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Some Fixed Point Results of Caristi Type in
(GG—Metric Spaces

Hamed M. Obiedat! and Ameer A. Jaber?
L2Department of Mathematics
Hashemite University
P.0.Box150459
Zarqal3115-Jordan
email': hobiedat@hu.edu.jo, email?: ameerj@hu.edu.jo,

September 4, 2017

Abstract

In this paper, we prove several fixed point results for mappings of
Caristi type in the setting of G—metric spaces.

1 Introduction

The class of G—metric spaces introduced by Z. Mustafa and B. Sims (See
[7]) was to provide a new class of generalized metric spaces and to extend the
fixed point theory for a variety of mappings. Moreover, many theorems were
proved in this new setting with most of them recognizable as counterparts of
well-known metric space theorems (See [6], [8], [9]).

Caristi’s fixed point theorem provides a generalization of Banach’s con-
traction mapping principle (See [2]). Due to the importance of Caristi’s fixed
point theorem, it has been improved, generalized, extended and used in many
application ( See [1], [3], [4], [5]). In this paper, we prove several fixed point
results for mappings of Caristi type in the setting of G—metric spaces.

92000 Mathematics Subject Classification. 47TH10, 54E50.
Key words and phrases. Caristi’s Fixed Point Theorem; G-Metric Spaces; Lower semi-
Continuous Functions.
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Definition 1 ([7]) G-metric space is a pair (X,G), where X is a nonempty
set, and GG is a nonnegative real-valued function defined on X x X x X such
that for all x,y, z,a € X, we have:

(G1) G(z,y,2) =0ifx =y =z

(G2) 0 < G(z,z,y), for all z,y € X, with x # y;

(G3) G(z,z,y) < G(x,y, 2), for all z,y,z € X, with z # y;

(G4) G(x,y,2) = G(p{z, z,y}) (symmetry in all three variables);

(G5) G(z,y,2) < G(x,a,a) + G(a,y, z), (rectangle inequality).
The function G is called a G—metric on X .

Definition 2 ([7/)A sequence (x,) in a G—metric space X is said to con-
verge if there exists x € X such that lim G(z,x,,x,) = 0, and one say

n,1M— 00

that the sequence (x,,) is G—convergent to x.

Proposition 3 (/7])Let X be G—metric space. Then the following state-
ments are equivalent.

1. (z,) is G—convergent to x.

2. G(zp, Tp,x) — 0, as n — oo.

3. G(zp,z,x) — 0, asn — 0.

4. G(xpm, Ty, x) — 0, as m,n — 0.

In a G—metric space X, a sequence (z,) is said to be G—Cauchy if given
e > 0, there is N, € N such that G(x,, z,,, x;) < ¢, for all n,m,l > N..

Proposition 4 ([7/)In a G—metric space X, the following statements are
equivalent.

1. The sequence (z,) is G—Cauchy.

2. For every € > 0, there exists N. € N such that G(x,,, Ty, ) < €, for
all n,m > N.
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Definition 5 ([7/)Let (X,G) and (X', G') be two G—metric spaces, and let
f:(X,G) = (X',G') be a function, then f is said to be G—continuous at a
point a € X if and only if, given € > 0, there exists d > 0 such that x,y € X;
and G(a,z,y) < 0 implies G'(f(a), f(z), f(y)) < e.

A function f is G—continuous on X if it is G—continuous at all a € X.

Proposition 6 ([7/)Let (X,G) and (X', G') be two G-metric spaces. Then
a function [ : (X,G) — (X',G") is G—continuous at a point v € X if
and only if it is G—sequentially continuous at x; that is, whenever (x,) is
G—convergent to x we have (f(z,)) is G—convergent to f(z).

A G—metric space (X, G) is called symmetric G—metric space if G(z,y,y) =
G(y,x,z) for all z,y € X, and called nonsymmetric if it is not symmetric.

Proposition 7 ([7])Let X be a G—metric space, then the function G(x,y, z)
is jointly continuous in all three of its variables. A G—metric space X is said
to be complete if every G— Cauchy sequence in X is G—convergent in X.

Definition 8 With M we indicate the space of functions p, where

1. p:]0,00) — [0,00) is strictly increasing, continuous and concave,
2. p(0) =0.

Lemma 9 Let (X,G) be a complete G—metric space and let p € M. Then
(X, po @) is a complete G—metric space.

Proof. First let us prove that p is subadditive. To do so, let z,y € [0, 00)
p(x)

and set k = ———2——
p(z) + p(y)

. Then since p is increasing, we have

k 1—k Y

plr+y) = p(E:c + my) < maX{p(%), p(m)}-

Since p is concave and p(0) = 0, we have

k k

() = p() = p(ra+ (1= R).0) > k() + (1= k)p(0) = k(1)
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1 1
which implies that Ep(x) > p(+x). Similarly mp(y) > p(1 — kx) There-
fore,

T Y 1 1
ple +y) < maxip(y), p(y—7)} < max{p(@), 7= ()} < p(2) + p(y)-

This completes the proof that p is subadditive. Now to prove that p o GG
defines G—metric on X, we let z,y, z,a € X. Then

G1) Since p is strictly increasing and p(0) = 0 then p o G(x,y,2) = 0
implies G(x,y, z) = 0 which means r = y = z;

G2) Since 0 < G(z,z,y); with = # y and p is strictly increasing with
p(0) =0, then 0 < po G(z,z,y); with x # y;

G3) Since G(z,z,y) < G(z,y,2), with z # y and p is strictly increasing
then po G(x,x,y) < po G(x,y,2), with z # y,

G4) Since G(z,y, z) = G(p{x, z,y}) and p is strictly increasing(injective)
then po G(z,y,2) = po G(p{z, z,y}) (symmetry in all three variables); m

Gb5) Since G(z,y,2) < G(z,a,a) + G(a,y, z) and p is strictly increasing
and subadditive then

poGlr,y,z) < p(Gx,a,a) + G(a,y, 2)) < po Gz, a,a) + poGla,y, 2),

which proves that p o G defines G—metric on X. We still need to prove
that (X, po G) is complete, so let {x,} be a Cauchy sequence in (X, po G).
Then lim p o G(z,,Tm,Tn) = 0. Since p is continuous and strictly in-

7,1M—00

creasing with p(0) = 0, we have p( lim G(z,,Zm,zmn)) = 0. This implies

lim G(zn, Tm, Tm) = 0, which means that {z,} is Cauchy sequence in the

zgnr;;fete G —metric space (X, G). Therefore, there exists z* € X such that
{z,} G-converges to z* € X. Hence lim G(z,,z* 2*) = 0, which implies
p(lim G(z,,z*, %)) = p(0) = 0. By cor&?n?;ity of p, we have lim p(G(z,, 2*, z*)) =
O,RX;IT;Ch implies {x,} is p o G—convergent in (X, po G). Tﬁi_s)ogompletes the
proof of Lemma 9.

Definition 10 With L(X) we indicate the space of functions ¢, where ¢ :
X — R* is lower semi-continuous.

Remark 11 Let (X, G) be a G—metric space and ¢ € L(X). Define < on
X by
v 2y = G(z,y,y) < ¢(z) — d(y) Vz,y € X,

4
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then (X, G, <) is partially ordered G—metric space. In fact, Vx,y,z € X the
following conditions are satisfied

i) since 0 = G(z,2,2) < ¢(z) — ¢(x) = 0, we have that z < x

i) if v X yand y < z,then 0 < G(z,y,y) < d(x) —d(y) = —( ¢(y)—d(x)) <
—G(y,z,z) < 0. This implies that G(z,y,y) = G(y,z,z) = 0. Hence,
r=y.

iii) if z <y and y < z,then

G(z,z,z2) G(z,y,y) + G(y, z, z) by rectangle inequality
o(z) — o(y) + ¢(y) — ¢(2)

(z) — o(2),

<
<

I
-

which implies = < z.

2 Main Results

In this section, we introduce several fixed point results for mappings of Caristi
type in the setting of G—metric spaces. We use the existence of a maximal
element to prove Caristi’s fixed point theorem in the setting of G—metric
spaces.

Theorem 12 Let (X, G, =) be a partially ordered G—metric space with <
as defined in Remark 11. Then the following statements are equivalent:

1 Any selfmapping 7" on X satisfies G(x, Tz, Tz) < ¢(x)—¢(Tx) has a fixed
point.

2 X has a maximal element.

Proof. 1 = 2) Suppose that T : X — X has a fixed point, say =*, and
xg = ... X be a chain in X. Fix x;, then G(z;,z*, 2*) = G(z;, Tx*, Tx*)
o(xj) — d(Tx*) = ¢(x;) — ¢(x*) which implies that x; < 2*. Hence X has z*
as the maximal element.

2 = 1) Suppose X has z* as a maximal element, then T'z* < z*. Since
T satisfies G(z*, Tx*, Tx*) < ¢(z*) — ¢(Tz*) which implies that z* < Tz*.
Therefore, Tx* = z*. m

IATA
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Theorem 13 Let (X, G, <) be a partially ordered complete G—metric space,
¢ : X — RT be a lower semi-continuous and T : X — X be selfmapping
satisfying the inequality; G(xz, Tz, Tx) < ¢(x) — ¢(Tx). Then T has a fized
point.

Proof. Let C={z; : t € A} C X be any chain in X and let {¢,} be
any increasing sequence of elements of A. We prove first that ¢(C) is a
decreasing net. To do so, let ¢; and ¢; be any pair of elements in C with
x R xs for t,s € A. Then Gz, x5, x5) < ¢(ar) — ¢(xs), which implies
that ¢(xs) < ¢(xt) — G(x4, s, x5). Therefore, {¢p(z:) }ren is a decreasing net
of positive real numbers. Thus inf{¢(x;) : t € A} exists by completeness
property of R. Now choose {t,},.cn to be an increasing sequence of A such
that nh_)rgﬁ(xtn) = inf{¢p(x;) : t € A}. Then {x;,} is G—Cauchy since for

n,m € N, we have

G(xy,, x4, 21,) < O(24,) — d(2y,,)- (1)

Thus passing to the limit in the inequality (1) implies G(xy,, xy,,,24,) = 0
as n,m — o0o. Since (X, G, <) is G—complete then there exists z* € X such
that {z;,} converges to x*. To prove that z* is an upper bound of the set
C, let m,n € N since {z;,} converges to z* and {z;, } is increasing imply
xy, 3 x* VYn > 1. Therefore,

G(Z'th '/’U*7 x*)

lim G(f]ﬁtn, Lty s wtm)

m—00

¢(r,) — lim ¢(zy,)
o(21,) — hm 1 p(1,,)
¢(zy,) — ( )

Then ¢(z*) < ¢(z4,) Vn > 1 which implies that ¢(z*) < inf{o(z;) : t € A}.
Hence z; < z* Vt € A since ¢ is decreasing which means that z* is an upper
bound of the chain C. Therefore Zorn’s lemma implies that (X, <) has a

maximal element. By Theorem 12 any selfmapping 7" : X — X satisfies the
inequality G(z, Tz, Tx) < ¢(x) — ¢(Tz) has a fixed point. m

VAN VAN

IN

Corollary 14 Let (X,G) be a partially ordered G—metric space. Suppose
f X — X is any function and T : X — X be G—continuous. If there exists
a real number r < 0 such that for all x € X

G(f(z), Tf(x), Tf(z) <Gz, Tz, Tx) +rG(z, f(x), f(x)),

6
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then f has a fized point.

G(z, Tz, Tx)

Proof. Define ¢ : X — R" by ¢(x) = — . Then the lower semi

continuity of ¢ follows from the G —continuity of 7. Now
G(f(x), Tf(z), Tf(x) = —ro(f(2)) < —ré(z) + rG(z, f(z), f(z)).

Then

which implies
G, f(x), f(2)) < o(x) = o(f(2))-
Define < on X by
r Xy = G(z,y,y) < ¢(x) — dy) Yo,y € X.
Then by Theorem 13, there exists 2* € X such that f(z*) =2*. =

Corollary 15 Let (X,G) be a complete G—metric space and let p € M.
Then (X, po G) is a complete G—metric space. Then any selfmapping T on
X satisfies po G(z,Tx,Tz) < ¢p(x) — ¢(Tx) has a fixed point.

Corollary 16 Let (X,G) be a complete G—metric space and let p € M.
Suppose [+ X — X is any function and T : X — X is G—continuous. If
forallz e X

G(f(x), Tf(x), Tf(x) < Gz, T, Tx) = po Gz, f(x), f(x)).
Then f has a fixed point.

Proof. Define ¢(z) = p~! o G(z, Tz, Tz). Then lower semi continuity of ¢
follows from the G—continuity of 7" and continuity of p~!. Now

G(f(2), Tf(x), Tf(x) = p(¢(f(2))) < p(o(x)) — po Gz, f(x), f(x))-

Then
p(o(f(2))) < p(d(x)) — po G(a, f(z), f(z)).

By the subaddivity of p, the above inequality becomes

p(o(f(x) + Gz, f(x), f(2))) < p(¢(f(2))) +po Gz, f(x), f(x))
< plo(x).

7
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Now since p is increasing, we obtain

O(f(2)) + Gz, f(x), f(2)) < o(x).

Hence

Gz, f(z), f(2)) < d(x) = o(f(2)).
Define < on X by
r Xy = G(,y,y) < ¢(x) — dy) Va,y € X.
Then by Theorem 13 there exists * € X such that f(z*) =z*. =

Corollary 17 Let (X,G) be a complete G—metric space and Suppose f :
X — X s any function and T : X — X s G—continuous. If there exist a
real number r < 0 and n € N such that for all x,y € X

G(f(x), Tf(x),T"f(x) < Gz, Tz, T"x) + rG(z, f(z), f(z))
then f has a fixed point.

Tx, T"
M. Then lower semi

Proof. Define ¢ : X — R by ¢(z) = —
,
continuity of ¢ follows from the G—continuity of 7. Then

—ro(f(x) = G, Tf(x), T"f(x)
< —rd(x) +rG(z, f(x), f(2)).

Then we obtain
Define < on X by

z Xy = G(z,y,y) < ¢(x) — oy) Yo,y € X.
Then by Theorem 13 there exists z* € X such that f(z*) = z*.

Corollary 18 Let (X,G) be a complete G—metric space and let p € M.
Suppose f : X — X is any function and T : X — X is G—continuous. If
there exist p € M and n € N such that for all x € X

G(f(2), Tf(x),T"f(x) < Gz, Tz, T"x) — po Gz, f(x), f(x)),
then f has a fived point.
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|
The following theorem gives a natural generalization of Caristi type map-
ping in the setting of G—metric spaces.

Theorem 19 Let (X, G) be a complete G—metric space. Suppose T : X —
X is G—-continuous. If there exists ¢, € L(X) for all y € X such that for
allr € X

G(TJJ,TQZL‘,Ty) < ¢y($) - qby(Tx);

then T has a fived point.
Proof. Fix g € X and let x,, = T"xg n=1,2,3,.... Then

G(xna Tni1, Ty) = G(Txn—ly Txna Ty) = G(Txn—la T2xn—17 Ty)
¢y($n—1) - Qby(Txn—l)
= ¢y(mn*1) - ¢y<x")

IN

Then for each y € X,

ZG(%, Tni1,Ty) = G(x1,29,Ty) + G(z2, 23, Ty) + ... + G2y, Tpy1, Ty)

j=1

¢, (w0) — ¢ (21) + &y (1) — @ (T2) + ... — @y (Tn1) + &y (1) — @ (1)
¢y (o) — &y (0)
¢y($0) + 07

IA N CIA

where C' > 0, which implies that

ZG(:En,:an,Ty) < ¢,(m0) + C < o0.

Jj=1

Then Y G(x,,T,+1,Ty) is a convergent series. Hence lim G(x,, x,11, Ty) =

0. Therefore,

G(Tn, Ty Tm) < G2, Ty, Ty) + G(TY, T, Tun)
< G(ap, T, Ty) + G20, T, Ty)
< ZZG(xj,mj+1,Ty) — 0asm,n — 0o

j=n
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which implies that {z,} is Cauchy in complete G—metric space. That is,
there exists 2* € X such that {z,} converges to z*. Now

G(Tz*, T?*x*, 2*) = lim G(Tx,, T*v,,1,) = lim G(2py1, Tnio, Tn) = 0,

n—o0 n—o0

which implies that z* is a fixed point of 7. =

Corollary 20 Let (X,G) be a complete G—metric space. Suppose T : X —
X s G—continuous and for all x € X

G(Tf(x), T*f(x),Ty) < G(x, Tz, Ty) — G(f(x), f*(2), Ty).
Then f has a fized point.

Proof. For each y € X, choose ¢, (v) = G(x, Tz, Ty) then the result follows
by applying Theorem 19 m
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Abstract

In this paper, we generalize the notion of Meir-Keeler contraction condition in M-
metric spaces. We prove some fixed point theorems for this class of contractions which
enables us to extend and generalize the recent results of Gholmian and Khanehgir [2].

1 Introduction and preliminaries

First of all, we would like to mention that this work is inspired by the work of Gholmian
and Khanehgir [2]. In 1922 Banach established one of the most important theorem in fixed
point theory known as the ” Banach contraction principle”. Subsequently, many authors have
extended this theorem in many different ways. For example, in 1969, Meir and Keeler [3]
generalize the Banach’s theorem using the weakly uniformly strict contraction and proved
the following theorem:

Theorem 1. Let (X, d) be a complete metric space and f a mapping of X into itself satisfying
the following condition:

given € > 0, there exists 6 > 0 such that € < d(z,y) < e+ 6 implies d(f(z), f(y)) < e.
Then f has a unique fized point &. Moreover, For any v € X, lim f"(x) = ¢&.
n—oo

The Theorem 1 has been extended in many different metric spaces under several con-
tractive definitions, see [2], [5].
On the other hand, several types of generalized metric spaces are proposed and a series of
fixed point theorems for various classes of mapping are obtained, see [4], [6], [8], [9], [10],
[11], [12].

M-metric spaces was introduced by Asadi see [1], which is an extension of partial metric
spaces. So, first we remind the reader of the definition of an M-metric spaces along with
some other notations.
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Notation 1. [1/
1. my, = min{m(z,z), m(y,y)}
2. My, = mazx{m(z,x), m(y,y)}

Definition 1. [1] Let X be a nonempty set, if the function m : X? — RT satisfies the
following conditions: for all x,y,z € X

(1) m(z,z) = m(y,y) = m(z,y) if and only if v =y,

(2) ey < m(z,y),

(3) m(z,y) = m(y, ),

(4) ({2, ) — M) < (M@, 2) = 102) + ((2,) = m2y).
Then the pair (X, m) is called an M-metric space.

Recently, Mlaiki et al. [7] developed the concept of M,-metric spaces which extends the
M-metric spaces and some fixed point theorems are established. Motivated by the properties
of this original metric space, we introduce the notion of generalized Meir-Keeler contraction
mappings in the My-metric spaces.

Now, let’s recall some definitions and notations of Mj,-metric spaces.

Notation 2. [7/

1. My y = min{my(x, x), my(y, y) }
2. be,y = max{mb(x, l’), mb(ya y)}

Definition 2. [7] An My-metric space on a nonempty set X is a function my, : X* — RT
that satisfies the following conditions, for all x,y,z € X we have

1) my(z,z) = my(y,y) = my(z,y) if and only if x =y,
2 Mpg,y S mb(x7y)a

(

(2)

(3) my(,y) = ma(y, z),
(4)

4) There exists a real number s > 1 such that for all x,y,z € X we have

(Mo, y) = Miwy) < sl(me(@, 2) = Mig2) + (Me(2,Y) = Mpzy)] — (2, 2).
The number s is called the coefficient of the My-metric space (X, my).
Now, we give an example of an M,-metric which is not an M-metric space.

Example 1. [7] Let X = [0,00) and p > 1 be constant and my, : X* — [0,00) defined by for
all x,y € X we have
my(x,y) = maz{z,y} + |z —y|".

Note that (X, my) is an My-metric with coefficient s = 2P. Now, we show that (X, my) is not
an M-metric space. Take x =5, y =1 and z = 4, we get my(z,y) — Mpz,y = 5 + 47 — 1 and
(mp(z, 2) — My ) + (Mp(2,Y) — Mpzy) =52 +1 — 4P + 4P + 3P — 1 = 5P + 3P, Therefore,

mb(l‘a y) — Mgy > (mb(x7 Z) - mbm,z) + (mb(zv y) - mbz,y)a

as required.
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Definition 3. [7] Let (X, my) be a My-metric space. Then:
1) A sequence {x,} in X converges to a point x if and only if

lim (mp(xp, ) — Mpg,, ) = 0.
n—o0

2) A sequence {x,} in X is said to be my-Cauchy sequence if and only if

lim (my(Tn, Tm) — Mgy, 2, ), and lim (Myg, 2 — Mpe, )
n,Mm—00 n—00

exist and finite.
3) An My-metric space is said to be complete if every my-Cauchy sequence {z,} converges
to a point x such that

lim (mp(xp, ) — Mg, ) = 0 and lm (My,, » — My, ) = 0.
n—oo n—o0

Definition 4. Each my-metric generates a topology 7., on X whose base is the family of
open my-balls { By, (x,€) | x € X, e > 0} where B, (v, €) = {y € X | mp(x,y) — mpy,, < €}.

Definition 5. Let X be a nonempty set, T : X — X be a mapping and o : X x X — [0, 00)
be a function. Then, T is said to be a-admissible if for all x,y € X we have

a(x,y) > 1= a(Tz,Ty) > 1. (1)

Definition 6. A mapping T : X — X is called triangular a-admissible if it is a-admissible
and it satisfies the following condition:

alz,y) > 1 and aly,z) > 1, then a(z,z) > 1 where x,y,z € X.

Definition 7. Let (X, my) be an my-metric space with coefficient s, an a-admissible mapping
T: X — X is said to be generalized Meir-Keeler contraction of type (I) if for every e > 0
there exists 0 > 0 such that

e < B(my(x,y))M(z,y) < e+ 6 implies a(x,y)my(Tx, Ty) < € (2)
where
M(z,y) = max{my(z,y), mp(Tx,x),my(Ty,y)}, forall x,y € N (3)
and 3 : [0,00) — (0, 1) is a given function.
Definition 8. Let (X, my) be an my-metric space with coefficient s. A triangular a-admissible

mapping T : X — X s said to be generalized Meir-Keeler contraction of type (II) if for
every € > 0 there exists 6 > 0 such that

e < Bma(w,9))N(3,) < e +8 implies a(z, y)my(Tz, Ty) < e (4)
where {

N(I‘, y) = max{mb(x, y)7 E[mb(Tx7 x) + mb(Ty7 y)]}? fomll T,y € IN (5)
and 3 : [0,00) — (0, 1) is a given function.

Remark 1. 1. Suppose that T : X — X 1is a generalized Meir-Keeler contraction of
type (I). Then
a(z, y)my(Tz, Ty) < B(my(z,y)) M (z,y) (6)
for all x,y € X when M(z,y) > 0.

2. Note that for all z,y € X, we have N(z,y) < M(x,y).

3
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2 Main Results

Theorem 2. Let (X, my) be a complete M, metric space and T : X — X be a triangular
a-admisible mapping. Suppose that the following conditions hold:

(a) There exists xo € X such that a(xg,Tzo) > 1, a(Tzg, o) > 1.

(b) If {x,} is a sequence in X that converges to z as n — 0o, and a(x,,xy,) > 1 for all
n,m € N, then a(x,,z) > 1 for all n € IN.

(¢) If for each € > 0 there exists § > 0 such that

1+ my(z, Tx)

2se < mb(y’Ty>1—|—M—(:17y)

+ N(z,y) < s(2e+9),

then we have a(x,y)my(Tz, Ty) < €.
Then, T has a fixed point in X.
Proof. Note that condition (c¢) implies that

1 1 T 1
a(z,y)me(Tz, Ty) < Q—Smb(y,Ty)% + Q—SN(x,y).

Let xyp € X that satisfies condition (a) and define the sequence {z,} by =1 = Tz and
Tni1 = Tx, for all n € IN. If there exists an n such that z,,; = z,, then we are done.
Without lost of generality, we may assume that x, ., # x, for all n € IN.

Since T is a-admisible, we have a(zo,z1) = a(xg,Tzo) > 1 and thus a(Tz, Tx1) =
a(zy,x2) > 1. By repeating the same argument, we get o(z,,x,+1) > 1, for all n € IN.
Hence,

mb(Txna T$n+1)

mb(xn+1 ; zn-i—?)

IN

le(l‘n, mn—&—l)mb(Txm Txn-{—l)

1 1 + mb(xnvxn-i-l)

_mb(xn-l—la :L‘n+2>

1
—N nsy4n .
9 + (@n, Tnt1)

1+ M(xy, Tpy1) 28

A\

Note that M (2, Tp1) = max{my(T,, Tni1), Mp(Tni1, Tnio)}. S0, i M (2h, Tpy1) = mp(Tni1, Tnio)
then we have

mb(mn—‘rla xn—l—Z) - mb(Txny Tl‘n-‘,—l) S O-/(:En7 In—&-l)mb(Txna T[En+1)

1 1+ mb(xna $n+1) 1

< —Mp(Tnt1, Tn + —MmMp(Tpt1, Tn
5 b(Tni1 +2)1+mb(:vn+1,xn+2) 5 b(Tni1; Tnya)
1

< 2_Smb(xn+17 Tpio) + 2—8mb($n+1a Try2)
1

= gmb(ﬂcn+1,xn+2) < mp(Tpt1, Tota),
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which leads to a contradiction. Therefore, M(z,,x,+1) = mp(Tn, Tpe1). Also note that
N(xp, Tpi1) < M(zp, x,41) and hence

1 1+ mb(wna anrl) 1
Mp(Tpg1, Tnya) < Q_Smb(xn+1;xn+2)1+mb(z . +2—Smb(9€n,9€n+1)

1

= Q_Smb(xn-l—la xn+2) + 2_Smb(xn7 xn—l—l)

< g, Tat) + o )
—myp(T, Tp —myp(Tp, Tp

UL +1 g +1
1

= ;mb(:vn,xnﬂ) < mp(Tp, Tt

Therefore, my(zp11, Tnio) < mp(Ty, Tpe1) and thus the sequence {my(x,, ,41)} is a strictly
decreasing positive sequence that converges to some number say r > 0. By Condition
(c) in the hypothesis of the theorem, choose ¢ = £. Note that, lim, o [my(Tpi1, Tni2) +

S
my (T, Tny1)] = 2r. Hence, there exists Ny € IN such that
2r < mp(TNg415 Tg12) + Mp(TNg, TNgt1) < 27 + 6.
Therefore,

2se < mb('rNo—i-h xNo—i-?) + mb<xNo7 'TN()—H)
1+ my (2, T )
1+ M(xNoa $N0+1)

= my(Tngr1, TTNp41) + N(2ng, TNgt1)
< 2se+6 < s(2e+9).

Using the fact that a(xn,, zn,+1) > 1 and condition (c), we deduce that

Mp(TNg+15 Thg+2) < (TN, TNg+1) M (T Ny, Tng41) < €= — <.

®» | 3

But we know that for all n € IN, » < my(x,, z,41) which leads to a contradiction. Thus
r = 0; that is, lim, oo mp(2y, 2n1) = 0. Now let € > 0 and ¢ = min{d, e, 1}. Since
limy, 00 My (2, Try1) = 0, there exists k € IN such that my (2, Tpmi1) < %/, for all m > k.
Let n = s(2¢ + &) and consider the set

B[xk,'r]] = {'/L‘7,|7/ Z kumb<xi7xk) — Mgz, < T]}

We prove that T" maps B|xg,n| to itself. Let x; € Blzg,n]. Then we have my(x;, xp) —
Mgy, < - 1f | =k, then we have Tv; = Txy, = 2441 € Blxg,n]. So we may assume that
[ > k. Suppose that 2se < my(x;, x1), so that

25 < (1, k) — Mgy 2y, < 7).

Note my(z;, xx) < N(x;, x). Hence, 2se < my(x;, 1) and this implies that € < %mb(a:l, Tk).
Thus,

1 L+my(z,04q) 1
< — —N )
€= 2Smb(xkaxk+l) 1+ M(:Ul,xk) + % (l’l,l'k)

5
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Therefore,
1 /
—N < —
1+ M(xy, ) o (w1, 24) < e+ 2’

1 1+ my (27, 7141)
%mb@m l’k+1)

and this implies that

1 —|— mb(xl, Tl‘l)

N 2 5.
T+ Mz, 2p) + N(xy, 21) < s(2e +0")

2se < my(zg, Tzy)

Thus, by part (c) of the theorem, we have my(Tx;, Txy) < alx;, xp)my(Ta, Txy) < €.
Therefore,

mp(Txy, ) — Mirgyz, < mp(Tay, T)
< s[(mp(Tay, Tay) — Myre, 1a,) + (Me(TTk, Tk) — Moy 2]
< s[mp(Txy, Txy) + mp(Tay, )]
A
< R
sle + 4]
!
< 2 —
s[2e + 2]

which implies that z;,1 € B[z, n] as desired. Now assume that my(x;, x;) < 2se. Then we
have

mp(Txy, x)) — Mgy o, < mp(Tay, 1)

< s[(mp(Tx, Txy) — Mire, r2,,) + (Mo(Tap, T8) — My 2 )]

< s[mp(Txy, Tay) + mp(Tag, v )]

< salwy, xp)me(Tay, Tag) + smp(Tag, xx)

1 1+ mb(a:l, TﬁL‘l+1) 1

< — —N
s 2Smb(xk,xk+1) 1+ Mz, 2p) + 55 (2, 2) | + smp(Tpi1, )
1 My (g, Tho1) (21, 141) 1

< —my(ag, x + + =Nz, xr) + smp(Tgy1, T

< 3 b(Tk, Thot1) 21+ my(zs, 70 5 (21, k) b(Tht1, Tk)
6" my(Tr, Tpg)mp (T, 141) 1 o'

< < N e,

= 3 (1 + my(@s, 7)) + 5 (:El,afk)+s4

On the other hand, note that

!

T Thi1) ) < T

1 -+ mb(acl, Ik)

Hence,

mp(Tay, ) — My, < my(Tay, )

= &+1 ( )+1N@ )+ I
-3 2mb Ly Ti41 5 Ly Tk 84
o 0’
< [g—l—g—i-se} +SZ
5/
< s(§+26).
6
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Therefore, for all m > k, we have

5/
My (s Th) — My ey, < S (5 + 26) .

Now, for every m,n € IN such that m > n > k, we have

mb(xmy xn) — Mg,z S S [(mb<xm7 l’k) - mbxm,xk) + (mb(flfk, xn) — mbxk,zn)]
< smp(Tm, Tk) + S0 (Tk, Tn)
o’ o’
< 3.5(5 + 2¢) + S.S(E + 2¢)

s*(4e +0') < 5s’e

which implies that limy, ,,—00 M6 (T, ) —Mbg,, o, €xists and finite. Using the same argument
it is not difficult to show that lim, n— o Mp(Tim, Tn) — My, 2, exists and finite. Therefore,
the sequence {z,} is an my-Cauchy sequence and since X is complete, there exists u € X
such that lim,_,oc Mpg, v — Mpg,0 = 0 .

Finally, we show that is a fixed point for T'; that is Tu = u.

Then, Myryu = Myruu, and similarly by the convergence of x,, we obtain that my,(T'u, u) =
Myry,u, Which implies that T'uw = u as required. O

Definition 9. Let (X, m;) be an my-metric space and let T be a self mapping on X. T is
called my-orbitally continuous if whenever

lim my(T), 2) = my(z,2) = lim my(TT),T.) = my(T,,T,)Vr, 2z € X. (7)

n—-+00 n—-+o0o

Remark 2. Note that, continuous mappings are my-orbitally continuous. But the con-
verse is not necessary true, for example, consider the my-metric space defined by my(z,y) =
[maz(x,y)]? (@ > 1) for all x,y € X where X =[0,1] and the map T : X — X defined by

It is not difficult to see that T is not continuous, but T is my-orbitally continuous.

Theorem 3. Let (X, my) be a complete my-metric space with coefficient s and T : X — T
be a mapping. Suppose that the following conditions hold:
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a) T is an my-orbitally continuous generalized Meir-Keeler contraction of type (I),
b) there exists xg € X such that a(xo, Txo) > 1, a(Txg,x9) > 1,

c) if {x,} is a sequence in X such that x, — z as n — oo and a(x,,x,,) > 1 forall
n,m € N, then a(z,z) > 1,

d) s >1 or [ is a continuous function.
then, T has a fized point in X.

Proof. Let xq € X be such that condition b) holds and define {z,} in X so that z; = Tz,
Tny1 = Txg VYn € IN. Without lose of generality, we may suppose that x, 1 # x, Yn € INUO.
Since T is a-admissible, then a(z,, z,+1) > 1 Vn € IN.

As T is a generalized Meir-Keeler contraction of type (I), then by replacing x by z,, and y
by y, in (4), we observe that for every ¢ > 0 there exists § > 0 such that

€ < B(mp(xn, Tpng1))M (2, Tpi1) < €+ 0 = (@, Tpg1)mp(Tep, Ta,q) < € (8)
where
M(ZL’n, xn—l—l) = ma‘r[mb<xN7 $n+1)7 mb($n+2, m'fl-l-l)]‘ (9)

Next, we distinguish two following cases:
Case 1. Assume that M(z,, Tpi1) = mp(Tpi2, Tnit)-
In this case, equation (8) becomes

€ < B(mp(xn, Tna1))mp(Tnao, Tnit) < €+ 0 = (@, Tpgr) (T, Ty ) < €
and using that a(z,,z,.1) > 1 Vn € IN, we have

mb(Txn7 Tmn—i—l)mb(wn-l—la mn-{—?) <e< 5(mb(l‘na xn—l—l))mb(l‘n-{—% xn—&-l)-

Then my(Tpi1, Tnre) < My(Tpio, Tne1) Y € IN which gives a contradiction.
Case 2. Assume that M (z,, Tp1) = mp(Tp, Tpi)-
Since M (zp, xp11) > 0 ¥n € IN due to Remark 1, we get

My(Tpi1, Tpgz) < @(Tn, Tpgr)Mp (T2, Ty1)
< €
S B(mb(xnaxn+1))mb($naxn+1)

1
gmb(xna xn—l—l) S mb(l'na xn-‘,—l)- (10)

A\

That is {mp(z,, xni1)} is a strictly decreasing positive sequence in R* and it converges to
some r > 0. Let prove that r = 0.
Let be untrue, the we have r > 0. We assert that 0 < r < my(z,, z,41) Vn € IN.

First, suppose that s > 1. Applying equation (10), we have my (11, Tnio) < —mp(Tp, Tpi1)-
s

By taking the limit as n tends to infinity, we get r < 17“ < r which is a contradiction and so
r=20. °

Next, suppose that [ is a continuous function. We prove in the following claim that
{B(mp(2n, Tra1))mp(2n, Tni1)} is a strictly decreasing positive sequence in RT.

8
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1

Claim 1. Let 3 : [0, 00[— [0, =) a continuous function. Then, {B(my(zn, Tpi1))mp(Tn, Tni1)}
s

is strictly decreasing positive sequence in R .

First, note that

ﬁ(mb(l‘n—&—l, xn+2))mb (:En—‘rl) xn+2) < My (In—‘rl) xn+2)
< (@, Tpp)mp (T2, TTpg)

< By, ) M (T, s,

If M(zp,xne1) = my(Tn, Tpy1), we obtain

B(mp(Tni1, Tng2))Mb(Tns1, Tnra) < Bmp(Tn, Trg1)) e (T, Tngr)-
If M(xp,Tni1) = mp(Tpao, Tna1), we have my(Tpi0, Tna1) < My(Thn, Tna1) (a8 mp(Tn, Tpaq) is

a strictly decerasing). Then, B(my(zni1, Tna2)) M (Tnt1, Tnia) < B(mp(Tn, Tpi1))mp(Tn, Tpir).
Thus, {B(mp(xn, Tni1))me(Tn, xai1)} is strictly decreasing positive sequence in R* which
prove our claim as desired.

From Claim 1, we have {8(my(xn, Tni1))mp(Tn, Tnt1)} converges to some 7' > 0. We con-
sider the two follwing cases:

Case 1. " =0

Since lim my(x,,, x,11) # 0 so we have
n—0o0

Jde > 0,Vk € IN, Ing, > k,my(zn,, Tn,,,) > €

Now, let ¢ > 0 be given. Since lim B(my(2n, , Tn,,,))M0(Tnys Tnyyy) = 0.
n—o0

Therefore, using (4), we derive

3K € N,Vk > K, ef(my(n,, Tny,,)) < B(mp(Tny, Ty )10 (T, Tngery) < €
It enforces that lim B(my(zn,, Zn,.,)) = 0.
n—oo

By continuity of 3, we obtain f(r) = 0 = r = 0 which is a contradiction.

Case 2. >0
we can distinguish two subcases: r < 7" and r > r/.

1
If r < v, then B(my(zn, Tni1))mp(Tn, Try1) < —mp(Tn, Toe1) and by taking the limit as n
s

”
tends to infinity we get ' < — < r which is a contradiction with »* > 0.
S

If r > 7', let § > 0 be such that satisfying (4) whenever € = r’. We know there exists Ny € IN
such that

r! < 5(mb(33N0,33N0+1))mb($N0,.TN0+1) <7 + 0.

Thus

T < mp(TNgt1, TNgr2) S (TN T+ ) (T TNy, TT Ny 41)
< r<r

which leads to contradiction with 0 < r < my(x,, ,41) Vn € IN.
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Thus, r = 0 and so lim my(x,, Tp11).
n—oo

Next, we intend to show that the sequence {z,} is an m;- Cauch sequence. For this

purpose, we will prove that for every € > 0 there exists N € IN such that lim my(z,, z;) —
n,m—00

M, < 00. We will prove that for every € > 0, there exists NV € IN such that
my (21, Tigk) — Mgy yp < € (11)

Since the sequence {my(zy,, 1)} —> 0,n — o0, for every ¢ > 0 there exists N € IN such
that my(z,, 2n,41) < 6 for all n > N. Choose § < e. We will prove equation (11) by using
induction on k.

o for k = 1, we have my (2, 2141) < € = my(21, Ti41) — Mgy, < € 50, (11) it clearly holds
for all | > N (due to the choice of 9).

e Assume that the inequality (11) holds for some k = m, that is my(z1, ipm) — Miay 1, < €
VI > N.

For k = m + 1, we have to show that

mb(a:l, xl+m+1) — Tlegcl’Hmle <e V I > N (12)
Employing condition (4) of the definition fo the My-metric space, we get

< slmy(T1-1, 1) = My, + M (T15 Tigem) — My, — M(2T1, 1))
< s[mp(i-1, 20) + my(2r, T14m)]
< s[0+¢ VI>N.

mb(ﬂﬂl—l, $z+m) = Moy ym

If B(my(z1—1, Trem))me(Ti—1, Trem) > €, then we deduce

(mb($1—1, $z+m))mb($1—1, $l+m)

(T1—1y Tppm ) )M (211, Tiom)

(55171, $l+m))ma$[mb($171, $l+m)7 mb(ﬂil, 56'171), mb(xl+m+17 $l+m)]
( )

(mp(21-1, Trem))maz[s(d + €), 0, 0]

€

ININA

(s

(m

B
B
B
B

0+ e.

VANIAN

Using (8) with = 21, ¥ = Tj4m, we find
€ < Bmy(w1-1, T1pm) )M (211, Tipm) < €49,

then
al(zi—y, Tipm)mp(Tai—y, Trpm) < €

which gives my (2, £14m11) < €. Hence, (8) holds for k =m + 1.

If ﬁ(mb(l’l—h $l+m))mb(l‘z—1, Il+m) < ¢, then

Bmp(@i—1, Tigm) )M (2121, Tigm) = Bmp(@i—1, Tigm))maz [mp (i1, Tigm),
mb(ﬂ, $Z—1)7 mb(l’l+m+1, $z+m)}

5(mb(5€l717 lerm))max[mb(xlfl; xl+m)7 57 5]
< €.

A\

10
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From Remark 1, we get

(11, Tigm) M (TT1—1, To14m) < B(Mp(T1-1, Tigm) )M (T1-1, Tigm) < €
then
U211, Tigem )M (21, Tipmir) < €
So
My (15 Tigm1) < Q(T1—1, Tigem )M (L1, Tigm1) < €

that is (11) holds for k = m + 1.
Note that M (x;_1, 2z m) > 0, otherwise my(x;, z;—1) = 0 and hence x; = x;_1, which is
contradiction. Thus, my(z;, x;1x) < € VI > N and k > 1, it means

my(Tp, Tm) <€ ¥ m>n> N. (13)
Hence, it is easy to deduce that {x,} is an m,—Cauchy sequence. Since X is a complete

myp-metric space, there exists u € X such that lim (M, » — My, ) = 0.
n—o0 ’

Now, we will show that Tu = u for any n € IN. We have

hm (Mbmn,u — mbmn’u) = O
n—oo

nh—>nc}o(Mb:rn+1,U - mbznﬂ,u) =0
lim (Myrg, 0 — Mora,,) =0
n—oo

Mb(TU, u) - mbTu,u = O

Then, Mypy = Mpruu, and similarly by the convergence we obtain that m,(Tu,u) =
Myruu, Which implies that T'u = u as desired. O

Next, we prove the same result for a self mapping 7" on X which is an m-orbitally
continuous generalized Meir-Keeler contraction of type (II).

Theorem 4. Let (X, my) be a complete my-metric space, T : X — X be a mapping.
Assume that the following conditions are satisfied:

a) T is an my-orbitally continuous generalized Meir-Keeler contraction of type (II),
b) there exists xg € X such that oo, Tyy) > 1, Ty, o),

c) If {x,} is a sequence in X such that x,, — z as n — o0 and &(xp, ) > 1 for all
n,m € N, then a(z,z) > 1,

d) s >1 or [ is a continuous function, then T has a unique fized point in X.

Proof. By remark 1, we have N(x,y) < M(z,y). Hence, similarly to the proof of theorem
3, the result of our theorem will follow as desired. O

Theorem 5. Let (X, my) be a complete my-metric space with coefficient s and satisfies the
following conditions:

11

590 N. Mlaiki ET AL 580-592



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

a) if {x,} is a sequence in X which converges to z with respect to T, and satisfies
a(Tpi1,2n) > 1 and a(xy,, x,11) > 1 for all n, then there exists a subsequence {x,, }
of {xn} such that a(x,, x,,) > 1 and a(z,,,x.) > 1 for all k,

b) T : X — X is a generalized Meir-Keeler contraction of type (II),
c) there exists xg € X such that a(xg, Tyy) > 1, a(Ty,, z0) > 1
d) s > 1 or [ is a continuous function then, T has a fixed point in X.

Proof. By the proof of theorem 2, one can easly deduce that {z,} defined by x; = T,, and
Tni1 = Ty, (n € N) converges to some z € X with my(z, z) = 0, by condition a), there exist
a subsequence {xz,, } of x, such that a(z,z,,) > 1 and a(z,,,2) > 1 for all k.

Note that, if N(z,z,,) =0, then 7, = z and we are done.

Now, by remark 1 for all £ € N we have

my(Ts, Tni1) = my(1%, Tay) < a(z’xnk)mb(TZ7Txnk)
< B(mp(z,xn,))N (2, Ty, )-

1 1
Taking the limit & — oo we obtain klim N(z,xp,) = max{0, émb(Tz, 2)} = 5mb<Tz’ z).
—00

1
Thus, lim my(T%, zp,,,) < 2—mb(Tz,z). Hence,
n—oo S

my(T,, z) < smy(T%, T, ) + M8 (Tny 5 2)-
Taking the limit & — oo we obtain
1
my(T,2) < émb(Tz,z).
which implies m(7T, z) = 0, similarly we can show that Myr, . = 0 and therefore, T, = z as
desired. O
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Generalized Ulam-Hyers Stability for Generalized types of
(7 — ¥)—Meir-Keeler Mappings via Fixed Point Theory in

S —metric spaces

Mi Zhou!, Xiao-lan Liu?3* Arslan Hojat Ansari %, Yeol Je Cho °, Stojan Radenovi¢®

Abstract: In this paper, we introduce several extensions of Meir-Keeler contractive mappings in
the structure of S—metric spaces. Then we investigate some existence, uniqueness, and generalized
Ulam-Hyers stability results for the classes of MKC mappings via fixed point theory. Besides the the-
oretical results, we also present some illustrative examples to verify the effectiveness and applicability
of our main results.

MSC: 47H10;54H25
Keywords: Generalized Ulam-Hyers stability; (v —1)—Meir-Keeler contraction mappings; S—metric
space; fixed point theory.

1. Introduction

1.1. S—metric spaces

Very recently, Sedghi et al.[1] have introduced the notion of an S—metric space and proved that this
notion is a generalization of a G—metric space and D*—metric space. Also, they have proved some
properties of an S—metric and some fixed point results for a self-map on S—metric spaces. After that,
many interesting results were obtained by transporting certain results in metric spaces and known
generalizes metric spaces to S—metric spaces, see ([2]-[10]).

First, we recall the definition of an S—metric space and some useful notions and lemmas for the
following discussion.

In the sequel, the letters N, Rt and R will denote the sets of positive integers, nonnegative real numbers

and real numbers, respectively.

Definition 1.1. [1] Let X be a nonempty set. An S—metric on X is a function S : X3 ~ [0, 00)
that satisfies the following conditions for Vz,y, z,a € X:

(S1) S(z,y,2) =0if and only if z =y = z;

(52) S(z,y,2) < S(z,x,a)+ S(y,y,a) + S(z,z,a).
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The pair (X, S) is called an S—metric space.
Immediate examples of such S—metric spaces are:

(1) Let X =R* and || - || be a norm on X, then S(z,y,z2) = ||22 +y — 3z|| + ||z — 2| is an S—metric
on X, for Va,y,z € X.

(2) Let X be a nonempty set, d is ordinary metric on X, the Sy(z,y,2) = d(zx,z) + d(y, z) is an
S—metric on X, for Vz,y,z € X.

Lemma 1.1. [1] Let (X, S) be an S—metric space. Then
S(z,x,z) <28(z,z,y) + S(y,y,2),and S(z,x,z) < 25(z,z,y) + S(z,2,y),
for Vx,y,z € X.
Lemma 1.2. [1] Let (X, .S) be an S—metric space. Then S(z,z,y) = S(y,y, z), for Vz,y € X.
Lemma 1.3. Let (X, S) be an S—metric space. Then, for Vz,y,z € X, it follows that
1) S(z,y,y) < Sz, 2,y).
(2) S(x,y,x) < S(z,z,y).
3) S(z,y,2) < S(x,z,2z) + S(y,y, 2).
(4) S(z,y,2) < S(y,y,z) + S(x,z, 2).
(5) S(z,y,2) < S(y,y,z) + S(z, z,x).

(6) S(z,z,2) <

[SJ[eY

[S(y,y,2) + S(y,y,2)].
(7) S(z,y,2) < 2[S(z,z,y) + Sy, y, 2) + S(z,2,2)].

Proof. Tt follows from (S2) and Lemma 1.2, one can easily obtain (1) — (5). Now, we prove (6) and
(7) also hold true.

By Lemma 1.1 and Lemma 1.2, we have
28(x,z,2) = S(x,z,2) + S(z,2,x)
< [28(z,2,y) + S(y,y,2)] + [25(2, 2,9) + S(z, 2, y)]
=3[5(y,y,2) + Sy, y, 7)].

Hence, S(z,z,2) < 3[S(y,y,2) + S(y,y, z)]. Then (6) holds true.
By virtue of (3) — (5) and Lemma 1.2, we have 35(z,y, z) = 2[S(z, z,y) + S(y,y, 2) + S(z, 2, z)], which
implies (7) holds true. O

Definition 1.2. [1] Let (X, S) be an S—metric space.

(1) A sequence {z,} C X is said to convergent to x € X if S(xy,zn,x) — 0 as n — oo. That is, for

each € > 0, there exists ng € N such that for Vn > ng, we have S(z,, 2,,x) < €.

(2) A sequence {z,} C X is said to be a Cauchy sequence if S(z, Zn,2m) — 0 as n,m — co. That
is, for each € > 0, there exists ng € N such that for Vn,m > ng, we have S(x,, zp, Zm) < €, or

for each € > 0, there exists ng € N such that for VI, m,n > ng, we have S(zy, Ty, Tn) < € .
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(3) The S—metric space (X,S) is said to be complete if every Cauchy sequence is a convergent

sequence.

