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HERMITE-HADAMARD TYPE INEQUALITIES INVOLVING
CONFORMABLE FRACTIONAL INTEGRALS*

YOUSAF KHURSHID'2, MUHAMMAD ADIL KHAN2, AND YU-MING CHUS3»**

ABSTRACT. In the article, we establish an identity and several new Hermite-
Hadamard type inequalities for conformable fractional integrals. As applica-
tions, we provide some inequalities for certain bivariate means and present
the error estimations for the trapezoidal formula. The given results are the
generalization of previously results.

1. INTRODUCTION

A real-valued function f : I — R is said to be convex if the inequality

(1.1) fQz+ (1 =Ny) <Af(@)+ (1 =) f(y)

holds for all z,y € I and A € [0,1]. If inequality (1.1) holds in the reverse direction,
then we say that f is a concave function on the interval I.

The word “convexity” is one of the most important, natural and fundamental
notations in mathematics. Convex functions were presented by Johan Jensen over
100 years ago. Over the past few years, many generalizations and extensions have
been made for convexity. These extensions and generalizations in the theory of
inequalities have made valuable contributions in many areas of mathematics. Some
new generalized concepts in this point of view are quasi-convex [1], strongly convex
[2], approximately convex [3], logarithmically convex [4], midconvex functions [5],
pseudo-convex [6], p-convex [7], A-convex [8], h-convex [9], delta-convex [10], Schur
convex [11-17] and and others [18-24].

Let I C R be an interval and A : I € R — R be a convex function. Then the
well-known Hermite-Hadamard inequality [25-33] for convex functions states that
the double inequality

(1.2) h<a1+“2)s ! /azh(x)dmgw

2 ao — aq a1 2

holds for all ay,as € I with a; # as. If the function h is concave on I, then both
the inequalities in (1.2) hold in the reverse direction. It gives an estimate from both
sides of the mean value of a convex function and also ensure the integrability of
convex function. It is also a matter of great interest and one has to note that some

2010 Mathematics Subject Classification. Primary: 26D15, 26A33; Secondary: 26A51, 26A42.

Key words and phrases. Hermite-Hadamard inequality, convex function, conformable fraction-
al integral, mean, midpoint formula.

*The research was supported by the Natural Science Foundation of China (Grant Nos.
61673169, 11301127, 11701176, 11626101, 11601485) and the Science and Technology Research
Program of Zhejiang Educational Committee (Grant no. Y201635325).

**Corresponding author: Yu-Ming Chu, Email: chuyuming2005@126.com.

1

585 YOUSAF KHURSHID et al 585-604



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

2 YOUSAF KHURSHID»'2, MUHAMMAD ADIL KHAN?, AND YU-MING CHU3**

of the classical inequalities for means can be obtained from Hadamard’s inequal-
ity under the utility of peculiar convex functions h. These inequalities for convex
functions play a crucial role in analysis and as well as in other areas of pure and ap-
plied mathematics. In the last 60 years, many efforts have gone on generalizations
extensions and variants of Hermite-Hadamard’s inequality (see [34-36]).

Recently, the authors in [37] defined the conformable fractional derivative as
follows: for a function h : [0,00) — R the (conformable) fractional derivative of
order 0 < a <1 of h at s > 0 was defined by

11—
Da(h)(s) = lim M™% = f(5).

e—0 €

if the conformable fractional derivative of h of order « exists, then we say that h is
a-differentiable. The fractional derivative at 0 is defined as h*(0) = lim,_,o+ h*(s).
Now we recall some results for the conformable fractional derivative.

Theorem 1.1. Let o € (0,1] and hy, ha be a-differentiable at a point s > 0. Then
do

ds (s") =ns
for alln e R;
da
dos ) =0

for all constant c € R;

2 (arhy () + azha(s) = a1 7 (1 () + a5 (a(s)
for all constants a1,as € R;
- (a(5)hals)) = I (5) 5 (has)) + ha(s) 7 (I ()
d <h1(s)> o) (B (5)) — P (s) s ()
dos \ ha(s) (ha(s))? 7
do

da
2 (n(ha)() = I (hals)) 7 (a(5)
if hq differentiable at ha(s).
If in addition hy is differentiable, then one has
da _ 1—04i
T (n(5) = 517 ()

Definition 1.2. (Conformable fractional integral) Let o € (0,1] and 0 <
a1 < ay. Then the function hy : [a1, as] — R is said to be a-fractional integrable on
[a1,as] if the integral

az az
/ hi(x)daz = / hy(z)z®* tdx
a a

1 1

exists and is finite. All a-fractional integrable functions on [a1,as] is indicated by
Lg(lar, az]).
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Remark 1. Let « € (0,1]. Then

Sh
15t (ha)(s) = I (s°" ') Z/ xll(i)dx’

where the integral is the usual Riemann improper integral.

Anderson [38] established the conformable integral version of Hermite-Hadamard
inequality as follows:

Theorem 1.3. If o € (0,1] and h : [a1,a2] — R is an a-fractional differentiable
function such that Dyh is increasing, then one has

az h h
o / h(w)dge < A+ laz)
as —af J, 2

Moreover, if the function h is decreasing on [ay,as], then we have

az
L <a1 +a2) < o / h(@)duz.
2 a§ —af Ja,

In particular, if a = 1, then this reduces to the classical Hermite-Hadamard in-
equality.

1

Due to the great importance of Hermite-Hadamard inequality, in recent years
many mathematician have shown their interest for generalizations, extensions and
variants for this inequality. In the article, we deal with the conformable integral
version of Hermite-Hadamard inequality investigated by Anderson [38]. We shall
establish an identity for the left side of the inequality and discuss their particular
case. By applying Jensen’s inequality, power mean inequality and the convexity of
the functions 2=t and —z% (x > 0, € (0,1]) in the identity, we obtain inequal-
ities for conformable integral version of Hermite-Hadamard inequality. By using
particular classes of convex functions we find new inequalities for special bivariate
means. We also apply the results for error estimations of the mid point formula,
for some related results (see [39-42]).

2. MAIN RESULTS

We begin this section with the following Lemma 2.1, which is needed for the
establishment of our main results.

Lemma 2.1. Let a € (0,1], ai,az € RT with a1 < az and h : [a1,a2] — R be an
a-fractional differentiable function. Then the identity

az
(2.1) h(““””)- _ a/ h(x)do
2 a3 —af Jq,
. 1 . 2a—1 7 a—1
_ le—a) / 2 oy + 22 —af 2o o+ 22
2(ag —a?) | Jo 2 2 2 2
2a—1
2— 1-— 1
xDa(h)( Sal—l— ) 1=egd, s+ (( 28a1—|— ;Sag)

1—s 1+s o 1—s 1+s a
—ag‘<2a1—|— 5 ag) )xDa(h)( 5 a1+2a2>51 das].

holds if Do (h) € L ([a1,as)).
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Proof. Integrating by parts, we have

1 2—s sag \ 22! 2—5 sas \ >t 2—5 sa
— 2 a - 2 - 2
\/O (< B) a1+2> 70/1 (2 (11+2) >XDa(h)( B) (11+2)d5
+/1 1—3s +1+s Za—l ofl—s5 +1+s a-l
a a —ay| —a a
; 5 @ 5 @2 2 5 o 5 @2

1-— 1
xDa(h)< 2Sa1+ ;Sag)ds

) e
= —_— —a
IN(GaE IR
1
1—3 1—|—s
1 (( ) —a)u
0 2 2
2—s say D (B5Ear + 22
= (( 5 a1+2> —a1>( 2a2 a1 )
2
1 a—1 2—s sa
—/ a(2$a1+=%2) <a2a1) h<Taa_la+ 72)ds
0 2 2 2 azaL

1-s 1+s \* \hr(52 Lsgy) !
+<< 2 a1 + 2 aQ) _a2> (2 a22a12 )

1 a—1 1—s 1+4s
1—s 1+s ag —ay\ h(52ar + H2a)
- d
/0 a( 5 a + 9 az) ( 5 ) a2§a1 S

_Sal—i—m) ds

(57
(

—s 1+s
5 ai + 5 a2>d8

1

0

= Q(G%—a%)h<a1 +a2) 20 /az h(z)dox
ag — ap 2 ags — ap a1
where we have used the change of variable x = (1 — s)a; + sas and then multiplying
both sides by % to get the desired result in (2.1). O

Remark 2. By putting o = 1 in (2.1), we get the identity

e
h <“1 + “2) _ / h(z)de
2 a2 — a1 Jq,

1 1

p(sa2  2—s _ oo (1o 1+s
/sh(2 + 5 a1>d8 /(1 s)h( 5 ai + 5 a2>ds].
0 0

_ag—al
4
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Theorem 2.2. Let o € (0,1], a1,as € RT with a; < az and h : [a1,a2] — R be an
a-differentiable function on (a1,as). Then the inequality

a1 + as « a2
2.2 h - h
az — ax ‘h/(a‘l)‘ a a ‘h/(a@)‘ a a
1 -1 1 —21
>~ 2(01(2)é —(1(11) [ 96 [ 30/2 9@1] + 96 [ 90/2 al}
a1 | 2|R (a1)] + |W (a o . 11|A (a1)| + 5|W (a
g [ EW] g gy [ <2>|H

holds if Do (h) € LY ([a1,a2)) and |I'| is convez on [a1,az).

Proof. Let 1 = 27! and 2 = —2® (z > 0, € (0,1]). Then we clearly see that
the functions ¢; and 9 are convex. Now using Lemma 2.1 and the convexity of
©1, p2 and |h'|, we have

asz
h<a1+a2) o / h(z) o
2 ay —af Ja,
— 1 — @ —
< G201 as — ay /<<2 5 m) —a?) h'<2 5a1—|—m>
2(ag —a) | Jo 2 2 2
1-— 1
o[ (e ) Y (e )
a+1—1
9 _
)h'< 28a1+8(212>’d5
1+s
( a1+ 9 a2>
2—s “ 0o 2 — saz
5 a1+ 5 a1+ ag a1+ — | |ds

2 2

ds

V)

hl

N

N v L=s o 148 o \\| (L=8,, . Lt p
ay — —_— a a S
0 2 ) 1 2 2 2 1 2
b—a N T R -5 sas o) 2
= 2(ag — af) /O( g 4 oo p oty ) ma )| W)

S
+§\h’(a2)\

1
1-s 1+s 1-s 1+s
ds+/ (a”‘—(aa—kao‘)){ "(a "(ag }ds.
o\ 501t 5 5 W ()] + ——[ (a2)]

Evaluating all the above integrals, we have the following

1
az —ap 2—5 41 85 a-1 2—s sas WN12-5,,
e A 2= S5 s 2-s saz\ ,
2(ag — a?) l/o (( 5 a; -+ 2(12 )< 5 ai + 5 al 5 |R (a1)]
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1
s o 1—s , 1+s 1—s 1+s
+§\h’(a2)\ ds+/ (a2—<2 aj —&-72 a2>> [ 5 (a1) 5 (a2))|| ds
0
a2 — a1 15 11 1 / 7 11 11/
_— I ad™ h 4 h
2ag —af) | 32 af |h(ay)| + gear ™ azfh (a1)] = g at | (an)[ + graiay™ A (a1)]

5 1 o 1 5 o 1,
a8 ()| = gagas ™ I (@) + geaf W (aa)| + geataslh ()] — sl (az)

1 N N 1
aras Ih’(a2)|+1a2|h’(a1)| —af W (a1)]

5
10§ a2) |+ 5508 a2) - 7 -

96

3 7
—*azlh(m |+ qazlh’ az)\—*a | (az)| — zagh’(az)I]

ag—ai ||W(a1)| W' (a2)|
= 13a$ — 19a — 22 [19a5 — 21a¥
2(ag — af) l 96 [13a3 ar] + 96 [19a3 ay]
o a-1 | 2IW (a1)] + |W (az2)] am am 11| (a1)| + 5|1/ (a2)|
—a ag 1[ 112 2 + (a1a3 1"“11 1a2) 196 2 .

O

Remark 3. By putting « = 1 in (2.2), we obtain the inequality which is proved by
Kirmaci in [43]

1 e
h (“1 + “2> - / h(x)de
2 a2 — a1 Jg,

Theorem 2.3. Let ¢ > 1, a € (0,1], ar,az € RT with a; < as and h : [a1,a2] — R
be an a-differentiable function on (a1,a2). Then the inequality

a1 + as « a2
2. h — h(z)d
23 [ (252) - i [, e

(az —a1)
2(ag — af)

(a2 — a1)(|h'(ar)| + [ (a2)])

<
- 8

< (A1(0))' 77 {As(@)|1 (an)| + Ag(0)|B(a2)| 7}

+(B1())' 7 {Ba(a) [l (a1)]" + Bs(a)lh’(@)'q}é]

holds if Do (h) € LL([a1,a2)) and |h'|? is convez on [ay,az], where

_ [l +a2)** = (2a1)*T'] .
Al(a){ 2%(a+1)(az — a1) ]

Bafa) =af - |

(2a2)°*! — (ay + az O‘H]
2“(0& + 1 as — a1
_ (a1 +ap)t! (az — al)(a +2) + (a1 + az)
e s ] R s 2 }

)(
2a‘f‘+1 (ag —a1)(a+2) 4+ aq
+1)

BV

(az — ay)(a (a+2)(ag —aq)

(@t [(az-a)(a+2)+ <a1 + a2)
Bs(a) = 2a+1(a+1)(a2—a1) { az—al)(a+ ) ]
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agt? a§
T —a)Pat)at2) 4
(a1 + az)**! {(az —a1)(a+2)— (a1 +a2)}
20t (o 4+ 1)(ag — a1) (ag — a1)(a +2)
202 af
C(az—a)?(a+1)(a+2) 4
_ 3a3 (a1 +az)**! (a2 —a1)(a +2) + (a1 + az)
B = e e | ety
_ 205" [(044-2)(@2 —a1) +a2}
(a2 —ar)(a+1) | (e+2)(az—a1) |
Proof. 1t follows from Lemma 2.1 that

as
’h<a1—|—a2)_ o / h(@)do
2 ag‘—a(f ay
(a2 —aq) /1 2—s sas Za—1 2—s saq ol 2—5s say
=" — —af| —— — Dy, (h — |d
20a5 —a9) | Jo y Mt G\t (W) =gt )ds
1 2a—1 a—1
1—s 1+s 1—s 1+s 1—s 1+s
() ) oo
JR— 1 —
(N o
2(ag —a$) | Jo 2 2
+/1 a 1—sa +1+Sa “ ¥ 1-— S, +1—1—5 s
) ag 5 M 5 2 5 @ 5 az .

From the power-mean inequality and the convexity |h'|? we get

1 «@
2—s sas 2—s Sas
— —af ) |R — | |d
[ (G ) - (5o e 32 fo
1 o 1-1
2—s sas o ?
<(f (55w ) —at)e)
1 a q L
2—s Sas o 2—s Sas a
(L (o) - (T 2)[w)
1
« (Ll-s Jr1+s “ ¥ 1-s +1+s
Qs D) ai 5 az 5 ai 5 az
0
i 1 1 @
« —S +s
(] (o (et
0
/ 1 1 “« 1 1
o -5 +s , —S +s
x/<a2<2a1+2a2>)h(2a1+2ag)
0
/1 2-s +&£ 0‘7 o
) 9 ay B al

As(a) =

ds

ds

1—1
q

Q=

q
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! 2—s sas \ 2—s s
[ () ) [ o] o
! 2—s saz\ " a)2—s
:\h’(al)\q/o (( 5 a1+22> —al) S ds
1 «
2—s sa o) S
+|h’(a2)|q/0 (< B) (l1+22> al>2d8

Ty q (a1 + a)**! (ag —a1)(a+2) + (a1 + ag)
= |h (a1)| (20‘*1(a+1)(a2—a1) { (ag—al)(a—l—Z) ]

B 2a9 ! [(a2a1)(a+2)+a1} _ 3af
(ag —a1)(a+1) (a+2)(az — ay) 4

TR (a1 +ag)**! (a2 — a1)(a +2) — (a1 + as)
+|h (az)] <2a+1(a+1)(a2_a1) [ (az — a1)(a + 2) ]

a+2 «@
20, _ al)
b

C(az—a)?(a+D(a+2) 4

1
o 1-3s 1+s “ ,(1—s 1+s
/<a2 ( 5 a1 + 5 a2> ) h( 3 ay + 5 ag)
0
/ 1 1 “\ 1 1
o -8 + s - +s
< (8- (FFPa+150) ) [Fomer + S5 W] o
0
/ 1 1 “\1
o — S + s —S
:|h’(a1)|q/<a2—< 51t a2)> 5 ds
0
/ 1 1 “\1
o - s + s +s
et [ (o - (500 + ) ) s
0

= |h’(a1)|q< (a1 + az)** {(az _al)(a+2)+(@1+a2)]

q

ds

20t (a +1)(az — ay) (ag —a1)(a+2)
a+2

ey 4)

1o v [ 398 (a1 +az)**! (a2 — ar)(a +2) + (a1 + a2)
+R (a2)] <4 20t (o + 1) (ag — ay) { (a2 —a1)(a+2) }

B 205 {(a +2)(ag —ay) + ag]
(a2 —ar)(a+1) | (a+2)(az —a1) ’

where we have used the facts that

1 o (¢ a+1 a+1
/ <(2 Sa1+m) a?)ds |:(a1+a2) (2a1) } —af,
0 2 2 2%(a+ 1)(az — aq)
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1

o 1—s 1+s @ o (2a2)°t — (ay + az)*tt
/(aQ—( 5 a; + 5 a2> )ds-a2—{ 2%(a T 1)(as — a1) )
0

Hence, we get the desired inequality (2.3). O
Remark 4. Let a = 1. Then inequality (2.3) leads to

a1 + as 1 a2
’h( 5 )—a2_a1/al h(x)dx

<1 a2 — a1 175
-2 4

+{Bo(1)[(a1)|* + Ba(D)|H (a)|7}7 ] ’

{As (V)1 (@)|? + As ()| (az)|7} 7

where
(a1 + az)*(4az — 2a1) — 8a3(3az — 2a;1) — 18a;(az — ay)?

Az(l) =

24(@2 — a1)2 ’
(a1 + az)?(4az — 2a1) — 4a3 — 6az(az — ar)?
Bsy(1) = 5 ,
24(&2 — Cl1)
(a1 + az)?(2az — 4a1) — 8a3 — 6a;(az — ar)?
Az(1) = 5 ,
24((12 — al)
By(1) = (a1 + az)?(4az — 2a1) — 8a3(4az — 3ay) + 18az(az — ay)?
3 o 24(&2 — a1)2 '

Theorem 2.4. Let ¢ > 1, a € (0,1], ar,az € RT with a; < as and h : [a1,a2] — R
be an a-differentiable function on (a1,a2). Then the inequality

a1 + as « a2
2.4 h — h(z)d
4 (5) g [ s

<ot (5 oo (5267

holds if Do (h) € LY (a1, as]) and [N |2 is concave on |a1, as], where

[ et = @a)t]
o) = | ]

Bi(a) = a3 — {(2%)%1 — (a1 + a2)0¢+1]

2"(04 + 1)(&2 — al)

_ a+2 (a+2) —1
Ci(a) = (a1 + a2) [2a+1(a+1)(a2_a1)]
2a {2 {(ag —a1)(a+2)+ (a1 + a2)
(a+2)(az —ay)? (a+1)

(a1 + ag)>+? (a2 —a1)(a +2) + (a1 + az)

Coe) = e T |t D e )
a1 | (a1 +a2) +2(a +2)(a2 — a1) ay
" [ (a+ 2)(az — a1)2(a+ 1) ] T

:| -+ %(3&1 -+ ag),

(a1 + 3az).
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Proof. Tt follows from [44] and the concavity of |h/|? that |4/| is also concave. Making
use of Lemma 2.1 and Jensen’s integral inequality we get

’h(““’@) / h(x)dow
2 g —af
1
] ae—a 2—s sag , -5 say
“Jae i ] (ot ) o (gt s ) o
! J 1+s \“ 1—s 1+s
+/0 (a?—( 5 a, + 5 ag) )h’( 5 a, + 5 @)ds
as — ai 2—s
< s 7 it
_Q(GS—G?)[/O << “r 2) )
! 1-s 1+s “
of (- (Frar )
; 2 5 @ 5 @2
[ (5o 5) o
—a
0 2
</ 28, 450
=\, B) ai B

ds

/1 o 1-s +1—|—s “ ¥ 1-s +1—|—3
ay — a a a a
o \ 2 2 P 2 ' ™
1 «@
1—s5 1+s
< o _
[ (= (Frm i) )
(o= (o ) )) Ca s ) a
i (4= (50 + ) )as

Cé(a)>7

=B I
o (e
where we used the facts that
1 [e a+1 a+1
2—s sas (a1 + a)*™ — (2ay)
_— —a% d = A = — a7
/o (( 2 “r 2 ) a1> ’ @) { 2%(a+1)(az — ay) “
1
1—s 1+s \“ (2a2)%T — (a1 + az)*t!
a ds = B —
/ (az ( D) ar + 2 a2) ) S l(a) (22 |: 20‘(05 ¥ 1)((12 — al) y
0

1 a
2—s sas 275 Sao
272 Y’ 224
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= Ci(a) = (a1 + az)**2 [ (at2) 1 ]

20“"1(04 + 1)(@2 — Cl1)
2a?+2 [(ag —a1)(a+2)+ (a1 + az)
(a+2)(az —ay)? (a+1)

[ (- (5o 5e) ) (e 50 o
R L L e AaUL

o+t [l tas) +2(a+2)(az —a1)| | aF
2 [ (@ +2)(as —a2(a+1) ]*4

:| + %(3&1 + ag)

and

(a1 + 3(12).

Remark 5. Let « = 1. Then inequality (2.4) becomes

) P
(a2 ; ar) [h’ ((al + a3)%(az — a1) — 2a§’(§(222—_223 + 3a1(3a1 + az)(az — a1)2>

IN

Y ((a1 +az)3(az — a1)(2as — ay) — 2a3(7az — 5ay) + 3az(ay + 3az)(as — a1)2>
3(@2 — al)

Theorem 2.5. Let ¢ > 1, a € (0,1], ar,az € RT with a; < as and h : [a1,a2] — R
be an a-differentiable function. Then the inequality

a; + as « a2
2. —
(2 [ (252) - g [ ot

(a2 —a1) o (i) o (2@
= 2(a5 —a) [Dl( W (Bygag) * Faen (Ema))]
holds if Do (h) € Lk ([a1,a2]) and |W|? is concave on [ay,as], where

-1 -1
_ —baf +2af" "az + 245 "ay +ag

D
l(a) 12 )
a§ —af
El(a) = 2 4 ! )
—27a¢ — 2a$ay + 11a3ay ™" + 5ara§ + 5a ad + 3a5
Fl (Oé) = 96 )
Fyla) = B9 = aft! +122a§““ — 2afaz

Proof. Tt follows from [44] and the concavity of |h’|? that |h'| is also concave. Making
use of Lemma 2.1 and Jensen’s integral inequality one has

a; + as « a2
’h< 2 )_ ag —af / et

1 «@
as — ai 2—s Sas ,(2—5 Sas
<21 20 a2 )| 2 |
—2<aga?>[/o (( 2“7 2) ) ( 2“7 2)‘ ’
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+/01 (a%— (1;5a1+1;—sa2>a> h,(lgsa1+1—;sa2> d5‘|
sz [ (5o 5) - (5o ) o
TN NEDREIN
<qtm f (7o) (o)) (a3 o
Ll (e e )]
/01 ((2;Sa‘f‘_1 + Zag_1> (Q;Sm + 532) —a'f) I (2;Sa1 + SC;) ’ds
([ (50 3) )

2
(350 + 252) ds

=5i0r ()

where we have used the facts that

1
2—s S 2—s sa
(G ) (5P ) ot o

_5 « 2 a—1 2 a—1 @
— Dy(a) = ay + 2a, ai;- ay “aq —0—(127

1
o l1—-s , 1+s , ay — af
/<< 2 “1+2“2)>d5E1(0‘)241’
0
1
2—s s __ 2—s sas o 2—s Sas
/0(< 5 af 1+§ag 1)< 5 a1+2)a1)< 5 a1+2>d5F1(a)
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~ —27a§t" — 2a$as + 11afad ™! + Bajag + 5af a3 + 3a5 "

B 96
and .

o 1—-s ., 1+s , 1-s 1+s
o (= (o)) (e s P
« a+1 a+1 o
— 2 -2
= Fyla) = WAL SO
]

Remark 6. Let « = 1. Then inequality (2.5) leads to

a

(2.6) h (“1 ;“2) - i - /h(m)dm

Sag—al h/ a2+2a1 ’+
8 3

h/ a1 + 2&2 ‘

Note that inequality (2.6) is an improvement of the inequality obtained by Pearce
and Pecarié¢ in [44] due to |h'| is concave on [a1,as] and

as — ay , [ a2 + 2a1 ’ , [ a1+ 2as ‘
o () e (2

, (a2 + 2aq ‘ 1, (a1 + 2a2 ‘ ay—ai|,, a1+ az ‘
B — - = < .
h( 3 ) +2h 3 - 4 h 2

3. APPLICATIONS TO SPECIAL BIVARIATE MEANS

_az—ay |1
4 2

Let a,b > 0 with a # b. Then the arithmetic mean A(a,b) [45-50], logarithmic
mean L(a,b) [51-55] and (a,r)-th generalized logarithmic mean L4, (a,b) [56-59]
are defined by

a+b b—a a(brTe — g te)

A(CL, b) = 9 L(a7 b) L(aﬂ") (a’ b) = (7‘ 4 a)(ba _ aa)

respectively. Recently, the bivariate means have been the subject of intensive re-
search [60-74] and many remarkable inequalities for the bivariate means and related
special functions can be found in the literature [75-97].

Making use of Theorems 2.2 and 2.3 together with the convexity of the functions
2" and 1/x (z > 0) we get some new inequalities for the arithmetic, logarithmic
and generalized means immediately.

1/r

7

- logb —loga’

Theorem 3.1. Let aj,as € RT with a; < ay. Then the inequality

(3.1) ‘Ar(al,a&) - L, (al,a2)‘

(ev,)

‘a2|7"71

[13a§ — 19a$] +

o~ o) lal” (1905 — 2105

~ 2(ay —af)| 96

—aag a1 + Jag|" "
12
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+(a1ag‘_1 —|—a§‘_1a2) { 192

11]as|~! + 5|ag|" }]
holds for all T > 1 and « € (0,1].

Remark 7. Let « = 1. Then inequality (3.1) leads to

, , r(az —a — .
14 (a1,02) — Li(an,a2)] < "2 A0, 1y ),

which was proved by Kirmaci in [43].

Theorem 3.2. Let ai,ar € RT with ay < ay and r > 1. Then the inequality

‘AT(ala a?) - L7("a7T) ((11, a’2))‘

r(as — ay)

_— 17% (r—1)q (r—1)q %
< Stag —ar) | Ai(@) {As(@)ar|[9 + Ag(a) a1}

|

Q=

—|—(Bl(o¢))1—% {Bz(a)|a1|(’”*1)q + Bs(a)|a2|(’r71)q}

holds for all ¢ > 1 and o € (0,1].

Theorem 3.3. Let aj,a; € R with a; < as. The the inequality

(3.2) ‘Ar(al,ag) — Lfow)(al,ag)‘
(a2 —a1) |lai|7? |ag| 2
< 13a§ — 19a$ 196% — 21af
S Yag —apy| 96 130 198+ mge i
a1 [ 2la1] 7% + Jaz| 2 a1, a- 11jas|~ +5|as| >
oy { 12 +(@ma5™" +aiar) 192

holds for all o € (0, 1].
Remark 8. Let « = 1. Then inequality (3.2) reduces to

as —a _ _
147 a1,02) — Li(an,a2)] < 220 Al |2, ool 2),
which was proved by Kirmaci in [43].
Theorem 3.4. Let ai,as € RT with a1 < as. Then the inequality

‘AT(aly (Lg) - L?oc,r) (Cbl, ag))‘

(ag —a1)

< S gy | (@) {Ax(@)lar] 7+ Ag(a)asf )

+(Bi(@)' % {Ba(a)|ar]| 7 + Bg<a>|a2|—2q};]

holds for all ¢ > 1 and o € (0,1].
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4. APPLICATIONS TO MID-POINT FORMULA

Let P be the partition of the points a1 =y < y1 < ... < Yn—1 < Yn = ag of the
interval [a,as] and consider the quadrature formula

/b h(z)dax = Ta(h, P) + Eq(h, P),

where

=, (vityin ) B85 — )
Ta(h,P):Zh( ) 2z+ ) z+1a 7 ,
i=0

is the midpoint version and E, (h, P) denotes the associated approximation error.
In this section, we shall present some new estimates for the midpoint formula.

Theorem 4.1. Let a € (0,1], a1,as € RT with a; < as and h : [a1,a3] — R be an
a-differentiable function. Then the inequality
n—1

(Yit1 — yi) lW(yi)

Ea(h, P < Y Wt =0l [
=0

|h/ (yi+1) |
96

[13yfy — 1997] + (19971 — 21y7']

o a— 210 (y:)| + [P (ys a— a— 117 (y;)| + 5|h (y;
et [ W] o [ 50 mH
holds if Do (h) € LY ([a1,a2)) and |I'| is convez on [a1,az).

Proof. Applying Theorem 2.2 on the subinterval [y;, y;1+1] (i =0,1,...,n — 1) of the
partition P, we have

; : @ — ¥ Yi+1
h (y’ +‘%+1> Wi — ) —/ h(z)dox
y

2 «

i

h (y;
[13y2 — 1995 + LAtV (199, — 21y

< Wit1 —y) lW(yz')
96

- 2c 96

o, a—1 {QW(%) + 1A (yit1)]

_ _ 1A (yi)| + 5|R/ (yi+1
e - ]Hyiygﬂwyg 1%1){ P ()] + 510 (0] |

12

/a M@)oz — T(h, P)’

1

Yi+1 . . a
/ h(l')dal' —h (yl +2yz+1> (szrl Yi ) }‘
p (0%

Yi

)

n-l Yit1 ) ) o o
< { [ byt (1) L —a0) H
i=0 i a
n—1
(Yit1 —yi) | [P (y:)] a a1 1B (yis1)] N N
= ~ 20 06 L13ui — 10u7] + T=ge= (199 — 21y7]
a1 [ 21 (i) + W (y: a—1,  a— L1A (ys)| + 5|0 (yi
—Yi y¢+11{ 17 {y:) 12' i) +(yiyi+11+yi Yyit1) |7 (i) 12| (Yiv1)]

O
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Theorem 4.2. Let ¢ > 1, a € (0,1], ar,as € RT with a; < as and h : [a1,a2] — R
be an a-differentiable function. Then the inequality

n—1
1Balh, DY < 30 WL T (4, (0)'F o) 90+ Al ) 7}
=0

+(B1())' 77 {Ba(e) W ()| + Ba(@)[W (yi41)|7} 7

holds if Do (h) € LY (a1, as]) and [N |? is convex on [ay,as].

Proof. The proof is analogous to that of Theorem 4.1 only by using Theorem 2.3.
O
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Department of Mathematics Education, Dongguk University, Seoul 04620, Korea

Abstract. The notions of a neutrosophic subalgebra and a neutrosohic ideal of a BC'C-algebra are introduced
and consider characterizations of a neutrosophic subalgebra and a neutrosophic ideal. We define the notion of a
neutrosophic BC'C-ideal of a BC'C-algebra, and investigated some properties of it.

1. INTRODUCTION

Y. Kormori [8] introduced a notion of a BC'C-algebras, and W. A. Dudek [4] redefined the notion of BCC-
algebras by using a dual from of the ordinary definition of Y. Kormori. In [6], J. Hao introduced the notion
of ideals in a BC'C-algebra and studied some related properties. W. A. Dudek and X. Zhang [5] introdued a
BC(C-ideals in a BC'C-algebra and described connections between such BCC-ideals and congruences. S. S. Ahn
and S. H. Kwon [2] defined a topological BCC-algebra and investigated some properties of it.

Zadeh [10] introduced the degree of membership/truth (t) in 1965 and defined the fuzzy set. As a general-
ization of fuzzy sets, Atanassov [3] introduced the degree of nonmembership/falsehood (f) in 1986 and defined
the intuitionistic fuzzy set. Smarandache introduced the degree of indeterminacy/neutrality (i) as independent
component in 1995 (published in 1998) and defined the neutrosophic set on three components (t, i, f) = (truth,
indeterminacy, falsehood). Jun et. al [7] introduced the notions of a neutrosophic .4 ’-subalgebras and a (closed)
neutrosophic .4 -ideal in a BCK/BCI-algebras and investigated some related properties. subalgebras

In this paper, we introduce the notions of a neutrosophic subalgebra and a neutrosohic ideal of a BC'C-algebra
and consider characterizations of a neutrosophic subalgebra and a neutrosophic ideal. We define the notion of a

neutrosophic BC'C-ideal of a BC'C-algebra, and investigate some properties of it.

2. PRELIMINARIES

By a BCC-algebra [4] we mean an algebra (X, x,0) of type (2,0) satisfying the following conditions: for all

z,y,z € X,
(al) ((z*xy)*(z*xy))*(x*2) =0,
(a2) 0%z =0,
(a3) zx0 ==z,

(a4) xxy=0and y*xx =0 imply z = y.
For brevity, we also call X a BCC-algebra. In X, we can define a partial order “<” by putting = < y if and
only if x x y = 0. Then < is a partial order on X.

Y 2010 Mathematics Subject Classification: 06F35; 03G25; 03B52.
Y Keywords: BCC-algebra; ; (BCC-)ideal; neutrosophic subalgebra; neutrosophic (BCC-)ideal.
YE-mail: sunshine@dongguk.edu
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A BC(C-algebra X has the following properties: for any x,y € X,

(bl) zxx =0,
(b2) (x*xy)xx =0,
b3) z<y=axxz<yxzand zxy < zx*z.

Any BCK-algebra is a BC'C-algebra, but there are BC'C-algebras which are not BC K-algebra [4]. Note that
a BCC-algebra is a BC' K-algebra if and only if it satisfies:

(bd) (xxy)xz=(zxz)*y, forall z,y,z € X.

Let (X, *,0x) and (Y, *,0y) be BCC-algebras. A mapping ¢ : X — Y is called a homomorphism if p(z *xx y) =
o(z) *xy p(y) for all z,y € X. A non-empty subset S of a BC'C-algebra X is called a subalgebra of X if zxxy € S
whenever z,y € S. A non-empty subset I of a BCI-algebra X is called an ideal [6] of X if it satisfies:

(cl) 0 €1,
(c2) zxy,yel =>xelforall z,y € X.

I is called an BC'C-ideal [5] of X if it satisfies (c1) and

(c3) (xxy)xz,yel = xxzel, foralxy ze X.

Theorem 2.1. [6] In a BCC-algebra, an ideal is a subalgebra.
Theorem 2.2. [5] In a BC'C-algebra, a BCC-ideal is an ideal.
Corollary 2.3. [5] Any BCC-ideal of a BCC-algebra is a subalgebra.

Definition 2.4. Let X be a space of points (objects) with generic elements in X denoted by z. A simple valued
neutrosophic set A in X is characterized by a truth-membership function T4 (z), an indeterminacy-membership
function I4 (), and a falsity-membership function F4(z). Then a simple valued neutrosophic set A can be denoted
by

A:={(z,Ta(z),I4(z), Fa(z))|z € X},

where T4 (x), [a(x), Fa(z) € [0,1] for each point « in X. Therefore the sum of T4 (z), Ia(x), and Fa(z) satisfies
the condition 0 < Ty (z) + Ia(z) + Fa(z) < 3.

For convenience, “simple valued neutrosophic set” is abbreviated to “neutrosophic set” later.

Definition 2.5. Let A be a neutrosophic set in a B-algebra X and «, 3,7 € [0,1] with 0 < a+ 3+ < 3 and an
(a, B,y)-level set of X denoted by A(@B:7) g defined as

AP = { € X|Ta(z) < a,Ia(z) > B, Falz) <}

For any family {a;|i € A}, we define

\/{ai|i €A} = max{a;|i € A} if Ais finite,
sup{a;|i € A}  otherwise
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and

Ny [P0l ) A
inf{a;|s € A}  otherwise.

3. NEuTROSOPHIC BCC-IDEALS

In what follows, let X be a BC'C-algebra unless otherwise specified.

Definition 3.1. A neutrosophic set A in a BCC-algebra X is called a neutrosophic subalgebra of X if it satisfies:

(NSS) Ta(z*xy) <max{Ta(z),Ta(y)}, la(xxy) > min{la(z),Ia(y)}, and Fa(z+y) < max{Fa(z), Fa(y)}, for
any x,y € X.

Proposition 3.2. Every neutrosophic subalgebra of a BCC-algebra X satisfies the following conditions:
(3.1) T4(0) < Ta(x),14(0) > I4(x), and Fs(0) < Fa(zx) for any z € X.

Proof. Straightforward. O

Example 3.3. Let X :={0,1,2,3} be a BCC-algebra [6] with the following table:

«[0 1 2 3
0jlo 0o 0 0
111 0 0 1
212 1 0 1
313 3 30

Define a neutrosophic set A in X as follows:

012 ifz e {0,1,2}

Ta: X —[0,1], :E'—>{ 083 ifo—3

0.81 if z €{0,1,2}

Ia:X —[0,1], xH{ 0.14 if 2 = 3,
and

0.12 ifz € {0,1,2}

Fyp: X 1
A X =00, ]’xH{o.ss if ¢ = 3.

It is easy to check that A is a neutrosophic subalgebra of X.

Theorem 3.4. Let A be a neutrosophic set in a BCC-algebra X and let a, 8,7 € [0,1] with0 < a4+ 8+ v < 3.
Then A is a neutrosophic subalgebra of X if and only if all of (c, 8, 7)-level set A(®#7) are subalgebras of X when
Al@B) £,

Proof. Assume that A is a neutrosophic subalgebra of X. Let «, 8,7 € [0,1] be such that 0 < a+ 8+ v < 3 and
ABY) £ (. Let z,y € AP, Then Ta(z) < o, Ta(y) < o, Ta(z) > B,14(y) > B and Fa(x) < v, Fa(y) < 7.
Using (NSS), we have Ta(z * y) < max{Ta(z),Ta(y)} < o, Is(x *y) > min{la(z),I4(y)} > B, and Fa(z xy) <
max{F4(z), Fa(y)} <. Hence x xy € A(®P7) . Therefore A(*#7) is a subalgebra of X.

