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ABSTRACT 
Solving partial differential equations, integro-differential equations of various kinds, and ordinary 
differential equations is a common application for the Aboodh transformation. This effort aims primarily 
to provide a new double fuzzy transform called the double fuzzy Aboodh transform. Several essential 
properties of double fuzzy Aboodh transformations are shown. These novel results may be used to solve 
precisely fuzzy partial differential equations with a generalized Hukuhara partial differentiability. 
Additionally, an example is provided to show how effective and superiority of the symmetric triangular 
fuzzy numbers in the double fuzzy Aboodh transform for solving fuzzy partial differential equations. 
 
Keywords: Fuzzy number; double fuzzy Aboodh transform; fuzzy partial differential equations; Strongly 
generalized differential; Fuzzy valued function. 
 
1. INTRODUCTION 
A sophisticated and effective method for resolving fuzzy partial differential equations (FPDEs) is the 
double fuzzy integral transform. Because imprecise data or beginning circumstances may make standard 
techniques of solving differential equations difficult or erroneous, these transformations are especially 
helpful when working with uncertain or fuzzy systems. Double fuzzy integral transforms provide more 
versatility in addressing fuzzy differential equations by combining two distinct integral transform types 
into a single framework. With FPDEs, this method enables more precise and reliable. Several double fuzzy 
integral transformations (Laplace, Natural, Elzaki) have been employed by various researchers [1, 2, 3, 4, 
5] in recent years to solve fuzzy partial differential equations. When it comes to solving linear fuzzy 
partial differential equations, these transformations are very helpful. They translate the fuzzy partial 
equations to algebraic equations about the unknown function. The aim of this work is to derive the 
solution Fuzzy Partial Differential Equations under generalized Hukuhara partial derivatives by use of a 
double fuzzy Aboodh transform. First we define a single fuzzy Aboodh transform [6, 7, 8]. Next, we 
establish some necessary conditions for its existence and demonstrate some important characteristics of 
this change. The double fuzzy Aboodh transform (DFAT), a novel double fuzzy integral transformation for 
multivariate fuzzy functions, is defined by applying the fuzzy Aboodh transform for a one-variable fuzzy 
function. We provide an overview of the fundamental theorems and characteristics of the DFAT and 
showcase several findings concerning the generalized Hukuhara partial derivatives. We provide a 
straightforward method for solving the fuzzy partial differential equations based on the complete DFAT. 
Lastly, we present examples to show how the given double fuzzy integral transform might be helpful in 
solving fuzzy partial differential equations utilizing the triangular fuzzy numbers. 
 
2. Fundamental Preliminaries 
We review the fundamental ideas that we must use throughout the majority of the text in this section. 
(2.1) Definition [9] 
The mapping Ϯ: ᵿ → [0,1]. The fuzzy number is ambiguous if it satisfies the following: 
1. Ϯis semi continuous in the higher half. 
2. Ϯis fuzzy convex, i. e. , Ϯ(ɠҹ +  1 − ɠ ғ) ≥ min⁡{Ϯ ҹ , Ϯ ғ },for all ҹ , ғ ∈ ᵿ and ɠ ∈ [0,1]. 
3. Ϯis normal i. e. , ∃  ƥ

0
∈ ᵿ for which purposeϮ  ƥ = 1 

4.Supp (Ϯ) = {  ƥ ∈ ᵿ;Ϯ  ƥ > 0 }, and cl(Supp (Ϯ)) is compact. 
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(2.2)  Definition [10] 
A pair that is sorted parametrically is a fuzzy number, (ƍ , ƍ) of functions ƍ(ɠ), ƍ(ɠ) , ɠ∈[0,1], which 

fulfills: 
1. ƍ(ɠ)is a continuous function with a right function of 0 and a left function of (0,1] that is non-decreasing. 

2. ƍ(ɠ)is a bounded, non-increasing function with 0 continuous right and (0,1] continuous left. 
3. ƍ(ɠ) ≤ƍ(ɠ)   , ɠ ∈ [0,1].  

 
(2.3) Definition [11] 
Triangular fuzzy number is a fuzzy number represented with three points as follows Ӻ =

  ƥ
1

,  ƥ
2

,  ƥ
3
 .Membership functions are applied to this representation. 

 

ϣӺ  ƥ =

 
 
 

 
 

0  ƥ <  ƥ
1

 ƥ− ƥ1

 ƥ2− ƥ1

 ƥ
1

≤   ƥ ≤  ƥ
2

 ƥ3− ƥ

 ƥ3− ƥ2

 ƥ
2

≤   ƥ ≤  ƥ
3

0  ƥ >  ƥ
3

  . 