(4) A mapping T : X — X is said to be S—continuous if {T'z,} is S—convergent to Tz, where {z,}

is an S—convergent sequence converging to x.

Lemma 1.4. [1] Let (X, S) be an S—metric space. If there exist sequences {z,} and {y,} such that
xn, = x and y, — y as n — 0o, then S(zpn, Tn, yn) = S(z, z,y).

Lemma 1.5. [1] Let (X,S) be an S—metric space. If the sequences {z,} in X such that z, — =,

then x is unique.

1.2. The generalized Ulam-Hyers Stability

The stability problem of functional equations, originated from a question of Ulam [11], in 1940,
concerns the stability of group homomorphism which stated as follows:

Let G be a group and G2 be a metric group with a metric d(-,-). Given e > 0, does there exist 6 > 0
such that if a function h : G; — G5 satisfies the inequality

d(h(zy), h(z)h(y)) <6,

Vz,y € Gy, then there is a homomorphism H : G; — G2 with d(h(z), H(z)) <€, Vo € G17

If the answer is affirmative, then we say that the equation of homomorphism H(xy) = H(x)H (y)
is stable. The first affirmative partial answer to the equation of Ulam for Banach spaces was given
by Hyers [12] in 1941. Thereafter, this type of stability is called the Ulam-Hyers stability and has
attracted attentions of many mathematicians.

In particular, Ulam-Hyers stability results in fixed point theory and remarkable results on the stabil-

ity of certain classes of functional equation via fixed point approach have been studied densely, see

([13]-[16)).

Definition 1.3. Let (X, S) be an S—metric space and T : X — X be a mapping. By definition, the

fixed point equation
r=Tzx, x€X (1)

is said to be generalized Ulam-Hyers stable in the framework of an S—metric space if there exists an
increasing operator ¢ : [0,00) — [0, 00), continuous at 0 and ¢(0) = 0, such that for each ¢ > 0 and

an e—solution w* € X, that is

S(w*, Tw*, Tw*) <, (2)
there is a solution z* € X of the fixed point equation (1) such that

S(w*, z*,z*) < p(e). (3)

If o(t) = ct,Vt > 0, where ¢ > 0, then (1) is said to be Ulam-Hyers stable in the framework of an

S—metric space.
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1.3. The generalized (v — ¢)—Meir-Keeler contractive mappings

In 1969, Meir and Keeler [17] established a fixed point theorem in a metric space (X, d) for mappings
satisfying the condition that for each e > 0 there exists d(e) > 0 such that

e<d(z,y) <e+0 implies d(Txz,Ty) <e, 4)

Va,y € X. This condition is called the Meri-Keeler contractive (M KC, for short) type condition.
Since then, many authors extended and improved this condition and established fixed point results for
new generalized conditions, see Maiti and Pal [18], Park and Rhoades [19], Mongkolkeha and Kuman
[20] and so on. On the other hand, Samet et al.[21] introduced the concepts of a — ¢—contractive
mapping and a—admissible mapping in metric spaces. Also they proved a fixed point theorem for
« — 1) contractive mappings in complete metric spaces using the concept of a—addmissible mappings.
Motivated by Samet’s work, Latif et al.[22] introduced a new type of a generalized (o — 1)—Meir-
Keeler contractive mapping and established some interesting theorems on the existence of fixed points
for such mappings via admissible mappings.

Admissible mappings in the setting of S—metric spaces can be defined as follows.
Definition 1.4. A mapping 7 : X — X is called y—admissible if for Vz,y, z € X, we have
V(z,y,2) 21 =Tz, Ty, Tz) = 1,

where, v : X2 [0,00) is a given function. If in addition,
Y(@,y,y) =1
(y,z,2) =1

implies y(z,2,2z) > 1, Vz,y,z € X. Then T is called triangular y—admissible.

2, if vzy=z
Example 1.1. Let X = [1,00) and T : X +— X. Define Tx = 22 and y(z,y, z)=

0, otherwise.
Then T is y—admissible.
Definition 1.5. We say that:
(1) A sequence {x,} in X is (T, v)—orbital if x,, = T"x¢ and y(zn, Tnt1,Tn+1) > 1, Vo € {0} UN.

(2) T is y—orbital continuous if, for every (T, v)—orbital sequence {x,} in X such that z, — z as

n — 00, there exists a subsequence {x,, } of {z,} such that Tz,, — Tx as k — oo.

(3) X is (T,~)—regular if, for every (T, ~)—orbital sequence {x,} in X such that z,, — z as n — oo,
there exists a subsequence {x,, } of {z,} such that vy(x,,,z,z) > 1, Vk € N.

(4) X isy—regular if, for every sequence {z,,} in X such that z,, — z asn — oo and y(@y, Tni1, Tni1) >
1, ¥n € {0} UN, there exists a subsequence {x,, } of {x,} such that v(x,,,x,2) > 1, Vk € N.

(5) X is (T,~)—limit if, for every sequence {x, } in X such that z,, — x asn — oo and y(zp, Tnt1, Tnt1) >
1,Vn € {0} UN, then ~(x, Tz, Txz) > 1.

Remark 1.1. (1) If T is continuous, then T is y—orbital continuous (for any 7).

(2) If X is y—regular, then X is also (T, y)—regular (for any 7).
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Lemma 1.6. Let v : X3 — [0,00) and T': X — X be y—admissible with triangular admissibility.
Assume that there exists zg € X such that v(xo, Txo, Tzp) > 1. Define a sequence {z,,} by z,, = T"xy.
Then v(2pm, Tn, Tn) > 1, for Vm,n € N with m < n.

Proof. Since there exists xg € X such that y(xg, Txo,Txg) > 1, then from the definition of v—
admissibility, we deduce that y(x1, zo, x2) = ¥(Txo, Tx1, Tx1) > 1.
By continuing this process, we get y(zn, Tnt1, Tnr1) > 1, Vn € OUN.

Lms L 1,T 1 2 1
Suppose that m < n. Since V(@m, T, T

W(merly Tm+2, xm+2) 2 ]-v
by the definition of triangular y— admissibility, we deduce that v(x,, Tm+t2, Tm42) > 1. By continuing

this process, we get ¥(2m, Tn,x,) > 1, Vm,n € N with m < n. O
Let ¥ stand for the family of nondecreasing functions 1) : [0, 00) — [0, 00) satisfying conditions:

(T1) X2 9" (t) < o0, Vt > 0, where ¥p" is the n'" iterate of v;

(¥2) ¥(0) =0,

Remark 1.2. For every function 1) : [0, 00) + [0, 00) the following holds:

if ¢ is nondecreasing, then for each ¢t > 0,

lm " (t) = 0 = ¢(t) < t = 1(0) = 0.

n—00

Therefore, if 1) € U, then for every ¢t > 0, ¥(t) < t and ¥ is continuous at 0.

Definition 1.6. Let (X,S) be an S—metric space and T : X — X. The mapping T is called a
(7 — ¥)—Meir-Keeler contractive mapping if there exist two functions ¢ € ¥ and v : X2 +— [0, 00)
satisfying the following condition: for each e > 0 there exists §(e) > 0 such that

e <Y(S(z,y,y)) <e+0(e) implies y(x,y,y)S(Tx, Ty, Ty) < ¢,Vr,y € X.

Remark 1.3. It is easily shown that if T : X — X is a (7 — »)—Meir-Keeler contractive mapping,
then

V(@ y,9)S(Tx, Ty, Ty) <(S(z,y,y)),
Vz,y € X, when = # y.

Definition 1.7. Let (X,S) be an S—metric space and T : X — X. The mapping T is called a
(v — ¥)—Meir-Keeler contractive mapping of dim3 if there exist two functions ) € ¥ and v : X3 —
[0, 00) satisfying the following condition: for each e > 0 there exists d(e) > 0 such that

€ <Y(S(z,y,2)) < e+0d(e) implies y(z,Tx, Tx)y(y, Ty, Ty)y(2, Tz, T2)S(Tz, Ty, Tz) < e.

Remark 1.4. Tt is easily shown that if 7 : X — X is a (y — 1) —Meir-Keeler contractive mapping of
dim3, then
V(@, Tz, Tx)y(y, Ty, Ty)y(2, Tz, T2)S(Tx, Ty, Tz) < (S(x,y,2)),

Vz,y,z € X when x # y # 2.
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Definition 1.8. Let (X,S) be an S—metric space and T : X — X. The mapping T is called a
generalized (v — 1)—Meir-Keeler contractive mapping of type A if there exist two functions ¢ € ¥
and v : X3+ [0, 00) satisfying the following condition: for each € > 0 there exists d(e) > 0 such that

€ <Y(Mi(z,y)) < e+0d(e) implies y(z,y,y)S(Tz, Ty, Ty) <,
where M (z,y) = max{S(z,y,y), S(x, Tz, Tx),S(y, Ty, Ty)}, Vx,y € X.

Definition 1.9. Let (X,S) be an S—metric space and T : X — X. The mapping T is called a
generalized (v — 1)—Meir-Keeler contractive mapping of type B if there exist two functions ¢ € ¥
and v : X3 — [0, 00) satisfying the following condition: for each € > 0 there exists §(¢) > 0 such that

e <YP(My(z,y)) < e+ d(e) implies ~(x,y,y)S(Tz, Ty, Ty) <€,
where Ms(z,y) = max{S(z,y,y), 5[S(x, Tz, Tx) + S(y, Ty, Ty)]}, Va,y € X.

Remark 1.5. (1) It is obviously that Ms(z,y) < Mi(x,y),Vz,y € X, where My (x,y), Ma(z,y) are
defined in Definition 1.8 and Definition 1.9, respectively.

(2) Let T: X — X be a generalized (v — 1)—Meir-Keeler contractive mapping of type A (resp., type
B). Then y(z,y,y)S(Tx, Ty, Ty) < (Mi(z,y)), (resp.,p(Mz(x,y))), Yo,y € X.

Definition 1.10. Let (X,S) be an S—metric space and T : X + X. The mapping T is called a
generalized (7 — 1))—Meir-Keeler contractive mapping of dim3 of type A if there exist two functions
¥ € ¥ and v : X3 > [0,00) satisfying the following condition: for each € > 0 there exists §(¢) > 0
such that

e <$(M(2,5,2)) < e +8(c) implies ~(z, Tz, Tey(y, Ty, Tyhy(z, Tz, T2)S(Tx, Ty, T2) < e,
where
Ml/(x, y,z) = max{S(z,y,v),S(y, 2, 2),S(z,z,z),S(x, Tz, Tx), S(y, Ty, Ty)S(2,Tz,Tz)},Va,y,z € X.

Definition 1.11. Let (X,S5) be an S—metric space and T : X + X. The mapping T is called a
generalized (y — ¢)—Meir-Keeler contractive mapping of dim3 of type B if there exist two functions
€ ¥ and v : X3 — [0,00) satisfying the following condition: for each ¢ > 0 there exists d(e) > 0
such that

e < Y(My(z,y,2)) < e+6(€) implies y(z, Tz, Tx)y(y, Ty, Ty)v(z, Tz, T=)S(Txz, Ty, Ty) < €,
where
My (z,y, z) = max{S(z,y,y), Sy, z, 2), S(z, z, z), %[S(m, Tz, Tx) 4+ S(y, Ty, Ty)],
%[S(y, Ty, Ty) + S(z, T2, T=)), %[S(z, T2,T2) + S(z, T, To)]},
Vr,y,z € X.

Remark 1.6. (1) It is obviously that MQ/(J?, y,z) < M{(.r, y,2),Vx,y,z € X, where Ml/(x,y, z),Mé(x,y, 2)
are defined in Definition 1.10 and Definition 1.11, respectively.

(2) Let T : X — X be a generalized (v —1)—Meir-Keeler contractive mapping of dim3 of type A (re-
sp., type B). Then y(x, Tz, Tx)y(y, Ty, Ty)y(2, Tz, T2)S(Txz, Ty, Tz) < w(Mi (x,y,2)), (resp., w(Mé(x, Yy 2)))s
Vr,y,z € X.
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2. Fixed point theorems for several types of (y — i¢)—Maeir-

Keeler contractive mappings in S—metric spaces

In this section, by introducing the class of (v — 1)—Meir-Keeler contractive mapping and the classes
of generalized (y — 1)—Meir-Keeler contractive mappings, we study the existence and uniqueness of

fixed points for these contractive mappings via y—admissible mappings.

Proposition 2.1. Assume that T is y—admissible and (y—1)—Meir-Keeler contractive. Let 2,y € X
such that v(x,y,y) > 1. Then

y(T"z, T"y, T"y) > 1, Vn €N, (5)
the sequence {S(T™x, T"y,T™y)} is non-increasing, bounded and S(T"z, T"y, T"y) — 0 as n — oo.

Proof. Since T is y—admissible and y(z,y,y) > 1, then (5) follows directly by induction on n.
Next, let n € N. If T"x # T"y, by (5) and Remark 1.3, it follows that

STy, Ty, T ) <y(T"x, T"y, T™y)S(T™ o, Ty, T y)
=T, Ty, T"y)S(T(T"x), T(T"y), T(T"y))
<P(S(T"z, Ty, T"y))
< S(T"z, T"y, T™y).

Else, if T"x = T"y, then S(T"x, T"y, T"y) = S(T" " a, T 1y, T y).

Eventually, we conclude that {S(T"z, Ty, T"y)} is a non-increasing and bounded sequence.

Hence, there exists r € [0,00) such that nleréoS(T”x,T”y,T"y) =r.

In what follows, we will prove that » = 0. Suppose, on the contrary, that » > 0. Since T is a

(v — ¥)—Meir-Keeler contractive mapping, for e = ¢(r) > 0, there exists § > 0 and a p € N such that
€ < Y(S(TPx, TPy, TPy)) < €+ 6 implies ~(TPx, TPy, TPy)S(TP  w, TPy, TPT1y) < e.
By taking (5) into account, we get that
S(TPHa, TPy TPTy) < e = 4(r) < 7,

which is a contradiction, since r = inf{S(T"x, T"y, T"y)}>2 ;.

Consequently, we have lim S(T"z,T"y, T"y) = 0. m
n—oo

Proposition 2.2. Assume that 7" is y—admissible and (v —¢)—Meir-Keeler contractive of dim3. Let
x,y,z € X such that y(x, Tz, Tz) > 1, y(y, Ty, Ty) > 1, v(2,Tz,Tz) > 1. Then

~y(T"x, Ty, T"2) > 1, Vn €N, (6)
the sequence {S(T™x, T"y,T"z)} is non-increasing, bounded and S(T"z,T"y,T"z) — 0 as n — 0.
Proof. Using similar process to the proof of Proposition 2.1, one can safely draw the conclusion. [

Theorem 2.1. Let (X,S) be a complete S—metric space and T : X — X be a (y — ¢)—MKC

mapping. Assume that

(A1) T is y—admissible;
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(A2) there exists xp € X such that vy(zq, Txo, Txo) > 1;
(A3) T is y—orbital continuous.
Then, there exists * € X such that Tz* = z*.

Proof. Due to assumption (A2), there exists xg € X such that vy(zo, Txo, Txo) > 1. Define an iterative
sequence {z, } in X by ,,+1 = T'zy, Vn € {0}UN. Note that if x,,, = zp,41 for some ng, then z* = z,,
is a fixed point of T'. So we suppose that x, # x,1 for Vn € {0} UN. Since T is y—admissible, we
have that

Y(zo, 21, 1) = Y(x0, T, Tx0) > 1 = v(Taxg, Tx1,Tx1) = y(21, T2, 2) > 1.
By induction, we get that
YT, Tog1, Tng1) > 1, Yn e {0} UN. (7)

From (7) together with the assumption of the theorem that T is a (y — 1) —MKC mapping, it follows
that for Vn € N, we have that

S(xnaanrhanrl) S(Tl‘nfl,T.’En,T.'En)

< ’}/({En,h Tn,s xn)S(Txnfla Tz, Txn)
< Y(S(xp—1,Tn,zn)).
Since 1) € ¥, by induction, we have that
S(Tny Trg1s Tnt1) < Y7 (S(zo,21,21)), VYVneN. (8)

Using (52) and (8), for Vm,n € N with m < n, we have that

n—2

STy n ) < 2Y Sk, o1, Thi1) + S(Tno1, 0, Tn)

k=m

n—2
< 23 PF(S(xo, w1, m1)) + 9" (S (w0, w1, 1))
k=m

Since ¢ € ¥ and S(xzg, z1,21) > 0, by Remark 1.2, we get that

lim S(xpm,Tn,xn) = 0.
n,Mm—00

This implies that {x,} is a Cauchy sequence in the S—metric space (X, S).
As (X, S) is complete, then there exists * € X such that

lim S(zp, zy,,x*) = 0. (9)

n—o0

Since T is y—orbital continuous, then there exists a subsequence {z,,} of {z,} such that Tx,,
converges to Tz* as k — oo. By the uniqueness of this limit, we get x* = Tz*, that is z* is a fixed
point of T. ]

Theorem 2.2. Let (X,S) be a complete S—metric space and T : X — X be a (v — ¢)—MKC
mapping of dim3. Assume that
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(A1) T is y—admissible;

(A2) there exists zp € X such that vy(zg, Txo, Txo) > 1;
(A3) T is y—orbital continuous.

Then, there exists £* € X such that Tz* = x*.

Proof. Due to assumption (A2), there exists g € X such that y(zo, Tz, Txo) > 1. Define an iterative
sequence {z,} in X by z,41 = Tz, for all n € {0} UN. Note that if z,, = 2,41 for some ng, then

*

x* = xp, is a fixed point of T. So we suppose that x, # x,41 for all n € {0} UN. Since T is

~v—admissible, we have that
Y(xo, x1,21) = Y(x0, Tx0, Tx0) > 1 = y(Tx0,T21,T2T1) = Y(271, T2, T2) > 1.
By induction, we get that
Y@, Tpg1, Tny1) =1, ¥Yn e {0} UN. (10)

From (10) together with the assumption of the theorem that T is a (v — ¢¥)—MKC mapping of dim3,
it follows that for Vn € N, we have that

S(xnv Tn+1, l'n—}—l) = S(Txn—h Ty, Txn)

IA

(xn—lv Ly xn)')/(xnv Tn+1, xn—&-l)')/(xnv Tn+1, xn—&-l)S(T'xn—la Tz, Txn)

Y
S P(S(@n-1,Tn, Tn)).
Since ¥ € ¥, by induction, we have that
S(xn, Tnt1, Tny1) < P"(S(xo,x1,21)), VneN.
Using Lemma 1.3 and (10), for I,m,n € N with | < m < n, we have that

S, Tm, Tn) < S(x, 21, Tm) + S(Tmy Ty Tn)

)
m—2 n—2

<2 S(:ck,xk+1,xk+1) + S(zm—la -Tmaxm) +2 Z S(Ik,Ik_H, zk-{-l) + S(zn—hxna In)
k=l k=m
m—2 n—2

<2 PF(S(wo, 21, 21)) + " (S0, w1, 21)) +2 Y YF(S (o, 1, 21)) + " H(S (0, 71, 71)).
k=l k=m

Since ¢ € ¥ and S(xg, z1,21) > 0, by Remark 1.2, we get that

lim  S(z,xm,zn) = 0.
l,m,n—o00

This implies that {x,} is a Cauchy sequence in the S—metric space (X, S).
As (X, S) is complete, then there exists * € X such that

lim S(zp, z,,x*) = 0.
n—oo

Since T is y—orbital continuous, then there exists a subsequence {z,,} of {z,} such that Tz,,
converges to Tz* as k — oo. By the uniqueness of this limit, we get x* = Tz*, that is z* is a fixed
point of T'. O]
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In the next theorems, we replace the y—orbital continuity of T' by a regularity condition or (T —

~)—limit condition over the S—metric spaces (X, S).

Theorem 2.3. Let (X,S) be a complete S—metric space and T : X +— X be a (v — ¢)—MKC
mapping. Assume that

(A1) T is y—admissible;

(A2) there exists z¢g € X such that v(xo, Tz, Tzo) > 1;
(A3) (X,8) is (T,~)— regular.

Then, there exists £* € X such that Tz* = x*.

Proof. Following the line of the proof of Theorem 2.1, it follows that the sequence {z,} defined by
Tpy1 = Ta,, Yn € {0} UN is a Cauchy sequence in the complete S—metric space (X,S), that is
convergent to z* € X.

Since {x,,} is a (T, +)—orbital sequence, by (A3), there exists a subsequence {z, } of {z,} such that
Y(zp,, 2%, 2") > 1, VkeN. (11)
Using Remark 1.3 and (11), we have that

S(@n+1,Tx",Tx*) = STy, Tz, Tx")
V(Ink ) x*a -T*)S(Tl‘nk 5 TI*, Tﬂf*)
w(S(xnij*ﬂ x*))

Letting k — oo, since ¢ is continuous at ¢t = 0, it follows that S(z*, Tx*, Tz*) = 0, then z* = Ta*. 0O

IN

IA

Theorem 2.4. Let (X,S5) be a complete S—metric space and T : X — X be a (v — ¢)—MKC
mapping of dim3. Assume that

(A1) T is y—admissible;

(A2) there exists xp € X such that v(zq, Txo, Txo) > 1;
(A3) (X,8) is (T, ~)—limit.

Then, there exists x* € X such that Tz* = x*.

Proof. Following the line of the proof of Theorem 2.1, it follows that the sequence {z,} defined by
i1 = Ty, for all n € {0} UN is a Cauchy sequence in the complete S—metric space (X, .S), that is
convergent to z* € X.

By (A3), we have

y(z*, Tx*, Tx*) > 1. (12)
Using Remark 1.4 and (12), we have that

S(xp 1, Te*, Ta*) =S(Txy, Tx*, Tx")
<A@, Tng1s Tppr)y(@, T, T )y(a*, Ta*, Ta*)S (Txy,, Te*, Tax")
< Y(S(xp, ¥, x%)).

Letting n — oo, since v is continuous at ¢ = 0, it follows that S(x*, Tx*, Tz*) = 0, then z* = Ta*. 0O
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Example 2.1. Let X = [0,00) be an S—metric space with the S—metric defined by S(z,y,2) =
|z — z| + |y — z|,Va,y,z € X. For Vk > 1, consider the self-mapping T': X — X given by

et x>1,
Tx= )

%, 0<z<l1.
Also, define v : X3+ [0,1) as

1a x,y,ze [07 1)7
V(@,y,2)=
0, otherwise.

Let 9(t) = & for t > 0.
Clearly, T' is not continuous at = 1. Then we will claim that T is a (v — 1) —MKC.
Let € > 0 be given. Take § = e and suppose that ¢ < %|x —y| < €+, we want to show that
v(@,y,y)S(Tx, Ty, Ty) <.
2 2

Suppose that y(z,y,y) = 1, then z,y € [0,00) and |z +y| < 2. So Tz = % € [0,1), Ty = % €[0,1).

2 2 22 —y? T T— T— €
Hence, S(Tx, Ty, Ty) = |% — 4| = vl — lebvllemul o Joul et
Also, T is y—admissible. To see that, let z,y,z € X such that vy(z,y,2) > 1, which implies that
x,y,z € [0,1). Due to the definitions of v and T, we have that

.%'2 y2 z

no

€10,1).

Hence, v(Tz, Ty, Ty) > 1. Moreover, there exists zg € X such that v(zg, Txo,Txo) > 1. Indeed, for
any zo € [0,1), we have y(xo, ?, %) > 1.

Finally, let {z,} be a (T,~)—orbital sequence such that x,, — x as n — oo. By the definition of 7,
we have that x,, € [0,1). Then there exists a subsequence {z,, } of {x,} such that v(z,,,z,z) > 1,
vk € N.

So we conclude that all the hypotheses of Theorem 2.3 are fulfilled. In fact, 0 and 1 are two fixed

points of T

Example 2.2. Let X = [0,00) be an S—metric space with the S—metric defined by S(z,y,z) =
|z —z| + |y — 2|,Vz,y,z € X. For Vk > 1, consider the self-mapping T : X — X given by

Toe 7 > 1,
= 2
T, 0z <l

Also, define v : X3+ [0,1) as

17 x’y7ze [O’]‘)?
v(z,y,2)=
0, otherwise.

Let 9(t) = & for t > 0.

Clearly, T is not continuous at = 1. Then we will claim that T is a (7 —1)—MKC mapping of dim3.
Let € > 0 be given. Take § = € and suppose that € < (|2 — y| + [y — z|) < €+, we want to show
that y(z, Tz, Tx)y(y, Ty, Ty)y(2,Tz,T2)S(Tx, Ty, Tz) < €.

Suppose that y(z, Tz, Tz) = v(y, Ty, Ty) = v(2,Tz,Tz) = 1, then z,y,z,Tx,Ty,Tz € [0,1) and
w4yl <2 |y+2/ <2 SoTax==2 €0,1), Ty="2 €[0,1), Tz = = € [0,1).
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Hence,

22 _ o2 2 2
I el ' O U
4 4
_ eyl =yl ly+ally - 2]
4 4

lz —y|  |y—2|
<
5 T3

e+6
2

— €.

Also, T is y—admissible. To see that, let z,y,z € X such that vy(z,y,2) > 1, which implies that
x,y,z € [0,1). Due to the definitions of v and T, we have that

2 2 2

T Yy z
Te = — 0,1 Ty == 0,1 Tz=— 0,1).
p=Tep), Ty=Yepy, T2=Zcp
Hence, v(Tz, Ty, Tz) > 1. Moreover, there exists xg € X such that y(zo, Txg, Txo) > 1. Indeed, for

2
Zo

any o € [0,1), we have y(xo, %, 2) > 1

Finally, let {z,} be a sequence such that z,, — = as n — oo with y(z,,Zpt1,Zne1) > 1. By the
definition of v, we have that z,Tx € [0,1). Then y(z,Tz,Tx) > 1.

So we conclude that all the hypotheses of Theorem 2.4 are fulfilled. In fact, 0 and 1 are two fixed
points of T'.

Now, we propose the following conditions for the uniqueness of a fixed point of a (v — ¢¥)—MKC
mapping and a (y — ¥)—MKC mapping of dim3. Let Fiz(T) denote the set of fixed points of the
mapping 7.

(U1) For Vz,y € Fix(T), there exists z € X such that y(x, 2,2) > 1 and v(y, 2, z) > 1.

Theorem 2.5. Adding the condition (U1) to the hypotheses of Theorem 2.1(resp.Theorem 2.3), we

obtain the uniqueness of a fixed point T

Proof. Let u,v € X be two fixed points of T. By (U1), there exists z € X such that y(u,z,2) > 1
and y(v, z,2) > 1.
Since T is y—admissible, we get by induction that

Y(u,u, T"2) > 1 and ~(v,v,T"z)>1, VneN. (13)
From (13), we have that

S(u,u, T"2) = S(Tu, Tu, T(T" '2))
v(u,u, T" 1 2)S(Tu, Tu, T(T™ ' 2))
(S (u,u, T"12)).

IN

A

Iteratively, we get

S(u,u, T"z) < " (S(u,u, 2)).
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Letting n — 0o, and since ¥ € ¥, we have that

lim S(u,u,T"z) = 0. (14)
n—oo

Similarly, we also can get
lim S(v,v,T"z) = 0. (15)
n—oo

Combining (14) and (15), it follows that T"z — w and T™z — v, as n — 0.
By Lemma 1.5, we get u = v, that is, fixed point of T is unique. O

As an alternative uniqueness condition for fixed points of (v —¢)—MKC mappings, we suggest the

following hypothesis:
(U2) For Vz,y € Fix(T), then v(x,y,y) > 1.

Theorem 2.6. Adding the condition (U2) to the hypotheses of Theorem 2.1(resp.Theorem 2.3), we

obtain the uniqueness of a fixed point 7.

Proof. Let u,v be two distinct fixed points of T'. Then v(u,v,v) > 0.
Due to the property of ¢, we get that

P(S(u,v,v)) > 0.
Let € = (S (u,v,v)) > 0; then, for any 6 > 0, we find that
€ =Y(S(u,v,v)) < e+9.
Considering (U2) and the assumption of theorem that T is a (v — ¢)—MKC mapping, we obtain that
S(u,v,v) < y(u,v,0)S(Tu, Tv, Tv) < P(S(u,v,v)) < S(u,v,v),
which is a contradiction. Then u = v. O

As a uniqueness condition for fixed points of (y — 1¥)—MKC mappings of dim3, we suggest the
following hypothesis:

(U3) For Yz € Fix(T), then vy(z,z,z) > 1.

Theorem 2.7. Adding the condition (U3) to the hypotheses of Theorem 2.2(resp.Theorem 2.4), we

obtain the uniqueness of a fixed point 7.

Proof. Let u,v be two distinct fixed points of T'.
Due to the property of 1, we get that ¢ (S(u,v,v)) > 0.
Let € = (S (u,v,v)) > 0; then, for any 6 > 0, we find that

e =(S(u,v,v)) < e+4d.

Considering (U3) and the assumption of theorem that T is a (v — ¢)—MKC mapping of dim3, we
obtain that

S(u,v,v) < y(u, Tu, Tu)y(v, Tv, Tv)y(v, Tv, Tv)S(Tu, Tv, Tv) < Y(S(u,v,v)) < S(u,v,v),

which is a contradiction. Then u = v. O
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Theorem 2.8. Let (X,5) be a complete S—metric space and T : X — X be a generalized (y —
1)—MKC mapping of type A. Assume also that:

(A1) T is triangular y—admissible;
(A2) there exists zp € X such that vy(xg, Txo, Txo) > 1;
(A3) (X,S) is (T,v)—regular.

Then, there exists * € X such that Tz* = x*.

Proof. In view of assumption (A2), let zy € X be such that y(zq, Txo, Txo) > 1.
Define the sequence {z,} in X by z,+1 = Tz, Vn € {0} UN. Without loss of generality, we assume
that @, # 2,11, for Vn € {0} UN, then

S(xn, Tpt1, Tny1) >0, VYn{0} UN. (16)

Indeed, if there exists some ng € N such that x,, = x,,+1, then the proof is complete, since 2* =

Tpo+1 = 1Ty, = Tx*. Since T is triangular y—admissible, by Lemma 1.6, we have that
(T, Ty T) > 1, Yn,m € N with n < m. (17)
Stepl. We will prove that
lim S(zp, Tpi1, Tny1) = 0. (18)

n—oo

Taking (16) and (17) into account together with the fact that T is generalized (v —1)—MKC mapping
of type A, for each n € {0} UN, we get

S(xna Tn+1, anrl) = S(Txnfh T.Tn, Txn)
(xnfla T, mn)S(Txnfla Txp, Txn)

<7
S w(Ml («In—h In))
W(

where

Ml (Z'n_17 I’n) = maX{S(In—l7 Ly xn)» S(Z'n_17 Tl'n_l, Txn—1)7 S(zna T‘rnv T:Cn)}

= ma‘X{S(In—h T, xn)7 S(Z‘n, Tn, xn-{-l)}-

If My(zp—1,2n) = S(Tn, Tni1,Tny1). Since ¢ is nondecreasing, from the inequality above, we have
that

S($n7 Tn+1, xn+1) S ’l/i(S(iEn, Tn+1, xn+1)) < S(xna Tn+1, xn+1)7 Vn € Nv
which is a contradiction. Thus, M (z,—1,%,) = S(Tp—1,Zn, T,) and we also have that
STy Tt 1, Tnt1) S UO(S(Xp—1,Tn, Tn)) < S(Tp—1,Tn, Tn), ¥Yn €N. (19)

So, we deduce that the sequence {S(xn,Zn+1,ZTnt+1)} i non-increasing and bounded below by zero.

Hence, there exists ¢ € [0, 00) such that

lim S(zn, Tpt1, Tpy1) =t (20)

n—oo
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Tteratively, we derive from (19) that
S(Tny Tnt1s Tnt1) < Y (S(xo, 21,21)), Vn €N. (21)
On account of (21) and Remark 1.2, we obtain

lim S(2p, Tpi1, Tnt1) = 0. (22)

n—roo

Step2. We will show that {z,} is a Cauchy sequence.

Suppose, on the contrary, that there exist e > 0 and a subsequence {z,;} of {x,} such that

S(Tn(i)s Tn(it1)s Tn@id1)) > 26 (23)

First, we will show that the existence of k& € N such that n(i) < k < n(i + 1). Later, we will prove
that for given € > 0 above, there exists § > 0 such that

€+ 6

€
= < WY(Mi(2p0y, 21)) < 5

2

but
ly(xn(zﬁ T,y xk)S(Txn(l)u T"Ek, T.’Ek) Z €,

which contradicts (23), where M1 (2,,(;), 2) = max{S (), Tk, Tk ), S (Zn(s), Tn(i)+1> Tn(i)+1)s S (Ths Th1, Thp1) }
Let r = min{e, %} Taking Stepl into account, we will choose ny € N such that

r
S(xn7xn+1>xn+1) < §7 (24)

for all n > ng. Let n(i) > ng. According to our construction, we have n(i) < n(i+1) — 1.

If S(Tp (i), Tr(it1)—15 Tnr)—1) < ”TT, then by Lemma 1.1, we have

S(xn(i)axn(i+1)7nn(i+1)) < QS(xn(i),xn(i+1)71,nn(i+1)71) + S(xn(iJrl)flaxn(i+1),nn(i+1))
T
< —
Se+r+ 3

:€+§

< 2¢,

which contradicts (23). Consequently, there exist values of k € N such that n(i) <k < n(i +1) and

S(wn(i),xk,xk) > 542_ .

Indeed, if S(y(iy; Tn(i)+1s Tni)+1) = “LTT, then we have S(2y 3, Tn(i)41, Tn(i)+1) > §, which contra-
dicts (24).
Hence, we can choose the smallest integer k& > n(i) such that

S(Tpey, T, 2)) > 6;T~

: etr
So, necessarily, we also have S(z,,¢;y, Tx—1,Tx—1) < -

Therefore, we find that

S(Tpey, T, o) < 28(2h, 2p—1, Th—1) + S(Tpi), Tho1, Th1)

<9 r+e+r
8 2

_e+3r

2 4
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Hence, we get the following approximation:

e+r € 3r
< ) Pl
2 >~ S(‘rn(z)axkv‘rk) =9 + 4 )

(25)

for a integer k satisfying n(i) < k < n(i+1).
On the other hand, the three terms of M; (2, ;),7x) are bounded above by § +r, that is

€ 3r €
S(x"(i)’xkvxk) < 5 + 1 < 3 + .

r €
S(xn(i)axn(i)—i-lvl'n(i)_t,_l) < 3 < > + 7.

r €
STk, Tpt1, Tht1) < 3 < 3 + 7.

Combing these estimations presented above, we conclude that

€ e+
w(Ml(xn(z),xk;)) < Ml(xn(z)yxk) < 5 +r< 5 )

Since T is generalized (v —1)—MKC mapping of type of A and it is y—triangular admissible mapping,

we have that

S(Tr(iy+1 Tt 1, Tha1) < V(Tpiys Thy Tr) S (Tr(iy 41, Tha 1, Thy1) <

N

At the same time, by Lemma 1.1, we have that

S(Tn(iy, T, T) < 25(Tp(), Toi)+1s Tn(i)+1) T S (Tniy+1, Tk, Th)
< 2S(xn(i)a Ln(i)+1s xn(i)—&-l) + QS(Ika Th+1, l’k+1) + S(xn(i)—&-la Th+1, xk+1)
2. C + 2. C + E
SYETE T
e+
=

which contradicts (25).

Thus, claim (23) is false and the sequence {z,} is a Cauchy sequence, that is

lim S(zn,Tm,zm) = 0. (26)

n,m— 00

Since (X, 5) is a complete S—metric space, then there exists * € X such that

lim S(z,, 2", 2") = lim S(xn,Zm,2z") = 0. (27)

n—oo n,m—oo

We will prove that * = Txz*. Suppose, on the contrary, that S(z*, Tx*, Tx*) > 0.

From (27) and assumption (A3), there exists a subsequence {z,, } of {z,} such that
Y(2p,,x*,2*) > 1, VkeN. (28)

By using Lemma 1.1 and (28) together with the assumption of the theorem that T is a generalized
(v — ¥)—MKC mapping of type A, we get that

S(ax*, Tx*, Ta*) <28(Txy,,Tx*, Tx*) + S(Txp,,z", %)
< 29(zp,, 2", 2" )S(Tan,, Tx*, Tx™) + S(@n,+1, 2", 27)
S ¢(M1(xnk7x*)) + S(Ink+17$*,$*),
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where, My (zy, ,2*) = max{S(xn,,x*, %), S(Tn,, Tn,+1, Tny+1), S(x*, Ta*, Ta*)}.

Suppose that My (zy,,z*) = S(zn,, ", %), then from the above inequality, we get that
S(x*, Ta*, Tx") < P(S(xn,,x", %)) + S(xn, +1, 2", %)
<S(xp,, ", ")+ S(Tp, 41, 2", x%).
Taking k& — oo in the inequality above, we have
S(x*, Tx*, Ta*) < 28(x*, 2%, 2") =0,

which is a contradiction.

Next, we suppose that M (@, ,z*) = S(@n,, Tn,+1, Tn,+1), then we have that
S(Z‘*,TZ‘*,T.’E*) S ¢(S($nk7$nk+17$nk+1)) + S(-Tnk-‘rla'r*a Z‘*)
< S(xnkaxnk+laxnk+l) + S(xnk+1; x*?x*)'
Taking k — oo in the inequality above, this implies that

S(x*, Tx*, Tx*) < lm [S(Xn,, Tny+1, Tng+1) + S (@ny+1,2",2%)] = 0,

k—o0

which is again a contradiction.
Finally, we suppose that My (zy, ,z*) = S(z*, Tx*, Tz*), then we obtain that

S(x*, Ta*, Tx*) < (S(a*,Tx*,Tx*)) + S(Tn,+1, 2", 2%). (29)
Letting k — oo in (29), we get that
S(x*, Ta*, Ta*) < p(S(z*, Tx*, Tx*)) + S(z*, 2", z)

< S(z*,Tz*,Tz*) + S(z*, ™, z")
= S(z*, Ta*, Ta"),

so we also have a contradiction. Thus, we have S(z*, Tz*,Tz*) = 0, and by (S1) in Definition 1.1,

we have z* = Tx*. O

Theorem 2.9. Let (X,S) be a complete S—metric space and T : X — X be a generalized (v —
1)—MEKC mapping of dim3 of type A. Assume also that:

(A1) T is triangular y—admissible;
(A2) there exists zp € X such that y(xg, Txo, Txo) > 1;
(A3) (X,S) is (T, y)—limit.

Then, there exists * € X such that Tz* = x*.

Proof. In view of assumption (A2), let zo € X be such that v(zqg, Txo,Txo) > 1.
Define the sequence {z,,} in X by z,41 = T, for all n € {0} UN. Without loss of generality, we
assume that x,, # 41, for Vn € {0} UN, then

S(Tny Tpy1, Tnt1) >0, Vn e {0FUN. (30)
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Indeed, if there exists some ng € N such that x,, = z,,+1, then the proof is complete, since 2* =

Tpo+1 = Ty, = Tx*. Since T is triangular y—admissible, by Lemma 1.6, we have that
V(Tmy Ty y) > 1, Vm,n € N with m < n. (31)
Stepl. We will prove that
lim S(z,, nt1, Tnt1) = 0.

n—oo

Taking (30) and (31) into account together with the fact that T is generalized (y —1)—MKC mapping
of dim3 of type A, for each n € {0} UN, we get

S(In, Tn+1, xn,+1) = S(Txn—h Tl’n, Txn)

IA

'Y(xn—h Tn, In)v(l“m Tn+1, $n+1)7($n7 Tn+1, Z‘n+1)S(Tﬂin_1, Tﬂl‘n, Txn)
'(!J(Ml (mnfla T, xn))
< Ml(il:n,h L, xn)»

IN

where

Ml/ (x’n—la x‘n? xn) = maX{S(In_l, xnv xn)7 S(x’r‘m xna xn)a S('rnv x’n—la xn—1)7
S(mnflz T-'I;nfla T-Tnfl)a S(ﬂjn, TCI}n, T-Tn)a S(x’ru T.’L‘n, Txn)}

= max{s(xnfly LTy xn)7 S(-Tna T, ‘rn+1)}'

If Mi(xn_l,xn,mn) = S(@n, Tnt1,Tns1). Since 9 is nondecreasing, from the inequality above, we
have that

S(xn7$n+1; xn—}-l) S 7/}(S(xn7$n+lyzn+1)) < S(Inaxn+1axn+l)a vn € N7
which is a contradiction. Thus, M{ (Tp—1, T, Tn) = S(Tp_1,Tn,Tn) and we also have that
S(ajnyanrlaanrl) S ’(/}(S(l‘nflvxnvxn)) < S(mnfhxnaxn); Vn € N. (32)

So, we deduce that the sequence {S(xn,Zn+1,ZTnt+1)} i non-increasing and bounded below by zero.
Hence, there exists t € [0, 00) such that
lim S(zp, Tnt1, Tnt1) =t

n—sco
Tteratively, we derive from (32) that
S(ZTns Tnt1s Tnt1) < Y (S(xo, 21,21)), YneN. (33)
On account of (33) and Remark 1.2, we obtain
nan;OS(xn,xn+1,xn+1) =0.

Step2. We will show that {x,} is a Cauchy sequence.
We will prove that for each € > 0, there exists ng € N such that for Vm,n > ny,

S(Tmy T, Tn) < €. (34)

610 Mi Zhou ET AL 593-628



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Taking Stepl into account, for each € > 0, we can choose ng € N such that
€ —1(e)
2

We prove (34) by induction on n. (34) holds for m = n and n = n+ 1 by using (35) and the fact that
# < €. Assume (34) holds for n = k. For n = k + 1, we have

S(Tns Tnt1, Tng1) < ,Vn > nyg. (35)

S(@ms Trt1; Trg1) < 25(@ms Tt 1) + S (@ma1s Trt1, Trgr)
<e—(e) + (S (@m, Tr, 7k))
<e—(e) +9(e)
=e
By induction on n, we conclude that (34) holds for all n > m > ng. So {z,} is a Cauchy sequence

that is

lim S(z,,Tm,Tm) =0.
n,m—00

Since (X, 5) is a complete S—metric space, then there exists z* € X such that

lim S($n7$*,$*) = lim S((En,.’IJm7JJ*) =0.
n— oo 7,M—>00

We will prove that * = Ta*. Suppose, on the contrary, that S(x*, Tz*, Tx*) > 0. From assumption
(A3), we have that
y(z*, Te*, Tz*) > 1, VkeN.

By using Lemma 1.1 and above inequality together with the assumption of the theorem that T is a

generalized (v — 1)—MKC mapping of dim3 of type A, we get that

S(x*, T, Ta*) <25(Txy,, Tz",Tz") + S(Tzy,,z",2")
<29y(xny, Tony, Txp, )y(a*, Te™, Te")y(x*, Ta*, Ta*)S (Tay,, Tx*, Tax™) + S(xn,+1, 2%, ")
S 2w(Mi(xnkax*7 Z‘*)) + S(xnk-‘rla x*7 1‘*),

where, M (n, 2%, 2*) = max{S(zn,, 2", ), S(Tn,: Tn,+1, Tn,+1), S(z*, Tx* Tx*)}. Suppose that

M{ (Tpy, 2, 2%) = S(xp,,, z*, ), then from the above inequality, we get that

S(z*, Tx*, Tx*) < 2¢(S(xn,, 2", %)) + S(xp,+1, 2%, %)

<28(xp,, x*, ") + S(Tn,+1, 2", x%).
Taking k — oo in the inequality above, we have
S(x*, T, Ta*) < 3S(x*, ", 2*) = 0,

which is a contradiction.

Next, we suppose that M, (z,, , 2%, #*) = S(&n,, Tn, 41, Tn,41), then we have that

S(x*,Tm*,Tx*) < 1/}(S(xnk>xnk+1axnk+l)) + S(xnk-Flax*a {E*)

< S(xnk y T +15 xnk+1) + S(znk—&-la .Z’*, 1‘*)
Taking k — oo in the inequality above, this implies that

S(z*, Ta*,Tz*) < klim [S(Tnys Trgt1, Tng+1) + S (@Tnpt1,27,27)] =0,
— 00
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which is again a contradiction.

Finally, we suppose that Mi (Tn,,x*,x*) = S(a*, Tx*, Tx*), then we obtain that
S(z*, Tz, Tx*) < p(S(x*, Ta*,Tx*)) + S(zp,+1, 2%, ").
Letting £k — oo in above inequality, we get that
S(x*, Ta*, Tx*) < p(S(z*, Tx*, Tx*)) + S(z*, 2", z™)
< S(z*,Tz*,Tx*) + S(z*, ™, z")
= S(z*, Tx*, Ta"),

so we also have a contradiction. Thus, we have S(z*, Tz*,Tz*) = 0, and by (S1) in Definition 1.1,

we have z* = Tx*. O

Example 2.3. Let X = [0,00) and S(z,y,2) = |z — y| + |z — z|,Vz,y,2 € X. Then (X,S) is a
complete S—metric space.
Define T': X + X and v: X3 ~ [0, 00) as follow:

kx—(k—1), k>1, x2>1; 1, if z,y,2€]0,1);
Ta= and 7('7;71/72):

7, rel0,1). 0, otherwise.
Let (t) = %, ¢ > 0.

We first show that T is a triangular y—admissible mapping. Let x,y,z € X, if y(x,y,2) > 1, the
z,y,z € [0,1). On the other hand, for Va,y,z € [0,1), we have Tz = § € [0,1), Ty = 4 € [0,1),
Tz =% €[0,1). It follows that v(T'z,Ty,Tz) > 1. Also, if y(z,y,y) > 1 and ¥(y,y,2) > 1, then
x,y,2z € [0,1) and hence y(x, z,2z) > 1. Thus, the first assertion holds. Notice that +(0,0,0) = 1.
Next, if {z,} is a (T,7)—orbital sequence such that x, — x as n — oo. By the definition of ~,
we have that z, € [0,1) and = € [0,1). Then there exists a subsequence {x,, } of {z,} such that
Y(zp,,z,z) > 1, Yk € N.

Finally, we will show that T is generalized (v — ¢)—MKC mapping of type A.

If v(z,y,y) = 0, it is obviously to verify the assertion.

If v(z,y,y) # 0, it follows that x,y € [0,1) and v(z,y,y) = 1.

For € > 0,

Case 1. If Mi(x,y) = 2|z — y|, taking 6 = ¢, then € < Y(Mi(z,y)) = |z — y| < 2¢ implies that
Y(z,y,y)S(Tx, Ty, Ty) = @ < e.

Case 2. If Mi(x,y) = %‘T‘, taking 6 = £, then € < Y(My(z,y)) = % < €+ § implies that
(@, y,y)S(Ta, Ty, Ty) = |z —yl < 52| +Jy|) < 3(jz| +|z]) = 2] <«

Case 3. If Mi(z,y) = #, taking 0 = £, then € < Y(Mi(z,y)) = % < €+ 5 implies that
Y(@,y,9)S(Tw, Ty, Ty) = 5lo —y| < 5l + lyl) < 5yl +y) =yl <e.

Therefore, conditions of Theorem 2.8 hold and T has a fixed point. Indeed, z* = 0 and z* = 1 are

two fixed points.

In what follows, we present an existence theorem for fixed point of a generalized (v — 1)—MKC
mapping of type B and a generalized (v — 1))—MKC mapping of dims3 of type B. Taking Remark
1.5 and Remark 1.6 into account, we observe that the proof of this theorem is similar to the proof of
Theorem 2.8 and Theorem 2.9.

Theorem 2.10. Let (X,S) be a complete S—metric space and T : X — X be a generalized (v —
1)—MKC mapping of type B. Assume also that:
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(A1) T is triangular y—admissible;
(A2) there exists z¢p € X such that y(zg, Txo, Txo) > 1;
(A3) (X,S) is (T,v)—regular.

Then, there exists * € X such that Tz* = z*.

Theorem 2.11. Let (X,S) be a complete S—metric space and T : X — X be a generalized (v —
1)—MEKC mapping of dim3 of type B. Assume also that:

(A1) T is triangular y—admissible;
(A2) there exists ¢ € X such that y(zg, Txo, Txo) > 1;
(A3) (X,S) is (T, y)—limit.

