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ON HARMONIC MULTIVALENT FUNCTIONS DEFINED BY A
NEW DERIVATIVE OPERATOR

ADRIANA CATAS!*, ROXANA SENDRUTIU2

ABSTRACT. In the present paper, we define and investigate a new class of mul-

tivalent harmonic functions in the open unit disc U = {z € C: |z| < 1}, under

certain conditions involving a new generalized differential operator. Coefficient

inequalities, distortion bounds and a covering result are also obtained.
Keywords: differential operator, harmonic function, coefficient bounds.
2000 Mathematical Subject Classification: 30C45.

1. INTRODUCTION

A continuous complex-valued function f = w + iv defined in a simply connected
complex domain D is said to be harmonic in D if both u and v are real harmonic
in D. In any simple connected domain we can write f = h + g, where h and g are
analytic in D. A necessary and sufficient condition for f to be univalent and sense
preserving in D is that |/ (2)| > |¢'(2)], z € D. (See [4] for more details.)

Denote by Sy (p,n), (p,n € N = {1,2,...}) the class of functions f = h + g that
are harmonic multivalent and sense-preserving in the unit disc U for which f(0) =
f2(0) =1 =0. Then for f = h+ g € Sy(p,n) we may express the analytic functions

h and g as
(1.1) hz)=2"+ Y azt, gz)= Y ¥ |bpraal <1
k=p+n k=p+n—1

Let Sy (p,n,m), (p,n € N,m € NgU{0}) denote the family of functions f,, = h+gm
that are harmonic in D with the normalization

o0 o0

(12)  h(z)=2"— Y alz", gm(z) = (=)™ Y |belz" [bprn] <1.

k=p+n k=p+n—1

2. COEFFICIENT BOUNDS FOR THE NEW CLASSES AL/(p, m,d,a, A, 1) AND
ALy (p,m, 0, c, A1)

We propose for the beginning a new generalized differential operator as follows.

Definition 2.1. Let H(U) denote the class of analytic functions in the open unit
disc U = {z € C: |z| < 1} and let A(p) be the subclass of the functions belonging
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to H(U) of the form h(z) = 2P + Z;O:m_n arz®. For m € No, A >0, 6 € Ny, [ > 0 we
define the generalized differential operator I{’;(p,!) on A(p)

1)  IsmDh() =@+ D"+ Y [p+ Ak - p) + I"CE Kars,

k=p+n
[ k+6-1Y\ _ T(k+0)
(2.2) C(8,k) = < s > = TBTGL T

Remark 2.2. When A =1,p=1,1=0, 6 = 0 we get Salagean differential operator
[10); p = 1, m = 0 gives Ruscheweyh operator [9]; p = 1,1 = 0, 6 = 0 implies Al-
Oboudi differential operator of order m (see [I]); A = 1, p = 1, I = 0 operator
reduces to Al-Shagsi and Darus differential operator [2] and when p = 1,1 = 0 we
reobtain the operator introduced by Darus and Ibrahim in [5].

Definition 2.3. Let f € Sy(p,n), p € N. Using the operator (2.1) for f = h+ g
given by (|1.1) we define the differential operator of f as

(2.3) s, 0 f(2) = Is(p, D(z) + (=1)"I5(p, D (2)

(24)  ITs(p.Dh(z) = (p+ D)™+ Y [p+ Ak —p) + "C(S, k)ay
k=p+n

(2.5) Is(p,g(z) = > [p+Ak—p)+1"C(8, k)bt
k=p+n—1

Remark 2.4. When A = 1, [ = 0, § = 0 the operator (2.3) reduces to the operator
introduced earlier in [7] by Jahangiri et al.

Definition 2.5. A function f € Sy (p,n) belongs to the class ALy (p, m, 0, a, A1) if

2.6 L {I;’fg“@,l)f(z)

e
p+l 15 (p, D) f(2)
where I}"; f is defined by (2.3), for m € No. Finally, we define the subclass

}ZC% 0<a<l,

(2.7) zzley(p, m, 8, a, \, 1) = ALy (p,m, 8, ., \, 1) N Sy (p,n,m).

Remark 2.6. The class ALy (p, m, 0, a, A, 1) includes a variety of well-known subclasses
of Sy (p,n). For example, letting n = 1 we get AL%(1,1,0,c,1,0) = HK (o) in [0],
forn =1, ALy»(1,m — 1,0,,1,0) = Sy (t,u,a) in [II], ALy (p,n + p,0,a,1,0) =
SHy(n,a) in [§] and n =1, ALy (1,m,d,a,1,0) = My(m,d,a) in [3].

Theorem 2.7. Let f = h+ g be given by . If

i [(p+ 1)1 — a) + Ak — p))dpx(m, A, 1)C (5, k)
G+ )™ (1 —a)

(2.8) |ak|+

k=p+n
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., i [(p+1)(1+a)+A(/<;—p)}dp,k(m,%l)c(&k)|bk|Sl’

2 (i1 —a)
with An > a(p + 1), where
(2.9) dpx(m,\1) =[p+ Ak —p)+1™
then f € ALy (p,m, 8, a, \1).

Proof. Using the fact that ﬁRe w > «if and only if |(p +1) — (p + Da + w| >
[(p+1)+ (p+1)a — w|, it is sufficient to show that

(2.10) [+ D)1 = )05 (p, 1) f(2) + I (0, 1) f (2) | =
—|(p+ D+ )50, 1) f(2) = 175 (0, 1) f(2)] > 0.
Substituting 15 (p, 1) f(z) and I"{ " (p, 1) f(2) in yields by
((p+ D)1= )75 (p, 1) f(2) + 10 (0, 1) f(2) | =
—|(p+ D1+ )50, 1) f(2) = I (0, 1) f(2)] >

m [+ D1 — @) + Ak = p)ldyr(m, A, DC(, k)
> 2(p+l) +1(1701) 1k_zp;rn (p—‘,—l)m-‘rl(l —Oé) |ak‘7

o

3 [(p+ DA + @) + Ak = p)ldp,k(m, A, HC (6, k)
P+ D" (1 —a)

|k |
k=p4+n—1

The last expression is nonnegative by (2.8) and therefore the proof is complete. [
Remark 2.8. The harmonic function

211)  fle)=2"+ > i

k=p+n

(p+D)" (1 —a)

F D0 =) £ A= Dy (N DO R 7

(p+D)" (1 -a)

:_;M [+ D1 + ) + Ak = P)ldp(m A DO B

where 3307 okl + 3000, 1wkl =1, 0<a<1,meNy, An>alp+1), >0
and dp (m, A, 1) is given in (2.9), show that the coefficient bound expressed by ([2.8])
is sharp.

Theorem 2.9. Let f,, = h + g,, be given by . Then f,, € ANLg(p,m,(S,a,)\,l)
if and only if

> D(1 —a) + Mk — p)ldyr(m,\,1)C(3, k
(2.12) 3 [(p+1)( )(p++ l()erlp()l]—l;() )C(, k)

|lak|+
k=p+n
n i [(p+ D)1 + @) + A(k — p)]dp,i(m, A\, 1)C (8, k)
k=pt+n—1 P+ O™ (1 - a)
where An > a(p+1), 0 <a <1, meNy, A >0 and d, i(m, A1) is given in .
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Proof. Since AVLH(p,m,é,a,)\,l) C ALy (p,m,0,a, A1), we only need to prove the
”only if” part of the theorem. For this part we consider that f,,, € ALy (p, m,d, a, A, ).

Then
I (D) f(2) _
e { 1550 D) ‘)‘(p”)} -
(p+ D)™ (1= a)z? = [(p+ 11— a) + Ak —p)lE(m, A, 1; 6, k)agz*
Re h=pin
(p+1)mzp _Zg m, A 10, k)agz" + ( Z‘mz E(m, N, 130, k)b 2
k=p+n k=p+n—1
(=12 > [(p+ DL+ a) + Ak — p)lE(m, A, 1; 6, k)b 2*
k—p+n 1

- 2 07
(p+1)mzp _Zg m, \ 1 6, k)agz® + (—1)2™ Z £(m, N, 1; 6, k)b 2k
k=p+n k=p+n—1
where £(m, A\, 1; 0, k) = d 1.(m, X\, 1)C(6, k).
The above required condition must hold for all values of z in U. Upon choosing the
values of z on the positive real axis where 0 < |z| = r < 1, we must have

P+ (1 —a) =Y [(p+D(1 =)+ Ak —p)lE(m, A, 16, k)|ay |77
(2.13) h=pin -
(p+1)m Z E(m, N\, 15 0, k)| ag|r*P + Z E(m, N\, 156, k)|by|rF—P
k=p+n k=p+n—1
> e +DA+ )+ Ak = p)E(m, A, 1; 6, k) |bg|r* P
Feptn > 0.
(p+1) Z E(m, A1 8, k)| ag|r® P + Z E(m, A, 1; 8, k) |bg|rF—?
k=p+n k=p4+n—1

If the condition does not hold, then the numerator in is negative for r
sufficiently close to 1. Hence there exists a zg = 7, in (0,1) for which the quotient in
is negative. This contradicts the required condition for f € ;1\24.[ (p,m, 6, a, A\, 1)
and so the proof is complete. O

3. DISTORTION BOUNDS

The following theorem gives the distortion bounds for functions in
ALy (p,m,d,a, A\ 1) which yields a covering result for this class.
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Theorem 3.1. Let f € ﬁﬂ(p,m,é,a,)\,l), with0 < a <1, An>a(p+1), m € Ny,
A > 0. Then for |z| =r < 1 one obtains
] (p+ )™ (1 a)
3.1 2| < (1+bppnq|r™ rP+ .
B =) < At fbprn-alr™) [(p+D)(1 — @) + Andp,nsp(m, A, )C (6,1 + p)
D [(p + l)(l + a) + )‘(n — 1)]dp7n+p—1(m’ /\’ Z)C((S,’I’L +p— 1) ‘b 1‘ T"+p
(71— a) -

and

_ + )™ 1 - )
> (1—1b e n—1\,.p _ (p .
SN2 Qa0 T 0) -+ My g, X DG 1)
. {1 4D+ a)+An = Dldpnip-1(m, A DC(G,n+p—1)
(p+)mt(1l-a)
Proof. We only prove the left-hand inequality. The proof for the right-hand inequality

is similar arl(i will be omitted.
Let f € ALy (p, m,d,a, A, 1). Taking the absolute value of f we have

|bp+n—1|} ,rner.

00 oo 0o
[FEI=128 =Y arz® + (1)) 02" = (1= [bprnalr™ 1 )r? = (ar| + b )r7t"
k=p+n k=p4+n—1 k=p+n

= (1= [byrnalr™1yr? - (p+ )™ (1 — o) .
v [0+ (1= @) + Mildy 4 (m, A )CG, 1+ p)
S5 oD =0+ Mldy (. M DCGp+ )
(p+ D)™l —«)

(lak| + (b )P =

k=p+n

. (p+1)7 (1= ) |

[(p+ 1) (1 — a) + M]dy nip(m, X\, 1)C(6,n + p)
_ {1 e+ +0) + A0 = Dldpnip1(m A DCGR+P 1), |} iy
(p+ 1)1 - a) et ‘
The bounds given in Theorem for the functions f of the form also hold
for the functions of the form if the coefficient condition is satisfied. The
upper bound given for f € AVLH (p,m,d,a, A\, 1) is sharp and the equality occurs for
the function

n—l)

(1- |bp+n71|74

. . (p+ )™ (1 - ) |
. {1 _ [(p + l)(l + Oé) + )\(’I’L — 1)]dpan+P—1(m7 )‘7 1)0(57 n+p-— 1) |b |} ,,JH—P
(p+ 1" H1(1 = a) SR A

()™ (1-a) 0
P F)FA— D gt -1 (m A CEnFp=1)

where |bpin_1] < T

The following covering result follows from the left-hand inequality in Theorem
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Corollary 3.2. If the function f € ﬁﬂ(p,m,é,a,)\,l), then

{w ] (@D = @) + Anldpnp(m X, OO0 +p) — (p+ D™ (L= a)
: [(p+ 1)1 — @) + An]dp nip(m, A\, ))C (6,1 + p)

[(p + l)(l - a) + )‘n]dp,n+p(m’ /\7 Z)C((sa n +p) - 35(7”7 )‘) l)

B (1 = a) + A+ dy i p(m, A, 1)C (5,1 + p’) : |bp+n—1}cf(U)

where E5 s(m, A\, 1) = [(p+ 1)(1 + ) + A(n — D)]dp,ntp—1(m, A, )C(5,n +p — 1).
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GOOD AND SPECIAL WEAKLY PICARD OPERATORS
PROPERTIES FOR A CLASS OF DISCRETE LINEAR
OPERATORS

LOREDANA-FLORENTINA TAMBOR, ADRIANA CATAS

ABSTRACT. Based on the results of the weakly Picard operators theory, in this
paper we study the good and special convergence of the iterates of a general
class of positive linear operators of discrete type introduced by O.Agratini and
LA. Rus ([1)).
2010 AMS Mathematics Subject Classification: 47H10, 41A36.
Keywords and phrases: linear positive operators, weakly Picard operators, good
and special Picard operators.

1. INTRODUCTION AND PRELIMINARIES

The study of the convergence of the sequence of successive approximations is
realized in metric spaces. That is, for (X, d) metric space and A : X — X an
operator, for any x € X can be considered the sequence:

(1) (A™ (7)) phens TEX

where A° = 1y and A™ = A™ ! o A for m € N*,

Investigating the properties of sequence (1), L. d’Apuzzo introduced in 1976
(see [3]) the good and special convergence, giving necessary and sufficient condi-
tions for this kind of convergence (see [2]). In paper [3], she considers the good
and special convergence of type M, as a particular case, in which the sequence
(d(A™ (z), A% (2))),nen> (respectively, (d (A™ (z), A™~? (z)))meN ) is strictly de-
creasing for any x. I.A. Rus introduced, in paper (see [8]), the good and special
weakly Picard operators .

In what follow, let (X, d) be a metric space and A : X — X an operator. In this
paper we will use the following notations:

P(X):={Y Cc X|Y #0};

Fy:={x € X|A(x) =z} - the fixed point set of A;

I(A) ={YeP(X)|A({Y) CY} - the family of the nonempty invariant subsets
of A.

Definition 1. (I.A. Rus - [6], [7], [8]) Let (X,d) be a metric space.

1) An operator A : X — X is weakly Picard operator (briefly WPO) if the sequence
of successive approzimations (A™ (2¢)),,cn converges for all xg € X and the limit
(which may depend on xo) is a fized point of A.

2) If the operator A : X — X is WPO and Fa = {a*}, then by definition the
operator A is Picard operator (briefly PO).

3) If the operator A : X — X is WPO, then can be considered the operator A>
defined by A® : X — X, A® (z) := lim A™ (z).

m—00
1
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The basic result in the WPO’s theory is the following:

Theorem 1. (Characterization theorem - [6], [7], [8]) An operator A : X — X s
WPO if and only if there exits a partition of X, X = |J X\, such that:

AEA
(a) Xy € I(A), VA€ A;
(b) A‘XA : X\ — X)) is PO, VA€ A.

Definition 2. Let (X,d) be a metric space and A: X — X a WPO.
1) A: X — X is good WPO, if the series > d(A™ ! (z),A™ (z)) converges, for
m=1

all x € X (see [8]). In the case that the se;uence (d(A™ (z), A™ (m)))meN* is

strictly decreasing for all x € X, the operator A is good WPO of type M (see [3]).
2) A: X — X is special WPO, if the series Y. d(A™ (x),A> (x)) converges,
1

m=

for all x € X(see [8]). When the sequence (d(A™ (x), A% (x))),,cn~ 18 strictly
decreasing for all x € X, A is special WPO of type M (see [3]).

In 2015, S. Muresan and L.F. Iambor obtained the following result regarding to
good and special weakly Picard operators.

Theorem 2. ([5]) Let (X,d) be a metric space and A : X — X a WPO. If A is
special WPO then A is good WPO.

In the paper [4], A.Bica and L.F. Galea(Iambor) introduced the notions of uni-
form good and special weakly Picard operators like this:

Definition 3. (A.Bica, L.F. Galea - [4]) Let (X,d) be a metric space and F C
{A]A: X = X} a family of operators on X. We say that F is a family of uniform
special (good) WPO’s if for any A € F, A is special (good) WPO and there exist
the functionals p : X — Ry and ¥,v' : F — R such that ¢ is continuous and

ijld(Am(m),A“’ (@) <e(A)-p(@), VeeX, VAEF

o0
(respectively, > d (Am (x),Am—1 (a:)) <Y (A) (@), VeeX, VAEF).
m=1

In what follow, we present the general class of linear positive operators of discrete
type and some properties of these operators investigated by O. Agratini and I.A.
Rus in [1].

At first they construct an approximation process of discrete type acting on the
space C ([a,b]) endowed with the Chebyshev norm ||.||.

For each integer n > 1 they consider the following;:

(i) A net on [a,b] named A, is fixed (a = Zp0 < Tp1 < ... < Ty = D).

(i) A system (¢n,k),_g; is given, where every v, belongs to C ([a, b]).

They assume that it is a blending system with a certain connection with A,
more precisely the following conditions hold:

. n n
wn,k > 0, (k - Oyn) 5 Z wn,k = €g, Z xn,kwn,k =€
k=0 k=0

Definition 4. (0.Agratini, I.A. Rus - [1]) The operators Ly, : C ([a,b]) — C ([a, b])
defined by

L (F) @) = 3 ok (@) F ()
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are called the operators of discrete type.

The operators of discrete type L,, have the following properties:
1) L,, n € N are positive linear operators;
2) Ln (60) = €p and Ln (61) = €1.

Theorem 3. (O.Agratini, 1. A. Rus - [1]) Let L,,, n € N, such that ¥, (a) =

tnn (b) = 1. Let us denote u,, := m[inb] (D0 (z) + Dp ()]
x€|a,

If the u,, > 0 the iterates sequence (L}'),,~, verifies
lim (L7 ) (2) = f () + HG=12 (0 —a), £ €C (o, 1)
m—0o0
uniformly on [a,b].

Theorem 4. (O.Agratini, 1. A. Rus - [1]) Let L,, n € N, such that ¥ (a) =
Yn.n (b) = 1. Then the operator Ly, is weakly Picard operator for every n € N and

not

Ly (f)=a(f)ler+ca(f) = [ (x), feC([ab])

where ¢ (f) = W and ¢y (f) = W'

The convergence exists on the space (C [a, D], ||.||..)-
In the application of Characterization theorem of weakly Picard operator, it was
considerate the partition of C ([a, b]):
C(la,b]) == U Xap

a,BeER
where Xo 3 ={f € C([a,b]): f(a)=c, f(b) =8}, a,8 €R.

Proposition 5. (0. Agratini, . A. Rus - [1]) The operators of discrete type satisfied
the following contraction property relative to above partition:

(2) Lo (f) = Ln (@l S A =un) [f = 9lloos ¥V f,9 € Xap, @,BER
where u, = m[inb] @0 (x) — Pp o (2)], up > 0.
xE|a,

2. MAIN RESULTS

In this section, we will investigate some properties of the iterates of discrete type
of operators in sense of good and special convergence.

Theorem 6. The operators of discrete type L,, n € N are special WPO and good
WPO of type M on C ([a,b]).

From Theorem 3, we have that L,, n € N is weakly Picard operator.

Let f € C([a,b]). Then f € Xy, s and according to (1) we infer that L, is
contraction on Xy, r»)- So, the operator L, n € N is special WPO of type M on
Xf(a),f(»)- Finally, we get that L,, n € N is special WPO of type M on C (a, b]).

From Theorem 2, any special WPO is good WPO. Then we have that L,, n € N
is good WPO of type M on C ([a, ]).

Theorem 7. The family of the operators of discrete type {Ly, : n € N*} is family
of uniform special and good WPO’s on C [a,b).

Proof. Using the inequality (1), we obtain the estimation:
Ly, (F) (@) = L2 (f) (@)| = [ Ly, (f) (2) = Ly, (L3 () ()] <
S —un) [f () = L7 (f) (@) = A —un) | f () — 1 (f) er — 2 (f)] <
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< (l_un) 'Oa Vaze [&,b],
where C = diam (Im f) + 2max {|f (a)|, | f (b)|}, with
diam (Im f) = max {|f (@) — f (y)| : 2,y € [a.0]}.
The constant C was obtained using the following technique:

o If x = a then:
(@) = L2 () (@) < |f (@) = HE= o - ML=

—a b—a

= [f (z) = f (a)| < diam (Im f)

— |f (@) - Lot
o If z = b then:
7 @) = L () @)] < | (@) - LG - Mlal®)] =
= | (@) = LG8 — | (@) — £ ()] < diam (Im )
o If z € [a,b] then:
7 (@) = L2 () (@) < |f () = LG 0 - M= 0)]
= |/ (@) - () + 55 f (@)
<If @ =S OI+17 ) |1 - 2=
< diam (Im f) + 2max {|f (a)] . |f (®)]}
By induction, for m € N*, we have:
L () () = L2 () (@)] = |Ld (L () (@) = L (L () (@)] <
<(1—up)™ - C,Vzelab].

Then, i’;: L () () — L () ()] <
< lim O =)+ (0 —w) 4+ (1 —w)“‘] -
~ lim [C(l—un)- 1*(1*“"’”} <C-lzum (2)

m—o0 Un

On the other hand, we have:
Ly, () (z) = LY, (f) ()| = kgo Unk (@) f (2n) = f (2)

k@) [f (Tnk) —f(as)]‘ < Z Yo () = C'eo, ¥ = < [a,b], where

k=0
C' = diam (Im f) = max{|f (z) = f (y)[ : e [a,b]} .
By induction, for m € N, we have:

L3 (f) (2) = L= () (@)] = [ L3, (L7 71 () (@) = Ly, (L2 () ()] <
<(L—up)™ " Cley, ¥z € [a,b]

Then, f: L (F) (2) — L1 () ()] <

<

+ |5=2| 1 @i <

a

< mlmooC €o [1 + (1 —up)+ (1 —un)?+ ..+ (1— un)m_l}

<’ 6017u7l, vV fella,b] (3).

Now, the property of uniform and special WPO follows from the estimations (2)
and (3). For instance, for the property of uniform special WPO we have:

N

¢:Cla,b] = Ry, ¢ (f) = diam (Im f) + 2max {[f (a)[, | f (b)[} and
w:{Ln:nGN*}%R_‘_,w(Ln):%, VvV neN*

and for the property of uniform good WPO we have:
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¢ Cla,b] = Ry, ¢ (f) = diam (Im f) and
WLy €N} 5 Ry, ' (Ly) = ——eo, ¥V 1 € N,

1—un,

It is easy to prove that ¢, ¢’ : C'[a,b] = Ry, ¢ (f) = diam (Im f)+2max {|f (a)|, |f (b)|}
and ¢’ (f) = diam (Imf) are seminorms on C [a, b] and

e (f—9) <20f —gllo +2flle, ¢ (f —9) <2[f =gl
since o (f) =@ (9)| <@ (f—g), ¥V f.g € Cla,b] and
l' (f) =" (9 <¢'(f—9), ¥V f,g€Cla,b]
we infer the ¢, ¢’ are continuous. (]
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Abstract

Here we present general Iyengar type inequalities with respect to L,
norms, with 1 < p < co. The method is based on the generalized Taylor’s
formula.
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Key Words and Phrases: Iyengar inequality, Taylor formula.
1 Introduction
We are motivated by the following famous Iyengar inequality (1938), [2].

Theorem 1 Let f be a differentiable function on [a,b] and |f' ()] < M. Then

b e i
[ 1@ 2o-au@ssey| < MO OSSR,

2 Main Results

We present the following Iyengar type inequalities:

Theorem 2 Let n € N, f € AC™ ([a,b]) (i.e. f"~1) € AC ([a,b]), absolutely
continuous functions). We assume that f™ € Ly, ([a,b]). Then

i)
b n—1
IREES 2 T Y @@= D ) -0 <
”f(n)H oo ([a,b]) n+1 nt1
syl (ED RS Ui @)

Vtela,b,

786 Anastassiou 786-797



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

i) at t = %2, the right hand side of (2) is minimized, and we get:

n—1 1 (b— a)kJrl

-2 (k+1)1  2k+1 {f(k) (a) + (=" (b)}

(A o i) (b= )™

(n+1)! n ®)
i) if f*) (a) = f®) (b) =0, for all k =0,1,...,n — 1, we obtain
172 sy (0= @)™
=(at) (0= 0)"7 )

=T ) on

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

n Loy (b— a>k+1 [-k+1f(k) (@) (1) (N — .)k+1f(k) (b)] <
(k+1) N J J =
i . b—a\"H!
H (nHﬁ;{! ) ( N@) {jm N (N_j>n+1} ’ 5)
v) if f*) (a)=fF (b)) =0, k=1,...,n—1, from (5) we get:
b—a) . .
wdo = (150 if @+ W =0) 1 0] <
i . b—a\"!
I (nHioi;[! b)) < Na) {jnﬂ (N 7j)n+1} ’ (©)
forj=0,1,2,...,. N e N,
vi) when N =2 and j =1, (6) turns to
- (150) @+ )] <
||f(n) HLOO([a,b]) (b—a)"
(n+1)! n Q
vii) when n =1 (without any boundary conditions), we get from (7) that
b— b—a)’
= (1) G @5 0) < Iy C5 @

a similar to Iyengar inequality (1).
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Proof. Here n € N and ("1 is absolutely continuous on [a,b]. We as-

sumed that

< +00.
Loo ([ab])

— Hf(n)

00,[a,b] '

Hf(n)

By [1], we have the following generalized Taylor’s formulae:

n—1 (k) a T
f(x)_;)f k!( )(x_a)k:(nll)!/a (@—t)""" M (@ydt (9)
and
JIEI AU - [[@-o s wa o)
= Kk C(n=1)1, 7
V€ la,b].
Then we get
n—1 (k) a f(n) o.la N
|f(x)];)f O P T PP
Yz € la,b],
and
I o WA O P B "t ) _
|f( -2 P e = | [ e wal
b b
(n_ll)' /m (t—2)" L) () dt g( —11)!/95 (t m)"‘l‘ﬂ") (t)‘dt<
f
Hﬂfo’m’b](b—x)”,
that is . ||f( )H
ol opk) "
‘f(g;)—;;f k!(b) (z — b)* gnif‘”w’](b—x)", (12)
YV x€la,b].
We call (")H
5= W (13)
So we have
n—1 (k) a
_5(m—a)”§f(x)—zfk'<)(x—a)k§5(a:—a)” (14)
k=0 ’
3
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and

z)",

n—1
—5(b—2)" < f(z)— Z f(k;'(b) (z—b)"<sb—2)",
k=0 ’
V€ la,b].
Therefore it holds
n—1 (k) n—1 (k)
ZfT‘(a)(x_a)k_é(Jf—a)n < f(-%’) < Z f k'(a) (x_a)k+5(x_a)7z
k=0 ’ k=0 ’
and
n—1 (k) n—1 (k)
0 50— < 1@ <X T @b a0
k=0 k=0
V€ lab.

Let any ¢ € [a, b], then

n—1 f-(k) (a) ) 5 . .
> o0 g et s [ e
=0 (q) . 5 .

e e e

and

n=1 () b
Sy 0 (tb)’”lmil)(bt)"*lg/t f(z)de <

£ (k+1)!

n—1
S*) (b) k1 o il
X YT G 0T

Adding (18) and (19), we obtain:

(n+1)

n—1 1 . .
{MM 75 (@) (£ = ) = £ ® (o) (¢ — 1)*F ]}+
J n+1 n+1
D ((t= o™+ -0,

789
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Consequently we derive:

b n—1
| 1@ =3 s [P @ =) D @) - <
@ k=0 )
mjn (=0 + =0t (21)
Vitelab.
Let us consider
g@)=@t—a)"""+b-t)""", Vieclab. (22)

Hence
gt =m+1[t-a)" - 0-1)"]=0,

giving (t —a)" = (b—1t)" and ¢t —a = b — ¢, that is t = %P the only critical
number here. .

We have g (a) = g(b) = (b—a)"*", and ¢ (o) = G=a)" " which is the
minimum of g over [a, b].

