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GEHRING INEQUALITIES ON TIME SCALES

MARTIN BOHNER AND SAMIR H. SAKER

ABSTRACT. In this paper, we first prove a new dynamic inequality based on an
application of the time scales version of a Hardy-type inequality. Second, by
employing the obtained inequality, we prove several Gehring-type inequalities
on time scales. As an application of our Gehring-type inequalities, we present
some interpolation and higher integrability theorems on time scales. The
results as special cases, when the time scale is equal to the set of all real
numbers, contain some known results, and when the time scale is equal to the
set of all integers, the results are essentially new.

1. INTRODUCTION

Let I be a fixed cube with sides parallel to the coordinate axes and let f and g
be nonnegative measurable functions defined on I. The classical integral Holder

inequality 1 1
i@t < | [1r@pas|” | [lapas] "

where 1/p + 1/¢ = 1, shows that there is a natural scale of inclusion for the
LP(I)-spaces, when the underlying space I has a finite measure |I|.

In 1972, Muckenhoupt [14] proved the first simplest reverse integral (mean)
inequality, which can be considered as a reverse inclusion, of the form

1
(1.1) m/]w(m)dx < kessinf ey w(x),

where w is a nonnegative measurable function defined on I. A function verifying
(1.1) is called an Aj-weight Muckenhoupt function. In [14] (see also [13]), it is
proved that any Aj-weight Muckenhoupt function belongs to L"(I), for 1 <r < s
and s depending on s and the dimension of the space.

In 1973, Gehring [8] extended the result of Muckenhoupt for reverse mean
inequalities. We say that w satisfies a Gehring condition (or a reverse Holder
inequality) if there exists p > 1 and a constant x > 0 such that for every cube I
with sides parallel to the coordinate axes, we have

(& [wrwaz)” < & [

In this case we write w € RH,. A well known result obtained by Gehring [8]
states that if w € RH,,, then w satisfies a higher integrability condition, namely

1991 Mathematics Subject Classification. 26D07, 42B25, 42C10, 34N05.
Key words and phrases. Gehring’s inequality, reversed Holder inequality, Hardy-type inequal-
ity, interpolation, higher integrability, time scales.
1
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for sufficiently small € > 0, ¢ = p + ¢, we have for any cube I,

(|}|/qu(x)dx) 1/q g (G/pr(x)dx)l/p.

In other words, Gehring’s result states that w € RH, implies that there exists
e > 0 such that w € RHpy.. The proof of Gehring’s inequality is based on
the use of the Calderéon—Zygmund decomposition and the scale structure of LP-
spaces. In [12], the author extended Gehring’s inequality by means of connecting
it to the real method of interpolation by considering maximal operators, and
via rearrangements reinterpreted the underlying estimates through the use of K-
functionals. This technique allowed to quantify in a precise way, via reiteration,
how Calderén—Zygmund decompositions have to be reparameterized in order to
characterize different LP-spaces.

Reverse integral inequalities (cf. [8,9]) and its many variants and extensions
are important in qualitative analysis of nonlinear PDEs, in the study of weighted
norm inequalities for classical operators of harmonic analysis, as well as in func-
tional analysis. These inequalities also appear in different fields of analysis such as
quasiconformal mappings, weighted Sobolev embedding theorems, and regularity
theory of variational problems (see [11]).

In recent years, the study of dynamic inequalities on time scales has received
a lot of attention. For details, we refer to the books [2,3,5,6] and the recent
paper [1] and the references cited therein. The general idea in studying dynamic
inequalities on time scales is to prove a result for an inequality, where the do-
main of the unknown function is a so-called time scale T, which is an arbitrary
nonempty closed subset of the real numbers R. This idea goes back to its founder
Stefan Hilger [10]. The three most popular examples of calculus on time scales
are differential calculus, difference calculus, and quantum calculus, i.e., when
T=R,T=N,and T = ¢"° = {¢' : t € Ng} with ¢ > 1. The study of dynamic
inequalities on time scales helps avoid proving results twice — once for differential
inequalities and once again for difference inequalities.

Following this trend and to develop the study of dynamic inequalities on time
scales, we aim in this paper to prove Gehring-type inequalities on time scales,
which contain the classical integral inequalities of Gehring’s type and their dis-
crete versions as special cases. We believe that the reverse dynamic inequalities
on time scales will be, just like in the classical case, similarly important for the
analysis of dynamic equations on time scales.

The rest of the paper is organized as follows: In Section 2, we recall some
definitions and notations related to time scales which will be used throughout
the paper. Section 3 features some auxiliary results, in particular, a time scales
version of Hardy’s inequality. In Section 4, we present the proofs of our Gehring-
type inequalities on time scales and give some interpolation results as well as
some higher integrability theorems for monotone nonincreasing functions on time
scales, see Section 5. As special cases, we offer discrete versions of the Gehring
inequalities. To the best of the authors’ knowledge, nothing is known regarding
the discrete analogues of Gehring inequalities or even their extensions, and thus
the presented discrete inequalities are essentially new.

12 BOHNER-SAKER 11-23
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2. TIME SCALES PRELIMINARIES

We assume that the reader is familiar with time scales as presented in the
monographs [5,6]. For concepts concerning general measure and integration on
time scales, see [6, Chapter 5] and [4,7]. Here, we only state four facts that are
essentially used in the proofs of our results. For a function f : T — R, where
T is a time scale, we denote the delta derivative by f2 and the forward shift by
f? = foo, where o is the time scales jump operator. The time scales product rule
says that for two differentiable functions f and g, the product fg is differentiable
with

(2.1) (f9)® = f2g+ f7g".

On the other hand, the time scales integration by parts rule says that for two
integrable functions f,g: T — R and a,b € T, we have

b b
(2.2) / FA(0)9(o(t) At = f(D)g(b) — f(a)g(a) - / F(Hg® (DAL,

We also need the time scales chain rule which says that if f : R — R is contin-
uously differentiable and g : T — R is delta differentiable, then fog: T — R is
delta differentiable with

1
(2.3) (fog)® =g* /0 f'(hg + (1 — h)g)dh.

Finally, we need the time scales Hdélder inequality which says that for two non-
negative integrable functions f,g : T — R and a,b € T and p,q > 1 with
1/p+1/q =1, we have

1/q

(2.0 /  F(tar < Ji b Pl " | b roar

and p, q are called the corresponding exponents.

Throughout this paper, we assume that the functions in the statements of
the theorems are nonnegative and rd-continuous functions, delta differentiable,
locally delta integrable, and the integrals considered are assumed to exist (finite,
i.e., convergent).

3. AUXILIARY RESULTS

In this section, we give some auxiliary results that are used in the proofs of
our main results.

Definition 3.1. Throughout this paper, we suppose that T is a time scale with
0 € T, and we let 7" > 0 with 7" € T. For any function f : (0,7] — R which
is A-integrable, nonnegative, and nonincreasing, we define the average function

Af:(0,T] - R by

1 t
(3.1) Af(t) == t/ f(s)As forall te (0,7T).
0
Some simple facts about Af are given next.

Lemma 3.2. If f : (0,7] — R is A-integrable, nonnegative, and nonincreasing,
then

(3.2) Af > f.

13 BOHNER-SAKER 11-23
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- 1/0 f(s)As > 1/0 f(H)As = f(t),

(3.2) follows immediately. O

Proof. Due to

Lemma 3.3. If f : (0,7] — R is A-integrable, nonnegative, and nonincreasing,
then so is Af.

Proof. In this proof, we write F' = Af for brevity. We show that F' inherits the
nonincreasing nature of f. Let t; < t3. Then

t1 to
P -Fe) =+ [seas- L[ [T roass [Crond
1 2 0 t1
_ tp— t1 I 1
e o O f( s
to—t; [1 [
> BT ras- L [ s o
completing the proof. O

Now we present a Hardy inequality (see also [3, Corollary 1.5.1]) which, for
completeness, we prove in our special setting.

Theorem 3.4. If ¢ > 1 and f : (0,T] — R is A-integrable, nonnegative, and
nonincreasing, then

q
(33 Afanr < (1) A
Proof. In this proof, we write F' = Af for brevity. Using Lemma 3.3, the chain
rule shows that
INCE N o -1
(FN= "="gqF / (hF? + (1 —h)F)T " dh
(3.4) °
< qFA/ (hF° 4 (1 — h)F°)1  dh = qF 2 (F)17!
0

Moreover, since

-/ f(s)As
the product rule yields '
(3.5) £ B Fo@) + tFA (1),
Now, putting u(t) =t and v(t) = F(t), we use integration by parts to find
/Ot(F( (s))As = Ot u (s ))As

@2 u(t)v(t) — lim u(s)v(s) —/0 u(s)v™(s)As

s—07F

= th(t)—/O sv™(s)As

14 BOHNER-SAKER 11-23
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t
> - / sv2(s)As
0
(3.4)

S —q/o SFA(5) P11 (0(s)) As
=" —q [ [f(s) = F(o(s)] F* " (o(s))As

35)

= - ql S t a(s)))9As
- q/fF >>A+q/O<F<<>>>A

so that, by using Holder’s inequality with exponents ¢ and ¢/(q — 1),

t
0= [(Feess < o[ fEG) A
0
1/q (¢=1)/q
< [t >>ms] [ A (FoNas]
0 0

resulting in (3.3). O

In the main results of this paper, we assume that there exists a constant A > 1
such that
(3.6) o(t) <At forall teT.

We now apply the time scales chain rule to obtain some estimates that will be
used later.

Lemma 3.5. Let x(t) =t. If 0 <~y <1, then

A 1—xy
(3.7) (z')" > —
and if v > 1 and (3.6) holds, then
(3.8) (@)% > A=A

oY
Proof. By the chain rule, we obtain

A (23) —)z? 1 d
)"0 = 1-9) (t)/o (ha(o(t)) + (1 — h)z(t))

~ oo )/1 dh
- V Jo (ho(t) + (1= hyty
Thus, if 0 < v < 1, then

A 1 dh _ 1=y
(371 ) (t) > (1— ’Y)/O (ho(t) + (1 — h)a ()Y B (a(t))'y’
which is (3.7), and if v > 1 and (3.6) holds, then
N 1 dh _ 1= B A -\
)7 =>(@ _’Y)/O (ht+ (1 —h)t)Y = (a(t)r ’
which is (3.8). =

Lemma 3.6. If F' is nonnegative and nondecreasing and v > 1, then

(3.9) (FN)2 > yFAFTL,
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Proof. Again we apply the chain rule to see that

1
(F)A D pa / (hF° + (1 — h)F)"'dh
0
1
> WFA/ (hF + (1 —h)F)""'dh
0
= AFSFT
which shows (3.9). O

4. MAIN RESULTS

We say that f : (0,T] — R belongs to L\ (0, 7] provided fOT |f(t)[PAL < 0.
The first theorem will be used later in the proof of the Gehring inequality.

Theorem 4.1. If f € LI (0,T] for p > 1 is nonnegative and nonincreasing, then,
for any q € (0,p), we have

A[(AfDTIP,

(@) Apr< dapips L= 0N
p p

Proof. From the Hardy inequality, see (3.3), we see that the second integral on
the right-hand side of (4.1) is finite. Now, we consider this integral. Then, for
0 < g < p, we put

’y:§>1 and  F(t /fq

Using the notation from Lemma 3.5, we have

(p—q)X\/1 [t 1 a(s) .
T [m/ JHnar

I L AN N U A !
= o /0 [0’(3)/0 f (T)AT] As

_ (=N /Ot [F(O(S))]WAS

p/q
As

ol o(s)
R Y N Gt (L
B RO T
(3.8) t
L — [ ) @) as
@2 . F(s)z'7(s) FV(t 1_7t 1/t
gy P FOR0 L g

e ()] )
. t A —
o 3o, i

- /fq [Af(s )]”_IAS—*[qu(t)]
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(3.2)

= 5 [ e as- S aper

1 ' q 1 q
= [ as= 2 iarr
= AP = AP
from which (4.1) follows. O

Now, we are ready to state and prove our first time scales version of Gehring’s
mean inequality for monotone functions.

Theorem 4.2 (Gehring Inequality I). Assume (3.6). If f € L4 (0,T] for ¢ > 1
18 nonnegative and nonincreasing such that

(4.2) Af1 < k[Af]*  for some k>0,
then f € LR (0,T) for any p > q satisfying

p/q
(4.3) fo= ar >0,

p— -0 (;2)"

and in this case,
(4.4) AP < k[Af]P.
Proof. Assuming (4.2), we find

1 [t (4.1) 1 [t p/q
L[ reas S [ pmay

p/q
(p— g / 1 / )
+ Ur)AT As
e ) fi(r)
(4.2) p/q o(s) b
< p/q[ ] PN qA /Hp/q = / f(T)AT| As
0 a(s) Jo
(3.3) p/q port
< q[ ] + (r—q) )\’i) < p /fp(s)As
r—1) Jo
so that, due to (4.3
t 1 t p
/ fP(s)As < & [/ f(s)As] ,
t Jo t Jo
from which (4.4) follows. O

As a special case of Theorem 4.2 when T = R, we get the classical Gehring
inequality (see Section 1) with A = 1. In the case when T = N, we have the
following result with A = 2.

Corollary 4.3 (Discrete Gehring Inequality I). Let ¢ > 1 and {an}nen, be a
nonnegative and nonincreasing sequence such that

-1 q
—Zaq <k (iia,)
=0
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Then, for p > q, we have

provided

It is natural to ask what happens if in (4.4) we fix p > 1 and consider the
improvement to this inequality that would result from lowering the exponent on
the right-hand side. The following result gives an answer.

Theorem 4.4. Suppose that the assumptions of Theorem 4.2 hold and define &
as in (4.3). Then, for all 0 < r < 1, we have

—_
|
=

(4.5) AP <R[AfP", where ®"i=&Y"  with 6:=

3 =
B =

Proof. Note first that 6 € (0,1) and
1
1200y
D r
Then, by the Holder inequality with exponents p/(1 — 6) and r/6, we have
1 [t Up 44y gl/p gt
[ reas R [ reas
t Jo t
gl/p

0
= — tl_es (s)As
= [ rerea

(24) gl/p Tt (1=0)/p  pt ) o/r
< tUo fp(s)As] [/Of(s)As)

t (1-6)/p t 0/r
= R E/o fp(s)As] E/o f’”(s)As]

so that, by dividing, we find

E /0 t fp(S)As] < Rl [1 /0 t f’“(s)As} "
Le., (4.5). =

By Theorem 4.4, under the assumptions of Theorem 4.2, if f € L\ (0,T] for
0 <7 <1, then f € LX(0,7] for p > 1. But in the general case when p # r,
LA (0, T neither includes nor is included in L’y (0, T]. The following theorem gives
some results for L (0, T]-interpolation.

Theorem 4.5. Suppose that 0 < pg < p1 < o0 and that 0 < 0§ < 1.
(i) If p= (1—0)po+0p1 and f € LR(0, TINLE (0, T, then f € LR (0,T)] and

AfP < [AfPo] 0 [Af°
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(ii) If p= = 9+9 and f € LR(0, T) N LY (0,77, then f € LI (0,T] and

Po p1

AfP < [Afpo](l—G)p/po [Afpl]ﬁp/pl ‘

Proof. For (i), we apply the Holder inequality with exponents 1/(1 —6) and 1/6
to see that

[ reas = 1 [0 eas
(2.4) t 1-6 + 0
[1Afm@A% [1AfM@A%,

which shows (i). For (ii), we apply the Hélder inequality with exponents 1/(1—-)
and 1/, where
1-0
so that 1—~vy= (7)1),
n Po

Op

Y=
to see that

1/Otfp(s)As = 1/tf“‘g)”(s)fe”(sm
) [ /f1 Op/(1-) r 7[ /fom }
] s

which shows (ii). O

In the following, we give a new proof of Gehring’s mean inequality on time
scales. The inequality will be proved by using a condition similar to the condition
(1.1) due to Muckenhoupt. In fact, we do not assume that the reverse Holder
inequality holds.

Theorem 4.6 (Gehring Inequality II). Assume (3.6). If f : (0,7] — T is
nonnegative and nonincreasing such that
(4.6) Af° <vf  for some v >1,
then f € LR (0,T] for p € [1,a/(a — 1)), where a = Av, and we have
. _ «
(4.7) A(fP)? <D [Af7P,  where ©U:= o p > 0.
Proof. For this proof, we put

= [ re)8s 10 =ost). Lt) = log(F(1).

By the chain rule, we get

T —
a M Jy ho(t)+ (1 —=h)t

(?26) 1 [t dh
= / IRY0)
0 ho(t)+ (1 —h)Z

< ==
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@5 flo(t)

<

A 1
s F (t)/o WF(o(0) + (1= WE®)
(23)

and hence, by integrating,

o8 <0(ts)> - él(t) - ~l(o(s)) < L(t) - L{o(s)) = log ( 0 )

so that

_Flols) _ <ais>>”a 5((;;7

and by integrating again, putting v := p(1—1/«a) € (0, 1), and using the notation
from Lemma 3.5, we obtain

1 ) FP(t) [ As
D) eenas < [
(3.7) FP(t) PRI
e i ACRACLS

HFP@) 1 (F())
(1—7)t1+”/a_1—7< t ) ’

proving (4.7). O

As a special case of Theorem 4.6 when T = N, we have the following result.

Corollary 4.7 (Discrete Gehring Inequality II). Let {an}nen, be a nonnegative
and nonincreasing sequence. If there exists a constant v > 1 such that

n
1
- E a; S Vanp,
n -

=1

then, for p € [1,a/(av — 1)], where o = 2v, we have
n

1 < 1 i «
—g P<p —g ; h Vpi— —
e lal I/[n aZ] , where U ( 0

i=1

5. HIGHER INTEGRABILITY

In the following, as an application of Gehring’s inequality (4.7), we prove a
higher integrability theorem for monotone nonincreasing functions. First notice
that for all nonnegative and nonincreasing functions f € L% (0,7] with ¢ > 1, we
always have

t t g—1 t
(1) Af() =7 /0 fi(s)As = /0 F(s) f(s)As > 40 /O £(5)As.

t t
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Let us now consider the class of nonnegative and nonincreasing functions f €
L% (0,T] that satisfy the reverse of (5.1), namely

(5.2) Aft <nfi'Af forsome 17> 1.

Theorem 5.1. Assume (3.6). If f € LY(0,T] for ¢ > 1 is nonnegative and
nonincreasing such that (5.2) holds, then f € L1 (0,T] forp € [¢,q+c], c € (¢,n),
and we have

(5.3)

1+p/q
AP < ALAFIPY, where Ae

=
AMlg — %()‘Uq —-1)

with 1y = ——.
Proof. In this proof, we write F' = Af4 for brevity. By using the Holder inequality
with exponents ¢/(¢ — 1) and ¢, we obtain
1 [t (5.2) t 1 o(s)
i [ Fenas <1 [ et s [T rnanas
0 0 0

o(s)

L ][ el T [ (e [ s o

[ erad T [ yerad

(g—1)t

t
= [ peas = n o),

IA

1/q

i.e.,
(5.4) AF? <n,F.

Since F' is also nonnegative and nonincreasing (see Lemma 3.3), it satisfies the
assumptions of Theorem 4.6, and thus

1/t , _[1 "
(5:5) i [ reeras<i ;[ Fo)asl
with
- Oéq p Oéq
- % - —Pech .
Tq P p— and ag=2An, for r ¢ € { ' e — 1>

Noting that

(56) F(t) =1 [ 11as= 10,
we obtain
i [ueeras = [remras
(5<6) 1

(5.5) t r
i (1 / F”(s)As)
t Jo

|/\§ IA
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it [ s

proving (5.3). O

In Theorem 5.1, if T = R, then we have that o(t) = t, oy = 7, and we get the
following result.

Corollary 5.2. Let n > 1 and q > 1. Then every nonnegative nonincreasing

function f satisfying
¢ ¢
| s1@az <npt) [ e

belongs to LX (0, T)(0,T] for p € [¢,q+ ¢] and ¢ € (¢,7), and we have

@<y [ fq(x)dfc>p/q,

where

In Theorem 5.1, if T = N, then we have that o(t) = ¢ + 1, and by choosing
A =2, we get the following result.

Corollary 5.3. Let n > 1 and g > 1. Suppose {an}nen, S a nonnegative and
nonincreasing sequence satisfying

n—1 n—1

q -1
E a! < nal E a;.
=0 i=0

Then, for p € [q,q + c|, ¢ € (¢,n), we have

1 n—1 1 n—1 pr/q
=Ny d<ql=) af
1 — 1 ?
n n
=0 1=0
where by
2 (—q o
- q—1
N=95ma _proma
2M9 _ P(oMNq __ 1)
q— q\"q—
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Abstract

We investigate the periodic nature, the boundedness character, and the global asymptotic stability
of solutions of the difference equation

2
VLn—1

Tl = 5
Ca2_| +zn

where the parameters 7, C are positive numbers and the initial conditions z_; and xo are arbitrary
nonnegative numbers such that z_1 + zg > 0. We determine the basin of attraction of fixed point and
period-two solutions. The associated map is not defined at the (0,0). However, we show that there exist
period two solutions on the axis that are locally asymptotically stable and two continuous invariant
curves passing through the point (0,0), which are boundaries of the basins of attractions of these period
two solutions, such that every solution starting on these two curves or in the region between these two
curves is attracted to the point (0,0).

Key Words: Basin of attraction; difference equation; global attractivity; global stable manifold; mono-
tonicity;
MSC(2010): Primary: 39A10,39A23, 39A30; Secondary: 37E05
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1 Introduction and Preliminaries

In this paper we consider the following quadratic rational difference equation of second order

2
T _ YTh—1
n+1l —
Ca2 |+,

(1)

We assume that v, C' > 0 and initial conditions x_1, x¢ are positive real numbers, such that o +z_1 > 0.
Notice that the map associated to this equation is not defined at the point (0,0). The second iterate of the
map associated to Equation (1) is competitive map. We call such map anti-competitive. See [7, 8]. Theory
of competitive systems and maps in the plane have been extensively developed and main results are given
in [2, 6, 11, 13, 14]. Equation (1) is a special case of the difference equation

anxnfl + 7%%71 + 551:71
Bzynx,_1 +Cx2 | + Dz, ’

Tngp1 = =0,1,2,... (2)
where the parameters (3,7, d, B, C, D are nonnegative numbers which satisfy B + C + D > 0 and the initial
conditions z_; and xq are arbitrary nonnegative numbers such that Bx,z,_1 + C22_; + Dx,, > 0 for all
n > 0. Locally stability of the equilibrium points of (2) has been studied in [10]. In this paper we describe
global behavior of solutions of Equation (1).

Equation (1) is related to the difference equation

VYTn—1

B =0,1,... 3
anJern_l’n T (3)

Tnt1 =
where the parameters v, B and C' are positive real numbers and the initial conditions z_1, x( are arbitrary
nonnegative numbers such that z_; + g > 0, see [1, 9].

As we will see in this paper Equation (1) has very different behaviour than Equation (3) showing that
introduction of quadratic terms can significantly change behaviour of the equation. We prove that parametric
space splits into four regions given by 0 < v < 1, 1 < v < 3,7 = 3 and y > 3. By using results from [3, 13] we
obtain global result in each of these four regions, different than global results for Equation (3). For example
in Section 3 we show that there exist two increasing continues invariant curves passing through the point
(0,0) which are the boundaries of basins of attractions of the period-two solutions such that every solution
that starts on these two curves or in the region between these two curves is attracted to the point (0, 0).

We now present some basic notation about competitive map in the plane.

Consider a first order system of difference equations of the form

Tp+1 = f(xnayn)
, n=0,1,2,..., (x_1,z9) €I XT 4
{ Ynt1 = G(Tn,Yn) (@-1,0) @

where f,g : ZxZ — T are continuous functions on an interval Z C R, f(z,y) is non-decreasing in  and non-
increasing in y, and g(z,y) is non-increasing in x and non-decreasing in y. Such system is called competitive.
One may associate a competitive map T to a competitive system (4) by setting T' = (f, g) and considering
TonB=71xT.

A point x € B is a fized point of T if T(x) = x, and a minimal period-two point if T?(x) = x and
T(x) # x. A period-two point is either a fixed point or a minimal period-two point. In a similar fashion one
can define a minimal period p point. The orbit of x € B is the sequence {T*(x)}2,. A minimal period-two
orbit is an orbit {x,}72, for which xo # x; and xg = x3. The basin of attraction of a fixed point x is the
set of all y such that T"(y) — x. A fixed point x is a global attractor on a set A if A is a subset of the
basin of attraction of x. A fixed point x is a saddle point if T is differentiable at x, and the eigenvalues of
the Jacobian matrix of T at x are such that one of them lies in the interior of the unit circle in R?, while
the other eigenvalue lies in the exterior of the unit circle. If T = (T1,73) is a map on R C R?, define the
sets Rr(—,4) = {(z,y) € R : Th(z,y) < z, Ta(z,y) >y } and Ry(+,—) := {(z,y) € R : Ti(z,y) >
z, Ta(z,y) <y }

If v = (u,v) € R?, we denote with Q,(v), £ € {1,2,3,4}, the four quadrants in R? relative to v, i.e.,
Q1(v) = {(z,y) € R? 12 >u, y >}, Q2(v) = {(z,y) € R? : 2 < wu, y > v}, and so on. Define the
South-East partial order <. on R? by (z,y) =g (s,t) if and only if x < s and y > ¢. Similarly, we define the
North-East partial order <, on R? by (z,y) =ne (s,t) if and only if < s and y < t. A stronger inequality
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may be defined as v = (v1,v2) < w = (wy,ws) if v < w with v; # w; and vy # wo. For u, v in R2, the
order interval [u,v] is the set of all x € R? such that u < x < v.

A map T is competitive if T(x) <. T(y) whenever x =, y, and T is strongly competitive if x <z y
implies T'(x) = T'(y) € {(u,v) : u > 0, v < 0}. If T is differentiable, a sufficient condition for T" to be strongly
competitive is that the Jacobian matrix of T at any x € B has the sign configuration

Jr —

— + '
For additional definitions and results (e.g., repeller, hyperbolic fixed points, stability, asymptotic stability,
stable and unstable manifolds) see [6, 14] for competitive maps, and [9, 11] for difference equations.

This paper is structured as follows. In Section 2 we prove linearized stability results. Depending on
parameter v we determine the nature of equilibrium point and period-two solutions and then we prove
convergence result for period-two solution. In Section 3 we describe completely global behaviour of Equation

(1).

2 Linearized stability analysis and convergence result
In this section we prove linearized stability and convergence results for Equation(1).
Theorem 1 If v > 1 then Equation (1) has the unique equilibrium point T which is given by

-1
T=—

C
and T is
a) locally asymptotically stable if v > 3.
b) a non-hyperbolic point if v = 3;
¢) a saddle point if 1 <y < 3;

Proof. The proof follows from the well known linearized stability theorem, see [10].

Theorem 2 For the Equation (1) the following holds:
(a) For all values of parameters Equation (1) has prime period-two solution
i
0, %}
{0z
which is locally asymptotically stable.

(b) If v > 3 then Equation (1) has prime period-two solution

{v— (=3O +D+1 v+ (7—3)(7+1)+1}
2C ’ 2C

which is a saddle point.

Proof.

(a) It is easy to check that {0, %} is period two solution for all values of parameters. This period two
solution always exists.
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(b) Assume that v > 3.If ...a,b,a,a,b,...1is a period two solution, then this solution satisfies the following
system of algebraic equations

A L
Ch?2 +a

I
“ Ca?2+0b

Straightforward calculations shows that under the condition v > 3 the unique solution of this system
is given by
_ 1=V =390+ +1 v+ =3) i+ D) 41
2C ’ 2C '

By using linearized stability theorem, it is easy to see that this period two solution is a saddle point,
see [10].

a

Note that it is not possible to obtain period two solution {0, %} by solving the previous system of algebraic
equations.
O

Now, we show that every solution of Equation (1) converges to a period-two solution (not necessarily

minimal).
Let
2
U
F =—
(u,v) Cv?2+u
It is easy to see that
2
2
FQZ—LQ andF;:%
(Cv? +u) (Cv? +u)
Set
Up = Tp_1 and v, =z, forn=0,1,... (5)
We can rewrite Equation (1) in the equivalent form:
Un+1 = Un (6)
yuy,
Un+1 Ou% +’Un
forn=0,1,....
Let T be the map associated to Equation (1):
yu®
T (u,v) = (v, F(v,u)) = (v, Cu2+v) . (7)
then
(Un+1; vn—i—l) - T(“ny Un) (8)
It is easy to see that
2 2 2
9 B B Yu 02 (Cu? + v)
T (u,0) = T(T(u,0)) = (Tor(u, v), Tz (u,v)) <0u2 +v’ C2u2v? + Cvd + yu?

from which it follows that

(Ugnt2,Vant2) = T2 (ugn, van) 9)
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which is equivalent to
2
(T2n41, Tanya) = T (T2n—1, Tan)-

The Jacobian matrix of the map T has the form:

JT(Ua'U) = ( Qu(l'y iQ'y ) (10)

(cu?+v)2 (cu4v)?

The determinant of (10) is given by

detJr(u,v) = _(cjjil;f (11)
The Jacobian matrix of the map T2 has the form:
2uvy __ uly
Jr2(u,v) = o o(Son T (12)

T (Yu2+Cv2(Cu2+v))2 (Yu2+Vv2(Cu24v))?
The determinant of (12) is given by
4’}/3113’(}2
(Cu? 4 v) (Cv2 (Cu? + v) + yu2)?

detJr2(u,v) =

The equilibrium curves of the map T2 are given by
C1:={(z.y) € [0,00)* : Toa(2,y) = 2} = {(2,y) € [0,00)% 1 y = 2 — Ca?}

and

o N g W =Cy
Co 1= {(2,y) € [0,00) : Toa () = y/} {< ¥) € [0,00)%: W}

By direct inspection of Equation (13) we obtain the following result:
Lemma 1 The map T? is competitive on [0,00)% \ {(0,0)} and strongly competitive on (0, 00)2.
It is easy to see that the following holds.
Lemma 2 For all x_y, 0 € [0,00), such that x_y + xo > 0, the following holds x, < & forn > 1.
By using very powerful Theorem 1.5 from [4] and Lemma 2, we obtain the following convergence result.

Theorem 3 FEvery solution of Equation (1) converges to a period-two solution or to zeros.

3 Global behavior

In this section we consider the following four parametric regions v > 3,1 <v <3,y =3 and 0 <y < 1. We
completely describe the global behaviour of Equation (1) in these regions.

The following theorem details the case v > 3.

Theorem 4 Assume that
v > 3.

Then system (8) has a unique equilibrium point E(u, @) which is locally asymptotically stable and there
exist two prime period-two solutions: {Py(@1,01), Pa(01,41)} which is locally asymptotically stable and
{Ps(tg,v2), Py(V2,u2)} which is a saddle point, where

u =0, v1=—= andu=——
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and

Y+l (y=3)(v+1) i% v+ 1+ (r=3) (v + 1)
Ug = 20 ana vy = 20

Furthermore, global stable manifold of the periodic solution {Ps, Py} is given by W*({Ps, P4}) = W?*(Ps) U
W#(Py) where W*(P3) and W*(Py) are continuous increasing curves, invariant under the map T? and
T(W?*(Ps)) = W*(Py), and divide the first quadrant into two connected components, namely

Wi = {z € R\W?*(Ps) : 3y € W*(Ps3) withy <, x}
W= {z € R\ WH(P) : Jy € WH(P3) with x <4 y}

and

Wy ={x € R\W?*(Py) : 3y € W*(Py) with y =sc x}
Wy = {z € R\ W*(Py) : Jy € WH(Py) with x <4 y}

respectively. In addition, W*(Ps) is passing through the point Ps and W#(Py) is passing through the point
Py and the following holds:

i) If (ug,vo) € W?(Ps) then the subsequence of even-indexed terms {(uzn,ven)} is attracted to Ps, and
the subsequence of odd-indexed terms {(uant1,van+1)} 48 attracted to Py.

i) If (ug,v0) € W*(Py) then the subsequence of even-indexed terms {(uan,van)} is attracted to Py, and
the subsequence of odd-indexed terms {(uant1,van+1)} s attracted to Ps.

iii) If (ug,v0) € Wi (the region above W*(P3)) then the subsequence of even-indeved terms {(uzn,v2n)}
is attracted to Py, and the subsequence of odd-indexed terms {(uan+1,v2n+1)} is attracted to Ps.

i) If (ug,vo) € Wy (the region below W?*(Py)) then the subsequence of even-indexed terms {(uzn, von)} is
attracted to Py, and the subsequence of odd-indexed terms {(u2n+1,Van+1)} is attracted to P;.

v) If (ug,vo) € Wy NW5 (the region between Wy and W5 ) then the sequence {(un,vy,)} is attracted to
E.

See Figure 1.

Proof. Theorem 1 implies that there exists a unique equilibrium point E(Z,Z) which is locally asymp-
totically stable. Theorem 2 implies that the periodic solution {P;, P>} is locally asymptotically stable and
{Ps, P;} is a saddle point. In view of (12) the map T?(u,v) = T(T(u, v)) is competitive on R = R3 \ {(0,0)}
and strongly competitive on int(R). It is easy to see that at each point, the Jacobian matrix of T2 has
two real and distinct eigenvalues, the larger one in absolute value being positive, and that corresponding
eigenvectors may be chosen to point in the direction of the second and first quadrant, respectively.

1.0~ 3 1.0+ 1 100

3 aliiy

08}

0.8} 08k
0.6 i 0.6 i 0.6 |
0.4 : 0_4:
02 02}
0.0 E= 0.0 =
0.0 0.0

Figure 1: Visual illustration of Theorem 4.
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In view of Theorem 3 we have that all solutions converge to period-two solution. Hence, all conditions of
Theorem 4 in [13] are satisfied, which yields the existence of the global stable manifolds W?*(Ps) and W?*(P;)
which are the graphs of the strictly decreasing functions of the first coordinate on an interval.

By Theorem 4 in [13], we have that if (ug,vo) € W*(Ps) then (uan,ven) = T%"(ug,vo) — Ps as n — 0o
which implies that (ugni1,v2n41) = T(T?*(ug,v0)) — T(P3) = P, as n — oo from which it follows the
statement i). The proof of the statement ii) is similar to the proof of the statement i).

Take (ug,v9) € Wi N'R. By Theorem 4 in [13], we have that there exists ng > 0 such that, T%"(ug, vg) €
int(Q2(P3) NR), n > ng. In view of Theorem 1 in [11], since Ps is a saddle point, we obtain that for all
(ug,v) € int(Q2(P3) NR), there exists o > 0 such that (ug,vy) <se P35 — rov1 and T?(Ps — rov1) =se
P3 — rgv1. By monotonicity T?""2(P3 — rovy) <4 T%"(P3 — rovy1) < P3. In view of Lemma 2 we have that

7 (10,00 \ {0.0)3) < [0, 1)\ {0,003

From this and the fact that Py < P3 < E < Py < P» we have that T?"(P; — rovy) — P as n — oo. By
monotonicity we have that Py =g, T?"(ug,vg) =se T?"(P3—7¢v1) < P3 which implies that 72" (ug,vo) — Py
and T2 (ug,v9) = T(T?*(ug,vo)) — T(P) = P> as n — oo which proves the statement iii).

Take (ug,vo) € Wy N'R. By Theorem 4 in [13], we have that there exists ny > 0 such that, T%"(ug,vo) €
int(Q4(Py) NR), m > ny. In view of Theorem 1 in [11], since Py is a saddle point, we obtain that for
all (ug,vp) € int(Qa(Py) N'R), there exists 1 > 0 such that Py + r1vi <se (uo,v9) and Py 4+ r1vy <ge
T?(Py +r1v1). The rest of the proof of the statement iv) is similar to the proof of the statement iii) and we
skip it here.

Now, we show that each orbit starting in the region Wy OW; converges to E. Take (ug,v9) € Wy OW; .
By Theorem 4 in [13],we have that there exists ny > 0 such that, 7%" (ug, vo) € int(Qs(Ps) N Q2(Py) NR) =
[Ps, Py]], for n > nsy. Since P and Py are the saddle points and F is locally asymptotically stable, in view
of Corollary 2 [12] we have that T?"(u/,v") — E and T?"*1(u',v") = T(T?*"(u',0v")) = T(E) = E as n — 00
for all (u/,v") € [[Ps, E]] and that T?"(v”,v") — E and T?"*Y(u" v") = T(T?"(v",v")) — T(E) = E as
n — oo for all (u”,v") € [[E, Py]]. Then there exist the points (uf, v) € [[Ps, E]] and (uf,v{) € [[E, P4]] such
that (u), v)) <se T?"272(ug,v0) =se (uf,v(). By monotonicity of the map 72 we have that T%"(ug,vo) — E
and T2 (ug, vo) = T(T?" (ug,v0)) — T(E) = E as n — oo for all (ug,vg) € Wy NW, . This completes the
proof of statement v) of the Theorem.

O

The following theorem considers the case 1 < v < 3.

Theorem 5 Assume that
1<y <3,

Then system (8) has a unique equilibrium point E(u,u) which is a saddle point and prime period-two solution
{Py(ty,01), Pa(U1,@1)} which is locally asymptotically stable, where

-1
u; =0, vlzlanda:L.

C c

Global stable manifold W?*(E), which is continuous increasing curve, divides the first quadrant into two
connected components

WT(E):={x e R\W?*(E) : Jy € W*(E) with y <. =}
WHE) = {z e R\W*(E) : 3y € W(E) with z <4 y}

such that
RZ =W (E)UWT(E) UW*(E).

In addition, W*(E) passing through the point E and the following holds:
i) Fvery initial point (ug,vo) in W*(E) is attracted to E.

ii) If (uo,vo) € WT(E) (the region below W?*(E)) then the subsequence of even-indexed terms {(uan, van)}
is attracted to P, and the subsequence of odd-indexed terms {(uan+1,v2n+1)} is attracted to Pj.
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ii1) If (ug,vo) € W™ (E) (the region above W?(E)) then the subsequence of even-indexed terms {(xan,van)}
is attracted to Py, and the subsequence of odd-indexed terms {(usnt1,van+1)} is attracted to Ps.

See Figure 1.

0.5 05 0.5
(2. %)
04 wW*(E) I ad 0.4
e
A -’
03F . 0.3
'
”
0.2 2 0.2
> o (E)
: S
(£)
0.1 0.1
y’ N
(i
v~ 1
00 - L E ) 0.0
0.0 0.1 0.2 0.3 0.4 0.5 0.0

Figure 2: Visual illustration of Theorem 5 .

Proof. Theorem 1 implies that there exists a unique equilibrium point F(Z,z) which is a saddle point.
Theorem 2 implies that the period-two solution {Py, P>} is locally asymptotically stable. Similar as in the
proof of Theorem 4 all conditions of Theorem 4 in [13] are satisfied, which yields the existence of the global
stable manifold W#(E) which is the graph of the strictly increasing function.

Take (ug,v9) € W NR. By Theorem 4 in [13], we have that there exists ng > 0 such that, 72" (ug,vo) €
int(Q2(E)NR), n > ng. In view of Theorem 1 in [11], since E is a saddle point, we obtain that for all
(ug,v0) € int(Q2(E) N'R), there exists rq > 0 such that (ug,vo) <se E —1ov1 <se E and T?(E — 19v1) =se
E — rogvy. By monotonicity T?"2(E — rgvy) =se T?"(E — r9v1) < E. In view of Lemma 2 we have that
T"(u,v) € [0,7/C)?*\ {(0,0)}. From this and the fact that P; < E < P, we have that T?"(E —rovy) — P,
as n — oo. By monotonicity, P, <se T?"(ug,v) =se T?"(E —r1ov1) < E which implies that T%"(ug,vg) — E
and T?" " (ug,vg) = T(T?**(ug,v9)) — T(E) = E as n — oo which proves the statement ii).

The proof of the statement iii) is similar and we skip it here.

Now, we assume that v = 3. The following theorem holds.

Theorem 6 Assume that
v =3.