Conversely, all of (a, 8,7)-level set A(®57) are subalgebras of X when A(®#7) £ (). Assume that there exist
at, by, ai,b; € X and ay,by € X such that Ta(a; * b)) > max{Ta(as), Ta(bs)}, La(a; * b;) < min{la(a;),Ta(b;)}
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and Fa(as *br) > max{Fa(as), Fa(bs)}. Then Ta(a; * b;) > aq > max{Ta(as),Ta(b)},Lala; *b;) < 1 <
min{7l4(a;),1a(b;)} and Fa(as *xbg) > v1 > max{Fa(ay), Fa(bs)} for some a1,71 € [0,1) and 3; € (0,1]. Hence
ag, by, a;, by € ACHI) and ap by € ACUPI) D But ap by, ap x by ¢ AP and ap x by ¢ AlenBim),
which is a contradiction. Hence T4 (x * y) < max{T4(x), Ta(y)}, Ta(x *y) > min{la(z), [a(y)}, and Fa(x *xy) <
max{Ta(z),Ta(y)}, for any z,y € X. Therefore A is a neutrosophic subalgebra of X. a

Since [0, 1] is a completely distributive lattice with respect to the usual ordering, we have the following theorem.

Theorem 3.5. If {4;|i € N} is a family of neutrosopic subalgebras of a BCC-algebra X, then ({A;|i € N}, Q)

forms a complete distributive lattice.

Theorem 3.6. Let A be a neutrosophic subalgebra of a BCC-algebra X. If there exists a sequence {a,} in
X such that lim, o0 Ta(an) = 0,lim, 0 Ta(an) = 1, and lim, o Fa(a,) = 0, then T4(0) = 0,14(0) = 1, and
F4(0) =0.

Proof. By Proposition 3.2, we have T4(0) < T4(x),I4(0) > I4(x), and F4(0) < Fa(z) for all z € X. Hence we
have T4 (0) < Ta(an),14(0) > Ia(ay), and Fa(0) < Fa(ay,) for every positive integer n. Therefore 0 < T4(0) <
lim, 00 Ta(an) = 0,1 = limp, 00 Ta(an) < I14(0) < 1, and 0 < F4(0) < limy 00 Fa(an) = 0. Thus we have
T4(0) = 0, 14(0) = 1, and F4(0) = 0. O

Proposition 3.7. If every neutrosophic subalgebra A of a BC'C-algebra X satisfies the condition
(3.2) Talxxy) < Ta(y), La(zxy) = La(y), Fa(x +y) < Fa(y), for any z,y € X,

then Ty, 14, and F4 are constant functions.

Proof. Tt follows from (3.2) that T (x) = Ta(x % 0) < T4(0), [a(x) = Ta(z*0) > I4(0), and Fa(x) = Fa(z*0) <
F4(0) for any € X. By Proposition 3.2, we have Ts(x) = Ta(0),Ia(x) = I4(0), and Fa(z) = F4(0) for any

x € X. Hence T'a, 14, and F4 are constant functions. O

Theorem 3.8. Every subalgebra of a BCC-algebra X can be represented as an («, 3, v)-level set of a neutrosophic
subalgebra A of X.

Proof. Let S be a subalgebra of a BCC-algebra X and let A be a neutrosophic subalgebra of X. Define a
neutrosophic set A in X as follows:

oy ifzes

Ty: X — 10,1 —
4 0,1), = { s otherwise,

B ifxes

Iq:X 1
A = (0.1}, xr—>{ By otherwise,

v ifzes

Fp: X — (0,1 —
A [0, 1], { 72 otherwise,

where a1, a9,71,72 € [0,1) and B1, 02 € (0,1] with oy < ag,81 > B2,71 < Y2, and 0 < a3 + f1 +711 < 3,0 <
ag + B2 + v < 3. Obviously, S = Alenf1m) - We now prove that A is a neutrosophic subalgebra of X. Let
z,y € X. If z,y € S, then z xy € S because S is a subalgebra of X. Hence Ty(z) = Ta(y) = Ta(z xy) = ay,
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Ta(z) = Ia(y) = Ia(z *xy) = B1, Fa(z) = Fa(y) = Fa(z xy) = m and so Ta(z xy) < max{Ta(z),Ta(y)},
Ta(zxy) > min{la(z), Ia(y)}, Falxxy) <max{Fa(x),Fa(y)}. fz e Sandy ¢S, then Ty(z) = a1,Ta(y) = as
, La(z) = B1,1a(y) = B2, Fa(@) = 71, Fa(y) = 72 and so Ta(x x y) < max{Ta(z),Ta(y)} = a2, La(z*+y) =
min{7Z4(z),Ia(y)} = Po2, Falx xy) < max{Fa(x), Fa(y)} = v2. Obviously, if x ¢ A and y ¢ A, then Ty(z xy) <
max{Ta(z), Ta(y)} = oo, La(x *xy) > min{la(x),Ia(y)} = P2, Fa(x *y) < max{Fa(z), Fa(y)} = ¥2. Therefore
A is a neutrosophic subalgebra of X. |

Definition 3.9. A neutrosophic set A in a BC'C-algebra X is said to be neutrosophic ideal of X if it satisfies:

(NSI1) T4(0) < Ty(x),14(0) > I4(x), and F4(0) < Fa(z) for any z € X;
(NS12) Ty(x) <max{Ta(zxy),Ta(y)},Ta(z) > min{la(z=*y),a(y)}, and Fa(z) < max{Fa(z*y), Fa(y)}, for
any z,y € X.

Proposition 3.10. Every neutrosophic ideal of a BC'C-algebra X is a neutrosophic subalgebra of X .

Proof. Let A be a neutrosophic ideal of X. Put z := z xy and y := x in (NSI2). Then we have Th(z *
y) < max{Ta((x xy) *x),Ta(z)}, Ia(x xy) > min{ls((z xy) * ), [a(x)}, and Fa(z xy) < max{Fa((z * y) *
x), Fa(z)}. Tt follows from (b2) and (NSI1) that Ta(z *y) < max{Ta((z*y)*x),Ta(z)} = max{T4(0), Ta(z)} <
max{Ta(z), Ta(y)}, La(z * y) = min{Ia((z * y) * x), La(x)} = max{l4(0), [a(z)} = max{la(z),1a(y)}, and
Fy(z +y) <max{Fa((z*y) *z), Fa(z)} = max{Fa(0), Fa(z)} <max{Fa(x),Fa(y)}. Thus A is a neutrosophic
subalgebra of X. O

Theorem 3.11. Let A be a neutrosophic set in a BCC-algebra X and let o, 8,y € [0,1] with 0 < a+ 8+ v < 3.
Then A is a neutrosophic ideal of X if and only if all of (o, 8, v)-level set AP are ideals of X when A(@8:7) £ (.

Proof. Assume that A is a neutrosophic ideal of X. Let «, 8,7 € [0,1] be such that 0 < a+ 8+ v < 3 and
A8 £ (. Let 2,y € X be such that zxy,y € A@F7). Then Ta(z*y) < o, Ta(y) < o, La(zxy) > B,1a(y) > B,
and Fu(x *y) <7, Fa(y) <. By Definition 3.9, we have T4 (0) < Ta(z) < max{Ta(r *y),Ta(y)} < o, 14(0) >
Ia(x) > min{la(z *y)), La(y)} > B, and Fa(0) < Fa(z) < max{Fa(z xy),Ta(y)} < . Hence 0,7 € A5,
Therefore A(®#7) is an ideal of X.

Conversely, suppose that there exist a,b,c € X such that T4(0) > Ta(a),I4(0) < I4(b), and Fa(0) > Fa(c).
Then there exist a;,¢; € [0,1) and b, € (0,1] such that T4(0) > a; > Ta(a),14(0) < by < I4(b) and F4(0) >
¢t > Falc). Hence 0 ¢ Alee:bect) which is a contradiction. Therefore Ta(0) < Ta(z),I4(0) > Ia(z) and
F4(0) < Fa(z) for all € X. Assume that there exist a¢, b, a;, b5, a5,b5 € X such that Ta(ay) > max{Ta(a; *
be), Ta(by)}, Ta(a;) < min{la(a; *b;), Ia(bi)}, and Fa(ay) > max{Ta(as *bs),Ta(by)}. Then there exist s;,s5 €
[0,1) and s; € (0,1] such that Ta(a:) > s¢ > max{Ta(as *bs), Ta(b)}, Ta(a;) < s; <min{l4(a; xb;),1a(b;)}, and
Fa(ay) > sy > max{Ta(ap*bys),Ta(bs)}. Hence a;*be, by, a;xb;,apxby € Alsesisg) and by, bi, by € Alsesi51)  Bug
ag,a; ¢ ABH5051) and ay ¢ A(6%51) This is a contradiction. Therefore Ta(z) < max{Ta(z*y), Ta(y)}, La(z) >
min{la(z*y)),Ia(y)} and Fa(z) < max{Fa(z*y), Fa(y)}, for any x,y € X. Therefore A is a neutrosophic ideal
of X O

Proposition 3.12. Every neutrosophic ideal A of a BC'C-algebra X satisfies the following properties:
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() (Vo,y € X)(& <y = Ta(x) < Taly), 1a(z) = La(y), Fa(z) < Fa(y)),
(i) (Vo,y,2z € X)(wxy < 2 = Ta(z) < max{Ta(y), Ta(2)}, La(x) = min{la(y), [a(2)}, Fa(x) < max{Fa(y), Fa(2)})-

Proof. (i) Let z,y € X be such that + < y. Then z xy = 0. Using (NSI2) and (NSI1), we have Tx(z) <
max{Ta(z * y), Ta(y)} = max{Ta(0),Ta(y)} = Tay), Laly) = min{la(z *y),1a(y)} = min{l4(0),1a(y)} =
Ta(y), and Fa(z) < max{Fa(z xy), Fa(y)} = maX{FA(O%FA(y)} = Fa(y).

(ii) Let z,y,2 € X be such that z xy < z. By (NSI2) and (NSI1). we get Ta(x x y) < max{Ta((z * y) *
2),Ta(2)} = max{T4(0),Ta(z)} = Ta(z), [A(:L'*y) > min{ls((xxy)*2z),14(z)} = min{l4(0),14(2)} = La(z), and
Fa(zxy) <max{Fa((x*xy)*z), Fa(2)} = max{F4(0), Fa(z)} = Fa(z). Hence T4 (z) < max{Ta(x*y), Ta(y)} <
max{T4(y), Ta(2)}, La(z) = min{la(z * y),La(y)} > min{l4(y), 1a(2)}, and Fa(x) < max{Fa(z *y), Fa(y)} <
max{Fa(y), Fa(z)}- O

The following corollary is easily proved by induction.

Corollary 3.13. Every neutrosophic ideal A of a BCC-algebra X satisfies the following property:

(83) (--(@xar) )% ay = 0= Talw) < Vi_y Talar), La(e) = Ni_, Lalax), Fa(e) < Vi, Falax), for all

T,a1, 0, € X.

Definition 3.14. Let A and B be neutrosophic sets of a set X. The union of A and B is defined to be a

neutrosophic set

AUB := {{z,Taup(z), Laup(z), Faup(z))|z € X},
where Taup(z) = min{Ts(z), Tp(x)}, lavp(z) = max{Ia(z),Ip(x)}, Faup(x) = min{F4(z), Fp(x)}, for all
x € X. The intersection of A and B is defined to be a neutrosophic set

ANB := {(z,Tanp(x), [ang(x), Fanp(z))|z € X},

where Tanp(z) = max{Ta(x), Tp(x)}, Ianp(x) = min{ls(z),I5(x)}, Fanp(xz) = max{F4(x), Fp(x)}, for all
z e X.

Theorem 3.15. The intersection of two neutrosophic ideals of a BCC-algebra X is a also a neutrosophic ideal
of X.

Proof. Let A and B be neutrosophic ideals of X. For any € X, we have Tanp(0) = max{T4(0),Tp(0)} <

max{Ts(z), Tp(x)} = Tanp(x), Ianp(0) = min{T4(0),Tp(0)} > min{ls(x),I5(x)} = Ianp(z), and Fanp(0) =
max{F4(0), Fp(0)} < max{F4(x), Fp(x)} = Fanp(z). Let z,y € X. Then we have

Tanp(x) =max{Ta(z), Tp(x)}
<max{max{T4(z *y),Ta(y)}, max{Tx(z *y), Tn(y)}}
=max{max{Ta(z *y), Tp(z * y)}, max{Ta(y), Te(y)}}

=max{Tanp(z *y), Tans(Y)},

610 AHN 605-614



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Neutrosophic BCC-ideals in BCC-algebras

Ianp(x) =min{la(z), Ip(z)}
= min{min{Za(z x y), La(y)}, min{Ip(z *y), I5(y)}}
=min{min{Za(z * y), Ip(z * y)}, min{la(y), I5(y)}}

=min{lanp(x*y), Ians(y)},

and
Fanp(z) =max{Fa(z), Fp(x)}
<max{max{Fa(z *y), Fa(y)}, max{Fp(z xy), Fp(y)}}
= max{max{Fa(z +y), Fp(z * y)}, max{Fa(y), Fp(y)}}
=max{Fanp(x *y), Fans(y)}
Hence ANB is a neutrosophic ideal of X. O

Corollary 3.16. If {A;|i € N} is a family of neutrosophic ideals of a BCC-algebra X, then so is NyenA;.
The union of any set of neutrosophic ideals of a BC'C-algebra X need not be a neutrosophic ideal of X.

Example 3.17. Let X = {0, 1,2, 3,4} be a BCC-algebra [5] with the following table:

*10 1 2 3 4
0j{0 0 0 0 O
1110 1 0 O
212 2 0 0 O
313 3 1.0 0
414 3 4 3 0

Define neutrosophic sets A and B of X as follows:

. 0.12, ifz e {0,1}

Ty: X = [0,1], x> 0.74 otherwise,
0.63, ifz e {0,1}

Ip:X 1

A — 0,1}, 2+~ 0.11 otherwise,

0.12, ifz e {0,1}

0.74  otherwise,

0.13, if z € {0,2}

T : X 1
B = 1[0,1], 2+ 0.63 otherwise,

0.75, if z € {0,2}

Ip: X —[0,1], v+ 0.14 otherwise,

{
{
Faix =0 oo {
{
{

and
0.13, if z €{0,2}

Fp: X —[0,1], 2+ { 0.63 otherwise.

It is easy to check that A and B are neutrosophic ideals of X. But AUB is not a neutrosophic ideal of
X, since TAUB(3) = mm{TA(3),TB(3)} = 0.63 f maX{TAuB(S * 2)7TAUB(2)} = max{TAuB(l),TAuB(Q)} =
max{min{7T4(1), Tp(1)}, min{T4(2),Ts(2)}} = max{0.12,0.13} = 0.13.
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Definition 3.18. A neutrosophic set A in a BCC-algebra X is said to be a neutrosophic BCC-ideal of X if it
satisfies (NSI1) and

(NSI3) Ta(x * 2) < max{Ta((z *xy) *x 2),Ta(y)}, Ta(z x 2) > min{la((x * y) *x 2),14(y)}, and Fa(x * z) <
max{Fa((x xy) *xz), Fa(y)}, for any x,y,z € X.

Lemma 3.19. Every neutrosophic BC'C-ideal of a BCC-algebra X is a neutrosophic ideal of X.

Proof. Let A be a neutrosophic BCC-ideal of a BCC-algebra X. Put z := 0 in (NSI3). By (a3), we have
Ta(x%0) =Ta(x) <max{Ta((z*y) x0),Ta(y)} = max{Ta(z xy), Ta(y)}, La(x x 0) = Ix(x) > min{la((z * y) *
0),14(y)} = min{I4(zxy), [a(y)}, and Fa(zx0) = Fa(z) < max{F4((z+y)*0), Fa(y)} = max{Fa(x*y), Fa(y)},
for any z,y € X. Hence A is a neutrosophic ideal of X. 0

Corollary 3.20. Every neutrosophic BCC-ideal of a BC'C-algebra X is a neutrosophic subalgebra of X .
The converse of Proposition 3.10 and Lemma 3.19 need not be true in general (see Example 3.21).

Example 3.21. Let X = {0,1,2,3,4} be a BCC-algebra as in Example 3.17. Define a neutrosophic set A of X
as follows:
_ 0.13 ifxze{0,1,2,3}
TA.X—>[0,1],x'—>{0.83 =4
0.82 ifxze{0,1,2,3}

IA:X—>[0,1], :E'—){ 0.11 ifx:47

and

0.13 ifz€{0,1,2,3}

FA:X—>[0,1], x»—>{ 0.83 if1'=4,

It is easy to check that A is a neutrosophic subalgebra of X, but not a neutrosophic ideal of X, since T4 (4) =
0.83 £ max{Ta(4%3),Ta(3)} = max{Ta(3),Ta(3)} = 0.13. Consider a neutrosophic set B of X which is given by

0.14 ifz € {0,1},
T : X 1
X —[0,1], l‘H{ 0.84 ifx e {2,3,4}
0.85 ifz € {0,1}
Ip: X 1
B _>[07 }7 xH{ 0.12 if$6{27374}7
and

0.14 ifz e {0,1}

Fp: X —[0,1 =
B [ ; ]7 x { 0.84 ifx e {27374}

It is easy to show that B is a neutrosophic ideal of X, but not a neutrosophic BC'C-ideal of X, since Tg(4 % 3) =
Tr(3) = 0.84 £ max{Tp((4*1)*3),Tp(1)} = max{Ts(0), Ts(1)} = 0.14.
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Neutrosophic BC'C-ideals in BCC-algebras

Example 3.22. Let X ={0,1,2,3,4,5} be a BCC-algebra [5] with the following table:

*10 1 2 3 4 5
0(0 0 0 O 0 O
1110 0 0 0 1
212 2 0 0 1 1
313 21 0 1 1
414 4 4 4 0 1
515 5 5 5 5 0

Define a neutrosophic set A of X as follows:

043 ifz € {0,1,2,3,4}
0.55 if z =5,

0.54 ifze{0,1,2,34}
042 ifz =5,

and

043 ifz€{0,1,2,3,4}
0.55 if z=5.

It is easy to check that A is a neutrosophic BC'C-ideal of X.

Fg:‘X—%[O,H7a:H>{

Theorem 3.23. Let A be a neutrosophic set in a BCC-algebra X and let o, 8,7 € [0,1] with 0 < a+ 8+ < 3.
Then A is a neutrosophic BCC-ideal of X if and only if all of (c, 8,7)-level set A(*87) are BCC-ideals of X
when A(®8:7) oL (),

Proof. Similar to Theorem 3.11. O

Proposition 3.24. Let A be a neutrosophic BCC-ideal of a BCC-algebra X. Then X7 = {z € X|Ta(z) =
T4(0)}, X1 :={x € X|Ia(x) = 14(0)}, and Xp :={x € X|Fa(z) = Fa(0)} are BCC-ideals of X.

Proof. Clearly, 0 € Xp. Let (z*y) x 2,y € Xp. Then Ta((z xy) *x 2) = Ta(0) and Ta(y) = Ta(0). It follows
from (NSI3) that Ta(x % z) < max{Ta((z *y) *2),Ta(y)} = Ta(0). By (NSI1), we get Ts(x x z) = T'4(0). Hence
x * z € Xp. Therefore X is a BCC-ideal of X. By a similar way, X; and X are BCC-ideals of X. [l
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Abstract. We investigate the global behavior of two difference equations with exponential nonlinearities
Tnt1 =be” ™ 4+ prn_1, n=0,1,...

where the parameters b, ¢ are positive real numbers and p € (0,1) and

Tpt1 =a+br,_1e” ™, n=01,...
where the parameters a, b are positive numbers. The the initial conditions x_1,xo are arbitrary nonnegative numbers. The
two equations are well known mathematical models in biology which behavior was studied by other authors and resulted
in partial global dynamics behavior. In this paper, we complete the results of other authors and give the global dynamics
of both equations. In order to obtain our results we will prove several results on global attractivity and boundedness and
unboundedness for general second order difference equations

Tn+1 :f(xnyxn—l), n:O,l,...
which are of interest on their own.

Keywords. attractivity, difference equation, invariant sets, period doubling, periodic solutions, stable set .
AMS 2010 Mathematics Subject Classification: 39A20, 39A28, 39A30, 92D25

1 Introduction and Preliminaries
We investigate the global behavior of the system of difference equations
Tpt1 = be” ™ +pyn, Yni1 =2Tn, n=0,1,... (1)

where the parameters b and c are positive real numbers, p € (0, 1), and the initial conditions x_1, z¢ are arbitrary nonnegative
numbers. This system can be rewritten in the form of the second order difference equation

Tn+1 = be” < + pxn—1, n= Oa 17 te (2)

In [5], the authors originally studied this model to describe the synchrony of ovulation cycles of the Glaucous-winged Gulls.
The model assumed that there is an infinite breeding season as well as the number of gulls available to breed is infinite. The
value of ¢ is a positive number representing the colony density. The parameter b is the number of birds per day ready to
begin ovulating. The parameter p is the probability that a bird will begin to ovulate and 1 — e “*" is the probability of
delaying ovulation. In making the model, the authors assumed that the delay only occurs for birds entering the system, not
birds switching between different segments of the cycle. Note the authors state that the bifurcation of two-cycle solutions
is the same as ovulation synchrony with the value of ¢ increasing. In [5], they used the local bifurcation theory to come to
the conclusion that there exists a unique equilibrium such that for sufficiently small values of ¢, the equilibrium branch is
locally asymptotically stable. Additionally, for large enough values of ¢, there exists a two-cycle branch that will be locally
asymptotically stable. In this paper we will improve these results by making them global. Using the results of Camouzis and
Ladas, see [2] and [6], we are able to find the global dynamics of (1), which was not completed in [5]. We will show that
Equation (1) exhibits global period doubling bifurcation described by Theorem 5.1 in [11], which shows that global dynamics
of Equation (1) changes from global asymptotic stability of the unique equilibrium solution to the global asymptotic stability
of the minimal period-two solution within its basin of attraction, as the parameter passes through the critical value.

By using a similar method, we investigate the dynamics of
Tng1 =a+bzn_1e ™, n=01,... (3)

where the parameters a, b are positive real numbers and the the initial conditions x_1, zo are arbitrary nonnegative numbers.
As it was mentioned in [8], Equation (3) could be considered as a mathematical model in biology where a represent the

!Corresponding author, e-mail: mkulenovic@uri.edu
2Partially supported by Maitland P. Simmons Foundation
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constant immigration and b represent the population growth rate. In this paper we find a simpler equivalent condition to
—a+\/mea+7\/;2+4a
a++/a2+4a
b > e® and b < €. While using a similar method as in [9] to establish the existence of a period-two solution when b < e®, we
are able to find the global dynamics of Equation (3). By using new results for general second order difference equation we will
prove the existence of unbounded solutions for the case when b > e®. Similar as for Equation (1) we will show that Equation
(3) exhibits global period doubling bifurcation described by Theorem 5.1 in [11]. In addition, we give the precise description
of the basins of attractions of all attractors of both Equations (1) and (3).
The rest of the paper is organized as follows. In the rest of this section we introduce some known results about monotone
systems in the plane needed for the proofs of the main results as well as some new results about the existence of unbounded
solutions. Section 2 gives the global dynamics of Equation (1) and Section 3 gives the global dynamics of Equation (3).

The next result, which is combination of two theorems from [2] and [6], is important for the global dynamics of general
second order difference equation.

< b in [8] for the existence of a minimal period-two solution. We split the results into the two cases of

Theorem 1 Let I be a set of real numbers and f : I x I — I be a function which is either non-increasing in the first variable
and non-decreasing in the second variable or non-decreasing in both variables. Then, for every solution {xzn}.. | of the
equation

Tnt1 = [ (Tn,Tn-1), x_1,z0€ I, n=0,1,... (4)

the subsequences {xan}or, and {z2n_1}o., of even and odd terms of the solution are eventually monotonic.

We now give some basic notions about monotone maps in the plane.

Consider a partial ordering < on R? where z,y € R? are said to be related if z < y or y < x. Also, a strict inequality
between points may be defined as < y if < y and « # y. A stronger inequality may be defined as = (z1,z2) < y = (y1,y2)
if x <y with z1 # y1 and x3 # ya.

A map T on a nonempty set R C R? is a continuous function T : R — R. The map T is monotone if z < y implies
T(z) X T(y) for all z,y € R, and it is strongly monotone on R if z < y implies that T'(z) < T'(y) for all z,y € R. The map
is strictly monotone on R if z < y implies that T'(x) < T'(y) for all z,y € R.

Throughout this paper we shall use the North-East ordering (NE) for which the positive cone is the first quadrant, i.e.
this partial ordering is defined by (z1,y1) <ne (z2,y2) if z1 < z2 and y1 < y2 and the South-East (SE) ordering defined as
(T1,y1) Rse (w2,92) if 21 <2 and y1 > yo.

A map T on a nonempty set R C R? which is monotone with respect to the North-East ordering is called cooperative and
a map monotone with respect to the South-East ordering is called competitive.

If T is differentiable map on a nonempty set R, a sufficient condition for T" to be strongly monotone with respect to the
SE ordering is that the Jacobian matrix at all points x has the sign configuration

+_

sign (Jr(0) = |

; ()

provided that R is open and convex.

For = € R?, define Q(z) for £ =1,...,4 to be the usual four quadrants based at = and numbered in a counterclockwise
direction. Basin of attraction of a fixed point (Z,y) of a map T, denoted as B((Z,)), is defined as the set of all initial points
(z0,y0) for which the sequence of iterates T"((xo,yo)) converges to (Z,7). Similarly, we define a basin of attraction of a
periodic point of period p. The next five results, from [12, 11], are useful for determining basins of attraction of fixed points
of competitive maps. Related results have been obtained by H. L. Smith in [14, 13].

Theorem 2 Let T be a competitive map on a rectangular region R C R2. Let X € R be a fized point of T such that
A =R Nint (Q1(X) U Qs(X)) is nonempty (i.e., X is not the NW or SE vertex of R), and T is strongly competitive on A.
Suppose that the following statements are true.

a. The map T has a C' estension to a neighborhood of X.

b. The Jacobian Jr(X) of T at X has real eigenvalues \, p such that 0 < |A| < p, where |\| < 1, and the eigenspace E*
associated with A is not a coordinate axis.

Then there ezists a curve C C R through X that is invariant and a subset of the basin of attraction of X, such that C is
tangential to the eigenspace E* at X, and C is the graph of a strictly increasing continuous function of the first coordinate on
an interval. Any endpoints of C in the interior of R are either fized points or minimal period-two points. In the latter case,
the set of endpoints of C is a minimal period-two orbit of T.

We shall see in Theorem 4 that the situation where the endpoints of C are boundary points of R is of interest. The
following result gives a sufficient condition for this case.
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Theorem 3 For the curve C of Theorem 2 to have endpoints in OR, it is sufficient that at least one of the following conditions
is satisfied.

i. The map T has no fized points nor periodic points of minimal period-two in A.

ii. The map T has no fized points in A, det Jr(X) > 0, and T'(z) =X has no solutions x € A.

iti. The map T has no points of minimal period-two in A, det Jr(X) < 0, and T(x) =X has no solutions x € A.

For maps that are strongly competitive near the fixed point, hypothesis b. of Theorem 2 reduces just to |A\| < 1. This
follows from a change of variables [14] that allows the Perron-Frobenius Theorem to be applied. Also, one can show that in
such case no associated eigenvector is aligned with a coordinate axis.

The next result is useful for determining basins of attraction of fixed points of competitive maps.

Theorem 4 (A) Assume the hypotheses of Theorem 2, and let C be the curve whose existence is guaranteed by Theorem 2.
If the endpoints of C belong to OR, then C separates R into two connected components, namely

W_:={z e R\C: 3y €C withx Zsey} and Wi:={x € R\C:JyeC withy <. x}, (6)

such that the following statements are true.

(i) W— is invariant, and dist(T"(z), Q2(X)) — 0 as n — oo for every x € W_.

(i) W4 is invariant, and dist(T" (z), Q4(X)) — 0 as n — oo for every x € W..

(B) If, in addition to the hypotheses of part (A), X is an interior point of R and T is C? and strongly competitive in a
neighborhood of X, then T has no periodic points in the boundary of Q1(X) U Q3(X) except for X, and the following statements
are true.

(ii) For every x € W_ there exists no € N such that T"(x) € int Q2(X) for n > ng.

() For every x € Wy there exists no € N such that T"(z) € int Q4(X) for n > no.

If T is a map on a set R and if X is a fixed point of T', the stable set W?(X) of X is the set {x € R : T"(z) — X} and
unstable set W*(X) of X is the set

{ x € R : there exists {mn}?L:_w C R st T(xn) =Tpt+1, xo =2, and lim =z, =X }

n— —oQ
When T is non-invertible, the set WW?*(X) may not be connected and made up of infinitely many curves, or W*(X) may not be
a manifold. The following result gives a description of the stable and unstable sets of a saddle point of a competitive map. If
the map is a diffeomorphism on R, the sets W?*(X) and W*(X) are the stable and unstable manifolds of 7.

Theorem 5 In addition to the hypotheses of part (B) of Theorem 4, suppose that > 1 and that the eigenspace E* associated
with p is not a coordinate axis. If the curve C of Theorem 2 has endpoints in OR, then C is the stable set W*(X) of X, and
the unstable set W (X) of T is a curve in R that is tangential to E* at X and such that it is the graph of a strictly decreasing
function of the first coordinate on an interval. Any endpoints of W*(X) in R are fized points of T.

Remark 1 We say that f(u,v) is strongly decreasing in the first argument and strongly increasing in the second argument
if it is differentiable and has first partial derivative D; f negative and first partial derivative D2 f positive in a considered set.
The connection between the theory of monotone maps and the asymptotic behavior of Equation (4) follows from the fact that
if f is strongly decreasing in the first argument and strongly increasing in the second argument, then the second iterate of a
map associated to Equation (4) is a strictly competitive map on I x I, see [11].

Set £p—1 = u, and x, = v, in Equation (4) to obtain the equivalent system

Un+1 = Un
Un+1 = f(vna u’ﬂ)

, n=0,1,....
Let T(u,v) = (v, f(v,u)). The second iterate T2 is given by
T%(u,v) = (f(v,0), f(f(v,u),0))
and it is strictly competitive on I x I, see [12].
Remark 2 The characteristic equation of Equation (4) at an equilibrium point (Z, Z):
N — D1 f(z, )\ — Dof(z,&) = 0, (7)

has two real roots A, 4 which satisfy A < 0 < p, and || < p, whenever f is strictly decraesing in first and increasing in second
variable. Thus the applicability of Theorems 2-5 depends on the existence or nonexistence of minimal period-two solutions.
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We now present theorems relating to the existence of unbounded solutions of Equation (4). The original result was
obtained in [4]. Here we give an improved version of Theorem 2.1 in [4] taking out the extraneous conditions of requiring
a continuity of f and the existence of an equilibrium solution. Additionally, we have extended the results in [4] to obtain a
theorem in which the function f is nondecreasing in both arguments.

Theorem 6 Assume that the function f : I x I — I is nonincreasing in the the first variable and nondecreasing in the second
variable, where I C R is an interval. Assume there exists numbers L, U € I such that L < U which satisfy

f(U,L)<L (8)
and
f(L,U) > U, 9)

where at least one inequality is strict. If x—1 < L and xo > U, then the corresponding solution {z,}n=_, satisfies
Ton—1 <L and x2,>U, n=0,1,...
If, in addition, f is continuous and Equation (4) has no minimal period-two solution then,

lim 22, =00  and/or lim z2,_1 = —o00.
n— oo n—oo

Similarily, if t—1 > U and xo < L, then the corresponding solution {xn}ne=_1 satisfies
Topn—1>U and x2p <L, n=01,...
If, in addition, [ is continuous and Equation (4) has no minimal period-two solution then,

lim z2,—1 =00 and/or lim 9, = —oo.
n—oo n—oo
Proof. Assume that z_; < L and xo > U. Then by using the monotonicity of f (nonincreasing in the first variable and
nondecreasing in the second variable) and conditions (8) and (9) we obtain

xr1 = f(I07l‘71) < f(UvL) <L

and
z2 = f(z1,20) > f(L,U) > U.

By using induction it follows that x2,—1 < L and z2, > U for all n = 0,1, ... where at least one inequality is strict. In view of
Theorem 1 both sequences {2, }oeo and {z2n—1}n=o are eventually monotonic. Assume that f is a continuous function and
there is no minimal period-two solution. We will consider a few cases based on the properties of the interval I. First suppose
there exist a € R such that I = [a,00) and a < L. Then {z2,—1}n=o will be convergent as the subsequence is bounded in
[a, L]. If {z2n}aZo converges, this would create a contradiction as there would exist a minimal period-two solution. Therefore,
lim x2, = co.
n—o0
Next suppose that for some b € R, both I = (—o0,b] and U < b. Here {z2,}neo will be convergent as the subsequence is
bounded in the interval of [U, b]. So {Z2n—1}neo cannot converge as there is no minimal period-two solution resulting in
hHl Toap—1 = —OQ.
n— oo
If I = (—o0, 00), then similar to the two cases above, at most one subsequence can converge as there is no minimal period-two

solution. So either

lim x9, =00 or lim z9,-1 = —o0.
n— oo n—oo

with the option of both occurring. Finally, we will prove that I cannot be I = [a,b] where a,b € R. Suppose that I = [a, b]
such that a < L < U < b and a,b € R. Since z,, € [a,b] for all n, both subsequences would be convergent. As lim,— e Zan—1 =
p < limp 00 2n = g for some p, g € R, there exists a period-two solution, which is a contradiction. The case when x_1 > U
and zo < L will follow similarly to the proof used here. m]

Many examples of the use of Theorem 6 are provided in [4].

Theorem 7 Assume that f : I X I — I is a function which is nondecreasing in both variables, where I C R is an interval.
Assume there exists numbers L,U € I such that L < U where

f(L, L)< L (10)
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and
fU,U)=U (11)
are satisfied, where at least one inequality is strict. If x_1,x0 < L, then the corresponding solution {x,}oe-_1 of Equation (4)
satisfies
z, <L, n=0,1,...
If, in addition, f is continuous and Equation (4) has no minimal period-two solution, then either x, converges to an equilibrium

point or

lim z2p—1 = —00  and/or lim 9, = —o0.
n— o0 n—o0

If x_1,x0 > U, then the corresponding solution {xn}ne—_1 satisfies
zn, >U, n=01,...

If, in addition, f is continuous and Equation (4) has no period-two solution, then either x, converges to an equilibrium point
or
lim z2n,—1 =00 and/or lim 9, = co.
n—oo n—oo
Proof. Assume that z_1,20 < L. Then by using the monotonicity of f (both variables are nondecreasing) and conditions
(10) and (11) we obtain

r1 = f(xovx—l) < f(LvL) <L and z2= f(IE1,ZE()) < f(LaL) <L

By using induction it follows that xon—1,z2, < L for all n = 0,1,... with at least one inequality being strict. In view of
Theorem 1 both sequences {z2,}oro and {z2n—1}5eo are eventually monotonic. We can assume that f is continuous and
that there is no minimal period-two solution. We can choose the value of L such that at most one equilibrium is included
in the region. Note the subsequences may converge to the equilibrium point if present. We will break this proof into cases
for different intervals I assuming that the subsequences do not converge to an equilibrium point. First suppose that either
I =[a,00) or I = [a,b] for some a,b € R such that a < L < U < b. As both subsequences are less than L, then z, € [a, L] for
every n. As a consequence, both subsequences will be convergent. Thus, lim,— o 2n—1 = p and lim,— o T2, = q. If p = q, we
get a contradiction as the subsequences do not converge to an equilibrium point. Otherwise, p # ¢, so (p, q) is a period-two
solution, which is a contradiction as well. Thus, for I = [a,0) or I = [a, b], there must be an equilibrium point present. Next
suppose that either I = (—o0,a] or I = (—00,00). Now z,, € (—o0, L] for all n. At least one subsequence must be decreasing as
the subsequences do not converge to an equilibrium point. Furthermore since there is no period-two solution, the subsequences
cannot be bounded below resulting in either

lim z2, = —0c0 or lim z2,_1 = —o0.

n—oo n— oo
with the possibility of both options occurring.
Now assume that z_1,xo > U. Then by using the monotonicity of f and conditions (10) and (11) we obtain

T = f(xovx—l) > f(UvU) >U

and
z2 = f(z1,20) > f(U,U) > U.

By using induction it follows that z2n—1,%2, > U for all n = 0,1,... with at least one inequality being strict. In view of
Theorem 1 both sequences {zan }neo and {zan—1}neo are eventually monotonic. Assume that f is continuous and that there
is no minimal period-two solution. We can choose the value of U such that at most one equilibrium is included in the region.
Note the subsequences may converge to the equilibrium point if present. We will break this proof into cases for different
intervals I assuming that the subsequences do not converge to an equilibrium point. First suppose that either I = (—o0, b]
or I = [a,b] for some a,b € R such that a < L < U < b. As both subsequences are greater than U, then x,, € [U,b] for every
n. As a consequence, both subsequences will be convergent. Thus, lim, o 2n—1 = p and lim, e 2, = q. If p = ¢, we
get a contradiction as the subsequences do not converge to an equilibrium point. Otherwise, p # ¢, so (p, q) is a period-two
solution, which is a contradiction as well. Thus, for I = (—o0,b] or I = [a, b], there must be an equilibrium point present. Next
suppose that either I = [a, 00] or I = (—00,00). Now z,, € [U, 00) for all n. At least one subsequence must be increasing as the
subsequences do not converge to an equilibrium point. Furthermore since there is no period-two solution, the subsequences
cannot be bounded above resulting in either

lim z2, =oc0 or lim z2,_1 = co.
n—oo n—r0o0

with the option of both occurring. m|

Now we give few examples which illustrate all possible scenarios of Theorem 7.
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Example 1 Counsider the difference equation
Tn+1 :xi —|—xi,1, n=12,...

where z_1,20 € R", and =, > 0 for n = 1,2,.... Here f(u,v) = u? 4+ v? is increasing in both variables. The equilibrium
points are To = 0 and T+ = 1/2. The linearized difference equation is zn,+1 = 2Tz, + 2T2zn—1 and the characteristic equation
is A2 = 2T\ + 2. The zero equilibrium Z is locally asymptotically stable. For the equilibrium point Z4, A2 = A + 1, so that
A2 = LQ‘/E As % > 1 and 177\/3 € (—1,0), then T4 is a saddle point. There is no minimal period-two solution as

p=1>+¢> and P =¢°+¢°

implies ¢ = 1. Now we want to find a L < U that satisfies the conditions (10) and (11). Condition (10) f(L, L) < L implies
2L% < L, which simplifies to L < 1/2. As well, f(U,U) > U if 2U% > U, which simplifies to U > 1/2. We can choose at
least one of these inequalities to be strict. From Theorem 7, we can conclude that every solution with x1,z0 < L converges
to 0, while every solution with x_1,2z0 > U is eventually increasing and tends toward co. As L < 1/2 < U are arbitrary this
conclusion holds for every case where z_1,z0 < L or x_1,x0 > U. These results do not give conclusions when x_; < L and
2o > U or z—1 > U and x9 < L. In this case one may use theory of monotone maps as in [3].

