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On invariance and solutions of some fifth-order rational recursive sequences

M. Folly-Gbetoula * and D. Nyirenda |

Abstract
We study the fifth-order difference equations of the form
Tn—4Tn—2

Tptl = ,n=0,1,...,
xn—l(an + bnxn—4xn—2)

where a,, and b, are real sequences, using the method of Lie group analysis. In par-
ticular, nontrivial vector fields associated with the group of point transformations are
derived and exact solutions obtained. Closed form formulas for the solutions to the
recursive sequences are given explicitly. This work is a generalization of a result by
Elsayed [E. M. Elsayed, Behavior and expression of the solutions of some rational dif-
ference equations, J. Computational Analysis and Applications, 15(1) (2013), 73-81].

Keywords: Difference equation; Symmetry; Reduction; Group invariant; Periodicity
Mathematics Subjet Classification: 39A10; 39A13; 39A90

1 Introduction

Over a century ago, Sophus Lie [7] developed an algorithm based on the invariance of the
ordinary differential equations under their symmetry group. Maeda [8, 9] observed that the
Lie Symmetry approach can be applied to ordinary difference equations. Recently, Hydon
[3] utilized a similar method to come up with some interest-provoking results. It is now a
foregone conclusion that Lie’s method can be used to find symmetries and conservation laws
of recursive sequences, even in the context of variational equations.

In this paper, we obtain the vector fields of

xn—4mn—2 (1>

Tnt1 = )
xn—l(an + bnxn—4xn—2)

where a,, and b,, are random real sequences, and then proceed to find the solutions in closed
form. Our work extends the work by Elsayed [1], where the formulas of the solutions of the
difference equations

Lp—4Ln—2
= =0,1,... 2
Tn+1 l’n_l(i i l’n_4$n_2) n ) Ly ’ ( )

in which the initial conditions x_4,x_3,z_9, z_1, x¢ are arbitrary non-zero real numbers, were
obtained.
For related work, see [2, 4, 10].

*School of Mathematics, University of the Witwatersrand, Johannesburg, X3, Wits 2050, South Africa
Email: Mensah.Folly-Gbetoula@wits.ac.za

tSchool of Mathematics, University of the Witwatersrand, Johannesburg, X3, Wits 2050, South Africa
Email: Darlison.Nyirenda@wits.ac.za
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1.1 Background on Lie analysis

In this section, we briefly discuss some key ideas on Lie group analysis of difference equations.
For a broader comprehension of the concepts, refer to [3, 11]. The definitions and notation
are taken from the same source [3, 11].
Let

= X(x;¢) (3)

be a one parameter Lie group of transformations.

Definition 1.1 An infinitely differentiable function F' is an invariant function of the Lie
group of point transformation (3) if and only if, for any group transformations,

F(z) = F(z*). (4)

Definition 1.2 The infinitesimal generator of the one-parameter Lie group of point trans-
formation (3) is the operator

X = X(z) = () x A = Z@ axz (5)

where A is the gradient operator.
Theorem 1.1 F(z) is invariant under the Lie group of transformations (3) if and only if
XF(x)=0. (6)
Consider the forward fifth-order recursive sequence
Unts = P(N, U,y oy Upta) (7)

for some smooth function ®. Suppose the one-parameter Lie group of point transformations
is of the form

Nt =N, Uy = Ungpk + ESkS(n, uy)+) (€}, k=0,...,5, (8)

where ¢ denotes the characteristic, € (¢ is small enough) is the group parameter and S : n —
n + 1 is the shift forward operator. The symmetry condition is given by

5_(1)( n, n»"'vu;kz-i-zl)? (9)
whenever (7) is true. The substitution of (8) in (9) yields the linearized symmetry condition:
S%¢(n, uy) — XP =0 (10)
where X, the vector fields of (7), is given by
0
X = n) 4o L, uy o 47 n 11
€l ) g + 600+ L) g e €t A g (1)

Despite the fact that (10) looks simple, its solution finding process is highly involving.
In our work, we will use the canonical coordinate [5]

/ o Z“Zn (12)

to lower the order of the difference equation under investigation.

2
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2 Main results

Let
UpUn42
Unp+3 (An + Bnunun+2) ’

Un+5 = o = (13)

where A, and B, are random real sequences, be the forward recursive equation equivalent

to (2).
Substituting (13) in (10), we have that
555 + u“un+2(53£) o Aﬂun(sg) _ Anun+2€ -0
u72~b+3 (An + BnununJrQ) Up+3 (An + Bnunun+2)2 un+3(An + Bnunun+2)2 ‘
(14)

We act the differential operator
0 o, 0

I =
Oup, Py, s OUpgs

to eliminate the first term in (14). This leads to
/ ! An
(A, + Bpuntga) [(ng) — (535)} + Bun(SE) — (An 4+ Bpuguni2)& + u—f =0 (15)

after simplification. The differentiation of (15) with respect to u, twice, keeping u, 3 fixed,
yields
A, 24, 24,
— (An + Butinti42)€® + =€) — =g/ 4 Z2e 0. (16)
Un,

Up 2 Uy

Split (16) by comparing powers of u,,2; we have

Uppo term:  ud€B) — 263 4 2,8 — 26 =0, (17)
other terms : €@ =0.
Equations in (17) further simplify to
U, 26@ — 20,8 +2¢ = 0. (18)

It is clear that the solution of (16) is

€ (N, tn) = frtin + gnlin” (19)

for some arbitrary functions f, and g, of n. Using characteristic’s expression as given in
(19), we reduce equation (14) to the following difference equation

Bngn+3unun+2un+32 + Bn(fn+3 + fn+5)unun+2un+3 - Angnunun+3 + In+5UnUp42
- An(fn + fn+2 + fn+3 + fn+5)un+3 - Angn+1un+2un+3 + Angn+3un+32 = 0. (20>
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which then splits into a system (by comparing products of powers of shifts of wu,,) as follows:

Upyg terms : f, + foio + fris + fnis =0 (21a)
UpUp o terms : g5 =0 (21Db)
UpUpyz terms : g, = 0 (21c)
UpUp2Uniz terms @ fri3+ fuys =0 (21d)
U U 2Un43> tETMS : gpig = 0 (21e)
UpyoUn iz terms : g, 1 =0 (21f)
Upis? terms : gnig = 0. (21g)
Thus, the ‘final constraint’ is given by:
fo+ frr2 =0, (22a)
gn = 0. (22b)

Solving (22) for f, we obtain two independent solutions given by exp(£nm/2). Therefore,
the characteristics are

gl :anuna 52 = dnuru (23)
and so the prolonged infinitesimal generators admitted by (13) are

_.n n+1 n+2 n+3 n+4
X1 =a"up 0y, + 0" Up 10y, + " U200, 0 + U300, s + O U a0y, (240)

~n ~n+1 ~n+2 =n+3 ~n+4
Xy =a"up 0y, + & Up 10y, + Q" Uni20u, 5 + U304, 5 + O U140y, . (24D)

n+1

Observe that o = exp(im/2) and & is its complex conjugate. Using the generator X, we
have the canonical coordinate

d |
&:/1M:—mmy (25)

AUy, am
Thanks to the form of (22), the invariant function Vj, is constructed as follows
Vn = SnOén + Sn+204"+2 (26)

since X1V, = a”+a"? =0 and X,V, = a"+ a"*"2 = 0. For rational difference equations,
it is convenience to use

Vol = exp{_f/n}: (27)

ie., V, = £1/(upunie) but we will be using the one with plus sign: V,, = 1/uyu, 0. We
then substitute (27) into equation (13) to get the third-order linear difference equation

Viis = AV, + By (28)

4
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The iteration of equation (28) leads to

n—1 n—1 n—1
Vs =V <H A3k1+j> + <B3l+j H A3k2+j> , J=01,2 (29)
=0

k1=0 ko=l+1
Invoking (25), (26) and (27), we have that
|un| =exp (a,Sn)

n—1 n—1
_ e 4+ @" _1 n—klv _1 ~n kQ‘N/
=exp | a"c1 + a"cy 5 a"a" Vy, 5 a"a?Vy,
k1=0 ko=0

n—1 n—1
1 1
=exXp OénCl + O_énCQ + 5 E Oéndkl In |Vk1’ + 5 E anékQ In “/;92 ‘)

k1:0 k'2:0
n—1
—exp | Ho+ 3 Re(y(n, k1)) In|Viy| ) (30)
k1=0

in which H, = a"c; + a"cy and y(n, k) = a"a*.
It is worthwhile to mention that the function ~ satisfies the following:

7(07 1) = 6‘77<170> = au'y(nvn) = 177(” +2, k) = _’V(na k)7

(31)
From the expression of u,, given in (30) and from the above properties (31), note that
An+j—1
[thans| = exp (Hj + Y Re(y(G k) In|Vi, |> . (32)
k1 =0
For j = 0, we have
|tugn| =exp(Ho + In|Vo| = In |Va| + ...+ In |Viy_g| — In|Vi,—2|)
n—1 V.
= exp(H =1 33
p(Ho) g Visro (33)
By setting n = 0 in (30), we get exp(Hy) = ug and so
n—1
Vis
Uy, = U, 34
! ’ g ‘/2154-2 ( )

We have omitted the absolute function because it can be shown, using (27), that there is no
need for it. In a similar way, we have that

n—1

Ugntj =Uj H
s=0

‘/43+j

, for any j =0,1,2,3. (35)
Vistjto

205 Gbetoula-Nyirenda 201-218



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

This equation implies that

In—1
‘/45+]
Ur2n+j = Uy H
‘/43+j+2
n—1

Vias+i Viosyatrj Viostjvs

s§=

0 ‘/125—‘,—]'—1—2 ‘/125—|—j+6 ‘/125—1—]'—&-10

which now holds for j =0,1,2,...,11
For j = 0, we have

n—1
Viss Viosya Viasts
Uion = Uo : (36)
~0 ‘/1254-2 ‘/12s+6 ‘/].28+10
Using (29) in (36), we have that
4s—1 45—1 4s5—1 4s
n—1 ‘/0 H A3k1 + Z B3l H A3k2 ‘/1 H A3k1+1 + Z B3l+1 H A3k2+1
_ H k1=0 1=0 ko=i+1 k1=0 ko=i+1
Ui2n = Uo 45—1 4s—1 45—1 4541 45+1 4541
s=0 Vo [ Asky+2 + Z Baiyo T] Asker2 Vo Il Asen + D Bs [I Ask,
k1=0 ko=I1+1 k1=0 =0 ko=I1+1
4s+1 4s+1 4541
Vo IT Aspyq2 + Z Bsipo [I  Askyo
k1=0 ko=I+1
4542 4542 4542
Vi IT Asey1 + Z Byi1 I Askpa
k1=0 ko=Il+1
4s—1 4s—1 4s—1 45 4s 4s
n—1 H A3k1 + ugug Z Bs H A3k2 H A3k1+1 + uius Z Bsiq H A3k2+1
o H k1=0 =0 ko=I+1 k1=0 =0 ko=I+1
= Yo 45—1 45—1 45—1 4541 4541 4541
s=0 1] Asky42 +usta Y Baiys [ Askgre [ Ase +wous > By [ Ask,
k1=0 =0 ko=I+1 k1=0 =0 ko=I+1
4s5+1 4s5+1 4s5+1
[T Askyio+usug > ( Baira [ Askyto
k1=0 1=0 ko—I+1
4542 4542 4542 :
[T Asky1 +wius > ( Bairr [1 Asketr
k1=0 1=0 ko—I+1
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Hence x19,_4 is equal to
4s5—1 4s5—1 4s5—1 4s 4s
n—1 H A3k, + T_4T_9 Z by H A3k, H A3k 41 + T 3T ZbSH-l H A3ko+1
k1=0 =0 ko=Il+1 k1=0 =0 ko=Il+1
Ly 4s—1 4s—1 4s—1 4s+1 4st1 4st1
s=0 [ asgk,+2 + 220 Z baivo [I @skere I @siy, +2oaz—o > by [[  ask,
k1=0 ko=Il+1 k1=0 =0 ko=Il+1
4s5+1 4s5+1 4s5+1
[T asky42 + 2020 D | baire [ @sketo
k1=0 =0 ko=I[+1
4542 4542 4542
IT asiye1 2321 > (bsivr I asket
k1=0 =0 ko=l+1
For 7 =1, we have
4s—1 4s—1 4s5—1 4s
o1t Vi T Asiper + D0 Baigr [ Askgr1 Vo H A3k1+2+ZB3l+2 [T Asiyso
o H k1=0 =0 ko=I[+1 k1=0 ko=I[+1
Uizn+1 = 1 4s 45 45 4st1 4511 4511
5=0 Vo I1 Ask, + 2. Bs [ Ask, Vi T Asky+1 + Z Bayiyr [] Askotr
k1=0 =0 ko=I[+1 k1=0 ko=Il+1
4542 4s+2 4542
Vo I1 Ask, + >° By [[ Asg,
k1=0 =0 ko=i+1
4542 4542 4542
Vo T1 Asky2 + Z Baiva [ Askyte
k1=0 ko=I+1
so that x19,_3 is equal to
4s—1 4s5—1 4s—1
n—1 H a3k +1 + 3T Z b3l+1 H A3ko+1 H a3k, 42 + T_ 2xozb3l+2 H A3k2+2
H k1=0 =0 ko=I1+1 k1=0 ko=Il+1
T-3 4s 4s 4s 4541 4s+1 4s+1
s=0 [T asi, +xax2d> by []  as, [T Aspy1 + 2321 Z byiv1 [ @3kt
k1=0 =0 ko=I1+1 k1=0 ko=I1+1
4542 4542 4542
I ask, T x—ax—o > by [[ ask,
k1=0 =0 ko=I+1
4542 4542 4542
[T asky+2 + 2270 Z byiva [ @skyeto
k1=0 = ko=I+1
For 7 = 2, we have
4s5—1 4s5—1 4s5—1 4s5+1 4s5+1 4s5+1
ne1 Vo I] Askr2+ D0 Baira [ Askyto Vo I1 Ase, + X2 Bsr [ Ask,
o H k1=0 =0 k2=l+1 k1=0 =0 ko=l+1
Uian+2 = U2 4s 4s ds+1 4s+1 ds+1
s=0 V1 ] Askys1 +Zle+1 H Aspr1 Va T Askyv2 + Z Baiva [ Askyt2
k1=0 ko=Il+1 k1=0 ko=Il+1
45+2 4542 45+2
Vi T1 Asky+1 + Z Baiyo T1 Askett
x k1=0 ko=Il+1
45+3 4s+3 4543
Vo T1 Ase, + X2 Bar [ Ask,
k1=0 =0 ko=I+1

207 Gbetoula-Nyirenda 201-218



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

so that
4s5—1 4s5—1 4s—1 4s+1 4s5+1 4s+1
ne1 L @sie2 + 2020 > byipo [[ askpto I ask, +x_ax—o > bsy [I ask,
. H k1=0 =0 k‘2:l+1 k1=0 =0 ko=I+1
T12n—2 = T—2 4s 4s 4541 4541 4511
s=0 1] aggy41 +x—32_1 ) byis1 H Askot1 || Gskir2 + 7020 D bsipo [] asryso
k1=0 =0 ko=I+1 k1=0 =0 ko=Il+1
4542 45+2 4542
I asky41 + 2321 > bsiro [ @skptr
k1=0 =0 ko=l+1
4543 4s5+3 4s5+3
I asp, +2_ax—o > by [I asw,
k1=0 =0 ko=I+1

1

———— we deduce that
Lj—4Tf—2

Following similar substitutions as above where u; = x;_4 and V; =

for T12n+j5—4 with j = 3, 4, 5, ceey 11,
Tion—1 =
4s 4s S 4s+1 4s5+1 4s5+1
ne1 1] asey Fooar_2d by [ ask, [ @sr + 23221 > byipr [ askesa
k1=0 =0 ko=I1+1 k1=0 =0 ko=I1+1
L1 4s 4s 4s 4512 4512 4512
s=0 TT asky12 + 2220 Y bsira [ aswoye I asw, +x-ax_o > by [[ ask,
k1=0 1=0 ko=i41 k1=0 =0  ko=I+1
4542 4542 4542
I asky+2 + x—2z0 Z baiva [ @sketo
k1=0 = ko=Il+1
4543 45+3 4543 )
I asky+1 + 2321 Z byivr [l a@skys1
k1=0 = ko=I+1
T12n =
4s 4s 4s 4s5+1 4s5+1 4s+1
net I @skyr1 + 231> byier [I @skerr I @skir2 + 2220 Y. baive [] askeso
- H k1=0 =0 ko=Il+1 k1=0 =0 ko=Il+1
0 4s+1 4s+1 4s+1 45+2 4542 4542
5=0 I ask, Fx—ax—o > by [I ask, [ @siprr +2-32-1 > byyr [I askes1
k1=0 =0 ko=I+1 k1=0 =0 ko=I+1
45+3 45+3 45+3
IT ase, +x—ax—a > by [I  ask,
k1=0 1=0  ko=I+1
4s5+3 4s5+3 4s5+3 ’
[T askyv2 + 2220 > bayvo [I  askyso
k1=0 1=0 ko=I+1
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T12n+1 =
4s 4s 4s 4542 4542 4542
et I @skys2 +20m0 Y bsiro [ askyte I asey +x—az—2 > by [ as,
k1=0 =0 ko=Il+1 k1=0 =0 ko=Il+1
Z1 4s+1 4s+1 4s+1 4542 4542 4542
s=0 H A3k, +1 T 371 Z 311 H A3ky+1 H A3k 42 + T 2% Z b3i42 H A3ko4-2
k1=0 =0 ko=Il+1 k1=0 =0 ko=Il+1
4s5+3 45+3 45+3
IT asky41 + 2321 > byrr [ a@skett
k1=0 1=0 ko=i41
4s+4 4s+4 4s5+4 ’
IT ase, +x—ax—a > by [I  ask,
k1=0 =0  ko=It1
T12n+2 =
4s5+1 4s+1 4s+1 4542 4542 4542
ne1 1] asky F2_aw—o D> by [] ask,  [] @1 + 2321 > byer [ askesa
k1=0 =0 ko=I1+1 k1=0 =0 ko=I1+1
2 4st1 4511 4s+1 4513 4513 4513
s=0 [T aspy12 + 7220 > byiva [[ askore Il ase +x-ax—0 > by [ ask,
k1=0 1=0 ko=i+1 k1=0 1=0  ko=lt1
4543 4543 4543
I asiro+ 2070 D> byiya [[ askpto
k1=0 =0 ko=Il+1
4s+4 4s+4 4s+4 ’
I askys1 + 2321 > by [ @sketr
k1=0 =0 ko=I+1
T12n+3 =
4s5+1 4s+1 4s5+1 4542 4542 4542
net 1 @seys1 + 2321 D byipr [ @skotr1 [ @sis2 + 2220 D baire [ @skyte
- H k1=0 =0 ko=l+1 k1=0 =0 ko=Il+1
3 4542 4542 4542 4513 45+3 4s+3
s=0 I ask, +ox—azx—o > by [[ ask, I aspyp1 + 2321 > by [ askyt1
k1=0 =0  ko=It+1 k1=0 =0 ko=i+1
4s5+4 4s5+4 4s5+4
[T ask, +2x—ax—o > by [[  ask,
k1=0 =0 ko=I+1
4s+4 4s+4 4s+4 )
[T asky42 + 2220 > bava [I askyso
k1=0 1=0 ko—i41
9
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T12n+4 =
4s5+1 4541 4s+1 4543 45+3 45+3
net 11 @skyr2 +x—0x0 Y bypa [ askyt2 I asey +x—az—2 > by [ as,
H k1=0 =0 ko=l+1 k1=0 =0 ko=Il+1
L4 4542 4542 45+2 45+3 45+3 4s+3
s=0 H A3k, +1 T 371 Z 311 H A3ky+1 H A3k 42 + T 2% Z b3i42 H A3ko4-2
k1=0 =0 ko=Il+1 k1=0 =0 ko=Il+1
4s+4 4s5+4 4s5+4
IT asky41 + 2321 > byrr [ a@skett
k1=0 1=0 ko=i41
4s+5 45+5 4545 ’
IT ase, +x—ax—a > by [I  ask,
k1=0 =0  ko=It1
T12n+5 =
45+2 4542 4542 45+3 4543 4543
ne1 1] asky F2_aw—o D> by [] ask,  [] @1 + 2321 > byer [ askesa
H k1=0 =0 ko=I1+1 k1=0 =0 ko=I1+1
L5 4512 4542 4542 4s+4 4st4 dst4
s=0 [T aspy12 + 7220 > byiva [[ askore Il ase +x-ax—0 > by [ ask,
k1=0 1=0 ko=i+1 k1=0 1=0  ko=lt1
4s+4 4s+4 4s+4
I asiro+ 2070 D> byiya [[ askpto
k1=0 =0 ko=Il+1
4545 4545 4545 ’
I askys1 + 2321 > by [ @sketr
k1=0 =0 ko=I+1
T12n+6 =
45+2 4542 4542 4543 4543 4s5+3
net 1 @seys1 + 2321 D byipr [ @skotr1 [ @sis2 + 2220 D baire [ @skyte
- H k1=0 =0 ko=l+1 k1=0 =0 ko=Il+1
6 4s+3 4543 4543 4s+4 4s+4 4s+4
s=0 I ask, +ox—azx—o > by [[ ask, I aspyp1 + 2321 > by [ askyt1
k1=0 =0  ko=I+1 k1=0 =0 ko=i+1
45+5 4s5+5 4s5+5
[T ask, +2x—ax—o > by [[  ask,
k1=0 =0 ko=I+1
4545 4545 4545 )
[T asky42 + 2220 > bava [I askyso
k1=0 1=0 ko—i41
10
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Tion+7 =
4542 4542 4542 4s+4 4s5+4 4s5+4
net 11 @skyr2 +x—0x0 Y bypa [ askyt2 I asey +x—az—2 > by [ as,
H k1=0 =0 ko=l+1 k1=0 =0 ko=Il+1
L7 4513 4543 45+3 4s+4 4s+4 4s+4
s=0 H A3k, +1 T 371 Z 311 H A3ky+1 H A3k 42 + T 2% Z b3i42 H A3ko4-2
k1=0 =0 ko=Il+1 k1=0 =0 ko=Il+1
4s5+5 4s5+5 4s5+5
IT asey+1 + 2321 > by [ @skptr
k1=0 =0 ko=I+1
4s5+6 4546 4546 ’
IT ase, +x—ax—a > by [I  ask,
k1=0 1=0 ko=l+1

where 1, X9, T3, T4, X5, Tg and x; are given as follows:

B T_4T_o B T_3T_q ~x_1xo(ao + bor_4x_»)
T = y L2 = y T3 =
ili',l(ao —+ bol',4.’ll',2) .Z'[)(Cll + blflﬁ,g.ﬁE,l) $,4(&2 -+ bQZ',QiL'())
. x,4x,2x0(a1 + b1$,3$,1) . $,3$,4(CL2 + bQQZ,QSUQ)
Ty X

N .1',331',1(610(13 + (boag + b3)$,4$,2)7 T 513'0(&0 + box,4x,2)(a1a4 + (b1a4 + 1)4)1',333',1>7
r_3x_1(apas + (boas + b3)r_42_)

Tg = ,
6 ZL'_4(CL1 + bll‘_gl‘_l)(ag,ag + (b2a5 + b5)l’_21’0)

and

- 1’,21'0(610 + box,4:1:,2)(a1a4 + (61&4 + b4)x,3x,1)
7 — .
.73_3((12 + ng_gxo)(agagao + (a6a3b0 + (1653 + b6)$_4$_2)

We now turn our attention to special cases in the subsequent sections.

3 The case a, and b, are 1-periodic

Let a, = a and b, = b, where a,b € R. We simply carry out a substitution and find the
following solution:

4s5—1 4s 4s+1
ne1 @* +br_yx_o S0 al a®* T 4 br sx Yo al a2+ bx_gxy S dl
=0 i=0 i=0
Tian—4 = T4 H 4s—1 ds+1 452
s=0 g4 4 br_owg Y al a*T2+br_yr_o Y al a* P +br_sx_y ) d
i=0 =0 i=0
4s5—1 4s 4542
ne1 @* +br_gr g > ab a®T +br g Yo dl a4 br_yx Y d
_ =0 =0 =0
T12n-3 = T3 4s 4s+1 4542
s=0 gtstl by _yx oYy al a®t2 +br_gx_y Y al a3 +br oz Y dl
i=0 =0 i=0
11
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4s—1 4s5+1 4542
ne1 @ +br_oxg S db a¥ T+ br g5 > al a3+ br_gx Y d
_ 1=0 1=0 1=0
Tian-2 = T2 H 4s 4s+1 4543 7
s=0 g4t 4 by gz 1Y al a®t2 4 br_qwg Y al a*tt +br_yx o Y d
1=0 1=0 1=0
4s 4s5+1 4542
ne1 @t br g 5> adb a2 4 b sz YD dl a* T b g Y d
_ 1=0 1=0 1=0
Tizn-1 = T-1 H 4s 4542 4s54+3 7
s=0 gdstl 4 hr_owg Y al a*t3 +br_yx_o Y al a*tt +br_sx 1 Y, d
1=0 1=0 1=0
4s 4s+1 4543
ne1 a4 br gz 1 S al a* b swo D dl a*tt +br_gw o Y dl
B =0 1=0 1=0
Lizn = Zo H 4s+1 4s5+2 4543 ’
s=0 g4+2 L br_yx_o > al a3+ br_gr_y Y ab a*tt+br_sxy Y, d
1=0 1=0 1=0
4s 4542 4543
ne1 a4 bz owg Y al a* bz w0 Y adl a4 b sz Y d
_ 1=0 1=0 1=0
L1ont1 = 21 H 4541 4542 4514
s=0 g4s+2 + bl’_gl‘_l Z al qist3 + bIL'_QZL‘Q Z al qisto + bl’_4ZL'_2 Z al
1=0 1=0 1=0
4s+1 4542 4s5+3
ne1 a2 by g o S d a®* P+ br x> al a4 by gz Y d
_ 1=0 1=0 1=0
L1on+2 = 22 H 4541 4543 4514
s=0 A4s+2 + bZE_QZL‘O Z al qist4 + b$_4$_2 Z al q4s+5 + b{L‘_gfL‘_l Z al
1=0 1=0 1=0
4s+1 4s5+2 4s+4
ne1 a2 4w sx ) ST dl a4 b _swo YD dl a* Pty o Y dl
B 1=0 =0 1=0
L12n+3 = L3 H 4542 4543 4s+4
s=0 g4s+3 + bl'_4l'_2 Z al qdst4 + bl’_gl’_l Z al qdstd + bl'_gl'() Z al
1=0 1=0 1=0
4s+1 4543 4544
1 a4s+2 + bCC,QQ?o Z al a4s+4 + b$,4$,2 Z Cll a4s+5 + b.x,gl’,l Z al
B 1=0 1=0 1=0
Tiznta = L4 H 45+2 45+3 4s+5
s=0 g4st3 4+ br_zx 1 > al a¥ Tt +br oz Y. ab a*tO+br_yx 5 > d
1=0 1=0 1=0
4542 4543 4s+4
_ a4s+3 + b$,4.1',2 Z CLZ a4s+4 + ba:,gac,l Z al a4s+5 + bx72x0 Z CLl
B 1=0 1=0 1=0
Ti2n+5 = Ts H 45+2 4s+4 4545
s=0 g4 t3 4 hr_oxg Y. al a5 +br_yx o Y dl a* O +br x4 > @
1=0 1=0 1=0

12
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4542 4543 4s+5
n—1 CL4S+3 + br_ 3T _1 Z CL a45+4 + bx_ 220 Z CL (l45+6 + bx_ 4L _9 Z a
1=0 1=0 1=0
12046 = L6 H 4543 4544 455
s=0 qdst4 L by _yu 9 > al a0+ br_gr_y > al a®t6 +br_oxy Y d
1=0 1=0 1=0
4542 4s+4 4s+5
ne1 a¥T3 4+ b _omg D al @t +br_gr o Y al a®TC b 3z Y dl
. . H 1=0 1=0 1=0
12n+7 = &7 4543 4s+4 4546
s=0 gdstd by gy Y al atTd +br oz Y, al a**tT +br_yx_o > a
1=0 1=0 1=0

where x1, x9, T3, X4, x5, Tg, T7 are given by

T_4T—9 T_3T_1 r_1xo(a + br_4x_5)
Ty = ) To = ) xr3 =
x_l(a + bZL'_4ZE_2) CL’()(CL + bl’_gl'_l) ZL'_4(CL + bl’_gl’o)
. T_4x_oxo(a + br_szx_1) r_42x_g(a + br_sxp)
4 pr—

.%'_3.CE_1((12 + (ab + b)$_4l‘_2)’ 5= Jfo(a + bx_4x_2)(a2 + (&b + 6)23_3.23_1)7

r_3x_1(a® + (ab+ b)w_yx_5)
r_4(a+br_sx_1)(a®+ (ab+ b)x_sx()

Tg =

and
ZL’,QLC()(CL + bx,4:1:,2)(a2 + (ab + b)$,3$,1)

z_3(a+ bx_sxo)(a® + (a?b+ ab+ b)x_sx_5)

T7 =

3.1 The case a =1
The solution, which appears for b = 1 in Theorems 1 and 6 of [1], is given by

ﬁ 1+4sbr_yz_9 1+ (43 + 1)bl’_3l’_1 1+ (48 + 2)();[‘_2;)30
Tiop—a = X ’
12n—4 4 " 1+ 4sbx_omg 1+ (4s+ 2)bx_yz_5 1+ (4s + 3)bx_32_4

n—1

H 1+ 4sbr_sx_y L+ (ds+ Dbx_gzg 14 (4s+ 3)bx_gx_»
Tion_3 = T_ ,
fan=3 L s+ Dbo_ym o 1+ (45 + 2)bx_sz_; 1+ (4s + 3)ba_amg

ﬁ 1+ 4sbx_oxp 1+ (4s +2)bx_yx_o 1+ (4s + 3)bx_3z_4
T1o9gp—2 = T ;
tan=2 2 1+ (4s+ Dbr_gz_y 14 (4s+2)bx_sxog 1+ (4s +4)br_sx_5

LA (s + Dba_gm_o 1+ (ds + 2)bz_sz_1 1+ (4s + 3)bz_smg
Ti2n—-1 = 1 H

vo L+ s+ Dbaozg 1+ (4s+3)br_gz_o 1+ (4s + 4)bx_32_1

13
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n—1

H 1+ (4s+ Dbr_sz_y 1+ (4s+2)bx_sxog 1+ (4s +4)bx_sx_9
Tion = T ’
12 0 1 —+ (48 + 2)(717_4?[7_2 1 —+ (48 + 3)(7.13_31'_1 1 + (48 + 4)b$_2ZEO

s=0

n—1

H 1+ (4s 4+ D)bx_gmg 1+ (45 + 3)bx_y2_o 1+ (4s + 4)bx_sz_,
Tionsl = T ’
12n+1 1 i (45 4+ 2)br_sx_1 1+ (4s + 3)bx_szq 14 (45 + 5)br_sz_s

H 14+ (4s+2)bx_yx_9 1+ (4s 4+ 3)bx_sx_1 1+ (4s + 4)bx_sx
o)

Tion+2 = 1 + 48 T+ 2 br_oxg 1+ (45 + 4)bx74x72 1+ (48 + 5)b$73x717

H 1+ (4s+2)bx_gz_1 14 (4s+3)bx_oxg 1+ (4s+5)bx_sx_o
T3

Plants = 14 (45 +3)bw_gw_o 1+ (4s +4)br_s2 1 1+ (45 +5)br_s20

n—1

H 1+ (4s+ 2)bx_ozg 1+ (4s+4)bx_yx_o 1+ (4s+ 5)br_32_4
T1on =X )
okt =L 4+ 3)bw_sz_y 1+ (ds + )bz _ymg 1+ (4s + 6)br_sz_s

ﬁ 14+ (4s+3)bx_yx o 1+ (4s+4)bx 321 1+ (4s + 5)bx_sxg
5

Ti2n+s = 1+ (As+3)brswg 14 (4s +5)br_yzp 1+ (45 + 6)br_sz_y

H 14+ (4s+3)bx_sx_1 1+ (4s+4)bx_sxg 1+ (4s+ 6)br_sz_
Lo

T12n+6 = 1+ (4s+4)bx_yx o 1+ (4s+5)bx 301 1+ (454 6)bx_oz0

n—1

. . H 1+ (4s 4+ 3)bx_ozg 1+ (4s+5)bx_yx_o 1+ (4s+ 6)br_32_4
et T L L s a)ba sz 1+ (45 + B)bx_gmg 1+ (4s + T)br_sz_y’

where Ty, X2,X3, T4, X5, Le, Ty alC given by

R L_4X_9 Ty — Xr_3T_1 T — $_1I0(1+b1'_4$_2)
! JI_1<]_ +b$_4l'_2)7 2 ZL'()(]_ +b$_3l’_1)7 3 5(3_4(1 —f—bl’_gl’o)
oy — I‘,4.T,2$0<1 + bx,3:€,1) o .T,4‘T73(1 + bx,gxo)
L £C,3.§U,1(1 + 2[).1',433,2) ’ o 5130<1 + b$,4$,2)<1 + 2[?37,31',1)7
— r_3x_1(1 4 2bx_4x_5) and 2o — T_oxo(l + br_yx_9)(1 + 2bz_3x_1)
6= T_g(1+bx_gz_1)(1+ 2bx_sz0) T r_3(1 + bx_oxo) (1 + 3bx_yz_3)

14
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3.2 The case a = —1

The solution, which appears for b = 4 in Theorems 3 and 8 of [1], is given by

Tion—4 = T—4, T12n—3 = -3, Ti2n—2 = T-2, Ti2pn—1 = T—-1, T12n = Lo,

T4 _9

T_3T_1

T12n+1 = Tion+2 =

_1(—1 + b$_4$_2) ’

.T_4£L’_2.170(—1 + bl'_g,T_l)

1’0(—1 + bx_gzz:_l) ’

Ti12n+3 =

I_lflf()(—]. + bx_4x_2)
_4(—1 + b$_2$0)

33_4.23_3(—1 + biﬂ_gl'o)

T12n+4 = T
—3T—-1

T_3T_1

y L12n+5 =

[L’()(—l + bZL‘_4£L‘_2)

T_9X

T12n+6 =

_4(—1 + b$_3$_1)7

Tion+7 =

4 The case a, and b, are 3-periodic

The 3-periodicity of the sequences yields the following solution:

_3(—]_ + bI_QZL'()) ’

4s—1 4s+1
ds+1 als+?
ne1 A8 +bor_yx_o > ab a4+ bir_sw Zal 2 4 by oy E ab
_ =0
Tim—4 = T4 H ., = e 4s+ 2o+ 4s+2 l’
— S S
s=0 3% + byx oy Y ab +bor_4r o Y. a a’ + b sx 1 Y al
i=0 i=0 i=0
1 & gl gl e
S S
no1 a7° Fbix_sxr_1 Y a + box ga:OZaQ +bor_g4r_o > al
_ l—O =0 i=0
Tiop—3 — T3 e s 4s+1 rois 4542 ’
s=0 s+ + box_4T_o Zao st + bix_3T_1 Z (lll S+ + b _sxg Z CL2
i=0 i=0 =0
4s5—1 ; 4 +2 4s5+1 4 43 45+2
S S
n—1 Q3" +bax_oxo Y ab +bor_4x_g Y, ab at* +bix_sx 4 Y d}
. . i=0 i=0 i=0
12n=2 = =2 st 4s s 4s+1 ot 4543
s=0 q " fbiw 3w 1 Yo ah ay" - bew owg Y. ab ag*™t +bor_yr 5 Y d)
i=0 i=0 i=0
s tesn istl i 4s+2
n—1ay” 4 by gz QZaO T r b gz Y ab ay’t +bax gz Y d
_ i=0 i=0 =0
Tim—1 = L1 ot C 1542 . [
s=0 ay*tt 4 box 9w D dl ag®? +bor_yr o Y ab aTt +bix gz Y db
i=0 i=0 i=0
der1 4s : 4 5 4s5+1 4 4 4543
ne1 @ b s Yo al a3t 4 b omg S ab ag’™t +bor g9 > dl)
e i=0 =0 =0
12n =0 ds+1 4542 4543 7

4 2 4 3
s+ +b0$ 4T _9 Z CLO st +blx_3x_1 Z (lll

=0

=0

15
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teil 4s . 1543 4542 4 4 4s+3 .
ne1 @° T bz _omg Do dl ag’ +bor_ar o Y al aP*tt + bz 3 Y df
. . =0 =0 =0
12n+1 — 1 4s+1 4s+2 4s+4
o s +2 Lt 45+5 I
al’ t Hbhr_sr_q Y a) + b 9wy Y. dby ag’™ 4+ bor_sr o > d
1=0 1=0 =0
4512 4s+1 . 4 3 4s+2 4 " 4s5+3
n1 0"+ bor_gr_o > al ai’T + bix_zw_y Z ay ay"t 4 by o1 Z ab
=0
Ti2n+2 = T2 )
4541 4s+3 4s+4
s=0 ,4s+2 b l 4s+4 b 45+5 b l
ay”" + by 9wy Y aj +bor 4y Y af a)* +biz_sr_y Y a}
=0 =0 i=0
4502 4s+1 ; 4 3 4542 4 45 4s+4
ne1 0" b ar ) Y al a® P+ bow axg S dl ap®tt +bor g o Y al)
. — 1=0 =0 =0
12n+3 = -3 4542 45+3 ds+4 7
—0 ,4s+3 b 1 4s+4 b l 4s+5 b
Qg + 00T _4T_o Z ag aq +01x_3x_4 Z aq + 02x_ox Z a2
=0 1=0 =
o2 4s5+1 . 4 4 4543 4 45 4544
ne1 Ay 2+ bow oo Do dl ag®t +bor_gr_o Y. al aTT + bz sz Y db
. — =0 =0 =0
12ntd = &4 4542 4543 4545
s=0 H4s+3 l 4s+4 45+6 l
a’™ +bir_sr_y Y aj + box o1y Z ab ag”™® + bor_4x_o > d)
=0 = 1=0
4543 R gt o3 alo+ =
10" bor_gr_o Y ay a T+ b3y Z al a5 + byr o1 Z ab
=0
L12n+5 = L5 ’
4542 4s+4 4s+5
s=0 4s+3 b l 4545 b 1 ,,4s+6 b l
as’ " bow_oxg Y, ahy ag’ +box_ax_o Y aj ai’ " +bix_sr_1 Y, a;
1=0 1=0 1=0
4 3 45+2 4 4 4543 45+5
ne1 0" b sr ) S al @yt + o _pmg Z ab ags=b +bor_4x_5 > d
=0 =0
T12n4+6 = L6 s 4543 rets 4s+4 et 4545 7
5=0 q* ™ + bor_yx_9 > dl a’T +biw sx g > db ay®tC + bz _amo D d)
=0 =0 =0
45+3 | s = a5 +o Eax
ne1 a3’ box_9xg Y db ag®? +bow_gr_o Y ab a’C +bhiw_zx_y Y db
T — 1=0 1=0 1=0
12n47 = 27 4543 4514 4546

s=0 g1 L biw 3v 1 > db oa

=0

4 5
st +b2I 220 Z CL2

where x1, 9, T3, 14, 5, Tg and z7 are given as follows:
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. T_4T_o o T_3T_1 o r_120(ag + box_4x_3)
1 — y 2 — ) 3 —
ZL'_1(CZ0 + bo$_4l'_2) x()((ll + b1l’_3$_1) 1'_4(CL2 + ngE_QLE())
vy — T_yT_og(ar + bix_3x_1) - T_32_4(ag + bow_ow0)
4 J]_gl’_l(a% + (boao + bo)$_4l’_2) ’ > xo(ao —+ bol’_4$_2>(a% + (blal + b1)$_3flf_1) ’
i 5(7_317_1(CL(2) + (boao + bo)l‘_41'_2)
0 .%‘_4(&1 + blx_gx_l)(a% + (bgCLQ + bg)]?_zl’o),
and

o — l',gl'o(ao + b0$,4$,2)(a% + (b1a1 + b1)$,31’,1)
T 23_3(&2 + bgﬁ_gxo)(a% + (a%bo + (Iobo + bo)$_4x_2)'

5 Conclusion

In this paper, we derived symmetry generators for the difference equations (2) and explicit
formulas for the solutions of the equations were also obtained. Our solution generalised
Theorems 1, 3, 6 and 8 of Elsayed [1].
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Abstract

In this paper we consider analytic functions in the unit disc D such that |f®)(z)] is
bounded in . We present several sufficient conditions for function to be p-valent
starlike, convex or strongly starlike of a certain order.

Key Words and Phrases. univalent functions; starlike; convex; close-to-convex
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1. INTRODUCTION

A function f analytic in a domain D € C is called p-valent in D, if for every complex number w,
the equation f(z) = w has at most p roots in D, so that there exists a complex number wy such that
the equation f(z) = wy has exactly p roots in D. We denote by H the class of functions f(z) which
are holomorphic in the open unit unit D = {z € C: |z| < 1}. Denote by A(p), p € N={1,2,...},
the class of functions f(z) € H given by

fe) =2+ ) a,2", (z€D).

n=p+1

Let A = A(1). Let S denote the class of all functions in A which are univalent. Also let S;(a) and
Cp(a) be the subclasses of A(p) consisting of all p-valent functions which are starlike and convex of
order o, 0 < @ < 1, defined as

Sy(a) = {f(z) € A(p) : Re {;;,((,:))} >, 2 € ]D} ,
Co(@) = {f(z) € AWp): 2f'(2)/p € Sy(a)} .

Note that S§(0) = S* and C;(0) = C, where §* and C are usual classes of starlike and convex functions
respectively.
The well-known Noshiro-Warschawski theorem [1} [10], says that if f € H satisfies

(1.1) Re{e“f'(2)} >0, (zeD)
for some real «, then f(z) is univalent in D. Ozaki [5], generalized the above theorem for f € A(p):
if
(1.2) Re {fP(2)} >0, (z€D)
for some real o, then f(z) is at most p-valent in I. Also in [3 454] it was shown that if f € A(p),
p > 2, and
3
(L3) arg{ [P (2)}] < T (2 € D),

then f is at most p-valent in D.

The above results , and describe some consequences of a certain conditions on
Re{fP)(2)}, or |arg{ fP)(2)}|. It is the purpose of this paper is to consider analytic functions with
bounded modulus of a certain order of derivative, like |f”(z)|, and to present some implications of
this hypothesis.
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2. MAIN RESULTS

A function f(z) € H is said to subordinate a function g € H in the unit disc F, written f < g if
and only if there exits an analytic function w € H such that w(0) = 0, |w(z)| < 1 and f(z) = glw(z)]
for z € E. Therefore f < g in E implies f(F) C g(F). In particular if ¢ is univalent in E then f < g
if and only if f(0) = ¢(0) and f(E) C g(F). The idea of subordination was used for defining many
of the classes of functions studied in geometric function theory. In [9] Tuneski proved the following
theorem.

Theorem 2.1. If f(z) e A, 0 <k <1
") <k, (2€D),
then

z2f'(2) kz
f(Z) ‘<1+m, (ZED)

In [6] it was proved a weaker result
() <1, (zeD)

implies that f(z) is univalent in D . Applying Theorem [2.1] Tuneski in [9] obtained the following
corollaries.

Corollary 2.2. If f(z) € A, 0< a <1 and

<= e,

SEIC ) S

then

The result is sharp.
Corollary 2.3. If f(z) € A, 0 <a <1 and

" 2sin(ar/2)
1 (2)] < HT@MT/Q)’

(< cen

(z € D),

then

The result is sharp.
In [9] Tuneski proved also the following result.
Theorem 2.4. If f(z) e A, 0<k <1
[f"(2) <k, (2€D),

then
f'(z2) < 1+kz, (zeD).

Theorem [2.4] implies the following corollary.

Corollary 2.5. If f(z) € A, 0< a <1 and

" 11—«
|f (Z)| S ma (Z € ]D)v
then ,
Re {1 + ZJJ:,((ZZ))} >a, (zeD).

The result is sharp.
220 Nunokawa-Sokol 219-225



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC
We also need the following result.

Theorem 2.6. [9] If f(z) e A, 0< A< 1
‘f’(2>—1| SA? (ZE]D)>

()< en

o= 2int (A\/er gm) |

then

where

7r
In [2] it was proved the following result.

Theorem 2.7. [2] Let f(z) € A(p). Suppose that there exists a positive integer j, 1 < 7 < p, such

that .
j+9ie{zj;z+zl(;)} >0, (ze€D).
Then we have | LFO2)
j—1+9‘ie{f(j—1)(z)} >0, (ze€D).

3. MAIN RESULTS

Now we are going to make use of Theorem [2.1) Corollary and of Theorem [2.7] to obtain the
following theorem.