Consequently the right hand side of (21) is minimized when t = 22 with

2
f(n) n
value | (nﬂf)’}“’b] ® ;7)1 = Assuming f*®) (a) = f®) (b) =0, for k =0,1,...,n —
1, then we obtain that
b 17 s gty (0 = @)™
which is a sharp inequality.
When t = “£2 then (21) becomes
b n—1 k+1
1 (b—a) (k) k (k)
— ’ — <
| 1@ > g Y@+ O] <
17 6~ o

(n+1)! n

Next let N € N, 7 =0,1,2,.... Nand t; = a+j (”‘T’l), that is top = a, t; =
a+ 252, .ty =b.
Hence it holds

tj—a=j<b]_v“>, (b—tj)z(N—j)<bJ_Va), j=0,1,2,..,N. (25)

We notice that

(8 —a)" ™+ (b 1) = (b]_VC‘)nH =" (26)
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j=0,1,2,..,N,
and (k=0,1,....n—1)

[f(k) (@) (t; — )" 4 (=1)E£®) () (b - tj)k+1} _

k+1 k+1
[ﬂ“(a)jk“ ((F°) +enmow - (550 ]= 27

N

j=0,1,2, ..., N.
By (21) we get

(%) [ @+ ot @ v ]

<

b n—1 1 b—a k+1 it . L
[r@w-3 aig (057) U@ o m e -

f(”) o.la h— n+1
I (nﬂl,)[! b] ( Na> |:jn+1_~_(N_j)n+1:|7 (25)

j=0,1,2,..,N.
If f®) (a) = f*) (b) =0, k=1,...,n — 1, then (28) becomes

<

/abf(m)dz (bNa> [ (@) + (N = 5) f ()]

17 sy (0= a\ ™7 n
CESym ( Na> e =, (29)

for j =0,1,2,...,N.
When N =2 and j = 1, then (29) becomes

<

[ 1@ (550) i@+

||f(n)Hoo,[a,b] b—a\"t! o ||f(n)Hoo,[a,b] (b—a)"t! (30)
(n+1)! 2 (n+1)! n
And, if n =1 (without any boundary conditions), we get from (30) that
b b—a b—a)?
[r@a—(5) @+ ron) < Il P55 ey

which a similar inequality to Iyengar inequality (1). m
We give
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Theorem 3 Let f € AC" ([a,b]), n € N. Then

i)
b n—1
[ i@ =3 iy 1 @ -0t (0O 060+ <
) (32)
) .
LA AT |7|,j1“ Dt —a)" + (b-1)",
Vtéela,b],
i) at t = ‘IT“’, the right hand side of (32) is minimized, and we get:
' L -9, (*)
I }LL;([ 2D Qn_al) , (33)
iii) if f*) (a) = f*) (b)) =0, for all k =0,1,...,n — 1, we obtain
b f(") “ h— n
/a f (@) da| < I HnL!l([ ) ( an) 7 (34)

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

<

b n—1 1 b—a k+1 it . L
[r@w-3 aig (057) B o )

Ig o (b= a)"
I HnL!l([ ) (bN“) ™+ (N = 5)"], (35)

v) if f(k) (a) = f(k) b)=0,k=1,...n—1, from (385) we get:

b —a
[ r@ae- (150 s @+ -p ) <
f(n) —a n
H |LL!1([“")” <bN ) ™ + (N = 5)", (36)

forj=0,1,2,.... N € N,
vi) when N =2 and j =1, (36) turns to

<

b —a
[ 1@ @+ s
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[0 HL1([a,b]) (b—a)"
nl on—1 "

vii) when n =1 (without any boundary conditions), we get from (87) that

(37)

b —a
[ r@ds= (P5) @+ £ 00 < 1 oy -0)- 39)

Proof. Here n € N and f("~1) is absolutely continuous on [a, b]. Hence f()
exists almost everywhere and f(") € L; ([a,b]). By (9) we get

n—1 (k) a T .
‘f(:v)—kzof 2@t = o | [ @m0 f(”)(t)dt‘s
T —a n—1 b
i [0 o ofas ((n)l), [lro e @)
_ (‘7: 7 a)nil n
- (n—=1)! Hf( ) Li(lab))
That is
= ¥ (a) O P, 1
- et < B BED e oar o
k=0 ’
Vaelab.

By (10) we get

n—1
2 £ (b) N 1 xa:— n—1 p(n) ’_
‘f( N e A ey | @0 ar -
b b
ﬁ / (t—2)" "t 1) dt| < (n—ll)'/ (t—az)" " ‘f(n) (t)‘dtg
. (41)
(b—a)"" . =)
(n—1)! /a J )(t)‘dt_ (n—1)! Hf() Li(lab])
That is
n=l o) FARA _
‘f(x)—k_of 0, I o (nHLf)H*”” G-, @)
Vxelab.
- )
.7 L1 ([a,b])
P
8
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Hence )
nl ) (g .
‘f(w) 9 o < p@ -y, (13)
k=0 ’
and )
— f®) (b e
|f<x>—2 N EVIOE L (44)
k=0 ’
V€ la,b].
As in the proof of Theorem 2 we get:
b n—1 1
B (%) VKL vk (k) k)] <
| 1@ > g [P @ -0 s (kO e- 0 <
p n n
2t —a)" + (b)), (45)
Vitelab.
The rest of the proof is similar to the proof of Theorem 2. m
We continue with
Theorem 4 Let f € AC" ([a,b]), n € N; p,g > 1: %—&—% =1, and f™ €
L, ([a,b]). Then
i)
b n—1 1
_ (k) k1 -1 k p(k) k1 <
| @i > g MO @ -0t (0O 060 | <
(46)
Hf(n)HL ([a,b]) nt+1 ni+l
S o [(OREER
(n—1)! (n+ 5) (p(n—1)+1)7
Vtela,b,
i) at t = %L, the right hand side of (46) is minimized, and we get:
b n—1 k+1
1 (b—a) (k) )
_ — <
| 1@ > g we [ @ 0 o) <
(n) n4L
Hf HLq([a,b]) (b—a)" > (47)
Y R R T
i) if f*) (a) = f®) (b) =0, for all k =0,1,....,n — 1, we obtain
b f(”) _ n—&-%
@) de| < | HLq([a,b]) : (b na_); ’ (48)
a (n—l)!(n—i—%)(p(n—l)—i—l)ﬁ 2"
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which is a sharp inequality,
iv) more generally, for 5 =0,1,2,..., N € N, it holds

nl

<

g\ FH 1
(kil) (bN ) [ 78 (@) + (~1)F (N = 1O )]

Hf(n)HLq([a,b]) <b—a

5 4L L
(=1t (n+1) (p(n—1)+1)7 N) = )

v) if fF) (a)=fF () =0, k=1,...n— 1, from (49) we get:

[ 1w (S vra - p o)
[EA P b—a\" s e
(=Dt (n+1) pm-1)+1) (%) Tlrreer-am] e

forj=0,1,2,...,. N €N
vi) when N =2 and j =1, (50) turns to

<

D=

-8 @+ o)

<

Hf(n)HLq([a,b]) : (b— a):”%7 (51)
(n—l)!(n—k%) (p(n—1)+1)% 2"«

vii) when n =1 (without any boundary conditions), we get from (51) that

1N, ) (b — a)1+%

dz - (b;) (f (@) + 1 0)] <

< —.  (52)
1 v
(1+ 5) 2
Proof. Here ) € L, ([a,b]), where p,q > 1, such that % + % =1. By (9)
we get
n—1 .
f® (a) k 1 /T n=1 p(n)
_ — = —t ™M) dt| <
‘f(x) I Rl R vl AR CLIE

ﬁ /az (x — t)"—l ‘f(ﬂ) (t)’ dt <

([ o) ([mofra) <

10
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p(n=1)+1
(‘T — a) i . (n) ) (53)
(=D o= 1)+ )7 1 rates
That is
|f(z) 711—1 f(k) (a) (.T*a)k < ||f(”)HLq([a,b]) 7a)n—% (54)
G T - pn-1)+ 1) ’
V€ la,b].
By (10) we get
n—1
F® (b) k1 ’ n=1 ¢(n)
|f($)];) A (z—b) (n—l)!/m(tx) [t de| <
b
7(71_1 i / (t—a)" " ‘f(”) (t)‘ dt <
: L S\
(n_l 1)! </ (t— m)p(n_l) dt) (/ f(n) (t)‘ dt) <
p(n—1)+1
(b - x) v . (n) ) (55)
(=D -1+ 15 17 Meaten
That is
n—1 (k) b f(”) “ o
‘f( B fk'()(_ K < 1 2 10,00 _(b—a)"h, (56)
=0 (n=1lp(mn—-1)+1)7
Ve lab.
Set -
. £ oo -~ (57
m—1)(pn-1)+1)7
and 1
m:=n— p > 0. (58)
So, we can write
n—1 f(k) (a) X .
f(x)—kZZOT(w—co <y@-a)", (59)
and )
- f(k) (b) m
‘f(x)—;) N ES IO (60)
Vaelab.
11
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As in the proof of Theorem 2 we obtain:

/ab f(z)dx — :Z:O G i o [f(k) (a) (t — a)k-H + (_1)kf(k) () (b — t)k-ﬁ-l} <
(mi 0 {(t —a)" "+ (b t)m“] = (61)
Hf(n)HLq([a,b]) " il
T [(t—a) "+ (b—1) ] (62)
(=1 -1 +1)7 (n+1)

Vitelab].
The rest of the proof is similar to the proof of Theorem 2. m
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ABSTRACT. By using the Caratheodory approximation method, the current article presents the
analysis of exact and approximate solutions for stochastic differential equations (SDEs) in the
framework of G-Brownian motion. In view of the non-linear growth and non-Lipschitz condi-
tions, the boundedness of the Caratheodory approximate solutions Y%(t), ¢ > 1 in the space
MZ([to, T];R™) has been determined. Estimate for the difference between the exact solution Y ()

and the Caratheodory approximate solutions Y%(¢) has been derived.

Keywords: G-Brownian motion, non-linear growth and non-Lipschitz conditions, Caratheodory
approximation procedure, bounded solutions, stochastic differential equations
MSC: 60H20, 60H10, 60H35, 62L1.20.

1. INTRODUCTION

Stochastic differential equations (SDEs) are employed by several and diverse scientific disciplines
such as chemistry, statistical physics, biology and engineering. In finance and economics, they
are utilized to find out the risk measures and stochastic volatility problems. SDEs describe heavy
traffic behavior of communication networks and control systems [16]. Mathematics use the concept
of SDEs to incorporate random fluctuations in the model when one investigates the evolution of
the number of cells in an organism infected by a virus. The weather and climate can be modeled
by these equations. The clarification of fluid through porous structures and water catchment can
be modeled by SDEs [17]. They are used to describe the motion of wildlife [4]. SDEs play an
important role to study the animal’s swarm, such as schooling of fish, flocking of birds or herding
of mammals, to find resource of food in noisy and obstacle environment [30]. In physics, SDEs are
used to study and model the effect of random variations on distinct physical processes. A large
literature is available on the applications of SDEs in numerous fields of engineering such as computer
engineering [16, 22], mechanical engineering [26, 28, 29], random vibrations [3, 24|, stability theory
[25] and wave processes [27]. In general, one can not find the explicit solutions for non-linear
SDEs, so we have to present and study the analysis for the solutions of these equations. Moreover,
the developments of computational techniques are very important for solving several demanding
problems, for instance to find the optimal construction of a design and to determine input data from
fundamental principles. Therefore it is valuable to know computational accuracy, which leads us

to convergence results and estimates for the difference between exact and approximate solutions.
1
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The aim of the current article is to investigate estimates for the difference between exact and
approximate solutions for SDEs driven by G-Brownian motion with Caratheodory approximation
procedure. In view of growth and Lipschitz conditions, the existence-uniqueness results for G-SDEs
was studied by Peng [20, 21] and Gao [15]. Later, Bai and Lin [1] established the existence theory
for G-SDEs with integral Lipschitz coefficients. Subject to some discontinuous coefficients, the said
theory was generalized by Faizullah [11]. Let 0 < ¢ty <t < T < oo. Consider the following SDE in

the framework of G-Brownian motion
dY (t) =k(t, Y (t))dt + X(t, Y (t))d(W, W)(t)

(1.1)
+ pu(t, Y (1) dW (1),

with initial value Y (tp) € R™. The given coefficients g(.,z),h(.,z) and w(.,z) belong to space
M3 ([to, T]; R™), for all z € R™. SDE (1.1) in the integral form is expressed as the following

t

Y (t) =Y (to) +/t H(S,Y(S))ds-i-/t A(s,Y (s))d(W, W)(s)

(1.2) t
4 / (s, Y (3))dW (s),

to
on t € [tg, T). Its solution is a process Y € MZ([to, T]; R™) and satisfying SDE (1.2). The rest of the
current paper contains three sections. Building on the previous notions of G-expectation, section 2
presents the fundamental definitions and results of G-Browinian motion, sub-expectation, Grown-
wall’s inequality, Doobs martingale inequality, G-I1t6’s integral and Holder’s inequality etc. Section
3 reveals the Caratheodory approximate solutions procedure for SDEs driven by G-Brownian mo-
tion. This section give an important result, which shows that the Caratheodory approximate
solutions are bounded. Section 4 derives estimates for the difference between approximate and

exact solutions to SDEs driven by G-Brownian motion.

2. PRELIMINARIES

We present some basic results and notions required for the subsequent sections of the current
article. We don’t give detailed literature on basic notions of G-expectation, so readers are suggested
to consult the more depth oriented papers [9, 13, 18, 20, 21]. Let €2 be a given basic non-empty
set. Assume H be a space of linear real functions defined on Q so that (i) 1 € H (ii) for every
n>1, Y1,Y5,..,Y, € H and ¢ € Cpr1;p(R") it satisfies ¢(Y1,Y2,...,Y,) € H ie., subject to
Lipschitz bounded functions, H is stable. Then (Q,H, F) is a sub-expectation space, where F is a
sub-expectation defined as follows.

Definition 2.1. A functional F : H — R satisfying the below four features is known as a sub-
expectation. Let X,Y € H, then
(1) Monotonicity: E(X) < E(Y)if X <Y.
(2) Constant preservation: E(M;) = My, for all M; € R.
(3) Positive homogeneity: E(N1Y) = N1 E(Y), for all Ny € R™.
(4) Sub-additivity: E(X)+ E(Y) > E(X +Y).
2
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Moreover, let 2 be the space of all R"-valued continuous paths (w;):>o starting from zero. In
addition, assume that subject to the below distance, () is a metric space

(e e}
1
plw', w?) = Z—.(max lwi —wi| A1).

Fix T > 0 and set
Lgp(QT) ={oWy, Wiy, .., Wy,) i m > 1,t1,to, ..ty € [0, T], 0 € Cb,Lip(RmX”))},

where W is the canonical process, L?p(Qt) C L?p(QT) for t < T and L?p(Q) = U%OZIL?p(Qn).
The completion of L?p(Q) under the Banach norm E[|.|p]%, p > 1 is denoted by L7,(€2), where
LE(Q4) C LE(Qr) C L2(Q) for 0 < ¢t < T < oo. Generated by the canonical process {W (t)}+>o0,
the filtration is represented as F; = o{W,,0 < s < t}, F = {F;}+>0. Suppose mr = {to,t1,....,tN},
0 <ty <tH <..<ty < oo bea division of [0,7]. For p > 1, Mg’O(O,T) denotes a set of the
processes given by

N-1

(2.1) ne(w) = Z Ei(w) g, 1,,0)(2),

1=0
where & € LE,(Q,), i = 0,1,..., N — 1. Furthermore, the completion of MS’O(O, T) with the below
given norm is indicated by Mg(0,T), p > 1

T
il = { /0 Bl [?]ds) V7.

Definition 2.2. An n-dimensional stochastic process {W(t)}+>0 is called a G-Brownian motion if

(1) W(0) = 0.

(2) For any t,m > 0, Wi, —W; is G-normally distributed and independent from Wy, , Wy, , ........ Wi,

forne Nand 0<t; <ty <,...,<t, <t

Definition 2.3. Let 1, € Mé’O(O, T') having the form (2.1). Then the G-quadratic variation process
{(W)i}+>0 and G-1t6’s integral I(n) are respectively defined by
t
(W) = W2 — 2/ W,dW (s),
0

N-1

T
In) = /0 nedW(s) = 3 &(Wiyy, — Wi,).

=0

The following two lemmas can be found in the book [19]. They are known as Hdélder’s and
Gronwall’s inequalities respectively, .

Lemma 2.4. Assume m,n > 1 such that % + % =1 and B € L? then a3 € L' and

[oos([lar)” ([r)

3
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Lemma 2.5. Let a(t) > 0 and B(t) be continuous real functions defined on [a,b]. If for allt € [a,b],

b
B(t) < K + / o (5)B(s)ds,

where K > 0, then
5@) < Kef; oz(s)ds7

for allt € [a,b].
The following lemma, known as Doob’s martingale inequality, is borrowed from [15].

Lemma 2.6. Assume [c,d] be a bounded interval of Ry. Consider an R™ valued G-martingale
{X(t) :t > 0}. Then we have

B(swp [Y(0)) < 2 PE(Y(@)7),

where p > 1 and Y (t) € LE,(Q,RY). In particular, if p =2 then E(sup.<,<q|Y (t)|?) < 4E(|Y (d)[?).

3. CARATHEODORY APPROXIMATE SOLUTIONS

We now present the Caratheodory approximation procedure for equation (1.2). Let ¢ > 1 be any
positive integer. For ¢ € [ty — 1, o], we set Y4(t) =Y, and for ¢ € [to,T],

YI(t) = Y + /tn(s,Yq(s ~Dyyas+ /t (s, Y(s — 1)), w(s)

(31) to q to q

+/ ,u(s,Yq(s—;))dW(s).

to

The approximate solutions Z7(.) can be determined step-by-step on the intervals [tg, to + %], (to +
%, to + %] and son on with the following procedure. For t € [to, to + %], we have
t t
Yit) =Yy +/ k(s,Yp)ds +/ A(s, Y0)d(W, W)(s)

to to

t
+ / (s, Yo)dW (s),

to
and for t € (tp + %,to + %],

1 ¢ 1 t 1
Yt) =Y9(to + 5) + /t0+}1 K(s,Y(s — a))ds + /to+31 A(s,Y9(s — 6))d<W, W (s)

4 / (s, V(s — ;»dW(s),

1
0+q

etc. All through this article, we assume two conditions, described as follows. Let M be a positive
constant. For any t € [to, T] and x(t,0), A(¢,0), u(t,0) € L?,

(3.2) |5 (2,0)7 + [A(t,0)* + [u(t,0)]* < M,
4
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which is weakened linear growth condition. Let ¢ € [ty,T]. For every u,v € R", there exists a
concave non-decreasing function ¥(.) : RT — R* with ¥(0) = 0 and for s > 0, ¥(s) > 0 such that

(3-3) [(t,w) — w8, )+ [A(E ) = At )P+ [t w) = p(t )P < U(lu—of),

where [o, ﬁ = oo and for all s > 0, C,D > 0, ¥U(s) < C' + Ds. Assumption (3.3) is a non-
uniform Lipschitz condition. Subject to conditions (3.2) and (3.3), we assume that problem (1.1)
has a unique solution Y (t) € M&([to, T]; R™) [1].

Lemma 3.1. Let assumptions (3.2) and (3.2) are satisfied. For every ¢ > 1 and any T > 0,

(3.4) sup E([YU(H)]?) < Ny,

to<t<T

where Ny = Hye2(T=10) [, = 4E|Yy|? + 8T(T + 2)(2M + C), Hy = 8(T +2)D and M,C, D are

arbitrary positive constants.

Proof. In view of the inequality | Z?Zl cil? < 72;1:1 |ci|?, from (3.1) we derive

YO0 < 4o + 4 ttfe(s,w(s—;>>ds|2+4| ttMs,Yq(s— ), ) )
ol [ s,y - ;»dW(s)r?.

to
Apply G-subexpectation on both sides. Then by virtue of the Doob’s martingale, Holder’s and
BDG [5] inequalities we have

t 1 t 1
E( sup [Y(s)[2) < 4E(|[Yo]2) +4T/ Elr(s, V(s — ))]2d3+4T/ EA(s, V(s — 1)) 2ds
to<s<t to q to q
t 1
+16 | Elu(s,Y(s — =))|%ds

to q

t

1

<4E([Yo|*) +8T [ E[r(s,Y(s — 5)) — 1(s,0)]* + |K(s,0)*]ds

to

w87 [ BN V(s - ;)) (5,002 + |A(s, 0)2)ds
132 [ Ellu(s, Y(s - ;» — (s, 0)[2 + |pa(s, 0) ) ds.

to

Using (3.2) and (3.3), we derive

E( sup |Y9(s)|?) < 4E(|Yy|*) + 1612 M + 32T M + 8(T + 2) /t E[W(|Y9(s — 1)\2)]ds

to<s<t to q

t
1
< AE(|Yo|*) + 16T%M + 32T M + 8(T + 2) / [C+ DE|Y%(s — 6)12]ds

to

t
< 4E(|Yo|?) + 16T%M + 32T M + 8T(T 4+ 2)C + 8(T +2)D | E[ sup |Y9(r)?|ds
to to<r<s
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By virtue of the Grownwall’s inequality, we derive

E( sup |Y9(s)|?) < HyeM2(t=t0)
to<s<t

where Hy = 4E|Yy|?> + 8T(T + 2)(2M + C) and Hy = 8(T + 2)D. Consequently, supposing ¢t = T,
we obtain

E( sup [Y(s)?) < Hye(T0) = Ny,
to<s<T

The proof stands completed. U
In a similar way as lemma 3.1, we can prove the following result.

Lemma 3.2. Subject to the growth condition (3.2), for any T > 0,

(3.5) sup  B(|Y ()*) < Ny,

to<t<T

where N7 is a positive constant.

4. ESTIMATES FOR THE DIFFERENCE BETWEEN EXACT AND CARATHEODORY APPROXIMATE
SOLUTIONS

We first give an important result. Then in view of weakened growth and non-uniform Lipschitz
conditions, we derive an estimate for the difference between the approximate and exact solutions
to problem (1.1).

Lemma 4.1. Let 0 < r <t <T. Suppose that the assumptions of lemma 3.1 are satisfied. For all
q=>1

(4.1) E(|Z4(t) - Z9(w)]’] < Gi(t — u),
where G1 = 12(T 4+ 2)(M + C + DNy), M, C, D and N; are positive constants.

Proof. In view of the fundamental inequality ]Z?:l cl? < 72?:1 lc;|?, for any ¢ > 1 and 0 < r <
t <T, from (3.1) we derive

V(1) - Y(u)? < 3] / (s, V(s - ;>>ds|2 3 / A(s, V(s - ;>>d<w, W)(s)[?

+3) / u(s,Y"(S—;))dW(S)Q-
6
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Apply G-subexpectation on both sides. Then by virtue of the Doob’s martingale, Holder’s and
BDG [5] inequalities we have

t 1 t 1
V() — V)2 < 3T/ Elr(s,Y(s — 1)) 2ds + 37 | E|A(s, V(s — ~))|2ds
u q to q

+12/u l(s, Y(s q))\ d
! q(s 1 — k(s 2—|— k(s 2 S
< 61 /u Ellx(s,YI( q)) (s,0)] |k(s,0)|%]d

4 6T/ ElA(s, V(s — ;)) ~ (8, 0)[2 + [A(s,0)%]ds

+24 / Bllju(s, Y(s - ;» — (s, 0) + (s, 0) A ds.

Using (3.2) (3.3), we derive

[Y9(t) — Y9(u)|? < 6TM(t —u) + 6TM(t —u) + 24M(t — u) + 12(T + 2) /t E[U(]Y4(s — ;)\2)]ds

<12TM(t —u) + 24M (t — u) + 12C(T + 2)(t — u) + 12D(T + 2) /t E[lYi(s — (11)|2]ds

< 12TM(t — u) + 24M (t — u) + 12C(T + 2)(t — u)
+12D(T + 2) /tE[ sup |Y9(r)|*]ds

i to<r<s

In view of lemma 3.1, we have
[V9(t) — Y9(u)|* < 12T M (t — u) + 24M (t — u) + 120(T + 2)(t — )
+ 12D(T + 2)N1(t — u)
Consequently,
V() = YI(u)]® < Gi(t — ),
where Gy = 12(T + 2)(M + C 4+ DNy). The proof is complete. O

Next lemma can be proved by using similar arguments as used in lemma 4.1.

Lemma 4.2. Let 0 <r <t <T. Subject to conditions (3.2) and (3.3),
E[|Z(t) = Z(w)P’] < Gi(t — ),
where G1 1s a positive constant.

Theorem 4.3. Assume (3.2) and (3.3) holds. Then

i

B( sup_[Y(s) = Y9(s)[2) < 6T(T +2)[C + 2] 2T+2D(T 1)
to<s<T q

where C' and D are positive constants.
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Proof. By using the inequality | Z?:l cl? < 72?:1 |2, from (1.2) and (3.1) we obtain
Y (t) - Y(t)]” < 3] t [K(s,Y (s)) — r(s, V(s — ;))]dﬂz + 3| t [A(s, Y (s)) = As, V(s — ;))WW W)(s)[”
+3[ [ (s, Y () — (s, Y(s — ;))]dW(S)P-

to
Apply G-subexpectation on both sides. Then by virtue of the Doob’s martingale, Holder’s and

BDG [5] inequalities we derive

B sup [V(s) -~ V(o)) < 5T Blln(5, Y (5)) = (s, (s = 1)) Plds
3T t:EnA(s,m)) - X5, Y9~ D)
#12 [ Blule,Y () - s (s - 2Pl
Using the non-uniform Lipschitz condition we get
E(tosgl{gliét Y(s) = Ys)|*) <6(T +2) t: E[V([Y(s) = Y(s — ;)|2)]d8
< 6T(T +2)C +6(T +2)D t: E[lY(s) = Yi(s — i)\Q]ds
— 6T(T +2)C + 6(T +2)D t: E[[Y(s) — Y(s) + Y(s) — V(s — (11)|2]ds
< 6T(T +2)C + 12(T +2)D t: E[Y(s) — Y(s)|*]ds
+12(T +2)D t: E[[Y9(s) = Y(s — ;)IQ]ds

Utilizing lemma 4.1, we determine
¢

1
E( sup |Y(s)=Y9s)?) <6T(T+2)C+12(T+2)D [ E( sup |Y(r)—YI(r)|})ds+ 127(T + 2)D~
to<s<t to  to<r<s q
Finally, the Grownwall’s inequality gives
1
E( sup |Y(s)—Y9(s)?) < [6T(T + 2)C + 12T(T + 2)D~]e'HT+2)D(t—to)
to<s<t q
Consequently, by letting ¢t = T', we get
2D
E( sup |Y(s) —Ys)|?) < 6T(T + 2)[C + ==]e!2T+2D(T~t0),
q

to<s<T

The proof stands completed. 0
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5. CONCLUSION

This paper opens several new research directions with arising the following open problems. What
will be the estimates for the difference between exact and Caratheodory approximate solutions to
G-SFDEs under non-linear growth and non-Lipschitz conditions? How can one solve the stated
problem for G-NSFDEs? Can one gives estimates for the difference between exact and Caratheodory
approximate solutions to backward stochastic differential equations in the framework of G-Brownian
motion? Under what conditions, can we develop the mentioned theory for stochastic pantograph
equations [2, 12, 31, 32]?7 We hope the current paper will play an essential role to establish a
foundation for the concepts briefly discussed.
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Behavior of a system of higher-order difference equations

M. A. El-Moneam* A. Q. Khan' E. S. Aly} M. A. Aiyashi®

Abstract

We study the local stability about equilibria, periodicity nature of positive solutions and existence of
unbounded solutions of higher-order system of rational difference equations. The results presented here
are considerably extended and improve some existing results in the literature. Finally theoretical results

are verified numerically.

Keywords: difference equations; local stability; periodicity; unbounded solutions
AMS subject classifications: 39A10, 40A05

1 Introduction

Tn—1

In [1], Bajo and Liz have investigated the global behavior of the difference equation: x,11 = P

where a, b, xg, x_1 € Ri. Alogeili 2] has investigated the stability and semi-cycle analysis of the difference
equation: T,4+1 = a_zzﬁ, n=0,1,---,wherea, xg, x_1 € R%r. For systemic study of difference equations
and systems of difference equations, we refer the reader |37 and references cited therein. Motivated by
the above studies, our aim in this paper is to investigate the local stability about equilibria, periodicity
nature of the positive solutions and existence of unbounded solutions of the following higher-order system

of difference equations:

A1 Tp—k A2Yn—k

k 9 yn+1 = k
Bt =1 [Jymi Ba =2 [ [ n—i
i=0 i=0

Tptl = ,n=0,1,---, (1)

where «;, B;, v; for i = 1,2 and x_j;, y_; for j = 0,1,--- ,k are belong to Ri. The rest of the paper is
organized as follows: Existence of equilibria and local stability are studied in Section 2. Section 3 deals with
the study of periodicity nature and existence of unbounded solutions of system . In Section 4, numerical

simulations are presented to verify theocratical discussion. A brief conclusion is given in last Section.
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2 Existence of equilibria and local stability

In this section, we will study the existence of equilibria and local stability of system . The results about

the existence of equilibria are summarized into following Lemma:
Lemma 1. System has two equilibria in the interior of Ri. More precisely
(i) ¥ parametric values, system has a unique boundary equilibrium point O(0,0);
1 1
(i) If aq < 1 and ae < B2, then A <<B27_20‘2) . (%) kH) s the unique positive equilibrium point
of system (1)).
Hereafter we will study the local stability of system about boundary equilibrium (0, 0) and the unique
1 1
positive equilibrium point A <<5272°‘2) P (%) k“) of system 1'
1 1
Lemma 2. For local dynamics about O(0,0) and A <(ﬁ2;20‘2) R (%) Hl), the following statements
hold:
(i) For equilibrium O(0,0), the following holds:

(i.1) O(0,0) is locally asymptotically stable if aq < 1 and ay < Ba;
(i.2) O(0,0) is a unstable if ay > By or ag < [a.

