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ABSTRACT

In this work, heat transfer in magnetohydrodynamic hybrid nanofluid flows over a stretching sheet with
variable thicknessis examined. Factors such as viscous dissipation, magnetic field, melting and radiation
heat are taken into account. Using similarity transformations, governing partial differential equations are
transformed into ordinary differential equations. The resulting system of equations are solved by applying
shooting method. Velocity and temperature profiles are examined numerically using MATLAB 9.14 as
functions of various nondimensional parameters.Variations in skin friction, and Nusselt number are also
discussed. The performance of the hybrid nanofluid and nanofluid concerning the base fluid are
compared in this study. The effects of relevant parameters, such as volume fraction of nanoparticles,
melting heat, velocity ratio, wall thickness, magnetic field, and radiation are numerically analyzed.
Magnetic effects reveal significant influences, as the magnetic field increase, results in the minimization of
the boundary layer thickness of the sheet. Increase in volume fraction of nano particles, enhances the heat
transfer at the boundary.

Keywords: “(SWCNTs + Gasoline oil)”-Nanofluid, “(SWCNTs + Ag + Gasoline oil)”- Hybrid nanofluid,
variable thickness sheet, viscous dissipation, MHD, melting heat.

INTRODUCTION

Fluids are frequently utilized in heat transfer devices to carry heat. Due to their lower thermal
conductance, convectional fluids including water, motor oil, ethylene oil, kerosine oil, gasoline oil etc., have
significantly limited capacity to transfer heat.Thus, scientists and researchers have stated a great deal of
importance in developing the fundamental characteristics of thermal liquids. In this way, great interest
has been shown by scientists and researchers to study the characteristics of thermal fluids. Thermal
conductance of fluids which is mentioned above as suspended nanosized particles (1-100nm) can
increase the heat rate in the flow of surface area. Nanoparticles exist from different materials such as
oxide ceramics, metals, carbide ceramics, and nitrides (Graphite, carbon nanotubes). In recent days, great
interest has been seen in analyzing the heat transport capability through fluids and nanomaterials. These
nanoparticle CNT substances have the unique capability of heat conductance more than four times of
ordinary substances, they also possess applications innano sensors and atomic transportation. CNTs are
fenced from graphene sheets in cylindrical-shaped substances. Based on graphene sheets, CNTs are
classified into SWCNTs (cylindrical-shaped carbon substances imprisoned by a single graphene sheet) and
MWCNTs (cylindrical-shaped carbon substances imprisoned by more than one graphene sheet)
mentioned by Hayat etal.[25]. CNTs are involved in mechanical, tissue engineering, electronics
instruments, purification process etc., studied by Volder etal.[5].

Choi etal. [1] initially exhibited in their study about convectional heat transport in the suspension of
nanoparticles in fluids with a significantly higher rate of thermal conductance in nanofluids. Properties of
a viscous fluid flow and transfer of heat across a nonlinear stretchingsheet are analyzed by Vajravelu [2].
According to Fangetal. [3], the flow on non-flat stretching sheets has many applications in the expulsion
processes of metal, plastic, and glass industries. Anjali Devi and Prakash [4] analyzed how radiation heat
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affects the heat transfer over variable thickness stretched sheets due to the presence of strong magnetic
field. Advancements in CNTs synthesis, purification and modification have enabled their use in thin -film
coatings. Even though they may not meet all requirements for certain applications such as yarns, sheets of
CNTs have shown their potential in supercapacitors, actuators and electromagnetic protectionas
mentionedby Volder etal. [5]. Muhammad etal. [6] explored numerically about characteristics of
convectional heat transport and viscous dissipation in the hybrid nanofluid flow. Turkyilmazoglu [7]
investigated heat generation effects, absorption and radiation among the natural convective flow with the
various nanomaterials like titanium oxide, alumina, copper, copper oxide and silver with water as
basefluid.The characteristics of the flow through the incompressible boundary layer of nanofluid-
saturated porous media across a semi-infinite stretched surface under the influence of magnetic effect and
chemical reaction is studied by MamiNassima and Mohamed Najib Bouaziz [8]. Sekh etal. [9] studied the
combined effect of nanoparticles and the uniform magnetic field on the flow of slip blood flowing in
arterial vessels. Goud

etal. [10] dealt with the boundary layer flow of a magnetohydrodynamic fluid over a stretching sheet and
consideredthe effects of heat radiation. Poply Vikas [11] provided valuable insights to manage the heat
transportation rate and fluid velocity relevant to many applications inindustrial and manufacturing
processes. Prasad etal. [12] examinedthe effects of Brownian motion, thermophoresis, suction and
injection in MHD nanofluid over an elongate sheet with variable thickness. The computation of
experimental work was carried outexperimentally studied bySuresh etal. [13]. Ahmad etal. [14]
specifically examined the movement of a thin needle with varying thickness with a surface heat flux in the
double phase of hybrid nanofluids theoretically. Devi and Devi [15] discussed the advanced version of
hybrid nanofluidsin convectional heat transfer fluids and studied how it is effectively utilized to maximize
the rate of heat transmission.Hayat and Nadeem [16]presented a clear prediction of the influence of
thermal conductivity.Wainietal. [17] analyzed heat transportation of Ag-CuO/water.

