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ABSTRACT

This study explores the algebraic structure of Ternary semirings and introduces the novel concepts of
“quasi-interior ideals” (QIIs) and “fuzzy soft quasi-interior ideals” (FS QIIs). It starts with an overview of
semirings, elaborating on their development and relevance in algebra and computer science—the job
ventures into QlIs and their properties, including FS QIIs in T-semirings. The definitions, examples, and
theorems clarify the conditions when such ideals work and their roles in characterizing regular T-
semirings. Fuzzy set theory is further explored through its application to algebraic structures and
problems in logic, set theory, and optimization. Such extensive analysis considerably expands the
knowledge about semirings and their practical use in different mathematics and theoretical fields.
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1. INTRODUCTION

The semiring is the most essential algebraic structure explaining the broadspread principle of the
semiring (duality of trees), with Vandiver introducing it in 1934. Some researchers argue that Dedekind's
19th-century work on commutative ring principles founded and developed the notion of semigroups. One
operation within a semiring functions as the distributor of the other; it is an abstract algebraic structure
composed of two such operations. The operations are addition and multiplication. An archetype for a
semiring is the collection of natural numbers and standard additive and multiplicative operations. Most
importantly, the transformation to the line segment subset with one as its base is a semiring for which the
maximum and minimum operations work. The employees of this company calculate the difference and
addition functions, represented by the additive unit 0 and multiplicative unit 1, respectively.

The semiring theory is rich since it is somewhere between semigroups and rings and the characteristic
operation of their behavior - the centralizing property of semigroups and distributive properties of the
rings. The semiring maintains the most by sourcing the portion of the overall organization's architecture
that focuses on this element. As a theoretical idea in mathematics and computer science, semirings have
ushered improvements in graph theory, constrained optimization, automata, and encoding on size and
the study of formal languages.

Semirings first showed up indirectly by Dedekind and later more explicitly through researchers such as
Macaulay, Neither, Lorenzen, and Vandiver, particularly in the arithmetic axiomatization of natural
numbers. Many these days, the exploration of semirings is developed widely, although, since 1950, it has
been vastly more popular to employ those methods stemming from semigroup and ring theories. The
additive structure is not a "free" one, nor is it independent, as it relies upon the additive framework in
semirings, while in rings, it is just multiplicative.

The reciprocal exchange between ring and semigroup theorems is what —one amongst others— deeply
marked the expansion of semiring since it has been a vital discovering-oriented domain, continuously
used in theoretical computer science, optimization problems and graph theory. The semiring
multiplication operation and its properties relate semirings to areas of mathematics that are outsidethe
ring theory framework.

Initially, the construction of the meaningless algebraic structures was carried out through approximate
analogies with the earlier ideal notions. The development was complete with these elements in the stage,
and they incorporated the ideas, adding on some as jumping to the conceptual level. Right-side ideals or
bi-morphisms, the generalization of the mentioned terms within the semigroups theory, were firstly
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introduced by Good and Hughes in 1952. This idea was later expanded to rings and semirings by Lajos
and Sardi Sarosi.

The issue of constructing quasi-ideals for semirings was further studied by Steinfeld in 1956, firstly for
the semigroups and later on for the rings. By extending their results on these concepts to the framework
of semirings, Iseki (1960) further refined them by introducing an original notion of quasi-ideals.
Moreover, Henriksen approached the subject extemporaneously and examined ideals in semirings. On
this basis, Jagtap and Pawar then explored quasi-ideals of semirings of I, which has dramatically
impacted the structure of these objects.

To broaden the scope of his work, Rao introduced the topic fuzzy bi-quasi-ideals in I'-semirings, which
underlined the lattice-theoretic connection among rings and other more general algebraic structures. The
present manuscript seeks to further the array of generalizations of the already introduced concepts of bi-
ideals and interior ideals by giving rise to the quasi-internal ideals of I'-semi-rings, one of which is the
property of the binary intersection with ideals being ideal. On the one hand, it also proceeds to broaden
fuzzy logic recognized as a subject by introducing fuzzy quasi-interior ideals to characterize I'-regular
semirings with the help of those new ideals.

The fuzzy set theory has received more highlighting lately in various fields of mathematics, so outlines the
applicability of this theory in terms of logic, set theory, and other mathematical disciplines. Then, the
fuzzification of algebraic structures resulted in the development of fuzzy subgroups based on Rosenfeld's
definition of fuzzy subgroups.

The exploration of fuzzy structures continued with studies on fuzzy prime ideals and fuzzy subrings by
Swamy and Liu, respectively. More specific to semirings, Mandal and Rao have explored fuzzy ideals
within ordered semirings, further expanding the application of fuzzy logic in algebra.

