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ABSTRACT

The g-basic infinite products can be used to express certain multi-summation identities of Rogers-
Ramanujan. This work attempts to prove certain results concerning the ratio of q-basic infinite products
and multi summation expressions utilizing well-known m- dissections of the power series.

Keywords: Bailey pair’s, bailey lemma, m-dissection, RR-type identities.

1. INTRODUCTION

Both applied mathematicians and pure mathematicians from earlier ages have been drawn to continued
fractions. Numerous conclusions from earlier centuries have been produced in terms of continuous
fraction. It's additionally a tool that serves as a conduit between applied and pure mathematicians. Thus,
the continuous fraction has also become more appealing to mathematicians nowadays.

Ramanujan's second notebook [5] contains numerous continuing fraction identities, as he was a
trailblazer in the field of continued fraction theory. The techniques employed by the renowned Indian
mathematician SrinivasaRamanujan to arrive at numerous intriguing findings are still a mystery. Several
authors, including Andrews, have addressed and developed this portion of Ramanujan's work.
Simultaneously Number theory, orthogonal polynomials, affine root systems, Lie algebras and groups,
physics, and other sciences all heavily rely on g-Series, often known as basic hypergeometric series.
Among the helpful resources for studying special functions isthe inequality method; see [17] for a list of
numerous works discussing g-integral and inequalities.

The m-dissection of the power series;

o0
P = Z a,q"
n=0

is the representation of P as
o0

P =Py+P ... ... + P, _1,where P, = z A+ G T

n=
From last 3 decades, a number of researchers [7], [16] & [20] have given the 2 dissection, 4 dissection and
5 dissections of the continued fraction. Denis et al. [19] gave equivalent continued fraction
representations for ratios of infinite products.

S(q) = (4%9% 4%
2 4 3 (q' %7; %8)“5) 10 12
_ 4t e P+ " ¢+ a” g
1+ 1+ 1+ 1+ 1+ 1+
=1+tz+c12 q+q* q+q°
1—q2+1—q;|-1—q+-5--
—14q+—1 1 1

1+¢3+1+q¢°+14+q" + -
One well-known and often applied method in the theory of partitions is the Bailey chain. It enlightens
from W. N. Bailey’s formula [21] that the Rogers-Ramanujan identities might be obtained from the simple
observation that if {a, a;, ... } and {J,, 61, ... }are sequences that satisfy;

k
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and

00
Y = Z 6rur—kvr+kl
r=k

Z AV = Z B Ok,
k=0

k=0

which stipulated consistent convergence of all infinite sums.

His concept served as the basis for L.J. Slater's list of 130 identities that fit the Rogers-Ramanujan type
[13, 14]. Over the past twenty years or more, several authors have explored intriguing and practical
applications of Bailey’s identity (see for e.g., [1-4]; see also [9-12], the very recent work).

Here an attempt has been made to obtain certain results involving the multi summation expressions and
ratio of infinite products by using well known m dissections of the power series.

Then

2. Notation
Suppose that |q| < 1, where q is non-zero complex number, this condition ensures that all the infinite
products that we will converge. We will use the notation as follows;

Goo=] | _a-zm,

(2.1)
[2; qlo = (Z; Q)0 (271q; @) o; (for z # 0)and often we write,
(2.2)
21,22, e e . Zn; Qoo = 1215 1o [Z2; @loo wen ov one [24; qlco-
(2.3)

And also the following fact can be easily verified;
(2755 qle = =272 9l = [2G; @l

(2.4)
(2,2¢; 4% = 2 qloo,
(2.5)
[Z; —Z, q]OO = [Zz; qz]oo:
(2.6)
[27'¢; qle = [2; qloo,
(2.7)
[-1; qlwlg; ¢°]e = 2.
(2.8)
We have the following general relations;
Suppose aj, dy, e o - , @ b1, by, e e b, € C\{0} satisfy
i) a; # q"q; fori= jand n€ z,
11) A, A,y ven oee enn ,an :bl,bz, ......... ,bn,
Then
o Iloi[ai'hq]
n -1, =0
~ j:l,j#:i[ai a;; q]oo
(2.9)

This theorem appears without proof as given by Slater [4] and with a proof as given by Lewis [8].
Also, we have the following well known Rogers- Ramanujan identity as;

