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SHARP INEQUALITIES BETWEEN TOADER AND NEUMAN
MEANS*

WEI-MAO QIAN!, ZAI-YIN HE2, AND YU-MING CHUS3:**

ABSTRACT. In the article, we prove that the double inequalities

ole(a, b) + (1 — 041)]VGA(CL7 b) < T(CL, b) < ﬁlQ(a,b) + (1 — /BI)NGA(@, b)7
agQ(a, b) + (1 — OLQ)NQA(CL, b) < T(a, b) < ﬂQQ(a,b) + (1 — ,BQ)NQA(CL, b),
a3C(a,b) + (1 — asz)Ngal(a,b) < T(a,b) < B3C(a,b) + (1 — B3)Ngal(a,b),

a4C(a, b) =+ (1 — a4)NQA(a, b) < T(a, b) < 540(11, b) + (1 — ,84)NQA(CL, b)
hold for all a,b > 0 with a # b if and only if a1 < 5/8, 81 > (16 —72)/[(4V2 —
m)r] = 0,7758 -+, ag < 1/4, Ba > 1 — 2(v/21 — 4)/[(vV2 — log(1 + V2))n] =
0.4708---, a3 < 5/14 = 0.3571---, B3 > (16 — n2)/[(8 — m)7] = 0.4016 - -,
as <1/10and By > 1—4(m —2)/[(4— V2 —log(1++/2))n] = 0.1472- - - | where
Q(a,b), C(a,b) and T'(a,b) are respectively the quadratic, contra-harmonic
and Toader means, and Nga(a,b) and Nga(a,b) are the Neuman means.

1. INTRODUCTION

Let pe R, r € (0,1) and a,b > 0 with a # b. Then the complete elliptic integrals K(r)
and £(r) [1-32] of the first and second kinds, geometric mean G(a,b), arithmetic mean
A(a,b), quadratic mean Q(a,b), contra-harmonic mean C(a,b), second contra-harmonic
mean C(a,b), centroidal mean 5’((1, b), Toader mean T'(a,b) [33-36], pth power mean
M, (a,b) [37-43], and Schwab-Borchardt mean SB(a,b) [44-48] of a and b are given by

/2 /2
K(r) = / (1 — r%gin? t)71/2 dt, &(r)= / \/mdt7
0 0

2 2

Gla,b) = Vab, Alab) =20, Qlab) =/ T2,
R a®+0® 2(a® + ab + b*?)
b) = b)) = ——— py=222 T TY)
Clab) =15 Clab) =St Cla) = 2 EEED),

/2
T(a,b) = % / \/a2 cos2(t) 4 b2 sin(t)dt,
0

2a€ (W) /m,  a>b,
28 (V1= (@/V)) /v, a<b,

(1.1)

2010 Mathematics Subject Classification. Primary: 26E60; Secondary: 33E05.

Key words and phrases. Toader mean, Neuman mean, geometric mean, arithmetic mean, qua-
dratic mean, contra-harmonic mean.

*The research was supported by the Natural Science Foundation of China (Grant Nos.
61673169, 11301127, 11701176, 11626101, 11601485), the Science and Technology Research Pro-
gram of Zhejiang Educational Committee (Grant No. Y201635325) and the Natural Science
Foundation of Huzhou City (Grant No. 2018YZ07).

**Corresponding author: Yu-Ming Chu, Email: chuyuming2005@126.com.
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1/p
aerbp) 0
Mp(d, b) — ( 2 7 p 7é )
v ab, p=20
and

arccos (a/b)’
\/a2—b2

cosh—1 (a/b)? a > b’

{ng_ag a<b7
SB(a,b) =

respectively, where cosh™ () = log(z++/22 — 1) is the inverse hyperbolic cosine functions.
Recently, the bivariate means have attracted the attention of many researchers [49-82].
Neuman [83] introduced the Neuman mean

N(a,b):% {a-i— #Zb)]

provided the explicit formulae for Nag(a,b)(a,b), Naa(a,b), Nag(a,b) and Nga(a,b) as
follows

Nac(a,b) =: N[A(a,b), G(a,b)] = %A(a, b) {1 r(1- UQ)M] ,

Naaa,b) = N[G(a,b), Ala,b)] = ; A(a,b) {M+ %’“(”)] . (2
Naafa,t) = NA0,0). Qla. )] = 3A0.0) [1+ (1409 T2
Noa(a,b) =: N[Q(a,b), A(a, b)] = %A(a,b) { T 4 W] )

where v = (a — b)/(a + b), tanh™*(z) = log[(1 + z)/(1 — x)]/2 and sinh™!(z) = log(z +
x2 + 1) are the inverse hyperbolic tangent and sine functions, respectively.
It is well known that the power mean Mp(a,b) is continuous and strictly increasing
with respect to p € R for fixed a,b > 0 with a # b and the inequalities

G(a,b) = Mo(a,b) < A(a,b) = Mi(a,b) < C(a,b) (1.4)
< Q(a,b) = Ma(a,b) < C(a,b) < C(a,b)
hold for all a,b > 0 with a # b.
Barnard, Pearce and Richards [84], and Alzer and Qiu [85] proved that the double
inequality
Ms3/5(a,b) < T(a,b) < Miog2/10g(x/2)(a; D)
holds all a,b > 0 with a # b.
In [86], the authors stated that the double inequality

aQ(a,b) + (1 — @)A(a,b) < T(a,b) < fQ(a,b) + (1 — B)A(a, b) (1.5)
is valid for all a,b > 0 with a # b if and only if « < 1/2 and 8 > (4 — m)/[(V2 — 1)7] =
0.65N9e?1ma.n [83] presented the inequalities

G(a,b) < Nag(a,b) < Nga(a,b) < A(a,b) (1.6)
< Noga(a,b) < Nag(a,b) < Q(a,b),
ai1A(a,b) + (1 — a1)G(a,b) < Nga(a,b) < f1A(a,b) + (1 — 81)G(a,b),
2Q(a,b) + (1 — a2)A(a,b) < Nag(a,b) < f2Q(a,b) + (1 — f2)A(a,b),
asA(a,b) + (1 — a3)G(a,b) < Nag(a,b) < BsA(a,b) + (1 — B3)G(a,b),

1Q(a,b) + (1 — o) A(a, b) < Ngal(a,b) < B2Q(a,b) + (1 — Ba)A(a,b)

for all a,b > 0 with a # b if a1 < 2/3, B1 > 7/4, az < 2/3, B2 > (7 — 2)/[4(v2 - 1)
0.6890---, as < 1/3, 3 > 1/2, as < 1/3, fa > (log(1 4+ v2) + V2 —2)/ 1
0.3568 - - -

—~
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Li, Qian and Chu [87] proved that the double inequalities
aNag(a,b) + (1 — a)A(a,b) <T(a,b) < BNag(a,b) + (1 — B)A(a,b),
Qra+ (1= XN)b,Ab+ (1 = Na] <T(a,b) < Q[ua+ (1 — )b, pb+ (1 — p)a]

hold for all a,b > 0 with a # b if and only if « < 3/4 and 8 > 4(4 — «)/[w(w — 2)] =
0.9753--+, A < 1/2 +/2/4 = 0.8535--- and p > 1/2 + /16/n2 — 1/2 = 0.8940 - - if
A€ (1/2,1).

Qian, Song, Zhang and Chu [88] proved that the two-sided inequalities

MC(a,b) + (1= \)A(a,b) < T(a,b) < 11C(a,b) + (1 — 1) Ala, )

Clha+ (1= Xa)b, Aab+ (1 - Aa)a] < T(a,b) < Cluza+ (1 — p2)b, pb+ (1 - puz)al

are valid for all a,b > 0 with a # b if and only if Ay < 1/8, u1 >4/ —1=0.2732---,

Ao < 1/2 4+ /2/8 = 0.6767 - and po > 1/2 + /(4 —7)/(37 —4)/2 = 0.6988 - if
Ao, i € (1/2,1).
In [89], Song, Qian and Chu found that the inequalities

a1A(a,b) + (1 — a1)C(a,b) < Noa(a,b) < B1A(a,b) + (1 — 81)C(a,b), (1.7)
A%2(a,b)C'"*2(a,b) < Noa(a,b) < A??(a,b)C* P2 (a,b),
Clasa+ (1 — as)b,azb + (1 — az)a] < Noa(a,b) < C[Bsa+ (1 — B3)b, Bsb + (1 — B3)a]

take place if and only if a1 > 4 — 3[v/2 + log(1 + v/2)]/2 = 0.5566 - - -, 81 < 1/2, az >
1—[log(v2-+log(1+V/2)) ~log 2] /(2log 2—log 3) = 0.5208 - -, B2 < 1/2, B3 > 1/2+V/2/4 =

0.8535- - and as < 1/2 4 \/6[v2 + log(1 + v2)] — 12/4 = 0.8329- - - if as, B € (1/2,1).
From (1.4)-(1.7) we clearly see that the inequalities

Nea(a,b) < Noa(a,b) < %A(a, b) + %é(a, b) (1.8)

< %A(a, b) + %Q(a, b) < T(a,b) < Q(a,b) < C(a,b)

hold for all a,b > 0 with a # b.
Motivated by inequality (1.8), in the article we deal with the optimality of the param-
eters a1, a2, as, ag, B1, B2, B3 and B4 such that the double inequalities

a1Q(a,b) + (1 — a1)Nga(a,b) < T(a,b) < f1Q(a,b) + (1 — f1)Nga(a,b),
a2Q(a,b) + (1 — a2)Nga(a,b) < T(a,b) < f2Q(a,b) + (1 — f2)Nga(a,b),
a3C(a,b) + (1 — as)Nga(a,b) < T(a,b) < B3C(a,b) + (1 — B3)Nga(a,b),
a4C(a,b) + (1 — as)Nga(a,b) < T(a,b) < f4C(a,b) + (1 — B4)Nga(a,b)

hold for all a,b > 0 with a # b.

2. LEMMAS

In order to prove our main results, we need several formulas and lemmas which we
present in this section.
The following formulas for K(r) and £(r) can be found in the literature [90]:

dK(r)y  E(r) — (1 —r>)K(r) dé(r)  E(r)—K(r)

dr r(1—r?) ’ dr r ’
d[K(r) = E(r)] _ r&(r) < ( 2\/F) _28(r) (- r2)KC(r)
dr 1—r2’ 147 1+7r ’

K(o*):g(o*):%, K1 )=o00, E(17)=1.
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Lemma 2.1. (See [90, Theorem 1.25]) Let —oco < a < b < oo, f,g : [a,b] — R be
continuous on [a,b] and differentiable on (a,b), and ¢'(z) # 0 on (a,b). If f'(z)/qd (x) is
increasing (decreasing) on (a,b), then so are the functions

f(z) — f(a) fx) = f(b)

g(x) —g(a)”  g(x) —g(b)

If f'(z)/g' () is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.2. The following statements are true:
(1) The function r — [E(r) — (1 —r®)K(r)] /r* is strictly increasing from (0,1) onto

(r/4,1);
(2) The function v~ K(r) is strictly increasing from (0,1) onto (7/2,00);
(3) The functionr v~ [KK(r) — E(r)] /r? is stmctly increasing from (0,1) onto (mw/4,+00);
(4) The function r — ¢(r) = [3E(r) —2(1 —r*)K(r)] /V1+ 72 is strictly increasing

from (0,1) onto (7/2,3v/2/2).

Proof. Parts (1)-(3) can be found in [8, Theorem 3.21(1), (2) and Exercise 3.43(11)]. For
part (4), it is not difficult to verify that

T 3v2
P(0") = oL p(17) = —5 (2.1)

/ E(r) —2r2E(r) — K(r) + 3r2K(r)
¢ (T) = 7,,(1 I 7"2)3/2

r s(r)—(l—ﬁ)lC(v")] . 2r {’C(ﬂ—g(’“)}, (22)

T+ 72)3/2 r2 1+r2)3/2 r2
It follows from (2.2) together with Lemma 2.2(1) and (3) that
&' (r) >0 (2.3)
for r € (0,1).
Therefore, part (4) follows from (2.1) and (2.3). O

Lemma 2.3. The function

2 +1— 21+ 72 [38(r) — 2(1 — r*)K(r)]

r2

p(r) =
is strictly decreasing from (0,1) onto (3 — 6+/2/7,3/4).

Proof. Let ¢1(r) = 2r® +1 — 21472 [3E(r) —2(1 — r*)K(r)] /7, @2(r) = . Then
simple computations lead to

P10 = @a(07) =0, () = 24, (24
p(17) =3— @, (2.5)
o1(r) 38(r) —2(1 — r)K(r) 2 (1 —r)K(r) .
A 2T { e VT = *’C“J}'

(2.6)
It is not difficult to verify that the function r — /1 + r2 is strictly increasing on (0,1).
Then it follows from Lemma 2.2(1), (2) and (4) together with (2.6) that ¢} (7)/p5(r) is
strictly decreasing on (0,1) and

r) 3

=-. 2.7

= 27)
Therefore, Lemma 2.3 follows from Lemma 2.1, (

monotonicity of ¢! (r)/e5(r). O

(0+) = lim 801(
r—0+ @h(1

2.4), (2.5) and (2.7) together with the
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Lemma 2.4. The function

o(r) = 3’ 41— % [35(7;)2_ 2(1 - TQ)IC(T)]

is strictly decreasing from (0,1) onto (4 —6/m7,9/4).

Proof. Let ¢1(r) = 3r> +1 — 2[3&(r) —2(1 —r*)K(r)] /m, w2(r) = 7. Then simple
computations lead to

B07) = 4a(0%) =0, w(r) = P45, (2.9

pa)=1-, (2.9)

zig; =3- % £r) - (17«2_ R L o). (2.10)

From Lemma 2.2(1), (2) and (2.10) we know that 9} (1) /44(r) is strictly decreasing on
(0,1) and

) = lim w’l(r) _ 9
(0 )_TLW oh(r) 4 (2.11)

Therefore, Lemma 2.4 follows from Lemma 2.1, (2.8), (2.9) and (2.11) together with
the monotonicity of v (r)/v5(r). O

3. MAIN RESULTS

Theorem 3.1. The double inequality

a1Q(a,b) + (1 — o1)Nga(a,b) < T(a,b) < p1Q(a,b) + (1 — f1)Nca(a,b)
holds for all a,b > 0 with a # b if and only if a1 < 5/8 and By > (16 —72)/[7(4vV/2—T)] =
0.7758 - - -.

Proof. Since Q(a,b), Nga(a,b) and T'(a,b) are symmetric and homogenous of degree one.
Without loss of generality, we assume that a > b. Let r = (a — b)/(a +b) € (0,1). Then
from (1.1) and (1.2) one has

T(a,b) = %A(a, b) [26(r) — (1 — r2)K(r)] (3.1)
Ncoa(a,b) = %A(a, b) {\/ 1—-7r24 w} . (3.2)

It follows from (3.1) and (3.2) together with Q(a,b) = A(a,b)v/1 + r? that
T(ab) - Noa(ap) 2 [260) = (1= 1K) = § [VT =72 + 2]

Q(a,b) — Nga(a,b) VIitrZ-1 [m+ arcsin(r):|

B 2rvV1+12 — 20 28(r) — (1 — r)K(r)]
2rv1+7r2 —ry/1—r2 — arcsin(r)

Let fi(r) = 2rv1+r2—4r [26(r) — (1 — TQ)IC(T)] /mand g1(r) = 2rv14+r2—ry/1 —r2—

arcsin(r). Then simple computations lead to

=1— F(r). (3.3)

+y +y _ ") = fi(r)
f1(07) =g1(07) =0, F(r) ()’ (3.4)
fitr)y 2 4+1—2VT+72[38(r) —2(1 — r*)K(r)]
g, (r) 22 —/T—ri4+1
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p(r) (3.5)
(27‘2 VI=ri41)/r2’ '
where () is defined as in Lemma 2.3.

It is easy to verify that the function r — (2r? — /1 — 4 +1)/r? is positive and strictly
increasing on (0, 1), then (3.5) and Lemma 2.3 lead to the conclusion that fi(r)/gi(r)
is strictly decreasing on (0,1). Hence from Lemma 2.1 and (3.4) we know that F(r) is
strictly decreasing on (0,1). Moreover,

2rv1+72 — 21 [2E(r) — (1 = r*)K(r)]

3
lim x s 3.6
r—0t  2ry/1+712 — /1 — 72 — arcsin(r) 8 (3.6)

2rV/1+ 72— 2r [26(r) = (1 =r*)K(r)] _ 4(v2r —4)

lim 3.7

r—1=  2ry/14 12 — /1 — 72 — arcsin(r) 7T(4f - 71') (87)

Therefore, Theorem 3.1 follows from (3.3), (3.6) and (3.7) together with the mono-
tonicity of F(r). O

Theorem 3.2. The double inequality
QQQ(a7 b) + (1 - CV2)NQA((1, b) < T(a7 b) < BQQ(OH b) + (1 - BQ)NQA(G', b)

holds for all a,b > 0 with a # b if and only if as < 1/4 and B2 > 1 — 2(\/21 —
4)/ [(V2 = log(1 + v/2))1] = 0.4708 - - -

Proof. Since Q(a,b), Nga(a,b) and T'(a,b) are symmetric and homogenous of degree one.
Without loss of generality, we assume that a > b. Let r = (a — b)/(a +b) € (0,1). Then
from (1.4) we have

1
Noa(a,b) = %A(a, b) { 1472+ Smhri(’“)} , (3.8)
It follows from (3.1) and (3.8) together with Q(a,b) = A(a,b)y/1 + r2 that
sinh—! (r
T(a,h) - Noa(ab) 2 [260) = (L=rDK(@)] - § [VIF 72 4 220

Q(a,b) — Nga(a,b) Vifr?— % [er sinh;1<r)]
i 2rv1+712 — 2r [28(r) — (1 — r*)K(r)] —1- G, (3.9)

rv/1+ 72 —sinh™*(r)
Let fi(r) = 2rv1+r2—dr [26(r) — (1 — r*)K(r)] /7 and g2(r) = rv/1 + r2—arcsinh(r).

Then simple computations lead to

~
-

1(7”

[O0T) =g207) =0, G(r) =45 (3.10)
Ji(r) _ 20 1= VIR 380) — 20 - HR0)] (3.11)

92(7) r?
where ¢(r) is defined as in Lemma 2.3.
It follows from Lemma 2.3 and (3.11) that f1(r)/g5(r) is strictly decreasing on (0,1).
Then Lemma 2.1 and (3.10) lead to the conclusion that G(r) is strictly decreasing on
(0,1). Moreover,

2rVTH 2= Ar26(r) - (1 —=r)K(r)] 3
lim ot — =, (3.12)
r—0+ rv/1+ 72 —sinh™*(r) 4
g 2VIHE - 2r 260 - (1-r)KM)] _ 2(Vem - 4) (3.13)
r—1- rv/1+ 12 —sinh ™! (r) [V2 —log(1 + v2)] T .
Therefore, Theorem 3.2 follows from (3.9), (3.12) and (3.13) together with the mono-
tonicity of G(r). O

934 WEI-MAO QIAN et al 929-940



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

SHARP INEQUALITIES BETWEEN TOADER AND NEUMAN MEANS* 7

Theorem 3.3. The double inequality
asC(a,b) + (1 — az)Nga(a,b) < T(a,b) < 83C(a,b) + (1 — B3)Nga(a,b),

holds for all a,b > 0 with a # b if and only if az < 5/14 and B3 > (16 — 72)/[x(8 — 7)] =
0.4016- - -.

Proof. Without loss of generality, we assume that a > b. Let r = (a — b)/(a 4+ b) € (0,1).
Then it follows from (3.1), (3.2) and C(a,b) = A(a,b)(1 + ) that

T(a.b) — Nea(a,t) 2 [260) = (L=rK@)] = § [VI =72 4 2xesinto)]

C(a,b) — Ngal(a,b) 14721 [WJF ain(r)]
1 2r(L+1%) — 2r[28(r) — (1 — r*)K(r)] —1—H(). (3.14)

2r(1 +r?) — rv/1 — r2 — arcsin(r)

Let f2(r) = 2r(1+7r?) —4r [26(r) — (1 — r*)K(r)] /m and gs(r) = 2r(1+7%) —rv/1T —r2 —
arcsin(r). Then simple computations lead to

Y a0ty r :fQ(r)
f2(07) = g3(0") =0, H(r) PSS (3.15)
fi(r) _ 3r® 41— 2 [38(r) — 21 — r*)K(r)]
g5(r) 32 —V1—r2+1

P(r)
(B3r2 —V1—=7r2+1)/r2’ (3-16)
where ¥(r) is defined as in Lemma 2.4.

It is easy to verify that the function r — (3r? —+/1 — 2 +1)/r? is positive and strictly
increasing on (0, 1). Then from Lemma 2.4 and (3.16) we know that f3(r)/g5(r) is
strictly decreasing on (0,1). Hence Lemma 2.1 and (3.15) lead to the conclusion that H(r)
is strictly decreasing on (0,1). Moreover,

2r(14r?) — %r [25(7’) —-(1- TQ)IC(T)} 9

im _—— 3.17
r—0t  2r(1+72) —ry/1 —r? — arcsin(r) 14 (8:.17)
2r(1+7%) — 2r 28(r) — (1 = r?)K -
i 2P r) = Sr 2860 — (L= )R] _ 8(r—2) (3.18)
r—~1=  2r(1 4+ r2) — ry/1 — 72 — arcsin(r) (8 — )
Therefore, Theorem 3.3 follows from (3.14), (3.17) and (3.18) together with the mono-
tonicity of H(r). O

Theorem 3.4. The double inequality
OC4C(CL, b) + (1 - CE4)NQA(CL, b) < T(aa b) < B4C(CL, b) + (1 - 54)NQA(CL, b)

holds for all a,b > 0 with a # b if and only if s < 1/10 and Bs > 1—4(7—2)/ [(4 — V2 — log(1 + V2))7| =
0.1472.

Proof. Without loss of generality, we assume that a > b. Let r = (a — b)/(a + b) € (0,1).
Then it follows from (3.1), (3.8) and C(a,b) = A(a,b)(1 + r?) that

T(a,b) — Nga(a,b) 2260 - A =rHK)] - 3 [V L+r2+ W]

C(a,b) — Nga(a,b) 1472 -1 [m+ sinhzl(T)]
1 2r(1 + 1“2) — %r [25(1“) —(1- ﬂ)]C(T)] 1), (3.19)

2r(1 +72) —ry/14 72 —sinh ! (r)
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Let fa(r) = 2r(14+r?)—4r [26(r) — (1 — r*)K(r)] /m and ga(r) = 2r(1+7%)—rv/1+ 12—

sinh™!(r). Then simple computations lead to

Y o) — 1)
f2(07) = 04(07) =0, J(r) = " (3.20)
fi(r) _ 3r +1— 2 [38(r) — 2(1 — r*)K(r)]
94(r) 312 —V1I4+r2+1
v(r) (3.21)

(Br2 —1+7r2+1)/r2’
where ¥(r) is defined as in Lemma 2.4.

It is easy to verify that the function r + (3r? —+/1 + 2 +1)/r? is positive and strictly
increasing on (0,1). Then from Lemma 2.4 and (3.21) we know that f5(r)/gi(r) is strictly
decreasing on (0,1). Hence Lemma 2.1 and (3.20) lead to the conclusion that J(r) is
strictly decreasing on (0,1). Moreover,

2r(14 1) — 4r [28(r) — (1 = r*)K(r)] 9

r—0t  2r(1472) — /1472 —sinh™1(r) 10’ (3.22)
oy s r?) — ar[260) — (L= r)K()] A(r —2) (3.23)
r>1=  2r(1472) — /T + 72 — sinh ™ (r) [4— V2 —log(1+ V2)] T .

Therefore, Theorem 3.4 follows from (3.19), (3.22) and (3.23) together with the mono-
tonicity of J(r). O

Let ro = log(1 4+ v/2), r* = r?/(1 + v/1 — 72)2. Then (1.1) and Theorems 3.1-3.4 lead
to Corollary 3.5 immediately.

Corollary 3.5. The double inequalities

= {10\/5\/ﬁ+ 3(1+V1-r2) (\/1 — 2 7arcsin(7q*))} < E(r)

*

< \[(4?_” V212 + 4\[74) (1+V1-r2) (\/1—r*2+LS:2(T*)>,
33 {2ﬁm+3(1+\/1—r (¢1+ *H%)} < &(r)

< Y2 -(y2+10)) \/;+ f” 1+\/177~2)(\/1+r*2+7smh:(r*)),

4(v/2 —ro) V2 — 0)
%[%”(H\/l—ﬂ) (\/1—r*2+%’2(’"*))] < &(r)
<R 2 i (Vim e e,
%{%*Wﬂ/lfﬁ) (%Hr*%%)] <&(r)
(;W(er:zilfx;iiﬁ 2(4—1;5277«0)(1%/1_7”2) (VHT*HW)'

hold for all r € (0,1).
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4. RESULTS AND DISCUSSION

In the article, we present the best possible parameters a1, ag, as, a4, B1, B2, B3 and
B4 such that the double inequalities

a1Q(a,b) + (1 — a1)Nga(a,b) < T(a,b) < $1Q(a,b) + (1 = f1)Nca(a, b),
a2Q(a,b) + (1 — a2)Nga(a,b) < T(a,b) < f2Q(a,b) + (1 — f2)Nga(a,b),
a3C(a,b) + (1 — az)Nga(a,b) < T(a,b) < f3C(a,b) + (1 — f3)Nga(a,b),

asC(a,b) + (1 — as)Nga(a,b) < T(a,b

=

< faC(a,b) + (1 — Ba)Nga(a,b)

hold for all a,b > 0 with a # b. Our results are the improvements and refinements of the
previously results.

5. CONCLUSION

We present several sharp bounds for the Toader mean in terms of the Neuman mean,
quadratic mean and contraharmonic mean, and give new bounds for the complete elliptic
integral of the second kind £(r). Our approach may have further applications in the theory
of bivariate means and special functions.

(1]

2]
(3]

(4]
(5]
[6]

(7]

(8]
[9]
[10]

(1]

(12]
(13]

(14]

(15]

(16]

REFERENCES

M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions with Formulas,
Graphs and Mathematical Tables, Dover, New York, 1965.

J. M. Borwein and P. B. Borwein, Pi and AGM, John Wiley & Sons, New York, 1987.
X.-Y. Ma, S.-L. Qiu, G.-H. Zhong and Y.-M. Chu, Some inequalities for the generalized linear
distortion function, Appl. Math. J. Chinese Univ., 2012, 27B(1), 87-93.

Z.-H. Yang, W.-M. Qian, Y.-M. Chu and W. Zhang, Monotonicity rule for the quotient of
two functions and its applications, J. Inequal. Appl., 2017, 2017, Article 106, 13 pages.
Y.-M. Chu and W.-M. Qian, Optimal inequalities between harmonic, geometric, logarithmic,
and arithmetic-geometric means, J. Appl. Math., 2011, 2011, Article ID 618929, 9 pages.
M.-K. Wang, Y.-M. Chu, S.-L. Qiu and Y.-P. Jiang, Bounds for the perimeter of an ellipse,
J. Approx. Theory, 2012, 164(7), 928-937.

Y.-M. Chu, M.-K. Wang and Y.-F. Qiu, On Alzer and Qiu’s conjecture for complete elliptic
integral and inverse hyperbolic tangent function, Abstr. Appl. Anal., 2011, 2011, Article ID
697547, 7 pages.

G.-D. Wang, X.-H. Zhang and Y .-P. Jiang, Concavity with respect to Holder means involving
the generalized Grotzsch function, J. Math. Anal. Appl., 2011, 379(1), 200-204.

M.-K. Wang, Y.-M. Chu, Y.-F. Qiu, S.-L. Qiu, An optimal power mean inequality for the
complete elliptic integrals, Appl. Math. Lett., 2011, 24(6), 887-890.

Y.-M. Chu, Y.-F. Qiu and M.-K. Wang, Hoélder mean inequalities for the complete elliptic
integrals, Integral Transforms Spec. Funct., 2012, 23(7), 521-527.

Y.-M. Chu, M.-K. Wang, Y.-P. Jiang and S.-L. Qiu, Concavity of the complete elliptic inte-
grals of the second kind with respect to Holder means, J. Math. Anal. Appl., 2012, 395(2),
637-642.

Y.-M. Chu, M.-K. Wang, S.-L. Qiu and Y.-P. Jiang, Bounds for complete integrals of the
second kind with applications, Comput. Math. Appl., 2012, 63(7), 1177-1184.

M.-K. Wang, S.-L. Qiu, Y.-M. Chu and Y.-P. Jiang, Generalized Hersch-Pfluger distortion
function and complete elliptic integrals, J. Math. Anal. Appl., 2012, 385(1), 221-229.
M.-K. Wang, Y.-M. Chu, S.-L. Qiu and Y.-P. Jiang, Convexity of the complete elliptic in-
tegrals of the first kind with respect to Holder means, J. Math. Anal. Appl., 2012, 388(2),
1141-1146.

Y.-M. Chu, S.-L. Qiu and M.-K. Wang, Sharp inequalities involving the power mean and
complete elliptic integral of the first kind, Rocky Mountain J. Math., 2013, 43(3), 1489—
1496.

M.-K. Wang and Y.-M. Chu, Asymptotical bounds for complete elliptic integrals of the second
kind, J. Math. Anal. Appl., 2013, 402(1), 119-126.

937 WEI-MAO QIAN et al 929-940



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

10 WEI-MAO QIAN!, ZAI-YIN HEZ, AND YU-MING CHU?**

[17] M.-K. Wang, Y.-M. Chu and S.-L. Qiu, Some monotonicity properties of generalized elliptic
integrals with applications, Math. Inequal. Appl., 2013, 16(3), 671-677.

[18] G.-D. Wang, X.-H. Zhang and Y.-M. Chu, A power mean inequality involving the complete
elliptic integrals, Rocky Mountain J. Math., 2014, 44(5), 1661-1667.

[19] M.-K. Wang, Y.-M. Chu and Y.-Q. Song, Ramanujan’s cubic transformation and generalized
modular equation, Sci. China. Math., 2015, 58(11), 2387-2404.

[20] M.-K. Wang, Y.-M. Chu and S.-L. Qiu, Sharp bounds for generalized elliptic integrals of the
first kind, J. Math. Anal. Appl., 2015, 429(2), 744-757.

[21] M.-K. Wang, Y.-M. Chu and Y .-P. Jiang, Ramanujan’s cubic transformation inequalities for
zero-balanced hypergeometric functions, Rocky Mountain J. Math., 2016, 46(2), 679-691.

[22] M.-K. Wang, Y.-M. Chu and Y.-Q. Song, Asymptotical formulas for Gaussian and generalized
hypergeometric functions, Appl. Math. Comput. 2016, 276, 44-60.

[23] W.-M. Qian and Y.-M. Chu, Sharp bounds for a special quasi-arithmetic mean in terms of
arithmetic and geometric means with two parameters, J. Inequal. Appl., 2017, 2017, Article
274, 10 pages.

[24] M.-K. Wang and Y.-M. Chu, Refinements of transformation inequalities for zero-balanced
hypergeometric functions, Acta Math. Sci., 2017, 37B(3), 607-622.

[25] Z.-H. Yang and Y.-M. Chu, A monotonicity property involving the generalized elliptic integral
of the first kind, Math. Inequal. Appl., 2017, 20(3), 729-735.

[26] M.-K. Wang, Y.-M. Li and Y.-M. Chu, Inequalities and infinite product formula for Ramanu-
jan generalized modular equation function, Ramanujan J., 2018, 46(1), 189-200.

[27] Z.-H. Yang, W.-M. Qian, Y.-M. Chu and W. Zhang, On approximating the arithmetic-
geometric mean and complete elliptic integral of the first kind, J. Math. Anal. Appl., 2018,
462(1), 1714-1726.

[28] M.-K. Wang and Y.-M. Chu, Landen inequalities for a class of hypergeometric functions with
applications, Math. Inequal. Appl., 2018, 21(2), 521-537.

[29] M.-K. Wang, S.-L. Qiu and Y.-M. Chu, Infinite series formula for Hiibner upper bound
function with applications to Hersch-Pfluger distortion, Math. Inequal. Appl., 2018, 21(3),
629-648.

[30] T.-R. Huang, S.-Y. Tan, X.-Y. Ma and Y.-M. Chu, Monotonicity properties and bounds for
the complete p-elliptic integrals, J. Inequal. Appl., 2018, 2018, Article ID 239, 11 pages.

[31] T.-H. Zhao, M.-K. Wang, W. Zhang and Y.-M. Chu, Quadratic transformation inequalities
for Gaussian hypergeoemtric function, J. Inequal. Appl., 2018, 2018, Article 251, 15 pages.

[32] Z.-H. Yang, W.-M. Qian and Y.-M. Chu, Monotonicity properties and bounds involving the
complete elliptic integrals of the first kind, Math. Inequal. Appl., 2018, 21(4), 1185-1199.

[33] Gh. Toader, Some mean values related to the arithmetic-geometric mean, J. Math. Anal.
Appl., 1998, 218(2), 358-368.

[34] Y.-M. Chu, M.-K. Wang, S.-L. Qiu and Y.-F. Qiu, Sharp generalized Seiffert mean bounds
for Toader mean, Abstr. Appl. Anal., 2011, 2011, Article ID 605259, 8 pages.

[35] Y.-M. Chu and M.-K. Wang, Inequalities between arithmetic-geometric, Gini, and Toader
means, Abstr. Appl. Appl., 2012, 2012, Article ID 830585, 11 pages.

[36] Y.-M. Chu and M.-K. Wang, Optimal Lehmer mean bounds for the Toader mean, Results
Math., 2012, 61(3-4), 223-229.

[37] W.-F. Xia, Y.-M. Chu and G.-D. Wang, The optimal upper and lower power mean bounds
for a convex combination of the arithmetic and logarithmic means, Abstr. Appl. Anal., 2010,
2010, Article ID 604804, 9 pages.

[38] Y.-M. Chu and W.-F. Xia, Two optimal double inequalities between power mean and loga-
rithmic mean, Comput. Math. Appl., 2010, 60(1), 83-89.

[39] Y.-M. Chu, Y.-F. Qiu and M.-K. Wang, Sharp power mean bounds for the combination of
Seiffert and geometric means, Abstr. Appl. Anal., 2010, 2010, Article ID 108920, 12 pages.

[40] Y.-M. Chu, S.-S. Wang and C. Zong, Optimal lower power mean bound for the convex
combination of harmonic and logarithmic means, Abstr. Appl. Anal., 2011, 2011, Article ID
520648, 9 pages.

[41] G.-D. Wang, X.-H. Zhang and Y.-M. Chu, A power mean inequality for the Grotzch ring
function, Math. Inequal. Appl., 2011, 14(4), 833-837.

[42] Y.-M. Li, M.-K. Wang and Y.-M. Chu, Sharp power mean bounds for Seiffert mean, Appl.
Math. J. Chinese Univ., 2014, 29B(1), 101-107.

938 WEI-MAO QIAN et al 929-940



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

SHARP INEQUALITIES BETWEEN TOADER AND NEUMAN MEANS* 11

[43] W.-F. Xia, W. Janous and Y.-M. Chu, The optimal convex combination bounds of arithmetic
and harmonic mean in terms of power mean, J. Math. Inequal., 2012, 6(2), 241-248.

[44] E. Neuman and J. Sdndor, On the Schwab-Borchardt mean, Math. Pannon., 2003, 14(2),
253-266.

[45] Z.-Y. He, Y.-M. Chu and M.-K. Wang, Optimal bounds for Neuman means in terms of
harmonic and contraharmonic means, J. Appl. Math., 2013, 2013, Article ID 807623, 4
pages.

[46] Y.-Y. Yang, W.-M. Qian, and Y.-M. Chu, Refinements of bounds for Neuman means with
applications, J. Nonlinear Sci. Appl., 2016, 9(4), 1529-1540.

[47] Y.-M. Chu and B.-Y. Long, Sharp inequalities between means, Math. Inequal. Appl., 2011,
14(3), 647-655.

[48] Y.-M. Chu, M.-K. Wang and W.-M. Gong, Two sharp double inequalities for Seiffert mean,
J. Inequal. Appl., 2011, 2011, Article 44, 7 pages.

[49] B.-Y. Long and Y.-M. Chu, Optimal inequalities for generalized logarithmic, arithmetic, and
geometric means, J. Inequal. Appl., 2010, 2010, Article ID 806825, 10 pages.

[50] M.-K. Wang, Y.-M. Chu and Y.-F. Qiu, Some comparison inequalities for generalized Muir-
head and identric means, J. Inequal. Appl., 2010, 2010, Article ID 295620, 10 pages.

[651] Y.-M. Chu and B.-Y. Long, Best possible inequalities between generalized logarithmic mean
and classical means, Abstr. Appl. Anal., 2010, 2010, Article ID 303286, 13 pages.

[62] X.-M. Zhang and Y.-M. Chu, Convexity of the integral arithmetic mean of a convex function,
Rocky Mountain J. Math., 2010, 40(3), 1061-1068.

[653] Y.-M. Chu, Y.-F. Qiu, M.-K. Wang and G.-D. Wang, The optimal convex combination bounds
of arithmetic and harmonic means for the Seiffert’s mean, J. Inequal. Appl., 2010, 2010,
Article ID 436457, 7 pages.

[564] M.-K. Wang, Y.-F. Qiu and Y.-M. Chu, Sharp bounds for Seiffert means in terms of Lehmer
means, J. Math. Inequal., 2010, 4(4), 581-586.

[65] W.-F. Xia, Y.-M. Chu and G.-D. Wang, Necessary and sufficient conditions for the Schur
harmonic convexity or concavity of the extended mean values, Rev. Un. Mat. Argentina,
2011, 52(1), 121-132.

[56] W.-F. Xia and Y.-M. Chu, The Schur convexity of Gini mean values in the sense of harmonic
mean, Acta Math. Sci., 2011, 31B(3), 1103-1112.

[657] Y.-M. Chu, M.-K. Wang and Z.-K. Wang, A sharp double inequality between harmonic and
identric means, Abstr. Appl. Anal., 2011, 2011, Article ID 657935, 7 pages.

[68] Zh.-H. Yang, W.-M. Qian, Y.-M. Chu and W. Zhang, On approximating the error function,
Math. Inequal. Appl., 2018, 21(2), 469-479.

[59] Y.-M. Chu, M.-K. Wang and Z.-K. Wang, An optimal double inequality between Seiffert and
geometric means, J. Appl. Math., 2011, 2011, Article ID 261237, 6 pages.

[60] Y.-M. Chu, M.-K. Wang and Z.-K. Wang, A best possible double inequality between Seiffert
and harmonic means, J. Inequal. Appl., 2011, 2011, Article 94, 7 pages.

[61] Y.-F. Qiu, M.-K. Wang, Y.-M. Chu and G.-D. Wang, Two sharp inequalities for Lehmer
mean, identric mean and logarithmic mean, J. Math. Inequal., 2011, 5(3), 301-306.

[62] Y.-M. Chu, C. Zong and G.-D. Wang, Optimal convex combiantion bounds of Seiffert and
geometric means for the arithmetic mean, J. Math. Inequal., 2011, 5(3), 429-434.

[63] M.-K. Wang, Z.-K. Wang and Y.-M. Chu, An optimal double inequality between geometric
and identric means, Appl. Math. Lett., 2012, 25(3), 471-475.

[64] Y.-M. Chu and S.-W. Hou, Sharp bounds for Seiffert mean in terms of contraharmonic mean,
Abstr. Appl. Anal., 2012, 2012, Article ID 425175, 6 pages.

[65] S.-L. Qiu, Y.-F. Qiu, M.-K. Wang and Y.-M. Chu, Hélder mean inequalities for the generalized
Grotzsch ring and Hersch-Pfluger distortion functions, Math. Inequal. Appl., 2012, 15(1),
237-245.

[66] Y.-M. Chu, M.-K. Wang and G.-D. Wang, The optimal generalized logarithmic mean bounds
for Seiffert’s mean, Acta Math. Sci., 2012, 32B(4), 1619-1626.

[67] Y.-M. Chu, M.-K. Wang and Z.-K. Wang, Best possible inequalities among harmonic, geo-
metric, logarithmic and Seiffert means, Math. Inequal. Appl., 2012, 15(2), 415-422.