ɠ-cut interval for this shape is written ∀ ɠ ∈ [0,1],Ӻɠ = [  ƥ
2

−  ƥ
1
 ɠ +  ƥ

1
, −  ƥ

3
−  ƥ

2
 ɠ +  ƥ

3
]. 

 
(2.4) Definition [12] 
 Trapezoidal fuzzy number can define Ӻas Ӻ = ( ƥ

1
,  ƥ

2
,  ƥ

3
,  ƥ

4
). Membership functions are applied to this 

representation. 

ϣӺ  ƥ =

 
 
 
 
 

 
 
 
 

0  ƥ <  ƥ
1

 ƥ −  ƥ
1

 ƥ
2

−  ƥ
1

 ƥ
1

≤   ƥ ≤  ƥ
2

1  ƥ
2

≤   ƥ ≤  ƥ
3

 ƥ
4

−  ƥ

 ƥ
4

−  ƥ
3

 ƥ
3

≤   ƥ ≤  ƥ
4

0  ƥ >  ƥ
4

  

ɠ-cut interval for this shape is written ∀ ɠ ∈ [0,1],Ӻɠ = [  ƥ
2

−  ƥ
1
 ɠ +  ƥ

1
, −  ƥ

4
−  ƥ

3
 ɠ +  ƥ

4
]. 

 
(2.5) Definition [10] 

Let Ɣ   and ƪ are fuzzy numbers, where Ɣ  = (Ɣ   ɠ , Ɣ   ɠ ), ƪ = (ƪ ɠ , ƪ ɠ ), 0 ≤ ɠ ≤ 1  and α > 0 we 

define: 

1. Addition                       Ɣ   ⨁ ƪ = (Ɣ   ɠ + ƪ ɠ , Ɣ   ɠ + ƪ ɠ ). 

2. Subtraction                   Ɣ  ⊝ ƪ = (Ɣ   ɠ − ƪ ɠ , Ɣ   ɠ − ƪ ɠ ). 

3. Multiplication               Ɣ  ⨀ƪ = 

(min  Ɣ   ɠ ƪ ɠ , Ɣ   ɠ ƪ ɠ , Ɣ   ɠ ƪ ɠ , Ɣ   ɠ ƪ ɠ  , max  Ɣ   ɠ ƪ ɠ , Ɣ   ɠ ƪ ɠ , Ɣ   ɠ ƪ ɠ , Ɣ   ɠ ƪ ɠ   

4. Scalar multiplication  α⨀Ɣ  =  
(αƔ  , αƔ  ) α ≥ 0,

 αƔ  , αƔ   α < 0.
 . If α = 1then α⨀Ɣ  = −Ɣ  . 

 
(2.6) Definition [13] 
Let Ɣ   and ƪare fuzzy numbers, the Hausdorff distance between fuzzy numbers is provided by: 
𝔻: ᵿℱ × ᵿℱ → [0, +∞], where ᵿℱbe the set of all fuzzy numbers on ᵿ: 

𝔻 Ɣ  , ƪ =  𝑠𝑢𝑝ɠ∈[0,1] 𝑚𝑎𝑥   Ɣ   ɠ − ƪ (ɠ) ,  Ɣ   ɠ − ƪ (ɠ)  ,  

Where Ɣ  =  Ɣ   ɠ , Ɣ   ɠ  , ƪ =  ƪ ɠ , ƪ ɠ   ⊂ ᵿ and following properties are well known: 

1.𝔻  Ɣ  ⨁Ɣ  , ƪ⨁Ɣ   = Ӻ Ɣ  , 𝜁 , ∀ Ɣ  , ƪ, Ɣ   ∈ ᵿℱ  . 
2.𝔻 ɠ⨀Ɣ  , ɠ⨀ ƪ  =  ɠ  Ӻ Ɣ  , ƪ , ∀ Ɣ  , ƪ ∈ ᵿℱ , ɠ ∈ ᵿ . 
3.𝔻  Ɣ  ⨁Ɣ  , ƪ⨁ɧ ≤ Ӻ Ɣ  , ƪ + 𝛤 Ɣ  , ɧ  , ∀ Ɣ  , ƪ, Ɣ  , ɧ ∈ ᵿℱ  . 
4. 𝔻, ᵿℱ is a complete metric space. 
 
