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ABSTRACT

The purpose of the present paper is to obtain the commutativity of a prime near ring ( with a generalized
derivation T associated with a nonzero derivation o on Q satisfying one of the following conditions:
@ (A pD) = 222Qop)Af, (i) top) = A<[A, uJAB, (iii) T([A, pu]) = tpx Qopw)pb, (iv) t(op) = £
pefA, ulud and (v) T([A, u])= £ A2(Qop)ub for all A, p € Q and a, B € N, the set of nonnegative integers.
Moreover, we give an example which shows the necessity of primness hypothesis in the theorems.
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1. INTRODUCTION

A right near ring Q is a triplet (@, +, *) where + and - are two binary operations such that (i)({, +) is
a group (not necessarily abelian) (ii) (€, :) is a semlgroup, and (111) A+p) - w=A-w+p-w for all
A 1, o € Q. Analogously, if instead of (iii), Q satisfies the left distributive law then, Q is said to be a
left near ring. A near ring () is said to be zero-symmetric if A0 = 0 for all A € Q (right distributive
yields that 0A = 0). Throughout the paper, Q represents a zero-symmetric right near ring with
multiplicative center Z(()). For any pair of elements A, p € Q, The symbols [A, p] and (A o p)denote
the Lie product Ap—pA and the Jordan product Ap + pA respectively. A near ring Q is known as prime
ifAQu=20 for all A, p € Q impliesthat A=0 or p=0. A nearring Q is known as 2-torsion free if
(€2, +) has no element of order 2. Throughout the paper N represents the set of nonnegative integers.
The notion of derivation in near rings was introduced by Bell and Mason [9]. An additive
mapping o:Q — Q is said to be a derivation on Qifc(A p) = Ao(p) + c(M)p for all A, p € Q
or equivalently in [28], (A p) = c(M)u + Ao(p) for all A, p € Q. Motivated by the definition
of derivation in near rings, Golbasi [22]defined generalized derivation in near rings as follows:
An additive mapping t: Q@ — Q is said to be a right (resp. left) generalized derivation
associated with a derivation ¢ on Qift(A p) = t(A)p + Ao(p) (resp. t(Ap) = o (A) p+ At(w) for
all A, ue Q. Moreover, T is said to be a generalized derivation with associated with a derivation o on Q if
it is both a right generalized derivation as well as a left generalized derivation on Q. All derivations are
generalized derivations. There has been a great deal of work by different authors with some suitable
constraints on derivations and generalized derivations in prime and semiprime rings (see [1, 7, 8, 12, 13,
16, 17, 24]). A number of authors have been established some comparable results on near rings,(c.f. [2, 3,
9,11, 14,19, 21, 27, 28, 29]).

Daif and Bell [18] proved that if R is a prime ring and I is a nonzero ideal of a R. If ¢ is a
derivation on R such that o([A, u]) = £[A, u] for all A, u € [, then R is commutative.

Further, Dhara [7] proved that if R is a semiprime ring with a generalized derivation t associated with
a derivation o satisfying T([A, u]) = Z[A, ] or t(Aep) = +(Aop) for all A, u € [, a nonzero ideal of R,
then R must contain a nonzero central ideal, provided o(I) # {0}. Moreover, he proved that in case R
is a prime ring, R must be commutative, provided o #0. Motivated by above results, Boua and
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Oukhtite[6] prove that a prime near ring  with a nonzero derivation ¢ is a commutative ring if one
of the conditions holds: o([A, pu]) = £[A, 1] or o(Aep) = £ (Aop) forall A, p € Q.

Recently, Shang [29] considered the more general situations (i) T([A, u])= £ A[A, u]A8, (ii) t(Aop)
=1 A2(Qow)AP, for allA, p€Q, a = 0, B = 0 nonnegative integers and proved that the prime near ring Q
is a commutative ring if it satisfies one of the above conditions.

More recently, Miyan et. al [26] established the following results: A prime near ring Q equipped with a
generalized derivation T associated with a nonzero derivation ¢ is a commutative ring if it satisfies any
one of the following conditions: (i) [t(}), u]= £ p* ep)ub, (i) [A, T(u)]= £ A%(Aop)AB, (iii) T(W)ep =+
ne[A, plpb, (iv)A o T()=2A[A, p]A, (v) t(A)op= £ps(Aop)pb, (vi)[A, T()]= A« [A, u]A8, (vi))[t(D), u]=
tpefA, plpband (viii) A o t(W)=xA* (Aep)AB, for all A, p € Q and for some nonnegative integers a and f.

