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Control problems for semilinear impulsive
differential control systems

Ah-ran Park! and Jin-Mun Jeong?®*

L2Department of Applied Mathematics, Pukyong National University
Busan 48513, Republic of Korea

Abstract

In this paper, we establish the approximate controllability for the semilinear im-
pulsive differential equation in relation to the the corresponding linear control system
based on the regularity for the equation under natural assumptions such as the local
Lipschitz continuity of nonlinear term.

Keywords: approximate controllability, semilinear equation, ,impulsive differential
equation, local lipschitz continuity, controller operator, reachable set

AMS Classification Primary 35B37; Secondary 93C20

1 Introduction

In this paper, we are concerned with the approximate controllability for the semilinear
impulsive control system in Hilbert spaces:

z'(t) + Az(t) = f(t,2(t)) + (Bu)(t), te(0,T], t=t,

k=1,2---.m

) &y 7+a - - (11)
Az(ty) = :L'(tk) — :L’(tk) = Ik(a:(tk ), k=1,2,--- m,
z(0) = xo.

Let H be identified with its dual space we may write V' C H C V* densely and the corre-
sponding injections be continuous. Here, A is the operator associated with a sesquilinear
form a(-,-) defined on V' x V satisfying Garding’s inequality:

(Au,v) = a(u,v), u, veV

Email: 'alanida@naver.com, 2*jmjeong@pknu.ac.kr( Corresponding author)
This work was supported by a Research Grant of Pukyong National University(2019Year).
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where V' is a Hilbert space such that V' ¢ H C V*. Then —A generates an analytic
semigroup in both H and V*(see [1, Theorem 3.6.1]) and so the equation (1.1) may be
considered as an equation in H as well as in V*. The nonlinear operator f from [0,7] x V
to H is assumed to be locally Lipschitz continuous with respect to the second variable.
Let U be a Banach space of control variables and the controller operator B be a bounded
linear operator from the Banach space L?(0,T;U) to L?(0,T; H). The impulsive condition

Ax(ty) = z(t)) —z(ty) = L(z(ty)), k=1,2,---,m,

is a combination of traditional evolution systems. Let x(¢; f,u) be a solution of the equa-
tion (1.1) associated with a nonlinear term f and a control u. We will show the ap-
proximate controllability for the equation (1.1), namely that the reachable set Rr(f) =
{x(T; f,u) : w € L*(0,T;U)} is a dense subset of H. This kind of equations arise naturally
in biology, in physics, control engineering problem, etc.

In the first part of this paper we establish the wellposedness and regularity property
for the following equation:

' (t) + Azx(t) = f(t,z(t)) + k(t), te(0,T], t=t,
k=1,2,---,m,

Ax(ty) = 2(t]) —x(ty) = e(z(ty;)), k=1,2,---,m,
z(0) = xo.

(1.2)

The regularity for the semilinear heat equations has been developed as seen in Barbu [2]
and [3, 4, 5, 6].

In this paper, based on the regularity for (1.2), we intend to establish the approximate
controllability for (1.1). Approximate controllability for semilinear control systems can be
founded in [7-15]. Similar considerations of linear and semilinear systems have been dealt
with in many references, linear problems in the book [15] and Nakagiri [14], semilinear
cases with the uniform bounded nonlinear term in [16], and with the uniform Lipschtz
continuous nonlinear term in [3, 17, 18, 19]. However, there are few papers treating the
systems with local Lipschipz continuity, we can just find a recent article Wang [20]. Among
these literatures, in [17, 20|, they assumed that the semigroup S(¢) generated by A is
compact in order to guarantee the compactness of the solution mapping, and investigated
the approximate controllability for the equation (1.1).

In this paper, in order to show that the main result of Naito [17] is extended to the
nonlinear differential equation, we assume that the embedding D(A) C V is compact
instead of the compact property of semigroup used in [17, 21]. Then by virtue of the
result in Aubin [22], we can take advantage of the fact that the solution mapping u €
L?(0,T;U) + z(T; f,u) is compact. Under natural assumptions such as the local Lipschtiz
continuity of nonlinear term, we obtain the approximate controllability for the equation
(1.1) when the corresponding linear system is approximately controllable.

The paper is organized as follows. In section 2, the results of general linear evolution
equations besides notations and assumptions are stated. In section 3, we investigate the
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approximate controllability for the problem (1.1). The approach used here is similar to
that developed in [1, 3] on the general semilnear evolution equations, which is an important
role to extend the theory of practical nonlinear partial differential equations.

2 Regularity for semilinear impulsive systems

The norm on V', H and V* will be denoted by ||-||, | -| and || - ||+, respectively. We assume
that V has a stronger topology than H and, for brevity, we may regard that

lull« < ful <ul|, VueV. (2.1)

Let a(-,-) be a bounded sesquilinear form defined in V' x V and satisfying Garding’s
inequality
Re a(u,u) > wi|jul|* — walul?, (2.2)

where wy; > 0 and wy is a real number. Let A be the operator associated with this
sesquilinear form:
(Au,v) = a(u,v), u, veEV.

Then —A is a bounded linear operator from V to V* by the Lax-Milgram Theorem. The
realization of A in H which is the restriction of A to

DA)={ueV:Auec H}
is also denoted by A. Then we consider the following sequence

D(A)cVCHCV*CD(A), (2.3)

where each space is dense in the next one which continuous injection. It is also well known
that A generates an analytic semigroup S(t) in both H and V*. For the sake of simplicity,
we assume that wp = 0 and hence the closed half plane {\ : Re A > 0} is contained in the
resolvent set of A.

If X is a Banach space, L?(0,T; X) is the collection of all strongly measurable square
integrable functions from (0,7 into X and W12(0,T; X) is the set of all absolutely con-
tinuous functions on [0, 7] such that their derivative belongs to L?(0,7; X). C([0,7T]; X)
will denote the set of all continuously functions from [0,7] into X with the supremum
norm. Let the solution spaces W(T') and Wi (T') of strong solutions be defined by

W(T) = L*(0,T; D(A)) N W*(0,T; H),
WL(T) = L*(0,T; V) N W20, T; V*).

Here, we note that by using interpolation theory, we have

W(T) c C([0,T]; V), Wi(T)  C([0,TT; H).
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Thus, there exists a constant My > 0 such that

llzlleqom:vy < Mollzlbwrys  12lleqom:my < Mollz|lw, (7)- (2.4)

The semigroup generated by —A is denoted by S(¢) and there exists a constant M such
that
IS <M, ()]« < M.

Let f be a nonlinear mapping from V into H. We need to impose the following
conditions on nonlinear term f.

Assumption (F). There exists a function L : Ry — R such that L(ry) < L(re) for
r1 < r9 and

hold for any ¢ € [0, 7], ||z|| < r and ||y|| < r.

Assumption (I). The functions I : V — H are continuous and there exist positive
constants L([) and 5 € (1/3, 1] such that

AP L(@)| < LIp)llell, AP Tu(z) = L) < L)z —yll, k=1,2,---,m

for each z,y € V, and

From now on, we establish the following results on the local solvability of the following
equation;
2 (1) + Ax(t) = f(t,=(t)) + k(t), t€(0,T], t#ty,

k:1,27"‘ , 1,

. B _ (2.5)
Az(ty) = x(ty) —x(ty) = Le(z(ty)), k=1,2,---,m,
x(0) = xo.

Let us rewrite (Fx)(t) = f(t,z(t)) for each € L?(0,T;V). Then there is a constant,
denoted again by L(r), such that

|1Fall 20y < LVT, [Py = Fasl| 20,050y < L)l |21 — 2| 220,730
hold for x1, xy € B.(T) = {2z € L*(0,T;V) : ||z]|12¢07;v) < r}. Here, we note that by
using interpolation theory, we have that for any ¢ > 0,
L20,t; V)N W20, V*) c C([0,t]; H).
Thus, for any t > 0, there exists a constant ¢ > 0 such that

zllcqo.0:m) < ellml L2069 )nwr20,6v+)- (2.6)
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Let

Then by Assumption (I) and (2.5), it is immediately seen that
$€W1’2(ti,ti+1;v*), iZO,-" ,m—l.

Thus by virtue of Assumption (I) and (2.6), we may consider that there exists a constant
C'3 > 0 such that

Oréltag%’{\x(t)] : 2 is a solution of (2.5)} < Csl||[L20,7.v)- (2.6)

With the notations (2.2), (2.3), we have
V.V o =H, (D(A),H)p2=V,

where (V, V™) /2 denotes the real interpolation space between V' and V*(Section 1.3.3 of
[23]). From now on, we establish the following results on the solvability of the equation
(2.5).

Theorem 2.1. 1) Let Assumption (F) be satisfied. Assume that xg € H, k € L?>(0,T;V*).
Then, there exists a time Ty € (0,T) such that the equation (2.5) admits a solution

WS Wl(To) C C([O,T()];H). (2.7)

2) Under Assumption (F) for the nonlinear mapping f, there exists a unique solution x
of (2.5) such that

zeW(T) = L*0,T;V)nWhH2(0,T;V*) c C([0,T); H), T >0.
for any xo € H, k € L?(0,T;V*). Moreover, there exists a constant Cy such that
[zl () < CL(X + |zo| + [kl r2(0,mv+))s (2.8)

where C1 is a constant depending on T

3) Let Assumptions (F) and (I) be satisfied and (xo,k) € H x L?>(0,T;V). Then the
solution = of the equation (2.5) belongs to x € Wy = L?(0,T; V)N WH2(0,T;V*) and the
mapping

H x L*(0,T;V*) > (x0, k) = x € Wi(T) (2.9)
18 continuous.

Corollary 2.1. Suppose that k € L?(0,T; H) and x(t) = fg S(t—s)k(s)ds for0 <t <T.
Then there exists a constant Cy such that

|2l 207y < CoVT||E|| 207711 - (2.10)
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Proof. From Theorem 2.3 of [24], it follows that there exists a C' > 0 such that

2|2 0,m;0(4)) < ClIElL200,7:8)- (2.11)

Moreover, we have

[ M/ / o(s)[2dsdt < M- / 5)|2ds. (2.12)
Since
(D(A),H)1/22 ="V,
there exists a constant Cy > 0 such that
[l < Collull gy ul (2.13)

Thus, by (2.11), (2.12) and (2.13), if Cy = Cov/CT(M/2)'/*, then the inequality (2.10)
holds. O

3 Approximate Controllability

Let U be a Banach space of control variables. Here B is a linear bounded operator from
L?(0,T;U) to L*(0,T; H), which is called a controller. Consider the following nonlinear
impulsive control systems.

x'(t) + Ax(t) = f(t,z(t)) + (Bu)(t), te€(0,T],
z(0) = zo. (3.1)
Ax(ty) = 2(t)) — a(ty) = i(z(ty)), k=1,2,---,m

Let 2(T; f,u) be a state value of the system (3.1) at time T' corresponding to the nonlinear
term f and the control u. Let S(-) be the analytic semigroup generated by —A. Then the
solution z(¢; f,u) can be written as

w(t; fu) = S(t)wo + / S(t— $){f(s,(5, f,0) + (Bu)(s)}ds + 3 S(t — ) n(a(ty),

0<trp<t

and in view of Theorem 2.1

2G5 £y @)l bwr iy < CL(L+ |zol + || B[l L2 0,150))- (3.2)
We define the reachable sets for the system (3.1) as follows:

Re(f) = {=(T; fou) - uw € L2(0,T5U)},
Rr(0) = {(T;0,u) : u € L*(0,T;U)}.
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Definition 3.1. The system (3.1) is said to be approximately controllable at time T if for
every desired final state x1 € H and € > 0 there exists a control function u € L*(0,T;U)
such that the solution x(T; f,u) of (3.1) satisfies |x(T; f,u) — x1| < €, that is, Rp(f) = H
where Ry (f) is the closure of Rp(f) in H.

We define a linear bounded operator S from L?(0,T; H) to H by

T
$p = /0 S(T — Op(t)dt,

for p(-) € L*(0,T; H).
Assumption (B) For any ¢ > 0, p € L%(0,T; H) there exists a u € L?(0,T;U) such that

|Sp — SBu| < e
Bull 2060y < @llpll2pm), 0<t<T

where ¢ is a constant independent of p.

Assumption (F1) The nonlinear operator f is a nonlinear mapping of [0,7] x H into H
satisfying the following. There exists a constant L; = L;i(r) > 0 such that

‘f(t,.%')—f(t,y)’SLlHCC—yH, tE[OaT]a

hold for ||z|| < r and ||y|| < r.
Assumption (H) We assume the following inequality condition:
maz{q, 1}{1 — My} ' CoL VT < 1.

where Cs is the constant in (2.10),

My = CoV'TLy + (38) 717238 — 1) 7' C1_pCs T2 >~ L(Iy).
0<tp  <T

Lemma 3.1. Letu; andus be in L?(0,T;U). Then under Assumption(B) and Assumption(F1),
one has that, for 0 <t <T,

a(t: four) — 2t f,u2)llp,0mv) < {1 — Mo} ' Cov/t||Buy — Bual|p20.1.m)-  (3.3)
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Proof. Let x1(t) = x(t: f,u1) and xo(t) = x(t : f,uz). Then for 0 < ¢ < T ,we have
21(®) = aa(t) = [ S(t = 9 (s.21() = Fls.als)}s

+ /Ot S(t — s){Buj — Bua}ds

+ > St — ) {Tn(a(ty) — Tn(aa(t;)}- (3.4)

0<tx <T

By Assumption(F'1) and (2.10), we obtain

t
H/O S(t = 9){f(s,21(s)) = f(s,22(5)) s 120 0v) < CavtLallwr — @2l [r2(0 -

Moreover, by Lemma 2.5 of (2.11) and Theorem 3.1, we have

t
I [ 80— 9)Bur - Busldsllizoy, < CovTl|Bu: - Buallam)
0

and

1D S =) {In(@r(t) — I(@a(ty D} 2o,v)

0<tr <t
< (38)7122(38 = 1) 71O Cat™? Y L)l () — w2(t)| 20 v

0<tp<t
Thus, from (3.4) it follows that

z(t; fyu1) — =t fru2)l 220,030

< CoVT||Buy — Bual| 2.7,y + CoVT La |zt — @2 | 120071

+(38)7 17238 — 1) 1CipCst?? Y LI ||z (ty,) — w2(8)l L2 0.mv) -

0<t <t
d

Theorem 3.1. Under Assumptions (B),(F1), and (H) the system(4.1) is approximately
controllable on [0,T].

Proof. The reachable set for the system(4.1) is given by

Ry = {x(T; f,u) : u € L*(0,T;U)}.

We will show that D(A) C Ryp(f), i.e., for given € > 0 and {r € D(A), there exists
u € L*(0,T;U) such that
& — (T fLu)| <e, (3.5)
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where

T
(T3, f,u) = S(T)zo + / S(T — $){f(s,2(5, f,u)) + (Bu)(s)}ds
+ Y S(T - 9)Ik(a(ty) (3.6)

0<tp<T
As & € D(A) there exists a p € L?(0,T; H)such that
Sp = fT - S(T).%'O’

for instance, take p(s) = (&7 — sA&r) — S(s)xo/T. Let up € L2(0,T;U)be arbitrary fixed.
Since by Assumption (B) there exists us € L2(0,T;U) such that

Sp = F(als fyun) = SBus| < 3, (3.7)

it follows that X R .
65 = S(T)z0 — S1( (3 f,u1)) — SBug| < = (33)

We can also choose wo € L?(0,T;U) by Assumption (B) such that

Sl fru) = F s fouw))) = SBus| < (3.9)

HBw2HL2(0,T;H) < qllf(z(5 frua)) = fz(s f, Ul))HL2(0,T;H)-

Choose a constant r; satisfying

(s fou)lleqoms:my < s llz(s fru)lleqor;m < 7

Therefor, in view of Lemma 3.1 and Assumption (B)

[ Bwal|L20,m) < allf(s,2(s5 fru2)) — f(s,2(s5 f,ui))l| 20,75
< qLa|lz(t; fur) — x(t; fru2)ll 20,00
< q{l — MQ}_ngLlﬁHBul — BU2HL2(O,T;H)' (3.10)

Put ug = ug — wo. We determine w3 such that

A

S(F (s foua)) = F(ow(s fu)) = SBus| < g

[[Bws||r2(0,m;m) < allf (52 (5 fus)) — £ 2(5 fua))l p20,1;m0) -

Let 79 be a constant satisfying ro > r; and

z(5 £, u+ 3)lloqor;m) < o
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Then, in a similar way to (3.10) we have

|Bwsl| 20,0y < allf(s,2(s5 fruz)) — f(s,2(s5 f,u2))|[L20,m:)
< qLalz(t; fus) — x(t; £, u2)||L2(0.1v)
< q{1 — Mo} ' CoLiV'T|| Buz — Bus|| 20,1,
< (qf1 = M2} ' CoLiVT)?|| Bur — Bua||2(0,7:11)-

By proceeding with this process and from

1Bt — ) 2oz
= |[Bwnl| 207501y < (@{1 = M2} CoLiVT)" [ B(ug — w)l| 207581
Here, nothing that Assumption (H) is equivalent to
a{1 — Mo} 'CoLi VT < 1,
it follows that there exists u* € L?(0,T; H) such that
lim Bu, =u* in L*0,T;H).

n—oo

From(3.8),(3.9) it follow that

ér — S(T)wo — Sf(-, (5 f,u2)) — SBus|

’fT_S( )zo — Sf(,a(; f,ur)) — SBus + SBws
— [SFCra(s fou2)) = SEC (s fu)|

1

1

(22 + —)e.

23 23
By choosing w, € L?(0,T;U) by Assumption (B), such that

|S(f(,l'(, f) un)) - f()x(v f7 un—l))) SBwn| < 2n+1
putting up41 = u, — wy, we have
|§T - S(T)J}(] - Sf(,$(7 f, un)) - gBun+1‘

1 1

<(ogt-+

22 W)ﬁ, n = ].,2,....

Therefor, for € > 0 there exists integer IV such that
- - €
|SBUN+1 — SBUN‘ < 5,

|ér — S(T)wo = Sf(-,2(; f,un)) — SBun|
<|ér — S(T)xo — S'f(,x(’ frun)) — SBUN+1| + ‘S’B’LLN_H — gBuN]

§(£+~A~——k+5§a
22 IN+1 2

Thus, the system (3.1) is approximately controllable on [0, 7] as N tends to infinity. [J
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Homoclinic solutions for a class of difference equations
with asymptotically linear nonlinearity

Ali Mai! Guowei Sun

Department of Mathematics and information technology, Yuncheng University
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Abstract

A class of difference equations with asymptotically linear nonlinearity are consid-
ered in this paper. The existence of homoclinic solutions of the equations are obtained
by using generalized saddle point theorem.

Key words: Generalized saddle point theorem; Difference equations; (P.S). sequence; Ho-
moclinic solutions.

1 Introduction

In this paper, we consider the following difference equation

Lu, —wu, = f,(u,), n€Z, (1.1)
where

Lun = QplUpy1 + Qp-1Up—1 + bnun

is a Jacobi operator ( [14]), here {a,} and {b,} are real valued T-periodic sequences, and T’
is a positive integer.

As in the literature, a solution u = {u,} of (1.1) is homoclinic solution if

lim w, = 0. (1.2)

[n]—o0

This problem appears in the following discrete nonlinear schrédinger equation

iy, = =AYy + 00y, — fu(tn), n €Z, (1.3)

*Corresponding author. E-mail address: maialiy@126.com
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where

Ad}n = ¢n+1 + wn—l - 2wn

is the discrete one-dimension Laplacian. And the potential V' = {v,} is real valued T-
periodic sequences, i.e., v, 7 = vy, for all n € Z. Moreover, we assume that the nonlinearity
fn(u) is gauge invariant, i.e.,

fu(e®u) = € f,(u), 0€R.
We consider special solutions of (1.3)
wn = uneiiwtv

where w € R is the temporal frequency and {u,} is a real valued sequence such that

Such solutions are called solitons. Inserting the soliton Ansatz into (1.3), then

—Auy, + vty — wuy, = fu(u,), n€Z, (1.4)
and
lim w, =0 (1.5)
[n]—o0

holds. Therefore, in order to looking for solitons of equation (1.3), we just need to get the
homoclinic solutions of equation (1.4), which is a special case of (1.1) with a, = —1 and
b, =2+ v,.

It is well known that the operator L is a bounded and self-adjoint operator in [2. Its
spectrum o (L) is a union of a finite number of closed intervals and the complement R\ o (L)
consists of a finite number of open intervals called spectral gaps. Two of them are semi-
infinite (see [14]). In particular, 7' = 1, then finite gaps do not exist. In general, finite gaps
do exist. The most interesting case of equation (1.1) is when the frequency w belongs to a
finite gap. The solitons of (1.3) with the temporal frequency w belonging to a spectral gap, in
particular to a finite gap are important. Such solitons are called gap solitons. Fix any finite
spectral gap and denote it by («, 3).

Discrete nonlinear schrodinger equation (DNLS) is one of the most important inherently
discrete models, It appears in a great variety of applications, such as nonlinear optics, solid
state, condensed matter physics and biology (see [1-3,5, 13| and reference therein). It also
has been successfully applied to the modeling of localized pulse propagation in optical fibers
and wave guides, to the study of energy relaxation in solids, to the behavior of amorphous
material, to the modeling of self-trapping of vibrational energy in proteins or studies related
to the denaturation of the DNA double strand ( [6,7,18]). In the past decade, the periodic
DNLS equations have been considered in the physics literature ( [15]). For example, results

2
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on numerical simulation of gap solitons in a particular periodic DNLS equation are obtained
in [4].

With the development of variational techniques, solitons of the periodic DNLS equations
have become a hot topic. The existence of solitons for the periodic DNLS equations with
superlinear nonlinearity (see [10,11] and reference therein) and with saturable nonlinearity
( [16,17]) have been studied, respectively. Discrete soliton is a kind of homoclinic solutions.
In this paper, we employ generalized saddle point theorem developed by Liu and Shen in [9]
and obtain homoclinic solutions of equation (1.1).

The organization of this paper is as follows. In Section 2, we introduce the functional,
and its critical points are solutions of the problem and remind a critical point theorem, then
present the main result. The detailed proofs of the main result is given in Section 3.

2 Preliminaries and main results

Throughout this paper, we assume that

(V) wéo(L) and w € (o, B).

(f1) fo€ CRR), fu(u)u >0 for all u € R.

(f2) Assume that f,, is asymptotically linear at infinity, i.e.,

= 0. (2.1)

lul—00 U

(f3) falu) =o(u) as u — 0.

To study the homoclinic solutions, we consider the real sequence spaces

1
P=< u={uptnez -V n€Zu, €R,|ulp= (Z |un\p> <00 . (2.2)

neZ
Between [P spaces the following elementary embedding holds,

1ci?, ullw <fullle, 1<q<p<oc. (2.3)

To state our results, we fix some notation. Let

A=L—-w and E =1*(Z).
Consider the functional J defined on E by

J(u) == (Au,u) ZF Up), (2.4)

neL
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where (+,-) is the inner product in E, || - || is the corresponding norm in E. F,(u) is the
primitive function of f,(u), i.e.,

Fo(u) = /0 " ()ds.

Standard arguments show that the functional J € C'(E,R) and equation (1.1) is easily
recognized as the corresponding Euler-Lagrange equation for J. Thus, critical points of J
are solutions of equation (1.1).

It is easy to get the derivative of J,

(J'(u),0) = (Au,v) ;= Y falun)vn, Vv € E. (2.5)

neL

By (V), then we have the orthogonal decomposition £ = E* @ E~ corresponding to the
spectral decomposition of A with respect to the positive and negative part of the spectrum,
and

(Au,u)p > (B —w)lulp,  weET,

(Au,u)p < (@ —w)llulp,  uweE

For any u,v € E, letting u = u™ + v~ with u* € E* and v = vt 4+ v~ with v* € E*, we
can define an equivalent inner product (-,-) and the corresponding norm || - || on E by

(u,0) = (Au*, v")p = (Au™,v7)g and |Jul| = (u,u)2,

respectively. So J can be rewritten as

ot = Sl P~ ). (26)

1 +112 Lo _1
Tw) = Sl = S = 3 Falun) = 5

ne’

Note that if w lies in a finite spectral gap, then dim £~ = oo and the problem (1.1) and
(1.2) is strongly indefinite. Now our main result can be stated as the following:

Theorem 2.1. Suppose that conditions (V'), (f1) — (f3) are satisfied, then equation (1.1) at
least has one solution.

Let R > 0. Set
M={ue E :||u| <R}
Let {ex} be a total orthonormal sequence in £~, we define a norm on £~ by

[e.o]

1
lullp- =) Sl < wer > |-
k=0
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Let P. : E — E* be the orthogonal projection of E onto E*. We denote by 7 the
topology on E generated by the norm

- = masx (umu > sl < P> |)

Remark 2.1. Note that if u,, — u, then P,u, - P,u and P_u, — P_u.

Definition 2.1. Let J € C*(E), we say J is 7—upper semicontinuous if u, — u implies

J(u) > Tim J(uy,).

n—o0
Definition 2.2. Let J € CY(F), we say J' is weakly sequentially continuous, if u, — u
implies J'(u,) — J'(uy,), as n — oo.

The purpose of this paper is to use the generalized saddle point theorem to solve some
strongly indefinite problems with asymptotically linear nonlinearity. The following lemma is
the generalized saddle point theorem taken from [9] and will play an important role in the
proofs of our main results.

Lemma 2.1. Assume that J € C'(E,R) is T—upper semicontinuous and J' is weakly se-
quentially continuous. If

b :=inf J > sup J, d—supJ<oo
Bt oM

then for some c € [b,d], there is a sequence {u,} C E such that
J(u,) — ¢ and J'(u,) — 0 as n — oo. (2.7)

Such a sequence is called a Palais-Smale sequence on the level ¢, or a (PS). sequence.

3 Proofs of main results

Lemma 3.1. Assume that (V') and (f1) — (f3) are satisfied. Then J is T—upper semicon-
tinuous, and J' is weakly sequentially continuous.

Proof. Let u® 5 u and ¢ = klim J(u™). Then there is a subsequence, still denoted by
—00

{u™} such that J(u*)) — c. By Remark 2.1 we have

ut =yt and w7 —~ w7, as k— oo (3.1)
Passing to a subsequence if necessary, we have u - u, foralln € Z, as k — oo,
hence, Fn(ugﬂ)) — F,(uy). Since F,(u®) > 0, using the Fatou lemma we have

I(u) =) lim F,(ul) < lim > F(ul) = lim 1(u®). (3.2)
k—o0 k—o00 " k—o00
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Combining (3.1) and (3.2), we have

[ [* flut]?
— = — I
J(w) i R ()
(K)—112 (k)+ 112
N g 7 PP

= lim (—Ju®)) = —c.

k—o0
So J(u) > ¢ and J is T—upper semicontinuous.

Finally, we show that J' is weakly sequentially continuous. Let u® — v in E, we have
that ul¥ — u, for all n € Z, as k — co. and there exists M > 0 such that |u®|| < M and

|lu|| < M. By (f3), there exists constant Cy such that |f,(u)| < Colu| for |u| < M.

For any v € E fix 0 < N € N such that >y [0, |? < ﬁ. Therefore, we have
0
N
@™o =Tl < | Y (falul) = falwn))val +1 Y (Falwl?) = fulun))onl
n=—N In|>N

N|—=

< 1Y () = falwn))oa] + Colllu® (| + [lull) { D loal?

[n|>N

N
5
< 1Y ) = fulwn)onl + 5.
n=—N
Note that fn(u,(@k)) — fu(uy,), as k — oo, then there exists ko such that for & > ko,
£

|2 () = )l < 5

So [I'(u™)v—1I"(u)v| < ¢, for all k > ky. By the definition of J’, then J' is weakly sequentially
continuous. [

Proof of Theorem 2.1.
By (f2) and (f3), for any € > 0, there exists C. > 0 such that

| fu(w)] < Celul,  |Fy(w)] < Celul?.

For u € ET, we have

1
Tw) = gl =Y Falun)
nez
> L -
- 2 IS5
1
= (5 C)lull

6
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So infp+ J > —o0.
For uw € E~, since F'(u) > 0, we have
1
J(u) = —§||U||2—2Fn(un)
neZ

1
2l
For R large enough, we have

inf J >supJ, supJ < oo,
E+ oM M

where M = {u € E~ : |Ju|| < R}.
By Lemma 2.1, for some ¢ € R, there is a sequence {u®} such that

J(u™®) = cand J'(u®) = 0 as k — oo.

Let ™ = u®+ — 4"~ then [|[u®|| = ||[u®| and
l®] = @™ > (7' (@), a®)
= [ u®TP =Y faluP)al)
neZ
> u®P =Y Celul? | (jul*] + Jul? 7))
nez

> [Ju® |2 = Cellu® [ = Cellu™ [ [u®]
lu®)? = Ceflu™ 2.
It implies {u®} is bounded.

Next we may extract a subsequence, still denoted by {u('“)}, such that u® — y and

ul — uy, for all n € Z. Moreover, we have

(J'(u),v) = lim (J'(u®),v) =0, Vv € E,

k—roo
so J'(u) = 0 and u is a homoclinic solution of (1.1). OJ
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APPROXIMATION OF ALMOST CAUCHY'’S POINTS BY CAUCHY'’S
POINTS

GWANG HUI KIM AND HWAN-YONG SHIN

ABSTRACT. In this paper, we investigate Hyers—Ulam stability of Cauchy’s mean value
points which is a extended and generalized version of I. R. Peter and D. Popa’s theorem [10]
and then, as applications, we obtain Hyers-Ulam stability results of Lagrange’s mean value
points which refine the result of P. Gavruta, J. Huang and Y. Li [5].

1. Introduction

The concept of Hyers—Ulam stability was raised by S. M. Ulam [11] in 1940. We are
given a group G and a metric group G’ with metric d(-,-). Given £ > 0, does there exist
a d > 0 such that if f : G — G’ satisfies d(f(zy), f(x)f(y)) < ¢ for all z,y € G, then a
homomorphism h : G — G’ exists with d(f(z),h(x)) < € for all z € G? Ulam’s question was
partially solved by D. H. Hyers [6] in the case of approximately additive functions and when
the groups in the question are Banach spaces. Due to the question of Ulam and the answer of
Hyers, the stability of functional equations is called after their names. For more information
of Hyers—Ulam stability, we can refer to [1, 2].

A similar problem of Ulam’s question can be formulated for the mean value points : “As-
sume that a function f satisfies a mean value theorem with a point 7. If £ is a point near to
7, does there exists a function g near to f satisfying the same mean value theorem with the
point £7” [10].

It seems that the first result to the previous question was given by D. H. Hyers and S. M.
Ulam [7] in the case of differential expressions.

Theorem 1.1. (D. H. Hyers, S. M. Ulam, 1954, [7]) Let f : R — R be n-times differentiable
in a neighborhood N of a point 1. Suppose that f((n) = 0 and ) (x) changes sign at 7.
Then, for all € > 0, there exists a § > 0 such that for every function g : R — R which is
n-times differentiable in N and satisfies |f(x) — g(x)| < 0 for all x € N, there exists a point
€ € N such that g™ (&) =0 and |€ — 1| < e.

2010 Mathematics Subject Classification. 39B52, 39B82, 54C65.
Key words and phrases. mean value theorem, Cauchy’s mean value points, Lagrange’s mean value points,

Hyers—Ulam stability.
1
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2 G.H. KIM AND H.-Y. SHIN

In 2003, M. Das, T. Riedel and P. K. Sahoo [3] proved the stability problem for Flett’s
mean value points by using Theorem 1.1. Subsequently, some authors applied the idean from
[3] to prove the Hyers—Ulam stability of various mean value points [5, 8, 9, 10]. Especially,
P. Gavruta, S.-M. Jung and Y. Li [5] proved the following stability result of Lagrange’s

mean value points which is a point 7 of a differentiable function f : [a,b] — R satisfying
Lo — pr(n).
—a

Theorem 1.2. (P. Gavruta, S.-M. Jung, Y. Li, 2010, [5]) Let a,b,n be real numbers satis-
fying a <n < b. Assume that f : R — R is a twice continuously differentiable function and n
is the unique Lagrange’s mean value point of f in an open interval (a,b) and moreover that
f"(n) # 0. Suppose g : R — R is a differentiable function. Then, for a given € > 0, there
exists a 6 > 0 such that if | f(x) — g(z)| < 0 for all x € [a,b], then there is a Lagrange’s mean
value point € € (a,b) of g with | —n| < e.

Hereafter, Theorem 1.2 was generalized by I. R. Peter and D. Popa [10] by proving the
stability of Cauchy’s mean value points which is a point n of two differentiable functions
fyg : [a,b] — R satisfying

(f(b) = f(a))g'(n) = (9(b) — g(a))f'(n) = 0.
Let I be an open interval which contains the interval (a,b).

Theorem 1.3. (I. R. Peter, D. Popa, 2013, [10]) Assume that f,g: I — R are continuously
differentiable functions, n is the unique Cauchy’s mean value point of the pair (f,g) in I and

f, g are twice continuously differentiable in a neighborhood of n, satisfying

F(m(g(0) = g(a)) — g"(n)(f(b) = f(a)) # 0.

Then, for every € > 0 there exists § > 0 such that, if f1,q1 : (a,b) — R are continuously
differentiable functions with the property that |f(x) — fi(z)| < ¢ and |g(z) — g1(z)| < & for
all € [a,b] there exists a Cauchy mean value point & € (a,b) of (f1,91) with |n—¢&| < e.

In this paper, we prove Hyers—Ulam stability of Cauchy’s mean value points which is a
extended and generalized version of Theorem 1.3 and then, as applications, we obtain the
stability results of Lagrange’s mean value points which refine Theorem 1.2.

2. Hyers—Ulam Stability of Cauchy’s mean value points

We now present a main theorem, which is a Hyers—Ulam stability of Cauchy’s mean value
points for real-valued differentiable functions on [a, b].
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Theorem 2.1. Let f,g, fi1,91 : [a,b] — R be countinuously differentiable functions and n
be a Cauchy’s mean value point of the pair (f,g) in the interval (a,b) and N C (a,b) be a
neighborhood of n. Suppose the following control function

(f(0) = f(a)g'(z) = (9(b) — g(a)) f'(x)

changes sign at 1. Then, for a given € > 0, there exists a 6 > 0 such that if |f(x) — fi(x)| < §
and |g(x) — g1(x)| < § for all x € N U{a,b}, then there exists a point { € N such that § is a
Cauchy’s mean value point of (f1,g1) with | —n| < e.

Proof. Let ¢ > 0 be given and N C (a,b) be any neighborhood of 7. Consider the auxiliary
function Gy 4(x) : [a,b] — R corresponding to (f,g) defined by

Grg(x) = (f(b) = f(a))g(z) — (9(b) — g(a)) f(z)

for all « € [a,b]. Evidently G 4(x) is continuous on [a, b] and differentiable on [a, b]. Further,

we have

G gla) = (F(b) = f(a))g'(x) = (9(b) — g(a)) f'(z), = € [a,b].

Since 7 is the Cauchy’s mean value point of (f,g), we get G’ﬁ g(n) = 0. Thus it follows from
the assumption that there exists a neighborhood (n — r,n+r) C N of n such that G’f’g(x)
changes sign at 7 in (n —r,n+r) C N for some r > 0 with n —r > a. Then it follows from
Theorem 1.1 that there exists a § > 0 such that for any differentiable function H on [a, b]
with |H (z) — Gy 4(x)| < 0 for  in (n—r,n+7), there exists a point ¢ € (n—r,n+7) satisfying
H'(()=0and |¢ —n| <e.

For a continuous function f : [a,b] — R define

My := max{|f(z)|: z € [a,b]}

and analogously M,. Define G, 4, () : [a,b] — R be the corresponding auxiliary function
defined as

G (2) = (f1(b) = fi(a))gr(x) = (91(b) = g1(a)) f1(x)

for all x € [a, b].
For some fixed A > 0, let

0:= min{4Mf +45Mg —1—4)\’)\}'

and let f1,91 : [a,0] — R be any differentiable functions satisfying |f(z) — f1(z)| < ¢ and
lg(z)—g1(z)| < d for all 2z € NU{a, b}. Then one can easy to see that G ¢, 4, () is differentiable
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in N. And it follows that

[/1(6) = fi(a)] [£1(b) = FO) + £ (b) = fa)[ +[f(a) = fr(a)]

<
< 2\ +2Mjy.
By the same reason we obtain that

191(b) — g1(a)| < 2XA +2M,.
These yield that

Grg(®) = Grg (@) = [(f(0) = fla))g(z) = (9(b) — g(a)) f(x)
(a)

—(f1(0) = fi(a))g1(x) + (91(b) — g1(a)) f1(z)]
= [(f(b) = fla))g(@) — (f1(b) — fi(a))g(z)
+(f1(0) = fi(a))g(z) = (f1(b) — fi(a))g1 ()
+(91(0) = g1(a)) f1(x) — (91(0) — g1(a)) f (2)
+(91(0) — g1(a)) f(z) — (9(b) — g(a)) f(2)]
< (If®) = 1)+ |f(a) = fi(a)]]g(2)]
+1f1(0) = fr(a)] - [g(z) — g1 ()]
+lg1(0) — g1(a)| - | f1(z) — f(2)]
+(lg1(0) — g(®)] + [g1(a) — g(a)])|f(2)]

< (2Mg+ [f1(0) = fr(a)| + |91(b) — g1(a)| + 2M)é
< (AMjy+4Mg +4N)d
< 48

for all z € (n —r,n+r) C N. Hence, there exists a point £ € (n — r,n + r) such that
G% 5, (§) =0 and [§ —n| <e. We note that G’ | (§) = 0 implies

f1,91
(f1(b) = f1(a))g1 (&) — (91(b) — g1(a)) f1(£) = 0.

Hence, the point £ is a Cauchy’s mean value point of (f1,¢1) and the proof is complete. [
The following corollary is a refined result of Theorem 1.3.

Corollary 2.2. Let f,g, fi1,91 : [a,b] — R be countinuously differentiable functions and n
be a Cauchy’s mean value point of the pair (f,g) in the interval (a,b) and N C (a,b) be a
neighborhood of n. Suppose either n is unique Cauchy’s mean value point of (f,g) or f, g
have second derivative at n such that

(2.1) [£(b) = f(a)lg"(m) # [g(b) — ga)lf"(n).
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Then, for a given e > 0, there exists a § > 0 such that if | f(x)— f1(z)] < 0 and |g(x)—g1(z)| <
d for all x € NU{a,b}, then there exists a point & € N such that § is a Cauchy’s mean value

point of (f1,91) with | —n| <e.
Proof. Let G¢ 4 : [a,b] — R be defined as

Grg(x) = (f(0) = f(a)(g9(z) — g(a)) — (9(b) — 9(a))(f(z) — f(a))
for all x € [a,b]. Suppose 7 is a unique Cauchy’s mean value point of (f,g). Then we obtain
that Grg(a) = Gyg(b) and n € (a,b) is a unique point such that G’ (1) = 0. These yield
that G’ﬁg(x) changes sign at 7.
If f and g have second derivative and satisfy (2.1), we have G’}ﬁ, ,(n) # 0. Thus associating
this fact and G /(1) = 0, we get G'; (z) changes sign at 7.
Rewriting the fact G, changes sign at 7, we obtain

(f(b) = fla)d'(x) — (9(b) — g(a))f'(x)
changes sign at 7. By applying Theorem 2.1, we get the desired result. O

If we take f1,g1 : [a,b] = R by f1 := h and ¢; := g in Theorem 2.1 and Corollary 2.2, then

we get the following two corollaries.

