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ABSTRACT
AsetD € E(G) is called a geodetic dominating set of G if D is both ageodetic dominating set and a certified

dominating set of G. The geodetic certified domination number Ygeer (G) is the minimum cardinality of its

geodetic certified dominating sets. The geodetic certified domination number of some standard graphs
are determined.

Keywords: domination number, geodetic set, certified domination number, geodetic certified domination
set, geodetic certified domination number.

1. INTRODUCTION

Let G = (V, E) be a finite, undirected graph without loops and multiple edges. The graph G = (V,E) has
n = |D| vertices and m = |E| edges. The essential terms and definitions are comprehensively covered in
Harary’s work [8]. Two vertices u and v are said to be adjacent if uv is an edge of G. The open
neighbourhood of a vertex vin a graph G is defined as the set N;(v) = {u € V(G): uv € E(G)}. While the
closed neighbourhood of a vertex v in a graph G is defined as the set N (v) = {u € V(G): uv € E(G)}. While
the closed neighbourhood of a vertex v in a graph G is defined as the set N(G) = N;(v) U {v}.

For vertices u and v in a connected graph G, the distance d(u, v) is the length of a shortest u — v path in G.
A u — v path of length d(u,v) is called a u — v geodesic. The eccentricity e(v) of a vertex v in G is the
minimum eccentricity among the vertices of G is the radius, rad G or r(G) and the maximum eccentricity is
its diameter, diam G of G. Let X,y € V and let I[x,y] be the set of all vertices that lies in x —y geodetic
including x and y. Let D € V(G) and I[D] =V I[x,y]. Then D is said to be a geodetic set of G, if [[D] = v. The
geodetic number g(G) of G is the minimum order of its geodetic sets and any geodetic set of order g(G) is
called a g- set of G.

A set D € V(G) is called a dominating set of G if for every v € V\D is adjacent to atleast one vertex in D. A
dominating set D is said to be minimal if no subset of D is a dominating set of G. The minimum cardinality
of a minimal dominating set of G is called the domination number of G and is denoted by y(G) [9]. Any
dominating set of cardinalityy(G)is a y-set of G. A dominating set D of G = (V,E) is a certified dominating
set, if every vertex in D has either zero or atleast two neighbours in V\D.The certified domination number
Yer (G) of G is the minimum cardinality of certified dominating set[7]. A set D € V is said to be a geodetic
certified dominating set of G, if D is both geodetic set and certified dominating set of G. The geodetic
certified dominating number of G is the minimum cardinality among all geodetic certified dominating sets
in G and denoted byy___ (G)[10]. A geodetic certified domination set of minimum cardinality is called the

gcer

Ygcer (G)-set of G. In this article, the geodetic certified domination number of a graph is introduced and

studied.

2. The Geodetic Certified Domination Number of Graphs

Definition 2.1.

A set D € V(G) is said to be geodetic certified dominating set of G if D is bothgeodetic set and certified
dominating set of G.The geodetic certified dominating number of G is the minimum cardinality among all
the geodetic certified dominating sets in G and denoted by y__._(G). A geodetic certified dominating set of

(G)-set of G.

geer

minimum cardinality is said to be a Ygcer
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Figure 1

For the graph G given in Figure 1,D; = {v;,v3} is a minimum geodetic certified dominating set. Therefore
ygcer (G) =2

Theorem 2.2. For the path G = P, (n = 2), Yecer (G)=n

Proof:Let V(G) = {vy, v, ..., v, }be the vertex set of Gand E(G) = {ey, e,, ..., €, } be the edge set of G, where
e =Viviy, 1 £i<n-—1LetD = {vy,v,V3,..,v,_1}. Then D is the geodetic certified dominating set of G
so that Ygcer (G) < n.Here, it is to be claimed that y___ (G) = n.Suppose that y____ (G) < n — 1. Then there
exists a geodetic certified dominating set D' of G such that |D| < n—1. First assume that D' c D. Let’s
consider a vertexx suchthatx € D and x ¢ D’. Without loss of generality, let us assume that x = v,,. Thenx
is not dominated by any element of D’,which gives a contradiction. Suppose ifD’ ¢ D. Let’s consider a
vertex x suchthat x € D and x € D'. Without loss of generality, let us assume that x = v, ;. Then x is not
dominated by any element of D, which gives a contradiction. Therefore y___(G) = n.