 



Journal of Computational Analysis and Applications                                                                             VOL. 33, NO. 6, 2024

 
 

                                                                                 80                                    Samer Thaaban Abaas Alshibley et al 78-84 

(2.7) Definition [14] 
Assume that Ɣ  , ƪ ∈ ᵿ𝑓 .There is 𝛾 ∈ ᵿ𝑓such that Ɣ  = ƪ + 𝛾 then Ɣ   is known the H-differential of Ɣ   𝑎𝑛𝑑 ƪ 

andit is represented byƔ  ⊝ ƪ. Where Ɣ  ⊝ ƪ = 𝛾 ⟺  
 𝑖  Ɣ  = ƪ + 𝛾

 𝑖𝑖 ƪ = Ɣ  − 𝛾
  

Note that in this work, the sign ⊝ always meant the Ӊ-difference as well as, 
Ɣ  ⊝ ƪ ≠ Ɣ  + (−1)ƪ . 
 
(2.1) Theorem [15]  

Let Ϯ  ƥ : ᵿ ⟶ ᵿ𝑓  serve as a function and serve as a representation Ϯ  ƥ = ((Ϯ( ƥ, ɠ),Ϯ( ƥ, ɠ))in every 

instance forɠ ∈ [0,1]. Then: 

1. If Ϯ  ƥ  is differentiable form i, then (Ϯ( ƥ, ɠ) and Ϯ( ƥ, ɠ) functions that are differentiable and 

Ϯ′  ƥ = (Ϯ′  ƥ, ɠ , Ϯ
′
( ƥ, ɠ)). 

2. If Ϯ  ƥ  is differentiable form ii, then (Ϯ( ƥ, ɠ) and Ϯ( ƥ, ɠ) functions that are differentiable and 

Ϯ′  ƥ = (Ϯ
′
  ƥ, ɠ , Ϯ′  ƥ, ɠ ). 

 
(2.8) Definition [16] 
Let Ϯ: ᵿ × ᵿ ⟶ ᵿ𝑓  be a function with fuzzy values.In the event when for a random fixed point 

( ƥ
0

,  ƫ
0

) ∈ ᵿ × ᵿand𝜖 > 0 there exists 𝛿 > 0 such that  ƥ −  ƥ
0
 +   ƫ −  ƫ

0
 < 𝛿 ⟹ 𝔻  Ϯ  ƥ, ƫ , Ϯ  ƥ

0
,  ƫ

0
  <

𝜖,Ϯ is said to be a continuous fuzzy-valued function. 
 
(2.9) Definition (2.7) [17] 
Fuzzy valued functionϮ: ᵿ × ᵿ ⟶ ℛ ℱ  and, as we say Ϯis first-order H-differentiable at ( ƥ

0
,  ƫ

0
) ∈ ᵿ ×

ᵿregarding the variablesƥ and  ƫ are the functions Ϯ ƥ
′( ƥ

0
,  ƫ

0
 ) and Ϯ′

 ƫ( ƥ
0

,  ƫ
0

 )defined by 

Ϯ ƥ
′( ƥ

0
,  ƫ

0
 ) = 𝑙𝑖𝑚

Ŋ ⟶0

Ϯ  ƥ
0

 + Ŋ,  ƫ
0
 ⊖ Ϯ  ƥ

0
,  ƫ

0
 

Ŋ
 

Ϯ′
 ƫ( ƥ

0
,  ƫ

0
 ) = 𝑙𝑖𝑚

Ŋ ⟶0

Ϯ  ƥ
0

, Ŋ +  ƫ
0
 ⊖ Ϯ  ƥ

0
,  ƫ

0
 

Ŋ
 

 
(2.10) Definition [17]  

Let Ϯ: ᵿ × ᵿ ⟶ ᵿ𝑓be a function and represents  Ϯ  ƥ, ƫ = ((Ϯ( ƥ, ƫ, ɠ),Ϯ( ƥ, ƫ, ɠ))is partial differentiable at 

( ƥ
0

,  ƫ
0

) ∈ ᵿ × ᵿin each case for ɠ ∈ [0,1], with respect to variable  ƥ. We say that 

1. If Ϯ  ƥ, ƫ  is differentiable form i, then (Ϯ( ƥ, ƫ, ɠ) and Ϯ( ƥ, ƫ, ɠ)  are differentiable functions and 

Ϯ′  ƥ, ƫ = (Ϯ′  ƥ, ƫ, ɠ , Ϯ
′
( ƥ, ƫ, ɠ)). 

2. If Ϯ  ƥ, ƫ  is differentiable form ii, then (Ϯ( ƥ, ƫ, ɠ) and Ϯ( ƥ, ƫ, ɠ)   are differentiable functions and 

Ϯ′  ƥ, ƫ = (Ϯ
′
  ƥ, ƫ, ɠ , Ϯ′  ƥ, ƫ, ɠ ). 

