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Abstract
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type inequalities for several functions that take values in the von Neumann-
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1 Introduction
The following results inspire our work.

Theorem 1 (1938, Ostrowski [16]) Let f : [a,b] — R be continuous on [a,b)
and differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b),

i, If/152F == sup |f'(t)| < +oo. Then
te(a,b)

<

1 (1‘— aTb)Z - 7||Sup
TR T ](b QIS )

b
7 [ fwd- 1@

for any x € [a,b]. The constant i is the best possible.
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Ostrowski type inequalities have great applications to integral approxima-
tions in Numerical Analysis.
We mention

Theorem 2 (1882, Cebysev [8]) Let f,g : [a,b] — R be absolutely continuous
functions with f',g" € Lo ([a,b]). Then

e (e 04) o )

1 20 pr /
<35 0= £l lg Nl - (2)

The above integrals are assumed to exist.

The related Griiss type inequalities have many applications to Probability
Theory. We presented also ([3], Ch. 8,9) mixed fractional Ostrowski and Griiss-
Cebysev type inequalities for several functions, acting to all possible directions.
The estimates involve the left and right Caputo fractional derivatives. See also
the monographs written by the author [1], Chapters 24-26 and [2], Chapters
2-6.

We are motivated also by S. Dragomir [11] recent work:

An operator A € B(H) is said to belong to the von Neumann-Schatten class
B, (H), 1 <p < oo if the p-Schatten norm is finite

=

< 0.

1All,, == [tr (JA]")]

Assume that A : [a,b] — B, (H), B : [a,b] — B, (H), p,q > 1 with % + % =1,
are continuous and B is strongly differentiable on (a,b), then

t)dt—(/bA(s)ds>B(u)

[3 0= a)+ |u—22[] [T 1A @), dt,

<

1

sup [|B (1), x [ & I ”A s
t€lab] a for a;, 8 > 1 with é + % =

2 2
30— a) + (u=252)°] sup A1),
t€la,b]
for all u € [a,b], an Ostrowski type inequality.
Further inspiration comes from S. Dragomir [12] recent work on Griiss in-
equalities:
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For two continuous functions A, B : [a,b] — B(H) we define the noncom-
mutative Cebysev fractional

D (A B) = (b—a)/bA(t)B(t)dt—/bA(t)dt/bB(t)dt.

Ifp,g>1with T+1 =1,let A:[a,b] — B, (H), B: [a,b] — B, (H) be strongly
differentiable functions on the interval (a,b), then

b b
||D<A7B>||1<D< [ 14 @l du, | ||B’<u>||qdu>< )

1 - b
0= [ 14 @l du [ 18 )], du.
4 a a
We are also inspired by Z. Opial [15], 1960, famous inequality.

Theorem 3 Let x (t) € C* ([0,h]) be such that z (0) = x (k) =0, and x (t) > 0
in (0,h). Then

h , h h , 5
/0 e (1) ()] dt < / (! (1))" dt. (5)

In (5), the constant % is the best possible. Inequality (5) holds as equality for
the optimal function

>

ct, 0<t< 3,
x(t)_{c(h—t) h<t<h, (6)

where ¢ > 0 is an arbitrary constant.

Opial-type inequalities are used a lot in proving uniqueness of solutions to
differential equations and also to give upper bounds to their solutions.

For an extensive study about fractional Opial inequalities see the author’s
monograph [1].

In this article we generalize [3], Ch. 8,9 for several Banach algebra B, (H)
valued functions, in the sense of developing fractional Ostrowski, Opial and
Griiss type inequalities. Now our left and right generalized Canavati frac-
tional derivatives are for Banach space valued functions and our integrals are of
Bochner type [13]. Applications finish the article.

2 Background on Vectorial generalized Canavati
fractional calculus

All in this section come from [5], pp. 109-115 and [4].
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Let g : [a,b] — R be a strictly increasing function. such that g € C* ([a, b]),
and g=! € C"([g(a),g(d)]), n € N, (X,]|]-]]) is a Banach space. Let f €
C"([a,b],X),and call I := fog~':[g(a),g (b)] — X. Itisclear that [, ...,1(")
are continuous functions from [g (a), g (b)] into f ([a,d]) C X.

Let v > 1 such that [v] =n, n € N as above, where [-] is the integral part of
the number.

Clearly when 0 < v < 1, [v] = 0.

I) Let h € C([g(a),g(b)],X), we define the left Riemann-Liouville Bochner
fractional integral as

1 ? v—1
JZ0h) (z) = / (z —t h(t) dt, 7
iom (=)= 15 [ (=07 @
for g (a) < 2z < z < g (b), where I is the gamma function; I' (v) = [° ™"t~ 1dt.
We set J°h = h.

Let o := v—[v] (0 < o <1). We define the subspace C}, , ([g (a), g (b)], X)
of C" ([g(a), g (b)],X), where zo € [a,b] as:

Vo) ([9(a) 9 (0)], X) =

{hec(lg(a),g®)]. X) : HEBD € (g (20),9 B)]. X) ). (8)

Solet h € CY, ) ([g9(a),g(b)],X), we define the left g-generalized X-valued

fractional derivative of h of order v, of Canavati type, over [g (xq),g (b)] as

!/
Doy hi= (JEDRED) )
Clearly, for h € Cy ) ([9(a) , g ()], X), there exists
1 d [~ _
v R — — ap([v])
(Dg(mg)h> (2) T—a) dz /g(xo) (z—t)" " AW (t)dt, (10)

for all g (zg) <z <g(b).
In particular, when fog~! € Cyzo) (9 (@) ;g (b)], X), we have that

v 1 R PR (%)
(Do (F097)) ) = Fr—wy iz /g(%) (=t (Feg™)m 0 (1)
for all g (z9) < z < g(b). We have that Dy, (fog™) = (ngfl)(") and

DZ)(%) (fog ™) =fog!, see [4].
By [4], we have for fog~! € C” . (lg(a),q(b)],X), where zo € |a,b]

g(zo)
the following left generalized g-fractional, of Canavati type,X-valued Taylor’s
formula:
4
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Theorem 4 Let fog™' € C¥

o) ([9(a) g (b)], X), where z € [a,b] is fived.
(i) If v > 1, then

' (Fog )M (g (0))

F) - fao) =Y . 00)— g o))
k=1 :
L 9 v—1 v 1
m /g(zo) (9(@) =) ( g(z0) (f °g )) (t) dt, (12)

for all xog < x <b.
(it) If 0 < v < 1, we get

g(z)
flx) = Fi /9@0) (g(z) —t)""" (D;(m (f og*l)) (1) dt, (13)

for all xog < x <b.
IT) Let h € C ([g (a), g (b)], X), we define the right Riemann-Liouville Bochner
fractional integral as
() @)= i [ =2 (14
T L T ’

for g(a) <z <2z <g(b). Weset J) _h=h.
Let o := v—[v] (0 < @ < 1). We define the subspace Cy, ,_ ([g(a),g (b)], X)
of C" (g (a), g (b)],X), where zq € [a,b] as:

CQV(IO)— ([g (a’) »9 (b)} ,X) =

{hec (g(@),g®),%): 350 nD e C(lg(a) g (@), X)) (15)

Solet h € Cy . _([g(a),g(b)],X), we define the right g-generalized X-

valued fractional derivative of h of order v, of Canavati type, over [g (a), g (zo)]

as
v L n—1 11—« v !
Yyl i= (<) (Jg(%)_h“ D) . (16)
Clearly, for h € Cy .\ ([g9(a),g(b)],X), there exists
v _(=y"tad /”(““) —a p([v)
(Dian 0) () =tz | -2 n P maan)

for all g (a) <z < g(xg) <g(b).
In particular, when fog~! € Cyzo)— (l9(a) g (b)], X), we have that

_qynt 9(x0)
(DZm)- (f 0971)) (=) = 12(3)_@6;1/2 (t—2) (fog )" (1) at,
(18)
5
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for all g (a) <z < g(x0) < g(b).
We get that

(D;L(zo)— (foffl)) (2)=(-1)" (fog ™)™ (2) (19)

and (DY, (Fog™!)) (2) = (fog ") (=), all 2 € [g(a) ,g (b)], see [4].

By [4], we have for fog™! € C” o(zo)— (9 (a) g (b)], X), where z¢ € [a,b] is
fixed, the following right generahzed g-fractional, of Canavati type, X-valued
Taylor’s formula:

Theorem 5 Let fog™! e Co
(i) If v > 1, then

([g (a) g (b)] ,X), where To € [CL, b] is ﬁ:red

1 g(zo) bt V B
F(V)/g (t—g(x)) ( ooy (fog ))(t)dt, (20)

for all a < x < xy,
(i1) If 0 < v < 1, we get

r@ = [ g (P (Fos)) 0 @D
T () Jym) g(zo)— ’
all a < x < xg.
IIT) Denote by

We mention the following modified and generalized left X -valued fractional Tay-
lor’s formula of Canavati type:

Theorem 6 Let f € C* ([a,b],X), g € C'([a,b]), strictly increasing: g~ €
C*([g (@), gO)]). Assume that (Dix, (fog™')) € C¥, (g (a),g(®)],X),
0<v<l, z€[ab], fori=0,1,....,m. Then

_ 1 §(=) (m+1)r—1 (m+1)v 1
0= F 1) oy 0~ (R o0 ))(Z)d(z}
23

all g <z <b.
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IV) Denote by

D;TE‘,I;O)_ = DZ(-TU)_DZ("IJO)_.“DZ(‘TO)_ (’ITL times), m & N. (24)

We mention the following modified and generalized right X-valued fractional
Taylor’s formula of Canavati type:

Theorem 7 Let f € C'([a,b],X), g € C*([a,b]), strictly increasing: g~ €

O (19 (@) ). Assume that (D, (fog™)) € C2) (g (a).g (). ).
0<v<l, xz€[a,b], for alli=0,1,....,m. Then

9(xo)
f(z) = w /q(w) (2 — g (x) Tt (Dé?;ﬁ)lly (fo g_l)> (2)dz,
| (25)

alla <x<zo<h.

3 Basic Banach Algebras background

All here come from [17].
‘We need

Definition 8 (/17], p. 245) A complex algebra is a vector space A over the
complez filed C in which a multiplication is defined that satisfies

z(yz) = (zy) 2, (26)
(x+y)z=2z4yz, z(y+2)=zy+xz, (27)

and
a(zy) = (ax)y = = (ay), (28)

for all x,y and z in A and for all scalars a.
Additionally if A is a Banach space with respect to a norm that satisfies the
multiplicative inequality

leyll < llzll lyll (z €A, yeA) (29)
and if A contains a unit element e such that
re=er=z (z€A) (30)

and

lell =1, (31)

then A is called a Banach algebra.
A is commutative iff xy = yx for all z,y € A.
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‘We make

Remark 9 Commutativity of A is explicited stated when needed.

There exists at most one e € A that satisfies (30).

Inequality (29) makes multiplication to be continuous, more precisely left and
right continuous, see [17], p. 246.

Multiplication in A is not necessarily the numerical multiplication, it is some-
thing more general and it is defined abstractly, that is for x,y € A we have
xy € A, e.g. composition or convolution, etc.

For nice examples about Banach algebras see [17], p. 247-248, § 10.5.

We also make

Remark 10 Next we mention about integration of A-valued functions, see [17],
p. 259, § 10.22:

If A is a Banach algebra and f is a continuous A-valued function on some
compact Hausdorff space Q on which a complex Borel measure u is defined, then
[ fdp exists and has all the properties that were discussed in Chapter 3 of [17],
simply because A is a Banach space. However, an additional property can be
added to these, namely: If x € A, then

" / fdp= / < (o) du(p) (32)
Q Q

(/Qf du)x=/Qf(p)wdu(p)- (33)

The Bochner integrals we will involve in our article follow (32) and (33). Also,
let f € C(la,b],X), where [a,b] CR, (X, |||) is a Banach space. By [5], p. 3,
f is Bochner integrable.

and

4 p-Schatten norms background

In this advanced section all come from [11].

Let (H,(-,-)) be a complex Hilbert space and B (H) the Banach algebra of
all bounded linear operators on H. If {e;},.; an orthonormal basis of H, we
say that A € B(H) is of trace class if

1Al =D (|Alei, e) < co. (34)

i€l

The definition of ||A||; does not depend on the choice of the orthornormal basis
{ei};cr- We denote by By (H) the set of trace class operators in B (H).
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We define the trace of a trace class operator A € By (H) to be

tr(A):=> (Aej,ei), (35)

i€l

where {e;};.; an orthonormal basis of H. Note that this coincides with the

usual definition of the trace if H is finite-dimensional. We observe that the

series (35) converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 11 We have:
(i) If A€ By (H) then A* € By (H) and

tr (A*) = tr (A); (36)
(it) If A€ By (H) and T € B(H), then AT, TA € By (H) and
tr (AT) = tr (TA) and |tr (AT)| < |[All, [T/ (37)

(#3) tr () is a bounded linear functional on By (H) with ||tr|| = 1;
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H) (finite rank operators) is a dense subspace of By (H) .

