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Abstract

In this paper, we study a nonlinear system of second order ordinary differ-
ential equations with nonlocal integral multi-strip coupled boundary conditions.
Leray-Schauder alternative criterion, Schauder fixed point theorem and Banach
contraction mapping principle are employed to obtain the desired results. Ex-
amples are constructed for the illustration of the obtained results. We emphasize
that our results are new and enhance the literature on boundary value problems
of coupled systems of ordinary differential equations. Several new results appear
as special cases of our work.

Keywords: System of ordinary differential equations; integral boundary condition;
multi-strip; existence; fixed point.
MSC 2000: 34A34, 34B10, 34B15.
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2 B. Ahmad, A. Alsaedi, M. Alsulami and S.K. Ntouyas

1 Introduction

This paper is concerned with the following coupled system of nonlinear second-order
ordinary differential equations:

u'(t) = f(t,u(t),v(t)), t € [a,b],
{ V' (t) = g(t,u(t),v(t)), t € [a,b], (1.1)

supplemented with the nonlocal integral multi-strip coupled boundary conditions of
the form:

b m nj
/ u(s)ds = Z%/ v(s)ds + >\1,/ s)ds = ij/ s)ds + Ag,
a j 1

— 3
/ v(s)ds = Zaj/ u(s)ds + )\3,/ s)ds = Z(S / s)ds + A4,
a j=1 & j=1

where f,g : [a,b] x R x R — R are given continuous functions, a < § < 1 < & <
Mo < -+ <&n<Nym<b, and~;, pj, o andd; e Rt (j=1,2,....,m), \;, eR (i =
1,2,3,4).

Mathematical modeling of several real world phenomena lead to the occurrence
of nonlinear boundary value problems of differential equations. During the past few
decades, the topic of boundary value problems has evolved as an important and inter-
esting area of investigation in view of its extensive applications in diverse disciplines
such as fluid mechanics, mathematical physics, etc. For application details, we refer
the reader to the text [1], while some recent works on boundary value problems of
ordinary differential equations can be found in the papers ([2]-[5]).

Much of the literature on boundary value problems involve classical boundary con-
ditions. However, these conditions cannot cater the complexities of the physical and
chemical processes occurring within the domain. In order to cope with this situation,
the concept of nonlocal boundary conditions was introduced. Such conditions relate
the boundary values of the unknown function to its values at some interior positions
of the domain. For a detailed account of nonlocal nonlinear boundary value problems,
for instance, see ([6]-[16]) and the references cited therein.

Computational fluid dynamics (CFD) technique are directly concerned with the
boundary data [1]. However, the assumption of circular cross-section in the fluid flow
problems is not justifiable in many situations. The concept of integral boundary con-
ditions played a key role in resolving this issue as such conditions can be applied to
arbitrary shaped structures. Integral boundary conditions are also found to be quite
useful in the study of thermal and hydrodynamic problems. In fact, one can find numer-
ous applications of integral boundary conditions in the fields like chemical engineering,
thermoelasticity, underground water flow, population dynamics, etc. ([17]-[20]). For
some recent results on boundary value problems integral boundary conditions, we refer
the reader to a series of articles ([21]-[32]) and the references cited therein.
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A study of a coupled system of nonlinear ordinary differential equations 3

Motivated by the importance of nonlocal and integral boundary conditions, we
introduce a new kind of coupled integral boundary conditions (1.2) and solve a nonlin-
ear coupled system of second-order ordinary differential equations (1.1) equipped with
these conditions. Our main results rely on Leray-Schauder alternative and Banach
contraction mapping principle.

The rest of the paper is organized as follows. In Section 2, we present an auxiliary
lemma. The main results for the problem (1.1) and (1.2) are discussed in Section 3.
We also construct examples illustrating the obtained results. The paper concludes with
some interesting observations.

2 An auxiliary lemma

The following lemma plays a key role in defining the solution for the problem (1.1) —
(1.2).

Lemma 2.1 For fi,g; € C([a,b],R), the solution of the linear system of differential
equations

u(t) = fit), t € a0,
V() = gi(t), t € [a,b], (2.1)

subject to the boundary conditions (1.2) is equivalent to the system of integral equations

u(t) = /(t—s)fl(s)ds

1 / it — )b -9 + L+ 0= a)dalt — )] 6= 5) (o)

+/a [Alb—sZ% —¢) +L2+A2t—azp] 5])]
<(b = $)gu(s)ds ) + A%,{Z /5 [ ae-ae-nent @2
+,0](b—a)A2(t—a)}gl dpds+2/ / UJAlz% —&)(s —p)

+6;L + 6;As(t — a) Zm: } ( )dpds} ),

o = fumamom [ g
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Ay
Ay

L,

Ly

B. Ahmad, A. Alsaedi, M. Alsulami and S.K. Ntouyas

L+ Aot — a) D 85 — )] (b — 5) fa(s)ds

7=1

_|_/b[ Ar(b—a)(b—s) + Ly + Az(b—a)(t — a)}(b—s)gl(s)ds}
A3 Z/ / b i A2>+ij3 (2:3)

g iy — &)

+0;A2(t — a Zp] 1 — 5])}91( )dpds

j=1

. i /;77 /as [ojAl(b —a)(s — p) + 0;Ls + 6;As(b — a)(t — a)} fl(p)dpds}

+Q2 (t)a

(b—a)? - (ﬁ;m)(i@(m—sn?), (2.4)
(b - o)’ (ﬁ: )(zw E7). A= Aids 20, (25
=020 W T BT (e 2s)

S (S Shg) s

jf:%<(77j;a) §j—a ><<;p]><zm: (s — 5’]) (b—a)2>

m

)(pi + 7)) (2.7)

i <(77j ; a)? (5] : a)? ) ((b —a)?*(0; +6;) — A25j)

(b — (1)3 A2
* [Z] 17](”] gj Zd L fj } (2.8)

%Z:(OBQG) (fj a) )[%Zp]nj 6]

218 AHMAD 215-235



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

A study of a coupled system of nonlinear ordinary differential equations 5
+(b—a)2—Ag] - (b—a) Zp ( —(b—a) ) (2.9)
2 2 Z] 1 ] j=1 ’
) = o {Al(b — @)+ [ Ly + Ag(b— a)(t - )] do + 4 ;% — &)

[L2+A2 (t—a) zj: ] } (2.10)

Ar((0—a)* — Ay
() = A—3{ z(]mﬂj(nj@R

FA(b—a)hs + [L4 + Ag(b—a)(t — a)]

Ms

Mot Lo Aalt = a) Y- 8,00, — )| 2o

1

4} (2.11)

.
Il

>~

Proof. Integrating the linear system (2.1) twice from a to t, we get

u(t) =c1 + ot —a) + / (t —s)fi(s)ds, (2.12)

v(t) = cs+cu(t —a) + / (t —s)g1(s)ds, (2.13)

where c1, co, c3 and ¢4 are arbitrary real constants.
Using the boundary conditions (1.2) in (2.12) and (2.13), together with notations (2.4),
we obtain

(b—a)er + ¢ b_& Z% i7j<(nj;a)2—(€j;a)2>c4
- / (b— f1 ds—i—Z’y]/nj/ (s —p)g1(p)dpds + A1,

. (2.14)
(b—a)cg—z pi(m;—&j)ca = / (b—s)fi(s ds—i—z pJ/ / g1(p)dpds+ o, (2.15)
- i%’(m —&)e — igj(('f?j ; a)2 - (gj ; a)2)02 + (b —a)cs + © _2a)204

- _/ab (b—28)2gl(3)d3-|—za]/ / s —p)fi(p)dpds + As,
) ~ (2.16)
N ;53(% §)ea+ (b —a)ey /a (b—s)gi(s)ds + ;5 /gj / J1(p)dpds + Ay
(2.17)
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Solving the equations (2.15) and (2.17) for ¢y and ¢4, we find that

Co :Ail[_/ab(b_s)(b—afl —i-z,o] —&)ai(s )>d
+Zr_n:f’j ;j /S <(b—a)91(P)+Z5j(nj—ﬁj)ﬁ(p))dpds

(b= a)de + Z pi(m; — &) A4} (2.18)

-l [o- s>(2m?6j<m ~E)(6) + (0= a)or(s))ds

+Z§/m/ ip] = &)a(p) + (b= ) fi(p)) dpds

+Z (0 — &) + (b — @)a). (2.19)

J=1

h
,_.

Using (2.18) and (2.19) in (2.14) and (2.16) and then solving the resulting equations
for ¢; and c¢3, we obtain

- Aig{—/ab [l(b—a)Al(b—s)+L1}(b—s)f1(s)ds

_/a E Alb_si )+ L (b~ $)ar(s)ds
_|_Z/€ /a ij(b—a)(s—p)%—ijl}gl(p)dpdS
_|_§m:/£nj /: [Alf:yjaj(nj—§j)(s—p)+5jL2]f1(p)dpd3

+A1(b — a)A\ + L1y + Ay Z%(m —&)As + L2A4}7

j=1

R N e

)
_/ab [%Al(b —a)(b—s)+ L4} (b—s)g1(s)ds
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S Al b—a, —A2> m
+Z/ / Z% +/)JLS g1(p)dpds

_] i1 iy —

; Z /g / (5416 = a)(s = p) + 6] u(p)dpds

A&@—aP—AQ
> i i — &)

Inserting the values of ¢, ¢a, c3 and ¢4 in (2.12) and (2.13), we get the solutions (2.2)
and (2.3). The converse follows by direct computation. This completes the proof. O

_|_

A+ Lo + Ar(b— a)ds + L4)\4}.

3 Main results

Let us introduce the space X = {u(t)|u(t) € C([a,b])} equipped with norm |ul =
sup{|u(t)|,t € [a,b]}. Obviously (&,| - ||) is a Banach space and consequently, the
product space (X x X, ||u,v||) is a Banach space with norm ||(u,v)|| = ||u|| + ||v|| for
(u,v) € X X X.

By Lemma 2.1, we define an operator 7 : X x X - X x X as

T(U,U)(t) = (ﬂ(uav)(t)775(uvv)(t))7
where
Ti(u, o)) = /(t—s)f(s,u(s),v(s))dHAig{—/ [%Al(b—a)(b—s)

L+ (b—a)As(t — aﬂ (b— ) f(s,u(s), v(s))ds

m

—/ [ Ai(b—s Z% — &) +L2+A2(t—a)zp(nj—€j)]

a ]:l

<= gtssaoenas+ Y [* [ o=t
o5l + pi(b = ) Aa(t = )| g(p, u(p), v(p))dpds

+Z/ / UaAleJ —&)(s —p) + ;L

+53Aa(t =) S py(n; — )] £ (o), o(p)pds | + )

i=1

T = | t — s)gls,u(s), o(8))ds + { - / b [fz((f_,yzn__éz - s)
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Ly + Ax(t —a) D 855 — &)| (b= 9) (5, uls), v(s))ds
j=1

_ /ab [%Al(b —a)(b = )+ Lo+ As(b — a)(t — a)| (b 5)

Xg(s,u<s),v(s))ds+§: /{ n / S (s - p)Alg,lZ(zj __;2) (3.2)

il + 85 Ax(t = a) D pi(n; = )| 9(p, ulp), v(p))dpds

j=1

% f (. ulp), v(p))dpds | + Qa(t)

In order to prove our main results, we need the following assumptions.

(H1) There exist real constants m;,n; > 0, (i = 1,2) and mg > 0, ng > 0 such that
Yu,v € R, we have
\f(t,u,v)| < mo + m1|u] + m2|v|,

lg(t, u,v)| < ng+ nqylul + nafvl.
(H2) There exist nonnegative functions «(t), B(t) € L(0,1) and u,v € R, such that
|f(t,u,0)] < alt) + er|ulP* + e]v|P?, €1,e2 >0, 0 < py,pe <1,
(¢, u,v)| < B(t) + difu|* + do|v]?, di,do >0, 0<ly,ly <1.
(H3) There exist ¢; and /5 such that for all ¢ € [a,b] and u;,v; € R, i = 1,2, we have
|f(tur,v1) = ft uz, v2)] < G(Jur — uo| + [or = va]),
|9(t, w1, v1) = g(t, uz, v2)| < Lo(fur — uaz| + |1 — val).
For the sake of convenience in the forthcoming analysis, we set

(b—a)* (b—a)
2 2

+ |L4| + |Ag|

- (b—a)2+ 1 {|A1|(b—a)4

2 | A 6
Had () (oo g (B G

+§:6j|L2|<(m;Q)2 (& - G)Q)

2
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+[A2| (b — a)(iﬂj) (i@'(m - é}-)) (wj ; & ; a)2> }7 (3.3)

n = i 3iw g+ 18 >2+|A2|(b;“)3gpj<nj—§j>
\A1\<b—a>§;w(<m’;a>3 -+ Zmﬂl( N
x| (b a>2§;pj((”j;a)2 - (@;“)2)}, (3.4)
@ = VL‘{ Alz(ib;ji:’;)\(b;a)g+\L3|M+1Azr@
+,z;w4|< "ﬂ';“z - (5];@) )
- 3o, (Ml Gy (35)
S A{lAl(b USRI SO
e
B SR
+|A2|<b-a>(§;aj>(§;pj<m gt -Gy 3:5)
= sup (0], 3 = sup 19500 37)
Morcover, we set
QA=q+@ Q=0a+q I=XM+\, (3.8)

where ¢;, G; and ); (i=1,2) are given in the equations (3.3) — (3.7) and

Qo = min{l - (lel + Q2n1)7 1- (Q1m2 + anz)}, mg,n; > 0 (Z =1, 2)- (3-9)
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3.1 Existence of solutions

In this subsection, we discuss the existence of solutions for the problem (1.1)-(1.2) by
using standard fixed poit theorems.

Lemma 3.1 (Leray-Schauder alternative [33]). Let T : K — K be a completely con-
tinuous operator (i.e., a map that restricted to any bounded set in K is compact). Let
wT) ={xr e K:x = ¢Il(x) for some 0 < ¢ < 1}. Then either the set w(T) is
unbounded, or T has at least one fized point.

Theorem 3.2 Assume that condition (Hy) holds. In addition it is assumed that
lel + anl <1 and leg + ang <1, (310)

where Q1 and Qs are given by (3.8). Then there exist at least one solution for problem
(1.1) — (1.2) on [a, b

Proof. First of all, we show that the operator 7 : X x X — X x X’ is completely
continuous. Notice that the operator T is continuous as the functions f and g are
continuous. Let T C X x X be bounded. Then there exist positive constants ~; and
ky such that |f(t,u(t),v(t))| < &y, |g(t, u(t),v(t))| < Ky, V(u,v) € T. Then, for any
(u,v) € T, we can obtain

|71 (u,v)(t)] =  sup ‘/ (t —s)f(s,u(s), ())ds—Aig{/ab [%Al(b—a)(b—s)

te(a,b)

Lo+ (b—a)Ag(t — a)} (b— ) f(s,u(s), v(s))ds

+/[Alb—si £]+L2+A2t—ai - &)]

<(b = 5)g(s. u(s), (s)) Z// (b= a)(s— p)
piLa -+ py(b— @) As(t — a)] 9(p. ulp), o(p))dpds

+Z/ / ajAlz% —&)(s —p) + &; L

+53alt = )Y s — )] £ ulp). op)ipds} + 94 0)

j=1

SK’f{(b—Qa) ’A||:‘Al‘¥+u/1’(b_2a> —|—’A2’(b_2a)

+|A1|<§%‘> (;aj(ﬁj - fj)) (mj ;!a)g -& ;!a)3>
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+§:5j|L2|((77j;a)2 B (fj;a)2>

e <ij><
+"””9{|A ,[lAl
ip
A - a) f;%( a)? (gjg!a)3>
*;mm( oo &=y

+\A2\(b—a)2ipj<(m;a)2 (& - a)2>]}+A1

< Krq1 + kgqa + A,

)((m;a) _(&;a) ]}

(b—a)?
2

5] + ’L2|

+|A2

which implies that -
[Ti(u, 0)|| < Krar + Kg@r + A1

Similarly, it can be found that
[ T2(u, V)| < Kfg2 + kgl + Ao
Consequently, we get || T (u,v)(t)]] < k;Q1 + kyQa + A (Q1 , Qo and \ are given by

(3.8)), which implies that the operator 7 is uniformly bounded. Next, we show that
T is equicontinuous. For t,ty € [a,b] with ¢; < t5, we have

!ﬂ(u,tv)@z) = Ti(u, v)(t1))| t
/a 1 |:(t2 —8)—(t; — s)}ds + /tlQ(tQ — s)ds

+(t2|A_1|tl){ [/(b—a b—sds+ Zé /n/ ij — &) dpds]
+mg[/a ij — &) b—sds+Z/ /pjb—adpds}

b—a)\z—l—Zp] - &) >\4}

IN

kf
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(t2 — t1>2] n (t2 —tl){ﬁf[(b— a)®

< Ky [(tQ )t —a) +

2 | A 2
(S0 (St - (52 - 55
+mg[gpj(77j—€j)(b 5 @) +(b—a) i < 2 (gj;a)Q)]

+(b—a)\s + Zp] - &) )\4} — 0 independent of u and v as (ty —t1) — 0.

Similarly, one can obtain
| Ta(u, 0)(t2) = Ta(u, v)(t1)|

= g [(tQ —t)(thh —a) + < _2t1)2] - (t7;1f1) {/ff [i&(ﬁj - &) (o)

- a)i(sj((m _ a)? ; a>2)]

[ (£0) (Snin-0) (252 - 5]

+Z d;(nj — &) A+ (b— a))\4} — 0 independent of v and v as (ty —t1) — 0.
Finally, we will verify that the set w = {(u,v) € X x X|(u,v) = ¢T (u,v),0 < p < 1}
is bounded. Let (u,v) € w. Then (u,v) = ¢T (u,v) and for any t € [a, b], we have

u(t) = ¢Ti(u,v)(t), v(t) = ¢Ta(u, v)(t).
Then

lu(®)] < qi(mo + ma[ull +ma||v]]) + G (no + naflull +naflvll) + A
q1mo + @ + (ma + @una) [[ul] + (qume + G@ng) [|v]| + A,

and

()] < qa(mo +mallull + mallvl]) + G2(no + nallull + nallv]]) + A
Gamo + @no + (gemi + Gna) |[ull + (gama + G@na)|[v|| + .

Hence, we have

lull + vl < (¢ +q2)mo + (@ + @2)no + [(q1 + g2)ma + (@1 + G2)na]||ul|
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+H(a1 + g2)ma + (G + G)nall|v]l + M+ Ao,
which, in view of (3.9) and (3.10), yields

Q1mo + Qang + A
Qo ’
for any ¢ € [a, b], which proves that the set w is bounded. Hence, by Lemma 3.1, the

operator T has at least one fixed point. Therefore, the problem (1.1) — (1.2) has at
least one solution on [a, b]. This completes the proof. a

I, )] <

Next, we apply Schauder fixed point theorem to prove the existence of solutions
for the problem (1.1)-(1.2) by imposing the the sub-growth condition on the nonlinear
functions involved in the problem.

Theorem 3.3 Assume that (Hs) holds. Then, there exist at least one solution on [a, D]
for the problem (1.1) — (1.2).

Proof. Define a set Y in the Banach space X x X by
V={(u,v) € ¥ x X :||(u,0)] <y},
where
y = max{7A, 7Q1a(t), 7Qa8(1), (TQ1e1) =71, (TQ1€5) =7 , (TQady) =7 , (TQads) =11 }.

In order to show that 7 : Y — Y. We have

T o)) =  sup ‘/ (t = ) f(s, u(s), ())ds—Aig{/: [%Al(b—a)(b—s)

te(a,b]

Lo+ (b—a)As(t — a)} (b— ) f(s,u(s), v(s))ds

m

w [ a9 Z% ~6)+ Lt Aalt =) Dty )
X(b—s)g(s,u(s),v(s)) Z/ / v;A1(b—a)(s —p)

oyl + py(b — a) Aot - a)] 9(p. u(p), v(p))dpds

+zm:/:j /as [UjAlzmz%( — &) (s —p) +0;L
+0;A2(t — a) iﬂj(m - é})} f(p,u(p), v(p))dpds} + Ql(t))
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< (al) +arlul + vl g+ (B0) + dful" +dolol?) g + A,
which implies that
172 0)ll < (o) + rful” + exfo] ) + (B() + diful + dafo]* )@ + A
Analogously, we have
1T, )| < (at) + exful” + el ) g + (B0) + diful + dofo]* ) g + o
In consequence,
17w, o)l < (alt) + eul™ + eafol) Qu + (B(E) + diful® + dafv]*) Qs + X < y,

where @, , Q@ and ) are given by (3.8). Therefore, we conclude that 7 : Y — Y, where
Ti(u,v)(t) and Tz(u,v)(t) are continuous on [a, b].
Now we prove that 7 is completely continuous operator by fixing that

G = max |f(t,u(t),v(t))|, H = max |g(t,u(t),v(t))|.

t€(a,b] t€(a,b]
Letting t, 7 € [a,b] with a <t < 7 < b and (u,v) € Y, we get
| T (u, 0)(7) = Ta(u, 0)(1))]

gG[(T—t)(t—a)Jr(T;t) o

+<ilpj) (il@'(m - @-)) ((m ; & ; a)Q)}

+H[Zm:ﬂj(77j —§j)<b_2a)2 + (b - a>§:pﬂ'<(m B a>2>}

=1

|+

+(b — CL))\Q + Zp](m — @))\4} — 0 as (7' — t) — 0.
j=1

In a similar manner, one can obtain
| Ta(u, 0) (1) = Ta(u, v)(t)]
<alir - -a+ T E 6 g - )0

b a)i;éj((m ; a)?® (& ; a)2>]
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b = & —a)? (& —a)?
[ E5 (0) (Snn ) (5 - 5]
j=1 j=1

+Za —g) )\2+(b—a))\4}—>0as(7'—t)—>0.

Thus the operator 7Y C Y is equicontinuous and uniformaly bounded set. Hence T
is a completely continuous operator. So, by Schauder fixed point theorem, there exist
a solution to the problem (1.1) — (1.2). O

3.2 Uniqueness of solutions

Here we establish the uniqueness of solutions for the problem (1.1) — (1.2) by means
of Banach’s contraction mapping principle.

Theorem 3.4 Assume that (Hs) holds and that
ngl + QQEQ < 1, (3.11)

where Q1 and Qo are given by (3.8). Then the problem (1.1)—(1.2) has a unique solution
on [a, b].

Proof. Define sup;c(, | f(t,0,0)] = Ni,sup,eiy 19(¢,0,0)] = Nz and
> Q1N1 + Q;Ny + X
T 1= (Qly + Qaln)
Then we show that 7B, C B,, where B, = {(u,v) € X x X : ||(u,v)|| < r}. For any
(u,v) € By, t € [a,b], we find that

’f(S,U(S),U(S)” = |f(s,u(s),v(s)) - f(87070) + f(37070)|
|f (s, u(s), v(s)) — f(s,0,0)| + [f(s,0,0)]
Gl[ull + [vll) + Ny < G| (u, 0)[| + Ni < b + Ny,

and

l9(s,u(s),v(s))] = lg(s, uls),v(s)) = g(s,0,0) + g(s,0,0)|
19(s,u(s),v(s)) = g(s,0,0)| +|g(s,0,0)]

<
< O([lull +lvll) + N2 < bf|(u, 0)[| + Na < bor + N

Then, for (u,v) € B,., we obtain

17, (u, 0)(1)] < sup ]/ (t — ) f (s, uls), ())dHAig{—/: [%Al(b—a)(b—s)

t€(a,b]
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Lo+ (b—a)As(t — a)} (b— ) f(s,u(s), v(s))ds

m

—/a [ Ai(b—s) Z% — &) +L2+A2(t—a)zf0(m—§j)}

J=1

o= gts, oo+ Y [ [ o=t
oyl + py(b = a) Aot - a>] 9(p. u(p), v(p))dpds

+Z/ / UaAleJ —p)+0,;Lo

+55Aa(t — 0) 3 3l — )] £ o). o(p))dpds ) + )

j=1

< [lr+ NJ] % {(b;“) {|A1|(b 6“) +|L1|(b_2&)

NGk +Z<5 L) (s Gy

+|A1|<§%>< ' o;(n; —€j)><(77j ;!&)3 (& ;!a)?,)

Jj=1

+]A2|(b — a)(zmjpg) (iéj(m - 5;’)) ((TU ; LG ; a)2>}

Jj=1 J=1

e+ 3 { o (AP S - ) 4 1205

Xﬁ;vj((m ;'a)3 B (& . ) >+§PJ|L1|<(UJ 5 a)? - (& ;a)2>
T ] (iU Rl ) B

< q(tsr + Ny) + @i (bar + No) + Ay

|77 (u, ) || < qu(lar + Ny) + @ (bar + No) + Ay

Likewise, we find that

”75<u7 U)H < QQ(&T + Nl) + Cj2(€27’ -+ NQ) + 5\2.
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From the above estimates, it follows that that || 7 (u,v)|| < 7.

Next we show that the operator T is a contraction. For (uy,v1), (ug,v3) € X X X,
we have

|71 (ur, v1)(t) — Ti(uz, v2)(t)]
< t?{% {/a (t = s)|f(s,ui(s),vi(s)) — f(s,ua(s), va(s))

4%{AT§Ama—@w—@+Ja+w—a»%w—aﬂw—@

+’A3
x| Flsw(5), 0a(s) = £ (5, ua(s), va(s))
/b[ 1A, ( b—si §]+L2+|A2t—a§: }
x(b—s) ’g s, up($), vl(s)) — g(s,us(s), va(s) ‘ds}
|A3 Z/ / AN B = a)(s =) + pyLa + py(b— a)| Aot — )]
% |9, w1 (0), v1(0)) = gp. wa(p), v2(0)) | dpds
+é/€jﬂ'/:[aj‘j41|g;%(nj—§j p) + 0; L + §;| As t—ai:: }
% | £ (), 01 (0) = F(p (), ()| dpds |

i

—|—|A2|( + | A1 (Z%) <in:aj(77j - fj)> (mj ; L& ;!a)?))
+i6ju:z!( e

+[A2[ (b — a)(ipj) (iéj(m‘ - ﬁj)) <(nj ; BN ; a)2>]}

ds

ds

(b—a)*
6

(b—a)?

bh— 2
61(]u1—u2|+\111—02]) X {( 2@)

IN

+ [ L]

j=1 j=1
3 m (b a)2
+62<|ul—u2|+|v1—vz|>><{|A [l 1 2;% + Ll
]:
. ((—a)® (§—a)
—|—|A2 Zp] 5] —|—|A1 b—a ny]< J 33' >
7j=1
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+§5wwﬂ6m;af_(€— ))+M2b_a E:%< aV_(&;aVﬂ}

< (bag + 6a)(Jur — us| + v — va]),
which yields
171 (ur, v1) = Tiuz, v2)|| < (Guqy + Laqu)(Jur — uz| + [v1 — v2]).
Similarly,
[ T2(ur, v1) — Ta(uz, va)|| < (brga + lada)(|ur — ua| + |v1 — v2l).
So, it follows from the above inequalities that
[T (ur, v1) = T (ug, v2) || < (Quly + Q2la)([[ur — us| + [lvr — val]),

where )1 and Q2 are given by (3.8). By the given assumption (3.11), it follows that
the operator T is a contraction. Thus, by Banach’s contraction mapping principle, we
deduce that the operator 7 has a fixed point, which corresponds to a unique solution
of the problem (1.1)-(1.2) on |a, b]. O

Example 3.5 Consider the following second order system of ordinary differential equa-
tions

| ) —t
( vet,  te[2,3]

V'(t) = +tan 1v(t)> +cos (t—2), t €[2,3],

V32 + 12 (
subject to the boundary conditions

3

3 nj
/ dS—Z%/ ds+2/ u'(s)ds:ij/ v'(s)ds + 1,
2 = &
; S . B13)
/ dS—ZO'J/ s)ds + — /2 U’(s)ds:;dj/gj u’(s)ds+§,
where a = 2,0 = 3;m = 3,0\ = 2,0 = 1,A3 = 3/2,\y = 1/2,71 = 2/5,7% =
21/40773 = 13/20701 = 1/3702 = 1/2>P3 = 2/370—1 = 3/7702 = 5/7703 = 17(51 =
3/8,0, = 5/8,05 = 7/8,61 = 15/7,1 = 16/7,65 = 177,10 = 18/7,& = 197,15 =
20/7.

Using the given data, we find that ¢; = %, ly = %, Ay ~ 0.827806 # 0, Ay ~ 0.793367 #
0, A3 =~ 0.656754, |L,| = 0.03337, |Ls| ~ 0.225389, |Ls| ~ 0.027121,|L4| ~ 0.185097,
¢~ 1.963984, ¢ ~ 1.422591, 1 ~ 1.290164 and ¢ ~ 1.851349. Also Q101 + Q205 =~
0.832853 < 1 (@1 and @)y are given by (3.8)). Thus, all the conditions of Theorem
3.4 are satisfied. Hence it follows by the conclusion of Theorem 3.4 that the problem
(3.12) — (3.13) has a unique solution on |2, 3].

232 AHMAD 215-235



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

A study of a coupled system of nonlinear ordinary differential equations 19

4 Conclusions

The salient features of this work includes (i) considering a coupled system of nonlinear
ordinary differential equations on an arbitrary domain (7i) a new kind of integral multi-
strip coupled boundary conditions. The results obtained for the given problem are new
and significantly contribute to the existing literature on the topic. As a special case,
our results correspond to the uncoupled integral boundary conditions of the form:

b b b b
/ u(s)ds = /\1,/ u'(s)ds = Ag; / v(s)ds = )\3,/ v'(s)ds = Ay,

if we take all v, =0,p; =0,0;, =0,6; =0 (j = 1,...,m) in the results of this paper.
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polynomials and phenomenon of scattering of their zeros
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Abstract : In this paper, we study differential equations arising from the generating functions of
truncated exponential polynomials. We give explicit identities for the truncated polynomials. Using
numerical investigation, we observe the behavior of complex roots of the truncated polynomials
en(x). By means of numerical experiments, we demonstrate a remarkably regular structure of the

complex roots of the truncated polynomials e, (z).
Key words : Differential equations, complex roots, truncated polynomials.

AMS Mathematics Subject Classification : 05A19, 11B83, 34A30, 651.99.
1. Introduction

Recently, many mathematicians have studied in the area of the Bernoulli numbers and poly-
nomials, Euler numbers and polynomials, tangent numbers and polynomials, Genocchi numbers
and polynomials, Laguerre polynomials, and Hermite polynomials. These numbers and polynomials
possess many interesting properties and arising in many areas of mathematics, physics, and applied
engineering(see [1-14]). By using software, many mathematicians can explore concepts much more
easily than in the past. The ability to create and manipulate figures on the computer screen enables
mathematicians to quickly visualize and produce many problems, examine properties of the figures,
look for patterns, and make conjectures. This capability is especially exciting because these steps are
essential for most mathematicians to truly understand even basic concept. Numerical experiments
of Euler polynomials, Bernoulli polynomials, tangent polynomials, Genocchi polynomials, Laguerre
polynomials, and Hermite polynomials have been the subject of extensive study in recent year and
much progress have been made both mathematically and computationally. Using computer, a re-
alistic study for the zeros of truncated polynomials e, (x) is very interesting. The main purpose
of this paper is to observe an interesting phenomenon of ‘scattering’ of the zeros of the truncated
polynomials e, (z) in complex plane. Throughout this paper, we always make use of the following
notations: N = {1,2,3,---} denotes the set of natural numbers, Ny = {0,1,2,3,--- } denotes the set
of nonnegative integers, Z denotes the set of integers, R denotes the set of real numbers, C denotes
the set of complex numbers. We first give the definitions of the truncated exponential polynomi-
als. Tt should be mentioned that the definition of truncated exponential polynomials e, (x) can be

found in [1, 3]. The truncated exponential polynomials e, (z) are defined by means of the generating

(L) et = 2en(;ﬁ)t”, It < 1. (1.1)

We recall that G. Dattoli and M. Migliorati(see [3]) studied some properties of truncated exponential

function:

polynomials e, (z). The truncated exponential polynomials e, (z) satisfy the following relations

4
dzx

eny1(z) = (1 + nj—l (1 . jx» en().
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The Miller-Lee polynomials G%k)(x)(see [1]), are defined by means of the following generating func-

k+1 00
1 xt _ (k) n
(1 — t) e’ = nE:OGn (x)t™. (1.2)

Differential equations arising from the generating functions of special polynomials are studied by

tion

many authors in order to give explicit identities for special polynomials. In this paper, we study linear
differential equations arising from the generating functions of truncated exponential polynomials

en(x). We give explicit identities for truncated exponential polynomials e, (z).
2. Differential equations associated with truncated exponential polynomials

In this section, we study linear differential equations arising from the generating functions of

truncated exponential polynomials. Let

1

F=F(tz) = () et (2.1)

1-1¢

Then, by (2.1), we get

1 ? t 1 t
<1—t> e —I—x(l_t)e (2.2)
= L—|— F(t,x)
AT )
and
d\?2
F = F
(dt) (t,)
1-—1t

:<]-Yawmm+(l+OF@@ﬂU (2.3)

11
<<1Q_t>2 + <12_xt +x2>> F(t,z).

Continuing this process, we can guess that

Fm7z(d>NF@w)

dt
(2.4)

N
( a,-(N,z)(lt)i>F(t,x), (N=0,1,2,...).

i—0
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Taking the derivative with respect to ¢ in (2.4), we obtain

dFN)

F(N+1) —
dt

N

N
= (Ziai(N, z)(1— t)i1> F(t,x) + (Z ai(N,z)(1 — )"
i=0 1=0
N .
= (Z ia;(N,z)(1 — t)_1_1> F(t,x)
=0

N
+ (Z a;(N,z)(1— t)z> (1—t)" ' +2)F(t,)

=0

) FO(t,2)

(2.5)

N N
= (Z(z + 1)a;(N,z)(1 - t)—i‘1> F(t,z) + <Zxai(N7 7)(1 —t)—i> F(t,x)
=0

=0
N+1

— (Zxai(N, z)(1 — t)_i> F(t,z) + (Z ia;_1(N,z)(1—t)~"

On the other hand, by replacing N by N + 1 in (2.4), we get
N+1 .
i=0

By (2.5) and (2.6), we have

N+1

N
<Z za;(N,z)(1 — t)l> F(t,z) + (Z ia;_1(N,z)(1—1)""
i=0 i=1

N+1
_ (Z a;i(N +1,2)(1 — t)i> F(t,x)..

i=0
Comparing the coefficients on both sides of (2.7), we obtain
CLO(N +1, Sﬂ) = maO(Na 93),
an+1(N+1,2) = (N + 1)an(N, ),

and

a;(N +1,2) = za;(N,x) +ia;—1(N,z), (1 <i < N).

In addition, by (2.2) and (2.4), we get
F=FO = 4(0,2)F(t,z) = F(t, ).

Thus, by (2.10), we obtain
ap(0,z) = 1.
It is not difficult to show that

(1 —t)" F(t,x) + zF(t,x)

Zai(l,x)(l —t)T'F(t,x)

1=

0
=ao(1,2)F(t,z) + a1 (1,2)(1 —t) " F(t, z).

Thus, by (2.12), we also get
ap(l,2) =2, a1(l,2) =1

238

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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From (2.8), we note that
ao(N + 1,2) = zag(N, z) = 22ao(N — 1,2) = --- = V1
and
ant1(N+1,2) = (N+ 1an(N,z)=---= (N + 1)L (2.14)

For i = 1,2,3 in (2.9), we get

1(N+1,2) Z:z:aoN k,x),

N-1

as(N+1,2)=2 Z 2*a) (N — k,2), and
k=0
N—2

az(N+1,2) =3 Z Fag(N — k, z).
k=0

Continuing this process, we can deduce that, for 1 <i < N,

N—it1
a;(N+1,2)=1 Z Fa; (N -k, z). (2.15)
k=0

Now, we give explicit expressions for a;(N + 1,z). By (2.14) and (2.15), we get

(N +1,2) = ZaﬁklaON ki,z) =N (N +1),

k1=0

N-1 N-1

as(N +1,2) =2 Z 2Fray (N — ky,z) = 2! Z eNTHUN = ky),
k1=0 k1=0
and
N-2
as(N+1,2)=3 Z *2ay(N — ko, 2)

ko=0

N—-2 N—ko—2

= 3' Z Z QJ‘N_kQ_Q(N - kg - kl - 1)

ka=0 k1=0
Continuing this process, we have
N—i+1 N—k;j_1—i+1 N—ki_1——ko—i+t1
a;i(N+1,2) =il Y S 3 N —ki— =k —it1
kio1=0  k;_2=0 k1=0 (2.16)
X (N—k‘i,1—k/’i,Q—"-—k‘g—k‘l—i-i-Q).

Note that, here the matrix a;(j, z)o<i j<n+1 is given by

1 =z 22 2 .- V!

0o 1 2r - - (N+1)zV
0 2!

0 0o 3!

00 0 0 -~ (N+1)

Therefore, by (2.16), we obtain the following theorem.
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Theorem 1. For N =0,1,2, ..., the functional equation

FN) = (ﬁ% ai(N, ) (11_t>> F

1
F = F(t,l') = <]_t> €xt,

has a solution

where
(N,z) =2
an(N,z) = N1,
N—i N—k;i_1—1 N—ki 1——ka—1
SUEET S DI DENF S
ki_1=0 k;_2=0 k1=0
X (N—ki,1—k‘i,Q—-'-—kQ—kl—i-i-l%

(1<i<N).

From (1.1), we note that
= (Y by - SN et (2.17)
dt ) P Ll k+N . .

From Theorem 1, (1.2), and (2.17), we can derive the following equation:

BN (o)t = (Z w0 () ) '

=
Il
=]

. N (2.18)
=Y a(N,2) (Z Gé”(x)t‘“)
=0 k=0
N
-3 (Laeo)
i=0
By comparing the coefficients on both sides of (2.18), we obtain the following theorem.
Theorem 2. For £k =0,1,...,and N =0,1,2,..., we have
. (@ 2.19
ertn () k T N Zaz G (), ( )

where

an(N,z) = N\,
N—i N—ki_1—i  N—ki_1——ka—i
a,i(N7J,‘) =q! Z Z Z xN*kq‘,_lfmszfi
ki—1=0 k;_2=0 k1=0
X (N —ki—1 —kicg—++—ka— k1 —i+1),
(1<i<N).

Let us take k = 0 in (2.19). Then, we have the following corollary.
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Corollary 3. For N =0,1,2,..., we have

1 & :
en(@) = 57 > ai(N, 2)GY ().
T i=0

For N =1,2,..., the functional equation

FI) = (é ai(N, ) (L)) F

F=F(tz) = <11_t> et

Here is a plot of the surface for this solution.

has a solution

F(tx)

-0.25
-0.5
-0.75
-4 -2 0 2 4
X

Figure 1: The surface for the solution F'(t,x)

77
.
e
T

-~
sy,

—,
22
7 e,
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RLIITE
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In Figure 1(left), we plot of the surface for this solution. In Figure 1(right), we shows a higher-

resolution density plot of the solution.