Melting heat has excited the experts’ interest in manufacturing environments.Because of its various
applications in industrial processes like semiconductor preparation, frozen ground thawing, magma
solidification etc.the significanceof melting phenomena in the flow of extended surfaces are explored
byRobert [18]. Hayat etal. [19] discussed about melting heat transport of carbon nanotubes flowing at
stagnationpoint over a variable thickened surface. Fazle Mabood etal. [20] studied viscous dispersion of
heat transfer from a base fluid to a stretched sheet during MHD boundary layer melting heat. Zainal etal.
[21] considered thermal radiation with flow of MHD along heat transport of hybrid nanofluid over a flat
moving surface.Anum Shafiq etal. [22] explained how carbon nanotubes are induced on MHD stagnation
point over variable thicken surfaces. Aisyah Jaafar etal. [23] investigated the behavior of a hybrid
nanofluid subject to nonlinear extending/contracting sheet and analyzed the effects of
magnetohydrodynamics, thermal radiation and suction. Ramamoorthi et al. [24] studied flows of different
types of hybrid nanofluids over a moving vertical plate in a magnetic field and porous medium. Utilization
of hybrid nanofluids of silver, titanium oxide and water flow over an exponentially stretching surface
inresultof various effects isreviewed by Abdul Basit etal. [26]. Jamrusetal. [27] focused to study the fluid
flow and heat transfer in the stagnation region of a thermally stratified ternary hybrid nanofluid over a
permeable stretchable/shrinkable sheet and the effects of magnetohydrodynamicsandslip boundary
conditions are analyzed numerically. Muhammad etal. [25] proceeded with the stagnation point of a
hybrid nanofluid flow over a variable-thickness stretching sheet considering viscous dissipation and
melting heat transfer.

The main objective of this work is to examine magnetohydrodynamic (MHD) effects of hybrid nanofluid
over a stretching sheet with variable thickness. The rate of heat transport is mentioned in the form of
viscous dissipation and melting heat radiation and magnetic field is worked. Hybrid nanofluid involves the
suspension offirst nanomaterialas SWCNTs and second nanomaterial as Ag (Silver) in basefluidgasoline.
The governing equations for flow and heat transferare framed as PDEs and are converted as first order
ODEs,then solved using BVP4C (shooting method). Various physical parameters based on temperature
and velocity are discussed in graphs.
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Hybrid Nanofluid (SWCNTs + Ag + Gasoline)
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Figure 1. Physical Description of flow field

Flow description

Consider a flow of magneto hydrodynamic fluid over a variable-thickness stretched sheet. The
aforementioned y-axis is perpendicular to the stretching sheet in cartesian coordinates and the sheet is
stretched along the direction of the x-axis with the stretching velocity Uy, = Uy(x + b)™. Thickness of

1-m
sheetis takenasy = b*(x + b) 2, indicating the sheet thickness along the x-axis.

Table 1. Thermal characteristics of nanoparticles [25]
Nanoparticle/Thermo  physical <kg> K (ﬂ) C (L) Pr
P mK P \kgK

properties m3

SWCNTs 1600 3000 796 -
Ag 10490 235 429 -
Gasoline oil 750 0.114 425 9.4

The governing equations are

du av

—+—==0 1

ax + ay ( )
du du dUe a%u O‘B%

U= +v==U, "2+ Uy 5 ——2 (U —U 2
P + ay e ix + hnf ay2 Phnt ( e) ( )
aT aT 22T Ve (Ou\2  dqr

u—+v—=uw — + (—) - 3
ax ay hnf ayZ (pCp)hnf ay dy ( )

and the corresponding boundary conditions are,
1-m
u=U,(x) =Uy(x+b)",v=0T=T, aty =b*(x+b) 2

u-U,(x) =Upx+b)", T>Tyat y— @)
Melting heat conditions are considered as [16];
aT
Ko (5,) = P P €T =Tl i 5)
By considering theRosseland Approximation,
_ _4c*aT* _ 160" 39T
O =~ Geoy T 3 Loy (6)

k* is mentioned as coefficient of absorption, ¢* is mentioned as Stefan-Boltzmann constant and T* is used
to express taylor series upto T is

T* = 4T3T — 3T2 (7)

