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Daubechies Wavelet Method for Second Kind
Fredholm Integral Equations with Weakly Singular
Kernel *

Xin Luo | Jin Huang?

Abstract

In this paper, the weakly singular Fredholm integral equations of the second
kind are solved by the periodized Daubechies wavelets method. In order to
obtain a good degree of accuracy of the numerical solutions, the Sidi-Israeli
quadrature formulae are used to construct the approximation of the singular
kernel functions. By applying the asymptotically compact theory, we prove the
convergence of approximate solutions. In addition, the sidi transformation can
be used to degrade the singularities when the kernel function is non-periodic.
At last, numerical examples show the method is efficient and errors of the
numerical solutions possess high accuracy order O (h3+®), where h is the mesh
size.

Keyword: Daubechies wavelets; weakly singular kernel; Fredholm integral
equation of the second; linear and nonlinear integral equations; convergence
rate.

1 Introduction

Many problems in science and engineering such as Lapalace’s equation, problems in
elasticity, conformal mapping, free surface flows and so on, result in Fredholm inte-
gral equations with singular or weakly singular (in general logarithmic) and periodic
kernels [11]. Therefore, singular or weakly Singular Fredholm linear equations and its
nonlinear counterparts are most frequently studied for decades.

*This work is supported by Project (NO. KYTZ201505) Supported by the Scientific Research
Foundation of CUIT

fCollege of Applied Mathematics, Chengdu University of Information Technology, Chengdu
610225, P.R. China, corresponding author: luoxin919@163.com

¥School of Mathematical Sciences, University of Electronic Science and Technology of China,
Chengdu 611731, P.R.China
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Generally, the weakly singular Fredholm integral equation of the second can be
converted into the following form

u(z) - / ke, y)g(uly)dy = f(z), @€ [0,1], (1.1)
where
k(. y) = Hy(z.y)|z — y*(nfz —y)° + Ho(z,), o> —1, >0,  (1.2)

u(z) is an unknown function and f € L?[0,1], and H;(z,y) (j = 1,2) are continu-
ous on [0,1]. The integral equation (1.1) is linear when g(u(y)) = u(y), and when
g(u(y)) # u(y) the equation is nonlinear.

Asis known, several different orthonormal basis functions, for example, Chebyshev
polynomial [8], Fourier functions [2], and wavelets [3, 4, 5, 6, 7, 9, 10, 13, 14, 16, 17],
can be used to approximate the solutions of integral equations. However, for large
scale problems, the most attractive one among them may be the wavelet bases, in
which the kernel can be transformed to a sparse matrix after discretization. This
is mainly due to functions with fast oscillations, or even discontinuities, in localized
regions may be approximated well by a linear combination of relatively few wavelets
3].

This paper is organized as follows: in Section 2, the periodized Daubechies wavelets
is introduced for solving weakly singular Fredholm integral equations of the second
in detail. In Section 3, the convergence and error analysis are investigated. In Sec-
tion 4, numerical examples are provided to verify the theoretical results. Some useful
conclusions are made in Section 5.

2 Periodized Daubechies wavelets method

2.1  Multiresolution analysis and function expansions

Wavelets are attractive for the numerical solution of integrations, because their van-
ishing moments property leads to operator compression. Especially, Daubechies
wavelets [12, 15] have many good properties and can deal with some types of kernels
arising from boundary integral formulation of elliptic PDEs, and the coefficient are
often numerically sparse. In fact, there are only O (nlogn) significant elements. Sup-
posed that ¢ and ¢ be the the wavelet of genus N and Daubechies scaling function
respectively. Thus their support are supp(¢) = supp(¢)) = [0, N—1]. For any 5,k € Z,
we introduce the notations ¢; . (x) = 29/2¢(2/z — k) and 9, 4 () = 2//%(27x — k), then
their periodic kin with period-1 can be described by

Gin(x) = dul@+n), Yip(z)=> dplr+n), R 0<k<2. (21)

nez nez

Here {gzzjﬁk(x)}kez_and {1; () }rer are orthogonal [17]. Defining the periodic spaces
V; = span{¢;;}i o' and W; = span{t;,}i'. A chain of spaces Vo C Vi--- C

2
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L?[0,1] can be constructed, which subject to the following conditions: (a) U;»o ‘7j~:
L200,1], NiezV; = {0}; () hi) € V; < h(2) € Vyass (0) Vy & W = Vi, Wy LV
The Daubechies wavelets and scaling functions described above result in the wavelet
theory (i.e., multiresolution analysis (MRA)) of L?[0,1].

Supposed that function p(z) € L?[0, 1] be approximated by scaling series at reso-
lution J as

271
pla) =Y curbin(z) = '(x)e, =€ 0,1], (2.2)
k=0
where ) 3 3
(I)(x) = [¢J,0(33), ¢J,1(l’)7 T 7¢J,2J—1(x)]7 (2-3)
and )
c=(cj0,C51, " sCro0-1)", Cup = / p(x)¢p(z)dz. (2.4)
0

First, we calculate the wavelet coefficient ¢y for nonsingular function p(z) €
L2[0,1]. Let x; = /27, i = 0,1,---,2771. Substituting = z; into Eq. (2.2), we
have

27-1 271
p) = codun(if2”) =277 " cpp Y ¢n(@'n+i— k). (2.5)
k=0 k=0 nez

By using the relationship between supp(¢) and [0, 1], we know when J > Jy only
finite terms of the inner summation in (2.5) contribute the following result

[ Oorl, if2-N+2<N-1,
L ) fO0<k<2s—N4+1.

Now we write (2.5) as the matrix form
p="Tec, (2.6)

where p = [p(0),p(1/27),--- ,p((27 — 1)/27)]%, T is the nonsingular matrix which
entries are the function values of ¢(z) at integers (i.e., ¢(0),6(1),- - - ,¢(N —2)) appear
in it, and hence it satisfies

2J 2J
ZT;J':ZT‘UZQJ/27 Za]:1a27 72J' (27)
i=1 j=1

Consequently, the function k(x,y) € L*([0, 1] x [0, 1]) in Eq.(1.1) can be approximated
at resolution J as

k(z,y) = ®'(2)Q®(y), (2.8)

where Q is the 27 x 27 coefficient matrix. Eq. (2.8) can be written as the following
form

Q=T'KT™, (2.9)
where K is the 27 x 27 kernel matrix with K; ; = k(i/27,7/27).

3
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Secondly, if the function p(x) is singular on [0, 1], some values of p(z) at the
dyadic points z; = /27, i = 0,1,--- ,2/ — 1 may be unbounded and then ¢ can not
be immediately solved from the Eq.(2.6). In order to avoid the Eq.(2.6) being invalid,
we can use the method in the literature [17] to compute the values of p(z). Without
loss of generality, we assumed that function p(x) € L?[0, 1] has only one singular point
x; =1i/27, i € {0,1,--- ;27 — 1}. Then the function value p(x;) in Eq.(2.6) can be
computed via on the following ( see [17])

271

p(i/2‘]):2‘]/01p(x)dx— > opli/2’), ief{o.1,--- 27 1}, (2.10)

=0,

where integration folp(x)dx can be calculated by Sidi-Israeli quadrature formulae
[11].

2.2 Kernel function approximation and discretization of sin-
gular integral equation

Motivated by the Eq.(2.10) and by thinking k(z,y) as a one-dimensional function of
variable x and y respectively, we also have

1 271
k(x,m/27) = 2J/ ky)dy — Y k(x,5/2)), me{0,1,---,27 =1} (2.11)
0 §=0,j#m

The following Theorem 2.1 can be used to construct the kernel approximation of
Eq.(1.1).

Theorem 2.1 [11] Assume that the functions H;(z,y) and Ha(x,y) are 2¢ times
differentiable on [a, b]. Assume also that the functions k(z, y) are periodic with period
T = b— a, and that they are 2/ times differentiable on R = (—o0, 00)\{z +iT}E
If k(z,y) = Hi(x,y)|lz — y|*(n|z — y|)? + Hao(z,y), s > —1, B = 0,1, then the
quadrature rules of the following integral

b
Ik, = [ ke (2.12)

are

L@yl =h > ke, y;) +216¢ (—a) — C(=a)(n b)) Hi (2, )k + Hy(x, 2)h,
J=Ly;#x
(2.13)
and the quadrature errors are

~

-1

(2) U
Eulk(z, )] = 23 15¢ (—a — 2) — C(—a — 2y ()7 (2 10)

(QM)' h2,u+a+1 +o <h2€)7
p=1 '

(2.14)
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where E,[k(z,y] = I[k(x,y)] — I,[k(z,y)], and the mesh size is h = (b — a)/n.
Let n = 27 and by (2.13), we can get the Nystrom approximation for the kernel
function k(z,y)

kp(xi,y;) = { 2[8¢' (—a) = ((—a)(In h)?| Hy (z, x;)h® + Hy(z, @), if i = j,
) = hlany), £
(2.15)
Supposed that the kernel function k(x,y), u(x) and f(z) be approximated at
resolution J as

k(z,y) = ®'(2)Q®(y), f(z)= ®'(x)b and u(x) = ®'(x)c, (2.16)

where ¢ = [c¢(0),¢(1/27),--- ,¢((27 — 1)/27)]" is the expansion coefficient vector of
u(z). By the orthonormality of periodized wavelets, the integration of the product of
the same two scaling function vectors is achieved as

/1 O(x)®"(x)da = I, (2.17)

where I is the 27 by 27 identity matrix. For the linear integral equation, we have

P (z)c — /0 B (2)QD(y) ' (y)edy — B (x)b. (2.18)

Substituting (2.15), (2.16) and (2.17) into (2.18), and by invoking (2.9), we get a
linear system
(I — Kp(T'"T) Yup = f, (2.19)
where f = [f(0), f(1/27),---, f((2/ — 1)/27)] and Kp = T'QT. Similarly, the
nonlinear case for Eq. (1.1) can be transformed into the following by the wavelet
method
up — Kp(TT" *g(up) = f, (2.20)

Eq. (2.20) is a system of nonlinear equations about u and can be computed by Newton
iteration method.

3 Convergence and error analysis

In this section, we mainly study the convergence and error for the linear case of (1.1)
by wavelet method.
We write Eq. (1.1) as the operate form

(I - K)u=f, (3.1)

where

(Ru)(x) = / Bz, y)uly)dy, (3.2)

5
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with the kernel
k(z,y) = Hy(@y)le —y[*(n |z — y|)? + Ha(,y), a > =1, >0, (3.3)
and the approximation of K is defined by
(K, =h Z k(z,y;)u(y;) + wn(z)u(z), (3.4)
J=ly;#z
where the weight function
w(x) = 2[3¢ (=) — (=) (In h)P|Hy (x, 2) Tt + Hy(z, 2)h. (3.5)
Supposed that the approximation of (3.1) is
(I — Kp)un(x) = g. (3.6)

Lemma 3.1 Supposed the the operator K, is defined by (3.4), then the operator
sequence {K } is asymptotically compactly convergent to K, ie.

K, % K, (3.7)

where 25 denotes the asymptotically compact convergence.
Proof. Let the continuous kernel approximation of K be defined by

. | k(x,y),  if|r—y| > h,
kn(x7 y) o { Hl(l', ;[;)ha(ln h)’B + HQ(za iL'), if ’{E - y’ < h’ (38)

and the corresponding operator approximation be

v) = hY kS (x,y)uly;). (3.9)
j=1
For any v € C0, 1], we have
I = K5yl = s [0 ~ bl ety

< [ b~ K)ol

0

< [ Gl ylGn e o~ Gn )l
z—y|<h

< max |Hy(z,y)| [l = y|*(n |z — y)? = 2*(In h)’|dyljv]|
z,y€C10,1] lz—y|<h

— O((10h)*h*)[[v]] o, (3.10)
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hence, we can obtain
|K — K¢|| = O((Inh)’h*) — 0, ash — 0. (3.11)
On the other hand, we know w(z) — 0 as h — 0 by (3.5), then
| K¢ — K| — 0, ash— 0. (3.12)

First, there exists a subsequence in {K¢y,} for any y, C C[0,1] by (3.11),. Without
loss of generality, assumed that K¢y, — z and by (3.12), then
”f(nyn - Z” < ||knyn - sznn + ||K7§yn - ZH

~ . ' (3.13)
< [[Kn = KSllllyall + 1K 3yn — 2]l = O,

that is to say, the sequence {f(’n} is asymptotically compactly convergent. Secondly,
for any y € C[0, 1], we have

1Ky — Kyl < | Kn = Killllyll + | K5y — Kyl — 0. (3.14)

The proof of Lemma 3.1 is completed. [
Corollary 3.2 The operator sequence {K,(I — o(h)E)} is asymptotically com-
pactly convergent to K, i.e.,

K,(I—o(h)E) S K. (3.15)

where F is a matrix and every element in it is one.
Proof. By Lemma 3.1, we know

K, K, (3.16)
that is, . )
| K, — K|—0. (3.17)
Hence, we immediately have
[T = o(h)E) = K|| < [|K, — K| + | Ky lllo(R) E[|—0. (3.18)

The proof of Corollary 3.2 is completed. [J

Let v = (i — 1)h, i = 1,2,--- ,27, where h = 1/27. Using the trapezoidal rule to
approximate Eq.(2.17), then we have hTT" = I + o(h)E, where F is a matrix and
every element in it is one. By (hTT")"! = I + o(h)E, (2.15) and (2.19), we get

(I — K (hT"T) YYup = f, (3.19)

which is equivalent to )
(I — K,,(I —o(h)E)up = f. (3.20)

Hence, by the Corollary 3.2 we get the following remark.
Remark 1 According to the Corollary 3.2, the solutions up of Eq.(3.20) by

7
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Daubechies wavelet method are convergent to the solutions u,, of Eq.(3.6) when h—0.
Theorem 3.3 The solutions of Eq.(3.6) have asymptotic expansions hold at nodes

Uy (2) = u(z) + o1 ()T + o (2) > P Inh + o(h*°Inh), (3.21)

where o;(z) € C[0,1], j = 1,2 are independent of h, and oo = 0 when 3 = 0 and
a>—1,or f=1and a =0.
Proof. We construct the auxiliary equation

(I — K)o = P(x), (3.22)
where
P(x) = [B¢ (—a = 2) = ((—a = 2)(n h) | (Hyu) Dh**. (3.23)
By invoking Eq.(2.14), we have
(K, — K)u(z) = —P(z) + o(h>**In h). (3.24)

Using (3.22), we get

(I — K,)(un —u—h3"0) = f —u+ Kyu+ h3(I — K)o
= (K, — K)u+ h***(I = K)o + h***(K, — K)o (3.25)
= o(h**°Inh),
that is,
Uy — u — h* %0 = o(h*TInh). (3.26)
From (3.22), we obtain
o= —0o, —oy(Inh)?, (3.27)

where
o1 = —0¢ (—a=2)(I—K) ' (Hiu)®?, and oy = ((—a—2)(I—-K)"Y{(Hyu)?. (3.28)

Substituting (3.28) into (3.26), and by ((—2) = 0 (see [1]), we know that (3.21) holds.
The proof of Theorem 3.3 is completed. [

Remark 2 According to the Theorem 3.3 and Remark 1, the numerical solutions
up of Eq.(3.19) possess high accuracy order O (h3t®) as h—0.

4 Numerical experiments

In this section, two numerical examples about the Fredholm equations are com-
puted by Daubechies wavelet method. Let err®(z) = |u(z) — un(x)| be the er-
rors by Daubechies wavelet method using n (= 27 J = 3,---,8) nodes, and let
EOC =log(err,/erry,)/log2 be the estimated order of convergence.
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If the kernel function k(z,y) of Eq.(1.1) is not periodic, we can apply the Sidi
transformation for Eq.(1.1) and make the kernel be periodic. The Sidi transformation
is defined by (see [18])

Yo (t) = /o (simrT)”’dT(/O (sin7r7')7d7')71 :[0,1] — [0,1], v >1.

In the following three examples, the errors and error ratio of numerical solutions
at the selected points x; = 0, zo = 0.25 and x3 = 0.5 by Daubechies wavelet method
using transformation v(t) are listed in tables.

Example 1. Consider the linear Fredholm equation of the first kind

ula) + / Infe - ylu(y)dy = g(z)

where g(x) = 2?Inz/2 4+ (1 — 2?)In(1 — x)/2 + 2/2 — 1/4 and the exact solution is
u(z) = x. We use periodic Daubechies wavelet of genus D = 12 as basis functions to
compute the errors for Example 1 using different resolutions. The plots of computed
errors are shown in Figure 1 and the errors and error ratio of numerical solutions are
listed in Table 1. From the results in Table 1, we can see FOC' ~ 3.

Table 1: The Errors of w.

J 3 4 5 6 7 8
err®(z;) 2.058-02 2.111-03 3.214-04 3.935-05 4.896-06 6.116-07
EOC(z4) — 3.2857 2.715 3.030 3.007 3.001
err(zy)  2.328-02  2.485-03 3.607-04 4.401-05 5.481-06 6.847-07
EOC(z3) — 3.228 2.784 3.035 3.006 3.001
errt(zs) 2.278-02 9.764-05 1.752-05 2.222-06 2.778-07 3.474-08
EOC(z3) — 7.866 2.478 2.979 3.000 3.000

0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1

Figure 1:  The error distributions of Example 1 at different resolutions.
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Example 2. Solving the following non-periodic second kind Fredholm integral
equation with algebraic singular kernel

ulz) + / & — 5 Puly)dy = g(x),

where g(z) = 2 +2(2+/(2) — %3 /3+2/(1— )+ (1 —2)*?3/3) and the exact solution
is u(z) = x. We also use periodic Daubechies wavelet of genus D = 12 as basis
functions to compute the errors using different resolutions. The plots of computed
errors are shown in Figure 2 and the errors and error ratio of numerical solutions are
listed in Table 2. From the results in Table 2, we can see FOC ~ 2.5.

Table 2: The Errors of .

J 3 4 > 6 7 8
errt(zy) 1.713-03 3.964-05 1.638-05 2.627-06 4.505-07 7.898-08
EOC(zy) — 5.433 1.275 2.640 2.544 2.512
errt(zy) 8.526-03 3.899-04 3.847-05 4.843-06 8.529-07 1.508-07
EOC(z2) — 4.451 3.341 2.990 2.505 2.500
erri(xs)  4.698-03 2.975-04 6.878-05 1.216-05 2.150-06 3.800-07
EOC(z3) — 3.981 2.113 2.499 2.500 2.500

x10°
0.015 : : : : 8

L L L L - L
0.2 0.4 0.6 0.8 1 ] 0.2 0.4 0.6 0.8 1

Figure 2: The error distributions of FExample 2 at different resolutions.

Example 3. Solving the following nonlinear second kind Fredholm integral equa-
tion with weakly singular kernel

u(z) + / In|z — y|g(u(y))dy = f(z),
10
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where

)—iln(l—x).

f(z) = (z—0.5)*3+ %(12 —2+1/3) —x(2*/3 —1/2+0.25) In( )33

The exact solution is u(z) = (x — 0.5)%/3. The periodic Daubechies wavelets of genus
D = 12 as basis functions are used to compute the errors. The Newton iteration
method is used for solve Example 3 and the initial vector of wg is given by ug =
(1,1,---,1)%,,,. After 4 iterations the errors are shown in Fig.3. The errors and
error ratio of numerical solutions are listed in Table 3. From Table 3, we can see

FOC =~ 3.

Table 3: The Errors of w.

J 3 4 Y 6 7 8
err®(zy) 4.900-04 4.755-05 4.371-06 5.481-07 6.865-08 8.582-09
EOC(z4) — 3.365 3.443 2.996 2.997 3.000
errt(zy) 1.659-03 1.565-04 1.714-05 2.141-06 2.673-07 3.340-08
EOC(z3) — 3.407 3.190 3.001 3.002 3.001
err(x3) 6.442-04 2.102-04 6.570-05 8.145-06 1.004-06 1.252-07
EOC(z3) — 1.616 1.678 3.012 3.019 3.003

X
10

TET
545

I g

N

L L L L
0 0.2 0.4 0.6 0.8 1 ] 0.2 0.4 0.6 0.8 1

=)

Figure 3: The error distributions of FExample 3 at different resolutions.

5 Conclusions

In this paper, the Sidi-Israeli quadrature formula is used to construct the approxima-
tion of kernel functions and then the Daubechies wavelet method is used to solve Eq.
(1.1). when the kernel functions are not periodic, we can apply the Sidi transforma-
tion for Eq.(1.1) and make the kernels be periodic. Because the wavelet integrations
are completely avoided and the expansion coefficients obtained here are exact, which

11
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makes the wavelets method has a good degree of accuracy. In addition, the Daubechies
wavelets method is used for linear Fredholm integration equation, the discrete matrix
of the associated linear system can be transformed into a very sparse and symmetri-
cal one. Accordingly, many preconditioners can be used to reduce the computational
cost.
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Some fixed point results in ordered complete dislocated

quasi G, metric space
Abdullah Shoaib!, Muhammad Arshad?, Tahair Rasham?

Abstract: In this paper, we discuss the fixed points of mappings satisfying
contractive type condition on a closed ball in an ordered complete dislocated
quasi G metric space. The notion of dominated mappings is applied to approx-
imate the unique solution of non linear functional equations. An example is
given to show the validity of our work. Our results improve/generalize several
well known recent and classical results.

2010 Mathematics Subjects Classification: 46S70; 47TH10; 54H25.

Keywords and phrases: fixed point; contractive dominated mappings; closed
ball; ordered complete dislocated quasi metric spaces.

1 Introduction and Preliminaries

Let T: X — X be a mapping. A point x € X is called a fixed point of T if z =
Tz. Let o be an arbitrary chosen point in X. Define a sequence {z,} in X by
a simple iterative method given by x,,11 = Tz, where n € {0,1,2,3,...}. Such
a sequence is called a picard iterative sequence and its convergence plays a
very important role in proving existence of fixed point of a mapping 7. A self
mapping 7' on a metric space X is said to be a Banach contraction mapping if,

d(Tz,Ty) < kd(z,y)

holds for all x,y € X where 0 < k£ < 1. Recently, many results appeared in
literature related to fixed point results in complete metric spaces endowed with
a partial ordering . Ran and Reurings [17] proved an analogue of Banach’s fixed
point theorem in metric space endowed with partial order and gave applications
to matrix equations. Subsequently, Nieto et. al. [12] extended the results of [17]
for non decreasing mappings and applied this results obtain a unique solution
for a 1st order ordinary differential equation with periodic boundary conditions.
On the other hand in 2005, Mustafa and Sims in [14] introduce the notion of a
generalized metric space as generalization the usual metric space. Mustafa and
others studied fixed point theorems for mappings satisfying different contrac-
tive conditions for further useful results can be seen in [3, 8, 9, 10, 15, 16, 21].
Recently, Arshad et. al. [4] proved a result concerning the existence of fixed
points of a mapping satisfying a contractive condition on closed ball in a com-
plete dislocated metric space. For further results on closed ball we refer the
reader to [5, 6, 7, 13, 20] and references their in. The dominated mapping [2]
which satisfies the condition fx < x occurs very naturally in several practical
problems . For example = denotes the total quantity of food produced over a
certain period of time and f(z) gives the quantity of food consumed over the
same period in a certain town, then we must have fx < x.

In this paper we have obtained fixed point results for dominated self- map-
pings in an ordered complete dislocated quasi G4 metric space on a closed ball
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under contractive condition to generalize, extend and improve some classical
fixed point results. We have used weaker contractive condition and weaker re-
strictions to obtain unique fixed point. Our results do not exists even yet in
metric spaces. An example shows how this result can be used when the corre-
sponding results cannot.

Definition 1 Let X be a nonempty set and let G4 : X x X x X — R be a
function satisfying the

following axioms:

(i) If Gy(z,y,2) = Galy, z,2) = Ga(z,z,y) = 0,then x = y = z,

(ii) Ga(z,y,2) < Gg(z,a,a) + Gy(a,y,z) for all z,y,z,a € X (rectangle
inequality).

Then the pair (X, Gy) is called the dislocated quasi Gg-metric space. It is
clear that if

Ga(z,y,2) = Galy,z,x) = Ga(z,z,y) = 0 then from (i) x = y = z. But if
x = y = z then Gg4(x,y,2z) may not be 0. It is observed that if G4(x,y,2) =
Galy, z,2) = Ga(z,z,y) for all z,y,z € X, then (X,G,) becomes a dislocated
G 4-metric space.

Example 2 If X = RT™ U {0} then G4(z,y,2) = x + max{z,y, 2} defines a
dislocated quasi metric G on X.

Definition 3 Let (X,Gy) be a Gg-metric space, and let {x,} be a sequence
of points in X, a point x in X is said to be the limit of the sequence {x,} if
limy, 100 Gal(Z, Tn, Tm) = 0, and one says that sequence {x,} is Gq-convergent
to x.Thus, if x, — x in a Gg-metric space (X,Gy), then for any € > 0, there
exists n,m € N such that Gg(x, xp, zm) < €, for alln,m > N.