Then System (8) has a unique equilibrium point E(u,u) which is a non-hyperbolic and prime period-two
solution {Py(@y1,v1), P2(01,01)} which is locally asymptotically stable, where

2
1 =0, 71=—= andu= —.

c c

There exists a continuous increasing curve Cg which is a subset of the basin of attraction of E and it divides
the first quadrant into two connected invariant components

WT(E) :={x € R\Cg: Iy € Cp with y s x}
WH(E) :={zx € R\ Cg : Jy € Cp with x =<4 y}

such that the following holds:
i) Fvery initial point (ug,vo) in Cg is attracted to E.

ii) If (ug,vo) € WT(E) (the region above Cg) then the subsequence of even-indexed terms {(uzn,va,)} is
attracted to Py, and the subsequence of odd-indexed terms {(uant1,Van+1)} 18 attracted to Ps.
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it) If (ug,v0) € W (E) (the region below Cg) then the subsequence of even-indexed terms {(Tan,ven)} is

attracted to Py, and the subsequence of odd-indexed terms {(u2n+1,Van+1)} is attracted to P;.

See Figure 3.
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Figure 3: Visual illustration of Theorem 6 .

Proof. Theorem 1 implies that there exists a unique equilibrium point F(Z, Z) which is non-hyperbolic.
Theorem 1(c) implies that the periodic solution {P;, P»} is locally asymptotically stable. Similar as in the
proof of Theorem 4 all conditions of Theorem 4 in [13] are satisfied, which yields the existence a continuous
increasing curve Cg which is a subset of the basin of attraction of E and for every x € W, there exists
no € N such that T"(x) € int Q2(FE) for n > ng and for every x € W_ there exists ny € N such that
T™(x) € int Q4(F) for n > ny.

Set U(t) = t(3 — Ct). It is easy to see that (¢,U(t)) Zsc Eif t € [55,u] and E =, (t,U(t)) if t € [u, &]
and U(@) = @. In view of Lemma 2 we have that

7 (10,00 \ {0, 0}) < [0, 2) "\ {0,003

One can show that

T2, U(t) — ( U()) = (o, t

which implies that T2(t,U(t)) < (t,U(t)) if t < @ and (t,U(t)) <se T%(t,U(t)) if ¢t > 4. By monotonicity
if t < 4 then we obtain that T?"(¢t,U(t)) — P; as n — oo and if ¢ > @ then we have that T?"(¢t,U(t)) — P,
as n — 00.

If (u/,v') € intQ2(FE) then there exists ¢1 such that P; < (u/,v") Sge (t1,U(t1)) <se E. By monotonicity
of the map T2 we obtain that P; < . T?"(u/,v") =se T?"(t1,U(t1)) <se E which implies that 72" (v, v") —
Py and T?" (v, v") — T(Py) = P as n — oo which proves the statement ii).

If (u”,v") € intQ4(E) then there exists t1 such that E < (t2, U(t2)) <se (u”,v") =5 P2. By monotonicity
of the map T2 we obtain that E <y, T?"(ta, U(ts)) =se T?"(u”,v") <se Py which implies that 72" (u”,v") —
Py and T?" (v v") — T(P,) = Py as n — oo which proves the statement iii), and completes the proof of
the Theorem.

(Ct—3)(Ct —2)3
Ct(Ct—3)2+1 )

O

First we notice the following. Theorem 3 and Lemma 2 imply that T%"(z¢,y) is asymptotic to either
Py =(0,%) or P, =(&,0) or (0,0), for all (zo,y0) € R\ {(0,0)}. Let B(Py) be the basin of attraction of P
and B(P2) be the basin of attraction of P, with respect to the map 72. Let CT denote the boundary of B(P;)
considered as a subset of int Q1(0,0) (the first quadrant relative to (0,0)) and C~ denote the boundary of
B(P,) considered as a subset of int Q1(0,0). It is easy to see that (0,0) € C* and (0,0) € C~.

Now, similarly to the proof of the of Claim 1 and Claim 2 in [5], one can prove that the following lemma
holds.
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Lemma 3 Let CT and C~ be the sets defined above. Then the sets Ct and C~ are invariant under the map
T? and they are the graphs of continuous strictly increasing functions. Further, Ct UC~ C B(0,0).

The following theorem details the existence two invariant strictly increasing curves passing through the
point (0,0), such that every solution that stars on these two curves or in the region between these two curves
is attracted to the point (0,0).

Theorem 7 Assume that
0<y<l.

Then there exists prime period-two solution {Py(u1,01), P2(01,01)} which is locally asymptotically stable,
where

u =0, v =—=

C

Furthermore, there exist sets C* and C~ which are continuous increasing curves, invariant under the map
T? and T(Ct) = C~, and divide the first quadrant into two connected components, namely

Wy i={zeR\C":JyeC withy < x} and W :={xeR\C: Iy el withx <. y}
and

Wy ={z e R\C :IyecC withy <,ex} and WF:={rcR\C :3JycC withz <.y}
respectively. In addition, CT and C~ passing through the point (0,0) and the following holds:

i) If (uo,v0) € Wit (the region above C*) then the subsequence of even-indezed terms {(ugn,ven)} is
attracted to Py, and the subsequence of odd-indexed terms {(uan+1,Van+1)} 1S attracted to Ps.

it) If (ug,v9) € Wy (the region below C~) then the subsequence of even-indexed terms {(uzn,v2n)} is
attracted to Py, and the subsequence of odd-indexed terms {(u2n41,Van+1)} is attracted to P;.

i) If (ug,vo) € (CTUCT)U Wy NW5) (the region between Ct and C~) then the sequence {(un,v,)} is
attracted to (0,0).

Proof. The proof follows from Lemma 3, and it is similar to the proof of Theorem 4, so we skip it.
O

Based on a series of numerical simulations we pose the following hypothesis.

Conjecture 1 Suppose that all assumptions of the Theorem 7 are satisfied, then the following holds: Ct =
c-.
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Abstract

The pseudo-hyperbolic equation with cubic nonlinearity and additive
space-time noise is discussed. The space-time noise is assumed to be
Gaussian in time and possesses a Fourier series expansion in space. First,
we prove the existence and uniqueness of the approximate strong solu-
tions of the equation and show that the truncated Fourier solution which
can be approximated by the truncated finite-dimensional system, is an
approximate solution. Second, a new transformation is used to convert
pseudo-hyperbolic equation into a system of equations, which can con-
struct an infinitesimal generator with good properties. After analyzing
the related total energy evolution, we obtain that the energy growth will
not blow-up in the limited time. Finally, we present a Fourier scheme of
a procedure for its numerical approximation and give the stability and
convergence analysis of the scheme.

keyword: thermal convection equation, Fourier coefficients, cubic-type non-
linearities; stochastic; energy

1 Introduction

Stochastic differential equations (SDEs) can model many natural phenomena
with white noise and engineering applications, such as epidemiology, economics
and so on [I5] [T, T4, [3, 43| 23], 22]. SDEs hold for the important original work

*Corresponding author. E-mail address: zhangzhiyue@njnu.edu.cn.
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of Tto [12] as well as books [1], 27]. The shorter accounts of stochastic dynamic
systems on stability, filtering, and control [I8], [I3] are rather unsuited for the
study. Stability of SDEs has been well studied by researchers [25] 16}, [19]. Since
the analytical solution is difficult to obtain, different numerical methods have
been introduced such as [30} 33} 8, 29]. The common theoretical basis is the
stochastic Tto-Taylor expansion in terms of multiple Wiener integrals [15].

The analysis of the linear SDEs is well investigated such as [20, [6], 28] [24].
In the recent past, the nonlinear SDEs are researched. In [2I] a class of fully
nonlinear SDEs is studied by using the stochastic characteristic method. In [IT]
a strong convergence result under less restrictive conditions is proved by using
Euler-Maruyama method. In [10], the exponential stability of the multidimen-
sional nonlinear SDEs with variable delays is investigated. Nonlinear filtering
equations have developed based on a classification where the measure term is
either deterministic or random [39].

Consider the semi-linear stochastic pseudo-hyperbolic equation with cubic-
type nonlinearities perturbed by additive space-time random noise W [40]:

82
d(u + Ut) — gz%dt + B(u + ut)dt + de(t, .’L‘),
u(0,x) = ug, u(0,2) =uy,, 0<z<L, (1.1)

u(t,0) = u(t,L) =0, us(t,0) =u(t, L) =0, 0<t<T,

where b € R! is an overall noise intensity parameter. B(u) = u(a; — az|jul|3,)
is cubic-type with real parameters as > 0 and a1 [38]. The space-time Q-regular
noise W (t, ) is as follows:

—+oo +oo
2 N

W(t,z) = W (4] = si (—): W (Den 1.2

(0= oWty 7 s (") = L aaWaltlen(s) (12

with independent and identically distributed Wiener process W, € N(0,t),
where trace(Q) = :z a? < 400. We know that e, (x) = \/%sin (212 ,n >
1 are the eigenfunctions of the Laplace operator which form an orthonormal
system in H = L%(0,L) and satisfy in one-dimensional, Ae,(x) = —%en.

The main contribution of this paper is to discuss the Fourier solution u(¢,x)
and its numerical approximations by truncated Fourier series [41]. We construct
an infinitesimal generator with good properties and convert into the equations
which can be easily solved.

The rest of the paper is organized as follows. In section [2| we verify the
existence and uniqueness of solution and give a finite-dimensional system of the
SDEs. In section [3] we estimate the truncated total energy. In section [] we
show numerical methods to find those Fourier coefficients. In the last section [B]
numerical experiments are provided which support our results.
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2 Existence and Uniqueness of Approximate Strong
Solutions and Fourier-Series Solutions

In general, it is difficult to solve nonlinear equations. However, taking the
equations into system of equations can avoid lots of complex calculations in in-
finitesimal generators and energy estimation. Let v = u+u¢, Eqs (1.1]) becomes

V= U+ Uy,
dv 5 0% 9 dW (t, x) (2.1)
E: |:0' w—FU(al—aQHUHLQ) +bT

It can be rewritten as

2
f()- (3 e )C)- () O () 5 o
v 922 v v v/ e

From the definitions of strong solution and approximate strong solution[36],
we obtain that conditions of the strong solutions of exist and the unique-
ness is that all operators are globally Lipschitz-continuous. Under conditions
weaker than global Lipschitz-continuity, we can also achieve a result of the

strong solutions.

Lemma 2.1. For all ay > 0, the mapping v € H — B(v) = v(a; — agHvHQLQ)
satisfies the angle condition on H. In other words, for all u,v € H, we have

F(u,v) :=< B(u) — B(v),u —v >g< ai|u—v|%, (2.3)

specially

v 2
< By >a< (o1 - 0l ) ol < ool

Proof. Denoting f(u) := ||ul|%u and g(u,v) :=< f(u) — f(v),u — v >y which
is symmetric. Then we obtain that

2
29(u,v) = (lullf+lolF) lu—vllF+(lullf = v13) " (lelld + o) e —ollF,
2 2
u + ||v
Now using ([2.3)), the above inequality and the definition of B, we have

ellzr + 1ol

F(u,v) < —a 5 lu—ollf + arllu — vl < arlju—olF,
2
v .
< B(v),v >pg< —aqy I 2HH ||v||§{ + a1||v||?g < a1||v\|%{,by setting u = (0,0).
Then the proof is completed. U
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From Lemma and Theorem 3 in [36], the unique approximate strong and
continuous solution of Eqs (2.2]) exists.

Theorem 2.2. Assumptions of definitions of strong and approrimate strong so-
lution [36] are satisfied with E|[v(0,-)||3 <oo, for B(0, L)x Fy-measurable initial
data v(0,-)€H. The approzimate strong global solution v of Eqs exists.

Next, we propose our method to solve the SDEs. There are many methods
such as Galerkin-type method [9 26 [5], Monte-Carlo [4, [31], collocation method
[42], projection methods [32]. The method presented in this paper is Fourier-
series solutions. The existence of separated solutions is established in [I7].
Solutions of this type are used in [2]. The difficulty lies in computing Fourier-
series solutions and in finding a good infinitesimal generator to estimate the
energy of the system.

Using the principle of linear superposition, the Fourier series is

+o0 too
x) = Z cun(t)en(z), v(t,x) = Z Con (t)en (). (2.4)
n=1 n=1

We truncate the series as follows:

N N
=3 cunlen(@), 5ltsz) = > conlt)en(a). (2.5)

which form the strong solutions of Egs ([2.2)).
Theorem 2.3. The Fourier coefficients of Eqs satisfy (P-a.s.) the infinite-
dimensional system, for k=1,2,--- and by = bay,,
Cur(t) = cor(t) — cur(t),
(2.6)

k272 foo
degy = | =05 a1 —az Y e, (1) | condt + brd Wi,
n=1
Proof. By plugging Eqgs (2.4)) into Egs (2.1), we achieve that for 0 <¢ < T |
+oo

L L
/0 o' (t,x)ex(z)dx = Z c;m(t)/o en(x)ep(x)dr = cyp(t) — cur(t),

n=1

L o222
k*m
/0 dv(t, x)eg(x)dr = cpk ( I +a; — a g [Con(t ) dt + b dWy(t).

As we know that the w, v is the unique strong solution of (2.1)) with

oo

lu(t, Y3 = 3 lear®]F < 00, ot E = 3 lean®) < oo,

k=1 k=1

and have Fourier coefficient ¢y, cyr which can be approximated by the trun-
cated finite-dimensional system. So the above computations work. O
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We note that for stochastic systems with additive noise, the stochastic inte-
gration leads to the same type of stochastic integral. See more details in [37].
Therefore, we can calculate each ¢ i, cor and u(t, z) = 25:1 cun(t)en ().

3 Total Energy Evolution

For the case of sufficiently strong diffusion with 0?72 > L?(a;+1), we investigate
the behavior of related energy functional, which is defined at time ¢t > 0 by

£) = T llvalt, )y — 2o

lot, M+ F ol G

This energy functional is indeed nonnegative and finite almost surely (a.s.) as
one can see from the following theorem. For its proof, we take the functional in
terms of its Fourier coefficients ¢; by

1 <X [ o2n2n? 9 as = 2 ’
V(t) :=V(cyr(t):k € N) =3 Z ( al—l) cm(t)—i—z (Z cm(t)> ,

n=1

for t > 0. It is easy to know that V' > 0 for all sequences (c,x(t))r and acts as
a Lyapunov functional. Besides, £(t) = V(¢) for all ¢ > 0.

Theorem 3.1. Assume that e(0) = EV(ct(0) : k € N) < oo, o?n? >
L?*(ay + 1) and trace(Q) = Yoo, a2 <oco. Then, the total expected energy
of the original system is linearly bounded in time by

+oo o2n2n2

Z 1]63n(t)+\/£(6262)2] t

e(t) =EV(cpr(t) : k € N)

where 52 = Y37, o2 + 2max a2,

Proof. The truncated infinitesimal generator can be rewritten

N o el , o N
L= Z [Con—Cun] 3 + 52 g +Z

C
un n=1 N pn=1

2,22

N
oTnn” 9 0
— a1—as E Cor | Cons—
L = VR D

VN

We express Eqgs (3.1) in terms of its truncated Fourier coefficients c¢,x by

~ ~ 1 N o?n?n? a al ’
V(t): =V(ew(t) : ke N) = 5 Z [ Iz —al—l]cgn(t) +Z2 (Z C?m(t)> ,

n=1

n=1

for ¢ > 0. Then, after calculating the infinitesimal generator, we estimate the
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energy of the system (3.1)) as follow:

=~ =~ =~ N N 0'271,271'2 ’
LV =LV + LV, = nz:l (Cvn - Cun) Cun — |J; ( 12 —a1 + az Z Uk-) Cqm]
1 al 02n27T2
+22aiz< >+ZO[ G’QZC'UTL +2cvn()
n=1 n=1
N
L171 §;i( un+cun)2§ \/;TZ (U2n2ﬂ2 a1 + ag (52512\])3).
+oo 2

From the estimate in [38] and denoting 5% = Lo+ QmaR)I(a we obtain
€

+oo 2,2 2 3
=~ 9 5 (0N T 9,9\ 3 1 \25
L‘/ng E g, (LZ_a1+a2 (b /BN)z) (12&2) 6

n=1

Consequently, Dynkin formula says that

~ 2n2m2 s 3
ex(t) = [70] e(0)+ 28 3 o (T ) 20 (258) (1 ) &

n=1

for t > 0. Since ey > 0 is increasing in N and uniformly bounded in time ¢ for
any ¢ € [0,T], we know that limy_,4cc€n(t) = e(t), and

= o?n?m? El 1\? )
0 < e(t) <e(0) + 2b ;ai (LQ - al) t+ 2as (b°B%)* (12(12> Et’
as e(0) < oo, 0?7 > L?(ay + 1) and trace(Q) = > oo, a2 < oo. O
More precisely, for T < oo,V 0 <t < T, K1,K2 >0
(Bllo(t, )7 + Ko)e™ ™ = Bllu(t, )3 = Bllu(t, )3

In fact, if o%7% > L?(a;+1), we can know that the following mentioned estimates
of second moments have linearly bounded ones (in time). For T' < oo, 3 ¢ >
0, 0<t< T, Ellu(t,)F < Elot )l < Elv(0,)I + ct.

4 Numerical Methods for Fourier Coefficients

The truncated Fourier series @, v in Eqs (2.5)) satisfy the Eqgs . Since the
explicit solution is unknown, we take advantage of numerical approximations.

Along partitions 0 = tg < t1 <ty < -+ < tp, =T of interval [0,T] with the
step sizes hy, = tp41 —tp, and 0 = 29 < 1 < x2 < - - - < x,, = L of interval
[0, L] with the step sizes d,, = Tp 41 — Tp-
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For each fixed x,,, let us consider the forward Euler method for ¢,

o2k2 72
Cuk(” + 1) :hncvk(n) ( 7,2 tar—az Z ul ) + Cvk(n) + bkAW!f?
(4.1)
where AWF = Wi (t,11) — Wi(tn) € N(0,h,). Other one is backward Euler
method
02k2

Cok(n+1) :hncvk(n—I—l)( GQZ ¢ (n41) ) + cor(n) + bkAW,’f.

(4.2)
In our opinion, the best approach is linear-implicit Euler-type method
o222

Cvk(n+1) :hncvk(nJrl) < 12

+a; — CLQZ e ) + cyi(n) erkAW,]f.

(4.3)
After calculating the ¢k, we can obtain v(t,11, ) = 25:1 Con(t)en(x). Then
un can be calculated

a(thrla :Eerl) :dn (E(thrlv xm) - ﬂ(thrh xm)) + a(tn+17 xm)

We note that Eqgs has a disadvantage that is lacking of stability and mono-
tonicity deficits. A slight disadvantage of Eqs is that we have to solve
locally implicit algebraic equations at each iteration step n, which results in a
lot of calculation and time. An advantage of methods and is very well
stability and moment dissipativity behavior, and they keep some monotonicity
properties [34 [35].

Theorem 4.1. Consider the forward Fuler method that
Cvk( ) =+ bk;AWk
1+ hy, (021@772 —ay + as Zl 1 vl( ))

where n € N, by, = bay, and Awk € N(0,h,,). If 0?72 > L%(ay + 1), their second
moments is linearly bounded in time,

cop(n+1) =

[HU( ns ] < +oo.

Proof. Suppose that 1+ h,, (a1 +1)| > 0. The Eqgs 4 4)) is finite due
(2.6),

to the linear-implicit character of method l . From Eqs t follows

cuk(n+1) — cup(n)

= [Cvk(t) — Cuk(t

b,
wk(n+1) — ¢y —o?k*r? Wi(tn +1) — Wi(tn
cor(n h) cor(n) _ il +a17agzcvl ew + be A ) = Wi(tn)
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It remains to consider the second moments. We estimate ¢, by Eqs (4.4))

Cvk( )+bkAwk
1+ h, {a2k2ﬂ2_a1+a2zl ) vl( )]

Cvk(n + 1)

7

[ex(n))” + bE R, i
[1 + hy (“2’“2”2 —a+a N 2 (n ))]

Since denominator is less than one, we have

Elex(n+1)]> =E

E [cor(n + 1)]” <E [eor(n)]* + (b)* b < Eleor(0)] + (br)*tn1-

From Egs (2.5)), we obtain

N N N
SE [llew ()] < OB [lea O] + 62 Y aft:
k=1 k=1 k=1
Since Y725 a2, 377 |lewr (0)]]? < oo, we obtain that, as N — oo and h — 0
“+o0
E [[lo(tn, ) ZE lewr(m)]1?] < ZE lew ()17] + 0 Y agitn < oo.
k=1

O

Recall the definition in [38], let ¢} denote the numerical approximation of the
k-th Fourier coefficients cj. The numerical approximation ¢j, = (c¢)g=12.... x is
said to be mean consistent with rate rg iff there are a constant Cy = Cy(T") and
a positive continuous function or functional V' such that

Vn=0,1,- - -,np — 1:|[E[c(n + 1)]=E[c"(n + 1)]|| »<CoV () h7°

along any (nonrandom) partitions with sufficiently small step sizes h,, < § <1,
where ||| is the Euclidean vector norm in R, provided that one has nonrandom
data c(n) = c"(n).

Lemma 4.2. The method (LIM) governed by Eqs s mean consistent with
rate ro = 1.5.

The similar results may be found in [38].

5 Numerical Experiments

Under the condition that o272 > L?(a; + 1), we present the results of sys-
tematic numerical simulations for solutions of the SDEs. The order is de-
fined by order = lg (||[E[c(n+ 1)] — E[c"(n+1)]||5). The ratio is defined by
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ratio = ’1 - % , where F is the total energy of the system at ¢ = 0 and € is
the noise.

Case 5.1. We consider the simple initial data with

1
<=L
z < 5L,

1
—L.
(E>2

Figure 1: The numerical results at the Figure 2: The numerical results at the
times ¢t = 2 with ratio =~ 1%

times ¢t = 2 with ratio~ 5%

Figure 3: The numerical results at the Figure 4: The total energy with differ-
times t = 2 with ratio > 10%

ent random terms at ¢ = 10 with ratio

~ 1%
2oc0r0 soco
-
- . s o
B o oo B
° 3000} 5°° N .8 o L
o o °° a °® © o9 5
s I e e SO LR
ool @&, 0952 oot P 28 &0 Fame B
2%, 2 2000 °§(9Q> Sog, 000z 8 %
ﬁ” . o
w&ﬁ%gowogo& %% ST 0T e o0 E %
CS 150 o e °

Figure 5: The total energy with dif- Figure 6: The total energy with differ-
ferent random terms at ¢ = 10 with ent random terms at t = 10 with ratio
ratio~ 5% > 10%

The parameters T = 2, At = 0.05, Az = 0.01,L =1, a; = 0.1,a3 =1

=01,ap =

and o = 9 are chosen over the region [0,1]. In Figure and |3} the lines of
7.7 and 70” respectively denote the initial value 4 (0, z) and the terminal value
u(2,z). Figure[l]shows that the wave dissipates at time ¢ = 2. Figure [2] [3|show
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Figure 7: The numerical results at the Figure 8: The numerical results at the
times ¢t = 10 with ratio ~ 1% times ¢t = 10 with ratio~ 5%

Figure 9: The numerical results at the Figure 10: The total energy with d-
times ¢ = 10 with ratio > 10% ifferent random terms at ¢t = 10 with
ratio = 1%

°
2 oo g o° S o o
°82 7% o AT o @o R o o =
& Sog T @B, © oo Cae B oo an8%o
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Figure 11: The total energy with d- Figure 12: The total energy with d-
ifferent random terms at ¢ = 10 with ifferent random terms at ¢t = 10 with
ratio~ 5% ratio > 10%

Table 1: Order of convergence in space and time for the Euclidean vector norm
Ax | At | ratio | order | ratio | order
0.01 | 0.05 | 1% | 4.1677 | 5% | 3.0281
0.01 | 0.1 1% 4.014 5% | 2.6964
0.05 | 0.05 | 1% | 4.5498 | 5% | 3.4972
0.05 | 0.1 1% | 49379 | 5% | 2.6441

10
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the influence of noise enhancement on waveform. When the ratio > 10% , the
waveform was destroyed. Figure [4 [5] and [6] present the total energy evolution
and show that the total energy stablely declines. However the total energy is
linearly bounded in time. These results are in good agreement with the Theo-
rem Similarly, Table [1] presents the numerical results of the linear-implicit
Euler-type schemes, which are in good agreement with Lemma

Case 5.2. In the second case, the initial data is same to the case 1. Using
L=1,a,=1 a,=1, b=1 and 0 =9, we present the numerical solution at
the terminal time T = 10.

Table 2: Order of convergence in space and time for the Euclidean vector norm
Ax | At | ratio | order | ratio | order
0.01 | 0.05 | 1% | 4.5093 | 5% | 3.3822
0.01 | 0.1 1% | 4.1886 | 5% | 2.5853
0.05 | 0.05 | 1% | 4.0957 | 5% | 3.8375
0.05 | 0.1 1% | 4.4245 | 5% | 3.2689

Figure [7] shows that the wave dissipates at time ¢ = 10. Figure [§ [9] show
the influence of noise enhancement on waveform. When the ratio > 10% , the
waveform was destroyed. Figure and present the numerical results
of the total energy evolution and show that the total energy stablely declines.
With the increase of the noise, the downward trend is not significant but vibrate.
These results are in good agreement with the Theorem 4.2. Similarly, Table
presents the numerical results of the linear-implicit Euler-type schemes, which
are in good agreement with Lemma [£.2]
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Abstract

In this paper, we introduce an iterative process for approximation of a common fixed point for a finite
family of multi-valued Bregman relatively nonexpansive mappings with a solution of the split feasibility
problems in p-uniformly convex and uniformly smooth Banach spaces. We prove the strong convergence
theorems of the proposed iterative process in p-uniformly convex and uniformly smooth Banach spaces

and present the numerical results to verify the efficiency and implementation of our results.

Keywords: Bregman relatively nonexpansive mappings; strong convergence theorems; uniformly convex

Banach spaces; uniformly smooth Banach spaces; split feasibility problems.

1 Introduction

Let F7 and F5 be two p-uniformly convex real Banach spaces which are also uniformly smooth. Let C and
@ be nonempty closed convex subsets of F; and Es respectively, A : F; — E5 be a bounded linear operator
and A* : E5 — E7 be the adjoint of A. The split feasibility problem (SFP) is to find a point

x € C such that Az € Q. (1.1)

Note that the inverse image of the set Q under A is a convex set. Hence the problem 1.1 can be written in
case that the intersection C'N A~1(Q) is nonempty. We will denote the nonempty solution set of (1.1) by
Q= CnNAYQ). Therefore  is a closed convex subset of Ej.

In 1994, Censor and Elfving [8] introduced the SFP (1.1) in finite-dimensional Hilbert spaces for mod-

elling inverse problems which arise from phase retrievals, medical image reconstruction. Various algorithms

*Corresponding author.
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have been invented to solve the SFP (1.1) ( see [2, 6, 11, 25, 28, 29] and the references therein). In particu-
lar, Byrne [6] introduced a so-called CQ algorithm, taking an initial point z arbitrarily and construct the
sequence {z,} by

ZTpy1 = Po(zn, — vyA*(I — Pg)Az,),n > 1,

where 0 < v < W, and Pc denotes the projection onto a set C. That is, Po(z) = argmingec ||z — |-
Recently, Schopfer et al. [19] solved the SFP (1.1) in p-uniformly convex real Banach spaces which are also

uniformly smooth using the following algorithm: for z; € E; and n > 1, set
Tpil = HCJqf[ngxn — tnA*ng (Az,, — Po(Axy))], (1.2)

where IIo denotes the the Bregman projection and J the duality mapping. Clearly the above algorithm
covers the Byrne’ CQ algorithm [6]. They used algorithm (1.2) for obtaining the weak convergence result
in a p-uniformly convex real Banach spaces which are uniformly smooth with the condition that the duality
mapping of F is sequentially weak-to-weak-continuous. In 2014, Wang [26] studied the following multiple-sets
split feasibility problem (MSSFP) (see [11]): find x € E; satisfying

T r+s
S m C;, Az € m Qj (13)
i=1 Jj=r+1

where 7, s are two given integers, C;,¢ = 1, ..., 7, is a closed convex subset of Fy, and ), j = r+1,...,7+s,is a
closed convex subset in Ey. Wang [26] modified the above algorithm (1.2) and proved the strong convergence
theorem using an idea appeared in [13] and the following algorithm: for any initial guess z¢, define {z,}

recursively by

Yn = Thry
D, ={ue€ E:A,(yn,u) < Ap(xn,u)} (1.4)
E,={u€E: (x, —u,Ju(zy) — Jo(z,)) > 0} ’
Tn+1 =1p,ne, (z0),
where T;, is defined, for each n € N, by
pp o [ o @), 1<it) <7 _ (1.5)
T g, (@) — tn A", (I — P, )Az],r + 1 <i(n) <7+,
i : N — I is the cyclic control mapping
i(n)=n mod (r+s)+1,
and t,, satisfies
0<t<t,<(mbre)it
T T Gl
For better comparison of (1.5) with (1.2), we state a version of (1.2) for solving problem (1.3):
Tny1 = ey, e [TE, (@n) — tn A"JE, (Azn — Po,,,, (Azy))], (1.6)

where ¢ : N — I is the cyclic control mapping
i(n) =n mod (r+s)+ 1.

In 1967, Bregman [3] has discovered an elegant and effective technique for the use of the Bregman

distance function A, in the process of designing and analyzing feasibility and optimization algorithms.
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This opened a growing area of research in which Bregman’s technique is applied in various ways in order
to design and analyze iterative algorithms for solving not only feasibility and optimization problems, but
also algorithms for solving variational inequality problems, equilibrium problems, fixed point problems for
nonlinear mappings, and so on (see [16, 4, 17] , and the references therein).

Recently, Shehu et al. [22] studied split feasibility problems and fixed point problems concerning left
Bregman strongly nonexpansive mappings: find an element x € F; satisfying

x € CNF(T) such that Az € Q. (1.7)

Shehu et al. [22] proposed the following algorithm: for a fixed u € Ey, let {z,}52, be iteratively generated
by uy € El,
{ 2 =T Th [J5, (un) = ta A*JB, (Au, — Po(Aun))] 08

Upi1 = chqi‘(anjgl (u) + (1 — an)ng (Tzy)), n>1,

where {a, } is a sequence in (0,1). Moreover Shehu et al. [22] proved the strong convergence of the sequence
generated by (1.8) for solving problem (1.7) in p-uniformly convex real Banach spaces which are also uniformly
smooth.

In 2014, Pang et al. [9] showed that the class of Bregman relatively nonexpansive mappings embraces
properly the class of Bregman strongly nonexpansive mappings. Very recently, Shahzad and Zegeye [21]
introduced the class of multi-valued Bregman relatively nonexpansive mappings which includes the class
of single-valued Bregman relatively nonexpansive mappings. Hence, the class of multi-valued Bregman
relatively nonexpansive mappings is a more general class of mappings and gave a example of a multi-valued
Bregman relatively nonexpansive mappings. Moreover, Shahzad and Zegeye [21] proved that if C is a
nonempty closed convex subset of int(domf) where f : E — R is a uniformly Frechet differentiable and
totally convex on bounded subsets of E and T : C — CB(C) is a Bregman relatively nonexpansive mapping,
then F'(T) is closed and convex.

Our aim in this paper is to construct an iterative scheme for solving problem (1.7) which is also a
fixed point of a multi-valued Bregman relatively nonexpansive mapping T in p-uniformly convex real Banach
spaces which are also uniformly smooth and then prove the strong convergence theorems of the sequences

generated by our scheme under some suitable assumptions.

2 Preliminaries

Let 1 < ¢ <2 <p with % + % = 1. The modulus of smoothness of F is the function pg(7) : [0,00) — [0, 00)
defined by

1
p(r) = sup { Sl + yll + lz = l) = 1: lal] < 1yl < 1},

E is called to be uniformly smooth if
tim P2 _ g
T—0 T

and F is called to be g-uniformly smooth if there exists a Cy > 0 such that pg(7) < Cy7? for any 7 > 0.
The modulus of convexity of E is the function dg : (0,2] — [0, 1] defined by

r+y
2

6p() = inf {1 | =2 < ol =yl = 3¢ = llo — ] }.
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E is called to be uniformly convex if dg(¢) > 0 for all € € (0,2] and p-uniformly convex if there is a C, > 0
so that dg(e) > Cpe? for any e € (0,2]. The L, space is 2-uniformly convex for 1 < p < 2 and p-uniformly
convex for p > 2.

Lemma 2.1. [27] Let x,y € E. If E is q-uniformly smooth, then there exists a Cq > 0 such that

l = ylll* < [lz]|* = qly, T ()} + Cqllyll“

It is known that if F is p-uniformly convex and uniformly smooth, then its dual E* is g-uniformly smooth
and uniformly convex. Moreover the duality mapping J% is one-to-one, single-valued and J%, = (Jg.)™*
where J1. is the duality mapping of E* (see [10, 14]).

Definition 2.2. The duality mapping J% : £ — 2" is defined by
Jp(x) = {z € E* : (z,7) = [|z|]”, | z||P = ||="~"}.
The duality mapping J4, is said to be weak-to-weak continuous if
Ty = = (Joxn,y) = (Jox,y)
holds for any y € E. We observe that [,(p > 1) has such a property, but L,(p > 2) does not have this

property.

Let f: E — (—o0,400] be a convex function and x € int(dom)f. The function f is said to be Gateaux

differentiable at x if
i &+ ty) — flz)

t—0+ t

exists for any y € F.

Definition 2.3. Let f : E — R be a Gateaux differentiable convex function. The Bregman distance with

respect to f is defined as:

/

Ap(z,y) = fy) — f(x) = {f (=), y —z), 5,y € E.
It is worth noting that the duality mapping J%, is in fact the derivative of the function f,(z) = (%)Hm”p .
Then the Bregman distance with respect to f, is given by

1 1
Ap(z,y) = 6||33||” = (Jp@,y) + EIIZ/HP

1
= E(IIyII” = [lzlI”) + (Jpz, x — )
1
= §(||sz —lylI") = {(Jpz — Jgy, z).

In general, the Bregman distance is not a metric due to the absence of symmetry, but it has some distance-
like properties.

The following are some of important properties of the Bregman distance which are needed in the sequel
Ap(z,y) = Ap(z, 2) + Ap(z,y) + (z — vy, Jpx — Jhz), (2.1)

and
Ap(z,y) + Ap(y,z) = (x —y, Jpr — Jpy). (2.2)
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For the p-uniformly convex space, the metric and Bregman distance has the following relation (see [20]):
Tl —yll” < Ap(x,y) < (x -y, Jpz — Jpy), (2.3)

where 7 > 0 is some fixed number.

Let C' be a nonempty closed convex subset of E. The metric projection
Pex = argmin ||z —y||, z € E,
yeC
is the unique minimizer of the norm distance which can be characterized by a variational inequality:
(Jo(x — Pex),z — Pex) <0, Vze C. (2.4)
Similar to the metric projection, the Bregman projection is defined as
Ilgx = argmin A, (z,y), € E,
yeC

which is well-defined and the minimizer of it is unique (for more details see [19]). The Bregman projection

can also be characterized by a variational inequality:
(Jo(z) — Je(Mex),z — Hex) <0, Vz e C, (2.5)

from which one has
Ay(Ilex, 2) < Ap(z,2) — Ap(z,IIex), Vz e C. (2.6)

Following [1] and [7], we use of the function V,, : E* x E — [0, +00) associated with f,, which is defined
by
1 1
Vp(Z,2) = 6||j||q —(Z,z) + 5||x|\”, Vxe E, T € E".

Then V,, is nonnegative and V,(z,z) = A,(JL.(Z),z) for all z € E* and y € E.
Moreover, by the subdifferential inequality,

’

(f(z),z —7) < f(7) - f(2). (2.7)

With f(z) = L||z[|% = € E*, then f () = J%., we have

T
q 1 a_ Ly *
(Tig- @)y} < Cllw = yl* = 22l vy € B (2.8)
Using (2.8), we have for all Z,y € E* and « € E that
- | Lo
Vo@+g.2) = _lz+gl" = @+g.2)+ ]
L _ _ L 1
=z Sl + @, S (2)) = (2 + 9, 2) + Ll
1, _ 1 _ _
= —[z)* = (&, ) + =~ ll«]” + (@, JE- (7))
q p
1, _ _ 1 _ _
= Il = @ @)+ Zlel” + (o T (Z) — )

= ‘/17(%71') + <g7 ‘]Z'}* ('f) - $>
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In other words,
Vo(@,2) + (1, - (Z) — ) S V(2 + 9, 2), (2.9)

for all x € E and z,§ € E* (see, for example, [23],[24]).

Let C be a nonempty closed convex subset of a smooth Banach space E and let T be a mapping from C
into itself. A point p € C is said to be an asymptotic fixed point [16] of T if there exists a sequence {x, }nen

in C which converges weakly to p and lim, o ||, — Tz, || = 0. We denote the set of all asymptotic fixed

points of T' by F(T).
Definition 2.4. Let C' be a nonempty convex subset of int(domf). A mapping T : C — int(domf) with
F(T) # () is called to be

(i) Bregman quasi-nonexpansive if

ATz, %) < Ap(x, %), Vo € C,7 € F(T);

(ii) Bregman relatively nonexpansive if F(T') (T),

=F
ATz, z) < Ap(x,Z), Yo € C,z € F(T);

(iii) left Bregman strongly nonexpansive with respect to a nonempty F/(T) if
Ay (Tx,7) < Ay(x,7), Yo € C, & € F(T),
and if whenever {z,} C C' is bounded, z € F(T) and

lim (Ap(xna(z) - Ap(T%,T/)) =0,

n—oo

it follows that
lim Ap(zy,Tz,) =0.

n—oo

It is obvious that any left Bregman strongly nonexpansive mapping is a Bregman relatively nonexpansive
mapping, but the converse is not true in general. Pang et al. [9] showed that there exists a Bregman relatively
nonexpansive mapping which is not a Bregman strongly nonexpansive mapping.

Let N(C) and CB(C) denote the families of nonempty subsets and nonempty closed bounded subsets
of C, respectively. The Hausdorff metric on CB(C') is defined by

H(A, B) = max{sup dist(z, B), sup dist(y, A)},
T€A yebB

for all A, B € CB(C) where dist(x, B) = inf{||x — y|| : y € B} is the distance from a point z to a subset B.

Recall that a multi-valued mapping T : C — CB(C) is said to be

(i) nonexpansive if H(Tz,Ty) < ||z —y||, for all z,y € C;

(ii) quasi-nonexpansive if F(T) # () and H(Tz,Tp) < ||z — p||, for all z € C and p € F(T).
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Let T: C — CB(C). A point p € C' is said to be a fixed point of T if p € F(T) where F(T)={peT:p€
Tp}. A point p € C is said to be an asymptotic fixed point [16] of T if there exists a sequence {x, }nen in
C which converges weakly to p and lim,,_, dist(x,, Tz,) = 0.

Definition 2.5. [21] Let T : C — CB(C) is said to be Bregman relatively nonexpansive if the following
conditions are satisfied:
(A1) F(T) is nonempty;
(A2) Ap(z,%) < Ap(z,z) for z € Tx, z € C and T € F(T);
(A3) F(T) = F(T).
The following is the example of a multi-valued Bregman relatively nonexpansive mapping appeared in
[21]:
Example 2.6. [21] Let I = [0,1], X = LP(I),1 <p<ooand C = {f € X : f(z) > 0,Vz € I}. Let

T :C — CB(C) be defined by

{ {heC: f(z) — 5 <h(x) < fla) - §, Vo € I}if f(a) > L Ve el (2.10)

{0}, otherwise.

Then T is defined by (2.10) is a multi-valued Bregman relatively nonexpansive mapping.

We next state the following lemmas which will be used in the sequel.

Lemma 2.7. [5] Let E be a Banach space and f : E — R a Gateaux differentiable function which is locally
uniformly convex on E. Let {x, }nen and {yn tnen be bounded sequences in E. Then the following assertions

are equivalent
(Z) lim,, 00 Df (In, yn) =05

(ii) 1imy o0 |20 — ynll = 0.

Lemma 2.8. [12] Let E be a Banach space, let v > 0 be a constant, and let f : E — R be a uniformly

convex function on bounded subsets of E. Then

F(DS anan) <37 anf@n) = csaor(les = wil),
k=0

k=0

for all i,j € {0,1,2,...,n}, z € By, ay € (0,1), and k = 0,1,2,...,n with >, _, ) = L,where p, is the
gauge of uniform convexity of f .