1 1
(ii) A ((’32‘“2> o (M> ’““) is unstable.
Y2 71

Proof. (i.1) The linearized system of (1)) about (0,0) becomes: X, 11 = Jg0) X, where

T, 00 ... 0 % o 0 ... 00

Tn—1 10 ...0 0 0 0 ... 0 O

. 0 0 0
X, = n—k ;» Jo,0) = . The characteristic equation of

Yn ’ 0 0 3

2

Yn—1 0 0

Yn—k o0 ...0 0 0 O0O ... 1 0

J(0,0) about (0,0) is

AHTZ <al + OQ) P ) 2
B B2 B2 @)

If a1 < B1 and ag < [y then all roots of lie inside unit disk. So O(0,0) of system is locally

asymptotically stable.
(2.2) It is easy to show that if a3 > (1 or ag > f2 then O(0,0) is unstable.

1 1
(7). The linearized system of about A ((52;20‘2) P (%) k+1> becomes: X,+1 = J4X,, where
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nzyt  nzg” nzgt  nzgh
0 0 ... 0 1 10171 10[71 e 10471 10171
1 0 . 0 0 0 0 o 0 0
0 0 e 1 0 0 0 . 0 0
Ja = Eorio)x@k+2) = | gzt gt wist it
- rranlNE - .
0 0 e 0 0 1 0 o 0 0
0 0 e 0 0 0 0 . 1 0
Let A1, A2, ..., Agpio denote the 2k + 2 eigenvalues of matrix FE. Let D = diag(dy, da, ..., dogi2) be
a diagonal matrix, where d; = dy10 =1, d; = dpr14=1—1d¢, 1 =2, 3, ---, k+ 1 for 0 < e < 1. Clearly,
D is invertible. In computing DED~!, we obtain that
0 0 0 didy
dod;? 0 0 0
0 0 v dprdy! 0
YogE dpyody ! y2gE digedy ! Yo gz dpyodyt  v29T dpiod;
a9 a2 e (e ') a2
0 0 e 0 0
R 0 0 0 0 ,
B nzgtdidgl, mazgtdidgl, megtdidyl,,  mzgtdidgl,\ (3)
a1 a7 e aq [e3]
0 0 - 0 0
0 0 .. 0 0
0 0 ... 0 dk+2d2_k1+2
ditsdy s 0 0 0
0 0 o dopgadyy) 0

From di > dy > -+ > dyy1 > 0 and dj19 > djy3 > -+ > dogyo > 0 it implies that dad;’ < 1, dady ' <
1, o+, disrdy, " < 1and dysdy sy < 1, digady s <1, -+, dagsadyy,; < 1. Furthermore,

~ik -1 ==k —1 ==k —1 ==k —1
1T dld 1T d1d 1T dld 1T dld
nry ht2 71Ty L% ST 71Ty 2htl 7Ty 2k4-2

a1 (03] 631 (03]

1 MnZy* 1 1 1
1 > 1.
1—(k+1)e+ oy +1—26+ +1—/ce—i_1—(/€—i-1)e

dldl;-il-l +

Also

— =k —1 ——k —1 =k —1 ~=k -1

ZVdjyod ZVdjyod T dpyod 2T dg 1 od

Y2YT Q20 4 YoYT” Q4209 T VoYX ap4-20y n Y2y +20541
(€3] (€3] Qi (€5

__k
Y2YT 1 1 1 1

1 > 1.
Qs <+1—26+ +1—k‘6+1—(k‘+1)6>+1—(k’+1)6

+ dk+2d5k1+2 =
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It is well-known fact that E has the same eigenvalues as DED™!. Hence, we obtain

_ _ _ _ _ 1
1<n1‘{1<az>§c+2 Am| < IDED oo = max{dad, fyee 7dk+1dk17dk+3dki27 e 7d2k+2d2k:1+17 1 (F+ De (& + 1)e
"
MNTY 1 1 1 1
1 I
* aq <+1—26+ +1—k6+1—(k+1)6>’1—(k‘+1)6
=k
YoyYZT 1 1 1
297 (4 > 1.
* s <+1—26+ ~V_l—ke—l_l—(k—l—l)e>}
1 1
This implies that A ((62;20‘2> M (%) k“) of system is unstable. O

3 Periodicity nature and existence of unbounded solutions

In this section, we will study the periodicity nature and existence of unbounded solutions of system . Let

us denote a1 = V1Y_gY1—k - Yo, A2 = V2T _pTi_k - Lo to study the periodicity nature of positive solution

of system (I
Theorem 1. If a1 = 51 — a1 and as = B2 — aw, then system has prime period-(k+1) solutions.

Proof. From system and a1 = 1 — a1, ag = B2 — ao, we have

- Q1T _k Q1T _k . y a2y -k a2Y—k y
1= = =Tk Y1 = = =Y_k.
k p1—ax k By — as
Br—m ]y By =2 [[2-i
i=0 =0
. S a1z _ Q11— _ ok
= = = = =T1_k,
k Br—Myyoy—1-Yi—k B —Myoy-1-yi-kY—k B1— a1
B1—m H Yi—i
=0
y Q2Y1—k Q2Y1—k Q2Y1—k Q2Y1—k y
9 = = = = = Y1—k-
k P2 —y2T1T0T_1- - Ti—)p P2 — V2ToT_1- - Ti_kT_p P2 — a2
B2 — 72 H L1—i
i=0
By induction, one has
" a1 127 a1 127 .
k B1 — NYk+1YkYk—1""Y1  Br—nYoY-1- - Y1-kY—k P1— a1
Br—m [ Juwsri
=0
Q2Y1 a2Y1 Q21 Q2Y1
Yk4+2 = = =

B2 — VX4 1TkTp—1 - T1 B2 —YeToT_1- T1_kT_ P2 — a2

K
B =2 [ [ wkr1i
i=0

O

Theorem 2. Assume that 51 < a1, B2 < ay. Then, every positive solution {(zn,yn)} of system tends
to 0o as n — 0o.
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H

Figure 1: Plots for system

Proof. From system ({]), it follows that

o A1 Tn—k > A1 Tn—k o A2Yn—k
Ln+1 = = 3 > Tn—ky Ynt+l =
1

%
Br—m H Yn—i
=0

A2Yn—k

BZ (4)

>

A =
62 - 72 H Tn—i
1=0

> Yn—k-

From first equation of , we have T(xi1ni1 > Tk A Thit)ng(k+2) > T(k+)nt1- Hence, the
subsequences {Z (x4 1)n+1}> s 1T (k+1)n4(k+1)} are increasing, i.e., the sequence {z,} is increasing. So, x, —
o0 as n — 0o. Similarly, from second equation of one gets: Yui1)nt1 > Ykt )n—k A0 Yy )nt (k4+2) >

Y(k+1)n+1- Hence, the subsequences {y(x+1yn+1}s" " s {Wk41)n+(k+1)} are increasing, i.e., the sequence {yn}
is increasing. So, ¥y, — 00 as n — oo. O

4 Numerical simulations

In this section we will present numerical simulations to verify theoretical results.

Example 1. If a; = 50,81 = 63,71 = 4, a2 = 90, By = 122,v9 = 2 then system with x_5 = 3.9,x_4 =
1.5,1‘_3 = 12.4,3}'_2 = 11.9,:(}_1 = 1.6,1‘0 = 2.9,y_5 = 2.6,y_4 = 3.8,y_3 = 5.8,y_2 = 3.5,y_1 = 3.1,y0 =
0.9 can be written as:
50x,_5 90yn—5
y Yn+1
63 — 4YnYn—1Yn—2Yn—3Yn—4aYn—5

(5)

Tntl = = .
122 — 2xpwp 1 0n2Tn3Tn—4Tn—5

Moreover, in Fig. [1] the plot of x,, is shown in Fig. the plot of y, is shown in Fig. [I§ and global attractor
of system @ 18 shown in Fig. .

Example 2. If oy = 15.5,61 = 17,71 = 27,9 = 11.2,8y = 12,7 = 23, then system with x_g =
1.9, 2 v =17,2_¢=25,2_5=09,2_4=15,x_3=104,2_92=6.9,2_1 = 0.6,z =2.9,y_g =28, y_7 =
1.6,y—6 =1.8,y_5 =2.6,y_4 =2.8,y_3 =28,y_2 =3.5,y_1 =2.1,y0 = 1.6 can be written as

15.52,_3g
xr 1= s
n+ 17— 27ynyn71yn72yn73yn74yn75yn76yn77yn78 (6)
11.2y,_s
Yn+1 =

12 — 232p@n—1Tn—2Tn—3Tn—4Tn—5Tn—6Tn—7Tn—8

Moreover, in Fig. [9 the plot of x,, is shown in Fig. the plot of y, is shown in Fig. and global
attractor of system (@ is shown in Fig. .
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Figure 2: Plots for system (@)

5 Conclusion and future work

This work is related to the qualitative behavior of a system of higher-order rational difference equations.

We have proved that under some restrictions to parameters, system ((1)) has a boundary equilibrium O(0, 0)

1 1
and the unique positive equilibrium point A <<627_2a2) o , (%) ") in the closed first quadrant ]Ri.
We have analyzed the local stability about equilibria, periodicity nature of positive solutions and exis-
tence of unbounded solutions of system . Finally, theoretical results are verified numerically. Besides

the local properties, the global stability of under consideration system , which is our further aim to study.
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ON APPROXIMATING THE GENERALIZED
EULER-MASCHERONI CONSTANT*

TI-REN HUANG!, BO-WEN HANZ2, XIAO-YAN MAZ2, AND YU-MING CHUS3:**

ABSTRACT. In the article, we provide several sharp bounds for the the general-
ized Euler-Mascheroni constant, which are the generalizations of the previously
results on the Euler-Mascheroni constant.

1. INTRODUCTION

It is well known that the sequence

(1.1) SO

. Tn = 573 , 8T
is convergent towards the Euler-Mascheroni constant
(1.2) v =0.57721566490115328 - - - .

The Euler-Mascheroni constant has been involved in a variety of mathematical
formulas and results [1-6], many special functions are closely related to the Euler-
Mascheroni constant [7-63]. Recently, the bounds for 7, — v have attracted the
attention of many researchers.

Alzer [64] proved that the double inequality

1
il TSy,
holds for n > 1.
In [65], T6th proved that the two-sided inequality

(1.3) <An—7 <

2n + 2 2n + 3
takes place for n > 1.

Chen [66] proved that o = (2y — 1)/(1 —~) and 8 = 1/3 are the best possible
constants such that the double inequality

1 1

<Hp—7v <
2n+a_7n K 2n + 3

(1.4)
holds for n > 1.
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In [67], Qiu and Vuorinen proved that the double inequality

1 /\< <1 I
2n  n? Tn 7_Qn n?

holds for n > 1 if and only if A > 1/12 and p <~y —1/2.
Let a > 0. Then the generalized Euler-Mascheroni constant y(a) is defined by

1 1 1 a+n—1
1.6 = lim (-4 ——F b —— —log
1)@=t (54 gy g e )

(1.5)

which was introduced by Knopp [68]. We clearly see that (1) = «. Recently,
the generalized Euler-Mascheroni constant y(a) has been the subject of intensive
research [69-71].

In [70], Sintdmé&rian introduced the sequences

(L7) xn:é+ai1+“.+a+rllfl_IOga—;n’
(18) y":2+aj—1+.“+a+711—1_IOgaJrZil’
and proved that the double inequalities

(1.9) N a) <7(a) —zn < m7
(1.10) S S0 € g

hold for n > 1.
In [71], Berinde and Mortici established Theorems 1.1 and 1.2 as follows.

Theorem 1.1. The double inequalities

1 1
(111) m < ’Y(CL) — Ty < W,
(1.12) T <¥n—7(a) < o L

2(n+a) -3 n+a)—32

hold for a > 0 and n > 2.

Theorem 1.2. (a) The inequality
1

(1.13) <v(a) —z,
2(n+a)— 14+ &
holds for a > 13/30 and any integer n > 1.
(b) The inequality
1
(1.14) < yn — (a)

2(n+a) — g + ﬁ
holds for a > 17/30 and n > 1.

The main purpose of this article is to generalize inequalities (1.4) and (1.5) to
the generalized Euler-Mascheroni constant v(a). Our main results are the following
Theorems 1.3 and 1.4.
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Theorem 1.3. Let a >0, n > 1. Then one has
(1) the double inequality

1 1

(1.15) Snta—m <~A(a) —x, <

holds with the best possible constants

1 1
1.1 =2(1 — .
(1.16) =21+ - o T ey T F
(2) the two-sided inequality
1 1
1.17 —_— <y, — <
(1.17) 2(n+a) — as < 9 —70) 2(n+a) — B2
is valid with the best possible constants
(1.18) ar=2(1—d), = g
where
L . . 1
d= 1 2 = — .
max{f?(a)vf2( +a)7f2( +a‘)}a fQ(x) 2(¢(x+1)—log(x)) €z

Theorem 1.4. Let a > 0, n > 1. Then the double inequalities
1 Qs 1 B3

1.1 < - 4n ’
(1.19) 2(n+a)+(n+a)2 s (@)= an < 2(n—i—a)+(n—|—a)2
1 Q4 1 Ba
1.2 . —~(a) <
(120) 2(n—|—a—1)+(n+a—1)2<y 7(a)*2(n+a—1)—i—(n—&—a—l)Q
hold with the best possible constants
1 1

(121)  ag=(+a) flog(l+a) — (1 +a) - ", fs =,

1 9 a
(122 ou= e = a®l(a) ~log(a)] + o

2. LEMMAS

In order to prove our main results, we need the following formulas and lemmas.
For x > 0, the classical gamma function I'(z) and psi function ¢(x) [72-84] are

defined as )
L I(x)
Fx:/ t*le7tdt, P(x) = ,
@ = @) = T
respectively.
The psi function ¢ (z) has the following recurrence and asymptotic formulas [85]
1 1 1 1 1
2.1 = S e T S M
21) d(n+az) (n—1)+x+(n—2)—|—x+ +2+x+1+x+x+w(x)’
1 1 1 1
2.2 ~ log(z) — — — -
(22) @) ~loglw) = 50 = 1505 F 3001 gm0 T @)
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According to (2.1) and the definitions of x,, and y, given in (1.7) and (1.8), we
clearly see that z,, and y, can be rewritten as

(23) 70 = (0 +a) — ¥la) ~ log T,
(24) ho = 00+ a) — fa) ~log "I
It follows from (1.6) and (2.2) that
(2.5) ~(a) = lim yy,
— Tim_ (1¥(n + a) — log(n + a — 1) + log(a) — 1(a)) = log(a) — ¥(a).
Therefore,
(2.6) V(a) = zn =log(n +a) — P (n + a),
(2.7) yn —y(a) =p(n+a) —log(n +a—1).
Lemma 2.1. The function
(2.8) fi(x) ! — 2z

~ log(z) — ¥(a)
is strictly decreasing from (1,00) onto (—1/3,1/~v — 2).
The function
1
29 T e ) B

is strictly decreasing from [2,00) onto (1/3, f2(2)].

Proof. Differentiating f1(x) gives

(10g() — (x))* () = 9/ (2) — + — 2l0g(x) ~ (x))*

It follows from the inequalities
, 11 1 1 1

V@ -2 <35t s

v <222 T 6% 3005 T 42aT

1 1 1
1 _ . S
0g() =) > 5+ 155~ 15008

given in [86] that

(2.10) (log(x) — ¢(x))* fi(z) <
where
(2.11) Fy(z) = —207 —3840(x — 1) —6580(z — 1)? —3640(x —1)* = 700(z — 1)* < 0

for z € (1,00).
Therefore, the monotonicity of fi(x) follows easily from (2.10) and (2.11).
Clearly, f1(1) = 1/y — 2. The limiting value lim,_,~ f1(z) = —1/3 follows from
the asymptotic formula (2.2).
Differentiating fo(z) leads to

1
__— _F
5040028 11 (@)

2 (i +1) ~ Tog(@))? Fi(x) = + + =5 —v/(x) ~ 2eh(x) + - ~ log(x))”.
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It follows from the inequalities
1 1 , 1 1 1
—_ [ < P — 7’
T + x2 (z) 2r2 623 30x5
1 1 1

1 1
| = _
Vi) + o —loe(e) > o = s + o0~ 25000

for z > 0 given in [86] that

Fy(x)
— 2 g 2
2z +1) ~ In@)? fy(r) < o n
where
Fy(x) = 3217636 + 17887632(x — 2) + 39443124(x — 2)?
+47009928(z — 2)3 + 33797841 (z — 2)* + 15180480(x — 2)°
+4189500(x — 2)5 + 652680(x — 2)7 + 44100(z — 2)% > 0
for x > 2.
Therefore, fo(x) is a strictly decreasing function on [2, 00). The limit lim, o fo(z) =
1/6 follows from the asymptotic formula (2.2). O

Remark 1. Qi et. al. [87] proved that the function fa(x) defined by (2.9) is strictly
decreasing on (12/5,00).

The following Lemma 2.2 can be found in [88, 89].

Lemma 2.2. The function

x
(2.12) fa(z) = 2*((w) — log(z)) + 5

is strictly decreasing from (0,00) onto (—1/12,0) and completely monotonic on
(0, 00).

3. PROOF OF THEOREMS 1.3 AND 1.4

Proof of Theorem 1.3. From (2.6) we clearly see that inequality (1.15) can be
rewritten as

1
-8 < -2 < —a.
P ogtnra) —amra rta)<-a
It follows from Lemma 2.1 that the sequence
1
filn+a) = —2(n+a)

~ log(n+a) —¥(n+a)
is strictly decreasing, which leads to the conclusion that

1 . .
5= nh—>Holo filn) < f1i(n) < f1(1) = log(1+a) — (1 +a)

Therefore,

—2(1+a).

1 1
(1 +a) —log(l+a)’ b= 3
are the best possible constants such that inequality (1.15) holds.
From (2.7) we clearly see that inequality (1.17) is equivalent to
15} 1

1_§< 2(¢(n +a) —log(n +a —1)) —(n+a—1)§1—§.

a1:2(1+a)—
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It follows from Lemma 2.1 that the sequence
faln+a-1) :
n+a—1)=
’ 2((n +a) —log(n+a — 1))

is strictly decreasing for n > 2, which leads to the conclusion that

—(n4+a-1)

£ = Tim fo(n) < fo(n) < max {fo(a), o1 +a), p2+a)} =d.

n— oo

Therefore,
5
(3.1) ay =2(1—d), P2 = 3

are the best possible constants such that inequality (1.17) holds.

Proof of Theorem 1.4. From (2.6) and (2.7) we know that inequalities (1.19)
and (1.20) can be rewritten as

(n+a)

az < (n+a)? (log(n +a) — (n+a)) — 5

< 637

(n+a-1)

ag<(n+a—172%@n+a—1)—log(n+a—1))+ 5

< ﬁ47

respectively.
It follows from Lemma 2.2 that the sequence
f. -1
faln+a—1) = (n+a—1)° @ +a— 1)~ log(n +a— 1) + "2 =Y

is strictly decreasing for n € N.

Note that
. 1
nh_?;o fs(n) = 19
Therefore,
9 14+a 1
a5 = (1+ a)llog(1 +a) — (1 +a)] - 22, =,

S A= (@R — log(a)] + 5

are the best possible constants such that inequalities (1.19) and (1.20) hold.

gy = —

Remark 2. (1) Let a = 1. Then Theorem 1.8(2) leads to inequality (1.4) with the
best possible constants « = (2y —1)/(1 —~) and 5 =1/3.

(2) Let a = 1. Then inequality (1.20) becomes inequality (1.5) with the best
possible constants o =1/12 and =~ —1/2.

(3) From Theorem 1.3 we know that both the upper bounds 1/[2(n+a) —1/3] for
v(a) =z, and 1/[2(n+a) —5/3] for y, —y(a) given in (1.11) and (1.12) are sharp
for any a > 0.
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Abstract

This paper is devoted to present a new and simple algorithm to prove that the function ¢, (z)
is a good approximation to the solution ¢(z) for Volterra integral equations (VIEs) of the second
kind in the space Lz(x) [0, 27] with weight function p(z). This approximation is discussed in details
with help of the Valleé-Poussin’s and Fejer’s, operators. Special attention is given to study the
convergence analysis and estimation of an upper bound for the error of the approximated solution.

Key-Words: Volterra integral equations; Valleé-Poussin’s and Fejer’s operators; Convergence analysis;
1. Introduction

In this paper, we present the approximate solution for Volterra integral equations (VIEs) of the
second kind in the space L;%(x) [0, 27] with weight function p(z) > 1 where p(z) is a summable function
on [0, 27] .

o) = J@ +A [ Kol 0<ay<om 1)

where the functions f(z), k(x,y) belong to LIQ)(J:) [0,27] and are 27-periodic functions, } is a regular

value of the kernel k(x,y) and the kernel k(x,y) satisfies the following conditions
Ly p)lk(z, y)Pdy}? = x(x) € L2,)[0,27];
2. p“”k(xay)HL% < 11

where

27 %
I+, )z = Ik Dz, jom = [ / / W)lk(z, y) Pdyda

The simplicity of finding a solution for Fredholm integral equations (FIEs) of the second kind with
degenerate kernel naturally leads one to think of replacing the given equation (1) by FIE with degenerate
kernel, see [1, 2, 8, 9]. The solution of the new equation is taken as an approximate solution of the
original equation. The study employs Dzyadyk’s method which is based on the linear polynomial
operator ([3]-[5]).

Eq.(1) can be written in the new form

(@) = fla) + A /0 "Rz, )e(y)dy, 2)
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where

. 1, for y<u,
k(z,y) =e(z, y)k(z,y),  elz,y)= (3)
0, for y > .

From (3), it is found that the kernel k(x,y) in (2) satisfies the following conditions (A*)

L {& p) k(. y)2dy}? = pla) € L2,)[0,2x);

1
27 21 2
129l 23020 = [ / / )|z, v)|2dyda

Now, instead of Egs.(1) and (2), let us solve the following equations

where

21
onl2) = Un(fi2) + A /0 Unli(oy):lon(p)dy, 0 <,y <2m (4)

The notation U, [k(.,y); z] will mean that the operator U, acts on k(z,%) as a function of & and at the
same time, the variable y plays the role of the parameter.

Now, since the functions U, (f;z) and Up,[k(.,y);z] are both trigonometric polynomials of order n
with respect to x, the solution ¢, (x) of the Eq.(4) will also be trigonometric polynomial of order n in
x. It is well known that the problem of determination of the solution of Fredholm integral equation of
the second kind with degenerate kernel is reduced to the solution of corresponding system of algebraic
equations [11]. In this study, it will be proved that the function ¢,(x) is a good approximation to
the solution ¢(z) of Eq.(1) on the space Li(w) [0,27]. This approximation is discussed in details for

Valleé-Poussin’s and Fejer’s operators.
2. Preliminaries

Starting from the known linear polynomial operators Uy, (g; z) which are good approximation to the

function g(z) in the space Lz(:p)’ and have the form:

27 27
Un(giz) = - /0 o(OUn(z — t)dt = - /O oz — OUn()dt, (5)

T s

where

Z)\k cos(kzx), (6)

[\DM—~

)\I(Cn) are constants which define the method of approximation.

Theorem 1. [6/

For k(x,y) belongs to L2[0, 2], such that \)\]Hl;:(x,y)||L127 < 1, and f(x) belongs to L?

(@) then the

integral equation
2m
Po) = 1@ +A [ kwa)etn)ds
has an unique solution p(x) in Li(x) [0, 27].
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Now, with the help of the following theorem we will find the condition by which the equation (4)

has an unique solution.
Theorem 2. [6]

If A and B are two bounded linear operators in Banach space E, while A has an inverse and

|Blle||A~Y| & < 1, then the operator (A + B) has also an inverse and
I(A+B) e <A e = [|BlelA™ )"
To find this condition, we write both of Eqgs.(2) and (4) in the operator form
(I=AK)p=f, (I =AUu(K))gn = fa,

where

Ko = /ﬂ By, UnB)on= [ Unlfloy): 2lon(y)dy.

It is obvious that I — AK = A, MK — U,(K)) = B, are two bounded linear operators in the space

2
Loy

It is well-known that the operator I — AK has an inverse for each A such that % is a regular value of K

[6]. So Eq.(2) has an unique solution and we can write
o=UI+AR)f=f+ AR/,

where (I — AK)~" = (I + AR) and R is the resolvent of the operator K. From theorem 2 if |A[||(I —
M) Y g|K = Un(K)|lg < 1, then (I — AU,(K)) has also an inverse, thereby Eq.(4) has an unique

solution and can be written in the form

On = (I + )\Rn)fn = fn + >\Rnfm

where (I — /\Un(f())*1 =TI+ AR, and R, is the resolvent of the operator Un(f()
Now, we return to the functional representation of resolvents R(z,y;\); Ry (x,y; \) and equations
(2) and (4). Knowing the resolvent R(x,y;\), we at once obtain the solution of the original equation

(2) with an arbitrary right hand side f(z) in the following form

27
o(x) = flz) + A /0 R,y \) f (y)dy.

Also, the solution of Eq.(4) can be represented through the resolvent as follows

27
on(@) = ful) + A /O R (.42 M) fu(y)dy.
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Theorem 3.

For any kernel k(z,y) € L2 510, 27], if the linear polynomial operator U, of order n is defined in Lg(x)

and if the function f(z) € (x), then

Un [/abk(-,y)f(y)dy;w] —/ab Unlk(.,y); 21f (y)dy.
The proof of this theorem is very similar to the proof of a theorem in [4].
3. Auxiliary definitions and theorems
Definition 1.

The averaged-modulus of continuity of the kernel k(z,y) € L2[0, 2] is defined as follows

wi (kit) = wr3(t) = 5 sup [ / K | r@w ke = 5.0 ko, p) Py g ()

Lemma 1.
The function wp: (t) has the following properties:
1. ng(t) — 0 for t — 0;
2. wpe (t) is positive and monotonic increasing;
3. wpp(tita) < wpp(t) +wra(ta);
4wz (t) is continuous;
5. for any positive real number 7, the following inequality holds wy: (nt) < (1+n)w L2 (t).

Also, by the averaged-modulus of continuity with respect to  and y of a function k(z,y) = e(z, y)k(z, y)

defined in [0, 27], we mean the following function r2(t)

2T 2w 2

Oushit) = 0u0) = 5 sup | [ [ pemlbenlete ) ez . (9
v P 27T |s|<t

It is evident that the function €2y (¢) satisfies the above properties of the modulus of continuity (1-5).

Definition 2.

The value of the following norm

NI

5 _ 5 5 2w 27 B 5
5u(k) = 8k Un) = WUl ); @) — (o, 9) 23 = [ /0 /0 P(2)p(9) [Un((-, 1) 2) — (z, y)]Pdady|
(9)
will play an important role in estimating the error arising from replacement of Eq.(1) by Eq.(4).

The following theorem provides an estimate of &(k, Uy,).
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Theorem 4.