Corollary 2.3. Let f,g,h : [a,b] — R be differentiable and n be a Cauchy’s mean value point
of the pair (f,g) in the interval (a,b) and N C (a,b) be a neighborhood of n. Suppose the
following control function

(f(b) = f(a)d'(x) — (g(b) — g(a))f'(x)
changes sign at . Then, for a given € > 0, there exists a 6 > 0 such that if |f(x) —h(x)| <4

for all x € N U{a,b}, then there exists a point £ € N such that & is a Cauchy’s mean value
point of (g, h) with | —n| < e.

Corollary 2.4. Let f,g,h : [a,b] = R be countinuously differentiable functions and n be
a Cauchy’s mean value point of the pair (f,g) in the interval (a,b) and N C (a,b) be a
neighborhood of . Suppose either 1 is a unique Cauchy’s mean value point of (f,g) or f, g
have second derivative at n such that

(f(b) = fa))g"(n) # (g(b) — g(a))f"(n).

Then, for a given e > 0, there exists a § > 0 such that if | f(x)—h(z)| < J for allx € NU{a, b},
then there ezists a point & € N such that £ is a Cauchy’s mean value point of (g, h) with

€ —n| <e.

The following theorem is another type of Hyers-Ulam stability for Cauchy’s mean value
points.
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Theorem 2.5. Let a,b,& be real numbers satisfying a < & < b. Assume that f,g : [a,b] = R
are countinuously differentiable functions such that

oy F(@)g" (@) = f'(2)g' (x)
g (), PIESE #0

for all x € [a,b]. If

g€ g —g(a)

for some € > 0, then there exists a Cauchy’s mean value point n of (f,g) on (a,b) satisfying

9
—pl <
Sl /' (@)g" (@)~

g'(z)

(z)g' (z)

"
2

minze[a,b}

Proof. Due to Cauchy’s mean value theorem, there exists a point 7 € (a, b) such that

f'tm) _ f(b) — f(a)
gm  gb)—gla)

Hence it follows from (2.2) that
) ')

<e.

g€ gdml -

If £ = n then the proof is clear. Otherwise, we assume that a < n < £ < b. Since f and

g have second derivative on [a,b], by Lagrange’s mean value theorem, there exists a point
& € (n,€) such that

6 (LO018) GGy 1) 110
9'(&0)? g'm) g
Since ', f”,g', ¢" are continuous on [a, b], we obtain
) f(€)
€=l = f’(fo)g’/’((g)—le((fi))g’(ﬁo) - f’(ac)z”(x)—f”(ac)g’(x) '
g'(€0)? MM zefa,b) 9 (@)
which complete the proof. O

3. Applications to Lagrange’s mean value points

In this section, we obtain stability results of Lagrange’s mean value points for the differ-
entiable functions on [a, b].

Corollary 3.1. Let f,g : [a,b] = R be countinuously differentiable functions and n be a
Lagrange’s mean value point of f in (a,b) and N C (a,b) be a neighborhood of n. Suppose
the following control function

f®) = fla) = (b= a)f'(x)
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changes sign at n. Then, for a given € > 0, there exists a § > 0 such that if | f(z) —g(x)| <9
for all x € N U{a,b} there exists a point £ € N such that £ is a Lagrange’s mean value point
of g with | —n| < e.

Proof. Consider the auxiliary function Gf(x) : [a,b] — R corresponding to f defined by

Gy(z) = (f(b) — fla))z — f(x)(b—a)
for all z € [a,b]. Then the proof goes through the same way as that of Theorem 2.1. O

Example 3.2. Let f: [—27,27] — R be defined by

cosx — 1, if z <0,
flx) = ,
1—cosz, if x>0.
It is obvious to see that there exist three Lagrange’s mean value points —m, 0,7 of f. Let IV;
be a neighborhood of (—1)i for each i = 1,2. We can easily check that f(2m)— f(—27)— (27—
(—27))f'(x) = —4nf'(x) changes sign at +m. Therefore, by Corollary 3.1, for each ¢ > 0,
there exists a d > 0 such that for every differentiable function g satisfying | f(z)—g(x)| < ¢ for
all x € N; U {£27} then there exists a point & € N; such that &; is a Lagrange’s mean value
point of g and |¢§; — (—1)'w| < e. However, f(27) — f(—27) — (27 — (=27))f'(x) = —4n f'(x)
does not change sign at 0, and so we cannot apply Corollary 3.1 for the function f at the
Lagrange’s mean value point 0.
Let N := (—%, %) and 6 > 0 be given. And let g : [-2m, 2] — R be defined by
o 3 2
9(2) = f(2) + 355, — 4m72)
for all x € [—2m,27]. Then

o | 3 2
_ — " |z3_4 _°
F@) = glo)| = gl — ane] < -
for all x € N U {%27}. But, for all z € N, the following inequlity holds
9(2m) — g(—2m)
47
Therefore, we can conclude that there is no Lagrange’s mean value point of g in V.

(27)% + 47%(2n)) < 6

-4 (x) > 0.

The following refined result of Theorem 1.2 is obtained as a corollary of Corollary 3.1.

Corollary 3.3. Let f,g : [a,b] = R be countinuously differentiable functions and n be a
Lagrange’s mean value point of f in (a,b) and N C (a,b) be a neighborhood of n. Suppose
either n is a unique Lagrange’s mean value point of f or f has second derivative at n with
f"(n) #0. Then, for a given € > 0, there exists a § > 0 such that if |f(z) — g(x)| < § for all
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x € N U/{a,b}, then there exists a point £ € N such that & is a Lagrange’s mean value point
of g with | —n| < e.
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Abstract

In this paper, a weak Galerkin (WG) finite element method is proposed for solving
the convection-diffusion-reaction problems. The main idea of WG finite element methods
is the use of weak functions and their corresponding discrete weak derivatives in standard
weak form of the model problem. We show that the continuous time WG finite element
method preserves the energy conservation law as well the optimal order error estimate in
L? norm. Numerical experiment is conducted to confirm the theoretical results.

Keywords: WG finite element method, convection-diffusion-reaction equation, energy
conservation law, error estimate.

1 Introduction

The convection-diffusion-reaction processes appear in many areas of science and technology.
For example, fluid dynamics, heat and mass transfer hydrology and so on. In this paper, we
consider the following convection-diffusion-reaction equation:

u—V-(AVu)+b-Vu+cu = f, (z,t)€Qx(0,T], (1.1)
u(z,0) = 0, z€f,
w(z,t)lp = g, te(0,T],

where Q is a bounded region in R?, with a Lipschitz continuous boundary I' = 09, u; = %—7;,
and Vu denote the gradient of function u = w(z,t). Further A > 0 is a diffusion coefficient, b
is a convection coeffient and f, g are given functions.

The standard weak form of equations (1.1) — (1.3) seeks u € L?(0,T; H'(2)) such that
u=gon d x (0,7) and

(ug,v) + (AVu, Vo) — (bu, Vo) + (cu,v) = (f,v), Yo € HH(S). (1.4)

The WG finite element method refers to a general finite element technique for partial
differential equation where the differential operators (e.g., gradient, divergence, curl, Lapla-
cian) are approximated by weak forms. The method, first introduced by Wang and Ye [1] for
solving a second order elliptic problems, is a newly developed finite element method. Since

'E-mail address: fzgao@sdu.edu.cn
2E-mail addresses: hkashkool@yahoo.com
3Corresponding author. E-mail address: cheichan.mohammed@yahoo.com
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then, some WG finite element methods have been developed to solve other problems, such
as parabolic equation [2, 3, 4], Stokes equations [5, 6], Helmholtz equation [7], Biharmonic
equation [8, 9] and Navier-Stokes equations [10, 11], etc.

In general, WG finite element formulations for partial differential equation can be derived
naturally by replacing usual derivatives by variational forms. The implementations of all
these possible extension are based on the computation of these weak operators.

The rest of this paper is organized as follows. In section 2, we shall introduce some
preliminaries and notations for Sobolev spaces. We define the weak gradient and discrete
weak gradient operator and the weak finite element spaces and present semi-discrete WG
finite element method for problem (1.1) — (1.3) in section 3 and section 4, respectively. In
section 5, we prove the energy conservation law of the continuous time WG approximation,
and in section 6 we present optimal order error estimate in L? norm for the WG finite element
approximations. Finally, we present a numerical example to verify theory.

2 Preliminaries and notations

We use standard definitions for the Sobolev spaces H™(2) and their associated inner products
(-, )m,, norms || - ||;m.0, and seminorms | - |, o for m > 0 [12, 13]. For any integers m > 0
the seminorm | - |,,, o is given by

oo = (3 / 0%u[2d0)'/?,
Q

|a|=m
with the usual notation
a=(a,a2), |af=o01+ay, 0%=0g052

The Sobolev norm || - ||,,.0, is given by
n
lollne = loFa)">.
j=0

The space H(div;?) is defined as the set of vector-valued functions on 2 which, together
with their divergence, are square integrable; i.e,

H(div; Q) = {v:v e [L}()]? V- v e L}(Q)}.

The norm in H(div; Q) is defined by

oll 1 gaiusey = (loll* + [V - 0]*)12.

3 A weak Gradient operator and its approximation

In this section we introduce a weak gradient operator defined on a space of generalized
functions. Let K be any polygonal domain with interior KV and boundary 0K. A weak
function on the region K refers to vector-valued function v = {v, v} such that vy € L?(K)
and v, € H'/2(0K). The first component vy can be understood as the value of v in interior
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of K, and the second component v, is the value of v on the boundary of K. Denote by
W (K) the space of weak function associated with K ; i.e.,

W (K) := {v = {vo, 0} : vo € L*(K),vy € H/*(OK)}. (3.1)

Definition 3.1. For any v € W(K), the weak gradient of v is defined as a linear functional
Vv in the dual space of H(div, K) whose action on each q € H(div, K) is given by

/ Vv - qdK = —/ vV - qdK —I—/ vpq - Nds, (3.2)
K K oK

where n is the outward normal direction to OK.

Next, we introduce a discrete weak gradient operator by defining V; in a polynomial
subspace of H(div, K). To this end , for any non-negative integer r > 0 denote by P,.(K) the
set of polynomials on K with degree no more than r. Let V(K,7) C [P,(K)]? be a subspace
of the space of vector-valued polynomials of degree r. A discrete weak gradient operator,
denoted by Vg, is defined so that Vg4,v € V(K,r) is the unique solution of the following
equation

/ Varv-qdK = —/ vV - qdK —1—/ vpq - mds, Vq e V(K,r). (3.3)
K K oK

4 A weak Galerkin finite element scheme

Let T}, be triangular partition of the domain 2 with mesh size h. Assume that the partition
Ty, is shape regular so that the routine inverse inequality holds true (see[13]). In the general
spirit of Galerkin procedure, we shall design a WG method for (1.4) by following two basic
principles: first replacing H'(Q2) by a space of discrete weak functions defined on the finite
element partition 7, and the boundary of triangular elements; second replacing the classical
gradient operator by a discrete weak gradient operator V;, for weak functions on each
triangle T'.

For each T' € T},. Denote by P;(T Y) the set of polynomials with degree no more than
j and Pp(0T) the set of polynomial on 9T with degree no more than ¢. A discrete weak
function v = {vg, vy} on T refers to a weak function v = {vg, vy} such that vy € P;(T) and
vy € Pp(OT) with j > 0 and ¢ > 0. Denote this space by W(T, j, ¢), i.e.,

W(T,j,0) = {v = {vo, v} : vo € Pj(T"), vy € Py(OT)}. (4.1)

The corresponding finite element space would be defined by patching W (T, j,¢) over all the
triangles T' € Ty. In other words, the weak finite element space is given by

Sh(ja 6) = {U = {U(),Ub} : {UQ,U{,}‘T € W(Taj7 6)7VT € Th} (42)
Denote by S9(j,¢) the subspace of Sy,(j,¢) with vanishing boundary values on 99, i.e.,
Sh(G,£) = {v = {vo, v} € Su(4,£), vslornan = 0, VT € Tp}. (4.3)

To investigate the approximation properties of the discrete weak space Si,(j,¢), we define
three projections in this paper. The first two are local projections defined on each triangle 7'
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one is Qpu = {Qou, Qpu}, the L? projection of HY(T) onto P;(T°) x P;+1(dT) and another
is Ry, the L? projection of [L?(T)]? onto V(T,r). The third projection II;, is assumed to
exist and satisfy the following property: for ¢ € H(div,) with mildly added regularity,
I1;q € H(div, Q) such that II;,q € V(T,7) on each T € T}, and

(V-q,v0)r = (V -lxg,v0)r, Yoo € P;(T). (4.4)

It is easy to see the following two useful identities:

vd,r(Qhu) = Rh(vu)v Vu € Hl(T)v (45)
and for any g € H(div, )
> (=V-quo)r =Y (hg,Va,v)r, Yo = {vo, v} € S3(j, ). (4.6)
TEeT, TET,

Now for any u,v € Sp(4,¢), we introduce the following bilinear form
a(u7 U) = (/\Vd,r’uy Vd,T”U) - (bu07 Vd,T’U) + (Cu07 UO)v (47)
where

(AVapt, Vapv) = / AV ytt - Vg 0d2,
Q
(bug,Vg,v) = /buo-vdmde,
Q
(cup,v9) = /cuovon.
Q

We pose the continuous time WG finite element method based on (3.3) and (1.4) which is
to find up(t) = {uo(-,t), up(+,t)}, belonging to Si(j,¢)) for t > 0, satisfying u, = Qpg on 01,
and the following equation

((un)t; vo) + alup,v) = (f,vo), Yo = {vg, v} € S} (4, ), (4.8)

where
a(up,v) = (AVa,u, Va,v) — (bup, Va,rv) + (cup, vo),

where, Qpg is an approximation of the boundary value in the polynomial space P;(07 NOS2).
For simplicity, Qg shall be taken as the standard L? projection for each boundary segment.

5 Energy conservation property of WG

In this section, we investigate the energy conservation property of the semi-discrete WG
finite element approximation wuy,. The solution u of the problem (1.1) — (1.3) has the following
energy preserving property on each K € T} [2].

t+AL t+A t+AL
/ utdazdt—F/ / q-ndsdt = / / fdzdt, (5.1)
t-at JK t-At JoK t-At JK

where ¢ = —AVu + bu is the flow rate of heat energy.
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We claim that the semi-discrete WG for (1.1) — (1.3) preserves the energy conservation
property in (5.1). Choosing in (4.8) the test function v = {vg,v, = 0} so that v9 = 1 on K
and vy = 0 elsewhere. We then obtain by integration over the time period [t — At, ¢ + At]

t+At t+At t+At
/utd$dt+/ a(up,v)dt = / /fd:ndt, (5.2)
K t K

t—At —At t—At

where

a(up,v) = //\Vd,ruh-vd,rvdaz—/ buo-Vd,rvd:L"+/ cupdz.
K K K

Using the definition of operators Ry, and Vg, in (4.4), we obtain

/ )\Vd7ruh~Vd7Tvdx = / Rh()\Vd,ruh) -Vd,rvdw
K K
== —/ V-Rh()\Vd7Tuh)dx
K
- / Ra(AV,up) - nds, (5.3)
oK
and
/bu()'Vd7rvdx = /Rh(buo)'vd7rvdx
K K
= —/ V - Ry (bug)dz
K

= — Ry, (bug) - nds. (5.4)
0K

Now substituting (5.3) and (5.4) into (5.2) yields
t+At t+At t+At
/ wpdzdt +/ Rp(—=AVg,up +bug) -nds = / / fdzdt,
t-At JK t—-At JoK t-At JK

which provides a numerical flux.

qn-n = Rp(—=AVg,up + bup) - n.

The numerical flux ¢ - n can be verified to be continuous across the edge of each element K
through a selection of the test function v = {vg, vy} so that vg = 0 and v, are arbitrary.

6 Error analysis

In this section, we derive optimal order error estimate for the semi-discrete scheme (4.8) in
L? norm. Let us begin with proving the elliptic property of WG finite element method for
equation (1.1).
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Lemma 6.1. Let Sp,(j,£) be the weak finite element space defined in (4.2) and a(up,v) be the
bilinear form given in (4.8). There exists positive constant o satisfying

a(vn, vn) > (| Vaonl” + [[ool*),
for all vy, € Sp(j,0).
Proof. Taking u = v in equation (4.8) we have
a(vp,vn) = (AVa,v,Va,v) — (bvg, Va,v) + (cvo, vo). (6.1)

Let A = [[b| () and B = |[c|| < () be the L*>-norm of the coefficients b and c, respectively
and using Cauchy- Schwarz inequality we have.

|(bvo, Varv)| < (Ibllzee @) [ Varvllllvoll,
< AlVazollllvol (6.2)
and
|(cvo,vo)| < lell poo ey lvoll?
< Bl (6.3)

Substituting (6.2) and (6.3) into (6.1) we obtain
a(on,vn) = MIVarvl? + A Vazolllloll = Bllwol,

by using Young-inequality, we have

e A2

1
alnvn) 2 (A + ) Vol + (5 — B
> 1| Val* + azflvol?
> al[[Varl* + [Jeol?),
where a = min{ay, as}, which completes the proof. O
Lemma 6.2. ([2])
For uw € HY(Q) with k > 0, we have
I, (AVu) — AR, (V)| < Ch"||ull14- (6.4)
Lemma 6.3. ([14])
For uw € H'™H(Q) with k > 0, we have
lu =Ilpul < Ch™[|ulliqx- (6.5)
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6.1 Continuous time WG finite element method
Our aim is to prove the following estimate in L? norm for the semi-discrete approximation.

Theorem 6.1. Let u € H'"*(Q) with k > 0 and uy, be the solutions of (1.1) — (1.3) and (4.8)
respectively. Denote by e = up, — Qpu the difference between WG approzimation and the L?
projection of the exact solution u = u(x,t). Then there exists a constant C such that

t t
lell? + /O alle|2ds < e 0)|? + Ch2* /O 2, ods (6.6)

Proof. Let v = {vg, vy} € Sp(4,£) be the testing function. By testing (1.1) — (1.3) against vy,
together with (4.6) we arrive at

(fyv0) = (ug,v0) + Z (=V - (AVu),v)r + Z (V- (bu),vg) + (cu,vg)

TeTy T€Ty
= (ut7 UO) + (Hh()‘vu)7 Vd,T”U) - (Hh(bu)7 Vd,T”U) + (CU, UO)' (67)
Adding and subtracting the term

a(Qnu,v) = (AVar(Qnu), Va,v) — (6(Qo), Va,v) + (c(Qou), vo),
on the right hand side of the equation (6.7) and using (Qprut,vo) = (ut,v9) we obtain

(f,vo) = (Qnug,vo) + (p(AVu) — AV 4, (Qru), Vi, v)
—  (Ip(bu) — b(Qou), Va,rv) + (cu — c¢(Qou), vo)
+  (AVar(Qnru), Va,v) — (0(Qo), Vi)
+  (e(Qou), o),

by using Ry, (Vu) = Vg,(Qpu) for u € H' and (4.8) we obtain

(Qnut, vo) + (IIL(AVu) — ARy (Vu), Vg ,v)
(I (bu) — b(Qou), Va,v) + (cu — ¢(Qou), vo)
+ a(Qpu,v),

((un)t, vo) + alup,v) =

which can be rewritten as

((un — @n)e, v0) + alun — Qpu,v) = (L (AVu) — ARy (Vu), Vg, v)
—(IIx(bu) = b(Qou), Varv) + (cu — c(Qou), vo). (6.8)
Equation (6.8) shall be called the error equation for the WG finite element method (4.8).
Substituting v in (6.8) by e = {up — Qru} = {eo, ep} = {uo — Qou, up — Qpu}, we have
(er,e) +ale,e) = (Ip(AVu) — AR, (Vu),Vare) — (I, (bu) — b(Qou), Vare)
+ (cu—c(Qou),e).

Hence

1d

S Zlel? + Bl Vel + allel?

(6.9)

I
=~
=
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where

1D = ([,(AVu) — AR (Vu), Vg e)
1@ = (I (bu) — bug, Vg re)
1(3) — (cu—c(Qo’u,),e).

To estimate I}, by Cauchy-Schwarz inequality and Young inequality, we have

|](1)| <

1 s
57l MR (AVU) = ARL(Vu)|* + 5[V el
20 2
by lemma (6.2), we have
x p
IO < Cr*ulisn + S Varel® (6.10)
To estimate I(? | by Cauchy-Schwarz inequality and Young inequality, we have

1 B
(2) 4 _ 2, P 2
IO < Sl bu) — buoP + 5 Vel
by lemma (6.3), we have
P B
1@ < con? el + 511 Varel. (6.11)

To estimate 1(®, again by Cauchy-Schwarz inequality, Young inequality and lemma(6.3), we
have

1
] < o—lleu - e(Qou)|* + 5 e
«
< O ulfyy + 5 el (6.12)

Substituting (6.10), (6.11), and (6.12), into (6.9) we get
1d
2dt

It follows that

«
lell® + Bl Varel* + alle]® < Ch*|lulliy, + Bl Varel® + 5 lle].

d
el +allel® < CR*™|luli,,.

Thus, integrating with respect to ¢, we obtain

t t
\MP+A&WW@ ngwW”H%%AHWLM&

which completes the proof. O
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6.2 Optimal order of error estimation in L?

To get an optimal order of error estimate in L?, the idea, similar to Wheeler’s projection as
in [14, 15], is used where an elliptic projection E} onto the discrete weak space Sp(j,f) is
defined as the following: Find Epu € Sy,(j,£) such that Eju is the L? projection of the trace
of u on the boundary 02 and
AV, Epu, Va,w) + (b VaEpu,w) = (=V - (AVu),w)
+  (=bu,Vw) Yw € S)(4,0). (6.13)

In view of the weak formulation of the convection-diffusion-reaction problem.

—V-(AVu)+b-Vu = F, inQ, (6.14)
u = g, on 0, (6.15)

this defined may be expressed by using that Fpu is the WG finite element approximation of
the solution of the corresponding convection-diffusion problem with exact solution wu.

Lemma 6.4. (see[1])

Assume that problem (6.14) — (6.15) has the H'T5(Q) regularity (s € (0,1]). Let u € H**(Q)
be the exact solution of (6.14)—(6.15), and Epu be a WG approximation of u defined in (6.13).
Let Quu = {Qou, Qyu} be the L? projection of u in the corresponding finite element space.
Then there exists a constant C' such that

1Qou — Epull < C(W™|F — QoF ||+~ *|lullx41)
and
[Var(Qnu— Epul| < Ch"[Jul|xs1-

Theorem 6.2. Under the assumption of Theorem (6.1) and the assumption that the cor-
responding convection-diffusion problem has the H'S regularity (s € (0,1]), there exists a
constant C such that

t
lun(t) = Quut)ll < [lua(0) = Quu(0)|| + CA**([[¢ ]t +/0 [[ut s 1ds)

t
- Ch5+1(/0 (Ife = Qofell + lJuse — Qouse[|)ds)

+ ChH(£(0) = Qof (0)]] + [[ue(0) — Qour(0)]1) (6.16)
Proof. The error in the problem (1.1) — (1.3) is written as a sum of two terms,
un(t) = Quu(t) = 6(t) + p(t), (6.17)

where
0 =up — Eru, p= Epu— Qpu.

The error bound for p easily by lemma (6.4) as the following [2]
Il < CH(IF = Qof || + [lus — Qo))

t
+ h“+s(||¢\ln+1+/0 [[u s 1ds))- (6.18)

9
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Now, to estimate 6, we note that by our definitions

(O, w) +a(0,w) = ((up)t,w) + a(up, w) — (Epug, w) — a(Epup, w)

(
(f,w) — (Bpug, w) — a(Epup, w)

= (f,w) + (V- (AVu),w) + (b- Vu,w) — (cu, w) — (Epus, w)
(ut, w) — (Eput, w)

(Qrut, w) — (Epug, w)

= —(pt,w),

which is
(etyw) + a(97w) = —(pt,lU), Vw € Sg(]a E)yt > 07 (619)

where we have used the fact that the operator ) commutes with time differentiation. Since
0 € SY(j4,¢), we may choose w = 6 in (6.19) and obtain

(04,0) +a(0,0) = —(pt,0), t>0, (6.20)
by using lemma (6.1) we have
a(0,0) > a(|[Va.0l* + [[60]*) > 0

Therefore

d
2
— _ <

and integrating with respect to ¢, we obtain

6@l < ||<9(0)||+/0 [ltlds. (6.21)

using lemma (6.3), we have

00)| = lur(0) — Eru(0)]
< un(0) = Qru(0)|| + [[Epu(0) — Qru(0)||
< lun(0) — Quu(0)]| + C(R*F1([[£(0) — Qo f(0)]]
+ Jur(0) = Qour (0)]1) + A9 st1), (6.22)
and since
loell = [[Erue — Qrue|
< C((fe — Qofell + lluee — Qouel])
+ Rl wga)- (6.23)

Substituting (6.18) and (6.21) into (6.17), we have an optimal order of error estimate in L?
which completes the proof. O

10
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7 Numerical result

In this section, we present some numerical results to illustrate the theoretical analysis in the
previous section. We consider the following convection-diffusion-reaction problem.

ug— V- (DVu)+b-Vut+cu = f, inQxJ, (7.1)

with homogeneous Dirichlet boundary condition and initial condition. The data for problem
(7.1) taken as follows: let D = 100, Q be a unit square, i.e., Q = [0, 1] x [0, 1], time interval
be J = (0,T7) = (0,1), the absorption coefficient is ¢ = 1 and the velocity vector has been
taken as b = (cos(F),sin(%5)), we can get the initial and boundary conditions and source
term f(x,t) according to the corresponding analysis solution of example. First, we partition
the square domain Q = (0,1) x (0,1) in to N x N sub-square uniformly. Then we divide
each square element into two triangles by the diagonal line with a negative slopeso that we
complete the construction of the triangular mesh let h = 1/N(N = 4,8,16,32,64) be mesh
size for triangular meshes.
In the example, the analytical solution is chosen as

u = sin(wz)sin(ry)exp(—t).

Numerical error results and convergence rate are listed in Table 7.1 and convergence rate
in Figure 1.

Table 7.1:numerical result

‘ h ‘ L2-error ‘ L?-order ‘
1/4 | 3.7148e-00
1/8 | 9.4454e-01 1.97
1/16 | 2.3719e-01 1.99
1/32 | 5.9383e-02 2.00
1/64 | 1.4875e-02 2.00
10"
5. -B- ||u—2uh||0
- ot?)
10° | 3.
g i
107 s
|,
, Ttem

10°F
107

10

Figure 1: Convergence rate for k =1 and s = 1.
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Abstract

Our purpose in this paper, is to derive the main properties of the generalized
moment functions defined on some types of white noise spaces. A new version of
Wick product on some spaces of generalized functions is introduced. Applying the
direct connection between the theory of construction for hypercomplex systems and
white noise analysis, we setup a framework to construct a lot of spaces of generalized
functions connected with different examples of hypercomplex systems.
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1 Introduction

In this paper, the main properties of the generalized moment functions defined on some
types of white noise spaces are derived. A new version of Wick product with respect to non-
Gaussian measures, the associated Hermite transform and the characterization theorem for
the constructed spaces of generalized functions are introduced. Let () denotes a locally
compact basis on the space R™. The linear space of bounded continuous complex-valued
functions C,(Q) is complete normed space with respect to the norm

[fllec = sup [ f ()],
TEQ
where f define on Q. We will denote by C;°(Q) the space of infinitely differential bounded

functions on @, and by S(Q) the linear subspace of Cp°(Q) formed by the set of functions
on @ such that z*D?f(x) is bounded on Q, where a,3 € 7% . The space of continuous
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linear functional on S(Q) is called tempered distribution space and is denoted by S&'(Q).
There exist many works aims to investigate white noise spaces. Some of these works devoted
to deal with the construction of spaces of test, generalized functions and operators acting
in these spaces using the Wiener-It6-Segal isomorphism and various riggings of the Fock
space [2,9]. Distribution play a crucial role in the study of PDEs and quantum field theory
[5,11], where quantum field are defined as operator valued distributions. The contemporary
theory of generalized functions of infinitely many variables originates from the works of
Berezanskyi and Samoilenko [3] and Hida [9]. In [3], the spaces of test and generalized
functions were constructed as infinite tensor products of one-dimensional spaces. In [9)],
the classical approach to the construction of the theory of generalized functions was, in
fact, used, but all functions under consideration were functions of a point of the infinite-
dimensional space on which the Gaussian measure was defined; this measure played the
same role as the Lebesgue measure in the classical theory of generalized functions. This
paper is organized as follows: In section 2, we give the main properties of the generalized
moment functions defined on the space of rabidly decreasing functions on ). In section 3, a
new way for constructing spaces of generalized functions is given. In section 4, we derive the
main relations between the construction of hypercomplex system and the Theory of white
noise analysis.

2 The moment problem on S(Q)

The elements of S(Q) are called rabidly decreasing functions and for each o, 5 € Z7,
S(Q) is equipped with the family of seminorms

1 £lla,6 = sup [a* D" f (z)|
z€eQ
In this section, we devoted to give a full description of the integral
o) = [ M@V, ne M. Q)
Q

where A : () — C belongs to the linear space of bounded continuous complex-valued func-
tions Cp(Q) and the measure u belongs to the space of positive Radon measures M (Q).
Let s = (Sa)aezi (so > 0) be an n-sequence of real numbers. We set

Ly(z%) =54, a€Zl.

The n-sequence s = (sa)%m is called quasi-positive definite if £, is quasi-positive definite
(i.e., Ls(ff) > 0 for all f € S(Q)). The n-sequence s is called a generalized moment
sequence if there exists a Radon measure p on @ such that z® € L () and s, = fQ z*dp(z)
for all @ € Z7. When such measure exists, then it is called a representing measure of the
sequence s. Let F = fi, ..., f, be a finite family in S(Q), and

Qr={q€Q;filg) >0, i=1,.,m}

2
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Clearly, we have m; = sup,eq fj(x) < oo, setting

A

file) =m; fi(x), ze@ if m;>0,

and

~

fj:fja mj:07

j =1,...,m. We define F = {0,1,f1,...,f;n}, and we will denote by Az the set of all
products of the form fi...f;(1—g1)...(1 — g;) for functions f1, ..., i, g1..., g € F and integers
i,j > 1.

Theorem 2.1. Let II(F) denote the convex set of all linear mappings £ : S(Q) — R
such that £(1) =1 and £(f) > 0 for all f € Az. Then we have

0<L(f) <1

for all £ € II(F) and f € Ax.

Proof. Let fi...fyx € Az, where either f; € Forl-— fi € Fforalj=1,.,k We
have

fifo=Q—=f)+ A= fo)+ o+ froe oo (1 — fr)
This implies £(1 — f) > 0, whence L(f) < 1.

Remark. Let I', (Q) be the positive cone generated by Ax. From the previous proof
we notice that if f € Az, then 1 — f € I', (Q). Moreover, we notice that if f,g € Ax , then
(1 - f)g € T4(Q). In particular, if £: S(Q) — R is positive on Ag, then L((1 — f)g) >0
for all f,g € Ax. Finally, we notice that £(1) = 0 implies £ = 0.

Lemma 2.2. Let £ be an extreme point of the convex set II(F). Then £ is multiplicative

on S(Q).
Proof. Suppose f € Ar be fixed. Sufficiently, we need to prove that

L(fg) = L(f)L(g) for all geAr

Let d = L(f). We have the following possibilities:

1. If 0 < d < 1, we consider the linear functionals £;(h) = d~'L(fh) and Ly(h) =
(1—d)'L((1 — f)h), heS(Q). Clearly, L, Ly € TI(F). since L = dL; + (1 — d)Ly and
L is an extreme point of II(F), this implies £ = £;, whence L(fg) = L(f)L(g).

2. If d = 0, then the functional Lo(h) = L(fh) is positive on Az and Ly(1) = 0, applying
the above remark implies £y = 0, whence L£(fg) = 0= L(f)L(g).

3. If d = 1, we use the above discussion to the functional £(g) = L((1 — f)g), and

obtain L(fg) = L(g9) = L(f)L(g).
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Theorem 2.3. For every linear functional £ € II(F) there exists a uniquely probabil-
ity measure p on ) such that

for all f € S(Q).

Proof. Let £y, € II(F) be an extreme point. Then L, is multiplicative on S(Q), by
the above lemma. Thus, for the sequence v = (7, ...,v,) € R" defined by Ly(t;) = ;, we
have Lo(f) = f(v) for all f € S(Q). But we have 0 < Ly(f) <1, f € Az, by Theorem
2.1, we obtain that

1Lo(D = [fI < [flle = supeelf()],  f € S(Q).

If f € II(F) is of the form £ = >, c;L;, where ¢; > 0, >, ;c; =1, L; an extreme
point of II(F), then

LD elLi(N <Y eliflle =Iflles f€S@Q)

jel jeI

Let v = (Ya)aczr (70 > 0 be a generalized moment sequence. Then the linear form £ =~y !
is an element of II(F), and by using the result obtained from the above Theorem we have:

Corollary 2.4. Let ) is compact and F = fo =1, f1,..., fmu be a finite family which
generates the space S(Q). An n-sequence of real numbers s = (sa)aczr (S0 > 0) is a gener-
alized moment sequence if and only if the linear form £ is nonnegative on the set Ax.

3 The spaces of generalized functions

This section is devoted to give the main relations between the construction of hypercom-
plex system and the Theory of white noise analysis. We will consider the following rigging
of a Hilbert space Hy with positive and negative spaces H, and H_:

H_ D HyDH,. (3.1)

Let Iy : H. — H, be the canonical isometry transferring the negative space H_ onto the
positive space H.. A biorthogonal basis (py, ¢,)22, in the space Hy can be understood as
sequences (p,)>, C H; and (¢, = Iypn)se, C H_, where the first sequence is an orthogonal
basis in the positive space H, and the second is an orthogonal basis in the negative space
H_. Hence, these systems of sequences p,, and ¢, are biorthogonal:

(Pns @) 1y = Onmhn, hn = ||pn||§{+ = HQHH?*L? n,m € Ly, (3.2)

4
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forall p € H,,

¥ = Zgonpm Pn = (@’Qn)Hohgla Z |90n‘2hn = HSOH%L_ < 00, (3.3)
— n=0
forall £ € H_,
£= Zénqn, €0 = (& Dn) sl Z [6nl*hn = [I€II%_ < o, (34)
Ho — an@hn (3.5)
n=0

Let (pn)22, be an arbitrary total sequence of vectors p,, of a Hilbert space Hy. It is easy
to prove that such sequence (h,)22, of positive numbers h,, exists for which the set of test
functions

H, = {@:ZWnpn‘ on €C: ‘|90H.%{+:Z’90n|2hn<oo}a (3.6)
n=0

n=0

with the corresponding scalar product is the positive space with respect to Hy. Note that,
it is necessary to assume in addition the fulfilment of the following necessary and suffi-
cient condition on (p,),: an arbitrary sequence ()%, of vectors ¢ € H, with finite
sequences of coordinates gogl') which is fundamental in H, and converges to 0 in Hy must
converge to 0 in H,. This condition will always be fulfilled in our case. Similarly, for the
negative space H_, by replacing p,, by g,, we have the set of generalized functions as follows

n=0 n=0

As pointed out from [1-3], there exists a quasinuclear rigging such that, the zero space
H, is a hypercomplex system Ly(Q,dm(p))(p € Q) and we assume that
I; : H, — HY, I :H — HY,.
such that
<I;§7 I;¢>L2(Q,dm(p)) = <§7 (P>H07 5 S H—a pE H+’

So, we have a biunitary map {I; , I;} This mapping transfers the rigging of the space H
to a rigging of the hypercomplex space Lo(Q, dm(p)):

H D H, O H,.
b= |z
5}
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Hence, we consider the space H{ is a positive space of the form

HY = {s@ =Y enxal :llelin = leal* (n)* K" < OO},
n=0

n=0

(3.9)

where p, = Xn, hn = (n1)?K",n € Z,, (K > 1 is a fixed sufficiently large number), and
consists of continuous functions on Q. Similarly, for the space HY, we have

HY, = {5 =D Guxal NElEy, =Dl ()K" < oo},
n=0 n=0
(3.10)

The system (xn, ¢X)5°,, where ¢¥ = I7 x,, € HY,, is a biorthogonal basis of the space
Ly(Q,dm(p)). It is essential to introduce the rigging of the hypercomplex space Ly (Q, dm(p))
by means of projective and inductive limits of Hilbert spaces which are constructed by rules
of type (3.6), (3.8) and (3.9). For every ¢ € N, we define the Hilbert space of type (3.6):

HY = {so =3 wnxn € Ho : el = Y lonP(n1)2K™ < oo} -

n=0 n=0
(3.11)
Then, we have the rigging:
(WX 2 Y, 2 Lo(Q, dm(p)) 2 HY D U, (3.12)
_ . _ ! e . X _ X
PX — pr}}erlr\]lH;‘ = ﬂ Hy, (UX) = 1nd£1€n§ H*, = U HZ,,
geN geN

H, = {5 =D &y llElTx, = D 1€l (n)? K™ < 0o } , (3.13)
n=0 n=0
with the action

(57 QO)LQ(Q,dm(p)) = Zgn@(n!>2an7 2 € Hgv g € qu
n=0

To illustrate the above result, we give the following example

Example 3.1. In the classical case when Hy := Ly(R,dz) with respect to the Lebesgue
measure dz and ordinary convolution. Then, the generalized character x(z, \) = e** (A € C)
and x,(z) = 2" (z € R, n € Z,). Therefore, the space (3.11) consists of entire functions
¢(x) and ¢, (x) are the Taylor coefficients of ¢(x). Formula (3.2) gives their representation
as the Fourier coefficients using the scalar product (&, p)g,, (£ € HY,, ¢ € HY).

Remark. Obviously, such a generalization gives the possibility of constructing a lot of
spaces of generalized functions connected with different examples of hypercomplex systems.

6
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4 The generalized Wick product

In this section, we devoted to introduce a new version of Wick product with respect to
non-Gaussian measures, the associated Hermite transform and the characterization theorem
for the constructed spaces of generalized functions. Wick is the first one introduced the prod-
uct between two functions in white noise space, so this product carry his name [13]|. He was
used as a tool to renormalize certain infinite quantities in quantum field theory. Later on,
the Wick product was considered, in a stochastic ordinary and partial differential equations
(see, e.g., [6,8,10]). Under the assumption that ||x||3;, < C™ for some C' > 0, we define a new
Wick product, called x-Wick product on the space H fq. Then, we give the definition of the
x-Hermite transform and apply it to establish a characterization theorem for the space H fq.

