sets of D;.
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asymptotically stable if the basic reproduction number Ry, < 1, and the chronic infection
equilibrium is globally asymptotically stable when Ry > 1. In a word, our results (Theorem
2 and Theorem 3) imply that the discretization scheme (8-11) is dynamically consistent with
the continuous system with respect to the globally asymptotical stability of the steady-state
solutions. Our simulation results also conclude that the diffusion coefficients have no relation
to the global stability of such cholera epidemic. Finally, numerical results show the advantage
of our method in comparison to an SFD method. Application of this method to the general
delayed discrete epidemic models is our future work.
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On the Higher Order Difference Equation
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ABSTRACT

The main objective of this paper is to investigate the global stability of the solutions, the boundedness and the
periodic character of the nonlinear difference equation

AT Tn—k

Tn41 :axn+ﬁxn—l+7xn—k+ n:07 17 ey

by + Tyt + dTn_i’

where the parameters «, 3, 7, a, b, c and d are positive real numbers and the initial conditions z_s, _sy1,..., x_1,
xo are positive real numbers where s = max{l, k}. Some numerical examples will be given to explicate our
results.

Keywords: Difference equations, Stability, Global stability, Boundedness, Periodic solutions.
Mathematics Subject Classification: 39A10

1. INTRODUCTION

Our goal is to study some qualitative behavior of the solutions of the difference equation
ALy Ty —k
by + cxp_g + de,_t’

Tpi1 = Qy + BTn_ + YTn_k + n=0,1, .., (1)
where the parameters «, 3, 7, a, b, c and d are positive real numbers and the initial conditionsz_, x_s11,..., T_1,
xo are positive real numbers where s = maz{l, k}.

Recently there has been a great interest in studying the qualitative properties of rational difference equations.
For the systematical studies of rational and nonrational difference equations, one can refer to the papers [1-270]
and references therein.

Ibrahim [4] investigated the global attractivity of the positive solutions of the difference equation

Tn—(2k+1) =0.1
) )

xT =
ntl I+ Kk Th_(2k41)’

Zayed et al. et al. [5] studied the periodicity, the boundedness and the global stability of the positive solution
of the difference equation,

_ _aTn+BTn 14VTn _240Tn_3 _
Tn+l = Az, +Ban_1+Can_otDan_3° * 0,1,

In [6] El-Dessoky investigated the global stability character and the periodicity of solutions of the recursive
sequence

_ atp_1+bxn_k o
Tnt+1 = A dTm—1Tmp n = 0,1,

Guo-Mei Tang et al. [7] obtained the global behavior of solutions of the following nonlinear difference equation

— atTy —
Tn+1 = A+ Bzyn+2n 5’ n—O,l,....
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Papaschinopoulos et al. [8] studied the asymptotic behavior and the periodicity of the positive solutions of
the nonautonomous difference equation

x

Tn41 = An +

P
n—1 —
) n=201,...

El-Dessoky [9] obtained the global stability, the boundedness and the periodicity of the nonlinear difference
equation
Tni1 = ATy + DTp_p + CTp_y — —Fn=s n=0,1, ..

€Lp—s—QLp—t

Nirmaladevi et al. [10] studied the periodicity solution and the global stability of nonlinear difference equation

yn—&—l:Pyn‘FQyn—k‘FRyn_l‘F# n=01,...

—k—€Yn—1’

"Let I be some interval of real numbers and let

F:1t1 57

)

be a continuously differentiable function. Then for every set of initial conditions x_g,x_s11,...,20 € I, the
difference equation
Tn41 :F(Sﬂmxn—ly---;xn—s); n=0,1,.., (2)

has a unique solution {z,}52 _..
DEFINITION 1.1. (Equilibrium Point)
A pointT € I is called an equilibrium point of the difference equation (2) if

T=F(T,T,..,T).

That is, x, =T for n >0, is a solution of the difference equation (2), or equivalently, T is a fized point of F.

DEFINITION 1.2. (Stability)

Let T € (0, c0) be an equilibrium point of the difference equation (2). Then, we have

(i) The equilibrium point T of the difference equation (2) is called locally stable if for every e > 0, there exists
0 >0 such that for all x_,...,x_1,29 € I with

|lx_t —Z| 4+ ... + |z — T+ |zo — T] <6,

we have

|xn — | <€ forall n>—t.
(ii) The equilibrium point T of the difference equation (2) is called locally asymptotically stable if T is locally
stable solution of equation (2) and there exists v > 0, such that for all x_y, ...,x_1, xo € I with

|lz_s —Z| + oo + oo — T + |x0 — T| < 7,

we have
lim =z, ==.

(i1i) The equilibrium point T of the difference equation (2) is called global attractor if for all x_g,...,x_1,20 €
I, we have
lim =z, ==.

(iv) The equilibrium point T of the difference equation (2) is called globally asymptotically stable if T is locally
stable, and T is also a global attractor of the difference equation (2).

(v) The equilibrium point T of the difference equation (2) is called unstable if T is not locally stable.
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DEFINITION 1.3. (Periodicity)
A sequence {xy, }7o _, is said to be periodic with period p if xpi, = x, for alln > —t. A sequence {x,}02 _ is
said to be periodic with prime period p if p is the smallest positive integer having this property.

DEFINITION 1.4. Equation (2) is called permanent and bounded if there exists numbers M and m with 0 < m <
M < oo such that for any initial conditions x_g,...,x_1,xq € (0, 00) there exists a positive integer N which
depends on these initial conditions such that

m<z, <M for alln > N.

DEFINITION 1.5. The linearized equation of the difference equation (2) about the equilibrium T is the linear
difference equation

0F(z,2,..,T
Yn+1 = Z¥yn—l (3)

Now, assume that the characteristic equation associated with (3) is

p(N) = poX* + PN 4 L pe i A+ ps =0, (4)
where
P = OF (z,%,....T)
P T dmes

THEOREM 1.6. [1]: Assume that p; € R, i =1,2,...,s and s is non-negative integer. Then

S
i=1
is a sufficient condition for the asymptotic stability of the difference equation

Ynts + P1Ynts—1+ - +0syn =0, n=0,1,....

THEOREM 1.7. [1]: Consider the the difference equation (2) where F € C(I'™*, R) and I is an open interval of
real numbers. Let T be an equilibrium point of the difference equation (2). Finally, suppose that F satisfies the
following two conditions:

(i) F' is nondecreasing in each of its argements.

(i) F satisfies the negative feedback property
[F(z, z, ..., ) —z](x —T) <0, forall zeI-{0}.

Then the equilibrium point T isa global attractor of all solutions of the difference equation (2)."

2. LOCAL STABILITY

In this section, we study the local stability character of the equilibrium point of equation (1).

Equation (1) has equilibrium point and is given by
T = aF + fT +7T + %,
(1—a—B—7)(b+c+d)—a]z*=0.

If(1—a—p8—7)(b+c+d)# a, then the equilibrium point of the difference equation (1) is 7 = 0.
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Let f: (0, 00)®> — (0, co) be a continuous function defined by

flu, v, w) = au+ Bv+yw+ 550

Therefore, it follows that

Of(u, v, w) __ a+ aw(cv+dw) Of (u, v, w) __ B . acuw and Of(u, v, w) __ + au(butcv
ou - (bu+cv+dw)?? v - (bu+cv+dw)? ow =7 (butcv+dw)?*

THEOREM 2.1. The zero equilibrium T of the difference equation (1) is locally asymptotically stable if

(a+B+7)(b+c+d)+a<l. (5)

Proof: So, we can write Eq. (6) at zero equilibrium point Z =0

of(z, z, T _ a(c+d _ of(@, =, T __ o _
ou = O Gierap T PL g =B~ Gresar = P2
o0f(Z, T T) _ albtc)
and ow = Yt Gteraz =P

Then the linearized equation of equation (1) about T is
Ynt1 — P1Yn—k — P2Yn—1 — P3Yn—s = 0,
It follows by Theorem 1 that, equation (1) is asymptotically stable if and only if

Ip1| + [p2| + |ps] < 1.

Thus,
a(c+d a(b+c
o+ (b+c+d)? ‘B (b+c+d)2 ‘7+ (b+c+d)? <L
and so erd) (beo
a(c+ ac a(b+c
X+ Gierar T B - Gresd? TV Grevaz <L

a(b+c+d
a+ﬁ+7+(b+c+d)2 < 1,

(a+B8+v)(b+c+d) +a < 1.

The proof is complete.

Example 1. Consider [ =2, k=3, « =0.3, 3 =0.02, y =0.01,a =0.1, 6 =0.2, ¢ = 0.3 and d = 0.7 and
the initial conditions z_3 = 0.2, z_5 = 0.4, x_; = 0.6 and 2y = 0.1, the zero solution of the difference equation
(1) is local stability (see Fig. 1).

plot of x(n+1)= alfa X(n)+ beta X(n-1)+ gamma X (n-k)+(a X(M)X(n-k)/(b X(n)+ ¢ X(n-)+ d X(n-k)))
T T T T T

X(n)

0 5 10 15 20 25 30 35 40 45 50
n

Figure 1. Sketch the behavior of zero solution of equation (1) is local stable.
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Example 2. The solution of the difference equation (1) is unstable if /| =2, k=3, « =0.3, 5 =0.2, v =0.1,
a=0.5,b=0.2,c= 0.3 and d = 0.7 and the initial conditions z_3 = 0.2, z_5 = 0.4, x_; = 0.6 and x¢ = 0.1.
(See Fig. 2).

plot of x(n+1)= alfa X(n)+ beta X(n-)+ gamma X(n-k)+(a X(MX(n-k)/(b X(n)+ ¢ X()+ d X(n-k))
T T T T T

X(n)
o
&
8

T
1

015 —

L I L L L I L L I
0 10 20 30 40 50 60 70 80 90 100
n

Figure 2. Draw the behavior of the solution of equation (1) is unstable.

3. GLOBAL STABILITY
In this section, the global asymptotic stability of equation (1) is studied.
THEOREM 3.1. The equilibrium point T is a global attractor of Eq. (1) if a + B+ v # 1.
Proof: Suppose that ¢ and 7 are real numbers and assume that F : [(,n]®> — [(,n] is a function defined by
F(z, y, 2) = ax+ﬁy+vz+ﬁ%.

Then

OF (z, y, z2) __ a+ az(cy+dz) OF (z, y, 2) __ B _ acxz and OF (z, y, z — v+ az(bx+cy
ox - (bm+cy+dz)2 ’ oy - (bm+cy+dz)2 oz v (bm+cy+dz)2 :

Now, we can see that the function F(z, y, z) nondecreasing in z, y and z. Then

2

F(z, 2, ) —al(@-7) = |ow+Br+72+ 52y — o] (2 —7)

a
(1a67ﬁ>x2<0

Ifa+B8+7+ gre5g <1, then F(z, y, z) satisfies the negative feedback property

[F(z, z, z) — z] (x —Tp) <0, for To =0.

According to Theorem 2, then 7 is a global attractor of Eq. (1). This completes the proof.

Example 3. The solution of the difference equation (1) is global stability when [ =2, k =3, a = 0.03, 5 =
0.02, vy =0.01, a = 0.1, b = 0.2, c = 0.3 and d = 0.7 and the initial conditions z_3 = 0.2, x_s = 0.4, x_; = 0.6
and xg = 0.1. (See Fig. 3).
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plot of x(n+1)= alfa X(n)+ beta X(n-)+ gamma X(n-K)*+(a X(X(n-K)/(b X(n)+ ¢ X(-ly+ d X(n-K)
T T T T T

Figure 3. Plot the behavior of the solution of equation (1) is global stability.
4. BOUNDEDNESS OF THE SOLUTIONS

In this section, we investigate the boundedness nature of the positive solutions of equation (1).

THEOREM 4.1. FEvery solution of Equation (1) is bounded if one of the following conditions holds:

(i)a+§ < 1, B<land~y<1. (6)
@) a < 1,B<1and’y+%<1. (7)

o0
n=-—s

Proof: First we prove every solution of Equation (1) is bounded if o+ ¢ <1, f <1 and v < 1. Let {z,}
be a solution of Equation (1). It follows from Equation (1) that
AT Ty

CTp_1+drn 1’
ATy Ty

AT + BTn—t + VTn—k + g5 ",

(Oé + %) Tn + an—l + YTn—k
< Tp+Tp—]+Tp—k-

Tnp1 = QTp + BTt +VTn—k + 551

N

Then
Tpt1 < Ty + Ty + xp_p for allm > 0.

So every solution of Eq. (1) is bounded from above by M = xg + x_; + x_p.