For any kernel k(z,y) € LZ [0, 27], and for any linear polynomial operator U, (g; ), we always have

the following inequality

™

5n(1})§2[wL2(1)+QL2(1)]/ [n|t] + 1)Uy (t)|dt. (10)

—T

Proof. Using Minkowski inequality and equalities (5) and (7), we obtain

5n<lz‘l) = HUn(l;‘(ﬂU)ax) - I;:(xay)HLg =

k(2 —t,y) — k(2. y)|Un(t)dt

3|

2
LP

-1 [ / [ v [ [ ot ) - fc(a:,y»rdydx

Jun

2

W= b—_—

IN
3=
—
3

&

S

k(x —t,y) — k(x,y)]Qdydx} dt

/27r /271'
! /” \Un(t)] /27r /2” e(r —t,y)k(zx —t,y) — e(xay)k(fﬁ,y)]2dyd.7):| : dt
/27r /27r

IN
\

2

,y)le(z — t,y) — e, y)]2dyda:}

IN
S|~
\q
E
S

U% /% (@ —t,y)k(z —t,y) — k(z, y)]2dyd4 ’ dt]
< o] /QW /2ﬂp(x)p<y)k(x,y>[e<$ P dydxr
U% /% (@ —t,y)k(z —t,y) — k(z, y)]2dyd4 ’ dt]

<2 [ Ul + Qu(0lde <

<2 w0+ ()] [ i+ o0

—T

Definition 3. O

We define the error of approximation of I;:(:c, y) as follows

Epy (k)13 = k(2. y) = Ty (2, 9) | 12

2
= inf / / k(z,y) — Tn,m(x,y)]dedy] ,
Tn,m(wyy) —mJ -7
By (k)2 = ||k(z,y) — Tpi oo (x Y)lzz
P
- 2
— it / | roww)iite.y) - Tn,oom,y)]?dxdy} |
Tn,w(xvy) —7J -7
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Ezo,m(];)Lg - H];(x7y) - T:o,m(xay)”L%

— it [ / /’;pm)p(yw%(x,y)—Too,m@,y)?dxdy g

Too,m(m,y)

where T}y, (7,y) denotes the trigonometric polynomial in = of order n and in y of order m of best
approximation of k(z,y) in the metric L?) [0, 27], T}y (7, y) denotes the trigonometric polynomial in z
of order n of best approximation of k(z, ) in the metric L2[0,2x], T, ,,,(x, y) denotes the trigonometric
polynomial in y of order m of best approximation of l;:(x, y) in the metric LZ [0,27]. The estimates of
how rapidly the quantities E,’;m(lzr)ley, E’;kzoo(l;)[/% and E;om(l;:)Lg tend to zero as n — 0o, m — oo are
given in [10], where

E:L,m(i;:)[/% — 0, n,m — 0o,

B = Brne(Bize BB > Bro ()12

then

E:;OO(E)L% —0, as n— oo, (11)

Elom(k)rz =0, as m— oc. (12)

Now, we will mention the bounds of the norm (9) for various linear polynomial operators U, as the
following cases:
Case 1: Valleé-Poussin’s method [5]:

U, =V, we have

L 1 23
- W())dt < =+ 222 1
[ Wl < g+ (13)
from Eq.(10) and definition 3, we get
. - 1 1
Broo(k)rz < 127 jwpa () + Qpz () - (14)

By using the inequality (13) and considering that the method of Vallee-Poussin’s V,, leaves trigono-

metric polynomial of order n invariant, then

= [lk(z,y) = T oo (2,9) = Valk( ) = Ty o 9)s 2]l 2

i
< Ena®i 1 [ Wl [ [ el - o) - e~ t)Pdyda] a0

—T —T J =T

AN
]
S~—
h
[ V]
12
)
o
w
(@)
)
8
—
]
N—
h
[ V)

L2 [T ] B

—Tr

and from (14) we get

~ 1 1
On (ks Vi) < 29.232m[wpa (—) + Qra(

n

)l (16)

n
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Case 2: Féjer’s method [5]:

U, = F,,, we have

= [ im =1, (17)
/W (1+ nlt)| Fu(D)|dt < 6(1+nn), Vn >3, (18)

We let n' = ‘{,az(y) bi(y),al(y) and b}

pay?

()
the variable z of the functions k(z,y) and V,,[k(.,y); z]. Then,

Vot Gro )i ) = BulVio (R ()i )]l 2

denote the corresponding coeflicients of Fourier series in

2n’ .
= Z l[a;‘(y)cos iz + b} (y)sinix]
i—1 L2
1
2n/ i 272 [2n 2
< * * . b . .19
< Ll (n) ] ;[al (y)cosix + b; (y)siniz] ]
_ Li= 2
1 1
2n/ i 272 || T2n 2
< [ (2) ] > la*w) +bf2(y)]]
=1 Li=1 L%
1
1 2n’ 2 ~ 1
< W [;ZZI Hk(l‘ay)HL; < W(Qn/)2 ||k(x,y)||L2
1
< k(x,
< ol
Thereby
S(k; Fr) = ||k(z,y) — Fu(k(,9); )|z

EX
=

= ‘ (:L',y) - Vn’( ('7y);x> + Vn’(%('ay);x) - Fn(Vn’(if(vy);x)) + Fn<Vn’ - INC),.%')HL?)
< k(@ y) = Vo (k( )22z + 1Fn(Vir = k) 2) 22 + [V (R )5 ) = Fu(Viw (B, ) 2)) | 22

< 1+71T/7T |Fn(t)|dt) (25)E} oo (k)2 + \; ek, )2,

-7 Tn4
(19)
from Eqs.(17) and (19), we get
) .- 1
O(k; Fn) < 5By oo (k)12 + r kG, y)l 2. (20)
J/rni
Also, from Eqgs.(18) and (10), we have
- 1 1
O(k; Fn) < 12(1 +Inn)[wpz () + Qrz ()] (21)

Now from (16), (20) and (21) it is clear that d,(k) — 0 as n — oo for Valleé-Poussin’s and Féjer’s
methods for every periodic function k(z,y) € L? 210, 27], sz( ) =o0(1/lnn) and QL2( ) =o(1/lnn).
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Definition 4.

The following quantities will play an important role in estimating the error of our approximation

21
€ Ui ) = €0 — ] | kelew) - Uiteilay| (22)
0 LIQ,
Y = Y (Uni @) = 11 = A |Ei 1 ()12, (23)
=1

where
En(@)1z = infllo(@) — Tn(@)ll 2,

T, (x) is a trigonometric polynomial of order n in x, m < n.
Theorem 5.

For any kernel l%(x, y) € LZ [0, 27r] and for linear polynomial operator U, (g; x) the following inequality
holds

27
5n<z%>=gn<z%;Un;so>=\ | ket ~ Unternlay

L3

IN

i 2n 3o )
Erom(B)rzlle(y) — Un(esy)llz + \/Z’Ym(Un; ) [/O p(ﬂf)dfﬁ] [sz(az, Wiz + B m(F)rz|
(24)

for any positive integer m < n.

Proof. For any function () € Lg with Fourier coefficients ¢; and d; in view of Bunyakovskii inequality

and p(x) > 1, we obtain

|cicosix + disiniz| = Tii,nlf(t) = /_7r [p(t) — T;—1(t)]cos(i(z — t))dt‘
I , P feos(i( — )2 17
< gty L peteto -] | [

IN

V2t T awie - ToaoPal %
< \/ZEfl(%’)L;,

therefore L
2 4 2
||lcicosix —{—disinz’mHLg < - f_l(gp)L% (/ p($)dm> .

Letting

m

Toom(z,y) = Z a;(x)cos iy + b;(z)sin iy,
i=0
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m
Elopm(K)rz = inf ||k(z,y) =) ai(x)cosiy + bi(z)siniy|
(224 i=0 L2

and taking into consideration (23) and using Bunyakovskii inequality, we obtain

27r~
&n —fn k Un; o H/ .%' y Un(@? y)]dy

L

- [/o%P(w) [ /0 - k(2,y)[p(y) — Un(e; y)]dy] i dm]

<[ [T, e[ - T )le) - Ul

Too,m(xyy

= BN

o ) y o1
| [ ) + T = B ot) ~ Uiy | ]
[/ Rﬁzifﬁmm—nmmwww—mmwmﬁ42
2w
[ » Rﬁfjé (k(2,1) + Toayn(,) ~ Kz 9)

+
m ) %
Z (1— i )(cicos iy + d;siniy) dy] dx}
<

mF)e2lle) = Un(e )l

1

+ \/Z%(Un;w) VoQﬂP(m)dx] 2 (17 ) + B (R3]

Dj

4. The approximate solution and its error bounds

The following theorem shows that for sufficiently good linear methods U, (g; ), the difference be-

tween the polynomials ¢, () and the original solution ¢(x) is sufficiently small.
Theorem 6.

If the kernel k(z,y) in Eq.(2) satisfies the assumptions (A4*), all functions appearing in (2) are
2m—periodic in z and y, then any linear polynomial operator Uy (g; z), if |\|RS(k; U,) < 1 and if Eq.(1)
is replaced by Eq.(4), the following inequality holds

lo(@) = en(@)llzz < (1 + an(k) (@) = Un(e;2) 3, (25)
in which ~
§(k; Un; )
(@) = Un(e; )| 2
where 6(k;Uy) and &(k; Uy; o) are defined in (9) and (22), respectively, and R = 1 + \)\H|R(x,y)||L12),
where R(z,7) denotes the resolvent of the kernel k(z, y).

an(k) = [AIR | 6(k; Un) + /(1= INR3(k; U], (26)
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Proof. Using theorem 3, and Eq.(2), we represent the solution ¢, (x) of Eq.(4) in the form

pn(®) = Un(f52) + AUy [ / "))y ]
— Un(f;2) + \Us [ / R )lonly) — ow)ldy + / o () ]

2w 5 2T (27)
A [l alion) -l + U (1047 [ Rt
2m B
= [ U salionts) — el)ldy + Un(ga).
it follows that o
onl@) = Unligi) = A [ bla,y)ln(w) = Un(in)ldy + 9u(a) (28)
where
2m - - .
gn () ZA/O [Un(k(.,y);2) = k(z,y)][on(y) — o(y)ldy + /\/_ k(x, y)[Un(e5y) — o (y)ldy.
Thus, by Egs.(9), (10) and (22) we get the estimate
271' _ _
low(@lzz < || [0 GEC)i0) = R llnts) — ool
L3
2m
| [ ROt - ety (29)
0 L2
< IN6(k; Un) [l (@) = Un(i @)llzz + IUn(i @) = (@) 3] + INEGE; Ui o).
In view of |)\|||];‘(£L',y)HL% < 1, Eq.(28) has an unique solution given by
2
on(x) — Un(@;2) = gn(2) + A/ R(z,y)gn(y)dy.
0
Therefore
ln(@)~Un(i)lz3 < l9a @z [1+ NIRG0)z3]] = Rllgn(@)lzz
< BRI [8(ks Un)lll9(2) = Un(@i @)1z + lon(@) = Un(i @)l z] + €053 Uni )|
Taking into consideration |\ RS(k;Uy,) < 1, we obtain
_ R[S (ks Un)[|Un (3 2) = ()| 3 + €(k; Uns )]
lon(@) ~ Un(esallzy < o
Therefore
lo(z) = en(@)llz < lle(x) = Unlp; 2)llLz + [lon(x) — Un(@; 2)|l 2
) ‘)“R[é(l;:aUn)HUn(‘Pax) - Qp(x)HL% +§(];;Un;90)]
< lle(@) = Un(p; 2)l L2 + RS (30)
< (1+ an(k))lle(x) = Un(p; 2)| 24
where o, is given by (26). Thus, the inequality (25) is proved. O
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5. The results

It is well-known that in [7], one cannot achieve an error less than the corresponding to the best
approximation. The error estimate in (25) with rate of convergence ay,(k), means that, the rate of
convergence of ¢, (z) to ¢(x) is comparable with the rate of convergence of the best approximate,
which means that the error estimate (25) is optimal. Applying theorem 6, and also the corresponding
results from section 3, we obtain the following results:

In the case of the application of Valleé-Poussin’s method:
From [10] and (25) we obtain

2v/3 ~
L2V

lo(z) —en(@)llrz < (14 an(’%))(g ) E @)z < (1+ an(k))(2.5) B (0) 1z,

where by (15) we have

25E:L,oo(z:)[/% + E;o,m(k)[%
1= AR(2.5)E} o (k)12

an(/;:) <|AIR

Y

then ay (k) — 0 as n — oo for all p(z) € Li( k(x,y) € Li(x) [0, 27].

x)?

In the case of the application of Féjer’s method:

The quantity oy, (k) in the relation (25) will not tend to zero for any solution ¢(z), but will tend to zero
only under the condition that ”the solution ¢(z) belongs to some subclasses of integrable functions”.
Restricting ourselves to the Holder classes W (") H (Lg) where r is a non-negative integer and 0 < 8 < 1,
we obtain the following case:

In order that o, (k) — 0 as n — co considering (20), (21) and [10], it is sufficient that the following
conditioned be satisfied

1

p(x) € W(O)Hﬁ(Lz), Le.r=0, 0<B<1 w(=)rz=o0(l/Inn), Q(ﬁ)L?) = o(1/lnn).

S|

6. Conclusion and remarks

In this article, we presented the approximate solutions of the Volterra integral equations of the
second kind in the space Lg(z) [0, 27] with weight function p(z) with the help of the Valleé-Poussin’s and
Féjer’s operators. In the same time, we proved that the function ¢, (z) is a good approximation to the
exact solution ¢(z) for the Volterra integral equations. From the obtained approximate solutions using
ADM, we can conclude that the proposed approach is easy to implement and computationally very
attractive. A good agreement between the theoretical study with the obtained approximate solutions

have been obtained.
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A Modified SSDP Method for Nonlinear Semidefinie Programming*

Jianling Lif ~ Chunting Lu ~ Hui Zhang
College of Mathematics and Information Science, Guangxi University,
Nanning, Guangxi, 530004, China

Abstract In this paper, we investigate nonlinear semidefinite programming and propose a
modified sequential semidefinite programming (SSDP for short) algorithm without a penalty
function or a filter. At each iteration, the search direction is yielded by solving a linear semidef-
inite programming subproblem and a quadratic semidefinite programming subproblem. The
nonmonotone line search ensures that the objective function or constraint violation function is
sufficiently reduced. Under some appropriate conditions, the global convergence of the proposed
algorithm is shown. Some preliminary numerical results are reported.

Key words nonlinear semidefinite programming; sequential semidefinite programming; non-
monotone line search; global convergence

1 Introduction

Consider the following nonlinear semidefinite programming (NLSDP):

min f(x)

st. G(z) X0, (1)

where f:R"™ — R is assumed to be a smooth and real value function, G : R® — S™ is a smooth
and matrix value function. S™ represents the set of all real symmetric matrices. The symbol A < B
means that A — B is a negative semidefinite matrix.

Nonlinear semidefinite programming has many real-world applications, such as engineering de-
sign, optimal structure design, optimal robust control and robust feedback control design (see
[1]-[4]). In recent years, the investigation of NLSDP has attracted much attention. The main solu-
tion methods for NLSDP are augmented Lagrange method [5]-[10], interior point method [11]-[15],
SSDP method [16]-[21]. In this paper, our focus is on SSDP method. Correa and Ramirez in
[16] proposed an SSDP algorithm. At each iteration, the search direction is generated by solving a
traditional quadratic semidefinite programming (QSDP for short) subproblem. A subdifferentiable
penalty function is used as a merit function to design line search. Under some conditions, the
algorithm is globally convergent. However, it is not easy for the choice of an appropriate penalty
parameter. Gomez in [17] proposed a filter-type SSDP algorithm for nonlinear semidefinite pro-
gramming problem. For each iteration point, by solving a trust-region type QSDP subproblem

*Project supported by the National Natural Science Foundation (No. 11561005), the National Science Foundation
of Guangxi (No. 2016GXNSFAA380248
 Corresponding author. E-mail: jianlingli@126.com
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to get search direction. When objective function value or the constraint violation function is im-
proved, the trial point is accepted by filter. Chen in [21] proposed a trust region SSDP method
without a penalty function or a filter. The search direction is obtained by solving trust region QS-
DP subproblem. Whether the trial point is accepted or not depends on the decline of the objective
function or constraint violation function.

In all above SSDP algorithms, the traditional QSDP subproblem, which generated the search
direction, may be incompatible. Motivated by the idea of modified SQP methods for nonlinear
programming, in this paper, we proposed a modified SSDP algorithm for NLSDP (1.1). At each
iteration, the search direction is yielded by solving a linear semidefinite programming (LSDP for
short) subproblem and a modified QSDP subproblem. Nonmonotone line search technique is used
to determine step size.

The paper is organized as follows. In the next section, the algorithm is described in detail.
The global convergence is shown in Section 3. Some preliminary numerical results are reported in
Section 4 and some concluding remarks are given in the final section.

2  Description of Algorithm

In this section, we first restate some concepts and notations about nonlinear semidefinite pro-
gramming, and then describe the proposed algorithm.
Let G(x): R™ — S™ be a matrix value function, we use the notation

_ (9G(x) 0G(z)\ T
DG(z) = < oz, ow. (2.1)
for its differential operator evaluated at x. For any d = (d1,---,n) € R", DG(z)d is defined by
"L 0G(z)
D = i . 2.2
G(z)d ;d B, (22)
The adjoint operator DG(x)* of the linear operator DG(x) satisfies
T
ey = (< 26@ v o 06w 5 0@ ) vy esm (2.3)
83:1 8%2 axn

where < A, B > means the inner product of the matrix A and B.

Definition 2.1 6/ Let 7 € R” be a feasible point of NLSDP (1.1), if there exists ¥ €
S™ satisfying the following KKT conditions

V.L(%,Y) = Vf(&) + DG(&)"Y =0, (2.4)

Y >0, <G&),Y>=0, (2.5)
where L : R” x S — R is the Lagrangian function of NLSDP (1.1), that is,
L\ Y) = f@)+ < Y, G(x) >,

then 7 is called a KKT point of NLSDP (1.1), the matrix Y is called a Lagrangian multiplier
associated with .
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Let 2 € R™ be the current iterate point. In order to generate search directions, we borrow the
ideas in [22] and construct the following linear semidefinite programming (LSDP (z*) for short):

min =z
s.t. G(aF) + DG (2%)d < 21, (2.6)
z >0,

where I, is the m order identity. Obviously, the feasible set of LSDP(z*)(2.6) is not empty, so
~ T
there exists an optimal solution of (2.6). Let (d* , z;)T be an optimal solution of (2.6), then we
construct a quadratic semidefinite programming (QSDP (z*, H}) for short) as follows:
min V f(2¥)"d + 3d" Hy.d

deRrn (2.7)
st. G(z%) + DG(2%)d = 2.1

If Hy, is a symmetric positive definite matrix, then the solution of QSDP(z*, Hy) (2.7) is unique.
To measure the degree of feasibility at the iterate point, we define the degree of constraint

violation as follows:

h(z) = (M(G(2)))+, (2.8)

where A () is the largest eigenvalue of a matrix, (a)+ = max{0, a}. Obviously, h(z) = 0 is equiva-
lent with that x is a feasible point of NLSDP (1.1).

Let d* be the solution of QSDP(z*, H},) (2.7). Similar to the idea of filter method, we hope that
the search direction d* can improve the feasibility of the iterate point or the value of the objective
function. In other words, if d* satisfies

ViMTdh < —%(dk)Tdek, (2.9)
and ¢ satisfies
k kY < k—j\y _ k\T 7 7k _
Fah 1) < mae {F(a )} — ta(d) (2.10)
k k < k_j .
hah+ 1) < B ma {(h(at ), (2.11)

where a € (0, %), m(0) =0, m(k) = min{m(k —1)+1, M}, M is a positive integer, then the

corresponding trial step z* + td* is accepted.
If d* does not satisfy (2.9), that is,

Vf(l’k)Tdk > —%(dk)Tdek, (2.12)
then let ¢ = 1. If the following inequality

Mt ) < B g () 21)

hold, then the corresponding trial step z* + d* is accepted.
Based on the above strategy, we now present the new algorithm in detail.

838 Jianling Li et al 836-847



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Algorithm A

S0. Given 2° € R", Hy = I,,,, o € (0, %), o€ (0,1), g€ (%, 1), m(0) = 0, apositiveinteger M . Let
k:=0.

S1. Solve LSDP(z*) (2.6) to get a solution ((i’“T 26) . If db = 0 and 2 # 0, stop.

S2. Solve QSDP (z*, Hy) (2.7) to get the solution d*. If d* = 0, stop.

S3. If d* satisfies (2.9), then let t; be the first number in the sequence of {1,,02, - - -} satisfying
the following inequality

Flat td) < max {F(4)) ~ ta(d) T Hd, (2.14)

0<j<m(k

and go to S4; otherwise, let t, =1 and go to S4.
S4. Let 2F*t! = 2% 4 ¢,d". If the following inequality

h(zF) < B max {h(z"7)}, (2.15)

0<j<m(k)

holds, then set m(k + 1) = min{m(k) + 1, M}. Update Hj such that Hj4 is a positive definite
matrix. Let k = k 4+ 1 and go to S1; otherwise, go into the restoration phase to obtain a new
point z**1. Let k = k + 1 and go to S1.

Remark. In the restoration phase, our aim is to decrease the value of h(z). The restoration
algorithm is similar to the one given by Long et al. [23].
3 Global Convergence

In this section, we first show that Algorithm A is well-defined, and then show the global con-
vergence. To this end, the following assumptions are necessary.

A1 The iterate {*} remains in a closed, bounded subset X.

A 2 The objective function f(z) and the constraint function G(z) are twice continuously
differentiable in R".

A 3  There exist two constants 0 < a < b such that a||d||?> < d¥ Hpd < b||d||? for any d € R™.
In what follows, we analyze the feasibility of Algorithm A. To this end, it is necessary to extend

the definition of infeasible stationary point for nonlinear programming [24] to nonlinear semidefinite

programming.
Definition 3.1  Let € R™ be an infeasible point of NLSDP (1.1), if
énﬁ{n max{\ (G(z) + DG(Z)d),0} = max{\(G(x)),0} = h(T), (3.1)
E n

then 7 is called an infeasible sationary of NLSDP (1.1).
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Lemma 3.1 Supposed that the assumptions A1-A3 hold, if Algorithm A terminates at x*,
then 2* is either an infeasible stationary point or a KKT point of NLSDP (1.1).

Proof. The proof is divided into two cases.

Case A. If Algorithm A terminates in S1, then d* = 0 and z # 0. We know from
LSDP(z*) (2.6) that z, = h(z*), so h(z*) # 0, which implies z* is an infeasible point of
NLSDP (1.1).

In the following, we prove that z* is an infeasible stationary point of NLSDP (1.1), namely,
z¥ satisfies:

C?elllRI}1 max{\1(G(z*) + DG(z*)d),0} = max{\ (G(z¥)),0} = h(z).

By contradiction, suppose that the conclusion is not true. So there exists d*° € R™ such that
2 := max{\ (G(z*) + DG (2%)d*?),0} < h(z). (3.2)

Clearly, (d"“OT, )T is a feasible solution of LSDP(z*) (2.6). Note that z; is a solution of LSDP(x*) (2.6),
so we obtain

2, < 2 < h(zh), (3.3)

this contradicts z = h(z"*). Therefore, z¥ is an infeasible stationary point of NLSDP (1.1).

Case B. If Algorithm A terminates in S2, then the solution d* of QSD(z*, Hy) (2.7) is zero,
i.e., d* = 0. Further, d* = 0 satisfies KKT condition of QSDP(z*, H}) (2.7), that is to say, there
exists Yy € S™, such that

Vf(z") + DG(z*)*Y, = 0,
G(xk) = ZkIma
Y, = 0, < G(l‘k) — 21y, Y >= 0.
In what follows, we prove that zp = 0. By contradiction, supposed that z; # 0, obvious-
ly, (0T, z,)T is a solution of LSDP(x*) (2.6) from (3.5). Therefore, z* is an infeasible point of

NLSDP (1.1). Since Algorithm A does not stop in S1, z; < h(z").
On the other hand, it follows from (3.5) that

M (G(z)) < 2.

In view of z; > 0, we obtain h(z¥) = max{\;(G(2*)),0} < 2. This contradict z;, < h(z¥).
Therefore, z; = 0.

Substituting z; = 0 into (3.5), and conbining with (3.4) and (3.6), we know that 2" is a KKT
point of NLSDP (1.1). O

Lemma 3.2 If d* satisfies the inequality (2.9), then the line search (2.14) is performed.

Proof. It is sufficient to show that there exsits ¢ € (0,1) such that (2.14) hold.
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In view of V f(z*)Td* < —3(d*)THyd¥, so in combination with the positive definiteness of Hy,
we know that there exists d* # 0 such that Vf(2*)Td* < 0. For convinence, denote

fa®) = Ogl;lg(k){f(fv’“‘j )} (3.7)

By contradiction, if the conclusion is not true, then for all t € (0,1), we have
f@F +td¥) — f(2'®)) > —ta(d®)T HpdF > 2taV f(zF)Td>. (3.8)
From (3.7), it is obvious that f(z(*)) > f(z¥), so combining with (3.8), we have
f(aF +tdP) — f(aF) > f(ab +td®) — f(2!R)) > 2taV f(2F)TdF, (3.9)

equivalently,
Ww > 2aV f(2*)Td>. (3.10)

Let t — 0%, taking the limit for the both sides, it follows that
V(@) Tdk > 2av f(2F)Tdb.

This implies o € [, ) due to Vf(z*)Td* < 0,. This contradicts « € (0,1). Hence, the desired
result holds. O

Lemma 3.3 Supposed that the assumptions A1-A3 hold, then there exists ¢ > 0 such that
tr >t for k sufficiently large,.

Proof. According to Algorithm A, without loss of generality, suppose that the search direction
d”* satisfies (2.10), that is,

1
V(R Tdh < —i(d’“)Tdek.
By Taylor expansion, (3.7) and the assumptions A1-A3, we have

fa® + tpd®) — f(2'™) + tya(dh)T Hyd
= f(@¥) + eV f(2*)TdF + 33 (dN)TV2 F(yF)dr — f(2'®) + tpa(d¥)T Hyd®
< f(ak) + 4,V F (@) Tdb + $2(dF)TV2 f(yF)dE — f(ak) + tpa(db)T Hyd®

3.11
=tV f(2®)Tdx + L42(d) V2 f(y*)d* + tpa(d®) T Hydk (3:11)
< —gti(d®) T Hyd" + 5t7(d") V2 F(yF)d" + tra(d) T Hyd*
< —at(y — a)|d*|* + 3t M d* |7,
where 3" is between x* and z* + td*, M is a positive integer such that |V2f(z)|| < M.
Let t = a(lzja) >0, so (2.10) holds for t; >7 and « € (0,1). O

Lemma 3.4 Supposed that the assumptions A1-A3 hold, {z*} is an infinite sequence generated
by Algorithm A, then klim h(z*) = 0.
— 00
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Proof. Since m(k + 1) < m(k) + 1, we have

Wk+1)y _ k=51 < k+1—j\y _ k+1 WK\ 1(k)
AE) = e (LS e (@) = mas(ah), A O)) = ha'®),

this implies that the sequence {h(z!*®))} is not increasing for k. Combining with h(z!®) >0, we
conclude that {h(z'*))} is convergent.
By Algorithm A, we have

h(z 1) <B, max {h(z")} = Bh(a'®). (3.12)

Replace k by I(k) — 1. we obtain
h(z' W) < Br(z!)=1), (3.13)

which together with 8 € (3,1) gives klim h(z!*)) = 0. Further, by (3.12), we can conclude
—00
that lim h(zF) = 0. O
k—o0

Theorem 3.1 Supposed that the assumptions A1-A3 hold, {z*} is an infinite sequence gener-
ated by Algorithm A, d* is the solution of QSDP(z*, Hy) (2.7). If the multiplier corresponding

to d* is uniform bounded, then there exists K C {1,2,---} such that lim d* = 0.
kek

Proof. By the assumption A1, we know that {z*} is bounded, so there exists an infinite index
set K C {1,2,- -}, such that {2*}x is convergent. Let Il€1r§1C ok = o*.
€

We consider the following two cases:
Case 1. The index set Ko = {k € K | Vf(z*)Td* < —1(d*)TH}d"} is infinite.
By (2.14), we obtain

by = flab + t.dF) < f(2'®)) — tpa(d))THdb < f(2'®), ¥V ke K. (3.14)
Since m(k + 1) < m(k) + 1, we obtain

FEEY < max  {f@)} = max{f(a), f(@'®)} = f(@'®). (3.15)

0<j<m(k)+1

This implies that the sequence {f(2!*®))} is not increasing. Combining with the boundedness
of {f(x!®))}, it follows that {f(z/"))}x, is convergent.
For {l(k)—1, ke Ky}, we obtain

fat®) < ftt®7) =ty a(d® )T Hygy o d 71 (3.16)
Since {f(z'®))} is convergent, we have

lim 4y (@) Higy 1 d' 71 = 0,

By Lemma 3.3, we know that there exists ¢ > 0 such that biky—1 = t > 0, so by the assumption

A3, we obtain

li I(k)-1 — .
Ilcr(l)rld 0 (3.17)

842 Jianling Li et al 836-847



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

The uniform continuity of f(z) implies that
Ii I(k)—-1y li I(k) )
im f(@7) im f(@) (3.18)

Let [(k) = I(k + M + 2), it is not difficult to prove by induction that for any given j > 1,

lim ||d/®=3| =0, (3.19)
Ko
lim f(z!®=7) =1lim f(z'®). (3.20)
’Co ’CO
. I(k)—k—1 . ' .
For any k € Ko, we obtain zF*t1 = zlk) — 3 ti(k)_jdl(k)*]. Note that I(k)—k—1< M+
j=1
1 and (3.19), we get llicm |25+ — 2!®)|| = 0. So it follows from the convergence of {f(z/(¥))} and
0

the uniform continuity of f(z) that
I By (k)Y
im f(z77) =1lm f(2™)

So let k (€ Ky) — oo, taking the limit in (3.14), we have

lim tra(d®) Y Hyd® = 0. (3.21)
0

Similar to the proof of (3.17), we obtain lliCm d* = 0. Hence, let K = Ky and the conclusion
0
follows.