Definition 4.1. Let {& = Y ° (&,qY%, 1 = > . gy € HX, with &,,m, € C. The
x-Wick product of &, 7, denoted by £ o, 7, is defined by the formula

gox n= Z gmnnq';(m—kn' (41)
m,n=0

X

It is important to show that the spaces HZ,,

HY are closed under x-Wick product.

Lemma 4.2. If {,n € HX, and ¢,v € HY, we have
(’L) £<>X 77 € qua
(i6) @ oyt € HY.

Proof. If £ = ) &,¢%, 1= Y mgX € H*,, then for some ¢; € N we have
m=0 n=0

Z |€m]|? K~9"™ < 0o and Z 7. 2K 1" < oo0. (4.2)

We note that

Eon= > &lloin= ( > fmnn) 0 =g, (4.3)
=0

m,n=0 =0 m+n=l

where (; = > &unn. With ¢ = ¢ + p we have

m—+n=l

00 00 00 2
DIGPE™ = 31> Guna| KK
=0 =0 |m+n=l

(5 ) (£ )

=0 m+n=lI m-4+n=l
() (i) (Smin)
=0 m=0 n=0
< 00, (4.4)
7
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which proves (2). The proof of (42) is similar. |

The following important algebraic properties of the x-Wick product follow directly from
Definition 4.1.

Lemma 4.3. For each £,71,¢ € HX,, we get

(2) oy n=mn9o, & (Commutative law),

(12) €0y (n0y C) = (£ 04 M) oy ¢ (Associative law),
(13) £oy (n+C) =& oy n+ &0, ¢ (Distributive law).

Remark. According to Lemmas 4.2. and 4.3., we can conclude that the spaces H fq and
Hy form topological algebras with respect to the x-Wick product.

From the above arguement, the y-Wick product satisfies all the ordinary algebraic rules
for multiplication. But, there are some problems when limit operations are involved. To
treat these situations it is convenient to apply a transformation, called the y-Hermite trans-
form, which converts x-Wick products into ordinary (complex) products and convergence
in X, into bounded, pointwise convergence in a certain neighborhood of 0 in C.

Definition 4.4. Let £ = > * &.qX € HX, with &, € C. Then, the x-Hermite trans-
form of &, denoted by H,&, is defined by

M, &(2) = Zﬁnz" € C (when convergent). (4.5)
n=0

In the following, we define for 0 < M,q < oo the neighborhoods of zero in C which
denoted it by O, (0):

Oy (0) = {z cC: f: 2P < Mz} . (4.6)

n=0

It is easy to see that
qg<p, N< M= @q’N(O) - @q7M(O) (47)

Note that, if £ = > &,qX € HY,,z € Qg (0) for some 0 < M,q < oo, we have the
estimate

Sl = Slediei- T
- (Z’5"|2an> (Z!z”l2mn>
n=0 o

< (z |sn|2f<—qn)
n=0

< o0. (4.8)

2

2
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The conclusion above can be stated as follows:
Proposition 4.5. If § € H* , then H, & converges for all z € Qg(M) for all ¢, M < oo.

Proposition 4.6. If §, € HX , then

H (& o m)(2) = Hy&(2) Hyn(2), (4.9)

for all z such that H, & and H,n exist.
Proof. The proofis an immediate consequence of Definitions 4.1. and 4.4.

Let £ = > (&g € HY,, with &, € R. Then, the number & = #H,£(0) € R is called
the generalized expectation of ¢ and is denoted by E(§). Suppose that V' 3 z — f(z) € C

is an analytic function, where V is a neighborhood of E(£). Assume that the Taylor series
of f around E(§) has coefficients in R. Then, the x-Wick version f°x of f is defined by

HX, 2 & fo(&) = 1 (foH,(§)) € HY,. (4.10)

Example 4.7. If the function f : C — C is entire, then f°x is defined for all £ € HX . For
example, the x-Wick exponential is defined by

o0

exp(§) = 30 S (4.11)

5 Concluding Remarks

The space of continuous linear functional on S(Q) are called tempered distributions,
and is denoted by S'(Q). Let L € S'(Q) and a € Z1. The weak derivative D*L (or the
derivative of the sense of distributions) is given by

(DL)(f) = (=) L(D*f) (5.1)

for f € (Q). This corresponds to D*L{g} = L{D“g}. Note that distribution always has a
weak derivative. A function f is completely monotonic if for each o € Z", (—1)l*ID* f(z) >
0 on R%; see [4,7,12] for many properties of completely monotonic functions. Bernstien’s
theorem asserts that f is completely monotonic if and only if f(z) = [, e *'du(t) where

p is a positive measure supported on a subset of R}. If assume that Q = R". So,
r = (x1,...,2,) € R". Let 2* be denote the product z{'...x2", Z" denote the set of n-
tuples (i, ..., o) where each «; is a non-negative integer, |a| = > a; and D* denote

the partial differential operator —~2———. Then, we obtain the special case S (Q) =S[R")

5] o
Oz, *...0x,"

is the space of rabidly decreasing function on R™ (so-called Schwartz space) and its dual
S'(Q) = S'(R™) is the space of tempered distribution on R".
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QUADRATIC TYPE FUNCTIONAL INCLUSIONS ON
SQUARE-SYMMETRIC GROUPOIDS AND HYERS-ULAM STABILITY

GWANG HUI KIM AND HWAN-YONG SHIN

ABSTRACT. We consider that a set-valued map F : X — Py(Y) satisfying the functional
inclusion F(z * y)0F (z * y~ ) C 0o (F(z)0F(y))(or oo(F(x)0F(y)) C oo(F(z * y)OF (z %
y~1))) admits a unique selection f : X — Y satisfying the functional equation f(z*y)o f(x*
y™ ) = oo (f(x) o f(y)) in appropriate conditions, where (X, ), (Y, ) are square-symmetric

groupoids and ¢ is the extension of ¢ to the collection Po(Y") of all nonempty subsets of Y.

1. INTRODUCTION

Let (X, x),(Y,©) be groupoids with binary operations. If the binary oepration * satisfies
the following inequality

(zxy)*(x*xy)=(z*xx)*(yxy), zyeX

then the operation * is called square-symmetric. Note that the square symmetric * implies
that o, (x) := xxx is an endomorphism. A binary operation * such that o, is an automorphism
of (X, %) is called divisible and the corresponding groupoid is said to be a divisible groupoid.
The triple (Y, ¢,d) is called a metric groupoid if (Y, ) is a groupoid, (Y, d) is a metric space
and ¢ is a continuous operation with respect to the topology of (Y,d). For a nonempty set
Y we denote by Py(Y') the collection of all nonempty subsets of Y. The diameter of a set
A € Py(Y) is defined by

0(A) :=sup{d(z,y)|x,y € A}.

The Lipschitz modulus of a function f : X — Y is the smallest real extended number L with
the property

d(f(x)vf(y)) SLd('Tvy)v z,y €Y.

The Lipschitz modulus of a function f is denoted by Lipf. A selection of a set-valued mapping
F: X — Py is a single-valued map f : X — Y with the property f(z) € F(z) for all z € X.

2010 Mathematics Subject Classification. 39B72, 54C60.
Key words and phrases. Hyers—Ulam stability; square-symmetric groupoid; functional inclusion.
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In a linear normed space (Y, | - ||) we define the following families of sets

c(Y):={A: AePyY),Ais convex set}
cc(Y):={A: AePy(Y), A is closed and convex set}
ce(Y):={A: AecPy(Y),A is compact and convex set}.

The theory of stability of functional equations had been formulated by Ulam [14]. In 1941,
Hyers [3] had answered affirmatively the question of Ulam for Banach spaces and it represents
the starting point of the Hyers—Ulam stability of functional equations. Let us recall the Hyers’
result.

Theorem 1.1. [3] Let X be a linear normed space, Y a Banach space and ¢ > 0. If a
function f: X — Y satisfies the following inequality

(1.1) [f(x+y) = fl@) = fWl <e, zyeX

then there exists a unique additive function g : X —'Y such that
(1.2) If@) - g@)| <&, weX.

Smajdor [13] and Gajda and Ger [2] observed an interesting connection between the sta-
bility of the Cauchy functional equation and set-valued functions satisfying F'(x 4+ y) C
F(z)+ F(y). If f: X — Y satisfies (1.1), then the set-valued mapping F' : X — Py defined
by

F(x) = f(z) + B(0,¢), =€ X,

where B(0,¢) is the closed ball in Y centered at 0 and radius € > 0, implies that F(z +y) C
F(z) 4+ F(y) for z,y € X, and the function g from relation (1.2) is an additive selection
of F'. Naturally Gajda and Ger [2] considered under what conditions a set-valued mapping
with F(x +y) C F(z) + F(y) admits an additive selection and they obtained the following
theorem.

Theorem 1.2. [2| Let (S,+) be a commutative semigroup with zero element, X a Banach
space over R and F : S — ccl(X) a set-valued mapping with convex and closed values such
that F(x+vy) C F(xz)+ F(y) forx,y € S and sup,cg 6(F(z)) < co. Then F admits a unique
additive selection.

For the last two decades, many mathematicians have developed Theorem 1.2 [6, 9, 10, 11]
and investigated various properties of functional inclusion and its connectedness of Hyers—
Ulam stability of functional equations [4, 5, 7, 8, 12].
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The aim of this paper is to study some properties for set-valued mappings satisfying the
following quadratic type functional inclusions

0o(F(2)0F(y)) C F(z*y)0F (x*y™)
F(zxy)OF (zxy ") C oo(F(x)0F(y))

and obtain Hyers-Ulam stability of functional equation.

2. MAIN RESULTS

Let Ngo = N U {0}. Throughout this section, suppose that the operation ¢ satisfies the
following condition : for all € > 0 there exists 7 > 0 such that if 6(A4),6(B) < n, A, B € Py(Y),
then

§(AOB) < e

and we assume that X and Y have unique identity idx and ¢dy respectively.
If the operation ¢ satisfies that

(z10y1) 0 (22 092) = (21 022) © (Y1 0 92)
for all x1,x2,y1,y2 € Y, then we say ¢ is bisymmetric operation.

Lemma 2.1. [9] If (Y,©) is a groupoid with a bisymmetric operation, then o, is increasing
endomorphism of (Po(Y), 0, C).

Now, we present the main theorem of this paper.

Theorem 2.2. Let (X, *) be a square-symmetric divisible groupoid, (Y,o,d) a complete met-
ric bisymmetric divisible groupoid and F : X — Po(Y) with F(idx) = {idy} a set-valued
mapping such that

(2.1) 0o (F(2)0F(y)) C Flo % y)0F (x+y~)
for all z,y € X. Assume that
(2.2) lim §(Fo o, ™(x))Lip(c2™) =0, and
oo Foo,"(z) € clY)
for all t € X and n € Ny. Then there exists a unique selection f : X —'Y of F' such that
(2:3) oo(f(x)o f(y)) = flxxy)o flzxy™")
forall x,y € X.
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Proof. First we prove that there exists a selection of F' satisfying (2.3). Consider the set
valued mapping F,, : X — Py(Y) corresponding to F' defined by

(2.4) Fy:=F, F,==0"0oFoo,"

for each n € N. Letting x,y by ;" !(x) in (2.14) respectively, we get

(2.5) 030 F(o7" Y (2)) C Flo:"(x))

for all z € X. By composing o2" to the both sides of (2.5) and using Lemma 2.1, we obtain
0<2>”+2 oFoo," Yz) C a<2>” oFoo, "(x)

for all x € X and n € Ny. This means that {F,(x)}>2 is a decreasing sequence of closed
subsets of the Banach space Y. Let s,t € F, () for some fixed m € N. Denoting o ?™(s) = u,

o5 2™ (t) = v, we have
d(s,t) = d(og"™(u),05™(v)) < Lip(og™) - d(u,v)
< Lip(o3™)6(F 0 0™ ()
and this implies that
(2.6) 8(Fn(2)) < Lip(o3™) - 6(F 0 0, ™ (x))

for all x € X. Taking the limit m — oo of (2.6), we find that
im 0(Fn(2))

for all z € X. It is follows from the Cantor intersection theorem in the complete metric spaces
that

(2.7) N Fu(x)
n=0

is singleton f(z). Since the function f: X — Y satisfies f(z) € Fy(z) = F(z) for all z € X,
f is a selection of F'.

Putting z,y for o, ™(z) and o, "(y), respectively in (2.14) and applying U<2>" to the both
sides of (2.14), we arrive at
(2.8) 00 (Fu(2)0Fa(y)) C Fu(z * y)OFn(z +y ™)
for all z,y € X and n € Ny. Since {f(z)} = )~y Fn(z),z € X, we have o,(f(z) ¢ f(y)) €
oo (Fn(z)0F,(y)), for all z,y € X, n € Ng. Therefore, in view of (2.8), we get
(29)  dloe(f(@) o fy), flaxy)o flzxy™h)) < 6(Fu(x*y) o Fulzxy™))

for all z,y € X and n € Ny. Taking the limit n — oo of (2.9), it is reduced to the equation
(2.10) oo(f(x)o f(y) = flzxy)o flxxy™t), forall z,y € X.
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To show the uniqueness of f, assume that g : X — Y is a selection of F' such that

(2.11) oo(g(x) 0 g(y)) = glz xy) o gz xy™ L), forall z,y € X.
From (2.10) and (2.11), it follows that
fla)=03"0 foo"(x),
g(z) =" 0 goo,"(z)
for all x € X,n € N. Hence, for x € X and n € N, we see that
d(f(x),9(x)) = d(o3"o foo,™(x),05" 0 goo,"(x))
= Lig(o3")d(f o 0" (x),9 00" (x))
< Lig(o2")(F o 03" ().
Taking n — oo, we arrive at the desired conclusion. O

Next, we are going to establish another theorem about the inclusion (2.14).

Theorem 2.3. Let (X, *) be a square-symmetric divisible groupoid, (Y, o,d) a metric bisym-
metric divisible groupoid and A a divisible subgroupoid of (Py(Y'), ). Suppose that F: X — A
with F(idx) = {idy} is a set-valued mapping subject to the condition (2.14) and satisfying
(2.12) lim §(F o o™ (x))Lip(o;*") =0, z€X.

n—oo

Then F 1is single-valued mapping and

(2.13) oo (F(2)OF(y)) = F(zxy)OF (x xy™Y), forall z,y € X.

Proof. Consider the function G,, : X — A corresponding to F' defined by
Go:=F, G,:= 052” oFool!

for each n € N. Replacing z,y by o (z) in (2.12) respectively, and then composing on both

sides by 052”_2, we have

05271 oFoo}(x)C 052”_2 o Foo™(z)

for all z,y € X. This means that {Gy(x)}2, is an increasing sequence of (A4, ¢). By the

similar argument in the proof of Theorem 2.2, we see that

lim §(Gp(x)) < lim 6(F o o™(z))Lip(o;?") =0, forallz e X.

n—oo n—o0

It implies that 6(G,(z)) = 0 for every n € Ny and Gy (x) is single-valued for all n € Np.
Therefore, in view of (2.14), Go = F satisfies (2.13) and the proof is completed. O
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Corollary 2.4. Let (X, *) be a square-symmetric divisible groupoid, (Z,]-||) a Banace space
over R, p,q e R, p+q#0,p+q#1, and F : X — c(Z) with F(idx) = {0z} a set-valued
mapping such that

(2.14) pp+@)F(x) +q(p+q)Fy)) C pF(z+y) +qF(x+y ™)
for all x,y € X. Assume that there exists M > 0 such that

0(F(x)) <M, and
Foo,"(z)edY)

for all x,y € X and n € Z. Then there exists a unique selection f : X — Z of F' such that
(2.15) p(p+a)f(@) +a+a)f(y) =pflzxy) +af(zxy™"), zy€eX.
Proof. Consider the operation ¢ : Z x Z — Z is defined by

roy=pr—+qy, x,Y€E L,

where p, g € R are given real numbers. Then the triple (Z, ¢, || - ||) is a metric groupoid with
a bisymmetric operation. For all U,V € Py(Z), the operation ¢ is naturally defined by

UOV =pU + qV
and we have oo(U) = (p+¢)U and in general, o5 (U) = (p+q)"U, for all n € N. And we get
Lip(o3") =Ip+q/*", neZ.
If |[p + ¢| < 1, we have
o*<2>” oFo"(z)=(p+q)*"Foo,"(z) € cl(Z)
and
S(Foo,™ < Mlp+q*, z€X,neN,,

thus, by Theorem 2.2, there exists a unique selection of F' satisfying (2.15).
If |p+ gq| > 1, we obtain

§(F oo™ Lip(og ™) <

_W, xEX,TLENO.

By using Theorem 2.3, F is single-valued mapping satisfying (2.15). We arrive at the desired

conclusion. O
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Corollary 2.5. Let (X, *) be a square-symmetric divisible groupoid, (Z,||-||) a Banach space
over R, p,q,e >0,p+q <1, and z € Z. Assume that f : X — Z is a function satisfying

Ipf(zxy) +af(@xy™ ) —plp+a)f(z) —qlp+ ) f(y) -zl <&, z,yeX.

Then there exists a unique function g : X — Z satisfying

(2.16) pg(z*y)+ag(z =y~ ") =plp+q)g(x) +alp+q)g(y) + 2, z,y€X
and
(2.17) 1f(z) — g(a)]| < d reX.

QI-p—q)p+aq)’
Proof. Consider the auxiliary set-valued mapping Gy : X — ccl(Z) corresponding to f
defined by
1
Gelx) = f(x) +
o) = /) (1-p—qlp+aq)
and G¢(idx) = {0z}. Then we obtain

(B(0,¢e) — 2), ifzxe X —{idx}

p(p+q)G(x) +alp+9)Gsly) = plp+af(z)+

q(p+q)
l—-p—q)(p+aq)

+q(p+q)f(y) + ( (B(0,¢) — z)

C pflexy)+af(@=y ")+ (B(0,¢) — 2)
(p+q)* B(0.o) — »
+(1—p—q)(p+q)(B(0’€) )
= T * P B -z
= pf( y)+(1_p_q)(p+q)(3(0,€) )

q
1-p—q)(p+q)
= pGrlzxy)+qG(xw*y™")

(B(0,e) - 2)

+af(zxy™ ')+

for all z,y € X. By the definition of 6(G¢(x)), we have
2e
0(Gy(x)) <
(Gs(x)) (l-p-q)lp+q
for all x € X. Since all conditions of Corollary 2.4 are equipped, Gy has a unique selection
h: X — Z such that

ph(z *y) + qh(z =y~ ") = p(p + Q)h(z) + a(p + Q)h(y), =,y € X.

Defining the function g : X — Z as
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for all z € X, we see that the function g satisfies (2.16) and (2.17). O

Next, we will introduce some theorems and corollaries which are obtained by the similar
proofs of Theorem 2.2, 2.3 and Corollary 2.4, 2.5.

Theorem 2.6. Let (X, *) be a square-symmetric divisible groupoid, (Y,o,d) a complete met-
ric bisymmetric divisible groupoid and F : X — Po(Y) with F(idx) = {idy} a set-valued
mapping such that

(2.18) F(zxy)QF (zxy~") C oo(F(x)0F(y))
for all x,y € X. Assume that

lim §(F o Uin(x))Lip(Q;Zm) =0, and
m—0o0
a<2>" oFoo,"(z)edY)

for all t € X and n € Ny. Then there exists a unique selection f : X —'Y of F such that

ao(f(z) o f(y)) = flzxy)o flzxy™)

for all xz,y € X.

Theorem 2.7. Let (X, *) be a square-symmetric divisible groupoid, (Y, o,d) a metric bisym-
metric divisible groupoid and A a divisible subgroupoid of (Py(Y'), ). Suppose that F: X — A
with F(idx) = {idy} is a set-valued mapping subject to the condition (2.18) and satisfying
lim §(F oo2"(z))Lip(cd") =0, z € X.
n—oo

Then F 1is single valued and
oo (F(z)OF(y)) = F(z xy)OF (x xy™Y), forall z,y € X.

Corollary 2.8. Let (X, *) be a square-symmetric divisible groupoid, (Z,]-||) a Banace space
over R, p,q e R, p+q#0,p+q#1, and F: X — c(Z) with F(idx) = {0z} a set-valued
mapping subject to the condition (2.18). Assume that there exists M > 0 such that

0(F(x)) <M, and
Foo, "(z)ec(Z)

for allx,y € X and n € Ng. Then there exists a unique selection f : X — Z of F such that

plp+a)f(@) +alp+a)f(y) =pflaxy)+aqf(xxy™ "), zyeX.
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Corollary 2.9. Let (X, *) be a square-symmetric divisible groupoid, (Z,||-||) a Banach space
over R, p,q,e >0,p+q>1, and z € Z. Assume that f : X — Z is a function satisfying

Ipf(zxy) +af(@xy™") —plp+a)f(z) —qlp+ ) f(y) —zl| <e, z,yeX.

Then there exists a unique function g : X — Z satisfying

pg(zxy) +qgz =y ") =pp+ q)g(x) +alp+ gly) + 2, z,yeX

and

3

I1£@) = 9@l < =g T€X

Remark. If (X, +,-) is a vector space and * is defined by zxy =z +yand z=0,p=qg =1,

y~! = —y in Corollary 2.9, then it is a same result of Czerwik [1].
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1 Introduction

The moments of the Poisson distribution are well-known to be connected to the combinatorics of
the Bell and Stirling numbers(see [1, 4, 5]). As is well known, the Bell numbers B,, are given by the

generating function

. (o] tn
(e'—=1) _
e = E Bn—n!. (1.1)

n=0

The Bell polynomials B,,(\) are given by the generating function

et 1) _ ZB"(A)%' (1.2)
n=0 ’

The Bell polynomials B, (\) satisfy the relation B, (\) = E\[Z"],n € N, where Z is a Poisson
random variable with parameter A > 0.

The r-Bell polynomials G,,(x,r) are defined by the exponential generating function:

3 Gn(x,r)% — erte(e D) (gee [4]), (1.3)

n=0

where, r may be real or complex numbers. Note that B, (z) = G, (x,0). The first few examples of

r-Bell polynomials G, (x,r) are

+6r22% + 62° + 4ra® + x47
Gs(z,7) = r° + 2 + 5ra + 10rz + 10r°z + 5rtz + 1522 + 35r2?
+30r22? 4 10r°22 + 252° + 30rz® 4+ 10r%23 + 102 + 5ra* + 2°.
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From (1.2) and (1.3), we see that

= t" -
Z Gn(l"ﬂ")a = ele Dzt
n=0

- k e m
_ <Z Bk(@%) (Z rmfn!> (1.4)

k=0 m=0
oo n n tn
_ n—k | ¥
3 (X ()
n=0 \k=0

Similarly we also have

Gulz +y,r)= (Z) G2, ) B (y)-

k=0
Recently, many mathematicians have have studied the differential equations arising from the gen-
erating function of special polynomials(see [2, 3, 6, 7, 8, 9]). In this paper, we study differential
equations arising from the generating function of r-Bell polynomials. We give explicit identities for

the r-Bell polynomials.

2  Explicit identities involving r-Bell polynomials

Differential equations arising from the generating functions of special polynomials are studied by
many authors in order to give explicit identities for special polynomials(see [7, 8, 13]). In this section,
we study differential equations arising from the generating functions of r-Bell polynomials.

Let
= tr '
F=F(ta,r) =Y Gul,r)— =e"T"D7 greC. (2.1)
n:
n=0

Then, by (2.1), we have

d d ¢
FO — % ppy _ ( rt+(e 71)1»)
gtz r)=— (e

= "V (1 4 e (2.2)

— Tert—i—(et—l)m + xe(r+1)t+(et—1)m

=rF(t,z,r)+aF(t,x,r + 1),

F® = EF(D =rFO (2, )+ 2FO(t,z,r 4+ 1)
dt (2.3)
=r2F(t,z,r) + z(2r + DEF(t,z,r + 1) + 22F(t,z,r 4 2),
and p
F® = 2?2
dt

= ’I“ZF(l)(t,l‘,T) + x(2r + I)F(l)(t,z,r +1)+ a:ZF(l)(t,x,r +2)
=rFtz,r)+z(r*+2r+1)(r+1) Ft,z,r+1)
+22(3r + 3)F(t,x,r +2) + 23F(t,x,r + 3).
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Continuing this process, we can guess that

N
FN) = <d> F(t,z,r)

dt
N (2.4)
= a;i(N,z,7)F(t,z,r +i), (N =0,1,2,...).
i=0
Taking the derivative with respect to ¢ in (2.4), we get
dr X
PO = =g = L aWa ) FO e+
N
= Zai(N,m,r) {(r+)F(t,z,r+1i)+zF(t,z,r+i+1)}
i=0
N
= Zai(N,x,r)(r—Fi)F(t,x,r—|—i)
i=0
N (2.5)
+ xZai(N, x,r)F(t,z,r+ (i+ 1))
i=0
N
= Z(T +4)a;(N,z,r)F(t, z,r + 1)
i=0
N+1
+x Z ai—1(N,z,r)F(t,z,r +1i).
i=1
On the other hand, by replacing N by N + 1 in (2.4), we get
N+1
FONHD = N " a;(N + L2, r)F(t, x,r + ). (2.6)
i=0
Comparing the coefficients on both sides of (2.5) and (2.6), we obtain
ao(N + 1,z,7) = rag(N,z,7), ant1(N +1,z,7) =zany(N,z,7), (2.7)
and
ai(N + 1,1‘,’/") = (T + i)ai—l(N7xa7ﬁ) + xai—l(waar)) (1 <i< N) (28)
In addition, by (2.4), we get
F(t,z,r) = FO(t,z,r) = ag(0, z,7)F(t,z,7). (2.9)
By (2.9), we get
ap(0,z,7) = 1. (2.10)
It is not difficult to show that
rF(t,z,r) + cF(t,z,r+1)
= FO(t,z,r)
1 (2.11)
= Zai(l,x,r)F(t,x, r+1)
i=0
=ao(l,z,r)F(t,z,r) + a1 (1, z,7)F(t,x,r + 1).
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Thus, by (2.11), we also get

ao(l,z,7)=7r, ai1(l,z,7) =2

From (2.7), we note that

and

ao(N + 1,z,r) = rag(N, z,7) = --- = N ag(1,z,r) = vV T

ant1(N+1,2,7) = zan(N,z,r) = --- = 2Nay (1,2, 7) = 2V HL.

For i =1,2,3 in (2.8), we have

and

N
ar(N+1,z,r) = xZ(r + D*ao(N — k,z,7),
k=0

N-1
as(N+1,z,1r) == (r+2)*a (N - k,z,7),
k=0
N—2
as(N +1,z,r) == Z(r +3)*ay(N — k,z,7).
k=0

Continuing this process, we can deduce that, for 1 <i < N,

N—it1
a;(N+1l,z,r)==x Z (r+i)*a;_1 (N — k,z,7).
k=0

Here, we note that the matrix a;(j, 2, 7)o<i j<n+1 is given by

Now, we give explicit expressions for a;(N + 1,z,r). By (2.15), (2.16), and (2.17), we get

and

o o o ~
o o 8 =
8
(V]

00 0 0 - N+

N N
ar(N+1,z,r) == Z (r+ 1)k1ao(N —ky, @, 7) = Z (r+ 1)k17,N—k17
k1=0 k1=0
N-1
ay(N +1,2,7) =2z Z (r+2)*2a; (N — ko, x,7)
k2=0

N—-1N—-1-k3

=27 Y (rH k(e 2)lepN TRkl

k=0 k1=0
as(N +1,z,r)
N—2
=z Z (r+3)*ay(N — k3, x,7)
k3=0

N—-2 N—2—ks N—2—ks—ka

v Z Z Z (r + 3)% (r + 2)k2 (r 4 1)F1pN ks k2= =2

ks=0 ky=0 k1=0

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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Continuing this process, we have

a;(N +1,2,r)
N—i+1N—itl—ki  N—itlki——hy [ i ' . (2.19)
SE SR SIS SR || (XU FEC et
k;=0 ki—1=0 k1=0 =1
Therefore, by (2.19), we obtain the following theorem
Theorem 2.1 For N =0,1,2,..., the differential equation
N .
(V) = Z ai(Nv x, T)eltF(t7 x, T)
i=0
has a solution
F=F(tuxr) = e”+(et_l)””,
where
CLO(N, xz, T) = va
aN(NaxaT) = xNa
N—i N—i— ]{) N—i—k}i—”'—kz 7 ) .
N x, T =z Z Z Z <H(7’+l)kl) TNfzfzzzl kz’
ki=0 k;_1=0 k1=0 1=1
(1<i<N).
From (2.1), we note that
FN) = (i)NF(t x,r) = iG;HN(:E 7")i (2.20)
dt Y Pt TR
From Theorem 1 and (2.20), we can derive the following equation
o'} tk N .
Z GkJrN(x, r)i = F(N) = (Z ai(Na €, r)ezt> F(tv T, T)
k!
k=0 i=0
N > ltl > tm
:Zai(N,x,r) Zzl—‘ ZGm(x,r)ﬁ
=0 =0 m=0 (221)
N oo k k tk
Y aten (33 (4)irantany)
i=0 k=0m=0
ik t*
- "a N Gm ) e
Z zgmzo(m) £ )G () | &

By comparing the coefficients on both sides of (2.21), we obtain the following theorem

., we have

Theorem 2.2 For k,N =0,1,2,..
(2.22)

Gron(o,) = ZZ() as(N.2.1) G (2,1,

=0 m=0

where where
N
b

v (er) x

—ki  Ne—i—ki——ky [ i ‘
) (T B
k1=0

ag(N,z,r) =1",
N—
(N, z,7) Z
(1<

< N).

~—
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Let us take k£ = 0 in (2.22). Then, we have the following corollary.

Corollary 2.3 For N =0,1,2,..., we have

N

Gn(z,r) = Zai(N,x,r).

=0

For N = 0,1,2,..., the functional equation F(V) = ZiV:O a;(N,z,7)e* F(t,z,r) has a solution
F = F(t,z,r) = e =1z Here is a plot of the surface for this solution. In Figure 1(left), we

Figure 1: The surface for the solution F(t,z,r)

choose =3 <z <1,-5 <t <5, and r = —2. In Figure 1(right), we choose —3 <z < 3,-5 <t <5,

and r = 2.
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A CLASS INVOLVING DERIVATIVES OF RATIO OF THE
ANALYTIC FUNCTIONS

JI HYANG PARK, VIRENDRA KUMAR, AND NAK EUN CHO

ABSTRACT. The class of functions defined using linear combination of the derivatives
of ratio of the normalized analytic function with the identity function is considered in
this manuscript. Further, the sharp bounds on the Hankel determinants and estimates
on the higher order Schwarzian derivatives for the first three consecutive derivatives
are investigated.

1. INTRODUCTION

Let A be the family of functions f in the open unit disk D and satisfying the normal-
ization conditions f(0) = 0 = f’(0) — 1. Let the collection & C A contains univalent
functions in . An analytic function f is subordinate to another analytic function g if
there is an analytic function w with |w(z)| < |z] and w(0) = 0 such that f(z) = g(w(z))
and we write f < g. If g is univalent, then f < ¢ if and only if f(0) = ¢(0) and
f(D) C g(D). The classes S* and K of starlike and convex functions, respectively,
are defined by Re (zf'(2)/f(2)) > 0 and Re (1 + zf"(z)/f'(2)) > 0. There are several
sufficient conditions for functions to be univalent. Among them the simplest one is to
verify Re f’(z) > 0 in z € . However, there are several other sufficient conditions for
univalency were investigated in the recent years. Obradovic [17] proved that if f € A
satisfy |f”(z)| < 1/2, then f is convex in . Later, this condition was generalized by
Frasin [7]. For 0 < v < 1, Tunseki [24] investigated the conditions on the expressions
f'(z) = (1 —v)f(2)/z and zf"(z) — vf'(2) for the sufficient conditions of starlikeness
and convexity. Frasin [8] obtained some sufficient conditions on f"”(z) for starlikeness
and convexity. In particular, he proved that when the function f € A with f”(0) =0
satisfies | f”'(2)| < 1, then f is starlike in D and if |f"(2)] < 1/2, then f is convex in
D, see [8, Cororllary 2, Cororllary 3, p. 65].

Motivated by this, in 2010, Uyanik et al. |25] introduced and investigated a new
subclass of A defined using the linear combination of the derivatives of ratio of the
normalized analytic function with the identity function. For (1,8, € C,A > 0 and
f € A he defined V(1, 52, A) as follows:

() one ()

2010 Mathematics Subject Classification. 30C45, 30C50, 30C80.
Key words and phrases. Univalent function, Coefficient bound, Hankel determinant.
1

<A\
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He obtained sufficient condition for normalized analytic functions to be in the class
V(B1, P2, A). He proved that the nth coefficient of functions in this class is bounded by
A((n=1)([B1] + (n = 2)[5a])).

It is well-known that the function in the class S satisfy |a,| < 2 (n = 2,3,---).
Moreover, if >, nla,| <1, then f € S* and if Y~ °, n*|a,| <1, then f € K. There is
another important quantity related to coefficients, called the Hankel determinant, which
enable us to determine the necessary condition on coefficient functional for functions
belonging to a given class of functions. For given natural numbers n,q, the Hankel
determinant H,,(f) of a function f(z) = > 7 a,z", a; = 1 is defined by means of
the following determinant

Qp, Qpy1 - Aptq—1
An1 Apy2 - QAntq
Hyn(f) =] . L :
Aptq—1 Qniq " Gniy2(g-1)

It is easy to see that the functional Hy;(f) = az — a3 is the well-known Fekete-Szegd
functional. However, the second Hankel determinant is given by Hao(f) := agay — a3.
Further, the third Hankel determinant is Hz 1(f) := ag(agay — a3) — as(as — azaz) +
as(az — a3). The Hankel determinant H,,(f) for the class S was investigated by Pom-
merenke [19] and Hayman [10]. For more details, see [4,5,(11[13[[19,21] and the references
cited therein.

The Schwarzian derivative of a locally univalent function f, defined by

st - (L) L (L9

The Schwarzian derivative is an important quantity in Univalent Function Theory.
Further properties were investigated by Nehari [16]. He obtained the necessary and
sufficient conditions for f € S. The higher order Schwarzian derivative [9,[23]), is
defined by o3(f) = S(f) and for any integer n > 4, it is given by

sl ) = 0D = (0= Vo)

Droff and Szynal [6] studied the higher order Schwarzian derivative for convex functions.
Now 0,,(f)(0) =: S,, and Sz = 03(f)(0) = 6(az — a3), Sy = 04(f)(0) = 24(ay — 3asas +
2a3) and S5 = 05(f)(0) = 24(5a5 — 20asas — 9a% + 48aza? — 24a3). The sharp bound
on |S;| (i = 2,3,4), for f € K, investigated by Droff and Szynal. The generalization of
their work, recently, carried out in 3] by Cho et al.

We shall investigate, the estimates on the Hankel determinants and the higher order
Schwarzian derivatives by associating the functions of the class under consideration
with the Carathéodory functions. Now we recall those results which shall be needed for
investigation of our results. Let P denote the class of Carathéodory [1,2] functions of
the form

p(z) =1+ pu2" (z€D). (1.1)
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Let B be the class of analytic functions w(z) = Y 2, ¢,2" (2 € D) and satisfying
the condition |w(z)| < 1 for z € D. The function w € B and p € P are related as
p(z) = (1 + w(2))/(1 —w(z)). Consider a functional ¥(w) = |c3 + acicy + Bc3| for
w € Band a, g € R.

Lemma 1.1. |20, Lemma 2, p. 128] If w € B, then for any real numbers o and [ the
following sharp estimate ¥(w) < ®(a, B) holds, where

L if (a, B) € 1 Uy,
d(a, B) = ¢ 1B, if (o, B) € Q3 U QU Qs
a 1/2 .
ol +1) (i) i (eB) €U0

Here the sets Q;’s are defined by
O ={(,f) eR2: |a| <1/2, ~1<B <1},

B
B

Q= {(a,8) eR*: 5 <a| <2, #(la| +1)° = (Ja| +1) <5 <1},

Q3 :{(a,ﬁ)€R2:|a|§2, g >1},

Q:={(a,8) eR*:2<|a| <4, B> 5(a?+8)}, and

Qs := {(a,8) €R?: [a| > 4, B> 2(la| - 1)},

Qg = {(o,8) eR?: 5 < af <2, —-(|a|+1)§5§%(IO&I+1)3—(|O&|+1)}7
Ori={(0,8) € R? i [a] 2 2, —3(ja] + 1) < § < et}

Lemma 1.2. [14]|15, Libera and Zlotkiewicz] If p € P has the form given by (1.1)) with
p1 > 0, then

2p2 = pi +2(4 - pi) (1.2)
and
Aps = pi + 2p1(4 — pl)w — pr(4 — p)a” + 2(4 — p})(1 — [2)y (1.3)
for some x and y such that |x| <1 and |y| < 1.

Lemma 1.3. [22, Ravichandran and Verma| Let &, B .Y and a satisfy the inequalities
O<a<l,0<a<1and

8a(1 — a)[(6f — 29)? + (a(a+ &) — B)?] + a(1 — &) (B — 2aa)? < 4a6*(1 — &)*(1 — a).
If p € P has the form given by (1.1)), then
APt + ap3 + 2ap1ps — (3/2)Bpips — pal < 2.

Lemma 1.4. |18, Ohno and Sugawa| For any real numbers a, b and ¢, let the quantity
Y (a,b,c) be given by

Y(a,b,¢) = max {[a +bz +cz*| +1 — [z},
z€D
where D := {z € C:|z| < 1}. Ifac >0, then

Viabey = Jlal+ Bl Il 7l =201 = e
L+ lal + g i 6] < 2(1 = [e]).
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Further, if ac < 0, then

L—lal+ iy, ¥ —dac(c™® = 1) <b? and [b] < 2(1 — |¢]),
Y(a,b,e) = L+ ol + by, i 0? < min{4(1 + |])%, —dac(c™ — 1)},
R(a,b,c), otherwise,
where
|al + [6] =], if lel([b] + 4af) < [ab],
R(a,b,c) = { —la| + o] + |c], if lab] < |e[([b] — 4lal),
(lel + lal)y/1 = £, otherwise.

2. COEFFICIENT BOUNDS

The following theorem gives the sharp upper bound for Fekete-Szego functional and
Hankel determinant for functions in the class V(/3, B2, A).

Theorem 2.1. Let 0 < 1 < 1,0 < B < 1 and f € V(5, a2, ). Then the following
sharp inequalities hold:

2X(B1+
(1) laz — pa?| < ﬁmax{l;%}, p e C.