3. Zeros of the truncated exponential polynomials

This section aims to demonstrate the benefit of using numerical investigation to support theo-
retical prediction and to discover new interesting pattern of the zeros of the truncated exponential
polynomials e, (x). By using computer, the truncated exponential polynomials e, (z) can be de-
termined explicitly. We display the shapes of the truncated exponential polynomials e, (z) and
investigate the zeros of the truncated exponential polynomials e, (z). We investigate the beautiful
zeros of the truncated exponential polynomials e, (x) by using a computer. We plot the zeros of
the e, (z) for n = 20, 30,40,50 and = € C(Figure 2). In Figure 2(top-left), we choose n = 20. In
Figure 2(top-right), we choose n = 30. In Figure 2(bottom-left), we choose n = 40. In Figure
2(bottom-right), we choose n = 50.

Stacks of zeros of e, (x) for 1 < n < 40, forming a 3D structure are presented(Figure 3). In
Figure 3(top-left), we plot stacks of zeros of e, (x) for 1 < n < 40. In Figure 3(top-right), we draw
2 and y axes but no z axis in three dimensions. In Figure 3(bottom-left), we draw y and z axes but
no z axis in three dimensions. In Figure 3(bottom-right), we draw = and z axes but no y axis in
three dimensions.

Our numerical results for approximate solutions of real zeros of the truncated exponential

polynomials e, (z) are displayed(Tables 1, 2).
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Figure 2: Zeros of e, (x)

Table 1. Numbers of real and complex zeros of e, (x)

degree n H real zeros complex zeros
1 1 0
2 0 2
3 1 2
4 0 4
5 1 4
6 0 6
7 1 6
8 0 8
9 1 8
10 0 10
11 1 10
12 0 12
13 1 12
14 0 14

How many zeros does e, (z) have? We are not able to decide if e,,(z) has n distinct solutions(see
Table 1, Table 2). We would also like to know the number of complex zeros C., () of e, (), Im(x) #
0. Since n is the degree of the polynomial e, (z), the number of real zeros R, (5 lying on the real
line I'm(x) = 0 is then R, ;) = n — C¢, (), where C, (5) denotes complex zeros. See Table 1 for

tabulated values of R, () and C,, (4)-
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Figure 3: Stacks of zeros of e, (z) for 1 <n <40

Conjecture 5. Prove that e, (z) = 0 has n distinct solutions.

Using computers, many more values of n have been checked. It still remains unknown if the
conjecture fails or holds for any value n. Since n is the degree of the polynomial e, (x), the number
of real zeros R, () lying on the real plane Im(x) = 0 is then R, () = n — C., (5), Where C,  (a)

denotes complex zeros. See Table 1 for tabulated values of R, () and C,, () -

Conjecture 6. Prove that the numbers of complex zeros C,, () of en(x), Im(x) # 0 is

n

Cevto =2 5

where [ ] denotes taking the integer part.

Conjecture 7. For n € Ny, if n = 1 (mod 2), then R, () = 1, if n = 0 (mod 2), then
Ren(w) =0.

The plot of real zeros of the truncated exponential polynomials e, (z) for 1 < n < 50 structure
are presented (Figure 4). It is expected that e, (z), z € C, has Im(z) = 0 reflection symmetry analytic
complex functions (see Figure 2, Figure 3, Figure 4). For a € R, we expect that e, (z),xz € C, has
not Re(z) = a reflection symmetry analytic complex functions. We observe a remarkable regular
structure of the complex roots of the truncated exponential polynomials e, (z). We also hope to
verify a remarkable regular structure of the complex roots of the truncated exponential polynomials

en(x)(Table 1). Next, we calculated an approximate solution satisfying e,(z) = 0,2 € C. The
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Figure 4: Real zeros of e, (x) for 1 <n <50

results are given in Table 2.

Table 2. Approximate solutions of e, (x) = 0,2 € C

degree n x
1 —1.0000
2 —1.0000 — 1.0000¢, —1.0000 + 1.0000¢
3 —1.5961, —0.7020 —1.8073¢, —0.7020 + 1.8073¢
4 —1.7294 — 0.8890i, —1.7294 + 0.88901
—0.2706 — 2.5048i, —0.2706 + 2.5048:
5 —2.1806, —1.6495—1.69397, —1.6495+ 1.6939¢
0.2398 — 3.1283¢, 0.2398 + 3.1283:
6 —2.3618 — 0.8384¢, —2.3618 + 0.8384¢, —1.4418 — 2.4345¢
—1.4418 + 2.4345¢, 0.8036 — 3.6977¢, 0.8036 + 3.6977¢
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On generalized degenerate twisted (h, ¢)-tangent numbers
and polynomials
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Abstract : We introduced the generalized twisted (h, ¢)-tangent numbers and polynomials. In this
paper, our goal is to give generating functions of the generalized degenerate twisted (h, ¢)-tangent
numbers and polynomials. We also obtain some explicit formulas for generalized degenerate twisted

(h, g)-tangent numbers and polynomials.

Key words : Generalized tangent numbers and polynomials, degenerate generalized twisted (h, q)-

tangent numbers and polynomials.

AMS Mathematics Subject Classification : 11B68, 11540, 11S80.
1. Introduction

Many mathematicians have studied in the area of the Bernoulli numbers and polynomials,
Euler numbers and polynomials, Genocchi numbers and polynomials, tangent numbers and poly-
nomials(see [1-16]). In [2], L. Carlitz introduced the degenerate Bernoulli polynomials. Recently,
Feng Qi et al.[3] studied the partially degenerate Bernoull polynomials of the first kind in p-adic
field. In this paper, we obtain some interesting properties for generalized degenerate tangent num-
bers and polynomials. Throughout this paper we use the following notations. Let p be a fixed odd
prime number. By Z, we denote the ring of p-adic rational integers, @ denotes the field of rational
numbers, Q, denotes the field of p-adic rational numbers, C denotes the complex number field, and
C, denotes the completion of algebraic closure of Q,, N denotes the set of natural numbers and
Z4 = NU{0}. Let r be a positive integer, and let ¢ be rth root of 1. Let x be Dirichlet’s character
with conductor d € N with d = 1(mod 2). Then the generalized twisted (h, ¢)-tangent numbers

associated with associated with ¥, TT(LIEZ g.c0 are defined by the following generating function
d—
2y 00 x(a)(=1)2¢ghaeat iT(h) r (1.1)
Cdghde2dt 4 1 B X456 ! ’

n=0

We now consider the generalized twisted (h, ¢)-tangent polynomials associated with 1y, Téh; . C(x),

are also defined by

(2 Yaco x<a><—1>a<aqhae2at> e 12)

Caghde2dt 1 1 n:O noxva ()

When x = x°, above (1.1) and (1.2) will become the corresponding definitions of the twisted (h, q)-
tangent numbers Tr(fq),w and polynomials Téhq)w(x) If ¢ — 1, above (1.1) and (1.2) will become
the corresponding definitions of the generalized twisted tangent numbers 7, ., and polynomials
Ty w(z). We recall that the classical Stirling numbers of the first kind S1(n, k) and Sa(n, k) are

defined by the relations(see [7])

n

(@) =3 S1(n, k)a* and 2 = 3 Sy(n, K) (@),
k=0

k=0
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respectively. Here (z), = x(z —1)--- (2 —n+ 1) denotes the falling factorial polynomial of order n.

The numbers Sa(n, m) also admit a representation in terms of a generating function

&0 L (et _ l)m
We also have
log(1 m
ZS&nmt—'—w. (1.3)
m!

The generalized falling factorial (x|\), with increment A is defined by

n—1

@\ = [ (&= k) (1.5)
k=0
for positive integer n, with the convention (x|\)g = 1. We also need the binomial theorem: for a

variable x,
e tn

L+ M)A =3 " (z|\)n — (1.6)

n=0

2. On the generalized degenerate twisted (h, ¢)-tangent polynomials

In this section, we define the generalized degenerate twisted (h, g)-tangent numbers and poly-
nomials, and we obtain explicit formulas for them. Let x be Dirichlet’s character with conductor
d € N with d = 1(mod 2), and let ¢ be rth root of 1. For h € Z, the generalized degenerate
twisted (h, ¢)-tangent polynomials associated with associated with y, 7 (z|A), are defined by

75X,45C
the following generating function

25070 (=1)x(a)¢ g (1 + At)2/A
qudh(l + )\t)Q//\ +1

(14 A)*/* = Zﬁ“ (@lN) (2.1)

n,X,4,

and their values at @ = 0 are called the generalized degenerate twisted (h, ¢)-tangent numbers and
denoted T (N).

n,X,4q,¢
From (2.1) and (1.2), we note that

d—1/ qya a ha 2a/X\
(h 2Za:o( Dx(a)¢*q" (1 + ) 2/
QZG OX( )(=1)* ¢ ghee*
Cdghde2dt 4 1 ¢
N i
B ZTH%%C(:E)n!'
n=0
Thus, we get
: h
lim T (@) = T (@), (0 2 0).
From (2.1) and (1.6), we have
n d—1 a a a a
ST ol = 2 Ramal MO L AT e
A Clgdh(1 + At)2/* +1
- (Z T£7£7Q7C(A)W> (Z(m)ll') (2.2)
m=0 ’ 1=0 ’

Z (Z( ) T (N @I\ l> =
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tm
By comparing coefficients of — in the above equation, we have the following theorem:
m!

Theorem 1. For n > 0, we have

h) - n h
Tf(tqu("Ep‘) <Z>TI(,X),q,g()‘)($|>\)nl
1=0

For x = x°, we have

(h) _ 2 x/X\
ZT”7X(1< ‘7<— h(1+At)2/A+1(1+)\t)
(2.3)
(h) t
Z Tha < 71
Theorem 2. For n > 0 and x = x° , we have
h h
Ty ac@lh) = T (2.
For d € N with d = 1(mod2), we have
ZT( NV v o0 Y0 S L E SO
1,X,4,¢ Cd dh( + /\t)Zd/)\ +1
9 d—1
At)*/A x(1)(1 + A2/ .
@t T lz; (DL + A1) (2.4)

h 21 T A t"
—Z(d”z (l)T(,q) 4( ;r \d>> —

=0

m

t
By comparing coefficients of — in the above equation, we have the following theorem:
m/!

Theorem 3. Let x be Dirichlet’s character with conductor d € N with d = 1(mod 2). Then

we have

d—1
) ) N 204z A
(W) T (@A) = d Z(—W(”Tvﬁi«cd( d d)’
=0

d—1
h h 204+
@ 1 () = S (DT, ., ( . ) :

=0

For m € Z,, we obtain we can derive the following relation:

o d hd (h) e
ZC(] meqc2d|)‘ Z quCde‘il
m=0
d—1
=2 (=1)'x()¢ " (1 + Ae)*A (2.5)
=0
oo d—1 4m
_ ==l (1)t
= (22 <2M>m> .
m=0 =0

By comparing of the coefficients % on the both sides of (2.5), we have the following theorem.
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Theorem 4. For m € Z,, we have

U
—

¢l @2d) + T () =23 (DI O¢H " 2N .

™m,X,q,¢ m,X,q,¢

N
I
=

From (2.1), we have

n! Clgh (1 + At)24/A +1

22 ( ) )Ca ha(1+/\t)(2a+z)/
= CaqTh (1 + M2 1 (1+ xt)v/*

- (Z ", ) (Zw)nfﬂ)

n=0
- (Z () )T};qdasu)(yu)n_l) "

Therefore, by (2.6), we have the following theorem.

0 n 2 d—1 —1)e agha(1 1 ¢t 2a/\
ZT(h) ($+y|A)t _ Za:O( ) X(G)C q ( + ) (1+)\t)(m+y)/>\

Theorem 5. For n € Z, we have

n

h h
T® (w4 yy) = Z( )Té;qg (@A) G s
k=0

From Theorem 5, we note that Ty(L )2 q.c(@|A) is a Sheffer sequence.

o

By replacing ¢ by € n (2.1), we obtain

23 4o X(a (=) ghe ZTh) () (e”—l)” 1

Cdghde2dt 1 X0 A n!

oo mtm
:ZTnqu ZINAT D Sy(m,n)A — (2.7)

tm

Z (Z T(h;qc (2| NN Sy (m, n)) g

Thus, by (2.7) and (1.2), we have the following theorem.

Theorem 6. For n € Z, we have

T (2) = Zx" nrM (2|A) Sy (m, ).

m,X,q,¢ n,X,q,¢
n=0

By replacing ¢ by log(1 + At)'/* in (1.2), we have

n 1 ) d—1 —1)e a ha 1 )\t (2a+a:)/)\
n,X,q, C n! Cdg hd(l =+ )\t)Qd/A +1
(2.8)
tm
- Z Tm X456 71
and
1 00 m N e 4m
Z 1) @) (101 + 20)12)" = = <Z T (@) Sl(m,n)> —. (2.9)
m=0 \n=0
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Thus, by (2.8) and (2.9), we have the following theorem.

Theorem 8. For n € Z, we have

m

T (zA) = ZT(h) Z)A™T"S (m,n).

m,X,q,¢ n,X,q, C
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Abstract

In this paper, we will establish some new sufficient condition for oscillation of
solutions of a certain class of first-order neutral delay difference equations of the
form

A (.I‘n - pnmn—l) + qnxz—r =0,

where v is a quotient of odd positive integers. We will consider the sublinear and
super linear cases. The results will be obtained by using the oscillation theorems of
second order delay difference equations.

2010 Mathematics Subject Classification: 34C10, 34K11, 34B05.

Keywords and phrases: Neutral difference equation, oscillation, Riccati tech-
nique.

1 Introduction

In recent decades there has been much research activity concerning oscillation and nonoscil-
lation of first and second order delay and neutral delay difference equations, we refer the
reader to the papers [1, 2, 3,4, 5,6, 7,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23]
and the references cited therein. In the following, we recall some results of first order
neutral delay difference equations of sublinear and super linear types that motivate the
contents of this paper. Xiaoyan Lin in [12] studied the oscillatory behavior of solutions of
the neutral difference equations with nonlinear neutral term of the form

(1.1) A (a:n —pna;fz_g) + q,,,a:g_T =0, for n € N,,,

where a and 3 are quotient of odd positive integers, 7 and ¢ are nonnegative integers
and {p,} and {¢,} are two sequences of nonnegative real numbers. The authors obtained
necessary and sufficient conditions for existence of oscillatory solutions and studied the
two cases when 0 < o < 1 and when « > 1. As usual, a nontrivial solution z,, of (1.1) is
called nonoscillatory if it eventually positive or eventually negative, otherwise it is called
oscillatory and A is the forward difference operator defined by Az, = z,11 — x, and
N; = {i+ 1,4+ 2,...}. Lalli [11] established several sufficient conditions for oscillation of
the equation

(12) A (xn +pxn—6k) + an (xn—r) = F,, n > ng,
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where § = +1, p is a nonnegative real number, k € N = {1,2,...}, 7 is a sequence of
nonnegative integers with lim, . 7, = 00, and {F, }, {¢,} are sequences of real numbers
and f is a real valued function satisfying zf (z) > 0 for z # 0. El-Morshedy et al. [6]
considered the equation

(1.3) Ag(@n + pnto,) + f (n,27,) =0,

where 0 < p, < p < 1, 0, and 7, are sequences of integers such that lim, .., o, =
lim;, oo = 00 and 0,41 > 0, for all n > ng. They established several sufficient conditions
for oscillation when the function f satisfies the condition

f(n, )
h ()

2 qn, $7éoandn2n0’

where ¢, > 0 for n > ng, h € C (R,R) and zh(z) > 0 for all  # 0. Recently Murugesan
and Suganthi [13] discussed the oscillatory behavior of all solutions of the first order
nonlinear neutral delay difference equation

[A (Tn (anmn - pnxnfr))} + @nTpn—o = 07

where 7, and a,, are sequences of positive real numbers p, and ¢, are sequences of non-
negative real numbers, 7 and o are positive integers. Following this trend in this paper,
we will consider the first order neutral delay difference equation

(1.4) A(Ty — ppTn-1) + qnz,)_. =0, for n € N,

Our aim in this paper is to establish some new sufficient conditions for oscillation of (1.4)
by using a new technique when 0 < p, < p < 1 and we will consider the sublinear and
the super linear cases. The new technique depends on the application of an invariant
substitution which transforms the first nonlinear neutral difference equation to a second
nonlinear difference equation. This allows us to obtain several sufficient conditions for
oscillation of (1.4) by employing the oscillation conditions of second order delay difference
equations by using the Riccati technique.

2 Main results

In this section, we prove the main results but before we do this, we apply an invariant
substitution which transforms the first order neutral equation to a non-neutral second
order difference equations. This substitution is given by

n 1 n

(21) Ynt+1 = T H R where sz =0 (n) ’
1 Di .
=1 i=1

This gives us that

n—r

n n—1
(2.2) Tn=Ynp1 [[ e v =va [[ 2 andznr =yuria [] pi
i=1 i=1

i=1

From (2.2), we have

(23) Tp — PnTp—1 = Ayn Hpi~

=1
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Substituting (2.3) into (1.4), we obtain

(24) A (Ayn sz) + qn H PiYyn—r+1 = =0.

=1 =1
Setting d,, = Hr_:l pi, and @, = ¢nd,—, then (2.4) becomes
(2.5) A (d,Ayy,) + Qnyz,(T,l) =0, n € Np.

In this section, we intend to use the Riccati transformation technique for obtaining several
new oscillation criteria for (1.4). First we state some fundamental lemmas for second order
difference equations that will be used in the proofs of the main results (see [15]).

Lemma 2.1 Assume that p, is a real sequence with 0 < p, < p < 1 for all n € N.
Furthermore assume that

(2.6) }:57

Let y be a positive solution of (2.5). Then
(). Ay(n) >0, y(n) = nAy(n) forn >N,
(II). y is nondecreasing, while y(n)/n is nonincreasing for n > N.

Lemma 2.2 Assume that p, is a real sequence with 0 < p, < p < 1 for all n € N.
Furthermore assume that (2.6) holds. If y, be a nonoscillatory solution of (2.5) such that
Yn >0, Ay, <0, then lim,, o y, = 0 and hence

(2.7) lim 2% =,

n—oo n
where x,, is a solution of (1.4).

Throughout this paper, we will assume that the real sequences p,,, ¢, are nonnegative,
v is a quotient of odd positive integers, T is a nonnegative integer. Now, we state and prove
the sufficient conditions which ensure that each solution of equation (1.4) is oscillatory or
satisfies (2.7). We start with the case when 0 <y < 1.

Theorem 2.3 Assume that (Hy) holds and Ady, > 0. Furthermore, assume that there
exists a positive sequence p,, such that,

: S A1 (i 42—7)7 (Ap) | _
(2.8) nlLH;o sup izn Qi — P = 00,
=no

where d, = I_IT.L_1 pi and Qpn = Gndn—r. Then every solution of (1.4) oscillates for all
0<vy<1. ;

Proof. Assume to the contrary that z, be a nonoscillatory solution of (1.4) such that
Tp_1, Tn—r, Tn > 0 for all large n > n; > ng sufficiently large. We shall consider only
this case, since the substitution y,, = —x,, transforms equation (1.4) into an equation of
the same form. From (2.1) we see that y,, is a positive solution of (2.5) such that y,, > 0
and y,—,41 > 0 for n > ny > ng sufficiently large. From equation (2.5), we have

(2'9) A (dnAyn) = _Qnyz_-,—.t,_l <0, n>mn,
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and then d, Ay, is an eventually nonincreasing sequence. We first show that d, Ay, >
0 for n > ng. In fact, if there exists an integer ny > ng such that d,,, Ay,, = ¢ < 0 then
(2.9) implies that d, Ay, < ¢ for n > n; that is Ay, < c¢/d,, and hence

n—1 1

(2-10) Yn < Yn, T C Z di — —00, as n — 00,

i:nl

which contradicts the fact that y, > 0 for n > ng then d, Ay, > 0. Also since Ad,, > 0,
we can prove that A2y, > 0 for n > n;. Therefore we have

(2.11) yn >0, Ay, >0, and A%y, <0, for n > n,.
From (2.9) and (2.11)

(212) dn—T+1Ayn—T+l Z dn-‘,—lA (yn—i-l) and Yn—14+1 Z Yn—1-
Defining the sequence u,, by the Riccati substitution
dn Ay,

n_ )
yn—r+1

(2.13) Up = p for n > ny.

This implies that u, > 0, and

A (dnAyn
Auy = dy1Ayn 1A |:'yp:| + %M-
n—r+1 ynf'rJrl
Hence
Apn y'Z*T ~ Pn Ayzf'r A dnA n
(214) Aun = dn+1Ayn+1 ( ’Y+1) ~ ( +1) + pnw
Yn—r+1Yn—7r+2 Yn—r+1

From this, (2.5) and (2.14) we see that

A
(2.15) Aup < 2Py —
Pn+1

From (2.5) and (2.14), we have

{dn+1 Ayn+1pnAyZ—7—+1

] Y
y7L—T+2y'IL—T+1

i1 Ass p Ay
(216) Au,, < _ann + Apn Uny1 — +18Yn+1Pp yn—‘l"’rl.

2y
n+1 Yn—r+2

By using the inequality (see [8]),

(2.17) Y =yt > 27 Nz —y), forall z # y > 0 where 0 < vy < 1,

we have

(218) Ay} iy = Whior—Uni1r) =V Wnt2—r)"" Wnors2 = Ynri1)
= Y (Wnr2)"" (Aynri1),

Substituting (2.18) into (2.16), we obtain that

Apn u —d Y (yn-&-Q—T)’Y_l (Ayn_-,—+1)Ayn+1
n+1 Ppnln+1 .

(2.19) Aty < —p, Qn + N
n+1 Yn—r+2

255 SAKER 252-265



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

From (2.12) and (2.19), we have that

A &2 (Aynit)?
Aun < *ann“i’ P VPn n+1( Y +1)

Un4+1 —

1— 2"
n+1 dp—r41 (Yns2-7) (yz—r+2)
Hence,
Apn VPn 2
(220) Aun < _ann =+ Un+1 — 2 1~y (un—i-l) .
Pr+1 (pn-‘rl) dn—T+l (yn+2—'r)

From (2.11), we conclude that
Yn < Yng + AyYng (n—no), 1=,
and consequently there exists a no > ny and appropriate constant 8 > 1 such that
Yn < Bn, for n > ng,
and this implies that
Ynto—r < B(n+2—71), for n>ng=ngs+7+2,

and then
1 1
1—v = 1—v"
(Yn+2—r) (B(n+2-7))
Substituting (2.21) into (2.20) we obtain

(2.21)

20 VP
(222 Atin < =pyQn + Un+1 — 2 1—v 1—y (tnt1)?

Pri1 (pn+1) dp_r41P (n+2—7)
Hence

d -7 1=y 2 — 1—v A 2
Aun < _ann + n +16 (n + T) ( pn)
Pn,
; 2
Pr Apn\/dnf‘luklﬁliw (n+2-71)""

— Up41 —

P (Bln+2 = 7)) i

2p,,

Then, we have

dnf'rJrlﬁl_’Y (n+2- 7_)1*“/ (Apn)2
p7L

(2.23) Au, < — lann —

Summing (2.23) from ng to n we obtain

- dier 1B (i 4+2-7)77 (Ap;)°
—Upy < Upt1 — Upg < — Z [piQi — +18 ' ( > )" (Apy)
K3

i:ng

which yields

<c,

Xn: L’%‘Qi — d"_”‘lﬁl_v @ +p? — T)l_’y (Api)z

i=ng
for all large n, and this contrary to (2.8). The proof is complete. m
From the Theorem 2.3, we can obtain different condition for oscillation of all solutions
of (1.4) by different choices of p,,. For example if we take p, =n*, n > ng and A > 1 is a
constant we have the following result.
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Corollary 2.4 Assume that all the assumptions of Theorem 2.8 hold, except that the
condition (2.8) is replaced by

n ds_- 1—v +2— 1—v Asg? 2
i up 35 |, - S TEERID T

n— 00 s=no S

Then every solution of (1.4) oscillates for all 0 < v < 1.
Remark 2.5 When v =1 the equation (1.4) reduced to linear delay difference equation
A (xn _pnxnfl) 4+ gntn_r =0, forn € Nno,

and the condition (2.8) in Theorem 2.3 reduced to

= 00,

n 2
(2.24) lim sup » [piQi _ dizre1 (Bp)”

i:no
n
where d, = H i and Qp, = qndp—r for all 0 < v < 1.
i=
Now, we consider the case when v > 1.

Theorem 2.6 Assume that (2.6) holds. Furthermore, assume that there exists a positive
sequence {p, 152, such that for every positive constant M,

. - (di—0)" (Ap))?
(2.25) lim sup P1q1 — — ~ — = 00,
o 2 P )

l:no

where o =7 — 1. Then every solution of (1.4) oscillates for all v > 1.

Proof. Suppose to the contrary that z, is a nonoscillatory solution of (1.4). Without
loss of generality, we may assume that x,, is an eventually positive solution of (1.4) such
that z,_1, xp—r, x, > 0 for all large n > ny; > ng sufficiently large. We shall consider
only this case, since the substitution y,, = —z,, transforms equation (1.4) into an equation
of the same form. As in the proof of Theorem 2.3, we have by (2.6) that

(2.26) yn >0, Ay, >0, A(d, (Ay,)) <0, n > ny.

Define the sequence u,, by

dn Ay
(2.27) Uy = pyy I
yn*o’
Then u, > 0, and
A(dn Ay,
(2.28) Au, dn+1Ayn+1A{ D } 4 Pn y(v )

In view of (2.5), (2.28), we have

A Ay Ay Ay
(2.29) Aty < —ppgn + =2y, g — LoErt L2180
Pn+1 Ynt1—cYn—o

From (2.26), we see that

(230) dn—UAyn—a > dn+1Ayn+1y and Yntl—o = Yn—o-
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Substituting (2.30) into (2.29), we have

_ pndn-‘rl Ayn-ﬁ-l Ay;{—a

p
7 Un+1

(2.31) Auy, < —pogn + 5
Prt1 (Yns1-0)

Now, by using the inequality
27—y =2z —y)?, forallz >y >0and y > 1,
we find that
(2.32) AY o = Ypitoo —Yn-o 2 2" Wnt1-0 — Yn—0)" =277 (Ayn—s)" .

Substituting (2.32) into (2.31), we have

] A Ay )"
Pn Upi1 — 21_andn+1 Yn+1 ( Yn 20) )
n+1 (yn+1—0')

From (2.30) and (2.33), we obtain

(2.33) Auy, < —poagn +

1 1
(2.34) Aup < —pogn + B, =2t (dnt1)"™ (Agni1)""
. n > ndn n " 5 >
Pri1 (dn—o) (yZHfa)
Hence,
1 - 2
(2.35) Aty < —pgn+ Py (dnt)"™ 2779, (Aynin)”

Pny1 (dn—0)” (yZJrlfo)? (Aynﬂ)%l.

From the definition of u,,, we get that

A 1p (dnir)t
(236) Auy, < —Ppdn + ﬂu’rbﬁ-l - p"2 ( C;+1) v +1’Y—1
Pn+1 (pn_H) (dn—0) (Ayn+1)

Since {d,, (Ay,)} is a positive and nonincreasing sequence, there exists a ns > n; suffi-
ciently large such that d,, (Ay,) < 1/M for some positive constant M and n > nj, and
hence by (2.26), we have

1 vo1
Byt - M)

Substituting the last inequality into (2.36), we obtain

M\ gy e 1
(pn-l-l)Q (d"—ﬂ)’y s

A
(237) Aun S —Pndn + ﬁun-l—l -

Pr+1 2

so that

dn—0)" (Ap,)?
Aun S 7ann+ 3 ( ,),,)1 ( pn)?'ny B
257 (M) (dus)® 1,

VA @)™ 20, (dn—0)" Apy
o] Unt1 — -1 2y—2
puirV/ (o) 2/(42) (dns)” 2,

(dn—0)" (Ap,,)> ]
257 (M) (dpy1)” 2y

< -

ann -
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Then, we have

(2.38) Au, < — |f%ﬂ]n _ (dn-s)" (Ap,)? 1
Pn

21 (M) (d)T

Summing (2.38) from ns to n, we obtain

n

(dlfa)’y (Apl)2
Tnz S Ungl T ey < Z [plqz 93— (M)Wf1 (ahﬂ)zwi2 P 7

l=ny

which yields

n

_ (di—0)” (Apy)? .
Z lﬂzfﬂ 23— (M) (dz+1)2v2pl] =

l:n2

for all large n. This contradicts (2.25). The proof is complete. m

From Theorem 2.6, we can obtain different conditions for oscillation of all solutions of
(1.4) when (2.6) holds by different choices of {p,,}. For example, let p, = n*, n > ng and
A > 1 is a constant. From Theorem 2.6 we have the following result.

Corollary 2.7 Assume that all the assumptions of Theorem 2.6 hold, except the condition
(2.25) is replaced by

(o) (511 — V)2
257 (M) (dyi2)™ 2 5>

= Q.

n
(2.39) lim sup Z 52,

S=ngo
Then, every solution of (1.4) oscillates for all v > 1.

As a variant of the Riccati transformation technique used above, we will derive some
oscillation criterion which can be considered as a discrete analogy of the Philos condition
for oscillation of second order differential equation by introducing the following class of
sequences that will be used in this chapter and later. Let

Lo={(m,n): m>n>ne}, £={(m,n): m>n>ng}.

The double sequence H,, ,, € ¥ if:

(I). Him,m) =0on £,

(II). H(m,n) > 0 on Lo;

(III). AgHpp = Hyppnt1r — Hin < 0 for m > n > 0, and there exists a double
sequence R, , such that

AoH,,
hmn:—é, for m >n > 0.

) vV Hmm

Theorem 2.8 Assume that (2.6) hold. Let {p,,}>2, be a positive sequence and Hy, ,, € 2.
If

m—1 2
1 Apy
2.4 li —_— Hpn n— Bn | bmn — o Hy,p = ’
( 0) mgnoo Sup }Lm7 7;] [ Pl ( ' pn—i—l ' ) ] >

where 5
— (dn—a) pn+1
DT ()

n

Then every solution of (1.4) oscillates for all v > 1.
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Proof. We proceed as in the proof of Theorem 2.6, we may assume that (1.4) has a
nonoscillatory solution x, such that x, > 0. As in the proof of Theorem 2.6 we get that
(2.26) holds. Define {u,} by (2.27) as before, then we have u,, > 0 and there is some
M > 0 such that (2.37) holds. For the sake of convenience, let us set

P = 2177 (M) (dps) ™ p
! (dn—o)"

Then, we have from (2.37) that

n

A
(2'41) Prln < —Auy + Pn Un+1 — %uiﬂ'
Pr+1 (pn+1)

Therefore, we get

m—1 m—1 m—1 Ap m—1 ; ’ZL2
(242) Y Huopntn < = > HpnSun + Y Hopn— i1 — Y Hp "1
n=m n=ni n=ny Pr+1 n=ni (pn-‘rl)

The rest of the proof is similar to the proof of [15, Theorem 2.3.6]. m
As an immediate consequence of Theorem 2.8, we get the following:

Corollary 2.9 Assume that all the assumptions of Theorem 2.8 hold, except that the
condition (2.40) is replaced by

m—1
> Hypnpon = o,

n=ngo

) 1
lim sup
m—0o0 Hm,O

1 = (dn—0)" Ppia Apn ?
lim sup = (hm n - - Hm n) < 0.
A s 2 G (e T T VI

n=no

Then every solution of (1.4) oscillates for all v > 1.

By choosing the sequence H, , in appropriate manners, we can derive several oscilla-
tion criteria for (1.4). For instance, let us consider the double sequence {H,, ,} defined

by
13771,77,:('n’l_n))\7 )\Zl,mZnZO,
A
(2.43) Hyppo = (log 1;;111) A>1Lm>n>0,

Hm,n:(m*n)()\) )\>2, mZnZO,
where (m —n)* = (m —n)(m —n+1)...(m —n+ X — 1), and
Ag(m —n)N = (m—n—-1)N = (m —n)N = —\(m —n) AV,

Then H,, , = 0 for m > 0 and Hy,, > 0 and AgH,p, ,, < 0 for m > n > 0. Hence we
have the following result which gives new sufficient conditions for the oscillation of (1.4)
of Kamenev type.

Corollary 2.10 Assume that all the assumptions of Theorem 2.8 hold, except that the
condition (2.40) is replaced by

m—1 2
1
(2.44) mlgnoo Sup mr Z (m — ”)Apnqn - f;n_-i-l Vvi,n =0,
n=0 Pn
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where
A—2 Apn

Vi 1= <)\(m —n) 2 (m — n)/\> )

pn+1
Then every solution of (1.4) oscillates for all v > 1.

Corollary 2.11 Assume that all the assumptions of Theorem 2.8 hold, except that the
condition (2.40) is replaced by

1 m—1 ma1 A P2 2
2.45 li —_— 1 , — ol p2 =
( ) mgnoc sup (10g(m+ 1)))\ ;) [( 0g n+ 1> Pnd 45 m,n 0,
where
A-2 by
Ryn= A logm+1 i —% 1ogm+1
mn n+1 n+1 Pri1 n+1

Then, every solution of (1.4) oscillates for all v > 1.

Corollary 2.12 Assume that all the assumptions of Theorem 2.8 hold, except that the
condition (2.40) is replaced by

m—1 2
1
(246) W}E}H{)Q sup m Z (m _ n)()\) [pnqn _ Zn:rl Uv% = 00,
n=0 Pn

where

U, = ( A _ A )2.
m-n+A—-1 p,
Then, every solution of (1.4) oscillates for all v > 1.
In the following theorem, we consider the case when 0 < v < 1.
Theorem 2.13 Assume that (2.6) holds and Ad,, > 0. If

(2.47) i <"d_na>w n = 0.

n=ngo

Then every solution of (1.4) oscillates for all 0 <y < 1.

Proof. Proceeding as in Theorem 2.6, we assume that (1.4) has a nonoscillatory solution,
say x, > 0 and x,_, > 0 for all n > ng. From the proof of Theorem 2.6 we know that
Ay, > 0, then 7, is nondecreasing sequence. Since Ad, > 0 we obtain that A%y, < 0
and then Ay, is a nonincreasing for all n > ny > ng. Then, we have y,, > (n — n1)Ay,
which implies that y,, > 5 Ay, for n > ny > 2n; + 1. Then

n—o

(2.48) Yoo >

n—o
Ayp_o > TAyn_H, forn>N=mny+o0.

From (2.5) and (2.48) by dividing by z,4+1 = (dnAYn+1)” > 0 and summing from 2N to
k, we obtain

k

(2.49) 3 ("2;“> m<— Y Alen) - pson.

-
n=2N n=2N (2n+1)

10
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Since
Yyl — 27 < vy’ Yy —2)fory<landy >z >0,

we see that
A1) = (231) = (2677) £ (1= +1) 7 Az(n),

Substituting in (2.49), we see that

< 00, as n — 00

which contradicts (2.47). The proof is complete. ®
Now, we consider the case when

(2.50) i (;) < 00,

n=0 n

holds and establish some oscillation criteria for (1.4) in the sublinear and superlinear
cases.

Theorem 2.14 Assume that (2.50) holds and there exist positive sequences {p,, }52, such
that (2.25) holds for every positive constant M, and

(2.51) Z (dln z_: qi> = 0.

n=0 ’i=7l0
Then every solution of (1.4) oscillates or lim,, oo T /dn, =0 for all v > 1.

Proof. Suppose that {z,} is a nonoscillatory solution of (1.4). Without loss of generality
we may assume that {z,} is eventually positive. From (2.5), we have

(252) A(dnAyn) S 7QRy1_g S Oa n Z no,

and so {d,(Ay,)} is an eventually nonincreasing sequence. Since {g,} has a positive
subsequence, either {Ay,} is eventually negative or eventually positive. If {Ay,} is
eventually positive, we are then back to the case where (2.26) holds. Thus the proof of
Theorem 2.6 goes through, and we may conclude that {y,} cannot be eventually positive,
which is not possible. If { Ay, } is eventually negative, then lim, . y, = b > 0. We assert
that b = 0. If not then yz_g — b7 > 0 as n — oo, and hence there exists n; > ng > 0
such that y,) _ > b7. Therefore from (2.52) we have

A(dnAyn) < _an’y-

The rest of the proof is similar to the proof of [15, Theorem 2.3.7] and hence is omitted.
|

By choosing {p,, }52, in appropriate manners, we may obtain different oscillation crite-
ria. For instance, let p,, = n* for n > 0 and A > 1. Then we have the following oscillation
conditions of all solutions of (1.4) when (2.50) holds.

11
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Corollary 2.15 Assume that all assumptions of Theorem 2.1/ hold, except that the condi-
tion (2.25) is replaced by (2.39). Then, every solution of (1.4) oscillates or limy, oo Ty /dy =
0 for all v > 1.

Theorem 2.16 Assume that (2.50) and (2.51) hold. Furthermore, assume that there ex-
ists a double sequence H,,, € % such that (2.40) holds. Then every solution of (1.4)
oscillates or lim,, oo, /dy, = 0 for all v > 1.

Indeed, suppose that {z,} is an eventually positive solution of (1.4). Then as seen in
the proof of Theorem 2.3, either {Az,} is eventually positive or is eventually negative.
In the case when {Ay,} is eventually positive, we may follow the proof of Theorem 2.8
and obtain a contradiction. If {Ay,} is eventually negative, then we may follow the proof
of Theorem 2.14 to show that {y,} converges to zero.

By choosing H,, ,, in appropriate manners, we can derive several oscillation criteria for
(2.5) when (2.50) holds. For instance, let us consider the double sequence H,, , defined
again by (2.43). Hence we have the following results.

Corollary 2.17 Assume that all the assumptions of Theorem 2.16 hold, except that
the condition (2.40) is replaced by (2.44). Then, every solution of (1.4) oscillates or
lim,, o0 zp/dy, =0 for all y > 1.

Corollary 2.18 Assume that all the assumptions of Theorem 2.16 hold, except that the
condition (2.40) is replaced by( 2.45) or (2.46). Then, every solution of (1.4) oscillates
or imy, o0 T /dn, =0 for all v > 1.

Theorem 2.19 Assume that (2.50) and (2.47) hold. Let {p, }°2, such that (2.51) holds.
Then every solution of (1.4) oscillates or imy, o z, /d, =0 for all 0 <y < 1.

Indeed, suppose that {z,} is an eventually positive solution of (1.4). Then as seen in
the proof of Theorem 2.6, either {Ay,} is eventually positive or is eventually negative.
In the case when {Ay,} is eventually positive , we may follow the proof of Theorem 2.13
and obtain a contradiction. If {Ay,} is eventually negative, then we may follow the proof
of Theorem 2.14 to show that {x,/d,} converges to zero.

From Theorem 2.14 if p,, = 1, we see that the Riccati inequality associated with the
equation (1.4) is given by

1
(2'53) Auy, + Prln + ;Ui+1 <0,
where
271 (dn—o)’y

(254) An = 1 2v—2
(M) (dns1)™

>0,

for every positive constant M > 0. Using the inequality (2.53) and proceeding as in the
proof [15, Theorem 2.3.8], we can prove the following Hille and Nehari type results.
Theorem 2.20 Assume that (Hi) holds and Ad,, > 0. Furthermore, assume that

lim inf —— i q(s) > E

n—oo ATL 4 ’

n+1
or
N — 12 s2
lim inf T ; gt liminf ~ ZN: 0> 4.