In this line of investigation, we prove that, let 1 be a prime near ring. If (0 admits a generalized
derivation t associated with a nonzero derivation ¢ satisfying anyone of the following conditions:

@ (A, uD = FA*(Ae)AB, (ii) T(Aop) = FA[A, p]Ab, (iil) T([A, pD)= pe@eppb, (iv) t(Aep)=
+ oA, pJub and (v) (A, p])= £ A2(Aep)u b for all A, p € Q and «, B € N, the set of nonnegative
integers, then () is a commutative ring.

2. Preliminaries

For developing the proof of our theorems, we shall need the following lemmas. These results appear in the
case of left near rings and so it is easy to observe that they also hold for right near rings as well.

Lemma 2.1. [10, Lemma 1.2] Let  be a prime near ring.
(i) If A€ Z(Q2)/{0}, then A is not a zero divisor.
(ii) If Z(Q2)/{0} contains an element A such that A4+A € Z(Q), then (Q, +) is abelian.
(iii) If A€ Z(Q)/{0}, and p is an element of Q such that pA € Z(Q),
then p € Z(Q).

Lemma 2.2.[10, Theorem 2.1] If a prime near ring ) admits a nonzero
derivation o for which o(Q)< Z(Q), then Q is a commutative ring.

Lemma 2.3. [26, Lemma 2.2] Let  be a near ring admitting a generalized derivation t
associated with a derivation o. Then

() ACWE + o(®) = At(E + Ao®forall L i€ € Q,

(i) Apo(®) + T(WE) = Apo(®) + At(uEforall 2, & € Q.

3. Main Results
Let N be the set of nonnegative integers throughout in this section.

Theorem 3.1. Let A be a prime near ring. If there exista, § € N such that () admits a right
generalized derivation t associated with a nonzero derivation o satisfying either
@ ©([A, pD) = A*(AowA® or
(i) t([A n]) = —A2(Aop)AB forall A, p € Q,
then Q is a commutative ring.

Proof. (i) Suppose
(3.1) (A 1) = Ax(Qow)AB for all A, pu € Q.
Replacing p by pAin (3.1), we find that
T([A, pA]D) = A¢(AopA)AB
T([A, u]A) = A2(Qop)AB+1 which implies that
(L uDA + A, plo(D) = 22Qow)AG+Dfor all A, u € Q
Applying (3.1) in the above expression, we arrive at
(3.2) [A ulo(d) = 0 for all A, u € Q.
Now replacing p by pw, for any w € Q in (3.2) and using (3.2) again, we obtain [, pJw c(A) = {0} for
all A, p, w € Q. This means that
[A, ulQo() = {0} forall A, p € Q.
In view of the primness of (), the last expression yields that for each A € Q,
(3.3) o(A) =0 or A€ Z(Q).
By a one-line calculation, we know that if A € Z(Q), then o(1) € Z(Q). Hence (3.3) forces that for
all 2 € Q, then o(1) € Z(Q), i.e, a(Q) < Z(Q). It then follows from Lemma 2.2 that Q is a
commutative ring.
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(ii) By hypothesis,

(3.4) t([A4 uD)= —A*(lopw)Af for all A, u €Q.

Replacing puby pudin (3.4), we find that

T([4, pal) = =2« (Aou)A#

T([A, uld) = —A2 (Aou)As+1 which implies that

T([A4, uDA + [4, ulo(A) = —A2 (Aopw) AP+t for all A, u € Q.

Applying (3.4) in the above expression, we arrive at

(3.5 [Aulo(d) =0 for all A, u € Q.

Equation (3.5) is the same as equation (3.2). Now arguing in the similar manner, as we have done in
case of (i), we obtain the result.

Theorem 3.2. Let (1 be a prime near ring. If there exist «, § € N such that Q admits a right
generalized derivation t associated with a non zero derivation o satisfying either
(1) t(Aow) = A« [A, u]A#  or
(ii) t(low) = — A= [A, u]A# for all 4, u € Q,
then () is a commutative ring.