gcer gcer

geer

Theorem 2.3. For the cycle G = C,(n = 5),
2 if n=4
3 if n=5o0r7
n
[§] ifn = 0(mod 3),n = 1(mod 3),n = 2(mod 3)
Proof: Let V(G) = {vy, V3, ...,v,, Vi }and E(G) = {eq, ez, ..., en}.
Case(i) n = 4. ThenD = {v;,v3}is the unique y____- set of G so that Vecer G) =2.
- set of G so that Ygeer (@) =3.
- set of G so that Ygcer (G) =3.
Case(iv) n = 0(mod 3).LetD = {v;,vy, V7, ..., Vu_s, Vh—2}. Then D is the geodetic certified dominating set of G so

thaty. _ (G) < [g] Establish that Vecer G = E] On the contrary, assume that Ygcer G) < H — 1. Then there

Ygeer (G) =

gcer

Case(ii) n = 5. Then D = {vy,v3,v,} is the unique Ygcer

Case(iii) n = 7. Then D = {vq,v3, vs} is the unique Ygcer

3
exists a geodetic certified dominating set D' of G such that |D| < [g] — 1. Assume that D' ¢ D. Now consider a

gcer

vertex x suchthat x € D and x ¢ D’. Without loss of generality, let us assume that x = v,,_,. Thenx is not
dominated by any element of D’,which is a contradiction. Suppose ifD’ & D. Now consider a vertex x suchthat
x € D and x € D'. Without loss of generality, let us assume that x = v,. Thenx is not dominated by any
element of D', which gives a contradiction to our assumption. Therefore Yegcer G) = E]

Case(v) n = 1(mod 3).LetD = {vy, V4, V7, ..., Vh_3,V,_1 }. Then D is the geodetic certified dominating set of G so

thaty. _ (G) < [g] Establish that Ygcer G = E] On the contrary, assume that Ygcer G) < H — 1. Then there

3
exists a geodetic certified dominating set D' of G such that |D| < [g] —1.Let D' € D. Let’s consider a vertexx

geer

suchthat x € D and x ¢ D’. Without loss of generality, let us assume that x = v,,_;. Thenx is not dominated by
any element of D’,which is a contradiction. Now assume that D' & D. Let x be a vertex such that x ¢ D and
x € D'. Without loss of generality, let us assume that x = v,. Thenx is not dominated by any element of D’,
which gives a contradiction to our assumption. Therefore Ygcer @) = E]

Case(vi) n = 2(mod 3).LetD = {vq,Vy4, V7, ..., Vu_s, Vu—1}- Then D is the geodetic certified dominating set of G so

thaty. _ (G) < [2] Establish that y, (G) = E] On the contrary, assume that y, (G) < H — 1. Then there

geer 3
exists a geodetic certified dominating set D of G such that |D| < E] — 1. LetD c D. Let x be a vertex suchthat

x € D and x ¢ D'. Without loss of generality, let us assume that x = v,,_;. Thenx is not dominated by any
element of D’,which is a contradiction. Now assume that D' ¢ D. Let x be a vertex suchthat x ¢ D and x € D'.
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Without loss of generality, let us assume that x = v,,. Then x is not dominated by any element of D', which
gives a contradiction to our assumption. Therefore Ygcer @) = E]

% if niseven
Theorem 2.4. For the wheel graph G = K; +C,_4, Ygcer G) = [

%] if n is odd
Proof: Letx be the central vertex of G and C,_; bevy, vy, ..., v_1.
Case(i) Let n be even. Let D = {vy, Vs, ..., V,_3, Va1 }. Then D is the geodetic certified dominating set of G so

n . . n n . .
thaty. (G) < > It is to be claimed Ygcer Q) = E.Suppose Ygcer G < 7= 1, then there exists a geodetic

geer
certified dominating set D' of G such that |D| < %— 1. Assume that D' c D. Now consider a vertex x
suchthat x € D and x € D’. Without loss of generality, let us assume that x = v,_;. Then x is not
dominated by any element of D’,which is a contradiction. Suppose ifD’ ¢ D. Let’s consider a vertex x
suchthat x ¢ Dand x € D’. Without loss of generality, let us assume that x = v,,. Then x is not dominated
by any element of D', which is a contradiction. Therefore Yegcer G) = %

Case(ii) Let n be odd. Let D = {vy,Vs, ..., Vy_4, Vu—2}. Then D is the geodetic certified dominating set of G

sothaty.  (G) < [g] .Itis to be claimed Vecer @) = [g].Suppose that Vecer G < E] — 1. Then there exists

geer
a geodetic certified dominating set D' of G such that |D| < E] — 1. Assume that D' c D. Now consider a

vertex x suchthat x € D and x ¢ D’. Without loss of generality, let us assume that x = v,,_;. Then x is not
dominated by any element of D’,which is a contradiction. Suppose ifD’ & D. Now consider a vertex
xsuchthat x & D and x € D'. Without loss of generality, let us assume that x = v,,. Then x is not dominated

by any element of D', which is a contradiction. Therefore Ygcer @) = E]

Theorem 2.5. For the star graph G = Ky ;4 Y geer (G) =n.
Proof. Let v, vy, ..., v,_; are the end vertices and x is the full vertex of the star K; ,_;. Then every subset

of V(G) is the geodetic certified dominating set of G so that Vecer (G) =n.