Lemma 2.9. [27] Let {a,} be a sequence of nonnegative real numbers satisfying
an+1 < (1 —an)an + anop + v, n 21,

where (i) {an} C [0,1], > o = 005 (i) limsup o, < 0; (44) v, > 0; (n > 1), > v, < 0. Then, a, — 0 as
n— 00.
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3 Main results

In this section, we introduce an iterative process for approximation of a common fixed point for a finite family
of multi-valued Bregman relatively nonexpansive mappings with a solution of the split feasibility problems
in p-uniformly convex and uniformly smooth Banach spaces and prove the strong convergence theorems of

the proposed iterative process in p-uniformly convex and uniformly smooth Banach spaces

Theorem 3.1. Let E; and FEs be two p-uniformly convex real Banach spaces which are also uniformly
smooth. Let C and @ be nonempty closed convexr subsets of E1 and Fs, respectively, A : E1 — E3 be a
bounded linear operator and A* : E5 — EY be the adjoint of A. Suppose that SFP has a nonempty solution
set Q. Let {T;}N.| be a finite family of multi-valued bregman relative nonezpansive mappings of C into
CB(C) such that F = "X F(T;) NQ # 0. Let uy € By and the sequence {x,} be generated by

{ o = e d [T, (un) — ta A" i, (Au, — Po(Auy,))]

i i i (3.1)
Uil = HCJ%I*(a%O)ng (Tn) + Zf;l a%)Jp (z%))) ,zé) € Tixp,

where {ag)} C [a.b] C (0,1) for alli=0,1,...,N such that Z Oan = 1. Suppose the following conditions

are satisfied:

(i) 2 lan =0 foralli=0,1,...,N.

1

(ii) 0<t<t,<k< (%)F‘-
Then the sequence {x,}52, converges strongly to an element z* € F.

Proof. Let x* € Q. Suppose that w,, = Au,, — Po(Au,) and v,, = JJ%{ (5, (un) —tn A*JE, (Auyn — Po(Auy))],
Vn > 1. Therefore z,, = Il v,, Vn > 1. It follows that

(I3, (100), Aty — Az") = || Aup — Po(Aun)|? + (3, (wn), Po(Auy) — Az™)
> || Ay — Po(Au)|? = Jwn " (3.2)
By Lemma 2.1, we obtain that
Apln, %) < Ap(vn, 27
= AP(JEl* [ng (un) — tnA*ng (wy)], %)
= <I17B, () = tn AT, (07 = (T, (n), ") + (T, (00, A0") + P
Cy(tall Al
q
~ (T, () ")+ T, (w0), Aa*) + P

1
< 5||Jf§1 (un) | = tn (A, Tz, (wn)) + 15, (wn) ||

1 * 1 *
= gllunl\” — (Jg, (un), z%) + EHw 17 + tn (Aun, Jg, (wn))

C,(t,||AN?
+q(£)wammw

= Ay (Un, o) + tn(Jp, (w,), Az™ — Auy,) +

C,(t,||A|N?
‘*3”)wawmw

= A, 0) (0 = 5 ) o 7 (3.3)
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Using the condition(ii), we have
Ap(xn, ") < Ap(up,z*) ¥n > 1.

Now, using (3.1), we have

Ap(Tnr1,2%) < Ap(unst, ) < DAy (wn, 2*) + Y alD AL (), 2%)

= Ap(zy, ). (3.4)
This shows that {A,(z,,2*)} is a bounded decreasing sequence. Hence the lim,,_ oo Ap(zy,2*) exists and

thus Timy, o0 (Ap (T, 7) — Ap(@ng1,2%)) = 0. Let yo = J. (T3 (2n) + 1L, 0t TG (), n > 1.
Therefore

Ap(xn-&-la z") < Ap(un—Ha x")

= V(% (x +Za(z T8 (D), 2*)

< Vo@D Jg, (n) + Zaﬁf)Jﬁl (=) = (T, (wn) = Tp, (7)), 27)
+ O‘SLO) <J§1 (:Cn) - ng (:C*)a Yn — $*>
N
=V, (2075 (@) + Y oD Th (250),2%) + oD (TG (zn) — 5, (&%), yn — ¥)
=1
= aDV, (I, (@"),a%) + Za“ (Jh, (2),2%)
+ ano)(ng (xn) = Jp, (%), Yn — )

=D al A, (20, 2%) + alP(JE, (z0) — Th, (@) ya — 27)

N
<Y allAp(an,2") + oD (JE, (n) =I5, (27),yn — 7). (3-5)
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By Lemma 2.8, we obtain that
Ap(Tnir,2") < Ap(unir, z7)

N
= V() JE, (a0) + ) al) TR, (21), )

N
1 * 7 7 *
= gllx 9= (D Tg, (@) + Dl Tp (250), =)

i=1

N
1 % i
+ Z;IIO&O)JE (n) + Y @D T, ()7

N

1 * * 3 ] *

= gllx 19— @l (Jp, (@n),2%) = Y @l (g, (=), 2%)
=1

N
1 i i
+ ];IIO&O)J& (@) + Yl Th (z)]P

N
1
<l - aO(J% (zn),2*) =Y ol (5 (2(7),27)
1=1

1 .
+ a%O)EIIJp (@n)[I” + Za(” 175, GNP = oDl p, (195, () =I5, (Z)])
i=1
= aV,(Jp, (2n),2*) + Za(l (T, ) 2%) = aDal p, (|17, (x0) = T, )

N

=Dy (w0, 2") + D alP ALY, 2%) — alDaD p, (175, (xn) — T5, (2)])
=1

N . .

< O‘%O)Ap(xnvx*) + Zag)Ap(xn,x*) - ag)ag)pr(Hng (Tn) — ng(zs))”)
=1

= Ap(@n,z") — aPaif oo (T, (@n)? — T, (z0)]).
Thus
oD pr (175, (@a)llP = T, (Z0)) < Ap(an,27) = Ap(@nsr,a7).
Then, from (3.6), we have
oD pr (195, (x0) =I5, (Z)]) = 0, n = cc.

By the property of p,., we have
i (5, (2) — 5, ()] = 0.

Since J%. is norm-to-norm uniformly continuous on bounded subsets of E¥, we have
E 1
1

lim ||z, — 29| = 0.
n—oo

Since d(zy,, Tixy) < ||2n — ZS)H, we have

lim d(z,,Tiz,) =0,

n— o0

(3.6)
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for each i = {1,2,..., N}. Since {z,} is bounded, there exists a subsequence {x;} of {z,} that converges

weakly to z. Since T; is a multi-valued Bregman relative nonexpansive mapping, we obtain z € F(T;), for

each i € {1,2,..., N} and hence z € N¥_, F(T;).
We now show that z € . From (3.3), we obtain that

tnl|Al)?
(S E0%Y i, — PP < 8y %) = Ay ).
From (3.4), we have
Ap(un-i-lvx*) < Ap(x’mx*)'
Putting (3.7) into (3.8), we have

q
(Sl 2Y a, — Po(un) P < By (nmr, %) = By,

By condition (ii) and (3.9), we have

O<t(1

q—1 q
_ quqHAH) | Ay, — Po(Auy)|?

Cyltall Al )
< (tn = =5 ) Aun — Po(Aw,)|
< Ap(xn_1,2") — Ap(zp, z7).

Hence, we obtain that
lim ||Au, — Pg(Au,)|| = 0.
n—oo

Since v, = J%f (5, (un) — tn A*Jp, (Au, — Po(Auy))], Vn > 1, then we have
0 < [|7E, (vn) = Jg, (un) | < ta | A|[[|TE, (Aun — Po(Aun))|

q
< -
- (Cq||A||q

It follows that

T (|78, () — T2, ()| = 0.
Since J%f is norm-to-norm uniformly continuous on bounded subsets of F], we have
lim |lv, — u,| = 0.
—00

Furthermore,

||qu (5, (un) — tn A" T (Au, — Po(Auy))] — unll = lvn — unl| = 0,n — oc.

Since Jg, is norm-to-norm uniformly continuous on bounded subsets of E1, then

LA T3, (Au, — Po(Au))|| < tal| A" T8, (Au, — Po(Au,))|

= /5, (un) = tn A" Jp, (Aun — Po(Aun)) = Jp, (un)|-

Thus
lim [|A*JE, (Au, — Po(Auy))|l = 0.

n— oo

q—1
) 1A Aun — Po(Aun) P

(3.10)

(3.11)
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From (2.6) and (3.4), we obtain that

Ap(Vn, ) = Ap(vy, Ievy)

< Ap(vp, ") — Ap(zy, %)

< Ap(up, ") — Ap(zy, %)

< A;D(mn 1,x*) - Ap(xn,x*)
This implies that

n11_>r1010 lvn — zn] = 0.
Hence
|zn — unll = |vn — wnll + ||vn — zn|| = 0 as n — oc.

Since {z,} is bounded, there exists {z,,} of {z,} such that z,, — 2 € w,(z,). Since z,, — 2z and

limy, o0 || 25 — un|| = 0, we obtain that u,; — z. From (2.2), (2.5) and (2.3), we have
Ap(z,1e2) < (Jp, (2) — Jp, (Ie2), 2 — TL.2)
= (JE, (2) = T, (ez), 2 = un,) + (T, (2) = Jg, (e2), tn; — eun,)
+ (Jp, (2) = Jp, (Te2), ey, —11ez)
< <J§1 (2) - ng (Hez), 2 un1> <J£“1( z) — ng (ch>7un]’ - chnj>-

As j — oo, we obtain that A,(z,1I.2) = 0. Thus z € C. Let us now fix v € C. Then Az € ) and

(2 = Po)Aun, [ = (T8, (A, — Po(Aun,)), Az, — Po(Auy,)
= (Jp, (Azn — Po(Auy,)), Az, — Az) + (Jp, (Ax, — Po(Auy,)), Ay — Po(Aun,))
( I, (Axy, — Po(Auy,)), Aun,; — Az)

M||A*(I — Pg)Au,, ||P~" — 0,n — oo,

where M > 0 is sufficiently large number. It then follows from (2.4) that

I(I = PQ)Az||P = (Jg,(Az — Pq(Az)), Az — Po(Az))
<J§2 (Az — Py(Az)), Az — Auy,,) + (ng (Az — Py(Az)), Aup, — Po(Auy,))
+ (JE, (Az — Po(Az)), PQ(AunJ) Po(Az))
< (T8, (A2 — Po(A2)), Az — Aup,) + (T8, (A2 — Po(A2)), Ay, — Po(Auy,)).

Also, since Au,; — Az, we have that
Jim [[(I = Po)Az|| = 0.

Thus Az € Q. This implies that z € Q and hence z € F(T) N Q.Furthermore, we have
Ap (@, yn) < DA (2, 2,) + Za&f)AP(azn, 2. (3.12)

Since ||z, — z,@H — 0 asn — oo and {2%} is a bounded sequence. By Lemma 2.7, we obtain that

limy, 00 Ap(zp, zg)) = 0. From (3.12), it follows that ||z, — yn|| = 0,n — co.
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Let p € F(T) N Q. We next show that limsup,,_,..(Jg, (#n) — J5, (P); yn — p) < 0. To show the inequality
limsup,, . (Jp, (zn) = J5, (9),yn — p) < 0, We choose a subsequence {x,,} of {,} such that

limsup<J§1 (xn) — ng (p),xn, —p) = lim <J§1 (2n) — ng (p), 2n; —p) = 0.

n—oo n— oo

Since ||zn, — yn|| = 0 as n — oo and (2.5), we obtain that

limsup(Jg, (2,) — J, (), yn — p) < limsup(Jp (zn) — Jp, (p), ©n — p) = 0. (3.13)
n—oo n—oo
Using (3.13), (3.5) and Lemma 2.9, we obtain that A, (z,,p) = 0,n — co. Hence, z,, = p as n — oc. O

Corollary 3.2. Let Ey and Ey be two Ly, spaces with 2 < p < oco. Let C and () be nonempty closed convex
subsets of Ey and Es, respectively, A : Ey — Ey be a bounded linear operator and A* : E5 — Ei be the
adjoint of A. Suppose that SFP has a nonempty solution set Q. Let {T;}Y. be a finite family of multi-valued
Bregman relative nonexpansive mappings of C into CB(C) such that F = NN, F(T;) N Q # 0. Let uy € By
and the sequence {x,} be generated by

{ = Mo J - [Th, (un) — 1, A" TG, (A, — Po(Auy))] (3.14)

tn 1 = e (08 TG, (20) + Sy al TG (2))) 28 € Ty,

where {asf)} C [a.b] € (0,1) for alli=0,1,...,N such that ZZ 0 o) = 1. Suppose the following conditions
are satisfied:

(i) X2 lan =0 forali=0,1,...,.N

1

(i) 0<t<t,<k< (m)ﬁ.
Then the sequence {x,}°2, converges strongly to an element z* € F.

If we assume that each T;,7 = 1,2,..., N, in Theorem 3.1 is a Bregman relative nonexpansive single-
valued mapping, we obtain the following corollary:

Corollary 3.3. Let Ey and Es be two p-uniformly convex real Banach spaces which are also uniformly
smooth. Let C and @ be nonempty closed convexr subsets of E1 and Fs, respectively, A : E1 — E5 be a
bounded linear operator and A* : E5 — EY be the adjoint of A. Suppose that SFP has a nonempty solution
set Q. Let {T;}N.| be a finite family of single-valued Bregman relative nonezpansive mappings of C into C
such that F = NN, F(T;) NQ # 0. Let uy € Ey and the sequence {x,,} be generated by

{ T = T [J5, (un) = tn A*J5, (Auy, — Po(Auy))] (315)

0 N i
Un+1 = HCJ%; (017(1 )ng (zn) + 2 2im1 O‘SLZ)ng (Tizn)),

where {ag)} C [a.b] C (0,1) for alli=0,1,...,N such that ZZ Oan = 1. Suppose the following conditions
are satisfied:

(i) 22 1an =0 foralli=0,1,...,N

(i) 0 <t <tn <k < (gylap) ™"

Then the sequence {x,}52, converges strongly to an element z* € F.
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4 Numerical Example

In this section, we present the numerical example supporting our main result. All codes are written in
Matlab2013b.

Example 4.1. Let By = Ly([0,1]) = E5 with the inner product given by

(f,9) = /O f®)(g(t)dt.

Suppose that
C:={x € Ly([0,1]) : (x,a) = b},

where a = 2t and b = 0. Therefore

b—{a,x
Pco(z) = max {O, ”a<||é>}a + .
Let
Q= {x € Ly([0,1]) : (z,c) = d},
where ¢ = % and d = —2. It follows that
Py(z) = wc + .
llell3
Define

A Ly([0,1] — Ls([0,1] by (Az)(t) = @

Then A is a bounded linear operator with ||A|| = 2 and A* = A. Suppose that

{heC: f(x)—32 <h(x) < flx)—L,Vael}if f(x) >1,Va el
Tl(f){ {0}, otherwise, ' ’ (4.1)
and ) )
{geC:f(z)—3<g(x) < flx) - g, Ve el}if f(x) >1,Vz el
T2(f){ {0}, otherwise. (4.2)

In [21], we obtain that T} and T, are multi-valued Bregman relative nonexpansive mappings. Consider the
problem:
find z € F(T) N C such that Az € Q. (4.3)

We see that the set of solutions of problem (4.3) is nonempty, since = 0 is in the set of solutions. Let
ozg)) = ﬁ, ag,,l) = %, and ag) = % for all n > 1. Put zé,l) =2, — % and 2'7(7,2) =2, — % Using the
iterative method (3.1), we obtain that

(4.4)

@y, = efuy, — 6, A% (Au, — Po(Auy)))
Uny1 = He(a= () + 2L (2, — 3) 4+ 222d (g, — 1)), n > 1

We make different choices of w; and t,, and take w < 107 as our stopping criterion.
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Case 1t, =0.001 and u; = t. We have the numerical analysis tabulated in Table 1 and show in Figure

Table 1 Example 4.1: Case 1
No.of iteration ||[Zp+1 — @nllz [Uunt1 — wnll2

2 0.45960659 0.45871914
0.03706339 0.03979071
0.00089775 0.00150921
0.00002339 0.00002339
0.00000070 0.00000210
0.00000043 0.00000141
0.00000030 0.00000100
0.00000023 0.00000075

© 00 N O Ut = W

0.5

I
—&—||ent1 — zallz

—s— [itats — ]|z |]

[ltnit —unlla [l#n+1 — =l

-

& Py 4 &
B 7
nurnber of iterations

Figure 1. Example 4.1: Case 1.
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Case 2 t, = 0.0002 and u; = t>. We have the numerical analysis tabulated in Table 2 and show in

Figure 2.
Table 2 Example 4.1: Case 2
No.of iteration ||[Zp+1 — @nllz [Uunt1 — wnll2
2 0.30581518 0.30563219
3 0.02659138 0.02659287
4 0.0008344 0.00110931
5 0.00002409 0.00002388
6 0.00000053 0.00000064
7 0.00000009 0.00000028
8 0.00000006 0.00000020
9 0.00000005 0.00000015
0.35 T
—o—||rniL = =all2
—s— uags — s
|
| =
¢ $ $ ¢ $ o
number of iterations
4.jpg 4.bb

Figure 2. Example 4.1: Case 2.
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ABSTRACT
In this paper, we study the qualitative behavior of the rational recursive sequences

Tp—11
1tz 0%y 5Tn_8Tp_11

Tl = , n=0,1,2 ..

where the initial conditions are arbitrary real numbers. Also, we give the numerical examples of some cases of
difference equations and obtained some related graphs and figures using by Matlab.

Keywords: Difference Equation, Recursive sequence, Local stability, Periodicity.
Mathematics Subject Classification: 39A10.

1. INTRODUCTION

Difference equations and dynamic equations on time scales have an immense possibility for applications in engi-
neering, physics, biology, economics, etc. Lately, considerable attentiveness has been devoted to the oscillation
theory of the various classes of equations,see e.g. [1]-[42] and the references cited therein.

In this study, we are interested with the behavior of the solution of difference equations

Tp—11
Tl m, 0%y 5Tn_8Tp_11

Tpy1 = , n=0,1,2,.., (1)
where the initial conditions are arbitrary real numbers. For some outcome in this study for examples: Cinar
[8-10] obtained the solutions of the difference equations

Tn—1 Tn—1 ALp—1

— . Zpi = Tpg] = ———————.
L+tz o, " 1tz x,, T 14+ bx,Tn_1

Tn+1 =
Cinar et al. [11] gave the form of the solution of the difference equation

Tn—3
-1+ TnTpn-1Tn—2Tn—3

Tn+1 =

Elabbasy et al. [13] solved the following problem

ALy —k
Tp4+1 =

e T—
ﬁ + 0 ,];[Oxnfi
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In [14] Elsayed studied the difference equation

LTn—5
Ty = ————————,
1+ zp 0wy s

Elsayed [21-22] obtained the solutions of the following difference equations

Ln—7 x _ Tn—9
1= —.
1+ Lp—-1Tn—3Tn—-5Tn—7 , nr 14+ Tpn—4Tn—9

Tn41 =

Elsayed [23] investigated the Solution of difference equations

LTn—3

B P
Elsayed and Iricanin [24] has got the solution of the difference equation

Tpp1 = max {A, /Ty, Tno1}.

Ibrahim [26] studied the third order rational difference equation

TnTp—2

x = )
il Tp—1 (a4 bxpxpn_2)

In [30] Kent et al studied the Behavior of solutions of the difference equation

Tn+l = Tpdn—-2 — 1.

Let I be some interval of real numbers and let F' : I**1 — I be a continuously differentiable function. Then for
every set of initial condition z_j, x_gy1, ..., ®o € I, the difference equation

Tnt1 = F(Tpn, Tp-1,Tn—9,...;Tn—), n=0,1,.., (2)

has a unique solution {x,,}5° .

Definition 1. A point T € I is called an equilibrium point of Eq.(2) if T = F(T), that is,
Tp =7 forall n>—k.

is a solution of Eq.(2), or equivalently, T is a fixed point of F.

Definition 2. (Periodicity) A sequence {x,}5° . is said to be periodic with period p if z,,1, = x,, for all
n > —k.

Linearized Stability Analysis

Suppose that the function F' is continuously differentiable in some open neighborhood of an equilibrium point
x*. Let

i (z,T,...,xT) for i=0,1,... k,

- aui
denote the partial derivatives of F'(ug,u1,....ux) evaluated at the equilibrium T of Eq.(2).

Then the equation
Yn+1 = PoYn + P1Yn—1 + oo + PrYn—k , n=0,1,.., (3)
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is called the linearized equation associated of Eq.(2) about the equilibrium point Z and the equation
AL po AP — = oA = pe = 0, (4)

is called the characteristic equation of Eq.(3) about Z.

The following result known as the Linear Stability Theorem is very useful in determining the local stability
character of the equilibrium point Z of Eq.(2).

Definition 3. The equilibrium point Z is said to be hyperbolic if |F(Z)| # 1.
If |F(Z)| = 1, T is non hyperbolic.
Theorem A. [31] Assume that pg, ps, ..., pr are real numbers such that

Ipo| + |p1| + ... + |pk| < 1, or Z|pi|<l.

Then all roots of Eq.(4) lie inside the unit disk.

2. THE FIRST EQUATION Xy 1 = o plod———

In this part, we obtain the following special case of Eq.(1) in the form:

- _ Tn—11 (5)
n+1 — )
1+ 2, 2wy 52, 8T _11

where the initial values are arbitrary real numbers.

Theorem 2.1. Let {2,}° _;; be a solution of difference equation (5). Then for n =0, 1, ...

. _ pn_l 1+ dipkfe . mﬁ 1+ 4imheb . lﬁ 1+ 4ildga
tan=1l LT+ i+ 1) pkfe’ 1an=10 = 1T+ (4 + 1) mheb’ “" 2 7 LT (4 1) ldga’
nfl
+ (4i+ 1) pkfc + (4i + 1) mhed + (4i + 1) ldga
ns = k , Tign—7 =h n— )
Fazn—s E} + (41 +2) pkfc =1 = H + (47 + 2) mheb’ H12n=6 = gH + (41 + 2) ldga
n 1
+ (4i+2)pkfc + (4i + 2) mheb + (41 + 2) ldga
n— = ) n— n— d T A oNT T
125 / 1}) F (4 +3)pkfe 1T H F (4 + 3) mheb” 122 T H ¥ (4 + 3) ldga’
- _ n71+(4z’+3)pkfc bH1+ (4i + 3) mheb . *QHI—’_ (4i 4+ 3) ldga
12n=2 LT+ (4 ) phfer T T 1+ (4i + 4) mheb” """ 1+ (4i + 4) ldga’

where x_11 =p, z_190=m, x 9=l x g=k,x 7=h,x ¢g=9g, x5 =f, x_4=e,xz_3=4d, x_2 = ¢,
r_1=0>b, zg =a and Hai =1.
i=0
Proof. For n = 0, the result holds. Now, assume that n > 0 and that our assumption holds for n — 1. That is,

n—2 n—2 n—2
1+ dipkfc 1+ 4imheb 1+ 4ildga
n— = n— 5 n— l
12023 pH 1+ (41 1) phfe T2 7 mH 11 (4i + 1) mheb’ “127721 7 H 1+ (4 +1)ldga’
+ (4i+ 1) pkfc + (49 + 1) mheb + (4i + 1) ldga
#12n-20 H + (41 +2) pkfc’ F12n-19 H + (44 + 2) mheb’ Hl2n—18 = H + (4 +2) ldga’
+ (41 +2) pkfc + (47 + 2) mhed + (43 + 2) ldga
n— = ) n— b n—1o d —7
H2n—17 fH + (4 + 3) pkfc F12n-16 = H + (49 + 3) mheb Fi2n—15 H + (4 + 3) ldga
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N H1+ (4i+3)phfe _b’ﬁ1+(4i+3)mheb N S 4 (40 + 3)ldga
12n—14 = U+ (4i + 4 phfe’ 7 7 P L T 4 (4i 4 4)ymheb” 7T T T 4 (4 4 4) ldga
Now, it follows from Eq. (5) that
L12n—23
T12n—-11 =
1+ Z12n—14%12n—17% 120202 12n—23
T’H T
= n—2 n—2 n—2
1+CH T fH e ] [t [ [ s
i i=0 i=0

H _ 1+44dipkfc

p T+ it 1)pkfc n—2

_ 1+4ipkfc 1

- - pH 1+ (4i+1)pkfec —__pkfe

14+ — n
1+ kaH 1+4ipkfc 1=0 1+{an—d)pksc
b 1+ (4i+4)pkfec

n—2

B 1+ 4dipkfec 1+ (4n —4)pkfc
- _01+(4i—|—1)pkfc<1+(4n—3)pkjfc)

Therefore, we have
n—1

. H 1+ 4dipkfc
12n—11 =P 1+4z+1p/<:fc

Similarly

T12n—19

Ti2n—-7 =
1+ T12n—10T12n—13TL12n—16T12n—19
n—2

hl I 14(4i+1)mhebdb

T+ (4i+2)mheb

n—2 n—2 n—2

1+mH1;<z:*z;e::;b [[inme [ [t gmnen | [
i=0 i=0 i=0
n—2
h 14 (4i+1)mheb
1+(4i+2)mheb
_ i=0
- n—2
14-4imheb 14(4i+1)mhed
1+ mhebH (i Dot | | Trcaeromnes
1=0 =0
n—2
B hH1+(4z+1)mheb< 1 )
- mheb
7/:01"‘(4:7,"‘2)’”’1,]'1/617 l+m
_ hn—z + (4i + 1) mheb (14 (4n — 3) mheb
© LT (di+2)mheb \ 1+ (4n —2) mheb
Hence, we have
' + (49 4+ 1) mheb
n7=nh
Pt = H1+ (4 1 2) mheb’

Similarly, other relations can be obtained and thus, the proof has been proved.
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Theorem 2.2. Eq.(5) has unique equilibrium point which is the number zero and this equilibrium is not locally
asymptotically stable. Also, T is non hyperbolic.

Proof. For the equilibrium points of Eq.(5), we can write

Then

or 7 = 0. Then the unique equilibrium point of Eq.(5) is T = 0.
Let f:(0,00)* — (0,00) be a function defined by

U
F )= —— .
(u,0,0,1) 1+ wvwt
Then it follows that,
1 —w2wt
Fu(U,U,w,t) = —0, Fv(u’v’w,t) — &2’
(1 + wowt) (14 vowt)
—uot 2
Fy(u,v,w,t) = LQ,Ft(u,v,w,t) = wa
(1 + uowt) (14 vowt)

we see that

F.(Z,%,%,%) =1, F,(%,%,%,%) =0, F,(%,7,7,T) =0, F\(%,7,%,T) = 0.

The proof follows by using Theorem A. By Definition 3, T is non hyperbolic.
Theorem 2.3. Every positive solution of Eq.(5) is bounded and lim z,, = 0.

n—oo

Proof. It is following by Eq.(5) that

Tp—11

Tptl = < Tpo11-
1+ xn 2®n 5Tn_8Tn-11
Then
Tpy1 < XTp—11, forall m>0
Then the subsequences {Z12n-11}, 05 {Z120-10}pe0s 1T120-9}peg - {120 fro are decreasing and so are

bounded from above by

M = max{x_11,2_10,%—9, T8, T_7,T—6,T—5,L_4,T_3,T_2,L_1,L0} -

3. THE SECOND EQUATION Xy = — ol

In this part, we give the solution of the recursive equation in the form:

T _ :I"n—ll (6)
n+l — )
1+ 2y 2Ty 5Tn_8Tn_11

where the initial values are arbitrary real numbers with x_ox_sx_gr_11 1,2 10 _4x_7x_10 # 1, 0T _30_¢T_g #
1.
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Theorem 3.1. Let {2,}5° _;; be a solution of difference equation (6). Then for n =0, 1, ...

m l
Ti2n—11 = mv T12n—10 = m’ T12n—9 = ma
Tion—g = k(=14pkfe)", x12n—7 = h(—1+mheb)", x12,_¢ = g(—1+ ldga)",
f e d
T12n—-5 = W7 T12n—4 = m, Ti12n—-3 = my
Tion_2 = c(=1+pkfe)", xion_1 = b(=1+mheb)", 12, = a(—1+ldga)",

where x_11 =p, x_19=m, x. 9=,z g =k x 7=hx =9, v5=f x_4=¢ x_3=d, x_2 = c,
r_1=>b, zg =a.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That is

P m l
Tion-23 = — 7, Vlm-22= 7 L12n-21 = — 7
1en—2s (=1 +pkfe)* " tanm2 (=1 + mheb)" " ten=2t (=1 + ldga)" "
Tian—20 = k(=1+pkfe)" ", Tion_19 = h(~1+mheb)" ", Ti2p_15 = g (~1 +ldga)" ",
e d
Ti2n-17 = %, Ti2n-116 = ——————— 7 T12n—-15 = — 7>
(=14 pkfe) (=14 mheb) (—1+ldga)
Tion_14 = c(—1 —&-pkfc)”f1 , Tion_13 =b(—=1+ mheb)rh1 , Tion_12 = a(—1+ ldga)"i1 )

Now, it follows from Eq.(6) that

T L12n—23
12n—11
" —1 4+ T12,-14T120—-17T12n—20T12n—23
____p
_ (—1+pkfo)™~ '
—1 +c (—1 +pka)n71 W}C (_1 -l-pkfc)n*l W
_ p
(=1+pkfo)" " (=1 + pkfe)
Then »
Ti12n—11 = m
Similarly
T12n—18
T12n—6

=14+ 2120,—9T12n—12%120n—15T12n—18
g (=1 +ldga)""

l n—1 d n—1
—1+ Trggam @ (=1+ldga) (—1+ldgay 19 (=1 +ldga)

g(=1+ldga)""
—1+ldga (—1 + ldga)™"

Therefore, we have
T1on—6 = g (—1+ ldga)" .
The same other relations can be proved and thus, the proof has been completed.

Theorem 3.2. Eq.(6) has three equilibrium points which are 0,++v/2 and these equilibrium points are not
locally asymptotically stable.

Proof. The proof is the same as Theorem 2.2.
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Theorem 3.3. Eq.(6) has a periodic solutions of period twelve if f pkfc = mheb = ldga = 2 and will be take
the form
{p7m’l7k’h7g7f’e7d7c7b)a7p7m7l7k7h’g7f7e7d)c7b7a/7 "'} :

Proof. Assume that there exists a prime twelve solutions

p7m7l7k7h7g7f7e7d7Cﬂb7a’7p7m7l7k7h7g7f767d7cﬂb7a’7"'7

of Eq.(6) ,we have from Eq.(6) that

_ D o m I l

b= (=1 +pkfc)™ " (=1+mheb)"”  (=1+ldga)™’

k= k(=1+pkfe)", h=h(—1+mheb)", g=g(—1+ldga)",

f = f no €= < no d: d no

(=1 +pkfc) (=1 + mheb) (=1 +ldga)

c = c(=1+pkfe)", b=>b(—1+mheb)", a=a(-1+ldga)",

or
(=1 +pkfe)" =1, (=1 + mheb)" =1, (—1+1ldga)" =1

Then

pkfc = mheb = ldga = 2.
Second let pkfc = mheb = ldga = 2. Then we have from Eq.(6) that

Ti2n—11 = D, Ti2n—10 =M, Ti2p—9 =1, Tion—g =Kk,
Tion—7 = h, ZTiagm_6=9¢, Tizn-5=[, Tion-4=ce,
Tign-3 = d, Tizp—2 =¢C, Tiam—1 = b,T12, = a.

Therefore we have a period twelve solutions and the proof is complete.

4. THE THIRD EQUATION Xy = ok ———

In this section we examine the following equation

Tn—11
$n+1 = 9 (7)
1 -2y 20wy 52, 8T _11

where the initial conditions are arbitrary positive real numbers.

Theorem 4.1. Let {z,,}22 _,; be a solution of difference equation (7). Then for n =0, 1, ...

n—1 n—1 n—1
1 —4dipkfc 1 — 4emhed 1 — 4ildga

T12n—11 = pH 1— 41 + 1 pkf » L12n-10 = mH 1-— 4Z + mh b Tlm—9 = ZH m
— (4i+ 1) pkfe — (44 + 1) mheb — (4 + 1) ldga

n— - k ) n— h n— —?
128 H — (4i 4+ 2) pkfc =T = H — (4i 4+ 2) mheb’ H12n=6 = gH (4i + 2) ldga
— (4i 4+ 2) pkfc — (44 + 2) mheb 1 (4 + 2) ldga
5 = _ gl e)aga
T12n—5 fH 1— (4 +3)pkfe 12t~ eH ~ (4 + 3) mheb’ 13T H) 1— (4i + 3)ldga’

1—4i+3 kfc (4¢ + 3) mheb 1—4z+31da
T12n—2 ( JokJ Tiop—1 = bH1, H g

12017(4i+4)pkfc (% + 4)mheb’ 120 = LT (@ 4y 1dga’
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where 17 = p,x_10 = mx_9g =1,z 8 =k, x_ 7 =h, ¢ =9g,25 = f,x_4y =€, 3 =4d, x_o = c,
x_1 =b,xg = a and dpkfc# 1,0mheb # 1,0ldga # 1 for 6 =1,2,3,....

Proof. The proof is similar as the proof of the Theorem 2.1.

Theorem 4.2. Eq.(7) has unique equilibrium point which is the number zero and this equilibrium is not locally
asymptotically stable.

5. THE FOURTH EQUATION Xy = 52— —

Here we obtain a form of the solutions of the equation

Tp—11
Tnt+1 = (8)
1 =% 2Tp_5Tp_8Tn_11

where the initial values are arbitrary non zero real numbers with x_ox_sz_gx_11 # —1, x 10 42 _7x_19 # —1,
ToT_3T_gT_g 7% —1.

[oe] 3 3 3 —_ LTn—11
Theorem 5.1. Suppose {z,}52 _1; be a solution of difference equation z,; = oz lhen for

n=20,1,..
P m l
Tion—-11 = m, Z12n—10 = m, T12n—9 = m,
Tion-s = k(=1—pkfc)", xion—7 = h (=1 —mheb)", z12n—¢ = g (—1 — ldga)",
Ti2n—5 = __ Z12 —424 T12 —3:#
" (=1 —pkfe)"” 7" (=1 —mheb)"” " (=1 —ldga)"™’
Tion—2 = c(=1—pkfe)", x19n—1 =b(=1—mheb)", x12, = a(—1 —ldga)",

where x_11 =p,x_1o=m,x_g=l,x_s=k,x_7r=h,x_¢=¢g,25=f,x_4s=e,x_3=d,x_o=c,x_1 =0,
and xg = a.

Theorem 5.2 Eq.(8) has three equilibrium points which are 0,++/—2 and these equilibrium points are not
locally asymptotically stable.

Proof. The proof as the proof of Theorem 3.3.

Theorem 5.3. Eq.(8) has a periodic solutions of period twelve if f pkfc = mheb = ldga = —2 and will be take
the form
{p7m’l7k’h7g7f’€7d7c7b7a7p7m7l7k7h’g7f7e,d7c7b7a7 "'} *

6. NUMERICAL EXAMPLES
To verify the results of this paper, we consider some numerical examples as follows.

Example 6.1 The graph of the difference equation (5) and the case when x_1; =3.3, x_19 = 1.7, z_9 = 2.6,
r_g=bzr 7=3, x_¢=11, 25 =6, x4 =2, x_3=7,2_0=9, z_1 = 4.6 and z¢o = 1.6.shown in Figure 1.

plot of x(n+1)=x(n-11)/(1+x(n-2)x(n-5)x(n-8)x(n-11)

Figure 1.
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Example 6.2. In Figure 2, we show that for Eq.(5) that z_1; = 4.1, z_10 =2, x_9g =3.2, 2§ =6, z_7 = —1,

T_¢=24, x5=1, x_4 =42, x_3=7,x_95=11,xz_1 =4 and 2o = —2.

x(n)

Example 6.3. The graph
T_7 = 8, T_6 = 2, Ts = 4,

x(n)

plot of x(n+1)=x(n-11)/(1+x(n-2)x(n-5)x(n-8)x(n-11)

Figure 2.

is shown of the solutions of Eq.(6) where x_11 =3, 2190 =—2, ¢ =9, x_g = —5,

x_g=4,x_3=—-4, 2 9=-1/30,z_; = —1/32 and z¢y = —1/36.in Figure 3.

plot of x(n+1)=x(n-11)/(-14x(n-2)x(n-5)x(n-8)x(n-11)

10 20 30 40
n

Figure 3.

50

60

70

80

Example 6.4. Figure 4 shows the behavior of difference equation.(6) when we choose x_1; = 5, x_19 =
-2,z 9g=625g=-1,x 7=42¢=-11, 25 =6, x_4 =2, x_3="T7, 09 =—1/15 2_; = —1/8 and

zo = —1/231.

plot of x(n+1)=x(n-11)/(-1+x(n-2)x(n-5)x(n-8)x(n-11)

10 20 30 40
n

Figure 4.
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Example 6.5. The diagram of the difference equation defined by z,, 11 = 7— _2;’;;1 — shows the period
thirty six solutions since x_1; =1, z_10 =35, t . 9g=—4, 2. 3=6,2 7=—-2, 0 ¢=24, x5 =—1, z_4 =12,
r_3=8,x_9=10,x_1 = =3 and x¢ = 4. in Figure 5

plot of x(n+1)=x(n-11)/(1-x(n-2)x(n-5)x(n-8)x(n-11)

x(n)

4 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80
n

Figure 5.

Example 6.6. See Figure 6, we suppose for Eq.(7), that z_;; = 4.3, z_19 = 8.1, x_9g = =3, x_g = 2.7,
rr=—1lx_¢=24, v5=3, x_4=15,z_3=11,x_9o=—-2,x_1 =5 and o = —2.

plot of x(n+1)=x(n-11)/(1-x(n-2)x(n-5)x(n-8)x(n-11)

x(n)
-

o
T
1

5 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80
n

Figure 6.

Example 6.7.(see Figure 7) shows the period thirty six solutions of Eq.(8) since z_11 =3, £_10 =9, x_g = —6,
xg=2,x 7=1x =4, a5=5, x_4=—4, v 3=3,x_9=-1/15,2z_1 =1/18 and o = 1/36.

plot of x(n+1)=x(n-11)/(-1-x(n-2)x(n-5)x(n-8)x(n-11)

x(n)
T

40 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80
n

Figure 7.
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Example 6.8. (See Figure 8) , we suppose for difference equation (8), that x_1; =11, 2_19 = 3, _9 = —5,
xg=-2,x 7=4,2 =2, 05=9, x_4=-2,x_3=T,2_90=1/99, x_; =1/12 and xy = 1/35.

10.

11.

12.

13.

14.

15.

16.

plot of x(n+1)=x(n-11)/(-1-x(n-2)x(n-5)x(n-8)x(n-11)

x(n)

10 I I I I I I I
0 10 20 30 40 50 60 70 80

n

Figure 8.
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Some fixed point theorems of non-self contractive
mappings in complete metric spaces

Dangdang Wang, Chuanxi Zhu', Zhaoqi Wu

Department of Mathematics, Nanchang University, Nanchang, 330031, P. R. China

Abstract In this paper, we establish some fixed point theorems for non-self mappings, which solve
the problem 1 in [1], satisfying special contractive conditions in complete metric spaces.

Keyword Fixed point; non-self mapping; contractive mapping; complete metric spaces
1 Introduction

The aim of this paper is to answer an open problem of Rus [1]. We give a non-self mapping T satisfying
receptively four contractive conditions such that T has a unique fixed point. This is a solution for the open

problem.
An open problem in [1] as following:

Let (X,d) be a metric space, ¥ a non-empty bounded and closed subset of X and T': ¥ — X a non-self
operator. We suppose that there exists a sequence (z,)ncn+ such that T™(z,) is defined for all n € N*. In

which additional conditions on T" we have:
(a) Fr # 07

(b) Fr = {z"}?
where Fp := {z € X|z = Tz}.

In this paper, we give following marks.
(1) Mz(Y) = sup{d(z,y)|z,y € Y};
(2) Ex(Y) =sup{d(z,Tz)|r € Y};

(3) Nr(y) = sup{d(z, Ty)|x,y € Y}.