[68] W.-M. Gong, Y.-Q. Song, M.-K. Wang and Y.-M. Chu, A sharp double inequality betwee
Seiffert, arithmetic, and geometric means, Abstr. Appl. Anal., 2012, 2012, Article ID 648834,
7 pages.

939 WEI-MAO QIAN et al 929-940



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

12 WEI-MAO QIAN!, ZAI-YIN HEZ, AND YU-MING CHU?**

[69] H.-N. Hu, G.-Y. Tu and Y.-M. Chu, Optimal bounds for Seiffert mean in terms of one-
parameter means, J. Appl. Math., 2012, 2012, Article ID 917120, 7 pages.

[70] Y.-M. Li, B.-Y. Long and Y.-M. Chu, Sharp bounds for the Neuman-Sédndor mean in terms
of generalized logarithmic mean, J. Math. Inequal., 2012, 6(4), 567-577.

[71] Y.-M. Chu and B.-Y. Long, Bounds of the Neuman-Sédndor mean using power and identric
means, Abstr. Appl. Anal., 2013, 2013, Article ID 832591, 6 pages.

[72] Y.-M. Chu, S.-W. Hou and W.-F. Xia, Optimal convex combination bounds of centroidal and
harmonic means for logarithmic and inentric means, Bull. Iranian Math. Soc., 2013, 39(2),
259-269.

[73] Y.-M. Chu, M.-K. Wang and X.-Y. Ma, Sharp bounds for Toader mean in terms of contra-
harmonic mean with applications, J. Math. Inequal., 2013, 7(2), 161-166.

[74] W.-F. Xia and Y.-M. Chu, Optimal inequaliites between Neuman-Séndor, centroidal and
harmonic means, J. Math. Inequal., 2013, 7(4), 593-600.

[75] Y.-M. chu, Y.-M. Li, W.-F. Xia and X.-H. Zhang, Best possible inequalities for the harmonic
mean of error function, J. Inequal. Appl., 2014, 2014, Article 525, 9 pages.

[76] W.-M. Qian and Y.-M. Chu, Best possible bounds for Yang mean using generalized logarith-
mic mean, Math. Probl. Eng., 2016, 2016, Article ID 8901258, 7 pages.

[77] W.-M. Qian, X.-H. Zhang and Y.-M. Chu, Sharp bounds for the Toader-Qi mean in terms of
harmonic and geometric means, J. Math. Inequal., 2017, 11(1), 121-127.

[78] H.-Z. Xu, Y.-M. Chu and W.-M. Qian, Sharp bounds for the Sdndor-Yang means in terms of
arithmetic and contra-harmonic means, J. Inequal. Appl., 2018, 2018, Article 127, 13 pages.

[79] Zh.-H. Yang, W. Zhang and Y.-M. Chu, Sharp Gautschi inequality for parameter 0 < p < 1
with applications, Math. Inequal. Appl., 2017, 20(4), 1107-1120.

[80] Zh.-H. Yang, Y.-M. Chu and W. Zhang, Accurate approximations for the complete elliptic
of the second kind, J. Math. Anal. Appl., 2016, 438(2), 875-888.

[81] Zh.-H. Yang, W.-M. Qian, Y.-M. Chu and W. Zhang, Monotonicity rule for the quotient of
two function and its applications, J. Inequal. Appl., 2017, 2017, Article 106, 13 pages.

[82] Zh.-H. Yang, W.-M. Qian, Y.-M. Chu and W. Zhang, On rational bounds for the gamma
function, J. Inequal. Appl., 2017, 2017, Article 210, 17 pages.

[83] E. Neuman, On a new bivariate mean, Aequat. Math., 2014, 88(3), 277-289.

[84] R. W. Barnard, K. Pearce and K. C. Richards, An inequality involving the generalized
hypergeometric function and the arc length of an ellipse, SIAM J. Math. Anal., 2000, 31(3),
693-699.

[85] H. Alzer and S.-L. Qiu, Monotonicity theorems and inequalities for the complete elliptic
integrals, J. Comput. Appl. Math., 2004, 172(2), 289-312.

[86] Y.-M. Chu, M.-K. Wang and S.-L. Qiu, Optimal combinations bounds of root-square and
arithmetic means for Toader mean, Proc. Indian Acad. Sci. Math. Sci., 2012, 122(1), 41-51.

[87] J.-F. Li, W.-M. Qian and Y.-M. Chu, Sharp bounds for Toader mean in terms of arithmetic,
quadratic, and Neuman means, J. Inequal. Appl., 2015, 2015, Article ID 277, 9 pages.

[88] W.-M. Qian, Y.-Q. Song, X.-H. Zhang and Y.-M. Chu, Sharp bounds for Toader mean in
terms of arithmetic and second contraharmonic means, J. Funct. Spaces, 2015, 2015, Article
1D 452823, 5 pages.

[89] Y.-Q. Song, W.-M. Qian and Y.-M. Chu, Optimal bounds for Neuman mean using arithmetic
and centroidal means, J. Funct. Spaces, 2016, 2016, Article ID 5131907, 7 pages.

[90] G. D. Anderson, M. K. Vamanamurthy and M. K. Vuorinen, Conformal Invariants, Inequal-
ities, and Quasiconformal Maps, John Wiley & Sons, New York, 1997.

WEI-MAO QIAN, COLLEGE OF SCIENCE, HUNAN CITY UNIVERSITY, YIYANG 413000, HUNAN,
CHINA.
E-mail address: qum661977@126.com

ZAI-YIN HE, COLLEGE OF MATHEMATICS AND ECONOMETRICS, HUNAN UNIVERSITY, CHANGSHA
410082, HUNAN, CHINA
E-mail address: hzy@zjhu.edu.com

Yu-MING CHU (CORRESPONDING AUTHOR), DEPARTMENT OF MATHEMATICS, HUZHOU UNIVER-
siTY, HuzHOU 313000, ZHEJIANG, CHINA
E-mail address: chuyuming2005@126. com

940 WEI-MAO QIAN et al 929-940



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

ON STRONGLY STARLIKENESS OF STRONGLY
CONVEX FUNCTIONS

ADEL A. ATTIYA, NAK EUN CHO, AND M. F. YASSEN

ABSTRACT. In this paper we introduce an argument property which
gives an interesting relation between the classes of strongly convex
and strongly starlike functions of order « and type 8 in the open
unit disk. Also, the sufficient condition of starlikeness under cer-
tain restrictions is obtained.

1. INTRODUCTION

Let Adenote the class of functions f(z) of the form

(1.1) f(z) = z+2akzk,

which are analytic in the open unit disc U = {z € C : |z] < 1}.
The function f(z) is called strongly starlike of order 5 and type v and
strongly convex of order [ and type «, respectively if it satisfies

o R
and
(1.3) arg (1 + ZJ{,/;S) - a) < gﬁ,

where a € [0,1) and 5 € (0, 1]. We denote by S*(«, 5) and C(a, ) the
classes of functions satisfy the conditions (1.2) and (1.3) respectively.
We note that both S*(a, 1) = S*(«) and C(a, 1) = C(«), are the well
known classes of starlike functions of order av and convex functions of

order a.
MacGregor [2] Wilken and Feng [5] obtained the following result:

2010 Mathematics Subject Classification. 30C45.
Key words and phrases. Analytic functions; Strongly convex functions; Strongly

starlike functions.
1
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f(z)€Ca) = f(z)e S*(B) (0<a<])
where

1—2¢ 1
22—2a(1722a71)) y & 7é 2

(1.4) 8= pBla) = 1 1
3log2’ a=3.

Also, Nunokawa et al.[4] investigated a certain relation between S*(a, /3)
and C(a, #). In the present paper, we obtain a relationship between
strongly convex and strongly starlike functions by using the result given
by Nunokawa [3].

In our investigation, we need the following lemma:

Lemma 1.1. (3] Let P(z) be analytic in U, P(0) =1, P(z) #0 in U
and suppose that there exists a point zy € U such that

Jarg(P(20))] = 5.

where 0 < 6. Then we have

Z()P/(Z()) .
——— = ikd,
P(z)
where
1 1 s
k> 5 <a + 5) when arg(P(z)) = 5(5
and

kE<— = (a + 1) when arg(P(z)) = —gé,
a

where (P(2))"° = +ia and a > 0.

2. MAIN RESULT

Theorem 2.1. Let f(z) be analytic function defined by (1.1) and also,

let

(2.5) f(z) e Cla,y) (2€),
where 0 < a<1and0<vy<1.

Then

(2.6) f(z) € 5(8,0) (2€),
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where

2
(2.7) v = — arctan
s

( 5(1 — B)ad ™" (a2 + 1) )
28+ (1 =p)ad) (B—a)+(1—p)aj) )’

B is defined by (1.4), 0 < 0 < 1 and ag is the positive root of the
equation:

(2.8) (B—a)B((1+68)a*—(1—=6))+2°(1-5)(28—a) (2>~ 1)
+2P (1-8)2 (1 -8 a*—(1+6)) =0,

which satisfies

(29) af > (% <\/csc2 (g(s )+ (B%) —esc <g5 )))

1/6

Proof. Let
_Z f'(2) = an z z
p(z) = f(z),p(o)—l d p)#8 (2€l).
Then we have
2/ )
e TP e

If there exists zg € U such that
T
larg (P(2))] = |arg (p(2) = A)| < 56

for |z| < |20 and

jang (P(z0))] = Jarg (p(z0) = B)] = 56,
where
_px) =P
P@) =

Since P(0) = 1 and by using Lemma 1.1, we have

20 P'(20)  zop'(20)

Plo)  plzo) -5 OF

The first case, if

arg (P(20)) = arg (p(z0) = B) = 54,
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then we have

(i

(
- ((( ) - )( Zop(( ))/p;ZO)er(io)_fﬁ))
:g5+ar ( )(w)5+(1fﬁ_)za)‘;)
SR (PR S Y
I
. e -

B—a T
G-par + 008 (59) - (B+(1-B)a®)”
Since the function h(k) defined by

Sk(1—B)a®+6kB cos(Z4)

+sin (Z6

h(k) = arctan (3r0-90) (£
B—a 4 cos( 6) _ ﬂéksin(%é)z

0= (8+(1-B)ad)

is an increasing function of k£ (k > 1), we have

2f"(2) )
arg ( 1+ -«
(45705
(5 (1-8) a(+5,8005(72r55))) a+1/a) 15 Il( 5)
> arctan 65 /e
(lﬁ Yad + cos (g(S) ) )

Also, the function f(#) defined by

5(176)a5(a+1/c§) + 0B(a+1/a)
2(B+(1-B)a’) 2(B+(1-B)a’)

B—a _ _ Bé(atl/a) :
A-B)a + cos 2(5+(176)G6)2 sin 6

> cos 8 + sin 6

f(0) = arctan
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™

is an increasing and continuous function of ¢ (0 < 6 < 7) when
a’ satisfies (2.9). Therefore, we have

)

> arctan (
2

(2.10) arg (1 +

5(1—B) (a+1/a)d® )
B+ —-Pa) (F—a)+ (1))

On the other hand, since the function g(x) defined by
B 5(1—p) (z+1)a?
M) ST A () + (O )

takes its minimum value when x is defined by (2.8), we see that this
contradicts the hypothesis of Theorem 2.1.

(2.11) (z > 0),

The second case, if

arg (P(=0)) = arg (p(z0) — §) = 5.

then we have

arg (1 + 2 f{zi)Z) - O‘)

= arg ((p(zo) ) (1 + ZO];I((:))/_I);ZO) + p(io)_—aﬁ)>
B+(1 —Zaﬂkméeig‘s Ta —55;“‘?;@6)
= arg (eiga . B €i3d iflf — B)a’ i (gﬁ__ﬁ(;;&)

Sk(1—B)a’+35kp cos(F9)

= —gé—l—arg (1—1—

—sin (26
(8+(1-B)as)’ (39)
= arctan Sotsin(50)
B—a s sin( 5
T g5 T cos (20) + sy

Since the function h(k) defined by

(ﬁ% + cos (20) + Boksin (2

h(k) = arctan <5k(1 — B)a’ + 8k cos (20) — sin §)§5)>

is a decreasing function of k (k < —1), we have
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10

_ (5(1—5)&5—&—55005(% )) (a+1/a)
2(p+(1-p)ad)”

— sin (%6)

< arctan

,Bésln( )(a+1/a)
2(B+(1-B)ad)”

(ﬁﬁ + cos (gé)

Also, the function f(#) defined by
5(1—-B)a’ (a+1/a) 68(at+1/a)

1—
2(8+(1-B)ad)”  2(B+(1-B)ad)

B— __ Bé(at1/a) :
(l—ﬂ)a5 + cos @ —2(ﬂ+(1_5)a5)2 sin 6

5 cosf + sin f
f(0) = — arctan

is a decreasing and continuous function of # (0 < 6 < Z), when

2
a’ satisfies (2.9). Therefore, we have

z f"(2)
arg (1 + ) — a)
5(1—p)(a+21)a
= ot (2«3 TP (B-a)+ (1P’ )
Also, by using the function g(z) defind by (2.11) which contradicts

hypothesis of Theorem 2.1. Therefore, it completes the proof of the
theorem. O

Putting f(z) instead of zf/(z) in Theorem 2.1, we have the following
corollary

Corollary 2.1. Let f(z) be analytic function defined by (1.1) and also,
let

(2.12) f(z) € 5%(a,y) (2 €0,
where 0 < a <1 and 0 <~y < 1. Then

f(z) m
(2.13) arg (A(z) < 25 (z € 1),
where A(z fo (t)/t)dt is Alexander operator defined by Alexander
[1],

™

(2.14) = 2 arctan ( 00 = Fap " (a§ + 1) )> 5

2(8+ 1= p)a)) ((B—a)+ (1 —B)af
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B is defined by (1.4), 0 < § < 1 and ay is the positive root of the
equation:

(2.15) (B—a)B((1+8)a* —(1=08)) +2°(1—B) (28— a) (z* — 1)
+2® (1-8)2 (1 -8 a*—(1+6)) =0.

which satisfies

s a2 (125 (o )+ (59) = 30))

Corollary 2.2. Let f(z) be analytic function defined by (1.1) and also,

1/6

let

(2.17) f(z) € Cla,y) (2 €D),
where 0 < a <1 and 0 <y <1. Then

(2.18) f(z) € 8(8,8) (2 € L),
where

(2.19)

722 arctan( OVA(B = a) ),
™ (8+VBE=) (8- 0)+VBE-a))
and 3 is defined by (1.4).

Proof. Let f(z) € C(a,7). Since the inequality (2.10) is satisfied when
a’ satisfies (2.9), we have

§5(1—p8)(a+1/a)a’
2(8+ (1 —=p)a) (8 —a)+ (1= P)a’)
S 5(1 — B)a’
B+ A=PB)a’)((B—a)+ (1—pB)a’)
Then the function k(x) defined by
01— Bz

=i G-ara-pn 77
takes its minimum value when z = ¥ Bl(fﬁ_ ).

On the other hand , we have

G o (0 ()0

Hence we have f(z) € S(5,0). O
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Abstract

A class of a four-dimensional system of difference equations is considered. A Lie symmetry analysis
is performed and symmetries are derived. We use the differential invariant approach to obtain exact
solutions. The link between the similarity variables and these symmetries is clearly given. Furthermore,
we show the existence of periodic solutions for some specific coefficients. This work considerably extends
some findings by El-Dessoky and Hobiny [M. M. El-Dessoky and A. Hobiny, J. Computational Analysis
and Applications, 26:8 (2019), 1428-1439].

Keywords: System of difference equation; invariance analysis; group invariant solutions; periodicity
MSC: 39A11, 39A05

1 Introduction

The group theoretical approach for finding exact solutions to differential equations is now well reported
[2, 14] and its application to difference equations has sparked interest recently [6-8, 10-13]. This approach,
commonly known as Lie symmetry analysis, permits one to lower the order of the difference equations via
a convenient choice of canonical coordinates obtained using a group of transformations admitted by the
equation. Its application to higher dimensional system of difference equations is somewhat new and the
calculation one deals with when finding symmetries in the latter can become cumbersome. Hydon in [10]
extends the idea of Maeda [16] by developing a systematic algorithm permitting one to obtain the Lie algebra
of a difference equation. Several authors have studied difference equations from different approaches and
some interesting results can be found in [3-5, 17]

In this paper, inspired by the work in [1] where the authors study the behavior and existence of solutions
of

T - Tn—3 y _ Yn—3

+1 — ) +1 —

" 1+ xn73yn72zn71tn " +1+ xnynf?)zantnfl (1)
Zn—3 t -3

Zn4+1 = - 5 7fnjtl = =

] e xn—lynzn—Stn—Q 1+ xn—Qyn—lzntn—(} ’

we utilize Hydon’s idea in a slightly modified manner to investigate the solutions to

x o Tn—3 y o Yn—3
n+l — sy In+1 —
an + bnxn—Syn—QZn—ltn cn + dnxnyn—3zn—2tn—1 (2)
Zn—3 th—3
Znt1 = s bnt1 =

en + fnxnflynznf?;tan gn + hnxn72ynflzntn73 ’

where (an)neng, (bn)nenys (Cn)nenes (dn)nengs (€n)nenys (fn)nenes (gn)nen, and (hn)nen, are non-zero
sequences of real numbers. The solutions of (2) are derived after a series of steps. Firstly, we obtain the Lie

algebra of (2). We make use of point symmetries and additional assumptions on the characteristics to allow
us derive analytic expressions for the symmetry generators. Secondly, we lower the order via the invariants
and finally, find the solutions. We have showed that results in [1] are special cases of our findings.

*Mensah.Folly-Gbetoula@wits.ac.za
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1.1 Preliminaries

In this section, we commence with some background necessary for understanding symmetry analysis. Note
that throughout this paper, we utilize definitions and notation in [10, 14]. The notion of symmetry is strongly
related to the notion of group transformations. Basically, it is a group of transformations that map a solution
of a given equation onto another solution. Suppose G is a group of transformations acting on a manifold
M. Certain subsets H of this group, called H-invariant, transform solutions onto themselves. Often times,
for system of difference equations, the difference invariants of H are the new variables of the much simpler
difference equations equivalent to the original system of equations.
Let S? be the forward shift operator that maps n to n + i. We shall assume that a system of fourth order
ordinary difference equations is of the form

Sp(uk) :Qk(nv [uk])v k=1,2,3,4, (3)
where [u'] denotes the dependent variable u’ and its shifts. The invertible mapping (n,u*) — (n,a* =
uF + eQu(n, [u¥]) + O(e?)), k = 1,2,3,4, is a symmetry group of transformations if and only if it satisfies
the following linearized symmetry condition

Sp(Qk)iX(Qk) :05 k= 17253747 (4)
where X is the (p — 1)st prolongation of the symmetry generator
L0
X = Z QkW’ (5)
k=1
i e,
p—1 4 o
X = xr-1 = S7 _. 6

We shall refer to Qx = Q(n, u,) as characteristics and for simplicity we shall consider point transformations
only, that is, Q = Qr(n, u").

Definition 1.1 [14] Let G be a connected group of transformations acting on a manifold M. A smooth
real-valued function ¢ : M — R is an invariant function for G if and only if

X()=0 for all x €M,

Without any lucky guess, the reduction of order can readily be done via the canonical coordinates [9]

du®
skz/i, k=1,2,3,4. 7
Qk(nvuk) ( )

Eventually, the constraining restrictions on the constants in the characteristics, Qx, k = 1,2, 3,4, hint on a
perfect choice of invariants.

2 Main results

To start, we consider the corresponding forward system

" A, + annyn+1zn+2tn+3 o Cn + Dn'rn+3ynzn+1tn+2 8
Q n t Q fn )
Zntd = 803 = ) Unta = 384 = )
" E, + ann+2yn+3zntn+1 " Gn + Hn$n+lyn+22n+3tn

where (An)nGNga (Bn)nENm (Cn)nGNm (Dn)nGNoa (En)nGNm (Fn)nENm (Gn)nGNg and (Hn)nGNg are non-
zero sequences of real numbers, equivalent to (2).
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2.1 Symmetries

To construct the characteristics of the system of fourth order difference equations (8), we must impose
linearized symmetry criterion (4). This amounts to

B2 (tni32n2(S'Q2) + tngsyns1(52Q3) + Ynt12n42(5°Q4)) — AnQr

S1Qq + =0, 9a
Ql (An + annyn+1zn+2tn+3>2 ( )
Dn 2 tn n Sl n mn SQ + tn n SS - Cn
S0, + Yn (tnt2Tn13(S Q3) + Tny32n+1(5°Q4) +222 +1(5°@1)) Q2 _o, (9b)
(Cn + ann+3ynzn+1tn+2)
F 22 (th12n42(83 + TntoUYnis(ST + tpt1Ynss(S? - FE,
S10; + (tn1%n42(57Q2) + Tn2ynts (S Qa) +1Y +3(5°Q1)) @ _ (9¢)
(En + Fnz7z+2yn+32ntn+1)
S04 + Hot2 (20 412013(52Q2) + Tns1Unt2(5°Q3) + Ynt22n+3(S1Q1)) — GnQs _o (9d)

(Gn + ann-‘rl Yn+2 Zn+3tn)2

We act the operators 0/9x, —[(0Q1/0x,) /(001 /Oyn+1)]0/OYn+t1, 0/0yn—1[(002/0yn)(002/02n+1)]0/0zn11,
0/0zn, —[(0Q3/02,) (003 /OYyn+3)]0/OYn+3 and /0t — [(0Q4 /0t ) (004 OYn+2)]0/Oyn+2 on equations in (9),
respectively, to get

(8'Q2) — QY + (1/2042)(52Q3) + (1/tn13)(S°QY) + (2/2)Q1 = 0 (10a)
— Q¥ +(S8'Qs) + (2/yn) Q2 + (1/tn42)(S?Qa) + (1/2043)(S°Q1) = 0 (10b)
(S°Q%) — Q¥ + (2/2)Q% + (1/tns1)(5"Q4) + (1/242)(S?Q") = 0 (10c)
(S%Q%) — Q4' + (1/2043)(S°Q3) + (2/tn)Qa + (1/2n41)(STQY) = 0 (10d)

after simplification. Note that ’ denotes the derivative with respect to the continuous variable.
Next, we differentiate equations in (10) with respect to x,,, yn, zn and t,, respectively. The latter leads to
the differential equations

— Q"+ 2/2n)Q" = (2/22)Q" =0, —Q*" + (2/y)Q* — (2/¥2)Q* =0,
— Q¥+ (2/2)QY — (2/29)Q° = 0,-QY + 2/t.)QY — (2/t2)Q" =0 (11)

whose solutions are given by

Qi(n,z,) = a1(n)x,® + B1(N)Tn,  Q2(n,yn) = as(n)yn® + Ba(n)yn,

Qs 20) = s (M) n + Bs(M)2ms Qa(mstn) = aa()tn + Ba(m)tn, 12)

for some functions a; and f;, respectively.

We replace (12) and their shits in (9). Due to the fact that the a;’s and 3;’s depend on the independent
variable only, we equate all products of shifts of dependent variables x,, yn, z, and t, in the resulting
equations to zero; this yields the ‘final constraints’ below

Bi(n) + Pa(n+ 1) + B3(n+2) + Ba(n+3) =0,a1(n) = az(n) = az(n) = au(n) =0, (13)

with f1(n) = f1(n+4), B2(n) = Ba(n+4),B3(n) = B3(n+4), Bs(n) = Bs(n+4). The reader can easily verify
that the functions satisfying the above constraints are of the forms:

aj(n) =0,j=1,2,3,4; f1(n) =c1 +ca(—1)" + ¢c3(1)" + ca(—1)"; Ba(n) = c5 + c6(—0)" + c7 ()" + cs(—1)";
ﬂ3(’n) =c9 + Clo(—i)n + Cu(i)n + 012(—1)n; 54(%) = (iCQ +cg — iclo)(—i)” + (07 —icg + icu)(i)" + (C4 —Cg
+e12)(=1)" — 1 —¢5 — ¢, (14)
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where the ¢;’s, i = 1,...,12, are arbitrary constants. Consequently, thanks to (5), (12) and (14), we obtain
twelve symmetry generators:

X1 = 2,02y — t,0t,, Xo = (=) (2,0x, + it,0t,), X3 = " (2,02, — it,0t,), X4 = (—1)" (2,02, + t,0t,),

X5 = YnOyn — 0y, X = (—0)" (ynOyn + tn0l,), X7 = " (YynOyn + t,0ty), Xs = (—1)" (ynO0yn — t,0L,),

Xg = 2,02y, — tp0tn, X10 = (—1)" (20,025, — it,0ty), X11 = " (2,02 + it,0t,), X12 = (—1)" (2,02, + t,0t,).
(15)

Note that for simplicity, we adopt the notation 9z = 9/0x.

2.2 Reduction of order via symmetries and formulas for solutions

Using any linear combinations of the symmetries in (15) that involves all four independent variables ,,, yn, 2n
and t,, say X = X1 + Xo + X3 = ,0%,, + Y0 0Yn + 2,02, — 3t,0t,, we derive the corresponding canonical

coordinates
dz, dyy, dz, dt,,
i) = [ 22 s = [ s = [ s = . (16)

Ty Un Zn —3t,

Inspired by the form of the equations in the final constraints (13), we construct the invariants:

X, =B1(n)s1(n) + Ba(n + 1)s2(n + 1) + B3(n + 2)s3(n + 2) + Ba(n + 3)ss(n + 3) = In |2, Yn+12n+2tn+3]
Y, =B1(n + 3)s1(n + 3) + Ba(n)sa(n) + B3(n+ 1)ss(n+ 1) + Ba(n + 2)ss(n + 2) = In |&n13Yn2nr1lniol
Zn Bi(n+ 2)s1(n+2) 4+ Ba(n+ 3)sa(n+ 3) + B3(n)sz(n) + Ba(n + 1)sa(n + 1) = In|Tpi2Ynt32ntniil
) =

(
T, =B1(n+ D)si(n+ 1) + Ba(n +2)s2(n + 2) + Bs(n + 3)s3(n + 3) + Ba(n)sa(n
/)

In|Zp+1Ynt22n+3tnl,

obtained by replacing 8;(n + j) by s;(n + j)B;(n + j) in the left hand sides of equations in (13).
Using Definition 1.1, the reader can easily confirm that X, Y, Z, and T, are invariant functions. For
simplicity, we introduce the variables

X, :exp(—f(n), Y, = exp(—f/n), Ly = eXp(—Zn), T, = exp(—Tn). (17)
Thus
Xn+1 :Hn + GnTna YnJrl = Bn + Aan7 ZnJrl = Dn + CnYna Tn+1 = Fn + EnZn (183)
and so
X Y., Zn T,
n =3 4ny YUn = ny “n = n> In = ty. 18b
Ln+4a Yn+1$ Yn+4 Zn+1y Zn+4 Tn+lz +4 Xt (18b)

Straightforward iterations ( using equation (18a)) yield
Xn+4 = Ai + (@fz)Xm Yn+4 = A% + (@%)Ym Zn+4 = AZ + (@Z)Zm Tn+4 = A; + (efz)Tn
that is
Uinvj = Uj <H ®4k1+j> + Z <A4l+j H @4k2+3> , (19a)
ko=Il+1

for j =0,1,2,3 and (U, u) € {(X,2),(Y,y),(Z,2),(T,t)}, where

ArrxL = 1In+43 + Gn+3Fn+2 + Gn+3En+2Dn+l + Gn+3En+20n+1Bn; 92 = Gn+3En+2Cn+1An;

A% = Bn+3 + An+3Hn+2 + An+3Gn+2Fn+1 + An+3Gn+2En+1Dna @Z = An+3Gn+2En+1Cn§

AfL = Dn+3 + On+3B7L+2 + O7z+3An+2Hn+1 + On+3An+2Gn+1Fna 62 = n+3An+2Gn+1En;

A; — I'n+3 + En+3Dn+2 + En+30n+2Bn+1 + En+30n+2An+lHn7 9; = n+SCn+2An+1Gn; (lgb)
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Also, straightforward iterations (using equation (18b)) yield

n—1

Z4k+]
g =1
T4k+1+ s H

n—1

k J Z = Z;
dn+j 7 I |
Z4k+1

n—1

Xaktj
» Ya =Yj
Y4k+1 j oantd T H

n—1

Takrs (19¢)

o Xak+14

j =0,1,2,3. Combining equations in (19), we obtain the following solutions {x,} of the system of equations
(8):
i — s—1
n—1 X H ®4k1+j Z Ail-ﬁ-] IT ©f,-,
=0 ko=l4+1 .
Tyn+4j =Tj H ~ ~ 1 y J = Oa 1327
=0 J+1 ( H 4k1+_]+1> Z ( 41+5+1 H @Zkg-s-j-s-l)
=0 1=0 ko=14+1
n—1 (kH ®4k1+3> 2 ( Aty H - @4k2+3>
Ton+3 =T3 H - ) (20)
-0 S S .
Yo < I @Zh) + > (Aiz H @Z@)
L k1=0 =0 ko=Il+1

where OF and A¥, u € {z,y, z,t} are defined in (19b); and X = 1/(zoy122t3), X1 = Ho+Go/(tox1y223), X2 =
FoGi1+Hy+(EoGh)/(timaysz0) X3 = DoEyGo+Fi1Go+Hao+(CoE1Ge) [/ (taxsyoz1), Yo = 1/(tawsyoz1), Y1 =
By + Ao/(tswoy122), Yo = A1Ho + By + (A1Go)/(tox1y223), Y3 = AsFoGy + By + (A2 E0Gh) /(ti122y320)-
Recall that we forward shifted equation (2) thrice to obtain (8) whose solutions x,, is giving in (20). Now,
we go backward thrice and replace the capital letters in the right hand sides of equations in (19b) with lower
cases letters to get the solutions z,, corresponding to (8). In other words, solutions {x,} of the system of

equations (2) is giving by

s—1 s—1 s—1
1 <H eifi) +x_3y—sz_1to > | AL II 0%
1=0 =0 i=l+1
Tan—3 =T -3 H .
s—

s—1 s—1
*=0 (ap + bor—3y—22_1t0) (H 92¢+1) +x_3y_sz_1to Y <)‘Zz+1 I1 92¢+1>
1=0 i=l+1

1=

s—1 s—1 —1
(90 + hot—32_2y_120) (H foz'ﬂ) +t 3T _2y-120 ) ( 241 H 94z+1>
1=0 =0 =

n—1
Tyn—2 =T -2 H

s—1 s—1
*=0 ((arho + b1)t_32_2y_120 + a1go) <H 941+2> +1 3T 2y 120 Z < A2 IZT 192i+2)
i=l+

i=l

s—1 s—1 s—1
((fogr + h1)t 27 _1y0z-3 + €og1) (H 0§i+2> +t 2T 1Y0z-3 ) ( 2 H 94z+2>
=0 =0

n—1
Ton—1 =T -1 H
S

s—1 s—1
=0 ((aofogl + ashy + bz)t_Q.r_lon_?, + ageogl) (H QZZ-JF?,) +t_oT_1Yoz_3 Z < 4l+3 H 94Z+3>
i=0 =0

s—1 s—1 s—1
| ((doerga + fig2 + ha)t_170y—32_2 + coe192) <H 93@4-3) +t1T0Y—32-2 ) (/\fzw [I 93&+3>
i=0 =0 =11

o O H S S
(H 9511-) +t_120y-32- 22 (/\Zz [1 95@)
1=0

=0 i=l+1
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Similar computations yield

=0 i=l+1

s—1 s—1 s—1
<H 927{1-) +i1T0y 322 (Ai’z I %)
1=0 l

n—1
Yan—3 =Y-3 H s—1 s—1 s—1
s=0 (CO + dot_ll'oy_gz_g) (H 9Zi+1) +t_1T0Y—32_2 Z </\il+1 H 0Zi+1>
=0 =0 i=l+1
s—1 s—1 s—1
n_1 (CLO + botox_gy_gz_l) <H 922#1) + tox_gy_gz_l Z )\ZlJrl H 932#1
=0 =0 i=l+1
Yan—2 =Y-2 H

s—1 s—1 s—1
=0 ((boct + di)tor—3y—22-1 + agcr) (HO 9Zi+2) +tor_3y—22-1 12% (Ail+2 lz_[ fiiﬂ)
i= — i—l+

s—1 s—1 s—1
((arho 4+ b1)t_3x_2y_120 + a190) ( 9;1/142) +t 3T _2y_120 (AZHQ I1 9;1/1-+2>
0 iI=0 =141

1= 1=

n—1
Yan—1 =Y-1 slilo s—1 s—1 s—1
= ((a1c2hg + bica + do)t_3x_2y—120 + a1c290) < I1 9i,¢+3> +tozr oy 120 D, | Mg 11 Ofiss
i=0 =0 =141
s—1 s—1 s—1
1 ((a2fog1 + azhy + ba)t sz _1y02—3 + azeogn) ( 92i+3> +t ooz 1yoz_3 y, | Mg I1 0443
i=0 =0 i=l+1
Yan =Y0 H

S S S
s=0 <H 0;) + t_QSC_ly()Z_g Z (Ail H 921)
i=0 1=0 i=l+1
s—1 s—1 s—1
n—1 (H 94@) +t_2r_1Yoz—3 AL I 9%
1=0 1=0 i=l+1

Z4n—3 =Z-3 H

s—1 s—1 s—1
s=0 (60 + fot_gx_lyoz_g) (HO eiiJrl) +t_oT_1Yoz_3 lz% (Afll+1 . ll_;[rl eiiJrl)
i= = i=

s—1 s—1 s—1

I (co + dot—10y—32—2) (H 92¢+1> +taToy-sz-2 ) (Aim I1 9i¢+1>
=0 I=0 i=l41

Zin—2 =Z_2 H

s—1 s—1 s—1
=0 ((doe1 + fr)t—1x0y—32—2 + coer) ('Ho 9Zi+2> +t120Y-32-2 zzo (AZH_Q ll_[ ) 921+2>
1= =i 1=l+

s—1 s—1 s—1
el ((boc1 +di)tor_3y—22_1 + agcy) ( 9ii+2> +tor_3y—22-1 ) <)‘11+2 [1 92i+2>
i=0 =0 =41
Z4n—1 =Z-1 H

s—1 s—1 s—1
=0 ((bocrea + dieg + fa)tox_3y_az_1 + apcrea) ( S 93¢+3) + toT_3Yy—22_1 lz% <A3l+3, lgrlafqug)
pl - i

%

s—1 s—1 s—1
1 ((a1c2ho +bica + d2)t 322y 120 + aicago) <H 92i+3> +t o3z _2y_120 <>\Zl+3 IT 92@43)
i=0 =0 =41
Z4n =20 H
s=0 . t . t . t
‘Ho 01 ) +1-322y-120 lE A 1 04
e

=0 i=l+1
s—1 . s—1 s—1 .
o1 (H %) +tosroy-120 p, | Ay [ 04
1=0 =0 1=l+1

tan—3 =t_3 H s—

s—1 s—1 1
=0 (go + hot_32_2y_120) ('Ho 9ffi+1> +1-32_2y-120 ZZ% (Ail+l _ 11193&“)
1= = 1=
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1=

s—1 s—1 s—1
(eo + fot—2x_1yoz—3) <'H0 93i+1> +1t 2x 1Yoz—3 IZO (ALH Il—[ . 9L+1>
i= = i=1+

n—1
tyn—o =t_2 H

s—1 s—1 s—1
=0 ((fogr + h1)t—2a_1902—3 + €og1) ( 9L+2> +l 0w _1y02_3 ) (AIHQ I1 9ffi+2>
0 =0 i=1+1

7=

s—1 s—1 s—1
((doer + fr1)t—1x0y—32_2 + coer) <H 93i+2> +to1T0y-32-2 ), (Afwrz II 931:42)
i=0 i=0 =41

n—1
typ—1 =t_1 H

s—1 s—1 s—1
s=0 ((do€192 + f192 + hg)t_lxoy_zgz_z + Coelgg) (HO affi+3> + t_1x02/—3z_2 12%) ()\zlJra ll_!rlefiJrS)
= = i=

n—1

s—1 s—1 s—1
((500162 +dies + f2)t0$—3y—22—1 + aoclez) (H 93i+3> +tox_3Y-—22-1 Z ()\fwrg H 93i+3>
i=0 =0 i=l+1

o= (H %) +tor—3y—22-1 ) (Aiz [I 93&)
1=0 =0

i=l+1
(21a)
Note that
)\i = hn+3 + gn+3fn+2 + gn+3€n+2dn+1 + gn+3en+2cn+1bn7 92 = gn+3€n+2Cn+10n;
Avyz = bn+3 + an+3hn+2 + an+39n+2fn+l + an+39n+2en+1dna 9% = On+439n+2€n+1Cn;
)‘721 = dn+3 + cn+3bn+2 + Cn+3an+2hn+1 + Cn+3an+2gn+1fna 92 = Cn4-3an4+29n+1€n;
t t

)‘n - fn+3 + e7z+3dn+2 + €7L+3CTL+2b7L+1 + 67L+3Cn+2an+1hn7 Qn = €n+4+3Cn4+20n+19n- (21b)

2.3 Case where a,, b,, c¢,, d,, e,, fn, g» and h, are periodic of period four

Suppose {an} = {a07 ay,a2,0as,ag,. .. }7 {bn} = {bO; bla b2a b37 b07 cee }7 {Cn} = {607617027037007 cee }7
{dn} = {d()ydla d27d37dOa cee }a {en} = {607 €1,€2,€3,€q, ... }a {fn} = {an flv f2a f37 an s } and
{9n} = {90, 91, 92,93, 9o,---}. Equations in (21) simplify to

s—1
n—1 (08)° + z_sy_22_1to(NF) 2 (63)"
_ H 1=0
Lan—3 =T-3 . 1 )
=0 (ap + bow—3y—22-_1to) (07)" +2_3y_2z_1to(A]) > (67)

=0

s—1
(90 + hot_sz_oy_120)(07)* +t_sz_sy_120(A]) X (67)"
=0

n—1
Tyn—2 =T 2 H

s—1
s=0 ((a1ho 4+ b1)t_3x_2y_120 + a190) [05]" + t_s2_2y_120(A3) Y (6%)!
1=0

s—1
((fogr + h1)t—om_1y0z—3 + eog1) (05)° +t_sz_1y02—3\5 3. (65)"

n—1
=0
Ton—1 =T-1 H P

s=0 ((ag fog1 + azhi + ba)t_2m_1y02_3 + azeoq1) (04)° + t_ox_1y0z—3(A}) > (6%)
i=0

s—1
w1 ((doerga + f1g2 + ha)t_120y_s7_2 + coerga) (03)° +t_1zoy_3z_2(A%) 3 (%)

Tan =70 H s =
s=0

9+ tomoy—sz_a(N) 3 (68)
=0

[

l

~

955 Folly-Gbetoula 949-961



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

s—1

(09)° + t_1zoy_sz_2(NY) 3 (69)"

n—1
1=0
Yan—-3 =Y-3 H

s—1
3=0 (co + dot1m0y—522) (07)" + t 130y 37 2(N}) 3 (67)'
=0

s—1
n—1 (a0 + botor—sy—2z-1) (07) + tox_sy—22_1(A}) zzo (9%)1

Yan—2 =Y-2 H
=

s—1
=0 ((bocy + d1)tox_s3y_27z_1 + apcr) (03)° 4 tox_sy_sz_1(\3) z (62)"

—1
((arho + b1)t—3z_2y_120 + a190) (65)" + t_sz_2y_120(A: )Z 03’

n—1
1=
Yan—1 =Y-1 H —

s=0 ((a1cohg + bica + da)t_3x_oy_120 + a1c290) (03)° + t_sz_2y_120(\3) Z (¢ )
=0

s—1
n—1 ((a2fog1 + azhy + ba2)t sz _1yoz_3 + azeog) (05)° + t_ox_1y0z—3(\}) Z C )
Yan =Yo H z -
s=0

(%)SH +t_ox_1y02-3(A§) Z:o (05)

s—1

(03)° +t_az_1502-3(\3) X (63)

n—1
— =0
Z4n—-3 =Z-3

s—1
=0 (eq + fot—2m_1907—3) (01)° + t_2x_1y02—3(\}) 3 (81)'
=0

s—1
(co + dot_1z0y—32_2) (0)° + t_120y—_32_2(AF) Z (03

n—1
l
2z =22 [ | =
S—

=0 ((doer + f1)t—120y—37—2 + coer) (65)° + t_1z0y—_32—2(A\) 3 (65)"
=0

((bocy + d1)tox_sy—22_1 + agcr) (03)° + tox_3y—22_1(A3) Z (63)"
=0

n—1

Z4n—1 =2-1 H —

=0 ((bgcres + dies + fo)tor—_3y—22_1 + apciea) (04)° + tor_sy_o2_1(N}) Z (Gt)
=0
s—1

n—1 ((a1c2hg + bica + do)t _sw_2y_120 + ai1c2g0) (05)° + t_32_2y_120(A3) > (93)

zn =20 [ [ L

s=0

(605)° "+ t_sr_oy_120\) 2 (65)'
=0

(6" + t_sz_sy_1z0(M) 3 (62)

n—1
1=0
tan—3 =t_3 H

s—1
5=0 (go + hot_3z_2y_120) (07)° + t_3z_2y_120(\]) 3 (67)"
=0

s—1
(0 + fot—2x_1y02—3) (65)" +t_oz_1y0z_3(A}) D (Qi)l

n—1
_ =0
tan—2 =12 H ) 1 l
5=0 ((fog1 + h1)t_2x_1y0z—3 + €0g1) (05)° +t_ox_1yoz—3(\5) > (0%)
=0

s—1
((doer + f1)t—120y—32—2 + coer) (05)° +t_120y—32—2(Ab) Z: (95)1

n—1
_ =0
t4n71 7t71 H s—1
s—

=0 ((doerga + frga + ha)t120y—_32—2 + coe1g2) (02)° +t_120y—_32_2(AE) 3 (62)"
=0
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s—1
n—1 ((bocrez + dies + fo)toz_sy—22—1 + agcies) (05)° + tox_3y—22-1(\§) > (%)l
t4” :to H i1 S . =0 R (22)
5=0 (05)"" +tor_3y—22z-1(A§) >_ (65)

1=0
where 0§, A, u = z,y, z,t are defined in (21b).