Then, there exists £* € X such that Tz* = x*.

Definition 2.1. Let (X,S) be an S—metric space and T : X — X. The mapping T is called a
generalized (v — 1)—Meir-Keeler contractive mapping of type C if there exist two functions ¢ € ¥
and v : X3 [0, 00) satisfying the following condition: for each € > 0 there exists §(¢) > 0 such that

e <Y(Ms(z,y)) < e+6(e) implies v(x,y,y)S(Tz, Ty, Ty) < e, (36)

where Mj(x,y) = max{S(z,y,y), S(z, Tz, Tx),S(y, Ty, Ty), %[S(x,T%Ty) + Sy, Tz, Tx)|}, Yo,y €
X.

Theorem 2.12. Let (X,S) be a complete S—metric space and T : X — X be a generalized (v —
1)—MKC mapping of type C. Assume also that:

(A1) T is triangular y—admissible;
(A2) there exists x¢p € X such that y(zg, Txo, Txo) > 1;
(A3) (X,S) is (T,~)—regular.

Then, there exists * € X such that Tz* = z*.

Proof. In view of assumption (A2), let 2y € X be such that v(zqg, Txo,Txo) > 1.
Define the sequence {z,} in X by z,4+1 = Tx,, ¥n € {0} UN.

Since T is triangular y—admissible, by Lemma 1.6, we have that
Y&y Ty Tr) > 1, Yn,m € N with n < m.

If there exists some ng € N such that z,, = z,,+1, then the proof is complete, since 2* = p 41 =
Txzo = Tx*. For this, we assume that z,, # z,41, ¥n € {0} UN, then

S(Tny Tny1, Tnt1) >0, Vn e {0} UN. (37)
Stepl. We will prove that
li_>m S(Zn, Tnt1, Tny1) = 0. (38)
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Taking (36) and (38) into account together with the fact that T is generalized (v —)—MKC mapping
of type C, for each n € {0} UN, we get

S(xn, Tpi1, Tny1) = S(Txp_1,Txy, Txy,)
<V(Tn—1,Tn, Tn)S(Txp_1,Txyn, Txy)
< Y(Ms(zn-1,2n))

Y(M3z(Tn—1,7n)),

where

M3($n—1a zn) = maX{S(xn—la Tn, iEn)a S(xn—la Tx,_1, Txn—l)a S(Twu Tx,, Tdin),
1
g[S(xn,l,Tmexn) + S(@n, Txpn—1,Txn_1)]}
1

= maX{S(l’n,l’ mn7xn)7 S(.Tn7.'1:n7$n+1)7 g[

S(.’En,h Tn+1, anrl) + S(x'ru Tn, xn)]}

Regarding Lemma 1.1, we estimate the last term in the expression of Ms(x,—_1,,) as follows:

[S(mnfb Tn+1, xn+1) + S((En, Tn, xn)]

ol —

1
= gs(xnfla Tn+1, anrl)

S g[QS(mnflvxna xn) + S(wn; $n+1,$n+1)

1 1
= 7S($n—1a xnaxn) + gs(xnaxn+laxn+1)

4
< maX{S(zn—ly Tn+1, zn—&-l)a S(-Tna L, xn)}
Consequently, we get that

M3(xn71; xn) = maX{S(mnflv Tn, l‘n), S(J}n, Tn+1, anrl)}- (39)

Let us consider the two cases. If Ms(z,—1,2,) = S(@n, Tnt1,Tnt1). Since ¥ is nondecreasing, then

we have that
S(@n; Tna1; Tns1) S Y(S(Tn, Tnt1, Tnt1)) < S(Tn, Tnt1, Tnt), (40)
which is a contradiction. Thus, Ms(z,—1,x,) = S(Tp—1,Zn, T,) and we also have that
S(@n, Tntt1, Tnr1) < Y(S(Xn_1,Tn, Tn)) < S(Tp_1,2Tn,Tn), Yn €N. (41)

So, we derive that the sequence {S(zn, Tnt1,%n+1)} is non-increasing and bounded below by zero.
Hence, there exists t € [0, 00) such that

lim S(@n, Tni1, Tnt1) = t. (42)

n—roo

Recursively, we deduce from (41) that
S(mnaxn+l7xn+1) §¢n(5(9007$1,$1))> Vn € N. (43)
On account of (43) and Remark 1.2, we obtain

lim S(z,, Tpt1, Tny1) = 0. (44)

n—oo
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Step2. We will show that {x,} is a Cauchy sequence.

Suppose, on the contrary, that there exist ¢ > 0 and a subsequence {x,,(;} of {x,} such that

S(Tn(i)s Tn(it1)s Tn@id1)) > 2€. (45)

First, we will show that the existence of k € N such that n(i) < k¥ < n(i + 1). Later, we will prove
that for given € > 0 above, there exists § > 0 such that

€+
2 b

% < YP(Mz(xpey, 21)) <

but
V(@) Thy Tr)S(T T iy, Tor, Tar) > €,
which contradicts (45), where

M3(xp iy, 2) =max{S(Tn(), Ty k), S(Tn(i), TTn(i), TTn(y1), S(@k, Tz, Tay),
1

é[s(l‘n(i)v Ty, Toy) + Sk, Ty, TTn))]}-

Let 7 = min{e, }. Taking Stepl into account, we will choose ng € N such that

r
S(x'ru Tn+1, xn+1) < §7 (46)
for all n > ng. Let n(i) > ng. According to our construction, we have n(i) < n(i+1) — 1.

If S(Zn(iys Tr(it1)—15 Tn(it1)—1) < E"%ﬂ then by Lemma 1.1, we have

S(xn(i)axn(i+l)7nn(i+1)) < QS(xn(i)yIn(i+1)—1,nn(i+1)—1) + S(xn(i—i-l)—laxn(i—i-l)ynn(i+1))
T
< —
Se+r+ 3

:€—|—§

< 2¢,

which contradicts (45). Therefore, there exist values of k € N such that n(i) < k < n(i + 1) and

S(wn(i),xk,xk) > 542_ .

5‘2”, then we have S(2p (), Tn(i)41, Tn(i)+1) > §, Which contra-

Indeed, if S(zn(i), Tn(i)+15 Tn(i)+1) =
dicts (46).
Hence, we can choose the smallest integer k& > n(i) such that

€E+r
S(Tn(iy, Th, T) > 5

So, necessarily, we also have S(xy (), Tr—1,Zr—1) < 6'57".
Therefore, we find that

S(Tpney, o, o) < 28(2h, -1, Th—1) + S(Tpi), Tho1, Th1)

<9 r n e+r
8 2
€ n 3r
2 4
Hence, we get the following approximation:
€E+r e 3r
S S(wn(i),$k7$k) S 5 + Z; (47)
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for a integer k satisfying n(i) < k < n(i + 1).
On the other hand, the first three terms of M3(z,;), %) are bounded above by § 4+ 7, that is

€ 3r €
S(xn(i)vxkv‘rk) < 5 + Z < 5 =+ 7.

r €
S(xn(i)axn(i)—l-lvxn(’i)-&-l) < g < 5 +r.

r €
STk, Tpt1, Tht1) < 3 < 3 + 7.

Eventually, the last term of M3z(x,,(;), zx) can be estimated as follows:

é[S(,’En(i), Tag, Tay) + STk, Tony, TTna))]
< é[QS(mn(i),thk) + S(Thy Thr1, Thr1) + 25Xy, Th, Tr) + S (Zn(i)> Tni)+1> Tn(i)+1)]
= é[48(mn(i), Th, k) + S(Tr, Toy1, Trr1) + S (Zn(i)> Tni)+1> Tn(i)+1)]

Combing these estimations presented above, we conclude that

€ €+
w(M?)(xn(z)amlc)) < M3(xn(z)7xk) < 3 Lr< 5

Since T is generalized (y—1)—MKC mapping of type of C and it is y—triangular admissible mapping,
we have that

[N e

S(Tr(iy+1> Tht1, Tha1) < YV(@pe), T, i) S (T (i) 415 Thp 1, Thy1) <

At the same time, by Lemma 1.1, we have that

S(Tniy, T, T) < 25(Tp(), Tri)+1s Tn(i)+1) T S (Tniy+1, Tk, Th)

2
2S(xn(i)a Tn(i)+1s xn(i)—H) + QS(Ika Th+1, l’k+1) + S(x7L('L')+1a Th+1, xk+1)
2

<
r r €
< R 2. — —
8+ 8+2
eE+r
= 5

which contradicts (47).

Thus, claim (45) is false and the sequence {z,} is a Cauchy sequence, that is

lim S(zy,Tm,Tm) = 0. (48)

n,m— 0o

Since (X, S) is a complete S—metric space, then there exists * € X such that
lim S(z,, 2", 2%) = lim S(z,,xm,z") =0.

n—oo n,m— 00

We will prove that z* = T'z*. Suppose, on the contrary, that S(z*, Tz*, Tz*) > 0.
From (42) and assumption (A3), there exists a subsequence {z,, } of {z,} such that

’Y(Jjnk,ﬂf*,x*) >1, Vk € N. (49)
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By using Lemma 1.1 and (48) together with the assumption of the theorem that T is a generalized
(v — ¥)—MKC mapping of type C, we get that

S(x*, Ta*, Ta*) < 28(Txyp,, Tx*, Tx") + S(Try,,x", %)
< 29(zp,, 2", 2" )S(Tay, , Tx* , Tax™) + S(xn, +1,2", )
S 1/’(M3($nk79€*)) + S(xnk+17$*,$*),

where,

MS(J"TL]C71‘*) :m&X{S(I‘nk,I‘*,I*), S($nk,I7Lk+17JU7Lk+1), S(CC*,TJ?*, Tﬂf*)7
1

g[s(xnk ) T‘T*v T:C*) + S(:C*, Tng+1s "TnkJrl)]}'

Notice that as S(z*, Tz*, Tz*) > 0, then we have that Ms(x,,,x*) > 0.

From Lemma 1.1, it follows that

[S

—~

1 * * *
g xnk’T‘T ,T:L' )JFS(‘r 5znk+1?znk+1)]
< =128(zp,, 2", ") + S(a*, Ta*, Ta*) + 25 (x*, Ty, Tny) + S @y, Tngt1, Tng+1))

N = 00| =

1 1
S(Tn,, ", x™) + §S(x*,Tx*,Tx*) + gS(mnk,xnkH, Tp+1)

< max{S(xy,,x", z%),S(@*, Tx*, Tx*),S(@n,, Tn.+1,Tny+1)}-

=

By the above inequality, we have that
Ms(xn,,z*) = max{S(zn,,z*,2*), S(x*, Te*, Tx*), S(Tn,, Tnp+1, Tng+1) -
Suppose that Ms(zp, ,2*) = S(zn,,z*, %), then, we get that

Sz, Tz, Ta*) < Pp(S(an,, 2™, %)) + S(Tn,+1, 2", 2%)

<S(zp,, ", ") + S(Xn, 41, 2", 2%).
Taking k — oo in the inequality above, we have
S(x*, Ta*, Ta*) < 28(x™, z*,2*) =0,

which is a contradiction.

Next, we suppose that M3(xy,,2*) = S(@n,, Tn, 41, Tn,+1), then we have that

S(x*,Tx*,Tx*) < w(s(fnkvmnwrl’xnwrl)) + S(xnkﬂvx*’ CE*)
< S(xnk7xnk+l7‘rnk+l) + S(xmﬁ-la CE*,I’*).
Taking k — oo in the inequality above, this implies that
S(m*,Tx*,Tx*) < kh—g.lo[s(wnkaxnk+1a xnk+1) + S(mnk+17:];*,l‘*)] =0,

which is again a contradiction.

Finally, we suppose that Ms(z,, ,z*) = S(z*, Tx*, Tz*), then we obtain that

S(x*, T, Tx*) <(S(a*,Ta*,Tx*)) + S(zn,+1,2%,2%) < S(x*, Ta*, Ta*) + S(xn, +1, 2%, ).
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Letting k£ — oo in above inequality, we get that
S(x*, Te", Ta*) < S(x*, Ta*, Ta*) + S(a*, z*, z*)

= S(z*,Tz*, Tx™),

so we also have a contradiction. Thus, we have S(z*,Tz*, Tx*) = 0, and by (S1) in Definition 1.1,

we have z* = Tx*. O

Definition 2.2. Let (X,S) be an S—metric space and T : X — X. The mapping T is called a
generalized (y — ¢)—Meir-Keeler contractive mapping of dim3 of type C' if there exist two functions
€ ¥ and v : X? — [0,00) satisfying the following condition: for each ¢ > 0 there exists d(e) > 0
such that

e <Y(My(x,y,2)) < e+d(e) implies v(z, Tx, Tx)y(y, Ty, Ty)y(z, Tz, T2)S(Tx, Ty, Tz) < ¢,
where
M:;(x, y,z) = max{S(z,y,v), Sy, 2, 2),S(z,z,z),S(x, Tz, Tx),S(y, Ty, Ty), S(z,Tz,Tz),
LIS(. Ty, Ty) + Sy, T, o)), {[S(9, T2 T2) + (=, Ty, Ty),

8

1
g[S(z, Tx,Tz)+ S(x,Tz,Tz)]},
Ve,y,z € X.

Theorem 2.13. Let (X,S) be a complete S—metric space and T : X — X be a generalized (v —
1)—MEKC mapping of dim3 of type C. Assume also that:

(A1) T is y—admissible;
(A2) there exists x¢p € X such that y(zg, Txo, Txo) > 1;
(A3) (X,S) is (T,~)—limit.

Then, there exists £* € X such that Tz* = x*.

Proof. In view of assumption (A2), let 2o € X be such that y(zq, Txo, Txo) > 1.
Define the sequence {z,} in X by xp41 = Ty, for all n € {0} UN.

Since T is triangular y—admissible, by Lemma 1.6, we have that
YTy Tyt 1, Tpg1) =1, YR eEN . (50)

If there exists some ng € N such that z,, = z,,+1, then the proof is complete, since 2* = xp 41 =

Tz, = Tz*. For this, we assume that x, # z,41, for all n € N, then
S(Tn, Tpi1, Tny1) >0, Vne {0} UN. (51)

Stepl. We will prove that

hm S(In,$7l+1) xn-’rl) = O
n—oo
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Taking (50) and (51) into account together with the fact that T is generalized (v —)—MKC mapping
of dim3 of type C, for each n € N, we get

S('rnv Tn+1, xn-i—l) - S(Tmn—h Txnv Txn)

IN

’y(‘rnfh Tn, xn)’y(xnv Tn+1, $n+1)7(-’1/‘n7 Tn+1, $n+1)S(T-Tn717 TQ?n, Txn)

G(My(Tn—1,Tny , Tn))
M/

IN

< (xn—laxnyxn)7

where

’
M3(xn711 xnwxn) = maX{S(fnflaxnvmn)v S($n,$n, "En)a S(xnﬂvnfl; xnfl)a S(xnflyTxnflaTxnfl)a

1
S(Z‘na Ty, Txn)a S(J?n, Ty, Txn), g[S(wn—la Ty, Txn) + S(J?n, Trp_1, Txn—l)]a

1 1
g [S(l‘n, Ty, Txn) + S(xna Ty, T‘rn)]a g [S(xna Trp_1, Txn—l) + S(xn—h Ty, Txn)]}

= maX{S(In—la LTy In)7 S(gjny T, zn—&-l)a g[s(zn—lv Tn+1, xn—&-l) + S(Jﬁn, T, .Z’n)],
1
g[?S(IEn, Tpil, Tngt)],s g[S(In—lv Tpy1, Tnt1) + S(Tn, Tn, Tn] }-

Regarding Lemma 1.1, we estimate the last term in the expression of Mé(wn_l, Zn,Tn) as follows:

[S(l‘n_l, Tn+1, xn-&-l) + S(mn; Tn, xn)]

| =

- gS(xn—ly Tn+1, xn-i—l)

1

< g[QS(ajn—lv T, xn) + S(J,‘n, Tn+1, xn+1)

1 1
= zs(xn—la $n,$n) + gS(xn7xn+17xn+1)

< max{S(Tn-1,Tn+1, Tnt1), S(Tn, Tn, Tn)}-
Consequently, we get that
MB(mnfh Tn, xn) = max{S(wn,l, Tn, .’L'n), S(xru Tn+1, xn+1)}~

Let us consider the two cases. If Mé(xn_l,xn,xn) = S(xpn, Tnt1, Tpt1). Since ¥ is nondecreasing,
then we have that

S(l‘n, Tn41, zn—&-l) < 7/1(5(%7 Tn41, zn+1)) < S(.Tn, Tn+1, $n+1)7
which is a contradiction. Thus, Mé(azn,l, Xy @) = S(Tn—1,%n, T,) and we also have that
S(Tn, Trt1, Tony1) < UV(S(Tn—1,Tn,Tn)) < S(Tp_1,Tn,Tn), Vn €N, (52)

So, we derive that the sequence {S(zy, Tnt1,%n+1)} is non-increasing and bounded below by zero.
Hence, there exists ¢ € [0, 00) such that

lim S(zpn, Tni1, Tny1) =t
n—oo

Recursively, we deduce from (52) that
S(@n, Tnt1s Tntr1) < P (S(xo,21,21)), YneN (53)
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On account of (53) and Remark 1.2, we obtain

lim S(xp, Tpi1, Tne1) = 0.
n—oo

Step2. We will show that {z,} is a Cauchy sequence.
We will prove that for each € > 0, there exists ng € N such that for Vm,n > no,

S(Tmy T, Tn) < €. (54)

Taking Stepl into account, for each € > 0, we can choose ng € N such that

€= (e

5 ,Vn > ng. (55)

S(.’En, Tn+1, ajn—&-l) <

We prove (54) by induction on n. (54) holds for m = n and n = n+ 1 by using (55) and the fact that
# < €. Assume (54) holds for n = k. For n = k + 1, we have

S(@Tm, Tha1, Tr1) < 28(Tm, Tig1s Tma1) + S (g1, Thr1, Tha)
<e— ¢(6) + ’(/}(S(xm7xkvxk))
<e—1(e) +(e)

— €.

By induction on n, we conclude that (54) holds for all n > m > ng. So {z,} is a Cauchy sequence
that is

lim S(zn,Tm,Tm) =0.
n,m—00

Since (X, S) is a complete S—metric space, then there exists * € X such that

lim S(zy,,z",2") = lim S(zp,2Tm,z*) =0.
n— 00 n,m—00

We will prove that «* = T'z*. Suppose, on the contrary, that S(z*, Tz*, Tz*) > 0.

From assumption (A3), we have that
y(@*, Te*, Tz*) > 1, VkeN.

By using Lemma 1.1 and above inequality together with the assumption of the theorem that T is a

generalized (v — )—MKC mapping of dim3 of type C,

S(x*, Ta*, Ta*) <25(Txy,, Tz",Tx") + S(Try,,z", ")
<29(xpny, Txny, Tap, )y(a*, Te™, Ta*)y(x*, Ta*, Ta*)S (Tay,,, Tx*, Ta™) + S(xn,+1, 2%, ")
S 1/)(Mf;($nk7$*7$*)) + S(l'nk+1,$*733*),

where,

Mi;(xnmx*vm*) :maX{S(xnw x*vx*)7 S(x*, x*vx*)v S(fv*vxnmxnk)v S(xnk,7xnk+17xnk+1)7
S(z*, Tx*,Ta"),S(a*, Ta*, Tx*), S(x*, Tx*, Tx™),
1

§[5<xnk Ta”, Tx*) + S(.’L‘*, Lng+1, xnkJrl)]}'
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Notice that as S(z*, Tx*, Tx*) > 0, then we have that M;(z,, ,2*,z*) > 0.

From Lemma 1.1, it follows that

[S

—

xanx*u T:E*) + S(.’IJ*, Tng+1, mnkJrl)]

[25(zn,, 2", ") + S(a™, Ta*, Tx*) + 25(z*, Ty, Tny) + STy Tngt1, Tng+1))

DN| = 00| =

1 1
S(‘Tﬂkax*7x*) + gS(x*,Tx*,Tx*) + gs(l‘nkamnk-&-l; wnk-&-l)

IA
=

ax{S(zn,,z",x"), S(x*, Tx*, Tx*), S(Tny, Trp+1, Tnp+1) -
By the above inequality, we have that
My(zn, 2", 2*) = max{S(xn, 2", 2*), S(@*, Tx*, Tz*), S(Zn,  Tny 41 Tnp41) }-
Suppose that Mé(scnk,x*,x*) = S(zp,,z*,z*), then, we get that
S, Tz, Tx*) < Pp(S(xn,, ™, z%)) + S(Tnyt1, 2", 2%)
<S(ny,x*, ") + S(Tn,41, 2%, 7).
Taking k& — oo in the inequality above, we have
S(z*, T, Ta*) < 25(x*, %, 2") = 0,

which is a contradiction.

Next, we suppose that Mé(xnk,x*, %) = S(Tny,, Tnp+1, Tny+1), then we have that

S(x*, Ta*, Ta™) < P(S(Tn,, Tnypt1, Tnpt1)) + S(Tn, 1,27, %)

< S(xnk » Tng+1, xnkJrl) + S(‘rnk+17 (E*, :C*)
Taking k — oo in the inequality above, this implies that

S(z*, Tz*, Tx*) < lUm [S(Tny, Tng+1, Tng+1) + S (Tnpt1, 25, 2)] =0,

k— o0
which is again a contradiction.

Finally, we suppose that My(a,,, *,2*) = S(z*, Ta*, Tx*), then we obtain that
S(x*, Ta*, Tax*) < Pp(S(z*, Tx*, Tx*)) + S(xn,41, 2", 2") < S(a*, Ta™, Tx*) + S(zp,+1, 2%, 2").
Letting k£ — oo in above inequality, we get that

S(x*, Ta", Ta*) < S(x*, Ta*, Ta*) + S(a*, z*, z*)
= S(a*, Tx*, Tx"),

so we also have a contradiction. Thus, we have S(z*, Tz*,Tz*) = 0, and by (S1) in Definition 1.1,

we have z* = Tx*. ]

In what follows, we propose the condition for the uniqueness of a fixed point of a generalized
(v — ¥)—MKC of type C' mappings:
(UY) For Va*,y* € Fix(T), there exists z* € X such that y(z*,2*,2*) > 1, v(y*, 2*,2*) > 1 and
v(z*,Tz*,Tz*) > 1.
(U2') Let z*,y* € Fiz(T). If there exists a sequence {z,} in X such that vy(z*, z,,x,) > 1
Y(Y* X,y ) > 1, then S(xp, Tpi1, Tnt1) < Inf{S(x*, xn, x0n), S(Y*, Tn, Tn)}-

)
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Theorem 2.14. Adding conditions (U1’), (U2") to the statements of Theorem 2.12, one has that T

has the unique fixed point.

Proof. Let x*,y* be two distinct fixed points of T. Form condition (U1’), there exists z* € X such
that

y(x*, 2%, 2%) > 1L,y(y*, 2%, 2%) > 1,v(z",T=z*,Tz%) > 1.
Owing to the fact that T is triangular y—admissible and v(z*,T2*,T2*) > 1, we have
YT2*,T?*2%,T?2%) > 1.
Inductively, we find
VTt T2 T"2*) > 1, VYn €N,
Since y(x*, z*,2*) > 1 and ~(2*,T2*,T2*) > 1, then by the triangular y—admissibility of T', we have
y(@*, Tz*,Tz") > 1.
Again, since y(a*, T2z*,T2*) > 1 and (T2*, T?2*,T?2*) > 1, we derive
y(x*, T2, T?2*) > 1.
Inductively, we get
y(@*, T"z",T"2*) > 1, VneN. (56)
In the similar way, we also have that
vy, T"2*,T"2*) > 1, VneN (57)

Define an iterative sequence {z,} by zp+1 = Tzn, ¥n € {0} UN and zy = z*.
Stepl. We will prove that li_>m S(x*, zn, 2n) = 0.
By (56) and the statement of the theorem that T is generalized (v — ¥)—MKC mapping of type C.

we have

S(‘T*a Zn+1; Zn+1) <

If (Ms(x*, z,)) = 0, then

nlLII;OS(x 2 Zny Zn) = 0.

Now, suppose that (Ms(z*, z,)) > 0, then Ms(z*, z,) > 0.
Since T is a generalized (v — ¢)—MKC mapping of type C, we get

S(I*, Zn41; Z71,+1) < ’Y(x*a Zn Zn)S(TI*a Tz, Tzn)
< P(Ms(2", zn))
< Ms(x*, zy),
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where M3(z*, z,,) = max{S(z*, 2, zn), S(z*, Tax*, Tx*), S (20, Tzpn, Tzp), %[S(aj*, Tzp, Tzp)+S (2, Ta*, Tx*)]}.

Taking (U2') and Lemma 1.1 into account, we have
Ms(z*, zn) = S(x*, 20, 2n).

Thus, S(z*, 2n+1, 2nt1) < S(T*, 2n, 2n)-

Letting n — oo in the inequality above, we obtain

lim S(z*, zp+1, 2nt1) < lim S(z*, 2y, 2n),
n— o0 n— oo

which is a contradiction. Then,
Ms(x*, zp) = S(x*, 2n, 2n) = 0.
Hence, we get that

HILH;OS(x s Zny Zn) = 0.

Step2. We will prove that lim S(y*, z,, 2,) = 0.
n—oo
In a analogous way of Stepl., we can complete the proof of lim S(y*, zn, z,) = 0.
n—oo

By Lemma 1.1,
S(x*,y*,y*) <25z, zn, 2n) + SW*, 2n, 7n)-
Letting n — oo in the above inequality, we get
S y*y*) =0,
therefore, we have x* = y*. O

As a uniqueness condition for fixed points of (y — 1)—MKC mappings of dim3 of type C, we
suggest the following hypothesis:

(U3') For Va*,y* € Fiz(T), v(x*, 2", 2%) > 1, y(y*,y",y*) > L.

Theorem 2.15. Adding condition (U3') to the statements of Theorem 2.13, one has that T has the

unique fixed point.

Proof. Let x*,y* be two distinct fixed points of T. Form condition (U3')

V(@ at2t) = Ly yt) = L (58)
By (58) and the statement of the theorem that T is generalized (y — 1)—MKC mapping of dim3 of
type C. we have
S,y y") <@, Ta" Tat )y (y", Ty™ Ty )y (y™ Ty, Ty")S(Ta", Ty", Ty")
< O(My(a",y",y")) < My(a*,y",y").
but

’

Ms(z*,y*, y") = max{S (=", y",y"), S(v*,y", "), S(y*, 2", 2"), S(a*, Tx*, Tx™), S(y", Ty", Ty"),
1

7§[S<x*7Ty*aTy*) +S(y*,T$*7T$*)]7

1 * * * * * * 1 * * * * * *

g[S(y STy, Ty*) + S(y™, Ty, Ty )Lg[S(y T, Tx™) + S(2*, Ty*, Ty")]}

=S@",y",y").

Sy*, Ty*, Ty")
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S0,
S(x*?y*’y*) < S(x*3y*’y*)

which is again a contradiction.therefore, we have z* = y*. O

3. Generalized Ulam-Hyers Stability for MKC mappings

In the following section, by introducing the generalized Ulam-Hyers stability in the framework of

S—metric spaces, we study the stability for MKC mappings.

Theorem 3.1. Let (X, S) be a complete S—metric and T : X — X be a self-mapping. Suppose that
all the hypotheses of Theorem 2.12 hold. In addition, assume that

(A1) the function g : [0,00) — [0,00), 8(r) = r — ¥(r) is strictly increasing and onto.

(A2) for any e—solution w* € X of (2), one has y(w*, z*,2*) > 1, where z* € Fiz(T).

Then, the fixed point problem (1) is generalized Ulam-Hyers stable.

Proof. From the conclusion of Theorem 2.12, it follows that there exists z* € Fiz(T) such that
S(x*, Tx*, Tx*) = 0. Let € > 0 and w* be a e—solution of (2).

From (A2), we have v(z*,w*,w*) > 1. Since T is triangular y—admissible, we can obtain that
y(Tz*, Tw*, Tw*) = y(z*, Tw*, Tw*) > 1.

Thus, we also get that

Sz, w*,w*) = S(Tz", w*, w*)

S(Tz*, Tw*, Tw*) 4+ 25 (w*, Tw*, Tw*)

y(Tz*, Tw*, Tw*)S(Tx*, Tw*, Tw*) + 25 (w*, Tw*, Tw*)
(G

Ms(z*,w*)) + 2e,

IA A

N

where Ms(z*, w*) = max{S(z*, w*, w*), S(z*, Ta*, Tx*), S(w*, Tw*, Tw*), §[S(a*, Tw*, Tw*)+S(w*, Tz*, Tz*)]}.
We also get

[S(z", Tw*, Tw*) + S(w*, Tx*, Tx")]

1

g[QS(x*,w*,w*) + S(w*, Tw*, Tw*) + 25(w*, 2", 2") + S(x*, Ta*, Tx™)]
1

= §[4S(x*,w*,w*) + S(w*, Tw*, Tw")]
1 1

§S(x*,w*,w*) + §S(w*,Tw*,Tw*)

1., 1

< §S(CE ,whw*) + 3¢

< max{S(z",w*,w*),e}.
From the inequality above, we have that

Ms(z™,w*) < max{S(z*,w*,w"),€}.

It is obviously that if S(z*, w*,w*) < ¢, then the proof is complete.

Suppose that max{S(z*, w*, w*), e} = S(z*, w*, w*). Then, we have

Ms(x™,w*) < S(z*, w*, w").
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So, we can deduce that

From assumption (A1), we get that
B(S(z*, w*, w")) < 2e.
Hence, S(z*, w*,w*) < B71(2e).
Therefore, (1) is generalized Ulam-Hyers stable. O

Theorem 3.2. Let (X, S) be a complete S—metric and T : X — X be a self-mapping. Suppose that
all the hypotheses of Theorem 2.13 hold. In addition, assume that

(A1) the function §: [0,00) — [0,00), B(r) = r — 9 (r) is strictly increasing and onto.
(A2) for any e—solution w* € X of (2), one has y(w*, z*,z*) > 1, where z* € Fiz(T).
Then, the fixed point problem (1) is generalized Ulam-Hyers stable.

Proof. From the conclusion of Theorem 2.13, it follows that there exists x* € Fix(T) such that
S(z*,Tx*,Tx*) = 0. Let € > 0 and w* be a e—solution of (2).

From (A2), we have y(z*,w*,w*) > 1. Since T is triangular y—admissible, we can obtain that
y(Tx*, Tw*, Tw*) = y(a*, Tw*, Tw*) > 1.

Thus, we also get that

S(z*, w*,w*) = S(Tz", w*, w")

S(Tz*, Tw*, Tw*) 4+ 25 (w*, Tw*, Tw")

y(Tx*, Tw*, Tw*)S(Tx*, Tw*, Tw") + 25(w*, Tw*, Tw")
G

(Mg (2%, w*, w*)) + 2,

INIA

A

where
My(z*, w*) = max{S(z*, w*,w*), S(w*, w*, w*), S(w*, z*, x*),

1
S(z*, Tx*, Tx"), S(w*, Tw*, Tw"), g[S(x*,Tw*, Tw*) + S(w*, Tx*, Tx")]

%[S(w*,Tw*,Tw*) + S(w*, Tw*, Tw*)], =[S (w*, Tz*, Tx*) + S(z*, Tw*, Tw*)|}

= max{S(z",w*,w"), S(w*, Tw*, Tw*), = [S(z*, Tw*, Tw*) + S(w*, Tx*, Tx*)|}

| — ool

We also get

é[S(m*,Tw*,Tw*) + S(w*, Ta*, Tz")]

< —[28(z", w*, w*) + S(w*, Tw*, Tw") + 2S(w*,z*, z*) + S(z*, Tx*, Tx")]

1

8

1

= g[45’(95*, w*w*) + S(w*, Tw*, Tw")]
1

S(z*,w*w") + §S(w*,Tw*,Tw*)
1

S(z*, w*w") + 3¢

< max{S(z*, w*,w*),€}.

1
)

1
<,
=2
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From the inequality above, we have that
My(z*, w*, w*) < max{S(z*,w*, w*), €}.

It is obviously that if S(z*, w*,w*) < ¢, then the proof is complete.

Suppose that max{S(z*, w*, w*), e} = S(z*, w*, w*). Then, we have
My(z*,w*, w*) < S(z*, w*, w*).

So, we can deduce that

From assumption (A1), we get that
B(S(z*, w*, w")) < 2e.

Hence, S(z*, w*,w*) < B71(2¢).
Therefore, (1) is generalized Ulam-Hyers stable. O

Corollary 3.1. Let (X, S) be a complete S—metric and T : X — X be a self-mapping. Suppose that
all the hypotheses of Theorem 2.8(resp., Theorem 2.10) hold. In addition, assume that

(A1) the function §: [0,00) — [0,00), B(r) = r — 9 (r) is strictly increasing and onto.

(A2) for any e—solution w* € X of (2), one has y(w*, z*,z*) > 1, where z* € Fiz(T).

Then, the fixed point problem (1) is generalized Ulam-Hyers stable.

Proof. The proof is an analog of the proof of Theorem 3.1. O

Corollary 3.2. Let (X, S) be a complete S—metric and T : X — X be a self-mapping. Suppose that
all the hypotheses of Theorem 2.9(resp., Theorem 2.11) hold. In addition, assume that

(A1) the function g : [0,00) — [0,00), 8(r) = r — (r) is strictly increasing and onto.

(A2) for any e—solution w* € X of (2), one has y(w*, z*,z*) > 1, where z* € Fiz(T).

Then, the fixed point problem (1) is generalized Ulam-Hyers stable.

Proof. The proof is an analog of the proof of Theorem 3.2. O
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Abstract

We analyze the oscillatory behavior of solutions to a nonlinear second-order neutral
delay dynamic equation with a nonpositive neutral coefficient under the assumptions that
allow applications to Emden—Fowler type dynamic equations. New theorems complement
and improve related contributions to the subject. An example is included.
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Emden—Fowler type equation.
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1 Introduction

In this paper, we study the oscillation of a class of second-order neutral dynamic equations

[r(B(=2 )] +a(t) F(@(3(1)) = 0. (1.1)

Here ¢ € [tg,00)T, o > 1 is a quotient of odd natural numbers, and z(t) = z(¢) — p(t)z(7(t)). The increasing
interest in oscillation of solutions to various classes of equations is motivated by their applications in natural
sciences, engineering, and control; see, for instance, [1-30] and the references cited therein. Analysis of qualita-
tive properties of (1.1) is important not only for the sake of further development of the oscillation theory, but
for practical reasons too. As a matter of fact, a particular case of (1.1), an Emden-Fowler dynamic equation

[r(5) (22 (£)°] " + ¢(®)a?(5(t)) = 0,

has applications in mathematical, theoretical, and chemical physics; see Li and Rogovchenko [15-18].

Throughout the paper, we assume that the following assumptions are satisfied:
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1

(Hl) r € Cra([to, o0)T, (0,00)), f:)o rfi(t)At = oo, R(t) = f:l r~a(s)As, where t1 € [tp,00)T is sufficiently

large;
(H3) p,q € Cra([to,o0)T,R), 0 < p(t) < po < 1, q(t) > 0, and ¢() is not identically zero for large t;
(H3) 7,0 € Cua([to,o0)m, T), 7(t) < t, 6(t) < ¢, and limy_yeo 7(£) = limy_y00 6(t) = o0

(Hy) f € C(R,R), uf(u) > 0 for all u # 0, and there exists a positive constant k such that f(u)/u® > k for
all u # 0, where 8 > « is a quotient of odd natural numbers.

By a solution to (1.1) we mean a function x € C,q[T},00)T, Ty € [to,00)T, such that 7(22)* € CL [Ty, 00)r
and x satisfies (1.1) on [T, 00)r. We consider only those solutions z of (1.1) which satisfy sup{|z(¢)| : t €
[T,00)r} > 0 for all T € [T, 00)r and assume that (1.1) possesses such solutions. As usual, a solution of (1.1)

is said to be oscillatory if it is not of the same sign eventually; otherwise, it is called nonoscillatory.

Recently, a great deal of interest in oscillatory properties of solutions to various classes of equations with
nonnegative neutral coefficients has been shown; see, for instance, [2,4,5,14-17,19,20,22,27,28] and the references
cited therein. However, there are relatively fewer results for equations with nonpositive neutral coefficients;
see [3,4,7,13,21,23-25,29]. In the papers by Arul and Shobha [3] and Li et al. [21], a particular case of (1.1),
a neutral differential equation

[r(6)(=(£))°) + a(t) f(x(8(2)) = 0

was studied. Seghar et al. [23] investigated the neutral difference equation
A(anA(l'n - pnxnfk)) + qnf(xnfl) =0.

Bohner and Li [7] and Karpuz [13] established oscillation results for neutral dynamic equations

(r(O122 O 222(1) " + g2 20(5() =0, 2(t) = a(t) — p(t)a(7(1))

and
(@(t) = p(O)z(7(1)>2 + g()=(5(1)) = 0,
whereas Zhang et al. [29] explored (1.1) assuming that o = .
It should be noted that research in this paper was strongly motivated by the paper [29]. Our principal goal
is to analyze the oscillatory behavior of solutions to (1.1) in the case where 5 > «. As customary for papers on
oscillation, all functional inequalities are supposed to hold eventually. Without loss of generality, we can deal

only with positive solutions of (1.1).

2 Main results

For the proofs of our oscillation criteria we need the following lemmas. The first lemma is extracted from
the monograph by Bohner and Peterson [9, Theorem 1.93], and the latter lemmas can be obtained by similar

techniques to those used in [3,21].

Lemma 2:1. Assume that v : T — R is strictly increasing and T:= v(T) is a time scale. Let y : T - R. If
v2(t) and y>(v(t)) exist for t € T, then

Lemma 2.2. Let z be a positive solution of (1.1). Then z has the following two possible cases:
(1) 2(t) >0, =22() >0, (r()()™)> <0;
(II) 2(t) <0, 22()>0, (r(t)(z*(1)*)* <0

fort € [t1,00)T, where t1 € [tg,00)T is sufficiently large.

630 Ming Zhang ET AL 629-635



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Lemma 2.3. Let x be a positive solution of (1.1) and assume that the corresponding z has property (I1) of
Lemma 2.2. Then
lim x(¢) = 0.

t—o0

Lemma 2.4. Ifx is a positive solution of (1.1) such that case (I) of Lemma 2.2 is satisfied, then x(t) > z(t)
and z(t)/R(t) is strictly decreasing for large t.

Theorem 2.1. Assume that §([tg, 00)1) = [§(t0),00)r and 6°(t) > 0. If for any M > 0,

s Q)+ a [ 636 (6@ (o) ( /:(t) r-i<s>As)a -1, 2.1)

where Q(t) = kMP=> [ q(u)Au, then solutions of (1.1) are either oscillatory or converge to zero as t — co.

Proof. Let z be a nonoscillatory solution of (1.1) such that z(¢) > 0, (7(t)) > 0, and z(6(¢)) > 0 for ¢t € [t1,00)T.
It follows from Lemma 2.2 that z satisfies either (I) or (II) for ¢ € [t1,00)r.
Case 1. Suppose first that z satisfies case (I). By virtue of the definition of z,

z(t) = z(t) + p(t)z(7(t)) = 2(t)

and so we can write (1.1) in the form

[r()(z2 ()] < —ka(t)="(8(1)).

Defining the Riccati transformation

v(t) = W, (2.2)
then v(t) > 0 and there exists a constant M > 0 such that
0 = —Gm) TrOEO)N] La(é(t))}
22(6(1)

< —kMPq(t) — ad® (Hv(o(1)) (2.3)

Taki{lgdintﬁ account that v (o(t)) = ra (o(t))22(a(t))/2(8(c (1)), 7(£)(z2 ()™ < 0, and §(t) < t < o(t), we
conclude that

A6)  vE(()
Glo®) = 760 24
Combining (2.3) and (2.4), we arrive at
VA1) < —kMP~q(t) — ozéA(t)rfé((S(t))uaTH(o(t)). (2.5)

Integrating (2.5) from ¢ to s, we deduce that

v(s) —v(t) < —kMP~= /ts q(u)Au — a/s 5A(u)r75(5(u))uT(J(u))Au,

which yields , .
) = 107 [ atwduta |88 (50 (o) Au

Passing to the limit as s — oo, we have
V() > Q) + a / 52 (w)r= (6(u))r = (o(u)) Au. (2.6)
t

An application of (2.6) implies that
o) 2 Q) +a [ 6w )

3
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By virtue of (2.2), we conclude that

Y

that is,

Using (2.7) and (2.8), we deduce that

0o i1 8(t) o
lim sup {Q(t) + a/ 5A(S)ri(5(8))Q:(U(S))A8:| (/ rclx(s)As> <1,
t—o0 t ta
which contradicts (2.1).

Case 2. Suppose now that z satisfies case (II). It follows from Lemma 2.3 that lim; ,o, z(t) = 0. This
completes the proof. O

Theorem 2.2. If there exists a positive function B € Cl ([to,o0)r,R) such that for all sufficiently large t, €
[to, 0)T, for some to € [t1,00)T, and for any M > 0,

o Cu R(O6(s)H\® 1 BA(s)) (s
/tz [kMﬂ q(S)ﬁ(S)( ;((8)”) —(GH)QH( (5)(3@ ()] Ag— oo, (2.9)

then conclusion of Theorem 2.1 remains intact.

Proof. Assume that x is a nonoscillatory solution of (1.1) on [tg, c0)T that satisfies z(t) > 0, z(7(¢)) > 0, and
x(8(¢)) > 0 for t € [t;,00)r. By virtue of Lemma 2.2, z satisfies either (I) or (IT) for ¢ € [t1,00)T.
Case 1. Suppose that z satisfies case (I). Define the Riccati transformation

A
A0 = P01 294 poeor)” | 29
e 200 B B0 A
< —tar=qa =0 4 S0 uo0) -0 L E o)
R I Y. B
< ka0 S+ ) -0z e o)
In view of Lemma 2.4, we obtain
- g REE\", B0 BB e
= waaon) (Tl )+ ) omm T e, e
Applying the inequality . ot
Bw—AwT<(a+1)a+1 To A>0
v 55 (1) 30)
P=8e@ ™ AT e eyt
4
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and using (2.10), we deduce that

« A at+l,

Integrating (2.11) from to (t2 € [t1,00)T) to t, we arrive at

' N\ A(g) )t (s
/tz [Wﬁ_a“’(s)ﬁ (S)(Rz(;éﬂ))) _<a+11)a+1 & (ﬁ)c3<s> O] A < w(ta).

which contradicts (2.9).
Case 2. If z satisfies case (1), then lim;_,o, z(t) = 0 due to Lemma 2.3. The proof is complete. O

Remark 2.1. On the basis of Theorem 2.2, one can obtain Philos-type oscillation criteria for equation (1.1).
The details are left to the reader.

Example 2.1. For ¢t € [1,00)r, consider the second-order superlinear Emden—Fowler neutral delay dynamic

equation
1 (N2 Ly st
Ry LB () = 1 . 2.12
(«0-32(5)) +32*(5) =0 1950 (212)

Let B(t) = 1. It follows from Theorem 2.2 that every solution x of equation (2.12) is either oscillatory or satisfies
lim; o z(t) = 0.

Remark 2.2. For a class of second-order neutral delay dynamic equations (1.1), we derived two new oscillation
results which complement and improve those obtained by Zhang et al. [29]. A distinguishing feature of our
criteria is that we do not impose specific restriction o = 3. Since the sign of the derivative z* is not known,
it 4s difficult to establish sufficient conditions which ensure that every solution x of (1.1) is just oscillatory and
does not satisfy lim; oo x(t) = 0. Neither is it possible to use the technique exploited in this paper for proving
that all solutions of (1.1) approach zero at infinity. As mentioned in the paper by Zhang et al. [29], it would be
of interest to study (1.1) in the case where Lzo ra (DAL < oo.
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Abstract

In a group decision making (GDM) situation with qualitative settings and complex environments,
experts may require intervals with corresponding possibility values, rather than only interval-
valued hesitant fuzzy sets (IVHFSs) or probability-hesitant fuzzy sets (P-HFSs), to express their
preferences. In this paper, in line with such situations, probability-interval valued hesitant fuzzy
sets (P-IVHFSs) are presented to address GDM problems with hesitant fuzzy intervals and the
corresponding possibility values. A P-IVHF'S can serve as an extension of both a P-HFS and an
IVHFS. As important tools in GDM, P-IVHFSs can describe the actual preferences of decision-
makers and better reflect their uncertainty, hesitancy, and inconsistency, thus enhancing the
modeling abilities of HF'Ss. Firstly, the concept of P-IVHFSs is defined, and then some properties
of P-IVHFSs are presented. Furthermore, probability-interval valued hesitant fuzzy preference
relations (P-IVHFPRs) are defined and the consistency of P-IVHFPRs is discussed. Then,
based on related research, a decomposition method is developed to deal with the consistency of
P-IVHFPRs. Finally an example is provided to illustrate the proposed approach.

Keywords:
Decision making, Fuzzy sets, P-IVHFS, Preference relation, Consistency

1. Introduction

Torra initiated the notable concept of HFSs, which represented a new generalization for
fuzzy sets, as this method permits an element to have not just one but a set of several possible
membership values. Consequently, HFSs can describe the hesitancy experienced by decision
makers (DMs) in the decision-making process. As a result of this innovation, the HFS has
attracted an increasing amount of attention in academia since its introduction. In recent years,
there have been a number of developments regarding the theory of HFSs. For example, Xu and
Xia defined the concept of the hesitant fuzzy element (HFE), which can be considered to be the
basic unit of a HFS. Moreover, Rodriguez et al. proposed the hesitant fuzzy linguistic term set
to deal with linguistic decision making. Chen et al. extended HFSs to IVHF'Ss, which represent
the membership degrees of an element to a set with several possible interval values. Farhadinia
proposed a series of score functions for HFSs and Wei, Zhang, Yu, and Ai et al. studied their
aggregation operators. Farhadinia, Xu and Xia, Peng et al., and Chen et al. discussed the
information measures of HFSs. Wang et al. studied the interval-valued hesitant fuzzy linguistic
set, which can serve as an extension of both a linguistic term set and an interval-valued hesitant
fuzzy set. Finally, Wu and Xu presented the concept of possibility distribution for a hesitant
fuzzy linguistic term set and Zhu and Xu extended HFSs to P-HFSs.

* Corresponding author. Tel: +86 28 85418191; Fax: +86 28 85415143.
E-mail address: xujiuping@scu.edu.cn(J. Xu)
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In group decision making (GDM) problems with fuzzy preference relations, some of the ex-
perts’ preference properties are often assumed and it is desirable to avoid contradictions or,
in other words, inconsistent opinions. One of these properties is associated with the pair-
wise comparison transitivity between any three alternatives. For fuzzy preference relations, the
transitivity has been modeled in many different ways depending on the role of the preference
intensities. The purpose of consistency control is to measure the level of consistency of each
individual preference relation so as to identify the expert, alternative and preference values that
are the most inconsistent within the GDM problem. This inconsistency identification is also
used to suggest possible new consistent preference valuee.

In the process of GDM, preference relations are very popular tools for expressing the DM’s
preferences when they compare a set of alternatives. Various types of preference relations have
been suggested for different environments. For example, Orlovsky proposed the concept of fuzzy
preference relations, and Xu introduced the concept of interval fuzzy preference relations to
express uncertainty and vagueness. In many practical decision making problems, due to a lack of
available information, it may be difficult for DMs to quantify their opinions precisely with a crisp
number; however they can be represented by an interval number within [0, 1]. This means that it
is vital to introduce the concept of IVHFSs, which permit the membership degrees of an element
to a given set to have some different interval values. Chen et al. introduced interval-valued
hesitant preference relations and their applications to GDM. Moreover, Farhadinia discussed
the information measures of IVHFSs and Wang et al. developed interval-valued hesitant fuzzy
linguistic sets, and discussed their applications in multi-criteria decision-making problems.