¢T3 (% %), -6, (4 Dy, _ 42,44 9™
31,522,5320 (4% 425, (@% 42515, (0% 4325, (0% 0,55 (@ s, CRT R
(2.10)
¢T3 (% %), -6, (45 Dy, _ (42,44 9™
31,522,5320 (4% 425, (@% 42515, (0% 4325, (0% 0, —55 (G s, CRT R
(2.11)

[D.Bressoud,1;p452]
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3. Main Result

2 2 2
Z g% 32455 (g3 %), -5, (@ D35y
st 0 (@7 0%)260 (% 0751, (0% 0725, (075 07D 055 (@5 DD
_ % 9**,9%;9%)w 4°%,9%,4%, 4% ¢°®) (478, ¢%%; 1)
(q9:q9)oo (ng;ng q58) (q10 q18 q58 q58 q98 q106;q116)00
7°(@°,9%,4%,4%; ¢°) (4%, 4%%; ¢11%)
(ng,ngiqsg)oo(qlg; 48:q58’q58’q681q98’ 116)00
qg(qg.qz‘),q:“g,q“":qsg)oo(q”,q%;q“s)oo
(@%°,9%; 4°%)(q"8, %8, 48, 4°8, q%8, 4°%; ¢ 1),
G A G T A T R S T AT AT T
(qlé’ q17’ q41' q42; qSB)OO(qS' qlo' q48’ q58’ q58, q68, q106’ q108; q116)00

(3.1)
(@°4**,07:4%)e _ (@°,0%,4°%, 4% °)(q*, 4°% ")
(0% 97w - (qz",ng,qss)w(qw.q”,q58,q58.q86,q98, 16),
q9(q9, q20, q38, q49; qSB)oo(q10’ q106; q116)oo
(q29 q29 58) (q18 305g58 q58 q86 q98 q116) »
a*(@® 9% 9%, 4%, ¢>* )oo (@2, 6%, 4%, 4% ¢11¢) oo
(q16 q17 q4-1 q4-2 58) (q 5%30 q5f4q5§2q8664q8i302q1051}16 116)00
q*(q* 4", q",q%, ¢* )o@ *,0°%,¢°%, 474 )oo
_(q ,q26,q32’q51’q58) (q ’qZB’q30'q58'q58‘q86'q88'q108, 116)DO
q9sf+3s%+s§ (q3. q3) (4;9)s
51—S2 52—S3
X
WL S3>0(q 389 25,(@% 0% 515, (@3 0%) 25, (@3 03) 5, -5, (@ D,
(3.2)
4, Proofs
On considering
14 ,15. ,29
C(q) = (q : ,q24 ; ng)oo,
(9°,9%% %)
which can be written as
@) = [q**, % 4]

[9°, a3 a8
by using (2.2).
Now, setting (a,, a, as, a4;1£)1, Z%’ b, b‘é) = gl,-géqs, q**%; ql‘l‘;q“,;q_ ,q_g) andstgaking q°8 for q in (2.9);
[¢* 4%, -7 ¢lw  [-¢'",—q",—q7".q los
[=1,4% q°*; ¢*°l [-1,-q° —q% 58]
[¢°,¢* - a7 ¢®lw _[a’.q7* —q7", q‘“,qsgloo

[q75,—97°,¢%°; ¢*%] [q73%, —q73%,q7%; ¢%®]
(4.1)

By using (2.6) and (2.8) in (4.1)

=0

[q™, q43;q58] N -4, —q%; %]
[q°, q3%; q 8] [—qs,—q“;qssloo
2 T T S L T [qg,q‘z";qss]oo[q‘%;qm]w]

 [q'8,¢%%; q1%](—q718) [a?%; 4°8)e[q710; g0 ] [a7%; q°8]olq08; q110]
By applying (2.4),
G A O S e e e 2
[@°,q%% 4%l [—q° —q%*;q°%]u [qlg,qsg;qnﬁ] -
_[qg,qgg;qsglw[ng:q“]w( 19y _ [qg,qz";qsg]w[q ,qne _9)]
(07 0 1olq™% 010 [a%; 458 w[q%8; 9116 ]

Or,
[ 4% 0% -4 —q*;¢°%]e
[4°. 3% 4%l [—4% —¢%*q%8]e
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2 [0°,4%% 0°%1ld®® 4" 4°[4°,4%%; 4°%1[q%; 40

T 1q'8,4%8;0" %] | [9%% q%8]wlq'0; q116], [9%; q°8][q®; q11% ]
2[4°, 4% 4°%1[9%8; 4110 2¢°[9°,4%°% 4°%1[q%%; "% ]