2.4 Case where a,, b,, c¢,, d,, e,, fn, g» and h, are constant

Suppose that a, =a, b, =b, ¢, =¢,d, =d, e, =¢, f,=fand g, =g. Equations in (22) simplify to

s—1
(aceg)® +z_sy_22_1to(h + of + ged + gech) 3" (aceg)!
=0

n—1
Tan—3 =T-3 H s—1

=0 | (a4 bx_sy_sz_1t0) (aceg)® + x_sy_2z_1to(b+ ah + agf + aged) 3" (aceg)'
=0

s—1
(g + htx_oy_120)(aceg)® +t_3x_oy_120(h + gf + ged + gecb) 3" (aceg)

n—1
_ 1=0
Tyn—2 =T 2

s—1
=0 ((ah +b)t _32_2y_120 + ag) (aceg)” +t_3x_2y 120(b+ ah + agf + aged) 3 (aceg)'
=0

s—1
((fg+ h)t_ox_1yoz_3 + eg) (aceg)’ +t_ox_1yoz_s(h + gf + ged + gecb) Y (aceg)

n—1
_ =0
Tyn—1 =T—1

l

s—1
=0 ((afg + azh + b)t_2x_1y07_3 + aeg) (aceg)’ +t 2w _1y0z_3(b+ ah + agf + aged) 3 (aceg)’
=0

s—1
n—1 ((deg + fg+ h)t_120y_32_2 + ceg) (aceg)’ + t_1z0y_32_2(h + gf + ged + gecb) > (aceg)

=0
Tap =
4 o H s+1 5 l
s=0 (aceg)”" +t_1z0y-32-2(b+ ah +agf + aged) 3 (aceg)
=0

l

s—1
(aceg)® + t_1xoy_3z_2(b+ ah + agf + aged) 3 (aceg)'
=0

n—1
Yan—3 =Y-3 H s_1

s=0 (¢ + dt_1@0y_32_2) (aceq)® +t_1xoy—_sz_o(d + cb + cah + cagf) 3 (aceg)’
=0

s—1
(a+btor_3y_22_1) (aceg)’ + tor_3y_22_1(b+ ah + agf + aged) > (aceg)'
1=0

n—1
Yan—2 =Y—2 H

s—1
320 ((be + d)tor—ay—o22—1 + ac) (aceg)® + tor—ay—oz—1(d + b+ cah + cagf) Y (aceg)'
=0

s—1
n-1  ((ah +b)t_3z_2y_120 + ag) (aceg)’ +t_3x_2y_120(b+ ah + agf + aged) (aceg)l
=0

Yan—1 =Y-1 H 1

s=0 ((ach + bc + d)t_sx_2y_120 + acg) (aceqg)’ +t_sx_oy_120(d + cb + cah + cagf) 5. (aceg)
1=

s—
l

l

= o

1 ((afg + ah +b)t_sz_1yoz_5 + aeg) (aceg)” +t_sx_1y0z—3(b + ah + agf + aged) 3 (aceg)’

=0
Yan =Y0 H
s=0

)"+t s _1yoz_s(d + cb+ cah + cagf) 3 (aceg)’

=0

(aceg

s—1
(aceg)® +t_ow_1yoz_3(d + cb+ cah + cagf) > (aceg)l
1=0

n—1
Z4n—-3 =Z-3 H

s—1
=0 (e + ft_ox_1y0z—3) (aceg)® + t_sx_1yoz_3(f + ed + ecb + ecah) " (aceg)’
=0
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s—1
(c+ dt_1x0y—_32_2) (aceq)’ +t_120y—32_2(d + cb + cah + cagf) > (aceg)l
1=0

n—1
Z4n—2 =R-2 H
S

s—1
=0 ((de + f)t_120y—32—2 + ce) (aceg)” + t_120y—32—2(f + ed + ecb + ecah) Y (aceg)’
=0

s—1
no1 ((be+d)tor_sy_s2_1 + ac) (aceg)” + tor_sy—sz_1(d + cb + cah + cagf) 3 (aceg)’
=0

Zn-1 =21 ]

s—1
=0 ((bee + de + f)tow_3y_o22_1 + ace) (aceg)® + tox_sy_o2z_1(f + ed + ech + ecah) 3 (aceg)’
0

=
s—1

((ach + be + d)t_sx_oy_120 + acg) (aceg)® + t_sx_sy_120(d + cb + cah + cagf) 3 (aceg)"
1=0

s=0 (aceg)* ™ +t_sz_oy_120(f + ed + echb + ecah) Z (aceg)'

n—1 (aceg)® +t_sx_oy_120(f + ed + ecb + ecah) Z (aceg

tan—3 =t_3 H

s—1
s=0 (g + ht_3x_oy_120) (aceg)® +t_32_sy_120(h + gf + ged + gech) > (aceg)l
1=0

s—1
(e + ft_om_1yoz_3) (aceq)® + t_ox_1yoz_s(f + ed + ecb + ecah) 3. (aceg)"
=0

n—1
tan—2 =t_o H
s

s—1
=0 ((fg + h)t_sz_1yoz—_3 + eg) (aceg)® +t_sz_1yoz—3(h + gf + ged + gecb) 3" (aceg)’
=0

s—1
((de + f)t—1w0y—32—2 + ce) (aceg)” + t_1w0y—32—2(f + ed + ecb + ecah) Z (aceg)’

n—1
tan—1 =t_1 H
s

=0 ((deg + fg+ h)t_120y_32_2 + ceg) (aceq)’ +t_1xoy_32_2(h + gf + ged + gecd) i (aceg)l
=0
—1

_1 ((bee + de + f)tor_3y_22_1 + ace) (aceg)® + tox_sy_22_1(f + ed + ecb + ecah) Z (aceg)'
1=0

n
tan =to H
s=0

(aceg)* ™ + tox_sy_oz_1(h + gf + ged + gech) > (aceg)l
=0

(23)

2.4.1 Casewherea=1,b=1,c=1,d=1,e=1, f=1,g=1and h=1
Here, 0% = 0¥ = 6 = 0" = 1 and \* = \¥ = \* = \! = 4. Thus, equations in (23) simplify to

Tyn—3 =T-3 H

Ton—1 =T -1 H
S=

Yan—3 =Y-3 H

+
1+ (43 + 2)t_356_2y_12’0_ 1 —|— 43 + 3 t_oT_1Yo2—3
Yan—1 =Y-1 H » Yan = Yo H

1+ (48 —+ 3)t,3$,2y,120_ 1 -|— 48 + 4 t_ 2L _1Yo<-3

n—1

1+4sx_sy_sz_1to | 1 + 48 +1 t 3T _2Y—_120
y Lon—2 = T—2 | |
(48 + 1)$,3y,2271t0 1+ 48 + 2 t_ 3T _2Y_1%20

+
1+ (48 + 2)t_2x_1yoz_3 1 —|— 48 + 3 t_120Y—32_2
y Lan = X0 H
1+ (48 + 3)t,2$,1y02,3_ 1 -|— 48 + 4 t_ 1X0Y—-32—-2

1+ 4st_120Yy—32—2 ) 1+ + 45 + l)tol‘ 3Y—22_1
s Yan—2 = Y-2 H
(48 —+ 1)t,1$()y,3272_ 1+ 48 + 2)t0x 3Y—22_1

10
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. . ’ﬁ 1+4dst_ow_1y02—3 2 =z H 1o (s 4 )f-10oy-azs
dn—3 =Z-3 i 1+ (45 + 1)z 19073 ] dn—2 = Z-2 1+ (45 +2)t_120y—32-2]
i . ﬁ 1+ (45 + 2)tgr_3y_22_1 =z H L+ (4o + 3)t-s0-2b-1%
An—1 =Z-1 S NP T 0 14+ (4s+4)t_3z_2y_120
. . ﬁ 1+4dst_sz_oy—120 ¢ =t_ H L (s + Dicav-1woz °,
4n—3 =0-3 i 1+ (ds + 1)t_3z—2y_120] an—2 =12 14 (48 +2)t_ox_1Y02z—3
n—1
14 (4s+2)t_ _3%2_ 1+ (4s + 3)t
. :t,1H + (4ds 4+ 2)t_1x0y—32-2 E— + (45 + 3)tor_3y 221 . (24)
11 1+ (454 3)t_17oy_32_2 14+ (4s+ Dtox_3y—22_1

2.5 Casewherea=c=h=—-landb=d=e=f=g=1

Here, 0% = 0¥ = 07 = 0 = 1 and A* = \Y = \* = A\! = 0. Thus, equations in (23) simplify to Theorem 2.2
in [1].

2.6 Case wherea=c=e=g=—-land b=d=f=h=1

Here, 6 = 0¥ = 0* = 6" =1 and \* = \Y = \* = \! = 0. Thus, equations in (23) simplify to Theorem 2.3
in [1].

2.7 Case wherea=b=c=d=e=f=g=1and h=-1

Here, 6 = 0¥ = 0% = 6 =1 and \* = \Y = )\* = \! = 0. Thus, equations in (23) simplify to Theorem 3.1
in [1].

3 Existence of four periodic solutions

It
l—-a 1—¢c 1—e 1-—g
T_3y—22_1tp = T_2Yy-120t—3 = T_1Yoz—3l—2 = TpY-32_2l_1 = T 7 =5
then
0° =0Y =0° = 0" = geca
and

b
A=A =)\ =\ = m(l — geca).

Thus, equations in (23) simplify to
Togn—3 = T-3,T4n—2 = L-2,T4n—-1 = T—1, T4n = Z0,
Yan—3 = Y-3,Yan—2 = Y-2,Y4n—-1 = Y-1, Y4n = Yo,
R4n—3 = -3, R4n—2 = Z—-2,4n—1 = Z—1,R4n = 20;
tan—3 =1 _3,tan—2 =1 _2,t4n—1 =t_1,t4n = to

and therefore all solutions of (8) are periodic with period four.

Below are the figures of some numerical examples that illustrate two cases of systems where solutions are
periodic with period four.

11
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AT TV

initial conditions z¢p = 0.5, 1 = 0.75, xo0 = —3/2, x5 = 0.4, yg = 0.5, y1 = 2, yo = 0.
1/5, z1 = 5, Z9 = 025, z3 = 1/3, t() = 8, tl = 5, tg = ]., t3 =4.

Figure 2: Periodic solutions of (8) when a =0.5,b=10.5,¢=0.75,d=0.25,e =6, f =—-5,9g=—-1, h=2
with initial conditions xg = —0.5, 21 = —=1/7, 29 = —1/4, x5 = 1.25, yo = —0.125, y3 = 2, yo = —1/5,
Yz = 10, 20 = —0.8, 21 = 5, 29 = —1/37 23 = 3.5, to = 10, t] = 0.57 to = —1.28, t3 =3.
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Dynamics of an anti-competitive system of difference equations

J. Ma* A. Q. Khan'

Abstract

In this paper, we study the dynamical properties of an anti-competitive system of second-order rational difference
equations. The proposed work is considerably extended and improve some exiting results in the literature.

Keywords and phrases: difference equations; boundedness and persistence; asymptotic behavior
2010 AMS: 39A10, 40A05

1 Introduction

In [1], Hamza et al. have investigated the global behavior of the difference equation: ,11 = %, n=0,1,---, where
A, B, C and initial conditions xgy, x_; are positive real numbers. Motivated by the above studies, our aim in this paper
is to investigate the dynamical properties of the following anti-competitive system of second-order rational difference
equations:
a+ Byn—1 a1+ B1Tn—1
x =—) =————— n=0,1,---, 1

T R T T e 0
where «, 8, v, 0, a1, B1, 71, 01 and the initial conditions xg, x_1, Yo, y_1 are positive real numbers. The rest of
the paper is dedicated to investigate the boundedness and persistence, existence of unbounded solutions, existence and
uniqueness of positive equilibrium point, local and global stability about the unique positive equilibrium point of the

system (T)).

2 Main results

2.1 Boundedness and persistence
Theorem 1. If 81 < yvy1 then every solution {(Tn,Yn)/Tn,yn > 0} of the system is bounded and persists.

Proof. It {(2n,Yn)/Tn,yn > 0} is a solution of the system then

a B ay B
Tn 1§*+*yn—1;yn 1§7+ — Tn-— 1,7’1,—01 2
Ty Ty =y Ty ®
From , one get,
« «
Tpt1 < — +ﬁ+%xn 3, yn+1<i+ﬂ+%yn—3,71:0,17"'- (3)
0 T T 71 TN T
Consider 5 g 5 55
« «
L e S (4)
Y Y1 Y71 Y1 Y71 Y71

The solution {(®,,,&,)} of (4] is
@, =1 VLN + 7o _afBB Ty L‘*% ry _L4% +04’71+5041
o m m M = BB
En = 51 o 50 + 52 2o + 83 L4% + 84 —ﬂ*% +M,
m m m m M — BB

*College of Science, University of Shanghai for Science and Technology, Shanghai, 200093, P. R. China, e-mail: majiyingl00@126.com
TDepartment of Mathematics, University of Azad Jammu & Kashmir, Muzaffarabad 13100, Pakistan, e-mail: abdulqadeerkhan1@gmail.com
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where r1, 1o, 3, T4, S1, S2, S3, S4 depend upon the initial values ®_3, ¢_o, ®_1, P, £ 3, £
that 881 < 1 then implies that ®,, and &, are bounded. Now consider the solution {(®,,&,)}

O 3=x23 ®o=2 9, @ 1 =124, $g= 0,

3=y-3, {o=y_2, {1 =Y_1, & = Yo-

From , and @ one get

ay + fon ary +aBy
< +e=U+¢€ yp < ——+e=Us +¢,
Y71 = BA Y — Bh
where for large n, € is a sufficiently small number. In addition from and , we get
g > a(yn — BB)? X
Ty 4622 T (v — BB)? + d(am + Bar)?
_ 2
> > a1(yy1 — BB1) = L.
Y1+ 01y2 — (v — BB1)? + d1(cay + frar)
Finally, from , and @ one get
Ll anSUla L2 Syn§U27 ’I’LZO,I,"' .

2.2 Existence of unbounded solution

Theorem 2. For solution {(n,yn)/Tn,yn > 0} of the system (1)), the following statements hold:

(i) If BB > (v + 6UE) (1 + 61U3) then x, — 00 as n — oo.
(ii) If BB1 > (v + 0U?) (1 + 61:U3) then y, — 0o as n — cc.

Proof. (i) If {(xn,yn)/%n,yn > 0} is a solution of the system (1f) then

T — 04+52Un71 a+ﬁynfl _ « + ﬁ y
T Ty a2 Y+ oUZ 4t oUZ  y4oUZmT
y _ +BiTp—1 _ o+ B1%n1 _ Qi B1
i T+ 0y2 1 +0U3 n+6U: wm+6U3Z Tt
From
y > (€3] b1 T
TN Y A Y77
Using in 7 one get
ey > O Ban BB s
TSN 4 00U T (Y 0UR)(n +01U2) T (v +0UR) (i +01UF) "
Consider
Ty = — 2 Ben B _—
TS0 T (v + 0UD) (1 + 01U2) | (v + U (1 + 61U2)

2, £-1, &. Assuming
of such that

(6)

B

The solution of is
T = ¢ 4 ,Bﬁl +oeo | — 4 ﬁ/ﬁl
" (v +0U) (1 + 01U3) (v +0U2) (1 + 0:U3
a(y +61U3) + Bou

ol 2 L
(v 4 0U2) (71 + 0.U3) (v +0U2) (1 + 61U3) — BBy
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where ¢, co, c3, ¢4 depends on 7_3, T_2, 7_1, To. Now if 881 > (v + 0U?)(y1 + 61U3) then {7,} is divergent. Hence
by comparison x,, — 00 as n — co.

(i4) Similarly from (1)), we have

o
n_1 = n—3- 16
B (7 MR 17 ki (16)
Using in , we get
(e %1 Bra BB1
1l > + + n—3- 17
g 877 A YR 1723 PR 37773 B R 375 Y e 7 L ("
Consider
aq Bra BB (18)

n = + + n—3-
Hnt n+60U;  (v+6U) (i +6U3)  (v+6U)( +51U22)“ 3
The solution of (18)) is given by

P 361 R 361 el 2 L
" (v +6UF) (1 + 6:U3) (v +0U7) (1 + 6:U3) (v +0UT)(n + 0:U3)

Ny 2 L a(+eUP)+ Ba
; (v +0U7) (1 + 0:U3) (v +0UF) (1 + 0.U3) — BB1’

where c5, cg, c7, cg depends on j_3, pi_2, p_1, po- If BB > (v + 0U?)(y1 + 61U3) then {u,} is divergent. Hence by
comparison y, — 00 as n — oo. O

2.3 Existence and uniqueness of positive equilibrium point

Theorem 3. If

+0L3) Ly —a\*\ (y+6L2) Ly — a
ap + Bl < (’Yl + 01 <(7 Z)) ! > > o Z)) - ; (19)
+OUR)Ly — o\ (y+ UR)U, —
ai + U > <Vl+51 ((7 ;) ! a) ) G 15) e (20)
and )
(7 + 360,2) (7152 +361 (v + 6012 Uy — ) )
i <1, (21)
then the system has a unique positive equilibrium point Q = (Z,y) € [L1, U] X [La, Us].
Proof. Consider
a+ By a1 + Sz
= R = — 22
’Y+5$2 y Y1 +51y2 ( )
From , we have
_ O+ d*)r — v — (M 40y )y — o
B ’ B1 .
Taking
2 _
Fla) = (m + 51(h(xﬁ)l) )h(z) —aq .. (23)
where
v+ —a
N (24)
and z € [Ly,Up]. Now
(y+6L3) L1~ 2 (y+6L3) L1 —a
2 _ (71 + 61 ( 3 ) ) 5 -

b1 B1
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Assume that hold then implies that F(L1) > 0. Also,
(v +oU2) U1 —a\ 2\ (74U Us —a
2 _ (’)’1 + 4 ( 5 ) ) 5 -y
FUy) = (1 + 0 (RU))IRU) a7

b1 B1

Assuming hold then from one get F(Uy) < 0. Hence, F(z) has at least one positive solution in « € [Ly,Uj].
Furthermore,

U, (26)

Y1 + 301 (h(x))?

F'(z) = h'(z) 5 -1, (27)
where
22
W(z) = %. (28)

Let Z be a solution of equation F'(x) = 0, then from , and one get

(11 + 0 (A(x)H)h(z) —

T = , 29
B (#)
62%) T —
h(z) = w’ (30)
B
3672
(%) = J+50zT (31)
B
In view of and , equation takes the following form
/ (7 +3032) (1 + 361 (v +02%) 2 — ) )
F'(z) = ~1,
(@) B3
(7+36U22) (182 + 361 (7 + 6U1*) U —a)”)
< — 1. 32
= 75 (32
Assume that hold then from one get F'(Z) < 0. O
2.4 Local stability
Theorem 4. For equilibrium 0 of the system , the following statements hold:
(i) Q of the system is locally asymptotically stable if
20U ( 20,U3 ) 1 ( . . B >
14 + 26,U5 + < 1. 33
v+ 0Lj n+aLd)  m+al3\77? T y+o003 33
(i) Q of the system is unstable if
20013 201 L3 ) 1 ( 2 BB )
— + 260L5 + ——= | > 1. 34
7+5U12( n+0U3) " +0aUF 7Ty 4607 (34
Proof. If (Z,7) is an equilibrium point of the system then
g= 210U o _othE (35)
v+ 0% Y1+ 01y
Consider the following transformation in order to construct the corresponding linearized form of the system :
(Tnt1, Tns Yn+1,Yn) = (f, f1, 9, 91), (36)
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where
a+ ByYn—1 _ar+ Biwn

) = ) -
e
The Jacobian matrix J|(z g about (Z,7) under the transformation is given by

f= 91 =Yn. (37)

a 0 0 b
1 0 0 O
Hen=| 0 a o o0 | (38)
0O 0 1 0
where
2572 B B 26,7

- 7b: ) = 77b = - 5 - 39
v+ 6z v+ 0z2 “ 402 7 + 6152 (39)

The characteristic equation of J|z 5y about (z,y) is given by

M — (@ + b))\ +aby A — a1b = 0. (40)
Now,
26%’2 2(51272 4561 (E2y2 B/Bl
al + [bi| + |abi| +|arb| = + 7
lal - 1bul = lab | + farb) v+032 "y +ag? | (y+022)(n +0152) | (v +62%) (71 + 6172)
- 20U 20, U2 466, U2U2 851
T o+l mAaLy (vHOLY)(m 4 01L3) (Y4 0LY) (1 +61L3)]
20U? ( 20,U3 ) 1 < 2, Bh >
= 1+ + 20,U2 + ) 41
v+ 5L% Y1+ 51L% Y1+ 51L% 12 v+ 5L§ (41)

Assuming that hold then from one gets |a| + |b1| + |abi| + |a1b] < 1. Hence from Remark 1.3.1 of [2], © of
is locally asymptotically stable.
Proof (i7). Using same manipulations as for the proof of (i) and assume that hold then

2072 20,772 466, 27> BB
+ [b1| + |ab1| + a1b] = + ’
e e ey 3 S VRSP ) O Y Bl )| e 7y
. 20L% 26, L2 466, L2 L2 BB
T o+ 0UE m+0US (v U (n +0US) (v +0UR) (i + 01U3)’
20L3 26, L3 ) 1 ( 2 B )
= + 20, L34+ — =) > 1. 42
7+5U12< nroUz) ez P S0 (42)
Hence € of system is unstable. O

2.5 Global character
Now we will study the global dynamics of about Q by utilizing Theorem 1.16 of [3].

Theorem 5. Q of the system is a global attractor.

Proof. If f(x,y) = jiéi% and g(x,y) = j‘;jﬁgﬁ then it is easy to examine that f(z,y) is non-increasing (resp.
: : a(yy1—BB81)* ayi+Ba; a1 (v —BB1)° a1y+apy
non-decreasing) in x (resp. y) V (z,y) € [v(vv176ﬂ1)2+5(a71+5a1)2’ Wrﬁm} X [V1(Wr,6’/31)2+61(anrﬁla)?’ a7l I

Also g(x,y) is non-decreasing (resp. non-increasing) in x (resp. y) V (z,y) € [ alym —56)° Mﬁﬁo‘l} X

Y(yv1—BB1)%+d(av1+Ba1)?’ yy1—BB1
a1(yy1—BB1)? a1yt+af :
|:’Yl(771_ﬁ61)2+61(al’Y"I‘Bla)Q7 'm—ﬁﬁl} . Let (mq, My, ma, Ms) be a solution of the system

o+ Bme a+ BMs
_atome ot Pl 43
m v+ §M? ! v + dm? (43)
and
ay + Bimy ay + B1M;

mo = s My = ———+.
Y1 +51M22 71 +61m%
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From and , we get

my _ (a+ Bma)(y+ dmi)

= ) 45
M, = (3 + 6MP)a + BI) 1)
@ e (al + /Blml)(')q + 51m%) (46)
My (14601 M3) (o + f1 M)
Setting
m
%_a1§1,ﬁz:a2§1 (47)
In view of , equations and then implies that
By(ar —az)My = abd(a; — 1)airM?E + B6(aras — 1)ar M2 My — ay(a; — 1),
Bl’}q(ag — a1)M1 = 041(51 (ag — 1)a2M22 + 6151(a1a2 — 1)(12M1M22 — 171 (CLQ — 1). (48)

So right-hand sides of are less then or equal to zero, and thus
a; — a2 §O, a2 — aq SO

This implies that
a1 < az < ay,

which hold if and only if a; = as. In view of it follows that a; = as = 1 and thus m; = My, mo = Ms>. Hence, by
Theorem 1.16 of [3], Q of the system (1) is a global attractor. O

3 Conclusion

This work is related to the dynamical properties of an anti-competitive system of rational difference equations. We
proved that if 88, < v then every solution {(x,yn)/Tn,yn > 0} of the system is bounded and persists. We

2 2
proved that if a1+ 1Lt < (71 + 01 ((w+aL§)L1—a) ) (’Y+6Lf)L1—oz’ a1+ Bl > (% 6, ((7+6U£)L1—a) ) (y+oUP U1 —a

B

+35U412) (71824361 ((v+6U12)Us —a)?
G - )(’Yl 31((7 )0 o) ) < 1 then system (1) has a unique positive equilibrium point Q = (z,7) €

and
B3pB1
[L1,U1] x [L2,Us]. Furthermore method of Linearization is used to study the local stability about the unique positive

equilibrium point 2. Linear stability analysis shows that 2 is locally asymptotically stable if ’YQEZJLQ (1 + 7121157 L2> +
1 2

1 2 BB e 20L7 261L5 1 2 BB :
A (2003 + 225) < 1 and unstable if 220 (14 2055 ) s (2023 + 25 ) > 1. Finally global

dynamics about € is also investigated.
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AN ITERATIVE SCHEME FOR SOLVING SPLIT SYSTEM OF MINIMIZATION
PROBLEMS

ANTENEH GETACHEW GEBRIE AND RABIAN WANGKEEREE

Department of Mathematics, Faculty of Science, Naresuan University, Phitsanulok 65000,
Thailand

Abstract. In this paper, we propose iterative algorithm for solving split system of minimization problems. We prove strong
convergence of the sequences generated by the proposed algorithms. The iterative schemes are proposed in such a way that
the selection of the step-sizes does not need any prior information about the operator norm. We further give some example to
numerically verify the efficiency and implementation of our method.

Keywords: Minimization problem, strong convergence, Moreau-Yosida approximate, Hilbert space.
AMS Subject Classification: 49J53, 49J52, 47J05, 90C25, 65K 10.

1. INTRODUCTION

Let H; and Hs be real Hilbert spaces and let A : H; — Hs be a bounded linear operator. Given nonempty
closed convex subsets C; (i=1,...,N)and Q; (i=1,...,M) of H; and Hs, respectively. The multiple-set
split feasibility problem (MSSFP) which was introduced by Censor et al. [10] is formulated as finding a
point

N M
z € (1) Ci such that Az € (1] Q. (1.1)
i=1 j=1
In particular, if N = M = 1, then the MSSFP (1.1) is reduced to find a point
Z € C such that Az € Q. (1.2)

where C' and @ are nonempty closed convex subsets of H; and Ha, respectively. The problem (1.2) is known
as the split feasibility problem (SFP) which was first introduced by Censor and Elfving [9] for modeling
inverse problems in finite-dimensional Hilbert spaces. Many authors studied the SFP, see for example in
[5, 9, 13, 14, 17, 24], and MSSFP, see for example in [10, 15, 19, 34, 35], provided the solution exists. The
SFP and MSSFP arises in many fields in the real world, such as image reconstruction, modeling inverse
problems, radiation therapy treatment planning and signal processing, and medical care; for details see
[6, 7, 8] and the references therein.

Throughout this paper, unless otherwise stated, we assume that H; and H> are real Hilbert spaces,
A: Hy — Hy is nonzero bounded linear operator, I denotes the identity operator on a Hilbert space and R
denotes set of real numbers.

Let us consider the following problem: find x € H; with the property that

min {(2) + ga(An)}. (1.3)

where f: Hi — RU{+oc0}, g : H» = RU{+00} are two proper, convex, lower-semicontinuous functions and
gx is Moreau-Yosida approximate [26] of the function g of parameter A given by gx(y) = min,em,{g(u) +
sxlly — ul[*}. In [21], Moudafi and Thakur introduced a weakly convergent algorithm solving the (1.3) in
case argmin f N A~!(argmin g) # (. Note that if we take f = d¢ [defined as d¢(x) = 0 if 2 € C and +o0
otherwise], the indicator function of nonempty, closed and convex subset C' of Hy and g = d¢, the indicator

*Corresponding author: R. Wangkeeree.

Email address: antgetm@gmail.com (A.G Gebrie) and rabianw@nu.ac.th (R. Wangkeeree).
1
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2 A.G GEBRIE AND R. WANGKEEREE

function of nonempty, closed and convex subset (Q of Hs, then problem problem (1.3) is reduced to the
following minimization problem:

. 1 2
min { 5517 - Po)a) P} (1.4
which, when C' N A~1(Q) # 0, is equivalent to the split feasibility problem (SEP). It should also be noticed
that (1.3) is equivalent to the problem of finding a point € H; with the property

T € argmin f such that AZ € argmin g. (1.5)

Moudafi and Thakur [21] used the idea of Lopez et al. [17] to introduce a new way of selecting the step sizes
given by

Ona(@) = (/1A% (I = prox, ) Aal|? + [[(I — prox, )z

with hy(z) = §[|(I — prox,,)Az||* and Ix,(z) = 3||(I — prox,,;)z||* where prox, ;(z) = arg Helgl {f(u) +
u€H;

%Hu — y||*} stands for the proximal mapping of f. They proposed the following split proximal algorithm,
which generates, from an initial point z; € H; assume that x,, has been constructed and 6y (z,) # 0, then
compute x,41 via the rule

Tpt1 = proanf(xn — pin A*(I — prox, ) Az, ) (1.6)
ha(zn)+Hau, (Tn)
Oiun (zn)
of (1.5) and the iterative process stops; otherwise, we set n := n + 1 and go to (1.6). Based on Moudafi
and Thakur [21] many iterative algorithms are proposed for solving split minimization problem (1.5), see
eg, Shehu and Iyiola in [28, 29, 30, 31], Shehu and Ogbuisi in [27], Shehu et al. in [32], Abbas et al. in [1].

Very recently, Shehu and Iyiola [29] proposed algorithm for solving (1.5) as follows:

where stepsize u, = pn with 0 < p, < 4 and if 0, (z,) = 0, then z,,41 = x, is a solution

u,x, € Hy,
zn = (1 — ap)z, + anu,
h(zn I(zn *
Yn = Zn — pn%((f — prox, )z, + A*(I — proxAg)Azn),
Tp41 = (1 - Bn)zn + Bnyna

where I(x) = 3||(I—prox, ;)z|?, h(z) = ||(I—prox,,)Az||* and 6(z) = ||(I —prox, ;)z+ A* (I —prox,,) Az|.
It was shown that the sequence {z,, } generated by iterative algorithm (1.7) converges strongly to the solution
of problem (1.5) under the following conditions:

(1.7)

(a) : 0<ay, <1, lim a, =0and > a, =oc.
n—oo n=1

(b): 0<B<B <6<,
(c) : 0 < pn <4, liminf p,(4 — p,) > 0.
n—roo

To prove the strong convergence of iterative algorithm (1.7) the authors used simpler alternative proof
without recourse to ‘two cases method’ of proof studied by other authors [1, 27, 30, 31, 32] and is also
different from the approaches used in the proofs of [21, 28].

Motivated and inspired by results in [10, 21, 29], in this paper, we introduce and study the following split
system of minimization problem (SSMP): finding a point Z € H; with the property

N M
ze ﬂ(arg min f;) such that Az € ﬂ (argmin g;) (1.8)
i=1 j=1

where f; : Hi — RU {+00} and g; : Hy = RU {+00} are proper, lower semicontinuous convex functions,
argmin f; = {Z € Hy : f;(z) < fi(x), Yo € Hi}, argming; = {y € Hy : 9;(y) < g,(y), Yy € Hy} and
ied®={1,...,N}, je ¥ ={1,...,M}. The solution set I of problem (1.8) is denoted by

N M
= {a‘: €H :T€ ﬂ(argminfi) and AZ € ﬂ(argmingj)}.
i=1

j=1
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AN ITERATIVE SCHEME FOR SOLVING SPLIT SYSTEM OF MINIMIZATION PROBLEMS 3

Minimizers of any proper, lower semicontinuous function are exactly fixed points of its proximal mappings
and proximal mappings are nonexpansive mapping (whose set of fixed points is closed and convex), we have
that the set of minimizers of any proper, lower semicontinuous function is closed and convex. Therefore,
since A bounded linear operator the solution set I' of problem (1.8) is closed convex set. We assume I' is
nonempty.

We propose an iterative scheme using extended form of selecting step sizes used to solve (1.5) to the context
of solving split system of minimization problem (1.8). The iterative scheme is developed by computation of
proximal of f; at z, and g; at Az, in a parallel setting under simple assumptions on step sizes. Moreover,
the technique of the proof takes some steps of [29, 33] so that it takes few steps to complete the proof. Note
that if f; = f for all ¢ € ® and g; = g for all j € ¥, then problem (1.8) reduces to the problem of split
minimization problem (1.5) considered in [1, 21, 27, 28, 29, 30, 31, 32].

This paper is organized in the following way. In Section 2, we collect some basic and useful lemmas for
further study. In Section 3, we propose and analyze the convergence result of our algorithm. In Section 4,
we give a numerical example to discuss performance of the proposed algorithm.

2. PRELIMINARY

In order to prove our main results, we recall some basic definitions and lemmas, which will be needed in
the sequel. The symbols 7 —” and ” — ” denote weak and strong convergence, respectively.

Let H be a real Hilbert space and C' be a nonempty closed convex subset of H. The metric projection
on C'is a mapping Po : H — C defined by

Po(x) = argmin{|ly —z|| : y € C}, = € H.
Lemma 2.1. Let C be a closed convexr subset of H. Given x € H and a point z € C, then z = Po(x) if

and only if
(x —2z,y—2) <0, VyeC.

Let T : H — H. Then,
(I): T is L-Lipschitz if there exists L > 0 such that
|7 — Tyl < Llz—yll, Va.y e H.

If L € (0,1), then we call T a contraction. If L = 1, then T is called a nonexpansive mapping.
(II): T is firmly nonexpansive if

1Tz = Ty||* < llz —yl* — [|( = T)x — (I = T)yl?, Va,y € H,
which is equivalent to

If T is firmly nonexpansive, I — T is also firmly nonexpansive.
(TII): strongly monotone if there exists a constant o > 0 such that

(Tz — Ty,z —y) > allz — y|?

for all x,y € H.
(IV): inverse strongly monotone if there exists a constant « > 0 such that

(Tz —Ty,z —y) > o|Tz - Ty|]
for all z,y € H.

Note that the proximal mapping of f is nonexpansive and firmly nonexpansive mapping. The minimizers
of any proper, lower semicontinuous function are exactly fixed points of its proximal mappings. Many
properties of proximal operator can be found in [12] and the references therein.

Lemma 2.2. Let H be a real Hilbert space. Then,
o+ ylI* = ll=lI* + llyl|* + 2(z, y), Yo,y € H
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The following facts will be used several times in the paper.
Lemma 2.3. [2] Let H be a real Hilbert space. Then,
11— )z +ayl* = (1 - a)|z]* +allyll* —a(l — )|z -yl
Va e R, Vx,y € H.

d
Let H be a real Hilbert space, {x1,22,...,24} C H and {A1,Aa,..., g} C [0,1] with > A\; = 1. Then,
i=1

from [2, 37] one can see that

d , d
HZ)\ZJ% <> Al
i=1 i=1

i.e., convexity of ||.||.
Lemma 2.4. [18] Let {a,} be the sequence of nonnegative numbers such that

An 41 S (1 - an)an + an6n7

where {0,} is a sequence of real numbers bounded from above and 0 < o, < 1 and > o, = co. Then it

n=1
holds that

lim sup o, < limsup §,,.
n—oo n—oo

3. MAIN RESULT

First we introduce the following settings which is an extension of settings introduced by Moudafi and
Thakur [21]. Let A > 0. For z € Hy,

(i): for each i € @, define
li(z) = %H(I - prox)\fi)xH2 and Vi;(z) = (I — prox,, ),

(ii): !(z) and Vi(x) are defined as I(x) = {;, (z) and so Vi(z) = VI, (x) where i, is in ® such that

i, € argmax{||(/ — prox,,,)z| : i € O},
(iii): for each j € U, define

hj(z) = %H(I - prox)\gj)AacH2 and Vh;(z) = A*(I — prox,, )Az,
(iv): for each j € ¥, define
0;(z) = max{[|Vh; (), [[Vi(2)]]}-
It is easy to see that, for x € H;
V@) || <[V, ()] = [Vi(@)[|, Vie®

and .
li(x) = §||Vli(:c)||2, Vi€ .

In this section, we propose algorithm for solving SSMP (1.8) and we analyse the convergence of the iteration
sequence generated by the algorithm by assuming that the solution set I' is nonempty. In order to design
the algorithm, we consider the parameter sequences satisfying the following conditions.
Condition 1
(oo}
(C1): 0<a,<1, lim ap =0and > a, =oc.
n—oo n=1
(C2): 0<p<P<d<,
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. M .
(C3) : 0<¢< g <1suchthat > & =1 for each n > 1.
j—l
(C4) : 0 <6 <6 <1 such that 257 =1 for each n > 1.
(C5) : 0 < pn <20, hmmf pn(25 pn) > 0.

Throughout this paper, unless otherw1se stated, Condition 1 refers to conditions (C1)-(C5) above. Using
the definitions of Vi;, l;, I, VI, hj, Vh; and 6; given in (i)-(iv), we are now in a position to introduce our
algorithm.

Algorithm 1

Initialization: Choose u, 1 € Hy. Let {a,}, {Bn}, {pn}, {65} and {1} be real sequences satisfying
Condition 1.

Step 1: Evaluate z, = (1 — o)y + apu.
Step 2: For each j € ¥ compute 6;(z,), h;(z,) and I(z,).
Let ¥, = {j € ¥ :60,(z,) # 0}.
If ¥,, = 0, then z, is a solution of (1.8) and the iterative process stops, otherwise, go to Step 3.
Step 3: For each j € U evaluate u/, = p,nJ, where
{ 0, if j ¢ 0,

MGy i € Uy,

n, =

Step 4: Evaluate

— (Y mh) > 0uVi(z)

JEV ied
and
=D & Vhy(
JjeEY
Step 5: Evaluate
R
Yn D) .

Step 6: Evaluate 2,11 = (1 — Bn)2n + Bn¥n.
Step 7: Set n:=n+ 1 and go to Step 1.

Lemma 3.1. If U,, = 0, then z, is the solution of (1.8).
Proof. Suppose U,, = () at some iteration n.
Then, from ¥,, = {j € U :0;(z,) # 0} = 0, we have
max{[|Vh;(z,)|, [IVI(zn)[[} = 0,V € ¥
& [Vhy(zn)l| = 0= [[Vi(z0)]],Vj € ¥,
& [Vhj(zn)|| = 0=||Vli(zn)], Vi € ®,Vj € T,
& A*(I — proxyy, )Az, = 0= (I — prox,y,)zn, Vi € ®,Vj € ¥,
and this implies that z, € T". O

Remark 3.2. Note that we can also use 6;(z) = \/|[Vh;(2)[]? + [[Vi(z)]]? instead of 0 (z) = max{||Vh;(z)]],||Vi(z)|}
and the proof for convergence will be the same It is clear to see that

max{|[Vh;(z)|, [ Vi(x)||} < \/HVh P+ [IVi)|2.