Case 2. The index set Ko = {k € K | Vf(2*)Td" < —1(d*)VHd"} is finite, which implies
that Ky ={k € K| Vf(z*)Td* > —1(d*)THyd"} is infinite.

By contradiction, supposed that the conclusion is not true, then lllcl? d* # 0. So there exist
K2 € K1 and a constant € > 0, such that ||d*|| > ¢ for k € Ks.

Since d* is the solution of QSDP(z*, Hy) (2.7), by KKT condition of QSD(z*, Hy) (2.7) , it
follows that there exists a positive semidefinite matrix Y} such that

Vf(zF) + Hyd* + DG(z)*Y;, = 0, (3.22)
Tr((G(2*) + DG (z*)d* — 2.1,,)Y3) = 0, (3.23)

According to the assumption of Theorem 3.1, there exists M > 0 such that 1Yillr < M.
By Lemma 3.4, we know klim h(z*) = 0, hence there exists ko > 0, such that
—00
1

h(zF) < ——ae?, for k (€ Ky) > ko, (3.24)
2Mm

combining with ||d*|| > ¢ and the assumption A3, we obtain

1
h(zF) < ——(d"\T H,.d". 3.25
( )—sz( ) Hj, (3.25)

It follows from (2.2) that

i=1 =1

Tr(DG(z*)d*Y;,) = Tr((zn: ¥ aG(‘%k))xfk) = Zn:Tr(aG(xk)Yk)df = zn: < a(;(;k), Y, > dF.
i=1 v
(3.26)
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It follows from (3.23) that
Tr((DG(2%)d*)Yi) = Tr((G(z®) — 2u1m)Ya), (3.27)

0 (3.26) and (3.27) give rise to

zn: < ac;(;'f)’ Y > df = Te((G(2%) — 211m)Ya). (3.28)
i=1 ¢

By (3.22) and (3.28), we have

Vi@ = (@) Hpd® — (DG (2*)"Y;) d*
n k
= —(d"THd" - ; < an ) v > d
= —(d"THLd* + Tr((G(a¥) — z,1,)Y2). (3.29)

By Neumann Inequality, we obtain

Tr((G(2%) = 211 Y3) N(G (@) = 21 L) i (Ya)

M

)\i(G(xk) - ZkIm)HYkHF

s

i (G(2%) = 2z L) M

M

< f: \i(G(*)M, (3-30)

the last inequality above is due to z; > 0. According to the definition (2.8) of h(x*) and (3.30),
we obtain

Te(G() — 2L) Vi) < Mmh(a¥) < %(dk)Tdek. (3.31)
Substituting (3.31) into (3.29), it follows that
V)T < () i,
which contradicts the definition of ;. Hence, the conclusion is true. O

Theorem 3.2 Supposed that {z*} is an infinite sequence generated by Algorithm A, and
the assumptions in Theorem 3.1 hold, then any accumulation point of {z*} is a KKT point of
NLSDP (1.1).

Proof. Supposed that * is an accumulation point of {*}, then there exists K C {1,2,---},

such that lim zF

kel
that lim H = H,.
kel

= z*. In view of the assumption A3, without loss of generality, we suppose
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By Lemma 3.4, we have lim h(z¥) = h(z*) = 0, which means that z* is a feasible point of

ke
NLSDP (1.1).

By Theorem 3.1, there exists K C {1,2,---} such that lim d* = d* = 0. By the proof of
K

Theorem 3.1, we know that K C K.
According to KKT conditions of QSDP (2.7), we obtain

Vf(z*) + Hpd* + DG (=%)"Y, = 0,
Vi =0, Tr((G(z") + DG(z*)d* — 2.1,,)Ys) = 0.

Let k(€ K) — oo, taking the limit, we obtain

V(@) + DG(z")"Y, =0,
Y, =0, <G(¥),Y.>=0.

This implies that z* is a KKT point of NLSDP (1.1). O

4 Numerical experiments

In this section, preliminary numerical experiments of Algorithm A is implemented. Algorithm
A was coded by Matlab (2014a) and run on the computer with Windows 7 (64 bite), Intel(R)
Core(TM) i7-4790 CPU @ 3.60GHz 3.60GHz, RAM: 4.00GB.

In the numerical experiments, the parameters are chosen as follows: o = 0.25, 3 =0.85, ¢ =
0.5, M = 3. And the termination criteria of Algorithm A is: || d* ||< 1074,

The test problem is chosen from [11].

Problem 1. Nearest Correlation Matrix (NCM) Problem:

min  f(X) = 3|X - C|I%
st X <el, (4.1)
Xii = 1,i = 1,2, ey m,

where C' € S™ is a given matrix, X € S™, € is a scalar.

In the implementation, e = 1073, C' is generated randomly, which diagonal elements are 1. We
test ten times for every fixed dimensionality.

We compare Algorithm A with the ones in [11] (denoted by Algo. YYH) and [14] ( denoted
by Algo. YYY ).

The numerical results are listed in Table 1. The meaning of the notations in Table 1 are
described as follows:

n: the dimensionality of independent variable;
m : the dimensionality ofG(x);
A — Iter : the average number of evaluation of iterations.

Table 1. Numerical results of NCM
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n m z° Algorithm A-Tter
Algorithm A 15
10 5 (05,..,05T Algo. YYY 8
Algo. YYH 9
Algorithm A 15
45 10 (0.5,..,0.5)T  Algo. YYY 8
Algo. YYH 10
Algorithm A 17
105 15  (0.5,..,0.5)"  Algo. YYY 10
Algo. YYH 11
Algorithm A 17
190 20 (0.5,..,0.5)T Algo. YYY 11
Algo. YYH 12

5 Concluding remarks

In this paper, we have presented a new SSDP algorithm for nonlinear semidefinite programming.
Two subproblems, which are constructed skillfully, are solved to generate the search directions.
The nonmonotone line search ensures that the objective function or constraint violation function is
sufficiently reduced. The global convergence of the proposed algorithm is shown under some mild
conditions. The preliminary numerical results show that the proposed algorithm is effective.
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Abstract

Here we consider quantitatively using convexity the approximation of a
function by general positive sublinear operators with applications to Max-
product operators. These are of Bernstein type, of Favard-Szdsz-Mirakjan
type, of Baskakov type, of Meyer-Koning and Zeller type, of sampling
type, of Lagrange interpolation type and of Hermite-Fejér interpolation
type. Our results are both: under the presence of smoothness and without
any smoothness assumption on the function to be approximated which
fulfills a convexity property.

2010 AMS Mathematics Subject Classification: 41A17, 41A25, 41A36.
Keywords and Phrases: positive sublinear operators, Max-product oper-
ators, modulus of continuity, convexity.

1 Background

We make

Remark 1 Let f € C([a,b]), zg € (a,b), 0 < h < min (zg — a,b—x9), and
|f (t) — f (z0)] is convex in t € [a,b].
By Lemma 8.1.1, p. 243 of [1] we have that

70~ 7o) < Yy e o), )
where
wi (f,h):= sup |f(x) —f W), (2)
z,y€[a,b]
|z—y|<h

the first modulus of continuity of f.
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‘We also make

Remark 2 Let f € C" ([a,b]), n € N, 2o € (a,b), 0 < h < min(xg — a,b— zo),
and | ™) (t) — f) (z0)]| is convex in t € [a,b]. We have that

=Y T g, ®
k=0

where

L:iéz<éﬁn.(éi1(ﬂ”(%)—f®’@@>dm)“)(hy (4)

Assuming f*) (z0) =0, k=1, ...,n, we get

() = f(@o) = L. ()
By Lemma 8.1.1, p. 243 of [1] we have
wi (F™, h
£ (&) = £ (@o)| < % |t = ol V€ lab]. (6)
Furthermore it holds
(n) h _ n+1
|1t|g°“(f h) It — @0l , Ytelab]. (7)

h (n+1)!
Hence we derive that

(%) w (n)7h o n+1
£ (&)~ f (@0)] < 1(fh : ltmio'm

L Vielab]. 8)

We have proved the following results:

Theorem 3 Let f € C([a,b]), z € (a,b), 0 < h < min(z—a,b—z), and
|f () = f(z)] is convex over [a,b]. Then
w1 (f7 h)

If ()= @)l < — 1| —zl|, over [a,}]. )

Theorem 4 Let f € C" ([a,b]), n € N, z € (a,b), 0 < h < min (z — a,b — z),
and |f™) () = f) (x)| is convex over [a,b]. Assume that f*) (z) =0, k =
1,...,n. Then

w1 (f(n),h) ‘ _ x|n+1
h (n+ 1)1

If )= f@)] < over [a,b]. (10)

We give
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Definition 5 CallCy ([a,b]) :== {f : [a,b] — Ry and continuous} . Let Ly from
Cy ([a,b]) into Cy ([a,b]) be a sequence of operators satisfying the following
properties (see also [6], p. 17):

(i) (positive homogeneous)

LN(af):aLN(f),VaZO,Vf€C+([a,b]), (11)

(ii) (Monotonicity)
if f,g € Cy ([a,b)]) satisfy f < g, then

Ly (f)<Ln(g9), VNEN, (12)
(#i) (Subadditivity)
Ln(f+9) < Ln(f)+Ln(g), V f9€C([ab]). (13)
We call Ly positive sublinear operators.
We make
Remark 6 As in [6], p. 17, we get that for f,g € C4 ([a,b])
In () (@)~ Iy () @] < In (f ) (@), Yaelat.  (14)
From now on we assume that Ly (1) =1,V N € N. Hence it holds
\Ly (f) (2) = f (@) < Ly (IF () = f(@)]) (), Yz €la,b], VNEN, (15)
see also [6], p. 17.
We obtain the following results:

Theorem 7 Let f € Ci([a,b]), z € (a,b), 0 < h < min(x —a,b—z), and
If (-) = f(2)| is a convex function over [a,b]. Let {Ln}ycy positive sublinear
operators from Cy ([a,b]) into itself, such that Ly (1) =1,V N € N. Then

w1 (fa h)

1Ly (F) (@) = f@)| < ——Ln (- —2])(z), VNeN (16)

Proof. By (9) and (15). m

Theorem 8 Let f € C™ ([a,b] ,R4),n € N, z € (a,b), 0 < h <min (z —a,b— z),
and |f™) () = f) (x)| is convex over [a,b]. Assume that f*) (z) =0, k =
L,...,n. Let {Ln} ey positive sublinear operators from Cy ([a,b]) into itself,
such that Ly (1) =1,V N € N. Then

w1 (f(n), h)

L (D) @) = f @< 5 B (=) @), vy e an
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Proof. By (10) and (15). =
We continue with

Theorem 9 Let f € Cy ([a,b]), x € (a,b),0 < Ly (|- — z|) () < min (x — a,b — ),
VN eN, and |f(-) — f(z)| is a convex function over [a,b]. Here Ly are pos-
itive sublinear operators from Cy ([a,b]) into itself, such that Ly (1) = 1, V

N € N. Then

ILn (f) (z) = f(@)] Swi (fi Ly (|- —2[) (), VNEN. (18)
I L (| —al) (£) = 0, then Ly (f) () — f (x), as N — +o0.
Proof. By (16). m
Thanen1u3Lajw;cnqmm,R+pyzeN;xe(mb%0<:LN(y—xW+j(x)
< min(z —a,b—2z), VN € N, and |f™ (-) = f™) (2)| is convex over [a,b].

Assume that f*) (z) = 0, k = 1,....,n. Here {Ln}Nen are positive sublinear
operators from Cy ([a,b]) into itself, such that Ly (1) =1,V N € N. Then

wr (£, Ly (| =) @)

L () (@) — )] < T ,

VNeN  (19)

If Ly (|~ - xl”“) (z) — 0, then Ly (f) (z) — f (), as N — +o0.

Proof. By (17). =
Next we combine both Theorems 7, 8:

Theorem 11 Let f € C" ([a,b] ,R4), n € Z4, x € (a,b), 0 < h <min(z — a,b— ),
and |f(”) ()= fm ()| is convex over [a,b]. Assume that f®(z) =0, k=
L,...,n. Let {Ln}yen positive sublinear operators from Cy ([a,b]) into itself,
such that Ly (1) =1,V N € N. Then

w1 (f(n)’ h)

\Ln (f) (@) = f (z)] < hn+1)!

LN (‘ - x|”+1) (33), v N S N,' n e Z+.
(20)

The initial conditions f*) (z) =0, k= 1,...,n, are void when n = 0.

In this article we study under convexity quantitatively the approximation
properties of Max-product operators to the unit. These are special cases of pos-
itive sublinear operators. We present also results regarding the convergence to
the unit of general positive sublinear operators under convexity. Special empha-
sis is given to our study about approximation under the presence of smoothness.
Our work is inspired from [6].

Under our convexity conditions the derived convergence inequalities are el-
egant and compact with very small constants.
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2 Main Results

Here we apply Theorem 11 to Max-product operators.
We make

Remark 12 We start with the Maz-product Bernstein operators ([6], p. 10)

_ Vitopne (@) f (%)
Vico Pk (2)

B (f) () ., VNN, (21)

PNk () = (J;f) 2 (1—2)V7', 2 e [0,1], \ stands for mazimum, and f €

C4 ([0,1)) ={f : [0,1] — R4 is continuous} , where Ry := [0, 00).
Clearly BNM is a positive sublinear operators from C4 ([0,1]) into itself with
(M)
By (1) =1.
By [6], p. 31, we have

(M) 6

B - — < , Vxel0,1],V N eN. 22

00 =) @) < 2=, Ve el (22)
And by [2] we get:

M m 6

Denote by
Ct ([0,1]) = {f : [0,1] — R4, n-times continuously differentiable}, n € Z,.
We present

Theorem 13 Let f € C? ([0,1]), n € Zy, v € (0,1) and N* € N : 0 <
N++1 < min (z,1 — ), and |f(”) () — fm™ ()| is convex over [0,1]. Assume
that f®) (2) =0, k=1,...,n. Then

6w1 (f(n)’ 1\}+1)
(n+1)! ’

BJ(VM)(f)(a:)—f(m)‘g VNeN:N>N* (24)

It holds lim BU" (f) (z) = f (z).
N—+oc0
Proof. By (20) we get

wy (f™), _— :
B (1) @) - £ )] < ST B0 (o) )

wi (f0) 6
h(n+1)! VN +1
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(setting h := ﬁ)

61 (f(n)’ J\}+1>
(n+1)! ’

proving the claim. m
We make

Remark 14 Here we focus on the truncated Favard-Szdsz-Mirakjan operators

_ \/ivzo snk (@) f (%

Vo 5.k ()

sk (z) = (Nkf)k, see also [6], p. 11.
By [6], p. 178-179 we have

73D (1) (2) ),xeuxu,NeN;feGMWJD7@®

ﬂyuyﬂm@ggi%,vxemu,VNeN. (27)
And by [2] we get
ﬂWWL—MM@Qgi%,VxemJLVnuNeN. (28)
The operators TJ(VM) are positive sublinear from C4. ([0, 1]) into itself with TI(VM) (1)
—1,VNeN.
We give

Theorem 15 Let f € C7 ([0,1]), n € Zy, v € (0,1) and N* € N : 0 <

\/% < min(z,1 —z), and ‘f(") ()= fm™ (m)’ is conver over [0,1]. Assume

that f®) () =0, k=1,...,n. Then

&qwmﬁ%)

o YNEN:NZ N (29)

TV () (@) - £ (@) <

RhMBMH%ﬂWRﬁ@Q:f@y

Proof. By (20) we get

wi (f0, n 2
10 (1) @) - £ @) < LB g0 ((_opt) (@) €
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(setting h := ﬁ)

(1. 5)
(!

proving the claim. m
We make

Remark 16 Next we study the truncated Maz-product Baskakov operators (see
(6], p. 11)

_ Vito by (@) £ (%)
Vs bk ()

udh (f) (z) , zel0,1], feC([0,1]), NeN,

(31)
where .
N+EkE—-1 x
et = () e
From [6], pp. 217-218, we get (z € [0,1])
(M) (), _ <12 >
(i ﬂDuL\ﬁﬁj,N_zweN (32)
And as in [2], we obtain (m € N)
(09D (- —2™) (0) < e, N22,NeN, Voe01].  (33)
T VN +1 B

Also it holds UZ(VM) (1) (x) =1, and UJ(VM) are positive sublinear operators from
C4 ([0,1]) into itself, ¥ N € N.

We give

Theorem 17 Let f € C} ([0,1]), n € Zy, v € (0,1) and N* e N— {1} : 0 <
ﬁ < min (2,1 - ), and |f™ (-) - £ (x)] is convex over [0,1]. Assume
that f®) () =0, k=1,...,n. Then

(1, )
(n+1)! ’

UN" () (@) - f (@) < VNEN:N>N" (34)
It holds NlirﬂooUng) (f) (z) = f (x).
Proof. By (20) we get

w1 (n)7 N :
U0 (1) ) - £ @] < SR 0 (1 gy )€
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1

(setting h := =)

(35)

proving the claim. m
We make

Remark 18 Here we study Max-product Meyer-Kéning and Zeller operators
(see [6], p. 11) defined by

_ Vicosnk (@) f (NLM
)

237 (1) @) = —y= ),VNGNfGCNNH% (36)

s (2) = (Nl‘:k) o, e [0,1].

By [6], p. 253, we get that

(1+V5) Va(1-2)
3 VN

200 (1 al) (@) < °  Yoel 1, N24  (37)

And by [2], we derive that

8(1+V5) ya(l—x)

Z (| = 2™ (2) < ; 38
v (=2l (@) < —— Wi (38)

Vzel0,1], N>4,VmeN.
The ceiling F(yg\/g)—‘ =9, and using a basic calculus technique (see [4]) we

get that g (x) := (1 — x) /x has an absolute mazimum over (0,1] : g () = %
That is (1 — z)/z < 32%, vV xel0,1].
Consequently it holds

Z00 (|- — 2™ (x) (39)

6
= VN

Vzel0,l,VNeEN:N>4,VmeN.
Also it holds ZI(VM) (1) =1, and ZI(VM) are positive sublinear operators from
C4 ([0,1]) into itself, ¥ N € N.

We give
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Theorem 19 Let f € C7 ([0, ]), neZy, xze (0,1) and N*e N: N* > 4
with 0 < \/% < min (2,1 —x), and |f™ (-) = f) (x)| is convex over [0,1].
Assume that f®) (z) =0, k = 1, .yn. Then

280 (1) @) - £ @) < (o ))wl(ﬂ"%jﬁ), VNEN:N> N

<v§m+1!

(40)
It hotds i 7" (1) (@) = f ()
Proof. By (20) we get
wy (f0, .
w1 (f(n),h) 6
h(n+1)! V3VN
(setting h := ﬁ)
S w m 1
(x/ﬁ(n+1)!> 1<f \/N> (41)

proving the claim. m
We make

Remark 20 Here we mention the Maz-product truncated sampling operators
(see [6], p. 13) defined by

Vil Sk ¢ (k)

M
Wi (f) (@) = e T el (42)
\/k 0 Nz—km
f:[0,7] = Ry, continuous,
and :
\/k OsmeNz;ﬂrkﬂ' f(Wﬂ')
KQV (f) (@) = e €0, (43)
\/k =0 (N:r km)?
f+[0,7] = Ry, continuous.
By convention we take % = 1, which implies for every v = %“, k e
{0,1,..., N} that we have W =1.
We define the Maz-product truncated combined sampling operators (see also
) i k
_ T s
MG (f) () == Vieo P { )f(N), z e 0,7], (44)

Voo o (@)
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feCy([0,7]), where

" . sin(No—
By [6], p. 346 and p. 352 we get
(MG (- = 2D) (@) < 5 (46)
and by [3] (m € N) we have
(M](\,M)(|-—a:|m)) (z) < ;\nf Vaelon],VNeN. (47)

Also it holds M](VM) (1) =1, and MJ(VM) are positive sublinear operators from
C4 ([0, 7)) into itself, V N € N.

We give

Theorem 21 Let f € C" ([0,7],Ry), n € Zy, z € (0,7) and N* € N: 0 <
= <min (2,7 — ), and | f™) () — f ()| is convex over [0, 7]. Assume that

F® (2) =0, k=1,..,n. Then

Mﬂ“ﬁﬂ@f@ﬂ§<mgibﬂw10“%;>, (48)

VNeN:N>N*neclZ,.
It holds  lim M () () = f (2).

Proof. By (20) we have:

w1 (n)’ n
M8 (1) @) £ @) < LY 00 (g )

h(n+1)! -
wiy (f), h) 7t B
h(n+1) 2N
(setting h := %) »
(strm) = () @
proving the claim. m
We make
10
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Remark 22 The Chebyshev knots of first kind zy = cos (%w) €
(-1,1), k€ {0,1,...,N}, -1 < zno < zn1 < ... < zn,N < 1, are the roots
of the first kind Chebyshev polynomial Tn41 (x) := cos ((N + 1) arccosz), x €
[-1,1].

Define (z € [-1,1])

TN () ?
>> ’ (50)

hv g (@)= (1 =2 2np) ((N +1) (@ —zn

the fundamental interpolation polynomials.
The Max-product interpolation Hermite-Fejér operators on Chebyshev knots
of the first kind (see p. 12 of [6]) are defined by

N
h
HiNL () (2) = Vicohwi @ (onn) -y v ¢, (51)
Vie=o hv.ie ()
for feCy([-1,1]),V x € [-1,1].
By [6], p. 287, we have
(M) 2
H2N+1("7I|)(I)SN+17 VIEG[*l,l},VNEN. (52)
And by [3], we get that
(M) m 2mm
Hyniq (] — 2 )(m)ﬁma Vaoel-1,1,Ym,NeN. (53)

Notice HQ(%L (1) =1, and HQ(%L maps Cy ([—1,1]) into itself, and it is

a positive sublinear operator. Furthermore it holds \/i\;0 hng(z) >0,V e
[-1,1]. We also have hn i (zng) = 1, and hyyg(zn,;) = 0, if k # j, and
Héﬁﬁl (f)(@ny) = f(zN ), for all j € {0,1,...,N}, see [6], p. 282.

We give

Theorem 23 Let f € C"([-1,1],R}), n € Zy, z € (—1,1) and let N* € N :
0< ﬁ <min(z+1,1—=x), and | f™ () = f) (2)| is convex over [—1,1].
Assume that f*) () =0, k=1,...,n. Then

1Y, (F) @)~ £ ()] < ( (Zif),) o (f<">, N1+1> R

VNEN*:NGN;TLGZ-F'
It holds lim H3\), (f) (x) = f ().

Proof. By (20) we get

lim
N—+

[

(")’h n (53)
HINL, (1) (2) = f ()] < WH%L (1= (@) <

11
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w1 (f(”),h) <2”+17T> B

hin4+1)! \N+1

Eelo)

(setting h := ﬁ)

proving the claim. m
We make

Remark 24 Let f € C; ([-1,1]). Let the Chebyshev knots of second kind
TN, = COS ((%) 7r) e[-1,1], k=1,..,N, N € N—{1}, which are the roots
of wy (x) =sin(N — 1) tsint, x = cost € [—1,1]. Notice that zx1 = —1 and
TN,N = 1.

Define

(- wn (@)

L4 0k1 +0kn) (N =1) (z —2nk)
N>2k=1,.,N, and wy (z) = Hivzl (x —xnk) and §;; denotes the Kro-
necher’s symbol, that is 0; ; =1, ifi =j, and §; ; =0, if i # j.

The Maz-product Lagrange interpolation operators on Chebyshev knots of
second kind, plus the endpoints £1, are defined by ([6], p. 12)

_ \/]kvzl Ing (%) f (TN )

lN,k (:L') = ( (56)

L (#) (2 . zel-1,1]. 57
N () (@) VARNE € [-1,1] (57)
By [6], pp. 297-298 and [3], we get that
(M) m 2m+1ﬂ_2
Ly (] — =l )(x)éig(N_l), (58)

Vae(-1,1) andVmeN;V NeN, N > 4.

We see that Lg\]f%) (f) (z) > 0 is well defined and continuous for any x €
[—1,1]. Following [6], p. 289, because ZQ;ZNJ@ () =1,V z e [-1,1], for
any x there exists k € {1,...,N} : Iy () > 0, hence \/ivzllN,k () > 0. We
have that Iny (xn k) = 1, and Iy (zn,j) = 0, if k # j. Furthermore it holds
LYY (f) (@n,) = f(xn,), allj € {1,...,N}, and L3P (1) = 1.

By [6], pp. 289-290, LS\J,W) are positive sublinear operators.

Finally we present

Theorem 25 Let f € C"([-1,1],R}), n € Zy, x € (—1,1) and let N* € N :
N* >4, with 0 < 2= < min(z+1,1—z), and |f(") ()= fm ()| is convex
over [—1,1]. Assume that f* (z) =0, k =1,...,n. Then

B0 @) - 16| < (g ) (17 55 ) 69
12
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VNEN:N>N*>4;neZ,.
It holds  lim LYY () () = f ().

Proof. Using (20) we get:

) . (58)
L0 () @) - f (@) < MLEVW (=) @) <

w1 (f(n)7 ) 2n+2ﬂ.2 -
(sv5) -

h(n+1) \3(N—1)

(setting h 1= 1)

on+2,2 w1
<3(n+1)!>“1 <f ’N—1>’ (60)

proving the claim. m

References

[1] G. Anastassiou, Moments in probability and approzimation theory, Pitman
Research Notes in Mathematics Series, Longman Group UK, New York, NY,
1993.

[2] G. Anastassiou, Approzimation by Sublinear Operators, Acta Mathematica
Universitatis Comenianae, 87(2018)(2), 237-250.

[3] G. Anastassiou, Approzimation by Max-Product Operators, Fasc. Math.
60(2018), 5-28.

[4] G. Anastassiou, Approzimation of Fuzzy numbers by Maz-product operators,
Transylvanian Journal of Mathematics and Mechanics, 9(2017)(2),117-123.

[5] G. Anastassiou, Approzimations by Multivariate Sublinear and Maz-product
Operators under Convezxity, Demonstratio Mathematica, 51(2018), 85-105.

[6] B.Bede, L. Coroianu, S. Gal, Approzimation by Max-Product type Operators,
Springer, Heidelberg, New York, 2016.

13

860 Anastassiou 848-860



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Symmetric identities for Carlitz’s generalized twisted
g-Bernoulli numbers and polynomials associated with p-adic
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Abstract : In this paper, we study the symmetry for the Carlitz’s generalized twisted g-Bernoulli
polynomials f3,, y q.c(x). We obtain some interesting identities of the power sums and the Carlitz’s
generalized twisted ¢g-Bernoulli polynomials 8, yq.¢(2) using the symmetric properties for the p-adic

invariant integral on Z,,.
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1. Introduction

Bernoulli polynomials, g-Bernoulli polynomials, the second kind Bernoulli polynomials, Euler
polynomials, tangent polynomials, and Bell polynomials were studied by many authors( see [1,
3,4,5,6,7, 8 9, 10]). Recently, Y. He obtained several identities of symmetry for Carlitz’s ¢-
Bernoulli numbers and polynomials in complex field(see [1]). D. Kim et al.[3] studied some identities
of symmetry for generalized Carlitz’s ¢-Bernoulli numbers and polynomials by using the p-adic
integrals on Z, in p-adic field. The purpose of this paper is to obtain some interesting identities
of the power sums and Carlitz’s generalized twisted g-Bernoulli polynomials B, y.q.¢(2) using the
symmetric properties for the p-adic invariant integral on Z,.

Let p be a fixed prime number. Throughout this paper we use the notation:

1—¢° _1-(=9)"

;o lalg = TTiq (cf. [1-4]) .