This current study extends the theoretical framework for I'- semirings by introducing and discussing the
quasi-interior and Fuzzy SoftQuasi-Interior Ideals. Moreover, it uses these concepts to provide a
characterization of regular I'- semirings, showcasing the depth and breadth of applications of these
advanced mathematical concepts in theoretical studies.

2. Preliminaries
This section includes the elements set and necessary terms for the discussion.

Definition 2.1. The associative binary functions of the structure are represented by the symbols + and ,

respectively.

(i) Commutative laws allow simultaneous addition of two elements from a group, corresponding to s +
t =t + s for each combination of sas well as tin T.

(ii) Since the distributive law over the addition operation of T is valid from both sides, it follows that
the multiplication of px(b+m)=(p*b) +(p*m)and (b +m) *p = (b * p)
for any partp, b, and 7 from T.

(iii) Thereisarulein T for an element p thatsays £ * ¥ = £ and £ * ¥ = ¥ * £ = ¥. This value is called an
identity element.

Definition 2.2. Consider V and 0 as two S#0 sets. V qualifies as a ®-semigroup if it fulfills the conditions
below:

(i) u&vbelongstoV,

(i) u&(vyw) equals (ugv)pw for any u, v, win Vand &,  in ©.

Definition 2.3. Suppose (V, @) and (0, @) are commutative semigroups. V is considered a 0-sr if it
satisfies these axioms for any u, v, w,§ and s are in ©:
(1) (uvw)dy = u(vwe)p=uv(wey),
(i)  u§(v® w) = ugvDuiw,
(i) (u Dv)Ew = uEwDvew,
(iv) u@® y)v=ugvuyv.
A standard sr V turns into a ©-sr when 0 =V, using the typical sr multiplication as the ternary
operation.

Definition 2.4.The zero element denoted by z of the ©-sr V has the following properties:z@ u=u=u P
zandz&u=ugz=zforalluinV.

Definition 2.5. Using the standard matrix multiplication operation, let V be a set of matrices with p x q
non-negative rational elements. Let ® be a subset of q x p matrices with non-negative integer values,
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utilising the standard matrix multiplication. Under this conventional matrix multiplication operation, V is
a sr known as 0.

Definition 2.6.If y in S and o, T in T exist to the extent that c = coytc, then a factor c in T-sr S is said to be
regular.

Definition 2.7.In the context of S being a T-sr, C is considered a right (orleft) principle whether it assures
closure under addition and the condition STCSC (or CTSEC) holds. If C possesses the characteristics of
both the right and Left Ideals, it will be regarded simply as an principle of S.

Definition 2.8.The regular elements of the T-srR, satisfying the conditions outlined in the definition, will
correspond to the regular elements of the T.

Definition 2.9. A function g: D - [1, 0] is referred to as a fuzzy subset of D when considered within the
context of a A-sr representation of D.

Definition 2.10.A threshold v that falls within the range of [1, 0], then the subset h_v = {t€F | h(u) = v} is
considered to be a point subset of F from the perspective of h.

Definition 2.11. w is a fuzzy in a T-srD for any elements u, v that are contained within N and & that is
within T:

i.e, w(u @ v) is greater than or equal to the minimum of w(u) and w(v); i.e., w(ugv) is greater than or
equal to w(v) (or w(u)).

Definition 2.12. When a pair of fuzzy subsets p and w of N is stated to be € w, it implies that p(u) is less
than or equal to w(u) for any u that is a member of N.

Definition of 2.13. For any element i in I, the operations bep, B@<€, and Q€ are defined as explained in
the following manner

{sup{min[B(¥), €(¢)]}if¥, ¢ € 1
Bo€(i)= { k¥eH
0 otherwise
{sup{min[B(¥),€(¢)}if I¥ =¢ €I
BD€(i)= [ ¥ ¢El
0 otherwise

Definition 2.14. Assume that two T-srs, namely T and U. If the mapping i: T — U meets a requirement,
then it is said to be a A-sr homomorphism.
(1) i(€8¥) = i(€)Ei(¥), €, ¥ and & in T respectively.

Definition of 2.15.The S#@ of set M is signified by D. With the following notation and definition, the
distinctive position of D, which is a fuzzy subset on D, is established.

B(n)_{ 1 ifneD,
X 0 ifneD.

3. “Quasi-Interior Ideals” (QIIs)
Definition 3.1: If " is a Z-ssr of © and OXI'OZOI'OCT, then I is a S#0 of ® and is hence considered a left QII
of 0.
Definition 3.2: If " is a 2Z-ssr of ® and 'OXOI'OZOCT, then I'is a S£@ of ® and I' is a RQII of ©.
Definition 3.3: If " is a 2-ssr of @ and L/RQIIs of @, then I is a S#@ of ©® and a QII of B.