Second we prove every solution of Equation (1) is bounded if @ <1, 8 <1 and v+ ¢ < 1. Let {z,}02 ., be
a solution of Equation (1). It follows from Equation (1) that

Tt = QTp + BTpt +VTnok + e e
< amy + Brnog +yTnp +
= amy +Bra+ (Y + %) Tuosk
< Tpt+Tp—|t+Tpn—k-

Then
Tpa1 < Tp + Tp_y + 2, forall m > 0.

So every solution of Eq. (1) is bounded from above by M = xg + x_; + x_p.
THEOREM 4.2. Every solution of Equation (1) is unbounded if o > lor 8> 1 or~ > 1.
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Proof: Let {z,} — __ be a solution of Equation (1).Then from Equation (1) we see that

n=-—s

AT Tp—k
brptcrnp_+dr,

Tpa1l = Oy + BTy +YTh_j + > ax, forall n>0.

We see that the right hand side can be written as follows

Zn41 = OZp_g.

then
Zinti = A" 2145 + const., 1=0,1,...,1,

(oo}
n=-—s

and this equation is unstable because @ > 1, and lim z,, = c0.Then by using ratio test {x,,} is unbounded

n— oo

from above.

Similarly we can prof that every solution of Eq. (1) is unbounded if 8 > 1 or v > 1. Thus, the proof is now
completed.

Example 4. We assume [ =2, k=3, a=13,5=02,vy=0.1,a=0.1,6=0.2, c=0.3 and d = 0.7 and
the initial conditions x_3 = 0.2, z_o = 0.4, z_1 = 0.6 and zy = 0.1, the solution of the difference equation (1)
is unbounded (see Fig. 4).

x10 °plotofx(n+1)= alfa X(n)+ beta X(n-)+ gamma X(n-k)+(a X(MX(n-K)/(b X(n)+ ¢ X(n-}+ d X(n-k)))
15 T T T T T

10 —

X(n)

Figure 4. Plot the behavior of the solution of equation (1) is unbounded.

5. EXISTENCE OF PERIODIC SOLUTIONS

THEOREM 5.1. Suppose that | and k are even positive integers, then equation (1) has no prime period two
solutions.

Proof: First suppose that there exists a prime period two solution

.PoQ, P Q, ..
of equation (1). We see from equation (1) when [ and k are an even, then x,, = x,,—; = x,,—. It follows equation
(1) that
a 2
P = aQ+ BQ +7Q + joreerin:
and ,
Q=aP+pP+vP+ 5% 5.
Therefore,
(b+c+d)P=(b+c+d)(a++7)Q+aQ, (8)
b+c+d)Q=(b+c+d)(a+5+v)P+aP, (9)
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Subtracting (9) from (8) gives
b+c+d)(P-Q)=(b+c+d)(a+B+7)+a)(Q—P)
(P-Q)[(b+c+d)(l+a+L+7)+al=0
Since (b+c+d)(14+a+ 6 +7)+a#0, then p=q. This is a contradiction. Thus, the proof is completed.

THEOREM 5.2. Let | is even and k is odd positive integers, then equation (1) has no positive prime period two
solutions.

Proof: First suppose that there exists a prime period two solution

.P,Q, P Q,..,

of equation (1). We see from equation (1) when [ is an even and k is an odd, then x,, = z,_; and x, 11 = Tp_s.
It follows equation (1) that

_ QP
P =aQ+pBQ+ P+ or.07ap

and
Q=aP+ AP +9Q + it
Therefore,
(b+¢)(1 —7)PQ+dP? = (b+c) (a+£)Q*+d(a+ B)PQ + aQP, (10)
(b+¢) (1 —7) PQ+dQ* = (b+c) (a+ B)P? + d(a + B)PQ + aPQ, (11)

Subtracting (11) from (10) gives
d(P? = Q) = (b+c) (a+ B)(Q* — P?)
(P*=Q*)(d+(b+c)(a+p) =0
Then P = £(). This is a contradiction. Thus, the proof is completed.

THEOREM 5.3. Suppose that | is odd and k is even positive integers, then equation (1) has no positive prime
period two solutions.

Proof: First suppose that there exists a prime period two solution

.P,Q, P Q,..,

of equation (1). We see from equation (1) when k is an even and [ is an odd, then z,, = z,_ and z,+1 = z,_;.
It follows equation (1) that

= __aQ®
P=aQ+pP+~Q+ bQ+cP1dQ’

and ,
Q=P+ BQ+7P+ ppi5rap-
Therefore,
(b+d) (1 —=B)PQ+cP?>=(b+d) (a+7)Q+ c(la+7)PQ + a@Q?, (12)
(b+d)(1—B)PQ+cQ*>= (b+d) (a+7)P? + c(a+7)PQ + aP?, (13)

Subtracting (13) from (12) gives

o(P? = Q%) = ((b+d)(a+7)+a)(Q* - P?)
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(PP =@ e((b+d)(a+7)+a)] =0

Then P = £(). This is a contradiction. Thus, the proof is completed.

THEOREM 5.4. Let 1, k are odd positive integers. If

lI+a—-F—9)(b+c+d) —a#0,

then Eq. (1) has no prime period two solution.

Proof: First suppose that there exists a prime period two solution

..P,Q, P,Q, ..,
of equation (1). We see from equation (1) when [ and k are an odd, then x,,11 = x,,—; = ;.. It follows equation
(1) that
2
P:aQ+BP+’yP+m,
and )
_ a
Q= aP+BQ+’)/Q+J—bQ+CQ+dQ.
Therefore,
(1-B8—9)(b+c+d)P=a(b+c+d)Q+aP, (14)
1=p=—7)(b+c+d)Q=a(b+c+d)P+aQ, (15)

Subtracting (15) from (14) gives
(1-B-7)b+ctd)(P-Q =alb+c+d) (@ P)+aP-Q)
(P=Q)[(1+a—B—7)(b+c+d)—a =0
Since (1+a—8—7)(b+c+d) —a #0, then p = ¢q. This is a contradiction. Thus, the proof is completed.
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Abstract. The purpose of this article, we consider the existence of a unique best proximity
point z* € A such that d(z*, Tz") = dist(A, B) for generalized p-weak contraction mapping
T : A — B, where A, B(# 0) are subsets of a metric space (X, d).

1. INTRODUCTION

Let (X,d) be a metric space. A mapping T : X — X is a contraction if
there exists a constant a € (0,1) such that

dTz,Ty) < a-d(z,y), Vz,yeX.
A mapping T : X — X is a p-weak contraction if there exists a continu-

ous and nondecreasing function ¢ : [0,00) — [0,00) with »~1(0) = {0} and
limy o0 () = 0o such that

d(Tz,Ty) < d(z,y) — o(d(z,y)), Vz,y € X. (1.1)
If X is bounded, then the infinity condition can be omitted.

The concept of the p-weak contraction was introduced by Alber and Guerre-
Delabriere [1] in 1997, who proved the existence of fixed points in Hilbert
spaces. Later Rhoades [14] in 2001, who extended the results of [1] to metric
spaces.

Theorem 1.1. ([14]) Let (X, d) be a complete metric space, T : X — X be a
p-weak contractive self-map on X. The T has a unique fixed point p in X.

Remark 1.2. Theorem 1.1 is one of generalizations of the Banach contrac-
tion principle because it takes ¢(t) = (1 — a)t for a € (0,1), then ¢-weak
contraction contains contraction as special cases.

Next, we present a brief discussion about best proximity point which is a
interesting topic in best proximity theory.

92010 Mathematics Subject Classification: 54H25, 47H09, 47H10, 41A65.

9Keywords: Optimal solution, best proximity point, P-property, generalized ¢-weak con-
traction mapping, fixed point, metric space.
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Let (X,d) be a metric space and A(# () be a subset of (X,d). Consider
a mapping T : A — X. The solutions to the fixed point equation Tx = x
are called fized points of the mapping T. It is clear that T(A) N A # () is a
necessary (but not sufficient) condition for the existence of a fixed point for
the mapping T : A — X. If the necessary condition fails, then

d(xz,Tz) > 0,

for all x € A. This means that the mapping T : A — X does not have any
fixed point, i.e., Tx = x has no solution. This point of view, it give us to think
of a point z € A which is closest to Tx in some sense. Best approximation
theory and best proximity point theory are relevant in this perspective. One
of the most interesting best approximation theorem is due to Fan [3].

Theorem 1.3. ([3]) Let C(# 0) be a compact conver subset of a normed linear
space V and F : C — V be a continuous function. Then there exists a point
p € C such that ||[p — Fp|| = d(Fp,C) = inf{||Fp—c¢| : c€ C}.

Such an element p € C' in Theorem 1.3 is called a best approrimant point of
T in C.

Although a best approximation point acts as an approximate solution of
the equation F'p = p, the value ||p — F'p|| need not be the optimum, i.e., a best
approximant point is not an optimal solution in the sense that

inl||p— Fpl.
I;ggllp Pl

Naturally, let us consider nonempty subsets A, B of a metric space (X, d) and
a mapping 1 : A — B. Then one can think of finding an element z* € A such
that

d(z*,Tx*) = min{d(z, Tx) : © € A}.
Since
d(x,Tx) > dist(A, B) = inf{d(a,b) : a € A,b € B}

for all x € A, the optimal solution of min,c4 d(x,Tx) is one for which the
value dist(A, B) is attained. A point z* € A is said to be a best proximity
pointof T : A — B if

d(z*,Tx*) = dist(A, B).

So a best proximity point of the mapping 7' is an approximate solution of the
equation T'x = x which is optimal solution in the sense that

mind(z, Tx).
x€A
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Remark 1.4. It is trivial that all best proximity point theorems work as
a natural generalization of fixed point theorems if the mapping T is a self-

mapping.
Recently Sultana and Vetrivel [15] obtained the following best proximity
point theorem for mapping satisfies (1.1).

Theorem 1.5. ([15], Theorem 3.4) Let A, B(# 0) be two closed subsets of a
complete metric space (X,d) such that the pair (A, B) has the P-property and
Ag # 0 and T : A — B be a mapping such that T(Ag) C By and it satisfies
(1.1). Then there exists a unique p € A such that d(p,Tp) = dist(A, B).

In 2016, Xue [16] introduced a new contraction type mapping as follows.

Definition 1.6. ([16]) A mapping T : X — X is a generalized p-weak contrac-
tion if there exists a continuous and nondecreasing function ¢ : [0, 00) — [0, 00)
with ¢(0) = 0 such that

d(Tz,Ty) < d(z,y) — ¢(d(Tz,Ty)), Vz,yeX (1.2)
holds.

We notice immediately that if T : X — X is ¢-weak contraction, then T
satisfies the following inequality

d(Tz, Ty) < d(x,y) — p(d(Tz, Ty)), Va,yeX.
However, the converse is not true in general.
Example 1.7. Let X = (—o00,+00) be endowed with the Euclidean metric

d(z,y) = |z—y| and let Tx = %x for each x € X. Define ¢ : [0, +00) — [0, +00)
by ¢(t) = 3t. Then T satisfies (1.2), but 7' does not satisfy inequality (1.1).

Indeed,
d(Tz,Ty) = ’5.%'— 5y’
<lo-yl-3 2oy
S| —y 35 r—Yy
and
d(Tz, Ty) 2
x =|-x—=
LY 5 53/

4
zlw—y!—glw—y!

for all z,y € X.
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Example 1.8. ([16]) Let X = (—1,+0o0) be endowed by d(z,y) = | — y| and
let Tz = 7 for each x € X. Define ¢ : [0, +00) — [0,+00) by ¢(t) = fi

+t°
Then
x y [z —y|
d(Txz, Ty) = — =
Tz Ty) ‘1+w 1+y‘ T 00+ )
|CC—y| :‘ _ ‘_ |$—y|2
T 1+ |z -yl 1+ |z —y|

holds for all z,y € X. So T is a p-weak contraction. However 7' is not a
contraction.

Remark 1.9. The above examples show that the class of generalized p-weak
contractions properly includes the class of p-weak contractions and the class
of ¢-weak contractions properly includes the class of contractions.

In fact, let T': X — X be a contraction, there exists a € (0,1) such that

d(Tz,Ty) < a-d(z,y), Vz,y € X.
Then
d(Tz, Ty) < a-d(w,y) = d(z,y) — (1 — a)d(z,y)
= d(z,y) — »(d(z,y)),

where, ¢(d(z,y)) = (1 — a)d(z,y). So, T is a p-weak contraction. Moreover,
let T be a p-weak contraction, from property of ¢, we have d(Tz, T'y) < d(z,y)
and

p(d(Tz,Ty)) < (d(z,y)).
From (1.1),
Sd(&?,y) _(p(d(Tvay)% \V/LL“,yEX

Therefore, T is a generalized p-weak contraction.