Theorem 3.1. [2] Let f(z) € A(p). Suppose that
[P ()] <!, (2 €D).
Then f(z) is p-valently convex and p-valently starlike in D.

Proof. 1f we put
T e
9(x) = /), g0 =g(0)~1=0, (z€D),
then it follows that
f7 ()|

< B e
From Theorem [2.1] and Corollary 2.2 we have

3} {5 0 e

and so, we have
2f®)(2)
p—1+Re {—f(l’—l)(z)

From Theorem [2.7] it follows that
" /
1+9‘ie{zf (Z)}>O and i)‘ie{zf(z)}>0, (z € D).

}>p—120, (z € D).

f'(2) f(z)
This shows that f(z) is p-valently convex and p-valently starlike in D. O
For real o, 0 < o < 1, if f(z) € A(p) satisfies
z2f'(2) } am
arg < —, (z€D),
< cem

then f(z) is called a strongly starlike function of order . Applying Corollary and the method
of proving from [2 Th.5] give us the following theorems.
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Theorem 3.2. If f(z) € A(p) and if there exists a o, 0 < o < 1, such that

ol 2sin(am/2)
(3.1) |f( - )(Z)| < H—Sin—WT/Q)’

(p) T

or fP=U(2)/p! is strongly starlike of order o in .

Proof. For the case p = 1 Theorem [3.2] becomes Tuneski’s result Suppose that p > 2.
If we put

(z € D),

then

g(Z)Z%f(p‘”(Z), 9(0)=g/(0)—1=0, (zeD),

then it follows that

W) _ 206 L op

g9(z)  fD(z)

arg{zg,<z)}‘ <2 (z € D),

From Corollary 2.3 we have

9(2) 2’

and so, we have

~ £(P) T

This shows that f®~1(z)/p! is strongly starlike of order o in D.

Again, applying [2, Th.5] yields us that if f(z) € A(p), then for all z € D, we have

(p) (k)
(3.2) me{]’f(f—l)((?)}m = Vke{l,...p}: %{ﬁ:—ﬂi))}w'
Therefore, if we put
(r—2)
Q‘fp—?(z) :G(z):z2+ GA(2),

then
2G'(z)  2fP7Y(z)
GG~ f7)

(z € D)

and so (3.1]) also implies that

This shows that G(z) or 2f®=2)(2)/p! is 2-valently starlike in D.

Theorem 3.3. If f(z) € A(p), 0 <a<1,1<pand
1
e <L (zeD),

then

()
k+9‘ie{W}>O, (ZED)
forallk, ke{1,2,...,p—1}.
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Proof. 1f we put
o(2) = 2 7VG), 9(0) =g(0)~1=0, (:€D),
then it follows that () zf(P+1)(z)
g o) o P

From Corollary [2.5] we have

H%{Z;Z,(zz))}:H%{%} >0, (2eD)

and so, we have

Zf(P'H)(Z)
p—i—iﬁe{W > 0, (ZE]D))
Applying Theorem [2.7] gives finally
Zf(k+1)<z)
k“i‘%e{w >0, (ZG]D))

for all k, k € {1,2,...,p— 1}. Tt completes the proof.

From Theorem [3.3] we have
2f"(2)
f'(z)

|f(p+1)(z)\§%, (zeD) = %e{1+ }>0, (z € D),

this suggests the following question.
Open problem. What is the best value of a(p) such that

(P+1) (5 1 Zf//(z) o .
7o) < 5, f,(z)}> ®), (-eD).

If p = 1, then the function f(z) = z + 2?/4 shows that the best value of a(p) is 0.
Theorem 3.4. If f(z) € A(p), 0 <A <1 and if

(zeD) = iRe{lJr

(3.3) fP(z) —pll < plh, (s €D),

then /

(3.4) arg {ZJ{(S) }' < O;—W, (z e D),
where

(3.5) a= %sin1 ()\m—k %m) :

This means that f(z) is strongly starlike of order o in D.
Proof. If we put

9(2) = S17VE). 90) =g () -1=0, (€D),
then from (3.3)), we have

(p)
9(2) — 1] = ’f B _il<xn em)
p!
From Theorem [2.6] we have
z2fP)(2) am
arg{m < 7, (ZGD),
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where a has the form (3.5). Let us put

/00()
p(z) = W, (z € D).

Then it follows that

SE) | AP )
p(z) f(P—l)(z) f(P—2)(z)
or
2fP(2) zp'(2)
Hrene TP 0
From Theorem [2.6] we have
(p)
this gives
f(p) f(p)
(3.6) arg{1+;(p%1)<é>)}‘< arg{%l)((zz))} <O;—7T, (z € D).

If there exists a point zy € D, such that

Jarg {p(=)} | < S (12l < Jz0])

and

then from [4], we have
zop' (20)

p(20)

<0

1 1
k> = -
_2(a+a)

when p(zo) = ia, while for p(z9) = —ia, such that

=iak,

where k is a real number such that

1+ wflz) p(z0)

f'(20)

1
= (ia)® {1 + iak<m)a}
o tam/2 im(l—a)/2 1
= a"e I+e oak— ¢
a®

Thus, it is trivial that

20f® (20) am
arg {1 + —f(p_1)<20) } > >

since we have
. 1
arg {1 + e”(l_“)/%zk—} >0,
a/Oé
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where
> 1 n 1
=2 \"7a )
This contradicts (3.6) and for the case p'/®(z) = —ia, applying the same method as the above, we
would have D (z0)
20fP (2o %

arg {1 + —f(p_l)(Z()) } < Y
which also contradicts (3.6). Applying the same method repeatedly once again, we can complete the
proof of Theorem [3.4] O

We now note that Pommerenke [7] and Sakaguchi [8] showed the following.

Lemma 3.5. [7] If f and h are analytic in D, and h is convex and univalent in D, with
f'(z)
e { W(2)
for some real a, 0 < a < 1, then

<5 (zeD),

for all zy, 2o € D.

Putting z; = 0, 2o = z in Lemma [3.5] gives

arg{zigz}'é%, zeD = arg{%} _0‘77?7

Therefore, applying Theorem and (3.7) we can deduce the following corollary.
Corollary 3.6. If f(z2) € A(p) is such that
= fl(t
[ 10

o ¢
is a conver function, and if
(38) [fP(z) = pll <plA, (2 €D),
for some A\, 0 < A <1, then

(3.9) arg {&} < (z € D),

[7 {0 qy 2’
0
where « is given in (3.5)).

(3.7) (z e D).

t
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Abstract

In this paper we give general solution of fractional linear differential equations
and fractional Cauchy Euler equation. Since there are many definitions for frac-
tional derivatives, we use the conformable derivative to get exact solutions. Factor-
izing polynomials of the fractional differential operators is the key method to get
such solutions. Some specific examples on both types of equations are presented.

Key Words and Phrases:Conformable, Cauchy Euler, Conformable Linear Dif-
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1. Introduction

Many authors have solved many well known differential equations like the Con-
formable Fractional Heat equation, Bessel equation, Legendre equation and many
more. [1], [4], [5], 6], [7], [9] and [10]. The Cauchy Euler equation is a well
known important type of ordinary differential equation. In This paper we give the
procedure and justification of how to handle the Cauchy Euler equation, but the
fractional one.

However, there are many definitions available in the literature for fractional
derivatives. The main ones are the Riemann Liouville definition and the Caputo
definition, see [8] .
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(i) Riemann - Liouville Definition. For o € [n — 1,n), the a derivative of f is
¢
1 a f(z)
D)) = — dx.
a(N) I'(n—a) dt"/(t — g)oa—ntl v

a

(ii) Caputo Definition. For o € [n — 1,n), the « derivative of f is

L[ @)
D / ey

Such definitions have many setbacks such as

(i) The Riemann-Liouville derivative does not satisfy D5 (1) =0 (D2(1) =0 for
the Caputo derivative), if a is not a natural number.

(ii) All fractional derivatives do not satisfy the known formula of the derivative
of the product of two functions:

D3 (fg) = 1D (9) + gD (f)-
(iii) All fractional derivatives do not satisfy the known formula of the derivative of
the quotient of two functions:
_gD3(f) - fD(g)

Dg(f/9
(f/9) 7
(iv) All fractional derivatives do not satisfy the chain rule:

D (fog)(t) = (g(t) g' (B).
(v) All fractional derivatives do not satisfy: D*DPf = DA £ in general.

(vi) All fractional derivatives, specially Caputo definition, assumes that the func-
tion f is differentiable.

We refer the reader to [3] for more results on Caputo and Riemann - Liouville
Definitions.

Recently, the authors in [ 2 ], gave a new definition of fractional derivative which
is a natural extension to the usual first derivative. So many papers since then were
written, and many equations were solved using such definition. The definition goes
as follows:

Given a function f:[0,00) — R. Then for all t >0, « € (0,1), let

-«
7 (f)(1) = i TEEEE DT,

T, is called the conformable fractional derivative of f of order «.
Let f(®)(t) stands for T,,(f)(t).

If f is a—differentiable in some (0,b), b > 0, and lim f(®(t) exists, then

t—0t+
define
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According to this definition, we have the following properties, [2 ],
1. T(1) =0,

2. T, (t?) = ptP~® for all p € R,
3. T,(sinat) = at'"*cosat, a € R,
4. Ty(cosat) = —at'~%sinat, a€R

5. To(e®) =at'=% a€cR.

Further, many functions behave as in the usual derivative. Here are some for-
mulas

1 1
T, (sin —t%) = —tY),
(sma ) cos(a )
1 1
T, —t%) = —sin(—t%).
(cosa ) sm(a )

We will use the conformable fractional derivative for the Cauchy FEuler equation.
But first, we present the linear fractional case with constant coefficients.

2. Conformable Linear Differential equations

Let us write y("® to denote the a—derivative of y, n—times. That is y("®) =
ToTy... To(y), n-times.

Theorem 1. Let

y ") 4o,y VY ey 4 agy =0 (1)
Consider the equation
r) a4 e =0 (%)
If r¢ = A, ..., v = A\, are the real roots of (x) then yn, = c1y1 + ... + cpyn where
Yr = 67"’?@%-

Proof. Let T"* = T*T*...T“ n-times. Then equation (1) can be written in the
form

(T("O‘) +ap TV 4 far® + agl)y =0 (2)

(where T = 47

dxe )

Now, if we let D = T then (2) becomes
(D™ + an_1 D" N4+ apl)y =0
The polynomial (D™ + a,_1D" ! + ... + apl)y = 0, factorizes to
(D =A)(D = Az)..(D = An)y =0 (3)
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Now, y will be a solution to (3) if y € ker(D — A\;)V1 < k < n , noting that (D — \;)
commutes with (D — \;) for all ¢ and j . Thus y is the solution for (3) if

(D—XM)y=0o0r (D—=X)y=0 or..or (D—X,)y=0
However (D — M)y = 0 implies

Dy — Ay =0
So y*— Ay =0

Hence  yp = e if )\ is real.
s ©
Consequently, y;, = c;e™€® +...4¢,e* ¢ * | if all the roots are real and distinct.

Now, replacing T'* by r* we get

(r*—=X)y=0o0r (r*—X)y=0 or..or (r“ —A,)y=0

Thus the roots are

[e% « o
=AM, 9 =Xy , .., T0 =Xy
and the general solution is

o o 2
yp =11 %% + .. +cpe”
There are two other cases for the roots to be considered:
(1) (4)If one of the root is repeated, say Aj, 2-times. That is (T% — A\;)? is
e N e
a factor of (3). Then y; = eM€® [yp = %e*le “ , are two independent
solutions for the differential equation (3).
Proof. We have to show

a 2 f )\le% _
(T )\1) e =0
«

Indeed:

o t—
(1% X)) (1% = A) e <o

o

o, e o e
= (Ta — Al) |:T04(ae)\18 « ) — /\1(56)‘16 * ) = 0 :l

el o X to e
:Toz_>\ Are )\ Y Ae o _)\ Y e a :0
@) [ ) (o)
= (T~ X)) M =0
Similarly one can show that if A\; is repeated k-times then
t* @

Ae's 1 ko1
=€ 7Ey17"'7(7)

@
are independent solutions.

(7i)There is a root, say Ay = a+ib, a,b € R. Then

at® t at? o 1

y1 =e% e cosb— and Yo = €% e sinb—

e e

Y1 Y1

are two solutions of (3) associated with A;.
Indeed:
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Since A\; = a + ib is a root, then A\; = @ — ib is a root.
Then

_ e(a+ib) (a—1b)

n T and Yo =€ £ are solutions of (3)

But
Lo tOZ 167
y1 = e e (cosb— + isinb— )
o e

« te a

Yo = ea%(cos b— — dsinb— )
e o
Place y1 + y2 is a solution (the equation being homogenous) and y; — y2 is

a solution too. So
ta

@

and yo =y —ys = %ie?’ sin b

y~1:y1—|—y2:2e“%cosb —
o o

are solutions of the homogenous equation (3).

Consequentely
~ 1 Ao e =~ 1 _ SR e
Y1 =541 = ¢ cosb— and Yo = —1Yg = e%'s sinb—
2 « 21 o

are two independent solutions for the equation.

Example 1
Ty +T% —2y =0 (4)
Solution. Consider the associated equation
24 —2=0
(r“*—=2)(r“+1)=0
Hence \1 =2, 0 = —1

a4

el _
Thus Y1 = cre’’s and Yo = o€ @

One can easily check that these are solutions of (7).See figure (1)

N1 5e+at

1.25e+41

le+tdT

75001

50007

25001

o

Fig.ly = c1e?s + e~ 5,0 =0.5,c1 > 0
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3. Conformable Cauchy Euler Equation

The standard form of the classical homogenous Cauchy Euler equation of order
2 is:

22y + a1xy’ + agy =0

Now the conformable Cauchy Euler equation of order 2 can be written as
22Ty 4+ a1 2T + apy = 0 (1)

Now we will give the procedure how to solve (1).

Procedure
Put y = 2"
Then
Ty = T(T%y)
=T arz® ™)
= ar(ar — a)z® 2@
arT% = a, (T*x")

= aqrarx® ¢
Thus
xQQTQay —_ l‘Qa(OéQT(T _ 1))xarm—2a
a1xT%y = ajarg®(r—1gor

aoy = agr®”
Hence
22(aPr(r — 1))z 2.2 + ararz® z" z "2 + agx® =0

So

" | Zr(r —1) + a1ar + agl =0
Solve

r(r—1) +aiar +ag =0
to get 7 =11, r =ry . Assume rq, 79 are reals . Then

11 =2, yo = %" are two independent solutions of (1) and

yp =1zt + oz

Remark. The case of conformable Cauchy Euler Equation of any order can be
handled in the same way as the case of order 2.

Example 2. Solve

22y 2 4 g2y () — L= 0,y(1) = 1, 5 (1) = 1
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Solution. Put y = " and substitute in the equation to get

1
Ar(r—1)+ar—=-=0

2
Take a = — we get
1 1 1
ZT(T_1)+§T_§_O
r(r—1)4+2r—2=0
r’4r—2=0

(r+2)(r—-1)=0

rr=2r9=1

1
y* (@) = a(-Da it e
3 1
Soy%(l)z—c1+ 9:1 .Hence cco =2=cc1 =—
2 2 3
L 295, Seefigure (2)
- _ — . ee re .
Yn 3 3 z gu
y 0 125 25 ”
0 ‘ ‘ !
57
<107
2157
207
-25
30T

Fig2 yp = —5-+ 3z, a =3

4. Conclusion

Conformable fractional derivative can be applied to solve linear differential equa-
tion with variable coefficients as an example Cauchy Euler equation.
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Applications of neutrosophic sets in B-algebras
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Abstract. The notions of a neutrosophic subalgebra and a neutrosophic normal subalgebra of a B-algebra
are introduced and characterizations of them are discussed. We show that the homomorphic preimage of a
neutrosophic subalgebra of a B-algebra is a neutrosophic subalgebra, and the onto homomorphic image of a
neutrosophic subalgebra of a B-algebra is a neutrosophic subalgebra.

1. Introduction

Zadeh [12] introduced the degree of membership/truth (t) in 1965 and defined the fuzzy set. As a general-
ization of fuzzy sets, Atanassov [2] introduced the degree of nonmembership/falsehood (f) in 1986 and defined
the intuitionistic fuzzy set. Smarandache introduced the degree of indeterminacy/neutrality (i) as independent
component in 1995 (published in 1998) and defined the neutrosophic set on three components (t, i, f) = (truth,
indeterminacy, falsehood). Y. B. Jun, E. H. Roh and H. S. Kim [4] introduced a new notion, called a BH-algebra.
J. Neggers and H. S. Kim [9] introduced a new notion, called a B-algebra. C. B. Kim and H. S. Kim [7] introduced
the notion of a BG-algebra which is a generalization of B-algebras. S. S. Ahn and H. D. Lee [1] classified the
subalgebras by their family of level subalgebras in BG-algebras.

In this paper, we introduce the notions of a neutrosophic subalgebra and a neutrosophic normal subalgebra of
a B-algebra and discuss characterizations of them. We show that the homomorphic preimage of a neutrosophic
subalgebra of a B-algebra is a neutrosophic subalgebra, and the onto homomorphic image of neutrosophic image

of a neutrosophic subalgebra of a B-algebra is a neutrosophic subalgebra.

2. Preliminaries

“ ”

A B-algebra ([9]) is a non-empty set X with a constant 0 and a binary operation “x” satisfying axioms:
(Bl) xxx =0,
(B2) zx0=ux,
(B) (xxy)xz=ax (2% (0*xy))
for any x,y,z in X. For brevity we call X a B-algebra. In X we can define a binary relation “ <” by z < y if
and only if z xy = 0.
An algebra (X;*,0) of type (2,0) is called a BH -algebra if it satisfies (B1), (B2) and

(BH) 2y =y +2 =0 imply z = y for any =,y € X.

Y 2010 Mathematics Subject Classification: 06F35; 03G25; 03B52.
Y Keywords: B-algebra; (normal) subalgebra; neutrosophic subalgebra; neutrosophic normal subalgebra.
YE-mail: sunshine@dongguk.edu
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Sun Shin Ahn
An algebra (X;x,0) of type (2,0) is called a BG-algebra if it satisfies (B1), (B2) and

(BG) (z*xy)*(0*xy) =2 for any z,y € X.

Proposition 2.1.([3, 9]) Let (X;*,0) be a B-algebra. Then

(i) the left cancellation law holds in X, i.e., x xy = x * z implies y = z,

(ii) ifxxy =0, then x =y for any x,y € X,

(iv
(v

Theorem 2.2.([7]) If (X;*,0) is a B-algebra, then it is a BG-algebra.

)
(i) if 0%z = 0xy, then x =y for any z,y € X,
) 0% (0xx) ==z, for all x € X,

) zx(yxz)=(r*(0%2))xy for all z,y,z € X.

Proposition 2.3.([7]) Every BG-algebra is a BH-algebra.

Let (X;*x,0x) and (Y; xy, 0y ) be B-algebras. A mapping ¢ : X — Y is called a homomorphism if (xxxy) =
o(x) *y @(y) for any z,y € X. A non-empty subset S of X is called a subalgebra of X if zxy € S for any z,y € X.
A non-empty subset N of X is said to be normal if (z*a)x (y+b) € N for any x xy,a+b € N. Then any normal
subset NV of a B-algebra X is a subalgebra of X, but the converse need not be true ([10]). A non-empty subset X

of a B-algebra X is a called a normal subalgebra of X if it is both a subalgebra and a normal set.

Definition 2.4. Let X be a space of points (objects) with generic elements in X denoted by z. A simple valued
neutrosophic set A in X is characterized by a truth-membership function T4 (z), an indeterminacy-membership
function I4(x), and a falsity-membership function F4(z). Then a simple valued neutrosophic set A can be denoted
by

A:={(x,Ta(z),Ia(x), Fa(x))|z € X},
where T4 (z),1a(z), Fa(z) € [0,1] for each point « in X. Therefore the sum of T4 (z), Ia(z), and Fa(z) satisfies
the condition 0 < Ts(z) + Ia(z) + Fa(x) < 3.

For convenience, “simple valued neutrosophic set” is abbreviated to “neutrosophic set” later.

Definition 2.5. Let A be a neutrosophic set in a B-algebra X and «, 3, € [0,1] with 0 < a+ +v < 3 and an
(v, B,7)-level set of X denoted by A(®#) is defined as

AP — {z € X|Ta(z) < o, 1a(x) > B, Fa(x) <~}

For any family {a;|i € A}, we define
\/{am N max{a;|i € A} if A is finite,
sup{a;|i € A}  otherwise

and

/\{ai|i €A} = min{a;|i € A} if A is finite,
inf{a;|¢ € A}  otherwise.
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Applications of neutrosophic sets in B-algebras
3. Neutrosophic subalgebras in B-algebras

Definition 3.1. A neutrosophic set A in a B-algebra X is called a neutrosophic subalgebra of X if it satisfies:
(NSS) Ta(z+y) < max{Ta(x), Ta(y)}, La(x+y) = min{la(z), Ia(y)}, and Fa(z xy) < max{Fa(z), Fa(y)}, for
any z,y € X.

Proposition 3.2. Every neutrosophic subalgebra of a B-algebra X satisfies the following conditions:
(3.1) Ta4(0) < Ts(x),14(0) > I4(x), and Fa(0) < Fa(x) for any z € X.
Proof. Straightforward. O

Example 3.3. Let X :={0,1,2,3} be a B-algebra with the following table:
* 10 1 2 3

w N = O
W N =
N W O
_— O W N
O~ N W

Define a neutrosophic set A in X as follows:

TA(.’E) =

0.13, if z € {0,2}
0.84, otherwise,

0.82, if z € {0,2}
Ta(x) = .
0.15, otherwise,
0.13, if x € {0,2
Fa() = if z € {0,2}
0.84, otherwise.
It is easy to check that A is a neutrosophic subalgebra of X.

Theorem 3.4. Let A be a neutrosophic set in a B-algebra X and let «, 3,7 € [0,1] with0 < a+ 8+ v < 3.
Then A is a neutrosophic subalgebra of X if and only if all of (cv, 8,7)-level set AP are subalgebras of X when
Al@B) £,

Proof. Assume that A is a neutrosophic subalgebra of X. Let «, 8,7 € [0,1] be such that 0 < a+ 8+ v < 3 and
A@BY) £ (. Let 2,y € AP, Then Ty(z) < a,Ta(y) < a,Ia(z) > B,1a(y) > B and Fa(z) < v, Faly) < 7.
Using (NSS), we have Ty (z *y) < max{Ta(z),Ta(y)} < o, Ia(z*xy) > min{la(z),Ia(y)} > B, and Fa(z xy) <
max{F4(z), Fa(y)} <. Hence x xy € A(®P7) . Therefore A(*#7) is a subalgebra of X.

Conversely, all of (a, 8,7)-level set A(®57) are subalgebras of X when A(®#7) £ (). Assume that there exist
at, b, ai,b; € X and ay,by € X such that Ta(a; * by) > max{Ta(as), Ta(bs)}, La(a; * b;) < min{la(a;),Ta(b;)}
and Fa(as * by) > max{Fa(as), Fa(bs)}. Then Ta(a; * b)) > aq > max{Ta(as),Ta(bs)},Lala; *b;) < 1 <
min{l4(a;),La(b;)} and Fa(ay *by) >y > max{Fa(as), Fa(bs)} for some a1,71 € [0,1) and 81 € (0,1]. Hence
a, by, a;,b; € Al@1Pm) - and af, by € AlnBry) - But ay # by, a; * b; ¢ AlenBrm) - and af * by ¢ AlenBrm)
which is a contradiction. Hence Ta(z * y) < max{Ta(z),Ta(y)}, la(x xy) > min{l4(x),Ta(y)}, and Fa(z xy) <
max{T4(x), Ta(y)}, for any z,y € X. Therefore A is a neutrosophic subalgebra of X. O
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Since [0, 1] is a completely distributive lattice with respect to the usual ordering, we have the following theorem.

Theorem 3.5. If {A;|i € N} is a family of neutrosopic subalgebras of a B-algebra X, then ({A;|i € N}, C) forms

a complete distributive lattice.

Theorem 3.6. Let A be a neutrosophic subalgebra of a B-algebra X. If there exists a sequence {a,} in X
such that lim,, oo Ta(a,) = 0,lim,, o [a(a,) = 1, and lim, oo Fa(a,) = 0, then T4(0) = 0,14(0) = 1, and
F4(0) =0.
Proof. By Proposition 3.2, we have T4 (0) < Ta(x),14(0) > Ia(z), and F4(0) < Fa(z) for all z € X. Hence we
have T4 (0) < Ta(an),14(0) > I4(ay), and Fa(0) < Fa(ay,) for every positive integer n. Therefore 0 < T4(0) <
lim, 00 Ta(an) = 0,1 = limy, 00 Ta(an) < I14(0) < 1, and 0 < F4(0) < limy, 300 Fa(an) = 0. Thus we have
Tu(0) = 0,14(0) = 1, and F4(0) = 0. O
Proposition 3.7. If every neutrosophic subalgebra A of a B-algebra X satisfies the condition
(3.2) Ta(xxy) <Ta(y), Ia(x xy) > Ia(y), Fa(z xy) < Fa(y), for any x,y € X,

then Ty, 14, and F'4 are constant functions.
Proof. Tt follows from (3.2) that Ty (x) = Ta(x x0) < Ta(0), Ia(x) = Ta(z*0) > I4(0), and Fa(x) = Fa(z%0) <
F4(0) for any © € X. By Proposition 3.2, we have Ta(x) = Ta(0),[a(x) = I4(0), and Fa(z) = Fa(0) for any
z € X. Hence T4, 14, and Fy4 are constant functions. U
Definition 3.8. A neutrosophic set A in a B-algebra X is said to be neutrosophic normal of X if it satisfies:

(NSN) Ta((z*a)*(y+b)) < max{Ta(xxy),Ta(axb)}, Ia((x*a)*(y*b)) > min{la(x*y),la(axb)}, and Fa((zx*

a)* (y*b)) <max{Fa(z*y), Fa(a*b)}, for any z,y,a,b € X.

A neutrosophic set A in a B-algebra X is called a neutrosophic normal subalgebra of X if it satisfies (NSS) and
(NSN).

Example 3.9. Let X :={0,1,2,3} be a B-algebra ([8]) with the following table:
«|0 1 2 3
0j]0 2 1 3
111 0 3 2
212 3 01
3/3 1 20

Define a neutrosophic set A in X as follows:

0.12, ifz € {0,3
Ty(z) - 03}
0.76, otherwise,
0.73, ifx€{0,3
In(a) = 10:3)
0.14, otherwise,
0.12, ifxz€{0,3
Fao) = 03
0.76, otherwise.

It is easy to check that A is a neutrosophic normal subalgebra of X.
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Proposition 3.10. Every neutrosophic normal of a B-algebra X is a neutrosophic subalgebra of X .

Proof. Let A be neutrosophic normal of X. Put y := 0,b:=0 and a := y in (NSN). Then T4((z *y) * (0% 0)) <
max{T4(zx0), Ta(y*0)}, I4((x+y)*(0%0)) > min{I4(z%0), [4(y*0)}, and Fa((z*y)*(0%0)) < max{F4(z*0), Fa(y*
0)}. Using (B2) and (B1), we have T4 (z*xy) < max{Ta(z),Ta(y)}, La(z*y) > min{la(z),Ia(y)}, and Fa(z*y) <
max{F4(z), Fa(y)}, for any z,y € X. Hence A is a neutrosophic subalgebra of X. O

The converse of Proposition 3.10 may not be true in general (see Example 3.11).

Example 3.11. Let X = {0,1,2,3,4,5} be a B-algebra ([10]) with the following table:

x|0 1 2 3 45
0/0 2 1 3 45
111 0 2 4 5 3
212 1 0 5 3 4
313 45 0 2 1
414 5 3 1 0 2
5/5 3 4 2 10
Define a neutrosophic set A in X as follows:
0.12, ifx=0

Ta(x)=4023, ifz=5
0.52 otherwise,

0.58, ifz=0
Ia(x)=40.13, ifz=5

0.11, otherwise,
0.12, ifx=0

Fa(z)=4¢023, ifz=>5
0.52 otherwise.

It is easy to check that A is a neutrosophic subalgebra of X. But it is not neutrosophic normal of X, since
Ta(l) = Ta((1%3) % (4%2)) = 0.52 £ max{Ta(1x4),Ta(3x2)} = max{Ta(5),Ta(5)} = 0.23, and/or I4(1) =
T4((1%3)%(4%2)) = 0.11 # min{l4(1%4),14(3%2)} = min{Ia(5),14(5)} = 0.13, and/or F4(1) = Fa((1%3)(4x2)) =
0.52 £ max{F4(1%4), Fa(3*2)} = max{F4(5),Fa(5)} = 0.23.

Theorem 3.12. Let A be a neutrosophic set in a B-algebra X and let «, 8,7 € [0,1] with 0 < a+ 3+~ < 3. Then
A is a neutrosophic normal subalgebra of X if and only if all of (., 8,7)-level set A(*57) are normal subalgebras
of X when A(®8:7) oL (),

Proof. Similar to Theorem 3.4. O

Proposition 3.13. Let A be a neutrosophic normal subalgebra of a B-algebra X. Denote that Xp := {x €
X|Ta(x) = Ta(0)}, Xy :={z € X|Ia(z) = 14(0)}, and Xp := {x € X|Fa(x) = Fa(0)}. Then Xp, X, and Xp

are normal subalgebras of X.
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Proof. 1t is sufficient to show that X, X7, and X are normal. Let a,b,z,y € X be such that x xy,axb € Xp.
Then Ty (x*y) = Ta(0) = Ta(axb). Since A is a neutrosophic normal subalgebra of X, we have T4 ((z*a)*(y*b)) <
max{Ts(zxy), Ta(axb)} = T4(0). By Proposition 3.2, we get T4 ((x*a)*(y*b)) = T4(0). Hence (xxa)*(y+b) € Xr.
Therefore X7 is a normal subalgebra of X. Similarly, X;, Xz are normal subalgebras of X. This completes the

proof. O

Definition 3.14. Let A and B be neutrosophic sets of a set X. The union of A and B is defined to be a
neutrosophic set

AUB = {<1‘, TAuB(LE), IAuB(l‘), FAUB($)>‘:E S X},
where Taup(z) = min{Ta(x),Tp(x)}, Iaus(x) = max{la(x),Ig(z)}, Faup(x) = min{F4(x), Fp(x)}, for all
x € X. The intersection of A and B is defined to be a neutrosophic set

ANB = {<1‘, TAQB(I), IAQB(I), FAQB(I)>‘$ S X},
where Thnp(z) = max{Ta(x), Tp(x)}, Ianp(x) = min{ls(z),I5(2)}, Fanp(xz) = max{F4(x), Fp(x)}, for all
e X.

Theorem 3.15. The intersection of two neutrosophic subalgebras of a B-algebra X is a also a neutrosophic

subalgebra of X.
Proof. Let A and B be neutrosophic subalgebras of X. For any z,y € X, we have
Tanp(@xy) =max{Ta(z*y), Tp(x*y)}
< max{max{T4(z), Ta(y)}, max{Tp(z), Tp(y)}}
= max{max{Ta(x), Tp(x)}, max{Ta(y), Tn(y)}}
=max{Tanp(z), Tans(y)},
Ianp(z*xy) =min{la(x xy), Ip(x xy)}
= min{min{l4(z), La(y)}, min{Ip(z), Ip(y)}}
= min{min{7x(z), Ip(x)}, min{Za(y), I5(y)}}

=min{lanp(x), Ians[y)},

and
Fanp(xxy) =max{Fa(z *xy), Fp(x xy)}
< max{max{Fa(z), Fa(y)}, max{Fp(z), Fp(y)}}
= max{max{Fa(z), Fp(z)}, max{Fa(y), Fp(y)}}
=max{Fanp(z), Fanp(y)}-
Hence ANB is a neutrosophic subalgebra of X. O

Corollary 3.16. If { A;|i € N} is a family of neutrosophic subalgebras of a B-algebra X, then so is MienA;.

The union of any set of neutrosophic subalgebras of a B-algebra X need not be a neutrosophic subalgebra of
X.
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Example 3.17. Let X = {0,1,2,3,4,5} be a B-algebra as in Example 3.11. Define neutrosophic sets A and B

of X as follows:

0.11, ifx e {0,4
Ta(z) = if z € {0,4}
0.73  otherwise,
0.82, ifxe€{0,4
Inta) = oy
0.12, otherwise,
0.11, ifx € {0,4
Fa(z) = { f
0.73  otherwise,
0.13, ifz € {0,5
Tp(x) = { /
0.74 otherwise,
0.83, ifx€{0,5
Tnla) = 5
0.13, otherwise,
and
0.13, ifze€{0,5
Fp(xr) = { /
0.74 otherwise.
It is easy to check that A and B are neutrosophic subalgebras of X. But AUB is not a neutrosophic subalgebra
of X, since
Taup(4%5) =Taup(2) = min{T4(2),T5(2)} = 0.73
ﬁ maX{TAU3(4), TAUB(5)}
=max{min{T4(4),Tp(4)}, min{T4(5),Ts(5)}} = 0.13,
and/or
IAUB(4 * 5) :IAUB(Q) = max{IA(Q),IB(Q)} =0.13
2 min{IAU3(4), IAUB(5)}
=min{max{l4(4), Ip(4)}, max{l(5),I5(5)}} = 0.82,
and/or

Faup(4x5) =Faup(2) = min{Fa(2), Fp(2)} = 0.73
£ max{Faup(4), Faus(5)}
=max{min{F4(4), Fp(4)}, min{F4(5), Fp(5)}} = 0.13.

Let f: X — Y be a function of sets. If M = {{y, T (v), In(y), Far(y))|y € Y} is a neutrosophic set of a set
Y, then the preimage of M under f is defined to be a neutrosophic set

FHM) = (£ (Tan) (@), £ () (@), £~ (Far) @) € X}
of X, where £~ (Thy)(x) = Tar (F(2)), £~ (Ing)(@) = Ing (f(x)) and £~ (Far)(2) = Far(f(2)) for all 2 € X,

Theorem 3.18. Let f : X — Y be a homomorphism of B-algebras. If M = {{y, Tas(y), Int(v), Frm(y))|y € Y} is

a neutrosophic subalgebra of Y, then the preimage of M under f is a neutrosophic subalgebra of X.
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Proof. Let f~1(M) be the preimage of M under f. For any z,y € X, we have
F T (@ xy)) =Tar(f(z xy) = T (f(2) * f(y))
<max{Tw (f(2)), Tar (f ()} = max{f ™ (Tnr) (@), (Tar) ()},
F Iz xy)) =L (f(x x y)) = In(f () * f(y))
>min{Zn (f(2)), Inr(f(y))} = min{f~ (Inr) (@), f~H (In) ()},

and
FHFu( xy)) =Fu(f(z+y)) = Fu(f(x) * f(y))
< max{Fur(f()), Far (f(y))} = max{f " (Far)(@), f~H(Fn) ()}
Hence f~1(M) is a neutrosophic subalgebra of X. O

Let f: X — Y be an onto function of sets. If A is a neutrosophic set of X, then the image of A under f is

defined to be a neutrosophic set

F(A) == {{y, F(Ta) (W), f(La)(y), f(Fa)(y))ly € Y}
of Y, where f(Ta)(y) = Npes-1(y) Ta(@), fTA)Y) = Vyep-1(y La(2), and f(Fa)(y) = N,cp-1(,) Fal@).

Theorem 3.19. For an onto homomorphism f : X — Y of B-algebras, let A be a neutrosophic set of X such
that

(33) (VC € X)(3wo € C)(Ta(x0) = A.ec Ta(2), La(xo) = V.cc La(2), Fa(wo) = A.ec Fa(2))-
If A is a neutrosophic subalgebra of a B-algebra X, then the image of A under f is a neutrosophic subalgebra of
Y.

Proof. Let f(A) be the image of A under f. Let a,b € Y. Then f~!(a) # 0 and f~1(b) # 0 in X. By (3.3), there
exist 7, € f~1(a) and x, € f~1(b) such that

Ta(zra)= N Ta(2).dalza)= \/ Ia(2),Falwa)= N\ Fal2),
)

z€f~1(a z€f~1(a) z€f~1(a)

Ta(zo) = N\ Ta(w),Ia(xe) = \/ Ia(w),Fa(zs)= [\ Fa(w).

wef=1(d) wef=1(b) we f=1(d)
Thus
f@a)axb)= N Ta(x) < Talwq*x) < max{Ta(za), Talzy)}
z€f~1(axb)
=max{ A Tu(z), N\ Ta(w)}=max{f(Ta)(a), f(Ta)(®)},
z2€f~1(a) we f=1(b)
fUa)axb)=\/  Ia(x)> La(xa* xp) > min{la(za), Ia(2s)}
z€ f~1(axb)
=min{ \/ Ia(z), \/ Ia(w)}=min{f(Ia)(a), f(Ia)(b)},
z€f~1(a) wef=1(b)
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and
f(FA)(a*b) = /\ FA(Z‘) SFA(IG*J?[)) S max{FA(:z:a),FA(xb)}
z€ f~1(axb)
—max{ N Fa(z), N\ Fa(w)}=max{f(Fa)(a), f(Fa)(b)}.
z€f~1(a) wef~1(b)
Hence f(A) is a neutrosophic subalgebra of Y. O
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ABSTRACT

The principal purpose of this paper is to present some qualitative behavior of the following fourth order difference
equation:

bxn_1

Tp4l = AQTp—1 — n=0,1,...,

)
CTlp—1 — d$n,3

where the parameters a, b, ¢ and d are positive real numbers and the initial conditions x_3, x_o, x_1 and zq are
arbitrary non zero real numbers.

Keywords: stability, periodicity, global attractor, difference equations.

Mathematics Subject Classification: 39A10.

1. INTRODUCTION

This paper will provide a detailed study in terms of the local, global stability and obtain the form of the solutions
of the following difference equation

bty
Tn-1 n=01,.. (1)

Tpny1 =aTp—1 — ——— ;.
CTp—1 — dTp_3’

where the initial conditions x_3, x_» x_; and z¢ are arbitrary non zero real numbers and a, b, ¢, d are positive
constants..

A huge number of researchers has concentrated on studying and investigating nonlinear difference equations
in recent years. In particular, they have highlighted the boundedness, the global attractivity and the periodic
behaviour of some certain types of difference equations. For instance: Elsayed et al.!? studied the global attractor,
local stability, periodic solutions and boundedness of the following recursive equation:

ATpTp—2
Tpi1 = ———.
s bx, + cr,_3

Cinar® investigated the solution of the difference equation

ATn—1

Tppl] = ————.
nt 1+ bx,2, 1

Ibrahim?* presented some relevant results of the difference equation

Tndn—2

Tp_1(a+bxpzy_2)

Tn+1 =
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Elsayed!® analyzed the global stability and examined the periodic solution of the following difference equation:

T = ax + L
n+1 n—1 | — d.’En,k .
Elabbasy et al.® investigated the global stability, periodicity character and gave the solution of special case of

the difference equation

bx,
Tpgl = ALy — ——————.
CTy — ATym_1

1.36

Yang et al.”® examined the global and local stability of the equilibrium points of the following recursive equation:

z ATnp—1 + b-Tn—Q
ntl = T 7. . -
c+drn_1Tp_2

Simsek et al.?3 obtained the solution of the following difference equation

Tn—3

Tpyl] = ————.
" 1+$n71

Abo-Zeid et al.! gave a detailed study about the convergence and the periodicity of the solutions of the difference

equation
Az n—1

Tnt1 = (B - Cxprpn_2)

Tolly et al.3? illustrated some properties of the solution of the following recursive equation:

aYn—1
bynyn—l + CYn—1Yn—2 + d

Yn+1 =

Other relevant consequences of rational difference equations can be obtained in refs.”?-.12

Now, some relevant results and definitions will be introduced here to be used in our discussion.

Let I be some interval of real numbers and the function f has continuous partial derivatives on I**1 where
I"MY =T xTIx---xI (k+1— times). Then, for initial conditions z_j, 2 _y1,...,70 € I, it is easy to see that
the difference equation

Tt = f(@ny X1y ey Tnk), n=0,1,.., (2)

has a unique solution {x,}5° .
A point T € I is called an equilibrium point of Eq.(2) if
T = f(z,T,...,T).
That is, z,, = T for n > 0, is a solution of Eq.(2), or equivalently, T is a fixed point of f.

DEFINITION 1.1. (Stability)

(i) The equilibrium point Z of Eq.(2) is locally stable if for every € > 0, there exists 6 > 0 such that for all
T ks Tftly -y T—1,To € I With

|2k —Z| + |T—kt1 — F| + ... + |z0 — T| < 4,

we have
|z, —Z| <€ forall n>—k.

(ii) The equilibrium point Z of Eq.(2) is locally asymptotically stable if T is locally stable solution of Eq.(2)
and there exists v > 0, such that for all x_j,z_k41,...,2-1, 20 € I with

|z — T + |—py1 — T + ... + |x0 — T| < 7,
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we have

lim =z, =T.
n—oo

(iii) The equilibrium point Z of Eq.(2) is global attractor if for all z_g, z_g41,..., £_1,29 € I, we have

lim =z, =T.
n—oo

(iv) The equilibrium point T of Eq.(2) is globally asymptotically stable if Z is locally stable, and Z is also a
global attractor of Eq.(2).

(v) The equilibrium point T of Eq.(2) is unstable if T is not locally stable.

The linearized equation of Eq.(2) about the equilibrium Z is the linear difference equation

Now assume that the characteristic equation associated with Eq.(3) is

p(A) = poA* + AN T+ A+ pr =0, (4)
of(z,T,...,T)

axnfi
Theorem A [12]: Assume that p; € R,i=1,2,... and k€{0,1,2,...}. Then

k
i=1

18 a sufficient condition for the asymptotic stability of the difference equation

where p; =

Yntk +P1Yntk-1+ . +DrYn =0, n=0,1,...

Next, we introduce a fundamental theorem to prove the global attractor of the fixed points.

Theorem B [26]: Let g : [a,b]**! — [a,b], be a continuous function, where k is a positive integer, and where
[a,b] is an interval of real numbers. Consider the difference equation

Tl = 9(Tny Tty ey Tnk), n=0,1,.... (5)

Suppose that g satisfies the following conditions.

(1) For each integer ¢ with 1 <14 < k 4 1; the function g(z1, 22, ..., 2x+1) is weakly monotonic in z; for fixed
R19R2y eory Zi—15 Bid1, -+oy Fh+1-

(2) If m, M is a solution of the system

m:g(m17m27“'amk+l)7 M:g<M1aM25“'7Mk+l>7
then m = M, where for each i =1,2,....,k + 1, we set

{m, if g is non-decreasing in zi,} Mi { M, if g is non-decreasing in z;, }
m; = 5 1= .

M, if g is non-increasing in z;, m, if g is non-increasing in z;.

Then there exists exactly one equilibrium point Z of Equation (5), and every solution of Equation (5) converges
to T.
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2. LOCAL STABILITY OF THE EQUILIBRIUM POINT

This section is devoted to give a detailed description about the local stability of the fixed point.
The equilibrium point of Eq.(1) is given by the following equation:

T =aT — bz
B T — dT’
from which we have
_— b
~(a=1)(c—d)’

bu
flu,v) = au = cu — dv
Then,
Of (u,v) b(cu —dv) — beu bdv
ou “ (cu — dv)? @t (cu — dv)?’
of(w,v) — —bu(=d) _ bdu
o (cu—dv)?  (cu—dv)?’

Next, we calculate equations (7) and (8) at the equilibrium point as follows:

of(@,1) bz bd  da—1)
o Ta@—awmr T om T T
of(z,x) bdz bd  d(a—-1)
v (@—dr)? (c—d)F  (c—a) v

Now, the linearized difference equation of Eq.(1) about the fixed point is given by

Yn+1 + PoYn—1 + P1Yn—3 = 0.

Theorem 1. Assume that

lac —d| +dja—1] <|c—d].

Then the fixed point of Eq.(1) is locally asymptotically stable.
Proof. By using Theorem A we notice that Eq.(1) is asymptotically stable if

lpo| + |p1| < 1.
Hence, we have
dla—1) dla—1)
_— - 1
o (c—d)‘ ’ c—d) |~

which can be rearranged as follows:
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la(c = d) +d(a = D)| + |=d(a - 1] < |(c = d)|.

Therefore,

lac —d| +dla—1] <|c—d].

This completes the proof.

3. GLOBAL STABILITY OF THE EQUILIBRIUM POINT
The global attractivity character of the considered equation will be presented in this section.
Theorem 2. The equilibrium point of Eq.(1) is a global attractor if a < 1.