Remark 3.4: [t is not necessary for a QII of a 2-sr © to also be an interior ideal, BII, bi-QI, or Qlof Z-sr 0.

Example 3.5.If IT represents the set of all numbers that are rational, we can write
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0 = (ayfs )la,B,6,0€ll. As a result, O is a Z-sr with standard matrix multiplication as the ternary operation
and standard matrix addition. If T' is equal to (00 B0)|B€II}, then I is not a bi-ideal of ® but rather a
RQILDefining a left QII as the set I" of © that is not S#@, we know that I' is a Z-ssr of @ and OXI'OXOT'OCT.

Theorem 3.6. Within any A-sr 0, the subsequent propositions are established:

All LIs inherently qualify as LQIIs of ©.

All RIs inherently qualify as RQlIs of 0.

All quasi ideals naturally qualify as QIIs of G.

All ideals by their nature qualify as QIIs of ©.

The union of a RI with a LI within © constitutes a QII of ©.

If Arepresents a LI and W represents a RI of 0, then the composite set [=WAA is recognized as a QII of

0.

7. Supposing I' epitomizes a QIl and Y represents a A-ssr of O, then the conjunction I'nY is
acknowledged as a QII of ©.

8. Presuming I' constitutes a A-ssr of 0, and given OA®ABAT is included in T, then I is affirmed as a left
QIl of ©.

9. Assuming I' is a A-ssr of 0, and if QAGAOAT is encompassed by I' as well as TAOABAO is contained
within T, then T is validated as a QII of ©.

10. The convergence of a RQII with a left QII inside 00 is recognized as a QII of ©.

11. If Aisa Ll and ¥ is a RI within 0, then the set '=WNA is considered a QII of®.

O Uk Wi

Theorem 3.7.Ais a bi-LQI of W if it is a LQII of a T-sr .

Proof. Assume A is a LQII of . Then we have WTAT'WT'ACA. Thus, we can deduce that ATYTASWTAT'YTA
which, based on our assumption, is contained in A. This implies

YTANATYTA

CATYTA

CYTATYTA

CA

Theorem 3.8. If Ais LQII of a T-sr¥, then A is a BII of W.
Proof. Let A be a LQII of ¥. WTAT'¥YTACA.
Thus we get WTAT'WYNATWTACSATPYTACYTAT'YTACA. So A is a BIl of W.

Corollary 3.9.If Q is a RQII of a T-srW, then Q is a BII of W.
Corollary 3.10. If Q is a QIl of a T-sr¥, then Q is a BII of ¥.

Theorem 3.11. Every LQII of a T-sr is also a BII of W.
Proof. Given A is a LQII of ¥, we have that ATWT'ACA, which infers that WTAI'WTACA. Since the latter is
within 4, it follows that ATWT'ACA is also within A, and thus A qualifies as a BII of W.

Corollary 3.12. For any T-sr¥, every RQII is also a BII of ¥.

Corollary 3.13. If a subset A within a T-sr¥ is a QI], then it naturally holds the property of being a BII of
.

4. “Fuzzy Soft” (FS)QIIs of “T-Semiring”(T-sr)
Definition 4.1: If we say that (G,v) is an FS set in V then (F,p) is an FS of (G,v), which we denote as
(F,p)E(G,v), for all peQ, if ASB and F(p)<G(v).

Definition 4.2: Given two FS sets (F,A) and (G,u), their intersection is defined by (H,{) where
H:Q—[0,1]7V) such that for each y€Q:

F) 00, ifx € A\B;

H@ 00 = { 6w 00, ifx € B\ A;

min{F(A) (), G(W (Y}, ifx € AnB.
Definition 4.3: If (F,p) and (G,v) are FS sets over V, the 'greater than or equal to' relation between them,
indicated by (F,p)=(G,v), is delineated by (J,r) where ]:Q—[0,1]?(7 such that for each w€q,
J(7)(w)=max{F(p)(w),G(v)(w)}, where C=AxB, t=(pxVv), and 4,B are in Q.

274 Mantha Srikanth et al 271-278



Journal of Computational Analysis and Applications VOL. 33, NO. 6, 2024

Definition 4.4: Assume a T-sr H, a parameter set 0, a subset CEH, and a map h:C—[0,1]H.
hA(r@s)zmin{hA(r),hA(s)},
hA(r©s)zmax{hA(r),hA(s)}.

