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ABSTRACT

Solving partial differential equations, integro-differential equations of various kinds, and ordinary
differential equations is a common application for the Aboodh transformation. This effort aims primarily
to provide a new double fuzzy transform called the double fuzzy Aboodh transform. Several essential
properties of double fuzzy Aboodh transformations are shown. These novel results may be used to solve
precisely fuzzy partial differential equations with a generalized Hukuhara partial differentiability.
Additionally, an example is provided to show how effective and superiority of the symmetric triangular
fuzzy numbers in the double fuzzy Aboodh transform for solving fuzzy partial differential equations.

Keywords: Fuzzy number; double fuzzy Aboodh transform; fuzzy partial differential equations; Strongly
generalized differential; Fuzzy valued function.

1. INTRODUCTION

A sophisticated and effective method for resolving fuzzy partial differential equations (FPDEs) is the
double fuzzy integral transform. Because imprecise data or beginning circumstances may make standard
techniques of solving differential equations difficult or erroneous, these transformations are especially
helpful when working with uncertain or fuzzy systems. Double fuzzy integral transforms provide more
versatility in addressing fuzzy differential equations by combining two distinct integral transform types
into a single framework. With FPDEs, this method enables more precise and reliable. Several double fuzzy
integral transformations (Laplace, Natural, Elzaki) have been employed by various researchers [1, 2, 3, 4,
5] in recent years to solve fuzzy partial differential equations. When it comes to solving linear fuzzy
partial differential equations, these transformations are very helpful. They translate the fuzzy partial
equations to algebraic equations about the unknown function. The aim of this work is to derive the
solution Fuzzy Partial Differential Equations under generalized Hukuhara partial derivatives by use of a
double fuzzy Aboodh transform. First we define a single fuzzy Aboodh transform [6, 7, 8]. Next, we
establish some necessary conditions for its existence and demonstrate some important characteristics of
this change. The double fuzzy Aboodh transform (DFAT), a novel double fuzzy integral transformation for
multivariate fuzzy functions, is defined by applying the fuzzy Aboodh transform for a one-variable fuzzy
function. We provide an overview of the fundamental theorems and characteristics of the DFAT and
showcase several findings concerning the generalized Hukuhara partial derivatives. We provide a
straightforward method for solving the fuzzy partial differential equations based on the complete DFAT.
Lastly, we present examples to show how the given double fuzzy integral transform might be helpful in
solving fuzzy partial differential equations utilizing the triangular fuzzy numbers.

2. Fundamental Preliminaries

We review the fundamental ideas that we must use throughout the majority of the text in this section.
(2.1) Definition [9]

The mapping t: & — [0,1]. The fuzzy number is ambiguous if it satisfies the following:

1.}is semi continuous in the higher half.

2.tis fuzzy convey, i.e., t(du + (1 — d)f) = minif(w), (8)},forallu,f € vand d € [0,1].
3.tisnormali.e.,3 p, € © for which purposef(p) =1

4.Supp (t) ={ p € »;7(p) > 0}, and cl(Supp (1)) is compact.
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(2.2) Definition [10]
A pair that is sorted parametrically is a fuzzy number, (g,Q) of functions Q(d), 9(d) , d€[0,1], which

fulfills:
1. 9(d)is a continuous function with a right function of 0 and a left function of (0,1] that is non-decreasing.

2.9(d)is a bounded, non-increasing function with 0 continuous right and (0,1] continuous left.

3.9(d) =0(9) ,d€[01].

(2.3) Definition [11]
Triangular fuzzy number is a fuzzy number represented with three points as follows § =
( b, by f>3).Membership functions are applied to this representation.

0 p<bh
b= b =bh,

b,< b <bh,

0 p>5b
d-cut interval for this shape315 written V d € [0,1],Fy = [( b, — pl)g+ b, —([513 - bz)d+ bl

p—pq
b= b
“)j’(f)) = ng_f,l

p3—b,

(2.4) Definition [12]
Trapezoidal fuzzy number can define fas ' = (p;, p,, p;, p,)- Membership functions are applied to this
representation.

0 p<h
fi—%l by < b <Bh
wr(p) = 1 p,= b = by
u b<p<p
b= B 20 T
0 pb>p,

d-cut interval for this shape is written V d € [0,1],fy = [( b, — pl)g+ b, —( b, — b3)§f+ b,l-

(2.5) Definition [10]
Let Y and | are fuzzy numbers, where ¥ = (y_(g),y_(g)),1 = q(g),i(g)),o <d<1 and a>0 we
define:

1. Addition Y 1= (@) +1d).Y @) + U
2. Subtraction Y O1= ) (-1 Y @ - UD).
3. Multiplication Y Ol=
(min{y_(@OUD, Y @UD,Y DUD, Y DU}, max{y @OUD, Y DUD.Y DU, Y DD}
(ay ,aY ) a=0,

4. Scalar multiplication a@QY = Jfa = 1then a®Y ==Y .

(aY_, O(Y_) a<0.