 
(2.11) Definition [6] 

Let Ϯ( ƥ)be a fuzzy-valued continuous function. Suppose that 
1

𝓅
Ϯ( ƥ)𝑒−𝓅 ƥis a fuzzy Rimann-integrable 

that is improper on [0, ∞), then  
1

𝓅
 Ϯ( ƥ)𝑒−𝓅 ƥ∞

0
𝑑 ƥis known as the fuzzy Aboodh transform and is also 

known as 

𝐴  Ϯ( ƥ) = Ȿ(𝓅) =
1

𝓅
 Ϯ( ƥ)𝑒−𝓅 ƥ

∞

0

𝑑 ƥ ,  𝓅 > 0 𝑎𝑛𝑑 𝑖𝑛𝑡𝑒𝑔𝑒𝑟  

1

𝓅
 Ϯ( ƥ)𝑒−𝓅 ƥ

∞

0

𝑑 ƥ =  
1

𝓅
 Ϯ( ƥ, ɠ)𝑒−𝓅 ƥ

∞

0

𝑑 ƥ,
1

𝓅
 Ϯ( ƥ, ɠ)𝑒−𝓅 ƥ

∞

0

𝑑 ƥ  

 
(2.2) Theorem  

Let Ϯ( ƥ)  is the primitive of Ϯ′( ƥ) on [0, ∞) and Ϯ( ƥ) be an integrable fuzzy-valued function then:  

[a]. 𝐴 ƥ
  Ϯ′( ƥ)  = 𝓅𝐴  Ϯ( ƥ)  ⊝ 

1

𝓅
Ϯ 0  
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[b]. 𝐴 ƥ
  Ϯ(2)( ƥ)  =  𝓅2𝐴  Ϯ  ƥ   ⊝  Ϯ 0  ⊝ 

1

𝓅
Ϯ′ 0 . 

Proof (a): For an arbitrarily chosen fixed ɠ ∈  0,1 , 

𝓅𝐴  Ϯ( ƥ)  ⊝
1

𝓅
Ϯ 0 = (𝓅𝐴  Ϯ  ƥ, ɠ  −

1

𝓅
Ϯ 0, ɠ , 𝓅𝐴 Ϯ  ƥ, ɠ  −

1

𝓅
Ϯ 0, ɠ ) . 

Since, 𝐴  Ϯ′  ƥ, ɠ ) = 𝓅𝐴  Ϯ  ƥ, ɠ  −
1

𝓅
Ϯ 0, ɠ and𝐴  Ϯ

′
  ƥ, ɠ  = 𝓅𝐴 Ϯ  ƥ, ɠ  −

1

𝓅
Ϯ 0, ɠ . 

Using(2.1) Theorem 

Ϯ′  ƥ, ɠ = Ϯ′  ƥ, ɠ  , Ϯ′  ƥ, ɠ = Ϯ
′
  ƥ, ɠ . 

𝐴  Ϯ′  ƥ, ɠ ) = 𝓅𝐴  Ϯ  ƥ, ɠ  −
1

𝓅
Ϯ 0, ɠ , 

𝐴  Ϯ′  ƥ, ɠ  = 𝓅𝐴 Ϯ  ƥ, ɠ  −
1

𝓅
Ϯ 0, ɠ , 

𝓅𝐴  Ϯ  ƥ   ⊝
1

𝓅
Ϯ 0 = (𝐴  Ϯ′  ƥ, ɠ   , 𝐴  Ϯ′  ƥ, ɠ  ), 

𝐴 ƥ
  Ϯ′( ƥ)  = 𝓅𝐴  Ϯ  ƥ   ⊝

1

𝑠
Ϯ 0 . 

[b] :Using (2.11) Definition and equation [a] of this theorem, we obtain 

𝐴 ƥ
  Ϯ(2)( ƥ)  = 𝓅𝐴  Ϯ′( ƥ)  ⊝ 

1

𝓅
Ϯ′ 0 = 𝓅  𝓅𝐴  Ϯ  ƥ   ⊝ 

1

𝓅
Ϯ 0  ⊝ 

1

𝓅
Ϯ′ 0 

=  𝓅2𝐴  Ϯ  ƥ   ⊝  Ϯ 0  ⊝ 
1

𝓅
Ϯ′ 0 . 

 
(2.1) Corollary  

Let Ϯ  ƥ, ƫ   is the primitive of Ϯ′( ƥ, ƫ) on [0, ∞) × [0, ∞) and Ϯ( ƥ, ƫ) be an integrable fuzzy-valued function 
then:  

[a]. 𝐴 ƥ
  Ϯ ƥ

′( ƥ, ƫ)  = 𝓅𝐴  Ϯ( ƥ, ƫ)  ⊝ 
1

𝓅
Ϯ 0, ƫ  

[b]. 𝐴 ƥ
  Ϯ ƥ ƥ

(2)( ƥ, ƫ)  =  𝓅2𝐴  Ϯ  ƥ, ƫ   ⊝  Ϯ 0, ƫ  ⊝ 
1

𝓅
Ϯ ƥ

′ 0, ƫ . 