We choose the transformations,
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= Pty ks bymet b= 22U (x4 by e ()
n 20; 0 Y m+1° n,
. T-Thm «
B =7 u=Ugle+ D) (),
( +1) — * *, -1
v= = [ Gt by (£ )+t ) 22) (8)
By substituting the above similarity transformations in equations(1)-(3), we get,
A1 " wpk Z_m 2 _ Z_m *,2 _ M2 * _ —
ey T A e - (f A) =0 9)
khnf 4 *” Pr Ec *”2 *, *
- +-Rd)0" + ————=f* —B;;Pro" f*=0 10
(2t +5RA)0" + n (10)

The associated boundary conditions are

" % Khn X " -1 N 1
f* () =1,0"(a) = 0, Eff BO" (o) + Ay (Prf (o) + 0(2—“) =0ata=Db %UO
f*’(OO) - A,0"(0) > lasa - o (11)
where
1
Ay = (12)

p P
(1—<Pz)((1—<01)+¢1%:>+¢25—f

By, = ((1 - (pz) ((1 - (pl)cpf + @, (pc")“)) + o, o)y (13)

Pt Pt

Prime represents a derivative forn and wall thickness is a =1 =b %UO which gives a flat surface.
f

Here we define f*(n) = f(n — a) = f(§). Hence equations (9) and (10) become

A1 " " 2m 2 2 2M2 _
mf T+ (A f )—m—H(f -A)=0 (14)
Khnf 4 " Pr Ec "2 _ I
(—kf +3Rd)9 ! T BuProf=0 (15)

with boundary conditions

£(0) = 1,600) = 0, B6'(0) + A (Pfo + m_l)—o
()_’()_’kfﬁ() 11 r() am+1_l
f'(oo) — A,0(c0) > 1when & - (16)
The nondimensional parameters involved are
U, m+1 C UZ(x + b)?™ C,(T,—T
A:U—,a:b* 3 UO’Pr:u—kp’E(:: TO(_T ) ,B: pf( _m) :
0 Ut ( o m)cpf A+ Cs(Tm TO)
2 _ oBRGHm™ Tt g o 4ot
M*® = 0:Ug Rd = kk¢ (17)

Expression for skin friction
The skin friction coefficient(Cy)is defined as

C = prTW% (18)
du
T, = — 19
w = Hype (6y)y:b* r;TJrfon (19)
Expression for local Nusselt number
Local Nusselt number(Nu,)is defined as
_ (x+b)qw
N = ) (20)
aT
= —Kpye (— 21
Qw hnf (ay)y=b* r;T-i-flUO ( )
Substitute equations (8),(19) and (21) in equations (18) and (20) we get,
1 m+1
CiyRey =——5——= |—F (0 22
wRes = (i O (22)
Nux _ _ Kot /m_“ ’
Re, ki 2 6 (0) (23)
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m+1
then local Reynolds number defined asRe, = %.
f
Models of nanofluid
For nanofluid we obtained [16];
o = ——
nf 25
(1 _u(pl)
Upr = —nf

(66,).. = (1= 9)(6Cy), + 0,(6,).,

Por = (1= @ )pr + 0,0
knf _ ksl + (n - 1)kf - (1’1 - 1)(\01(kf - ksl)

ke kg + (= Dke+ @, (ke — k1)

Models of hybrid nanofluid
For hybrid nanofluid we have [16];
Mg

Hine = 25 25
(1-¢)" (1-9,)
(00 )y = (1= ) (1= 0,)(0C,), +9,(6C,),, ) + @, (0C,),,

P = (1= 0,) (1= @,)p; + 0,0, ) + 0,0,
khnf _ kSZ + (n - 1)kf - (n - 1)@2(kf - kSZ)

ki ke + (= Dke+ @,k — kez)
kpe _ Ks1 + (0= Dke = (n = D, (ke — k1)
k¢ kg1 + (n = Dke + @, (ke — kgy)

Cylindrical-shaped nanoparticles are considered for analysis, n is taken as 6 for both hybrid
nanomaterials and nanofluids.

METHODOLOGY
The shooting technique (BVP4C) is developed to find solutions for governing flow expressions (ODEs).As
aresult, we follow the steps listed below.

hy =f
h,=f =f
hy=f,=f
hy=f;=f"
1— 2.5 1— 2.5
__(-e) A1(1 ) <f1f3 —mz—j:ll(fz)2 + mzinlAZ + m2+ M2 (f, A))
he=f=0 = ! (B Prf,f, + PrBe (t )2>
6 — - ~ e . 4 N\ 11 116 3
(St — S Rdvy) (1-0)"(1-9,)"
h,(0) = 1,h5(0) =0,
khnf m-—1
- Bha(0) + An <Prh1(0) + a<m — 1)) —0,

hy(e0) = A hg(0) = 1as§ — co.