Then every solution of (1.4) is oscillatory.

12
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RICCATI TECHNIQUE AND OSCILLATION OF SECOND ORDER
NONLINEAR NEUTRAL DELAY DYNAMIC EQUATIONS

S. H. SAKER!, AND A. K. SETHI?

ABSTRACT. In this paper, by using the Riccati technique which reduces the higher order
dynamic equations to a Riccati dynamic inequality, we will establish some new sufficient
conditions for oscillation of the second order nonlinear neutral dynamic equation

(r(®)((@(t) + p(Oa(r(1)))*))> + a(t)z*(3(1)) + v(t)2” (n(1)) = 0,
on time scales where 7, a 8 are quotient of odd positive integers.
Mathematics Subject Classification(2010): 34C10, 34K11, 39A21, 34A40, 34N05.

Keywords: Oscillation, nonoscillation, neutral, delay dynamic equations, time scales,
neutral delay equations

1. INTRODUCTION

The theory of time scales has been introduced by Stefan Hilger in [14] in 1988 in his Ph.D
thesis in order to unify continuous and discrete analysis. In the last decades the subject is
going fast and simultaneously extending to the other areas of research and many researchers
have contributed on different aspects of this new theory, see the survey paper by Agarwal et al.
[1] and the references cited therein. In the last few years, there has been an increasing interest
in obtaining sufficient conditions for the oscillation or nonoscillation of solutions of different
classes of dynamic equations on a time scale T which may be an arbitrary closed subset of real
numbers R, and as special cases contains the continuous and the discrete results as well, we
refer the reader to papers ([3],[6], [7], [21]) and the references cited therein.

Following this trend, in this paper, we are concerned with oscillation of a certain class of
nonlinear neutral delay dynamic equations of the form

(L1)  (rO(@() +p(0)z(r(6))2)7)> +a(t)z*(6(1) + v(t)a’ (n(t)) = 0, for t € [to, co)r,

where v, «a, 8 are quotient of odd positive integers, r € C,q([to,o0)T, (0,00)) and p, ¢ €
Crd([t()voo)T,RJr) with 0 < p(t) < 1; q(t)v 'U(f) > 0 and T, 53 n € Crd([thoo)TDRJr) and
T(t) < t, 6(t) < t, nt) <t with lim_o 7(t) = 00 = tlim 3(t) = oo = lim_,7n(t). By a

solution of (1.1), we mean a nontrivial real-valued function z(t) € C},([Ty,0),R), T, > to
which has the properties that r(22)7)% € CY,([Ty, 00), R) such that x(t) satisfies (1.1) for all
[Tx, OO)']I‘.

We mention here that the neutral delay differential equations appear in modelling of the
networks containing lossless transmission lines (as in high-speed computers where the lossless
transmission lines are used to interconnect switching circuits), in the study of vibrating masses
attached to an elastic bar, as the Euler equation in some variational problems, theory of au-
tomatic control and in neuromechanical systems in which inertia plays an important role, we
refer the reader to the papers by Boe and Chang [4], Brayton and Willoughby [8] and to the
books by Driver [9], Hale [13] and Popov [16] and reference cited therein.

For more details of time scale analysis we refer the reader to the two books by Bohner and
Peterson [5], [6] which summarize and organize much of the time scale calculus. Throughout
the paper, we will denote the time scale by the symbol T. For example, the real numbers R,

1
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the integers Z and the natural numbers N are time scales. For ¢t € T, we define the forward
jump operator ¢ : T — T by o(¢) :=inf{s € T : s > t}. A time-scale T equipped with the order
topology is metrizable and is a K, —space; i.e. it is a union of at most countably many compact
sets. The metric on T which generates the order topology is given by d(r; s) := |u(r; s)|, where
() = p(.;7) for a fixed 7 € T is defined as follows: The mapping p : T — R* = [0, 00) such
that wu(t) := o(t) — t is called graininess.

When T =R, then o(t) =t and u(t) = 0forallt € T. f T = N, then o(¢t) = t+1 and u(t) = 1
for all ¢ € T. The backward jump operator p : T — T is defined by p(t) :=sup{s € T : s < t}.
The mapping : v : T — Ry such that v(t) = t — p(t) is called the backward graininess. If
o(t) > t, we say that ¢ is right-scattered , while if p(t) < ¢, we say that ¢ is left-scattered. Also,
if t <supT and o(t) = ¢, then ¢t is called right-dense, and if ¢ > inf T and p(¢) = ¢, then ¢ is
called left-dense. A function f : T — R is called right-dense continuous (rd—continuous) if it is
continuous at right-dense points in T and its left-sided limits exist (finite) at left-dense points
in T. For a function f : T — R, we define the derivative f* as follows: Let ¢t € T. If there
exists a number a € R such that for all € > 0 there exists a neighborhood U of ¢ with

[f(o(8)) = f(s) —alo(t) — s)| < elo(t) — s,

for all s € U, then f is said to be differentiable at ¢, and we call « the delta derivative of f at
t and denote it by f2(t). For example, if T = R, then

Aim Ar ,forall teT.

If T =N, then f2(t) = f(t +1) — f(t) for all t € T. For a function f : T — R (the range R of
f may be actually replaced by any Banach space) the (delta) derivative is defined by

fle@) = f(?)

A
t pr—
pa = BT,
if f is continuous at ¢ and ¢ is right—scattered. If ¢ is not right—scattered then the derivative is
defined by
t) — t) —
30— LD =16 SO = 1)
s—t t—s t—o0 t—s

provided this limit exists. A function f : [a,b] — R is said to be right—-dense continuous
(rd—continuous) if it is right continuous at each right—dense point and there exists a finite left
limit at all left—dense points, and f is said to be differentiable if its derivative exists. The space
of rd—continuous functions is denoted by C,.(T, R). A useful formula is

o =f+uf>, wheref?:=foo.

A time scale T is said to be regular if the following two conditions are satisfied simultaneously:
(a). For allt € T, o(p(t)) =t,
(b). Forallt € T, p(c(t)) =t.

Remark 1.1. If T is a reqular time scale, then both operators and are invertible with c=! = p
1

and p~" =o.

The following formulae give the product and quotient rules for the derivative of the product
fg and the quotient f/g (where gg? # 0) of two differentiable function f and g. Assume f;
g: T — R are delta differentiable at ¢t € T, then

(1.2) (f9)® = f2g+[f7g" = fg™ + 297,
A
(1.3) <f> _ [P9—tg® 1ng~
g 99
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The chain rule formula that we will use in this paper is

(1.4) =~ [ [ha® + (1 — k)] " dha®(t),
)

which is a simple consequence of Keller’s chain rule [5, Theorem 1.90]. Note that when T = R,
we have

ot) =1, ut) =0, FA() /f DAL= /f
When T = Z, we have

o) = t+1, ult) = 1, F2(t) = Af(L) /f DAL = Zf

When T =hZ, h > 0, we have o(t) =t + h, u(t) = h,

720 = g = LIy z Flat kh)h
When T = {t: t = ¢*, k € Ny, ¢ > 1}, we have o(t) = qt, p(t) = (¢ — 1)t,
_ _ flat) = f@®) [ _
FAE) = A f (1) = Tla—Dt /t0 )ALt = kzzof(qk)ﬂ(qk)

When T = N2 = {t? : t € N}, we have o(t) = (v + 1)? and
p(t) =142V, f2() = Aof(t) = (F(VE+1)?) — £(1)/1 + 2V

When T =T, = {t : n € N} where (¢,,} is the harmonic numbers that are defined by ¢o = 0
and t, = Y,_; +,n € Ny, we have

U(tn) = tn+1a /ff(tn) n+ 1, fA( ) Alf(tn) = (TL + l)f(tn)

When To={+/n : n € N}, we have o(t) = V12 + 1,

p(t) = \/ﬁ—t, fA(t) =Aof(t) = (f( \;;‘i‘Tli—;f(ﬁ))

When T3={¥/n : n € N}, we have o(t) = vt3 + 1 and

(f(VE+1) - f(?)
Vs +1—t
Now, we pass to the antiderivative and the integration on time scales for detla differentiable

functions. For a,b € T, and a delta differentiable function f, the Cauchy integral of f* is
defined by

p(t)y = V3 +1—t, f2(t) = Asf(t) =

b
/ FAB)AL = f(b) — f(a).

An integration by parts formula reads

b b
(1.5) / FOgB (DAL = (g’ / FA ()07 (DAt

and infinite integrals are defined as

0 b
[ swae=tm [ s
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It is well known that rd—continuous functions possess antiderivative. If f is rd—continuous and
FA = f  then

o(t)
/t F(s)As = F(a(t)) = F(t) = p(t) F2(t) = u(t) f(2).

Note that the integration formula on a discrete time scale is defined by

b
/ fHat=3 fou().

te(a,b)

We say that a solution x of (1.1) has a generalized zero at ¢ if  (¢) = 0 and has a generalized
zero in (¢, 0(t)) in case x (t) 7 (t) < 0 and p(t) > 0. To investigate the oscillation properties of
(1.1) it is proper to use the notions such as conjugacy and disconjugacy of the equation (1.1).
Equation (1.1) is disconjugate on the interval [to, b]r, if there is no nontrivial solution of (1.1)
with two (or more) generalized zeros in [tg, b]t.

Equation (1.1) is said to be nonoscillatory on [tg, oo]r if there exists ¢ € [tg, 00|t such that
this equation is disconjugate on [c, d]r for every d > ¢. In the opposite case (1.1) is said to be
oscillatory on [tg, co]r. A solution z (¢) of (1.1) is said to be oscillatory if it is neither eventually
positive nor eventually negative, otherwise it is oscillatory. We say that (1.1) is right disfocal
(left disfocal) on [a, b]y if the solutions of (1.1) such that 2 (a) = 0 (z® (b) = 0) have no
generalized zeros in [a, b]r.

In recent two decades some authors have been studied the oscillation of the second order
nonlinear neutral delay dynamic equations on time scales and established several sufficient
conditions for oscillation of some different types of equations by employing the Riccati transfor-
mation technique. For example, Saker [18] has studied the oscillation of second order neutral
delay dynamic equations of Emden-fowler type of the form

[a(t)(y(t) + r()y(7(8)]* + pt)|y(5(1)[" signy(5(t))) = 0,
on time scale T, where, v > 1, a(t), p(t), r(t) and &(t) are real-valued function defined on T.
Also Saker [19] studied the oscillation of the superlinear and sublinear neutral delay dynamic
equations of the form

[a(®)([y(6) + p()y(r (N> +a(t)y? (5(¢))) = 0,
on time scale, where v > 0 is a quotient of odd positive integers. The main results has been
obtained under the conditions 7(¢) : T — T, §(¢) : T — T, 7(¢t) < ¢, §(t) <t for all t € T and
1

tlim T(t) = tlim 3(t) = oo, ftzo %iAt =00, a®(t) >t and 0 < p(t) < 1.
Thandapani et. al [24] studied the oscillation of second order nonlinear neutral dynamic

equations on time scale of the form

(r(O () +p@B)y(t = 7)) +a(t)y’(t—6) =0, t €T,

where T is a time scales. They obtained their results under the conditions v > 1 and 8 > 0
are quotients of odd positive integers, 7, are fixed nonnegative constants such that the delay
function 7(t) =t —7 < tand §(t) =t — 6 < tsatisfying 7 : T—T and 6 : T— T for all
t € T, q(t) and 7(t) real valued rd-continuous functions defined on T, p(¢) is a positive and
rd-continuous function T such that 0 < p(¢) < 1.

Sun et al. [22] studied the oscillation of a second order quasiliniear neutral delay dynamic
equation on time scales of the form

(r®)((z(t) + p)(r()*))? + @1 (D)2 (11(t)) + g2(t)a” (r2(t)) = 0,
on time scale T, where «, 3,y are quotients of odd positive integers, r, p, g1, g2 are rd-continuous
function on T and r,qq,¢e are positive, —1 < —pg < p(t) < 1, pg > 0, the delay functions
7; + T — T satisfying 7;(t) < ¢ for t € T and 7;(t) — o0 as t — oo, for i = 0,1,2 and there
exists a function 7 : T — T which satisfying 7(¢t) < 71(¢), 7(t) < 72(t), 7(t) — 00 as t — oo.
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Gao et al. [12] established some oscillation theorems for second order neutral functional
dynamic equations on time scale of the form

(r(®)((@(t) + p(O)2(r()2)) + a1 ()2 (5(t)) + g2 (H)2” (n(1)) = 0,
where v, a, 8 are ratios of odd positive integers by using the comparison theorems for oscillation.
Sethi [26] considered the second order sublinear neutral delay dynamic equations of the form

(r(®)((2(t) + p(H)2(r(1)))*) ) + g(t)z7 (a(t)) + v(B)a" ((t)) = 0,
under the assumptions:

(Ho) [* (%)l At = 400,

1

(Hy). [ (%) T At < o0,

where 0 < v < 1 is a quotient of odd positive integers, ¢, v — [0,00) and p, ¢, v : T — T
are rd-continuous functions and 7, o, 7 : T — T are positive rd-continuous functions such that
lim; 00 7(t) = 00 = tlirrolo a(t) = oo = limy_,o 7(t) and obtained some sufficient conditions for
oscillation. Our aim in this paper is to establish some new sufficient conditions for oscillation
of the equation (1.1) by employing the Riccati technique and some basic lemmas studied the
behavior of nonoscillatory solutions. Our motivation of the present work has come under two
ways. First is due to the work in [17] and [22] and second is due to the work in [10].

2. MAIN RESULTS

In this section, we establish some sufficient conditions for oscillation of all solutions of (1.1)
under the hypothesis (Hp). Throughout the paper, we use the notation

(2.1) 2(t) = x(t) + p(t)x(r(t)).
Lemma 2.1. [2] Assume that (Hy) holds and r(t) € C},([(a,o0),RT) such that r>(t) > 0. Let

x(t) be an eventually positive real valued function such that (r(t)(z®(t))V)2 <0, fort > t; > t,.
Then x2(t) > 0 and 222 (t) < 0 fort >t > tg.

Lemma 2.2. [2] Assume that the assumptions of Lemma 2.1 holds and let 7(t) be a positive
continuous function such that 7(t) <t and tlim T(t) = co. Then there exists t; > t1 such that
—00

for each l € (0,1)

Proof. Indeed, for t > t;

u(r(t))

On the other hand, it follows that

(t)
w(7(t)) = ult1)) :/ u(s)As > (u(t) — t1)u (7(1)).

t1
That is for each | € (0,1), there exists a ¢; > t; such that

_ ulr(t)

r(t)) < W, t> 1.
Consequently,
o WOW0) _ 1) D) 00
u(r(t)) ~ u(r(t)) ~ lr(t)
The proof is complete. O
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In the following, for simplicity, we denote

= [l w0 (20) a0+ [t pioom (52 as

and
1
il

Al(t,Kl) = s fort € [t(),OO)T,

)+ 5 [ ((1)) (§(s)) 4 A

where K7 > 0 is an arbitrary constant.

Theorem 2.1. Assume that (Hy) holds and let 0 < p(t) < a <1, r2(t) >0 and v < o < 3,
n(t) > 6(t) and 6°(t) > 1 for t € [to,c0)r. If
(H1). limsup a;(t) < oo,
t—o0o

(o). [ ()7 A7 (5, K1) As = o0,

Then every solution of (1.1) oscillates on [tg, 00)T.

Proof. Suppose the contrary that z(t) is a nonoscillatory solution of (1.1). Without loss of
generality, we may assume that x(t) > 0 for ¢t > t5. Hence there exists ¢ € [tg, c0)r such that
x(t) > 0, x(r(t)) > 0, x(5(t)) > 0 and z(n(t)) > 0 for ¢t > t;. Using (2.1), we see that (1.1)
becomes
(2.2) (r(t)(z2())% = —a(®)a*(5(t)) —v(t)a” (n(t)) < 0, for t > to.
So 7(t)(22(t))" is nonincreasing on [t1, 00)r, that is, either z2(¢) > 0 or 2 (¢) < 0. By Lemma
2.1, it follows that z(t) > 0 for t > t,. Hence there exists t3 > t5 such that

2(t) = p()z(T(t)) = @)+ p(t)x(r(t) — p(t)z(7(t))
—p()p(7(£))p(7(7(1)))
z(t) — p(t)p(7(8)p(r(7(1))) < =(b),

which implies that
z(t) > (1 —p(t))z(¢), for t € [t3,00)T.
Therefore (1.1) can be written as
(r(®)(z2(8)")% +a()(1 = p(8(1))) "2 (6(t)) +v(t)(1 = p(n(t)))*=* (n(t)) <0,
where v < a < . Define w(t) by the Riccati transformation

(2.3) w(t) = r(t)—5—

By using the product and quotient rules, we see that
(r(3)M)% _ (r(z3)7)7 ()2
CONNTEOT
Now, since n(t) > 6(¢) and due to (2.3) and (2.4), we have

wA(t) < —q(1- p‘s)“ —ov(l— p5)a ((zj))z — wU(ZZ:)A, for t € [t3, 00)T,

for te [tg,OO)'H‘.

(2.4) w(t) =

, fort e [ts,o0)r.

Now, by using the chain rule [6], we get that

)> = a / (1 h)=(t) + he(o(6)]° 1 dha>(1)
{ a(z())* A1), o> 1,

a(z(a())]*122(), 0 < a < 1.
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Since z(t) is nondecreasing function on [t3, co)T, then for ¢ > t3,

« A ZA(t) f 1
@)s  [oil o a>
z(t) (X%ZA@), for0<a<l
Using the fact that ¢t < o(t), we have
a)A A
7 > az—, a>0 on [t3,00)r.
ZU

Za

Therefore (2.4) yields that

A o S\a . sya (27)° Z8
(2.5) w™> < —q(1-p°)* —v(l -p°)

o
(Zg)a — Qw 277 t Z t3.
Now, since (r? zA) is nonincreasing on [t3, 00)r, then for ¢ < o(t), we have that

1

(2.6) A>T (W) (20)5, >t

Substituting (2.6) into (2.5), we get

(z0)

(27)*

Since z(t) is nondecreasing on [t3, 00)1, then there exists ¢4 > ¢35 and C' > 0 such that
(z(c(t)" P> (2(t)5 "> C, for t>ty.

By using Lemma 2.2, it follows from the last inequality that

I (lf((f))) — o1 - p(3(6))° (lé(t) )

A _5a(26)a_ L Sha
w™ < —q(1-p°) v(1—p°)

- on"_%(w”)H'%(z")g -1, t > ts.
Y

w?(t)

IN

—aCr (W), > > b
Integrating the above inequality from ¢ to u (¢ < u) for ¢, u € [t4,00)1, we obtain
—w(t) < wlu) —w(t)

- /tu [(IU -)° (fg;)a +o(l—p") <lj((:))>a - acri(t)(wa(t))lﬂ] As,

IN

that is,
wit) > ax () +K1/ 4 (syuwlo(s))HE As, £> 4,
t
where K1, = Ca. Indeed, w(t) > aq(t) implies that

w(t) > ai(t) + Ky /too r=7 (s)(a1(o(s)) 7 As = AY (¢, K1),

Since t < o(t) we see

which implies that
r(z8)7

(27)2

> T > ey

that is,
(27)°22 > 777 (AT (8, k1)), t € [ts, 00]r,
where § = (£) > 1. Using the chain rule, we have

1
(0% = (1-9) /0 (1= h)2(t) + hz(o ()P dhz> (1)
< (1=0)(2(0 () ~°22 (1),
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that is,
Z1—5 ot A B
( 1(_(5))) > Z(O’(t)) 6ZA(O_(t))
Hence
(@)

and then due to (2.6), we see that
(' °)2
1-9§
Integrating above inequality from t5 to t, we get

> 17 (8)(AI (L k1)), t € [ts, 00)T.

1

¢ 1
/ r(s)_% (A‘{(s, K1)> T As < o0,
ts
which is a contradiction to (Hs). The proof is complete. O

Theorem 2.2. Let 0 < p(t) < p(t) < 1, r2(t) > 0 for t € [tg,00)T and v = o = 3, n(t) > o(t)
and assume that (Hy), and (Hy) hold. Furthermore assume that

(H3). limsup (j:; rf%(s)Al(s,Kl)As> > 1.
t—oo
Then every solution of (1.1) oscillates.
Proof. Proceeding as in the proof of Theorem 2.1, we have

w(t) > A (t, K1) fort € [ts,00)T.

Using the fact that rv 28 is nonincreasing on [t4, 00)1, we get

z(tg) + /t 7“7%(3) (r(s)f?zA(s))As

ty

2(8) = 2(ta) + / A (5)As

ta

> 7 (522 (87 () As,

that is,
(2.7 W < (/tt r(s)_%As)_l, t> 1y,
Consequently,

R VALV

implies that

(/t rfi(s)As)Al(t,Kl) <1,

tq

which contradicts (Hs). Hence the theorem is proved. O

Theorem 2.3. Let 0 < p(t) < p(t) <1, r2(t) > 0 for t € [tg,00)T and v > a > 3, n(t) > o(t)
and assume that (Hy) and (Hy) hold. Furthermore assume that

1
. G=a) 1 o ¥ o1
(Hy)- timsup(ar (1)) 5 (ff 773 (9)As) [ch(t) + K () (a‘f(s»“#m} = oo,
Then every solution of (1.1) oscillates.

Proof. Proceeding as in the proof of Theorem 2.1, we obtain (2.2) and (2.3) and hence w(t) >
aq(t), for t € [t4,00). Consequently, it follows from (2.3) that

1 o 1
rva>zvaf, for ¢ > ty.
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We have (rz®)7)2 < 0 implies that there exists a constant C' > 0 and t5 > t4 such that

o 1
ry ZA < C, for t > ts, that is C' > Py A > z7a{ and hence
(2.8) 2(t) < Cay(t)~ =, for t € [ts, 00)r,

which implies that

(a=v) (a=)

(2.9) (z2) 7 >C = (a‘{)(tva) for ¢ € [t5, 00)T.
Due to (2.5), (2.6) and using Lemma 2.2, we have that
16(¢)

wA(0) S —a-p00)* (S5
(=)

—aCr™ (1) (w ()7 (27 (1))

)" = vt soen ()

Integrating the last inequality as in the proof of Theorem 2.1 and using (2.8)
t >ty > t5 that

(2.10) w(t) > ai(t) + Ks /toori(s)(al(s))HiAs, fort € [t;, 00)r,

(a—v)

where Ky = aC™ 7 . Substitute (2.9) into (2.3), it is easy to verify that

(2.11) (2(%)

Using (2.7) and (2.9) in (2.11), we can find

0 a0 /j”@)As)l > |a(®)

—|—K1/ r_%(s)(a‘f(s))H%As];,fort € [t1,00)T.
t

Therefore, for ¢t > t; we have

) ([ 0as) [+ 50 [

which contradicts (Hy4). This completes the proof of theorem.

2=
—

V2l
N2
—~

Q
—=Qq
—~

Va)
~—
N~—

—
+
2=

VA

Q=
INA

Theorem 2.4. Let 0 < p(t) < 1, r®(t) > 0 for t € [ty,00)r and v < B < «a,
(Hyp), (H2) and (Hs) hold. Then every solution of (1.1) oscillates.

, we obtain for

> [al(t) + K, /too r—%(s)(ag(s))H%As] g

n(t) = o(t). If

Proof. The proof of the theorem follows from Theorem 2.1. Hence the details are omitted. O

Theorem 2.5. Let 0 < p(t) < 1, 72(t) > 0 for t € [tg,o0)r and a > v > B,
(Hyp), (H2) and (Hs) hold. Then every solution of (1.1) oscillates.

Proof. The proof of the theorem follows from Theorem 2.1.

Theorem 2.6. Let 0 < p(t) < 1, r2(t) > 0 for t € [tg,00)r and a < B < 7,
(Hy), (H1) and (Hy) hold. Then every solution of (1.1) oscillates.

Proof. The proof of the theorem follows from Theorem 2.1 and Theorem 2.3.

Theorem 2.7. Let 0 < p(t) < 1, r2(t) > 0 for t € [tg,00)r and a < v < B,
(Hy), (H1) and (Hy) hold. Then every solution of (1.1) oscillates.

Proof. The proof of the theorem follows from Theorem 2.1 and Theorem 2.3.
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n(t) = o(t). If

n(t) = o(t). If

n(t) = o(t). If
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In the following theorems we will denote

)= [~ ) (50) +ave) (B2 Jas. te funoole

ot )+ 12O [ <1>$<<a2<f‘“<s>>>1+ms |

1+a0‘ 1+a0‘ *l(t) 7”'(8)

where Ko is an arbitrary positive constant and a > 0 A, > 0 are positive constants, Q(t) =

min{q(t),q(t(t))}, V(t) = min{v(t),v(r(t))}. From the definitions of 7, §, , we see that 771,

6Ly :T—T and 7=, 67", ! are rd-continuous functions and 7=1(¢) > t,8 ' (¢) > t and
-1

nm(t) = t.

and

As(t, Ky) =

Theorem 2.8. Let 1 < p(t) < p < oo, r2(t) > 0 7(6(2)) = o(7(¢)), 7(n(t)) = n(r(t)) and
v <a<p,n(t)>4t) and If (Hy) holds and the following conditions hold:
(Hs). limsupag(t) < o0,

H6 fto p S) A2 (S KQ)AS =
Then every solution of (1.1) osczllates.

Proof. Let x(t) be a nonoscillatory solution of (1.1) such that z(t) > 0 for ¢ > ty. Proceeding as
in the proof of Theorem 2.1, we get (2.2) for t € [ta, 00), that is either z2(¢) > 0 or 22(¢) < 0.
By lemma 2.1, it follows that z2(t) > 0. From (1.1), it is easy to see for ¢ > t;, that

(r(®) (20> + 7 (r (7)) (=2 (7())) 2 + a(t)2*(5(2))
(2.12) +pq(7()z*(3(7 (1)) + v()2” (n(t)) + pu(r(1)2” (n(7(t)) = 0.

By assuming that there exists A > 0 such that u”(z) +u7(y) > M (z + ), z, y € R*, and
there exists p > 0 such that u”(z) + v (y) > pu)(xz + y), z, y € RT, we obtain (note that
v < a < ) that

(r(O (2 (@) +p(r(T(0) (2 (7()7)> + AQ(1)2(8(1)) + pV (£)2* (n(1)) < 0.
for t € [ta, 00)T, where z(t) < (t) + pz(7(¢)). Define w(t) as in (2.3). Upon using the fact that

A
t —
w(t) (29) 29%(z
and
a\A A
((';;a > (,7)’ a>0 fort € [ts,c0)T.
By using the fact that z(¢) is nondecreasing and using (2.12) into (2.11) we obtain
Ayy\A A
w? < M,aw0i7 t > ts.
EaE 2
Due to (2.6) and (2(c(t)))5 > C, there exists t, > t3 such that, for t € [t4, 00)r,
ANY\A
(2.13) w? < )7 ozCr*%(w”)H%.
(27)2
From (2.13), we find
Ayr)A ANY\TA
wh +a®w™ < (’"((Zza;a) —aCr 7 (W) ta (T(;Z)) —aC(rT) ™A (W),
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that is,
A «/)A (T(ZA)’Y)TA
A a, TA < (T(Z ) o
wotaw — (Za)oc ta (ZUA)oc

—aC {,rf%(wo)hk% + a}a(,r,f)f%(,wm-)lJr%} .

Applying Lemma 2.2 on the above inequality, we get
5\ I5\“
w® +a*w™ < —AQ <> —uV <>
o o

—aC [T_%(MU)H_% + aa(,rr)—%(on)l-F%}
for ¢ € [t1,00)T, that is

@11)  wt+aw < -AQ() (f) ) (lj) —aCr (14 @)y,

where we used the fact that 72 (¢) > 0 and w(t) is a decreasing function due to (2.6) and (2.14)
on [t1,00)r. Integrating (2.14) from ¢ to v for ¢, v € [t1,00)T, it is easy to verify that

[e'e] l5 « [ele] 15 (e}
A a,, 7(t) e e
w® 4+ a®w™¢ 2/ /\Q(s)<0> As+/t uV(s)<U> As

+aC(l +a®) /too [r(s)—%w(a(s))lﬂ As,
that is,
w? + a®w™® = ay(t) + aC(1 + ao‘)/t [r(s)’%w(d(s))“rﬂ As,

which implies that

(2.15) (1 +a%)w(r(t)) > az(t) + aC(1 + a”) /t°° 7 (s)w(o(s)) T As.
Then (H2) and (2.15) yield that
w M o h r (s)w(o(s) T As
(t)z (1+aa) + C/T_l(t) () (()) As.
Indeed »
wit) > 2 ®)

(1+a%)
Hence the last inequality becomes

-t > 1 1+% 1
we) 2 CEPrec [ [”(s) (1) (@O @)™ | as
(a2 (T 1(2)) /Oo -1 1 1+1
= = 71 K. ¥ v A
TR AN GO RGO R FE
Al(t, Ky), K C 1 o
= Ayt K2),Ka =« (1+aa> .
Proceeding as in the proof of theorem 2.1, we obtain
t
/ 3 (5)AZ (s, Ka) As < oo,
ta
a contradiction due to (Hg). The proof is complete. O
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Theorem 2.9. Let 1 < p(t) < p < oo, 72(t) > 0 fort € [to, 00)T, T(3(t)) = §(7(t)), T(n(t)) =
n(r(t)) and v = a =B, n(t) > é(t). I ( 0), (Hs) — (H7) and

1

(H7). hmsup (ft “i(s)A 2(5,K2)A5> > 1.
Then every solutwn of (1.1) oscillates.

Proof. The proof of the theorem follows from Theorem 2.2 and Theorem 2.8. Hence the details
are omitted. (]

Theorem 2.10. Let 1 < p(t) < a < oo, r2(t) > 0 7(a(t)) = a(r(t)), T(n(t)) = n(r(t)),
> ) > 0. 37 (). (), ) i)

(Hg). hmsup(a1 (ft As) [ )+ Ks [~ (T L )W(a‘{(s))l—s—iAs} = oo0.
Then every solutwn of (1.1) oscillates.
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Abstract. We provide the semilocal convergence analysis of the Newton-
Secant solver with a decomposition of a nonlinear operator under classical Lip-
schitz conditions for the first order Fréchet derivative and divided differences.
We have weakened the sufficient convergence criteria, and obtained tighter er-
ror estimates. We give numerical experiments that confirm theoretical results.
The same technique without additional conditions can be used to extend the
applicability of other iterative solvers using inverses of linear operators. The
novelty of the paper is that the improved results are obtained using parameters
which are special cases of the ones in earlier works. Therefore, no additional
information is needed to establish these advantages.

Keywords: Newton-Secant solver; semilocal convergence analysis; Fréchet
derivative; divided differences; decomposition of nonlinear operator

AMS Classification: 45B05, 47J05, 65J15, 65J22

1 Introduction

One of the important problems in Computational Mathematics including Math-
ematical Biology, Chemistry, Economic, Physics, Engineering and other disci-
plines is finding solutions of nonlinear equations and systems of nonlinear equa-
tions [1-14]. For most of these problems, to find the exact solution is difficult
or impossible. Therefore, the development and research of numerical methods
for solving nonlinear problems is an urgent task.
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A popular solver for dealing with nonlinear equations is Newton’s [2, 3, 4].
But it is not applicable, if functions are nondifferentiable. In this case, we can
apply solvers with divided differences [1, 2, 3, 7, 8, 10, 11]. If it is possible to
decompose into differentiable and nondifferentiable parts, it is advisable to use
combined methods [2, 3, 5, 6, 12, 13, 14].

Consider a nonlinear equation

F(z)+ G(z) =0, (1)

where the operators F' and G are defined on a open convex set D of a Banach

space E; with values in a Banach space F5 , F' is a Fréchet differentiable oper-

ator, GG is a continuous operator for which differentiability is not assumed. It is

necessary to find an approximate solution z, € D that satisfies equation (1).
In this paper, we consider the Newton-Secant solver

Tpy1 = p — [F'(x0) + G(2n_1,2,)] N (F(z,) + G(x,)), n=0,1,.... (2)

This iterative process was proposed in [6] and studied in [2, 3, 13], and the

convergence order was established. It is shown that (2) converges faster

than the Secant solver.

In this paper, we study solver (2) under the classical Lipschitz conditions for
first-order Fréchet derivative and divided differences. Our technique allows to
get the weaker convergence criteria, and tighter error estimates. This way, we
extended the applicability of the results obtained in [13].

2 Convergence Analysis

Let L(F1, E3) be a space of linear bounded operators from F; into E,. Set
S(x,7)={y € E1: |ly—z| <7} and let S(z,7) denote its closure.
Define quadratic polynomial ¢ by

o(t) = ant? + aot + as
and parameters r, and r; by

- 1—(go+do)a
Po + qo + 2P0 + Jo + G’

1—qoa
m=c-—— =
2po + 4o + g

where
a1 = po + qo + 2Po + Go + o,
az = —[1—(qo + qo)a + (2po + Go + Go)c]
and
az = (1 — goa)c,
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where po, Do, o, Go, 4o, @ and ¢ are nonnegative numbers.
Suppose that (go + go)a < 1 and @(%r) < 0. Then, it is simple algebra to
show, function ¢ has a unique root 7o € (0, 5], and

r<ri,

PoTo + qo(To + a)
1 —goa — (2po + Go + Go)To

v = 6[071)

and
c

1-5

To >
Set Do =Dn S(:E(),’r’l).

Definition 2.1. We call an operator that acts from Ey into E5 and is denoted
by G(x,y) a first-order divided difference for the operator G by fized points x

andy (x #y), if the equality

G(z,y)(x —y) = G(z) - G(y)
1s satisfied.
Theorem 2.2. Suppose that:

1) F and G are nonlinear operators on an open convex set D of a Banach
space E1 into a Banach space Fo;

2) F is a Fréchet-differentiable operator, and let G is a continuous operator;

3) G(-,-) is the first-order divided differences of the operator G defined on the
set D;

4) the linear operator Ay = F'(xo) + G(x_1,x0), where x_1, z9 € D, is
invertible;

5) the following conditions are satisfied for all x,y,€ D

146 (F" (o) — F' ()| < 2pollzo — ) 3)
146 (G(z -1, 20) = G(, w0))I| < Gollz—1 — ], (4)
1451 (G (z, 20) = G(z,y))]| < ollzo — yl, ()
and for all x,y,u € Dy
1A (F" () = F'(y))]| < 2pollz — ylI, (6)
1451 (G (2, y) = G(u, )| < ol — ull; (7)
6) a, c are nonnegative numbers such that
lzo — 21l < a, [[Ag" (F(z0) + G(wo))|| < ¢ ¢ > a, (®)
1
(@0 +d)a <1, ¢(5r) <0 (9)
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7) S(l‘o,f()) c D.

Then, the solver (2) is well-defined and the sequence generated by it converges
to the solution x. of equation (1), so that for each n € {-1,0,1,2,...}, the
following inequalities are satisfied

[Zn — Tni1ll < tn — o, (10)
n — || < tn — ta, (11)
where sequence {t,}n>_1 defined by the formulas
to1=7r0o+a, to="o, t1 =70 — ¢,

tnt1 — tnt2 = Tn (t - tn+1)7 n >0,

_ Po(tn —tns1) + Go(tn-1 — tny1)

’}/ 1) 0 < ﬁ/ < :)/
"7 1= qoa — 2po(to — tas1) — Go(to — tn) — dolto — tns1) "

2)

(1
is decreasing, nonnegative, and converges to t., so that 7o —c/(1—7) < &, < to,
where
~ ﬁO?n:O ~ levn:O
po—{ po,n>0 " qo_{ qo, n > 0.

Proof. We use mathematical induction to show that, for each & > 0 the
following inequalities are satisfied

_ 1 — Ak+2 B c
tkt1 = thta = To — %C >To— - 20, (13)

tit1 — tir2 <tk — trs1)- (14)

Setting k£ = 0 in (12), we get

po(to —t1) + qGo(t—1 —t1)

1 —ta = = = = to —t1) < (o — t1),
1—qoa—2po(t0—t1)—q0(t0—tl)( D= 1)
- 1=Fe_ ¢
to > t1, t1 >ty > t1—y(to—t1) > Fo—(1+7)c = Fo———=— > To— - > 0.
1—-% 1—-%
Suppose that (13) and (14) are true for k =0,1,...,n — 1. Then, for k = n,
we obtain
(ﬁo(tn - thrl) + qVO(tnfl - tn+1))(tn - thrl)
tpt1 — tnt2 = =

1 —goa — 2po(to — tny1) — Qo(to — tn) — Go(to — tns1)
Dotn + Goln—1 (tn
~ 1 —qoa — 2poto — Goto — qoto

_ . 1-=7 _
tn—i—l 2 tn+2 Z tn+l - ’Y(tn - tn-‘rl) Z rOo— —F_——¢C Z To — Z 0.
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Thus, {t,}n>0 is a decreasing nonnegative sequence, and converges to t, > 0.

Let us prove that the method (2) is well-defined, and for each n > 0 the
inequality (10) is satisfied.

Since t_1 — tp = a, top — t1 = c and conditions (8) are fulfilled then
x1 € S(zo, 7o) and (10) is satisfied for n € {—1,0}. Let conditions (8) be
satisfied for k = 0,1, ...,n. Let us prove that the method (2) is well-defined for
k=n+1.

Denote A, = F'(x,,) + G(xy—1,%,). Using the Lipschitz conditions (3) —
(5), we have

11— Ag Al = 1451 (Ao = Apy)l| < (145 H(F' (20) = F' (2p41))
+Ag (G (-1, 20) = G(wn, o) + G(@n, T0) — G20, Tns1))|
< 2pollwo — Tptall + Qo lz—1 — 2ol + [[w0 — 2nll) + dollTo — Tn1]|
< 2pollzo — Tpyall + Goa + Gollzo — zull + Gollzo — Trtall
< qoa + 2po(to — tn+1) + Qolto — tn) + @o(to — tnt1)
< Qoa + 2poTo + GoTo + GoTo < 1.

According to the Banach lemma on inverse operators [2] A,11 is invertible,
and

14731 40|l < (1 = Goa — 2pollzo — @ns1ll = Gollwo — @l + Gollo — sl
By the definition of the divided difference and conditions (6), (7), we obtain
1A (F (zn41) + G(@n41))
= |45 (F(@n41) + G(@n41) = F(xn) = Glzn) = An(n — Tni1))|
< [ AG o {F" @1 + t@n = Tn41)) = F' (@) Y| = 2 |
HIAG (G(@n41,2n) = Gl@n—1,20) |20 — 241

< (Pollzn = Tngall + Go(lzn = Zagr | + 201 = zal))l2n — Znga |l

In view of condition (10), we have
|n+1 = Tnrall = A7 41 (F(@nt1) + Glans1)) |
<A Al 4G (F(2n41) + Glanga)) |

pollzn — g1l + Go(llTn — Tpaa |l + [[2n—1 — z4]|)
~ 1—=goa—2pol|lzo — Znt1ll — Gollzo — Tntall + Gollwo — znl|

(Po(tn — tnt1) + Go(tn—1 — tng1)) (tn — tns1)
~ 1—qoa—2po(to — tnt1) — Qolto — tn) — Go(to — tnt1)
Thus, the method (2) is well-defined for each n > 0 . Hence it follows that

lZn — Znial

=tp+1 — tnto.

lxn —zp|| <tn —tg, —1<n<k. (15)
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Theref(_)re7 the sequence {z,},>0 is fundamental, so it converges to some
i« € S(x0,79). Inequality (11) is obtained from (15) for k — oo. Let us
show that x, solves the equation F(z) + G(z) = 0. Indeed, we get in turn that

A (F(2ng1) + G(zn41)) < (Bollzn — 2o
+qo([|[zn — Tny1ll + |Tn-1 — an))Hxn = ZTpy1| =0, n— oo.