An operator A € B (H) is said to belong to the von Neumann-Schatten class
B, (H), 1 <p < oo if the p-Schatten norm is finite [19, p. 60-64]

A, == [tr (JAP)]* < oo,

|A|P is an operator notation and not a power.
For 1 < p < ¢ < oo we have that

By (H) C B, (H) C B, (H) C B(H) (38)

and
Al > [IAllL, > [1All, > I1A]l.- (39)

For p > 1 the functional ||-[|,, is a norm on the *-ideal B, (H), which is a Banach

algebra, and (Bp (H), ||||p> is a Banach space.
Also, see for instance [19, p. 60-64], for p > 1,

1All, = [1A%]l, . A€ By (H) (40)

IAB[, < Al IIBl,, A,Be€B,(H) (41)

and

IABI, < Al 1B, IBA[l, <[IBlAl,, AcB,(H), BeB(H). (42)
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This implies that

ICABI|, < [CHAll, IBIl, AeBy(H), B,CeB(H). (43)

In terms of p-Schatten norm we have the Hélder inequality for p,q > 1 with
1% + % =1:

(Itr (AB)| <) |AB|l, < [|All, IBll,, A€B,(H),BeB,(H). (44)

For the theory of trace functionals and their applications the interested reader
is referred to [18] and [19].

For some classical trace inequalities see [9], [10] and [14], which are contin-
uations of the work of Bellman [7].

5 Main Results

We start with 1-Schatten norm weighted mixed generalized Canavati fractional
Ostrowski type inequalities involving several functions taking values in the Ba-
nach algebra By (H) C B(H):

Theorem 12 Let the x-ideal By (H), which (B2 (H), ||-||5) is a Banach algebra;
o € [a,b] CR, v >1,n=1[]; fi € C"([a,b],B2(H)), i =1,....,7 € N—
{1}; g € C* ([a,b]), strictly increasing such that g=* € C™ ([g (a), g (b)]), with
(fz og—l)( ) (9(z0)) =0, kE=1,. —1;4=1,...,r. Assume further that f; o
oL e cr (lg(a) g ). Ba ()N C () g O] Ba () i = 1..or

Denote by
K (fl; veny fr) (wo) =

b b r
[ L6 | s@de | [ TL5@ [de] sio| . @9

T

3

= T i
Then
I i £ 001 = ey 2 (P50 o0 )L e
(9 (z0) — g (a))* / anJ ol Lz | |+ (46)

J#l

b
DYy (fiog™ H H g (b) — g (x0))” / i ( da
IIP5c el gtanyaey @@ ~9 @D | ] HH 3 @)l

0
J#z

10
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Proof. Since (f; ogil)(k’) (g(x0)) =0,k=1,...,[v]-1;i=1,...,r; we have
by Theorem 4 that

fi( ) fz m0

/gm B ( ooy (fiog™ 1))(t)dt, (47)

10

YV x € [x0,b],
and by Theorem 5 that

g(xo)
fi@) = fie) =y [ 9@ (D (og™)) s 09

V€ la,zo], foralli=1,...,r
Left multiplying (47) and (48) with <H] 1 [ (x )> we get, respectively,

j 7

Hf]($) i Hfj fi (zo)

i J;ﬁz
(HJJ# fi )> 9@ o1 ([ B
W /g(wo) (g(z)—1) (Dg(zo) (fZ og )) () dt, (49)
YV x € [zo,b],
and
H fi (@) | fi( Hf] fi (x0) (50)
J#l ];ﬁz
(025 @) e V )
S [ @) (D (Rea™) G

V€ la,zo], foralli=1,...,r
Adding (49) and (50) as separate groups, we obtain

ZHfa Ji ZHfJ fiwo) =

=1 J=1 =1 j=1
J#l J#z

11
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YV x € [x0,b],
and

HfJ l Hfj fz 1'0

i=1 j=1 1=1

s g(zo)
F<1V) Z Hf] é( (t =g ()" (D.Z(ﬁfo) (f’ 0971)) (t)dt, (52)

i=1
J;ﬁz

YV x € [a,zo] -
Next, we integrate (51) and (52) with respect to « € [a,b]. We have

T

ZLO ljfa () de =3, /b I15 @ | do | 5i(eo) =

i ST\
- N g(x) B
- /xo jl;[lfj (z) </g(m0) (g (z) —t)" ( v (fiog )) (t) dt) dz|
Jj#i
53)
and
Z/ 0 Hfj (@) | fi (z)dz — / HfJ dz | fi(xo)
i=1va j=1 = a
i Jsél

i=1 j=1 g(z)
J#i
(54)
Finally, adding (53) and (54) we obtain the useful identity
K (fla ey fr) (300) =
s b r
/ HfJ z)dr — / I14 @) | dz | fi(@o)| =
=1 a a j=1
i J#i
1 " Zo g(xo) .
I'(v) — /a H fi (@ é(w) (t—g ()" (Dg(mo) (fZ og )) (t)dt | dow
J#Z
12
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L 9(x)
(e )= 1) (D2 (Frog™))) (B dt ) do
+{/ﬂm (ngf()) </g(m0)(9() t) ( (w0 (fiog ))(t) t) ”
J#i
(55)
Therefore, we get that
1K (f1, - fr) (@)l =
- b r b T 1
; {/ﬂ (Jl_[l i (x)) fi(z)dz — (/ﬂ (Jl_[l fi (a:)) dx) fi (mo)] < )
g7 Ji )
. *o r g(zo)
|:/ (H i (33)) (/(“) (t—g(z)" " (D;(IO), (f; Og_l)) (t)dt dm]
= = ’ 1
I (56)
N g(z) B
j & ) —t)” D; wy (fi© -1 dt | de <
+ /m<j1;[1f())</g(%)(g() t) ( (wo) (fiog ))(t) t) ] ]

T

1
I'(v)

i

r

I1s

|

7)1

I

1115
j=1

i

[T @I,

j=1
i

Hence it holds

We have that

|

g(zo)
@[/
g(x)

I

9(z)

(t—g ()" (Dg(mf (fio 971)) (t) dt)

dx]
1

(57)

]

"o (B3 o) 0] ) ]

g

(g(z)—t)""" (DZ@()) (fio 971)) (t) dt)

|

(IU)) (g (x)— t)l/—l H (DZ(:cu) (fi 09*1)) (t)H2 @t

<
(z0)

9(x

()],
(@)

9(z

>dx

K (f1; s fr) (o)lly < (%) (59)
1
<
() = I'v+1)
13
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3 uu< s oW | (nf] ) mm]
ey (HfJ ) >g<xo>>"dx”<

(60)

+
_—

I‘(u1+ 1) ; HHH (DZ(‘”‘))‘ (i Ogil))HQHOQ,[g(a),g(xo)]

(9(x0) — g (/ (Hfg ) )]+ (61)
J#
(P Groa N,y (6B s e (/ (Hf] ) )”
J#

proving (46). =m
Next comes an L estimate.

Theorem 13 All as in Theorem 12. Then

1
|||K(f177f7“) (mU)HI S F(V)

ZT: [ HH(DZ(@«O)— (fio )H HL (o(@-aen) / (H [FX€: 2) )g(a?))yldx]

(62)

H £ (= 2) (z) — g (o))" dx” )

1@ G, /(nfj ) >g<x>>udm]

(63)

(DZ(wo) (f )H H 1([g(z0),9(b)]) /

h

Proof. We observe that (by (58), (59))
=

14
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[[CARET) }

L1([g(z0),9(b)])

proving (62). m
An L, estimate follows.