Proof. Suppose that p and ¢ are two real numbers and let f : [p, q}2 — [p, q] be a function defined by Eq.(6).
Then, equations (7) and (8) tell us that f(u,v) is increasing in v and decreasing in v. Now, we assume that
(m, M) is a solution of the following system:

m= f(m,M), and M = f(M,m).

Substituting this into Eq.(6) gives

m o= am— —"
N em —dM’
bM
M = eaM - ——.
¢ cM —dm
Then,

em? —dmM = acm?® — admM — bm, (9)
cM? — dmM = acM? — admM — bM. (10)

Subtracting Eq.(9) from Eq.(10) yields
c(m? — M?) = ac(m® — M?*) +b(M —m).
Hence, we obtain
(m—M)[c(l—a)(m+ M)+b =0.
Thus, when a < 1, then we have

m = M.

We conclude from Theorem B that the equilibrium point is a global attractor of Eq.(1).
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4. PERIODICITY OF THE SOLUTION

This section will present a theorem which shows that Eq.(1) has no periodic solution.
Theorem 3. Eq.(1) has no prime period two solutions.

Proof. We will use contradiction to prove this theorem. Assume that Eq.(1) has a positive prime period two
solutions given as follows:

"'7p7q’p7Q7""
Then,
bp
= ap— , 11
p=ap— (11)
q
=aq— , 12
¢=ag— o (12)

Equations (11) and (12) can be written as follows:

pla—1)=—,

b

1) = —
gla—1)=—,

which implies that p = ¢ and this contradicts the fact that p # q.

5. SPECIAL CASE OF EQ.(1)

In this section we will study the solution of the following special case:

Tn—1
Tpgl =Tpo] — ————, n=20,1,2,.., (13)
Tpn—1 — Tn-3

where the initial conditions z_3, _5, _1 and zy are nonzero real numbers with x_3 # z_; and z_5 # xg.

Theorem 4. Let {z,,} - , be the solution of Eq. (13) satisfying x_3 =7, ©_o =1, z_1 = k and 9 = h. Then
forn=0,1,...

k
Pas = mh—(n=Dr—n(n—1)-
h
Top—o2 = nh—(n—l)l—n(n_l)_%7
z = (n+Dk—nr—n®— nk
dn—1 — k,r’
h
T4n = (n+1)hfnl—n27%

Proof. For n = 0 the result holds. Now, we assume that n > 0 and our assumption satisfies for n — 1. That is

Bancr = (0= Dk~ (-2 — (n - Dn—2) - LD,
Fanco = (0= Dh = (n =2l — (0~ D(n—2) - LI
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n—1)k
$4n—5:nkf(nfl){r*(nil)Qf%a
z4n_4:nhf(nfl)lf(nfl)sz.

h—1
Next, it follows form Eq. (13) that
Tan—5
Tgn—-3 = Tgn-5—
Tan—5 — Tan—7
-1k
= nk—(n—-1r— ,12,L
nk (0= — (n—1)? - 82D
nk—(n—l)r—(n—l)z—%
nk—(n—1)r—(n—1)2 =225 _(n — 1)k —(n—2)r — (n—1)(n—2) — B=LEy’
-k (mk—nr+r)(k—n—-r+1)
k- (1) — (12" -
nk—(n—1r—(n-1) k—r (k—r)k—n—r+1)
_ nk—(n—l)r—(n—l)Q—2nk_k_nT+r,
k—r
n(nk —rn+r)
= —_— —1 e ——
nk— (n—1)r P ,
= nk—(n—-1r—-—nn-1)-— nk
B k—r

Also, we obtain from Eq. (13)

_ Ton—4
Tan—2 = T4n—4 — x T )
An—4 — L4n—6

= nh—(n—l)l—(n—l)Q_%

nh—(n— 1)l — (n—1)% — o=Lh
nh—(n—1)—n-12—-"D" _(n _1)ht (n—2)+ (n—1)(n—2)+ B2

= nh—(n_1)l_(n_1)2_(”—1)h_ (mh—nl+l)(h—1—n+1)

h—1 (h—=0)(h—1l—-n+1) ~’
2nh — h —nl

_ nh—(nfl)lf—n(nhh__nll—kl),

= nh—(n—l)l—n(n—l)—hn—fl.
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Next, we will prove the third part of the theorem. Eq.(13) gives

T4n—3
Toan—1 = Tap—-3 —
Tyn—3 — T4n—5
nk
= nk—(n—-1r—nn-1)— .
-7

nk—(n—1)r —n(n—1) — &

nk—(m—1r—nn—1)— 2] — [nk— (n—1)r — (n—1)2 — =Lk’

k—r k—r
_ nk (k—n—r)(nk—nr+r)(k—r)
= nk—(n—Dr—n(n-1) T (e —r)(nk —nr +7) 5
- nk o o nk
= nk—(n—-1)r—n(n-1) - +k—-n—-r=mn+1k—nr—mn .

Finally, we prove the last part of the theorem. Eq.(13) leads to

Tan—2
:'3471, - $4n_2 -
Ton—2 — T4n—4
nh
= nh—(n—l)l—n(n—l)—ﬁ

nh—(n—1) —n(n—1) — 2

[nh — (n — Dl —n(n—1) — 28] — [nh — (n — 1)l — (n — 1)2 — @D
nh +(nh—nl+l)(h—l—n)(h—l)

h—1 (h—=1)(nh —nl +1) ’

nh 9 nh
= nhf(n—l)l—n(nfl)ferhflfn:(n+1)h—nl—n “ v

= nh—(n—-1)l—-n(n-1)—

Hence, the proof has done.

6. NUMERICAL SOLUTIONS
This section shows some numerical examples that confirm the results we obtained in this paper.

Example 1. Let x_3 =02, z_o =5, z_1 =1, 20 =2, a =05, b =1, ¢ =6 and d = 1. Then, the local
stability is shown as follows:

plot of x(n+1)= ax(n-1)-(bx(n-1))/(cx(n-1)-dx(n-3))

x(n)

L L L L
0 10 20 30 40 50
n

Figure 1. This figure shows the local stability of
Eq.(1).
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Example 2. Assume that 3 =02, x_ o=3, x_1 =01, 20=2, a=0.1, b=1, ¢=2 and d = 9. Then, the
global stability is illustrated as follows:

plot of x(n+1)= ax(n-1)-(bx(n-1))/(cx(n-1)-dx(n-3))

x(n)

L L L L
0 10 20 30 40 50
n

Figure 2. This figure presents a global stability
of Eq.(1).

Example 3. This example presents the solution of Eq.(1) when we suppose that x_5 = 0.2, z_5 =3, z_1 =
1, g =0.5, a=b=1, c=0.5 and d = 9. See Figure 3.

plot of x(n+1)= ax(n-1)-(bx(n-1))/(cx(n-1)-dx(n-3))

x(n)

n

Figure 3. This figure shows the solutions of
Eq.(1) when z_3=0.2, z_9 =3, z_1 =
1, z0=05,a=0b=1, c=05and d=09.

Example 4. This example illustrates the solution of Eq.(13) when we assume that z_3 = —7, x_o =
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5, x_1 = 0.5, o = 8. See Figure 4.

plot of x(n+1)= ax(n-1)-(bx(n-1))/(cx(n-1)-dx(n-3))
50 : : : :

-50

x(n)

-100

-150

-200

-250

Figure 4.
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Abstract

In this paper we consider the behavior of a special case of piecewise lin-
ear systems of difference equations with initial condition in first quadrant.
We found a necessary condition that the solutions become equilibrium
point or periodic with prime period 4 without using stability theorems.
We constructed inductive statement to represent the behavior of the sys-
tem and we apply useful lemmas in the proof of main theorem.

Key words: Difference equation, Periodic solution, Stability, Equilib-
rium point, Piecewise linear system of difference equation.
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1 Introduction

To investigate stability of system of difference equations requires theorems that
involve Jacobian matrix. So the functions of the system must are differentiable.
Unfortunately, piecewise linear systems of difference equations are the system
with absolute value. So we can not apply the stability theorem to the piecewise
linear systems. In 1978 Lozi [1] hypothesized a simplified version of Hénon’s
transformation by using system of difference equation with absolute value and
Lozi’s Piecewise Linear Model admits a strange attractor with a specific param-
eter and initial condition. Then, Devaney [2, 3] investigated Gingerbreadman
map and he was shown Gingerbreadman map, a map with absolute value, being
chaotic in certain regions. Moreover, Ladas’s open problem was mentioned an
in article [4] as the system of difference equations:

Tpnt1 = |Tn| + a¥Yn + b, Ynt1 = Tn +clyn| +d,n=0,1,...

where the initial condition (zg,yo) € R? and the parameters a,b, ¢, and d €
{=1,0,1}. He suggests to investigate boundedness character of solutions, the
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global stability, and periodic nature of the solutions.There are several authors
studied this open problem such as Grove et. al [4] found that every solution
of a specific system is eventually periodic with period 3, Tikjha et. al [5, 6]
found that the character of system is eventually periodic with some period
and equilibrium point respectively. As mentioned above, we can not apply
the stability theorems to this open problem. The common idea of proofs of the
above systems of piecewise linear articles is to separate initial condition into few
regions and find some characters of solution to the system of each region and
then establishing lemmas and finally summarizing the behaviors of each system
to be a theorem. Our ultimate goals is to know complete global character of
system:

Tntl = |Tn|l — Yn — by Ynt1 = T — lyn| + 1,m=0,1,... (1)

where the initial condition (zg,%0) € R? and the parameters b is any positive
number. In this article we will focus to a special case of System(1) when b =3
with initial condition are some points in the first quadrant.

2 Preliminaries

The following definitions [7] are used in this article. A system of difference
equations of the first order is a system of the form

Tp+1 = f(xnvyn)ayn—i-l = g(x’ruyn)a n= 07 17 (2)

where f and g are continuous functions which map R? into R.
A solution of the System(2) is a sequence {(Zn,yn)}>2, which satisfies the
system for all n > 0. If we prescribe an initial condition (x9,yo) € R? then

r1 = f(x0,0),y1 = 9(x0,%0)
T2 = f($1»y1),y2 = 9(3317y1)

and so the solution {(z,,yn)}>2, of the System(2) exists for all n > 0 and is
uniquely determined by the initial condition (xg,yo)-

A solution of the System(2) which is constant for all n > 0 is called an
equilibrium solution. If

(Tn,yn) = (Z,7) for alln >0
is an equilibrium solution of the System(2), then (Z,y) is called an equilibrium
point, or simply an equilibrium of the System(2).

A solution {(xn,yn)}52, of a system of difference equations is called even-
tually periodic with prime period p or eventually prime period p solution if
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there exists an integer N > 0 and p is the smallest positive integer such that
{(Tn,yn)}32, is periodic with period p; that is,

(Tntp Yntp) = (Tn, Yn) for all n > N. (3)

The p consecutive point of the solution is called a p-cycle of System(2). We
denote

o, Yo

L1, Y1

L2, Y2

T3,Y3

as 4-cycle which consists of (zo, o), (1,y1), (z2,y2) and (x3,y3) in xy plain.

3 Main Results

In this section we will investigate behaviors of the following system:
Tpt+1 = |xn| —Yn — 3, Ynt1 = Tp — ‘yn| +1n=01,.... (4)

From System(4) and by simple calculations,

-5, -1 1, -3
3, -5 1, -1
P4.1 = 5 -1 and P4_2 = 1 1
3, 5 -3, -1

are two 4-cycles of System(4) and equilibrium point is (—1, —1). For convenience
in the later part of the proof, we let S := {(z,y)|x + % <y<z+1},a, =

2271«{»371 L 22n+2+1 L 2271«{»271 _ o2n—+4 L
52 F3 HUn ‘= TomaTrr o ln = PP Op = 22" — 1, B4y = {(z,y)lz +
22n+3_1 2n+4

S Sy <zT+ %} The proof of main theorem requires the following
two lemmas.

Lemma 1. Let {(2n,yn) 52, be a solution of System(4) If there is positive
integer N such that xy = —yn — 2 < 0 and yy < 0 then (xn+1,yYn+1) 1S
equilibrium point (—1,—1).

Proof. The proof is obvious. O

Lemma 2. Let {(xn,yn) 52, be a solution of System(4) If there is positive
integer N such that xxy = yn — 2 > 0 then {(Zn,Yn) fne 16 are 0 Pyy.

Proof. With condition zy = yy — 2 > 0 by simple calculation, we have
(TN+1,YN+1) = (=5, —1) € Py1. O

The following theorem provides a necessary condition of equilibrium point
or prime period 4 to System(4) with initial condition in first quadrant.
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Theorem 1. Let {(zn,yn)}22, be a solution of System(4) and xg,yo > 0. If

(70,%0) € S — By (5)

for all integer n > —1, then {(xn, yn) 152 is eventually equilibrium point or the
prime period 4 solution(Py1 or Pya).

Proof. Let (xg,y0) € S — Bpy2 for all integer n > —1. Then z + % < yo and
Yo < xg+ 1, so we have z1 = g —yp —3 < 0O and y; = zg —yo+1 > 0,
o = =29 +2yo— 1 > 0 and yo = —3, x3 = —2x9 + 2y — 1 > 0 and
ys = —2x9 + 2yo — 3.

If yo > ac0—|—% then y3 > 0 and so (z4,y4) = (—1,3) and (z6,ys) = (=5, —1) €
Py.1. Suppose that gy < xo—l—% then y3 < 0 and so (x4, y4) = (—1, —4dxo+4yo—3)

If yg = —4x + 4yo — 3 < 0 then we have (x5,y5) € B;. This contradicts
Condition(5). Suppose that y4 > 0, so x5 = 429 —4yo +1 < 0 and y5 =
4rg —4yo+3 <0, 26 = —8xp + 8yg — 7 and yg = 8x¢g — 8yo + 5 < 0.

If 26 < 0, that is ¢ = —yg — 2 < 0, then applying Lemma(1l), we have
(z7,y7) = (—1,—1). Suppose that xzg > 0, that is z¢ + g <y < xo+ %, then
(:177, y7) = (7161‘0 + 16yo — 15, 71).

If z7 < 0, then zq —|—% <o < xo+ %, and so (xg,ys) € Bs. This contradicts
Condition(5). Suppose that z7 > 0. That is g + % < yo < x0 + %, SO
xg = —16x9 + 16y — 17 and yg = —16x¢ + 16y — 15 > 0.

If zg > 0 that is zg + }—g <y < xo+ % Applying Lemma(2), (z9,y9) € Py 1.
Suppose that xg < 0 that is x0+%g <y < z0+%. We have xg = 32x¢—32yo +
29 <0 and yg = —1, x190 = —32x9 + 32yg — 31 and y19 = 32x9 — 32yo + 29 < 0.

If 19 < 0 that is 2o + % <wyo < xo+ % We have (z11,y11) = (=1, -1).
Suppose that z19 > 0 that is zg + % <y <o+ %. We have a closed form of
inductive statement on n > 1 and let P(n) be the following statement:

For (xzo,y0) € R, = {(z,y)|x + an <y < x + uy,}, then x4,16 > 0 and so

Tan+7 = 722n+4x0 + 22”+4y0 —0n

Yantr = —1.

If (zo,y0) € Bnyo = {(z,y)|x + an <y <z + 141}, then z4p47 < 0.

If (x0,90) € Ry — Bry2 = {(x,y)|x + lny1 <y < 2+ up}, then 24547 > 0

and so
Tynig = 722n+4x0 + 22n+4y0 _ 577 —92
Yants = =22z + 220y, — 5, > 0.
If (z0,vy0) € R = {(x,y)|z + unt1 <y <+ up}, then z4,45 > 0 and so
Typnt9 = —D
Yan+9 = —L

If (zo,y0) € (Rn — Bny2) — R = {(z,y)|x + lny1 <y < &+ upt1}, then
ZTyn+s < 0 and so

Tan+9 = 22n+51.0 — 22"+5y0 +24,—-1<0

Yanto = —1

Tant10 = —22" TPz + 2275y — 26, — 1

Yany10 = 22" HPg — 2270y, + 25, — 1 < 0.
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If (zg,y0) € R, = {(z,y)|z+lny1 <y < x+ans1}, then 4,410 < 0 and so

Typt11 = —1

Yan+11 = —1.

If (z0,90) € Rnt1 = {(z,y)|z + an+1 <y <+ upy1}, then Tan-+10 > 0.
We shall first show that P(1) is true. For (zo,y0) € Ry = {(z,y)|z + 35 <y <
T+ 17} and 61 = 63, we have x19 = —32x9 + 32yp — 31 > 0 and so

Ta(1)47 = T11 = 22(1)+4I + 22(1)+4y0 5

Ya(ry+7 = y11 = —1L.

If (z0,y0) € Bs = {(z,y)|z + 3} <y <+ 8}, then 211 = —64x¢ + 64y —
63 < 0.

If (z0,90) € R1 — By = {(z,y)|x + & <y < o+ 1T}, then zy; = —64z +
64y — 63 > 0 and so

I4(1)+8 = T12 = 764930 + 64y0 — 65 = 722(1)+4I0 + 22(1)+4y0 — (51 -2

Ya()4s = Y12 = —64xg + 64y — 63 = —22(WHig, 4 22+, 5, > 0.

It (.’Eo,yo) € R){ = {(.’E,y”l’ + % Sy<z+ 16}’ then 1, = —641'0 + 64y0 —
65 > 0 and so

Ty1)4+9 = T13 = —5

Ya(1)+9 = Y13 = —1L. ,

If (z0,y0) € (R1 — B3) — R; = {(z,y)lz+ & <y <2+ B} then 215 =
—64xg + 64y — 65 < 0 and so

Ty1)+9 = T13 = 1289 — 128yg + 125 = 22(W+55, — 22(W+5y 4 25, — 1 < 0

Ya(1)+o = Y13 = —1

Ty1)+10 = T14 = —128z0 + 128y — 127 = =22 F53 4 22(F5y, — 25, — 1

Ya(1)+10 = Y14 = 128z — 128yq + 125 = 22 +535 — 22(V+5y, 4 25, — 1 < 0.

If (zo,y0) € R1 = {(z,y)|lz + & <y < x+ I}, then 214 = —128z +
128yp — 127 < 0 and so

Ty1)+11 = T15 = —1

Ya(1)+11 = Y15 = —1.

If (z0,y0) € Re = {(,y)|z + }g; <y<az+ &}, then wyqy110 = —128z0 +
128yo — 127 > 0. Therefore P(1) is true, as required.

Suppose P(k) is true for a positive integer k. If (zo, yo) € Rr+1 = {(z,y)|z+

2 sl <y <a+ EFY then
Taps1o = —22KH5 00 19265y 95, 1> 0 and yapso = 225y — 2265y 4+
20, — 1 < 0 and so
Ta(kt1)4+7 = Taps11 = —22F 00 4- 22546y, (45k +3)
— 92kt 4 22(k+1) Yo — ki1
Ya(k+1)+7 = Yak+11 = — L.
If (z0,y0) € Brts = {(33 y)lz + 2 22k+5 L<y<a+ W}v then
Tappr1 = =22 F0p0 + 22646y, — 5,14 < 0
If (z0,y0) € (Rg+1 — Brts) = {(m e+ Lt <y<a+ W} then
Typq11 = —22F 024 + 2284640 — 5,1 >0, and so
Ta(kt1)+s = Taps12 = —22FF0g0 4 22646y — 5, —2

_22k+6$0 + 22k+6y0 _ 22k+6 -1
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Ya(k1)+8 = Yaht12 = —22FF0g0 4+ 226y, — 5,y
— —22(k+1)+4l’0 + 22(k+1)+4y0 _ 22(k+1)+4 +1 Z 0.

If (z0,y0) € Riypy = {(@,9)|2 + g2 Sy <o+ upta }
2k+6 2k44
= {(ew)le + Lt <y <+ Lt then

Tapr12 = =22 030 4+ 226y, — 6,1 —2 >0, and so
Th(k+1)+9 = Tak+13 = —9D
Ya(k+1)+9 = Tak+13 = — L.
2k+6 __ 2k+6
If (zo,90) € (Rky1—Bryz)—Ri = {(%y)kﬁ + et Sy <z + Lo },
then
Typq1p = —22F 020 4 2284640 5,1 —2 <0, and so

Tar1yo = 2 (228F620) — 2 (22 0y) + 20441 — 1
_ 22k+7$0 _ 22k+7y0 + 25k+1 -1
_ 22(k+1)+5$0 _ 22(k+1)+5y0 + 22(k+1)+5 ~-3<0
Ya(k+1)+9 = Tak+13 = —1
Takr1)410 = =22 g + 22Ty — 26541 — 1
— _22(k+1)+5x0 + 22(k+1)+5y0 — 92(k+1)+5 +1
Ya(k+1)+10 = Tdk+14 = 226+ T30 — 22K+ Ty0 + 2649 — 1
— 22(k+1)+51.0 o 22(k+1)+5y0 + 22(k+1)+5 —3<0.

~ 2k+6 _ 2k+7 _
If (x0,v0) € R+1 = {(xay)|$+ T <y<az+ %}7 then
Tapp1a = =228 7o 4 22 Tyg — 26,1 — 1 <0,
and so
Th(k+1)+11 = Tap+15 = —1
Ya(k+1)+11 = Tap+15 = — L.

If (x0,90) € Riv2 = {(z,y)|z + axt2 <y < o + upya}
2k+7 _ 2k+6
—{@ylo+ Lt <y <o+ L], then
Tak+14 = 722k+7560 + 22k+7y0 - 25k+1 -1 Z 0.
Hence P(k + 1) is also true. By mathematical induction P(n) is true for any
positive integer n. Note that
lim a, = lim [, = lim u, = 1.
n—oo n—oo n—oo
If yo = xo + 1, then (x1,y1) = (—4,0) and so (x2,y2) = (1,—3) € P,2 and
the proof is complete. O

4 Conclusion

In this paper we showed that solution of System(4) with initial condition being a
specific region in first quadrant is eventually equilibrium point or prime period
4. We described the behavior of solution to the system by using inductive
statement. If initial conditions are in R} then the solution is eventually prime
period 4 (Py.1). If initial conditions are in Ry then the solution is eventually
equilibrium point. The limit of R,, tend to a line y = = + 1 and if we choose
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initial condition in the line y = x + 1, then solution is eventually prime period
4 (Py2).
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BI-UNIVALENT FUNCTIONS ASSOCIATED WITH WRIGHT
HYPERGEOMETRIC FUNCTIONS

E. ANALOUEI ADEGANI!, N. E. CHO?*, A. MOTAMEDNEZHAD! AND M. JAFARI®

ABSTRACT. In this work, using of the Faber polynomial expansions we find
upper bounds for |a,| (n > 3) coefficients of functions in subclasses G&™ (v, \, ¢)
and Blz’m (v, A, ), which were defined with Wright hypergeometric functions
and quasi-subordinate conditions in the open unit disk. Our results general-
ize and improve some of the previously known results.

1. INTRODUCTION AND PRELIMINARIES

Let A be the class of functions of the form
(1.1) f(z) = z+Zanz"
n=2

which are analytic in the open unit disk U = {z: 2 € C and |z| < 1}. Denote
by S the class of all functions in 4 which are univalent in U.

Many derivative and integral operators can be written in terms of convolution
of certain analytic functions. This formalism facilitates further mathematical
explorations and helps deep understanding of the geometric properties of such
operators. For functions f,h € A, where f(z) is given by (1.1) and h(z) =

o0

z+ Y ¢z, Hadamard product (or convolution) of f(z) and h(z) is denoted
n=2
by f * h and is defined by

(fxh)(z) =2+ Zancnz" = (h* f)(2).
n=2

Now, we recall and state some concepts of the special functions and operators
as follows:

For complex parameters s, . .., ay (% #0,—1,...;5=1,2,....0)and B1,...,Bnm
(% #0,-1,...;7=1,2,...,m), Fox’s H-functions ( for details, see [19]) which
mean the Wright’s generalized hypergeometric functions ,¥,, with A;, B; > 0,

give (rather general and typical examples of H-functions, not reducible to G-
functions):

A ) b A 5

B i (g +ndy) ... I +ndy) 2"
= T(B1+nB1)...D(Bpn +nBp) n!’

2010 Mathematics Subject Classification: Primary 30C45, 30C50; Secondary 30C80

Key words and phrases: Coefficient estimates, Faber polynomial expansion, Wright hyper-
geometric functions, Subordinate

* Corresponding author

261 ADEGANI et al 261-271



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

2 E. ANALOUEI ADEGANI, N. E. CHO, A. MOTAMEDNEZHAD AND M. JAFARI

m 4
where 14+ > B, — >. A, > 0(¢,m e N={1,2,...}) and for suitably bounded

n=1 n=1
values of |z|.

Now the linear operator is introduced comprising of the generalized hyperge-
ometric function from Srivastava [19] (see [7]) and Wright [24]. Let {,m € N
and suppose that the parameters a1, A1,...,ap, Ap and 51, By, ..., Bm, Bn are
also positive real numbers. Then, corresponding to a function

(@[ (0, Aj)1e; By, Bj)im; 2]
defined by
0@ [(, A 1es (B, Bi)1ms 2] = Q2 0¥ [(a, 4))1,6: (Bjs Bj)im; 2],

4 -1/ m
where = ( I1 F(aj)) < I F(ﬁj)>, we consider a linear operator
j=1 J=1

Wl(y, Aj)e (B, Bj)im] : A — A
defined by the following Hadamard product
W(ej, A)16: (B Bij)im] F(2) = 2 e®@m[ (s, Aj)res (By, By)ms 2] * f(2).

We observe that, for f(z) of the form (1.1), we have

Wl(a Aj)1es (B Bi)im) f(2) i= 2+ D pnanz",

n=2

where

_ Ql(ar + Ai(n—1))...T(ag + Ap(n — 1))

T - DIT(B + Bi(n—1))...T(Bm + Bm(n— 1))’
If, for convenience, we write
WhF(z) = W(a1, A1), .., (o0, Ag); (B1, B1), -, (Bmy Bm) | f(2).

The Koebe one-quarter theorem [6] ensures that the image of U under every
univalent function f € S contains a disk of radius 1/4. Therefore, every function
f € S has an inverse f~!, which is defined by

FUAE) =2 e and (@) = (Jul<n (i n(DZ ),

where

(1.2)

g(w) = f_l(w) = w — aqw? + (Qa% — ag)w3 — (5a§ — Sagasz + a4)w4 4.

o0
=:w+ Z bw™.
n=2

A function f € & is said to be bi-univalent in U if both f and f~! are univalent
in U. Let ¥ denote the class of bi-univalent functions in U given by (1.1).

Determination of the bounds for the coefficients a,, is an important problem
in geometric function theory as they give information about the geometric prop-
erties of these functions. For a brief history and interesting examples in the class
Y, see [13]. Recently, many researchers introduced and investigated subclasses
of bi-univalent functions and obtained bounds for the initial coefficients, see,
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for example, [4, 15, 20-22, 25, 27]. But the coefficient problem for each of the
Taylor-Maclaurin coefficients |a,, | (n € N\{1, 2,3}, is still an open problem.

A function f(z) is said to be quasi-subordinate to ¢(z) in the open unit
disk U if there exist analytic functions ¥(z) and w(z), with w(0) = 0 such that
[(2)] <1, Jlw(z)| < 1and f(2) = ¢¥(z)p(w(z)). Denote this quasi-subordination
by f(z) <4 ¢(z). For ¢(z) = 1, the quasi-subordination reduces to the subordi-
nation (see [17, 18]).

Throughout this paper, we let ¢(z) is analytic function in the unit disk U
with ¢(0) = 1 such that

$(2) =14+ Crz+ Co2? + C32% + - -- (C1 > 0)

and assume that the function 1(z) is analytic in the unit disk U and |¢(2)| <1
such that

Y(2) = Do+ D1z + Doz + D32 4 - - - .

Recently, Cho et al., [5] introduced subclasses G&™ (v, A, ) and BY™ (v, A, ¢)
of 3 and only obtained estimates on the coefficients |az| and |ag| for functions
in these subclasses.

Definition 1.1. [5] A function f € 3 given by (1.1) is said to be in the class
gg’" (7, A, ¢) if the following conditions are satisfied:

1 c(Wif(2)) N e
<(1_>‘)W1lnf(2)+)\z(w7lnf(z))/ 1) < (¢(2) = 1)

and

1 w(Wig(w)) ) 2
<(1A)W&9(w)+>\w(wglg(w))/ 1) =g (o(w) = 1),

where v € C\{0}, 0 < A < 1, z,w € U and the function g is given by (2.1).

Definition 1.2. [5] A function f € ¥ given by (1.1) is said to be in the class
Blz’m(fy, A, ¢) if the following conditions are satisfied:

1 (zl)‘(Winf

(2))
7\ VL) —1> < (6(z) — 1)

and

Y

L w2V @) Y L e
< [W}ng(w)]l_/\ 1> '<q (‘b( ) 1)7

where v € C\{0}, A > 0, z,w € U and the function g is given by (2.1).

Lemma 1.3. [6] Let u(z) be analytic in the unit disk U with w(0) = 0 and
lu(z)| < 1 and suppose that u(z) = > o2 pnz™. Then |p,| £ 1(n € N).

Lemma 1.4. [9] Let the function w in the Schwarz function is given by w(z) =

o
> wpz™, where z € U. Then for every complex number s,
n=1

jw + swi| <1+ (|s| = Dfwi].
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Faber [8] introduced the Faber polynomials, which play an important role in
various areas of mathematical sciences, especially in geometric function theory.
By using the Faber polynomial expansion of functions f € S of the form (1.1),
the coefficients of its inverse map g = f~! may be expressed, (see for details [1]

and [2]),
(13)  glw)= ) = w3 K (0, e
n=2
where b,, = %K;fl(ag,ag, ...,ap), and
—-n _ (_n)‘ n— (—Tl)' n—
Kot = i i@ 1* 2(—n + 1))I(n — 31" as
N (—n)! R (—n)! n—5
(—2n+3)l(n -2 " (2(=n+2)l(n—5)"2

xlas + (—n + 2)a3] + ay~lag + (=2n + 5)agad]

—i—ZaZ_jV}

203 5)(n —0)!

Jj=7
such that V; with 7 < j < n is a homogeneous polynomial in the variables
az,as,--- ,an, (see for details [2]). In particular, the first three terms of K ™
are

1
ZK§4 = —(5&% — basasz + as).

In general, for any p € Z = {0,£1,42,---}, an expansion of K}, is (see for
details [1, 23] or [2, page 349])

1 1
§Kf2 = —ay, §K53 = 243 — a3,

plp—1) p! 3 P!
n = Panet T Dt g e o T P
where
N 0o m!(a2)u1 .. (an)#n
(1.4) Dl (ag, a3, -+ ,an) = Z | |

and the sum is taken over all nonnegative integers p1, ..., piy, satisfying
pat pg e =m,
p1+2u2 + -+ npp =n.

We noth that it is clear that D) (a2, a3, - ,an) = aj.

Lemma 1.5. [2, Equation (1.6) and (1.7)] Let f(2) = z+ag2?+azz®+--- € S,
and k € Z then we have the following expansion

26 (1) -y " (a9, a a1
f(2) ( 2 ) =1-3 P (en,as,.a0)

n=1

o
n—1
— 1—1—2 <1 + 2 )Kﬁ_l(az,ag,.,_’an)zn—l’

where the first Faber polynomials Fy?flk_l(ag,ag, ..., ap) are given by

A=1)(A+2)

FF(a) = (1 4+ Naa, FE2(ag,a3) = 5

a3+ (A +2)as, . ...
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Several researchers have solved coefficient estimates problem for various sub-
classes of bi-univalent functions by using Faber polynomial expansions, see for
example [10, 11, 20, 26]. In the present paper, by using the Faber polynomial
expansions we obtain estimates of coefficients |a,,| where n > 3, of functions in

the subclasses ggm(% A, ¢) and BlE’m (7, A, ¢) of ¥ with various special cases.

2. MAIN RESULTS

First, we can write that the Faber polynomial expansion for f € ng(% A, 9)
given by (1.1) is in the form of

(2.1)
L 2OV, f(2)) Iy .
7@LﬂW%ﬂd+mm%ﬂm“4>_WZJ%M%@WW””WWMZ%
where

Fi(paaz) = (1 — N)paaz, Fa(paaz, pzaz) = (A = 1)(p2a2)* +2(1 — N)psas.
In general,

anl(ﬁp2a27 ©3a3, - - a(pnan) - (1 - )\)(n - 1)90na/n
+ Z K ( (1+ AN)paasg, (1 +2X)psag, -+, (1 + l)\)golHaHl) 1T=XNn—-10-1D)pp_ian_i.

Then to simplify, we define:
(2.2) F(z) <3 (¢(2) —1) and G(w) <5 (¢(w) — 1),

where

_ 1 (Wi, f(2))" _ 1 w(Wy, g(w))’
Fer=3 <(1/\)W£nf(2)+/\Z(WLlf(Z))’ — 1) and G(w) = 2| T sl Bworsmy ~ L

L2 ok r(z) L[ w2 Wl g(w))’
F(z)7< o rn L) and Glw) = —{ Sy — 1)

In addition, by definition of quasi-subordinate there exist analytic functions
and u,v : U — U, where u(z) = > 7, ppz™ and v(z) = o7 | gn2", so that

(23) F(2) = ¢(2)[¢(u(z)) = 1] and  G(w) = ¢ (w)[¢(v(w)) —1],
where by equation (1.4) we have

(2.4)

(2)[(u(2)) — 1] = [Cip1z + (C1p2 + Cop?)2® + -+ -][Do + D1z + Doz? + -]

- (zzcwz(pl,p%--. D)2 )zpnz

n=1k=1

and

(25) pw)h( (ijz E@ @ g )anw

Now, we obtain the following coefficient estimates for these subclasses.
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Theorem 2.1. Let the function f € ggm(% A, @) be given by (1.1) and Dy # 0.
If ap =0 for2 <k <n-—1, then

D, _
[71(C1 + | 1|)’ n>3.
(1 =) (n—1)en
Theorem 2.2. Let the function f € Blz’m('y, A, @) be given by (1.1) and Dy # 0.
If ap, =0 for2 <k <n-—1, then
D, _
7(C1 + | 1|)7 n> 3.
()\ +(n— 1))<pn

Theorem 2.3. Let the function [ € ggm('y,/\,qb) be given by (1.1) and Cy >
|Ca|. Then

|an| <

|an| <

0] < [7Do| C1v/Ch .
V/PDolC2 (N2 — 1) + 2(1 = N)gs| + (C1 — |Gal)(1 — V%3

Theorem 2.4. Let the function [ € BlE’m('y,)\, @) be given by (1.1) and C1 >
|Ca|. Then

‘ag‘ < "}/D0|01\/201
VDol CRI(A = 1)(A+2)¢3 + 200+ 2)ps + 2(C1 = Ca) (1 + 2?63

Remark 2.5. (1) If we take 1(z) = 1 in Theorem 2.1, then we obtain
estimates of coefficients |a,| (n > 3) for subclass defined by Murugusun-
daramoorthy in [14, Theorem 2.2].

(2) If we take 9(z) = 1 in Theorem 2.3, then we obtain an improvement
of the estimates obtained for |az| by Murugusundaramoorthy in [14,
Theorem 2.2].

(3) By setting A\ = 0,y =1 and £ = 2, m = 1 with 41 = Ay = By =
a1 = ag = 1 = 1, in Theorem 2.3, we get ¢, = 1 and then we obtain
an improvement of the estimates obtained for |az| by Algahtani in [3,
Theorem 2.5].

(4) By setting A = v = 1 and ¢ = 2, m = 1 with A} = Ay = B} =
a1 = ag = 1 = 1, in Theorem 2.4, we get ¢, = 1 and then we obtain
an improvement of the estimates obtained for |az| by Algahtani in [3,
Theorem 2.2].

(5) By setting A\=0,y=1and { =2, m =1 with oy =2 and A; = Ay =
By =as =1 =1, W2f(z) = 2f'(2)) in Theorem 2.3, then we obtain
an improvement of the estimates obtained for |ag| by Algahtani in [3,
Theorem 2.8].

(6) By setting ¥(2) = 1, A =0,y =1and ¢ =2, m = 1 with oy = 2
and A1 = Ay = B; = as = 1 = 1, in Theorem 2.3, then we obtain
an improvement of the estimates obtained for |ag| by Algahtani in [3,
Theorem 2.9].

(7) By setting ¥(z) = 1, A\ = 1,y = 1l and £ = 2, m = 1 with oy =
a, ag = b, 1 = ¢, in Theorem 2.4, then we obtain an improvement of
the estimates obtained for |az| by Omar et al., in [16, Theorem 1].

(8) By setting ¥(z) =1, A=0,y=1and £ =2, m =1 with A} = Ay =
Bi = a1 = as = 1 = 1, in Theorem 2.3, we get ¢, = 1 and then we
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obtain an improvement of the estimates obtained for |az| by Ali et al.,
in [4, Corollary 2.1].
(9) By setting ¢(z) =1, A\=y=1and { =2, m =1 with A1 = Ay = By =

a1 = ag = 1 = 1, in Theorem 2.4, we get ¢, = 1 and then we obtain
an improvement of the estimates obtained for |ag| by Ali et al., in [4,
Theorem 2.1].

(10) Theorem 2.3 and Theorem 2.4 are improvements of the results obtained
by Cho et al. [5], respectively.

3. PROOF OF THEOREMS

Proof of Theorem 2.1. For this work, let

1 WL f(2))
P =7 ( (T = WWLF(z) + A:0MLF(z)) )

and

G(w) =

L w(Wh(w)) )
7\ = Whg(w) + AwOWg(w)) )

For the function f € ggm(’y,)\,qﬁ), we have the expansion (2.1) and for the

inverse map g = f~!, considering (1.2), we get that

1.
(31) G(U}) = ; Z Fn—l(<p2b27 903b3a e a‘ﬂnbn)wn71'
n=2

Comparing the coefficients of (2.1) and (2.4), we conclude

(3.2)
1 n—2
> [(1 — N (= Dgnan + > K7 (14 Nz, (1+20)gsaz, -+, (1+ Wi rags )
=1
n—1 t
x(I=A)(n—1- 1)<Pnzanz] =Dn 1+ Y > CeDf(p1,p2: -+ pt) Do (e41)-
t=1 k=1
Similarly, from (3.1) and (2.5), we have
(3.3)
1 n—2
S [(1 = N = Dgnbn + > K7 (14 N)paba, (142X 9sbs, -+, (1+ ) uiabisa )
=1
n—1 ¢
x(1=XN(n—1- 1)@7L—lb7L—l] =Dn1+ Z Z CeDy (a1,42, - 5 0t) Do (t11)-
t=1 k=1
For ap =0 where 2 <k <n—1and Dy # 0, we have pp =p3=---=pp_2=0
and g2 = q3 = -+ = @gn—2 = 0. So from (3.2) and also from equation (1.3) and
(3.3) we get, respectively,
1
(3.4) —(1=X)(n—1)ppan = Cipp—1 + Dp—1

~
and

1 1
(3:5) (1 = A)(n = Dgnbn = =~ (1 + 1) (1 = 1)¢nan = Crgn-1 + Dn-1.

267 ADEGANI et al 261-271



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

8 E. ANALOUEI ADEGANI, N. E. CHO, A. MOTAMEDNEZHAD AND M. JAFARI

By solving either of the equations (3.4) and (3.5) for a,, and using Lemma 1.3,

we obtain
lan| = Y|C1pr—1 + Dp—1| < V[(Cy + | Dp-1])
TSN - D S (=N - D
and this completes the proof. O

Proof of Theorem 2.2. Let

_ 12O
£0 = Comiirs Y

and

1w Whg(w))
Gw) =2 (Tt g~ 1)

For the function f € Blz’m('y, A, ¢), by Lemmal.5 we have

1 & n—1 B
(3.6) F(Z) :; Z <1 + h\ > Kn>‘_1(<p2a2, ©p3asz, ... ,gonan)z" 1.

n=2

For its inverse map g = f~!, regarding the equality (1.2) we have

1 — n—1
(37) G(’Uj) :5 Z <1 + \ ) Ké‘,l(QOng, w3bs, ... ,(pnbn)wnil.

n=2

Comparing the coefficients of (3.6), and (2.4), we conclude that
(3.8)

n—1 t

1 n—1
5 <1+ Y ) Kﬁ_1(§02d2,§03a3,...,§0nan) - Dn—l"’ZZCkDf(plaan"' 7pt)Dn—(t+l)'
t=1 k=1

Similarly, from (3.7) and (2.5), we have

(3.9)
1 n—1 nol ¢
5 <1 = > Ky 1 (@2b2, 03b3, .., onbp) = Dy + Z ZCkDf(QDQQa 5 qt) Dy 11)-
t=1 k=1
Since a = 0 where 2 < k < n — 1, and Dy # 0 from (3.8) and (3.9) we get,
respectively,
1
5()‘ + (n—1))enan = Cipp-1+ Dy
and

1
- ;(A =+ (n - 1))(pnan =Cign—1 + Dp—1.

By solving either of the above equations for a,, and using Lemma 1.3, we con-
clude the desired results and this completes the proof. O
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Proof of Theorem 2.3. For n =2 and n = 3 in (3.2) and (3.3), respectively,

we obtain
(3.10) (1 — )\)(,02&2 = ’}/D()Clpl,
(3.11) (A* = D)p3a3 + 2(1 — N)psas = vDo[Cipz + Capi] + vD1Cipy,
(3.12) —(1 — )\)SOQGQ = ’}/D()Clql,
(3:13) (\* —1)p3a3 + 2(1 — A)ps(2a5 — az) = vDo[Crga + Cagi] + vD1Ciqr.
From (3.10) and (3.12), we get
(3.14) p1=—q.
Adding (3.11) and (3.13) and using (3.14) we obtain
C: C:
[2(0% = 1)@3 +4(1 = N)gs]a3 = yDoC1 [p2 + ép% + g2 + gjfﬁ]
By using Lemma 1.4 we have
C: C:
202 - D+ 40 - Ngsllal” < Dol [z + 21881+ e + Sl
Oy - C
< |yDolCy[2 + 2(|2|011) p1]
(IC2] = C1)(1 — A)*p3|a3]
= Dy|C1 (242 .
o2+ 2 (1=

After simplification we have

(’7D0|C12

which implies that

2002 — 1) +4(1 = N3

1 2(Cy — [Cal)(1 - A)%%) laal? < 217 DoC,

|a2|2 < "YDOFC%
= |¥DolCE|(A2 — 1)3 + 2(1 — A)ps| + (C1 — [Ca]) (1 — X)2¢3

and this completes the proof. O

Proof of Theorem 2.4. For n =2 and n = 3 in (3.8) and (3.9), respectively,
we obtain

(14 N)p2a2 = vDoCip1,

A—1(A+2
()2()<p§a§ + (A +2)p3az = yDo[Cipz + Copi] + vD1Cipy,

—(1 4 N)p2a2 = vDoCiq1,

((/\ —1)(A+2)
2

03+ 2N+ 2)<P3>a§ — (A +2)psas = vDo[C1ga + Caqi] +vD1Chqi.

With similar method to Theorem 2.3 we get the desired results and this com-
pletes the proof. O
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Abstract

Here we present the conformable fractional quantitative approxima-
tion of positive sublinear operators to the unit operator. These are given
a precise Choquet integral interpretation. Initially we start with the study
of the conformable fractional rate of the convergence of the well-known
Bernstein-Kantorovich-Choquet and Bernstein-Durrweyer-Choquet poly-
nomial Choquet-integral operators. Then we study in the fractional sense
the very general comonotonic positive sublinear operators based on the
representation theorem of Schmeidler (1986) [11]. We continue with the
conformable fractional approximation by the very general direct Choquet-
integral form positive sublinear operators. The case of convexity is also
studied throughly and the estimates become much simpler. All approxi-
mations are given via inequalities involving the modulus of continuity of
the approximated function’s higher order conformable fractional deriva-
tive.

2010 AMS Mathematics Subject Classification: 26A33, 41A17, 41A25,
41A35, 41A36.

Keywords and Phrases: Jackson type inequality, Choquet integral, Con-
formable Fractional derivative, comonotonicity of functions and operators, Bernstein-
Kantorovich-Choquet and Bernstein-Durrmeyer-Choquet operators, convexity.

1 Introduction

G. Choquet (1953) ([4]), introduced the capacities and his integral. Initially
these were applied to statistical mechanics and potential theory, and they gave
rise to the study of non-additive measure theory. Slowly but steady these ideas
of Choquet started to attract economists especially after the very important
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work of Shapley (1953) ([13]) in the study of cooperative games. Capacities and
Choquet integrals became main stream to Decision theorists since 1989 when
D. Schmeidler ([12]) was the first to use them in an axiomatic model of choice
with non-additive beliefs. The expected utility results are strengthned by the
use of Choquet capacities instead of probability measures.

In now days Choquet integral has wide applications, among others, to deci-
sion making under risk and uncertainty, in finance, in economics, in portofolio
problems and in insurance.

Our motivation also comes from the foundations of Bayesian decision theory
and subjective probability.