Hence, F(x.) + G(x,) = 0. O

1+
2

=

Remark 2.3. The order of convergence of method (2) is equal to

Proof. In view of t,, — t,41 < F(tn—1 — t), and (12), we obtain

(ﬁo(tn - tn+1) + do(tn - tn+1 + tnfl - tn)) (tn - tn+1)
1 —qoa — 2po(to — tnt1) — Go(to — tn) — Qo(to — tn+1)
ﬁofy(tn—l - tn) + 60(1 + :Y)(tn—l - tn)

~ 1—goa —2po(to — tn+1) — Go(to — tn) — Go(to — tn+1)

B (P07 + @0(1 + 7)) (tn — tny1)(tn—1 — tn)
1= qoa — 2po(to — tas1) — Gol(to — tn) — Go(to — tnt1)

PoY + Go(1+7)

~ 1 —goa — 2poto — qoto — qoto

tn+1 - tn+2 -

(tn - tn—i—l )

(tn - tn—i—l)(tn—l - tn)-

_ 50~ + dn(1 + ~
Denote C' = — pO'YJiQO( Jify) ——. Clearly,
1 — qoa — 2poto — Goto — qoto
tne1 — tnaa < Cltn_1 — ) (tn — ts). (16)

Since, for each k > 2, the estimate is satisfied

tn+k71 - tn+k: S ﬁk_Q(thrl - tn+2)a

we get

tntl — tngk = a1 —tny2 T e —tngz + oo Flngk—1 — tatk

< (1 +y+...+ Wk_2)(tn+1 - tn+2)
1_,7’{?71

ﬁ(tn%»l - tn+2) é ﬁ(tn%»l - tn+2)~

In view of (16), for k¥ — oo, we have

_ c _ _
tn+1 - t* S 1 — (tn—l - t*)(tn - t*)

Hence, it follows that the order of convergence of the sequence {t,},>0 is

5
+2\f, and, according (11), the sequence {z,, } >0 converges with the
same order. O

equal to
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Remark 2.4. (a) The following conditions were used for each z,y,u,v € D
in [15]
145 (F' (y) = F'(2)]| < 2Ro|ly — =], (17)

1451 (G (z,y) = G(u, )| < Qo(llz = ull + lly = v])), (18)
To 2 1%, Qoa + 2Pyro + 2Qoro < 1,

N Y
PoT'O —+ QO(TO -+ a) O < ¥ < 1 (19)

7= 1 —=Qoa — 2FPyrg — 2Qo70

But, then we have

o < P,
%o < Qo,
60 S Q07

since Do C D, (3) and (4), (5), (7) are weaker than (17) and (18) respectively
for 7g < rg. Notice that sufficient convergence criteria (9) imply (19) but not
necessarily vice versa, unless if po = Py, o = qo = Qo and 7o = 719.

A simple inductive argument shows that

Y < Yn, (20)
tn - tn+1 S Sn — Sn+41, (21)
where
§—1 =170+ a, So =70, S1 =70 —C,
Sn+1 — Sn+2 = 'Yn(sn - 5n+1)a n Z Oa
P _ 1 =
" 0(8n — Snt1) + Qo(Sp—1 — Snt1) 0 < <.

1 —Qoa—2Py(s0 — Snt1) — Qo(250 — Sp — Spt1)

Notice that the corresponding quadratic polynomial @1 to ¢ is defined simi-

larly by
gﬁl(t) = bltz —+ bgt —+ bg
where
by = 3Py + 3Qo,
b2 = 7[1 — 2Q0a + (2P0 + 2Q0)C]
and

b3 = (1 — Qoa)c.
We have by these definitions that

ap < bl, g < bg, but a3 > b3.
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Therefore, we cannot tell, if ro < 7o or 7o < ro or rqg = 7. But, we have
v <y =ro<To,

Sn < tn, (22)

Sp <t, = lim ¢,
n—o0

and _
y<vy=r<rg=C<C,

In < Sp, (23)

te < s, = lim s,,
n—oo

It is simple algebra to show that ©(r) > 0, and for rpy, = —;—2 (solving
aq

r r
@' (t)=0), "min > 27 Tmin < 51 Hence, one may replace the second inequation

in (9) by o(Ar) <0 for some X € (0, 1] to obtain a better information about the
location of g, if A # %, especially in the case when we do not actually need to
compute Tq.

(b) The Lipschitz parameters po, o, 4o can become even smaller, if we define
the set D1 = DN S(x1,71 — ¢) for 11 > ¢ to replace Dy in Theorem 2.2., since
Dy C Dy.

3 Numerical experiments
Let us define function F' 4+ G : R — R, where
F(z) =" %% + 2% — 1.3, G(z) = 0.2z|z? — 2|.
The exact solution of F(z) + G(x) =0 is z, = 0.5. Let D = (0,1). Then
Fl(z) = " 05 4 342,

~0.2z(2 — 2?) — 0.2y(2 — 3?)
= p—

Ag =€ 1322 +0.2(1 — 22, —x_120 — 73),

G(z,y) =02(1 -2 — 2y — 3?).

0%+ 3Ju + 4|

451 (/@) = F )l < 10

|5€—y|,

1451 (G (@, y) = G(u,v))| = %I(U+w+y)(ufﬂﬂ) ++y+u)(v-y)l

Let o = 0.57, x_1 = 0.571. Then, we have a = 0.001, ¢ ~ 0.0660157,
Po ~ 1.4118406, ¢go ~ 0.1901483, g, ~ 0.2282491, r =~ 0.3083854,

Do =DnNS(xg,m1) = (0.2616146, 0.8783854),
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po ~ 15362481, qo ~ 0.2340358, Py ~ 1.6982621, Qo ~ 0.2664386, and
r & 0.1994221, p(37) &~ —0.0051722 < 0. So, po < Py, o < Qo, dp < Qo-
By solving inequalities ¢(t) < 0 and ¢4 (t) < 0, we get
t € [0.0824903, 0.1596319] = 7" ~ 0.0824903, 7{* ~ 0.1596319,
t € [0.0924062, 0.1211750] = r{" ~ 0.0924062, r{* ~ 0.1211750.
Then 7o = 75" ~ 0.0824903, ro = r{" ~ 0.0924062, and
S(zo, 7o) = (0.4875097, 0.6524903), 7 ~ 0.1997151 < 1, C ~ 0.8023108,

S(xo,70) = (0.4775938, 0.6624062), v ~ 0.2855916 < 1, C' ~ 1.2998717.

In Table 1, there are results that confirm estimates (10), (11) and (21).
Table 2 shows that sequences {t,} and {s,} converge to t, ~ 0.0073550 and
s« /= 0.0144209, respectively, and confirms (20) and (23).

Table 1: Obtained results for e = 10~7

|Tn—1—Tn| | the1 —tn | Sn—1—Sn | |Tn — T tn — ts Sp — Ss

0.0660157 | 0.0660157 | 0.0660157 | 0.0039843 | 0.0091195 | 0.0119695

0.0040123 | 0.0087609 | 0.0113203 | 0.0000281 | 0.0003586 | 0.0006492

0.0000281 | 0.0003573 | 0.0006452 | 1.761e-08 | 0.0000013 | 0.0000040

NI I ]

1.761e-08 | 0.0000040 | 0.0000040 | 7.438e-14 | 1.440e-10 | 1.033e-09

Table 2: Obtained results for e = 10~7

=

tn Sn TYn—2 Yn—2
0.0834903 | 0.0934062
0.0824903 | 0.0924062
0.0164746 | 0.0263904
0.0077136 | 0.0150701 | 0.1327096 | 0.1714793
0.0077136 | 0.0144249 | 0.0407873 | 0.0569927
0.0073550 | 0.0144209 | 0.0035475 | 0.0061771
0.0073550 | 0.0144209 | 0.0001136 | 0.0002592

1
—_

Y| W =O

4 Conclusions

We investigated the semilocal convergence of Newton-Secant solver under clas-
sical center and restricted Lipschitz conditions. This technique weakens the
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sufficient convergence criteria without adding more conditions and uses con-
stants that are specializations of earlier ones. Moreover, tighter estimate errors
are obtained. The theoretical results are confirmed by numerical experiments.
Our technique can be used to extend the applicability of other iterative methods
using inverses of linear operators [1-14] along the same lines.
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In this paper, we investigate the global behavior of the difference equa-
tion
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T4l = , n=0,1,2, ..

k k
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1. INTRODUCTION

Difference equations appear as natural descriptions of observed evolution phenom-
ena because most measurements of time evolving variables are discrete and as such
these equations are in their own right important mathematical models. More im-
portantly, difference equations also appear in the study of discretization methods
for differential equations. Several results in the theory of difference equations have
been obtained as more or less natural discrete analogues of corresponding results
of differential equations.

The study of these equations is quite challenging and rewarding and is still in
its infancy.

We believe that the nonlinear rational difference equations are of paramount
importance in their own right, and furthermore, that results about such equations
offer prototypes for the development of the basic theory of the global behavior of
nonlinear difference equations.

Recently there has been a lot of interest in studying the global attractivity,
boundedness character, periodicity and the solution form of nonlinear difference
equations.

El-Owaidy et al [1] investigated the global asymptotic behavior and the peri-
odic character of the solutions of the difference equation

ATp—1

_ ol 01,2,
B+ yah_,

Tpt1 =

where the parameters o, 3, v and p are non-negative real numbers.

Other related results on rational difference equations can be found in refs.
[2-15].

In this paper, we investigate the global asymptotic behavior and the periodic
character of the solutions of the difference equation

ATp—1

k k
—1
EERDIL N |
1= =

Tyl = , n=0,12.. (1.1)

where the parameters a, (3, v and p are positive real numbers, k € {1,2,...},
{mi}le be positive integers such that m; > m;_; ;i = 2,...k and the initial
conditions x_gpm,, , T_2m,+1, ---, Lo are non-negative real numbers.

The results in this work are consistent with the results in [1] when k£ = 1 and
my = 1.
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The results in this work are consistent with the results in [3] when k& = 2,
my = 1 and mo = 2.
We need the following definitions.
Definition 1. Let I be an interval of real numbers and let
[T ST
be a continuously differentiable function. Consider the difference equation
Tnt1 = [(Tn, Tp-1y ey Tn—k), n=0,1,..., (1.2)

with x_j, T _ki1,...,20 € I. Let T be the equilibrium point of Eq.(1.2). The
linearized equation of Eq.(1.2) about the equilibrium point Z is

Yn+1 = C1Yn + C2Yn—1 + o + Crt1Yn—k (1.3)
where
o= @T,..T), 0= %(E,f, Ty ey gl = aﬁik(i,f,. ,T)
The characteristic equation of Eq.(1.3) is
k+1
AL e =, (1.4)
i=1

(i) The equilibrium point T of Eq.(1.2) is locally stable if for every € > 0,
there exists 0 > 0 such that for all z_p, 2 1,...,2x_ 1,29 € I with

ek —Z| 4+ |x_py1 — T + ... + |mo — T| <6,
we have
|z, —T| <e forall n>—Fk.

(ii) The equilibrium point T of Eq.(1.2) is locally asymptotically stable if T is
locally stable and there exists v > 0, such that for all x_p,z_p.1,...,2_1, T €
I with

Tk — |+ |2 k1 — T+ ... + |20 — T < 7,
we have

lim =z, =7.
n—oo
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(iii) The equilibrium point 7 of Eq.(1.2) is global attractor if for all z_g, x g1, ..., 2_1,
xo € I, we have

lim =z, =7.
n—oo

(iv) The equilibrium point Z of Eq.(1.2) is globally asymptotically stable if T is
locally stable, and 7 is also a global attractor of Eq.(1.2).
(v) The equilibrium point 7 of Eq.(1.2) is unstable if 7 is not locally stable.

Definition 2. A positive semicycle of {z,,} -, of Eq.(1.2) consists of a ‘string’
of terms {xy, 141, ..., Ty } , all greater than or equal to T, with | > —k and m < oo
and such that either | = —k orl > —k and z;_; < T and either m = oo orm < 00
and Ty, 11 < 7.

A negative semicycle of {x,} ~ , of Eq.(1.2) consists of a ‘string’ of terms
{z, 141, ..., xm }, all less than T, with | > —k and m < oo and such that either
l=—korl >—Fk and x;_; > % and either m = 0o or m < oo and T,1 > T.

Definition 3. A solution {z,} . , of Eq.(1.2) is called nonoscillatory if there
exists N > —k such that either

Tp>T Yn>N or x,<x VYn> N,
and it is called oscillatory if it is not nonoscillatory.
(a) A sequence {x,}>° _, is said to be periodic with period p if
Tpip = T, foralln > —k. (1.5)
(b) A sequence {z,}° _, is said to be periodic with prime period p if it is
periodic with period p and p is the least positive integer for which (1.5) holds.

We need the following theorem.

Theorem 1.1. (i) If all roots of Eq.(1.4) have absolute value less than one, then
the equilibrium point T of Eq.(1.2) is locally asymptotically stable.

(ii) If at least one of the roots of Eq.(1.4) has absolute value greater than one,
then 7 is unstable.

The equilibrium point T of Eq.(1.2) is called a saddle point if Eq.(1.4) has
roots both inside and outside the unit disk.
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2. Main results

In this section, we investigate the dynamics of Eq.(1.1) under the assumptions
that all parameters in the equation are positive and the initial conditions are
non-negative.

The change of variables z, = <§> Py, reduces Eq.(1.1) to the difference

equation
TYn—1

T . n=0,1,2,.. (2.1)
1 + Z yz—?mi H yTL*2m]'
i=1 j=1

Yn+1 =

where r = % > 0.
Note that 77 = 0 is always an equilibrium point of Eq.(2.1). When r > 1,
1

Eq.(2.1) also possesses the unique positive equilibrium 73 = (%) ktp—1

Theorem 2.1. The following statements are true
i) If r < 1, then the equilibrium point y; = 0 of Eq.(2.1) is locally asymptot-
(1) , q point g q y asymp
ically stable.
(ii) If r > 1, then the equilibrium point 31 = 0 of Eq.(2.1) is a saddle point.
1
iii) When r > 1, then the positive equilibrium point 75 = (Z=)**=1of
(iii) ; p q point 7 =
Eq.(2.1) is unstable.

Proof: The linearized equation of Eq.(2.1) about the equilibrium point g7 = 0
is
Zn+l = TZn—1, n=20,1,2, ..
so, the characteristic equation of Eq.(2.1) about the equilibrium point 77 = 0 is

)\ka+1 - ,’,,)\kafl — O,
and hence, the proof of (i) and (ii) follows from Theorem A.
For (iii), we assume that r > 1, then the linearized equation of Eq.(2.1) about

1
the equilibrium point 75 = (%) *r-1has the form
(r=D(p+k—-1) ) (r=D(p+k-1) (r=1)(p+k—-1)

Zn+1 = Zp—1—" rk Zn—2m1 rk Zn—2mg .- rk Zn—2my, 1=
0,1,2,..
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so, the characteristic equation of Eq.(2.1) about the equilibrium point 75 =
()= i
(r=1Dp+k-1)&

)\ka—2m1; — 0
rk ,:Zl ’

f ()\) — )\ka—‘rl o )\2mk_1 4
1
It is clear that f (\) has a root in the interval (—oo, —1), and so, 7z = (%) 71
is an unstable equilibrium point.
This completes the proof.
Theorem 2.2. Assume that r < 1, then the equilibrium point 7 = 0 of Eq.(2.1)

is globally asymptotically stable.

Proof: We know by Theorem 2.1 that the equilibrium point 77 = 0 of Eq.(2.1)
is locally asymptotically stable. So, let {y,}> be a solution of Eq.(2.1). It
suffices to show that lim, .., y, = 0. Since

—ka

TYn—1

k k
]‘ + Zl yziém, Hl y'ﬂ—2mj
1= 7=

0<¥Yns1 = < TYn—1 < Yp—1-

So, the even terms of this solution decrease to a limit (say L; > 0), and the odd
terms decrease to a limit (say Ls > 0), which implies that

. ’I“Ll d L, — TLQ
e . Ll kLY

fL #0= Lg“’ e % < 0, which is a contradiction, so L; = 0, which implies
that L2 = 0.
So, lim,, ., ¥, = 0, which the proof is complete.

Theorem 2.3. Assume that v = 1, then Eq.(2.1) possesses the prime period two
solution

e ,0,6,0, ... (2.2)

with ¢ > 0. Furthermore, every solution of Eq.(2.1) converges to a period two
solution (2.2) with ¢ > 0.
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Proof: Let
R ¢7 /l/J7 ¢7 1/}7 A
be period two solutions of Eq.(2.1). Then
_ ¢ _ ry
o 1 + kwkﬂLp*l’ o 1 4 k¢k+p71’
S0,
(r=1)(¢ -9

>0
k+p—2 k+p—2 —
1/) P ¢+P

ko =

If £+ p > 2, then we have r — 1 < 0.
If r < 1, then this implies that ¢ < 0 or ¥ < 0, which is impossible, so r = 1.
If £+ p < 2, then we have r — 1 > 0.
If » > 1, then we have either ¢ = ¢ = 0, which is impossible or ¢ = 1) =

(=) = , which is impossible, so r = 1.

If k + p =2, then we have(r — 1)(¢ — ¢) = 0, which implies that r = 1.

To complete the proof, assume that r = 1 and let {y,}>° ,, be a solution of
Eq.(?.l), then

k

k
—Yn—1 <z:1 yﬁ:ﬁml H Yn—2m;

Jj=1

Yn+l — Yn—1 = ) < O, n = 0, 1,2,

k k
i=1 j=1

So, the even terms of this solution decrease to a limit (say ® > 0), and the

odd terms decrease to a limit (say ¥ > 0). Thus,
o v
¢ = 1+ kUk+p—1 and ¥ = 1+ kq)kerfl’

which implies that k®W*+P~1 = 0 and k®**P~1¥ = (0. Then the proof is complete.

Theorem 2.4. Assume that r > 1, and let {y,}3> be a solution of Eq.(2.1)

—2my,
such that
Y—2mps Y—2mp+25 - Yo = Y2 and Y_omy, 11, Y—2my 435 -+ Y1 < Y2, (2.3)
or
Y—2my Y—2mp+2, -+ Yo < % and Y—omp+1,Y—2mp+35 -y Y-1 Z % (24)

1
Then {y,}>_,,,, oscillates about 7, = (=) *»~T with a semicycle of length one.

—2m

7
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Proof: Assume that (2.3) holds. (The case where (2.4) holds is similar and
will be omitted.) Then,

Y1 Y2

b = & & < 1 Y2
B 1+ kyz +p
1 + Z yIierlnl H y—zm]'
i=1 j=1
and o
_ Yo Y2 i
y2 - 1 + k%k‘f‘p_l y2

k k
D DT | T
i=1 j=1
and then the proof follows by induction.

Theorem 2.5. Assume that r > 1, then Eq.(2.1) possesses an unbounded solu-
tion.

Proof: From Theorem 2.4, we can assume without loss of generality that the
solution {y,,}5° ,.of Eq.(2.1) is such that

r— 1\ " r— 1\ "
Yono1 < Y = ’ and Yon > Yo = ’ , forn > —my+1.
Then
y _ TYon—1 < T"Yan—1 —y
2n+1 1 _|_ k%]ﬂrpil 2n—1

)

k k
= J=

and
TYon TYon

p— — — Yon
k k 1+ k:y k+p—1
-1 2
1+ Zl ygn72m¢+1 Hl Yon—2m;+1
1= ]=

Yon+2 =

from which it follows that

lim 5, = o0 and lim 9,41 = 0.

n—oo

Then, the proof is complete.
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Abstract

In this paper, we define some general classes of weighted analytic function spaces in the unit
disc. For the new classes, we investigate boundedness and compactness of the weighted composition
operator uCy under some mild conditions on the weighted functions of the classes.

1 Introduction

Let H(ID) denote the class of analytic functions in the unit disk D. As usual, two quantities L; and My,
both depending on analytic function f on the unit disk D, are said to be equivalent, and written in the
form Ly ~ My, if there exists a positive constant C' such that

1
6Mf SLf SCMf.

The notation A < B means that there exists a positive constant C; such that A < C; B.
For 0 < a < 0o. The weighted type space HS® is the space of all f € H(ID) such that

I£llzrze = sup(1 — [2*)*[f(2)] < o0.
z€eD
and Hg°, denotes the closed subspace of HZ® such that f € HZ® satisfies

A= [2)*f(2)] =0 as [z — 1.

1
[a
mation. The following classes of weighted function spaces are defined in [7]:

7> Where @4 (2) = 1282 stands for Mobius transfor-

Let the Green’s function g(z,a) = In[1=%2| = In

Definition 1.1 Let K : [0,00) — [0,00) be a nondecreasing function and let f be an analytic function
in D then f € Nk if

17127, = sup / FG)PE (g2, a))dA(z) < oo,
acD JD

AMS 2010 classification: 30H30, 30C45, 46E15.
Key words and phrases: analytic classes, weighted composition operators.
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where dA(z) defines the normalized area measure on D, so that A(D) = 1.

Now, if
lim / P (g(2 a))dAz) = 0,

la]—1

then f is said to belong to the class N .

Clearly, if K(t) = tP, then Nx = N, (see [19]), since g(z,a) =~ (1 — |pa(2)[?). For K(t) = 1 it gives the
Bergman space A? (see [17]).
It is easy to check that || - ||ar is a complete semi-norm on N and it is Mobius invariant in the sense
that

1f o vallne = 1flln: a€D,

whenever f € Nk and ¢, € Aut(D) is the group of all Moébius maps of D. If Nk consists of just the
constant functions, we say that it is trivial.

We assume from now that all K : [0,00) — [0,00) to appear in this paper is right-continuous and
nondecreasing function such that the integral

1/e

K(log(1/p)p dp = /00 K(t)e ™ dt < cc.
0 1

From a change of variables we see that the coordinate function z belongs to Nx space if and only if

‘ (1 —lal?)®
Zgg/ﬁ) T et K (log(1/|z])) d A(z) < oc.

Simplifying the above integral in polar coordinates, we conclude that N space is nontrivial if and only
if

1 _ 52
tes(%l,)l)/o M’ K (log(1/r))rdr < cc. (1)

An important tool in the study of N space is the auxiliary function ¢x defined by

brc(s) = sup K(st)

, 0<s<o0.
o<t<1 K(t)

The following condition has played a crucial role in the study of Nk space:

/100 ¢K(S)§ < 0, (2)

and )
ds
| ox9% <. (3)
0 S
The test function in N can be stated as follows (see [7]):

Lemma 1.1 For w € D we define
1— |wf?
(1 —wz)?

Suppose that condition (1) is satisfied. Then h,, € Nk and

hy(z) =

sup th”NK <1l
weD
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2 Analytic Ny ., and H° -spaces

Let w : (0, 1] — [0, oo) be any reasonable and right continuous nondecreasing function and K :
[0, c0) — [0, o0) be right continuous nondecreasing function too. Then, we give the following definitions.

Definition 2.1 Let 0 < a < oo. The weighted type space Hg? , is defined by

3= (7 e Hm) + sup SR ) < o

If

_ 2\«
im U =o,

|z2]—1 w(l — |2]?)

we say that f belongs to Hy , o

Definition 2.2 The analytic Ni ., -space is defined by

. su 2K )) (6.9]
Nica = 1 €HD) s sup [ 17G)P 0500 aA() < o).
7

[P S aA) o

Ja]—1 %)
we say that f belongs to the class N o 0.
Clearly, if K(t) =t? and w =1, then Ng 1 = N,,.
For K(t) =1 and w = 1, it gives the Bergman space A?.

In the study of the space Nk ., we assume the following condition holds:

' K(log 1)
/0 7w2(1 —9) rdr < oo. (4)

Throughout this paper, we always assume that condition (4) is satisfied, so that the N ., space we study
is not trivial.

Remark 2.1 It should be remarked that the weight function w(1 — |z|) is used to define and study some
general classes of function spaces, see [10, 15, 21] and others.

For a point @ € D and 0 < r < 1, let D(a,r) denote an Euclidean disk with center f:;i}l‘; and radius

(-lal)r (see [20]). Suppose also that E(a,r) ={z€D : |z —a| <r(l—|a|) }.

1—r?|al?
Now, we will prove the following lemma:

Lemma 2.1 Let w: (0, 1] — [0, o0) be any reasonable and right continuous nondecreasing function
and let K : [0,00) — [0,00) be right continuous nondecreasing function. Then

NK,w C Hiow.

Proof: Suppose that f € Nk ., and let C' be a constant such that

sup/|f |2 ) dA(z) = C < oc.

a€D II)
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By the fact that K is nondecreasing, for all ,0 < r < 1, we have

¢ = [IfeP e dae)

> |f<z>|2w dA(2)
D(a,r)

w1 = |2[?)

K(log #)
2 l¢a(z)]
/E P g AC)

K 1oz ) e
I Jyy I 1A

Since | f(z)|? is subharmonic it follows that,

v

K (1og 1) e
C 2 e f FORAC)

K (log 1) 2r27(1 — |a2)2|f(a)[2.

w?(1 —af?)
For ro € (0,1), there exists a constant A such that

f(@)P(L — [a)? :
SO = M, MG

C A
K(log1/rg)’
Since rg is fixed, then
\f( )1 —laf?) _ CA .
web w(d— o)~ \ K(log1/r)

Thus f € H°, in D. Hence, N, ., C H®,,.

We will prove the following lemmas on Nk - spaces:

Lemma 2.2 Let w : (0, 1] — [0, o0), K : [0,00) — [0,00) and X,Y € {H® ,, Nk, o}. Suppose that
uCy(X) C Y. Then uCy : X — Y is compact if and only if for every bounded sequence {f;} € X which
converges to 0 uniformly on compact subset of D, we have

Jim [luCo fjlly = 0.

Proof: This is an extension of a well-known result on the compactness of the composition operator on
the Hardy spaces (see [9], Proposition 3.11). We see that any bounded sequence in H3° , forms a normal
family. Also by Lemma 2.1 we have the relation

I llerge, < I f v, o

and the growth estimate for f € H°,, imply that any bounded sequence in N, ,, forms a normal family.
Hence a similar argument by using Montel’s theorem also proves this lemma, and so we omit its proof.

Now, for a € (0,00), 6 € [0,27) and r € (0, 1], we put
for( Z 2°%(re®)?" 22" (2 € D).

Using the function fy,, we have the following result:
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Lemma 2.3 The function fg,(z) belongs to H® , and || fo,r||ms , S 1 which is independent of 0 and r.
In particular, fo, € H3 , o if 7 € (0,1).

Proof: The proof is similar to the corresponding results in [27], with some simple modifications, so it
will be omitted.

Lemma 2.4 Let w : (0, 1] — [0, c0), K : [0,00) — [0,00) with w(kt) = kw(t), k > 0. Suppose that
condition (4) is satisfied. For all z,w € D, we define the function h,(z) by

(1w —|2)

hy(2) =
2) (1 - w2)2
Then hu(2) € Niw and supyep [[hwllav., S 1-
Proof: First, we have that
1w ? (1= 2
Ml . = sup [ =L E QD g wyaae.

(1 —wz)?

w?(1—[2?)

Since, 1 — |w| < |1 —wz] <1+ |w| <2and 1 —|z] < |1 —wz| <14 |z| < 2 wherez,w € D, then

K(g(z,w) /K(k’g ARG
hoy < 4su dA(z) =4su dA(z).
hllvic.. <438 [, - A& =408 J, o ap) 4

weD JD

Now, let z = @, (z), then

K(ogr) (1 |w?)?
how < 4su / =] dA(z
Wl =458 | @ TpuaP) 1—war “)
K (log ;7)
I2]
< 16su / dA(z).
b T T e PR R
Since,
1— |w[*)(1 - |2]?)
1— w 2 = ( .
oul2) R
Then, we obtain that
h < 16 K (o8 1) dA
IPwlinie.o < e b [1 = waf? w2 (WP (2)
K (log ;)
= 16sup/ =] =22 dA(z)
wed Jp |1 —wz[?(1 — |w|?)? w2(|(1:gz‘|g)
K (log ;)
< 16sup/ ‘Z‘ - dA(z)
web Jp |1 —wz|2(1 — |w|?) (1 )
(1= |w])* K (log 137)
= 16sup/ El dA(z)
wep Jp [1 =Wz (1 = [w]?)? w?(1 — |2]?)
<

L K(log*
c/ ﬁrdr<oo,
0 w(1—r?)

where c is a positive constant. Then,
sup [[hwllag ., S 1.
weD

This completes the proof.
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3 Weighted composition operator on H>*°

°, and N , spaces

Let ¢ be an analytic self-map of the unit disk D. For any v € H(D) and ¢ : D — D, the weighted
composition operator uCy : H(D) — H(D) is defined by uCysf = w.(f o ¢). This class of operators has
been appeared in the studies of isometries of many holomorphic function spaces. In fact, many isometries
of holomorphic function spaces are described as weighted composition operators. For more information
and various studies on weighted composition operators, we refer to [8, 12, 13, 16, 18, 25, 27, 28, 29]
and others.

In this section we study weighted composition operators acting on N, ,-space.
Let ¢ € H(D) to denoted a non-constant function satisfying ¢(D) C D. First, in the following result, we
describe boundedness for the N -class. The results in this section generalizing some results in [19].

Theorem 3.1 Let u € H(D), suppose that w : (0, 1] — [0, 00), K : [0,00) — [0,00) be nondecreasing
right continuous functions with w(kt) = kw(t), k > 0, also suppose that condition (4) is satisfied and
a € (0,00). Then uCy : Nk, o, — HZ°,, is bounded if and only if

a, w

|u(2)l
sup
z€D (1 - |¢(Z)
Proof: First assume that (5) holds. Then

_22(1
(Il i (5)

Hw(l = 1[2[2))

= suplu(z z w
lCofllns. = sl o) S8
u(2)[(1 — [2]2) (1 6a(2))
S T [eu ) Pl — 2P S M T 6 oR)
_ u(2)[(1 — [2]2)°

fllgee sup
Il sup
< AMfllvi, o

where A is a positive constant.

1= [¢a(2)P)w(1 = |¢a(2)[?)

Conversely, assume that uCy : N, — HZ°  is bounded, then

o, w

[uCofllme, S fllne, o-

a, w Y

Fix a zp € D, and let h,, be the test function in Lemma 2.4 with w = ¢(zp). Then

12 [l o = MlluCshllme
|u(z0)](1 — |w]?)

11— Wa(20))w (L = |20[?)
Ju(z0)|(1 — |20])

(1 —[dalz0*))w(1 = |20/?)’

where A is a positive constant. The proof of Theorem 3.1 is therefore established.

(1= |2*)"

Theorem 3.2 Let u € H(D), suppose that w : (0, 1] — [0, 00), K : [0,00) — [0,00) be nondecreasing
right continuous functions with w(kt) = kw(t), k > 0, also suppose that condition (4) is satisfied and
a € (0,00). Then the weighted composition operator uCy : HP , — N, o, is bounded if and only if

o [ PR = 9())
2 e e ey

Proof: First we assume that condition (6) holds and let

K(g(z,a))dA(z) < oo. (6)

(P21~ [(2))
s [ T oA ey K @A) < ©
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where C is a positive constant. If f € H®_, then for all @ € D we have
Cof . = sup [ PG K(( A5 aa()
e S
< Wl sup [ e O ke(o(e,aaace)
< Ol .

Conversely, assume that uCy : H3° , — Nk, ,, is bounded, then

o0
a, w

4Co 3, . S W1z
fixing a point zg € D, with w = ¢(zp) then we set that

w(l — Egb(zo))

fulz) = (1—wz)~

it is easy to check that || fu [ mee < 1. Then,

e 21—|¢>< DK (o),
aED/ zo) w?(1 —|20|?) (7o)

_ a0 <l e D ars
aEJD)/ (1- |¢ 20)|?) 2 (1—=120]2) (z0)

1uCos full R

< ||fw||Hgf,

Theorem 3.3 Let u € H(D), suppose that w : (0, 1] — [0, o0), K : [0,00) — [0,00) be nondecreasing
right continuous functions with w(kt) = kw(t), k > 0, also suppose that condition (4) is satisfied and
€ (0,00). Then, the operator uCy : Ng o, — HZ° , is compact if and only if

o, W

pEIA =)
T 8 s P )

Proof: First assume that uCy : Nk o — H,
sequence (z,) C D such that

(7)

is compact and suppose that there exists eg > 0 a

[u(zn)| (1 = |2n|?)® .
(1= [6(zn) P)w(1 = |2a?) >¢eo whenever |¢(z,)>1-— -

Clearly, we can assume that

Wy, = P(z,) — wo € 0D as n — oo.

1 - M .

Let Ay, = M be the test function in Lemma 2.4. Then h,,, — h,, With respect to the compact

— Wn2z
open topology. Define f,, = hy,, — hy,. Then ||an,\/K . <1 (see Lemma 2.4) and f,, — 0 uniformly on
compact subsets of D. Thus, uf, o ¢ — 0in HS° , by assumption. But, for n big enough, we obtain

[uCofuliz, = Tulzn)l |, (6(zn) ~ huy (6zn)) | o2

¢Jn Ha, w - n Wn " wo " W(l - |ZTL|2)
|u(zn)[(1 = [2n]*)* L (= fwn?)(1 = Jwol?)
T (= o(z)Pw(d = [za]?) |1 —wg w, | ’
Z €0 =1
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which is a contradiction.

Conversely, assume that for all € > 0 there exists € (0,1) such that
lu(2)|(1 = [2*)*

(1= [o(2)P)w(l —|2[?)

Let (f)n be a bounded sequence in N, norm which converges to zero on compact subsets of D. Clearly,
we may assume that |¢(z)| > r. Then

< e whenever [¢p(z)| > r.

B (1= [z
[uCs fullaze , = iggﬂ(@“h(ﬂ@)\m
u(z — |2]%)
— Bt S eIl

It is not hard to show that
e, S 1w
Thus, we obtain that
[uCsfullage, < € Ifallag, < € lfalae,. < e
It follows that uCy is a compact operator. This completes the proof of the theorem.

Remark 3.1 It is still an open problem to extend the results of this paper in Clifford analysis, for several
studies of function spaces in Clifford analysis, we refer to [1, 2, 3, 4, 5, 6] and others.

Remark 3.2 It is still an open problem to study properties for differences of weighted composition oper-
ators between Nx, o, and H  classes. For more information of studying differences of weighted compo-

o, w

sition operators, we refer to [14, 22, 23, 26] and others.
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HERMITE-HADAMARD TYPE INEQUALITIES FOR THE
ABK-FRACTIONAL INTEGRALS

ARTION KASHURI

ABSTRACT. The author introduced the new fractional integral operator called ABK-fractional
integral and proved four identities for this type. By applying the established identities,
some integral inequalities connected with the right hand side of the Hermite-Hadamard type
inequalities for the ABK-fractional integrals are given. Various special cases have been
identified. The ideas of this paper may stimulate further research in the field of integral
inequalities.

1. INTRODUCTION

The class of convex functions is well known in the literature and is usually defined in the
following way:

Definition 1.1. Let I be an interval in R. A function f: I — R, is said to be convex on [ if
the inequality

fQer + (1= Nez) < Af(er) + (1 —A)f(e2) (1.1)
holds for all ej,eq € I and X € [0, 1]. Also, we say that f is concave, if the inequality in (1.1))
holds in the reverse direction.

The following inequality, named Hermite-Hadamard inequality, is one of the most famous in-
equalities in the literature for convex functions.

Theorem 1.2. Let f: 1 CR — R be a convex function and ey, es € I with e; < ea. Then the
following inequality holds:

F(52) <t [ roe < KA (12)

2 2
This inequality 18 also known as trapezium inequality.

The trapezium inequality has remained an area of great interest due to its wide applications in
the field of mathematical analysis. Authors of recent decades have studied in the premises
of newly invented definitions due to motivation of convex function. Interested readers see the
references [2],[4]-[20],[22]-[27].

In [§], Dragomir and Agarwal proved the following results connected with the right part of

[C2).

Lemma 1.3. Let f: I° CR — R be a differentiable mapping on I°, e1,eq € I° with e; < es.
If f' € Lley, es], then the following equality holds:

flen) + fle2) 1

2 €9 — €1

/ F2)da = (62261)/0 (1—20)f(ter + (1 — t)ea)dt.  (1.3)

12010 Mathematics Subject Classification: Primary: 26A09; Secondary: 26A33, 26D10, 26D15, 33E20.
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Theorem 1.4. Let f : I° CR — R be a differentiable mapping on I°, ey, es € I° with ey < es.
If |f'] is convex on [eq, es], then the following inequality holds:

ol e / f<w>d$‘ <2 (e ife. 0

Now, let us recall the following definitions.

Definition 1.5. X7? (e1,e2) (¢ € R),1 < p < oo denotes the space of all complex-valued
Lebesgue measurable functions f for which || f||x» < oo, where the norm || - || x» is defined by

e = (| |t0f<t>|”f>’l“ (1<p<)

and for p = oo
[fllxz= =ess sup [t°f(t)].
e1<t<es
Recently, in [12], Katugampola introduced a new fractional integral operator which generalizes
the Riemann-Liouville and Hadamard fractional integrals as follows:

Definition 1.6. Let [e1, ea] C R be a finite interval. Then, the left and right side Katugampola
fractional integrals of order o (> 0) of f € XP (e1,e2) are defined by

1—a x —1
el @)= ?(Oé) /el (xr iptp)lfaf(t)dt’ r=a (1.5)

and pl—oz e tp_l
It =Ty [ e O 2 < (16)

where p > 0, if the integrals exist.

In [3], Atangana and Baleanu produced two new fractional derivatives based on the Caputo
and the Riemann-Liouville definitions of fractional order derivatives. They declared that their
fractional derivative has a fractional integral as the antiderivative of their operators. The
Atangana-Baleanu (AB) fractional order derivative is known to possess nonsingularity as well
as nonlocality of the kernel, which adopts the generalized Mittag-Leffler function, see [15],[21].

Definition 1.7. The fractional AB-integral of the function f € H* (e1,es) is given by
1—-v v t
AB rv v—1
L'fit)==——f(t — t— d t 1.7
SIS0 = G O+ gy [ 0w e > e (17)
where e; < e2, 0 < v < 1 and B (v) > 0 satisfies the property B (0) =B (1) = 1.
Similarly, we give the definition of the ((1.7) opposite side is given by

ST f() = ﬁf(t) + m /t (u—1)""" fu)du, t<ey.