[0%%; 4°81lq, q"8, 4%8; q1%] ~ [q%°; q°8lulq?®, q°8, q8; q110]
(4.2)

Thus,

C@+C(q =

1 :
a1 (q) = [C(q) + C'(@)]
[9°, 4%%; 4°%]elq® .q“6] q°[9°,¢*°; 4°%).[q®%°

116
q e
T 4% 409", 4'8, ¢5%; 16, * [9%°; ¢°%1lq™®, q°8, q%%; q' 0]

(4.3)
Again, settlng(al,az,a3,a4,bl,bz,b3,b4) (1, lqs6 —q6°;q44,q ,—3q5,5—q24)a£dtakingq58 for q in (2.9),
lq** 4%, —a° -0*"a*l»  [-4"—4",¢°, ¢**; ¢*°]
[—1.q56,—q6°;q ]oo [-1,-4°%,q%; 4%
(712,73, —q~51, —q~32; ¢%8],, [—q16 —q 17 ¢35, =36, g58]
+ ~56 _,-56 _ 4. ;58 + 60 _ ——4. ;58 =0
[47°°,=q7°%, —4% ¢*%] (g7, —q7%°, —q7% ¢*%]w
By applying (2.4) and (2.7),
q*llg", q*,-q°,—¢° —[-4"=4%,4°, ¢**; 4% 1]
[_1:‘12:_‘12}(]58]00
710243, —¢%, %% ¢, [—q%, —qY, 436, ¢%5; ¢,
[4°°,=a°%, —a% ¢*]o [a%, =%, =q* ¢*]eo

4: qsg]oo

=0

By using (2.6)
[[q"* q* —q,—q 58]00 [—q", —q", 4%, 4°*; ¢°®]]
_ 2[g% 9w [q 42,4, ~q%2,~¢5%; 1., [—q“,—q17,q36,q55;q58]oo]
 q%[q%8; q110] [q%,—fr%.—q“:qSB]oo [q%°, —q%, —q*; q°8].

141 431 _qsy _q34; q58]00 - [_q _q q q

:[thz[q‘*,q“.q“:¢158]oo[611‘*.6152:61“6]oo 2¢%[¢*, 9%, 4% ¢° G [¢%, 4% q""% ] ]

58]

[47,4%%¢%%1.00% 0% 01 %] [q%%47;q%%]x[q5 q5%; 1161
Dividing by [—q°, ¢°, ¢**, —¢**; ¢°%], and using (2.6),
[a", 4% 0%l [-4" —4"; 4%
[4°, 0% q%%]e  [—9° —a*%; q°%]u
1 [Zqz[q‘*,qlz.q“:qSB]w[q“.qsz;qm]w 2¢%[q% 9% 9%% 4°%10lq*%, ¢° ,qm]]
116]

" [q%9,q%8;¢q [47,4%%0%]1[q% %% ¢ %], [q'%,q'7; %8 1wlq®, ¢%8; q126].,
Or,
[0 a%;0%0  [-4"" —4%;¢**]w
214 12 13 [q5’1%34,5‘2158] [q5'2_q3?‘)4;2158]230 58 32 116
=[2q [q% 4'%, 4% ¢%1wla™, °% 0%l 24%[43 4% 4% 0°81ela™, % M) ]
[q7.q26:q58]oo[q ,q19,¢%8,q%; q1],  [q'6,q'7; ¢5%]..[q®, q*°, 458, q%; q116],,
Thus,

C(a)- C'(q) = [q [a*,a"% 4" 4% 1ula" 4% 0" 1w 24°[4% 4% 4% 0°*)ula™, ¢**; a" 0]
[97,92%; 4581..[4%, 91, 48, q%%; ¢ 161, [q1%,q'7; ¢58]-[q®, q'°, ¢58, q8; ¢ 161 |
(4.4)

i.e.
_ Cla)= C'la) — a*lq*, 4", 4% a*®)wla™, 4°%; g a*[a*, 9% 4% 4% 1wla® a5 q
Al@ =C@-cl@ = [47,4%; 458 1[4%, 4%, 4%, q%%; 1%, [q%%,q'7; % ][q®, q'°, 458, q%8; q 1161,
(4.5)

By adding (4.3) and (4.5) as

116] 116]