Example 2 Counsider the difference equation
Tn41 :xithi,l +a, n=12...

where a > 1/8, z, > 0, and z_1,z0 € R. Here f(u,v) = u? +v? + a is increasing in both variables. There is no equilibrium
points as the discriminant of the equilibrium equation 1 — 8a < 0 and no minimal period-two solution exists as

=9’ +¢’+a and YP=¢"+¢*+a

implies ¢ = 1. We can find U that satisfies the conditions (10) and (11) of Theorem 7. As f(U,U) > U simplifies to
2U? 4+ a > U, which always holds, every solution will be eventually increasing and tends to oc.

Example 3 Consider the difference equation
$n+1=xi+xi,1, n:1,2,...

where z_1,z0 € R. The function f(u,v) = u® + v® is increasing in both variables. The equilibrium points are To = 0 and
Ty = :tl/\‘l/i. The characteristic equation at the equilibrium solution Z is A\ = 5z*\ + 5z*. For the equilibrium point Zo,
A% = 0 so that A2 = 0 and T is locally asymptotically stable. For the equilibrium point T+, A*> = 5/2)\ + 5/2, so that
A2 = %. As % > 1 and 57%}‘/@ € (—1,0), then the equilibrium points Z+ are saddle points. There is no minimal
period-two solution as

¢$=9¢"+¢’ and ¢ =9+
implies ¢ = .
Now we want to find L < U that satisfies the conditions of Theorem 7. Clearly f(L,L) < L if 2L° < L, which simplifies
to L <1/v2if L > 0and to L < —1/v/2if L < 0. As well, f(U,U) > U if 2U° > U, which simplifies to U > 1/+/2.
We can choose at least one of these inequalities to be strict. From Theorem 7, we can conclude that every solution with

z1,20 < L,L > 0 converges to 0, while every solution with z_1,z9 > U is eventually increasing and tends toward oco. As
L < 1/v/2 < U are arbitrary we conclude that

0 when Z_ <z_1,20 < T4,
lim z, = oo when x_1,x0 > T4,
n—r oo —
—oo when z_1,x0<7T-_.

Theorem 7 does not apply when x_1 < L and o > U or z_1 > U and zo < L. In this cases one can use the results from [3].

Example 4 Counsider the difference equation

2 2
ar;, bx; 4
T = n=12...
n+1 1+$%+1+$%_17 y &y
where a,b > 0 and x_1,z0 € R. The function f(u,v) = 1‘1“52 + ﬁ’—; is increasing in both variables. One equilibrium point

is To = 0. The non-zero equilibrium point satisfies the quadratic equation 1 + %> — (a + b)T = 0 which has real solutions if
(a+b)?—4>0.If a+b < 2, then there only exist Zo, if a +b = 2, then there exists To and Z, and if a +b > 2, then there exist

620 KULENOVIC-BEAVER 615-627



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

three equilibrium points To < Z_ < Z;. The characteristic equation at the equilibrium solution Z is A\? = (13?%2 A+ (13’;)2.
For the equilibrium point To, A*> = 0 so that A\12 = 0 and thus, To is locally asymptotically stable. The conditions for local
stability of the equilibrium points Z+ are quite involved and can be found in [1]. In particular Z_ will either be a saddle point,
repeller, or non-hyperbolic depending on whether 2a(a + b) + (a — b)\/(a + b)%2 — 4 is greater than, less than, or equal to 0,
and the equilibrium point Z4 is either locally asymptotically stable or non-hyperbolic when it exists.

Now we want to find a L < U that satisfies the conditions (10) and (11) of Theorem 7. First f(L,L) < L if <alj_bL)§2 <L,

which simplifies to 0 < 1+ L? — (a 4+ b)L. This will occur when L < L_ or L > Ly where we can set L =Z_ and Ly = T4.
As well, f(U,U) > U if % > U, which simplifies to 0 > 1+ U? — (a4 b)U. This occurs when U_ < U < Uy where we can
set U_ =Z_ and Uy = T4. For both L and U to exist, we need L < L_ to satisfy L < U. From Theorem 7, we can conclude
that every solution with x1,x9 < L converges to 0, while every solution with z_1,z0 > U converges to T4+. Note that in the
region where L and U exist, no minimal period-two solutions exists. All the period-two solutions are located in the region
which is the union of the second and the fourth quadrant with respect to T_.

2 Global Dynamics of Equation (1)

In this section we present the global dynamics of Equation (1).

2.1 Local stability results

We begin by observing that the function f (u,v) = be™ " + pv is decreasing in the first variable and increasing in the second
variable and so by Theorem 1, for every solution {z,} - , of Equation (1) the subsequences {@an} . , and {x2n_1},. , are
eventually monotonic. B B

Equation (1) has a unique positive equilibrium point Ze®® = % where 0 < T < %. Note that %(E, T) = —cbe” ¥ =
—c(1 — p)T and %(i, T) = p. The characteristic equation of Equation (1) is

N+(1-—p)@r—p=0.
Applying local stability test [10] we obtain

Lemma 1 Equation (1) has a unique positive equilibrium solution Te®® = LR

1-p
i) IfT < %, then the equilibrium point T is locally asymptotically stable.
w) If T > %, then the equilibrium point T is a saddle point.
wi) If T = %, then the equilibrium point T is non-hyperbolic of the stable type (with eigenvalues Ay = —1 and A2 = p).

Proof.
i) Equilibrium point Z is locally asymptotically stable if

|(1—-p)cz| <1—-p<2
As p € (0,1) then 1 —p < 2 holds. As (1 — p)cZ > 0, then T is stable if
1

lI-px<l-pea<leT< .

Therefore, the equilibrium Z is locally asymptotically stable if T < %
ii) If |(1 — p)cz| > |1 — p|, then the equilibrium point T is a saddle point. As (1 — p)cZ is positive, we obtain

—_

l-pecx>l—-pescc>leT>—.

o

So the equilibrium point 7 is a saddle point if 7 > %
iii) The equilibrium point Z is non-hyperbolic if
|(1—p)cz| =1 —p|.

We see that ct =1 & 7 = % The characteristic equation at the equilibrium becomes

with eigenvalues \; = —1 and A2 = p. O
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2.2 Periodic solutions

In this section we present results about existence and uniqueness of the minimal period-two solution of Equation (1).

Theorem 8 If7 > %, then Equation (1) has a unique minimal period-two solution:

b, 0,1, (¢ F# ¥, ¢ >0 and ¢ > 0).

Proof. Let {¢,1} be a minimal period-two solution of Equation (1), where ¢ and v are distinct positive real numbers.
Then we have

¢ =be™ +pp, ¥ =be *’ +py, (12)
where ¢ # 1. This implies
be_e¢ —cbe—
Y=, $=be TT +pg.
L—p
Cepemch i
Let F(¢) = be = + (p — 1)¢. The equilibrium point Z = ﬁe_m will be a zero of F as

—cbe” T

F@) =be 12 +(p—1)T=be "+ (p—1)T=0.

Note that F(0) = be% > 0 since b > 0. Additionally, as ¢ approaches oo, then F(¢) approaches —oo. Notice graphically,
the the function F' begins above the x-axis and ends approaching —oo. As the function F' crosses the z-axis at least once at
T, then F must cross the z-axis at least three times when F'(Z) > 0. This will result in the existence of a minimal period-two
solution. We want to prove that F'(Z) > 0 holds true for some values of parameters. Observe that the derivative of F is

b2 2 _ —cbe—C®
R

so that when 7 is substituted F'(z) = Tbc’e”“* + (p — 1). Then F'(z) > 0 when T > % as

F'(¢) =

ex 1—p 1 1
F'(@) =zbte T+ (p—1)>0e T > Tpecz SElT>-eT> .
T c
Thus when T > %, there will be a minimal period-two solution.

Next we want to prove that the period-two solution is unique. Rewritting (12) we obtain

b

el = —— = pe® & pe = e~ Y.
p

1—
Let g(z) = ze™“". As ¢'(z) = e “*(1 — cx), then the global maximum of g is attatined at « = 1. For each y value there will

be two corresponding x values when g(z) < g(%) = L. This will happen when

_ 1
ze < — & e —ecx>0.
ce

Let G(z) = e°* — ecx and notice that G(0) = 1. The derivative of G will be G'(z) = ¢(e®® — e). Notice G’'(z) < 0 when e < e
such that z < 1, and G'(z) > 0 when z > 1. Thus, G(x) > 0 on [0, 1) U (£, 00) where G(%) = 0 is a global minimum. Thus
when the period-two solution exists, it is unique. a

2.3 Global stability results

In view of Theorem 1 every bounded solution of Equation (1) converges to either an equilibrium solution or a minimal
period-two solution.

Lemma 2 The solutions of Equation (1) are bounded.
Proof. Equation (1) implies
Tni1 =be " +prn_1 <b+prn_1, n=01....

Consider the difference equation of

Upt1 =b+pun—1, n=0,1,.... (13)
The solution of Equation (13) is u, = % +C1(y/p)" +Ca(—+/D)". Asn — oo, then u, — %. In view of difference inequality
result, see [7] n < up < ﬁ +e=Uforn=0,1,... and some +¢e > 0 when zo < ugp. O
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Theorem 9 (i) If T > %, then the equilibrium solution T is a saddle point and the minimal period-two solution {¢, ¥}, < 1
is globally asymptotically stable within the basin of attraction B(¢,v) = [0,00)* \ W*(Z, &), where W*(Z, T) is the global stable
manifold of (Z,T).

(i) If & < %7 then the equilibrium solution T is globally asymptotically stable.

Proof. Using Theorem 1 every bounded solution of Equation (1) converges to an equilibrium solution or period-two
solution. By Lemma 2, every solution of Equation (1) is bounded so that all solutions converge to either an equilibrium
solution or to the unique period-two solution {¢, ¥}, ¢ < ¥. When T > %, then Z is a saddle point, by Lemma 1 part (ii),
and has the global stable W?®(Z,T) and global unstable manifolds W*(Z, T), where W?* (%, Z) is the graph of a non-decreasing
function and W"(Z, T) is the graph of a non-increasing function, which has endpoints at (¢,%) and (¢, ¢). Every initial point
(x—1,z0) which starts south east of W*(%,T) is attracted to (v, ¢), while every initial point (x_1,z0) which starts north west
of W*(Z,T) is attracted to (¢,%), see Theorems 2, 4. In this case in view of Theorem 1 global attractivity of period-two
solution implies its local stability since the convergence is monotonic.

When Z < 1, the equilibrium solution is locally and so globally asymptotically stable by Lemma 1 part (i) and part (iii)

O

Remark 3 For instance, case i) of Theorem 9 holds when b = 1,p = .5,¢ = 2, case 4i) holds when b = 1,p = .5,¢ = 1 and
whenb=1,p=(e—1)/e,c=1.

3 Global Dynamics of Equation (3)

In this section we present global dynamics of Equation (3).

3.1 Local stability results

First, notice that the function f (u,v) = a+ bve™™ is decreasing in the first variable and increasing in the second variable. By

Theorem 1, for all solutions {z,} . _; of Equation (3) the subsequences {z2n},., and {z2,—1},. , are eventually monotonic.
Equation (3) has a unique positive equilibrium point = ;—*— where a < 7. Note that %(i, T) = —bwe * and
of

3L (%, T) = be”*. The characteristic equation of Equation (3) is

A +bTe A —be T =0.

Lemma 3 Equation (3) has a unique positive equilibrium solution T = —2—.

1—be— %
i) If T < wEVaitie
2

, then the equilibrium solution T is locally asymptotically stable.

i) If T > %‘M}, then the equilibrium solution T is a saddle point.

i11) Iff = 4fvartda V;2+4a, then the equilibrium solution T is non-hyperbolic of stable type (with eigenvalues A1 = —1 and
A2 =be ).
Proof.

i) The equilibrium point 7 is locally asymptotically stable if

T

<1—be " <2.

‘bfe_

As be™® > 0, then 1 — be™™ < 2 holds true. So rearranging the other inequality we obtain

bfe_§<1—be_§<:>be_f(§+1)<1<:>§+l<g f@f<%—

—_

Therefore, the equilibrium 7 is locally asymptotically stable if T < %f —1. AsT = a + bZe~ " we have

L (14)

Then we can equivalently write the condition to be locally asymptotically stable as

T bz _
T<S —ler< it l1ez<— -1
b b T—a

a-++Va?+4a

ST —Ta—a<08T< 5
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ii) If

> ‘1 —be ®

‘bfe_
then the equilibrium solution 7 is a saddle point. Note that be™ < 1 since
e T<lel 12
z T

always holds as a > 0. The condition for T to be a saddle point yields

be " >1—be " obe H(@TH1)>1oT+1> %ej(:)E> %—1.

So the equilibrium point 7 is a saddle point if T > % — 1. By using (14), the inequality can then equivalently be written as

bx — 5
e RV 4,
T ez>-L e -Ta—a>0az> itV tde

—lex
T b T—a 2

x>

=| %

iii) The equilibrium point Z is non-hyperbolic point if

T

‘bfe_

= ‘1 —be 7.
We see that
bte " =1—be "be T(T+1)=1T+1= ge” ST =
In view of (14) this can be rewritten as
e® % x a+ \/m

T=——17= —lez=— 1oz -Ta—a=07T=
b b T—a 2

The characteristic equation at the equilibrium point will become
N4 (1—be )N —be T =0,

with eigenvalues A\; = —1 and A2 = be™ " € (0, 1). ]

3.2 Periodic solutions

In this section we present results about existence and uniqueness of minimal period-two solutions of Equation (3).

Theorem 10 Assume that b < e®. If T > atyattda ”;2+4a, then Equation (3) has minimal period-two solution:

G0, 0,7, (@F ¢ and ¢ > 0,4 > 0).

Proof. We want to find for which values of T there exists a minimal period-two solution (¢,1) where ¢ and v are distinct
positive real numbers. A period-two solution satisfies

p=a+bpe ", Y =a+bye ?, (15)
where ¢ and 1) are distinct real numbers. Rewritting ¢ and then substituting into ¢ we obtain
a _ a
= = 1—be— @
) Ty ¢ = a+ boe . (16)

Let F(¢) = a+ ¢(be b ? _ 1). The equilibrium point T = CEL{@ will be a zero of F' as

F(@) =a+T(be 1= 7 —1)=a+z(be ™ —1) =0.
Now

F(a)=a+ a(b(;ﬁ —-1) = abe” T-be@
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is positive as a and b are positive constants. As ¢ approaches oo, then F' approaches —oo assuming that b < e*. When
F'(Z) > 0 then F will cross the z—axis at least three times resulting in a minimal period-two solution. Thus, we want to
prove when F’(Z) > 0 holds. Taking the derivative of F we have

= R
F'(¢) = (be 1-ve=? —1) + me T—be— %
so that F'(z) = =2 + 2262 Then F'(%) > 0 hold true when
—a T 4,2 2% 2 2 2 azb
T+T>O<:>.Tb€ ">a T b " >a<:>xb>7a<:}x(x—a)>ax —Ta—a>0.
Thus, when 7 > 4fve-+ie ngﬂa, there will be a minimal period-two solution.
When = > Mﬂ, then
/a2 4 9 _
a4 at a+a4:> a >1—be ”

- >
1—0be® 2 a+ Va2 + 4a
—a+\/m a+\/m atya?+ie a?+da

s ——¢'<bse —m——— < b.

a+\/a2—|—4a a+\/a2—|—4a

Next we want to prove that the minimal period-two solution is unique. By rewriting (15) we find that

6 _ ¥

— 711): = — —¢ =
o(1—be ") =a=1¢(1—be )<:>17be—¢ T bov

Let g(z) = ;—%=. Using ¢'(z) = l(feTj(f;q) to find the critical points we get that 1 —be ™ (z +1) =0 & e® = b(z + 1).

There exists a unique value of m where m—H = be~ " for which this holds. Using the first-derivative theorem we can check

that m is a local minima. Note it suffices to check the numerator of g’(m — 1) as the denominator is always positive. Using

the fact that Tﬂ =be ™

(m— 1 (i 1 1
l—be ™ Vmcie £ cpem Dot € L mTF
m

<e
m m+ 1

This proves that g’(m — 1) < 0. Next using the same method taking the numerator of g’(m + 1) we see that

1
Spe D o L e o mEl
m+ 2 m+1 m+ 2

1
1 — be~m+D) 2) >0
e (m+2) > 2

This proves that g’(m + 1) > 0. As the derivative changes from negative to positive around the critical point, it will be a local
minima. Note that g(a) > 0 and as x approaches oo, g(z) approaches co. Since m is the only critical point, each y value will
have two z values with the exception at m. This results in the fact that there can only be one period-two solution. O

Proposition 1 If b > e®, there are no minimal period-two solutions.

Proof. Assume that {¢, ¢} 1s a period-two solution. Then {¢, v} satisfies (15) and so it satisfies (16) as well.
Let F(¢) = a+ ¢(be 1- TThed 1). The equilibrium point T = w will be a zero of F' as

F(z) = a+f(befﬁ ) —atzbe —1) =0,
We see that
F(a)=a+ a(667$ 1= she— =T

which is a positive value as a and b are positive constants. As ¢ approaches co, then F' approaches oo as b > e®. As the
function begins above the x-axis at a and approaches co, F' will cross the x-axis an even number of times. Since F(z) = 0 is
one of the points that lie on the z-axis and the only equilibrium point, there cannot be a minimal period-two solution. a
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3.3 Global stability results

By Theorem 1 every bounded solution of Equation (1) converges to either an equilibrium solution or a minimal period-two
solution.

Lemma 4 The solutions of Equation (3) are bounded if b < e* .

Proof. By Equation (3),
Tpt1 =a+brp_1e” " <a+br,_1, n=0,1,...

Consider the difference equation of

Un+1 = a+ bun—1, n=0,1,... (17)
Suppose that b < e®. The solution of Equation (17) is u, = T+ Cl(\/B)" + CQ(*\/E)”. As n — oo, then un, — 1%5. In view
of difference inequality result, see [7] zn < un < 1% +e=U for n =0, 1,... when zo < ug , where € > 0. a

Theorem 11 Consider Equation (3).

(i) If b < e® and T > %M, then there exists a period-two solution that is locally asymptotically stable and the
equilibrium point, T, that is is a saddle point. The unique period-two solution attracts all solutions which start off the
global stable manifold of W*(E(Z,%)).

(i) Ifb<e® and T < atyattde V;LH‘G, then the equilibrium solution, T, is globally asymptotically stable.
(i) Ifb < e® andT = %M, then the equilibrium solution, T, is non-hyperbolic of the stable type and is global attractor.

Proof.

(i) Using Theorem 1 every bounded solution of Equation (3) converges to an equilibrium solution or period-two solution.
By Lemma 4, when b < e® every solution of Equation (3) is bounded such that all solutions will converge to either an

2
equilibrium solution or period-two solution. If b < e* and T > Mﬂ, then 7 will be a saddle point by Lemma 3

part (ii), and there will be a minimal period-two solution by Theorem 10. In view of Theorems 2, 4 there exist the
global stable manifold W*(z, Z) and global unstable manifold W*(Z,Z), where W?* (T, ) is the graph of a non-decreasing
function and W*(%, Z) is the graph of a non-increasing function, which has endpoints at (¢, ) and (¢, ¢). Every initial
point (z_1,zo) which starts south east of W?*(Z, T) is attracted to (1, ¢), while every initial point (z_1, zo) which starts
north west of W?*(Z, T) is attracted to (¢, ).

(i) When b < e® and T < %M, then T is locally asymptotically stable by Lemma 3 part (i). Since [a, U]? is invariant

box and (T, ) is the only fixed point then, by Theorem 2.1 in [11] is global attractor and so globally asymptotically
stable.

(iii) Moreover, when b < e® and T = w, Z will be non-hyperbolic of the stable type by Lemma 3 part (iii). Since

[a,U]? is invariant box and (Z,) is the only fixed point then, by Theorem 2.1 in [11] is global attractor and so globally
asymptotically stable.

O

Theorem 12 Ifb > e%, then Equation (3) has unbounded solutions.

Proof. We will use Theorem 6 to prove this theorem. The conditions of (8) and (9) of Theorem 6 become
fWU,Ly=a+bLe’V <L and f(LU)=a+bUe " >U.
These inequalities can be reduced to
a<L1-be V) and a>U(1—-be ")

Any value of L and U such that ﬁ < ﬁ will satisfy the theorem. Let G(z) = ;—%=. There is a vertical asymptote

at 1 —be™® = 0 that is at z = In(b). In interval (In(b),c0) we can find L and U that satisfies these inequalities. As b > e®
then In(b) > a so that (In(b),c0) is part of the domain of difference equation (3). An example of where this holds is when
L = a + ¢. Using the fact that b > e® and € is small, then b > e**¢. By condition (9) the inequality holds true as

bU

a+bUe (979 > U & ¥t < .
—a
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We will use condition (8) and b > e® to find the criteria for U based on our L. Thus,

b(a+6)<:>eU2M<:>U2a+ln(

€ €

U

a+blat+eeV<(at+e)ee

> a—|—e).

Let U be such that U > a + In (‘”6) . It holds that U > L. Overall, as f is continuous and there is no minimal period-two

€

solution by Proposition 1, using Theorem (6) some solutions will approach co. a

Remark 4 For instance, case i) of Theorem 11 holds when a = 1,b = 2, case i) holds when a = 4,b = 2 and case i) holds

when a =2,b = %e““ﬁ, and the conditions of Theorem 12 holds when a = .5,b = 2.

In conclusion, Equations (1) and (3) exhibit the global period doubling bifurcation described by Theorem 5.1 in [11].
Checking the conditions of Theorem 5.1 in [11] is exactly the content of Lemmas 1-3 and Theorems 10-12.
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Abstract

In this paper, we derive some bounds for the real parts and arguments of the
functionals given by

Z‘];,b(f)(z) Jsp(f)(2) and Jsp(f)(2)
Joo()(z)” z Jor16(f)(2)

where Jy is the widely-investigated Srivastava-Attiya operator defined on the
class of normalized analytic functions f in the open unit disk

D:={z:2€C and |z] <1}

(z € D),

with suitable real parameters s and b. These results reduce upon specialization
to some well-known inclusion relationships for several classes of functions with
given geometric properties. We also make a comparison between one of the results
obtained here and an already known result for some specific cases.
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Key Words and Phrases. Analytic functions; Univalent functions; Starlike functions; Convex
functions; Srivastava-Attiya operator; Strongly starlike functions; Strongly convex functions;
Principle of differential subordination; Inclusion relationships.

1. Introduction and Preliminaries

Let A denote the class of functions f normalized by

f) =2+ an2", (1.1)
n=2
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which are analytic in the open unit disk
D:={z:2€C and |z <1}
The general Hurwitz-Lerch Zeta function ®(z, s,b) is defined by

o0 n

D(z,s,b) = Z;)(bj_n)s

(beC\Zy; s€C when |z]<1; R{s} >1 when |[z]=1).
It is known that the function ®(z,s,b) reduces to such more familiar functions of Analytic
Number Theory as the Riemann and the Hurwitz Zeta functions, Lerch’s Zeta function, the
Polylogarithmic function and the Lipschitz-Lerch Zeta function (see, for details, [12]).

Srivastava and Attiya [11] introduced the linear operator Js; : A — A defined by
Jsp(f)(2) = Gsp(2) x f(2) (b€ C\Zj;s€C),

where the symbol * denotes the Hadamard product (or convolution) of analytic functions and
the function G is defined by

Gop(2) = (b -+ 1) (z,5,0) — b7
For a f € A of the form given by (1.1]), we get

b+1
Job —z+z<bin> " (zeD). (1.2)
Srivastava and Attiya [11] showed that (see also the recent work by Srivastava et al. [13])
Jos(f)(2) = f(2),
non)) = [ ar = A,
1+~ _ )
BA(f)e) =15 /O P = T (NG (> 1)

and

> anz" =:1°(f)(2) (0 >0),

where A, J, and I? are the familiar Alexander [1], Bernardi [2] and Jung-Kim-Srivastava [4]
integral operators, respectively.

From the equation (|1 , we can obtain the following recurrence relation:

21 5(F)(2) = (L4+0)Tsp(f)(2) = bTsr16(f)(2)- (1.3)
For a € [0,1) and § € (0, 1], let ©, 3 denote a subset of C defined by

Qaﬁ:{w:weC and ]arg(w—a)]<g5}.

We denote by S*(a, ) and C(a, 3) the classes of functions f € A satisfying the following

conditions:
zf'(2) zf"(2)

f(z) f'(2)

€Qyp and 1+ €Qup (VzeD),
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respectively. The function f in the classes $*(a, 8) and C(«, ) is called starlike of order 5 and
type « in D and strongly convex of order 8 and type « in D, respectively. We note that

S*(a,1) =S*(a) and C(a,1) =C(a),
which are the well-known classes of starlike functions of order @ in D and convex functions of

order o in .
Wilken and Feng [15] showed that f € C(a, 1) implies that f € S*(8,1), where

1-2a 1
92-2a[] _ 92a—1] (O‘ 7 2)
= Bl = 1

1 WL
2log 2 2/

Nunokawa et al. [8] investigated relations between v € (0,1) and 6 € (0,1) so that S*(a,7)
implies that C(f, ), where [ is given by (|1.4). We will discuss this relation in Section 4.

The relation given above can be represented by using the operator J,; as follows:

TN © oy = Jst1,6(f)(2)
for s=—1and b=0.

In the present paper, we will consider the implication given in (1.5 for suitable values of s
and b in R. We also consider other similar problems associated with (1.5), which are related to

the forms given by
LD TwE)
z Js1,6(f)(2)
We say that f is subordinate to F' in D, written as f < F or as f(z) < F(z) in D, if and
only if f(z) = F(w(z)) for some Schwarz function w(z) with w(0) = 0 and |w(z)| < 1 for z € D.

It is well known that, if F' is univalent in D, then f < F' is equivalent to f(0) = F(0) and
f(D) C F(D) (see, for details, [10, p. 36]).

Let ¢ : C2 — C and let h be univalent in . If p is analytic in I and satisfies the following
differential subordination:

€Qss (2€D), (1.5)

U(p(2),20'(2)) < h(z) (2 €D),

then p is called a solution of the differential subordination. A univalent function ¢ is called a
dominant of the solutions of the differential subordination (or, simply, a dominant) if p < ¢ in
D for all solutions p. A function ¢ is called best dominant if ¢ < ¢ in D for all dominants q.

We recall the following lemmas which are required in our present investigation.

Lemma 1. (see Hallenbeck and Ruscheweyh [3]; see also [6, p. 71]) Let h be convezx in D with
h(0) = a, v # 0 and R{y} = 0. If p is analytic in D with the form given by

p(2) = a4+ cp2 4 cppr 2" (neN:={1,2,3,---})
and
p(2) + Zp;@ <h(z) (zeD), (1.6)
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then
p(z) <q(z) < W(z) (2 €D),
where

q(z) = —2 /h(t)m/n)—ldt.
nz'Y/n

0
The function q is convex and is the best dominant of (1.6]).

Lemma 2. (see Miller and Mocanu [5]) If -1 < B < A< 1, 8> 0 and the complex number
satisfies the inequality:
A-4)8

>
Rtz ——~F—5

then the following differential equation:
2q'(z) 1+ Az
Bq(z)+v 1+ Bz
has a univalent solution in D given by
ZPH7(1 + Bz)PA-B)/B y
B [ tAH7—1(1 4 Bt)(A=B)B/Bdt ]

q(z) + (z€D)

q(z) =

2P exp(BA2) ol B
B [FtPt—Texp(BAt)dt B (B=0).

If the function p(z) given by

p(z) =1+ crz+cp2® + -
s analytic in D and satisfies the following subordination condition:
/
zp'(z 1+ Az
p(z) + )
Bp(z)+~ 1+ Bz

(z € D), (1.7)

then
1+ Az

1+ Bz

p(z) < q(2) < (z €D),

and q is the best dominant of (1.7)).

The generalized hypergeometric function Fj is defined by
e n

qFE(z):qg(al,...,aq;ﬁl,...,ﬁs;z):§mfﬂ (zeD),  (L8)

where a; € C (j = 1,---,q), B € C\ Zy, Zy :={0,-1,-2,---} (j =1,---,8), 9 = s+ 1,
q,6 € No, and («),, is the Pochhammer symbol defined by
r
()p=1 and (a)n:W:a(a+l)---(a+n—l) (n € N),
I'(z) being the Gamma function of the argument z.
We recall following well-known identities for the Gaussian hypergeometric function 9 F1, that
is, the special case of (1.8) when q—1=1s=1:

Lemma 3. (see |14, pp. 285 and 293]) For real or complex numbers a, b and ¢ (¢ ¢ Zg ), the
following identities hold true:
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. 1b71 _ bl e _F(b)F(c—b)
(1)/t (1—1) (1 t) dt_il“(c)

0
when R{c} > R{b} > 0;

(il) 2F (a,b;¢;2) = o F) (b, a;¢;2) ;

(iil) 2F1 (a,b;¢;2) = (1 = 2)7* 211 (a,c —b¢ ﬁ) '

2F1 (a,b;¢; )

The following lemmas will also be required in our present investigation.

Lemma 4. (see Wilken and Feng [15]) Let v be a positive measure on [0,1] and let h be a
complex-valued function defined on D x [0,1] such that h(-,t) is analytic in D for each t € [0, 1]
and that h(z,-) is v-integrable on [0,1] for all z € D. In addition, suppose that R{h(z,t)} > 0,
h(—r,t) is real and

1 1
m{h(z,t}}gh(—r,t) (lz] =r < 1; t €]0,1]).

If the function H is defined by

then

m{H}z)} = H(l_r) (2] £ < 1).

Lemma 5. (see Nunokawa [7]) Let the function P be analytic in D, P(0) =1, P(z) # 0 in D
and suppose that there exists a point zg € D such that

jarg (P()| < 56 (2] < |=o))

and
T
|arg (P(20))| = 3 0 (0 >0).
Then
Z()P/(Z()) .
2000 g, 1.9
where
k= ! a+ ! when arg (P(z0)) = s
-2 a 2
and
k< 1 a+ E when arg (P(z0)) = T
= 2 a 27
and where
P(zo)% = +ia
with a > 0.
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2. Bounds for the Real Parts

In this section, we investigate the bounds for the real parts of normalized analytic functions
defined by the Srivastava-Attiya operator Jg .

Theorem 1. Let f € A and

Zjé,b(f)(z)
{W}>a (z € D), (2.1)
where s ER, 0 a<1 and b= —a. Then
ZJéH,b(f)(Z) . 1 -1
%{W}>—b+(b+l) [2F1 (1,2—2&,()—1—2,2)} (z € D). (2.2)

This result is sharp.

Proof. Let us define a function p : D — C by

ooy = (D)
Jsr16(f)(2)
Then p is analytic in D with p(0) = 1. Thus, from the recurrence relation (|1.3)), we have
2J 4, (f)(2) zp/(z
2B _ ey + 2 (23
Jsp(f)(2) p(z) +b
From (2.1)), the above relation shows that
zp'(2) 1+ (1-2a)z
. 2.4
P(z) p(z)—i—b< 1—2z (24)
Also, from Lemma [2] with A =1—2«, B=—1, =1 and v = b, we find that
1
p(z) < ———0 z € D), 2.5
O<gg-b (eD (25)

where @ is defined by

1 . —2(1—a)
Q(z):/o t"<11_zzt> dt.

By applying Lemma [3] we have

CT(b+1)
QE) =T

Moreover, the function @ is represented as follows:

1
M@zﬁgwaw@,

o F) <2—2a,1;b+2;z>.
z—1

where
(t,2) = ==z
A T G

and
T(b+1)

['(2—2a)l'(b+ 2a)

du(t) _ t1—2a(1 _ t)b+2a—1dt
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with ¢ € [0,1] and z € D. We note that du(t) is a positive measure on [0,1]. We can easily
verify that the assertions hold true:
(i) g(-,t) is analytic in D for each t € [0, 1];
(ii) g(=z,-) is integrable with respect to p on [0, 1];
(i) | {g(z,t)} >0 for all z € D and ¢ € [0, 1];
(iv) g(—r,t) is real for all r and for ¢ € [0, 1].

1 zt tr 1
{g(z,t)} { +l—z}_ 1+r  g(—nrt)’

for |z| Sr <1 and ¢t € [0,1]. Therefore, by applying Lemma [4 we obtain
1 I'(b+2) r -1
z F(2-2a,1;0+2; —— <r<1). 9
%{Q&J}—r@+1)kl< @b +71+Tﬂ (Jz[ =7 <1) (2.6)

Letting 7 — 1— in (2.6 we conclude that the inequality (2.2]) holds true from the relation ({2.5).
The sharpness of this result follows from the fact that the function @ is the best dominant of

Indeed, we have

2.4). O
Theorem 2. Let f € A and suppose that
Js
m{*@w”}>a (z € D), (2.7)
where s e R, 0 S a <1 and b > —1. Then
Is11,6(f)(2) (L—a)(b+1) 1
—_ 1—-—— (1,1 ;= D). 2.
m{ > > b+2 241 ) 7b+372 (’Ze ) ( 8)

This result is sharp.

Proof. Let us define a function p : D — C by

p(z) = JSH’bZ(f)(Z) (z €eD).

Then we have Toa(H)@)
s.b z) 1 ,

SO pe) o (2)
From , we see that

p)+ 28 L) e
where

m@:1+9;?V (z € D).

Thus, by applying Lemma with v = b+ 1 and h given above, we have p(z) < ¢(z) in D, where
q is a convex function in D defined by

b+1 [*1+(1-2a)t,
= t°dt
o) = Ty [ i,
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which, in view of Lemma [3], yields
21— a)(b+ 1)z z
Fl1L,Lb0+3—).
21—z 2 T

Since the function g is convex with real coefficients, by the subordination relation:

p(z) <q(z)  (z€D),
we obtain the inequality (2.8) by letting z — —14. The sharpness of this result follows from
the fact that the function ¢ is the best dominant of the differential subordination given by

q(z) =1+

zp'(2)
p(z) + b1 < h(z) (z € D).
O
We recall the following special case due to Prajapat and Bulboaca |9, Corollary 2.10].
Theorem 3. Let f € A and suppose that
Jsb(f)(2) }
R———F~ ¢ >« z € D),
Erwre el
where s €R, 0S5 a <1 and b2 —a. Then
Js+1b(f)(2)} [ ( 1)]1
R————""—=0 > [oF1 (1,2 — 20504+ 2; = zeD). 2.9
e ) 7 e 2 =eb 29
This result is sharp.
3. Bounds for the Arguments
For given a € [0,1), let the parameters 31, 82 and f3 be real numbers defined by
1\]!
51 :51<a,b) = —b+<b+ 1) |:2F1 <1,2—20¢;b+2;2>] (bz —Oz), (3.1)
B o (1-—a)(b+1) ' 1
Bg—ﬂg(a,b) =1 D) o F 1,1,b+3,2 (b> 1) (32)
and
1\]!
B = fa(a,b) = [F <1,2 2arh 42 2)} (b= ) (3.3)

We note that 5; <1 (j = 1,2,3). We also note that
Bj 2 « (j=1,2,3).
These inequalities are immediate consequences of Lemma (1] or [2| with
1+A 1+(1-2
h(z) = +Az +( a)z
1+ Bz 1—=z

(A=1-2a; B=-1)

such that
R{h(z)} >« (z e D).

In this section, we investigate the bounds for the arguments of normalized analytic functions
defined by the Srivastava-Attiya operator J, . In order to get our results, we need the following
propositions.
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Proposition 1. Let wy,wse, w3 € C satisfy the following conditions:

(i) R{w1} >0 and FJ{w1} < 0;
(ii) 0 < arg(ws) < arg(ws) < 5;
(iii) |ws] = |wol.

Then the inequality:
arg(w; + ws) < arg(wy + we) (3.4)
holds true.

Proof. First of all, we consider a case for which arg(ws) = arg(ws). In this case, we let
w) =x +1iy, wy= Rgeie and w3 = Rgeie,
where z > 0, y < 0 and Ry 2 R3. Then the inequality is equivalent to
Yy + Rosinf > y + R3sinf
x4+ Rycos — x4+ Rzcosf’

Furthermore, since = > 0 and 6 € (0,7/2), the above inequality is equivalent to
(R2 — R3)(zsinf —ycosf) = 0.
Therefore, it follows from = > 0 and y < 0 that the above inequality holds true.
To complete the proof of Proposition [T} let © C C be defined by

Q:{RewG(C:O<R§R2 and 0<1/)§arg(w2)}.

Letting ws € 2, we suppose that £ be a straight line through the points —w; and wsy and #o
be a straight line through the points —w; and ws. From Condition (ii) of Proposition [l} we can
take the unique intersection point denoted by w3 € €2 of £1 and ¢5. For this point, we have

arg (w3 — (—w1)) = arg (w3 — (—w1)) 2 arg (w2 — (—w1)),
which completes the proof of Proposition O

The demonstration of Proposition [2| below is fairly straightforward.
Proposition 2. Let wy and we be in C\ {0}. Then
arg(wy + wz) = min {arg(wy), arg(ws)} .

Theorem 4. Let 8 € R be the parameter 51 given by . Suppose also that f € A and
-, (zJ;,b<f><z> ) a)
Jsu(f)(2)
where s e R, b2 -3, 05 a<1and 0 <~y <1. Then

(ZJ;—I—I,b(f)(z)

s

77 (zeD), (3.5)

Jsr1,6(f)(2)

—5>‘<72T<5 (zeD; 0<d<1),

where 0 < § < 1 and

— min g arctan 5(1 _ B)(w[l)+5 + :Cg_l)
T {‘% t <2(ﬁ—a)[(1—6)$8+6+b]
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and xo € (0,1) is the root of the following equation:

(1-8)(@? =12’ = (B+b)[1 -6 — (1+8)z°]. (3.6)
Proof. Let us define the functions p and P : D — C by
- 21 (f)(2) _plz)—p
S ATTT() T B A R

Then the functions p and P are analytic in D with p(0) = P(0) = 1. From the recurrence
relation (1.3), we have

2J 4 (f)(2) zp' (2

— o =p(2) + v (3.7)

Jsp(f)(2) p(z) +b

We now assume that there exists a point zg € R such that

{arg (P(2))| = !arg (p(2) — B)| < g 4]

for |z| < |zo| and i
|arg (P(20))| = [arg (p(20) — B)| = 5 &

Consider the case when

T
arg (P(2)) = arg (p(20) — ) = 5 0
Then, by Lemma [5, we have
20P’ (20) 207 (20) .

= = l(sk" 38
Po)  p(e0) 35

where ) )

> =l
k2 <a + a) (3.9)

with a > 0. Also, from (3.7) and (3.8]), we have
e [P0
Jsp(f)(20)

= arg (p(ZO) + Of -«

= arg (p(zo) — B) + arg <§(

:g(S—l—arg <1—B+(5—a) ia)™0 + i(sk(l_ﬁ) ) (3.10)

Let us define wi, wo and ws by
wy =1-B+ (8- a)ia)™,

B i6k(1 — f)
RS () TP Ly
and )
s — i0k(1 - B)

[(1—B)ad + B +ble3d
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We note that
08—«

%{wl}:l—ﬁ+mcos<gé>>0

and

J{w} = _(55—_03;5 sin (g 5) < 0.