In (2), we can easy to obtain: i) if X C Y, then Ep(X) < Er(Y); i) BEr(Y) = Er(Y).

Lemma 1 [4] Let a,,b, € Ry,n € N. We suppose that:
(D)2 gak < oo;

(i1)b, — 0 as n — 0.
Then

Yl 00n—kbr — 0 as n — oo.

I*Correspondence author. Chuanxi Zhu. Email address: chuanxizhu@126.com. Tel:+8613970815298.
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2 Fixed point theorems

In this section, we give some non-self contractions as follows.

Let (X, d) be a metric space, Y be a non-empty bounded and closed subset of X. Suppose that T: Y — X

be a non-self mapping satisfied following condition:
(W1) d(Tx, Ty) < ad(z,y) + bd(x, Tx) 4+ cd(y, Ty), for all z,y € Y, where a,b,c € Ry and a +b+ ¢ < 1;
(W2) d(Tx, Ty) < bd(x,Ty) + cd(y, Tx), for all z,y € Y, where b,c € Ry;
(W3) d(Tz,Ty) < ad(z,y) + bd(z, Ty) + cd(y, Tz), for all x,y € Y, where a,b,c € R} and a < 1;
(W4) d(Tx, Ty) < ard(z,y) +azd(z, Tx)+asd(y, Ty) +asd(x, Ty), for all x,y € Y, where ay,as,a3,a4 € Ry

and a, + as +as < 1.

Lemma 2 Let (X,d) be a metric space, Y be a bounded and non-empty closed subset of X. If T : Y — X

satisfying (W1), then T is a non-self a-graphic contraction with o = a + ¢.

Proof Let z € Y such that Tx € Y, we get
d(T%z,Tz) < ad(Tx,x) + bd(Tz, T?z) + cd(x, Tx),

SO
<atey

d(T?%z, Tx) 0

(z,Tx).

Theorem 1 Let (X, d) be a metric space, Y be a non-empty bounded and closed subset of X. T : Y — X
be a non-self mapping satisfying (W1). We suppose that there exists a sequence (2, )nen+ such that T"(x,,) is
defined for all n € N*. Then

(i) T has a unique fixed point;

(i) T Y(x,) = 2* and T"™(x,) — z* as n — +o0;

(ili) d(z,2*) < 122d(z,Tz), Vo € Y, ie. Mp(Y) < HLEp(Y).

l—a

Proof (i)+(ii) Let Y, :=T(Y), Y2 :=T(Y1NY), -, Vi1 :==T(Y, NY), n € N*. We remark that:
(1) Yoy1 C Yy, Ve N
(2) T™(zp) €Y, Vne N* s0Y, # .
Since T satisfying (W1), we have that:
M(Y41) = MAW, NV)) = M(T(Y, N Y))
<aMY,NY)+ (b+c)Er(Y,NnY) <. (2.1)
<a"MMY)+a"(b+)Er(Y)+ - +alb+)Er (Y, 1 NY) + (b+c)Er(Y,NY).
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On the other hand, from Lemma 2, we get

Er(Y,NY) = Er(TYp i NY NY) = Ex(T(Y,_1 NY)NY)

=sup{d(Tz, T?*z)|x €Y, 1 NY, Tz € Y} < (111_2
a—+c
1-9b

Er(Yu_1NY)

<< (CESmEL(Y), ne N*.

Because of a +b+c¢ <1, s0 ()" — 0, n — +o0, i.e. Ep(Y,NY) =0, n — +oc.
Let a, = a™ and b, = (b+ ¢)Er (Y, NY), by lemma 1, we have

M(Y,41) = 0 as n — +o0.
From Cantor intersection lemma, we get

Yao := MuenYn # 0, M(Yoo) = 0 and T(Yao NY) C Yao.

From Yo, # 0 and M(Y,) = 0, we have that Yo, = x*, i.e. Y, be a single point set. Otherwise, T"(z,) € Y,
and T 1(x,) € Y,,_1 NY, this implies that {T™(z,,)}nen and {T" 1 (z,)}nen are fundamental sequences.

Since Y,,n € N are closed, so we get
T Yx,) — 2* and T"(2,) — x* as n — +oo.
Also because of T is continuous, then 7" (x,) — T'(x*). Therefore, T'(z*) = x*.
(iii) Let z € Y, by using (W1) we have
d(z,2*) < d(z,Tx) + d(Tx,z*) < d(z,Tx) + ad(x,x2*) + bd(x, Tx) + cd(d(z, Tz), Td(xz, Tx)),

SO

1
d(z,z*) < %d(l‘,T%‘), Vxe Y.

Remark 1 Let b = ¢ in Theorem 1, then T is a non-self Ciiri¢ — Reich — Rus operator. And then, Theorem 1
generalizes Theorem 5 in Rus [1]. At the same time, this theorem gives an answer to the Problem 1 of [1].
For (W4), we give a Lemma as following:

Lemma 3 Let (X, d) be a metric space, Y be a non-empty bounded and closed subset of X. Define T :Y — X
be a non-self mapping. Then Nr(Y, NY) — 0, as n — oo, where ¥,, = T(Y,_1 NY).
Proof From the definitions of Nt and Y,,, we have

sup{d(z,Ty)|z,y € Y, NY} =Np(Y,NY)=Np(T(Y,-1NY)NY)
= Np(T(Y,_1NY)NY) = sup{d(Tz, T?y)|z,y € Y, 1 NY}.

Since Y,,_1NY C Y,,NY,sod(Tz, T?y) < d(z,Ty), forall 2,y € Y,,_1NY. Hence, N7 (Y,,NY) < Np(Y,,_1NY).
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By the density of real numbers we can get, there exists k € RT and k < 1, such that Np(Y,, NY) <
ENp (Y1 NY).

And then,

Nr(Y,NY) <kNp(Yo,-1NY)<..-<E"Np(Y)—0, as n — +o0.

Theorem 2 Let (X, d) be a metric space, Y be a non-empty bounded and closed subset of X. T : Y — X
be a non-self mapping satisfying (W3). We suppose that there exists a sequence (z,,)nen+ such that 77 (z,,) is
defined for all n € N*. Then

(i) T has a unique fixed point;
(i) T Y(x,) — o* and T"(z,) — 2* as n — +0o.

Proof Let Y1 :=T(Y), Yo :=T(Y1NY), -+, Yny1 := T(Y,, NY), n € N*. We remark that:
(1) Yoy1 C Yy, Ve N¥
(2) T™(zp) €Yy, Vne N* s0Y, #@.
Since T satisfying (W3), we have that:
M(Yo1n) = MT(Y, 0 Y)) = M(T(Y, NY))
<aMY,NY)+ (b+c)Nr(Y,NY)
<aM(Y,)+ (b+¢)Np(Y,NnY) < -+
<a"MMY)+a"(b+c)Np(Y) +---+alb+e)Np(Yo 1 NY) + (b+c)Np(Y,, NY).
Let a, = a™ and b, = (b+ ¢)Np (Y, NY), by lemma 3 we have
M(Yp4+1) = 0 as n — 400,
and the proof is similar with the proof of Theorem 1. This is the complete proof.
For (W3), when a = 0, it becomes condition (W2). Thence, we have the following Corollary:

Corollary 1 Let (X, d) be a metric space, Y be a non-empty bounded and closed subset of X. Define T : Y —

X be a non-self mapping satisfying (W3), the conclusions of Theorem 2 remain holds.

Theorem 3 Let (X, d) be a metric space, Y be a non-empty bounded and closed subset of X. T : Y — X
be a non-self mapping satisfying (W4). We suppose that there exists a sequence (z,,)nen+ such that T (z,,) is
defined for all n € N*. Then

(i) T has a unique fixed point;
(i) T Y (x,) = 2* and T™(z,) — z* as n — +o0;

(ili) d(z,2*) < 122d(z,Tz), Vo € Y, ie. Mp(Y) < HLE(Y).

S

82 Dangdang Wang et al 79-84



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.1, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

Proof (i)+(ii) Let Y1 :=T(Y), Y2 :=T(Y1NY), -+, Y11 :=T (Y, NY), n € N*. We remark that:
(1) Y1 CYy, VneN
(2) T"(zp) €EYn,VneEN* s0Y, # 0.

Since T satisfying (W1), we have that:

M(Y,1)=MT(Y,NY))=MT(Y,NY))
<aMY,NY)+ (a2 +a3)Er(Y,NY) +asNp (Y, NY)
<. <
< a?HM(Y) + [aY(as + a3)Er(Y) 4+ -+ a1(az + a3) Er(Yo—1 NY) + (az + a3) Er (Y, NY))
+[a} - ayNp(Y)+ - 4+ a1 - ayNr (Y1 NY) + ayNp (Y, NY)]
=y M(Y) + @y + Py

where g, = af(as + a3)Ep(Y) + -+ a1(as + a3) Er (Y1 NY) + (a2 + a3) Er (Y, NY),

Oy, =al - asNp(Y)+ - +a1 - ayNp(Y,—1NY) + a4 Np (Y, NY).

For x € Y, such that Tx € T(Y), we have

d(T?z,Tz) < a1d(Tx, x) + asd(Tx, T?x) + azd(x, Tx) + asd(Tx, Tx),
S0

a1 +(13
— as

d(T?%z,Tx) < d(z,Tx). (2.2)

Thence
Er(Y,NY)=Epr(T(Y,-1NYNY)=Er(TY,-1NY)NY)

= sup{d(Tz, T?z)|z € Yy 1 NY, Tz €Y} < “11 +as

Er(Y,_1NY)

—ay
a a

"Er(Y N*.
= 1—@2) T( ),TLE

Because of a +b+ ¢ < 1, so (%)” — 0, n— +oo,ie. Ep(Y,NY)—=0, n— +oc.

Let a,, = a} and b, = (a3 + a3)Er(Y, NY), by lemma 1 we have ®g, — 0 as n — +oo.

From Lemma 3, we know, Np(Y,,NY) — 0 as n — +o0.

Let a,, = a? and b, = ayNp(Y, NY), by lemma 1 we obtain ®y, — 0 as n — 4o00.

In summary, we get M(Y,,+1) — 0 as n — 400, and the proof is similar with the proof of Theorem 1.

Although let @ = 0 in (W4), it becomes (W2), because different proof process details of the transformation,
so we give separately the proof of Theorem 1 and Theorem 3.
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Double-framed soft sets in B-algebras

Jung Mi Ko! and Sun Shin Ahn?*
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Abstract. The notion of a double-framed soft (normal) subalgebra in a B-algebra is introduced and related prop-
erties are investigated. We consider characterizations of a double-framed soft (normal) subalgebra and establish a
new double-framed soft subalgebra from old one. Also, we show that the int-uni double-framed soft of two double
framed soft subalgebras is a double framed soft subalgebra.

1. Introduction

Molodtsov [11] introduced the concept of soft set as a new mathematical tool for dealing with uncertainties that
is free from the difficulties that have troubled the usual theoretical approaches. Molodtsov pointed out several
directions for the applications of soft sets. Worldwide, there has been a rapid growth in interest in soft set theory
and its applications in recent years. Evidence of this can be found in the increasing number of high-quality articles
on soft sets and related topics that have been published in a variety of international journals, symposia, workshops,
and international conferences in recent years. Maji et al. [10] described the application of soft set theory to a
decision making problem. Jun [5] discussed the union soft sets with applications in BCK/BCI-algebras. Jun et
al. [6] introduced the notion of double-framed soft sets, and applied it to BCK/BCI-algebras. They discussed
double-frame soft algebras and investigated some related properties.

We refer the reader to the papers [3, 4, 14] for further information regarding algebraic structures/properties
of soft set theory. On the while, Y. B. Jun, E. H. Roh and H. S. Kim [7] introduced a new notion, called a
BH-algebra. J. Neggers and H. S. Kim [12] introduced a new notion, called a B-algebra. C. B. Kim and H. S.
Kim [9] introduced the notion of a BG-algebra which is a generalization of B-algebras. S. S. Ahn and H. D. Lee
[1] classified the subalgebras by their family of level subalgebras in BG-algebras.

In this paper, we introduce the notion of a double-framed soft (normal) subalgebra in a B-algebra and investigate
some related properties. We consider characterizations of a double-framed soft (normal) subalgebra and establish
a new double-framed soft subalgebra from old one. Also, we show that the int-uni double-framed soft of two

double framed soft subalgebras is a double framed soft subalgebra.

2. Preliminaries

“ 7

A B-algebra [12] is a non-empty set X with a constant 0 and a binary operation “x” satisfying axioms:

92010 Mathematics Subject Classification: 06F35; 03G25; 06D72.
YKeywords: ~-exclusive set, double-framed soft (normal) subalgebra, B-algebra.
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YE-mail: jmko@gwnu.ac.kr (J. M. Ko); sunshine@dongguk.edu (S. S. Ahn).
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(Bl) zxx =0,
(B2) z%0 ==z,
(B) (zxy)xz=x*x(z*x(0xy))

for any x,y,z in X. For brevity we call X a B-algebra. In X we can define a binary relation “ <” by z < y if
and only if z xy = 0.

An algebra (X;*,0) of type (2,0) is called a BH-algebra if it satisfies (B1), (B2) and

(BH) 2y =y+*x =0 imply x =y for any =,y € X.
An algebra (X;*,0) of type (2,0) is called a BG-algebra if it satisfies (B1), (B2) and

(BG) (zxy)*(0xy)=x for any z,y € X.

Proposition 2.1. [2, 12] Let (X;*,0) be a B-algebra. Then

(i) the left cancellation law holds in X, i.e., x x y = x * z implies y = z,
(ii) ifxxy =0, then x =y for any x,y € X,
(iii) if 0*x = 0x*y, then x =y for any z,y € X,
) 0% (0xx) ==z, for all x € X,
) x

x(yxz)=(r*x(0x*2))xy forall z,y,z € X.

(iv
(v

A non-empty subset S of a B-algebra X is called a subalgebra of X if x xy € S for any z,y € S. A non-empty
subset NV of X is said to be normal if (x *xa) * (y*b) € N for any = xy,a*b € N. Then any normal subset N of a
B-algebra X is a subalgebra of X, but the converse need not be true ([13]). A non-empty subset X of a B-algebra

X is a called a normal subalgebra of X if it is both a subalgebra and normal.

Molodtsov [11] defined the soft set in the following way: Let U be an initial universe set and let E be a
set of parameters. We say that the pair (U, F) is a soft universe. Let Z(U) denotes the power set of U and
A B,C,---CE.

A fair (f, A) is called a soft set over U, where f is a mapping given by f: X — Z(U). In other words, a soft
set over U is parameterized family of subsets of the universe U. For ¢ € A, f(g) may be considered as the set of

g-approximate elements of the set ( 1, A). A soft set over U can be represented by the set of ordered pairs:

(f,4) = {(z, f(@)|z € A, f(x) € 2(U)},
where f: X — 2(U) such that f(z) =0 if # ¢ A. Clearly, a soft set is not a set.

3. Double-framed soft normal subalgebras

In what follows let X denote a B-algebra unless otherwise specified.

Definition 3.1. A double-framed pair ((a, 8); X) is called a double-framed soft set over U, where o and S are
mappings from X to Z(U).

Definition 3.2. A double-framed soft set ((«, 8); X) over U is called a double-framed soft subalgebra over U if it

satisfies :
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(3.1) (Vo,y € X) (a(z*y) 2 alz) Naly), Bz *y) C Blx)UL®Y)).
Example 3.3. Let X be the set of parameters where X := {0, 1,2,3} is a B-algebra with the following Cayley
table:

o o= O ¥
N = OO
W O N =
S W N
— N W W

313 1 2 0
Let {(a, 8); X) be a double-framed soft set over U defined as follows:

T3 if v = O,
a: X —>2U), z—< 7 ifz=3,
T if x ={1,2},
and
v3 ifz=0,
B: X —>2U), z—< v ifzx=3,
mo ifx={1,2}
where 71,72, 73,71,72 and <3 are subsets of U with 71 € 70 C 73 and 71 2 72 2 73 It is easy to show that
{(a, B); X)) is a double-framed soft subalgebra over U.

Lemma 3.4. Every double-framed soft subalgebra ((«, 8); X) over U satisfies the following condition:
(3:2) (Vz € X) (a(z) € a(0), B(z) 2 B(0)).
Proof. Straightforward. O

Proposition 3.5. For a double-framed soft subalgebra {(«, 8); X) over U, the following are equivalent:

(i) (Ve € X) (a(z) = (0), B(z) = 5(0)).
(i) (Va,y € X) (aly) € alz xy), By) 2 Bz *y)).
Proof. Assume that (ii) is valid. Taking y := 0 in (ii) and using (B2), we have a(0) C a(z * 0) = «a(z) and
B(0) D B(x *0) = B(z). It follows from Lemma 3.4 that a(xz) = «(0) and B(z) = 5(0).
Conversely, suppose that a(x) = @(0) and S(z) = 5(0) for all x € X. Using (3.1), we have

a(y) = a(0) Naly) = az) Naly) € a(z xy),
Bly) = BO)UB(y) = Bz) UBY) 2 Bz +y)
for all z,y € X. This completes the proof. (I

For two double-framed soft sets ((«, 8); X) and ((f, g); X) over U, the double-framed soft int-uni set of {(«, 5); X)
and ((f,g); X) is defined to be a double-framed soft set {(aNf, 8Ug); X) where

anf: X - 2U), v+ a(z)N f(x),
BUg: X — 2(U), z+ B(z)Ug(x).
It is denoted by ((a, B); X) 1 {(f, 9); X) = ((aNf, fUg); X) .
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Theorem 3.6. The double-framed soft int-uni set of two double-framed soft subalgebras ((c, 8); X) and ((f, g); X)
over U is a double-framed soft subalgebra over U.

Proof. For any z,y € X, we have
(@nf)(@*y) =a(z*y) N flzxy) 2 (ax) Nely)) N (f(z) N fy)
=(a(x) N f(2)) N (aly) N f(y) = (anf)(@) N (N f)(y)

and
(BUg)(z +y) =Bz xy) U gl +y) C (B(x) UB(y)) U (9(z) Ug(y))
=(B(x) Ug(x)) U (B(y) Ug(y)) = (BUg)(x) U (BUg)(y)-
Therefore {(a, 8); X) M {(f,g); X) is a double-framed soft subalgebra over U. O

For two double-framed soft sets ((«, 8); X) and ((f, g); X) over U, the double-framed soft uni-int set of ((cv, 8); X)
and ((f, g); X) is defined to be a double-framed soft set ((aUf, Ng); X) where

alf : X — P(U), v+ alz)U f(x),
BNg: X — 2WU), v+ B(z)Ng(x).
It is denoted by ((a, B); X) U {(f, 9); X) = ((aUf, BNg); X) .

The following example shows that the double-framed soft uni-int set of two double-framed soft subalgebras

{(cr, 8); X)) and {(f,g); X) over U may not be a double-framed soft subalgebra over U.

Example 3.7. Let E = X be the set of parameters, and let U = Z be the initial universe set, where X =
{0,1,2,3,4,5} is a B-algebra [12] with the following table:

*|0 1 2 3 4 5
00 2 1 3 4 5
111 0 2 4 5 3
212 1 0 5 3 4
313 4 5 0 2 1
414 5 3 1 0 2
515 3 4 2 1 0

Let ((a, 8); X) and ((f,g); X) be double-framed soft sets over U defined, respectively, as follows:

Z ifxe{0,4},

a: X - 2), Z‘H{ 97 ifx € {1,2,3,5},

B:X = PU), = {7Z if 2 € {0,4},

Z ifze{1,23,5},

. 7 ifx € {0,5},
f.X—>9(U)>5UH{ 3Z ifze{l1,2,3,4},
and

g:X%@(U)va{Z if v € {1,2,3,4},
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It is routine to verify that ((«, 8); X) and ((f, g); X) are double-framed soft subalgebras over U. But ((«, 8); X) U
(f,9); X) = ((aUf, BNg); X) is not a double-framed soft subalgebra over U, since (aUf)(4 *5) = (aUf)(2) =
a(2)Uf(2) =9ZU3Z =3Z P Z = (aJf)(4) N (aUf)(5) and/or (BNg)(4x5) = (BNg)(2) =ZNZ =7 ¢ TZU2Z =
(B1g)(4) U (BNg)(5).
Let ((a, B8); A) and {((f, g); B) be double-framed soft sets over a common universe U. Then {(«a, §); A) is called
a double-framed soft subset of ((f,g); B), denoted by ((a, B); A) C {((f,9); B), if
() AcB,

(i) (Ve € A) (

a(e) and f(e) are identical approximations,
B(e) and g(e) are identical approximations.

Theorem 3.8. Let ((«, 8); A) be a double-framed soft subset of a double-framed soft set {(f,g); B) . If ((f,g); B)
is a double-framed soft subalgebra over U, then so is {(a, 3); A).

Proof. Let xz,y € A. Then x,y € B, and so

a(z) Naly) = f(x) N fy) C flzxy) =alz*y),
Blx)UBy) =g(x)Ugly) 2 g(z *y) = Bz xy).
Hence {((«, 8); A) is a double-framed soft subalgebra over U. O
The converse of Theorem 3.8 is not true as seen in the following example.
Example 3.9. Let (U = Z, X) where X = {0,1,2,3} is a B-algebra as in Example 3.3. For a subalgebra {0, 3},
define a double-framed soft set ((«, 3);{0,3}) over U as follows:

a:{0,3}—>,@(U),xl—>{§Z ii:g

and

277 if x =0,

9Z if x =3,

Then ((a, 5); {0, 3}) is a double-framed soft subalgebra over U. Take B := X and define a double-framed soft set

((f,9); B) over U as follows:

8 :{0,3} - 2(U), mb—>{

A ifx =0,
727 ifx=1,
47, if v =2,
27 if x =3,

f:B—=2U), x—

and

277 if x =0,

37 ifr=1,

7 ifr=2

9Z if x = 3.

Then ((f,g); B) is not a double-framed soft subalgebra over U since f(0«2) = f(1) = 72Z 2 f(0) N f(2) =
ZNAZ =4Z and/or g(1x3) =g(2) =Z ¢ g(1) Ug(3) =3ZU9IZ = 3Z.

g:B— 2{U), ©—
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For a double-framed soft set ((a,); X) over U and two subsets v and § of U, the y-inclusive set and the
d-exclusive set of {(a, 8); X), denoted by ix(«;v) and ex(8;0), respectively, are defined as follows: ix(a;7y) :=
{fre X[y Ca@)}andex(B;6) :={z € X |52 pB(x)}, respectively. Theset DFx (o, 8)(, 5 :={z € X [y S a(z), § 2 B(z)}
is called a double-framed including set of {(«, 8); X) . It is clear that DFx (a,ﬁ)(%(;) =ix(a;y) Nex(B;9).

Theorem 3.10. For a double-framed soft set {(«, 8); X) over U, the following are equivalent:

(i) {(a, B); X) is a double-framed soft subalgebra over U.
(ii) For every subsets v and ¢ of U with v € Im(a) and § € Im(B), the y-inclusive set and the §-exclusive
set of {(«, 8); X) are subalgebras of X.

Proof. Assume that ((«, 8); X) is a double-framed soft subalgebra over U. Let =,y € X be such that x,y € ix(a;7)
and x,y € ex(B;9) for every subsets v and § of U with v € Im(a) and § € Im(p). It follows from (3.1) that

a(r*y) 2 a(z)Naly) 2 v and Bz xy) C B(z) U B(y) C 6.

Hence z xy € ix(a;7y) and z x y € ex(8;9), and therefore i x(«;7y) and ex(3;0) are subalgebras of X.
Conversely, suppose that (ii) is valid. Let z,y € X be such that a(z) = 74, a(y) = vy, B(z) = 6, and 5(y) = .
Taking v = 7, Ny, and § = §, U J, imply that z,y € ix(a;y) and z,y € ex(5;0). Hence z x y € ix(a;y) and
z*y € ex(B;6), which imply that a(z*y) D v =7, N7y = a(z) Na(y) and Bz *xy) C 6 =5, Ud, = B(x) U B(y).
Therefore ((a, §); X) is a double-framed soft subalgebra over U. O

Corollary 3.11. If {(a, 8); X) is a double-framed soft algebra over U, then the double-framed including set of
{(a, B); X)) is a subalgebra X.

For any double-framed soft set ((a, 8); X) over U, let ((a*, 5*); X) be a double-framed soft set over U defined
by

o X = P2(U) :E'—>{ a(z) e ixlay),

n otherwise,
X s (U, o { B@) T Eex(B0),
' ’ p otherwise,

where v, d,n and p are subsets of U with n C a(z) and p 2 S(z).
Theorem 3.12. If ((«, 8); X) is a double-framed soft subalgebra over U, then so is {(a*, 3*); X) .

Proof. Assume that {(a, 3); X) is a double-framed soft subalgebra over U. Then ix («;v) and ex(8; ) are subal-
gebras of X for every subsets v and § of U with v € I'm(«) and 6 € Im(f), by Theorem 3.10. Let z,y € X. If
x,y € ix(a;7), then z xy € ix(a;7). Thus

a’(zxy) = alzxy) 2 alz)Naly) = a*(z) Na™(y).
If o ¢ix(a;y)oryé¢ix(a;v), then a*(z) =7 or a*(y) = n. Hence

a(zxy) 2n=a’(z)Na’(y).
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Now, if 2,y € ex(8;9), then x xy € ex(5;9). Thus
B (xxy) = Bz xy) C Bx) UAy) = B (x) U B (y)-
Ifx ¢ ex(B;9) ory ¢ ex(B;9), then 8*(x) = p or 8*(y) = p. Hence
B*(z*y) Cp=B"(x)UB (y).
Therefore ((a*, 5*); X) is a double-framed soft subalgebra over U. O

Let ((a, 8); X) and ((«, 5);Y) be double-framed soft sets over U, where X,Y are B-algebras. The (an, By)-
product of ((a, 8); X) and ((«, 8);Y) is defined to be a double-framed soft set ((axay,Bxvy); X xY) over U in
which

AXAY X xY — ‘@(U)v (x,y) = Oz(lL') ma(y)a

Bxvy : X xY = 2(U), (z,y) — B(x) U B(y).

Theorem 3.13. For any B-algebras X and Y as sets of parameters, let ((«, 3); X) and {(«, 8);Y) be double-
framed soft subalgebras over U. Then the (an, By)-product of {(a, 5); X) and ((«, 8);Y) is also a double-framed

soft subalgebra over U.

Proof. Note that (X x Y, &, (0,0)) is a B-algebra. For any (z,y), (a,b) € X x Y, we have
axay ((z,y) ® (a,b)) = axay (z*a,y*b)
=a(z*xa)Naly*b) 2 (a(z) Nala)) N (a(y) N ald))
= (a(z) Na(y)) N (a(a) Na(b))

= axay (@,y) Naxay (a,b)

and
Bxvy (,y) ® (a,b)) = Bxvy (x*a,y*b)
=Bz *xa)UB(y=b) S (B(x)UB(a)) U(By)UBDL))
= (B(z) U B(y)) U (B(a) U B(D))
= Bxvy (,y) U Bxvy (a,b)
Hence ((axny, Bxvy); E x F) is a double-framed soft subalgebra over U. 0

Definition 3.14. A double-framed soft set ((«,3); X) over U is said to be double-framed soft normal of a
B-algebra X if it satisfies:

(3.3) (Vo,y,a,b € X)(a((w * a)* (y b)) 2 a(x *xy) Na(axb), B((x*a)* (y b)) € S xy) ULaxb)).

A double-framed soft ((«, 3); X) over U is called a double-framed soft normal subalgebra of a B-algebra X if it
satisfies (3.1) and (3.3).
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Example 3.15. Let (U = Z,X) where X = {0,1,2,3} is a B-algebra as in Example 3.3. Let ((«, 8); X) be a
double-framed soft set over U defined as follows:

7 ifxz e {0,3},

a:X-)y(U)va{QZ if$€{1a2}a
and

3Z ifz € {0,3},

B:X — 20), wH{ 7  ifxe{1,2},

It is easy to check that ((«, 8); X) is a double-framed soft normal over U.

Proposition 3.16. Every double-framed soft normal (f, X) of a B-algebra X is a double-framed soft subalgebra
of X.

Proof. Put y :=0,b:=0and a :=y in (3.3). Then a((x*y)*(0%0)) D a(z*0)Naly*0) and B((z*y)* (0%0)) C
B(z+0)UB(y=0) for any =,y € X. Using (B2) and (B1), we have a(z*y) 2 a(x)Na(y) and S(z*xy) C B(x)UB(y
Hence ((«, 8); X) is a double-framed soft subalgebra over U.

Dv

The converse of Proposition 3.16 may not be true in general (Example 3.17).

Example 3.17. Let £ = X be the set of parameters, and let U = X be the initial universe set, where
X =10,1,2,3,4,5} is a B-algebra as in Example 3.7. Let ((a, 8); X) be double-framed soft set over U defined as
follows:

vz if =0,
a: X ->2U), z—< v ifz=5,
no ifxe{l1,2,3,4},

and

T1 lfl':O,
B:X—>2PU), x—< 1 ifz=5,
5 ifx e {1,2,3,4},

where v1, 72,73, 71,72 and 73 are subsets of U with v1 € v2 € 3 and 71 € 7o C 73. It is routine to verify that
{(a, B); X) is a double-framed soft subalgebra over U. But it is not double-framed soft normal over U since since
al)=a((1x3)x(4%2)) =7 2a(l*4)Na3*2) =a(5)Nald) =72 and/or B(1) = B((1%3)* (4%2)) =13 ¢
B(lx4)UB(3x2)=p(5)UB(5) =

Theorem 3.18. For a double-framed soft set {(«, 8); X) over U, the following are equivalent:

(i) {(a, B); X) is a double-framed soft normal subalgebra over U.
(ii) For every subsets v and ¢ of U with v € Im(a) and § € Im(B), the y-inclusive set and the d-exclusive
set of {(«, 8); X) are normal subalgebras of X.

Proof. Similar to Theorem 3.10. O

Proposition 3.19. Let a double-framed soft set {(«,3); X) over U of a B-algebra X be double-framed soft
normal. Then oz *y) = a(y *z) and B(x *xy) = B(y * x) for any z,y € X.
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Proof. Let z,y € X. By (B1) and (B2), we have a(zx*xy) = a((zxy)*(z+x)) 2 a(zxz)Na(yxz) = a(0)Naly*xz) =
a(y * x). Interchanging = with y, we obtain a(y * ) 2 a(x * y).

By (B1) and (B2), we have B(z *xy) = B((z*y) * (z*x)) C Sz xz)UB(y*xz) = B0)UB(y *x) = By * ).
Interchanging x with y, we obtain S(y * ) C B(x * y). O

Theorem 3.20. Let ((«,3); X) be a double-framed soft normal subalgebra of a B-algebra X. Then the set
X(a,8) = {r € X|a(r) = a(0), B(x) = £(0)} is a normal subalgebra of X.

Proof. 1t is sufficient to show that X, g) is normal. Let a,b, 2,y € X be such that zxy € X(, ) and axb € X, ).
Then a(x *y) = a(0) = ala*b),8(x xy) = B(0) = S(a*b). Since {(a, B); X) is a double-framed soft normal
subalgebra of X, we have a((z*a)*(y*b)) 2 a(xxy)Na(axb) = «(0) and B((xzxa)*(y*b)) C B(xxy)UB(axb) = B(0).
Using (3.2), we conclude that a((z*a)* (y*b)) = a(0) and B((w*a)*(y*b)) = B(0). Hence (x*a)*(y*b) € X(q,p)-
This completes the proof. O
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APPLICATIONS OF DOUBLE DIFFERENCE FRACTIONAL ORDER
OPERATORS TO ORIGINATE SOME SPACES OF SEQUENCES

ANU CHOUDHARY AND KULDIP RAJ

ABSTRACT. In the present article, we introduce and study some sequence spaces by
means of double difference fractional order operators, Orlicz function and four dimen-
sional bounded regular matrix. We make an effort to study some topological and
algebraic properties of these sequence spaces. Some inclusion relations between newly
formed sequence spaces are also establish. Finally, we study several results under the
suitable choice of order ~.

1. Introduction and Preliminaries

Let (wp, vk,1) be a double sequence of seminormed spaces such that wy_1 ;1 C @y, for
all non-negative integers k and I. A sequence space X is called solid or normal if and
only if it contains all such sequences y = (yg,;) corresponding to each of which there is a
sequence = = (x,;) € X such that |y | < |zx,| for all non negative integers k and I. Let
Q@ be a normal sequence space and ? denotes the set of all double complex sequences.
Define a linear space

QQ(wa) ={z=(zx) € 0% T, € wy, for all non-negative integers k and [}.

Let v and ' be seminorms on a linear space X. Then v is said to be stronger than v/
if whenever (zy,) is a sequence such that v(zx,;) — 0, then also v/(zg,;) — 0. If each is
stronger than the other, then v and v/ are said to be equivalent.

A double sequence has Pringsheim limit L (denoted by P —limx = L) provided that given
€ > 0 there exist n € N such that |z, — L| < € whenever k,I > n (see [11]). A double
sequence = = () is bounded if there exists a positive number n such that |xy ;| < n for
all k and [.

Some initial works on double sequences is due to Bromwich [5]. Later on, the double
sequences were studied in (see [12], [13]) and operators on sequence spaces were studied
in (see [1], [9]).

The fractional difference operator A for a positive proper fraction 7 on single sequence
is defined as

Ny N qym PO+ 1)
Al )(xk)_mzzo( 1) m!D(y—m+1) f=m

where T'(y) denotes the Euler gamma function of a real number ~ or generalized factorial
function (see [2], [3]). For v ¢ {0,—1,—2,—-3,---}, I'(y) can be expressed as an improper
integral,

o0
F(’y):/ e *s7 s,
0

2010 Mathematics Subject Classification. 40A05, 40A30.
Key words and phrases. Orlicz function, fractional double difference operator, double sequence, para-
normed space.
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For z € Q2 and a positive proper fraction «, the double difference operator of fractional
order +y is defined as

() y = NN qymn L(y+1)°
(1.1) A () = Z Z(_l) ’ mnll(y = m+ DI(y —n+ l)mkfm’lfn’

m=0n=0
The above defined infinite series can be reduced to finite series if v is a positive integer
(see [4]). Throughout the text it is assumed that (zx,;) = 0 for any negative integers k
and [.
An Orlicz function M is a function, which is continuous, non-decreasing and convex with
M) =0, M(z) > 0 for z > 0 and M(x) — o0 as x —> oo0. An Orlicz function
M is said to satisfy As-condition for all values of w, if there exists R > 0 such that
M(2u) < RM(u),u > 0.
The idea of Orlicz function was used by Lindenstrauss and Tzafriri [7] to define the fol-
lowing sequence space:

EM:{x:(;vk)ew:iM(if') < 00, forsomep>0}
k=1

known as an Orlicz sequence space. The space [ is a Banach space with the norm,

i 00 S5ar((24) <1},

k=1

A sequence M = (My,) of Orlicz functions is called a Musielak-Orlicz function (see [8],
[10]).

Remark 1.1. (1) Let M = (M},;) be a Musielak Orlicz function and ¢ be a non-negative
integer. Then for a real number d € [0, c0), we have
() M(gz) < gM(x)
(il) M(dz) < (1 + |d])M(z), where |.| denotes the greatest integer function.
(2) For a complex number «,
Pt < max{1, o] “}

and

|lak, + bk [P*" < D(lag o[P*" + [bg[P51),

where L = suppy,; < oo and D = max(1,2L71).
kel

Let A = (a;jx1) be a four-dimensional infinite matrix of scalars. For all i,j € Ny, where
Ny = NU {0}, the sum

00,00
Yij = Z AijklTE 1
k,1=0,0
is called the A-means of the double sequence (xy ;). A double sequence () is said to
be A-summable to the limit L if the A-means exist for all 4, j in the sense of Pringsheim’s
convergence

D,q
P- lim E QijkTr1 = Yi,; and P- lim y; ; = L.
p,q—>oo k l—O O 'L,j*)OO

A four-dimensional matrix A4 is said to be bounded-regular (or RH-regular) if every bounded
P-convergent sequence is A-summable to the same limit and the .A-means are also bounded.

Theorem 1.2. (Robison [14] and Hamilton [6]) The four dimensional matriz A is RH-
reqular if and only if
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(RH;) P-lima;ji =0 for each k and [,
i,J

(RHy) P-lim > agml =1,
" kl=1,1

(RH3) P-lim»  |aiju| = 0 for each 1,
"=

(RHy) P-lim E |aijii] = 0 for each k,
0.
1=1

(RH5) Z laijri| < oo for alli,j € N.
k=11

A real valued function g defined on a linear space X is called a paranorm, if it satisfies
the following conditions for all z,y € X and for all scalars

(1) g(A) =0, where A is the zero element of X

(i) 9(~2) = g(a)

(ili) g(z +y) < g(z) + 9(y)

(iv) If (B,) is a sequence of scalars with 8, — 0 as n — 0 and x,, is a sequence in X such
that g(z, —x) — 0 as n — oo for some z € X, then g(B,x, — fx) — 0 as n — 0.

Let M = (My;) be a Musielak Orlicz function, A = (a;;x) be a nonnegative four-
dimensional bounded-regular matrix, u = (uy,;) be any double sequence of strictly positive

real numbers, p = (py,;) be a bounded double sequence of positive real numbers, Ag” de-
notes the double difference operator of fractional order ~. In this paper we define the
following sequence space

QIAY p,v,u, A, M] =

9 = U zAé”)a:k ! Pt
{m = (z1,) € Q*(wy,) : < Z Qijkl [Mk,l (yk,l ())] ) € Q, for some p > O}.

k,1=0,0 p iyJ

Remark 1.3. (1) Let M = (My,;) be a Musielak Orlicz function and p = p; + p2. Then
for z = (zx,) and y = (yx,) € Q[AgY),p, v,u, A, M|, we have

askiing A(’Y) ) A(’Y) Pk,
Z @ikl [Mk,l(uk,z<uk’l 2 (ki) + iy (yk,l)>)]

k,1=0,0 P

00,00 A(’Y) Dkl
< D( G { M (Vk’l (uklszkl> ﬂ
1=0,0 P

k
00,00 (v) D1
U A '
+ Z Qijkl |:Mk,l (Vk,l (]Mykl>)] )
%,1=0,0 P2

for all non-negative integers ¢ and j and for some p;, p2 > 0.

(2) Let M = (M) be a Musielak Orlicz function and d € C. Then for L = sup pi,; < o0,
l

)

we have
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~ (v) Pk,1
> aijm [Mk,l (uk,l (W))}

k,1=0,0
00,00 () Pkt
ug 1 A5 (x ’
S ma,X{l, (1 + LdJ)L}< Z aijkl |:Mk7l <Vk:7l (k’ZQp(k’l))>:| )
k,1=0,0

for all non-negative integers i and j and for some p > 0.

(3) Let M = (My,;) and M" = (M, ;) be two Musielak Orlicz functions. Then
00,00 (’Y Pkl
up Ay (x
> aijkl[(Mk,l“v‘Mkl ( l( b t ))}
k,1=0,0

3 A('Y) Pkl
< D( Z aijkl|:Mk’l<yk’l(uk’l2<xk’l))>:|
k,1=0,0 P
) A(’Y) Dk,
D A |:Ml/c7l(1/k,l(w)>:| )
k,1=0,0 p

for all non-negative integers ¢ and j and for some p > 0.

(4) Let M = (M) be a Musielak Orlicz function. Let v = (v4;) and v/ = (1 ;) be

two sequences of seminorms. Then

- ) -
Z Qijkl [Mk,z ((l/;w + Vl/c,l) <’”2(’”))>}
k,1=0,0 p
3 A(’Y) Pkl
= D< > aijw {Mk,l<’/k,l<uk’l2($k’l))>}
k,1=0,0 o
« AW -
IR |:Mk,l<v;€7l<uk’l2(xk’l))>:| )
k,1=0,0 p

for all non-negative integers ¢ and j and for some p > 0.

The main goal of this paper is to introduce the double difference operator AQ) of frac-

tional order ~. In this study, being an application of double difference operator Agw), some
new difference double sequence spaces of fractional order have been introduced and sub-
sequently, their topological and algebraic properties have been discussed in detail. Infact,
this study involves new results obtained under different suitable choice of ~.