In the meantime, if T" is a p-weak contractive self mapping for one mapping
 so we do not expect that the p-weak contractivity should be satisfied with
the same function . Let us suppose that T is a @-weak contractive self
mapping and consider

¢(x) = min{p(z/2);/2} .
Then, if d(Tx,Ty) > %d(m,y), we have

T2, Ty) < d(e.y) = (T2, T) < dlo,) — o (o))
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on account of monotonocity of ¢ and finally
On the other hand, if d(Tz, Ty) < %d(m,y), we get

A2, Ty) < d(,y) ~ Sd(z,y) < d(z,y) - $(d(z, ).

So T is just the p-weak contractive mapping. The continuity and monotonoc-
ity of ¢ follows directly from properties of min function, ¢ and the metric.

For related results, please see [9], [10], [11] and the references therein ([5],

(61, 7, 8])-

The purpose of this article, we consider the existence of a unique best prox-
imity point z* € A such that d(z*,Tz*) = dist(A, B) for generalized p-weak
contraction mapping 7' : A — B, where A, B(# ()) are subsets of a metric
space (X, d).

2. PRELIMINARIES

Let A, B be two nonempty subsets of a metric space (X, d). Let us define
the following notation which will be need throughout this article:

Ag={r € A:d(z,y) = dist(A,B) for some y € B},
By={y € B:d(z,y) = dist(A,B) for some z € A}.
In [12], the authors discussed sufficient conditions which guarantee the

nonemptiness of Ay and By. Also, in [2], the authors proved that Ag is con-
tained in the boundary of A.

Let us define the notion of nonself generalized p-weak contraction mapping
as follows.

Definition 2.1. Let A, B be two nonempty subsets of a metric space (X, d).
A mapping T : A — B is said to be a generalized p-weak contraction if

d(Tz,Ty) < d(z,y) — p(d(Tz,Ty)), Vz,ye A, (2.1)

where ¢ : [0,00) — [0,00) is a continuous and nondecreasing function such
that ¢ is positive on (0,00), »~1(0) = {0} and lim; o ¢(t) = oco. If A4 is
bounded, then the infinity condition can be omitted.

The notion called the P-property was introduced in [13].

Definition 2.2. ([13]) Let (A, B) be a pair of nonempty subsets of a metric
space (X, d) with Ay # (). Then the pair (A, B) is said to be has the P-property
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if and only if for any z1,x2 € Ag and y1,y2 € By,
d(x1,y1) = dist(A, B) = d(x2,%2) =  d(x1,22) = d(y1,92)-

Now we recall the following results from [4] and [15].
Lemma 2.3. ([15]) Let ¢ : [0,00) — [0,00) be a function such that ¢~1(0) =
{0} and ¢ is either nondecreasing or continuous. Then
o(pn) >0 = pp —0

for any bounded sequence {un} of positive reals.

Lemma 2.4. ([4]) For a given subset D of {(z,y) € R? : z,y > 0}, the
following statements are equivalent:

(i) for any e > 0, there exist § > 0 and vy € (0,¢) such that
u<e+o = vy

for all (u,v) € D,
(ii) there exist a continuous and nondecreasing function ¢ : [0,00) —
[0,00) such that

d(u) <u, Yu>0 and v<o(u), V(u,v) € D.

3. MAIN RESULTS

Lemma 3.1. Let A and B be two nonempty subsets of a metric space (X, d)
and ¢ : [0,00) — [0,00) be a function such that ¢~1(0) = {0} and

o(tp) =0 = t,—0 (3.1)

for any bounded sequence {t,} of positive reals. LetT : A — B be a genearlized
p-weak contraction mapping satisfying (2.1). Then, for any € > 0, there exist
d >0 and vy € (0,¢) such that

dlz,y) <e+d6 = dTx,Ty) <~
for all x,y € A.

Proof. Suppose that there exists an €y > 0 such that for any 6 > 0, v € (0, £0)
and there exist z,y € A such that

dz,y) <eo+d = d(Tx,Ty)>~.

Let
n2
——5¢0, Vn eN.
n

1
op, = — and ’yn:1+

n2
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Then there exist {z,} and {y,} in A such that

n2

1
d(-’Ena yn) < €o + ﬁ = d(Txna Tyn) > m&‘o, (32)
From (2.1), we have
2
11250 < dTwn, Tyn)
< d(zpn,yn) — p(d(Txy, Tyn))
1

<o+ 3 — p(d(Tan, Ty)).

That is
1 n2 1 €0

Hence

o(d(Txn, Ty,)) = 0 as n — oo.

Since d(T'xp, Tyn) < d(xn, ypn) and {d(zn, yn)} is bounded, we get {d(Txy,, Tyn)}
is bounded. By the given hypothesis (3.1),

d(Txp, Ty,) -0 as n — oo.
On the other hand, from (3.2),
lim d(Txn, Ty,) > o > 0.
n—oo

This is a contradiction. Thus Lemma 3.1 holds. O

The following theorem is main result which gives sufficient conditions for the
existence of a unique best proximity point for generalized p-weak contraction
mapping.

Theorem 3.2. Let (A, B) be a pair of two nonempty closed subsets of a com-
plete metric space (X,d) such that Ay # (. Let T : A — B be a generalized
p-weak contraction mapping such that T(Ag) C By. Assume that the pair
(A, B) has the P-property. Then there exists a unique x* in A such that
d(z*, Tz*) = dist(A, B).
Proof. Let xg € Ap. Since T'zg € T(Ap) C By, there exists x1 € A such that
d(z1,Tzo) = dist(A, B).
Again, since T'zy € T'(Ap) C By, there exists x9 € Ag such that
d(xe,Tx1) = dist(A, B).
Continuing this process, we can find a sequence {z,} in Ay such that
d(zp41, Txy) = dist(A,B), VneN. (3.3)
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Since (A, B) has the P-property, from (3.3), we obtain
d(xn, Tnt1) = d(Txp—1,Txy), VYneN. (3.4)
By the definition of 7" and (3.4), we have
d(zp, nt1) = d(Txp—1,Txy)
< d(xp-1,2n) — p(d(Txp_1,Txy))
<d(zp—1,Tn), VneN.

Therefore, the sequence {d(zy,, £n+1)} is monotone nonincresing and bounded.
Hence it converges. If we set \,, = d(xy, Tp+1) and L be the limit of \,, i.e.,

lim A\, = lim d(xp,zn+1) = L > 0.

n—o0 n—oo

Now, we claim that L = 0. Suppose to the contrary that L > 0. Since {\,} is
nonincreasing sequence, i.e.,

M > A1 2>--->2L>0, YneN
and ¢ is nondecreasing, we obtain
©(An) > (L) >0, VneN. (3.5)
From the inequality
An =d(xp, xpy1) < d(xp—1,2) — o(d(Txp-1,TTy))
— At — P(d(Ta0-1,Tay)),
(3.4) and (3.5), we have
An < Ane1 = @(d(@n, Tni1)) = Aot — @(An)
<A1 — (L), VneN.
Since ¢ is continuous, we get L < L — ¢(L). That is
p(L) <0
which contradicts condition of . Hence

nh_}rglo d(zp, xne1) = L =0.

Now we apply Lemma 2.3 and Lemma 2.4 to the set D = {(d(x,y),d(T'z, Ty)) :

z,y € A} on Lemma 3.1, one knows that there exists a function ¢ : [0, 00) —
[0,00) such that ¢ is continuous and nondecreasing with

o(t) <t, Yt>0 and d(Tz,Ty) < ¢(d(z,y)), Y,y € A. (3.6)
Thus for a given £ > 0, there exists N € N such that
d(xn, Tpnt1) <e—¢(e), Vn>N. (3.7)

Next we show that {z,} is a Cauchy sequence.
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Denotes the closed ball with center z and radius ¢ by B[z, ], we will claim
the following relations.

Claim I. T(B[zn,e]NA) C B[Txn_1,€].
Let x € Blxn,e]N A, i.e., d(zy,z) < e, from (3.4), (3.6) and (3.7), then

d(Tz,Ten_1) <d(Tz,Tzrn)+ d(Txy,TxN_1)
< ¢(d(z,zn)) + d(@N+1,TN)
<o) +{e—9(e)} =¢,
which implies that Tz € B[Txn_1,¢€].

Claim II. y € B[Txzn_1,¢| with d(x,y) = dist(A, B) for some z € A implies
x € Blzy,e| N A.

Let y € B[Txn_1,¢] with d(z,y) = dist(A, B) for some z € Ay. From (3.3),
we have d(xn,Tzn—_1) = dist(A, B). Therefore, by using the P-property of
(A, B), we obtain that

dlzy,z) =d(Ten_1,y) < €.

Hence Claim II holds.
From (3.7), it is clear that

TN+1 € Blzn,e] N A.
And by Claim I, we have Txn41 € B[Txn_1,¢]. From (3.3), d(xnt2, TxN+1) =
dist(A, B) with xy19 € Ag. From Claim II,

TN42 € Blzn,e] N A.
Again by Claim I, Tzyyo € B[Tzy-_1,¢] and by (3.3), d(xnt3, TxNi2) =
dist(A, B) with xy13 € Ag. Again by Claim II,

TN43 € Blzn,e] N A.
Continuing this process, we can conclude that

TN4+m € Blzn,e] VA, VmeN,

i.e., d(xN,TN+m) < €. Hence the sequence {z,} is a Cauchy sequence. Since
A is closed subset of the complete metric space (X, d), there exists an element
x* € A such that lim,,_,o z, = z*. By the definition of T', we have d(T'z, Ty) <
d(z,y) for all z,y € A which implies that 7" is continuous in A. Therefore we
obtain

lim Tz, = Tz".

n—oo

Also, from the continuity of the distance function d, we have

le d(xpn, Txy) = d(z*, Tz").
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Equation (3.3), it means that the sequence {d(xn+1,Tx,)} is a constant se-
quence with the value dist(A, B). Hence

d(z*,Tx*) = dist(A, B),
i.e., ¥ is a best proximity point of 7.

Finally, we show that x* is unique best proximity point of T. Suppose that
x1 and z9 are two best proximity points of 7' in A with z; # x2. Since x; and
2o are two best proximity points of T, we have

d(x1,Tx1) = dist(A, B) = d(xa, Tx2).
By the P-property of (A, B), we obtain
d(z1,x9) = d(Tx1,Txs).
Since x1 and 9 are distinct elements in A, one can have
o(d(x1,22)) > 0. (3.8)
From the definition of 7" and (3.8),
d(x1,x2) = d(Tx1, Txe) < d(z1,22) — @(d(Tx1,T22))

d(z1,22) — p(d(z1,22))
< d(x1,x2).

This is a contradiction. Therefore the uniqueness of the best proximity point
follows. O

The following example illustrates that Theorem 3.2 holds.

Example 3.3. Let X = (—o00,+00) be endowed with the Euclidean metric
d(z,y) = |z — y|. Then (X, d) is a complete metric space. Let A = [—1,1] and
B = [0, 2] be two subsets of (X, d). Define T': A — B by

2
Tx = =T
for each x € A. Define ¢(t) : [0, +00) — [0, 4+00) by
4
t) = -t.
pt) =3

Then, by Example 1.7, T satisfies (1.2). It is easy to check that A and B
are closed subsets of complete metric space (X,d), § # Ay = [0,1] = By and
T(Ao) = [0, %] C [0,1] = By. Moreover (A, B) has the P-property. Indeed, let
d(x1,Tx1) = dist(A, B) = d(x2,Tx2). By

0 = dist(A, B) = inf{d(a,b) : a € A,b € B},
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we have 1 = Tx1 and x9 = Txe. Thus d(z1,22) = d(Tx1,Tz2). Hence (A, B)
has the P-property. Therefore all the assumption of Theorem 3.2 hold and
note that x* = 0 is the unique best proximity point.
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Abstract

In this paper, we present a explicit viscosity technique of nonexpansive mappings
in the framework of CAT(0) spaces. The strong convergence theorem of the proposed
technique is proved under certain assumptions imposed on the sequence of parameters.
The results presented in this paper extend and improve some recent announced in the
current literature.
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1 Introduction

The study of spaces of nonpositive curvature originated with the discovery of hyperbolic
spaces, and flourished by pioneering works of Hadamard and Cartan, etc. in the first
decades of the twentieth century. The idea of nonpositive curvature geodesic metric spaces
could be traced back to the work of Busemann and Alexandrov, etc. in the 50’s. Later
on Gromov [9] restated some features of global Riemannian geometry solely based on the
so-called CAT(0) inequality. For through discussion of CAT(0) spaces and of fundamental
role they play in geometry, we refer the reader to Bridson and Haefliger [5].

* Corresponding author
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As we know, iterative methods for finding fixed points of nonexpansive mappings have
received vast investigations due to its extensive applications in a variety of applied areas of
inverse problem, partial differential equations, image recovery, and signal processing; see
[1-3,7,14-17] and the references therein. One of the difficulties in carrying out results from
Banach space to complete CAT(0) space setting lies in the heavy use of the linear structure
of the Banach spaces. Berg and Nikolaev [4] introduce the notion of an inner product-like
notion (quasi-linearization) in complete CAT(0) spaces to resolve these difficulties.