Also, from the inequality 8+ b = 0, we can easily verify that the inequality arg(ws) = arg(ws)
holds true. Furthermore, the inequality |ws| = |ws] is true, since

wnl? = PR (1 - )
(1—p)2a? +2(1 — B)(B + b)a’ cos (5 0) + (8 + b)?
5k (1 - B)?
(1 =B)a® + B+ b2
= |ws|?.

Therefore, by applying Proposition (1| with (3.10]), we have

are [ 2eslHE0)
*\ T (Do)
(5 - a)fia)? + ——AL= ) )

z5s 1- .
g 0T AE g [(1—B)a’+ B+ ble

+
im i — 5/{:
:gé+arg<e25<e25+ b 24 : >>

1\

(1-pB)a®  (1-pB)a®+pB+b
i 5 B —« i6(a+a"t)
Zarg<e +(1—ﬁa5+2[(1—5)a5+ﬂ+b]>' (3.11)
Let us now put
B« . Sla+at)
TR A Bab 5

Then

—~
=)
~—
(=%
i)
—
S
~—
N———

arg (wy) = arctan (215__04)
where ¢ : (0,00) — R is a function defined by
B T+l
C1-B4(B+b)zd
Differentiating the function g with respect to x, we have
221 = B+ (B +b)2~TPg () = h(a),
where the function A : (0,00) — R is defined by
h(z) = (2® = 1)[(1 = B)a’ + B+ b] + 6(B+ b)(a® + 1).
Since the function h is continuous on (0, c0) with

h(0) = —(B+D)(1—68) <0 and h(1)=20(3+1b) >0,

g(z)
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there exists an 29 € (0,1) such that h(xzo) = 0, which is equivalent to the equation given by
(3.6)). Differentiating the function h twice with respect to x, we find that

R'(x) = (24 0)(1—B) A+ 8z + (1 —0)(1— Bz’ 2+ 21 +6)(B+b) >0

for all z € (0,1). Since h(z) > 0 for x € (1,00), it follows from the convexity of h(z) on (0, 1)
that the function ¢’(x) vanishes only at 2o € (0,1). Furthermore, we can easily verify that g(zo)
is the minimum value of g(x) on (0,00). Therefore, we have

2(8

= arctan 6(1—B) (= 1+6+a:0 )
- (2(B—a)[(1—5)x0+5+b]>- (3.12)

arg ) 2 anctan ($70% o))

Finally, from (3.11]), (3.12)) and Proposition [2| we have

N ZOJ<><> »
& 1)(z0)

)
> m {gé arg(wy }
Zm E(S arctan 01— p)(= 1+5+m0 )

2 2(8 — a)[(1 = B)af + 5 +b]

which leads to a contradiction to the hypothesis (3.5)).

For the case when

arg (P(20)) = arg (p(0) = B) = 3 &,

Lemma [5] yields
20P'(20) 20p'(20) .
- — iok, 3.13
Pxo)  plzo) — B (3.13)
where
1 1

k< —— - .14
<5 (1) (3.14)
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with ¢ > 0. We also have

ZoJ;b(f)(Zo) Ca
S\ T () (z0)

= arg (p(z0) — B) + arg (p(zo) 0P’ (20) 1 >

p(z0) =B p(20) =B p(20) +0
T (1-p)(-ia)’ + 6 —a i6k
-0 g( 1-B)(—af (1-p)(-ay +6+b)

g6+arg <1—B—|—(ﬂ—a)(ia)_§+ idk{l—ﬁ) )

9

(1—p)(ia)? +B+D

where )
~ a-+a
k:=—k>
2

Therefore, from the proof of the first case, we have

e [P0NC0) N
Jeo(F)(0) =27
which also leads to a contradiction to the hypothesis (3.5). This completes the proof of Theo-
rem 41 O

Theorem 5. Let 5 € R be the parameter Bo given by (3.2). Let f € A and suppose that
Js
arg (W — oz) < g 0 (z e D), (3.15)

where s e R, b> -1, 05 a <1 and 0 <~y < 1. Then

'arg<w—ﬁ>‘<g5 (zeD; 0<d <),

where

- — in(Z _ d+1 -1
’7—5+72Tarctan{ 2(b+1)(8 — a)sin (5 8) + (1 — B)(ap " + g )}7

20+ 1) [(1 = B)zd + (B — a)cos (§ 6)]
and xg € (0,1) is the unique zero of the function h defined by

h(z) = Cx’(z® — 1) + AC(0 + 1)a® 4 6Bz + AC(6 — 1) (3.16)
with 5 5 5
-« T —a (T B
A= 1—5COS<2 5), B = 1_65111(5 5) and C = b1 D) (3.17)
Proof. Let us define the functions p and P : D — C by
p(Z) _ Js-‘rl,b(f)(z) and P(Z) — p(Z) - B (318)
z 1-0
Then the functions p and P are analytic in D with p(0) = P(0) = 1. We also have
Js,b(f)(z) o 1 /
. =p(z) + e (2). (3.19)
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We now assume that there exists a point zy € R such that
|larg (P(2))| = |arg (p(z) — B)| < g g,
for |z| < |zo| and
jarg (P(20)) | = [arg (p(0) = 8)| = 5 6.
We consider the case when

arg (P(20)) = arg (p(z0) — 6) = 5 0

Then, by Lemma 5] we have the relations given by (3.8) and (3.9) with a > 0. From (3.18) and
(13.19)), we have

arg (Jb(f><20> _ a)

20
= ar 20) — ar p(20) — Zop'(20)
= arg (p(z0) — B) + arg <p(zo) B0+ 1) (p(20) — 5))
ﬁ — 10k
(1—B)(ia)? + b+ 1)

B— ; S5k
(1_5%5 sin (g 5) + 1

7
2

=g5+arg<1—}—

=T 5+ arctan [ —
2 1+ (1/6;_6?@5 cos (5 0)
> g § + arctan (g(a)), (3.20)
where
o(2) = —B+ C(2°t! + 2 1)

6 )

0+ A

and A, B and C are positive constants given by (3.17)). Differentiating the function g(z) with
respect to x, we have

a*°(a’ + A () = h(2),
where h is given by . Simple calculations show that
h(0) =—-AC(1—6) <0 and h(z) 2 h(l)=9(2AC+B)>0 (x21)
and
B'(x)=C[(64+2)(0+ 1)’ +6(1 —0)z° 2] +24C(6+1) >0 (0<z<1).
Similar methods as in the proof of Theorem 4] would yield
g(x) 2 g(xo) (0 <z < 00), (3.21)

where zg is the unique zero of h(z) on (0,00). Therefore, by (3.20)) and (3.21), we obtain

g (2] )

20

=z

d + arctan <_2(b +1)(B — a)sin(dm/2) + (1 — ﬂ)(xgﬂ + a:g_l)>

2(b+ D[ = B)af + (8 — @) cos(d7/2)]

CN I O

v,
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which provides a contradiction to the hypothesis (3.15)).
For the case when
T
arg (P(z0) = arg (p(z0) ~ B) = —2 &

we have the relations given by (3.13)) and (3.14) with a > 0. Therefore, we have

arg (Js,b(fo)(zo) B a)

T
= — Eé—i—arctan —

B— : 5k
(1_ ()la(; S1n (% (5) + 1

1+(1’6_)ﬁcos(g 5)

< — (5 0+ arctan (g(a) ) (3.22)

where )
~ a-+a
k:=—k>
2

Therefore, from (3.22)) and (3.21)), we have

J,
g (280 _ N
20 2
which also provides a contradiction to the hypothesis (3.15]). This evidently completes the proof
of Theorem 5l m

Next, for given suitable real of the parameters s and b and for f € A, we define a function
p:D— C by
J,
p(z) = s+1,b(f)(z)'
Jor26(f)(2)
Then, by using the recurrence relation ([1.3)), we obtain
J, z 2p' (2
va(f)() — (Z)+ p()
Js15(f)(2) (b+1)p(z)
By applying the same methods as in the proof of Theorem [ to the differential equation

(3.23]) instead of (3.7), we can establish the following argument property associated with the
Srivastava-Attiya operator.

Theorem 6. Let 5 € R be the parameter B3 given by (3.3)). Also let f € A and
Jsp(f)(2) ) ™

arg | —————— —a || < =7y z € D),

(7 7 el

where s ER, 0S5 a<1,b2 —a and 0 <y < 1. Then

TewDE N7
arg(JsH,b(f)(z) /3) <30 (FED)

(z € D). (3.23)

where 0 < § < 1 and

— mind$ 2 arctan 6(1— 5)(9U(1)+5 + :rg_l)
! L 26— )b+ 11— Byl 1 A
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and xo is the root in the interval (0,1) of the following equation:

[(1—B3)2’ + B](1 — 2%) = Bo(a” + 1). (3.24)

4. Numerical and Computational Analysis
Let s = —1 and b = 0. Since the following equalities:

Jsp(f)(2) = 2f'(2) and  Jsp1p(f)(2) = f(2)
hold true for f € A, it follows from Theorem {| that f € C(«a,~1) implies that f € S*(5,9),

where
_ 146 | 61
~1 = min {5, 2 arctan < O = B)lay "+ ) )} (4.1)
T

2(8 - o)[(1 = B)ap + 5]
and zp € (0,1) is the root of the following equation:
(1—B)(2* —1)2° = B[1 — 6 — (1 + 0)2°)).
On the other hand, Nunokawa et al. [8] showed that f € C(a,72) implies that f € S*(3,9),

where

V2 = % arctan (5(1 ?15_)(;%;;1_;8—1)) ) (4.2)
and zp € (0,1) is the root of the following equation:

(1—B8)(x? - 1)z = B(1 — 6 — (14 8)z?). (4.3)

As it does not seem to be so easy to compare the values «; and v, for the whole ranges of the
parameters o € (0,1) and § € (0, 1), we will compare them here in several particular cases of o
and . Thus, if we fix a = %, then we have

1

p= 2log2’

With the aid of Mathematica, we can thus obtain Table 1 (see below) which gives the approximate
values of v € (0,1) and v € (0,1) defined by (4.1) and (4.2]), respectively, when § is given by

J :
10 (.7 ) < ’9)

As we see from Table[l] we can verify that the results in this paper would significantly improve
the results in the earlier work [8] for the special cases considered above.

Finally, we give another table (Table 2 below) which gives the approximate values of 7 defined
in Theorem [5] and Theorem [0} respectively, when § is given by
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Y " 72

0.9 | 0.44897 | 0.27427
0.8 | 0.43647 | 0.28576
0.7 ] 0.41317 | 0.28270
0.6 | 0.38021 | 0.26598
0.5 ] 0.33781 | 0.23485
0.4 | 0.28596 | 0.18916
0.3 ] 0.22487 | 0.13310
0.2 ] 0.15544 | 0.07889
0.1 ] 0.07952 | 0.03626

TABLE 1. The Approximate Values of 7; and ~»

6 | Theorem [5] (v) | Theorem [6[ ()
0.9 0.75302 0.28582
0.8 0.75151 0.27787
0.7 0.67933 0.26303
0.6 0.59106 0.24205
0.5 0.49662 0.21506
0.4 0.39926 0.18205
0.3 0.30036 0.14316
0.2 0.20061 0.09896
0.1 0.10041 0.05062

TABLE 2. The Approximate Values of v in Theorem [5| and Theorem [6]
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SHARP BOUNDS FOR THE COMPLETE ELLIPTIC INTEGRALS
OF THE FIRST AND SECOND KINDS*

XIAO-HUI ZHANGY2, YU-MING CHU3**, AND WEN ZHANG*

ABSTRACT. In the article, we prove that o = 3, 8 = log4/(n/2 — log4) =
751371+, v = 1/4 and § = 1 4 log2 — w/2 = 0.122351--- are the best
possible constants such that the double inequalities

B+1 4 a+1 4
log— < K < log —,
B+ r? o8 r/ (r) o+ r2 o8 r/

1 4 1 4
1+ (zlog= —~)r?<&F@F) <1+ (Zlog— —68)r?
2 d 2 d
hold for all r € (0,1), where v’ = v/1 — 72, and K(r) = f(;T/2 \/1d729726 and
—T7< sin

E(r) = f(;T/2 V1 — r25sin? 0d@ are the complete elliptic integrals of the first and
second kinds.

1. INTRODUCTION

The complete elliptic integrals K(r) and E(r) [1-5] of the first and the second
kinds are respectively defined by

{ ]C(T) = foﬂ/2 \/ﬁa
KO)=2, K1) =00

and
{ E(r) = [T V/1 =2 sin® 6ah,
£(0) = 7, E) =1.

It is well known that the function » — IC(r) is strictly increasing from (0,1)
onto (m/2,00) and the function r — &(r) is strictly decreasing from (0,1) onto
(1,7/2). The complete elliptic integrals /C(r) and £(r) are the particular cases of
the Gaussian hypergeometric function [6-15]

o (@)n(b)n 2"

F .o — i
(a,b;¢c;2) Z ©n
n=0

where (a)g = 1 for a # 0, (a), =ala+1)(a+2)---(a+n—-1) =T(a+n)/T(a)
is the shifted factorial function and I'(z) = [t te~'dt (z > 0) is the gamma

(-l<z<1),
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function [16-21]. Indeed,

3

g(’l‘) _ EF (_1 1 1'T2) _ " i (_% n (%)n,an
2 272" 24 ()2 '

The complete elliptic integrals play a very important role in the study of geo-
metric function theory and they have numerous applications in various problems of
physics and engineering. In particular, Many remarkable inequalities and elemen-
tary approximations for the complete elliptic integrals can be found in the literature
[22-34].

In the sequel, we will use the symbols K and & for K(r) and £(r), respectively.
Throughout this paper we let 7’ = /1 — r2 for 0 < r < 1. Then we use the symbols
K’ and & for K(r') and E(r'), respectively.

Carlson and Gustafson [35] proved that the double inequality

1< K(r) - 4
log(4/r") ~ 3412

holds for all 0 < r < 1.
Kiihnau [36] proved the inequality
9 K(r)

(1.1) 8 4 12 < log(4/r")

forall 0 <r < 1.
It is well known that the double inequality

S Maya(117) < E(r) < ZMa(L,1)
holds for all 0 < r < 1 (see [37, 19.9.4]), where

aP 1/p
Mp(a7b): < ;_bp) (p?éO), MO(aﬂb):m

is the pth power mean [38-51]

It is the aim of this paper to refine the inequality (1.1) for the complete elliptic
integral of the first kind, and to obtain sharp upper and lower bounds for the
complete elliptic integral of the second kind. Our main results are the following
Theorems 1.1 and 1.2.

Theorem 1.1. The double inequality
B+1 - K(r) a+1
B+r2 " log(4/r") " a+r?

holds for all v € (0,1) with the best possible constants o = 3 and § = (log4)/(w/2—
log4) = 7.51371---.

(1.2)

Theorem 1.2. The double inequality

1 4 1 4
(1.3) 147" (210gr’_7> <E&(r)<1l+7r" <210gr’_5)

holds for all r € (0,1) with the best possible constants v =1/4 and 6 =1+ log2 —
w/2 =0.122351- - -.
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2. PROOF OF THEOREMS 1.1 AND 1.2

In order to prove our main results we need to establish some monotonicity prop-
erties for the functions defined by the complete elliptic integrals. The following
derivative formula can be found in the literature [52]:

K _E-1°K dE_E-K
dr 2 0 dr r

d 2 d _ré
%(5—7’ K)=rk, dr(lc_g)_r’2'
Theorem 2.1. The function

F(r) = (3+r})K — 4log(4/r")

is strictly increasing from (0,1) onto (—a,0) with a = 4log4—3mw/2 = 0.832788 - - - .
In particular, the double inequality

no_ ’
4log(4/r") — a c K< 4log(4/r")

2.1
(2.1) 3+7r2 3+7r2

holds for all r € (0,1).
Proof. Let the functions g and h be defined by
g(r) = B3+r)E — (r* —4r* + 3)K — 402,
h(r) = 3r"2 K + 4& — 8.

Then differentiation gives
/2 d

(X JF(T)ZQ(T),
Ldg(r) _
r o dr = h(r).

It follows from [52, Theorem 3.21(7)] that the function h is strictly decreasing
from (0, 1) onto (—4, 7w/2—8) and there exists 79 € (0,1) such that h is positive on
(0,79) and negative on (r9,1). We conclude that g is strictly increasing on (0, rg)
and strictly decreasing on (rg,1). From ¢g(0) = 0 = g(1) we clearly see that g(r) > 0
for r € (0,1) and F is strictly increasing on (0, 1). It is easy to see that the limiting
value F(0) = —a, and by [53, 112.01] F(17) =0. O

Theorem 2.2. Let § =log4/(w/2 —log4) = 7.51371---. Then there exists so €
(0,1) such that the function

G(r) = (B+7r*)K — (8 + 1) log(4/r")
is strictly increasing on (0, 89) and strictly decreasing on (sg,1) with the limiting
values G(0T) = 0 = G(17). In particular, the inequality
(8 +1)log(4/r")

(2.2) o

<K

holds for all v € (0,1).
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Proof. Let the functions g, h, [ and p be defined by
g(r) = (B+r)E — (B —r*)rK — (B+1)r,
h(r) =4 + (B8 — 3r})K — 2(8 + 1),
I(r)=(B+4—T1E — (B+4+3r?)'?K,
p(r) = (21r* + 8 + B)K — 24€.
Then differentiation leads to

L ar) = (),
L2y = ho),
nd,

TTQJ}L(’I’) =1(r),
i) = pir)

It is easy to see that the function p is strictly increasing from (0, 1) onto ((8 +
B —24)m/2,00). It follows from (8 + 5 — 24)7/2 = —13.3302--- < 0 that there
exists 1 € (0, 1) such that p is negative on (0,71) and positive on (r1,1). Hence the
function [ is strictly decreasing on (0,r;) and strictly increasing on (r1,1). From
the limiting values [(07) = 0 and {(17) = 8 — 3 = 4.51371--- > 0 we clearly
see that there exists ro € (0,1) such that [ is negative on (0,72) and positive on
(rg,1). We conclude that h is strictly decreasing on (0,r9) and strictly increasing
on (r2,1). This together with the values h(01) = 2r —2+ (7/2—1)8 = 1.05827 - - -,
h(0.8) = —0.760875--- and h(17) = oo implies that there exists 0 < 73 <14 < 1
such that h is positive on (0,r3) U (r4,1) and negative on (rs,r4). Hence g is
strictly increasing on (0,73) and (ry4, 1), and strictly decreasing on (rs,r4). Since
g(0T) = 0 = g(17), we conclude that there exists sq € (0, 1) such that g is positive
on (0, sp) and negative on (sg,1). Therefore, the function G is strictly increasing
on (0, s9) and strictly decreasing on (sp,1). It is easy to see that G(0") = 0 and

lim G(r) = lim (a+ 1)(K —log(4/r")) — r"*K = 0.
r—1- r—1-
(I

Proof of Theorem 1.1. Inequality (1.2) follows from inequality (2.2) and the
right-hand side inequality of (2.1) immediately.

Lemma 2.3. The function

u(r) = (1 4+ 73 —r?K — gr2 + %r‘l
is negative on (0,1).
Proof. Let the functions f and g be defined by
f(r)=3E+2r* -5,

g(r) = 73(57; ) + 4.

Then Applying the derivative formulas we get
d
(r) =rf(r),

%U
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< rry = rgtr).

Since the function 7 + (€—K)/r? is strictly decreasing from (0, 1) onto (—oo, —7/4)
(see [52, 3.43(11)]), the function g is strictly decreasing from (0, 1) onto (—oo, (16 —
3m)/4). Then from (16 —37)/4) > 0 we know that there exists o € (0, 1) such that
rg(r) is positive on (0,79) and negative on (rg,1). Hence f is strictly increasing on
(0,79) and strictly decreasing on (rg, 1). It is easy to see that f(07) =37/2—-5<0
and f(17) = 0. We conclude that there exists 1 € (0,1) such that rf(r) is
negative on (0,71) and positive on (r1,1). Therefore, the function w is strictly
decreasing on (0,71) and strictly increasing on (r1,1). Then from the facts that
w(0T) =0=wu(1") we get u(x) <0 for all r € (0,1). O
Theorem 2.4. The function

E-1 1 4
is strictly decreasing from (0,1) onto (—1/4,—9) with 6 = 1+ log2 — w/2 =
0.122351 - --.

Proof. Differentiation yields

d 1
rr’4%H(r) =(1+7r%)& 17K - 27“2 + 57“4 =u(r) <0

by Lemma 2.3. Hence, the function H is strictly decreasing on (0,1).
We clearly see that

HOY) =7/2—1—log2 = —4.
Let
ha(r) = € —1— 2" log > ha(r) = 1"
1(r)y=&— — 57" log 5, o(r) =r'=.
Then hy(17) =0 = ha(17), and by 'Hospital’s rule one has

/ 2
T r

r—1- h/Q(T) r—1- 2 272 4 47
where the last equality follows from the facts (see [52, 3.21(7) and (3.25)] or [53,
112.01] that
4
lim #?K =0,  lim </c — log ,> =0.
r—1— r—1- r
(]

Proof of Theorem 1.2. Inequality (1.3) follows easily from Theorem 2.4 imme-
diately.
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Symmetric identities for the second kind ¢-Bernoulli
polynomials
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Abstract : In [9], we studied the second kind g-Bernoulli numbers and polynomials. By using these
numbers and polynomials, we investigated the zeros of the second kind g-Bernoulli polynomials. In
this paper, by applying the symmetry of the fermionic p-adic g-integral on Z,, we give recurrence
identities the second kind ¢-Bernoulli polynomials and the sums of powers of consecutive g-odd

integers.

Key words : Symmetric properties, the sums of powers of consecutive g-odd integers, the second

kind Bernoulli numbers and polynomials, the second kind g-Bernoulli numbers and polynomials.

2000 Mathematics Subject Classification : 11B68, 11540, 11S80.
1. Introduction

Bernoulli numbers, Bernoulli polynomials, g-Bernoulli numbers, g-Bernoulli polynomials, the
second kind Bernoulli number, the second kind Bernoulli polynomials, Euler numbers, Euler poly-
nomials, Genocchi numbers, Genocchi polynomials, tangent numbers, tangent polynomials, and Bell
polynomials were studied by many authors (see for details [1-11]). Bernoulli numbers and polynomi-
als possess many interesting properties and arising in many areas of mathematics and physics. In [§],
by using the second kind Euler numbers E; and polynomials F;(x), we investigated the alternating

sums of powers of consecutive odd integers. Let k be a positive integer. Then we obtain

k—1 17 ‘
Ti(k—1) = ;(_Dn(%Jr 1y = (—1)k+ E;(Qk;) +E;

In [9], we introduced the second kind g-Bernoulli numbers B,, , and polynomials B, ,(z). By using
computer, we observed an interesting phenomenon of ‘scattering’ of the zeros of the second kind
g-Bernoulli polynomials B,, 4(x) in complex plane. Also we carried out computer experiments for
doing demonstrate a remarkably regular structure of the complex roots of the second kind g-Bernoulli
polynomials B, ,(x). The outline of this paper is as follows. We introduce the second kind ¢-
Bernoulli numbers B,, , and polynomials B, ,(z). In Section 2, we obtain the sums of powers
of consecutive ¢g-odd integers. Finally, we give recurrence identities the second kind g¢-Bernoulli
polynomials and the sums of powers of consecutive g-odd integers.

Throughout this paper, we always make use of the following notations: N = {1,2,3,- -} denotes
the set of natural numbers, R denotes the set of real numbers, C denotes the set of complex numbers,
Z,, denotes the ring of p-adic rational integers, QQ, denotes the field of p-adic rational numbers, and
C,, denotes the completion of algebraic closure of Q,. Let v, be the normalized exponential valuation
of C, with |p|, = p~»(®) = p~1. When one talks of g-extension, ¢ is considered in many ways such
as an indeterminate, a complex number ¢ € C, or p-adic number ¢ € C,,. If ¢ € C one normally
assume that |¢| < 1. If ¢ € C,, we normally assume that |¢ — 1|, < p_ﬁ so that ¢* = exp(xlogq)
for |z|, < 1. For

g € UD(Z,) = {glg : Z, — C,, is uniformly differentiable function},
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the p-adic ¢g-integral was defined by [1, 2, 3, 4, 6]

1(9) = | g(a)duyf@) = Jim o)’
q 7, ) q ) N oo [pN] ;) (
The bosonic integral was considered from a physical point of view to the bosonic limit ¢ — 1, as
follows:
1P
hi) = i 1y(0) = | o) = Jim e S o) (e 12,85 (0
By (1.1), we easily see that
Il(gl) = Il(g) +g/(0)7 cf. [15 27 37 47 67 7}7 (12)
d
where g () = g(z+ 1) and ¢'(0) = Z(;) ‘m:O.

First, we introduce the second kind Bernoulli numbers B,, and polynomials B,,(x). The second
kind Bernoulli numbers B,, and polynomials B,,(z) are defined by means of the following generating

functions (see [7]):

and
2t
Fla,t) = — ¢ E:Bnq
respectively.
The second kind ¢g-Bernoulli polynomials, B,, ,(z) are defined by means of the generating func-
tion:
(log g+ 2t)e
Fy(z,t) = (16%7_1 = ZB n.q (1.3)

The second kind ¢-Bernoulli numbers B, , are defined by means of the generating function:

(log g+ 2t)e! & "
n=0
In (1.2), if we take g(z) = ¢%e(* TV then we have
. (log g + 2t)e!
[ et ) = CRLERC (1.5)
7 q"e 1

P

for |t < p_ﬁ. In (1.2), if we take g(x) = €?"** then we also have
2nt
2nxt
d = . 1.6
[ e = it (16)
It will be more convenient to write (1.2) as the equivalent bosonic integral form
/ g(x 4+ 1)duy (z) = / g(z)dui(z) + ¢'(0), (see [1,2,3,4,6]). (1.7)
ZP Zp

For n € N, we also derive the following bosonic integral form by (1.7),

/Z g(z +n)dp (x) = / x)dps (z) + Zg , where ¢'(k) = di’i(;) | (1.8)

D ZP
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In [9], we introduced the second kind ¢-Bernoulli numbers B,, , and polynomials B,, 4(x) and inves-
tigate their properties. The following elementary properties of the second kind g-Bernoulli numbers
B,, 4 and polynomials B,, 4(x) are readily derived form (1.1), (1.2), (1.3) and (1.4). We, therefore,

choose to omit details involved.

Theorem 1(Witt formula). For ¢ € C, with |1 — ¢|, < p*ﬁ7 we have

/ q*(2x + 1)"dp1 (v) = By g,
Z

P

/Z q"(x + 2y + 1)"dp1(y) = Bn ().

P

Theorem 2. For any positive integer n, we have

n n B
Bnﬁq(x) = Z <k> Bk7qxn kJ.

k=0

Theorem 3(Distribution Relation). For any positive integer m, we obtain

m—1 .
. ) 1_
By, 4(z) = mn1 g q' B gm (W) for n > 0.
i=0

2. Symmetry identities for the second kind ¢-Bernoulli polynomials

In this section, we assume that ¢ € C,. In [2], Kim investigated interesting properties of
symmetry p-adic invariant integral on Z, for Bernoulli polynomials and Bernoulli polynomials. By
using same method of [3], expect for obvious modifications, we obtain recurrence identities the second
kind g-Bernoulli polynomials. By (1.7), we obtain

1
T, n (2x+2n+1)td _ T (2w+1)td
hlogq + 2t (/Zq e (@) /z T m(x))

P

(2.1)
nfy, e D ()
= pr qnerTLtiEdﬂl(I’)
By (1.8), we obtain
1 z n (2z4+2n+1)t / 2z+1
- - m d _ z (24 )td
hlogq + 2t (/Zq e i) = 0 t (2)
2.2
0o n—1 ) tk ( )
-3 (Seer)
k=0 \i=0
For each integer k > 0, let
Okq(n) = 1"+ q3% + @55 + @7 + -+ ¢"(2n + 1)".
The above sum Oy 4(n) is called the sums of powers of consecutive g-odd integers.
From the above and (2.2), we obtain
# / qque(2w+2n+1)tdu1(x) _ / qz€(2w+1)td/$1(x) i — i O (TL _ ]_)i (23)
logg+2t \ Jz, 7, k! P q k!
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Thus, we have

3 (Qn/ ¢® (2 4 2n 4 1)*dp, () 7/ (22 4 1)*dps () ) = (logq + 2t)O 4(n ~ 1y
k=0 Zp Zp k=0 .
1k
By comparing coefficients l in the above equation, we arrive at the following theorem:
Theorem 4. Let k be a positive integer. Then we obtain
q"Bp,¢(2n) — By, g =1og g0 q(n — 1) + 2kOg_1 4(n — 1). (2.4)
Remark 5. For the sums of powers of consecutive odd integers, we have
n—1
lim (10g O ¢ (n = 1) + 2kOx1,4(n = 1)) = 2k > (20 +1)*7" = By(2n) — By for k € N.
i=0
By using (2.1) and (2.3), we arrive at the following theorem:
Theorem 6. Let n be positive integer. Then we have
T (2:c+1)td 0o
n q*e wi(x) tm
e ) S O 25)
S, arrertmdu(x) A= m!
Let wy and ws be positive integers. By using (1.5) and (1.6), we have
fZ f q(wlzlergxg)e(wl(211+1)+w2(212+1)+w1w22)tdu1(xl)dul(xQ)
W1 W2 T 2w1w2:vtd
Jo, avrivzre () (2.6)
(logq + Qt) wit U)Qtewlwgmt(qwlwgelewgt _ 1)
(qwlelet _ 1)(qw2621U2t _ 1)
By using (2.4) and (2.6), after elementary calculations, we obtain
waz2 ,(2x2+1)(wat)
a= i / qwlwle(w1(2x1+1)+w1wzw)tdu1(wl) w1 pr q e dﬂl((EQ)
wq Z, f qwlwzxe2w1w2tmdu1(m)
(2.7)
( Zquwl ’U)Q.T > (ZquWQ ’(1)171) >
m=0
By using Cauchy product in the above, we have
[eS) m - - 4m
=> (> (J) g (Wak)wn™ Omjgua (w1 — Dwy™ ) —. (2.8)
m=0 \ j=0
Again, by using the symmetry in (2.7), we have
w1T1 (2x1+1)(w1t)
a = L / qwgmge(w2(2z2+1)+w1wzm)tdlul (.132) w2 pr q € d,Ul(.Il)
Wa z, f qw1w2x62w1wgtzd'u1 (IE)
tm
= Bm wo Om w1y — 1 .
(1 3 Byt ) (3 O ot
Thus we have
_ - - j—1 m—j | "
- Z Z Bjqua (wiz)wy " Om—jger (w2 — 1wy ml (2.9)

m=0 \ j=0
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tm
By comparing coefficients — on the both sides of (2.8) and (2.9), we arrive at the following theorem:
m!

Theorem 7. Let w; and ws be positive integers. Then we obtain

m

2 ( ) i (War)w] O jgua (w1 — 1wy ™

Jj=
- Z < ) gz (W12)wh " O gos (wa — Ly,

where By, 4(x) and O, 4(k) denote the second kind ¢-Bernoulli polynomials and the sums of powers

of consecutive g-odd integers, respectively.
By using Theorem 2, we have the following corollary:
Corollary 8. Let w; and wy be positive integers. Then we have
m J . ]
Z ( > < ) wi*Fw] T T By gua O j gur (wa — 1)
0 k=0
m

7=0 k=0

kv

M“‘

( ) ( )w{_lw;ﬂ * 2 By, g1 O (w1 = 1).

By using (2.6), we have
waza ,(2x2+1)(wat)
N w2t w1 fzp g 2e dpi1(z2)
a e q e 1 (21) wiwa T p2wiwate
w1y Zyp pr q ¢ Iul(x)

wyp—1
_ iewlwzxt / qw1x1€(2x1+1)w1tdul (-'171) Z qwzje(2j+1)(w2t)
w1 7

P 7=0
. W (2.10)
w1 — ) <2x1+1+w2x+(2j+1)—>(w1t)
= Z qwzj/ g e w1 dp (21)
=0 Zy
e%e] wip—1
. . w 4t
=2 2 ¢ Bugn (wzx + (2 + 1)2> wi ™t o
ne0 =0 w1 n.
Again, by using the symmetry property in (2.10), we also have
wiz1 ,(2x1+1)(w1t)
a = iewlwzwt/ qw2m26(2x2+1)w2tdu1(x2) w2 pr q € dﬂl(fﬂl)
Wo Zp pr qw1wza:e2w1w2t:vdlu1(x)
L iwoat 22041 Ea i (2541
— | —ewrwez qwzme( 2+ )wﬁd/ﬁl(ﬂh) Z qwlje( J+1) (wit)
w29 Zp =0
) wy (2.11)
w2~ ) (212+1+w1z+(2j+1)—>(w2t)
=2 qle/ g e w2 dpu (w2)
=0 Zp
fe%e] wa—1
. ) w 4t
=2 | 2 0" Buges (wlw 2+ 1)1> wp™ | o
n=0 \ j=0 w2 n.

n

t
By comparing coefficients — on the both sides of (2.10) and (2.11), we have the following theorem.
n!
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Theorem 9. Let w; and ws be positive integers. Then we obtain

wi—1

. . W _
> ¢ Boge (a4 274 D2 )
=0 b
o (2.12)
_ w1j . ﬂ n—1
- Z ¢ B gue | wiz + (27 + l)w wy
: 2
j=0

Substituting wy; = 1 into (2.12), we arrive at the following corollary.

Corollary 10. Let wy be positive integer. Then we obtain

wa—1 .

e ; T—we+ (25 +1

By q(z) = wy ' E ¢’ B g ( 2 w2( )) .
j=0

This last result(Corollary 10) is shown to yield the known Distribution Relation of the second kind

g-Bernoulli polynomials(Theorem 3).
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On some finite difference methods on the Shishkin mesh for the

singularly perturbed problem *

Quan Zheng! Ying Liu, Jie He
College of Sciences, North China University of Technology, Beijing 100144, China

Abstract: This paper studies the convergence behavior of three finite difference schemes
on the Shishkin mesh to solve the singularly perturbed two-point boundary value problem.
Three new error estimates are proved for the hybrid finite difference scheme that combines the
midpoint upwind scheme on the coarse part with the central difference scheme on the fine part,
the midpoint upwind scheme and the simple upwind scheme, respectively. Finally, numerical
experiments illustrate that these error estimates are sharp and the convergence is uniform with
respect to the perturbation parameter.

Keywords: Singularly perturbed boundary value problem; Finite difference scheme; Piece-

wise equidistant mesh; Error estimate; Uniform convergence

1 Introduction

Consider the singularly perturbed two-point boundary value problem:

Lu(z) = —eu”(z) + b(x)u/(x) + c(z)u(x) = f(x), = € (0,1),

u(0) = A, u(l) = B, .

where 0 < ¢ < 1 is a small perturbation parameter, A and B are given constants, and the
functions b(z), ¢(z) and f(z) are sufficiently smooth satisfying 0 < 5 < b(x) < f* and 0 <
c(x) < v*, where 8, f* and +* are constants. Under these conditions, the singularly perturbed
problem (1) has a unique solution that possesses a boundary layer at © =1 (see [1-4]).

Among various numerical methods to solve singularly perturbed problems, finite difference
schemes on layer-adapted meshes for the singularly perturbed two-point boundary value prob-
lem have been widely studied in the literature, see [1-10]. The simple upwind scheme was
proved to have the error estimate O(N 1) on the coarse part and O(N~!In N) on the fine part
on the Shishkin mesh and the error estimate O(N~!) on the whole interval on the Bakhvalov-

Shishkin mesh, see, e.g., [5, 6]. The central difference scheme on the Shishkin mesh was proved

*This paper is supported by Natural Science Foundation of China (No. 11471019).
TE-mail: zhengq@ncut.edu.cn (Q. Zheng).
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to have the convergence O(N~21In? N) on the whole nodes by discrete Green’s functions, al-
though the computed solution had small oscillations on the coarse part, see [3, 7]. In order to
avoid oscillation, the midpoint upwind scheme on the Shishkin mesh was constructed and the
convergence O(max{N~2, N=5+4/Nn N'}) were proved for i = 1,--- , N in [8]. The midpoint
upwind scheme on the Bakhvalov-Shishkin mesh was shown to be of order O(N~2) on the coarse
part and O(N~!) on the fine part in [9]. To improve the convergence behaviour of boundary
layer, the hybrid finite difference scheme was proposed and the convergence O(N~2) on the
coarse part and O(N~21n? N) on the fine part were proved for (1.1) with ¢(z) = 0 in [8] and
with geeneral ¢(z) > 0 in [4].

In this paper, we construct the hybrid finite difference scheme on the Shishkin mesh to slove
(1) with ¢(x) > 0, not only give the suitable conditions especially for the ¢(z) to guarantee
an associated M-matrix and the discrete maximum principle, but also obtain a better error
estimate. Furthermore, new error estimates for the midpoint upwind scheme and the simple
upwind scheme are also obtained. Finally, the convergence behaviours according to these new
error estimates for these schemes are confirmed by numerical experiments.

Note: Throughout the paper, the nontrivial case ¢ < C N~!is considered, C' denotes a generic
positive constant that is independent of both perturbation parameter ¢ and mesh parameter IV,

and C' can take different values at each occurrence, even in the same argument.