Definition4.5: Let #¢:H—[0,1] is a FIl of H, in which any r,s in H, £ in ©:
hé(rds)zmin{h§(r),hé(s)},
hé(rOs)zmax{hé(r)}.

Definition 4.6: Assume T-sr K as a parameter set ¢ and ZESK as a subset. Let K:: [0,1]] be a function.
Then, (j,) is known as a FS QI over K, if for each p in ®, the associated fuzzy subset Kp:K—[0,1] is a fuzzy
QI of K, where for each m,nin K, p in &:

K(m@n)zmin{Kp(m),Kp(n)}

Definition 4.7:If a T-sr A, a parameter set @, and a subset ZCA. If a:Z—[0,1]A is a mapping, then (a,¢) is a
FS L/RQII over A, if for every ¢ in @, the related fuzzy subsetad:A—[0,1] is a fuzzy L/RQII of A, that is, for
all pvin A, ¢ in d:

ad(ndv)zmin{ad(u),ap(v)}

FS set (a,8) of T-sr Ais called a FS QI], if it is both a FS L/RQII of A.

Example 4.8: Consider Q as set of numbers:

A={(§F g) [§p,0,TE Q}
Then Ais a T-sr.

Z:{(g ) ipea}

Theorem 4.9.AssumeNisT-sr, ¥ is parameter set and XSN. Whether (y,¢) is FS RI over N, then (y,J) is a
FS RQII over N.

Proof. Assume (y,d) is a FS Rl over N. For every y in W, yy is a FS RI of the T-sr. For any vin N:

Yyox(n) =, o min{yy(b),xX(n)},

implies

Yooxx(n) < 2% vy(b).

Hence, y@oyx(v)<yW(v). Thus, we derive that:
yWoxXoy(v)smin{yyoxX(v),ywoxX(v)},
establishing (y,Jr) as a FS RQII of N.

Example 4.10 Suppose N is T-srand p is S#@ of N, and 7 is level subset representing p. If (v)=t, then 0
includes v. If v is a part of 1, then for any o in N, (cov) should be greater than or equal to min{u(o),u(v)}
implying that n includescov. Thus, 1 is a LQII of N. Assuming v,u€N and 1 as a level subset, it's deduced
that for every c€N, p(c@v)zmin{p(o),u(v)}, thus encompassing cPv within n. Hence, by definition, n acts
as a left QII of N, fulfilling nen<n, which proves that p itself is a FS left QII.

Corollary 4.11 For all o€N, the inequality (v o)zmin{u(v),u(o)} is maintained, thereby ensuring
v@ov@o is in 1. Likewise, (vop)=p(p) assures that n is closed under the RQI operation in N. Therefore, §
upholds the properties of a fuzzy RQII when each level subset 1 qualifies as a RQII of N.

Theorem 4.12 Let Pis T-sr, £ is parameter set, and ACP. (n,) is a soft RQII of P if and only if for each & in
E,n&isa FSRQII of P.

Proof. Assume (1,¢) is a soft RQII of P. For each § in £, 1§ is a FS Rl of P. Let A be in P. Then we have:
ngex(A)=veAsupmin{ng(v),xA(A)}

nEexAexA()<nE(A)

Thusng is a fuzzy RQII of P. Thus, (1,§) is a FS RQII of P. On the contrary, infer that (n,¢) is a FS QII of P.
ngexAoxA(A)sné(2)

Hence, n§ is a RQII of P. Therefore, (n,$) is a FS RQII of P.

Theorem 4.13AssumeN is a T-srwith a set of parameters @, and subsets AC®, XC®. If(6,A) and (LX)
signify FS LQIIs of N, then the intersection(6,A)N(y,Z) forms a FS LQII of N.

Proof. Given (6,A) and(,X) as FS left QllIs of N, definition 4.9 dictates that (8,A)N(,X) equals(k,A), where
A=AUZ.
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Case (i): If y is an element of A\Z, then yky=0y. Therefore, ky maintains its status as a LQII of N,
attributable to (6,A)'s properties.

Case (ii): For nn in Z\A, kn=w, and hence kn upholds its function as a fuzzy LQII of N, given (1,X)'s
qualities.

Case (iii): If {is in ANX and given any & in N, pin [, then, k{=0¢N1.

Corollary 4.14 If (6,A) and (,,X) are identified as FS RQIIs of N, the intersection (8,A)N(1,X) is established
as a FS RQII of N.

Corollary 4.15 If(6,A) and (LX) be designated as FS R/LIs of N, respectively, then their intersection
(86,A)N(,X) is ascertained to be a FS QII of N.