2 A2(B1+B2)2
(2) |a2a4 as | = 381(B1+282) (8124281 B2+4B22) s 53
A (3v2—2)$1°4+(3v2-2)B1 82 .
(3) |agasz — ay| < 3(B1+282)’ 0<A= 3B1+602 !
208 TR = ) 261 (B148) +3NB14262) y ) 5 (BV2=2B1IH(BV2Z-2)515s
9V3B1(B1+82)(B1+2B2) 38146852 ‘

Proof. Since f € V(B1, 52, A), it follows that there exists a Schwarz function w(z) =
c12 + c22% + c32% + - - € B such that

Bz (@), + Bo2? (@)N = w(z)). (2.1)

In the view of interconnection w(z) = (p(z) —1)/(p(z) +1) € B if and only if p € P
between the Schwarz function w and the Carathéodory function p(z) = 1+p1z +p2z? +
p3zd + -+ € P, from (2.1)), we get

APy A(2ps — pi?)
Ao = -, A2 = — 22
P28 7 8(Bi+ B 22)
and
A(4ps — 4 3 A(8ps — 8pips — 4ps? + 6pi%ps — i
a = MAps = Apaps +p17) - A(8pa = Spips — Apo” + 6pip — 1) (2.3)

24(B1 + 262) 64(51 + 302)
(1) From (£2.2), Using the result [see [12]], for any complex number p,

P2 — | < 2max{1; |2 — 11},
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we have
lag — #a22| = ; [pz — 512 + 2pA (B A+ B2>p2}
4(B1 + B2) 2512 1 24
A {1 M’ ’}
(ﬁl 52) 5

The equality holds in case of the function f defined by (12.1)) with choice of the function
w(z) = z.

(2) Using (2.2) and (2-3), we have
2 _ A2 2 2\, 4
T O3B+ A T 2By T2
—4(81% + 28182 + 462%)p1*p2 — 1261 (B1 + 262)p2°
+16(B1 + B2) pips] - (2.5)

Putting equivalent expressions for py and p3 in terms of p; from (1.2]) and (1.3)) in
(2.5)), we have

X 2 2, 2
19261 (B1 + B2)2(B1 + 262) [{=351(81 + 26:) (4 — p1*) + 4(B1 + B2) 1"}

X (4 = p1?)a® + 8p1(4 — pi?) (B + B2)*(1 — |z[)y] . (2.6)

Because p € P, and the class P is invariant under rotation, without loss of any gen-
erality, we can set p; = |p;| =: s € [0,2]. Further, since |z| < 1 and |y| < 1 for some
x,y € C, using this facts and the triangle inequality in (2.6 we can write

381(B1 + 282)(4 — %) + 4(B1 + B2)?s?
8(61 + B2)?

204 — &32 =

\a2a4—a32] < TH—

. W)} e

where
N4 -9
 24B1(B1+ 262)
We note that for s = p; = 0, and s = p; = 2 from (2.7), we have |ayas — az?| <
N2 /4(By + B2)? and |agay — az®| = 0, respectively.
Now we assume that s € (0,2). Then, form , we obtain

)\2
az?| <
2451(B1 + 206s)

5(4 — s*)F(a,b,c), (2.8)

lasay —

where
F(a,b,c) := |a + bx + cx?®| + 1 — |z|?,
with
361(B1 +262)(4 — ) + 4(B1 + B2)°s
8(B1 + B2)%s

Here it is easily seen that ac = 0. Here we have two cases now:

a:=0, b:=0and c:=—
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(i) When 0 < 3; < B2(v/3—1) and s* < s < 2, we obtain |b] > 2(1 —|c|). Therefore,
by Lemma [1.4], we have
_ R(Bi+A)s(a— )
T 246181+ B2)% (B + 262)

N (B + Ba)?s(4 — %) (351(51 +2035)(4 — 5) + 4(B1 + ﬁ2)252)
2431 (B1 + B2)*(B1 + 252) 8(51 + Ba)?s

)\2

192831 (B1 + B2)(B1 + 252)g
where ¢ : [s*,2) — R is defined by

9(s) := 3B1(B1 + 202) (4 — 5°) + 4(61 + 2)*(4 — 5°)s”.

Cleanly, g has maximum at

F(a,b,c)

|a2a4 - CL32|

(),

_ 2\/—512 —2B1B2 + 522
VB2 426150 + 452

S =81:

we have
/\2
= 1928, (51 + BV (B + 250)
N (B1 + fa)?
361(B1 + 252)(512 + 26182 + 4522)‘

(ii) When 0 < 3, < f2(v3—1)and 0 < s < s*, B > Bo(v/3—1) > 0and 0 < s < 2,
we obtain [b] < 2(1 — |¢|). Therefore, by Lemma [1.4] we have
< N2 (81 4+ B2)?s(4 — s%)
T 24B1(B1 + B2)2(B1 + 202)

A2(4 — s?)s
2451(B1 +262)
)\2

C 2A4B(B+ 252)}1(5)’

where the function h : (0,2) — R is defined by
h(s) := (4 — s%)s.

(s1)

F(a,b,c)

]a2a4 - CL32|

Further computation reveals that i has its maximum at s = sy := 2/ V/3, and thus we
have

) 2
— (132| S A h(Sg) = 2\/§>\ .

2461(B1 + 22) 2761(B1 + 22)
Therefore, from (i) and (ii), we conclude that

)\2(51 + 52)2
(B1 +2B2) (B> + 28182 + 452%)

|CL2G4

lasay — CL32‘ <
30
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The equality holds in case of the function defined in (2.1]) with

z(uy — 222)
w(z) = 2 — upz

where wy = 2v/ =% = 26162 + B2/ Bi® + 26152 + 452"
(3) To find the estimates on the functional |asas—ay|, we shall express the coefficients
(a;) in terms of Schwarz’s coefficients (¢;). From (2.1]), we have
Cl)\ CQ)\ Cg)\ 04)\
ag = az = ——

TB P T 2B M T BB 28 T 4B+ 35
Using , we get

(2.9)

)\20162 )\Cg

‘_2ﬁ1(ﬁ1 + 62) * 3(B1 + 252)

‘a2a3 - CL4|

_ A _3)\(ﬁ1—|—262)c o e
3(B1+262) | 2B1(Br+ B2) e
A
- 3<51+2ﬁ2)®(,u,1/),
where ®(u, v) := |e3 + pcico + ved| with
A1 + 2) and v := 0.

T 26161 + B2)

Assume that €2;’s are as defined in lemma [I.1] with ¢ and v as given above. We now
complete the proof in the following cases.

(¢) Suppose that 0 < XA < 51(51 + B2)/3(51 + 202), then we see that —1/2 < pu <1/2
and —1 < v < 1. So, we conclude that (u,v) € €.

(ii) Let B1(B1 + B52)/3(Br 4 262) < X < B1(3V3 — 2)(B1 + 52)/3(B1 + 262). Then we
can easily verify that —2 < u < —1/2 and (4/27)(|p| +1)® — (ju| +1) < v < 1
holds and we get (u,v) € Q.

(ZZZ) Let ﬁ1<3\/_ — 2)(ﬁ1 + ,82)/3(,81 + Qﬁg) S A S 451(61 + 52)/3(61 + 252) Now we
see that —2 < p < —1/2 and —2(|u| +1)/3 < X < (4/27)(|p| +1)® — (Ju| + 1)
hold for all such positive values of A and so (u, ) € (.

(1v) Let X > 451(51 + P2)/3(B1 + 202). Then we see that the conditions u < —2 and
—(2/3)(Jpul + 1) < v <2|u|(Jju| + 1)/ (1* + |p| + 4) hold. Therefore, (u,v) € Q7.

Now by using Lemma [1.1] the cases (i) and (i), we conclude that if
0< A< Bi3V3=2)(Bi + B2)/3(B1 + 262),
then ®(u,v) < 1. Further, the (¢ii) and (iv) hold, then
O(p,v) < (261(B1 + B2) + 3N(B1 + 262)) /3V351(Br + o)

for A > B1(3v/3 — 2)(B1 + B2)/3(B1 + 2B5). The result is sharp in case of the function
f defined by (2.1)) with choice of the Schwarz function w(z) = 2* and w(z) = 2(t; +
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2)/(1 + t12), respectively, where

This ends the proof. |

Remark 2.2. In the case, when f; and [ are real numbers, from the result [25, Corol-
lary 2.1, p.383], we conclude that

|an| < A .
(n = 1)(|61] + (n = 2)[Ba])

Using the above results, we deduce the following estimates on the third Hankel de-
terminant:

Corollary 2.3. Let 0 < f; < 1,0 < B < 1 and f € V(B1, B2;A). Then the following
holds T2, 0 <A< A
|Hs 1(f)] << A, A <A< Ay
T3, A2 Ay,

where
24N(B1 + B2)°(B1 + 2B2)(B1 + 3B2) + Br(B1? + 26182 + 4527)

X (501 4+ 602) (551 + 1435)

2(ags + Bhs) B} ’

6A%(B1 + B2)(B1 + 262)(B1 + 3B2) + 4AB1(B1 + 382) (B1” + 26182 + 462%)

+981 (81 + 262)(B1* + 26182 + 452°)

Br(B1 +2B2)°(B1 + 362) (B1” + 26182 + 455°)

§2 (12960 + 3456% + 230442 + 17404 + 1015)

5184(121 + 7) ‘
Theorem 2.4. Let f € V(f1, B2; A), then the following sharp inequalities hold:
(1) If 0< By <1land0< fpy <1, then

T =

Ty =

and

T3 =

3\ .
ls3| 1;-,32’ 0< )\ 1+52)
6)\2’ A >
B (51+/3’2)

(2) (a) If either of the set of conditions 0 < A < X* or A" < XA < A** and

{9(B1 + 2B82)X + 281(B1 + Bo) H{9(B1 + 2B2)X + 281(B1 + Bo) }> — 27817 (B1 + B2)°]

< 324(By + 282) N2 (B + Ba)?

holds, then
24\

1S4l < 3(B1 +262)
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(b) If either of the set of conditions As™ < XA < 4M\™ and %\/ w < B+ B2 or
A > 4N\" holds, then

B) If0< 1 <1,0< fBa <1 and 0 < X\ <361(51+2062)/8(51 + 303), then

S5| < —720)\ .
B1 + 30

Proof. Let f € V(f1, P2; \). Then, to find the estimates on the higher order Schwarzian
derivatives, we shall express the coefficients (a;) in terms of Schwarz’s coefficients (c;).
From ([2.1f), we have

Cl)\ 62)\ Cg)\ C4/\ (2 10)
Uy =—, Q3= ———— Q4= ———— (5 = —————. .
TR 2B b)) 3B+ 28) T 4By £ 36)
Using first part of Theorem [2.1] we have
Ss| = 6laz — ar?)]

3A < 2(6, + 52”‘}
= B+ B2 e {17 By '

The function for the equality holds by (2.1]) with the choice w(z) = z.
Now we consider the estimate on |Sy|. From (2.10]), we obtain

S4 = 24(@4 — 3@2@3 —+ 2&32>

_ 24\ [6(51 + 252))\26 3 961 + 252))\6 ot }
3(B1 + 262) By L28i(B A B
24\
N 3(B1 + 252)T(#7 V)

where T (p, V) := c3 + pcicy + ve® with

_ _9(B1 + 252)A and v — 6(B1 + 2B5)\?
261(B1 + B2)” ' By’ '

Assume that €2;’s are as defined in Lemma [I.1] with ¢ and v as given above. We now
complete the proof with the following cases.

(7) Suppose that 0 < A < A\;*. In this case, we see that —1/2 < 1 < 1/2 holds. More-
over, —1 < v < 1 holds if and only if 0 < X\ < A", where \;* := 51 (81+52)/9(51+
232) and A\o* 1= B1/B1/6(B1 + 28s). Thus, for all 0 < X < min{\;*, \2*}, we con-
clude that (u,v) € Q.

(#7) Next suppose that \;* < A < 4X\;", then we see that the condition —2 < p < —1/2
holds. Further, (4/27)(u+1)® — (1 +1) < v < 1 holds if and only if 0 < A < \y*

471 JIHYANG PARK ET AL 463-474



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

10 J. H. PARK, V. KUMAR, AND N. E. CHO

and

{9(B1 + 282)A + 261 (81 + B2) J{(B1 + 262) A + 251(B1 + S2)}
— 2781%(B1 + B2)°] < 324(B1 + 28) N (B + B2)*. (2.11)
So, if A" < A <A :=min{4)\", \2"} and hold, then (u,v) € Q.

(#77) Let Ag* < A < A3™ 1= 4(B1 + B2)/9(B1 +282) and By + Bo > 9v/B1(B1 + 252)/4V/6.
Then, we can easily verify that |u| <2 and v > 1. Therefore, (i, v) € Q.

(iv) Let 4)\* < XA < 8)\;". Now we see that —4 < y < —2 and v > (u? + 8)/12 hold
for all such positive values of A and hence (p, ) € .

(v) Let A > 8\, Then we see that 4 < —4 and v > 2(|u| — 1), so (u,v) € Q.

Now by using Lemma and the cases (i) and (i7), we conclude that if 0 < A <
min{ A", A"} or Ay" < A < A and hold, then Y(u,v) < 1. Further, from the
cases (ii1) — (v) and Lemma [1.1| we conclude that Y(p,v) < v, for A" < XA < A3*
and By + B2 > 9v/Bi(B1 + 282)/4v6 or A > 4X\*. The result is sharp in case of the
function f defined by with choice of the Schwarz function w(z) = 2* and w(z) = z,
respectively. This completes the proof.

Now we find the estimate on |S;|. Using 2.2 and 2.3 we get

S5 = 24(5as — 20asa4 — a3 + 48a3a3 — 24a3)
—T720\

- B1 + 35 [7291 +aps + 2ap1ps — (3/2)519%]72 — P4)]
—T720)\ -
= 5135 U(%,a,a,B), (2.12)

where (%, &, &, ) := 4p} + ap3 + 26p1ps — (3/2)Bp3p2 — p1 with the parameters 4, a, &
and [ are given by
. b1+ 30 15 27\ 10 362 363
A= —|— 2 —I— "‘ ) + 4 3
15 8(BL+362)  8(Br+B2)? BB +2B2) BB+ B2) B

4= B1 + 3052 ( 8A n 3 )

. 6 Bi(Br+262)  Bi+3B2)
. b1+ 3052 ( 5 9\ )
Q= (

5 \203 1 30) | 205 + Bo)?
and
5o 2(81 + 35s) ( b 201 X )
T 45 4081 +3B2)  2(B1+B2)? BB +2B2) BB+ Ba)

We assume that 0 < 1 < 1land 0 < By < 1 and 0 < A < 351(51 + 2062)/8(81 + 353).
Under these conditions, it is a simple matter to verify that 0 <&@ <1 and 0 < a < 1.
Moreover, with these restrictions all conditions of Lemma are fulfilled and thus, we
get |U(%,a, a,ﬁ)| < 2. Thus, the result follows from . I
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EXPLICIT FORMULAE OF CAUCHY POLYNOMIALS WITH A ¢
PARAMETER IN TERMS OF -WHITNEY NUMBERS

F. A. SHIHA

ABSTRACT. The Cauchy polynomials with a ¢ parameter were recently defined,
and several arithmetical properties were studied. In this paper, we establish
explicit formulae for computing the Cauchy polynomials with a g parameter in
terms of r~-Whitney numbers of the first kind. We also obtain several properties
and combinatorial identities.

AMS (2010) Subject Classification: 05A15, 05A19, 11B73, 11B75.
Key Words. Cauchy numbers and polynomials, r-Whitney numbers, Stirling
numbers.

1. INTRODUCTION

The Cauchy polynomials of the first kind ¢, (z) are defined by

1
(1.1) en(2) = / (x — 2), dz,
0
and the Cauchy polynomials of the second kind é,(z) are defined by
1
(1.2) én(2) = / (—x + 2), dz,
0

where (y), = H?:_Ol (y — 1) is the falling factorial with (y)o = 1. The exponential
generating function of these polynomials are

[} n t

(1.3) ;C"(Z)H T (T4t m(1+1)
> o t(1+1¢)*

(1.4) 2ol = T w0

(see [1,[]). When z =0, ¢,(0) = ¢, and &,(0) = é, are the Cauchy numbers of the
first and second kind (see [2] @Ol 12} [§]).

Recently [5] obtained a representation of the integer values of Cauchy polyno-
mials in terms of 7-Stirling numbers of the first kind s,(n, k) [3]. For all integers

n77n207

(1.5) en(r) = kZ:Osr(n—i—r,k—kr) PR
S — \k

(1.6) én(—1) kzzo( 1) sr(n—l—r,k—&—r)kJrl.

1
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Given variables y and m and a positive integer k, define the generalized rising and
falling factorials of order k with increment m by
k—1
wimle = [[w+im),  [ylmlo=1
j=0
k—1
wm)k = [[w—im).  (ym)o=1.
j=0
Komatsu [6] introduced the Poly-Cauchy polynomials and numbers with a ¢ pa-
rameter, and the Cauchy polynomials and numbers with a ¢ parameter as special
cases.
Let ¢ be a real number with ¢ # 0, Komatsu [6] defined the Cauchy polynomials
with a ¢ parameter of the first kind ¢Z(z) by

1
(17) ) = [ (o 2lands
0
and the Cauchy polynomials with a g parameter of the second kind ¢4 (z) by
1
(1.9 i) = [ (ot el da
0
The exponential generating functions are
> tn S In(l+g)\" 11
q() 2 — a il
(1.9 St =T (M) L
n=0 k=0
0/ Wm(l+gH)\* 1 1
1.1 d (1+qgt)a — — .
(1.10) ZC (1+qt)" Z( P ME+1

If z =0, then c;{(()) =2 and ¢2(0) = ¢2 are the Cauchy numbers with ¢ parameter
of the first and second kind, respectively. If ¢ = 1, then c.(z) = ¢,(z) and ¢} (2) =

The r-Whitney numbers of the first and second kind were introduced by Mez6
[10]. For non-negative integers n and k with 0 < k < n, let w(n, k) = wy(n, k)
denote the ~-Whitney numbers of the first kind, which are defined by
(1.11) ¢"(@)n =Y wnk) (qgz+r)".

k=0

Let W(n, k) = Wy »(n, k) denote the r~-Whitney numbers of the second kind, which
are defined by

(1.12) (qz +r)" Zq W(n, k) ().

Usually r is taken to be a non-negative integer and g a positive integer, but both
may also be regarded as real numbers [I1]. The exponential generating function of
w(n, k) is given by [10]

k
(1.13) Zw(n,k‘)t =(1+qt)= (hl(“rqt)> %

n>k q
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2. BASIC RESULTS

Replace z by 2+ in ([L.11)), then the r-Whitney numbers of the first kind w(n, k)
are given by

n—1 n
(2.1) (x —7lg)n = H(Jc—r—jq) :Zw(n,k‘) " q#0,
=0 k=0

Using (1.7, we get the following theorem.

Theorem 1. The Cauchy polynomials with q parameter of the first kind c%(r),
q # 0 can be written explicitly as

° 1

(2.2) cl(r) = I;Ow(mk:) Pt

The first few polynomials are

q
CO(T) - 17
q 1
cl(T) =-r+ 29
Ar)=r*+(q—-1)r—39+3,
cg(r):—r?’—%(2q—1)r2+(—2q2+3q—1{)r+q2—q+%, ,
ci(r) = r4+(6q72)r3+(11q2f9q+2)r2+(6q3f11q2+6q71)r73q3+%q2*%q+%.

Remark 1. Ifr =0, then ¢L(0) = ¢ are the Cauchy numbers with g parameter of
the first kind [6]

1 n
_ 1
= [ Glands = Y0 sn)
0 k=0

where s(n, k) are the Stirling numbers of the first kind.
If ¢ = 1, we have ck(r) = ¢,(r) and wi ,(n, k) are reduced to s.(n +rk +r),
and hence we obtain the explicit formula (1.5)).

From ([1.13]), we can easily derive the exponential generating function of ¢ (r) as

follows:
Yo=Y wink)—— —
n=0 ! n=0 k=0 k+1 nl
S Sutaml L
— = nl k+1
X n(l+g)\* 11
S T e
— q K k+1
B oA (In(1+gt)\ 1 q
=1+ kz_o< 7 ) (k+1)! In(1 + qt)
(14 qt) = i <ln(1 + qt))’c 1
In(1 + ¢t) — q K!
q(1+qt) _
n(l + ¢) (1 +as —1)
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When r = 0, we get the exponential generating function of cg

2 chog= 1n(1q+qt) (1 +ani—1)

According to ,
n—1 n

23)  (—z—rlgn = [[(e—r—jg) =D wnk)(-DFz*,  g#o.
j=0 k=0

Using (|1.7)), we get the following theorem.

Theorem 2. The Cauchy polynomials with q parameter of the second kind ¢%(r),
q # 0 can be written explicitly as

. 1
(2.4) e(=r) = Z(*l)k w(n, k) k+1
k=0

The first few polynomials are

ér) =1,

é?('f“) =T —= 57

&r)y=r?— (q+ Dr+3q+3

&(r) =1’ = 5(2¢ + 1)r* + (2¢? +3q+1)7“—q2 —q— 7

&) =rt— (6q+2)r +(11¢%+9¢+2)r?— (6¢>+11¢*+6g+1)r+3¢° + H ¢+ 3¢+ 1.

Remark 2. Ifr =0, then ¢1(0) = é% are the Cauchy numbers with q parameter of
the second kind [0]

~q ! n— k ( 1)k
= [ Colgde =Yg st by 0
0 k=0

Similarly, we can obtain the exponential generating function of &4 (r):

N cn( In(l4g)\" 1 1
Z#mm4umw2(— ) e
(2.5) n=0 =0
(1 +qt)d -1
= 1—(1+gqt)< ).
(i T g) ( (1+qt) )
And
S q -1
2. 4 —=——"(1—(1 t) @ ).
(26) nzocnnl 1n(1—|—qt)( (1+qt) )
in (1.12)), then the r-Whitney numbers of the second kind W (n, k)
are given by
n k—1
(2.7) ZWnk x—r|qk—ZWnk H(x—r—jq), q#0.
k=0 k=0 3=0
Thus, the relation between ¢ (r), ¢4 (r) and W(n, k) can be obtained as follows:
1 n 1
2.8 W(n,k)c = W (n, k)(x — dx = " dy =
(2.8) Z (n, okzzo (n, xr|q)kx/0xx 1
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(2.9)

_ ! n_n _ (_l)n
ZWnk /0 Z)W(n,k;)(—x—ﬂq)kdx—/o (=) z" dx = i

Cheon et al. [I] gave the following representation of w(n, k) in terms of s(n, k)

wtnk) =3 (7) COM 0 bl st

. 1
i=k

Hence,

Corollary 1. The Cauchy polynomials ci(r) can be computed by using s(n, k) as

follows:
—ZZ(> "“’“Hq]nzsuk)kil
(2.10) o
_ nz zk s(i L
_E%kzo<> [|Q]nz ( k)k‘—Fl

When q = 1, we obtain the identity

- n n—1
(2.11) en(r) = (Z> (=)™ [P p_icy.
i=0
The r-Whitney numbers w, . (n, k) satisfy the following identity [1].
n . n ]
(2.12) i) = 31 () Fladeg 04,0
j=k

hence, we obtain the following theorem.

Theorem 3. Forn > 0, we have

(2.13) et = S0 () s )
=0
Proof.
cd(r+s) :quﬂrs (n, k) k—ll—l

_Zn:(l)”j <?) [lgln—j we.s(J, k) "%Fl

-2 kio(—n"—j (’;) [rla)n—j wq,s (5, k) fil
:]io( 0 (1) bl 460
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Remark 3. For s = 0, we get

(214) et = >0 (1) s
For g =1, we get

(2.15) enlr +5) = Zn:(—nn—j <”> [F[1 s ¢ (s).
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Abstract

In this paper, we address the stability analysis of within-host Chikungunya virus (CHIKV)
infection models with antibodies. We incorporate two modes of infections, attaching a CHIKV to
a host monocyte, and contacting an infected monocyte with an uninfected monocyte. The global
stability analysis of the equilibria are established using Lyapunov method. The existence and
global stability of the steady states are determined by the basic reproduction number Ry. We have
proven that the CHIKV-free equilibrium Fj is globally asymptotically stable when Ry < 1, and
the infected equilibrium F; is globally asymptotically stable when Ry > 1. The theoretical results

are confirmed by numerical simulations.

1 Introduction

During last decades, many researchers have developed and analyzed several mathematical models
human pathogens (see e.g. [1]-[16]). Chikungunya virus (CHIKV) is an alphavirus causes chikungunya
fever. CHIKYV is a mosquito-transmitted and is transmitted by the Aedes albopictus and Aedes agypti
mosquito. Most of authors develop the mathematical models to describe the disease transmission
mosquito and human populations. Recently, Wang and Liu [16] have proved a mathematical model

for the within-host CHIKV dynamics as:

$ = —ds—nsy, (1)
Y =nsy — ey, (2)
p =7y —cp— rap, (3)
T = A+ prp — mz, (4)

481 A. M. Elaiw ET AL 481-490



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Here, s,y,p and = are the concentrations of uninfected monocytes, infected monocytes, CHIKV
pathogen and antibodies, respectively. S and 0 represent the birth rate and death rate constants
of the uninfected monocytes, respectively. The monocytes become infected at rate nsy, where 7 is the
infection rate constant. Constants €,c and m represent, respectively, the death rate of the infected
monocytes, CHIKV and antibodies. Constant 7 is the generation rate of the CHIKV from actively
infected monocytes. Antibodies attack the CHIKV at rate rzp. Once antigen is encountered, the
antibodies expand at a constant rate A\ and proliferate at rate prp. In a very recent work, Elaiw et
al. [17], [18] have studied the global stability analysis of a class of CHIKV dynamics models. The
models presented in [16]-[18] assume that the uninfected monocyte becomes infected by contacting
with CHIKV(CHIKV-to-monocyte transmission). Kristin and Mork [19] reported that the CHIKV
can also spread by infected-to-monocyte transmission. Viral danamics models with both cellular and
viral infections have been studied in several works [20]-[24]. However, the dynamics of CHIKV with
two routes of infection did not studied before.

Our aim is to propose and analyse a CHIKV dynamics model with two routes of infection. We
calculate the basic reproduction number Ry, and construct Lyapunov functions to prove the global

stability of the equilbria.

2 CHIKYV dynamics model

We investigate the following CHIKV dynamics model with CHIKV-to-monocyte and infected-to-

monocyte with two routes of infection:

5=[—0s5—msp— 128y,
Y = m1Sp + M8y — €y,

p=mYy—cp— 1P,

T = A+ prp — mx.

Here, the uninfected monocytes become infected at rate (n1y+mn2p)s, where n; and 72 are the CHIKV-

monocyte and infected-monocyte incidence constants, respectively.

2.1 Nonnegativity and boundedness

Lemma 1 There exist M1, My, M3 > 0, such that the following compact set is positively invariant for

system (5)-(8)

I'1={(s,y.p,2) ERY,:0< 5,y < M,0< p< My, 0< o < Mg}
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Proof. We have
$|s=0=p>0, Y |y=0o=msp >0, forall s,p>0,
D |p=0 =7y >0, for all y >0, T |g=0= A > 0.
Thus Réo positively invariant with respect to system (5)-(8). Let us define
Fi(t) = s(t) + (),
Fy(t) = p(t) + gx@).
Then from Egs. (5)-(8) we get
Fi(t) = B — 8s(t) — ey(t)
< B —ouls(t) +y(t))
=B —o1Fi(t),
where, 01 = min{d,e}. Hence Fi(t) < My, if F1(0) < M, where M; = Uﬁl It follows that 0 <
s(t),y(t) < My if 0 < s(0) + y(0) < M;. Moreover, we have

Fy(t) = my(t) — ep(t) + —A — ()

M1+
where, 09 = min{c,m}. Hence F»(t) < My, if F5(0) < My, where My = 5% Since p(t) and z(t)

o2

are all nonnegative, then 0 < p(t) < M and (t) < M3 if 0 < p(0) + Z2(0) < M3, where M3 = ’)TM.

2.2 Equilbria

We define the basic reproduction number

(mmm + nacm + n2rA) B
ed(em + 1)

Ro =

Lemma 2 (i) if Rg < 1, then there exists only one equilbrium Ey € T'y (ii) if Ro > 1, then there exist

(o] [}
two equilbria By € 'y and By € T'1, where I'y is the interior of I';.

Proof. Any equilbrium satisfying

B —ds—msp—mnsy =0, 9)
msp+m2sy — ey =0, (10)
7wy —cp —rxp =0, (11)
A+ pxp —mz = 0. (12)
3
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By solving Eqs. (9)-(12) we we get two equilbria a CHIKV-free equilbrium FEy = (s0,0,0,xg), where

So = 8 and zo = 2. Moreover we have
) m

C1p® + Cop® 4+ Csp + Cy = 0,
where

Cy = —cmenp® — Penap?,
Cy = 2cmmen p + 2c*menyp + TremAp + 2cren\p — endep® + w2 Bn1p? + e fngp?
Cs = —em?men; — 2mPeny — marem A — 2emrena\ — rena\? + 2emmdep — 2mm’ B p
— 2emmBnap + wrdep — wrnap,
Cy = —cm’mde + m27r25771 + cm27r6772 — mrrdeX + mmrBne .
Let define a function X (p) as:

X(p) = C1p® + Cop? + C3p+ Cy = 0.

Then we obtain

X(0) = Cy,
2 2
X<m> __mriepA
p p

The constant Cy4 can be written as

Cy = mmde(em + 1) < (mrm + moem + 131 A)8 1>

ed(em + 1))
Then Cy > 0 if the following condition is satisfied

(mmm + nacm + narA) B
ed(ecm + 1))

> 1, (13)

then there exists p; € (0, %) such that X (p;) = 0. Therefore, if condition (13) is satisfied, then

ec(m — pp1) + er

81 = > 0,
! mm(m — pp1) + nac(m — pp1) + narA
- A A
poplemzpp) ) g A,
m(m — pp1) m — pp1

Then an infected equilbrium Fy = (s1,y1,p1, 1) exists when Ry > 1.
Now we show that Fy € 'y and E; € I'1. Clearly, Ey € I'1. From the equilbrium conditions of E;

we have

B =0s1 +mis1p1 +1m281y1 = 051 +ey1 = B =0 < 51 <§SM170<ZJ1 <§§M1-
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Moreover, from Eqgs. (11) and (12) we have

T mr mr T T
cpL=TYy1+ - A——x1=>cp1+ —x1=7Y1 + - A< 7M; + -\
p P P p p

aMi+ ZA 7TM1—|—T)\ M.
p1<%<M2,$1<B - pTQZM?,-

It follows that, By € T'. m

3 Global properties
Define a function G(z) =z —1—Inz.
Theorem 1 If Ry <1, then Ey is globally asymptotically stable in I'y.

Proof. Letting Ry < 1 and constructing a Lyapunov function Uy(s,y, p, ) as

S S T S X
Uo(s,y,p, ) :SOG<S> by 0,y TN ):I:()G<>.
0

c+ rxg plc+ rxo 0

Calculating 9% along system (5)-(8) we obtain

U,
CTtO = (1 — S) (,B 08 —misp — ngsy> + N8P + 128y — €y

—i—ﬂ Ty —cp — rap +ﬂ 1 %o A+ pzp — mzx
c+rxo plc+rzo) z

=(1-2 B —0ds ) +msoy — ey + %0 Ty + "5 1- 20V (A= ma
s c+rxo plc+rxo) x

dUO _ —6(8 — 50)2 np 7250 1807 _1 B 71S0M (IZ’ _ xO)Q
dt s € e(c+ raxg) ple+rzy)
B _5(5 — 50)? rnisom  (x — x0)?

= . - (e + o) - +e(Ro — 1)y. (14)

Since Rg < 1, then for all s,y,p,z > 0 we have dUO < 0. Let Wy = {(s,y,p,) : dUO = 0}. It can
be easily shown that dUO = 0 at Ey. Appling LaSalle’s invariance principle, we get Ey is globally

asymptotically stable when Ry < 1. m
Theorem 2 If Ry > 1, then E1 is globally asymptotically stable in I';.

Proof. Define

S T S X
Ui(s,y,p,x) = 31G< > +y1G< > + Wp1G<p> + W$1G<>'
u1 Y1 b1 P Ty r1
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Calculating dd% along the trajectories of (5)-(8) we obtain

dU
d—l = (1 - 81) <5 —ds —msp — 7725y) + <1 - y1> (7718p+ N28Y — ey)
t S Yy

+mswl<1_P1> (Fy_cp_mp> +”7181pl<1_ 561) <A+pxp_mx>
Y1 P PTY1 T

51 1 151P1 b1
- (1 - ) (6 B 68) +msip+n2s1y — mspyf — M28Y1 — €y + €y1 + L Y- 77181]?172}
S Y Y1 py1
s S S rms s xT
_Mmswpy L MSWPL L ISP TSP W(1 — 1> <)\ - mx>.
Ty Y1 Y1 Y1 PTYL r

Applying the equilbrium conditions for E;

B =misip1 +n281y1 + 051, €Y1 = MS1P1 + 1N251Y1, CP1 = TY1 — rT1P1, A= MIT| — PT1P1-

we get

dU s — 81)2 s
] L — —5( ) + (1 - 1) (77181191 + ?7281y1>
t S s

SpY1 S b1y
— Ms1p1 — MN281Y1— + MS1p1 + M2s1y1 — MsS1p1— + M1sS1p1
S1p1Y S1 Py1
2
S S S X s m\r —x
_9nsip1 reipy + msip1 rap; + msip1 7’$1p1*1 _ rmisipy ( 1) ' (15)
™Y1 ™Y1 Y1 x PTY1 r

Eq. (15) can be simplified as:

U, s—s1)? s1 s 51 sp p1
=—5( ) sy |2 - 2= 2| ppep [3 - 2 - 2L P
dt s 81 s s1;y Pyt
_ 771$1plmlpl [2 _zr 1‘1] _rmsipim (x —x1)?
™Y1 1 T PTY1 T
2 2
§— 81 2Y1(S — S1 S1 SpY1 b1
:—5( )° _ mend ) +77181p1[3——y _y]
S S s$1p1y  Py1
+ nsip1 oy (z — 1) _ rmsipim (z — 1)
Y1 z PTY1 T
2 2
5 — 81 181p1 TA (T — 11 st Spy1 p1
=—(5+n2y1)( ) 1 7( ) +77151P1[3——y—y]-
S T™Y1 pT1 z S sS1p1y Py

We use the following arithmetic mean-geometric mean inequality rule. If a; > 0, ¢ =1,2,...,n, then

(16)

where equality holding if and only if a; = as = ... = a,. It follows that
1
(0, oo moy
3\s sipy  phn

dU;

Therefore, 77

<0 for all s,y,p,x > 0 and %:Oifandonlyifs:sl,y:yl,p:pl and r =x1. It

follows that the global stability of F; is induced from LaSalle’s invariance principle. m
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Table 1: The value of the parameters of model (5)-(8).

Parameter || Value | Parameter | Value
B 2 ) 0.1
01,72 varied € 0.5
T 4 c 0.1
r 0.5 A 1.4
m 1 p 0.2

4 Numerical Simulations

We will use the values of the parameters given in Table 1. Moreover, we similate the system with
three different initial values as:

IV1: s(0) = 14.0,y(0) = 1.0,p(0) = 1.0, and x(0) = 1.0,

IV2: s(0) =8.0,y(0) = 2.0,p(0) = 3.0, and x(0)
IV3: s(0) =4.0,y(0) = 3.5,p(0) = 6.0, and z(0) =

4.0,
7.0.
Then we consider two sets of the values of 1; and 72 as follows:

Set (I): We choose 71 = 12 = 0.001. The value of Ry is computed as Ry = 0.2400 < 1. Figure 1 shows

that, the concentrations of the uninfected monocytes and B cells return to their values s = % =20
and zg = % = 1.4, respectively. On the other hand, the concentrations of infected monocytes and

CHIKYV particles are declining and reaching zero for the initial values IV1-IV3. This shows that, Ej
is GAS which agrees with the result of Theorem 1.

Set (II): We take n; = n2 = 0.05. Then, we calculate Ry = 12.0 > 1. We comput the equilbria as
Ep(20.0,0,0,1.4) and E; = (4.45,3.10, 3.87,6.22). Figure 1 shows that when Rg > 1, the states of the
system tend to Fj for all the three initial values IV1-IV3. This confirms that the validity of Theorem
2.
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Figure 1: The simulation of trajectories of system (5)-(8).
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Weighted norm inequalities of 6-type Calderén-Zygmund operators
and commutators on A-central Morrey space
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Abstract: In this paper, the weighted boundedness for #-type Calderén-Zygmund operators Ty is
established on the A-central Morrey space. Futhermore, the weighted norm inequalities for commu-
tators of [b, Ty] generated by Ty and BMO functions on the weighted A\-central Morrey space is also

given.

Keywords: 6-type Calderén-Zygmund operator; weighted A-central Morrey space; commutator
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1 Introduction and notation

The theory of Calderén-Zygmund operators has played very important roles in modern harmonic
analysis with lots of extensive applications in the others fields of mathematics, which has been exten-
sively studied (see [7-10, 16-17], for instance). In 1985, Yabuta introduced certain #-type Calderén-
Zygmund operators to facilitate his study of certain classes of pseudodifferential operators (see [36]).
Following the terminology of Yabuta, we recall the so-called #-type Calderén-Zygmund operators. Let

6 be a non-negative and non-decreasing function on R* = (0, c0) satisfying
1
ot
/ th < 00. (1.1)
o ¢

A measurable function K(-,-) on R” x R" is said to be a #-type Calderén-Zygmund kernel if it satisfies
K (z,y)| < Clz—y[™" (1.2)

and
|z — a|
|z —yl

Definition 1.1 Let Ty be a linear operator from S(R") into its dual &'(R™), where S(R")

denotes the Schwartz class. One can say that Ty is a 6-type Calderdén-Zygmund operator if it satisfies

K(w,y)—K(x’,y)lJrlK(y,w)—K(y,w’)!SC@( )I:v—y‘”, as |z —y|>2lz—2a'. (1.3)

the following conditions:
(1) Ty can be extended to be a bounded linear operator on L?(R") ;
(2) there is a f-type Calderén-Zygmund kernel K (z,y) such that

Tof(x) := - K(z,y)f(y)dy, as feCF(R") and =z ¢ suppf. (1.4)

*Corresponding author and Email:taosp@nwnu.edu.cn(by S. Tao); 18709498755@126.com (by Y. Yang)
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It is easy to see that the classical Calderén-Zygmund operator with standard kernel is a special
case of f-type operator Ty as 0(t) = t° with 0 < § < 1. Given a locally integrable function b, the
commutator generated by Ty and b is defined by

[0, Ty f(x) = b(z)Tp f(x) — To(b- f)(z) = /n [b(x) = b(y)] K (2, y) f(y)dy. (1.5)

Such type of operators is extensively applied in PDE with non-smooth area. Many authors
concentrates on the boundedness of this operators on various function spaces, we refer the reader to
see [19-20, 27, 29-30, 33-35] for its developments and applications. In [27], Quek-Yang established the
boundedness of Ty on spaces such as weighted Lebesgue spaces and weak Lebesgue spaces, weighted
Hardy spaces and weak Hardy spaces. Ri-Zhang obtained the bounedness of Ty on Hardy spaces
with non-doubling measures and non-homogeneous metric measure spaces in [29-30]. Wang proved
the boundedness of Ty and [b, Ty] on the generalized weighted Morrey spaces in [33]. Inspired by
the results mentioned previously, a natural and interesting problem is to consider whether the 6-type
Calderén-Zygmund operators Ty and their commutators [b, Ty| are bounded on A-central Morrey space
or not. The purpose of this paper is to give an surely answer.