 

3. Double Fuzzy Aboodh Transform 
This section defines the double fuzzy Aboodh transform. Additionally, we provide numerous double fuzzy 
Aboodh transform characteristics and theorems. We also give the double fuzzy Aboodhtransform of 
several essential functions. We prove further results concerning the new transform's generalized 
Hukuhara partial differentiability. 
 
(3.1) Definition  

Let Ϯ( ƥ, ƫ) be a continuous fuzzy-valued function. Assume that 
1

𝓅

1

𝒰
Ϯ( ƥ, ƫ)𝑒−𝓅 ƥ−𝒰 ƫ is an improper fuzzy 

Rimann-integrable on [0, ∞] × [0, ∞], then  
1

𝓅

1

𝒰
Ϯ  ƥ, ƫ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑ƥ 𝑑 ƫ is referred to as referred to as double 

fuzzy Aboodh transform and goes by the name 

𝐴 2 Ϯ( ƥ, ƫ) = Ȿ(𝓅, 𝒰) =
1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑ƥ 𝑑 ƫ

∞

0

∞

0
 ,  𝓅, 𝒰 > 0 𝑎𝑛𝑑 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 , 

1

𝓅

1

𝒰
  Ϯ( ƥ, ƫ)𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0
=  

1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑ƥ 𝑑 ƫ

∞

0

∞

0
,

1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑ƥ 𝑑 ƫ

∞

0

∞

0
 . 

Furthermore possible to display parametrically as follows 

𝐴 2 Ϯ( ƥ, ƫ) =  𝐴2Ϯ  ƥ, ƫ, ɠ , 𝐴2Ϯ  ƥ, ƫ, ɠ  . 

Where double fuzzy inverse Aboodh transform can be written as the formula  

𝐴 2
−1

 Ȿ 𝓅, 𝒰  =  Ϯ( ƥ, ƫ) = [ 𝐴2
−1Ϯ  ƥ, ƫ, ɠ , 𝐴2

−1Ϯ  ƥ, ƫ, ɠ   

 
(3.1) Theorem (linear property)  
Let Ϯ( ƥ, ƫ),ᵽ( ƥ, ƫ)be continuous fuzzy-valued functions, 𝕔1  and 𝕔2  are ᵿonstants, then 
(1). 𝐴 2 𝕔1Ϯ( ƥ, ƫ)  = 𝕔1𝐴 2 Ϯ( ƥ, ƫ)   . 

(2). 𝐴 2 𝕔1 Ϯ( ƥ, ƫ) ⨁𝕔2( ᵽ( ƥ, ƫ)) = 𝕔1𝐴 2 Ϯ( ƥ, ƫ) ⨁𝕔2𝐴 2 ᵽ( ƥ, ƫ) . 
Proof  

(1).𝐴 2 𝕔1Ϯ( ƥ, ƫ) = (𝐴2  𝕔1Ϯ  ƥ, ƫ, ɠ  , 𝐴2 𝕔1Ϯ  ƥ, ƫ, ɠ  ) =

(
1

𝓅

1

𝒰
  𝕔1Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0
,

1

𝓅

1

𝒰
  𝕔1Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0
) 
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                       =  𝕔1

1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

, 𝕔1

1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

     

= 𝕔1( 
1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

,
1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

) 

                        = 𝕔1  𝐴2  𝕔1Ϯ  ƥ, ƫ, ɠ  , 𝐴2 𝕔1Ϯ  ƥ, ƫ, ɠ   = 𝕔1𝐴 2 Ϯ( ƥ, ƫ)  . 

 

(2). Suppose Ϯ( ƥ, ƫ) = (Ϯ  ƥ, ƫ, ɠ ,Ϯ  ƥ, ƫ, ɠ ) , ᵽ  ƥ, ƫ = (ᵽ  ƥ, ƫ, ɠ ,ᵽ  ƥ, ƫ, ɠ ), 

 

𝐴 2 𝕔1 Ϯ  ƥ, ƫ  ⨁𝕔2 ᵽ  ƥ ƥ, ƫ   = (𝐴2[𝕔1  Ϯ  ƥ, ƫ, ɠ + 𝕔2  ᵽ  ƥ, ƫ, ɠ  , 𝐴2 𝕔1Ϯ  ƥ, ƫ, ɠ + 𝕔2ᵽ  ƥ, ƫ, ɠ   

=  
1

𝓅

1

𝒰
  ( 𝕔1Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

+ 𝕔2ᵽ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ),
1

𝓅

1

𝒰
   (𝕔1Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

+ 𝕔2ᵽ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ)  