However, in a GDM situation with qualitative settings and in complex environments, ex-
perts may require intervals with corresponding possibility values rather than only IVHFSs or
P-HFSs, to express their preferences. Consider the following case for example: the DMs of a
large organization discuss the membership of z into a set A; forty percent of them want to
assign values between 0.3 and 0.4, while the remaining sixty percent wish to assign values be-
tween 0.5 and 0.6. At this point, interval numbers with probability values can be used, i.e.,
{[0.3,0.4](40%), [0.5,0.6](60%)}, or {[0.3,0.4](0.4),[0.5,0.6](0.6)}, to represent the preferences
of the large organization. In accordance with such cases, in this paper, P-IVHFSs are presented
to address GDM problems with hesitant fuzzy intervals and the corresponding possibility val-
ues. A P-IVHFS can serve as an extension of both a P-HFS and an IVHFS. Furthermore, as a
powerful tool in GDM, P-IVHFSs can describe the actual preferences of decision-makers flexibly
and better reflect their uncertainty, hesitancy, and inconsistency , and thus enhance the mod-
eling abilities of HF'Ss. The consistency of preference relations has become a research topic of
great interest in recent years. For example, Liao et al. defined the concept of the multiplica-
tive consistent hesitant fuzzy preference relation. Furthermore, Wu and Xu developed separate
consistency and consensus processes to deal with the hesitant fuzzy linguistic preference rela-
tions of individual rationality and group rationality. Zhu and Xu proposed the concept of the
probability-hesitant fuzzy preference relation. As mentioned earlier, to date there has been a
great deal of research into preference relations and interval preference relations. Nevertheless, in
a probability-interval valued hesitant fuzzy environment, it is still not known how to calculate
or improve the consistency of preference relations. Therefore, this study focuses on resolving
this problem.

In this paper, based on the P-HFS and IVHFS, a definition of P-IVHFS is provided, and the
relationship between the P-HFS, IVHFS and P-IVHEFS is illustrated. Furthermore, motivated
by the comparison method of HFEs, the comparison method of P-IVHFEs is defined. Addi-
tionally, inspired by the operations of IVHFEs, the complement, union and intersection and
operational laws of P-IVHFEs are provided. Moreover, based on related studies, the definition
of P-IVHFPRs is also provided. Subsequently, the consistency of P-IVHFPRs is discussed, using
the multiplicative transitivity to verify the consistency of a P-IVHFPR. Finally, based on the
method in a hesitant fuzzy environment, some definitions related to multiplicative consistent P-
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IVHFPRs are provided, and a decomposition method to repair the consistency of P-IVHFPRs
is proposed.

The rest of this paper is organized as follows. In Section 2, some concepts and properties
associated with the topic are briefly reviewed. In Section 3, P-IVHFSs are proposed and some
of their properties are discussed. In Section 4, P-IVHFPRs are proposed and in Section 5, the
consistency of P-IVHFPRs is discussed. In Section 6, based on the multiplicative consistency
of hesitant fuzzy preference relations, a decomposition method to deal with the consistency of
P-IVHFPRs is proposed. Finally an example is provided to illustrate the algorithm.

2. Preliminaries

In this section, some concepts and properties associated with the topic are briefly reviewed.

Definition 1. Let @ = [a”,aV] = {z]a” < 2 < Y}, and then a is called an interval number.
For convenience, interval numbers are sometimes also called interval values. In particular, if
at =dY, a is a real number. If a¥ > 0, then a is called a positive interval number.

For any two positive interval numbers a = [a”, aV],b = [b¥,bY] and X > 0,8 > 0, then

(1) a=bifa* = b and a¥ = bV;

(2) @+ b= [a" + b, aV +bY];

(8) a-b=[a"- b" a - bY);

(4) A\a = [Aa”, AaV];

(5) @ = la*,a"]* = [(a")°, (a¥)"); oo

i _ slakal] _ oo grsal saU oL caUvr ) [0%,67], if0<d<,
(6) 6% =6 = [min{§*", 0% }, max{d® ¢ }}—{ [5aL’6aU]’ i8> 1

Definition 2. [29] Let a3 = [al,a¥] and as = [a%,dY] be two interval numbers, and len(a;) =

ay —al, len(ag) = a¥ — a%, then the degree of possibility of a1 > as is defined as follows:
aj —ay

p(a; > az) = max{l — max{len(&l) +len(ay)’ 0},0} (1)

Similarly, the degree of possibility of as > a1 is defined as follows:
oV — b

p(ag > a1) = max{l — maX{len(dl) len(ag)’

0},0} (2)

Based on Definition 2, the following results hold:
(1) 0<p(@a >ag) <1, 0<plaz>a) <1
(2) p(ay > az) + p(az > a1) = 1. Especially, p(a; > a1) = p(az > az) = 1.

Definition 3. [15, 16] Let X be a universal set, a hesitant fuzzy set (HFS) on X is in terms
of a function that when applied to X returns a subset of [0, 1].
To be easily understood, the HFS can be expressed by a mathematical symbol [21]:

A= {<x,i;,g(x>> ]a:eX}

where iNLA(a;) is a set of some values in [0,1], denoting the possible membership degrees of the

element x € X to the set A. iLA(:E) is called a hesitant fuzzy element (HFE) and © the set of all
HFEs [22].

For three HFEs h, h; and hgy, Torra and Narukawa [15, 16] defined the corresponding com-
plement, union and intersection, namely

(1) B¢ = Uyen{l —7};
(2) hiUhg = Uy €hi yo€hs max{y1,7v2};
(3) hl N h2 = m’YlGh;{,’Ythz min{fYL 72}
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Operational laws on the HFEs h, h1 and hy have been given as follows [22]:

1) b = Uyen{v*}, A > 0;

2) Ah = Uyep{l — (1 =)}, A > 0;

3) h1 @ ha = Uy ehy yocho i1 + 72 — M172}
4) b1 ® ha = Uy, eny poen {72}

Definition 4. [2] Let X be a universal set, and DI0,1] be the set of all closed subintervals of
[0,1]. An interval-valued hesitant fuzzy set (IVHFS) on X is

A:{<azz,f~1( )>|xZEXz—12 }

where im(:ci) : X — DI0,1] denotes all possible interval-valued membership degrees of the el-

ement z; € X to the set A. For convenience, we call fLA(:L'i) an interval-valued hesitant fuzzy
element (IVHFE), which is denoted by

haws) = {3]7 € bz }
Here 7 = [7,3Y] is an interval number. 3* = inf7 and 3V = sup7 represent the lower and

upper limits of 7, respectively. When the lower and upper limits of the interval numbers are
identical, IVHES reduces to HFS [15]. Namely HFS is a special case of IVHFS.

Example 1. Let X = {21, 22} be a universal set, and the two IVHFEs h 5(21) = {[0.1,0.3],[0.4,0.5]}

and h ; (:Ug) = {[0.1,0.2],[0.4,0.6],[0.7,0.8]} denote the membership degrees of x;(i = 1,2) to the
set A. A is an IVHFS, where

A = {(21,{[0.1,0.3],]0.4,0.5]}), (x2, {[0.1,0.2], [0.4, 0.6], [0.7,0.8]})}

Definition 5. [2] For an IVHFE h, s(h) = % >_sei, 7 is called the score function of h where l,

is the number of the interval values in h, and s(h) is an interval value belonging to [0,1]. For
two IVHFEs hy and hg, if s(hl) > S(hg) then hy > ho.

Definition 6. [2] For three IVHFEs h, hy and ha, the corresponding complement, union and
intersection and operational laws have been given as follows. If 3% = AV, then the following
operations reduce to those of HFFEs:

(1) he = {[1=7Y,1 =71 [ e bk
(2) hi U hy = {[max(5F,5%), max(3V, 3Y)] ‘11 € hi,32 € ho };
(8) a1 hy = {min(5£,54), min(5¢', 5] |51 € b, 2 € Bz )
(4) B = {GM G |7 € hp A > 0;
(5) M= {11 = (1 =7 1= (1 =39 [ € B} A > 05
(6) by & ho = {(3 + 35 =41 35,47 + 35 =47 - 38] | € b1, %2 € ha )y
(7) by @ bz = {13 - 3,37 - 351 |1 € b, 7 € ha}.
3. P-IVHFS

Inspired by the P-HFS [19, 37] and IVHFS [2], the definition of a P-IVHFS is provided.
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Definition 7. Let X be a universal set, and D[0, 1] be the set of all closed subintervals of [0, 1].
A P-IVHFS on X is

A= {<$z,ﬁg(xz7ng)>|xz GX,i: 1,2,...,7’L, ]: 1727"->mi}

where Z?leij =1, m; denotes the number of the interval values in iLA(a:i,pij), pij denotes the
corresponding probability of the jth interval value in ﬁg(xi,pij), and I}A(xi,pij) : X — D[0,1]
denotes all possible interval-valued membership degrees of the element z; € X to the set A. For
convenience, h i(xi,pij) is called a probability-interval valued hesitant fuzzy element(P-IVHFE),
which is denoted by

hz(xi, pij) = {:Y ’:Y € Ej(wiapij)}

Here 7 is an interval number with a corresponding possibility. For simplicity, P-IVHFE can be
denoted by hi, i =1,2,---. A P-IVHFE is the basic unit of a P-IVHFS, and the former can be
considered as a special case of the latter. The relationship between a P-IVHFE and a P-IVHFS
is similar to that between an IVHFE and an IVHFS [2].

Suppose that 4% = inf4 and 3V = supd represent the lower and upper limits of 7, re-
spectively. When the lower and upper limits of the interval numbers are identical, the interval
numbers are reduced to crisp numbers, and a P-IVHFS is reduced to a P-HFS. Thus, a P-HF'S is
a special case of a P-IVHFS. Meanwhile, it is clear that without the probability description p;;,
that is the probability values p;j(j = 1,2,---) are identical, a P-IVHFE is reduced to an IVHFE,
and a P-IVHFS is reduced to an IVHFS. Thus, an IVHFE is a special case of a P-IVHFE, and
an IVHFS is a special case of a P-IVHFS.

Example 2. Let X = {x1,x2} be a universal set, and the two P-IVHFEs

A(xl,plj) = {[0.2,0.3] (p11 = 0.4), [0.5, 0.6] (p12 = 0.6)}
i(z2,p25) = {[0.1,0.2](p21 = 0.3),[0.3,0.5](p22 = 0.5), [0.6,0.7](p23 = 0.2)}

S

denote the membership degrees of z;(i = 1,2) to the set A. A is a P-IVHFS, where

A_{<m4mza$@n:&@,maam@mzuap, }
| (22,{[0.1,0.2](p21 = 0.3),[0.3,0.5](p22 = 0.5), [0.6,0.7](p2s = 0.2)})

Based on the comparison method of HFEs [21], the following comparison method of P-
IVHFESs is defined:

Definition 8. For a P-IVHFE, s(iz) = Z,YE;L p5 is called the score of fz, where ps is the

corresponding probability of 5. It is clear that s(h) is also an interval number.

Then by Eqs. (1) and (2), we can get the possibilities of s(hy) > s(ha) and s(hy) > s(h1),
namely p(hy > hy) and p(hy > hy).

If p(S(iLl) > s(ii,g)) > 0.5, then s(le) is superior to s(ﬁg), and thus hy is superior to hs,
denoted by iL1 > Bz or ilg < ﬁl.

If p(s(h1) > s(ha)) < 0.5, then s(hy) is superior to s(hy), and thus hy is superior to hi,
denoted by 712 > le or ill < Bg.

In particular, if p(s(hy) > s(hg)) = 0.5, then hy is indifferent to hy, denoted by hy ~ hy.

Example 3. In Example 2, for the two P-IVHFESs

h1 = {[0.2,0.3](p11 = 0.4), [0.5,0.6](p12 = 0.6)}
ha = {[0.1,0.2](p21 = 0.3), [0.3,0.5](p22 = 0.5), [0.6,0.7](p23 = 0.2)}

according to Definition 1, we have

s(h1) = [0.2,0.3] x 0.4 + [0.5,0.6] x 0.6 = [0.38,0.48]
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s(hg) =1[0.1,0.2] x 0.3+ [0.3,0.5] x 0.5+ [0.6,0.7] x 0.2 = [0.3,0.45]
Using Definition 2, we obtain

0.45 —0.38

p(s(h1) > s(hy)) = max{1l — max{m,

0},0} =0.72

which indicates that le > iLg.

To be easily formulated, a P-IVHFE can be denoted by h = {['Vf,'?fj](p[#mz]]) 5 € h},

for simplicity, denoted by 7 = {[3%,5"](ps,) "% € h}, where ppsr vy (or p3,) denotes the cor-

responding probability value of [77,7Y] (i.e., 7;). Based on the operations of IVHFEs [2], the
complement, union and intersection and operational laws of P-IVHFEs can be provided as fol-
lows:

Definition 9. Let h, hy and hy be three P-IVHFEs, then

(1) he = {11 =47, 1 = 311(p3,) |3 € h};

(2) 7y U hy = {[max(7F, 3), max(3, %)](ps, - pso) |1 € b1, 72 € ha };

(3) ha N hg = {[min(3F, 55), min(3Y, 3)](p5, - ps,) |1 € b1, 52 € ha };

(@) 2> = {[(3E), BN (o) |3 € B}

(5) A ={[1— (1 =3 1= (1 =30 (ps,) |3 € b}, A > 0;

(6) ha @ hy = {[ + 75 =3 - 35,3 + 35 = - 313, - p3) |71 € I, 32 € ha
(7) hy @ hg = {[7F - 34,37 - 351 (5, - p3) |1 € b1, 2 € Do}

It is clear that without the probability description p;;, that is the probability values p;;(j =
1,2,---) are identical, then the operational laws of P-IVHFEs are reduced to those of the
IVHFESs.

Theorem 1. When IVHFEs are extended to P-IVHFEs, the following operational laws [2] still
are true in the P-IVHFES environment. Let h h1 and hg be three P-IVHFEs, then

(1) by @hQ = hz EBhl,

(2) }NL1 ®h2 = h2 ®h1,

(3) )\(hl D hg) = /\h1 D /\hg,)\ > 0;
(4) (b1 @ ho)* = I} @ hy, A > 0;
(5) Mh @ Aah = (M + A2)hy A1, A2 > 0;
(6) b & hAQ = h1t22) A A > 0.
(7) h§ U RS = (hn N o)

(8) hjﬂ 2: (~h1Uh2) ;

(9) () = (Ah);

(10) A(h°) = (h*)%

(11) h§ @ h§ = (hy ® h2)*;

(12) iL‘i ® }ng = (ill D iLQ)C

Since they can be proven analogously, like those in an IVHFS environment, they are just
listed without any proof. Meanwhile, according to Definition 9, the following operational laws
also hold:
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Theorem 2. Let B, Bl and ﬁg be three P-IVHFEs, then

(1) (BUBl)UEQ hU(h1Uh2)
(2) (iLﬂiLl)ﬂiLg iLﬁ(hlﬂhQ)
(3) (h @ h1) ® ho =h @ (hy @ hy);
(4) (h® h1) @ hy = h® (hy @ ha).

Proof. In the following, only (3) is proven; others can be obtained directly by Definition 9.
Suppose that

h={"4"1(p5) |5 € h}; o = {37, 37 1(p5) ‘71 € h1}; ho = {[35,75 )(ps,) |32 € ha },

then according to Definition 9,

hoh = {7 +3f =3 5,37 +40 =37 41w pa) [F € b €
1s obtained, therefore,
(h @ hy) @ ho
={[G" +3 =3"-3) +3 - G" +4F = 3% -40) -3, Y +37 =3Y - A) + 4

—(iUJr%]—“?U'%U)ﬁzU]((p&’P%)‘mz)hEilfh € h1, %2 € ho}
={[’NYL+’~Y1L+’VQL—’YL"YL—?L"YzL—’Yf"VQLJr’YL"71L'WQL,’7U+‘Y?+’7§]—’?U'%J
—AV-3Y = A7 - AY +3Y AV A8 (p5 - pa - 32) |7 € b oA € ha, A2 € o}

Likewise,
ha (h1 @ ha)
= {[5" + GE + 3% 4 -35) - 75 - GF + 3% - 3F 35,77 + Y+ - 3 - 5F)
=3V (37 +3 =7 - A0 - (93, - ps.)) ”7 €h,y € h1,% € ha}
={B" +A +3 =A% AL - A A A AR AT gAY AT A AT AT
V-3 =47 -3 +3Y -4V - A8 105 - pay - psn) ”7 €h,y1 € h1,% € ha}
can be obtained. Therefore, we have

(h® hy) ®hy = h® (hy & hs)

which completes the proof. O

4. P-IVHFPRs and Consistency

In this section, we present P-IVHFPRs and discuss their consistency.

4.1. P-IVHFPRs

In the GDM process, preference relations are very popular tools for expressing the DM’s
preferences when they compare a set of alternatives. Various types of preference relations have
been given for different environments [2].

In order to represent preference relations more objectively, suppose that DMs are allowed
to provide several possible interval fuzzy preference values and the associated probability values
when they compare two alternatives, then we get the following P-IVHFPR:
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Definition 10. Let X = {z1,z2,...2,} be a universal set. A P-IVHFPR on X is denoted
by a matrizc R = (hw)nm C X x X, where hw = {hw(pzj) t=1,2,--- ,my;} is a P-IVHFE,
indicating all possible degrees to which x; is preferred to x; and the corresponding probability
values with m;; representing the number of intervals in the P-IVHFE. In addition, iLf] should
satisfy

inf BU( ) + sup hU(mw‘H t) = sup h;’j(t) +inf B?i(mij+1—t) _ 17
o(t) _ U(Wﬁl )
pz] ]1, Y

hi; = {[0 9, 05](]7: 1)}7 Lj=12--,n (3)

where we arrange the intervals in fzw in an increasing order, and let iij(t) be the tth smallest

interval in iLZ] inf iLU.(t) and suph 7 denote the lower and upper limits of ij(t) respectively,

pfj( ) an nd p U(m”H D denote the corresponding values of ﬁfj(t) and B?i(mij—i_l_t)

denotes the corresponding value is equal to 1.

respectively, p =1

Example 4. The following matriz in which every element is a P-IVHFE can represent a
probability-interval valued hesitant fuzzy preference relation:

o ( {[0.5,0.5](1)} {[0.4,0.5](0.6), [0.7,0.8](0.4)} {[0.5,0.6](1)} )
Re = (hij)sxs = | {[0.2,0.3](0.4),[0.5,0.6](0.6)} {[0.5,0.5](1)} {[0.3,0.4](0.2),[0.5,0.7](0.5), [0.8,0.9](0.3)}
{[0.4,0.5](1)} {[0.1,0.2](0.3), [0.3,0.5](0.5), [0.6,0.7](0.2)} {[0.5,0.5](1)}

where ftij denotes the group preference degree that the alternative x; is superior to the alternative
Zj.

Motivated by [2, 35], it can be explained how the elements in the matrix are obtained.
Take hg3 as an example. Since has represents all possible probability-interval valued preference
degrees to which z3 is preferred to x, its values come from hds = [0.1,0.2], h3; = [0.3,0.5],
h3; = [0.6,0.7] which is provided by a DM. The DM is sure that the preference value is the
interval [0.1,0.2] with a probability of 30%, and the interval [0.3,0.5] with a probability of
50%, and the interval [0.6,0.7] with a probability of 20%. Therefore, the has can be denoted
by {[0.1,0.2](0.3),[0.3,0.5](0.5), [0.6,0.7](0.2)}. Similarly the symmetric element of has, i.e.,
hsz can be denoted by {[0.3,0.4](0.2),[0.5,0.7](0.5), [0.8,0.9](0.3)}. Other symmetric elements
izij and Bji in R, are obtained in an analogous way, and satisfy the complementary properties
defined in Eq.(3). In addition, when ¢ = j, IN”LZ-]- represents the preference degree to which z;
is preferred to itself; namely, it is preferred equally , therefore hy = {[0.5,0.5](1)}(@ = 1,2, 3).
Through the above procedure, the aforementioned matrix R. is obtained.

4.2. The Consistency of P-IVHFPRs

Cardinal consistency is a stronger concept than ordinal consistency. In the analytic hierarchy
process, Saaty [13] first addressed the issue of consistency, and developed the notions of perfect
consistency and acceptable consistency. Ordinal consistency is based on the notion of transitivity,
meaning that if A is preferred to B and B is preferred to C, it perceives A to be preferred to C,
which is normally referred to as weak transitivity [4, 26]. The weak transitivity is the minimum
requirement condition to ensure that the hesitant fuzzy preference relation is consistent. There
are further two conditions, named additive transitivity and multiplicative transitivity [14] which
are more restrictive than weak transitivity and can imply reciprocity. Even though both additive
transitivity and multiplicative transitivity can be used to measure consistency, the additive
consistency may produce infeasible results [27]. Thus, the multiplicative transitivity is also used
to verify the consistency of a P-IVHFPR.

Let U = (uij)nxn, where u;; denotes a ratio of preference intensity for the alternative A; to
that for A;. Then the condition of multiplicative transitivity can be rewritten as follows:

Ui Uj ki = Uik Wk jUsji (4)
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Under the assumption of reciprocity, and in the case where (u;,ur;) ¢ {(0,1),(1,0)}, Eq.(4)
can be expressed as follows [4]:

Ui UL
uikukj + (1 — uzk)(l — ukj)

Uij = ()
in the case where (u, ux;) € {(0,1),(1,0)}, stipulating u;; = 0.

Based on the multiplicative consistency of hesitant fuzzy preference relations, and using a
decomposition method, the following definition is obtained:

Deﬁnltlon 11. Let R = (fuj)nxn be a P-IVHFPR on a fixed ~set X ZN{w1,$2,~~-- ,Tn} and
hij = {hZJ (pi;); t = 1,2,--- ;my;} be a P-IVHFE; suppose that hi; = [#hi;(x), thi;(x)], where
#hij( ) is the left endpoint of h., and Tﬁf]( ) is the right endpomt of hzj, let

57
{05(1)}  {#hla(p2)} -+ {#hl,00,)}
R (R (0l e — | (P10BDY (OB} oo (7,0}
{Tﬁin(piu)} {Tﬁiﬂ@fﬂ)} {o. 5( )}
“ht, if i<,
namely, Rf] = 0.5, ifi=7j, which means if i < j, taking the left endpoint of hw’ while
thiy, ifi>j

if i > j, taking the right endpoint of }szj And let

5} (L)} - (1R ]))
w:%%mm:{#%%” (05} (i, (4}

which means if i < j, taking the right endpoint of ht., while if i > j, taking the left endpoint of

7,] )
ht.. namely,

YK
—l-hz]7 /Lf/l’<]?
fij=< 05, ifi=j
#h1]7 Zf2>]

f~07" convenience, RA~ andf%B are called the decomposition of R, while R is the composition of
R4 and RB. Then R = (hij)nxn is multiplicative consistent if and only if RA and RP are both
multiplicative consistent, i.e., the following two conditions are satisfied simultaneously:

) 7o 0, o <)f(() Rik, Biy) € {({0}, {1}), ({1}, {0})}
1R;7v3: :‘spc‘sRo's o(s
J :—;k(.s) jlsb)Ra(s) aévs)_i_(l R;J(s))k§(8>(1—RZ§S>)pZ§S) ) OtheT'UJZSG,
foralli<k<j
. o if (R Fo) € ({0}, {11), ({1}, {O1)}
ie. Ry = W(S)w(s)R““ I?ﬁj('s) TION otherwise,
R, Rkj +(1-R;, )(17Rkj )
foralli<k<j
o(s) _, o(s) o(s)
Pij =P Py, S
0, if (FiesTry) € {({0}, {1}), ({1}, {0})}
(2) 7o(s) _ () 0()
& kg otherwise,

~a()..o'(.s +(1 o S))(l ~o(s))

foralli<k<]

o(s o(s) o(s)
pz] )_pzk( pk_](
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where ]-:ifj(s), Rfk(s) and RZJ(S) are the sth smallest values in Rij, Ry, and Rkj respectively; pfj(s),

pfk(s) and pzj(.s) are their corresponding probability values, respectively; F%(S), Fiak(s) ~U( )

the sth smallest values in 75, T, and Ty; respectively; and pfj(s), pfk(s) and pzj(.s)

sponding probability values, respectively.

and T are

are thezr corre-

If without the probability description and #hf, = thl,, # Thkj, then Definition 11 is
reduced to that of a hesitant fuzzy preference relatlon

It can be proven that any P-IVHFPR R= (hw)gw is multiplicative consistent.

By extending the definitions in a hesitant fuzzy environment, the following definitions in a
probability-interval valued hesitant fuzzy environment are obtained:

Deﬁmtlon 12. Let R = (hij)nxn be a P-IVHFPR on a fized set X = {1,229, - ,x,} and
hij = {hw (p”) t=1,2,--- ,my;} be a P-IVHFE in which m;j represents the number of intervals
suppose that h [#ﬁ’;j(x), Tﬁfj(ac)], let

{051} {#hls0l)} - {F#hl 1)} ]
RA = (R (0 ) msen = {Thé}.@&)} {0:5‘(.1)} {#htgﬁ(‘Pén)}
{thiy (1)} {Thla(pho)} -+ {0.5(1)}
{05(1))  {thl()} - {ihL (1)) ]
RP = [, (o on = {#hzl(pﬂ)} {05( )} B {Th( n)}
{# nl(pnl)} {#hnz(Pnz)} {05( )}

t_hen we call E a prefect multiplicative consistent P-IVHFPR, if R is the composition of R* and
R, RA = (Rij(x))nxn(pgj)) RP = (Tij(z ))nxn(pgj)); and

il B2 (@) RZS) (2)
1 ik kj . .
_ i i S
=T 2 R @R @+ (- B @) (1R @) J
jo(s)(x) _ RZ(S)(.T), it1=j (6)
(05, i=j
1- R (@), i>j
( 7j—1 ~U(s)( )..a(s)(m)
1 . .
o(s ~o(s ~o(s ~o(s 9 + 1 <
" g1 k%l o (@) (@) + (17 ¢ D @1- @) J
@) =S @), i+1= (1)
{0 5}7 1= J
1- 7 @), >
Ji ’

\

U_Jhere sz(s) (x), f%fk(s) (x), RZJ(S) (x), FZ»(S) (x), ng(s) (x), fgj(.s) () denote the sth smallest values in
Rij(x), Rig(x), Rij(x), rij(z), Fa(x), Trj(x) respectively, and s = 1,2,--- 1,1 = max{m;k, Mk;},

in which mgy, my; represent the number of intervals in hy, and hy; respectively.

If the two endpoints of the intervals are considered, the two corresponding probability-
hesitant fuzzy preference relations are multiplicative consistent, thus it is believed that the
P-IVHFPR is multiplicative consistent.

Definition 13. Let R = (Bij)nxn, RA, RB, RA, R® be as before, then we call R= (fzij)nxn an
acceptable multiplicative consistent P-IVHFPR if

d(R*, R*) < 0
d(RB, RB) < b
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where d(}:EA, RA) is the distance measure between RA and R, d(R®, RP) is the distance measure
between RB and RP. d(RA, R?) and d(R®, RP) can be calculated by the following Eqs.(8) and
(9). 0y is the consistency level. We usually take 6y = 0.1 in practice.

4.8. An Iterative Algorithm for Improving the Consistency of P-IVHFPR

In general, the P-IVHFPR constructed by the decision maker often has an unacceptable
multiplicative consistency which means d(R*, R4) > 6y or d(RP, RP) > 6. At this time, it is
necessary to adjust the elements in the P-IVHFPR in order to improve the consistency. Based on
the algorithm in a hesitant fuzzy environment [9], An iterative algorithm is proposed as follows
to repair the consistency of the P-IVHFPR.

An Iterative Algorithm for Improving the Consistency of P-IVHFPR

Input: P-IVHFPR R = (fzij)nxn; k, the number of iterations; §, the step size, 0 < A = ké < 1;
Ao, the consistency level. Hereby we take 6y = 0.1.

Output: P-IVHFPR R® with satisfactory consistency.

Step 1. Let k = 1, and construct a perfect multiplicative consistent P-IVHFPR R, where R
is the composition of R4 and R?, R* = (R;j(z))nxn, R® = (7ij(x))nxn- R* and RP are defined
in Definition 12.

Step 2. Calculate the deviations d(R*)4, R4) and d(R*™?, RP). Egs.(8) and (9) are given
as follows:

~ = nono [Ty k)o(s o(s o(s
dHamming(R(k)AyRA) _ (n—l)l(n—Q) z:l Zl |:Z R( )o(s) sz( ) ij( ):|
S ®
~ = LA 4 k)o(s _o(s o(s
dHamming(R(k)BaRB) = m Z Z |: rz(j) ) Tij( ) pi]’( ):|
i=1j=1 Ls=1
or
%
~ — non i k)o(s 50 (s o(s 2
dEuclidean(R(k)AaRA) = [(n—l)l(n—2) Z Z <Z <Rz(j) ® Rz]( )> ng( ) >]
i=1j=1 \s=1
NG
~ — LA g k)o(s _o(s o(s 2
dBuctidean(BME, RP) = [(n1)1(n2) Zl Zl <Z1 (rz(j) e Tz’j( )) pij( ) >]
i=1j= s=

where Rgf)a(s),]?%(s),rgf)a(s),ffj(s) are the sth smallest values in R®4, RA RKB RE regpec-
tively. R4 and R¥E are the resolution of R(*). ~RA andNRB are the resolution of R, which is the
corresponding perfect multiplicative relation of R. If d(R®4, R4) < 6y and d(R®E, RB) < 6,

then go to Step 4; Otherwise, go to Step 3.

5 _(k)A
Step 3. Repair the inconsistent multiplicative P-IVHFPR, transforming RMA o R and
- _(k)B
R®B to R by using the following equations. We give Eqs.(10) and (11).
ﬁ(k)U(s) (RE?)U(S)>17A<R;(S)>)\
Z.] = o (s)\ 1™ [ 50(s)\ o(s)\ 1~ =o(s)\
(R70) 7 (RE9) 4+ (1B T (1 R7)
i?j:1a27"'7n (10)
o(s =X _o(s A
S(R)a(s) _ (57) 7)
K (T5§>v<s>)”(f;f;ﬁ)h(lfrgpv(s))H (17,;5](5:))A
i)j:1a2a"'>n (11)
~(k)a(s) (K)o ( ~(k) )o(s)

where R;; R, ) , R?j(s) are the sth smallest values in R;; ,Rg.g), Rij respectively, ?l(f
P K)o(s) zo(s) ~(k)A

s T , Ty are the sth smallest values in ?gf),rg?),ﬂj respectively. Let RE+DA = R° 7
“ (kB
RK+DB — R and k =k + 1, then go to Step 2.

J
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Step 4. Output R,

Step 5. End.

From the calculation process, it can be seen that the iterative process is convergent; for
example when we take A = 1. Therefore, only the steps are listed without providing any proof.

5. An Illustrative Example and Discussion

In this section, an example is used to illustrate the algorithm.

5.1. Ilustrative Example

A large project of Jiudianxia reservoir operation [2, 25] is employed to demonstrate the
validity of our approach. The reservoir is designed for many purposes, such as power generation,
irrigation, total water supply for industry, agriculture, residents and environment. Because of
different requirements for the partition of the amount of water, four reservoir operation schemes
x1, T2, x3 and x4 are suggested.

x1: maximum plant output, enough supply of water used in the Tao River basin, higher and
lower supply for society and economy;

x9: maximum plant output, enough supply of water used in the Tao River basin, higher and
lower supply for society and economy, lower supply for ecosystem;

r3: maximum plant output, enough supply of water used in the Tao River basin, higher and
lower supply for society and economy, total supply for ecosystem and environment, whose 90%
is used for flushing sands at low water period;

T4: maximum plant output, enough supply of water used in the Tao River basin, higher and
lower supply for society and economy, total supply for ecosystem and environment, whose 50%
is used for flushing sands at low water period.

To select the best scheme, the government assigns a large consultancy organization to eval-
uate four competing schemes. Due to uncertainties, the DMs give their preference information
regarding alternatives in the form of interval values with probabilities. Take schemes z; and
x9 as an example; the DMs evaluate the degrees to which x1 is preferred to xo, where 40%
give a rating of [0.2,0.3] and the remaining 60% give [0.5,0.6]. Assume that these DMs in the
consultancy firm cannot be persuaded each other to change their minds, the preference informa-
tion that xq is preferred to xo provided by the organization can be considered as a P-IVHFE,
i.e., {[0.2,0.3](0.4),[0.5,0.6](0.6)}. The preference information of the organization is listed as a

P-IVHFPR R.

R = (hij)axs
{0.5,0.5(1)} {104, 0.5](0.6), [0.7,0.8](0.4)}
| {102,0.3](0.4), [0.5,0.6)(0.6)} {[0.5,0.5](1)}
= {10.4,0.5)(1)} {0.3,0.4](1)}
{[0.5,0.6](1)} {[0.3,0.5](0.6), 0.5, 0.6](0.4)}
{0.5,0.6](1)} {0.4,0.5)(1)}
{[0.6,0.7](1)} {[0.4,0.5](0.4),[0.5,0.7](0.6)}
{[0.5,0.5](1)} {[0.1,0.2](0.3), [0.3,0.5](0.5), [0.6,0.7](0.2)
{[0.3,0.4](0.2), [0.5,0.7](0.5), [0.8,0.9](0.3)} {[0.5,0.5)(1)}

To get the optimal alternative, the following steps are adopted.

Step 1. First of all, let £ = 1 and construct the perfect multiplicative consistent P-IVHFPR R.
By Definition 12, we get

RA
{0.5(1)} {0.4(0.6),0.7(0.4)} {0.5(1)} {0.4(1)}
{0.3(0.4),0.6(0.6)} {0.5(1)} {0.6(1)} {0.4(0.4),0.5(0.6)}
{0.5(1)} {0.4(1)} {0.5(1)} {0.1(0.3),0.3(0.5), 0.6(0.2)}
{0.6(1)} {0.5(0.6),0.6(0.4)} {0.4(0.2),0.7(0.5), 0.9(0.3)} {0.5(1)}

647 Jiuping Xu ET AL 636-655



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

RB
{0.5(1)} {0.5(0.6),0.8(0.4)} {0.6(1)} {0.5(1)}
{0.2(0.4),0.5(0.6) } {0.5(1)} {0.7(1)} {0.5(0.4),0.7(0.6) }
{0.4(1)} {0.3(1)} {0.5(1)} {0.2(0.3),0.5(0.5), 0.7(0.2)}
{0.5(1)} {0.3(0.6),0.5(0.4)} {0.3(0.2),0.5(0.5), 0.8(0.3)} {0.5(1)}
Therefore, according to Eq.(6), we have
Ra(l) — R({él)égél) _ 0.4%0.6 =05
1 R(fz(l)R;’él)Jr(lfR;(l))(lngél)) 0.4x0.6+(1—0.4) x (1—0.6) .
o(1) — 0.6
P13 :
_0_(2) U(Q)RU(Q) ) ) o
R13 0(2)R0(2)+(1 RJ(Q))(I Ra(2)) 07><06+(()]_77X007§><(1706) - 0 778
pis = 0.4

where Ry, i.e., {0.6(1)} can be regarded as {0.6(0.6),0.6(0.4)}. So,
R13 = {0.5(0,6),0.778(0.4)}

hence,
R31 = {0.222(0.4),0.5(0,6)}

Analogously, by Eq.(6), we have

Ro _1(____ REVREY RIS RSY
1 2 \ BRI R - | R R0 R (- Fa)
s=1,2,---

Similar to the previous method to deal with P-IVHFE {0.6(1)}, in order to facilitate observing
the probability values, R34 = {0.1(0.3),0.3(0.5),0.6(0.2)} can be regarded as, or in other words,

R34 = {0.1(0.3),0.3(0.5),0.6(0.2)}
= {0.1(0.3),0.3(0.1), 0.3(0.2), 0.3(0.2),0.6(0.2) }

Similarly,
Ri12 ={0.4(0.6),0.7(0.4)}
= {0.4(0.3),0.4(0.1),0.4(0.2),0.70.2),0.7(0.2) }
Ray = {0.4(0.4),0.5(0.6)}
= {0.4(0.3),0.4(0.1),0.5(0.2),0.5(0.2),0.5(0.2) }
Rz = {0.5(1)}
= {0.5(0.3),0.5(0.1),0.5(0.2),0.5(0.2),0.5(0.2) }
therefore,
0_(1) J(I)Ro'(l) ”U(l)Ro’(l)
R - RU(l)RU(1)+(1 Ro(l))(l Ra(l)) a(l)Ro(1)+(1 Ru(l))(l Ro(l))
_ 1 0.4x0.4 + 0.5x0.1
~ 2 \ 0.4x0.4+(1-0.4)x(1-0.4) " 0.5x0.1+(1—0.5)x(1—0.1)
=0.204
P =03

Similarly, we have

R‘{f) = 0.304, (154()) = 0.1,

RIW =05, p7Y = 0.2,
R =0.65, pIi¥ = 0.2
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thus,

R4 = {0.204(0.3),0.304(0.1),0.35(0.2), 0.5(0.2), 0.65(0.2) }
R4 = {0.35(0.2),0.5(0.2),0.65(0.2),0.696(0.1), 0.796(0.3) }

Analogously, we get

Roy = {0.143(0.3),0.391(0.5),0.692(0.2)}
Ry2 = {0.308(0.2),0.609(0.5),0.857(0.3) }

hence,

{0.5(1)} {0.4(0.6),0.7(0.4)}
RA_ {0.3(0.4),0.6(0.6)} {0.5(1)}
{0.222(0.4),0.5(0,6)} {0.4(1)}
{0.35(0.2),0.5(0.2), 0.65(0.2), 0.696(0.1),0.796(0.3)}  {0.308(0.2), 0.609(0.5),0.857(0.3)}
{0.5(0,6),0.778(0.4)} {0.204(0.3),0.304(0.1), 0.35(0.2), 0.5(0.2), 0.65(0.2) }
{0.4(0.4),0.5(0.6)} {0.143(0.3),0.391(0.5), 0.692(0.2) }
{0.5(1)} {0.1(0.3),0.3(0.5), 0.6(0.2)
{0.4(0.2),0.7(0.5), 0.9(0.3)} {0.5(1)}

In the similar way, according to Eq.(7), we can obtain

{0.5(1)} {0.5(0.6),0.8(0.4)}
BB {0.2(0.4),0.5(0.6)} {0.5(1)}
{0.097(0.4),0.3(0.6)} {0.3(1)}
{0.159(0.2),0.248(0.2), 0.35(0.2), 0.45(0.1),0.614(0.3)}  {0.155(0.2),0.3(0.5),0.632(0.3)}
{0.7(0.6),0.903(0.4) } {0.386(0.3),0.55(0.1), 0.65(0.2), 0.752(0.2), 0.841(0.2)}
{0.7(1)} {0.368(0.3),0.7(0.5),0.845(0.2) }
{0.5(1)} {0.2(0.3),0.5(0.5), 0.7(0.2)}
{0.3(0.2),0.5(0.5), 0.8(0.3)} {0.5(1)}

Step 2. Calculate the deviations d(R*4, R4) and d(R®E RP).
Using Eq.(8), we get

(k)a(s) _ pols)
i

dHamming(RAyRA) = 4(71,1)1(”,2) Z > [ P;}(S)}
4 g O’ s =0 (s
%22 [Zl RO RO,
(105 — 0.5] x 0.6 + 0.5 — 0.778] x 0.4) + (10.204 — 0.4] x 0.3 + 0.304 — 0.4] x 0.1
+ yo 35— 0.4] x 0.2+ (0.5 — 0.4] x 0.2+ [0.65 — 0.4] x 0.2) + (|0.143 — 0.4] x 0.3
+10.391 — 0.4] x 0.1 + [0.391 — 0.5] x 0.4 +[0.692 — 0.5] x 0.2) + (0.5 — 0.222 x 0.4
+10.5 — 0.5] x 0.6) + (0.35 — 0.6] x 0.2+ 0.5 — 0.6] x 0.1+ [0.65 — 0.6] x 0.2
+10.696 — 0.6] x 0.1 + [0.796 — 0.6] x 0.3) + (0.308 — 0.5] x 0.2 + [0.609 — 0.5] x 0.4
+10.609 — 0.6] x 0.1 + |0.857 — 0.6] x 0.3)]

= 08092 — 0.135 > 6 = 0.1

=

Analogously, by Eq.(8), we can obtain

0.9152
=0.153 > 6y =0.1

dHamming(RB) RB) =
Therefore, R* and RP are both not multiplicative consistent P-IVHFPR. R* and R need to

be repaired by Egs.(10) and (11).
Step 3. Repair the inconsistent multiplicative P-IVHFPR.
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Hereby we try to assign a value, such as let A = 0.7, then

{0.5(1)} {0.4(0.6),0.7(0.4)}
E<I>A B {0.3(0.4),0.6(0.6)} {0.5(1)}
= {0.294(0.4),0.5(0,6)} {0.4(1)}
{0.423(0.2),0.53(0.2),0.635(0.2),0.669(0.1),0.745(0.3)}  {0.362(0.2),0.577(0.4),0.606(0.1),0.798(0.3) }
{0.5(0.6), 0.706(0.4) } {0.255(0.3),0.331(0.1), 0.365(0.2),0.47(0.2), 0.577(0.2) }
{0.4(0.4),0.5(0.6)} {0.202(0.3), 0.394(0.1), 0.423(0.4), 0.638(0.2) }
{0.5(1)} {0.1(0.3),0.3(0.5), 0.6(0.2)
{0.4(0.2),0.7(0.5), 0.9(0.3)} {0.5(1)}
{0.5(1)} {0.5(0.6),0.8(0.4)}
§<1>B B {0.2(0.4),0.5(0.6)} {0.5(1)}
- {0.157(0.4), 0.329(0.6) } {0.3(1)}
{0.238(0.2),0.315(0.2), 0.393(0.2), 0.465(0.1), 0.581(0.3)}  {0.191(0.2),0.3(0.4), 0.356(0.1), 0.594(0.3) }
{0.671(0.6),0.843(0.4)} {0.419(0.3), 0.535(0.1), 0.607(0.2), 0.685(0.2), 0.762(0.2) }
{0.7(1)} {0.406(0.3), 0.644(0.1),0.7(0.4),0.809(0.2) }
{0.5(1)} {0.2(0.3),0.5(0.5), 0.7(0.2)}
{0.3(0.2),0.5(0.5), 0.8(0.3)} {0.5(1)}

It follows that the normalized Hamming distance

~(D)A _
dHamming(R ~ ,R*) =0.037 < 0 = 0.1

B _
dHamming(R ~ , RP) =0.038 < 6y = 0.1

~( ~(1)B
Let R4 =R =~ R@B =R " | then we have

dHammin (RBP4, RA) = 0.037 < 0.1

dHamming(R(z)B,RB) =0.038 < 0.1
the normalized Hamming distances are less than the consistency level 0.1, so R4 and R®B
are the repaired RNA and RP respectively.
Step 4. Output R*).

The composition of R4 and RPE e,

{[0.5,0.5](1)}

{[0.2,0.3](0.4),[0.5,0.6](0.6) }

{[0.157,0.294](0.4), [0.329, 0.5](0.6) }
{[0.238,0.423](0.2), [0.315, 0.53](0.2), [0.393, 0.635(0.2), [0.465, 0.669](0.1), [0.581, 0.745](0.3)}

B@ —

{]0.4,0.5](0.6), [0.7,0.8](0.4)} {[0.5,0.671](0.6), [0.706, 0.843](0.4) }
{[0.5,0.5](1)} {[0.6,0.7](1)}
{[0.3,0.4](1)} {[0.5,0.5](1)}

{[0.191,0.362](0.2), [0.3,0.577)(0.4), [0.356, 0.606](0.1), [0.594, 0.798](0.3)}  {[0.3,0.4](0.2), [0.5, 0.7](0.5), [0.8,0.9](0.3)}
{]0.255,0.419](0.3), [0.33, 0.535](0.1), [0.365, 0.607](0.2), [0.47, 0.685](0.2), [0.577, 0.762] (0.2) }
{]0.202, 0.406](0.3), [0.394, 0.644](0.1), [0.423,0.7](0.4), [0.638, 0.809] (0.2) }
{[0.1,0.2](0.3),[0.3,0.5](0.5), [0.6,0.7](0.2)
{[0.5,0.5](1)}

is the repaired multiplicative P-IVHFPR . of R.
Step 5. The last step is to sort the four schemes (alternatives).
Using Definition 8, let p;; = p(}ég) > Rﬁ)), then we get the following complementary matrix:
0.5 1 1 0454
0 0.5 1 0.554
0 0 0.5 0
0.546 0446 1 0.5

If critical value A is allowed to be an appropriate value, such as a value between the largest and
the second largest value of p;;,i,7 = 1,2, 3,4 (not including 1), e.g., A = 0.55, and

Pii= 0, ifpy<A
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then further we get

an]}

I
o O O O
o O = O

1
1
0
1

o O O

According to p, we have

X1 >~ T2, L1 = T3,T2 > T3,T2 > T4,T4 > T3
namely,

T1 > T > T4 > I3

which indicates that the first scheme is the most desirable according to the opinion of the large
consultancy firm.

5.2. Discussion and Comparison

Having carefully analyzed the calculation process and results, the following conclusions can
be drawn:

(1) Since there are probability values in a probability-interval valued hesitant fuzzy envi-
ronment, after the multiplications, there are decimals which are not the integer multiples of
0.1 in the calculated results, such as 0.696,0.857,0.391 - --. If one searches the relevant docu-
ments on interval-valued preference relations, it can be found that this inevitably happens in
the calculation process. Therefore, future research could try and explain this phenomenon.

(2) It can be seen that there are overlapping intervals in the calculated results. Such as a
P-IVHFE;,

R = {]0.238,0.423](0.2), [0.315, 0.53](0.2), [0.393, 0.635] (0.2), [0.465, 0.669] (0.1), [0.581, 0.745)(0.3) }

where between the intervals [0.238,0.423] and [0.315,0.53], there is an overlapping interval
[0.315,0.423]. To deal with this problem, without a loss of generality, it is assumed that all

the interval values have a uniform distribution, then they can be changed into an equivalent

expression in which the intervals are not overlapping. For example, as for Rg), we have

0.238,0.423](0.2)
0433 —0933)» (0-315,0.393](0.2 x §:555=5:032), [0.393,0.423](0.2 x §:355=:55% )}
0.

={[0.238,0.315](0.2 x 3
= {[0.238,0.315](0.083), [0.315,0.393](0.084), [0.393, 0.423](0.033) }

In a similar way, we get
[0.315,0.53](0.2) = {[0.315,0.393](0.073), [0.393, 0.465](0.067), [0.465, 0.53](0.060) }

0.393,0.635](0.2) = {[0.393,0.465](0.059), [0.465, 0.581](0.096), [0.581, 0.635](0.045)}
0.465,0.669](0.1) = {[0.465,0.581](0.057), [0.581, 0.669](0.043)}

therefore,

R = {[0.238,0.315](0.083), [0.315, 0.393](0.084 + 0.073), [0.393, 0.465] (0.033 + 0.067 -+ 0.059),
[0.465,0.581](0.060 4 0.096 + 0.057), [0.581, 0.745](0.045 + 0.043 + 0.3)}
= {[0.238,0.315](0.083), [0.315, 0.393] (0.157), [0.393, 0.465](0.159),
[0.465,0.581](0.213), [0.581, 0.745](0.388) }

There are not any overlapping intervals in this new expression.
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It can be seen from the above example that P-IVHFPRs are useful in resolving large GDM
problems, because they express intuitively the uncertain and hesitant preference information
provided by each DM in a decision-making organization. This differs from the approach of
interval-valued fuzzy sets for GDM, where the opinions of the DMs based on a pairwise compar-
ison of alternatives, are first aggregated and, correspondingly, only the average interval-valued
preference information is obtained. However, the use of, P-IVHFPRs does not need to perform
such an aggregation and, hence, provides a more comprehensive description of the opinions of
these DMs [2]. In the above example, if the probability-interval valued preference information
is firstly aggregated at the beginning of the calculation, with regard to the probability values as
the corresponding weights, using Definition 8, e.g.,

s(h12) = ({[0.4,0.5](0.6),[0.7,0.8](0.4)})
=1[0.4 x 0.6+ 0.7 x 0.4,0.5 x 0.6 + 0.8 x 0.4] = [0.52,0.62]

then we get

R= (ilij)4><4
{[0.5,0.5](1)} {[0.4,0.5](0.6), 0.7, 0.8](0.4)}
| {10.2,0.3)(0.4), [0.5,0.6](0.6)} {[0.5,0.5](1)}
- {[0.4,0.5](1)} {[0.3,0.4](1)}
{[0.5,0.6](1)} {[0.3,0.5](0.6), [0.5, 0.6](0.4)}
{(0.5,0.6](1)} {(0.4,0.5](1)}
{0.6,0.7](1)} {[0.4,0.5)(0.4),[0.5,0.7](0.6) }
{[0.5,0.5](1)} {[0.1,0.2](0.3), [0.3,0.5](0.5), [0.6,0.7](0.2)
{[0.3,0.4](0.2), [0.5,0.7](0.5), [0.8,0.9](0.3)} {[0.5,0.5](1)}

(0.5,0.5] [0.52,0.62] [0.5,0.6] [0.4,0.5]
(0.38,0.48]  [0.5,0.5]  [0.6,0.7] [0.46,0.62]
(0.4,05] [0.3,04] [0.5,0.5] [0.3,0.45]
[0.5,0.6] [0.38,0.54] [0.55,0.7] [0.5,0.5]

— [s(hij)]axa =

Further, in the same way as before, let p;; = (s(hij) > s(hji)), then the following comple-
mentary matrix is obtained:

05 1 1 0

indicating that
X1 > T, X1 > T3,T2 = T3,T2 = T4,T4 = T1,T4 ™ X3
which is heavily inconsistent. Let

R O, 'Lf p/” < A

Only when we let critical value A > 0.75, can a consistent result be obtained. At this time,

0110
= oo 10
P=10000

1010

which indicates that

X1 > T2,T1 >~ T3,T2 > X3,T4 »~ T1,T4 = T3
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namely,
Tyg > T1 > T2 > T3

From the results of the calculations, one can find a difference in the ranking results derived
in these two approaches. The reason is that for each decision-making organization composed
of multiple DMs, a group’s preference value is obtained by aggregating (namely, averaging)
individual preference values. Such an aggregation actually amounts to implementing a trans-
formation of P-IVHFEs into an interval-valued fuzzy number. As a result, it leads to the loss
of information, which affects the final ranking results. Thus, the comparison clearly shows the
benefits of the proposed GDM approach based on P-IVHFPRs [2].