Because of the paramount importance of Choquet integral, we decided to
research the related positive sublinear operators approximation, part of it is
exhibited in this work in the conformable fractional sense.

2 Background - I

Next we present briefly about the Choquet integral, see also [8].
We make

Definition 1 Consider Q2 # @ and let C be a o-algebra of subsets in €.

(i) (see, e.g., [14], p. 63) The set function p : C — [0,+00] is called a
monotone set function (or capacity) if u (&) = 0 and p(A) < p(B) for all
A, B e C, with A C B. Also, i is called submodular if

pw(AUB) 4+ u(ANB) < u(A)+up(B), forall A,Be€C.

o is called bounded if 11 (2) < 400 and normalized if ju (Q) = 1.

(i1) (see, e.g., [14], p. 238, or [4]) If u is a monotone set function on C and
if f:Q — R is C-measurable (that is, for any Borel subset B C R it follows
f~Y(B) €C), then for any A € C, the Choquet integral is defined by

“+o0 0
0

(C)/Afdu:/ M(Fs(f)ﬂA)dﬁ+/ [ (Fs (F) N A) — u (A)] d,

— 00

where we used the notation Fg (f) = {w € Q: f (w) > B}. Notice that if f >0
on A, then in the above formula we get ffoo =0.

The integrals on the right-hand side are the usual Riemann integral.

The function f will be called Choquet integrable on A if (C) [, fdu € R.

Next we list some well known properties of the Choquet integral.

Remark 2 If u: C — [0,+00] is a monotone set function, then the following
properties hold:
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(i) For all a > 0 we have (C) [, afdp =a-(C) [, fdu (if f > 0 then see,
e.g., [14], Theorem 11.2, (5), p. 228 and if f is arbitrary sign, then see, e.g.,
[5], p. 64, Proposition 5.1, (ii)).

(i) For all ¢ € R and f of arbitrary sign, we have (see, e.g., [14], pp.
232-233, or [5], p. 65) (C) [, (f+c)du=(C) [, fdp+c-p(A).

If b is submodular too, then for all f,g of arbitrary sign and lower bounded,
we have (see, e.g., [5], p. 75, Theorem 6.3)

(©) /A (f+9)du < (C) /A fdu+ (C) /A gd.

(i) If f < g on A then (C) [, fdu < (C) [, gdu (see, e.g., [14], p. 228,
Theorem 11.2, (8) if f,g >0 and p. 232 if f,g are of arbitrary sign).

(w) Let f > 0. If A C B then (C) [, fdu < (C) [, fdp. In addition, if p is
finitely subadditive, then

© [ sdu<(©) [ fan+ic) [ san
AUB A B

(v) It is immediate that (C) [, 1-du(t) = p(A).

(vi) The formula i (A) = v (M (A)), where v : [0,1] — [0,1] is an increasing
and concave function, with v (0) =0, v (1) =1 and M is a probability measure
(or only finitely additive) on a o-algebra on Q (that is, M (&) =0, M (2) =1
and M is countably additive), gives simple examples of normalized, monotone
and submodular set functions (see, e.g., [5], pp. 16-17, Example 2.1). Such
of set functions pu are also called distorsions of countably normalized, additive
measures (or distorted measures). For a simple example, we can take v (t) =
25 (1) = VA

If the above v function is increasing, concave and satisfies only ~(0) =
0, then for any bounded Borel measure m, p(A) = v(m(A)) gives a simple
example of bounded, monotone and submodular set function.

(vii) If w is a countably additive bounded measure, then the Choquet integral
(C) [, fdp reduces to the usual Lebesgue type integral (see, e.g., [5], p. 62, or
[14], p. 226).

(vii) If f >0, then (C) [, fdp > 0.

(iz) Let p = M, where M is the Lebesque measure on [0,400), then u is
a monotone and submodular set function, furthermore u is strictly positive, see
[7].

(x) If Q = RN, N € N, we call pu strictly positive if u(A) > 0, for any open
subset A C RV,

We need some possibility theory:

Definition 3 (/6]) For the Q # @, the power set P () denotes the family of
all subsets of (1.
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(i) A function X\ : Q — [0,1] with the property sup{\(s):s€Q} =1, is
called possibility distribution on €.

(ii) P: P () — [0,1] is called possibility measure, if it satisfies P (&) = 0,
P(Q) =1, and P (UjerA;) = sup{P (4;) : i € I} for all A; C Q, and any I,
an at most countable family of indices. Note that if A, B C Q, A C B, then the
last property implies P (A) < P (B) and that P(AUB) < P(A) + P (B).

Any possibility distribution A on §, induces the possibility measure Py :
P(Q) — [0,1], Px(A) =sup{A(s) : s € A}, A C Q. Also, if f : Q@ — Ry,
then the possibilistic integral of f on A C Q with respect to Py is defined by
(Pos) [, fdPy =sup{f (t) A (t) : t € A} (see [6], chapter 1).

Note that any possiblity measure p is normalized, monotone and submod-
ular. From p(AUB) = max{u(A),n(B)} we get monotonicity, and from
p(ANB) <min{u (A),p(B)} we derive the submodularity.

3 Background - 11
We make

Definition 4 (/2]) Let f : [a,b] C [0,00) — R and o € (0,1]. We say that f is
an a-fractional continuous function, iff Ve > 036 > 0: for any x,y € [a,b)
such that |z* — y*| < 0 we get that |f (x) — [ (y)] < e.

‘We mention

Theorem 5 (/2]) Over [a,b] C [0,00), a € [0,1], an a-fractional continuous
function is a uniformly continuous function and vice versa, a uniformly contin-
wous function is an a-fractional continuous function.

‘We need

Definition 6 (/2/) Let [a,b] C [0,00), o € [0,1]. We define the a-fractional
modulus of continuity:
wi (f,0) = sup [f(z)=[f(y), 6>0. (1)
z,y€la,bl:
|z —y>|<5
Properties ([2]):
1) @t (£,0) = 0.
2) w§ (f,0) — 0asd | 0, iff fisin the set of all a-fractional continuous
functions, denoted as f € Cy, ([a,b],R) (= C ([a,b] ,R)).
3) w is > 0 and non-decreasing on R .
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4) w is subadditive:
Wi (fit +t2) Swi (fita) + Wi (f,t2) - (2)

5) w{ is continuous on Ry.
6) Clearly it holds

w?(f,t1+~~~+tn)Sw?(fatl)—’_"'—’_w(ll(fatn)v (3)
for t =t; = ... = t,, we obtain
wi (f,nt) = nwi (f,t). (4)
7) Let A >0, A ¢ N, we get
wi (f;At) < A+ 1D wi (f,1). ()
We notice that w¢ (f,d) is finite when f is uniformly continuous on [a,b] C
[0, 00).
We need

Definition 7 (/9], [10]) Let f : [0,00) — R. The conformable a-fractional
derivative for o € (0,1] is given by

D, f (t) := lim - ) (6)

If f is differentiable, then
Dof(t)=t'""f"(t), (7)

where f' is the usual derivative.
We define D" f = D"~ (D, f), DOf = f.

If f:]0,00) — R is a-differentiable at ¢y > 0, a € (0, 1], then f is continuous
at to, see [10].
We need

Definition 8 (/2]) Here C4 ([a,b]) := {f : [a,b] C [0,00) — Ry, continuous
functions}. Let Ly : Cy ([a,b]) — C4 ([a,b]), operators, ¥V N € N, such that

(i)
Ly (af) =aly (f), Ya=0,Yf € C; ([a,b]), (8)
(”) foag € C+ ([a’ b]) : f <9, then
LN(f)SLN(g); VNGN? (9)
Ly(f+9) <Ln(f)+Ln(9), V f,g€Ci([a,b]). (10)

We call {Ln} ey positive sublinear operators.
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‘We need

Theorem 9 (/2]) Let o € (0,1], [a,b] C [0,00). Suppose f is a-conformable
fractional differentiable on [a,b]. Dyf is continuous on [a,b]. Let an x € [a,b]
such that Do f (x) =0, and Ly from C ([a,b]) into itself, positive sublinear op-
erators. Assume that Ly (1) =1 and Ly <| — x|a+1> (), Ln (( — x)z(aﬂ)) (z) >
0,V N € N.

Then

(D)~ P < (pet. (o (=2 ) @) ™7 )

{(LN (I =) @) = % (Ln (¢ =27) (@) ”)] , YNeN
(11)
We make
Remark 10 (/2]) By [2], we get that
Ly (1= 2*™) @) < (Ln (= 2) (@)% . (12)
As N — +o0, by (11) and (12), and Ly (( — 1:)2(0‘“)) (z) — 0, we obtain that
Ly (f)(x) = f (z).
We need

Theorem 11 ([2]) Let o € (0,1}, n € N. Suppose f is n times conformable
a-fractional differentiable on [a,b] C [0,00), and D2 f is continuous on [a,b].
For a fived x € [a,b] we have DX f (z) = 0, k = 1,...,n. Let positive sublin-
ear operators {Ly} oy from Cy ([a,b]) into itself, such that Ly (1) = 1, and

Ly (|- =) @), Ly (I = 2™ D) (@) > 0, ¥ N € N. Then

aﬁ/(DZf,(LNVO._34M%1Xa+U)(m))m+ﬁ@+n>

[Ln (f) (2) = f ()] <

a™n!

(13)
l:(LN (I- - x|”(a+1)) (:zc))a%1 + (ni ) (LN (|. _ x‘(nJrl)(aJrl)) (x)><n+f§?a+1>] ’
V NeN.

We make
6

277 Anastassiou 272-293



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Remark 12 (/2/) By [2], we get that
Ly (| _ x|n(o¢+1)> (z) < (LN (| _ $|(n+1)(a+1)> (w)) T (14)

As N — 400, by (13), (14), and Lnx (| - x\(nﬂ)(aﬂ)) (x) — 0, we derive that
Ly (f)(z) = f (2).

We also need

Definition 13 Let f € C ([a,b]). We define the usual first modulus of continu-

ity of f as:
wi (f,6):= sup |[f(z)—f(y)l, 6>0. (15)
z,y€la,b]:
|z—y|<é
We need

Theorem 14 ([3]) Let a € (0,1] and n € N. Suppose f € Cy ([a,b]) is n
times conformable a-fractional differentiable on [a,b] C [0,00), and = € (a,b),
and D% f is continuous on [a,b]. Let 0 < h < min(x —a,b— ) and assume
|D™ f| is convex over [a,b]. Furthermore assume that DX f () =0, k=1,...,n.
Let {Ln} yew from Cy ([a,b]) into itself, positive sublinear operators such that:
Ly(1)=1,¥ N € N. Then

w1 a ’ e n+l)a
Ly (D) - 1) < (P DY 1y (1 —af ™) (), wN e

(16)

We have
Theorem 15 (/3]) All as in Theorem 14. Additionally assume that
Ly (\- - x|<”“)(°‘“>) (z) >0, ¥ N €N. Then

Ly (f) (z) = [ (2)] < (ﬂtfi?;;gii;) (LN (|. _ x|(”+1)(°‘+1)> (x))ﬁ ’
(17)

vV NeN.
An application of Theorem 15 follows:

Theorem 16 (/3])Let {Ln} ey from Cy ([a,b]) into itself, positive sublinear
operators: Ly (1) =1,V N € N. Alsoz € (a,b) and Ly <| — x|(n+1)(a+1)> (x) >
0, VN € N. Here a € (0,1] and n € N. Suppose f € Cy ([a,b]) is n
times conformable a-fractional differentiable on [a,b] C [0,00), and DY f is
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continuous on [a,b]. Assume here that 0 < (LN (| — x\(nﬂ)(aﬂ)) (av)>FTrl <
min (z —a,b—x), VN €e N: N > N* € N, and assume |D, f| is convexr over
[a,b]. Purthermore assume that DEf (x) =0, k=1,...,n. Then

bl (Dgf, (LN (| _ m|("+1)("‘+1)> (z)) ail)

(n+ 1)lantt

[Ln () (z) = f(2)] < , (18)

VNeN:N>N*eN.
If Ly (|. fm|(n+1)(a+l)) (z) — 0, then Ly (f) (z) — f (z), as N — +oc.

An application of Theorem 14 follows:

Theorem 17 ([3]) Let {Ln} ycy from Cy ([a,b]) into itself, positive sublinear
operators: Ly (1) =1,V N € N. Also Ly (| — x|(n+1)a) (z) >0, VN eN.
Here a € (0,1], n € N and = € (a,b); [a,b] C [0,00). Suppose f € C ([a,b]) is
n times conformable a-fractional differentiable on [a,b], and D f is continuous
on [a,b]. Let 0 < Ly (| fx|(n+1)a> () <min(x —a,b—x), ¥V N > N*; N,
N* € N, and assume |D2f| is convex over [a,b]. Furthermore assume that
DEf(z)=0,k=1,...,n. Then

b -owy (Daf. Ly (|- = 2|"%) (@)
(n+ D)lant! ’

Ly (f) (z) = f(2)] < (19)

VY N > N*, where N,N* € N.
If Ly (| - $|(n+1)a> (x) — 0, then Ly (f) (z) — f (), as N — +o0.

4 Background - III

‘We mention

Definition 18 ([7]) Let I = [0,1], By the o-algebra of all Borel measurable sub-
sets of I, (I'N,z) yen, wey Will be the collection of the family I'n e = {1N kwtheo
of monotone, submodular and strictly positive set functions iy . ., on Br.

Let f : [0,1] — Ry be a Br-measurable function which is bounded, and call

N _
pra@) = () ) (1=, for anya 0,11
The Bernstein-Kantorovich-Choquet operators are defined by the formula

(k41)
v (©) [0 1 (). (6

Knry., (f) (@) =) prni (@) Ty Vel (20
k=0 /’(‘N,k,.’L‘ (|:(N+1)7 (N+1):|)

If un g = 1, for all N,z k, we will denote Knry, (f) == Knu (f)-
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Theorem 19 ([7]) Suppose that iy ;. . = p:= VM, for all N,k and x, where
M s the Lebesgue measure on [0,1]. Then

K () () — f ()] < 20 (f, ==y }V) e

VY NeN,zel0,1], f € Cy([0,1]), above wy is over [0,1].

Remark 20 By [7] we have that

z(l—2z) 1
Kyl —al) (@) < ===+ 5 VN eN. (22)
Let m > 1, notice that |- —z|™ " < 1, therefore
m m—1
=" = =] -2 <] —af,
hence
Ky (|- =2") (@) < Ky (|- = 2) (@),
that s

z(l—z) 1

K (|- —al™) (@) < + Yoel01], NeN, m>1 (23)

- VN
Notice that Ky, (1) =1,V N € N.

Clearly Ky, operators are positive sublinear operators from C ([0,1]) into
itself.

‘We mention

Definition 21 (/8/) Here we consider measures of possibility. Denoting pn r (x) =

<ZZ) 2 (1= 2)V 7" let us defined

t th(1— )Nk
Ang (t) = Pk (1) - (1=t k=0,..N.

KEN-N (N — k)N F <N> KEN-N (N — k)N

k

(24)
By convention we assume that 0° = 1, so that the cases k =0, and k = N make
sense. By considering the root % of piy y (), it is clear that

max{py (t) 1 € [0,1]} = K*N~N (N — )N <]IZ> ,

which implies that each An .y is a possibility distribution on [0,1].
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Denoting by Py, the possibility measure induced by Ay i, and 'y, == T'n :=
{Pry.. 1o (that is Ty is independent of x), we define the nonlinear Bernstein-
Durrmeyer-Choquet polynomial operators with respect to the set functions in I
given by the formula

©) [y )t —t)¥ T dpy,, ()
(©) [, th (L =tV dPy,, (2)

N
Dnry (f) (@)=Y pn (@) , (25)
k=0

Vzel0,1], NeN, feCy([0,1]).

Remark 22 Above Py, , is bounded, monotone, submodular and strictly posi-
tive, N € N, k=0,1,...,N. Notice that Dy, (1) =1,V N € N.

Clearly Dy 1, operators are positive sublinear operators mapping C ([0, 1])
into itself.

‘We mention

Theorem 23 ([8]) For every f € C4 ([0,1]), z € [0,1] and N € N—{1}, we
have

Dyvrw () () — f ()] < 21 (ﬁ (1+v2) vall o) +Vave 1) . (26)

JN N

where wy s on [0,1].
Remark 24 By [8] we have that

(1+V2)z(l—2)+V2yz 1

Dyry (|- —2l) (z) < NI + YN eN-{1}.
(27)
Let m > 1, notice that |- — z|™ ' < 1, therefore
[ —a" = =gl —a" T < | —al
hence
Dy (I =2|") (z) < Dnry (| — =) (2),
that is
Duvrs (- —a™) @) < LEVAVEA 0 T VEVE L0 o
N,I'n = \/N N7

VNeN-{1},Vzel01], m>1

‘We make

10
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Remark 25 When z € [0,1], then the max (z (1 —z)) = %, at @ = 5. There-
fore it holds
z(l—z 1
——+ =<
VN N~2/N N
Vzel0,1],V NeN.
Similarly, it holds

(1+v2) V(1 —2)+V2y/z 1 1+3f

NI NS U N, (30)
Vzel0,1],VNeN-{1}.
Corollary 26 (to Theorem 19) It holds
Ko ()=l <201 (£ 7+ ). @1
2VN N
VNeN, feCy(0,1]).
Corollary 27 (to Theorem 23) It holds
1D (f) = o < 201 (ﬁ L ]1V> , (3)

VY NeN-{1}, feCs([0,1]).

5 Main Results

Here first we apply some of the main theorems mentioned in section 3 to the
Bernstein-Kantorovich-Choquet operators Ky ,,, where p := v M, with M the
Lebesgue measure on [0, 1]. More precisely here it is

N f (&) dp (t)
K (f) (2) = ZPNJ«( (jt o Dt ; (33)

Vzel0,1],YVNeN, feCy(0,1]).

It follows applications to Bernstein-Durremeyer-Choquet operators Dy r,,
see (25).

In particular we need (a variation of Theorem 11):

Theorem 28 (/2]) Let o € (0,1] andn € N:na > 1. That is L < a < 1.
Suppose f is n times conformable a-fractional differentiable on [a,b] C |0, oo)
and D' f is continuous on [a,b]. For a fized x € [a,b] we have DEf (z) =

11
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k = 1,...,n. Let positive sublinear operators {Ln}ycy from Cy ([a,b]) into
itself, such that Ly (1) =1,V N € N, and § > 0. Then

Ly () (@) — /(@) < 2L Pal0),

a™n!
no 1 n «@
L (=) @)+ sty (o) @] e
vV N eN.
We present

Theorem 29 Let « € (0,1] and n € N : naw > 1. Suppose f is n times
conformable a-fractional differentiable on [0, 1], and D2 f is continuous on [0, 1].
For a fived x € [0,1] we have DEf () =0, k=1,....,n. Then

1
n+1
g (D:f,< I%IM}V) )

(KN () (@) = f(2)] <

amn!
s(l-z) 1 ci—a) 1)\
( N N) (n+1) ( N T N) =
(230 (5 +3)) (b))
ann! Q\F N m+1)\2¢y/N N ’
(35)
vV N eN.
Notice that 1\;i—r>nooKN’“ (f)(z)=f(x).
Proof. By (34) we have
Koy (1) () — £ (@) < L D10),
[ (= ") (@) + ﬁfm (el )] <
w (D2 f,9) (1—-x) z(l—z) 1
amn! l( ) (n+ 1) ] ( N + N) (36)

(choose ¢ := ( —2) ]{,> > 0, then 6" = \/W + %, and §" =
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©
INS
N~

z(1l—z) 1 1 z(1—2z) 1 wH
(577 2) ()

w?<sz,(m+N)l >l<2\}ﬁ+}v>+(nil)<2¢1ﬁ+;)+]
(37)

an!

proving the claim. m
We continue with

Theorem 30 All as in Theorem 29. Then
@ n 1+\/§)m+\/ﬂ n~1H

amn!

Dy () (@) = £ (2)] <

((1+\/§)M+\/ﬁ 1)
+ )t

VN
1 (1+ﬂ)\/z(1fx)+\/ﬂ+in11 -
(n+1) VN N -
ot (21, (438 +4)™)
a"n! . (38)
14+3v2 1 1 143v2 ]
[(m +N)+<n+1> 2N *N] ]
VY NeN-{1}.
=f(z).

Notice that NEIEOODN’FN (f) (=)

Proof. By (34) we have

_ w8 (Daf.9)

1D,y (f) (@) = f (@) < =2
Dnry (|- — x|na) (z)+ ﬁDN-,FN (| _ x|(n+1)a) (:L‘)} (2§8)
W (D2f,0) [ (T+V2) Ve (l—2)+V2z 1
a™n! VN + N +
1 (1+¢§)\/:c(1—x)+m+i (39)
(n+1)9 VN N
13
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A/ T — x %H
(choose ¢ := <(1+\/§) g AL + ir) > 0, then

n+t1 1+v2 n 14v2)y/z(1—2)+v2z
g1 — (/DY +N,and5—<( v +

2|~
N—————
i

1
o n 1+\/§ a:lwar\/ﬂ n+l
o (oo (2 ) )

N
- amn!
(14+v2) Vz(1—2)+ V22 N 1 N
VN N
1 (1+v2) \/33(1—33)—&—\/273+ 1" <?£) (40)
(n+1) VN N -
w (DZf, (L2 + )“)
ann! '
1+43v2 1) 1 1+3\/§+im
2V N N (n+1)| 2N N ’
V N € N — {1}, proving the claim. m
Next we apply Theorem 14.
We give
Theorem 31 Let o € (0,1] and n € N such that (n+ 1) a > 1, that is —= <

o S
a < 1. Suppose f € C1 ([0,1]) is n times conformable c-fractional differentiable

on [0,1], and = € (0,1), and D2 f is continuous on [0,1]. Let N* € N such that
2\/W+N* < min (z,1 — z) and assume | D f| is convez over [0,1]. Furthermore
assume that DX f () =0, k=1,....,n. Then

wy (Df, 2=+ %
(K (D) (@) = f ()] < <(n+1jfnﬂ N), (41)

vV N>N*, NeN.
It holds lim Ky, (f)(z)=f(z).

—+400

Proof. By (16) we get

Ky, (f) (@) = f (z)] < MKN,p (|. _ x‘(nJrl)a) (@) <2<3)

(n+ Dlan+17

wy (D2 f, h) z(1—x) n 1\ (29
(n+ 1)lantlh N N

14
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wi(DEfR) (1 1Y
(n+1)lantih (%/N * N) B (42)

(setting h := ﬁ + + >0)

wi (D2, 5 + %)
(n+ Dlantt 7

proving the claim. m
We continue with

1+3v/2)
2v/N*

+1\}* < min (z,1 — z).

Theorem 32 Letx € (0,1) and N* € N—{1}: (
The rest as in Theorem 81. Then

w1 (Dgﬁ (1;%5) + Jb)
(Pras (D@~ F@] € ———t (a9

VN>N* NeN-{1}.
It holds lim D,y (f) (z) = f ().

Proof. We use Theorem 14:
By (16) we get

w n ntlo (
Dye (1) @) = £ @) £ 8L Dy (=2l 7)) <

wy (D™ f, h) (1+\@)x/a:(1—x)+\/ﬂ+1 (30)
VN

(n+ 1)lantth N —
wi (D2f,h) [ (1+3v2) 1
(n+ Dlantih ( 2V N * N) (44)

(setting h := (1;%5) + 4+ >0)

1+3v2
or (D1 i 4 &)

B (n+ 1)lan+1

)

proving the claim. m
We need

Definition 33 Let Q) be a set, and let f,g : 2 — R be bounded functions. We
say that f and g are comonotonic, if for every w,w’ € £,

(f (@) = fF (W) (g (w) = g () = 0. (45)

15
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We also need the famous Schmeidler’s Representation Theorem (Schmeidler
1986)

Theorem 34 ([11]) Denote with Lo (A) the vector space of A-measurable bounded
real valued functions on Q, where A C 29 is a o-algebra. Given a real functional
[': Lo (A) — R, assume that for f,g € Lo (A):

(i) T (cf) = e (), ¥ ¢ >0,

(it) f < g, implies I (f) <T'(g),

and

(1)) T (f +9) =T (f)+T(g9), for any comonotonic f,g.

Then v(A) :=T(14), V A € A, defines a finite monotone set function on
A, and T is the Choquet integral with respect to v, i.e.

T =(© [ FOd0). Vet (). (46)
Above 14 denotes the characteristic function on A.

Next we give nice interpretations of Theorems 9, 11, 16, 17 involving Choquet
integrals and based on Theorem 34.
We make

Remark 35 Consider here [a,b] C Ry, B = B([a,b]) is the Borel o-algebra
n [a,b], and Lo (B) is the vector space of B-measurable bounded real valued
Junctions on [a,b]. Let (Ly)ycy be a sequence of positive sublinear operators
from Lo (B) into Cy ([a,b]), and x € [a,b]. That is here Ly fulfills the positive
homogenuity, monotonicity and subadditivity properties, see (8)-(10).
Assume Ly (1) = 1, V N € N. Clearly here Lo, (B) D C4 ([a,b]), where
[a,b] C [0,00). In particular we treat Ln|c, (ja,5)), Just denoted for simplicity by

Ln,V N eN.
It is clear that Ly (+) (z) : Loo (B) — R is a functional, V N € N. It has the
properties:
(1)
Ly (ef)(z)=cLy (f)(x), Ve>0,V feLy(B), (47)
(ii)
f < g, implies Ly (f) (x) < Ly (g) (x), where f,g € Los (B),  (48)
and
(iii)

Ly (f+9)(z) < Ln (f) () + L (9) (2), ¥V f9 € Loo (B). (49)

For comonotonic f,g € Lo (B), we further assume that

Ly (f+9)(z) =Ly (f)(z) + Ln (9) (2) - (50)

In that case Ly s called comonotonic.

16
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By Theorem 34 we get that:
YN,z (A) =Ly (lA) (x)ﬂ VAGB,VNGN, (51)

defines a finite monotone set function on B, and

v (£)(@) =(©) [ @)y (0. (52)

Vielo(B),YNeN.

In particular (52) is valid for any f € Cy ([a,b]). Furthermore vy , is nor-
malized, that is vy, ([a,0]) =1,V N € N.

We give

Theorem 36 Let o € (0,1], [a,b] C [0,00). Suppose f is Ry wvalued and is
a-conformable fractional differentiable on [a,b], with Dy f being continuous on
[a,b]. Let x € [a,b] such that Do f (x) =0, and (Ly)ycy be a sequence of posi-
tive sublinear comonotonic operators from Lo (B) into Cy ([a,b]). We assume
that Ly (1) = 1, and (C) [* [t — 2| dyy, (8) > 0, (C) [V (t — 2)* D dyy , (£)
>0,V N eN. Then

ot (Dat (1€ 20 = 2Dty () ™)

|Ln (f) (z) = f(2)] <

a
b o+l s 1 b 2(a-+1) D
© [ - an. ) 5 (© [ -0 Pa0) .
(53)
vV N eN.
As (C) f[f (t — )@Y dyn . (t) = 0, N — oo, we get that Nlir_r; Ly (f)(z) =
f(x).

Proof. By Theorems 9, 34. m

Theorem 37 Let « € (0,1], n € N. Suppose f is Ry valued and is n times
conformable a-fractional differentiable on [a,b] C [0,00), and D7 f is continuous
on [a,b]. For a fived x € [a,b] we have DX f (z) = 0, k = 1,...,n. Let positive
sublmear comonotomc opemtors {LN}NeN from Lo (B) into Cy ([a,b]), such
that (C) [2 1t — 2™ dyy, (8), (O) [7 [t — 2" gy (1) >0,V N €
N. Then

wi (DZf, ( ) [Pt — | OO gy (t))“‘“““*”)

a™n!

\Ln (f) (2) = f ()] <

(54)

17
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ey

b ot
((C)/ [t — 2" dyy, (ﬂ) +
Dt D) (et D)
n+1< ) [ el <>> ,

f |t — |(n+1 (et g Nm( ) — 0, when N — oo, we get that
NLHEOOLN (f)(z) = f ().

VNGN

Proof. By Theorems 11, 34. =
We continue with

Theorem 38 Let {Ly}nen from Lo (B) into Cy ([a,b]) positive sublinear
comonotomc operators such that Ly (1) = 1, V N € N. Additionally assume
that ( f It — | (aH)d'yNL() >0,V N eN; z e (ab). Here a €
(0, 1], and n € N Suppose f € Cy ([a,b]) is n times conformable a-fractional
differentiable on [a,b] C [0,00), and DY f is continuous on [a,b]. Assume here

) fab [t — z|(n+1)(a+l) dY Nz (t)) < min(z—a,b—2), VN € N :
N > N* € N, and assume | D2 f| is convez over [a,b]. Furthermore assume that
DEf(z)=0,k=1,...,n. Then

v (£, ((0) 1=l ™Dy, ()7

(n+ 1)lant+t ’
(55)

[Ly () (2) = f(2)| <

A N > N* N N* e N.
f |t — 2| gy () — 0, then Ly (f) (z) — f(z) as N —

Proof. By Theorems 16, 34. =

Theorem 39 Let {Ln}nen from Lo (B) into Cy ([a,b]) positive sublinear
comonotonic operators, such that Ly (1) =1,V N € N. Additionally assume
that (C) fab|t — | dyng (t) >0,V N € N; z € (a,0). Here a € (0,1],
and n € N. Suppose f € Cy ([a,b]) is n times conformable a-fractional differ-
entiable on [a,b] C [0,00), and DX f is continuous on [a,b]. Assume here 0 <

C’)f; |t—:1:|(n+1)°‘d’yN7_t (t)) <min(z—a,b—2),VNeN:N > N*eN,
and assume |D™ f| is convex over [a,b]. Furthermore assume that DF f (z) =0,
k=1,...n. Then

b=ow (D3 (C) f) 1t =2l "D dyy, (1))

Ly (f) (@)~ £ (@) < ot i ,

(56)

18
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VY N> N* where N,N* € N.
C) [t — 2" dyy, (1) = 0, then Ly (f) () — f (2) as N — oc.

Proof. By Theorems 17, 34. =
We make

Remark 40 Consider again [a,b] C Ry, B = B ([a,b]) the Borel o-algebra on
[a,b]. For each N € N and each x € [a,b] consider the monotone set functions
pn ;s B — Ry. We assume that all py . are normalized, that is py , ([a,b]) = 1
and submodular. Here we consider the operators Tn : Cy ([a,b]) — C4 ([a,b])
given by the formula

b
T (f) () = (C) / £ )y (1), (57)

VNeN Vzelab.
Infact here puy , are chosen so that T (Cy ([a,b])) € Cy ([a,b]) -
We notice here that hold:

(i)
N (af) (@) =aTN (f)(z), ¥ a >0, (58)
(it)
[ <g, implies Ty (f) (z) < Tn (g) (), (59)
and
(iii)
Ty (f+g) (@) <Tn(f) (@) +Tn(9)(z), (60)

VNeN, Vzelabd,V fgeCi(al]).
Clearly Tx are positive sublinear operators, compare to (8)-(10). We also
have that Ty (1) =1,V N € N.

We give

Theorem 41 Let o € (0,1], [a,b] C [0,00). Suppose f is a-conformable frac-
tional differentiable on [a,b]. Do f is continuous on [a,b]. Let an x € [a,b] such

that Do f (z) = 0. Assume (C) fab It — | duy . (t), (C) fab (t — x)2@ D) duy . (t) >
0,V N eN. Then

( oL ()2 = 0 iy 0) )

(67

) b _— 2aTD
( ) [ el ) ( ) [ -2 <““duN,m<t>) ,

(61)

T (f) (2) =

19
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vV NeN.
As N — oo, and (C) f: (t — )@Y duy . (t) = 0, we obtain T (f) (z) —
f ().

Proof. By Theorem 9. m

Theorem 42 Let o € (0,1], n € N. Suppose f is n times conformable a-
fractional differentiable on [a,b] C [0,00) and takes values on Ry. D% f is con-
tinuous on [a b]. For a ﬁl’ed z € [a, b} we h(we Dkf( )=0,k=1,...,n. As-
sume that ( f |t — x|l dpy o (), f |t — gD duy , (t) > 0,
v N eN. Then

wf (D:;f,( ) Jo =] “*”duN,m(w)“*”(“*”)

Tn () (2) = f(2)] <

a™n!
b 1 <
(((J) / t— 2" dpuy (t)) +
b bt ) @) (a D)
) ((C)/ |t_$| " “ d:u‘N,:v (t)> ’ (62)
vV N € N.
As N = o0, and (C) [ |t — 2| "V dpye (1) — 0. we get Ty (f) (x) —
f(x).

Proof. By Theorem 11. m
We continue with

Theorem 43 Assume ( f |t — g| (D) duy,(t) >0,V N € N; z €
(a,b). Here a € (0, 1] and n E N Suppose f € C4 ([a,b]) is n times
conformable a-fractional differentiable on [a,b] C [0,00), and D& f is contin-
uous on [a,b]. Assume here that 0 < ( f It — | "TIETD gp (t)) <

min(x —a,b—2), VN € N: N > N* € N, and assume |D2 f| is convex over
[a,b]. Furthermore assume that DX f () =0, k= 1,...,n. Then

- (D31, (0 [t = al ™D iy, ()7

(n+ 1)lant1 ’
(63)

Tn () () = f(2)] <

v N e N N >N*eN.
f [t — (n+1)(a+l) dpiy . (t) — 0, then T (f) () — f(z) as N — oo.

Proof. By Theorem 16. m

20
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Theorem 44 Assume (C) fab It — | duy . (t) >0,V N € N. Here o €
(0,1], n € N and = € (a,b); [a,b] C [0,00). Suppose f € Cy ([a,b]) is n times
conformable a-fractional differentiable on [a,b], and D f is continuous on [a, b].
Let 0 < (C) fab [t — m|(n+1)o‘du]\,’m (t) <min(z —a,b—x), VN > N*; N,N* €
N, and assume |D" f| is convex over [a,b]. Furthermore assume that DE f (z) =
0, k=1,....,.n. Then

—a n b n «
b -wn (D2, (O) ) It =™ du, (1))
(n—l—l)!a”"'l

ITn (f) () — f (2)] < . (64)
VY N > N*, where N,N* € N.
IF(C) [0 1t — 2| "y, (1) — 0, then Ty (f) () — f (2) as N — oo.

Proof. By Theorem 17. m
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The Minkowski Inequality and the Brunn-Minkowski Inequality
for Dual Orlicz Mixed Affine Quermassintegrals

Tongyi Ma
(College of Mathematics and Statistics, Hexi University,

Zhangye, Gansu 734000, P.R.China)

Abstract

In this paper, the Orlicz version of the classical dual Cauchy-Kubota formula is given and the
concept of dual affine quermassintegrals is extended to dual Orlicz mixed affine quermassintegrals
in the framework of Orlicz Brunn-Minkowski theory. Some inequalities for dual Orlicz mixed affine
quermassintegrals are obtained, such as dual Orlicz-Minkowski inequality and dual Orlicz-Brunn-

Minkowski inequality.

Keywords: Orlicz Brunn-Minkowski theory, integral geometry, dual affine quermassintegral.

1 Introduction

We work in Euclidean space R™, and use vol;(-) to denote the i-dimensional volume. The unit
sphere in R™ is written by S™~!. In the projection of convex body K, quermassintegrals are important
geometric invariants and have different definitions in many areas of mathematics. In the theory of mixed
volumes quermassintegrals are usually called simple mixed volumes. The reader should refer to [24] and
[26] for details. Lutwak [21] introduced the dual quermassintegrals, Wn_i, of a star body K. Suppose
Wg = vol, (K) and Wn = wy. If 0 <i < n, then

— W,

Wiy =22 [ vol(K 016t (11)

Wi

where the Grassmann manifold G(n, ) is endowed with the probability Haar measure p;, vol;(K N¢) is
the i-dimensional volume of slice of K by an i-dimensional subspace ¢ C R” and w; = 7%/2/T'(1 +i/2)
denotes the i-dimensional volume of the unit ball in R?.

The quermassintegrals are connected with the projections of convex bodies, while the dual quermass-
integrals are closely related to the cross sections of star bodies, which is proved in [11] that they are the
only rotation invariant continuous star valuations with the corresponding homogeneity. Zhang [28] showed
that the dual quermassintegrals have the same kind of kinematic formulas as the quermassintegrals.

Affine quermassintegrals [16] is an important geometric invariants in the projection of convex body.
Lutwak [15] introduced the dual affine quermassintegrals, én,i(K ), of a star body K containing the
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origin in its interior. Suppose ®o(K) = vol,(K) and ®,(K) = w,. If 0 < i < n, then

n

B, i(K) =" (/G( ; VOli(Kﬂﬁ)ndMi(§)> : (1.2)

Wi

Grinberg [6] showed that both the affine quermassintegrals and the dual affine quermassintegrals are
invariant under volume-preserving affine transformations. However, the dual affine quermassintegrals of
star bodies received more considerable attention, see [6, 2, 16, 26, 27]. The aim of this paper is to study
them further.

Some opened articles [9, 13, 17, 18, 23, 25], Gardner’ work [3] and the classical Brunn-Minkowski
theory of convex bodies (see, e.g., [4, 26]) were generalized to the Orlicz space, which is called the Orlicz
Brunn-Minkowski theory and further extend the L,-Brunn-Minkowski theory (see, e.g., [19, 20, 12]). We
considers a non-zero convex function ¢ : [0,00) — [0,00) in this paper. It is strictly increasing with
¢(0) = 0. Suppose that C is the class of convex and strictly increasing functions ¢ : [0,00) — [0, 00),
where tlgglo @(t) = 400, and ¢(0) = 0. Note that S denotes the set of star bodies in R™ containing the

origin in their interiors. _
The dual Orlicz mixed volume, V_4(K, L), of K, L € S} is defined by

‘7_4)([{, L)= —¢,.(1) lim vol, (K+_ge o L) — vol, (K)

, 1.3
n e—07+ € ( )
where ¢/(1) is the right derivative of a real-valued function ¢ at 1 and K+ _4¢ o L denotes the Orlicz

radial harmonic combination of K and L. It follows from (1.3) that the dual Orlicz mixed volume 17,(1,
has the following integral representation:

V_o(K,L) = %/s— ¢<ff;>pK(u)"dS(u), (1.4)

In [5, 10, 22, 31, 20], the dual mixed volume is extended to the dual L,-mixed volume. If ¢(t) =
tP.1 < p < oo, then

Vpn =5 [ (2 s (15)

n pr(w)

Recently, Zhao [30] introduced the notion of dual Orlicz mixed quermassintegrals for 0 < ¢ < n and
established its integral representation. If K, L € S} and ¢ € C, then

Wi(K¥_ge 0 L) — Wi(K)

= _ ¢ (1) .
W_yi(K,L) = — sl_1>r61+ E , and (1.6)
— 1 ,
W_pi(K,L) = f/ ¢(”K)pK(u)Md5(u), i=0,1,-- ,n. (1.7)
n Jgn-1 PL
In this paper, we first established the Orlicz version of the classical dual Cauchy-Kubota formula (1.1)
feegd Wn, (¢
WK, L) = /G(n ; V(K ne,LNE)du(e), (1.8)

where \7_(2 (KN§& LNE) is the dual Orlicz mixed volume of the (7)-dimensional star bodies K N ¢ and
LN ¢ in the subspace € € G(n,1).

Fori=1,2,--- ,n, we further consider the following formula.
~ w ~ (i aa1l/n
Bom-ilEL) = Z[ETGENELNYM]Y
' 1
Wn, - n "
_ [ [ POmneLngdme)| (1.9)
Wi L JG(n,i)
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and E)qm_i(K , L) is known as the dual Orlicz mixed affine quermassintegrals.
Let ¢(t) = t? with p > 1. Then

[ [ Vo nsrnerane)| (1.10)

G(n,i)

By i(K,L) ="

Wi

where ‘7£2 (KN¢&,LNE) denotes the dual L,-mixed volume of K N& and LN in the subspace £ € G(n, ).
Taking L = K in (1.9), &)¢7n_i(K, K)/$(1) = ®,,_;(K) is just the classical dual affine quermassinte-
grals of K.
On the basis of the above concepts, one aim of this paper is to establish the following dual Orlicz-
Minkowski inequality for dual Orlicz mixed affine quermassintegrals.

Theorem 1.1. Suppose K,L € S}',n >3 and ¢ € C. Then for 2 <i <mn,
By i(K,L) > -(K)¢(<M>%) (1.11)
¢,n—1 ) —Z Fn—1i 5n71(L) . .

If K and L are convex bodies containing the origin in their interiors, then equality holds in the inequality
(1.11) 4f and only if K and L are dilations.

As an application of Theorem 1.1, we prove a uniqueness theorem of convex bodies.
The other aim of this paper is to prove Orlicz radial sum versions of the dual Brunn-Minkowski
inequality for dual Orlicz mixed affine quermassintegrals.

Theorem 1.2. Suppose K,L € 8" and ¢ € C. Then for 2 <i <n,

¢((W> ) +¢<(W)%> < (1) (1.12)

(I)n—i(L)
If K and L are convex bodies containing the origin in their interiors, then equality holds in the inequality

(1.12) if and only if K and L are dilations.

[

In order to prove Theorems 1.1 and 1.2, we use the integral-geometric technique, motivated by Fursten-
berg and Tzkoni [1], Grinberg [7], Ma [22], Gardner and Hug, et al. [5] and Zhu et al. [31].

2 Preliminaries

Let K™ denote the set of convex bodies (compact, convex subsets with non-empty interiors) in Eu-
clidean space R". We write K] for the set of convex bodies containing the origin in their interiors. The
support function of K € K7, hx = h(K,-) : R"\{o} — [0, 00), is defined by h(K,z) = max{(z,y) : y €
K}, where z € R™\{o}.

For K € K7, its polar body, K* € K", is defined by K* = {& € R™ : (z,y) < 1,for any y € K}. It is
easily known that (K*)* = K for K € K?, and for ¢ > 0 we have (cK)* = ¢ 71 K*.

If K is a compact set in R™, then the radial function px of K is defined by px(x) = max{\ > 0 :
Az € K} for x € R™"\{o}. If pk is continuous then we call K a star body (about the origin).

Two star bodies K and L are dilates (of one another) if p(u)/pr(u) is independent of u € S™~1.
It is easy to see that for K,L € S}, K C L if and only if px < pr and for ¢ > 0 and = € R™\{o},
p(cK, z) = cp(K,x). More generally, for T € GL(n) the radial function of the image TK = {Ty:y € K}
of K is given by (see [26])

p(TK,z) = p(K, T 'z), for z € R"\{o}, (2.1)

where GL(n) denotes the linear transformation group on R™, and 7! is the inverse of T
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For K,L € 8", a,3 > 0 (not both zero) and ¢ € C, the Orlicz radial combination a o K+_48 ¢ L of
K and L is defined by (see [22])

1

p(OéOK‘T‘—quOLau)il :inf{/\ >0: Oé¢<1> +B¢(APL(U)

Aore (u) ) = ¢(1)}, we S"h (2.2)

Note that for all u € S"71, p(a o K—T—,dﬁ o L,u) is defined by

a¢<p(aoK—T—¢ﬁoL,u)> +B¢(p(a<>K—T—¢B<>L,u)>

o) po(u) = o).

If ¢(t) = t? with 1 < p < oo, then a0 K+_ B0 L is the L,-radial harmonic combination a0 K+_, 8L,

and correspondingly V_4(K, L) is the dual L,-mixed volume V_,(K, L). See [20] for more details.

Lemma2.1. Let K,L € 8" and o, 8 > 0. If ¢ € C, then for T € GL(n),

T(aoK+_gBoL)=aocTK+_4z80TL.

Proof. From (2.2) and (2.1), we have for u € S"~1,

plaoTK+_4B0TL,u)"" = inf {)\ >0: a¢(ApT1K(u)> +ﬁ¢(ApT1L(u)> < ¢(1)}

= inf {)\ >0: a(b()\m((Tlu)) +6¢<)\pL(T1u)> < ¢(1)}
= p(aoKi_,ﬁﬁoL,T’lu)’l
=p(T(ao K+_gB0L),u)"".

Thus N N
TlaoK+_4B80oL)=aoTK+_4gB80TL.

Lemma 2.2. Let K,L € §",¢ € C. Then for each £ € G(n,i),i=1,--- ,n—1 and e > 0,

(KT _geoL)NE=(KNEF_geo(LNE).