2 Error estimates on the Shishkin mesh

Lemma 1 (see [1-3] The solution u(z) of (1) can be decomposed as u(zx) = S(z) + E(x) on
[0, 1], where the smooth part S satisfies

LS(z) = f(z) and | SO(z)|<C, 0<i<gq,
while the layer part F satisfies
LE(z) =0and | EW(z)|< Ce P exp <6<1_$)> , 0<i<g,

where the maximal order ¢ depends on the smoothness of the data. [

Let N be a positive even integer and 7 = min {%, % In N } Since the singularly perturbed
problem is considered, we generally take ¢ < CN~! and 7 = 4Feln N. Choose 1 — 7 be the
transition point. Divide [0,1 — 7] and [1 — 7, 1] uniformly into N/2 subintervals, respectively.
Then the Shishkin mesh is:
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Lemma 2 Denote h; = x; — x;_1 for (2), then N~! < h; < 2N~! and hnjovi = %N_1 In N for

B
i=1,2,--- ,N/2. O

We construct the following hybrid finite difference scheme:

—€D+D7U£V + bi_l/QD’uﬁv + Ci_1/2U£\11/2 = fi—1/27 0<< N/2,
—eDTD7ud + b, D% + ciud = f;, N/2<i<N, (3)

LNuN o

i =

ull = A, u]NV:B,

ull, —ul ulV — oy
where define LY as a discrete operator, Dt ul¥ = %, D ul =~ 3 Uy DY¥D=ulN =
i+1 i
N . N N N N N
hi—l—l +hz ) Uu;” = hi—i—l +hz )ui,1/2 - 2 » Vi—1/2 — ($z—1/2)a i = 0(Zq),

Jicip=1Tf (afi,l/Q) and so on.
The scheme (3) is slightly different from the scheme (2.86) in [4] in the discretization of cu

at ;_1 /9. The scheme (3) gives the following expression:

2 bi—1/2  Ci—1/2

. 2 N 2 bi_1/2 | CGi-1/2\ N _ N
LVGN = i1 (hithitr) Jitl + (hihi+1 + hi + )ul (hi(hi-i-hiﬂ) hi 2 )uifb
2e b; N 2¢e Noy N 2e b; N
_(hi+1(hi+hi+1) "~ hithig )qu + (hihi+l +ci)u; (hi(hi+hi+l) + hi+hit1 LASE
* *
. . L ol N 4 N
Lemma 3 (Discrete comparison principle) If N > i and N > ——, then the operator L
n

defined by (3) on (2) satisfies the discrete comparison principle, i.e., let {v;} and {w;} are mesh
functions, if vg < wg, vy < wy and LNv; < LNw; fori=1,2,--- ,N — 1, then v; < w; for all 4.
Proof. Under the conditions of Lemma 3, the coefficient matrix associated with LY by the
above expression is clearly an (N — 1) x (N — 1) strictly diagonally dominant matrix, and has
positive diagonal entries and non-positive off diagonal entries. So it is an irreducible M-matrix.
Hence, the operator satisfies the discrete comparison principle. [

So, the scheme (3) on (2) has a unique solution and the function w; is defined as a barrier

function for v; by Lemma 3.

i
h .
Lemma 4 Set Zy = 1, define the mesh function Z; = H (1 + ’82]) fori=1,2,---,N. Then
€
i=1
the operator LV of (3) satisfies

LNZ; > LZZ- fori=1,2,--- ,N —1.
max{e, h;}
Proof. Clearly
p - B
DYZ,= —Z;and D" Z; = ———7Z,.
2¢e an 2e + Bh;
Hence ) 82
c :
—eD™D Z;=——"—(D"Z; - D" Z;) = — : Z;,
: hit1+ hi ( ) (hi+1 + hi) (2¢ + Bhi)
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and

Doz — hixnDtZi + hiD~Z; ( B n B2hit1h; > '
e hit1+ hi - \2e+Bhi  2e (hiyr + hi) (26 + Bhi) ) 7
Thus, from (3), by using ¢(x) > 0 and b(x) > 5 > 0, we have
CR
INZ > — Zi4+bi_ 19 ————Z;
= (hip + hi) (2 + Bhy) 2 2+ Bhi

B Bhi .
=P (b e M Nz i=1,2,-.- NJ2,
2¢ + Bh; " 1/2 hiv1 + h; ! /

B2h; < B B2hit1h; )
LNZi > — Z; + b; + Z;
- (hi+1 + h,’) (25 + 5h1) 2e + [Bh; 2e (hi+1 + hi) (28 + ,Bhl)
B Bh; .
> — |y —— | Z; =N/2+1,--- N -1,
— 2e+ Bh; hiv1 + h; ! /2+

and obtain the result. U
Lemma 5 For the Shishkin mesh (2), there exists a constant C' such that

N Bh; -1 )
I <1 N 2;) < ON“=/N) for NJ2 < i < N,
j=itl

Proof. By Lemma 4.1(b) in [1] and noting h; = h for j = N/2+1,--- | N, we have

N h -1 N h -1

I I <1 + /8 j> — | | (1 + /B ) S e—ﬁ(l—xi)/(Za—i-,Bh) — 674(17i/N)1nN/(1+4N_1lnN)'
= 2e = 2¢e
Jj=t+1 Jj=i+1

Then as the proof of Lemma 3.2 in [8], the result is proved. O
Lemma 6 Assuming that u(z) be sufficiently smooth function defined on [0, 1], for the truncation
error of (3) on the Shishkin mesh to solve (1), there exists a constant C such that

Tit+1 Zi
/ elu’ (t)|dt + hi/ (| (£)] + |u”(t)|)dt] Li=1,---,N/2,
x

i—1 Ti—1

| LN (i) = (Lu)(2i_1/9)| < C

LY (u;) — (Lu) (23)] < Chy /W <5 ‘u(4)(7§)‘ + \u’”(t)\) dt, i=N/2+1,--- N —1.

Ti—1

Proof. The results follow by noting that c¢(x)u(x) contributes

‘Ci_l/g‘ ‘(u(wl_l) +u(x;)) /2 —wu (xi_l/Q)‘ < Ch; /xl |u"(t)‘ dt

ie1
for i = 1,2,---,N/2 to the truncation error in the Lemma 2.4 in [8] and zero for i = N/2 +
1,--+, N —1 to the truncation error in Theorem 3.2 in [8], respectively. [

Similarly, the numerical solution can also be split into the smooth part and the layer part
by ul¥ = SN + EN, where SV satisfies LV SN = ficij2, @ = 1,2,--- | N/2, INSN = f i =
N/2+1,--- N —1, SV = Sy and S = Sy, and EN satisfies LNEN =0,i=1,2,--- ,N — 1,
E(])V = Ey and E% = Ey, therefore

|ui —ulN| < [S; — SN| + |E; — EN|. (4)
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Lemma 7 If N > _ and LN g, then for the smooth part of the solutions of (1) and (3)
n

on the Shishkin mesh, there exists a constant C such that
‘Si — SZN‘ < CN~2 for all i.
Proof. By Lemma 1 and Lemma 6, we have

|LN (S;) = (LS)(w;-1/2)| < C(hi + hiz1)(e + hi), i=1,--- ,N/2,

|LN(S; — S| =
‘LN(SZ') — (LS) (372)‘ < Chl(hl + hi+1)(6 + 1), 1= N/2 +1,---,N—1.

Set w; = CoN~! (5 + N *1) x; for all ¢, where constant Cy is chosen sufficiently large. Then

bifl/QC()Nil(E +N71) + C’i*l/? ('U}Z‘_l +’LUZ) /2 Z CNil(E + Nﬁl), 1= 1, cee ,N/2,
bCoN e+ N Y +cw; >CN e+ N, i=N/2+1,--- ,N—1.

LNwi =

Therefore, LNw; > ‘LN (Si—SZN)‘ fori =1,--- ,N — 1. Clearly, wg = 0 = ‘SO—S(J)V| and
wy = CoN~1 (5 + Nfl) >0= ‘SN — S%| By Lemma 3, w; is a barrier function for }Si — SZN‘

and then the proof is completed. [
* N 43*
Lemma8IfN>%andm> g

on the Shishkin mesh, there exists a constant C' such that

, then for the layer part of the solutions of (1) and (3)

|E; —EN| <CN?fori=0,1,--- ,N/2.

Proof. For i =0,1,--- ,N/2, from Lemma 1, we have

B — ) B — ) B =)
|E;| < Ce e <Ce 2 <C(Ce 2¢ =CN2 (5)

Recall the function Z; in Lemma 4. Now e’ > 1 + ¢ for all ¢t > 0. So,

Z B\t
Z -1 <1+2€J> > T /09 = o-Bl-m/(22) (©)
j=i+1 j=i+1

Z.
Let YV; = C’OZ—Z for all 7, where constant Cj is chosen sufficiently large. From Lemma 4, we
N
have LNY; = Co/Zn - LNZ; > 0 = |[LNEXN| for i = 1,--- ,N — 1. By (6) and Lemma 1,
Yo = CoZo/Zn > Coe % > Cpe™ 2 > |E(0)| = |EY| and Yy = Cy > |E (1)] = |EY|. Thus, by

Lemma 3, we have

N ,Bh -1
}EZN}SYQ:C‘H <1+2€J) for all 1. (7)
J=i+1
By Lemma 5, we have
N /Bh -1
BN <c ] (”2!) <ON?fori=0,1,---,N/2.

J=N/2+1
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Consequently, combining this inequality with (5), the proof is completed. [
*

N 45*
Lemma 9 If N > % and Ly > g, then for the layer part of the solutions of (1) and (3)
n

on the Shishkin mesh, there exists a constant C such that

|E; — EN| < C'max {N—z,N—6+4i/N ln2N} fori=N/2+1,---,N.
Proof. By Lemmas 6, 1 and 2, we have
LY (B = BY)| = [LY (B) = (LE) ()]

< Ch; / o <g ) E@ (t)’ + }E’”(t)\) dt

i—1

Ti4+1 —
< Chi/ e 3exp (—ﬂ(lt)> dt

i—1 €

— O3, - %sinh Bhi | (—pa-z)/e
g

< Ce3p2eBl-m)/(22)

N Bhi\ N Bh;\

—17A7—21..2 J : —B(1—=z;)/(2€) J

<Ce "N “*ln Nll1<1+ 28) , since e 5<'1_£1<1—|— 28)
J=t Jj=t

=Ce 'N*m*N-Z;/Zy.

Set ¢; = Cy {N‘2 +N2In’N - ZZ-/ZN} for i = N/2,--- N, where constant Cj is chosen
sufficiently large. By Lemma 4, we have LN¢; > CN2In*N/Zy - LN Z; > ‘LN (Ez — EZN)‘
for i = N/241,---,N — 1. Clearly, ¢yjn > CoN~2 > ‘EN/Q —ij by Lemma 8 and
on > 0 = ‘EN — E]]\\ﬂ Thus, ¢; is a barrier function for ‘EZ — Ei\]‘ by Lemma 3. And by
Lemma 5, the result follows. [

Theorem 1 Assuming that N > r and N > 476*, the hybrid finite difference scheme (3)

g In N B
on the Shishkin mesh (2) for (1) satisfies:

{ul—um < C’max{N_Q,N_ﬁﬂi/NanN} fori=1,---,N. (8)

Furthermore,
CN~2, 0 <i <pyN,

CN~—2In%N, pp,N <i <N,

1
where pp, =1 — % ~ 0.8161.
e
Proof. From (4) and Lemmas 7, 8 and 9, we have the error estimate (8).

Furthermore, since N~=6t4/N 12 N = N=2N—4+4/N 12 N we consider the function

flz) =z Pnn?z, 2> 1.
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From f'(z) = = *t*»~1nz [(—4 + 4pp) Inz + 2] = 0, we have z = e/(2-2Pn) o,

1
nad /o) = T e
then
1
N 42N < = 1.
S A= )2

Therefore, (9) is proved. O

*

Theorem 2 Assuming that N > %, the midpoint upwind scheme on the Shishkin mesh (2) for
(1) satisfies:

CN72 0<i<pnN,
g = | < e (10)
CN~'InN, p,,N <i<N,

3 1
where p,, = 1 = 0.6580.

Proof. Under theehypothesis of Theorem 2, the matrix associated with the midpoint upwind
scheme is an M-matrix.

In [8], it is shown that |EZ —EZN’ < C'max {N_Q,N_5+4i/NlnN} for i« = N/2,--- | N.
Combining this with (3.1) and (3.2) in [8] yields the result:

‘ui - um < Cmax {N*Z,N%Hi/]\[ In N} for all <. (11)

Further, as the proof of Theorem 1, Theorem 2 follows. [
Theorem 3 The simple upwind scheme on the Shishkin mesh (2) for (1) satisfies:

CN~! 0<i<pN,
|u,;—uN‘ < =t=b (12)
CN'InN, p,N <i <N,

where ps =1 — % ~ 0.8161.
Proof. The matrix associated with the simple upwind scheme is an M-matrix. From Lemma
2.95 in [3], we know ’LN(Ei - E'ZN)’ < Ce N~ le=Pl-m)/e,

Set a new ¢; = Cy {N‘1 —|—N‘1lnN-ZZ-/ZN} for i = N/2,--- N, where constant Cj is
chosen sufficiently large. It is easy to verify that {El — ElN ’ < ¢; for i = N/2,--- N, by the
discrete comparison principle.

Note that 7 = %ElnN and h; = £N~'InN for i = N/2+1,---,N. As the proof of

i =5
N ! )
Lemma 5, we have [] (1+52) < ON“20-UN) for N/2 < i < N. Thus [E;— E)| <
j=i+1

C max {N’l, N—3+2/N | N} for i = N/2,--- ,N. Combining this inequality with Lemma 2.86
and Corollary 2.95 in [3], we have

s = wl| < Cmax {N"L, NN N for all . (13)
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Consequently, as the proof of Theorem 1, the proof is completed. [
Remark. In this paper, for the hybrid scheme and the midpoint upwind scheme, the condition
N > %*, not in [4] and [8], is added in Theorems 1 and 2 for ¢(z) > 0 in (1). Moreover, the
constants pp, pp, and ps are much larger than %, and the factor C' of new error estimates are

uniform to € and N.

3 Numerical results

Example 1 (see [10]). Consider the singularly perturbed problem

1
—ey” + - Y+ flx), 0<z <1,

+1 x+2y:
y(0) =1427%, y(1) =e+2,

where f(x) is chosen such that y(z) = e* + 27é(a: + 1)1+% is the exact solution.

The numerical results of Example 1 by the hybrid scheme (3) on (2) are shown in Table 1,

max0<v< N |u;—u;
iy [U ;N|, and the numer-
7

where the numerical convergence order is computed by logsy
max0<i§th |’U,i—’lL
ical convergence constant is computed by max<i<p, N ‘ul — ufv } /N~2, with the corresponding

formulas for p, N < i < N, and for the midpoint upwind scheme and the simple upwind scheme.

Table 1. The numerical results of the hybrid scheme (3) on the Shishkin mesh (2)

e=10"96 e =10"10
N i < ppN order const i>ppN order  const i < ppN order const i>ppN order  const
16 0.0178 4.553 0.1711 5.698 0.0178 — 4.553 0.1711 — 5.698
32 0.0031 2.522  3.212  0.0639 1.421  5.446 0.0031 2.522  3.212  0.0639 1.421  5.446
64 5.1389e-4  2.593 2.105 0.0211 1.599  4.988 5.1395e-4  2.593 2.105 0.0211 1.599  4.988
128 8.4857e-5 2.599 1.390 0.0071 1.571  4.922 8.4882¢-5 2.599 1.391 0.0071 1.572 4.922
256 1.5179e-5 2.483 0.995 0.0023 1.626 4.874 1.5190e-5 2.482 0.996 0.0023 1.626 4.874
512 3.1035e-6  2.290 0.814 7.2139e-4 1.673  4.859 3.1083e-6  2.289 0.815 7.2139e-4 1.673 4.859
1024  6.8326e-7 2.183 0.717 2.2239e-4 1.698 4.854 6.8554e-7  2.181 0.719 2.2279e-4 1.695 4.862
2048  1.5924e-7  2.101 0.668 6.7248e-5 1.726  4.852 1.6034e-7 2.096 0.673 6.7628¢e-5 1.720 4.879

The third and ninth columns in Table 1 show second-order convergence and agree with (9),

on [0, zp,, n1]- The sixth and twelfth columns show almost second-order convergence and agree

with (9), on (xp,, n1, 1]. Moreover, the columns of orders and constants in Table 1 show that

the convergence is uniform to the different perturbation parameters.

Table 2. The numerical results of the midpoint upwind scheme on the Shishkin mesh

g = 10_6 £ = 10—10
N i < pmN order const ¢>p,N  order const i < pmN order const ¢ >pmN order const
16 0.0058 1.476  0.3578 2.065 0.0058 — 1.476 0.3578 — 2.065
32 5.6856e-4  3.351  0.582  0.2550 0.489 2.355 5.6849e-4  3.351 0.582  0.2550 0.489 2.355
64 1.5345e-4 1.890 0.629 0.1735 0.556  2.670 1.5350e-4 1.889 0.629 0.1735 0.556  2.670
128 3.8769¢-5 1.985 0.635 0.1091 0.670 2.877 3.8792e-5 1.984 0.636 0.1091 0.670 2.878
256 9.6954e-6  2.000 0.635 0.0655 0.736  3.023 9.7056e-6  1.999 0.636  0.0655 0.736  3.023
512 2.4218e-6  2.001 0.635 0.0381 0.782 3.127 2.4265e-6  2.000 0.636 0.0381 0.782  3.127
1024  6.0438e-7 2.003 0.634 0.0216 0.819 3.191 6.0664e-7  2.000 0.636 0.0216 0.819 3.191
2048  1.5056e-7  2.005 0.632 0.0120 0.848 3.225 1.5166e-7 2.000 0.636 0.0120 0.848 3.225
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Table 2 shows the uniform convergence of second-order on [0, x[,, ]| and almost first-order

on (z,,n], 1], and agrees with Theorem 2.

Table 3. The numerical results of the simple upwind scheme on the Shishkin mesh

e=106 e=10"10
N i < psN order const i>psIN order const i < psN order const i>psN order const
16 0.2228 — 3.565  0.2409 — 1.390 0.2228 3.565  0.2409 — 1.390
32 0.1123 0.988 3.594 0.1540 0.646  1.422 0.1123 0.988 3.594 0.1540 0.646 1.422
64 0.0516 1.122  3.303 0.0968 0.670  1.490 0.0516 1.122  3.303 0.0968 0.670  1.490
128 0.0226 1.191 2.888 0.0599 0.693 1.581 0.0226 1.191 2.888 0.0599 0.693 1.581
256 0.0097 1.220 2.484 0.0356 0.751  1.644 0.0097 1.220 2.484 0.0356 0.751 1.644
512 0.0043 1.174  2.187 0.0205 0.796  1.686 0.0043 1.174  2.187  0.0205 0.796  1.686
1024 0.0019 1.178 1.942 0.0116 0.822  1.709 0.0019 1.178 1.942 0.0116 0.822 1.709
2048 8.5786e-4 1.147 1.757  0.0064 0.858 1.719 8.5793e-4 1.147 1.757 0.0064 0.858 1.719

Table 3 shows the uniform convergence of first-order on [0, zp,, 1] and almost first-order on

(zp,N1» 1], and verifies Theorem 3.

The log2-log2 graphs of errors to illustrate the convergence orders for the hybrid scheme on

0,1 —7], (1 = 7,2p,n5]] and (z|p, N, 1] on the Shishkin mesh are shown in Fig. 1 (a), those for

the midpoint upwind scheme and the simple upwind scheme are in Figs. 1 (b) and (c).

0

log2(Error)

0

log2(Error)

log2(Error)

—*
—-e

a1 %

-~
= (Erxg )

O 8]

~

~
~Je

[

N\
N

log2(N) log2(N)

Fig. 1 The log2-log2 graphs of errors on the Shishkin mesh for: (a) the hybrid scheme, (b) the midpoint

upwind scheme, (c¢) the simple upwind scheme.

4 Conclusions

In this paper, the hybrid finite difference scheme is constructed, which is slightly different
from the schemes in [4] and [8]. The new estimates on the Shishkin mesh, which are O(N~2) for
1 <i < ppN and O(N~2In* N) for p, N < i < N with p, = 1 — o for the hybrid finite difference
scheme, O(N~2) for 1 < i < p,, N and O(N"'InN) for p,, N < i < N with p,, = 3 — L
the midpoint upwind scheme, and O(N~!) for 1 <i < p;,N and O(N~'In N) for p;,N <i < N

with ps =1 — i for the simple upwind scheme, are better than those in [4-6, 8]. The numerical

for

example strongly support our results.
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FEKETE SZEGO PROBLEM RELATED TO SIMPLE LOGISTIC
ACTIVATION FUNCTION

C. RAMACHANDRAN AND D. KAVITHA

ABSTRACT. In this present paper, we introduce the new subclass of analytic uni-
valent functions associated with quasi-subordination in the field of sigmoid func-
tions. We obtained the coefficient bounds and Fekete-Szego inequality belongs to
the defined class. Also, we extracted the new subclasses from the dened class of
analytic functions.

Mathematics Subject Classification: Primary:30C45; Secondary:30C50,33E99
Keywords: Univalent functions, Sigmoid function, Subordination, Quasi-subordination,
Fekete-Szego Inequality.

1. INTRODUCTION AND PRELIMINARIES

Sigmoid function playing an important role in the branch of special functions
which is the part of logistic activation function developed in eighteenth century. The
theory of special functions has been developed by C. F.Gauss, C. G. J. Jacobi, F.
Klein and many others in nineteenth century. However, in the twentieth century |,
from the perspective of fundamental science sigmoid functions are of special interest
in abstract areas such as approximation theory, functional analysis, topology, differ-
ential equations and probability theory and so on.

A typical applications of the sigmoid function includes neural networks, image
processing, artificial networks, biomathematics, chemistry, geoscience, probability
theory, economics etc., We can find the similar kind of functions called gompertz
function and ogee function which are used in modelling systems to saturate at more
values of time period. The evaluation process of sigmoid function in many ways
especially by truncated series expansion method was seen in [4 [10].

Recently Ramachandran et al. [I3] discssed the problem of Hankel determinant
for the subclass of analytic and univalent functions. The sigmoid function is of the
form

1
1 4e
is differentiable and has the following properties:

h(z) (1.1)
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e Bound output real numbers between 0 and 1, it leads to the probability
theory.

e It maps a very large input domain to a small range of outputs.

e It never loses information because it is an injective function.

e It increases monotonically.

The above properties permit us to use sigmoid function in the univalent function
theory.

In computational networks, this sigmoid function leads the output as digital
numbers 1 for ON and 0 for OFF. Kannan et al.[6] brought out contrast enhance-
ment using modified sigmoid function provides the highest measure of contrast and
can be effectively used for further analysis of sports color images.

Let A be the class of functions f(z) which are analytic in the open disk U =
{z:2€C:|z| <1} is of the form:

f(z)=z+ Zanz" (z € U). (1.2)

and normalized by f(0) = f’(0) — 1 = 0 and let S be a class of all functions in A
consisting of univalent functions in U .

If f(2) and g(z) be analytic in U, we say that the function f(z) is subordinate
to g(z) in U, and write f(z) < g(z), z € U if there exits a Schwarz function w(z),
which is analytic in U with

w(0) =0 and |w(z)]<1l (z€U)
such that f(z) = g(w(2)),z € U. In particular, if the function ¢ is univalent in U,
then We have that
f=g or f(z) <g(2),z€U
if and only if f(0) = ¢g(0) and f(U) C g(U) defined by|[11].
In the year 1970, Robertson [15] introduced the concept of quasi-subordination.

For, two analytic functions f(z) and g(z), the function f(z) is quasi-subordinate to
g(z) in the open unit disc U, written by

f(z) <4 9(2).

If there exist an analytic function ¢ and w, with |¢(2)| < 1,w(0) = 0 and |w(2)| <
1 such that

f(z) = p(2)9(w(z)), (z€0).
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Observe that if ¢(z) = 1, then f(z) = g(w(2)), so that f(z) < g(z) in U.
Furthermore, if w(z) = z, then f(2) = ¢(2)g(z), said to be that f(z) is majorized
by ¢(z) and symbolically written as f(z) < g¢(z) in U. Hence it is obvious that
the quasi-subordination is a generalization of subordination as well as majorization
2, 8, 16,

Haji Mohd and Darus [5] introduced the concepts of g-starlike and g-convex func-
tions as follows:

Definition 1. Let the class S;(p) consists of functions f € A satisfies the quasi-
subordination
(Zf(Z)

) 1) =g 0(z) =1 (z€0). (1.3)
Example 1. A function f € U — C defined by
SO N
( 72) 1) —2(p(2) — 1) =y p(z) — 1; (2 € D).

belongs to the class Sy ().

Definition 2. Let the class C,(p) consists of functions f € A satisfies the quasi-

subordination
(Zf(Z)

m) —q QD(Z) - 1; (Z S U) (14)

Example 2. A function f € U— C defined by

zf//(z) = z(p(2) — z)—1: (z
(L) =t - 1) < pt) =15 e w)

belongs to the class Cy(ip).

To prove our main results, we need the following lemmas:

Lemma 1. [7] Let w be the analytic function in D, with w(0) = 0, |w(2)| < 1 and

w(z) = w1z +wz® + ..., then [wy — vwi| < max(L; |v]], where v € C. The result is

sharp for the functions w(z) = 2% or w(z) = 2.

Lemma 2. [3] Let w be the analytic function in D, with w(0) = 0,|w(z)| < 1 and
w(z) = w1z + w22 + ..., then

1 n=1
< )
o] < { 1—|wi?, n>2.

The result is sharp for the functions w(z) = 2% or w(z) = 2.
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Lemma 3. [I1] Let ¢ be an analytic function with positive real part in D, with
lo(2)| < 1 and let p(2) = co+c1z+c222+... Then|col <1 and |c,| < 1—]cl?* <1,
forn > 0.

Lemma 4. [4] Let h be the sigmoid function defined in (1.1) and

O(z) =2h(z) =1+ ) % (Z (_nll)nz”> , (1.5)

n=1

then ®(z) € P, |z| < 1 where ®(2) is a modified sigmoid function.
Lemma 5. [4] Let

O, m(z) =1+ Z (_271n)m (Z (_n1'>nz">

then | @, (2)| < 2.

Lemma 6. [4] If ®(z) € P and it is starlike, then f is a normalized univalent
function of the form (1.2). Taking m = 1, Joseph et al [4] remarked the following:

Remark 1. Let
O(z) =1+ Z Cn2"
n=1
(_ )n-i—l
where ¢, = o] then |c,| < 2,m =1,2,3... this result is sharp for each n see
n!
4]

Motivated by the earlier works of Ramachandran et al. [I4], we define the class
of function involving quasi-subordination in terms of sigmoid functions.

Definition 3. A function f € A is in the class M3 (D, ) if

’ « ’ " B
2f (Z)} { 2f (2) ( 2f (2))}
1—A +A1+ —1=<,P(2) -1 1.6
SRl ) ot

here 0 < <1, 0<a<l1l, 0<X<1

With various choices of the parameters, the class M;"A’B(Cbn,m) reduces to the
following new classes,

(1) M(?’O’l(q)n,m> = 3;(‘1)n,m),

(2) Mg’l’l(q)n,m) = Cy(Prm),

(3) MS’A’I(QDn,m) = MqA((I)nm)

In this present paper, we determine the coefficient estimates including a Fekete-
Szegd inequality of functions belonging to the above defined class and the class
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involving majorization. This result can assist us to represent various geometric in-
terpretation as well as behaviours of the functions in complex domain.

Let f(2) be of the form (1.2)), p(2) = co + 12+ 22> +.... and w(z) = w2 +
wyz? 4 ..., throughout this paper unless otherwise mentioned.

2. FEKETE-SZEGO INEQUALITY

In this section we obtain the first two coefficient estimates and the Fekete-Szego
Inequality for the class M2 (®,, ).

Theorem 1. If f(z) € My P(®,,,) , then

1
o+ B+ V)

ala—3)+ B(B—1)(1+N)?+2a8(1+ ) —2B8(1 + 3X) '}
dla+ (14 N)]? ’

. (2.1)

las| < 5

1
as| < max {1,
las] < Al + B(1+2))] {
and for any complexr number i, we have

1
— ua?l < 1
a5 = pas] < 4[a+5(1+2x)]m“5”{ ’

plo + B(1+2))]
A T AT

where
ala—3)+ B(8— 1)1+ N)?+2a8(1 + ) —268(1 + 3X)
a4+ B(1+ N))?

Proof. Since f € A belongs to the class M;’)"B((I)mm), then from (|1.6) we have

[ZJ{(S)V [(1 B )\)z]{é? R (1 + Z;c/(iz))ﬂ "~ 1=(2)(®(2) - 1),z € U. (2.2)

The modified sigmoid function ®(z) can be expressed as

11 1 1 779
Blo) =1 op o3 5 L e, (19
(&) =145 v 305" ~&® t 20160°

since ¢(z) as defined earlier, now we obtain

A:

T

o(2)(D(w(2)) — 1) = (co+ 12 + 222 +....) [%z + %:f + (‘ﬁ “’%) B4 }

__ CoWi Cowz = ClWi) o
T2 ( 2 2 )Z -
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by replacing the equivalent expressions of f(z), J;((Z)) and Zf, ((Z>) in (2.2) and the
2 z

simple calculation yields the following,

5] [ 52 (e )] = oates

+ {2[& + B(1+2X)]ag + {(1(042— 3) + 5(52— D 14+ X +aB(l+N) —B(1+ 3)\)} a%} 2+,
(2.4)
Equating right hand side part of and , we get,
ay = o (2.5)
27 2la+ BN ‘
and
a ! {crw1 + ¢o [w
3= 1wW1 + Co [w2
Ala+ (14 2))] (2.6)

ala=3)+B(B—1)1+ A +2aB8(1+X) —26(1+3N)\ ,
- 5 w1 Co .
4lac+ B(1 4 N)]
Using the hypothesis of Lemma [3] and the well-known inequality of Lemma [2]
forn >0
len| <1 — o) < 1.

and
lwi| <1
we have,
las| < 1
~2a+ LA+ N
and for any p € C, we obtain from and

st = gty o (A Bl |-

Since ¢(z) is analytic and bounded in U, using [11], for some y, |y| <1 :
leol <1 and ¢ = (1—c3)y.
Now, replacing the value of ¢; as defined above, we get

oo = g e (0 e ) 4 yw]ﬂ} '
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If ¢ = 0 then
2 |W1Hy| 1
as — Jas| < = .
a5 = pas] < a+pl+20)]  dla+pI+20)

If ¢y # 0 then

_ ua? 1 ma pla+ B(1+2))]
a5 = naal < g o) {1’ [a+6(1+)\)]2} (28)

and the result is sharp. O

A+

Further setting p = 0 in (2.8) we get the bound on |as|. This completes the proof
of the Theorem [Il

Corollary 1. Let « = 0, X = 0 and 3 = 1 the class M2 (®,,,,) reduced to
S;(Pnm) then we have,
Cow1
Ay = 9

and

1
o < o

2p—1
5 .

Corollary 2. Let « = 0, A =1 and = 1 the class Mg”\’ﬁ(@n,m) reduced to

Cy(Dym) then we have,
CoW1
ag = ——,

4
and

3 — 2
1 .

Corollary 3. Let o = 0 and 3 = 1 the class M (®y, ) reduced to M) (P )
then we have,

1
las — pa3| < gt {1,

Cow1

2Ty

and

1 2u(1+2X) — (1 +3X))
< — | .
a5 = paz] < 4(1+2)\)mm{ ’ 2(1+ \)2

Theorem 2. If f € A, such that the function

5] oG (+FE)] 1w sev

then,

1
<
jaz] < ola+ B+ N
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and for any compler number

1 pla + B(1 + 2))]
a+5(1+2x)]m”{1’ A T B }

Proof. Taking w(z) = z in the proof of Theorem , we get the desired result. O

2
— <
|az — pa| < 4

3. CONCLUSION

Finding the estimates for various subclasses of analytic functions with normal-
ization is the most important role of geometric function theory. These estimates
characterise the behaviours of functions in complex domain. This characterisation
provides a tool using the sigmoid function in wide range of fields like image process-
ing, digital communications, neural sciences etc.,
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On the second kind twisted ¢g-Euler numbers and
polynomials of higher order
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Abstract : In this paper, we introduce the second kind twisted g-Euler polynomials E,(l w.q(x) of
order k. We also get interesting properties related to the second kind twisted g-Euler numbers and
polynomials. Finally, we construct twisted g-zeta function of order which interpolates the second

kind twisted g-Euler numbers of higher order at negative integer.

Key words : Euler numbers, Euler polynomials, the second kind Euler numbers and polynomials,
g-zeta function, twisted g-Euler numbers and polynomials, twisted g-Euler numbers and polynomials

of higher order, twisted g-zeta function.

2000 Mathematics Subject Classification : 11B68, 11540, 11S80.
1. Introduction

Recently, mathematicians have studied Euler numbers, Euler polynomials, the second kind Euler
numbers and the second kind Euler polynomials (see [1-9]). These numbers and polynomials possess
many interesting properties and arising in many areas of mathematics, applied mathematics, and
physics. In this paper, we introduce the second kind twisted g-Euler numbers Er(fz,,q and polynomials
E,(Lkl,q(x) of higher order. Throughout this paper we use the following notations. By Z, we denote
the ring of p-adic rational integers, @, denotes the field of rational numbers, N denotes the set of
natural numbers, C denotes the complex number field, and C, denotes the completion of algebraic

closure of Q,. Let v, be the normalized exponential valuation of C, with |p|, = p~*»(®) = p~1. For
g € UD(Zy,) = {glg : Z, — C,, is uniformly differentiable function},

the fermionic p-adic invariant integral on Z, of the function g € UD(Z,) is defined by

pN -1

Lae) = [ gl@dua() = Jim 3 gla)(-1)7, see (L, 3. (11)
P x=0

From (1.1), we note that

/ o + i (z) + / o) dpr (z) = 29(0). (1.2)
Z 7.

D D

First, we introduce the second kind ¢-Euler numbers ET(Lk) of higher order k. The second kind ¢-Euler

numbers E 3 of higher order k are defined by the generating function:

2€t k > (k)tn
— :ZEM;, (|log q + 2t| < 7). (1.3)

2t
gest +1 =

Let T), = Un>1Cpnv = limy_,oc Cpnv, where Cpv = {w\oﬂ’N = 1} is the cyclic group of order p™v

P
For w € T},, we denote by ¢, : Z, — C,, the locally constant function  — w®. We introduce the

second kind twisted ¢g-Euler polynomials Emw,q (z) as follows:

ZEnw,q ) (1.4)

wqut + 1°

679 RYOO 679-684



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

In [5], we obtain the second kind twisted g-Euler numbers E, ,, , polynomials E,, ,, ,(z) and inves-

tigate their properties.

Theorem 1. For positive integers n,w € T}, we have

/ ¢w 23:"’ 1)ndﬂf 1( ) En,w,qa

/ ¢w T+ 2y + 1) d:u—l(y) = En,w,q(x)'

2. The second kind twisted ¢g-Euler polynomials of higher order

The main purpose of this section is to study a systemic properties of the second kind twisted
g-Euler numbers and polynomials of higher order. In this section, we assume that ¢ € C,. We

construct the second kind twisted g-Euler numbers Er(fz,yq and polynomials Eflkz,q(x) of higher order

k1=0 kn=0 ki-kn=0

k. We use the notation

The binomial formulae are known as
" /n ; n nn—1)...(n—i+1)
1—a)" = E —a)', wh =
( @) , <z>( a)'s ere (z) 7! ’

1 " [—n o= (nti— 1
- —(1-= —n ) — 7
a0 ()= ()
Now, using multiple of p-adic g-integral, we introduce the second kind twisted ¢g-Euler polynomials
E,Skl)uq (x) of higher order : For k € N, we define

%)
tn
(k)
DB
n=0
. / w$1+"'+$kq$1+w2+"'+$ke(1+2931+2$2+"'+21k+k)tdu71(xl) . du,l(xk).
Z

/Z,p

——
k times

and

(2.1)

i)

By using Taylor series of e(#+221+2x2++22x+k)t i the above equation, we obtain
n
!

Z(/ / ‘*’””ﬁ“'”’“qzl*”'”’“(x+2:v1+~--+2:vk+k>"du_1<x1)~~du—1<“)> n
_ Z Ly

=3 B0

n

By comparing coefficients — on the above equation, we arrive at the following theorem.
n!

Theorem 2. For positive integers n and k, we have
n,w,q

E(k) (I):/ / wx1+"'+mkqml+m+zk(iﬂ+21'1+"'+21‘k+k)nd,u_1(I1)~-~d,u_1(l‘k). (22)

By (2.1), the second kind twisted g-Euler polynomials of higher order, ET(LkU),,q(ac) are defined by

means of the following generating function

(k) 2¢* ot ik t
FR ()= —5—) " =>_EF) (2)=. (2.3)

wge?t +1
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Again, by using (2,1), the second kind twisted g-Euler numbers of higher order, Eflkz,q are defined
by the following generating function

t" s
k
<wq€2t+1> ZEMW’ [t +logq| < 5 (2.4)

When k& = 1, above (2.3) and (2.4) will become the corresponding definitions of the second kind
twisted ¢-Euler polynomials E,, ., 4(x) and the second kind twisted ¢-Euler numbers E,, ,, ,. Observe
that for = = 0, the equation (2.4) reduces to (2.3). Note that when k& = 1, then we have (1.4), when

q — 1, then we have
2¢ t
() o= o

where Egkz,(x) denote the second kind twisted Euler polynomials of higher order k. In the case when

2 =0 in (2.1), we have the following corollary.

Corollary 3. For positive integers n, k, we have

ET(L],cB;,q:/ / wml+"'+wqul+m+$k(2xl+"'+2xk+k)nd,uz_1(ﬂf1)"'d,u_1($k)~

By using binomial expansion in (2.2), we obtain

n

EE o) =Y (7)1“"_1JQ [ e 2 ) s (1) )

=0

Again, by Corollary 3, we arrive at the following theorem.

Theorem 4. For positive integers n, k, we have

(0 k) e
B0 =3 () B

=0

We define distribution relation of the second kind twisted g-Euler polynomials of higher order

as follows: For m € N with m = 1( mod 2), we obtain

oo

E an

2¢t 2¢t 2¢t ot
= . e
wqe?t +1 wqe?t +1 wqe?t +1
~+2ak+k+wmk>( :
mt

2
2e™t ko m—1 ( s
_ ai+-+a a1+-+ag m
— <wmq ) Z W k(_q) 1 ke

m62mt +1

ay, - ,ap=0

From the above, we obtain

S 50 (o
Z En,w,q(m)a
n=0
m—1
_ Wit +ak a1+ Fak ZE g 201 + -+ 2ar + k+x —mk (mt)n
n,w m n' .
a1, ,ar=0
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tn
By comparing coefficients of — in the above equation, we arrive at the following theorem.
n!

Theorem 5 (Distribution relation of the second kind twisted g-Euler polynomials of higher
order). For m € N with m = 1( mod 2), we have

m—1
k . n ar14-+ag ai1+-+ap (k) 2a1 + -+ 2ap +k+2x—mk
E’SL c)u,q( ) =m w ! k(_q) ! kEn w™ g™ ( m .
e 0
By (2.3), we have
ZEr(lkw q(x)ti: — ok Z wa1+~--+ak(7q)a1+--~+ak.6(2a1+-~~+2ak+k+z)t
n=0 N N . 1u1,~~~ ,arp=0 (25)
m _
_ 2k m, m._.m (2m+k+m)t.
> (MR e
m=0
From the above, we obtain
ZET(LICZ) q( )i' = Z <2k Z wa1+~“+ak(_q)a1+~-+ak (1’+2CL1 +oe 4 2ap + k)n) —
n=0 w n=0 a1, ,ap=0 "
(oo} oo

_ k m + k-1 m, m m "
> (2 mz_:o( . (=1)"w™"q" 2m + k)" | .

n

By comparing coefficients of - in the above equation, we arrive at the following theorem.

n!