Theorem 14 All as in Theorem 12. Let now p,q > 1:

VK (fi, o £) @)y < :
N -1+ )

<

+

0

Proof. We have that (by (58), (59))

1 - *o g(@o) p(r—1 :
() < 77 2= / Hllfj Il (/) (t =g ()" >dt>

i=1 g(z

J;ﬁz

</gj()) (Pian- (1i097) 0] dt> E dw} +

g9(z) »
/ anj ol (/( )(g(x)—t)ﬂ”-”dt)

J?él
g(xo0) . L
</g<x) |(Pian (097" )(t)szt> dx]
1 r /$0 H||fj N (g (x0) g(:c))” 11+
I'(v) i—1 a 7&1 2 PEETIRY:
15
597

(Dste Grog M) @@ =g )

N [[Cmer)

/ H”fJ My | (9(2) = g (o))" da| |,

(5 Goa M| e - g anj 2, | de

J;ﬁz
(64)

H 1f5 @)l | de

J;ﬁz

1

(65)

H2 Hq,[g(a),g(mﬁ)]
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V—l+%
) da

HH (D5<xo> (fio g*l)) (2)

2 Hq,[g(mo)yg(b)}

+L an] D, g(z)yg(“’

J;ﬁl

xo
g\ y77 fi( dx
4:[g9(a),9(z0)] /a (9 (zo) = HH 5 (@)l

1751
(66)

5 (25 70

b
g(z fi ( dx ||,
0,19(0),9(5)] /L( (@) = H” i @ll;

775%

[ (o (iea ™),

proving (64). m
We continue with y-Schatten norm related Ostrowski fractional inequalities:

Theorem 15 Lety > 1, the *-ideal B (H), which (ZS’AY (H), ||||A/) is a Banach
algebra; zo € [a,b] CR, v > 1, n=[v]; f; € C"([a,b],By (H)), i=1,...,r €
N — {1}; g € C'([a,b]), strictly increasing such that g=* € C" ([g (a), g (b)]),

with (f; o ’1)(k)( (x0)) =0, k=1,. —1;¢ =1,..,r. Assume further
that fiog™ € Cyiyy— (g (a) g (0)], By (H ))ﬂCg”(mO g (a ) g ()], B, (H)), i =
1,...,m

Here K (f1,..., fr) (zo) is as in (45). Then

r

1 [ } -
I (e ) )], < s D MHDM (o9

i=1 L

o0,[g(a),g(z0)]

e -g@” | [ [TLI5 @I, |do ||+ (o7
i#i
b r
Dy (fio b) — g (x0))" f; d
lloso oalL| @ -geo| [ gn](xnh -
YES)

Proof. As similar to Theorem 12 is omitted. Use of (41). m
An L, estimate follows:

16
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Theorem 16 All as in Theorem 15. Then

1
K S i <
K (e o) @)l < s
T xo T 1
HH S (Frog™)) | L TLs @I, | @) -g@) " @
i=1 TN Li([g(a),g(x0)]) j=1
L L J#i
(68)
+ “ ( ) (fiog™ )H / H 1 £5 (z (9(z) — g (0))" " da
TWL1 ([g(20),9(b)])
J#l
Proof. As similar to Theorem 13 is omitted. m
An L, estimate follows.
Theorem 17 All as in Theorem 15. Let now p,q > 1: % + % = 1. Then
1
||K(fla"'afr) (LEO)”,Y S 1
pv—-1)+1)I'(v)
T L xo
HH oo~ (fiog™ ))H / (9 (o) — H 1fj (z dx
i=1 Tllg,lg(a),g(z0)] | Y@
L J;éz
(69)
b P
+ H (D (fio97) | @ =g [ TTI5 @I, | e
Tlg,[g(x0),9(8)] | /@0 j=1

JFi
Proof. As similar to Theorem 14 is omitted. m

When r = 2 we derive the following p-Schatten norm operator related Os-
trowski type Canavati fractional inequalities.

Theorem 18 Let p,g > 1: % + = =1, and let the x-ideals B, (H), B, (H), for

which ( (H), ||l ) ( (H),| ||q) are Banach algebras; x¢ € [a,b] C R, o >
Ln= [ ]7 Ay € Cm([a’b]’Bp (H)): As € Cn([a"b]vb)q (H))7 g € ct ([a’b])7
strictly increasing, such that g=* € C™ ([g (a) , g (b)]), with (A; o g_l)(k) (g(x0)) =
0,k=1,...,n—1;i=1,2. Assume further that Ajog—! € Coiao)- ([9(a) g (0)], By (H))N
o (l9(a),g(b)], By (H)), and Az 0 g~' € Cg,\_([g(a), g (D)], By (H)) N
o (lg(a),g ()], By (H)). Then

—Q Q=

17
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1) it holds

b b
(0] (A17A2) (270) = / AQ (.’,U) A1 (17) + / A1 (LE) A2 (SC) dz—

( / Ay (x dm) Ay (z0) < / A (2 dx) Ay (20) =

xo ‘](10)
Ay () ( / L e (@)™ (Dgany- (A1097)) (2) dz) da
' (70)

/Lb Az () (/g?:m)) (g(z)—2)*" (D ( (o) (A1og 1)) (2) dz) dz| +

e ( / " = g @) (D (A2057) ) dz) do | +

' Ay () (/::Z)) (9(z) —2)*" (D;"(IO) (As 0 g_l)) (2) dz) dm] } )

+

a

1
T(a)(y(a—1)+1)7

@ (A1, A2) (zo)ll, <

{[HHD (zo)— (A10g7")

HD zo) A1 og !

o 1
[ 12 @)l (o w0) — g )" o
5,[g(a),g(z0)] @

b 1
/ 142 @), (9 (2) — g (20))* d
Plls,[g(x0),9(b)] Y To

L

Dg(wo)— (A2 © gil)

1

1

HD A2 og 1)

116,[g(x0),9(b)] /@

3) we also obtain

1@ (Ay, A2) (20)]], < ﬁ

/ 142 @), (9 (20) — g (2))° " da
Li([g(a),g(x0)]) Y@

+

p

{ lHHDg(zO) (A1 0971)

18
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+

HHDQ(ro (Arog™)

b
/ 142 @)1, (9 (@) — g ()"
Ly ([g(x0),9(b)]) Yo

1@l ) - e+
)

1AL (@)1], (9 (@) — g (20))* ™" dfﬂ] } :

1
"‘D;(Q?O) (A2 °g )
Li([g(a),g(wo)]

1

b

(5 227

TN L1 ([9(z0),9(b)]) /2o

and

4)
1

1@ (A1, A2) (o)l < Tlat1)