If Algorithm 1 does not stop, then we have the following strong convergence theorem for approximation
of solution of problem (1.8).
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Theorem 3.3. The sequence {x,} generated by Algorithm 1 converges strongly to T € T' where T = Pru.

Proof. Let £ = Pru. Since prox,;, and prox,,  are firmly nonexpansive, I — prox,;, and I — Prox,, are
also firmly nonexpansive, and since Z verifies (1.8) (since minimizers of any function are exactly fixed-points

of its proximal mapping), we have for all z € H;

(Vi(2),z—z) = (I — proxkfi)z, z—1I)

(I — I)]“)X,\fi)z||2 = 2l;(2)

AV

and

(Vhj(z),z — &) = (A*(I — prox,, )Az,z — @)

(4
= (( — proxyy,)Az, Az — AZ)
> ||(I — prox,,, JAz||? = 2h;(z), VjeU.
Note that, for all z € Hy, [|[VI(2)|| < 0;(2), |[Vh;(2)]| <6,(z), VjeT,
D SIVL(R))? < [IVI(2)]17 and > 85Li(2) > Cl(2).

ied €D

Using convexity of |.||? together with (3.1), we have

lwn = 22= llz0 = ( 3 €htsd) X 8 Vhi(zn) — o]
Jjev i€d
= llza =22+ | ( £ &) X 6Vl
JEY ied
~2( X &ul) 3 0iVi(z0), 20— 7)
JEY ) ied
<z —al?+ ( X &nh) X 68 ViCza)|]
jeEY ied
—2( % Gu) X 6(Vii(zn), 20— 7)

JEY i€d
<l =2l + (  6406)°) 81 Vien)|”
i€P
(25 1) 2 8 (V) 20— 7)
JEW ied
<z =3l + (X &060)) % 6 VtiCn)||”
JjeEY icd
—4( X Gul) X ailiza).
JEY i€P

Similarly, using convexity of ||.||? together with (3.2), we have

[tn = Z[|* = [l2n — Z &1, Vhi(zn) — 7|

= llzn — 2|1 + HJZ;P@/N Vh;(zn)lI? = 2( Z &1, Vhi(zn), 2n — 7)
< llzn — 2|7 + Z &.(1)? IV R (z0)|1? = 2 Z &1 (Vhj(zn), 2

< llzn — 2[* + Z &, (1)1 Vhy ()| — 4 Z &b (zn)-

(3.1)

(3.2)
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Now,
(S @)?) S allVieal* - 4( < ) 3 sititza)
jEV i€d jev — /ice
< (2 &) IviG)l2 —4( 3 nh )i i)
JjeEY JjeEY
< (2 &0 IVi)I? = 4¢( X &, )Uza)
JjEY JjEY
= (3 €lon)?) IV I2 = 4¢( 3 Epa ) (z0)
JEY JEY (3.5)
= 5 (o) VI~ 40 T Ehon MG ()
JEY, JEY,
SN izz 02 () — 4Cpn T MG (zn)
JeEYn JEY,
(zn)+l(2n hj(zn)+l(z Zn
= 2 fj 92& () - —4Cpn 2. 5]( (92)(2 () =i hv(zln(,)J(Zn)
J€¥n JEY, , "
_ j  4CU(zn) )(h i (Zn)+H(zn))
pﬂj.ez% &h (f’” iy Gzn) Fl(z0) 02(z)
and
%&(M%)QHV%(%W 4 Z & (zn)
=2 f%(pnn%)QIIVh'(zn)IP p > Ehpanfhi(zn)
JEY JET
; hi(zn lzﬂ h Zn Zn
= 5 & (MG Uny )2 4 T g G ()
JE\I/ JEY,
(hj(zn)+l(z hj(zn)+l(zn
2y g ultlelgai,) —dp, 3 g Rlpitenn, (z,) (3.6)
]E\I/n .76 n
(hj (20)+1(20))? (zn)+(2n))®  hj(2n)
=p g Luletlln)) _ g, & & en
njEZ‘I/ 02(w ) n]EZ\I’ 92(75n) 2h ( n)"l‘l(zn)
(R (2n)+U(zn)) (R (zn)+1U(2n)) hj(zn)
<ph T Ut acp, 3 g e
JEY, JjeEY,
= J _ 4Ch; (2n) )(h’ (Zn)"‘l(zn)
pnjequn &n (pn GG ) 0
From convexity of ||.]|? and (3.3)-(3.6), we have
lym = 217 = 13 (wn + ) =27 < 5lwn — 2| + 3|t — 2|
_ n (zn h n l(zn
<z — 21> + & eZg; §J< Pn — h.(4i)(+l()zn))( (zef)(;()z )
J n ?
n 4Ch; (zn) ) (hy(zn)+U(2n))* 3.7
+5 X §j( % (z,,)+l(zn)) 92(zn) (37)
JEYn ) 7
= llzn =212 + pulpn —20) 3 & G,
JjeEY,
From (3.7) and (C5), we have
[yn — 2| < [l2n — 2|, (3.8)

Using (3.8) and the definition of x,,1, we get

[Znt1=Z]* = (L = Bn)2n + Buyn — ||
= H(l_ﬁn)(zn_i‘)"‘rﬁn(yn_i')”Q (3 9)
= (1= Bu)llzn — j||2 + Bnllyn — jH2 = Bn(1 = Bn)llzn — yn||2 ’
< lzn = Z[1* = Br(1 = Ba)llzn — ynl*.
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From (3.9) and the definition of z,, we get

s — 2l < llz0 — 2= (1 an)lle, — 2l + anflu - 2]
< max{||z, — |, |u - 2]}

(3.10)
< max{||z, — 2|, [Ju — ||}
which shows that {z,} is bounded. Consequently, {y,}, {Ay,} and {z,} are all bounded.
Now,
ﬁ(xn—&-l - Zn) = i((l - /Bn)zn + BnYn — Zn) =Yn — Zn (311)
and 2
o = 20ll? = Frllonsn = za2 = g (Leszzlt). (3.12)
Using (3.9) and (3.11), we have
st — F2< l2n — 31 — 1525 1 — 2% (3.13)
From the definition of z,, we have
l2n = Z|* = [|(1 — an)zn + apu — ||
=(1—a,)?[|zn —Z)* + a2 |lu — Z||* + 20, (1 — o) {(zy, — Z,u — ) (3.14)
= (1= an)llzn = 2|7 + o7 [lu = Z]* + 20m (1 — an)(zn — Z,u — 7)
Thus, (3.13) and (3.14) gives
[2n41 = Z)2< (1 = an)[lzn — 2I* + o lu — 2|
L Y ) (3.15)
+20 (1 — o )(Tn — T,u — ) — G2 |zn — 2
That is,
|Zn+1 — szg (1= ap)llzn — f”2 —apl'y (3.16)
where

o : |41 — za1?.

We know that {z,} is bounded and so it is bounded below. Hence, I';, is bounded below. Furthermore,
using Lemma 2.4 and (C1), we have

Tp = —anllu— 2> +2(1 — ) (T — zp,u — T) +

limsup ||z, — Z|| < limsup(—I',) = —liminf T',,. (3.17)

n—00 n—00 n—00

Therefore, liminf T',, is a finite real number and by (C1), we have
n—roo

. . . M T T 175"
lim inf T = T inf (2(7 — &, u = 7) + 5750

Tn4+1 — ZnHQ)

Since {x,,} is bounded, there exists a subsequence {z, } of {x,} such that z,, — p in H; and

o T — - 1—Bn 2
hnnilor.}ffn = hkn_lggf (2(:1: — Tp,,U—T) + ankﬁnkk |Zne+1 — 2n | ) (3.18)
Since {z,} is bounded and liminf T, is finite, we have that 1765"’“ | Zn,+1 — 2n,||? is bounded. Also, by
n—oo ‘ng, Png,
(C2), we have % > aln_Bi > 0 and so we have that mnxnkﬂ — 2n, ||? is bounded. Observe from (C1)

and (C2), we have

Qi < Qo
ﬁnk o 6
o

,8”’“ — 0, k — oo that

0< — 0, k— oo.

Therefore, we obtain from (3.12) and

[Yn, = 2nill = 0, k — o0. (3.19)
From the definition of z,11, we have

[Zn+1 = 2Zni | = Brillyny — 2n, [l = 0, k= o0
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and
12n, — o, |l = Qny |l — Tn || = 0, k& — o0. (3.20)
Hence,
[Zng+1 = Togl S NZngt1 = zng | + 120 — Tnp | = 0, & — oo,

Now, using (3.7), we obtain

hj(zn, )+l(zn _ _
o (2 = py) X €4, LCBHEnI < s )2 — |y, — 32

JEWny 3.21
< (l2m — 21 = Nme — 2D (12ms — 2] + lyome — 1) (3:21)

= llzne = Yz — 2l + [lyn. — ZID)-
Therefore, (3.19), (3.21) and (C5) gives

an) + l(ZTLk))Z

2 J . .22
pnk( ¢— pnk Z f QQ(an) —0, k— o0 (3 )
JEYn, J
Again using (C5) together with (3.22) yields
; () + 1(20,))° )
> & 92(%) =0, k— oo. (3.23)

]G\l!

Hence, in view of (3.23) and restriction condition imposed on &, we have

(hj(zn,) + Uzny))*

=0, k— o0 (3.24)

forall j € ¥,,,.
For each i € ® and for each j € U, Vh;(.) and VI;(.) are Lipschitz continuous with constant ||A[|? and 1,
respectively. Since the sequence {z,} is bounded and

IVh; (za)ll = 1V (zn)ll = VA (20) = V(@) < | AP |12 — 2, V5 € ¥,
IVLi(zn)l| = IVE(za) | = [VEi(2n) = V(D) < ||z — 2], Vi € @,

we have the sequences {IVL(za) 13525 and {||[Vhj(2,)]|]},25 are bounded. Hence, the boundedness of
{IVL(z) 13525 for all i € @ gives {HVl(zn)H}n 1 is bounded. Thus, we have {62(z,)};;> is bounded

n=1

and hence {67 (znk)}k:1 is bounded. Consequently, using (3.24), we have for each j € ¥,,,
i (hy(on,) +1(20,)) =04 Tim hy(en,) = lim U(zn,) = 0.

Since 0;(zy, ) = 0 for each j ¢ ¥, and this results h;(zp,) = 0 = l(2y,) for each j ¢ ¥, . Hence, using
lim h i(Zn,) = kliT [(2,) = 0 for each j € ¥,,, and h;(z,,) =0 =1[(2y,) for each j ¢ ¥, , we have
—+0o0

n—-+oo

lim hj(zn,) = kETool(zn’“) =0, Vjeu.

k—-+4oco
From the definition of I(z,, ), we can have l;(zp,) < (zn,), Vi € ®. Therefore,
lim hj(zn,)= lm {j(z,,)=0, Vied VjecU.

k——+oco k——+oco
Since z,, — p and using (3.20), we have z,, — p.
The lower-semicontinuity of h;(.) implies that

0 < hj(p) < liminf hj(z,,) = lim hj(z,,) =0, Vj e ¥.
k—o0 k—o0

That is, h;(p) = %H(I — prox)\gj)ApH2 =0 for all j € ¥, i.e., Ap is a fixed point of the proximal mapping of
each g; or equivalently, 0 € dg;(Ap) for all j € ¥. In other words, Ap is a minimizer of each g; for all j € .
Likewise, the lower-semicontinuity of /;(.) implies that

0 <li(p) <liminfl;(z,,) = lim l;(z,,) =0, Vie .
k—o0 ) k—oo ’
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That is, l;(p) = %H(I — PIroX,, )p||? =0 for all i € @, i.e., pis a fixed point of the proximal mapping of each
fi or equivalently, 0 € 9f;(p) for all i € ®. In other words, p is a minimizer of each f; for all ¢ € ®. Thus,
pel.

Now, we obtain from (3.18), Lemma 2.1 and Z = Pru that

linrggfl“n: likrggf (2(Z — 2y, u — Z) + %Hxnkﬂ — 2z, |I?)
> 2liminf(Z — x,, ,u — T)
k— o0
> 2z —p,u—2)>0.
Then we have from (3.17) that
limsup ||z, — Z||* < limsup(-T,) = —liminfT,, < 0.
n—00

n—0o0 n— oo

Therefore, ||, — Z|| — 0 and this implies that {z,} converges strongly to Z. This completes the proof. O

It is worth mentioning that our approach also works for approximation of solution of split minimization
problem (1.5). Let €, denote the solution set of (1.5), i.e.,

O ={ZT € H :T€argmin f and AT € argming}.

For z € Hy, set I(z) = 3|/(I — proxy ;)z||?, Vi(z) = (I — proxy )z, h(z) = (I - prox,,)Az||?, Vh(z) =
A*(I — prox,,)Az and 0(x) = max{||Vh(z)|,||VI(z)|}. Thus, the following Corollary is an immediate
consequence of Theorem 3.3.

Corollary 3.4. If {ay}, {Bn} and {pn} are real sequences satisfying the following conditions:
(a) : 0<ay, <1, lim ap, =0 and Y ap = oo.
n—oo n=1
(b) : 0<B< B, <d<1,
(c) : 0< pn <24, liminf p, (26 — p,) > 0.
n—oo
then the sequence {x,} generated by iterative algorithm

u, r1 € Hla
zn = (1 — ap)zy, + anu,
pn0, if 0(zn) =0

T MG i 0z £ 0.

Tnt1 = (1 - ﬁn)zn + Bnyna

converges strongly to & € Q1 where T = Pq,u.

(3.25)

Proof. Setting f; = f for alli € ® and g; = g for all j € ¥ in Theorem 3.3, we obtain the desired result. [

Remark 3.5. Iterative algorithm (3.25) seems to share a similar structure with the proposed algorithm in
[29]. However, the selection of the step-sizes and their restriction slightly different.

The feasibility problem (convex feasibility problem), equilibrium problem and inclusion problem can be
converted to the fixed point problem of firmly nonexpansive mapping. We can apply our algorithm to solve
split system of feasibility problems (MSSFPs), split system of equilibrium problems and split system of
inclusion problems.

1. Multiple-set split feasibility problem (1.1) by replacing prox,y, by projection mapping FPc, and
prox,,. by projection mapping P, in the Algorithm 1, for all i' € ¢, i € ® = {1,2,..., N} and
jev={1,2,...,.M}.
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2. Split system of equilibrium problem: Let f; : Hy x Hy — R and g; : Hy x Hy — R be bifunctions
where i € @ ={1,...,N}, j € U ={1,..., M}. Split system of equilibrium problem of a problem
of find z € H; such that

{ fi(z,x) >0, Ve € H,Vi € D, (3.26)

g;(AZ,u) >0, Yu € Hy,,Vj € L.

Our iterative algorithm solves (3.26) by replacing proximal mappings by the resolvent operators
associated to monotone equilibrium bifunctions, see [11, 3, 22].
3. Split null point problem: Let T; : Hy — 291, U; : Hy — 2H> he maximal monotone mappings for
alli € ® ={1,...,N} and j € ¥ = {1,..., M}. The split system of inclusion problem is to find
T € Hy such that
0€T;(Z), Vied,
{ 0 € U;(A7), V)€ V. (3.27)
Our iterative algorithm solves (3.27) by replacing proximal mappings by the resolvent operators
associated to the maximal monotone operators, see, [4, 25, 16, 20, 23, 36].
Our algorithm works for several split type problems and avoids the computational cost of finding operator
norm.

4. NUMERICAL RESULTS

Now in this section we will consider SSMP (1.8) involving quadratic optimization problems. The algorithm
has been coded in Matlab R2017a running on MacBook 1.1 GHz Intel Core m3 8 GB 1867 MHz LPDDRS3.
Let Hy = RP and Hy = R?. Consider

1
fi(z) = 5gcTBix +2T'D;, ic®={1,...,N},

q

g1(u) = ||ully and ga(u) =Y h(uy)

k=1
where for each i € ®, B; is invertible symmetric positive semidefinite p X p matrix and each D, are vectors
in RP, u = (u1,us,...,uy) € R, ||.||4 is the Euclidean norm in R? and

h(ug) = max{|ug| — 1,0}

fork=1,2,...,q.
Now for A = 1, the proximal operators are given by

prox,;, (z) = (I + B;)"'(z — D;), i €®,

_ 1 >
prox,,, (u) = (1 ““”q)u’ lellg =1 (4.1)
0, otherwise
and
Proxy 4, (u) = (prox,y (u1), proxyy, (uz), - - -, Proxy, (ug))
where
Uk, if Jug <1
prox,,(ug) = ¢ sign(uyg), if 1<|ugl <2
sign(uy — 1), if Jug| > 2.

The proximal operator (4.1) is called the block soft thresholding obtained in de-noising model.

We set D; = 0 (zero vector in RP) for all i € &. Let N = 3, p = ¢, A is identity p X p matrix and B;, Bs
and Bjg are randomly generated invertible symmetric positive semidefinite p x p matrices. Hence, with this
setting, it is clear to see that I' = {0}. In all the experiments we took 0% = % and & = £ fori € ® = {1,2,3},
jev={12} p, = % as 0 < p, < 2(¢ for ¢ = %. Table 1, 2 and 3 describe the average execution time in

second (CPU-t(s)) and the number of iterations (Iter(n)) of our algorithm for this example. The stopping
criteria in the tables 1, 2 and 3 is defined as lznti=2zall PO,

lw2—z1]|
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TABLE 1. Forp=q =4, a, = \/ﬁ Bn=0.9,u=(1,1,1,1), x; = 10u.

Tn
Iter(n) TOL CPU-t(s) |Tnt1 — Znll
T} x2 3 i
10 10 10 10 9.0304
5.4841 5.4854 5.4842 5.4852 3.0046
3.9817 3.9834 3.9820 3.9826 1.5000
3.2317 3.2341 3.2314 3.2326 0.8991
2.7825 2.7839 2.7820 2.7831 0.5988
2.4828 2.4844 24827 2.4838 0.4277

2.2691 2.2702 2.2690 2.2699 0.3204

~N O Uk W N

23 1.3796 1.3800 1.3796 1.3799 0.0323
24 1073 0.0352 1.3634 1.3638 1.3634 1.3637 0.0297

TaBLE 2. For p = ¢ =100, a,,, = H%H, Br = 0.5 and randomly generated starting points u
and z; in R0,

Iter(n) TOL CPU-t(s) ||@nt1 — nll
6383.1845
1519.9088
554.2387
247.0358
124.2771

T W N =

15 1.5845
16 107*  0.2923 0.5736

TABLE 3. For p = ¢ = 200, o, = W}Hl)’ Brn = 0.1 and randomly generated starting points
w and x; in R290,

Iter(n) TOL CPU-t(s) ||@nt1 — Tl
14554.8769
3475.8500
1270.6095
567.6027
286.1360

1072 0.0093 156.6170

S T W N =

From the tables 1-3 we can see that our proposed algorithm is efficient and easy to implement.
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Abstract

Let K be a compact convex subspace of C and C (K, C) the space of
continuous functions from K into C. We consider bounded linear func-
tionals from C (K, C) into C and bounded linear operators from C (K, C)
into itself. We assume that these are bounded by companion real positive
linear entities, respectively. We study quantitatively the rate of conver-
gence of the approximation of these linearities to the corresponding unit
elements. Our results are inequalities of Korovkin type involving the com-
plex modulus of continuity and basic test functions.

2010 Mathematics Subject Classification : 41A17, 41A25, 41A36.
Keywords and phrases: positive linear functional, positive linear operator,
complex functions, Korovkin theory, complex modulus of continuity.

1 Introduction

The study of the convergence of positive linear operators became more intensive
and attractive when P. Korovkin (1953) proved his famous theorem (see [7], p.
14).

Korovkin’s First Theorem. Let [a,b] be a compact interval in R and
(Ln),cn be a sequence of positive linear operators L,, mapping C ([a,b]) into
itself. Assume that (L, f) converges uniformly to f for the three test functions
f=1,2,22. Then (L, f) converges uniformly to f on [a,b] for all functions of
7 e C([a,0]).

So a lot of authors since then have worked on the theoretical aspects of the
above convergence. But R. A. Mamedov (1959) (see [8]) was the first to put
Korovkin’s theorem in a quantitative scheme.

Mamedov’s Theorem. Let {L,}, .y be a sequence of positive linear
operators in the space C ([a,b]), for which L,1 = 1, L, (t,z) = = + a, (),
L, (t*,2) = 2® + 3, (z). Then it holds

1L (fi2) = £ @)l < 301 (£ V)
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where wy is the first modulus of continuity and d,, = ||8,, (x) — 2z, (z)]

An improvement of the last result was the following.

Shisha and Mond’s Theorem. (1968, see [10]). Let [a,b] C R be a
compact interval. Let {L,}, y be a sequence of positive linear operators acting
on C([a,b]). For n = 1,2,..., suppose L, (1) is bounded. Let f € C([a,b]).
Then for n = 1,2, ..., it holds

|oo'

Ionf = flloe < I flloe - 1En1 = Ulog + 1 Ln (1) + Ul oo - w1 (f, 1) 5

o= (02 0

Shisha-Mond inequality generated and inspired a lot of research done by
many authors worldwide on the rate of convergence of a sequence of positive
linear operators to the unit operator, always producing similar inequalities how-
ever in many different directions, e.g., see the important work of H. Censka of
1983 in [6], etc.

The author (see [1]) in his 1993 research monograph, produces in many
directions best upper bounds for (L, f) (zo) — f (z0)|, 20 € @ C R™, n > 1,
compact and convex, which lead for the first time to sharp/attained inequalities
of Shisha-Mond type. The method of proving is probabilistic from the theory
of moments. His pointwise approach is closely related to the study of the weak
convergence with rates of a sequence of finite positive measures to the unit
measure at a specific point.

The author in [3], pp. 383-412 continued this work in an abstract setting:
Let X be a normed vector space, Y be a Banach lattice; M C X is a compact
and convex subset. Consider the space of continuous functions from M into Y,
denoted by C (M,Y); also consider the space of bounded functions B (M,Y).
He studied the rate of the uniform convergence of lattice homomorphisms 7' :
CM,Y)—-C(M,Y)orT:C(M,Y)— B(M,Y) to the unit operator I. See
also [2].

Also the author in [4], pp. 175-188 continued the last abstract work for
bounded linear operators that are bounded by companion real positive linear
operators. Here the invoved functions are from [a,b] C R into (X, ||-||) a Banach
space.

All the above have inspired and motivated the work of this article. Our
results are of Shisha-Mond type, i.e., of Korovkin type.

Namely here let K be a convex and compact subset of C and I be a linear
functional from C (K, C) into C, and let I be a positive linear functional from
C (K,R) into R, such that |l (f)| < L(|f]), V¥ f € C(K,C).

Clearly then [ is a bounded linear functional. Initially we create a quantita-
tive Korovkin type theory over the last described setting, then we transfer these
results to related bounded linear operators with similar properties.

where )
z

o0
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2 Background
We need

Theorem 1 Let K C (C,|:|) and f a function from K into C. Consider the
first complex modulus of continuity

w1 (f,0) == Sup If (x) = f(y)|, 6>0. (1)
jo—y|<

We have:

(1)’ If K is open convex or compact convez, then wy (f,d) < oo, V § > 0,
where f € UC (K, C) (uniformly continuous functions).

(2)’ If K is open convex or compact convex, then wi (f,d) is continuous on
Ry ind, for f e UC (K,C).

(8) If K is convez, then

wl(fatl—’_t?)Swl(f’tl)—’_wl(fth); tlat2>03 (2)

that is the subadditivity property is true. Also it holds

w1 (f,nd) < nwy (f,9) ®3)

and

wi (f,A6) < [Afwi (f,6) < A+ 1Dwi(f,9), (4)

wheren € N, A >0, 6 > 0, [-] is the ceiling of the number.

(4)’ Clearly in general wq (f,d) > 0 and is increasing in § > 0 and wy (f,0) =
0.

(5)" If K is open or compact, then wy (f,0) = 0asd | 0, iff f e UC(K,C).

(6)° It holds

wl(f+g75)Swl(fa§)+wl(g>5)a (5)

foréd >0, any f,g: K — C, K C C is arbitrary.

Proof. (1) Here K is open convex. Let here f € UC (K,C), iff V e > 0,
36 >0:|r—y| < implies |f(x) — f(y)] < e. Let eg > 0 then 3 Jp > 0:
| —y| < do with |f (z) — f (y)| < €0, hence wy (f, o) < o < 0.

Let 6 > 0 arbitrary and z,y € K : |z —y| < 4. Choose n € N: ndy > J, and
set x; =z + - (y —x), 0 <4 < n. Notice that all x; € K. Then

n—1

I (@) = F@)| =D (f (@) = f (zir1))| <

=0

|f (@) = f @)+ [f (z1) = f )|+ |f (22) = f(@3)|+ ... + [f (@n1) = f(Y)] <
nwi (f,dp) < neg < 00,

since |z; — zi41] = 2 |z —y| < 16 < 4.
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Thus w; (f,d) < nep < 0o, proving the claim. If K is compact convex, then
claim is obvious.

(2) Let x,y € K and let |z — y| < t; + ta, then there exists a point z € 7y,
z€ K :|x—z| <t and |y — z| < ta, where t1,t5 > 0.

Notice that

1f @) = fWI<If (@)= fEI+1f(z) = F @l Sw(fit) +wi (£ t2).
Hence
w1 (fit1 +12) Swi (fit) +wi (fite),
proving (3)’. Then by the obvious property (4)’ we get

0<wi(f,t1+1t2) —wi(fit1) Swi (f t2),

and
w1 (f, 11+ t2) — w1 (f, 1) S wi (£ t2).

Let f € UC (K,C), then tli%wl (f,t2) = 0, by property (5)’. Hence wq (f,-)
is continuous on R .

(5) (=) Let w1 (f,0) = 0asd | 0. ThenVe >0,3d >0 withw; (f,9) <e.
le Va,ye K: |z —y|<dweget|f(z)— f(y)| <e Thatis f € UC(K,C).

(<) Let f € UC(K,C). Then Ve > 0,36 > 0 : whenever |z —y| < 4,
x,y € K, it implies |f(z) — f(y)] <e. Le. Ve >0,36 >0:w;(f,d) <e.
That is wy (f,6) = 0asd | 0.

(6)’ Notice that

[(f (@) +9(@) = () +9W) <[f (@) = Fyl+1g(z) — gl

That is property (6)’ now is clear. m
We need

Theorem 2 ([1], p. 208) Let (V1,|-|), (Va,]||-||) be real normed vector spaces
and Q C Vi which is star- shaped relative to the fixed point xy. Consider f :
Q — Vo with the properties:

f(xo) =0, and ||s —t|| < h implies || f(s) = f ()| <w; w,h>0. (6)

Then, there exists a mazximal such function ®, namely

t —
O (t) = P m“'} w1, (7)

h

N
where 1t is any unit vector in Vs.
That is

1@< @@, allt € Q. (8)

4
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Corollary 3 Let K C (C,|-|) be a compact convex subset, and f € C(K,C).
Then
|z — 2o

F@) - Fleol <o (10) [25

w , 0>0, 9)
Vz,zg € K.

We make
Remark 4 Let K C (C,|-|) be a compact subset and g € C (K,R).

A linear functional T from C (K,R) into R is positive, iff I (1) > I(g2),
whenever g1 > go, where g1,92 € C (K, R).

Let us assume that I is a positive linear functional. Then by Riesz represen-

tation theorem, [9], p. 804, there exists a unique Borel measure u on K such
that

umzégwww, (10)
VgeC(K,R).
‘We make

Remark 5 Here initially we follow [5].
Suppose vy is a smooth path parametrized by z (t), t € [a,b] and f is a complex
function which is continuous on y. Put z (a) = u and z (b) = w with u,w € C.
We define the integral of f on vy, ., = as

b
/ f(z)dz= f(2)dz = / f(z(t) 2 (t)dt. (11)

By triangle inequality we have
b
d < t "(@)] dt = dz|.
qu>z < [1reonE o tﬂf@mju
12

Inequalities (12) provide a typical example on linear functionals: clearly fy f(z)dz

b
/fuu»zwﬁ

induces a linear functional from C (v,C) into C, and f,y |f (2)]]dz| involves a
positive linear functional from C (v,R) into R.

Thus, be given K a convex and compact subset of C and l be a linear func-
tional from C (K,C) into C, it is not strange to assume that there exists a
positive linear functional lerom C (K,R) into R, such that

LHI<I(f), ¥ feC(K,C). (13)

Furthermore, we may assume that 1 (1(-)) = 1, where1(t) =1,Vt € K, 1(c(-)) =
c,Ye e C wherec(t)=c,Vite K-

We call I the companion functional to [.

Here C is a vector space over the field of reals. The functional [ is linear

over R and the functional [ is linear over R. B
Next we study approximation properties of (ln, ln> pairs, n € N.
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3 Main Results - 1

First about linear functionals:
We present the following quantitative approximation result of Korovkin type.

Theorem 6 Here K is a convex and compact subset of C and l,, is a sequence
of linear functionals from C(K,C) into C, n € N. There is a sequence of

companion positive linear functionals l,, from C (K,R) into R, such that

(DI <L (If)), ¥V f€C(K,C), VneN. (14)
Additionally, we assume that 1, (1(-)) =1 and l,, (¢ (-)) = ¢,Ye € C ¥V n € N.
Then
[t (f) = f (@) < 201 (£Tn (- =20])), YnEN, VoK, (1)
vV feC(K,C).

Proof. We notice that
|t (f) = f(@o)| = |l (f) — L (f (20) (1)) =

(14) - (by 6>0, (9))
n (f )= F@o) O < ()= flzo) ) <

In (wl (f,0) P- _63;0-‘) <wi (f,0)1n (1(') * |75:E0|) N

1 (£9) 1 (16D + 3 (-~ 2o =

1~ -
1 (19) [ 301 = sub| = 201 (£7, = aaD) (16)
by choosing B
6 :=ln (|- — xol),
if I, (|- — zo|) > 0, that is proving (15).

Next, we consider the case of I, (|- — zp|) = 0. By Riesz representation
theorem, see (10) there exists a probability measure p such that

h(o)= [ g@dult). ¥geCUR). (17)
K

That is, here it holds

/?H—xﬂdu@)zo,

K

which implies [t — 29| = 0, a.e, hence t — ¢y = 0, a.e, and t = xg, a.e. Con-
sequently u({t € K :t# xp}) = 0. Hence p = d,,, the Dirac measure with
support only {zo}.

Therefore in that case I, (9) = g(z0), V ¢ € C(K,R). Thus, it holds
wi (£ (- = @ol)) = w1 (£.0) = 0, and (I () = f (w0) ()]) = I (w0) = f (0)| =
0, giving |, (f) — f (zo)] = 0. That is (15) is again true. m
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Remark 7 We have that
(- = 2o = | 1= zoldu ()
K

(by Schwarz’s inequality)

< (/Kld,u(t)>; (/KH%'QM)); )
(T”(l))% </K t—xo|2du(t)>é - (Tn (‘_ _$0|2))%. s

We give

Corollary 8 All as in Theorem 6. Then

1
2

lln (f) = £ (x0)] < 2w (f, (Tn (\-—xOF)) ) VneN, Vaoe K. (19)

Conclusion 9 All as in Theorem 6. By (15) and/or (19), as L, (|- — zo|) — 0,
or I, (| — zo\z) — 0, as n — 400, we obtain that l,, (f) — f (xzo) with rates, ¥
xg € K.

Next comes a more general quantitative approximation result of Korovkin
type.

Theorem 10 Here K is a convex and compact subset of C and l,, is a sequence
of linear functionals from C(K,C) into C, n € N. There is a sequence of

companion positive linear functionals l,, from C (K, R) into R, such that

n (NI <1 (If]), ¥ f€C(K,C), ¥neN. (20)
Additionally, we assume that

Iy (cg) =cln (9), YgeC(K,R), VceC. (21)

Then, for any f € C(K,C), we have

b (f) = f (@o)| < [f (o)l

L (L) = 1]+ (T (1) + 1) w1 (£T (- = wo]))
(22)
VIEQEK,VH~€N.
(Notice if I, (1(-)) = 1, then (22) collapses to (15). So Theorem 10 gener-
alizes Theorem 6).

By (22), as ln (1(:) — 1 anclNTn (- = z0]) — 0, then L, (f) — f(x0), as
n — 400, with rates, and as here I, (1(+)) is bounded.
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Proof. We observe that
 (F) = £ o) = I8 (1) = I (F (0) () + I (F (20) () = f (20)] <
(1) = I F (o) ()] + | £ 20) B (1)) = £ (20)] =
b (F () = 1 (o) (D] +17 (o)l
1 o)l ffn (1) = 1| + T (15 () = £ (w0) ()]) <

ol [l () =147, (wn (r0) |52 <

(1) -1] < (23)

|f (z0)]

%aqu+nwmm»Q“++ym>:
|f($0)|
|f (o)

by choosing

L) =1]+01(7.0) [l 00+ 5 (- = )] =
(1) =1+ (T (L) + D) wn (£7 (- = 20))

5 =1, (|- - 20l), (24)

if I, (|- — zo|) > 0.
Next we consider the case of

I (|- = wo]) = 0. (25)
By Riesz representation theorem there exists a positive finite measure p such
that
L) = [ 9@ dn(t), VgeCKR). (26)
That is
[ 1t =aoldu(t) =o, (27)
K
which implies |t —z¢| = 0, a.e., hence t — 29 = 0, a.e, and t = 1z, a.e.

on K. Consequently pu({t € K :t# zo}) = 0. That is p = d,,M (where
0<M:=u(K)=1,(1())). Hence, in that case l,,(g) = g (xz¢) M. Conse-
quently it holds w; (f, I (|- — xo|)> = 0, and the right hand side of (22) equals

|f (o) |M — 1| Also, it is L (|f (-) = f (w0) ()]) = |f (o) = f (x0)| M = 0.
Hence from the first part of this proof we get |, (f) — I (f (z0) (+))] = 0, and

In (f) = In (f (w0) (-)) = f (w0) In (1 (-)) = M f (z0).
Consequently the left hand side of (22) becomes
ln (f) = f (@o)| = [M f (z0) — f (x0)| = [f (zo)| [M — 1].
So that (22) becomes an equality, and both sides equal |f (xo)| |[M — 1| in the

extreme case of [, (|- — zo|) = 0. Thus inequality (22) is proved completely in
all cases. m
We make
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Remark 11 By Schwartz’s inequality we get

Ll = 2o < (1 (1-- o))" (L)) 29
We give

Corollary 12 All as in Theorem 10. Then

[ (f) = f (@o)| < [f (0)]

mam+t)e (1 Gam) @ (-af)). e

Vage K,VneN.

L) -1+

Next we give another version of our Korovkin type result.

Theorem 13 Here all are as in Theorem 10. Then, for any f € C (K,C), we

have
L0 -1 (m a0+ 1)en (1. (=),
(30)

b (f) = f (@o)| < [f (20)]

Vaege K,VneN.
By (30), as I (1() = 1 and Iy (|- = wol*) — 0, then L (f) — [ (wo), as

n — 400, with rates, and as here I, (1(+)) is bounded.

Proof. Let t,zo € K and § > 0. If |t — zg| > J, then

£ (8) = f (zo)] < wi (f,]t = wol) = wi (f, [t — x| 6776) < (31)
<1 —+ |t 6‘T0> w1 (f,(S) < (1+ w> w1 (f,5)

The estimate )
t—x
50~ 1 (@)l < (1 E '5'> o1 (4.9) 3
also holds trivially when [t — zq| < 6.

So (32) is true always, V t € K, for any z¢ € K.
We can rewrite

If () = f(z0)] < <1 + ;O|> wi (f,9). (33)

As in the proof of Theorem 10 we have

ln (f) = f (@o)[ < ... <|f (@0)]

L) -1+
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2
I <w1 (f,6) <1<-> ok _5“;”"' )) =

Fenl[le 0 O) =1+ (70) [l 00+ 5 (1= aol?) | = (o)

|f (wo)]

by choosing

it 1, (|. - $0|2) > 0.
Next we consider the case of

T, (|- —a:0|2> = 0. (36)
By Riesz representation theorem there exists a positive finite measure p such
that
L) = [ 9@ dn(v). VgeCKR). (37
That is

/ 1t — a0l du () =0,
K

which implies |t — xO\Z =0, a.e., hence t — 9 = 0, a.e, and t = zp, a.e. on
K. Consequently pp({t € K :t#xo}) = 0. That is u = d,,M (where 0 <
M = u(K) =1,(1())). Hence, in that case I, (g9) = g (zo) M. Consequently

1
it holds w (f, (ln (| - w0|2)) 2) = 0, and the right hand side of (30) equals

f o)l M = 1],
Also, it s b, (1f ()~ f (20) ())) = |f (o) — f (20)] M = 0. Hence from
the first part of this proof we get: |l (f) —In (f (z0) (-))| = 0, and I, (f) =

In (f (x0) () = f (o) In (1(-)) = M f (o) -
Consequently the left hand side of (30) becomes

|l (f) = f (o) = | f (wo)| [M —1].
So that (30) is true again. The proof of the theorem is now complete. ®

Corollary 14 Here all are as in Theorem 10. Then

tn (F) = £ @o)| < 1f @o)l [l (1 () = 1|+ (T (1)) + 1)

min {w1 (f, ()’ (& (- 960'2))%) @ (f’ (5 (- “””“'2))$> } ’

(38)

Vage K,VneN.

10
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Proof. By (29) and (30). =
So (29) is better that (30) only if I,, (1(-)) < 1.
We need

Theorem 15 Let K C C convex, xg € K (interior of K) and f : K — R such
that |f (t) — f (zo)] is convex int € K. Furthermore let § > 0 so that the closed
disk D (xg,0) C K. Then

w1 (f,0
0 e < 2Dy a) viek (39)
Proof. Let g(¢) := |f (¢t) — f (x0)|, t € K, which is convex in ¢t € K and
g (o) =0.
Then by Lemma 8.1.1, p. 243 of [1], we obtain
W <@9y o viek (40)

We notice the following
[f (t1) = F (o)l = |f (81) — f (B2) + f (t2) — f (20)| <
|f (t1) = f ()] + S (t2) = f (wo)],

hence

[f (t1) = f (o)l = [f (t2) = f (o)l < |f (tx) — f (t2)]- (41)
Similarly, it holds

[f(t2) = [ (o)l = [f (t1) = f (@o)| < |f (ta) — f (t2)]- (42)

Therefore for any t1,t2 € K : [t; — ta] < § we get

[f (8) = F (@o)| = [f (b2) = [ (zo)[ | < [f (t2) = [ (2)| @i (f,0).  (43)

That is
w1 (976) < wi (fv 5) : (44)
The last and (40) imply
70— 5ol < 2Dy ) viex (45)

proving (39). m
We continue with a convex Korovkin type result:

Theorem 16 All as in Theorem 10. Let xg € K° and assume that | f (t) — f (z0)]
is convex int € K. Let & > 0,such that the closed disk D (xo,0) C K. Then

tn (F) = £ @o)] < 1 @)l [l (L() = 1| + 1 (£,T (- = o)), ¥ e N. (46)

11
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Proof. As in the proof Theorem 10 we have

 (F) = £ @) < oo < 1S (o)l [T (L) = 1| + T (1 () = f (w0) () ET
17 ol 1) = 1] + LD () =
1F @)l [l (L) = 1] + w1 (.70 (- = o))

by choosing _
0:=1,(—zo]) >0,

if the last is positive. The case of I, (|- — zo|) = 0 is treated similarly as in the
proof of Theorem 10. The theorem is proved. m

Theorem 17 All as in Theorem 16. Inequality (46) is sharp, in fact it is
— —
attained by f* (t) = j |t — xo|, where j is a unit vector of (C,|-|); t,zo € K.