Theorem 6. For positive integers n and k, we have
En]?w,q(x) — ok Z wa1+-.»+ak(_q)a1+-..+ak (2&1 4+ 2a + k4 x)n
ay,-,ap=0 (2.6)

:Zkg<m+£_l)(_l)m e (2m A+ k4 x)"

Since

eletu)t
ZEZWq x—l—y (wqe2t+1> B

EF, ) S g™

'm 0

tm

p”qg

m'

3
I
o

l

tn -
E k) v lfn
2:: nial = n)!>

(n 0
l tt
(k I-n | "
( <n>En,w,q z)y )l!,

l
Theorem 7. The second kind twisted g-Euler polynomials E 22“1( ) of higher order satisfies

M

Il
<

o

n=0

Il
o

we have the following addition theorem.

the following relation:

— (1 .k e
Bl o +y>=2(l)E§,ﬁ,q<m>y g
=0
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3. Multiple twisted ¢-Euler zeta function

In this section, we assume that ¢ € C with |g| < 1. Let w be the p"-th root of unity. We define
multiple twisted g-Euler zeta function. This function interpolates the second kind twisted g-Fuler
polynomials of higher order at negative integers.

By using (2.5), we have

0o

o0
Ff,’fg(a:,t):ﬁ Z wa1+"'+ak(_q)a1+'“+ak (2a14-+2ap+k+x)t Z ]f7q

n

ay,-,ap=0

For s,z € C with R(z) > 0, we can derive the following Eq. (3.1) form the Mellin transformation
of F)(x,1).

1 0 > —1 ay+---+ay, ,a1+---+ar ,a1+---+ax
L / £ E®) (2, —t)dt = 2F Z (=1) w q
F(s) 0 q (2@1 + o+ 2ak + k + a./.)s

a1, ,ax=0

(3.1)

For s,z € C with R(z) > 0, we define the multiple twisted g-Euler zeta function as follows:
Definition 8. For s,z € C with R(x) > 0, we define
> (—1)atFargart-targart-+tak

(k) — 9k
(Fls,m) =28 - 201+ +2an + kit 2)°

ay,-,ap=0

For s = —[ in (3.2) and using (2.6), we arrive at the following theorem.

Theorem 9. For positive integer [, we have

k
(®(~1,2) = EX) (2).

By (2.4), we have

tm 2et k m+k—1
(k) 2 _ — 9k _1\m, m_ m (2m+k)t
ZEan (wq€2t+1) =2 §:< m )( D™w™q™e .

m=0

By using Taylor series of e(2m+F)t

t" m+k—1 t"
E (k) _ E k E _1\ym, m m
Enq nl (2 ( m >( " (2m + k)" ) n!’

n=0 : n=0 m=0

in the above, we have

. . n . .
By comparing coefficients tn—, in the above equation, we have

E), =t i (m +mk - 1) (=1)™w™g™ (2m + k)" (3.3)

By using (3.3), we define twisted ¢-Euler zeta function as follows:

Definition 10. For s € C, we define

[ee]

()

The function ngg,(s) interpolates the number Er(fz,,q at negative integers. Substituting s = —n

with n € Z4 into (3.4), and using (3.3), we obtain the following theorem:
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Theorem 11. Let n € Z, We have

Further, by (3.2) and (3.4), we have

oo

Z (_1)a1+~~+akwa1+-~+akqa1+-~~+ak B ° (m k- 1) (_1)mwmqm
(2a1 + -+ - + 2ax, + k)® (2m + k)*

m

ay, - ,ar=0 m=0
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HERMITE-HADAMARD INEQUALITY AND GREEN’S
FUNCTION WITH APPLICATIONS*

YING-QING SONG!, YU-MING CHUZ2** MUHAMMAD ADIL KHAN3,
AND ARSHAD IQBALS3

ABSTRACT. In the article, we derive the Hermite-Hadamard inequality by us-
ing Green’s function, establish some Hermite-Hadamrd type inequalities for
the class of monotonic as well as convex functions, and give applications for
means, mid-point and trapezoid formulae.

1. INTRODUCTION

Convexity plays an important role in different fields of pure and applied sciences
such as statistics, optimization theory, economics and finance etc. The fundamental
justification for the significance of convexity is its meaningful relationship with
the theory of inequalities. Many useful inequalities have been obtained by using
convexity. Among those inequalities, the most extensively and intensively attractive
inequality in the last decades is the well known Hermite-Hadamard inequality [1-9],
which can be stated as follows: the double inequality

(M) < s [Tetea < e

holds if the function % : [a, @] — R is a convex function. If ¢ is a concave function
then (1.1) holds in the reverse direction.

The Hermite-Hadamard inequality gives an upper as well as lower estimations
for the integral mean of any convex function defined on closed and bounded interval
which involves the the endpoints and midpoint of the domain of the function. Also
inequality (1.1) provides the necessary and sufficient condition for the function to be
convex. There are several applications of the Hermite-Hadamard inequality in the
geometry of Banach spaces [10] and nonlinear analysis [11]. Some peculiar convex
functions can be used in (1.1) to obtain classical inequalities for means. For some
comprehensive surveys on various generalizations and developments of inequality
(1.1) we recommend [12]. Due to the great importance of the convexity and the
Hermite-Hadamard inequlity, in the recent years many generalizations, refinements
and extensions can be found in the literature [13-37]

In the article, we give a new proof for the Hermite-Hadamard inequality by using
Green’s function, obtain some refinements of the Hermite-Hadamard inequality

2010 Mathematics Subject Classification. Primary: 26D15; Secondary: 26A51, 26E60.

Key words and phrases. Hermite-Hadamard inequality, Green’s function, convexity.
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for monotonic functions as well as convex functions. At the end, we give some
applications for means, mid-point and trapezoid formulae.

2. MAIN RESULTS

In order to obtain our main results we need to establish a lemma, which we
present in this section.

Lemma 2.1. Let G be the Green’s function defined on [ay, as] X [a1, as] by

ap—p, ap Sp <A
2.1 A\ ) =
(2.1) GO\ m) {ald’ N n e

Then any 1 € C?([a, aa]) can be expressed as
s
(22) vla) = blan) + (@ — ) () + [ G (.
a1
Proof. By using the techniques of integration by parts in f; G(t, )" (u)dp, we can

easily obtain (2.2). O

The following Theorem 2.2 give a new proof for the Hermite-Hadamard inequal-
ity.
Theorem 2.2. Let v € C%([ag,as]). Then the double inequality

2 o (2) < s [t < Ml Tre)

holds if ¥ is convex on [a, as].

Proof. Let x = (a1 + a2)/2. Then (2.2) leads to
o (B50) —ptan+ (P2 o) wlan+ [ 6 (M) v i

L 2

2 o (M52) = v+ (252 ) wlaat [0 (ME20) o

1

Taking integral of (2.2) with respect to z and dividing by as — a1, we get

o ial /aa Y(@)de = (o) + i - (a% ;a% — (- a1)> W' (ag)
T i o /: /:2 G(x, )" (n)dpdz,
e [ s e+ (25 v
25) e / / G(a, )" (u)dpud.

Subtracting (2.5) from (2.4) we obtain

a1 + a9 1 @2
w( : )—azal/m b(w)de
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a2 1 a2 Q2
= [To (M) vrtwan - L [ [T o G auas
_ e a1+ a2 1 “ "
2o - [ (U)o | G, )| 0" ()

Note that
a2
(2.7) / G(z,pn)d ——7+a1a2—a2u,
g ((Qato e, o < p< ey
2 M) T ez, wde <<,

+
If oy < p < #1592, then

g<o¢1+a27)_ / G, p)d
2 Qo — (1

1
=01 — p— &—*4‘041062—062#
Qo — (1 2 2

(2.8) = M <o.

If% < u < ag, then

g(a1+a27>_ / G, p)d
2 Qo — 1

o] — o 1 2

2 Qg — (1 2 2

(2.9 _ ;(f_‘a“)) <o

From the convexity of 1 we know that ¢ (u) > 0. Therefore, the first inequality of
(2.3) follows easily from (2.6), (2.8) and (2.9).

Next, we prove second inequality of (2.3).

Let = ay. Then (2.2) gives

Y(az) = P(on) + (a2 — a1)¢'(a2) + /w G(az, )" (m)dp,

(2.10) w =1p(ar) + %(ag — )Y (a2) + %/az G(az, Wy () dp.

It follows from (2.5) and (2.10) that
¢(Ofl)+1/’(042) _ 1 / w(x)dx
Qg — 0 Jq,

2
2.11 _ [ (i ! " G, p)da ) 0" (u)d
ey = [ (G0 - o [ 9w e ) i
From (2.1) one has
(2.12) Glag,p) =01 —p
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if o < p < as.
It follows from (2.7) and (2.12) that

79(0@7 / G(z,p)d
Qg — (1

S L M—fa—Jraafa

a 2 Qo — (1 2 2 172 28

1 2., 2

— m ((a1 — (e —ay) — p’ +af — 20700 + 204211)
1
2.1 R S >0
(213) sy (= e =) > 0
Therefore,
1 2
) ;w(%) v / b(x)dz > 0

follows from (2.11) and (2.13) together with " (u) > 0. O

Next, we give some refinements of the Hermite-Hadamard inequality for the class
of monotonic and convex functions.

Theorem 2.3. Let v € C%([ag, az]). Then the following statements are true:
(1) If |W"| is increasing, then

Q2 _ 2T
o (M502) - [ tan < o (B0 4

(2) If |0"| is decreasing, then
o (B0 ) - [ wtwaal < C20 g g (22

2 a9 — Qa1 48 2

(3) If |W"| is convez, then

<Oé1 + Olz) a2 Zb(ac)d:c
Qo — Oél
< 7(0[2 _ a1)2 {max{

o1 —|— Qo o a1 + ag
- 48 2 ’

Proof. (1) By using (2.6) we have

a1 + a9 1 2
o (52) - A [t
artag

p) 1 oo
- /041 {g <al ;OQ,H) Cay— /a1 g(lli,,u)d;p] P (1)dp

az a1+ as 1 oz 7
— d d
+ \/‘;112»0(2 |:g ( 2 7“) Qg — Q1 [e %1 g(m7 M) $:| 1/} (M) :

a2

e ()]} + max{

e}

S [ / T e o+ )

a1ta
1 122

(a2 — p)° w”(u)du] :
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Taking absolute and using triangular inequality we obtain

e .

ay

aytag
2

= 2(04271,041) Va (= a1)” [ () ldpa + /a (2 = p)? |¢”(u)|du]

oy tag
2

a]tag
+ 2 o2
¥ (“2“) \ [T weatdur e [ G —M)Qdu]

1 1 1
= m |:|,(/}// (061 ;-062) % ﬂ(OQ —a1)3—|— WJN(OQ)‘ « ﬂ(QQ —041)3:|

< 1
- 2(&2 — al)

(214 - (e P g (2292 |y

Similarly we can prove part (2).

For part (3), using (2.14) and the fact that every convex function ¢ defined on
the interval a1, ap] is bounded above by max{t(«a1), ¥ (a2)}, we obtain
aqtag
2

a1 + ag 1 az
|¢< 5 )Oéz—a1 /Oé1 Y(x)dx
1
SM[max{wn(al‘;OQ) ’lw//(al)}/al (N_a1)2du
+max{ i <a1 ;‘042>‘ ’ |1/)//(a2)|} /é(oz2 _/i)zdu]
:M [max{ "/}N<a1;a2) o (CH;'CYQ>

48
Theorem 2.4. Let ¢ € C%([ay, az]). Then the following statements are true:
(1) If |W"| is increasing, then

,|w”<a1>|} +max{

1aa)l}].

O

Y(oa) + P(az2) 1 “ ¢ () |(a2 — 1)
e —— | < a :
(2) If || is decreasing, then
Y(oa) + P(az2) 1 “ ¥ (a)|(a2 — a1)?
e | ()| < o 7

(3) If || is a convex function, then

Yloa) +P(az) 1 /a2

2 Qo — (1

| max{[y" (on)], [ (a2) [} (2 — 1)
w(x)dx‘ < 13 .

a1
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Proof. Tt follows from (2.11) that

¢(0¢1) + ¢(O¢2) 1 . _ 1 . ”
5 b /O[1 Y(z)dr = 2Nas —ar) /al (n—ar)(ag —p)" (u)dp.
Taking absolute and using triangular inequality one has
e e
2 Qo — (X1 ay
1 @2
(215) < s | (e anten =) 0" Gl

Since (1 — aq)(ag — @) > 0 and [¢”| is increasing, therefore

P(ar) + (az) 1 2
‘ 5 T /al Y(x)dx

< We2)] /QQ(H — a1)(as — p)dp

2(042 — Oél) 1

9" (r2) (2 — a1)?
12 ’

Similarly we can prove part (2)
For part (3), using (2.15) and the fact that every convex function f defined on
the interval [ay, as] is bounded above by max{ f(a1), f(a2)}, we have

77[}(@1) + 1/’(042) 1 /Oé2 1/)(1‘)d$

2 g —

o

max{[¢" (an)], [¢"(e2) [} [

2(042 — 041)

< (p — a1)(ag — p)) dp.

al

3. APPLICATIONS TO MEANS

A bivariate function M : (0,00) x (0,00) + (0,00) is said to be a mean if
min{a, b} < M(a,b) < max{a,b}, M(a,b) = M(b,a) and M(Aa, \b) = AM(a,b) for
all a,b, ) € (0,00).

Let a,b > 0 with @ # b. Then the arithmetic mean A(a,b) [38-43], logarithmic
mean L(a,b) [44-48] and (a,r)-th generalized logarithmic mean L4, ,)(a,b) [49-52]
are defined by

a_|_b b—a abr+a_ar+a 1/r
Alab) === Lab) “W“”:<ﬁﬂwWw% ’

respectively. Recently, the bivariate means have been the subject of intensive re-
search [53-67] and many remarkable inequalities for the bivariate means and related
special functions can be found in the literature [68-90].

In this section we present several new inequalities the arithmetic, logarithmic
and generalized logarithmic means by using our results.

- logb —loga’
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Theorem 3.1. Let 0 < a1 < as. Then the following statements are true:
(1) if r > 2, then

rlr=lea—an? [(ar+aa)™
48 2

(3.1) ‘A" (a1,a2) — L (a1, a2) ’ <

(2)ifr <2 andr #0,—1, then

bl e f((on by s

(3:2) |47 (a1, 02) = L] (a1, 02) | < = . ;

Proof. Let ¢(x) =" (x > 0) and r > 2. Then we clearly see that [¢)”| is increasing
and inequality (3.1) follows easily from Theorem 2.3(1). Similarly, we can prove
inequality (3.2). O

Theorem 3.2. Let 0 < ay < ag. Then the following statements are true:
(1) if r > 2, then

r(r —1)(as — a1)?al 2
|A(of.05) — Li{ay,a9)] < T 102 Z01f0
48
(2)ifr <2 andr #0,—1, then
r(r —1)(ay — ai)?a’ 2
[A(of.05) — Li{a,a9)| < T D02 — 1S
48
Proof. By using Theorem 2.4 and the same arguments as given in the proof of
Theorem 3.1, we can obtain the desired results. ([l

Theorem 3.3. The inequalities

(ag —)?

24

A7 (o, 00) — L7 (o, a2) ’ <

8,1
(a1+a2)3 Oé% )

clpma)?r 08 Al el 8 1
- 24 (a1 + a2)? a3 (a1 + a2)?’ of

hold for all oy, a0 € RT with o < as.

Proof. Let © > 0 and ¢(x) = 1/z. Then we clearly see that |¢)”| is decreasing and
convex and Theorem 3.3 follows easily from Theorem 2.3(2) and (3). O

Theorem 3.4. The inequality

(ag — an)?

’A (ozl_l,ozgl) — L' (a1,a9)| > 6ol
1

holds for all a1, s € RT with o < .

Proof. Similar proof as in Theorem 3.3 but use Theorem 2.4 instead of Theorem
2.3 O
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4. APPLICATIONS TO TRAPEZOIDAL AND MID-POINT FORMULAE

In this section we provide some new error estimations for the trapezoidal and
mid-point formulae.

Let d be a division a = 2o < 21 <+ < Zp—1 < &, = b of the interval [a, b] and
consider the quadrature formula

/w T(¢, d) + By, ),
where
Z 1/J ) + 1/J (®it1)

(Tig1 — i)

for the trapezoidal version and
n—1
T+ i1
= Z 1/,(%) (Tip1 — 7
i=0

for the midpoint version and E(%, d) denotes the associated approximation error.

Theorem 4.1. Let d be a division a = 29 < 1 < -+ < Tp_1 < T, = b of the
interval [a,b], ¥ € C?([a,b]) and E(,d) be the trapezoidal error. Then one has

n—1 17 3
(4.1) |E(v, d)| < Z | (xi+1)|1(§i+l —z;)
1=0

if [¢"| is an increasing function;

B, d)| < i max{[¢" (z;)], [¢" (zi1) [} (Ti1 — 24)

i=0 12
if ["| is a decreasing function;
n—1 3
" (@is1)| (wig1 — @)
E(Y,d)| <

if || is a convex function.

Proof. Applying Theorem 2.4 on each subinterval [x;,z;+1] (¢ =0,1,2,--- ,n — 1)
of the division d, we have

Plei) + (i) 1 /m+1 ¥(x)dx

2 Tit1 — T

< W @i)|(@i - ;)?
- 12

Multiplying both sides by x;+1 — z; and taking summation we obtain

/ b(@)de — T(, d)| < Z{ [ ( Z'H-l (ziss _xi)?»} < Z {|¢"(12L+1)| (i —xi)‘?}

i=0
which is equivalent to (4.1). Similarly we can prove other parts. O

i

)

Theorem 4.2. Let d be a division a = 29 < 1 < -+ < Tp_1 < T, = b of the
interval [a,b], ¥ € C?([a,b]) and E(1,d) be the mid-point error. Then one has

LIRSS 1<xi+1—xi>3 o (B2 o) |
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if [¥"] is an increasing function;
n—1
1 Ti+1 + on
B0 )] < g5 3 (o = 20 [[o (P o o)
=0
if ["| is a decreasing function'
|E(, Z (@it1 — @)’ {max{wﬁ(%ﬂ;— xl) " ()|
=0
Tiy1 +x;
4 (252 )]
if [¥"] is convex function.
Proof. The proof is analogous to the proof of Theorem 4.1. (I
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Abstract

We present here some applications of Girard-Waring identities. Many
various identities for things like elementary mathematics and other
advanced mathematics come from those identities.
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1 Introduction

In this paper, we are concerned with the applications of the following Girard-
Waring identities:

= S e (M e et W

0<k<[n/2]
and
anrl _ an+l n—=kL 3
G (—1)’“( ><x Ty (). @)
T —y k
0<k<[n/2]

*This work was completed while on sabbatical leave from University of Nevada, Las
Vegas, and the author would like to thank UNLV for its support.
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Girard-Waring identities 2

Albert Girard published these identities in Amsterdam in 1629 and Edward
Waring published similar material in Cambridge in 1762-1782. These may
be derived from the earlier work of Sir Isaac Newton. It worth noting that
(—1)k_np (”;k) is an integer because

n (n—k\ (n—k n n—k—1
n—=k k N k k—1
n—=k n—k—1
=2 — .
(-7

The proofs of formulas (1) and (2) can be seen in Comtet [3] (P. 198) and
the survey paper by Gould [6]. Recently, Shapiro and one the authors [8]
gave a different proof of (2) by using Riordan arrays.

There are some alternative forms of formula (1). As an example, we give
the following one. If z +y + z = 0, then (1) gives

D ST Vs G [

0<k<[n/2]

G D DR G () F T

1<k<[n/2]
which implies
—k
2" 4y — (—1)"2" = Z (_1)n—k n <n B )zn_%(:ny)k.
1<k<[n/2]
Thus, when n is even, we have formula

n n__ . n _ _\n—k_ 1 n—k n—2k k
D DI s G B C )
1<k<[n/2]

while for odd n we have

. n (n—=Fk\ ,_
D DI s G B C
1<k<[n/2]

where x + y + z = 0. Particularly, if n = 3, then
3+ 3 + 23 = 3ayz, (5)

which will be shown in Corollary 77 and applied in the following examples.
The formulas (3) and (4) can be considered as analogies of the results for the
case of xy +yz + zz = 0 shown in Ma [11]. Draim and Bicknell [4] use sums
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Girard-Waring identities 3

and products of two roots of a quadratic equation to derive a class of Girard-
Waring identities. Using Girard-Waring formulas to derive combinatorial
identities is also an attractive topic. For instance, Filipponi [5] uses Girard-
Waring formula (1) to derive some unusual binomial Fibonacci identities.
Furthermore, some well-known identities can be re-derived by using Girard-
Waring formulas. As an example, we substitute z = u + Vu?2 —4, y =
u—+Vu?—4, and z = —z — y into (1) and obtain the following identity
shown on page 57 of Riordan [13]:

kio(—l)k& (n ; k) w2k — 9—n [(u +Vu2—4)" + (u— \/m)n]
(6)

for n=1,2,..., where m = [n/2]. In particular, if u = 2, above identity (6)

reduces to
m
n n—=~k
St (M)
for n = 1,2,.... It worth mentioning that Vasil’ev and Zelevinskii [18]

denoted the function shown on the right-hand side of (6) by @), and obtained
(see (4’) on Page 57 of [18])

Qn(z) = Mi<p<n (x — 2cos Qk_l)ﬂ) ,

2n
which implies

2k —)m V2
H1<k<mCOS(47/n) = 277%

for m > 1 (see (d) on Page 58 of [18]).

In the next section, we present some applications of Girard-Waring iden-
tities to the trigonometric identities. In section 3, some applications of
Girard-Waring identities to the linear recurrence relations of order 2 will
be given.

2 Girard-Waring identities and trigonometric iden-
tities

Girard-Waring identities can be applied to construct many interesting trigono-
metric identities related to the roots of some quadratic equations.
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Girard-Waring identities 4

Our idea of the first application of Girard-Waring identities can be pre-
sented as follows: In formulas (1) and (2), there are two terms = +y, and zy.
If we consider x and y the two roots r1 and 79 of a given quadratic equation,
az’® + bz + ¢ = 0, then we have the sums of, and differences of, n-th powers
of the roots of the quadratic equation. Therefore we have r1 + r9 = —g =:p

and r1 7y = ¢ =: ¢. Thus formula (1) and (2) give:

n n n n—k n—
Ty Ty = Z (_1)kn—k< 2 >p kg (7)

0<k<[n/2]

and
n+1 n+1
S k(M —k\ nok i
-1 . 8
1 —T9 Z ( ) ( k )p q ( )

0<k<[n/2]

We first consider a simple quadratic equation 2% 4+ ¢ = 0. Then two roots,
r1 and ro, of the equation satisfy

r1+ro=0 and riro=c.

From (7) we have the identity

n (n—=~k
D S W R TS
0<k<[n/2]

which implies

i 4yt = 2(=¢)f (9)
and 721 4 #2401 — 0. For instance, if ¢ = —3, then 71 = 2cos(7/6) and

rg = 2cos(b7/6). From (9) we obtain

¢
20 (T 20 (9T _ §
cos (6>+cos <6)_2<4> .

When ¢ = 1 and 2, when cos? (%)Jrcos2 (%”) = 1.5 and cos* (%)+COS4 (%’r) =
9/8, respectively.

Consider a quadratic equation ax? +bx +c = 0, we have g = =bEvb-—dac VQI;Q_MC.
If b2 — 4ac < 0, then

x=A+ Bi=p(cosf tisinb),

where 6 = tcm*I%
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Then two roots r1 and r9 are:
r1 = p(cosf +isinf) and ro = p(cosh —isindh),

which implies p = r; + r9 = 2pcosf and ¢ = rire = p. Thus, equation (7)
gives

n n n n n—k n—
rt4ry =p Z (_1)kn—k< i )(2(}059) 2k,
0<k<[n/2]
which implies

—k
2cosnb = Z (—1)* nk<nk >(2c089)"2k.
n—

0<k<[n/2]

Note that
n n—k nin—k—1
7 = — > 1.
G B (PR AT

Thus
_ 1 n 2 n—2
cosnf = B {(2 cos ) . (2cos6)

nin—3 gpyn—4 1 n—4 n—6
+2< ) >(20050) 3( 5 )(20089) + }

Similarly, from (8) we have
. . p(n—k n—2k
sin(n+1)0 =sing > (-1) ( L >(200$0) .
0<k<[n/2]
Example 2.1 On Page 50 of Comtet [3], it can be seen that

sin(n + 1)6
sin 0

= Up(cosb),

where U, (x) are the Chebyshev polynomials of the second kind. Thus,
—k
Un(cos®) = Z (—1)* (n k: ) (2 cos 0)" 2k,
0<k<[n/2]

On Page 88 of Comtet [3], we also find that

2cosf 1 0 0
. 1 2cos b 1 0
1)0
Un(cosf) = Sm(;bn—;) = 0 1 2cos 1
0 0 1 2cos b
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Hence, the determinant of the tridiangonal matrix on the rightmost side of
the above equation is equal to

2cos 6 1 0 0
1 2cos 6 1 0 n— k
0 1 2cos 6 1 = Z (—1)k< i )(2008«9)"%.
0 0 1 2cosf ... 0<k<[n/2]

Recall that the Chebyshev polynomials of the first kind 7;, (x) are defined
by T, (z) = cos (n cos~! ). Thus,

From Page 88 of [3],

cos 6 1 0 0
1 2cosf 1 0
T, (cos@) =cosnb =| 0 1 2cos 1
0 0 1 2 cos
Thus,
x 1 0 0
L2z 10 1 n n(n—3
0 1 2z 1 == {(2x)” — —(22)" % + ( )(2@”4 }
2 2 1
0 1 2z

From [19] (see Page 696),

T, (z) = 2" 17, {a: — cos <W> } :

Since T,,(cos @) = cosnf, the above formula implies that

2k —1
cosnf = 2", {cosﬂ — Cos (W) } . (10)

Remark 2.1 It is well known (see, for example, [19]) that

km
Uy () = 2117, & — .
(x) [ {x cos (n n 1> }
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Girard-Waring identities 7
Thus,
sin(n + 1)6 km
—_— = = 2"} — . 11
g Up(cos ) = 2"} _, {COSH cos <n n 1> } (11)

Substituting different values of # into (11), we may obtain a type of trigono-
metric identities. For instance, let § = 7/2. Then (11) yields

™

k
sin(n + 1) 5 = —2"1I}_, cos < i ) .

n—+1

If n =2m, m =0,1,,2..., because of sin(2m + 1)7/2 = (—1)™, the last
equation implies

km km
()™= 22mH%721 cos <2m n 1) =4™(-1)"II}Y, cos? <2m n 1) )

where in the last step we use the fact

km _ _ km _ 2m—k+1)m
cos | g7 | = —cos{m— o | =—cos| o

fork=m+1,m+2,...,2m. Thus we obtain the identity

km 1
2 _
iy cos <2m+1> o4me

Other identities can be obtained by substituting 6 = 7/6, 7/4, 7/3, etc.
Recall also that

X —X T —X
e +e . et —e
coshx = —5 and sinhz = —5

Let r1 = €” and ro = e~ *. Then (7) gives

cosh(nz) = % Z (_l)kn ﬁ k (n ; k) (2 cosh )"~

0<k<[n/2]

and

: — k. (n—k n—2k
sinh(nz) = sinh x Z (—1) — ( f > (2 coshx) .
0<k<[n/2]

Other applications of Girard-Waring identities to the product expansions of
trigonometric functions similar to the results shown in [2] will be presented
in the author’s further work.
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3 Girard-Waring Identities and linear recurrence
relations of order 2

Girard-Waring identities can be applied to construct the expressions of the
linear recursive sequences of order 2.

Note that 2" + y" = (z +y) (2"t +y" ') —ay (2" 2+ y"?) (n > 2).
Let wy(x,y) = 2™ + y™. Then

wn(z,y) = ( + y)wn—1(2,y) — vYywn—2(z,y),n > 2, (12)

with the initial conditions wo(z,y) = 2 and wi(z,y) = x +y. The charac-
teristic equation of the above recurrence relation is t2 — (x + y)t + 2y = 0.
Thus t = x,y

PI‘OpOSitiOIl 3.1. Let an($a y) = p($, y)anfl($a y)—|—q($, y)aan(‘T7 y)) n > 27
with given ao(x,y) and a1(x,y). Then

an (2, y)
_ @y B ey g, ) - @) — ol panly) g
= T a@n By YT @B Y

where a(x,y) # B(x,y) are the roots of the characteristic equation t> —
p(z,y)t —q(z,y) = 0.

By using this proposition 3.1, the solution of (12) is wy,(x,y) = ™ + y™.
Example 3.1 The generalized Lucas polynomials (Lucas 1891, see Swamy
[16]) Vi (x,y) are defined by

Vn(l',y) = J;Vn—l(x7y) + Z/Vn—2(9€7y), ‘/O(xay) =2, Vl(IE, y) =Z.

The characteristic equation is t*> — zt —y = 0. Thus

T+ /1?2 + 4y
—

t =

By Proposition 3.1 and the Girard-Waring identity (1)

Valy) = (@ y) + Bey) = 3 <”;’“>x”—%yk.

n—=k
0<k<[n/2]

Example 3.2 Dickson polynomials of the first kind of degree n (Dickson
1897, see Lidl, Mullen, and Turnwald [10]) are defined by

D, (z,a) =xDp_1(x,a) —aDy_2(x,a), Dy(x,a)=2, Di(z,a)==z.
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Thus from Proposition 3.1 and the Girard-Waring identity (1),
Va(z, —a) = Dy(z,a)

D I G [C s

0<k<[n/2]

Example 3.3 For the Lucas polynomials (see Bicknell [1]) {£,,(z) = V,,(z,1)},
ie,let y=11in {V,(z,y)}, we have

Loe) = Z nﬁk<n;k>mn_2k

0<k<[n/2]

Note that D,(x,—1) = L,,(z). For the Lucas numbers L,, = L£,(1), we
have

e 3 ()

0<k<[n/2]

Example 3.4 The Chebysheve polynomials of the first kind (Chehysher
1821-1894, see Rivlin [14] and Zwillinger [19]) are defined by

To(x) = 22T 1 () — Th—2(x) n>2,

with the initial conditions Ty(x) = 1 and 71 (z) = x. Thus, from Proposition
3.1 and the Girard-Waring identity (1), we have

0<k<[n/2]
Note that from (2), we have

xn—f—l o yn—l—l

n__ ,n n—1 _ ,n—1
:(x—i—y)x i —a;yx J , n>2.
=y r—=y r—y

Let Wy (z,y) = (2" — ™) /(z — y). Then
Wa(2,y) = (& + y)Wni(z,y) — 2yWns(z,y), n>2, (13)
with the initial conditions Wy(z,y) = 0 and Wi(z,y) = 1. Thus
" —y" n—1-k nel_
e =220 =S (" T e
Y oskslmon2)

Remark 3.1 From the expression of W, (x,y) and noting the initial con-
dition Wy(z,y) = 0, we know {W,(z,y)} is a linear divisibility sequence.
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More precisely, from authors’ recent work [9], if x and y be distinct real
(or complex) numbers, then sequence (W, (x,y)) is a second order linear
homogenous recursive sequence with Wy = 0 and W; = 1 and a linear di-
visibility sequence of order 2. For instance, when r # 1 and a; = 1, the
geometric sequence {s, = a;(1 —r")/(1 —7r) = (1 —7")/(1 —7)}p>1 is a
linear divisibility sequence because s, = Wy (1, 7).

Example 3.5 The Generalized Fibonacci polynomials F),(z, y) ( see Swammy
[17]) are defined by F,(x,y) = zF,—1(z,y) + yFn—2(z,y) (n > 2) with the
initial conditions Fy(x,y) = 0 and Fi(x,y) = 1. From Proposition 3.1 and
the Girard-Waring identity (2), we have

1
Fn(x’ y) _ Z <n ) k) xn—lfkyk‘
0<k<[(n—1)/2]
Thus, for the Fibonacci polynomials
—1-k
Fo(z) = Fa(e, 1) = Y <" . )xn_l_k.
0<k<[(n—1)/2]
For Fibonacci sequence {F,}
n—1—k
F,=F,(1) = .
w- > ("7
0<k<[(n—1)/2]
For the Pell sequence {P,}

Po=F,(2)= Y ("‘;_k)znlk.

0<k<[(n—1)/2]
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Abstract

Here we derive an appropiate local fractional Taylor formula. We
provide a complete description of the formula.
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1 Introduction

In [3], [4] was first introduced the local fractional derivative and presented an
incomplete local fractional Taylor formula, all done by the use of Riemann-
Liouville fractional derivative. Similar work was done in [1], but again with
some gaps. The author is greatly motivated by the pioneering work of [1]-[4]
and presents a local fractional Taylor formula in a complete suitable form and
without any gaps.

2 Main Results

‘We mention

Definition 1 (/5], pp. 68, 89) Let x,2' € [a,b], f € C([a,b]). The Riemann-
Lioville fractional derivative of a function f of order ¢ (0 < g < 1) is defined
as

q no_ Dg f(x/)) x>z,
sz(x)_{Dg+f($/), .’E’<1‘}

R T B e e O Y S (1)
T(l—q) |~ [5@t—a)f(t)dt, o/ <u.

T dx’
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‘We need

Definition 2 (/3/) The local fractional derivative of order ¢ (0 < ¢ < 1) of a
function f € C ([a,b]) is defined as

Dif (z) = lim DI (f (') — f (2)). (2)

z' —x

More generally we define

Definition 3 (see also [1]) Let N € Z4, 0 < g < 1, the local fractional deriva-
tive of order (N + q) of a function f € CN ([a,b]) is defined by

N

DY (2) = lim D (f @) -2 D ) o
n=0 :

If N =0, then Definition 3 collapses to Definition 2.
We need

Definition 4 (related to Definition 3) Let f € CN ([a,b]), N € Z. Set

N ) (g .
F(z,2' —x;q,N) := D4 (f(x’)—zf n!( )(J:’—x) > (4)

n=0

Letx' —x:=t, thena' =z +t, and

N 4n) (4
F(o,tq.N) = Dt (f<x+t>—2fn,”t">. 6
n=0 ’

‘We make

Remark 5 Herez',x € [a,b], and a < z+1t < b, equivalentlya—x <t < b—u=x.
Froma<x<b, wegeta—x<0<b—ux.
We assume here that F (z,+;q,N) € C! ([a — ,b — z]). Clearly, then it holds

DN*If (x) = F (2,0;¢,N) , (6)
and DNV (2) exists in R.
We make

Remark 6 We observe that:
I) Let ' >z (' —x >0) then

N

™) (1 .

n!

n=0
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1 v -
7/ (z' —2)? 1F(z,z—z;q,N)dz:

1 (¥ F(xt
/ (x7 t? q7 N) dt —
q) Jo (

F( x/_x_t)—q-&-l
(integration by parts)
1 [F(x t;q N)/(m’—x—t)kl dt]m/m—i- (7)
F(q) Y Y o
1 /I/I dF (z,t;q,N) (' — 2 — t)*
— dt.
I'(q) Jo dt q
Thus,
N
f (@) n_ DVFIf(x) g
no_ o _z T\
1= S = TP
1 ) (x,t;q,N) , q ,
S — ST —w— )T dt
F(q—i-l)/o o (' —x—1t)"dt, fora' >z, (8)
NeZ,.
II) Let o' < x (x' —x < 0): We have similarly,
N
f () n ()

N e (g .
D [Dg (f(x’)—zf "0 (o ) )] -
n=0

D, (F (z,2' —x;q,N)) = qu)/w (z—z/)qle(x,z—x;q,N)dz: 9)

x
’

1 0 ’ q—1
—_— r—x +t F(x,t;q, N)dt =
N@L ( ) @50, N)

(integration by parts)

'—x

1 B 0
PW%t%N)/@+xffldt -

I'(q) -
1 /0 dF(x,t;q,N)(t—i—x—:E’)th_ (10)
F(Q) x/—x dt q
3
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1 ($—x/)q:| 1 /z’_r dF(Jj,t;q’N) (t_i'_x_x/)q
') ( ) I'(a) Jo dt q
rarn? — ) 7/ @GN N
[(g+1) f (@) (z—2) T F e - (t— o+ 2y de

(11)
Conclusion:
We have proved that (N € Z4.)
1)
N
f(n) (ZE) " DN+qf (l’) .
N / _ /_
f(x)—g o (' —x)" + e ( 2)7 +
1 o —w dF (z,t;q,N) , , . /
F(q"‘l)A dt (' —x—1t)" dt, whenz' >z, (12)
and
1)
N
" = f(n) () n DNJer (z) (z — x’)q
f(x)_;) A L RS R
1 “= qF (z,t;q, N) , . /
F(‘Z+1)/o dt (t—a' +2x)"dt, when 2’ <. (13)

‘We have derived

Theorem 7 Let f € CV ([a,b]), N € Zy. Herex, 2’ € [a,b], and F (x,+;q,N) €
C'([a — x,b—x]). Then

N fpn) n DNta
)=y E D @y e ey
n=0 '
1 v qp (z,t;9q,N) .,
T /O e [CEF R

In particular we get

Corollary 8 (to Theorem 7, N = 0) Let f € C([a,b]); z,2' € [a,b], and
F(x,q,0) € C'([a — z,b — x]). Then

no_ Dif (z) T
F@) =1 @)+ ol =+ (15)
1 o= gp (x,t;4,0) , , q
m/o PLLDD 40— ) — o .
4
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ON VORONOVSKAJA TYPE ESTIMATES OF BERNSTEIN-STANCU
OPERATORS

RONGRONG XIA AND DANSHENG YU*

ABSTRACT. In the present paper, we obtain the Voronovaskaja-type results of approximation by
a type of Bernstein-Stancu operators with shifted knots.

1. INTRODUCTION AND THE MAIN RESULTS

For any f (x) € Cjp ), the corresponding Bernstein operators By, (f,r) are defined as
follows:

Zf( )pnk z),

where p,, ,(x) = (Z) zF (1 - :U)"_k ,k=0,1,--- 'n. The approximation properties of Bern-
stein operators for continuous functions or functions of smoothness have been investigated
extensively. Among them, many authors have studied the Voronovaskaja-type asymptot-
ical estimates (see [5]-[7], [13] ).

Stancu ([11]) generalized the Bernstein operators to the following so called Bernstein-
Stancu operators:

Boos (1) Zf(iig)pn,k(x» (1.1

It was showed that B,, o g (f;x) converges to continuous function f(x) uniformly in [0, 1]
for o, satisfying 0 < a < 3.