{les-cae,

[

+

[ 142 @1, (6 ) — g @)
[9(a),g(z0)] Y a

b

142 (@)l (9 (z) — g (z0))" dz| +

Plloo,[g(z0),9(b)] /@0

~—

| / "4y @)1 (g (o) — g(x))“dx] n
(73)

b
[ 141 @Il 9 @) g @) dx] } .
Uloo,[g(w0),g(b)] /o

Proof. Here we have that (acting as in the proof of Theorem 12 for r = 2)

« -1
H’ Dg(mo)— (A2 °g
lleo,[g(a),g9(z0)

| D5 (42097

b b
B (Ay, As) (20) ::/ As (2) Ay (x)—|—/ Ay (2) As () do—

(/A2 dx>A1 o) (/Al dx) 2 (z0) 2
/a% As () </g“’<wo> (=9 @) (D) (A1097)) (2) dz) “

()

s @) / " @) = 9" (D (Ar097)) dz) dr| +

zo g(xo)
A; (z) ( (z—g(z)* (Dg‘(wo) (Ag o g_1)> (2) dz) dx | +
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Therefore it holds by taking the 1-Schatten norm that

b b
[® (A1, A2) (z0)ll, = /A2(I)A1($)+/ Ar (z) Az (x) do—

( / Ay (2 dx) Ay (20) ( / A ( dx) A (20)

<
1

o [ @ ([ 00 (B ros) (1) ] |+
' 1
</Z)) (@) =" ( b (Arog 1)) (2) dz) dz
[ </g<x> -9 @)™ (Dg(m— (4> 0971)) (2) dz) "
/{: A () (/gj:)) (g(z)—2)"" (Dtgx(zo) (As 0971)) (2) dz) i 1] } -
(75)
F(la){[/mo A () </g:7:°> (z— g ()™~ (Da(%) (Alog—l)) » dz) 1d$ .
/: Ay () </gii””)) (g(x)— z)o‘*l ( . (A1 og 1)) (2) dz) x| +
Vx Ay (z) (/:(j) (z— g (2))* (D‘;(zo), (42 Og_1>) B dz) il s

)

e ( / ((j (9(2) = 2 (DY (A2097)) () dz>
i o (76)

(by using the p-Schatten norm and Holder’s type inequality (44) for p,q > 1:
1,1
42 = 1)
p " q

F(la){/ 14 (=
/HA2 ),

(/g %) (D3<mo> (Alogfl)) (z)dz>
g($)
</g Diay) (Arog™ 1))<z)dz> dx] +

dx] +
p

20
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</gj:o) (z—g(2)*" (D?(m)— (Az0 g*l)> (2) dz) d],‘:| +
<‘/gz]:.1,)) (9(z)—2)*" (Dga(mo) (A; og—1)> (2) dz) dm:| } <
b

‘(D;X(%)i (Aro 9‘1)) )| dz) e

dz) dx| +

[ [ 1A,

+

[/;U [ A1 ()], </g(y:0) (z—g(z)*" ‘(D;[(mo)f (A2 og—1)> (2) qdz) dz| +
/: 1A @], (/j(j (9) = 2 | (Do) (A2 057 (Z>quz> dx] }
0 o (78)

We have proved, so far, that
1 (A1, Az2) (zo)ll; <

{ / | As (z (/g(g:o> 2= g(a)*! ‘(D,S‘(m)— (Alog—l))(z)dez> dz| +
/% 14 (3], (/((j (9(2) = 2" || (D (A1 097) )<z>dez> ax| +
[ [, ( / (()) (2 — g ()™ qdz) an| +
/ 14 (@)1, ( / ((j (9 (2) — 2! q dz) dz] } ).

(79)
Let now v, 6 > 1 such that %Jr% = 1, and we apply the usual Hélder’s inequality
in (79). Then we have that

(D50 (420971)) ()

(D5 (A20971) (2

1
T(a)(y(a—1)+1)7

{ [/ ol o) =95 ([0 (h07)

21

[ (A1, A2) (o), < (M) <

s 5
dz) dr| +
p
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[ 141, 0 @) - g )7 (/(()) (D50 (A1097)) ) ‘Sd>d] +
[ 1A @l (oo - g @) ( [ ")

/ 141 (@)1, (9 () — g (20) T ( /

<

(Dgany- (A2097Y)) (z)H(Sdz> ' dm] +

)

(80)

B
dz
q

To
[ 1@l (o w0) — g )" o
5,[g(a),g(x0)] @

b 1
/ 142 ()l (9 () = g (20))** da
5.[9(20).9(v)] 0

xo 1
[ 14 @l (9 o) = g (@) d
8:[g(a),g(z0)] V@

) (A2097)) (2)

I (a) <7<a— 1) +1)7

{ U‘HD 20)- (A10g7Y)

-1
| D5y (41097

p

L

P

[[Eme)

b

1AL (@)1, (9 () — g (20))*? dz] } :

([

proving (71).
‘We also obtain

16,[g(w0),9(b)] Y@

1 (A1, A2) (o), < (A) <

{ “HD;‘(W (Areg™)

—1
‘ HDQ(%) Al ) )

I'(a)
) /.’rO ||A2 (.’L‘)Hq (g (.’11‘0) —-g (.’L‘))a_l x|+

p

L1([g(a),9(zo

b
/ 142 @), (9 (2) — g (20))* " di| +
Li([g(x0),9(b)]) Yo

[ 1@l o )~ g @) da +
Li([g(a),g(z0)]) + @
&

b
[ 14 @I, 0@ - g o da:] } ,
L1([g(z0),9(b)]) ¥ %o

’ P

[ “ D;(zo)* (A2 Og_l)

Q

T

proving (72).

22
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At last we derive

19 (A1, 42 ()], < ) < 7oy
{ “ HDQ o) = (A1 og"

-1
[ | DSy (4109

o
/ 142 @)1, (9 (20) — g ()" dz | +
Plloo,[g(a),g(z0)] ¥ @

b

~—

142 ()]l (9 (x) — g (20))" da | +

p 00,[g(z0),9(b)] ¥ Zo

/%nAl( ) (g (20) — g (2))° da

~—

+

@ —1
U’ Dg(IO)i (A2 ° g
00,[g(a),g(z0)]

. / 14 @), (9 (@) — g (2 )>“d4},

(83)

[ HDQ(Io) (420 g_l)‘

proving (73).

The theorem is proved. m

Next we present p-Schatten left and right generalized Canavati fractional
Opial type inequalities:

Theorem 19 Let the x-ideal Bo (H), which (B2 (H),|-||,) is a Banach algebra;

zo € [a,b] CR, v > 1, n=[v]; f € C"(a,b],B2(H)), g € C*([a,b]), strictly

increasing such that g=* € C™([g(a), g (b)]), with (fo 71)(k) (g(z0)) = 0,

k=0,1,...n— 1. Assume further that fog~! € Chiao) (L9 (a), g (B)], B2 (H)).
Let also p,qg > 1: %—}—%:1, Then

/g(l’o)

27 (2 g(w0) TP i §
1 ) fO (’U})
T pr-1)+1)pr-1)+2)7 </g($)H( oo (o9 ))
for all g (z¢) < z<g(b).