Proof. Indeed, f* here fulfills the assumptions of the theorem. We further

notice that f* (xg) =0, and |f* (¢t) — f* (x0)| = |t — xo| is convex in ¢t € K. The
left hand side of (46) is

[ (f7) = 7 (@)l = [ln (f )| =

- 21
ln (.7 | *I’0|)‘ (:)

|50 (1 = wol)| = [T (- = wal)| - (48)

The right hand side of (46) is

wr (#7001 =ol)) = w1 (1 = w0l T (|- o)) =

- -
sup ’J [t1 — zo| — |t2—$0|’:
t1,t2€K
[t1—t2|<ln(]-—zol)
sup [[t1 — 20| — [t2 — @ol| < (49)
t1,t2€ K

[t1—t2| <l (|-—0])
sup [t1 — ta] = 1n (] — o)) -
t1,t2€K
\tl—tz\flwnﬂ'—l'ow

Hence we have found that
wr (0 (- = o)) < T (1 = o) (50)

Clearly (46) is attained.
The theorem is proved. m

12
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4 Main Results - 11

Next we give results on linear operators:
Let K be a compact convex subset of C. Consider L : C (K,C) — C (K, C)
a linear operator and L : C (K,R) — C (K, R) a positve lincar operator (i.e. for
fi.f2 € C(K,R) with f1 > fo we get L (f1) > L (f)) both over the field of R.
We assume that

LA <L(f]), ¥ feC(K,C),

(e [L(S) () < L(If]) (2), ¥ 2 € K).

We call L the companion operator of L.

Let 29 € K. Clearly, then L (-) (zg) is a linear functional from C (K, C) into
C, and L (-) (o) is a positive linear functional from C (K,R) into R. Notice
L(f)(z) € Cand L(|f])(2) €R,V f € C(K,C) (thus |f| € C(K,R)). Here
L(f) € C(K,C), and L(|f]) € C (K,R),Y f € C(K,C).

Notice that C (K,C) = UC (K,C), also C (K,R) = UC (K,R) (uniformly
continuous functions).

By [3], p. 388, we have that L (|- — zo|") (x0), 7 > 0, is a continuous function
in xog € K.

After this preparation we transfer the main results from section 3 to linear
operators.

We have the following approximation results with rates of Korovkin type.

Theorem 18 Here K is a convezr and compact subset of C and L,, is a sequence
of linear operators from C (K,C) into itself, n € N. There is a sequence of
companion positive linear operators L, from C (K,R) into itself, such that

Lo (DI < Lo (If]), ¥V f€C(K,C), VneN (51)

(i.e. |Ln (/) (20)] < (La (1)) (0), ¥ w0 € K.
Additionally, we assume that

Ly (cg) =cL,(9), YgeC(K,R), VceC (52)

(i.e. (L (9)) (w0) = ¢ (Ln (9)) (20) , ¥ a0 € ).
Then, for any f € C(K,C), we have

|(Ln (f)) (z0) = f (zo)| < |f (w0)]

L (1()) (w0) = 1| +

(Zn @) @o) + 1) wi (£ (1 = 20 (0) ) (53)
Vage K,VneN.

Proof. By Theorem 10. m

13
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Corollary 19 All as in Theorem 18. Then

1 (F) = Floeie < 1 locc |

L) -1+

[Eoaen | o (AE 0 -z ). 60
vVneN.
IfL,(1(:) =1,V neN, then
10 (9) = e <20 (£ [E b - @ ). 69

VnGNV.
As Lo (1() % 1, }

Lo (|- = 2ol (o) _ = 0. then (by (54)) Lu () = f.

as n — 400, where u means uniformly. Notice L, (1(-)) is bounded, and all the
suprema in (54) are finite.

We continue with

Theorem 20 Here all as in Theorem 18. Then, for any f € C (K, C), we have

[(Ln () (0) = £ (o) < |f (20

Lo (1()) (o) 1|+

(L0 (1()) (o) + 1) wn (f, (Zn (- = woP) (20)) 5) : (56)
Vage K,VneN.
Proof. By Theorem 13. =

Corollary 21 All as in Theorem 18. Then, for any f € C (K,C), we have

1 (F) = Pl < 1 o |

Loa)=1|_ +

‘ Ln(1() + 1H<>O,K w1 (f, } L, (|- _ x0|2) (o) iK) , (57)
vneN
IfL,(1()) =1, then
120 ()= e < 200 (2T (1 =2l @0 ). 69)
VneN. B
As Lo (1(-) % 1, ||Z., (|- —x0|2) (“"CO)HOO,K 0, then (by (57)) Ln (f)
f, as n — +oo.
14
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We continue with a convex Korovkin type result:

Theorem 22 All as in Theorem 18. Let a fived iy € K° and assume that
|f (t) — f (z3)] is convexint € K. Let§ > 0,such that the closed disk D (xf,d) C
K. Then

(Lo (1)) (25) = £ (@] < |f (@) Lo (1)) (5) — 1

twr (£, La (- = i) (w3)) , ¥ meN. (59)

As Ly (1(-) (z§) — 1, and Ly, (|- — a3]) (z§) — 0, we get that (L, (f)) (x3) —
f(x§), as n — 400, a pointwise convergence.

Proof. By Theorem 16. m
Note: Theorem 22 goes throw if (51), (52) are valid only for the particular

x5
We finish with

Proposition 23 All as in Theorem 22. Inequality (59) is sharp, in fact it is
— — —
attained by f (t) = j |t — x|, where j is a unit vector of C; x§,t € K.

Proof. By Theorem 17. m

Note: Let K be a convex compact subset of a real normed vector space
(Vi I-ll;) and (X, ||-|l,) is a Banach space. We can consider bounded linear
functionals and bounded operators on C (K, X). This paper’s methodology can
be applied to this more general setting and produce a similar Korovkin theory
in full strength.
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ADDITIVE p-FUNCTIONAL INEQUALITIES IN NON-ARCHIMEDEAN
BANACH SPACES

INHO HWANG

ABSTRACT. In this paper, we solve the additive p-functional inequalities

1@ +y)+ fo -y - 2@ < ||o (2 (F32) + s -n) - 2f@) ||, ©)
where p is a fixed non-Archimedean number with |p| < 1, and
2f (F32) + fla —y) = 24 @) S Iolf @+ 9) + @ = )~ 20 @) (02)

where p is a fixed non-Archimedean number with |p| < |2].
Furthermore, we prove the Hyers-Ulam stability of the additive p-functional inequalities
(0.1) and (0.2) in non-Archimedean Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

A waluation is a function | - | from a field K into [0,00) such that 0 is the unique element
having the 0 valuation, |rs| = |r| - |s| and the triangle inequality holds, i.e.,
Ir+s| < |r| + s, Vr,s € K.

A field K is called a valued field if K carries a valuation. The usual absolute values of R and
C are examples of valuations.

Let us consider a valuation which satisfies a stronger condition than the triangle inequality.
If the triangle inequality is replaced by

|r + s| < max{|r|,|s|}, Vr,s € K,
then the function | - | is called a non-Archimedean valuation, and the field is called a non-
Archimedean field. Clearly |1 = | — 1] = 1 and |n| < 1 for all n € N. A trivial example of
a non-Archimedean valuation is the function | - | taking everything except for 0 into 1 and

|0] = 0.
Throughout this paper, we assume that the base field is a non-Archimedean field, hence call
it simply a field.

Definition 1.1. ([6]) Let X be a vector space over a field K with a non-Archimedean valuation
| - |. A function || - || : X — [0,00) is said to be a non-Archimedean norm if it satisfies the
following conditions:

(i) ||z|| = 0 if and only if x = 0;

(ii) frel = [r(llzll  (re K zeX);

(iii) the strong triangle inequality

[z +yll < max{|[z]|, [y},  Vz,yeX

2010 Mathematics Subject Classification. Primary 46510, 39B62, 39B52, 47510, 12J25.
Key words and phrases. Hyers-Ulam stability; non-Archimedean normed space; additive p-functional
inequality.
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holds. Then (X, || - ||) is called a non-Archimedean normed space.

Definition 1.2. (i) Let {z,} be a sequence in a non-Archimedean normed space X. Then the
sequence {xz,} is called Cauchy if for a given € > 0 there is a positive integer N such that

[2n — zm|| < e

for all n,m > N.
(ii) Let {x,} be a sequence in a non-Archimedean normed space X. Then the sequence {z,}
is called convergent if for a given € > 0 there are a positive integer NV and an x € X such that

len —xfl <e

for all n > N. Then we call x € X a limit of the sequence {z,}, and denote by lim,,_, x, = x.
(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed space X
is called a non-Archimedean Banach space.

The stability problem of functional equations originated from a question of Ulam [13] con-
cerning the stability of group homomorphisms. The functional equation f(z+y) = f(x)+ f(y)
is called the Cauchy equation. In particular, every solution of the Cauchy equation is said to be
an additive mapping. Hyers [5] gave a first affirmative partial answer to the question of Ulam
for Banach spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by
Rassias [10] for linear mappings by considering an unbounded Cauchy difference. A generaliza-
tion of the Rassias theorem was obtained by Gavruta [4] by replacing the unbounded Cauchy
difference by a general control function in the spirit of Rassias’ approach. The functional
equation f (z +vy) + f(z —y) = 2f(x) is called the Jensen type additive functional equation.

The functional equation f(x+y)+ f(z—y) = 2f(z)+2f(y) is called the quadratic functional
equation. In particular, every solution of the quadratic functional equation is said to be a
quadratic mapping. The stability of quadratic functional equation was proved by Skof [12] for
mappings f : £y — FEs, where E; is a normed space and FEs is a Banach space. Cholewa
[3] noticed that the theorem of Skof is still true if the relevant domain E} is replaced by an
Abelian group. The stability problems of various functional equations have been extensively
investigated by a number of authors (see [2, 7, 8, 7, 11]).

In this paper, we solve the additive p-functional inequalities (0.1) and (0.2) and prove the
Hyers-Ulam stability of the additive p-functional inequalities (0.1) and (0.2) in non-Archimedean
Banach spaces.

Throughout this paper, assume that X is a non-Archimedean normed space and that Y is a
non-Archimedean Banach space. Let |2| # 1.

2. ADDITIVE p-FUNCTIONAL INEQUALITY (0.1) IN NON-ARCHIMEDEAN NORMED SPACES

Throughout this section, assume that p is a fixed non-Archimedean number with |p| < 1.
In this section, we solve the additive p-functional inequality (0.1) in non-Archimedean
normed spaces.

Lemma 2.1. If a mapping f : X — Y satisfies f(0) =0 and

£+ 0+ o) —2@) < o (2 (L) + Fe-w-2@)| e

forall x,y € X, then f: X =Y is additive.
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Proof. Assume that f: X — Y satisfies (2.1).
Letting y = x in (2.1), we get ||f(2z) — 2f(x)| < 0 and so f(2x) = 2f(z) for all x € X.
Thus

1(3) = 3@ (22)

for all x € X.
It follows from (2.1) and (2.2) that

[f(x+y)+ flx—y)—2f(z)|

IN

b (21 (552) 4 e v -2
= |plllf(z+y)+ flz—y) —2f(2)|
and so f(z +y)+ f(xr —y) = 2f(x) for all z,y € X. It is easy to show that f is additive. [

We prove the Hyers-Ulam stability of the additive p-functional inequality (2.1) in non-
Archimedean Banach spaces.

Theorem 2.2. Let r < 1 and 0 be nonnegative real numbers and let f : X — Y be a mapping
satisfying f(0) = 0 and

£+ + @) -2@] < o2 (T52) 45 @-0) - 26)|
+ (=" +llvl") (2.3)
for all x,y € X. Then there exists a unique additive mapping A : X — 'Y such that
1f () = A(z)[| < WII )" (2.4)
forallz e X.

Proof. Letting y = z in (2.3), we get

1 (2z) — 2f ()| < 20][=(]" (2.5)
for all z € X. So || f(z) —2f (3)] < |2|T9||x|]’” for all x € X. Hence

41(2) -1 (2)

el (3) 20 ) s ) (2]
et 1 3) - () () - ()
<max{ 20 2””} o

‘2’r1+r |2‘ m—1)+ ‘2|(r 1)l+r

for all nonnegative integers m and ! with m > [ and all z € X. It follows from (2.6) that the
sequence {2"f(g%)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{2"f(5%)} converges. So one can define the mapping A : X — Y by

A(z) := lim 2”f( —)

n—o0

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.6), we get (2.4).
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It follows from (2.3) that

Az +3) + Ala — ) () + 1 (550) -2 ()]
2 (ot )+ 1 (S ) —2f (5 )| + Jima B el + 1)

— ol 24 (*5Y) + A - ) - 24(2)

—2A(x)|| = hm 12| || f

< lim [2]"]]

for all z,y € X. So

4G + )+ Ao~ ) - 24()] < |o (24 (52

)—i—A(x— y) — 2A(x )H
for all z,y € X. By Lemma 2.1, the mapping A : X — Y is additive .
Now, let T': X — Y be another additive mapping satisfying (2.4). Then we have

_ —loaa (E) _gap (X
A() = T(@)| = ‘ 204 (2q> A (2q)H
<maxd ||294 (2 ) —o0f (2| |20 () — 29f < g
- 24 2q /||’ 29 2q ‘2’0« 1)g+r )
which tends to zero as ¢ — oo for all x € X. So we can conclude that A(z) = T'(z) for all

x € X. This proves the uniqueness of h. Thus the mapping A : X — Y is a unique additive
mapping satisfying (2.4). O

Theorem 2.3. Let r > 1 and 0 be nonnegative real numbers and let f: X — Y be a mapping
satisfying f(0) = 0 and (2.3). Then there exists a unique additive mapping A : X — 'Y such
that

[f(z) = A(z)]| < |2|H96||T
forallz € X.
Proof. Tt follows from (2.5) that
]' T
|#@) = 312 < ol
for all z € X. Hence
1 l 1 m
‘Qlf(2$)—2mf(2 z)
1 1 1 _ 1,
< max{‘ - f (213:) — ﬁf (2l+1x) N ’2m_1f (2m 1;10) — Q—mf(2 x) }
1 1 1
_ l = I+1 - m—1 = m
max{mz f (2 a:) 2f (2 a;) v g f (2 :c) 2f(2 x) }
2" 2|70V r__ 20 r
Smax{ml“,... |2’ — 20”$H WHJJH

for all nonnegative integers m and [ with m > 1 and all x € X.
The rest of the proof is similar to the proof of Theorem 2.2. O
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3. ADDITIVE p-FUNCTIONAL INEQUALITY (0.2)

Throughout this section, assume that p is a fixed non-Archimedean number with |p| < |2].
In this section, we solve the additive p-functional inequality (0.2) in non-Archimedean
normed spaces.

Lemma 3.1. If a mapping f : X — Y satisfies

<llo(f(z+y)+ flz —y) —2f(2))] (3.1)

2 (“52) + £ - 9) - 26 0)

forallxz,y € X, then f: X =Y is additive.

Proof. Assume that f: X — Y satisfies (3.1).
Letting z =y = 0 in (3.1), we get || f(0)]| < 0. So f(0) = 0.
Letting y = 0 in (3.1), we get [|2f (5) — f(z)| < 0 and so

o (”2” — f(a) (3.2)

for all z € X.
It follows from (3.1) and (3.2) that

£+ 0)+ e = 2@ = |2f (F5Y) + F = v -2 ()

Il f(z +y) + flz—y) —2f(2)]

and so f(z +y) + f(z —y) = 2f(x) for all z,y € X. It is easy to show that f is additive. [

IN

We prove the Hyers-Ulam stability of the additive p-functional inequality (3.1) in non-
Archimedean Banach spaces.

Theorem 3.2. Let r < 1 and 0 be nonnegative real numbers, and let f: X — Y be a mapping
such that

< lp(f(z+y) + flz —y) —2f (@)l
+ 0(l=)" + [lyll") (3.3)

27 (552 + e =) - 21(0)

for all x,y € X. Then there exists a unique additive mapping A : X — Y such that
1f (z) — Az)|| < 0f|[]" (3.4)
forallx € X.

Proof. Letting z =y = 0 in (3.3), we get f(0) = 0.
Letting y = 0 in (3.3), we get

|2#(5) - #6@)| < ellalr (35)
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forallz € X. So

x
1(2) ()
x ol+1 z m—1 z mye (T
<mac 21 (5) =27 ()| - s () =2 ()}
x x
=it (3) -2 (w) f(zm—1> 21 (5]}
2 Y Oy

< - —

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.6) that the

sequence {2"f(5%)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{2"f(5%)} converges. So one can define the mapping A : X — Y by

7‘2’77171

Afw) = lim 2"f(0)

n—oo

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.6), we get (3.4).
The rest of the proof is similar to the proof of Theorem 2.2. O

Theorem 3.3. Let r > 1 and 6 be positive real numbers, and let f : X — Y be a mapping
satisfying (3.3). Then there exists a unique additive mapping A : X — Y such that

1210

1f () = A(z)]| < 9] [l ]l" (3.7)
forallx € X.
Proof. Tt follows from (3.5) that
1 210,
|f@ - 3reo0)| < Bl
for all z € X. Hence
1 1
| 172) = s r2ma) (3.8)
1 l I+1 1 m—1 1 m
< ax{‘%f(21:) 2l+1f(2+ ) 3ty Wf(Q x)—ﬁf(Q x)
_ 1 z Lo (ot 1 m—1 Lo igm
_max{ml f(Qx)—if(Q x) ’...’W f(2 :r)—if(Q x)
2" !2!”” Y r_ !2\’"9 "

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.8) that the
sequence {2% f(2™x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{5 f(2"2)} converges. So one can define the rnapping A: X =Y by

A(z) = lim ~f(2")

n—oo "

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.8), we get (3.7).
The rest of the proof is similar to the proofs of Theorems 2.2 and 3.2. O
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Square root and 3rd root functional equations in C*-algebras

Choonkil Park ,Sun Young Jang* and, Jieun Ahn

Abstract. In this paper, we introduce a square root functional equation and a 3rd root functional
equation. We prove the Hyers-Ulam stability of the square root functional equation and of the 3rd
root functional equation in C*-algebras.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations was originated from a question of Ulam [7] concerning
the stability of group homomorphisms. Hyers [5] gave a first affirmative partial answer to the question
of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and
by Rassias [6] for linear mappings by considering an unbounded Cauchy difference. A generalization
of the Th.M. Rassias theorem was obtained by Géavruta [3] by replacing the unbounded Cauchy
difference by a general control function in the spirit of the Rassias’ approach.

Definition 1.1. [2] Let A be a C*-algebra and x € A a self-adjoint element, i.e., z* = . Then z is
said to be positive if it is of the form yy* for some y € A.
The set of positive elements of A is denoted by A™T.

Note that AT is a closed convex cone (see [2]).

It is well-known that for a positive element = and a positive integer n there exists a unique positive
element y € AT such that z = y™. We denote y by z (see [4]).

In this paper, we introduce a square root functional equation

S (w+y+atylat +yiadyl) = 5(@) + S() (L1)
and a 3rd root functional equation
T(x—l—y—&-?m%y%x% +3y%x%y%) =T(z) +T(y) (1.2)

for all z,y € AT. Each solution of the square root functional equation is called a square root mapping
and each solution of the 3rd root functional equation is called a 3rd root mapping.

Note that the functions S(z) = /7 = 22 and T(z) = ¥/ = 3 in the set of non-negative real
numbers are solutions of the functional equations (1.1) and (1.2), respectively.

In this paper, we prove the Hyers-Ulam stability of the functional equations (1.1) and (1.2) in
C*-algebras.

Throughout this paper, let AT and B be the sets of positive elements in C*-algebras A and B,
respectively.

92010 Mathematics Subject Classification: 46105, 39B52.

YKeywords: Hyers-Ulam stability, C*-algebra, square root functional equation, 3rd root functional
equation.
*Corresponding author: Sun Young Jang (email: jsym@ulsan.ac.kr).
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2. STABILITY OF THE SQUARE ROOT FUNCTIONAL EQUATION

In this section, we investigate the square root functional equation in C'*-algebras.
Lemma 2.1. Let S: AT — B™ be a square root mapping satisfying (1.1). Then S satisfies
S(4"x) =2"S(x) (2.1)
for allz € AT and alln € Z.
Proof. Putting z =y =0 in (1.1), we obtain S(0) = 0. Letting y = 0 in (1.1), we obtain
S(4%z) = S(x) = 2°S(x)

forall z € AT.
First of all, we use the induction on n to prove the equality (2.1) for all positive integers n.
Replacing y by « in (1.1), we get

S(4z) = 28(x) (2.2)

for all z € A*. So the equality (2.1) holds for n = 1.
Assume that

S(4Fz) =288 (x) (2.3)
holds for a positive integer k. Replacing by 4z in (2.3) and using (2.2), we obtain
S(4F gy = S(4F - 4z) = 27 S(4x) = 2¥1S(x)
for all z € A*. So the equality (2.1) holds for n = k 4+ 1. Thus
S(4"z) =2"S(x) (2.4)

for all z € AT and all positive integers n.
Next, replacing by 4 " in (2.4), we obtain

S(z) =SH@"-47"x) =2"S(4 "x)
for all z € A' and all positive integers n. So
S(4"x) =2"S(x)
for all z € AT and all negative integers n.
Therefore,
S(4"x) =2"S(x)
for all z € AT and all n € Z. O
We prove the Hyers-Ulam stability of the square root functional equation in C'*-algebras.

Theorem 2.2. Let f : AT — BT be a mapping for which there exists a function p : AT x AT — [0, 00)
such that

o0

=2 ( ) < oo, (2.5)
=
Hf (:c+y+:c4y2x4 +yizty ) H < p(z,y) (2.6)
for all x,y € A*. Then there exists a unique square Toot mapping S : A* — A%V satisfying (1.1) and
1.
If(z) = S(@)l < 5#(2,9) (2.7)

forallz e AT,
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Proof. Letting y = x in (2.6), we get
1f(4z) = 2f(2)]| < o(z, x) (2.8)
for all z € A*. Tt follows from (2.8) that
x T
7@ -2 ()] = (57)

for all x € AT. Hence
e (@) = 5 d) *

for all nonnegative integers m and [ with m > [ and all z € A*. It follows from (2.5) and (2.9) that
the sequence {Qkf (4%)} is Cauchy for all z € AT. Since BT is complete, the sequence {2kf (4%)}
converges. So one can define the mapping S : At — B* by

)= Jimn 27 ()

for all z € AT.
By (2.8) and (2.9),

HS (x+y+x%y%x% +yix%yi> —S(z) — S(y)H
lim 2"

1 1 1 1 1 1
_ rT+y+riy2ers +yixra2ys _ (1)_ (l)
S f( 4k ) f 4k f 4k

: k r Y\
< Jim 2% (3 g¢) =0

for all z,y € AT. So
S (v +y+atylat +yladyl) - s@) - sy ~o.

Hence the mapping S : AT — B7 is a square root mapping. Moreover, letting [ = 0 and passing the
limit m — oo in (2.9), we get (2.7). So there exists a square root mapping S : AT — BT satisfying
(1.1) and (2.7).

Now, let S” : AT — BT be another square root mapping satisfying (1.1) and (2.7). Then we have

15@ -s'@l = 2|s(5)-5 (&)
< o) -r @l -

< 225 (£.5)

- 2 4a’ 4a)”
which tends to zero as ¢ — oo for all x € AT. So we can conclude that S(z) = S’'(z) for all x € AT.
This proves the uniqueness of S. g

Corollary 2.3. Let p > % and 01,0y be non-negative real numbers, and let f : AT — BT be a
mapping such that

1 1 1 i 1 1 §4 P
|7 (2 +y+atytet +ytatyt) = 7@) = F@)| < O1(lolP + Iyl) + 02 - 2% - gl ® (2.10)

for all z,y € AT. Then there exists a unique square root mapping S : At — BY satisfying (1.1) and

20, +0
17 (@) = S@)l < =5 lell”
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for allz € AT,

Proof. Define @(x,y) = 01(]|z||” + ||ly||P) + 62 - ||z||% - ||y||2, and apply Theorem 2.2. Then we get the
desired result. ]

Theorem 2.4. Let f : AT — BT be a mapping for which there exists a function p : AT x AT — [0, 00)
satisfying (2.6) such that
Blx,y) =Y 279z, 4y) < oo
j=0
for all x,y € AY. Then there exists a unique square root mapping S : AT — BT satisfying (1.1) and
1.
1£(z) = S(@)] < 5o(z,2)
forallz € A™.

Proof. Tt follows from (2.8) that

|0) - §ra0)| < Gota

for all z € AT.
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 2.5. Let 0 < p < % and 01,0 be non-negative real numbers, and let f : AT — Bt be a
mapping satisfying (2.10). Then there exists a unique square root mapping S : AT — B satisfying
(1.1) and
201 + 02
-8 < T2 P
17@) - 5@ < 52 el
for allz € AT,

Proof. Define @(x,y) = 01(]|z||” + |y||P) + 62 - ||z||% - ||y||?, and apply Theorem 2.4. Then we get the
desired result. g
3. STABILITY OF THE 3RD ROOT FUNCTIONAL EQUATION

In this section, we investigate the 3rd root functional equation in C*-algebras.
Lemma 3.1. Let T : At — BT be a 3rd root mapping satisfying (1.2). Then T satisfies
T(8"x) =2"T(x)
for allz € AY and alln € Z.
Proof. The proof is similar to the proof of Lemma 2.1. a
We prove the Hyers-Ulam stability of the 3rd root functional equation in C*-algebras.

Theorem 3.2. Let f : AT — BT be a mapping for which there exists a function ¢ : AT x AT — [0, 00)

such that
Z ( ) < oo,
=1
Rt

Hf(x+y+3x*y*w*+3y3x5 )H < (z,y) (3.1)
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for all x,y € A*. Then there erists a unique 3rd root mapping T : AT — AT satisfying (1.2) and

17@) ~ T(@)] < 53(,9)
forallz e A™.
Proof. Letting y = x in (3.1), we get
1f(8z) = 2f(2)|| < ¢(=,z) (3.2)

forall z € AT,
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 3.3. Let p > % and 01,0y be non-negative real numbers, and let f : AT — BT be a
mapping such that

111 111 » »
|7 (e 3ebutat +ayiabyd ) — 1@ = S < 0allell + 1lP) + 02l - lF - (33
for all z,y € AT. Then there exists a unique 3rd root mapping T : AT — BT satisfying (1.2) and
291 + 0o
1£(2) = T(@)l| < =5~ Il

forallz e A™.

Proof. Define @(x,y) = 01(]|z||” + |y||P) + 62 - ||z||% - ||y||?, and apply Theorem 3.2. Then we get the
desired result. g

Theorem 3.4. Let f : AT — BT be a mapping for which there exists a function ¢ : AT x AT — [0, 00)
satisfying (3.1) such that

) = 22_j<p(8jx,8jy) < oo
§j=0
for all z,y € AT. Then there exists a unique 3rd root mapping T : AT — BT satisfying (1.2) and

() - T(@)] <

38(,3)

forallz € AT,

Proof. Tt follows from (3.2) that

Hf )~ 3780 < So(w2)

forallz € AT,
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 3.5. Let 0 < p < % and 01,0 be non-negative real numbers, and let f : AT — BT be a
mapping satisfying (3.3). Then there exists a unique 3rd root mapping T : AT — B™ satisfying (1.2)

and
201 + 04

17 (@) = T@) < 5 =g, ll=llP
for allz € AT.

Proof. Define ¢(x,y) = 01 (]|z||” + |y||P) + 62 - ||z||% - ||y||?, and apply Theorem 3.4. Then we get the
desired result. 0
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4. SQUARE ROOT AND 3RD ROOT FUNCTIONAL EQUATIONS IN C*-ALGEBRAS
We have defined a square root functional equation
S (z fy+aiyizi 4+ y%x%yi) = S(xz) 4+ S(y)
and a 3rd root functional equation
T (33 +y+ 3x%yéx% + Sy%x%y%) =T(x)+T(y)

for all z,y € AT. Each solution of the square root functional equation is called a square root mapping
and each solution of the 3rd root functional equation is called a 3rd root mapping.

It was shown that each square root mapping S : AT — BT satisfies S(4"z) = 2"S(z) for all
x € AT and all n € Z and that each 3rd root mapping T : AT — BT satisfies T'(8"x) = 2"T(x) for
all x € AT and all n € Z. Moreover, we prove that there exists a square root mapping near a given
approximate square root mapping and that there exists a 3rd root mapping near a given approximate
3rd root mapping by using the Hyer-Ulam-Rassias approach.
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Approximation by Multivariate Sublinear and
Max-product Operators, Revisited

George A. Anastassiou
Department of Mathematical Sciences
University of Memphis
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu

Abstract

Here we study quantitatively the approximation of multivariate func-
tion by general multivariate positive sublinear operators with applications
to multivariate Max-product operators. These are of Bernstein type, of
Favard-Szdsz-Mirakjan type, of Baskakov type, of sampling type, of La-
grange interpolation type and of Hermite-Fejér interpolation type. Our re-
sults are both: under the presence of smoothness and without any smooth-
ness assumption on the function to be approximated.

2010 AMS Mathematics Subject Classification: 41A17, 41A25, 41A36,
41A63.

Keywords and Phrases: multivariate positive sublinear operators, multi-
variate Max-product operators, multivariate modulus of continuity.

1 Background

Let @ be a compact and convex subset of R¥, k € N — {1} and let zg :=
(zo1, ..., Tok) € Q be fixed. Let f € C™(Q) and suppose that each nth partial
derivative f, = gZ£> where a := (a1,...,ax), oy € ZT, i =1,...,k, and |a| :=

Zle a; = n, has relative to @ and the l1-norm |||, a modulus of continuity
w1 (fa,h) < w, where h and w are fixed positive numbers. Here

wi (fa,h) = sup  |fo (z) = fa (y)]- (1)
Hwijnengh
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The jth derivative of g, (t) = f (zo +t (2 — x0)), (z = (21, ..., 2k) € Q) is given
by

g9 (t) = (Z (zi — xos) ai) T (o1 +1t (21 — 2o1) .o, Tok + £ (2 — Tok)) -

i=1
()
Consequently it holds
IRV E()

fsez) = 9:(1) = 3 7= + Bu (2,0), 3)

=0

where

Ry (2,0) := /01 </0t (/Ot () (ta) — 9 (0)) dtn> ) dt,.  (4)

We apply Lemma 7.1.1, [1], pp. 208-209, to (fo (x0 +t (2 — x0)) — fu (x0)) as a
function of z, when wy (fa,h) < w.

tlz—x
o+ .z = ) = o o) < o | 200, Q
all ¢ > 0, where [-] is the ceiling function.
For ||z — xo|| # 0, it follows from (2)
Ry, (2,0)] <
1 it tno1 | _
n! o o tnllz —2
/ / / Z — |21 — xo1|™" .. |2k — wok | w ’V|h0”-‘ dt,...dt1
0 0 0 lo|=n A1 O
. (6)
- TL' Hi:l |Zz — Xog i N
since ||z — x| = Zle |zi — x0;|. Above we denote (for h > 0 fixed):
D, (z) == /xl t Mdt (z € R) (7)
R (=1 T ’

equivalently

B, (z) = /OI| /Ow (/O 2] da:n> dzs, (8)

see [1], p. 210-211.
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Therefore we have
|Ry, (2,0)] < w®, (]|]z — z0]]), forall ze Q. (9)

Also we have g, (0) = f (zo) .
One obtains ([1], p. 210)

o0

D (2) = = [ S (el —jn)" |, (10)

Tl
j=0

which is a polynomial spline function.
Furthermore we get ([1], pp. 210-211)

b (o)< d (a1 [T lal” e 11
n (@) < e @)=\ Gy g PRy ) -

with equality only at x = 0.
Moreover, ®,, is convex on R and strictly increasing on Ry, n > 1.
In case of Q := {x € R* : ||z|| < 1}, where |-|| is the l;-norm in R¥ we have

0 < Iz = 2ol < llz]l + [lzoll < 1+ [[zoll, V 2z € @,

hence @, (||z — xol|) < @, (1 + ||zo]|), and by convexity of ®,, we get

@ (2 = zoll) _ ®n (1A [[z0]])

< , (12)
|2 — o] (1 + [lzoll)
VZEQ: ||Z_x0||7é07
and hence
@, (1 + |lzoll)
D, (|lz —xol]) < ||z — x| ——7F=, V2z€Q. (13)
2= ol 3+ ol

Let @ be a compact and convex subset of R¥, k € N — {1}, 29 € Q fixed,
f€C™(Q). Then for j =1,...,n, we have

. k
ggj) (0) = Z <k|> <H (2,’1 — in) > fa (930) . (14)
ar=(ai,...,ar), a; ELT, Hi:l Qi i=1
i=1,...,k, |a\::2§:1 a;=j

If fo (o) =0, for all a: |a] = 1,...,n, then ggj) (0)=0,5=1,..,n, and by (3):

f(z)—f(l“o) :Rn (270), (15)
that is
|f (2) = [ (w0)] < w®y (|2 — zoll), V2ze€Q, (16)
3
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where g € @ is fixed.
Using (11) we derive

Iz = 2o | Nz —wol™ Iz —=o]""
- < h v .
17 ()~ 1 (o)l _w< el ) v
(17)
We have proved the following fundamental result:
Theorem 1 Let (Q,|-||), where ||-|| is the l1-norm, be a compact and convex

subset of R¥, k € N — {1} and let zo € Q be fived. Let f € C"(Q), n € N,
h > 0. We assume that f. (xo) =0, for all a:|a| =1,...,n. Then

17 = el < (o (st

Jla=n)|

=l Jmal” G le—ml™ Lo g
(n+ 1)h onl Sm_1y1 | "5

In conclusion we have

Theorem 2 Let (Q,|-||), where ||-|| is the l1-norm, be a compact and convex
subset of R¥, k € N — {1} and let * € Q (x = (x1,...,2%)) be fivzed. Let
feC™(@Q),neN, h>0. We assume that f, () =0, forall a: |a|=1,...,n.

Then
150 -5 @)l < (_max on (o) (19)
[ g I N
<(n+1)!h T TS | S

k" (2521 i — xz‘|n+1) et (Ef:l It — $i|n)
(n+ Dlh - o]

( s 1.1

a:lal=n

+Ln_2 zk: It — .|"—1 VteQ (20)
8(n— 1)! Pt 7 xl k) )
where t = (t1, ..., tx) -

Proof. By Theorem 1 and a convexity argument. m
We need

Definition 3 Let Q be a compact and convex subset of R¥, k € N — {1}. Here
we denote

C+ (Q)={f:Q — Ry and continuous} .
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Let Ly : C+ (Q) — C1(Q), N € N, be a sequence of operators satisfying the
following properties:
(i) (positive homogeneous)

Ly (af) =aln(f), Vaz0,feCi(Q); (21)
(ii) (monotonicity)
if f,9 € C4(Q) satisfy f < g, then
LN(f)SLN(g)7 VNeN, (22)

and
(iti) (subadditivity)

Ln(f+9) <Ln(f)+Ln(g), ¥V f9€C(Q). (23)

We call Ly positive sublinear operators.

Remark 4 (to Definition 3) Let f,g € Cy (Q). We see that f = f —g+g
|f =gl +g. Then Ln(f) < Ly ([f—gl) + Ln(g), and Ly (f) — Ly (9)
Ly (If —gl)-

Similarly g =g—f+f <l|g— fl+f, hence Ln (9) < Ly (If —g|)+Ln (f),
and Ly (g) — Ln (f) < Ln (|f —gl)-

Consequently it holds

ILn (f) (z) = Ly (9) (@) < Ln (If —9]) (2), Yz €Q. (24)

In this article we treat Ly : Ly (1) = 1.
We observe that

<
<

[Ln (f) (z) = f ()| = [Ln (f) (2) = L (f (2)) (z)] y

Ly ([f ()= f @) (2), Vzeq. (25)
We give

Theorem 5 Let Q be a compact and convex subset of R*, k € N— {1} and let
x € Q be fixred. Let f € C" (Q,Ry), n € N, h > 0. We assume that f, () =0,
Jor all o : || = 1,...,n. Let {Ln}ycy positive sublinear operators mapping
C4 (Q) into itself, such that Ly (1) = 1. Then

Lx (@) =7 @) < ((max e (7anh))

HJaj=n

jn k 1 ——
( (Z (t — )"t ) (JC)) + o (2; Ly (Jti — zi]™) (x))
:n—i (ZLN( — ol )(@)), VN eN. (26)

1015 Anastassiou 1011-1046



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Proof. By Theorem 2, see Definition 3, and by (25). =
We need

The Maximum Multiplicative Principle 6 Here V stands for mazimum.
Let a; >0,i=1,..,n; 8; >0, j=1,...,m. Then
Vity V;'n:1 Oéiﬁj = (Vitio4) (V}nﬂﬁj) . (27)

Proof. Obvious. =
‘We make

Remark 7 In [}/, p. 10, the authors introduced the basic Maz-product Bern-
stetn operators

_ Vitopva (@) £ (%)
\/]k\i:O PN,k (.’E)

BY () (x) , NeN, (28)

where py i (z) = <Z]j> -V ze [0,1], and f :[0,1] — Ry is contin-

UOUS.
In [4], p. 31, they proved that

B;j”)(\.—xmx)g\/;jﬂ, Vael0,1],V N eN. (29)
And in [2] was proved that
B (|- = 2™ (z) < % vaep1],YymNeN (30)
VN +1

We will also use

Corollary 8 (to Theorem 5, case of n = 1) Let @ be a compact and convex
subset of R, k € N—{1} and letz € Q. Let f € C* (Q,Ry), h > 0. We assume
that 855) =0, fori=1,...,k. Let {Ln}nen be positive sublinear operators from
C+(Q) into C+ (Q) : Ly (1) =1,V N € N. Then

Ly (@) - F @I < (max e (51.0))-

i=1,....k ox;
i zk:L t; — )’ = zk:L ti — h 31
7 (2 v (=2 @) ) +3 > In(t-w@ ) +5]. 6D
vV N eN.

In this article we study quantitatively the approximation properties of mul-
tivariate Max-product operators to the unit. These are special cases of positive
sublinear operators. We give also general results regarding the convergence to
the unit of positive sublinear operators. Special emphasis is given in our study
about approximation under differentiability. Our work is motivated by [4].
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2 Main Results

From now on Q = [0,1]", k € N — {1}, except otherwise specified.
‘We mention

Definition 9 Let f € Cy ([07 l]k), and N = (N1, ..., Ni) € NF. We define the

multivariate Max-product Bernstein operators as follows:

N
V;YI:O \/52:0 \/f\,?;o PNy iy (T1) DNyip (T2) DNy in (T8) f (;\Tlla . 11\7’1) (32)
N- N- N, )
Vz'll:o \/i22:0 \/ikk:o PN1,iy ($1)pN2,i2 (z2) DNy i, (zk)

Vo= (x1,....,2x) € 0,1]". Call Ny := min{Ny, ..., Ni.}.
The operators Bj_\];m (f) (z) are positive sublinear and they map Cy ([0, 1]k>

into itself, and BEY (1)=1.
See also [4], p. 123 the bivariate case. We also have

(M) —
90 (f) (@) =
\/f\lflz() \/52:0 e \/f\,ikz() pN1,7;1 (wl)pNQ,ig (ZQ) "'ka,ik ('Tk) f (]1\]711) oty ﬁ)

k N
[T (\/i,\A:OpNA,iA (35/\)>
vz € [0,1]", by the mazimum multiplicative principle, see (27).
We make

Remark 10 The coordinate Maz-product Bernstein operators are defined as
follows (A\=1,...,k):

Vo (@) 9 ()
M ix=0 PRIDN N
BYY (9) (22) = N e (34)
ViA:()pNA,iA (.%',\)

VNyeN, andV z) €[0,1], V g € C+ ([0,1]) :== {g : [0,1] = R4 continuous}.
Here we have

DN, iy (T2) = <JZ\)‘) xi\* (1- ;13>\)N*7iA , forallx=1,...k; x\€][0,1]. (35)

In case of f € C4 ([0, l]k) is such that f(x) := g(xy), ¥ z € [0, l}k, where
T = (T1,.., T, ..., k) and g € C+ ([0,1]), we get that

BE" (f) (@) = BR (9) (@), (36)

1017 Anastassiou 1011-1046



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

by the maximum multiplicative principle (27) and simplification of (33).
Clearly it holds that

BUY (1) () = f(2), ¥ 2 = (o1, m) € 0,10" 20 € 0,1}, A= 1k
(37)

We present

Theorem 11 Letz € [0, l]k, k € N—{1}, be fizred, and let f € C" ([0, l]k ,R+),
n € N—{1}. We assume that f, () =0, for all a: |a| =1,...,n. Then

B (£) (@) - £ (@)| <6 (aﬁgn <wl (fa, (ﬁ)))) - (39)

kn+1 1 1 N kl ( 1 N knfl 1 Zil
(n+ 1) \/Nuin + 1 2n! \ v/ Nmin + 1 8(n— 1) \/Nuin + 1 ’

v N € N*, where Npin := min{ Ny, ..., Ni. }.
We have that _ lim  BUY (f) (@) = f (2).