Proof. Fixed £ € G(n,i), and let §*~' = S""'N¢. For any u € §'~" and Q € Sy, we get po(u) =
pore(u). Applying the definition of K+_4e ¢ L to u € S*71, it follows that

(KT _ge0 L) NE ) (KT g0 L) NE W)
¢( P (1) >“¢< pore() )

= ¢(1).
On the other hand, from (K N&)+_ge o (L NE) defined in &, we have

p((K NEF_geo(LNE),u) P(KNEF_peo(LNE) u)
¢< Png(U) ) * 6¢< Png(u) )

= (1),
Thus, (K+_4e0 L) N ¢ and (K NE)+_ge o (LNE) is a same star body in €. O

Lemma 2.3. (see [22]) Suppose K,L € S and ¢ € C. Then

V_o(K,L) > Voln(K)¢< (‘;‘;11:(5))) i) : (2.3)

with equality if and only if K and L are dilates of each other.
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Taking ¢(t) = t? with p > 1. The above dual Orlicz-Minkowski inequality is Lutwak’s L,-dual
Minkowski inequality (see [20]):

V_,(K, L) > vol, (K)"+"vol,, (L)%, (2.4)
with equality holds if and only if K and L are dilations.

Lemma 2.4. (see [8]) Suppose that p is a probability measure on a space X and f : X - I CR isa
w-integrable function, where I is a possibly infinite interval. Jensen’s inequality states that if ¢ : I — R

is a convex function, then
[ o)t = o [ s@auto)) (25)

If ¢ is strictly convex, the equality holds in every inequality if and only if f(x) is constant for p-almost
allx € X.

3 The generalized dual Cauchy-Kubota formula

In this section, we prove the probabilistic essence of dual Orlicz mixed quermassintegrals. We first
see the dual Cauchy-Kubota formula. For K € §7,

Wooi(K) = ‘”"/G( .)voli(Kﬁf)d,ui(f), i=1,-,n—1 (3.1)

Wi
Theorem 3.1. Suppose K,L € S} and ¢ € C. Then for eachi=1,--- ,n—1,

Wopnmitiin) =2 [ P NE L),

Wi

Proof. By (1.6), (3.1) and Lemma 2.2, we have

Wy KL = () oy Wi (B g2 0 L) = Wi (K)

1 e—0+ 13
! ) i _ )
_ (;57?(1) Wn lim vol;((K+_ge o L)NE) —vol;(K NE) s (1)
1 Wi JG(n,i) e—0t £
A ) i _ .
_ d)’_“(l) Wn lim vol; (K Né+_ge o LNE)) VOIZ(KOS)dM(u).
1 Wi JG(n,i) e—0+t £
From (1.3), we have
Wognoi(K, L) =" [ VOKNeLNEAui(©).
’ Wi JG(n,i) ¢

Up to a constant, the quantity W%M-(K , L) is the expectation of the random variable
VOK L0 Gni) > (0,00), £ V(I NELNE),

which is defined on the probability space (G(n, ), B, u;) (where B is the Borel sigma-algebra on G(n,1)).
Taking ¢(t) = t? with p > 0 in Theorem 3.1, we have the formula

Wy (K, L) = <2 /G VS nE L)

Wi
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For K € §7, we extend the dual Cauchy-Kubota formula to 1 < ¢ <i <mn,

—~ Wn,

Wi(K) =

[ WK 0 Odn-©). (3.2)
G(n,n—q)

Wn—gq

where Wi(ff) denotes the (i-¢)th dual harmonic quermassintegral in the subspace &.

It follows from (3.2) and (1.6) that we have the following theorem.

Theorem 3.2. Suppose K, L € S and ¢ € &1 or ¢ € $3. Then for 1 < qg<i<mn,

foped Wn, n
Wttty = 2 [ W0, € L0 e (6)
n,n—q

Wn—q

where W((sz q(K NELNE) denotes the dual Orlicz harmonic mized quermassintegral of the (n-q)-
dimensional star bodies K N & and L NE in the subspace €.

4 Inequalities of dual Orlicz mixed affine quermassintegrals

In this section, we first show that the quantities ®4 1 (K, L), - - , 5¢’H(K7 L) are SL(n)-invariant. Here,
IE(V_(Z(;(K N-,LN-)") is the expectation of ‘7_(2(K Nn-, LN

Theorem 4.1. Suppose K,L € 8 and ¢ € C. Then for T € SL(n), there holds
Gy (TK,TL) = ®y;(K,L), i=1,2,--,n
Proof. Suppose £ € G(n,n —1i). For S"771 = §n=1n¢ if
T € SL(n) ={T € GL(n) : det T = 1},

then for u € S"~"~1 and Q € 87, we get prg(u) = prone(u). For x € R™\{o}, let (z) = z/||z||. From
(1.4) and (2.1), we obtain

r(n—1 1
VO TK e, TLNE) — /S e ¢ <’;§’L‘:§((Z))> P (W)dSn i1 (u)

- nl—i/snlmgqb([;:f((u)))PTK( u)dS,—i—1(u)

= 1 p((T7 )\ oy -1, 4 =
- '/snrlmg¢(pL<<T—1u>>)”K (T u))dSn-i-1 (T M)

n—1

_ 1 PKng(U)) n—i '
B n—1 /j_;‘nlmg (Z) <me§(’U) pKﬂg(v)dS’n—z—l(U)
= VO neLne),

where S,,_;_1 denotes n — ¢ — 1-dimensional spherical Lebesgue measure. Thus, from (1.9), it follows
that

n

Bi(TK,TL) = ( /| - [Vfi;‘”(TKmf,TLmo]"dunA&))

_ Wn, =~ (n—i) n 4
= o < /G - VoK ne L) dun_l(g))
= B,,(K,L).

n
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To prove Theorem 1.1 and Theorem 1.2, the next three lemmas are needed.
Lemma4.2. (sce [14]) Suppose K € Kl and § € G(n, i), then K* N§ = (K|€)*.

Lemma4.3. (see [12]) Suppose K1,K3 € K2 and 2 <k <n —1. If K1|§ and K1|§ are dilations for
each £ € G(n, k), then K1 and Ky are dilations.

Lemma4.4. Suppose K1,Ko € K and 2 <k <n—1. If K1 N and K1 N& are dilations for each
¢ € G(n, k), then K1 and Ky are dilations.

Proof. 1If both K1 N & and Ko N & are dilations for each £ € G(n, k), then K1 N ¢ = a(Ky N &) for
a > 0. If follows from Lemma 4.2 that (K7|€)* = a(K;|€)* = (a7 K}[€)*. Thus, Ki|¢ = a 1 K}|¢. From

Lemma 4.3, we know K| = gK;. Therefore, K; = cK» for some ¢ > 0. O
The normalized dual affine quermassintegrals measure of K are defined by

4%} (K, ") = <uwf>wn(K)> [vol; (K )] dyus, (4.1)

where dy; is the normalized Haar measure on G(n,4). Obviously, 5: (K,-) is a probability measure on

G(n,i).

Proof of Theorem 1.1. Note that ®, = V_4(K, L), ®o(K) = vol,(K), and ®o(L) = vol,,(L). It
follows directly from Lemma 2.3 that the case when ¢ = n.

Now, we consider the case when 2 <i <n—1. By (1.9), (2.3), (4.1), (2.5) and Holder’s inequality, it
follows that

By i(K, L)
d,_;(K)

1
n

Wn

- S| (Panszoa) an)

vol,(KN&\ T , "
= l L. outngyer ((mi(m ) )duz@]

>
_ 4 vol (LNE) . -
B [/ < vol; (Kﬂ§)> ) do; (Kaf)]

vol (KNE) H i
- l G(n,i) Vol ng)) (I)i(K’ﬁ)]
- l( ) /G( )(Vol (& N )" U) (ol (L ng))" - ﬁi)dui(@]
>

( nz«y#l n Z(L)_1>
)n

— @)\’

B d) <&)71—i(L) )

If K and L are dilations, then the equality holds in (1.11) is obvious. Conversely, let K, L € KZ.
Together the equality conditions of the dual Brunn-Minkowski inequality (2.3), Jensen’s inequality (2.5)
with Hoélder’s inequality, we know equality holds in inequality (1.11) if and only if K N ¢ and L N¢ are
dilations for each £ € G(n,n — ). Therefore, Lemma 4.4 can reduce that K and L are dilations. O

Let ¢(t) = t? with p > 1. An immediate consequence of Theorem 1.1 is:
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Corolloary 4.5. Suppose K,L € 8. Then forp>1 and 2 <i <n,

P
i

By i(K, L) > ®, (K)F5d, (L)%
If K, L € K2, then equality holds in the inequality (4.2) if and only if K and L are dilations.
A direct consequence of the dual Orlicz-Minkowski inequality is the following uniqueness.

Corolloary 4.6. Suppose ¢ € C with ¢(1) = 1, and U C K (n > 3) such that K,L € L. If for
2 <1 < n, there holds

Dy i(M,K)=®4, (ML), forall M € 4, (4.3)
or
Dy i(K, M) Dy p_i(L,M
ol M) _ onilL M) gy ar oy, (4.4)
(bn—i(K) (bn—i(L)
then K = L.

Proof. Suppose (4.3) holds. If we take K for M, then by (1.9), (1.2), and ¢(1) = 1, we have

B, i(K) = p(1)Py_i(K) = Bp i (K, K) = By ni(K, L).

Thus

1=6(1) = ¢ (M) ,

with equality if and only if K and L are dilates of each other. Since ¢ is strictly increasing on (0, 00), we
have ®,_;(K) < ®,_;(L), with equality if and only if K and L are dilates of cach other.

If let L for M we similarly get &)n,i(K) > ;I;n,i(L). Therefore, 5n,l(K) = &)n,i(L), this obtains
vol;(K N¢) = vol;(LNE), and from the equality conditions of the dual Orlicz-Minkowski inequality we
obtain that K and L are dilates of each other. Since K N¢ and L N ¢ have the same volume, this implies
K =L

Further, suppose that (4.4) holds. Similarly, we get

L By i(K,K)  ®yni(L,K)

b= ¢(1) (I)n—i(K) (I)n—z(L)

Therefore,

Lo <o () )

with equality if and only if K and L are dilates of each other. Since ¢ is strictly increasing on (0, c0), we
have ®,_;(L) > ®,,_;(K), with equality if and only if K and L are dilates of each other.
Taking L for M, obviously ®,_;(L) < ®,_;(K). Therefore, ®,_;(L) = ®,_;(K) can obtain that K
and L are dilates of each other. Since K N ¢ and L N ¢ have the same volume, this gets K = L. ]
Proof of Theorem 1.2. For the convenience, define Ky = K—T—,qu. From Lemma 2.2, we have for
EeGnn—i), KpyNé=(KF+_oL)NE=(KNEF_y(LNE). Note that Ky N & € ST implies that for
= Sn—i—l,

8
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Suppose Ay = wn/ [w;®n—i(Ky4)]. By (1.2), (4.5), (1.4), (2.3), (4.1) and (2.5) we obtain
o(1)

_ A¢/ (B(1)voli(Ky N€)" dpis(€)
G(n,i)

n

I
>

o VGW) (VO rone Kne + (;(ng,ng))”dui(g)]
- e ((W)) W (K0 [ 0 ((m)) a8 (K.

( | (Wyd@(ma)m( | (mydm@).
G(n,i )

(n,i n,i

Y

v

v
-

From Holder inequality and (1.2), we get

Vol (KgNE) .
¢( sy d@(f@@))
G(n,i)
- 4 ) oy (OB MO (55 (voly (K n €))"( Tfi)dui(s)]

’ (wz D, ; K¢> > </G(n,i) (VOIi(K¢ﬁ€)>ndMi(§)>

1

( [ onknoy dm(&)) ]
G(n,i)
_ (in—i(K¢) :

Similarly,
voli(KsNE)\* =, oK)\
¢( / ( VOli(L¢ﬁ £) ) o (Kd)’f)) =0 << E)nfi(Ld; ) ) ‘

n,i

ni41

ni

Y

Together (4.6), (4.7) with (4.8), this yields

D, _i(Ky) : D, _i(Ky) ;
’ (( Bs ) ) ) o (( 5o (1) ) ) =

(4.6)
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Finally, we give the equality conditions. Suppose that K and L are dilations. with equality in (1.12)
is obvious.

Conversely, Let K, L € K. From the equality conditions of the dual Orlicz-Minkowski inequality of
star bodies, Jensen’s inequality (2.5) and Hoélder’s inequality, we obtain that equality holds in inequality
(1.12) if and only if K N¢ and LN ¢ are dilations for each £ € G(n,n — 7). Therefore, Lemma 4.4 can get
that K and L are dilations. O

If ¢(t) = tP with p > 1, then we get:

Corolloary 4.7. Let K, L € §. If p > 1 and 2 < i <n, then

P 4 p

O (KT_pL) % > @y (K)F + @y y(L)F (4.9)
If K, L € K2, then equality holds in the inequality (4.9) if and only if K and L are dilations.
An immediate consequence of the inequality (4.9) is:
Corolloary 4.8. Let K, L € S). Ifp>1 and 2 <1i <n, then
28, _i(KT_,L)% < (5n,i(K)€>n,i(L))% < % (én,i(K)% + (fn,i(L)%) . (4.10)

If K, L € K, with equality in (4.10) if and only if K = L.

o’
Proof. By (4.9) and the arithmetic-geometric-harmonic mean inequality, we have
2

2(£n_7l(K‘FF—pL)% S 1 + 1
B, i (K)T B, s(L)T
1/~ p o~ 2
< 5 (q)n_z(K)f + q)n—Z(L)f) .

We see easily that equality holds in the inequality (4.10) if and only if K = L. O
The next result is a relationship between ®4 (K, L) and W_, ;(K, L).

Theorem 4.9. Suppose K,L € S8} andi=1,2,--- ,n—1. Then
Oy (K, L) > W_y(K, L), (4.11)
with equality if and only if ‘77(2;2)0( NE LNE) is constant for all € € G(n,n —1).

Proof. Notice that VEZ;”(KQ -, LN+) is positive on G(n,n —1) and that p,_; is a probability measure
on G(n,n — i). Hence, it follows from Jensen’s inequality (2.5) that

3=

( [ vPueneLn £>“dun_l-(5>> > [ VRN LN (o),
G(n,n—1) G(n,n—1)

with equality if and only if ‘N/_(Z)_i)(K N& LNE) is constant for all £ € G(n,n — ¢). This inequality and
the definitions of ®4 ;(K, L) and W_4 ;(K, L) can easily yield the desired inequality. O
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Abstract

The purposes of this paper are to introduce and study some existence and convergence theorems for
fixed points of a strict pseudo-contraction in the framework of complete CAT(0) spaces. By using
available properties in the spaces together with some appropriate conditions of the mapping and
under certain assumptions, we can create some suitable sets to be used to construct an iterative
projection algorithm to guarantee the existence fixed points for a strict pseudo-contraction. The
method allows us to obtain a strong convergence iteration for finding some fixed points of a strict
pseudo-contraction in the framework of complete CAT(0) spaces.

Keywords: Strict pseudo-contraction; Iterative projection technique; CAT(0) space

1. Introduction

Let (X,d) be a metric space, and z,y € X with | = d(z,y). A geodesic path from z to y is
an isometry v : [0,]] — X such that v(0) = z and v(l) = y. The image of a geodesic path is
called a geodesic segment. When it is unique this geodesic segment is denoted by [z, y]. The space
(X,d) is said to be a geodesic space if every two points of X are joined by a geodesic, and X
is to be uniquely geodesic if there is exactly one geodesic joining x and y for each z,y € X. A
geodesic triangle A(x1,z2,23) in a geodesic space X consists of three points 1, za, 23 of X and
three geodesic segments joining each pair of vertices. A comparison triangle of a geodesic triangle
A(x1,T2,23) is the triangle A(z1,x9,23) = A(Z1,T2,73) in the Euclidean space E? such that
d(xi,xj) = dp2 (.fi,.fj) for all 4,5 = 1,2, 3.

A geodesic space is said to be a CAT(0) space if all geodesic triangles of appropriate size satisfy
the following comparison axiom.

CAT(0) : Let A be a geodesic triangle in X and let A be a comparison triangle for A. Then A is
said to satisfy the CAT(0) inequality if for all x,5 € A and all comparison points 7,7 € A,

d(x’ Z/) < dIE2 (j’g)

If 2,y1,y2 are points in a CAT(0) space and if yo is the midpoint of the segment [y1, y2], then the
CAT(0) inequality implies that

1 1 1
d*(z,y0) < idQ(JZ,yl) + §d2(l‘7y2) - 1d2(y17y2)- (1.1)

*Corresponding author. Tel.:4+66 55963250; fax:4-66 55963201.
Email addresses: kasamsuku@nu.ac.th (Kasamsuk Ungchittrakool), naputurong@gmail.com
(Narongrit Puturong)
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This is the (CN) - inequality of Bruhat and Tits [5]. In fact ([3] p.163), a geodesic space is a CAT(0)
space if and only if it satisfies the (CN) - inequality.

The study of CAT(0) spaces, Kirk [15] [16] first studied the fixed point theory in CAT(0) spaces.
Since then, many authors have developed the fixed point theory for single-valued and set-valued
mappings in the setting of CAT(0) spaces. Dhompongsa et al. [7] proved that a nonexpansive map-
ping from a nonempty bounded closed convex subset of a CAT(0) space to the family of nonempty
compact subsets of the CAT(0) space has a fixed point under suitable conditions. In 2008, Berg
and Nikolaev [2] introduced the concept of quasilinearization. In 2010, Kakavandi and Amini [13]
introduced the concept of dual space for CAT(0) spaces. In 2012, Dehghan and Rooin [6] presented
a characterization of metric projection in CAT(0) spaces. In 2014, Lu et al. [19] establish gener-
alized CAT(0) versions of the Fan-Browder fixed point theorem. In the same year, Ungchittrakool
[22] has discovered some significant inequalities for a strict pseudo-contraction in the framework of
Hilbert spaces that has resulted in creating the important sets and the iterative shrinking projection
technique to ensure the existence for fixed points of a strict pseudo-contraction in the terminology
of Browder and Petryshyn [4].

Inspired and motivated by the significance of the problems mentioned above, we will pay atten-
tion to investigate and establish the existence theorem for fixed points of the mapping called strict
pseudo-contraction mappings and some related mappings in complete CAT(0) spaces by employing
suitable structure of certain sets based on the shrinking projection technique.

2. Preliminaries

Recall that a metric space (X, d) is said to be a geodesic space if every two points of X are
joining by a geodesic and X is said to be uniquely geodesic if there is exactly one geodesic joining
2 and y for each z,y € X. We write (1 — )z @ ty for the unique point z in the geodesic segment
joining from z to y such that

d(z,x) =td(z,y) and d(z,y) = (1—t)d(z,y).

We also denote by [z, y] the geodesic segment joining from z to y, that is [z,y] = {(1—t)z &ty : t €
[0,1]}. A subset C of a CAT(0) space is convex if [x,y] C C for all 2,y € C. In 1976, Lim in [18]
introduced the concept of A-convergence, and Kirk and Panyanak [17] has obtained some results
in CAT(0) spaces which is every similar for weak convergence in Banach space setting. Next , we
present the concept of A-convergence and collect some basic properties.

Let {z,} be a bounded sequence in a CAT(0) space X. For z € X, we set

r(z,{z,}) = limsupd(z, z,).
The asymptotic radius r({z,}) of {x,} is given by

r({z,}) = inf{r(z, {z,}) : € X},
the asymptotic radius ro({zn}) of {x,} with respect to C' C X is given by

re({zn}) = inf{r(z, {z,}) : x € C},
the asymptotic center A({z,}) of {x,} is the set

A({zn}) ={z € X :r(z,{zn}) = r({zn})}

and the asymptotic center Ac({x,}) of {z,} with respect to C C X is the set

Ac({zn}) = {z € C:r(a, {2n}) = re({zn})}-

It is known from Proposition 7 of [§] that in a CAT(0) space, A({x,}) consists of exactly one
point.

A subset of a CAT(0) space equipped with the induced metric, is a CAT(0) space if and only if
it is convex ([3], p.167).
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Definition 2.1 ([17], Definition 3.1). A sequence {z,} in a CAT(0) space X is said to be A-
converge to x € X if x is the unique asymptotic center of {u,,} for every subsequence {u,} of {z,}.
In this case, we write A — lim z,, = z and z is called the A-limit of {z,}.

n—oo

Lemma 2.2 ([17], Opial’s property). Let X be a complete CAT(0) space and a sequence {x,} in
X such that {x,} N-converge to x and given y € X with y # x. Then we have
lim sup d(x,,, ) < limsup d(z,,y).
n—oo n—oo

It is known from [17] that, the uniqueness of asymtotic center implies that CAT(0) space X
satisfies Opial’s property.

Let X be a complete CAT(0) space. Bijan Ahmadi Kakavandi [12] introduced the properties of
A-convergence, i.e., every closed convex subset of X is A-closed in the sense that it contains all
A-limit point of every A-convergent sequence.

Lemma 2.3 ([20], Lemma 3.5). Every bounded closed convex set in a complete CAT(0) space always
has a -convergent subsequence.

Lemma 2.4 (][9], Proposition 2.1). If C is a closed convex subset of a complete CAT(0) space and
if {xn} is a bounded sequence in C, then the asymptotic center of {xy} is in C.

Recall that a subset K of a metric space X is said to be A- compact if every sequence in K has
a /- convergent subsequence.

Lemma 2.5 ([17], Proposition 3.6). Every bounded closed convex set in a complete CAT(0) space
s /\- compact.

Let C be a closed convex subset of a CAT(0) space X and {z,} be a bounded sequence in C.
We use the following notation
{zn} = w <= P(w) = infrec P(x) where ®(x) = limsup d(zy,, x).

n—oo

Also, we have {z,,} = w <= Ac({z,}) = {w}.

Lemma 2.6 ([20], Proposition 3.12). Let {x,} be a bounded sequence in a CAT(0) space X and
let C be a closed convex subset of X which contain {x,}. Then A — lim x, = x implies that

n—oo
{z,} — x.

Berg and Nikolaev [2] have introduced the concept of quasilinearization as follows. Let us

formally denote a pair (a,b) € X x X by ab and call it a vector. Then quasilinearization is the map
(LY (X xX)x (X xX)—R
defined by

ab.cd) = Sd2(a,d) + d2(b.¢) — d*(a.c) — d*(b,d)} for all a.b.c.d € X. 2.1
2

It is easily seen that <a—>b, £> = <Zi, a—>b>, <ﬁ), ZZ> =— <£, Ei> and <cﬁ>, a> + <x—b>, &?> = <a—>b7 c_d>>
for all a,b,¢c,d,z € X.

We say that X satisfies the Cauchy - Schwarz inequality if <;b, Zi> < d(a,b)d(c,d)
for all a,b,c,d € X.

It is known ([2], Corollary 3) that a geodesically connected metric space is CAT(0) space if and
only if it satisfies the Cauchy- Schwarz inequality.

Definition 2.7 ([3], Proposition 2.4). Let (X,d) be a metric space and C C X. The distance
function d(x,C) : X — C'is defined by d(z,C) = 122 d(z,c) for any xz € X.
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Lemma 2.8 ([3], Proposition 2.4). Let C be a closed convex subset of a complete CAT(0) space X
and x € X. Then there exists a unique point p € C such that d(z,C) = d(x,p) = 11612 d(x,y).
y

Definition 2.9 ([3], Proposition 2.4). Let C be a closed convex subset of a complete CAT(0) space
X and Pg : X — C is defined by Pox = p such that p satisfies Lemma 2.8 P¢ is said to be the
metric projection from X onto C.

Dehghan and Rooin [6] presented monotone and a characterization of metric projection in
CAT(0) spaces as follows:
A self-mapping T of C' where C is a subset of CAT(0) space (X,d) is said to be monotone if

<acy,TacTy> >0 for all 2,y € C. Aslo, it is nonexpansive if d(Txz, Ty) < d(z,y) for all z,y € C.

Lemma 2.10 ([6], Lemma 2.1). Let X be a CAT(0) space, z,y € X, A € [0,1] and z = AzB(1—N)y.
Then (z7), zw) < \{(Ty, zw) for allw € X.

Lemma 2.11 (6], Theorem 2.2). Let C' be a nonempty convex subset of a CAT(0) space X, x € X
and u € C. Then wu = Pox if and only if (zt,uy) > 0 for all y € C.

Lemma 2.12 ([6], Proposition 2.4). Let C' be a nonempty closed convex subset of a complete
CAT(0) space X. Then P : X — C is monotone and nonerpansive.

Lemma 2.13 ([23], Lemma 2.10). Let X be a CAT(0) space. For any u,v € X and t € [0,1], let
uy =tu® (1 —t)v. Then, for all z,y € X,

(2) (2, ) < ¢ @, 0) + (1 — ) (7, T) and (7, 73) < (@, 73) + (1 ) (7, 7).

Lemma 2.14 ([3], Proposition 2.2). Let X be a CAT(0) space, p,q,r,s € X and A € [0,1]. Then
dAp® (1= N)g, Ar & (1 — N)s] < Md(p,r) + (1 — N)d(q, s).

Lemma 2.15 ([10], Lemma 2.5). Let X be a CAT(0) space, x,y,z € X and A € [0,1]. Then
d?A\z @ (1 = Ny, 2) < Ad?(z,2) + (1 — N)d?(y, 2) — M1 — N)d?(z,y).

Definition 2.16 ([1], Definition 3.2.2). Let X be a complete CAT(0) space and let f be a function
of X into (—oo,00]. Then f is said to be weakly lower semicontinuous on X if and only if for any
o € X, {x,} — xo implies that f(xg) < liminf f(x,).

Lemma 2.17 ([1], Corollary 3.2.4). Let C' be a nonempty closed convexr subset of a complete
CAT(0) space X. The distance function d(x,C) as well as its square d*(z,C) are weakly lower
Semicontinuous.

We first introduce the definition of k-strict pseudo-contraction in CAT(0) spaces.

Definition 2.18. Let (X, d) be a CAT(0) space and C be a nonempty subset of X. The mapping
T :C — C'is said to be a k-strict pseudo-contraction in the terminology of Browder and Petryshyn
[4] if for all z,y € C there exists k € (—o0, 1) such that

& (T, Ty) < d(x,y) + k{d*(z, Tx) — 2 @EE y—ﬁ/> + d(y, Ty))}.

Lemma 2.19. Let C be a nonempty closed convex subset of a CAT(0) space X,and T : C — C
be a k-strict pseudo-contraction, then T satisfies the Lipschitz condition with Lipschitz constant
L =max{1 1} for all z,y € C. That is

d(Tz, Ty) < max{3tE 1}d(z,y) for all z,y € C.
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Proof. Let C be a nonempty closed convex subset of a CAT(0) space X. For T : C — C be a
k-strict pseudo-contraction, we have

& (T, Ty) < d(x,y) + k{d*(z, Tx) — 2 <:?T_32 gTTZ> +d*(y, Ty)}

= d*(z,y) + k{d*(z, Tx) — d*(z, Ty) — d*(y,Tx) + d*(z,y) + d*(Tx, Ty) + d*(y, Ty)}
(2.2)

By simple calculation from (2.2) we have that
(1= k)d*(Tz, Ty) < (1 + k)d*(z,y) + k{d*(z, Tx) — d*(z, Ty) — d*(y, Tx) + d*(y, Ty)}
= (1+ k) (w,y) + 2k (7, TyTa ). (2.3)
Since X satisfies the Cauchy-Schwarz inequality, it follows from (2.3), we get that
(1 — k)d*(Tx, Ty) — 2kd(z,y)d(Tz, Ty) — (1 + k)d*(x,y) < 0. (2.4)
Next, we will divide the proof into two cases.

Case 1. k£<0.
Notice that k<0 2k<0&14+k< l—kﬁ%’; §1<:>max{%,l}:1. Since k < 0, from
(2.4), we have

(1 —k)d*(Tz, Ty) + 2kd(z,y)d(Tx, Ty) — (1 + k)d*(z,y)

Thus (1 — k)d?*(Tx, Ty) + 2kd(z,y)d(Tz, Ty) — (1 + k)d?(z,y) < 0.

Solving this quadratic inequality, we obtain
d(Tz, Ty) <d(z,y) or d(Tz,Ty) < {:E}d(z,y) for all z,y € C. It implies that
d(Tz, Ty) < d(z,y) = max{3¥, 1}d(z,y) for all z,y € C.

Case 2. 0<k<1.

Wehave1—k:>0andthenk‘20®2k20®1+k21—k®% Zl@max{%,l}:%.
Similarly case 1, we have (1 — k)d?(Tx,Ty) — 2kd(x,y)d(Tz, Ty) — (1 + k)d*(x,y) < 0.

It implies that d(Tz,Ty) < {F£}d(z,y) = max{1tE 1}d(z,y) for all z,y € C.

Therefore, the desired result. U

In this paper, we denote that Fix(7') is the set of fixed point of T such that Fix(T) = {z € C :
Tr =z}

Lemma 2.20 ([11], Theorem 2.3). Let C be a closed convex subset of a CAT(0) space X and
T:C — C be ak - strict pseudo-contraction mapping. If Fix(T) # @, then Fizx(T) is closed and
convex so that the projection Ppiy 7y is well defined.

Lemma 2.21 ([19], Lemma 2.2). Let (E,d) be a complete metric space. Then E is a geodesic space
if and only if for every x,y € E, there exists z € E such that d(z,z) = d(z,y) = %d(a;y).

Lemma 2.22 ([3], p.163). A geodesic space is a CAT(0) space if and only if it satisfies the (CN)
imequality.

Let (E,d) be a CAT(0) space and D C E. Niculescu and Roventa [21I] introduced the notion of
a convex hull O%f D as follows :

co(D) = U D,, where Dy = D and for n > 1, the set D,, consists of all points in £ which lie

n=0
on geodesics which start and end in D,,_;.
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co(D) denote the closure of the convex hull. Tt is easy to see that in a CAT(0) space, the closure
of the convex hull will be convex and hence it is the smallest closed convex set containing D ([1],
p.31).
Definition 2.23 ([19], Definition 2.2). Let D be a nonempty subset of a CAT( ) space (E,d). A

set-valued mapping G : D — 2F is called to be a KKM mapping if co(F U G(z) for every

zeF
F € (D) where (D) denotes the class of all nonempty finite subsets of D.

Lemma 2.24 ([14], Lemma 1.8). Suppose X is a complete CAT(0) space and K is a nonempty
subset of X. Let G : K — 25 be a mapping such that for each v € K, G(x) be A-closed. Suppose
that

(1) each z1,...;xm € K, co({z1,...;Tm} U G(x;),

(2) there exists xg € K such that G(xg) is A- compact
Then ﬂ G(z)
reK
Lemma 2.25. Let (E,d) be a complete CAT(0) space, K be a nonempty /\-compact subset of E,
and F,G : E — 2F be two set-valued mappings such that
(1) for everyy € E, F(y) C G(y) and G(y) is convex;
(2) for every x € E, F~Y(x) is open in E;
(3) for everyy € K, F(y) # 9;
(4) there exists a point xo € E such that co(E\G~'(z¢)) C K.

Then, there exists y € E such that § € G(7).

Proof. Suppose the contrary. Then, for every y € E,y € G(y). Now let us define two set-valued
mappings G, F : E — 2F by
G(z) = co(E\G () and F(z) = co(E\F~'(x)) for all z € E.
By using (1) and F(y) C G(y) for every y € E, we have
Fla)={ycE:2cFly)} C{ycE:xcGy)} =G ().

Then, E\G~1(z) C E\F~!(z) for every z € E. It implies that co(E\G~1(z)) C co(E\F~1(x)).
By using (2), we have co(E\F~!(z)) is closed in E. Since c¢o(E\G~!(z)) is the smallest closed
set containing co(E\G~!(z)). Then ¢o(E\G~!(z)) C co(E\F~!(z)). Therefore G(z)C F(z) for
every x € E.

We next show that G is a KKM mapping. That is, for every A € (E), U G . Other-
€A
wise, there exist A € (E) and a point y € co(A) such that y & U G(z) = U (co(E\G™'(x))). For
T€EA €A
(E\G~'(z)) C E, we have co(E\G1(x)) = U (E\G™!(x)),, where (E\G~!(x))o = E\G~!(x)
n=0

and for n > 1, (E\G~!(z)),, consists of all points in E which lie on geodesics which start and end
in (E\G~1(2))n_1.

Let us consider, y ¢ U G(z) = U(cb(E\G_l(a:))) = U CIE{U (E\G~'(x)),}. Since

z€A z€A r€EA n=0
U de(B\G'(2)) € | de{|J (E\G"(z))n}. It implies that
z€A z€EA n=0
y & U clp(BE\G™! = FE\ ﬂ intpG~1(x).
T€A €A
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Tt follows that y € ﬂ G~ !(x). Therefore A C G(y). Since G(y) is convex by (1), and co(A) is the
z€A
smallest convex set containing A. We get that y € co(A) C G(y), which is a contradiction. Hence

G is a KKM mapping. By the definition of G, G(z) is A-closed in E for every x € E. By using

(4), there exists a point zg € E such that G(x¢) = co(E\G~!(z0)) C K, it implies that G(z¢) is

A-compact. Then, by Lemma [2.24, we get that & # ﬂ G(z) C G(xg) C K. Therefore, we have
zEE

@#£Kn(()G@)cKn([) Fx)).

zeE el

Taking yo € K N ( ﬂ F(z)), we have yo € K and z & F(yo) for every z € E. Hence, we have

A D)
F(yo) = @ which contradicts (3). Therefore, there exists ¥ € E such that §¥ € G(y). This completes

our proof. O

Remark 2.26. If F = @, then (4) of Lemma 2.25 can be replaced by the following equivalent
condition:

(4)* there exists a point g € E such that co(E\F~!(z)) C K.

3. Main Results

In this section, motivated by Ungchittrakool [22]. We discuss the existence and convergence
for fixed point of a strict pseudo-contraction in the terminology of Browder and Petryshyn in the
framework of complete CAT(0) spaces.

Lemma 3.1. Let C be a bounded closed convex subset of a complete CAT(0) space (X,d). Then
(C,d) is a complete CAT(0) space.

Proof. Let C be a bounded closed convex subset of complete CAT(0) space (X,d). Notice that, a
subset of a CAT(0) space equipped with the induced metric, is a CAT(0) space if and only if it is
convex. This implies that (C,d) is a CAT(0) space. Since C' is closed subset of complete metric
space (X, d), then (C,d) is complete metric space. Therefore, we have (C,d) is a complete CAT(0)
space. O

Lemma 3.2. Let C be a bounded closed convez subset of a complete CAT(0) space X. Let T be
a k- strict pseudo-contraction in the terminology of Browder and Petryshyn. Then, there exists an

N
element xog € C' such that <:c:c0,xTzo> >0 forallz e C.
Proof. Let C' be a bounded closed convex subset of a complete CAT(0) space (X, d). We claim
that there exists an element g € C such that <;v_xo),xTxo> >0 for all z € C. For any y € C, we
assume that the set {x € C': <gc_g}, x—Tg;> < 0} is nonempty. We also define two set-valued mappings
F,.G:C—2Cby Fly)=Gy)={zeC: <:c—’y5ﬂ> <0}).
We first show that G(y) is convex and F~!(z) is an open set.

Stepl. To show that G(y) is convex.
Let z1,z2 € G(y) and uy = tx; ® (1 — t)xzg such that t € [0, 1]. So, we have 1,25 € C, that u; € C.
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. —

Let us consider <uty, u,gTy>7 by Lemma 2.13, we get that

(@ wTy)

S t <:I'Ty)7 UtTy

~——

L
+(1—1) <xzy7utTy> <utTy7x1y> (1—1) <utTy7m2y>
—_— R —
<t{t <x1Ty,:r1y> + (1 — <x2Ty,:r y> (1—t){t <11Ty,sczy> (1-1) <:z:2Ty,sc y>
-

1Ty, xTy)> +t(1—1) <ac2Ty, xTy)> (1—1) <x2Ty,x2y> +t(1—-1t) <x1Ty,x_2f/

{
=¢? <x1Ty, m}> +t(1 — ) {{zzx1, T19) + <x1Ty,w1y>}
(
{
t

~_—

J

1= 0)? (22T, ) + (1 = O){(@13, 72) + (2219 727 ))

aTg,710) + 41— ) (o1 Ty, 77 ) + (1 = ) (22T, 737 ) + (1 — 1) (22T, 737
+t(1 = ) {{(z221, 2173) + (T221, T2y) } + t(1 — t) (1123, 727)

=t (a1 Ty, 55 ) + (1 = 1) (2aTy, 7y ) — 11 ~ 1) (3193, 5123)

—t(1 —t) (Zyw3, Z2y) + t(1 — t) (Z173, Z27)

{
<x1Ty7x1y> (1-1) <x2Ty7x2—’y>

Therefore u; € G(y), that is G(y) is convex.
Step 2. To show that F~!(z) is an open set.

For F~Y(z) ={y e C: <m’3},x—Tg;> < 0}, we show that C\F~!(z) = {y € C: <:E-g>/,:r—Tg>/> >0} is a
—1 — T .
closed set. Let {y,} C C\F~'(z) such that y,, — yo. Then <xymmTyn> > 0. We will show that

yo € C\F~!(z). By Lemma 2.19, T is a Lipschitzian map. Inparticular, T is continuous. It follows
that

—_— —_— —_— —_ —_— —_—
0< <mxTyn> = <x—’yoxTyn> + <yoyn,mTyn> = <%,xTyo> + <%,TyoTyn> + <yoyn, zTyn>
—
< (6, aTyo ) + d(x,yo)d(Tyo,Tyn) + d(yo, ya)d(z, Ty)

< (730, 7T ) + mas{ T 1y, y0)d(yo yn) + dlyo, yn)d(z, o),

for all n € N. Taking the limit in both sides, we get that <xy0, :va0> > 0.
That is yo € C\F~!(z). Hence C\F~!(x) is a closed set in C, therefore F~1(z) is an open set.
We next show that there exists an element xo € C such that <:c’:r0>,xTx0> >0 for all z € C.

By assumption, we have F(y) # @ for every y € C, and by Lemma 2.5, we have C' is /A- compact.
Notice that there exists a point z € C such that C\F~1(z) C C. Also, co(C\F~1(2)) is the
smallest convex set containing C'\F~!(z). Then, we get that there exists a point z € C such that
co(C\F~1(z)) C C where C is a nonempty /\-compact subset of C'. Also, by Lemma 3.1, we have
(C,d) is a complete CAT(0) space. By Lemma 2.25 and Remark [2.26, we have zy € C such that

o € G(xp). This implies that 0 = <x0x0,$0Tmo> < 0. This is a contradiction. We obtain that
{reC: <m,$T$0> < 0} = @. Therefore <m,meo> >(forall z € C. O

Lemma 3.3. Let C be a bounded closed convex subset of a complete CAT(0) space X. Let T be
a k- strict pseudo-contraction in the terminology of Browder and Petryshyn. Then, there exists an

s
element xog € C such that <xx0,x0Txo> >0 forallz e C.
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Proof. Let C be a bounded closed convex subset of complete CAT(0) space (X, d). By Lemma [3.1,
we have (C,d) is a complete CAT(0) space. By Lemma [3.2] we have

zo € C such that <x_)xo,xTx0> >0 forallz € C. (3.1)

Also, for any u,z € C' and 0 < ¢ < 1 and since C is convex, we have y; = (1 — t)u @tz € C. Then,
for zg € C we have

yr = (1 —t)zo @tz € C. (3.2)

By using (3.1) and (3.2)), we have 0 < <{(1 —t)xo EBtz}xo,yth0>. By Lemma 2.10, we have

0< <{(1 —t)xo @tz}xo,ytho> < t<z70),ytho>. Since t > 0, it follows that 0 < <,z_x(;,yth0>.
By Lemma 2.19, T is a Lipschitzian map. Inparticular, T is continuous. Also y; — xg as t — 0. It
follows that

— —

0 S <Z_-'I;0>7ytT$0> = <Z3307yt330> + <Z—$0),SUOTIEO> S d(’zaxo)d(yhxo) + <Z—$0)7$C()T£E0> )
for 0 < t < 1. Taking the limit in both sides, we get that <zx0, :cOT:v0> >0ast—0.
N
Therefore, <:mco7 xOTx0> >0 for all z € C. O

Lemma 3.4. Let (X,d) be a complete CAT(0) space and T be a k-strict pseudo-contraction in the
terminology of Browder and Petryshyn with domain D(T) and range R(T). Then for all x,y € D(T)
the following inequalities hold and are equivalent :

(1) d2(@,Ta) +d*(y, Ty) < 725 (FaTa) - 2 (35,yTy) — 2 (Tay, 4Ty ):

(2) d*(z,Tz) +d*(y, Ty) < 3¢ <:c’y’,m> -2 <xy,m> +2 <m,y—T{/>,

(8) d2(a,Tw) + &(y, Ty) < 72 (eTy,2Ta) - 12 (Tag,yTy ) - 2055) (aTa, yTy);
(4) d*(z,Tx) + d*(y, Ty)

< (sTy,aTx) ~ (Tay,yTy) + {2 (e, Tw) - 2 (aTa, yTy) + d*(y, Ty)}.
Proof. We first show that (2) holds.
@(2,Tw) + d*(y, Ty) = &*(w, Tx) - 2 (aTw,yTy) + d*(y, Ty) + 2 (T, yTy)
= d*(z,Tx) — d*(z,Ty) — d*(Tz,y) + d*(z,y) + d*(Tz, Ty)
9 —_—
+d*(y, Ty) +2 <xTx, yTy>
< d*(2,Tx) — & (2, Ty) — & (T, y) + d*(z,y) + d*(z,y)
*—kfﬁx,Tx)—-2k<5?§,§f§>4-kd%y7Ty)+%f(y#Ty)+-2<5?§7§fZ>-
By simple calculation from the inequality above we get that
—_— —
— d*(x, Ty) +2(1 — k) <xT:c,yTy> .
Dividing throughout with (1 — k) we have that
2 2 1 2 2 2 2
e
— &y, Tx) — d*(w, Ty)} +2 (2Tz, yTy)

2 2
=1T"% <J:_g},mc> T—% <xy yTy> +2 <1“T.—£,jﬁ?{j> . (3.3)
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Then, (2) is true. Next, we observe that
2 —_— = 2 . == . == —_— —
1% <a:y yTy> + 2 <J;Tx, yTy> =" 1% <a:y, yTy> +2 <a:y, yTy> +2 <yTx, yTy>

= (2~ =} (7T —2(Tay, 4T

1 2]2 <fvy yTy> -2 <T—xézﬂ> : (3.4)

Substituting (3.4) in (3.3), we get that (1) holds; that is

(2, Ta) + Py, Ty) < 12 (F,2Ta ) — 25 (7. yTy) - 2(Tay, yTy),
and hence (1) and (2) are equivalent.

We next show that (3) is true. Let us consider

i (7075 = 2 (5T (T ) - g (T

(o773 - 2
(3.5)

1-k

2 o= 2 —_ — —_ — 2 —_ 2
- <3:nyy> = —7{<Txy, yTy> + <xTx,yTy>} =T <Txy,yTy> -— <rTx yTy>
1-k 1—-k 1-k 1-k
(3.6)
Combining (3.5) and (3.6), we have
2 2 — 2 _ — 2 —_ — 4
Ta) = 7= (T Ty = 73 (T0.aTs ) = = (TowoTy) - = (T2
17k<xyxw 1—k T yLY 1ikxyq:x 1-k Yty 1 kxmyy

We get that

1—k 1k \"Y
2 —_— 2 —_— 4 —_— —
= <xTy,xTx> - — <T:Ey, yTy> — <$Tx yTy> + 2 <xTz,yTy>
1—-k 1-k 1—k
2 1+ k

This shows that (3) is true. We get that (2) and (3) are equivalent. Next, we will show that (3)
and (4) are equivalent. We will show that (3) implies (4). Since 5% > 0, for (3) is true, we get
that

(A3 (, Ta) + Py, Ty))

{
[1—(#)1{d2<xm+d2y,m < (#4272 — (Tay.yTy) — (1 + k) (+T2.5T5)
{

| A

T3, T3 - (T, 73) - (1-+ 1) (775,777

d*(x,Tx) + d*(y, Ty) < .;TZ,.I‘T%‘> <m,ﬁ?j> (1+k) <m,y7“?;>
F D @ ) + (. Ty}
<9cTy7 xTx> <Txy, yTy

(
+ (1+k){d2(a: Tzx) + d*(y, Ty) —2<xTa: yTy>}

l

Then, we get that (4) holds. By using a similar method, we get that (4) implis (3). That is, we get
that (3) and (4) are equivalent. This completes our proof. O
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Lemma 3.5. Let (X,d) be a complete CAT(0) space and T be a k-strict pseudo-contraction in the
terminology of Browder and Petryshyn with domain D(T) and range R(T). If, there exists u € D(T)

such that <ﬁl,m> >0 and <M, m> >0 for some x € D(T), the following inequalities hold :

SN if k€ |0,1);
2 (0,277, Fhel ;|
or if <xTx,uTu> <0
o2 (@, aTe) .
JRA SR — , if <xTa:,uTu> >0 and k €1]0,1);
(2, Ta) < 77 (rTu, J:Tx>

9 _—— . —_— —
e <£UTU, :vT:c> , if <xT:E,uTu> >0 and k € [-1,0);

_ —
<acTu,me>, if ke (—o0,—1].