(2.6) Definition [13]
LetY and jare fuzzy numbers, the Hausdorff distance between fuzzy numbers is provided by:
D: 65 X 85 = [0, +0], where sbe the set of all fuzzy numbers on &:

DY D = supgepo.y max {[¥ (@) —1@|. [V @ -1@|}
WhereY = (y_(g), y_(g)) 1= (1(g),i(g)) c v and following properties are well known:

1]D)(Y @Y v[l@Y ) =f(Y v()va vLY EH}"
2.D(doY , o) =IdIF¥ ,D.VY ,1€vrdEw®.
3ID)(Y @Y !1@{]) S:F(Y 'D+F(Y 'ﬂ):VY lllY '[j EBT'

4.(D, 6¢)is a complete metric space.
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(2.7) Definition [14]

Assume thatY ,{ € u;.There is y € vysuch thatY =1+ ythenY isknown the H-differential of ¥ and?
@Y =1+vy

=Y -v

Note that in this work, the sign © always meant the H-difference as well as,

Y O1#Y + (=Dl

(2.1) Theorem [15]
Let £(p): v — o serve as a function and serve as a representation T(p) = ((tCh d),T(p,d))in every
instance ford € [0,1]. Then:

1. If 7(p) is differentiable form i, then (T(p,d) and 1(p,d) functions that are differentiable and

T(p) = A (b9 T (h D)
2. If ¥(p) is differentiable form ii, then (t(p,d) and 1(p,d) functions that are differentiable and

(B = & (b ) 1 (b o).

andit is represented byY © {. WhereY Oi=y & {

(2.8) Definition [16]

Let f: & X & — by be a function with fuzzy values.In the event when for a random fixed point

(b, t,) € v X vande > 0 there exists § > 0 such that| p — f)o| +|t- 1;0| <5§=D (1‘( B, 0, T( Py ‘go)) <
€,T is said to be a continuous fuzzy-valued function.

(2.9) Definition (2.7) [17]
Fuzzy valued functionf:& X & — R & and, as we say fis first-order H-differentiable at (P, ) € & X
wvregarding the variablesp and t are the functions Tbl( by t,) and + E( by t, )defined by

T(py +N. t,) © T( by t)

1 (By &) = fim

N
(b N+ 1) © T( by t,)
N

T By &) = Jim

(2.10) Definition [17]
Let t:6 X & — wuybe a function and represents T(p,t) = ((F(h, ¢, d),T( b, t, d))is partial differentiable at
(b, t,) € v X vin each case for d € [0,1], with respect to variable p. We say that

1. If 7(p,¢) is differentiable form i, then (T(p,t d) and F(p,t,d) are differentiable functions and

T(pY = (bt DT (Bt
2. If (p,t) is differentiable form ii, then (t(p t, d) and (p,t,d) are differentiable functions and

PO =T (h L) T(ht D).

(2.11) Definition [6]
Let ( p)be a fuzzy-valued continuous function. Suppose that iT( p)e~#Pis a fuzzy Rimann-integrable

that is improper on [0, o), then ifom t(p)e=?P d pis known as the fuzzy Aboodh transform and is also

known as

) 17
A[T(P)] =S(p) = ;f T(p)e™?Pd p,(p > 0 and integer)
0
lf’l‘([ﬂ'))e_”f’d[b= lfT(b,g)e_Mdb,lf%(b,g)e_”db
#’O ;90 = ;70

(2.2) Theorem
Let $( p) is the primitive of ¥ ( p) on [0, ) and T( p) be an integrable fuzzy-valued function then:

[al- A5[1' (D) | = PARR] © S 1(0)
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[b]. Ap[1P () ] = {#*ALH(P)] © 10} © 5 T(0).
Proof (a): For an arbitrarily chosen fixed d € [0,1],

PAR(P] ©51(0) = (A [1(p. D] ~ 2109, pA[T(p. D] ~ - T(0. ).

since, A [t (b, 9)] = 24 [, D] — 21(0, Danda [T (b, )] = pA[F(p, ] - 2T (0, .
Using(2.1) Theorem

b =1 (b T(bd =T (b

Alt' (b 9] = pa[1(h D] - 2109,

Al (b O] = pA[T(B O] - T, 9),

PAII(P)] ©51(0) = (A[t' (B9, 4[F (b D],

o R 1
At (D) ] = pAIT(P)] © S 1(0).
[b] :Using (2.11) Definition and equation [a] of this theorem, we obtain

T [+@ Y ooy = A 1 1.
Ab[T (f’)] WA[T(E’)] © #71‘(0) p{pf[r}(p)] e pT(O)}e 391,(0)
= {p*4A11(P] © 10} O ;T’(O).