Fixed-point theory in CAT(0) spaces was first studied by Kirk [10,11]. He showed that
every nonexpansive (single-valued) mapping defined on a bounded closed convex subset of
a complete CAT(0) space always has a fixed point. Since then, the fixed-point theory for
single-valued and multivalued mappings in CAT(0) spaces has been rapidly developed.

In 2000, Moudaf’s [13] introduce viscosity approximation methods as following

Theorem 1.1. Let C be a nonempty closed conver subset of the real Hilbert space X . Let
T be a nonexpansive mapping of C into itself such that Fix(T) is nonempty. Let f be a
contraction of C into itself with coefficient 8 € [0,1). Pick any zo € [0,1), let {z,} be a
sequence generated by

Tn
1+’ynf( n) 1+,

where {v,} is a sequence in (0, 1) satisfying the following conditions:

(1) limy— 00 v = 0,

(2) Xopeo Yn = 00,

(3) Xniolsig — 52l =0.

Then {x,} converges strongly to a fized point x* of the mapping T, which is also the
unique solution of the variational inequality

(x — f(x),z—y) >0, Vye Fiz(T).

Tptl = T(ZEn), n 2 0,

In other words, z* is the unique fized point of the contraction Ppr)f, that is,
Prigr)f(z¥) = 2"

Shi and Chen [15] studied the convergence theorems of the following Moudaf’s viscosity
iterations for a nonexpansive mapping in CAT(0) spaces.

Tt = tf () B (1 — )T (2), (1.1)

Tn+1 = anf($n) @ (1 - an)T($n)' (1'2)
They proved that {x,} defned by (1.1) and {z,} defined by (1.2) converged strongly to a
fxed point of T" in the framework of CAT(0) space.
Zhao et al. [18] applied viscosity approximation methods for the implicit midpoint rule
for nonexpansive mappings

Tnit = anf(@n) & (1 — )T (%) v

Motivated and inspired by the idea of Kwun et al. [12], in this paper, we extend and
study the explicit viscosity rules of nonexpansive mappings in CAT(0) spaces

{:En+1 = (1 —an)f(zn) ® anT(yn), (1.3)
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2 Preliminaries

Let(X, d) be a metric space. A geodesic path joining z € X to y € X (or, more briefly, a
geodesic from z to y) is a map ¢ from a closed interval [0,!] C R to X such that ¢(0)= =z,
c(l) =y, and d(c(t),c(t')) = |t — /| for all t,#' € [0,(]. In particular, ¢ is an isometry and
d(z,y) = l. The image a of ¢ is called a geodesic (or metric) segment joining x and y.
When it is unique, this geodesic segment is denoted by [z, y]. The space (X, d) is said to
be a geodesic space if every two points of X are joined by a geodesic, and X is said to
be uniquely geodesic if there is exactly one geodesic joining z and y for each z,y € X. A
subset Y C X is said to be convex if Y includes every geodesic segment joining any two
of its points. A geodesic triangle A(x1, x2, x3) in a geodesic metric space (X, d) consists
of three points z1, z9,and z3 in X (the vertices of A) and a geodesic segment between
each pair of vertices (the edges of A). A comparison triangle for the geodesic triangle
A(z1, 29, 3 in (X, d) is a triangle A(xq, x9, 23) := A(TT, Tz, T3) in the Euclidean plane E?
such that dg2d(x;, ;) = d(x;, xj)for i,j =1,2,3.
A geodesic space is said to be a CAT(0) space if all geodesic triangles satisfy the following
comparison axiom.

Let A be a geodesic triangle in X, and let A be a comparison triangle for A . Then,
A is said to satisfy the CAT(0) inequality if for all x,y € A and all comparison points
Z, 7€ A,

d(z,y) = dg2(7, ) (2.1)

Let x,y € X and by the Lemma 2.1(iv) of [8] for each ¢ € [0, 1], there exists a unique point
z € [x,y] such that

d(z,z) =td(z,y), d(y,z)=(1-t)d(z,y). (2.2)

From now on, we will use the notation (1 —t)x @ ty for the unique fixed point z satisfying
the above equation.

We now collect some elementary facts about CAT(0) spaces which will be used in the
proofs of our main results.

Lemma 2.1. ([8]) Let X be a CAT(0) spaces.
(a) For any z,y,z € X and t € [0, 1],

d((1 -tz dty,z) < (1 —t)d(z,z) + td(y, 2). (2.3)
(b) For any z,y,z€ X and t € [0, 1],
A1 -tz dty, 2) < (1—t)%d(z, 2) + td*(y, 2) — t(1 — t)d*(z, ). (2.4)

Complete CAT(0) spaces are often called Hadamard spaces (see [5]). If x,y1,y2 are
points of a CAT(0) spaces and g is the midpoint of the segment [yi, y2], which we will

denoted by w, then the CAT(0) inequality implies

&) 1 1 1
d? (337 & 5 y2> < §d2($7y1) + §d2($7y2) - Zdz(yhyz)- (2.5)

This inequality is the (CN) inequality of Bruhat and Tits [6]. In fact, a geodesic metric
space is a CAT(0) space if and only if it satisfies the (CN) inequality (cf. [5], page 163).
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Definition 2.2. Let X be a CAT(0) space and T : X — X be a mapping. Then T is
called nonexpensive if
d(T(x),T(y)) < d(z,y), z,yel

Definition 2.3. Let X be a CAT(0) space and T : X — X be a mapping. Then T is
called contraction if

d(T(z), T(y)) < 0d(z,y), =z,yeC,0ecl0,1)

Berg and Nikolaev [4] introduce the concept of quasi-linearization as follow. Let us

denote the pair (a,b) € X x X by the ab and call it a vector. Then, quasi-linearization is
defined as a mapping
() (X xX)x (X xX)—R

defined as ]
(ab, cd) = 5 (@ (a,d) + & (b,0) — d*(a, ) = (b, d)) (2.6)

o — — — — — — — — — = — —
it is easy to see that (ab,cd) = (cd,ab), (ab, cd) = —(ba,cd) and (az,cd) + (xb,cd) =
— —
(ab, cd) for all a,b, c,d € X. We say that X satisfies the Cauchy-Schwarz inequality if

— —

(ab, cd) < d(a, b)d(a, c)

for all a,b,c,d € X. It is well-known [4] that a geodesically connected metric space is a
CAT(0) space of and only if it satisfy the Cauchy-Schwarz inequality.

Let C' be a non-empty closed convex subset of a complete CAT(0) space X. The metric
projection P, : X — C'is defined by

u= P,(r) <= inf{d(y,x):ye C}, VreX

Definition 2.4. Let P.: X — C is called the metric projection if for every x € X there
exist a unique nearest point in C, denoted by P.x, such that

d(z, Px) < d(z,y), yeC

The following theorem gives you the conditions for a projection mapping to be nonex-
pensive.

Theorem 2.5. Let C be a non-empty closed convex subset of a real CAT(0) space X and
P.: X — X a metric projection. Then

(1) d(P.z, P.y) < (zy, P.xP.y) for all z,y € X,

(2) P, is nonexpensive mapping, that is, d(x, p.x) < d(x,y) for all y € C,

(3) <:L"T%:)E,y?%y)> <0 forallze X andy e C.

Further if, in addition, C' is bounded, then Fixz(T') is nonempty.
The following lemmas are very useful for proving our main results:

Lemma 2.6. (The demiclosedness principle) Let C' be a nonempty closed conver subset
of the real CAT(0) space X and T : C — C such that

xp, —2"€C and (I—-T)x,— 0.

Then z* = Tx*. Here — and — denote strong and weak convergence, respectively.
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Moreover, the following result gives the conditions for the convergence of a nonnegative
real sequences.

Lemma 2.7. Assume that {a,} is a sequence of nonnegative real numbers such that
an+1 < (1 =7n)an + 0n, Vn > 0, where {B,} is a sequence in (0,1) and {5,} is a sequence
with

(1) Zzozo Tn = OO,

(2) limy,—, o0 SUpP f{—: <0 or Y o2 |0n] < o0.

Then lim,,_, o a, — 0.

3 The main result

Theorem 3.1. Let C' be a nonempty closed convex subset of a complete CAT(0) space X .
LetT : C — C be a nonexpansive mapping with F(T) # ¢ and f : C — C be a contraction
with coefficient 6 € [0,1). Pick any xo € C, let {x,} be a sequence generated by (1.3),
where{ay} and {B,} are the sequence in (0, 1) satisfying the following conditions:

(1) limy o0 @y = 1 and lim, o B, = 1,

(2) 3onlo an =00 and > .2 By = oo,

(3) Yon2p lams1 — o] < o0 and Y07 o | Bny1 — Bn| < c0Vn >0,

(4) limy,— o0 d(xp, T(2,)) = 0.

Then {x,} converges strongly to a fized point z* of the nonexpansive mapping T which
1s also the unique solution of the variational inequality

(xf(z),y2) >0, Vye F(T).

In other words, x* is the unique fived point of the contraction Ppiy(r) f, that is, Ppiyr)f(z*)

= ™.

Proof. We divide the proof into the following five steps.
Step 1. First, we show that z;, is bounded. Indeed, take p € F(T') arbitrarily, we have

d(zn+1,p) = d((1 — an) f(zn) © anT (yn), )
< (1= an)d(f(zn), )+an (T'(yn), p)
< (1= an)d(f(zn), f(p)) + (1 — an)d(f(p), p) + and(yn, p)
(1 — an)0d(zn, p) + (1 — an)d(f(p), p) + and(yn, p)-

(3.1)

IN A

Now consider

d(ymp) 1- ﬁn)xn ® BT ( n)ap)
- ﬁn)d(xn, ) + Bnd (T(:En),p)

- ﬁn)d(xm p) + ﬁnd(xm p)

—~~ ~~
—_ =~
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[

Using this in (3.1) we have
d(nt1,p) < (1= an)fd(zn, p) + (1 = an)d(f(p), p) + and(zn, p)
(1= an)f + apld(zn, p) + (1 — an)d(f(p), p)
[
[

1 =1+ a+ (1 —an)0ld(@n,p) + (1 —an)d(f(p), p)

— 1= (1= )1 = o) + (1= )1 =) (257 0)n) ).

thus we have
similarly

From this
d(l'n—l-l ) p)
1

< max { o, (50000 ) |
< max {aan-1,0), (1 00)0) )}

S‘maX{d(iﬂo,p)’ (=gatron )},

which shows that {z,} is bounded. From this we deduce immediately that {f(x,)},

{T(z,)} are bounded.
STEP 2. Next, we want to prove that lim,,_,o d(zyt1, 2,) = 0.

For this consider
d(Tns1, Tn)
=d((1— an)f(zn) & anT(yn), (1 — an—1) f(2n-1) ® an-1T(Yyn-1))
< (1= ap)bd(zp, p—1) + | — an—1|d(T(Yn-1), f(Tn-1)) + nd(Yn, Yn—1)-

(3.2)

Now consider
d(Yn, Yn—1)
=d((1 = Bn)an & BT (x0), (1 = Bn-1)n-1 & BT (¥n-1))
< (1= Bn)d(wn, Tn-1) + |Bn — Bu—a|d(T(p-1), Tn-1) + Bnd(zn, Tn—1)
< d(Tn, Tn-1) + [Bn — Bn-1|d(T (Tn-1), Tn—1)-
Using this in (3.2) we get
d(Tp41, Tn)
< (1= op)ld(@n, 2n-1) + [an — ap-1|d(T (yn-1), f(2n-1))
+ nd(Tp, Tn-1) + an|Bn — Bp-1ld(T(Tn-1), Tn-1)
=[(1 — an)0 + an]d(@n, Tn—1) + |, — a1 |d(T (Y1), f(2n-1))
+ an|Bn — Bp-1|d(T(zn-1), Tn-1)-
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Let A\, = (1 — o) so Ay € (0,1), since ay, € (0,1) Y02 g A =00, 207 |an — 1| < 00
and > "> |8y — Bn—1]. By using Lemma 2.7, we get lim,, o0 d(Zp41,2,) = 0.
STEP 3. Now, we want to prove thatlim, o d(zn, T(yn)) — 0

d(@n, T (yn)) )+ d(T(zn), T (yn))
zn)) + d(Tn, Yn)

)+ d(@n, (1 = Bp)zn © BT (z0))
zn)) + Bnd(n, T(zn))

—0 (n— ).

. . . YRR —
STEP 4. In this step, we claim that limsup,, . {(z* f(z*), z*x,) < 0, where z* =

Prer) f(z7%).