Hence, lim,_,;[z] = z for any = with |z|, <1 in the present p-adic case. Let
g € UD(Z,) = {glg : Z, — C,, is uniformly differentiable function}.

For g € UD(Z,) the p-adic invariant integral on Z,, is defined by Kim as follows:

hio) = [ a@dm(@) = Jim o 3" (o). (e [2.3.4) (11)
Y x=0

Let a fixed positive integer d with (p,d) = 1, set

X=X,= %H(Z/deZ), X, =17Z,,

X = |J a+dpz,
0<a<dp
(a,p)=1

a+dpNZ,={zx € X |xr=a (moddp")},
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where a € Z satisfies the condition 0 < a < dp. It is easy to see that

/ g(x)dpg () = / g(x)dpg(x). (1.2)
X Z,

Let T = Un>1Cpn = limy_,oc Cpnv, where Cpn = {(K”N = 1} is the cyclic group of order p". For
¢ € T, we denote by ¢¢ : Z, — C,, the locally constant function « — (*(cf. [6, 10]).

2. Symmetric identities for Carlitz’s generalized twisted ¢g-Bernoulli numbers and

polynomials

Mathematicians investigated interesting properties of symmetry for special polynomials using
p-adic invariant integral on Z,(see [1, 3, 4, 5]). If we take x° = 1, then [5] is the special case of
this paper. Let x be Dirichlet’s character with conductor d € N with (d,p) = 1. For ¢ € C, with
lg — 1], < piﬁ, the twisted g-Bernoulli polynomials 5, 4 ¢(z) are defined by

ﬂnq( / ¢C ery] d.ul( )

We introduce the Carlitz’s generalized twisted g-Bernoulli polynomials £,y q.c(z) attached to x.
The Carlitz’s generalized twisted g-Bernoulli polynomials 3,  q.c(z) attached to x are defined by

Brarc (@) = /X X))z + o]y ():

When z =0, Bn.y,q.c = Bn.x.q,c(0) is called the n-th Carlitz’s generalized twisted g-Bernoulli numbers
Bnx.q,c- We note that

S B - / ) grelm et d (a).

n=0
Let w; and we be natural numbers. Then, by (1.1) and (1.2), we obtain
= [ gttt gy, )
w1 X
1 1 dwap™ —1
= 1 _ w1y w1y p[wiwez+waj+wiylqt ; w1y
NE)HOO w1 dwap™ Z(:) x(y)¢ g Ye q (2.1)
=
d’l,UQ 1 P 71
= lim — Z “’”Cwll Z delwwqdwlwae[w1w2w+w2j+w1i+dw1wzy]qt

N—oo dwlwgp pyr

From (2.1), we can derive the following equation (2.2):

dwlfl

wf Z X(j)<w2jqw2j/ X(y)Cwlqulye[w1w2fﬁ+w2j+w1y]qtdul(y)
1 =0 X

dwy—1 dws — lp —1 (22)
o e D DD I DRNGN OIS ST

7=0 i=0 y=0

e[w1w2m+w2j+w1i+dw1wa)]thdwlwgy dwiway

q
By the same method as (2.2), we obtain

1 d’UJ2—1

wy > x(j)Cwquwlj/XX(y)C“’”qw"’ye[“’l“’”*”“””*wzy]qtdul(y)
=0

dws—1 dwy — 1]3 -1 (23)

= i w1t ~wat wlj wal
Ngnoodwlwzpjv D D D G g

j=0 i=0 y=0

e['wl wax+wi jtwai+dw, wzy]qtcdwlwgy dwyway

q
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Therefore, by (2.2) and (2.3), we have the following theorem.

Theorem 1. For wi,ws € N, we have
1 dwlfl
_ Z X(j)cwﬂqwﬂ/ X(y)cwlqulye[w1w2m+w2j+wly]qtd,&1(y)

7=0 X
P (2.4)

=— > X(J’)Cwquwlj/ X(y)¢U2Yqavelmwamtidtwaslat g, (y).
X

w
2 =0

By substituting Taylor series of €¥! into (2.4) and after calculations, we obtain the following corollary.

Corollary 2. For wy,ws € N;n > 0, we have

[w1] "

n dw
q
w1

J

1—1

S\ ~wWo g W2j w w w2 .
> x()¢" g ”/XX(y)C Wy {wzx+wfj+y] dpi (y)
-

qv1

dwa—1 n

w1 .
x(y)¢2vq Y {wlx + w—;y + y} dp1 (y).

q"2

[waly

w2

X(j)(wquwlj /
j=0 X

By Corollary 2, we have the following theorem.

Theorem 3. For wi,ws € N;n > 0, we have

[wl]g ralt N rwaj waj wsy .
Z X(])C q 5n,x,qw174w1 wok + —J
wr wi
_ [wa]y dwijl (e Y
w X\J q n,X,q"2,("2 1 ng :
By (2.5), we can derive the following equation:
n
w1y W1y w2
X(y)C* g Jwazr + —j +y|  dua(y)
X w1 qw1
2 14 wa(n—14)j w w n—i
= (,) <[w1]q> [ g ”/Xx(y)c g fwor + ylya dpa (y) (2.5)
i=0 g
- n [wg] ' -1 wa(n—1)J
- ; <z> ([M]Z) Ve 2 )Jﬁn—txaqwlvcwl (wa) .
Again, by (2.5), and Theorem 3, we have
[wl]g S N\ w2 weg w1y W1y w2 !
> x()¢"g XW)C Y \wox + —j +y|  du(y)
w1 =0 b'e w1 g1
g S (MY Rl
- X(7)¢**'q Z i qu“’zq Bn—ix.qer g (wa)
J=0 =0 (2.6)
— (n [w2]§l[w1]27i ! waj wa(n—it+1)jr:1i
=3 (1) g o a) D € [lies
i=0 §=0

n\ [wa]g[wi]p " ws W
<Z->Hﬂn—i,x,qwl,<wl (’UJQIL’) Sn,i(dth 27q 2|X)a

I

=0 w1
where
wl—l
Sni(wi, Calx) = Y x()¢ gL
=0
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By the same method as (2.6), we get

n

[w2]n et N\ W1 W w w wy .
L3 X)) q “/ x(y)¢ g Y {w1x+1j+y} dpi(y)
2 X (15}

w 2
n

=0
[w2]qii w1 w1
72 Br—ix,qv2 vz (w1) Sn,i(dw%c " x)-

Therefore, by (2. 6) and (2.7), we have the following theorem.

10.

Theorem 4. For wi,ws € N,n > 0, we have

M:

[wl]n : wo  Wa
7ﬁn7i,x,q“’1 ,(w1 (wa) Sn,i (dwh C ,q |X)

=0

S w2}n7i w w
Z < )qﬂn—i,x,q'“JZ,C"“Z (wlx) Sn,i(dw27< 17q 1|X)

Remark 5. Let wy,ws € N;n > 0, and x be the trivial character. Then we have

n\ [wal}[wi]n ™"
) R o (w22) (1[G ")
1

i=

Z ( )U&]ﬁni’qwz,ng (w12) Sp i (wa2] ¢ q").

=
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An efficient optimal algorithm for high frequency in
wavelet based image reconstruction

Jingjing Liu* Guoxi Nif
LCP, Institute of Applied Physics and Computational Mathematics,Beijing,China

Abstract

Wavelet algorithms for high-resolution image reconstruction has been shown effec-
tively, it relies on the decomposition of low/high frequency, and hard/soft thresholding
arguments are often used to denoise for high frequency. In this paper, instead of using
this kind of thresholding arguments,, we apply the gradient based shrinkage thresh-
olding optimization for high-frequency, in this way, we can keep the useful information
in the original signal as much as possible, coupling the shrinkage thresholding op-
timization with the wavelet algorithm, we get an efficient reconstruction algorithm.
Numerical results show we obtain a higher resolution,better peak signal-to-noise ratios
and lower relative errors.

Key words: Wavelet; high-resolution; image reconstruction; shrinkage thresholding;
high frequency.

1 Introduction

Increasing the resolution is important and necessary for many applications, lots of studies
have been done on the high-resolution image reconstruction [13, 14, 18, 20, 21, 22, 23, 24, 27].

Among the methods in image processing, wavelet method is a well developed technology
6, 9, 10, 12, 26]. In this method, global patterns are represented by densely distributed co-
efficients obtained from low-pass filtering, while local features are represented by coefficients
obtained from high-pass filtering. This makes it easy for us to distinct between smooth and
sharp image components. In this way wavelet frames can effectively separate smooth image
components and non smooth ones, and the wavelet-based procedure is essentially to approx-
imate iteratively the densely distributed coefficients folded by the given low-pass filter. To
overcome the incompatibility of symmetry and exact reconstruction, bi-orthogonal wavelet
system is thus proposed in image processing, see [1, 8, 25].

*E-mail: liujingjing0618@126.com
"E-mail: gxni@iapcm.ac.cn
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The relatively complex hard/soft thresholding methods [11] are often used to denoise for
high frequency information, but some useful information will lose in the processing because
of its cut off action. Preserving useful high frequency part while removing noise is the
main goal in image denoising, some techniques developed in the past years has shown their
advantage than the hard- and soft-thresholding in the wavelet field, for example, the wavelet
packet method,it is based on the further decomposition of wavelet coefficients by packets,
and this leads to an essentially translation invariant wavelet packet system.

To get an efficient algorithm while keep useful information in high frequency as much as
possible, we consider the optimization strategy instead of hard/soft thresholding method for
the high frequency components, this strategy is based on the classic variation technology,
and has been previously used in image reconstruction, because of its computational complex,
a fast iterative shrinkage-thresholding algorithms are proposed in [2, 4], this kind of method
, which can be viewed as an extension of the classical gradient algorithm, is attractive due
to its simplicity, it is adequate for solving large-scale problems even with dense matrix data
in image reconstruction,to improve the convergence rate, a more fast iterative shrinkage-
thresholding algorithm with a significantly better global convergence rate is introduced in
3, 28], this algorithm improves the convergence rate from O(1/k) to O(1/k?), it relies on
computing the next iteration based on the values not only in the previous one, but also in
two previously computed steps.

In this paper, we are intent to improve the wavelet algorithm in image reconstruction.
We begin with the bi-orthogonal wavelet systems, and obtain the decomposition formula,
which represent a perfect reconstruction equation for the symbols of the low-pass and the
high-pass filters,theoretical analysis shows that the noise is contains in high-frequency part,
and the hard/soft thresholding argument will inevitably delete some useful information,
instead of using this kind of thresholding argument for high-frequency components of the
original image, we take advantage of shrinkage thresholding algorithm for the optimization
of high-frequency, it has been proved that it has notable effect in image denoising, to get
the algorithm more efficient, we apply some accelerating iteration argument in shrinkage
thresholding algorithm.

The outline of the paper is as follows. the algorithms are derived in section 2. Numer-
ical examples are given in section 3 to illustrate the effectiveness of the algorithms. Some
concluding remarks are given in section 4.

2 Reconstruction algorithm

In this section, we construct a shrinkage thresholding optimization coupling with the wavelet
based algorithm for high resolution image reconstruction.
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2.1 Iterative scheme

Refer to [5], we obtain that using the periodic boundary condition and ordering the dis-
cretized values of f and g in a row-by-row fashion, we obtain M1M2 x M1M?2 linear system
of the form:

Lf=g (1)
where f is original image, g low-resolution image, L = L* ® LY is the blurring matrix which
is made up from each sensor, and L*, LY have circulant structure as follow:

1
L* = I circulant(a),

where
1 1

5 0,---,0, 3
where circulant(a) represents circulant matrix, and the first L/2 entries in a are equal to 1,
the last L/2 — 1 entries are equal to 1. The matrix LY can be define similarly, these matrix
are circulant matrices, then we get that the matrix L is a block-circulant-circulant-block
(BCCB)matrix [17].

By the biorthogonal wavelet theory [7, 19], the symbols of the refinement masks and
wavelet masks satisfy the following equation

alat+ Y bbl=1 2)
veZi\{(0,0)}

Cl:[l,"',l, 717'“71]1}7

where K is sensor size.

The equation (2) is not only for the reconstruction of function but also for image recon-
struction, the matrix representation of the perfect reconstruction from biorthogonal system
can be written as

L'L+ Y MM, =1 (3)
veZi\{(0,0)}

here denote by L, L% M¢, M, the matrices generated by the symbols of the refinement and

wavelet masks d,@, bA,,, bAﬁ, respectively.

Since g = Lf is just the observed high-resolution image, and the other M, f,v # (0,0),
represent the high-frequency components of f, from equation (3) we obtain an iterative
algorithm

forr=L%+( Y MIM)f, (4)
veZi\{(0,0)}

In the usual denoising procedure, the high frequency components are often penalized by
a factor, this smoothes the original signals,so a nonlinear denoising scheme can be built into
equation (4), and thus obtain an iterative algorithm

far =L+ Y MIT(M,f,). (5)
veZ3\{(0,0)}

3
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where T is a denoising operator, a hard/soft thresholding wavelet denoising algorithm is
presented in 7], in which a further decomposition by the translation invariant wavelet packets
is used, this can remedy the smoothing effect on the original signals in some sense, some
useful information in high frequency is still lost, this motivates us to consider an efficient
optimal method to keep information as much as possible.

2.2 Shrinkage thresholding optimization for high frequency

Let b = M, f,,,we consider the following formulation:

o =minF(z), F(z)=||Az —b|P>, (6)

where A = L?L.and L is the blurring matrix in the last section, the norm || - || is the inner
product, and z is the vector we are looking for, this is the classical least square problem.
The optimization problem (6) can be cast as a second order cone programming problem and
thus could be solved via interior point methods.

Usually this problem is not only in large scale but also involves dense matrix data, which
often precludes the use and potential advantage of sophisticated interior point methods.
This motivated a simpler gradient-based algorithms for solving it, the gradient algorithm
generates a sequence {zy} via

L = Tp—1 — thF(‘%k,l),

where t;, > 0 is a suitable stepsize. It can be viewed as an approximal regularization of the
linearized function F' at x,_1, and can be written equivalently as

. 1
xp = min{F(zy_1) + (x — 11, VF(x1_1)) + ng — x| ).
@ k
After ignoring constant terms, this can be rewritten as
1
Ty = mm{?Hx — (vp_1 — .V (2p_1))| ]},
x k

the computation of x; reduces to solving a one-dimensional minimization problem for each
of its components, which produces

zr = Ta, (Tp—1 — L VF(x_1)),
considering the expression of F(z) in (6), we get:
T = Tae, (Tp_1 — 2tp AT (Azp_q — b)), (7)
where T, : R? — R? is the thresholding operator defined by
Ta(i) = (Jzi] — a)sgn(zi). (8)

4
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This algorithm (7) is a kind of iterative shrinkage thresholding algorithm similar as that
in [15].

It has been proved that for large-scale problems this first order methods are only practical
option, and the sequence x; converges quite slowly to its solution, that is

Fag) = F(a7) = O(1/k),

namely, it shares a sublinear global rate of convergence.

To improve the efficiency of the iterative shrinkage thresholding algorithm (ISTA) with
better global rate of convergence, Beck etc.[3] consider an improved fast iteration, that is
the z; in (7) is not dependent on the previous point xx_1, but rather on the point y;, which
is a linear combination of the previous two point {zj_1,z;_2}, with this modification, they
get a fast ISTA, and the convergence rate is

F(xy) — F(z*) = O(1/K?).

In this way, we get z* from b according to the above iterative shrinkage thresholding
algorithm.

2.3 Summary of Algorithms

For convenience,we call our shrinkage thresholding algorithm in wavelet based reconstruc-
tion algorithm as STWL,to compare with the hard/soft thresholding wavelet reconstructed
algorithm (abbr. TWL) in [7]. Now we embed the Shrinkage thresholding optimization
algorithm into the iteration scheme (5), denote the previous two iterations as { f,—1, fn_2},
then our algorithm for the model equation (5) can be summarized as following:

(1) Choose an initial approximation fy (e.g., fo = Lig);
(2) Iterate until convergence:
Outer circulation:

veZz3\{(0,0)}

Begin inner loop: .
To get optimal high frequency part T'(M, f,). Let b, = M, fo, 1., = My fn, ho, = 1,8 =
1, then a fast iteration for (7) is

hk,u = 7;\tk (yk,u - thAT(Ayk,V - bll))7

1+ /144t

2 Y

tr —1
Y My — hie1),
g1

tk+1 =

Ye+1,0 = hk,zz + (

869 LIU-NI 865-878



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

where Ty, is defined as in (8), A is estimated by the method given in [11] which uses the
median of the absolute value of the entries in the vector M, f,,.

End inner loop.

Return the optimized results y; , for high frequency T(M,f,), that is

fo1 = Lig + Z My .
veZ3\{(0,0)}

End outer circulation. .

Remark: When the operator 7" in (9) is realized by soft/hard thresholding operator
T'then this reduces to the soft/hard thresholding wavelet reconstruction algorithm as that
in [7].

3 Experimental results

In this part, we present the efficiency and accuracy of our shrinkage thresholding wavelet
based reconstruction algorithm(abbr. STWL),and compare with the hard/soft thresholding
wavelet reconstructed method (abbr. TWL). As usual,we evaluate the methods using the
peak signal-to-noise ratio (PSNR) relative error (RE) and cpu time cost they are defined by

1f = fell2
RE = 1L _2cl2
11l
e 171
PSNR = 10log,y —2—
O = fell3
for 1D signals, while as
2552 N M

PSNR = lOloglo Hf——f

I3

for 2D images, respectively, with the size of the signals (images) is N x M. Where f is
original image, and f. is restored image.

In our tests, NV =1 for 1D signals while N = M for 2D images. Here we take 2 x 2 and
4 x 4 sensor arrays in 2D.

3.1 1D denoisy signal recovery

We take the original signal data from the WaveLab toolbox at http://statweb. stanford.edu/ wave-
lab/ developed by Donoho’s research group. Fig. 1(a) shows the original signal f. Fig. 1(b)
depicts the contaminated signal with white noise at signal-to-noise ratio (SNR = 25), here

we use matlab function awgn to add noise to the original signal. The results of denoising by

the above two algorithms with periodic conditions are shown in Fig. 1(c) and (d), respec-
tively. From the data results of experiments in table 1, it shows that our algorithm STWL

has a better performance, and has a better time efficiency than TWL.

6

870 LIU-NI 865-878



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

- L L L L T L L L L L
0 50 100 150 200 250 0 50 100 150 200 250

Fig. 1: (a) Original signal; (b) Contaminated by white noise at SN R = 25; (¢) Reconstructed
signal from the algorithm TW L; (d) Reconstructed signal from our algorithm STWL .

Table 1: Corresponding PSNR, RE and timecost values using algorithm TWL in [7] and our
algorithm STWL.

Algorithms SNR =25 - SNE = 30 -
PSNR RE timecost PSNR RE timecost
TWL 47.1560 | 0.0946 0.7956 48.0624 | 0.0904 0.9984
STW L 53.3382 | 0.0695 0.6396 57.5931 | 0.0562 0.7332

3.2 High-resolution image reconstruction

In this section, we use the classical "boat”, the "Lena” and the ”"cameraman” images with
size of 256 x 256 as the original images for our tests, and consider 2 x 2 sensor arrays and
4 x 4 sensor arrays respectively, and the Gaussian white noise is added to these original
images.
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In the algorithm TWL, the thresholding value A is chosen to be o, ,+/2log (M;M>),
where the variance o, , is estimated by the median of the absolute value of the entries in the
vector M, f,, named high frequency term. In our algorithm STWL, we have decomposed the
image data into low and high frequency parts, and denoise the high frequency information by
shrinkage thresholding method, the Lipschitz constant is computable in the examples since
the eigenvalues of the matrix A7 A can be easily calculated using the two-dimensional cosine
transform [17]. For simplicity, we will only consider the matrices for the periodic case.

3.2.1 2 X 2 sensor array

For 2 x 2 sensor arrays, the corresponding refinement mask m is the piecewise linear spine,

and m(a) = 0 for all other ov. The nonzero terms of the dual mask of m used in this paper
are

1 3 1 1

d_2:__ d_1:_ d _ 2 d1:_ d2:__'

ml(=2) = ¢ m(-1) = Tm(0) = 2 m(1) = Tm*(2) = —

The dual pair of the wavelet masks are r,, := (—1)*m?(1 — a) and r%(a) := (=1)*m(1 — ),
see [12] for details.

The tensor product dual pair of the refinement symbols are given by a(w) = (w1 )M (w2

(wa),
a(w) = m?(w;)m?(ws), and the corresponding wavelet symbols are b(o (W) = m(wr)r(wa),
by (@) = (@) (wa), buoy(w) = Fwn)mlws), b g W) = #w)m(ws), banw) =

Pwi)P(wa), b 1) (w) = #(w1) P (wp), where w = (wy,w).

Although we give here only the details of the refinable functions and their corresponding
wavelets with dilation 27, the whole theory can be carried over to the general isotropic integer
dilation matrices.

The wavelet matrices are formed by the tensor product,and we consider

Z22 = {(07 O)a (O’ 1)7 (17 0)7 (1’ 1)}
In particular, we have

L=1Ly® Ly, M) = Lo ® Moy, M1y = My ® Lo, M1y = My @ My,
LY=L§® L3, M, = Ls® My, M{ o =Mj®L;, MG, =M M.

where
11 1 31 1 11
Lo = ci 20, ). L =g e - =
9 czrculant(2,4,0, ,0,4), 9 czrculant(4,4, 8,0, ,0, 8’4)
‘ 1 311 1 . 1 1 1
My = czrculant(z,—z,z,g,o,--- ,O,g), Mg = czrculant(Z,O,--- ’O’Z’_Q)'
8
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Fig.2 demonstrate the reconstructed high-resolution image for the "boat” , the ”"Lena”
and the ”cameraman” images respectively, in these figures, (al)-(cl) are the original images,
(a2)-(c2) are with noise PSN R = 40dB, (a3)-(c3) are the denoisy images with the algorithm
TWL, and (a4)-(c4) are obtained by our algorithm STWL. Table 2 gives the PSNR, RE, and
the cputime of the reconstructed images for different levels of Gaussian noise, our algorithm
shows less RE, less cputime and better PSNR, we can conclude that our algorithm STWL
is better than the original algorithm TWL in [7].

(c1) (c2) (c3) (cd)
Fig. 2: (al)-(cl) the original images; (a2)-(c2) the noisy images; (a3)-(c3) the reconstructed
image by algorithm TWL; (a4)-(c4) the reconstructed images by our algorithm STWL.
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Table 2: Comparison of PSNR, RE and cputime values using algorithm TWL and STWL
for 2 x 2 sensor arrays with different kinds noise level.

Image Evaluation TWEL STWL
SNR=35|SNR=40 | SNR=35| SNR =40

PSNR 81.9938 82.2142 82.4965 82.4724
boat RE 0.0166 0.0164 0.0162 0.0162
timecost 10.3585 9.9529 5.9280 5.8344
PSNR 84.0785 84.1040 84.6254 85.0012
Lena RE 0.0149 0.0149 0.0145 0.0143
timecost 11.3881 11.7157 5.9436 5.5380
PSNR 85.8451 86.1629 86.1727 86.8056
cameraman RE 0.0137 0.0135 0.0135 0.0130
timecost 11.2165 9.7033 5.9124 5.6472

3.2.2 4 x 4 sensor array

In this case, we give the refinable and wavelet masks with dilation 47 that used to generate
the matrices for 4 x 4 sensor arrays.
For 4 x 4 sensor arrays, the corresponding mask is

m(a)==,-, =, -, =

——92....92
8747474787a Y 7 Y

with m(a) = 0 for all other a. The nonzero terms of a dual refinement mask of m is

—
=
@
=
]
=
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@
]
o
=+
]
]
=
0
]
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=
@
o
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=
=
@
0

i
]
=
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=
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=
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0
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1 1 5 1 1
r2<a>__1_67_§7ﬁv_17 167 ga__
11 7 7 1 1
- 1_67§7_E7 71_67_§7__
The dual wavelet masks are

r3()

ri(a) = (=1)"""rs(1 — a),r5(e) = (=1)'"m(l — a),r§(e) = (=1)""r(1 - a)

10
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The observed high-resolution image ¢ is generated by applying the bivariate lowpass filter
on the true image f,again, we consider periodic boundary condition. The matrices

L, LY My, My, v € Z{ \ {(0,0)}

can be generated by the corresponding filters.

Fig.3 shows the reconstructed high-resolution image for the "boat” , the ”"Lena” and
the ”cameraman” images, (al)-(cl) are blurred with noise PSNR = 40dB, (a2)-(c2) are
obtained from the algorithm TWL, and (al)-(cl) are obtained from our algorithm STWL.
From Table 3, we can also find that our algorithm shows less RE, less cputime and better
PSNR, since the problem is more difficult than the 2 x 2 sensor case, we need more cputime
consuming, we can see that the performance of our algorithm STWL is much better than
the original algorithm TWL.

Table 3: Comparison of PSNR, RE and cputime values using algorithm TWL and STWL
for 4 x 4 sensor arrays with different kinds noise level.

Image Evaluation TWEL STWL
SNR=30| SNR=40| SNR=30| SNR =40

PSNR 67.3135 67.4297 68.3053 68.5968
boat RE 0.0345 0.0343 0.0329 0.0324
timecost 19.5157 20.4673 15.9277 15.8809
PSNR 69.9279 69.9769 71.3131 71.4538
Lena RE 0.0303 0.0302 0.0283 0.0281
timecost 20.9041 20.0773 16.1773 15.9745
PSNR 72.9596 73.2392 73.6651 73.9353
cameraman RE 0.0260 0.0257 0.0251 0.0248
timecost 19.8589 20.9041 14.8981 15.6313

4 Conclusions

In this paper, we constructed a shrinkage thresholding algorithm in wavelet based image
reconstruction, instead of using the hard/soft thresholding algorithm we apply the iterative
shrinkage thresholding algorithm for the optimization for high frequency. Our new algorithm
works effectively both in one-dimensional and two-dimensional situations, numerical tests
show that this algorithm gives higher resolution, larger signal-to noise ratios,lower relative
errors and less cputime.

11
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(c1) (c2)

Fig. 3: (al)-(cl) is the noisy images,(a2)-(c2) is reconstructed from the algorithm TWL;
(a3)-(c3) is reconstructed from our algorithm STWL.
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Abstract

This research is about inequalities in a local fractional environment
over a negative domain. The author presents the following types of an-
alytic local fractional inequalities: Opial, Hilbert-Pachpatte, comparison
of means, Poincare and Sobolev. The results are with respect to uni-
form and L, norms, involving left and right Riemann-Liouville fractional
derivatives.
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1 Introduction

Many sources motivate us to write this work. The first one comes next. It is
the famous Opial inequality ([13]):

[ w@v@ia<g [C @l 0

where y (z) is absolutely continuous function and y (0) = 0. The above inequal-
ity is proved sharp.

The well known Ostrowski ([14]) inequality also motivates this work and has
as follows:

1 (a:— aTb)z /
< <4+(ba)2> (bfa)HfHoo’ (2)

where f € C! ([a,b]), € [a,b], and it is a sharp inequality.
Next D%,f indicates the left Caputo fractional derivative of order p > 0,
anchored at a € R, see [10], p. 50.

b
[ @1 @)
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The author in [7], pp. 82-83, proved the following left Caputo fractional
Landau inequality: Let 0 < v < 1, f € AC?([0,b]) (i.e. f' € AC([0,b)),
absolutely continuous functions), ¥V b > 0. Suppose || f|| < +oo, DY f €
Lo (Ry), and

OO,R+

HDV+1

*a f”oo,[a,—i—oo) = ||‘Dl/+1

5 g, Va0 (3)

Then

1

TP )
(4)

|vme+s<w+m(i);hawu+2»‘ﬁl(ummm)

that is || f'[| o g, is finite.

The last inequality is another inspiration.

The author’s monographs [2], [3], [4], [5], [6], [8], motivate and support
largely this work too. See also [1].

Under the point of view of local fractional differentiation the author examines
the broad area of analytic inequalities and produces a variety of well-known
inequalities in a local fractional setting over a negative domain to all possible
directions.

2 Background

‘We mention

Definition 1 (/11]) Let z,2’ € [a,b], f € C([a,b]). The Riemann-Liouville
(R-L) fractional derivative of a function f of order ¢ (0 < g < 1) is defined as

DL, e
Dyuw—{Dgf@% ﬁ<x}—

# dcsiv’ fxl/ ((E/ - t)iq f (t) dt7 CE/ >z, (5)
F(l—q) | =% [0 (t—a) f(t)dt, 2’ <u,

the left and right R-L fractional derivatives, respectively.