(o5 @) (Phieg (Fog ) )|, s 80

2
q q
dw |
2

Proof. Very similar to the proof of Theorem 13 of [6]. Use of (44) for

p=q=2. 1
A similar result comex next:

Theorem 20 Let~ > 1, the x-ideal B, (H), which (B (H),|- ”’y) is a Banach
algebra; xp € [a,b) CR, v > 1, n=[v]; feC"” ([ b,B, (H)), g € C* ([a,b]),
strictly increasing such that g=* € C™ ([g (a), g , with (f o g_l)( ) (9 (z)) =

0, k=0,1,...,n—1. Assume further that fog_1 6 C” o) (9(a),g(0)]. By (H)).

23
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Let also p,qg>1: >+ = =1. Then

/9(10)

275 (2 — g (20))" " s 2 ) R
TW)[(pw—1)+1)(pv—1)+2) </g(l0) H(Dg(w) (fog ))( )

for all g (w0) < = < g (b).

1,1
p g

(Fo97) ) ((Dya (Fo97) (w))Hvdw < (85)

Proof. Very similar to the proof of Theorem 13 of [6]. Use of (41) for p = ~.

It follows the corresponding right side fractional Opial type inequalities:

Theorem 21 All as in Theorem 19, however now it is fog™' € Chizo)— ([9(a) g ()], B2 (H)).

Then S(oo)
L (o0 @) (P (7o07) ), o <

o

q

’(D;(mo)f (fog™) (t)HZ dt) ,

(86)

for all g(a) <z < g(zg).
Proof. Based on (20), and as similar to the proof of Theorem 19 is omitted.
Next comes another right ride fractional Opial type inequality:

Theorem 22 All as in Theorem 20, however now it is fog~! € Chizo)— ([9(a), g (0)], By (H)).

Then
/g(wo)

(7o) @) (D= (7007 ()] <

’( o(wo)~ (fog_l))(t)Hidt> :

(87)

for all g(a) <z < g(xzg).

Proof. Based on (20), and as similar to the proof of Theorem 19 is omitted.

It follows the modified generalized left B (H)-valued fractional Opial in-
equality:

24
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Theorem 23 All as in Theorem 6, where X = By (H) and letp,q > 1: %—l—% =

1. Here we assume that m <v<l1. Then

[ eay ) (e (o) w) | aws o

270 (2 — g () "
D((m+1)v)[(p((m+1)v—1)+1) (p((m+1) v — 1) +2)]»

([ o esola)

for all g (w0) < 2 < g (b).

Proof. As in Theorem 19. m

Next comes another modified generalized left B, (H)-valued fractional Opial

inequality:
Theorem 24 All as in Theorem 6, where X = By (H) and letp,q > 1: %—i—% =
1. Here we assume that m <v<1. Then
: 1 (m+1)v 1
[ lwes @) (o veah) @) aes o
g{To

2% (z—g (mo))(mﬂ)”*%*%
D((m+1)v) [(p((m+1)v—1)+1) (p((m+1) v — 1) +2)]»

([ ooyl a)

for all g (z0) < 2 < g (b).

Proof. As in Theorem 19. m

The corresponding modified generalized right By (H )-valued fractional Opial
inequality comes next:

Theorem 25 All as in Theorem 7, where X = By (H) and let p,q > 1: %—l—% =
1. Here we assume that —=— < v < 1. Then

(m+1)q
/g(wO)
m v+i-1
274 (g (xg) — 2)"

F(m+D)[p(m+1D)rv-1)+1)(p(m+1)r—1)+2)]

((Fog™) ) (DY (Fog™)) @), dws (90)

=

25
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(o oo o)

(/g(%)

for all g (a) < = < g (o).

Proof. As in Theorem 19. m
The corresponding modified generalized right 5., (H)-valued fractional Opial
inequality comes next:

Theorem 26 All as in Theorem 7, where X = B, (H) and letp,qg > 1:
1. Here we assume that <v<1. Then

/9(930)
274 (g
T((m+1)v)[(p((m+1)v—1)+1)(p((m+1)v—1)+2)]»

(/9(170)

for all g(a) <z < g(x0).

"SM—‘
vQ

1
(m+1)q

[((Foa™) @) (D50 (Fog™)) )| dws< (o)

(o) — 2)" T

(o o) ol )

Proof. As in Theorem 19. =
‘We make

Remark 27 (to Theorem 12)
Case of inequality (46):
Call and assume

Ml (fla"'?fT) = (92)

g { . (125 Gros7] .

i=1,...,r zo€la,b] s[g(a) 9(3”0)],

D3 (5097 | < oo
roelad 2lloo,lg(w0),0(0)]

Then
| K (f1,.s fr) (0)]]; < Right hand side (46) <
My (f1, o fr) (g (b) — RN
1 (f1, ,Ff(i(f(l)) 9() > / H“fj oy || (93)
= J;ﬁz
We make

26
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Remark 28 (to Theorem 13)
Case of inequality (62):
Call and assume

M2 (fla"-,fr) = (94)

maxr{ sup HHDg(w)— (fzog H ‘

=17 | zo€lasb] Li(lg(a).g(z0)])

w25 (o) | < oo
roelab] 2111 (g w0).00)

Then
IK (f1y s £2) (20}, < Right hand side (62) <

Ms (f1, O (g (b) _ g(a))u—l r
I'(v) Z /a HHfJ ||2 de | . (95)

i=1
J#z
We make
Remark 29 (to Theorem 14)
Case of inequality (64):
Call and assume (p,q > 1: % + é =1):
M3 (fla"')f’l‘) = (96)

s { o 155 o],

i=L...,7 | zo€a,b] (a).g(z0)])

< +o00.
[9(z0),9(b)])

K (f1, ..., fr) (z0)]l; < Right hand side (64) <

sup [ Dyey (Fi097")

zo€la,b]

Then

1 r

Mg(fh-.-,fr)(g(b)1—9(@))"“Z/ HHfJ D, lde|. 97

p(v-1+1rI(») i=1

J 751
‘We make

Remark 30 (to Theorem 15) (v > 1)
Case of inequality (67):
Call and assume

MiY (fla"'afr) = (98)

27
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—1
| Dy (Fiog

_max sup )
i=L..7 | zo€la,b] Tlloo,[g(a),g(z0)]

P HDz(m (fiog™) } < o0,
zo€[a,b] Tlleo,[g(w0),9(b)]
Then
1K (f1,.- fr) (@o)ll, < Right hand side (67) <
M (i, ) (9(0) — 9 (a))” "I T
oy S| (s @i, || o9
=1 Jj=1
J#i
We make
Remark 31 (to Theorem 16) (v >1)
Case of inequality (68):
Call and assume:
MG (fise fr) = (100)
s Lo o el
Tl wo€lad] L1 (lg(a),g(z0))

sup
zo€[a,b]