Proof. It k € [0,1), then k£ < 1< 0 < 1 — k and note that 0 < 2k, so we have
2k 2k — T T
>0 — < 0. By Lemma [3.4(1), <xu,uTu> >0 and <Txu,uTu> > 0, we get that

2 2k
d*(z,Tx) < d*(x, Tx) + d*(u, Tu) < T—% <ﬁ, m> “1-% <:17—1Z, m> -2 <m,m>

< % (w0, Tz, (3.7)

—_— — ., —
If <me7uTu> < 0, then by Lemma [3.4(2) and <mu,uTu> > 0, we get that

2 2
d*(x, Tx) < d*(x, Tx) + d*(u, Tu) < T—% <ﬁ,1?x}> “1-% <372,UT1;> + 2<J:Tx>,m>

Before we prove the next case, let us consider the following

S0<1+k<2.
ke[—1,1)®—1§k<1{ =it

S1>-k>-12>1-k>0& 12 > 1.
Therefore, we have 2(1£)>1+% >0 and then
1+ k&
2(1 + k) <0 whenever ke [-1,1). (3.8)

—_— — —_—
If <:cTa:,uTu> >0 and k € [0,1), then it follows from (3.8)), Lemma [3.4(3) and <Txu,uTu> >0,
we get that

2
1—k

d*(x,Tx) < d*(z, Tx) + d*(u, Tu) < Lk <m7m> — (%) <xTx uTu>

—_— —
<xTu,xTac> —
2

<xTu 1‘T13>

2 —_—
—% \TU, $T$> e e
N If <me,uTu> >
1%1« xTu, J:Tx>

—

From (3.7), we can conclude in this case that d?(z, Tx) <

P
0 and k € [-1,0), then by (3.8), Lemma [3.4(3) and <Txu, uTu> > 0, we get that d?(z,Tz) <
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9 _ — . . . —_ —
% <J:Tu, J:Tx> . Finally, if k € (—o0,—1], then by using lemma [3.4(4) and <Txu,uTu> >0, we

get that
2 2 2 7 i 1+k o
d*(z,Tz) < d*(z,Tx) + d*(u,Tu) < <xTu,xT:r> - <Tmu,uTu> + Td (zTz,uTu)
—_— —
< <gcTu7 me> .
This completes our proof. O

Every iteration process generated by the shrinking projection method for a k-strict pseudo-
contraction 7T in the terminology of Browder and Petryshn is well defined even if T' is fixed point
free.

Lemma 3.6. Let (X,d) be a complete CAT(0) space and C' be nonempty closed and convex subset
of X. Let T : C — C be a k-strict pseudo-contraction in the terminology of Browder and Petryshyn,
that is for all x,y € X there exists an element k € (—o0,1) such that

(T, Ty) < d*(w,y) + k[d* (2, Tx) - 2 (T, yTy) + d*(y, Ty)].
Let g € X, Cy = C and {z,} be a sequence in C generated by

{mn = Pc, (o),

Chy1 = {Z € Cy : d*(xp, Txy) < maz {2,1} <m7m}> }7 (3.9)

1-k>

for all n € N. Then, C, is nonempty closed convex subsets of X and consequently, {x,} is well
defined for every n € N.

Proof. Clearly, C'; is nonempty. Suppose that C), is nonempty for some m € N. We wish to show
that Cj,41 is nonempty. Since C,, C C),,—1 C ... C C1, we have that Cq,Cy, ..., C,, are nonempty.
Next, we will show that C1,Co,...,C), are closed and convex. It is sufficient to show that C,, is
closed and convex. It is not hard to show that for any {z;} C C,, such that z — zp, we have
zo € Cpy. We get that C, is closed.

We next show that C,, is convex. Notice that a subset of a CAT(0) space, equipped with the
induced metric, is a CAT(0) space if and only if it is convex. Thus, we will show that (C,,,d)
is a complete CAT(0) space. Let each z,y € Cp,, we have z,y € C. By Lemma [3.1, we have
(C,d) is a complete CAT(0) space and thus, it is a geodesic space, hence z,y are joined by a
geodesic. Since x,y are arbitrary, thus we have z,y € C), are joined by a geodesic. Hence C,
is a geodesic space. Since C, is closed subset of complete metric space (C,d), then (Cy,,d) is a
complete metric space. It follows from Lemma [2.21] that, for every y, z € C,,, there exists p € Cp,
such that d(y,p) = d(p,z) = %d(y,z). Now, we claim that C,, satisfies the (CN) inequality. In
fact, let z,y,2z € Cy, and p € C,, with d(y,p) = d(p,z) = %d(y,z). Let o and 8 be two numbers
satisfy « + 3 > 1. Then o? + 8% > (o + 8)? > 4 with equality if and only if a = 8= 3.
d(y,p))g (d(p, z))z > 1 That is)
d(y, z) d(y, 2) 2
%dQ (y,2) < d*(y,p) + d%(p, z). Tt follows from the above inequality that, setting = = p, we get that
d*(z,y) + d*(z,z) > 2d*(z,p) + 3d*(y, z), this implies that C,, satisfies the (CN) inequality. By
Lemma 2.22, we know that (Cy,,d) is a CAT(0) space. By above, we have (Cy,,d) is a complete
metric space. Then (C,,, d) is a complete CAT(0) space. This implies that C,, is convex subset of X.
Thus, we have C,, is closed and convex. Finally, put » = max{d(zo, ;),d(zo, T2z;) : i = 1,2, ...,m}
and B, = {z € X : d(z¢,2) < r}. Obviously C'N B, is a nonempty bounded closed convex subset
of X. It follows from Lemma 3.3 that there exists an element © € C N B, such that <y—11, E> >0

for all y € C' N B,.. In particular, we have

By this fact and by the triangle inequality, we get that (

<m§ﬁ> >0 and <Txiu,m> >0 (3.10)
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for every i = 1,2, ..., m.

Case I. max {{2;,1} = 2
Notice that max {2, 1}
(3.10) and Lemma [3.5 that

—_—
2 —_—
11—k <.’17'LU7.'1371T$CZ> )
_
—>
ik xiu,xiTxi>

—
VAT <xiTx¢,uTu> >0 and k € [0,1);
— xiTu,miTxi>

||?v

1<t o1-k<2& -1<kekec[-1,1), it follows from

if k €[0,1);
—_— —
or if <xiTmi,uTu> <0

d2(£17i, TII?Z) S

9 - = - X e T
% <xiTu,xiTxl-> , if <xiTxl-,uTu> >0and k € [-1,0)

for every i = 1,2, ...,m. This shows that uV Tu € Cp,41.
Case II. max {%¢,1} = 1.
Notice that max {{2;,1} = 2; <1 2<1-k& k< -1k € (—oo0,—1], it follows from (3.9)

_— > . . .
and Lemma [3.5 that d?(z;, Tz;) < <J;Z-Tu,a:iTxi> , if k€ (—o0,—1] for every i = 1,2,...,m. This
shows that Tu € C),4+1. By Case I and Case 11, we can conclude that «VTu € C,41. Hence C41
is nonempty. By induction on n, therefore the desired result. O

Theorem 3.7. Let all the assumptions be the same as in Lemma |3.6. Then, the following are
equivalent :

(1) ﬂ Cy, is nonempty;
n=1

(2) {zn} is bounded;
(3) Fix(T) is nonempty.

Proof. [(1) = (2)] Let u € m C,,. By Lemma 2.12] it follows from the nonexpansiveness of Pc,

n=1
that d(z,,u) = d(Pc, xo, Pe,u) < d(zg,u). This shows that x,, is bounded.

[(2) = (3)] Suppose that z,, is bounded, we first claim that 0 < d*(z,41, %) < d*(Tni1,T0) —
d*(xp, ). Since x, = Pc, xo, by Lemma 2.11, we have (ToZn,ZnTnri) > 0 for all z,,; €
Cr. So, we have (ToT,, ToZni1) — (ToTn, ToTn) = (ToTn, TnZni1) > 0 and hence d?(zg,x,) =
(X0Zm, ToTn) < {X0Tn, ToTnt1). By Lemma [2.14, 2.15 and using (2.1)), we have
1 1

1
d2($nazn+l) < 2d2(xnaxn+l) = 4d® ( o D QIna 2$0 S3) §xn+1)

< d*(xpn,20) + (mn+1,xo) + d?(xg, 20) + d* (T, Tng1) — d*(z0, Tpy1) — d*(xo, )
= d*(2p, 20) + d* (01, 20) + 2 (Tn 120, ToTn)
= d*(xp,20) + d*(Tnt1,%0) — 2(ToTnii, ToTn)

< d*(zy,x0) + d*(zpy1, 20) — 2d*(x0, ). (3.11)

This shows that {d(z,, xo)} is nondecreasing and with is the bounded of {x,, }, we have lim d(z,,xo)
n—0oo
exists. From (3.11), we get that d*(z,41,7,) — 0 as n — oco. Thus Z,7,1; = 0. Since x,.1 €
2 2 — 2
Chy1, we have d*(z,,, Txp,) < max{=, 1} <mnxn+1, mnTxn> < max{ =7, 1}d(2n, Tny1)d(@n, T2y).

Thus d(z,,Tz,) — 0 as n — oo. Since {z,} is bounded and by Lemma 2.3, we have
A — lim x,; = w. Since d(z,,;, Tx,;) — 0 as j — oo, then we get that

Jj—0o0

®(x) = limsup d(z,,,z) = limsup d(Tx,;,r) forallz € C. (3.12)

j—oo Jj—o0
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By taking x = Tw in (3.12), we have

®(Tw)? = limsup dQ(Tznj,Tw)

Jj—o00
< limsup{d®*(zn,, w) + k[d*(zy,, Txn,) — 2 <mnj Ta,,, wTw> + d?(w, Tw)]}
Jj—oo

————
= limsup d*(z,,,w) + klimsup[d®(z,,, Tz,,) + 2 <Ta:n]. Tn;, wTw> + d?(w, Tw)]

Jj—00 Jj—00

< lim sup d* (Tp,, w) + klimsup d? (Tn;, Tn,)

Jj—o0 Jj—o00
+ 2k limsup[d(T'xy, , 2, )d(w, Tw)] + klimsup d*(w, Tw)
j—oo j—o0
= O(w)? + k d*(w, Tw). (3.13)

Since —oo < k < 1, we can choose a real number A € [0, 1] be such that max{0,k} < A < 1. By
Lemma [2.15, we have

& (p,, o ® (1 = N)Tw) < Ad? (2, w) + (1 = AN)d* (2, Tw) — A(1 = N)d® (w, Tw)
Taking the superior limit on both sides of the above inequality, we get that
dAw & (1 —NTw)® < A(w)® + (1 — N)®(Tw)® — A1 — N)d? (w, Tw)

Since A — lim x,, = w. By using (3.13) and Lemma 2.2, we have

d(w)® < dOw @ (1 — N)Tw)® < AB(w)” + (1 — N)B(Tw)* — A(1 — N)d? (w, Tw)
<A(w)? + (1-)) <c1>(w)2 + kd? (w,Tw)) A1 = N2 (w, Tw)
= AD(w)® + (1 — N)D(w)? + (1 — Nkd? (w, Tw) — A(1 — A)d? (w, Tw)
= ®(w)” + (1= \)(k — N)d? (w, Tw).

This implies that (1—\)(A—k)d? (w, Tw) < 0. Since max{0,k} < A < 1, we have (1—-X)(A—k) > 0.
This implies that Tw = w, that is w € Fiz(T) # @.

[(3) = (1)] Suppose that Fiz(T) # @. We claim that Fiz(T) C Cy, foralln € N. If w € Fiz(T),
then we have a—>b,wTw =0 for all a,b € X. Taking u = w in the proof of Lemma 3.6, it is not

hard to observe that all inequalities are satisfied. This implies that w € C,, for all n € N. Therefore
Fiz(T) C (] Cn # 2. O
n=1

Theorem 3.8. Let all the assumptions be the same as in Theorem/|3.7 Then, if m Cn # 9 (& {z,}
n=1

is bounded < Fix(T) # @),then the sequence {x,} generated by (3.9) converges strongly to some

points of C' and its strong limit point is a member of Fix(T), that is lim x,, = Ppiy)vo € Fix(T).

oo
Proof. 1f ﬂ C,, # @, then Theorem [3.7 ensures that {z,,} is bounded sequence in C. By Lemma

n=1
2.3, we have {z,,,} C {,} such that A — lim x,, = u. By the proof of Theorem B.7[(2) = (3)], we
j—oo

have u € Fiz(T). By Lemma[2.20, we have Pp;,(r) is well defined. Also, Pri,(rmyzo € Fiz(T) C Cp,
we observe that

d(2n, x0) = d(Pc, 0, 20) < d(Ppig(1)To, Zo) (3.14)
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for all n € N. Since {d(zn,zo)} is nondecreasing, we get that lim d(x,,zq) exists. Since A —
n—oo

lim x,,, = u, by using Lemma 2.6, we have {z,,} — u. By Definition 2.16 and Lemma 2.17, we

Jj—00

get that d(u, {zo}) < liminf; . d(zn,, {20}). By Lemma 2.8, there exists an x¢ € {x¢} such that

d(u,z0) = d(u,{zo}) < lijrginf d(zn,, o) (3.15)

o0

By using (3.14) and (3.15)), we get that

d(u, zo) < liminf d(2,,;,20) = lim d(z,,v0) < d(Ppiz(1)T0, To)- (3.16)

J—00 n— oo

Taking into account u € Fiz(T), from (3.16), we have d(u,z0) < d(Priz(1)%0,%0) < d(u, o). This
implies that d(u, o) = d(Ppiz(T)T0, o). By Lemma 2.8, we obtain that u = Ppi,)ro. Therefore
{zn} = Ppiyryzo and d(zn,x0) — d(Ppig(r)To, o). Consequently, from (3.11)), we get that
d*(z,, Ppiymyzo) < d? (Ppiz(T)T0, To) — d*(zy,20) — 0 as n — oco. This completes our proof. [

Remark 3.9. The results in this section extend and improve the corresponding Theorem 3.4 and

3.5 in [22] in the case of an iterative projection technique in a Hilbert space.

4. Conclusion

In the present paper, we study some existence and convergence theorems for fixed points of a
strict pseudo-contraction by using an iterative projection technique with some suitable conditions.
We obtain the sufficient conditions for the existence and convergence theorem for the fixed points
of strict pseudo-contraction mappings in complete CAT(0) spaces.
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ABSTRACT. Recently, we considered the Choquet integrals with respected to a fuzzy mea-
sure and the Choquet-expected utility (CEU)which was represented by preference function-
als. We note that the CEU provides a useful tool to calculate the subjective capacity of
trade values between Korea and some countries in Wood-Jang [4,10].

In this paper, by using the Choquet-expected utility in Wood-Jang [4] and the degree of
similarity in Biswas [1], we define the CEU-degree of the similarity related with the CEU
of trade values between Korea and some countries. In particular, we investigate some
applications of the CEU-degree of similarity related with the CEU of trade values.

1. INTRODUCTION

By using fuzzy sets and Choquet integrals in [1,2,4,5,6,10], many researchers have studied
the concept of Choquet intgeral expected utility and its related areas(see[3,4,8.9.11,12]). Re-
cently, Wood-Jang [6,7] studied some applications of the Choquet integral as imprecise market
premium functionals with respect to an imprecise set function which was an interval-valued
measure of risk and the Choquet integral with respect to a fuzzy measure of a utility function.
In 1995, Biswas [1] investigated a student’s evaluation on the space of fuzzy sets which include
data information for the students respective classes.

In this paper, by using the degree of similarity in Biswas [1], we define the CEU-degree
of the similarity which is related to the CEU for the trade values that exist between Korea
and some of its important trading partners (such as Korea-USA, Korea-New Zealand, Korea-
India, and Korea-Turkey). In particular, we investigate the evaluation of the CEU-degree of
similarity which is related with the CEU of trade values CEU (u(a)) of a utility v from an act
a on S for specified HS product codes for animal product exports between Korea and selected
trading partners for years 2010-2013. We note that we include the dates used in our previous
studies [4,10].

In particular, we investigate the following applications:

1991 Mathematics Subject Classification. 28E10, 2820, 03E72, 26E50 11B68.

Key words and phrases. Choquet integral, Choquet expected utility, fuzzy neasure, the degree of similarity.
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(1) we calculate CEU-degree of contribution from an economic value perspective, for animal
exports with HS product code i = 1,2, 3,4, 5 between Korea and selected trading partners for
years 2010-2013 and

(2) we compare these values with the USA and other trading partners in terms of CEU-
degrees (13), (14), and (15) of the similarity which is related to the relationships and char-
acterizations involved in the value of international trade between Korea and each of the four
countries analyzed in this study(see[14]).

2. PRELIMINARIES AND DEFINITIONS

Let S be a finite set of states of nature and F(S) be the set of all fuzzy sets A =
{(s,ma(s)) | s € S, ma — [0,1] is a function}. Recall that m4 is called a membership
function of A.

Definition 2.1. ([4-7,9,10,11,13])
(1) A real-valued function p on S the subsets of is called a fuzzy measure if it satisfies

1) w@) =0, uS) =1,
(ii) ACB= pu(A) <pu(B). (1)

(2) The Choquet integrals with respect to a fuzzy measure p of A € F(.S) is defined by

1
(©) / fady = / u({s € S| fa(s) > a})da, @)

Definition 2.2. ([4-7,9,10,11,13]) (1) Let A € F(S). The Choquet integrals with respect to
a fuzzy measure p of a fuzzy set A = (5, fa) is defined by

where the integral on the right-hand side is an ordinary one.

(2) Let S = {s1,82, -, Sn} be a finite set. The discrete Choquet integral with respect to
a fuzzy measure p is defined by

(©) [ madi =Y £as?) [u(ED) ~ (B (3)
i=1
where E() = {s € S|ma(s) > ma(s")} fori =1,2,--- ,n. By convention, let E"*! = {).

By using the Choquet integral, we consider the Choquet expected utility(CEU) of a utility
u from an act a as follows.

Definition 2.3. ([4]) Let v : X — [0,1] be a utility and a be an act from S to X. The
Choquet expected utility(CEU) with respect to a fuzzy measure p of utility u from act a is
defined by

CEU(u(a)) = (©) [ ulal)du(s) ()
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We note that if ma(s) = u(a(s)) and A = (S,ma), then A € F(S), that is, A is a fuzzy set.
From Definition 2.1(3) and Definition 2.2 with a finite set S, we get CEU (u(a)) as follows:

CEU(u Zn:u { (ED) — y(BE+Y] (5)
=1

where E(®) = {s € Slu(a(s)) > u(a(s?)} for all i = 1,2,--- ,n

3. CEU-ruUzzY MARKS AND CEU-DEGREE OF SIMILARITY

In this section, we consider the CEU of a utility on a set of trade values (in USD) that
represent the trading relationship that Korea shares with selected trading partners(i.e. Korea-
USA, Korea-New Zealand, Korea-India, and Korea-Turkey). We also examine these respective
trading relationships by incorporating a clearly defined set of Harmonized System (HS) prod-
uct code product categories (i.e. HS Codes i = 1,2,3,4,5) for each individual year that is
under review (i.e. 2010,2011,2012,2013). We note that the product code definitions have
been provided by the UN Comtrade’s online database and the relevant categories are defined
as follows(see[14]):

1. Live animals; animal products.

2. Meat and edible meat offal.

3. Fish and crustaceans, mollusks and other aquatic invertebrates.

4. Dairy produce; birds’ eggs; natural honey; edible products of animal origin, not elsewhere
specified or included.

5. Products of animal origin, not elsewhere specified or included.

Firstly, we denote that HSPC=HS Product Code, s=Year, a(s)=Trade Value, u(a(s))=the
utility of a(s), CEU (u,a)=the Choquet Expected Utility of u from a. By using the trade
values in tables A1l A4, we can calculate the Choquet integral of an utility on the set of
trade values (in USD) that represent Korea’s trading relationship with a particular country
for years 2010,2012,2012,2013. Let s; = 2010, so = 2011, s3 = 2012, s4 = 2013. If we define
a fuzzy measure p on S as follows(see[4]):

p(EW) = p({sW}) = 0.1, w(EW) = pu({s?,sM}) =03,

W(E®) = p({s@, 53 sB}) = 0.6, M(E(l)) =1 ({s®W, s 5@ My =1 (6)
and if a(s) is the trade value of s and w(a) = \/{1iraor> then we obtain the following
CEU (u(a)) as follows:

4

CEU(u(a)) = ZU(a(s(i))) (M(E(i)) _ (M(E(i+1))>
i=1
= 04u(a(s™M)) +0.3u(a(s?)) + 0.2u(a(s)) + 0.1u(a(sD)).  (7)

By using (5), we calculate the four tables A; ~ Ay as follows(see [4]): By using four tables,
we get the four X-fuzzy sets X : {1,2,3,4,5} — [0,1] by X = {(i,mx(4))|i = 1,2,3,4,5}
(i-e., USA-fuzzy set U, NZ-fuzzy set N, IN-fuzzy set I, TR-fuzzy set T') defined by

U = {(1,0.05664), (2,0.04483), (3,0.93879), (4,0.20821), (5,0.04858)} (8)
N = {(1,0.00533), (2,0.00000), (3,0.78873), (4,0.15976), (5,0.01557)} (9)
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I =1{(1,0.00154), (2,0.00000), (3,0.04570), (4,0.00000), (5,0.00000)} (10)
T = {(1,0.00264), (2,0.00887), (3,0.00368), (4,0.00470), (5,0.00000)} (11)
Definition 3.1. ([1]) The degree of similarity between X-fuzzy set and Y-fuzzy set is defined
by
S(X,Y) = ———— (12)
max{X - X,Y Y}
where
X =< mx(1),mx(2),mx (3), mx(4), mx (5) >, (13)
Y =< mY(1)7 mY(2)v my(3), mY(4)7 mY(5) >
are vectors and
= mx(l) . my(l) + mx(2) . my(2) + mx(3) . my(-?)) + mx(4) . my(4) + mx(5) . my(5)
(14)

By using Definition 3.1, we define the degree of similarity between X-fuzzy set and Y -fuzzy
set is called the CEU-degree of similarity as follows.

Definition 3.2. If X and Y are elements of {U, N, I, T}, then the degree of similarity between
X-fuzzy set and Y-fuzzy set is called the CEU-degree of similarity.

From Definition 3.1 and Definition 3.2, we get the CEU-degree of similarity between X-
fuzzy set and Y-fuzzy set where X and Y are elements of {U, N, I,T}.

Example 3.1. (1) From Definition 3.1 and Definition 3.2, we get the CEU-degree of similarity
between U-fuzzy set and N-fuzzy set as follows:

U-N B 0.7747737841
max{U .U,N - N} ~ max{0.932255903, 0.6478891043}

(2) From (8) and (10), we get the CEU-degree of similarity between U-fuzzy set and I-fuzzy
set as follows:

S(U,N) = = 0.83174152.  (15)

I 0.0429899286
e = 0.0461138712. 16
U, 1-1)  max{0.932255903, 0.0020908616} (16)

Sl

SU,I) = {

(3) From (8) and
set as follows:

—~

11), we get the CEU-degree of similarity between U-fuzzy set and T-fuzzy

7T .00497932
UU . = 0.004979328 =0.0053411601.  (17)

SWU,T) = —
( ) U,T-T} max{0.932255903,0.0001219413}

max{

By using four information with those of the CEU-degrees of similarity (13), (14), and (15),
we understand the exact difference of similarity between the USA and each of the other three
trading partners. By using the CEU-degrees of similarity between USA and another country,
we are able to provide a useful plan to find a more effective method of improving the value of
international trade between Korea and each of the four countries analyzed in this study. We
provide information that may well be of interest to international business practitioners that
want a clearer understanding of the relationship and characterizations related to the value of
international trade between Korea and each of the four countries measured.
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Table Al: The CEU for animal product exports between Korea and the USA for years

2010-2013
HSPC | s a(s)(USD) u(a(s)) | CEUq usa)(u(a))

s1| 286892 =a(s™M) [ 0.05352
sy | 330299 = a(s™®) [ 0.05743

! s3 | 358496 = a(s™®) [ 0.05983 005664
s4 | 364918 = a(s™) [ 0.06037
s1 | 997539 = a(s™®) | 0.09981
sy | 376805 = a(s®) | 0.06034

2 s3 | 30005 =a(sM) [0.01731 0.04483
sq | 272884 =a(s™®) [0.05220
s1 | 74866073 = a(s™M) | 0.86464

3 | 52| 95654573 = a(s®)) 1097734 0.93879
s3 | 100141401 = a(s™) | 1.00000 '
54 | 99871717 = a(s™) [ 0.99865
s1 | 3722326 = a(s™) | 0.19280

4 |s2| 4323214 = a(s®) 10.20778 0.20821
s3 | 5016833 = a(s™®) [ 0.22382 '
sq | 4910771 = a(s®) [ 0.22145
51| 235669 = a(s?)) | 0.04851
sy | 359747 = a(s®) | 0.05994

g s3 | 101795 = a(s™) [ 0.05994 0.04858
54| 863858 =a(s™) [0.09088

Remark 3.1. As demonstrated in (13) (14) and (15) this study compares the similarities
that exist between Korea and its respective trading partners. As such, our study details the
following information:
Korea — USA : Korea — NZ : Korea — India : Korea — Turkey = 1 : 0.832 : 0.046 : 0.005
(18)
(2) Given a situation whereby Korea spends 10 million USD as a means of developing a
strong trading relationship between itself and its US trading partner, we are able to also as-

certain the level of support that is needed to develop effective trading ties with other countries,
for example:

NewZealand : 8, 320,000USD
India : 460,000USD (19)
Turkey50,000USD.
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Table A2: The CEU for animal product exports between Korea and New Zealand for years

2010-2013
HSPC | s a(s)(USD) u(a(s)) | CEUq Nz (u(a))

s1 | 6650 =a(s®) ]0.00815
sy | 4497 = a(s®))  ]0.00670

! s3 | 1589 =a(sM) ]0.00398 0.00533
sq | 2779 =a(s®) ]0.00527
51 0=a(sM) 0.00000
59 0= a(s@) 0.00000

2 S3 0 =a(s®) 0.00000 000000
54 0 =a(sW) 0.00000
51 | 70759196 = a(s®) | 0.84059

5 | 52| 91263506 = a(s™) | 0.95464 0.78873
s3 | 70763937 = a(s®)) | 0.84062 '
54 | 46632301 = a(s™M) | 0.68240
51| 165773 = a(s®)) [ 0.04069

4 2| 113751 = a(s) 10.03370 015976
s3 | 148756 = a(s™) | 0.03854 '
sq | 277350 = a(s™@) [ 0.05263
51 0=a(sM) 0.00000
2 0 =a(s?) 0.00000

b s3 | 218022 = a(s®)) [ 0.04666 001557
54| 393025 = a(s™) |0.00265

Table A3: the CEU for Animal product expert between Korea and India for years 2010-2013

HSPC | s a(s)(USD) u(a(s)) | CEU(u(a))
51| 1050 = a(s®) | 0.00324
= a(s@

L |2 ] 1300 a(sl ) | 0.00360 | 10264
s3 | 450 =a(s™) | 0.00212
s4 | 700 =a(s@) | 0.00264
s1 | 35432 = a(s®) | 0.01881

—a(s@

o | 5250639 = a(s1 ) [ 0.02249 | 1oss7
s3 | 2656 = a(s) | 0.00515
54| 8230 = a(s@) | 0.00907
51| 8695 = a(s™) |0.009318
sy | 5247 = a(s®)) | 0.00724

3 0.00368
S3 0= a(sWM) 0.00000
54| 1865 =a(s®) | 0.00432
51| 0=a(sM) 0.00000
21614 = a(s®) [ 0.01469

4 |22 0.00470
s3 | 30938 = a(s™®) | 0.01758
sqa| 0=a(s@) 0.00000
si | 0=a(sM) 0.00000
0 = a(s™) 0.00000

5 |22 , 0.00000
s3 | 0=a(s®) 0.00000
sqa | 0=a(s®) 0.00000
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Table A4: The CEU for animal product exports between Korea and Turkey for years
2010-2013

HSPC | s a(s)(USD) u(a(s)) | CEU(u(a))
51 0=a(sM) 0.00000
6900 = a(s™) [ 0.00830
1 [ .00154
s3 150 = a(s®@) | 0.00122 00015
S, | 300=a(s®) [0.00173
51 0= a(sM) 0.00000
59 0=a(s®) 0.00000
2 0.00000
53 0=a(s®) 0.00000
54 0 =a(sW) 0.00000
51 0 =a(sM) 0.00000
— a(s®
g | 52| 672952 =a(s 4) 0.08198 | 1 14570
s3 | 2532837 = a(s™) | 0.15904
54 | 199874 = a(s™)) | 0.04468
51 0= a(sM) 0.00000
—a(s@
4 S9 0=a(s . ) 0.00000 |, 50000
s3 0=a(s®) 0.00000
S4 0= a(s@) 0.00000
51 0=a(sM) 0.00000
59 0 =a(s?) 0.00000
5 0.00000
83 0 =a(s®) 0.00000
54 0=a(s®) 0.00000

4. CONCLUSIONS

The Choquet expected utility(see Definition 2.3) is a useful tool which can be used to
calculate the evaluation of the contribution of animal exports between Korea and selected
trading partners. By using the Choquet expected utility, we obtained Tables A1 ~ A4 in
[10]. From these Tables Al ~ A4, we gave four X- fuzzy sets (8),(9),(10),(11) which are
representations of the evaluation of contribution to animal exports for HP product codes
1=1,2,3,4,5 between Korea and selected trading partners for years 2010-2013.

By using these X-fuzzy sets, we obtained three CEU-degrees (13), (14), and (15) of simi-
larity. From three CEU-degrees (13), (14), and (15) of similarity, we can clearly understand
the difference of similarity that exists between the USA and each of three countries measured
in the study. By using CEU-degrees of similarity between the USA and a respective trading
partner, we are able to provide a more effective method of improving the value of interna-
tional trade between Korea and its trading partners. We also provide valuable information
that can be used to compare the USA and another countries as was the case with the three
CEU-degrees (13), (14), and (15) of similarity that is related with the relationship and char-
acterizations of the international trade values that exist between Korea and its respective
trading partner.
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Abstract In this paper, we consider the following new type cubic-quartic (CQ) functional equation

FO )+ £0w 1) = 2 g g+ s -]+ 252 e )+ - )

FOTEXN A =N f@) =X = X2 N f(—2) + (1= XD [fy) + fF(—y)],

where A > 2 is a fixed integer. We investigate the general solution of the functional equation, and
then, using the fixed point method, we prove some stability results for this functional equation in
matrix fuzzy normed spaces.

Keywords Ulam stability; Cubic-quartic mapping; Cubic-quartic functional equation; Matrix fuzzy

normed spaces.

Mathematics Subject Classification(2010) 39B82; 39B52; 46H25.

1 Introduction

Throughout this paper, N stands for the set of all positive integers, R and C stand for the sets of reals and
complex numbers, respectively. Ny := NU {0}, R} := [0,00), and N,,, denotes the set of all positive integers
greater than or equal to a given mg € N.

The study of stability problems for functional equations is related to a question of Ulam [14] concerning the
stability of group homomorphisms. Subsequently, the partial result of Ulam’s problem was proved by Hyers [§],
The solution of Hyers was generalized by Rassias [13] for approximate linear mappings by allowing the Cauchy
difference ||f(z + y) — f(z) — f(y)|| to be controlled by € (||z||” + ||y[|”). In 1994, a further generalization was
obtained by Gavruta [10], who replaced €(||z||? + ||y||?) by a general control function ¢(z,y). This new idea is

known as the Hyers-Ulam-Rassias stability of functional equations.

Park [7] considered the following cubic-quartic functional equation

fRe+y)+fQRz—y) =3f(x+y)+3f(x—y) + f(—x—y)+ fy—2) +18f(2) +6f(—x) = 3f(y) = 3f(—y), (1.1)

and investigated the orthogonally stability of (1.1). Very recently, Song [5] proved Ulam stability of this equation
(1.1) in matrix intuitionistic fuzzy normed spaces. For more interesting discussions and generalizations of the

original problem of Ulam have been investigated, see for instance [1,2,9,11,12,15] and the references therein.

*Corresponding author.
E-mail addresses: dingyaliding@126.com (Y. Ding), xutianzhou@bit.edu.cn (T.Z. Xu), jrassias@primedu.uoa.gr (J.M. Rassias).
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In the present paper, we introduce a new mixed type cubic and quartic functional equation:

2 2

FOw ) + fOw ) = 22 () + fo = )] + 2 [~ y) + Ty o)

AN =X =N f(@) + N =X =X+ N f(—2) + (1= ) [f(y) + f(-),

(1.2)

where A > 2 is a fixed integer. One can see that the functional equation (1.1) is a special case of (1.2) when we

take the integer A = 2. Every solution of the functional equation (1.2) is said to be a cubic-quartic mapping.

The aim of this paper is to discuss the general solution and then establish the Ulam stability of (1.2). More
precisely, we discuss the Ulam stability of (1.2) in matrix fuzzy normed spaces by applying the fixed point method.

2 Preliminaries

In this section, we recall some basic facts concerning fuzzy normed spaces, matrix fuzzy normed spaces and

some useful results.

Definition 2.1 ( [4]) Let X be a real vector space. A function N : X x R — [0, 1] is said to be a fuzzy norm
on X if for all z,y € X and all s,z € R:
(1) N(z,t) =0 for t <0; (2) x =0 if and only if N(z,t) =1 for all t > 0; (3) N(cz,t) = N(x,ﬁ) if ¢ #0; (4)
N(z+y,s+1t) > min{N(z,s), N(y,t)}; (5) N(z,-) is a non-decreasing function on R and lim;_, ., N(z,t) = 1;
(6) N(x,-) is continuous on R for x # 0.

In this case (X, N) is called a fuzzy normed vector space.

Definition 2.2 ( [4]) Let (X, N) be a fuzzy normed space. A sequence z,, in X is said to be convergent if there
exists © € X such that lim, o N(z, —2z,t) = 1(t > 0). A sequence z,, in X is called Cauchy if for each ¢ > 0 and
t > 0, there exists ng € N such that N(x,, — z,,t) > 1 —¢€ (m,n > ng). If each Cauchy sequence is convergent,

then the fuzzy norm is said to be complete and the fuzzy normed space is called a fuzzy Banach space.

We will use the following notations: M., ,,(X) is the set of all m x n matrices in X; When m = n, the
matrix M, ,(X) will be written as M, (X); e; € M; ,(R) denote the row vector whose jth component is 1 and
the other components are zero; F;; € My,(R) is that (4, j)-component is 1 and the other components are zero;

E;; ® x € M, (X) is that (4, j)-component is 2 and the other components are zero.

Let (X, ||-|) be a normed space. Note that (X, {[|-]|,,}) is a matrix normed space if and only if (M, (X), ||-|[,,)
is a normed space for each positive integer n and ||AzB|, < ||A| ||B| ||x|, holds for A € M ,(R),z = [z;5] €
M,(X) and B € M, ;(R), and that (X, {||-]|,,}) is a matrix Banach space if and only if X is a Banach space and
(X, {II|l,,}) is & matrix normed space.

For z € M, (X),y € Mp(X),z @y := <g

)

Let X,Y be vector space. For a given mapping h : X — Y and a given positive integer n, define h,, :

) , we introduce the concept of matrix fuzzy normed spaces.

Definition 2.3 ( [6,15]) Let (X, N) be a fuzzy normed space.

(1) (X,{Ny,}) is called a matrix fuzzy normed space if for each positive integer n, (M, (X), N,) is a fuzzy
normed space and Ny (AzB,t) > N, (z, m) forallt > 0,A € My »,(R),z = [z;;] € M,,(X) and B € M, (R)
with [[A[[ - [|B[| # 0.

(2) (X,{N,}) is called a matrix fuzzy Banach space if (X, N) is a fuzzy Banach space and (X, {N,}) is a

matrix fuzzy normed space.
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Lemma 2.1 ( [6]) Let (X,{N,}) be a matriz fuzzy normed space. Then
(1) Np(Ex @ z,t) = N(x,t) for allt > 0,2 € X,
(2) For all [x;5] € My (X) and t =377, tij,
N(J}kl,t) Z Nn([.ﬁ”],t) Z min {N(Z‘U,t”) N Z,j = 1, 2, e ,n} 5

t
N(xp,t) > Ny([z45],t) > min {N(mij, —) i =1,2,... ,n} .
n
(3) limp,—s 00 Tp = & if and only if lim, o0 Tijn = xij for x, = [Tijn], & = [2i;] € Mp(X).

Theorem 2.1 ( [3]) Let (E,d) be a complete generalized metric space and J : E — E be a strictly contractive
mapping, that is
d(Jz,Jy) < Ld(z,y),Vz,y € E

for some0 < L < 1. Then, for each given element x € E, either d(J"z, J" ™ x) = +00,Yn > 0 ord(J"x, J" lx) <

00, Vn > ng, for some natural number ng. Moreover, if the second alternative holds, then
(1) The sequence {J™xz} is convergent to a fized point y* of J;

(2) y* is the unique fized point of J in the set E' = {y € E|d(J™z,y) < +oo} and d(y,y*) < 25d(y, Jy)
forally € E'.

3 General solution of the functional equation (1.2)

In this section, we investigate the general solution of the mixed cubic-quartic functional equation (1.2).
Throughout this section, let X be a vector space over QQ, Y be a vector space, and A € Ny. Some basic facts on

n-additive symmetric mappings can be found in [12].

Lemma 3.1 If an odd mapping f : X — Y satisfies (1.2), then f is of the form f(x) = A3(z) for all z € X,
where A%(z) is the diagonal of the 3-additive symmetric map Az : X3 — Y.

Proof. Using the oddness of f, we have f(0) =0 and f(—z) = —f(x) for all x € X. (1.2) with y = 0 yields
) = N f (). (3.1)
Applying (3.1) to (1.2), we obtain
FOw+y)+ fQx —y) = Af(z +y) + flz = y)] + 20\ = 1) f(2), (3.2)
From (3.2), by Theorems 3.4 and 3.5 in [12], f is a generalized polynomial function of degree at most 3:
f(x) = A3(x) + A%(z) + A'(x) + A(z), (3.3)

where A%(z) = A° is an arbitrary element of Y, and A’ is the diagonal of the i-additive symmetric map A; :
Xt - Y fori=1,2,3. By f(0) =0 and f(—z) = —f(z) for all z € X, we get A°(x) = AY = 0 and A?(z) =0
for all z € X. By f(Az) = A3 f(z) and A%(rx) = r*A*(x) whenever x € X and r € Q, we obtain A!(z) = 0 for all
z € X. Therefore, f(z) = A3(z) for all z € X. O

Lemma 3.2 If an even mapping f : X — Y satisfies (1.2), then f is of the form f(x) = A*(x) for all x € X,
where A*(z) is the diagonal of the 4-additive symmetric map Ay : X* — Y.
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Proof. In view of the evenness of f, we have f(—z) = f(z) for all z € X. Let y =0 in (1.2), we obtain

fO) = X f(@). (3.4)
The rest of the proof is similar to the proof of Lemma 3.1.
O
Theorem 3.1 A mapping [ : X =Y satisfies (1.2) for all x,y € X if and only if f is the form
f(x) = A%(z) + A3(x), (3.5)

where A' is the diagonal of the i-additive symmetric map A; : X' =Y fori=3,4.

Proof. Assume that f satisfies the functional equation (1.2), we decompose f into the odd part and the even

part by putting

fo(l‘) = M»fe(l’) — W’

then, f(z) = fo(x) + fe(zx) for all z € X. It is easy to show that the mapping f, and f. satisfy (1.2). Therefore

our assertion follows immediately from Lemmas 3.1 and 3.2. Conversely, assume that f(z) = A*(z) + A3(z) for

(3.6)

all x € X, where A’(z) is the diagonal of the i-additive symmetric map A; : X* — Y for i = 3,4. Using

Atz +y) + Az — y) = 24%(z) + 2A4%(y) + 1247 (z, y),
Az 4 y) + A% (z — y) = 24%(2) + 64" (2, y),

, - (3.7)
Al(rz) =r'A%(z),i € {3,4},r € Q,
AV (rx, sy) = ris? A (x,y),i € {1,2},7,5 € Q,
by a simple computation, one can see that f satisfies (1.2), which complete the proof of Theorem 3.1. O

4 Stability of the functional equation (1.2)

Throughout this section, let (X, {N,}) be a matrix fuzzy normed space, (Y, {N,}) be a matrix fuzzy Banach
space, A € Ny and n € N. Using the fixed point method, we prove the Ulam stability of the CQ-functional

equation (1.2) in matrix fuzzy normed spaces.
Now before taking up the main subject, for a given mapping f : X — Y, we define the difference operator

Df: X% =Y, and Df, : M,,(X?) = M,(Y).

(D@ =f0a-+)+ Fa - ) > F2(pa 48+ fla =) - XA fca- )+ 10— 0)

— (TN =N =N f(a) = (=X = A+ ) f(—a) = (1= N)[f () + f(-D)],

A ] + o)) + Fulles) — )

(Dfa)((2is], yis]) = Fa(Alzis] + yis]) + Fa(Mig] = [yi]) — =

)\2 - >\ 4 3 2
= o [Fal=lzig] = yis]) + Fallyis] = [2iD)] = 7+ A7 = A7 = A) fa([i5])

— (A =N = X 4N fa(=[z45]) — @ = N)fa([yis]) + Fu(=Tyi])]
forall a,be X,z = [xij],y = [y”] € M,(X).

Theorem 4.1 Let ¢1: X2 — [0,00) be a function such that for some real number o with 0 < o < 1,

a b o
Sy < — . .
gpl()\,)\)_ )\4301(a,b), a,be X (4.1)
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Suppose that f: X =Y is an even function with f(0) =0 and such that

t

Nn(Dfn([xij]a [yij])’ t) > t+ szzl cpl(xij7 yij)’

Then there exists a unique quartic mapping @ : X — 'Y such that

< 2041 — a)t
T2 - a)t+an? 300 pi(24,0)

No (fall2i]) = Qnllzis]), 1) t>0,x = [zij] € Mp(X).

Proof. When n =1, (4.2) is equivalent to

NﬂU@ﬁL@zEI;%aa, t>0,a,b¢c X, (4.3)
Putting b = 0 in (4.3), we obtain that
N(2f(\a) — 2X*f(a),t) > T (@)’ t>0,a€ X. (4.4)
Hence - ;
quy—%ﬂXL?zgizﬁga, t>0,a€X. (4.5)
Using (4.1) we get

N(f(a) = X'f(5),0) 2

Y {s0aeX 46
T+ 55ae1(a,0) (4.6)

Consider the set Ey = {g: X — Y, g(0) = 0}, and introduce the generalized metric d;:

t
= 1 : — >
di(g,h) 1nf{e€R+ N(g(a) — h(a),et) > T @ 0) t>07a€X},

where, as usual, inf ) = +oo. It is easy to prove that (Ey,d;) is a complete generalized metric space.
Now, let us consider the linear mapping J; : E; — E; such that

a
Jig(a) = )\4g(X), g€ Fy,a€X.

It is easy to see that J; is a strictly contractive self-mapping of F; with the Lipschitz constant L. = «. Indeed,
given g, h € Ey, let € € (0,00) be an arbitrary constant with d;(g,h) = e. From the definition of d;, it follows
that

N —h > — t X.
(90a) — hla).ct) 2 s, t> 0
Hence
N(Jrg(a) — Jih(a), aet) = N(Xg(2) — (L), aet) = N(g(L) — h(%), 22
A A A A7
%t
t>0,a€X.

> = a2 ;
ﬂt+@l(X7O) t"!‘@l(aﬂo)

So, di(g,h) = € implies that d(J1g, J1h) < ae. This means that di(J1g, J1h) < adi(g,h) for all g, h € Eq, thus

Ji is a strictly contractive self-mapping, and the Lipschitz constant L = a.