N —(o0,...,00)

Proof. By (26) we get:

HJaj=n

n k gn—1 k
e (ZB%) (1t = ™) m) (Z B! (i~ i) (@ >)
e (S ()| 2

6 wx wn () ) [ B RS (g
—— max - 4+ — — .
VN 7 1) \atlazn PV D ™ 200 T 8 (n = 1)

(30)
. k M n k
Above notice Y, _; B](Vi ) (1t — 4] )(:cz) < Y \/1\2+1 < \/Ni]jnﬂ’ etc.

Next we choose h := (;) T , then A" = (\/ﬁ) " and At =

B9 (1) @) - 7 @' max n (Gt

V Nmin+1
1
VNpmin+1"°
‘We have

=0 (rf“ ( (fw () ))) W
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fntl 1 1 kn 1 k=1 1 Zﬁ
(n+1)'(\/Nmm+1) +2n'(\/Nmm+1>+8(n_1)'< ]Vmin‘f'1 ’
proving the claim. m
We also give

Proposition 12 Letz € [0, 1]k, k € N—{1}, be fived and let f € C! ([0, 1]]C ,R+).
We assume that %ﬂg‘f) =0, fori=1,....k. Then

580 @) - @] < (max e (L= ))- @

3k? N 3k N 1
\4/Nmin+]- \/Nmin+]- 8(\/4Nmin+]-)

A N € N¥, where Nyiy := min{ Ny, ..., Ni. }.
Also it holds _ lim B(WM) (f)(z) = f(x).

N —(00,...,00)

Proof. By (31) we get:
(36)
‘BE_\];M) (f) (x) — f(a:)’ Sb (i max wi (gg,h)) .

=1,.., i

k k
k 1 h
S (o BUD (i —2)?) @) ) + 5 (o BE (-l (i) ) + 5| (42)
2h \ & 2\ & 8
1
(next we choose h := (\/ﬁ) * then h% = \/ﬁ)

(30) of
< (,L:rgléx w1 (8% ( VNmin + 1 ) )) (43)

)

3k? 1 ’ + 3k 1
VNmill+1 len 8 \/]len‘}’1
proving the claim. m
We need

Theorem 13 Let Q with |-|| the ly-norm, be a compact and convex subset of R¥,
ke N—{1}, and f € CL (Q); h > 0. Wedenotew; (f,h):= sup |f(x)— f(y)l,

x,yE
lz—ylI<h

the modulus of continuity of f. Let {Ln}nen be positive sublinear operators
from C4 (Q) into itself such that Ly (1) =1,V N € N. Then

Lx (D@ = f @l Ser () (1+ Ly (-2l @) <
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k
w1 (f7 h) (1 +% (ZLN (ltz —.Il‘) (.’L‘))) 3 (44)

VNeN,Vaze, where x := (z1,...,x5); t = (t1, ..., tx) € Q.

Proof. We have that ([1], pp. 208-209)

70 @ <o [ <o (1 21 )
VitxeQ.
By (25) we get:
Ly (1) &) — £ (@) < L (1F () — £ (2)]) ) < (16)

or (o) (14 3w (e =) @), YV €N

proving the claim. m
We give

Theorem 14 Let f € C ([0, 1]k), ke N—{1}. Then

(M) 1
’Bﬁ (f)(m)—f(x)‘ < (6k+1)w; (f,\/m)7 (47)
Yz € |0, 1]k, v N € N* where Ny := min{ Ny, ..., Ni.}.
That is
(M) L
|BSY (1) = 1| < @+ 1w (f, m) (48)

It holds that lim BY) (f) (z) = f(x), uniformly.

ﬁ—>(oo,...,oo) N
Proof. We get that (use of (44))

(36)

k
B (£) @)= £ @)| < wi(£.) (1+}L (ZBEV“ (It —xﬂ)(mi)))

D orrm (141 (5 (49)
= ’ h Vv Nmin +1
(Setting h = \/ﬁ)

1 —
=uw <f7N1> (6k+1), VxE[O,l]k, ¥V N e N*,

proving the claim. m
We continue with

10
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Definition 15 ([4/, p. 123) We define the bivariate Max-product Bernstein
type operators:

(NN (N—i\ N

v (V) (Y7 ) e ama - (04)

(50)

AR (f) (@) =
V¥, Vico
Viz,y) e A={(z,y):2>0,y>0,z+y <1}, VNN, andV f € Cy (A).

Remark 16 By [4], p. 137, Theorem 2.7.5 there, Ag\],w) is a positive sublinear
operator mapping C1 (A) into itself and A%M) (1) =1, furthermore it holds
(51)

AQD (£) = AMD ()| < AQD (1F —gl), ¥ fg€CL(A), ¥ N EN.

By [4]. p. 125 we get that AYY (f) (1,0) = f(1,0), ARY (£)(0,1) = f(0,1),

and A" (£)(0.0) = £ (0,0).
By [4], p. 139, we have that ((z,y) € A):
AN (| = a) (@) = BYY (- = a]) (2), (52)
and
AV (=) (2.9) = BV (1 = o) (). (53)
Working exactly the same way as (52), (53) are proved we also derive (m € N,
(z,y) € A): o o
Ay (I =2l™) (@y) = By (|- —2|™) (2), (54)
(55)

and
AR = y™) (@) = BE (|- —yI™) ()

We present
Theorem 17 Let x := (v1,x2) € A be fized, and f € C™ (A,R;), n € N—{1}.

max wi —_—
a:lal=n N

We assume that fo (x) =0, for all a:|a| =1,...,n. Then
L\
) : 56
() 7)) o

‘A%W) (f) (z1,22) — f(3717$2)‘ <6 (

# 2n—1 1 N 2n—4 1 n+1
(n—1)! N+1

n+2 ‘|
)

n! N+1

A ( 1

(n+D!'\VN 1

VNeN.
It holds lim AQD(f) (w1, 20) = f (21, 22) -

11
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Proof. By (26) we get (here z := (z1,22) € A):

AP () o) = £ (o) < (e (7))

a:lal=n

2n—2

TRV (Z AR (=) <x>> R <Z AR (= ") <w>>
- - (57)
+£%1ﬂ<2}ﬁmOM—u"”)@0]w”%N“”

2" 2 n+1
<a¥|12ﬁt>_<nw1 (fmh)) CE (; BEVM) (|tz — x|t ) (x1)> +

n—2 n—>5 2
271! (Z BJ(\?{) (|t — z4]™) (IJ) + (7};2_1)' (Z BJ(VM) (|tl — xl|n_1> (xl)>‘|

i=1
(58)
(30) 0 <CYIH‘11£|H—(TLWI e h)> 2t an—1  pan—t
< =: .
< NI [m+mh n!+mnd (©)
. 1 ;$T n __ 1 ”11 n — 1
Next we choose h := ( N+1) , then A" = ( N+1> and h"t! = NIT
We have 1
© =6 oo () (59)
= max w as .
f atlal=n ! quipi

N——

gn+1 ( 1 >n11%2"1 ( Loy, ( 1 >3¢f
(n+1)!' \VN+1 n! N+1 (n—1)!'\VN+1 ’
proving the claim. m

We also give

Theorem 18 Let x := (x1,72) € A be fized, and f € C* (A,R,). We assume
that % () =0, fori=1,2. Then

AR () (er0) — F o) < (o (5150 ))- (00

12 6 1 1
+ RR (e
[€N+1 VN +1 8<VN+1H
VNeN.
Ithohk‘Jhn<A%yj(f)(x17m2)::f(xl,xg).

12
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Proof. By (31) we get (here x := (z1,22) € A):

’Angrw) (f) (z1,22) — f(fﬂl,xz)’ < (magwl <gj,h>> :

=1,

2
1 1 h
lh (ZA%W) (= 20°) (@) ) 5 (ZA W (It~ @il) (@ >> +5 o
i=1
2
(by (54). (55)) of 1 M) (2 3?) (a)
5 (e (o)) [ (S0 (- o) )
1 (< h
M
) (ZBJ(V ) (|ti — i) (%‘)) + 3
i=1
(next we choose h := ( J\}-H) ® then h? J\}+1)
(30) of 1
<
o))
2(gws) (o) 5 ()
N+ 1 N+1) 8\WN+1/) |’
proving the claim. m
We further obtain
Theorem 19 Let f € Cy (A). Then
M 1
AL (D oran) - fonen)| <13 (o= ). @9
A (371,.’112) €A, VNEeN.
That is ]
(M) gy - 1
40 5= 1]. = 130 (4 7)) (4
vV N eN.

It holds that A}im Ag\]fw) (f) = f, uniformly, ¥ f € Cy (A).
Proof. Using (44) (z := (x1,22) € A) we get:

’AS\JZM) (f) (w1, 22) — f (xl,ng)’ <
2 <
“ (f, h) (1 + % (Z Ag\sz) (|tl - xl|) (1‘))) (by (92:)’ (53))
i=1

13
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2 6
h) (14— 65
wilf )( h N+1) (65)
(setting h := 7N+1)
=13 fi1 v ( YEA, VNEN
= w X1,
1 ) N 1 ) 1,42 ) )

proving the claim. m
We make

Remark 20 The Max-product truncated Favard-Szasz-Mirakjan operators

_ Vicosve (@) f (%

Vilo sn.k (@)

T (f) () ) we), Nen, fec, (0.1, (60

sy (x) = (]\Zf!)k, see also [{], p. 11.

By [4], p. 178-179, we get that

(M)
T - < . Yzelo1], VNeN. 67
And from [2] we have
TOD (1. — ™) (2) < Tgﬁ Vxel0,1],V N,meN. (68)

We make

Definition 21 Let f € C, ([0, 1]’“), keN-{1}, and N = (Ni,...Ny) €
NE. We define the multivariate Max-product truncated Favard-Szdsz-Mirakjan
operators as follows:

W) (@) =
VL VI VI SNy (1) SN i (02) oSNy () ] (1%1 1%;) )
N N N J
an:o vi;:() Vi,f:o SNy i (T1) SNy ip (T2) 5N i (Th)

Vo= (x1,....,2x) € [0,1]". Call Ny := min{Ny, ..., Ni.}.

The operators T(ﬁM) (f) (z) are positive sublinear mapping C1 ([0, 1]k) into
itself, and TJLV,M) (1)=1.

We also have

) (@) =

14
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\/f\flzo \/2,[2:0 vﬁio SNy (T1) SNo o (T2) SNy (k) f (;711, e &—i)
k N
|| (\/i,\A:OSN)ni)\ ($/\)>

Y x €0, 1]k, by the maximum multiplicative principle, see (27).

‘We make

Remark 22 The coordinate Max-product truncated Favard-Szdsz-Mirakjan op-
erators are defined as follows (A =1,...,k):

N ,
VirtoSNaix (TA) g (;ﬁ)

(M)
Ty, (9) (zy) = ; (71)
i vﬁ/\:ostix ('CE)\)
VNyeN, andV z) €[0,1], V g € C;+ ([0,1]).
Here we have
Nyzy )™
Shyiy (Th) = % A=1,...k xx€0,1]. (72)

In case of f € C ([0, 1]k> such that f(z) := g(zy), V = € [0,1F, where
x = (21, .., Tx, ..., xk) and g € C4 ([0,1]), we get that

M M
T () (@) =T (9) (@2), (73)
by the maximum multiplicative principle (27) and simplification of (70).
We present

Theorem 23 Letz € [0,1)", k € N—{1}, be fized, and let f € C" ([07 1) ,R+),
n € N—{1}. We assume that fo () =0, for all a: |a| =1,...,n. Then

700 (1) () - £ ()] < 3 <£?§n <wl (fw (=) ))) '

(TL + 1)' Nrnin 2n! Nmin 8 (n — 1)' Nmin ’

VNe N*, where Npin := min{ Ny, ..., Ni. }.
We have that _ lim T(NM) (f)(z) = f ().

N —(o0,...,00)

Proof. By (26) we get:

W0 - 1@ = max e Guu))

a:lal=n

15
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k k

M(ZTW(I%—%VWI)@) . (ZT}W |t—xz|><xi>>

i=1 i=1

sty (S (=) )

P (L e (o) [@*Q*ﬁw} (6.

VNrﬂin la|=n
(68
Above notice that Zz L T(M) (ti — xi|™) (z)) < ZL L F < 3’“ , etc.

1
L 1 n+1 o
Next we choose h := (m) , then A" = (m
1

(= (;f;afn (““ (f (ﬁ)))

‘We have
fr 1 \™ k1 k1 L\
(Tl+1)' (\/Nmin> +27’L'< Nmin>+8(n1)! ( Nmin) 7 ( )

proving the claim. m
We also give

Proposition 24 Letz € [0, 1]k, k € N—{1}, be fived and let f € C! ([O, 1]k ,R+>.
We assume that %—g) =0, fori=1,...,k. Then

max w af !
X .
i=1,..,k ! 8$i’ g Nmin

1

=) m) b))l @
2 \VNo/ 2 \VNam/ 8 \VNam /]’
A N € N¥, where Ny := min{ Ny, ..., Ni. }.

Also it holds _ lim (ﬁM) (f)(z) = f(x).

N —(00,...,00)

IN

T80 (£) (@) = £ (@)

N

Proof. By (31) we get:

0@ -1 @] (maxen (550))-

[ L 1 (N
[2’1 (Z TJ(VI- ) ((ti — 331‘)2) (%)) + 3 (Z TJ(V,- ) (|t: — x4)) (ml)> + 3

16
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1
(next we choose h := ( L )2, then h? = ———

@ of 1
= AN\ o Ve ) )

* () ) )] ™

proving the claim. m
It follows

Theorem 25 Let f € Cy ([0, 1]k>, ke N—{1}. Then

78 (1) @)~ £ @)] < G+ e (£ =) (50)
vz €0, 1]k, v N € N*, where Nyjn := min{Ny, ..., N3, }.
That is )
(M)
747 (- 1], < @rt D (£ =) (51)
It holds that lim (M) (f) = f, uniformly.
ﬁ—>(oo,oo) N
Proof. We get that (use of (44))
(73)
() @) - f @) < wn(fh) ( (ZT‘M) ti = i) (@ >)>
(67) 1 3k

(setting h := \/ﬁ)

1 -
= w1 (f’N> (Bk+1), Yzel0,1]", Vv N e NF,

proving the claim. m
We make

Remark 26 We mention the truncated Maz-product Baskakov operator (see

[4], p- 11)

N
U (1) (@) = Yamo b0 @I (R) oy ey o1, v N eN,

Vo bk ()

17
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where .
N+Ek-— 1) x
b ) = Vo 84
o (2) < ko) (o)™ ™)
From [4], pp. 217-218, we get (x € [0,1])
12

(Ul(\f\4)(|._x|)) () g N22 NeN (85)
And as in [2], we obtain (m € N)
12
(U9 (-~ ™) (@) < g VE2NENVieDl. ()

Definition 27 Let f € C, ([0, 1]’“), keN-{1}, and N = (Ny,.., Ny, €
Nk, We define the multivariate Maz-product truncated Baskakov operators as
follows:

U8 (£) () =

VLV VN b (31) By (2) b (21) (F N7)
VL VI VIR by (@) Dy (@2) b i ()
V= (x1,...,z) €0, 1] . Call Npin := min{ Ny, ..., Ni. }.
The operators UJ(_\;M) (f) (z) are positive sublinear mapping C ([O, 1]k) into
itself, and U](_\fM) (1) =1.
We also have

U8 (f) () =
VL VN2 N (1) b, (202) b »(x)f(A...%)
21 =0 Vix=0" zk =0 YNui,i1 \#1) UNg,ip (L2 N ik Lk Ny’ Ng
HA:l( ix= ObN,\ ix (xk))

V z €[0,1)", by the mazimum multiplicative principle, see (27).

‘We make

Remark 28 The coordinate Maz-product truncated Baskakov operators are de-
fined as follows (A=1,...,k):

bN i (22) g (3
z 0 PRION N
UG (9) (22) = = ( *>, (89)
z>\ ObNx ix (xk)
VNyeN, andV z) €[0,1],V g € C; ([0,1]).
Here we have

1,....k; x\ €]0,1].

Ny 4iy—1 i
bNm;(ﬁ)Z( ATA >(A

. N
[5) 1—|—$)\) o
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In case of f € C ([0, l]k) such that f(z) := g(zy), V = € [0,1]F, where
x=(x1,..,Tx, ...,xi) and g € C4 ([0,1]), we get that

USY (f) (2) = UR, (9) (20), (90)

by the maximum multiplicative principle (27) and simplification of (89).
‘We present

Theorem 29 Letz € [0,1)", k € N—{1}, be fived, and let f € C™ ([0, 1) ,R+),
n € N—{1}. We assume that f, () =0, for all a: |a| =1,...,n. Then

e rof < g (o (- (i) )

kn+1 1 Py L 1 kn—l 1 n+i
(n+1)'(\/Nmm+1) +2n'(VNm1n+1>+8(n_1)'(VNm1n+1> ’
(91)

VNe (N — {1})k, where Npin := min{ Ny, ..., N }.
We have that _ lim U](—’VM) (f)(z) = f ().

N—)(OO,...,OO)

Proof. By (26) we get:

Hlal=n

n k n,1 k
(nfl)!h (Z UI(VJ:@ (\ti *xi|”+1) (z ) (Z (Jt; — z4|" )($¢)>

i=1

‘U(M f(x)‘ “g) < max wi (fa, )) .

fi1<zﬁf @rwm*ymor?

12 Jntl kn hEn—1 B
ﬁMﬁA@%ﬁ%JHWHM+m+Whmy@f

Above notice that Zle U](V]Y) (Jt; — z4|™) (z4) < Zz L \/N — < \/Nljﬁﬂ, etc.

n

1 _n_
Next we choose h := (ﬁ) "H, then A" = (ﬁ) " and At =

1
VNpin+1°
‘We have

@)—12<J%En<wl(“’(VNJH+1);H>>)'

19
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i1 1 Lk 1 Lk 1 o
(n+ 1) \/Nyin + 1 20! \ v/Nmin + 1 8(n— 1) \/Nyin + 1 ’
(93)

proving the claim. m
We also give

Proposition 30 Letz € [0, 1]k, k € N—{1}, be fived and let f € C! ([O, 1]k ,R+>.
We assume that %—g) =0, fori=1,...,k. Then

(M) of 1
0 @ - @) < (mexer (51 s )) o)
6k N 6k N 1
\4/Nmin+]- \/Nlnin+1 8(\/4 Nmin+1)

VN e (N— {1})k, where Npin := min{ Ny, ..., N }.
Also it holds _ Tim — US" (f) (z) = f (x).

N—»(oo,...,oo)

)

Proof. By (31) we get:

0 @ =1 @] < (L (550) )

k k
k (M) 2 1 (M) h
l% <; Uy, ((ti —x;) ) (%‘)) + B (; Uy, (Iti = zil) (zi) | + 3 (95)
3
(next we choose h := (\/ﬁ) , then h? = \/ﬁ)
(32) of 1
= i\ o YN 1 1))
6k 6k 1
- + + , (96)
\/J\fmin“i’1 \/Nmin+1 8(\/Nmin+1)
proving the claim. m
It follows
Theorem 31 Let f € Cy ([0, 1]k>, ke N—{1}. Then
W D@ - @] amanm (fmes). o
N = V/Npin + 1

vzelo1),V Ne (N — {11)*, where Npin := min{Ny, ..., Ny }.
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That is
1
Ul (f H (12k + 1 ( ) 98
o3 -1 Jor (f— (98)
It holds that lim J(_\;M) (f) = f, uniformly.

]_V}H(oo,..‘,oo)

Proof. We get that (use of (44))

9 (1) @)~ @] < o (1) ( }1<ZU(M) e xl|><:cz>>>
(83)
< o (£.1) (1+}1L (%)) (99)
(setting h := \/ﬁ)

=w (f’Nll) (12k+ 1), Va:e[O,l]k, VﬁE(N—{l})k,

proving the claim. m
We make

Remark 32 Here we mention the Maz-product truncated sampling operators

(see [4], p. 18) defined by

(Nz—k k
\/k) 0 SlnNzxk:‘n'W)f(Wﬂ-)

W](VM) (f) (ZE) = sin(Nz—kmw) » TE [0’ T(] ? (100)
\/k 0 Nz—km
f:]0,7] — Ry, continuous,
and N 2 (No o)
Vieo “tveimed (5)
KM () (z) = ( z € 0,7, (101)

\/ sin?(Nz—km) ’
k=0 (N:v km)?

f:[0,7] = Ry, continuous.

By convention we talk w = 1, which implies for every x = %’r, k e

{0,1,..., N} that we have % -1
We define the Maz-product truncated combined sampling operators

\/11:]:0 PN,k (z) f (%ﬂ)

MM () (z) = , zel0,n], 102
N () (@) Voo (@) € [0, ] (102)
feCy([0,x]), where
(M) ). i z) = sin(Nz—km)
M](VM) (f) (@) := Wy (f)(z), pr,lc( ) No—kr ? (103)

: N2
KO0 (1) (), if e () 1= (e tm)
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1031 Anastassiou 1011-1046



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

By [4], p. 346 and p. 352 we get

(MJ(VM) (I —wl)) (z) < % (104)
and by [3] (m € N) we have
(ME (-~ 2™) (@) < % Vo0,V NecN (105)

We give

Definition 33 Let f € O ([O,w]’“), keN- {1}, and N = (Ny, ..., N;) € NF.

We define the multivariate Max-product truncated combined sampling operators

as follows: o
00 (1) (2) =
N N N P .
vi11:0 vi22:0 vikk:() PNy ia (xl) PNa,ia ($2) PNy, i, (xk) f (%’ %’ o 111\677:)
N N. N )
Viito Vigzo = Viy =0 PNy iy (T1) PNy iy (T2) Py iy (T)

(106)
Vo= (x,..,2) € [O,W]k. Call Npin := min{ Ny, ..., Ny }.
The operators M](_V,M) (f) (x) are positive sublinear mapping Cy ([O, w]k) into

itself, and M]LVM> (1) =1
We also have
M
MU (f) (@) =

Ny No
VAL VR

Vv i dam imr)

ikk:() PNy iy (xl)PNQ,iz (72) PNy ,ig (wx) f (Tla No o Ny

k N
H/\:1 (\/iﬁ:OpN;,ik (:@\))

i

(107)
Y x €0, ﬂ'}k, by the mazimum multiplicative principle, see (27).

‘We make

Remark 34 The coordinate Max-product truncated combined sampling opera-
tors are defined as follows (A=1,....k):

N )
\/iAA:()pNA,iA (xA) g (%)

MG (g) () = , (108)
* vﬁlopNA,iA ()
VYV NxeN, andV zx €[0,7],V g € Cy ([0,7]).
Here we have (A =1,....k; zx € [0,7])
sin(Nxzy—i m) . (M) (M)
e M T (109)

PNy (T2) = <M)2 if MO — 0D
) A A

N)\zk—l}\ﬂ

22
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In case of f € C4 ([O,W]k) such that f(z) = g(xx), ¥V = € [0,7]", where
x = (x1,..,Tx, ...,xr) and g € C4 ([0, 7]), we get that

M M
L) (@) = MG (9) (@), (110)
by the maximum multiplicative principle (27) and simplification of (107).
We present

Theorem 35 Letz € [O,W]k, k € N—{1}, be fized, and let f € C" ([O,W]k ,R+),
n € N—{1}. We assume that f, () =0, for all a: |a| =1,...,n. Then

‘M](—\;M) (f)(z) = f(2)| < % ( max wi (fa,(11>> - (111)

a:lal=n min)n+l
(km)? Lk 1
(Tl + 1)' (]Vmin)ni_*—l 2Tl!Nmin 8 (n - 1)' (Nmin) ;i?
A4 ]_>V = (va ”ka) € Nk} where Nmin = min{Nh 7Nk}
We have that _ lim ](—>VM) (f)(x)=f(2).

N—)(OO,...,OO)

Proof. By (26) we get:

MG (@ - @) 'S max o (o)

atlal=n

k™ k knfl k
M n M n
' i=1 T \i=1
(112)
(105)
<

n—2 k
ey (B () )

1 kn+17rn+1 fenm hknflﬂ_nfl
ouh =: .
2 Noin (af&a}—‘nwl (f )> {(n—&—l)!h BT R Y e Y } (€)

. k (M) n (105) k " kn"™
Above notice that » ;" | My ([t; —z|") (z:) < D0 9 < sp-—> etc.

1 —
Next we choose h := <%) Ml, then A" = (Nl, )Hl and A"t = N#

min min min

‘We have
k n—1 1
€)= () max wiy | fo, ——— : (113)
2 a:lal=n (Nmin)m
(km)? 1 N kn N 1
(n+ D! (Npin) ™7 20! Nmin g (n—1)! (Nmin):iﬁ ’

proving the claim. m
We also give
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Proposition 36 Letz € [0,7]", k € N={1}, be fived and let f € C* ([0, 7], Ry.).
We assume that %—;‘? =0, fori=1,....k. Then

MED (1) () — 1 ()] < (;ﬁlﬁ?ﬁﬂl (aagf w%» |

(km)? km 1
114
[4V Nmin * 4-Z\]'min * 8( Nmin) ’ ( )

A N € N¥, where Ny := min{ Ny, ..., Ni. }.
Also it holds _ lim M(NM) (f)(z) = f(x).

N —(00,...,00)

Proof. By (31) we get:

k
l2kl;z (Z M" (1= 2:)?) m)) v (Z M8 (1t - i) m)) +h
. - (115)

(105) ( ((’)f 1 ))
< max wi ) ’
i=1,...,k 31:,- Nmin

(km)? km 1
116
[4V Nmin * 4Nmin + 8( Nmin) ’ ( )

proving the claim. m
It follows

Theorem 37 Let f € C ([O,F]k), ke N—{1}. Then

M@ -r@)s (F)a(ng).
Vae [O,ﬂk, VN e N*, where Npin := min{ Ny, ..., Ny, }.
That s
| (-] < ('“2” + 1) w1 (f, Ni) . (118)
It holds _ lim J(_\;M) (f) = f, uniformly.

N —(00,.++,00)
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Proof. We get that (use of (44))

() ey L (= 00
@ -F@| < w(fih) |1+ [ ML (1t —ail) @)

i=1
(104) 1 km
< —
<o (144 () (119
(setting h := Niin)
B 1 km k — &
=w; <f’Nmin> ( 5 +1>, Vaeel0n]", VN eNY

proving the claim. m
We make

Remark 38 Let f € C; ([—1,1]). Let the Chebyshev knots of second kind
TN, = COS ((%) 7r) e[-1,1], k=1,..,N, N € N— {1}, which are the roots
of wy (x) = sin (N —1)¢sint, x = cost € [—1,1]. Notice that xy1 = —1 and
IN,N = 1.

Define

()" w (@)

140kt +6kn) (N —1)(z —2ng)
N>2k=1,.,N, and wy (z) = Hszl (x —xnk) and §;; denotes the Kro-
necher’s symbol, that is §; ; =1, if i =7, and §; ; =0, if i # j.

The Maz-product Lagrange interpolation operators on Chebyshev knots of
second kind, plus the endpoints £1, are defined by ([4], p. 12)

_ \/;ivzl Ing (%) f (TN E)

Ing () = ( (120)

L& , “1,1]. 121
N () (@) VY s () z € [-1,1] (121)
By [4], pp. 297-298 and [3], we get that
(M) m 2m+1,n_2
Ly (- == )(w)éig(N_l), (122)

Vze(-1,1) andVmeN; YV NeN, N >4.

We see that LE\J,\/[) (f) () > 0 is well defined and continuous for any x €
[—1,1]. Following [4], p. 289, because ijzl Ingp(z) =1,V z e [-1,1], for
any x there exists k € {1,...,N} : Iy () > 0, hence \/,Ij:lle () > 0. We
have that Iy, (xnk) =1, and In gk (xn;) = 0, if k # j. Furthermore it holds
LY (f) (@nyg) = f(@ny), all j € {1,...,N}, and L") (1) = 1.

By [4], pp. 289-290, LS\J,M) are positive sublinear operators.

We give
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Definition 39 Let f € C. ([—1,1]’“), keN-{1}, and N = (Ny,..,Ny) €

(N-— {1})k We define the multivariate Max-product Lagrange interpolation op-
erators on Chebyshev knots of second kind, plus the endpoints £1, as follows:

L8 (f) (2) =

N-

Na Ng
11 : \

19=1 """ =1 lNl,il ('Tl) lNg,iz (x2) "'lN)c,ik (.Tk) f ('I.Nl,il)xN2.,’L-27 "‘7me,i)€)

\/é\lhzl \/é\zfil vf\,zl;l ZN17i1 (xl) ZN2,i2 (1'2) "'lNkvik (xk)

VLV

Y

(123)
Vo= (z1,....,z) € [-1,1*. Call Ny := min{Ny, ..., Ni.}.
@)
N
itself, and L(_Nl\,/f) (1)=1.
We also have

The operators L= (f) (z) are positive sublinear mapping Cy ([—1, 1]k> into

(M) ._
L]—\; (f) (z) ==
VI VR VT Ty (1) I, (22) i (T0) f (TN 61 TNg i s TN )

Hl;:l (vi\i)\:lleix (:E)\))

Y

(124)
Va=(x1,..,Tx...,2T) € [—1, l]k, by the maximum multiplicative principle, see
(27). Notice that L(NM) (f) (@Nyiys oo TNpin) = f (TNy s o0 TNy ). The last is
also true if TNy iy TNy i € {—1,1}.

We make

Remark 40 The coordinate Max-product Lagrange interpolation operators on
Chebyshev knots of second kind, plus the endpoints +1, are defined as follows

A=1,...k):
N
(M) vi,\zllNA7iA (aj/\)g(xN)\,i)\)
Ly, (9) (zy) := , (125)
Y Vi Ing i (22)
VNyeN, Ny>2 andV zy € [-1,1],V g€ C1 ([-1,1]).
Here we have (A =1,....k; z) € [-1,1])
_ ix—1
()" o, () e

l ix \ L =
Noir () = A s M = D) (o — o)

Ny > 2,4y = 1,..,Ny and wy, (z)) = Hﬁ;l (A — TN, iy ); where TN, i\ =
cos((%) 7r) € [-1,1], ix = 1,..., Nx (Nx > 2) are roots of wn, (x)) =
sin (N) — 1) tasinty, zx = costy. Notice that xn, 1 = —1, zn, N, = 1.

In case of f € Cy ([71, 1]k) such that f (z) := g (z)), ¥ z € [-1,1]" , where
x = (21, .., Tx, ...,x) and g € C4 ([-1,1]), we get that

L8 (f) (@) = LYY (9) (@) . (127)

26
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by the maximum multiplicative principle (27) and simplification of (124).
We present
Theorem 41 Letx € (—1, 1)k, k € N—{1}, be fived, and let f € C" ([—1, 1]k ,R+),
n € N—{1}. We assume that fo () =0, for all a: |a| =1,...,n. Then
(M) (2k)" ! 72 1
’Lﬁ (f) (55) - f(x) < f a:rll(llaénwl foca Wﬁ ) (128)

8k?2 n 2k + 1
(n + 1! (Nmin — l)ﬁ'l n! (Nmin — 1) 4(n— 1)1 (Nmin — 1)% ’

—

VN = (N, Ny) €NF;N; >4, i =1, ..., k, and Npin := min{ Ny, ..., Ny }.
We have that _ lim L(NM) (f)(z) = f(x).

N —(o0,...,00)

Proof. By (26) we get:

28 (@ - 7@ ( max e ()

a:lal=n

k" i (M) n+1 (S (M) n
W(ZLM: (|ti*l’z'\ )(Ii)>+ ol (ZLM (Iti — i )(Iv:))

i=1 i=1
(129)
B2 k (M) i (122)
i (S ()
7T.2 kn+12n+2 kn2n+1 hkn712n
e2) h’ =: .
3 (N — 1) (ﬁa’fn“l (s )) [(n—kl)!h T TR 1)!} ©
. k (M) n (122) k on+1,.2 ontl, 2k
Above we notice that ;" Ly ([t: — ") (z:) < D20, AV S BN 1)
etc.
Next we choose h := (ﬁ) ™ then A" = (Nmilrl) and A"t =
N T
We have
(&) ~ f ! (130)
= — | max wi | fo, ——r-—+- )"
3 a\a|)=(n ! "/ Nmin — 1
k71,+12n+2 1 ]43"2” k;71,—12n—1 1
7+ + ,
M+ D! (N — 1)1 2! (Npin —1) 4 (n—1)! (Nmin—l)%

proving the claim. m
We also give
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Proposition 42 Letz € (—1, 1)k, k € N—{1}, be fived, and let f € C* ([—17 1]k ,R+).
We assume that %ﬁg‘f) =0, fori=1,....k. Then

19 (@ - 1) < (maxer (512 ))- a3

[(4/3)(1@2 N (2/3)kr? N 1 ]

Nmin_]- (Nmin_l) 8( Nmin_]-)

—

V N =(Np,....,Ny) €NF; N; >4, i=1,...,k, and Nyiy, := min{Ny, ..., Ny }.

We have that lim LYY (f)(x) = f ().
ﬁ—>(oo,...,oo N

Proof. By (31) we get:

199 () (@) - f (@) 'S (max @ (zgh» |

- i=1,...,k

k k
LA O (g 20?) () | + OD (14— 2al) (1) | + 2
[Qh (;LM ((tz ;) )(mﬂ) +3 (;LM (|t; — x4) (x5) | + 3 (132)
(next we choose h := (Nmiln%) 5, then h% = ﬁ)
(122) 8f 1
= AN O VN 1))
(4/3)(km)? (2/3)km? 1
133
[ Nmin_]-+(Nmin_1)+8( Nmin_]-) ’ ( )

proving the claim. m
It follows

Theorem 43 Let any = € [-1,1]", k € N — {1}, and let f € C4 ([71,1]16).
Then

e s < (145 e (). (3

2
(1) gy _ H < A’k v
[ZESREO R = (1 e (b)) 0)
VN =(Ny,...Ny) €NF; Ny >4, i =1, ...k, and Ny, := min{Ny, ..., Nj,}.
We have that _ lim L& () (@)= (), ¥V z:= (x1,....21) € [-1,1]F,

N—(c0,.00) N
uniformly.
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Proof. We get that (use of (44))

127 k
80 (1) (@) = /()] 2 (1 + % (ZLSVA?) (t: — i) <$>>>

(122) 1 92,2 1 472k
< wi(f,h) <1+h (Z?M)) <wi (f,h) (1+ 7 (W))

i=1
(137)
(setting b := ——)

min—1

w2k
= wy (f(Nmnl—l)) <1+43 ) Vaze(-1,1)F,

proving the claim. m
We make

Remark 44 The Chebyshev knots of first kind zy = cos (%W) €
(-1,1), k€ {0,1,...,N}, =1 < zno < zn1 < ... < Zn,N < 1, are the roots
of the first kind Chebyshev polynomial T (x) := cos ((N + 1) arccosz), x €
[-1,1].

Define (z € [-1,1])

2
hy e (z) == (1—x-xN,k)((Nﬂ];*(;(x)zmﬂ : (138)

the fundamental interpolation polynomials.
The Maz-product interpolation Hermite-Fejér operators on Chebyshev knots
of the first kind (seep. 12 of [4]) are defined by

_ Vieo b (2) f (@nn)

HN () (=) , VNEN, (139)
o Vi b (2)
for feCy([-1,1]),V z € [-1,1].
By [4], p. 287, we have
(M) 2m
Honia (| —al) (@) € 57 Yeel-L1, VN eN. (140)
And by [3], we get that
(M) m 2Mm
Hyniy (] — = )(x)ﬁma Veel-1,1],Vm,NeN. (141)
Notice HQ(]]\V,[L (1) =1, and Hé%il maps Cy ([—1,1]) into itself, and it is

a positive sublinear operator. Furthermore it holds \/2]:0 hyg(z) >0,V e
[-1,1]. We also have hy i (zni) = 1, and hni(zn;) = 0, if kE # j, and

HN L (F) (@ng) = f (@), for all j € {0,1,.., N}, see [4], p. 282.
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‘We need
Definition 45 Let f € C'y ([—1, 1]’“), ke N-{1}, and N = (Ni,..., N;,) € NF.

We define the multivariate Max-product interpolation Hermite-Fejér operators
on Chebyshev knots of the first kind, as follows:

HM (f)(2) =

2N+1
VI VI e Vi by (@1) Ay ia (%2) <o ohivy iy (@) F (BN, i1 s TN s oo TN )

N N:
vill—O szZ—O \/zk =0 hN1 i1 (371) th iz ( ) "'hNimik (xk)

)

(142)
V= (r1,...,2) € [1, l]k. Call Npin := min{ Ny, ..., Ni. }.

)

The operators Hé%ﬂ (f) (z) are positive sublinear mapping C ([—1, 1]k>

i (M) _
into itself, and H2ﬁ+1 (1)=1.

We also have

HY (1) (2) =

2N+1

\/i\lll 0 vf\zb 0- vlk 0 th 11 (.’1?1) hN27l2 (1’2) "hNk,ik (xk) f ($N17i17xN27i2’ "'>$Nk,ik)

ey (Vi ohwas (@)

)

(143)
Va=(x1,..Tx...,2Tx) € [—1, l]k, by the maximum multiplicative principle, see
(27). Notice that HQ(%IL (f) (TN igs oo TNg i) = F (TN gy ooy TNy ig ) -

‘We make

Remark 46 The coordinate Max-product interpolation Hermite-Fejér operators
on Chebyshev knots of the first kind, are defined as follows (A =1,....k):

U OhNA ix (1’)) g (xNAﬂ')\)

(M)

H. (9) (z) = ; (144)

i Vin= OhNA,M (zx)

VNyeN, andV z) € [-1,1],V g € C4 ([-1,1]).
Here we have (A= 1,....k; x € [-1,1])
Ty +1(2)) ?

e s —(1— 2y 2N, A , 145
i (02) = (1= on o) (e (115)

2(Ny—ix)+1 )
where the Chebyshev knots xy, ;, = cos (%ﬂ') € (—=1,1), 4y €{0,1,..., Na},

—1<an,0<zNn,1<...<2ZN, N, <1 arethe roots of the first kind Chebyshev
polynomial T, 11 (z)) = cos (Nx + 1) arccoszy), zx € [-1,1].

In case of f € Cy ([—1,1]k) such that f (z) == g(x)), V z € [-1,1]" and
g € C+([-1,1]), we get that

H () (@) = Hiy) 1 (9) (@2), (146)

by the maximum multiplicative principle (27) and simplification of (143).
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We present

Theorem 47 Letx € [—1, l]k, k € N—{1}, be fized, and let f € C" ([—17 1]k ,R+),
n € N—{1}. We assume that f, () =0, for all a: |a| =1,...,n. Then

HL (@) = @ < 272 (s o (ot ) )

2N+1 a:lal=n Y, Npin + 1
(147)
8k2 2k 1
— + | + nt2 |
(n+ D! (N + )77 2 Namin +1) 4 (= 1)1 (N + 1) 750

—

VY N = (Ny,..., Np) € N*, and Ny, := min{ Ny, ..., Ni.}.

. (M) _
We have that N’_‘(lior?..,oo)HQNH (f)(z) = f ().

Proof. By (26) we get:

1, (D@ - 1@ < max e ()

2N+1 lal=n

k —1

(nfnl)!h (ZH%)H (1t = ai™) (mn) O (H (s~ ") )

= (148)
n—2 (141)
h:, 1)! <Z H2N +1 ( |n71) (xZ)ﬂ <

e k.n+12n+1 kmon hkn_12n_1
(J\frnul+1> ( a1 e )) [(n+1)!h "o TR } = (9.