‘We need

Definition 2 (/11], [12]) The local fractional derivative of order ¢ (0 < q < 1)
of a function f € C ([a,b]) is defined as
DAf (x) = lim D (f (2') = f (2)) . (6)

' —x

More generally we define
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Definition 3 ([9]) Let N € Z4, 0 < g < 1, the local fractional derivative of
order (N + q) of a function f € CN ([a,b]) is defined by

n!

N rn) (g .
DY () = Tim DY (f @) -3 L g ) S
n=0

If N =0, then Definition 3 collapses to Definition 2.
We need

Definition 4 (related to Definition 3) Let f € CN ([a,b]), N € Z,. Set

n

N ) (4 .
F(z,x’—x;q,N):Di<f(x’)—zf ,”<x'—:c>>. ®)
n=0 :

Let ' —x:=t, thena’ =x+t, and

N ) (g
F(z,t;q,N) = D4 (f(a:th)Zf n!( )t">. (9)

n=0

‘We make

Remark 5 Here 2’z € [a,b], and a < z+1t < b, equivalentlya—x <t < b—ux.
Froma<xz<b, wegeta—xz<0<b—xz. We assume here that F (z,-;q,N) €
C! ([a — z,b— x]). Clearly, then it holds

DN*If (2) = F (x,0;¢, N), (10)
and DNTAf (z) exists in R.
‘We would need:

Theorem 6 ([9]) Let f € CY ([a,b]), N € Z.. Here z,2' € [a,b], and
F(x,55q,N) € C'([a—x,b— x]). Then
N

(n) (g n Ntaf(z) q
=3 I @y P e

n=0

1 ©=T qF (2,t;q, N
/ (SL’, 4, ) ‘((E/ _ QC) _ t|q dt
0

I'(g+1) dt

Corollary 7 (to Theorem 6, N = 0) Let f € C([a,b]), z,a' € [a,b], and
F(z,-5q,0) € C* ([a —x,b—x]). Then

Dif (x)

1 o= gp (z,t;4,0) , q
ey /0 EE DD (o — ) — ] dt.
3
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‘We make

Remark 8 Let f € CV ([a,b]), N € Zy. Here x,2' € [a,b] : ' < z, and
F(z,5q,N) € C'([a—x,b—1x]),0< q<1. By Theorem 6 we get

N
no_ f(n)(x) / n DN+qf(x) Na
P = T @ )+ Ty (e
1 0 dF(lE,t;q,N) / q
NCESY /7 - (t—a' + )" dt. (13)

Clearly then we get:
Let f € OV ([a,0]), a < 0, N € Zy, F(0,:;q,N) € C'([a,0]), 0 < ¢ < 1.
Then, for any z € [a,0], we derive

N
™), DNtaf(0) q
I

(t—x)!dt. (14)

1 /0 dF (0,t;q,N)
L(g+1) J, dt

In this article we will use a lot (14).

Remark 9 Let f € OV ([a,0]), N € Z,, a < 0, € [a,0]; F(0,5¢,N) €
C1 ([a,0]), 0 < g < 1. Then, by (14), we have

N
/™) ,  DNtaf(0) q
1 O dF(0,t;q,N)
F(q+1)/w 7 (t—x)%dt.

Assume that f (0) =0, n =0,1,..., N, and DN*9f (0) =0 (= F(0,0;¢,N) =
Dgf(0)).

fhen Y dF (0,t;q,N)

1 .
f@ =y [ T (16)

YV z € [a,0].

Here it is

F(0,t;¢,N) = Dg (f (t)) € C" ([a,0]),

where D¢ is the right Riemann-Liouville fractional derivative.
Leta <z <w <0, then

1 /0 dF (0,t;q,N)

NrEA 7 (t —w)?dt. (17)

—f (w) =
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Consider p1,q1 > 1: p% + qil =1. Then

_ 1 O|dF (0,t;q, N
|f<w>|—r(q+1)/w i

)’(t—w)ths

1 O1dF (0,4, N)|" N\ [ [0 N
F(q+1)< dt dt) (/w (t —w) dt) =
Fl </ dFth’ N[ dt) -
<Q+1) qp1+1 m w
1 ( )qp1+1
—w) 1 N
= (2 (w)™, (18)
Fla+1) (gpy + 1)
where .
/ dF 0 t; q7 dF (0,t;q,N) . 19)
alla <z <w<0, and z(0) =
From . .
—z (w) :/ w dt,
0 dt
we get
dF (0,w;q, N)|"
3 (0) = (5 () = [T (20)
and LE 0 N
\(;fu‘”\ = (2 (w)) . (21)
Therefore we obtain
dF (0,w; g, N)
R e— 22
5y | ) @)
1 ap1+1 1 1

L(qg+1)(gpr+1)7r

Hence it holds
dF (0
/ |f (w ‘ wq, )‘dw< (23)

ap1+1

)Y (2 (w) (=2 (W)™ dw <

I'(g+1) (qp1 + 1) /x (-w

TR ([ comta)™ ([ @~ wym)" =

1 (=)t +2 o 2w, L )
F(q+1)(qp1+1)ﬁ ( qp1 +2 > < 2 x) = (24)
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L ymeewf
I'(g+1)(gp1 +1)71 (gp1 +2)71 20

We have proved that

F( N
/|f ’d qu’ )’dw<

O1dF (0,w;q,N)|?
dw

) 25)

( )qu
23T (q+ 1) [(qp1 + 1) (gp1 + 2)]71 </

We have established the following negative domain L,-Opial type local right
fractional inequality:

Theorem 10 Let p1,q1 > 1 : pi + qi =1; f € CN([a,0]), N € Zy, a < 0,

€ [a,0]; F(0,-5¢,N) € C'([a,0]), 0 < ¢ < 1. Assume that ™ (0) = 0,
n = 0,1,..,N, and DNTf(0) = 0 (= F(0,0;q,N) = DZf(0)). [Here it is
F(0,t;q,N) = Dg(f (t)) € C* ([a,0]), where Dg is the right Riemann-Liouville
fractional derivative]. Then

0 dF (0,t;q, N
[ 1| OGN <

O|dF (0,t;q,N) |

) o

( )IH-
27T (¢ + 1) [(qp1 + 1) (gp1 + 2)]71 </

dt
=
it holds
0 q
[ 1| PED e <
()™ “1ADSG W[ N g
20T (¢ + 1) [(qpr + 1) (qpr + 2)] 77 (/x dt ) ’ 0
YV x € [a,0].

The case p; = q1 = 2 follows:

Corollary 11 All as in Theorem 10, with py = ¢ = 2. Then

[ 1o EeEe 0 4 o !

dt
2
dt> |

O1dF (0,t;q,N)
dt

()™
M (g+1)/(g+1)(2¢+1) \Ja

884 Anastassiou 879-891



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

it holds o 4Dt
[ 1| D < (20)
(—2)*"! O dDg(f (1))
2 (g+1) /(g + 1) (2¢ + 1) (/m < dt ) dt)’
vV x € [a,0].
‘We make

Remark 12 Let f1, fo according to the assumptions of Theorem 10. Then

1 Y dFy (0,t13¢, N) q
A = 5 /I - (t1 — 1) dty, (30)
YV 1 € [a1,0], a1 < 0;
1 ¥ dF; (0,t239, N) q
_ - _ 1
f2 (x2) T(a+ 1) /gc2 dts (ta — x2)" dta, (31)

Y a9 € [a270} , as < 0.
Here it is

F;(0,t;;q,N) = D¢ (fi (t:)) € C* ([a;,0]), i=1,2;

where D¢ is the right Riemann-Liouville fractional derivative.
Consider p1,q1 > 1: p% + q% =1.

Hence
1 O1dF; (0,t;q,N)
| fi (zi)] < T g+ 1) / ‘ dtz- (t; — ;)" dt;, (32)
1=1,2;Vx; € [ai,O].
We get by Holder’s inequality:
|f1(z1)] <
1 0 qp1 é 0 dFl (Oat17Q7N) “ ﬁ
-_— —_ _ <
I‘(q T 1) (/fl (tl .1‘1) dtl /UE1 dtl dtl S (33)
apy+1
1 (_xl) P1

dFl (Oatl;qu)
dty

(g+1) (gp1 + 1)ﬁ q1,la1,0] 7

YV x € [al, 0} .
Similarly, we obtain

1+1

1 (_xz)qqql
(2+1) (g + 1)

|f2 (z2)] < T

dF2 (07t2; q, N)
dto

p1,[az,0]
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Y a9 € [a27 0} .
Therefore we have

1
(@) fa (2)] < : : (35)
e o e - 0% (e + D

apy +1 an+t ||dFy (0,t1;q9, N dF5 (0,t3;q, N
(—a) 5 () % % <
1 q1,[a1,0] 2 p1,[az2,0]
(using Young’s inequality for a,b > 0, arrbar < ;1 + q%)
1 [(_x)qpﬁl (_$2)qql+1]
+
T T
(T (g+1)*(gp1 + )71 (gq + 1)™ P @
HdFl (Oatl;Q7N) dFQ (Oth;Q7N) (36)
dty q1,a1,0] dts p1,(az,0] ,
YV € [ai,O], 1 =1,2.
So far we have established
1
e R )
[t G T (D (g + 1) (gpa + D)7 (g + 1)
HdF1 (0,t1;9,N) dFy (0,259, N)
dty a1.[a1.,0] dt prfaz0]

Vo € [ai,O], 1=1,2.
The denominator of left hand side of (37) can be zero only when z1 = 0 and
xzo = 0. By integrating (87) over [a1,0] X [az,0] we get

f1(xz)||f2 (x2)| dxrdx aia
/ / | - )<11P1|+|12 (2)| qq11+ 2 S 3 1%2 4 + (38)
- 1231 } C(g+1)" (gpr+ 1) (gq1 + 1)@

dF2 (07t27Q7N)

dta

dFy (0,t15q,N)
dt,

q1,[a1,0] p1,[az,0]

We have proved the following negative domains local right fractional Hilbert-
Pachpatte inequality:
Theorem 13 Letpi,q; > 1: i—&—qil =1;i=1,2 for f; € OV ([a;,0]), N € Z,,

a; < 0; F;(0,5¢,N) € C*([a;,0]), 0 < q < 1. Assume that fi(") (0)=0,n=
0,1,...,N, and DNTf,(0) =0 ,i = 1,2 (i.e. F;(0,0;q,N) = D{f;(0)=0).
[Here it is F; (0,t;;q,N) = D (f; (tz)) € C'([ai,0]), where DY is the right
Riemann-Liowville fractional derivative]. Then

/ / |f1 Z1 ||f2 $2)|d$1d$2 < aijas

apr1 T5)991 - 1 1
=T e T S (g4 1)? (gpy + D (g1 + )7

(39)
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dFQ (07t27 q, N)
dtsy

b
p1,[az,0]

dFl (Oat17Q7N)
dty

q1,[a1,0]
=
it holds

/ / |f1 Z1 ||f2 $2)|d$1d$2 < a1a9
Gl g G2 T (D (g4 1)° (gp + D (g1 +1)7

q1

(40)

dDg (fa (t2))

H dDg (f1 (t1)) o

dtq

q1,[a1,0] p1,[az,0]

‘We make

Remark 14 Let f € CY ([a,0]), a < 0, N € Zy, F(0,:;¢,N) € C*([a,0]),
0 < g <1. Then for any x € [a,0], we have

N (n) 0 DN+a 0 .
o= 3 T DO

0 .
1 / dF (0,,q,N) -2y dt

" T(g+1) dt
Assume that f( (0) = 0, n = 0,1,...,N. Here DNt9f(0) = F(0,0;¢q,N) =
D¢ f(0), where D is the right Riemann-Liouville fractional derivative.
So far we have

N+q
Fo) = gy ()" + R (o), (42)
where
R(z) = — /OdF(O’t;q’N) (t — )" dt (13)
o T(¢+1) /), dt '

We also assume that DEf € C' ([a,0]).
We can rewrite

We notice that

quf(t)‘(tz)thg

1 0
IR (z)| < F(Q"‘l)/x a0
(—a)?

—— | Ebiru
T | “Hw,[a,o] +1
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That is
rwis G2 ool (45)
r (q + 2) 0,[a,0]
YV x € [a,0].
Hence, it holds
_ DV*af(0) ’ _
/ fa o / x)qdas—i—/a R (2)ds = (46)
DY+af (0) () DY), [0
F(q+1 q+1 / R(z)dx = T2 (—a) +/a R (x)dz.
Therefore, we get
_ DNtaf(0) v [
/f g o) _/a R () dz. (47)
Consequently, we derive
Dq 0
- DR o < / R@ldrs  (48)
I D6 H 0] o, &P Ol oy (—a)
r(q+2> /ﬂ o= r<q+2> e
I D6 f ()] a)""?
= (49)

F(q+3)

We have proved the following negative domain local right fractional compar-
ison of means results:

Theorem 15 Let f € CN ([a,0]),a <0, N € Zy, D¢ f € C' ([a,0]),0 < g < 1.
Assume f (0) =0, n=0,1,...,N. Then

qu) (0) g+1 ||%Dgf (t)Hoq[%m (_a)q+2
Tty | T'(q+3) - (50)
_ (Dgf) (0) [P AO] (~a)""
/f T2 CUF (g +3) - (6D
We make
Remark 16 All as in Theorem 10. Then

1 O dF (0,t;q,N)

= / dt (¢ —a)"dt, (52)

10
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vV z € [a,0].
Let p1,q1 > 1: p%—i— q% = 1. Thus
1 O|dF (0,t;q,N)
< L2 t—x)dt <
F@) < oy | [ e <
1 0 F . N q1 ﬁ 0 é
e ([ [ ) ([ o)’
ar1+1
Tg+1) dt a1,[a,0] (gp1 + 1)t
That is
gp1+1
— 1 )
I'(g+1)(gp1 +1)7r dt a1,1a,0]
YV z € [a,0].
Therefore
|f(x)“h _ (_x)fh(lﬁ-l)—l ‘dF (O,t;q,N) q1 (55)
> a1 :
(T (g+1)" (gp1 + 1) dt 41,[a,0]
Consequently, it holds
0
[ @it <
a
(o) Y H dF (0,t;q, N) | (56)
119
P+ D@ +07 | a@+nl oo
That s
(g+1) .
—a dF (0,t;q, N
1oy < . - [t 57)
I'(g+1)(gpr+ 1) (@1 (g + 1)) a1,[a,0]

We have proved the following negative domain local right fractional Poincare
inequality:

Theorem 17 All as in Theorem 10. Then
(—a)([ﬁ_l)

[exxoa

(58)

1711 a0 < |
T (g 1) o+ DT (@ (g4 1) ol

We make

11
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Remark 18 All as in Theorem 10, plus r > 0. By (54) we have

(—2) HdF (0,154, N)
|f (@) < : : (59)
T(g+1)(gpr+1)71 dt a1.[a,0]
Yz € la,0].
Hence it holds
() .
f @) < —=2) — s (60)
[Dlg+1) (ap + )7 i
Consequently, we get
0 _ r(q-i—ﬁ)—&-l s
[ 1@l des SR |ogcry|
@ [F (¢+1) (gp1 + 1)1’1} [r (q + p%) + 1] av[e0]
(61)

We have proved the following negative domain local ritgh fractional Sobolev
type inequality:

Theorem 19 All as in Theorem 10, plus r > 0. Then

A T ,
(o) (DY ()

||f||7‘,[a,0] S (62)

I

L(g+1)(gps +1)ﬁ [r (q-}-pil) +1} a,[a,0]
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Abstract

This paper deals with the approximate controllability for a class of semilinear
integro-differential functional control equations, which is provided under general suf-
ficient conditions on the system operator, controller and nonlinear terms. Our used
tool is applying results similar to Fredholm alternative for nonlinear operators under
restrictive assumptions. Finally, a simple example to which our main result can be
applied is given.

Keywords: approximate controllability, semilinear control equations, integro-differential
control equations, controller, Fredholm alternative.
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1 Introduction

In this paper, we deal with the approximate controllability for semilinear integro-differential
functional control equations in the form
{C‘litx(t) = Az(t) + fg k(t — s)g(s,z(s),u(s))ds + Bu(t), 0<t<T,

S0 (1.1)
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in a Hilbert space H, where k belongs to L?(0,T)(T > 0) and g is a nonlinear mapping as
detailed in Section 2. The principal operator A generates an analytic semigroup (S(t))¢>0
and B is a bounded linear operator from another Hilbert space U to H.

The controllability problem is a question of whether is possible to steer a dynamic
system from an initial state to an arbitrary final state using the set of admissible controls.
Naito [13] was the first to deal with the range condition argument of controller in order
to obtain the approximate controllability of a semilinear control system. In [3, 9, 17, 18],
they have studied continuously about controllability of semilinear systems dominated by
linear parts(in case g = 0) by assuming that S(¢) is compact operator for each ¢ > 0 as
matters connected with [13]. Another approach used to obtain sufficient conditions for
approximate solvability of nonlinear equations is a fixed point theorem combined with
technique of operator transformations by configuring the resolvent as seen in [2]

The controllability for various nonlinear equations has been studied by many authors,
for example, see [5, 6, 12] for local controllability of neutral functional differential systems
with unbounded delay, [10, 14] for neutral evolution integrodifferential systems with state
dependent delay.

Sukavanam and Tomar [15] studied the approximate controllability for the general
retarded initial value problem by assuming that the Lipschitz constant of the nonlinear
term is less then 1, and Wang [17] for general retarded semilinear equations assuming the
growth condition of the nonlinear term and the compactness of the semigroup.

In this paper, authors want to use a different method than the previous one. Our used
tool is the theorems similar to the Fredholm alternative for nonlinear operators under
restrictive assumption, which is on the solution of nonlinear operator equations A\T'(x) —
F(z) = y in dependence on the real number A, where T' and F' are nonlinear operators
defined a Banach space X with values in a Banach space Y. In order to obtain the
approximate controllability for a class of semilinear integro-differential functional control
equations, it is necessary to suppose that T acts as the identity operator while F' related
to the nonlinear term of (1.1) is completely continuous

In Section 2, we introduce regularity properties for (1.1). Since we apply the Fredholm
theory in the proof of the main theorem, we assume some compactness of the embedding
between intermediate spaces. Then by virtue of Aubin [1], we can show that the solution
mapping of a control space to the terminal state space is completely continuous. Based
on Section 2, it is shown the sufficient conditions on the controller and nonlinear terms
for approximate controllability for (1.1) by using the Fredholm theory. Finally, a simple
example to which our main result can be applied is given.

2  Semilinear functional equations
Let V and H be complex Hilbert spaces forming a Gelfand triple

Ve H=H" V"
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by identifying the antidual of H with H. Therefore, for the brevity, we may regard that
[lull« < |u| <||ul| for all uw € V', where the notations |- |, || - || and || - ||« denote the norms
of H, V and V*, respectively as usual. Let a(u,v) be a bounded sesquilinear form defined
in V x V satisfying Garding’s inequality

Re a(u,u) > collul|> — cr|ul®, >0, ¢ >0.
Let A be the operator associated with this sesquilinear form:
(Au,v) = —a(u,v), wu, veV.

Then A is a bounded linear operator from V to V*. The realization of A in H which is
the restriction of A to

D(A)={ueV:Auec H}
is also denoted by A. For the sake of simplicity we assume that ¢; = 0 and hence the
closed half plane {\ : Re A > 0} is contained in the resolvent set of A. It is known that A
generates an analytic semigroup S(¢) in both H and V*. As seen in Lemma 3.6.2 of [16],
there exists a constant M > 0 such that

S(t)e] < Mla| and [[S(t)a]l. < M]le]l., (2.1)

The following initial value problem for the abstract linear parabolic equation

(2.2)

W) — Aw(t) +k(t), 0<t<T,
z(0) = xo.

By virtue of Theorem 3.3 of [4](or Theorem 3.1 of [9]), we have the following result on
the corresponding linear equation (2.2).

Proposition 2.1. Suppose that the assumptions for the principal operator A stated above
are satisfied. Then the following properties hold:
1) For zo € V and k € L*(0,T;H), T > 0, there exists a unique solution = of (2.2)
belonging to

L*(0,T; D(A) nWY2(0,T; H) c C([0,T];V)

and satisfying

2l 220, Da)) w20,y < Crlllmoll + |1kl 220,7m)) (2.3)

where Cy is a constant depending on T .
2) Let v € H and k € L*(0,T;V*), T > 0. Then, there exists a unique solution x of
(2.2) belonging to
L0, T; V) n W20, T; V*) c C([0,T]; H)
and satisfying
|| 20,05 ) w2 0,v+) < Crllzol + (1Kl 22(0,75v+)) (2.4)

where C1 is a constant depending on T.
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By virtue of Proposition 2.1, we have the following lemma.

Lemma 2.1. Suppose that k € L*(0,T; H) and z(t) = f(f S(t — s)k(s)ds for 0 <t <T.
Then there exists a constant Co such that

@l 220,10,y < C2T|| k| 200,115 (2.5)

and

] 220,75y < CoVT Ikl 20,7, (2.6)

Consider the following initial value problem for the abstract semilinear parabolic equa-
tion

{gtx(t) = Ax(t) + [§ k(t — s)g(s,2(s),u(s))ds + Bu(t), e

z(0)  =xg.

Let U be a Hilbert space and the controller operator B be a bounded linear operator
from U to H.

Let g : R™ x V x U — H be a nonlinear mapping satisfying the following:
Assumption (F).
(i) For any z € V, u € U the mapping ¢(-, z,u) is strongly measurable;

(ii) There exist positive constants Lo, L1, L2 such that

(a‘) u = g(t,myu) is an odd mapplng (g(',l’, —U) = —g(,l’,U)),
(b) forallt e R", z,2 €V, and u,a € U,

lg(t, 2, u) — g(t,2,0)| < Laf|lz — &[[ + Lallu — allv,
|9(2,0,0)] < Lo.

For = € L?(0,T;V), we set

t
ft,z,u) = /0 E(t — s)g(s,z(s),u(s))ds
where k belongs to L2(0,T).

Lemma 2.2. Let Assumption (F) be satisfied. Assume that x € L?(0,T;V) for any T > 0.
Then f(-,x,u) € L*>(0,T; H) and

FCom )l 20y < Lollkll 20, T/V2
+ 1l 20y VT (L |2 2 0.1y + L2l lullz20.7:0))- (2.8)
Moreover if x, & € L*(0,T;V), then

Hf(amvu) - f(':i.vqj’)HLz(O,T;H)
< HkHB(O,T)ﬁ(Lle = 2| r20,m5v) + Lallu — @[ 220,750))- (2.9)

4
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The proof is easily from Assumption (F), and using the Holder inequality.
By virtue of Theorem 2.1 of [8], we have the following result on (2.7).

Proposition 2.2. Let Assumption (F) be satisfied. Then there exists a unique solution x
of (2.7) such that

z € L*0,T;V)nWh2(0,T;V*) c C([0,T]; H)
for any xog € H. Moreover, there exists a constant C3 such that

|| z2 0,75y wr20,1v+) < Cs(|@ol + [|ullr20,7:0)- (2.10)

Corollary 2.1. Assume that the embedding D(A) C V is completely continuous. Let
Assumption (F) be satisfied, and x,, be the solution of equation (2.7) associated with u €
L?(0,T;U). Then the mapping u + x, is completely continuous from L?(0,T;U) to
L2(0,T; V).

Proof. If w is bounded in L?(0,T;U), then so is x, in L?(0,T; D(A)) N W12(0,T; H) by
(2.8). Since D(A) is compactly embedded in V' by assumption, the embedding
L*(0,T; D(A) nWh2(0,T; H) ¢ L*(0,T; V)

is completely continuous in view of Theorem 2 of [1], the mapping u — z,, is completely
continuous from L?(0,7;U) to L?(0,T;V). O

3 Approximate controllability

Throughout this section, we assume that D(A) is compactly embedded in V. Let z(T; f, u)
be a state value of the system (2.7) at time T' corresponding to the nonlinear term f and
the control u. We define the reachable sets for the system (2.7) as follows:

Rr(f) = {=(T; f,u) s u € L*(0,T;U)},
Rp(0) = {z(T;0,u) : u € L*(0,T;U)}.

Definition 3.1. The system (2.7) is said to be approzimately controllable in the time
interval [0, T if for every desired final state x1 € H and € > 0 there exists a control function
u € L*(0,T;U) such that the solution x(T; f,u) of (2.7) satisfies |x(T; f,u) —x1| < €, that

is, if Rr(f) = H where Rr(f) is the closure of Rr(f) in H, then the system (2.9) is called
approzimately controllable at time T.

Let us introduce the theory of the degree for completely continuous perturbations of
the identity operator, which is the infinite dimensional version of Borsuk’s theorem. Let
0 € D be a bounded open set in a Banach space X, D its closure and 9D its boundary.
The number d[I — T; D, 0] is the degree of the mapping I — T with respect to the set D
and the point 0 (see Fucik et al. [7] or Lloid [11]).
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Theorem 3.1. (Borsuk’s theorem) Let D be a bounded open symmetric set in a Banach
space X, 0 € D. Suppose that T : D — X be odd completely continuous operator satisfying
T(x) # x forx € 0D. Then d[I —T;D,0] is odd integer. That is, there exists at least one
point xg € D such that (I —T)(xzo) = 0.

Definition 3.2. Let T be a mapping defined by on a Banach space X with value in a real
Banach space Y. The mapping T is said to be a (K, L,«)-homeomorphism of X onto Y

if
(i) T is a homeomorphism of X ontoY;
(ii) there exist real numbers K >0, L >0, and a > 0 such that
Lljz||& < |IT@)|ly < K|2]|%, Ve X.

Lemma 3.1. Let T be an odd (K, L, «)-homeomorphism of X ontoY and F: X —Y a
continuous operator satisfying

F
lim sup w =N ecR".
lellx—oo  1TI%
Then if |A| ¢ [, 2] U {0} then

lim ||\T(z) — F(z)|ly = oc.

[lz]|x =00
Proof. Suppose that there exist a constant M > 0 and a sequence {x,,} C X such that
AT (2n) = F(an)|ly <M (3.1)
as xp — oo. From (3.1) it follows that

MT(xy)  F(zy)

ol Tallg
Hence, we have
limsupM =N,
n—soo [Tl
and so, |\|[K{ > N > |A|L. It is a contradiction with |\| ¢ [&, %] O

Proposition 3.1. Let T be an odd (K, L, a)-homeomorphism of X ontoY and F : X —Y
an odd completely continuous operator. Suppose that for A # 0,

lim [|]AT(z) — F(z)|ly = oo. (3.2)

[lz]|x —o0

Then XI' — F maps X onto Y.
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Proof. We follow the proof Theorem 1.1 in Chapter II of Fucik et al. [7]. Suppose that
there exists y € Y such that AT(z) = y. Then from (3.2) it follows that FT~!:Y — Y
is an odd completely continuous operator and

lim ly = FT'($)lly = oc.

llylly —o0

Let yg € Y. There exists r > 0 such that
-1/Y
ly — FT I(X)HY > |lyolly = 0

for each y € Y satisfying ||y|ly =r. Let Y, = {y € Y : ||y||y < r} be a open ball. Then
by view of Theorem 3.1, we have d[y — FT~*(¥);Y;,0] is an odd number. For each y € Y
satisfying ||y||y = r and t € [0, 1], there is

1,y -1,Y
ly — FT I(X) —tyolly = [ly — FT I(X)HY — [lwolly >0
and hence, by the homotopic property of degree, we have

dly = FT'(3): Yr,yol = dly — FT71(3): Y;,0] # 0.

Hence, by the existence theory of the Leray-Schauder degree, there exists a y; € Y, such
that

Y1 — FT_l(%) = Yo-
We can choose xy € X satisfying AT'(z9) = y1, and so, AXT'(xg) — F(x9) = yo. Thus, it
implies that AT — F' is a mapping of X onto Y. O

Combining Lemma 3.1. and Proposition 3,1, we have the following results.

Corollary 3.1. Let T be an odd (K, L, «)-homeomorphism of X ontoY and F : X —Y
an odd completely continuous operator satisfying

F
sup IE@ly

lellx—oo 2%

=N eR".

Then if |\ & [&,F]U{0} then XT — F maps X onto Y. Therefore, if N =0, then for all
A # 0 the operator XI' — F maps X onto Y.

First we consider the approximate controllability of the system (2.7) in case where the
controller B is the identity operator on H under Assumption (F') on the nonlinear operator
f in Section 2. Hence, noting that H = U, we consider the linear system given by

{imw — Ay(t) +u(t),

y(0) =, (3.3)
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and the following semilinear control system

{imw — Aw(t) + f(t,2(t), v(t)) + 0(2),
z(0) = xo.