Here, I'(v) is the Gamma function. Since the normalization function B (v) > 0 is positive, it
immediately follows that the fractional AB-integral of a positive function is positive. It should
be noted that, when the order v — 1, we recover the classical integral. Also, the initial function
is recovered whenever the fractional order v — 0.

Motivated by the above literatures, the main objective of this paper is to establish some new
estimates for the right hand side of Hermite-Hadamard type integral inequalities for new frac-
tional integral operator called the ABK-fractional integral operator. Various special cases will
be identified. The ideas of this paper may stimulate further research in the field of integral
inequalities.
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2. HERMITE-HADAMARD INEQUALITIES FOR ABK-FRACTIONAL INTEGRALS
Now, we are in position to introduce the left and right side ABK-fractional integrals as follows.

Definition 2.1. Let [e;,e2] C R be a finite interval. Then, the left and right side ABK-
fractional integrals of order v € (0,1) of f € X? (e, e2) are defined by

v t —
RO = G0 5t | e e 1220 e

(v) B(v)I'(v tr —up)l—v
and . 1—v Py es wp—1
ey PIV f(t) = Wf(t) + BT /t (w7 = tp)l_uf(u)du, t < ey, (2.2)

where p > 0 and B (v) > 0 satisfies the property B (0) =B (1) = 1.

Remark 2.2. Since the normalization function B (v) > 0 is positive, it immediately follows that
the fractional ABK-integral of a positive function is positive. It should be noted that, when the
p — 1, we recover the AB-fractional integral. Also, using the same idea as in [12], the ABK-
fractional integral operators are well-defined on X? (eq, e2) . Finally, using the same idea as in
[1], the interested reader can find new nonlocal fractional derivative of it with Mittag-Leffler
nonsingular kernel, several formulae and many applications.

Let represent Hermite-Hadamard’s inequalities in the ABK-fractional integral forms as follows:

Theorem 2.3. Let v € (0,1) and p > 0. Let f : [ef,e5] — R be a function with 0 < e; < es
and f € XP (ef,eb). If f is a convex function on [}, €5, then the following inequalities for the
ABK fmctzonal integrals hold:

2 (e —ef)” e +eb l—v., ., o
B(v)T (v+1)p2~ f( 2 >+B(V) [f(e1) + f(e5)]
< |:ABKpI f( ) ABKPI f(€1):| (23)
(ef —el)” 4+ p(1 — V)F(I/) o y
< (et e + 1)

Proof. Let t € [0,1]. Consider z*, y” € [ef,eb], defined by z¥ = tPe] + (1 — tP)eb, y? = (1 —
tP)el +tPeb. Since f is a convex function on [ef, 5], we have

p(Er) eI

Then, we get
27 (AFE) < f et (1= )+ £ (1= )+ ). (2.4

Multiplying both sides of 1’ by Wt””_l, then integrating the resulting inequality with
respect to t over [0, 1], we obtain

2 el +ef
s’ (T10)
- E@ﬁ?@iﬁtw_f“%f+ﬂf¢0%ﬁﬁ+@ﬁﬁfaiétW‘f«l—wp§+w¢nu

v 2 feh —gP\V oy P
B(v)T (v) /e1 (eg—e’f) f(x)eg—e’fdx
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v oyt =Ny
_— d
*soral, (oa) g
Therefore, it follows that

2 (eh —ef)” A 1—v
B()T (v +1) oo f( 2 )+IB%(1/)

< [Pemmpen + PEorn )

[f(ef) + f(e5)]

and the left hand side 1nequahty of (2.3 . is proved.
For the proof of the right hand side inequality of (2.3]) we first note that if f is a convex function,
then

ftPe] + (1 —t7)eh) <t f(ef) + (1 —t°) f(eh)
and
FUA=1P)e] +tPef) < (L—17) f(e]) + 17 f(eh).
By adding these inequalities, we have
[Pl + (1 - t")eé) +f (1= t7)e] +t7eh) < f(ef) + f(e5). (2.5)
Then multiplying both sides of (2.5)) by B D)F( )tp” I and integrating the resulting inequality

with respest to ¢ over [0,1], we obtaln

v

W/{) v f(tpeﬁ)-F(l—tp)eg)dt—FWA L (1= t9)el + 1768 dt

[ 6P eP ! pr—1
ST U+ ) [ et

ie.

|:ABKpI fle ) AQBKp]y fle ?)} < ((65 —6218:‘;(1(1/—) V)F(l/)> [f(efll) _~_f<eg)]-

The proof of this theorem is complete. O

Corollary 2.4. If we take p — 1 in Theorem then the following Hermite-Hadamard’s
inequalities for the AB-fractional integrals hold:

2(eg —ey)” f (61 +62> + 1-v [f(e1) + f(e2)]

B(v)I(v+1) 2 B ()
< [2PL flea) + APIY f(en)] (2.6)
(S e

Remark 2.5. If in Corollary we let v — 1, then the inequalities (2.6) become the inequalities
2.
3. THE ABK-FRACTIONAL INEQUALITIES FOR CONVEX FUNCTIONS

For establishing some new results regarding the right side of Hermite-Hadamard type inequal-
ities for the ABK-fractional integrals we need to prove the following four lemmas.

Lemma 3.1. Let v € (0,1) and p > 0 and f : [e],e5] — R be a differentiable mapping on
(ef,€e5) with 0 < e < ea. Then the following equality for the ABK -fractional integrals exist:

(eh —ef) 1—v of Y [ABKopu oo ABK ppu 000
(o S e+ 7 = [ AP ey + AP fep)
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(es_ef)VﬂLl ! P\V pv1p—1 ¢l (4p_pP o\ P
Proof. Integrating by parts, we get
1
L = / (1 —t") P~ (tPel + (1 —tP) ef) dt
0
(1—tr)” ) N v ! el 91 ) )
Mf (t7ef 4+ (1 —17) €3) . M/o (L—=t?)" 7 f (tPef 4+ (1 — t7) e5) dt
f(ep) v ! v—1 —
TR A
Similarly,
1
I, = / tPFD=L T (el 4 (1 — tP) eh) dt
0
tp(y+1)—1 o p ! v ! (v+1) P P
= S 0 - [ e - a
f(ef) v / '
- - D £ (el 4+ (1 — tP) ef) dt.
R S
(ef —ef)' !
Thus, by multiplying I; and I, with W, using definition of the ABK-fractional
prB (v 14
integrals and subtracting them, we get the result. 0

Remark 3.2. If in Lemma [3.1] we let p — 1, then we get the following equality for the AB-
fractional integrals:

(62_61)V 1-v _ [ ABjyv e AB v e
(]B(z/)l“(u) - B(U)) [fler) + flea)] — [ &PIY flea) + SPIY fler)]

(62 o 61)D+1

1
e [ [(1=1)" = "] f (ter + (1 — t)eq) dt. (3.2)
BT (v) /0
Remark 3.3. If in Lemma we let p, v — 1, then we obtain the equality (|1.3)).

Lemma 3.4. Let v € (0,1) and p > 0 and f : [e],e5] — R be a differentiable mapping on
(ef,€e5) with 0 < e < ea. Then the following equality for the ABK -fractional integrals exist:

( (e —ef)” 1-v
prBE)C (V)  B(v)
p p)V+1

(€3 — €y ' PAL=LT £l (1 _ 4P)oP 4 $PeP) — f ($PeP _#P)eP
SEEOTw L T =) ) - @+ (=) Jar. (33)

VU + )] - [ 2 ety + A0 g

€2

Proof. The proof is similarly as Lemma[3.1] so we omit it. O

Remark 3.5. If in Lemma we let p — 1, then we get the following equality for the AB-
fractional integrals:

<(62—e1)” 1—v

BT (v)  B(v)
v+1

) Flex) + Flea)] — [ API% flea) + AT f(er)]

(e2 —e1)

W/O tr [f/ (I —=t)er +teg) — I (ter + (1 — t)eQ)]dt. (3.4)
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Lemma 3.6. Let v € (0,1) and p > 0 and f : [e],e5] — R be a twice differentiable mapping on
(ef,€e5) with 0 < e; < ea. Then the following equality for the ABK -fractional integrals exist:

(egfef) 1—v 0 oy [ ABK o ABK gy o
(vmz( )T (v )*B(V)>[f(€1)+f( 5)] [ 1, f(eg) + 2FR T £( 0]

_ P 1
- e >er1<)u+z> {/ (1= D] 7 (1= 10)ef + 10 d

1
— / tPFDTL LI (el 4 (1 — tP)eh) dt}.

0

Proof. By using twice integration by parts the proof is similarly as Lemma [3:1]} so we omit
it. O

Remark 3.7. If in Lemma we let p — 1, then we get the following equality for the AB-
fractional integrals:

((62 — 61)V 1—v
BW)I'(v)  B(v)
v+2

) Fle) + () — [ API% flea) + APIY f(er)]

v(es —e1)
()T (v +2)

X { /01 [1— P 7 (1= t)ey + teo) dt — /1 T (tey 4 (1 — t)eg) dt}.

0

Lemma 3.8. Let v € (0,1) and p > 0 and f : [e],e5] — R be a twice differentiable mapping on
(ef,€e5) with 0 < e < ea. Then the following equality for the ABK -fractional integrals exist:

() L () + 1] - [ AP Ig s + PR p(ep)]
PPBWT(v)  B(v) ! ’ Ve A
v+2
- Y% -a) (cf =)™ /1 [1—(1—t) ! — t"(”“)]tp’lf” (tPef + (1 —tP)eb) dt. (3.5)
pP'BW)T (v +2) Jo
Proof. By using twice integration by parts and Lemma [3.1]} we get the desired result. O

Remark 3.9. If in Lemma we let p — 1, then we get the following equality for the AB-
fractional integrals:
(e2—e)” 1-v AB AB
— 17 17
(B (1/) T (l/) + B (I/) [f(el) + f(€2)] [ ey ezf(e2) + eo elf(el)]
v+2

M ' _ AV = B S A Y e ~ e
B(u)r(u+2)/0 [1= (L= t)" " =71 7 (ter + (1 = t)es) dt. (3.6)

Using Lemmas [3:] [3:4] [3:6] and [3-8] we can obtain the following the ABK-fractional integral

inequalities.

Theorem 3.10. Let v € (0,1) and p > 0 and f : [e],e5] — R be a diﬁer@ntiable mapping
on (ef,ef) with 0 < ey < ey. If |f'|* is convex on [e],eb] for ¢ > 1 and * —|— = =1, then the
following inequality for the ABK -fractional integrals holds:

(s + 5o ) U+ £ - [ 0 ng sy + A et

(e - e Wf )|’ +|ff "
< BT () ¢/D(p,p,v) (3.7)
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where
1

1
D(p, p,v) = /02 [(1 — iy tpp”] to= L +/ [tW —(1- tf’)f’”} to= L

1

2

2 1\PH 1
=—— 1 (1-— -\
plpr +1) ( 29> 2p(pr+1)

Proof. Using Lemma convexity of |f’|?, Holder inequality and properties of the modulus,

we have
’<p£§(;)€£)(,/) + Ila%z;) [f(e?) + f(e5)] — [ABK”I f(es) + AQBK”I” f(e T)H
v(eh —ef)™"
p'B (V)T (v)
1 > 1 3
x (/0 ‘(17159)” ) (/0 ot (1Pl + (1 tP)e )] dt)
Vp(;;( )GIL)(VT (/Oé [(1 — PP — tpp”} tPldt + /; [#’P” —(1- t”)p”]t”ldt> ’
< ([ errenr s a-mren )’
0
_ <e§—e1>”“ \/\f DI+ )"
The proof of this theorem is complete. O

Corollary 3.11. With the notations in Theorem if we take |f'| < K, the following
inequality for the ABK -fractional integrals holds:

(G5mte * 5o ) Ve + 7= [ 2Pems) + 22 ngrien)
vK (ef — el)”+1
PIBOT W)

Corollary 3.12. With the notations in Theorem[3.10, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(e2—e))” 1-v [ ABqw ABv r(,
(B(V)F(z/) - E(V)) [fler) + fle2)] — [ APIY flea) + LPIY f( 1)]‘

D(p,p,v). (3.8)

< 1(13?2(;)61 W\/Wel’w (ea)l” (3.9)

Theorem 3.13. Let v € (0,1) and p > 0 and f : [e],€e5] — R be a differentiable mapping on
(ef,eh) with 0 < ey < ea. If | f'|? is convex on [e],e5] for ¢ > 1, then the following inequality
for the ABK -fractional integrals holds:

|(pf§§<y)e§)(:) ) D+ S = [ A ers e + A 0rs ple >H

v(ef —ef)

= BT W)

v+1 N
[D(1,p,)] "7 (3.10)
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< {Em AFEN + (F(p.v) — Elp, )| F/(e5)]°

N G(p,u)If’(ef)|q+(F(va)G(07V))|f'(6§)|q}q,

where

1

z 1 1
E = 1—tP) — |2 dt = — 2,v+1) = |}
(p,v) /0 {( ) } p[ﬂ <2p v+ ) D (1 2) |

1

F(p,v) = /j [(1 —tP) — tf’”} tPdt = /1 [t”” —(1— t”)”}t”‘ldt

2

B 1 . i v+1 1 .
pv+1) 20 op(r+1) |’
! pv P\V | 42p—1 11- 2"(”+2)
Glpv) = [ [t f(lft)]t dt = ﬁ+5 =20+ 1) - B2 v+ 1),
2

where B(-;-,-), B(-,-) are respectively the incomplete and complete beta functions and D(1, p,v)
is defined as in Theorem[3.10 for value p = 1.

Proof. Using Lemma convexity of |f’|?, the well-known power mean inequality and prop-
erties of the modulus, we have

KPS(TB?(V)?(Z)*]%J) (D) + Fe)) = | APFrny fleg) + P01 fe f)]‘
t- 1dt>1_;

+1
V(€§*61V </’ — PV
p'B

1

x (/ ‘ YWt |t f (06l + (1 — tP)e )‘ dt)
M[D(l pov)|
BT @) 7
x { | o=y — oot el + - mlre)) a
1 %
+ / [t — =y ]t | D)+ (- 0)] e dt}
_ (612)_61)1/Jrl A7
x {E<p, P+ (Flo,v) — E(o,0)|£(e5)]"

1

. G(p,u>|f'<ef>\Q+<F<p,u>—G(p,u>>|f'<es>\Q}q.

The proof of this theorem is complete. 0
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Corollary 3.14. With the notations in Theorem if we take |f'| < K, the following
inequality for the ABK -fractional integrals holds:

(s ) e+ e - [ AP et + A7 az g

VK (ef — el)VH
< W[D(Lpz’/ﬂ- (3.11)

Corollary 3.15. With the notations in Theorem[3.13, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(62—61)V 1-v _ [ ABjv e AB v e
(B(V)I‘(z/) + IB%(I/)) [fer) + flea)] = [ AP 1L, flea) + LP1Y f( 1)]‘

v+1

v(es —eq)

< W [D(1,1L,v)]

X {E(l, v)|f'(en)|" + (F(1,v) — E(1,v))| f'(e2)|* (3.12)

-

+ G(17V)|f’(€1)\q+(F(1,V)—G(lal’))|f’(€2)|q} : (3.13)
Theorem 3.16. Let v € (0,1) and p > 0 and f : [e],e5] — R be a differentiable mapping
on (ef,ef) with 0 < e; < ea. If |f'|? is convex on [e},eb] for ¢ > 1 and % —1—5 =1, then the
following inequality for the ABK -fractional integrals holds:

(s + 5o ) U + 5] - [ A0 e + AP e

(eh - e’f)”“ 1 1

pr~'B (V)T {/p w+1) -1 +1¢p+1

{W' )1+ plf ()t + {folf1(eD)]a + £ (e >|}

Proof. Using Lemma convexity of |f’|?, Holder inequality and properties of the modulus,

we have
‘( (e —ef)” 1-v

#BWT () BW)
{ F{tPed + (1 —t7)e )‘dt)+<

v+1 1 1
(eh —ef) (/ p(p(r+1)—1) ) i
< S x ¢ dt
pr 1B )L (v) 0

(([ el a-enrera)

1

- (f @-etrenrserena) }

(3.14)

YU + 1) = [ AFem e + Aons g

1

X

0

(1 —=tP)ef +tPeh) ’th) }

X
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NG e’f)"“ 1 1
p'~1B (V)T {/p v+ -1 +1vp+1
{W DT+ LI ()N + ol (D)l + 11 ()l }
The proof of this theorem is complete. 0

Corollary 3.17. With the notations in Theorem if we take |f'| < K, the following
inequality for the ABK -fractional integrals holds:

(eg _ e/{)” 1—v &P )] — ABK p yv e ABK p yv e
(oot + 5o ) U+ 1) = [ A5 ety + 225 nrpen)]
2K (e — 1)V+1 1
P’ B (v {/p —1+1

Corollary 3.18. With the notations in Theorem 15.10, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(62_61)V l-v _ [ ABjv e AB v e
(B(u)r(u) ]B%@)) [f(ex) + fle2)] = [ £71E, flea) + 571 f( 1)}’

(3.15)

2 (62 — 61 |f €1 |q + ‘f (62)|
< Alaca) \/ (3.16)

Theorem 3.19. Let v € (0,1) and p > 0 and f : [¢],e5] — R be a differentiable mapping on
(ef,ef) with 0 < ey < ea. If | f'|? is convex on [e],e5] for ¢ > 1, then the following inequality
for the ABK -fractional integrals holds:

)V+1

v(eh —ef

= P’ Vv +2B ()T (v +2)
{\/If’(61)|q+(V+1)|f’ )+ {/ (v + DI (e )Iq+|f’(e§)q}-

(3.17)

Proof. Using Lemma convexity of |f’|?, the well-known power mean inequality and prop-
erties of the modulus, we have

(s T e+ e - [ AP+ 2o )|

v+1
(65 — 61) i % (/1 tp(l/Jrl)ldt)
p B )T (v) 0
1
(/ tPv+1)—1
0
1
. (/ pp(v+1)—
0

v+1
< (e — )™ o (/1 tp(VJrl)ldt)
T o pB@)IN(v) 0

1—1

X

F (128 + (1 — t7)eh) ‘th)

U5 (- t0)ef + tref) \th) ' }

1—1
q

318 KASHURI 309-326



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

HERMITE-HADAMARD TYPE INEQUALITIES FOR THE ABK-FRACTIONAL INTEGRALS 11

X{@”W“wwm%uWW@m@q
! p(rv+1)—1 4P N ANES ol er7.P\|49 é
+ (/Ot (@ =) f' ()] +t°| f (€5)] )dt) }

v(eh — 61)”Jrl

T v T 2B ()T (v + 2)
{W ot + DI E + i+ DIr )Iq+|f’(e§)q}-

The proof of this theorem is complete. O

Corollary 3.20. With the notations in Theorem if we take |f'| < K, the following
inequality for the ABK -fractional integrals holds:

(s S e+ ) - [ AP et + A7 az )]

WK (ef — ef)" !
P T +2)

Corollary 3.21. With the notations in Theorem[3.19, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(2—e))” 1-v _[ABpv 4(e ABv £(,
(E(y)r(y) + B(y)) [fer) + flex)] = [ &P 1L, flea) + SPIZ f( 1)}’

(3.18)

veg—ey) !
T Yv+2B(v)T (v +2) (8.19)

) { YU (en)ls+ (v + 1) f ()]t + /(v + 1) f (en)]a + |f’(62)|q}.

Theorem 3.22. Let v € (0,1) and p > 0 and f : [e},e5] — R be a twice dzﬁerentzable mapping
on (€f,e5) with 0 < ey < eq. If |f"|? is convex on [e},ef] for ¢ > 1 and * 5+ E = 1, then the
following inequality for the ABK -fractional integrals holds:

<pf§<y)e§)(:)+;(yg) () + F(e)] = | AP0my flef) + 2PR0n e ?)H

v(eh—ef)? (/ pv+1) \/If” \q+|f”(62)\
= P’ 1B ()T (v {p plv+1)+1 (3:20)

‘f” 61 |q+P|fN(62)‘
e/((u+2—1 +1 p+1 ’

Proof. Using Lemma [3.6] convexity of |f”|?, Holder inequality and properties of the modulus,
we have

| <p£§<;>e£)<:> i ) D)+ el = [ 7o)+ 2o pe]

<
- pr BT
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1 » : 1
(/ ‘1 _tp(V+1)‘ t"_ldt> (/ tP—1
0 0
1 s 1
(/ tp(p(”+2)_1)dt) (/
0 0

)1/+2

X

1
P e+ oty ar)

+

P (PR + (1 — tP)e )(dt) }

v (eh —ef

= BT (0 +2)

{([[fr-ventorsa) ([ e @-elreorseirera)
0 0

1
q

X
L 1 L 1
o ([eeea) () (t’”|f”(e€)lq+(1—t”)|f”(e§)|q)dt> }
v (e —ef)"™ p(v+1) \/If” Dl + 17 ()l
P 1IB(W)T (v+2) P pl/+1 )+ 1
of LI (D)9 + plf"(e5)]?
{/p (v+2)—-1)+1 p+1
The proof of this theorem is complete. O

Corollary 3.23. With the notations in Theorem if we take |f"| < K, the following
inequality for the ABK -fractional integrals holds:

j(;;?(;;ﬁﬁﬁg@g) )+ £ - [ A rn i) + 2250 )|

vK (e — 1)V+2 1 p(v+1) 1
P IB ()T (v +2)X{p p(v+1) —|—1 /p(p(v+2) 1)+1} (3.21)

Corollary 3.24. With the notations in Theorem[3.23, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(62761)V Loy es)] — [ ABv ABV £(c
(52504 oy ) e + slenl = [4P e + 24712 1)

<V(62—€1)V+2x {Q (v+1) +1 \/f” el |‘1+|f”(€2)
“BW)L (v+2) Ypv+1)+1

Theorem 3.25. Let v € (0,1) and p > 0 and f : [e],e5] — R be a twice differentiable mapping

on (ef,ef) with 0 < ey < ea. If | f"|? is convex on [e],eb] for ¢ > 1, then the following inequality

for the ABK -fractional integrals holds:

(S5m0 = [ 20%em gy + 22 ng e

(3.22)

v(eh — 61)V+2

= BT (v +2)

v41 \'70 L D0+ e, 0D |,
% {(p(y+2)> \/2p(1/+2)(1/+3)‘f(1)’ 2p(u+3)’f( )’

(3.23)
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. 1_% ” 1 //
<P(V+2)> \/ u+3|f ol mU €2|}-

Proof. Using Lemma convexity of |f”|?, the well-known power mean inequality and prop-
erties of the modulus, we have

(4 il +1_V) )+ £ - [ 25 0ns e + 2 a (e

B)I'(v) B(v)
v(eh—ep)"*?
S FEML Y
1 - 1 :
X {(/O [1—tﬂ<“+1)}t9—1dt) (/0 [1—#(”*”}#"1 f”((l—t”)e’ertpeS)‘th)
1 -2 1 :
P(V+2)—1d> ( p(v+2)=1| ¢1 (1p 1—¢tP d)
+(/Ot ¢ /Ot £ (e + ( t))‘t}
v(eh — byt ! (w+1)] o "
< py—IIBSQ(V) Fl(u+2) : { </0 [lftp H]tp 1dt>
1 :
< ([ e @l el a)
+ (/lt”(”*z)ldt)p (/ T | )]+ (= )| (D)) dt)q}
0 0
_ vl =e)r
T BT +2)
el \'a J W+ +4 Y (1/+1 "
- {(p(v+2)> \/2p(v+2>v+3|f D+ DR
1 1_% " 1 //
(p(y+2)) \/(1/+3’f Ol p(l/+2)l/+3’f il }
The proof of this theorem is complete. O

Corollary 3.26. With the notations in Theorem if we take |f"| < K, the following
inequality for the ABK -fractional integrals holds:

[EEEXENET
PBOTG) T BW)
vE (cf — )"
P’BW)T (v +2)

YU + 1) - [ e e + 22 er e

(3.24)

Corollary 3.27. With the notations in Theorem[3.25, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(62_61)V v e es)] — [ ABIY (e ABv £,
’(B(y)r(y) + B(V)) [fer) + flea)] — [ 2PTZ flea) + 2PIY f( 1)]‘

v+2

I/(€2 —61)
B()T (v +2)
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<1/—|—]_> \/(1/—|—4)|f// e1) |‘1 1/—|—2)|f//(62)|q
v+2 2(v +3)

1/+2 f” e1 | +|f” €a | }

(r+2) \/ﬁ\/

Theorem 3.28. Let v € (0,1) and p > 0 and f : [e},e5] = R be a twice differentiable mapping
on (ef,eh) with 0 < ey < ea. If |f"|? is convex on [e],eb] for ¢ > 1 and % —1—% =1, then the
following inequality for the ABK -fractional integrals holds:

‘(pff,f(;fﬁ): +1133?§> (D) + Feh)) = | APF01 () + iBKpfeugf(ef)H

v(es— k) o -1 VU” "l
”“1532 1 wv+2)\ plr+1)+1 (3.25)

Proof. Using Lemma convexity of |f”|?, Hélder inequality and properties of the modulus,
we have

(e —ef)” 1—v
(m( T T B

)1/+2

YU + 1) = [ A n ey + 2 ons g

v(eh—ef
p'B@)T (v +2)

1 1
1 > 1
X (/ ‘1 — (1=t T — t”(”“)‘pt”‘ldt) (/ P (tPel + (1 —tP)eh) ‘ dt)
0 0
Pyt 1)1 1 i
< A D ([ wlenr s ool )
P TPBW)T (v+2) | Pv+1)+1 0
_ v =e)" 1) =1 )|+ ()]
pHB )T (v +2) | plv+1)+1 2 '
The proof of this theorem is complete. O

Corollary 3.29. With the notations in Theorem if we take |f"| < K, the following
inequality for the ABK -fractional integrals holds:

(G5t * 50 VD + S [ sien) + 225 engsien)]

VK (=) [pw+1)—1
PIBWT (v +2) \ pr+ D)+ 1

(3.26)

Corollary 3.30. With the notations in Theorem[3.28, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(e2—e))”  1-v _[AB £, ABv (,
(B(V)I‘(y) - B(V)) [fler) + fle2)] = [ AP1Y f(e2) + APIY f( 1)]‘

vies —e)’? Ip(v+1)—1 i/‘f//(elﬂq ‘; ‘f”(e2>‘q. (3.27)

Trv+2)\plv+1)+1

Theorem 3.31. Let v € (0,1) and p > 0 and [ : [ef, e8] — R be a twice differentiable mapping
on (ef,eh) with 0 < e; < es. If |f”|? is convex on [ef, €8] for ¢ > 1, then the following inequality
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for the ABK -fractional integrals holds:

v
€y — €]

(2 L) e + 5l - [ 270t + 2oz )|

v(eh —

ef)’ v -3
oty Goes) (3.25)

x \/ Clon el + (g — o) ) 1D

where

1

Clpv) = » (

v+1

M—B(Z,V—&—2)).

Proof. Using Lemma convexity of |f”|?, the well-known power mean inequality and prop-
erties of the modulus, we have

(doar i
PEWT W) B@)

VU + 1) = [ A n )+ 2 ons o)

v (es — 61)U+2
p’B(v)T (v +2)
1 1-3
x (/ ==yt tp(”“)}tpldt)
0
) L
x (/ [1—(1—#’)”*1 —tf’“*”}tf"1 1 ({tPef + (1 —t")e )‘ dt)
0
V(eg—el)'/+2 ( v )1‘11
= BT +2) \pr+9)
1 %
< ([ [r-a-emrr— e e e - a- o)) o)
_ vl ( v )1_; [C(p.0) | f1(e0)|" + (” —C(p v)) |77 (e)]”
FBO)T (v +2) \p(v +2) S Ve R 2l
The proof of this theorem is complete. O

Corollary 3.32. With the notations in Theorem if we take |f"| < K, the following
inequality for the ABK -fractional integrals holds:

(o1
PPBWT(v)  B(v)
V2K (ef — 1)V+2
BT (v +3)
Corollary 3.33. With the notations in Theorem[3.31} if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(e2—e))” 1-v _[AB £, ABv (,
’(B(V)I‘(y) - B(V)) [fler) + fle2)] = [ AP f(e2) + APTIY f( 1)]‘

YU + 1) = [ A er e + 2 erz e

(3.29)

1

et )
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X K/C(l,u)‘f”(el)‘q—k (H_C L,v ) | £ (e2)|".

Theorem 3.34. Let v € (0,1) and p > 0. Let f and g be real valued, nonnegative and convex
functions on [ef,€5)], where 0 < ey < ea. Then the following inequality for the ABK -fractional
integrals holds:

| PO p(eBg(ed) + AP n fe)gled)]

<1I/+ v(v2+v+2) (e —ef)” )M(efl’,eg’)+MN(€17€2) (3.30)

B (v) pB ()T (v +3) BT (v+3)

where
M(ef,e5) = f(ef)g(er) + f(e5)g(es)

N(ef, e5) = f(er)g(es) + f(e5)g(er)-

Proof. Since f and g are convex on [ef, ef], then

f(tPe] + (1= t7)eh) < 7 f(ef) + (1 —17) f(e5) (3.31)

and

and
g(t7ef + (1= 19)ef) < tg(ef) + (1 — 7)g(e). (3.32)
From and -7 we get
f(t”el + (1= t")eh)g(tPef + (1 —1F)es) < 2 f(ef)g(er) + (1 —t7)f(ef)g(eh)
(1= t")[f(e)g(eh) + feh)g(er)]-

_|_

Similarly,

FA—t7)ef +1Pe5)g((1 —tF)ef +tPeh) < (1—t7)*f(ef)g(el) + % f(e5)g(eh)
+ (L= t")[f(eD)g(el) + fleh)g(el)].
By adding the above two inequalities, it follows that

FEPEL + (1= t9)e)g(t7ef + (1 — 9)ef) + F((L — t9)ef + tef)g((1 — t9)ef + t7ef)

< (27 =27 + 1)[f(e)g(el) + f(e5)g(es)] + 2t7(1 — t7)[f(e)g(e5) + f(e5)g(el)].
Multiplying both sides of above inequality by B ) © )t Pv=1 and integrating the resulting in-
equality with respest to t over [0, 1], we obtain

B@HﬁdAuW&ﬂ”£+“—”ﬁ9ﬂﬂﬁ+ﬂ—ﬁkQﬁ

1
+”(U)/ 1Y LE((1— t9)el + tPel)g((1 — t9)ef + tPeh)dt
0

B()T

< some | e -2 D) + B

" @Gﬁﬁﬁ/tWI%%L%ﬂUM)w@+ﬂémwmw

= m/ V(2420 — 2tP + 1)di + W Al Y140 (1 — tP)dt
MY LD M) + e VD)

By the change of variables and with simple integral calculations, we get the desired result. [
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Corollary 3.35. With the notations in Theorem [3.34, if we choose f = g, the following
inequality for the ABK -fractional integrals holds:

| PRI ) + AP )]
1l—v v(2+v+2)(eh—ef)”

< N 202 (ef — ef)”
- B(v) pB@W)T (v+3)

BT (v+3)

M1(6€,6§)+ N1(617€2) (3 33)

where
M(ef,ef) = f2(el) + f2(e5), Nu(ef,eh) = 2f(ef) f(eh).

Corollary 3.36. With the notations in Theorem[3.34, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

[ QBIZQf(ez)g(ez) + éBlglf(el)g(el)]

1—v v(2+v+2)(e2—e1)”

202 (eg —e1)”
= (8w BT (v +3)

B()T (v +3)

M(el,eg) + N(el,eg). (334)

Remark 3.37. With the notations in our theorems given in Section [3] if we take p, v — 1, then
we get some classical integral inequalities.
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Abstract

This paper is devoted to the approximation of solutions for nonlinear equations
by using iterative methods. We present a unified convergence analysis for some
Newton-type methods. We consider both semilocal and local analysis. In the first
one, the hypotheses are imposed on the initial guess and in the second on the
solution. The results can be applied for smooth and non-smooth operators. In the
numerical section we study two applications, first one, it is devoted to a nonlinear
integral equation of Hammerstein type and in second one, we approximate the
solution of a nonlinear PDE related to image denoising.

1 Introduction

There are several situations in which the modeling of a problem leads us to calculate a

solution of an equation
F(z) = 0. (1)

This equation can represent a differential equation, ordinary or partial, an integral equa-
tion, an integro-differential equation or a simple system of equations. In general, math-
ematical methods that obtain exact solutions of are not known, so that iterative
methods are usually used to solve [9, 10, 1, 21 B 4] B [7, 12]. For a greater generality,
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in this study, we consider F' : D C X — Y, where XY are Banach spaces and D is a
nonempty, open and convex set. And we pay attention to F' is continuous and Fréchet
non-differentiable. In this case, to approximate a solution of , iterative methods using
divided differences are usually applied instead of using derivatives [12]-[11]. It is common
to approximate derivatives by divided differences for obtaining derivative free iterative
schemes. So, given an operator G : D C X — Y, let us denote by £(X,Y") the space of
bounded linear operators from X into Y, an operator [z, y; G] € £(X,Y) is called a first
order divided difference for the operator G' on the points z and y (z # y) in D if

[, y; Gl(z —y) = G(x) = G(y). (2)

Steffensen’s method [I3] is the most used iterative method using divided differences
in the algorithm, which is

xo given in D,
Tntl = Tn — [IHJIH+F($H>;F]_1F(In)J n > 0.

(3)

As we can see in [I4], Steffensen’s method has a problem of accessibility that can be
solved by using a procedure of decomposition ([15]) for operator F', the Fréchet differen-
tiable part and the non-differentiable part. So, we consider

F(z) = Fi(z) + Fy(x) (4)

where I, F5 : D C X — Y, F} is Fréchet differentiable and F5 is continuous and Fréchet
non-differentiable. Thus, in [14], we consider the method of Newton-Steffensen, given by
the following algorithm

Zo given in D,
T = T — (F{(20) + (20, 0 + F(20); Fo]) 7 (Fu(20) + Fo(2a)), 120,

(5)

with X =Y which improves significantly the accessibility of method (3)) and has quadratic
convergence.

By using this procedure of decomposition for operator F', we see that we can also con-
sider the application of iterative methods that use derivatives when F' is non-differentiable.
So, for example, we can consider the well-known Newton’s method, which algorithm is

xo given in D,
{ (6)

Tpi1 = xp — [F'(2,)] ' F(x,), n >0,

Obviously, Newton’s method is not applicable, under form @, when F'is not Fréchet
differentiable. However, if we consider decomposition of F' given in , we can use the
following algorithm

xo given in D,
{ _ (o Y1 (7)
Tpt1 = Tn — [Fl(xn)] (Fl (xn) + FQ(xn))v n >0,

2
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which is known as method of Zincenko [17].

The main aim of this paper consists of defining one-point iterative methods of Newton-
type, as we can see previously, to obtain a general study for the convergence, local and
semilocal, for these type of iterative methods. Moreover, in view of the last two consid-
erations, with these one point iterative methods we can to improve the accessibility of
one-point iterative methods that use divided differences and, in addition, to extend the
application of iterative methods that use derivatives when F' is Fréchet non-differentiable.
For this aim, we consider the one-point iterative methods of Newton-type given by the
following algorithm

Zo given in D,
{ (8)

Tpi1 =2, — LY (Fy(z,) + Fo(z,)), n >0,

where L,, := L(z,) with L(.) : D — £(X,Y). Clearly, method can be used to solve
equations containing a nondifferentiable term.

There are a lot of iterative methods that can be written as algorithm , in addition to
modifications of Steffensen and Newton given in (5)) and (7)), where L(z) = F|(z) + [z, 2+
Fy(x); Fy] and L(z) = F(x), respectively. At the same time, we can also consider two
interesting cases. Firstly, the generalized Steffensen methods [6], that are very used in the
approximation of solutions of non-differentiable operators equations and the algorithm is

xo given in D,
Tpi1 = Ty — [T — aF(2,), 2, + 0F (x,); F]7'F(x,), n>0.

Then, it is clear that we can define the generalized Newton-Steffensen method from
with L(x) = F{(x) + [x — aFy(x),x + bFy(x); F], so we have the final iterative function
given as:

{ xo given in D,

9
Tpi1 = T — (F{(xn) + [T — aFo (), T + OFy(2,,); F3]) T F(2,), n > 0. ©)

where a,b € R.
In the same way as Newton’s method, from Stirling method [16],

{ xo given in D,

Tner = T = [Fi(0n = Fl@))] ), 020, (10)

we can define a modification of Newton-type, that can be applied to Fréchet non-differentiable
operators. For this, just consider (8) with L(x) = F|(z — F(x)). In both cases, we choose
X =Y. Obviously, we can include a lot of iterative methods in (§]) if F' is Fréchet
differentiable.

So, in this paper, we study the convergence of algorithm . We analyze the semilocal
and local convergences, so that we have a study of convergence of a lot of iterative methods
that are usually used and can be written by algorithm ().

3
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Section 2 is devoted to the theoretical analysis about local and semilocal convergence
for a very general single step Newton-like methods. In Section 3 we make a comparison
for the behavior of some of these methods by solving a non-differentiable problem. In
Section 4, we consider an application related to image denoising. Finally, in Section 5 we
give some conclusions.

2 Convergence Analysis for single step Newton-like
methods

In this section, we present both semilocal and local convergence analysis. In the first one,
the hypotheses are imposed on the initial guess and in the second on the solution. The
results can be applied for smooth and non-smooth operators.

2.1 Local Convergence Analysis

In this section, we first present the local followed by the semilocal convergence of method
(8). Let vy : [0, +00) — [0,400) be a nondecreasing continuous function with vy(0) = 0.
Suppose that the equation

has at least one positive root ro. Let also v : [0,79) — [0,4+00) be a nondecreasing
continuous function. Define function v on the interval [0, 1) by v(t) = 1:’5?@) — 1.
Suppose equation
u(t) =0 (12)

has at least one positive root. Denote by r the smallest such root. It follows that for each
te0,r)
0<w(t) <1 (13)

and
0<o(t) <1. (14)

The local convergence analysis of method uses the conditions (A):

e (a;) There exist a solution z* € D of equation ({)), and B € £(X,Y) such that
Bl e (Y, X).

e (ay) Condition holds and for each z € D
1B~ (L(z) = B)|| < vo(lla — ")),

where vy is defined previously and rq is given in ((11)).
Set Do =DnN U(l’*, 7”0).
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e (a3) For L : Dy — £(X,Y), any solution y of equation (4] and each z € Dy
1B (Fi(x) + Fa(z) — L(z)(z = y))I| < v(llz = yl)llz = yll,
where v is defined previously.
e (as) U(x*,r) C D, where r is given in (12)).

e (as) There exist r* > r such that

Set D1 = DN U(xx,7*).
Remark 1 e Condition (a3) can be replaced by the stronger: for each x,y,z € Dy
1B~ (Fi(2) + Fo(x) = L(z)(x = )| < villlz = ylDllz — yl,
where function vy is as v. But for each t > 0

v(t) < wvi(t).

e Linear operator B does not necessarily depend on the solution x*. It is used to
determine the invertibility of linear operator L(-) appearing in the method. The
invertibility of B can be assured by an additional condition of the form ||I — B|| < 1
or some other way. A possible choice for B is B = B(z*) or B = F(x*).

e [t follows from the definition of ro and r that ro > r.