B] if nis odd

Theorem 2.6. For the fan graph G = K; + B,_{, Ygcer G) = {
n+ 1 if n iseven

Proof: Let V(K;) = {x} and V(P,_1) = {V1,V2, .., Vn_1}-
Case(i) Let n be oddwheren = 2k + 1(k = 1). Let D = {vy, V3, ..., v,_3, v, }. Then D is the geodetic certified

dominating set of G so that Ygcer Q) < [g] Here, it is to be established that y__ (G) = [2] On the

gcer

contrary, suppose that Ygcer (@) < E] — 1. Then there exists a geodetic certified dominating set D' of G

such that |D| < E] — 1. Assume that D' c D. Let’s consider a vertexx suchthat x € D and x ¢ D’. Without

loss of generality,assume that x =v,. Then x is not dominated by any element of D’,which is a
contradiction. Suppose if D' ¢ D. Let’s consider a vertex x suchthat x € D and x € D". Without loss of
generality, let us assume that x = v,_;. Then x is not dominated by any element of D', which is a

contradiction. Therefore Ygeecer Q) = E]

Case(ii) Let n be even where n=2k+2(k=>1). Let D ={x,v,V3..,vy}. Then D is the
geodeticcertifieddominating set of G S0
thaty, (G) <n+ 1 . Here,itis to be established that y___(G) =n+ 1.0n the contrary, suppose that

geer geer

Ygcer (G) < n.Then there exists a geodetic certified dominating set D" of G such that |D| < n. Assume that

D' c D. Let’s consider a vertex x suchthat x € D and x & D’. Without loss of generality, assume that x =
v,. Then x is not dominated by any element of D’,which is a contradiction. Suppose ifD" ¢ D. Let’s consider
a vertex x suchthat x ¢ D and x € D". Without loss of generality, let us assume that x = v,,. Then x is not
dominated by any element of D, which is a contradiction. Therefore Ygcer G =n+1.

Observations
1 For the complete graph G = K, (n = 3), v,,, (G) =n.

(i)  Forthe helm graph G = H,(n = 3), Ygcer (G) =n.

(ifi)  For the bistar graph G = B, ,(n = 3), Ygcer (G) =n.
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CONCLUSION

In this article, the geodetic certified domination number of graphs has been introduced and some
theorems are derived and analyzed by applying the concepts to various graphs. This study can be
extended to other certified domination parameters.

REFERENCES

[1] J. Anne Mary Leema, V. M. Arul Flower Mary, P. Titus, “The Edge Geodetic Vertex Covering Number of
a Graph”, ].Math.Comput.Sci.11(2021),No.2,1728-1742.

[2] V. G. Bhagavathi Ammal and A.Janani, Total certified Domination Number of a Graph, Journal of
Applied Science and computations, 66(5), 2020, 90-98.

[3] G.Chartrand, F. Harary, and P. Zhang, “On the geodetic number of a graph”, Networks, 39 (2002),1-6.

[4] G. Chartrand, F. Harary, H.C. Swart and PZhang, “Geodomination in graphs,” Bulletin of the
ICA,vol.31,pp.51-59,2001.

[5] G. Chartrand, F. Harary, and P. Zhang, Geodetic set in Graphs, Discussiones Mathematics Graph
Theory 20 (2000), 129-138.

[6] G. Chartrand , E. M. Palmer, and P. Zhang, “The geodetic number of a graph: a survey”, Congressus
numerantium, vol. 156, pp. 37-58, 2002.

[71 M. Dettlaff, M. Lemanska, and Topp, Certified domination, AKCE International Journal of Graphs and
Combinatorics, 17(1), 2020, 86-97.

[8] F Harary, Graph Theory, Addison-Wesley, 1969.

[9] T.W.Haynes, S.T. Hedetniemi. and P. ] .Slater, Fundamentals of Domination in Graphs, Marcel Dekker,

New York, (1998).

[10] A.Hansberg, L. Volkmann, On the geodetic and geodetic domination number of a graph, Discrete

Mathematics 310(2010),2140-2146

1033 A. Janani et al 1030-1033