It follows from (4.6) that
N(f(a) = Jif(a),t) =

thus we have that di(f, J1f) < 55z < 4o0.
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According to Theorem 2.1, we deduce the existence of a fixed point of Jy, that is, the existence of a mapping

Q : X — Y such that Q(a) = J1Q(a) = )\4Q(%), ie, Q(%) = %Q(a) for each a € X. Moreover, we have
di(JLf, Q) — 0(1 — +00), which implies

lim N(Jif(a) —Qa),t) =1, t>0,a€X. (4.7)

l—+o0

Also, d1(f,Q) < ﬁdl(Jlf, f) implies the inequality d;(f, Q) < m, which means that

2041 — a)t
N — ,t) > , t>0,a€eX. 4.8
(@) = Qo)1) > g a (48)
Replacing a and b by {7 and % in (4.3), respectively, we have
b a b, t ar
N (24D a,,t)zN(D )>A t>0,a,be X. 49
( f()\l /\l) f(/\l )\l) N\l 7%"‘@1(%;%) ( )
It follows from (4.1) that
a b ot
wl(ﬁvﬁ)g W@l(aﬁb)u avb€X7
thus
NOMDpE Sy st s abex (4.10)
Al7)\l 9 - t+alg01(a,b)’ y Wy . .
Letting | — +oo in (4.10), we obtain
a b
N()\‘”Df()\l,)\l),t) -1, t>0,a,b€ X, (4.11)
which means
N(DQ(a,b),t) =1, t>0,a,be X. (4.12)

Thus, DQ(a,b) = 0 for all a,b € X. By the definition of @, it is clear that Q(—a) = Q(a) for all « € X. Then
by Lemma 3.1, the mapping @ is quartic.

Assume that there exists another quartic function F' : X — Y which satisfies (4.8). Then it is clear that

F(%) = 3z F(a), and while a = 0, we have F(a) = 0, thus J1F(a) = XF($) = F(a) for alla € X, ie., F is a

fixed point of J;. By (4.8) we get

N(f(@) - Fla) 1) > ~—— (L= )t

t>0 X.
T 221 — a)t + api(a,0)’ Zhas

Hence, di(f, F) < m So, F € E; = {g € Ey,d1(f,g) < co}. By Theorem 2.1, Q is the unique fixed point

in E7, which means that Q = F.
By Lemma 2.1 and (4.8), we have

N (fa([zi5]) = Qu([zij]), 1) > min{N(f(mij) = Q(z45), %) VS 1’27“"”}
] 2041 — a)t .
= min { 201 — @)t + an?pi(244,0)
- 204 (1 — )t
T2 —a)t+an? Y0 ¢i(w4y,0)

i = 1,2,...,n}

for all = [z;;] € M,,(X),t > 0. This completes the proof. O
Theorem 4.2 Let oy : X? — [0,00) be a function such that for some real number o with 0 < o < )\,

a b «
QDQ(X, X) < ngg(mb), a,be X. (4.13)
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Suppose that f : X — Y is an odd function such that

t
>
Tt (i i)

No(D fu([2ij], [Wiz]): 1) t> 0,2 = [z45],y = [yi] € Mn(X). (4.14)

Then there exists a unique cubic mapping C' : X — Y such that

- 2X3(\ — )t
T2\ - )t +an? 3l (g, 0)

Ny (fn([245]) — Cn([7i5]), 1) t> 0,z = [z55] € Mn(X).

Proof. The proof is similar to the proof of Theorem 4.1.

U
Theorem 4.3 Let o : X2 — [0,00) be a function such that for some real number a with 0 < a < 1,
o5 g) < gelab), abeX. (4.15)
Suppose that f: X =Y is a function such that f(0) =0, and for all x = [x;5],y = [yi;] € Mn(X), satisfying
No(D (i3], [yis]) 1) ! £>0. (4.16)

> D )
t+ Zi,j:l e(@ij, Yij)
Then there exist a unique cubic mapping C : X — Y and a unique quartic mapping Q : X — Y such that

M1 —a)t
(I —a)t +an? 30 Y(xi5,0)

Nu (Falig]) = @nll2i]) = Callzyl),t) 2 5
where ¥(a,b) == ¢(a,b) + p(—a, —=b) for all a,b € X.
Proof. Let fc(a) = 3(f(a) + f(—a)), it is easy to see that fe(0) =0, fo(—a) = fe(a).

N(Df.(a,b),t) = N(%Df(a,b) + %Df(—a, —b),t) = N(Df(a,b) + Df(—a, —b),2t)
t

2 min{N(Df(a,b),1), N(Df(~a,~b),0)} 2 =

Let f,(a) = 1(f(a) — f(—a)), we can get N(Dfo(a,b),t) > m From (4.15), it follows that ¢(%,2) <

s5¥(a,b). It is easy to check that all conditions of Theorems 4.1 and 4.2 hold, by the proofs of Theorems 4.1
and 4.2, we know that there exist a quartic mapping @ : X — Y and a cubic mapping C': X — Y such that

204 (1 — a)t
N(fe(a)iQ(a)J)Z2)\4(1—a)t+az/}(a70)’ t>0,a€X,
and W 0r ’
—
N(fo(a)—C(a),t)zQAg(Aia)Haw(mo), t>0,a€X.
Therefore

N (f(a) = C(a) = Q(a),t) = N(fe(a) = Q(a) + fo(a) — C(a),1)

> min{ N (f.(a) — Q(a), 2), N(fo(a) — Cla), )}
> min{ A1 - a)t A\ — )t \ (4.17)
= i A1 — a)t + ap(a,0)” A3\ — a)t + arp(a,0)

A1 — a)t

= t>0 X.
MI—a)+ad(a,0) €
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Using a proof method similar to Theorem 3.10 in [11], we can prove the uniqueness of C' and @. By Lemma

2.1 and (4.17), we have
. t .
N (fn([zi;]) = @n(lzij] = Cn([z]),t) = min {N(f(xij) = Q(zij) = Clay), )+ 4] =12 ,n}
A1 — )t
> mi o,y =1,2,...
= mm{xt(l —a)t+an?P(zy,0) 0T ool
- M1 —a)t
TN - a)t+an? 30 d(2iy,0)
for all z = [z;;] € M, (X),t > 0. This completes the proof. O
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A High-Accuracy Collocation Method for Solving
Mixed Boundary Value Problems on Nonsmooth
Boundaries*

Xin Luo | Chuan-Long Wang?

Abstract

By potential theory, the mixed Dirichlet-Neumann boundary value problem
for the Laplacian is converted into the boundary integral equations (BIEs) with
logarithmic singularity. Then the resulting system of the integral equations is
solved by the Sidi-Israeli quadrature method (SIQM) with a Sigmoidal trans-
formation. The convergence of numerical solutions by SIQM is proved based on
Anselone’s collective compact theory. Furthermore, a convergence estimate of
the solution error is presented, which possesses high accuracy order O (h3..),
where hpax is the mesh size. Finally, The efficiency of the method is illustrated
by examples.

Keyword: Boundary value problem, collective compact theory, singularity,
integral equations

1 Introduction

Consider the following mixed Dirichlet-Neumann boundary value problem for the
Laplacian

Au =0, in

U|FDZ~ :fi7 Z:172a » D, (11)

ou .
%h“]\rj:gja ]:1727"'7q7

where Q) is a simply connected region with the piecewise-smooth boundary I' = T'p U
Iy, and I'p = U_,I'p, and 'y = U]_,T'y;. Here, f; and g; are given on I'p, and
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337 LUO-WANG 337-353



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

'y, respectively, and Ju/On denotes the derivative of u with respect to the outward
normal vector n.

By the potential theory [17], the solution of Eq. (1.1) can be represented as a
single-layer potential of the form

u(P) = _% / In|P — Q|=(Q)dSy, P e, (1.2)

where z is an unknown function called the ”the single layer” density. From the jump
condition for the normal derivative of the single layer potential at the boundary, we
then have the following boundary integral equations (BIESs)

_;Z/F In|P — Q|zp,(Q)dSq
1< |
_ _Z/F In|P—Q|2n,(Q)dSg = fi, P€Tp, i=12,---,p,
_ 2 8ln\P Q. oS
Z/F 20, (Q)dSg

In|P —
__Z/ an‘ Q| j(Q)dSQ:gi, PEFN” i:1>27"',q,
In;

anp

(1.3)

where zp, = z|ij and zy; := z|pNj are sought on I'p, and I'y,, respectively. Once
zp, and zy; are solved from the Eq. (1.3), the solution u(F) can be computed by

1< 1 &
u(P) = —;Z;/FD.1n|P—Q|sz(Q)dSQ—;Z;/FN.1n|P—Q|zNj(Q)dSQ, Peq.

(1.4)
Even for the boundary data f; and g; are smooth, the solutions zp, and zy, may not
be smooth. We denote by P;, i = 0,1 of the two interface points of the boundary I
and by (; with 0 < 3; < 2w, i = 0,1 the interior angle of I' at P;. In fact, from [1, 2]
it follows that around P; we have

uw(P) = c(@)?“”/(%) + smoother terms, P € (), (1.5)

where (r,©) are the polar coordinates centered at P;. Then , using (1.2) to define a
potential not only in € but also in R2\Q, the single z is the difference between the
normal derivatives of u on I' from inside and outside I'. Therefore, near P;, ¢ = 0, 1,
we get

2(P) = ¢epmin{r/(260), 7/(4r=260}=1 4 smoother terms, P € Q. (1.6)

Hence, zp, and zy, have this behavior near the corners P;. To smooth these irreg-
ularities, in the next section we will introduce a smoothing parameterization ., (t),

338 LUO-WANG 337-353



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

which improves the behavior of the unknown function z by incorporating the Jaco-
bian of the transformation. In fact, the new unknown function will be z(¢, (¢))[¥ (t)],
whose smoothness degree at the corner depends upon a smoothing parameter: the
larger its value, the smoother the transformed density. There exist numerical meth-
ods for approximately solving mixed value problems on polygonal domains by means
of boundary integral equations (see [18, 19]). They are based on the collocation
method, and in general no error estimates are available [20]. After that, the proof
of asymptotic error estimates for the finite element Galerkin approximation of the
boundary integral equations for a mixed Dirichlet-Neumann boundary value problem
for the Laplacian in a plane polygonal domain is given in [21]. This was a general-
ization of [22], where the case of a domain with a smooth boundary was treated. In
6], the trigonometric collocation method which uses a mesh grading transformation
and a cosine approximating space is proposed for solving the mixed boundary value
problems on domains with curved polygonal boundaries, the complete stability and
solvability analysis of the transformed integral equations is given by use of a Mellin
transform technique, in which each arc of the polygon has associated with it a peri-
odic Sobolev space. Inspired by the technique developed in [6], A collocation method
using Chebyshev polynomial expansions as approximants and the zeros of Chebyshev
polynomials as collocation nodes is applied to solved (1.3) [2]. From [5], we know that
the Sidi transformation [3] is the important one of ”integral” sigmoidal transforma-
tions, which can yield fast convergence of the collocation solution by smoothing the
singularities of the exact solution. Hence, we apply Sidi-Israeli quadrature method [4]
and trapezoidal rule with Sidi transformation [3, 16] to calculate the integrals with
weakly singular kernels and continuous kernels in (1.3) respectively.

This paper is organized as follows: in Section 2, the convergence analysis is carried
out based on the theory of collectively compact operators [7, 8, 9, 10] for closed
curved polygons. in Section 3, a convergence estimate of the solution error is given.
Numerical examples are provided to verify the theoretical results in Section 4, and
conclusions are made in Section 5.

2 Collocation method for the boundary integral
equations

2.1 Discretization for integral operators

In [4], high-accuracy numerical quadrature methods based on the appropriate Euler-
Maclaurin expansions of trapezoidal rule approximations are proposed for the singular
and weakly singular Fredholm integral equations. These integral equations are used
in the solution of planar elliptic boundary value problems such as those that arise
in free surface flows, elasticity, potential theory, conformal mapping, etc. Let the
functions G(z,t) = log |z —t|g(z) + §(z) are periodic with period T'= b—a , and that
they are 2m times differentiable on R\{t+kT"}7° Then the Sidi-Israeli quadrature

—00"
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formula [4] for integrals with kernel G(z,t) can be described by

QuG(e.0]] = 1 3 Gy, 4300 +or()a(0) b h= =)/, 2, = ki, (2.1

j=1
(Ej;ﬁt
and
b m—1 . .
/ G(z,t)dr — Qn[G(z,1)] =2 Z C((Qi)/f)g(m)h?““ +0 (h*™), as h — 0,

pn=1
where ((z) is a Riemann function.
Define the following boundary integral operators on I'p, and I'y,

1 . .
Uijzi(x) = —}/F In|z —yl|zj(y)dsy, v €T'p,, i,j=1,---,p,
Dj

1 Olnl|x — o
Mijzj(x) = —;/ %zj(y)dsy, zt€ln, i, j=1,-,q,
FNj x

1 ' _
Vijzi(x) = —;/F In|z —y|zj(y)ds,, 1 €Tp,, i=1,---,p, j=1,--,4q,
Nj

1 Oln|x — . .
Wijzi(x) = ——/ sz(y)dsy, r€ln,i=1,--,q, j=1,---p.
™ Jrp, on.

Assume that I'p, or I'y; can be described by the parameter mapping: x;(t) =
(2j1(t), 2j2(t)) + [0,1] — Tp,(or T,) with [a;(8)] = [|25,(t)*+ |25 (t)*]'/* > 0. In
order to degrade the singularities at corners, we apply the Sidi transformation [3, 16]
to the parameter mapping, which is defined by

0
fol (sinzr)vdr

ft(simrT)'YdT

o (t) = :[0,1] = [0,1], 7> 1. (2.2)

Define the following ”smoothing parameterization”

alt) = {ZZE”@) = 2(4,(1)) € Tp, te[-1,1],

) (2.3)
(t) =zi(Yy (1) € Ty, te[-1,1],

Thus, we can rewrite equations (1.3) as a p X ¢ matrix integral equation system

p 1 q 1
2/ ult, s)-§”(s)ds+z/ o(t, )22 (s)ds = fi(t), t € [0,1], i=1,2,--- ,p,
j=1"0 j=1"0
p 1 q 1
zi(t)—i—Z/ w(t, s>—§.l>(s)ds+2/ m(t,s)27 (s)ds = g,(t), i =1,2,--- ,q,
\ j=1"0 j=1"0

(2.4)
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where
1
u(t,s) = ——Infa{"(t) — a{V(s)], (2.5)
Y
1
u(t,s) = —=In|af’(t) — aP(s)], (2.6)
v
2)’ 2 1 2)’ 2 1
w(t.s) = Loz OO ~ ol ()] - aEB Olo'() ol ()]
) - 2 1 1 ) :
m [l (8) — “<s>1 [0l (t) — aly (s))?
o2’ 0)ay (1)} () a@)/(t)[ )(1)—al3) (s)]
BERR R e T A
m(t,s) = ; (2.8)
1 o2 ) (t)—al} (t) <2> (t)
— i2 as t = s.
2 (a@’ (£)2+(a <2> ()2
and
g<s>= D, (2 (105 (3))) |2 (0 (5)) [ (5),
Z;7(s) = 2y (%(%(8)))&3( (s ))W( )
t (t

O, o) = (@P(1), a0, k=1,2.

p,;(s) and zy,(s) have singularities at endpoints s = 0

710) = FaP@). o
Lemma 2.1. Although
and s = 1, z§1)(s) and z (
and s = 1.
Proof. Let d; = min{n/(20;),n/(4m —203;)} — 1 in (1.6), then we have —1/2 <
d; < 0. Suppose that zpy(s) = s%p;(s) near s = 0, where zpy = Zp, or zy;, and
the function ¢;(s) is differentiable enough on [0, 1] with ¢;(0) # 0. Using Taylor’s
formula, we can obtain

g(a

)

s) have no singularities by Sidi transformation at s = 0

~ 90
zpn(s) = ZO . sitdi 4 O(s!T ) as s — 07 (2.9)
From [3], we have
oy (s) ~ 261’57+2i+1, YL (s) ~ Zéis”%, as s — 07, €, o > 0. (2.10)
=0 i=0

By substituting (2.9) and (2.10) into the expression of Ej(k)(s), k =1,2, we have
Ej(.k)(s) = c10;(0)sOVEHY (1 4 O(s%)) as s — 07, (2.11)

where ¢; is a constant. Also assume that zpy(s) = (1—s)%¢;(s) near s = 1. Similarly,
we have

57() = i (0)(1 =) A+ O((1 = 5)) s s =17, (212)
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where ¢, is a constant independent of s. By (2.11), (2.12) and d; > —3, we can obtain
(y+1)(dj+1) =1 >0 for v > 1. The proof is completed. [
Now we can rewrite the Egs. (2.4) as follows

u Vv PAS) f
[W I+M][z(2)}_[g ) (2.13)
where
f: (f1>f27"' 7fp)7 g = (glagQa"' >gq)7
—(1) —(1 (1 —(2) —(2 —(2
Z(l) = (Zg )7Z§ )7' o 721(9 ))T7 2(2) - (ZE )7Z§ )7” : 72(5 ))T7
U=[Uylijm, V= [Vilijo, W= [Wylii, M= [Mylii,
Let U= A + B, where A = diag(AH,Agg, s 7App) and B = [Blj]i’jp:h where

1
Aiiéi(l)(t) :/ a(t, S)Zi(l)(s)ds,
0

with the kernel .
aii(t,s) = —=In|2eY?sin(n(t — 5))|,
T

and )
B0 = [ btt.95 (),

with the kernel

) (€]
1 a;’(t)—a; " (s) .
™ In | 2e~1/2 gin(rm(t—s)) ” as =17

~Linfaf"(#) = i ()], as i # ;.

In the subsequent analysis we will focus on the singularity of the kernels b;;(, s).
Obviously, if I'p, NI'p, = 0, b;;(t,s) are continuous in [0,1]*, and if I'p, N Tp, #
0, b;j(t,s) have singularities at the points (¢,s) = (0,1) and (¢,s) = (1,0). For
convenience of analysis, we only discuss the case in which (¢,s) = (1,0). Defining the
following function

bij(t,s) = by(t, s)sin(xt), ~v=1, T'p,NIp, #0. (2.15)

Lemma 2.2. Let b;(t,s) be defined by (2.15), then by;(t, s) and % (k=1,2)
are smooth on [0, 1]2.

Proof. By the continuity of by (,s) in (2.14) and the boundness of sin”(7t), we
can immediately complete the proof for the case : = j. Hence, we only consider the
case in which j —i¢ = 1. Let I'p, , NT'p, = P, = (0,0) and 6; € (0,27) be the
corresponding interior angle. Then we have

info (1) — al%s ()] = £ (0P (0)] ~ la; (5))? + 4la " ()l |al; (s)lsin? (8,/2)
(2.16)
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which shows the kernel b;_y;(¢,s) has a logarithmic singularity at (¢,s) = (1,0).
Suppose that ag(t) = |a£i)l(t)| and a(s) = |oz£1)(s)|7 we have ap(0) = a1(0) = 0. If
6, € (0,7) U (m,2m), then b;,_;;(1,0) = 0. If (£, s) # (1,0), then we can obtain

bty s) = —% sin” (rt) In[a2(¢) + a2(s) — 2ao(t)ax () cos b 1] (2.17)
_ _% i (rt) In[a2(¢) + a2(s)]

- % sin? (7t) In[1 — 2ao(t)a(s) cos ;1 /(ai(t) + ai(s))]

=wi(t,s) + walt,s).

Since
12a0(t)ay(s) cos B;_1 /(a3 (t) + ai(s))| < |cos_1| < 1,

the function wy(t, s) and its second derivative are bounded. Noting that

we have
ag(k)(o):aﬁk)(l)zo’ i=i—lori, k=17

Let (t,s) € [¢/2,¢] x [1 —e,1 —¢/2] for all € > 0, we have |w;(t,s)| = O(e?|In¢€]), so
w(t, s) is also bounded. In addition, we have

2a0(s) o (1, ()[4 (s)

0 1, .
\awl(t,sﬂ < %’SIHW(W)

and
2

0
st ) = 0.
This shows % (k = 0,1,2) are also continuous in [0,1]%. At last, if 6; 1 = ,
then

bi—1(t,s) = —% sin”(7t) In(ao(t) + a1(s)), (2.18)

we can use the same method mentioned above to prove Bi,u(t,s) and its second
derivative are bounded. The proof of Lemma 2.2 is completed. [J

Let h; =1/nj (nj € N)and t; = s; = (j—1/2)h; (j = 1, ..., n;) be the mesh sizes
and nodes respectively. By the trapezoidal or the midpoint rule [11] we construct the
Nystrom’s approximation operator BZ? of the integral operator B;;, defined by

(B Z)(8) = by Y bi(t,s5)2 (), te[0,1], i=1,...p, (2.19)
j=1

7
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which has the error bounds [3, 11]

(Bi2")(t) — (B 2V)(t) = O (h¥), for Tp,NTp, =0, €€N, (2.20)
and
(Bi2")(t) — (B 2))(t) = O (h2), for Tp,NTp, € {P}}, (2.21)

min{(y+1)(d; +1),v+ 1}, ~ odd,
w= (2.22)
min{(y + 1)(d; + 1),2(y+ 1)}, 7 even.

For the logarithmically singular operators A;;, by the Sidi-Israeli quadrature formula,
we can also construct the approximate operator A?j,

(Aliz (1) Zln‘Qe L sm7rt—s])| ()(sj)

ZZ]
I (2.23)

— % {ln (27T€_1/2hi/(27f))2§1)(t)} (1=1,...,n),

which has the error bounds [4]

hi (1) () 2 = C(=200) _1),(000 2001 ¢
iz _ > _ = (2p) 1,21 2 )
(A5 57)(#) — (Aaz}") (1) = == ; 2! E)@OR O, te {t},
where (’(t) is the derivative of the Riemann zeta function.

By the trapezoidal or the mldpoint rule, we can also construct the Nystrom’s
approximation operators VZ] , Ww and MZJ for the continuous operators V;;, W;; and
M, that is,

K

(EHE)E) = hy Y it s)Z(s;), t€0,1], (2.24)

j=1
which have the error bounds O(h?") or O(h%). Here, Z;; = Vij, Wi; or My, xi5(t, s) =
vi;(t, 8),w;;(t, s) or my;(t, s).

Now we write the discrete equations for (2.13) are

Uh Vh Z(l)h fh
[Wh Ih+Mh:|[Z(2)h:|:[gh}7 (225>
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where
Uh = Al 4 B, Al = diag(Al, .., App), Al = [alti, 5]y
B:: (B, Bl = [by(t, Sj);LZ§ff , v - Ve,
Vi = [vi; (L, 51)]??:7?7 Wh = [V[/ijj]g,fzh Wy = [wz‘j(tzﬁsj)]zl;ff,
MM = M, My = [ma(t, 5;)]740%,
ZOh — )M ), 2 (1), e 2 ()T
Z@h = M) M), (), e 2 ()T
fh = ( lhl(tl)a EEE) lhl(tnl)v EET) I?p(tl)v ) Iilp(tnp»Ta
9" = (G () eoes G by ), ooy 90" (E1) s oees G (£) T
bet U Vh A0 Bh vh
|:Wh ]h+Mh}:|:0 Ih}—i_{wh Mh:|> (2.26)

then (2.25) is equivalent to
E{z 0 N (Ah)—lBh (Ah)—lvh
0 Kb Wh M"

2.2 The collectively compact convergence

Z(;;: } = { (Ah;?fh ] . (2.27)

For the convenience of the analysis of the existence and convergence of numerical solu-
tions, we first introduce the subspaces and some special operators to be used. Define
the subspace Cpl0,1] = {v(t) € C[0,1] : v(t)(sin?(nt))~ € C[0,1]} of the space
C[0,1] with the norm [[v||* = maxo<i<i |v(t)(sin? (7))~} Let S" = span{e;(t),
Jj=1,..,n;} C (y[0,1] be a piecewise linear function subspace with the basis nodes
{t;}:2,, where ¢;(t) are the basis functions satisfying e;(t;) = §;;. Also define a prolon-
gation operator IT"? : R — S satisfying I1/7v = i ve;(t),Yv = (v1,...,vn;) € RN,
j=1
and a restricted operator II}7 : Cy[0,1] — R™ satisfying ITov = (v(t1), () €
R Vo € O()[O, 1]
Lemma 2.3. Let ' =T'p UT'y satisfy Cr # 1, and also let

ij

ij
B/, Tp,NTp, €{P;},

where the kernel b;;(t, s) of By; is defined by (2.15). Then under the transformation
(2.2), we have

{ BY, Tp,=Tp,orTp NTp =0,

1(Aij) ' B ll20 < M (2.28)
and B
I (A% 'Ly B %S (Aiy) ™' By, in C[0,1] — C[0, 1], (2.29)

where M is a constant and =5 denotes the collectively compact convergence.
Proof. From [14] and by Lemma 2.2, b;;(¢, s) and b;;(t, s) are continuous on [0, 1]2,

9
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and then we have (2.28). Using the following result [14],
Iy (A5) ' Ay = 1, in C*[0,1] — C[0, 1],

where I is the embedding operator and = denotes the pointwisely convergence, and
by
o his—1yahs Bhi b —1rch _15h;
T (AG) M5 By oo = ([ (T (A7) Ty Ay ((Aiy) ™' Bi; ) lloo
h; hi\— h; —1 phj
< |07 (A7) T Ty Aygllo2 [ (Ai) ™ Bif ll2.0
<,

where C'is a constant. Thus, we complete the proof of Lemma 2.3. [

Replacing (A%)~1 | Bihjj (i,7=1, ..., p), VZ;” (i =1,.,p,7 = 1,...,q), WZJ (1 =
1y =1,,p) and My (i,5 = 1, ..., q) by I} (A%) Iy, T BYILyY , T1 Vi 1L,
I Wi’;jH};j , and H]f"MZ»];ngj , respectively.

Define the following operators

(AM)TEBY, W (Col0, 1)) — Uy S", (AN MM (C10,1])7 — ug_ S™,

where
(A" = Iy (A" I BP, - (AM) 7V = Ty (AM) ML,V
Wh = Hlfl(Ah)_lnglwha M = H}1L2<Ah)_1H32Mha
17, = diag(11" ..., ng), 17, = diag(11" ..., ng),
I, = diag(IT¥, .., TL7),  TIA, = diag(ITL, .., TT2%).
Hence, we can write (2.27) as the following operator equation
<[ E{L 0 } [ (Ah)ﬂéh (Ah)qf/h ]> { 51k } [ (Ah)qf(l)h }
+ = :

0 E! Wwh W (2)h Fn

Q>

Theorem 2.4. (see [12, 15]) Assume I'p = U_, I'p, satisfy Cr,, # 1,and T'p, (j =
1, ..., p) are smooth curves. Then the operator sequence{(A")"'B"} is collectively
compact convergent to A~ B in V = (Cy[0, 1])P. That is, we have

(AM"1BM S A7'B. (2.30)

Consider the integral

Qg) = /Qg(l‘)dx,

where (2 is the bounded domain. Supposed that the quadrature formulae for Q(g) is

Qulg) =Y wMg(a),
j=1

10
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where the weights wj(n) satisfy to the following condition

d i< e (2.31)
j=1

where C' is a constant.

Theorem 2.5. [8, 13] Assume that the kernel k(z,y) of K is continuous on €2 x 2
and the K, is the Nystrom’s approximation operator for K, and the condition (2.31)
holds. Then we have

K,S K

By the Theorem 2.5, we can immediately obtain the following theorem.
Theorem 2.6. Let I' = I'p U Ty satisfy Cr # 1, I'p, (j = 1, ..., p) and D'y,

( =1, ..., q)are smooth curves, then we have
(AR 25 A7y, WS W, M S ML (2.32)

3 Errors analysis

In this section, we give the following theorem, which provides a convergence estimate
of the solution error.
Theorem 3.1. Assume I' = I'p UT'y satisfy Cr # 1, f; = f]ij € C’6(FDj) and
g; = g|pNj € C%I'y,), then when we choose an appropriate number v in (2.22) such
that w > 3, the following estimate hold
120" — 20l = OR300, 1P = 2Pl = O(R3,.,) (3.1)

max max

where hmax = maxlgjgmax{p’q} h,]
Proof. By the trapezoidal rule, the asymptotic expansion holds

Uh Vh 2()h ~(1)
Who b4 Nt 2@k | L)

[ ohong, I, V1L, e L Vh 2
| Ty WL, 0 TG, 4+ TR MTTR, | ] 23 Wh MM || 2@

_ { T3 15, 4 ¢hy + T13 115, 5000,
T13, 115, 34 9)3 4 T, 115, X0ty

where Y = diag(h‘;’, T 7h2)> Yg = diag(hif, T ,hg), Y1 = (Y11, Y2, >¢1p)Ta Yo =
(2/J21,¢22, T >¢2q)T, g = (¢317¢327 T 7¢3p)T and ¢, = (¢41,¢42, s ,¢4q)T- Hence,

we have . ) . .
E{L 0 (Ah)leh (Ah)flvh 2,(1)h _ z(l)
o EN| T i At S@h _ @)

11

} O - I,
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[ T3 TG, (AM) 1S 0hy + T, T1, (AR) =1 5500y ] +o(h%) - Ly (3.2)
T3, T8, B1ehs + 11,115, Y01y

Define the auxiliary equation

(15 &[0 WP [a]-[ara] o

and its approximate equation

B0 ), [ G |y T o
_'_ N ~
0 Eh Wh M <I>h
{ngynglm’l) IS4y + T, TT, (AR) 122@02} (3.4)
T}, T8, X14hs + 115, 115, Y91y

Substituting (3.4) into (3.2), we can obtain

({ b } { <Ah%/_}:éh e D
q zi;h (1) } { g; gz } { gg D =o(h°). (3.5)

Since

is bounded. we have
s(Mh _ (1) Y Y Ph ;
{g(z)h_z(m}_{gs 24]{@5]:0@)

120" — 2W]|o = O(hf0), 122" = 2P| = O(h3u0) (3.6)

max max

that is

where hmax = maxlgjgmax{p,q} hj. O

4 Numerical experiments

In this section, we will test the SIQM proposed in this paper for the numerical solution
of the mixed problem (1.1) via the boundary integral equations (1.3).
Let err(P) = |u(P) — u,(P)| be the errors by SIQM using n boundary nodes,
and let EOC = log(err,/erry,)/log2 be the estimated order of convergence.
Example 1. [2] 2 is a domain with a re-entrant corner, enclosed by the curve:
1

3
I: (—isin(gx), —sin(7x)), 0<z <2,

12
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and the Dirichlet and Neumman arcs [I'p and I'y are parameterized by the interval
0,1] and [1, 2], respectively. Setting u(zy,zs) = 27 — x3. Because u is the real part
of an analytic function, u satisfies the Laplace equation in . Let u = f; on I'p and
Ou/On = fy on I'y. Let each boundary be divided into 2* (k = 3,--- | 8) segments.
The errors and error ratio of the interior points P, = (0.4, 0), P, = (0, 0.6) and
Py = (0.1, 0.5) using n (= 2 x 2¥, k = 3,--- ,8) nodes by transformation 14(t) are
listed in Table 1. In addition, the numerical solution u of the interior points along the
line x9 = x1 — 0.4 are computed, where x; = —0.4 : 0.01 : 0.4. The plots of computed

errors are shown in Figure 1 (b) to Figure 2.

Table 1: The Errors of .

n 2 x 23 2 x 24 2 x 2° 2 x 20 2 x 27 2 x 28
err®(Py) 5.007-04 3.872-03 2.040-04 2.581-05 3.222-06 4.026-07
EOC(P) — —2.951 4.246 2.982 3.002 3.000
errt(Py) 2.973-01 5.533-02 1.737-03 1.878-05 2.008-06 2.509-07
EOC(PR,) — 2.426 4.993 6.531 3.226 3.000
err(P;) 2.414-01 1.931-02 4.130-04 1.687-05 2.035-06 2.543-07
EOC(Ps) — 3.644 5.547 4.613 3.052 3.000

0.8F

0.6

0.4r

0.2r

-0.2

-0.4f

0.6

-0.8f

o 0 L L L L L L L
1 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4

x coordinate of the points

Figure 1: Left: The contour I' for FExample 1; Right: Errors of u by
2 x 2% boundary nodes.

Example 2. Consider the following problem where the domain is a quarter-circle.

Au=0 forz, >0, 15 >0, and 27 + 23 < 1,

13
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x coordinate of the points x coordinate of the points

Figure 2: Left: Errors of u by 2 x 25 boundary nodes; Right: Errors of
u by 2 x 25 boundary nodes.

subject to the boundary conditions

Ip,:u=1, ona?+xzi=1, forxz >0, x5 >0;
FD22UZO, ZEQZO;

ou
Fle%zo, 1 = 0.

The analytical solution of this problem is u = %arctan(l_igixg).
1 2

Let each boundary be divided into 2¥ (k = 3,--- ,8) segments. The errors and
error ratio of the interior points P, = (0.1, 0.1), P, = (0.8, 0.1) and P; = (0.1, 0.7)
using n (=3 x 2%, k =3,---,8) nodes by transformation 1/4(t) are listed in Table 2.
In addition, the numerical solution u of the interior points along the curve segment
L: xy =0.7cos(5t), va = 0.7sin(5t) are computed, where ¢t = 0.05: 0.01 : 0.95. The
plots of computed errors are shown in Figure 3 (b) to Figure 4. From the numerical

results of Table 1 and Table 2 we can see that FOC =~ 3.

Table 2: The Errors of w .

n 3x 23 3 x 24 3 x2° 3 x 20 3 x 27 3 x 28
err®(Py) 1.167-03 1.223-04 1.341-05 1.675-06 2.093-07 2.617-08
EOC(P) — 3.255 3.188 3.001 3.000 3.000
errt(Py) 7.409-03 9.133-04 1.691-05 2.421-06 3.025-07 3.781-08
EOC(PR,) — 3.020 5.755 2.805 3.000 3.000
err(P;) 1.997-02 1.694-03 3.282-05 1.062-06 1.313-07 1.641-08
EOC(Ps) — 3.559 5.689 4.950 3.016 3.000

14
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L L L L
0.3 0.4 0.5 0.6

x coordinate of the points

L
0.1 0.2 0.7

Figure 3: Left: The contour I' for FExample 2; Right: Errors of u by

3 x 25 boundary nodes.

Errors
w

0.2 03 ) 05 06 0.7
x coordinate of the points

Errors

x10"

0.3 0.4 05 06
X coordinate of the points

L L
0.1 0.2 0.7

Figure 4: Left: Errors of u by 3 x 27 boundary nodes; Right: Errors of

u by 3 x 28 boundary nodes.

5 Conclusions

In this paper, the convergence and error of SIQM for the boundary integral equations
of the mixed Dirichlet-Neumann boundary value problem for the Laplacian are studied
on nonsmooth boundaries. Especially, in order to provide a good accuracy in the
solution near the singular points, the Sidi transformation is used for the boundary
integral equations of problems (1.1). The numerical results show that the presented

algorithm has a high accuracy of O (

analysis.

h3

max

15

351

), which coincides with our theoretical
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Abstract: This work present the adaptive modified function projective synchronization of two
systems with different order, which is a further extension of many existing synchronization schemes,
such as function projection synchronization, modified projective synchronization and so on. Based
on Lyapunov direct method of stability, an adaptive control is proposed to realize the modified func-
tion projective synchronization. Finally, numerical results are provided to illustrate the effectiveness
of the obtained result.

1 Introduction

In the last few years, control and synchronization of chaos have generate much interest according
to its application in secure communications [2|. Synchronization of chaotic systems means that two
or more systems adjust each other to a common dynamical behavior. Up to now, many different
kind of synchronization were studied such as: complete and anti synchronization, generalized syn-
chronization, projective synchronization [9]-[39]. Recently, projective synchronization has a lot of
attention because it obtain faster communication. Modifief projective synchronization is one of the
important projective synchronization methods. It means that the drive and response systems could
be synchronized up to constant scaling matrix [28]-[31] .Later, a new projective synchronization
method called function projective synchronization where the responses of the synchronized dynam-
ical states synchronize up to a scaling function [32]-[37]. More recently, researcher introduces a new
type of synchronization phenomenon, modified function projective synchronization ,where the drive
and response systems could be synchronized up to a desired scaling function matrix [38]-[39]. In
recent years, most of researches for the synchronization assumed that the drive and response are
identical or different systems with the same order. But in the real systems, especially in biology and
social systems the synchronization is applied even though the oscillators haven’t the same order.
Hence, studying the synchronization of two systems with different order plays significant role in
application.
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The rest of this paper is as the following: The Liu chaotic and hyperchaotic dynamical systems
are introduced in Section 2. Section 3 gives the definition of MFPS. In Section 4, an adaptive
modified projective synchronization of Liu chaotic and hyperchaotic systems is proposed based on
Lyapunov direct method of stability. Section 5 gives the numerical result and the conclusion is
obtained in the last Section.

2 The Liu (chaotic and hyperchaotic) systems

The Liu hyperchaotic system is defined by:

& =a(y —x),
y=bx + kxz + ew,
(1)

2= —cz — ha? + mw,
w = _dy7
where x, y, z and w are the state vectors, and a, b, ¢, d, e, k, h and m are constant parameters.It

can be generate a chaotic attractor for the parameters a = 10, b =40, ¢ =2.5, d=2.5,e=1, k=
1, h =4, and m = 1 in Figure 1 and the chaotic motions of Liu system are illustrated in Figure 2.

Figure 1: Liu hyperchaotic system at a=10, b=40, c=2.5, d=2.5, e=1, m=1, k=1 and h=4

The Liu chaotic system is given by:

i =aly —x),
Yy =bx — kxz, (2)
%= —cz + ha?,

where x, y, and z are the state vectors, and the parameters a, b, ¢, h and k are positive real constants.
A chaotic attractor for the parameters a = 10, b =40, ¢ = 2.5, k = 1 and h = 4 is shown in Figure
3, and the system states responses in time domain are shown in Figure 4.

3 The modified function projective synchronization scheme

We define the drive and the response systems as follows:

&= x(z),
y="Y(y) +U{tz,y),
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Figure 2: The behavior of the trajectories of the Liu hyper chaotic system

vt

0
Xt

Figure 3: Phase portrait of Liu chaotic system at a=10, b=40, c=2.5, k=1 and h=4.
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Figure 4: The behavior of the trajectories of the Liu chaotic system.

where z, y are the state variables, x, ¥ : R™ — R" are continuous nonlinear functions and U (¢, x, y)
is a control function.

Let the error state be e = y — A(t)x where A(t) = diag{f1(t),B2(t),...,Bn(t)} is n-order di-
agonal matrix where 8; = ;12 + 2, (i =1,2,...,n), n € R.

Definition 1. (MFPS)
We say that the drive system and the response system are modified function projective synchro-
nization (MFPS), if there is a scaling function A(t), such that

lim |le]| = 0.
t—+4oo

4 Modified function projective synchronization between Liu
chaotic and hyperchaotic systems

Following the scheme of Zheng in [39], we apply this scheme to achieve the MFPS between Liu
chaotic and hyperchaotic systems with different order. The Liu hyperchaotic system is defined
below as a drive (or master) system:

i'l = a’(yl - xl)?
1 = bx1 + kx1z1 + ew
y.l 1 121 1y (3)

21 = —Cz1 — hmf + muwy,

wl = _dl/h

where z1, y1, 21 and w; are the state vectors. Moreover, the Liu system as the response (or slave)
system is given by::

&9 = alys — x2) + w1,

Y2 = bro — kxo22 + ug, (4)
Z9 = —Cz9 + hx% + ug,
4
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where 29, yo and zy are the state vectors, and u;, (i = 1,2,3) are the controller to be determined
later.

Since the order of the drive system is greater than the response system, we must increase the
order of the response system by structure a state vector. Based on the method in [39], we structure
a state variable wy = %x%, then the response system become:

Ty = a(y2 — x2) + u,
Y2 = bro — kxozs + ug,
Z9 = —Czg + h:vg + ug,

Wy = a(y2 - 1'2).132 + Uyq.

Let the error state vector be expressed by:

e1 =z — (M1z1 + Mi2)z1,
ea = Y2 — (N21y1 + M22)y1,
es = 22 — (N3121 + 1)32) 21,

wg — (Na1wr + Naz)ws,

Q)
N
I

Moreover, the error dynamical system can be described by:

é1 = ays — azs — 2M11az1y1 + 2m1ax; — a1ayr + Ni2az1 + ui,
€a = bxy — kTozy — 2n21bx1y1 — 2m21kT1y121 — 2n21€Y1W1 — N22bTy — Na2kT121 — Maoew + ug,
€3 = —cz9 + hx% + 277310,zf + 27731h21x? — 2n31mziwy + N32c21 + 7732h.’1,'? — nzomwy + ug,

(7)
€4 = QYoTo — ax% + 2nu1dy1wi + Na2y1 + ug.
Now, the aim is to design the control function u;(t), (i =1,2,3,4) to achieve the MFPS.
Consider the following Lyapunov function:
Lo o, o, o
V= 5(61 + €3 + €3+ ej),

which is a positive definite function, then the time derivative of the Lyapunov function is given as
follows: )
V = e1€1 + ea€s + e3€3 + e4€4.

Moreover,

V = ei(ays — axs — 2nuiaxiys + 2miazi — miaays + m2aws + 1),
2(bxe — kxozo — 2m21bx1yr — 2n21kx1y121 — 2n21eyrwr — Nabr1 — Naokx121 — Nagewr + ug), ®)

+ eaf
+ e3(—cza + haj + 2nz1027 + 2n31hz12] — 2n31mz1wy + Nzacz + N32hat — Nzamw; + ug),
(

+ e4(ayame — ax3 + 2na1dyi1wy + Naoyr + ua).
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Thus, we choose the controller as the following:

uy = —ays + 21aziyr — Maazi + neayi,
up = —bwo + kxozo + 2n21bx1y1 + 2n21kT1y121 + 21210Y1W1 + N22bx1 + N22kT1 21

+ nazewr — byz + N21by; + nazbyi, 9)
uz = —hx% — 7]3102% — 2n31hzlx§ + 2n31mzywy — ngghl'% + nzemuwn,

Uy = —ay2Ts + aa:% — 2n41dy1w1 — Nagyr — dwa + dr]41wf + dnagwn,

by this choice, the time derivative of Lyapunov function is:

V = ei(—axa + myazx? + moazy) + ea(—bya + 1210y7 + n22by1)
+ e3(—cza + m31c27 + Maacz1) + ea(—dws + nyrdw? + naadwy),
= —(ae} + bej + ce3 + del),

= —eT Pe,

(10)

where P = diagla, b, ¢, d].

Obviously, the origin of the error dynamical system is asymptotically stable since V is negative
definite. Thus, the drive and the response systems are achieving the MFPS.

5 Numerical results

In this section, we show a numerical simulation to verify the influence of the synchronization
controller (9). We assume that the initial states of the drive and the response systems are

[£1(0), 11(0), 21(0), w1 (0)] = [2.4, 2.2, 0.8, 0] and [22(0), y2(0), 22(0), wo(0)]" = [0.2, 0.1, 3, 6]T.

These numerical simulation are presented in Figure 5. Firstly, when the scaling functions are given
by:
B1=3x1+4, fo=15y1+2, f3=2z+4and By =w1 +7,

we get adaptive modified function projective synchronization (MFPS) in Figure 5 (a) . Furthermore,
Figure 5 (b) shows the generalized function projective synchronization (GFPS) when the scaling
functions are given by pf; = 3x1, 2 = 1.5y1, B3 = 221, and 4 = w;. Also, we get the modified
projective synchronization (MPS) according to the constants 51 =4, 2 =2, f3=1,and 54, =7
shown in Figure 5 (c) . The complete synchronization error of the drive and response systems are
displayed in Figure 5 (d) when the scaling function is simplified to 8; = +1, (i = 1,2,3,4) with
i1 =0, ni2 = +1, (i =1,2,3,4). Finally, if we choose the scaling function g; = —1, (i = 1,2, 3,4)
in which n;; = 0, and ;2 = —1, (i = 1,2,3,4) we gained the anti-phase synchronization between
the two systems in Figure 5 (e). From these results, they clearly show that the synchronization
errors e = [61, es, €3, e4]T are converge to zero as time goes to infinity.
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(e)

Figure 5: The errors between Liu (chaotic and hyperchaotic) systems for (a) MFPS (b) GFPS (c)
MPS (d) Complete synchronization (e) Anti-phase synchronization.
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6 Conclusion

In this paper, we have introduced a modified function projective synchronization between two
chaotic systems with different dimensional. The Liu chaotic system (third order) and Liu hyper-
chaotic system (fourth order) are chosen to illustrate the proposed technique. The results show
that we can apply the MFPS between the two systems if we increased the order. By using adaptive
control method, some conditions are derived for the stability of the error proved according to Lya-
punov direct method of stability. Finally, the graphical presentation of the numerical results with
error states tending to zero as time becomes large, clearly exhibit that the applied adaptive control
method is effective and convenient to achieve global synchronization among non identical chaotic
systems with different order.
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Dual log-Minkowski inequality for star bodies

Tongyi Ma
(School of Mathematics and Statistics, Hexi University,

Zhangye, Gansu 734000, P.R.China)

Abstract

We validate a modified dual log-Minkowski inequality and prove some variants of the dual log-
Minkowski inequality for star bodies in R™ containing the origin in their interior. In addition, we
point out that the equivalence between the dual log-Minkowski inequality and the dual log-Brunn-

Minkowski inequality.