2. Main Results

Theorem 2.1. Let M = (M) be a Musielak Orlicz function, v = (v;) be a sequence
of seminorms and u = (uk 1) be a double sequence of strictly positive real numbers. Then

the sequence space Q[As ),p, v,u, A, M] is a linear space over the complez field C.

Proof. This is a routine matter, so we omit it. 0

Theorem 2.2. Let M = (M}, ;) be a Musielak Orlicz function, v = (vk,) be a sequence of
seminorms and u = (uy,;) be a double sequence of strictly positive real numbers. Then the
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sequence space Q[A;’Y),p, v,u, A, M] is a paranormed space with paranorm g defined by

i %0, A(W) DPkaN &
g(z) = inf {(p)plzl : ( Z @ikl [Mk,l (uk,l (W))] ) <1, for somep > 0},

k,1=0,0

where N = max{1, L} and L = suppy; < o0.
k,l

Proof. (i) Clearly g(x) > 0, for z = (zy,) € Q[Agﬂ,p, v,u, A, M]. Since My ;(0) = 0, we
get ¢g(0) = 0.
(i) g(=2) = g().

(ill) Let = (x,),y = (yr,) € Q[Aév),p, v,u, A, M], then there exist p; > 0 and ps > 0

such that
20,00 A(W) ) Pk, %
< Z Qijkl {Mk,z<wc,z<uk’l = (xk’l))ﬂ > <1
k,1=0,0 P1

00,00 A("/) Pr,IN\
(5 el (250
k,1=0,0 P2

Now for p = p1 + p2 and by using Minkowski’s inequality, we have

00,00 1
< { < <Uk,zAé”><xk,z>+uk,zA§”<yk,l>>>rk~l>N
Z ijil | M| Vi
p1 -+ p2

k,1=0,0
p1 = Uk,lA(Qv)xk,l Pt
Z il | Mg | v | ————=
P12/ N\, 150 P1

0,00
) 2(7) ‘ Pk,
+ < p2 ) < ikl |:1uk,l <l/k,l ( BiZ2 Ukt )):l )
P17 P2 k,1=0,0 P2
1.

<

and

2l

IN

2=

Hence, g(z + y)

00,00 1
Pk, ’ A(’Y) ) A(’Y) Pr,IN\ N
= inf {(PH—PQ)IZL : ( Z Qijkl [Mk,l <1/k,l <uk’l 2 (@kt) + uniBy (ykl)>)] )

k,1=0,0 P

IN

1, for some p > 0}

00,00 A(W) PEIN W
< inf {(pl)pil : < Z A5kl l:MkJ (l/kJ (W>>:| ) < 1, for some p1 > 0}
k

1=0,0 P1
00,00 1
PL, ’ A("/) i PrJIN N
+ inf {(pg)lzl : ( A5kl l:Mk’l (l/kJ <W>):| > < 1, for some p2 > O}
%,1=0,0 P2

= g(z)+9y).

(iv) Finally, we show that scalar multiplication is continuous. In order to show this, let
us consider a complex number . Then by definition we have
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00,00 ) Pk,
. Pkl Z 1 ourp A" (x

k,1=0,0 P
inf {(

g(ox)

2|~

< Lp>0},

s

00,00 ) Pkl +
PRI up A" (2 1) I\ N
t) T ii M, —_— < Lt >0 ,
lo|t) (k E Oa,]kl|: k.l (Vk,z( 7

=0,

where t = & . Hence the proof. O

lo|

Theorem 2.3. Let M = (M) and M" = (Mj ;) be two Musielak Orlicz functions,
u = (ug,;) be a double sequence of strictly positive real numbers and A = (aijri) be a
nonnegative four-dimensional bounded-regular matriz. Then

QAL p,v,u, A MIN QIAS p,vyu, A, M) € QIASY, p, v u, A, M+ M.
Proof. Suppose © = (zx,) € Q[Agv),p, v,u, A, M] N Q[Aéy),p v,u, A, M’]. This implies

that
00,00 r 7 1Pk,
U 1A T ’
< E il | My, <Vk,l<2 >> >
k,1=0,0 o P - .7

)

00,00 r ) 1Pk,
, up 1Ay g
g @ijrt | My g | vea | —————
k,1=0,0 L p . 0,J

s

and

both are in Q. Now by using part (3) of Remark 1.3, we have

- ™ .
Ug 1A €T »
Z Qijkl [(Mk,l + M,’c,l) <y,€’l (’”2“))]
k,1=0,0 P
00,00
7 A('Y) Pkl
< D{ Z Qjjkl [Mk,l (Vk,l(w)>}
k,1=0,0 p
~ (v) Pk,
ur 1AV T ,
+ Z A5kl {M,'Cl (ykl<kl2kl>)] }
k,1=0,0 P
3 Ug lA(W)xk . Pk,1
e (s nomma ( 2, aum {(M’“’l + Mj z)(”k,l(m)ﬂ ) €Q.
k,1=0,0 ’ p g
Then z = (z1,) € Q[Aé’v),p, v,u, A, M + M’]. Hence the proof. .

Theorem 2.4. Suppose that M = (My,) be a Musielak Orlicz function, v = (vg,;) and

v' = (v},;) be two double sequences of seminorms. Then

QIAY p,vu, A, M N QIAY p, v/ u, A, M) C QIAY  p,v+ v/ u, A, M.

Proof. One can easily obtain the proof by using part (4) of Remark 1.3. So, we omit it.

Theorem 2.5. Let M = (M) be a Musielak Orlicz function. Ifv = (vy,;) andv' = (v ;)
be two double sequences of seminorms such that (vy) is stronger than (v; ;) for each k

and l, then Q[Agv),p, vyu, A, M] C Q[Ag’),p, viu, A, M.
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Proof. Consider a double sequence x = (xy,;) € Q[AQ),p, v,u, A, M]. Then

00,00 (v) P, 1

up 1 A5 x
(2, s (a(252)]), e
k,1=0,0 P 1.7

Since each vy is stronger than corresponding I/]/C’l, we have a natural number N ; corre-
sponding to each pair of non-negative integer k£ and I such that vy ;(w) < Ny vk, (w). Let
N = max{Ng,}. Then v} ;(w) < Ny (w) for all non-negative integers k and [. Thus,

(v) (v)
Vlgl(uk,lAz J?k,z) SNsz(uk’lA2 J?k,z)_
’ p ’ p

From Remark 1.1, we have

00,00 A(’Y) Dk,
S i [Mk,l (”“(ZM))}

k,1=0,0 P

00,00 A(’Y) Pk,
S max{l,NL} Z aijkl |:Mk,l <I/k,l<uhl2xk’l>):| .
P

k,1=0,0

00,00 uk: lA(’Y)-'L‘k 1 Pkl
Since Q is normal, ( Z Qijki |:Mk,l (V]/@,l (2>>} ) €Q.
4,J

k,1=0,0 P
This implies x = (xy,) € Q[A(;),p, viu, A, M. 0

Corollary 2.6. Let M = (My,) be a Musielak Orlicz function. If v = (vg,) and V' =
(Vk.1) be two double sequences of seminorms such that (vi1) is equivalent to (vy ;) for each
k andl. Then

Q[Agy),p, V,U,.A7 M] = Q[AQW)JQ, V/,’U,,A, M]

Theorem 2.7. Suppose M = (My;) and M’ = (My,;) be two Musielak Orlicz func-
tion such that My (1) is finite for each k and l. Let A = (a;j11) be a nonnegative four-
dimensional bounded-reqular matriz. Then

QA p,vyu, A, M) € QALY p,v,u, A, Mo M),
Proof. Consider x = (z,) € Q[Agﬂ,p, v,u, A, M’']. So,

00,00 A('Y) Pk,
(5 el (2202)]),
k,1=0,0 P irj

Since each (Mjy,) is continuous and My ;(0) = 0 for each k and I, we choose ¢ € (0,1)
corresponding to an arbitrary € > 0 such that M}, ;(s) < e for 0 < s <. Let us take

(v)
up 1Ay’ T
Sk = Ml/c,l (l/k,l (k’l ; M))

and
00,00 Pkl Dkl Dk,
(2.1) Z Qijkl [Mk,l(sk,l):| :Zaijkl [Mk,l(sk,l):| +Zaijkl [Mk,l(sk,l):| ;
k=11 1 2

where the first summation is over s;; < ¢ and the second is taken over s;; > ¢. For
Sk < ¢, we have My, ;(si,) < € and hence

Pk,1
Zaijkl |:Mk,l(5k,l)] < Zaijkl[dp’“-
1 1
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Now by using Part (2) of Remark 1.1, we have

Pk, 0,00
(22) Z aijkl |:Mk,l (Sk,l):| < max{l, EL} Z aijkl S maX{L EL} Z aijkl.
1 1

k,1=0,0

For si; > ¢, we have s, < (S’;l) So, from Part (1) of Remark 1.1, we have

My 1(sk,1) < My, <S§l> < (1 + {TJ)Mk’l(l) < 2Mk,l(1)s?l~

Let £ = Ir]ia;x(Mk,l(l)), then My i(sk,) < 2651, By using Part (2) of Remark 1.1, we get

Pkl 2 L 00,00
(23) Zaijkl |:Mk:,l (Sk,l):| < max (17 (§> ) Z @45kl [Sk,l]pkvl,
2 N k,1=0,0
From (2.1),(2.2) and (2.3), we have
Z aijrr[My(s)]P* < max(1, ") Z @ijkl
k=11 k,1=0,0
L 00,00
2
+ max <1, <£> ) Z @ijki|Sk] PR
N k,1=0,0

Since @ is normal,

< °§° aijkl[Mk,l(Sk,z)}’”"l>ij

k=11 :
00,00 . Uk,lAgY)xk,l Pkl
= Z aigit | (Mo My )| v | ———— €Q.
k,=1,1 P i.J

Thus, = (zx,) € Q[A(;),p, v,u, A, M o M']. Hence the proof. O

Theorem 2.8. Let M = (My;) be a Musielak Orlicz function such that My (s) <
My_1,1-1(s) for all s € [0,00),v = (v1) be a double sequence of seminorm such that
Vi i(8) < vg—1,1—1(8) for all s. Let A = (a;ji1) be a nonnegative four-dimensional bounded-
reqular matriz such that a;jr < a;jk—1ya—1) for all non-negative integers i,j,k and l and
suppose p = (pg1 = p) is a constant sequence of positive real number. Then

Q[Aé771)7p7 v,u, "47'/\/” - Q[Ag{)a% V7u7~’47 M]

Proof. Suppose = = (x,;) is a double sequence in Q[Ag’_l),p, v,u, A, M]. Then

09,00 (=1 P
Z up A T
k,1=0,0 P 2
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Since My, 1(s) < Mr—1,1-1(5), Vk,1(5) < vg—1,-1(8) and ajpr < @i5(k—1)(1—1), We have

00,00 (r=1) p
U A Tp_1,1-
Z aijkl|:Mk,l<Vk,l( 2 ! 1))}
k,1=0,0 P
00,00 (v—1) P
Up—1 -1 Th_1.1—
Z Aij(k—1)(1—1) [Mk—l,l—1<’/k—1,l—1< LI b L 1))}
1=0

k,1=0,0 p

00,00 (v=1) P
U A Tl
Qijkl |:Mk,l (Vk,l (2 ))} .
%,1=0,0 P

)

~ wp g AT Mg P
Since (@ is normal ,( Z Qijkl [Mk,l (VM( : : ))] ) € . Now,

IN

k,1=0,0 p »
00,00 (v) P
UTSVAC LS oy
Z ikl [Mk,l (Vk,l<2>>:|
k,1=0,0 P
00,00 (v—1) P
U A Tl — Th—1,1—1
= Z az‘jkll:Mk,l<Vk,l< 2 )>>}
k,1=0,0 P
00,00 (v—1) P
up A Tl
< D{ aijkl[Mk,l<Vk,l<2 >)]
k,1=0,0 P
,00

0o A, P
. Z - {Mk,l<1/k,z<w’l 2 Trp_1, 1))} }
k,1=0,0 ’
00,00 Uk lAgV)l‘k l !
Again @ is normal. So, ( Z Qijkl [Mk,l (Vkl())] ) €Q.
.3

k,1=0,0 P
Thus, = (zx,) € Q[Agﬂ,p, v,u, A, M]. O

In order to show the strictness of the above inclusion let us consider the following example.

Example 2.9. Consider M = (My;) be a Musielak Orlicz function with My (z) =
x, (V1) be a sequence of seminorm with vy (z) = |z|,pr; = 1, A =1 be an identity matriz
of infinite order, p = 1,up (x) = & and (zx,;) = 1 for all non-negative integers k and .
Then

00,00 up lAgY)l'k ; Dkl
SUp Y ijk {Mkyl <kal<’ : >>} = sup|Ji,; (V)| (say),
4J 11=0,0 p 0.

where J; j(v) is the expansion of the series (1.1) for xp; = 1. Fory = 4, sup|J; j(v)| < o0
.9

whereas for v = —%, sup|J; ;(7)| = oo. Thus, z = (wk,) € EOO[A(Ql/Z),p, vyu, I, M] but
i,J
r=(Tk1) ¢ oo [Aéﬁl/z),p v,u, I, M]. Therefore, the inclusion relation is strict in general.

Theorem 2.10. Let M = (M) be a Musielak Orlicz function and P be a nonnegative
four-dimensional bounded-regular matrixz whose all entries are 1. If 0 < ll?lf hig < hgy <

ck, < supcg,; < oo for all non-negative integers k and l. Then

)

U [A?), h,v,u, P, M] C lo [AQ),C, v,u, P, M.
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Proof. Consider that = (z) € loo [Agﬂ7 h,v,u, P, M]. This implies

00,00 () R 00,00 ) hi
IRYAN S i TR VANSE '
1 35 P (B3E)] — 3 o 22

iij k,l:0,0 k,l:070 p
< ©oQ.

Then for sufficiently large k say kg and sufficiently large [ say [y, we have

A('Y) Rt
o ()

for all £ > kg and | > [y. Hence,

A(’Y) R ;kfl A(’y) i
s (na(252))] 7} s (52) )]

for all £ > kg and [ > [p. Now by taking summation from kg to oo and [y to oo on both
sides, we have

00,00 (v Ch,l 00,00 (v) Pt
U 1A T ’ Uk 1 A5 T ’
S ()] F o (222)
kel =Ko lo P ke, =ko lo P
< ©oQ.
00,00 A(‘Y) Ck1
Thus, sup Z [Mk,z (ykl<ukl2x’“)>} < 0.
I k,1=0,0 P
Therefore, z = (zx,) € {xo [AS), ¢, v,u, P, M]. Hence the proof. O
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On the dynamics of higher-order anti-competitive system:
T+l = A+ k B Y1 = B+ k -

E Ln—i E Yn—i
=1 =1

A. Q. Khan* M. A. El-Moneam! E. S. Aly* M. A. Aiyashi®

Abstract

We study the boundedness and persistence, asymptotic stability, existence and uniqueness of positive equilibrium
point, and rate of convergence of an anti-competitive system of higher-order difference equations. The proposed work
is considerably extended and improve some existing results in the literature.

Keywords: difference equations; boundedness; persistence; asymptotic stability; rate of convergence
2010 AMS Mathematics subject classifications: 39A10, 40A05.
1 Introduction

Difference equations or systems of difference equations play a vital role in the development of different sciences ranging
from life to decision sciences (see [IH7] and references cited therein). DeVault et al. [5] have investigated that every

positive solution of the difference equation: xz,41 = ;‘ - 1_2, n = 0,1,---, converges to a period two solution.
Abu-Saris and DeVault [6] have investigated the global stability of the positive equilibrium of the difference equation:
Tpy1 = A+ z"ik, n=0,1,---. Zhang et al. |7] have studied the global dynamics of the difference equation: z,11 =
A+ —*— ypy1 = B+ —5¥—, n=0,1,---. In this paper, our goal is to investigate the dynamics of following
Z Yn—i Z Tn—i
i=1 i=1
higher-order anti-competitive system of difference equations:
Y x
xn+1:A+k7nv yn+1:B+k7nan:0717"', (1)
Z Tpn—iq Z Yn—i
i=1 i=1
where initial conditions x_p, y_p, p=4k, k—1, k—2,---,1,0 and A, B are positive.

2 Main results

Hereafter we will prove main results for under consideration system.
Theorem 1. If ABK? > 1, then the following statements holds:

(i) Every positive solution {(x,,yn)} of (1)) is bounded and persists.

EA(kB%*+A L .
X {B, k'(zAle):| is invariant set for .

*Department of Mathematics, University of Azad Jammu and Kashmir, Muzaffarabad 13100, Pakistan, e-mail: ab-
dulqadeerkhan1@gmail.com
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(i) The interval [A, %
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Proof. (i) If {(2n,yn)} be a positive solution of (1)) then
Tn > A Yy >B, n=0,1,---.
From and , one gets
1 1
Tpp1 S A+ TAYn Ynt1 S <B+-— B-

Moreover, from (3), one gets

<A+ — B 1 <B+— A
Tn41 LA k‘QAB Tn—1, Ynt1 LB
Now consider
B 1 A
A _ =B+ —
Sn+1 = + — LA szBgn 1, On+1 + kB +

Therefore, solution {(,, 0,)} of (B) is given by

1

t At

k2AB

On—1-

k2AB —1

1) 1\ kB (kA% + B)
w=a\Wezag | T2\ Vieap) T

k2AB —1

1\ 1\ kA(kB2+A)
gn—d1< k2AB> +ds <— k‘2AB> +

)

3

(6)

where ¢, c2, di, do depend upon s_i, So, 0—1, 0o. Assuming ABE? > 1, then @ implies that {¢,} and {o,} are

bounded. Now considering solution {(,, 0,)} of @ for which

S—1=2T-1, S0 = To, O0—-1 = Y-1, Q0 = Yo,

kB(kA*+B)

kA(kB?+A)
where z_1,2¢ € [A, kgAB_l} and y_1,y0 € {B, k(zAB+1 . From and (H) one gets

kB (kA? + B) kA (kB? + A)
Ty < et y, < RA (KB + 4)
2AB — 1 K2AB — 1
From () and (8], we get
kB (kA% + B) kA (kB2 + A)
A< < — 7 B e —
== Teap 1 0 == T A

Proof. (ii) Follows from induction.

Theorem 2. System has a unique positive equilibrium point (Z,y) € [A,

k2AB -1

2 <2k23(m2 +B) (kB(kA2+B) - A) B B) <2kB(kA2+B)

k2AB -1

Proof. Consider
x:A—i—i, y:B—i—i.

kx ky
From ,
y=kax(x - A), z = ky(y — B).
Defining
S(z) = ks(z)(s(z) — B) — x,
where

kB(kA*+B)

).« [ ez

—A) <1

k2AB —1

 n=0,1,---.

k2AB—

A. Q. Khan et al 104-109
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kB kA2+B
kB(kA®+B) . From and one

and x € [A, kigigjf)} We claim that S(z) = 0 has a unique solution x € [A, —SAET
gets
S'(x) = 2ks(x)s'(x) — kBs'(z) — 1, (13)
and
s'(z) = 2kx — kA. (14)
Now if T € [A, kiglf:; +1B)] be a solution of S(z) = 0 then from and one gets
ks(z)(s(z) =z, (15)
where
s(z) = kz(z — A). (16)
2
2kB(kA? + B) _A> . an

k2AB -1

In view of , and , equation becomes
k* (2kx(z — A) — B) (22 — A) — 1
2k*B(kA% + B) (kB(kA%? + B) _A)_B
k2AB —1
O

2
¥ ( 2AB — 1
hold then from one gets S’'(z) < 0. Hence S(z) = 0 has a unique positive solution z €

§'()

IN

Now assume that @D
(18)

kB(kA®+B)
e
Theorem 3. If
1 kB? + A 1 kA%*+ B
— + , =t < 1
kA A(k2AB -1) kB  B(k2AB —1)
2 2
then equilibrium (T, ) [A, W] X [37 kig’i‘%—‘_{é‘)} of the system 18 locally asymptotically stable
Proof. The linearized system of (1) about (z,7) is
(I)n+1 E(I)na
where
Tn 0 - k;j:i? - k2g5c2 - k2grz2 % 0 0 0
Tp_1 1 0 0 0 0 0 0 0
e 1
o, — Ty k E— (1) 0 0 0 050 Ow 0i
Yn %7 0 0 0 0 k252 k252 k252
Yn—1 0 0 0 0 1 0 0 0
Yn—k 0 0 .. 0 0 0 0 . 1 0
Let us denote 2k + 2 eigenvalues of E as k1, Ko, , Kokt2 and D = diag(mq, ma, , Mak42) be a diagonal matrix
where m; = mgqo =1, m; = mpyp14o =1 —1€, 1 =2, 3, , k+1, and
1 kB%* + A v kA?+ B -
k41 kB B(K2?AB-1) '

1

kA A(K2AB-1)

Since D is invertible and by computing DED ™!, one gets
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0 —k%,,mlmgl —%mlmgl —#mlm,ﬁl
mam7 ! 0 0 0
0 0 Mg 1my, 0
kigmlﬁ_gml_l 0 0 0
0 0 0 0
L 0 0 0 0
DED™ ' = ) . (19)
ﬁmlmkH_Q 0 0 0
0 0 0 0
0 0 0 0
0 . _ﬁmkﬁmﬁs _kTch?kar?m;kl—o—l _Jﬁmkﬁm;klw
Mk43My 4 o 0 0 0
0 0 m2k+2m2_k1+1 0
From mi1 > mo > -+ > mgq1 > 0 and mpqo > Mmpgys > -+ > mogyo > 0, one has
mgml_1 <1, mgmz_1 <1, -, mk+1m,;1 < 1,mk+3m;+12 <1, mk+4m,;i3 <1, -, m2k+2m2_k1+1 <1
Also,
Y oty Y e ST U S | LIS S
e T I i v 7= (1 o TP TSt e )
1 y 1
< (=+%) —m—
(kx kx2> 1—(k+1)e
1 kB? + A 1
< — 4+ < 1.
kA A(kPAB-1)/) 1—(k+1)e
And
1 1y z 1L z 1 1 n T 1 T 1
Mo Y Miaom e = mriom = — 4= (= 4. .4 -
ky TR gz R k22 FE k2 ky | k22 \1— 2¢ 1—(k+1))’
< 1 . z 1
ky  ky2) 1—(k+ 1)
- 1 N kA® + B 1 -1
kB  B(k?AB—-1))1—(k+1)e ’
Since F has the same eigenvalues as DED ™! and hence
-1 _ -1 -1 -1 -1
max lkn| SIDED ™ |lo = max{mami -, mpp1my , Mpy3my o, MagraMop 1,
1 7 1 T 1 1 .
kz = k232 \1 —2¢ 1—(k+1)e) ky
z 1 1
—-— |+t — |} < L 20
k22 <1—2‘5+ +1—(k‘+1)6>} (20)
2 2
Thus equation implies that (zZ,7) € [A, W] X [B, W} of is locally asymptotically stable. [
—_— o kB(kA®+B) kA(kB?+A) , )
Theorem 4. Equilibrium (Z,9) € |A, —za5——| X | B, —mag——| of (1)) is globally asymptotically stable.

Proof. Let {(xn,yn)} be arbitrary solution of
lo where l;, L; € (0,00), i = 1,2. Then from

107

1} Alsolet lim
n—oo
(1) one gets

Ly
<A+ —= 11>
1= +k:ll’ 1=

supx, = L1, nl;ngo infx,, =1, nlgl;o supy, = Lo, nlgr;o infy, =

ly

Ay 2
kL

(21)
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And
L2§B+lf—ll2,l223+kl—£2. (22)
From , we have
Ak(Ly — ;) < Ly — Is. (23)
From , we get
Bk(Ls —1s) < Ly — 1. (24)

From and , we get
(ABK* —1)(L1 —1;) <0

which implies that {; = L;. Similarly it is easy to prove that Iy = Lo. O

Theorem 5. Assuming {(zn,yn)} be a positive solution of such that (zn,yn) — (T,9) as n — oo, where (T,7) €

A? A(kB2+A L
[A, W] X {B, %} Then, the error vector &, satisfying

||§n+1H
o [[&nll

Jim /&l = |=E], ] = [kE],

where kE are the characteristic roots of E.

Proof. If {(xy,yn)} be any solution of (1) such that (x,,y,) = (Z,9) as n — oo. To find error term one has

k _
-  Yn _ 1 _
Tpt1 —T = — - Z (Tp—i — ) + - (Yn — W),

=1, _
§ Tp—iq kx § Tp—iq § Tp—iq
=1 i=1

_ k
_ T T 1
Ynt1 =Y = kin_F: k Z

7 1=1 ) (ynfi - ?j) .
Z Yn—i Z Yn—i ki Z Yn—i
1=1 i=1

Denote €; = z,, — Z and €2 = y,, — ¥, one has

€nt1 = ZAnlen i+ Buen, €nypq = Cnep, + ZDmEn i
=1
where
Y 1
Anl—AnQ— ":Ank::_ & 7Bn: & )
kx < xn_i> an_z
1=1 =1
1 b 7
Cn_ & P Dnl—DnQ— —an _Z 5
=1 4, _
D Yo ky ( yn—z>
i=1 =1
Taking the limits, we obtain
. y 1
lim A,; = hm App=---=lim A, = ———, lim B, = —,
n—00 n—00 2],‘2 n—r00 k.]?
. 1 . T
lim C, = —, lim D, = hm Do = = lim D, = ———.
n—o0o ky n—oo n—o0o k2y2
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Hence we have system (1.10) of 8] where

§n+1 = Efna (25)
e e o —Ee Ee om0 0 0
el 10 ... 0 00 0 o0 0 0
L . 1 . .
where £, = 6"5’“ ,E = (1) 8 0 0 8 0 Og—c Oj . This is similar
“n ky TREE S TERRE TR
e 0 0 0 0 1 0 0 0
e 0O 0 ... 0 o 0 0 .. 1 0
to linearized system of (1]} about (Z, 7). O

3 Conclusion

In the present work, dynamics of following higher-order anti-competitive system is studied:

X
l‘n+1:A—|— ky’ﬂ 7yn+1:B+7k L

E Tp—i E Yn—i
i=1 i=1

Our investigations reveal that if ABk? > 1, then {(x,,y,)} of this system is bounded and persists and the region

kB(kA*+B kA(kB*+A) | . . . . . 2 2
[A, kgAB_l)] x | B, % is invariant set. It is proved that if 7 + A(’Zf;fﬁl) <1land 75 + % <1

2 2
then equilibrium (z,7) € [A, kB(kA +B)] « [37 kA(KB?+A)

AR 1&43—1} of the system is locally asymptotically stable. Finally

. kB(kA®+B kA(kB2+A
global dynamics and rate of convergence that converges to (z,y) € {A, kgAle)} X {B, kgAle)} of are also

demonstrated.
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Abstract

We investigate a modified HIV infection model with antibodies and latency. The model consider saturated
HIV-CD4™" T cells and HIV-macrophages incidence rates. We show that the solutions of the proposed model
are nonnegative and bounded. We established that the global stability of the three steady states of the model
depend on threshold parameters Ry and R;. Using Lyapunov function, we established the global stability of
the steady states of the model. The theoretical results are confirmed by numerical simulations. The results

show that antibodies can reduce the HIV infection.

1 Introduction

Constructing and analyzing of within-host human immunodeficiency virus (HIV) dynamics models have become
one of the hot topics during the last decades [1]-[18]. These works can help researchers for better understanding
the HIV dynamical behavior and providing new suggestions for clinical treatment. A vast of the mathematical
models presented in the literature have focused on modeling the interaction between three main compartments,
uninfected CD4% T cells (s), infected cells (u) and free HIV particles (p). Other models have differentiated
between latent and active infected cells [19]-[23], an HIV mathematical model has been presented by inroducing
a new variable (w) for the latently infected cells as:

$=p—4Js— Asp, (1)
w=Asp — (a+ B)w, (2)
= Pw — au, (3)
p=ku—gp, (4)

where, p is the creation rate of the uninfected CD4™ T cells, §, a, @ and g are the death rate constants of the four
compartments s, w,u and p, respectively. The term Sw represents the activation rate of the latently infected
cells. The HIV-CD4'T cell incidence rate is given by Asp. Parameter & represents the rate constant of free

virus production. Sun et. al. [24] have modified the above model by considering the saturated infection rate
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Asp

S as:

. Asp

—p—bs— 2L 5
s=p-ds— 0 (5)
. Asp

w—s+p—(a+,6’)w, (6)
U = Bw — au, (7)
p=ku—gp, (8)

Model (5)-(8) consider one type of target cells (CD4% T cells). Moreover, the model does not acount the
presence of the antibodies which are important in reducing the HIV infection. To have more accurate HIV
model we improve model (5)-(8) by taking into account the dynamics of HIV with two target cells, CD4™ T cells
and macrophages and antibodies. The global stability of the model is proven by using Lyapunov method.

2 The modified HIV

We propose the following model:

Aisip .

8 = pi — 0iSi — ; i=1,2, 9
p 5t p (9)
AiSip .

w; = — (a + B;) wy, 1=1,2, 10
AP (a4 6 (10

Uy = Biw; — a;u;, 1=1,2, (11)
2

p=Y kiu; — gp— upz, (12)
i=1

z=rpz—(=z. (13)

where, z (t) represents the populations of the antibody immune cells. The antibodies are proliferated and die
at rates rpz and (z, respectively. The HIV particles are killed by antibodies at rate upz.

2.1 Preliminaries.

Lemma 1. The solutions of model (9)-(13) with the initial conditions s; (0),w; (0),u; (0),p (0) and z (0) are

nonnegativite and bounded for ¢ > 0.
Proof. We have

Aisip

Si+p

8 |s;=0=p; >0, w;

>0 Vs20,p20, 1|y=0=Fiw; >0 Yw;>0,i=1,2

wi:O:

2
P |p=0= Zkiui >0V u; >0, Z].—0=0.
=1

This shows the nonnegativity of the model’s solutions. Now we let G; (t) = s; (t) + w; (t) + u; (¢), then

Gi = pi — 0is; — uw; — a;u; < p; — Ky (83 +w; +w;) = p; — KiGl,

where x; = min {0;,a;,a;},4 = 1,2. Hence 0 < G; (t) < M; where, M; = £, therefore s; (t),w; (t) and u; (t)
are all bonded. Let G3 (t) = p(t) + £z (t), then

2 2 2
Gg (t) = Zkluz —gp — MCZ § Zkle — K3 (p + gZ) = ZkzMz — I$3G3 (t) s
=1 =1

T :
=1
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2
where k3 = min {g, (}. Hence p(t) < M3 and z (t) < My for t > 0 where, M3 = n%ZkZM’ and M, = T'J)f?’. So
i=1

that, there is a bounded subset of D
I ={(s1, 892, w1, wa,u1,u2,p,2) € H:0<s;+w; +u; <M;;0<p<Ms,0<w< My}.

is positively invariant with respect to system (9)-(13).
Lemma 2. For system (9)-(13) there exist two bifurcation parameters Ry and Ry with Ry > Ry such that
(i) if Ry < 1, then the system has only one steady state Iy,
(ii) if Ry <1 < Ry, then the system has only two steady states IIy and IIy,
(iii) if Ry > 1, then the system has three steady states IIg,II;and IIs.

Proof. Let
)\isi
pi — 0i8; — 5 +Z; =0, (14)
AiSi
73:—1—1}; — (o + Bi)w; =0, (15)
Biw; — aju; =0, (16)
2
> kiu; — gp — ppz =0, (17)
i=1
rpz —Cz = 0. (18)
Eq. (18) we obtain two possible solutions, z = 0 or p = % First, we consider the case z = 0, then from Egs.
(15)-(16) we can get:
\iSi AiBisi

(i + Bi) (si+p)’ a; (a; + Bi) (si +p)’

where s = £ From Eq. (17) we obtain

2
kiXiBisi
—1)gp=0. 20
(; aig (a; + Bi) (si +p) ) (20)
2
Eq. (20) has two possible solutions p = 0 or Z#ﬁ)?sm =1.
i=1

If p = 0, then substituting it in Eq. (19) leads to the uninfected steady state 1y = (s9,59,0,0,0,0,0,0). If
p # 0, we have

kiXiBis; _
;aig (a; + Bi) (si +p) —1=0. (21)

Eq. (14) implies that

1 2
st = 5 ((8? —pip) £ \/(%p —s))" + 48?19) ,

where, s = g—:gpi = ;‘— +1,i=1,2. Clearly if p > 0 then s; < 0 and sj > 0, then we choose s; = s;r
1 2
i =g ((8? —pip) + \/ (pip — 59)" + 48?p> : (22)
Substituting from Eqs. (14) and (19) into Eq. (17) we get
2
kifi

_— i — 61-52- — =0. 23
;d& il ) = gp (23)
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Since s; is a function of p then from Eq. (23) we can define a function H; (p) as:

=1

2
’L/B’L
zaz al T ﬁz —0;8; (P)) —gp=0.

(24)

We need to show that there exists a p > 0 such that Hy (p) = 0. It is clear that, if p = 0, then s; = s? and

H; (0) =0 and when p =p = Z%>O,Wehave§i:si(ﬁ)>0and

=1
2

N kiB:i0;3;
H () = ;aig(ai +B:) <0

Since H; (p) is continuous for all p > 0, we obtain

e 2. kB
)=y (izzlaig (c; + Bi) - 1) .

Therefore, H, (0) > 0, if
2

kidiBs
_—>1
;aig (a; + Bi)

(25)

It means that if condition (25) is satisfied, then there exists p € (0,p) such that Hy (p) = 0. From Eqgs. (19) and

(22), we have 51, W;, Ui, p > 0. Thus, an infection steady state without antibodies IT; =

exists when Z% > 1.Now we can define

i=1

2

: ki\ifB;
Ro = ;Rm - ;aig (a; + Bi)’

Now if z # 0, then from Eqs. Egs. (14)-(16),

_ 1 0 < kS ’ A¢sy 0; = 8P
R (R e o

_ 2 _
_— Aifisip s_9 3 kiXiBisi B
"oai(ai+Bi) (5i+ D) p\ = aig (i + Bi) (i +p
2 —
Thus, zZ > 0 when Z% > 1. Let us define the parameter R; as:
i=1
i kiXiBisi
=1 o‘z“‘ﬂz) (gi"’ﬁ)’
If B > 1, then z = %(Rl —1) > 0 and exists an infection steady state with antibodies IIy

(51,52,@1,@27'&1,@2,?7 2) if Rl > 1.

2.2 Global properties

We will use the following function throughout the paper, F' : (0,00) — [0,00) as F (¢) =¢—1—Ing.
Theorem 1. The steady state Il is globally asymptotically stable when Ry < 1.
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Proof. Define

Wor = Z'Vz |:wz ;;ﬂz) :| +p+ %Z,

where, v; = az(l;ii&) We evaluate dW‘“ along the solutions of system (9)-(13) as
2
dtm = Z% {wi + (a;muz} +p+ %z
i=1 ¢
2
)\Zslp aZ + ﬂl
- Z'Yz |:8 _|_p (0[1 + Bz) w; + (67) (Bzwz a”Lul :| + Zk U; — gp — ppz + = A (sz - CZ) . (26)
= v o i=1

Eq. (26) can be simplified as

dWor _ i Aisip

2
28 28
dt 15,+p_gp_72§2%)‘ip_gp_72
K3

i=1
S e I8
_g<;%g(04ﬂr&)_l>p_rz—g(l%o—1) -&.

If Ry <1, then % < 0 holds in I'. Moreover, dVth‘” = 0 when p = 0 and z = 0. Hence the largest compact

invariant set in I' is

Wo
le{(31732771}1711127“1»“2;107 )€F| ! _0}
= {(s1, 82, w1, wa,ur,ug,p,2) €L | p=0,2=0}.

LaSalle’s invariance principle yields lim; 4 p (t) = 0 and lim;_, 4 2 (¢) = 0. One can get limit equations:

5; = pi — 045, (27)
w; = — (ai + 51> wW;, (28)
U; = Biw; — auy;. (29)

Define a function Wy by

Woo = Z% [5 F <0) + w; + (041;51)14 .

i=1
Then
dI:l[;oz _ Zz: Kl — ;) $; + W + (alﬁ—t&)uz}
= 22:%‘ Kl - f) (pi = Gisi) — (i + Bi) wi + (ﬁ;ﬁz) (Biw; — aiui)]
i=1 ' v
—y s,
Therefore, dI;Vtoz < 0 holds in @; and ‘ﬂg—toz = 0 if and only if s; = s? and u; = 0. There is the largest compact

invariant set in Q1:

dW
Q2 = {(51782,’(,01,’11)2,’[“_,’&2,]9, ) € Ql | 02 — 0}

= {(515827w17w27u17u2apaz) S Ql | S; = Sivwi Z O,’U,i = 0} .
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In @2, from Eq. (29) we get S;w; — a; (0) = 0, and then w; = 0. So

dW
Q2={(81,82710171112,“1,“2,19» z) € Q1 | 2 —0}

= {(517327“)17“}27“17“2;?72) S Ql ‘ S; = S?awi = Oaui = O}

= {Io} .

Hence, if Ry < 1, all solution trajectories in I' approach the uninfected steady state Ilj.

Theorem 2. The steady state II; is globally asymptotically stable when Ry <1 < Ry.
Proof. We introduce

2 St -
:;% si—éi—/(“ﬁ@)wi(”p)d i (“’) Lt By p (”) + BF (p) + L

J )‘iTp w; Bi Uq D
Evaluating “% along the trajectories of system (9)-(13):
2 N N N
dWy (i + Bi) w; (51 +P) wi\ . (g + ﬁi) i P\ . K.
N (1 - 1 D) gy ¢ ) (g 1-2 #
2 - -
(c; + Bi) Wi (8; + P) Aisip Aisip
= i (1 — i — 0isi — g i) Wi
;'y [( AiSip P e sitp (@it Ai)w
+W <1 - ZZ) (Biw; — aiui)} + (1 - p) <Zk u; — gp — upz) + = (rpz —(z). (30)
i i =
Simplify Eq. (30) as
2 - - -
dW1 (e + Bi) Wi (s; + P) AiSiD > AiSip W; 8
7 [ z [ =~ [ 61 [ - — + i + 7 [
ZV [p AiSip P sitp si +pw; (i Bo) @
(ot )y SO OBy g (-8 (31)
(7 Bi Bi P T
From the conditions of II{, we obtain
- _ Ai8ip i (i + Bi) - N
pi = 0;8; + (o + Bi) z j—p (i + Bi) Wy, wui = (i + Bi) Wi,

17— ~ ~ )

2 ~ o~ ~ ~ ~ ~ ~
915 _ Zkzﬂz, \ = (az + 51) Wi (Sz +P) (al + /81,) w7.~(31 +P) _ Sq (*fz +PZ) ,
; 8D AiSip 8; (3; +P)

then, we have

2 _ _ _
dWl s;  8;(si+D) Si+p> . ( p(si + D) 8i+p>
E i 0485 - - po — + = — | + (q; + 0;) w; 1—*+ + —
v [ i ( 8 si(3i+p) Si+p (ai +80) @ p DP(sitp) si+p

_ 5i(si +P)  swip(3i+D)  wily  wp S +p>} o
+ (o + Bi) wi | 5 — — L — ——— - || + —D)z. 32
( f) ( 5i (8 +pP)  Swip(si+p) Wug  Wp  si+P no-p) (32)

Eq. (32) becomes

Si(P—ﬁ)Q
“p(si+p)(si +D)

~ 5;(si+p) swip(Si+p) willy wp  Si+p
+(az+ﬂl)wz<5— _su) ( o F

5 (5 +p) +p) W Wp S+

— (a; + B) w;

awy 2 8P (si — §i)2
dt Z% [ si(si +p)

i=1

)|+ nt-n=
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Using the rule

we obtain _ o ~ B
i) SO GiAD) | Wi P SED sy
s ($i+p)  Swip(si+p) wWw Wp  Si+D
Now we show that if Ry <1 then p < % This can be shown if we prove that
sgn (8; — 8;) = sgn (p —p) = sgn (R — 1).
Suppose that, sgn (p — p) = sgn (8; — 5;).
_ - AiSip AiSip p—p)s} (5i — 5)p°
(pi —0i5i) — (pi — 038;) = —— — ——= = ‘[_(_ 2 — ——— ~) -
Sitp  5i+p (5i+p)(5i+p)  (5:+p)(5i+D)

This yields, sgn (3; — 3;) = sgn (5; — §;), which leads to contradiction and then sgn (p —p) = sgn (5; —

2

Using the condition for the steady state II; we have Z#ﬁsm =1, then
i=1
2 ki \iBisi 2 keihi Bids
R _ 1 — 17\~ 17 _ _ 1M 'L~ _
! ;aig (i + Bi) (5: + D) ;aig (i + Bi) (3: + p)
2 N e~
_Z ki\iBi ((si—si)p—i-(p—p)si)
— aig (o + Bi) (5i +p) (Si +p)

5).