[P (o7

v

} < +00.
L1([g(z0),9(b)])

IK (fi, s fr) (mo)|l,, < Right hand side (68) <

Then

M3 (f1, . fr) (g (b) =g (a)” ™ &
! ) Z/ H||f] de |.  (101)

1751
We make
Remark 32 (to Theorem 17) (v >1)
Case of inequality (69):
Call and assume (p,q > 1: % + % =1):
M (fr, oy fr) = (102)
max { sup HD” (o) _(fiog™ H ,
=t {wo€fand) g (l9(a),g(zo)))

sup
zo€la,b]

[P (50971

~

} < +00.
q,([9(x0),9(b)])

28
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Then
K (fi, - fr) (mo)|l,, < Right hand side (69) <

T

M?:/ (fla ceey f'r‘) (g (b) —dg (a))yié
! Ifi (x dz |.  (103)
(p(v—1)+1)rT(v) ; / H

Jséz

Remark 33 (to Theorem 18)
i) for v,0 > 1: %—i— % =1, case of inequality (71):
Call and assume

Ni (A, Ag) =

s { . [[95 (4105 o[22y (4107 |
zo€lab] Pl15,lg(a).g(x0)] @o€la,b] Plls,lg(z0),9(0)]
sup HD” 0)— (Agog™") , sup HD (Agog™") }<+oo.
zo€la,b] 115,l9(a),g(z0)] @o€[a;b] 15,[g(x0),9(b)]
(104)
Then
[|® (Ay, A2) (z0)||; < right hand side (71) <
Ny (A1, 49) (g (b) — g (a)*"?

[1ai@iyaes 14 @, dw]. (105)

I'(a) (v <a—1>+1

it) case of inequality (72):
Call and assume

Ny (A1, Ag) = (106)
max{ sup HD;(ro)* (Aiog™) , sup HDg(xo) (Aiog™)
zo€la,b] L1([9(a),g(z0)]) ZoEla,b] PIL1([9(x0),9(B)])
sup HD” o)— (Ayog™") , sup HD” (Asog 1)71 } < +o0.
zo€la,b] 411 L1 ([g(a),g(x0)]) To€la;b] L1 ([9(x0),9(0)])
Then

[|® (A1, A2) (z0)||; < right hand side (72) <
b b
Ny (A1, A2) (g (b) / | Ay (x)Hp dx +/ || As (:c)||q dx} . (107)

I («)
N3 (A1, Ag) = (108)

iii) case of inequality (73):
Call and assume

, Sup
p oo,[g(a)7g(z0)] :L’()G[a,b]

D5 (1007

I7;

—1
oo (A1097")

max{ sup )
zoEa,b] Plloo,[g(w0),9(b)]
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sup HD” o)— (Agog™") , sup HD (A2o0g 1)_1 } < +o0.
zo€la,b] 9lloo,[g(a),g(z0)] To€la,b] Tl oo,[g(w0),9(b)]
Then
|®(Aq, As) (930)||1 < right hand side (73) <
N3 (A1, 42) (g ( / /
A As ( . 1
Tt 1A @), de+ [ || Az ()], dz| . (109)
‘We need

Remark 34 (i) This is regarding Theorems 12-17. Here K (fi,..., fr) (x0),
xo € [a,b], is as in (45). Next we denote and have (case of 1 <v < 2):

b
NG A ;:/ K (F1, o £2) (w0) dag =

T

Z (b—a)/a Hfﬂ fi (z) dz — /ab ljlf](ac) dx (/jfﬂx)dm) )

i=1
J#Z J#i
(110)

(i) This is regarding Theorem 18. Here ® (A1, A2) (zo), xo € [a,b], is as in
(70). Next we denote and have (case of 1 < a < 2):

b
A (Al,AQ) = / (0] (A17A2) (xo) dxo =

b b
(b—a) (/ Ay (2) Ay (2) dm—f—/ Ar () As (2) dm) - (111)
b b b b
</ Ay (x)dz) (/ Aq (x)d:c) - (/ Ay (m)dw) (/ As (:c)d:z:) .
(iii) for v > 1, it holds

I8 G £l < [ 1K (v ) @] (112)

and .
1A (A, Ag), < / 1@ (Ay, As) ()], de. (113)

We give the following set of y-Schatten norm generalized Canavati type
fractional Griiss type inequalities involving several functions over B, (H), v > 1.
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Theorem 35 All as in Theorem 12, with 1 <v <2 (i.e. n=1). Then

i)
_ vy )2
1A (1 £y < MUt ) (rg<§,b)+ 1§;<a>> (b—a)
> | [TT05 @1, , (114)
- -j;} 0,[a,b)
where My (f1, ..., fr) is as in (92),
i)

M; (f1, fr) (9.(b) — g (a)" " (b— a)®

IA (frs 0 f)lly < I'(v)

r

> | T @l , (115)

1=1
i o0, [a,b]

where Ms (f1, ..., fr) is as in (94),
i11) when p,q > 1: %Jr%: 1, we have

M; (fi, s ) (g (0) — g (a))" "7 (b— a)?
(p(v—1)+1)> T (v)

||A (fla vy fr)”l S

SOOI @, ; (116)
=1 =1
JFi 0,[a,b)

where Ms (f1,..., fr) is as in (96).

Proof. By Remarks 34, 27-29 and that

A anj D, | do < 0= a) anj

J#Z J?ﬁl 00,]a,b]
| ]

We continue with

Theorem 36 All as in Theorem 15, with 1 <v <2 (i.e. n=1),v>1. Then
i)

IA (Fr, s £l < MY (f1, . fr) (g (b) = g ()" (b — a)®
L Jo)lly = )

)
'v+1
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175 ()1, : (117)
=1 j=1
J#i oo o]
where M{ (fi, ..., fr) is as in (98),
My ey b) — v—1 b_ 2
IA (1 fi)l, < =2 (f1, ,f)(g(r)(y)g(a)) (b—a)
S| @I, | 119
i=1 j=1
J#i oo [ab]

where My (fi, ..., fr) is as in (100),
i11) when p,q > 1: %—Fé: 1, we have

A (f1, s )l < M?Y (fisn fr) (g (B) —g(a))l’*% (b—a)2
T (p(v—1)+1)7T (v)

r

>[I @I, , (119)

i=1
I 00,[a,b]

where My (fi,..., fr) is as in (102).