Recently, Gadjiev and Ghorbanalizadeh ([4]) further generalized Bernstein-Stancu op-
erators by using shifted knots as follows:

n n k‘
Suaslfin) = ("22) 31 (5 qunto) (1.2

k=0

k n—k
where x € {ni%Q, Zigﬂ, Ini(x) = (Z) <:c — nf_’-@) <Zi%z — .CE) ,k=0,1,---,n, and
ag, B,k = 1,2 are positive real numbers satisfying 0 < a1 < 1, 0 < ag < (9. They
estimated the approximation rate of approxiamtion by S, o g (f, x) for continuous functions
in A,. In fact, they established the following:

2010 Mathematics Subject Classification. 41A25, 41A35.
Key words and phrases. Bernstein operators with shifted knots, Voronovaskaja-type results.
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2 RONGRONG XIA AND DANSHENG YU*

Theorem 1.1. ([4]) Let f be continuous function on [0,1]. Then the following inequalities
hold:
4(Ba—PB1)* (2E52 “tn .
sw <f7\/ (n+(/3552> ) ,if (Ba—P1) = (a2 —on),

gL‘J(fv\/W)? Zf (BQ_BI)S(OQ_OCI)-

[e2) n+aos
n+B2 7 n+po

considered. As we know, S, o 3 is positive and linear in the set A,,. Although, S, , g is still
definable on [0, 1]\ 4;,, but it is not positive in this case. Then, a natural problem is whether
Sn,a,8(f,x) can be used to approximate the continuous functions on the whole interval
[0,1]. Wang, Yu and Zhou ([14]) give a positive answer by establishing the following:

|Sn,a,ﬁ (f,x) = f ()] <

In Theorem 1.1, the approximation properties of S, o g(f, ) in A, := { } are

Theorem 1.2. Let f be a continuous function on [0,1], X € [0,1] be a fized positive
number. Then there exists a positive constant C only depending on A\, aq, s, f1 and B
such that

e (@
Suas () = 1 @)] < e (1,212 (1)
where p(z) = \/x(1 — ), d,() := p(x) + ﬁ, and

() (o220

Many authors have generalized S, o g(f,«) in many ways (see [1], [3], [8]-[10], [12]).
Our purpose of the paper is to give the Voronovskaja type estimates of approximation
by Sp.a.8(f,z) on Ay.

wer (f,t) == sup sup
0<h§t z+ ho () 6[0 1]
2 b

Theorem 1.3. Let f € C?(A,), A € [0,1] be a fized positive number. Then there exists a
positive constant C only depending on A, a1, as, 81 and [y such that

2 T 1-A T
Suas(f) = 1) = g7 ()| < O (7,2

where 0, (z) = ¢(x) + ﬁ, o(x) = \/<x - ni@) (Zigj - w),

o 1 (n+6)\° ar \? (n+ B2)(1 +2a9) 201 Q9
Mu(z) = n <n+51> (x_n+ﬁ2> +< (n+ p1)? _n+ﬁ2> <x_n+52>
af af

+(n +61)2  (n+ B2)?

I e P )

When a1 = ag = 1 = 2 = 0, we get the results of [7] for Bernstein operators. Noting

that |0(z) — x| < (Ba=pr)r—astay

e , we have
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Corollary 1. Let f € C%(Ay), A € [0,1] be a fized positive number. Then there exists a
positive constants C1 and Cy only depending on X\, a1, s, 1 and B2 such that

(B2 — B1)r — s+ ay
+w (f, p——H )An> ,(1.5)

Sn,a,ﬁ(fv .’IJ) - f ($) - if”(x)Mn(x)

where w(f,t)a, is the usual modulus of continuity of f on A,.

Throughout the paper, C denotes either a positive absolute constant or a positive
constant that may depend on some parameters but not on f, z and n, their values may
be different at different occurrences. The symbol z ~ y means that there exists a positive
constant C such that C~! <z < Cy.

2. AUXILIARY LEMMAS

Lemma 2.1. ([3], Lemma 3) For any given v > 0, we have

k+ o
n+ 51

, T €A, (2.1)

Apy(z) ="

k=0

Lemma 2.2. If g € Dy = {g:¢' € ACio, |07d|| < 00, ||¢/|| < o0}, then for any x €

— [Q2 ntas
An =[5 552, we have

S (0= 000000 — ez )| < 02 (5} gty + (St Qﬁ(‘”)) I H)
(2.2)

Proof. We need the following inequality:

olt =2l
<Z>A 5@

for any z,t € A,,. (2.3)
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In fact, when A = 1, (2.3) is obvious.

RONGRONG XIA AND DANSHENG YU*

When 0 < A < 1, we have (by using Hoélder’s

inequality for 0 < A < 1)

/x qﬁ/\l(u)du / —du

t
/du

1-X

A
t 1 1
< Clt — x| / + — du
* u= n+252 Z+%§ —u
_ +a2 n + o9
<Ct—1’\< A W ¢ -
- | 7l n + Po v n-i—BQ n-l—ﬁz n + B2 v
A
<
_ ntas ntas
\/t n%*\/‘f s \/n+,8 t*\/nw -
A
1 1
< Clt— x| + =
\/x - n-ij@’z \/n—&-ﬁz -
|t — x
< O
M)
which proves (2.3).
Now, we prove (2.2) by considering the following two difference cases: = € B, =
ot 2ot | amd @ € B = (93, 8854 U (%5552, 2552], respectively.
When z € B, = [23:%1, "Zj‘_%;l}, we have
. as +1 n+aoa—1 C
> = o)) >
o0z min (6 (3275) 0 () 2
which means that
on(x) ~ ¢(z), =€ By. (2.5)
Then, by Lemma 2.1, we have
t
Sus ([ (0= 0000 - glo)iu.z )
x
t u A /
¢ (s)g'(s)
< |Snap (/x (t —u) (/x ¢)\)<8>(ds du, x
! |z — ul
< C6*d|| |Sn.a (/ t—udu,x)
16 S ([ 1t =l s
l*d| 3
S ]
||<Z>*9’H (n+62)” k4o
= C — x| |gnir(x
52( )517>\(x) A/
< n n . 2.6
S v (26)
"7 XIA-YU 714-723
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When z € By, = [.%%, f{fg] U [”:Lrj’r""ﬁ;l, Zigz], we have 0, (z) ~ ﬁ Then,
i 53 i S @) 1\
W@ g < @ (@) oy () () 19l
/n N v \Vn
) LA o (A @)\
< ¢ 161 + ( ) 1. e
N N

By Lemma 2.1 again, we get

Suas [ (¢ (000 = o)) x) |

t
< 1 [Swas ([ 0= ([ 550%) dux)‘
At ! 2 1
< _ -
< s ([ 0= (5565 + ) )|
t 1
< C 5g Sh.a, </ t—uzdu,:E)
120 S ([ 6= 0% 555
1 1 k+a |
< Ayl _
< Cllong HZ 5,/)(:6 8\ (k+a1) ’x n+ p1 k()
n+p8
I<:+a1
< _
= n"‘ﬁl Qn,k(:z:)
i) 61* (2), » (5”(@)1—1@
< ¢on || + JI - 2.8
( Tn 679"l Tn gl (2.8)
We prove Lemma 2.2 by combining (2.6), (2.7) and (2.8). O
Lemma 2.3. Under the conditions of Lemma 2.2, we have for x € A, = [ni%2, Zigj] that
Sralt) () (H7@) B @)\ 3
Snapt,x) —u)(g(u du <C" g +<" ) q 2.9
/I (Sna,5(t, x) —u)(g(u) — g(x)) (\fll I Tn lg'll | (2-9)
Proof. If x € B,, = [zﬂiv ”Iﬁ’z‘gl], by (2.3) and the fact (see, [4])
S st x):<”+52>x—<0‘2a1> (2.10)
e n+ f1 n+p1 )’ ’
we have for any v > 0 that
Spap(tr) —a < <. (2.11)

n’Y
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By (2.3) and (2.11), we get

S a5 (t,T)
/ (St ) — ) (g() — g(a))du

Sn,a,ﬁ(tvx) w
< / (Sn,a,ﬂ(t’ﬂf) —u) (/ g/(s)ds> du
Sn,a,8(t,T)
< aAdl| [T st 0 ([ s du
Py
< C|L>/\(i]C)H ‘Sn,aﬁ(t7x) _‘T‘S
1 oM
e )‘
62(z) 61 Ma

f

Itz € By = |:7li%z’ zfgﬂ ["Zif@;l, Zigﬂ , we have

_ ) »
Sn,a,ﬁ(t,$)=<n+62)x—<a2 al)g{ o S e ]U[n—i—oq ’n—l—m]

n+ B n+ B n+ B2 n+ B n+B2 T n+ B
It is easy to observe that
n+B2 Qo — (]
On (S t = 4 —
n( n,a,ﬂ( 71')) n <n+ﬁ1$ TL—{—ﬁl )

X
n+ p1 n+p  n+pb

\/{n+32 -y (eD) ][n+a2_n+,82 +042—041] 1

_|_7
nth ntpBi ! n+p]  Jn

n+52x_20z2—041 n+2as — oy n+52x n 1
\/ﬁ

n+ p1 n+ S n+pf  n+p
1

Therefore, by (2.11) again, we get

Sn.a,p(t,x)
/ (St ) — u)(g(u) — g(x))du

C et g 2(_2 L )
< n,a t’ - +
< ol g||/$ (Snas(t:2) =0 (55 + 527 ) 20
1 1
< — .
: rest) =58 (5305 gason)
52( ) O M) | o
< o) 3 2.13
T 1679 (2.13)
We get Lemma 2.3 by combining (2.7), (2.12) and (2.13). O
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3. PROOF OF RESULTS
Define the auxiliary operators S, o g(f, ) as follows:
Sn.ap(fr2) = Snap(fx) + Lnas(f, ), (3.1)

where Ly, o 8(f,2) = f(z) — f(0,(z)), and 0, (x) = Sy, q,58(t, ).
It follows from the facts S, o 3(1,2) = 1 and (2.10) that

Snap(liz) =1, Spap((t—1x),z)=0. (3.2)
For any f(z) € C(A4), 0 < X <1, define the K-functional:

Koo (5= gt {17 =gl +efjor] + 075 o) |
K¢>\ (f,t) ~ W¢A (f, t) .

9€A.Cioc
Then, by taking t = L\;ﬁm, there is a g € ACj,. such that

Then ([2])

57 =l < Cu (. 242) 5:3)
%’ HW 'l < Clogs < 4 5’11_\;5(9”)>An. (3.4)
(5’17\;5(“’“)) Tl < Clp (7" 5’1135(‘”’“’))& . 35
By (3.1), we have
Sninp(£12) = F0u(2)) = P @M (0)| =[Sl f.2) — Fl@) — L))

Hence, we only need to prove the following inequality:

- (5,% 51 (

uaslfi) = 1(0) = 3" @Mo)| < € (1. 20L) g
An

It follows from (3.1) that

. t t Sn.a,5(tT)
Sn.a.B </ (t— u)du,a:) = Shap </ (t— u)du,a:) — / (Snap(t,z) —u)du
T T xz

(S (= 2)%,2) = (Snas(t,2) - 2)?]

[Sn,a,ﬁ (t27 (E) - S?L,Ot,ﬂ (tv ‘7:)]

N~ N

It was proved in ([4]) that

Snas(t®z) = nt B\ (e N\ LB\
et = 055 ) " arm) Tan\nta) s

Gt ot (o) - () s (o) vt
n+ /1) n+ B n+ﬂ2 n+B1) n+ A n+ B2 (n+ p1)?
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By (2.10), we can rewrite Sy, o g(t, z) as follows:

g (tm) _ <n+52>x_<a2—a1):n+52 <x_0éz—061>
mon BT n+ By n+ By n+ B n + B2

n+ B2 ) Qg
= €Xr — + s
n+ f1 n+pP2  n+ B

which means that

(Spaslt,z)? = <"+52>2<x— @2 4o >2
B o n+ n + Bo n+ B

- (3) (o)« G5R) w0 ats)
- n+ p1 v n+ Ba n + B n + B2 v n+p2)"

Then

2 2 n+Ba\” ar \° 1 (n+8)\ as 1\’
St 2) = Snapltw) = <n+ﬁ1> <mn+52> n<n+,6’1> (xn+52>
+<n+ﬁ2> 1 <$_ Qo >+<n+52) 201 (x_ Qo >
n+p61) n+ b1 n+ B n+p1/) n+ B n + B
2 2 2 2
e Gin) (av) - (59)
(n+ﬁ1)2 n+ B n + Bo n + B2
20 e
_”+52'<n+52>
B 1 /n+ps 2 e 2 n + Bo 1 fe%)
B _n(n+51> <x_n+ﬁz> +(n+61)n+61 <x_n+52>
+n+52_ 20 (m o9 > a2
n+p1 n+ B n + B2 (n+ B1)?

oz% 2001 Qs
"+ B) n+ps (x_n—l-ﬂz>
B _1(n+ﬁ2>2<x_ o >2 [TL+52 201(n+ B2) 2041}
n \n+ 3 n + B2 (n+ f1)? (n+ 61)? n+ B2

Qs a? a?
<x_n+ﬁz>+(n+51)2_(n+5z)2
_ _l(nwz)?(x_ a >2+((n+ﬁ2)(1+2a1)_ 2a1>
n \n+ 5 n + Bo (n+ B1)? n + Bo

y < @ > n a? B a?
R (n+pP1)?  (n+f2)?
= M,(x)
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By Taylor’s formula: f(t) = f(z) + f'(z )+ f w) f" (u)du, we have

_ 1

Sn,a,ﬁ(f? {L') - f(.’L‘) - if”(x)Mn(x)

o o t
< [Swas () — f(2) - F(2)Snas ( J x) ‘
< [Suas ([0 =0 )00) =S ([ = 011"z )

t

< [Snes < [ =0 - @) )

o xt o t
< [Snes ( [ =l - g<u>|du,x) \ S ( [ -l - g(x)\du,x) ]

+ [Buca ([ (t— w)lg(w) — o(o)ldu. o) \
e LtDhth (3.7)

For I, by (2.11), (3.1) and Lemma 2.1, we have

t
B [Suea ([ (t—u)(f”(u)—g(u))du,m)‘
Sn,a,s(t,x)
+ [ (Snap(t 2) — W] (4) — g(w)|du
52
< alr gl (24 )
52
< Dy (3.5)
Similarly, we also have
5oy
n<ca®@ g (3.9)

For Is, by Lemma 2.2 and Lemma 2.3, we have

B < [Suas ([ (€= 0ot - a(e)an.s)
Sn,a,s(t,x)
+ / (St 2) — ) (g(w) — g(a))du
63() S @) e (M@ TR,
< ¢ (\f 16 u+( ﬁ> ||gu>. (3.10)

We finish the proof of (3.6) by combining (3.3)-(3.5), (3.7)-(3.10) .
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Double-sided Inequalities of Ostrowski’s Type and Some
Applications

Waseem Ghazi Alshanti and Gradimir V. Milovanovié

Abstract

We construct a new general Ostrowski type inequality for differentiable mappings whose
first derivatives are bounded in terms of pre-assigned continuous functions. Applications to
composite quadrature rules are also given.

1 Introduction

In 1938, A. Ostrowski [14] introduced the following interesting and useful integral inequality for
differentiable mappings with bounded derivatives:

Theorem 1.1 Let f : [a,b] = R be continuous mappmg on [a,b] and differentiable on (a,b),

whose derivative [’ : (a,b) — R is bounded on (a,b), i.e., ||f'|lco = sup |f'(¢)| < oo, then for all
t€la,b]
€ [a, b]
b 2
1 1 (x — a_er)
- Ot < |=+~—2L | (b— ... 1.1
Y R P (G (11)

The constant i is sharp in the sense that it can not be replaced by a smaller one.

Ostrowski’s inequality is one of the most famous inequalities in the integral calculus. It measures
the deviation of a function from its integral mean. Also, an estimation of approximating area under
the curve of a function by a rectangle can be obtained in this case.

In 1975, Milovanovié [10] (see also [12, pp. 26-29]) proposed a generalization of (1.1) for a
function f of several variables as follows:

Theorem 1.2 Let f : R™ — R be a differentiable function defined on D and let
where M; > 0 for each i =1,...,m. Then, for every X = (x1,...,x,) € D, we have

0 .
6—£’ < M; in D,

flxe, .o zm) — / /f (Y1, Ym) dyr - - dym

ﬁ b; — a;)
1=1
< i 1+($i_ai—2i_bi)2 (b ) M,
-+ —=—| (0 —a;) M;.
i 4 (bi_ai)Q
1
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One year later, in 1976, Milovanovi¢ and Pecari¢ [11] presented the following generalization
when |f(”)(:c)‘ <M (Vz € (a,b)), and n > 1:

Theorem 1.3 Let f : R — R be n(> 1) times differentiable function such that ‘f(") (z)’ <M
(Vz € (a,b)). Then, for every z € [a, b]

_ (z — @)™ + (b — z)"+!
~ n(n+1)! b—a ’

He +;Fk> - ﬁ/bf(y)dy

where Fy, is defined by

n—k fE V(@)@ - a)f — fEDE) (@ - b)F

Fi = Fi(finsw;a:0) = — T

For n = 2, Theorem 1.3 gives

Lo + a0 r0onfo) L £y,

b—a

4 12 )2

oot o )
- (b—a

2 Preliminaries

Associated with differentiable mappings, there has been extensive research in the literature on
related results. Over the past few decades, many studies on obtaining sharp bounds of Ostrowski’s
tpye inequalities have been conducted. Most of the calculations within these sharp bounds depend
mainly on the magnitudes of Lebesgue norms of derivatives of given functions.

In [5]-[8], Dragomir and Wang obtained the following bounds on the deviation of an absolutely
continuous mapping f, defined over the interval [a,b], from its integral mean

[(552)° + (o - 25t)”] s, #' € Lucla, b

’ "¢ L,la, b,
< 1 [(1- _ a)qul + (b _ SC)qul] 1/q Hf ||p f p[ ]

1 x
flz) - /f@w
| b-a/ el L+ L=Lp> 1

[te 4 |z — age|] 120 f e Lyfab).
In [9], Masjed-Jamei and Dragomir provided the following analogues of the Ostrowski’s inequal-

ity for a differentiable function f whose first derivative f’ is bounded, bounded from below, and
bounded from above in terms of two functions «, 8 € C[a, b] as follows:

Theorem 2.1 Let f : I — R, where I is an interval, be a function differentiable in the interior I

of I, and let [a,b] C I. For any «, 8 € Cla,b] and x € [a,b], we have the following three cases:
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1° If afx) < f'(x) < B(x), then

bia (/ (ta)a(t)dt+/(tb)ﬂ(t)dt) < f(z) — bia/f(t)dt

a x

z b
< bia (/ (t—a)ﬁ(t)dtJr/(t—b)a(t)dt) : (2.1)

a

2° If a(z) < f'(z), then

T b
1

— [ / (t — a)alt)dt + / (t — ba(t)dt

a x

b
—max{z —a,b—z} <f(b) - fla) = /a(t)dt)}

b
< @) - 5= [ Foa

b

< 5 i " l/(t —a)a(t)dt + /(t —b)a(t)dt
a x ,
+ max{z —a,b — x} (f(b) — fla) — /a(t)dt)] , (2.2)
3° If f'(x) < B(x), then
T b
g ! - [/(t — Q)BH)dt + /(t BBt

b

—max{r — a,b— z} (/ﬂ(t)dt — f(b) +f(a)>]

a

b
< (o) - 5y [ s

b

< [ Je-aswa [ vswa
a xT b
+max{zr —a,b—z} (/B(t)dt — f(b) + f(a))] , (2.3)

3
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The listed inequalities in Theorem 2.1 are significant as they improve all previous results in
which the Lebesgue norms of f’ come into play when handling the bounds calculations. In this
case, the required computations in bounds are just in terms of pre-assigned functions. For other
related general results, the reader may be refer to [3], [15], [16], [18], [1], and [2].

In this paper, motivated by [9], new integral inequalities of Ostrowski type are obtained.
Namely, under certain conditions on f’, we give the lower and upper bounds for the difference

N | >

E(f;h) =

b
(£l@)+ 1)+ (L= b flo) - = [ Fesat (24)

where h € [0,1] and z € [a+ht5%, b—h252]. Our results provides range of estimates including those
given by [9] and [5]-[8]. Utilizing general Peano kernel, we recapture the three inequalities (2.1)-
(2.3) obtained by [9]. Some special cases of our result and applications to numerical quadrature
rules are also given.

3 Main Results

In order to formulate our main results, we need a kernel K(t; - ) : [a,b] — R defined by

t— (aJrhb*Ta), t € [a,x],

K(t;x):{ t—(b—hb52), te(xb), o

for all h € [0,1] and x € [a + hb*Ta,b - hb*T"}. Also, for two functions a, 8 € Cla,b], such that

)

a(t) < B(t) for each t € [a,b], we define the functions A(t; -) : [a,b] — R and B(¢; ) : [a,b0] = R
by
1
A(t;z) = 5{ [1— sgn K (t;2)] B(t) + [1+ sen K (¢; z)]a(t)} (3.2)
and 1
B(t;z) = 5{ [1—sgnK(t;z)]a(t) + [1+sgn K(t;x)}ﬁ(t)}, (3.3)
respectively. We note that
-1, te [a,aJrhb_T“) ,
1, te (a+h%,z] ,
sgn K (t;x) = (3.4)
~1, te (z,b—h%52),
1, te(b—hb520],

and equal to zero at t = a—l—hb*T“ and t =0b— hb*Ta.

Obviously, (2.4) provides range of estimates including those introduced by [9] and [5]-[8]. For
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instance, when h =0, h =1/2, and h = 1, (2.4) can be, respectively, reduced to

E(f;0) =

(z € [a, b)), (3.5)

Eunm>=iwww+ﬂw+wwm—bia/fww (ec [0 222]), 6o

b
B(fi1) = 57 @+ £ (0 - 5= [ f(oae. (37)

Theorem 3.1 Let f : I — R, where I is an interval, be a function differentiable in the interior

I of I, and let [a,b] C I. Also, let E(f;h), K(t;x), A(t;x), and B(t;x) be given by (2.4), (3.1),
(3.2), and (3.3), respectively.

For any o, B € Cla,b], h € [0,1], and = € [a + h25%,b — h252], we have the following three
cases:

1° If a(z) < f/(x) < B(z), then

b
— /K(t;x)A(t;x)dt < B(fih) < ! - /K(t;x)B(t;x)dt; (3.9)
2° If a(z) < f'(x), then
1 b b
b_a{/K< )(Mt(xm<ﬂwfw)l/()&>}<EUh)
’ 1 b ’ b
< a{/K(t;x)a(t)dt 4 L(z, h) (f(b) ~ fla) - /a(t)dt) } (3.9)
where

L(z,h) = tIél[;a)z(y |K(t;z)| = max{zathQ,bxhbTa,hbTa}; (3.10)

3° If f'(x) < B(x), then

b b
— a{/K(t;x)ﬁ(t)dt — L(x,h) (/ B(t)dt — F(b) + f@)} < B(f:h)
— {/ K (t:2)B(t)dt + L(z, h) </ B(t)dt — £(b) + f(@) } (3.11)

where L(x,h) is defined by (3.10).

728 Alshanti-Milovanovic 724-736



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.4, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Proof. By considering the kernel K (¢; ) in (3.1), we have

b

/bK(t;ac) (f (t) — )dt /K (t; ) f'(t)dt — —/K(t z)(a(t) + B(t))dt

b

= (- @B - 5 [ Ko (e +50)d (312)

a

because of

[t = - (aent52)] swace [ [i- (=152 ro

a x

_ /btf/(t)dt (a+hb;“) (f(z) - fla)) <b hb;“> () - f(@))

— -0 |30 @+ O]+ 0= )] - /f

= (b= a)E(f; h).
Now, for the first inequality (3.8), the given assumption a(z) < f'(z) < f(z) yields

)+ 80| _ A1) —a)
2 - 2 '

f1) -

(3.13)

Therefore, from (3.12) and (3.13), we get

b

b= aB(fi) - 5 [ Kitiz)(a) + 50)dt

a

b

/K(t;x) (f’(t) - M) d

ie.,

b b
—5 [ 1K@ (0 - aw)ar+ § [ Kso)(ao + 50} < 0 - B3R

a a

/|Ktz ) —a(t))dt + = /Ktz((t)+ﬂ(t))dt.

Since |K(t;x)| = K(t;2)sgn K(t;2), and A(t;z) and B(t;z) are defined by (3.2) and (3.3),
respectively, the previous inequalities reduce to (3.8).

6
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For the second case, when a(z) < f'(z), we have

/KwMU%%ﬂ®Nt= /Kmew—/meMWﬁ

a

b
= (b—a)E(f;h) — /K(t;:c)a(t)dt.
Hence,
b
(b— a)E(f:h) — /K(t; 2)a(t)dt

a

b

/wau%»ww»m

IN

a

/Z|K(t; 2)|[(f/(t) — a(t))dt
b
(mmyamm)é(f@_a@mt

tela,b

IN

IN

b
= L(z,h) (f(b)f(a)/ a(t)dt), (3.14)

where L(z, h) is defined by (3.10). Then, (3.14) gives (3.9).
Finally, for the third case, when f’(x) < 8(z), we have

b b b
/KmMU%%ﬂ@Nt= /Kmmfw—/Kmmmmu

a

b
— G-aB() - [ KD
from which, as before, we obtain
b
[E@ow® - s

a

IN

b
wf@EUmyi/szmmm

IN

/x!K(t;x)!(ﬂ(t) — f(t))dt

IN

(mm|K@mn>/7mwfw»a

te(a,b]

= L(x,h) (/abﬂ(t)dt i f() + f(a)>,

ie., (3.11).
The proof of this theorem is completed. (|
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Remark 3.1 According to (3.10) and max{u,v} = % (u+ v + |u — v|), we can see that

b—a
2

L(z,h) = if h<

|~

(1h)+‘za+b‘

This expression holds also for & > %, but only when |z| > 2h — 1. However, for |z| < 2h — 1, the

y
20 h=0
h=025
15 h=05
s h=065

o o5 o0 05 10 P <
Figure 1: The function x — L(x, h) for h =0, 0.25, 0.5, 0.65, 0.8, and 1.
function x — L(z, h) is a constant, i.e.,

b—a
2

L(z,h) = h.

This function on [a,b] = [—1, 1] for different value of h is presented in Figure 1.
Now, we consider cases with constant functions « and g, i.e., when a(z) = ag and S(z) = So

on [a, b].
According to (3.2), (3.3), and (3.4), we get

(ﬁo,ao), te [a,a + hb_Ta) :
pb=a
(A(t;x),B(t;:c)) _ (040;50)7 te (a+ 5 735} ,
(Bo, @), te (z,b—hb52),
(0, Bo), t€ (b—hb52.b],
8
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so that the corresponding bounds in (3.8) become

b

1
B = — /K(t;x)A(t;x)dt
= *Q(bl_ ) 6o — a*ag — 2(bfo — ac)z + (Bo — an)z?]
+% [aao + bﬁo — (Oéo + Bo)w] h — i(b — a)(ﬁo — ao)h2 (3.15)
and
. b
BY = b_a/K(t;x)B(t;z)dt
= 1 ) [a260 —b%ag + 2(bag — afo)z + (Bo — ao)xﬂ
+= [bao + aBo — (a0 + Bo)z|h + i(b —a)(Bo — ). (3.16)
Also,

ot [ e = L { [ - (oot o [ [ (-0859)] o]

— %(1 —h)(2x —a —D),
so that we can find the corresponding lower and upper bounds in the inequalities (3.9) and (3.11):
B® — %(17h)(2x7a7b)fL(z,h) <wa) (3.17)
B = 21— )@ —a—b)+ Lz h) <f(b) Z ) (3.18)
B® = %(1 —h)(2x —a—b) — L(x,h) (ﬁ bl)) — (J: ) (3.19)
B _ %(1 —h)(2z —a—b) + L(z,h) (ﬁo - b; — Z ) (3.20)

where L(z, h) is defined by (3.10).
Thus, for constant functions « and /3 on [a, b], we get the following result:

Corollary 3.1 Under the assumptions of Theorem 3.1 with a(x) = oy and S(x) = By, we have:
1° If ag < f'(2) < fio, then BY < B(f;h) <B";
2° If ag < f'(2), then B® < E(f;h) < B;
3° If f'(x) < fio, then B®) < B(f;n) < B,
where the bounds are given in (3.15)—(3.19).
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4 Some Applications in Numerical Integration

Inequalities of Ostrowski’s type have attracted considerable interest over the years. Many authors
have worked on this subject and proved many extensions and generalizations, including applications
in numerical integration (cf. [4]). These inequalities can be considered as error estimates of certain
elementary quadrature rules in some classes of functions.

Beside the bounds of (3.5)—(3.7), in this section we consider also ones for h = 1/3, 1/4, 2/3,

and 3/4, i.e.,
B(f:1/3) = S 1f(@)+ F0) + 47— 5 /bf e I
B(f51/4) = §[7(@) + ) +6f(@)] - ajf o (oe [T AER)),

1
B(F2/3) = 5lf(0)+70)+ e

VR
8

{2a+b a+2b}>
€ )

B(f:3/4) = $[8() + 3/0) + 2/(2) fm/ft a (ae |2 2R,

respectively.

For x = (a +b)/2, E(f;1/3), given before by (4.1), represents the error in the well-known
Simpson formula (cf. [13, pp. 343-350]).

In order to get the corresponding estimates of (2.4), i.e.,

E(f;h):g[f(a)—i—f(b)}+(1—h)f(x)—b1a/bf(t)dt (ace [th_T“,b—hb;“D,

for different values of h, we use here Corollary 3.1 (Case 1°).
Case h = 0. Here, the value of x can be arbitrary in [a, b]. Then, BW and E(l) reduce to

B = — 2(b1_ a) [b°Bo — a”ag — 2(bBo — ac)z + (Bo — ag)a”]

and
=) 1

2(b—a)[

so that, under the condition ag < f/(z) < Bo, for each x € [a, b], we have

a*Bo — b>ag + 2(bag — afo)z + (Bo — ao)z?],

b
BY < f@) - [ f0ae <5 (12)

a

10
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For the symmetric bounds of the first derivative f’ (|f'(z)| < o), i.e., if ag = — B0, (4.2) reduces

to .
1
—b_a/f(t)dt <

which is, in fact, the original Ostrowski inequality (1.1).
Otherwise, (4.2) for z = (a + b)/2 gives the error estimate for the midpoint rule,

2

while for x = b it gives the error estimate for the so-called endpoint rule

bia/f t< 50— a)fo

Case h = 1. Here x must be (b —a)/2! Taking h = 1 in (3.15) and (3.15), for the trapezoidal
rule (3.7), we obtain the same bound as for the midpoint rule,

1

< < (b= a)(5 — ao),

1
i(b — a)ao <

[7(a) + (0 b_a/f < £(b—a)(o — ao).

N | —

Case 0 < h < 1. Now we take x = (a +b)/2 in (3.15) and (3.15). Since, in that case,

g _FY é(b —a)(1 — 2h+2h%) (Bo — ),

we get

h
2

@)+ 0] + 0 -mf (52) - 52 () a0, (13

4

provided that o < f/(z) < B for z € [a,b].
For h =1/2,1/3,1/4, 2/3, and 3/4, the inequality (4.3) reduces to

1@ (S52) 4 5 bia/bf@)dt < 2= (60— ao)

@+ ar (52) + s —bla/bﬂt)dt < 209 5, — o),
rrsr (22 o] ]«
3 [7@ 7 (S50) 0 —bla/bf(t)dt < B0 g, —a),
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and ,
a+b b—a
%[3f(a)+2f( ;L >+3f(b)]_b1a/f(t)dt S%(ﬁo—ao),
respectively.
5 Conclusion

Inspired and motivated by the work of Masjed-Jamei and Dragomir [9], new integral inequalities of
Ostrowski type are obtained with bounds are just in terms of pre-assigned functions. Our results
provides a generalization of error bounds that is independent of Lebesgue norms including those
given by [9] and [5]-[8]. We utilize general Peano kernel to recapture the three inequalities (3.8),
(3.9), and (3.11), obtained in [9]. Some special cases and applications to numerical quadrature
rules are also proposed.
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ITERATES OF CHENEY-SHARMA TYPE OPERATORS ON A
TRIANGLE WITH CURVED SIDE

TEODORA CATINAS*, DIANA OTROCOL**

ABSTRACT. We consider some Cheney—Sharma type operators as well as their
product and Boolean sum for a function defined on a triangle with one curved
side. Using the weakly Picard operators technique and the contraction princi-
ple, we study the convergence of the iterates of these operators.

Keywords: Triangle with curved side, Cheney-Sharma operators, contrac-
tion principle, weakly Picard operators.

MSC 2010 Subject Classification: 41A36, 41A25, 39B12, 47H10.

1. CHENEY-SHARMA TYPE OPERATORS

We recall some results regarding Cheney-Sharma type operators on a triangle
with one curved side, introduced in [6]. Similar operators were introduced and
studied in [3], [4], [5] and [9].

We consider the standard triangle T}, with vertices Vi = (0, h), Vo = (h,0) and
Vs = (0,0), with two straight sides I'1, I's, along the coordinate axes, and with
the third side I's (opposite to the vertex V3) defined by the one-to-one functions f
and g, where g is the inverse of the function f, i.e., y = f(z) and = = g(y), with
f£(0) = g(0) = h, for h > 0. Also, we have f(x) < h and g(y) < h, for z,y € [0, h].

Let F be a real-valued function defined on T}, and (0,v), (9(y),y), respectively,
(z, 0), (z, f(z)) be the points in which the parallel lines to the coordinate axes,
passing through the point (z,y) € Th, intersect the sides I';, i = 1,2, 3. (See Figure
1.)

In [6], we have obtained the following extensions of Cheney-Sharma operator of
second kind, to the case of functions defined on Th:

(L1) (@uF)@y) = Samalw)F (142,y)
(QUF)(@,y) = Y. aus(z.p)F (2,542),
7=0
with
(@,9) = (7) s 5857 (57 +18) 7 (L= 751 = 7855 + (m = g~
Im,i (T Y i/ (A+mpB)™=t g(y) \g(y) 9(y) 9(y) ’
4ng (2:9) = () = 7t (7t + 9077 (U= )L = gty + (0 = ",

*Babes-Bolyai University, Faculty of Mathematics and Computer Science, M. Kogélniceanu
St. 1, RO-400084 Cluj Napoca, Romania, E-mail: tcatinas@math.ubbcluj.ro.

**T. Popoviciu Institute of Numerical Analysis, Romanian Academy, Cluj Napoca, Roma-
nia; Technical University of Cluj Napoca, Memorandumului St. 28, R0O-400114, Cluj Napoca,
Romania, E-mail: Diana.Otrocol@math.utcluj.ro.
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2 T. CATINAS, D. OTROCOL
Vv
2 LX)
r
3
r1
0y) (y) ©O)y)
v, (x,0) r, v,

FIGURE 1. Triangle Tj,.

where
Afn:{i%‘ ’LZW} andAZjL:{j RACIN gy n}
are uniform partitions of the intervals [0, g(y)] and [0, f(x)] and m,n € N, 8,b € R;..

Remark 1.1. As the Cheney-Sharma operator of second kind interpolates a given
function at the endpoints of the interval, we may use the operators QF, and QY as
interpolation operators on T},.

Theorem 1.2. [6] If F is a real-valued function defined on T}, then the following
properties hold:

() Q‘/an = F on Fl U Fg;
( ) Q%F:F on I'o UTs;
(iif) (Qp.ei5) (x,y) =a'y!, i=0,1;j€N; .
(iv) (QYesj) (z,y) = z'y, ZEN'j:0 1, where e;; (z,y) = 2"y?, 4,5 € N.
Let PL. = Q% QY, respectively, P2, = QYQ%, be the products of the operators
Qr, and QY. We have

m n 9(w)
(12)  (PhaF) (0 9) =30 > s (@) an (142, y) F (142, 1),
i=0 j=0
respectively,
(PﬁmF) (z,y) :Z Z qmi (x,j@) qn,j (z,9) F( N n m 7]¥)
i=0 j=0

Theorem 1.3. If F is a real-valued function defined on Ty, then
(i) (PL, F)(w) =FWV;), i=1,.,3

( F)(T's) = F(I's),
(i) (P o | F)(V) = F(Vi),  i=1,...3
(P2 F)(T's) = F(T3).
We consider the Boolean sums of the operators ()7, and @Q¥,
(1.3) Spn = Qi © QY = Q1 + Q% — QF,

Som = Qh ©Qp, = Q) +Qr, — QhQ7,.
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ITERATES OF CHENEY-SHARMA TYPE OPERATORS ON A TRIANGLE WITH CURVED SIDB

Theorem 1.4. If F' is a real-valued function defined on Th, then

1 _ —
Sm,nF ’8Th - F‘(?Th ’

2 o
Smnt! ‘aTh N F‘aﬁ '

2. WEAKLY PICARD OPERATORS

We recall some results regarding weakly Picard operators that will be used in
the sequel (see, e.g., [21]).
Let (X, d) be a metric space and A : X — X an operator. We denote by

Fy:={z € X | A(z) = z}-the fixed points set of A;
I(A):={Y C X | A(Y) CY, Y # 0}-the family of the nonempty invariant
subsets of A;
AY =1y, At:=A, .., A" :=A40A" neN.

Definition 2.1. The operator A : X — X is a Picard operator if there exists
z* € X such that:
(1) Fa={z"};

(ii) the sequence (A™(xg))nen converges to x* for all xg € X.

Definition 2.2. The operator A is a weakly Picard operator if the sequence (A™(x))nen
converges, for all x € X, and the limit (which may depend on x) is a fized point of
A.

Definition 2.3. If A is a weakly Picard operator then we consider the operator
A>®, A*: X — X, defined by
A®(z) = nh—>H;oA ().
Theorem 2.4. An operator A is a weakly Picard operator if and only if there exists
a partition of X, X = |J X\, such that
AEA
(a) Xx€I(A), VA e A,
(b) Alx, : Xa — X\ is a Picard operator, VA € A.

3. ITERATES OF CHENEY-SHARMA TYPE OPERATORS

We study the convergence of the iterates of the Cheney-Sharma type operators
(1.1) and of their product and Boolean sum operators, using the weakly Picard
operators technique and the contraction principle. The same approach for some
other linear and positive operators lead to similar results in [1], [2], [7], [8], [22]-
[24].

The limit behavior for the iterates of some classes of positive linear operators
were also studied, for example, in [10]-[20]. In the papers [10]-[12] were introduced
new methods for the study of the asymptotic behavior of the iterates of positive
linear operators. These techniques enlarge the class of operators for which the limit
of the iterates can be calculated. _

Let F' be a real-valued function defined on T}, h € Ry. First we study the
convergence of the iterates of the Cheney—Sharma type operators given in (1.1).
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4 T. CATINAS, D. OTROCOL

Theorem 3.1. The operators QF, and Q¥ are weakly Picard operators and

F(g(y),y) — F(0,y)

(3.1) (@ F) (o) = LT 0 4 b0y,
(3.2 Q<) (av) = LR SEED 4 p 0,0).