Definition 4 Let (X,G4) be a Gg-metric space. A sequence {x,} is called
Gq-Cauchy sequence if, for each € > 0 there exists a positive integer n* € N
such that Gg(Tn, Tm,x1) < € for all n,l,m > n*; i.e. if Gg(xn,Tm, ) — 0 as
n,m,l — oo.

Definition 5 Gg-metric space (X,Gq) is said to be Gg-complete if every Gg-
Cauchy sequence in (X, Gy) is G4-convergent in X.

Proposition 6 Let (X,Gy) be a Gy-metric space, then the following are equiv-
alent:

(1) {z,} is G4 convergent to .

(2) Ga(zp,xpn,z) — 0 as n — oco.
(3) Ga(zpn,z,z) — 0 as n — oo.

(4) Ga(zp, Tm,x) — 0 as m n — oo.

Definition 7 Let (X,Gq) be a Gq-metric space then for xg € X, r > 0, the
closed ball with centre xo and radius r is,

Bl(zo,r) = {y € X : Ga(zo,y,y) <7}
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Definition 8 [2] Let (X, =) be a partial ordered set. Then x,y € X are called
comparable if v <y or y =< = holds.

Definition 9 [2/ Let (X, =) be a partially ordered set. A self mapping f on X
18 called dominated if fr < x for each x in X.

Example 10 /2] Let X = [0,1] be endowed with usual ordering and f : X — X
be defined by fx = x™ for some n € N. Since fx = 2™ < z for all x € X,
therefore f is a dominated map.

2 Fixed Points of Contractive Mapping

Theorem 11 Let (X, =,Gq) be an ordered complete dislocated quasi G4 metric
space, and T : X — X be a dominated mapping. Suppose there exists a,b such
that a + 3b < 1 and for all comparable elements x,y and z in B(zg,r), with
xg € B(xg,7), r > 0,.

Ga(Tz, Ty, Tz) < a Gy(z,y,2)+b [Galz, Tz, Tx) (2.1)
+Gd(y7 Ty7 Ty) + Gd(Z, TZ? TZ)]
a+b
where A = T2
and Ga(xo, Txo, Tzo) < (1 — A)r. (2.2)

If for a nonincreasing sequence {x,,} in B(xg,r), {x,} — u implies that u X x,,
and

G(zo,Txo, Txo) + G(v, Tv,Tv) + G(v,Tv,Tv)
< G(zo,v,v) + G(Txo, Tv,Tv) + G(Txo, Tv,Tv) (2.3)

then there exists a point =* in B(xg,r) such that Gg(x*,2*,2*) = 0 and z* =
Tx*.

Proof. Consider a picard sequence x, 11 = Tx, with initial guess xg. As Tp11 =
Tz, <z, for alln € {0} UN. By inequality (2.2), Gq(xo, z1,21) < r. It implies
that x1 € B(zg,r). Similarly x5 ...x; € B(xo,r) for some j € N.

Ga(wj,vjr1,2541) = Ga(Tzj—1, Tz, Txj) < a Ga(wj—1,75, 7))
—|—b[Gd(a:j_1, TJCj_l, ij—l) + Gd(a:j, Tj+1, $j+1)

+Ga(wj, i1, Tj41)]

(1=2b)Ga(zj, vjr1,2541) < (a+b)Ga(wj—1,24,75)
(a+b)
Ga(wj,zjt1,Tj01) < mGd(%‘—h%’a%)
Ga(zj,zjt1,7501) < NGa(wo,z1,21). (2.4)
3

1038 Shoaib 1036-1046



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Now by using the inequality (2.2) and (2.4) we have

Ga(zj,zji1,2541) < Galzo,21,21) + Ga(z1, @2, 2) + -+ - + Ga(w), 11, Tj41)
Ga(zj,zjs1,7541) < (L=XNr+AL=X)r+-+N(1-N\)r
Ga(zj,zji1,501) < r(L=N[LTHAFX 4+ 4 N]

1= N
Gd(xjaxj+17xj+1) < 'f'(]. e )\)((1_)\)) <r

= Galj, zjp1,2541) <7

Thus ;41 € B(zo,r). Hence x, € B(zg,r) for all n € N. Now inequality (2.4)
can be written as in the form of

Ga(Tny Tpi1, Tnt1) < A"Gy(xo,21,21) for alln € N. (2.5)
By using inequality (2.5) we get

Gd(l‘n, LTn+is fEn-i—i) < Gd(mnv Tn+1, JU'n+1) + - Gd(xn—&-i—h LTnis xn—i—i)
A1 =AY

=Y Ga(zo,z1,21) — 0 asn — oo (2.6)

Gd(mnamn+iamn+i) S

Notice that the sequence {x,} is Cauchy sequence in (B(xg,r) ,Gq). Therefore
there exist a point v* € B(xzg,r).

lim Gy(xp,x*,2*) = lim Gg(z*,2*,2,) =0

n—oo n—oo

Gy(z*, Tax*, Tz*) < Gu(z*,zn,z,) + Ga(xy, Ta*, Tz™)

By assumption x* < x, <X x,_1, therefore,
Galx*, Tax*,Tx*) < Gala*,zn,2n)+ Ga(Tan_1,Ta*, Tx)
Galz*, Tx*, Tx*) < Galz*,xn,zn) +a Gg(zp_1,2%,2%)

(
(
bGi(xpn—1,Txn_1,Txn_1)+ Gg(z*, Ta*, Ta")
a(@™, Ta*, Ta™)]

(

[

N
QD+

Gala*,Ta*, Tx) a(@*, X, ) + a Ga(xp—1, 2%, %)
bGi(zpn-1,Txp_1,Txpn_1)+ 2G4(x*, Tx*, Tz")
Gd(l'*a Tn,s xn) +a Gd(xn—la x*, -T*)

+b Gd(xnfla Tn, xn)

+

(1—-2b)Gy(x*, Tx™, Tx*)

IN

Taking lim, o, both sides and using (2.6) we have

(1 -20)Ga(z*,Tz*, Tz*) < 0+ a(0)+b(0)
= Gz, T2*,Tz*) <0
=

x* =Tz (2.7)
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Similarly Gg(Tx*, Ta*,z*) = 0 and Gg(Tz*,2*,Tx*) = 0 and hence z* =
Tx*.Now
Ga(z*, ", z%) Ga(Tz*,Tax*, Tx*) < a Ga(z*,z*,x*)

+3bGq(x*, Ta*, Tx*)

(I1-a—-3b)Gy(z",z*,2*) < 0
= Ga(z*,z*,2*) <0.
This implies that Gq(a*, z*,2*) = 0.
Uniqueness:
Let y* be another point in B(xg,r) such that
y* = Ty (2.8)
Gay™y"y") = GaTy" Ty ,Ty") <a Galy™,y",y")
+3b[Ga(y*, Ty*, Ty")]
(1—a=30)Ga(y",y"y") < 0
= Galy",y",y") 0.
=

Galy",y"y") = 0.
If x* and y* are comparable then
Ga(@",y"y") = Ga(Tz",Ty",Ty") < a Ga(z",y",y")
+b[Gy(x*, Tx*, Tx*) + 2G4 (y*, Ty*, Ty™)]
(I=a)Ga(z",y"y") < 0
= Gy(z*,y",y*) =0.
Similarly, G4(y*,y*,x*) = 0. This shows that * = y*.
If 2* and y* are not comparable then there exist a point v € B(xzg,r) which is

a lower bound of both x* and y*. Now we will to prove that T"v € B(xg,r).
Moreover by assumptions v < x* < x, =< -+ < z9. Now by using (2.1), we have,

Ga(Txo, Tv,Tv) < a Gyq(zo,v,v) + b [Ga(zo, 21, 21) + 2G4(v, Tv, T)].
By using (2.3), we have

Gd(Tx07TU7TU) S a Gd(l‘o,’l],’l]) + b [Gd(anUav) + QGd(l'l,T’U,T’U)]
(1-20)G4(Txo, Tv,Tv) < (a+b) Ga(zg,v,v)
(a+0b)
< T
Ga(Tzo, Tv, Tv) < =0 Ga(xo,v,v)
Gy(Txo, Tv,Tv) < X Gg(xg,v,v). (2.9)
Now,
Ga(xo, Tv,Tv) < Ga(zo,21,21) + Ga(x1, TV, TV)
Ga(zo, Tv, Tv) < Ga(zo,z1,21) + X Ga(x0,v,v) by (2.9)
Ga(zo, Tv,Tv) < (1—=XNr+Ar
Gy(zo, Tv,Tv) < 7.
5
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It follows that Tv € B(xg,r). Now we will prove that T™v € B(xzo,7). By us-
ing mathematical induction to apply inequality (2.1). Let T?v, T3v,---T9v €
B(xg,r) for some j € N. As

Tiv Ty <. < <a* <2, < <.

Then,

Ga(T7v, T9H 1y, TIT1y) Ga(T (T ), T(T?v), T(T7v))

Ga(TIv, T7 0, T7 ) < a Gg(T? v, T90, T9v) + b [Ga(T? v, T v, T7v)
+2G 4(T9v, TV o, TI 1))
(1= 20)G (T, T o, TP ) < (a+b)Gy(T? " v, T, TIv)
Ga(T70, T7 0, T ) < AG(T? " to, T, Tv)
Ga(TIv, TPy, T9 ) < NGg(T9 %0, 79 1o, TV 1)
Ga(To, 7, Tt y) < NG y(T7 730, 7920, T9 %)
Ga(Tov, T7+1, Tit 1) < )\de(Tj_jv,Tj_(j_l)uTj_(j_l)v)
Ga(T0, 7, T ) < MGy(v, Tv, Tv) (2.10)

Now,

Ga(wjp1, T 0, T y)
Ga(wjp1, T 0, T y)

Ga(Tz;, T(T7v), T(T’v))
a Gd(xﬁij,ij)
+b [Ga(wj, Txj, Taj) + 2G g(T90, TI Ty, TIT )]

By using (2.4) and (2.10)

Ga(zji1, T9 0, T ) < aN Gy(wo,v,v)
+b[N Ga(xo, 21, 1) + 2N Gy (v, Tv, Tv)]
Ga(zjir, T7 0, T ) < aN Gy(wo,v,v)

+bN [Ga(zo,x1,21) + 2G4(v, Tv, Tv)]

By using the condition (2.3)

Ga(zjir, T7 0, T ) < aN Gy(wo,v,v)
+0MN [G (0, v,v) + 2AGa(z0, v, V)]
Ga(zjp1, TP 0, T ) < M (a+ b+ 260)Gy(z0,v,v)
Ga(zjir, TI o, T ) < NG y(x0,0,0) (2.11)
6
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Now ,

Ga(zo, TV 1y, TI 1Y)
Gy(xo, T? v, T9 )

Ga(zo, TV o, TIH1y)

Ga(zo, TV o, T 1y)
G (o, TV o, TIH1y)

Ga(zo, T7 o, TIT1y)

(2.10) can be written

Ga(T™0, T o, T" ) < A"Gy(v, Tv, Tv) — 0 as n — oo

Now,
Gd(x*, y*v y*)
Ga(z™,y",y")
Ga(z*,y*,y")

IAIA

IN A

IN

IN

IA

<

Ga(o,xj11,2j41) + Ga(ajyr, T o, T )
Ga(zo,z1,21) + -+ Ga(zj, Tj41,Tj41)
+Ga(zj1, TV, Tt y)

Ga(xo,z1,21) + AGg(z0,21,71)

4+ NGy (20, v,v) by (2.5) and (2.11)

Ga(wo,w1,2)[ 1+ A+ X2+ -+ M)+ N as v € B(wg,7)

(1-— )\j+1)

G+,
TSN + N r=r

(I=XNr

r.

It follows that T'* v € B(xzo,r) and hence T7v € B(xg,7). Now the inequality

as

Ga(Ta*, Ty, Ty")
Ga(Tz*, T o, T ) + Gg(T™ o, Ty*, Ty*)
a Ga(z*, T"v, T"0) + b [Gq(z*, Tx*, Tz")

+2G (T, T" o, T )] + a Go(T™v, Ty*, Ty*)

+b [Gg(T™v, T o, T o) + 2G4 (y*, Ty*, Ty*)]

By using (2.7), (2.8) and (2.12) we have

Gd(m*a y*a y*)
Gd(l'*v y*a y*)
Ga(z",y", y")

INIA A

a Gg(z*, T"v, T"v) + a Ga(T"v,y*,y*)

a [Gg(Tx*, T, T"v) + G4(T™v, Ty*, Ty")]

a[a Gg(z*, T" o, T" ) + b Gy(z*, Tx*, Tx*)
+2b Gg(T" v, T™v, T™0) + a Gq(T" ‘v, y*, y*)

+b Ga(T" o, T, T™) + 2b Ga(y*, Ty*, Ty*)].

By using (2.7),(2.8) and (2.12) we have

Gd(.]]‘*, y*7 y*)
Gd(x*a y*v y*)

*

Gd(.]]‘*, y*vy
Gd(x*a y*vy
Gd(x*a y*ay

T

*

*

* e —

IAIA

IN

1

a? [Ga(a*, T" 1o, T ) + Gao(T" o, y*, y*)]
a® [Ga(x*, T" 20, T"20) + Ga(T" %0, y*, )]
a” [Ga(x*, Tv, Tv) + Gq(Tv,y*,y*)]

0asn— oo

0

*

Yy .
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This proves the uniqueness of the fized point. ®

Now we give an example of an ordered complete dislocated quasi G 4-metric
space in which the contraction does not hold on the whole space rather it holds
on a closed ball only.

Example 12 Let X = RTU{0} be endowed with usual order and G4 : X x X X
X — X be a complete dislocated quasi G4 metric space defined by,

Ga(z,y,2) = {

Then (X,Gq) is a G4 complete G dislocated quasi metric space.
Let T: X — X be defined by,

z 3 3
Ty — 511f'317 € [0,32] .
r— 3 ifx €[5, 00)

Oifze=y=2 }

max {2z,y, 2z} otherwise.

Clearly, T is a dominated mappings. Take zy = %, r= %, B(xzg,r) = [0, %] and

1 _ 1 _ 1
A= 7,a+3b<1, where a = 75, and b = 15.

Gd(xo,T.’Eo,T{E()) S (1 — )\)T

1 1 1 21 1. 2
Gy(=.T=T=) = S a2
(373 73) max{3, 75751 = 3
13 9
ince (1 — = (1--)2=2
Since (1 — A\)r ( 4)2 3
3-8
= 16<27

Also if z,y and z € [%, 00). We assume that « >y, and y > z, then

2 1 1 1
2% — Sy, 2= — max{2
max{2z Y~ 3% 3} > lomax{ x,y, 2}
1 1 1
E[max{?x,x—g,z—g}
+ max{2 1 —1}
max42y,Yy 279 B

1 1
P
+ max{2z, z 57 2}}

a Gy(x,y,2) + b [Gy(x, Tz, Tx)
+Ga(y, Ty, Ty) + Ga(z,T2,Tz)|

Gd(Tl', Tya TZ)

v

So the contractive conditions does not holds in X. Now if =,y and z € B(zo,r)
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then,
Ga(Tz,Ty,Tz) = max{;” Z. g}_—m y,2}
1
10[max{2x }—|—max{2y,§ g
—|—max{z }]

55
= Gu(Tz,Ty,Tz) <a Gy(z,y,2) +b [Gy(z, Tz, Tx)

+Ga(y, Ty, Ty) + Ga(z,Tz,T%z)].

Hence it satisfies all the requirements of Theoreml1l. If we take b = 0 in in-
equality (2.1) then we obtain the following corollary.

Corollary 13 Let (X, =,G) be an ordered complete dislocated quasi G—metric
space, T : X — X be a dominated mapping and xo be any arbitrary point in X.
Suppose there exists a € [0,1) with,

GTzTyTz) <aG(z,y,2), forallz, y and z € Y = B(zo,7),

and
G(zo,Txo,Txo) < (1 —a)r.

If for a nonincreasing sequence {x,} — w implies that w < x,,. Then there exists
a point x* in B(xo,r) such that z* = Sx* and G(z*,z*,z*) = 0. Moreover if for
any three points x,y and z in B(xg,r) such that there exists a point v € B(zo 1)
such that v Xz, v Sy and v X z, that is, every three of elements in B(xo,T)
has a lower bound, then the point x* is unique.

Similarly if we take a = 0 in inequality (2.1) then we obtain the following corol-
lary.

Corollary 14 Let (X,=,G) be an ordered complete dislocated quasi G-metric
space T : X — R be a mapping and xg be an arbitrary point in X. Suppose there
exists b € [0, %) with

G(Tz,Ty,Tz) <b (G(z,Tx,Tx) + Gy, Ty, Ty) + G(2,Tz,Tz))
for all comparable elements x,y,z € B(zo,r) and
G(Iﬂo,Tzo,TLE()) (1 — )\)

where \ = ﬁ. If for non increasing sequence {x,} — u implies that u = x,.

Then there exists a point x* in B(xo,r) such that 2* = Sx*and G(z*,z*,2*) =
0. Moreover, if for any three points x,y,z € B(x,,r), there exists a point v in
B(xzg,r) such that v 2 and v Xy, v < z.
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MIZOGUCHI- TAKAHASHI'S FIXED POINT THEOREM IN v-
GENERALIZED METRIC SPACES

SALHA ALSHAIKEY *, SAUD M. ALSULAMI AND MONAIRAH ALANSARI

ABSTRACT. Our main work is to prove Mizogchi- Takahashi theorem in v-
generalized metric space in the sense of Brancairi. In the same setting we
prove two more theorems which are generalizations of the main one.

1. INTRODUCTION

A metric is defined as a mapping d: X x X — [0, 00), for any non-empty set X

which satisfying the following axioms, for any z,y,z € X

(i) d(z,y) =0iff z =y

(i) d(z,y) = d(y,z)
(iii) d(z,y) < d(z,z) + d(z,y).
We said that the pair (X, d) is a metric space. The theory of metric spaces form a
basic environment for a lot of concepts in mathematics such as the fixed point the-
orems which have an important rules in various branches of mathematical analysis.
One of the famous result of fixed point theorems is Banach Contraction Principle
which state that,

Theorem 1.1. [11](Banach Contraction Principle)
Let (X,d) be a complete metric space. Let T : X — X be a self map on X such
that

d(Tz, Ty) < rd(z,y),

hold for any x,y € X, where r € [0,1). Then T has a unique fized point.

Many authors explored the importance of this theorem and extended it in differ-
ent directions. For examples, we refer the reader to the following papers [2, 9, 8, 6],
and the references therein. In (1969) Nadler extended theorem 1.1 for multi-valued
mapping. Recall that the set of all non- empty, closed and bounded subsets of X
is denoted by CB(X) and let A, B be any sets in CB(X). A Hausdorff metric is
defined as

H(A, B) = max{sup d(a, B),supd(b, A)}
acA beB
Theorem 1.2. [12](Nadler’s theorem) Let (X,d) be a complete metric space. Let
T:X — CB(X) be a multi-valued map. Assume that

H(Tz, Ty) < rd(x,y),
holds for each x,y € X and r € [0,1). Then T has a fized point.

Key words and phrases. Mizoguchi-Takahashi’s theorem, v- generalized metric
space,Generalized of MT- theorem, Fixed point theory.
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Many attempts have been done to generalize Nadler’s theorem. One of these
generalizations is Mizoguchi- Takahashi’s theorem which stats that:

Theorem 1.3. [10] Let (X,d) be a complete metric space. Let T : X — CB(X)
be a multi-valued mapping. Assume that

H(Tz,Ty) < Bd(z,y))d(z,y),
hold for each x,y € X, where 8 : [0,00) — [0, 1) is a function such thatlimsup,_,,+ B(s) <
1. Then T has a fized point.

Remark 1.4. The function (3 in theorem 1.3, which satisfies limsup,_,,+ B(s) < 1
is called Mizoguchi- Takahashi function (MT- function for short).

Starting with Mizoguchi and Takahashi’s paper, many generalizations of their
theorem have been established see [3, 13]. Recently, Eldred et al [4], claimed that
Nadler’s and Mizoguchi- Takahashi’s theorems are equivalent. However, in [14],
Suzuki proved that their claim is not true and he shown that Mizoguchi- Takahashi’s
theorem (1.3) is a real extension of Nadler’s theorem. This is why we are interesting
in such theorem.

In another direction, in (2000) Branciari created a new concept of generalized
metric spaces by modifying the triangle inequality to involve more points.

Definition 1.5. [1] Let X be a non- empty set and d : X x X — [0,00). Forv € N,
a pair (X,d) is called a v- generalized metric space if the following hold:
(M1) d(z,y) =0 iff x=y
(M2) d(z,y) = d(y,z)
(M8) d(x,y) < d(z,ur) + d(ug,u2) + ... + d(uy, y),
for any x,uy,us,...uy,y € X, such that x,uy,us,...u,,y are all different.

It is not difficult to show that the new space is not the same as the original
one. Moreover, the new space is hard to deal with because it does not satisfy all
topological properties that metric space has, see [15] for more details. Recently,
n [16], Suzuki proved Nadler’s theorem in v- generalized metric spaces. The main
work of this paper is to prove Mizoguchi -Takahashi’s theorem in v- generalized
metric spaces. Firstly, we will list all the necessary definitions and some results
that we will need. Then, we will be able to prove our main results.

2. PRELIMINARY

Definition 2.1. A point x € X is said to be a fized point of multi-valued map T if
zeTlz.

Definition 2.2. [1] Let (X, d) be a v- generalized metric space. A sequence {Zy }nen €
X is said to be Cauchy sequence if

lim sup d(2p, zm) =0
n on>m

Definition 2.3. [16] A sequence {xy, }nen is said to be (>, #)- Cauchy sequence if
all x,,’s are different and

o0
g d(zj,zj41) < 00
Jj=1

Definition 2.4. [16] Let (X,d) be a v- generalized metric space. We said that, X
is a (>, #)- complete if every (>, #)- Cauchy sequence converges.
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Lemma 2.5. [16, 5] Let (X, d) be a v- generalized metric space.

e FEvery converge (>, #)- Cauchy sequence is Cauchy.

o Let {xp}tnen be a Cauchy sequence converges to somey € X and {y,} € X
be a sequence such that lim, o d(xn,yn) = 0. Then, {y,} also converges
toy.

Lemma 2.6. [14] Let 8 : [0,00) — [0,1) is a MT-function. Then, for all s € [0, 00),
there exist rs € [0,1) and €5 > 0 such that B(t) <rs for allt € [s,s +€5)

Lemma 2.7. [12] Let (X, d) be a metric space. For any A,B € CB(X) and e > 0,
there exist a € A and b € B such that d(a,b) < H(A,B) +¢

3. MAIN RESULT

In this section we prove Mizoguchi -Takahashi’s theorem in v -generalized metric
spaces and some of its generalizations in the space.

Theorem 3.1. Let (X,d) be a (>,#) complete, v- generalized metric space. and
let T be a multi-valued map defined from X into CB(X) satisfies the following:

(i) If {yn} € Tx and {y,} converges to y theny € Tx.
(it) For any x,y € X, H(Tz,Ty) < a(d(z,y))d(z,y),

where « is MT-function. Then T has a fixed point.

1 t
—|—Ta(). It is not difficult

to show that «(t) < 7(¢), for any t € [0,00) and lim,_,;+ supy(s) < 1. Moreover,
for each z,y € X and v € Tz, there exist u € Ty such that

d(v,u) <v(d(z,y))d(z,y).
Putting v = y, we will get that

Proof. Let define a function « : [0,00) — [0,1) as v(t) =

d(y,u) < y(d(z,y))d(z,y)
Define f(z) = inf{d(z,b) : b € Tz} and suppose that T' does not have a fixed point
(ie., for all z € X, f(x) > 0). Let 1 € X be arbitrary and choose zo € T,
satisfying
S
— (7).
y(d(wr,22))"

Since T'wo # (), we can choose an arbitrary element x3 € T'zo such that

(2) f(z2) < d(z2,73) < y(d(z1,72))d(21, 72).

Also, as in equation (1), we have

(1) d(z1,z2) <

(3) d(l‘g,ﬂ?g) < f(.’l?g)

Y(d(22, 23))
From (2) and (3), we have
1

A(w,s) < min{y (e, 22))d(@r,22), ~ s

f@2)}

Thus
Y(d(z2, 23))d(z2, 23) < f(22) < Y(d(21,,72))d(71,72) < f(21).
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Continuously, {,}neny € X is a sequence constructed such that z,4; € T, and
satisfying
(4)

V(d($n+17$n+2)d($n+17 $n+2) < f(anrl) S V(d(xnu mn+1))d(xn7xn+1) < f(xn)7

and

(5) d(@n+1, Tnt2) < V(A @ns1, T0))d(Tnt1, Tn).