Compared with that in a hesitant fuzzy environment, this method’s implementation could be
far more sophisticated in a probability-interval valued hesitant fuzzy environment, but has led to
some new problems. For example, in order to get the equivalent expression in which the intervals
are not overlapping, it is assumed that all the interval values have a uniform distribution. If
they are not have a uniform distribution, but some other type, e.g., a normal distribution, it is
not known what would happen. Therefore this should be a topic for future research.

In spite of what has been mentioned above, compared with P-HFSs, IVHFSs and a possibility-
hesitant fuzzy linguistic term set, P-IVHFSs can describe the actual preferences of decision-
makers and better reflect their uncertainty, hesitancy, and inconsistency, and thus enhance the
modeling abilities of HF'Ss. The proposed method using P-IVHFSs has the following advantages.

First, compared with P-HFSs, P-IVHFSs can better depict uncertainty.

Second, compared with IVHFSs, P-IVHFSs can depict hesitancy more accurately and dif-
ferentiate intervals according to their possibilities.

Third, compared with a possibility-hesitant fuzzy linguistic term set, P-IVHFSs can express
the evaluation information more flexibly. Possibility-hesitant fuzzy linguistic term sets can
therefore be regarded as a special case of P-IVHFSs.

Although the representation of P-IVHFSs looks complex, they can depict fuzzy information
clearly and retain the completeness of original data or the inherent thoughts of decision-makers,
which is a prerequisite of guaranteeing the accuracy of final outcomes. Additionally, as far
as the applicability of P-IVHFSs is concerned, decision-makers can make a trade-off between
the features of P-IVHFSs and the relative computational cost. Moreover, the complexity and
amount of computation can be clearly reduced with the assistance of programming software [17].

6. Conclusion

In this paper, P-HFSs and IVHFSs have been extended to P-IVHFSs. As an important
tool in GDM, P-IVHFSs can describe the actual preferences of decision-makers and better re-
flect their uncertainty, hesitancy, and inconsistency, and thus enhance the modeling abilities of
HFSs. Based on related research, a decomposition method has been proposed to deal with the
consistency of P-IVHFPRs. A simulated example has also been provided to illustrate the use of
the proposed approach. The main contributions of this paper are summarized as follows.

(1) The concept of P-IVHFSs has been defined and some desirable properties of P-IVHFSs
have been discussed. P-IVHFSs are a natural development to manage the possible pref-
erences in decision making following the introduction of P-HFSs and IVHFSs.

(2) P-IVHFPRs have been proposed and the consistency of P-IVHFPRs has been discussed,
using the multiplicative transitivity to verify the consistency of a P-IVHFPR. Moreover,
a decomposition method has been proposed to deal with the consistency of P-IVHFPRs.

(3) Based on the multiplicative consistency of hesitant fuzzy preference relations, an iterative
algorithm has been proposed for improving the consistency of P-IVHFPR.

In future research, the developed theoretical structure could be extended to the probability

distributions of preferences on the intervals. Another potential area of research would be to
analyze the hesitant fuzzy information in P-IVHFPRs.
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ABSTRACT

In this article we study the existence of solutions and some of their qualitative behavior of the following rational

nonlinear difference equation
ATy —(2k+1)

Tn+1 = n:(),l,...,

)
b+ CTn—kLn—(2k+1)

where a, b and c are real numbers, k£ is a non-negative integer number and the initial conditions z_o5_1,
T_ok ,..., T_1, To are arbitrary non-negative real numbers. Also, the solutions of some special cases of the
equation under consideration will be obtained.

Keywords: recursive sequence, periodicity, solutions of difference equations.
Mathematics Subject Classification: 39A10

1. INTRODUCTION

During the last decade, the research on difference equations has been increasing. The fact that difference equa-
tions demonstrate themselves as mathematical models representing some real life phenomena is a significant
reason of this concern. For example, the are used in probability theory,economics, genetics in biology, geome-
try, electrical network, quanta in radiation, psychology, sociology, etc. Actually, no doubt that the difference
equations play and will play a remarkable role in applicable analysis and in mathematics generally.

Recently, many authors’ attention was on studying the global attractivity, boundedness character, periodicity
and the solution form of nonlinear difference equations. Now, we write some results in this area: Cinar [3—4]
obtained the solutions of the following difference equations

Tn—1 Tn—1

Tpa] = ——————, Tpal =
n+ 1+$n$n71, n+

B -1+ TnTp—1 .
Cinar et al. [5] discussed the solutions and attractivity of the difference equation

Tn—3
—14TnTn-1Tn—2Tn-3"

TIn4+1 =

Elabbasy et al. [8-9] looked at the global stability, periodicity character and derive the solution of some special
cases of the following difference equations

bx,, ALp—k

T+l = ——n -
B+]lizozn—i

Elsayed [13] examined the behavior and found the form of solution of the nonlinear difference equation

Tptl = ALy — —————
cry — dr,_q

bxnxnfl
Tptl = QGLp_1 + ———.
CTy + dT,_o
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In [2], Belhannache et al. investigated the global behavior of the solutions of the difference equation

A+ By _op 1
C+D Hle i

n—2

LTn+1 =

Karatas et al. [29] achieved the solution of the following difference equation

ATy —(2k+2)

%12 '
—a+][iZo" Tn—i

Tp+1 =

In [35] Simsek and Abdullayev found the solution of the recursive sequence

Ln—(4k+3)
1+ o Trm (bt 1) e—ke

Tp+1 =

Other related results on rational difference equations can be found in the references. [1-52].

Our aim in this paper is to investigate the dynamics of the solution of the following nonlinear difference

equation of higher order
ATy (2k+1)

b+ CTn—kTn—(2k+1) 7

Tn+1 = n=0,1,.., (1)

where a,b and c are real numbers, k a is non negative integer number and the initial conditions x_o5_1,
T_ 9k ,.-, T_1, T are arbitrary non-negative real numbers. Also, we obtain the solutions of some special
cases of Eq.(1).

Suppose that I is an interval of real numbers and let f : I**1 — I, be a continuously differentiable function.
Then for every set of initial conditions x_j,z_k41, ..., 2o € I, the difference equation

Tn+1 :f(xnyxn—lv'-wxn—k)a n:Oala"'7 (2)

has a unique solution {x,}5° .
Definition 1. (Equilibrium Point)
A point Z € T is called an equilibrium point of Eq.(2) if # = f(T, T, ...,T). That is, 2, = T for n > 0, is a solution
of Eq.(2), or equivalently, T is a fixed point of f.
Definition 2. (Periodicity)
A sequence {z,}>° _, is said to be periodic with period p if 2,4, = x, for all n > —k.
Definition 3. (Stability)
(i) The equilibrium point T of Eq.(2) is locally stable if for every € > 0, there exists 6 > 0 such that for all
T ks Tk, L1, %o € I with
|—p —T| + |[T—gt1 — F| + ... + |0 — | < 9,
we have

|z, —T| <€ forall n>—k.
(ii) The equilibrium point T of Eq.(2) is locally asymptotically stable if T is locally stable solution of Eq.(2)
and there exists v > 0, such that for all x_,z_k41,...,2_1,20 € I with

|T_r —Z| + |T—pr1 — T| + ... + |z0 — T| < 7,

we have lim,, oo T, = T.

(iii) The equilibrium point T of Eq.(2) is a global attractor if for all x_g,2_g4y1,...,2-1,20 € I, we have
lim, o T, =T.

(iv) The equilibrium point T of Eq.(2) is globally asymptotically stable if T is locally stable, and Z is also a
global attractor of Eq.(2).
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(v) The equilibrium point T of Eq.(2) is unstable if T is not locally stable.

The linearized equation of Eq.(2) about the equilibrium T is the linear difference equation

k

Yn+1 = Z wyn—z (3)

=0

Theorem A [32]: Assume that p; € R, i =1,2,....,.kand k € {0,1,2,...}. Then

k
i=1
is a sufficient condition for the asymptotic stability of the difference equation

Tptk +P1Tntk—1+ .. +prxn =0, n=0,1,....

2. DYNAMICS OF SOLUTIONS OF EQ.(1)

In this section we look at some qualitative behavior of Eq.(1) such as local stability, periodicity and boundedness
character of solutions of Eq.(1) when the constants a, b and ¢ are positive real numbers.

2.1. Local Stability of the Equilibrium Points
We now investigate the local stability character of the solutions of Eq.(1).

The equilibrium points of Eq.(1) are given by the relation T = which gives

azT
b+cz?

a—2b
P

=0 or T=

Note that if a > b, then Eq.(1) has a unique positive equilibrium point.
Let f:(0,00)> — (0,00) be a function defined by

au
f(u,v) b+ cuv )
Therefore it follows that
Of(u,v) ab of (w,v)  —acu?
Ou (b+ cuv)?’ v (b+ cuv)?®

THEOREM 2.1. The following statements are true:

(1) If a < b, then T = 0 is the only equilibrium point of Eq.(1) and it is locally stable.

Ja—b
(2) If @ > b, then the equilibrium points T =0 and T = ¢ of Eq.(1) are unstable.
c

Proof. (1) If a < b, then we see from Eq.(4) that
9f(0,0) _a 9/(0,0)

_— e — _— = 0
ou b’ v
Then the linearized equation associated with Eq.(1) about T =0 is
a
Yn+1 — 3%-%—1 =0, (5)
and whose characteristic equation is

A2 2, 6
. (©
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It follows by Theorem A that, Eq.(5) is asymptotically stable. Then the equilibrium point Z = 0 of Eq.(1) is
locally stable.

(2) Assume that a > b. (i) At T =0 it follows again from Eq.(6) and Theorem A that T = 0 is unstable.

(i) At T = ”a_—b we see from Eq.(4) that
c

0f@T) b @T) _—(a=b)

ou a’ ov a
—b
Then the linearized equation of Eq.(1) about T = a4 is
c
a—2b b
Yn+1 + o Yn—k — Eyn—Qk—l = 07 (7)
and whose characteristic equation is
a2 @by b (8)
a a
b —b
Therefore A**1 = —1 or ¥ = = Then it follows by Theorem A that the equilibrium point Z = a4 of

a c
Eq.(1) is unstable. The proof is complete.

2.2. Existence of Period (2k+2) Solutions
In this section we look at the existence of period (2k + 2) solutions of Eq.(1).

Remark: The initial values {&_ot_1, 22k, T_2k+1,...,Z—1,Zo} of Eq.(1) have not to be equal zero at the same
time, otherwise Eq.(1) will have only the zero solution.

In the sequel we assume that any element of the set {z_ox_1,%_2k, T_2k+1, ---, T—1, %0} doesn’t equal zero.

THEOREM 2.2. Eq.(1) has positive prime period (2k + 2) solutions if and only if
(b+cA;—a)=0, 9)
where A; = T_p1i%_ok—14; (for i =0,1,2,....k) and Ap1141; = A;.
Proof. Firstly, we suppose that there exists a prime period (2k 4 2) solution of Eq.(1) of the form

vy T2k —1y X2k T —2k41y -y L -1, L0y L —2k—1y L —2ks T—2k+15+++s LT—1, LQy -~ -

That is zy4+1 = xN—2k-1 for N > 0. We now will show that (9) holds. We see from Eq.(1) that

T - = T —2k—1 . — o — ax 2k . — e — AT —2k+1
—2k—1 - 1 — 57 1 —2k — 42 — —2k+1 — L3 — T e
b—l—CA(), b—|—CA1’ + b—i—CAg, ’
AT -2 Al k-1
T g = Tp=7—"—, T p 1=Tp41=7
b—i—CAk,17 * b—i—CAk’
ax_y ax_ ax_s ax_s
T = Tp42= = vy L9 = T = =
+ b—l—CAk_H b—‘y—CAQ7 ’ b+ cAsp_1 b+CAk_2’
ar_q ar_q axo axo
T_1 = T2%k+1 = = Ty = T2k+2 =

b+ cAsyy o b-ﬁ-CAk,l, b+CA2k+1 - b-l—CAk.

Then it is easy to see that
x_ok—1(b+ cAgy
T_ok(b+ cAy

) = ar_ok_1 = T_g—1(b+cAg—a)=0,

)
T_opt1(b+cAs) = ax_gpy1 = T_okt1(b+cly —a)=0,...,

)

)

= ar_9; = T_op(b+cA1—a)=0,

z_1(b+cAp—1) = ar_1 = x_1(b+chr_1 —a)=0,
axy = xo(b+ cAr —a) =0.
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Since z; # 0 for all —(2k + 1) < j <0, then Condition (9) is satisfied.
Secondly, we suppose that (9) is true. We will prove that Eq.(1) has a prime period (2k + 2) solution. It follows
from Eq.(1) and Eq.(9) that

ar_sp—1 ar_oy AT _op41

T =T _ok_1, T2 = =T ok, T3=—F——— =T _2k{1,-
b+ cAp ’ b+ cA ’ b+ cAy o
axr _—2 ar _—1 axr_g
Ty = 777 —Tk-2y Tkl =7 5 —T—k-1, Tk42 =7 o  — LT—ky---
b+ cAp_q ’ * b+ cA; ’ + b+ CAk+1 T
ar_9 axr_q axo
T2k = =T—2 T2k+1 = =T-1 T2k+2 = = Zo
b+ cAop_1 ’ T b+ cAy, ’ * b+ cAok i1 ’

which completes the proof.

2.3. Boundedness and Global Stability of Solutions

Here we examine the boundedness nature of the solutions of Eq.(1). In addition, we deal with the global stability
of the equilibrium point T = 0.

THEOREM 2.3. Ewvery solution of Eq.(1) is bounded.

Proof. Let {z,}7° o, _; be a solution of Eq.(1), we have to look at the following two cases
(1) If a < b. It follows from Eq.(1) that

ATy —(2k+1) ATp—(2k+1)
Tpt1 = < < Tp—(2k+1)-
" b+ CTn—kTn—(2k+1) b e )
Then the subsequences {Z(2k42)n—2k—1}ne0s 1T(2k+2)n—2k Fre0s s LL(2k+2)n—1 Fne0s 1L(2k+2)n fneo are decreas-

. a
ing and so are bounded from above by M = max {xgkl, Tky T2kt 1y ey L1, L0, —}.
c

(2) If @ > b. For the sake of contradiction, we suppose that there exists a subsequence {Z(2x+2)n—2k—1}neo
and it is not bounded from above. Then we obtain from Eq.(1), for sufficiently large n, that

AT (2k+2)n—(2k+1)

oo L (2kt2)ntl = A b+ CT(2k2)n—kT(2k+2)n—(2k+1)
- lim a$(2k+2)n—(2k+1) — lim L (10)

N—=00 CT(2k+2)n—kL (2k+2)n—(2k+1) N—=00 CT(2k4-2)n—k

It follows that the limit of the right hand side of (10) is bounded which is a contradiction, and so the proof of
the theorem is complete.

THEOREM 2.4. If a < b, then every solution of Eq.(1) converges to the equilibrium point T = 0.

Proof. It was shown in Theorem 2.1 that T = 0 is local stable and then it suffices to show that T = 0 is global
attractor of the solutions of Eq.(1).
We claim that each one of the subsequences {(2x2)n—2k—1 0> 1Z(2k4+2)n—2k Fnee0s > 1T (2k42)n—1 =05 LT (2k-+2)n Free0
has limit equal to zero. For the sake of contradiction, suppose that there exists a subsequence {(o42)n—2k—1}neo
with limit doesn’t zero. Now we see from Eq.(1) that

bT 2k 42)n+1 T CT(2k42)n—kT(2k+2)n—(2k+1) = AT(2k+2)n—(2k+1)>

or
b (2 +2)n+1

T _ = .
(2h+2)n—(2k+1) a4 — CT(2k+2)n+1L(2k+2)n—k

Now it follows from the boundedness of the solution that

. : b (2k+2)n+1 bM
im0k 4 9)n—(2k41) = lim

~ <0,
n—00 4 — CT(2k+2)n+1%(2k4+2n—k @ — cM

a
where M > \/j which is a contradiction and this completes the proof of the theorem.
c
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Numerical Examples

For confirming the results of this section, we present some numerical examples which show the behavior of
solutions of Eq.(1). See Figures 1, 2 and 3 below.

plot of x(n+1)= (ax(n—(2k+1))/(b+cx(n-k)*x(n—(2k+1)))

0 10 20 30 40 50 60 70 80 90 100
n

Figure 1: a=3,b=2, ¢c=5,k=2,2_5=04, x_4, =02, 2_3=13, 2o =9, 21 =7, 9 = 5.

plot of x(n+1)= (ax(n—(2k+1))/(b+cx(n-k)*x(n—(2k+1)))

x(n)
o

Figure 2: a =10,b=6,c=2, k=3, 2 v =4, 2 ¢ =7, 25 =2/9, x4 = —6, x_3 = 0.5, x_o = 2/7,
r—1 = 9, To = *2/6
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plot of x(n+1)= (ax(n-(2k+1))/(b+cx(n-k)*x(n—(2k+1)))

. . AN
5 10 15 20 25 30
n

0
0 35 40 45 50

Figure 3: a =3, b=7,¢c=9 k=22 5=4,2_4=17,2_3=3,2_2=19,2_1 =9, g = 3.

3. THE SOLUTIONS FORM OF SOME SPECIAL CASES OF EQ.(1)

Our goal in this section is to find a specific form of the solutions of some special cases of Eq.(1) and give numerical
examples in each case when the constants a,b and c are integer numbers.

Ln—(2k+1)
=1+ zn_kZn_(2641)

3.1. On the Difference Equation z,; =

In this section we obtain the solution of the following equation

Tn—(2k+1) n=0,1,.., ()

Tn+1 = 3
-1+ Tn—kTn—(2k+1)

where the initial values are arbitrary non zero real numbers with ©_j ;@ _op_14; # 1 (for t =0,1,2, ..., k).
THEOREM 3.1. Let {2, }5° 5., be a solution of Eq.(11). Then for n =1,2, ...

T(2k+2)n—2k—-1 = T2kl R T(2k+2)n—2k = 2k Ik
(=142 _px_2k—1) (=142 g1 2k)
T(2k+2)n—2k+1 — 2kl AR
(=1 + 2 pi2T_op41)
k-1 n
T(2k+2)n—k—1 = Cltzor ) T(okt2yn—k = Tk (1 +2 k2 _2k1)",
Tort2)n—k+1 = Topp1(—1+ T_p1®ook)"
T(2k+2)n—-1 = T-1 (—1+ $—1$—k—2)n ) T(2k+2)n = L0 (—1+ xox—k—l)n .

Proof: For n =1 the result holds. Now suppose that n > 1 and that our assumption holds for n — 1. That is;

. . T_2k—1 " _ L2k
(2k+2)n—4k—-3 — 1> (2k+2)n—4k—2 — 1>

(142 _pr_op—1)" (=142 _pr17_2k)

_ T_2k+1

T(2k4+2)n—4k—1 = 1)

(=1 + 2 _pyoT_2p11)

T _k—1 _ n—1

T(2k+2)n—3k—3 = T T(okt2yn—sk—2 = Tk (1 + T g2 2k-1)"

—14 2o2__1

n—1

Toptn—3k—1 = Tpy1 (—lH+Tppzon) ..,
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n—1 n—1
Tont2n—2k—3 = T1 (14 o 12k 2)" ", Tpton—26—2 = To (=1 +zoz_p1)" .

Now, it follows from Eq.(11) that

L(2k+2)n—(4k+3)

T (2k n—2k— =
(ht2n-2k-1 —1 4 Z(2k12)n—3k—2L(2k+2)n— (4k+3)

T_2k—1 T _2k—1

)n—l )nfl

(=1 +2 2z oK1
1+ ,r ok

(=142 k2 951

—14z_p(—14z_ T _2p_1)" "

T 2% 1
(—14+2_jx_9r_1)" —1

Hence, we have
T_2k—1

14z pz_op_1)"

T(2k+2)n—2k—1 = (
Also, we see from Eq.(11) that

T (2k+2)n—(3k+3)

T2k+2)n—k—1 =
(2k+2)n —1+ Z(k42)n—2k—2T(2k+2)n— (3k+3)

T_f—1 T—k—1
(=14 202 _k—1
1+ zor_f1

)nfl )n—l

(=1 +zoz_p1

T—_f—1

—14zo(—14+moz_f—1)" "

(—1+zoz k)"
Thus
_ T_f—1
T(2k42)n—k—1 = ST I
Similarly
Tbsznot = L (2k+2)n—(2k+3) _ xLl(,HLlLkd)n_l
n- p— S p—
-1+ T(2k+2)n—k—2T (2k+2)n—(2k+3) _1+( s k; )n e T
- —1T—f—2
— . o n—1 _ _ L B
= e () = (e ().
(14292 % 2)
Then, we get

T(optoyn—1 = T—1 (1 +z_12_p_2)".

Similarly, one can obtain the other relations. Thus, the proof is completed.

L_T Then we have (72 —2) =

Note that the equilibrium points of Eq.(11) are given by the equation T = =
—1+7Z

0. Thus Eq.(11) has the equilibrium points 0, v/2, —v/2.
THEOREM 3.2. The following statements are true:
(a) If v_pyix_op—14: # 2 (for i =0,1,2,..., k), then all the solutions of Eq.(11) are unbounded.

(b) Eq.(11) has a periodic solutions of period (2k + 2) iff x_g iz _op_1+: = 2 (for i =0,1,2,..., k) and will
be take the form {Z_og_1,Z ok, ., To1, L0, T2k—1, L2k, «ors L1, L0y - 1

Proof: (a) The proof in this case follows directly from the form of the solution as given in Theorem 3.1.

(b) First suppose that there exists a prime period (2k 4 2) solution of Eq.(11) of the form

T—2k—1,T—2k; -y L—1,T0,T—-2k—1,T—2ky s T—1,L0, -~ -
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Then we see from the form of solution of Eq.(11) that

- T_2k—1 - T2k
72’671 - n» 72’6 - n»
(142 pz_op1) (=142 _pr17_2k)
T —2k+1
T_2k+1 — RIS )
(=1 +2_pyoT_opy1)
T—k—1 n
Tog—1 = 7y T =2 k(14w T ook 1),
(—1+zom—k—1)
n
T g1 = Topp (ClH+T ppizook) .
n n
1 = wa(-l+z 12 4 9)", o =0 (=1 + 20T _p-1)" ,
Then
T_ kT 2k—1 = T_pt1T_2k =T p42T_2ky1 = ... = —1+T_pT o1 =
T_gT_2k—1 = Tgt1T—2k = ..o = TOT—g—1 = 2,

OF T_pyi®T_op—14i = 2. (for i =0,1,2,.... k).

Second suppose that

T gT_2p-1 = T gpt1T 2k =T 2T 2kt1 = .= 1+ 2 T 9 1 =

T_gT_ok—1 = T 41T 2k =..=ToT_g_1 = 2.

Then we see from Eq.(11) that

T2k+2)n—2k—1 — L—-2k—1, T(2k+2)n—2k — L—2k; L(2k+2)n—2k+1 = LT—2k+1) -
T(2k+2)n—k—1 = L—k—15; L2k+2)n—k = T—k; LT(2k+2)n—k+1 = L—k+1; -+
T2k+2)n—1 — L1, T(2k+2)n = T0-

Thus we have a period (2k + 2) solution and the proof is complete.

In the following we give some numerical examples to confirm the obtained results for Eq.(11). See Figures 4
and 5 below.

plot of x(n+1)= (x(n-(2k+1))/(~1+x(n-K)*x(n-(2k+1)))
1000, T r r r T

500

—-2000

-2500

3000

-3500

[ 5 10 15 20 25 30 35 40
n

Figure 4: k=2, 2_5=24,2_4,=—-62,2_3=4,2_9=09,2_1 =0.7, zg = 0.5.
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plot of x(n+1)= (x(n-(2k+1))/(~1+x(n-K)*x(n-(2k+1)))

-4}

6}

Figure 5: k=3, 2 7=6,2_¢=-T,2_5=4, x_4=1/4, 2_3=2/6, x_o = =2/7, x_1 = 2/4,
Ty = 8.

Ln—(2k+1)
1 — ZpkTn—(2k+1)

3.2. On the Difference Equation z, 1 =

In this section we get the solution form of the difference equation

Tp—(2k+1)

Tn+1 = , n=0,1,..., (12)

1- Tn—kTn—(2k+1)

where the initial values are arbitrary non zero real numbers.
THEOREM 3.3. Let {x,}5° o, be a solution of Eq.(12). Then forn =1,2,...

n—1

- . H 1 —2tx_px_oK_1 - . H 1 —2ix_pp12_9k
(2k+2)n—2k—1 2k—1 @it D)o pror)’ (2k+2)n—2k 2k | @it Do pzon)
_ 1—2izoz_p_1 1—(2i+ Dz_pr_ok—1
T@k+2)n—k-1 = T—k—1 H (1_ 2@+1)moﬂck1>’ T(2k+2)n—k = T—k H (1_ it 2 e toni)
B 1—(2i4+Dax_12_k—2 1— (204 Daxox_k—1
T(2k+2)n—1 = L1 H (1_ 2i+2) 710 p2) Z(2k+2)n = Z0 H 1= (2 + 2) 20751

Proof: For n = 1 the result holds. Now suppose that n > 1 and that our assumption holds for n — 1. That is;

n—2 . n—2 .
_ 1 —2tx_px_oK_1 _ 1 —2ix_ 129k
Z(2k+2)n—ak—3 = LT—2k—1 J:Io (1 @it l)x_kx_zk—1) )y T(2k42)n—ak—2 = T2k i|:0| (1 @it Doz on)’

n—2 . n—2 .
1 — 2iz0r_t_1 ) < 1—(2i+1)z_pr_2k—1 >
T n—3k—3 = T—k— - y L n—3k—2 — T— - )
(2k+2)n—3k—3 k—1 g} (1 (20 + D) zot_p (2k+2)n—3k—2 k E) 1 (20 +2) 2 po—o2r
1-— 21+1)£E k+12_2k 1—(2z+1)x 1T _f—2
L(2k+2)n—3k—1 = L—k+1 H (1_ (20 +2) T i1 T2 L (2k+2)n—2k—3 = L1 H 1—(2i+2) 21242
=0

1— 2z+1)x0x k1
T(2k+2)n—2k—2 = L0 H <1_ (2i + 2) 0T k1

665 Asim Asiri ET AL 656-670



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Now, it follows from Eq.(12) that

L(2k+42)n—(4k+3)

T(2k+2)n—2k—1 —
(2k+2) 1 — Zor12)n—3k—2T (2k+2)n— (4k+3)

n—2

1-— Qix_kx_gk_l
- zi%ilil]o:(l — (204 1) z_kl’_gk_1>
- n—2 . n—2 .
1—(2i+ Da_gr_ok—1 1—2ix_px_op 1
e 11 (1 — (24 2) T _prop1 ) 11(1 —(2i+1) x,kx,%,1>

l-f( 1 — 2ix_jm_op_1 )
Foket e\l — (20 + 1)z _ok—1 <1 —(2n-2) x_kx_gk_l)

B L T_ T _2k—1
1—-2n—2)x_kr oK1

”1:[2 1 — 22 _op_1 1— (20— 2) 2 xTop_1
= X_9k— .
2kt H\T-@i+ Do o) \T-@n—1Da sz 2

1-— (271 — 2) T_pL_2k—-1

Hence, we have

’ﬁ ( 1 — 22 3T op_1 >
T n—2k—1 — L —2k— - .
(2k+2)n—2k—1 2k—1 1 TR N P —

Similarly

T(2k42)n—(3k+3)

T(2k4+2)n—k—-1 =
1 — T(2k42)n—2k—2T (2k+2)n— (3k+3)

n—2

1-— 2i1’033,k,1
Foke H(l — (2i +1) xo.’li_k_1>

=0

n—2 . n—2 .
1—(2i+ Daxgxr_p_ 1 — 2izpz_p—
lfon ( )ToZ_p—1 a:_k_ln( . 0T —k—1 )
o\ 1 — (20 +2) T k-1 e\l — (2t + 1) x0T k-1
n—2 .
1 — 2ixpr_p_1 )
T—k—1 H ( -
S \1l- (20 + 1) zor_j—1
n—2 . :
1 —2ix0r_f—1
1-— k-
rorr 1 (1—(2i+2>:coa:k1

_ ., ”lif 1 — 22021 1—(2n —2) 20z_k_1
Rt P (20 + 1) zor_f—1 1—2n—1)xer_g_1) "

Hence, we have
n—1

B 1— 2ixor_p_1
L(2k+2)n—k—1 = L—k—1 H 1—(2i+ 1) zor_g1/)"
i=0

Similarly, we can easily get the other relations. Thus, the proof is completed.

THEOREM 3.4. Eq.(12) has the unique equilibrium point T = 0.

x Then we have 72 = 0. Thus the

Proof: For the equilibrium points of Eq.(12), we can write T = —-
T

equilibrium point of Eq.(12) is T = 0.

The following figures show the behavior of the solutions of Eq.(12) with a fixed order and some numerical
values of the initial values.
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plot of x(n+1)= (x(n-(2k+1))/(1-x(n-k)"x(n-(2k+1)))

10 20 30 40 50 60 70 80 90 100

Figure 6: k=4, x_9g=8,z_s=1l,z_7=6,z_¢=T,2_5=4,2_4=02,z_3=1.1,z_5 = 0.6,
T—1 = 2, Ty = 4.

plot of x(n+1)= (x(n-(2k+1))/(1-x(n-k)"x(n-(2k+1)))

0 IID 2‘0 3‘0 4‘0 5‘0 6‘0 7‘0 5‘0 9‘0 100
Figure 7: k=3, 27 =08, 26 =07, 25 =04, 24y =2, x_3=13, z_9 =6, x_1 = 0.2,
To = 4.

Notice: The proofs of the theorems in the following section are similar to that are presented in the previous
sections and so they will be omitted.
Tn—(2k+1)
—-1- Ln—kTn—(2k+1)
Here we obtain the form of the solutions of the following equation

3.3. On the Difference Equation z, 1 =

Tp—(2k+1)

Tpal = n=0,1,.., (13)

)
—1- Tn—kTn—(2k+1)

where the initial values are arbitrary non zero real numbers with ©_j ;2 _og_14; # —1 (for i =0,1,2,.... k).
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THEOREM 3.5. Let {2, }5° 5, be a solution of Eq.(13). Then forn =1,2, ...

T — (71)” T—2k—1 . _ (71)n T_9k
(2k+2)n72k71 (1 + $_k$_2k_1)n 9 (2k+2)n72k (1 + [Z:'_k;_;’_lfr,'_Qk)n ?

. _ (=D)" 2 ok
(2k+2)n—2k+1 (1 T x—k+2x—2k+1)n7 ey

-1 nl'fkfl n n
T(2k4+2)n—k—1 = MTI)W Trt2m—k = (=1) 2k (1 + T_pT_ok—1) ,
Tohtoyn—kt1 = (1) "z g1 (L4+ 2z pp1z_ok)”, ..,

(—D)"z1(1+z12_5-2)", ko = (—1)" @0 (1 +zoz_t—1)".

L(2k+2)n—1

THEOREM 3.6. FEq.(13) has a unique equilibrium point which is zero.

THEOREM 3.7. Let {2, }5° o, be a solution of Eq.(13). Then the following statements are true:

(1) I 2_pqizok—14i # —2 (for i=0,1,2,...,k), Then {z,}7° o, , is unbounded.
(2) Eq.(13) has a periodic solutions of period (2k +2) iff x_gyix_2p—14i = —2 (for i =0,1,2,...,k) and will

be take the form {Z_og_1,Z ok, -, To1,T0, T—2k—1, T2k, «-rs L1, L0, - 1
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Extremal solutions for a coupled system of nonlinear
fractional differential equations with p-Laplacian
operator *

Ying He'

School of Mathematics and Statistics, Northeast Petroleum University, Daqing163318, P.R.China.

Abstract. This paper studies the existence of extremal solutions for nonlinear fractional dif-
ferential coupled systems with p-Laplacian operator. The monotone iterative method combined
with lower and upper solutions is applied. As an application, an example is presented to illus-
trate the main result.

Key words. Fractional differential system; p-Laplacian operator; Extremal solution; Monotone
iterative technique;

MR (2000) Subject Classifications: 34B15.

1. Introduction

In recent years, fractional differential equations have been of great interest due to the inten-
sive development of the theory of fractional calculus itself and its applications. The study of
coupled systems involving fractional-order differential equation is also very significant as such
systems appear in a variety of problems of applied nature, especially in bioscience. For details
and examples the reader is referred to the papers [1 — 4] and the reference therein.

In addition, much effort has been made towards the study of the existence of solutions for
fractional differential equations involving the p-Laplacian operator based on different fractional
derivatives[5 —9]. In [10], Li and Lin considered a Hadamard fractional boundary value problem
with p-Laplacian operator as below:

{ D(gp(Dx(t))) = f(t (1)), O<t<e,
z(1) =2/(1) = 2/(e) = 0, D*x(1) = D%x(e) =0

where 2 < a < 3,1 < 8 < 2,¢,(s) = [s|P"2s,p > 1, and [ : [1,¢€] x [0,400) —> [0, +00)
is a positive continuous function. By using the Leray-Schauder type alternative and the Guo-

*This work is supported by the Guiding Innovation Foundation of Northeast Petroleum University
(No.2016YDL-02) and Fostering Foundation of Northeast Petroleum University (No.2017PYYL-08).
tCorresponding author. E-mail adress:heying65332015@163.com;
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Krasnoselskii fixed point theorem, the existence and the uniqueness of the positive solutions
were established.

To best of our knowledge, only few papers considered the method of upper and lower solutions
for a coupled system of fractional p-Laplacian equation. Motivated by [11 — 12], in this paper,
we use the monotone iterative technique, combined with the method of upper and lower solution
to study the coupled system of fractional differential equations with p-Laplacian operator, which

is given by
DP(¢p(Dx(t))) = f(t,2(t), y(t), D*x(t), Dy(t)), te0,1],
D (¢p(Dy(t))) = g(t,y(t), (t), D*y(t), D*x(t)), t€[0,1], (1.1)
Da$(t)|t:0 = 0, tl_ax(t)|t:0 =1y, ’
Dy(t)[t=0 = 0, =y (t)]t=0 = 72,

where J = [0,1], f,g € C(JxR* R), 1, ro € Rand r; < r9, D% D” are the standard Riemann-
Liouville fractional derivatives, satisfying 0 < o, 8 <1, 1 < a+ 8 <2, ¢p(t) = [t|P7%t, p > 1, is
the p-Laplacian operator and (qﬁp)*l = ¢y, % =+ % =1.

The rest of this paper is organized as follows. In section 2, we give some necessary definitions
and lemmas. In section 3, the main result and proof are given. Finally, an example is presented
to illustrate the main result.

2. Preliminaries

In this section, we establish some preliminary results that will be used in the next section to
attain existence results for the nonlinear system (1.1)

Let C[0, 1] denote the Banach space of continuous functions from [0, 1] into R with the norm
llullc = maxte[o’l]\u(t)]. Denote C1_,[0, 1] by
C1_4[0,1] = {z € C(0,1] : t'™@z € C[0,1]}.

Then, C;_4,[0,1] is a Banach spaces with the norm ||z|1_a = [[t!"%z(t)||c. It is clear that
C[0,1] := Cy[0,1] C C1-4[0,1] with ||z]|c1—a < ||z|lc for 0 < a < 1 and C1_,[0,1] € L[0,1]
(note L]0, 1] is the space of Lebesgue integrable functions defined on [0, 1]). Denote C*[0,1] by

C10,1] = {z(t) € C[0,1] : (D%z)(t) € C[0,1] and D%z(#)[t = 0 = 0}

Lemma 2.1: Let 0 < f < 1, 0 € C[0,1] ,M >0 and MT(1 — ) < 1, then the problem

{ DPu(t) + Mu(t) = o(t), 0<t<l, (2.1)

u(0) =0,
has a unique solution.

Proof. Equation (2.1) is equivalent to the following integral equation

1 t _
u(t) = F(ﬁ)/o (t — )5 (o(s) — Mu(s))ds, VteJ
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Let
_ Lt e N
Au(t)_r(ﬁ)/o(t $)P (o (s) — Mu(s))ds, VieJ
By M >0 and MT'(1 — ) < 1, for any u,v € C[0, 1], we have
Mot »
Jdu(t) ~ v(®llc < w9 sl vl
< -l
- T(B)8 ¢
|
L(B) B T(A-p) ‘
_ sinllf
= el
< Ju—vlle
So

|Au — Avl|c < [|lu —v||c.

By the Banach fixed point theorem, the operator A has a unique fixed point. That is (2.1) has
a unique solution.

Lemma 2.2: Let 0 < a < 1, h € C1_,[0, 1], then the problem

{ Dx(t) = h(t), t € (0,1], (2.2)

has a unique solution

2(t) = F<1a> /Ot(t ) Uh(s)ds + reo 1,

Proof. The conclusion is obvious, so we omit it.

Lemma 2.3: Assume that 0 < o, 8 < 1, z(t),y(t) € C*[0,1], 01,02 € C[0,1], M, N be
nonnegative constants, satisfying M > N and (M + N)I'(1—) < 1, then the following fractional
differential system

DB(%ED%(L‘;))) = 01(t) = Mgp(Dx(t)) — Nop(Dy(1)),

D2(6,(D°y())) = 02(t) ~ Mp(D (1)) ~ Noy(D (1) 03
Dx(t)]4=0 = 0, tl_al'(t”t:o =71,
Dy(t)]e=0 = 0, HY(t)li=o = 72,

has a unique solution in C*[0,1] x C*[0, 1].

Proof. Let

sp0%a(t) = DT g g, oy = O e o)

Using (2.3), we have that

{ DPu(t) = o1(t) + o2(t) — (M + N)u(t)

u(t)limo = dp(D2()) im0 + dp(D*(t))lio = O, (24)
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and
DAu(t) = o1(t) — 02(t) — (M — N)o(®) o)
v(t)]t=0 = dp(Dx(t))]e=0 — dp(D*Y(t))|t=0 = 0, '

Since, M, N are nonnegative constants, and M > N, we have
(M-—NTAQ-8)<(M+NIT(1-p5)<1. (2.6)

In view of z(t),y(t) € C*[0,1], we have D%z(t), D*y(t) € C[0,1]. By (2.6) and Lemma 2.1, we
know that (2.4) and (2.5) have a unique solution. In consequence, ¢,(D*z(t)) and ¢,(D%y(t))
are also unique. That is

¢p(Dx(t)) = wi(t) € C[0, 1], Pp(Dy(t)) = wa(t) € C[0,1],

then,
D%x(t) = ¢q(wi(t)), D%y(t) = ¢g(wa(t)),

In view of the initial condition t'=%z(t)|;=¢ = r1, t'~*y(t)|4=0 = 72, We obtain

Dax(t; = %gwlgt;; te [[O, 1]]
Dy(t) = ¢g(wa(t tel0,1
t aIL‘(t)|t =0 =T1, (27)
Y (8)|e=0 = 72,
Let
o(t) = PO —gq(t) and y(t) = 20 = q(t)
Using (2.7), we have
Dp(t) = ¢g(wi(t)) + ¢g(w2(t)), ¢ € (0,1]
{ H=p(t)lio = 11 + 1o, 25

and
{ D(t) = dy(wn (1)) — dglwa(t)),  te (0,1] (2.9)

t'=q(t)|i=0 = 11 — 72,
By Lemma 2.2, we know that both (2.8) and (2.9) have a unique solution in C*[0,1]. Hence, x
and y are unique too.

Lemma 2.4: Let 0 < § < 1, M be nonnegative constant and w € C[0, 1] satisfies

DPw(t) + Mw(t) >0, 0<t<l,
w(0) = 0,
then, w(t) >0, Vtel0,1].

Proof. We assume that w(t) > 0 is not true. Then there exist t*, ¢, € (0,1] such that
w(t*) =0, w(ty) < 0and w(t) >0, Ve (0,t7), wt) <0, Ve (t*t). Since M > 0, we
have DBw(t) > 0, V t € (t*,t,). This together with Dfw(t) = %Il_ﬁw(t) implies ' Puw(t) is
nondecreasing on (t*, ).
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Hence, for any t € (t*,t.), we get
I'Pw(t) — I'Pw(t*) > 0.

On the other hand

I=Bwt) — IV Puw®) = - t —8) Pw(s 5—71 : * — 8) Pw(s)ds

PPt =1 Put) = gy 9P ess - gy [T = Putd
= I‘(ll—ﬁ)/o [(ts)_ﬁ(t*s)_ﬁ]w(s)derF(ll_B)/t*(ts)_ﬁw(s)ds
< 0, Vite (t*t),

which is a contradiction. Thus the conclusion of Lemma 2.4 holds.

Lemma 2.5: If () € C1_4]0, 1] satisfies

(2.10)

Dx(t) > 0, t € (0,1],
=% (t)]4=0 > 0,

then z(t) > 0, for ¢t € (0,1].
Proof. By Lemma 2.2, we know that problem (2.10) has a unique solution

1

"0 = F1a /0 (= 5 h(s)ds + ro!

Let h(t) > 0 and r > 0, then we obtain (2.10) and the conclusion of lemma 2.5.

Lemma 2.6: Let M, N be nonnegative constants, and M > N. If u,v € C[0, 1] satisfy the
inequalities
DBu(t) > —Mu(t) + Nu(t), t€10,1]
DBy(t) > —Muv(t) + Nu(t), t €10,1]
u(t)i—o > 0,
v(t)|t=0 >0

then u(t) >0, v(t) >0, Vtel0,1].
Proof. Let p(t) = u(t) +v(t), ¥Vt € [0,1]. Then by (2.11), we have

DPp(t) > —(M = N)p(t),  te[0,1]
{ p(t)lt=0 >0 (2.12)

(2.11)

Thus, by (2.12) and Lemma 2.4, we have that

p(t) >0, Vtel0,1] e u(t)+v(t)>0, Vte]l0,1] (2.13)

Next, we show that u(t) >0, v(t) >0, Vtel0,1].
Using (2.11) and (2.13), we find that

{ DPu(t) > —(M + N)u(t), te[0,1] (2.14)

u(t)li=0 = 0
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which, in view of (2.14) and Lemma 2.4, yield u(t) > 0, V¢ € [0, 1]. In a similar manner, it can
be shown that v(t) >0, V¢t e [0,1].

3. Main Results

In this section, we prove the existence of extremal solutions of nonlinear system (1.1). For
convenience, we list the following conditions:
(H1): There exist zg,yo € C[0, 1] and zo(t) < yo(t) such that

DF(¢p(D%mo(t))) < f(t, 20(t), yo(t), D¥@o(t), Dyo(t)), t €[0,1],
Dxo(t)]t=0 = 0, o (t)|i=0 < 71,
DP(¢p (Do (t))) = g(t, yo(t), zo(t), Dyo(t), Do (1)), t€[0,1],
Dy (t)]t=0 = 0, 0 (t)|t=0 > 7o,

(H2): There exist nonnegative constant M, N satisfying M > N and (M + N)I'(1 - 3) < 1,
such that

f@t2(),y(t), D%2(t), D*y(1)) — f(t, 2(1), y(1), D*2(t), Dy(1))
< M(gp(Dx(t)) — ¢p(Dx(t))] + Nop(Dy(1)) — dp(Dy(t))]
g(t,x(t), y(t), D x(t), Dy(t)) — g(t, 2(t),y(t), Dz (t), D*y(t))
< M(gp(Dx(t)) — ¢p(Dx())] + Nop(Dy(1)) — dp(Dy(t))]

where xo(t) <T < x < yo(t), zo(t) <y <7 < yo(t), and

f@ta(t),y(t), D%x(t), Dy(t)) — g(t, y(t), 2(t), D*y(t), D"x(t))
< Mgp(D%y(t)) = ¢p(Dx(t))] + Ngp(Dx(t)) — ¢p(Dy(t))]

with z¢(t) <z <y < yo(t).

Theorem 3.1:Suppose that conditions (H;) and (H2) hold. Then there is (z*, y*) € [xo, yo] X
[0, 0] an extremal solution of the nonlinear problem (1.1). Moreover there exist monotone
iterative sequences {z, }, {yn} C C* such that z,, — z*, y,, — y*(n — o0) uniformly on ¢ € (0, 1],
and

zg <7 <<y <<t <yt < <y <<y <y

moreover, we have

D%g < D% <--- < D%, <--- < D" < DY%*"<...< D%, <-.- < D%y < D%.

where
[z0, yo] = {z € C[0,1] : wo(t) < z(t) < wo(t),t € [0,1]}

Proof. For any x,_1,yn—1 € C*[0,1], n > 1, we define

op(t) = [t 2n-1(t), Yn-1(t), D*Tp-1(t), D*Yn-1(t)) + Mp(D@n-1(t)) + Np(Dyn-1(t)),
U%(t) = g(tv ynfl(t)a :Enfl(t)a Daynfl(t)a Daxnfl(t)) + M¢p(Daynfl(t)) + N¢p(Da$nfl(t))a
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and consider (2.3) as follows

DP(gp(Dwn(t))) = op(t) = Mp(Dwn(t)) = Nop(Dyn(t))  t € (0,1],

DP(¢p(Dyn(t))) = o (t) — M¢>p(D°‘yn( )) = Nop(Dzn(t))  t€(0,1],, (3.1)
Daxn(t)’t:() = 0, tl Y ’t 0o=T"T1, ’
D%y (t)]t=0 = 0, tl_ayn(t)h:o = ra.

In view of Lemma 2.3, the problem (3.1) has a unique solution in C*[0, 1] x C*[0, 1].
Now, we show that {z,(t)}, {yn(t)} satisfy the relation

Tpn1 < T < Yn < Yno1,and Dy < D%y < D% < D%pq, n=1,2,... (3.2)

Let u(t) = ¢p(D*x1(t)) — dp(Dxo (1)), v(t) = ¢p(Dyo(t)) — ¢p(D*y1(t)).
Thus, by condition (3.1) and (H;), we have

DBu(t) > —Mu(t) + Nv(t),
DBuy(t) > —Mu(t) + Nu(t),
u(t)|e=0 = op(D*@1(t))lt=0 — ¢p(Dx0(t))[¢=0 = 0,
v(t)|t=0 = ¢p(DYo(t))lt=0 — Pp(Dy1(t))|t=0 = 0.