Proof. Taking into account the interpolation properties of Q% and Q¥ (from The-
orem 1.2), let us consider the following sets:

(3.3)
X0 g, =AFE€CT) | F0.9) = ¢lr, . F(a(v),y) = elr,}, fory € [0,h],
X0) gy, =AF €C@) | F(2,0) = ¥ly,, F(a.f(2) = lp,}, for z €[01]

and for o, € C(T},) we denote by

(1) . ‘P|r3 - ‘P|r1
F@\Fl’w% (I7y) - g(y) x+ 90|F1 ’
_ ¢|F3 - "/J|F2

(@) y+ dlp, -

We have the following properties:
(i) x and X% are closed subsets of C(T},);

LP‘r‘lNP‘FS ¢|r2ad’|r‘3

" (1) . . . " (2) . . .
(ii) X&O\rlers is an invariant subset of @7, and lersz‘rs is an invariant

subset of Q¥, for ¢, € C’(Th) and n,m € N*;
=~ (1) =~ (2) -
i) C(Tp) = U X and C(T) = U X are partitions
( ) ( ) goEC(fh) LP‘FI’W‘FS ( ) wEC’(fh) "/"'1“2711)'1‘3
of C(Th);
: 1) 1) (2) (2)
(iv) FW\rpW\rg < XV"FpVJ\Fg N Fgs, and FWFQ’WFQ, < qu‘l“z’q/’ll"a
Fg= and Fgy denote the fixed points sets of @7, and Q3.

N Fgy, where

The statements (i) and (ii7) are obvious.
(74) By linearity of Cheney-Sharma operators and Theorem 1.2, it follows that

vEL e xW and VF® e x? we have

LP‘r‘lNP‘r‘g ¢|r1a§0|1"3 "/"rszlr3 w‘r‘2"‘/f"r‘3

zFL) (z,y) = FY) (z,y),

m= @lp s @l elp, ey

y (2) _ r(®
QnF ‘F27¢|I‘3 (‘T7y) - Fw‘F27¢II‘3 (‘T7y)

So, X ) and X% are invariant subsets of Q)7 and, respectively, of
W‘rlvw‘FS wlr‘sz‘r?’ m

QY, for ¢, € C(T) and n,m € N*;
(tv) We prove that

QL x - xW and QY| x® L x®

eiry elrg ‘P‘F17‘P‘r3 S"Irlxﬁolrs Yiry ¥irg ¢|p2,¢|p3 'él)‘rszlrs

are contractions for ¢, € C(T},) and n, m € N*.
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ITERATES OF CHENEY-SHARMA TYPE OPERATORS ON A TRIANGLE WITH CURVED SIDB

1
Let F,G € X;frlmrg. From (1.1) and (3.3) we get

Q7 (F)(2,y) — Q. (G)(2,y)| =
= [|Qn(F = G)(z,y)| <
< |gm,o0 (z;9) [F(0,0) = G(0,0)]]

. 2<> [ (s1.0) -0 (s
o0 [P (42.) -6 (. 42)

SZ (@ y) I1F Gl
=1

= Z i (@9) = gmoo (@39) | IIF = Gl

- {1 - (1- %) [1- ;o] 1P -Gl

i m—1
< [1- (1= )" ] 1P - Gl

where ||-||, denotes the Chebyshev norm.
Hence,

(3.4) Q7 (F)(z,y) — Q7. (G)(z,y)]] o, <
< [1 . (1 - H;Lﬂ)m_l] IF ~ G, VF,G e X

elp, s elry’

ie, Qnl o is a contraction for ¢ € C(Tj,).

elry s elrg _
Analogously, we prove that Q%] (2 is a contraction for ¢ € C(T},).

Ylrg, ¥irg
¢|r3—¢|p2

On the other hand, M( )+ elp, € X ‘) and —5>—=() + ¢Y[p, €

9(y)
x are fixed points of Q% and Q¥, i.e.,

<P|1"3

z [ ¢ elr, elr, —elr,
Qa (Bumr™ () + ¢lr, ) = 2257 () + ¢l

Plp, — Y| Ylp, —blp,
Lm0 + ) = TR0 +

Salr‘S - Solrl
9(y)

)

From the contraction principle, F(| el (z,y) = z + |p, is the

unique fixed point of @7, in X ‘) ol and Qm|X(1) is a Picard operator,
> Tl #lry»elrg

with
(QiF) (w,y) = FHHEE e 1 F (0,),
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. . (2) o ¢|r3—¢|p2 . . .
and, similarly, F'; ey ¥l (z,y) := Y+ Y|p, is the unique fixed point of
Y 2) . .
QY in X¢|F27‘/’|F and Q7L|X<$|)F2 e, is a Picard operator, with

(QUXF) (z,y) = FELEEED y 4 F (,0).

Consequently, taking into account (4i), by Theorem 2.4, it follows that the operators
Qr, and QY are weakly Picard operators. ([l

Further we study the convergence of the product and Boolean sum operators
given in (1.2) and (1.3).

Theorem 3.2. The operator Pl is a weakly Picard operator and

(3.5) (PheoF) (z,y) = Floly).y) (zgz;’y)x
Proof. Let N
Xo={FeC(Ty) | Fg9(y),y) = a}, aeR
and denote by
F(x,y) = @x

We remark that:
(i) X, is a closed subset of C/(T});
(il) X o is an invariant subset of P} . for a € R and n,m € N¥;
(i) C(T) = UXa is a partition of C(T},);
(iv) Fy € X ﬂ Fp1 , where Fp1 denote the fixed points sets of P!

The statements () and (#i7) are obvious.

(¢4) Similarly with the proof of Theorem 3.1, by linearity of Cheney-Sharma
operators and Theorem 1.3, it follows that X, is an invariant subset of Pl . for
a € R and n,m € N*;

(iv) We prove that

mn |X Xﬂ - XOl
is a contraction for € R and n,m € N*. Let F,G € X,. From [2, Lemma 8] and
(3.4), it follows that

| P1 2(G) xy|—’ W(F = G)(z, )’

< [1 - (ﬁﬁﬁ)m‘l (v22) " |1 - il

is a contraction for o € R.

50, P x.
From the contraction principle we have that F,, is the unique fixed point of P}
in X, and Pﬁm|XQ is a Picard operator, so (3.5) holds. Consequently, taking into
account (i), by Theorem 2.4, it follows that the operators P}, is a weakly Picard
operator. O

Remark 3.3. Similar results can be obtained for the operator P2,

Theorem 3.4. The operator S = is a weakly Picard operator and

mn

(SyacF) (w,y) = 20 4 FESEILED Y 4 P (2,0) + F (0,y).
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ITERATES OF CHENEY-SHARMA TYPE OPERATORS ON A TRIANGLE WITH CURVED SIDRE

Proof. The proof follows the same steps as the proof of Theorem 3.2, using the
following inequality

HSmn(F)(z,y) - S,,m(G)(x,y)Hoo

<{i- ()" (2)" - (25)" ()" |fir-ai.

for proving that S}, is a contraction. O

Remark 3.5. We have a similar result for the operator S2, .
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Abstract

In this paper, we introduce the concept of neutrosophic fuzzy soft translations and neutrosophic
fuzzy soft extensions of neutrosophic fuzzy soft BC'K-submodules and discusse the relation between
them. Also, we define the notion of neutrosophic fuzzy soft multiplications of neutrosophic fuzzy

soft BC K-submodules. Finally, we investigate some resultes.

Keywords: BCK-algebras, BCK-modules, soft sets, fuzzy soft sets, neutrosophic sets, neu-
trosophic soft sets, neutrosophic fuzzy soft BC K-submodules, neutrosophic fuzzy soft translations,

neutrosophic fuzzy soft multiplications and neutrosophic fuzzy soft extensions.

1 Introduction

Fuzzy set theory which was developed by Zadeh [23] is an appropriate theory for dealing with vague-
ness. It is consedered as the one of theories can be handled with uncertainties. Combining fuzzy set
models with other mathematical models has attracted the attention of many researchers. Interval-
valued fuzzy sets [24], hesitant fuzzy sets [21] , intuitionistic fuzzy sets [3, 4], Intutionistic Fuzzy
BCK-submodules [5] and (e, € V q)-fuzzy BC K-submodules [2] are some of the researches that have
dealt this subject.

Neutrosophic algebraic structure is a very recent study. It was applied in many fields in order
to solve problems related to uncertainties and indeterminacy where they happens to be one of the
major factors in almost all real-world problems. Neutrosophic set is a generalizations of the fuzzy set

especially of intuitionistic fuzzy set. The intuitionistic fuzzy set has the degree of non-membership
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as introduced by K. Atanassov [3]. Smarandache in 1998 [19] has introduced the degree of indeter-
minacy as an independent component and defined the neutrosophic set on three components: truth,
indeterminacy and falsity.

The concept of BC K-algebra was first initiated by Imai and Iseki [8]. In 1994, the notion of BC'K-
modules was introduced by H. Abujable, M. Aslam and A. Thaheem as an action of BC K-algebras
on abelian group [1]. BCK-modules theory then was developed by Z. perveen, M. Aslam and A.
Thaheem [18]. Bakhshi [6] presented the concept of fuzzy BCK-submodules and investigated their
properties. Recently, H. Bashir and Z. Zahid applied the theory of soft sets on BC' K-modules in [12].

Translations, multiplications and extensions are very interested mathematical tools. They are
types of operations that researchers like to apply with fuzzy set theory. In this paper, we introduce the
concept of neutrosophic fuzzy soft translations and neutrosophic fuzzy soft extensions of neutrosophic
fuzzy soft BCK-submodules and discusse the relation between them. Also, we define the notion
of neutrosophic fuzzy soft multiplications of neutrosophic fuzzy soft BC K-submodules. Finally, we

investigate some resultes.

2 Preliminaries

In this section, some preliminaries from the soft set theory, neutrosophic soft sets, BC' K-algebras and
BC K-modules are induced.

Definition 2.1.[17] Let U be an initial universe and E be a set of parameters. Let P (U) denote
the power set of U and let A be a nonempty subset of E. A pair Fy = (F, A) is called a soft set over
U, where AC F and F : A — P (U) is a set-valued mapping, called the approximate function of the
soft set (F, A). It is easy to represent a soft set (F, A) by a set of ordered pairs as follows:

(F,A) ={(z,F(x)):x € A}

Definition 2.2.[20] A neutrosophic set A on the universe of discourse U is defined as A =
{(,Ta(x),I4(x),Fa(z)),r € U} where T4 : X — ]70,17[ is a truth membership function, I :
U —]70,17[ is an indeterminate membership function, and F4 : X — ]70,17[ is a false membership
function and ~0 < Ta(x) + Ia(z) + Fa(z) < 37.

From philosophical point of view, the neutrosophic set takes the value from real standard or non-
standard subsets of |~0,17[. But in real life application in scientific and engineering problems it is
difficult to use neutrosophic set with value from real standard or non-standard subset of |70,17].
Hence we consider the neutrosophic set which takes the value from the subset of [0, 1].

Definition 2.3.[13] Let U be an initial universe set and E be a set of parameters. Consider
A C E. Let P (U) denotes the set of all neutrosophic sets of U. The collection (F, A) is termed to be

the neutrosophic soft set (NSS) over U, where F' is a mapping given by F': A — P (U).
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Definition 2.4.[8, 9] An algebra (X, %,0) of type (2,0) is called BC K-algebra if it satisfying the
following axioms:

(BCK-1) ((x*xy)* (z*x2))*x(zxy) =0,

(BCK-2) (z* (xxy))*y =0,

(BCK-3) xxx =0,

(BCK-4) 0xx =0,

(BCK-5) zxy =0 and y*x =0 imply x =y, for all z,y,z € X.

A partial ordering “< 7 is defined on X by r <y < xxy = 0. A BCK-algebra X is said to be
bounded if there is an element 1 € X such that x < 1, for all x € X, commutative if it satisfies the
identity x Ay =y A x, where x Ay =y (y xx), for all ,y € X and implicative if z * (y * z) = x, for
all z,y € X.

Definition 2.5.[1] Let X be a BCK-algebra. Then by a left X-module (abbreviated X-module),
we mean an abelian group M with an operation X x M — M with (x,m) —— xm satisfies the
following axioms for all z,y € X and m,n € M:

(i) (& A y)m = a(ym),

(i) z(m 4+ n) = xm + zn,

(iii) Om = 0.

If X is bounded and M satisfies 1m = m, for all m € M, then M is said to be unitary.

A mapping p : X — [0,1] is called a fuzzy set in a BCK-algebra X. For any fuzzy set p in X and
any t € [0, 1], we define set U(u;t) = u* = {z € X|u(z) > t}, which is called upper t-level cut of p.

Definition 2.6.[6] A fuzzy subset p of M is said to be a fuzzy BCK-submodule if for all m,my,
mo € M and z € X, the following axioms hold:

(FBCKM1) p(mi 4+ mg) > min{p(ma), p(mo)},

(FBCKM2) ju(~m) = p(m),

(FBCKMS3) p(xzm) > p(m).

Definition 2.7.[6] Let M, N be modules over a BC'K-algebra X. A mapping f: M — N is
called BC K-module homomorphism if

(1) f(m1+mz) = f(m) + f (m2),

(2) f(xzm) =z f (m) for all m,my,mg € M and x € X.

A BCK-module homomorphism is said to be monomorphism (epimorphism) if it is one to one
(onto). If it is both one to one and onto, then we say that it is an isomorphism.

Definition 2.8.[12] Let (F,A) and (G, B) be two soft modules over M and N respectively,
f:M — N,g:A— B be two functions. Then we say that (f,g) is a soft BC K-homomorphism if
the following conditions are satisfied:

(1) f is a homomorphism from M onto N,
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(2) g is a mapping from A onto B, and
(3) f(F(x)) = G(g(x)) for all z € A.

3 Neutrosophic fuzzy soft BC K-submodules

Definition 3.1. A neutrosophic fuzzy soft set (F, A) over a BCK-module M is said to be a neutro-
sophic fuzzy soft BC' K-submodule over M if for all m,mi,mg € M , x € X and € € A the following
axioms hold :
(NFSS1) Tp)(m1 + ma2) > min{Tpe)(m1), Tpe) (m2)},
Ipey(m1 +m2) > min{lpg)(m1), Ire) (me)},
Fr(mi +m2) < max{Fpe)(m1), Fre)(m2)},
(NFSS2) Tp(e)(—m) = Tpe)(m),
Ir@ey(=m) = Ipe)(m),
Frpy(=m) = Fr)(m),
(NFSS3) Tp(e)(zm

Example 3.2. Let X = {0,a,b,c,d} be a set along with a binary operation * defined in Table 1,
then (X, *,0) forms a commutative BC K-algebra which is not bounded (see [16]). Let M = {0,a,b, c}
be a subset of X along with an operation + defined by Table 2. Then (M, +) forms a commutative
group. Table 3 explains the action of X on M under the operation xm = x A m for all x € X and

m € M. Consequently, M forms an X-module (see [11]).

* | 0lal|b|c|d AlOlal|b]|c
0/0[0]0]O0 +10lal|b|c 0[(0]0|0
ala|0]|a|0]|a 010|al|lb|c al0|la|0]a
b|b|b|O]0O|D a|a|0|c|b b|10|0|D|D
clec|bla|0]|d blblc|0|a c|0lal|b]|ec
d|id|d|d|d]|O clc|blal|0 d|0[0[0]O0
Table 1 Table 2 Table 3

Let A = {0,a}. Define a neutrosophic fuzzy soft set (F, A) over M as shown in Table 4

Consequently, a routine exercise of calculations show that (F, A) forms a neutrosophic fuzzy soft

BC K-submodule over M.
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Ty | 0.9 0.7 | 0.8 0.7
Ip) | 08|05 |06 |05

Fry | 0101|0101
Tr@ | 050203 0.2
Ir@ | 03]01]03]0.1

Frgy | 01]05 04|05

Table 4

For the sake of simplicity, we shall use the symbols NFS(M) and NFSS(M) for the set of all
neutrosophic fuzzy soft sets over M and the set of all neutrosophic fuzzy soft BC K-submodules over
M, respectively.

Theorem 3.3. A neutrosophic fuzzy soft set (F, A) € NFSS(M) if and only if

(i) Tr(e)(wm) = Tpe)(m), Ire(am) 2 Ipe(m), Fre(am) < Fpe)(m),

(i) Tp(e)(m1 — m2) 2 min{Tr ) (m1), Tre)(m2)},

Ipey(m1 —mz) > min{Ip)(mi1), Ire)(m2)},
Fp(e)(m1 —mg) < max{Fp()(m1), Fp)(ma)}.

for all m,my,mo € M , x € X and ¢ € A.

Proof. Let (F, A) be a neutrosophic fuzzy soft BC' K-submodule over M then by the definition(3.1)
condition (i) is hold.

(i) Tree)(m1 —m2) = Tr)(m1 + (—m2)) > min{Tr)(m1), Tpe) (—ma)} = min{Tpy(m1), T (m2) },

Ip@e)(m1 —ma) = Ipey(ma + (—ma)) > min{Ip()(m1), Ipe)(—me)} = min{Ip)(ma), Ir) (m2) },

Fp(e)(m1 —ma) = Fp()(m1 + (—m2)) < max{Fp)(m1), Fpe)(—m2)} = max{Fp()(m1), Fp) (m2)}-

Conversely suppose (F, A) satisfies the conditions (i),(ii). Then we have by (i)
TrE)(—m) = Tre)((=1)m) = Tpe)(m),
and
TrE)(m) = Tre) (1) (=1)m) > Tre)(=m).
Thus, TF(e) (m) = TF(a)(_m)' Similarly for IF(e)(—m) = IF(s) (m) and FF(E)(_m) = FF(e) (m).
Tr(e)(m1 +ma) = Tpey(mi — (=m2)) > min{Tpy(m1), Tre)(—ma) } = min{Tr(m1), Tpe)(m2)},
Ipey(m1 +mg) = Ipey(my — (—mg)) > min{Ipg)(m1), Ipe) (—me)} = min{Ipe)(m1), Ipe)(ma)},

Fpey(m1 +ma) = Fp)(m1 — (—=m2)) < max{Fr)(m1), Fpe) (—m2){= max{Fp¢)(m1), Fre)(ma)}.
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Hence (F, A) is a neutrosophic fuzzy soft BC' K-submodule over M.
Theorem 3.4. A neutrosophic fuzzy soft set (F, A) € NFSS(M) if and only if for all m, m;, mg €
M , x,y € X and ¢ € A the following statements hold:
(i) Tr(e)(0) = Tre)(m), Ire(0) = Ipe)(m), Fre)(0) < Fre(m),
(i) Tp(e)(xm1 — yma) > min{Tp(.)(m1), Tr)(m2)},
Ipe)(@my — yme) = min{Ip() (m1), Ire)(ma)},
Fry(xm1 — yma) < max{Fp()(mi1), Fpe)(m)}-
Proof. Let (F,A) € NFSS(M) then by theorem (3.3) and since Om = 0 for all m € M,we have

(i) Tr)(0) = Tpe)(0m) = Ty (m),
Iy (0) = Ip)(0m) > Ip)(m), and
Fpe)(0) = Fpe)(0m) < Fpey(m).
(i) Tr(e)(@m1 — yma) = min{Tr)(xm1), Tre) (yma) }
> min{Tp ) (m1), Tpe)(m2)}-
Similarly for
Ip)(xmy — yma) > min{lp)(m1), Ipe)(m2)},

and
Fpey(zmy —ymsa) < max{Fp)(m1), Fpe) (mz)}.

Conversely suppose (F, A) satisfies (i),(ii), then we have

Tr)(0) = Tpey(m), Ipe)(0) > Ipe(m)and Fpe(0) < Fpey(m).

Then
TF(e) (mm) = TF(E) (‘T(m - O)) > min{TF(s) (m)v TF((—:)(O)} = TF(s) (m)

Similarly for

IF(a) (xm) > IF(a) (m) and FF(&) (xm) < FF(e) (m)

Also,
TpE)(m1 —ma) = Tpe)(Imy — 1mg) > min{Tr ) (m1), Tre)(m2)}-

Similarly for
Ipey(m1 —mz) > min{lp)(m1), Ipe)(me)} and Fp)(mi1 —msa) < max{Fp)(m1), Fpe)(ms)}

Hence (F, A) is a neutrosophic fuzzy soft BC' K-submodule over M.
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Definition 3.5. Let (F, A) be a neutrosophic fuzzy soft set over a BCK-module M and « € [0, L]
such that L=1—sup {Fp() (m):m e M,e € A} Then T, [(F, A)] = (G, AL) is called a neutrosophic
fuzzy soft a-translation of (F, A) if it satisfies:

G(e) = ((TF(E))S (m), (IF(E))S (m), (FF(E))Z (m)) ,

for all e € A, m € M where:

(Tr@) . (m) = Ty (m) + o,

Theorem 3.6. A neutrosophic fuzzy soft set (F, A) is said to be a neutrosophic fuzzy soft BCK-
submodule over M if and only if the a-translation neutrosophic fuzzy soft set T, [(F, A)] is a neutro-
sophic fuzzy soft BC K-submodule over M for all a € [0, L].

Proof. Let (F, A) be a neutrosophic fuzzy soft BC K-submodule over M and « € [0, L], then by
Theorem (3.3)

T T
(Tr(s)),, (m) = Tpe) (xm) + a > Tpe) (m) + a = (Tpey),, (M),

(FF(a))Z (¢m) = Fpe) (2m) — a < Fry (m) —a = (Fpe)" (

"(m),

for all m € M, x € X. Also, for all my, mo € M we have
(TF(E))Z (m1 —ma) = Tp() (M1 —ma) +
> min {TF(a) (m1), Tr(e (mz)} +«
= min {TF(E) (m1) + a, Tpe) (m2) + a}
= min { (TF(E)) (
and

(FF(E))Z; (m1 —ma) = Fpg) (m1 —ma

< max { Fip(c) (m1

Hence T, [(F, A)] is a neutrosophic fuzzy soft BC'K-submodule over M.
Conversely, assume that T, [(F, A)] is a neutrosophic fuzzy soft BC K-submodule over M for some

a€[0,1]. Then for allme M, x € X

Tr(e) (xm) + o = (Tr()) . (2m) > (Tre) ! (m) = Trey (m) + a

= TF(s) (mm) > TF(s) (m) :
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Also,

Fp(o) (zm) — a = (Fp)L (em) < (Fre)! (m) = Fpe) (m) —a

Now let m1,mg € M, then

TF(e) (m1 — m2) +a= (TF(E))Z: (ml - m2)
> min { (TF(E))S (ma), (TF(E))S <m2)}
= min {Tp(e) (m1) + &, ) (m2) + a}

= min {TF(a) (mq) 7TF(5) (mQ)} +a

= Tp() (m1 —mg) > min {Tp) (m1), Tre) (m2) }

and

Fpey (m1 —mg) —a = (FF(E))Z (m1 —mo)
< max { (FF(E))Z (ma), (FF(E))Z (m2)}
= max {FF(E) (ml) -, FF(e) (mZ) - O‘}

= max {FF(E) (my) y Free (m2)} - o

= Fp(e) (m1 —mg) < max { Fp() (m1), Fpe) (ma2) } .

Hence by Theorem (3.3), (F, A) is a neutrosophic fuzzy soft BC K-submodule over M.

Definition 3.7. Let (F, A) and (G, B) be two neutrosophic fuzzy soft sets over a BC K-module
M. If A C B and Trq)(m) < Tge) (m), Ipe) (m) < Ige (m), Fre)(m) > Fge)(m), Ve € A and
m € M. Then we say that (G, B) is a neutrosophic fuzzy soft extinsion of (F, A).

Definition 3.8. Let (F, A) and (G, B) be two neutrosophic fuzzy soft sets over a BC K-module
M. Then (G, B) is a neutrosophic fuzzy soft s-extinsion of (F, A) if the following assertions hold:

(i) (G, B) is a neutrosophic fuzzy soft extinsion of (F, A).

(ii) If (F, A) is a neutrosophic fuzzy soft BC K-submodule over M, then so (G, B).

Theorem 3.9. Let (F, A) be a neutrosophic fuzzy soft BC'K-submodule over M and « € [0, 1].
Then the neutrosophic fuzzy soft a-translation T, [(F, A)] is a neutrosophic fuzzy soft s-extinsion of
(F,A).

Proof. Since T, [(F,A)] is an a-translation, we know that (TF(E))Z (m) = Tpe)(m),
(IF(S))Z;(m) = Ip( (m) and (FF(E))Z(m) < Fp) (m) for all m € M,e € A. Hence T, [(F,A)] is
a neutrosophic fuzzy soft extinsion of (F, A). According to Theorem (3.6), T, [(F, A)] is a neutro-

sophic fuzzy soft s-extinsion of (F, A).
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The converse of Theorem (3.9) is not true in general as seen in the following example:

Example 3.10. Let X = {0,a,b,c} along with a binary operation * defined in Table 5, then
(X, *,0) forms a bounded implicative BC K-algebra (see [16]). Let M = {0, a} be a subset of X with
a binary operation + defined by z +y = (z *y) V (y *x ). Then M is a commutative group as shown
in table 6. Define scalar multiplication (X, M) — M by xm = x A'm for all z € X and m € M that

is given in Table 7. Consequently, M forms an X-module (see [11]).

x| 0|a|b]|c ANlO]a
001000 00
ala|0]al0 +10]a a|0|a
blb|b|0]0 0(0]a b10]0
clelblal|0 alal0 c|0]|a

Table 5 Table 6 Table 7

Let A = M. Define a neutrosophic fuzzy soft set (F, A) over M as shown in Table 8.

(F,A) | 0 | a
Ty | 0.9 | 0.5

Ipg) | 0806

Frpy | 0103

Tp@ | 03103

Ip@ | 0202
Fre | 0305

Table 8

Then (F, A) is a neutrosophic fuzzy soft BC K-submodule over M. Let (G, B) be a neutrosophic fuzzy

soft set over M given by Table 9.

Then (G, B) is also a neutrosophic fuzzy soft BC K-submodule over M. Since Ty (m) > T (m) ,
Ip@ey (m) > Ige) (m) and Fp) (m) < Fge)(m) for all m € M and ¢ € A C B, hence (F, A) is a
neutrosophic fuzzy soft s-extension of (G, B), but since Ir (g (0) = 0.8 # I (0) = 0.7 then (F, A) is

not a neutrosophic fuzzy soft a-translation of (G, B) for all a € [0, L].
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Tae) | 05|03
Ic) | 0706
Foy | 01|04
Ta@ |02 )02
Ig@ | 01101
Fory | 0405

Table 9

Definition 3.11. Let (F, A) be a neutrosophic fuzzy soft set over a BC' K-module M and v € [0, 1].

A neutrosophic fuzzy soft v-multiplication of (F, A) denoted by M, [(F, A)] = (G, m, (A)) is defined

as:

where

G (5) = (mv (TF(a)) (m> y Moy (IF(a)) (m) y My (FF(&‘)) (m)) ;

for alle € A and m € M.

Theorem.3.12.

If (F,A) € NFSS(M), then the neutrosophic fuzzy soft v-multiplication

M, [(F,A)] e NFSS(M) for all v € [0,1].
Proof. Assume that (F,A) is a neutrosophic fuzzy soft BCK-submodule over M and let

m,mi,mo € M ,x € X and ¢ € A. Then

my (Tpe)) (#m) = Tpey (zm) v > Tre) (m) v = my (Tre) (M),

My (IF(a)) (:Um) = IF(e) (:Em) > IF(s) (m) = My (IF(a)) (m) )

My (FF(a)) (xm) = Fr() (vm) v < Fpey (m) v = my (FF(a)) (m).

Moreover,

my (Tp()) (M1 —ma) = Tre) (M1 —mo

).

> min {TF(e) (ml) 7TF(5) (mg)} U

= min {TF(E) (ml) U, TF(E) (mg) .U}
)

= min {mv (TF(E) (ml) , My (TF(E)) (m2)} )

10
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my (Ip)) (m1 —ma) = Ipey (M1 —ma)
> min {Ip(g) (m1) aIF(s) (m2)}

= min {mv (IF(E)) (m1),my (IF(a)) (m2)} )

U

my (Fr(e)) (m1 = ma) = Fpe) (m —m2)
<maX{FF5) 1)aFF(€ m2 } v
_maX{FF 5)( 1) v FF(&) (mQ) }
) (m

= max {mU (FF((E , My (FF(E)) (mg)} .

Therefore by Theorem (3.3), M, [(F, A)] is a neutrosophic fuzzy soft BC K-submodule over M.
The converse of Theorem (3.12) is not true in general as seen in the following example:
Example 3.13. Consider a BC'K-algebra X = {0,a,b,c} and X-module M = {0,a} that are
defined in Example 3.10. Table 10 defines a neutrosophic fuzzy soft set (F, A) over M

(F,A) | 0 | a
Tpy | 0.3 | 0.4

Ipgy) | 0.7]05
Frpy | 0105
Tr@ | 0101

Ip@ |0.1]01
Frgy | 05| 0.6

Table 10

If we take v = 0, then the v-multiplication is a neutrosophic fuzzy soft BC'K-submodule over M since
mo (TF(e)) (xm) =0 =myp (TF(s)) (m),
mo (IF(E)) ($m) > mg (IF(s)) (m) )
mo (FF(E)) (xm) =0 =myp (FF(E)) (m),
and
mo (Tr(e)) (m1 —mz) =0 = min{mg (Tr)) (m1) ,mo (Tr()) (M)},

mo (Ir(e)) (m1 —mg) > min {mo (Ip)) (m1) ,mo (Ir()) (m2)},

mo (Fpe)) (m1 = mz) = 0 = min{mo (Fr) (m1),mo (Fpe) (m2) }

11
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for all m, mq1,my € M and z € X. But if we take m; = 0, m2 = a and € = 0 then

Tr(o) (0+ a) = Tr(g) (a) = 0.4 # min {TF(O) (0), Tr(o) (a)} =0.3.

Hence (F, A) is not a neutrosophic fuzzy soft BC' K-submodule over M.

Theorem.3.14. A neutrosophic fuzzy soft set (F, A) 1is said to be a neutrosophic fuzzy soft
BCK-submodule over M if and only if the v-multiplication neutrosophic fuzzy set M, [(F, A)] is a
neutrosophic fuzzy soft BC K-submodule over M for all v € (0,1].

Proof. Let (F, A) be a neutrosophic fuzzy soft BC K-submodule over M then by Theorem (3.12)
M, [(F, A)] is a neutrosophic fuzzy soft BC K-submodule over M for all v € (0,1].

Now let v € (0,1] be such that M, [(F, A)] is a neutrosophic fuzzy soft BC K-submodule over M

and let m,my,mo € M , x € X and € € A. Then
TF(E) (xm) U =My (TF(E)) (xm) Z my (TF(E)) (m) = TF(s) (m) U,
IF(e) (mm) = My (IF(s)) (xm) > My (IF(E)) (m) = IF(E) (m) )
Fp (xm) v =my (FF(s)) (xm) < my (FF(E)) (m) = Fpe (m) v,
and since v # 0, then Tr(.) (vm) > Tp() (m) and Fpoy (xm) < Fp) (m) . Now

Tp(e) (m1—ma) v =my (Tre) (M1 —my)
> min {my, (Tp(e)) (m1), mo (Tr(e) (m2) }
= min {Tpe) (m1) v, Tre) (m2) v}
= min {Tp() (m1), T (m2) } v,
which means that
Tp(e) (m1 —ma) > min {Tr) (m1), Tpe) (m2) } .
Similarly,
Fp(ey (m1 —my) < max { Fp(e) (m1) , Fr(e) (m2) } .

Hence (F, A) is a neutrosophic fuzzy soft BC' K-submodule over M.

4 Ismorphism Theorem Of Neutrosophic Fuzzy Soft BCK-

submodules

Definition 4.1. Let M and N be two BCK-modules over a BCK-algebra X. Let f : M — N
be a BCK-submodule homomorphism and let (F, A), (G, B) be two neutrosophic fuzzy soft BC'K-
submodule over M and N respectively. Then the image of (F, A) is a neutrosophic fuzzy soft set over

N defined as follows for all z € M, y € N and ¢ € A.
F(F () (@) = (Trry W), Ly ), Fromy () = (f (Tr) (v), f (IF) (W), f (FF) () ,

12
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where
_ [supTr (z) if v € f~1(y)
f(Tr) (y) = { 0 otherwise '
_ (suplp(z) ifzef(y)
Fr)(y) = { 0 otherwise
_ (ifFr(z) ifzefl(y)
F(EF) (y) = { 0 otherwise

and the preimage of (G, B) is a neutrosophic fuzzy soft set over M defined as

FTHG () (v) = (Ty-16) (@), L1y (), Fr-1(cy(x)) = (Ta (f (), e (f (x)), Fa (f (),

where § € B.

Theorem 4.2. Let (X,%,0) be a BCK-algebra, M and N are modules of X. A mapping f :
M — N is a BCK-submodule homomorphism and (F,A) € NFSS(N), then the inverse image
(f71(F),A) e NFSS(M).

Proof. Since (F, A) is a neutrosophic fuzzy soft BC K-submodule over N. Let m € M, ¢ € A then
by Theorem (3.4)

T-1(7)(0) = Tpe)(f (0)) = Tre)(0) = Tr) (f (m)) = T-1(5)(m),
Iy (f(0) = Ip)(0) > Ipe)(f (m)) = Ty-1(p)(m),

Fra(p)(0) = Frp)(f (0)) = Fr)(0) < Fre)(f (m)) = Fr1(p)(m).

\’\c
L
>
—~
[a)
SN—
Il

Now let mi,me € M, z,y € X, and € € A, then

Tp-1(py(zmy — yma) = Tre)(f (xm — ymy))
= Tre)(zf (m1) —yf (m2))
> min {Tr(e)(f (m1)), Tpee) (f (m2)) }

= min {Tffl(F) (ml), Tffl(F) (mg)} .

Similarly for
L1y (wmy = yma) = min {Ip-1(p) (m1), -1 () (m2) }
and
Fyapy(zmi — yma) < max { Fp-1(p)(m), Fy-1p)(ma) } -
Hence (f~!(F), A) is a neutrosophic fuzzy soft BC K-submodule over M.
Theorem.4.3. Let (X,*,0) be a BCK-algebra, M and N are modules of X. A mapping f :

M — N is a BCK-submodule epimorphism. If (F, A) is a neutrosophic fuzzy soft set over N such
that (f~!(F),A) € NFSS(M), then (F,A) € NFSS(N).

13
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Proof. Assume that (f~(F),A) is a neutrosophic fuzzy soft BCK-submodule over M. Let

n € N then there exist m € M such that f (m) = n. Then for all ¢ € A

Tre) (n) = Tre) (f (M) = Tp-1(py(m) < Tp-15)(0) = Tpe) (f (0)) = Tp) (0),

Tr(e) (wn — yn) = Tr(e) (af (m) — yf (1))
= Tp(e) (f (xm —ym))
= Ty=1(p)(zm — ym)
> min {Ty-1(p)y(m), Tp-1 () (M) }
= min {Tp() (f (M), Tiee) (f (M) }

= min {TF(E) (n), Tr() (n)} )

Similarly for

I (zn —yn) > min {Ipe) (n), Ipe) (1)},
and

Fp(e (zn — yn) < max {FF(a) (n), Fre) (n)}.
Hence according to Theorem (3.4), (F, A) is a neutrosophic fuzzy soft BC K-submodule over N.

Theorem.4.4. Let (X, *,0) be a BCK-algebra, M and N are modules of X. A mapping f : M —

N is a BCK-submodule epimorphism and let (F, A) be a neutrosophic fuzzy soft BC K-submodule
over M. Then the homomorphic image (f (F'), A) is a neutrosophic fuzzy soft BC K-submodule over
N.

Proof. Assume that (F, A) is a neutrosophic fuzzy soft BC' K-submodule over M. Let n € N then

there exist m € M such that f (m) = n. Then

Tiry(n) = f(TF) (n) =supTr (m) <supT(0) = f (TF) (0) = Ty(r)(0),
Ippy(n) = f (IF) (n) = sup Ir (m) <sup I(0) = f (Ir) (0) = I4)(0),

Fypy(n) = f (Fr) (n) = inf Fp (m) > inf F(0) = f (FF) (0) = Ffr)(0).

14
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Let my,me € M, ny,ng € N such that f(m1) =nq and f (mg) = ne and z,y € X then

Ty(r) (1 — yna) = f(TF) (xn1 — yna)
= supTp (xmy — yms)
> sup{min {Tp(m1), Tr(msa)}}

= min {sup Tr(m1),sup Tr(m2)}
=min{f(Tr) (n1), f(TF) (n2)}

= min{Tf(F) (nl) an(F) (nQ)}

Similarly for

Ispy (xn1 — yn2) = min{lppy (n1), Lp(ry (n2)},
and

Fyry (@n1 — ynz) < max{Fyr) (m1) , Fyr) (n2)}.

Hence by Theorem (3.4), (f(F'), A) is a neutrosophic fuzzy soft BC' K-submodule over N.

Corollary 4.5. Let f : M — N be a homomorphism of BCK-submodules and (F,A) is a
neutrosophic fuzzy soft set over N. If (F, A) is a neutrosophic fuzzy soft BC K-submodule, then so is
(f~*(F),AT) for any a-translation T, [(F, A)] of (F,A) with o € [0, 1].

Proof. Directly by Theorem(3.6) and Theorem(4.2).

Joining Theorems (3.6), (4.3) and (4.4) we have the following corollaries:

Corollary 4.6. Let f : M — N be an epimorphism of BCK-submodules and (F,A) is a
neutrosophic fuzzy soft set over N. If the inverse image of a neutrosophic fuzzy soft a-translation of
(F, A) is a neutrosophic fuzzy soft BC' K-submodule for some « € [0, L], then so is (F, A).

Corollary 4.7. Let f : M — N be an epimorphism of BC'K-submodules and (F,A) is a
neutrosophic fuzzy soft BC'K-submodule over M, then the homomorphic image of a neutrosophic fuzzy
soft a-translation of (F, A) is a neutrosophic fuzzy soft BC K-submodule over N for any « € [0, L].

Using Theorems (3,14), (4.2), (4.3) and (4.4), we deduce the following results:

Corollary 4.8. Let f : M — N be a homomorphism of BCK-submodules and (F, A) is a
neutrosophic fuzzy soft BC'K-submodule over N, then the inverse image of a neutrosophic fuzzy soft
v-multiplication of (F, A) is a neutrosophic fuzzy soft BC'K-submodule over M for any v-multiplication
of (F,A) with v € [0,1].

Corollary 4.9. Let f: M — N be an epimorphism of BC K-submodules. If the inverse image
of a neutrosophic fuzzy soft v-multiplication of (F, A) is a neutrosophic fuzzy soft BC K-submodule
over M for some v € (0,1], then (F, A) is a neutrosophic fuzzy soft BC K-submodule over N.

Corollary 4.10. Let f : M — N be an epimorphism of BCK-submodules and (F,A) is a

neutrosophic fuzzy soft BC K-submodule over M, then the homomorphic image of a neutrosophic

15
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fuzzy soft v-multiplication of (F, A) is a neutrosophic fuzzy soft BC'K-submodule over N for any

v e (0,1].

5 Conclusion

Translations, multiplications and extensions are very interested mathematical tools. They are types
of operations that researchers like to apply with fuzzy set theory. In this paper, the concept of
neutrosophic fuzzy soft translations and neutrosophic fuzzy soft extensions of neutrosophic fuzzy soft
BC K-submodules were introduced and the relation between them were discussed. Also, the notion
of neutrosophic fuzzy soft multiplications of neutrosophic fuzzy soft BC'K-submodules was defined.

Finally, some results were investigated.
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