(33)

From (33) we get sgn (R; — 1) = sgn(p —p). So that, if Ry < 1 then p < $ = p. So that, if Ry < 1 then

T

dg‘t/l < 0 holds in T" and d?t/l = 0 when s; = §;,w; = w;,u; = u;,p = P,z = 0. Hence the largest compact

invariant subset in I' is

dW
Qg_{(51,82,’[01,11)27’&1,’(1,2,]9,2) dtl _0}
= {(s1, 82, w1, wa, u1,u2,p, 2) € T'| 85 = 5, w; = Wy, u; = U;,p = p,z = 0}
={IL}.

It follows that, if Ry < 1 then Iy is GAS in I" by LIP.
Theorem 3. The steady state I, is globally asymptotically stable when R; > 1.
Proof. Define

2 1 _ _
WQZZ% Sigi/(Oéz+ﬁz)?wz(T+p)dT+wiF<wl>+(az+ﬂz)aiF<ul> JrﬁF(p)Jr'u'gF(z)_
P iTD w; Bi U; D T z

5;

Then d?t/z is given as:

d?;z _gw [(1_ (OzlJrﬁil;(sﬁp)) (1_1;) wi+miﬁ;ﬁi) <1—ﬁf> ] (l—z)m

2 _ _

= Z% [(1 (o + ﬂ’LA)’;UZﬁ(S’L —|—p)> (,Oi — 858 — :‘ff;) (1 - ) (S)\ ii (ovi + Bi) Z)
i=1 191 K3 K2

+w <1 - Z“) (Biw; — aiui)} (1 - > <Zk Ui — gp — up2> 1 - (T‘pz —¢z2).

p
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Eq. (34) can be simplified as:

2

dWs (o + Bi) w; (s; + ) AiSip AiSip W; _
— = i |pi — 0isi — - i — 058 — - — i+ Bi) wi
dt ;7 [/) ’ Aisip P i si+p 5¢+pwi+<a Th)w
u ap(oy+0)_  ai(ag+0i) P _ _ _
— (i + Bi)wi— + ( ’8>ui— ( B)Uip}—gﬁgp—upwr%&
u; Bi Bi P T
Using conditions of Il we get
_ o ai (ot B) (it Bi)wi(si+p)  5i(si+D)
i =08 + (i + Bi) wi, ———u; = (o + Bi) Wi, - =—
g ( B Bi ( B Aisip si (8i +p)
P 2 2
a; + B;) w; (8;i +p _ _ __ p _ _
. )g'p Gitp)  pe > kiti; — ppz,  gp = ]gzkiw — ppZ
¢ i=1 i=1

Then, we have

2 _ _ _ _
dWs _ s; 5 (si+D) si+p> _ ( p , p(si+p) 3i+p>
— = 165 [1—-= — =L+ = |+ (s +B)w; [ -1 —=+= + —
-27 [ ( 5 si(8i+p) &+D ( b) p p(si+p) si+p

5i(5i+p)  wis5p(si+p) wiu;  pu; S+

Si(si+p)  wisip(5i+p)  wiui  pup s +p)}
o)

Eq. (35) becomes

2 _ 2 _\2
dWs 3ip (si — 5i) _ 5i(p—p)
722% - — (4 + Bi) Wi = —
dt [ sGiAn SO+ D) (s 7 9)
5i(8i +P)  SwWip(Si +Pp)  willy  uip 8 +
bt p)a(5- TEED  MODOED_ wlh_wb_nD))
si(8i+p)  Swip(si+p) wiug  Up s +P

It follows that, d?{? < 0 for all s;,w;,u;,p,z > 0 and d;‘f = 0 when s; = §;,w; = W;,u; = U;,p = P,z = Z.

Hence

dW-
Q4= {(51,32,w1,w2,u1,uQ,p,z) el dt2 = 0}

= {(s1, 82, w1, wa,u1,u2,p,2) €' | 55 = 5, w; = Wy, u; = U;,p =P,z = 2}
= {Il2}.

It follows that, if Ry > 1 then II5 is GAS in I' by LIP.

3 Simulations

We support our results by numerical simulations using the values of the parameters given in Table 1.

For the parameters A;, Ao and r we have three cases to show its effect on the stability of the system.
We assume that €; = €2 = 0 (there is no treatment). The initial condtions are considered to be: s; (0) =
500, s2 (0) = 20, wq (0) = 1,wq (0) = 0.3, u1 (0) = 20,us (0) = 0.2,p (0) = 90, z (0) = 40.

Case (I) Ry < 1. We consider A\; = 0.002, A, = 0.00001 and r = 0.0001. Then, Ry = 0.2469 < 1 and
Ry = 0.1062 < 1. This means that IIp is GAS. From Figures 1-8 we can see that the trajectory of the system
converges the steady state I1(830,24.6,0,0,0,0,0,0).

Case (II) Ry <1 < Ry. Choosing A\; = 0.02, A, = 0.0005 and 7 = 0.0001. In this case, Ry = 2.5694 and
R; = 0.7141 < 1 and II; exists with II; = (448.116,17.9,2.949, 0.436, 32.439, 0.218, 650.956,0). According to
Theorem 2, IT; is GAS. Figures 1-8 show the validity of the theoretical results of Theorem 2.
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Table 1: The values of parameters of the models.

Parameter | Value | Parameter | Value Parameter | Value || Parameter || Value
p1 11.537 P2 0.03198 k1 10 ko 5
01 0.0139 02 0.001 g 0.5 1 0.01
aq 0.57 Qs 0.5 ¢ 0.05 f 0.5
al 0.1 as 0.02 h 0.5 A1 varied
51 1.1 Ba 0.01 Ao varied r varied

Case (III) Ry > 1. We take \; = 0.02, Ay = 0.0005 and r = 0.002. Then we get Ry = 2.5694 > 1 and Ry =
2.3288 > 1. Figures 1-8 show that, the steady state II5(762.485,19.254,0.521,0.348,5.735,0.174, 50, 66.438) is
GAS which confirm the results of Theorem 3.
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Figure 1: The concentration of uninfected CD4™T Figure 2: The concentration of uninfected
cells. macrophages.
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Figure 3: The concentration of latently infected Figure 4: The concentration of latently infected
CD4™T cells. macrophages.
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Figure 5: The concentration of productively in-
fected CD4TT cells.
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FOURIER SERIES OF TWO VARIABLE HIGHER-ORDER FUBINI FUNCTIONS

LEE CHAE JANG, GWAN-WOO JANG, DAE SAN KIM, AND TAEKYUN KIM

ABSTRACT. In this paper, we consider the two variable higher-order Fubini functions and investigate
their Fourier series expansions. In addition, we will express those functions in terms of Bernoulli functions
and obtain as a consequence the corresponding polynomial identities for the two variable higher-order
Fubini polynomials.

1. Introduction

For each nonnegative integer r, the two variable Fubini polynomials F,(,f )(gc; y) of order r are defined
by

m = Ffrf’(x;y)% (see [4,7]). (1.1)

However, in this paper y will be an arbitrary but fixed nonzero real number, and hence Fg ) (z;y) are
polynomials in z, for each 0 # y € R.

In the case of r = 1, Fp,(z;y) = Fy(nl)(x; y) are called two variable Fubini polynomials and they were
introduced by Kilar and Simsek in |4]. For z = 0, ol (y) = Fr(nr)(O; y) are called Fubini polynomials of
order r, and F\) = F)(1) = F{(0; 1) Fubini numbers of order r. Further, F\ (x; 1) are called ordered
Bell polynomials of order r and they are denoted by ObS); (x); £ (1) = F,(,Z')(O; 1) are also called ordered

Bell numbers of order r and they are also denoted by Ob(mr). Thus Ob(mr)(x) and Obgﬁ) are respectively
given by

et e tm
=Y O (z)— :
(2 _ et)’r‘ "'Z::O m (1.) m!7 (1 2)
1 = tm
— = obr) — .
(2 _ et)T‘ Tnz::o m m!7 (]. 3)
(see [1}3L5]).
As we see from (|1.1J), Fr(rf )(m; y) are Appell polynomials and hence
d r
T ED @y =mEy (), (m > 1), (14)
Also, we have
yF (@ + Ly) = (y + DE (wy) = F 7V (wiy),  (m>0). (1.5)

2010 Mathematics Subject Classification. 11B83, 42A16.
Key words and phrases. Fourier series, two variable higher-order Fubini function, two variable higher-order Fubini
polynomial, Bernoulli function.
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2 Fourier series of two variable higher-order Fubini functions

Indeed,

tm
(FT(J)(fUJr Ly) — F#f)(w;y)) -

NE

3
I
<

e*tlet — 1)
L—y(et = 1)) 16)

—~

(I—ylet =1))" (1 —ylet —1)) "

VR

Il
E <l wlr
M8

tm
(FT(J) (@5y) — F D (a; y)) —.
= m!
The identity (|1.5)) follows from this. In turn, from (1.4 and (L.5)), we obtain
1
FPWy) = F ) = (FD) - BI0), (1.7)
' L (o ()
/ F (wy)de = ——— (P2 = FSL )
0 1 (1.8)
_ (r) _ =1
~ (m+ 1y (Fm+1<y) Frna (y)) :
As is well-known, the Bernoulli polynomials B,,(z) are given by
o tm
e = W;)Bm(x)m, (see [2]). (1.9)

For any real number z, the fractional part of z is denoted by < x >= = — [z] € [0,1). We also need
the following facts about Bernoulli functions By, (< x >):

(a) for m > 2,
o e2min
B, = —m S
(<z>)=-ml Y i (1.10)
n=—o00,n#0
(b) for m =1,
B i e2mne ( Bi(<z>), for z€eR-Z,
a0 2min | 0, for x€Z. (1.11)

In this paper, we will consider the two variable higher-order Fubini functions Fg ) (< & >;y), for each
0 # y € R, and derive their Fourier series expansions. In addition, we will express those functions in
terms of Bernoulli functions and obtain as a consequence the corresponding polynomial identities for the
two variable higher-order Fubini polynomials. For some related to Fourier series, we refer the reader
to [54[6,/8].

2. Main results

In this section, we assume that m > 1, r > 1, and 0 # y € R. For convenience, we set

AR ) = P ) = F) = - (FO W) = P ). 21)
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We note here that
FD(Ly) = FO(y) < Al (y) =0

2.2
e F(y) = Fi (), (22)
and
e L\
/0 Fy (w5 y)de = mﬁm+1(y)- (2.3)

Before we move on our discussion for Fourier series expansions of Fg )(< x >;y), in passing we note
the following;:

1 Y (r+k—-1
F) - ( )kmyk, 2.4
e v DY (24)
from which, by letting y = %, we get
1 = (r+k—1\km
(r) — p(r) - r
o) = FP(1) = o ;_0:( ; ) s (2.5)

Indeed, we may see (2.4]) from

1 = y O\ t™
o 2 (125 = e
m=0 :

(2.6)

Fy(nr)(< x >;y) is a periodic function on R with period 1 and piecewise C*°. Further, in view of (2.2)),
E(nr)(< x >;y) is continuous from those (r, m) with Agﬁ)(y) = 0 (or equivalently £ (y) = ol (y)), and
is discontinuous with jump disconitinuities at integers for those (r,m) with Asﬁ)(y) # 0 (or equivalently

[d r—1
Fi(y) # BV (W)
The Fourier series of Fg)(< x >y) is

0 .
Z CT(Lm,r,y)e%mnm (27)

where
1
o = o(mry) = / F\(< x> y)e” e dy
0 (2.8)

1
= / F,(nr)(a:;y)e_zmmda:.
0

Now, we would like to determine the Fourier coeflicients C,(Lm).
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4 Fourier series of two variable higher-order Fubini functions

Case 1: n#0.

1
C’,(Lm) :/ Fg)(m;y)e_%mmdx

0
1 91 1 ! ,
= [Fg) ((E; y)e_Qﬂ—an} + : / QF(T) ({E y) —27mnwdx
2min 0o 2min Jy \Oz (2.9)
1 m 1 )
= — F(T) 1: _ F(T) / F(T) . —27rznxd
27_””( m ( 7y) m (y)) + 2min o mfl(x?y)e €z
m 1
_ " ~(m—=1) A(r)
2mwin C 2min ™ ().

Thus we have shown that

cm = Moo= _ 1 Aoy (2.10)

2min " 2min "

from which by induction on m we get

m - (m+ 1
o = _m+ 1 Z (2min)J m JH(y) (2.11)
j=1
Case 2: n=0.
1
cim 2/0 F{ (23 y)de = mi_i_lez‘rl(y) (2.12)

Assume first that Al (y) = 0. Then F,(nr)(l;y) . (y). As FT(,:)(< x >;y) is piecewise C* and
continuous, the Fourier series of F,Sf)(< x >;y) converges uniformly to FT(nT)(< x >;y), and

Fi (< a>;y)

NG c- 1 & (m+1); o oms
_ A _ I A ] TinT
ma 1 omt (y) + n__éo o m1 ;:1: (2min)i m—J+1(y) €
1 () 1 ™ m +1 ) . > e2min
1 Amn W)t 2 ( i ) m—j+1(y) | =J n:_EOO L, @rin) (2.13)

:m—i-l i ( )Ag)J+1(y)Bj(<x>)

Bi(<z>), for zeR-Z
() 1 )
+An X{O, for x€Z.

We are ready to state our first result.

Theorem 2.1. For positive integers r,l, and 0 #y € R, we let

AW = FO W) - FOw) = 5 (FO W - R w). (2.14)

Assume that Agﬁ) (y) = 0. Then we have the following.
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(a) Fg)(< x >;y) has the Fourier series expansion
FiD(< @ >;y)

LG - S (mA 1) o) o (2.15)
= A ) TinT
m+1 m+1(y) + Z m—|—lz (2min)J An—jri(y) | € ’
n=—o00,n#0 j=1
for all x € R, where the convergence is uniform.
(b)
., 1 L (m+1\
F<e s =y 3 (M)Al B <o), (2.16)
j=0,j#1
for all x € R.

Assume next that Al (y) # 0. Then Ff,f)(l; y) # ol (y). Hence F,gf)(< x >;y) is piecewise C*°, and
discontinuous with jump discontinuities at integers. Thus the Fourier series of F,(,f)(< x >;y) converges
pointwise to F7(,f)(< x >;y), for x € R — Z, and converges to

1 1
SED W) + FD (L) = FD ) + 540 ), (2.17)

for x € Z. We are now ready to state our second result.

Theorem 2.2. For positive integers r,l, and 0 # y € R, we let

T T ks 1 ks T—
AP = F 1) - K7W = (F70) - F00). (2.18)
Assume that Ag)(y) # 0. Then we have the following.
(a)
LAY )+ i i mED A0 L) | v
m+4 17" mH B m+1 — (2min)I Am=js1
n=—00,n70 7= (2.19)
| FD(<z>1y), for xeR-7Z,
Fg) (y) + %Agﬁ) (y), for xz€Z.
(b)
1 &K /m+1 r ;
—=> < ; )Afn’_m(y)BjK v >) = F (<2 >y) (2.20)
5=0
forallx e R -7Z;
LS (M)Al w2 = ED0) + 2A0w
) i) AmeinW)Bi(< @ >) = Bi(y) + A0 (y (2.21)
i=0,j#1

forallx € Z.

We remark that the case of y = 1 had been treated in the previous paper [?]. From Theorems 2.1 and
2.2, we have

r 1 m+41 r
F (< z>y) = p—— ( j )Agn) W) Bj(<x>), (2.22)
7=0
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6 Fourier series of two variable higher-order Fubini functions

for all x € R —7Z and 0 # y € R. We immediately obtain the following polynomial identities from this
observation.

Corollary 2.3. We have the following polynomial identities for two variable higher-order Fubini polyno-
maeals

(a) F5)(wy) = 225 0, () (Fﬁfljﬂ(l; y) — F,(,fijﬂ(o;y)) Bj(z),
(0) g (@) = 57 7o (") (B0 ) = B ) Bi(a).
For x = 0, we have the following identities for higher-order Fubini polynomials.
Corollary 2.4. We have the following polynomial identities for higher-order Fubini polynomials
(@) F) () = 5 S0 (") By (B () = B (03)),
(0) yER) W) = e S (") B (Fil ) = BI04 ).
Finally, for y = 1, we get the following identities for higher-order ordered Bell polynomials.

Corollary 2.5. We have the following polynomial identities for higher-order ordered Bell polynomials
(a) OB (@) = 7 o (1) (OB 0 (1) = OB, ) B (@),
(b) O () = 5 S (") (OB 110 = OB 200 ) By(),
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WEIGHTED COMPOSITION OPERATORS FROM DIRICHLET TYPE
SPACES TO SOME WEIGHTED-TYPE SPACES

MANISHA DEVI, AJAY K. SHARMA AND KULDIP RAJ

ABSTRACT. Let K : [0,00) — [0,00) be a right continuous increasing function and
v : D — (0,00) be any continuous function. In this paper by considering K and v
as weight functions, we characterize the boundedness and compactness of weighted

composition operators from Dirichlet type spaces to some weighted-type spaces.

1. Introduction and Preliminaries

Let D be the open unit disk and 9D be its boundary in the complex plane C. Let H(D)
denotes the class of all holomorphic functions on I, S(ID) be the class of all holomorphic
self-maps of D and H* be the space of all bounded analytic functions on D. Let dA(z) =
d‘frﬂ = rdTTde be the normalized area measure on D.

A continuous function v : D — (0, 00) is called weight. For v(z) = v(|z|), z € D, weight
is radial and weight is a standard weight if | }grii v(z) =0.

For weight v, the Bers-type space A, is the collection of all f € H (D) such that

supv(z)|f(z)] < oo
z€eD

and with the norm
[ fll.a, = supv(2)|f(2)],
z€D

it is a non-separable Banach space. The closure of the set of polynomials in A, forms a
separable Banach space. This set is denoted by A, ¢ and contains exactly of those f € A,
such that

lim v(z)|f(z)] =0.

|z|—1—
The Bloch-type space B, on D with the weight v is the space of all holomorphic functions
f on D such that

sup v(2)| f'(2)] < .
zeD

2010 Mathematics Subject Classification. 47B33, 30D55, 30H05, 30E05.
Key words and phrases. Weighted composition operator, Dirichlet type space, Bloch-type space, Bers-

type spaces, boundedness, compactness.
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The little Bloch-type space B, is the closure of the set of polynomials in BB, and contains
all those f € B, such that

lim v(2)|f'(2)] =0

|z]—1

and with the norm
[flls, = 1f(0)] +Sug1/(2')\f'(2)| < 00,
ze

both B, and B, ¢ form Banach spaces.

For more information about these spaces one may refer [20] and references therein.

Let ¢ € S(D) and 1 be an analytic map on . The operator C,, so called as the composi-
tion operator and is defined as C, f = f o, f € H(D). The operator My which is called
as the multiplication operator is defined by My f = - f, f € H(D). For f € H(D), the
weighted composition operator on H(D) is defined by

Wyof)(2) = (2)f((2)),
where ¢ € H(D), ¢ € S(D) and z € D.

It can be easily seen that for ¢ = 1, the operator reduced to C,. If p(z) = z, opera-
tor get reduced to M. This operator is basically a linear transformation of H (D) defined
by (Wy.of)(2) = ¥(2)f(p(2)) = (MyCyf)(2), for fin H(D) and z in D. The basic
problem is to give the function-theoretic characterization when between various function
spaces ¥ and ¢ induce bounded or compact weighted composition operator. Various holo-
morphic functions spaces on various domains have been studied for the the boundedness
and compactness of weighted composition operators acting on them. Moreover, a number
of papers have been studied on these operators acting on different spaces of holomorphic
functions on various domains for more detail (see [1], [5], [7]-[11], [13], [15], [19]).

Consider a function K : [0,00) — [0,00) which is right continuous and increasing. The

Dirichlet type space Dy consists of all functions f € H(D) such that

11, = IFO)F + /|f V2K (1 — |#[2)dA(2) < oo.

For more about the Dirichlet type spaces we refer ([2], [3], [4], [12], [14], [16]). In this

paper we consider function K as a weight function satisfying the following two conditions:

)= [y K(s)& ~ K(t),0<t<1;
(b) Ka(t) =t [ K(s)% =~ K(t), t > 0.

From condition (b), we get that K(2¢t) = K(t) for 0 < ¢t < 1. Also there exist C > 0

tC—l

sufficiently small for which t~¢K;(¢) is increasing and Kz(t) is decreasing (see [4],
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17], [18)).
This paper is entirely devoted to characterize the boundedness and compactness of oper-
ator Wy, from Dirichlet type spaces to the Bers-type space and Bloch-type space.
Throughout this paper, C will represents a constant which may differ from one occurrence
to another. The notation A < B means that there exist C' > 0 such that A < CB. We
write A=~ Bif A< Band B < A.

The paper is organized in a systematic manner. Section 1 covers the introduction and lit-
erature part. Lemmas that are used to formulate our main theorems are kept in Section 2.
Section 3 contains the boundedness and compactness of the oparator Wy, , : Dx — B, .

Section 4 considers the boundedness and compactness of the oparator Wy, , : D — A,.

2. Auxiliary Results

To arrive at the main results we use some lemmas, as given below

Lemma 2.1. [4] Let K be a weight function. Then for any w € D and ¢ > 0, we have

(1|2

) = R e

is in Dg. Moreover,

sup [| fz[|p, = 1,
zeD

and f, converges to zero uniformly on compact subsets of D as |z| — 1.
The following two lemmas can be proved easily by following the Lemma 2.1 and [4].

Lemma 2.2. [4] Let K be a weight function. Then for every f € Dk we have

1/ 1Dx
VE(L = [2[2)(1 = [2[?)
Lemma 2.3. [4] Let K be a weight function and n be a positive integer. Then for every
f € Dk we have

fR)l<C

Sl
VE@L = [2P)(1 — [o2)m+t

The following criterion characterize the compactness. It was given for the first time in [6].

z € D.

f® )< C

Since the proof is standard, so we omit it.

Lemma 2.4. Let v be the standard weight and the operator Wy, : Dx — B, is bounded.
Then Wy, , : Dg — B, is compact if and only if for any bounded sequence (fn)nen in D

which converges to zero uniformly on compact subsets of D, we have

HWd)anHBu =0.

lim
n— oo
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3. Boundedness and compactness of weighted composition operator from

Dirichlet type space to Bloch-type space

Theorem 3.1. Let v and K be two weight functions, 1 € H(D) and ¢ be a self analytic
map on . Then the operator Wy, , : Dx — B, is bounded if and only if the following

conditions are satisfied:

| V() (=)

i) M7 = su 005
A = R TP (L= ()P)
6 s — s V)¢ (2)

zeD /K (1 — |@(2)[?)2(1 — |p(2)[?)?

Furthermore, if the operator Wy, , : D — B, is bounded, then
My + My S [[Wyellpg—s, S 1+ M+ My,

Proof. First suppose that condition (i) and (i) hold. Using Lemma 2.2 we have,

V()W) ()] < vz NV((»%H4NM@¢®NWWQM
<< 2)|¥'(2)
s 1—w B o)
V) ()P ()
31) ! zarwﬂamu—w@wP)“““

|(Weo F)(O)] = [(0)]1 £ (£(0))]

52) . $(0)]
VR OB - [0))

From conditions (7), (#4) and equations (3.1) and (3.2), we get

IWoo flls, = [0 (0)1f (p(0))] +sup v(2)|[(Wyo f)'(2)]

[/l

0

s (TRrToma T * e
S (1+ My + Ma)|| fllps -

Therefore, Wy, , : Dx — B, is bounded and

(3.3) Wy.ollDron, S 1+ M+ Ms.

Conversely, suppose that Wy, ,, : Dg — B, is bounded. Let z = ¢((), ¢ € D and

(3.4) 9z(w) = T2 (w) f2(w),

where f,(w) is defined in Lemma 2.1 and 7, (w) is defined as

1|2

1—zw’

(3.5) T(w)=1-

130 MANISHA DEVI et al 127-135



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.1, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

WEIGHTED COMPOSITION OPERATORS FROM DIRICHLET TYPE SPACES

Then 7, € H*® as

1—Jz?
sup |7, (w)| < sup 1+ ——7— ) <3.
weD weD 1— |z[|w]

Therefore, g, € Dk and sup ||g.|p, < 1. From equation (3.5) we have,
web

(3.6) T.(2) =0
and
sy —21 = 2?)
() = 7 5y
Thus,
(3.7) Ti(2) = e

Therefore, g.(z) = 0, using the value of f,(z) and from (3.7), we obtain

—Z

K(1—[zP)(1 — [z

Using the above fact, we get

Wy ollpi—8, 2 Weedo0lls,
> V(O (O)940) (2(0) + (O (Q)ggc) (9 ()]
|

V(OO (i) (2(C))

v(@QIEQ @Ol
K1 = [e(QP) (1 = [e(0)?)?

v

When § € (0,1) is fixed, we have

(3.8) sup v( QR ()¢ ()l
le(@©)1>6 VK (1= [o(O2) (1 = [0(O)?)

Taking f.(w) =1 € Dk, implies that

5 S Wy ellpg—s,-

(3.9) S%%V(IU)W(W)l =Wy oWz, S Wy ellDi—8,-

Again taking f(w) = w € Dk, using the asymptotic estimate (3.9) and boundedness of ¢,
we get

(3.10) sup v(w)|(w)e' (w)| S

weD

Using (3.10) and the compactness of ¢, we easily get

I 15 Lo )
(018 VRO QP - ol
1
1) < (=) Weslmas.
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Further, from (3.8) and (3.11), we obtain

N OOl
(312 B RT—TolOPI — e ~ | el

Again, for f, as defined in Lemma 2.1, we have

Wy,ellpk—8, 2 1Weefolls,
> v(Q)[¥' () foro) (9(Q)) + B(Q)¢' (€) ) (0(C))|
v(Q[¥' (9]
K(1—=e(0))?)(X = [(O]?)
1+ ¢/2)v( QO (Ol (O]
K1 =[O = [e(Q)?)?
By using the boundedness of ¢, we get
v(Q[Y' Q)]
K(1=[e(QP)A = [e(O)?)
v(@QEEON Il
K (1= e(Q)P)(1 = [p()[?)?
Taking the supremum over ¢ € D in (3.13) and using (3.12), we get
V()¢ ()]
3.14 su SN Wy ollDe—8, -
10  VRT TP pop) ~ el

From (3.12) and (3.14), we obtain

(3-13) < ||W'¢154PHDK*>BV +C

(3.15) My + Mz S Wy ollpi—8, -
Hence, from (3.3) and (3.15), we get
My + M S Wy pllpg—ss, ST+ M+ M.
0

Theorem 3.2. Let v be a standard weight, 1» € H(D) and ¢ be a self analytic map on D.
Let K be a weight function. Assume that Wy, , : Dx — B, is bounded. Then the operator
Wy.o : Dk — B, is compact if and only if the following conditions are satisfied:

— VI (=) o
el VR = [pEP)(1 = [o(2)P)
i VW ()]

)1 VR = [P (1 — @2

Proof. First suppose that (7) and (i) hold. Let (f,)nen be a bounded sequence of functions
in Dk that converges to zero uniformly on compact subset of D. To prove the compactness
of Wy, ., we have to show that ||Wy . f.|l5, — 0 as n — oco.

Condition (i) and (i4) implies that for any € > 0, there exists ¢ € (0,1) such that

<ée

.16 vl (2)]
K= eGP - [0()P)
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and
(3.17) v(2)|¥(2)¢' (2)|
K1 =le(2)P)(1 = le(2)]?)?

<e,

whenever 0 < [p(z)| < 1.
Let A= {z€D:|z| <4} be a compact subset of D. We have

W, fulls, = [¢(0)[[fn(0(0))] + Sup V(OIWy o fn) (O
< [P0 fn(e(0)] + Sup V(ORI fn (e ()]
+?ElgV(C)W(C)@’(OIIfé(so(é))l
< [O)Ifnle)+  sup QR (Ollfa(#(0))]

{¢eDip(c)eA}
+ sup V(O (Ol fn ()]

{Cebd:a<|p(Q)]<1}

+  sup w(QR(OE (O (e(0)]

{CeD:p(¢)eA}

+ sup (O (O fn ()]

{¢ebd:o<|p(Q)<1}

< [P fn(eO)] + Il ll5, sup [fn(2)] + Nsup |7 (2)]

v(QIY'(¢ )I
C .
i {C€D6<|¢(g)\<1} W(l ||f o
(3.18) +C v(¢ )W)( )¢’ (€ )\

”anD ’
{<6D6<|¢(C)\<1} K(1—[p(Q)*)(1 - "

where we have |f,,(p(0))] < &, sup |fn(z)] < € and sup | f,,(2)| < &, for some Ny € N and
z€EA z€A
for all n > Ny. Also we have used the fact that 1 € B, and N = sup v(¢)|¥ ()¢’ (¢)] < oo.
¢eb

Using the above fact in (3.18) and along with (3.16) and (3.17), we get [|Wy, »fnllB, < Ce,
for n > Ny. Since € > 0 is arbitrary, so we have [|[Wy ,fn|ls, — 0 as n — oco. Hence,
Wy.o : Dx — B, is compact.

Conversely, suppose that Wy, ,, : Dx — B, is compact. Let ((,)nen be a sequence in D
such that |p((,)] — 1 as n — co. Suppose such a sequence does not exist, then (i) & (i)
are vacuously satisfied. Let g,(w) = 7o,y (W) fo(c,) (w), where f. and 7. are defined earlier
in Lemma 2.1 and Theorem 3.1. Then, ||7,¢)llpx S 1, [[foc) D S 1 and (foc,))nen

~

converges to zero uniformly on compact subset of D as n — oo. So, [|gn|lD, S 1 and

(gn)nen converges to zero uniformly on compact subset of D as n — co.

Since Wy, , : Dg — B, is compact, so we have
Wy ognllB, — 0 as n — oc.

Also, we have (as in Theorem 3.1),

V(G [P (Cn) @ (C)le(Cn)l
K1 = (G )1 = le(Ga)?)?

IWe,o9nll5, =
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Using the above two facts, we get

5.19) . (S oS |

le(n)l=1 /K (1 = o(Ca) ) (1 = l(Cn)?)?

Using Lemma 2.1, we have sup || foc.)[lpx S 1 and fy(c,) converges to zero uniformly on
neN

compact subsets of D as n — co. Since Wy, , : Dx — B, is compact. Therefore,

(3.20) Jim (W o fo(enlls, =0
From (3.13), we obtain
V(<7l)|w/(<n)| || " f ) IDkc—B,
K1 =1e(G)) (1 = le(Ca)?) T
o MGG ()

K1 = [p(G)P)(L = [o(Ga)2)?
which on combining with (3.19) and (3.20) gives

(3.21) lim dCICACD] =0.
le(@l=1 /K (1= |o(Gn) ) (1 = [e(Cn)]?)
Hence, the result follows from (3.19) and (3.21). O

4. Boundedness and compactness of weighted composition operator from

Dirichlet type space to Bers-type space

In this section, we consider the Bers-type spaces and characterize the boundedness and
compactness of operator Wy, : Dx — A,. We omit the proofs as these are similar to
Theorem 3.1 and 3.2 of Section 3.

Theorem 4.1. Let v be a weight and K be a weight function, ¥ € H(D) and ¢ be a self
analytic map on D. Then the operator Wy, , : Dk — A, is bounded if and only if the

following condition is satisfied:

- ZEIC N
zeb /K (1 —[o(2)[?)(1 = |o(2)?)

Theorem 4.2. Let v be a standard weight, 1 € H(D) and ¢ be a self analytic map on D.
Let K be a weight function. Assume that the operator Wy, : Dx — A, is bounded. Then
Wy.o : Dx — A, is compact if and only if the following condition is satisfied:

v(2)[¢(2)]

lim = 0.
le()=1= /K (1 — |p(2)[2) (1 — |p(2)]?)
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OSCILLATION CRITERIA FOR DIFFERENTIAL EQUATIONS
WITH SEVERAL NON-MONOTONE DEVIATING ARGUMENTS

G. M. MOREMEDI!, H. JAFARI!, AND I. P. STAVROULAKIS*:1

ABSTRACT. Consider the first-order linear differential equation with several re-
tarded arguments x’ (£)+> 1~ p; (t) x (75 (t)) = 0, t > to, where the functions
pi, Ti € C ([to,00), RT), for every i = 1,2,...,m, 7;(t) <t for t > to and
lim¢— oo 74 (t) = co. New oscillation criteria which essentially improve known
results in the literature are established.An example illustrating the results is
given.

1. INTRODUCTION

Consider the first-order linear differential equation with several non-monotone
retarded arguments

2’ (t)—&—Zpi )z (5 (£) =0, t > tq, (1.1)

where the functions p;, 7; € C ([to,00),R"), for every i = 1,2,...,m, (here R* =
[0,00)), T; (t) <t for t > tg and lim;— 7; () = 0.

Let Ty € [to, +20), 7(t) = min{7; (¢):i=1,...,m}and 7_1 (t) =sup{s: 7 (s) < t}.
By a solution of the equation (1.1) we understand a function z € C ([Ty, +o0) ,R),
continuously differentiable on [7_; (Ty) , +00] and that satisfies (1.1) for ¢ > 7_1 (Tp).
Such a solution is called oscillatory if it has arbitrarily large zeros, and otherwise
it is called non-oscillatory.

In the special case where m = 1 equation (1.1) reduces to the equation

2 () +p®)a(r(t) =0, t> b, (1.2)

where the functions p, 7 € C ([tg,o0),R1), 7(t) <t for t >ty and limy_oo 7 (t) =
0.
For the general theory of these equations the reader is referred to [13,16,18,19,32].
The problem of establishing sufficient conditions for the oscillation of all solu-
tions to the differential equations (1.1) and (1.2) has been the subject of many
investigations. See, for example, [1-40] and the references cited therein.

In the case of monotone argumetns, a survey of the most interesting oscilla-
tion conditions for Eq.(1.2) can be found in [36]. While in the general case of
non-monotone arguments we mention the following interesting sufficient oscillation
conditions.

2010 Mathematics Subject Classification. Primary 34K11; Secondary 34K06.
Key words and phrases. Oscillation, Retarded, Differential equations, Non-monotone
arguments.

1

136 MOREMEDI et al 136-151



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 28, NO.1, 2020, COPYRIGHT 2020 EUDOXUS PRESS, LLC

2 G. M. MOREMEDI!, H. JAFARI!, AND I. P. STAVROULAKIS*'!

In 1994, Koplatadze and Kvinikadze [26] established the following: Assume

o(t) :=sup7(s), ¢>0. (1.3)
s<t
Clearly o(t) is non-decreasing and 7(t) < o(¢) for all ¢ > 0. Let k € N exist such
that
t o(t)
tim sup | RO { / ) p(f)wk(@dé} ds > 1 - c(a), (1.4)
— o0 o(t o(s

where a :=liminf;_, f:(t) p(s)ds < 1,

¢1(t) =0, wk(t) = exp {/(t)p(f)wk—l(g)dg} ’ k= 2,3, ... fort € R*. (15)

and

0 if a>2,
cla) =1 . < (1.6)
;(1—a—vV1-2a—0a?) if 0<a<?i.

Then all solutions of equation (1.2) oscillate.

In 2011 Braverman and Karpuz [6] derived the following sufficient oscillation
condition for Eq.(1.2)

t o(t)
limsup/ p(s) exp {/ p(ﬁ)d{} ds > 1, (1.7)
t—=oo Jo(t) (s)

while in 2014 Stavroulakis [37] improved the above condition as follows:

lim sup /: p(s) exp {/To(t)p(f)dg} ds>1-— 1 (1 —a—+v1—-2a— a2) (1.8)

t—oo Jo(t) (s) 2

In 2018 Chatzarakis, Purnaras and Stavroulakis [9] improved further these con-
ditions as follows: Assume that for some k € N

t a(t)

lim sup /p(s)exp / Py (u)du | ds > 1, (1.9)
) i)
or
t o(t) —
liinsup /p(s)exp / Py (u)du | ds>1— Lo~ ;—2a—a27 (1.10)

o(t) 7 (s)
where 0 < a < %, and
t t u
Pty =p) |1+ [ p@ew | [pwen| [ Aoi@d]du]ds
7(t) 7 (s) ()
with Py(t) = p(t). Then all solutions of Eq. (1.2) oscillate.

Concerning the differential equation (1.1) with several non-monotone arguments
the following related oscillation results have been recently published.
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Assume that there exist non-decreasing functions o; € C ([tg, 00) , R™) such that
i) <o (t) <t i=1,2...,m. (1.11)

In 2015 Infante, Kopladatze and Stavroulakis [21] proved that if

1/m
oi(t) m
1
h?is:ipH H /pL s) exp /sz exp /sz Ydu | d€ | ds >W’
o'J(t) T s) TL(O
(1.12)

then all solutions of Eq. (1.1) oscillate.

Also in 2015 Kopladatze [27] improved the above condition as follows: Let there
exist some k € N such that

1 m

m t ai(t) m m
hmsupH H/ (s) exp m/ (Hpg ) s (&) de | ds

t—oo i—
a;(t) Ti(s)

=1
(1.13)
where
t m L
rlzbl (t) = Oa /ll)l (t) = exp Z (H DPe > 1/11 1 (S) ds y U= 273, )
=1
()
/ 1
0<aq;:= hmlnf pi(s)ds< -, i=1,2,...,m, (1.14)
t—00 e
o (t)
and
1—a;— /1= 20 —a?
¢ (i) = — . YT i=1,2,...,m, (1.15)

then all solutions of Eq. (1.1) oscillate.

In 2016 Bravermen, Chatzarakis and Stavroulakis [7] obtained the following it-
erative sufficient oscillation conditions

lim sup /Zpi (W) ar (b (8) 74 (w) du > 1, (1.16)
T =1
or
l—a—vV1-2a—a?
lim su i (1) ap ( s T (u))du > 1 — , 1.17
sup / Zp () y (1.17)
h(t)
or
1

lim inf i (u) ar 7i (w) du > =, 1.18
im 1n /Zp )a (u)) du - (1.18)

h(t)
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where
h(t) = max h;(t) and h; (t) = sup 7;(s), i=1,2,...,m,
1§1§m tOSSSt
- )
= 1 1 ; < - .
0<a htlglolgf / sz (s)ds < 5 (1.19)

h(t) =1
and

¢ m
ay (t,s) = exp /sz (u)du |,
i=1

t m
ar41 (t,8) = exp /sz (w)ar (u,7; (w))du |, reN.
=1

Also, in 2016 Akca, Chatzarakis and Stavroulakis [1] improved that result re-
placing condition (1.8) by the iterative condition

t
= 1+1
lim sup / S pi(w)ar (h(u), 7 (u) du > L+lnk (1.20)
h(t) =1 Ao

t—o0

where Ao is the smaller root of the equation A = e™?,

t
. 1
0<a:= htrglor.}f / Zpi(s)ds < -

() =t
and 7 (¢t) = max {r; (t)}.