=  
1

𝓅

1

𝒰
  𝕔1Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

+
1

𝓅

1

𝒰
  𝕔2ᵽ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

,
1

𝓅

1

𝒰
  𝕔1Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

+
1

𝓅

1

𝒰
  𝕔2ᵽ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

  

=  
1

𝓅

1

𝒰
  𝕔1Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

,
1

𝓅

1

𝒰
  𝕔1Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

 

+  
1

𝓅

1

𝒰
  𝕔2ᵽ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

,
1

𝓅

1

𝒰
  𝕔2ᵽ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

  

=

𝕔1  
1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0
,

1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0
 +

𝕔2  
1

𝓅

1

𝒰
  ᵽ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0
,

1

𝓅

1

𝒰
  ᵽ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0
 = 𝕔1𝐴2  Ϯ  ƥ, ƫ, ɠ , Ϯ  ƥ, ƫ, ɠ  +

𝕔2𝐴2  ᵽ  ƥ, ƫ, ɠ , ᵽ  ƥ, ƫ, ɠ   = 𝕔1𝐴 2 Ϯ( ƥ, ƫ) ⨁ 𝕔2𝐴 2 [ᵽ  ƥ, ƫ ] . 

 
(3.2)Theorem  
If Ϯ( ƥ, ƫ)is a continuous fuzzy valued function and𝐴 2 Ϯ( ƥ, ƫ) = Ȿ(𝓅, 𝒰) then: 

𝐴  Ϯ( ƥ, ƫ)𝑒𝑎 ƥ+𝑏 ƫ = Ȿ(𝓅 − 𝑎, (𝒰 − 𝑏)), where 𝑒𝑎 ƥ+𝑏 ƫ is real value function and (𝓅 − 𝑎, (𝒰 − 𝑏) > 0. 

Proof:  
𝐴 2 Ϯ( ƥ, ƫ) = Ȿ(𝓅, 𝒰) 

𝐴 2 Ϯ( ƥ, ƫ) =
1

𝓅

1

𝒰
  Ϯ( ƥ, ƫ)𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

 

𝐴 2 Ϯ( ƥ, ƫ) =  
1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

,
1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

  

𝐴 2 Ϯ( ƥ, ƫ)𝑒𝑎 ƥ+𝑏 ƫ 

=  
1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑒𝑎 ƥ+𝑏 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

,
1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑒𝑎 ƥ+𝑏 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

  

𝐴 2 Ϯ( ƥ, ƫ)𝑒𝑎 ƥ+𝑏 ƫ 

=  
1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−( 𝓅−𝑎  ƥ+ −𝒰+𝑏  ƫ)𝑑 ƥ𝑑 ƫ

∞

0

∞

0

,
1

𝓅

1

𝒰
  Ϯ  ƥ, ƫ, ɠ 𝑒−( 𝓅−𝑎  ƥ− 𝒰−𝑏  ƫ)𝑑 ƥ𝑑 ƫ

∞

0

∞

0

  

𝐴 2 Ϯ( ƥ, ƫ)𝑒𝑎 ƥ+𝑏 ƫ = Ȿ(𝓅 − 𝑎, (𝒰 − 𝑏)) 

 
(3.3) Theorem (Properties of derivatives): 
If Ϯ( ƥ, ƫ)is a continuous fuzzy valued function and𝐴 2 Ϯ( ƥ, ƫ) = Ȿ(𝓅, 𝒰) then: 

[a]. 𝐴2
  Ϯ ƥ

′( ƥ, ƫ)  = 𝓅𝐴2
  Ϯ( ƥ, ƫ)  ⊝ 

1

𝓅
Ȿ(0, 𝒰), 



Journal of Computational Analysis and Applications                                                                             VOL. 33, NO. 6, 2024

 
 

                                                                                 83                                    Samer Thaaban Abaas Alshibley et al 78-84 

[b]. 𝐴2
  Ϯ ƫ

′( ƥ, ƫ)  = 𝒰𝐴2
  Ϯ( ƥ, ƫ)  ⊝ 

1

𝒰
Ȿ(𝓅, 0), 

[c]. 𝐴2
  Ϯ ƥ ƥ

(2)( ƥ, ƫ)  =  𝓅2𝐴2
  Ϯ  ƥ, ƫ   ⊝  Ȿ(0, 𝒰) ⊝ 

1

𝓅

𝜕

𝜕 ƥ
Ȿ(0, 𝒰). 

[d]. 𝐴2
  Ϯ ƫ ƫ

(2)( ƥ, ƫ)  =  𝒰2𝐴2
  Ϯ  ƥ, ƫ   ⊝  Ȿ(𝓅, 0) ⊝ 

1

𝒰

𝜕

𝜕 ƫ
Ȿ(𝓅, 0). 