On the other hand, the well-known Morrey spaces which introduced originally by Morrey [23] in
relation to the study of partial differential equations, were widely investigated during last decades,
including the study of classical operators of harmonic analysis in various generalizations of these
spaces. Morrey-type spaces appeared to be quite useful in the study of the local behavior of the
solutions of partial differential equations, a priori estimates and other topics. They are also widely
used in applications to regularity properties of solutions to PDE including the study of Navier-Stokes
equations (see [32] and references therein). The ideas of Morrey (see [23]) were further developed
by Campanato in 1964 (see [11]). In 1975, Adam proved the boundedness of Riesz potential on
the classical Morrey space in [1]. Later, in 1987, the boundedness of singular integrals and Hardy-
Littlewood maximal functions on Morrey spaces was obtained By Chiarenza and Frasca in [13]. A
more systematic study of these (and even more general) spaces, we refer the readers to see [2-3, 6, 26,
28, 31].

In [5], Beurling introduced a pair of dual Banach spaces, A? and B? with 1/q+ 1/¢' = 1. After
that, Feichtinger found the folling way to describe BY as

[fllBa = 21;13(2_k”/q||fx;c|\m) < o0, (1.6)

where xo is the characteristic function of the unit ball defined by {x € R : || < 1} and xj is the
characteristic function of the annulus, that is {z € R™ : 2871 < |z| < 2¥} with k € Z*. By duality,
the beurling algebra A? can be written as

o0

1140 =D 289 fxill Lo < oo (1.7)

k=0

Later, a new Hardy space HA? related to the Beurling algebra A¢ was introduced by Chen and
Lau (see [12]). Denotes B(0,R) be a cube centered at the origin with the side-length R > 0. Let
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IB(O,R) = IBTIIW fB(O R) f(x)dz be the integral average of f on B. Then using duality, the dual space
of HA? can be described by CBMO% with the following norm,

1/q
1
| fllcBMos = B B |f(z) = fB(o,p)|'dx < o0. (1.8)
2\ 150.81 Juon O
R>1
Later, Lu and Yang (see [21-22]) introduced the homogeneous new Hardy type space HAq and they
proved that the dual space of HAq can be written by

1/q
1
1 fllcsmot = Z <|B(0,R)] . |f(z) — fB(O,R)’qu> < 00. (1.9)

R>0

Obviously, the space of CBMO? is the homogeneous central bounded mean oscillation space depending
on ¢ and it can be regarded as an extention of the classical BMO since the famous John-Nirenberg
inequality no longer hold in such space.

Alverez, Lakey and Guzmaéan-Partida introduced the A-central bounded mean oscillation space
and the A-central Morrey space in 2000 (see [4]), respectively.

Definition 1.2 Let \ < 1/nand 1 < ¢ < oo. Then we say that a function f € L{ (R™) belongs

- A

to the A-central bounded mean oscillation space CBMO®™" (R™) if

1/q
1
. e T) — Idx < 00. 1.10
T Z(,Bm, o o 1@ = T30 ) (1.10)

R>0

Definition 1.3 Let A € R and 1 < ¢ < co. Then the A-central Morrey space BIAR") is
defined of all functions f € L{ (R") by the following norm

loc

1 1/q
11l gar = Z (!B(O,R)\H)‘q /B(Oﬂ) |f(:17)|qda:> < 00. (1.11)

R>0

It is very important to study the weighted norm inequalities for some integral operators on clas-
sical LP spaces, one may see [14, 24-25] et al. for more details. In 2009, Komori-Furuya and Shirai
(see [18]) defined the weighted Morrey space and showed the boundedness of some classical integral
operators and their commutators on the weighted Morrey spaces. In this paper, we will prove the
weighted boundedness of 6-type Calderén-Zygmund operator Ty on the weighted A-central Morrey

space. Before giving the main results, we introduce the following definitions.

Definition 1.4%7 Let A € R and 1 < q < oco. Then the weighted A-central Morrey space
B& ), (R™) is defined by

1/q
. . 1
FEBLL®RY I fllgea, =D <w1(B(O Ry /B(U " |f(:v)\‘1w2(:c)d:c> <oop, (112)
R>0 ’ ’

where w; and wy are non-negative and local integrable functions. Moreover, if w; = wy = w, we denote
C g X
B (RY) = BE(R7).
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Definition 1.5P7 Let A < 1/n and 1 < ¢ < co. Then we say that a function f € LL (R™)
belongs to the weighted A-central bounded mean oscillation space CBMOE’A(R”) if

1/q
1
||f||CBMOZ’/\ = Z (W(B(O,R))l+)‘q /B(O?R) |f(l’) - fB’w|qu(.fL')dl’> < 09, (113)

R>0

where the definition of fp, is fpw = ﬁ 5 f(@)w(x)dz.
Definition 1.6/%”) We say a non-negative function w(x) belongs to the Muckenhoupt class A,

with 1 < p < oo if there exist a constant C' > 1 such that

(& o) (& ferra) ™ <o

where 1/p + 1/p’ =1 and [w]4, denotes the infimum of C. Moreover, we define Ao = ;0o 4p-
Obviously, by the classical Holder inequality, there is A, C A; C Ay for 1 < p < g < 0.

Our results can be stated as follows.

Theorem 1.1 Let Ty be defined by (1.4) with 6 satisfies (1,1). Suppose that 1 < p < oo, A <0
and w(z) € Ap, then there exists a constant C' > 0 independent of f, such that, for any f € ij)‘,

1T () ger < Cllf Mo

Theorem 1.2 Let [b,Ty] be defined by (1.5) with 6 satisfies 01 @\logﬂdt < 00. Suppose that
1<p<oo, 1/p=1/pi+1/ps, b€ CBMO"™ w(x) € A, and A = Ay + Ay with \; < 0 = 1,2),
then there exists a constant C' > 0 independent of f, such that, for any f € BP2A2,

1B Tol g < Clolgyggm i 1 lpme

Let us give some necessary notations. Throughout the paper C will denote a positive constant
whose value may change at each appearance. In the following, unless otherwise stated, for any real
number p > 1, we denote p’ by 1/p+1/p’ = 1. Moreover, we say that a weight w satisfies the doubling
condition if there exists a constant D, such that for any cube @ € R™, we have w(2Q) < Dw(Q). For

simplicity, we denote w € Ay if w satisfies the doubling condition.

2 Preliminary Lemmas

Lemmas 2.119 If w € A, for some 1 < p < oo, then w € Ay. More precisely, for all o > 1, we
have
w(0Q) < a™[w]4,1(Q).

27]

Lemmas 2.2*" Let 1 < p < oo and w € A,. Then, the §-type Calderén-Zygmund operator Tj

is bounded on L%.

Lemmas 2.318 If w € Ao, then there exists a constant D > 1 such that for any cube B,

w(2B) > Dw(B).
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Lemmas 2.457 If w € A, for some 1 < p < oo, then for any k € Z*, s < 0 and any cube
B e R”,
w(2¥B)* < D¥w(B)?,

where D; is a positive constant which belongs to the interval (1,2).

3 Proof of Theorems

Proof of Theorem 1.1. For a fixed cube B = B(0, R), we may decompose f = f1 + fo with f; =
fx2B. Then we obain

1
Sy L T@Pe@de < s [ 1T @ Pala)da
1
W/B IT(fo) (@) [Peo(a)de = C(L1 + Iy).
From Lemma 2.1 and Lemma 2.2, we have
1
Iy = W[B|T(f1)($)\pw($)d$
1

7 |, [@Pe@

(23)1+/\p
B o (B) W

< Clf15

As 14 Ap > 0, by using Lemma 2.1, then there exists a constant C' > 0 independent of f such that

n<clfle (3.1)

BO«”

On the other hand, by using Lemma 2.4, we can also get (3.1) with an similar argument in the case
of 1+ Ap <0.

Next let’s estimate I5. Noting that x € B and y € (2B)¢, then there exists a constant C' > 0 such
that |y| < C|x — y|. Thus, we have

To(f2) S/R K (2, )| f(y)ldy < C s 1/ly["|f(y)|dy
n y|>2r

Furthermore, by using Definition 1.6 and the Holder’s inequality, we can get

/M Ml Wiy =2 /|| /1ol () Iy

< i s (L swretm)’ ([ ww¥a)’

1 1 p . 1+Ap /
< . . p d 2g+1B / 1-p d
- Z 2B (w(23+13)1“p /zj+1B W) y> “ b ( |2j“B\W(y) !

=1

=

B =

<

o0

< Ol fllgpe S @@ B

=1
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Then, by the fact A < 0 and Lemma 2.4, we get

1 +lB
I, = (B)H-Ap/ /!Ta fo)(x)[Pw(x) :U<C'(())Hf||l’/\q < CHpr)\q (3.2).

Combing with the estimates of I1 and I, we finish the proof of Theorem 1.1. O

Proof of Theorem 1.2. For a fixed cube B = B(0, R), we decompose f = fi; + f2 as in the proof of

Theorem 1.1. Then we have

5 [ BT @ Pe@e <o | BTl @) Pula)as

i w(B;”Ap /B b, Tol f2(2)[Pw(z)dz =: I + I1.

To estimate I, we may split as
1
- B » »
s w(B)tr /B b(z) = bpw|’|To(f1)(2)[Pw(z)de

+ To(f1(b = bpw))(@)[Pw(x)de

1
w(B)l—O—)\p/B
=1 + bs.

First, we give the estimate of I;. Noting that p < ps, by the Holder’s inequality and Lemma 2.2,

one has
1 _®
= / b(@) — bpwlPw(@)? | Ty(f1) (@) Pulz)' P da
1 -5
< s ([ ) b)) ([ mism@pacis)
D P
_ P " by AP P "2
<= (e [, 1) —teale@)) " w@E ([ (Pt
A2
w(2B)P2 "
< CIIE o 1 (H
w(B)r2 2
+
If S+ Ao > 0, we can use Lemma 2.1 to get (2B)12 < C. Moreover, we can also use Lemma 2.4
=L +Xo
w(B)P2

to get the same estimate for the case of o T A2 < 0. Thus, we have

L < C||b||p

CBMOpl A1 HfHBp2 Ao (33)

For I, by the Holder’s inequality, we can obtain

I < / x) —bpw)Pw(x)de
S, ) Pus(z)

r
p1

\ /\

0 = b)) P o)

([ 1@ e nEd) "
(f, )

Db
b(z) — bB,w|p1w(fL‘)d$) " w(2B)£+)‘1p
B

p

| N

1 /
B)H’\p 2B

1

(B)

X( (2B)1+A2p2/ |f(z)|PPw (:c)>p w(2B)r2 2P

» (23)1-1—)\17
BPQ ;A9 || HCBMOpl A1 (,U(B)]'*F)‘p’

B 1+Mp (w QB 1+A1p1
1

<17
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If 14+ Ap > 0, we can use Lemma 2.1 to get % < C. Moreover, in the case of 1 + Ap < 0, we

can also get the above estimate by using Lemma 2.4 with a similar argument.

Combining the estimates of I; and Iy, we have

1< I I o

Now we are going to give the estimate of I1. First, we may give the following estimates.

b mln@p <o ([ MO0l

C (/I M(’b(:];) — bBw’ + ’bB,w - b(y)‘)dy>

IN

[>2r ‘.%'0 - y|n

f@ Y
C ——d b —bpul?
( /|2 T y> (@) — bz

/()] ’
C ——2—dylb —bpuld .
n ( /| o) — b y>

1= e [ (BT a(o)Pu(e)da
1

@ 4\ ) — bs . Poelde
W/}B(/Iyl>2r|$()—3/|"dy> o) bB’w‘ (z)d

1 |f(z)] '
+/ / I qv() = bpoldy | w(z)da
w(B)Hw B< y[>2r [To — y|" o) | (@)

=111+ 1.

IN

Thus, we can decompose I1 as

For I1;, by the same estimate as in the proof of Theorem 1.1, we can obtain that

o0

[ @Ay < Ol g S w2 By
Y| >2r

j=1

which implies

2J+1B A2p
1 < Hfu%mZ B / b
j:l

2i+1 B)Aep p/p1 rior py 1—p/p1
< i (7 b(z) — bpu " d / d
> HfHng,qg ]; w(B)H)‘p </ ‘ B | ( ) X X Bw(x) P —p x

w(21T1 B)A2p
w(B)LHAp

(z)dz

w(B)P/Prirti-p/m Z

j=1

< CIFIP npz 1017

B2 | CBMOEH M

w 2]+1B))\2p

o
= Ol 1Bl g D —ooiyar—
7j=1

< Ol Iz 10117

222 oMol M

where in the last inequality we use the fact Ao < 0 and Lemma 2.4.

497 YANG-TAO 491-501



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Next, we turn to estimate II,. Noticing that 1/p = 1/p; + 1/p2, by using the Holder’s inequality,

then we have

ly =172

>2r |yl™ ir<|y|<2it1r |y|"

1
’2JB| 20+1B\2i B

IN

Mwmwm

[f(W)[Ib(y) — b wl|dy

1 L
: j=1 |27 B| (/2j+13 [FW)I1b(y) = bp wlw(y)Pw(y) p) dy
) : p2 : P1 "
: ;! 21 B| '+/13 [F)lPw(y)dy 4/13 [b(y) w(y)dy

X

1

Y\

(/ w(y) de> :
2i+1B

By the fact that w(z) € A, we get

1
7/

(ool |

|2J+IB| J+1 =1
<0 (o) 22

271 B|

- Cw(2j+13)1/p1+1/p2 :

Thus, we obtain that

|f ()l i+1 2\1/pa+A
b(y) — bp|d gy w (2 p2t+A2
[ ) — b5 |y<C§3|2JB|Hf|| L(215)

|>2r |y‘n

1
1 1
_ p1 Pl 27+ B
><< L ) =bol w(y)dy) <

00 1

. P
< Ofll o 3 w(@IH1BYN ( | )= s rplw@)dy) 1
i 218
') 1
. pr1
< Ollfllgroar Y w(2H BN 1/pe ( / L Ib() - bsz,wm(y)dy)
w =1 2+l B
1
o0 P1
+ CHfHBAzxqz ZW(W—HB))Q_I/M / |bB,w - b2j+137w|p1w(y)dy
j:l i+1B

=: O(IIy + I1).
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For I15;, by the definition of CBMOP’A(R"), the fact A < 0 and Lemma 2.4, we have

HfH” e 01

CBMO?I M 1 A
w(227 B)Ydx
w( 1+>\p Z

1

i w 2]-1-13)/\17

< CIFIE . I

/\2 92 CBMOpl AL

Jj=1

< Ol nz.0z 1117

B2 | CBMOZH M

Next, we will give the estimate of Il>. First, we have the following inequality
J
05w — byi+ip | < Z |bokr1p,4 — bokp -
k=0
Then for any 0 < k < j, we obtain

1
|bokt1p 0, — borp | < w(2FB) /2'@3 |bok+1,, — b(y)|w(y)dy

L 1/p1 11 _m 1-1/p1
< — — p1 L L
- w(QkB) (/ZkB ‘b2k+1Byw b(y)| w(y)dy> (/sz(w(y) PL)P1 dy)

< Clbli, w(2" BN

Opl A1

Using the Lemma 2.4 and the fact A1 < 0, we get

W(B))\l D§j+1))\1 ,

J
> ot = borpal < CIBIE o,

where D; is a positive constant and belongs to the interval (1,2).

Thus, using Lemma 2.4 again, we obtain

. 1,1 ; p
(Z2iw@tB)™ o Dy (B

1
14 p p
gy | T wl@de < O 1 B
(J+D)A2p 1y (G+1)Ap
< OIS I, ||’;BMOMZ;Dl YT
S (DA
J+1)Ap
< ClA I 100 i Z;Dl
‘]:
= T A LT

Combining the estimates of I, II, I1y, 115, 1151 and Il9, we finishe the proof of Theorem 1.2. [
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Abstract

We investigate the global stability of within-host Chikungunya virus (CHIKV) infection model
with CHIKV-to-monocyte and infected-to-monocyte transmissions. We take into account the an-
tibody immune response. The model incorporates both latently infected monocytes which do not
generate the CHIKV, and actively infected monocytes. The global stability analysis of the equi-
libria are established using Lyapunov method. The theoretical results are confirmed by numerical

simulations. The effect of latently infection has been discussed.

1 Introduction

Chikungunya virus (CHIKV) is an alphavirus causes chikungunya fever. CHIKV is a mosquito-
transmitted and is transmitted by the Aedes albopictus and Aedes agypti mosquito. Mathematical
models have been constructed to describe the CHIKV transmission in mosquito and human popula-
tions [1]-[7]). Modeling and analysis of within-host CHIKV dynamics have first studied in [8]. The
model presented in [8] has negelected the latently infected monocytes. Therefore, Elaiw et al. [9] have
modified the model by considering five compartments, uninfected monocytes (s), latently infected
monocytes (w), actively infected monocytes (y), CHIKV pathogen (p) and antibodies (). The model

is given as:
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3':5—53—1%[), (1)
w=(1— n)lfgp — (b+ d)w, 2)
92”1T2p+dw_ey’ (3)
p=my—cp—rap, (4)
T = X+ prp —mx, (5)

where, 8 and J represent the generation and death rate constants of the uninfected monocytes, respec-
tively. The uninfected monocytes become infected at rate nsp, where 7 is the infection rate constant.
f is the saturation constant. Constants b, €,c and m represent, respectively, the death rate of the
latently infected monocytes, actively infected monocytes, CHIKV and antibodies. We assume that
a fraction (1 — n) of the CHIKV-contacted monocytes becomes latently infected monocytes and the
remaining n becomes actively infected monocytes, where 0 < n < 1. The latently infected monocytes
are transmitted to actively infected monocytes at rate bw. Constant 7 is the generation rate of the
CHIKYV from actively infected monocytes. Antibodies attack the CHIKV at rate rap. Once antigen is
encountered, the antibodies expand at a constant rate A and proliferate at rate pxp. Latently infected
cells have been considered in viral infection models in several papers (see e.g. [11]-[15]).

Model (1)-(5) assumes that the uninfected monocyte becomes infected by contacting with
CHIKV(CHIKV-to-monocyte transmission). Kristin and Mork [16] reported that the CHIKV can
also spread by infected-to-monocyte transmission. Cellular and viral infections have been considered
in several viral infection models [17]-[20]. However, the dynamics of CHIKV with CHIKV-to-monocyte
and infected-to-monocyte transmissions did not studied before.

The aim of the present paper is to construct and analyze a CHIKV dynamics model with both
CHIKV-to-monocyte and infected-to-monocyte transmissions. The model incorporates two types of
infected monocytes, latently infected monocytes which do not generate the CHIKV, and actively

infected monocytes. We use Lyapunov method to prove the global stability of the proposed model .
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2 Presentation of the model and mathematical problem

We propose a CHIKV model as:

§=f—0ds—nmsp— sy, (6)
W= (1—n)(msp+n2sy) — (b+ d)w, (7)
g = n(nsp + msy) + dw — ey, (8)
p=my —cp—rap, (9)
T = X+ prp — mz, (10)

Here, the uninfected monocytes become infected at rate (m1y + n2p)s, where 11 and 72 are constants.

2.1 Basic properties

Lemma 1 There exist M1, My, M3 > 0, such that the following compact set is positively invariant for

system (6)-(10)
Ty ={(s,w,y,p,2) €ERL:0< s,w,y < MF,0<p< My, 0<z< My}
Proof. We have

$ |s=0= B> 0,

W |w=0= (1 —n)(msp+mn2sy) >0, forall s,p>0,
Y |y=0=n(msp) +dw >0, forall s,p,w >0,

D |p=0= 7y >0, for all y >0,

T ’z:(]: A > 0.
Then, Rgo is positively invariant for system (6)-(10). We let

Hi(t) = s(t) + w(t) +y(t),

Ha(t) = p(t) + £x<t>,

then

Hi(t) = B — ds(t) — bw(t) — ey(t)
< B — o (s(t) +w(t) +y(1)

= B - J%Hl(t)’
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where, oF = min{0,b,e}. Hence Hi(t) < ME, if Hi(0) < ME, where MF = £ Hence , 0 <
1
s(t),w(t),y(t) < ME¥ if 0 < 5(0) + w(0) + y(0) < M{. Moreover, we have

TME+ZN
where, o9 is defined before. Hence Ha(t) < MF, if Hy(0) < MF, where Mf = e W Thus,

o2
0 < p(t) < MF and a(t) < MF i 0 < p(0) + 52(0) < M, where Mf = £, m

r

2.2 Equilibria
We define the basic reproduction number as:

B(d + bn)(nmwm + naem + nar )

L _
Ry = es(cm + N (b + d)

Lemma 2 (i) if R < 1, then there exists only one equilibrium Ey, (ii) if RY > 1, then there exist

two equilibria Ey and Ej.

Proof. The equilibria of system (6)-(10) satisfying

B —ds—msp—1psy =0 (11)

(L =n)(msp+msy) — (b +d)w =0, (12)
n(msp + nesy) +dw — ey = 0, (13)

my —cp —rxp =0, (14)

A+ pxp —mx = 0. (15)

Solving Eqs. (11)-(15) there exists a CHIKV-free equilibrium Ey = (sg,0,0,0, 29), where sg = g and
xo = % From Egs. (11)-(15) we have

- 8
= 206 fpm) L ple L ra)m (16)
b+ d)(7(6 + pmu) + ple + 1))’
y= 2t (18)
A
e (19)

Substituting from Egs. (16)-(19) into (13) we get

D1p® + Dop® + D3p+ Dy =0,
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where

Dy = —c(b+ d)e(mn + en2)p?,

Dy = 2bemaen, p + 2cdmmen; p + 2bcmenap + 22dmenap + brren A\p + drrem Ap + 2berenaAp
+ 2cdrenaAp — bemdep? — cdmdep® + dm? By p* + bna? B p? + cdmBnap? + benmBgp?,

D3 = —bcm27re771 — cdm2ﬂ'en1 — b02m26n2 — c2dm2en2 — bmmrem A — dmaren A — 2bemreng A
— 2cdmrem — brlemy\? — dr?eng\? + 2bemmdep 4+ 2cdmmdep — 2dma® B p — 2bmn? By p
— 2cdmm fBnap — 2bemnm Bnap + brrdedp + drrdehp — dmrBngdp — bnmr BnaAp,

Dy = —bem?*nde — cdm?®wde + dm27T25771 =+ bm2n7r2ﬁ771 + cdm27r5772 + bcmzmrﬁnz — bmmrde

— dmmrde\ + dmmrBno X + bmnar S .

Let
Xa(p) = D1p® + Dap® + Dap + Dy = 0.
Then
X5(0) = Dy,
X, <m> _ (b + d)mrZeny\? <0,
p p

Dy can be written as:

Dy = mm(bée + doe)(cm + 1) (ROL - 1).

Then Dy > 0 if RY > 1. Then there exists p; € (0, “) such that Xs(p1) = 0.If RE > 1, then system

(6)-(10) has infected equilibrium E; = (s1,y1,p1, 1), where

o = 3 50 w, = (1 —n)p1B(mm + (c+rz1)m2) 50
(6 + pim) + p1(c+ rzy)ne ’ (b+d)(7w(0 4+ pim1) + p1(c+ rz1)n2) ’
_ A A
g = blem —pp) £10) r = ———>0.
m(m — pp1) m — pp1
n

3 Global properties
Define a function G(z) =z —1—Inz.
Theorem 1 If R(j} <1, then Ey is globally asymptotically stable in I's.

Proof. Let

B S d b+d 1150 1150 T
Vo= SOG(S()) + bn+dw+ bn+dy+ c+7‘x0p+ p(c+mco)$0G xo /)
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Calculating dd% along system (6)-(10) we obtain

dV¢ S
2= <1— 80> (6—58—77181?—77281/) +

dt
b+d
+bn—i—d

1150 o
+——(1—— ) ( A+ pzp—ma
p<c+m~o>< az)( rp >

50 b+d 7150 1150 xo
—(1-2)(p-3 - S/ LU
< s > (6 S) + 250y bn+d€y+ c+rm07ry+ p(c—i—rxo)( x >< mx)

bn+d {(1 —n)(msp+m2sy) — (b+ d)w]

S
[n(nwp + n2sy) + dw — 64 4 10 (Wy —cp — mp)
c+rxo

avo s (s—s0)? e(b+d) (m2s0(bn+d) msom(bn+d) 1), _ _rmsom (x — 0)?
dt s bn+d e(b+d) e(b+ d)(c+ rxo) plc+rwo) x
_ (s—s0)*  rmsom (z—z0)*  e(b+d)
= -0 et s mgd Re- by (20)

Since Rg < 1, then % < 0 for all s,w,y,p,x > 0. Let Dy = {(s,w,y,p,x) : % = 0}. One can show

that Dy = {Ep}. LaSalle’s invariance principle implies that Ej is globally asymptotically stable when

'R,()Sl. |

Theorem 2 If Ry > 1, then E; is globally asymptotically stable in I's.

Proof. Let
$ d w b+d Yy
Vi =5G| — Gl — al X
o p) =5 <31> Tonra” <w1> Tt (?Jl)
+ WplG(p> + leG(x)
Y1 D1 pPTY1 1
Then
dV1 S1 d w1y
o) (B ds—msp— 1- ) (- _
dt < p > (5 0s — msp 7728y> tn n d< ” ) <( n)(nisp + nasy) — (b + d)w>
b+d
+ <1 - y1> <n(7715p + n2sy) + dw — €y> + 1P (1 — p1> (wy —cp— rxp)
n+d Yy — »

+7”77151Pl<1 — xl) (A—prp—mx)
PTY1 z

1 md(l —n) spwi  md(l —n)syw;  d(b+d)
=|1-— -0 - _
( 8)<ﬂ S>+n181p+77281y bn+d w bn+d w + bn—i—alw1
_ bt d)spy b+ d) sy db+dwyp  bd o brd oy g
bn+d y bn+d vy bn+d vy mtd? TpprgrTn 1291y1 m 1p1y1p
S S S rms rms X
_MSIPL L ISIPL TSP TSI TSP <1_1> (A—mx).
Y1 ™Y ™Y Y1 pTY1 T

Applying the conditions for F4

B =ds1+msip1 +n2s1y1, (b+d)wi = (1 —n)(msip1 + n2s1y1),
b+d

€Y1 = M1S1P1 + M281Y1, CP1 = TY1 — rTip1, A= MIT1 — pr1p1
bn+d
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we get

dVj s—s1)%2 d(l—n s
71:—5( ) + ( )<1—;> <77181P1+77281y1)

dt s bn +d
n(b+ d) 81 d(1—n)
ARV I It g
+ b+ d < 5 msip1 + M281Y1 | + b+ d N181P1
_d(l-n) oy SPWL d(l1 —n) T d(l1 —n) i IPL
7bn+d m 1P181p1w b+ d nisip1 w1y b+ d nisip1 np
d(1 —n) d(l1—n) syw;  d(1—n) wy1
2 _ —
+ bt d N281Y1 b+ d 772819181y1w b+ d 77281y1w1y
+2n(b+d) i n(b+ d) gip SPYL n(b+ d) i YPL
7bn+d nis1p1 b+ d m 1p1$1p1y br + d n1s1pP1 s
n(b+d) ot n(b+d) s S _oMsiPL
7bn—|—d 1M251Y1 7bn+d 2 13/181 77@1 1P1
2
s s z mrn s T —
7151P1 rapy + M181P1 rapy SL rmsip1 (r — 1) . (21)
™Y1 ™Y1 x PTY1 x
Eq. (21) can be simplified as:
dVq (s—51)%2 n(b+d) (s—s51)%2  msipir) (z — 21)?
LLOE : -— -
dt S bn+d s TY1PT1 x
d(1 —n) [ s1 spwi wyr ypr
———msipr|d— — - —— — —— — =
bn+d i s sSiplw wiy  p
Lb +d) 1N181P1 _3 S PR ym}
bn+d | s s1py np
d(1 —n) [ s1 Sywi  yw
S gLt T 22
bn+d s i s s1w o yw (22)

Using the arithmetic mean-geometric mean inequality we find that the last three terms of Eq. (22) are
less that or equal zero. Thus, % < 0 for all s,w,y,p,z > 0 and dd% = 0 at Fq. The global stability

of F; is induced from LaSalle’s invariance principle. m
4 Numerical Simulations
We perform the numerical simulation of model (6)-(10) using Matlab.

4.1 Effect of the parameters 7; and 7,

We simulate the system with three different initial values as:

IV1: s(0) = 18.0,w(0) = 0.2,y(0) = 0.2, p(0) = 1.0, and z(0) = 1,
IV2: s(0) =16.0,w(0) = 0.6,y(0) = 1.0, p(0) = 2.0, and z(0) = 2.5,
IV3: 5(0) = 12.0,w(0) = 1.0,y(0) = 1.5,p(0) = 2.5, and z(0) = 3.0.
We fix the value of n = 0.7 and the other parameters are given in Table 1. Then we consider two sets

of the values of n; and 7y as follows:
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Table 1: The parameters’s values.

Parameter || Value || Parameter | Value
B 2 1) 0.1
1,12 varied € 0.5
s 4 c 0.1
r 0.4 A 14
m 1 p 0.2
n varied d 0.1
b 0.3

Set (I): We choose 11 = 13 = 0.001. We compute Ry = 0.2189 < 1. From Figure 1 we can see that,

the concentrations of the uninfected monocytes and B cells return to their values sg = % = 20 and

rg = 2 = 1.4, respectively. On the other hand, the concentrations of latently infected monocytes,

m
actively infected monocytes and CHIKV particles are declining and reaching zero for all the three
initial values IV1-IV3. This demonstrates that, there exists one equilibrium FEy which is globally
asymptotically stable. This result agrees the result of Theorem 1.

Set (II): We take m; = 12 = 0.008. Then, we calculate Ry = 1.7510 > 1, E((20.0,0,0,0,1.4) and
E; = (16.62,0.253,0.523,2.016,2.346). From Figure 1 we see that when Ry > 1, the solutions of the

system starting at IV1-IV3 will tend to E;. This agrees the results of Theorem 2.

4.2 Effect of the parameter n

In this case, we use the values of the parameters given in Table 1 and we choose 71 = 12 = 0.008 and
n is selected. We consider

IV4: s(0) = 17,w(0) = 0.1,y(0) = 0.4,p(0) = 1.0, and =(0) = 2.0.

In Table 2, we calclaute the value Ry and the equilibria for different values of n. From the table we
observe the value Ry is increased as n increased which means the solution of system will converge to
E) if the values of n are small and they will converge to F4 if values of n are large. Figure 2 supports

the results of Theorem 2
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Figure 1: Numerical solutions of system (6)-(10) with selected values of 7; and n;.
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Figure 2: Numerical solutions of system (6)-(10) with selected values of n.
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Table 2: The values of equilibria and R for system (6)-(10) with different values of n.

n Steady states Ro
0.000001 Ey = (20,0,0,0,1.4) 0.5648
0.2 Ey = (20,0,0,0,1.4) 0.9038

0.256795 Ey = (20,0,0,0,1.4) 1
0.4 E; = (18.5,0.2283,0.1674,0.8621, 1.6917) 1.2427
0.6 Ey = (17.1178,0.2882,0.4035,1.7011,2.122) || 1.5816
0.7 E; = (16.6222,0.2533,0.5236, 2.0166, 2.3463) || 1.7510
0.8 E; = (16.2037,0.1898, 0.6454, 2.2832, 2.5766) || 1.9205
0.99 E; = (15.5546,0.0111,0.8824, 2.69, 3.0303) 2.2424
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OPTIMAL BOUNDS FOR TOADER MEAN IN TERMS OF
GEOMETRIC AND CONTRAHARMONIC MEANS*

WEIL-MAO QIAN®:2, WEN ZHANG3, AND YU-MING CHU%**

ABSTRACT. In this paper, we present the best possible parameters aq, az, as
and B1, B2, B3 such that the double inequalities
C(a, b)G' %1 (a,b) < T(a,b) < CP1(a,b)G'P1(a,b),
QQC((J,, b) + (1 - QQ)G(av b) < T(a7 b) < /820(0'7 b) + (1 - /82)G(a7 b)7
. 1— 1 . 1—
as as < B3 n B3

G(a,b) C(a,b) T(a,b)  G(a,b) C(a,b)
hold for all a,b > 0 with a # b, where G(a, b) = Vab, C(a,b) = (a® + b?) /(a+
b) and T'(a,b) = 2 f0"/2 /a2 cos?(t) + b2 sin(t)dt /7 are the geometric, contra-
harmonic and Toader means of a and b, respectively.

1. INTRODUCTION

The Toader mean T'(a,b) [1-5] of two positive real numbers a and b is defined by

w/2
(1.1) T(a,b) = 2 / \/@2 cos2(t) 4 b2 sin®(t)dt
T Jo

2&5( 1—(b/a)2), a>b,

T

- ;bg( 17(a/b)2), a<b,

s
a, a="o,

where E(r) = 077/2 (1—r2 sinz(t))l/2 dt (r € [0,1]) is the complete elliptic integral
of the second kind [6-30]. The Toader mean T'(a,b) is well known in mathematical

literature for many years, it satisfies
T(a,b) = Rp (a*,b?)

where

1 (% [a(t+b) + b(t + a)]t
Rﬂmwzgé a2+ oz -
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stands for the symmetric complete elliptic integral of the second kind (See [31-
33]), therefore it cannot be expressed in terms of the elementary transcendental
functions.

Recently, the Toader mean T'(a,b) has been the subject of intensive research. In
particular, many remarkable inequalities for the Toader mean can be found in the
literature [34-41].

Let G(a,b) = Vab [42-48], A(a,b) = (a+b)/2 [49-57], C(a,b) = (a®+b%)/(a+b)
[58-61], and M, (a,b) = [(a? + bP)/2]*/P [62-73] and My (a,b) = vab be respectively
the geometric, arithmetic, contraharmonic and pth power means of a and b. Then
it is well known that power mean M,(a,b) is strictly increasing with respect to
p € R for all fixed a,b > 0 with a # b, and the inequalities

(1.2) G(a,b) = My(a,b) < A(a,b) = M;(a,b) < C(a,b) = Ms(a,b)
hold for all a,b > 0 with a # b.
Vuorinen [74] conjectured that
(13) T(CL, b) > M?)/Q(aﬂ b)
for all a,b > 0 with a # b. This conjecture was proved by Qiu and Shen [75], and
Barnard et al. [76].
Alzer and Qiu [77] proved that the inequality
(1.4) T(a,b) < Th(a,b)
holds for all a,b > 0 with a # b if and only if A > log2/(logm —log2) = 1.5349 - - -.
From (1.2)-(1.4) we clearly see that
(1.5) G(a,b) < T(a,b) < C(a,b)

for all a,b > 0 with a # b.
Motivated by (1.5), it is natural to ask what are the best possible parameters
a1, oo, az and (1, B2, B3 such that the double inequalities

C*(a,b)G'"*(a,b) < T(a,b) < C* (a,b)G'~P1(a,b),
asCl(a,b) + (1 — a2)G(a,b) < T(a,b) < B2C(a,b) + (1 — B2)G(a,b),

as 1—og 1 Bs 1— 53
<
Gla,0) T Cab) ST@h < Gab) ' Cab)
hold for all a,b > 0 with a # b7 The main purpose of this paper is to answer this
question.

2. LEMMAS

In order to prove our main results we need several lemmas, which we present in
this section.

Let r € [0,1], K(r) = 077/2(1—7“2 sin?(t))~/2dt and £(r) = OW/Q (1—r? sin2(7f))1/2 dt
be respectively the complete elliptic integrals of the first and second kinds. Then
it is well known that IC(r) is strictly increasing and £(r) is strictly decreasing on

[0,1],
(2.1) K(0) = £(0) = 7/2, K(1) =00, E(1) =1,
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and KC(r) and £(r) satisfy the formulas (See[17, Appendix E, pp. 474-475])
dK(r)  E(r)— (1 —=r)K(r) dE(r) E(r) = K(r)

(22) r r(1—r?) " Tdr r ’
20T\ 28(r)— (1 —r?)K(r)
(2:3) 5(1+r) 1+r '

Lemma 2.1. (See [78]) Let —o00 < a < b < o0, f,g: [a,b] = R be continuous on
[a,b] and differentiable on (a,b), and g’'(x) # 0 on (a,b). If f'(x)/¢ (x) is increasing
(decreasing) on (a,b), then so are the functions [f(z) — f(a)]/[g(x) — g(a)] and
[f(@)=f(D)]/lg(z)—gb)]. If f'(x)/g (x) is strictly monotone, then the monotonicity
in the conclusion is also strict.

Lemma 2.2. (See [79]) The function r — (1 —12)C(r) is strictly decreasing from
[0,1] onto [0,7/2] if A > 1.

Lemma 2.3. Let fi(r) = [E(r)— (1—72)K(r)]/r?. Then fi(r) is strictly increasing
from (0,1] onto (mw/4,1].

Proof. Let g1(r) = E(r) — (1 — r?)K(r) and g2(r) = 2r. Then from (2.1) and (2.2)
together with Lemma 2.2 we clearly see that

(2.4) A =210 0) = ga(0) = 0, fu(1) =1,
g2(7)

G L gl

(25) gh(r) QIC( ), rlaofl( ) }ao gh(r) 4

Therefore, Lemma 2.3 follows from (2.4) and (2.5) together with Lemma 2.1 and
the monotonicity of K(r) on [0, 1]. O

Lemma 2.4. Let fo(r) = [26(r) — (1 — r?)K(r)]/(1 + 12). Then fo(r) is strictly
decreasing from [0,1] onto [1,7/2].

Proof. 1t follows from (2.1) and Lemma 2.2 that

(2.6) £0) =3, (1) =1.
Differentiating f2(r) gives
(2.7) f(r) = 555 (1= 1) () = 26(r)]

(14172)
where f1(r) is given by Lemma 2.3.
From (2.7) and Lemma 2.3 together with the monotonicity of £(r) on [0,1] we

get
r
2. / 1= -2 =———
( 8) f2(7")<(1+7ﬁ2)2 [( T.) ] 1+’I"2<0
for r € (0, 1).