C(q) = ai1(q) + p1(q),

i.e.
a) = [9 7%%; ¢°%10lq%; 116] 4°[4°,4*°% 4°%1[q®; 4]
(q) [ 58] [10' 18 q116] + [q 9, 8] [q18’q58,q68’ 116]00
2[q 135 4% [q™ qs 167,

* [q7,q%; qsg]w[qg, q'%,q°8, q%; q116],
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q*[4 9% 4% ¢°%10la®: % 4" 01

g%, 9'7; ¢58][q® ,qm,qss,q“,ql“]m

(4.6)
By applying (2.2) in (4.6),
ey = (@”,4%°,4%,q4"; 4°®) (%%, 4° q“6)
(q) - 29 29 58 10 18 58 58 98 . 116
(@*,q )(q 444 q58q 3% )oo116
7°(4°,4*°,q%,4%; °®) 0 (@*, 4% q )
Y Y e S
q(q,q ,q",q"%,q* q,q )eo (@, q°2 q .q"° )oo
(q7’q26’q32'q51;q58)w(q ‘qlo‘q48’q58’q58‘q68’q106'q108‘ 116)00
qz(q3,q4,q22,q36,q5‘*,q55;qsg)w(q”,q“,q"“,q%;q116)oo
- (q16’ q17’q41' q42; q58)w(q8’q10‘ q48‘ C[58, C[58, q68‘ C[106, q108; q116)°o
(4.7)
By taking known identity (2.10)
2 2 2
Z q* T35 (% 0°)sy =5, (O Dssy—ss _ @44 0%)x
o0 (@70%)251 (0% 0755, (0% 0725, (075 07D 5055 (@5 DD (4% 4o
or,
9s2+3s%+s% (3. .3 29 14 29
Z q T8 q%5 G ) 5y -5, (@5 @) 35555 _(@°.4*,0%:0%)w (0,45 4%)
W (@502, (0% 0755, (0% 0726, (05 05,5 (G sy (%500 @ .q“. 29)00
or,
2 2 2
Z q* 3525 (435 ¢35, s, (@5 Q35,54 _@%4*,4”4%)w @
W (0% 0925, (0% %) 5, -5, (%5 4%) 25, (@35 4%) 5,55 (@ D5, @% 9w '
(4.8)
where
@*, 4% 4%
Cl@= (@°,0*%; 4%
Now, by putting the value ofC(q)zfroan (24.7) in (4.8),
z q* 352453 (¢35 436, -5, (@ D 35,55
W (@% a%)25,(a% %5, =5, (@35 4325, (a3 43D 5,55 (@5 D),
_(@%0*4%0%)e @°,4%°,0%,4%;0°)x(0%%,0%;¢"'%)w
B CRTDM (a@%°,4%%; 4°8)(q"°, 48, 48, %8, %%, q1%%; q11°)
a°(@°,4*°,4%,4%; 1°®) (@, ¢%%; ' 1%)5
(q29’q29;q58)°°(q18’q4-8 q58 q58 q68 q98 qllﬁ)
qZ(q4’q12’ q13’ q45' q q54' q58) (ql4— q q q ; q116)°o
+ (q7’ q26’ q32, q51; q58)°o(q , q10, q4—8,q58' q58, q68, q106' q108; q116)00
q*(q q*, q 2,4%,0°%, 4% 4°®)w (0%, 4%, 4%, 4% 411
(q16 q17 q41 58) (q q10 q48 q58 q58 q68 q106 quB;qllG)00
(4.9)
This is the main result (3.1)
Now, considering (4.2)
c@ + C(q = 2[4°,q4%; 4°%10[9%%; 4" 2¢°19°,4%% ¢°%1w0lq®®; ¢***]
[0%%; 458][q??, 48,48 q' %] [4%%; q°8lu[q™®, a8, q%8; q11%]
Multiplying on both sides of (4.2) by
[qlo 68;qll6]oo
[q%8,q%%; q11%]
The following obtained as;
[-°,-*% ¢*%  [4°,0°% 0%l 200°,0%%0°%)0lq®® 4" "0 29°[9°,4*°; ¢°*1lq"’; 4"

L I L M P N PN LT A PP R M LN T
or,

2[4°, %% 4°%1[q%%; 4" ] 24°[4°,4%% 4°%1[9""; 4"

[a%%; q°81lq®, 48, q%; a1~ [42%; q°8lwlq®®, 428, q%8; q110 ]