[e]. 𝐴2
  Ϯ ƥ ƫ

(2)( ƥ, ƫ)  =  𝓅𝒰𝐴2
  Ϯ  ƥ, ƫ   ⊝ 

𝓅

𝒰
Ȿ(𝓅, 0) ⊝ {

𝒰

𝓅
Ȿ(0,0) ⊝

1

𝓅𝒰
Ȿ(0,0), 

[f]. 𝐴2
  Ϯ ƫ ƥ

(2)( ƥ, ƫ)  =  𝓅𝒰𝐴2
  Ϯ  ƥ, ƫ   ⊝ 

𝒰

𝓅
Ȿ(0, 𝒰) ⊝ {

𝓅

𝒰
Ȿ(0,0) ⊝

1

𝓅𝒰
Ȿ(0,0). 

Proof: [a]:For an arbitrarily chosen fixed ɠ ∈  0,1 , 

𝐴2
  Ϯ ƥ

′( ƥ, ƫ)  =  
1

𝓅

1

𝒰
  Ϯ ƥ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0
,

1

𝓅

1

𝒰
  Ϯ ƥ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0
 =

 
1

𝒰
 𝑒−𝒰 ƫ∞

0
 

1

𝓅
 Ϯ ƥ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ𝑑 ƥ

∞

0
 𝑑 ƫ,

1

𝒰
 𝑒−𝒰 ƫ∞

0
 

1

𝓅
 Ϯ ƥ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ𝑑 ƥ

∞

0
 𝑑 ƫ =

 
1

𝒰
 𝑒−𝒰 ƫ∞

0
 𝓅𝐴2  Ϯ  ƥ, ƫ, ɠ  −  

1

𝓅
Ϯ 0, ƫ, ɠ  𝑑 ƫ,

1

𝒰
 𝑒−𝒰 ƫ∞

0
 𝓅𝐴2 Ϯ  ƥ, ƫ, ɠ  −  

1

𝓅
Ϯ 0, ƫ, ɠ  𝑑 ƫ =

 𝓅𝐴2  Ϯ  ƥ, ƫ, ɠ  − 
1

𝓅
Ȿ(0, 𝒰, ɠ), 𝓅𝐴2 Ϯ  ƥ, ƫ, ɠ  − 

1

𝓅
Ȿ(0, 𝒰, ɠ) = 𝓅𝐴2

  Ϯ( ƥ, ƫ)  ⊝ 
1

𝓅
Ȿ(0, 𝒰). 

 [b] For an arbitrary fixed ɠ ∈  0,1 , 

𝐴2
  Ϯ ƫ

′( ƥ, ƫ)  =  
1

𝓅

1

𝒰
  Ϯ ƥ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

,
1

𝓅

1

𝒰
  Ϯ ƥ  ƥ, ƫ, ɠ 𝑒−𝓅 ƥ−𝒰 ƫ𝑑 ƥ𝑑 ƫ

∞

0

∞

0

 

=  
1

𝓅
 𝑒−𝓅 ƥ

∞

0

 
1

𝒰
 Ϯ ƫ  ƥ, ƫ, ɠ 𝑒−𝒰 ƫ

∞

0

𝑑 ƫ 𝑑 ƥ,
1

𝓅
 𝑒−𝓅 ƥ

∞

0

 
1

𝒰
 Ϯ ƫ  ƥ, ƫ, ɠ 𝑒−𝒰 ƫ

∞

0

𝑑 ƫ 𝑑 ƥ 

=  
1

𝓅
 𝑒−𝓅 ƥ

∞

0

 𝒰𝐴2  Ϯ  ƥ, ƫ, ɠ  −  
1

𝒰
Ϯ  ƥ, 0, ɠ  𝑑 ƥ,

1

𝓅
 𝑒−𝓅 ƥ

∞

0

 𝒰𝐴2 Ϯ  ƥ, ƫ, ɠ  

−  
1

𝒰
Ϯ  ƥ, 0, ɠ 𝑑 ƥ  =  𝒰𝐴2  Ϯ  ƥ, ƫ, ɠ  − 

1

𝒰
Ȿ 𝓅, 0, ɠ , 𝒰𝐴2 Ϯ  ƥ, ƫ, ɠ  − 

1

𝒰
Ȿ 𝓅, 0, ɠ  

= 𝒰𝐴2
  Ϯ( ƥ, ƫ)  ⊝ 

1

𝒰
Ȿ(𝓅, 0) 

Same proofs apply to other circumstances. 
 