Since y(t) < 1, we have d(Zp41, Tnt2) < d(Zn, Tny1). Hence, from (4) and (5), the
sequences {f(z,)} and {d(x,,zn+1)} are strictly decreasing. Next, we show that
{Zn}nen is a (D, #)- Cauchy sequence in two steps:

Step 1 we show that all terms different. Suppose not i.e suppose z,, = x,, for some
n > m, where m,n € N. Hence

f(zy) = inf{d(xm,b) : b € Tay,}
= inf{d(z,,b) : b€ Tx,}
= f(zn),
which contradicts {f(z,)} being strictly decreasing.
Step 2 We show that > d(z,,zn+1) < co. Since {d(zy,zn+1)} is an decreasing
sequence in R and bounded below, it converges to some positive real number (say
§). Also, we have lim,_,;+ supy(s) < 1, thus, there exist r € [0,1) and £ > 0 such

that y(s) < r for all s € [§,0 +¢). For any n € N, we can choose 1 € N satisfying
§ <d(xp,rn+1) < d+e withn > pu. So,

00 1 [eS)
Zd(xna‘rn+l) S Zd(‘rn7:’r‘.’ﬂ+1) + Z d(mnyanrl)
n=1 1

n=p-+1

" [eS)
<3 dla i) + 3 1l )
n=1

n=1

A
8

Thus {z,} is a (>, #)- Cauchy sequence in (>_,7#) complete v- generalize metric
space. Then, it is converge to some z € X and by lemma (2.5), {z,} is a Cauchy
sequence. From our assumption we choose {u, } € Tz satisfy

d(Tpt1,un) < H(Tz,, T2) < v(d(xn, 2))d(zn, 2),

for any n € N. But {z,} converges to z, so d(zp+1,un) — 0 as n — oo. Thus we
have z,41 — z and z,+1 — u,. Therefore, by lemma(2.5) d(u,,z) =0 as n — co.
So d(T'z,z) = 0 implies f(z) = 0 which is a contradiction. Therefore, there exist
z € X such that f(z) = 0 and hence z € Tz is a fixed point. O

Definition 3.2. [7] A multi- valued map T from X into CB(X) is called a- ad-
missible if for any v € X and y € Tz, a(zx,y) > 1 implies a(y,z) > 1 for any
z € Ty, where a: X x X — [0, 00).

The up coming lemma proved in [18], for single-valued map here, we prove it for
multi- valued map.
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5

Lemma 3.3. Let (X,d) be a v- generalized metric space. Let T be a multi-valued
mapping from X into 2% and {x, }nen be a sequence in X defined by w11 € Ty,
such that x,, # T,11. Assume that

(6) d(l‘n, xn-‘rl) S 5d(-rn—1; xn)
hold for any 6 € [0,1). Then x,, # xm Yn #m € N.

Proof. We prove that x,4¢ # x,, for all n € N and ¢ > 1. Suppose the contrary
that is z,4+¢ = =, for some n € N and ¢ > 1. By assumption, we have that
ZTpte4+1 = Tnt1. Then from (6) we get

(7)

d($n7 xn+1) = d(xn+€awn+2+1) S 5d(xn+5717xn+4) S S 6ed($n; xn+1) < d(xn7xn+l)

which is contradiction. Thus, we get z,, # x,, for all m # n in N. O

Let @ be the family of all functions ¢ : [0,00) — [0, 00) which satisfying the
following conditions:
(a) p(s)=0iff s =0.
(b) ¢ is non-decreasing and lower semi-continuous

s
(¢) lim,_ g+ sup — < 0o

¢(s)
Theorem 3.4. Let (X,d) be a (>,#) complete v- generalized metric space. Let
T:X — CB(X) be an a- admissible multi-valued mapping satisfying:

(i) There exist xo € X and x1 € Txo such that axg,z1) > 1
(ii) If (yn) € Tx and (y,) converge to y then y € Tx
(iii) oz, ) H(Tz, Ty) < ¢(d(x,y))d(x,y) for any x,y € X, and ¢ is MT-function.

Then T has a fized point.

1+ ot
Proof. Let 5 : [0,00) — [0,1) as S(t) = 2¢( ) such that lim,_,,+ sup 8(s) < 1.
Clearly ¢(t) < B(t) for each t € [0,00). Let zo € X and choose x; € Txg such that
1— (d(l‘o,l‘l))

5 d(zg,x1) > 0. Since Tz # 0,

a(zg,x1) > 1. Assume zg # 17 so,

choose x9 € T'xq such that

1 — ¢(d(zo,21))

d(w1,29) < H(Two, Txy) + 5 d(zo,21)
< a(zo, 1) H(Txo, Tx1) + Md(ﬂﬁo, 1)
— ¢(d(xg, x
< oo, e1))d(eo, 1) + ATy

< B(d(zo, x1))d(z0, 1)

Since T is a- admissible, 21 € Ty and a(zg,z1) > 1 then, a(Txg, Tx1) > 1 which
1 — ¢(d(z1,22))

5 d(l’l,l'g) >

implies a(x1, x2) > 1. Similarly assume x; # x2 we have
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0 and choose x3 € Tz such that

1 — ¢(d(z1,22))

d((I}'Q,ZE‘g) g H(TxlaTxQ) + 2 d(xlaxQ)
—o(d
< a(zy, ) H(Tx1, Tas) + Md(wl, x2)
— o(d
< ¢(d(w1, 22))d(w1,72) + Md(xh )

< B(d(w1, 22))d(21, 72).

Similarly, using the same method of proving theorem (3.1), we have our result.
O

Theorem 3.5. Let (X,d) be a (>.,#) complete v- generalized metric space. Let
T:X — CB(X) be a multi-valued map satisfying:

e(H(Tz, Ty)) < afp(d(z,y)))e(d(z,y)),
for each xz,y € X, where a is a MT- function and p € ®. Then T has a fized point.

1+ aft
Proof. Let 7y : [0,00) — [0, 1) defined by () = Ta(). Since ¢ is non- decreasing
function, then

max{ sup (d(v, T)), sup w(d(u,Tx))}
veTx ueTy

(8) = max {gp( sup d(v, Ty)), ¢( sup d(u, Tgc))}

= ¢ (H(Tz, Ty)) < ~v(e(d(z,y)))e(d(z, y)).

There exist an element z € T'y such that

e(d(y, 2)) < v(pld(z,y)))p(d(z,y)),

for each z € X and y € Tx. Thus, in the same way a sequence {z,}n,eny € X
defined as x,,41 € Tz, is constructed such that

(9) (d(@n, Tnt1) < v(P(d(@n-1,20))p(d(Tn-1,25))
for all n € N. Since y(t) < 1 for any t € [0, 00), hence from (9) we get
(10) o(d(Tn, Tny1) < p(d(Tp—1,2n)).

Clearly {¢(d(zp—1,y))} is decreasing sequence of positive real numbers. Hence
it is converge to some non- negative real number, say €. By contradiction, it is
easy to show that e = 0. Note that, ¢ is a non- decreasing function which implies
to d(@p, Tni1) < d(xp—1,x,). Thus the sequence {d(z,,z,+1)} is also decreasing.
Hence by lemma (3.3), the terms of the sequence all are different. Now, show that
oo o d(@n, xny1) < 0o. Note that the sequence {d(zy,,zy4+1)} is decreasing and

bounded. Thus, it is converges to a positive real number (say ¢) which implies that
©(0) < @(d(zp, Tpt1)). Thus,

0(0) < lim @(d(xn,zpt1)) =€ =0.

n—oo
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Since ¢(s) = 0 if and only if s = 0 then, § = 0. By lemma (2.6), there exist
r € [0,1) such that, p(d(zn,2n11)) < re(d(zn—1,2n)). Therefore,

o0

Z o(d(Tn, Tnt1)) < Z o(d(n, Tng1)) + Z e(d(n, Tni1))
n=1 n=1

n=p+1

H 0o
< Z o(d(Tn, Tni1)) + Z ro(d(zy, pt1))
n=1 n=1
< o0.

By defintion of ¢, we have

. d(Tp, Tpy1) . s
lim sup—— < lim —— < 0.
n=oo " p(d(Tn, Tnt1)) T s—0t p(s)

Thus, the sequence {z,} is a (3, #)- Cauchy sequence. Since X is a (D, #)
complete v- generalized metric space and by lemma (2.5), it is Cauchy and then it
is converge to some z € X. From the definition of ¢ and its increasing we conclude
that,

wd(z,Tz)) < lim inf o(d(zp41,T2) < li_)m inf o(H(Tx,,Tz))
n—oo

n—oo

< li_>m inf y(p(d(zn, 2)))p(d(zn, 2)) < li_>m inf p(d(xn, 2))
= lim o(s) = lim o(d(zn,zn+1)) =0.

Therefore, ¢(d(z,T%)) = 0. Thus by the definition of ¢ and since Tz closed we
have z € Tz is a fixed point. O
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On Multiresolution Analyses Of Multiplicity n

Richard A. Zalik *

Abstract

This paper studies multiresolution analyses in L?(R?) that have more than one scal-
ing function and are generated by an arbitrary dilation matrix. It provides a further
analysis of a representation theorem obtained by the author for such MRA’s.

1 Introduction

The concept of multiresolution analysis of multiplicity n is due to Alpert [1, 2, 3] who
introduced his now well known dyadic multiresolution analysis with an arbitrary num-
ber of filters in L?(R). Alpert’s results motivated a number of papers, focused on the
univariate case, such as Hervé [12, 13], Donovan, Geronimo and Hardin [6, 7], Geronimo
and Marcelldn [10], Goodman, Lee and Tang [9], Goodman and Lee [8], and Hardin,
Kessler and Massopoust [11]. Multiresolution analyses of multiplicity 1 (i.e., with a sin-
gle scaling function) with arbitrary expansive matrices in L?(R) were studied by Lemarié
[15, 16] and Madych [17], among others, and we should also mention Wojtaszczyk’s ex-
cellent textbook [25]. Properties of low pass filters and scaling functions in this context
were studied by San Antolin [19, 20, 21, 22| and Cifuentes, Kazarian and San Antolin
[5]. Saliani [18] extended these results to multiresolution analyses of multiplicity n gen-
erated by an expansive matrix. These results were further extended by Soto-Bajo [24]
to multiresolution analyses having an arbitrary (not necessarily finite) set of generator
functions. In [4], Behera studied multiwavelet packets and frame packets of L?(R?) asso-
ciated with multiresolution analyses of multiplicity n generated by an expansive matrix.
In [26] the author presented a representation theorem for such multiresolution analyses,
in [27] he gave some simple examples for the case n = 1, and in [23] San Antolin and the
author obtained representation theorems for vector valued wavelets. Some of the authors
cited above have showed that by using more than one scaling function it is possible to

*Department of Mathematics and Statistics, Auburn University, AL 36849-5310, zalik@auburn.edu
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construct wavelets that have a set of properties not available for wavelets associated
with a multiresolution analysis having a single scaling function; for instance in [6] they
constructed wavelets associated with more than two scaling functions having compact
support, arbitrary regularity, orthogonality, and symmetry. These results would indicate
that the further study of multiresolution analyses of multiplicity n may lead to other
interesting results.

In what follows, Z will denote the set of integers, Z the set of strictly positive
integers and R the set of real numbers; C will denote the set of complex numbers, and
I will stand for the identity matrix. Boldface lowcase letters will denote elements of R%;
x -y will stand for the standard dot product of the vectors x and y; the vector norm
|| - || is defined by ||x||* := x - x. If A is a matrix ||A|| will denote the matrix norm
induced by the vector norm || -||. The inner product of two functions f,g € L?(R?) will
be denoted by (f, g), their bracket product by [f, g], and the norm of f by ||f||; thus,

()= | fegiat

£, 9)(6) = > f(t+K)g(t +k),

keczd

and

A1 = VAL 1)
The Fourier transform of a function f will be denoted by f. If f € L(R%),

f(x):= /Rd e BT £(¢) dt.

Let A € C? and |a| := det(A). For every j € Z and k € Z? the dilation operator Dj*
and the translation operator Ty are defined on L?(R?) by

A o 117/2 j
DAf(t) = |al//2f(AT)
and
Tif(t) := f(t + k)
respectively. Let T := [0,1], and let T¢ denote the d-fold cartesian product of T. A
function f will be called Z?periodic if it is defined on R? and Ty f = f for every k € Z¢
Let u = {uy, - ,un,} C L2(R?); then

T(u) = T(u17 to 7um) = {Tku,u S u,k S Zd}

and
S(u) = S(ug, -+ ,upy) :=spanT(u),

where the closure is in L2(R%). S(u) is called a finitely generated shift-invariant space
or FSI and the functions uy are called the generators of S(u). In this case we will also
use the symbols T'(uy, -+ ,u,) and S(u1,--- ,uy,) to denote S(u) and T'(u) respectively.
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We also define
T(A7;u) = T(AT ug, - Uy) = {DﬁTkw;E =1,---m,k € 29},

and ‘ ‘ A
S(A7;u) = Sj(A% ug, -+, uy) :=5panT(A’;u).

Given a sequence of functions u := {ug, - , Uy, } in L2(R?), by Gluy, -, tn](x), Gu(X)
or G(x) we will denote its Gramian matriz, viz.

m

6(x) = ([, @]())

j=1

Let A C Z and u = {uy;k € A} € S € L*(R?). If S is a shift-invariant space then u
is called a basis generator of S, if for every f € S there are Z% periodic functions py,
uniquely determined by f (up to a set of measure 0), such that

7= pi.

keA

In what follows we will assume that A is a fixed matrix preserving the lattice Z¢, i.e.
AZ% c 7. We will also assume that A is expansive, that is, there exist constants C' > 0
and § > 1 such that for every j € Z, and x € R?

|A7x|| > C&||x].
Lemma 1. A is expansive if and only if all its eigenvalues have modulus larger that 1.

Proof. Suppose first that all the eigenvalues of A have modulus larger that 1. If A is a
Jordan block, then A = A\I+N, where N has 1’s on the superdiagonal and 0’s elsewhere,
and from e.g. [14, Lemma 3.1.4] we deduce that

d

Alx = kz_o <‘;> \F IRy

whence the assertion readily follows, and therefore it also follows when A is in Jordan
canonical form. In general, if Q is the Jordan form of A, then Q = B~'AB and we
have

Colyll < ||Q%yll = IB~*A'By]| < ||B7'||||A’By]|.

Setting x = By the assertion readily follows.

Conversely, if A has an eigenvalue A with modulus less or equal to 1 and v is an
eigenvector for A with ||v|| = 1, then Av = AI; hence ||AJv|| = |\/ < |A|, and ||ATv||
remains bounded. So A is not expansive. 0

The previous proof was suggested by Wayne Lawton. An elementary proof may be
found in San Antolin’s thesis [19, Lema A.12].
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A multiresolution analysis (MRA) of multiplicity n in L?(R?) (generated by A) is a
sequence {V};j € Z} of closed linear subspaces of L?(R?) such that:

(i) V; C Vi for every j € Z.

(ii) For every j € Z, f(t) € V; if and only if f(At) € V).

(iif) Ujez Vj is dense in L*(RY).

(iv) There are functions u := {uq,--- ,u,} such that T'(u) is an orthonormal basis of V}.

From [18, Lemma 17] we know that if {V};j € Z} is a multiresolution analysis, then

Vi = {0} (1)
JEZ.
This generalizes a result of Cifuentes, Kazarian and San Antolin, which was established
for multiresolution analyses of multiplicity 1 (cf. [5, Lemma 4]).
It follows from the definition of multiresolution analysis that there are Z% periodic
functions py; € L?(T%) such that the functions wu, satisfy the scaling identity

n
af(A*X) = sz,j(x)a](x)7 ]76 = 17 e, N a.e,
7j=1

where A* is the transpose of A. The functions uy are called scaling functions for the
multiresolution analysis, and the functions p, ; are called the low pass filters associated
with u.

A finite set of functions 1 = {41, , ¥} € L?(R?) will be called an orthonormal
wavelet system if the affine sequence

(DA j €Z,keZ (=1, ,m}

is an orthonormal basis of L?(R9).

Let v := {41,--- ,%n} be an orthogonal wavelet system in L?(R?) generated by a
matrix A, let M := {V};j € Z} be a multiresolution analysis and let W} denote the
orthogonal complement of V; in V;y1. We say that v is associated with an MRA, if
T'(v) is an orthonormal basis of Wj.

2 Representation of orthonormal wavelets.
For k > 1 let diag {—e'“, 1,--- , 1} denote the k x k diagonal matrix with —e™, 1,--- 1

as its diagonal entries. With the convention that Arg 0 = 0 we have

Theorem 1. Let M := {V};j € Z} be a multiresolution analysis of multiplicity n with
scaling functions w := {uy, - ,u,}, generated by a matriz A that preserves the lattice
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ZY For1<{<mn,let{vpy, - ,Vg,ja|} e an orthonormal basis generator of S(A,uy),
let e :=(1,0,---,0) € R, and

|al

Gx) = 3 bey (%) (%), (2)
j=1

bg(X) = (bg’1<x), e ,bg7|a|(x))T, 5@(X) = eiATgbé,l(x)’ q@(x) = bg(x) + (5@(X)e,

G(X) = (8171(}{)7 T 761,\a|(x)7 T 7:‘77171(}{)7 T 76n,|a|(x))T7

and

Qi (x) := diag {—dp(x), 1, - - ,1}|a| {I — 2qg(x)qg(x)*/qg(x)*qg(x)} )
Let a := det A, m := |a|n, and let

m

Q) = (a04(x))

0k=1

be the m x m block diagonal matrix

Q1(x) 0
Qi(x) ®Qa(x) D+ ®Qm(x) = :
0 Qn(x)
If
G1(x), -, Tn(x)" == Q)V(x),
then
Y—)aj41 = we; 1 <L <, (3)
and

{We—1)arr; 1 <€ <n, 2 <k <|al}
is an orthonormal wavelet system associated with M.

The preceding theorem was proved in [26, Theorem 9] but there was arguably a gap
in the proof, which is bridged by the following

Lemma 2. Let m = n(|a| — 1), let {V};j € Z} be a multiresolution analysis and assume
that {ug; ¢ = 1,--- ,n} is an orthonormal basis generator of V. Then

Vi= S(A,ul) @S(A,UQ) D @S(A,un).

Proof. From [26, Theorem 3] we know that there exist functions vy, £ = 1,---n, such
that {vg1,---vy|q} is an orthonormal basis generator of S(A,u). Therefore {vg ;1 <
¢ < n,1 <k < |a|} is an orthogonal basis generator of S(A,u1) ® S(A,uz) ® - - D
S(A,uy), which is a subspace of Vi. But [26, Theorem 3] also tells us that every Riesz
generator of V; has |a|n functions, and the assertion readily follows from [26, Theorem
1). 0
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We can actually say more: the following theorem elucidates the structure of a mul-
tiresolution analysis of multiplicity n:

Theorem 2. Let {V;;j € Z} be a multiresolution analysis and assume that {us; ¢ =
1,---,n} is an orthonormal basis generator of Vy. Then
(a) If j >0,

Vi = S(A7,u1) @ S(AY,ug) @ - © S(AI, uy).

(b)

£t = ([ stassun U S+ ()
=0 =0 j=0

Proof. From [26, Theorem 4] we know that every orthonormal basis generator of Vj, j >
0, must have n|a|/ functions, and an argument similar to the one employed in the proof
of Lemma 2 yields (a).

To prove (b), let f € L?(R?) and let € > 0 be given; then there is a j € Z, and a
g € Vj such that ||f — g|| < e. Since a fortiori g belongs to the closed set

U S(Ad;un)+{ ) S(AT;ug) - +J S(Ad;u)
Jj=0 7=0 =0
and ¢ is arbitrary, the assertion follows. 0

Theorem 3. Let m = n(|a| — 1), let the functions yi, k = 1---|a|n be constructed as
in Theorem 1, and let q; = yji¢ for £ =1,---n,j = La|,---,( + 1)(la| = 1). Then
{wy, - w,} is an orthonormal wavelet system if and only if r = m and there exists an
orthogonal matriz Q(x) such that

(wla ce wm)T = Q(l‘)((hv T Qm)T'

Proof. From Theorem 1 we know that {qi,---¢m} is an orthonormal basis system or,
equivalently, that it is an orthonormal basis generator of S(u). The assertion now readily
follows from [26, Corollary 3 and Theorem 5]. O
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Abstract

Here we give a very general fractional Bochner integral representation
formula for Banach space valued functions. We derive generalized left and
righ fractional Opial type inequalities, fractional Ostrowski type inequali-
ties and fractional Griiss type inequalities. All these inequalities are very
general having in their background Bochner type integrals.
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26D15, 46B25, 46E40.

Keywords and Phrases: Bamach space valued functions, vector generalized
fractional derivative, Caputo fractional derivative, generalized vector fractional
integral inequalities, Bochner integral, fractional vector representation formula.

1 Background
We need

Definition 1 (/2]) Let [a,b] C R, (X,]|||) @ Banach space, g € C* ([a,b]) and
increasing, f € C ([a,b],X), v > 0.

We define the left Riemann-Liouville generalized fractional Bochner integral
operator

(Iead) @ =15 [ @ =9 @ f@d )

Y x € [a,b], where T is the gamma function.

The last integral is of Bochner type. Since f € C([a,b],X), then [ €
Lo ([a,b], X). By [2] we get that I}, ., f € C ([a,b], X). Above we set I{, ., f =
[ and see that (I},.,f) (a) = 0.
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When g is the identity function id, we get that I3 q = 1oy, the ordinary
left Riemann-Liouville fractional integral

1

(1) @) = 75 / S0 f (), @)

V€ [a,b], (IX, f) (a) = 0.
We need
Theorem 2 ([2]) Let pi,v >0 and f € C ([a,b],X). Then

Lovigldsigf = If;if;f = Liyigliref- 3)

‘We need

Definition 3 (/2]) Let [a,b] C R, (X,]|||) a Banach space, g € C* ([a,b]) and
increasing, f € C([a,b],X), v > 0.

We define the right Riemann-Liouville generalized fractional Bochner inte-
gral operator

14 — 1
(Ib—;gf) (IIZ) T T (V)
V z € [a,b], where I is the gamma function.
The last integral is of Bochner type. Since f € C(la,b],X), then f €
Lo ([a,0], X). By [2] we get that I} f € C([a,b], X). Above we set I . f :=

f and see that (I[’)’_;gf) (b) =0.

When g is the identity function id, we get that Iy .4 = 1;_, the ordinary
right Riemann-Liouville fractional integral

b
/ (9(2) — g (@) ' (2) f (2) d=. (4)

(17 f) (2) = ﬁ /f (t— )"\ F () dt, (5)

Y @ € [a,b], with (I{_f) (b) = 0.
We need
Theorem 4 (/2]) Let pp,v > 0 and f € C([a,b],X). Then
I oIy gf = D20 f = I oI f. (6)
We will use
Definition 5 (/2/) Let « > 0, [a] = n, [-] the ceiling of the number. Let

f e C™([a,b],X), where [a,b] C R, and (X, ||||) is a Banach space. Let g €
C* ([a,b]), strictly increasing, such that g=* € C™ ([g (a), g (b)]).
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We define the left generalized g-fractional derivative X -valued of f of order
a as follows:

1

(Dng;gf) (z) = m

[ 6@-g@ " 0 (rog )" @)
(7)
YV x € [a,b]. The last integral is of Bochner type.
If a ¢ N, by [2], we have that (DS, ., f) € C ([a,b], X).
We see that
(1275 ((Fog™) W og)) @) = (D2iyf) (@), Yaclabl. (8
We set
n R —1\(n)
Diyof @)= ((fog™) " og) (@) € C(la,],X), neN,  (9)

DYy of (2) = f (@), ¥ elab].

When g = id, then
Dg+;gf = Dg+;idf = Dfa ) (10)
the usual left X -valued Caputo fractional derivative, see [3].

We will use

Definition 6 (/2/) Let « > 0, [a] = n, [-] the ceiling of the number. Let
f € C"([a,b],X), where [a,b] C R, and (X, ||:||) is a Banach space. Let g €
C! ([a,b]), strictly increasing, such that g=* € C™ ([g (a), g (b)]).

We define the right generalized g-fractional derivative X -valued of f of order
a as follows:

(_1)7L

(D) (@) = e [ @O =9@)" 7 g () (r0a7) " g (O)at

(11)

YV x € [a,b]. The last integral is of Bochner type.
If a ¢ N, by [2], we have that (Dg“_;gf) € C([a,b],X).
We see that

Lo (G0 (Fog™) W eg) @) = (D)) (@), a<w<b (12)
We set
Di_yf (@)= (=1)" (fog™")" 0g) (8) € C(la,}], X), nEN,  (13)

Dg,;gf (z):=f(2), Vaclab].
When g = id, then

Dy_yf (x) = Dy_af () = Dy f, (14)

the usual right X -valued Caputo fractional derivative, see [3].
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We make
Remark 7 All as in Definition 5. We have (by Theorem 2.5, p. 7, [5])

[(020) @] < 5= [ @@ =05 @ (7097 (0 0] at

(#2970 o]

g(z)
00,[a,b] n—a—1 o
R = el BRUC RO OE
H(fog_l ( )OgH Ja,b] n—a 15
F e ) g ) (15)
That is
H('fogil)( )OgHoo,[a,b] n—a 16
|(Dieh) @I < —F a7 @@ —g@)™,  (6)
Vz € la,b].