(2.1) Corollary
Let £(p,t) is the primitive of ¥ ( p,t) on [0, 0) X [0, o) and F( p, t) be an integrable fuzzy-valued function
then:

[al- A5[15 (.9 ] = PAI(H. D] © 10,V
[bl. Ap[15, @ (B, ] = (#AL1(B. D] © 10,0} O ~1 (0,0

3. Double Fuzzy Aboodh Transform

This section defines the double fuzzy Aboodh transform. Additionally, we provide numerous double fuzzy
Aboodh transform characteristics and theorems. We also give the double fuzzy Aboodhtransform of
several essential functions. We prove further results concerning the new transform's generalized
Hukuhara partial differentiability.

(3.1) Definition
Let T( p,t) be a continuous fuzzy-valued function. Assume that i%“}'( p,t)e#?b~Ut is an improper fuzzy
Rimann-integrable on [0, ] X [0, o], then %%T( p, e ?P=Utdp d t is referred to as referred to as double

fuzzy Aboodh transform and goes by the name

Al1(B,V] = S W = -3 ;" [y 1B De™Ptdp d ¢, (p, U > 0 and integer),
1

Sl B we Pt pd b= (So [ H(B L De P P tdp d g, o [ T T(B L e P dp d ).
Furthermore possible to display parametrically as follows
Al1(5, 0 = (45,5 9, 4T(B, 1 ) ).

Where double fuzzy inverse Aboodh transform can be written as the formula

A, 1861 = (1060 = [(4: 7 1B 6 D, 4, T (B L o))

(3.1) Theorem (linear property)
Let ( b, t),p( p, t)be continuous fuzzy-valued functions, ¢; and ¢, are sonstants, then

(1). 42[(311‘( B, )] =cid[T(pD)]. X .
(2). Az[c1 (P B, D)BC (( B, 5)] = c1 A2 [T( B, )]DC Az [B( B, 1)].

Proof
(1A, [ert( B, ] = (A2 [e11(B. b D], Az [, T(p b D)) =
Caly Iy et(b e P d pd g, =2 [7 [ e (B, b e P~1d pd v
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11 *°(® 11 (® =
=(c1—— | b sdertiapase ffr(bgg)e—”—“dbdc)
ey [ rbrgerriapas g [ [ ugerrtiapay
= ¢; (42 [e12(B, 6 D], AT B, L D]) = €1dal( B, D) 1.

(2). Suppose T(b,t) = (F( B, t N ICH & D), p(h D = (bt DBt D),

Ay (105, D)@ (PP B V)] = (Azler (1B, 5 D) + €2 (BB L D], A2[erT(P 1 D) + 2B b 1 D))
11 [ (®
=<——f f (c1?(pt e P~ td pd ¢
+62ﬁ(b§g)e"’f"“9dbd§)——f f (€T (b Pe?PUd pd
+ c,p(p,t, d)e Pl pd ‘g))
11 (®
=<g_oﬂf0 focn(btg)e"’f"“%dpdg
+__f f ‘CZ?(f’Eg)e”’f"“dbdt——f fclT(ﬁgg)e-fb—U¥dbdg
+——f f ¢, p(p 5, Pe Mu‘?dbdg)
11 (® o .
=<Zﬂf0 focli(b,t,g)e »b usdpdg,;ﬂfo focﬁ(b‘gg)e 2P ’ngdbdg)
11 (®(® 11 [ [
+(3_9ﬂj0 L (CzE(bxtlg)e—%’b—utdbdg,;aJo L(Czig(f’;t;g)e_’”ﬁ_ugdbdg>

o (gl i Tb L e P Uid pd 4,3 7 [T b e PUid pd t) +

C, (i%fow Iy p(b v e #b-Ud pd E,i%fom Jy P(b.t e #P Ut pd t;) =4, (i( Bt ), TPt g)) +
C242 (E( bt d).p(ht g)) = c14;[T( B, DI® ¢4, [p(B, D]

(3.2)Theorem

If T( b, t)is a continuous fuzzy valued function and4,[T( p, t)] = S(p, U) then:

A[T(p p)e? P = S(p — a, (U — b)), where e® P ! is real value function and (» — a, (U — b) > 0.