Next we choose h := (%)m, then h" = (%)m and A"t =

Nmin+1 Nmin+1
1
Npin+1-
We have )
=m (mﬂiafnm (fou Wm>) : (149)
(Qk)”Jrl N gn—1pn N gn—2fn—1
(n+ D! (N + D)™ 2 Nawin +1) 4 (= 1)1 (N + 1) 75 |

proving the claim. m
We also give

Proposition 48 Letz € [—1,1]", k € N={1}, be fized, and let f € C* ([—1, 1) ,R+).
We assume that agi:f) =0, fori=1,....k. Then

2 (@ -1 @< (oo (2L o2—))- a0
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2k2 7 n km n 1
VNuin +1 (Nmin+1) 8 (v Niin + 1)
-

VN = (Nl,...,Nk) € Nk, Nmin = min{Nl,...,Nk}.

. (M) -
We have that . lim H2ﬁ+1 (f) (z) = f(x).

(146) 9
2%, @ - 1@)] < (e (5L0))-

k k (M) 2 1 k h
[% (ZH2N1-+1 ((ti - i) ) ) t3 <ZH2N 1 ([t — i) (= )) +3

i=1 =1
(151)
(next we choose h := \/ﬁ, then h* = 1+1)
(121) af 1
= = 0y VN + 1
2k2 k 1
L ™ i (152)
VNmin + 1 (Nmin+1) 8 (VNpin + 1)

proving the claim. m
It follows

Theorem 49 Let f € Cy ([—1, 1]k), ke N—{1}. Then

Y D@ - f@)] < @k () 05)

2N+1 Npin + 1

Vxe[-1, 1]k, and¥ N = (N1, ..., Ny) € N¥, where Nyiy := min{ Ny, ..., Ni. }.

That is
(M
HH2N+1 fH 2k + 1) wn (f’ Niin + 1) (154)
We get that
: (M) _

(=7, (155)

uniformly.
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1042 Anastassiou 1011-1046



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.6, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Proof. We get that (use of (44))

HY (@) - f @] e (h) ( (zﬂ%gl e (e )>>

T ()

(setting h := ﬁ)

k
(f, len+1> (14+2km), Yzel[-1,1]",

proving the claim. m
We make

Remark 50 Let H%W) denote any of the Mazx-product multivariate operators
studied in this article: BLM), TJ(VM), U(_>M), Tg”), MLM), LY and HYD . we
N N N N N aN+1

observe that an important contraction property holds:

[0 || =11 (157)

and
|o5” (05" D). < le5” D] <191 (158)
: ”(9%4))2(f)"m < fllos - (159)

and in general holds
[(e5") ) < H(e%”))"l (f)H S S . YneN.  (160)

We need the following Holder’s type inequality:

Theorem 51 Let (), with the ly-norm |||, be a compact and convex subset of
RF, ke N—{1} and L : Cy (Q) — C4 (Q), be a positive sublinear operator and
f,9 € C1(Q), furthermore letp,q > 1 : %Jr% = 1. Assume that L ((f (:))") (s4),
L((g(-)") (s«) >0 for some s, € Q. Then

L(F()g (D) () < (LSO ()7 (L g (DD (s.)7. (161)
Proof. Let a,b >0, p,g > 1: ]l? % = 1. The Young’s inequality says
al bl
ab< -+ (162)
33
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Then

O I O R
T OP) )7 (L)) )
(f ()" (9(5))" .
P EGONE) @Oy €@ (163)
Hence it holds
LU (g0 () . 6
T OF) (50)7 (L (g (D (5.)F
(L) EO ) 11
P L)) TaE @) ey p g b @

proving the claim. m
By (161), under the assumption Ly (|| - a:H"H) () >0, and Ly (1) =1,

we obtain N
Ly (= 21" @) < (Ly (1= 21") @)™ (165)
in case of n = 1 we derive
Ly (|- = 2l) (2) < ¢ (Lv (I = 2I?) @)). (166)
We give
Theorem 52 Let QQ with ||-|| the ly-norm, be a compact and convex subset of

R¥, ke N— {1}, and f € C, (Q). Let {Ln}nen be positive sublinear operators
from C4 (Q) into itself, such that Ly (1) =1,V N € N. We assume further
that Ly (||t — z|)) (z) > 0, ¥V N € N. Then

ILn (f) (@) = f ()] < 2w1 (f, L ([t = 2) (2)), (167)
VNEeEN, z=(x1,...,2r) € Q; t = (t1, ..., tx) € Q, where
w1 (f,h) = S |f (x) = f ()] (168)
lz—ylI<h

If Ly (IIt = 2|) (x) — 0, then Ly (f) (z) — f (z), as N — +oc.

Proof. By Theorem 13. m
We need

Theorem 53 Let (Q,|-]]), where ||-|| is the l1-norm, be a compact and convex
subset of R¥, k € N — {1}, and let z € Q (v = (v1,...,w1)) be fived. Let
feC™(@Q),neN, h>0. We assume that f, () =0, forall a:|a|=1,...,n.

34
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Let {Ln}nen be positive sublinear operators from Ci (Q) into Cy (Q), such
that Ly (1) =1,V N € N. Then

Ly () (&) —  (2)] < < max o, (fmh)) -

a:lal=n

Ly || _ .7,‘Hn+1 (,7;) Ly (| L x”n) (JZ) h o
((n—i—l)!h) + | 2n! +8(n_1)!LN (H_l"” )(37) )

(169)

VY N eN.

Proof. By (19) and (25). =
It follows

Theorem 54 All as in Theorem 53. Additionally assume that Ly (|| - x||n+1) (x)
>0,V N eN. Then

1 n
Ly () (@)~ @) < 5 (3+ 4<n+1>) |

<aﬁﬁfn“” (fa’tnj—l) (LAr(H'—-xH"+1)(x))"ll>) (LA,(”.__xH"+1>(x))ﬁ%T’

(170)
VNEeN, z=(x1,...,2,) €Q, w1 as in (168) for f,.
IfLy (||. - x||"“) () — 0, then Ly (f) (z) — f (z), as N — +oo.

Proof. By Theorem 51 notice also that

Ly (=) @) < (L (I = 2l @) 7 ()
We choose L
hie (n—li-l) (zn (1 ==Y @)™ > 0. (172)
That is
(1) =Ly (Il = 2" (@), (173)

We apply (169) to have (see also (165) and (171)).

Ly () (@) — f (2)] < < max o, (fmh)) -

a:lal=n

Ly (|| - x||"+1) (2) (LN (” _ z||"+1> (z))"%
(n+1)h + o

+ (174)
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8(nh_ ey (e (””)>+} =

(s e (oo gy (B (1= 2l ) ™) )-

R+ 1" ()" R e+ )]
(n+1)! 2n! §(m—1)! |

(s e (oo gy (B (1= 2l ) ™) )

m+1)"" m+1D" (n+1D)"! 1 n o
(n+ 1) onl an_m!(n+n"@W(”_x”H>@D -

ot o) (s (o gy (o (=) @) 7))
(e (1 =2 ) @)™ (175

proving the claim. m
Final application for n = 1 follows:

Corollary 55 Let (Q,|-||), where ||-|| is the ly-norm, be a compact and convex
subset of R¥, k € N — {1}, and let z € Q (x = (v1,...,71)) be fized. Let
feC(Q). We assume that chfi () =0,i=1,....k. Let {Ln}nen be positive
sublinear operators from Cy (Q) into Cy (Q), such that Ly (1) =1,V N € N.
Assume that Ly (|| - x||2) (r) >0,V N € N. Then

Lx (D@~ F o) < 32 (s or (52,5 (B (1 =217 @) )):

(Lo (I ==l) @) (176)
¥V N eN.
HLNOM—Mﬁ@QHOJMnLﬂﬁ@Qﬁf@maMVﬁ+m.
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NEW DYNAMIC INEQUALITIES ON TIME SCALES BY
USING THE SNEAK-OUT PRINCIPLE

S. H. SAKER!, M. M. OSMAN! AND I. ABOHELA?

ABSTRACT. In this paper, we extend and improve some dynamic inequalities
by using the sneak-out principle with different exponents on time scales. The
main results can be used to formulate the corresponding discrete inequalities
of Bennett and G-Erdmann type.

2010 Mathematics Subject Classification:34A40, 34N05, 26D10, 26D 15,
39A13.

Key words and phrases. Hardy’s inequality, sneak-out principle, dy-
namic inequlities, time scales.

1. INTRODUCTION

In 1967 Littlewood [9] formulated some problems concerning elementary in-
equalities for infinite series in connection with some work on general theory of
orthogonal series. One of the simplest (non-trivial) examples is the following
inequality

(o] n (e 0]
(1.1) Zai (Z azAk> <K Z ab A2
n=1 k=1 n=1

where a,, is a non-negative sequence and A, = > ;_; ag. One of such problems
that has been proposed by Littlewood is to seek to know whether a constant K
exists such that the inequality (1.1) holds. In other words, is it possible to get
the term Ay out from the inner sum in (1.1) and if this happened what is the
smallest value of K which preserves on the direction of the inequality? Bennett
[4] proved this for the special case when the sequence a,, is decreasing, and he
showed that the inequality (1.1) holds with K = 2. His proof based on the fact
that a, < nA, (noting that a, is decreasing) and the application of Cauchy’s
inequality and the classical discrete Hardy’s inequality. The generalization of the
Littlewood inequality (1.1) which has not been considered before is given by

L2) S g (z azAk) K @AY, b1,
n=1 k=1 n=1

where K is a positive constant. Motivated by the work of Littlewood [9] Bennett
and G-Erdmann [5] considered the inequality

w Ya (z Aggk) < Kap)S andt (zgk) |
k=n n=1 k=n

n=1
1
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and determined the value of K for different values of p and «. In particular,
Bennett and G-Erdmann [5, Theorem 8] proved that if & > 1 and p > 1, then

o) o p e 0 p
(1.4) > an ( A%gk) < (L+apf’ )y an Ay (Z gk) ,
k=n n=1 k=n

n=1

where g¢,, is a non-negative sequence and A, = Y ;_; aj, for any n € N. In [5,
Theorem 9] the authors proved that if p > 1 and 0 < « < 1, then

W S (z Akgk> S aa (zgk)
n=1 n=1 k=n

Also in [5, Theorem 10] they proved that if p > 1 and —1/p < a < 0, then

(1.6) Zan ( Akgk) > (1 i;jip) ZanAap (Z gk>

n=1 n=1

Motivated by the above work, we believe that the study of dynamic inequalities
will help in proving several results for classical integral inequalities and inequal-
ities involving discrete sequences. The three most popular examples of calculus
on time scales are differential calculus, difference calculus, and quantum calculus,
ie, when T=R, T=Nand T = ¢ = {¢* : t € Ny} where ¢ > 1. We assume
that the reader has a good background in time scale calculus. For dynamic in-
equalities on time scales, we refer the reader to the books [2, 3] and the papers
[1, 7, 10, 11, 12, 13]. For instance, we recall some related results.

Saker, O’Regan and Agarwal [13] proved a new inequality of Hardy type of the

form

o (A%(t))P P P/oo (o(t) — a)v(p—l)
(1.7) /a (o(t) —a)” t< N1 i (t — )0 Dp gdP(AL, p, v>1,
where A(t) := f g(s)As, for t € [a,00)r and employed it in the proof of the

extension of (1 2) on time scales. In particular they proved that if p, v > 1 and
g is a nonnegative rd-continuous and decreasing function, then
(1.8)

OOM = p o P O b AT D
/a (A7 (1))>P (/a a’(s)A (5)A5> At < = 1)/a [aP () A% (t)]P At,

where A(t) = f(f a(s)As, for t € [a,00)r. Bohner and Saker in [7] employed the
Minkowski inequality [6, Theorem 6.16] on time scales
(1.9)

(/abrha)\ru<t>+v<t>\w)”p [/ o \w] [/ o rw} |

where a, b € T, u, v € Cy4([a, bJr, R), p > 1 and established the time scale
versions of the inequalities (1.4), (1.5) and (1.6). In more precisely, they proved
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SOME NEW DYNAMIC INEQUALITIES ON TIME SCALES 3

that if a(t), g(t) are nonnegative rd-continuous functions on [tg, c0)T, then for
a>landp>1

[e. o]

(1.10) / T AU (BAL < (1 + ap)? / alt) (A7 (1)) < /t - g(s)As)pAt,

to to

where
\If(t):/too (A%(s))*g(s)As and A(t):/t a(s)As,

andif 0 < a <1, p>1, then

o0

(1.11) /OO AT ()AL < (1 —I—p)p/

to to

at) (A7 (1)) ( /t b g(s)As)pAt.

Also in [7] they proved that if —1/p < « <0 and p > 1, then
(1.12)

[ ewwmar > (o [ o o ([ stas)

Our aim in this paper is to apply the sneak-out principle which is given in the
inequalities (1.10) and (1.11) to prove some new inequalities with different expo-
nents for the given values of . Also we prove a new dynamic inequality which
as special case improves the inequality (1.12).

2. MAIN RESULTS

Before we prove our main results, we briefly introduce some basic definitions
and results concerning the delta calculus on time scales that will be used in the
sequel; for more details we refer the reader to the book [6]. A time scale T is an
arbitrary nonempty closed subset of the real numbers R. We assume throughout
that T has the topology that it inherits from the standard topology on the real
numbers R. The forward jump operator and the backward jump operator are
defined by o(t) := inf{s € T : s > t}. A function f : T — R is said to be
right—dense continuous (rd—continuous) provided f is continuous at right—dense
points and at left-dense points in T, left hand limits exist and are finite. The
set of all such rd—continuous functions is denoted by C,4(T). The graininess
function p for a time scale T is defined by pu(t) := o(t) — ¢, and for any function
f: T — R the notation f?(t) denotes f(o(t)). We define the time scale interval
[a,b]T by [a,b]r := [a,b] N T. Recall the following product and quotient rules
for the derivative of the product fg and the quotient f/g (where gg° # 0, here
g% = goo) of two differentiable function f and g

A A A
(1) (o) =S89+ 79" = fg + [2g", and @ -
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The chain rule formula on time scales [6] is given by (here z : T — (0,00) is
assumed to be differentiable)

(2.2) = [ [ha® + (1 — h)z]" L dha?(t), veR.

O\H

In this paper we will use the (delta) integral which we can define as follows. If
GA(t) = g(t), then the Cauchy (delta) integral of g is defined by fjg(s)As =
G(t) — G(a). The integration by parts formula on time scales reads

b b
(2.3) / u(t)v® (t) At = [u(t)o (1)) — / u® (v () At.

Holder’s inequality [6, Theorem 6.13] states that any two rd-continuous functions
u, v : T — R satisfy

(2.0 /ru |At<[/ u(t rw} [/ jo(t rmt} |

where p > 1, % —{—% =1 and a, b € T. Throughout this paper, we will assume that
the functions in the statements of the theorems are nonnegative and rd-continuous
functions and the integrals considered are assumed to exist.

The following dynamic inequality of Copson’s type on time scales [3], will be
used later to prove the main results.

Theorem 2 1. Assume that a : T — R is rd-continuous function and define
j; s)As, t € T. Let ¢ : T—>R+ and define

(2.5) B (1) i /t T a(s)p(s)As, LET.

If k>1and 0 <c <1, then

© 4 _ koo
26 [ @) ars (F) [Taw eyt a

Our main results are given in the following. For simplicity, we define

(2.7) Qt) :== /too g(s)As, and Y(t):= /too (A%(s))* g(s)As, t € T.

Theorem 2.2. Lettg € T, > 1, p > 1 and q, r > 1 such that r > q and
(r—q)/(p—q)>1. Then

P

@8 [ a0woars Kiopan ( | ey ey At) o

to to
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SOME NEW DYNAMIC INEQUALITIES ON TIME SCALES 5
where
(1+a7n)r(pw) r—q
Ki(a,p,q,r) @ = 1+ ag) @
aq
p—q 2(r=p)

o0 2r—gq 2r—q o0 2r—q 2r—q
« < / (0 At) < / a3 (1) At) .
to to

Proof. We first observe that

/t :O a(t) VP () At = /: (ai’»‘Z (t)qf(qu)(to <a:‘§ () w = (t)> At

Applying Holder’s inequality (2.4) with indices (r—q)/ (p — ¢) and (r—q)/(r—p),
we obtain

bp—gq r—p

/: a(t)UP(t) At < </: a(t)q,r(t)m> = </: a(ﬂqjq@)ﬁ) =

By using (1.10) to the two integrals on the right-hand side with p = r and also
with p = ¢, we get that

/ TanWmAt < (1+an) (/ ) (A% () </t ) g(s)As)rAt> -

to to

p

« (14 ag) =7 < /t :o a(t) (A7 (1)) < /t - g(s)As> ! At) &

Applying Holder’s inequality (2.4) with indices (2r —¢)/r and (2r —q)/(r — ¢) to
the integral

/ " alt) (A7 (5)°7 (1)) At,

to
also applying it again on the integral

/t " alt) (A7 (6)° (1)) At,

with indices (2r — ¢q)/q and (2r — q)/2(r — q) and combining the result, we get
that

o0 e 2r— ﬁ

a0 oy se< s ([ @wrawr )"

to to

which is the desired inequality (2.8). The proof is complete. U
Proceeding as in the proof of Theorem 2.2 and using inequality (1.11) instead

of (1.10), we can obtain the following result.

Theorem 2.3. Lettp € T, 0 < a<1,p>1andq, r > 1 such that r > q and
(r—q)/(p—q) > 1. Then

29) [ awOa< K. ( | e e At) -

to to
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where

1

(1+ T)T(P—Q) T—q
(1+ q)q(p—r)
P—q 2(r—p)

S 2r—q 2r—q oo 2r—q 2r—q
([ ) ([t ) 5
to to

The next result follows from Theorem 2.2 by choosing r = p and ¢ = p — 1.

KQ(pa Q77a) =

Corollary 2.1. Letp > 1 and a > 1. Then
o0 S8 %
p
e [ awoas Ki) ( J GO At) ,
to to

where

_1
p+1

Kao) = 1+ ap)” /: () At)

Remark 2.1. In Theorem 2.2 when T = R, we have that

w(t) = /t T A% (s)g(s)ds, A(t) = / a(s)ds and Q(t) = / T g(s)ds, tER,

to t

and then from (2.8) we obtain the following new integral inequality

) S 52—
e | a(t)@ﬂ(t)dtsm(a,p,q,r)( 0= <Q<t>>2”—th) o
to to
where
1
1+ ar r(p—q) | T—a
Ki(a,p,q,v) : = %
(14 ag)?™®
2(r—p)

S T 2r—q 2r—q 2r—q
X (/ ar—a ) (/ a20r=a) ( dt) .
to
Remark 2.2. In Theorem 2.2 when T = N and ng = 1, we have that
ZAC‘ = _alk)
k=1

and then from (2.8), we get the following discrete inequality of Bennett and G-
Erdmann [5] type

o0

(2.12) Za(n)\llp( ) < Ki(a,p,q,7 ZAO‘ @r=a)(p, (Zg ) ,

n=1
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where
1

(14 Oz?")r(p_q) T
1+ aq)q(P*T)

pfq 2(r—p)

ey 2r—gq 2r— 2r—gq 2r—q
X a4 (n) aw 9 ( .
n=1

Remark 2.3. Settingr =p andg=p—1 in (212) yzelds the following inequality

oo 00 p+1\ p+1
(213) Y a(n)¥(n) < Ky(a,p) ZA"‘(”“ (n) (Z g(’ﬂ)) ,
k=n

n=1

Kl(aapaQ7r) L=

where )
[es) p+1
Ki(o,p) = 1+ ap) [ > a?™ (n) -
n=1

An improvement of the dynamic inequality (1.12) is obtained in the following
Theorem.

Theorem 2.4. Let to € T, —1/p < a <0,p>1 and q, r > 1 such that r > q
and (r —q)/(p —q) > 1. Then

(2.14) /: o(8) (A°(6)°7 (t))P At
= folenen Uoo a(t) (A% (1) (L (1))’ At} i
x [/: (£) (A7 ()P~ ( ())qm} ?ié”
where } N
= (252) ()

Proof. In this proof for brivity, we set

b(t) := (A7 (1)) g(t)-
Then the left hand side of (2.14) can be written in the form
(2.15)

/ " alt) (A7 (1)) QP ()AL = /t :o alt) (A7 (1)) < /t h mAs)p At.

to
Integrating the term [ (A7(s)) “b(s)As by parts, with u®(s) = b(s) and
v7(s) = (A7(s))” ", we have

/ " (A%(5)) 7 bls)As = u(s) (A(s) [ — / " u(s) ((A()) As,
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where u(t) = — [ b(s)As = —¥(t), and so (note that A(t) < A?(t) and —a > 0)

o0

[ e eueas = v e [ e (Ae) )t as

t
< WO+ [ ) (AE) )5 A
t
Using the following inequality (see [7, Lemma 2.2])

(2.16) ST < AUy i 0<y<1, A0,
with f = A and v = —q, we observe that

) A a(s) ’
((A(s)™7) Sﬁa(s))aﬂ

(note that 0 < —a < 1).
This gives us

% Aoy oiy—a [T _als)¥(s)
(2.17) /t (A7(5)) ™ b(s)As < W(t) (A7(£) ™ + /t e et

Substitute (2.17) into (2.15) and using the Minkowski inequality [8, Theorem 2.1]

(2.18) /ab ()| [ult) + v () At
< [( / " Iho) ol ae) + ([ " Iho) ol at)’
ﬂ%—qp)

x {(/jh(t) |u(t)|th)3 n (/abw)' |U(t)|th)3

for r > ¢ such that 7, ¢ > 1 and (r — q)/(p — q) > 1, we obtain

/: alt) (A (1)) (/too mAsY At

< /: a(t) (A7 (1)) <\If<t> (A7(0)™" + /t ) (Zf,s()j)(fllﬁsym
= [</t:o a(t) (A7 ())*P—) (\If(t))rAt>r + (/: a(t) (A7 (t))*? (@(t))TAt> ]
% ( [ atw ey N

X [< /: a(t) (A% ()P~ (W (1)) At) + d(1))* At> !

where

. * a(s)¥(s
B(t) = /t (A(U ()S))(QLA
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Applying Theorem 2.1 with 0 < ¢ = —ap < 1, and @(t) = U(t)/ (A7 (t))*™, we

have
(2.19) /t " alt) (A7 () (B(1)" At
r S o /T tap U(t) "
< (115) [ arw) <( Aa(t))aﬂ) At
- (15) [[aweoren wor
and
(2.20) /t a(t) (A7) (9(1))? At

LS

(1 n ap>q /°° a(t) (A7(1))"%9 (B(1))? At.

to
From (2.19) and (2.20), we get that
r(p—q)

/: alt) (A7 (1)) (/too szg))aAsYAt

<m> (/00 a(t) (Aa(t))a(}?*r) (W) At) i] r—a

to

<m> ( /t :o al(t) (A7(£))°P~ (W) A t>é

r(p—q) p—q

- (B [T aw e @y ad

to

a(r—p)

< (Fraeer) o [ oy oy ai]

which is the desired inequality (2.14). The proof is complete. U

Q

Remark 2.4. As a special case of (2.14) when r = p, we get the inequality (1.12)
which has been proved by Bohner and Saker.

Remark 2.5. In Theorem 2.4 if T =N and r = p, then inequality (2.14) reduces
to the discrete inequality (1.6) due to Bennett and G-Erdmann.
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ADDITIVE-QUADRATIC FUNCTIONAL INEQUALITIES IN FUZZY NORMED
SPACES AND ITS STABILITY

CHANG IL KIM AND GILJUN HAN*

ABSTRACT. In this paper, we investigate the functional inequality
N(fQ2z+y) + f(2r —y) — 6f(x) — 2f (=) — f(y) — F(=v), 1)
2 N(f(z+y) + flz—y) —2f(2) = fly) — f(—y), kt)
for some fixed real number k£ and prove the generalized Hyers-Ulam stability for it in fuzzy Banach

spaces.

1. INTRODUCTION
In 1940, Ulam proposed the following stability problem (cf. [28]):

“Let G1 be a group and G5 a metric group with the metric d. Given a constant § > 0, does there
exist a constant ¢ > 0 such that if a mapping f : G; — G satisfies d(f(zy), f(z)f(y)) < ¢ for all
x,y € G1, then there exists an unique homomorphism 4 : Gy — G5 with d(f(x), h(z)) < 0 for all
x € GL?

In the next year, Hyers [13] gave a partial solution of Ulam’s problem for the case of approximate
additive mappings. Subsequently, his result was generalized by Aoki ([1]) for additive mappings and
by Rassias [22] for linear mappings to consider the stability problem with unbounded Cauchy differ-
ences. During the last decades, the stability problem of functional equations have been extensively
investigated by a number of mathematicians (see [3], [4], [5], [10], and [18]).

In 2008, for the first time, Mirmostafaee and Moslehian [15], [16] used the definition of a fuzzy

norm in [2] to obtain a fuzzy version of the stability for the Cauchy functional equation

(L.1) fl+y) = flx)+ fy)
and the quadratic functional equation
(1.2) fl@+y)+ fle—y) =2f(x) +2f(y).
In [11], Glényi showed that if a mapping f : X — Y satisfies the following functional inequality
(1.3) 12f () + 2 (y) — flay™ I < I (@y)ll,

then f satisfies the Jordan-Von Neumann functional equation
2f(a) +2f(y) — flzy™") = f(ay).

2010 Mathematics Subject Classification. 39B62, 39B72, 54A40, 47H10.
Key words and phrases. Hyers-Ulam stability, additive-quadratic functional equation, fuzzy normed space, fixed

point theorem.

* Corresponding author.
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Glényi [12] and Fechner [9] proved the Hyers-Ulam stability of (1.3). Park, Cho, and Han [21] proved
the Hyers-Ulam stability of the following functional inequality:

(1.4) 1 (@) + F() + f <[l f(z+y+ 2.

Further, Park [20] proved the generalized Hyers-Ulam stability of the Cauchy additive functional
inequality (1.4) in fuzzy Banach spaces using the fixed point method if f is an odd mapping.

In this paper, we investigate the following functional inequality

N(f(2z+y) + f(2x —y) —6f(z) — 2f(—z) — f(y) — f(~v), 1)
> N(f(x+y)+ fle—y) —2f(x) — fly) — f(~y), kt)

for some fixed nonzero real number &k and prove the generalized Hyers-Ulam stability for (1.5) in

(1.5)

fuzzy Banach spaces by fixed point methods.

2. PRELIMINARIES

In this paper, we use the definition of fuzzy normed spaces given in [2], [16], and [17].

Definition 2.1. Let X be a real vector space. A function N : X x R — [0,1] is called a fuzzy
norm on X if for any z,y € X and any s,t € R,

(N1) N(z,t) =0 for t <0;

(N2) z =0 if and only if N(z,t) =1 for all t > 0;

(N3) N(cx,t) = N(=x, \%I) if ¢ #0;

(N4) N(z +y,s+t) > min{N(z,s), N(y,t)};

(N5) N(z,-) is a nondecreasing function of R and lim;_, N(z,t) = 1;
(N6) for any x # 0, N(z,-) is continuous on R.

In this case, the pair (X, N) is called a fuzzy normed space.

Let (X, N) be a fuzzy normed space and {z,} a sequence in X. Then (i) {z,} is said to be
Cauchy in (X, N) if for any ¢ > 0, there exists an m € N such that N(z,4p — 2,t) > 1 — ¢ for all
n > m, all positive integer p, and all ¢ > 0 and (ii) {z,} is said to be convergent in (X, N) if there
exists an z € X such that lim, oo N(z, —z,t) =1 for all ¢ > 0. In this case, x is called the limit
of the sequence {x,} in X and one denotes it by N — lim,, o z,, = .

Sequences of fuzzy numbers using the fuzzy metric or the fuzzy norm was studied by Das [6],
[7], Tripathy et al. [23], Tripathy and Borgohain [24], [25], Tripathy and Dutta [26], Tripathy and
Debnath [27] and others.

Example 2.2. For example, it is well known that for any normed space (X, ||]|) and any nonnegative
real number ¢, the mapping Nx : X x R — [0, 1], defined by
0, if £ <0

Nx(l‘,t) =

t .
W, lft>0,

is a fuzzy norm on X ([16], [17], and [18]).
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It is well known that every convergent sequence in a fuzzy normed space is Cauchy. A fuzzy
normed space is said to be complete if each Cauchy sequence in it is convergent and a complete

fuzzy normed space is called a fuzzy Banach space.

In 1996, Isac and Rassias [14] were the first to provide applications of stability theory of functional
equations for the proof of new fixed point theorems with applications.

Theorem 2.3. [8] Let (X,d) be a complete generalized metric space and let J : X — X be a
strictly contractive mapping with some Lipschitz constant L with 0 < L < 1. Then for each given
element v € X, either d(J"z, J" 1x) = oo for all nonnegative integer n or there exists a positive
integer ng such that

(1) d(J"z, J"z) < o for alln > ng ;

(2) the sequence {J™x} converges to a fized point y* of J ;

(3) y* is the unique fized point of J in the set Y = {y € X | d(J™z,y) < co};
1

(4) d(y,y") < -1 d(y, Jy) for ally €Y.

Throughout this paper, we assume that X is a linear space, (Y, N) is a fuzzy Banach space, and

(Z,N') is a fuzzy normed space.

3. SOLUTIONS OF (1.5)

In this section, we investigate the solution of (1.5) in fuzzy spaces. For any mapping f : X — Y,

let
Ap(a,y) = fQRz+y) + 22 —y) = 6f(2) = 2f (=) — f(y) — f (=),
By(,y) = flz +y) + flz —y) = 2f(2) = fy) — f(-v),
Ciz,y) = fl@+y) = f(x) = fy), Ds(z,y) = f(z—y) = f(2) + f(y),
and
iy = 1OIED @S

Then f, is an odd mapping and f, is an even mapping. By (N5), we can easily prove the following

lemma.

Lemma 3.1. Let a; : [0,00) — [0,00)(i = 1,2,---,n) be mappings and r a real number with r > 1
and Y, z,21,22, -, 2n, € Y. Then we have the following :
(1) If N(y,t) > min{N(z,r*t), N (21, a1(t)), N(22,22(t)), - - -, N(2n, an(t))} for all t > 0 and all
k € N, then
N(y, 1) > min{N (21, 01(8)), N(z2, 03(8)), -+, Nz, an(t))}
for allt > 0.
(2) If N(y,t) > min{N(y,rt), N(z1,a1(t)), N(z2,a2(t)), - -, N(zn, an(t))} for all t > 0 and o;(i =

1,2,---,n) is non-decreasing, then
N(y,t) > min{N(z1, a1(t)), N(z2, a2(t)), - -, N(zn, an(t))}

for allt > 0.
(3) If N(y,t) > N(y,rt) for all t > 0, then y = 0.
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We establish the following theorem using Lemma 3.1 :

Theorem 3.2. Let f : X — Y be an odd mapping. Suppose that a and b are real numbers with
a>4 and b > 2. Then f is an additive mapping if and only if f satisfies the following inequality

(3.1) N(Af(z,y),t) > min{N(Bs(z,y),at), N(By(y,2z),bt)}
forallx,y € X and allt > 0.

Proof. Suppose that f is a solution of (3.1). Letting x = 0 and y = 0 in (3.1), we get f(0) = 0.
Letting y = 0 in (3.1), by (N2), we get

(3.2) f(2z) = 2f(x)

for all x € X. Letting y = 2y in (3.1), by (3.2), we have

(3-3) N(Bj(x,y),t) > min{N(By(z, 2y), 2at), N (B (y,z), bt)}

for all z,y € X and all ¢t > 0. Putting x = 2z +y and y = z in (3.3), we get
N(fBz+y)+ flz+y) = 2f(2z +y),1)

> min{ N (f(4z +y) + f(y) — 2 (2x + y), 2at), N(f (32 +y) — f(z +y) — 2f (), bt)}
(3.4) > min {N(f(4a: +y)+ f(y) — 2f (22 + y),2at),N(f(2x +y)— flz+y) — f(z), %t)7

b
N(fGBr+y) + flz+y) —2f(22+y),5t) |
for all z,y € X and all t > 0. Since b > 2, by (3.4) and Lemma 3.1, we have
N(fBz+y)+ flz+y) —2f(2z+y),t)

> min {N(f(4x+y) + fly) — 2f(2x+y),2at),N<f(2x—|—y) —flr+y) — f(x)ygt)}

(3.5)

for all #,y € X and all ¢ > 0. Letting # = 2 +y and y =  in (3.3), by (3.5), we get
N(fQ2z +y) + f(y) —2f(x +y). 1)
> min{N(f(3a +y) — fw —y) = 2/(x + 1), 2at), N(f(2 + y) — F(y) - 2/ (x),b)}
> min {N(f(32 +1) + f(z +1) =2/ (20 +), 51). N (£22+y) + f(y) = 2f(z + ), 5t)
36) V(@) = f@ =) =27().51) N2 +y) ~ f) ~ 2/(x).br) }
> min { N (74 + ) + f(3) 22 +9),0%0), N (22 +) — f(o +3) — (@), D),
N(f@r+y) + 1) = 2f@+y). 5t) N(f@+y) = f@ —y) = 2/(). 5t).

N(f2x+y) - f(y) - 2f(2),bt)}
for all z,y € X and all ¢t > 0. Since a > 4, by (3.6) and Lemma 3.1, we have

N(f(22+y) + [ (y) = 2/ (z + y).1) = min { N (f(4z + y) + [ (y) - 2/ (22 + y), 0t ),
61 N(fr )~ f )~ f@), G0N (F@+ o) - a—y) ~26(), 1),
N(f(2z+y) = f(y) — 2/ (@), b1)}
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for all 2,y € X and all £ > 0. Letting y = 2y in (3.7), by (3.2), we have
N(f(x+y)+ fly) — flz+2y),1)
> min {N(F(2 +9) + 1) — 2f(a -+ 9),0%), N (2f (2 + ) — [+ 29) — [la), 1),
N(f(w+2y) = [ (2 = 2y) = 4/ (9),at), N(Cy(w,9),b0)}
(38)  =min{N(Qrt+9)+ 1)~ 20+ )00, N (F) + @ +y) ~ o+ 20), %),
N(f (e +2y) — f( — 29) — 4 (y), at), N(Cy (o), min { % 511) )
> min {N(f(2 +1) + () = 2f(z +),*0), N (f() + fla+y) = fz +2), 7).
N(fla=29) = f(@ =) + Fw). 5t), N (Drla.). 5¢), N (Cpa,y),min { 3,0 }t) |

for all z,y € X and all ¢t > 0, because b > 2. Since a > 4, by (3.8), we have

N(f(z+y)+ f(y) = f(z +2y),t) > min {N(f(Qx +y) + f(y) = 2f (z +y),a’t),
(3.9) a a a
N(flw=2y) = flw =)+ ). 7t), N (Ds(w.y). 7). N (Ol ) min { T.0}¢) |

for all z,y € X and all ¢t > 0. Interchanging = and y in (3.9), we have

N(f(22+y) — f@+y) — (), 1) > min {N<f<x+2y>+f<>—2f< y).a%t),
N(f@r =9 = #@ =9 = £, §), N (Dste9), ) N (Crtw ), min {5, 0}1) }
> min { N (f(@ +2y) = f(e +1) = Fv). ?s) N(f(2:v —y) — fla—y) - f@), 71);
N(Df(x,y),%t),N(cf(x,y),min{%,b}t)}

> min { N (£(22 +1) ~ F(o+9) — F(2). 1) N (£~ 2) — F@ - 9) + (). 5.
N(f(%—y)—f(:v—y)—f(w)7%t)N(Df(w,y),%t)W(Cf(%y),min{%,b}t)}

(3.10)

for all ,y € X and all ¢t > 0. Hence by Lemma 3.1 and (3.10), we have

N(f(2z+y) = fla+y) = (). 0) > min {N ({20 —y) = fla —y) - f@), T).
(3.11) 5

N(flw=29) = flw—9)+ ). Gt). N (Dse,y), 5t) N (Cse,y),min { .6} ) |
for all z,y € X and all ¢ > 0, because a > 4. By (3.11), we have
a2
N(f(2a+y) = f(o+y) = f@), ) = min {N (22 +y) = fl@+y) - f(@), 551).
4 3

(12 N(fla+29) — fla+y) — F). 1) N (e = 29) = f@ =) + ), Tt).

N(Df(a:,y),min {%,b}t),N(Cf(x,y),min {%,b}t)}
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for all z,y € X and all ¢ > 0. Thus by Lemma 3.1 and (3.12), we have
N(f(2z+y) — flz+y) — f(z),1)
at a?
(313) = min{N(f@z+2) ~ @ +y) ~ 1), 551) N (f@ —20) = fla—y) + FW). 5t

N(Df(x,y),min{%,b}t),N(Cf(x,y),min {Z,b}t)}

for all ,y € X and all ¢t > 0. Interchanging = and y in (3.13), we have
N(f(z+2y) — flz+y) — f(y),1)

2min{N(f(2x+y)—f(x+y) ),N(f 2z —y x—y)—f(m),g—gt),
(3.14) N(Df(x,y),min{%,b}) (Cf(x Y), mln{%,b}t)
>m1n{ flx+2y) — flx+y) — 210t)7N<f x—2y)— f(x —y)+f(y)7(2l—§t)7

(o 3} e )

for all z,y € X and all ¢ > 0. By Lemma 3.1 and (3. get
3

14), w
N(f(+2y) — fa+y) - min { N (f(x —2y) = (= = 9) + F(). Z5t)

V(o) (ot 31

> min {N (f(@+2y) - fl@+1) - f), 26t),N(D, (z.y)min { T,0}1),

N(Of(x,y),min{%,b}t)}

for all #,y € X and all ¢ > 0. By Lemma 3.1 and (3.15), we get

N(f(z+2y)— fz+y)— fy),t) > min{N(Df(x,y),min{%,b}t),

N(C’f(x,y),min{%,b}t)}

for all ,y € X and all ¢t > 0. Interchanging = and y in (3.16), we have
. . a
N(f(20+y) = f(w +y) = (), 1) = min {N (Dy(w,y), min { $,b}t),

N(Cf(oc,y)7min {%,b}t)}

for all z,y € X and all ¢ > 0. Letting y = y — x in (3.17), we get
N(Cr(ay).1) = min {N(f(20 —y) = f@) = f(z = y),min {T,0}¢),
(3.18) N(Df(x,y),min{%,b}t)}
> min{N(Df(x,y),min{%,b}t),N(C’f(m,y),min{%,b}t)}

for all 2,y € X and all ¢t > 0. Since min{§,b} > 1, by Lemma 3.1 and (3.18), we have

N(Ci(z,y),t) > N(Df(x,y),min{%,b}t) > N(Cf(x,y), [min {%,bH 2t>

for all x,y € X and all t > 0 and hence by Lemma 3.1, f is an additive mapping.

(3.15)

(3.16)

(3.17)
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The converse is trivial. O

Theorem 3.3. Let f: X — Y be an even mapping. Suppose that k is a real number with k > 1.

Then f is a solution of the following functional equation
(3.19) N(Af(2,y),t) > N(By(z,y),kt)
for all x,y € X if and only if f is a quadratic mapping.