1<i<m

In 2017 Chatzarakis [8] derived the following results: Assume that for some

keN
t h(t)
lim sup /P(s) exp /Pk (u)du | ds > 1, (1.21)
t—o0
h(t) 7 (s)
or
t h(t) . ) 5
—a—v1—-9%2a—
lim sup /P(s)exp /P;C (u)du | ds>1— a 5 a-a . (1.22)
t—oo
h(t) 7 (s)
or

t t 9
lim sup/ p(s) exp / Py (uw)du | ds > , (1.23)
t—o0 h(t) 7(s) l—a-— \V4 1—-2a— OéQ
or

¢ o(s) 1+In); 1—a—+v1—2a—a?
limsup/ p(s) exp / P(u)du | ds > T c a-a ,
t—oo Jo(t) (s) M 2

(1.24)

or

t O'(S) 1
lim inf p(s) exp (/ Pk(u)du> ds > —, (1.25)
- e

t=eo Jo(t) (s)
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where h(t), T (t), « are defined as above, A; is the smaller root of the transcendental
equation A = e**, and

t t u
P, (t)=P(t) |1+ / P (s)exp / P (u)exp / P (§)dE | du | ds
(1) 7 (s) 7 (v)
with Py(t) = P(t) = >/, p; (t). Then all solutions of Eq. (1.1) oscillate.

Recently Bereketoglu et al [4] improved the above conditions as follows:
Assume that there exist non-decreasing functions o; € C ([tg, 00) , R™") such that
(1.11) is satisfied and for some k € N

m _m t ai(t) Y
1
lim sup H H / p; (8) exp / Py (u)du | ds > — (1.26)
T e ci(s) "
or
m m t ai(t) Hm m
1
lim sup H H / pi ($) exp Py (u)du | ds > — [1 - Hci (ai)] ,
T e ci(s) " =t
(1.27)
where
. . 1/m
P (t) = ij t)s1+m H / p; (8) exp / Py (u)du | ds ,
= los ) ri(s)
with

11/m

Py(t)=m [Hm Gl
/=1

ay; is given by (1.14) and ¢; (o;) by (1.15). Then all solutions of Eq.(1.1) oscillate.

In 2018 Attia et al [3] established the following oscillation conditions.
Assume that

t n
.. 1
0 < p:= liminf / > _pi(s)ds <,
9(t) =1
and .
lim sup (/ Q(v)dv + efp)elae T4
t—00 g9(t)
where
¢ ¢ n i —e) [9k() san u)du
Q) = Zzp’(t>/ pk(s)ef;k(t) Sy pi()ds+(Mp)—e) [7F 5 oy pe(u)d ds, e (0, \(p)),
k=1 i=1 i (t)
or

t t n
lim sup (/ Q1(v)dv —|—c(p)efg(t) i pi(S)ds) > 1,
9

100 ()
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where
~\ ' it oy Sy pe)ds+ [20 S0 (Mae)—ee)pe (w)du

Q1(t) = Zzpi(t)/ ( )pk(s)e o () 2im1 (s) 2k=1 ds, e € (0, Mqo)),
k=1 i=1 Ti(t

and

t
q = hmmf / pe(s)ds, £=1,2,....m

t—oo o(t)

n n t s 1
lim sup H <H Rk(S)d8> Hk 1 c(B ) Zk 1 fg;‘ (1) 2=t=1 Pe(s)d > —,
k

n
—179;(®) n

s n o - s 9 (5) sm
Ry(s) — elonts Zimapi(u)du sz(s)/ ( )pk( we )=o) [ Zz:ﬁz(v)dvdu, c € (0, A(p)),
i=1 Ti(S

and

IN
CD.\ =

t
0 < ), := liminf / pi(s)ds
t—oo oi(t)
Then Eq. (1.1) is oscillatory.
In this paper we further investigate the problem and derive oscillation conditions
which essentially improve all the above mentioned conditions.
2. MAIN RESULTS
Our main results are the following two theorems

Theorem 1. Assume that there exist non-decreasing functions o; € C ([tg,0) ,RT)
such that (1.11) is satisfied and for some k € N

. oi(t) 1/m
1
thSIlbolip H / p; (8) exp / Py (u)du | ds > (2.1)
20 7i(s)
where
t U
P.(t)=P(t) |1+ / s) exp P (u)exp / Pi_1(§)dE | du | ds
oi(t) 7i(s) iw)
(2.2)
with

Py(t) = P(t) =Y pi(t)
i=1
Then all solutions of Eq.(1.1) oscillate.

Proof. Suppose for the sake of contradiction that Eq.(1.1) has a non-oscillatory
solution x (t). Since —z (t) is also a solution to (1.1), we confine ourselves only to
the case that z (t) is an eventually positive solution of Eq.(1.1). Then there exists
t1 > to such that z (t) > 0, x(7;(¢)) > 0, (0, (t)) > 0. Thus, from Eq.(1.1) it
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follows that z’ (t) < 0 for all ¢ > t; and therefore x (t) is non-increasing and taking
into account that 7; (t) < ¢, it follows

+Zpl ) <0, t>t. (2.3)

Dividing the last inequality by z (¢) and integrating from 7; (¢) to ¢ for sufficiently
large t, we have

s(r®) = ®ew | [ Yp©de | i=12m. (2.4)
=1
Ti(t)
Dividing (1.1) by z (¢) and integrating from 7; (s) to ¢, s < ¢, we obtain

x(1; (s)) =z (t) exp / ZW ’ (;Ez(;;))du ,1=1,2,...,m. (2.5)
ri(s) ¢

Combining the last two relations, we obtain

t m m
s za@en | [ Snwen| [ Yw@d|dl]. 2o
7i(s) = 7i(u
Now, integrating (1.1) from 7; () to ¢ and using (2.6) for sufficiently large ¢, we
have

t m m u m
Oz 1+ [ Sm@en| [ Ywwen| [ Spde|duds
7i(u) (=1
(2.7)
Multiplying the last inequality by p; () [cf.10,3,4] and taking the sum over ¢
(i=1,2,...,m), we have
)+ P (t)x(t) <0, t>t, (2.8)
where
u
P (t)y=P@) |1+ / P(s)exp / P(u)exp / Py(&)de | du | ds
7i(t) 7i(s) 7i(u)
Observe that (2.8) resembles with (2.3), where Y"1, p; (t) [= P(t) = Py (t)] is re-

=
placed by P; (t), and following the same steps as from (2.3) to (2.8), for sufficiently
large ¢t we find

() + P (t)x(t) <0, (2.9)
where

t u

t
Py (t)=P(t) |1+ / P(s)exp /P(u)exp /Pl(g)df du | ds
7 (t) 7i(s) 7i(u)
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Repeating the above procedure, it follows by induction, that for sufficiently large ¢

*(t)+ P () z(t) <0, (2.10)
where Py (t) is given by
¢
P (t) = 1+ P(s)exp / P(u) exp / Pi_1(8)d¢ | du | ds
7i(t) 7i(s) 7i(u)

Dividing (2.10) by = (¢) and integrating from 7; (s) to o; (t) , s < ¢, for sufficiently
large t, we get
o (t)

x(7;(8)) > x(o;(t)) exp / Py (u)du | . (2.11)
i (s)
On the other hand, integrating (1.1) from o; (¢) to ¢ for sufficiently large ¢, we have
ot
z(oj(t)=a(t)+ Z / pi (8)x (1;(8)) ds. (2.12)
i=1

o;(t)

Combining (2.12) with (2.11) and using the arithmetic mean-geometric mean in-
equality, we obtain

. vm [, [ ¢ oi(t) Y
) >m le (oi (t))] H / p; (8) exp / Py (u)du | ds
=t =i 7ils)
Now, taking the product on both sides of the last inequality, we find
- - T oi(t) 1/m
H z(oj(t) >m™ H z(oj (1)) H H / p; (8) exp / Py (u)du | ds
=t =t = 7i(s)
Hence
m | mt 7:(t) Hm )
lim sup / p; (8) exp / Py (u)du | ds < —
o ”1;[1 Eo—](t) ri(e) "
which contradicts (2.1). O

For the next theorem we need the following lemma (See [39,13,26,27,4]).

Lemma 1. Let there exist non-decreasing functions o; € C ([tg,00) ,RT) such that
condition (1.11) is fulfilled and equation (1.1) has an eventually positive solution
x : [to, +00) — (0,400). Then

4
liminf& >ci(a;), 1=1,2,...,m,
i=oo 2 (0 (t))
where a; and ¢; (o) are given by (1.14) and (1.15).
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Theorem 2. Assume that there exist non-decreasing functions o; € C ([tg, o) ,RT)
such that (1.11) is satisfied and for some k € N

1/m
m t 7i(t)

limsupH H / p; (8) exp / Py (u)du | ds > # [1 - Hcl (ai)] ,

t—o0
o (%) ri(s)
(2.13)

j=1 |i=1
where Py (u) is given by (2.2), «; by (1.14) and ¢; («;) by (1.15). Then all solutions
of Eq.(1.1) oscillate.

As in the proof of Theorem 1, we assume, for the sake of contradiction, that
Eq.(1.1) has a non-oscillatory solution x (¢) and derive (2.11) and (2.12). Combining
(2.12) with (2.11) and using the arithmetic mean-geometric mean inequality for
sufficiently large ¢, we get

m m 7i (t) l/m

1/m t
H x (o; (t))] H / p; (8) exp / Py (u)du | ds

= A0 7i(s)

(0 (t)) =z (t)+m

Taking the product on both sides of the last inequalities and using Lemma 1, as in
proof of [4, Theorem 2], we find

limsupH H / pi (8) exp /P;€ (u)du | ds <
IR G0 ci(s)
1 m(t
< — klimtinf#
m —00
11 # (i (1))

< — 1= i (o
< o[-l o)

which contradicts (2.13).
Remark 1. Tt is clear that the left-hand sides of both conditions (2.1) and (2.13)

are identically the same and also the right-hand side of (2.13) reduces to (2.1) when
¢; (;) = 0.Thus, it seems that Theorem 2 is exactly the same as Theorem 1, when
¢i (o;) = 0. One may notice, however, that the condition (1.14) is required in
Theorem 2 but not in Theorem 1.

In the case of monotone arguments we have the following theorem.

Theorem 3. Let 7; be non-decreasing functions and for some k € N

S 7i(t) 1/m ﬁ

lim sup H H / p; (8) exp / Pr. (u)du | ds > 0:;
t—o0 j=1 i:lT‘(t) T-(s) ﬁ |:1 — H C; (al)}

J ‘ i=1
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10
where
t t U
P (t)=P(t) |1+ / P(s)exp /P(u)exp /Pk_l(f)dg du | ds
7;(t) 7i(s) 7i(u)
with

Pt =P =Y 0 (0),

a; 1s given by (1.14), and ¢; (o) by (1.15). Then all solutions

3. COROLLARIES AND EXAMPLES

of (1.1) osillate.

In the case m = 2, Eq.(1.1) reduces to the equation

2 (t)+p1 )z (T1(t) +p2 (t) x (12 (t)) = 0. (3.1)
From Theorems 1 and 2 the following corollary is immediate
Corollary 1. Assume that (1.11) holds and for for k € N
s [y ¢ oi(t) 12 i
lim sup H H / pi (s) exp / Py, (u)du | ds > ZT ,
IR 0 ci(s) ] I [1 —Ile (ai)}
where,
t t u
P.(t)=P(t) |1+ / P(s)exp / P(u) exp / Pi_1(&)d¢ | du | ds|
oi(t) 7i(s) 7i(u)

Py (t) =2(p1 () p2 (£)"/2,
and fori=1,2, «; is given by (1.14) and ¢; (a;) by (1.15). Then all solutions of

Eq.(3.1) oscillate.
Corollary 2. Assume that there exist a non-decreasing function o (t) such that

T(t) <o (t) <t and for some k € N

t o(t) 1
lim sup /p(s) exp /Pk (u)du | ds > or (3.2)
R i) 1-cla)
where
t t u
o) =p0) |1+ [ p@eo | [p@ewn | [ Poi©de | du)as| . no =),
o(t) 7(s) 7 (u)
/ 1
0<a:= 1itminf / p(s)ds < —, (3.3)
—00 e
o(t)
and
l—a—+vV1—-2a—a?
(o) = 17OV

Then all solutions of Eq.(1.2) oscillate.
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The following example (cf.[6],[21],[4]) is given to illustrate our results. It is to be
pointed out that in this example it is shown that our conditions essentially improve
all the related known conditions in the literature.

Example 1. (Cf. [6],/21],[4]) Consider the equation

2 () +px(r(t)=0,t>0, p>0. (3.4)
with the retarded argument
t—1, t € [3n, 3n+1],
T({t)=<¢ =3t+(12n+3), t€Bn+1, 3n+2],

5t— (12n+13), t € [3n+ 2, 3n+ 3.
For this equation, as in [6,21,4], one may choose the funtion

t—1, t € [3n, 3n+1],
o(t)= —3n, teBn+1, 3n+2.6],
5t—(12n+13), t€ [3n+2.6, 3n+ 3].

If we choose t, = 3n+ 3, (c¢f. [6, Example 1] and [21, Example 4.2]), then for
k = 1, the condition (2.1) of Theorem 1 (or the condition (3.2) of Corollary 2)

reduces to
t a(t) 3n+3 3n+2
lim sup /pexp /P1 (u)du | ds > lim /pexp / Py (u)du | ds,
o o(t) 7 (s) ném3n+2 5s—(12n+13)
where
[ t t u
Pi(t) = p|l+ / pexp /pexp /pdf du | ds
o(t) c(s) c(w
3n+3 3n+3
> pll+ /pexp / pexp(p)du | ds
| Bnt2 55—(12n+13)
= p _1 + (661765_61)6) ep}
Therefore

t o(t)
lim sup /pexp /P1 (u)du | ds > 5% (e5p1 —1),

t—oo 1

o(t) 7 (s)

P r
£6peP _ pe

where Py = p {1 + (f> e‘p] For p =0.255, P; ~ 0.484721, and so
L (3P~ 1) ~1.082293 > 1
52) (e )~ 1. > 1.
Therefore all solutions of Eq.(3.4) oscillate.

Observe, however, that when we consider the conditions stated in [6], [37] [21],
[27], [7], [1] and[4] for the above equation (3.4), we obtain the following:
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1. Observe that, for t,, = 3n + 3,

3n+3 o(3n+3) 3n+3 3n+2 e — 1
/ pexp / pd€ » ds = / pexp / pd€ » ds =
o(3n+3) 7(s) 3n+2 55— (12n+13)) 5

and condition (1.7) reduces to

e — 1

> 1.
)

But, for p = 0.255
edp —

1 ~0.51574 <1

therefore the condition (1.7) is not satisfied.

2. Similarly, in the condition (1.8),

t 3n+3
a= litm inf [ p(s)ds= lim pds =1p
(t) 3n+2
and
1—-p—+/1-2p—p?
c(a) = c(p) = : .
and, as before, (1.8) reduces to
5 — 1 1—p—+/1—2p—p?
e Ly Llop p—p
5 2

Taking p = 0.255 the left-hand side of (1.8) is equal to 0.51574 while the right-hand
side is 0.95345. Therefore this condition is not satisfied.

3. The condition (1.12) reduces to
t o(t) £

lim sup /pexp /pexp /pdu d¢ | ds>1, (3.5)
t——+oo
a(t) 7 (s) (&)
and, as in [20,Example 4.2], the choice of ¢,, = 3n + 3, leads to the inequality
(@ 1)
- > 1. 3.6
Ep (3.6)
Observe, however, that for p = 0.255,
(@ )
~ 0.64849 < 1.

5eP

Therefore the condition (3.6) is not satisfied.

4. The condition (1.13), for k = 2, reduces to
t o(t)
lim sup /pexp /p Yy (§)dE | ds > 1 —c(a), (3.7)

t—o0

o(t) 7 (s)
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where ¢, (§) = 1, and for t,, = 3n + 3, as before, it leads to

e —1 - l—p—y/1-2p—p?
5 2

For p = 0.255, we have
edp —

L o~ 051574,

while the right-hand side
1—c(p) =~ 0.95345.

Therefore the condition (3.7) is not satisfied.

5. The condition (1.16) for » = 1 reduces to

lim sup /pa1 (h(t),7(s))ds>1, (3.8)

t—o0

h(t)

where
¢
h(t) =0 (t) and a; (t,s) = exp /pdu

That is, to the condition
t o(t)
lim sup /pexp /pdf ds > 1, (3.9)
o o(t) 7 (s)
and, as before, for t,, = 3n 4+ 3 and p = 0.255, we have

edp —

~ 0.51574 < 1. (3.10)

Therefore the condition (3.8) is not satisfied.

6. Similarly, condition (1.20) for r = 1 reduces to
¢ o(t)
lim sup /pexp /pd§ ds >

t—o0

o(t) 7 (s)

1 —+ hl )\0
_— 3.11

v (3.11)
where g is the smaller root of the equation A = eP*. As before, for t, = 3n + 3

and p = 0.255, we have
edp —

1
~ 0.51574,
while
1+1In /\0
Ao
Therefore the condition (3.11) is not satisfied.

~ 0.94664

7. For k = 1, condition (1.26) reduces to
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t o(t)
lim sup /pexp /P1 (w)du | ds > 1. (3.12)
t—oo

a(t) 7 (s)
If we choose t,, = 3n + 3,

t t 3n+3 3n+3
Pi(t) = »p 1+/pexp /pdu ds p =p 1+ /pexp / pdu | ds
o(t) 7 (s) 3n+2 5s—(12n+13)

ebp — P
= 14+ —).
(10 757)

and, as before, (3.12) reduces to

P 5P
5P1(e B 1)>1.

For p = 0.255 we find P; ~ 0.424232 and so

D (5P ~
5 (e 1) ~0.882491 < 1.
Therefore the condition (3,12) is not satisfied

We conclude, therefore, that for p = 0.255 no one of the conditions (1.7), (1.8),
(1.12), (1.13) for k=2, (1.16) and (1.20) for r = 1, and (1.26) is satisfied.

It should be also pointed out that not only for this value of p = 0.255 but for all
values of p > 0.255 , especially for all values of p € [0.255,0.358], (cf. [21, Example
4'2])7

P (5P _
5P1(e t-1)>1

and therefore all solutions of (3.4) oscillate. Observe, however, that for p = 0.358

edp —

- L 099789 < 1,

also for p =0.3
(@ )

~ 0.974101 < 1,
5eP

5p _
L 0696337 < 0.912993 ~ 1*;7“0
0

and for p = 0.263, P; =~ 0.44944 and so

p

(ST —1) ~0. .
sp; (€77 = 1) = 099024 <1

Therefore for all values of p € [0.255,0.358] the conditions of Corollary 2 are sat-
isfied and so all solutions to Eq.(3.4) oscillate, while no one of the above mentioned
conditions is satisfied for these values of p € [0.255,0.358].
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Abstract

The present paper is concerned with Hyers—Ulam stability of the second-order linear difference
equation A?7xz(t) + alApx(t) + Bz(t) = f(t) on hZ, where Apz(t) = (x(t + h) — 2(t))/h and hZ =
{hk|k € Z} for the stepsize h > 0; o and j are real numbers; f(¢) is a real-valued function on hZ.
The purpose of this paper is to find an explicit HUS constant for the second-order linear difference
equation whose characteristic equation has real roots. It is clarified that an HUS constant changes
by the influence of the stepsize.

Keywords: Hyers—Ulam stability; HUS constant; second-order linear difference equation; stepsize.
2010 Mathematics Subject Classiffication: Primary 39B82; Secondary 39A06; 65Q10.

1 Introduction

Hyers—Ulam stability is originated from in the field of functional equations. In 1940, this problem was
posed by Ulam [32, 33]. In the next year, it was solved by Hyers [9]. After that, there has been an
increasing interest in studying Hyers—Ulam stability of functional equations, differential equations and
difference equations (see [1, 2, 3,4, 5,6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 22, 23, 24, 25, 26, 27,
31, 34, 36]). In this paper, we will deal with Hyers—Ulam stability of the second-order nonhomogeneous
linear difference equation

AZz(t) + aApz(t) + Bx(t) = f(t) (1.1)

on hZ, where
t+h)—x(t
Apz(t) = w and hZ = {hk|k € Z}
for the stepsize h > 0; a and f3 are real numbers; f(t) is a real-valued function on hZ. If 1 —ah+ Sh? =0

holds, then we no longer have a second-order difference equation. For this reason, we assume that
1 —ah+ Bh* #0. (1.2)

It is well-known that the global existence and uniqueness of solutions of (1.1) are guaranteed for the
initial-value problem. We say that (1.1) has “Hyers—Ulam stability” on hZ if there exists a constant
K > 0 with the following property: Let € > 0 be a given arbitrary constant. If a function ¢ : hZ — R
satisfies |AZ¢(t) + aAnd(t) + Bo(t) — f(t)| < e for all t € hZ, then there exists a solution z : hZ — R
of (1.1) such that |¢(t) — z(t)| < Ke for all t € hZ. We call such K an “HUS constant’ for (1.1) on hZ.
In addition, we call the minimum of HUS constants for (1.1) on hZ the “best HUS constant’. Recently,
the best HUS constant of various functional equations and linear operators has been discovered by Popa
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and Raga (see [28, 29, 30] and the references cited therein). When h — 0, (1.1) becomes the second-order
linear differential equation
" +ax' + Bz = f(t), (1.3)

that is, (1.1) is an approximation of the ordinary differential equation (1.3). In 2010, Li and Shen [18§]
proved that (1.3) has HUS on a finite interval I if characteristic equation has two different positive roots.
In 2014, Xue [35] extended their results. Since the solution of the difference equation with small stepsize
is a good approximate solution of the differential equation, studying Hyers—Ulam stability of difference
equation (1.1) will contribute to computer science.
In 2018, the author [22] dealt with Hyers—Ulam stability of the first-order nonhomogeneous linear
difference equation
Apz(t) —ax(t) = f(1) (1.4)

on hZ, where a is a real number and f(¢) is a real-valued function on hZ. We say that (1.4) has “ Hyers—
Ulam stability’ on hZ if there exists a constant K > 0 with the following property: Let £ > 0 be a given
arbitrary constant. If a function ¢ : hZ — R satisfies |Apo(t) — ap(t) — f(t)| < e for all t € hZ, then
there exists a solution = : hZ — R of (1.4) such that |¢(t) — x(t)| < Ke for all ¢ € hZ. Noticing that
if f(t) =0 with a =0 or a = —2/h, then (1.4) does not have Hyers—Ulam stability on hZ (see [21]); if

a = —1/h, then we no longer have a first-order difference equation. For this reason, we assume that
1 2
a#0, —— and — —.
7 h h

In [22], the author proved that (1.4) has Hyers-Ulam stability on hZ, and the best HUS constant for
(1.4) on hZ is

1 1

—, if a>0o0r 0<h<-——,

|a a

B(a,h) = 1 1 2 2

_ if ——<h<—-=o0o —-Z<h.
la +2/h| a a a
This constant is rewritten as 1

B(a,h) = . 1.5
(a, 1) [la+1/h| —1/h] (1.5)

Let ®(t) be an antidifference of ¢(t) on hZ, that is, A, ®(t) = ¢(t) holds on hZ, and let C be an arbitrary
real constant. We denote ®(t) + C by A;l(é(t). We can obtain the above fact according to the following
results.

Theorem A (see [22, Corollary 2.5]). Suppose that a > 0 or a < —2/h. Then (1.4) has Hyers—Ulam
stability with an HUS constant B(a,h) on hZ, where B(a, h) is the constant given by (1.5). Furthermore,
if a function ¢ : hZ — R satisfies |Apd(t) — ad(t) — f(t)| < e for all t € hZ, then

tim {o(t)(ah+ 1)~ F = A f(t)(ah + 1)~}

t—o00

exists, and there exists a unique solution

t+h

w(t) = [A5 f(t) (ah + 1)~

+ lim {qb(t)(ah +1)F = ATV (ah + 1) } } (ah +1)*

of (1.4) such that |¢(t) — z(t)| < B(a,h)e for all t € hZ.

Theorem B (see [22, Corollary 2.6]). Suppose that —1/h < a <0 or —2/h < a < —1/h. Then (1.4) has
Hyers-Ulam stability with an HUS constant B(a, h) on hZ, where B(a,h) is the constant given by (1.5).
Furthermore, if a function ¢ : hZ — R satisfies |App(t) — ap(t) — f(t)| < e for allt € hZ, then

lim_{o(t)(ah+1)"F = A7 F(#)(ah+1)"F |

t——o0
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exists, and there exists a unique solution
a(t) = [A7 F(®)(ah + 1)~ F
. _t -1 _tth t
+Jgg{dﬂ@h+n o AUt (ah + 1) h}]mh+nh

of (1.4) such that |¢(t) — z(t)| < B(a,h)e for all t € hZ.

Remark 1.1. We can confirm that the best HUS constant for (1.4) on hZ is greater than or equal to
B(a, h) by the following example. Consider the first-order nonhomogeneous linear difference equation

Ano(t) —ad(t) = f(t) = e(=1)
on hZ, where ¢ > 0 and m € {1,2}. Let

do(t) = (ah +1)E A f(t)(ah + 1)~ 5

mt

e(=1)™
¢m(t) =
{(=D)m -1} /h—a
and ¢(t) = @o(t) + ¢ (t) for all t € hZ. Then ¢(t) is a solution of (1.6). Now we will check this fact.
Since

(1.6)

F(t)(ah +1)~F" = Ahaso( )(ah +1)7#

{%@+m@h+n
:¢mvwo (wh+ 1ol

* — do(®)(ah+1)7F}
(ah + 1)*#

=<Amm>—a%<»mh+n-%ﬁ
holds, ¢(t) is a solution of (1.4). From

an-p# = L=y = gy (17)
we have .
A%mp”“)’m D" (L)% 4 agm(®).

()7 -1} —oh
That is, ¢, (t) is a solution of (1.6) with f(¢) = 0. Using the above facts, we obtain

mt

Apd(t) — ag(t) = An(o(t) + m(t)) — alo(t) + dm(t)) = f(t) +e(=1)" "
This means that ¢(t) is a solution of (1.6). Therefore,
[And(t) —ad(t) — f(t)] =€

holds for all t € hZ. Since ¢o(t) is a solution of (1.4), and (ah +1)*/" is a solution of (1.4) with f(t) =0,
the general solution of (1.4) is written as

z(t) = c(ah + 1)% + ¢o(t)

for all t € hZ, where c is an arbitrary constant. Noticing that ¢ = 0 holds if and only if |¢(¢) — z(¢)| is
bounded on hZ. When ¢ = 0, we have

|6(t) — ()] = [om (8)] =

g
o+ {L— (=1} /A

for all t € hZ and m € {1,2}. This means that the best HUS constant for (1.4) on hZ is greater than or

equal to
ma { L ! } B(a, h).
< -
lal” |a +2/h]

3
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Remark 1.2. Theorems A, B and Remark 1.1 imply that the best HUS constant for (1.4) on hZ is B(a, h)
given by (1.5).

The purpose of this paper is to find an HUS constant for (1.1) on hZ. In addition, we will find an
explicit solution x(¢) of (1.1) such that |¢(t) — x(t)| is less than or equal to HUS constant multiplied by
e on hZ, where ¢(t) is a function satisfying |AZ@(t) + aAnd(t) + Bo(t) — f(t)| < € on hZ. In the next
section, we will present main theorems and their proofs, and give an HUS constant for (1.1) on hZ. In
Section 3, we will classify HUS constants for (1.1) on hZ by coefficients « and /. For illustration of the
obtained results, we will take an example.

2 HUS constant for the second-order linear difference equations

We can easily see that the quadratic equation
M4+ar+8=0 (2.1)
is the characteristic equation for the second-order homogeneous linear difference equation

AZx(t) + alpz(t) + Bz(t) =0 (2.2)

on hZ, where o and § are real numbers with (1.2). In fact, we consider the funtion x(t) = (A + 1)1/

on hZ, where A is a root of (2.1). Notice that since (1.2), non of A is equal to —1/h. On the other hand,

if A # —1/h then (1.2) holds. Clearly, Apz(t) = A(Ah + 1)¥/" and A2z(t) = A2(Ah + 1)!/" hold on hZ.

Therefore, if (2.1) holds then z(t) is a solution of (2.2). Conversely, (2.1) is satisfied whenever z(t) is a

solution of (2.2) on hZ. Thus, (Ah + 1)!/" is a solution of (2.2) on hZ if and only if (2.1) holds.
Throughout this paper, we define

1
A ={XAeR|A >0}, Ag:{/\eR‘ —h<)\<0},

and
As = AGR‘—3<A<—l Ay = AeR‘A<—E
3 = h h 9 4 = h N
First, the following simple result is obtained by using Theorems A and B.
Theorem 2.1. Suppose that (2.1) has real roots A1 and Ay with \; € U?Zl A; forie {1,2}. Then (1.1)
has Hyers—Ulam stability with an HUS constant B(\1,h)B(\2, h) on hZ, where B(-,h) is the constant
given by (1.5).

Proof. Assume that a function ¢ : hZ — R satisfies
|ARG(t) + aldno(t) + Bo(t) — f(1)] < e

for all t € hZ. Let ¥(t) = Apd(t) — M\o(t) for t € hZ. From A\ + A2 = —a, A\ = 8 and the above
assumption, we get the inequality

[Antp(t) = Aotb(t) = F(1)] = [ARD(E) + alno(t) + Bo(t) — f(t)] < e (2.3)
for all t € hZ. Using Theorems A and B, we can find a solution u : hZ — R of
Apu(t) — Mou(t) = f(t) (2.4)

such that |[¢(t) — u(t)] < B(Ae, h)e for all t € hZ. Namely, we have
[Ane(t) — Aop(t) — u(t)| < B(Az, h)e (2.5)
for all t € hZ. Using Theorems A and B again, there exists a solution v : hZ — R of

Apv(t) — Au(t) = u(t) (2.6)
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such that |¢(t) — v(t)| < B(A1,h)B(Ae, h)e for all t € hZ. Since u(t) is a solution of (2.4), we have
Ajo(t) + alpo(t) + Bu(t) = Ajo(t) = (A1 + A2) Apv(t) + A dgu(t)
= Ap(Apv(t) — Mo(t) — Aa(Apv(t) — Ao(t))
= Apu(t) — Agu(t) = f(t)
for all t € hZ. Therefore we can conclude that v(t) is a solution of (1.1). O
More explicitly, we can obtain the following result.

Theorem 2.2. Let £ > 0 be a given arbitrary constant, and let B(-,h) be the constant given by (1.5).
Define
F(t) = Ay () Qo+ )75
fort € hZ. Suppose that (2.1) has real roots Ny and Ay with \; € U?Zl A; fori € {1,2}. If a function
¢ : hZ — R satisfies
|ARo(t) + alne(t) + Bo(t) — f(t)| < e

for allt € hZ, then one of the following holds:

(i) if M\, Ao € A1 U Ay, then the limiting values
er = lim {(An6() = Mo () (ah + 1)~ F = F(t)}

and
dy = lim {¢(t)(A1h+ 1)"% — A7 Y (F(E) 4 1) Moh + 1)7 (Ah + 1)—%}

t—o0

exist, and there exists a unique solution
2(t) = { A7 (F(0) + 1) Qah + 1D)F Ouh+ 1) F +di } (uh+ D
of (1.1) such that |o(t) — z(t)| < B(A1,h)B(Xe, h)e for all t € hZ;

(i1) if M1 € A U Ay and Ay € Ay U As, then the limiting values

e = Jim {(Ano(t) = Mo()eh +1)7F = F(t)}

t——o0

and
dy = lim {gb(t)(/\lh+ 1)"F — A7 (F() + e2) (oh + 1) F (\h + 1)*%}

t—o0

exist, and there exists a unique solution

t+h

x(t)z{A,;l(F(tHcQ) Ooh+1)F (Ah+ 1)~ +d2}(xlh+1)%

of (1.1) such that |o(t) — z(t)| < B(A1,h)B(Xe, h)e for all t € hZ;

(ii3) if A1, A2 € Ao U As, then the limiting values co and
dy = lim_ {gb(t)()\lh + 1) =AY (F() + e2) (Aah 4+ 1) (Ah + 1)*%“}
exist, and there exists a unique solution

a(t) = { A7 (F () + ¢2) Qb+ DF b +1)7F +dg } uh+ DF

of (1.1) such that |¢(t) — z(t)| < B(A1,h)B(A2, h)e for all t € hZ.
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Proof. Assume that a function ¢ : hZ — R satisfies

|AZ6(t) + alng(t) + Bo(t) — ()] < e

on hZ. Let Y(t) = Ape(t) — A1¢(t) for t € hZ. Using the above assumption with A; + X2 = —a, Ay Ay = 0,
we have (2.3) for ¢t € hZ.
First we prove case (i). Using A\ € Ay U A4 and Theorem A, we see that

Jim Lok +1)7F - F(1)}
= lim {(Ahqﬁ(t) = Aio(8)Aah + 1) — F(t)} =a

t—o0

exists, and there exists a unique solution
u(t) = (F(t) +c1) (Aeh + 1)%
of (2.4) such that |¢(t) —u(t)| < B(A2, h)e for all t € hZ. That is, (2.5) holds on hZ. Using Ay € Ay UAy
and Theorem A again, we conclude that the limiting value
Jim {6k +1)7F = ATHFE) +e1) Oah+ DE O+ 1)~ = dy
exists, and there exists a unique solution
-1 t _tth t
o) = { A7 (@) + o) Qb+ DF Qb+ 1)~ F 4} un+ 1)

of (2.6) such that |¢p(t) — v(t)] < B(A1,h)B(A2, h)e for all t € hZ. Using the same argument as in the
proof of Theorem 2.1, we see that v(t) is a solution of (1.1). Noticing that v(t) is a unique solution of
(1.1) such that |¢(t) — v(t)| < B(A1,h)B(Aa, h)e for all ¢ € hZ.

Next we prove case (ii). Using Ay € Ay U A3 and Theorem B, we see that the limiting value

lim {¢(t)(A2h N F(t)}
= dim_{(Ano(t) = M) Qe +1)F ~ F(t)} = s
exists, and there exists a unique solution
u(t) = (F(t) + c2) (Aoh + 1)%
of (2.4) such that (2.5) holds for all ¢ € hZ. Using Ay € Ay U Ay and Theorem A, we can conclude that

the limiting value

lim {qS(t)()\lh F1)7F = AT (F() + ¢2) Dah + D)F(Mh 4+ 1)~ *"} = dy

t—o00
exists, and there exists a unique solution

tth

u(t) = {A,;l (F(t) + ¢2) Moh+ 1)F (\Mh+1)"

of (2.6) such that |¢(t) — v(t)]
the proof of Theorem 2.1, v(t) i
for all t € hZ.
We prove case (iii). As in the same argument of the preceding paragraph, using Ao € Ay U A3 and
Theorem B, we see that co exists, and there exists a unique solution

d2} (AMh+ 1)%

< B(A1,h)B(A2,h)e for all t € hZ. Repeating the same argument as in
is a unique solution of (1.1) such that |¢(t) — v(t)] < B(A1,h)B(A2, h)e

u(t) = (F(t) + c2) Aoh + 1)
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of (2.4) such that (2.5) holds on hZ. Using A1 € A2 U A3 and Theorem B again, we can find the limiting

value
lim {¢(t)(>\1h F1)TF = ATL(F() + ) Mah + 1) (Ath + 1)~ 5 } — ds

t——o0

and a unique solution
o) = { A7 (F () + e2) Qo+ DF O+ 1)~ F +ds} (h+ 1) F
of (2.6) such that |¢(t) —v(t)| < B(A1, h)B(Ag, h)e for all t € hZ. By the same argument as in the proof
of Theorem 2.1, v(¢) is a unique solution of (1.1) such that |p(¢) —v(t)| < B(A1, h)B(As, h)e for all t € hZ.
O

A natural question now arises. Is B(A1, h)B(Aq, h) the best HUS constant for (1.1) on hZ? A partial
answer to this question is as follows.

Theorem 2.3. Suppose that (2.1) has real Toots A1 and Ay with \; € U?Zl Aj fori e {1,2}. Then the
best HUS constant for (1.1) on hZ is greater than or equal to

1 1
max , .
{A1)\2| |(/\1+2/h)()\2+2/h)|}
Before to prove this theorem, we will give a lemma.

Lemma 2.1. Suppose that (2.1) has two roots A1 and Ao with \; # —1/h for i € {1,2}. Define

t+h

F(t) = A () (Ah+1)7 %

and
Y (65 A1, Ag) = {A;lF(t)(/\gh L) E A+ 1) } (Mh+1)7 (2.7)
fort € hZ. Then Y (t; M\, \2) is a solution of (1.1).
Proof. Since
_tth

F(t)(Azh +1)% (A\h +1)
= ARY (£ A1, M) (A h + 1)~

1 t4+h B
=2 {Y(t AL ) Ak 1) Y (AL A) ik 4 1)7}

1 t+h
= AV (R he) = nh DY (1 A0, A2) b + 1)~

t+h

= (ARY (& A, A2) — MY (85 A1, X)) (MR +1) 77"

holds, we have .
A}LY(t; A1, )\2) — )\1Y(t; A1, )\2) = F(t)()\gh + 1)3

for all t € hZ. Using this equality, we obtain
ARY (8521, A2) — MARY (£ A1, A2)

= ARF(t)(Aoh +1)%

= % {F(t+ h)(A2h + 1)% — F(t)(\ah + 1)%}
- % (F(t+h) - ,\QhIHF(t)> (Aoh + 1)
- (AhF(t) - )\gl/z\i 1
= f(t) + A F(t)(Aah + 1)F

= f(t) + A2(ARY (t; M1, Aa) — MY (85 A1, A2))

for all t € hZ. This means that Y (¢; A1, A2) is a solution of (1.1). O

F(t)) (Aoh 4+ 1)
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Proof of Theorem 2.3. We have only to show that for a given o(t) satisfying
| A (t) + aldpp(t) + Bo(t) — f(1)] < e
on hZ, we find an explicit solution x(¢) of (1.1) such that

1 1
|(t) — 2(t)] = max { dal” [ + 2/R) O + 2/0)] }

for all t € hZ.
We now consider the second-order difference equation

mt

AfLp(t) + alpp(t) + Bp(t) — f(t) = e(=1)" (2.8)
on hZ, where € > 0 and m € {1,2}. Let

e(=1)%

P (t) = {(_1)h_1 —)\1} {;1)}11 —/\2}

and ¢(t) = Y (t; A1, A2) + on(t) for all t € hZ, where Y (¢; A1, A2) is the function given by (2.7). Note
here that Y (¢; A1, A2) is a solution of (1.1) from Lemma 2.1. Now, we will check that ¢(t) is a solution of

(2.8). From (1.7), we have )
N e A

=

Using this, we get
A%‘Pm (1) + aAppm(t) + Bom(t)

:l{<nmlr+a<nm1+ﬁ e(-1)

{<—1>Z’—1 _Al} {<1>Z’1 _AQ}

for all t € hZ. That is, ¢, (t) is a solution of (2.8) with f(¢) = 0. Using the above facts, we obtain
Ahp(t) + alnp(t) + Be(t)
= ALY (A1, A2) + @ARY (£ A1, A2) + BY (£ A1, Ag)
+ Ai‘?m(t) + alppm(t) + Bom(t)
= [(t) +e(-1)F.
This means that ¢(t) is a solution of (2.8). Therefore,
A2 () + alnp(t) + Bolt) — F(8)] = =
holds for all ¢t € hZ. Let xo(t) be the general solution of (1.1) with f(t) = 0. That is, z(¢) is written by

h h

mt

=e(=1)n

a(Mh+ D)% +ca(Aah+ 1) or er(Ah+1)% + cot(\h+ 1),

where ¢; and cg are arbitrary constants. Since Y (¢; A1, A2) is a solution of (1.1), the general solution of
(1.1) is written as
x(t) = l’o(t) + Y(t, )\1, )\2)
for all t € hZ. Noticing that ¢; = co = 0 holds if and only if |¢(t) — x(¢t)| is bounded on hZ. When
c1 = co = 0, we have
€
= (—1)’”‘

“P(t) —z(t)| = lem(t)| = 1— (™

AL+ h

A
h 2+
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for all t € hZ and m € {1,2}. This means that the best HUS constant for (1.1) on hZ is greater than or
equal to

max{ 1 L }
kel O+ 2/m) 0 +2/R)] |

Theorems 2.1 and 2.3 imply the following result.

Corollary 2.4. Suppose that (2.1) has real roots A1 and Aa. If A1, Ay € A;|JA2 or A1, Ay € Az Ay,
then (1.1) has Hyers—Ulam stability with the best HUS constant B(A\1, h)B(A2, h) on hZ, where B(-, h) is
the constant given by (1.5).