Thus, in view of Lemma 2.6, we have that ¢,(D%x1(t)) > ¢p(D%0(t)), ¢p(Dyo(t)) >
¢p(D%y1(t)), Vte[0,1]. Since ®,(x) is nondecreasing, we have D%z (t) > D%xo(t), Dyo(t) >
D%y (t), Vtelo,1].
Let €(t) = x1(t) — zo(t), 6(t) = yo(t) — y1(t). It follows from (3.1) and (H;), we have
De%(t) > 0, teo,1],
{ e (t) |40 > 0, (3.3)
and
DO(t) > 0, teo,1],
{ t1=20(t) =0 > 0, (3.4)

By Lemma 2.5, we have x1(t) > zo(t), yo(t) > y1(t), Vt€][0,1].
Now we put w(t) = ¢p(Dy1(t)) — ¢p(D*21(t)). Applying (3.1) and (H;), we obtain

DPw(t) = DP(¢p(Dyi(t))) — D’ (¢p(Dx1(t)))
= g(t,y0(t), wo(t), Do (t), D*xo(t)) + Mp(D%yo(t)) + Np(Dxo(t)) — Mp(D (1))
—Ngp(D%1(t)) — f(t, 20(t), yo(1), D 20 (1), D*yo(t)) — Mdp(Dxo(t)) — Np(Dyo(t))
+M¢p(D21 (1)) + Np(D w1 (1))
> —Mlop(D%yo(t)) — ¢p(D%2o(1))] — N[ p(D@o(t)) — ¢p(Dyo(1))] + Mp(Dyo (1))
+N¢p(DYo(t)) — Mp(Dy1(t)) — Nop(Dw1(t)) — Mpp(D20(t)) — Nop(Do(t))
+Mp(D%z1(t)) + Nép(D (1))

— —(M - N)uw(1).

Also, w(t)|=

0 = ¢p(D%1(t))|t=0 — Pp(D*x1(t))|t=0 = 0. In view of Lemma 2.4, we have
that w(t) > 0, V¢t

€ J. Thus we have the relation ¢,(D%x1(t)) < ¢p(Dyi(t)). That is

7
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D%z (t) < D% (t), since ®,(x) is nondecreasing. Therefore D%z (t) < D%x;(t) < D%y (t) <
D%yy(t), Vte J holds.

Let 0(t) = y1(t) — x1(t). It follows from (3.1) that

D*(t) = Dy (t) — D1 (t) = 0,
tlfaé(t)’t:() = tlfayl(t)’t:() — tlfaxl(t)’t:() =1r9—1r1>0.

By Lemma 2.5, we obtain y;(t) > z1(t), V ¢ € (0,1]. Hence, we have the relation zo(t) <
z1(t) < y1(t) < yo(t)-

Now we assume that
z, , <z, <y, <y, ,,and D%, , < D%, < D%, < D%, ,, for somek>1,
we will prove that (3.2) is also true for k4 1. Set
u(t) = ¢p(Dx, (1) —Pp(D2, (1)), v(t) = dp(Dy, (1)) —Pp(DY,,, (1)), w(t) = dp(D Yy, (1)) —

Gp(D%x, (1)), €(t) =z, (O) =2, (), O(t) = 4, (1) =y, (B), 0() = yypy ()=, (F)
By (H2) and (3.1), we have that

and

D§(t) > 0
125 (¢)|1=0 > 0.

In view of Lemma 2.4, 2.5 and 2.6, we obtain

z, <z, <y, <y, and D%, < D%, < D%,  <D%, Vtel01]

From the above, by induction, it is not difficult to prove that
20 <21 < S Xy < S Yp <0 <Y1 < Yoo

and
D%y < D% <--- < D%,

IN

.- < D%, < --- < D%y < D%y
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Applying the standard arguments, it is easy to show {x,} and {y,} are uniformly bounded
and equi-continuous in [z, yo]. By Arzela-Ascoli theorem, we have

lim z,(t) = 2*(t), lim y,(t) =2"(@), Vtel0,1]

n—o0 n—o0

and
lim D%, (t) = D%*(t), lim D%, (t) = D%x*(t), Vtel0,1]

n—00 n—00
and the limit function x* and y* satisfy (1.1). Moreover, z*,y* € [zg,y0]. Taking the limits
n — oo in (3.1), we find that (z*,y*) is a solution of problem (1.1) in [zg, yo] X [z0, Yo]-

Finally, we show that (z*,y*) is an extremal solution of the system (1.1). Assume that
(x,y) € [z, yo] X [To,yo] is any solution for the problem (1.1), that is

Dﬁ(ﬁb (Dx(t))) = f(t,z(t),y(t), Dx(t), DY(t)), t€10,1],
“x(t) 1= 0 = 0, 2 (t) 1= 0 =11, (3.5)
( (D ()))—g(ty( ,2(t), Dy(t), DYx(t)), t €10,1], '
“Y(t)|t=0 = =yt =0 = 72,

Applying (3.1), (3.5), (Hz2), Lemma 2.5 and 2.6, we have
Tn <2, Yy <yYn, D%, < D%, D%y < D%,, n=1,2,... (3.6)

Taking the limit n — oo in (3.6), we have z* < z, y < y*. The proof is complete.

Example: Consider the following problem

7
D5 (¢a(D3(1)) = gri—zyes (DDt >1%—y3<t>[D%y<t>—2§(§;ti} . te(01]
2 1 . 1 1 1 1 3 1 or(L) 1
Dj(¢4(D2y(t))) = 6Fq_§)y3(t)[D2y(t)]3 — 23(t) | Da(t) - ey ti|", te(0,1] (3.7)
D2x(t)i—0 =0, t'722(t)|t=0 =0,
1 1
Diy(t”tzo - 07 tliay(t”tzo )
Wherea—%, B:%, p =4 and
1 1.1 .1 1 or(%) 173
Ft.2(6),9(t), D3a(t), D3y(t) = gz edDAals — y*[Diy - Fidtd]
(t,y(t),z(t), D2y(t), D2 2(t)) = —L—y3[D2y|3 — B[D% _2”43)151]3
g ’y 733 ) y ) € - 6F(17%)y y z € F(%)

Take xo(t) = %t%, yt) = 2t1, then D%xo(t) =11 (%), D%yo(t) = T
show that (H;) holds.

Since the function /z + 2% is monotone increasing for € R, we obtain

£t 2(0),y(), D2a(0), D2y(0) — f(t (1), y(2), D2 (1), D2y 1))
_ ! HDE@) — GO (D - ZWAT - LoD
= i g @D - GO D30 - Tt - Gyt O3
1 () .
+ y?’(t){Diy(t)— F((izl))mP7
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1 3 1 1 1
< m\/ﬁ[(Dm(t))S — (Dzx(t))3]

1 3 1 1
< m\/ﬁ[(mw(t))?’ — (D2x(t))’]

1 3 1
= gz VARuD () — 2u(DESD)

where xo(t) < z(t)

< z(t)
__¥2 _
Note M = 61,(1_%),]\7—0 and

thus the condition (Hj3) holds. Therefore, there exist monotone iterative sequence {z,} and
{yn}, which converge uniformly to solutions of fractional problem (3.7) in [z, yo] by Theorem
3.1
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Abstract

In this paper, the authors investigate the growth and zeros of the solutions and the coef-
ficients of higher order linear differential equations with entire coefficients of [p, g] — ¢ order,
where p, q are positive integers and satisfy p > ¢ > 1. The theorems that we obtain extend
and improve many previous results.
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1. Introduction and Results

In this paper, we shall assume that readers are familiar with the fundamental results and
the standard notations of the Nevanlinna’s theory of meromorphic functions and the theory
of complex linear differential equations (e.g. [9,14]). The theory of complex linear differential
equations has been developed since 1960s. Many authors have investigated the complex linear
differential equations

FEE) + Apma () fE () 4+ Ao(2) f(2) = 0 (L.1)

and
FPE) + A1 () fED @) + -+ Ao(2)f(2) = F(2) (12)
and achieved many valuable results when the coefficients Ag(z), -+, Ax—1(2), F(z)(k > 2) in

(1.1) and (1.2) are entire functions of finite order or finite iterate order (e.g. [1-2, 4-7, 13, 14]).
In 2010, J. Tu and his co-authors investigated the complex oscillation properties of solutions of
(1.1) and (1.2) when the coefficients in (1.1) or (1.2) are entire functions of [p, g]—order (see [21]).
In the following, we introduce some notations about [p, ¢]—order, where p, g are positive integers

*Corresponding author E-mail adress:tujin2008@sina.com

tThis project is supported by the National Natural Science Foundation of China (Grant No0.41472130, 11561031),
the Natural Science Foundation of Jiangxi Province in China (Grant No.20161BAB201020, 20132BAB211002) and
the Foundation of Education Bureau of Jiangxi Province in China (GJJ151331,GJJ14272).
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and satisfy p > ¢ > 1. For r € (0,+00), we define exp; r = " and exp,, r = exp(exp;r), i € N
and for all sufficiently large r, we define log, r = log r and log;  ; r = log(log; ), i € N. Especially,
we have expyr = r = logyr and exp_; r = log; . Secondly, we denote the linear measure and
the logarithmic measure of a set E C (1, +00) by mE = [, dt and mE = [, %.

Definition 1.1. ([12,15,16]) If f(z) is a meromorphic function, the [p, ¢]-order of f(z) is defined

by
log, T'(r, f)

= lim —2—-= 1.3
Tpq (f) = lim log,r (1.3)

especially if f(z) is an entire function, the [p, g]-order of f(z) is defined by

log, T(r, log . M(r,
Tpg (f) = Tim log, T'(r, f) — Tim %H—M. (1.4)
’ r—oo  log,r 00 log, r

Definition 1.2. ([15,16]) The [p, q]-exponent of convergence of the (distinct) zero-sequence of

f(2) are respectively defined by

__log,n(r,3) ___log, N(r,})
Nipa) () = im0 = T —2 =, (15)
q q
_ __log,n(r Ly log,N(r, 1)
T 7)o logp NI g
Mpa(f) = lim 0= = dim = (1.6)

In recent years, many authors investigated the equations (1.1) and (1.2) with entire coefficients
or meromorphic coefficients of [p, g]—order (e.g. [3, 11, 15, 16]) and obtain the following results.

Theorem A. ([15]) Let A;(2) (j =0,1,---,k — 1) be entire functions satisfying max{oy, ;(4;)|
J # 0} < oppq(Ao) < oo. Then every nontrivial solution f(z) of (1.1) satisfies o, 1 4(f) =
J[p,q] (Ao)

Theorem B. ([15]) Let F'(z) # 0,A4;(z) (j = 0,1,--- ,k — 1) be entire functions satisfying
max{op, q(A;), Opr1,q F)j = 1,--- k= 1} < o5, 4(Ao). Then every solution f(z) of (1.2)

satisfies B
A1, () = Ap1,g(f) = pr1,(f) = 7,4 (Ao),
with at most one exceptional solution fq satisfying 0,41 ,4(fo) < o, (Ao)-

Theorem C. ([15]) Let F(z) # 0, Aj(2)(j = 0,--- ,k — 1) be entire functions, and let f(z)
be a solution of (1.2) satisfying max{oy, (4;),00.q(F)|j = 0,1,k — 1} < 0, 4(f). Then

AMpa)(F) = Mpg) () = 01,0 (f)-

On the basic of Definitions 1.1 and 1.2, some researchers introduce the notations of [p, q] —¢(r)
order of entire functions or analytic functions in [17, 18, 19], where p, g are positive integers and
satisfy p > ¢ > 1.
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Definition 1.3.([17,18]) Let ¢ : [0,+00) — (0,+00) be a non-decreasing unbounded continu-
ous function, the [p, q] — ¢(r) order and [p,q] — ¢(r) lower order of an entire function f(z) are
respectively defined by

. log,T(r, f)
s Bipg (frp) = lim —2——1

_ ——log, T(r, f)
Olpa) () = lim = "7 =0 log, ¢(r) '

M og, o) .7

Similar with Definition 1.3, we can also define [p, q] — ¢(r) exponent of convergence of (dis-
tinct) zero-sequence of an entire function f(z).

Definition 1.4. ([17]) The [p,q] — ¢(r) exponent of convergence of (distinct) zero-sequence of
an entire function f(z) are respectively defined by

1

log,, n(r, %)
A o) = lim —— I~ !
/%) = W% Tog o)

- __log,n(r, 4)
;A () = lim —>—I2

M8, Tog, o(r) . (1.8)

Remark 1.5. If ¢(r) = r, the Definitions 1.1-1.2 are special cases of Definitions 1.3-1.4.

In order to get similar results with Theorems A — C' by replacing [p, g]—order with [p, ¢] — ¢(r)
order, we suppose that ¢(r) has the following properties without special instructions:

Proposition 1.6. Suppose that ¢(r) : [0,400) — (0,+00) is a non-decreasing unbounded

. . . N1 lo, T Lo 1 lo ar
continuous function and satisfies (i) lim —e2tl™ =0, (i) lim 1980 2(07) _ 1 for some o > 1.
r—00 Iqu QO(T') r—00 Iqu 50(7.)

Proposition 1.7. ([17]) If ¢(r) satisfies the above two conditions (i) — (i7) in Proposition 1.6:
(7) then for any entire function f(z), we have

log T(r’ f) lOg 1 M(Tv f)
— Tim 20 Zoptl A IS
O-[p7q] (f’ (10) Ti)IglO logq ()0(7") Ti}IglO Iqu SD(T)

log, T(r, ) M(r.
wpa(fy ) = tim LDy logya MU J)
s T—00 logq (,0(7‘) T—oo Iqu (,0(7")

(74) then for any meromorphic function f(z), we have
1 1

log n(r, 7) 710g N(Ta 7)
A o) = Tim —2 I T
pa (f; ) = lim log, p(r )

)

= e log, o(r

n logp N(Ta f)
= lim —~—.
r—oo log, ¢(r)

[y

/
)
_ log, m(r, 1)
Npag) (f> ) = Tim ——"I=

pallf: )= g, log, o(r)

In this paper, we investigate the growth and zeros of solutions of (1.1) and (1.2) with entire
coefficients of [p, q] — ¢(r) order and obtain the following results.
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Theorem 1.8. Let A;(z) (j =0,1,---,k—1) be entire functions satisfying max{oy, 4 (4;,¢)|j =
1,2, k—1} < oy (Ao, ¢) < 00. Then every solution f(z) # 0 of (1.1) satisfies 0,41 4 (f, ) =
Tlp,q) (Ao, ©)-

Theorem 1.9. Let F(z) # 0, Aj(2)(j = 0,--- ,k — 1) be entire functions, and let f(z) be a
solution of (1.2) satisfying max{oy, (A, ), opp.q(Fy@)lj = 0,1,k — 1} < oy, 4 (f,»). Then
Apa(f,0) = Apg (fr0) = oppq (fr0)-

Theorem 1.10. Let F(z) # 0, Aj(z) (j = 0,1,--- ,k — 1) be entire functions satisfying
max{op, q(Aj,¢); opr1,qgEFp)li =1,k =1} < 0, 4(Ao, ). Then every solution f(z) of
(1.2) satisfies

X[p+1,q} (f7 90) = )‘[p+1,q} (fa ()0) = O[p+1,q] (fa 90) = Olp,q] (A07 80)7
with at most one exceptional solution fo satisfying op,11,4(fo, ) < o) (Ao, ¢).
Remark 1.11. The above Theorems 1.8-1.10 generalize and extend Theorems A-C and some

previous results.

2. Preliminary Lemmas

Lemma 2.1. ([10,14]) Let f(z) be a transcendental entire function, and let z be a point with
|z| = r at which |f(2)| = M(r, f). Then for all |z| = r outside a set Fj of r of finite logarithmic
measure, we have

f9¢) _ (o0 L .
= (M) o) e,

where vy (r) is the central index of f(z), E1 C (1,400) is a set of r of finite logarithmic measure
or finite linear measure in this paper, not necessarily the same at each occurrence.

Lemma 2.2. ([7,14]) Let g : [0,400) — R and h : [0,+00) — R be monotone increasing
functions such that g(r) < h(r) outside of an exceptional set E; C [1,400) of finite logarithmic
measure or finite linear measure. Then for any d > 1, there exists ro > 0 such that g(r) < h(dr)
for all r > rg.

Lemma 2.3.([17]) Let f(2) be an entire function satisfying oy, 1 (f, ») = o1 and py, 4 (f, ) = 1.
Then

—log,, vy(r) . log,vp(r)
lim —"——2> =y, lim ———> = 3.
r—oo log, ¢ (r) 7=o0 log, ¢(r)

Lemma 2.4. Let f(z) be an entire function of [p,q] — ¢(r) order satisfying o, ,(f, ) = o2,

where () only satisfies )ggo Tog, #(r)

having infinite logarithmic measure such that for all r € E5, we have

= 1 for some o > 1. Then there exists a set Fy C (1,400)

log, T'(r, f)

= € E»).
o loggp(r) | C (r e B)
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Proof. By Definition 1.3, there exists an increasing sequence {r,}°°; tending to oo satisfying
(14 L)yr, <rpy1 and
log, T'(rn, f)

M log, gy Tl P =

there exists an ni(€ N) such that for n > ny and for any r € Ey = U2, [ry, (14 1)1y, we have

logp T(Tna f) < logp T(Tv f)

. 2.1
log, o((1+ %)rn) ~ log, o(r) (21)
By (2.1), for all r € E5, we have
log, T'(ry, lo Tn log, T'(r,
i 28T D) doggelra) o g TS (2.2)
noss log, () 7o log, o((1+ )r,) ~ 750 log, p(r)
By (2.12) and Th%rgo % =1 (a>1), for all » € Ey, we have
log, T'(r,
T A G (2.3)
r=so log, ¢(r)
On the other hand, by Definition 1.3, for all » € Es, we have
log, T
im M < 09. (2.4)

r—oo log, ¢(r)

By (2.3) and (2.4), for any r € Es, we have

i 108 T(r, f)
im ———————— = 09.
r—oo log, ¢(r)

where myEy = 3 f(H%)T" % =3 log(1+21)=cc.

n=n1 Jry, n=ni

By Lemma 2.4, it is easy to obtain the following Lemma 2.5.

Lemma 2.5. Let fi(2), fa(2) be entire functions of [p, q] — ¢(r) order satistying oy, o(f1,¢) >
Olp,q(f2). Then there exists a set E3 C (1,+00) having infinite logarithmic measure such that for
all » € FE5, we have
T(T, f2)
im
r—oo T(r, f1)

=0 (T€E3).

Lemma 2.6. ([8]) Let f(z) be a transcendental meromorphic function, and let 8 > 1 be a given
constant, for any given £ > 0, there exist a set Fy C (1, 400) that has finite logarithmic measure
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and a constant B > 0 that depends only on 8 and (¢, 7) (i, are integers with 0 < i < j) such
that for all |z] =r ¢ [0,1] U Ey, we have

r

(log” r)log T(Br, f)

3. Proofs of Theorems 1.8 - 1.10

Proof of Theorem 1.8. We divide the proof into two parts.

(i) Set oy, 4(Ao, p) = 03, first, we prove that every solution of (1.1) satisfies 01,1 4 (f, ) < 03.
It is easy to know that equation (1.1) has no polynomial solutions under the assumptions. If f(z)
is a transcendental solution of (1.1), by (1.1), we get

f9 () FF D) F(2)
f(2) f(2) f(2)

Since max{oy, 4 (Aj,¢)|j = 0,1,--- ,k — 1} < 03, for any given ¢ > 0 and for sufficiently large r,
we have

< [Ag—1] + o4 A + -4 [Agl. (3.1)

|4;(2)| < exppyi{(os +e)log, o(r)} (G =0,1,---,k—1). (3-2)

By Lemma 2.1, there exists a set F; C (1,400) having finite logarithmic measure such that for
all z satisfying |z| =7 € [0,1] U Ey and |f(z)| = M(r, f), we have

FOE) (N g
o _< . )(1+ 1) G=1,--,k-1). (3.3)

By (3.1)-(3.3), for all z satistying |z| =7 ¢ [0,1] U Ey and |f(z)| = M (r, f), we get

k k—1
(M) 1+ o) < kespyetlon +etogy ot} (U0 o), (3a)

r
by (3.4) and Lemma 2.2, there exists some a; (1 < a1 < «) and r > 1y, we have
vf(r) < kairexp,,1{(o3 +¢)log, p(a1r)}. (3.5)

By Lemma 2.3 and the Proposition 1.6, we have o, 11 4(f, ¢) < 03.

(74) On the other hand, if f # 0, (1.1) can be written

e e e
M=y T ATy ATy .
By (3.6), we get
k—1 k f(k)
m(r,Ag) < Y m(r,Aj) + Zm <r, f) + log k. (3.7)
i=1 j=1

686 Sheng Gui Liu ET AL 681-689



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Growth and Zeros of Solutions of Linear Differential Equations with Entire Coefficients of [p,q] — ¢(r) Order 7

Since max{op, 4(4;,9)j = 1,2,--- ,k — 1} < o3 and by Lemma 2.5, there exists a set Fa C
(1, +00) with infinite logarithmic measure such that for all z satisfying |z| = r € Ea, we have
log, m(r, A VA
Mzgg’ M_ﬂ) (reBy,j=1,--- k—1). (3.8)
r=oc  log, ¢(r) m(r, Ao)

By the lemma of logarithmic derivative, we have

i
m|r, e = O{logrT(r,f)} (r ¢ E). (3.9)

By (3.7)-(3.9), for all sufficiently large r € E5 \ E7, we have
1
E'm(r, Ap) < OflogrT(r, f)}.

Hence by Proposition 1.6, we have o, 4(f, ») > o3. Therefore, every solution f(z) # 0 of (1.1)
satisfies Olp+1,q] (f, QD) = Op,q] (A07 QO)

Proof of Theorem 1.9. Proof. If f(z) # 0, by (1.2), we get

1 1 [ f® k=1

—=—= | =4+ A1 +---+ A4, 3.10

FF ( 7 7 (310
it is easy to see that if f(z) has a zero at zg of order a (o > k), and Ag,--- , Ax_1 are analytic at

zo, then F' must have a zero at zy of order o« — k, hence

n (r, }) <km (r, }) +n (r, ;) , (3.11)
N (r, }) <kN (r, }) +N <r, ;) : (3.12)

By the lemma of logarithmic derivative and (3.10), we have

and

m <r, J{) <m (r, ;) + kz:lm(r, A)+0(ogT(r f)+logr) (rdE).  (3.13)

<

By (3.12), (3.13), we get

k-1

T(r,f) < kN <T, ]1€> +T(r,F)+ ZT(T, Aj)+O{log (rT'(r, f))} (r & En). (3.14)
=0
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Since max{oy, ¢ (F, 0), 0pq (A, 0)7 = 0,1,--- k= 1} < 0pp q(f, ), by Lemma 2.5, there exists
a set B3 C (1,+00) having infinite logarithmic measure such that

{T(T, F) T(r, 4j)

T(r,f)" T(r[)

Since for all sufficiently large r, we have

}—>0 (reBs,j=0,--k—1). (3.15)

log T'(r, f) = o{T(r, f)}. (3.16)
By (3.14)-(3.16), for all |z| = r € E3\E1, we have
(1—o(1))T(r,f) <O {N (r, }) } + O{logr}. (3.17)
By Definition 1.4 and Proposition 1.7 and (3.17), we get
Tl (f+ ) < Mgl (f,)- (3.18)

Since o7, 41 (f, ) = Apg (fs©) = Ap.q(f.9), and by (3.18), we have
X[p,q](f’ 90) = A[p,q](.ﬂ SD) = U[p,q](fa 90)'

Proof of Theorem 1.10. We assume that f is a solution of (1.2). By the elementary theory of
differential equations, all the solutions of (1.2) are entire functions and have the form

f=1+Cifi+Cofo+---+ Crfr,

where C4,- -+, Cy are complex constants, {f1,---, fx} is a solution base of (1.1), f
of (1.2) and has the form

* is a solution

f*=Difi+ Dafs+ -+ D fr, (3.19)

where D1, -+, Dy are certain entire functions satisfying
Dy =F-Gi(fu fu) Wl )™ (=1, k), (3.20)
where G;(f1,---, fr) are differential polynomials in fi,---, fi and their derivatives with con-

stant coefficients, and W (f1,---, fx) is the Wronskian of f1,---, fx. By Theorem 1.8, we have
Tipt1,q ([, ) = Oppq (Ao, ) (j = 1,2,--- , k) , then by (3.19) and (3.20), we get

Olp+1,q] (f’ (10) < max{a[p+1,q] (fj, (70)a Olp+1,q] (Fa SD) ’J =1, k} < Olp,q] (Ao, 90)

We affirm that (1.2) can only possess at most one exceptional solution fy satisfying 7,1 4 (fo, ¢) <
Op,q (Ao, p). In fact, if fi is another solution satisfying o, 4(fs; ) < o g (Ao, ), then
Olpt1,g (o = fes ) < opq (Ao, ). But fo — f« is a solution of (1.1), this contradicts Theorem
1.8. Then o4 4(f; @) = opp g (Ao, ) holds for all solutions of (1.2) with at most one exceptional
solution fy satisfying oyp,11 4 (fo, ) < 0pp,q (Ao, »). By Theorem 1.9, we get that

Ap1,g(F,0) = Apr1.q(fr0) = 01,9 (f50)

holds for all solutions satisfying 0,11 4(f, ¢) = oy, 4 (Ao, ) With at most one exceptional solution
fo satistying 0,114 (fo, ) < 0ppq (Ao, @)
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1 Introduction

Let f: 1 CR — R be a convex mapping on the interval I of real numbers and w,v € I with
u < v. Then the following well-know Hermite-Hadamard inequality holds

f<u+’u>§ 1 /u”f(x)dng@*f(”)_ (1.1)

2 v—Uu 2

This inequality is one of the famous results for convex functions.

Many researchers generalized and extended the inequalities (|1.1)) involving a variety of con-
vex functions one can see [8 [0, [12] 15, 20H22] [0, 41] and the references mentioned in these
papers.
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In 2013, Sarikaya et al. [32] considered the following Hermite-Hadamard type inequalities
via Riemann-Liouville fractional integrals.

Theorem 1.1 Let f : [u,v] = R be a positive function along with 0 < u < v and let f €
L [u,v]. Suppose f is a convex function on [u,v], then the subsequent inequalities for fractional
integrals hold:

f(uw) + f(v)
2 )

f<u+v) - Ia+1)

2 ) S g — e @)+ I ()] <

(1.2)
where the symbols J. f and JS_ f denote respectively the left-sided and right-sided Riemann-
Liowville fractional integrals of the order o € RT defined by

T f(2) = %a) /I(x — 0 ()dt, <

and

T f(a) = ﬁ /U(t — 2 ()dt, x < v,

Here, T'(a) is the gamma function and its definition is T'(a) = [* e #p*~'dp.

Due to the wide applications of Riemann-Liouville fractional Hermite-Hadamard type in-
equalities in mathematical analysis, many researchers extended Hermite-Hadamard inequality
for different classes of convex functions. For example, see for convex mappings [, 10}, 16, 17, 29],
for m-convex mappings [37] and (s, m)-convex mappings [3], for h-preinvex mappings[I3], for
harmonically convex mappings [I8], for preinvex mappings [25] [31] and the references mentioned
in these papers.

Also in [4], Anastassiou presented a complete theory with respect to fractional differentiation
inequalities.

In 2012, Mubeen and Habibullah [24] introduced a new fractional integral that generalizes
the Riemann-Liouville fractional integrals.

Definition 1.1 ([2]]) Let f € L'[a,b], then k-Riemann-Liowville fractional integrals J", f(x)
and pJi- f(x) of order > 0 are defined by

ki fx) = ]{T:(m/az($ —OF ), (0<a<z<b)
and
b
W f(z) = kr:(u) L (t—2)5 1 f(H)dt, (0<a<z<Db),

respectively, where k > 0 and 'y (p) is the k-gamma function given as I'y(u) = fOOO t“_le_%dt.
Note that Ty (p + k) = plk (1) and 1 JO, f(z) = pJP- f(z) = f(x).

The notion of k-Riemann-Liouville fractional integral is an significant extension of Riemann-
Liouville fractional integrals. It is stressed that for k # 1 the properties of k-Riemann-Liouville
fractional integrals are quite dissimilar from those of general Riemann-Liouville fractional in-
tegrals. For this, the k-Riemann-Liouville fractional integrals have aroused the interest of
many researchers. Properties and integral inequalities concerning this operator can refer to
[1, 2 [0, [33] [34] B8] and the references mentioned in these papers.

Let us evoke some basic definitions as follows.
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Definition 1.2 ([5/) A set K C R™ is said to be invex set respecting the mapping n: K x K —
R™ if x +tn(y,z) € K for any xz,y € K and t € [0,1].

Definition 1.3 ([39]) A function f defined on the inver set K C R"™ is said to be preinvex with
respect to n, if

fl+tn(y,z) <A - f(=)+tf(y), YazyekK,telo1]

Definition 1.4 ([27]) Let t € K CR"™ and let ¢ : K — R be a continuous function. Then the
set K is said to be ¢-conver at x respecting ¢, if

r+XeP(y—2)eK, VYa,yeKAelol].

Definition 1.5 ([26]) A set K C R™ is called ¢-invex at x with respect to ¢(-), if there a
continuous function ¢(-) : K = R and a bifunction n(-,-) : K x K — R", such that

x+tei¢n(y,x) €K, VzyeK,te|0,1].

Definition 1.6 ([I1]) A set K C R™ is said to be m-invex with respect to the mapping n :
K x K x(0,1] = R"™ for some fixed m € (0,1], if mx + tn(y,z,m) € K holds for each z,y € K
and any t € [0,1].

Definition 1.7 ([27]) The function f on the ¢-convex set K is said to be ¢-convex with respect
to 6, if |
flr+2re(y—2)) < (1 =N f(@) +Afy), YVayeKAelo1]. (1.3)

Definition 1.8 ([/2]) The function f defined on the ¢-invex set K C R™ is said to be ¢-MT-
preinvez, if it is nonnegative and for ¥V x,y € K and t € (0,1) satisfies the following inequality

V1=t Vi
2/t J)+ 2v/1—t

Definition 1.9 ([28]) A function: I CR — R is said to be m-MT-convez, if f is positive and
for¥ x,yel, and t € (0,1), with m € [0, 1], satisfies the following inequality

Vit my1—t
N AW

Definition 1.10 ([T]]) A function f: I C R — R is said to be \-MT-convex function, if f is
positve and ¥ x,y€l, A € (0,3] and t € (0,1), satisfies the following inequality

fltz+ (1 —t)y) < vt flx)+ a-Mvi-t
21—t 2\t

Clearly, when choosing m =1 and A = % in Definition and Definition respectively,
the function f reduces to MT-convex function in [35]. For some significant integral inequalities
in association with MT-convex functions, one can see [19, 23] 30, B6] and the references therein.

The main purpose of this paper is to introduce the class of generalized Agy,,-MT-preinvex
functions on (¢, m)-invex and to prove a k-fractional integral identity. By using this identity, we
establish the right-sided new Hadamard-type inequalities for the generalized Ag,,-MT-preinvex
functions via k-Riemann-Liouville fractional integrals. These inequalities can be viewed as
generalization of recent results that appeared in Refs. [30] and [42].

[z +te'n(y,x)) < f). (1.4)

ftz+m(l—t)y) < f). (1.5)

f). (1.6)

692 Chunyan Luo ET AL 690-705



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

2 New definitions and a lemma

As one can see, the definitions of the ¢-invex and m-invex have similar configurations. This
observation leads us to generalized these concepts. Firstly, the so-called ‘(¢, m)-invex’ may be
introduced as follows.

Definition 2.1 A set Ky, C R"™ is said to be (¢, m)-invex with respect to a continuous function
() : Kgm — R and the mapping 1 : Kpm X Kgm x (0,1] — R”, for some fited m € (0,1], if
ma + te'n(y, x,m) € Ky, holds for any x,y € Ky, and t € (0,1).

Let us note that:
- if ¢ = 0, then we get the definition of an m-invex set,
- if the mapping n(y, z, m) with m = 1 reduces to 7(y, z), then we obtain the definition of a
¢-invex set,
- if $ =0 and 7n(y,z,m) = y — ma with m = 1, then we obtain the definition of a convex set.

Now we define the concept of generalized Ag,,-MT-preinvex functions.

Definition 2.2 Let Ky, C R is a (¢, m)-invex set with respect to n and ¢. A function f :
Kgm — Ry is said to be generalized Xy, -MT-preinvex, according ton and ¢, andV x,y € Kppm,
t €(0,1) and X € (0, 1], along with some fized m € (0,1] satisfies the coming inequality

i m(l—ANvI—1 Vi
f(mx +te ¢77(y7 T, m)) < 2)\\/% 2\/17—t

flz)+ f). (2.1)
Let us note that:

- if the mapping n(y, x,m) with m = 1 degenerates into 7(y, z), then we obtain the definition

of Ay-MT-preinvex function,

- if the mapping 7(y, z, m) with m = 1 degenerates into 7(y,z) and A = 3, then we obtain the

definition of ¢p-MT-preinvex function,

- if ¢ = 0, the mapping n(y,z,m) = y — mx, and A = %, then we obtain the definition of

m-MT-convex function,

- if ¢ = 0 and the mapping n(y, z,m) = y — ma with m = 1, then we obtain the definition of

A-MT-convex function,

- if ¢ = 0, the mapping n(y,z,m) = y — ma with m = 1, and A = %, then we obtain the

definition of MT-convex function.

Before presenting our main results, we prove the following lemma.

Lemma 2.1 Let K4, C R be a (¢, m)-invex subset respecting ¢(-) and n : Kgpm X Kgm x(0,1] —
R, a,b € Ky with n(b,a,m) > 0 and some fived m € (0,1]. Suppose that f : Ky — R is
a twice differentiable mapping such that f" € Lima, ma + e*n(b,a,m)], we have the following
identity via k-fractional integral with k, o > 0 holds:

(ei‘bn(b,a,m))2 /1 -ttt — (1 —t)*+!
2 ; oy

Ry(a,k;d,m,m,a,b) = £ (ma + te'n(b,a,m))dt,
(2.2)
where
f(ma) + f(ma +e*n(b,a,m))  Tp(a+k)
2 2k (e141(b, a,m))

% [T (mat €9n(b,0,m)) 4 T ooy~ Fm0) |-

Rf(a7 k7 ¢7 nm,a, b) =

ES )
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Proof. Set

(b SR R SRR S .
I (e 7]( ,a,m)) / k ( )k f”(ma—‘rtew??(b,%m))dt-
2 0 a1

Since a,b € Kgm and Ky is a (¢, m)-invex subset respecting ¢ and 7, for V ¢ € (0,1), we have
ma + te'’n(b,a,m) € K. Integrating by part gives, we have

_(en(b,a,m))’ [1 (1 )R
t

1
1 i
(& + Debn,a,m) | (matte n(b,a.m)|

- R DO 0% e, 0]

1
2 (ewn( ,a,m )2f(ma+t€ “n(b,a m))‘o
Lagf—1 4 a1 —p)i-1
_ k
/0 (cion(b,a m>)2 f(ma+te*n(b,a m))dt]
f(ma) + f(ma+te'®n(b,a,m)) o

1
_ 5 -5 [/ (t%—l +(1— t)%_l)f(ma + te'?n(b,a,m))dt|.

Using the reduction formula T'y (o + k) = al'y(a) (o > 0), we have

1

a o« i Li(a+ k) a

— [ t& 7" f(ma+te'Pn(b,a,m))dt = =1 rmaseiton(b.am—J (M)

2k 0 ( ) Zk(el(bn(b’a’m)) k k ( + ¢17(b7 ) ))

and
1

O]; (1—t)%~ 'f(ma + te'’n(b,a,m))dt = ‘ plat k) =1%o f(ma+ en(b,a,m)).
2 2k (e*®n(b,a,m)) "

Thus, we obtain conclusion (2.2)).

Remark 2.1 If we put k =1 in Lemma[2.1], then we have:

(a) for the mapping n(b,a,m) with m =1 reduces to n(b,a), we obtain Lemma 3.1 in [T,

(b) for @ =1 =m with the mapping n(b, a, m) reduces to n(b,a), we obtain Lemma 2.3 in [{7],
(¢) for =0, a =1 = m with the mapping n(b,a,m) = b — ma, we obtain Lemma 1.3 in [F7].

3 Main results

Using Lemma we now state the following theorem.

Theorem 3.1 Let Ay, C Ro be an open (¢, m)-invex subset respecting ¢(-) and 1 : Agm X
Apm % (0,1] = R, a,b € Agy with n(b,a,m) > 0, X € (0,3] and some fized m € (0,1]. If
f i Apm — R is a twice differentiable mapping such that f” € Lima, ma + €'*n(b,a, m)] and
|f""17 for ¢ > 1 is generalized \ym-MT-preinvez on Agm and x € [ma, ma + e'*n(b, a,m)], then
we have the following inequality for k-fractional integrals with k,a > 0

Ry, s 0., 0.0)|

i 2 a 1 3 3.1
< k‘(e ¢n(b,a,m)) lw 3 \/%F(q(@ +1)+ 5) { |f" m |f” | } . (3.1)

2(a + k) 4 20(g(2 +1)+1)

Q=
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Proof. Using Lemma [2.1] and the power-mean integral inequality, we obtain

‘Rf(oé’k; ¢7n,m,a,b)’

. (ei<f>n(b,a,m))2/1
= 2 0 a3
1—1

(6”277((;3:;))2 ( /0 1 1dt> ’

x {/1 (1 —E (- t)%“)q
0

k(€i¢n(b7a;m))2 L a(2+1) q(2+1)
S T et k) {/0 (1= — gy

To prove the third inequality above, we use the following inequality

_ t%ﬂ)q < 1= (1—)aE+D _ga(@+n),

L—trtt — (1 —¢)rtt ;
- ( )* " (ma + te"’n(b, a, m))’dt

IN

Q=

" (ma + te"*n(b,a,m)) ‘th}

1

" (ma + te"*n(b, a,m)) ‘th}

(1— (1—¢)F+!

for any t € (0,1), which follows from
(A—B)1 < A7 —

forany A> B >0and ¢ > 1.
Since |f"]? is generalized Agp,-MT-preinvex on Ay, it follows that
, q
" (ma + te"*n (b, a,m)) ‘ dt

/1 (1 e (g = t)q<%+”)
0
g/; (1-e#+0 _ 1 _t>q<%+”>{w AU Q\Jﬁw( )lq}dt

DT (o )+ b))+ D

A 4 2

m 1 @ 31 1 /3 (s« 1 s ld
+{4_25(q<k+1)+2’2>_2ﬁ<2’q(k+1>+2>}|f @)
m \fF q m /
e s AR
Here, we utilize the following fact that

— 1
vl _ [V at— 5.3 -1,
21 -1 2°\2°2 4

1
o 31
tq<k+1>+§(1—t)5dt_5(q 2 +,)
/O (k ) 2’2

(% +1+3)
gD+

and
1
a 1.1 3 (67 1
1)t —33dqt = 8 2. g( = 4 1 =
/0( 0 trar=p(5,0(5 +1) + 5
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where the beta function
1
N A (R
0
Hence, the proof is completed.

We now discuss some special cases of Theorem

Corollary 3.1 In Theorem|[3.1, if ¢ =1, then we have

B(e (b, a,m))” [W VAl (§ +3)

Ry, ki 6mm,a,)| <

2(a+ k) 4 or(e+2)

{m“A @)+ If”(b)|}~

Corollary 3.2 In Theorem if we take A = %, q =1 and the mapping n(b, a,m) with m =1
degenerates into n(b, a), then we have the following inequality for ¢-MT-preinvex functions

ip
|f(a) + f(a +e n(b, CL)) B Fk(a + k) |:kJ3+f((l + eid)n(b’ CL)) + kJ(O:l+5i¢n(b’a))f(a):| |

2 2k (e'*n(b, a)) &
Beonba)’ [« VA EE D)
<M s e o)

Remark 3.1 In C’omllary if we put ¢ = 0 and n(b,a) = b—a, then we have the succeeding
inequality for MT-preinvex functions

’f(a) + /) _ Dulatk) [kJ;ﬂf(b) + ka“-f(a)} |

2 2k(b—a)*
k(b _ a)2 T ﬁr(g + §) " "
S etk |1 a2 {!f (@)l +1f <b>|}.

Especially if we take k =1 and a = 1, we have

10101 e < 2 o+ )

Corollary 3.3 In Theorem 1 if |[f"(x)| < M, A= % and n(b,a,m) with m = 1 degenerates
into n(b,a), then we have the forthcoming inequality for ¢p-MT-preinvex functions

‘ fla)+ fa+e®n(b,a))  Tila+k)
2 2k (e'n (b, a)) 3

_ EM(en(b.a))® [w VAD(g(2 + 1)+ 1)

{’“Jfﬁf(a +e'n(b, a)) + kJ(O:ereWn(b,a))f(a)} ‘

Q=

2(a + k) 2 T(g(e+1)+1)

Especially if we take a =1, q=1 and k =1, we get

’f(a) + fla+ (b, a)) 1b . / ) O Mr(en(ba)’ (3

2  ein(b, 32 ’

which is the result given in [{Z], Theorem 2.5. Obviously, if we choose ¢ =0 and n(b,a) =b—a
n , then we obtain the result given in [30], Theorem 2.1.
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Now, we are ready to prove our second theorem.

Theorem 3.2 Suppose that all the assumptions of Theorem[3.1] are satisfied, then we have the
following inequality

Ry (@, ki 6, m,a,b)|

< k(eid)n(b?a?m))z ( o )17% ™ \/7?1“(% + %)
- 2(a+ k) a+ 2k 4 (¢ +2)

l ‘f// |q+|f// ’] )
(3.4)

Proof. Using Lemma [2.1] and the Holder’s integral inequality for ¢ > 1, we get
[y (@ ks 6,m,m.ab)|

(ewn(b, a, m))2 L
< 3 /0

1—titl —(1—¢)tt
T+1

" (ma + te'*n(b,a,m)) ’dt

1—1

i 2 1 q
(e ‘1’272(;?1”;)) {/0 (1-1t+ - t)i:+1)dt}

1
X {/0 (1 —tetl—(1 —t)F“)

, 1-1
k(e"n(b,a m))2 o ¢ ! a o . q
— T l—t’“—l—t’“) i te'n(b ‘dt :
Aa+k)  \a+2k /0 (1- e =@ =0 |1 (ma + ten(v, a,m))
By the generalized Ag,,,-MT-preinvexity of |f”|9 on Ay, for ¢ > 1, we have
1
/ (1-ttr - (1 —ni*)
0

g/ol (1—t%+1—(1—t)%+1)<wﬁ|f”(a”q \{ﬁw )lq>dt

R E- 3G e D) - G D)o

1

" (ma + te'*n(b,a,m)) ’th}

" (ma + te*’n(b,a,m)) ’th

a bH 1 1 /3 o« 3 ” q
T30+ 55) 585 5+ 5) 1770

|7 VAT(f +3) m( @)+
4 (442 |f e ’1

Hence, the proof is completed.
Let us discuss some special cases of Theorem

Corollary 3.4 In Theorem[5.3, if the mapping 1(b, a,m) with m = 1 degenerates into n(b, a),
then we obtain the following inequality for Ag-MT-preinvex functions

f@)+ flate®nb.a)  Tila+k)

2 2k(€i¢7](b a))% |:ng+f(a + e’ﬁﬂ](b, a)) + k;J(C:l+ei¢n(b’a))f(a)} ‘
o0 (0 Y x v D] a0 e ]
S T3tk (a+2k) 17 (et ; |f N+ [ ()]
8
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Corollary 3.5 In Theorem ifo=0, A= % and n(b,a,m) = b — ma with m = 1, then we

have the following inequality for MT-convex functions

‘f(a) —; fo) ;2512?% [kJ§‘+f(b) + oy f <a>] ‘

~ 2(a+k) \a+2k 4

k(b — a)? o -2l /al(e +3)
= ( ) l4 zr(%k+2§

[|f”(a)|q + |f”(b)|q]

Corollary 3.6 In Theorem if |f7(x)] < M, A= 1% and n(b,a,m) with m =1 degenerates
into n(b,a), then we have the following inequality for ¢p-MT-preinvex functions

i}
‘f(a) + f(a +e n(b, CL)) i Fk(Oé + k) _ |:ng+f(a + 6i¢7](b, a)) + kJ((itz+ei¢n(b,a))f(a):| |

2 2k (e**n(b,a))*
Y O S O RS 1
2(a+ k) o+ 2k 2 T(§+2)

Especially if we take o =1 =k, we get

-

e o)

which is the result given in [[9], Theorem 2.15. Clearly, if we put ¢ =0 and n(b,a) =b—a in
, we obtain the result given in [30], Theorem 2.4.

fla)+ f(a+ en(b,a)) 1 atei®n(b,a)
| 2 ~ ein(b,a)) / fla)de

A different approach leads to the following results.

Theorem 3.3 Let Ay, € Ro be an open (¢, m)-invex subset respecting ¢(-) and 1 : Agm X
Apm x(0,1] = Ry, a,b € Apm withn(b,a,m) > 0, and let f : Apm — R be a twice differentiable
mapping such that f" € Llma, ma+ €**n(b,a,m)]. If | f"|? is generalized \gy,-MT-preinvex on
Agm, X € (0, %], m € (0,1], ¢ = p%l, q#p>1and x € [ma,ma+ e¥n(b,a,m)], then we have
the following inequality for k-fractional integrals with k,a > 0

[y (ax ks .. ms0.0)| < k(ei:?c(ybfz%;n))z (iEZ . Z; T Z) lz (M!f“w + !f”(bﬂqﬂ :

(3.6)
Proof. Using Lemma 2.1 and Holder’s integral inequality leads to
Ry ki 6, m.a,b)|

(€i¢n(bv a, m))2 !
J

2

1—tftl — (1 —p)&H?
241

< k(eizzyc(vb;al;;n)ﬁ{/ol (1 e _t>g+1)pdt}§{/01

£ (ma + te'*n(b,a,m)) ‘dt

1
aq

£ (ma + te*n(b,a,m)) ’th}
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ib 2 1 s
< k(e n(b,a,m)) { / (1 _ (D) (1- t)p(‘,:ﬂ))dt}
B 2o+ k) 0

y {/01 (Wu’/(anq + ﬁ|f’/(b)|q>dt};

2\t 21—t
_k:(ei¢77(b,a,m))2 pla+k)—k 5 T (ml—=2\) ., . . . 7
T 2tk <p<a+k>+/c> 4<>\|f (@] +7"@)] )] :

To prove the third inequality above, we use the same inequality (3.2) as Theorem the
generalized \gy,-MT-preinvexity of |f”|9 on Agy, for ¢ > 1, and the following fact

1
[ (=t _prrn)g, Mot Bk
0 pla+k)+k

This ends the proof of Theorem

Let us point out some special cases of Theorem [3.3]

Corollary 3.7 In Theorem if the mapping n(b,a,m) with m = 1 degenerates into n(b, a)
and A\ = %, then we have the following inequality for ¢-MT-preinvex functions

|f(a) +fla+e®n(b,a))  Tilatk)

« ip e}
2 2k (eion (b, a)) ¥ {’“J‘”f(a + (b, a)) + k‘](a+ei¢n(b,a))f(a)} |

1
aq

k(ewn(b, a))2 pla+k)—k v
e (p(a+k)+k)

T (1@ + |f”<b>|q)]

Corollary 3.8 In Theorem if we put ¢ =0 and n(b,a,m) =b — ma with m =1, then we
have the following inequality for A-MT-convez functions

’f(a) +f(0)  Tila+k)

LI F0) + 4T 1) ‘

2 2k(b—a)*
k(bia)z p(Oerk)—k % m (17>‘) 1" q 1" q ‘
< ey (Bex =) l4<A|f @ + 70| )] |

Especially if we take k =1 and \ = %, we have

‘f(a> +f(b)  T(a+1)
2 2(b—a)

_ £ [J;;g f(b) + J f (a)] ‘

i) (@ sror)]

Corollary 3.9 In Theorem if |[f'(x)] < M, ¢ =0, A= % and the mapping n(b,a,m) =

b —ma with m =1, then we have the following inequality for MT-convex functions

J@+ B Tulath) [ o, )
’ 2 _2kk(b—a)‘§{kjﬁf(b)*ka—f(a)}

2
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Especially if we take k =1 and o = 1, then we get

LI [ e < MO () ()
fl+fl) 1 M(b—a)® (7\7/2p—1)\7

2
Finally, we are in a position to present the following result.

Theorem 3.4 Suppose that the assumptions of Theorem are satisfied, then we have the
following inequality

’Rf(a, k;¢,m,m, a,b)‘

<k(€i¢ﬁ(b7a,m))2{ (4 —p)a—pk+Fk }

- 2a+tk) (g —p)a+2qk —pk —k

L v e 4y
4 20(p(§+1)+1)

(3.7)

q

[m(lA_ )‘) U//(a)‘q 4 |f”(b)|q‘|

Proof. Using Lemma 2.1 and Holder’s inequality, we have
‘Rf(a7 k; ¢v n,m,a, b)‘

(ew’n(b, a, m))2 1
< /

- 2

1—t&tl—(1—t)&F!
a1

£ (ma + te'n(b,a,m)) ’dt

a—-p q

(e"n(b,a, m))2 1 a agq) et
SW[/O (1—t T (1—1) “) dt

X [/1 (1 | —t)%“)p
0

_ k(e*n(b,a, m))® {/1 (1 _@en a_# € SENCRD )dt] e

1
" U (1 D - (1 - gypeen)
0

By the generalize \g,,-MT-preinvexity of |f”|? on Ay, for ¢ > 1, we have

[ (ma + te'*n (b, a, m))

q

£ (ma + te"n (b, a,m)) ‘th}

£ (ma + te"n(b, a,m)) ‘th

1
/ (1 N t)p<%+1>)
0

1 m(l — —
< [ (1=t — gt (PO o s A

A3 0G) +30) 5250l 1) )
DR DE D
+

[m(lA_ )‘) |f”(a)|q 4 ‘f”(b)‘q‘| )

’f//(a)’q (3.9)

|f//(b)|q

11
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Also

1 (4D (a-p) (F+1)(a—p) — —
/ (1—15 e (e )dt: (g—pla—ph+tk (3.10)
0 (¢ —p)a+2qk —pk—k

Utilizing (3.9) and (3.10) in , we deduce the inequality (3.7). This completes the proof of
Theorem [3.4] as well.