Therefore, Lemma 2.4 follows easily from (2.6) and (2.8). O
Lemma 2.5. Letp € R, fi(r) and fo(r) be respectively defined by Lemmas 2.3 and
2.4, and

filr 2(1—p
(2.9) fry =00 207D gy

fa(r) 1—172
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Then the following statements are true:
(1) f(r) >0 for allr € (0,1) if p=1/2;
(2) f(r) <0 for allr € (0,1) if p=1;

Proof. Let f3(r) = f1(r)/f2(r), then Lemmas 2.3 and 2.4 lead to
(210) f5(07) = 5. fs(17) =1,

and f3(r) is strictly increasing on (0, 1).
For part (1), if p = 1/2, then (2.9) becomes

1 3
(211) ) = o) + —— — 5.
From (2.10) and (2.11) together with the monotonicity of f3(r) we clearly see
that 5
f(r) >f3(0+)+1—§=0
for all » € (0,1).
For part (2), if p = 1, then (2.9) becomes
(2.12) F(r) = folr) — 2.
Therefore, f(r) <1 -2 = —1 <0 for all » € (0,1) follows from (2.10) and (2.12)
together with the monotonicity of f3(r). O
Lemma 2.6. Let ¢ € R, f1(r) be defined by Lemma 2.3, and
2 1—gq

Then the following statements are true:
(1) g(r) >0 for all v € (0,1) if ¢ = 1/2;
(2) there exists ro € (0,1) such that g(r) < 0 for r € (0,79) and g(r) > 0 for
r € (ro,1) ifg=2/7.
Proof. For part (1), if ¢ = 1/2, then (2.13) becomes
1

2
2.14 r==fir)+ ——— —1
It follows from Lemma 2.3 and (2.14) that
2 @ 1
x Iy 1=0
g(r) > —x 2+ 3
for all r € (0,1).
For part (2), if ¢ = 2/7, then Lemma 2.3 and (2.13) lead to
3(4 -
(2.15) g0 = -2 <o, g7 = o,
and g(r) is strictly increasing on (0, 1).
Therefore, part (2) follows from (2.15) and the monotonicity of g(r). O

Lemma 2.7. Let

h(r) 2E(r) — (lﬁ— rHK(r)  (2- :’1 j_(i;— r?)

Then h(r) > 0 for all v € (0,1).
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Proof. Simple computations lead to

(2.16) h(0) =0,
oy Elr)—(1— rHK(r)  2r(rt +8r% —2)
(2.17) W(r)= pov + @+ 2
= a +rr2)2 [(4 +7TT ) fi(r) 4+ 2(r* +8r% — 2)} ,

where f1(r) is defined by Lemma 2.3.
It follows from Lemma 2.3 and (2.17) that

r (4+r)?% 9r3(8 +r?)
2.18) N 20+ 87 —2) | = ———
(2.18) (r)>(4+r2)2[ - gt (r* +8r ) EEwE)E >0
for r € (0,1).
Therefore, Lemma 2.7 follows easily from (2.16) and (2.18). O

3. MAIN RESULTS
Theorem 3.1. The double inequality
C*(a,b)G* = (a,b) < T(a,b) < CP'(a,b)G'~P1(a,b)
holds for all a,b > 0 with a # b if and only if &1 <1/2 and f; > 1.

Proof. Since C(a,b), T(a,b) and G(a,b) are symmetric and homogeneous of degree
1. Without loss of generality, we assume that @ > b > 0. Let r = (a — b)/(a + b) €
(0,1) and p € R. Then from (1.1) and (2.3) we get

(3.1) T(a,b) = %A(a, b) [26(r) — (1 — r?)K(r)]
(3.2) G(a,b) = A(a,b)/1 —12, C(a,b) = A(a,b)(1 +r?).

It follows from (3.1) and (3.2) that

(3.3) log[T(a,b)] — log[G(a, b)] _ log [% (2&(r) — (1 = rH)K(r))] — Llog(1 —r?)
7 log[C(a,b)] — log[G(a, b)] log(1 + r2) — $log(1 —r?) ’

(3.4) log[T'(a, b)] — {plog[C(a,b) + (1 — p) log[G(a, b)]}

= log E (2&(r) — (1 - TQ)K:(T))] - {plog(l +7?) + %(1 —p)log(1 — r2)} .

Let
(3.5)

P =tog | 2 (260 — (L= )| = {pon(1-+72) + 50— ptogta - )}
Then simple computations lead to

(3.6) F(0) =0,

(3.7) F'(r)

where f(r) is defined by (2.9).
We divide the proof into two cases.
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Case 1 p=1/2. Then Lemma 2.5(1) and (3.7) lead to the conclusion that F(r)
is strictly increasing on (0, 1). Therefore,
(3.8) T(a,b) > C**(a,b)GY?(a,b)

follows from (3.4)-(3.6) and the monotonicity of F(r) on (0,1).
Case 2 p=1. Then Lemma 2.5(2) and (3.7) lead to the conclusion that F(r) is
strictly decreasing on (0, 1). Therefore,

(3.9) T(a,b) < C(a,b)
follows from (3.4)-(3.6) and the monotonicity of F(r) on (0,1).
Note taht
1 28 1-rH)K —4log(1—7%) 1
(3.10) ol 2 (280 — (1 —r )1 (r)] — 3log(1—7%) _ L
r—0+ log(1 +r2) — 5 log(1 —r2) 2
1 2& (I1-r3)K 1 (1-
(3.11) i 10812 QE() = (1= rHK()] - 5log(1 —r%) _ |
r—1- log(1+72) — log(1 — r2)
Therefore, Theorem 3.2 follows from (3.8) and (3.9) together with the following
statements.

o If p > 1/2, then (3.3) and (3.10) imply that there exists §; € (0,1) such that
T(a,b) < CP(a,b)G*~P(a,b)

for all (a —b)/(a+b) € (0,41).
ee If p < 1, then (3.3) and (3.11) imply that there exists dy € (0,1) such that

T(a,b) > C?(a,b)G' P (a,b)
for all (a —b)/(a+b) € (1 —d2,1). O
Theorem 3.2. The double inequality
asC(a,b) + (1 — a2)G(a,b) < T(a,b) < B2C(a,b) + (1 — B2)G(a,b)
holds for all a,b > 0 with a # b if and only if ag < 1/2 and g > 2/7.

Proof. Without loss of generality, we assume that a > b > 0. Let r = (a — b)/(a +
b) € (0,1) and g € R. Then from (3.1) and (3.2) we have

(
(3.12) T(a,b) — G(a,b) _ 2[26(r) — (1 =r*)K(r)] — V172

C(a,b) — G(a,b) (1+ ’1“2) — m ’
(3.13) T(a,b) — [¢C(a,b) + (1 — q)G(a,b)]
= A(a,b) {i [26(r) — (1 = r)K(r)] — [a(1 + ) + (1 - q)M}} :
Let

(314) G =2 [260) — (1K) ~ a0 +72) + (1 — VI - 2]

Then simple computations lead to

(3.15) G(07) =0,
(3.16) G(17) = % —2q,
(3.17) G'(r) =rg(r),

519 WEI-MAO QIAN ET AL 514-525



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

where g(r) is defined by (2.13).

We divide the proof into two cases.

Case 1 ¢ =1/2. Then Lemma 2.6(1) and (3.17) lead to the conclusion that G(r)
is strictly increasing on (0,1). Therefore,

(3.18) T(a,b) > %C(a, b) + %G(a, b)

follows from (3.13)-(3.15) and the monotonicity of G(r).
Case 2 ¢ =2/m. Then (3.16) becomes
(3.19) G(17)=0.

It follows from Lemma 2.6(2) and (3.17) that there exists ro € (0,1) such that
G(r) is strictly decreasing on (0,79) and strictly increasing on (rg, 1). Therefore,

2 2

(3.20) T(a,b) < ;C(cu b) + (1 — 7r) G(a,b)
follows from (3.13)-(3.15) and (3.19) together with the piecewise monotonicity of
G(r).

Note that
(3.21) i 2028(r)— (1—r)K(r)] —vV1-1r2 !

’ r—1>%1+ (1—|—T2)—\/1—7"2 _2,
(3.22) i 2128(r) — (1 =r)K(r)] = v1 =12 2

' s (L+r2) —vI_r? B3

Therefore, Theorem 3.2 follows easily from (3.12), (3.18) an

.

(3.20)-(3.22). O

Theorem 3.3. The double inequality

as 1—oas 1 B3 1-03
Gla,0) " Clab) S T@b) = Gla,0) | Clab)

holds for all a,b > 0 with a # b if and only if a3 <0 and B3 > 1/2.

Proof. Without loss of generality, we assume that a > b > 0. Let r = (a — b)/(a +
b) € (0,1), then from (3.1) and (3.2) we have

1 17 1 1
o2 T(a,b) 2 [G(mb) - C’(a,b)}
— 1 ™ 1 1
2 {25(7") —1=m)K(r) Vi—r 1 —&-r?}
Let
(3.24) H(r) & 1 1

T2 —(1-m)K(r) Vi 1+r%
Then Lemma 2.7 and /1 —r2 <1 —7?/2 lead to

T 1 1

26(r) —(1=12)K(r) 1-2 1+12

- m B 4+r? —0
T28(r) - (1—1)K(r)  (2-r2)(1+1?) .

(3.25) H(r) <
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Therefore,
1 < 1 < 1 1 n 1
C(a,b) T(a,b) 2 |G(a,b) C(a,b)

follows from Theorem 3.1 and (3.23)-(3.25).
Let A € Rand r € (0,1). Then making use of (1.1) and Taylor expansion we get

(3.26)

1 —E 1 _1_1 2_~_ (2)
TA+rl—r) 2260 —-(1-mK@F =~ 4 720
A 1-—A A 1—\ 3p—2 , ,
= :1
G(1+7“,1—7’)+C(1+r,1_r) m+1+?"2 t—5r + o(r?),
1 A 11—\
2 —
(3.27) T(14+r,1—r) [G(l—l—r,l—r)_'_C(l—i-r,l—r)]
B SN I B
= 2<)\ 2)?” + o(r?).
Note that
! A 1—\
2 li —
(3.28) r_lgl{T(l—krd_r) {G(1+T71—r)+0(1+r,1—r)”
-7 i A n 1-A1_
4 riI{l* m 14 r2 =
if A>0.

Therefore, Theorem 3.3 follows from (3.26) and the following statements.
e If A < 1/2, then (3.27) implies that there exists d3 € (0,1) such that
1 A 1-A
> +
Tl4+r1—7r) " Gl4+r1l—r) CA+rl-r1)

for r € (0, d3).
oo If A > 0, then there exists d4 € (0,1) such that

1 < A n 1-A
Tl+r1-7) GAl+rl-7r) Cl+rl-r)
for r € (1 —d4,1). O

Let r € (0,1), a =1, b = /1 — r2. Then Theorems 3.1-3.3 lead to Corollary 3.4.
Corollary 3.4. The double inequalities

7T\/277’2\8/17T2<8()<7T 2—1r2
—_— [ I —
2 V1i+V1—02 214+ V1712
7272+ V1 —72(1 +1—-r2) <) < 22 —r) + (m = 2)V1—7r2(1 + V1 —1r?)
— T 9
4 1+vV1—12 2(1++vV1—1r2)
(2 —r3) V1 —1r2 0 2—1r2
" <€)< - —
2-r)(1+V1I-r2)v1—1r2 2\ /1+V1-r2

holds for all r € (0,1).
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OPTIMAL BOUNDS FOR TOADER-QI MEAN WITH
APPLICATIONS”

WEN-MAO QIANL2 WEN ZHANG?3, AND YU-MING CHU%**

ABSTRACT. In the article, we find the best possible parameters a1, as, as,
B1, B2 and B3 such that the double inequalities
A% (a,b)H' ™1 (a,b) < TQ(a,b) < B1A(a,b) + (1 — B1)H(a,b),
[aaA(a,b) + (1 — a2)H(a,b)]A(a,b)
L(a,b)
< [B2A(a,b) + (1 — B2)H(a,b)]A(a, b)
L(a,b) ’
\/[Osz(a, b) + (1 - Olg)H(a, b)}A(av b) < TQ(G'7 b)
< V[B3L(a,b) + (1 — B3)H(a, b)]A(a, b)
hold for all a,b > 0 with a # b, where A(a,b) = (a +b)/2, H(a,b) = 2ab/(a +
b), L(a,b) = (b— a)/(logb — loga) and TQ(a,b) = 2 [/? 205" 0psin 04/
are the arithmetic, harmonic, logarithmic and Toader-Qi means of a and b,

respectively. As applications, we present new bounds for the modified Bessel
function of the first kind Io(t) = 3°0°  t27/[22"(n!)?].

<TQ(a,b)

1. INTRODUCTION

Let a,b > 0 with a # b. Then the arithmetic mean A(a,b) [1-7], harmonic mean
H(a,b) [8-16], logarithmic mean L(a,b) [17-22] and Toader-Qi mean T'Q(a,b) [23,
24] are defined by

a+b 2ab
@0 =“F = 20 (1)
b—a 2 /2 cos? fysin? 0
L(a, b) = m, TQ(a,b) = ;A a b d9, (12)

respectively. Recently, the arithmetic mean A(a,b), harmonic mean H(a,b), loga-
rithmic mean L(a,b) have attracted the attention of many researchers, and many
remarkable inequalities for these means and related special functions can be found
in the literature [25-59].

Very recently, Qi et al. [24] proved that the identity

TQ(a,b) = Vably (1og \/bTa) (1.3)
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and the inequalities

L(a,b) < TQ(a,b) < A(a,b) —;— G(a,b) - 2A(a,b);— G(a,b) < I(a,b)

hold for all a,b > 0 with a # b, where

oo

1 ¢ 2n+v
10 =3 oo (3) (1.4

n=0

is the modified Bessel function of the first kind [60], ['(z) = [;~ e **~1dt is
the classical gamma function [61-69], and G(a,b) = Vab [70-72] and I(a,b) =
(b?/a®)1/(b=a) /e [T3-T5] are respectively the geometric and inentric means of a and
b.

Yang and Chu [76, 77], and Yang, Chu and Song [78] proved that the inequalities

A1y L(a,b)A(a,b) < TQ(a,b) < p1v/L(a,b)A(a,b),
L*2(a,b)AY2(a,b) < TQ(a,b) < psL(a,b) + (1 — p2)A(a,b),
TQ(a,b) > Ly(a,b)

Asv/ L(a,b)I(a,b) < TQ(a,b) < ps+/L(a,b)I(a,b),

hold for all a,b > 0 with a # bifand only if A\; < \/2/7, u1 > 1, Ay > 3/4, ps < 3/4,
p <3/2, A3 < \/e/m and pz > 1, where L,(a,b) = [(b* — a?)/(p(logb — loga))]*/?
is the p-order logarithmic mean of a and b.

In [79], the authors proved that p; = 0, g1 = 1/4, p» = 0 and ¢qo = 1/2—+/2/4 are
the best possible parameters on the interval [0, 1/2] such that the double inequalities

Hpra+ (1 —p1)b,p1b+ (1 —p1)a] <TQ(a,b) < Hlgra+ (1 —q1)b,q1b+ (1 —q1)a],

Glp2a + (1 — p2)b, pab+ (1 — pa)a] < TQ(a,b) < Glgaa + (1 — q2)b, g2b + (1 — ¢2)a]

hold for all a,b > 0 with a # b.
The main purpose of the article is to present the best possible parameters a;q,
as, as, B1, B2 and B3 such that the double inequalities

A“(a,0)H = (a,b) < TQ(a,b) < B1A(a,b) + (1 — B1)H(a,b),

[agA(a,b) + (1 — ag)H(a,b)]A(a,b)
L(a,b)

[BQA(C% b) + (1 - B2)H(a7 b)]A(CL b)

<TQ(a,b) < T(a.b) ,

V]asL(a,b) + (1 — as)H(a,b)]A(a,b) < TQ(a,b) < \/[BsL(a,b) + (1 — Bs)H(a,b)]A(a,b)

hold for all a,b > 0 with a # b, and find the new bounds for the modified Bessel
function Iy (¢).
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2. LEMMAS

In order to prove our main results we need several lemmas, which we present in
this section.

Lemma 2.1. (See [80, Theorem 2.18]) The identity

r (n+ ;) = (2n)!ﬁ

T 22np)

holds for all n € N.

Lemma 2.2. (See [81]) Let {a,}22, and {b,}52, be two real sequences with b, > 0
and lim,_, a, /b, = s. Then the power series ZZO:O ant™ is convergent for all

t e R and -
n
lim Z”ZO ant

t—o00 ZZO:O bnt”
if the power series Y - b,t" is convergent for all t € R.

=S

Lemma 2.3. (See [82, Lemma 2.2]) The double inequality
1 T(z+a) 1

@ta)ia Ttl) aia
holds for all x > 0 and a € (0,1).
Lemma 2.4. (See [80, Theorem 1.25]) Let a,b € R with a < b, f,g : [a,b] = R
be continuous on [a,b] and differentiable on (a,b), and ¢'(x) # 0 on (a,b). If
f'(z)/g'(x) is increasing (decreasing) on (a,b), then so are the functions

f(x) = f(a) fx) = f(b)

g(@) —gla)”  g(z)—g(b)
If '(z) /¢ (z) is strictly monotonic, then the monotonicity in the conclusion is also
strict.

Lemma 2.5. (See [85], [84, Lemma 2.1]) Let A(t) = > 1o, axt® and B(t) =
> he o bt be two real power series converging on (—r,r) (r > 0) with by > 0 for
all k. If the non-constant sequence {ay/br}32, is increasing (decreasing) for all k,
then the function t — A(t)/B(t) is strictly increasing (decreasing) on (0,r).

Lemma 2.6. (See [85, (3.5)]) The identity

BOLH -3 T(2n+A+pu+1) [N
A T L P+ A+ p+ DE(n+ A+ Dl(n+p+1) \ 2

n=0

holds for all A, > —1 and t € R.

o0

Lemma 2.7. The identities
= @),
COSh(t)Io(t) = Z Wt2 y

n=0

oo

sib(®la(t) =D 22"+(f[T(L2Z i)!l)!]gt%“’

n=0
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[ee]
(4n+1)! 2n41
h(t)I,(t) = 2t
COS ( ) 1( ) nz:% 22"+1(n+ 1)(2n+ 1)[(271)”3

hold for all t € R, where sinh(t) = (et —e™!)/2 and cosh(t) = (et +e71)/2 are the
hyperbolic sine and cosine functions, respectively.

Proof. It follows from (1.4), and Lemmas 2.1 and 2.6 that

92 0 $2n 2
B3 £ - o
2 oo t2n+l 2
Lia(t) = s Z:o i)l \/;Sﬂnh(t)a
cosh(t)Io(t) = \/?I_l/g(t)l()(t)
(@2n+ 1 . 2n—1/2_ < )
\/72 [T (n+ 3 (2) _;2%[(2”)1]3t 7
sinh(t)Io(t) = ﬁll/Q(t)IO(t)
(2n+3) /"2 4n+2)!
\fZ ol (04 2 (2) b e
cosh(t)I1(t) = \/ff_l/g(t)ll(t)

\/>Z (n+1) 2T)L E;z!gr)(n+ H? (DMH/Q

_ Z (4n +1)! 2n+1
22ntl(p 4+ 1)(2n + 1)[(2n)1]3 '

(I
Lemma 2.8. The function f(t) = log[lo(t)]/[log cosh(t)] is strictly increasing from
(0,00) onto (1/2,1).
Proof. Let f1(t) =log[Io(t)], f2(t) = logcosh(t), and a,, and b, be defined by
4 1 4 2)!
an = (4n + 1) by = —An 2 (2.1)
22+ (n +1)(2n + 1)[(2n)!]*’ 2n(2n + DI
Then from (1.4), Lemma 2.7 and (2.1) we clearly see that

hi®) _ fi() - f(07)
M= 50 ~ O~ £07) 22
I gL (2.3)
b, 2(n+1)
a 1 . an 1
=7 Am g =l-lim sy =1, (2:4)
1) _ cosh(t) I (t) _ Yool ant2". (2.5)
fo(t)  sinh(t)Io(t) 3202, bt
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From Lemma 2.5, (2.3) and (2.5) we know that the function f{(¢)/f5(¢) is strictly
increasing on (0,00). Then Lemma 2.4 and (2.2) lead to the conclusion that f(t)
is strictly increasing on (0, 00).

Therefore, Lemma 2.8 follows from Lemma 2.2 and (2.4) together with the mono-
tonicity of f(¢). O
Lemma 2.9. The function g(t) = [cosh(t)Ip(t) — 1]/[cosh(2t) — 1] is strictly de-
creasing from (0,00) onto (0,3/8).

Proof. Let n € N, and ¢, and d,, be defined by
4 4)! 22n+2
(ot 2 (2.6)
22n+2[(2n 4 2)!13 (2n + 2)!
Then Lemmas 2.1 and 2.7 together with (2.6) lead to

Co 3

_——= - 2~

& "8 (2.7)
Cn (4n + 4)! I (2n+3) (2.8)

d,  2WHT(2n+3)(2n+2)!  al(2n +3)
0o (4n)! 00 ’
_Tiomeart " Tl T ent™ 2.9
g(t) - [oe) 22n 2n - &9 d t2n7 ( . )
Zn:O (2n)!t —1 Z”ZO n

Cntl  Cn (n+2)(2n 4+ 3)(8n + 13)(4n + 4)!

= — 0 2.10
dn+1 dn 24n+5 [(QTL + 4)']2 = ( )
for all n € N.
It follows from Lemma 2.3 that
1 I (2n+ 3) 1

VRt )P " VAT@n ) " VAt o) (2.11)

From Lemma 2.2, Lemma 2.5 and (2.8)-(2.11) we know that g(t) is strictly
decreasing on (0, 00) and

. e
tli>rrolo g(t) = nh_)rrgo i 0. (2.12)
Therefore, Lemma 2.9 follows from (2.7), (2.9), (2.12) and the monotonicity of
the function g(t) on the interval (0, c0). O

Lemma 2.10. The function h(t) =
decreasing from (0,00) onto (0,5/24).

Proof. Let n € N, u,, and v, be defined by
(4n +6)! 22n+2

[sinh(¢)I(t) — t]/[t cosh(2t) — t] is strictly

n = ) n = Ty~ 2.1
T s+ 3 T 2nt 2)! (2.13)
Then from Lemma 2.1, Lemma 2.7 and (2.13) one has
Ug 5
— = 2.14
Y (2.14)
Un (4n +5)! ~ (@n+5)r (2n+2) (2.15)

v, 244 [(2n +3)1]2  /7(2n +3)2T(2n +3)’
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00 (4n+2)!  ont1
Ym0 iDL b g unt®™

h(t) = g = : 2.16
) 300 Gyt — S0 unt2n (2.16)
Uny1  Un _ (4n+9)! (4n +5)! (2.17)

Unt1  Un  280F8[(2n 4 5)12  24n+4[(2n + 3)1]2
(n + 2)(48n? 4 202n + 211)(4n + 5)!

= — 0
2 +5](2n + 512 <
for all n € N.
It follows from Lemma 2.3 that
(4n + 5) B (4n+5)T (2n + 2) _ (4n +5)
VRn 437 (@t 5 VACn 3T +3) R+ 30+ 2

(2.18)
From Lemma 2.2, Lemma 2.5 and (2.15)-(2.18) we clearly see that h(t) is strictly
decreasing on (0, c0) and

. o Up
tlggo h(t) = nlgréo o 0. (2.19)
Therefore, Lemma 2.10 follows easily from (2.14), (2.16), (2.19) and the mono-
tonicity of h(t) on the interval (0, c0). O

Lemma 2.11. The function \(t) = [tIZ(t) —t]/[sinh(2t) — 2] is strictly decreasing
from (0,00) onto (1/m,3/8).

Proof. Let n € N, 0, and 7, be defined by
(2n + 2)! 22n+3

- _ o= 2.20
T omep DI T 20+ 3)! (220)
Then from Lemma 2.1, Lemma 2.3, Lemma 2.6, (2.20) one has
go 3
— == 2.21
02 (221)
2 _ (Qn)' 2n
IU (t) - 22n(7’b')4t ’
o] (2n)!  jon+1 .
n=0 32n (N2 t —t nt2n
Mﬂ=;;%$f;1 _ Lol " (2.22)
Zn:() (2n+1)!t nt+l 92t Zn:() Tnt
on _ (2n+3)[(2n +2)1)?
T, 24n+5[(n 4 1)1
2
B (n+3) (2n + 2)! 2_n+% I'(n+32)
CI2(n+2) [22F2(n+1)!] 7w | T(n+2) |’
L_on_ nts
T T w(n+1)
n 1
lim 2% ==, (2.23)
n n 2 2)2[(2 2)1]?
Tn+l  Tn 24n+7[(n 4 2)!]*

for all n € N.
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It follows from Lemma 2.2, Lemma 2.5 and (2.22)-(2.24) that A(¢) is strictly
decreasing on (0, c0) and

. 1
Jim A1) = —. (2.25)
Therefore, Lemma 2.11 follows easily from (2.21), (2.22), (2.25) and the mono-
tonicity of the function A(t) on the interval (0, c0). O

3. MAIN RESULTS

Theorem 3.1. The double inequalities
A (a,b)H' ™ (a,b) < TQ(a,b) < B1A(a,b) + (1 — B1)H(a,b),
[azA(a,b) + (1 — az)H(a, b)]A(a, b)
L(a,b)
[B2A(a,b) + (1 — B2)H(a,b)]A(a,b)
L(a,b) ’
V]azL(a,b) + (1 — az)H(a,b)]A(a,b) < TQ(a,b)
< V/1BsL(a,b) + (1 — B3) H (a, b)]A(a, )
hold for all a,b > 0 with a # b if and only if vy < 3/4, f1 > 3/4, as <0, B3 > 5/12,
ag < 2/m and B3 > 3/4.
Proof. Since H(a,b), L(a,b), A(a,b) and TQ(a,b) are symmetric and homoge-

neous of degree 1, without loss of generality, we assume that b > a > 0. Let
t =log+/b/a > 0, then from (1.1)-(1.3) one has

< TQ(a,b)

<

H(a,b) = m% L(a,b) = m““?(t), (3.1)
TQ(a,b) = Vably(t), A(a,b) = Vabcosh(t), (3.2)
logTQ(a,b) —log H(a,b) (3.3)
log A(a,b) — log H(a,b) ’
_logIy(t) +logcosh(t) 1 1
N 02log cosh(t) N if(t) ty
TQ(a,b) — H(a,b)  Io(t)cosh(t) -1
A(a,b) — H(a,b) - OCOShQ(t) 1 = 29(t)a (3.4)
TQ(a,b)L(a,b) — H(a,b)A(a,b) (3.5)
A2(a,b) — H(a,b)A(a,b) ’
_sinh(t)Io(t) —t
 tleosh®(t) —1] 2h(2),
TQ?(a,b) — H(a,b)A(a,b) (3.6)

L(a,b)A(a,b) — H(a,b)A(a,b)

__HE® -1

~ sinh(t)cosh(t) —t
where, f(t), g(t), h(t) and A(t) are given by Lemma 2.8, Lemma 2.9, Lemma 2.10
and Lemma 2.11, respectively.

2A(t),
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Therefore, Theorem 3.1 follows easily from (3.3)-(3.6), and Lemma 2.8, Lemma
2.9, Lemma 2.10 and Lemma 2.11. [

From Theorem 3.1, (3.1) and (3.2), we get Corollary 3.2 immediately.

Corollary 3.2. The double inequalities

2
coshl/z(t) < Ih(t) < M

4 cosh(t)

t [5 cosh?(t) + 7]t

() < R Y T

soh <00 < ogme
sinh(2t) 2 3sinh(2t) 1
SIHAY) 12 o oSmRet) | 2
\/ w L <hl< T

for allt > 0.
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1. Introduction

Euler numbers and polynomials possess many interesting properties and arising in many areas
of mathematics, mathematical physics and statistical physics. Many mathematicians have studied
in the area of the ¢- extension of Euler numbers and polynomials(see [1-10]). Y. He studied several
identities of symmetry for Carlitz’s g-Bernoulli numbers and polynomials in complex field(see [2]). D.
Kim et al.[3] derived some identities of symmetry for (h, q)-extension of higher-order Euler numbers
and polynomials. D. V. Dolgy et al.[1] derived some identities of symmetry for higher-order gener-
alized g-Fuler polynomials. In this paper, we present a systemic study of the generalized twisted
(h, @)-Euler numbers and polynomials of higher-order by using the multiple twisted(h, ¢)-I-function.
Throughout this paper, the notations N, Z, R, and C denote the sets of positive integers, integers,
real numbers, and complex numbers, respectively, and Z, := N U {0}. We assume that ¢ € C with

lg| < 1. Throughout this paper we use the notation:

T

(2], = 11_ T (et 1,2, 3,5) .

—4q
Note that lim,_,1[z] = x. Let x be a Dirichlet character with conductor d € N with d =1 (mod 2)
and ¢ be the p™V-th root of unity(see [8, 9, 10]). T. Kim introduced the multiple g-Euler zeta function

which interpolates higher-order ¢-Euler polynomials at negative integers as follows(see [4, 5]):

G ( ) [2}7" i (—1)22;1 m; qE;:l m;
87 x = 7
qr q [m1+"'+mr+x]g

my, - ,mp=0

(1)

where s € C and z € R, with x #0,—-1,-2,....
Recently, D. V. Dolgy et al.[1] considered some symmetric identities for higher-order generalized
g-Euler polynomials. The generalized Euler polynomials of order r € N attached to x are also defined

by the generating function:

d—1 1)+t " 0 m
<2Z X(l)(edtl)_i_l> = Z E%?X(x)% (2)
m=0 ’

=0

When z =0, Enri = EJ; (0) are called the generalized Euler numbers Effg( attached to x.
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For h € Z,a,k € N, and n € Z,, we introduced the higher order twisted g-Euler polynomials
with weight « as follows(see [7]):

n alz
B (b, k " a :
n Qaa( ’ |$) n ; (l 1 + EqalJrh) (]_ + €qal+h7k+l)
In the special case, x = 0, Er(Laq <(h,k|0) = (h k) are called the higher-order twisted ¢-Euler

numbers with weight «.
We consider the higher order generalized g-Euler polynomials of order r attached to y twisted

by ramified roots of unity as follows(see [8]):

oo

ZE,S’"LM =2 3 (¥ (ﬁxmi)) el T il
i=1

mi,...,my=0

In the special case x = 0, the sequence o (0) = E" are called the n-th generalized g-Euler

n,x,¢,q n,x,¢,q
numbers of order r attached to x twisted by ramified roots of unity.
As is well known, the higher-order generalized twisted (h, ¢)-Euler polynomials E,(thlft)h (x) at-

tached to x are defined by the following generating function to be

OO
FB (t,0) = [2]’; (1)t S (gt my gt
150 7mk =0

k
H m1+ Fmptx]qt (3)
= "
_ Bk
- Z Eg’x,t)z,s(x)m’

n=0

where h € Z and k € N. When z = 0, Er(Ltht)I e = Eﬁhxk()l <(0) are called the higher-order generalized
twisted (h, ¢)-Euler numbers E,(thk,)lg attached to x. Observe that if ¢ — 1,6 — 1, then Eﬁb Xk; e —

E,(Lk,)( and E,(lhxk()zs (x) = Ey(lk;(x) By using (3) and Cauchy product, we have

. - h,k
Ee@) =2 <z) 0B = @B + [l (4)

=0

with the usual convention about replacing (E&hqk)) by E(%()] e

By using complex integral and (3), we can also obtain the Dirichlet-type multiple twisted

(h, q)-I-function as follows:

1
R,k _ hk s—1
1K) (s, 2) = o) /O FB) (—t, )t~ dt
) o (—1)Zi=ms (H?:l X(mj)) gZima (=it ms Sy m (5)
= [2]q Z )

[m1 + -+ my + 2]

my,- ,mEp=0

where s € C and z € R, with = # 0, -1, -2,
By using Cauchy residue theorem, the value of Dirichlet-type multiple twisted (h, q)-I-function

at negative integers is given explicitly by the following theorem:

Theorem 1. Let k € N and n € Z,. We obtain

) = B ).

n,X,9,€
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The purpose of this paper is to obtain some interesting identities of the power sums and
the higher-order generalized twisted (h,g)-Euler polynomials Eflhxk,)lg(x) attached to x using the
symmetric properties for Dirichlet-type multiple twisted (h, ¢)-I-function. In this paper, if we take

O = 1,e = 1, then [3] is the special case of this paper. If we take ¢ = 1 in all equations of this
article, then [1] are the special case of our results.

2. Symmetry identities for Dirichlet-type multiple twisted (h, ¢)-I-function

In this section, by using the similar method of [1, 2, 3], expect for obvious modifications, we
investigate some symmetric identities for higher-order generalized twisted (h,q)-Euler polynomials
E,(Ihxk()lg(x) attached to x using the symmetric properties for Dirichlet-type multiple twisted (k, q)-
[-function. We assume that x is a Dirichlet character with conductor d € N with d = 1 (mod 2)
and ¢ be the pN-th root of unity. Let w;,ws € N with w; = 1 (mod 2), wo = 1 (mod 2). For
he€Z,k €N and n € Z;, we obtain certain symmetry identities for Dirichlet-type multiple twisted
(h, g)-I-function.

Observe that [yl = [z],,[y]q for any 2,y € C. In (5), we derive next result by substitute

WaT + %(jl + -+ ji) for z in and replace ¢ and € by ¢*“* and €**, respectively.
wy

1
l(h k)

w1 ewn
2]k, x1

wy , )
(s, wax + i(]l +- 4 k)

> (~1)%5=am (H§:1 X(mj)) g1 = (it ms e S5 my

- ¥

my,- ,mp=0

[wl(ml + o my) + wiwer + wa (51 +"'+jk;):|s
w1

qwl

s (‘sz:l " (H§:1 X(mj)> qwlzle(h_jﬂ)mf gw1 i my

- ¥

my, mE=0

[wi(my + -+ my) + wiwer + wa(j1 + -+ + )]y
[wi]} (6)
dws =1 (—1)5=1 (Hle X(mj)) g1 = (g ms s S5y my

S Y >

ma,-,mp=011, i =0

[wi(my + -+ 4 my) + wiwer + wa(j1 + -+ + J)]3

dw2 1

k
= [wi]} Z Z )X ()= H

my,- ;M =041, ,ip=0

X qdw11022j:1 (h—j+1)m; qwlzj4:1 (h—j+1)i; edw1w2 Zj:l mj W1 Zj:l i)

X ([wiwa(z + dmy + -+ +dmy) + wi(in + - +ip) +wa(jo + - +4x)l5)

Thus, from (6), we can derive the following equation.

s dwi;—1 k
[[;l]jz]q Z (_1)2?:1 Ji (HX(]Z)) qu1225‘:1(h—l+1)jl5w2 Elejl
a7 Gy, k=0
(h,k)

Xy ity cwn (8, W + w—l(h + ot k)

dwa—1 dwy—1

= [wn]3[wa]; Z YooY (FpEmbimy (quz)) (Hx@'z)) (7)

my, =041, ,ix=0j1,- ,jr= 0 =1

X qdwl’wQZle(h*l+1)mlqwlzle(hflJrl)ilq’wngzl(hflﬂ*l)jl
k k . k .
X Edw1w2 DI mi w1 i U W2 DB

. . . . —1
X ([wiwa(z + dmy + -+ + dmy) + wi(in + - +ix) + w2 (j + -+ 4x)]3)
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By using the same method as (7), we have

S dw271

[wl] koo b . wy S _ D ko
[2}7C : Z (_1)Zl:1 7t H X(Jl) q 120 (h l+1)JlE 12t
qvz =1

Jise5Jk=0

hok wi .
X l;,qw)mwz (s, w1z + *(]1 + o+ k)

de 1 d’LUl 1

k k
SIS SHD VIS S I ST (me) (me) ®

yMp=071, jk =011, ip= 0 =1
% quMUQZz:l(h*l+1)mlqw221:1(h*l+1)wqwlzzzl(h*Hl)jz

% Edwlwz Zle mi gw2 Z?:l 9 cwi Zle 7

. ) . sy —1
x ([wrws(@ + dma + - 4 dmy) +wi(Gr 4+ i) + w2 i+ +i)]g)
Therefore, by (7) and (8), we have the following theorem.

Theorem 2. Let wy,wy € N with w; =1 (mod 2), wy =1 (mod 2). For h € Z , we obtain

dwi—1 k
wolyl2len > (FDE= (me)) gt ot i o S
Ji, k=0 =1
w2 , . .
X AL e (s, wax + uf(gl + ]k))
dwzfl k (9)
[wl};[z}]f;wl Z (_I)Zle o (H X(]l)) qwlzﬁzl(hiurl)jlswl pLI !
Jis k=0 =1
l(h k)

wy , . .
x,q¥2,ew2 | S W1T + w72(.71 + +]k:)
By (9) and Theorem 1, we obtain the following theorem.

Theorem 3. Let wy,ws € N with w; =1 (mod 2), we =1 (mod 2)

. For h € Z,k € N and
n € Z4, we obtain

dwlfl k
[MQ]Z[Q]E“’? Z Zl . (H )qMQE;cl(h_H'l)jzng Sk a

JiyeJe=0 =1

wa . .
Eflhxk;wl oy (ng + —2(j1 + 4 ]k))
wy
dwz—1 k (10)
=Wl >0 (ER <H x(ﬁ)) gttt g S
Jiye k=0 =1
(h,k) wy . .
R AT (wlx +—(1+-- ‘|’]k)) :
w2
From (4), we note that
7 h.k n—i
B @ +y) = (@ VBN A+ o+ )" =D () ¢ B )]y (11)
=0

with the usual convention about replacing (E(ifq’f)) by E(th;
By (11), we have
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dwlfl k
ko . wo Sk _ L we Sk , woy , . .
§ : (—1)Zi=1 7t (HX(JI)) gt (=D 2Zl:13LE7(L}7XIi)1w1,aw1 <w2x+w?<]1+m+9k)>
=1

Jis 5 Jk=0
dwi—1 k
- Z (_1)Zlejl <H X(Jl)) qw'sz:l(h—l—&-l)jlng SE
1,5 Jk=0 =1
-~ (" (h,k) w n—i
o , L |
- Z (i>qu(h+ +Jk)Ei,)oqwl,81“1 (w22) {1111(31 +- +]k>] w
=0 -
dw;—1 k
= > (pF= (H X(ﬁ)) g2 Shoa (=141 gwa S i
1,5 Jk=0 =1
3 7
n Sk s Wk wy |
X Z <Z>qw2(n )3 ]lE'SL;i,)X,qwl,awl (w21~) |:uj<]1 4 +]k):|
=0 -

(12)
Hence we have the following theorem.

Theorem 4. Let wy,ws € N with wy = 1 (mod 2), we =1 (mod 2). For h € Z,k € N and
n € Z4, we obtain

dwi—1

k
3 (—1) St di <| [ X(]z)) PN l+1)yz5wzZLJ!ET(L’,‘;(’;)W,EM <w2x + —wi (14 +]k)>
=1

JiyJe=0

~ (n i —i (K
=3 (1) bl B g e 22)
=0

y dlfl (71)2;?:1 Ji (ﬁ X(]l)) q’w22f:1(n+h7l7i+1)jl€w2 Sy []1 e ]k};w2 )
Jis k=0 =1
For each integer n > 0, let
w—1 k
SuiNgew) = Y (1T (H x(ﬁ)) gZim (RIS A Gy Gy
Ji, k=0 =1

The above sum Sflhl};) 1.c(w) is called the alternating generalized (h, ¢)-power sums.
By Theorem 4, we have

dwlfl k
Dhyalenly 30 (-1 <Hx<jl>> g St (b=t Di o T
Ji, k=0 =1
h,k w . .
X E7(l,)7(,()1“’1,8w1 <w2:c —+ wa(Jl + -+ ]k)) (13)
1

n n . w
=2 3 ()l L s e (02)SU g (d0)
=0

By using the same method as in (13), we obtain

dw2—1 k
k n 1V b - w1 Yy (h=l+1)h1 w1 5 g
[2] g1 [wa]g (=1) x() | ¢ €
Ji,,Jk=0 =1
w
B e (10124 2+ 4 ) (14

— (n i n—i p(h,k h,k
= 2 D (1) bl B g 00 g s ()

541 Ryoo 537-542



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Therefore, by (13), (14), and Theorem 3, we have the following theorem.