C@ ' +C(@" =
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(4.10)
Next, on arranging (4.10) as;
1
@@ =5IC@™ + @] =

(4.11)
Again, multiplying (4.4) by,

(4%, 4%%; 4°%1elq®%; 4111 7°19°,4%% ¢°®1elq™®; ¢
[9%%; q°%1[q™8, 48, q%; g 10 ] * [4%°; ¢°%1lq™®, 4?8, °8; q' 0]

[9'°, 9% 4]
[4%%, 4% q"1%]e’
2¢°[9°, 4%, 4% 4*°1la*?, 4°*; 4" ) Zqz[q‘*,q“,q”;qss]oo[q”,q“;q“6]oo]

-1 ren=1 _
C@™ - c = [[q“,q”:qsg]w[qg,qzs.qsg.q%;ql“]m " 147,4%; 4% 1.[q%, 428, 4%, q56; ¢ 1161,
(4.12)

And, on arranging (4.12) as;
1 o
Bo(0) = 5[C@7" = C'(@)7']
I I A T T Sl P A A i PN i A e T A e
~ la%. a'7; 4581 [a5, 428, 458, 4%¢; 011 [97,4%6; 458 ].laB, 928, 4%8, q5¢; q116 ],

get the following as;

(4.13)
By adding (4.11) and (4.13),

C(@)™ = ax(q) + B(@)

Then
L [4%.6°%6%%16[9%% 4" 0] 2°1a°, 4% 4 1ela"®; "%
o™ = [ng:qsg]w[qlg,qsg.q%:q1516]oo * [a%°; 4°%]0[q'®, %8, q58; q 110 ] . .
a’la* g%, 4% a*la*, ¢* 0"l q*la*.q", 4% 4 )l %% M)
[q16’ q17; qSS]w[q8’ q28, q58’ q86; q116]oo [q7' C[26; CISS]oo[CIB, C[28, q58' q86; q116]oo
(4.14)
By applying (2.2) in (4.14),
Cla)-1 = (@°,0%,4°%, 0% °®)(q*®,4°% ¢"1%)
(q) - (ng, q29; qSS)OO(qlS, q30’ q58’ q58, q86' q98; q116)oo
2°(@°, 4%, ¢*%,4*; 4°)w(a"°, 4'%%; 4%
(ng’ 2129;3615?1-)002(2(118&2301’5258é56[58€3g86’ q9382, q1314-6)°§2 84, ,116
q°(q°,.q%, 9%, 0", %, 47507 (@, 7,475,475 4" Do
T (Y QT RS R L
I T T Y T T e P C Y St Y I L 1
(q7’ q26’ q32, q51; q58)°o(q8’ q28, q30' qSB' q58, q86' q88' q108; qll6)oo
(4.15)
Now, from (4.8)
2 2 2
o) Z a5 (43, ¢) 5, s, (@5 D35y _@%4*,0%:4)w
W @% 4225, (% ) 5;-5, (a3 4% 25, (@35 @) 5,55 (@ D, 4% q%)w
(4.16)
By using (4.15) in (4.16)
(@®,4°*4*°; %)
(4% 9%

3 (4%,9%,4%%,0%; °®)(q*8, 4%%; 1)
1@, 9%%;458) 0 (q18, 430, q%8, q58, qB¢, q%8; q116),,
q9(q9 qZO q38 q49.q58) (qIO q106.q116)
) ) ) I 0 ] ] 0
(@%°,9%; 4°%)(q"8, 4%, 48, 4°8, ¢%°, ¢°%; ¢ 1),
a*(@% 9% 9% %%, 4°*, 0% °®) (@, ¢4, 4%, 4% 1 10) o
g7 00T D 05 0 % g
q°(@%,a a7, 37,0, 0> ¢>°)(@ %, 477, 4%, 4775 °) oo
(q7'q26’q32’q51;qSB)w(qB,q28,q30,q58,q58,q86’q88,q108;q116)°0
2 2 2
y Z q* 32455 (g3 ¢%) 5, -5, (@ @35y s
(@%0°)25,(a% )5, s, (@35 4%)25,(@%; 43D 5,5, (@5 @),

51,852,530
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(4.17)
This is main result (3.2)

5. CONCLUSION

This paper outlines the concept of m-dissections to establish our results involving q-basic infinite
products, which expressed in terms of RR identities. These expansions will shape the subject matter of
our ensuing communications.
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