We next discuss some special cases of Theorem

Corollary 3.10 In Theorem if the mapping n(b, a,m) with m = 1 degenerates into n(b, a),
then we obtain the following znequalzty for Ap-MT-preinvez functions

f(>+fa+ei¢’n(ba) Ti(a+k o i a
( ) _Tila+h) o |ae f(a+ (b)) + kTG cion b0y~ f(@)
2k(e’n(b,a)) *
“1’17 b,a)) (¢ —p)a—pk+k !
(a+ k) (g —p)a+2qk —pk — k

[( |f// ‘q+|f// |] )

Corollary 3.11 In Theorem 4, if we put ¢ =0 and n(b,a, m) = b—ma with m =1, then we
obtain the following inequality for A-MT-convez functions

et ]

<k(b—a)2[ (g—pa—pk+k ]qql
20a+k) [(¢—p)a+2qk — pk — k

[ VALl +1) + ) é[u ) @+ | |]

4 2 (p(e+1)+1)
Especially if we take k =1 and A\ = %, then we have the following inequality for MT-convex
functions

x[_\ffp% 1)+ 3)
4 20(p($+1)+1)

1
q

@+ ) T@+D [ s o
‘ O S e+ be@H

O >{( (¢—pla—p+1 }lw VAl (pla+1) + 1)

20+ 1) [(g—pla+2¢—p—1 4 21"(p(a—|—1)+1)

1
q

|"]w |q + ‘fﬁ | ‘|

Corollary 3.12 In Theorem A if |f" (@) <M, =0, A= % and the mapping n(b,a,m) =
b — ma with m =1 , then we have the following inequality for MT-convex functions

|f(a) : HON ;‘C( g“f) [kmf(b) + M?-f(a)} |
kM (b — a)? (g —pla—pk+k - %

20a+k) |(¢g—pa+2qk—pk—k
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4 Applications to special means

We begin this section by considering some particular means for two positive real numbers a, b
and for this purpose we recall the following well-known means:

Arithmetic mean: A := A(a,b) = G‘Q"b,

Geometric mean: G := G(a,b) = Vab,
3 . A __ 2ab

Harmonic mean: H := H(a,b) = s

Power mean: P, := P,(a,b) = (“T“’T);,r >1,

1 bb b—a
Identric mean: = I(a,b) = e (aT) , a#b,
a, a="b,
Logarthmic mean: L(a,b) = oot 07
' ’ a, a=>b,
and
1
pptl_gp+1 | P
{m} , p#0,—1,and a # b,
Generalized mean: L, := L,(a,b) = { L(a,b), p=—1and a # b,
I(a,b), p=0and a #b,
a, a=h.

Clearly, L, is monotonic nondecreasing over p € R, with L_; := L and Lo := I. In partic-
ular, we have H < G < L <I < A.

Let 0 < a <b, A€ (0,3] and let M := M(a,b) : [a +n(b,a)] x [a,a + n(b,a)] — Ry, which
is one of the above mentioned means, one can obtain various inequalities for these means.

Now, if n(b,a, m) with m=1 degenerates into 7(b,a) and n(b,a) := M(b,a), for ¢ = 0 in
(3.1, (3.4)), (3.6) and (3.7)), we have the following interesting inequalities concerning the above

means

1

{(1 ; )\) |f”(a)|q + ‘f”(b)|q} ,

(4.1)

m  V/Al(a(} +1)+3)
4 20(q(g+1)+1)

kM2
k;0,m,1 b’<7
Ry k0.1 00)| < g

kM? a N\l |m wr2351_x vta o e q%
‘Rf(a’k;o’n’l’a’b)‘g2(a+k)(a+2k) l4_\2fr((gk++2)) {( A Nrrar <1 o) } ’
(4.2)
kM2 at k) BN (7 (=N 0 e\ )
‘Rf(a’k;o’n’l’a’b)’§2(a+k)<zgaik§+k> {4(( @l 1) >}
(4.3)
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and

kM2 { (g—pa—pk+k }qql
2a+k) | (¢g—p)a+ 29k — pk — k

m x/?F(p(gH)ﬂLl)é (1=2) s 0 (o K
’ l‘l (1) 1) { v @+ e } :

R0, ki0,m,1,0,)| <
(4.4)

where

fla) + fla+M(a,b))  Tila+k)
2 2kM % (a,b)

X (W f (a4 M) + 1Ty F(0)].

Letting M = A, G, H, P, I, L, L, in (4.1)), (4.2)), (4.3) and (4.4), we also get the required
inequalities, and the more details are left to the reader to explore.

‘Rf(a,k;(),n,La,b)‘ =
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Some generalizations of operator inequalities for positive linear
map

Chaojun Yang and Fangyan Lu*

Abstract:

We generalize some inequalities for positive unital linear map as follows: Let A, B be
positive operators on a Hilbert space with 0 < m < A < m/ < M’ < B < M. Then for
every positive unital linear map ®, p € [0,1] and p > 0,

PP(AV B + 2rMm(A~'VB~1 — A=14B1)) < a?®?(Af, B)

and
PP(AV, B+ 2rMm(A~'VB~! — A714B7 1)) < a?(®(A)4,P(B))?
— m _ r_ M — (M+m)? (M+m)? .
where r = min {p,1 — p}, b’ = 25 and a = max{lemK(m’z)R, FotmK (/2" } Fur

thermore, we give a squaring reversed Karcher mean inequality involving positive linear map.

1. Introduction

Through this paper, let m, m/, M, M’ be scalars. Other capital letters denote general elements of
the C*-algebra B(H) of all bounded linear operators on a complex separable Hilbert space (H, (-, -)).
The Kantorovich constant is defined by K(h,2) = (hI;)Q for h > 0. We write A > 0(A > 0) to
mean the self-adjoint operator A is positive( strictly positive). The partial order A < B is defined
asB—A>0.

For each p € [0,1], the weighted arithmetic mean V,, and weight geometric mean f,, for strictly
positive operator A and B are defined below:

AV,B=(1—p)A+uB and Af,B= A2(A= BA7 )lAz.

When p = % we write AVB and AtB for brevity, respectively.

A linear map ® : B(H) — B(H) is called positive (strictly positive) if ®(A) > 0 (®(A4) > 0)
whenever A >0 (A > 0), and @ is said to be unital if &(I) = I.

The arithmetic-geometric mean for positive operator A and B states

ALB > AfB.

In [8], Lin give a reversed arithmetic-geometric mean inequality involving a positive linear map

B(ASE) < OLEm? g gy ) (1)

where 0 <m < A, B < M and ® is a positive unital linear map.

* Corresponding author.

2010 Mathematics Subject Classification. Primary 47A63 ; Secondary 47B20

The research was supported by NNSFC (No. 11571247).

Keywords and phrases : positive linear map; operator inequality; Kantorovich constant; Karcher mean.
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It is well known that t* is operator monotone function on [0, 00) if and only if a € [0, 1]. Since ¢2
is not an operator monotone function, we can not obtain A% > B? directly by A > B > 0. However
Lin [8] gave a p-th powering(0 < p < 2) of inequality (1), namely the inequality

0r(452) < (00 ) g ag) @)
and )
w(458) < (U0 ) @tz ®)

where 0 <m < A, B < M and ® is a positive unital linear map.
In [6], the authors extend (2) and (3) to p > 2, which states

0r(452) < (U2 go ) ()
and
0 (452) < (UE0) @ ya(m)p )

where 0 <m < A, B < M and ® is a positive unital linear map.
Recently the author in [4] gives inequalities that generalize the inequalities (2) to (5) and state
as follows

PP(AV B +2rMm(A~'VB™1 — A~14B™1)) < aP®P(A4,B) (6)

and
PP(AV,B +2rMm(A~'VB™t — A7HB71)) < o (P(A)4,P(B))? (7)
where 0 <m < A <m/ < M’ < B< M, ® be a positive unital linear map on B(H), p € [0, 1],

' M+m)®  (M+m)?
p>0,"”:m1n{ﬂal—ﬂ}anda:max{(4MT:1)’(Zm) }
4P Mm

The w—weighted Karcher mean A(w; A1,...,Ay)(orA(w;A)) of Ay,---, Ay, > 0 is defined to be
the unique positive definite solution of equation

Zwilog(X_%AiX_%) =0,

where w = (wy, ..., wy,) is a probability vector. Next we cite some basic properties of the Karcher
mean as follows, for more details about Karcher mean, see[7].

Proposition 1.1. [7] The Karcher mean satisfies the following properties:

(i) (consistency with scalars) A(w;A) = AT* -+ A if the A; is commute.

(i) (self duality) A(w; A7Y, - A ™ = Aw; Ar, -+, Ay).

(i11) (AGH weighted mean inequalities) (31— wiA; )™ < A(w; Ay, -+, Ay) < 07 wid;
(1v) P(A(w; A)) < Alw; (A)) for any positive unital linear map ®.

(

v) (monotonicity) If B; < A; for all 1 <i<n, then A(w;B) < A(w; A).

As mentioned in the abstract, we shall give refinements of inequalities (6) and (7), along with
presenting a reversed Karcher mean inequality related to (iv) in Proposition 1.1 and a squaring
version thereafter.

2. Main Results
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Lemma 2.1.( Choi inequality.) [5] Let ® be a unital positive linear map, then

(i) when A > 0 and —1 < p < 0, then ®(A)? < ®(AP), in particular,®(A)~! < d(A71);
(77) when A >0 and 0 < p <1, then ®(A)? > O(AP);

(731) when A > 0 and 1 <p <2, then ®(A)P < O(AP).

Lemma 2.2. [1] Let ® be a unital positive linear map and A, B be positive operators. Then for
a € [0,1]

O(Af,B) < ®(A)4,P(B).
Lemma 2.3. [3] Let A, B > 0. Then the following norm inequality holds:
IAB|< 1]lA + B
Lemma 2.4. [2] Let A, B > 0. Then for 1 <r < 400,
A"+ B"[|[< [[(A+ B)"|.

Lemma 2.5. [5] (L-H inequality) If 0 <o <1, A,B >0 and A > B, then A* > B“ .

Lemma 2.6. [9] For two operators A, B > 0and 1 < h < A2BA 3 <hWorO<h <A 2BA"% <
h < 1, we have

AV, B —2r(AVB — A{B) > K (Vh,2)F A8, B
for all p € [0,1], where » = min {y,1 — p} and R = min {2r,1 — 2r}.
Lemma 2.7. Let 0 <m < A<m/ < M' < B < M, then
AWV, Bt —2r(ATIVBT - A7YBY) > K(VI,2)RA 1Y, B!
for all € [0,1], where r = min {p, 1 — u}, b’ = %,/ and R = min {2r,1 — 2r}.
Proof. Since 0 <m < A<m' <M < B < M, we have 0 < 77 < (A_l)fé(B_l)(A_l)fé <
% < 1. Thus by Lemma 2.6 we have

AW, Bt —2r(A7'VB — A" Y4B Y > K(VI,2)R A4, B!

where K (VR',2) = K(\/g, 2).

Theorem 2.8. Let 0 <m < A<m/' < M' < B < M, ® be a positive unital linear map on B(H),
€ [0,1] and p > 0, we have

PP(AV B + 2rMm(A~'VB™1 — A714B71)) < aP®P(A4,B) (8)

and
OP(AV, B + 2rMm(A~'VB~ — A74B71)) < a?(®(A)f,D(B))” )
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(M+m)? (M+m)?
AMmK (VR 2)R’ 4%MmK(\/p72)R '
Proof. By <m < A<m/ < M' < B < M we have

where r = min {u, 1 — u}, b = %,/ and a = max{

A+MmA'<M+m and B+ MmB'<M+m.

Thus we have

A—wWA+ A —p)MmAL <A —p)(M+m) and pB+ pMmB~™! < u(M +m). (10)

By (10) we obtain
AV,B+ MmA™'V,B™' <M +m. (11)

By Lemma 2.7 we have

ATV, B —2r(A7IVBT - A7YB7Y) > K(VI,2)FA~1,B7! (12)

Compute

||®(AV B + 2rMm(A~'VB~! — A"YB 1) K(VI,2)EMmd~1(A4,B)||

(VH,2)
< 1||[®(AV,B +2rMm(A~'VB~! — A~44B~1)) + K(VI,2)EMm®~1(Af,B)|?
< H|®(AV,B + 2rMm(A~'VB~! — A~YB™1)) + K(VI/,2)R®((Af,B)")|]?
= L|®(AV,B + 2rMm(A~'VB~! — A~U4B 1)) + K(VI,2)R®(A~14,B7Y)|?
= 1|®(AV,B) + Mm®(2r(A"'VB™' = A"14B~ 1) + K(VI, 2)F (A4, B7)[)?
< 1||®(AV,.B) + Mm®(A~'V,B~1)|?,
< (M +m)?

where the first inequality is derived by Lemma 2.3, the second one is derived by Lemma 2.1, the
third one is derived by (12) and the last one is derived by (11).

Therefore

|®(AV B + 2rMm(A~'VB~' — A='4B~1))d~1(A4,B)|| < %

Hence

B2(AV,B + 2rMm(A"'VB~! — A14B~1)) < (W—mf)w)%ﬂmﬁﬁ).

If 0 < p <2, then 0 < & <1. Therefore by the L-H inequality we get
_ M+m
P(AV, B + 2rMm(A"'VB~1 — A" 14B1)) < (m)pcpﬁ(/xﬁﬁ).
Now we obtain inequality (8) for 0 < p < 2.

Next we prove (9) for 0 < p < 2. Through
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|®(AV B + 2rMm(A~'VB™! — A~4B ) K(VI,2)REMm(®(A)4,2(B))"!|

< §|®(AV,B + 2rMm(AT' VB — A74B™) + K(VI,2)FMm(®(A)1,®(B)) ||
< {|®(AV,B + 2rMm(AT'VB™ — A74B™)) + K(VI,2)"®(Af, B) |2

< {|9(AV,B + 2rMm(A'VB™! — A74B 1)) + K(VI,2) R 0(A~ 1tt B2

= H|®(AV,B) + Mm®(2r(A~'VB~' — A"4B~Y) + K(VI,2)*(A~14,B~1))|]?

< Y1®(AV,B) + Mm®(A~'V,B~1)|]?,

< 1(M +m)?

where the second inequality is obtained by Lemma 2.2. Hence we get inequality (9) for 0 < p < 2.

Next, put p > 2. We can obtain
(K (VI ,2)RMm)2||®%(AV,B + 2rMm(A~'VB~' — A"14B~1))® 3 (A#,B)||

= ||®2(AV,B + 2rMm(A"'VB~! — A~ 4B ) (K (VI,2)FMm)2®~ 2 (Af,B)||

< Y92 (AV,B + 2rMm(AT'VB~ — A~4B1) + (K (VI/, 2) Mm)5 &2 (A4, B)||?
< 1|®(AV,B +2rMm(A7'VB™! — A714B71)) + K(VI,2)RMm®~1(A4,B)||P

< 1|®(AV,B +2rMm(A~'VB™ — A~44B~ 1) + K(VI,2)EMm® (A=, B~1)||P
= 1|®(AV,.B) + Mm®(2r(A7'VB™! — A"M4B™) + K(VI,2)F (A7, B~1)|P

< l1®(AV,B) + Mmd(A~'V, B[P,

< (M +m)?

where the second inequality is obtained by Lemma 2.4.

Therefore, we get inequality (8) for p > 2. Likewise, we have
(K (/I 2 0Mom) 8| @F (AV,B + 20 Mm(A7 VB! = A74B) (@(A),2(B) |
( dl

= ||®2(AV,B + 2rMm(A"'VB~! — A~%B ) (K (VI,2)RMm)2 (®(A)t,B(B)) 2

< HI@2(AVLB + 2rMm(AT'VB™ — A74B™Y)) + (K (VIY, 2)"Mm)s (9(A)1,®(B)) 2|
< H|@(AV,B + 2rMm(A~'VB~! — A=%BY) + K(VI,2)EMm(®(A)4,2(B)) 1P
< 1|®(AV,B +2rMm(A~'VB™! — A~14B 1)) + K(VI,2)REMm®(At,B) 1|
< H|®(AV,B + 2rMm(A~'VB™! — A"%B™ 1)) + K(VI',2)EMm®((At,B)~1)||P
= 1|®(AV,B + 2rMm(A~'VB~! — A74B™Y)) + K(VI,2)R0(A~1,B~1)|P
= 1l|®(AV,B) + Mm®(2r(A"'VB~! — A~"4B") + K(VI,2)R (A7, B~1))|]P
< 1ll®(AV,B) + Mm®(A~'V, B~ )|,
< (M +m)P.
Remark 2.9. Since (M4m)? < (Mgm)® and — (Mtm)? < (MQJFm)Q, so under a stronger

AMmK (VKW 2)R — 4Mm 4P MmK(VW 2)R — 4P Mm
condition as Theorem 2.8, we see (8) and (9) are refinements of (6) and (7), respectively.

Corollary 2.10. Let 0 <m < A<m/ <M <B< M, u€0,1] and p > 0, we have
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(AV,B +2rMm(A~'VB™1 — A=Y B~1))P < oP(Af,B)P

(M+m)? (M+m)?
AMmE (V2R 45 v (v |
Proof. Put ®(A) = A for all A € B(#H) in Theorem 2.3, we then get the desired result.

where 7 = min {u,1 — u}, b = %f and a = max

Theorem 2.11. Let ® be a strictly unital positive linear map, 0 < m < A; < M fori =1,---n,

w = (w1, ,wy) be a probability vector, t € [-1,0). Then we have
m+M)?
Alw; D(A)) < T g (A(w; A)). (13)

Proof. By Proposition 1.1 and 0 < m < A; < M we have
ZwZA —i—Mm(sz <M +m.

=1 1=

First we show

n m+M) _
(;w&VﬂQM4HZ% h2
This inequality equals to

(M
DI R

Note that

(52 wid Mm( 3 A7)

i=1

< 4HZ wiAj; +Mm(Z wi A7 |7
< 1(M +m)?
Use Lemma 2.5 we get
L m+M)?
> wid; < ) (E wiATH 7L (14)

Thus by Proposition 1.1 and (14) we get

" m m 2
4)) <> wd(4) Zwl )< 41‘;]\]‘; sz 1y < M M7 ) o a)),

Remark 2.12. Since ®(A(w;A)) < A(w; ®(A)) for any positive unital linear map, we get a reversed
version of this inequality by Theorem 2.11.
Next we give a squaring version of inequality (13).

Theorem 2.13. Suppose all the assumptions of Theorem 2.11 be satisfied. Then
(A(w; ®(A)))? < PP (A(w; A))
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K (2 .2)2(M+m)?
— i f07“ m < to 2Mm and K(%7 2) _ (M+m)2

to = .
M _ » L0 M 4M
K(—m,z)(j\nﬂ—m) M fOT’ > 1 K(m,2)(M+m) m

where Y =

Proof. According to the assumption one can see that
m < ®(A(w;A) <M (15)

and
m < Alw; ®(A)) <M (16)

inequality (15) implies
P2(A(w; A)) < (M +m)®(A(w; A)) — Mm,

and inequality (16) give us
A2 (w; ®(A)) < (M +m)A(w; ®(A)) — Mm.

o O (A(w; A))A? (w; ®(A)) 21 (A(w; A))
< O (A(w; A)) (M +m)A(w; D(A)) — Mm)@~ (A(w; A)) (17)
< (K (37 2) (M +m)@(A(w; A)) — Mm)@~2(A(w; A))

where the second inequality is derived by Theorem 2.11.

Consider the real function f(t) on (0, 00) defined as
K(M 2)(M+m)t—Mm

f(t) = t2

As a matter of fact, the inequality (17) implies that

O (A(w; A)) A (w; B(A)) 2~ (A(w; A)) < max f(t).

Notice that
f(m) > f(M)

and
_ 2Mm—K(X 2)(M+m)t

f,(t) t3

The function has an maximum point on
tn = 2Mm
0™ K(M 2)(M+m)

with the maximum value
K (3 2)2(M+m)?

f(to) = 4Mm
Whence
) f(to) for m <tg
mlgtagXM (t) = {f(m) for m > tg.
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8
Notice that
KM 9)(M+m)—M
f(m) — (m )(m m)
This completes the proof.
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Locally and globally small Riemann sums and
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Abstract: In this paper, the notions of locally and globally small Riemann sums modifications with respect to
a fuzzy-number-valued functions in E™ are introduced and studied. The basic properties and characterizations are
presented. In particular, it is proved that a fuzzy-number-valued functions in E™ is Henstock (H) integrable on [a, b]
if and only if it has (LSRS), and also it is proved that a fuzzy-number-valued functions in E™ is Henstock (H)
integrable on [a, b] if and only if it has (GSRS).

Keywords: Fuzzy-number-valued functions in E™; Henstock integral (H); Locally small Riemann sums (LSRS);
Globally small Riemann sums (GSRS).

1 Introduction

Since the concept of fuzzy sets was firstly introduced by Zadeh in 1965 [12], it has been studied extensively from
many different aspects of the theory and applications, such as fuzzy topology, fuzzy analysis, fuzzy decision making
and fuzzy logic, information science and so on.

The locally and globally small Riemann sums have been introduced by many authors from different points of
views including [2, 3, 5, 6, 8, 9]. In 1986, Schurle characterized the Lebesgue integral in (LSRS) (locally small
Riemann sums) property [8]. The (LSRS) property has been used to characterized the Perron (P) integral on [a, b
[9]. By considering the equivalency between the (P) integral and the Henstock-Kurzweil (H K) integral, the (LSRS)
property has been used to characterized the (HK) integral on [a, b] [6].

The (LSRS) property brought a research to have global characterization on the Riemann sums of an (HK)
integrable function on [a, b]. This research has been done by considering the following fact: Every (HK) integrable
function on [a,b] is measurable, however, there is no guarantee the boundedness of the function. A measurable
function f is (HK) integrable on [a, b] depends on it behaves on the set of x in which |f(z)| is large, i.e. |f(z)| > N
for some N. This fact has been characterized in (GSRS) (globally small Riemann sums) property [6]. The (GSRS)
property involves one characteristic of the primitive of an (HK) integrable function. That is the primitive of the
(HK) integral on [a, b] is ACG* (generalized strongly absolutely continuous) on [a, b]. This is not a simple concept. In
2015, Indrati [5] introduced a countably Lipschitz condition of a function which is simpler than the ACG*, and proved
that the (HK) integrable function or it’s primitive could be characterized in countably Lipschitz condition. Also,
by considering the characterization of the (HK) integral in the (GSRS) property, it showed that the relationship
between (GSRS) property and countably Lipschitz condition of an (H K) integrable function on [a, b].

In 2018, Hamid et al. [2] investigated locally and globally small Riemann sums for fuzzy-number-valued functions
and proved two main theorems: (1) A fuzzy-number-valued functions f(z) is Henstock integrable on [a, b] if and only
if f(x) has (LSRS). (2) A fuzzy-number-valued functions f(z) is Henstock integrable on [a, b] if and only if f(z) has
(GSRS).

*Corresponding author. Tel.: +8613218977118. E-mail address: muawya.ebrahim@gmail.com, mowia-84@hotmail.com

(M.E. Hamid).
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In this paper, we generalize locally and globally small Riemann sums from fuzzy-valued functions to n-dimensional
fuzzy-numbers by means of support function. The notions of locally small Riemann sums for n-dimensional fuzzy-
number-valued functions are presented and discussed. Finally, we provide a characterizations of globally small
Riemann sums in n-dimensional fuzzy-number-valued functions.

The rest of this paper is organized as follows, in Section 2 we shall review the relevant concepts and properties
of fuzzy-number-valued functions in E™ and the definition of Henstock integrals for fuzzy-number-valued functions
in E™. Section 3 is devoted to discussing the support function characterizations of locally small Riemann sums and
Henstock integral for fuzzy-number-valued functions in E™. In section 4 we shall investigate the support function
characterizations of globally small Riemann sums and Henstock integral for fuzzy-number-valued functions in E™.

The last section provides the Conclusions.

2 Preliminaries

In this paper the close interval [a,b] denotes a compact interval on R. The set of intervals-point {([a17 b1], &1),
([a2,b2],&2), -+, ([ak, bk},fk)} is called a division of [a, b] that is &1,&2,- - , &k € [a, b], intervals [a1, bi], [a2,ba], - - , [ak, bk]
k

are non-intersect and |J [ai, bi] = [a, b]. Marking the division of [a,b] as P = {([a1,b1], &1), ([az, b2], &2), -+, (lak, br], &)}
=1

shortening as P = {[u,v]; £} [7].

Definition 2.1 [4, 6] Let § : [a,b] — R be a positive real-valued function. P = {[z;—1,%;];&} is said to be a J-fine
division, if the following conditions are satisfied:

Da=zo< o1 <22 < ... <Tp =b;

(2) & € [rim1, 23] C (& —0(&), & +6(&)(E=1,2,--- ,n).

For brevity, we write P = {[u,v]; £}, where [u,v] denotes a typical interval in P and & is the associated point of

[u, v].

Definition 2.2 [11] E™ is said to be a fuzzy number space if E™ = {u: R" — [0, 1] : u satisfies (1)-(4) below}:
(1) w is normal, i.e., there exists a zo € R™ such that u(zo) = 1;
(2) u is a convex fuzzy set, i.e., u(rz + (1 — r)y) > min(u(z), u(y)), =,y € R", r € [0,1];
(3) w is upper semi-continuous;
(4) [u]° = {x € R* : u(z) > 0} is compact, for 0 < r < 1, denote [u]" = {z : z € R" and u(z) > r}, [u]° =

Ureo,[ul"

Form (1)-(4), it follows that for any v € E™ and r € [0, 1] the r—level set [u]” is a compact convex set. For any
u,v € E"
D(u,v) = sup d([u]", [v]"), (2.1)

rel0,1]
where d is Hausdorff metric. It is well known that (E™,d) is an metric space [11]. The norm of fuzzy number v € E™
is defined by

[ull = D(u,0) = sup |al, (2.2)
a€u]?
where the || - || is norm on E™, 0 is fuzzy number on E™ and 0 = x{o}.

Definition 2.3 [11] For A € P,(R™), « € S™ ', define the support function of A as o(x, A) = sup(y, ), whereS" ™!
yeEA

is the unit sphere of R", i.e., S" ' = {z € R" : ||lz|| = 1}, (-,-) is the inner product in R".

Definition 2.4 [10] A fuzzy-number-valued function f : [a,b] — E™ is said to be Henstock integrable to A € E™ if
for every € > 0, there is a function §(¢) > 0 such that for any d-fine division P = {[u,v]; £} of [a, b], we have

D(Y_ @) w—u),A) <, (2.3)

where the sum Y is understood to be over P and we write (FH) [ f(t)dt = A , and f(t) € FHJa,b].

8 —o
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Lemma 2.1 [11] If u,v € E", k € R, for any r € [0, 1], we have
[u+v]" = [u]" + [v]", [ku]" = k[u]". (2.4)

Lemma 2.2 [11] Suppose u € E™, then
1) uw(r,z+y) <u(r,z) +u"(r,y),
(2) if u,v € E™, r € [0,1], then
d([u]”,[v]") = sup |u"(r,z) —v"(r,2)|, (2.5)

zesSn—1

®3) (w+v)"(r,z) = v (r,z) +v"(r, ),
(4) (ku)*(r,x) = ku*(r,z), k > 0.

Lemma 2.3 [1, 11] Given u,v € E™ the distance D : E™ X E™ — [0, +00) between u and v is defined by the equation
D(u,v) = sup d([u]", [v]"), then
(0,1]

(E",eD) is a complete metric space,
u+ w,v+w) = D(u,v),
u+v,w+e) < D(u,w) + D(v,e),
ku, kv) = |k|D(u,v),k € R,
u+v,0) < D(u,0) + D(v,0),

(6) D(u+ v,w) < D(u,w) + D(v,0).
Where u, v, w, e,a e E", 0= Xop-

—_~= =

Lemma 2.4 [1] If f : [a,b] — E™, then the following statements are equivalent:

(1) f is (FH) integrable.

(2) f*(&)(r,x) is (RH) integrable for any r € [0, 1] uniformly, i.e., for every € > 0 there is a §(£) > 0 which is
independent of r € [0, 1], such that for any d-fine division P = {[u,v]; £} and r € [0,1] we have

|Zf (v—u)—A"(r,z)| <e. (2.6)

3 Support function characterizations of locally small Riemann

sums and Henstock integral for fuzzy-number-valued functions
in £

In this section, we define the locally small Riemann sums for fuzzy-number-valued functions in n-dimensional and

investigate their properties. We star with the following definition.

Definition 3.1 A fuzzy-number-valued function f : [a,b] — E™ is said to be have locally small Riemann sums or
(LSRS) if for every € > 0 there is a §(£) > 0 such that for every ¢ € [a, b], we have

I A O@-w)llen <, (3.1)

whenever P = {[u, v];£} is a d-fine division of an interval C' C (t — 6(t),t + (¢)), t € C and X sums over P. (Where
C=ly;2]).

The following Theorem 3.1 shows that f has (LSRS) is equal to the type of it’s support functions.

Theorem 3.1 Let f : [a,b] = E™ be a fuzzy-number-valued function, the support-function-wise f*(&)(r,x) of f has
locally small Riemann sums or (LSRS) if and only if for every e > 0, there is a §(§) > 0 such that for every t € [a, b],

we have
|Zf (r,z)(v—u)| <e, (3.2)
uniformly for any r € [0,1] and € S™™!, whenever P = {[u,v];£} is a -fine division of an interval C' C (¢t — d(t), ¢ +

0(t)), t € C and X sums over P.
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Proof Let 0 € E™ denote the (FH) integral of f on [a,b]. Given € > 0 there is a 6(£) > 0 such that for any é-fine
division P = {[u,v];£} of [a, b], we have
DY f(&)(w—u),0) <e. (3.3)

That is
sup d([ Zf (v—u)]", mr) <e. (3.4)
r€[0,1]
By Lemma 2.2 we have
sup  sup Z fO W =) (r,z) —o(z,0)| < e. (3.5)

r€l0,1] zesn—1

Furthermore, by o(z, A) = sup(y, =), we have
yeA
sup  sup |Zf (v—u)—o(z,0)] <e. (3.6)
ref0,1] zesn—1

Hence, for any r € [0,1], € S"™' and for any é-fine division P we have

|Zf (r,x)(v—u)| <e. (3.7)

Where o(z,0)=0.
This completes the proof. a

Lemma 3.1 (Henstock Lemma). Let f : [a,b] — E™ be a fuzzy-number-valued function and Henstock integrable
to A. Then, the support-function-wise f* (&)(r,x) of f on [a,b] is Henstock integrable to A*(r, ) uniformly for any
rel0,1, z € S" ' and A € E" | ie., for every ¢ > 0 there is a positive function §(¢) > 0, for d-fine division
P = {[u,v]; £} of [a,b] and for any x € S, we have

1> @) v —u) = A(ra) <e. (3.8)
Furthermore, for any sum of parts ) from > we have
1

|Zf (v—u)—A"(r,z)| <e. (3.9)

Proof Let A € E™ denote the (FH) integral of f on [a,b]. Given & > 0 there is a §(¢) > 0 such that for any J-fine
division P = {[u,v]; £} of [a,b], we have
Zf (v—u),A) <e. (3.10)

That is
sup d([ Zf (v —u)] [A]T) <e. (3.11)
rel0,1]
By Lemma 2.2 we have
sup  sup Z f&)(w—w)*(r,z) — A" (r,z)| <e. (3.12)

rel0,1] zesn—1

Furthermore, by A*(r,z) = sup (y,z), we have
yeA]”

sup  sup |Z F( (v—u)—A"(r,z)| <e. (3.13)

r€[0,1] zesSn—1

Hence, for any r € [0,1], € S"~' and for any é-fine division P we have

|Zf z)(v—u) — A" (r,z)| < e.

For proof
|Zf z)(v —u) — A*(r,x)| < e, (3.14)

the proof is similar to the Theorem 3.7 in [6].

This completes the proof. O
Hamid et al. [2] showed that if a fuzzy-number-valued functions f(z) is Henstock integrable on [a, b] then f(z)

has LSRS. In next Theorem, we prove the above result to n-dimensional fuzzy-number-valued functions, which is

an extension of the above result of Muawya et al. [2].
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Theorem 3.2 Let f : [a,b] = E™ be a fuzzy-number-valued function. If f is Henstock integrable to F([a,b]), then
f has LSRS.

Proof Since f is Henstock integrable to F([a,b]), by Theorem 3.1 the support-function-wise f*(£)(r, z) of f on [a, b]
is Henstock integrable to F*([a, b])(r, z) uniformly for any r € [0,1], x € S™™!, i.e., for every € > 0 there is a positive
function 6(¢) > 0, for d-fine division P = {[u, v];¢} of [a,b] and for any = € S"™', we have

\Zf*(ﬁ)(ﬁx)(vfu)*F*([%b})(ﬁfﬂﬂ<%- (3.15)
For each t € [a, b], there is a closed interval C' = [y, z] C (t — §(t),t + 6(t)) such that
P (g, 2D)(r,2)] < 5. (3.16)

According to Henstock lemma, for each ¢ € [a, b] and d-fine division P = {[u,v];£} of C C (t — §(¢),t + 4(t)), we

have
> FOEn)w—w)] < DO ) (v —u) = F*([a,b])(r,2)] + | F*([y, 2]) (r, 2)|
< e

Applies Theorem 3.1 again f has LSRS.
This completes the proof. O

Lemma 3.2 Let f : [a,b] = E" be a fuzzy-number-valued function. If f is (FH) integrable with the F' as primitive
then for each number € > 0 there is a positive function §(§) > 0, such that for any [u,v] C [a,b] with v — u < §(§),

we have

1B, )l = [[(FH) /[ e <c (3.17)

Proof The continuity follows from Lemma 3.1 and the following inequality:

IF(t) = F@)ller < IF(@) = F€) = FE)t = Ollen + IF () — &)l

< €.

We only need set 6(5) < m
This completes the proof. O

Theorem 3.3 Let a fuzzy-number-valued function f : [a,b] — E™ has LSRS, then f is (FH) integrable on [a, b).
Proof Given any e > 0 and P = {([a,t],£)} = {([a1,b1], &1), (a2, b2],&2), - -

[a,b]. For each i(i = 1,2,--- ,n) there is a positive function §; with P; = {([us, vi],&)} is a d;-fine partition of [a;, bs].
Since f has LSRS on [as, b;], then we have

, ([an,bn],&n)} is a 6-fine partition of

€
_ n < — 1
IS A0 -l < 5 (3.19)
Taken n = max{d§(§), £ € [a, b]}, according to the Lemma 3.2 we have
= 5 €
£ ([ai, b)) [ 2m = ||(FH)/ fdz[[pn < o= (3.19)
[ai,bi] 2n

Therefore, for any d;-fine partition P; = {([us,v:],&)} of [as, bi], we have

Zf (v —u), F([ai, bi])) < IIZf (v = wlen + I1F((as, b))l n

for each 1. .
Subsequently taken 6*(§) = min{d(&), d;(€)}, then P = |J P; denote §*-fine partition of [a, b].

=1

Therefore we have

DQ_fO@—w),F(labt]) = > DO FE)w—u),F(ai,bi]))
7 :

Then f is FH integral on [a, b].

This completes the proof. [
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4 Support function characterizations of globally small Riemann
sums and Henstock integral for fuzzy-number-valued functions
in "

The main purpose in this part is to introduce the concept of globally small Riemann sums for fuzzy-number-valued

functions in n-dimensional and discuss their properties. We begin with the following definition.

Definition 4.1 A fuzzy-number-valued function f : [a,b] — E™ is said to be have globally small Riemann sums or
(GSRS) if for every € > 0 there exists a positive integer N such that for every n > N there is a §,(£) > 0 and for

every On-fine division P = {[u,v];£} of [a, b], we have

I > fO@-uwle <e, (4.1)

I1£ ()l gn>n

where the 3 is taken over P and for which || f(€)||zn >n.

The following Theorem 4.1 shows that f has (GSRS) is equal to the type of it’s support functions.

Theorem 4.1 Let f : [a,b] = E™ be a fuzzy-number-valued function, the support-function-wise f*(&)(r,x) of f has
globally small Riemann sums or (GSRS) if and only if for every € > 0, there exists a positive integer N such that
for every n > N there is a §,(£) > 0 and for every d,-fine division P = {[u,v]; £} of [a,b], we have

Y PO -w|<e (4.2)

[£* (&) (r@)|>n

uniformly for any r € [0,1] and € S™~!, where the 3 is taken over P and for which |f*(&)(r,z)| > n.

Proof First, we can prove the following statements are equivalent:
D) LA lln > n.
@) [F7 @) (r,z)| > n.

In fact

IFEllen >n = sup d([f(E)]",[0]")
rel0,1]
= sup sup [f7(&)(r,z)l.
r€[0,1] zesn—1
Second, let 0 € E™ denote the (FH) integral of f on [a,b]. Given € > 0 there exists a positive integer N such
that for every n > N there is a 6,(§) > 0 and for every d,-fine division P = {[u,v];{} of [a, b], we have

D( Y. fOw-u),0)<e (4.3)
1)l gn>n
That is
sup d([ Y. fOw-w],[0]") <e. (4.4)
eIy F @l >n
By Lemma 2.2 we have
sup sup |( Z FO@w =) (r,z) —o(2,0)| <e. (4.5)

relO €St ) (ra)l>n

Furthermore, by o(z, A) = sup(y, z), we have
yEA

sup sup | Z @ z)(v—u)) —o(x,0)| <e. (4.6)

e 2EST T pe (6) (r) >
Hence, for any r € [0,1], € S"~' and for any é-fine division P we have

Y PO -l <e (4.7)
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Where o(z,0) =0.
This completes the proof. O
Hamid et al. [2] investigated that a fuzzy-number-valued functions f(z) is Henstock integrable on [a,b] if and
only if f (z) has GSRS. In next Theorem 4.3, we extend this result to n-dimensional fuzzy-number-valued functions.

To prove this result, we need to prove the following Theorem.

Theorem 4.2 Let f : [a,b] = E™ be a fuzzy-number-valued function. If f has GSRS then f is Henstock integrable
on [a,b].

Proof Because f has GSRS, then by Theorem 4.1 for every £ > 0, there exists a positive integer N such that for
every n > N there is a 6,(£) > 0 and for every d,-fine division P = {[u, v];£} of [a, b], we have

Y PO -ul<e (4.8)
1£%(©) (r)|>n

uniformly for any r € [0,1] and = € S™™!, where the " is taken over P and for which |f*(¢)(r,z)| > n.

For each two é-fine divisions P1 = {[u1, v1];&1}, P = {[uz,v2]; &2} of [a, b], we have

D FED @) (o —ur) = Y (&) (rx) (v2 — u2)

< DD FE) D) —u)| 1) (&) () (ve — us))|

< Y e —w)l+ D @) (o —w))
[£* (1) (rx)|>n [£* (1) (rz)|<n

+ 1 D @ —uw)+] D (G a)(ve — ug)
[£*(&2)(rx)|>n [£*(&2)(r)|<n

< de.

According to the properties of Cauchy, f is Henstock integrable on [a, b].
This completes the proof. O

Theorem 4.3 Given a fuzzy-number-valued function f : [a,b] — E™, for each r € [0,1] and = € S"~" defined the
support function f;:(€)(r, ) of fn by the formula:

[ ©)(r,2),€ € [a, b] it [f7()(r,x)[ < n,

0, others.

fa©(r,2) =

A fuzzy-number-valued function f is Henstock integrable if and only if f has GSRS and Fy([a,b]) — F([a,b]) as
n — oo. (Where F([a,b]) and F,([a,b]) the integral of f and f, respectively).

Proof First we shall prove the necessity. Because a fuzzy-number-valued function f is Henstock integrable on [a, b]
uniformly for any r € [0,1] and € S™7!, i.e., for every € > 0 there is a positive function 6*, for §*-fine division
P = {[u,v]; £} of [a,b], we have

1> @) v —u) = F*([a,b])(r,z)| < % (4.9)

For each n € N, there is a positive function §,, for d,-fine division P = {[u,v]; £} of [a, ], we have
* * 3
1> 1@ 2) (0 —w) = Fi(a, b])(r,2)| < 3 (4.10)

for each r € [0,1] and © € ™~ 1.
Because {F; ([a,b])(r,z)} converge to F*([a,b])(r,z) of [a,b] then there is a positive number N so if n > N we
have

|F7 ([a, b)) (r, x) = F*([a, b)) (r, 2)| < % (4.11)

For n > N, defined a positive function ¢ on [a, b] by the formula:

6 _ . 6* 76n . 4
(§) = min{d'(€).-(6)} Hamid ET AL 74495
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Therefor, for each d-fine division P = {[u,v]; £} of [a, b], we have

D D A (IO

[F*(&)(r,z)[>n

|Zf* (r,z)(v —u) an z)(v — u)

< 1Yo O )0 —u) = F([a, b)) (r, )] + |F7 ([a, b) (r, 2) = F* ([a, b])(r, 2)]
|F*( ab] r,x) an z)(v—u)
€

3 + g + g =€

+

A

Then f has GSRS.
Second we shall prove the sufficiency. Because f has GSRS, then by Theorem 4.1 for every € > 0, there exists
a positive integer N such that for every n > N there is a §,(§) > 0 and for every d,-fine division P = {[u, v]; £} of

[a, b], we have

Y PO -w| <. (4.13)

[£* (&) (r@)|>n
uniformly for any r € [0,1] and € S™~!, where the 3 is taken over P and for which |f*(&)(r,z)| > n.

Note that f,, is Henstock integrable on [a, b] for all n. Choose N so that whenever n,m > N we have
|F (la, b)) (r, 2) — Fr([a, b)) (r, 2)| <e. (4.14)
Then for n,m > N and a suitably chosen é-fine division P = {[u,v]; £}, we have

|F7 ([0, b)) (r, ) — Fr([a, b)) (r, @)
S (R DG D S A (TCPE [ I B S A (TG [CREN]

POl <n P ©mol>n
+ Y PO —uw - Fuabt)ra)l+ Y (@) (v — )
(& ol <m O >m

< Ae.

That is, {Fy; ([a,b])(r,z)} converge to F*([a,b])(r,x), as n — co. Again, for suitably chosen N and §(§) and for

every O-fine division P = {[u,v]; £}, we have

\Zf* (r,z)(v — u) = F*([a, b]) (r, )|

< DO ) (0 —u) = Fy([a,b) (r,2)| + [Fi ([a, ) (r, 2) — F*([a, b)) (r, @)

< Z FOEn)0—u) = Fi(a,b) o)+ > @) —u)
[f* (&) (r@)|[<N [f*(&)(rx)|>N

+  |Fn(la, b)) (r,2) = F*([a, b]) (r, 2)]

< 3e.

That is, f is Henstock integrable on [a, b].
This completes the proof. O

5 conclusions

This paper introduces, first of all, the generalization of locally and globally small Riemann sums from fuzzy-valued
functions to n-dimensional fuzzy-numbers by means of support function. In addition, the concept of locally small
Riemann sums for n-dimensional fuzzy-number-valued functions is presented and discussed. Finally, an important
result of this paper is a characterizations of globally small Riemann sums for n-dimensional fuzzy-number-valued

functions.
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Abstract
By applying Krasnoselskii’s and O’Regan’s fixed point theorems, in this paper, we study the
existence of solutions for a coupled system consisting from Langevin fractional differential equa-
tions of Riemann-Liouville type subject to the generalized nonlocal integral boundary conditions.
Examples illustrating our results are also presented.

Key words and phrases: Fractional differential equations, Krasnoselskii’s fixed point theorem,
O’Regan’s fixed point theorem, generalized fractional integral.
AMS (MOS) Subject Classifications: 26A33; 34A08.

1 Introduction

In this paper we concentrate on the study of existence of solutions for a coupled system of Langevin
fractional differential equations of Riemann-Liouville type subject to the generalized nonlocal integral
boundary conditions of the form

DP(DP2 4+ ) a(t) = f(t,2(t),y(t), 0<t<T,
D (D™ + A2)y(t) = g(t, 2(t),y(1)), 0<t<T,
2(0) =0, aln) =3 oi “Ia(&), (1)
y(0) =0,  y(k)=>_ B8 “I%y(()
j=1

where DX is the Riemann-Liouville fractional derivative of order x € {p1,p2,q1, 2}, “17,% 1% are the
Katugampola fractional integrals of orders v;,¢; > 0, respectively, &,(; € (0,T) and «;,8; € R for

*Corresponding author
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alli=1,2,...,n,7=1,2,...,m, f,g:[0,T] x R? — R are continuous functions and \;, Ay are given
constants.

Fractional differential equations arise in many engineering and scientific disciplines as the mathe-
matical modeling of systems and processes in the fields of physics, chemistry, control theory, biology,
economics, etc. A comprehensive study of fractional calculus and its applications is introduced in several
books (see [1]-[3]). Initial and boundary value problems of nonlinear fractional differential equations and
inclusions have been addressed by several researchers. For some recent results on fractional differential
equations we refer in a series of papers ([4]-[12]).

In fractional calculus, the fractional derivatives are defined via fractional integrals. There are several
known forms of the fractional integrals which have been studied extensively for their applications. Two
of the most known fractional integrals are the Riemann-Liouville and the Hadamard fractional integral.
A new fractional integral, called generalized Riemann-Liouville fractional integral, which generalizes the
Riemann-Liouville and the Hadamard integrals into a single form, was introduced in [13]. The corre-
sponding fractional derivatives were introduced in [14]. This integral is now known as ”Katugampola
fractional integral” see for example [15, pp 15, 123]. For some recent work with this new operator, for
example, see [16]-[17] and the references cited therein.

The Langevin equation (first formulated by Langevin in 1908) is found to be an effective tool to
describe the evolution of physical phenomena in fluctuating environments [18]. For some new develop-
ments on the fractional Langevin equation in physics, see, for example, [19]-[23]. For recent results on
Langevin equations with different kinds of boundary conditions we refer to [24]-[28] and the references
therein.