Corollary 4.16 Given(6,A) as a fuzzy RI and (1,X) as a fuzzy LI of N, the intersection (6,A)N(y,X) constitutes
aright fuzzy QII of N.

Corollary 4.17 1f(6,A) is a FS QI within a regular T-srN, then a FSI of N.

Theorem 4.18 AssumeT-srN is regular for every FS RI(68,A) and FS LI (Z) of N, the operation 88c10 is
equivalent to the intersection (6,A)N(LX).

Proof4.191f (w,A) is a FS LQII of Z and let k€ZX. Consider any v in ®, we find that ZemtveXemvCm.

Suppose Zomt(k)>Tv(k) and mveXemv(k)>1v(k). Since X is customary, there subsists some v€Z, «, in I to the
extend that k=xoaoveok, we can then write:

mveXoT(k)=sup§EXmin{mv(x),Xettv (&)}

=sup&eZmin{mv(k),1}

=sup&eZmv(k)>Tv(k).

Corollary 4.20 For a regular T-srZ, the pair (v,A) is considered a FS RQII of X if and only if it is a FS QII of
z

Theorem 4.21 A T-srZ is classified as regular precisely when ATZ=ANX for any RI A and LI ¥ within X.

Theorem 4.22 A T-srX exhibits regularity if and only if E[AI'XT'A=A (or ATXT'AI'E=A) is established as a
L/RQII of Z.
Proof. Given a regular T-srX and assuming A is a LQIl in Z, and any element n€4j, it follows that
XTATXETACA. This guaranteed to find elements w€X and parameters §,6,€ such that n=ndwen in XTATETA.
Thus, this leads to n being within X'AT'ZT'A, thereby confirming that E['AI'’XT'A=A. An analogous process
can verify the same for a RQIl in X, where AT2T.
Conversely, if we presume E['A'ET'A=A for all LQIIs A of %, let A=£NA and ®=ZT'A, with £ asa Rland A as a
LIin Z. Both A and @ then qualify as QIIs of X. This establishes that (ZNA)IZ(ENA)TZ=ZNA.
Expanding further, we discover:
INA=(ZNA)TET(ENA)
CITAl'X
CITA

alike
ENA=(ENA)TET(ENA)TE
CETATXTATE
CITA.
Since XI'A is a subset of both A and %, it leads us to conclude that ZNA=XTA.

Theorem 4.23 If [1 represent a T-sr, myrelloyrelloys holds for any FS LQII (m,A) of II.

Proof. Assume Il is regular. Let (r,A)(m,A) be a FS LQII of [T and consider arbitrary &,x§x in I1, and a,Ba,3
in I'. Then we have:mipollopollo(§)

=m(§).myelloyelle(8)

=supwellmin{mpro(§),mpoys(w)}

2supwElmin{my (§),mP(w)}

=Ty (8).

Therefore, mrolloyolloy=mr.
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Conversely, suppose my=IToysoIloys for any FS QII (m,A) of I1. Let Q be a QII of the T-srll. By Theorem 4.19,
a regular T-srupholds specific multiplication properties for its FS QlIs, and conversely, these properties
can confirm the regularity of the T-sr.

Theorem 4.24 For a T-sr, it is regular precisely when vinykCviopioviey, for every tED, k€A, given a FS
left QII (v,®)and a FS ideal (ys,A) of Z.

Proof. Let's assume X is a regular T-srand select an element p from Z. There will then exist an element w
in %, and parameters §,6,€ such that p=pdwepp=pSwep. This leads to:
viePkovieyk(p)=min{supEEZmin{viePx(%),vieyk(p)},

>min{min{sup&eXvi(§),supeXPk(wet)},

min{supw€eZvi(w),supweXPk(wdp)}

=min{vi(p),Pr(w)}=vinPk(p).

Hence, vinyk is contained within vieykoviek.

Conversely, consider the conditions to be met, letting (v,®) be a FS LQII of £. By Theorem 4.31, this
implies X must be regular, completing the proof.

Corollary 4.25 Within a T-sr%, the condition of regularity is equivalent to the inclusion vinjrkSvierkovt
ok for every ut in the set @, and k in the set A, provided that (v,®) represents a FS RQII and (,A) stands
as aFSidealin X.

5. CONCLUSION

In this exploration, the concept of FSR/LQIIs, as well as the overarching category of FS QIIs within the
structure of a T-srhas been ventured. The characteristics of these Qlls, bringing to light their intrinsic
properties have been explored. Furthermore, a clear connection among these ideals, delineating a T-sr’s
regularity through the prism of FS R/LQIIs has been established, and various algebraic attributes
pertinent to these structures have been illuminated.
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