If a ¢ N, then (D, f) (a) = 0.
Similarly, by Definition 6 we derive

|08 @] < s [@(t)—g(m))" g 0o (o 0] at

g(t) =g (@)" " dg(t) =

[(rog)™ oy ot
< 00,[a,b] / (
g9

Jisos

Al (g (b) — g ()" (17)

That is

[(Foa™)eq|
'n—a+1)

1(D§.,f) (2)]| < L g ) —g (@), (18)

Vzelab.
Ifa ¢N, then (D;;g;g f) (b) = 0.
Notation 8 We denote by

D¢, =Dy, Dy ,..Dyy ., (n times), n €N, (19)
Igj:g = I¢(11+ gIzlzXnL 397" Iz(zXJr;g’ (20)
Dpe, =Dy Dy ,..Di_.,, (21)

and

noa .
b—;g - Ib Ib Ib— (g0

(n times), n € N.
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We are motivated by the following generalized fractional Ostrowski type
inequality:

Theorem 9 ([2]) Let g € C' ([a,b]) and strictly increasing, such that g=' €
C'(lg(a),g®)]), and 0 < a < 1, n € N, f € C'([a,b], X), where (X, 1D

is a Banach space. Let xo € [a,b] be fived. Assume that F}° = mr f, for
k=1,..,n, fulfill F° € C*([a,z0],X) and (D;OO‘_ gf) (z9)=0,1=2,.

Similarly, we assume that G}° = D’;;"+;gf, for k =1,...,n, fulﬁll Gi" €
C' ([zo,b], X) and (DX, . f) (z0) =0, i=2,...,n

To+;9
Then
L[ b @ ) < :
- — f(x .
b—a J, Lo VN =0b-—a)T(n+a+1)
{0 - g™ 06— [p8E0e]
@) =g @) @ -a[pey| b e
In this work we will present several generalized fractional Bochner integral
inequalities.

We mention the following g-left generalized X-valued Taylor’s formula:

Theorem 10 (/2]) Let o > 0, n = [a], and f € C™ ([a,b] , X), where [a,b] C R
and (X, ||-|) is a Banach space. Let g € C* ([a,b]), strictly increasing, such that
g7t €C"(lg(a),g (®)]). Then

1" o i
F(a)/ (9(2) =g (£)""g' (8) (Do f) (1) dt =
fla)+ i (g9 () ;!g (a))l (f o g—l)(l) (9 (a)) + (24)

g(z)
Fag Ly @@= (Dheyf)og™) (), Ya ot

We mention the following g-right generalized X-valued Taylor’s formula:

Theorem 11 ([2]) Let a > 0, n = [a], and f € C™ ([a,b], X), where [a,b] C R
and (X,||-||) is a Banach space. Let g € C*([a,b]), strictly increasing, such that
97 €C"(lg(a),g(®)]). Then
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s+ 30 W IOT (0 2O g ) ¢ (29

g(b)
(z)/( ) (z =g (@) (Dp_gf) 097!) (2)dz, ¥z €a,b].

For the Bochner integral excellent resources are [4], [6], [7] and [1], pp. 422-
428.

2 Main Results

We give the following representation formula:

Theorem 12 All as in Theorem 10. Then

0 o1 (k) b
N IETTS plAT e Ly AR A
k ’ e

(26)

b—a
1

for any y € [a,b], where

-
I'(a) (b—a)

V Xiaw { (/ lg (= 7t (@) (D5 f)(t)dt)dx
/X[vb] (/ lg (= ot ’()(D;“ﬂf)(t)dt)dx]_ (27)

here x 4 stands for the characteristic function set A, where A is an arbitrary
set.
One may write also that

Ry (y)=—

+/yb (L”(g(x)—g(t))a Y9 () (DS, f) (t)dt) dx],

for any y € [a,b] .
Putting things together, one has

b n—1 01 (k) b
i [i@a- T ) OO ) gt e
@ k=1 ’ a
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_F(a)(lbl/ Xfom) (@ (/ 90) =9 O o (0D 1) ()t ) d

[ @ [ lo@ =05 0 050 0 ) dx]. (20)
In particular, one has
f o) (gw) f° .
Dy [ i | @ - e ) de = R o).
(30)
for any y € [a,b].
Proof. Here x,y € [a,b]. We keep y as fixed.
By Theorem 10 we get:
n—1 o —1 (k)
fa@) =+ X L 0D ) g @y
k=1
L/z( (@) — g () g’ (t) (D2,..f) (t) dt, for any @ >
o) J, g g g tig ; yT>y.
By Theorem 11 we get
n—1 o —1 (k)
=+ Y LD o) g @
k=1
i @0 =9@) g O (D5 ) O, o any 2 <
By (31), (32) we notice that
b Y b
/f(x)d:v:/ f(x)dm—i—/ @) de = (33)

T () Y
b n=1 (e —1\k) b
[ 1w S0 <g<y>>/ 6] (g o
Y k=1 y
1 fhyqe o )
r<>/ (/y (9(x) =9 ()" (1) (Dys ) (1) )dx

1069

Anastassiou 1063-1081



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Hence it holds

b n—1 01 (k) b
[ rwa=r s SO ) gt

k=1

Fm)(lb—a)[/y (f'gmg 1“7t () (D f)(t)dt>dm+
/yb </ l9(@) =g OI" 9" (1) (D 10) <t)dt> d:ﬁ].

Therefore we obtain

fogt (k) b
i @ SRS 00D e
k ’ @

1

Fm)(lb—a)[/y (/zy|g(x)g *"h g () (D f)(t)dt>dx+
/yb (/ym|9(m)—g |~ 1 /()(D;‘+gf) (t)dt) dx].

Hence the remainder

R ) =~ = [/ (/ 9(a) =901 o (0 (D5 ) ()t ) d

+/yb( 9 (@ 7 (1) (Dyyf) (t)dt) dm] .

b—a l/bxaw (/ lg (@ *t g () (Dy f)(t)dt)da;

(36)

+/ab><[y,b](93) (/jlg(w)—g * '()(Dzﬁgf)(t)dt)dx]'

The theorem is proved. m
Next we present a left fractional Opial type inequality:

(34)

Theorem 13 All as in Theorem 10. Additionally assume that « > 1, g €
C ([a,b)), and (fog )™ (g(a)) =0, for k = 0,1,...,n— 1. Let p,q > 1 :
Ly 1l_1 Then
P
x o 1
[ 1 @ D2,1) )] ) dw < - (37
a «

([ (] ww-g0rera) dw)’l’ (/ (D3 f )(w)nqdw)g,

V€ la,b.
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Proof. By Theorem 10, we have that

f(SC)—P(la)/j(g(w)—g(t))a Yo' (1) (Do f) (B dt, Y x€fab]. (38)
Then, by Hélder’s inequality we obtain,
1@< i ([ @@ =gy an)” ([[6@r 0,0 o) @)
(39)
Call
2@)i= [ O (D2, 0) O] at, (40)
z(a’)I‘}T .
(@ N (Degf) @] = 0, (41)
and
(2 (z))e =g ||( a+gf)(x)|‘207 V€ la,b]. (42)
Consequently, we get
If (w)llg" (w) [|(Dg4f) (w)]| < (43)
L v w) — p(a—1) % 2(w) 2’ (w % w a
i ([ @ -o) dt) (=) )", Vwe ],
Then
J 1 @Iz ) @] o' (0 < (a4

i/a </a (g (w) =g (£)" dt)l (2 (w) 7 (w)) " dw <

Tr
Fioz) (/w (/w (g (w) — g ()P @™V dt) dw>; (/;z(w) % (w)dw> =
(45)

%04) (/m (/aw (9 (w) =g (1)) dt) dw); <222(x)); -
ﬁ </: </aw(9(w)—g(t))p(“_”dt) dw);.

([ w e ioe.nol dt)g 2t (16)

The theorem is proved. m
We also give a right fractional Opial type inequality:

Q=
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Theorem 14 All as in Theorem 11. Additionally assume that « > 1, g €

C' ([a, b)), and (fog_l)(k) (g(b)=0,k=0,1,...n—1. Letp,qg>1:
1. Then
1
D
[ 15 @R 1) @] 5 ) < T

b b % b
( / ( / (g(t)—g(w))p”‘”dt> dw> ( | @ @) (D) <w>|\qdw) :

alla <z <b.

Proof. By Theorem 11, we have that

1,1 _
p+q_

(47)

b
F@) =t | @O-9@) g O/ D5 ) Odt ala<a<n (@)

Then, by Holder’s inequality we obtain,

If @) < (1)< / (g(t)—g(x))““‘1>dt>p ( / (9 ()" |(Df—sf) ()

Call
b
2(@)i= [ (o @) (D501 0] .
z(b) =0.
Hence
7 (x) = (¢ (@) [ (Di_yf) @) <0,
and
—2' () = (¢' (@) [[(Di_y f) (2)]|* = 0,
and

(= (@)% =g (2) [ (D5_yf) @)] 20, ¥ 2 € [ab].
Consequently, we get
1f (w)ll g" (w) [ (DF_y f) (w)]| <

1 ’ pla—1 /
F(a)< (9.(t) — g ()" >dt> (2 (w) (=2 ()",

Q=

—~

/||f (D5, 7) (w)]| ¢ (w) duw <

L — pla=1) %—zwz’w%w
F(a)/x@(g(t) g () dt) (= (w) 2 ())* dw <

10
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YV w € [a,b].

H%lt)é.

(49)

(50)
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The theorem is proved. m
Two extreme fractional Opial type inequalities follow (case p =1, ¢ = c0).

Theorem 15 All as in Theorem 10. Assume that (fog_l)(k) (9(a)) = 0,
k=0,1,....,n—1. Then

‘ « ||Dg ,gf”io * «
J 1 @02, ) dw < FEE e (g ) - g (@) dw) . (59)
alla <z <b.

Proof. For any w € [a, b], we have that

f(z)= F(la)/a (g(w) =g ()" g () (D4, f) (t) dt, (59)

and ) w

I @1 < 575 ( / (g(w) — g (1) g (1 dt) 1D% 0 f]
[z o
= e (g w) — g ()" (60)
Hence we obtain
D2, I .

I @)l D4 ()] < ww(w)—g(a)) SNGY

Integrating (61) over [a, 2] we derive (58). m

Theorem 16 All as in Theorem 11. Assume that (f og_l)(k) (g(b) =0, k=
0,1,....,n—1. Then

[ 1 @15 )] < MX’ ( [ o —g(w))adw> . (©)

alla <z <b.

11
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Proof. For any w € [a,b], we have

1 b a—1
F@) = Fa /w (9(t) — g (W)™ g’ (1) (D, ) (¢) d, (63)

and

b
If(w)IISF(la)</ (9(t) — g ()™ g'( dt) D5 f.

o

= M 0O g )", (64)

Hence we obtain

2

|2-1].,
1F @)D f ()| < Ty

Integrating (65) over [z, b] we derive (62). =
Next we present three fractional Ostrowski type inequalities:

(g (0) —g(w)*. (65)

Theorem 17 All as in Theorem 10. Then

—1 (k) b
| W5 [ 1 dx+2 Pod 8D [ ) - g )t o
1
FavD6-a)

(9 = 9 (@)* =) [ Dy_ o fI| . + (9 ®) = g )" 0 =) | D50 £
Yy € [a,b].

(66)

Proof. Define
(D;-‘r,gf) (t) = 0) for t < Y,
and (67)
(Dy_.,f) (t) =0, fort>y.

Notice for 0 < a ¢ N by Remark 7 we have

(D2ygf) (a) =0. (68)
Similarly it holds (0 < o ¢ N) by Remark 7 that
(Dl?F;gf) (b) = 0. (69)
Thus
(Dg10f) () =0, (Dy_f) (y) =0, (70)
0<a¢N, any y € [a,b].
12
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‘We observe that

IR ()] %)W)(lb_)[(/ (/:<g<t>g<x>)“ 1 ’()dt) dw) D5 f1l..

(71)
b T
([ ([ wor-aor s 0w 1951 | -
1 e —9@)" N pe
roa [ ) 195l
b ) — e}
+</y (9 (x) ag(y)) >‘|Dv+gf”w] <
1 o o
Fa 0= 0@ 9@ - Dy, S+
(90) =g )" =) | Dyl ] (72)

We have proved that

IR )] < !

S NCES(ED) (@) —g@)* v-a) Dy ofll,  (73)

+(g ) =9 )" (=) [ Dy fl.]

any y € [a,b)].
‘We have established the theorem. m

Theorem 18 All as in Theorem 10. Here we take o« > 1. Then

1 (k) b
H d“z L 259(”)/ (9() — g ()" dal| <
m [H (D5=a8) 297 sty @ = @) (9 ) = g ()"
+ H (D3+;gf) ° 971}|1’[g(y)7g(b)] b—1y)(g)—g (y))a_l} 7 (74)

Vyelab].

Proof. We can rewrite

o 1 y g(y) B o1 N -
Ri(y) = Wb_)[/ ( /M (: =g @) (D2 yf) o 9 )(z)dz) dz

b g(z) ) X »
+ / (/g(y) (9(2) — 2° " (D2, f) o g )(ZMZ) dx].

13
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We assumed « > 1, then

( (-9 (x))ail H ((Dgf;gf) © g_l) (Z)H dz) dx (76)
b g(z)
g/ </g (9(@) =" [(Dfrsf) 067 G dz> dw] <

1 v [ ro) . » B
WMK/ </g<m> G )<z>Hdz> d:c) (9(v) ~ 9 (@)
b g(x)
i (/, </g(y> [(®yssf)es™) (z)Hdz) dm) (9 (b) —g(y))a_1] <

= 1050 20y W= D g @) =g @) (77)

+ H( y+;gf) ©g 1”1,[9(3,),9(17)] (b=y)(gb)—g (y))ail} .

So when « > 1, we obtained

120 0 < =y [1P500) 2™ sy @ = @) (0 ) = g @)

+ H (Dg-i-;gf) °© g_lHL[g(y),g(b)] (b—y)(g(b)—g (y))a_l} .

Clearly here g~ is continuous, thus (Dg_. f)og~ € C([g(a),g(y)],X), and

(D;+;gf) og e C(lg(y),g(b)],X). Therefore

H(D;f;gf) © 9_1H1,[g(a),g(y)] |l (Dyy:gf) OQ_lHL[g(y),g(b)] < oo. (79)
The proof of the theorem now is complete. m

Theorem 19 All as in Theorem 10. Let p,q > 1: % + % =1, a> %. Then

-1) (k) b
H e dw+2 o0 D200 g0y g 1
(50

< ! o
[(a)(b—a)(p(a—1)+1)»
{(9 () — g (@) 5 (y—a) | (DE_,f) o g™
(g (®) — g W) b —)||(Dggf) 09

Yy € [a,b].

1
Hq,[g(akg(y)]

1
Hq,[g(y)ﬂ(b)J ’

14
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Proof. Here we use (75).
We get that

1

1 y 9(y) pla1) »
IR0 < F e / (/M (2 — g ()) dz)

9(y) a b [ rgx) %
o o ) ()Y dz T z) — 2P V| .
(/m (D5 of) 097 (2)] d) d +/y (/g(y) (9(x) - 2) d)

o (e —g@) -
F(oz)(b—a)K/a (pla—1)+1)7 d>H( 9529 N tot@ a0

(81)
V(g() —g )V o -
! </a (pla—1)+1)7 dx) [(Dyygf) o9 1||q,[g<y>,g<b>1] '
(here it is « — 1+ 1 > 0)
Hence it holds
1
I1R: ()] < g (82)
@ b-a@E@-n+1?
[(g () = 9(@)* 7 (y — a) || (DS_, f) T
(9(0) =g )% b= [|(Dgof) 0 971||q,[g<y>,g<b>1} :

Clearly here

H (Dgf;gf) Og_lnq,[g(a)’g(y)] ) H (Dng;yf) °9 1“ 9(y),9(b)] < o0

We have proved the theorem. m
Next we give some fractional Griiss type inequalities:

Theorem 20 Let f,h as in Theorem 10. Here Ry (y) will be renamed as
R (f,y), so we can consider Ry (h,y). Then

1)

Ap (f;h

(b-a)’

n-l b b
mHZH/ (/ (hw) (1o (9w +
k=1 a a

15
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Fly) (hog™)™ (g (y))) (9(z)—g(y)" dw) dy] =
b
ﬁ U (h(y) Ry (f,y) + f (y) Ra (h,y))dy] = K, (f,h), (83)

2) it holds

1A, (£, 1) < 4O —g @)

D2 i s (19571195051

e (o (10500l 12500) )| o

3)if a« > 1, we get:
180 ) < gy (0~ (@) (85)
{|h”1 ( elon (H( POLE N AR (G )T A q(bn)> '

7l <y2“p (1@50) 97 1y ey + 1 (Pies) °91||1,[g(a>,g<bn)> }
4)ifp,g>1

11 1 .
.5+E—1,a>a,weget.

1A, (f, B)|| < (g(b) —g(@)* 7
S (@) (pla—-1)+1)7

{”hHOO ( o <H( o) 29 g ooy T 1 (Priaf) Ogluq,[g(a),g(bﬂ)) i

Ml ( et (H( POLE I PRIl | GO e M g(b)1)>}.

All right hand sides of (84)-(86) are finite.

(86)

Proof. By Theorem 10 we have

b
hw ) =32 [ @) da-
n—1 (k) b
> h k' gb _)a) (g (y)) [l (g (LE) —g (y))k dLE + h (y) Rl (f’ y)v (87)
16
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and

) (hog )™ (9 ()
Z k!'(b—a)

b
/ (@) —g W) da+f ) By (hy),  (89)

k=1

Vyé€la,bl.
Then integrating (87) we find

b
[ s wan= W (/abf(w)d$> -

I;k,(bla)/a /a W) (Fog ™)™ (9w) (9(@) — g )F dedy

b
+ / h(y) Ry (f.) dy. (89)

and integrating (88) we obtain

/f (7 wyay) (S0 (@) da)

b—a

n—1 1 b b . ENG) B k
;W_) / / F@) (hog™) ™ (gW) (g (@) — g (v)" dudy

/f )Ry (hy)d (90)

Adding the last two equalities (89) and (90), we get:

z/abf(m(x)dx:2(faf<x>dz) (1Prwa)

b—a

n—1 1 b rb (B _1y (k)
];k!(b_a)H/a/ah(y)(fog )7 (9 W) + f(y) (hog™) <9<y>)1'

b
(9(z) — 9(y))kdxdy} +/ (h(y) Ry (f,y) + f (y) R (h,y)) dy. (91)

Divide the last (91) by 2 (b — a) to obtain (83).

Then, we upper bound K, (f, h) using Theorems 17, 18, 19, to obtain (84)-
(86), respectively.

We use also that a norm is a continuous function. The theorem is proved.
]

We make

17
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Remark 21 (in support of the proof of Theorem 20) Letaw > 0, a ¢ N, [a] = n.

We have
a 1 * n—a—1 —1 (n)
(D109) @) = o=y | 6@ =9 @) O (1o w®)at
’ (92)
YV x €y b, and
(D5 1) () = rinl_)w [ 60-g@ry 0 o)™ @@
(93)

YV x € [a,y], both are Bochner type integrals.
By change of variables for Bochner integrals, see [6], Lemma B. 4.10 and
[7], p. 158, we get:

g(z)
(O5) (@) = g [ 0= (Fog) " ()t -
( s+ (f 09’1)) (9(z), Vaelyb], (94)

and

(Dg?y)f (f 09_1)) (9(2), Vzelayl. (95)

Here D;‘(yH, D;‘(y)f are the left and right X -valued Caputo fractional differen-
tiation operators.
Fizw :w > xo > yo; w,Zo, Yo € [a,b], then g (w) > g(xo) > g (yo). Hence

(D5, 4:9F) (w) = (D5, 1. f) (w)]| =
| (Pgs (F0971)) (@) = (Dgagys (Fo9™)) (g w))]| =

1

m < (96)

g(0) a1 —1\ ()
/ (g (w) = 2" (fog )" (2) d2
9(vo)

ﬁ /gg(mo) (g (w) — z)n—a—l H(f og_l)(n) <Z)H dz <

(o)
o o—1)™ .
H(f 97 00,[9(a),g(b)] /g( ) (g (w) — 2)" "V dz =
['(n—a) 9(yo)
6]
o0, [9(

a),g(b)] n—a n—a
T (n —a+ 1) |:(g (yO) - Z) - (g ($0) — Z) — 0’

18
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as yo — To, then g (yo) — g (xo), proving continuity of (D;‘(y)+ (fo gfl)) (g (x))
with respect to g (y), and of course continuity of (D§+;gf) () iny € [a,b].

Simalarly, it is proved that (D;‘ﬂgf) (z) is continuous in y € [a,b], the proof
s omitted.

Remark 22 Some examples for g follow:
g(@)=¢€*, vela,b CR,
g (z) =sinz,
g (z) =tanz,

where x € —g + €, g — 5] , where € > 0 small.

Indeed, the above examples of g are strictly increasing and contimuous functions.
One can apply all of our results here for the above specific choices of g. We
choose to omit this job.
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Abstract

This paper deals with the regularity for solutions of second-order semilin-
ear impulsive differential equations contained the nonlinear convolution with
cosine families, and obtain a variation of constant formula for solutions of the
given equations.
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1 Introduction

In this paper we are concerned with the regularity of the following second-order
semilinear impulsive differential system

w"(t) = Aw(t) + [} k(t — s)g(s,w(s))ds + f(t), 0<t<T,
w(0) = z9, w' (0) = yo, (1.1)
Aw(ty) = INw(ty), Aw'(ty) = B (), k=1,2,...m

in a Banach space X. Here k belongs to L*(0,7) and g : [0,7] x D(A) — X is
a nonlinear mapping such that w +— g(t,w) satisfies Lipschitz continuous. In (1.1),
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the principal operator A is the infinitesimal generator of a strongly continuous cosine
family C(t), t € R. The impulsive condition

Aw(ty) = IMw(ty), Aw'(ty) = R@'(t)), k=1,2,....m

is combination of traditional evolution systems whose duration is negligible in com-
parison with duration of the process, such as biology, medicine, bioengineering etc.

In recent years the theory of impulsive differential systems has been emerging
as an important area of investigation in applied sciences. The reason is that it is
richer than the corresponding theory of classical differential equations and it is more
adequate to represent some processes arising in various disciplines. The theory of
impulsive systems provides a general framework for mathematical modeling of many
real world phenomena(see [1, 2] and references therein). The theory of impulsive
differential equations has seen considerable development. Impulsive differential sys-
tems have been studied in [3, 4, 5, 6], second-order impulsive integrodifferential
systems in [7, 8], and Stochastic differential systems with impulsive conditions in
9, 10, 11].

In this paper, we allow implicit arguments about L?-regularity results for semilin-
ear hyperbolic equations with impulsive condition. These consequences are obtained
by showing that results of the linear cases [12, 13] and semilinear case [14] on the
L?-regularity remain valid under the above formulation of (1.1). Earlier works prove
existence of solution by using Azera Ascoli theorem. But we propose a different ap-
proach from that of earlier works to study mild, strong and classical solutions of
Cauchy problems by using the properties of the linear equation in the hereditary
part.

This paper is organized as follows. In Section 2, we give some definition, notation
and the regularity for the corresponding linear equations. In Section 3, by using
properties of the strict solutions of linear equations in dealt in Section 2, we will
obtain the L?-regularity of solutions of (1.1), and a variation of constant formula of
solutions of (1.1). Finally, we also give an example to illustrate the applications of
the abstract results..

2 Preliminaries

In this section, we give some definitions, notations, hypotheses and Lemmas. Let X
be a Banach space with norm denoted by | - ||.

Definition 2.1. [15] A one parameter family C(t), t € R, of bounded linear opera-
tors in X is called a strongly continuous cosine family if
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c(1) C(s+t)+C(s—t)=2C(s)C(t), foralls, teR,
c(2) C(0)=1I,
c(3) C(t)x is continuous in t on R for each fized v € X.

If C(t), t € Ris a strongly continuous cosine family in X , then S(t), ¢ € R is
the one parameter family of operators in X defined by

t
S(t)x = / C(s)xds, v € X, teR. (2.1)

0
The infinitesimal generator of a strongly continuous cosine family C'(¢), ¢t € R

is the operator A : X — X defined by

d2

Ap — =
T e

C(0)z.

We endow with the domain D(A) = {z € X : C(t)z is a twice continuously differ-
entiable function of ¢} with norm

d
||z][pay = [|2]] + Sup{lla(f(t)wll 1t € R} + [|Ax|].
We shall also make use of the set

E ={z e X :C(t)x is a once continuously differentiable function of ¢}

with norm ;
|zl|z = [|=]] +SUP{H%C(t)xH :t € R}

It is not difficult to show that D(A) and E with given norms are Banach spaces.
The following Lemma is from Proposition 2.1 and Proposition 2.2 of [1].