Recently in [16], we have studied the existence and the uniqueness of solutions of a class of boundary
value problems for fractional Langevin equations of Riemann-Liouville type with generalized nonlocal
integral boundary conditions. Here we extend the results of [16], to a coupled system of Langevin
fractional differential equations of Riemann-Liouville type subject to the generalized nonlocal integral
boundary conditions. Usually in the literature the Banach’s contraction mapping principle is used to
prove he existence and the uniqueness of solutions, and he existence of solutions is proved via Leray-
Schauder alternative. Here we apply Krasnoselskii’s and O’Regan’s fixed point theorems. To the best
of our knowledge this is the first paper using Krasnoselskii’s and O’Regan’s fixed point theorems to
prove the existence of solutions for coupled systems.

The paper is organized as follows: In Section 2 we will present some useful preliminaries and some
auxiliary lemmas. In Section 3, we establish the main existence results by using Krasnoselskii’s and
O’Regan’s fixed point theorems. Examples illustrating our results are presented in the final Section 4.

2 Preliminaries

In this section, we introduce some notations and definitions of fractional calculus [1, 2] and present
preliminary results needed in our proofs later.

Definition 2.1 [2] The Riemann-Liouville fractional integral of order p > 0 of a continuous function
f:(0,00) — R is defined by
I .
T = i [ (=5 s
I'(p) Jo
provided the right-hand side is point-wise defined on (0,00), where T' is the gamma function defined by
L(p) = [;° e sP~ ds.

Definition 2.2 [2] The Riemann-Liouville fractional derivative of order p > 0 of a continuous function
f:(0,00) — R is defined by

D0 = s (jt) / (= s (), - 1<p<n,

where n = [p]+1, [p] denotes the integer part of a real number p, provided the right-hand side is point-wise
defined on (0, 00).
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Lemma 2.3 [2] Letp > 0 and x € C(0,T)NL(0,T). Then the fractional differential equation DPx(t) =
0 has a unique solution x(t) = Y., c;tP~", and the following formula holds: JPDPz(t) = xz(t) +
S citPTh where ¢, €R, i =1,2,...,n, andn—1<p<n.

Lemma 2.4 ([2], page 71) Let « >0, § > 0 and a > 0. Then the following properties hold:

Definition 2.5 [14] The generalized (Katugampola) fractional integral of order ¢ > 0 and p > 0, of a
function f, for all 0 <t < oo, is defined as

Y e A ()
90 = 5 J, s

provided the right-hand side is point-wise defined on (0, 00).

Lemma 2.6 [16] Let constants p,q > 0 and p > 0. Then the following formula holds

r (%) tptra

PTUP — ' @
r (w) Pt
P
For convenience to prove our results, we set constants
F(Ih) _

= —7 P1+p2 1’ 5

T(p1 +p2) | (3)

T (w) D14 patrii—1
lF 4 .

%= } e (4)

i=1 L(p1+p2) p (w) W,

B Hi
Q=0 — Q1 #£0, -

and

U, = &H(Iﬁrqz—l’ (6)

I'(q1 + q2)

(qlﬂ%iﬁrl) oo -1
o Z I'( ql + q2) (M) 5% : (7)
9; J

\If:\prxpﬁéo. -

Lemma 2.7 Let QalI/ 7& Oa 0 < P1,P2,41,92 < 17 Wiy Yi > 076]a¢j > 07 n, K, fzﬁCj € (07T>7 aiaﬁj eR
foralli=1,2,...,n,j=1,2,...,m and h,g € C([0,T],R). Then the problem

DPH(DP2 4 \)a(t) = h(t), 0<t<T, (9)
DU(D2 + X)y(t) = g(t), 0<t<T, (10)
x(0) =0, ial i [ig (11)
y(0) =0, ZB 5 1%5y(( (12)

has a unique solution given by

F(pl) tp1tp2—1
t — JpP1 tp2p, — )\ JP2
") = pps g ()~ A P2a(n)

725 Thaiprayoon ET AL 723-737



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

C. THAIPRAYOON, S. K. NTOUYAS AND J. TARIBOON

_ Zai Wi Vi (Jp1+p2h(s) -\ Jpzx(s)) (&)

i=1

PP R(E) — Ay JP2a(L),

and

T q tQ1+112—1
y(t) _ F(ql(;)qQ) 7 Jq1+ng(,€)_/\2 JqQ?J(“)

_ Zﬁj 5jI¢'j (J(J1+ng(8) — s quy(s)) (Cj) 4 J‘I1+ng(t) — A JIJ2y(t)_

Jj=1

Proof. Applying Lemma 2.3 to the equations (9) and (10), we obtain
(DP2 4+ \)x(t) = JPPh(t) + citP ™1, and (D% + M\)y(t) = J9g(t) + dit !,
which give
x(t) — JP1+p2h(t) _ )\1J‘D2£L'(t) +e F(pl) tp1+p271 + Cztpzfl’
L'(p1 + p2)

y(t) = T H92g(t) — Ao Jy(t) + dlmqu(?qz)

for ¢1,co,dy,ds € R. Tt is easy to see that the conditions x(0) = 0,4(0) = 0 imply that ¢co = 0,dy = 0.
Thus

—1 —1
t‘h-‘rqz + d2tqz ,

L'(p1) _

t) = JPHP2R(t) — N JP2a(t PPl 13
(0 (1) = M= (t) + e B (13)
y(E) = T (1) — Ag () + dy g1, (14)

(g1 + q2)

Taking the generalized fractional integral of order p; > 0,7; > 0, to (13) and ¢; > 0,6; > 0 to (14) ,
we have

; oy + . F(pl) F(Mpzﬂi*Hh*l) tp1tp2tpivi—1
Wi [Yig(t) = M (TP R(s) — ATPa(s)) (1) + ch(pl w F(w) e . (15)
1223 T
and
q1+qa2+6,—1
vy —y T(q) D(EEES) pataetd—1
% %iy(t) = %5 1% (JUHe2g(s) — Mg J%y(s)) (1) + dlf(ql o) F(q1+q2+6jj¢j+5j—1) 5 (16)
Sy J

Using the second condition of (11), (12) to (15), (16) respectively, we get

JPFP2 () — A\ JP2a(n) + 1 = ZO"' i [V (Jp1+p2h(s) _ >\1Jp2x(s)) (&) + 19,
i=1

and

JOF2g(k) — N\ JP2y(k) + d1 ¥y
=D 8 M (Tt g(s) = AaJPy(s)) () + di .
j=1

Solving the above equations for finding constants ¢y, d;, we obtain

1 n
e = a Jp1+p2h(77) — M JP2a(n) — Zai i i (Jp1+p2h($) _ Aljpzx(s)) )1,
i=1 ]
and
1 i vy
di = 5 |77 g(0) = AT y(n) = 30 8y 9T (7 g(s) — AT y(s) ()
=1 |

Substituting the constants c¢1, d; into (13), (14), we obtain (13) and (13). The proof is completed. [
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3 Main results

Let C = C(|0,T],R) denotes the Banach space of all continuous functions from [0,7] to R. Let us
introduce the space X = {z(t)|z(t) € C([0,T])} endowed with the norm |z| = sup{|=(t)|,¢ € [0,T7]}.
Obviously (X, | -]|) is a Banach space. Also let Y = {y(¢)|y(t) € C([0,T])} be endowed with the norm
lyll = sup{|y(¢)|,t € [0,T]}. Obviously the product space (X xY, ||(z,y)]||) is a Banach space with norm

(@, y)ll = [zl + [yl
Throughout this paper, for convenience, we use the following expressions

<VM&ﬂ@ﬂ@»ﬁ)=Fé)A%T—@”4ﬂ&x@%M@M&
and
bl o)) = £ [ L,

where p,z > 0 and 7 € [0,T).

In view of Lemma 2.7, we define an operator F : X x Y — X xY by

Ple.y)()
a0 =( G )

where
p1+p2—1
Plaa)t) = s g | I () u(9) ) = M IPals) )
—§}%chmﬂ#@w@w@Mﬂ—hJmnwﬂym]
P (s (), () (1) = M TP(s) (1),
and
q1+g2—1
Q1) = B T |1 g, 0(6), () 0) = D T y(5)0)

—Zﬁj 1% (Jnt2g(s,x(s),y(s))(s) — Ao J2a(s)) (Cj)]
LI — Ny Ty (2).

To simplify the notations, we use in the following constants

o Tatp2 D(py) TPrtr—l natr2
a =
(@) P(l+a+p2) Tpi+p2) |9 T(1+a+p2)

Hi

§a+p2+m'ﬁ r (m)
i 223 :|
) k)

+ « :
Z| Z|{ 1+‘H‘P2) pi' p(w

and

Alh Tb+a2 F(Ql) Ta+q2—1 Kbtae
O = Fivbre) Tate 18 \TOT6 @)

m b+aa+d;¢; T b+Q2+5
+> 18] : 4
= TN+ b+ g2) 5;3%‘ r b+qz+5 b;+6; ) '

where a € {p1,0} and b € {q1,0}.
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3.1 Existence result via Krasnoselskii’s fixed point theorem

The next result is based on the following fixed point theorem.

Lemma 3.1 (Krasnoselskii’s fized point theorem) [29]. Let M be a closed, bounded, conver and
nonempty subset of a Banach space X. Let A, B be the operators such that (a) Az + By € M whenever
x,y € M; (b) A is compact and continuous; (¢) B is a contraction mapping. Then there exists z € M
such that z = Az + Bz.

Theorem 3.2 Suppose that the folloeing conditions hold:
(Hy) |f(t,u,0)] <9(t), V(t,u,v) €[0,T] x R%,  and ¢ € C([0,T],R");
(H2) lg(t,u,v)] Sw(t), V(t,u,v) €[0,T] xR?,  andw € C([0,T],R*);

If
T = max{|\|®(0), X2 A(0)} < 1, (22)

where ®(0) and A(0) are defined by (20) and (21) with a = b = 0, respectively. Then the problem (1)
has at least one solution on [0,T).

Proof. To prove our result, we set sup,c(o 1) [¥(t)] = ||9[], sup;epo, 77 |w(t)| = [[w]| and choose

]| ®(p1) + [|wlAlqr)

>
= [ ’

(23)

where ®(p;) and A(q1) are defined by (20) and (21) with @ = p; and b = ¢, respectively. Let
Br ={(z,y) € X xY : ||(z,y)|| < R}. We define four operators by

F(pl) tP1tp2—1

T(pr+p2) € TP f(s,2(5), y/(s)) ()

Pi(z,y)(t) = TP f(s,x(s),y(s))(t) +

=3 (4 (s, () (9)(7)) (@-)] ,

i=1

F(pl) tP1tp2—1
L(pr+p2) Q

Y () (@-)] ,

Pa(z)(t) = —d J7x(s)(t) — M JP2x(s)(n)

and
—  Jnta D(q) tote] a1+a2
Q) = Iy als)p(DO) + o s [J #92g(s, 2(5), (5)) ()
=0 ST (s () y<s>><s>><<j>] ,
and
q1+q2—1
Q) = —de YD)~ Nap s | ()

- Z B S 1% (qux(S)(T))(Cj)] :
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and
Fieno = (gm0 ). Awww - (G0 ). 24
Observe that P = Py + P2, Q = Q1 + Qo and F = F; + F». For any (x1,y1), (x2,y2) € Br we have

[P1(21,y1)(t) + Pa(z2)(t)]

p1+p2—1
TP (s, (), () (8) + o BD)__

I'(p1 + p2) Q

[Jplﬂ?zf(s7 x1(8),y1(5))(n)

=Y e (Jp1+p2f<s,x1<s>,yl<s>><v>)<si>] X TP (s) (1)

i=1

JP2x9(s)(n) — Zai g (Jp2$2(5)(7')>(€i)] ‘

IN

P1TDP2 P(p) Tp1+p2—1 P1TDP2 - | K T P1TDP2 .
|¢|<J ) + g S [J )+ 3 (o m)@»D

r TP1+p271
+H A ||zl (J“(T)Jr (p1) l

I'(p1 + p2) 12|
< |9l[®(p1) + [A][|z2]|2(0).

In a similar way, we get

|Q1(w1,91)(t) + Qa2(y2)(t)]

JUERg(s, w1(s), y1(s))(t) +

() + 3 o] 1T (7 <T>><si>] )

i=1

F(th) $a1+g2—1
(g1 +q) ¥

JUteg(s, x1(s),y1(s)) (k)

—Zﬂj 5jf¢-’(J(““”g(s,961(3),?/1(8))(3))(@)] — Ao JPys(s)(t)

j=1

Tty (s)(w) = D B S 1% (Jq2y2(8)(7))(6j)1 |

j=1

w q1+q2 F(ql) Tatet q1taz (. - | 85 [ (Jutaz(r .
< | <J * (T)+F(q1—|—q2) 7] Jnt ()+;\ﬂy| 19 (Jns ())(CJ)D
q1+q2—1 m
ol (J% (1) + g s g | 770+ 31 o1 <T>><<j>D
< lwlAlgr) + [Azll[y2/A0),

which imply that ||F1(z,y) + Fa2(z,y)|| < R. This shows that Fi(x,y) + Fa(x,y) € Bp.
For (z1,y1), (z2,y2) € X x Y and for each ¢ € [0,T] we have

[P2(21) — Pa(x2)]| < [A1|@(0)[|21 — 22,

and
[Qa(y1) — Qa(y2)ll < [A2A0)[ly1 — w2ll-

Thus
F2(z1,y1) — Fa(wa, y2)l| < Yllz1 — 22| + Yy — y2|l = T|[(z1 — 22,51 — v2)

which implies that 75 is a contraction mapping by (22). The continuity of f implies that the operator
F1 is continuous. Also, F7 is uniformly bounded on Bp as

[Pr(z,y)ll < 14][®(p1), and [[Qui(z,y)|| < [lw][Alqr)-
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Thus
[F1(z, )l < ([l 2(p1) + [[w][Algr).

Next we will prove the compactness of the operator F;. Let t1,t2 € [0,T] with ¢; < t3. Then we
have

[P1(x,y)(t2) — Pi(z,y)(t1)]
JPEP f(s,2(s), y(s)) (t2) — JPFP2 f(s,2(s), y(s)) (t1)

D(py) (#5727t — 7
QL'(p1 + p2)

IN

_|_

[J’““’?f(s,z(S),y(S))(Tl)

_ i: o M (Jp1+p2f(s, x(s), y(s))(r)) (gi)]

(t;t271+p2 _ t1171+p2) + 2(t2 _ tl)p1+p2
I'(pr+p2+1)

3ol # () )
i=1

(pl)(t1271+172*1 _ t11)1+;02*1)

I
+
L T TN

IN

1]

JP1 +p2 (,,7)

and

Q1 (2, y)(t2) — Qi(z, y)(t1)]
J‘J1+q2g(s,x(s),y(s))(t2) - J‘J1+q2g(5’x(s)7y(s))(t1)

D) (= gt
UT(q1 + q2)

IN

N [J‘“*”g(s,x(S),y(S))(H)

IR (JWg(ax(s)w(s))(r))@j)]

(tgl-i-fh _ t(111+CI2) + 2(t2 _ tl)q1+q2
D +q2+1)

3181 B (e () (),
j=1

F(ql)(tf211+th—1 _ tt{1+ZI2—1)
P|T(q1 + g2)

IN

]

+ [l

Jn +q2 (K)

which is independent of (z,y) and tends to zero as to — t; — 0. Thus, F; is equicontinuous. So Fj is
relatively compact on Bg. Hence, by the Arzeld-Ascoli theorem, F; is compact on Bg. Thus all the
assumptions of Lemma 3.1 are satisfied. So the conclusion of Lemma 3.1 implies that the problem (1)
has at least one solution on [0, T]. This completes the proof. ]

3.2 Existence result via O’Regan’s fixed point theorem

Our next existence result relies on a fixed point theorem due to O’Regan in [30].

Lemma 3.3 Denote by U an open set in a closed, convex set C' of a Banach space E. Assume 0 € U.
Also assume that F(U) is bounded and that F : U — C is given by F = Fy + Fy, in which F, : U — E
is continuous and completely continuous and Fy : U — E is a nonlinear contraction (i.e., there exists
a nonnegative nondecreasing function ¢ : [0,00) — [0,00) satisfying ¢(z) < z for z > 0, such that
| Fo(z) — Fa(y)|| < ¢(||x — yl|) for all x,y € U). Then, either

(C1) F has a fived point u € U; or

(C2) there exist a point u € OU and X € (0,1) with u = A\F(u), where U and OU, respectively, represent
the closure and boundary of U.
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In the sequel, we will use Lemma 3.3 by taking C' to be E. For more details of such fixed point
theorems, we refer a paper [31] by Petryshyn. Let

Ky ={(z,y) € X xY : ||[(z,9)] < R}.

Theorem 3.4 Let f,g:[0,7] x R — R be continuous functions. Suppose that (22) holds. In addition
we assume that:

(Hs3) there exist a nonnegative function z, € C([0,T],R) and nondecreasing functions ¢, s : [0,00) —
[0,00) such that

[t u,0)| < (@) ([lull) + 2(llolD] for all (t,u,v) € [0,T] x R?;

(H4) there exist a nonnegative function zo € C([0,T],R) and nondecreasing functions wy,ws : [0, 00) —
[0,00) such that

lg(t,u,v)| < z2(O)wi (Jull) + wa(llvID] for all (t,u,v) € [0,T] x R?;

r 1
) Sob) TrlTon ) + o n@(on) + Tealan () + an(AGqn) ~ 11 “ere e M) and X

are defined in (20), (21)and (22) respectively.

Then the he problem (1) has at least one solution on [0, T).

Proof. Consider the operator F : X x Y — X x Y as that defined in (18). We decompose F into a
sum of two operators

F(x,y)(t) = Fi(2,y)(t) + Falz, y)(t)
where Fi(z,y), Fa(z,y) defined in (24). From (Hs) there exists a number 79 > 0 such that
To 1

21 [[[11(r0) + ¥2(ro)]®(p1) + | 22]l[w1(r0) + wa(r0)]A(q1) T

We shall prove that the operators F; and F satisfy all the conditions of Lemma 3.3.
Step 1. The set F(K,

To

(25)

T

) is bounded. We first show that F;(K,,) is bounded. For any (z,y) € K,

we have

P1(z, 9l < [[21ll[¥1(r0) + Y2(r0)|(P1),
and

Q1 (z, y)| < [[22]|[wi(ro) + w2(ro)]Alqr).
Thus

Fi(z, )|l < llz1ll[1(ro) + 1b2(ro)]®(p1) + ||22[l[wi (ro) + wa(ro)]A(qr).

This proves that Fj(K,,) is uniformly bounded. In a similar way we have
[P2(@)[] < [A[@(O)][z]l, and [[Q2(y)ll < [A=[A(0)][yl],

and thus
| F2(z, y)|| < Yro.

Step 2. The operator Fi is continuous and completely continuous.

By Step 1, F1(K,,) is uniformly bounded. In addition for any ¢;,ts € [0, 7], we have:

[Py (z,y)(t2) — Pi(z,y)(t1)]

1
<zl (ro) +w2(ro)] [W (97 = 8P 2ty — )02

F(pl)(t12)1+p2*1 _ t1171+:02*1)
QT (p1 + p2)

+ Jpitp2 (n) + Z o | Hi I (Jp1+p2 (7_)) (51)1 ,

i=1
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and
|Q1(,y)(t2) — Qu(z,y)(t1)]

1
< lz2||[wi(r0) + wa(ro)] [1—‘((]1-1-(12-1-1) (tg”"h B t‘fﬁ"h +2(ty — tl)q1+q2)

D) (#g+! — et

+
V[T (g1 + g2)

U () + 3 || 0110 (I () (@»)1 ,

which are independent of (z,y) and tends to zero as to — t; — 0. Thus, F; is equicontinuous. Hence,
by the Arzeld-Ascoli Theorem, Fi(K,,) is a relatively compact set. Now, let (z,,y,) C K,, with
[(xn,yn) — (x,y)|| — 0. Then the limit ||(xy,yn)(t) — (z,y)(t)|| — 0 is uniformly valid on [0,T]. From
the uniform continuity of f(¢,z,y) and g¢(¢,z,y) on the compact set [0,T] x [—ro,70] X [—r0, 0], it
follows that || f (¢, zn (%), yn(t)) — f (£ 2(t), y(£))]| — 0 and [[g(t, 2n (1), yn(t)) — g(t, 2(t),y(#))|| — 0 are
uniformly valid on [0, T]. Hence || Fy (2, yn) — Fi(z,y)|| — 0 as n — oo which proves the continuity of
F1. Therefore the operator Fi is continuous and completely continuous

Step 3. The operator Fs is contractive. This was proved in Theorem 3.2.

Step 4. Finally, it will be shown that the case (C2) in Lemma 3.3 does not hold. On the contrary,
we suppose that (C2) holds. Then, we have that there exist § € (0,1) and (z,y) € 0K,, such that
(z,y) = 0F (2, y). So, we have ||(z,y)|| = ro and

[zl < [lz1ll[¥1(ro) + ¥2(ro)]@(p1) + [A1[@(0)]|]],
and
lyll < [[22][[w1(r0) + w2(ro)]A(gr) + [A2[A(0)[|y]l,

from which we get

/I + lyll < llz1ll[1(ro) + 12(ro)](p1) + ||22[/[wi(ro) + wa(ro)]A(qr) + Y7o,

or
To 1

21 [[[11(r0) + ¥2(ro)]®(p1) + | 22]l[w1(r0) + wa(r0)]A(q1) e

which contradicts to (25). Consequently, we have proved that the operators F; and o satisfy all the
conditions in Lemma 3.3. Hence, the operator F has at least one fixed point (z,y) € K,,, which is the
solution of the he problem (1). The proof is completed. ([l

T’

Theorem 3.5 Let f,g:[0,7] x R — R be continuous functions. Suppose that (22) holds. In addition
we assume that:

(Hg) there exist a nonnegative function z1 € C([0,T],R) and a nondecreasing function v : [0,00) —
[0,00) such that

[f(tu, )] < 2o (Op(full + [vll) for all (t,u,v) € [0,T] x R?;

(H7) there exist a mnonnegative function zo € C([0,T],R) and a nondecreasing function w : [0,00) —
[0,00) such that

l9(t,u,0)| < 22(Ow(llull + [lvl)) for all (t,u,v) € [0,T] x R?;

(Hg) sup " > ,
re(0,00) 12110 (1) @(q1) + [Jz2[|w(r)Alqr) = 1-7T

(21)and (22) respectively.

where ®(p1), A(q1) and Y are defined in (20),

Then the he problem (1) has at least one solution on [0, T].
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Proof. The proof is similar to that of Theorem 3.4 and it is omitted. O

To establish some special cases, we set constants

“~ o, [(p1) I' (p1 + p2) tpatyi—1
R = PPl R Ry — Q) #0,
' ZF(Pl +p2) T' (p1 +P2+%‘)€l ' 17

and

~ Bil(@1)  T(n+a) atars—1
Ly = ‘ i L= Ly — U, £0,
' ;F(Q1+Q2)F(Q1+Q2+¢j)cj 7

xa) = * B\ T a i)

Ta+p2 [(py) TPrtr2—l natp2
Pl +a+p2)  Tlpr+p2)

a+P2+’YL T'(a+ 1
—|—§:|O¢Z|: ( D2 : ) :l , (26)
1+G+P2)F(G+P2+%+1)

and

ep) =

Tb+a2 F((h) Ta+q2—1 Kbtaz
F(1+b+g) Dla+g) L T(1+b+q)

Cb+q2+¢3 F(b+q2+1)
+Zﬂj[ F(1+b+g)T (b+q2+¢>j+1)] ’ (27)

where a = {p1,0} and b = {¢1,0}
By setting p; = 1 and §; = 1, we have a boundary value problem with nonlocal Riemann-Liouville
fractional integral conditions

DP (DP2 + M) a(t) = f(t,x(t),y(t), 0<t<T,
DT (D% + A2) y(t) = g(t,2(t), y(t)), 0<t<T,
z(0) = 0, z(n) = Z%‘ Jr (&), (28)
y(0) =0,  y(k) = B J%y(()
j=1

Using the above constants, we have the following corollaries.
Corollary 3.6 Suppose that (H1) and (H2) holds. If
M = max{[A1[x(0),[X2[©(0)} <1, (29)
then the problem (28) has at least one solution on [0,T].

Corollary 3.7 Let f,g: [0,T] x R — R be continuous functions. Suppose that (29), (Hs) and (Hy)
holds. In addition we assume that:

r 1
o) 500 TorlITa ) + P (pn) + 2l () T awr[(an) ~ 1 g Where (o), Olan) and A

are defined in (26), (27)and (29) respectively.
Then the he problem (28) has at least one solution on [0,T].

Corollary 3.8 Let f,g : [0,T] x R — R be continuous functions. Suppose that (29), (Hg) and (H7)
holds. In addition we assume that:

(H ) T - 1
su ,
0 rE(O,Iio) [zl (r)x(ar) + lz2llw(r)©(q1) ~ 1—M

(27)and (29) respectively.
Then the he problem (28) has at least one solution on [0,T).

where x(p1),©(q1) and M are defined in (26),
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4 Examples

In this section we present examples to illustrate our results.

Example 4.1 Consider the following system of fractional Langevin equation subject to the monlocal
Katugampola fractional integral conditions

5 tsin3t arctanxz(t)  2cost siny(t)
D'/? (D?’/“ 0.2) t) = 0<t<l
+02)(t) 1 3] +2 ' 32+ 22y(0)] + 3 ’
32 3x(t) 2(t) + 3
D2/5 (D4/5+0.25) t) = L 0<t<l,
Y = 35+ 1 T 3y 4 (30)

z(0)=0,  2(0.6) = 0.2 Y217/19(0.3) 4+ 0.3 2/°13/52(0.6),
y(0)=0,  y(0.2) = 0.2 3107%54(0.3) 4 0.3 3/51%/5y(0.7) + 0.4 2/°1°/19(0.9),

Here p1 = 1/2, po = 3/5, q1 = 2/5, ¢ = 4/5, Ay = 0.2, Ao = 0.25, n = 0.6, kK = 0.2, oy = 0.2,
Qg = 0.3, ﬁl = 0.27 ﬁg = 0.3, ﬁg = 0.47 n1 = 1/2, Mo = 2/5, Y1 = 7/107 Yo = 3/5, (51 = 3/10,
da = 3/5, 03 = 2/5, p1 = 4/5, ¢p2 = 2/5, ¢3 = 9/10, & = 0.3, & = 0.6, (1 = 0.3, & = 0.7, {5 = 0.9,
T =1, f(t,z,y) = (tsin3tarctanz(t))/((t+1)(3|z(t)|+2)) + (2 costsiny(t))/((3t> +2)(2|y(t)| +3)) and
g(t,2.) = (9F(1)) /(4 + 3) (3l(8)| + 1)) + (2y(2) +3)/(ly(8)| +4). Since f(t,2,) < (¢sin3t)/(3t +
3) + (2cost)/(6t> +4), g(t,z,y < (9t?)/(20t + 15) + (2/3) and by using the Maple program, we can find

P2
(14 p2)

F(pl) Tpitra—l nP? 2 1 §P2+Hi')’i I (IWHM)
+ 4 o i i
F(pl +p2) |Q| F(l +p2) ;| 7/||:1—‘(1_|_pz) /1‘1‘% F(P2+M%+M>:|

Hi

B(0) =

Q

4.318646369,

T2
I'(1+¢2)

Dg) Totet )  se +§iww[ L g T(%) ]
Llg +g2) Y] Fl+a) TP+ ) 5% 1"(’12*5{5&)

A~ 3.234126953.

Thus T ~ 0.8637292738 < 1. Hence, by Theorem 3.2, the system (30) has at least one solution on [0, 1].

Example 4.2 Consider the following system of fractional Langevin equation subject to the nonlocal
Katugampola fractional integral conditions

t (|2 + 22| | |yl*+ 2yl +2
D10 (D7 40.25) a(t) = - , 0<t<l,
®) 15 || + 4 3yl +4
ot (el 1yl 1

D2/5(D9/1°+0.2) t) = L 0<t<l, 31
v =5\ "ar+s Yl +5 (31)

2(0) =0,  2(0.1) =1.5 7O1Y22(0.6) + 2 3/1071Y52(0.8) 4+ 2.5 ¥/°13/192(0.9),
y(0) =0,  y(0.8) =3 10159 (0.7) + 2.5 3/1019/104(0.8),

Here p1 = 3/10, po = 4/5, g1 = 2/5, g2 = 9/10, \y = 0.25, A = 0.2, n = 0.1, kK = 0.8, a7 = 1.5,

Qo = 23 ag = 257 ﬁl = 3) ﬁQ = 25a H1 = 7/10a M2 = 3/107 M3 = 3/57 " = 1/27 Y2 = 1/57 Y3 = 3/107

5, = 7/10, 85 = 3/10, ¢1 = 4/5, do = 9/10, & = 0.6, & = 0.8, & = 0.9, (1 = 0.7, (o = 0.8,

T =1, f(t,z,y) = /15)[((|z]* + 2[z])/(jz] + 4)) + ((yI* + 2[y| + 2)/Bly| + 4))] and g(t,2,y) =

t/5)[((|z]* + |=| + 1)/(2|z| + 5)) + ((Jy|* + 1)/(Jy| +5))]. By using the Maple program, we can find
TP2

20 = I'(1+ p2)
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[(py) Trrtra—1 P2 3 1 gt r (LIM)
+ + a; L :
F(pl + p2) |Q| F(l +p2) ; e [F(l +p2) N’i% T <P2+Miﬂ’i+ﬂi):|

Hi

Q

1.892763483,

T2

I'(1+¢2)
ciztds; T (%;M)
) J

[(q) Tot+e-! s 2 1
(g1 +q2) |9 I'(1+ qo) + Z 1551 T(1+q) % a2+6;¢;+0;
41t G2 %2) a2) 4 r (%)

~ 1.824427804.

Thus T a2 0.4731908708 < 1. Since |f (¢, z,y)| < (¢/15)[(|z|? + 2|z|) /4 + (Jy|*> +2|y| +2) /4], |g(t, =, v)|
(t/5)[(|z]* + |z| + 1)/5 + (Jy|* + 1)/5], we choose z1(t) = t/15, ¥1(x) = (|z|* + 2|z|)/4, ¥2(y)
(|ly1? + 2Jy| + 2) /4, z2(t) = t/5, wi(z) = (|z|*> + |2 + 1)/5, wa(y) = (ly|*> +1)/5. We can show that

[ IA

re (o) T2 11 () + G2 (M](pr) + [[2all[wr (r) + wa ()]A(q)

1
~ 2.080080186 > 1.898220711 ~ -7

Hence, by Theorem 3.4, the system (31) has at least one solution on [0, 1].

Example 4.3 Consider the following system of fractional Langevin equation subject to the nonlocal
Katugampola fractional integral conditions

3
DA/s (D9/10 +0'3) 2(t) = é (2(|x+y|) + 2|z| + 1/|) C0<t< 27

Bla] +4 3
; t((lz+y))?+1 2
3/10 { 179/10 _t z
D (D ¥ 0.35) TORE < EE T IR (32)

(0) =0,  2(0.6) = 0.4 2°17102(0.2) + 0.4 ¥/51%/52(0.6),
y(0) =0,  y(0.3) =0.8 Y°1*54(0.2) + 0.7 /51°/199(0.5) 4 0.8 T/1017/104(0.6),

Here p; = 4/5, po = 9/10, ¢ = 3/10, ¢ = 9/10, A\; = 0.3, Ay = 0.35, n = 0.6, x = 0.3,
a1 = 0.4, Qg = 0.4, ﬁl = 0.8, ﬁg = 0.7, ﬁg = 0.8, M1 = 2/57 Mo = 4/57 Y1 = 7/10, Yo = 2/57
51 = 45, 0 = 1/5, 83 = 7/10, b1 = 4/5, do = 9/10, b3 = 7/10, & = 0.2, & = 0.6, (1 = 0.2,
G =05, G = 06, T = 2, f(ta,y) = (t/5) [+ ) + 202 + Jy)/Glal + 3] and g(t,2,5) =
(t/3) [((lz + y[)? + 1)/(|z| + 2|y| + 3)]. By using the Maple program, we can find

B(0) — kS D(py) TPrteet nP?
~ D(l+4p2) TDlpi+p) |9 L(1+p2)

+§2: || Loogetee 1 (%)
P ! F(l —|—p2) ,U;Yi T (Pz-l—m%:-‘rlti)

Hi

~ 2.401980728, (33)
and
T2 r Ta1+q2—1 a2
A(0) = (01) K
Fl+q¢) T(a+q) [Y I'(1+q2)

9243585 %,6]'

- 1 ¢ r (=)
+;Iﬁj|[r(1+q2) 57 F(q2+5g¢j+aj)>

J
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~ 1.427481620. (34)

Thus T ~ 0.7205942184 < 1.
Since | f(t,2,y)| < (¢/5) [((lz +y[)® + |2 + y)/2], lg(t, 2, 9)| < (¢/3) [((lz +y[)* +1)/3], we choose
21(t) = t/10, Y(x +y) =[x +y|)® + || + |y|, 22(t) = t/9, w(z +y) = (Jx +y|)? + 1). We can show that

retoae) T2 181 () + G ()] @(p1) + (22w () + wa(r)]A(q)

1
~ 3.980031158 > 3.579024007 ~ -7

Hence, by Theorem 3.5, the system (32) has at least one solution on [0, 2].
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SUBORDINATION RESULTS FOR CERTAIN CLASS OF
ANALYTIC FUNCTIONS ASSOCIATED WITH
MITTAG-LEFFLER FUNCTION

MANSOUR F. YASSEN

ABSTRACT. In this paper, we introduce a new class of analytic functions as-
sociated with Mittag-Leffler fuction in the open unit disk. Several properties
of functions belonging to this class are derived.

1. INTRODUCTION

Let U be the open unit disc U = {z : |z| < 1} . Also, Let A(p) the class of
functions f(z) of the form

flz) =20+ anz"71, (1.1)
n=2
which are analytic in U, where p € N = {1,2,3,...}. Also f;(z) € A(p), (i = 1,2)
defined by
filz) =2 4> ani 2", (i=1,2) (1.2)
n=2

the convolution (or Hadamard product) of f1(z) and f2(2) given by:

(fr# f2)(2) 1= (fa ¥ f1)(2) := 2" + ) appan 22" 77" (1.3)
n=2
The Mittag-Leffler function ([11],[12]) is defined by:
z 22 23 > 2"
Eo(2) = 14—+ 2ol T G +..= 7;0 Flan 1) (o € C; Re(a) > 0). (1.4)

Some interesting properties and general of Mittag-Leffler function can be found e.g.
in [2], [3], [4], [5], [6], [9], [13], [14], [15], [16], [18], [21], [22] and [23]. The function
EZ’k (2)(z € C) introduced by Srivastava and Tomovski [20] in the form:

nk k2" ) 1.
E! 72 Tlan + A)nl’ (o, B,m € C; Re(a) > max{0, Re(k)—1}; Re(k) > 0),

(1.5)
where

(Mn =

Tnt+n) { 1, n =0, (1.6)

I'(n) nn+1n+2)...0+n—-1), neN.

2010 Mathematics Subject Classification. 30C45.
Key words and phrases. Analytic functions, Hadamard product,starlike functions, prestar-like
functions, Differential subordination, Mittag-Leffler function.
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The function Eg’;(z) proved by Srivastava and Tomovski [20] is an entire function
in the complex z-plane. Attiya [1] defined the function QZ’;(Z) by

F(a—’_ﬁ) n,k p _i
<m;<%ﬂ) ()

very recently, Attiya [1] introduce the operator

HIE(F(2) A1) = A1),

defined, in terms of convolution by

Qr(2) = ),uew, (L7)

Hib(f(2) = Qub(2)* f(2)
. (n+nk)I'(a+ B) n
= ZMM ot B (z € U). (1.8)
Analogous to HZI;( f(z)), we introduce the operator /HZ’;;;( f(z)) as follows
M L (F(2) £ Alp) = Alp), (1.9)
where
H o (F(2) = QU ,(2) ¥ f(2), (=€), (1.10)
and

_ 27T (a+ B) < mko L
e T L )
from equations (1.9), (1.10) and (1.11) we not that

Mo, (f(2) = Qagp() f(2)

’I7+?’lki +6) n —1
”+Z Tt BT T )™ a2l (2 € U), (1.12)

) . (z e, (1.11)

when p = 1, the operator ’Ha '5.1(f(2)) is the Attiya operator ’HZ%(f(z)) [1].
A function f(z) € A(1) is said to be in the class §*(o) [7] and [19] or (star-like
of order o in U) if:

S*(0) = {f(z) . Re <ZJJ:ES)> >00<o<lze U} . (1.13)

A function f(z) € A(1) is said to be in the class R(o) [7] and [17] or (pre-starlike
of order ¢ in U) if:

R(o) := {f(z):(l_z'jw*f(z)eS*(o),a<1,z€U}. (1.14)

The function g(z) is called subordinate to G(z), if there exist a Schwarz function
h(z), analytic in U, with 2(0) = 0 and |h(z)| < 1, such that g(z) = G(h(%)) for all
z e U.

This subordination is denoted by g(z) < G(z). If the function G(z) is univalent
in U, then g(z) < G(z) if and only if ¢(0) = G(0) and ¢g(U) C G(U).

Let T be the class of function w(z) with w(0) = 1, which are analytic and
univalent in U.
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Definition 1. Let f(z) € A(p) , then f(z) is said to be in the class ‘EZ’)];,p(é; w)
if it satisfies the following condition

G2 mwwt (wh, (1(0)) +

a,B,p

2 (M (1) < wlz), (115)

p(p—1)
where 6 € C), p € N\ {1} and w(z) € .
The main object of our paper is to investigate and introduce some subordination

results of the class TV (5 w).
2. SOME LEMMAS

In our paper, we use the following lemmas:

Lemma 1.1 [10]. Let G(z) be analytic function in U and w(z) be analytic and
convex univalent in U with G(0) = w(0), if

G(z) + %zG’(z) < w(z), (2.1)
where Re(d) > 0 and 9 # 0, then G(z) < w(2).

Lemma 1.2 [17]. Let 0 < 1, f(2) € §*(0), and G(z) € (o), then, for analytic
function F(z) in U,
G« (fF) _
where ¢o (F(U)) denote the closed convex hull of F(U).

Lemma 1.3 [8]. Let G(2) =1+ > 7, d,,2",(k € N) be analytic function and
convex univalent function in U. If Re{G(2)} > 0, (z € U), then

Re{G(2)} > (k € N;z € U). (2.3)

n,k .
3. PROPERTIES OF THE CLASS T (5;w)

In this section, welet p€ Nand p > 1.

Theorem 3.1. let 0 < 6, < J5. Then ‘IZ’ZJ)((Sz; w) C gk (01;w).

a,B,p

Proof. Let f(z) € 52’7];3717(52;10) and 0 < 41 < d2 . Suppose that

P an

o) = (A, 1 20) (3.1)

Therefore, the function ¢(z) in the above equation is analytic in U with ¢(0) = 1.
Differentiating the both sides of the above equation w.r.t. z, we have

, 1 — —-p , ! , "
o) = 2D (s () + o (wnh 0e)) s e
By using Equation (1.15), we have

— §5)z Pt ’ gz P2 " 22 (2
U0 Gt (ren) + 22 (w2 0 n) = o)+ S

P an

p
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Using Lemma 1.1, we have

o(2) < w(z). (3.4)
Since 0 < §;/d2 < 1 and w(z) is univalent in U, using equations (3.1) and (3.4), we
given that
(1 — 51)Z*P+1 * / 5lzfp+2 * " 7 51
EE (o) + S (s, ) = (1= ) 002
01 (1 — 52)Z_p+1 & 4 522—p+2 k "
te (p (b () + o (Hah, D) ) < w(z). (3.5)

Therefore f(z) € ‘IZ”I;’p(él; w), and the proof of Theorem 1.1 is completed.

Theorem 3.2. Let 6 > 0,p > 0, and f(z) € Tg’zm(é; pw—+1—p). If p < po, where

1
1 (p—1) [!ele=1/o)-1
p02(1 . /0 ) (3.6)

Then f(z) € Sg’y’;,p(o;w). The bound po is sharp in the case w(z) =1/(1 — z).

Proof. Let f(z) € % (8:pw + 1 — p) with § > 0, p > 0. Suppose that

a,B,p
»—pt+1 - ’
8(2) = " — (ML, (D) - (3.7)
Then we have
0z (2) (1—6)zpPHt - 1 §yTPt2 7 "
B+ ooy = (M UE)) + o (ML)
< pw(z)+1-np. (3.8)

Using Lemma 1.1, we have

p(p —1)z(=@=1/9)
1

/Z WD) du+1—p= (wrg)(z),  (3.9)
0

L )a—@-D/8) 2 ((-1)/8)-1
plp—1)2 / Y du+1—p. (3.10)
0

p(z) = 5

1—u
If 0 < p < pog where po(> 1) is given by (3.6), then it follows from (3.10) that

plp—1) /1 ((p-1)/9)-1 L
= — - 1 _
Re {¢(2)) N pe{ Va1,
p(p — 1) /1 t((P*l)/‘;)*l
dt+1—
~ 5 Jo 14t tior
1
> B (Z S U) (3_11)
Using the Herglotz representation for ¢(z). Also, from Equations (3.7) and (3.9)
we obtain
P an ok ’
» (25 L(F2) < (ws)(=) < w(2), (3.12)
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since w(z) is convex univalent in U. Therefore f(z) € TZ%p(O;w). If w(z) =
1/(1 —z) and f(z) € A(p) defined by:

Pan . ! pp— 1 Zf(pfl)/‘s z u((pfl)/é)*l
» (HZ’,'Z;,p(f(Z))) il )5 /0 ——dut1-p,  (313)

we can see that

A =d)=r (HZ’,'E,p(f(z)))/+ o (Hg’,’;’p(f(z)))” = pw(z)+1—p. (3.14)

p pp—1)
Thus f(z) € ngp(é;ph—l— 1—p). Also, for p > pg, we have (at z — —1)
P ik / plp—1) [Fte=1/9)-1 1
Re{ ’ (Haﬁ)p(f(z))) } — 5 /0 T 1 dt+1—p< =, (3.15)

which obtains f(z) & ‘Ia 5.p(0;w). Therefore, the value py cannot be increased
when w(z) =1/(1—z). 1

Theorem 3.3. Let f(z) € ‘ZZ”gp(d'w) (/ﬁ(z) € A(p), and

Re{z77¢(2)} > = (zeN). (3.16)
Then (f * ¢)(z) € ‘I"]; (0;w).
Proof. For f(z) a%p(é, w) and ¢(z) € A(p), we have
z —p+1 / 5z P12 "
(M= 9)) + o (Mo, (< 0)(2))
(1 — 5) —p —p+1 n, !
= S el ( ARG
75 27Ph(2)) [ 27 P2 (T 2 "
Fo s (o) « (02 (2, 0e) )
= (277¢(2)) * ¢(2), (3.17)
where
(1— 5)Z—p+1 ’ Sz Pt2 "
ple) = (Huh,UeD) + o=y (Heb,UE)) - @19)

p
Using (3.16), the function z~P¢(z) has the Herglotz Representation

2P(2) :/| 1 din(y) (z € V), (3.19)

-1 (I —y2)

where p(y) is a probability measure defined on the circle |y| = 1 and

/|y_1 dpu(y) = 1.

Since w(z) is convex univalent in U, it follows from (3.17) to (3.19) that

LoD (s (o)) + S (i (7 0))

-/ P < w320
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$)(z) €T
Theorem 3.4. Let f(z) € aﬂp(d w), ¢(z) € A(p), and
2P e(2) € R(0) (0 <1,z € U).

This shows that (f *

o8, p(é w) and the theorem is proved. I

(3.21)

Then (f * ¢)(2) € T, (8 w).
Proof. For f ( )€ "’k p(0;w) and ¢(z) € A(p) from (3.17), we have
Z P+1 / 5z~ P12 ”
(H e Z))) + =1 (H ,ﬁp((f*éf’)( )))
(2~ P+1¢( ) * (z¢(2))
a0 e 2 (z € U), (3.22)
where ¢(z) is defined as in (3.18). Since w(z) is convex univalent in U,
o(2) <w(z), 2z PTe(z) eR(o) and z€S* (o), (o<1).
It follows from (3.22) and Lemma 1.2 the desired result. I
Theorem 3.5. Let § > 0 and
filz) =22+ ani 2" e TV (6w), (i=1,2) (3.23)
n=2
where )
wile) =+ (=) end  w<LG=12).  (3.24)
If f(2) € A(p) is defined by
M, U@ = [ (s () = (e () du (329)
Then f(z) € ngp(égw), where
1
wz) =7+ (1= ), (3.26)
where v s given by
B {p =4 =)= ) (1= 55 ] S —dt)s 020 oo
p—2p(1 = 7)1 —2); (6 =0),

the value of vy is the best possible.
Proof. For the case when § > 0. by putting

B (1 — 5)Z—P+1 / Sz P+2 k " o
Gile) = = (MG, () + o (HE,(G)) - (=1.2)
(3.28)
for fi(z), (i = 1,2) given by (3.23), we find that
—1+anbz =<7+ (1—%)1tz (1=1,2),
and
’ _ —(p—1)(1-6)/ Z
e | oG e (= 1.2
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Now, if f(z) € A(p) is defined by (3.25), we find from (3.30) that

(Mas @) = (Mzb () = (Hah, ()
_ (p(pél)zpl/o H=1/0)-1¢, (tz)dt>

*(p(p;)zpl/ HE=D/9=1G (12)d )
1

_ p—1 rz
_ (P(P;)Z/ t((pl)/é)l(;(tz)dt> (3.29)
1

where
-1 1
G(z) = %/ uwP=D/O=1(G % Gy)(t2)dL. (3.30)
0
Also, by using (3.29) and the Herglotz theorem,we see that
Gi(z) — V1> (1 Ga(z) — ’72)}
Req|———— | x| -+ ———= >0 z € U), 3.31
{< IL—m 2 2(1-1) ( ) (3:31)
which gives
Re{(G1xG2)(2)} >vw=1—-2(1 —v1)(1 —72) (z € U). (3.32)
According to Lemma 1.3, we have
1—|z
Re{(G1%G3)(2)} > v+ (1 —) (1 n IZD (z € U). (3.33)

Now it follows from (3.31) to (3.35) that

_ M/lt«pn/é)lRe{(Gl x Ga)(tz) }dt

o Jo
pp—1) /1 ((p-1)/8)-1 L~
> —2 (A 1-— dt
> 5 | Bo + (1 = Bo) 1517
pp— 1)1 =) /1 (p-1)/6)—11 — 1t
> —_ t\\r —dt
P+ 5 0 1+t
— 1 4((p—1)/0)-1
p—1 t
= —4p(1 — 1-— 1-— dt
p—4p(1 —m)( 72)( 3 /O T )
= 7 (z € U). (3.34)
which proves that f(z) € T 1;3 »(d;w) for the function w(z) given by (3.26).In order
to show that the bound ~ is Sharp, we take the functions f;(z) € A(p) (i = 1,2)
defined by
p(p — 1)z~ p~D(1=0)/0
(M2t (i) = :
z 1
X / u((P=1)/9)-1 (% +(1—) 1 ha Z) du, (3.35)
0 _
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for ¢ = 1,2 and, we have

(1—0)z"Ptt /. - S E . "
Gi(z) = T, (Ha,%p(fi(z))) + =1 (ngp( i(z)))
= v+ (1 - Vz)g (Z =1, 2)7 (3'36)
and ;
(G1%G2) (2) =1+4(1 —7)(1 —2) T (3.37)

Hence, for f(z) € A(p) given by (3.25), we obtain

A=9= Gnk ep) 4 S0 k(g2
(1-9)z & 0z : k

p plp—1
p(p—1) /1 ((p=1)/8)—1 tz
= —= t\\P 1+4(1— 1— dt
5, HAQ =) =)y
— v (as z— —1). (3.38)

The proof is simple in the case of § = 0, therefore, we omit the details involved. I

Conclusions

we introduced the class ‘IZ% p(é ;w) of analytic functions associated with Mittag-
Leffler function. Conclusion property of the class TZI;, »
condition of the class ‘EZ”%J}((S ;w) is also derived. Furthermore, several properties

of functions belonging to this class are derived.

(6;w) is obtained, sufficient
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