Theorem 5. Let wy,ws € N with wy = 1 (mod 2), we = 1 (mod 2). For h € Z, k € N and
n € Z4, we obtain

n
n i _i(hk h.k
2]k, (Z> [wa) [w 7T ESY s (w22) Sy (du)
1=0
n

n i n—i pa(h.k h.k
=2k, > (Z) [ ][]t B s s (w12) S s (dun).

By Theorem 5, we obtain the interesting symmetric identity for the higher-order generalized

twisted (h, g)-Euler numbers Er(f;(}fg’g in complex field.

Corollary 6. Let wy,wy € N with w; =1 (mod 2), we =1 (mod 2). For h € Z,k € N and

n € Z,, we obtain

q n,i,x,q9"2,e"2 n—i,x,q"1,ev1

[2]’;“,2 Z 7;) [ws)" [wl]g—is(h,k) (dwl)E(h,k)

n i n—ic(hk h,k
= [2]k., ( ) [wi)i[wa] ST i (Aw)ESE) iy
1=0
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Abstract

In this paper, we propose an efficient m-step Levenberg-Marquardt method for systems of nonlinear
equations. At every iteration, the efficient m-step LM method computes not only the classical LM step,
but also m — 1 approximate LM steps with frozen (J£ J, + M, I) "' JE. Also, we employ m —1 line searches
for m —1 approximate LM steps for better numerical performance. Under the local error bound condition
which is weaker than nonsingularity, the efficient m-step LM method has been proved to have (m + 1)th
convergence order. The global convergence has also been given by trust region technique. Numerical
results show that the efficient m-step LM method is efficient and could save many calculations of the
Jacobian especially for large scale problems.

Keywords: Unconstrained optimization; Systems of nonlinear equations; Levenberg-Marquardt
method; Trust region
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1 Introduction

It’s a well-known problem in science and engineering that is to find the solutions of systems of nonlinear

equations
F(z) =0, (1)

where F' : D C R™ — R" is continuously differentiable function. Due to the nonlinearity of F(x), (1) may
have no solutions. Throughout the paper, we let that the solution set of (1) is nonempty and denote it by
X*, and in all cases || - || refers to the 2-norm.

There are many numerical methods to approximate the solutions of (1) because the exact solutions is
difficult to find. A classical numerical method is Newton method which computes the trial step

dy = —J, ' Fy,

at every iteration, where F, = F (x) and Jy = F' () is the Jacobian. And the Newton method has
quadratic rate of convergence under the condition that J(z) is Lipschitz continuous and nonsingular at
the solution of (1). However, the Newton method will be failed when Jj, is singular or near singular. To
overcome these disadvantages, a large number of researchers have presented many modifications of Newton

*The work is supported by the Anhui Provincial Natural Science Foundation (1508085MA14, 1708085MF159), the Natural
Science Foundation of the Anhui Higher Education Institutions (KJ2017A375) and the Major Teaching Reform Project of Anhui
Higher Education Revitalization Plan (2014ZDJY058).

fCorresponding author. Email: clmyf2@163.com, chenliang1977@gmail.com. Tel: +86 157 5613 7533
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method [1]. One of them is the Levenberg-Marquardt method (LM) [2, 3], which is a famous numerical
method with computing the linear equation

(Ji Tk + M) d = —J; Fy (2)
to obtain the LM trail step
-1
de == (JETe + M) T Fy, (3)

at every iteration, where A\; > 0 is the LM parameter. It is well-known that the LM method has quadratic
convergence as the Newton method if the Jacobian matrix is nonsingular and Lipschitz continuous at the
solution. A large number of researchers have focused on this system and many efficient solution techniques
are available [4-7].

As we all known, the cost of Jacobian computations is expensive when F(z) is complicated or n is
quite large. Recently, to save Jacobian calculations and achieve a fast convergence rate, Fan [8] presented
a modified Levenberg-Marquardt method (MLM) with cubic convergence. At every iteration, the MLM
method solves not only the linear equations (2) to obtain the LM step (3), but also the linear equations

(JE Tk + M) d = =T Fyq
to obtain the approximate LM step
iy = — (TE T+ M) JF Fia (4)
with Fio1 = F (2k,1), 1 = Tk + di, A = lk ||Fk||57 pr > 0and § € [1,2], and the trial step is

S;ICVILM =dj, + ko.

Fan use (J,CTJk + /\kI)f1 JI in stead of

(7 )™ T x) + i I ()P 1) T (o) (5)

in (4), which does not involve the calculation of J (xj1). Since Ji has been used in (3), the cost of Jacobian
calculations will be saved.

Similarly, to save more Jacobian calculations, based on the MLM method, Yang [9] presented a high-order
Levenberg-Marquardt method (HLM) with biquadratic convergence by solving another linear equations

(JE T+ XeI) d = —JL Fy o (6)
to obtain another approximate LM step
-1
deo=—(JE T+ MeI) T Fro (7)

with Fi o = F (2 2), Tk 2 = Tr1+dk,1, Ak = [k ||Fk||6, pr > 0and § € [1,2]. Yang still use (Jng + )\kI)fl Jr

—1
in stead of (5) in (4), (J (zp2)" J (2p2) + prsa || F (l‘k’g)Hé I) J (z12)" in (7) respectively, which does not
need to compute J (x,1) and J (zx,2). The trial step of the HLM method is

sHEM — dp 4 dyy + dpo.

Furthermore, to save more Jacobian calculations and achieve a faster convergence rate, Fan [10] presented

a Shamanskii-like Levenberg-Marquardt (SLM) method with (m + 1)th convergence by solving m — 1 linear
equations

(JETe+ M) d=—JlFy; with i=1,--- ,m—1 (8)

to obtain m — 1 approximate LM steps

-1
dei = — (JE Ik + M) T Frs (9)
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where Fk,i = F(l‘k’i), Tk = Tki—1 + dk,ifl with T,0 = Tk, dk’() = dk, )\k = Uk ||FkH6, Wi > Oand d € [1,2]
-1

Fan still use (Ji Jj, + /\kI)f1 JI in stead of (J (m;”)T J (@) + prti | F (xkﬂ-)H& I) J (:E;“)T in (9), which

does not need to compute J (zx;) (¢ =1,2,--- ,m —1). The trial step of the SLM method is

m—1

SELM — dk70 + dk,l + -+ dk,7n—1 = Z dk,i' (10)
=0

If we consider the MLM method as two-step Levenberg-Marquardt method and the HLM method as three-
step Levenberg-Marquardt method respectively, then, the Shamanskii-like Levenberg-Marquardt method can
be considered as m-step Levenberg-Marquardt method. Also, it is easy to see that (JkTJk + )\;J)_l J,CT is
computed in all of the classical LM step (3) and the approximate LM step (4), (7), (9) respectively. So, we
can consider (JkTJ;c + A\l )_1 JkT is frozen in the two-step LM method, three-step LM method and m-step
LM method.

To accelerate the MLM method and for better numerical performance, Fan [11] proposed an accelerated
version of the MLM (AMLM) method by employing a line search for the approximate LM step di,; and
computed the trial step by

spMEM — gy o+ ag1dg 1, (11)

where a1 € [1, 4] is step size with &; > 1 is a positive constant. For the same purpose, based on the AMLM
method, Chen [12] compute the linear equation (6) with zx2 = k1 + ag,1dk,1 to obtain an approximate
LM step CZk72. By employing another line search for the approximate LM step cim, Chen presented a new
modified Levenberg-Marquardt (NMLM) method. The trial step of the NMLM method is

sy MIM — @y o+ apadya + agady o, (12)

where oy, 2 € [1, Go] is step size with G > 1 is a positive constant.

Now, motivated by (10), (11) and (12), we will employ m — 1 line searches for approximate LM step dj;
by solving linear equation (8) with zx; = ®k -1 + aki—1dk,i—1 and present an efficient m-step Levenberg-
Marquardt method with trial step as

S =dpo+ ag1dg1 + -+ ok m—1dgm—1, (13)

where ay; € [1,4] are step size with & > 1 (i=1,---,m — 1) is a positive constants. It is quite clear
that the above new LM method will reduce to the classical Levenberg-Marquardt method while m = 1, the
AMLM method while m = 2 and the NMLM method while m = 3 respectively.

We will organize the rest of this paper as follow: In Section 2, we first give the new modified Levenberg-
Marquardt method which is called efficient m-step Levenberg-Marquardt algorithm. In Section 3, we derive
the global convergence of the new algorithm by using trust region technique. Then we derive the convergence
order of the algorithm under the local error bound condition in Section 4. Finally, some numerical results
of the new algorithm are given in Section 5.

2 The efficient m-step Levenberg-Marquardt algorithm

In this section, we first present the efficient m-step Levenberg-Marquardt algorithm by using trust region
technique, then prove the global convergence.

2.1 The motivation

We take
2
P(z) = |[F(z)| (14)
as the merit function for (1). It is easy to see that dy; (i =0,--- ,m — 1) is not only the minimizer of the
convex minimization problem
min |[Fyi + Ted|[* + N [[d]* 2 i (), (15)
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but also a solution of the trust region problem

min || Fy.; + Jud||?,
dER™ (16)

st |ldll < Aw,

where Ay ; = ||di.il| = H— (JiE T + )\kI)_l JEFy ;||- From the result given by Powell in [13], we have
JIFy,
[ Fill® = | + Judrill> = || T Fri min{||dk,i| ; HkaH} . (17)
[BAa

Moreover, similar to Fan proposed in [11], if dj; is a descent direction of the merit function ® (x) at x ;,
then more reduction of ® (x) at x, ; could be expected. So we may perform many line searches at xj ; along
di,; by solving the problem

in||F (zx + adp)|? -
min | I (zp,i + ad,i)l|
By Taylor extension, replace J (xy,;) with Ji for save Jacobian calculations, the above problem could be

approximated by
. 2
min ||F (zg;) + adidy il|” -
a>0

The above problem is equivalent to

max 1E5ll” = [ Fri + adidi||* £ 6 (a) (18)

where

¢ (a) = —db T Tedpi0® + 2dL ; (T Ji + M) dy i
is a quadratic function of «, and attains its maximum at
B d{z (JkTJk + )\kl) di.i . )\kdg,idk,i

Qk,i = T 7T - T 7T )
iy, Tdi,i il Trdi,i

provided that Jidy; # 0. We bound &y ; € [1,4] with & > 1 is a positive constant because of &y ; may be
very large if Jydy; is close to 0. The problem (18) now is equivalent to

max || Fyl|? = | + adidpl® 2 6 (). (19)
a€(l,d]

And we have

[ Fil® = 1B + o ididii|* = 11 Fill® = | Fei + Jediill” (20)

2.2 The algorithm

Now, we define the actual reduction of ® (x) at the kth iteration as
Aredy = ||Fy||* — | F (2 + dio + aidiy + -+ + akm—1dim—1)||” - (21)

where dj; are computed by (9). Note that the predicted reduction cannot be defined as usual definition
HFk||2 — | Fy + Ji (dio + apadis + - + ak)m_ldk,m_1)||2, because it cannot be proven to be nonnegative,
which is required for the global convergence in the trust region method. Hence, we define the new modified

predicted reduction as
m—1

Predi = 3 (1Bl ~ s + o e ) (22
=0

with a0 = 1.
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Lemma 2.1. Let the predicted reduction is defined by (22), then

JILF
Pred > ||JF Fio min {“dk,OH ; M} ;
k

where m > 1.

Proof. From (17) and (20), we have

m—1
Pred =Y (I1Fall” = I1Fs + aniudial )
1=0
m—1
>3 (1Fuall® = 1P + Jadiil)

s
I
o

3

~ JL Py
> (w,?mumin{dk,i||,w}>
; k

K2

JLF
> |77 Foal min{dk,on , ”HJTJH”} .
k

I
o

Then (23) holds. The proof is completed.
Now, we present the efficient m-step Levenberg-Marquardt algorithm.

Algorithm 2.2 (The efficient m-step Levenberg-Marquardt algorithm).

Input: Given zg € R™, 1 > >0, 0<po<p1 <p2<1,1<6<2,e>0,a>1land m>1

Step 1. Set x;0 =z, dr,o =d and k :=0.

(23)

Step 2. Compute Fj, = Fyo = F(vk0), Ju = J (ko). If HJ,?F;CH < ¢, then stop. Otherwise

compute
(JETe+MI)d=—JFps with Mg = g || Fill’
where 2y, ; = 2 ;-1 + g i—1dk,i—1 to obtain dy;, 1 =0,1,--- ,m — 1. Set
m—1
sk =Y akidy,
i=0
where a0 =1, ag; (i =1,---,m —1) is the step size obtained by solving (19).
Step 3. Compute r; = Aredy/Pred;. Set
e — 4 TR SEs if 7 > po,
L= 2, otherwise.
Step 4. Update ui41 as
Ay, if rj; < p1,
MEk4+1 = 127°8) if Tk S [p17p2]7
max { £, p} if 7 > po.

Step 5. Set £k =k + 1, and go to Step 2.

(24)

(26)

(27)

Remark 2.3. (a) Notice that, p should be no less than a positive constant p to prevent the steps from

being too large when the sequence {xy} is near the solution.

(b) Fan set 6 € (0,2] in [11], but here, we still set 6 € [1,2] as usual in [8-10, 12] for stable and preferable.
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3 The global convergence

To study the global convergence of Algorithm 2.2, we need the following assumptions.

Assumption 3.1. Let F(x) is continuously differentiable, and both F(x) and its Jacobian J(x) are Lipschitz
continuous, i.e., there exist positive constant Ly and Lo such that

17 () = J@) < Lally — |, Vo,yeR" (28)

and

[F(y) = F(z)| < L2 lly —«ll, Va,y € R™ (29)
By the Lipschitzness of the Jacobian proposed by (28), we have
IF(y) = F(a) = J(2) (y = 2)|| < Ln [ly — «||*, Yo,y € R™, (30)

Theorem 3.2. Under the conditions of Assumption 3.1, Algorithm 2.2 will terminates in finite iterations
or satisfies
lim ||J} Fy|| = 0. (31)
k—o0

Proof. By contradiction, suppose there exist a positive 7 and infinite many &k such that
17 Fil| > (32)
Let Ty, Ts be the sets of the indices as follow:
Ty={k| |[|[JIF| >},

To={k| IR > and e # o).

’
2
It is easy to see that T3 is infinite. In the following, we will derive the contradictions whether 75 is finite or

infinite.
Case 1: Ty is finite. Then the set

T3:{k| {|Jng|| >7 and xk+17é:17k}

is also finite. Let k be the largest index of T5. Then it is easy to see that zpr; = x holds for all
ke {k >k|ke Tl}. Define the indices set

T4:{k>l~c| "Jng||>7_ and ka:xk}.

If k£ € Ty, we can deduce that |‘JE+1F’€+1|| > 7 and xg42 = xrg41. Hence, we have x4 € Ty. By induction,
we know that HchTFkH > 7 and xp1 = x hold for all k& > I~c, which means 7, < pg. Now, we obtain

A — +oo and  pp — oo (33)

and, due to (24), (25) and (27),

dio = H— (JE Tk + M)~ J{Fk,o“ 0.
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Moreover, it follows from (29) and (30) that

-1
ldiill = |~ (T + 2ed) ™" I P

i—1
< H (JT T+ M)~ J{Fk,ou [T+ 2) T IER S andiy

§=0
2
. i—1
+ L “(Jng-i-)\kI) JEH Zak’jdk’j
3=0
2
i1 LiLy |22
< ldkoll + Z ok, 5| + " Z g jdyj
j=0 7=0
2
i—1 LiLo i—1
< kol + > an i ldn 51l + 3 > [l
=0 koo\j=o
with ¢ = 1,--- ,m — 1. Hence, by induction, we obtain
lldk.ill < O (l[dw.ol) - (34)
Note that
1Pk inll® = | Fi + aniTidi i)
= (1Fkiall + 1 Fri + i Tidiill) (1 Fkivnll = [[Fri + onididiil)
, , 2 - 2
< | 2|1 Fro +szak7jdk’j + Ly Zakyjdk,j + L Zak*jdkvj
§=0 §=0 j=0
. 2 . 2
7 i—1
x | Ly Zak,jdk:j + L Zamdk,j (35)
j=0 §=0
with ¢ = 0,1,--- ,m — 1. It’s clear that while i = 0 and oy o =1,

I Fe1ll? = | Fio + Judioll* < 2L1 [|Fio + Jidioll lldioll” + L3 lldi.o

* =0 (Jldoll?)

It follows from (21), (22), (29), (35) and Lemma 2.1 that

Ared;, — Predy,
Pred;,

S (IBatll® = 1o + aniudeal)
<

S (1l = B + an sTacyil)

O (lldol?)

~
. JTFY
HJEF]C’()H mln{||dk,0| ) HH";E;’:h” }

which implies that r, — 1. In view of the updating rule of pj, we know that there exists a positive constant
ii > p such that py < @ holds for all sufficiently large k, which is a contradiction to (33) .

|m—1|=’

— 0,

549 CHEN-MA 543-559



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Case 2: Ty is infinite. It follows from (23) and (29) that

2 2 2 2 2
1E2 = 7 (1B = 1B ) = 3 (1Bl = 1Bkl

k keTs

T . | Fro
> Z poPredy, > Z Do HJ,c Fk,o” min < || dioll »

T
keTs keTs HJk JkH
PoT . T
> 3 2 win {duoll 575 |- (36)
keTs
which implies
ldioll =0, k€ Tb. (37)

Then by the definition of dj ¢, we have
pr — +oo, k€ Th. (38)

Moreover, it follows from (28), (29), (34) and (36) that

> e Eull = | Finall]

keTs
<Y NWTERN = 1T Fera]) = (17 P = (|95 Frga ]|
keTs
<O L2 || TN skl = Lo | Fra | sl
keTs
< LiLyé Y |ldioll < 400,

keTs

with some constants ¢ > 0, which together with (32) implies there exists a sufficiently large k such that

JEEN =7 and 3 (R - Bl < 5
keT>

Hence we can derive that ||J7 Fg|| > T for all k > k. Combining (37) with (38), we have

.
2
ldkoll =0 and pp — +oo. (39)
In the same way as proved in Case 1, we can also obtain that

Tkﬁl.

Hence, there exists a positive constant i such that pr < @ holds for all sufficiently large k, which is
contradicted to (39). The proof is completed. O

4 The local convergence

In this section, we assume that xz — x* € X* and the sequence {xy} lies on some neighbourhood of z*, i.e.,
there exist a positive constant b; < 1 such that € N (z*,b1). We give some assumptions which the local
convergence theory required.

Assumption 4.1. (a) F(z) is continuously differentiable, and Jacobian J(x) is Lipschitz continuous on
N (z*,b1), i.e., there exist a positive constant Ly such that

17 (y) = J@)| < Lally —xll, Yo,y e N(z%b1) ={x | [x -z <bi}. (40)
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(b) || E(z)| provides a local error bound on some neighborhood of x* € X*, i.e., there exist a positive constant
¢ > 0 such that
|F(z)]| = c dist (x,X™), VzeN(xz*b). (41)

Since the condition of nonsingularity of J(z) is too strong, the Assumption 4.1 (b) provides a weak local
error bound condition, which implies that the converse is not necessarily true [4].
By (40), we have

IF(y) = F(z) = J(2) (y —2)| < La |y —=[|*, Va,y € N(@",b), (42)

and
[F(y) = F(2)|| < L2 |ly — =], Va,y € N (2%, b1), (43)

where Ly is a positive constant.
There exists a positive constant w > 0 if F(z) provides a local error bound which proposed by Behling

and Tusem in [14], then
rank (J (Z)) = rank (J (z¥)), VZe N (z",w)NX".

Let b € (0,1) and b3 = min {w, b}. Without loss of generality, we further assume that zj ;, 4 =0,1,--- ,m—1
lie in N( * b21).
In the followmg, we denote ) € X* such that

T — = dist X*) = inf — .
|Zr — zk| ist (xy, ) yg{ ly — x|

Hence, we have
2k — 2| < 2k =zl < 1+ lox — 27| <2||zp — 27 < by,

which implies that T, € N (z*,b1).
Lemma 4.2. Let Assumption 4.1 hold, then

H(Jk e+ M) Jk H ( T — @kl ) (44)

Proof. Suppose rank (J (Zy)) = r for all T, € N (z*,b1) N X* and the SVD of J (%) is

_ - o - - v vE B
J () = UpSk Vil = (U1, Ur2) ( ol 0 ) ( V:T; ) = U1k Vidy,

where ikJ = diag (Gk,1,0k,2, - ,0k,r) With g1 = Gr2 = -+ = 0x, > 0. The corresponding SVD of Jj, is
g1 VkT,1
Jr =UpSk Vi = (Uk1, Uk 2, Uk.3) Sk Vil

T T
=Uk 12851V 1 + Uk 2252V o,

where X1 = diag (ok,1,0k,2, + , Ok,p) With o1 = 0p 2 = -+ = 04 > 0, and Xy o = diag(op, 41, Okrg2, - s
Okrtq) With Of r41 = Ok re2 = -+ 2 Opraq > 0. We will neglect the subscript & if the context is clear in
the following, and write Jj as

Jr = SV + Us SV (45)
By the theory of matrix perturbation [15] and the Lipschitzness of Jj, we have
||diag (21 — £1,%2,0) || < ||Jk — Ji|| < L1 |2k — x|, (46)
which yields
|21 = 51| < Lo f|lZ — 2l and  [[Zofl < La |2k — ] - (47)

Hence ~
[Zall  _  Lallze — 2l

—1 -6 1= 1-06
< . ¢ |k — il (48)
pil| i)’ me? |2 —

1A= =
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Since for any positive o; (i =1,2,--- ,r), we have

ag; g; 1

< = ;
02'2 + Ak} 20i\/>\k 2\/ )\k

which implies
1 1 1 s _s
<-om72¢ 2 ||Zp — k]| 2. (49)

5 2
24/ e || P

Combining (48) and (49) with § € [1, 2], we have

|2+ 007 | <

. (E%-I—)\k_[)fl 1 UlT
| g+ xed) T IT | = |0, V2, Va) (224 00) S, vl
0 Us
(224 00) 7'
< (224 M) 'S,
0
—1 _
<[ @2+ 2D T |+ A |
1 _s _
<§m—%c—% |17k — 2] "% + Lom ™2 ||7 — xx |0
<O Ik — wxll~%)
The proof is completed. O

4.1 Properties of the trial step
Firstly, we investigate the properties of dj ;, and hence s;,.
Lemma 4.3. Under the condition of Assumption 4.1, for sufficiently large k, we have
ldk,ill < eidist (zg, X*), i=0,1,---,m—1,
where ¢; are some positive constants.
Proof. The proof of d o can be found in Lemma 1 of [11], thus
ldk.oll < codist (xg, X™). (50)

Now we prove ¢ > 1. From (24), (42), (44) and (50), we obtain

-1
lduill = |~ (8 + 2ed) ™ I P
= = i—1
< [T+ M) I Fio | + | (I T+ M0 IE IS s
j=0
2
= 1—1
+ Ly H (JE Tk + M) JkTH 3 apid
j=0
2
i—1 i—1 s
<ol + " anilldill + Ly | 3 anilldiall | O (llan =l ~%)
j=0 3=0
< ¢dist (g, X™),
with ¢ = 1,--- ,m — 1, for some positive constant c¢;. The proof is completed. O
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Lemma 4.3 indicates that the trail step
m—1

Z o il
i=0

m—1

llskll = <D g lldill < & dist (2, X7),
=0

for some positive constants ¢.

4.2 Boundedness of the LM parameter

Lemma 4.4. Under the conditions of Assumption 4.1, there exists a positive i > p such that p, < fi holds
for all sufficiently large k.

Proof. Following the result given in [10, Lemma 2], we have the following inequalities for all sufficiently large
k,

1Esill* = 1 Fri + Jrdiill® = & || Fill min {|ldill @i — zaal}

where ¢; are some positive constants, i = 0,1, -+ ;m — 1.
In fact, if |Zg,; — 2kl < ||diill, by (41), (42) and the fact that dj; is the solution of (16), we have

IF (ki) ll = | Fryi + Jdiil|
2 | Frill = 1 Fryi + i (ki — z4) |

=
2 || Fill = 1Fri + Jri (Trei — 2r,a) | = 1k — il |1 Zn,i — @k
—1
> e\ @hi — kil = Do |1 @hs — wall® = Lo | Zhi — 2l Y Il 5
7=0
> G || %k — x| (51)

for some ¢ > 0 when k is sufficiently large. In the other case when ||Zy,; — zk || > ||dk.:||, we have

di.i _
VFiall = 1o + Jediall > 1 Ficall — \ Fogt Al )
1Zk,i — Zrall
T
= ||J_'Jk C— ap H (H kﬂ” - H ki + k (xk”b - xkﬂ)H)
K K
ldeall o
=Z 7= Ci ||xk?,l iCk’Z”
1Zk,i — okl
> G ||l - (52)

Combining (51) with (52), we obtain

1 Fril® = 1 Fi + Judiell” = (1 Fell + 11 Fesi + Jediill) (1Fnill = | Fri + Jndil))

= (
2 ¢ || Fyil| min {||di il , |5, — x|} -

Together with (20), we have

||Fk,i||2 — || Fr + Olk,iJkdk,iH2 \FIHH2 — | Fi + Jkdk,i”2

P>
> G || Fr

min {||dg i

I} (53)

NZryi — @hi
Hence, it follows from (22) and Lemma 4.3, we have
Predi > O ||z — @]l lldk.oll) -
Since dy o is a minimizer of (15), we have the following results from (43) and Lemma 4.3 that

| Fro +Jk (k0di,o + -+ + g idi i)l
< | Fr0 + o o0dkdioll + [Tkl (e ldiall 4 - + i || diall)

g 6i ||'fk1 - mk‘“ )
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with ¢ = 1,--- ,m — 1 for some positive constants ¢ > 0. Also, follows from (35), we have

1Feiall® = IF () + i Tidial* < O (J# = il o)

which implies that
O (Jlar = il Idol*)

Ared;, — Pred;, o
= O (lze — @l ldkoll)

Predk

|Tk1|‘ —0

holds for sufficiently large k. Hence
Tk — 1.

Therefore there exists a positive i > p such that pp < f holds for all sufficiently large k. The proof is
completed. O

4.3 Convergence order of m-step Levenberg-Marquardt algorithm

We now prove the convergence order of m-step LM algorithm based on the results obtained in the above two
subsections.
By the SVD of Ji proposed in (45), we have

i = Vi (S2 4 MI) " Sy UT Fi — Vo (52 4+ M)~ UL B, (54)

F(wg ;) + Jrdi
—1 —1
=Fj; — U1t (B3 + M) S1UL Fry — UsSo (85 4+ M) SoU3 Fig
=\Ui (21 + /\kI)_l U{ Fyi + MUz (23 + /\kI)_l UY Fy.i + UsU{ Fy 4, (55)

with¢=0,--- ,;m — 1.

Lemma 4.5. Under the condition of Assumption 4.1, if zy; € N (z*,b1/2), then we have
(@) J020F Fiil| < O (o — il ™)
(0) [0UF Fil| < O (ow -+
(¢) [[UsUF Fiil) < O (Jla — sl *)

with i =10,---,m — 1.

Proof. We will prove this lemma by an induction process.
For i = 1,2, the results have been shown by Fan and Chen respectively (see [11,12]), and we have

il <O (175 = 2il®) . 1Fa + Jeds

<0 (llzn—ul).
ksl <O (I = anll®) s 1B + Jednal <O (llzn - ail*).

Assuming the truth for some i — 1, we obtain the induction hypothesis:

liiall <O (o = 2al) s IF (rion) + Tudiioall < O (Il — il ™) .
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Turning now to the case for i. It follows from above induction hypothesis that

| Frill = |1F (whim1 + api—1dri—1)||
<N Frjiz1 + oric1 k1ol + Liag [ dk,im1]?
<N Frjiz1 + Jicadigioa | + L1od ;4 ki
< Frji1 + Jidiizall + 1ki-1 — Tl I drieall + Lrod y ldii1l?
1—1

ki + Jidriall + Lo || i s || ldriall + Lrog i lldiial|?
j=0

<0 (Hf_vk — $k||i+1) + Ly |2 — 2] O (||fk - kaZ)
+ Liaf 1,0 (Jlax = ael)
<O (o — ™) .

So, we have
|02 UT Bl | < 1Fall < O (Ilan — 2l ) -

Moreover, the local error bound condition implies that
@0 = wrill < T IFill < O (llzn =2l ) - (56)

Let gy = —J;" Fy;. Then gy is the least squares solution of ||min F, ; + Jxg||. It follows from (40), (42),
(56) and Lemma 4.3 that

|UsU3 Froil| = 1Fi + Jrill < [[Fri + i (Tri — 2x,0)|
<N Fei + ki (T — Tea) | + (ki — Jk) (Tks — Tr,4) |

)

i—1
<L @k — il + Lo || D ok jdie | [1Bx6 — il
§=0
<O (Hik — $k||2i+2) + 0 (Hi’k — xk||i+2)
=0 (llz — el ™?). (57)
Let jk = U121V1T and G = —j,ij,i. Since ¢ is the least squares solution of Hmin Fyi + jkq , deducing
from (40), (42),(47), (56) and Lemma 4.3 that
|(UU5 + UsUS ) Fr |
= HFkZ + ijkH < Hsz + Ji (Tpi — Trs) ‘
<N Fryi + Jiyi (Tyi — @) + H (jk - Jk,i) (ZTyi — Thys) ‘
<Ly ||Zx, — xk,iHQ + H (Jk = Jisi — U222V2T) (ZTg,i — JJIH)H
<Ly || Zki — wiill® + 1k = Jna) (@i — 2|+ |U2Z2Ve (Zki — 2i) |
i-1
_ 2 _ _ —_
<Ly 1Bk — wnill” + Lo || D ckjdi || 1Thi — wnill + Lo |2k — wel| B0, — el
j=0
<0 (||§Ck — $k||2i+2> + 0 (||:Ek — $k||i+2) +0 (ka — kaHZ)
<0 (Jlax —a]*?). (58)
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Due to the orthogonality of Uy and Us, combining (57) and (58), we know that
|27 Fiil| < O (Jlax = all?)
The proof is completed. O
Now, we are ready to give the estimations of dg ,,—1 and |F (zgm—1) + Jedk,m—1]-
Lemma 4.6. Under the condition of Assumption 4.1, for sufficiently large k, we have
(a) lldkm-1ll < O (|2 — z&™);
(0) IF (@xm-1) + Tt < O (Jlan = ™).

Proof. By (46), we have
1

or — Ly [|3g — ||’

_ 1
1=l 1=H<
oy

which implies
_ 2
=47 < =
o

T

When 6 € [1,2], it then follows from Lemma 4.4, Lemma 4.5, (48), (54) and (55) that
il = | Vi (54 MD) ™ BT F (1) = Vo (534 WD) ™ 2UF F (@)
SIS UTE (@m) | + 1 S [UFF ()|
<O (Jlar = ai|™) + O (low — e 7)
=0 (lzr —zl™),

and
| F (zkm—-1) + Jrdim—1|
= HAkUl (22 + M) " UTF (@pmn) + MeUs (52 4+ Med) ™ UL F (24 1) + UsULF (mk,m_l)H
< BHTHITTF @an-)|| + 103 F (@m0 + [ U F @m—)|
<O (lax = 2| ™) + 0 (= 2™ ) + 0 (- 2 ™)
<0 (||:zk - xku’”“) .
The proof is completed. 0

Based on the results above, we obtain the convergence rate of Algorithm 2.2.
Theorem 4.7. Under the conditions of Assumptions 4.1, the convergence rate of Algorithm 2.2 s (m + 1)th.
Proof. 1t follows from Lemma 4.3 and Lemma 4.6 that
cl|Zrt1 — ol
SN @es) | = 1F (zr + si)ll = |1 F (2k,m—1 + arm—1di,m—1)]|
IF (@km—1) + @km—1 @rm—1) dim1 | + L103 oy i |
IF @hm—1) + J @km—1) digm1 ]| + L1y ldk ]|
1F @km—1) + i ||+ 1(T @rm—1) = k) dim | + L103 oy i1

N CINN

m—2
SIF @km—1) + kil + L1 || D ki j|| 1dkm—1ll + L107 y—y [l dim—1]®
=0
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m—2

IF @km—1) + Jkdimll + L1 Y e l1dij |l dkm—1ll + L1ad oy Idkm— ]
=0

<O (Il —wel™) + 0 (2 - ™) + 0 (Jlax — @l ")
<O (@ —ael ™),

with m > 1. Hence we have

@1 = @il < O (llz =™ ) (59)
which means that {z} generated by m-step LM method converges to the solution set X* with (m + 1)th
order. The proof is completed. O

Since
126 — il < [[Ze41 — rsrll + lIsell,
we obtain from (59) that
1Zk — znll < 215kl

holds for sufficiently large k. By Lemma 4.3, we finally have

Iswarl <O (sel™),

which indicates that {xj} converges to some solution of (1) with Q-order m + 1. This result is stronger than
the convergence to the solution set.

5 Numerical results

We will compute some singular problems, which come from [16] with the same forms as in [17], to test
Algorithm 2.2, and compare it with the general LM algorithm (LM), the SLM method which has presented
in [10] with m = 4.

We compute these test problems with different initial points and different size,

F(z)=F(x)—J(2*) A(ATA) " AT (2 — 2)

where F(x) is the standard nonsingular test function, z* is its root, and A € R"** has full column rank

with 1 < k < n. Obviously, F (z*) = 0 and
* * T -1,
J(x)zJ(x)(I—A(A A) A)

has rank n — k. A disadvantage of these problems is that F' () may have roots that are not roots of F(z).
We chose the rank of J (z*) to be n — 1 and n — 2, respectively, by using

Ae R AT =(1,1,---,1)

and

111 1 e 1
nx2 T
A€ BT, A <1 11 -1 - il)'

Set pg = 0.0001, p; = 0.25, py = 0.75, m = 1078, u; =1, § = 1 for all the tests. The stopping criteria for
the Algorithm is HJkTFkH < 107° or the iteration number exceeds 100 (n + 1). The points g, 10z, 100z
in the third column of the tables are the starting points, where xo was suggested by Moré et. al in [16].
“NF” and “NJ” represent the number of function calculations and Jacobian calculations, respectively. If the
method failed to find the solution in 100 (n + 1) iterations, we denoted it by the sign “-”, and if the iterations
had underflows or overflows, we denoted it by “OF”. We also denote "TIME” represents the running time
of the problem. All codes are written in MATLAB R2012 programming environment on a personal PC with
Inter(R) Core(TM) i5-4590 CPU, 3.30GHz, 4GB RAM, using Windows 7 operation system.
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Table 1: Results on the first singular test set with rank(F’ (z*))=n —1

Algorith LM Algorithm SLM with m =4  Algorithm 2.2 with m =4
Problem n xzo | NF/NJ/F/TIME NF/NJ/F/TIME NF/NJ/F/TIME
8 3000 119/9/1.7993e-05/16.0927 17/5/6.0835e-06/27.9715 17/5/1.6373e-05/45.5972
9 3000 1| 1/1/6.9349e-06/0.39072 1/1/6.9349¢-06,/0.38856 1/1/6.9349¢-06,/0.38503
10 | 3/3/4.9157e-03/4.6299 9/3/1.8731e-03/14.9589 9/3/1.468e-03/16.2261
100 | 5/5/2.9136e-02/8.8327 13/4/2.8697e-02/22.3504 13/4/2.3369e-02/24.1051
10 3000 1| 7/7/1.8841e-05/113.7354  13/4/1.5023e-05/90.6983 13/4/1.7169e-05/96.5679
10 | 9/9/1.1683e-05/146.8708  17/5/1.2381e-05/115.8011 21/6/7.057e-06/155.4833
100 | 10/10/9.479¢-09/163.7237  21/6/1.4677e-10/142.4809 21/6/1.0401e-13/159.7523
11 3000 1| 20/10/2.2123e-04/34.464  77/6/2.3676e-04/128.9774 161/15/1.9047¢-04/297.2913
10 | 38/26/1.9482¢-03/68.8421  161/17/1.3971e-03/269.0105 165/17/2.8922¢-03/340.8817
100 | 37/22/3.0277e-03/65.9771  145/16/2.45¢-04/236.8702 129/12/4.9012¢-04/272.922
13 3000 119/9/1.4397¢-04/16.3563 17/5/8.5893e-05/27.4254 17/5/1.8655e-04/44.4526
10 | 14/14/1.4123e-04/26.2765 25/7/2.604e-04/41.0561 29/8/5.5618e-05/79.057
100 | 17/17/2.5192e-04/32.2734  33/9/8.9702¢-05/54.5243 37/10/2.8248e-05/102.0578
14 3000 1| 12/12/3.6595¢-05/22.8178  25/7/4.4361e-06/41.4525 25/7/1.3946e-05/65.4345
10 | 18/18/4.3039¢-05/35.2549  37/10/4.9713e-06/62.3313 37/10/2.4413e-05/98.7529
100 | 24/24/2.5066e-05/47.6055 49/13/2.9067e-06/82.7621 49/13/2.1752¢-05/132.2612

Table 2: Results on the first singular test set with rank(F’ (z*))=mn — 2

Algorith LM Algorithm SLM with m =4  Algorithm 2.2 with m =4
Problem n  w | NF/NJ/F/TIME NF/NJ/F/TIME NF/NJ/F/TIME
8 3000 119/9/1.7993e-05/15.758 17/5/6.0835e-06/27.7172 17/5/1.6373e-05/44.3831
9 3000 1| 1/1/6.9349¢-06/0.38195 1/1/6.9349¢-06/0.38875 1/1/6.9349¢-06,/0.38878
10 | 3/3/4.9157e-03/4.5209 9/3/1.8731e-03/14.8385 9/3/1.468e-03/16.9752
100 | 5/5/2.9136e-02/8.6748 13/4/2.8697¢-02/21.854 13/4/2.3369e-02/25.3346
10 3000 1| 7/7/1.8841e-05/113.166 13/4/1.5023e-05,/89.9889 13/4/1.7169e-05/96.959
10 | 9/9/1.1683¢-05/145.9313  17/5/1.2381e-05/115.1672  21/6/7.057¢-06/155.429
100 | 17/12/5.585e-06/210.7712  21/6/5.259¢-06/141.4457 21/6/5.2587¢e-06/156.9107
11 3000 1| 20/10/2.2124e-04/33.8705  77/6/2.3676e-04/125.7451 149/14/1.9077e-04/288.4942
10 | 37/24/2.3572¢-03/65.5213  149/16/1.9236¢e-03/245.8551  165/17/2.8922¢-03/353.1612
100 | 46/26/3.0342¢-03/80.6403 137/15/2.5525¢-04/227.3232  129/13/4.9734e-04/280.1359
13 3000 119/9/1.4397e-04/16.2237 17/5/8.5893e-05/27.5697 17/5/1.8655e-004,/43.5593
10 | 14/14/1.4123-04/26.2398  25/7/2.604e-04/41.4618 29/8/5.5618e-05/77.8504
100 | 17/17/2.5192e-04/32.1537  33/9/8.9702¢-05/55.034 37/10/2.8248e-05/100.1965
14 3000 1| 12/12/3.6595e-05/22.7153  25/7/4.4361e-06/41.5594 25/7/1.3946e-05/67.8233
10 | 18/18/4.3039¢-05/34.929  37/10/4.9713e-06/62.0526 37/10/2.4413e-05/102.6231
100 | 24/24/2.5066e-05/47.1261  49/13/2.9067¢-06/82.8124  49/13/2.1752¢-05/135.4006

From table 1 and table 2, we can see that, though Algorithm 2.2 take more running time than the SLM
method to compute step size oy ;, Algorithm 2.2 still almost always outperforms or at least performs as
well as the SLM method whether on the first singular test set or on the second test set, which indicate that
the line search really makes the method more efficient and contributes a lot to the numerical performance.
That would be great helpful for the real application of the method and especially useful for the large scale
problems.