Lemma 2.1. Let C(t)(t € R) be a strongly continuous cosine family in X. The
following are true :

c(4) C(t)=C(—t) forallt € R,
c(5) C(s),S(s),C(t) and S(t) commute for all s,t € R,

c(6) S(t)z is continuous in t on R for each fivred z € X,
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c(7) there exist constants K > 1 and w > 0 such that

|IC(1)]] < Ke!!l for all t € R,

t1
15(t1) — S(t)]| < K / ew|8|ds‘ for all 1, € R,

t2

c(8) ifx € E, then S(t)x € D(A) and

d &’
EC(t)x = AS(t)r = S(t)Ax = @S(t)x,
c(9) if x € D(A), then C(t)x € D(A) and
d2
@C’(t)x = AC(t)x = C(t)Ax,

c(10) ifx € X andr,s € R, then

/s S(t)xdr € D(A) and A(/S S(r)zdr) = C(s)x — C(r)z,

c(11) C(s+1t)+C(s—t) =2C(s)C(t) for all s,t € R,
c(12) S(s+1t) = S(s)C(t)+ S(t)C(s) for all s,t € R,
c(13) C( ) =Ct)C(s)— S(t)S(s

c(14) C(s+1t)—C(t—s)=2AS5(t)S(s) for all s,t € R.

+

) for all s,t € R,

The following Lemma is from Proposition 2.4 of [15].

Lemma 2.2. Let C(t)(t € R) be a strongly continuous cosine family in X with
infinitesimal generator A. If f : R — X is continuously differentiable, xo € D(A),
Yo € E, and

w(t) = C(t)xo + S(t)yo + /Ot S(t—s)f(s)ds, teR,

then w(t) € D(A) fort € R, w is twice continuously differentiable, and w satisfies
w' (t) = Aw(t) + f(t), t € R, w(0) =1z, w (0)= . (2.2)

Conversely, if f : R — X is continuous, w(t) : R — X is twice continuously
differentiable, w(t) € D(A) fort € R, and w satisfies (2.2), then

w(t) = C(t)xog + S(t)yo + /Ot S(t—s)f(s)ds, teR.
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Proposition 2.1. Let f : R — X is continuously differentiable, xy € D(A), yo € E.
Then

w(t) = C(t)xo + S(t)yo + /OtS(t —8)f(s)ds, teR

is a solution of (2.2) belonging to L*(0,T; D(A)) NW12(0,T; E). Moreover, we have
that there exists a positive constant C such that for any T > 0,

lwllz20mipay < CL(1+ ||zollpay + [lvolle + Il fllwr20.1:x))- (2.3)

3 Nonlinear equations

This section is to investigate the regularity of solutions of a second-order nonlinear
impulsive differential system

w"(t) = Aw(t) + [} k(t — s)g(s,w(s))ds + f(t), 0<t<T,
(0) =z, w'(0) = yo, (3.1)
w(ty) = LHw(ty), Aw'(ty) =RF@'{)), k=12,..m

> £
N

in a Banach space X.

Assumption (G) Let g : [0,7] x D(A) — X be a nonlinear mapping such that
t — ¢g(t,w) is measurable and

(gl) ||g(taw1) _g(taw2)||D(A) < L||w1 _w2||a
for a positive constant L.

Assumption (I) Let I} : D(A) — X, I} : E — X be continuous and there
exist positive constants L(I}), L(I?) such that

(i1)  |[Ih(wr) — Li(wo)|| < L(I})||wi — wal| p(ay, for each wy,ws € D(A)
11z ()| < L(Iy), for w € D(A)

(i2) ([ (w) = L (wy)[| < L(I)|[w) — whl|g, for each w),w) € E
[17E ()| < L{IR)|], for w’ € E.

For w € L*(0,T : D(A)), we set

F(t,w) = /0 k(t — s)g(s,w(s))ds
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where k belongs to L?*(0,T). Then we will seek a mild solution of (3.1), that is, a
solution of the integral equation

w(t) =C(t)zo + S()yo + /0 St — s){F(s,w) + f(s)}ds

+ Y Clt—t)Lwt)+ Y St —t) W (t)), teR.  (3.2)

0<tr<t 0<tp<t

Remark 3.1. If g : [0,T] x X — X is a nonlinear mapping satisfying
lg(t, w1) — g(t, w2)|| < Lfjwy — wol|

for a positive constant L, then our results can be obtained immediately.

Lemma 3.1. Let w € L*(0,T; D(A)), T > 0. Then F(-,w) € L*(0,T; X) and

1FC w20 < LKl 200 Vel 20000)-

Moreover if wy, wy € L*(0,T; D(A)), then

||F(-,w1) - F('v w2)||L2(0,T;X) < L||k||L2(0,T)ﬁ||w1 - w2||L2(0,T;D(A))-

Lemma 3.2. If k€ WY(0,T), T > 0, then
t
A / S(t— $)F(s, w)ds = —F(t, w) (3.3)
° t s d
+ / (C(t—s)— I)/ —k(s—7)g(r,w(r))dr ds
0 o ds
t
+ / (C(t—s)—Dk(0)g(s,w(s))ds.
0
Theorem 3.1. Suppose that the Assumptions (G) and Assumption (1) are satisfied.
If f : R — X is continuously differentiable, xy € D(A), yo € E, and k € W12(0,T),

T > 0, then there exists a time T > Ty > 0 such that the functional differential
equation (3.1) admits a unique solution w in L*(0,Ty; D(A)) N WH2(0, Ty; E).
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Proof. Let us fix Ty > 0 so that
Cy =w ' KLTY? (™ — 1)||k|| 12010 (3.4)
+{w T K (e — 1) + 1373 /VBLI K™ + 1| |l w20,
+{w K (e — 1) + 13Ty /V2L| | Ke™ + 1][|[k(0))|
H{w K (e — 1)+ 2} Y LI} Ke ™

0<tp<t

+{2w K (e —1)+1} Y L) <1

0<tp<t

where K, L, L(I}) and L(I}) are constants in ¢(7), (g1) and Assumption (I) re-
spectively. Invoking Proposition 2.1, for any v € L*(0,Ty; D(A)) we obtain the
equation

w” (t) = Aw(t) + F(t,v) + f(t), 0<t<Ty,
w(0) =z, w'(0) =y (3.5)
Aw(ty) = IHo(t)), Aw'(ty) = I2(W'(E), k=1,2,....,m
has a unique solution w € L*(0,Ty; D(A)) N W12(0,Ty; E). Let wy, wy be the
solutions of (3.5) with v replaced by vy, ve € L?*(0,Ty; D(A)), respectively. Put
t
Hw)(t) = Cle)ao + SO+ [ (e = 3)(F(s.0) + F(5)}ds
0

+ > Clt—t)L (o) + Y St —t) (W ().

0<tp<t 0<tp<t

Then
J(wy)(t) — J(ws)(t) :/0 S(t — s){F(s,v1) — F(s,vy)}ds
+ > Ot = t){ I (v (tk) — T (va(ti)}

0<tp<t

+ Y S = t{IR(E)) — Li(vy(t)},

0<tp<t
:Il + [2 + [3.
So, from Lemmas 3.1, 3.2, it follows that for 0 < ¢ < T,

I / S(t — $){F(s,01) — F(s,v)}ds|

< CflKLTo(ewT0 — D)[|E|] 200,00 |1 = val| L2001 D04))
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1500 [ (=P (s.00) = Flo, s
< 14500) [ (0= 9)(Flss0n) = Flssva) ]
= 1504 [ St = 9){Flssn) = Flssua)asl,
and
14 [0 = UFGs.) = Fs s
<1l [ =11 [ s =)ot i) — gty s
1 [ (€= 5) = DO a(s.1(5) gl vl

< tL||K e + 1||||E|lwr20m) [[v1 — vall 22(0,10:D(4))
+ VEL| | K e + 1][|k(0)[]]|vr — val| z201;0(a)) -

Therefore, we have

11111 22(0,10;0(4)) < WK LT (e — DI1E[| 220,20 [1v1 = val| 22 0,10:0(4)) (3.6)

+ {0 K (T = 1) + 13T VBLI K™ 4 1|kl w2030 o1 = vl 120,720
+{w K (e — 1) + YTy / V2L Ke™ + 1] [[k(0)]] [or = val [ 20,:004)-

By Assumption (il), we obtain

1Y Cl—t{Ti(on(ty) = (ot < Y Ke LIy = val[pay,

0<tp<t 0<tr<To

H%C(t) Y Ot = ti){Li(vy) — L)}

<|1AS(t) Y Ot = t){Li(vr) — T (va)}]
=[IS(HA Y Ot — t){Li(v1) = Li(wa) I,
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and

14 Y Ot =t {Liui(ty) = Le(w(tOB = 1] Y Ot = te) A{Li (v1) — Li(w2)} |

0<t, <t 0<ty <t

< Y Ke"||[Ii(vr) = I(v2)l | pgay

0<trp<t
< Y Ke"' LYo = vellpeay
0<trp<t
Therefore, we have
12| 2 0.mipay < {w ™ K (€™ — 1)+ 2} > LU Ke“™[Joy — val|2(0,m:0(4))-
0<tp<t

(3.7)

We also obtain from Assumption (i2),

1> St =t = (ORI < Y Ko ("™ = 1) L(I)|lor — vl pea,

O<trp<t 0<tip<To

1506) 3 St - ) ()~ )

O<tp<t

< [JAS() Y S(t—t){Ii(v) — L (wp)}]

0<trp<t

=[[S(HA Y S(t =t {L(v) — Li(up)}].

0<trp<t

and

14> St = t){IRLE)) = Bt =11 Y %C(t){fzf(v’l)—fé(vé)}\\

0<tp<t 0<trp<t

< Z |17 (v)) = Iy (v3) ||

0<tp<t

< D LU — vyl

0<trp<t
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10

Therefore, we have

3]l 20000y < {w™ K (e — 1) + 2} Z L(Ii)Ke""|Joy — val| 12(0,15(a)) -
O<trp<t

(3.8)
Thus, from (3.6),(3.7), and (3.8), we conclude that

|[J(w1) — J(w2)||2(0,10:D(4)) (3.9)
< W_IKLT(?Q(GWT() - 1)Hk5||L2(0,To)||U1 - U2||L2(0,TO;D(A))
+{w T K (e - 1) + 1}L|’k||L2(O,TO)\/TOHU1 — V2||2(0,70:D(4))
+ {W_lK(QWTO 1)+ 1}T§/2/\/§LHK€WTO + 1| Hk||W1v2(O,TO)HU1 - 'UQHLQ(O,TO;D(A))
+{w T K (T = 1) + B To/V2L||Ke™ + 1| [[k(0)]] |Jor = vall 2010 04))
+{w K (e 1) + 2} Z L(I)Ke“™|[v1 — va||r2(0,m:(4))

0<trp<t

+ {20 K ("™ = 1)+ 1} D> L)1 — vallwr20,m004))-

0<tp<t

Moreover, it is easily seen that

||J(w1) - J(w2)||L2(o,TO;D(A))mWL?(o,TO;E) < CQHUl - 112|\L2(U,TO;D(A))mWL?(o,TO;E)-

So by virtue of the condition (3.4) the contraction mapping principle gives that the
solution of (3.1) exists uniquely in [0, Tp]. O

Theorem 3.2. Suppose that the Assumptions (G) and (I) are satisfied. If f : R —
X is continuously differentiable, v € D(A),yo € E, and k € W'2(0,T), T > 0,
then the solution w of (3.1) exists and is unique in L*(0,T; D(A)) N W12(0,T; E),
and there exists a constant C3 depending on T such that

[w| 20100040 w2 0.10:8) < C3(1 + [|2ollpay + lvolle + [ fllwr20rx)).  (3.10)

Proof.  Let w(:) be the solution of (3.1) in the interval [0,7,] where Ty is a
constant in (3.4) and v(-) be the solution of the following equation

v’ (t) = Av(t) + f(t), 0 <t,

!

v(0) = o, v (0) = yo.
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11
Then
t
(w—0)(t) = / S(t—s)F(s,w)ds+ > Clt—te) L (w(te))+ > St—t) (W' (t])),
0 0<tp<t 0<tp<t
and in view of (3.9)
l|w — || L2(0,10: D40 W 20,10:8) < Col|w]] 22(0,10:D(4)) W12 (0,10:) (3.11)
that is, combining (3.11) with Proposition 2.1 we have
1
"w’|L2(O,TO;D(A))ﬂWL?(O,TO;E) < 1—C "U"L2(O,TO;D(A))QWLQ(O,TO;E) (3.12)
— (s
Ch
< (1 +[lzollnca + lyollz + [ Fllwr20,m:x))-
1—-Cy
Now from
To
A S(Th — s){F(s,w) + f(s)}ds
0

— C(Ty)f(0) — f(To) + / (O(Ty — 5) = I)f (s)ds

d

— F(Tpy, w) —I—/O 0(C’(TO —s)—1) /08 %k:(s —7)g(r,w(7))dr ds

+/0 O(O(To —5) = Dk(0)g(s,w(s))ds,

14 ) Ot =t Ii(w)]|| < Kw ("™ Y Ke ™ Y - LD Jw(t)llpe.

0<trp<t 0<trp<t

Y St—t)RE)I < Y LUDIW )]s,

0<trp<t 0<tp<t

and since

) /0 S(t— $){F(s,w) + f(s)}ds = S(t)A /0 S(t— $){F(s,w) + f(s)}ds,

L ) Y Clt—t)Ii(w) < SHA Y Ct —ty) [ (w),

0<trp<t 0<trp<t
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12

) Yo St—t)Rw) < SHA Y S(t—t) (W)

0<tp<t 0<tp<t

We have

|[w(To)l|peay = ||C(T0)Io+5(To)yo+/0 OS(TO — s){F(s,w) + f(s)}ds
+ > Clt—t)Li(w) + Y S(t—t) R (w)]|pay

O<trp<t O<tr<t

< (w K (e = 1) + D{Ke*™]|zo||peay + ||yol| 2 + ToLl K| 200 | [w] | £2(0,10:04))
+ 1K £ )] + | O] + 1K (™ + DTl | fllwr207:x)
+ tLI[ K e + 1| [[K[w.2(0m) [[w]] £2(0,10:D04))
+ VL[ K e + 1| [|k(0)|[|[w]] 2200700040 }
+ {24+ Kw ' ("™ = 1)} Y Ke"™L(I})

0<trp<t

+{l+2Kw ("™ - 1)} > L(I}).

0<tp<t

Hence, from (3.12), there exists a positive constant C' > 0 such that
[lw(To)l[pay < C(L+ [[zolIpay + lyolle + [[fllwr20,m:x))-

Since the condition (3.4) is independent of initial values, the solution of (3.1) can
be extended to the interval [0,nTp] for every natural number n. An analogous
estimate to (3.12) holds for the solution in [0,n7p], and hence for the initial value
(w(nTy),w (nT})) € D(A) x E in the interval [nTy, (n 4+ 1)Tp). O

Example. We consider the following partial differential equation

w' (t,z) = Aw(t,z) + F(t,w) + f(t), 0<t, 0<z<m,

w(t,0) =w(t,m)=0, teR

w(0,z) = zo(x), w (0,2) =yo(z), O<z<m (E)
Aw(ty, ) = Ly (wty)) = (w0t 2)|| + ), 1<k <m,
Aw'(ty, z) = I(w'(te)) = ol (t, ),

\

where constants 7, and 6x(k = 1,--+ ,m) are small.
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Let X = L?([0,7];R), and let e,(z) = \/gsinna:. Then {e, :n=1,---} is an
orthonormal base for X. Let A: X — X be defined by

Aw(z) = w"(z),

where D(A) = {w € X :w, w’ are absolutely continuous, w” € X, w(0) = w(r) =
0}. Then

oo

Z (w,en)en, w e D(A),

=1

and A is the infinitesimal generator of a strongly continuous cosine family C(t),
t € R, in X given by

Ctw = Zcosnt(w, en)én, weE X.

n=1

The associated sine family is given by

o]
smnt
E (w,en)en, weX.
n

n=1

Let g1(t,z,w,p), p € R™, be assumed that there is a continuous p(t,d) : R x
R — R™ and a real constant 1 < § such that

(fl) gl(t>$7070) = 07
(£2) |gi(t, z,w,p) — g1 (t, v, w,9)] < p(t, |w])|p — 4,
<f3) ‘gl<t7xawl7p) - gl(t7x7w27p)’ < p(ta ’wl‘ + ‘w2|)‘w1 — Wa.

Let
g(t,w)x = g1(t,z,w, Dw, D*w).

Then noting that
latt,w0) = g(tws)ly <2 [ lon(tn,p) - b0, 0) e
+ 2/Q lg1(t, 2, w1, q) — g1(t, 7, wq, q)|*dx
where p = (Dwy, D*w;) and q = (Dwy, D*wy), it follows from (f1), (f2) and (f3)

that
g(t, w1) — g(t, wa)|[5 2 < L(|[w1||peay, |[wel] peay) [Jwr — wa||peay
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where L(||wi||p(ay, ||w2||pea)) is a constant depending on ||w:||pay and ||wa||pa).
We set

F(t,w) = /0 k(t — s)g(s,w(s))ds

where k belongs to L?(0,T). Then, from the results in section 3, the solution w of
(E) exists and is unique in L?(0, T; D(A))NW2(0,T; E), and there exists a constant
C5 depending on 7' such that

||| 20,7004y < C3(1 + [|2ol|pay + |[volle + (| fllwrzo7.x))-
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Abstract

Very general univariate mixed Caputo -fractional Ostrowski and Griiss
type inequalities for several functions are presented. Estimates are with
respect to ||-||p7 1 < p < co. We give also applications.
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1 Introduction
In 1938, A. Ostrowski [5] proved the following important inequality.
Theorem 1 Let f : [a,b] — R be continuous on [a,b] and differentiable on

(a,b) whose derivative f' : (a,b) — R is bounded on (a,b), i.e., |[f'| =
sup |f’ (¢)| < +o0. Then

te(a,b)
b x — ofb ’
ﬁ/ ft)dt— f(@)| < i+((b_;2]~(b—a>f’lloo’ )

for any x € [a,b]. The constant i 18 the best possible.

Since then there has been a lot of activity around these inequalities with
important applications to numerical analysis and probability.

In this article we are greatly motived and inspired by Theorem 1, see also
[2]. Here we present various v-fractional Ostrowski and Griiss type inequalities
for several functions and we give interesting applications.
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2 Background

Here we follow [1].

Let a > 0, [a,b] C R, f : [a,b] — R which is integrable and ¢ € C* ([a, b])
an increasing function such that ¢’ (x) # 0, for all = € [a, b]. Consider n = [a],
the ceiling of «. The left and right fractional integrals are defined, respectively,
as follows:

199 f () = ﬁ / " (1) (0 (@) — o (6 F (1) d, @)

and
ey / W ( — (@) (1), 3)

for any x € [a,b], where T is the gamma function.
The following semigroup property is valid for fractional integrals: if o, 5 > 0,
then

YIS f(x) = ISV f (@), and IV IPY f(2) = PV f ().
‘We mention

Definition 2 ([1]) Let « > 0, n € N such that n = [«a], [a,b] C R and f,¢) €
C"™ ([a,b]) with ¢ being increasing and ¢ (x) # 0, for all x € [a,b]. The left
¥-Caputo fractional derivative of f of order « is given by

1 d n
OO (2) = [T 4 4
a+ f() a+ wl(m)dm f(l‘), ()
and the right ¥-Caputo fractional derivative of f is given by
, 1 a4\"
CDa,w . In—a,lb _ el )
@) =R () FE (5)
To simplify notation, we will use the symbol
] AN
1@ = (gima) 1@ ©

with f}' (x) = f (z).

By the definition, whrn @ = m € N, we have

DY f(x) = £ ()
and (7)

DY f(z) = ()™ " ().
If o ¢ N, we have

CDEPT (2) / $ @@ - @) M @a, ()
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and

g (x):F((;l):)/ WO @@ @) A @0d (9)

Vaelab.
In particular, when o € (0,1), we have

DY f (@) = wrrmay Ju @ (@) =¥ (£) 7 f (1) dt,
and (10)

DY f (2) = witay Sy (W (8) = (@) f () dt

V€ la,b].

Clearly the above is a generalization of left and right Caputo fractional
derivatives.

For more see [1].

Still we need from [1] the following left and right fractional Taylor’s formulae:

Theorem 3 ([1]) Let o > 0, n € N such that n = [a], [a,b] C R and f,¢ €
C" ([a, b)) with v being increasing and ' (x) # 0, for all x € [a,b]. Then, the
left fractional Taylor formula follows,

n—1 ¢[k] a
f@ =2 D @ —v@r 1y D@,
k=0

and the right fractional Taylor formula follows,

= k fl[bk] (b) k a, ) C o,y
F@ =3 D @) - v @)+ DR @), (12)

k=0

vV é€la,b.
In particular, given o € (0,1), we have

f@)=f(a)+ 1" DY f (2),
and (13)
f@)=f®)+ LY °Dyv f(2),

Yz € la,b.

Remark 4 For convenience we can rewrite (11)-(13) as follows:

n—1 r[k] a
fa =y k,( L (@) - v (@) + (14)
k=0 ’
R R o) — a-1 O pap
o [ YW @-vor eD o
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and

Lb/ 7Ialcaw
o [ P O@O -0 @) Oyt

YV €la,b.
When « € (0,1), we get:

V€ la,b.

Again from [1] we have the following:
Consider the norms |[|-[|  : C ([a,b]) — R and [|-[| ;i : C" ([a,b]) — R, where
v

— ¥ [k]H
7l = % 3]
‘We have

Theorem 5 ([1]) The v-Caputo fractional derivatives are bounded operators.
For alla >0 (n=al)

|epe | < Kl (17)

and
forze

< K| fllgem s (18)
jes} P

where

(¥ (b) = ¢ (a))""

_
K= Fn+1-—a)

> 0. (19)

3 Main Results

At first we present the following w-fractional Ostrowski type inequalities for
several functions:

Theorem 6 Let o > 0, n € N:n = [a], [a,b] C R and fi,7 € C™([a,b]),
i = 1,...,7; with ¥ being mcreasmg and Y (x) # 0, for all z € [a,b]. Let

xo € [a, b] and assume that fw (x9) =0, fork=1,...n—1;1=1,....,7. Set

(fr, fr) (2 /(ka ) (20)
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i (20) / H £ @) | av (@
i=1 @
Jsﬁz
Then
@ (Froes i) Z (N2 . s H @l || @
= 7751
LR I H £ o)
If 0 < a < 1, then (21) is valid without any zmtzal conditions.
Proof. By Theorem 3 we have that
fole) = i) = s [0/ SO DL W (22)
YV x € [z0,b],
and
]- o / a—1 C o,y
fi(x) = fi(xo) = ) P () (¥ (t) — ¥ (z)) Dy, = fi (t)dt, — (23)
YV x € [a,zo];
foralli=1,...,r.
Multiplying (22) and (23) by (H fi (x)) we obtain, respectively,
i=1
i
15 @ H fi @) | fi (o)
k=1
3752
(n b )
O A PO CDI S W (1)

YV x € [zo,b],
[ i) - Hfa
= 3751
)

1101

fz x()

Anastassiou 1097-1114



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

fis )
(]#L / 77/1 ))afl CDgf;zﬁfz (t) dt, (25)

YV x € [a,zo];
foralli=1,...,7.
Adding (24) and (25), separately, we obtain

r (}Efﬁx)) —; Knlf )fz )

J#i

ﬁ, KH fi ($>) /;W (t) (¥ (@) = (1) DY f; (t)dt], (26)

J#i
YV x € [z0,b]
and
r(ka ) Kﬂfj )fz mo]
k=1 i=1 oy
KHL )/ W) () v (@) DS |, (27)
= J#
YV x € [a, zo] -

Next we integrate (26) and (27) with respect to ¢ (x), x € [a,b]. We have

b T T b r
o (H i <a:>> ab (@) =3 [ fia) [ |15 | do @)
o \k=1 i=1 Zo | j=1

J#i

]. r b r . x , B a1 C ot N
L {/ (H 5 <x>) [ 0 0@ =0 @) DI 0 diid )] ,

r/ <kﬁlfk($)> dqp(x)—; [fz / (Hf; ) ]

J#i
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Lr o r (e To ’ _ m(x—lC a,tp o "
F(a); {/ (JHlf]( )) [/z ) (@ () =¥ (2)) DY f; (t) dt]dyp ( )].