Theorem 3.2. Assume that

li Hf(’a'rU7u)HL2(O,T;H)
im sup

< 1.
Il =00 [ull 20,11

Under the Assumption (F) we have

Rr(0) C Ry(f).

(3.5)

Therefore, if the linear system (3.3) with f = 0 is approximately controllable, then so is

the semilinear system (3.4).

Proof. Let x(t) be solution of (3.4) corresponding to a control u. First, we show that there

exist a v € L%(0,T; H) such that

{uw =u(t) — f(t,z(),v(t)), 0<t<T,

(0)
Let us define an operator F : L?(0,T; H) — L?(0,T; H) as

Fv= _f(',flfv,’l)).

Then by Corollary 2.1, F is a compact mapping from L?(0,T; H) to itself, and we have

lim [|M(v) — F(U)HL2(0,T;H) = 00,

llvf| =00

where the identity operator I on L?(0,T; H) is an odd (1, 1,1)-homeomorphism. Thus,
from (3.5) and Corollary 3.1, if A > 1 then A\l — F maps L?(0,T; H) onto itself. Hence,
we have showed that there exists a v € L?(0,T; H) such that v(t) = u(t) — f(t,y(t),v(t)).
Let y and x be solutions of (3.3) and (3.4) corresponding to controls u and v, respectively.

Then, equation (3.4) is rewritten as

d

%x(t) = Az(t) + f(t,z(t),v(t)) +v(t), 0<t <T

— A(t) + F(t,2(8), 0(8)) + u(t) — F(t,y(1), v(1))
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with x(0) = xg, which means
£(t) =S(t)wo + / S(t — s){f(s,2(s), v(s)) + v(s)}ds
0

=S(t)zo + /0 S(t— s)u(s)ds = y(t),

where y be solution of (3.3) corresponding to a control u. Therefore, we have proved that
Rr(0) C Rr(f). O

Corollary 3.2. Let us assume that
||k7||L2(0,T)\/T(L103 + Ly) < 1,
where C3 is the constant in Proposition 2.2. Under the Assumption (F), we have
Ry (0) C Rr(f)
in case where B =1.
Proof. By Lemma 2.2 and Proposition 2.2, we have
HFUHLQ(O,T;H) = Hf('vxwu)HLQ(O,T;H)

< Lokl 20 T/V2 + |kl 200y VT (L1l 20,0y + Lellull 2 o.10)
< L0Wf||L2(0,T)T/\/5 + Hk||L2(0,T)\/T{L103(|$O| + 1wl r20,m0)) + Lallull 20,0 }-

Hence, we have

I || F(u)]| |L2(0,T;H
1im sup

) < k|| z2(0.y VT (L1C5 + La).
[|u||—o0 HUHL2(0,T;U)

Thus, from Theorem 3.2, it follows that if A > 1 then A\I — F maps L?(0,T; H) onto itself,
and so, by the same argument as in the proof of theorem it holds that Rr(0) C Rp(f). O

From now on, we consider the initial value problem for the semilinear parabolic equa-
tion (2.7). Let U be some Hilbert space and the controller operator B be a bounded linear
operator from U to H.

Assumption (B) There exists a constant 8 > 0 such that R(f) C R(B) and
[1Bul| > Bllull,  Yu € L*(0,T;U).

Consider the linear system given by
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Theorem 3.3. Under the Assumptions (3.5), (B) and (F), we have

Rr(0) C Ry(f).

Therefore, if the linear system (3.6) with f = 0 is approximately controllable, then so is
the semilinear system (2.7).

Proof. Let y be a solution of the linear system (3.6) with f = 0 corresponding to a control
u, and let  be a solutions of the semilinear system (3.4) corresponding to a control v. Set
v(t) = u(t) — B~1f(t,z(t),v(t)). Then, system (2.9) is rewritten as

d
ax(t) = A:E(t) + f(t,ﬂ?(

= Ax(t) + f(t,z(t),v(t)) + Bu(t) — f(t,z(t),v(t))

~+
~—

1
—

o~
N—
SN—

+ Bu(t), 0<t<T

with z(0) = zo. Hence, we have

w(t) =S(t)wo + /0 S(t = ) (5, 2(5), v(s)) + v(s)) s
_S(H)z0 + /0 St — s)u(s))ds = y(#).

Thus, we obtain that Rp(0) C Rr(f). O
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Abstract
The objective of this paper is to determine a modified SP-iteration pro-
cess for multi-valued mappings and to establish the convergence theorems for
sequences generated by modified SP-iteration processes involving multi-valued
Suzuki mappings converging to endpoints in uniformly convex hyperbolic spaces.
The numerical example for supporting our main result is also presented.

Keywords: modified SP-iteration; A-convergence theorem; strong conver-
gence theorem; endpoint; hyperbolic space.
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1 Introduction

The distance from w in a metric space (X,d) to a nonempty subset E of X is
defined by
dist(u, E) := inf{d(u,v) : v € E}.

It is denoted by K(F) the family of nonempty compact subsets of E. The
Hausdorff distance on K (FE) is defined by

H(U,V) := max{sup dist(u, V), sup dist(v,U)} for all U,V € K(E).
uelU veV

*Corresponding author.
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For an element = in E, if x € T'(z), then x is said to be a fixed point of T.
Moreover, if {z} = T(z), then x is said to be an endpoint of T. It denote by
Fix(T) the set of all fixed points of T and by End(T) the set of all endpoints
of T. We can see that for every a multi-valued mapping T, End(T) C Fiz(T)
and whenever ¢ is a single-valued mapping, End(T') = Fixz(T).

The notion of endpoints for multi-valued mappings is significant notion which
put between the notion of fixed points for single-valued mappings and the notion
of fixed points for multi-valued mappings.

Aubin and Siegel [3] were first studied the existence of endpoints for special
kind of contractive mappings on complete metric spaces. The endpoint results
for several types of contractive mappings have been quickly developed and many
of papers have showed (see, e.g.,[9],[18],[20],[21]).

On the other hand, Panyanak [15] presented the existence of endpoints for
multi-valued nonexpansive mappings in uniformly convex Banach spaces. Next,
Kudtha and Panyanak [13] proved the existence of endpoints for Suzuki map-
pings in uniformly convex hyperbolic spaces.

Recently, Panyanak [16] established the convergence theorems to an end-
point for modified Ishikawa iteration of multi-vaued nonexpansive mappings in
uniformly convex Banach spaces.

Motivated and inspired by above mention, we prove the convergence results
to an endpoint for modified SP-iteration of multi-valued Suzuki mappings in
uniformly convex hyperbolic spaces. The numerical example for supporting our
main result is also presented.

2 Preliminaries

For this paper, we work in the setting of a hyperbolic space which is defined by
Kohlenbach [12].
Definition 2.1 A hyperbolic space [12] is a metric space (X,d) together
with a mapping W : X2 x [0,1] — X satisfying the following statements:
(W1) d(u, W(z,y,a)) < (1 - a)d(u, z) + ad(u,y);
(W2) d(W(I7 Y, O[), W(I7 Y, B)) = |a - ,8|d($, y)’
(W3) W(z,y,a) = W(y,z,(1-a))
(W4) d(W(z,z,0), W(y,w,)) < (1 — a)d(z,y) + ad(z, w),
for all ,y,u,z,w € X and o, 8 € [0,1].
If z,y € X and a € [0, 1], then we use the notion (1—«a)x@®ay for W(x,y, a).
A hyperbolic space (X, d, W) is said to be uniformly convez [14] if for any r > 0
and ¢ € (0, 2] there exists a § € (0,1] such that for all u,z,y € X, we have

d(W(JE,y, %)7“) < (1 - 5)T7

provided d(x,u) <r, d(y,u) < r and d(z,y) > er.

T‘?
A mapping n : (0,00) x (0,2] — (0,1] which provides such 6 = n(r,e) for
given r > 0 and € € (0, 2] is well known as a modulus of uniformly convexity of
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X. We call n monotone if it decreases with r (for a fixed ¢), i.e., for any given
e > 0 and for any r9 > r; > 0, we have n(ra,e) < n(ry,e).

A nonempty subset E of a hyperbolic space X is convez if W(x,y,«a) € E
for any x,y € F and « € [0, 1].

Obviously, uniformly convex Banach spaces are uniformly convex hyperbolic
spaces, CAT(0) spaces are also uniformly convex hyperbolic spaces, [14].

Definition 2.2 [7] A multi-valued mapping T : E — CB(E) is called to be a
Suzuki mapping if

%dist(m,T(m)) < d(z,y) implies H(T(x),T(y)) < d(x,y) (1)

for all z,y € X.

Definition 2.3 [1] A multi-valued mapping T': E — CB(E) is said to satisfy
condition (E,) provided that

dist(z, T(y)) < pdist(z, T(z)) + d(x,y), for all x,y € E.

We say that T satisfies condition (E) whenever T satisfies condition (E,,) for
some p > 1.

Lemma 2.4 [6] If E is a nonempty closed convex subset of X and T : E —
CB(FE) is a multi-valued Suzuki mapping, then T satisfies the condition (E3).

We need the following definition of convergence in hyperbolic spaces [5] which
is called A-convergence.

Let {z,} be a bounded sequence in a hyperbolic space X. Define a function
r(-,{zn}) : X — [0,00) by

r(z,{zn}) = limsupd(z, z,), for all z € X.
n—oo

The asymptotic radius of a bounded sequence {x,,} with respect to a nonempty
subset K of X is defined and denoted by

rk({x,}) = inf{r(z,{z,}) : z € K}.

The asymptotic center of a bounded sequence {z,,} with respect to a nonempty
subset K of X is defined and denoted by

ACk({xn}) ={z € X :r(x,{z,}) <r(y,{z,}), for all y € K}.

Recall that a sequence {z,} in X is said to A-converge to z € X if x is the
unique asymptotic center of {u,} for every subsequence {u,} of {z,}. In this
case, we write A-lim,,_,~ @, = z and call x the A-lim of {x,}.

The sequence {z,} is called to be regular relative to E if r(E,{z,}) =
7(E, {xy, }) for every subsequence {x,, } of {x,,}. It is known that every bounded
sequence in a Banach space has a regular subsequence (see [8]). The proof is
metric in nature and carries over to the present setting without change.
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Lemma 2.5 [/] Let (X,d, W) be a complete uniformly convex hyperbolic space
with a monotone modulus of uniform convexity n and E is a closed convex subset
of X if {zn} is a bounded sequence in E, then the asymptotic center of {x,} is
in kb

Lemma 2.6 [10] Let (X,d, W) be a complete uniformly convex hyperbolic space
with a monotone modulus of uniform convezity 1. Let x € X and {a,} be a
sequence in [a, b] for some a,b € (0,1). If{x,} and {y,} are sequences in X such
thatlimsup,,_, . d(2y,z) < ¢, limsup,,_, o d(Yn, x) < ¢, limy, oo AW (Zpy Yny n ), ) =
c for some ¢ > 0, then

lim d(x,,yn) = 0.

n—oo
Lemma 2.7 [11] Every bounded sequence in a complete CAT(0)(and hence
hyperbolic) space has a A-convergent subsequence.

Lemma 2.8 [7] If {x,} is a bounded sequence in complete uniformly convex
hyperbolic space (X,d, W) with A({z,}) = {p}, {un} is a subsequence of {x,}
with A({u,}) = {u} and the sequence {d(x,,u)} converges, then p = u.

Definition 2.9 [8] Let E be a nonempty subset of a metric space (X,d) and
x € X. The radius of E relative to z is defined by

ro(E) :=sup{d(z,y) : y € E}.
The diameter of E is defined by
diam(E) := sup{d(z,y) : z,y € E}.

Definition 2.10 [2] Let T : E — CB(F) be a multi-valued mapping. A
sequence {z,} in E is called an approzimate fixed point sequence (resp. an
approximate endpoint sequence) for T if lim,,_, . dist(z,,T(x,)) = 0 (resp.
lim, 00 72, (T'(2,)) = 0). A mapping T is said to have the approzimate fized
point property (resp. the approzimate endpoint property) if it has an approxi-
mate fixed point sequence (resp. an approximate endpoint sequence) in E.

Lemma 2.11 [15] Let E be a nonempty subset of X, {x,} be a sequence in E
and T : E — K(E) be a multi-valued mapping. Then r,, (T(x,)) — 0 if and
only if dist(xy, T(xy)) — 0 and diam(T(x,)) — 0.

Lemma 2.12 [13] Let E be a nonempty bounded closed convex subset of a com-
plete uniformly convex hyperbolic space X with monotone modulus of uniform
convezity and T : E — K(F) be a multi-valued Suzuki mapping. Then T has
an endpoint if and only if T has the approximate endpoint property.

Next, we also need the following definitions that will be used in the next
section.
A sequence {x,} in E is said to be Fejér monotone with respect to E if

d(xnt1,q9) < d(zp,q) for all g € E and n € N.
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Definition 2.13 [13] Let F be a nonempty subset of a hyperbolic space X.
A mapping T : E — K(F) is said to satisfy condition (J) if there exists a
nondecreasing function h : [0,00) — [0,00) with h(0) = 0, h(r) > 0 for r €
(0, 00) such that

r(T(z)) > h(dist(z, End(T))) for all z € E.
The mapping T is called semicompact if for any sequence {x, } in E such that

lim r, (T(z,)) =0,

n—oo

there exists a subsequence {x; } of {z,} and ¢ € E such that lim,, o z,,, = q.

3 Main results

For this part, we start by introducing the notion of the modified SP-iteration
process for multi-valued mappings. Notice that it is an improvement of the
one so called the SP-iteration process given in Phuengrattana and Suantai [17].
They [17] also showed that SP-iteration process is a generalized version and the
sequence generated by the SP-iteration process converges faster than Ishikawa
for the class of nondecreasing and continuous functions.

Let X be a hyperbolic space and F be a nonempty convex subset of X,
{an}, {Bn}, {7} be sequences in [0,1] and T : F — K(F) be a multi-valued
mapping. The sequence generated by the modified SP-iteration is defined by
z1 €EFE,

Yn = W(Un, va’Yn)
Wy = W('Unaynyﬂn) (2)
Zn4+1 = W(xn; W, an)v

where w,, € T(z,) such that d(z,,u,) = 75, (T(24)), vn € T(yn) such that
d(Vn, yn) =1y, (T(yn)) and x,, € T'(wy) such that d(zn, wy) = 7w, (T(wy)).
We need the following important Lemmas that will be used in the sequel.

Lemma 3.1 Let E be a nonempty bounded closed convexr subset of a complete
uniformly convex hyperbolic space X with monotone modulus of uniform convez-
ity and T : E — K(FE) be a multi-valued Suzuki mapping. If {z,} is a sequence
in E, then the following holds:

PN 2, dist(zn, T (zn)) — 0 and diam(T (z,,)) — 0 imply z € End(T).

Proof. From Lemma 2.5, we obtain that z € FE. For each n € N, we can choose
wy, € T(2y) such that d(z,, w,) = dist(z,, T(z,)). By passing throught a subse-
quence, we may assume that {z,} is regular relative to FE. Let A(E,{z,}) = {z}
and r = r(E,{z,}). By similar way in the proof of Lemma 2.12, we obtain that
z€ End(T). m
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Lemma 3.2 Let E be a nonempty closed convex subset of a complete uniformly
conver hyperbolic space X with monotone modulus of uniform convezity and
T : E — K(E) be a multi-valued Suzuki mapping with End(T) # 0. Let
{zn} be a sequence generated by the modified SP-iteration process (2). Then
lim,,_, o0 d(2n, q) exists for each ¢ € End(T).

Proof. Let T be a multi-valued Suzuki mapping and g € End(T). Therefore,

%dist(q, T(g)) = 0 < d(q, y), (3)

%dist(q,T(Q)) =0 < d(q, wn), (4)
and 1

5dist(a, T()) = 0 < (g, 20), ()

for all n € N. This implies that

H(T(q),T(yn)) < d(q:Yn), (6)

H(T(q),T(wn)) < d(q,wn), (7)
and

H(T(q),T(zn)) < d(q, zn). (8)
Using (2) and (8), we obtain that

d(yn,q) = dW(un,zn,7m),q)

L= yn)d(tn, q) + ynd(2n, q)

1 — yp)dist(un, T(q)) + Ynd(2n, q)

1= yn)H(T(2n), T(q)) + Ynd(zn, q)

L= yn)d(2n, q) + nd(2n, q)

d(zn, q)- ()

IA

(
(
(
(

INIA A

Next, using (2), (6) and (9)

d(wn, q)

d(W (v, Yn, Bn), q)

< (1= Bu)d(vn,q) + Brd(Yn, q)

= (1= Bp)dist(vn, T(q)) + Bnd(yn,q)

< (1= 8)H(T(yn),T(q)) + Bnd(yn,q)

< (1= Bn)d(yn,q) + Bnd(yn, q)

< d(Yn,q) < d(2n,q). (10)
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Again, using (2), (7) and (10)

d(zns1,9) = dW(zp, wn,an),q)

d(zn, q) + and(wy, q)
dist(zn, T(q)) + and(wn, q)
H(T (wn),T(q)) + and(wn, q)
d(wn, q) + and(wn, q)

IN

Il
—~ o~~~
—
|
Q
3
— — — —

[VANVANR VAN VAN
=3
g
3
2

d(zn,q). (11)

This shows that sequence {d(z,,q)} is decreasing and bounded below. Thus
lim,,_, o0 d(2n, q) exists for each ¢ € End(T).
|

Next, we prove A-convergence theorem for a multi-valued mapping in hy-
perbolic spaces.

Theorem 3.3 Let E be a nonempty closed convex subset of a complete uni-
formly convex hyperbolic space X with monotone modulus of uniform convezity
and T : E — K(F) be a multi-valued Suzuki mapping with End(T) # 0. Let
{zn} be a sequence generated by the modified SP-iteration process (2). Then
{zn} A-converges to an endpoint of T.

Proof. First we will prove that r, (T(z,)) — 0. Let ¢ € End(T). Since T is a
multi-valued Suzuki mapping and

1
5dist(q, T(q)) = 0 < d(q, z0)
for all n € N, then
H(T(q), T(2n)) < d(g, 2n).

From Lemma 3.2, we know that for each ¢ € End(T), lim,, o d(zn, q) exists.
Let lim,, o0 d(2n,q) =t > 0. If t =0, then

d(zn,un) < d(zn,q) +d(q,up)
d(zn,q) + dist(T(q), un)
< d(zn,q) + H(T(q), T(2n))
< d(zn,q) + d(zn,q).

Taking n — oo on above inequality, we have

lim r, (T(zn)) = lim d(zn,u,) = 0.

n—oo n—oo
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If t > 0, then

d(Yn,q) = AW (un,2n, V), q)

(1 = yn)d(un, q) + vnd(2n, q)

(1 — yn)dist(un, T(q)) + ynd(2n, q)
(1 =) H(T (2n), T(q)) + ynd(zn, q)
(1 = 7)d(2n, @) + 1nd(zn, q)
d(zn, q)-

IN

INIAIA

Letting limsup as n — oo on the both sides of above inequality, we have

lim sup d(yn, q) < limsup d(zy,q) < t. (12)

n— oo n—oo

From (11), we have d(zp+1,¢) < d(wn, q).
Then we obtain that

t <liminfd(zp41,q) < liminfd(w,,q). (13)
n—oo

n—oo

From the proof in (10), we have d(wn, q) < d(yn, q).
Taking liminf as n — co on above inequality and using (13),

t <liminf d(yp, q). (14)

n—oo

Combine (12) and (14), we obtain that

nlggo d(W(Una Zns 'Yn)a Q) = nhﬂngo d(ywu Q) =t. (15)
Since
d(un,q) = dist(un,T(q))

IA

H(T(z),T(q)) < d(2n,q),

this implies that
lim sup d(uy, q) < t. (16)

n—oo

By (15), (16), lim, o0 d(2n, q) = t together with Lemma 2.6, we have

lim d(ty, z,) = 0. (17)

n—o0

From the condition of the modified SP-iteration, so

lim r, (T(zn)) = lim d(up,z,) =0. (18)

n— oo n—oo

Hence by the both cases we can conclude that r,_ (T(z,)) — 0. It follows from
Lemma 2.11, we have dist(z,,T(25,)) — 0 and diam(7T(z,)) — 0.

910 Chuadchawna et al 903-916



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.5, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

To show that {z,} A-converges to an endpoint of T. Now we prove that
We(2n) = Ugs, 3z AC(E, {sn}) C End(T) and W, (2,) consists of exactly
one point. Let s € W,(z,). Therefore there exists a subsequence {s,} of
{zn} such that AC(F,{s,}) = {s}. From Lemma 2.5 and Lemma 2.7, there
exists a subsequence {t,} of {s,} such that A-lim, ,»t, = t € E. Since
dist(t, T'(tn)) — 0 and diam(7'(t,)) — 0 and it follows from Lemma 3.1, we
have t € End(T) and lim,,_, o d(zy,, t) exists by Lemma 3.2. Thus by Lemma 2.8
we have s =t € End(T). This shows that W, (z,) C End(T). Next, we prove
that W,,(z,) consists of exactly one point. Let {s,} be a subsequence of {z,}
such that AC(E,{s,}) = {s} and AC(E,{z,}) = {#}. Since s € W, (z,) C
End(T) and from Lemma 3.2, we know that {d(z,,s)} exists. By Lemma 2.8,
z = s. Therefore the proof is completed.

]

Next, we present the following key lemma for proving the strong convergence

theorem.

Lemma 3.4 Let E be a nonempty closed subset of a complete hyperbolic space
X and {w,} be a Fejér monotone sequence with respect to E. Then {wy}
converges strongly to an element of E if and only if lim,,_, » dist(w,, E) = 0.

Proof. Assume that {w,,} converges strongly to ¢ € E. Thus lim,,—, o d(wy, q) =
0. Because 0 < dist(w,, E) < d(wy, ¢), therefore lim,,_, o dist(wy,, E) = 0.
Conversely, suppose that lim,,_, dist(w,,, E) = 0. Since {w,} is a Fejér mono-
tone sequence with respect to E, we have

d(wnt1,9) < d(wp,q) for all g € E.

Thus infye pd(wn41,q) < infye gd(wy, ¢), which means that

dist(wp41, E) < dist(wy, E). Therefore lim,,_, o dist(wy,, E) exists. By hypoth-
esis, we obtain that lim,_, dist(wy, E) = 0. Next, we show that {w,} is a
Cauchy sequence in E. Let r > 0. Since lim,,_, o dist(w,, E) = 0, there exists
ng € N such that

dist(wy, E) < g for all n > nyg.

Inparticular, inf{d(wy,,q) : ¢ € E} < 5.
Therefore there exists go € E such that d(wp,,qo) < 5. For any n,m > ng, we

have
d(wn+m7 wn) S d(wn+m7 (Jo) + d((107 wn)
S d(wnov QO) + d(q07 wno)
o T,
-2 2

This means that a sequence {w,} is a Cauchy sequence in E. Since F is a
closed subset of a complete hyperbolic space X, we have E is also complete.
Then {w,} must be convergent to a point in E. m
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Theorem 3.5 Let E be a nonempty closed convex subset of a complete uni-
formly convex hyperbolic space X with monotone modulus of uniform convezity
and T : E — K(E) be a multi-valued Suzuki mapping with End(T) # (0. Let
{z,} be a sequence generated by the modified SP-iteration process (2). If T
satisfies condition (J), then {z,} converges strongly to an endpoint of T.

Proof. First, we will show that End(T) is closed. Let {z,} C End(T) such
that z, — z € E. We will prove that z € End(T). Since T is a multi-valued
Suzuki mapping, therefore T satisfies condition (Es5). Then

dist(zn, Tz) < 3dist(zn, T(2n)) + d(2zn, 2) — 0 as n — oo.

This implies that z € T(z). Next, we show that {z} = T(z). Take any point
w € T(z). Since T is a multi-valued Suzuki mapping,

1
idist(zn,T(zn)) =0 < d(zn, 7) implies that H(T(z,),T(2)) < d(zn, 2)-

Since z, € End(T), we have

dw,z) < d(w,z,)+d(zn,2)
dist(w, T'(z,)) + d(zn, 2)
< H(T(2),T(zn)) + d(zn, 2)
< d(zp,2) +d(2zn,2) = 0 as n — oo.
Hence w = z. Because w € T(z) is arbitrary, then T'(z) = {z}, so z €

End(T). Thus End(T) is closed. Next, as in the proof of Theorem 3.3, we
have r, (T(z,)) — 0 and it follows from T satisfies condition (J),

h(dist(zp, End(T))) < 7., (T(2n)) — 0.

This implies that lim,,_, o h(dist(z,, End(T))) = 0. Since h : [0,00) — [0, 00) is
nondecreasing with 2(0) = 0, h(r) > 0 for r € (0, 00), we obtain that

limy, 00 dist (2, End(T")) = 0. As in the proof of Lemma 3.2 implies that {z,}
is Fejér monotone with respect to End(T'). By applying Lemma 3.4, we obtain
the desired result. m

Theorem 3.6 Let E be a nonempty closed convex subset of a complete uni-
formly convex hyperbolic space X with monotone modulus of uniform convezity
and T : E — K(F) be a multi-valued Suzuki mapping with End(T) # 0. Let
{zn} be a sequence generated by the modified SP-iteration process (2). If T is
semicompact, then {z,} converges strongly to an endpoint of T

Proof. As in the proof of Theorem 3.3, . (T(z,)) — 0 and T is semicompact,
we may assume a subsequence z,, — z for some z € E. Again, as in the proof
of Theorem 3.3, we obtain that r., (T'(zn,)) — 0. By Lemma 2.11, we also get
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dist(zn,,, T(2n,,)) — 0 as k — oco. Since T is a multi-valued Suzuki mapping,
therefore T satisfies condition(F3). Because of

dist(z,T(2)) < d(z,zp,)+ dist(z,,,T(2))

< d(z,zpn,) + 3dist(zn,, T(2n, ) + d(2n,, 2) = 0 as k — oo,
we obtain that z € T'(z). Next, we show that {z} = T'(z).
Notice that 1dist(z,7(z)) = 0 < d(zn,,2) for all k € N. Since T is a multi-
valued Suzuki mapping, we have
H(T (20, T(2))) < d(2ny, 2)-

We now let u € T'(z) and choose wy,, € T(zy, ) so that d(u, wy, ) = dist(u, T(2zp,)).
For all £ € N, we obtain that

d(z,u) d(2, 2n, ) + d(2ny,, Wny,) + d(wn,, )
d(z,zn,,) + 72, k( (2ny)) + dist(u, T'(2n,))
d(z, zn,,) + e (T(zn,)) + H(T'(2), T(2n,,))
(

d 2 an) + Tznk (T(an)) + d(Z, znk)

VAN VAN VAN VAN

Taking limit as k — oo, we get that z = u for all u € T'(2) and so {z} = T'(2).
Hence z € End(T). By Lemma 3.2, lim,,_, o d(2,, q) exists for each ¢ € End(T),
it follows that z, — z as n — oco. This completes the proof. m

4 Numerical example

In this section, we give an example shows that there exists a mapping which is a
multi-valued Suzuki mapping but is not a nonexpansive mapping. Furthermore,
we illustrate that a sequence generated by the modified SP-iteration process (2)
converges to an endpoint of the multi-valued Suzuki mapping.

Example 4.1 Let X = R with metric defined by d(z,y) = |zr—y| and E = [0, 3].
Define W : X2 x [0,1] — X by W(x,y,a) := ar + (1 — a)y for all 2,y € X
and « € [0,1]. Then (X, d, W) is a complete uniformly hyperbolic space with a
monotone modulus of uniform convexity and E is a nonempty compact convex
subset of X. Let T : E — K(F) defined by

_ {0}, z#3;
1= {{1}, 2 =3.

By [19] showed that the mapping T is a Suzuki mapping. But T is not a
nonexpansive mapping if we take z = 2.9 and y = 3. Moreover, End(T) =

0}. For initial point zp = 0.1 and a,, = 5, = 7» = ———. Therefore
{0} p 0 Bn = NS

{an}, {Bn}, {1} C [0,1]. Set stop parameter to |z, — 0] < 107'2, where 0 is
an endpoint of 7. By using MATLAB, we compute the sequence generated by
the modified SP-iteration process (2) converging to 0 as in Table 1 and Figure 1.
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iterate the modified SP-iteration process
20 0.1
z1 0.024068308483
2o 0.006367770608
z3  0.001780515413
z4  0.000516698713

z20  0.000000000008
221 0.000000000003
z22  0.000000000000

Table 1: Sequences generated by SP-iteration process

10" T T T T

1021 ™

zn

108} 1

1D-12 L

10714 : ; : :
0 ] 10 15 20 25
iteration

Figure 1 Convergence of iterative sequences generated by SP-iteration
process
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