Proof. (i) Suppose
(3.6) t(lou)= A« [A, u]AB forall A, u € Q.
Replacing p by udin (3.6), we find that
(o)) = A=[A, u]AF+1 which gives
3.7) (Lo A)+ (low)a(A) = Ax[A, u]AF+ifor all A, u € Q.
Using (3.6) in (3.7), we obtain
(3.8) (Low)o(A) =0forallA, ue Q.
This implies that
Auc(Q) = —ulo(A) forall A, u € Q.

Substituting wy, where w € Q in place of i in
the last expression and using it again, we get

Awpoc(A) = (—w)(— Dus(d)
which implies that
(3.9 (Aw — (—(=V))uo(A) =0 forall A, u, w € Q.
Replcing 4 by —A1 in (3.9), we get
(Vo = (—0)D) po (=) =0
((—V)w + wA) uo (—A) = 0forall A, u, w € Q.
Which implies that [w, A] uo (—2) = 0 forall A, y, w € Q,

ie., [, w] Qo) = {0}, forall A, w € Q.
By virtue of the primness of (), we have that for each A € Q,
(3.10) oc(A) =0 or 1€ Z(Q).

Since equation (3.10) is the same as equation (3.3), arguing as in the proof of Theorem 3.1 (i),
we obtain that () is a commutative ring.

(ii) By hypothesis,

(3.11) T(Aow)= —A«[A, u]A8 forall A, u € Q.
Replacing p by udin (3.11), we find that
T((Aow)A) = —A2[A, u]AF+1 which gives

(3.12) T(lowA + (lopw)o (L) = —Ax[A, u]As+1 forall A, u € Q.
Using (3.11) in (3.12), we obtain
(3.13) (Aou)a(A) = 0 forall A, u € Q.

Equation (3.13) is the same as equation (3.8). Now arguing in the similar manner, as we have done in
case of (i), we obtain the result.

Theorem 3.3. Let 1 be a prime near ring. If there exist a, f € N such that  admits a right
generalized derivation t associated with a nonzero derivation o satisfying either
(i) T([4, 1) = p=(Aop)uf or
(ii) T([A, 1)) = —pe (Aow)ub for all A, u € Q,
then Q is a commutative ring.
Proof. (i) Suppose
(3.14) T([A, u]) = pe(Aow)up for all A, u € Q.
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Substituting Au for A in (3.14), we get
T([A ulw) = ux(lopw)up+t for all A, u € Q.
Applying the definition of t, we find that
(3.15) T[A, ulu+[A, ulo(u)=u*(Aop)us+1 for all A, u € Q.
Using (3.14) in (3.15), we obtain
(3.16) [A, u] o(u)=0for all 4, u € Q.
This can be written as
Auo(u) = puAo(u) forall A, u € Q.
Now replacing A by wA in the above expression and using it again, we arrive at
[, ] Qo(u)=0 forall u,w € Q.
By virtue of the primness of (), we have that for each u € Q,
(3.17) o(u) =0or u€Z(Q).
Since equation (3.17) is the same as equation (3.3), arguing as in the proof of Theorem 3.1 (i),
we obtain that () is a commutative ring.

(ii) By hypothesis,
(3.18) ([, u]) = —ux (Lou)up forall A, u € Q.
Substituting Au for Ain (3.18), we get
T([A, ulw) = — pu* (o) upP+ifor all A, u € Q.
Applying the definition of 7, we find that
(3.19) (A uDu +[A ulo(W)=—u* (Aow)ubtifor all A, u € Q.
Using (3.18) in (3.19), we obtain
(3.20) [A ulo(u)=0 forall A, u € Q.
Equation (3.20) is the same as equation (3.16). Now arguing in the similar manner, as we have done in
case of (i), we obtain the result.

Theorem 3.4. Let () be a prime near ring. If there exist a, § € N such that Q admits a right
generalized derivation t associated with a non zero derivation o satisfying either
(D) t(low) = pe[A, uluf or
(ii) t(lou) = — pe[A, ulup forall 4, u € Q,
then Q is a commutative ring.

Proof. (i) Suppose
(3.21) t(lou)= u=[A, ulup forall A, u € Q.
Replacing A by Au in (3.21), we find that
(o)) = u[A, u] uP+1 which gives
(3.22) T(Aop)u + (Aow)o(u) = u*[A, ulup+iforall A, u € Q.
Using (3.21) in (3.22), we obtain
3.23) (Qow)o(u)= 0 for all A, u € Q.
Which implies that
(3.24) Auoc(u)=—uiAo(u) forall A,u € Q.
Replacing A by wA in (3.24) and using (3.24), we get
(w(—w)+ u w)Ao (u)=0, for all A, u, w € Q.
Substituting — u for p in the last expression, we obtain
[w, u JAoEw)=0, for all A, u, w € Q,
ie, [u w]Qo W)={0}, forally,w € Q.
By virtue of the primness of (), we have that for each 1 € Q,
(3.25) o) =0 or u€Z).
Since equation (3.25) is the same as equation (3.3), arguing as in the proof of Theorem 3.1 (i),
we obtain that Q is a commutative ring.