J#i
(29)
Adding (28) and (29) we derive the identity:

b r
(I)(flv"‘vfr) (C,Co) Z:T/ <H fk? (.CL')) d¢( )_
a k=1

T b r
_ {fl (o) / (H fi <m>) di) <x>] =
S\

i 1H/ (Hfj )(/ . @)™ CD?fﬁ(t)dt)dw(x)]

JF#i
(30)
b - =
{/ (Hfj <x>) ([ vowe-ver omtnwa) dip(w)”'
p)

Hence it holds
|q) (fla ceey fT‘) (J,'())| S

1= j=1
J#i
b r "
+ 15 (@)] ) (W (@) — 0 O [CD ()] dt ) d (@) | | = ().
L) |
J (31)
We observe that
S HcDa L 00, [a,0] /I (H |/ (33)) (Y (zo) — ¢ (x))* dy (x)]
i

I0+

b r

00, [z0,b] / (H ’ (x)) (W (@) = (=) (90)” v
0:b] Jao | 55
J#i
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1
|opsesl| Hm wll || +
X 00, [a,z0]
=1
J#l
e} cml) a+1,7
H Do+ fi 00,[0,b ]I Hlf] 7o)|

J#l

By Theorem 4.10, p. 98 of [3], we get that I;jf“/’ IT Il | € € ([a,b]) and
=1
2
so at any o € [a,b] is finite, ¢ = 1,...,r. Similarly, by Theorem 4.11, p. 101 of
[3], we get that Ig‘_ﬂ’w [T 1£il | € C([a,b]) and so at any z( € [a, b] is finite,
=1
2
i =1,...,7. Arguing similarly, we get that CDf;f’fh CD?fpfi € C ([a, b)), for all
1=1,..,r

The theorem is proved. m
We continue with

Theorem 7 All as in Theorem 6 with o« > 1. Then

[ (f1,es ) @0) < || D521
i=1

x
L1 ([a,z0], H ‘fJ o)

J#l
+|opst s i wl| |- 3
Rl PR Hlf] o) ()
Proof. From (31) we get
1 T
gerE [l
(*) I' () ¢ H 0 T Li([a,@0],%)

feonzs

b T
a—1
L1 ([zo,b],4) /wo (H Ifi (@) | @ (x) =9 (x0)* dip (2)
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=3 ||em:

a x +
L (fao] ) o Hm 0)

|°Dz5 1

bf H | fj (o) ) (35)

Li([zo0,b],%)

proving the theorem. m
We continue with

Theorem 8 All as in Theorem 6 with p,q > 1: % + % =1, a>1. Then
r (oz+ %)
|¢) (fla"'af’r') ($0)| S 1
(@) (pla=1)+ 1)~
T ot T
I,. " i (x 36
S P 7o | TLS o) (36)
1= 1=
J#i

a,) Q‘JF%ﬂ/’ i
+ ||| L T (o)l

on+

Lq([z0,b],%)

Proof. From (31) we obtain

/ Hm ([ w@-varerawo) (37)

J#Z

IN

(.

D3 g 1) v <t>) ap (x)] ]
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T T @1 | 0 G@o) =0 @)™ v @)
i=1 H q([a,z0], q/;)/ H J 0
b .
i ‘ Dif Ly([zo,b] ¢)/ H|fﬂ W (z) =¥ ()" TP dy (z)| | =
' 3751
(38)
r (O{—|— 1 r i
1 [a p’
L(a)(pla—1)+1)7 i Lo(lawolw) oF H | f5 (x0)]
1751
HCD;‘J_/:_ Lo a+pv¢ H |f] :L’O 7 (39)

J#l

proving the theorem. m
We mention as motivation for Griiss type inequalities the following:

Theorem 9 (1882, Cebysev [4]) Let f,g : [a,b] — R be absolutely continuous
functions with f',¢g' € L ([a,b]). Then

ol s g ) )

1 /
< 15 =01 o 19/l (10)

The above integrals are assumed to ezist.

Next follow ¥-Caputo fractional Griiss type inequalities for several functions.

Theorem 10 Let 0 < a < 1, [a,b] C R and fi,vp € C'([a,b]), i = 1,...,7 €
N — {1}; with ¢ being increasing and ' (z) # 0, for all x € [a,b]. Assume that

sup HCDO“[’ < 00, and sup HcDgoﬁfZH <00, t=1,..,7
zo€la,b] 00, [a,zo] zo€la,b] 00,[@o,b]
Set
b T
C(fry e ) =1 (@ (b)) — ¢ (a)) (/ <H i ($)> dip ($)> -
@ \k=1

r

b
(/ ﬁ(x)dw)) / Hfg () || (41)
1 a a

1=

10
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Then
|AY (f1, - fr)] < (@ (b) = ¥ (a))
C o,y a+11/)
sup H D" f; sup I | fi (x0)]
i zo€la,b] o o0, [a,zo] zo€[a,b] ]1;[1 !
i
+| sup HcDao‘ﬁf H sup 1o H 1, (z0)] L (42)

zo€E[a,b] [zo,b] zo€E[a,b]

1#7

Proof. Here 0 < a < 1, i.e. n = 1. Then (30) is valid without any initial
conditions. Clearly ® (fy, ..., fr) € C ([a,b]). Thus, by integrating (30) against
1 we obtain

b
A (Fryos ) = / B (f1 s fr) (20) dib (o) =

a)) ( / b (r_[ fi <x>> i <x>) -
T </abfi(x)dw(x)> / Hf, ab (@) | | =

i=1
3751

A f[fj (@)

j,i .
J#i

( / W () (6 (1) 0 (@)™ CD%Y fi (1) dt) @ (3;)} L W)

b L T
[ 15w (/ ¥ (1) (1 () — o (1) CD:Oﬁfmt)dt)dw(x) i ().
o j—l To

Ji
Hence it holds

]A¢(f17...7fr)|§r(1a/ab y / H|f3

i=1
J?fl

11
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([ v owo-ver o5 s o]a)wew)| + /b IT15 @

i

(44)
([ v O D25 0] dr) a0 @) | b o) = (0.
Using (21) we derive
(xx) < (¥ (b) — 2 (a))
e} ozw DHrL"/) - )
3 Ioseu[apb]H DS fH . zoseu[gb]f 1;[1|fg (o))
J#i

+ | sup HCDE‘OﬁfH sup [oHhY HlfJ zo)| , (45)

zoE[a,b) s[%0,0] zoEla,b)

J#l

proving the theorem. m
We make

Remark 11 Let a >0, [a,b] C R, f € C ([a,b]) and ¥ € C* ([a,b]) an increas-
ing function such that ¢’ (z) # 0, for all x € [a,b]. Let zg € [a,b]. We observe

the following
0| S i [ O ) - 0) 1 0t <
||f|| 11 oo, [a,20] o a—1 ||f|| 1 oo, [a,20] a
ol [0 o) =0 ()" () = T () — v @)
(16)
That is
) ||fH la,zo] a
1557 f (20) 7m(¢( 0) — ¥ (a)) (47)
Similarly, we obtain
o, 5) 1 ’ / a—1
@) < e [ O @0 = @) 0l <
||f|| J[z0,b] b a—1 ”f“ N oo, [w0,b] a
Tt [ - o) ) = T w6 - v o) (9
That is
s 1o ot .
05 o) < 372 0 ) — v )" (19)
12
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‘We make

Remark 12 Let o > 1, the rest as in Remark 11. We observe that

0| S g [ O ) - 0) 1 0t <

(¢ (o) =¥ (a)*" ™ (@ (o) =9 ()"
o [ @an ) = I f||L1<[a,xo],¢)(5-O)
That is .
15 £ ()| < LR (jﬁ)(“” 11 ) - (51)
Similarly, we get
(3) b
541 @0| < s [ O @@= @) I ol <
(¥ (b) = ¥ (xo))* ™" [ (¥ (b) = ¢ ()"
Fay | Il = O ||f|L1<[mU,b},l,,)(.52)
That is .
b) — a-
s e < LOZEED g, . (53)
Next, we simplify our main theorems:
Proposition 13 All as in Theorem 6. Then
1
[P (f1,.s fr) ()| < Tlat2)
R . ) B (¥ (20) = ¥ (a))"""
i=1 ol j=1
J#i 0,[a,xo]
wlepsta| ., TS @B =0 @) | 6
‘7;1 00,[z0,b]

If 0 < a < 1, then (54) is valid without any initial conditions.

Proof. By (21), (47) and (49). m

Next comes

13
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Proposition 14 All as in Theorem 6 with o > 1. Then

1 (fr i) (20)] < s

' (a)
T o a—1
= La([aywo), 1)
C a—1
H A (ER) jl;lf? (¥ (b) = % (o)) . (55)

37 Ly ([0,0],9)

Proof. By (33), (51) and (53). =
Next follows

Proposition 15 All as in Theorem 6 with p,q > 1: % % =1, a>1. Then

‘(D (f17 '-'7f7‘) ($0)| S

i

DR I] e Hfj (¥ (20) = (@)™
= ];él 00, [a,xo]
o [ Hfj WO =¥ @) | 66)
i 00,[z0.b]

Proof. By (36), (47) and (49). =
We continue with

Proposition 16 All as in Theorem 10. Then

(¥ (b) — ¥ (a))* "
I'(a+2)

IAY (fry e fr)] <

T
sup HCD(“/’
i=1 o E[a,b]

sup HCDQ ﬁft

00, [a,w0] mge[a b]

e

]#Z 00,[a,b]
(57)

14
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Proof. By (42), (47) and (49). =
Next we make some applications of our main results.
We need

Remark 17 We have that (r =2)

b
B (f1. f2) (w0) = 2 / f1 (@) f2 (@) di (z) — (58)

b b
f1 (o) / fo (@) i (2) — fa (w0) / fi (@) dib (),
and (r =3)
b b
B (f1. for f3) (20) = 3 / £ @) o (2) f3 (@) dib (2)— 1 (x0) / fa (@) fs (2) d ()
(59)

b b
— fi (o) / f1 () f3 () dip (2) — f (o) / fr (@) f () di (2),

ete.
Furthermore we derive (r =2)

b
AV (fi, fo) =2 l(w (b) — % (a)) ( / fi (@) f2 (z) dy (x)) -

(Friome) ([romel. o

and (r=3)

b
AV (f1, fas f3) = 3 (1 (b) =¥ (a)) (/ fi (@) f2 (2) f5 () do) ($)> -

(/ fi(@)dv (@ )(/ fo (@) f (2) db ))
(/ fo (@) dv (@ )(/ fi (@) s (@) do (o >>
(/ fy (@) dv (@ )(/ fi (@) fa (@) dv (@ )) (61)

We give the special cases of fractional Ostrowski type inequalities.

etc.

15
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Proposition 18 Let a« >0, n € N:n = [a], [a,b] C R and f1, fa € C™ ([a,b]).
Let x¢ € [a,b] and assume that fl[]Z]T (z0) = 2[]Z]T (xg) =0, fork=1,...,n— 1.

Then

<

b b b
2/ fi(z) fo (z) e%dx — fi (mo)/ fo(z)e®dx — fo (:co)/ f1(z)edx

2
11+ (€™ — e

j=1
i# 00,[a,z0]

s0,a,z0]

2
1 C o,e®
) D f,
I'(a+2) H zo— f

i=1

C na,e”
+ H Dmo—l- fz

2
H fi (e’ — e“)a+1 . (62)
00,[zg,b] -
i=1
37 oo fwo )
If0 < a <1, then (62) is valid without any initial conditions.

Proof. Case of ¢ () = e*, apply Proposition 13 for r = 2. =
We continue with

Proposition 19 Let o« > 0, n € N:n = [«a], [a,b] C (0,+00) and fi, fo, f3 €
C" ([a,b]). Let zo € [a,b] and assume that fz[lﬁ]u (ro) =0, fork=1,..,n—1,
t=1,2,3. Then

S/b f1(@) f2 (@) f3 (x)dx—fl (xo)/b f2 (x)fo (@)

T

<

b b
/ (xO)/ de_fg (wo)/ M(m

3 3 o
P(a1+ 2) Z HCDZ;EM "Mloo,fa,z0] 1fj (ln (%)) "

i=1 j=
I 00,[a,z0]

i eey] e

el 00,[wo,b]

C no,lnx
+ H Dm0+ f’L

00, [z0,b

If 0 < a < 1, then (63) is valid without any initial conditions.

Proof. Case of ¢ (z) = lnx, apply Proposition 13 for r = 3. =
Next we present the special cases of fractional Griiss type inequality:

16
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Proposition 20 Let0 < a <1, [a,b] C R and f1, f € C* ([a,b]). Assume that

sup HcDa “f < 00, and sup HCD;XOi:sz <oo,i=1,2.
a:oe a, b 1[‘1’:”0} a:gE[(Lb] oo,[:vo,b]
Then

2

(e - e (/ f @) oo edm) (/ f o zdx) (/abm)exdx)

(eb - ea)OerQ

I'(a+2)
2
sup H DX f; sup H D&, f,
; Loeab L O R 91 [ A P H ’
J?SZ 00,[a,b]
(64)

Proof. Apply Proposition 16, for ¢ (z) =e*, r =2. ®
We finish with another -fractional Griiss type inequality:

Proposition 21 Let 0 < a < 1, [a,b] C (0,00) and f; € C* ([a,b]), i = 1,2,3.

C alnm C no,lnz
Dﬁo— Dzo-‘,- f’L

Assume that sup H
zo€[a,b]
1=1,2,3. Then

o (1 (1) 2
s (e

(65
(ln(é))a+2 HC a,lnx
<l piea].
Tlat+2) |2 zfé}fb] w0

< 00,

< oo, sup ‘
] 00,[zg,b]

OO’[aﬂ?O] zo€la,b

ila, 10]

C aln:v
sup H D fi
zo€la,b]

3
14
oc,[a:g,b]] =1

371 oo [a,b)

Proof. By Proposition 16, for ¢ (z) =Inz, r=3. m
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Results On Sequential Conformable
Fractional Derivatives With Applications
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Abstract

This paper investigates and states some properties of sequential
conformable fractional derivative introduced by R. Khalil et. al. in [1].
Further some theorems of the classical power series are generalized for
the fractional power series(CFPS), where the CFPS technique is used
to find the solutions of conformable fractional deferential equation
with variable coefficients.

1 Introduction

The correspondence between L’Hopital and Leibniz, in 1695, about what
might be a derivative of order 1/2, led to the introduction of a generalization
of integral and derivative operators, known as Fractional Calculus. Since
then, related to the definition of fractional derivatives have been many de-
finitions. The most popular ones of these definitions are Riemann-Liouville
and Caputo definitions see [6],[7].

Recently, R. Khalil et al. [1] give a new definition of fractional derivative
and fractional integral. In their work they proved the product rule, the frac-
tional Rolle’s theorem and Mean Value Theorem utilizing the conformable
fractional derivative definition. New construction of the generalized Taylor’s
power series is obtained by Abdeljawad in[2]. In recent years, many re-
searchers have focused on the approximate analytical solutions of the system
of fractional differential equations and some methods have been developed
such as fractional power series method(FPS) in [5] . FPS method is a simple
technique to find out the recurrence relation that determines the coefficients

92000 Mathematics Subject Classification. 26A33, 41A58 .
Key words and phrases. Conformable fractional derivatives ; Fractional power series.
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of the fractional power series, where this method is one of the most useful
techniques to solve linear system and non-linear system of fractional differ-
ential equations with a fast convergence rate and small calculation error.

In this work, we state some properties of sequential conformable frac-
tional derivative, then use the FPS technique to solve conformable fractional
differential equation of order two.

2 Conformable fractional derivative

In this section, we present some definitions and some important properties
of the conformable fractional derivative. The definition of the conformable
fractional derivative is defined as follows;

Definition 1 [1] Given a function f : [0,00) — R. For o € (0,1), the
conformable fractional derivative (CFD) of f of order o is defined by

T () () = lim 2 ) 0

e—0 £

for allt > 0. If f is adifferentiable in some (0,a), a > 0, and lim,_q+ f(¥(¢)
exists, then define

A function f is called a-differentiable at ¢t > 0 if the above limits exists.
For simplicity we sometimes use the notation f(®)(¢) instead of T, (f) (¢).
Consider the limit o — 17. In this case , for t > 0, we obtain the classical
definition for the first derivative of a function f(®(t) = f'(t).

Theorem 2 [1]Let [ :[0,00) — R be a differentiable function in the clas-
sical sense. Then f is adifferentiable att , o € (0,1) and

FO) =t f (1), >0,
Also, if f is continuously differentiable at 0, then f(*)(0) = 0.

Note that the function could be a-differentiable at a point ¢y but not
differentiable at that point, as in the following example.

Example 3 For some fized o, with o € (0,1), let f(t) = %, t > 0. Note
that f'(0) does not exists but To(f)(t) = 1 for t > 0, therefore f(®(0) =
limy o+ To(f)(t) = 1.
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Theorem 4 [1]If a function f : [0,00) — R is «a-differentiable at a >
0, a € (0,1], then f is continuous at a.

We list some Important properties of the operator T, as follows.

Theorem 5 [I]Let o € (0,1] and f,g be adifferentiable at a point t > 0.
Then

1. To(Af +g) = NT(f) + Tu(g), for all X € R.

2. To(fg) = [Ta(g) + gTu(f)-
3. Ty(L) = 4Tal)-ITa)

Important examples of CFD are listed as follows:
Example 6 [
1. T, (tP) = ptr—

2. Ty(e™) = at' e, a € R.

(
3. Tal )
4. To(cos(at)) = —at*~“sin(at), a € R.
N

6. To(sin(1t*)) = cos(lt“).

7. T,(cos(£t™)) = —sin(lto‘).

8 To(£t*) =1.
There are some properties that are not satisfied by operator T, as follows:

Theorem 7 [2]For o, € (0,1] and o + 8 € (1,2], and the function f :
(0,00) — R is twice differentiable on (0,00).T,, does not satisfy the Index
Law; T, Ts = TsT,,where

LT () (6) =t (=) f )+t [ (1))
1. whale,
Tl () (8) = 7 (1= ) ' @0 +1 £ (1))
Proof. Calculating T, T, 15T, gives that
TaTs () (1) # TeTa (f) (1)

fora#5 =
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3 Sequential conformable fractional
a-derivatives

In this section the higher order of conformable fractional derivative will be
defined and the relation between CFD and polynomials will be given.

Definition 8 The second order CFD operator T, will be denoted by
T2 =T, (T,).

In general the n'™ order CFD operator T, is defined as

W =T, (T)7).

«

Note that the operators commute for each positive integers n, m,
T =TT,

The calculation of the second and the third sequential orders of CF op-
erator 7T, can be found in [2].

Theorem 9 Given a function f : (0,00) — R .Then
T2(f) (1) = LT (F) () =2 (L= a) f )+ [ (1),
where f is twice differentiable, and twice a-differentiable at t . Also
T2 =t (1 =a) (1 =20) f () + B =3a)t [ () +£ (1)),

where f is three times differentiable at t and three times a-differentiable at t

Lemma 10 If m and n are any positive integers and p a real number, then
T (#7) = 5! (p — i a) P
Proof.

To2¢ (tp) =T, (Tatp)

— 1o <ptp—a)
=p(p—a)tr >
4
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Also,
T3 (") =To (p(p — o) t772%)
=p(p—a)(p—2a) P>
Then
" (") =p(p—a)(p—2a)...(p— (m—1)a)tP"™
=TI7%" (p — i o) 177
[

Corollary 11 If n is positive integer , then
" (") =) (n — i ) t"7),
Corollary 12 If m and n are any positive integers and 0 < o < 1,then

T (1) = T o™ (n — i ) ¢,

Applying LemmalO and using the linearity property of Theorem 5, we
get

Lemma 13 If P, (t) = aot™ + ait" '+ agt" % + -+ a, is a polynomial in
t of degree n, then
TP, (1) = a; TG (n—j — i o) t™ 77,
j=0
Changing variable from ¢t — ¢, we get the following result.

Corollary 14 If f (t) = apt®" + 0y 190D+ apt02) 4 4 a | then
TR = ey WG (a(n—i ) = j) e,
§=0

The following theorem presents the n'* sequential CF a-derivative utiliz-
ing the limit definition as follows:

Theorem 15 Given a function f : [0,00) — R. Then for0 < a <1 andn

a positive integer, the n th order of the a—conformable fractional derivative
of f of is as follows

T2 f (t) = lim 2o () (D" S (A 42ty

e—0 gn ’

where t > 0.
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Proof. Since

Tl (1) =1ty :
_ iy A+ et™) — f(D)
e—0 £

Thus

121 () = tiy 2oL e
S 27060 + £
61 (06— 1) 2 '

Again calculating the 3" order of the a—conformable fractional derivative,
we get

Tof(6%t) — 2T, f(6t) + Tof(t)

T3 (1) = T.T2S (1) = lim

5—1 (6 — 1)2 $2a
o F0°) = 3(5%) + 3F(01) + £ (1)
5—1 (6 — 1)3 13
I > VA Gl
01 (6 —1)° t3e '

Repeating this process n times, we get

"o (M) (=) (%t
Taf (8) = Jim e ((]5)51)2%%]6( )'

Substituting € = (§ — 1) %, then

Ty f () = lim 2o () GO (@ ety

e—0 gn
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4 Conformable Fractional Power Series
Representation

Power series is an important tool in the study of elementary functions. Using

this power expansion gives us the ability to make an approximate study of
many differential equations . In this section, we will recall some important
definitions and theorems of fractional power series theory .

Definition 16 For a € (0,1) a conformable fractional power series of the
form

D et —1o)" =coter(t—to)" +ea(t—to)* o :
n=0

where t > ty > 0 tis called the conformable fractional power series (CFPS)
about ty,where ¢, denote the coefficients of the series, where n € N.

Note that for CFPS, we have the value ¢y forn = 0,at t =t , while ¢, =0
for n > lat t = ty .Also note that for ¢ty = 0, then the CFPS becomes

Z cpt™™ = co + 1t + ot?

n=0

Proposition 17 [4]If >~ ¢, t"* converges absolutely for t =ty > 0, then
we it converges absolutely for t € (0,1).

Theorem 18 The series) ., c,t"*converges,—oo < t < oo has radius of
convergence R, if and only if the series Y . c,t"* t > 0 has radius of
convergence Ré, R>0.

Theorem 19 [2]Assume f is an infinitely a-differentiable function, for some
a € (0,1] at a neighborhood of a point ty. Then f has the Taylor CFPS series
expansion as follows

TR (o) (E— to)*
3 f (o) ( )

ft)= T L€ (to,t0+Ri) . R>0.

k=0

The next following examples doesn’t have the Taylor PS expansion about
to > 0 since there are not differentiable there. But they have Taylor CFPS
expansion at tg.
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Example 20 [2]

1. ea (t=t0)* — Zk 0 (taiom fOT’ t e [to, )

t to)(2k+l)a

2. sin(L (¢t —to)*) = Sop2y (— 1) Slor, for t € [to, 00).
3. cos(é (t—10)") =D rep (—1) % for t € [ty,0).

4' 1— (t T —t)™ Zk 0( )kaa f07’ te [t07t0+ 1)

@

5 Solving CFD equation’s using CFPS

Example 21 Consider the following conformable fractional differential equa-
tion
TRy (t) -ty (t) =0, (2)

with initial conditions,

y(0) =0, Toy (0) = yo, (3)

where 1, is a real constant.
Now using CFPS technique, let

o0
= E ™.
n=0

Then
Z « (n—1) e, =2
- Z a2 (n+1) (n+2) ¢pyat™
n=0
and
oy (1) = et
n=0
= epat™ (4)
n=1
8
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Substituting T2y (t) and t*y (t) in CFDE, we get

Z o (n+1) (n+2) cppat"™ — Z Cp_1t" = 0.
n=0 n=1

Then from Formula (), one can obtain
2a’%cy + Z [0 (n+1) (n+2) cpya — oy ] 1" = 0.
n=1

Equating the coefficients of t"* to zero in both sides gives the following;

Cn—1
a?(n+1)(n+2)’

co =0, and ¢, 9 = n=123,.... (5)

Considering the initial conditions of the CFDE,
co =0, and ¢; = —yp.
o

Based on Equation 5,the coefficients of t"* can be divided into two cate-
gories: zero terms

02:C3:CBZCGZC8:CQZCH2014:"':0,

in general
C3na2 = Canas, forn=10,1,2,3,...

and non zero terms
C3np1 # 0,forn=0,1,2,3,...,

that is C1,C4,C7,C10,C13,C16 " " * where

YT a2(34) ¥ (34)

o — Cq _ Yo
TT02(6.77)  a(3.4.6.7)
P Cr _ Yo
7 02(9.10) T a7(3.4.6.7.9.10)
C10 Yo
CIO = =

a?(9.10) a9 (3.4.6.7.9.10)’
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Then, one can obtain the following CFPS as follows

Y (t) = et + ct?® + et et 4o
Yo

1 Yo Yo
I ta t4a t?a 0 4 ...
T EEY TH @4y ¥ (3467910)
1 = 1
— (3k+1)a
laze | T 36) (30 +1)
=0

Conclusion 22 The main aim of this work is to provide a reliable algorithm
for the solutions to the systems of fractional differential equations by using
the CFPS.
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Abstract
Here we present multivariate Ostrowski-Sugeno Fuzzy type inequali-
ties. These are multivariate Ostrowski-like inequalities in the context of
Sugeno fuzzy integral and its special properties. They give tight upper
bounds to the deviation of a multivariate function from its Sugeno-fuzzy
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1 Introduction

The famous Ostrowski ([4]) inequality motivates this work and has as follows:

b v — atb)?
o [ Fwd—f@) < (i+((b_))> (b= ) [/l

where f € C* ([a,b]), x € [a,b], and it is a sharp inequality.
Another motivation comes from author’s [2], pp. 507-508, see also [1]:
k
Let f € C! (H [ai,bi]>, where a; < b;; a;,b; € R, ¢ = 1,...,k, and let

=1

k
o := (o1, -, Tok) € [] [as, bi] be fixed. Then
i=1

b1 by
= / / f zl,...,zk)dzl...dzk—f(xo) S
H (b; — a;)

1=
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of
821-

(JZ i—ai)2+(bi—xi)2
Z( } 2 (bi — a;) : )‘ .

i=1

o0

The last inequality is sharp, the optimal function is

k
f* (21, ...,Zk) = Z |2:Z — $0i‘ai , o > 1.
=1

Here first we give a survey about Sugeno fuzzy integral and its basic special
properties. Then we derive a set of multivariate Ostrowski-like inequalities to all
directions in the context of Sugeno integral whitin its basic important properties.
We finish with an application to a special multivariate case.