Proof. By Remarks 34, 30-32 and that

b r r
[ 1LIs @1, | do< @-a | 115 @1,
= 2
]

Furthermore we have (r = 2 case of p-Schatten norm Griiss inequalities)

Theorem 37 All as in Theorem 18, with 1 < a < 2 (i.e. [a] =1). Then
i) forvy,0 > 1: %—F%:l, we have

N1 (A1, A2) (9 (b) — g (@)% (b—a)

|A (A, A2)l; < T
['(a)(y(e=1)+1)7

b b
/ 1Ax @)1, do + / 14 <x>||qu] , (120)
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where Ny (A1, Ag) is as in (104),
i)
Ny (A1, As) (g (b) —g()* ' (b—a)
()

/ 1As @), der + / 145 (@)1, dx], (121)

where No (A1, Ag) is as in (106),

[A (A1, A)]l; <

and
iii)
N3 (A1, A2) (g (b) — g (a)” (b—a)
HA (A17A2)||1 < ! F(a+1)
b b
/ Ay ()], do + [ || Az (ﬂf)llqu] ; (122)

where N3 (Ay, As) is as in (108).

Proof. By Remarks 34, 33. m

6 Applications
We start with applications on Ostrowski type inequalities:

Corollary 38 (to Theorems 12-14) All as in Theorem 12 for g (t) =t. Then

i)
1
K (f1y s fr) (@0} < Tw+D
O ||y o= | [ | T 0 e ||+ 120
= 7751 i
b
%l 00 | [ T 0 ) |||
1751 14
i)
1
1B (fise B2) @)l < 55
. ||H(DZO*fi)HZHLl([a,wo])/a H”fj ”2 xo_m)yildx +
= J#Z
33
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125 ol o / anj Dy | @ —wo)da| | (124)

J;ﬁz

i11) when p,q > 1:%+%:1, we have

1

VK (oo £2) (o)l < :
T -+ 1))

r

% el gy | [ 0= me Dl [ dr ||+

J#z

i=1

Q=

Hny )|y | dx . (125)
J#l

b
%) el | [ 2= 200

It follows:

Corollary 39 (to Theorems 15-17) All as in Theorem 15 for g(t) =t, v > 1.

Then
i
1
||K(f177f7‘)($0)”fy—r( ¥ )
> | oz, o0 =0 | [Tis @1, |ar] | +
N i
(126)
b T
Mzl 620 | [ I @, | e ||
J#i
i)
I (oo £ ) < s
T 1) “TTs @1, | ooy de| +
pu Jiwz,-s, Ll[amon/a H Al
VE
b r L
Nz o L, | TV O f ooz
i
34
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iii) when p,q > 1: %—i—%: 1, we have
1K (Frr o ) @0, < :
1y -5 Jr) (L0 >
T p-D+D) T W)
T zo
[ Tearamry [ @-a H 15 @I, | do || +
=1 axg a
J#z
b _1
[l sl | ) @=eo H 15 @)1, | do (128)
3?0 b To
Jsﬁz ]
We continue with
Corollary 40 (to Theorem 18) All as in Theorem 18, with g (t) = e'. Then
i) forvy,0 > 1: %—F%:l, we have
1
[® (A1, A2) (z0)l; < I
(@) (r(@—1)+ 1)}
_1
— ") dx] +

{ D‘HDZO (Ao log)HpHé,[emm] /j” [ Az ()], (e™
0 /zj A2 (z)], (6" — €)% dy | +

[HHDSEO (Avotog)l, |, .

UIHDM Wl [ 1000, 0 ]
U\HDM oy [ @ )d” (120)
it) it holds

1

@ (A1, Az) (zo)]|; < I'(a)

xo
A (z er°
R I EHET

b
A T __ ,To Oéfld
ey [ WAz @ (€ = ey

— )t d:c} +

—em)! dgc} +

{{1pz- caroromy,

[T

zo
A o
e . T @ e

35
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b
Ay (@) (€F —e™)* Tdx| b,
ey [ 1A @ (€ =) H

1
)H1§m

Zo
{[hoza-ctncwmi] .., [ 1, e o]
,|ed,e a

b
UMD;;O (41 olog)], | / 142 @), (¢ — ¢%)” dir| +
00,[e%0,e’] Sy,

[HHDM (42 0log),|
and
iii)
[® (A1, A2) (2o

zo
oz Gaororl | o [ Hs @, e ey ae] +

b
[HHDM Agolog)||qHOO[ezo eb]/ 14, (x)p(eze%)adx”. (131)

We continue with applications on Opial inequalities

Corollary 41 (to Theorem 19) All as in Theorem 19 with g (t) =t. Let p,q >
1:%—}-%:1. Then

/ |1 ) (B2,) ()] <

e ! dw ' 132
CW)[(pv—-1)+1)(pr—1)+ ;(/ 1(DZ, £) (w3 > (132)

for all zg < z < b.

It follows:

Corollary 42 (to Theorem 20) All as in Theorem 20, v > 1, with g (t) = €.
Let also p,qg > 1 :%—i—%:l. Then

[ I o108) () (D (7 0108) )] <

z0o

274 (z—ewo)'”r%*% z D q q
i Voo (folo w)[[5dw |
) pE-1+1)eE—1)+2) </ (Do (Folog)) ()] )(133)

for all e® < z < éb.

We finish with applications on Griiss inequalities:

36

618 George A. Anastassiou 583-621



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO. 4, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC

Corollary 43 (to Theorem 35) All as in Theorem 35 with g (t) =t (1 <v < 2).

Then
i)
My (fi, o fr) (b= a)" " & -
I8 (1o gy < I115 @I, ,
i=1 \ ||j=1
J#i 00,[a,b]
(134)

where My (f1, ..., fr) is as in (92),
i)

=1 =1
J# 00, [a,b]

_aVJrl T T

A )y < ML) 020 TL15 @1, )
j=1

(

135)
where My (f1,..., fr) is as in (94),
i11) when p,q > 1: %—Fé: 1, we have

Ms (Fryos £) (b—a) T3 &
po-D+0ITe)

[A (fryes fr)lly < 11175 @), ;
j=1

j;i 0, [a,b]
where Ms (f1,..., fr) is as in (96).

It follows (r = 2 case)

Corollary 44 (to Theorem 37) All as in Theorem 37, with [a,b] C Ry — {0},
and g (t) =logt. Then
i) fory,0 > 1: %—i—%:l, we have

N1 (Al,Ag) <10g g)a % (b — CL)

||A(A1,A2)H1 < 1
T(@)(r(a—1)+ 1)}
b b
/ | A1 (w)\\pd$+/ | A2 (x)llqdl“], (137)
whe.r'e Ny (A1, As) is as in (104),

it)
Ny (As, Ag) (log )" ™" (b — a)

”A(AI’AQ)HI < F(Oé)
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b b
/ 1As (@), dr + / 14 (x>||qu] , (138)

where N (A1, A2) is as in (106),
and
iii)
N3 (A1, As) (log 2)™ (b - a)

A(A A <
|| ( 1y 2)”1— F(OL+1)

b b
/ 1As (@), der + / 14 <z>||qu] , (139)

where N3 (A1, Ag) is as in (108).
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