Indeed, we take a subsequence {zy,} of {z,,} which converges weakly to a fixed point p
of T'. Without loss of generality, we may assume that {z,, } — p. From lim,,_, d(x,, Tx,)
= 0 and Lemma 2.6 we have p = T(p). This together with the property of the metric
projection implies that

— —

_
lim sup(z*f(z*), x*x,) = lim sup(z*f(z), 2" z,,) = (2" f(z¥),2"p) <O0.

n—oQ

STEP 5. Finally, we show that z,, — z* as n — oo. Here again x* € Fiz(T) is the
unique fixed point of the contraction Pp;,r)f. Consider

d* (21, %)
= d*((1 = an) f(xn) ® T (yn), z*)
= (1= an)ind?(f(zn), 2*) + (1 — o) d*(T(z), )
+ 20 (1 — o) (f(zn) 2", T'(yn)z"
< apd?(yn, %) + (1 — an)?d*(f (20,
+ 20, (1 — o) (f(2")2", T(yn)z")
f(
)

)
), %) + 20 (1 — an) (f (zn) f(27), T (yn)2™)
(3.3)

< and®(yn, ) + (1 - Oén)zdz( Tn), ") + 20 (1 — an)d(f(zn), f(27))d(T (yn), z7)
+ 20, (1 — o) (f(2%)2", T'(yn)x")

< Q2d* (Y, ) 4 200 (1 — ) 0d(2p, %) d (Y, ) + (1 — ) 2d>(f (1), ¥)
+ 200 (1 — an ) (f (27) 2", T (yn)z"),

now consider

d(yna$ ) d((l _ﬁn)fnn@ﬁn ( n) :E*)

< (1= B)d(zy, %) + Bpd(T (), z*)
< (1= Bp)d(zpn, x*) + Bpd(zy, x¥) (3.4)
< d(zy, "),
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using (3.2) in (3.3) we get

d2($n+17$*)

< Q2 d*(zn, o) + 200 (1 — ap)0d(zp, 29 d(Tn, %) + (1 — o) ?d?*(f(z0), =)
+ 2an(1 - an)<f($*)$*v T(yn)$*>

< QA (zn, o) + 200 (1 — an)0d(zp, 29 d(Tn, %) + (1 — o) ?d?*(f(z0), z¥)
+ 2an(1 - an)<f($*)$*v T(yn)$*>

< [02 + 20, (1 — ) 0]d? (2, %) + (1 — 0 ) 2d? (f (), %)
+ 2an(1 - an)<f($*) - ‘/E*v T(yn) - $*>

Note that o, < «,, since a,, € (0,1) and 6 € [0, 1)

20,0 < 20y,

which implies that
a2 +20,0(1 — ay) < &2 + 20, (1 — ),

therefore, we have
d*(zp1,7")
< [ag + 200 (1 — o) )d? (n, &) + (1 — ) ?d?(f (2n), )
+ 20m (1 — ap ) (f (%) 2", T (yn)2")
< 20 — a2)|d* (@, ) + (1 — an)?d*(f(zn), %)
+ 20, (1 — an ) (f (%) 2", T (yn)2")
< 20, d* (2, %) 4+ (1 — ) 2d?(f (), z¥)
+ 20m (1 — ap ) (f (%) 2", T (yn)2")
—(1-
(

<2[1 an)|d*(@n, ) + (1 — an)*d*(f(xn), 2%)
+ 20 (1 — an ) (f (&%) 2", T(yn)2"),

as by lim,, ., a;, = 1 we have

1 — )& (f(zn), %) + 2000 (1 — a) (f (2¥)2*, T(yn)2")

lim sup

n—00 (1 - an)

= lim sup[(1 - o)A (f(zn), ) + 200, (f(2*) 2™, T (yn)7™)]
<0.

From (3.6), (3.7), and Lemma 2.7 we have

lim d*(xpq1,x,) =0,
n—oo

which implies that x,, — z* as n — oo. This completes the proof.

(3.5)

(3.7)
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Abstract

In this paper, we establish the generalized viscosity implicit rules of asymptotically
nonexpansive mappings in CAT(0) spaces. The strong convergence theorems of the
implicit rules proposed are proved under certain assumptions imposed on the control
parameters. The results presented in this paper improve and extend some recent
corresponding results announced.
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1 Introduction

The study of spaces of nonpositive curvature originated with the discovery of hyperbolic
spaces, and flourished by pioneering works of Hadamard and Cartan, etc. in the first
decades of the twentieth century. The idea of nonpositive curvature geodesic metric spaces
could be traced back to the work of Busemann and Alexandrov, etc. in the 50’s. Later on
Gromov [11] restated some features of global Riemannian geometry solely based on the
so-called CAT(0) inequality. For through discussion of CAT(0) spaces and of fundamental
role they play in geometry, we refer the reader to Bridson and Haefliger [6].

* Corresponding author
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As we know, iterative methods for finding fixed points of nonexpansive mappings have
received vast investigations due to its extensive applications in a variety of applied areas
of inverse problem, partial differential equations, image recovery, and signal processing;
see [1-4,8,9,16,18-21] and the references therein. One of the difficulties in carrying out
results from Banach space to complete CAT(0) space setting lies in the heavy use of the
linear structure of the Banach spaces. Berg and Nikolaev [5] introduce the notion of an
inner product-like notion(quasilinearization) in complete CAT(0) spaces to resolve these
difficulties.

Fixed-point theory in CAT(0) spaces was frsc studied by Kirk [13,14]. He showed that
every nonexpansive (single-valued) mapping defined on a bounded closed convex subset of
a complete CAT(0) space always has a fxed point. Since then, the fxed-point theory for
single-valued and multivalued mappings in CAT(0) spaces has been rapidly developed.

In 2000, Moudaf’s [15] introduce viscosity approximation methods as following

Theorem 1.1. Let C' be a nonempty closed convex subset of the real Hilbert space X .

Let T' be a nonexpansive mapping of C into itself such that Fiz(T) = {x : T(x) = =}

is nonempty. Let f be a contraction of C into itself with coefficient 8 € [0,1). Pick any

xg € [0,1), let {x,,} be a sequence generated by
Tn

Tntl = 7f($n) +

—T(x,), n=>0,
149, 149, (n)

where {v,} is a sequence in (0, 1) satisfying the following conditions:

(1) limy— 00 v = 0,

(2) Z;.LO:O Tn = OO,

(3) Xnlo |5 =501 =0

Then {x,} converges strongly to a fized point x* of the mapping T, which is also the
unique solution of the variational inequality

(x — f(x),z—y) >0, Vye Fiz(T).

In other words, z* is the unique fized point of the contraction Ppiy)f, that is,
Prigr)f(z¥) = 2"

Shi and Chen [17] studied the convergence theorems of the following Moudaf’s viscosity
iterations for a nonexpansive mapping in CAT(0) spaces.

Tt = tf () B (1 — )T (2), (1.1)

Tnt1 = O f(xn) ® (1 — apn)T(x,). (1.2)

They proved that {z,} defned by (1.1) and {x,} defned by (1.2) converged strongly to a
fxed point of 7" in the framework of CAT(0) space.

Zhao et al. [22] applied viscosity approximation methods for the implicit midpoint rule
for nonexpansive mappings

Tn D Tpp

Tntl = anf($n) S (1 - an)T < 2

>,Vn20.

Motivated by He et al. [12], in this paper, we study the generalized viscosity implicit
rules of asymptotically nonexpansive mappings in the framework of CAT(0) spaces.
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More precisely, we consider the following implicit iterative algorithm

Tn+l = anf($n) 3, (1 - an)Tn(ﬁn$n S (1 - ﬁn)l'n—l—l) (13)

under suitable conditions, we proved that the sequence {z,} converge strongly to a fixed
point of the asymptotically nonexpansive mapping 7.

2 Preliminaries

Let(X, d) be a metric space. A geodesic path joining z € X to y € X (or, more briefly, a
geodesic from z to y) is a map ¢ from a closed interval [0,!] C R to X such that ¢(0)= =z,
c(l) =y, and d(c(t), c(t')) = |t — t'| for all ¢,¢ € [0,1]. In particular, ¢ is an isometry and
d(z,y) = l. The image a of ¢ is called a geodesic (or metric) segment joining x and y.
When it is unique, this geodesic segment is denoted by [z, y]. The space (X, d) is said to
be a geodesic space if every two points of X are joined by a geodesic, and X is said to
be uniquely geodesic if there is exactly one geodesic joining x and y for each z,y € X. A
subset Y C X is said to be convex if Y includes every geodesic segment joining any two
of its points. A geodesic triangle A(x1, x2, x3) in a geodesic metric space (X, d) consists
of three points z1, z9,and z3 in X (the vertices of A) and a geodesic segment between
each pair of vertices (the edges of A). A comparison triangle for the geodesic triangle
A(z1, 29, 3 in (X, d) is a triangle A(xq, x9, 23) := A(TT, Tz, T3) in the Euclidean plane E?
such that dg2d(x;, ;) = d(x;, xj)for i,j =1,2,3.

A geodesic space is said to be a CAT(0) space if all geodesic triangles satisfy the
following comparison axiom.

Let A be a geodesic triangle in X, and let A be a comparison triangle for A . Then,
A is said to satisfy the CAT(0) inequality if for all x,y € A and all comparison points
Z, 7€ A,

d($7y) = d]Ez(fvg) (21)

Let z,y € X and by the Lemma 2.1(iv) of [10] for each ¢ € [0, 1], there exist a unique
point z € [z, y] such that

d(z,z) =td(z,y), d(y,z)=(1—t)d(z,y). (2.2)

From now on, we will use the notation (1 — t)x @ ty for the unique fixed point z
satisfying the above equation.

We now collect some elementary facts about CAT(0) spaces which will be used in the
proofs of our main results.

Lemma 2.1. ([10]) Let X be a CAT(0) spaces.
(a) For any z,y,z € X and t € [0, 1],

d((1 -tz dty,z) < (1 —t)d(z,z)+ td(y, 2). (2.3)
(b) For any z,y,z€ X and t € [0, 1],

A1 -tz dty, 2) < (1—t)%d(z, 2) + td*(y, 2) — t(1 — t)d*(z, ). (2.4)
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Complete CAT(0) spaces are often called Hadamard spaces (see [6]). If x,y1,yo are
points of a CAT(0) spaces and g is the midpoint of the segment [y, y2], which we will
denoted by %, then the CAT(0) inequality implies

&) 1 1 1
d? (337 1/127yz> < §d2($7y1) + §d2($7y2) - Zdz(yhyz)- (2.5)

This inequality is the (CN) inequality of Bruhat and Tits [7]. In fact, a geodesic metric
space is a CAT(0) space if and only if it satisfies the (CN) inequality (cf. [6], page 163).

Definition 2.2. Let X be a CAT(0) space and T : X — X be a mapping. Then T is
called nonexpensive if
d(T(x),T(y)) < d(z,y), xyeC.

Definition 2.3. Let X be a CAT(0) space and T : X — X be a mapping. Then T is
called contraction if

d(T(z), T(y)) < 0d(z,y), z,yeCOel0,1).

Berg and Nikolaev [5] introduce the concept of quasi-linearization as follow. Let us

denote the pair (a,b) € X x X by the ab and call it a vector. Then, quasi-linearization is
defined as a mapping
(L) x X)x (X xX)—R

defined as

1
(ab, cd) = 5(d(a,d) + (b, ¢) = d*(a, ) = (b, d)), (2.6)
o — — — — — — — — — = — —
it is easy to see that (ab,cd) = (cd,ab), (ab, cd) = —(ba,cd) and (az,cd) + (xb,cd) =

<(7b, ;1) for all a,b,c,d € X. We say that X satisfies the Cauchy-Schwarz inequality if
(ab, cd) < d(a, b)d(a, )

for all a,b,c,d € X. Tt is well-known [5] that a geodesically connected metric space is a
CAT(0) space of and only if it satisfy the Cauchy-Schwarz inequality.

Let C' be a non-empty closed convex subset of a complete CAT(0) space X. The metric
projection P, : X — (' is defined by

u= P, (r) <= inf{d(y,x):ye C}, VreX

Definition 2.4. Let P.: X — C is called the metric projection if for every x € X there
exist a unique nearest point in C, denoted by P.x, such that

d(:EvPC:E) Sd($7y)7 yEC’

The following theorem gives you the conditions for a projection mapping to be nonex-
pensive.