2 Background

In this section, some definitions and basic important properties of the Sugeno
integral which will be used in the next section are presented. Also a preparation
for the main results Section 3 is given.

Definition 1 (Fuzzy measure [6, 8]) Let ¥ be a o-algebra of subsets of X, and
let u: ¥ — [0,400] be a non-negative extended real-valued set function. We say
that p is a fuzzy measure iff:

(1) p(2) =0,
(2) E,F €% :ECF imply p(E) < p(F) (monotonicity),
(8) E, € ¥ (n € N), By C Ey C ..., imply lim p(FE,) = u(UX2,E,)

(continuity from below);
(4) E, € ¥ (n € N), E; D Ey D ..., u(E1) < oo, imply lim u(E,) =

(NS, Ey) (continuity from above).

Let (X,X, 1) be a fuzzy measure space and f be a non-negative real-valued
function on X. We denote by F, the set of all non-negative real valued mea-
surable functions, and by L, f the set: L, f :={z € X : f (z) > a}, the a-level
of f for a > 0.

Definition 2 Let (X, X, u) be a fuzzy measure space. If f € Fy and A € %,

then the Sugeno integral (fuzzy integral) [7] of f on A with respect to the fuzzy
measure p is defined by

(9) /A Jdit = Vaso (@ A (AN Lof)) (1)

where V and A denote the sup and inf on [0, 0], respectively.

The basic properties of Sugeno integral follow:
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Theorem 3 ([5, 8]) Let (X,3, 1) be a fuzzy measure space with A, B € ¥ and
frg € Fy. Then
S) [ fdp < p(A);
S) [y kdp =k A pu(A) for a non-negative constant k;
3) if f < g on A, then (S) [, fdu < (S) [, gdu;
4) if AC B, then () [, fd < (S) [, fdii:
5) w(ANLof) <a=(9) [, fdp <o
6) if p(A) < oo, then (AN Lof) > a < (S) [, fdu > o;
7) when A= X, then (S) [, fdp = Vaso (@ A p(Laf));
§) if a < B, then Lyf C Lof;
S) [, fdu > 0.

Theorem 4 ([8/, p. 135) Here f € F., the class of all finite nonnegative
measurable functions on (X,3, u). Then
1) if p(A) =0, then (S) [, fdu =0, for any f € F,;
2) if (S) [y fdu =0, then p (AN {z|f (z) > 0}) =0;
S) [y fdp = (S) [y [ - xadp, where x 4 is the characteristic function of
A;
S) [4(f+a)du < (S) [, fdu+(S) [, adp, for any constant a € [0, c0).
Corollary 5 ([8], p. 136) Here f, f1, fo € Fy. Then
S) Ja (frV f2)dp = (S) [y frdp v (S) [, fadps
( ) Ju (Fr A fz)dﬂ < (8) [, frdu A (S) [ 4 fadp;
( )fAudeN> fAfdMV(S)fod/i;
4) (S) [ gnp Fdu < (S) [, fdu A (S) [ fdp.

In general we have

(8) /A (i + f2) d # (5) /A frdu+ (S) /A fadn,

and
(S)/Aafdu #+a(95) /A fdu, where a € R,
see [8], p. 137.
Lemma 6 (/8), p. 138) (S) [, fdu = oo iff p(ANLyf) = oo for any a €
[0, 00).
We need

Definition 7 ([3/) A fuzzy measure p is subadditive iff p (AU B) < u(A) +
w(B), for all A,B € X.

‘We mention
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Theorem 8 (/3]) If v is subadditive, then

(8) /X (f +9)du < (5) /X fdu+ (S) /X gd, (2)

for all measurable functions f,g: X — [0, 00).

Moreover, if (2) holds for all measurable functions f,g : X — [0,00) and
p(X) < oo, then p is subadditive.

Notice here in (1) we have that o € [0, 00).

We have

Corollary 9 If i is aubadditive, n € N, and f : X — [0,00) is a measurable
function, then

) [ ngdu<n(s) [ i, 3)
in particular it holds

(®) [ nfan<n(s) [ fin. (1)
for any A € X.

Proof. By (2). m
A very important property of Sugeno integral follows.

Theorem 10 If u is subadditive measure, and f : X — [0,00) is a measurable
function, and ¢ > 0, then

) [ craus e+ 1) [ san (5)
for any A € X.

Proof. Let the ceiling [¢] = m € N, then by Theorem 3 (3) and (4) we get

(5) [ erin=($) [ mpauzm(s) [ fan<e+1s) [ san

proving (5). =

From now on in this article we work on the fuzzy measure space (Q, 5, 1),
where Q C R, k > 1 is a convex compact subset, B is the Borel o-algebra on
@, and p is a finite fuzzy measure on B. Typically we take it to be subadditive.

The functions f we deal with here are continuous from @ into R .

We make

Remark 11 Let f € C(Q,Ry), and p is a subadditive fuzzy measure such that
p(Q) >0,z € Q. We will estimate

E(x) = \(S) /Q £ du () - 1(Q) A f (@) ©)
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(by Theorem 3 (2))

fo -9 o]
We notice that

fF@)=f@) = fl@)+f@)<[f@)-f@)]+f(2),
then (by Theorem 3 (3) and Theorem 4 (4))

/f )dp (¢ /|f o)l dut /f Vau(), ()

that s

/f )dp (¢ /f ) dp (¢ /|f Dldu(t). ()

Similarly, we have

f@)=Ff@) @O+ <If )= F@+F7),
then (by Theorem 3 (3) and Theorem 8)

/ f () du (¢ / () — f (@) da (8) / £ () dut
that is
/f ) dpe (8 /f ) dp (¢ /|f Dldu(t). ()

By (8) and (9) we derive that

‘ /f )du (i /f ) du (¢ ‘ /|f 2l (). (10)

Consequently it holds
(by (6), (10))
2@ [ 150 - @l (1)

where t = (t1,...,tg), ¢ = (1, ..., k) .

We will use (11).
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3 Main Results

We make
k
Remark 12 Here @ : H [a;, b;], where a; < b;; a;,b; € R, i = 1,..k;

k k
= (21,...,xx) € [] [ai,bi] is fived, and f € C* (H [ai,bi],R+). Consider

g (r) = f(z+7(t—2)), > 0. Note that g, (0) = f (), gr (1) = f (£). Thus
f@) = f(x)=9:(1) —g:(0) =g, (§) (1 = 0) = g; (£), (12)
where £ € (0,1).
Le. .
=> (t :c+§(t—x)) (13)
Hence -
i |<Z\t m+f(t—x>>]
< i It — i gt{ (14)

i=1
By (11) we get

(5) / LT
il;Il[aiVbi]

® [ O @l 7
,ljl[ai’bi]

(\
13-
E)
;/

(2)
t; du (t
/ﬁa b]<2| ) 41 (8)
k
(5)
dp(t) <
; /mal bl Oti || o

(i

i

+1> ((5) /ﬁ - |ti — @] dp (ﬂ) : (15)

Here p is a fuzzy subadditive measure with p (H [a;, 1]) > 0.
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Therefore we get

—

1 _ - J N7
M (f“ Z}) /ﬁlm]fu)du(t) 1A (
S|+t
]
[)
r

S
k
|5
)

Notice here | 1 A kf# <1, and
M('I;Il a;,b;i]

(by Thm. 3 (1))
(S)J ) dp (t) <

k - L,
<1;[ aq,b ) 1;[ a;,b
where ( flf[ du(t) > 0.

7

k
If f o 11 lai, bs] — Ry is a Lipschitz function of order 0 < a < 1, i.e
i=1

[f (@) = f Wl < Klz—ylli}, ¥ 2,y € H[a“ il, K >0, where ||z

—y”l1 =

f
k k
z |z; — yi|, denoted by f € Lipa i (H [ai, ], R+>, then by (11) we get

i=1

k
(8) /ﬁl[ai,b Sy (1_1 ) ()

(5) [ [f () = f(2)[dp(t) <
il;[1[ai)bi]

. (5)
(5) / L K-z du(t) <
fjecss

K+ [, =l duto).
[ e

< (17)

We have proved

f <ﬁ [ai, bi]

=1
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(K+1) .
— ) [ =zl du ().
H (f[l [a;, bi}) /inl[“i’bi] l

We have established the following multivariate Ostrowski-Sugeno inequali-
ties.

k
Theorem 13 Here i is a fuzzy subadditive measure with u (H [ai,bi]> > 0,
i=1

k
T € H [ai,bi] .
i=1
k
1) Let f € C* ( [a, by ,R+>, then

=1

LL(::E““bA>0g)j&l®uh1f(t)du(t)_ 1/\N'(iiizilui) < (19
k ‘ at{ 4 1
; ‘m ” /ﬁl[%bi] b = @il dpe (1)

2) Let f € Lipa,x (il:[l [ai, bi] ,R+), 0<a<l, then

“(ﬁ“l“) () /ﬁﬁ%bﬂ Fdu® - | 1n m SR

(K +1) a
e Ny It — x| ldﬂ(t),
g (ﬁ MM) /El[“i’bﬂ l

i=1

‘We make

Remark 14 Let Q be a compact and convex subset of RE, k > 1. Let f €
(C(Q,R)NC™(Q)), n € N and x € Q is fived such that all partial deriva-

@ . d .
tives fo 1= %, where o = (a1, ...,ag), o €EZT, i =1,k || = > a; = 7,
i=1

Jj=1,..,n fulfill fo (x)=0.
By [2], p. 513, we get that
n+1
d
#.)" ]
(n+1)! ’

Vieq. (21)

|f () = ()] <
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Call
Dot ()= max_ | [fall (22)
For example, when k =2 and n =1, we get that
2
[(Z It — il || 5 > f] =
aZf an a2f
2
(t1 — 1) aiﬁoo+2\t1*$1||t2*@\ 8.0t H (tr — 22)° aTg o
and
Dy (f) = max | foll (24)
Clearly, it holds
2 9 2
|:<Z|tz zil || 5 ) Fl S Do () (ftr — 1| + [t —22])®.  (25)
i=1 oo
Consequently, we derive that
k n+1
[(Zhﬁi—xl ) fl <Dpya (f )||t—x||”“, VieQ.  (26)
i=1 oo
By (11) we get
9) [ £ -n @11 @) <
(21)
) [ 150~ r@ldn) < (27)
n+1
li —x; ,
[ [(2 w Oo) f] )<
Dy (f) 1t — || ()
S du(t) < 28
©) [ =y )< (28)

(Pl +1) s ) [ e=alic ).

Here i is a fuzzy subadditive measure with p(Q) > 0.
By (27) and (28) we obtain

’@(S)/Qf(t)du(”‘ <1Ap{((g))‘ -
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( (n+11()1: ) 4
n+ n 1

/ It~ 2l du (). (29)
We have established the following multivariate Ostrowski-Sugeno general

inequality:

Theorem 15 Let Q be a compact and convex subset of R¥, k > 1. Let f €
(C(Q,R)NC™I(Q)), n €N, z € Q be fized: fo(z) =0, all a: |a| = j,
j=1,..,n. Here p is a fuzzy subadditive measure with p(Q) > 0. Then

@@ frowo- ()| s
W() ) [ =i dn ) (30

Corollary 16 All as in Theorem 15. Then

‘@(S)/Qf(t)du(t)<M;f<(gz)))‘§

8£L'i
k
Next we take again @ := [] [as, bi], we set a := (a1, ...,ax), b := (b1, ..., by),
i=1

and &2 = (2138, 255%) € T furb].
=1

n+1
> flap®). — (31)

<.

k k
Corollary 17 Let f € < (H [ai, bi] R+) nCcrtl (H [ai,bi])>, n € N,

i=1 i=1
such that fo (‘I—H’) =0,adla:|al=4,75=1,..,n Here p is a fuzzy sub-
k
additive measure with p (H (@i, bz]> > 0. Then
i=1
1 f a+b
i © [ w1
i (fLlapg) e (11 a0
1= =1
(D(;L:t,-ll(){) + 1) at+b n+1
L) |, \t— an (1) (32)

H <ﬁ [ai, bz]) il;ll[ahbi] 2 I

]

10
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Proof. By Theorem 15. m
We make

Remark 18 By multinomial theorem we have that

n+1
It — [l = (th—xz> =

n+1 -
Z < > |t1 — 1‘1|T1 |t2 — LE2|72 |tk — l‘k|rk y (33)
T1,72, ...y Tk
ri+re+...+re=n+1
where N
nt+l ) _ (D (34)
T1,72,..., Tk 7“1!7‘2!...Tk!

By (27), (28) we get

‘(S)/Qf(t)du(t)u(Q)Af(w) <

(9) Dy (f )Ht— 1 dp (r) 7 L 44

(S)/Q T1+T2+Z.+:rk:n+1 <r1,jj; ) (H It —$L|ﬁ>] du(t) <

n+1 k T (5)
S/(r nt ) Tt — il | d(t) <
1Tt +rk n+1 1han '

i=1

> (D,*,”Z,H)(a/@([[u—x

r1+rot...+rg=n+1

) du(t). (35)

We have proved the following multivariate Ostrowski-Sugeno general inequal-
ity:

Theorem 19 Here all as in Theorem 15. Then

i [,y 0w o- (15| <
(M k

rilral.rg! + 1) r;
T L0 (S)/Q <H|ti—$i| )dﬂ (t).  (36)

i=1

2.

ri+re+.. . +ry=n+1

‘We make

11
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Remark 20 In case k=2, n=1, by (27), (28) we get

<

‘(S)/Qf(t)du(t)—u(Q)Af(x)

) [ 2 e ol due) =

(S)/ Dy (f) [(tl _ 2171)2 + 2|t — 1] [te — m2| + (t2 — 172)2} dp(t) < (37)

Q 2
(S)/QDQQ(f) (tl—ml)zdu(t)jt(S)/QDz () [t1 — 21| [ta — 22| dp (£)

#() [ 22 0 =) <

(1+ 22 ) [ 6= du@+0-4 D218 [ 1=l = ol e
+ <1+ DQ(f)) (5)/62@2@)2@@).

We have proved

Corollary 21 Let Q be a compact and convex subset of R?. Let f € (C(Q,Ry)
NC?(Q)), © = (z1,22) € Q be fived: gTJZ (x1,29) = g—tf; (z1,22) = 0. Here p is
a fuzzy subadditive measure with u(Q) > 0. Then

‘@(S)/Qf(t)du@) <”;f<(§2)))‘ -

@ (S)/ (tr — 22)? d (1) + T P2 () (5)/ [t — 1| [ta — wa| du (t)
Q) @ m@Q) @
(38)
(1 + DQQ(f)> 2
T /Q (b — ) dpu (1) .
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ABSTRACT. In this paper, we consider subsethood measures introduced by Fan et al. [3]
and the interval-valued Choquet integral with respect to a fuzzy measure of interval-valued
fuzzy sets. Based on such a focus, we define three types of interval-valued subsethood
measures and provide four interval-valued fuzzy sets to animal product exports between
Korea and four selected trading partners.

In particular, we investigate a strong interval-valued subsethood measure defined by
the interval-valued Choquet integral which represents the degree of trade surplus between
Korea and three trading partners in terms of the model of trade transactions with the
United States and Korea

1. INTRODUCTION

Zadeh[18] first developed fuzzy sets and Murofushi-Sugeno [11] have studied fuzzy mea-
sures and Choquet integrals. Subsequently, using set-valued analysis theory developed by
Aumann[1], we studied interval-valued Choquet integrals and their related applications(see[5,
6, 7, 8, 9]). In particular, through the restudy of the interval-valued Choquet integral in
2004 by Zhang-Guo-Liu[21], this research has been developed in a much more systematical

1991 Mathematics Subject Classification. 28E10, 28E20, 03E72, 26E50 11B68.
Key words and phrases. Choquet integral, fuzzy measure, subsethood measures, the degree of trade surplus
in trade exports.
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manner. Xuechang [16], Zeng-Li[19] have examined fuzzy entropy, distance and similarity
measures, the likes of which form three key concepts of fuzzy set theory. Ruan-Kerre [12]
also introduced various fuzzy implication operators and the Choquet integral were suggested
for the first time by Choquet [2]. Further studied by Murofushi-Sugeno [9], Jang-Kwon [10],
and Jang [12] provide some interesting interpretations of fuzzy measures and the Choquet
integral. Subjective probability and Choquet expected utility were studied as an applica-
tion of Choquet integral and form another pivotal component of fuzzy sets and information
theories(see[13, 14, 15, 20]).

A subsethood measure refers to the degree to which a fuzzy set is a subset of another
fuzzy set. Many researchers have contributed to the area of a fuzzy subsethood measure that
is closely related to the various tools introduced above (see[6, 7, 8, 11]). Their efforts have
considered axiomatizing the properties of a subsethoods measure.

In this paper, we consider subsethood measures introduced by Fan et al. [3] and the
interval-valued Choquet integral with respect to a fuzzy measure of interval-valued fuzzy
sets. Based on such a focus, we define three types of interval-valued subsethood measures
and provide four interval-valued fuzzy sets to animal product exports between Korea and
four selected trading partners. In configuring the four interval-valued fuzzy sets, the original
data(see[4]) used had to be slightly modified to produce Table A4. In order to calculate the
interval-valued Choquet integral, the rules (46) and (48) were introduced.

Furthermore, we also investigate a strong interval-valued subsethood measure defined by an
interval-valued Choquet integral which represents the degree of trade surplus between Korea
and 3 trading partners in terms of the model of trade transactions with the United States and
Korea. The information for the above degree of surplus is of great significance in providing
accurate comparative figures on the size of trade that exists between the four countries that
trade with Korea.

2. PRELIMINARIES AND DEFINITIONS

Throughout this paper, we write X to denote a set,

F(X)={AlA={(z,ma(z))| x € X}, ma : X — [0,1] is a function} (1)
stands for the set of fuzzy sets in X (see[18]). We note that m 4 expresses the membership of
a fuzzy set A, A° is the complement of A, that is,

A ={(z,mac(z))| mac(z) =1 —ma(z), z € X}. (2)

Recall that for A,B € F(X), A C B if and only if ma(z) < mp(z), for all z € X, and for
A e F(X), [A] = {z € X| ma(z) > 0}, n(A) is the cardinal number of crisp set [4], and
M(A) is the fuzzy cardinal of A, that is, M(A) = > _ .y ma(z). Now, we introduce three
types of subsethood measure in Fan et al. [3].

Definition 2.1. ([3]) Let ¢: F(X) x F(X) — [0,1] be a function.
(1) c is called a strong subsethood measure if ¢ has the following properties;

(S1) if AC B, thenc(4,B) =1,
(S2) if A # 0 then c(A, B)
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(Ss) if Ac BCC, thenc(C,A) <c¢(B,A)and ¢(C, A) < ¢(C, B). (3)
(2) ¢ is called a subsethood measure if ¢ has the following properties;

(C1) if AC B, thenc¢(A, B) =1;
(C2)  c(X,0)=0
(Cs) if AC B CC, then¢(C, A) <¢(B,A) and ¢(C, A) < ¢(C, B). (4)

(3) ¢ is called a weak subsethood measure if ¢ has the following properties;

(Wl) C(@,@) = 17 C((Da@) = 17 C(AvB) = l;a‘nd C(X7X) =1
(Wa) if A+ 0rmand AN B =10, then ¢(A, B) = 0;
(W3) if AC B CC, thenc(C,A) <¢(B,A) and ¢(C, A) < ¢(C, B). (5)

We also list the set-theoretical arithmetic operators for the set of subintervals of an unit
interval [0,1] in R. We denote

I(0,1))={a=[a",a"]|a",a" €[0,1]]and a” < a™}. (6)

For any a € [0,1], we define a = [a, a].

Definition 2.2. ([5,6,7,8,9]) Ifa=[a~,at],b=[b—,b*] € I(][0,1]), and k € [0, 1], then the
addition, scalar multiplication, minimum, maximum, inequality, subset, multiplication, and
division as follows;

(a+b=[a" +b",a" +bT],

(2) ka = [ka™, ka™],

(B)anb=la" Ab~,at AbT],

(4)avb=la" Vb ,at VvbT],

(5) @ < b if and only if = < b~ and a® < b¥,
(6) @ < b if and only if @ < b and @ # b,

(7) @ C b if and only if b~ < a~ and a™ < bt,
(8)a®b=[a"b",aTbt], and

9 aob=1[a" /b~ Aat/bT,a" /b” VaT /bT].

From Definition 2.1 (9), the following theorem can be easily obtained.

Theorem 2.1. (1) Ifa=[a",at] € I([0,1]), thena©®a = 1.
(2) Ifb=[b=,bT] € I([0,1]) and b~ >0, then 1@ b= [1/bT,1/b7].

Definition 2.3. ([5, 6, 8, 9, 21]) Let (X, Q) be a measurable space. (1) A fuzzy measure on
X is a real-valued function p : @ — [0, 1] satisfies

i) w@=0
(ii)  w(E1) < p(E2) whenever Fi,FE; € Q and E; C Es. (7)
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(2) A fuzzy measure p is said to be continuous from below if for any sequence {E,} C Q
and E € Q, such that

it £, 1 E, then 1i_>m w(Ey,) = u(E). (8)
(3) A fuzzy measure p is said to be continuous from above if for any sequence {FE,} C Q
and E € Q) such that
if E,]E, then lim p(E,)=u(E). (9)
n—oo

(5) A fuzzy measure p is said to be continuous if it is continuous from below and continuous
from above.

Definition 2.4. ([5, 6, 8, 9, 21]) (1) Let A € F(X). The Choquet integrals with respect to
a fuzzy measure p of a fuzzy set A on a set E € Q is defined by

1
Coo(A) = (©) [ madi= [, ()i (10)
E 0
where g m, (1) = p({x € X| ma(xz) > r} N E) and the integral on the right-hand side is an
ordinary one.
(2) A measurable function is said to be integrable if C},(A4) = C}, x(A) exists.

It is well known that if X is a finite set, that is, X = {x1,22, - ,2,}, and A € F(X),
then we have

Cu(4) = ZmA(ff(z‘)) (M(E(i)) - M(E(i+1))) ) (11)
i=1
where (-) indicate a permutation on {1,2,---,n} such that ma(z)) < ma(z@) < - <

ma(z(ny) and also Eyy = {(i), (1 +1),--- ,(n)} and E(, 41y = 0.

Theorem 2.2. Let A,B € F(X). (1) If A< B, then C,(A) < C,(B).

(2) If we define (ma V mp)(x) = ma(x)V mp(z) for all x € X, then C,(AV B) >
C.(A) VvV Cu(B).

(3) If we define (ma A mg)(z) = ma(x) A mp(z) for all z € X, then C,(AANB) >
CulA) A CulB).

3. THREE TYPES OF INTERVAL-VALUED SUBSETHOOD MEASURES DEFINED BY
INTERVAL-VALUED CHOQUET INTEGRAL

In this section, we consider the interval-valued Choquet integral and list some properties
of them.
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Definition 3.1. ([5, 6, 8, 9, 21]) (1) The interval-valued Choquet integral of an interval-valued
measurable function f = [f~, fT] on E € Q is defined by

Zlﬂﬁ=&ﬂéjw={ﬂﬂﬁﬂf€ﬂﬂ% (12)

where S (f) is the family of measurable selection of f.

(2) f is said to be integrable if C,(f) = C, x(f) # 0.

(3) f is said to be Choquet integrably bounded if there is an integrable function g such
that

IIf ()| = SUP, (|7l < g(2), forallz € X. (13)

Theorem 3.1. ([5, 6, 21]) (1) If a closed set-valued measurable function f is integralble and
if B4 C Es and Ey, Ey € Q, then C,J E1(f) < CM EQ(f)

(2) If a fuzzy measure p is continuous , and a closed set-valued measurable function f is
Choquet integrably bounded, then C,(f) is a closed set.