Keywords: Dual cone-volume measure, Lo-Minkowski problem, dual log-Brunn-Minkowski in-

equality, dual log-Minkowski inequality.

1 Introduction

The classical Brunn-Minkowski theory of convex bodies was placed in a larger theory by Lutwak’s
L,-Minkowski problem [13, 14]. Therefore, many classical results for convex bodies became a part of the
extended L,-Brunn-Minkowski-Firey theory, while many other results of the extended theory bring new
and original insight in convex geometric analysis.

One such strikingly new behavior is due to the log-Brunn-Minkowski inequality [2]. That is, let K, L
be convex bodies that contain the origin in their interiors and 0 < A < 1, the log-Minkowski combination
which is defined by

(1=X)-K+oX-L=0Nyegn1{z €R":z-u < hg(u)' " hp(u)*}, (1.1)

where, z - v denotes the standard inner product of 2 and u in R”?, S*~! denotes the unit sphere in R
and hg denotes the support function of convex body. Boréczky, Lutwak, Yang and Zhang [2] conjectured
that for origin-symmetric convex bodies K and L in R™ with 0 < A <1,

vol, (1 = X) - K +o \- L) > vol, (K)'™*vol, (L)*, (1.2)

where vol,(-) denotes the m-dimensional volume of body in R™. They call (1.2) as the log-Brunn-
Minkowski inequality. Note that while the inequality (1.2) is not true for general convex bodies, it
implies the classical Brunn-Minkowski inequality for origin-symmetric convex bodies. In [2], Boroczky,
et al. proved the inequality (1.2) when n = 2 and showed that (1.2) is equivalent to the logarithmic
Minkowski inequality (log-Minkowski inequality) for all n, that is

/ In (hK(u))d@L(u) >l (VOI”(K)), (1.3)
§n-1 hr(w) n vol, (L)
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where dvg(u) = Lhp(u)dSp(u) is the cone-volume measure of L, dvg(u) = m dvr(u) and Sy is
surface area measure of L on S*1.

In [23], Stancu proved some variants of the log-Minkowski inequality for general convex bodies without
the symmetry assumption.

The dual L,-Brunn-Minkowski theory for star bodies developed by Lutwak [15, 16] and received
considerable attention, see [1, 4, 6, 10, 11, 17, 20, 21, 22, 25]. Recently, Gardner, et al. [7] established

dual log-Minkowski inequality as follows. If K and L be star bodies in R™ containing the origin in their

interior, then
foom (G oot < (507 ) 10

with equality if and only if K and L are dilatates, where dox is the dual cone-volume probability measure
of K (see definition (2.11)). In the present paper, we prove a modified dual log-Minkowski inequality
and obtain the double dual log-Minkowski inequality through the Gibbs’ inequality. Secondly, we prove
an analogue of the dual log-Minkowski inequality. In addition, we point out the equivalence between the
dual log-Minkowski inequality and the dual log-Brunn-Minkowski inequality.

Our first result is the following dual log-Minkowski inequality:

Theorem 1.1. Let K and L be star bodies in R™ containing the origin in their interior. Then

- V_1(K,L 1 L, (K
/ In pr (W) dv_1(K, L;u) > In M > —In M , (1.5)
gn-1 pr(u) vol, (K) n vol, (L)
with equality if and only if K and L are dilates, where dv_1(K, L;-) is the dual mized volume measure

V_1(K,L) = Jono1 U1 (K, Ly u) and dv_1 (K, L;u) = m dv_1 (K, Lyu).

Secondly, we obtain the following double log-Minkowski inequality.

Theorem 1.2. Let K and L be star bodies in R™ containing the origin in their interior. Then

/SH In <ZIL<((Z)))d5K(u) <In (W) < /SH In <ZIL(((Z)))d51(K7L;u), (1.6)

with equality in inequality if and only if K and L are dilates.

Further, we prove an analogue of the dual log-Minkowski inequality. In what follows, we will denote

< pK > o BT AT (w)
PL / average Jonor AUk (w) 7

()=, () o (), = e ()

Theorem 1.3. Let K and L be star bodies in R™ containing the origin in their interior with L C K.
Then

[ (G o= B 1, () 0

with equality if and only if K = AL, where 0 < X < 1.
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In general, if K,L € S, then

pr(u) = % 1, (vola(K)
/Sn_11n< >de(u)> . m( )

pr(u)

[, -

with equality if and only if K is homothetic to L.

Finally, we point out the equivalence between the dual log-Minkowski inequality (1.4) and the dual
log-Brunn-Minkowski inequality (2.8). We give a different proof with Wang and Liu [24].

2 Notation and preliminaries
The support function hx : R™ — R, of a compact, convex set K C R™ is defined, for z € R™, by
hig(z) =max(z-y:y € K), (2.1)

and uniquely determines the convex set. Let K be the set of convex bodies in R™ containing the origin
in their interior.

If L is a compact star-shaped (about the origin) in R"™, its radial function, pr, = p(L,-) : R™\{o} —
[0, 4+00), is defined by

pr(z) =max{\ >0: A x € L}, x€R"\{o}. (2.2)

If py, is positive and continuous, then L will be called a star body (about the origin). Let S” denotes the
set of star bodies in R™ containing the origin in their interior. Two star bodies K and L are said to be
dilates (of one another) if px (u)/pr(u) is independent of u € S*~1. Obviously, for a pair K, L € ST, we
have

pr < pr, if and only if, K C L. (2.3)

If K,L € S} and A\, > 0 (not both zero), then, for p > 1, the harmonic L,-combination, )\OK—T—puo
L € 8} is defined by (see [14])

p(A0K1PMOL7)7p :)‘p(Ka)ip+p’p(La)7p (24)
For p > 1 and K, L € 87, the dual mixed volume, V_,(K, L), is defined

~ L, (K¥,e < L) — vol, (K
MY (K, L) = lim YO Epe 0 L) = vl (K)
p e—0 £

The following integral representation for the dual mixed volume 17_,, is obtained (see [14]): If p > 1 and
K,L e S), then

VD) = [ o)™ () s (),

where dS is the spherical Lebesgue measure on S"~!. This integral representation, together the Holder
inequality with the polar coordinate formula, immediately gives the dual L,-Minkowski inequality: If
p>1and K,L € §7, then

V_,(K,L)" > vol,(K)™*Pvol, (L)~?, (2.5)

with equality if and only if K and L are dilates.
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Using the dual L,-Minkowski inequality, we can obtain the following dual L,-Brunn-Minkowski in-
equality (see [14]). Suppose K, L € §*, A\, ;x> 0 and p > 1, then

vol, (Ao K ¥, o L)™P/™ > Avol,, (K) /™ + pvol,, (L) 7P/, (2.6)

with equality if and only if K and L are dilates.
Note that definition (2.4) makes sense for all p > 0. The case p = 0 is the limiting case given by

p((L=N o K+ohoL,) = p(K, ) p(L, ), 0<A<1, (2.7)

it is called the radial log-Minkowski-combination.
Similarly, the inequality (2.6) makes sense for all p > 0. The case p = 0 is the limiting case given by
an dual log-Brunn-Minkowski inequality. Namely, if K, L € 87, then for all A € [0, 1],

vol, ((1 =) o K4oAo L) < vol, (K)'*vol, (L)*, (2.8)

with equality if and only if K and L are dilates.
If K € §7, then

~ 1,
0T (0) = = pi (u)dS (u) (2.9)
is the dual cone-volume measure of K and
~ . _ l n+1 —1
401 (K, L) = e (o ()dS(w) (2.10)

is the dual mixed volume measure with (n + 1) copies of K and (—1) copies of L. Note that we usually
write V_1(K,L) = [g,_. d0_1(K, L;u). The dual cone-volume measure of a star body K in R" with
vol, (K) is the Borel probability measure g in S*~! defined by

Aok = MdS(u). (2.11)

And the normalized dual mixed cone measure of a star bodies K, L in R” with V_1(K, L) is the Borel
probability measure v_1 (K, L;-) on S*~! defined by

- 1
v (K, Liu) = ———dv_y (K, L; u). 2.12
1 ) KD 1 ( ) (2.12)

3 Proofs of dual log-Minkowski type results

In this section, we will prove the theorems mentioned in Section 1.

Proof of Theorem 1.1. Consider the function Gg r(p) : [1,00] — R defined by

Gr.L(p) = ‘71(1](” /S (ZIL(((Z)))"LJMK(U).
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Through using L’Hopital’s rule, we obtain

fn ) ”7+Pde
lim In(Gg (p))"*? = lim 1n< ° (p

p—00 p—00 V

( Jons prc(u )”“ u) ! (o

)" 7 ntp
Jors prc(u >n+1pL<> 1S (u) )

Jonos prcu)™ oy ()~ n (25 ))_ndS(u)
= Inexp ( (u)-1dS (0) )

Jon—1 prc(u )"Jrl

o o) s~ n (2562) "
Jors pic () (2015 (a)

i b o (s )W“)'

= lim In
p*}OO

Thus, we have

o[- gt o oty () o)
O\ e
- o (o Lo (Git) o] o

and it follows from Hoélder’s inequality that

(L ) "om)” ()
< /Sn,l [/)JIL(((S)) dvg (u) = Vo1 (K, L). ,

Note that [q,_, dUg (u) = vol,(K), (2.10) and (2.12), together (3.1) with (3.2), we have

/SH In <ZIL(((3)>>d5_1(K,L;u) >In (W)

According to the condition of equality in Hélder’s inequality, we easily see that with equality in the
above inequality if and only if K and L are dilates.
Using dual Minkowski’s inequality (2.5), we have the second inequality in the theorem, this is,

- V1 (K, L 1 L (K
/ (25N 5 oy > (IS S Ly (Vo) (3.3)

Sn-1 pr(u) vol, (K) n vol,, (L)
From the condition of equality in dual Minkowski’s inequality, we know that with equality if and only if
K and L are dilates. Which completes the proof of the theorem. O

Remark 3.1. Our first inequality in (1.5) can be written as

pr(w) (pr(u) = Vo(K,L), (V_1(K,L)
[ et (Gt ) = G () (34

Use dual Minkowski’s inequality in (3.4), we have

[ e (e ) =

(i) »(em) o
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Proof of Theorem 1.2. We consider Gibbs’ inequality from information theory (see [3], (8.57), p.
252-253): If p and ¢ are probability density functions on a measure space (X, v), then

/plnpdv > /plnqdu, (3.6)
with equality if and only if p = ¢ almost everywhere (a.e.).
By taking
pr(u) I 1 _
pdy = -———dv_1(K,L;u) and qdv = =——dv_1(K, L;u
oe(w) von, (k) o ) V(K L) i )

(and later reversing the two measures above so that the first is gdv and the second is pdv), we obtain the
double inequality as follows.

/SM In <‘;’L‘((z)))d%((u) <In (%) < /Si In <’;’;((Z)))d5_l(K,L;u). (3.7)

According to the condition of equality in Gibbs’ inequality (3.6), we obtain that with equality in
inequality (3.7) if and only if

== — —pp(u) = V(KL P (u)

pr(u)  vol,(K) Lo 1 vol(k)
pr(u) V. (K, L) n n

almost everywhere (a.e.) on S"~1. Integrating both sides of the last equation over S*~! with the sphere

Lebesgue measure dS(u), we get
vol, (L) < vol, (K) )

vol, (K) V_1(K, L)

From the condition of equality in the dual L,-Minkowski inequality (2.5) (p = 1), we see that with
equality in inequality (3.7) if and only if K and L are dilates. O

Remark3.2. The proof of Theorem 1.2 can be seen that we provide a new proof for the dual Minkowski
inequality itself. In fact, it is consistent with the idea of splitting mentioned by Gardner, Hug and Weil
in [8] and [9].

A natural idea is to give a proof of the dual log-Minkowski inequality similar to the proof of the
Theorem 1.1. However, as such, we obtain again the left-hand side inequality of (1.6) due to the following
lemma:

Lemma3.3. Let K,L € S}, then

oo( [ w22

- (s () o)™ =

The proof follows the same idea used in deriving (3.1).
From Hélder’s inequality, we have

(L) (o)

pr(u) o
< /S e W w) = V(K L), (3.9)
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Lemma 3.3, together with (3.9), implies that

[ ()t = (52

It will be convenient to invoke the logarithmic mean L(z,y) of two positive numbers z,y, which is
given by

s = {2 510
x, for z = y.

To prove Theorem 1.3, the following Hadamard type inequality for positive log-convex functions will
be used [12].

Lemma 3.4. Let f be a positive, integrable, log-convex function on [a,b]. Then

b
b i a / f)dt < L(f(a), f(b)). (3.11)

Suppose f has two derivative. The equality holds in the inequality (3.11) if and only if f(t) = ¢ almost

everywhere (a.e.) or f/((t)) = ¢ almost everywhere (a.e.), where c is the constant.

The condition of the equality holds in the inequality (3.11) is that we supplements. Indeed, since f is
log-convex function on [a,b], and then f(¢) and ff((t) are monotonically increasing at the same time. So,
we have

fO) = fl@)  f)f(x)de
()~ 0~ [0 1,

xf(t)ff
fbf “dt _b—a/ 1)

a f(t)

_ Jufd

[P1at

L(f(a), f(b)) =

(3.12)

Thus, the inequality (3.11) is transformed into

‘[ﬁ@méﬁm>éw@@[?ga. (3.13)

Note that f(¢) and J;(t) are monotonically increasing at the same time, According to the condition of

equality in Chebyshev’s inequality, we see with equality in inequality (3.11) if and only if f(¢) = ¢ or

G/((tt)) = c. Namely, f(t) = cor f(t) — oot -

Proof of Theorem 1.3. Consider the case L C K and the function

o [ (i) (oo oe

x (u)
pr(u)
we assume that this is not the case, which also implies F'(1) > F(0) > 0. If F(1) = F(0), the conclusion
is trivial (as using (3.7), K must be equal to L), and then, we assume F(1) > F(0).

A simple verification shows that F(q) is a log-convex function, this is because % In F(q) > 0. By

Apparently, F(q) is non-negative. If u — In ( ) is zero on S"71, then F(q) is identically zero. Now,

employing Hadamard type inequality (3.11) for positive log-convex functions [12], we have that

T AT PCE It P
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Using Fubini-Tonelli’s theorem, the following inequality

F(0) > F(1) - exp [ E( l FO) ‘| (3.15)

Jonr (288 — 1) v (u)

is true. Note that

u u) ~
r-Fo) et (56 ) (556 1) dokw)
Jonor (2588 — 1) o (u) Jonor (2588 — 1) diic ()
<In (”K) , (3.16)
pL max

then combining (3.15) and (3.16), we have
P (u ))
In dv
fom (i ot

> exp [— In (’:Z)max] : W /Si In (ZIZ((ZDd@‘_l(K,L;u), (3.17)

it follows from (3.3) that

PK
_ 1 1
/ In (25 dﬁK(u)><pL>aV”ageln volu(K)y |
sn-1 \PL (LK) n \ vol,(L)
PL max

Now we discuss the conditions of equality in inequality (1.7), and the discussion is split into two cases.
Assuming that F(q) is identically zero, then px(u) = pr(u) for all u’s with respect to S?~! if and only
if K = L.

Case 1. According to the conditions of equality in Hadamard type inequality (3.11) and inequality
(3.3), we see with equality in inequality (1.7) if and only if

F(q) = c f >1
(q) =cforq=>1, (3.18)
K = AL for XA > 0.

From the definition of function F(q), (3.18) is equivalent to

pr(u) (3.19)

() — 1 for any u € S,
K =)L for A > 0.

Namely, K = L.
Case 2. According to the conditions of equality in Hadamard type inequality (3.11) and inequality
(3.3), we see with equality in inequality (1.7) if and only if

{F,(q) =cforq>1,

Flg) —

(3.20)
K =ML for A > 0.

Using mean value theorem for multiple integral [5, 19], there is a ug € S?~!, such that (3.18) is equivalent
to

pr(uo) (3.21)
K =ML for A > 0.

Since L C K, K = AL with 0 < A < 1.
As mentioned above, we see with equality in inequality (1.7) if and only if K = AL with 0 < A < 1.

{px(uo) = cq for aug € S"7Y,
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Assume now that K and L are arbitrary star bodies. If L is not included in K, there exists a
A, 0 < A <1, such that L:= AL C K. By using (1.7) for L and K. Thus,

/an In (ff:é:j;)de( )—Iln\> (E};);"“%C . %ln <m> (3.22)

or

/STH In (PK(U)>d5K(u) > % Ly (VOln(K)>

vol,, (L)

()
+InA- (1 N Javerage | (3.23)
PK
(PL )max
prc (u)

Taking A = min,cgn—1 (pL(u)) will suffice, we now obtain the second inequality.

The claim that the homothety of K and L is the only case of equality follows from the first part. [

Remark3.5. Note that, if L C K then (1.8) implies (1.7). Also, ("—K) ) (p—K) and (’;—’L() _
average max min

PL PL

depend only on the values of the ratio (‘;IL(((ZD on S,

We conclude this paper by pointing out that the equivalence between inequalities (1.4) and (2.8). We
give a different proof with Wang and Liu [24]. For any K € S”, define the real numbers Ry and rx by

Ryx = max pg(u), rx= min pg(u). (3.24)
uesn—1 uesn—1

Note that the definition of S} is such that 0 < rx < Rg < o0, for all K € S.

Theorem 3.6. For K,L € S, the dual log-Brunn-Minkowski inequality (2.8) and the dual log-

Minkowski inequality (1.4) are equivalent.

Proof. Suppose that K and L are fixed star bodies in S). For 0 < A <1, let
Qr=(1—-NoKtoAoL,

i.e., the radial function of star body Q, is gx := pg, = p}{)‘pi. Since qp and ¢; are the radial functions
of star bodies, we have Qg = K and Q1 = L

Suppose that we have the dual log-Minkowski inequality (1.4) for K and L. Now pg, = pk "p} a.e.
with respect to S*~!, and thus

_ 1 n DPK(U)l_APL(UJ)A "
0= ol {0y nvol, (QA) /Sn pox(u) ! po, (1) dS(u)
=(1- 1 u)" In px(w) u
T w ol MGy e LR

1 ny. Pr(u)
Anvoln(Q,\) /Sn_l pQ, (w)" In ka(u)dS(U)
7(17>\)/Sn 11 pQx (u )d (u) — /\/S" 11an)‘(u)d5QA(U)

px () o pr(u)
St /\)%m Vv(;ll ((QA)) - A% nvjil ((QA))

1 1, (K)*~*vol, (L)*
:7lnvon( )r=*vol, (L)

n vol, (@x)

(3.25)
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This gives the dual log-Brunn-Minkowski inequality (2.8).
Suppose now that we have the dual log-Brunn-Minkowski inequality (2.8) for K and L. Namely,

A
vol, (1 = A) o K+oAo L) < vol,,(K) (%) . (3.26)

Using the polar coordinates formula of volume, the radial log-Minkowski-combination (2.7) and the Borel
probability measure (2.11), it follows from (3.26) that

Lo (i) oo < (G68) o

n A
u = vol,
Jon- (55@))) dvg(u) —1 _ (voln((?)) -1
A - A '

Therefore

Taking the limit on both sides of the last inequality as A — 0, we get

ni A
(u) = vol, (L)
Jooos (2265) " dOg () 1 . (@) -1
T A=0 A '

I
,\12% A

We are easy to prove the function f(z) = “2‘1 is uniformly continuous on (0, c0) for 0 < a < 1, and

the Bernoulli’s inequality leads to the function f(x) = a‘”;l
definition (3.24), we have

is uniform boundness for a > 1. From the

Using Lebesgue dominated convergence theorem we know that the order of the integral and the limit can
be changed. Therefore, we can obtain

n \
pL(u) 1 ol _ 4
. (pK(U)) = 3 (VOln(K))
—_— < Qi AR
/Sn_l s \ dvg(u) < lim i

a®—1
T

Since lim,_,q = Ina, then

J (Zﬁ%)nd@(“) <l (:f&%) (3.28)

This is the dual log-Minkowski inequality (1.4), which completes the proof.
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Subalgebra and ideal-type hyper values in BC'K/B(CI-algebras

Young Bae Jun' and Sun Shin Ahn?*

! Department of Mathematics Education, Gyeongsang National University, Jinju 52828, Korea
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Abstract. The notions of subalgebra-type hyper value and ideal-type hyper value are introduced, and related
properties are investigated. The relation between subalgebra-type hyper value and ideal-type hyper value is
considered. Conditions for a pair («, ) in [0,1] x [0, 1] to be subalgebra-type hyper value and ideal-type hyper
value are discussed. For a hyperfuzzy structure, conditions for its level sets to be S-energetic, I-energetic, right
vanished and right stable are founded.

1. Introduction

Jun et al. [3] introduced the notion of energetic (resp. right vanish, right stable) subsets in BC K/BCI-algebras,
and investigated several related properties. Ghosh et al. [1] introduced the concept of hyperfuzzy sets which is a
generalization of fuzzy sets and interval-valued fuzzy sets. Jun et al. [4] and Song et al. [6] applied hyper structure
to BCK/BC1I-algebras, and discussed hyperfuzzy subalgebras and hyperfuzzy ideals in BCK/BCI-algebras.

In this article, we introduce the concepts of subalgebra-type hyper value and ideal-type hyper value, and
investigate several properties. We discuss the relation between subalgebra-type hyper value and ideal-type hyper
value. We provide an example to show that any subalgebra-type hyper value is not an ideal-type hyper value. We
consider conditions for a pair (¢, 8) in [0, 1] X [0, 1] to be subalgebra-type hyper value and ideal-type hyper value.
Given a hyperfuzzy structure, we find conditions for its level sets to be S-energetic, I-energetic, right vanished
and right stable.

2. Preliminaries

By a BCI-algebra we mean a system X := (X, *,0) in which the following axioms hold:

(@) ((zxy)* (xx2))*(zxy) =0,
(D) (2 * (z*y)) xy =0,
(III) z*xxz =0,
IV) zxy=yxax=0 = x=y
for all z,y,z € X. If a BC'I-algebra X satisfies 0xx = 0 for all x € X, then we say that X is a BCK -algebra. We
can define a partial ordering < by
Ve,ye X)(z <y <= z*xy=0).
0 2010 Mathematics Subject Classification: 08F35; 03G25; 03B52.
Y Keywords: hyperfuzzy subalgebra; hyperfuzzy ideal; subalgebra-type hyper value; ideal-type hyper value;
energetic subset; right vanished subset; right stable subset.

* Correspondence: Tel: +82 2 2260 3410, Fax: 482 2 2266 3409 (S. S. Ahn).
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In a BCK/BC1I-algebra X, the following hold:
(Vz e X) (zx0=ux), (2.1)
(Va,y,2 € X) ((zxy) 2 = (x5 2) x ). (2.2)

A non-empty subset S of a BCK/BCI-algebra X is called a subalgebra of X if z xy € S for all z,y € S.
A subset I of a BCK/BC1I-algebra X is called an ideal of X if

0el, (2.3)
VeeX)Vyel)(zxyel = xzel). (2.4)
We refer the reader to the books [2] and [5] for further information regarding BC'K/BCI-algebras.

By a fuzzy structure over a nonempty set X we mean an ordered pair (X, p) of X and a fuzzy set p on X.

Let X be a nonempty set. A mapping i : X — P([0,1]) is called a hyperfuzzy set over X (see [1]), where

P([0,1]) is the family of all nonempty subsets of [0,1]. An ordered pair (X, i) is called a hyper structure over X.
Given a hyper structure (X, i) over a nonempty set X, we consider two fuzzy structures (X, fiins) and (X, figup)

over X in which
fing 2 X — [0,1],  — inf{a(z)},
fisup * X = [0,1], = > sup{ia)}.
Given a nonempty set X, let Bx (X) and B;(X) denote the collection of all BC K-algebras and all BC'I-algebras,
respectively. Also B(X) := Bg(X) U B;(X). In what follows, let (X, *,0) € B(X) unless otherwise specified.

Definition 2.1 ([4]). For any (X, *,0) € B(X), a fuzzy structure (X, u) over (X, *,0) is called a
o fuzzy subalgebra of (X, *,0) with type 1 (briefly, 1-fuzzy subalgebra of (X, x,0)) if

(Va,y € X) (u(x xy) > min{p(z), p(y)}) , (2.5)
o fuzzy subalgebra of (X, x,0) with type 2 (briefly, 2-fuzzy subalgebra of (X, *,0)) if

(Va,y € X) (u(z xy) < min{u(z), u(y)}), (2.6)
o fuzzy subalgebra of (X, *,0) with type 3 (briefly, 3-fuzzy subalgebra of (X, x,0)) if

(Vz,y € X) (ux xy) = max{u(z), n(y)}) , (2.7)
o fuzzy subalgebra of (X, ,0) with type 4 (briefly, 4-fuzzy subalgebra of (X, *,0)) if

(Va,y € X) (u(x *y) < max{p(z), u(y)})- (2.8)

It is clear that every 3-fuzzy subalgebra is a 1-fuzzy subalgebra and every 2-fuzzy subalgebra is a 4-fuzzy

subalgebra.

Definition 2.2 ([4]). For any (X,*,0) € B(X) and 4,5 € {1,2,3,4}, a hyper structure (X, i) over (X,*,0) is
called an (i, j)-hyperfuzzy subalgebra of (X, *,0) if (X, fiing) is an i-fuzzy subalgebra of (X, *,0) and (X, fisup) is a
j-fuzzy subalgebra of (X, *,0).
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Given a hyper structure (X, 1) over X and «, 8 € [0, 1], we consider the following sets (see [6]):

Definition 2.3 ([6]). A fuzzy structure (X, u) over (X, x,0) is called a

o fuzzy ideal of (X, *,0) with type 1 (briefly, 1-fuzzy ideal of (X, *,0)) if

(Vo € X) (u(0) = p(x)) , (2.9)
(Va,y € X) (u(x) = minfu(z « y), u(y)}) , (2.10)

o fuzzy ideal of (X, x,0) with type 2 (briefly, 2-fuzzy ideal of (X, *,0)) if

(Vo € X) (1(0) < p(x)), (2.11)
(Vz,y € X) (u(z) < min{u(x *y), u(y)}), (2.12)

o fuzzy ideal of (X, *,0) with type 3 (briefly, 3-fuzzy ideal of (X, *,0)) if it satisfies (2.9) and
(Vo,y € X) (u(x) > max{u(z +y), n(y)}) (2.13)
o fuzzy ideal of (X, *,0) with type 4 (briefly, 4-fuzzy ideal of (X, *,0)) if it satisfies (2.11) and
(Va,y € X) (u() < max{u(z ), s(y)}) (2.14)
It is clear that every 3-fuzzy ideal is a 1-fuzzy ideal and every 2-fuzzy ideal is a 4-fuzzy ideal.

Definition 2.4 ([6]). For any 4, j € {1,2,3,4}, a hyper structure (X, i) over (X, *,0) is called an (4, j)-hyperfuzzy
ideal of (X, *,0) if (X, fiinf) is an i-fuzzy ideal of (X, *,0) and (X, fisup) is a j-fuzzy ideal of (X, *,0).

3. Subalgebra and ideal-type hyper values
Definition 3.1 ([3]). A nonempty subset A of (X, *,0) is said to be S-energetic if it satisfies:

(Va,be X)(axbe A = {a,b}NA#0D).

Let A be a proper subset of X containing 0. Then there exists a € X \ 4, and so axa =0 € A but {a} and A

are disjoint. Thus every proper subset A of X containing 0 cannot be S-energetic.

Theorem 3.2. Given a hyper structure (X, 1) over (X, x,0), if it is a (4, 1)-hyperfuzzy subalgebra of (X, *,0), then
its nonempty level subsets U(fiing; &) and L(fisup; B) are S-energetic subsets of (X, *,0) for all (o, f) € Ag x Ag C
[0,1] x [0,1].
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Proof. Assume that U(fiins; ) and L(fisup; B) are nonempty for every (o, ) € Ay x Ag C [0,1] x [0,1]. If
xxy € U(fung; ) and a * b € L(figyp; ) for all x,y,a,b € X, then
o < flint (¢ * y) < max{fiine (2), fine(y) }
and
B = fisup(a*b) = min{fisup(a), fisup(b) }-
It follows that
fint () > @ or fiint(y) > «, that is, @ € U(fiint; @) or y € U(fiing; )
and
fisup(a) < B or figup(b) < B, that is, a € L(fisup; 5) or b € L(fisup; 5)-

Hence {x,y} N U (fuint; ) # 0 and {a,b} N L(fisup; 3) # 0. Therefore U(fuins; ) and L(fisup; B) are S-energetic
subsets of (X, *,0) for all (o, 8) € Ay x Ag C [0,1] x [0,1]. O

Corollary 3.3. Given a hyper structure (X, i) over (X, x,0), if it is a (2,1)-hyperfuzzy (resp., (2, 3)-hyperfuzzy
and (4, 3)-hyperfuzzy ) subalgebra of (X,*,0), then its nonempty level subsets U(fing; ) and L(fisup; B) are S-
energetic subsets of (X,*,0) for all (o, B) € Ay x Ag C[0,1] x [0, 1].

Proof. Straightforward. O
Definition 3.4 ([3]). A nonempty subset A of (X, *,0) is said to be I-energetic if it satisfies:
Vz,ye X)(ye A = {z,yxz}NA#0).

Theorem 3.5. Given a hyper structure (X, i) over (X, *,0), if it is a (4,1)-hyperfuzzy ideal of (X, *,0), then its
nonempty level subsets U(fiint; @) and L(fisup; B) are I-energetic subsets of (X,*,0) for all (a,8) € Ao x Ag C
[0,1] x [0,1].

Proof. Let (o, 5) € Ay x Ag C [0,1] X [0, 1] be such that U(fiinf; @) and L(fisup; §) are nonempty. Let z,y,a,b € X
be such that y € U(fiins; ) and b € L(fisup; 8). Then

a < fiing(y) < max{fiint(y * ), flint () }

and
B = fisup(b) = min{fisup (b * a), fisup(a)}.
Hence
fint (Y * T) > @ O fiins(z) > a, i.e., y * & € U(fiint; @) or € U(fiinf; o)
and

fsup(b* a) < B or fisup(a) < B, ie., b*a € Lfisup; 8) or a € L(fisup; 3)-

It follows that {z,y * x} N U(fling; @) # 0 and {a, b * a} N L(fisup; B) # 0. Therefore U(fiins; ) and L(fisup; 3) are
I-energetic subsets of (X, *,0) for all (o, 8) € Ay x Ag C [0,1] x [0, 1]. O

378 JUN-AHN 375-384



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Subalgebra and ideal-type hyper values in BCK/BCI-algebras

Corollary 3.6. Given a hyper structure (X, i) over (X, x,0), if it is a (2,1)-hyperfuzzy (resp., (2,3)-hyperfuzzy
and (4, 3)-hyperfuzzy ) subalgebra of (X, *,0), then its nonempty level subsets U(fiing; ) and L(fisup; 3) are I-
energetic subsets of (X,*,0) for all (o, B) € Ay x Ag C[0,1] x [0, 1].

Proof. Straightforward. O

Definition 3.7. Given a hyper structure (X, ) over (X,*,0), let (a,8) € Ay x Ag C [0,1] x [0,1] be such
that L(fiinr; o) and U (figyp; 8) are nonempty. Then («, 8) is called a subalgebra-type hyper value for (X, ii) if the

following assertion is valid.

~ . - (3.1)
Msup(x xy) > B = max{ﬂsup(x)v/isuz)(y)} >p

Example 3.8. Let X = {0,1,2,3,4} be a set with the binary operation % which is given in Table 1.

(Va,y € X) (

fint (T * y) < a = min{fiin (), fint(y)} < @, >

Wy ”

TABLE 1. Cayley table for the binary operation “x

* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 1 0
2 2 1 0 2 0
3 3 3 3 0 3
4 4 4 4 4 0

Then (X, *,0) is a BCK-algebra (see [5]). Let (X, i) be a hyper structure over (X, *,0) in which i is given as
follows:
[0.5,0.53) it x =0,
(0.3,0.58] ifr=1,
fi: X = P([0,1]), z— { [0.3,0.44) U[0.45,0.58) if 2 = 2,
(0.4,0.5] U [0.60,0.68]  if z = 3,
[0.2,0.63] if 7 = 4.

It is routine to verify that every pair (a, 8) € [0.2,0.5] x [0.53,0.68) is a subalgebra-type hyper value for (X, ft).

Theorem 3.9. For a hyper structure (X, ) over (X,x,0), let (a,8) € Aq x Ag C [0,1] x [0,1] be such that
L(ftint; @) and U(fisup; B) are nonempty. If (X, fi) is a (1,4)-hyperfuzzy subalgebra of (X, *,0), then (o, B) is a
subalgebra-type hyper value for (X, fi).

Proof. Let z,y,a,b € X be such that fin(z *y) < a and fgyp(a *b) > . Since (X, i) is a (1, 4)-hyperfuzzy
subalgebra of (X, *,0), we have

o Z /]inf(x * y) 2 min{/jinf(x)7 /linf(y)}

and

B < fisup(a *b) < max{fisup(a), fAsup(b)}-

Hence (o, 8) is a subalgebra-type hyper value for (X, ). O
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Corollary 3.10. For a hyper structure (X, ) over (X,*,0), let (a,8) € Ay x Ag C [0,1] x [0,1] be such
that L(fiin; @) and U(fisup; B) are nonempty. If (X, i) is a (1,2)-hyperfuzzy (resp., (3,2)-hyperfuzzy and (3,4)-
hyperfuzzy ) subalgebra of (X, *,0), then (a, 8) is a subalgebra-type hyper value for (X, fi).

Proof. Straightforward. O

Theorem 3.11. Let (X, i) be a hyper structure over (X, *,0). If (o, B) is a subalgebra-type hyper value for (X, i),
then L(fing; ) and U(fisup; B) are S-energetic subsets of (X, *,0).

Proof. Let x,y,a,b € X be such that xxy € L(fiine; &) and axb € U(fisup; £). Then fiine(z+y) < o and figup(axbd) >
B. Since (a, 8) is a subalgebra-type hyper value for (X, 1), it follows from (3.1) that min{/ine(2), Zint(y)} < @
and max{fisup(a), fisup(b)} > 8. Hence

fint(2) < aor fine(y) < o

and
fisup(a) = B or fisup(b) = B,
that is,
x € L(fiint; @) or y € L(fiing; )
and

a € U(fisup; B) or b € U(fisup; B)-
Thus {z,y} N L(fiins; @) # 0 and {a, b} N U(fisup; B) # 0, and therefore L(fiint; o) and U(fisup; §) are S-energetic
subsets of (X, *,0). 0

Combining Theorems 3.9 and 3.11, we have the following corollary.

Corollary 3.12. For a hyper structure (X, i) over (X, x,0), let (a,8) € Aoy x Ag C [0,1] x [0,1] be such that
L(ftint; @) and U(fisup; B) are nonempty. If (X, i) is a (1,4)-hyperfuzzy subalgebra of (X, *,0), then L(fiins; o) and
U(fisup; B) are S-energetic subsets of (X, *,0).

Definition 3.13. Given a hyper structure (X, i) over (X, *,0), let (o, 8) € Ao x Ag C [0,1] % [0,1] be such that
L(fting; o) and U (fisyp; B) are nonempty. Then (o, 8) is called an ideal-type hyper value for (X, fi) if the following

assertion is valid.

(Vz,y € X) ( (3.2)

fint(y) < o = min{fiine(y * ), flint(2)} < o, >
ﬁsup(y) >p = max{ﬂsup(y * x)»/lsup(x)} > B .

Example 3.14. In Example 3.8, the pair (a, §) is an ideal-type hyper value for (X, f1).

Example 3.15. Let X = {0,1,2,a,b} be a set with the binary operation * which is given in Table 2.
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Wy ”

TABLE 2. Cayley table for the binary operation “x

QN O ¥
S N = OO
Q2 NO O
QO = O
— O Q o Qe
o O Q9 9 |

Then (X, *,0) is a BCI-algebra (see [5]). Let (X, ) be a hyper structure over (X, *,0) in which & is given as
follows:
0.54,0.72)  if 2 =0,
(0.58,0.64] ifz =1,
fi: X = P([0,1)), 2+ { [0.56,0.72) ifx=2,
(0.60,0.68] if z =a,
[0.60,0.64) if x =b.

If we take (o, 8) € (0.54,0.60] x [0.64,0.72), then («, ) is an ideal-type hyper value for (X, f1).
We consider a relation between subalgebra-type hyper value and ideal-type hyper value.
Theorem 3.16. Let (X, i) be a hyper structure over (X, i) € By (X) such that
(Vi € X) (st (0) > fsnt (1), fisup(0) < fimup(2)) (3.3)
Then every ideal-type hyper value for (X, i) is a subalgebra-type hyper value for (X, fi).

Proof. Let (o, 8) be an ideal-type hyper value for (X, ). Assume that fine(z *y) < a and fisyp(a * b) > 3 for
x,y,a,b € X. Using (3.2), (2.2) and (3.3), we have

a > min{ fine (T * y) * x), fine () }

(
= min{fins (2 * ) * y), fin(2) }
= min{fiing (0 * ), fine () }
= min{ ftint (0), fint ()} = flint ()
and
B < max{fisup((a *b) * @), fisup(a) }
= max{fisup((a * @) b), fisup(a)}
= max{/isup (0 * b), fisup(a) }
= max{/isup(0), fisup(a)} = fisup ().
It follows that
min{ fing (), fiint (¥)} < flint(z) < o and max{figup (@), fisup (D)} > fisup(a) > B.

Therefore (a, ) is a subalgebra-type hyper value for (X, 1). |
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The converse of Theorem 3.16 is not true in general as seen in the following example.
Example 3.17. Let X = {0,1,a,b,c} be a set with the binary operation * which is given in Table 3.

TABLE 3. Cayley table for the binary operation “x”

0O SR = O %
o "R = OO
Q2 2 O O+
— = O Q Q|
— o O 8 9

O OO Q Q@0

Then (X, *,0) is a BCI-algebra (see [5]). Let (X, i) be a hyper structure over (X,#,0) in which & is given as

follows:
[0.51,0.55) if =0,
(0.48,0.63] if oz =1,
fi: X = P([0,1]), = — { [0.45,0.58) if z = a,
(0.41,0.5] U [0.60,0.63]  if = = b,
[0.35,0.65] ifzx=c

If we take (o, 8) € (0.41,0.45) x (0.63,0.65], then (a, 8) is a subalgebra-type hyper value for (X, fi), but it is not
an ideal-type hyper value for (X, i) since

fint (b) = 0.41 < @ and min{fint (b * a), funt(a)} = 0.45 £
and /or
frsup(€) = 0.65 > § and max{fisup(c * ), inup (@)} = 0.63 % 6.
We provide conditions for a pair («, 8) to be an ideal-type hyper value.

Theorem 3.18. Given a hyper structure (X, i) over (X,*,0), let (o, ) € Ay x Ag C [0,1] x [0,1] be such
that L(fiint; ) and U(fisup; B) are nonempty. If (X, i) is a (1,4)-hyperfuzzy ideal of (X, *,0), then (a,B) is an
ideal-type hyper value for (X, fi).

Proof. Let z,y,a,b € X be such that fiint(y) < a and fisup(b) > 5. Since (X, i) is a (1,4)-hyperfuzzy ideal of
(X, *,0), it follows that

a > fiing(y) > min{ fine(y * ), fine () }

and

B < ﬂsup(b) < max{ﬂsup(b * a)aﬂsup(a)}-

Therefore (a, 8) is an ideal-type hyper value for (X, f1). O
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Corollary 3.19. Given a hyper structure (X, i) over (X,*,0), let (o,8) € Ay x Ag C [0,1] x [0,1] be such
that L(fiin; @) and U(fisup; B) are nonempty. If (X, i) is a (1,2)-hyperfuzzy (resp., (3,2)-hyperfuzzy and (3,4)-
hyperfuzzy ) ideal of (X, *,0), then («, ) is an ideal-type hyper value for (X, fi).

Proof. Straightforward. O

Theorem 3.20. Let (X, i) be a hyper structure over (X, *,0). If («, ) is an ideal-type hyper value for (X, ),
then L(fing; ) and U(fisup; B) are I-energetic subsets of (X, *,0).

Proof. Let z,y,a,b € X be such that y € L(fiinr; ) and b € U(fisup; 8). Then fine(y) < o and figup(b) > B.
Since (o, B) is an ideal-type hyper value for (X, i), it follows from (3.2) that min{fnt(y * ), fiint(z)} < a and
max{ fisup (b * @), fisup(a)} > 5. Hence

fint (y * ) < a or fins(z) < a

and
fisup (b * @) > B or fisuyp(a) > S,
that is,
y*xx € L(fiing; @) or € L(finf; @)
and

bxa € Ulfisup; B) or a € U(figup; B)-

Thus {y * :v,:c} N L(,[Linﬁa) 7£ () and {b * a,a} N U(ﬂsup;ﬂ) # wv and therefore L(ﬂinf;a) and U(,[Lsup§ﬁ) are
I-energetic subsets of (X, *,0). |

Combining Theorems 3.18 and 3.20, we have the following corollary.

Corollary 3.21. Given a hyper structure (X, 1) over (X,*,0), let (o,8) € Ay x Ag C [0,1] x [0,1] be such
that L(fiing; ) and U(fisup; B) are nonempty. If (X, i) is a (1,4)-hyperfuzzy ideal of (X, *,0), then L(fine; ) and
U (fisup; B) are I-energetic subsets of (X, *,0).
Definition 3.22 ([3]). A nonempty subset A of (X, x*,0) is said to be right vanished if it satisfies:
(Ve,ye X)(zxye A = z€A). (3.4)

A is said to be right stableif Ax X :={axx|a€ A, xe X} CA.
Lemma 3.23 ([6]). If (X, i) is a (4, 1)-hyperfuzzy ideal of (X, *,0), then

(Vr,y e X)(z <y = fint(z) < fint(y), ﬂsup(x) > ﬂsup(y)) . (3.5)

Theorem 3.24. Given a hyper structure (X, i) over (X,x,0) € Bx(X) and (o, 8) € [0,1] x [0,1], if (X, [1) is
a (4,1)-hyperfuzzy ideal of (X, *,0), then L(fiins; ) and U(fisup; B) are right stable subsets of (X, *,0) whenever

they are nonempty.

383 JUN-AHN 375-384



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.2, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Y. B. Jun and S. S. Ahn

Proof. Let (o, 8) € [0,1] x [0, 1] be such that L(fins; ) and U (figup; 5) are nonempty. Let z,a,b € X be such that
a € L(fiins; ) and b € U(fisup; B). Then fins(a) < o and figup(b) > B. Since a * & < a and b * z < b, it follows
from Lemma 3.23 that finr(a * ) < finf(a) < a and fisup(b * ) > fsup(b) > B, that is, a * & € L(fiinf; ) and
bxx € U(fisup; 8). Hence L(fiine; ) * X C L(fiing; &) and U (figup; 8) * X C U(fisup; 8). Therefore L(fiine; ) and
U (fisup; 8) are right stable subsets of (X, *,0). O

Corollary 3.25. Given a hyper structure (X, i) over (X,*,0) € Bg(X) and (o, 8) € [0,1] x [0,1], ¢f (X, 1) is a
(2, 1)-hyperfuzzy (resp., (2,3)-hyperfuzzy and (4,3)-hyperfuzzy ) ideal of (X, *,0), then L(fiint; ) and U (fisup; 5)

are right stable subsets of (X, *,0) whenever they are nonempty.
Proof. Straightforward. O

Theorem 3.26. Given a hyper structure (X, i) over (X, *,0) € Bx(X) and (o, 8) € [0,1] x [0,1], if (X, ) is a
(4, 1)-hyperfuzzy ideal of (X,*,0), then U(fiins; &) and L(fisup; B) are right vanished subsets of (X, ,0) whenever

they are nonempty.

Proof. Let (a, B) € [0,1]x]0, 1] be such that U (fiinf; @) and L(fisup; §) are nonempty. Assume that zxy € U(fiinf; @)
and a * b € L(fisup; B) for any z,y,a,b € X. Using Lemma 3.23 implies that

a < fiins(z % y) < fing(x), that is, z € U(fiinf; @)
and

8> ﬂsup(a * b) > ﬂsup(a% that is, a € L(ﬂsup? ﬁ)

Hence U (fiinf; &) and L(fisup; B) are right vanished subsets of (X, *,0). O

Corollary 3.27. Given a hyper structure (X, i) over (X,*,0) € Bg(X) and (o, 8) € [0,1] x [0,1], ¢f (X, 1) is a
(2, 1)-hyperfuzzy (resp., (2,3)-hyperfuzzy and (4, 3)-hyperfuzzy ) ideal of (X, *,0), then U(fiinf; @) and L(figup; 5)

are right vanished subsets of (X, *,0) whenever they are nonempty.

Proof. Straightforward. O
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