(ii) By hypothesis,

(3.26) T(lop) = —p[A, ulup for all 4, u € Q.
Replacing A by Au in (3.26), we find that
T((Qow)p) = —u=[A, ulup+1 which gives

(3.27) T(Aopu + (oo () = —u«[A, ujuf+iforall 4, u € Q.
Using (3.26) in (3.27), we obtain
(3.28) (Aow)o(u)=0 forallA, u € Q.

Equation (3.28) is the same as equation (3.23). Now arguing in the similar manner, as we have done in
case of (i), we obtain the result.
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Theorem 3.5. Let (L be a prime near ring. If there exist , § € N such that Q admits a right
generalized derivation 7 associated with a nonzero derivation ¢ satisfying either
® ([4 u]) = A«(Aow)u # or
() (A, ul) = —A2Qow)u B forall A, u € Q,
then Q is a commutative ring.

Proof. (i) Suppose

(3.29) T([A u]) =A2«e(Aow)u P forall A, u € Q.

Substituting Au for 4 in (3.29), then we get

T([A, ulp)= A22(Aop)up+1 forallA, u € Q,

which implies that

(3.30) T[A, ulu+[A, ulo(uw)= A= (Aopw)u A+t for all A, u € Q.

Using (3.29) in (3.30), we arrive at

(3.31) [A ulo(u) =0forall A, ue Q.

This can be written as
Auo(u) = puro(u) forall A, u € Q.

Now replacing A by wA in the above expression and using it again, we arrive at
[, w] Q o(u)=0 for all u, w € Q.

In view of the primness of (), the last expression yields that for each u € (),

(3.32) o) =0 or u€z().

Since equation (3.32) is the same as equation (3.3), arguing as in the proof

of Theorem 3.1 (i), we obtain that () is a commutative ring.

(ii) By hypothesis,

(3.33)  ([A4 u]) =— A¢(Aop)u # for all A, u € Q.

Substituting Au for 4 in (3.33), then we find that
T([A, ulw)=—A¢(Aow)u B+1 for all A, u € Q.

which implies that

(3.34) T[4, ulu +[A, n lo(u)=—A*(Low)u F+iforall A, u € Q.
Using (3.33) in (3.34), we arrive at
(3.35) [ ulow)=0 forallA, u € Q.

Equation (3.35) is the same as equation (3.31). Now arguing in the similar manner, as we have done in
case of (i), we obtain the result.

The following example shows that the primness hypothesis in Theorems 3.1, 3.2, 3.3, 3.4 and 3.5
cannot be omitted.

Example 3.1. Suppose that Y is a zero-symmetric right near ring. Let us consider

0 A u
Q:KO 0 0>|0,/1,/1,§EY].
0 ¢ 0

It is easy to verify that () is a non-prime zero-symmetric right near ring with respect to matrix addition
and matrix multiplication.
Define mappings 7, g: A = Q by

0 1 u 0 12 0 0 1 u 02 0
T (0 0 0) = (0 0 0) and o (0 0 0> = (0 0 O).
0 £ 0 0 0 0 0 ¢ 0 0 0 0
Then T is a nonzero generalized derivation associated with a nonzero derivation o on () satisfying
@ ([, uD = £A2Qowk, (i) t(Aop) = £A[A, p]A8, (iii) T([A, u]) = tpe Qop)pb,

(iv) t(op) = + pofA, p]uP and (v) t([A, 1)) = £ A2Qopw)uP for all A, u € Q and o, B € N, the set
of nonnegative integers. However, Q is not commutative.

4. Concluding Remarks

In this paper, the structure of near rings involving generalized derivations satisfying some identities has
been studied. We proved commutativity of prime near rings with identities on generalized derivations.
This work can be further studied by considering generalized semiderivations and multiplicative
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generalized derivations on prime near rings and semiprime near rings along with examples that illustrates
the necessity of the assumptions used which is left for future work.
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