Theorem 2.5. Let C be a non-empty closed convex subset of a real CAT(0) space X and
P.: X — X a metric projection. Then

(1) d(P.x, Pey) < (x3), P.xPey) for all z,y € X,

(2) P, is nonexpensive mapping, that is, d(x,p.x) < d(x,y) for all y € C,

(3) <:L"T%:)E,y?%y)> <0 foralze X andy e C.
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Definition 2.6. A mapping T : C — C is called asymptotically nonexpensive if there
exist a sequence a sequence {ky,} C [0,00) with lim,_,o, k, = 1 such that

d(T"x — T"y) < kpd(z,y), Vr,yeC,n>1. (2.7)

It is well known that if 7" is an asymptotically nonexpansive, then Fiz(T) is always
closed and convex. Further if, in addition, C' is bounded, then Fiz(T') is nonempty.
The following lemmas are very useful for proving our main results:

Lemma 2.7. (The demiclosedness principle) Let C' be a nonempty closed convexr subset
of the real CAT(0) space X and T : C — C such that

xp, =2 €C and (I—-T)x,— 0.
Then x* = Tx*. Here — and —) denote strong and weak) convergence, respectively.

Moreover, the following result gives the conditions for the convergence of a nonnegative
real sequence.

Lemma 2.8. Assume that {a,} is a sequence of nonnegative real numbers such that
an+1 < (1= Bp)an + 6n,Vn > 0, where {5,} is a sequence in (0,1) and {5,} is a sequence
with

(1) 3252 Bn = o0,

(2) lim sup,,_,, sup g—’; <0 or Y o2 |6n] < oo.

Then lim,,_, o a, — 0.

3 The main results

Theorem 3.1. Let C' be a non-empty closed convex subset of a complete CAT(0) space X
and T : C — C be an asymptotically nonexpensive mapping with sequence {k,} C [0, +00)
with limy, o ky, = 1 and Fix(T) # 0. Let f : C — C be a contraction with coefficient
0 € [0,1). For arbitrary initial point o € C, let {x,} be a sequence generated by (1.3),
where {ay,} and {B,} are the sequence in (0, 1) satisfying the following conditions:
(1) limy oo, = 0 and Y07 | ay, = 00,
(2) limy, 0o za— =0,
(3 )0<T<ﬁn<ﬁn+1<1 for all m > 0,

(4) limy 0o d(T™(x4), (zy)) = 0.

Then {x,} converges strongly to the point x* = Ppj,(r)f(x*) of the mapping T, which
1s also the unique solution of the variational inequality

(zf(x),zg) 20, Vy e Fia(T).

In other words, x* is the unique fized point of the contraction Ppiy)f, that is,
Prigr)f(z¥) = 2"

Proof. We have divided the proof into four steps.
STEP 1: First, we show that the generalized viscosity implicit rule (??) is well-defined

Sp(x) = anf(wn) & (1 — an)T"(Bnn ® (1 — Bn)Tn+1)-
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Consider
d(Sn(z), Sn(y))
= d(anf(‘rn) @ (1 - O‘n)Tn(ﬁnfEn S (1 - ﬁn)$)7
anf(yn) 3 (1 - Oln)Tn(ﬁnyn © (1 - ﬁn)y))
= (1 - an)d(Tn(ﬁnfEn S (1 - ﬁn)ZE), Tn(ﬁnyn S (1 - ﬁn)y))
< (1 - an)kn(l - ﬁn)d(ZE, y)
Since nll—{go o, = 0 and Zn 1 Oy = 00, limy, 00 k’z—_l =0, or n > 0. We may assume that

(1 — an)kn(l —B,) < 1—r7 for all n > 0. This implies that S,, is a contraction for each
n. Therefore there exists a unique fixed point for S,, by contraction principle, which also
implies that (1.3) is well-defined.

STEP 2: Now, we show that the sequence {x,} is bounded. Indeed take p € Fiz(T)
arbitrary, we have

d(Tn+1,p)
= d(anf(n) & (1 — an)T"(Brzn & (1 — Bn)Tni1),p)
< and((f(@n), p) + (1 — an)d((Bpzn & (1 = Bp)Tnt1), p)
< and((f(zn), f(p)) + and((f(p), p) + (1 — an)knd((Bnzn & (1 = Bn)Tn41),p)
< anbd(zn, p) + and((f(p), p) + (1 — an)knBnd(zn, p)
+ (1 = Bn)kn(1 — Bn)d(n+1,p)

< (anf + (1 — an)knfBr)d(zn, p) + and((f(p), p)

+ (1 = Bn)kn(1 — Bn)d(nt1,p),

it follows that

[1— (1= an)kn(1 = Bn)]d(zn+1,p)
= (and + (1 — an)knBn)d(xn, p) + and((f(p), p)-

Since {a, } and {(,} are the sequence in (0, 1)

liminf(1 — ay,)kn (1 — 6n) <1

n—oo

for any given positive number €, 0 < € < 1 — 0, there exists a sufficient large positive
integer ng, such that for any n > ng, we have

k}ZL — 1< Breay

and

w41 2 1
kn—lgk;(k‘n—l)gk" < eap.
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Moreover, by (3.1)

o+ (1 — o) knfn
d(:En—l-lvp) = ( ) ﬁ d($n7p) +

1— (1— an)kn(L— By) 1— (1 — an)kn(L— By)
(ki — 0) — (kp — 1) ]

=1 d($na p)

d(f(p),p)

L 11— (1 = an)kn(1 = Bn) |
* 1- (1 - O‘:;Lkn(l - ﬁn)d(f(p)’p)
[ an(kn, —0—¢€) ]
S R e v | R G

an(kn — 0 —€) 1
T —anka(l— ) ((kn —e—e>d(f(p)’p)>

< max {d(an. ). =) ) |

1

< maX{d($nvp)v 10—«

d(f(p),p)} :

By applying induction, we obtain
1
d(Zn41,p) < max {d($0,p)a md(f(p),p)} :

Hence, we conclude that {x,} is bounded. Consequently, we deduce immediately from it
that {f(z,)} and {T"™(Gpzn ® (1 — Bn)xns1} are bounded.
STEP 3: Now, we prove that lim d(z,4+1,2,) =0

d(Tps1,Tn) < d(Tpyr, TVxy) + d(T" x4y, )

= d(anf(xn) ® (1 — an)T"(Bpnxn @ (1 — Br)xni1), T"xy) + d(T"zy,, xy)

< and((f(zn), T"zn) + (1 — an)d(T"™ (2n(Bnn & (1 — Bn)wnt1)), T"2n)
+d(T"xp, )

< and((f(zn), T"zn) + (1 — an)knd((Bnzn & (1 — Bn)Tni1), Tn)
+d(T"xp, )

< and((f(xn), T xy) + (1 — an)kn(1 — Bn)d(xpi1, on) + d(T" 2y, 1)

< anMy 4 (1 — an)kn(1 — Bn)d(xpt1, xn) + d(T @y, ),

where M = sup{d((f(zy),T"x,),n > 1} is constant such that

1—(1—=ap)k,(1 = 6Gn)d(xni1, zn) < anMy + d(T"zy, )

It gives
o My
<
d(l'n—l—la :En) -1 (1 — an)k‘n(l - ﬁn)
1

1—(1— an)kn(1—73)
Since 1 — (1 — ay)kn(1 — B,,) > 7 by virtue of the conditions (1) and (4), we have

lim d(xp41,2,) =0. (3.2)
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STEP 4: Now we show that lim d(z,,Tz,) = 0.
n—oo

d(x,, T z,)

= d(en-1/(2n-1) & (1 = an-)T" (Ba1@n1 & (1= o)), T )

< ap1d((f(@n_1), T" n) + (1 — an_1)knd((Bn1Zn-1 ® (1 = Bue1)zn), Tn)
< a1 d((f@n_1), T" 22) + (1 — pe1)knBn1d(Tn, Tn_1)

<ap 1M+ (1 — an_1)knBn1d(Tn, Tn_1)

by condition (1) and (3.2) we have

lim d(z,, T" '2,) = 0.

n—oQ

Hence we get

d(zp, Txy) < d(xn, T"xy) + d(T"xp, Txy,)
< d(zn, T"xy) + k1d(T" txy, ) (3.3)

-0 (n— o)
Then, it follows from (3.2) and (3.3) that

d(T" (Bnxn ® (1 = Bn)Tnt1, 2n) < AT (Bpwn © (1 — Bn)Tny1, Txn) + d(Tan, v7)
< knd((Brnzn @ (1 — Bp)Tntt, xn) + d(Txy, x4)
< kn(1 = Bp)d(znt1, ) + d(Txy, )
< knd(zpt1, Tn) + d(Txy, ©5,)

—0 (n— o).

STEP 5: In this step, we claim that

———
lim sup(z* f(x*), x*x,) <0,

r—00

where * = Ppj, 1) f(2*). Indeed, we take a subsequence {z,,} of {x,} which converges
weakly to a fixed point p of T'. Without loss of generality, we may assume that {x,,} — p.
From lim,, oo d(2y, T'(x,) = 0 and the Lemma 2.7 we have p = T'(p). This together, with
the property of metric projection implies that

—_———— ———
limsup(z™ f(z*), z*x,) = limsup(z* f(z*), " xy,)

T—00 T—00
) -
= lim sup(z* f (™), *p)
T—00
<0.

STEP 6: Finally, we show that z,, — z* as n — oco.
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Now, we prove that lim, oo d(Zpn41,2,) = 0. Now, we again take x* € Fiz(T) is the
unique fixed point of the contraction Pp;,r)f. Consider
dz(fnm Ty) = (Oznf(:En) (1= )T (Bnwn ® (1 = Bn)Tnt1), ")
= apd®(f(@n),2") + (1 = an)d*(T™(Bnwn ® (1 = Bp)2n41), 27)
+ 200 (1 — an)(f(zn) 2", T"(Bnzn & (1 — Br)Tnt1)2”)

< apd®(f(xn), 2*) + (1 = af)knd?(Bnwn @ (1 = Bo)zns), o)
+ 200 (1 — an)(f(2n) f ("), T" (Bnn ® (1 — Bn)Tnt1)z”)
+ 2an(1 ){(f (™) 2", T"(Bnan @ (1 — Bn)Tni1)x")

— ay,
<(1- ) 2d (Bnn ® (1 = Br)Tny1), ")

+ 2an (1 = o )d(f (z) f (7)) d(T" (Bnwn © (1 = Bn)ani1)z”) + Ky
<(@1- ai)k‘%dz(ﬁngpn (1= Bp)zni1), %)

+ 2000, (1 — o) kpd(xy, ) d(T" (Bnxn ® (1 — Bp)xni1)z”) + Ky,

where

Ky = apd®(f(zn), ) 4 200 (1 — o) (f () 2", T" (Bnatn @ (1 — Bn)Tng1)a’),
it becomes

(1 - a%z)krzzdz(ﬁnfnn D (1 - ﬁn)fnn—l—l)v :E*)
+ 2000, (1 — ) kpd(xp, )T (Bpzn ® (1 — Br)ns1)z™) + Kp + d*(zn, z5)
> 0.

Solving this quadratic inequality for d((G,z, ® (1 — Bn)xny1)z™) yields

d((ﬁnfnn S (1 - ﬁn)fnn—l—l)‘r*)

1
> /1 \9719 _2 n 1_ n n ny *
> 2(1—an)2k‘%{ O (1 — ap)knd(xy, )

4 /20202 (1 — an )22 (2, ) — A(1 — ) 2R2 (K — (2, @ ))}

_ —band(zn, 2*) + /PR d?(zn, 7) — Ky + d*(2n41, 2%)
N (1 — an)kn '

This implies that

Bnd(zn, %) + (1 —ﬁn) (Tnt1,27)
- —Oad(xp, o) + /202 d%(zy, %) — Ky + d2 (@41, T%)
- (1 — apn)kn ’

namely,

[(1 - Oén) nﬁn] (:Ena ) + (1 - an)kn(l - ﬁn)d(:pn-l-l? :E*)
> \/0201%(12 (Tn, %) — K + d2($n+17$*)‘
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Then

0202 d?(x,, x*) — Ky + d*(zne1, %)

< [(1 = on)knfBn + O ]*d* (2, 2¥)
(1= )2 (1 = B2 (s, 27)
+2[(1 — apn)knfn + Oy (1 — ap) kn (1 — Br)d(zy, 2*)d(xpt1, x¥)

< [(1 = on)knfBn + O )*d* (2, 2¥)
(1= )21 Bo) 2 (s, 7°)
+ (1= ) knBn 4 0an) (1 = an)kn(1 = B) (d* (2, %) + d* (2041, 27)),

which is reduced to the inequality
1-(1- O‘n)zk}zz(l - ﬁn)z — (1 = an)knfBn + O (1 — ) kn (1 — ﬁn)]d2($n+la ")
< (1= an)kn(1 — ﬁn))z + (1 = an)kn(l = B)(1 — an)kn(1 — Bn)
— 0%a2)d*(xp, ) + Ky,
that is,

(1 — (kn + an(0 —kn)) (1 — an)(1 — ﬁn)kn]d2($n+1a z")
(3.4)
< [((1 = an)knBn + 0an) (kn + (0 — k) — 02a2]d* (2, %) + K,

it follows from (3.4) that

2 *
d (:En—l-lv:E )
[((1 = an)knBn + 0 (kn + an(0 — ky)) — 02a2]d? (2, )
B (1 — (kn + an(0 — k) (1 — an) (1 — Bn)ky]
+ Kn
[1— (kp+ an(0 — ku)) (1 — an)(1 — Bn)ka]

Let

1 (1 = an)knfn + Ocn) (kn + an (0 — ky)) — 60%a2
o a_n{ T 1= (knt (0 — k) (1= an) (1 — Ba)kn }
11— k2 = 2ankn(0 — kn) — a2(0 — k) — 6702
Can 1= (kn+on(0— ka))(1— o) (1 — Bo)kn

—Bpe —2kn (0 — k) — an (0 — kp)? + 6,
T 1= (kntan(0—kn))(1 = an)(1 = Bn)kn

since 0 < € < 1 — 6 and the sequence {f,} satisfies 0 < 7 < 3, < Bpq41 < 1 foralln >0

and lim (3, exists, assume that
n—oo

lim 3, = 06* > 0.