(3.1) Example: Take into consideration the fuzzy partial differential equation provided by 

Ϯ ƥ
′  ƥ, ƫ = 3Ϯ ƫ

′  ƥ, ƫ ,          ƥ ≥ 0, ƫ ≥ 0 

With initial conditions, Ϯ  ƥ, 0 = 𝑒−2 ƥ ɠ − 1,1 − ɠ , Ϯ 0, ƫ = 𝑒−6 ƫ ɠ − 1,1 − ɠ . 
Solution: Apply double fuzzy Aboodh transform on both sides, to get 

𝐴2
 [Ϯ ƥ

′
  ƥ, ƫ ] = 𝐴2

 [3Ϯ ƫ
′  ƥ, ƫ ] 

𝓅𝐴2
  Ϯ( ƥ, ƫ)  ⊝ 

1

𝓅
Ȿ 0, 𝒰 = 𝒰𝐴2

  Ϯ  ƥ, ƫ   ⊝ 
1

𝒰
Ȿ 𝓅, 0  

Using upper and lower functions, to have 

 𝓅𝐴2  Ϯ  ƥ, ƫ, ɠ  − 
1

𝓅
Ȿ(0, 𝒰, ɠ), 𝓅𝐴2 Ϯ  ƥ, ƫ, ɠ  −  

1

𝓅
Ȿ(0, 𝒰, ɠ) 

=  𝒰𝐴2  Ϯ  ƥ, ƫ, ɠ  −  
1

𝒰
Ȿ 𝓅, 0, ɠ , 𝒰𝐴2 Ϯ  ƥ, ƫ, ɠ  −  

1

𝒰
Ȿ 𝓅, 0, ɠ   

[𝓅𝐴  Ϯ  ƥ, ƫ   ⊝ 
1

𝓅
Ȿ 0, 𝒰 = 𝒰𝐴 Ϯ  ƥ, ƫ   ⊝ 

1

𝒰
Ȿ 𝓅, 0  

𝓅𝐴2  Ϯ  ƥ, ƫ, ɠ  − 
1

𝓅
Ȿ 0, 𝒰, ɠ = 𝒰𝐴2  Ϯ  ƥ, ƫ, ɠ  − 

1

𝒰
Ȿ 𝓅, 0, ɠ  

𝓅𝐴2 Ϯ  ƥ, ƫ, ɠ  −  
1

𝓅
Ȿ 0, 𝒰, ɠ = 𝒰𝐴2 Ϯ  ƥ, ƫ, ɠ  − 

1

𝒰
Ȿ 𝓅, 0, ɠ  

 𝓅 − 𝒰 𝐴2  Ϯ  ƥ, ƫ, ɠ  =
1

𝓅
Ȿ 0, 𝒰, ɠ − 

1

𝒰
Ȿ 𝓅, 0, ɠ  

 𝓅 − 𝒰 𝐴2 Ϯ  ƥ, ƫ, ɠ  =
1

𝓅
Ȿ 0, 𝒰, ɠ − 

1

𝒰
Ȿ 𝓅, 0, ɠ  

 𝓅 − 𝒰 A2  Ϯ  ƥ, ƫ, ɠ  =
1

𝓅
e−2𝒰(ɠ − 1) − 

1

𝒰
e−6𝓅(ɠ − 1) 

 𝓅 − 𝒰 A2 Ϯ  ƥ, ƫ, ɠ  =
1

𝓅
e−2𝒰(1 − ɠ) − 

1

𝒰
e−6𝓅(1 − ɠ) 
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A2  Ϯ  ƥ, ƫ, ɠ  =  𝓅 − 𝒰  
1

𝓅
e−2𝒰 ɠ − 1 − 

1

𝒰
e−6𝓅 ɠ − 1   

A2 Ϯ  ƥ, ƫ, ɠ  =  𝓅 − 𝒰  
1

𝓅
e−2𝒰 1 − ɠ − 

1

𝒰
e−6𝓅 1 − ɠ   

With simple calculation and applying the inverse double fuzzy Aboodh transform 

 Ϯ  ƥ, ƫ  = e−2 ƥ−6 ƫ ɠ − 1 ,  Ϯ  ƥ, ƫ  = e−2 ƥ−6 ƫ 1 − ɠ  

 
4. CONCLUSIONS 
This paper's primary goal is to solve fuzzy partial differential equations under gH-differentiability by 
developing the double fuzzy Aboodh transform. We present and demonstrate the fundamental 
characteristics of the novel double fuzzy transformation. We acquire new findings on the double fuzzy 
Aboodh transform for fuzzy partial gH-derivatives. We offer an example that demonstrates the usefulness 
and efficacy of the double fuzzy Aboodh transform in solving fuzzy partial differential equations. The 
study's results show that the double fuzzy Aboodh transform is both effective and simple to apply for 
solving fuzzy partial differential equations. 
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