We can present the local convergence analysis of method based on the aforemen-
tioned conditions (A).

Theorem 2 Suppose that the conditions (A) hold. Then, sequence x; generated by
method (8) for xg € U(x*,r) — 2* is well defined in U(x*,r), remains in U(z*,r) and
converges to x*. Moreover, the following estimates hold.

o(llan — 1)
Tl — 2| <
loen =2l < 1= T = o)

The vector x* is the only solution of equation in Dy, where Dy is given in (ab).

e — 2| < oy — ™[] < (15)

Proof We base the proof on k and mathematical induction. Let = € U(x*,r). Using
(8), (al) and (a2), we have in turn that

1B=(L(x) = B)Il < volllz — =*[[) < wo(r) < 1. (16)

5
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It follows by and the Banach lemma on invertible operators [] that L(z)™! € £(Y, X)

and
1

= vo([lz — =)
In particular, estimate holds for z = xq, so 1 is well defined by method for k = 0.
We also get by method (for k =0), (al), (a3), and (for k = 0) that

IL(2)" B < 1 (17)

oy —a*|| = |lwo — 2 — L(wo) ™ (Fi(x0) + Fa(xo))|

I[=L (o)™ B][B~' (Fi(x0) + Fa(wo) — L(wo)(zo — )|

|1 L(20) ' B||[|B~* (Fi(x0) + Fa(0) — L(wo) (0 — 2¥))||
v([Jzo —2*|)

1 —wvo([Jzg — 2*|))

IN

IN

[0 = 2% < llwo — 27| <1, (18)

which shows estimate for k=0, and z; € U(z*,r).
Simply, replace x, 1 by x;, x;11 in the preceding estimates to complete the induction
for estimate ((15)). Then, in view of the estimate
[ zivn — 2| < €| — 2™ <1, (19)

where

v([lzo — z])
§= €10,1),
T u(lleo o) < )
we deduce that lim; , ., x; = 2* and z;,1 € U(z*,r). Moreover, to show the uniqueness
part, let y* € Dy with Fy(y*) + Fa(y*) = 0. Using (a3), (ab) and estimate (|18)), we obtain
in turn that

[z =yl < NL() " BB (Fi (i) + Fa(as) — L) (2 — y*)|
v(llzs — ()
< [ =yl
(P )

<l =yl < € w0 — 7, (20)
which shows lim; , ., x; = y*. But, we showed lim;_, . z; = x*. Hence, we conclude that
Tr =y

O

2.2 Semilocal Convergence Analysis

As in the local case it is convenient to define some functions and parameters for the
semilocal analysis. Let wp : [0,400) — [0,400) be a continuous and nondecreasing
function.
Suppose that equation
wo(t) = 1. (21)

6
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has at least one positive root. Denote by py the smallest such root. Let also w : [0, py) X
[0, p0) — [0,400) be a nondecreasing continuous function. Moreover, for n > 0, define
parameters C7 and C5 by

w(n,0)
C —
' 1 —wo(n)
02 1-Cq -
1 — wo(lfCl)

and function C': [0, pg) — [0, +00) by C(t) = lw(t(’f()t). Suppose that equation

—w

C1C%

(—1_C<t)+01+1)77—t:0 (22)

has as least one positive root. Denote by p the smallest such root.
Next, we show the semilocal convergence analysis of method in an analogous way,
under the conditions (H):

e (h1) There exists g € D and B € £(X,Y) such that B~! € £(Y, X).

e (h2) Condition holds and for each z € D
1B~ (L(x) = B)|| < wo([lz — zol)).
where wy is as defined previously, and py is given in .
Set D2 =D m U(Io, po)
e (h3) For L(:) : Dy — £(X,Y), and each x,y € Do
1B~ (Fi(y) — Fi(2) + Fa(y) — Fa(2) — L(z)(y — 2))|
< w(lly = zoll, [l = zol)lly —
where w is as defined previously.
o (h4) U(xg, p) € D and condition holds for p, where ||z1 — z¢|| < 7.

e (hb) There exists p* > p such that

I

Set Dy = DO\ U(z*, p*).
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Then, as in the local case but using the (H) instead of the (A) conditions, we have in

turn the estimates:

H@ —$1||
|22 — o]
Hl'?» — 13|
||$3 —1’0||
|24 — @3]
||$z'+1 - sz‘||
Hlﬂl —CCOH

IN

A |

IN

VAN VAN VAN VAN

IN

VARVAN

IA A CIA

IN

IN

w(||r1 — ol [|20 — 0l|)
1 —wo(||lzy — wol|)
|20 — 1] + [[21 — 20| < (1 + C1)||z1 — 0|

= C1f|x1 — 20,

- Cl2|| |
xr1 — X
o, I 0
|21 — o]
—n<p,

w(||lzy — 20|, |21 — 20l])

To — X
T wo(la—zg) 12
w(,L 77)
— = Cl’n |22 — 21| = Ca|lw2 — 24|
1-— wo(—l_cl)

|23 — o + lzg — 21| + [J21 — 20|

Collwy — 21| + Cil|z1 — @o|| + [|71 — 0|

(CoC + Cy + 1) |2y — o],

w([|z3 — @oll, |22 — wol])
1 — wo([|z3 — 2ol|)

Clp)llzs — 22|l < Clp)Col|lze — a4 ||

C(p)C2Ch|lz1 — wol|,

|23 — o]

C(p)l|lzi — zial < Clp) > ||zs — o

it — @il + oo+ lza — @3]l + (23 — 20|

Cp)zi — ximal + .. + C(p)|lzs — 22|

+(CoC1 4+ C1 + 1) ||z — 0|

C(p)?|lws — xal + ... + C(p)l|xs — o

+(CC1 + Cy + 1) ||z — 20|

(1 —C(p)!
1-C(p)

( C1CYy

1—=C(p)

CoC1 + Cy + 1|21 — 2|

+Cy+1)n < p, (23)
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1@i+5 = Tisjrll + [|@irj-1 — Tigjall + - + T — i
(C(p)™ 72+ o+ C(p) )l — o]

gl —=C(p)~!
Clo) ™ —ai )

55 — i

IA A

IN

|23 — 22|

IA
Q
S

1-Clp)

il = C(p)!

It follows from that z; € U(x, p)_and from that sequence z; is complete in
X and as such it converges to some z* € U(zg, p). By letting i — +o00 in the estimate

B~ (Fy(xs) + Fa(x:))|| = || B~ (Fi (i) + Fa() — Fi(xio1) — Fa(wiq) — Bioa (@ — 1))
w(|[z; — mol], |zi-1 — 2ol ||| — i1 || w(p, p)

1 — wo(||lz; — o)) ~ 1 —wo(p)

we obtain Fj(z*) 4+ Fy(z*) = 0. The uniqueness part is omitted as identical to the one in
the local convergence case.
Hence, we arrived at the semilocal convergence result for method .

||$z - in—1||,

Theorem 3 Suppose that the conditions (H) hold. Then, sequence xy generated by
method (§) for xo € D is well defined in U(xo,p) remains in U(xo,p) and converges
x* € U(xg, p) to a solution of equation . Moreover, the vector x* s the only solution
of equation in D3, where Ds is defined previously.

The same comments introduced in the previous remark are valid.

We emphasize the theoretical importance of this theorem because it presents a unified
studied of the local and semilocal convergence of a big variety of Newton-Type methods
and Steffensen type methods, so the study is applicable to differentiable an non differen-
tiable equations.

3 Numerical Experiments
In this section, we consider a nonlinear integral equation of Hammerstein type, which can
be used to describe applied problems in the fields of electro-magnetics, fluid dynamics,

in the kinetic theory of gases and, in general, in the reformulation of boundary value
problems. These equations are of the form:

z(s) = f(s) —/ K(s,t)®(x(t))dt, a<s<b, (25)
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where z(s), f(s) € Cla,b], with —oo < a < b < 00, and ¢ is a polynomial function. One
of the most used techniques to solve this kind of equations consists of expressing them as
a nonlinear operator in a Banach space and solving the following operator equation:

b
F(z)(s) =z(s) — f(s) + / K(s,t)®(x(t))dt =0, (26)

where F' : D C Cl[a,b] — Cla,b] with D a non-empty open convex subset of C|a, b] with
the max-norm ||v|| = max,cp 4 [v(s)].

We consider (25)), where K is the Green function in [a,b] x [a,b], and then use a
discretization process to transform equation (26| into a finite dimensional problem by
approximating the integral by an adequate quadrature formula

/ q(t) dt ~ Zw@-q(ti),

where the nodes ¢; and the weights w; are known.
If we denote the approximations of z(t;) and f(¢;) by z; and f;, respectively, with

i = 1,2,...,p, then equation (26) is equivalent to the following system of nonlinear
equations:
P
xz:fz—i_zal]q)(x])? ]:1,27729, (27)
j=1
where (o—t)(t,—a)
Wi, J <,
ai; = w;K(ti,t;) = { b—t)(ti—a) . _
Wi, ] > .
Now, system can be written as
Fx)=x—f—Az=0, F:ACRF — RP, (28)

where
X = (ZEl,JZQ,...,ZL’p)T, f: (fl,fQ,...,fp)T, A: (aij)zjzl,
z = (®(xy), ®(22),...,P(z,))".
After that, we choose a = 0, b =1, K(s,t) as the Green function in [0, 1] x [0, 1] and

O(x(t)) = z(t)® + |x(t)] in (25). Then, the system of nonlinear equations given in is
of the form

F(x)=x—f—A(vx +wy) =0, F:RP — RP, (29)
where
vy = (28,23, ...,20)7, wy = (|71, |zal, - - 7)) T

It is obvious that the function F defined in is nonlinear and non-differentiable. So,
we consider F(x) = [Fy(x) + Fa(x) where:

Fi(x) =x—f— Avy and Fy(x) = —Awy.

10
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As in RP we can consider divided difference of first order that do not need that the
function F is differentiable (see [16]), we use the divided difference of first order given by

[u,v; G| = ([u,v;GJ;;)7 =1 € L(RP,RP), where
1

[u, A\ G]” = (Gi(ul, .- ,Up) — Gi(ul, ..

<y Uiy Vg1, - - .,Uj_l,l)j,...,l)p)), (30)

uj
if u; # vj, in other case [u,v;Gl;; =0, for u = (uy,ua, ..., u,)" and v = (v1,v9,...,v,)".
Now, to compare the behavior of different methods we consider the case f = 0 in
. Obviously, for this problem, x* = 0 is a solution of F(x) = 0. Then, the system of

nonlinear equations given in (29) is of the form
F(x) =x— Az,

=4zl j=1,....p. (31)

The numerical results are obtained by using MATLAB 2018 and working with variable
precision arithmetic with 100 digits. In Table [If we can see the results obtained by using
the methods mentioned in our study. First of all we take nodes and weights of Trape-
zoidal rule with n = 10 subintervals for approximatting the integral and starting guess
xo(t) = 1/2 ¥Vt € [0, 1]. We compare the distance between consecutive iterates of the first
7 iterations of each method. In the case of the Newton-Steffensen General method @D,
the parameters involved are a = 0.5 and b = 1.5.

Stirling (]1_OD Zincenko @ Steffensen @D New-Steff. (]3[) New-Steft. Gen.@D

1 1.5887 1.1637 7.4375 2.9044 2.9044

216.0578e — 01 | 3.0210e — 01 | 2.7350e — 01 1.3867 1.3867

314.7941e — 01 | 1.2065e — 01 | 1.8235e — 02 | 3.2041e — 01 1.2942¢ — 01
414.1942¢ — 01 | 4.9511e — 02 | 5.5411e — 05 | 2.8725e¢ — 04 2.8725e¢ — 04
5 [ 3.5456e — 01 | 2.0403e — 02 | 2.8134e — 09 | 1.3552¢ — 12 1.3552e — 12
6 [ 1.9024e — 01 | 8.4133e — 03 | 3.0173e — 18 | 3.1538e — 37 3.3246e — 37
712.9676e — 02 | 3.4697e — 03 | 3.9490e — 36 | 1.7796e — 111 2.1782e — 111

Table 1: Results with different methods in the first iterations.

In Table |2l we work with same conditions, we obtain the iterations that each method
needs to satisfy the stopping criterion ||zpy1 — zx|| < 107%°. It should be noted that the
first two methods never meet the required tolerance because they are not convergent and,
therefore, the methods end when the required iterations are completed (in this case 15
iterations at most). Second, we observe a good approximation to the order of convergence
of each method p in case the method converges. In the last two rows of Table[2] we compare

11
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’ \ Stirling \ Zincenko \ Steffensen 1) \ New-Steff. \ New-Steff. Gen.@ ‘

k 15 15 8 7 7
D 1.0000 1.0000 1.9994 3.0142 3.0148
et — k|| | 2.3258¢ — 04 | 2.9041e — 06 | 6.9382¢ — 72 | 1.7796e — 111 |  2.1782¢ — 111
[E(z)[] | 9-5985¢ — 05 | 1.1977¢ — 06 | 1.274he — 107 | 7.8863¢ — 219 |  6.8587¢ — 219

Table 2: Numerical results for comparing the proposed methods.

the difference between the last iterates of each method and we also see the norm of the
function evaluted in the last iteration.

Now, we also want to use the Gauss-Legendre quadrature to approximate the integral
of equation . Moreover, by using the Newton-Steffensen method we compare two
different possibilities for implementing the divided differences given in , that is, in
Tables 1 and 2 we obtain the divided difference like [z, x, + Fi(x,) + Fa(x,), F3] but
we want to compare with [z, 2z, + Fy(x,), F]. The results in Table 3 show that the
use of first form used for obtaining the divided differences gives better residual errors,
which was expected because Fi(z,) + Fy(x,) tends to zero quicker than Fy(z,). Even
in some different example the value Fy(x,) could not tend to zero, in this case only first
form of obtaining the divided differences considered would work. In Table 3 we have also
included the computational time, as can be observed in the last row, notice that the use
of Gauss-Legedre quadrature needs much more time than the trapezoidal rule although
in some cases reaches better accuracy.

|| — 20|
Iterations Trapezoidal rule Gauss — Legendre

n {SE,CE+F1+F2,F2] [I,J?"—FQ,FQ] [I,JI+F1+F2,F2] [x,I+F2,F2]
1 2.9044 2.9044 2.7204 2.7204

2 1.3867 1.3867 1.1355 1.1355

3 3.2041e — 01 1.2942¢ — 01 6.6978e — 02 6.6978e — 02
4 2.8725e — 04 2.8725e — 04 3.4608e — 05 3.4608e — 05
5 1.3552e — 12 1.3552e — 12 2.1448e — 15 2.1448e — 15
6 3.1538e — 37 3.3489%¢ — 28 1.124e — 45 1.124e — 45
7 1.7796e — 111 1.3651e — 43 8.0773e — 137 7.8571e — 137

Table 3: Results with Trapezoidal rule and Gauss-Legendre method by using different
form of obtaining the divided differences.

12
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Trapezoidal rule Gauss — Legendre
n [z, + F1 4+ Fo, ) | [z, + Fo, By || [z, + Fy + Fy, By | 2,2 + Fa, Fy)
k 7 8 7 7
D 3.0142 unstable 3.0099 3.0103
||zr_1 — x| 1.7796e — 111 4.3463e — 59 8.0772e — 137 7.8571le — 137
|| F(zx)]| 7.8863e — 219 1.0160e — 74 1.3057e — 243 1.5367e — 138
time 17.796129 20.6134 282.5403 309.3090

Table 4: Numerical results and computational time for comparing the proposed methods.

4 Approximating the solution of a nonlinear PDE
related to image denoising

In some steps of the manipulation of an image, some random noise is usually introduced.
This noise makes the later steps of processing the image difficult and inaccurate.

In many applications like astrophysics, astronomy or meteorology we have to manipu-
late images contaminated by noise. The image processing becomes difficult and inaccurate.
For these reasons, usually some image denoising strategies are developed. In this paper,
we center our attention in the PDE framework.

Let f: 2 — R be a signal or image which we would like to denoise.

The usual PDE frameworks start with constrained optimization problems like

Minimize in u: R(u)

subject to [lu — f[|72(q) = [Q2]0?.

where n = u — f denotes the noise. If there is no good estimate of the variance of the
noise, then we may consider the unconstrained optimization problem.

Different linear regularization functionals R(u) can be consider, the most used is
|Vul|rz. This type of functionals introduce diffusion near the edges of the images, this is
their main limitation.

The TV norm does not penalize discontinuities in u, and thus allows us to improve
the approximation near the edges.

Anmmwm

For the linear model its Euler-Lagrange equation, with Neumann’s boundary condi-
tions for w, is

— Au+Au—f) =0, (32)

13
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which comes from the corresponding unconstrained problem with the norm HVuH%Q(Q)
and where the positive parameter \ determines the relative importance of the smoothness
of u and the quality of the approximation to the given signal f..
For the TV- model we have
Vu

—V(|v—u|)+)\(u—f):0 (33)

In practice, the term |Vul is replaced by 1/|Vu|? + €, but even after this regularization,
Newton’s method does not work satisfactorily in the sense that its domain of convergence
is very small. This is especially true if the regularizing parameter € is small.

On the other hand, while the singularity and nondifferentiability of the term w =
Vu/|Vu| is the source of numerical problems, w itself is usually smooth because it is in
fact the unit vector normal to the level sets of u. The numerical difficulties arise only
because we linearize it the wrong way.

Thus we should introduce a new variable w; namely

. Vu

VIVul?’

and replace by the equivalent system of nonlinear PDEs:

—V-w+ANu—f) = 0,

wy/|Vu|? = Vu =

Without the inclusion of the above regularization parameter ¢, this system is nonlinear
and nondifferentiable .

4.1 Discretization and numerical implementation

We present a comparison between the nonlinear model and the linear model using a simple
finite difference discretization procedure.

For a regular mesh of size h = 1/m, m € N (z; = ¢-h, i = 0,...,m), if in each
iteration k& we approximate the divergence and the gradient operators (these operators
are the same in 1D) by

Vi — Vi—
V-v(x;) = Vo(z;) ~ Tl,
we obtain a nonlinear system for the unknowns w; and ;.
That is,
Ww; — W;—
S M= f) = 0, wi=wn =0,
Ui —Ui—1y, Ui — Ui
wy - - = 07 Ug = y Um = Jm,
e -

14
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fori=1,...,m—1.

We then consider the nonlinear and nondifferentiable operator

By q(u,w, A\p) = wy —wiy + Mlus — fi) = 0,
Foi(u,w, \p)) = win/(u; —wim1)?+ — (w4 —ui—1) = 0, 1<i<m-—1,

with A, = h A\, wg = w,,, =0, ug = fo and u,, = fo,.
For the discretization of the linear model we can consider the system

R R

—Mui = fi) = 0, up= fo,um = fm,

2
fore=1,...,m—1.
Figure 1: Original signal with a jump sin- Figure 2: Solid lines = nonlinear model,
gularity. starred lines = linear model and + lines
= signal with noise. Noise level = 0.3,
A =10.

In Figure [2| the solid lines are the function reconstructed by the nonlinear model
approximated by the linearization based on a dual variable, solving the nonlinear system
of equations by Steffensen’s method [3] and the starred lines are given by the standard
linear model, solving the associated linear system of equations by Gauss’s method. The
line with ‘+’ is the noisy signal. The linear model introduces too much diffusion, giving
a continuous function.

15
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5 Conclusions

We have to point out the generalization of this study in which we have analyzed the local
and semilocal convergence for Newton type methods and Steffensen like methods, so we
can consider Newton-Steffensen’s methods. The main idea it is to apply these kind of
study to non-differentiable equations by taking in to account the advantages of consider
the decomposition of the nonlinear equation into a sum of the differentiable part and the
one non-differentiable.
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Abstract
In the present paper, a theorem concerning local property of |A,pn|r summability of
factored Fourier series, which generalizes a result dealing with |N,p,|x summability of
factored Fourier series, has been obtained. Also, some results have been given.
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1 Introduction

Let >" a,, be an infinite series with its partial sums (s, ) and (p,,) be a sequence of positive

numbers such that

n
Pn:va%oo as n—oo, (Poj=p_;=0, i>1).
v=0

Let A = (apy) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal
entries. Then A defines the sequence-to-sequence transformation, mapping the sequence

s = (sp) to As = (A,(s)), where

n
An(s) = Z AnwSy, n=0,1,...
v=0
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The series Y a,, is said to be summable |A, p,|,, k > 1, if (see [21])

> (27 )~ Ao < o0

n=1 \DPn
If we take an, = B, then |A, p,[x summability reduces to |N, pp|r summability (see [2]).
If we take an, = 5 and p, = 1 for all values of n (vesp. an, = B and k = 1), |A,pul
summability reduces to |C, 1|, summability (see [11]) (resp. |N,p,|) summability. Also, if
we take p, = 1 for all values of n, then |A, p,|; summability reduces to |A|; summability
(see [22]). Furthermore, if we take an, = %, then |A[; summability reduces to |R,pyx
summability (see [4]).

A sequence ()\,) is said to be convex if A2\, > 0 for every positive integer n, where
A%\, = A(AN,) and AN, = A, — Any1 (see [24]).

Let f(t) be a periodic function with period 27, and integrable (L) over (—m, ).
Without any loss of generality we may assume that the constant term in the Fourier
series of f(t) is zero, so that

/ " f()dt =0
—

and
f(t) ~ Z (ancosnt + bysinnt) = Z Cn(t),
n=1 n=1

where (a,,) and (b,) denote the Fourier coefficients. It is well known that the convergence
of the Fourier series at t = x is a local property of the generating function f (i.e. it
depends only on the behaviour of f in an arbitrarily small neighbourhood of x), and
hence the summability of the Fourier series at ¢ = x by any regular linear summability

method is also a local property of the generating function f (see [23]).

2 Known Results

There are many different applications of Fourier series. Some of them can be find in [1],

[5]-[10], [12]-[20]. Furthermore, Bor [3] has proved the following theorem.
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Theorem 1 Let k > 1 and (p,) be a sequence such that

P, = O(npy), (1)

P,Ap, = O(pnpn+1)- (2)

Then the summability |N,pn\k of the series Z% at a point can be
ensured by local property, where (\,) is a conver sequence such that >.n~ 1\, is

convergent.

3 Main Result

The purpose of this paper is to generalize Theorem 1 by using the definition of |A, p,|x
summability. Now, let us introduce some further notations. Let A = (ay,) be a normal

matrix, we associate two lower semimatrices A = (ap,) and A = (ayny) as follows:

n
dnv:Zam, n,v=0,1,... (3)

i=v
Goo = Gop = aoo, Gny = Qpy — C_Lnfl,va n = ]-a 2, .. (4)

and it is well known that

An(s) = Z UnpySy = Z Ay Qy (5)
v=0 v=0

and
Adp(s) = nypay. (6)
v=0

Now, we will prove the following theorem.

Theorem 2 Let k> 1 and A = (any) be a positive normal matriz such that

=1 n=01,.., (7)

Gn—1,v > anpy, forn>v+1, (8)
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|dn,v+1| = O (v|Aypanl) (10)

where Ay (Gny) = Gny — Gnyt1. Let the sequence (py) be such that the conditions (1) and

Cr (D) An Pr
npn

(2) of Theorem 1 are satisfied. Then the summability |A, p,|i of the series at
a point can be ensured by local property, where (\,) is as in Theorem 1.
Here, if we take an, = %”:L, then we get Theorem 1.

We should give the following lemmas for the proof of Theorem 2.

Lemma 3 ([13]) If the sequence (py) is such that the conditions (1) and (2) of Theorem

s(2)-0(3)

Lemma 4 ([10]) If (\n) is a convex sequence such that Y n~1\, is convergent, then (\,)

1 are satisfied, then

is non-negative and decreasing, and nAXN, — 0 as n — oo.
Lemma 5 Let k > 1 and let the sequence (py) be such that the conditions (1) and (2) of
Theorem 1 are satisfied. If (sp) is bounded and the conditions (7)-(10) are satisfied, then

the series

i AP (12)
=1 Pn

is summable |A, pp|k, where (N\,) is as in Theorem 1.

Remark 6 Since (\,) is a convex sequence, therefore (\,)¥ is also conver sequence and

Z*()‘n)k < o0. (13)
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4 Proof of Lemma 5

Let (M,,) denotes the A-transform of the series ) a”)‘;P . Then, we have

~ n Ao P,
AM, = 3y, ot
v=1 UPv
by (5) and (6)
Now, we get
n—1 N v
~ Ay P, nnPpA
AM, — ZAU(W)ZG nn "Zau
v=1 UPv r=1
SN (anUAvPU> - annPnAnsn
v=1 UPu npPn
ann Pu — PAA (@ a1 ANP,
_ anLLpn n3n+z . ( nv)8v+z n,v+; viv .
n v=1 Du v=1 Puv
n—1
P,
+ Z Qnp v+1)\v+1A < . ) Sy
v=1 v

by applying Abel’s transformation. For the proof of Lemma 5, it is sufficient to show that
o P k—1
Z <n> |]an|]C <oo, for r=1,234.

n=1 n

First, we have

- om3 (1) (5) e (2) owtter
- ouéiw’f—oa) as m oo,
by (9), (1) and (13).
5
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From Hoélder’s inequality, we have

n=2

¥ (o

n

k—1 .
> |Mn72|

m+1

D

n=2

m+1

D

n=2
m+1

< 2

n=2

IN

By (4) and (3), we have that

Av (dm))

Thus using (8), (3) and (7)

Hence, we get

m+1

>

n=2

G

P,

n

k-1 m+1 k-1
Py
) el = owy (3t)

(
(
(

Pn>k—1
Pn

s
DI

n—1
Z |Av(dnv)‘ =
v=1

= 0(1) i

v=1

Here, from (14) and (8), we obtain

Then,

m-+1

Uny — An 41

Qny — Qp—1,v-

n—1

Z (an—l,v -

v=1

UPv

P,

L PoA A ()
Z A ALV

Sv

k
) 184 () Msu}

(2) X

m+1

n—

S () 0]

V=

anv) < apn.

{

\po

m—+1

S 1A ()] -

n=v+1

Z |Av(&m))‘ = Z (an—l,v - anv) < Q.

n=v+1

349

n=v+1

Qny — C_ln—l,'u - an,v—l—l + C_Ln—l,”u—&—l

(14)

(15)
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v=1 v
= oy o
v=1
~ oy %(Av)’“ —0(1) as m— o,

by (9), (1) and (13).
Now, by (1) and Hélder’s inequality, we have

m+1 k—1 m+1 k—1
P P
() et - B (2)

Z an,v+1 vl v

v
VP

v=1
mtl  p o\ k-1 (n=l k
= 0(1) Z (”) {Z |&n,v+1|A)\UISU|}
n=2 Dn v=1
m+1

P k—1 (n—1 n—1 k-1
- oy () {Z |an,u+1|mv|su|k} {Z an,vﬂmv} .
n—2 \Pn v=1 v=1
Now, (4), (3), (7) and (8) imply that
n n—1
&n,v—i-l = Gny+l — On—1p+1 = Z Gni — Z an—1,
i=v+1 i=v+1

n v n—1 v
= Z (nj — Z Qi — Z ap—1, + Z (p—1,i
i=0 i=0 i=0 i=0
v v
= 1- Zani -1 +Zanfl,i
i=0 i=0

v

= Z(an—l,i — am) Z 0 (16)

=0

and from this, using (4), (3) and (8), we have

’dn,v+1| = ELn,erl_dnfl,v+1
n n—1
= Z Qng — Z Qn—1,i
i=v+1 1=v+1
n—1
= Gpp + Z (ani_an—l,i)
i=v+1
< Gnn-
7
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Hence, we get

mil s p kL mtl p o\ k-1 n—1 el k—1
> <") (Maslt = 0(1) Y (”) a1 AN {Z AAU}
n=2 n n=2 pTL v=1 v—1
m+1 P k—1 n—1
=2 Pn v=1
m m+1
= ZA)‘U Z ‘anv+1|
n=v+1
Now, by (16), (3) and (7), we find
m—+1
> lanwsi] < 1. (17)
n=v+1
Thus,
m+1 P k—1 m
> (n) |Mnslf = O(1)Y AN =0(1) as m— o,
n=2 n v=1
by Lemma 4.

Since A (%) =0 (%) by Lemma 3 and also by using (10), we have that

m+1 Pn k—1 m+1 Pn k—1
> () et = 3 (52

n—1 k
. P,

E an,v+1)\v+1A ( - ) Sy

v=1 up

n—2 Pn v
mtl  p o\ k-1 (n=l k
n N
- om'S (2) S Mol
n=2 Dn v:lv
mtl  p o\ k-1n=l k—1
n
= oY (1) Xy lanen O s Zm an)lb
n=2 Dn v= lv

From (15) and (9),

m+1 k—1

P,
> () il -
n=2

sy el k 171*1 1 k
o P ( ) Ay ;‘&n,v-i-l’()‘v-&-l)

Z

v=1
m 1 m+1
Z; v+1 z |dn,v+1|'

v=1 n=v+1
Again using (17),
m+1 Pn k—1 m 1
Z () \M,4* = 0(1) Z ;()\vﬂ)k =0(1) as m — oo,
n=2 n v=1

by (13). Hence the proof of Lemma 5 is completed.
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5 Proof of Theorem 2

The convergence of the Fourier series at ¢t = x is a local property of f (i.e., it depends
only on the behaviour of f in an arbitrarily small neighbourhood of x), and hence the
summability of the Fourier series at ¢ = x by any regular linear summability method is
also a local property of f. Since the behaviour of the Fourier series, as far as convergence
is concerned, for a particular value of x depends on the behaviour of the function in the
immediate neighbourhood of this point only, hence the truth of Theorem 2 is a consequence

of Lemma 5.

6 Conclusions

For a,, = %Z and p, = 1 for all values of n, then we get a result concerning |C,1|

summability factors of Fourier series. If we take ay, = %Z and k = 1, then we get a result

concerning |N, p,| summability factors of Fourier series (see [13]).
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Abstract

The major objective of this article is to determine and formulate the analytical
solutions of the following systems of rational recursive equations:

Tn—1Yn—3 Yns1 = Yn—1Tn—-3
Yn—1 (il + xnflynf?)) ’ nr Tn—1 (q:l + ynflxnfii) ’

T+l = n=0,1,..,
where the initial conditions z_3, x_2, T_1, o, Y—3, ¥—2, y—1 and yg are required to
be arbitrary non-zero real numbers. We also introduce some graphs describing these
exact solutions under a suitable choice of some initial conditions.

Keywords: difference equations, system of recursive equations, periodicity, local stability,
global stability.
Mathematics Subject Classification: 39A10.

1 Introduction

The global interest in exploring the qualitative behaviours of discrete systems of recursive
equations has been recently emerged due to the significance of difference equations in mod-
elling a considerable number of discrete phenomena. More specifically, recursive equations
are utilized in describing some real life problems that originate in genetics in biology, queuing
problems, enegineering, physics, etc. Some experts put effort to analyse dynamical systems
of difference equations. Take, for instance, the following ones. Almatrafi et al. [1] studied
the local stability, global attractivity, periodicity and solutions for a special case for the

difference equation
bxn— 1

LTp41 = ALp—1 — o dr .
n—1 n—3

Clark and Kulenovic [6] investigated the global attractivity of the system

Ty U
a+cyn7 Yn+1 = b+d(En

Ln+1 =
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The author in [8] explored the equilibrium points and the stability of a discrete Lotka-Volterra
model shown as follows:

ax, — Br,yn _ OYn + €T

Tpy1 = ) n+l —
+1 1+ vz, Yn+1 1+ 7y,
The positive solutions of the system

QlUp_q a1Up—1

A v = .
P, q n+1 P1, q1
6 + YUnUp_o 61 + T1Un Uy _o

Un4+1 =

were obtained in [14] by Giimiis and Ocalan. Moreover, Kurbanli et al. [18] solved the
dynamical systems of recursive equations given by
Tn—1 Yn—1 Ln

y Yny1 = y A4l = .
YnTp—1 — 1 TnYn—1 — 1 Ynn—-1

Tn41 =

In [19] Mansour et al. presented the analytical solutions of the system

o Tn—1 o Yn—1
anrl — 3 yn+1 - .
O — Tp_1Yn B+ YYn—12n,

Finally, the author in [23] demonstrated the dynamics of the system

Tn—2 y _ Yn—2
B + YnYn—1Yn—2 ’ e A + TpTp—1Lnp—2 .

Tnt+1 =

To attain more information on the qualitative behaviours of dynamical difference equations,
one can refer to refs [1-5, 7, 9-13, 15-17, 20-22]

In this paper, the rational solutions of the following discrete systems of difference equa-
tions will be discovered and given in four different theorems:

" o Tp—1Yn—3 y o Yn—1Tp—3 n=0.1
n+1l — ) n+1l — ) — My by
* Yn—1 (il + xn—lyn—?;) " Tp—1 (:Fl + %-1%-3)
where the initial values are as described previously.
2 Main Results

Tn—1Yn—3 Yn—1Tn—3

2.1 FirSt SyStem xn+1 - ynfl(]-_mnflyn73), yn+1 - $n71(1—yn71$n73)

This subsection concentrates on obtaining the solutions of a dynamical system of fourth
order difference equations given by the form:
Tn—-1Yn—3 y . Yn—1Tn—3
y Yn+1 —
Yn—1 (1 - xn—lyn—S) * Tn—1 (]- - yn—lmn—i’))

where the initial values are as shown previously. The following fundamental theorem presents
the solutions of system (1).

o n=0,1,.., (1)

Tpt1 =
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Theorem 1 Assume that {x,,y,} is a solution to system (1) and let ©_3 = «, v_5 =
B, x_1="7, ©o=0, Yy3=¢€, Yy o=mn, y_1 =p and yo = w.Then, forn =20, 1, ... we have

n—1 n—1
eI [(20) o~ 1 5 IL [(2) B — 1]
Tyn—3 = nlil s Tgp_o = =
antpm I{(20 4 1) ye — 1]

9

n—1
Bt T [(2i+1) 6y — 1]

n—1 n—1
AHLen 18 (20 4+ 1) ap — 1] §rtingn i (204 1) fw — 1]

Topn—1 = — » o Lan =
oz”,u”il:TO [(2¢ 4 2) ve — 1]

n—1 ’
oI [(20-+2) 69— 1)

And
n—1 n—1
o T [(20) ye — 1] pror I 1(24) oy — 1]
Yan-3 = n_zf v Y2 = "—Z; 7
e 1T (20 4 1) ap 1] S I (241 B =1
n—1 n—1
! '1:[0 (20 4+ 1) ye — 1] Brwntl '1:[0 (20 +1)on — 1]
y4n71 ey n—Zl_ R y4n — n_zl_ .
Amen '1:[0 [(22- + 2) QgL — 1] snpn '1:[0 [(2@ + 2) bw — 1]

Proof. For n = 0, our results hold. Next, let n > 1 and suppose that the relations hold for
n — 1. That is

n—2 n—2
7”*16”*1}:10 [(20) ap — 1] 5n7177n71i1:10 [(20) fw — 1]
Ton—7 = n—2 ’ Tan—6 = n=2 ’
a”’%niligo [(2i + 1) ve — 1] ﬁnﬂwniligo (24 1)on —1]
n—2 n—2
yre I [(2i+ 1) ap— 1] on I [+ 1) B — 1]
Tyn-5 = 1—n_2 v Tan—a = Z_'n,—2 )
a”’lﬂnilil;[o [(2i +2) ve — 1] 5n71wn71i1;[0 (2 +2)on —1]
And
n—2 n—2
o Lun I [(20) ye — 1] gr=twnt I [(24) on — 1]
Yan—7 = n—2 r Y6 = no? 7
e T (20 + 1) ape— 1] oty I [+ 1) o = 1]
n—2 n=—2
@ T (20 + 1) 7€ — 1 gt B @i+ ) on — 1]
Yan—5 = 5 v Yan = - '
An—len-1 '1;10 [(2i +2) ap — 1] gr—lyn-1 .1_10 (20 +2) Bw — 1]
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Now, it can be obviously observed from system (1) that

T o Lon—5Yan—17
in—3 —
Yan—5 (1 - $4n—5y4n—7)
n—2 n—2
yrer I [(2i1)ap—1] o~ 1un =t I [(2i)ye-1]
1= 1=

n—2 n—2
an—lyn-1 .HO [(2i+2)ye—1] yn—1len—2 ‘HO [(2i+1)au—1]
1= 1=
—2

n—2 n
[ men=t "I (264 opi1]  an=tum T [(20)ye1]

n—2
ar=tun 11 [(2i+1)ye—1]
=

n—2 n—2 n—2
yn—len—1 _HO[(2i+2)ay,—1] an—lyn—1 'HO [(2042)ye—1] y—1en—2 'HD [(2t+1)ap—1]
1= 1= 1=

n—2
7 TL[(2i)ye-1]
n727

_HO [(2t42)ve—1]
i=

n—2
[ e @ine) ]

n—2
an—lyn _HO [(2i41)ve—1]
i=

7”—16”—1j:ﬁ§[(2i+2)04u71] ji[j[(ZiJrQ)’yefl}

n—2 n—2
e [(20) ve — 1T 2+ 2) g 1
n—2

n—2 n—2
a1y T (204 1) 96 = 1] [T (24 2) 9 1] = eI (20 e 1

n—2 n—1
et I [(2i+2) ap —1] et I [(20) ap —1]
n—1 - n—1 ’
oty T (20 + 1) e 1] ar iy T [(20 4 1) ye 1]

Now, system (1) gives us that
Yan—5Tan—17

Yan—3 = 1
x4n75[ _y4n75x4n77]
n—2 n—2
a1 T (it )ye—1] 4 ten 1T [(20) 1]
1= 1=

n—2 n—2
yrotent I [(2i42)ap—1] an=2pn=t I [(2i+1)ye—1]
1= 1=

n—2 n—2
an—tpn I [2i+1)ye-1]  ynoten=t I [(2)ap—1]
i
v

n—2
yren—1 TI [(2i+1)ap—1]
i=0 i=
n—2 n—2
n—len—1 'HO [(2i4+2)ap—1] an—2pun—1 'HO [(2t41)ve—1]
1= 1=

n—2
an=tun=t I [(2i42)ye—1]
1=
n—2 .
ap L [(20)ap—1]

n—2
1 [(2i+2)ap—1]
=

n—2 n—2
Amen—1 igo [(2i+1)ap—1] auigo [(Qi)au—l]]
- =

—2
a1 T [(2i2)ye—1] T (2i+2)ap—1]
1= 1=

n—2 n—2
arp I{(20) ape — 1) 11 [(20 + 2) ye — 1]
n—2 n—2 n—2
ren VI (20 + 1) ap — 1] {HO (20 +2) ap = 1] = ap 11 [(20) app — 1]
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n—2 n—1
ap® I [(20 +2) ye — 1] ap® 11 [(22) ye =1

n—1 n—1 :
ye T (i Dap—1] eI (204 1) ap— 1)

Hence, the rest of the results can be similarly proved.