6 Conclusions

In this work, to save more Jacobian calculations, we presented the efficient m-step LM method for sys-
tems of nonlinear equations. At every iteration, we compute m — 1 approximate LM steps with frozen
(J,?Jk + A d )71 J,? and employ m — 1 line search for better numerical performance. The efficient m-step
LM method have been proved to have (m + 1)th convergence order under the local error bound condition
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which is weaker than nonsingularity. Numerical results show that the efficient m-step LM method saved
more Jacobian calculations although the calculations of function are more.

References

[1] W. Sun, Y. Yuan, Optimization theory and methods: Nonlinear programming, springer, 2006.
[2] K. Levenberg, A method for the solution of certain nonlinear problems in least squares, Quarterly of

Applied Mathematics 2 (1944) 164-168.

[3] D. W. Marquardt, An algorithm for least-squares estimation of nonlinear parameters, Journal of the

Society for Industrial and Applied Mathematics 11 (1963) 431-441.

[4] N. Yamashita, M. Fukushima, On the Rate of Convergence of the Levenberg-Marquardt Method,

Springer Vienna, Vienna, 2001, pp. 239-249.

[5] A. Fischer, P. K. Shukla, M. Wang, On the inexactness level of robust Levenberg-Marquardt methods,

Optimization 59 (2) (2010) 273-287, 656H10 (90C30).

K. Amini, F. Rostami, Three-steps modified levenberg-marquardt method with a new line search for
systems of nonlinear equations, Journal of Computational and Applied Mathematics 300 (2016) 30-42.
P. Kazemi, R. J. Renka, A Levenberg-Marquardt method based on sobolev gradients, Nonlinear Anal-
ysis: Theory, Methods & Applications 75 (16) (2012) 6170-6179.

J. Fan, The modified Levenberg-Marquardt method for nonlinear equations with cubic convergence,
Mathematics of Computation 81 (2012) 447-466.

X. Yang, A higher-order Levenberg-Marquardt method for nonlinear equations, Applied Mathematics
and Computation 219 (22) (2013) 10682-10694, 65H10.

J. Fan, A shamanskii-like Levenberg-Marquardt method for nonlinear equations, Computational Opti-
mization and Applications 56 (1) (2013) 63-80.

J. Fan, Accelerating the modified Levenberg-Marquardt method for nonlinear equations, Mathematics
of Computation 83 (2014) 1173-1187.

L. Chen, A modified levenberg-marquardt method with line search for nonlinear equations, Computa-
tional Optimization and Applications (2016) 1-27.

M. Powell, Convergence properties of a class of minimization algorithms, in: O. Mangasarian, , R. Meyer,
, S. Robinson (Eds.), Nonlinear Programming 2, Academic Press, 1975, pp. 1 — 27.

R. Behling, A. Tusem, The effect of calmness on the solution set of systems of nonlinear equations,
Mathematical Programming 137 (1-2) (2013) 155-165.

G. W. Stewart, J. Sun, Matrix Perturbation Theory, Computer Science and Scientific Computing,
Academic Press Inc., Boston, MA, 1990.

J. J. Moré, B. S. Garbow, K. H. Hillstrom, Testing unconstrained optimization software, ACM Trans.
Math. Software 7 (1981) 17-41.

R. B. Schnabel, P. D. Frank, Tensor methods for nonlinear equations, SIAM Journal on Numerical
Analysis 21 (5) (1984) 815-843.

559 CHEN-MA 543-559



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

OPTIMAL BOUNDS FOR A TOADER TYPE MEAN USING
ARITHMETIC AND GEOMETRIC MEANS*

WELI-MAO QIAN'2, WEN ZHANG3, AND YU-MING CHU***

ABSTRACT. In the aritcle, we prove that the double inequalities € A(a, b)+(1—a)G(a,b) <
T[A(a,b),G(a,b)] < BA(a,b) + (1 — B)G(a,b) and G[Aa + (1 — A)b, b + (1 — N)a] <
T[A(a,b),G(a,b)] < Glpa + (1 — p)b, ub + (1 — p)a] hold for all a,b > 0 with a # b
if and only if @ < 1/2, 8 > 2/m, A < (1 — /1 —4/72)/2 and pu > 1/2 — \/2/4 if
a,B € R and A\, pu € (0,1/2), and find new bounds for the complete elliptic integral
E(r) = f(;f/2(1 —r2sin26)1/2df (0 < r < 1) of the second kind, where G(a,b) = vab,
T(a,b) =2 fow/2 Va2 cos? 0 4 b2 sin® 0d0/m and A(a,b) = (a + b)/2 are respectively the

geometric, Toader and arithmetic means of a and b.

1. INTRODUCTION

Let r € (0,1) and a,b > 0. Then the complete elliptic integrals () and E(r) [1-24] of
the first and second kind, Toader mean T'(a,b) [25-34], geometric mean G(a,b) [35-41] and
arithmetic mean A(a, b) [42-50] are respectively given by

w/2 /2
K(r) = /(1 —r2sin?0)"V2de, E(r) = /(1 — r2sin? 9)/24d8,
0 0
2 71'/2
T(a,b) = = / Va2cos? 0 + b2sin? 0do), (1.1)
T Jo
b
G(a,b) = Vab, A(a,b) = “; . (1.2)

It is well known that
KOT) =£0") =7/2, K(17)=+o00, &(17)=1,

K(r) is strictly increasing and £(r) is strictly decreasing on (0, 1), K(r) and &(r) satisfy the
derivatives formulas [51, Appendix E, p. 474-475]

dk(r)  E(r)— A —=r)K(r) dE(r) E(r) - K(r)

dr r(1—r?) ’ dr r ’

and T'(a,b) can be rewritten as

2a (%), a>b,
T(a,b) = aﬂg(l (2)> a:Z (1.3)

2:5( 1—(;;)2), a<b.
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Recently, the bounds for the Toader mean T'(a,b) have attracted the attention of several
researchers. Barnard et. al. [52], and Alzer and Qiu [53] proved that the double inequality
My, (a,b) <T(a,b) < My, (a,b)
holds for all a,b > 0 with a # b if and only if p; < 3/2 and ps > log2/(logm — log2) =
1.5349 - - -, where M,(a,b) = [(a? + bP)/2]'/P (p # 0) and My(a,b) = Vab is the pth power

mean.
Very recently, Song et. al. [54] proved that the double inequality
MQl (a7 b) < T[A(aa b); Q(av b)] < qu (CL, b)

holds for all a,b > 0 with a # b if and only if ¢; < 2log2/[2log 7T — log2 — 2log £(1/2/2)] =
1.3930 - - and g2 > 3/2, where Q(a,b) = y/(a? 4+ b?)/2 is the quadratic mean of a and b.
Let a,b > 0 with a # b. Then from (1.1) and (1.2) together with G(a,b) < A(a,b) we
clearly see that the function A — R(\) = G[Aa + (1 — A\)b, Ab+ (1 — N)a] is continuous and
strictly increasing on [0, 1/2], and
1
R(0) = G(a,b) < T[A(a,b),G(a,b)] < A(a,b) = R <2> .
Tt is the aim of this article to find the best possible parameters o, 8 € R and A, u € (0,1/2)
such that the double inequalities
aA(a,b) + (1 — a)G(a,b) < T[A(a,b),G(a,b)] < BA(a,b) + (1 — 5)G(a,b),
GAa+ (1 =A)b,Ab+ (1 — Na] < T[A(a,b),G(a,b)] < Glua + (1 — p)b, ub+ (1 — p)a]
hold for all a,b > 0 with a # b holds for all a,b > 0 with a # b.

2. LEMMAS

Lemma 2.1. (See [51, Theorem 8.21(1)]) The function r — [E(r) — (1 — r2)K(r)]/7? is
strictly increasing from (0,1) onto (7/4,1).

Lemma 2.2. (See [51, Exercise 3.43(11)]) The function v — [K(r) — E(r)]/r? is strictly
increasing from (0,1) onto (w/4,+00).

Lemma 2.3. (See [51, Theorem 3.21(7)]) The function r — (1 — r2)*K(r) is strictly de-
creasing from (0,1) onto (0,7/2) if A > 1/4.
Lemma 2.4. (See [51, Theorem 1.25]) Let a,b € R with a < b, f,g : [a,b] — R be
continuous on [a,b] and differentiable on (a,b), and ¢'(x) # 0 on (a,b). If f'(z)/g' (x) is
increasing (decreasing) on (a,b), then so are the functions

f@)—fla)  flx) = fb)

g9(x) —g(a)”  g(x) —g(b)
If f'(z)/g (x) is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.5. The function v — /1 —12[E(r) — K(r)]/r? is strictly increasing from (0,1)
onto (—m/4,0).

Proof. Let
V1—r2E(r)—K(r

flr) = ETED ZRO] (2.1)
g(r) = [K(r) = ()] = [E(r) = (1 = r*)K(r)]. (2.2)

Then it follows from (2.1), (2.2), L’Hépital rule, and Lemmas 2.1 and 2.3 that

L o VI =) - K(r)) . K(r)—=2E(r) o«
fam)y=0, f(0%)= Tli%h o = Tlinofh W e (2.3)
) 1

fir) = ﬁg(rL (2.4)
9(0%) =0, (2.5)
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r3 E(r)— (1 —r?)K(r)

g(r)= T2 = >0 (2.6)
for r € (0, 1).

Therefore, Lemma 2.5 follows easily from (2.3)-(2.6). O
Lemma 2.6. The function r — E(r)[K(r) — E(r)]/r? is strictly increasing from (0,1) onto
(7%/8, +00).

Proof. Let
h(r) = 5(’")[’“2 —EOL ) = £6) - VI= K. (2.7)
Then from Lemma 2.2 and (2.7) we clearly see that
2
h(0%) = %, h(17) = 400, hi(07) =0, (2.8)
E(r) + V1 —7r2K(r)
B (r) = T hi(r), (2.9)
1-vViI_r2 -
hi(r) = s R —E) (2.10)
V1—r2 2
for r € (0,1).
Therefore, Lemma 2.6 follows easily from (2.8)-(2.10). O

3. MAIN RESULTS

Theorem 3.1. The double inequality
aA(a,b) + (1 — @)G(a,b) < T[A(a,b),G(a,b)] < BA(a,b) + (1 — B)G(a,b)
holds for all a,b > 0 with a # b if and only if « <1/2 and 8 > 2/7 = 0.6366- - - .

Proof. Since A(a,b), T(a,b) and G(a,b) are symmetric and homogeneous of degree 1, without
loss of generality, we assume that ¢ > b > 0 and r = (a —b)/(a+b) € (0,1). Then (1.2) and
(1.3) lead to

T[A(a,b), G(a,b)] = %A(a,b)é’(r), G(a,b) = A(a,b)y/1 — 12,
T[A(a,b), G(a,b)] — G(a,b)  2E(r) — V1 - 7~2.

A(a,b) — G(a,b) T I Vio? (3.1)
Let
Fi(r) = %g(r) —V1=12, Fr)=1-V1-1r, (3.2)
r 28(r) — /1 =72
Fr) = 28 = 51(_) \/1_%2 | 33
Then Lemma 2.5, (3.2) and (3.3) lead to

F(07) = Fy(0M) =0, (3.4)
Fli(r) _ gm[ﬁ(;) —K)l (3.5)

Fj(r) =« r

It follows from Lemmas 2.4 and 2.5 together with (3.3)-(3.5) that F'(r) is strictly increasing
on (0,1). Therefore, Theorem 3.1 follows from (3.1), (3.3) and (3.6) together with the
monotonicity of F(r). O
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Theorem 3.2. Let A\, € (0,1/2). Then the double inequality
GAa+ (1= A)b,Ab+ (1 — Aa)] < T[A(a,b), G(a,b)] < Glua + (1 — )b, ub+ (1 — pa)]

holds for all a,b > 0 with a # b if and only if X < (1 — /1 —4/72)/2 = 0.1144--- and
p>1/2—+/2/4=0.1464- - -.

Proof. We assume that a >b >0, r = (a—0)/(a+b) € (0,1) and p € (0,1/2). Then (1.2)
and (1.3) lead to

Glpa+ (1 —p)b,pb+ (1 — pa)] — T[A(a,b), G(a, b)] (3.7)
= A(a,b) 1—(1-2p)%r2— %5(7’)
A(a,b)

= H(r),
1—(1—2p)2r2 + 2&(r)
where 4
H(r)=1-(1-2p)*r* — 5&(r),
77
H(0M) =0, (3.8)
4
H(1™) =4p(1 —p) = (3.9)
H'(r) =2rHy(r), (3.10)
e 1 E)IK () — E(r)]
r[K(r) —E(r
Hy(r) = — 5 —(1—2p)2. (3.11)
It follows from Lemma 2.6 and (3.11) that
1
H(07) = 5 (1- 2", (312)
Hi(17) = +oc. (3.13)
We divide the proof into four cases.
Case 1 p= g = 1/2 —+/2/4. Then (3.12) becomes
H1(0%) =0. (3.14)
From Lemma 2.6, (3.11) and (3.14) we clearly see that
Hi(r) >0 (3.15)

for all » € (0,1). Therefore,
T[A(a,b),G(a,b)] < Gluoa + (1 — )b, pob + (1 — po)al
follows from (3.7), (3.8), (3.10) and (3.15).
Case 2 p= Ao = (1 — \/1—4/72)/2. Then (3.9) and (3.12) lead to
H(17)=0, (3.16)

2 -8

From Lemma 2.6, (3.10), (3.11), (3.13) and (3.17) we know that there exists ro € (0,1)
such that H(r) is strictly decreasing on (0, rg) and strictly increasing on (rg,1). Therefore,

T[A(a,b), G(a, b)] > G[)\oa + (1 — )\())b7 Aob + (1 - /\0)&]

follows from (3.7), (3.8) and (3.16) together with the piecewise monotonicity of H(r).
Case 30 <p=pu* <1/2—+/2/4. Then (3.12) leads to

H,(0%) < 0. (3.18)

Equations (3.7), (3.8) and (3.10) together with inequality (3.18) imply that there exists
small enough &y € (0,1) such that

T[A(a,8), Gla,b)] > Glu"a + (1 — )b, ub + (1 — u*)al
for all a > b > 0 with (a —b)/(a + b) € (0,dp).
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Case 4 (1 —+/1—4/72)/2 < p=A* <1/2. Then (3.9) leads to

H(17)>0. (3.19)
Equation (3.7) and inequality (3.19) imply that there exists small enough d; € (0,1) such
that
T[A(a,b),G(a,b)] < GA"a+ (1 — A*)b,\"b+ (1 — X")a]
for all @ > b > 0 with (a —b)/(a +b) € (1 — 1, 1). O

From Theorems 3.1 and 3.2 we get Corollary 3.3 immediately.
Corollary 3.3. The double inequality

™ ™ 4
max Z<1+V1_T2)7§ 1+(7T2—1)7“2 < &(r)

<mind1+(3-1) \/1—7"27@(2—7"2)

holds for all r € (0,1).

REFERENCES

[1] W.-M. Qian and Y.-M. Chu, Sharp bounds for a special quasi-arithmetic mean in terms of arithmetic
and geometric means with two parameters, J. Inequal. Appl., 2017, 2017, Article 274, 10 pages.
[2] Y.-M. Chu, Y.-F. Qiu and M.-K. Wang, Holder mean inequalities for the complete elliptic integrals,
Integral Transforms Spec. Funct., 2012, 23(7), 521-527.
[3] Y.-M. Chu, M.-K. Wang, Y.-P. Jiang and S.-L. Qiu, Concavity of the complete elliptic integrals of the
second kind with respect to Holder means, J. Math. Anal. Appl., 2012, 395(2), 637-642.
[4] Y.-M. Chu, M.-K. Wang and Y.-F. Qiu, On Alzer and Qiu’s conjecture for complete elliptic integral
and inverse hyperbolic tangent function, Abstr. Appl. Anal., 2011, 2011, Article ID 697547, 7 pages.
[5] Y.-M. Chu, M.-K. Wang, S.-L. Qiu and Y.-P. Jiang, Bounds for complete elliptic integrals of the second
kind with applications, Comput. Math. Appl., 2012, 63(7), 1177-1184.
[6] Y.-M. Chu and T.-H. Zhao, Convexity and concavity of the complete elliptic integrals with respect to
Lehmer mean, J. Inequal. Appl., 2015, 2015, Article 396, 6 pages.
[7] T.-R. Huang, S.-Y. Tan, X.-Y. Ma and Y.-M. Chu, Monotonicity properties and bounds for the complete
p-elliptic integrals, J. Inequal. Appl., 2018, 2018, Article 239, 11 pages.
[8] M.-K. Wang and Y.-M. Chu, Asymptotical bounds for complete elliptic integrals of the second kind, J.
Math. Anal. Appl., 2013, 402(1), 119-126.
[9] M.-K. Wang and Y.-M. Chu, Refinements of transformation inequalities for zero-balanced hypergeo-
metric function, Acta Math. Sci., 2017, 37B(3), 607—622.
[10] M.-K. Wang and Y.-M. Chu, Landen inequalities for a class of hypergeometric functions with applica-
tions, Math. Inequal. Appl., 2018, 21(2), 521-537.
[11] M.-K. Wang, Y.-M. Chu and Y.-P. Jiang, Ramanujan’s cubic transformation inequalities for zero-
balanced hypergeometric functions, Rocky Mountain J. Math., 2016, 46(2), 679—691.
[12] M.-K. Wang, Y.-M. Chu and S.-L. Qiu, Some monotonicity properties of generalized elliptic integrals
with applications, Math. Inequal. Appl., 2013, 16(3), 671-677.
[13] M.-K. Wang, Y.-M. Chu, S.-L. Qiu and Y.-P. Jiang, Convexity of the complete elliptic integrals of the
first kind with respect to Holder means, J. Math. Anal. Appl., 2012, 388(2), 1141-1146.
[14] M.-K. Wang, Y.-M. Chu and Y .-Q. Song, Asymptotical formulas for Gaussian and generalized hyper-
geometric functions, Appl. Math. Comput., 2016, 276, 44-60.
[15] M.-K. Wang, Y.-M. Li and Y.-M. Chu, Inequalities and infinite product formula for Ramanujan gener-
alized modular equation function, Ramanujan J., 2018, 46(1), 189-200.
[16] M.-K. Wang, S.-L. Qiu and Y.-M. Chu, Infinite series formula for Hiibner upper bound function with
applications to Hersch-Pfluger distortion function, Math. Inequal. Appl., 2018, 21(3), 629-648.
[17] M.-K. Wang, S.-L. Qiu, Y.-M. Chu and Y .-P. Jiang, Generalized Hersch-Pfluger distortion function and
complete elliptic integrals, J. Math. Anal. Appl., 2012, 385(1), 221-229.
[18] Zh.-H. Yang and Y.-M. Chu, A monotonicity property involving the generalized elliptic integral of the
first kind, Math. Inequal. Appl., 2017, 20(3), 729-735.
[19] Zh.-H. Yang, Y.-M. Chu and M.-K. Wang, Monotonicity criterion for the quotient of power series with
applications, J. Math. Anal. Appl., 2015, 428(1), 587-604.
[20] Zh.-H. Yang, Y.-M. Chu and W. Zhang, Monotonicity of the ratio for the complete elliptic integral and
Stolarsky mean, J. Inequal. Appl., 2016, 2016, Article 176, 10 pages.
[21] Zh.-H. Yang, Y.-M. Chu and W. Zhang, Accurate approximations for the complete elliptic integral of
the second kind, J. Math. Anal. Appl., 2016, 438(2), 875-888.

564 WEI-MAO QIAN ET AL 560-566



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Optimal Bounds for A Toader Type Mean Using Arithmetic and Geometric Means 6

[22] Zh.-H. Yang, W.-M. Qian and Y.-M. Chu, Monotonicity properties and bounds involving the complete
elliptic integrals of the first kind, Math. Inequal. Appl., 2018, 21(4), 1185-1199.

[23] Zh.-H. Yang, W.-M. Qian, Y.-M. Chu and W. Zhang, On approximating the arithmetic-geometric mean
and complete elliptic integral of the first kind, J. Math. Anal. Appl., 2018, 462(2), 1714-1726.

[24] T.-H. Zhao, M.-K. Wang, W. Zhang and Y.-M. Chu, Quadratic transformation inequalities for Gaussian
hypergeometric function, J. Inequal. Appl., 2018, 2018, Article 251, 15 pages.

[25] Gh. Toader, Some mean values related to the arithmetic-geometric mean, J. Math. Anal. Appl., 1998,
218(2), 358-368.

[26] Y.-M. Chu, M.-K. Wang, S.-L. Qiu and Y.-F. Qiu, Sharp generalized Seiffert mean bounds for Toader
mean, Abstr. Appl. Anal., 2011, 2011, Article ID 605259, 8 pages.

[27] Y.-M. Chu and M.-K. Wang, Inequalities between arithmetic-geometric, Gini, and Toader means, Abstr.
Appl. Anal., 2012, 2012, Article ID 830585, 11 pages.

[28] W.-M. Qian, Z.-H. Zhang and Y.-M. Chu, Sharp bounds for Toader-Qi mean in terms of harmonic and
geometric means, J. Math. Inequal., 2017, 11(1), 121-127.

[29] Y.-M. Chu, M.-K. Wang and S.-L. Qiu, Optimal combinations bounds of root-square and arithmetic
means for Toader mean, Proc. Indian Acad. Sci. Math. Sci., 2012, 122(1), 41-51.

[30] Y.-M. Chu and M.-K. Wang, Optimal Lehmer mean bouns for the Toader mean, Results Math., 2012,
61(3-4), 223-229.

[31] J.-F. Li, W.-M. Qian and Y.-M. Chu, Sharp bounds for Toader mean in terms of arithmetic, quadratic,
and Neuman means, J. Inequal. Appl., 2015, Article 277, 9 pages.

[32] Y.-Q. Song, W.-D. Jiang, Y.-M. Chu and D.-D. Yan, Optimal bounds for Toader mean in terms of
arithmetic and contraharmonic means, J. Math. Inequal., 2013, 7(4), 751-757.

[33] W.-H. Li and M.-M. Zheng, Some inequalities for bounding Toader mean, J. Funct. Spaces Appl., 2013,
Article ID 394194, 5 pages.

[34] Y.-M. Chu, M.-K. Wang and X.-Y. Ma, Sharp bounds for Toader mean in terms of contraharmonic
mean with applications, J. Math. Inequal., 2013, 7(2), 161-166.

[35] W.-M. Gong, Y.-Q. Song, Y.-M. Chu and M.-K. Wang, A sharp double inequality between Seiffert,
arithmetic, and geoemtric means, Abstr. Appl. Anal., 2012, 2012, Article ID 684834, 7 pages.

[36] Y.-M. Chu, M.-K. Wang and Z.-K. Wang, Best possible inequalities among harmonic, geometric, loga-
rithmic and Seiffert means, Math. Inequal. Appl., 2012, 15(2), 415-422.

[37] M.-K. Wang, Z.-K. Wang and Y.-M. Chu, An optimal double inequality between geometric and identric
means, Appl. Math. Lett., 2012, 25(3), 471-475.

[38] Y.-M. Chu, C. Zong and G.-D. Wang, Optimal convex combination bounds of Seiffert and geometric
means for arithmetic mean, J. Math. Inequal., 2011, 5(2), 429-434.

[39] Y.-M. Chu, M.-K. Wang and Z.-K. Wang, An optimal double inequality between Seiffert and geometric
means, J. Appl. Math., 2011, 2011, Article ID 261237, 6 pages.

[40] Y.-M. Chu and M.-K. Wang, Optimal inequalities between harmonic, geometric, logarithmic, and
arithmetic-geometric means, J. Appl. Math., 2011, 2011, Article ID 618929, 9 pages

[41] B.-Y. Long and Y.-M. Chu, Optimal inequalities for generalized logarithmic, arithmetic, and geometric
means, J. Inequal. Appl., 2010, 2010, Article ID 806825, 10 pages.

[42] A. Igbal, M. Adil Khan, S. Ullah, Y.-M. Chu and A. Kashuri, Hermite-Hadamard type inequalities
pertaining conformable fractional integrals and their applications, AIP Advances, 2018, 8, Article ID
075101, 18 pages, DOI: 10.1063/1.5031954.

[43] Y.-M. Chu, M. Adil Khan, T. Ali and S. S. Dragomir, Inequalities for a-fractional differentiable func-
tions, J. Inequal. Appl., 2017, 2017, Article 93, 12 pages.

[44] M. Adil Khan, S. Begum, Y. Khurshid and Y.-M. Chu, Ostrowski type inequalities involving conformable
fractional integrals, J. Inequal. Appl., 2018, 2018, Article 70, 14 pages.

[45] M. Adil Khan, Y. Khurshid, T.-S. Du and Y.-M. Chu, Generalized of Hermite-Hadamard type in-
equalities via conformable fractional integrals, J. Funct. Spaces, 2018, 2018, Article ID 5357463, 12
pages.

[46] M. Adil Khan, Y.-M. Chu, T. U. Khan and J. Khan, Some new inequalities of Hermite-Hadamard type
for s-convex functions with applications, Open Math., 2017, 15, 1414-1430.

[47] M. Adil Khan, Z. M. Al-sahwi and Y.-M. Chu, New estimations for Shannon and Zipf-Mandelbrot
entropies, Entropy, 2018, 20, Article 608, 10 pages, DOI: 10.3390/¢2008608.

[48] M. Adil Khan, Y.-M. Chu, A. Kashuri and R. Liko, Hermite-Hadamard type fractional integral inequal-
ities for MT (., 1) -Preinvex functions, J. Comput. Anal. Appl., 2019, 26(8), 1487-1503.

[49] Y.-M. Chu, Y.-F. Qiu, M.-K. Wang and G.-D. Wang, The optimal convex combination bounds of
arithmetic and harmonic means for the Seiffert mean, J. Inequal. Appl., 2010, 2010, Article ID 436457,
7 pages.

[50] X.-M. Zhang and Y.-M. Chu, Convexity of the integral arithmetic mean of a convex function, Rocky
Mountain J. Math., 2010, 40(3), 1061-1068.

[51] G. D. Anderson, M. K. Vamanamurthy and M. Vuorinen, Conformal Invariants, Inequalities, and
Quasiconformal Maps, John Wiley & Song, New York, 1997.

[52] R. W. Barnard, K. Pearce and K. C. Richards, An inequality involving the generalized hypergeometric
function and the arc length of an ellipse, SIAM J. Math. Anal., 2000, 31(3),693-699.

565 WEI-MAO QIAN ET AL 560-566



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

7 WEI-MAO QIAN AND YU-MING CHU

[563] H. Alzer and S.-L. Qiu, Monotonicity theorems and inequalities for the complete elliptic integrals, J.
Comput. Appl. Math., 2004, 172(2), 289-312.

[54] Y.-Q. Song, T.-H. Zhao, Y.-M. Chu and X.-H. Zhang, Optimal evaluation of a Toader-type mean by
power mean, J. Inequal. Appl., 2015, Article 408, 12 pages.

WEI-MAO QIAN, 'COLLEGE OF SCIENCE, HUNAN CITy UNIVERSITY, YIYANG 413000, HUNAN, CHI-
NA; 2SCHOOL OF CONTINUING EDUCATION, HUZHOU VOCATIONAL AND TECHNOLOGICAL COLLEGE, HuzHoU
313000, ZHEJIANG, CHINA

E-mail address: qum661977@126.com

WEN ZHANG, 3FRIEDMAN BRAIN INSTITUTE, ICAHN SCHOOL OF MEDICINE AT MOUNT SINAI, NEW YORK,
NY 10029, USA
E-mail address: zhang.wen810gmail.com

YU-MING CHU (CORRESPONDING AUTHOR), *DEPARTMENT OF MATHEMATICS, HUZHOU UNIVERSITY, HUZHOU
313000, CHINA
E-mail address: chuyuming2005@126.com

566 WEI-MAO QIAN ET AL 560-566



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.3, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Addition Theorem For Exton’s ¢—Exponential Functions
Mahmoud Jafari Shah Belaghi

Bahgesehir University, Istanbul, Turkey
mahmoud.belaghi@eng.bau.edu.tr

Nuri Kuruoglu

Istanbul Geligim University, Istanbul, Turkey
nkuruoglu@gelisim.edu.tr

Abstract. In this paper, we study about the g-exponential function which was introduced by Exton. We
propose the addition theorem for this g—exponential function and also Continued fraction representation for this
g—exponential function is given.

Keywords. Exton’s ¢g-Exponential Function, Symmetric g—derivative, Symmetric ¢-Binomial.

Mathematics Subject Classification. 11B65, 33D05.

1 Introduction

The g-derivative (or symmetric g—derivative) of a function f(x) is defined [3] as

B, f() = L =102

where g # +1. This ¢—derivative is invariant under inversion of basis.
For any number «, the ¢g—derivative of powers of z are given by

Dy z* = [a]g zo !
where [a]z = % and it is called symmetric g—number. In the case, if « is a positive integer we have
I A B TS 1o a®+dt 20—2
g="——F=¢ "0+ +q +--+¢"7)
q—q
Relation between ¢g—number and symmetric g—number is
=9 _ ia
Aly = — = q Q| ,2 1
o3 | [odg (1)
where [a], = q::ll is called g—mumber.
With easy calculation, one can see [5] that
la]: = [alg (2)
q
[—alz = —alg (3)
o+ Bl = ¢’ [alg + 4Bz (4)

Furthermore, the g-analogue of factorial, denoted by [n]z !, is defined [1] as

[nb!{l it n =0, )

[n]qx[n—l]qx---x[l]q ifn:1,2,...
and by using (1), we may also write the g—factorial as follows
[nlg ! = lga! ) (6)

where [n],! = [n]y X [n—1]g x -+ x [1]; for n =1,2,....
The g-analogue of (a —z)", denoted by (a — z)g, is defined [3] as

1 n=0,
(a - I’)g — nﬁl (a B xq1—71,+2i) n = 1’ 2’ e (7)
=0
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The g-analogue in (7) is invariant under inversion of basis and one can see that

(a—z)7 = (=1)"(z —a)z. (8)
The g-derivative of (z — a)7 is founded [3] as
Dy (z—a)f = [l (v — ). (9)

The g—Taylor series expansion of (a + x)g about x =0 is

(at )2 = kzi: <Z) aa”*kzk (10)
[nlg!

0

where (Z)zi = [ o e called symmetric g-binomial coefficients. Formula (10) is called Gauss’s
q* q*

¢-binomial formula (see [3], p. 100).

The object of study in this paper is the g—exponential function which was introduced by Exton (see [6]

or [4], p. 128) as

1 1(n
E(q,x) = E x"q5(2), xeC (11)
|
ne0 [n]g!
where [n], = qqn%ll. This g—exponential function is invariant under inversion of basis and unfortunately,

there is no known addition theorem for it. Our goal is to give the addition theorem for this g—exponential
function and also represent it as a continued fractions.

2 Some Identities

Definition 1. For any number «, we define

where (a + 2)5° = limy, o0 [[j_o(a + 7).
Theorem 1. For any numbers a and f3,

(a+ x)ngr'B = (a+ q_Bx)g (a+ q“m)g.
Proof. The result will be obtained directly by using the definition of (a +z)§, which is given in (12). O

Corollary 1. For any number o,

(a+2)-%= _
T (a+ z)g
Proof. The result will be obtained by using (12).
O
Proposition 1. For 1 < j <n —1, the g—Pascal rule is
(), G, (')
1/ g J—1 i J q
Proof. Let us expand the symmetric g—binomial coefficient (?) _, then we have
<n> B [n]g!
i)g Ul n—Jlg
-1 Inlg
lilg! [n — 513!
_ [n =15 (" llg + a7 [n - lg)
lilg! [n = 43!
=q" (T‘A B 1) +q7 (n B 1)
Jj—1 i J 7
which completes the proof. We used (4) in the third line. O
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Lemma 1. For any number x and positive integer r,

()=o),

Proof. To prove the lemma we make a use of (5) and (3), then we may write

(),

= (—1)" zlglz+1]g ... [x+r—1]5

gy l+r =17 e fEr—1
=1 [z — 1]3! [r]3! ( 1)< r )a

which completes the proof.
The following theorem is a symmetric version of Heine’s ¢—binomial formula.
Theorem 2. For any number x and positive integer n, the following equation holds
1 :i<n+j1> "
(1- x)g =0 J 7
Proof. To prove the Theorem we make a use of Corollary 1 and Lemma 1, then we may write

j=0 q §j=0 J q
which completes the proof.
In the next theorem, g—analogue of Vandermonde’s identity is given.

Theorem 3. For any m,n,r € Ny

m+ n) e (m) ( n ) —(m4n)k
=q" Yy q
( r 7 P k g\ — k 7

Proof. We make a use of Theorem 1 to write that
A +a)7™ =1 +q "2)7 (1+q"2)5-

Using the g—binomial formula in (10) for both sides of the above formula, and then we obtain

n

S () =R () e () o

r=0 r=0 r=0
m—+n T m n
— Z qm,r Z ( ) ( ) q—(m—s—n)k)xr.
r=0 ( k=0 kjg\r—k/)7

The proof is complete by comparing coefficients of z".
The following corollary is the special case of Vandermonde’s identity.

Corollary 2. For any positive integer n,

2
- n n(n—2k) _ 2n
2\ ¢ =)
k=0 q q

LLC

(13)

Proof. Take m = r = n in Theorem 3 and make a use of the identity (Z)g = (nr_Lk)(7 to prove the

corollary.

O
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Corollary 3. For any positive integer n,

S (3) g = i (1) (1)

k=0 q q

1

Proof. Let us change the base ¢ to ¢~ in Corollary 2 to obtain

" n\ 2 2n
00
k=0 7 n/g

because of the identity (Z)I = (2) pe Now by comparing equations (13) and (15) we can write
q

n 2
Z <Z’) (qn(n—Zk:) _ q—n(n—Qk)) =0 (16)

k=0 q
and also . )
n
> (k> [n—2k] =0 (17)
k=0 q
since [a]z = %. Then we make a use of equations (3) and (4) to rewrite the equation (17) as
n n 2 )
> (3) (ol + 7' 1-2005) 0.
k=0 a
n n 2 )
2 <k> (¢ bl = " 2H) = 0
k=0 q
n n 2 n n 2 )
Z <k>~ [2]{;}6;; = [n]a;; Z (k)~ q—n +2nk.
k=0 q k=0 q

The proof will be complete if we apply the identity in (15) to the right side of the last equation.

3 ¢—Exponential Functions

In this section, we study about the g—exponential functions (11) which was introduced by Exton. Let us
consider E(q?, ), then we have

E(qQ,m):i L » G, zec. (18)
n=0

)t !

Now we make a use of (6) to rewrite the above formula as follows

o0
1
E(¢* z) = ", zeC. 19
(@ 2) =) il (19)
n=0
We use a different notation for the Exton’s g—exponential function as

ez = BE(¢* x) = Z [n?a! 2", xzeC. (20)

n=0

One can see that this g—exponential function (20) is invariant under inversion of basis and its g—derivative
is equal to itself, that means

Dy ez = eqE (22)

The next theorem is about the product of two g—exponential functions.
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Theorem 4. For any x and y, the following equation holds

€~ €~ =¢€
9 7q q

z Y SQJ‘HJ)& (23)

where (z + y)2 is defined in (10).

q

Proof. We use (20) to expand both ez and eg, therefore we obtain

and the proof is complete.

4 Continued Fractions
A continued fraction is an expression of the form

by
ap + b )
a + 2

az +

b3
a3+...

where ag, ay,as,... and by, ba, bs, ... are two sequences of real or complex numbers. We use the following
symbol for the above continued fraction
oo
b
a0+ K [”] . (24)
n=1 Gn

The following theorem is the convergent theorem of continued fractions (See [7], p. 126).

Theorem 5. If a, > 0 for n > 1 then the continued fraction K2, L%] converges if and only if the
series Y o a, diverges.

4.1 Continued Fraction Representation of (—Exponential Functions

The g—exponential functions ey and EJ can be written as infinite product form as follows

1
1T M- A= gaz ¢ =1+ 0 —qx))
In this section, we want to show that the g—exponential function also can be written as infinite product
form.
Let us consider the g—derivative of a function f(x) which is defined as

~ f(qz) — f(qfll’)'

€

Do f(x) = 25
q ( ) (q _ q_l)x ( )
Take f(z) = el”, therefore we can write (25) as follows
QQI x
e~ — €ex
qer— LT (26)

T (¢g—q Nz
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because D e~ =q e~ . Now by easy manipulation, we may write (26) as
2
eX el ?®
6% - qujc = (1 - q2)$. (27)

Let us define g(z) := ST% and then we may write (27) as

=(1-¢° . 28
o) = (1= ot —s (28)
Iterating the formula in (28) infinity many times to obtain
9 1
o) = (1~ ) + 1 . (29)
(1-¢*)gz + 1
1—¢%)q%z +

Now by using continued fractions symbol which is defined in (24), we may rewrite (29) as follows

g(z) = (1 — ¢ x+K[1_q ] (30)

= Kla—mm) &

g(x) X[ (1—-¢*)q

By using Theorem 5, one can see that the continued fraction in the right hand side of equation (31) is
converge, if z < 0 and ¢ > 1.

or

Substitute z with ¢~'z in the equation (31) and then replace g(z) = :qu to obtain
q

o0 1 .
“a= lgo[(l - qg)q”‘lx] G (32)
Iterating this formula & times to obtain
sl
j=1n=0 (1—-¢?)q x| ¢

In the case, if & — oo, we have

—K
because if ¢ > 1, then we have lim el * =1.
k—oo 4
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