Then ) “(1_8
lim w, < (_ﬁﬁﬁ > 0.
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Let 0 < A\ < W Then there exists an sufficiently large integer Ny such that
wy, > Aq for all n > Ni. Hence, we have

((1 = an)knBn + Ocn) (kn + an(0 — k) — 6202

" <1 M\an, Vo> N 3.6
1= (ko + an(0 — k) (1 — an) (1= B 10m T=70 (3.6)
It turns out from (3.5) that
2 * 2 * Ky
d“(zpi1,27) < (1 — May)d*(z,, %) + (3.7)

(1 — (kn 4+ an(0 — k) (1 — an) (1 = Bp)kn]

From (3.5), lim,, .~ a;, = 0 and Step 4 we have

S e o (0 — ko)) (1 — o) (1= o)

Oé%dz(f(:nn), :E*) + 20%(1 B an)<f($*)$*v Tn(ﬁninn @ (1 — ﬁn)$n+1)$*>

= lim sup ML = (ko + an (0 — Fn)) (L= an)(L— Bl (3.8)
o () ) + 21 = ) (FE) T (B & (L B tmn)a)

i AL = (kn + an(0 = ka)) (1 — o) (1 — B )
<0.

From (3.7) and (3.8) and the Lemma 2.8 we have

lim d(zp41,2%) =0.
n—oo

This implies that z,, — z* as n — oco. This complete the proof. O

The following result is an immediate consequence of the Theorem 3.1.
Theorem 3.2. Let C be a non-empty closed convexr subset of a complete CAT(0) space
X and T : C — C be an nonexpensive mapping with Fix(T) # 0. Let f : C — C be a

contraction with coefficient 6 € [0,1) and for arbitrary initial point xg € C. Let {x,} be a
sequence generated by

Tn+1 = anf($n) D (1 - O‘n)T(ﬁnfEn S (1 - ﬁn)$n+1)v (3'9)
where {an} and {B,} are the sequence in (0, 1) satisfying the condition of Theorem 3.1.

Then {x,} converges strongly to the point x* = Ppj,(7)f(x*) of the mapping T, which
1s also the unique solution of the variational inequality

(f(x),zy) >0, Vye Fia(T).

In other words, z* is the unique fized point of the contraction Pp,r)f, that is,
Prigr)f(z¥) = 2"
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On some sixth-order rational recursive sequences

M. Folly-Gbetoula * and D. Nyirenda T

Abstract
We study the sixth-order recursive sequences of the form

Tn—5Tn
s
xn—4(an + bn$n—5xn)

Tp4+1 =

where a,, and b, are sequences of real numbers, via the technique of
Lie group analysis. Symmetry generators associated with the group
of transformations that map solutions onto themselves are obtained
and exact solutions derived. The ‘final constraint’” when finding the
symmetries, is used to split the solution into different categories. The
result of this work generalizes a recent work by Elsayed et al.

Keywords Difference equation; Symmetry; Group invariant solutions
PACS 39A10; 39A13; 39A90

1 Introduction

Among the numerous well-known techniques for solving differential equa-
tions, is the powerful Lie symmetry approach. In the nineteenth century, the
Norwegian mathematician Sophus Lie [12] developed a systematic algorithm
based on the invariance of the ordinary differential equations under a group
of transformations (symmetry). In the twentieth century, Maeda [13, 14]
demonstrated that this approach can be extended to ordinary difference e-
quations and recently, Hydon [6] used a similar approach to come up with
some interesting results. It is now known that Lie’'s method can be imple-
mented to find symmetries, first integrals (conservation laws) and closed form
solutions of difference equations, even in the context of variational equations.
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In this paper, we obtain symmetry generators admitted by the difference
equations of the form

Tp—5Tp
Tp_a(n + bpTp_s52,)’ (1)
where a,, and b,, are random sequences, and then proceed to find the solutions
in closed form via the invariance of the group of transformations admitted by
(2). We first present the solutions in a unified manner and then split them
into different categories based on some properties of the ‘final constraint’.
This work generalizes the work by Elsayed et. al. [3], where the authors
obtained the formulas of the solutions of the difference equations

Tp—5Tn
=0,1,... 2
C(Zn_4(:|: + :l:l'n_5l’n)7 n y 4y ) ( )

in which the initial conditions x_5,x_4,x 3,2 _o,2x_1, 2o are arbitrary non-
zero real numbers.

For similar work on the symmetry approach, see [4, 5, 7, 15, 16] and on
different methods, see [1, 2, 8, 10, 19].

Tn+1 =

Tpt1 =

1.1 Preliminaries

In this section, we shortly present key elements of Lie group analysis of
difference equations. For more understanding of the concepts and notation,
we refer the reader to [6, 17] where our definitions and most of our notation
are taken from.
Let

= X(x;¢) (3)
be a one parameter Lie group of transformations.

Definition 1.1 An infinitely differentiable function F is an invariant func-
tion of the Lie group of point transformation (3) if and only if, for any group
transformations,

F(z) = F(z*). (4)

Definition 1.2 The infinitesimal generator of the one-parameter Lie group
of point transformation (3) is the operator

X = X(0) =€) x A= 36 8‘9 (5)

where A is the gradient operator.
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Theorem 1.1 F(x) is invariant under the Lie group of transformations (3)
if and only if

XF(x)=0. (6)
Now, consider a general kth-order difference equation
Upak = WM, Uy Ups1y - ooy Up—1) (7)

for some smooth function w. We are seeking a one-parameter Lie group of
point transformations

n* =n, (8a)
uk =u, + e€(n,u,)+)(?), (8b)
U:H-k =Upyk T+ €Sk€<n> un)+)<€2)7 (8C>

where £ denotes the characteristic, € (¢ is small enough) is the group param-
eter and S : n — n+1 stands for the shift forward operator . The symmetry
criterion is given by

*

u:;-i-k: = w(n, uy, Upt1y- - 7u2+k—1>7 9)
whenever (7) holds, and further the substitution of (8) in (9) yields the
linearized symmetry condition:

SkE(n, up) — Xw =10 (10)

where X, the corresponding prolonged symmetry operator of the group of
transformations (8), is given by
0

4o S (n uy) .
£< )aun—l-k—l

0
X =&(n,u,)=— + S&(n,u,
€, )+ S, )
The characteristics are obtained by solving the functional equation (10). As
simple as (10) may look, its solution is found after a series of steps that
require a set of cumbersome calculations.
In this work, we employ the well-known choice of canonical coordinate [9]

du,,
= | g "

to reduce the order of the difference equation under investigation.

(11)

aun—i—l
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2 Main results

Consider the sixth-order difference equations of the form (2). Let

unun+5 ( 13)

Un+e = W = )
unJrl(An + Bnunun+5)

where A,, and B, are random sequences, be the forward difference equation
equivalent to (2).
The linearized symmetry condition (10) imposed on (13) leads to

Anung(n + 9, un+5) unun+5£(n +1, Un+1)
Unt1(Ap + Bountings)?  u, (A, + Buugns)

n Anun+5€(n> un)
un—i—l(An + Bnunun+5)2

E(n+6,w) —

= 0. (14)

By the means of the first-order partial differential operator

0 Wy, O
L=5—— ,
Oup  Wyys OUngs

we can get rid of the first term in (14). This yields the following:
Anun+5§/ (TL + 57 un+5) Anun+5§, (TL, un) Ang (’I’L + 57 un+5)

un—l—l(An + Bnunun+5)2 B un—l—l(An + Bnunun+5>2 a un—l—l(An + Bnunun+5>2
Anun+5§ (n, un)

UpUn+1 (An + Bnunun+5)2

~0. (15)

Here, it is important to simplify the equation in order to minimize the number
of derivations. Thus, we clear fractions in (15) and divide the resulting
equation by u,u,.5 to get

€ (45, tys) — € () + € (mowg) = 0. (16)

Un+5 Unp,

5/ (n + 57 un+5) -

Differentiating (16) with respect to w,, keeping u, 5 fixed, leads to

d [ 1 B
qu =& (n,up) + u—nf (n,u,)| = 0. (17)

Clearly, the solution of (17) is

& (n,u,) = f(n)u, + g(n)u, Inu, (18)
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for some arbitrary functions f and g of n. To ease the computation we shall
assume that g is zero. Using the expression of the characteristic given in
(18), equation (14) becomes

B, f(n 4+ Duptnys + Bof(n+ 6)uyuns — Anf(n) + Apf(n+1) — A f(n+5)
+ A, f(n+6) = 0. (19)

which splits into

1: f(n)+ f(n+5)=0 (20)
Up U5 - f(n+1)+ f(n+6)=0. (21)

The system above reduces to the final constraint:
fn)+ f(n+5)=0. (22)

Solving (22) for f, we obtain five independent solutions given by (—1)",
exp(£nn/5) and exp(£3nn/5). Therefore, the characteristics are

51 :(_1)nunv 52 = Bnum 53 = Bnum 54 = enuna 65 = é”um (23)
and so the prolonged infinitesimal generators admitted by (13) are

X1 =(=1)"un0,, + <_1)n+1un+18un+1 + (_1)n+2un+28un+2+

(_1)n+3un+3aun+3 + (_1)n+4un+4au”+4 + <_1)n+5un+58un+57 (24&)

X2 :Bnunaun + 6n+1un+1aun+l + Bn+2un+28un+2+

ﬁn+3un+38un+3 + 5n+4un+4aun+4 + Bn+5un+58un+5v (24b>

X3 :B”unﬁun —+ Bn+lun+1au7b+l -+ B"+2un+20un+2+

Bn+3un+3aun+3 + Bn+4un+48un+4 + Bn+5un+5aun+57 (24C)

Xy =010y, + 0" 1110,
9n+3

n+2
n+1 + 6 un+zau7z+2+

un+38u + 9n+4un+4au + 9"+5un+5aun+5, (24d)

n+3 n+4

X5 :énunaun + §"+1un+18u
§n+3

nn—+2
n+1 + 6 un+28Un+2+

Un+38u + §"+4un+4aun+4 + §"+5un+5aun+5 . (246)

n+3
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Note that 8 = exp(w/5) and € = exp(37/5) Using the generator Xs, we have
the canonical coordinate
du 1
S,, = "= —In|u,| 25
S = | )
Taking advantage of the form of the relation (22), we construct the invariant
function V,

Vn = Snﬂn + Sn+56n+5 (26>

in view of the fact that

XV, =(=1)" 4+ (=1)"*° =0, (27a)
XoV, =p" + " =0, (27b)
X3V, =p" + "+ =0, (27c)
X4V, =0" +6"° =0, (27d)
(27e)
and

XV, =0+ 6" =0. (27f)

For rational difference equations, it is convenience to use
‘Vn| = exp{_f/n}a (28>

ie., V, = +1/(uyu, 5) but we will be using the plus sign. Substituting (28)
into equation (13), we reduce it to

We iterate (29) to get its solution in closed form as

v, =Vq (i‘[ Akl) + 3 (Bl h Ak2> . (30)

k =0 ko=l+1
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From (25), (26) and (28), we have

|un| =€exXp (BnSn)

n—1
n o) ] 1 n—ki v
= exp [(—1) et B + Breg + 0%ca + 05 — = > (=)
k1=0
1 n—1 B ~ 1 n—1 B ~ 1 n—1 B ~
= D BBV = 2 DD BBV - £ D 0n 8 VA
ko=0 k3=0 ka=0
1 n—1 ~
=5 > 06 [Vl
ks5=0
B B 1 n—1
= exp [(—1)%1 + By + ey + 0%y + 0% + - D (=) V|
k1=0
1 n—1 1 n—1 1 n—1
£ B Vi 2 Y B I Vil £ > 0705 n Vi |
ko=0 k3=0 k4=0
1 n—1
nnnk
+ 5;;:09 6" In |V, |