Tn—1Yn—3 y — Yn—1Tn—3
nfl(_l'i_wnflynf?)) ) 77,+1 xn71<_1+yn71xn73)

2.2 Second System z,,] = .

Our leading duty in this subsection is to determine the solutions of the following discrete
systems:

Tpn-1Yn-3 y o Yn—-1Tpn—-3 (2)
) n+l — .

Yn—1 <_1 + xn—lyn—3) - Tn-1 (_1 + yn—lxn—3)

The initial values of this system are arbitrary real numbers.

Tpy1 =

Theorem 2 Suppose that {x,,y,} is a solution to system (2) and assume that v_3 =
a, T 9=0,x1="7, g=90, y3=¢€ Yyo=1, y_1 = pp and yo = w.Then, forn =0, 1, ...
we have

AT 5
Lgnp— = no Tin—2 = no
T an i (ye— 1) T Breten (o — 1)
B ,yn—i-lGn (oz,u _ 1)" B 6n+177n (6(") _ 1)”
Ton—1 = non v Tan = n,n )
an Brw
And
am Brw™
Yan—3 = nen—1 my Y2 = ST no
et (ap — 1) ot (Bw — 1)
_ anun+1 (’76 _ 1)" B ann—i-l (577 _ 1)"
Yan—1 = non y o Yan = non .
e 0"

Proof. It is obvious that all solutions are satisfied for n = 0. Next, we suppose that n > 1
and assume that the solutions hold for n — 1. That is

o — ,yn—len—l o — 5n—1nn—l
n an—2un—1 (’}/E _ 1)n—17 n= ﬁn—2wn—1 (67] _ 1)”‘1’
e o= )M o (Bw = )"
Ton—5 = Ozn_lun_l s Ton—4 = Bn—lwn—l .
And
i anfllunfl s = anlwnfl
" ylen=2 (ap — 1)"_17 " on—lnn=2 (fw — 1)"_1’
oam (e )" e (o — 1)
Yan—5 = J—len—1 y o Yan—a = P .
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We now turn to illustrate the first result. System (2) leads to

Lon—5Y4n—7
Yan—s (—1 + Tan—5Yan—17)

,ynen—l(a'uil)n—l Oln_lun_l
an—lun—l 7n716n72(a’u71)”_1

Tan—3 =

an—lun(,ye,l)n—l 1+ ,ynen—l(au,l)n—l an—lyn—t
,yn—len—l Ozn_l,u,n_l ,yn—len—Q(aufl)n_l
n. n

Y€

an=pn (ve — 1) =14y o lut (e —1)

,yn en

Similarly, it is easy to see from system (2) that

Yan—5Tan—7
Tan—s5 (—1 + Yan—5Tan—7)

Oénilun(’ye—l)nil ,yn716n71
,ynflenfl an—2un—1(76_1)n71
nen—1(q—1 n—1 an—1lyn(~ye—1 n—1 n—1.,n—1
z nf(l Mnfl) _1 _|_ l:‘tf(lrynfl) n—2 77,,716 n—1
an=lp ynTle an=2pun=1(ye=1)

Yan—3 =

n,n

o’ B
yren—t (ap — 1 nt [—1+au] et (ap—1)

(X’nun

I

The remaining solutions of system (2) can be clearly justified in a similar technique. Thus,
the proof is complete.

3 _ Tn—1Yn—3 _ Yn—1Tn—3
2.3 Third SyStem Tnt1 = Yn—1(1—Tp_1Yn—3)’ Ynt1 = Tp—1(—14+Yn—1Tn—3)

The central point of this subsection is to resolve a system of fourth order rational recursive
equations given by the form:

Tn-1Yn— n—1Tn—
g1 = 1Yn—3 Yn—1 3 (3)

s Yn == ;
Yn-1 (1 — 2p_1Yn_3) T (=1 + Ypn_12n_3)

where the initial values are as described previously.

Theorem 3 Let {x,,y,} be a solution to system (3) and suppose that x_3 = o, T_o =
B, x_1 =7, x0=0, Yy3==¢€ Yy o=mn, y_1 = and yo = w. Then, forn =0, 1, ... we have
-1 n nen _1 ndn n
Tin-3 = n(—l ] v Tan—2 = n(—l R
a1 T {(2641) e — 1] frton T [(20+1) 8 — 1]

(CU" e ap = 1)t (1) (B — 1)

) in —

Y

Tan—1

n—1 n—1 ’
oz”u”il;lo (26 + 2) ye — 1] ﬁnw”il;lo (20 +2)6n —1]

And
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n—1 n—1
(~1)" "I [(20) e — 1] (~1)" 5w TL [(24) 6y — 1]
Yy = e ap— 1" T T T (Go — 1)
n—1 n—1
(~1)" a1 T (24 1) e — 1] (~1)" w1 T [(20 41) by — 1
Yan—1 = = s Yan = = .
,-)/nen 5n7]n

Proof. The results are true for n = 0. Next, we suppose that n > 1 and assume that the
relations hold for n — 1. That is

-1 n—1 n—len—l -1 n—1 6n—1 n—1
Lan-7 = ( 2_2 1 y Lan—6 = ( 2_2 L )
an-2un VI [(20 4+ 1) ye — 1] fr-2un 1T [(2i+ 1)9n — 1]
(D)t ap = 1) =Dyt (o =)
Tin—5 = n—o v Tan—a = n—2 )
an=1un VI [(2i 4+ 2) ye — 1] frtwn 1T ((2i+2)9n — 1)
And
n—2 n—2
(~1)" ar e T [(20) ye - 1] (~1)" gt T [(20) 6y - 1]
o T e -1 T T e (G — 1y
n—2 n—2
(=1)" " artpr (204 1) ve = 1] (=)™ Bt I [(2i+ 1) 61— 1]
Yan—s5 = f)/n—len—l ’ Yan—4 = 5n—1nn—1 :

Now, we establish the proofs of two relations. Firstly, system (3) gives us that

Tan—5Yan—1
Yan—s (1 — Tap—5Yan—7)

T4n—3

_1\yn—1 n—-1 n71n72 ; _
(_l)nfl,ynenfl(au_l)nfl( 1) 6] 1 Z_EO[(QZ)’YE 1}

n—2
an—lyn—1 _HO [(2t42)ve—1]
i=

T2 (ap—1)" ]

-2 n—2
_)rlgn=1,m"] ; _ _1\»—1lyn—1,n-1 A
R NG I I e i N 0 )

,yn—len—l ,yn—len—Q(au_l)nfl

n—2
an=tpn=t I [(2i42)ye—1]
=

n—2
7 T [(2i)ye-1]

nﬁj[(2i+2)'ye—1]

1=

(1) tan =ty T (204 1)re1] [1 - 76?12[02[(22')75—1}]

,ynfl enfl n—2 ]
'Ho [(26+2)ve—1]
i=
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n—2
(~1) "+ e T [(20) e - 1]

n—2 n—2 n—2
0ty T [(20+ 1)y — 1] | T [(26 +2)7e — 1] 7€ I [(26) e — 1
_ _ (_1)—"""1 ,ynen _ (_1)” ,ynen
n—1

- n—1 :
an=tpr I [(20+ 1) ye 1] an=ipn T{(20 4+ 1) ve — 1]

Next, it can be noticed from system (3) that

y _ Yan—5Tan—7
An—3 —
" Tan—5 (—1 + Yan—5Tan—7)
()"t T e (et
,yn—len—l n—2 ]
an=2un =1 TL (24 1)ye1]
()" e o) | g (‘1)"1“"1“?95 [1(2”1)76‘” (—1)nLyn—ten-1
n—2 n—len— n—2
an=1un =1 [(2i42)ye1] K an=2pun =1 T [(2i+1)ye1]
n—2 n—1
—n+l 0 n . n—1 n n .
(=)™ atpt I {(2i+2)ye— 1] = (=1)" a”p" I [(2i) ye — 1]
e lap— )" -1 +ap yrer ! (o — 1)"

n—1
(~1)" T [(20)7¢ — 1]
yrer—1 (ap —1)"

The proofs of the remaining relations can be likewise achieved. Therefore, they are omitted.

Tn—1Yn—3 y — Yn—1Tn—3
ynfl(_l""mnflynfS) ) n+1 xnfl(l_ynflxnf?;)

2.4 Fourth System z,,; =

Our fundamental task in this subsection is to develop fractional solutions to the system of
recursive equations given by the form:
Tn—1Yn—3 Yn—1Tn—3
y o Ynt1 = s 4
Yn—1 (_1 + xn—lyn—fi) * Tp—1 (1 - yn—lxn—S) ( )

Tn+1 =

where the initial conditions are required to be non-zero real numbers.

Theorem 4 Assume that {z,,y,} is a solution to system (4) and suppose that x_3 =
a, T_o = 67 1 =79, To = 67 Y3 = €6 Y2 =10, Y1 = [ and Yo = W. Th6n7 fOT
n=20, 1, ... we have

n—1 n—1
(=1)" e T [(20) ot — 1] (=1)" " 11 [(20) o — 1]
s = Ty L T e s )
n—1 n—1
(=1)" e T [(2i+1) o — 1 (—1)" 8 T [(20+ 1) o — 1)
Tan—1 = — y o Tap = — .
anun 6nwn
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—1 "an n -1 n n "
Yan—3 = ngl ) . v Yan—2 = n<,1 S8 ’
yren= I [(2i+ 1) ape — 1] g1 L [(2i +1) B — 1]
(=1)" "™ (ye = 1)" (=1)" grw™** (on — 1"
Yan—1 = p— v Y = n—1 '
yren T (20 +2) ape — 1] o T [(20+2) o — 1]

Proof. The relations hold for n = 0. Next, we let n > 1 and assume that the formulas hold
for n — 1. That is

n—2 n—2
(1) e T [(20) g — 1) (-1 T [(20) e — 1)
Tan— - — 5 Tyn—6 — n— 9
dn—7 a2 (ye — 1) 4n—6 Br=2un=1 (5 — 1)"
n—2 n—2
(-1 e T (204 Dap - 1 (—1y VT (204 1) B 1)
Tan—5 = Oén_llLLn_l » o Tan—4 = ﬁn—lwn—l ’
And
-1 n—1 an—l n—1 -1 n—1 n—lwn—l
Yan—7 = ( n>—2 a sy Yan—6 = ( n)—2 ﬁ ;
eI (204 1) ap - 1] g1 20+ 1) o — 1]
(1" ot (e =) (=" gt Gy — )"
Yan—5 = n—2 sy Yan—a = "o .
e (204 2) ap - 1) gt (20 +2) o — 1

We now turn to verify the proof of two relations. It can be obviously seen from system (4)
that

Lan—5Yan—7
Yan—s (—1 + Zan_5Yan—7)

n—1_n n—ln_2 :
(-1 ymen=t I (2 1o 1]

Tan—-3 =

(71)n—1an—l‘un—1

an—l n—1 n—2
" ynten=2 I [(2i+ ap—1]
i

n—2
(—1)”7106”71},6'"‘(’)/6—1)”71 (_1)n717n6n71ig0 [(21"_1)0‘“_1] (_1)"71*1067171“77,71

n—2 _1 + a”ﬂfl n—1 n—2
yrlent I [(2i+2)ap—1] a ynlen=2 T [(2i+1)ap—1]
n—2 n—1
(—1) 7 men (2 +2)ap—1] - (=) Anen I [(20) ap = 1]
B a1l (ve — )" =1+ ve] an~tyum (ve —1)"

(1) e T [(2) g — 1]

ar=tur (ye —1)"
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Further, it can be attained from system (4) that

Yan—5Tan—7
L4n—5 (1 - y4n—5x4n—7)

Yan—-3 =

n—2
(—1)”710477’71}1”(’)/6—1)’”71 (71)’”717”716”71 iEO [(21)&}1,71]

n—2 n—2,n—1 _1)”*1
n—1len—1 1T 2542 —1 « 12 ('75
yn=ten=1 T [(2i+2)ap—1]

—2 n—2
_1)n—1 7177. i _ _1\yn=1.n—1,n—-1 . _
(=) ymen Z.EO[(QZ-H)CW 1] 1_ (71)”_104"*1#"(75—1)”_1( DT n—len Z_E()[(Qz)cu,u, 1]
n—1,n—1 n—2 n—2,n—1(~re_1)"" 1L
o H ,\/nflenfl _HO[(Q’Z-&-Q)&M—I} « 14 (75 1)
i=

n—2 .
ap TL[(20)a—1]

Ej[(?i“)a“—ﬂ
(e U e an1) [ e [(Gan-1)
an=iun Tt jgj[(2i+2)aufl}

(~1) "y T [(20) ap — 1

7=

n—2 n—2 n—2
yren=U I (20 + 1) ap — 1] {1_10 (20 +2) ap = 1] — o 1T [(20) ape — 1]

(=1)"amp"

n—1 '
et {(2i 4 1) ap — 1]
Other results can be proved in a similar way. Thus, the remaining proofs are omitted.

2.5 Numerical Examples

This subsection aims to present graphical confirmations to the whole solutions obtained in
the previous subsections. Here, we plot the solutions (by using MATLAB software) under
specific selections of some initial conditions.

Example 1. This example shows the paths of the solutions of system (1). The initial
conditions of this example are given as follows: x_ 3 =3, v o =1, v_1 =5, x9 =2, y_3 =
1, y o =3, y_1 =5and yg=>5. See Figure 1.
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Plot of The First System

x(n),y(n)

Figure 1: The behaviour of the solution of system (1).

Example 2. In Figure 2, we illustrate the behaviour of the solution of system (2) under
the following selection of initial conditions: x_3 =34, x5 =07, z_1 =2, xg =3, y_3 =
1.5, y o =15, y_1 =0.5 and yo = 1.22.

Plot of The Second System
200 ‘ ‘

x(n)
y(n)

150r

100p

x(n),y(n)
Z

o
T

-100 ! ! ! !
0 10 20 30 40 50

n

Figure 2: The behaviour of the solution of system (2).

Example 3. Figure 3 illustrates the curves of the solutions of system (3) when we assume
that x_3 = 0.7, x_ o =21, x.1 =1, g = 0.5, y_3 = 0.1, y o = 0.2, y 1 = 2.2 and
Yo = 0.5.
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Plot of The Third System
300 ‘ ‘ ‘ :

x(n)
y(n)

2000r

Tadd

—-1000r

x(n),y(n)

—2000r

-300 ! ! ! ! ! !
0 10 20 30 40 50 60 70

Figure 3: The behaviour of the solution of system (3).

Example 4. The solutions of system (4) are depicted in Figure 4 under the following initial
data: v_3=0.2, x o =1, x_1 =03, 20=02, y3=3, yo=1, y 1 =2and gy, =0.3.

x 10'° Plot of The Fourth System

x(n)
y(n) |1

x(n).y(n)

10 20 30 40 50 60 70
n

Figure 4: The behaviour of the solution of system (4).
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The ELECTRE multi-attribute group decision making
method based on interval-valued intuitionistic fuzzy sets

Cheng-Fu Yang*
School of Mathematics and Statistics of Hexi University, Zhangye Gansu,734000, P. R. China

Abstract

In this paper, based on the ELECTRE method and new ranking for the interval-valued intuitionistic
fuzzy set (IVIFS), the IVIF ELECTRE method to solve multi-attribute group decision-making problems
with interval-valued intuitionistic fuzzy input data is proposed, it is extending the intuitionistic fuzzy set
(IF) ELECTRE method. This method firstly use AHP (Analytic hierarchy process) to find the weights
of attribute, and use new ranking method for IVIFS and similarity measure between IVIFS to determine
the weights of decision makers (DMs), then give the concordance set, midrange concordance set, weak
concordance set and cosponging discordance set, midrange discordance set, weak discordance set. From
this, the concordance matrix, discordance index, concordance dominance matrix and discordance domi-
nance matrix are proposed. Finally, the ranking order of all the alternatives A;(i = 1,2, ..., n) and the best
alternative are obtained. A numerical example is taken to illustrate the feasibility and practicability of the
proposed method.

Keywords: Interval-valued intuitionistic fuzzy sets; ELECTRE method; Multi-attribute group decision
making

1 Introduction

Since the multi-attribute decision making (MADM) was introduced in 1960's, it has been a hot topic
in decision making and systems engineering, and been proven as a useful tool due to its broad applications
in a number of practical problems. But in some real-life situations, a decision maker (DM) may not be
able to accurately express his/her preferences for alternatives due to that (1) the DM may not possess a
precise or sufficient level of knowledge of the problem; (2) the DM is unable to discriminate explicitly the
degree to which one alternative are better than others. In order to handle inexact and imprecise data, in
1965 Zadeh [38] introduced fuzzy set (FS) theory. In 1983 Atanassov [1,2] generalized FS to intuitionistic
fuzzy set (IFS) by using two characteristic functions to express the degree of membership and the degree of
non-membership of elements of the universal set. Since IFS tackled the drawback of the single membership
value in FS theory, IFS has been widely applied to the multi-attribute decision making (MADM) [4,7,8,10-
14,20,22,23,28] and multi-attribute group decision making (MAGDM) [18,19,21].

In 1989 Atanassov and Gargov [3] further generalized the IFS in the spirit of the ordinary interval-
valued fuzzy set (IVFS) and defined the concept of interval-valued intuitionistic fuzzy set (IVIFS), which
enhances greatly the representation ability of uncertainty than IFS. Similar to the IFS, IVIFSs were also

*Corresponding author Address: School of Mathematics and Statistics of Hexi University, Zhangye, Gansu,734000, P. R. China.
Tel.:-+86 0936 8280868; Fax:+86 0936 8282000. E-mail: ycfgszy @126.com (C.F.Yang).
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used in the problems of MADM [6,15-17,28,32] and MAGDM [29,31,33,34]. In these researches, some are
extension of classic decision making methods in IVIFS environment. For example, Li [15] developed the
closeness coeflicient-based nonlinear-programming method for interval-valued intuitionistic fuzzy MAD-
M with incomplete preference information, Li [16] proposed the TOPSIS-based nonlinear-programming
methodology for MADM with IVIFSs, Li [17] proposed the linear-programming method for MADM with
IVIFSs. These decision methods under interval-valued intuitionistic fuzzy environments also generalize the
classic decision making methods, such as TOPSIS and LINMAP. In [32], Wang et al. proposed a expect to
apply ELECTRE and PROMETHEE motheds to MADM and MAGDM with IVIFS.

In this paper, based on the new ranking method of interval in [27] and similarity measure of IVIFSs in
[35, 37], the IF ELECTRE [30] method is applied to MAGDM with IVIFS, and obtain IVIFS ELECTRE
method for solving MAGDM problems under IVIF environments.

This paper is organized as follows. Section 2 briefly reviews the analytic hierarchy process (AHP).
Section 3 and Section 4 introduce the new ranking method of intervals and similarity measure between
IVIFSs, respectively. Section 5 formulates an MAGDM problem in which the evaluation of alternatives
in each attribute is expressed by IVIF sets, and also develops an extended ELECTRE method. Section
6 demonstrates the feasibility and applicability of the proposed method by applying it to the MAGDM
problem of the air-condition. Finally, Section 7 presents the conclusions.

2 Analytic hierarchy process (AHP)

AHP was introduced for the first time in 1980 by Thomas L. Saaty [24]. For years, AHP has been used
in various fields such as social sciences, health planning and management. Many researchers have preferred
to use AHP to find the weights of attribute [25,26]. Due to the fact that attribute weights in the decision-
making problems are various, it is not correct to assign all of them as equalled [5]. To solve the problem
of indicating the weights, some methods like AHP, eigenvector, entropy analysis, and weighted least square
methods were used. For the calculation of attribute weight in AHP the following steps are used:

(1) Arrange the attribute in n X n square matrix form as rows and columns.

(i1) Using pairwise comparisons, the relative importance of one attribute over another can be expressed
as follow:

If two attribute have equal importance in pairwise comparison enter 1; if one of them is moderately more
important than the other enter 3 and for the other enter 1/3; if one of them is strongly more important enter 5
and for the other enter 1/5; if one of them is very strongly more important enter 7 and for the other enter 1/7,
and if one of them is extremely important enter 9 and for the other enter 1/9. 2, 4, 6 and 8 can be entered as
intermediate values. Thus, pairwise comparison matrix is obtained as a result of the pairwise comparisons.

Note that all elements in the comparison matrix are positive, in other words a;; > 0 (i, j = 1,2,...,n).
(a) To find the maximum eigenvalue A of the comparison matrix.
(b) Calculate consistency index CI = ﬁ%’l‘ and consistency ratio CR = %, where RI is the random

consistency index given by Saaty.(Table 1)

(c) If CR > 0.1, then adjusts elements a;; (i, j = 1,2,...,n) of the comparison matrix, (a) and (b)
choices are done iteratively until CR < 0.1.

(d) Compute eigenvector of the maximum eigenvalue of the comparison matrix.

(e) Normalized eigenvector.

Table1:Random consistency index RI.
n |1 2 3 4 5 6 7 8 9 10 11
RI|O0O O 058 09 112 124 132 141 145 149 151
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3 Ranking method for intervals

Let x = [a,b] C [0,1] and y = [c,d] C [0, 1] be two intervals. Since the location relations between
x = [a,b] and y = [c,d] include the following six cases, Wan and Dong [27] calculated the occurrence
probability for the fuzzy(or random) event x > y, denoted by P(x > y), under different cases.

Casel:a<b<c<d,
P(x>y) =0. (D

Case2:a<c<b<dora<c<b<d,

(b - c)?
Px>y)= ————. 2
(x=y) 20— ayd -0 2
Case3:a<c<d<bora<c<d<bora<c<d<b,
2b—d-c
Pxzy)=——. 3
(23 == 3)
Cased: c<a<b<dorc<a<b<d,
b+a-2c
Px>y)= ———. 4
(r2y) =5 )
CaseS:c<a<d<borc<a<d<hb,
2bd + 2ac — 2bc — a* — d?
P(x>y) = . 5
(x=y) 20— ayd -0 )
Case6: c<d<a<borc<a<b<d,
P(x>y)=1. (6)
In order to rank intervals @; = [a;,b;] (i = 1,2,...,n), Wang and Dong [27] construct the matrix of

possibility degree as P = (P;j)uxn, Where P;; = P(@; > a;) (i = 1,2,...,n;j = 1,2,...,n). Then, the
ranking vector w = (w1, Ws, ..., w,)" is derived as follows:

wiz(ZPij+g—1)/(n(n—1)) (i=1,2,--,n). 7
=1

J

The larger the value of w;, the bigger the corresponding intervals &; = [a;, b;]. In other words, for the
two intervals @; = [a;, b;] and a; = [a;, bj], if w; > wj, then [a;, b;] > [aj, b;].
4 Similarity measure between IVIFSs

Definition 1.[3] An IVIFS A in the universe set of discourse X is defined as

A = {{x, ua(x), va(x)) [x € X},

where p4(x) € [0, 1] and v4(x) € [0, 1] denote respectively the membership degree interval and the non-
membership degree interval of x to A,with the condition:
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suppa(x)+ supva(x) < 1,Vx € X.

Since IVIFS is composed of two ordered interval pairs, Xu [31,32] called them interval-valued intuition-
istic fuzzy numbers(IVIFNs) and simply denoted by G = ([a, b], [c, d]), where [a, b] C [0, 1], [¢,d] C [0, 1]
andb+d < 1.

Definition 2.[37] Let G; = ([a;, b;],[ci,d;i]) (i = 1,2) be two IVIFNs, the normalized Hamming distance
between G and G, can be defined as:

1
d(G1,Gy) = Z(|a1 —a| + by — byl + ey — ol + |dy — do| +

+

n — | + 7 = aY)), )
where nig, = [n},n/'] = [1 = b; —d;, 1 — a; — ¢;] (i = 1,2) is called the degree of indeterminacy or called the
degree of hesitancy of the IVIFN G;.

Definition 3.[35, 37] Let G; = ([a:, b;], [c;»d]) (i = 1,2) be two IVIENS, then

if Gy =Gy =G5,
otherwise

15
5(G1,Go) = { d(G1.G5) 9)

d(G1,G2)+d(G1.GY)’°

is called the degree of similarity between G| and G, where G5 = ([c2,d2], [az, b2]) is denoted as the
complement of G,.
Definition 4.[37] Let A and B be two IVIFSs in X, then

I g LS AGLE)
OB =5 010D =) TG ah v e O o

J=1 J=1

is called the degree of similarity between A and B , where G’? and Glf are j-th IVIFNs of A and B, respec-
tively. ' '
Definition 5.[6, 27] Let G; (i = 1,2, ...,n) be a collection of the IVIENs, where G; = ([a;, b;], [c;, d;]). If

% wiG;
Yy(G1,Ga, -+, Gy) = = , (11)

where w = (w1, W, ..., wy)T is the weight vector, then the function Y, is called the weighted average operator
for the IVIFNS. Particularly, if w; (j = 1,2,...,n) are crisp values, then the weighted average operator Y,,
is calculated as follows:

n n n n n
Zl w;G; Zl wja; Zl wijb; Zl wjc; Zl wjd;
J= J= J= J= J=
Yw(Gl7G27"',Gn) = n = n s n s n ) n . (12)
Z wj Z wj Z wj Z wj Z wj
=1 =1 =1 j=1 =1

S MAGDM problems and ELECTRE method with IVIFSs
5.1 Problems description for MAGDM with IVIFSs

Assume that there are m alternatives {A}, As, ..., A,,} and k experts {pi, p2, ..., px}, €ach alternative A;
has n attributes {a;,as, ..., a,}. For each alternative A;, each expert gives evaluation on different attribute.
4
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The multi-attribute group decision making (MAGDM) is choose the best one from all alternatives according
to these evaluations. Assume that G/, ;= [d] i b j] and GY; ;= [c! j,dlf j] are respectively the membership
degree and non-membership degree of alternative A; € A on an attribute a; given by DM p; to the fuzzy
concept “excellent”. In other words, the evaluation of A; on a; given by p; is an IVIFN as follows:

G;j = (Gimj’ G;Vij)’ a3

where [aﬁj, bﬁj] c[0,1], [cﬁj,dfj] C [0,1] and b§j + dfj <1(d<i<ml<j<nl<t<k).

5.2 Determination of the weights of DMs

Since the different DMs play different roles during the process of decision making, thus the importance
of DMs should be taken into consideration. The weight vector of DMs is denoted by z = (z1,22,...,2)" .
In the following, an approach determined the weights of DMs is given.

Suppose that the evaluation of alternative A; given by DM p, on each attribute are respectively the
IVIFNs G!,, G, ...,G!,. By Eq.(12), the individual overall attribute value of A; given by p; is obtained as
follows:

E! = ([d}, b}, [c},d}]) = Yu(GL. Gy, -+ G, (14)

where w = (w1, ws, ..., w,)T is the weight vector of attributes.
Let E' = (E|,E),...,E})and E" = (E{,E}, ..., E},) are evaluation vectors of all alternatives given by
DMs p, and p,, respectively. Using Egs.(8-10), the similarity degree s,, between E’ and E* is obtained, and
the similarity matrix S is constructed as follows:

S = (St (as)

Obviously, S is a non-negative symmetric matrix, by the Perron-Frobenius theorem [12], there exists
the maximum module eigenvalue A > 0, and the corresponding eigenvector x = (x1, x2,..., x)T satisfies
thatx, >0 (r=1,2,...,k) and Ax = Sx.

Let z = Ax = Sx, then each component of z is the weight of corresponding expert. The normalized
vector z, the weight z, (r = 1,2,...,k) of DM p, is obtained as follows:

(x1+xz+~~+xk)

% t=1,2,---,k). (16)

5.3 ELECTRE methods based on IVIFS

Based on the idea of ELECTRE method, a new approach, named as IVIF ELECTRE, is formulated to
solve a MCDM problem under interval-valued intuitionistic fuzzy environment. For each pair of alternatives

kand [ (k,] = 1,2,...,m and k # [), each attribute in the different alternatives can be divided into two
distinct subsets. The concordance set Ey; of A, and A; is composed of all attribute for which Ay, is preferred
to A;. In other words, Ey; = {jlxx; > x;;}, where J = {jlj = 1,2,...,n}, xx; and x;; denoted the evaluation

of DM in the jth attribute to alternative Ay and A;, respectively. The complementary subset, which is the
discordance set, is Fy; = {jlxx; < x;;}. In the proposed IVIF ELECTRE method, we can classify different
types of concordance and discordance sets using the concepts of score function, accuracy function and
hesitation degree, and use concordance and discordance sets to construct concordance and discordance
matrices, respectively. The decision makers can choose the best alternative using the concepts of positive
and negative ideal points.
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Xu [31] and Xu and Chen [36] defined the score function S (G) and accuracy function H(G) for an
IVIEN G=([a,b],[c,d]) as follows:

SG)=a+b-c-d), (17)

H(G) = Ya+b+c+d). (18)
Here, we define the hesitation degree for an IVIFN G=([a,b],[c,d]) as follows:

mG)=1-%@+b+c+d). (19)

From (18) and (19), easy to see that a higher accuracy degree H(G) correlates with a lower hesitancy
degree n(G).

Considering the better alternative has the higher score degree or higher accuracy degree in cases where
alternatives have the same score degree. A higher score degree refers to a larger membership degree or
smaller non-membership degree, and a higher accuracy degree refers to a smaller hesitation degree. Based
on this, using the above three functions to compare IVIF values of different alternatives. The concordance
set can be classified as concordance set, midrange concordance set and weak concordance set. Similarly,
The discordance sets can also be classified as the discordance set, midrange discordance set, and weak
discordance set.

Next, the concordance set, midrange concordance set, weak concordance set, discordance set, midrange
discordance set, weak discordance set are defined respectively as follows.

Let Gi; = ([axj, bx;l, [cxj» dij)) and Gi; = ([aij, byjl, [cij, di;]) denote the jth attribute value of alternative
Ay and Ay, respectively. The concordance set Cy; is composed of all attribute for which A; is preferred to
Al,i.e.,

Cu = {jllaxj, bij) = laij, bijl, [exjs dil < lerj, dij] and (7, 7] < [ mgilh, (20)

where J = {j|j=1,2,...,n}.
The midrange concordance set Cy, is defined as

Cyy = Ullawj, bijl = lauj, bij, [exjs dij] < [eij, di] and [my ;7] > [, ] (21)

The major difference between (20) and (21) is the hesitancy degree; the hesitancy degree at the kth
alternative with respect to the jth attribute is higher than the /th alternative with respect to the jth attribute
in the midrange concordance set. Thus, Eq. (20) is more concordant than (21).

The weak concordance set C7; is defined as

Cy = Ullakj, bl = [aij, bijl and [ckj, dij] = [cij, dijl). (22)

The degree of non-membership at the kth alternative with respect to the jth attribute is higher than the Ith
alternative with respect to the jth attribute in the weak concordance set; thus, Eq. (21) is more concordant
than (22).

The discordance set is composed of all attribute for which Ay, is not preferred to A;. The discordance set
Dy, is formulated as follows:

Dy = {jllaxj, bi;] < laij, bijl, [exjs dij] = [eij, di) and (7, ;) = [mg; 1) (23)
The midrange discordance set D;, is defined as

Dy = {jllaj, bij) < laj, bijl, [exjs dijl = [y, dij] and [my;, m] < [, 7071 (24)
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The weak discordance set D,’(’l is defined as
DY = {jllax, bxjl < [ai, bij] and [ckj, dij] < [cij, dijl)- (25)

The IVIF ELECTRE method is an integrated IVIFS and ELECTRE method. The relative value of the
concordance set of the IVIF ELECTRE method is measured through the concordance index. The concor-
dance index ej; between Ay and A; is defined as:

en = ?eliCI}{WC* X d(Gyj, G}, (26)

where d(Gy;, Gy;) is defined in (8), denoted the distance between jth attribute of alternatives Ay and A;, and
we- 1s equal to we, wer or wer, which denoted the weight of the concordance, midrange concordance, and
weak concordance sets, respectively.

The concordance matrix E is defined as follows:

- ey - e eim
€21 - €23 e €2m
E = e — , 27)
€m-n1 - €(m-1)m
€ml €m2 tt €m(m-1) -

where the maximum value of ¢, is denoted by e*, which is the positive ideal point, and a higher value of ey,
indicates that Ay is preferred to A;.
the discordance index is defined as follows:

ha = max{wp. X d(Gy;, Gij)}, (28)
jeD*

where d(Gy;, Gy;) is defined in (8), denoted the distance between jth attribute of alternatives Ay and A;, and
wp- is equal to wp, wp or wp~, which denoted the weight of the discordance, midrange discordance, and
weak discordance sets, respectively.

The discordance matrix H is defined as follows:

_ hyy - ... .
ha1 - hax e hom
H= el = , (29)
han-tyn = e - hn-1ym
hml hmZ e hm(m—l) -

where the maximum value of Ay, is denoted by A*, which is the negative ideal point, and a higher value of
Hj; indicates that Ay is less favorable than A;.

The concordance dominance matrix calculation process is based on the concept that the chosen alter-
native should have the shortest distance from the positive ideal solution, thus, the concordance dominance
matrix K is defined as follows:

_ kiy oo e Kim
kay - ks - kom
K = e = i (30)
Knotyi - e _ Km—1ym
kml ka Tt km(m—l) -
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where ki = e* — ey, which refers to the separation of each alternative from the positive ideal solution. A
higher value of ki, indicates that Ay, is less favorable than A;.

The discordance dominance matrix calculation process is based on the concept that the chosen alter-
native should have the farthest distance from the negative ideal solution, thus, the discordance dominance
matrix L is defined as follows:

_ Ly o e Lim
Iy - ls - lam
L= ... ... _ o (31)
lon—1y1 =+ - - Lon=1ym
R % S -

where li; = h* — hy, which refers to the separation of each alternative from the negative ideal solution. A
higher value of /i; indicates that Ay, is preferred to A;.

In the aggregate dominance matrix determining process, the distance of each alternative to both positive
and negative ideal points can be calculated to determine the ranking order of all alternatives. The aggregate
dominance matrix R is defined as follows:

— VIR T'tm
21 - I3 Fam
R= e - , (32)
Tm-1)1 o Tt - Yim—-1)m
m1 'm2  *° TmGn-1) -

where
_
ki + Ly’

Tkl

ry refers to the relative closeness to the ideal solution, with a range from O to 1. A higher value of ry
indicates that the alternative A; is simultaneously closer to the positive ideal point and farther from the
negative ideal point than the alternative A;, thus, it is a better alternative.

LetTy=-% % rg k=1,2-.m, (33)
I=1,l#k

and T is the final value of evaluation. All alternatives can be ranked according to T,. The best alternative
T*, which is simultaneously the shortest distance to the positive ideal point and the farthest distance from
the negative ideal point, can be generated and defined as follows:

T* = max {T;}, (34)

1<k<m

where A* is the best alternative.

5.4 Group decision making method

In the following we shall utilize the AHP and interval-valued intuitionistic fuzzy weighted average op-
erator Y (i.e. Eq. (12)) to propose a new MAGDM method with IVIFN information. The detailed steps are
summarized as follows:

Step 1. DMs use IVIFSs to represent the evaluation information in the each attribute of alternatives;
Step 2. Use AHP to calculate the weight of attribute;

Step 3. Calculate the individual overall attribute value of each alternative by Eq.(14);

Step 4. Obtain the similarity matrix of the DMs according to Eq.(10);
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Step 5. Derive the weight value of each DM from Eq.(16);

Step 6. Using the weight of DM to integrate the same attribute value of different DMs of each alternative in
terms of Eq.(14);

Step 7. By the possibility degree ranking method for intervals in Section 3, calculate the ranking vector of
the membership degree interval, the non-membership degree interval and the hesitancy degree interval of
between the difference alternatives on each attribute, respectively.

Step 8. Obtain the concordance, midrange concordance, weak concordance, discordance, midrange discor-
dance and weak discordance set according to Eqs.(20)-(25), respectively;

Step 9. Compute the concordance matrix, discordance matrix, concordance dominance matrix, discordance
dominance matrix and aggregate dominance matrix in terms of Eqs.(26)-(32);

Step 10. Obtain the ranking order of all alternatives and the best alternative according to Eqs.(33)-(34).

6 Numerical example

In this section, we use the air-condition system selection problem given by [27] to verify the feasibility
of the proposed method. The problem is described as follows:

Suppose there exist three air-condition systems {A;, A,, A}, four attributes a; (economical), a,(function),
asz(being operative) and a4(longevity) are taken into consideration in the selection problem. Three expert-
s (DMs) {p1, p2, p3} participate in the decision making. The membership degrees and non-membership
degrees for the alternative A; on the attribute a; given by expert p; were listed in Tables 2 — 4.

Table 2: IVIFNs given by the expert p.

Attribute A Ar Aj
aj ([0.4,0.8],[0.0,0.1])  ([0.5,0.71,[0.1,0.2])  ([0.5,0.7],[0.2, 0.3])
a ([0.3,0.6],[0.0,0.2])  ([0.3,0.5],[0.2,0.4])  ([0.6,0.8],[0.1, 0.2])
a3 ([0.2,0.71,[0.2,0.3])  ([0.4,0.71,[0.0,0.2])  ([0.4, 0.7],[0.1, 0.2])
N ([0.3,0.4],[0.4,0.5]) ([0.1,0.2],[0.7,0.8])  ([0.6, 0.8],[0.0, 0.2])
Table 3: IVIFNs given by the expert p;.
Attribute Ay Ap A3
ap ([0.5,0.91,[0.0,0.1])  ([0.7,0.8],[0.1,0.2])  ([0.5,0.6], [0.1, 0.4])
a ([0.4,0.5],[0.3,0.5]) ([0.5,0.6],[0.2,0.3]) ([0.6,0.7],[0.1, 0.2])
a3 ([0.5,0.8],[0.0,0.1])  ([0.5,0.8],[0.0,0.2])  ([0.4,0.8],[0.1,0.2])
as ([0.4,0.7],[0.1,0.2]) ~ ([0.5,0.6],[0.3,0.4]) ([0.2,0.6],[0.2,0.3])
Table 4: IVIFNs given by the expert p3.
Attribute A Ap A3
ap ([0.3,0.9],[0.0,0.1])  ([0.3,0.8],[0.1,0.2])  ([0.2,0.6], [0.1, 0.2])
ap ([0.2,0.5],[0.1,04])  ([0.5,0.6],[0.1,0.3]) ([0.2,0.6],[0.2,0.3])
a3 ([0.4,0.7],[0.1,0.2])  ([0.2,0.8],[0.0,0.2])  ([0.3,0.6],[0.1, 0.3])
as ([0.3,0.6],[0.3,04]) ([0.3,0.5],[0.2,0.3]) ([0.4,0.7],[0.1,0.2])

In the following, we will illustrate the decision making process.
(1) Calculation of weights of attributes

In order to find the weights of attributes, A commission, which is organized by sampling method,
determined the importance of attribute by using AHP. A 4 X 4 size matrix is formed because 4 attribute are
considered in this study. All the diagonal elements of the matrix will be 1, the elements of symmetrical
position with respect to the diagonal are reciprocal, in other words, if @;; is ith row and jth column element
of matrix, then its symmetrical position is filled using a; = 1/a;; formula.
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The comparison matrix W is obtained as follows:

B LORI= =
AN W =N
DY b=t L]0 —
Pt 0 =N = | =

By computing the eigenvalues and the eigenvectors of W, we obtained that the maximum eigenvalue
of W was 4.0875, the corresponding eigenvector was w = (0.1905,0.1230, 0.4046, 0.8849)7, consistency
index C1=0.0292 and consistency ratio CR = 0.0324 < 0.1.