(3) If the fuzzy measure p is continuous, and an interval-valued measurable function f =
[f~, fT] is Choquet integrably bounded, then we have

Cu(f) =[Cu(f 7). Culf ) (14)

Let IF(X) be the set of all interval-valued fuzzy sets which are defined by
A= {(z,mg)lmz : X — 1([0,1])}. (15)
By using Theorem 2.2 and Theorem 3.1(3), we easily obtain the following theorem.

Theorem 3.2. Let A,B € IF(X). () < B, then C,(A) < C,(B). L
(2) If we define (mz vV mg)(z) = ( ) myg(x) for all x € X, then Cr(AV B) >
Cu(A) v Cpu(B).
(3) If we define (mz A mg)(z) = mz(z) A mg(z) for all z € X, then C,(ANB) >
(

C(A) AT (B).

We denote M4 = [ma-,mu+] and define three types of interval-valued subsethood mea-
sures on [F(X) x IF(X) as follows:

Definition 3.2. Let ¢: IF(X) x IF(X) — I([0,1]) be a function.
(1) ¢ is called a strong interval-valued subsethood measure if € has the following properties;
(IS;) if AC B, then¢(4,B) =1,
(ISy)  if A # 0 then ¢(4, B)
(IS3) if Ac Bc C, then¢(C,A) <¢(B,A)and ¢(C, A) <¢(C,B). (16)
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(2) ¢ is called an interval-valued subsethood measure if ¢ has the following properties;
(IC;) ifA - B, then ¢(A, B) = 1;
(ICy) e(X,0) =0 L L o o
(IC3) if Ac BcCC, thene(C,A) <¢(B,A)and¢(C,A) <e(C,B). (17)
(3) cis called a weak interval-valued subsethood measure if ¢ has the following properties;

(IW1)  ¢(@,0) =1, ¢(0,0) =1, ¢(A,B) = L;and ¢(X, X) =1
(IW3) if A% 0 rmand AN B =0, then ¢(4, B) = 0;
(IW3) if AC BCC, then¢(C,A) < ¢(B,A) and ¢(C, A) < ¢(C, B). (18)

Let IF*(X) = {A € IF(X)| A has the integrably bounded funstion m}. Note that if
X is a finite set, then ITF(X) = [F*(X). Finally, we give three types of interval-valued
subsethood measures defined by the Choquet integral with respect to a fuzzy measure on
IF*(X). By Theorem 3.1 (3), we note that for A = [A~, AT],B = [B~,B*] € IF*(X),
CulA) = [Cu(A7),Cu(AM)], Cu(B) = [Cu(B),Cu(BY)], and Cu(A A B) = [Cu(A~ A
B™),C, (AT ABT)].

Theorem 3.3. Let X be a set. If we define an interval-valued function ¢, : TF*(X) X
o 1, ifA=B=0,

¢1(A,B) =1 T,@rB)
Cu(4) 7

(19)

if not,

then €1 is a strong interval-valued subsethood measure on IF*(X).

Proof. (IS;) If A < B and B = (), that is, A = B = (), then by the definition of ¢, we
have ¢1(AB) = 1. If A < B and B # 0, then My < my. Thus, we have my- < mp- and
ma+ < mp+. Hence, we get

Q@B = wANB)
Cu(A)
(G4 A B, Cu(at A BY)]
AL G
= I ’ L == ].. 20
Cu (A7), Cu (A7) 2
B ({Sg) If A+ (and ANB = 6, then we get 0 = my; = My, and hence (A, B) =
CulANB) _
¢4
(IS3) If A < B < C, then we have
mz < My < Mg (21)
and hence, by (21), we have
mg ANz < g Ay (22)
Thus, by (21) and (22), we get
C.(B)<C,(C), and C,(C N A)) <CL(BAA). (23)
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Note that if C = 0, then B = (. By using (23), we have

“C.7 { 1, ifC =10,
C1 ) = 6“(7/\2) A
C,.(C) 1f07é?
{ 1, if B =0,
= C,.(BAA) P
A if B#0
= ¢ (B,A). (24)
From (21), we also get
C,(CNA)<CLBAB) (25)
By using (25), we also have
B (6 Z) { 1, ifC = @,
alt, = Cu(CrA) el
G HC#D
{ 1, if B =0,
= { C.CrB) T
6.0 iftB#£0
= ©@(C,B). (26)

Therefore, ¢; is a strong interval-valued subsethood measure.

Theorem 3.4. Let X be a set.If we define an interval-valued function ¢y : IF*(X) X
TF*(X) — 1([0,1]),

o 1, ifA=B=0,
(A, B) = T.(B)

C.(AVAB)’

if not, (27)

then o is an interval-valued subsethood measure on I1F*(X).

Proof. (IC;) If A = B = 0, then &(A4, B) = 1. Since A < B, we have 4 < mg. Thus,
we get

(A, B) = M =1. (28)
Cu.(AV B)
(IC3) By the definition of ¢, we have
o(X,0) = =20 _ (29)
CL(XV0)
(IC3) If A < B < C, then we have
Mg <My < Mg (30)

and hence, by (30), we hsve
C,(C)>C,(B), C,(CVA)=C,(C), and C,(BV A) =C,(B). (31)
Therefore by using (31), we have

(@A) = icﬂ(fj)
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Ql
=l

=3

=

QA

ol
=
S

and

Therefore, ¢ is an interval-valued subsethood measure.

The following definition ¢3 has some problem because of the definition of a complement of
interval-valued fuzzy set. So, we note that for interval-valued fuzzy sets A = [A~, AT], the

modified complement A" of 4 is defined by
migme(x) = [ma+(2),1].
Through this definition A", we can take note of the followings:
(i)
(ii)
(iii)

Mgme = [Ma+, 1]
)
if A< B, thenB <

—mc

A

Theorem 3.5. Let X be a set.
ITF*(X) — I([0,1]),

If we define an interval-valued function ¢3
5 Cu@")VT,(®)
C,(AvA™ vBvB™)

then €3 is an interval-valued subsethood measure on IF*(X).

C3 (Z7

Proof. (IW;) By the definition of ¢3, we get

&@) = —rOVaLO
Cru(@VO VvOVD )
_ G.®vT0
C,vXVDVvX)
_om .,
Cu(X)
Similarly, we have ¢3(, X) = 1 and ¢3(X, X) = 1
1146
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(IW3) By the definition of ¢3, we have

- = X )V
C3 (X, @) = — —mc_ = —mc
Cu(XVXTVOVD )
_ G0 _o_,
Cux) 1~
(IW3) If A < B < C, then we have
mz < Mg < Mg
Thus, by (35)(i) and (39), we have
mgme < mpgme < mgme.
From (40), we get
C,(CvC"™VvVAVA"™) = C,(CVvA™)
> CL (BVA™)
= C,(BVB™VAvA™)
Therefore by using (41), we have
E3 (67 Z) = = CLL(C—mc\/ g'U(AA—)crn
Cu.(CVvC  VAVAT)
< =T _[YOA)
- C.(BT"vBTVAVAT
= C3 E, Z)

Similarly, we have
C3 (67 Z) S C3 (éa E)

Therefore, ¢3 is a weak interval-valued subsethood measure.

4. APPLICATIONS

In this section, by using the of Harmonized system (HS) product code data for product
categories (s1,...,s5) between Korea and its trading partners (that is, Korea-United States,
Korea-New Zealand, Korea-Turkey, and Korea-Indea) over the 2010-2013 period, we construct
four interval-valued fuzzy sets related with four countries and calculate a strong interval-valued

subsethood measure ¢;.

Note that the product code definitions have been provided by the UN Comtrade’s online

data base(see[22]) and the relevant categories are defined as follows:
s1. Live animals: animal products.
s2. Meat and edible meat offal.

s3. Fish and crustacreans, mollusks and other aguatic invertebrates.

s4. Dairy produce: bird’s eggs; natural honey; edible products of animal origin, not

elsewhere specified or included.
s5. Products of animal origin; not elsewhere specified or included.
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Firstly, we denote that s is year, a(s) is trade value, and u(a(s)) is the utility of a(s).
By using the w(a(s)) for the trade values of animal product exports between Korea and
selected trading partners for HS Product Codes i = 1,2,3,4,5 in Table Al in [4], we can
calculate the Choquet integral of an utility on the set of trade values (in USD) that represent
Korea’s trading relationship with a particular country for years 2010, 2012,2012,2013. Let
S = {s1, s2, 83, 84, 85} and @(s) be the interval-valued trade value of s during four years and

i a”(s) \/ a*(s)
= 44
was)) l\/100141401’ 100141401 (44)
be an interval-valued utility of @(s). The following table Al is used to create four interval-

valued fuzzy sets required to draw a strong subsethood measure ¢; defined by the interval-
valued Choquet integral.

Table Al: The w(a(s)) for the trade value of animal product exports between Korea and
selected trading partners for HS Product Codes s; for i =1,2,3,4,5.

TP [ s a(s)(USD) u(a(s))
51 [144949, 364918] = a(s™M) [0.03542, 0.06037]
59 [144949,997539] = a(s®)) [0.03542, 0.09981]
s3 | [74866073,100141401] = a(s®)) | [0.86464, 1.00000]
54| [3722326,5016833] = a(s™) | [0.19280, 0.22382]
s5 | [1017895,863858] = a(s™®) | [0.09288, 0.10082]
51 (1589, 6650] = a(s™) [0.00398, 0.00815]
N7 LS5 [0,0] = a(s™M) [0.00000, 0.00000]
s3 | [46632301,91263506] = a(s™) | [0.68240, 0.95464]
54 [113751,277350] = a(s®)) [0.03370, 0.05263]
s5 [218022,393025] = a(s™) [0.04666, 0.06265]
[ ]
[ ]
[ ]
[ ]
[ |
[ |
[ ]
[ ]

USA

51 [150,6900] = a(s™) 0.00122, 0.00830
TR L52 [0,0] = a(s™M) 0.00000, 0.00000
s3 | [199874,2532837] = a(s™)) 0.04468, 0.15904
s4 [0,0] = a(s@) 0.00000, 0.00000
sS4 [0,0] = a(s®)) 0.00000, 0.00000
51 [450, 1300] = a(s™®) 0.00212, 0.00360
IND |52 [12135,50630] = a(s®)) 0.00992, 0.05551
S3 [1865,8695] = a(s™)) 0.00432, 0.00932
54 [12135,30938] = a(s™) [0.00992,0.02249]
s5 [0,0] = a(s@) [0.00000, 0.00000]

We remark that in order to calculate the interval-valued Choquet integrals for four interval-
valued fuzzy sets, we modified four interval-valued trading values for the United States and
the India (see Table 5 in [4]) as follows;

[286892, 364918] = @(s1) and [30005,997539] = a(s2) (45)
are changed by
286892 + 3005 286892 + 3005
;_,364918] = a(s2) and {;—,997539 = a(s2), (46)
and
[2656, 50630] = @(s2) and [21614, 30938] = @(s4) (47)

1148 WOOD 1139-1152



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

SOME APPLICATIONS OF INTERVAL-VALUED SUBSETHOOD MEASURES ... 11

are changed by

2656 + 21614 2656 + 21614

,5063()] = a(sy) and { 5

,30938| = a(sy4), (48)

From Table Al, we construct four interval-valued fuzzy sets from S to I([0,1]), U =
U(USA),N =N(NZ), T =T(TR), and I = I(ID) as follows;

U = {(s1,[0.03542,0.06037], (sq, [0.03542,0.09981], (s3, [0.86464, 1.00000]),
(s4,[0,19280,0.22382]), (s5, [0.09288, 0.10082])}, (49)
N = {(s1,[0.00398,0.00815], (s2, [0.00000, 0.00000], (s3, [0.68240, 0.95464]),
(s4,10,03370,0.05263]), (s5,[0.04666,0.06265])}, (50)
T = {(s1,]0.00122,0.00830], (52, [0.00000,0.00000], (s3, [0.04468,0.15904]),
(84, [0,00000,0.00000]), (s5,[0.00000,0.00000])}, (51)
and
T = {(s1,[0.00212,0.00360], (s2, [0.00992, 0.05551], (s3, [0.00432,0.00932]),
(54, [0,00992,0.02249)), (s5, [0.00000, 0.00000])}, (52)

In order to calculate the interval-valued Choquet integral, the four interval-valued fuzzy
sets((49), (50), (51), (52)) were made to be increasing interval-valued fuzzy sets as follows:

U = {(5(1)7 [0.03542,0.06037]), (5(2), [0.03542,0.09981]), (5(3), [0.09288,0.10082]),
(3(4), [0,19280, 0.22382]), (8(5), [0.86464,1.00000])}, (53)
N = {(8(1)7 [0.00000, 0.00000]), (8(2), [0.00398,0.00815]), (8(3), [0,03370,0.05263]),
(8(4), [0.04666,0.06265]), (8(5), [0.68240,0.95464]) }, (54)
T = {(8(1), [0.00000, 0.00000], (5(2), [0,00000, 0.00000], (8(3), [0.00000, 0.00000]),
(3(4), [0.00122,0.00830])), (8(5), [0.04468,0.15904])}, (55)
and
I = {(5(1), [0.00000, 0.00000], (5(2), [0.00212,0.00360], (5(3), [0.00432,0.00932]),
(5(4), [0,00992,0.02249]), (5(5), [0.00992, 0.05551])}, (56)

Now, the more diversified export items, the higher fuzzy measure are defined as follows(see[4]):
1(E@)) = p(0) =0, u(Es) = m({s)}) = 0.1, u(E) = mi({s@), s} =02,
WME@E) = m{s@), s, 56} =04, w(Be) = mse),se) sw, s} =07,
1(Emy) = m({501),82), 5315 5(0), 55)}) = 1. (57)
By using two interval-valued fuzzy sets (53), (54) and the above fuzzy measure (57), we can
calculate a strong interval-valued subsethood measure for ¢ (U, N) as follows:

_ GO = [CuU),Cu(U)]
C,UAN) = [C,(U" AN7),Cu(Ut ANT), (58)
and
== CuUANN)
Cl(U,N) = 76MU)
B CM(U—/\N—)ACM(U+/\N+) C,(U AN") C,UTANT) 59
- T CuUF) 7 CuU) oy |
where
C.(UT) = my-(sq))(u(Eqy) — u(Ew)))
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+my-(s(2)) (1(E(2)) — 1(E3)))
+my-(s(3)) (1(E3)) — 1(E)))
+my-(s)) ((Eay) — 1(Es)))
+my-(s(5)) ((E5))) — 1(E)), (60)
C.(UT) = my+(sq)(W(Eq)) — n(Ew)))
+my+(s@2)) (1(Ew)) — (L))
+my+(se3)) ((E3y) — 1(Ey))
+my+(say) ((Ey) — 1(Es)))
+my+(s(s)) (1(Es)) — 1(Ee)))s (61)
and
CuUTANT) = my-sn-(s50))((Eq)) — u(E)))
+Mmy-aAN- (3(2))(M(E(2)) - N(E(B)))
+my-an-(53)) (W(Es) — 1(Ew))
+my-an- (@) (W E)) — 1(Es)))
+my-an-(56)) (W E(5)) — 1(E)))
= (my-(s@)) N in-(50)) ((Eqy—)u(Ew)))
+(my-(s2)) Amy-(52))) (1(E(2)) — (Es)))
+(my-(s3)) Amy-(53))) (1(E@3)) — 1(Ew)))
+(mu-(s@y) Amy- () (W(Ewy) — w(Ees)))
+Hmy-(ss)) Amn-(55))) (1(Es)) — 1(E))), (62)
Cu(UTANY) = mysan+(sq))(u(Eqy) — u(Ewm))
+myan+(52) (W(E2)) — p(Es)))
+myean+(53)) (W(E3)) — p(Eay))
Fmy+an+(54)) (W(E)) — 1(Es)))
+my+an+(5) (1(Es)) — 1(Ee)))
= (my+(s@)) Amy+ (1)) ((Eqy) — p(E))
+(my+(s(2)) Amy+(3(2))) (1(E2)) — p(E3)))
+(mu+(s3)) Amn+(53))) (1(E3)) — 1(Eg)))
F(my+ (sa)) Amy+(54) (1(Ey) — n(Es)))
+H(mu+(s5)) Amy+(5(5))) (1(Es)) — 1(Ee)))- (63)

Thus, by using (58) and (59), we get the following table A2 for the strong interval-valued
subsethood measure between United States and New Zealand.

Table A2: The ¢;(U, N) between United States and New Zealand.
6# (U) 6# (U7 N) C1 (U7 N)
[0.14557,0.19060] | [0.08084,0.11470] | [0.55534,0.60178]

Given that ¢ (U, V) represents the degree of trade surplus for the trading relationship for
Korea and USA, and Korea and New Zealand.

Finally, we can calculate ¢ (U, T) and ¢, (U, I) in Table Al.
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Table A3: The ¢, (U, T) between United States and Turkey.

Cu(U)

C.(U,T)

o (U,T)

[0.14557,0.19060]

[0.00459,0.01673]

[0.03153,0.08778]

Table A4: The ¢;(U, ) between United States and India.

Cu(U)

C,(U,I)

C1 (U, 7)

[0.14557,0.19060]

[0.00348,0.01074]

[0.02393, 0.05635]

Tables A2, A3, and A4, demonstrate the results ¢, (U, N), ¢ (U, T),é (U, I). They highlight
the degree of trade surplus that exists with the three trading partners in terms of the model
of trade transactions with United States and Korea.

5. CONCLUSIONS

Using the concept of intervals, we defined three types of interval-valued subsethood mea-
sures in Definitions 3.2, 3.3 and 3.4. From these definitions, we proposed three types of
interval-valued subsethood measures defined by the interval-valued Choquet integrals with
respect to a continuous fuzzy measure in Theorems 3.2, 3.3, and 3.4. The fuzzy measure u
in (57) means that if set F includes more categories between Korea and its trading partner,
then p(E) receives a higher score. Moreover, intervals are also a very useful tool to express
the degree of trade surplus between Korea and its four trading partners analyzed over the
2010-2013 period.

In order to illustrate some applications of a strong interval-valued subsethood measure, we
provided the four interval-valued fuzzy sets which were aggregated in (49), (50), (51), and
(52) to animal product exports between Korea and four selected trading partners from 2010
to 2013. By using these interval-valued fuzzy sets, we obtained the strong interval-valued
subsethood measure ¢,(U, N),¢,(U,T),¢ (U, I) which represent the degree of trade surplus
between Korea and 3 trading partners in terms of the model of trade transactions with the
United States and South Korea in Tables 2, 3, and 4. It was found that New Zealand was at
least 0.55534 to 0.60178 times smaller than the United States, while Turkey and India were
also smaller, with Turkey at least 0.03153 to 0.08778 times smaller and India being at least
0.2393 to 0.05635 times smaller than the United States between 2010 and 2013, in terms of
the trade values of animal product exports that exists between Korea and selected trading
partners.

Data Availability: All the authors solemnly declare that there is no data used to support
the fndings of this study.
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Here we present M-fractional integral inequalities of Ostrowski and
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1 Introduction

We are inspired by the following results:

Theorem 1 (/2], p. 498, [1], [5]) (Ostrowski inequality)
Let f € C'([a,b]), = € [a,b]. Then

@-’+0-2")
g( e )nfoo. )

Inequality (1) is sharp. In particular the optimal function is

b
[ @1 @)

) =lz—z|"b—a), a>1. (2)
Theorem 2 (/6], [7, p. 62], [8], [9, p. 83]) (Polya integral inequality)

Let f (z) be differentiable and not identically a constant on [a,b] with f (a) =
f(b) =0. Then there exists at least one point & € [a,b] such that

) > (b_“) / f (z) da. 3)

In this short work we present inequalities of types (1) and (3) involving the
left and right fractional local general M-derivatives, see [3], [4].
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2 Background
We need

Definition 3 (/4]) Let f : [a,00) = R andt > a, a € R. For 0 < a <1 we
define the left local general M -derivative of order o of function f, denoted by

D35 f (1), by

D% f(t) := lim d ( , (4)

(oo}
YV t>a, where Bg (t) = > r(ﬁtTkH)’ B > 0, is the Mittag-Leffler function with
k=0

one parameter.
If Dﬁfaf (t) exists over (a,7), v € R and tl_i,lgl+Dg?f77ﬁaf (t) exists, then

Dyl (@) = lim DL F (). (5)

Theorem 4 ([}]) If a function f : [a,00) — R has the left local general M-
derivative of order oo € (0,1], 8 > 0, at to > a, then f is continuous at to.

‘We need

Theorem 5 ([}]) (Mean value theorem) Let f : [v,6] — R with v > a, 0 ¢
[v,0], such that

(1) f is continuous on [7,d],

(2) there exists Dgfaf on (v,0) for some a € (0,1].

Then, there exists ¢ € (v,0) such that

yLrle sy

FO) =) = (D5 (@
We need

Definition 6 (/3]) Let f : (—o0,b] = R andt < b, b€ R. For 0 < a <1 we
define the right local general M -derivative of order o of function f, denoted as

YD (2), by

F(tBs (s 6-07")) = f®

AaDf (1) = ~lim - : (7)
Vi ; %fibpf (t) exists over (v,b), v € R and tliril,ZfbDf (t) exists, then
501 0) = Jim DI 1), ®)
2
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Theorem 7 (/3]) If a function f : (—o0,b] — R has the right local general
M -derivative of order o € (0,1], 8> 0, at tg < b, then f is continuous at t.

We also need

Theorem 8 (/3]) (Mean value theorem) Let f : [v,0] — R with 6 < b, 0 ¢
[, 9], such that

(1) f is continuous on [vy,d],

(2) there exists %}ﬁ)Df on (7,9) for some a € (0,1].

Then, there exists ¢ € (vy,0) such that

16 =10 = (-sor@) (LT 60 @

Fractional derivatives D?/Iﬁa and j’(f »D possess all basic properties of the
ordinary derivatives and beyond, see [3], [4].

3 Main Results

We present the following M-fractional Ostrowski type inequality:

Theorem 9 Leta <y <46 <b, 0¢[v,6], f:]a,b — R, which is continuous
over [y,d]. We assume that D?\‘fa, ﬁfbD exist and are continuous over [y, xo]
and [z, 0], respectively, where xg € [v, 4], for some « € (0,1]. Then

L L(B+1)
M[y f(x)dx—f(xo) < m
Da,ﬁ %BD
H el )y o2+ [EELED (o -
00,[7,@o] 00, [x0,0]
(10)
Proof. Let z € [y, xg], the by Theorem 5, there exists ¢; € (x,zg), such
that
Dyl
f(@o) = f (z) = (1\4&01"(01)) I'(B+1) (e —a) (zo — ). (11)
Thus
Dy
|f(z) = f (zo)| = ‘Mi(q) I'(B+1)(c1 —a)” |z — o <
DS’
HM;“” D3+ 1) (20— )" 2~ 0] (12)
007[71‘1’0]
3
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V€ [y, zo].
Let now x € [xg, ], then by Theorem 8, there exists ca € (20, ), such that

Df(c
f (@) = f (20) = - (”f()> T(B+1)(b—c) (x—m).  (13)
Thus
aﬁD Co
|f () = f(z0)| = Mbcf() L(B+1)(b—z0)" |z — o] <
a,f3 z
%f() L(B41)(b—z0)" |z — zo, (14)
00,[z0,0]
Vze [IEQ, 5] .

We have that

1 5
5—7/7 f(z)dz — f (z0) :m

X0 (by (12)-, (14))
/ 1f () = f (0 |dx+/ |f () = f (0)| do <
.

| D35 f ()

F(ﬂ—‘rl)(ﬂio—a)a/xo (mo—x)dl'

00, [7,0]

0

F(ﬁ-ﬁ- ].) (b—.’E())a/

xo

(z — x) dx] =

00,[z0,8)

o) “Dmf - (20— )" (w0 = 7)" + (16)

00, [v,o]

X

DS ()

T

00,[z0,8)

(b — x())a (6 — 1’())2] .

The theorem is proved. m
Next we give two M-fractional Polya type inequalities:
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Theorem 10 All as in Theorem 9 and f (xg) = 0. Then

J r 1
ws| < [ 17 @lae < HEED
Daﬁ (lﬁD
H M, ;f( ) (.'L'() _ a)a (x() _ 7)2 + M,b :Cf (.T) (b . -'L'())a (6 _ -730)2
00,[v,z0] 00,[z0,9]

(17)
Proof. Same as in the proof of Theorem 9, by setting f (zo) =0. ®

Corollary 11 (to Theorem 10, case of zy = “’TH) All as in Theorem 9 and
7(152) = 0. Then

’ F(+1) (06—
[ 1@< HE

MbDf( )
T

HD%J@

ey

(18)

Proof. Apply (17) for zy = i [ ]
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