Proof:

A0 =S
Ay [1(p, D] = ——f f (B, e PUtd pd ¢

A,[H(p, D) = ( f (b L e Pid p ¢, ——f f (bt e P-Utd pd g)

Ay [1(B, e b+ E]

= (%% [ [ abagerienriapas, oz [ [ R uger it iapa 1;)

A, [t (b, ettt

- (%% Om fomi( bt g)e— (@) b+=U+b) D g f’dg'%%fom f:ﬁ( bt g)e—(@—a) -(U=b)Vg pg ,;)
A[2(B. e P = S(p — a, (U — b))

(3.3) Theorem (Properties of derivatives):
If #( p, t)is a continuous fuzzy valued function and4,[+( p, t)] = S(p, U) then:

[l [ 15 (.0 ] = pA 1B D] © S0, W),
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[bl. A2 [ (b9 | = UA[F(b, )] © 752, 0),

[ A [T P (B0 | = {p?A2[F( b t;)] © sOW} o ——3(0 w).

[l 4;[1, (b9 ] = {WA1(B,V] © $(».0}O ;7:5,0).

[e]- A2 (15 P(B,9) ] = {#UAT(5 D] © 252, 0)} © (55(0.0) © 55(0,0),
[

1. Z[1,@ (5,9 ] = {FUBLIT(H D] © 550, W} O £5(0.0) © 3(0,0).

Proof: [a]:For an arbitrarily chosen fixed d € [0,1],

Blt5 (b0]= Gl [ te(b b De P Uidpd b, [ [ Tp(b L PeP Ut pd t) =
(@) e ™ G Tt DePdp)d by e ™ (S [ p(h L e Pdp)d t) =

(ﬂfo e—ﬂg<;9A2 [I( f)'tug)] - ;i(o'g' g)>d E'ﬂfoooe_ug<#7A2[¥( b!g g)] - i¥(0!§! g)) d 1.:/> =

(242 [1(B.6 D] = 280, U D, 24:[T(B L D] = 250, U D) = pA[1(B,V] © 50, W).
[b] For an arbltrary fixed d € [0,1],

AZ[TE(b,‘g)]—< ffh(bt;g)e"’f’ "‘“dbdt——f j'f‘p(b‘;g)e_ﬁbugdbdt)

=(ﬂ—gf0 -M( f T(b;g)e-“%ds)db f -“( f’rg(bt;g)e “'Sdt;)db)

1

=<Efo e—m<% [t(pv o] - ﬂi(p,o.g))db,;fo e (UA,[(p, 5 )]

1_ 1 — 1_
~ 7 1(p.0.9)d p)) - (qu [t 9]~ 78w, 0.9, UA[T(b. L D] - 75, ag))

. 1

Same proofs apply to other circumstances.

(3.1) Example: Take into consideration the fuzzy partial differential equation provided by
With initial conditions, $( p,0) = e 2P(d— 1,1 — d),$(0,t) = e~ ®%(d — 1,1 — d).
Solution: Apply double fuzzy Aboodh transform on both sides, to get

At (BD] = /’l‘i[sn’(p,s)] )
PEIT(HY] © SS0.W = UZ[T(p.D] © 75@,0)

Using upper and lower functions, to have

1 — 1-
(p4: 1B D] - SO LD pa[TCBLD] - S5O L D)
1 — 1_
- (UAZ [£CB.6D)] ~ 73, 0.9, UA[T b s D] ~ 75, o,g)>
1 1
PA[t(BD] © 250,10 = UAI(P,D] © 75, 0)
1 1
4 (1B D] - 250U D = Us [1(h L D] - 73@.0.9)
— 1- — 1_
PA[T(BL D] = ZSO. U = UA[T L D] - 730,09
1 1
@ - WA [T(p D] = 530U - 73,0,
— 1- 1_
@~ WA[Th L] = —SOULD - 75.0.9)
@~ WA [1(B, 5 D] = e 2UG—1) — e o7 (g~ 1
P~ Wh[HBLD| = Je G- 1 - oG- 1)
_ 1 1
@ Wb D] = e —g) = e (-9
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1 1
A2 1B D] = (2~ W (; UG —1) — e (g~ 1))

— 1 L,y 1
KM b= - W A=)~ -9
With simple calculation and applying the inverse double fuzzy Aboodh transform

[1(B.D] = 2P0 = 1), [F(p, )] = e2P65(1 - g)

4. CONCLUSIONS

This paper's primary goal is to solve fuzzy partial differential equations under gH-differentiability by
developing the double fuzzy Aboodh transform. We present and demonstrate the fundamental
characteristics of the novel double fuzzy transformation. We acquire new findings on the double fuzzy
Aboodh transform for fuzzy partial gH-derivatives. We offer an example that demonstrates the usefulness
and efficacy of the double fuzzy Aboodh transform in solving fuzzy partial differential equations. The
study's results show that the double fuzzy Aboodh transform is both effective and simple to apply for
solving fuzzy partial differential equations.
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