Proof. From Theorem 2.1, (1.1) has Hyers—Ulam stability with an HUS constant B(A1, h)B(Az, h) on hZ.
Since

1 1 1
max , =
{|/\1)\2| |(>\1+2/h)()\2+2/h)|} A2
if )\17 Ao € Aq UAQ, and

max{ 1 1 } 1
M2l [(Ar +2/h) (X2 4+ 2/h)[ | [(A +2/h)(A2 +2/h)]

if A1, A2 € Az|J A4, we conclude that

1 1
e { M|’ [(A +2/h) (Mo + 2/h)| } = B(A1,h)B(A2, h).

From Theorem 2.3 it follows that B(A1, h)B(Az2, h) is the best HUS constant. O
From Corollary 2.4, we obtain the following.

Corollary 2.5. Suppose that (2.1) has exactly one real root A with \ € U?:l A;. Then (1.1) has Hyers—
Ulam stability with the best HUS constant B%(\,h) on hZ, where B(-,h) is the constant given by (1.5).

3 Classification of HUS constants by the coefficients

According to Theorem 2.1, we see that the following fact.
Remark 3.1. An HUS constant for (1.1) on hZ is rewritten as

1
— if A, A0 € A{UA
Y I A1, A2 € Aq 25
1 .
B(}\l,h)B(}\Q,h) = m if A1 € AfUA, Mg € A3 U Ay,

1
|(A1+2/Rh) (A2 +2/h)|

where A1 and Ay are real roots of (2.1) satisfying A\; # 0, —1/h and —2/h for i € {1, 2}.

Unfortunately, HUS constants in the right-hand side of the equation are implicit expressions. In this
section, we will decide HUS constants more explicitly. To be specific, we will classify HUS constants for
(1.1) on hZ by coefficients « and 5. Let S be the set

if A1, A2 € A3 U Ay,

2
s={(@p) e®|a< 57 a5 04 20— 15 B0},
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Since 8 = a/h — 1/h? is the tangent line to the curve 8 = a?/4 at (2/h,1/h?), S is divided into three
sets as follows (see Figure 1):

2

Sl_{( 6R2’70‘7i<ﬂ<4 ]2717[3#0}7
52:{(0575)6R2)ﬁ<}],;a_h‘127B#ia_;aﬁ#o}v

1 o? 2 2 4
5= R2‘ - = < — z Za— =\,
SS {( 6 ha h2<574’a>h’57&ha h2}
Note that 8 = 2a/h — 4/h? is the tangent line to the curve 3 = a?/4 at (4/h,4/h?); Sy N Sy, So N S3
and S3 N S7 are empty sets; S = S; U Sy U S3 holds. The above-mentioned sets are used without notice

in this paper.

Figure 1: The sets Sy, Se and S35 on the (a, 8) plane.

The obtained result is as follows.

Corollary 3.1. If (o, B) € S, then (1.1) has Hyers—Ulam stability with an HUS constant

B<a+\/2m,h>3(a a246’h>

2

on hZ, where B(-,h) is the constant given by (1.5). Furthermore, one of the following holds:
(i) if (a, B) € S1, then the best HUS constant for (1.1) on hZ is 1/|5];

(i) if (o, B) € Sa, then an HUS constant for (1.1) on hZ is

1 .
’BJr <foz+ Va2 745) /h"

(iii) if (o, B) € Ss, then the best HUS constant for (1.1) on hZ is

1
18— 2a/h+4/h2]

Proof. Suppose that (o, 3) € S. Let

—a++/a?2—48 _ —a—y/a? —4p

B = B S— and  po

10
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Then p1 and pg are real roots of (2.1) since 3 < a?/4 holds. By 8 # a/h — 1/h?, (1.2) is satisfied, and
therefore, we have 1 # —1/h # pe. From (3 # 2a/h — 4/h* we see that 1 # —2/h # po. In addition,
by 8 # 0, non of p; and ps are equal to 0. Therefore, p1, p2 € U?:l A;. Using Theorem 2.1, (1.1) has
Hyers—Ulam stability with an HUS constant B (1, h) B (2, h).

Next, we will show that the assertions (i)—(iii). We consider the case (o, 8) € S1. From

1 1 <p< o?
R TSP
it follows that

2
0§a2—4ﬁ<a2—4a+4:<a—2) .

h h? h
That is, 0 < \/a? — 48 < /(a — 2/h)* = |a — 2/h| holds, and therefore, we have
—a—|a—2/h - —2/h
% <y < < w (3.1)

By using o < 2/h, we obtain —1/h < ps < pq. This means that w1, pe € Ay U Ag. From Corollary 2.4
and Remark 3.1, the best HUS constant for (1.1) on hZ is

1 1

|M1M2| B |5|.

Next, we consider the case (o, 8) € S3. Since

1 1

holds, we have \/a? — 43 > \/(a — 2/h)2 = |a — 2/h|. This means that

~VePdf <o+ <\l 4p.

Using this inequality we obtain

1
a2 < 7 < p1.

That is, 1 € A1 U Ag, pe € A3 U Ay. From Remark 3.1, an HUS constant, for (1.1) on hZ is
1 B 1
|1 (p2 + 2/h)] ‘5+<_a+./a2_4ﬁ> /h"

Finally, we consider the case (o, ) € Ss. Using the same argument in the proof of the case («, 8) € 51,
we have (3.1). By using o > 2/h, we obtain ps < ji1 < —1/h. This and (3 # 2a/h — 4/h? imply that 1,
to € As U Ay. From Corollary 2.4 and Remark 3.1, the best HUS constant for (1.1) on hZ is

1 1 1
(1 +2/R) (2 +2/h)|  |pape +2(py + p2) /b +4/h%] |8 —2a/h +4/h?|
This completes the proof of Corollary 3.1. O

For illustration of the obtained result, we will present an example.

Ezxample. We consider the second-order linear difference equation
AZz(t) + 3Anx(t) + 2(t) = f(1) (3.2)

on hZ, where (1.2) and
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hold. Since (3,1) € S, Corollary 3.1 implies that (3.2) has Hyers—Ulam stability. Moreover, fixing the
stepsize gives an HUS constant. For example, if h = 1/3 then (3,1) € S1, and therefore, the best HUS
constant for (3.2) is one. If h = 1 then (3,1) € Ss. So, we get an HUS constant 1/ (v5—2). If h =3
then (3,1) € Ss3, and thus, the best HUS constant for (3.2) is 9/5.

Remark 3.2. Under the assumption that (a, ) is included in the first quadrant and S, if the stepsize
is sufficiently small, then we can choose a h so that («,8) € Si. On the other hand, if the stepsize is
sufficiently large, then we can choose a h so that («, 8) € S3. From Corollary 3.1 and Example 3, we see
that the best HUS constant for (1.1) on hZ is affected by the stepsize. In other words, it is concluded
that the best HUS constant changes by the influence of the stepsize.
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Abstract

Here we extend advanced known Iyengar type inequalities to Cho-
quet integrals setting with respect to distorted Lebesgue measures and
for monotone functions.
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1 Background -1

In the year 1938, Iyengar [7] proved the following interesting inequality.

Theorem 1 Let f be a differentiable function on [a,b] and |f' (z)| < My. Then

Mi(b—a)®  (f(b) - f(a)’
4 B 4M, - (M)

b
[t 30-a @+ 70)| <

In 2001, X.-L. Cheng [3] proved that

Theorem 2 Let f € C?([a,b]) and |f" (z)| < My. Then

[ F@de=50-a) @)+ 5 0)+5 b0 (7 1) - F @) <

M, 3 (b—a)
21 0= e v @
where 2(F () f
A= 1) - 2RI
In 2006, [6], the authors proved:
1
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Theorem 3 Let f € C?([a,b]) and |f" (z)] < M. Set

b

I={ f@de-L0-a)(f@+7®)+20b-0’ (B -F (). 6

. 2 8
Then 5
M (b— M
- (24a) +§(/\2+/\2 <I<
M@b-a)?® M|(b—a 8 b—a 8
- —3l( . —Aa) (50N ()
where

=g (F -7 (50))+ 15 (6)

In 1996, Agarwal and Dragomir [1] obtained a generalization of (1):
Theorem 4 Let f : [a,b] — R be a differentiable function such that for all
x € [a,b] with M > m we have m < f' (x) < M. Then

<

b
[ t@de=3 0=t @)+ 0)

(f(b) = f(a) =m(b—a)(M((b-a) - f)+f(a) ™
2(M —m) '

In [9], Qi proved

Theorem 5 Let f : [a,b] — R be a twice differentiable function such that for
all x € [a,b] with M > 0 we have |f"” (z)] < M. Then

b a 2 9
[ s~ SOLIO g LEDD 5y iy - a?| <
M (1 _ 3Q2) (8)
24 ’
where 5
, (F@rrw-2(19) | o)

M2 (b—a)* = (f' (b) - [ ()
Finally in 2005, Zheng Liu, [8], proved the following:
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Theorem 6 Let f : [a,b] — R be a differentiable function such that [ is inte-
grable on [a,b] and for all x € [a,b] with M > m we have

mSWSM andmgfl(b)%f(x)gM. (10)
Then
b 2
[ p@as - LI -y (B (70 7 @) 0
2 —m _a3
_<H§D> (m+ M) (b—a)*| < M 4)8(b ) (1-3P2), (1)
where

P2 = (5 @+ 50 -2 (“0e))” (12)
(252)% (b — a) = (f (b) — f (a) — (M) (b — )

In [2] we extended (1) for Choquet integrals. Motivated by these results we
extend here Theorems 2-6 to the Choquet integrals setting.

2 Background - II

In the next assume that (X, F) is a measurable space and (RT) R is the set of
all (nonnegative) real numbers.

We recall some concepts and some elementary results of capacity and the
Choquet integral [4, 5].

Definition 7 A set function u: F — R is called a non-additive measure (or
capacity) if it satisfies

(1) p(2) = 0;

(2) u(A) < u(B) for any AC B and A,B € F.

The non-additive measure p s called concave if
§(AUB)+ u(ANB) < u(A) + pu(B), (13)

for all A, B € F. In the literature the concave non-additive measure is known
as submodular or 2-alternating non-additive measure. If the above inequality
1s reverse, u is called convex. Similarly, convexity is called supermodularity or
2-monotonicity, too.

First note that the Lebesgue measure A for an interval [a,b] is defined by
A([a,b]) = b—a, and that given a distortion function m, which is increasing (or
non-decreasing) and such that m (0) = 0, the measure p(A4) = m (A (4)) is a
distorted Lebesgue measure. We denote a Lebesgue measure with distortion m
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by p = p,,. It is known that u,, is concave (convex) if m is a concave (convex)
function.

The family of all the nonnegative, measurable function f : (X, F) — (R, B(R™))
is denoted as L1, where B (R™) is the Borel o-field of RT. The concept of the
integral with respect to a non-additive measure was introduced by Choquet [4].

Definition 8 Let f € L. The Choquet integral of f with respect to non-
additive measure i on A € F is defined by

©) [ sau= / T @) 2 0 A, (14)

where the integral on the right-hand side is a Riemann integral.

Instead of (C) [y fdp, we shall write (C) [ fdp. If (C) [ fdu < oo, we say
that f is Choquet integrable and we write

Lt ={7:(0) [ fan <.

The next lemma summarizes the basic properties of Choquet integrals [5].

Lemma 9 Assume that f,g € L{ ().

(1) (C) [1adp = p(A), Ae F.

(2) (Positive homogeneity) For all A € RT, we have (C) [ Afdp = X -
(@) [ fdp.

(8) (Translation invariance) For all ¢ € R, we have (C) [, (f +¢)dp =
(C) [ fdp+cp(A).

(4) (Monotonicity in the integrand) If f < g, then we have

(C)/fduﬁ (C)/gdu~

(Monotonicity in the set function) If i < v, then we have (C) [ fdu < (C) [ fdv.
(5) (Subadditivity) If u is concave, then

© [G+9dnz© [ sdu+©) [ gin.
(Superadditivity) If u is convez, then
© [(t+9ydu=(C) [ fdn+ () [ ga
(6) (Comonotonic additivity) If f and g are comonotonic, then
© [(t+9)au=(C) [ fan=+(©) [ gdn.

where we say that f and g are comonotonic, if for any x,z’ € X, then

(f (x) = f (@) (g (z) — g () > 0.
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We next mention the amazing result from [10], which permits us to compute
the Choquet integral when the non-additive measure is a distorted Lebesgue
measure.

Theorem 10 Let f be a nonnegative and measurable function on RT and p =
L, be a distorted Lebesgue measure. Assume that m (x) and f (x) are both con-
tinuous and m (x) is differentiable. When f is an increasing (non-decreasing)
function on RY, the Choquet integral of f with respect to u,, on [0,t] is repre-
sented as

©) /H Fdp = / w! (¢ — ) f () de, (15)

however, when f is a decreasing (non-increasing) function on RY, the Choquet
integral of f is

t
© [ fdu,, = / m' (@) f () da. (16)
0,] 0
Remark 11 We denote by

m' (t —x), when f s increasing (non-decreasing),
v (t,x) = { ( ) / 9 ( 9) (17)

m' (z), when f is decreasing (non-increasing).

So for f continuous and monotone we can combine (15) and (16) into

(©) / Fdp, = / o (t2) f (z) de. (18)

[0,¢]

3 Main Results

We present the following advanced Choquet-Iyengar type inequalities: The next
is based on Theorem 2.

Theorem 12 Here f : Rt — RT is a monotone twice continuously differen-
tiable function on RV, u,. is a distorted Lebesque measure, where m is such that
m (0) = 0, m is increasing and thrice continuously differentiable on R*, t € RY.

Then
i) if f is increasing and |(m’ (t — ) " ()] < Ma, ¥V & €[0,t], My >0, we
have that
©) [, 7@ ) = 51 O£+ 0)F 0]+
2
%[(m' (0) f7(£) =m/ () £ (0)) + (m" (£) f (0) = m" (0) f (1))]] <
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where

(m" (8) £ 0) +m" (0) f (1), (20)
thatn‘) if f is decreasing and |(m/f)" (z)| < M3, ¥V @ € [0,], M3 > 0, we have
(©) [, T @ i) = 5 000+ 01 ) +
£ ()1 ()= m" ©) £ ) + (' (1) £ () ' (0) £ )| <

%ts B 16?\/[3AT*2’ )
where

[m’ (t) £ (£) +m' (0) £ (0)]. (22)

Proof. i) If f is increasing and |(m/ (¢t — ) n (z)] < M, ¥V & € [0,1],
My > 0, we have that

‘(C) @, @) =5 O£ 0+ O () +
2
S (a0 0= e- 0 o) -

(0,4 2
t2 Vi ! / ! 1" 1 (bY (2) & <15))
5 LM (0) F7(t) = m" () £(0)) + (m” (¢) f (0) = m”(0) £ (¢))] <
M. t )
2—42753 - 16M2A1 , (23)
where
' 2(m’ (0) f(t) —m' (t) f(0)) /
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ii) If f is decreasing and |(m’f)" (z)| < Ms, ¥V € [0,t], M3 > 0, we have

that
(©) o () dptyy, () — % (m’ (0) £ (0) +m' () f (1) +
2
S (00 0 - ') )]
(©) o f(@)dpy, (x) = 5 (m’ (0) £ (0) +m' () f (1) +
t2 " " / / / ! (by (2) & (10))
5 [m7 (@) £ () =m™(0) £(0)) + (m' (&) f () — m" (0) £ (0))] <
M t *k2
2—4%3 T M3A1 , (25)
where

A = [m" (1) f (£) +m" (0) £ (O)] + [m (1) ' (1) +m’ (0) £ (0)]

_2[(m'f) (8) = (m'f) (0)]
t

. (26)

The theorem is proved. m
The next result is based on Theorem 3.

Theorem 13 Here f : Rt — RT is a monotone twice continuously differen-
tiable function on RY, u,. is a distorted Lebesque measure, where m is such that
m (0) = 0, m is increasing and thrice continuously differentiable on R*, t € RT.

Then
”z') if f is increasing and ‘(m' t—)15" (x)’ < M,V ze|0,t], My >0, we
B=(0) 7@l ) = 5l (05 0)+ ' 01 () +
2
160 (0) 1 (1) = ! (1) 1 () + (" (6)F ) =" () F (@))], (27)
and
1 nft t A [t
Wi [ () (5) e () (3)
" (0) £ 0) =’ (6) (0] + 7, (28)
and
A = g [m ) F (04 m' () 1 ()

O ORIOTIE)
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and we obtain

—Mlg + % ((Aé”)g + (Ail))3> <I<

Mt M, | [t 3 t 3
i) )]

it) if [ is decreasing and ’(m’f)” (33)’ < Ms, ¥V x €[0,t], My >0, we call:

B=(0) [ £ @, @) =g (' OO+ () () +
L0 (@) 7 (6) =" (0) £ ) + (' (8) ' (5) =’ (0) ' O] (31)
and
(2) L nit E m E ’ E
=g [0 (3) 2 (2) o (3) 7 ()
(m" (0) 1 (0) +m' (0) ' (O))] + 7, (32)
and

RCOHGRONO) I

and we obtain:

Mt My ((AE?’)S + (AE”)3> <h<

24 3
Mot M, t ) 3 t 2) 3
o) ()] e
Proof. i) Here f is increasing and |(m/ (¢t — 3 (x)| < My, V 2 € [0,1],
M; > 0.
We call
I =(C) o () dppy, () — % (m/ (t) £ (0) +m/ (0) f () +
t2

(=9 O =) )=

(@) o (@) dpy, () — % [m’ (£) £ (0) +m' (0) f (1)] +

t2

5 [ (0) f7 (&) =m/ (&) £ (0)) + (m" (2) £ (0) =m" (0) £ (£))].  (35)

8
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We set
W =gz (e=a0 (5) - e- 90 @) +{= @9
| (- ()7 () (3) 7 (5)
FOn (0 £0) ~m' (1) £ )] + & (37)
B s (e O-me-0(5))+ 1= 69
s [ 0) £ 0+’ 0) 1 1)

_Mlg + % <<Aél))3 + (Agl))?’) <<
M;f - % [(; - Aé”)g + (; - AE”)S] . (39)
ii) Next f is decreasing and |(m’f)” (z)] < M,V 2 €0,t], My > 0.
We call
I, = (C) o (@) dpi, () — % (m’(0) £ (0) +m' () f (1)) +
2
< () @) - ) ) =
©) [ F@)du, @)~ 5 ©FO) +m' () F @)+ (40)

[0, 2
2

% [(m” (£) f () =m" (0) £ (0)) + (m" (&) f () — m' (0) £ (0))].

We set
o[ o
— (" (0) £ (0) +m' (0) £ (O] + .
. N = s [ O F () + ' (01 () (42)

9
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(- () ()r ()]

By Theorem 3 and (16) we get

Myt _1_% <(>\82))3+ ()\Ez))‘B) <<

24 3

Mot3 M,y | [t 3 t 3
o) o)) e

The theorem is proved. m
The next result is based on Theorem 4.

Theorem 14 Here f : Rt — R* is a monotone differentiable function on R,
L, @8 @ distorted Lebesgue measure, where m is such that m(0) = 0, m is
increasing and twice differentiable on RT, t € RT. Then

i) if f is increasing, and my < (m' (t —-) f)' (z) < My, ¥V = € [0,t], where
My > my, we obtain:

(©) ] 7 @i (&)~ L @£ +m! (07 (1) <
2 (M; —my) .

i) if f is decreasing, and may < (m'f)' (x) < My, ¥V x € [0,t], where My >
ms, we obtain:

<

‘((1) () iy, (2) — 5 (' (0) £ (0) + ' (1) £ (1)

(m/ (t) £ (t) = m’(0) f (0) = mat) (Mot —m/ (t) £ (t) +m’ (0) f (0))
2 (MQ — WLQ) '

(45)

Proof. i) Here f is increasing and m; < (m/ (t —-) f)' (z) < My, V 2 € [0,1],
where M7 > m;. We get, by Theorem 4 and (15), that

(@) o (@) dpty, () = % (m/ () £ (0) +m/ (0) f (1)| <
(m' (0) f (&) = m' (t) f(0) = mat) (Mt —m' (0) f (£) +m’ (£) £(0)) (46)
2 (Ml — ml) ’

ii) Next f is decreasing and my < (m/f) (z) < My, V x € [0,t], where
My > my. We get, by Theorem 4 and (16), that

(@) (&) djiy, () — & (' (0) £ (0) + ' (1) £ (1)

<
[0,1] 2

10
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(m' (8) f () = m’ (0) f(0) = mat) (Mst —m' (t) f (£) +m (0) £ (0))
2 (MQ — mg) ’

(47)

The theorem is proved. m
The next result is based on Theorem 5.

Theorem 15 Here f : RT — R* is a monotone twice differentiable function
on RY, u,, is a distorted Lebesque measure, where m is such that m (0) = 0, m
is increasing and thrice differentiable on RT, t € RT. Then

i) if f is increasing, and |(m/ (t — ) n (z)] < My, ¥V xel0,t], M1 >0, we
call:

Qf =
[ (1) £ (0) +m! () 7 (0)) + (=" (0) £ (1) +m! (0) (1) — 2 (O m 01101) ]
MPE2 — (=m0 (0) £ (2) +m' (0) f' (6) + " (¢) f (0) =/ (&) f' (0))°

and we obtain

(@) o f () dpy, () — % [m’ (t) £ (0) +m' (0) f (1)] +

<u+?ﬁ)wa@fw+WWHﬁHwWwﬂm—W®fw»S
M;t3 9
5 (1-30Q1), (49)
it) if f is decreasing, and ‘(m'f)” ()] < Mz, V x € [0,t], My > 0, we call:
Q3 =

[m” 0) £ 0) ' (0) f(0) + " (1) F (1) + ' (1) f (1)) — 2 (O 102101 ]
M — [ (1) £ (6)+ ' (8) £/ (2) — " (0) £ (0) = ' (0) " (O)]°

(50)
and we obtain
() / f (@) dp, () = % [ (0) £ (0) +m’ () £ ()] +
[0,¢]
(m%)]f) (m” () f () +m' (&) f' (£) —m" (0) £ (0) —m’ (0) £ (0))| <
3
o (1-303). (51)
11
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Proof. i) If f is increasing, and |(m' (¢t — Sl (z)] < My, V x € [0,],
My > 0, we set:

"(t—- t)—(m/(t—- 2
(/0= 00 O+ (' = 1) (0 = 2 (L0 )
M2 — (! (t =) ) (1) = (m! (t =) ) (0))° -

Qi =

((m” 1) 7 0) ' (0) /(0)) + (= (0) £ (1) o (0) £ (1)) — 2 (A 01101} )*

M2 — (—=m” (0) f (£) +m' (0) f/ () + m” (£) £ (0) — m/ (t) f' (0()%22)

By Theorem 5 and (15) we derive

‘<c> @ @) = 5 00+ (0 () +

<(1 +§ o ) (=" (0) f (£) +m (0) f' (£) +m" () £ (0) —m (£) £ (0))] <
M;t?
5y (1-3Q7). (53)

ii) If f is decreasing, and !(m’f)” (z)| < Mz, V x €0,t], My > 0, we set:

(17 O+ gy ) -2 (1050 ) )
Q5= ; / 2 = (54)
23— (') (1) — (') (0))

[m” 0) £0) ' (0) f/(0) + " (1) F (1) + ' (1) f (1)) — 2 (4O 102101 ]
M3#2 — [m” (¢) f (8) +m' (£) f' (£) = m" (0) f (0) = m’ (0) ' (0)]* '
By Theorem 5 and (16) we derive

(©) ] @it (@) = 5 ' (00 ©) ' (1) (0] +
(““8“2”) (" () 1 (6)+ ' () £ (¢) — " 0) £ (0) — ' (0) f' (0))| <
]\?4153 (1-3Q3). (55)

The theorem is proved. m
Finally we apply Theorem 6 to obtain:

12
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Theorem 16 Here f : Rt — RT is a monotone and continuously differentiable
function on RY, wu,, is a distorted Lebesque measure, where m is such that
m (0) = 0, m is increasing and twice continuously differentiable on RT, t € RT.
We have

i) If f is increasing, and

(m' (¢ =) ) @) = (' (¢ =) N'(O0) _ 0 (56)

xT

my <

and

(m' (t=) ) (@t) = (' (- f) (2) <

my < ¢
—x

YV x € [0,t], with m; < My, we set:

, , 2
(6= 7 @+ (6= 17 (0 — 2 (L2020 b))

P} = ; )
(Mg )2 — ((m (£ =) ) (1) = (' (=) ) (0) = Cmptidy)
(59)
Then
© [ 1@y () - LA DO AN
2 2
<1 +8P1 > ((m/ (t—") f)/ ) — (m' (t—") f)/ (0)) 2 (1 +4ZP1 ) (my + My) &

< (M1 — ml) t3
- 48

it) If f is decreasing, and

< ') (@) = (m'f) (0)

- x

(1-3P7). (59)

mo S MQ, (60)

and
O R T .

ma

YV x € [0,t], with me < Ma, we set:

((m’f)’ (0)+ (m'f) () -2 <me)>2

P} = A ) o
(%) 2 — ((m/f)/ (t) . (m’f)’ (O) B (mLQ]Wz)t)
Then
© [ £ du (@) - LEDOLED ),
[0,¢]
13
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(F52) (017 © - oy ) = (FE2E) ma 21 2| <

— ) 13 )
% (1-3P5). (63)

Example 17 A well-known distortion function is m (t) = %ﬂ, t € RT. We
1

have m (0) =0, m(t) >0, m' (¢t) = @z > 0 that is m is strictly increasing.

We have that m" (t) = —2(1+1)">, m® (t) = 6 (1 +1)™*, and in general we
get that m™ (t) = (=1)" Tl (1+ 6" v neN.
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SOME RESULTS ABOUT AZ-STATISTICALLY PRE-CAUCHY
SEQUENCES WITH AN ORLICZ FUNCTION

HAFIZE GUMUS, OMER KiSi, AND EKREM SAVAS

ABSTRACT. In this study, we define the concept of Z—statistically convergence
for difference sequences and we use an Orlicz function to obtain more general
results. We also show that an AZ—statistically convergent sequence with an
Orlicz function is AZ—statistically pre-Cauchy .

1. INTRODUCTION

In this part, we give a short literature data about Z—statistical convergence,
statistical pre-Cauchy sequences and difference sequence spaces. As is known, con-
vergence is one of the basic notions of Mathematics and statistical convergence
extends the notion. It is easy to see that any convergent sequence is statistically
convergent but not conversely. Statistical convergence was given by Zygmund [35]
in Warsaw in 1935 and then it was formally introduced by Fast [16] and Stein-
haus [33], independently. Later it was reintroduced by Schoenberg [32]. Even now,
this concept has very much applications in different areas such as number theory
by Erdos and Tenenbaum [10], measure theory by Miller [26] and summability
theory by Freedman and Sember [17]. Statistical convergence is also applied to
approximation theory by Gadjiev and Orhan [18], Anastassiou and Duman [1] and
Sakaoglu and Unver [19]. If we want to briefly remember this concept by using the
characteristic function, we should give the following definitions:

Definition 1.1. Let E be a subset of N, the set of all natural numbers. The natural
density of E is defined by

n

A(E) = tim ~ 3° x5 (j)

whenever the limit exists where x(E) is characteristic function of E.

Definition 1.2. ([16]) A number sequence (x,) is statistically convergent to x
provided that for every e > 0,

1
d{neN:|z, —z|>e}=lim—|{k<n:|zy—2| >} =0
n n

2000 Mathematics Subject Classification. 40G15, 40A35.

Key words and phrases. T—convergence, difference sequences, statistical pre-cauchy sequences,
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or equivalently there exists a subset K C N with d(E) = 1 and ng(e) such that
n > no(e) and n € K imply that |z, — x| < €. In this case we write st—limz,, = x.
Statistical convergent sequences are generally denoted by S.

Z—convergence has emerged as a kind of generalization form of many types of
convergence. This means that, if we choose different ideals we will have different
convergences such as usual convergence and statistical convergence as we will see
from the examples below. In 2000, Koystro et. al. [24] introduced this concept
in a metric space and then many concepts studied for statistical convergence have
moved to ideal convergence. Before defining Z—convergence, the definitions of ideal
and filter will be needed.

Definition 1.3. A non-empty family of sets T C 2N is called an ideal if and only
if i) 0 € Z, ii) for each A,B € T we have AU B € T and iii) for each A € T and
each B C A we have B € T.

An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible if
{n} €T for each n e N.

Definition 1.4. A non-empty family of sets F C 2" is a filter in N if and only
if i) 0 & F, ii) for each A, B € F we have AN B € F and iii) for each A € F and
each B D A we have B € F.

If 7 is a non-trivial ideal in N (i.e., N ¢ 7), then the family of sets
F(Z)={MCcN:3A€I: M =N\ 4}
is a filter in N.

Remark 1.1. Generally we will use ideals in our proofs but if the notion is more
familiar for filters, we will use the notion of filter.

Definition 1.5. ([24]) Let Z C 2" be a proper ideal on N. The real sequence x =
() is said to be T—convergent to x € R provided that for each ¢ > 0,
Ale)={keN: |z, —z| >c} el
The set of all T—convergent sequences usually denoted by cz.
More investigations in this direction and more applications can be found in

Kostyrko, Saldt and Wilezynski’s paper. We just want to give some well known
examples which we mentioned before.

Example 1.1. If T =7; ={A CN: A is finite} then we have the usual conver-
gence.

Example 1.2. If T =75 ={ACN:d(A ) =0} then we have the statistical con-
vergence where d is the asymptotic density of A.

Following the statistical convergence and Z—convergence located an important
role in this area, Das, Savag and Ghosal [6] have introduced the concept of Z—statistical
convergence as follows and they extend the important summability methods statis-
tical convergence and Z—convergence using ideals.

Definition 1.6. ([6])A sequence x = (x,,) is said to be T—statistically convergent
to L for each € > 0 and § > 0,

1
{nEN:n{kgn:zkL|25}|25}€I.
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We will denote the set of all T—statistically convergent sequences by St.

Before giving information about the definitions and works of pre-Cauchy se-
quences, lets remember the definition of an Orlicz function. Orlicz function is a
function M : [0,00) — [0,00) which is continuous, non decreasing and convex
with M (0) = 0, M (z) > 0 for x > 0 and M () — oo as £ — oo. An Orlicz
function M satisfies the As-condition if there exits a constant K > 0 such that
M (2u) < KM (u) for all u > 0. We want to give a little note here that if convexity
of Orlicz function M is replaced by M(x +y) = M(x) + M(y) then we get the
modulus function which is familiar to us.

Lindendstrauss and Tzafriri [25] used the idea of Orlicz function to define the
following sequence space.

lM;:{a:ew: ZM<|1;1|><oofors0mep>O}
n=1

which called an Orlicz sequence space. [j; is a Banach space with the norm

1| :inf{p>0: ZM(@) gl}.
n=1

The notion of statistically pre-Cauchy for real sequences was introduced by Con-
nor, Fridy and Kline [4] in 1994. They proved that statistically convergent sequences
are statistically pre-Cauchy and any bounded statistical pre-Cauchy sequence with
nowhere dense set of limit points is statistically convergent. Khan and Lohani [20]
handled this concept in a different way with the Orlicz function. More works on
statistically pre-Cauchy sequences are found in Dutta, Esi and Tripathy [8] , Dutta
and Tripathy [9] and Khan and Tabassum [21] .

As an expected result, in 2012, Khan, Ebedullah and Ahmad [22] defined pre-
Cauchy sequences for Z—convergence and they introduced the concept of Z—pre-
Cauchy sequence. They established the criterion for arbitrary sequence to be
Z—pre-Cauchy and they also gave another criterion for Z—convergence.

Definition 1.7. ([22]) Let x = (x,,) be a sequence and let M be an Orlicz function
then x is T—pre-Cauchy if and only if

1 — .
T-lim— ¥ M(M)zo
n N g i<n p

for some p > 0.

Yamanci and Giirdal [34] , Ojha and Srivastava [27] and Saha et. al. [28] have
some studies about this new definiton.

Definition 1.8. ([7]) A sequence x = (z,,) is said to be T—statistically pre-Cauchy
if for any e >0 and 6 > 0,

1
{nEN:n2|{(j,k):|zk$j|25}, j,k§n|25}61.

In another direction, in 1981, I, (A), ¢(A) and ¢o(A) difference sequence spaces
defined by Kizmaz [23] where lo,, ¢ and ¢ are bounded, convergent and null se-
quence spaces, respectively. In this study the sequence Az = (Az,,) defined by
(Azy,) = (zn, — Tp41) for all n € N and some relations between these spaces for ex-
ample cp(A) C ¢(A) C loo(A) were obtained. In Et and Colak’s paper [11] Kizmaz’s
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results generalized for A" sequences such that,

co(A™) = {x=(z,): A™z € ¢}
c(A™)y = {z=(z,): A™z €}
loo(A™) = {z=(zn): A™z €}

where m € N and A™z = (A™x,) = (A™ 1z, — A™ 1z, ) ie.
Amz, = 3 (=1)"(")@ntwv. They proved that these spaces are Banach spaces with

v=0
the norm

m
s = 2 loil + A7 2]l -
1=

Following these definitions, Et [12], Et and Colak [11], Et and Bagarir [13],
Aydin and Bagar [2], Bektag et. al. [3], Et and Esi [14] , Savas [31] and many others
searched various properties of this concept. Et and Nuray [15] have introduced the
A" —statistical convergence and the set of all A™—statistical convergent sequences
was denoted by S(A™). Following this study, Giimiis and Nuray [19] have extended
A™—statistical convergence to A™—ideal convergence.

Definition 1.9. ([19]) Let T C 2N be a non-trivial ideal in N. The sequence © =
(zn,) of real numbers is said to be AT—convergent to x € R if for each € > 0 the set

{neN:|Az, —z|>e} €T
The space of all AZ— convergent sequences is denoted by cz(A).

Before we get to the part where our main results are, we would like to give
some expressions that have already been proved before about Z—convergence and
AZ—convergence, without moving away from our aim. At the same time it will be
interesting to move these expressions to Z—statistical convergence.

Proposition 1.1. Let Z C 2N be an ideal in N and (Ax,,) be a real sequence. Then
c (A) - CI(A).

Note that the inverse of this proposition is not generally true as can be seen from
the following example.

1, n s square

0, n is not square ’

Example 1.3. For the difference sequence Ax = (Az,) = {
x € e, (A) but x ¢ c(A).

Definition 1.10. Let Z be an ideal in N. If {n+1:n €N} € T for any A € Z,
then T is said to be a translation invariant ideal.

Corollary 1.1. If T is translation invariant and (x,) € cz then (Tp41) € 1 .
Example 1.4. Z; is a translation invariant ideal.

Proposition 1.2. If7 C 2N is an admissible translation invariant ideal then ¢z C
CI(A>.
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2. MAIN RESULTS

In this section, we define AZ—statistical convergent and AZ—statistically pre-
Cauchy sequences and we give some inclusion theorems.

Definition 2.1. A sequence x = (z,,) is said to be AT—statistically convergent to
L provided that

1
{nEN:{k<n:|Awk—L|>€}|>5}€I.
n

In our paper, the set of all AT—statistically convergent sequences will be denoted

Now, lets evaluate this new definition for the Z; ideal in the example mentioned
above.

Example 2.1. For the ideal T = Iy, Sz,(A) = S(A).

Definition 2.2. A sequence x = () is said to be AT—statistically pre-Cauchy if,
for any e >0 and § > 0,

1 , .
{nEN: ﬁ|{(]’k) DAz — Azl > e, g,k <n} >6} el

Theorem 2.1. An AZ—statistically convergent sequence is AL —statistically pre-
Cauchy.

Proof. Let x = (z,,) be AT—statistically convergent to L. Let € > 0 and § > 0 be
given. We know that

1
A:{neN:Hkgn:|Axk—L|25H26} eT.
n 2
Then for all n € A where ¢ stands for the complement,
1 1
—Hkgn:|Azpk—L\2§H < 6 l.e. —Hkﬁn:|A3:ka|<§}‘ >1-96.
n 2 n 2
Writing B,, = {k <n:|Azp—L| < %} we observe that for j,k € B,

|A$k—ACCj|§|A$k—L|+\A:cj—L|<%+§:g,

Hence B,, x B,, C {(j, k) : |Azy — Azj| <e, j,k <n} which implies
B, 1. .
2 < LG Aa - Ayl <o, Gk <))

Thus for all n € A€,

1 B, 2
S WG ¢ 1Ak = Al <&, Gk <} 2 ['n'] > (1-8)

i.e.

1
S HG.R) :[Aze = Azjl > e, Gk <n}<1-(1-0)%
Let d; > 0 be given. Choosing § > 0 so that 1 — (1 —4)? < §; we see that Vn € A°,

1 . .
ﬁ|{(]ak):|Amkazj‘Z€? ]7k§n}|<51
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and so
1 ) .
{nEN:712|{(j,k):|Axk—ij|25, ]chn}zél}CA.

Since A € Z, we have the proof. O

Theorem 2.2. Let © = (z,,) be a sequence and M be Orlicz function. Then x is
AT —statistically pre-Cauchy if and only if

1 Az — Az,
7 —lim— > M(M> =0 for some p > 0.
"N kj<n P

|A:Eka:E7|

Proof. First suppose that Z —lim,, 5 > M ( >
k.j<n

):O for some p > 0.

For each € > 0 and n € N we have

1 |Azy—Ax;| _ 1 |[Ax,—Axy|
I ) R A s
k,j<n k,j<n
|Azy—Azj|<e

1 |Azy,—Az;)
t o= 2 M (“‘;“L
k,j<n
\Azk—Az]‘ |2€

Y

1 |Azy— Az, |
o Z M (#
k,j<n
\Azk—Azj |2€

> M(e) (72 G, F) s |Aze — Ay >, j,k <n}])
Then for any § > 0,
[neN: LU(GK): [An, — Azj| >, jk <n}| >4}

CneN:h 3 M (Bmotnl) > o)
k,j<n
Thus x is AZ—statistically pre-Cauchy.
Now conversely assume that x is AZ—statistically pre-Cauchy and € > 0 be
given. Let > 0 be such that M(n) < §. Since Orlicz function is bounded, there
exists an integer B such that M(z) < £ for all > 0. Then for each n € N,

1 |Azy— A | _ 1 |Azy— Ay |
T e D N C
k,j<n k.j<n
[Azp—Ax;|<n

1 |Azy— Ay |
k.j<n
[Axi—Ax;|>n

< Mm+E X M(i‘mkgm‘j‘)
kj<n
[Axi—Ax;|>n
< 5+ 5 Ge HUK) 1Az — Azyl >, j,k <n}l)
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Since z is AZ—statistically pre-Cauchy, for § > 0,
1 ) .
A= {nGN: ﬁ|{(]’k) DAz — Azl >n, 5,k <n} >5} €z
Then for n € A€,
1 . .

= 2 M('A‘T’“ ; A‘”ﬂ') 5+§5

n? k,j<n 2

Let §; > 0 be given. Then choosing &, > 0 such that £ + 2§ < §; we see that

for each n € A€,
15 M(|AzkpA:cj|) <5

and so

n? k,j<n
i.e.
Az, — Ax;
neN: — Y M(M)zél cAcT.
n? k,j<n P

O

Theorem 2.3. Let v = (x,,) be a sequence and M be Orlicz function. Then x is
AT—statistically convergent to L if and only if

Axy, — L
7 —lim — EM(W):O for some p > 0.
oM og=1 P

n

Proof. Suppose that Z — lim,, % M (lAz’“ Ll) =0 for some p > 0. We have,
=1

o

Pxoa(Bnet) = a0 S (et n $ (et

k=1 =
\Aw — |<E |Ax

> M(s)% H{k <n:|Azx— L| >¢e}.
Then for any ¢ > 0,

{neN:L|{k<n:|Az,—L|>e}|>6} C {nEN ZM(A$k—L)>M(€).é}

Due to the statement we accepted at the beginning of the theorem, right hand
side belongs to the ideal. As we know from the second expression of ideal, left hand
side is also in ideal and this proves the theorem.

Since the second part of the theory is very similar to the second part of the
previous theorem, we can easily prove. [
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