(1) 4 2Re(m(n, k) +e(n k)] Vil (31)

k=0

H, +

O] =

= exp

where H, = (=1)"c; + "¢y + Bres + Ocy + 07cs, yi(n, k) = B*BF and
Yo(n, k) = 0"60F.
The following properties hold:

7(0,1) = 8,71(0,3) = 0,7(0,5) = —1,71(0,7) = 6,7(1,0) = 5,

71(3,0) = 0,7(5,0) = —1,7(7,0) = 0, 1(n + 9, k) = y1(n, k + 1),
y(n,k+9)=~v(n+1,k),11(10n, k) = v1(0, k), v1(n, 10k) = ~1(n,0);
12(0,1) = 0,72(0,3) = 8,72(0,5) = —1,72(0,7) = 3,72(1,0) = 0,

72(3,0) = B,72(5,0) = =1,%(7,0) = B,72(n + 9, k) = 12(n, k + 1),

Ya(n, k+9) = yo(n+ 1,k),y2(10n, k) = 72(0, k), v2(n, 10k) = v2(n,0). (32)

From the expression of u, given in (31) and from the above properties (32),

7
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it is clear that

10n+j5—1
[wi0n+j| = exp (Hj + - Z [(=1)* + 2Re(71(0, k) + 72(0, k))] In |Vk1|> :

5 k1=0
(33)
For j = 0, we have that
[ur0n| = exp(Ho +In [Vo| —In |V5| + ... 4+ In [Vign_10| — In|[Vign—s5])
n—1 v
5—0 10545
By setting n = 0 in (31), we get exp(Hp) = uy and so
n—1
‘/103
n 35
|u10n| =[uol H Vsl (35)

It can be shown, using (28), that we need not the absolute value function in
(36). Similarly, for any j =0,1,...,9, we obtain the following:

n—1

‘/105 j
+j
ULon+j =Uj Vo (36)
0 V10s+j+5
Thus, using (30),
10s435—1 1OS+] 1 10s+5—1
n—1 ‘/0 H Ak1 Bl H AkQ
o H k1=0 ko=l+1
Uon+j = Uy 10s+j+4 105+]+4 1054544
=0 V4 I A B 11 A
k1=0 ko=Il+1
105+] 1 105+] 1 103+j 1
n 1 + upus I[I A
o kl 0 kz I+1
T u] 10$+J+4 103+]+4 10s+j+4
s=0 +UOU5 Bl H AkQ
ko=I1+1

Hence, the solution to our equatlon

105+] 1 105+j—1 103+j 1
+ X570
kl 0 l 0 kQ l+1

<105+]+4 105+]+4 ( 10$+J+4

Tion+j—5 = Tj— 5H

+x_ 520

0 ko= l+1
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where 7 = 0,1,2,...,9, whenever the denominators do not vanish. In the
following section, we turn to the special case where a,, and b, are constant
sequences.

3 The case when a, and b, are constant se-
quences

In this case, let a, = a and b, = b where a,b € R.

3.1 The case a # 1
Using (37), the solution is given by

n-1 = 10s+j I 1—qg'0sti
© =7 =0 L (38)
10n+j5—-5 — 4y 10547 1—ql0s+j+5 )
+5+5 —a
s=0 a + bl’_5I0 l1—a
where j =0,1,2,3,...,9, Z; is defined as
B Zj_s5, 0<y<5;
Tj = £-5%0 6<7<9,

— a7 =5\
wj710<a1 Stx_5rob-7% >

and for all (j,s) € {0,1,2,...,9} x{0,1,2,...,n — 1},

(1 —a)a" " + bx_s20(1 — a'%) £ 0.

3.1.1 The case a = —1
In this case, we have

n—1 1—(—1)7

T10n+j—5 = Lj H

(-1)3 + blL'_5I0

o (—1)7F 4 bx—5«r0ﬁ’
where
xj—f)u 0 S] S 57
Lj = 2570 6<j<09.

, ATV ES!
xj—lO((_l)J+1+x75l’0b%) ’
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Evaluating the above, we obtain the following solution which, for b = +1,
appears in [3] (see Theorems 3.1 and 5.1).

T1on—5 = T_5(—1 + br_520) ",

Tion-3 = T_3(—1 + bx_510) ",

T1on—a = T_g(—1 4+ bx_520)",
Tion—2 = T_o(—1 4+ bx_5z0)",

T1on = .170(—1 + be_5.CE0)n,

—n
Tion—1 = T—1(—1 4+ bx_520) ",
T_5T0 X _5%0 n
L10n+1 = i1’ L10n42 = (=1 +bz_570)",
ZE_4(—1 + bl'_5l’0> Tr_3
T_5X0 T_5T0 n
L10n+3 = pyn+1’ L10n+4 = (=1 +bx_510)",
r_o(—1+ z_520b) T_q

where bx_sxo # 1.

However, the solution can be written in a more compact form, i.e.,

z;_5(—1 4 bx_sz0) V"7, 0<j<5;
T1on = Y .
10n—j+5 T_50 (—1+bx_5x0)1 (2 1)J +(_1)J+1n7 6 < i< 97
Tj_10 —J =

as long as bx_sxo # 1.

3.2 The case a=1

Using (37), the solution, which for b = +1 appears in [3] (see Theorems 2.1

and 4.1), is given by

n—1
B 1+ 10sbx _5x¢ B 14 (10s + 1)bx_5x¢
T1on—5 = T g 14 (10s + 5)bx_57¢’ F1on—4 = T4 H 1+ (10s + 6)bx_5z¢’
14 (10s + 2)bx_5x¢ B 14 (10s + 3)bx_5x¢
F10n-3 = L= 3H 1+ (10s + T)bz_swg’ 1072 = 1= 2H 1+ (105 + 8)bx 5o’
10
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T1on—-1 = T—1

1+ (10s + 4)bx _5x¢ H 1+ (10s + 5)bx_5x0
=T
1+ (105 + 9)bz_sz0" °Ll 74 (105 + 10)bz_s20

rﬁ 3
o

n—1
T_5Xp H 1+ (10s + 6)bx_5x¢

Flon = —a(L 4 br_5mo) L4 14 (105 + 11)ba 520
" _ T_5%0 ﬁ (10s + 7)bx_5x¢
o —3(1 + 2bz_520) - (10s + 12)bx_570’
- _ T_5T h 1+ (10s + 8)bx _5z¢
O a5 (1+ Bba_smo) 14 1+ (105 + 13)bar sz
T_50 "1 4 (108 + 9)br_szg
Lion+4 —

_1(1 + 4bIL‘_5ZL‘0) 1+ (]_OS + 14)b$_51‘0

s=0

where jbxr_sxg # —1 for all j =5,6,7,...,10n + 4.

More compactly, the solution can be written as

1+(10s+7)bx_5x0 : .
Lj—5 H T+ (105+j+5)bz_s20 0<j<5;

Tion+j—5 = n—1
T_5T0 1+(10s+7)bx_5x0 6
zj—10(14+b(j—5)z—520) 0 1+(10s+j+5)bz—570 =

4 Conclusion
In this paper, we derived symmetry generators for the difference equations
(2) and explicit formulas for the solutions of the equations were obtained.

As a recent result, Theorems 2.1, 3.1, 4.1 and 5.1 of Elsayed et al. [3] were
generalized.

References

[1] C. Cinar, On the positive solutions of the difference equation x,.; =

azn—1/(1+bx,z,—1), Applied Mathematics and Computational 156, 587-
590 (2004).

11

1067 Folly-Gbetoula ET AL 1057-1069



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

2] E. M. Elsayed and T.F. Ibrahim, Periodicity and solutions for some sys-
tems of nonlinear rational difference equations, Hacet. J. Math. Stat. 44:6,
1361-1390 (2015).

(3] E.M. Elsayed, F. Alzahrani and H.S. Alayachi, Formulas and properties
of some class of nonlinear difference equations, J. Computational Analysis
and Applications 24:8, (2018).

[4] M. Folly-Gbetoula and A.H. Kara, Symmetries, conservation laws, and
'integrability” of difference equations, Advances in Difference Equations
2014, (2014).

[5] M. Folly-Gbetoula , Symmetry, reductions and exact solutions of the
difference equation wu, o = (au,)/(1 + buyu,,1), Journal of Difference E-
quations and Applications 23:6 (2017).

6] P. E. Hydon, Difference Equations by Differential Equation Methods,
Cambridge University Press, Cambridge, 2014.

[7] P. E. Hydon, Symmetries and first integrals of ordinary difference equa-
tions, Proc. Roy. Soc. Lond. A 456, 2835-2855 (2000).

[8] T. F. Ibrahim and M. A. El-Moneam, Global stability of a higher-order
difference equation, Iran J. Sci. Technol. Trans. Sci. 41:1, 51-58 (2017).

[9] N. Joshi and P. Vassiliou, The existence of Lie Symmetries for First-Order
Analytic Discrete Dynamical Systems, Journal of Mathematical Analysis
and Applications 195, 872-887 (1995).

[10] A. Khaliq and E.M. Elsayed, The dynamics and solution of some differ-
ence equations, J. Nonlinear Sci. Appl. 9, 1052-1063 (2016).

[11] D. Levi, L. Vinet and P. Winternitz, Lie group formalism for difference
equations, J. Phys. A: Math. Gen. 30, 633-649 (1997).

[12] S. Lie, Classification und Integration von gewohnlichen Differentialgle-
ichungen zwischen xy, die eine Gruppe von Transformationen gestatten I
., Math. Ann. 22, 213-253 (1888).

[13] S. Maeda, Canonical structure and symmetries for discrete systems,
Math. Japonica 25, 405-420 (1980).

12

1068 Folly-Gbetoula ET AL 1057-1069



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

[14] S. Maeda, The similarity method for difference equations, IMA J. Appl.
Math.38, 129-134 (1987).

[15] N. Mnguni, D. Nyirenda and M. Folly-Gbetoula, On solutions of some
fifth-order difference equations, Far East Journal of Mathematical Sciences
102:12, 3053-3065 (2017).

[16] D. Nyirenda and M. Folly-Gbetoula, Invariance analysis and exact solu-
tions of some sixth-order difference equations, J. Nonlinear Sci. Appl. 10,
6262-6273 (2017).

[17] P. J. Olver, Applications of Lie Groups to Differential Equations, Second
Edition, Springer, New York, 1993.

[18] G. R. W. Quispel and R. Sahadevan, Lie symmetries and the integration
of difference equations, Physics Letters A, 184, 64-70 (1993).

[19] I. Yalcinkaya, On the global attractivity of positive solutions of a rational
difference equation, Selcuk J. Appl. Math., 9:2 (2008) 3-8.

13

1069 Folly-Gbetoula ET AL 1057-1069



1070



1071



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL
ANALYSIS AND APPLICATIONS, VOL. 27, NO. 6, 2019

Asymptotic behavior of equilibrium point for a system of fourth-order rational difference

equations, Ping Liu, Changyou Wang, Yonghong Li, and Rui Li,.............ccooieiiiienis 947
A version of the Hadamard inequality for Caputo fractional derivatives and related results, Shin
Min Kang, Ghulam Farid, Wagas Nazeer, and Saira NagVi,..........c.vceveiieiienennnnnnnnn. 962
A hesitant fuzzy ordered information system, Haidong Zhang and Yanping He,............ 973

The stability of cubic functional equations with involution in modular spaces, Changil Kim and
GHUN HaN, e e e e e e e e e e aee e 2. 988

A nonstandard finite difference method applied to a mathematical cholera model with spatial
diffusion, Shu Liao and Weiming Yang,.......ccccveverineineeieiieeieensensennennennennnn....1000

AXnXn—k

On the Higher Order Difference Equation x,.; = ax, + Bxp_; + ¥Xp_r +

bxp+cxp_j+dxn_i'

M. M. EI-Dessoky and K. S. Al-BaSYOUNI, ... ....ouuiuiieiie it it ee e 1013
Best proximity point of contraction type mapping in metric space, Kyung Soo Kim,...... 1023

Explicit viscosity rule of nonexpansive mappings in CAT(0) spaces, Shin Min Kang, Absar Ul
Hag, Waqgas Nazeer, Iftikhar Ahmad, and Magbool Ahmad,.............cccoeevvvieieann .. 1034

The generalized viscosity implicit rules of asymptotically nonexpansive mappings in CAT(0)
spaces, Shin Min Kang, Absar Ul Haq, Waqas Nazeer, and Iftikhar Ahmad,............... 1044

On some sixth-order rational recursive sequences, M. Folly-Gbetoula and D. Nyirenda,.1057