Proof. Suppose that f is a solution of (3.19). Letting x = 0 and y = 0 in (1.5), we have

N(f(0),) > N (£(0), 4kt)
for all ¢ > 0 and sicne 4k > 1, by Lemma 3.1, we get f(0) = 0. Letting y = 0 in (3.19), by (N2), we
get
(3.20) f(2z) =4f(z)
for all 2 € X. Now, letting = = 2z in (3.19), by (3.20), we have
N(f(dz +y) + f(do —y) = 32f(x) — 2f(y), 1) = N(Ag(z,y), kt)
N

ez
(3.21) ,
(Bf(x,y), k*t)

v

for all z,y € X. Letting y = 2y in (3.21), by (3.19), we have
(3.22) N(Ay(z,y),t) > N(By(2y,x),4k*t) = N(As(y, x),4k*t) > N(By(x,y), 4k>t)
for all z,y € X. Letting = 2 in (3.22), by (3.19), we have
N(f(4z +y) + fda —y) = 32f(z) — 2f(y). 1) = N(By(z,y), 4k"t)
for all z,y € X. Hence by induction, we get
N(f(4x +y) + f(4z —y) = 32f(x) — 2f(y), 1) > N(Bs(z,y),4"k" 1)
for all z,y € X and n € N. Since k > 1, by Lemma 3.1 and (N5), we have
fldz +y) + flde —y) = 32f(x) = 2f(y) = 0

for all z,y € X. Hence f is a quadratic mapping. O

4. THE GENERALIZED HYERS-ULAM STABILITY FOR (1.5)
Now, we will prove the generalized Hyers-Ulam stability for (1.5) in fuzzy normed spaces.
Theorem 4.1. Assume that ¢ : X3 — [0,00) is a function such that
(4.1) N'(¢(2z,2y),t) > N'(4Lé(z,y),t)

forallz,y € X, t >0 and some real number L with 0 < L < % Let f : X — Y be a mapping such
that f(0) =0 and

(4'2) N(Af(xa y>7t) > min{N(Bf(a?,y), kt),N’((b(.T, y)vt)}
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forallx,y € X, t >0 and some real number k with k > 32. Then there exists an unique additive-
quadratic mapping F : X — 'Y such that

1

mt) > min{N'(¢(z,0), t), N'(¢(—z,0), )}

(4.3) N(f(@) - F(a),
for all x € X and allt > 0.
Proof. By (4.2), we get

N(Ap, (9),1) = min { N (By, (2,9, 51), N (B, (2,9), 1),

(4.4)
N' (6. y). 1), N'(6(=, ). 1)}

for all z,y € X, t > 0 and
. k k
N(Afp(.%,y),t) 2 mm{N(Bfo(x,y), §t),N(BfF(ZL’,y), §t);

N'(9(a.y). 1), N' (¢, ~y).1) }
for all z,y € X and all t > 0. Letting y = 0 in (4.4) and (4.5), by (N2), we have

(4.5)

(46) N(2f0(21‘) - 4fo(x)v t) > min{N’(d)(l‘, 0)7 t)a N/(d)(_'ra 0)7 t)}
and
(4.7) N(2fe(22) — 8fe(x),t) > min{N/<¢(.'L‘,0),t>, N/(¢(_x70)7t)}

for all y € X and all ¢ > 0. Consider the set S = {g | g : X — Y} and the generalized metric d on
S defined by

d(g,h) = inf{c € [0,00) | N(g(x) — h(x),ct) > ¢o(x,t),Vr € X,Vt > 0},

where ¢, (z,t) = min{N’'(¢(x,0),t), N'(¢(—z,0),t)}. Then (S,d) is a complete metric space([19]).
Define a mapping J, : S — S by Jog(z) = 3g(2z) for all z € X and all g € S. Let g,h € S and
d(g,h) < ¢ for some ¢ € [0,00). Then by (4.1), we have

N(Jog(z) — Joh(z), 2¢Lt) ( 4th) > (22, 4L1) > byl 1)

for all z € X and all ¢t > 0. Hence d(J,g, Joh) < 2Ld(g,h) for any g,h € S and by (4.6), we have
d(Jofo, fo) < § < 00. By Theorem 2.3, there exists a mapping P : X — Y which is a fixed point
of .J, such that
1
4 N(fo@) = Pla), fr—g75t) = ol
(48) fole) = Pla) g gt) = e

for all x € X and all £ > 0. Moreover, d(J f,, A) — 0 as n — co. That is,

P(z) = N — lim 22"

n—00 2m

for all x € X. Now, define a mapping J. : S — S by J.g(z)
Let g,h € S and d(g,h) < ¢ for some ¢ € [0,00). Then by (4.

19(2z) for all z € X and all g € S.

we have

1),
N(Jog(z) — Joh(z), cLt) = N( (2z) — 4th) > Go(22, 4L1) > byl 1)
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for all z € X and t > 0. Hence d(J.g,J.h) < Ld(g,h) for any g,h € S and by (4.7), we have
d(Jefe, fo) < + < 0o. By Theorem 2.3, there exists a mapping Q : X — Y which is a fixed point
of .J, such that

(19) N(1:@) = Q). g yt) = dulent)

for all x € X and all ¢ > 0. Moreover, d(J? f., A) — 0 as n — oo. That is,

(4.10) Q) = N — lim 1220

n—o00 22n

for all x € X. Replacing z, and y by 2"z and 2"y in (4.5), respectively, by (4.1), we have

1 n,. on . 1 o on .
N(ﬁAfc@ x,2 y)ﬂf) 2m1n{N(2—ano(2 z,2"y),2 lkt),

(4.11)
N(Q%ch (2"z,2"y), gt) N (9lz,y), %t) N (02, -) Lit) J

for all z,y € X, t > 0, and all n € N. By (N4) and (4.11), we have

> min { N (Aq(r,y) — 537 Ar, (20, 29), £ ). N (g Ar, (2"2,29), §) )

> min {N(AQ(JU,y) ;nAfe(Q"x,Q v), %),N(%Bfo(znz,2”y),2”*2kt),
(4.12) N<2%Bfe (2", 2"y), %t) N’ (¢>(x7 Y), 2}]1 t) N (¢(—x7 —Y), M%t)}

> min { N (Aq(x,y) - ?%Afe 2"z, 2My), %),N(%Bﬁ) (22,2"y), 2" 2kt),

1 o on k k
N(ﬁBfe(Z x,2"y) —BQ(m,y),gt),N(BQ(x,y),gt),
/ LN N (b —).
N (qb(x,y),QLnt),N@( z, y),QLnt)}
for all z,y € X, t > 0, and all n € N. By (N4), we have

1 n n n
(4.13) 1
> min {N(Q—ano (2"x,2"y) — Bp(x,y), 2”*115),N(Bp(x,y), 2"*1t>}
for all z,y € X, t > 0, and all n € N. Letting n — oo in (4.13), by (N5), we have

. 1 n,. on
(4.14) 7)11_>II;ON(2WB'fU(2 z,2 y),t) =1

for all z,y € X, t > 0, and all n € N. Letting n — oo in (4.12), by (4.10) and (4.14), we have

(4.15) N(Aq(w.9).1) > N(Bo(r.y), o1)
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for all z,y € X and all ¢ > 0. Since f. is even, by (4.10), @ is even and hence by (4.15) and
Theorem 3.3, @ is a quadratic mapping. By (4.5) and (4.7), we have

N(By, (w29),6) > win { N (47, (5,2), 5 ), N (87.0) — 21.20). ) }

2
@10 zmin {N(Br0, 50) N (Br o), 1) N (60,0, 5),

N (8-, —a), 2 ) N (61,0, ), N (62,00, 3 )}

for all z,y € X and t > 0. By (4.7) and (4.16), we have
N(Bfe (I7y)’ t) = N(4Bfe (I7y)34t)
2 mln{N(pr (2z,2y), 2t), N(4ch (z,y) — By, (2z,2y),2t)}

(4.17)

> min {N(Bfo (y, 22), gt),N(Bfe (y, 22), gt),@l(ag, y,t)}

> min {N(Bfo (y,2x), gt),N(Bfo(a:,y), %t),N(Bfe (z,9), %2t),¢)2($,y,t)}

for all z,y € X and all ¢t > 0, where
@1 (2, .1) = min { N'(6(y, 22), ), N'(&(—y, —22), 1), N'(6(x + 9,0), 1),
N/(d)(_x - Y 0)7 t)a N/((b(x - Y 0)7 t)) N’(d)(—l‘ +v, 0)7 t)a

N (602,00, 5 ) N (62,00, 3 ) N (603,00, £ ) N (6, 0),

)}

k k
_ : ! . !/ _ _ -
because k > 32. By Lemma 3.1 and (4.17), we have

and

k k?
4.18 > mi b >
(418) N(By, (2,9),0) > min { N (By, (5,20, £1), N (B, (e, 1), a0,
for all x,y € X and all t > 0 and hence by (4.4) and (4.18), we have

2

iy Yane =m0 (Br e )9 (51020, ),

@, (., 51) N'(9(,9), 1), N (6~ ). 1)}

for all ,y € X, t > 0 and replacing  and y by 2"z and 2™y in (4.19), respectively, by (4.1), we

have
N(AfO(Q”x, 2my), 2”t)
> min {N(Bfo(2"x, omy), 2" kt), N(By, (2"y, 2 1x), 27~ 2k2¢),

(2.0 537t )- N (000 et) V' (0= =0). ) )

for all z,y € X, all t > 0 and all n € N. Similar to @, we have

2

(4.20) N(Ap(w,y),t) > min {N(BP(x’y)’ gt)’N(BP(y’ 22), %t)}
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for all z,y € X and all ¢ > 0. Cleraly, P is an odd mapping and since k > 32, by Theorem 3.2, P
is an additive mapping. Let FF = P 4+ Q. Then F' : X — Y is an additive-quadratic mapping. By
(4.8) and (4.9), we have (4.3).

Now, we show the uniqueness of F'. Let H be another additive-quadratic mapping with (4.3).
Since F' and H are addiitve-quadratic mappings, we have

1427 1-2n 1+27 1-2"

for all z € X and all positive integer n. Hence by (4.3), (N3) and (N4), we have
N(F(x) — H(z),t)
22n 22n
> mi N(F 2) — H(2" ,715),N(F —9ng) — H(—2" 7t)}
> min {N(F(2") ~ H(2"0), {5 (~2"2) = H(=2"2), 5 —
2n—1 2n—1

> min {N(F(Q"a;) ~ f(ena), 2 t),N(f(2”x) —H(2"z), Wt>7

Tron
2t e, )

N(F(—2”a:) ~ f(—2ma),

for all x € X, t > 0, and all n € N. Since 0 < L < %, letting n — oo in the above inequality, we
have F(z) = H(z) for all z € X. O

By Theorem 4.1, we can show that the following corollaries:

Corollary 4.2. Let € and p be real numbers with ¢ > 0 and 0 < p < % Let f: X — Y bea

mapping such that

. t
(2 Ny, 2 min (N5 96, e P T )

for all x,y € X, all t > 0 and some real number k with k > 32. Then there exists an unique
additive-quadratic mapping F' : X — Y such that
(2 — 2%t

N(f@) = F@)D 2 5 —omy ea

forallz € X and all t > 0.

Corollary 4.3. Assume that ¢ : X3 — [0,00) is a function with (4.1). Let f : X — Y be a
mapping such that f(0) =0 and

(422) N(TAf(xvy) + Bf(xvy)at) > min{N(Bf($7y)7t)7 NI((;S(:L‘7y),t)}

for all x,y € X, all t > 0 and some real numbers r with |r| > 64. Then there exists an unique

additive-quadratic mapping F: X — Y such that
1
N(f(2) - F(a), t) = min{N'(6(2,0), ), N'(é(~,0), 1)}

2(1 —2L)
forallz € X and all t > 0.
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Proof. By (N5) and (4.22), we have

Nt 2 min N (ot . 50) 5 (1)
> min {N(Bf(xvy)v gﬁt),N/ (¢(I,y), |2ﬁt)}
Ir|

> mi — !
> min {N(By(w,y), 5't), N'(¢(z.9).t) |
for all z,y € X and all ¢t > 0. Hence we have the results. O

Corollary 4.4. Let € and p be real numbers with ¢ > 0 and 0 < p < % Let f : X — Y be a

mapping such that

for all x,y € X, all t > 0 and some real number r with |r| > 64. Then there exists an unique

additive-quadratic mapping F : X — Y such that

(2 — 229)t
(2= 220)t + e||z|]2P

v

N(f(z) — F(x),t)
forallz € X and allt > 0.

Related with Theorem 4.1, we can also have the following theorem. The proof is similar to that
of Theorem 4.1.

Theorem 4.5. Assume that ¢ : X> — [0,00) is a function such that
L
a2 W(o(22).0) 2 ¥ (Lote)

forallx,y € X, t >0 and some real number L with 0 < L < % Let f : X — Y be a mapping such
that f(0) =0 and (4.2). Then there exists an unique additive-quadratic mapping F: X — Y such

that

L

Syt 2 M (90,0, N'(6(-2,0),0)

N(f@) = F@), 5

forallz € X andt > 0.

Proof. Let ¢o(z,t) = min{N'(¢(x,0),t), N'(¢(—=,0),t)}. Letting = 5 in (4.6) and (4.7), by
(4.24), we have

(4.25) N (26w) ~ 45, (2). 51) = 60(a.1)
and
(4:26) N (2£(w) = 87.(2), 51) = ool

for all y € X and ¢ > 0. Consider the set S = {g | g : X — Y} and the generalized metric d on S
defined by

d(g,h) = inf{c € [0,00) | N(g(x) — h(z),ct) > ¢o(x,t),Vr € X,Vt > 0}.
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Then (5, d) is a complete metric space([19]). Define a mapping J, : S — S by J,g(x) = 29(%) for
allz € X and all g € S. Let g,h € S and d(g,h) < ¢ for some ¢ € [0,00). Then by (4.1), we have

T

N(Jog(a:) — Joh(z), th) - N(g(§> - h(g)cgt) > %(%, gt) > Gol, 1)

for all € X and t > 0. Hence d(J,g,J,h) < Ld(g,h) for any g,h € S. By (4.25), we have

d(Jofo, fo) < % < oo and by Theorem 2.3, there exists a mapping P : X — Y which is a fixed

point of J, such that
L

N(fole) = P@), g = gyt) 2 @elr)
for all z € X, all ¢t > 0 and d(J2 f,, A) — 0 as n — oc.
Now, define a mapping J. : S — S by Jeg(x) = 49(%) forallz € X andallge€ S. Let g,h € S
and d(g, h) < ¢ for some ¢ € [0,00). Then by (4.1), we have

T T L xz L
— = Y —n(Z2). eZt) >, (2. Zt) >
N(Jeg(a) = Jeh(@),2eLt) = N(g(5 ) = 1(5 )se5t) = 60(5.5t) = dolas1)
for all x € X and ¢ > 0. Hence d(J.g, Jo.h) < 2Ld(g,h) and by (4.26), we have d(Jefe, fe) < % < 0.
By Theorem 2.3, there exists a mapping ) : X — Y which is a fixed point of J, such that

L
- 7 t) >
N (fele) = Q). = pt) 2 bol)
for all z € X, all ¢ > 0 and d(J? fe, A) — 0 as n — oc.
The rest of the proof is similar to Theorem 4.1. O

By Theorem 4.5, we can show that the following corollaries:

Corollary 4.6. Let € and p be real numbers with e > 0 andp > 1. Let f : X — Y be a mapping
with f(0) = 0 and (4.21). Then there exists an unique additive-quadratic mapping F : X — Y
such that

(2% —2)t
(227 — 2)t + l|z||?P

N(f(z) - F(z),t) =
forallz € X and all t > 0.

Corollary 4.7. Assume that ¢ : X3 — [0,00) is a function with (4.24). Let f : X — Y
be a mapping with f(0) = 0 and (4.22). Then there exists an unique additive-quadratic mapping
F: X —Y such that
L
N(f(.l?) - F(Z‘), mt) > mln{N/(¢(x70)7t)aN/(¢(_x70)7t)}
forallz € X and all t > 0.

Corollary 4.8. Let € and p be real numbers with e > 0 andp > 1. Let f : X — Y be a mapping
with f(0) = 0 and (4.23). Then there exists an unique additive-quadratic mapping F : X — Y
such that

(220 — 2)t

NU@) = F@):D 2 Gy gy el

forallz € X and all t > 0.
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NEW CHARACTERIZATIONS OF WEIGHTS IN HARDY’S TYPE
INEQUALITIES VIA OPIAL’S DYNAMIC INEQUALITIES

S. H. SAKER, M. M. OSMAN AND I. ABOHELA

ABSTRACT. In this paper, we prove some new characterizations of weights in some
Hardy-type inequalities on time scales. The results as special cases contain the results
due to Beesack and Heinig, Leindler and Bloom and Kerman. Some new integral
and discrete inequalities related to Copson’s, Flett’s, Bliss’s and Bennett’s will be
formulated. The main results will be proved by using new generalizations of Opial’s
type inequalities, Holder’s inequality, Minkowski’s inequality and the chain rule on
time scales.

Keywords: Hardy’s inequality, Opial’s inequality, time scales.

AMS Classif: 26A15, 26D10, 26D15, 39A13, 34A40.

1. INTRODUCTION

During the last decades the inequality

(1.1) (/abr(t) (/:f(r)dr>th>1/q <C (Lbs(t)fp(t)dt>1/p, 1<p<g<oo,

with two different positive weighted functions defined in [a,b] C RT has been studied by
several authors, we refer the reader to the papers [11,23,37,38] and the books [20, 24].
The main idea is to give a relation between the functions r and s and to find the optimal
value of the constant C' such that the inequality (1.1) holds. A systematic investigation
of this type of inequality of Hardy’s type with two different weights started in the late
fifties and early sixties by Beesack [7]. In particular Beesack proved that

(1.2) / </ fr dr> dt</ () F2(t)dt

where 7 and s satisfy the Euler-Lagrange differential equation
d ’ p—1 1
Z(so®) ) +royrto=o

Also Beesack and Heinig [8] proved that if 0 < p < 1 and [ r ( ( fo dT) dt < oo,
then

(1.3) /Ooor(t) (/Otf(r)d7>pdt2pp/ooorl_p ®) (/toor(T)dT>pfp(t)dt,

and if [77(t) ([ f(r)dr)" dt < oo, then

(1.4) /Ooor (t) (/too f(T)dT)pdt > pP /:O 7P (t) (/Otr () d¢>pfp(t)dt

Bloom and Kerman [10] proved that if 1 < p < oo, f > 0 and [, (s (¢) f(2))" dt < oo,
then

(15) s ( o [ t f(T)dT>pdt <c [ emsora,

1
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holds if and only if

’

/too (s‘l (1) /Toorp (z) da:)p dr < C/toorp () dr.

By using a new approach depends on the application of Opial’s type inequalities Agarwal
et al. [4] proved that if r, s are nonnegative measurable functions on (a,b) and p > 0,

k > 1, then

b t p+1 b =
(16) / " (t) ( / f(T)dT> dt < (p+ 1) K (p, 1, k) [ / S(t)f’“(t)dt] ,
where

Eal
S
m\
o
—~
=
—
\.(‘#
>
S~—
SN~—
i
e
L
—
®
—~
~
N
Nt
D
N\
m\
o~
[
Eal
|‘L
—
\]
S~—
QU
\]
~_
S
oW
~
v
|

and R (t,b) = ftb r(r)dr.

In the last decades the study of discrete results on [P analogues for LP—bounds has
been proved by some authors. One of the reasons for this upsurge of interest in discrete
cases is due to the fact that the discrete operators may even behave differently from their
continuous counterparts. So it was natural to look on the discrete results on [P analogues
for the above LP—results. We mention here that in some special cases it is possible to
translate or adapt almost straightforward the objects and results from the continuous
setting to the discrete setting or vice versa, however, in some other cases that is far from
be trivial. But [?—bounds for discrete analogues of more complicated operators are not
implied by results in the continuous setting, and moreover the discrete analogues are
resistant to conventional methods. The main challenge here is that there are no general
methods to study these questions and the methods should to be developed starting from
the basic definitions in the discrete space. For example, Leindler [22] established the
discrete versions of (1.3) and (1.4), and proved that if 0 < p <1, a,, > 0 and A\, > 0,

then
[ee] n p fe’e) [e'e) P
(1.7) pp (Zak> >y AT (Z )\k> ab,
n=1 k=1 n=1 k=n
and
o0 o0 p fe’e] n p
(1.8) > An (Z%) =Py AT (Z Ak> af,
n=1 k=n n=1 k=1

In recent years the study of dynamic equations and inequalities on time scales has received
a lot of attention in the literature and has become a major field in pure and applied
mathematics. The general idea is to prove a result for a dynamic inequality where the
domain of the unknown function is a so-called time scale T, which may be an arbitrary
closed subset of the real numbers R, to avoid proving results twice, once for differential
inequality and once again for difference inequality. This idea goes back to its founder
Stefan Hilger [19] who started the study of dynamic equations on time scales. Since the
integral and discrete inequalities are important in the analysis of qualitative properties
of solutions of differential and difference equations, we also believe that the dynamic
Hardy type inequalities with weights on time scales will play the same effective role in
the analysis of qualitative properties of dynamic equations with boundary conditions
like oscillation, nonoscillation and distribution of zeros of solutions. For related dynamic
inequalities on time scales, we refer the reader to the papers [26, 27, 32, 33] and the
books [2,3]. Our technique in this paper will overcame the lack of calculus in the discrete
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space where there is no power rules and also there is no chain rule which are the main
tools used in the proofs of the continuous case.

The aim of this paper is to prove some new dynamic inequalities by employing some
Opial’s type inequalities on an arbitrary time scale T which contain the integral and
discrete inequalities (1.3)—(1.6) as special cases. For applications of the main results we
get some well-known dynamic inequalities as special cases. The paper is divided into two
sections. In Section 2, we introduce some preliminaries on time scales and establish some
basic lemmas that will be needed in the proofs. In Section 3, we prove the main results
and formulate some discrete results to show the application of the new results.

2. PRELIMINARIES AND SOME BASIC LEMMAS

In this section, we present some basic definitions and results concerning the delta
calculus on time scales; for more details we refer the reader to the book [14]. A time
scale T is an arbitrary nonempty closed subset of the real numbers R. The forward jump
operator and the backward jump operator are defined by o(¢t) := inf{s € T : s > t}, and
p(t) :=sup{s € T : s < t}, where sup() = inf T. A point ¢ € T, is said to be left—dense
if p(t) =t and t > infT, is right-dense if o(t) = ¢, is left—scattered if p(t) < ¢t and
right—scattered if o(t) > t.

A function f: T — R is said to be right—dense continuous (rd—continuous) provided
f is continuous at right—dense points and at left—dense points in T, left hand limits
exist and are finite. The set of all such rd—continuous functions is denoted by C,.4(T).
Also, the set of functions that are differentiable and whose derivative is rd—continuous is
denoted by C},(T) = C},(T,R). The graininess function x for a time scale T is defined
by wu(t) := o(t) — t, and for any function f : T — R the notation f?(t) denotes f(o(t)).
Without loss of generality, we assume that sup T = oo, and define the time scale interval
[a,b]T by [a,b]r := [a,b] N T. Recall of the following product and quotient rules for the
derivative of the product fg and the quotient f/g (where gg° # 0, here ¢° = go o) of
two differentiable functions f and g

(2.1) (f9)® = f2g+ f79% = fg° + [2¢°, and <f)A b
g 99°
The first chain rule that we will use in this paper is
1
(22) (P©)* =7 [ b7+ (L= W dnf2 @), € R
0

which is a simple consequence of Keller’s chain rule [14, Theorem 1.90]. The second chain
rule that we will use in this paper is given in the following. Let f : R — R be continuously
differentiable and suppose g : T — R is delta differentiable, then fog: T — R is delta
differentiable and

(2.3) @) = (g(d)g® (), for de o)

In this paper we will refer to the (delta) integral which we can define as follows. If F'2(t) =
f(¢), then the Cauchy (delta) integral of f is defined by f:o f(s)As := F(t) — F(to). Tt
can be shown (see [14]) that if f € C.4(T), then the Cauchy integral F(t) := ffto f(s)As
exists, tg € T, and satisfies F2(t) = f(t), t € T. An infinite integral is defined as
L F()AL = limp oo f: f(t)At. Integration on discrete time scales is defined by

A= S b f().

tela,b)
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The integration by parts formula on time scales reads
b

b
(2.4) / w(t)o® () At = [u(t)v(t)])’ - / u (t)v? (t)At.

a

Holder’s inequality [5, Theorem 6.2] states that for f, g € Crq([a, b1, R), we have

b 1/p b 1/q
/\f(t)l”At V lg(£)|? At

where p > 1, 1/p+1/q¢ = 1 and a, b € T. This inequality is reversed if 0 < p < 1 and
f: lg(t)|? At > 0, and it is also reversed if p < 0 and f: lf(t)F At > 0.

Throughout this paper, we will assume that 7 (¢), s(¢t) and f (¢) are nonnegative rd-
continuous functions and the integrals considered are assumed to exist. In order to prove
our main results in Section 3, we need the following lemmas.

b

b
(2.5) / FD)g(t)| At <

Lemma 2.1. Assume F : T — R is differentiable and positive. If F* is always positive,

then

(2.6) (FN = FA(F7 ()", if A>1,
and

(2.7) (FMNS < FA(F7 )Y, if 0<A<1,

Proof. If F is increasing and A > 1, then FA~! is increasing and thus (F)‘_l)A > 0 so
that

(FM2 = (FFY) = FA (F7 ()M 4+ F (FM )2 > 0.
This shows (2.6), and (2.7) follows similarly. The proof is complete. O

Lemma 2.2. Let T be a time scale with a, b € T. If p > 0, then

(2.8) /abr(t) (/:(t) fi(r) AT) "

where

b t
(2.9) R(tb) = /t (1) A7, and F (1) = / £ (7) Ar.

Proof. From (2.9) and applying integration by parts (2.4) with u® (t) = R® (¢,b) and
07 () = (F7 (£))PT | we obtain

b o () pH+1 b
/r(t) (/ f(r)m> At — /(—RA(t,b)) (F7 (1)) At
A

= —R(tb) FPT! (t)|Z+/bR(t,b) (FPT1 (1) ™ At

At < (p+1) /b R(t,b) (F° (t))? F2 (t) At,

Using the fact that R (b,0) = 0 and F (a) = 0, we have
b o (t) ptl b A
(2.10) / 7 (1) (/ f(r) AT) At = / R(t,b) (FPT1 (1)) At.

By the chain rule (2.2) and the fact that F2 (t) = f () > 0 yields
1
(P 0)° = @) [ B0+ 0D FOrF o

< e | CRET () 4+ (L= by FT () FA (1)

= (p+ 1) FE7 @) F2(1).
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Substituting into (2.10), we get (2.8). The proof is complete. O

Lemma 2.3. Let T be a time scale with a, b € T. If p > 0, then

b b ptl b
(2.11) / r(t) (/t f(r) AT) At < (p+ 1)/ R(a,o () FP (t) f (t) At,
where
t b
(2.12) R (a,t) :/ r(r)Ar, and F(t)= /t f(r) Ar.

Proof. From (2.12) and applying integration by parts (2.4) with v® (t) = R® (a,t) and
u (t) = FPTL(t), we obtain

b b p+1 b .
/a 7 (t) (/t f(T)AT) At = /a R (a,t) P () At
A

b
= R(a,t) PP (1) - / R(a,0 () (FP ()" At.

Using the fact that R (a,a) =0 and F (b) = 0, we have

b b s b
(2.13) /r(t) (/t f(T)AT) At:—/ R(a,0 () (FP (1)) At.

By the chain rule (2.3) and the fact that F» (t) = —f (t) < 0 and ¢ < d, we see that
(F ()% = (p+ 1) F7 () F2 () > (p+ 1) F* (1) P2 ().
Substituting into (2.13), we get (2.11). The proof is complete. O

3. MAIN RESULTS
In this section, we prove the main results.

Theorem 3.1. Let T be a time scale with a € [0,00)r, 0 < p < 1. If

[ ( /j“ mm)”m .
then
(3.1) /aoor(t) (/:(t)f(T)AT>pAt >pp/:o 1P (1) (/toor(T) Ar>pfp(t)At.

Proof. Define F (t) = f; f(r)Ar. Integrating the left hand side of (3.1) by parts (2.4)
with u® (t) = r (t) and v (t) = (F° (t))”, we obtain

/ TR ET @) A = ult) FP (5T - / () (F7 (1) At
(3.2) -/ " (Cue) (7 (1)2 A,
where u (t) = — [ r () Ar. From (2.3), we have (note that F2(t) = f(t) > 0 and
d<ol(t))
(3.3) (EP (1) = pFP () FA (1) > p (F (1)) £(1).
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Substitute (3.3) into (3.2) and applying Holder’s inequality (2.5) to get
/Oor(t) (Fo (1) At > p/oof(t) (Fo ()"~ (/toor(f) AT) At
p[Cror o ([Trman) et @ ar a

p{/a P (1) (/tOOT(T) Ar)pfp(t)At}l/p

’

X {/:or(t) (F7 (t))? At}l/p ,

and consequently, we obtain

{/“Oo re At}l/p =P {/Oo rr () </too r(7) A7>p fp(t)At}l/p7

which is (3.1). The proof is complete. O

Y%

Remark 3.1. If T = R, then inequality (3.1) reduces to the Beesack and Heinig integral
inequality (1.3).

Remark 3.2. If T =N, then inequality (3.1) reduces to the Leindler discrete inequality

(1.7).

Here, we state the Minkowski inequality [29, Lemma 2.6] on time scales which is needed
in the proof of our next main result.

Lemma 3.1. Let T be a time scale with a, b € T and let f, g be nonnegative rd-continuous

functions on [a, by . If v > 1, then
b b 1/~
< [ s (/ f(x)Ax> At

(3.4) ( / b () ( / " g () At) ' Aa:)

Theorem 3.2. Let T be a time scale with a € [0,00)r, 0 <p < 1. If

/:Or(t) (/too f(T)AT)pAt < oo,
then
(3.5) /:Or(t) (/too f(T)AT)pAt pr/aoo P17 (1) </:(t)r(7) AT)pfp(t)At.

Proof. Define F' (t) := [ f(r)Ar. Since

t

1/~

(3.6) () = — /t T (B (1) A,
so, from (2.3), we have ( note that F'2(7) = —f(7) <0, and d > 7)
(3.7) (F? (7)™ = pF*"{(d)FA (1) < —pF? "M (1)f (7).

Substitute (3.7) into (3.6) gives

FP (1) > p / " i) f(r) A
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Applying Minkowski’s inequality and Hoélder’s inequality to get

/:o FP () r(t)At p/oor(t) (/m Fp—l(r)f(r)m> At
p / T by () ( / " r(t) At) PPy /% (1) Ar
(v ([ rwa) ros)

’

X{/oo FP( )Ar}l/p,

and consequently, we obtain

</:o o Ww) e </oo T ([m 40 At) p f”(r)m) -

which is the desired inequality (3.5). The proof is complete. O

v

v

p

Remark 3.3. If T = R, then inequality (3.5) reduces to the Beesack and Heinig integral
inequality (1.4).

Remark 3.4. If T =N, then inequality (3.5) reduces to the Leindler discrete inequality
(1.8). (See also [28, Remark 3.5])

Theorem 3.3. Let T be a time scale with a € [0,00)r, 1 < p < 0o. If

| swsoyra<o,
and
(3.9) /OO (81(7)/00 " (2 )m)p Ar<C ) AT < o0,
then
o o(t) p 0o
(3.9) / (r (t)/ f(T)AT) At < C/ (s(t) f()" At,
Proof. Assume first that (3.8) holds and define F (¢ f f(r)Ar. Integrating the left

hand side of (3.9) by parts (2.4) with u® (£) = 17 (1 ) and v (1) = (F7 (1))” , we obtain
[ raEaras = oo - [uo e o a
= [ o ae
where u (t) = — [ rP (1) Ar. From (2.3), we have

(F? ()™ <p(F7@®)"™" f(v),

and so

[Trowara < o [ rowor ([Trean)a
= p/aoos(t)f(t) (F°(t))"" <51(t) /tocrp (1) AT> At.
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If we assume that [ (s (t) f(t))” At = 1, then Hélder’s inequality (2.5) gives

1/p

/aoo P (t) (F7 ()P At < p{/:o (s (t) F(£))P At}

’

y { / T Fe )y <sl ) /t S () m)p/ At}l/p
, /v
_ p{/:o (F (1)) (s—l(t) /toorp (ﬂm)p At}l .

Using integration by parts with u® (t) = (s7* () [~ 7P () A7)" and v (t) = (F° (t))”
to get

JERULORN

’

1/p
(FP(t)™ At} .

. { I [ [ (=0 [ e M)”' A

Using (3.8) and integration by parts again with w(t) = [~ r?(r) A7 and v® (t) =
(F? (£))2, we obtain

/aoo ™ (t) (F7 (t))’' At < C {/Oo P (1) (F (£))” At}l/p, <.

a

and so [P (t) (F7 (t))” At < C. The proof is complete. O

To prove the next results, need the following two theorems which are adapted from [35]
and [1].

Theorem 3.4. Ifp(t), q(t) € Crq ([a,b]T,R) are positive functions such that fat (p(r))"Y*=DAT <
o0, and y € C}, (la,blr,R) with y(a) =0, then for k> 1, A >0 and 0 < v < k, we have
(A7) /k

1) [ a0l o < Ko | [ p<t>yyﬂ<t>|’“m] ,

where

k—vy

A(k—1)

wovn = () [ () (L) s

If y € CY, ([a, b]r, R) with y(b) = 0, then for k> 1, A\ >0 and 0 < v < k, we have that

)

b b A ()\"F’Y)/k
(3.11) / ) P [ 0] At < Ka(A 7, k) [ / p(t) |2 (1) At]

where
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Theorem 3.5. Ifp(t), q(t) € Crq ([a,b]r,R) are positive functions andy € C}, (la,b]r,R)
such that y (a) = 0, then for A > 1,y >0 and k > v+ 1, we have that

Aty
k

b b
G [ q(t)\(yMA(t)(yA(t)mAtsGﬂm,k){ / p(t)iyﬁ<t>|’“m} ,

where

b —ky EA—A—
G1(\, 7, k) 1= { | @)= oyt () <t>At} :

with

k—y—1 atl
o~ — TE e t
c—)\(k 2 1) (7—1—1) , and R(t):/iAT1 .
EA—X—~ A4y a (p(r))F=T
From (2.6), inequality (3.12) becomes as follow: If p(¢), q(¢) € Cra([a,b]r,R) are

positive functions and y € C%, ([a, blr, R) with y® > 0 satisfies y (a) = 0, then for A > 1,
vy>0and k>~v+1

Aty
b b 3
o _ +1 k
613 [l O Ao A< G { [ pols* )] At} ,
where G1(A, v, k) is defined as in (3.12).
Theorem 3.6. Let T be a time scale with a, b€ T. If p >0 and k > 1, then
(3.14)
b a(t) Pl b . B
[ o (/ f<r>m> ALS (p+1)Gr(p+ 1K) V SOl
where

k=1
k

b ¢ p+1\ A
Cilp+1,k) = /G(R(t,b))% ((/ skll(T)AT) ) atl

and R (t,b) is defined as in (2.9).

Proof. Applying Opial’s inequality (3.13) with y (¢) = F (t), ¢ (t) = R(t,b),p(t) = s (t),
A =p+1and vy =0, we obtain

b b
(3.15) /R(t,b) (F7 (1)) FA (1) At < Gr(p + 1, k) V s(t) (F(1)* At

The result follows from (2.8) and (3.15). The proof is complete. O

Theorem 3.7. Let T be a time scale with a, b€ T. If p >0 and k > 1, then

p+1
k

b b p+l b
(3.16) / r (1) (/ f<v>m> AL< (p+1) Ky (p, 1K) [/ s(t)(f(t))km] ,

where

1
K 1L,k):=——
2(10» ) ) <p+1)
and R (a,t) is defined as in (2.12).

=
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Proof. Applying Opial’s inequality (3.11) with y (¢t) = F'(¢), ¢(t) = R(a,0 (1)), p(t) =
s(t), A=pand v =1, we obtain

b B b
(3.17) / R (a0 (£) FP (t) f (1) At < Ky (p,1, k) [ / () (F(0)" At

The result follows from (2.11) and (3.17). The proof is complete. O

The next result follows from Theorems 3.6 and 3.7 by choosing & = p + 1.
Corollary 3.1. Let T be a time scale with a, b€ T. If k > 1, then

b o (t) k b
(3.18) / r (t) (/ f(n) AT) At < kG4 (k)/ s(t) (f(t))k At,

where b t A -
G (k) = /G(R(t,b))% ((/ sk—ll(T)AT)> N

and

(3.19) /abr @ (/tb £ () m)k At < kK (k) /abs(t) (F()" At,

where

AN L b k-1
K (k) = (k) /a(R(a,a(t)))k—lsk—l(t)</t S’H(T)AT> At

Remark 3.5. Note that Theorems 3.6 and 3.7 are consequences of the weighted Hardy-
type inequality due to Saker et al. [29,36] with p+ 1= q and k = p.

As special cases of Theorems 3.6 and 3.7 when T = N, we have the following new
discrete results

Corollary 3.2. Let {z,}, {\.} and {w,} be nonnegative sequences. If p > 0 and k > 1,

then
ptl

N n p+1 N k-
Zm( xL> S(p+1)G1(p+1,k)<ZSnIﬁ> ;

n=1 i=1 n=1
where

N n . p+1 =
Galp+1,8) = | 3 (R(m,N)™T & (Z <si>’“‘1> ,

n=1 i=1

with R(n,N) = N 7.

=n

Corollary 3.3. Let {x,}, {\n} and {w,} be nonnegative sequences. If p > 0 and k > 1,

then
N N p+1 Pl
ZTu(Z%) < (p+1) K (p,1,K) (an ) ,
n=1 i=n
where
1 5 [N . . N 1\ At
Ko (1.0 = () §31<R<1,n+1>>“<sn>“(Z@i)“)] 7

with R(1,n+1)=>" ;.
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By making suitable substitutions for the two weighted functions r (¢) and s(t), we
get some extensions related to the dynamic inequalities due to Rehdk [25] and Saker
et al. [30,31] respectively. Also when T =N and T =R, we get consequences due to
Bennett [6], Bliss [9] and Flett [15]. For illustrations, we will present these special cases
in the following examples.

Example 3.1. If r(t) = (o (t) —a) " and s(t) = 1, then inequality (3.18) reduces to
the following extension of the Hardy-type inequality due to Rehdk [25, Theorem 2.1]

/aoo (tj(ﬂl_a /:(t) f(T)AT>kAt <kRy /:o FE)AL,

Ry = {/aoo (R (t,00)) T ((t_a)kat} G

Example 3.2. If we choose r (t) = 1/t7 and s (t) = 1/""% v > 1 in Corollary 3.1, we
get the inequality

o o(t) k 00
/a ;(/ f(r)m> Atgk:Rg/a tikf’“(t)At,

which is related to the inequality due to Saker and O’Regan [30, Theorem 2.2/, where

where

k—1
A 3

Ry = /‘LOO(R(t,oo))kkl (/:(ﬂl_kyllAT)k At

Example 3.3. If we choose r (t) = 1/07 (t) and s (t) = 1/07=% () in Corollary 3.1, we
have the inequality

/:O(ﬂl(t) </too f(T)A7->kAt < kRg/:o %k(t)fk(t)At’

which is related to the inequality due to Saker and O’Regan [30, Theorem 2.1], where

k—1

Example 3.4. If we take f(t) = A(t)g(t),

_ A(t) _ o\ 11— o -
T(t)—st(t)—)\ B AT @), k> > 1,

in Corollary 8.1, we have the inequality

bN@®) a(t) k b VI
/,IW@))”(/Q A(T)g(T)AT> Atgklﬁ/a A(E) (A7 ()77 g% (1) A,

which is related to the inequality due to Saker et al. [31, Theorem 2.1], where A (t) =
fat A(7) AT and

Ry :

I
g\
o
—
=
—
\,@#
>
N~—
N—

-

T
VRS
VRS
i\\*

»
o
\‘_L
—
\]
S~—
>
\]
~
>
~
>
>
~
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Example 3.5. If we choose r(t) = t= 1= @+DA /121 and s (1) = t717FA X > —1 in
Theorem 3.6, we obtain the inequality

o(t) p+1
/b 1=+ (ff()> At < (p+1)R;

t

p+1

k

b
/ t—l—k)xfk(t)At

which is related to the inequalities due to Flett [15] and Bliss [9], Hardy and Littlewood
[18] (with A = —1/k), where

E—1
A &

Rs = /ab(R(t,b))k"l ((/I:SA(T)AQM) At

Example 3.6. If we take

An
A},L_ (le) (1—c)

1—k A k—
T, = , Sn = A, kAf; ¢, e>1and T, = \yYn,

in Corollary 3.2, we get the inequality

(p+1><1 ) n P o+
Z - (ZM%) <(p+1)R (Z/\ Ake ) ,
i=1

which is related to Bennett’s inequality [6, Corollary 7], where A,, = > "1 | A; and

k—1

N n p+1 k
Z k TA (Z( i)“> 7

i=1

_ +D=c) 4
wzthR(n,N)zZ AN, F
Remark 3.6. As an application, we can apply Opial’s inequalities together with a Hardy-
type inequality (3.16) on time scales to establish some lower bounds of the distance be-

tween zeros of a solution and/or its derivatives for the fourth-order dynamic equation
(see [18, Theorem 5.1])

(3:20) (™ )" ~ Oy 0)* + a1 =0, 1€ ot
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