Normalized eigenvectors, the four attributes weights are obtained as follows:
wy = 0.1213, wy = 0.0765, w3 = 0.2517, w4 = 0.5505.

(2) Calculate the individual overall attribute value of each alternative
By Eq.(14), the individual overall attribute value of each alternative can be obtained as in Table 5.

Table 5: The individual overall attribute values of the alternatives for weight vector of attributes.
Ef Aj Ay Az
p1 ([0.2870,0.5393],[0.2705,0.3782])  ([0.2393,0.4095],[0.4128,0.5456])  ([0.5375,0.7627],[0.0571,0.2121])
p>  ([0.4373,0.7341],[0.0780,0.1857])  ([0.5242,0.6746],[0.1926,0.3178])  ([0.3173,0.65801,[0.1551,0.2793])
p3  ([0.3175,0.6539],[0.1980,0.3133])  ([0.2901,0.6196],[0.1299,0.2627])  ([0.3353,0.6551],[0.1077,0.2328])

(3) Calculation of the similarity matrix and the weight vector of DMs
The similarity matrix for the DMs is constructed by Eq.(10) as follows:

1 0.5415 0.6059
S =1 0.5415 1 0.7577
0.6059 0.7577 1

Because the maximum eigenvalue of S is 2.2746, the corresponding eigenvector is x = (0.5373,0.5878, 0.6048)7,
the expert’s weights are obtained from Eq.(16) as follows: z; = 0.3106, z, = 0.3398, z3 = 0.3496.
(4) Integrate the attribute value of different DMs

By Eq.(14), the attribute value of different DMs are respectively integrated as in Table 6.

Table 6: The attribute value of different DMs in the different alternatives and different attributes.

Aq Ay Az
ai ([0.3990,0.86891,[0,0.11) ([0.4980,0.76891,[0.1,0.2]) ([0.3951,0.63111,[0.1311,0.2990])
a,  ([0.2990,0.5311],[0.1369,0.3719])  ([0.4379,0.5689],[0.1650,0.3311])  ([0.4602,0.6961],[0.1350,0.2350])
a3 ([0.3719,0.7340],[0.0971,0.1971]) ([0.3641,0.76891,[0,0.2]) ([0.3650,0.69901,[0.1,0.23501)

as  ([0.3340,0.5719],[0.2631,0.3631])  ([0.3058,0.4408],[0.3893,0.4893])  ([0.3942,0.6971],[0.1029,0.2340])

(5) Calculate the ranking vector

The ranking vector of the membership degree interval, the non-membership degree interval and the
hesitancy degree interval of between the difference alternatives on each attribute is calculated by Eqs.(1-7),
respectively, as in Table 7.

10
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Table 7: The attribute value of different DMs in the different alternatives and different attributes.

membership degree interval | non-membership degree interval | hesitancy degree interval
Ay Ay Ay Ar Ay Ar
0.5006 0.4994 0.25 0.75 0.5873 0.4127
a A Az Ay A3 Al A3
0.6286 0.3714 0.25 0.75 0.5388 0.4612
Ar Az Ay Az Ay Az
0.6808 0.3192 0.3207 0.6793 0.4341 0.5659
Aj A Ay A Al A
0.3214 0.6786 0.5135 0.4865 0.5878 0.4122
@ A Az A Az A Az
0.27295 0.72705 0.6477 0.3523 0.59905 | 0.40095
Ar Az Ay A3 Ar A3
0.34565 0.65435 0.6764 0.3236 0.5173 0.4827
Ay Ay Aq Ay Aq Ay
0.48325 0.51675 0.6177 0.3823 0.4723 0.5277
a Al Az A A3z Aj A3z
0.52875 0.47125 0.4246 0.5754 0.4995 0.5005
A A3z Ay A3 Ay A3
0.54255 0.45745 0.3426 0.6574 0.5273 0.4727
Aq Ar Ay Az Al Az
0.66115 0.33885 0.25 0.75 0.56895 | 0.43105
a A Az A Az A Az
0.35955 0.64045 0.75 0.25 0.44015 | 0.55985
As Az Ay Az Ay Az
0.2633 0.7367 0.75 0.25 0.365 0.635

(6) Determine the concordance, midrange concordance, weak concordance, discordance, midrange discor-
dance and weak discordance set

Applying Eqgs.(20-25) and Table 7, the concordance, midrange concordance, weak concordance, discor-
dance, midrange discordance and weak discordance set is calculated, respectively, as follows:

- -3 - 1,4 1
c=|2 - 1|, =3 - 3| c=
2 2 - 4 4 -
- 2 2 - 3 4
p=|- - 2|, =14 - 4|, D=
301 - 1 3 -

For example, cy3 = {3}, which is in the 1st (horizontal) row and the 3rd (vertical) column of the concordance
set, is ’3.” ¢ = {-}, which is in the Ist row and 2nd column of the concordance set, is “empty,” and so
forth.
(7) Compute the concordance matrix, discordance matrix, concordance dominance matrix, discordance
dominance matrix and aggregate dominance matrix

We give the relative weights as: [w¢, wer, Wer, Wp, Wp, wpr] = [1, %, %, 1, %, %]. By Eqgs.(26)-(32), the
concordance matrix, discordance matrix, concordance dominance matrix, discordance dominance matrix
and aggregate dominance matrix are obtained, respectively, as follows:

- 0.08575 0.02235 - 0.1039 0.16309
E =] 0.04759 - 0.05697 |, H=| 0.09967 - 0.18088 |,
0.09643 0.07862 - 0.12298 0.1204 -
- 0.01068 0.07408 - 0.07698 0.01779
K =| 0.04884 - 0.03946 |, L=| 0.08121 - 0
0 0.01781 - 0.0579  0.06048 -
11
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- 0.8782 0.1936

R =] 0.6246 - 0
1 0.7725 -
(8) Compute the ranking order of all alternatives and obtain the best alternative
Applying Eq.(33),
0.5359
T=| 03123
0.88625

The optimal ranking order of alternatives is given by A3 > A; > A,. The best alternative is A;. The
ranking order given by [27] is identical. The best air-condition system is A3.
This example shows the effectiveness of the ranking method proposed in this paper.

7 Conclusion

Regarding the MAGDM problem, the IVIF theory provides a useful and convenient way to reflect the
ambiguous nature of subjective judgments and assessments. In this paper, firstly, using the normalized
Hamming distance between IVIFS to construct similarity matrix and obtain the wights of DMs. Then,
using possibility degree of IVIF to calculate the ranking vector. Based on this, the concordance and dis-
cordance sets, concordance and discordance matrices etc. are obtained. Finally, by computing the ranking
order of all alternatives, decision makers can choose the best alternative, the example verify the correctness
of the method.
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The interior and closure of fuzzy topologies induced by the
generalized fuzzy approximation spaces

Cheng-Fu Yang*
School of Mathematics and Statistics of Hexi University, Zhangye Gansu,734000, P. R. China

Abstract

With respect to the Alexandrov fuzzy topologies induced by the generalized fuzzy approximation
spaces, Wang defined interior of fuzzy set. In this paper, we give the closure of fuzzy set and discuss
some properties of the interior and closure.

Keywords: Alexandrov fuzzy topology; the generalized fuzzy approximation spaces; interior; closure;
properties

1 Introduction

In his classical paper [36], Zadeh introduced the notation of fuzzy sets and fuzzy set operation. Subse-
quently, Chang [2] applied some basic concepts from general topology to fuzzy sets and developed a theory
of fuzzy topological spaces. Pu etc.[18] defined a fuzzy point which took a crisp singleton, equivalently, an
ordinary point, as a special case and gave the concepts of interior and closure operator w.r.t. fuzzy topology.
Later, Lai and Zhang [11] modified the second axiom in Chang’s definition of fuzzy topology to define an
Alexandrov fuzzy topology.

The concept of Rough sets were introduced by Z. Pawlak [19] in 1982 as an powerful mathematical
tool for uncertain data while modeling the problems in many fields [17,20,27]. Because the rough sets
defined with equivalence relations limited the application of it. Thus many authors changed the equivalence
relations into different binary relations to expand the application of it [23,35,37,38]. In recent years, the
rough sets has been combined with some mathematical theories such as algebra and topology [1,5,6,8,10,
14, 16, 21, 25, 26, 28, 29]. With respect to different binary relations, the topological properties of rough
sets were further investigated in [7,14,33,34].

In 1990, Dubois and Prade [3] combining fuzzy sets and rough sets proposed rough fuzzy sets and fuzzy
rough sets. Afterward Morsi and Yakout [15] investigated fuzzy rough sets defined with left-continuous t-
norms and R-implicators with respect to fuzzy similarity relations. Radzikowska and Kerre [24] defined
a broad family of fuzzy rough sets based on t-norms and fuzzy implicators, which are called generalized
fuzzy rough sets here. In recent years, the topological properties of fuzzy rough sets were further studied
in many literatures [4,9,12,13,22]. Recently, with respect to the lower fuzzy rough approximation operator
determined by a fuzzy implicator, Wang [30] studied various fuzzy topologies induced by different fuzzy
relations and proved that /-lower fuzzy rough approximation operators were the interior operator w.r.t. some
Alexandrov fuzzy topology.

*Corresponding author Address: School of Mathematics and Statistics of Hexi University, Zhangye, Gansu,734000, P. R. China.
E-mail: ycfgszy @126.com
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In this paper, we give closure operator w.r.t. some Alexandrov fuzzy topology given by Wang in [30].
Combined with the definition of Wang’s interior, discuss some properties of the interior and closure of fuzzy
set.

2 Preliminary

Definition 2.1.[36] A fuzzy set A in X is a set of ordered pairs:
A ={(x,A(x)) : x € X}

where A(x) : X — [0, 1] is a mapping and A(x) states the grade of belongness of x in A. The family of all
fuzzy sets in X is denoted by .7 (X).
Let a € [0, 1], then a fuzzy set A € .#(X) is a constant, while A(x) = « for all x € X, denoted as ay.

Deflnition 2.2.[36] Let A, B be two fuzzy sets of % (X)

(1) A is contained in B if and only if A(x) < B(x) for every x € X.

(2) The union of A and B is a fuzzy set C, denoted by A U B = C, whose membership function C(x) =
A(x) V B(x) for every x € X.

(3) The intersection of A and B is a fuzzy set C, denoted by A N B = C, whose membership function
C(x) = A(x) A B(x) for every x € X.

(4) The complement of A is a fuzzy set, denoted by A°, whose membership function A°(x) = 1 — A(x) for
every x € X.

A binary operation T : [0, 1] x [0, 1] — [0, 1] (resp. S : [0, 1] X [0, 1] — [0, 1]) is called a t-norm (resp.
t-conorm) on [0, 1] if it is commutative, associative, increasing in each argument and has a unit element 1
(resp. 0).

A mapping [ : [0, 1] x [0, 1] — [0, 1] is called a fuzzy implicator on [0, 1] if it satisfies the boundary
conditions according to the Boolean implicator, and is decreasing in the first argument and increasing in the
second argument.

Definition 2.3.[30] A fuzzy implicator / is said to satisfy

(1) the left neutrality property ((NP), for short), if I(1,b) = b for all b € [0, 1];

(2) the confinement principle ((CP), for short), if I(a,b) =1 & a < b, for all a,b € [0, 1];

(3) the regular property ((RP), for short), if N; is an involutive negation, where N; is defined as N;(a) =
I(a,0) foralla € [0, 1].

Definition 2.4. [11] A subset 7 C .% (X) is called an Alexandrov fuzzy topology if it satisfies:
(D) axy e tforall a € [0, 1],
(2) NeaA; € Tforall {A;}iea C 7,
(3) UjeaA; € Tfor all {A;}ien C 7.

Every member of 7 is called a 7-open fuzzy set. A fuzzy set is 7-closed if and only if its complement
is T-open. In the sequel, when no confusion is likely to arise, we shall call a 7-open (7-closed) fuzzy set
simply an open (closed) set.

Definition 2.5. [18,31]. Let 7 C .%(X) be a fuzzy topology. Then the interior of A € .7 (X) w.r.t. fuzzy
topology 7 denoted as A is defined as follows:

A° = U{B € 1|B C A).

384 Cheng-Fu Yang 383-389



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

The operator A is called an interior operator w.r.t. fuzzy topology 7.
According to definition of the fuzzy topology, obviously A is an open set.

Definition 2.6. [18]. Let 7 C .7 (X) be a fuzzy topology. Then the closure of A € F(X) w.rt. fuzzy

topology 7 denoted as A is defined as follows:
A=N{BB2A,B e}

The operator A is called a closure operator w.r.t. fuzzy topology . _
According to De Morgan’s Law and definition of the fuzzy topology, A is a closed set.

3 Fuzzy topologies induced by the generalized fuzzy approximation
spaces

A fuzzy set R € #(X x Y) is called a fuzzy relation from X to Y. If X = Y, then R is a fuzzy relation on
X. For every fuzzy relation R on X, a fuzzy relation R7!is defined as R™!(x, y) = R(y, x) for all x,y € X. Let
R be a fuzzy relation from X to Y . Then the triple (X, ¥, R) is called a fuzzy approximation space. When
X =Y and R is a fuzzy relation on X, we also call (X, R) a fuzzy approximation space.

Definition 3.1.[30]. Let R be a fuzzy relation on X. Then R is said to be
(1) reflexive if R(x, x) = 1 for all x € X
(2) symmetric if R(x,y) = R(y, x) for all x,y € X
(3) T-transitive if T(R(x,y), R(y,z)) < R(x,z) for all x,y,z € X.

If T = A, then T-transitive is said to be transitive for short. A fuzzy relation R is called a fuzzy tolerance
if it is reflexive and symmetric, and a fuzzy T-preorder if it is reflexive and 7-transitive. Similarly, a fuzzy
relation R is called a fuzzy preorder if it is reflexive and transitive.

Definition 3.2.[24,30,32]. Let (X, Y,R) be a fuzzy approximation space. Then the following mappings
R, R: #(Y) —» %(X) are defined as follows: for all A € .#(Y) and x € X,

RA) = A IR(x.y).AY) and RAX) = v, T(Rx.y). AD).

The mappings R and R are called /—lower and T —upper fuzzy rough approximation operators, respectively.
The pair (R(A), R(A)) is called a generalized fuzzy rough set of A w.r.t. (X, ¥, R). Also known as generalized
fuzzy approximation spaces.
Let R be a fuzzy relation on X. Then a fuzzy set A € #(X) is said to be
(1) I-lower definable w.r.t. fuzzy relation R if R(A) = A; the family of all / — lower definable fuzzy sets
w.r.t. R is denoted as Z;(R).
(2) T-upper definable w.r.t. fuzzy relation R if R(A) = A; the family of all T — upper definable fuzzy sets
w.r.t. R is denoted as Z7(R).

Proposition 3.3.[30]. Let (X, R) be a fuzzy approximation space and R be reflexive. Then
(1)Z;(R) is an Alexandrov fuzzy topology, if I satisfies (NP).
(2)Zr(R) is an Alexandrov fuzzy topology.

Let (X, R) be a fuzzy approximation space. In [30] Wang defined

Z1(R) = (RA)|A € Z (X)) and Zr(R) = (R(A)|A € F(X)).
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To discuss the properties of generalized fuzzy rough sets, Radzikowska and Kerre [19] introduced the
following auxiliary conditions: for a fuzzy implicator I and a t-norm 7',
(C1) Ka, I(b,c)) = I(T(a,b),c) for all a, b, c € [0, 1],
(C2) I(a,I(b,c)) = I(T(a,b),c) for all a, b, c € [0, 1],
(C3) I(a, I(b,c)) < I(T(a,b),c) forall a, b, c € [0, 1].
If (C1) (resp. (C2), (C3)) holds for I and T , then we say that [ satisfies (C1) (resp. (C2), (C3)) for T.

Proposition 3.4.[30]. Let (X, R) be a fuzzy approximation space and R be a fuzzy T-preorder. Then
(1) Z;(R) is an Alexandrov fuzzy topology and Z;(R) = Z;(R), if I satisfies (NP) and (C2) for T.
(2) Z71(R) is an Alexandrov fuzzy topology and Zr(R) = 27r(R).
The above Z/(R), 2r(R), Z;(R) and Zr(R) are called fuzzy topologies induced by the generalized
fuzzy approximation spaces.

4 The interior and closure of fuzzy set

Proposition 4.1.[30]. Let R be a fuzzy T-preorder on X, and [ satisfy (NP) and (C2) for 7. Then R is
the interior operator w.r.t. Alexandrov fuzzy topology Z;(R).

Proposition 4.2. Let R be a fuzzy T-preorder on X, and [ satisfy (NP) and (C2) for 7. Then A is an
open set w.r.t. Alexandrov fuzzy topology Z;(R) iff R(A) = A° = A.

Proof. Suppose A is an open set w.r.t. Alexandrov fuzzy topology Z;(R), again A C A, due to defini-
tion of A?, A C A?. On the other hand,

VxeX, RA)(x) = /\X I(R(x,y),A(y)) < I(R(x, x), A(x)) = I(1,A(x)) = A(x).
ye

This means R(A) = A° € A. Thus R(A) = A° = A.
Conversely, suppose R(A) = A = A, A° is an open set, thus A is an open set.

Proposition 4.3. Let R be a fuzzy T-preorder on X, and [ satisfy (NP) and (C2) for T. Then for any
A € Z(x), [R(A9)] is the closure operator w.r.t. Alexandrov fuzzy topology Z;(R).
Proof. For any A € .Zx), since R(A°) is an open set, thus (R(A¢))‘ is a closed set. Again

VxeX, RAYx) = A IR y), AD))< IR(x, ), A%(x) = I(1, A°(x)) = A°(),

this means (R(A))° 2 A.
On the other hand, for any A € B € #x) and B € Z;(R). By Proposition 4.2, R(B°) = B¢, and

VxeX, RA®) = AIRXxY),AO)2 A IR x), B(x) = R(B)(x).

We obtain R(A) 2 R(B°) = B¢. This means (R(A“))° C B. By Definition of the closure, for any A € %),
[R(A°)]° is the closure operator w.r.t. Alexandrov fuzzy topology Z;(R) i.e. [R(A)] = A.

Proposition 4.4. Let R be a fuzzy T-preorder on X, and [ satisfy (NP) and (C2) for 7. Then A is a

closed set w.r.t. Alexandrov fuzzy topology Z;(R) iff (R(A°))* = A = A.

Proof. Suppose A is a closed set w.r.t. Alexandrov fuzzy topology Z;(R), then A€ is an open set. Therefore
R(A°) = A€, and then A = (R(A°))° = A.
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Conversely, suppose A = (R(A%))° = A, A is a closed set, thus A is a closed set.

Proposition 4.5. Let R be a fuzzy T-preorder on X, I satisfy (NP) and (C2) for 7. Then for any A, B € )
the following formula hold w.r.t. Alexandrov fuzzy topology Z;(R).

(1)ACA;

() A =A;

(3)IfA C B, thenA C B;

(4)AUB=AUB.

Proof. (1) For all x € X,

AW = RA () = 1= RAY@ = 1= A TR, A)
> 1 — IR(x, x), A°(x))= 1 — I(1, A°(x))= 1 — A°(x) = A(x),

thus A C A. _
(2) Since A is a closed set, By Proposition 4.4, A = A.
(3) By A C B, we obtain A° 2 B°. According to Definition 3.2, obviously R(A°) 2 R(Bc), and then
A = (R(A9)) C (R(B)) = B.
(4) SinceACAUB,BCAUB,by (2)
ACAUBand BCAUB. ThusAUBCAUB.

On the other hand, by (1) A C A, BCB.ThusAUBCAUB. AndthenAUB C A UB. AgainZUE is
a closed set, according to Proposition 44 AUB=AUB. Thus AUB C AU B.

Thereby AUB =AU B.

Proposition 4.6. Let R be a fuzzy T-preorder on X, I satisty (NP) and (C2) for 7. Then for any A € %(x),
the following formula hold w.r.t. Alexandrov fuzzy topology Z;(R).
(1) A =[(A)°1% (2) A? = [A]%
(3) [A]° = [A°]°; (4) A° = [A°]". _
Proof. (1) By Proposition 4.2, (A°)° = R(A®), thus [(A°)°]¢ = [R(A°)]° = A.
(2),(3),(4) can be proven in a similar way as for item (1).

Proposition 4.7. Let R be a fuzzy T-preorder on X, I satisfy (NP) and (C2) for 7. Then for any A, B € Fx,
and A C B, the following holds w.r.t. Alexandrov fuzzy topology Z;(R).
(1)A? € B%; (2) A”? = A% (3) (AN B = A° N B°.

Proof. (1) Vx e X, R(A)(x) = /\X I(R(x,y),A(y)) < /\X I(R(x,y), B(y)) = R(B)(x). Thus A° C B°.
yE. yeE

(2) Since A? is a open set, by Proposition 4.2, A?° = A°.

(3) By Proposition 4.6 (2) and Proposition 4.5 (4),

(AN B)’ = (AN B))° = (A° U B°)® = (A° U B°)° = (A°)° N (B°)" = A° N B°.
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Invertible Operators on a Hilbert Space
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Abstract

We generalize the weighted Lim’s geometric mean of positive definite
matrices to positive invertible operators on a Hilbert space. This mean
is defined via a certain bijection map and parametrized over Hermitian
unitary operators. We derive an explicit formula of the weighted Lim’s ge-
ometric mean in terms of weighted metric/spectral geometric means. This
kind of operator mean turns out to be a symmetric Lim-Palfia weighted
mean and satisfies the idempotency, the permutation invariance, the joint
homogeneity, the self-duality, and the unitary invariance. Moreover, we
obtain relations between weighted Lim geometric means and Tracy-Singh
products via operator identities.

Keywords: positive invertible operator, metric geometric mean, spectral geo-

metric mean, Lim’s geometric mean, Tracy-Singh product

Mathematics Subject Classifications 2010: 47A64, 47A80.

1 Introduction

Recall that the Riccati equation for positive definite matrices A and B:
XA™'X = B (1)

has a unique positive solution

Nl=

1

X = AtB = A} (A*%BA*%) A3, (2)

known as the metric geometric mean of A and B. This kind of mean was
introduced by Ando [2] as the maximum (with respect to the Léwner partial

*Corresponding author. Email: pattrawut.ch@kmitl.ac.th
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order) of positive semidefinite matrices X satisfying

A X
(£ 3) >

The above two definitions of the metric geometric mean are equivalent. See a
nice discussion about the Riccati equation and the metric geometric mean of
matrices in [4].

Fiedler and Ptdk [3] modified the notion of the metric geometric mean to
the spectral geometric mean:

AOB = (A"'4B)3 A(A"'4B)3. (3)

One of the most important properties of the spectral geometric mean is the
positive similarity between (A{B)? and AB. This shows that the eigenvalues
of A B coincide with the positive square roots of the eigenvalues of AB.

Lee and Lim [5] introduced the notion of metric geometric means and spectral
geometric means on symmetric cones of positive definite matrices and developed
various properties of these means. Lim [6] provided a new geometric mean of
positive definite matrices varying over Hermitian unitary matrices, including
the metric geometric mean as a special case. The new mean has an explicit
formula in terms of metric and spectral geometric means. He established basic
properties of this mean including the idempotency, joint homogeneity, permu-
tation invariance, non-expansiveness, self-duality, and a determinantal identity.
He also gave this new geometric mean for the weighted case. Lim and Palfia [7]
presented a unified framework for weighted inductive means on the cone of pos-
itive definite matrices. The metric geometric mean, spectral geometric mean,
and Lim geometric mean [0] are basic examples of the two-variable weighted
mean.

In this paper, we extend the notion of weighted Lim’s geometric mean [6] to
the case of Hilbert-space operators via a certain bijection map (see Section 2).
This operator mean is parametrized over Hermitian unitary operators. An ex-
plicit formula of the weighted Lim’s geometric mean is given in term of weighted
metric geometric means and spectral geometric means. This kind of operator
mean serves the idempotency, the permutation invariance, the joint homogene-
ity, the self-duality, and the unitary invariance. Moreover, we establish certain
operator identities involving Lim weighted geometric means and Tracy-Singh
products (see Section 3). Our results include certain literature results involving
weighted metric geometric means.

2 Lim’s geometric mean of operators

In this section, we discuss the notion of Lim’s geometric mean of positive in-
vertible operators on any complex Hilbert space.

Throughout, let H be a complex Hilbert space. Denoted by B(H) the Ba-
nach space of bounded linear operators on H. The set of all positive invertible
operators on H is denoted by P.
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First of all, we recall the notions of metric/spectral geometric means of
operators. Recall that for any ¢ € [0, 1], the t-weighted metric geometric mean
of A, B € P is defined by

Af,B = A} (A*%BA*%)tA% (4)
For briefly, we write AfB for Aff; ,B. The spectral geometric mean of A, B € P
is defined by
AOB = (A"'4B): A(A"'tB)>. (5)
We list some basic properties of metric and spectral geometric means.
Lemma 1 (e.g. [1, 3, 1]). Let A,B€P andt € [0,1]. Then
(i) Ag A=A,
(ii) (aA)i(BB) = o' 3" (Af:B),
(1ii) AfB = Bf_+A,
(iv) (AgeB)~' = A1 B,

(v) (Riccati Lemma) A4B is the unique positive invertible solution of X A™1X =
B

(vi) (T*AT)4,(T*BT) = T* (At B)T for any invertible operator T € B(H),
(vii) (T*AT)O(T*BT) = T*(AOB)T for any unitary operator T' € B(H).
For a Hermitian unitary operator U € B(H), we set
Pl :={XeP:UXU=X}, P, :={XeP:UXU=X""}

Lemma 2. Let U € B(H) be a Hermitian unitary operator. Then the map
Oy : PhxP; — P, (A,B) — A?BA? (6)

18 bijective with the inverse map given by

X = (XHUXU), XO(UX'U)). (7)

Proof. The proof is quite similar to [6, Theorem 2.6]. Let A;, Ay € IP’$ and

1 1 1 1
B1,Bs € IPE such that (DU(AlaBl) = q)U(Ag,BQ), i.e. A12 BlAlz = ASBQA%
Since A; € P, we have

UA7'U = (UAU)™ = A7,
UAZU = (UAU)E = A2
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and thus A7!, A? € P} for i = 1,2. It follows that
B! = UB,U
1 11
= U(A1 2 A2 By A3 A 2>U
= (UA;?U)(UAZU) (UBU) (UAZU) (UA; 2 U)
= ATRaiByAfAL
—1 1, 1 1 1o _1N—1 o1 1
= A[7AZ (A2 2 A7 B A? A, ) AZA;?
_1 _1 Ly o1
= (A]2A2A;?)B 1 (AL P A2AT 7)),
ie. A;%AQA;% is a solution of XB;'X = By'. Since By'#B; = I is the
unique solution of X By ' X = By ! (Lemma 1 (v)), we conclude A > Ay A, 2 = I.
This implies that A1 = A and then B; = By. Hence, @y is injective. Next,

let X € P. and consider A = X#(UXU) and B = XO(UX'U) = A" 2 XA 2.
Consider

UAU = U(X§({UXU))U = (UXU)4(U*XU?)
= (UXU)$X = X4(UXU) = A
and
UBU = U(A":XA 2)U = (UA2U)(UXU)(UA™2U)
= A2X'A7 = B
This implies that A € IP’; and B € P;;. We have that there exist A € ]P’; and

B € P, such that &y (A, B) = A2 BAz = X. Thus, ®y is surjective. Therefore
® is bijective. O

By the bijectivity of &y, we can define the t-weighted Lim geometric mean
of operators as follows:

Definition 3. Let U € B(H) be a Hermitian unitary operator and ¢t € [0,1].
Let X = (A1, B1),Y = Oy (As, Bo) € P. The t-weighted Lim geometric mean
of X and Y is defined by

Gu(t; X,Y) = @u(AifeAs, Bl Ba). (8)
We denote Gy (X,Y) = Gu(1/2; X,Y) the Lim geometric mean.
The next theorem gives an explicit formula of Gy (X,Y).

Theorem 4. Let U be a Hermitian unitary operator and t € [0,1]. Let X,Y €
P. We have

Gu(t; X,Y) = (AlﬁtA2)%(BlﬁtBQ)(AlﬁtA2)%a (9)

where A1 = X§(UXU), Ay = YHUYU),B; = XO(UXU) and B, = YUY ~LU).
In particular, G;(X,Y) = X#,Y.
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Proof. Since fy is surjective, there exist A;, Ay € IE% and By, By € P, such
that X = ®y(Ay, B1) and Y = ®y(Asg, By). By using the inverse map (7), we
have

(AhBl) =

oH(X) = (XHUXU), XOUX D))
(A27B2) - .

i)
o, (Y) = (YHUYU),YOUY ™ 'U)).

For the case U = I, we have P} = P and P; = {I}. It follows that B; = By = I.
By Lemma 1, we have A; = XX = X and Ay =Y{Y =Y. Hence,
Gr(t; X,Y) = (X4:Y)2 (I I)(X4,Y)? = X5V O

Now, we give the definition of the Lim-Pélfia weighted mean [7] in the case
of operators.

Definition 5. The (two-variable) Lim-Pdlfia weighted mean of positive invert-
ible operators is the map M : [0,1] x P x P — P satisfying

(i) M(0,X,Y) = X,
(i) M(1,X,Y) =Y,
(i11) (Idempotency) M(t, X, X) = X for all t € [0,1].
We say that M is symmetric if
(iv) (Permutation invariancy) M(t, X,Y) = M(1 —¢,Y, X) for all t € [0,1].

Theorem 6. The t-weighted Lim geometric mean of operators is a symmetric
Lim-Pdlfia weighted mean.

Proof. Let U € B(H) be a Hermitian unitary operator and ¢ € [0,1]. Let
X,Y € P. Write X = ®y (A1, By) and Y = &y (A, B2). We have by Lemma 1
that

Gu(0; X,Y) = ®y(AitoAs, BifoB2) = ®uy(A1,B1) = X,

Gu(1; X,)Y) Oy (At Ae, Bifi B2) = ®y(A2,Bs) =Y,
QU(t;X,X) = ¢U(A1ﬁtAl7BlﬁtB1) = (DU(Al,Bl) = X

This implies that Gy is a Lim-Palfia weighted mean. Using Lemma 1 again, we

get
Gu(t; X,Y) = @y(Aifi Az, Bifit Ba)
= Oy (A1 A1, Bat1 ¢ B1)
= QU(l —t;KX).
Thus, Gy is symmetric. O

Corollary 7. The t-weighted metric geometric mean of operators is a symmetric
Lim-Pdlfia weighted mean.
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Theorem 8. Let U € B(H) be a Hermitian unitary operator and t € [0,1]. Let
X =®y(A1,B1) and Y = ®y(As, By). We have

(Z) gU(t; X, I) = q)U(A%_ta Bll_t) and gU(t; I Y) = (I)U(Aéa B5)7
(ii) (Joint Homogeneity) Gy (t;aX, BY) = o> 711Gy (t; X, Y) for any o, B > 0,
(iii) (Self-duality) Gy (t; X,Y)™ L =Gy (t; X1, Y1),

(i) (Unitary invariance) Gy (t; T*XT,T*YT) = T*Gy(t; X,Y)T where T €
B(H) is a unitary operator such that UT =TU,

() Gu(t,UXU,UYU) = UGy (t; X,Y)U,
(vi) Gu(X, X7 1) =1I.

Proof. The first assertion is immediate from Definition 3. For the joint homo-
geneity, note that

aX = (X(I)U(Al,Bl) = O{(A%BlAl%) = A%(O&Bl)A% = @U(Al,OéBl).
Similarly, 8Y = ®y(Az, fB2). Using Lemma 1, we obtain

Gu(t;aX,BY) = ®y(AifiAs, (aB1)i(BBs)) = Py(AifiAs, o' "B (Bifi Bs))
= o' B0y (A1t As, BitBo) = o' T'B'Gy (1 X, Y).

For the self-duality, consider

—1 1 1

X1 = y(Ay,B) " = (AfBlAf) — A ?B7YA] 7 = by (AT, BTY).

Similarly, Y~ = & (A5 ', By '). Applying Lemma 1, we get

Gu(t; X,Y)™! = ®p(Aifds, BitBa) ™t = ®p((AitiA2)™", (Bi#Ba) ™)
= Oy (AT A By By ) = Gu(t XY T

Now, let us prove the assertion (iv). Since T is unitary, we have by Lemma
1 that

(T*XT)§[U(T* XT)U]

(T*XT)$[T*(UXU)T]

= T*[Xt(UXU)|T

T* AT,

(T*XT)QU(T*XT) U] = (T*XT)O[UTX 1 T*U]
= (T*"XT)O[T*(UXU)T)
= T XOUXTU)T
= T*B;T.
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Similarly,
(T*YT){U(T*YT)U] = T*A;T and (T*YT)O[U(T*YT) U] = T*B,T
Then T*XT = Oy (T* AT, T*B1T) and T*YT = Oy (T* AT, T*B2T). Thus

gU(t~T*XT T*YT)
= [(T* A T)4(T"
= [T* (At A2)T ﬁ[T*(BlmBa ][T*(AlmA2>T]%
= [T* (A1t A2) T[T (Bry By) T[T (A1 A2) 2 T)

(AlﬁtAQ)%(BlﬁtB2)(AlﬁtA2)%T

= T*Gy(t; X, Y)T.

Setting T' = U, we get the result in the assertion (v). For the last assertion,
since X1 = &y (A7, B{Y), we have

Gu(X, XY = ®p(AgATY, BitByY) = @p(1,1) = I. O

3 Weighted Lim geometric means and Tracy-
Singh products

In this section, we investigate relations between Weighted Lim geometric means
and Tracy-Singh products of operators. Let us recalling the notion of Tracy-
Singh product.

3.1 Preliminaries on the Tracy-Singh product of operators

The projection theorem for Hilbert space allows us to decompose

_ P (10)
=1

where all H; are Hilbert spaces. For each i = 1,...,n, let P; be the natural
projection map from H onto H;. Each operator A € B(H) can be uniquely
determined by an operator matrix

A = [A)™"

1,j=1

where A;; : H; — Hj; is defined by A;; = PiAPJ?k foreachi,j=1...,n
Recall that the tensor product of A, B € B(H) is the operator A ® B €
B(H ® H) such that for all z,y € H,

(A@B)(z@y) = (Ar) ® (By).
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Definition 9. Let A = [A;];"", and B = [By;];""", be operators in B(H). The

i,7=1

Tracy-Singh product of A and B is defined to be
ARB = [[Aj; ®Bkl]kl]ij (11)

which is a bounded linear operator from @?]":1 H; ® H; into itself.
Lemma 10 ([9, 10, 11]). Let A, B,C, D € B(H).

(i) (AR B)(CX D)= (AC)X (BD).

(ii)) If A,B € P, then AR B € P.
(iii) If A, B € P, then (AKX B)* = A*X B for any a € R.

(i) If A and B are Hermitian, then AX B is also.

(v) If A and B are unitary, then AKX B is also.
Lemma 11 ([8]). Let A,B,C,D € P and t € 0,1]. Then

(AR B)f(CR D) = (A%,C) 8 (BsD).

For each i = 1,... k, let H; be a Hilbert space and decompose

Hi = @ Hi,r

where all H; . are Hilbert spaces. We set X';:l A; = A;. For ke N— {1} and
A, € BMH;) (i=1,...,k), we use the notation

k
&Al = ((AlgAg)&-“@Ak,l)@Ak.
i=1

3.2 The compatibility between weighted Lim geometric
means and Tracy-Singh products

The following theorem provides an operator identity involving ¢-weighted Lim
geometric means and Tracy-Singh products.

Theorem 12. Let U,V be Hermitian unitary operators, X1, Xo,Y1,Ys € P and
te0,1].

Gu(t; X1, Y1) K Gy (t; X2, Y2) = Gury (t; X1 X X5, Y1 K Ys). (12)
Proof. Write

X1 =®y(A1,B1), Y1 =y(Cy,D1), Xo=Py(A2,B2), Yo=®y(Cs, Do),
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where A1,C € ]P’IJ}, By,D, € P, Ay, Cy € P‘t, By, Dy € Py,. Since U and
V are Hermitian unitary operators, we have by Lemma 10 that U X V is also
a Hermitian unitary operator. Thus Gygy (t; X1 K Xo, Y] K Y5) is well-defined.
By Lemma 10, we get

(URV) A RA)URV) = (UAIU)XR(VAV) = A1 K A,
and

(URV)BIRB)(URV) = (UBU)X (VB,V) = By'XK B!
= (BiX By)™!

Thus A1 XA, € IF’J[;&V and B1X By € P;,,. Similarly, we have C1XC5 € IP’Z&V
and Dy X Dy € P ,,- Using Lemma 10, we get

X1 KX, = &y
= (A{ BiA}) B (45 B, A7)
= (A} B A})(BiR B - 2)(A} B 4j)

= (A1 X Ay)7 (B, K By)(A; K Ay)?
= Oygy (A X Ay, B K By).

A1,Bl) X oy (Az, B2)

Similarly, Yl X }/2 = @Ugv(cl X 027 D1 X D2) Then
Gumv (6 X1 X X2, Y1 KY2) = Pymy ((A1 K A2)8:(C1 K Cy), (By W Ba)y (D1 K Dy)).
We have by applying Lemmas 10 and 11 that
Gu(t;:X1,Y1) MGy (t; Xo,Y2)
= Oy (AitiCy, Bifie D1) X @y (A1 C2, Bafit Do)
= [(A1£:01) % (Bat D) (A1:C1) #] B [(AtiCa)® (Bt Da) (Aot Ca) ¥
= [(A14:C1)% B (A28:C2)2 ] [(B1eD1) R (Bate Da)] [(Ar4:C1) % B (AatCo) ]
= [(41:C1) B (A24:C2)] * [(B12,D1) B (Bt D)) [(Ar£:C1) B (A2t,C2)) *
= Oymy ((A14:C1) W (A24,C2), (B1:D1) K (Baf D2))

= (I)UXV((Al X A2)t:(C1 K Cy), (B K Bo)t: (D1 X Dg))
= Gury(t; X1 K X5, Y1 KY;). O

Corollary 13. Let k € N and ¢t € [0,1]. For each 1 <1i < k, let U; € B(H) be
a Hermitian unitary operator and X;,Y; € P. Then

k

X Guv. (t; X:, Vi) = gU( &)@&Y) (13)

i=1

where U = @le Us.
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Proof. Since U; is a Hermitian unitary operator for all i = 1,..., k, we have by
Lemma 10 that lezl U, is also. Using the positivity of the Tracy-Singh product,

we get [XI_, X;,[X"_, Vi € P. Hence, the right hand side of (13) is well-defined.
We reach the result by applying Thoerem 12 and induction on k. O

From Corollary 13, setting U; = I for all i = 1,...,k, we have

k

X (XiteY:) = (gX)jt(lgy)

i=1

This equality were proved already in [8, Corollary 1].
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