Numerical Analysis
This study investigates the impacts on temperature, local Nusselt number, skin friction coefficient,
and velocity using graphical depiction. Throughout this study ¢, = ¢, = 0.0 for base fluid, ¢, = 0.0 for

nanofluid ¢, and ¢, are adjusted for hybrid nanofluid.

Influence of significantparameters (¢, @,, B, A, &, m, M)on velocity profile on f ().

Figure2.llustrates the validation ofvolume fraction of nanomaterial SWCNTs, in view ofthe previouswork
by Muhammad etal. [25]. Figure3 and 4represent the effects ofe, € [0.1,0.4] and ¢, € [0.1,0.4] on £' ().
Here f'(n)increases with increasinge, and ¢,. In comparison to nanofluid, hybrid nanofluid is more
effective due to the involvement of a fractional volume of suspended particles.Figure5. Shows the
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variations of f'(n) due to the enhancement ofp € [0.1,0.4]. It is found that f'(n)varies directly with p.
Increased values result in the movement of fluid particles, causing the surface to melt and move towards
the hotter fluid above it. Adding more amount of fluid particles enhances the velocity of the fluid. The
impacts of 8 for hybrid nanofluid are more compared to the nanofluid.

Figure 6. Illustrates the impact ofA € [0.8,1.2] on the velocity profile, showing that f'(n) exhibits
enhancement with increasing A values. Moreover, when A = 1, the boundary layer will not be present.At
the same time A > 1 and A < 1 respectively indicates boundary thickening and thinning based on the
velocity ratio.Figure7demonstrates variation in the velocity profile within the range of a € [0.2,0.8]. The
influence of wall thickness(a) seems more pronounced in hybrid nanofluids compared to standalone
nanofluids.Figure8. mentions the influence of m < 1 on velocity profile, indicating that it decreases as m
decreases further, corresponding to lower fluid velocity. The study also illustrates fluctuations in the
velocity profile for m € [0.2,0.8]. Importantly, the effect of wall thickness is more noticeable in hybrid
nanofluids when compared to nanofluids without the hybrid component.Figure9 Shows the significance
of the magnetic field strength within the rangeM € [0.1,0.4]. Typically, higher estimators lead to a
decrease in the surrounding layer, which is closely associated with changes in the velocity profile.

Figure 2. Effect of ¢, on f'(n) without magnetic effect.
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Figure 9. Effect of M on f' ().

Influence of significant parameters (¢4, @,, B, A, &, m, M, Rd)about temperature profile on 8(n).
Figure 10 and 11 depicts the variations corresponding tog, € [0.1,0.4] and ¢, € [0.1,0.4] on 6(n). Hybrid
nanofluid, owing to its fractional particle size, exhibits significantly greater effects in comparison to
regular nanofluid.Figure12 emphasizes the significance of temperature adjustments in response to
variations in the radiation parameterRd € [0.1,0.4]. It is evident that hybrid nanofluids yield more
pronounced effects compared to pure nanofluid.Figure 13 demonstrates the variations in the influence of
melting parameter B € [0.1,0.4] effects on 6(n), hybrid nanofluid exhibiting more pronounced effects
compared to the nanofluid, primarily due to its elevated melting point.Figure 14 portrays the implications
of M € [0.1,0.4] on the temperature profile, with the magnetic parameter of hybrid nanofluid which
causes moreeffects compared to the nanofluid.Figure 15 illustrates how varying the Eckert number within
the range of Ec € [0.1,0.4] affects the temperature profile and shows that hybrid nanofluids exhibit
greater variations compared to convenctional nanofluids with changing Eckert numbers.
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Figure 10. Effect of ¢, on 8(n).
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Figure 11. Effect of ¢,on 8(n).
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Influence of prominent parameters on wall shear stress and Nusselt numberS(C;, Nu,)

To analyze the technological and industrial processes, it is essential to reduce the skin friction coefficient
and improve the efficiency of Nusselt number.Consequently, in Figure. 16, 17, and 18&Figure. 19, 20 and
21 respectively, C; and Nu, are plotted for the influence of ¢, ,&A, M&q,, B respectively. A can be set to
higher levels to decrease the skin friction coefficientCy. In the same way, higher values of ¢, ¢,,A, M& 8
respectively, can regulate the nusselt number Nu,.

'
)

s Nanofluid
- - - - Hybrid nanofluid

0.10 0.12 0.14 ¢, 0.16 0.18 0.2

Figure 16. Effect of ¢, and ¢, on C;.
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Figure 17. Effect of A and M on C;.
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Figure 18. Effect of ¢, and B on C.
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The hybrid nanofluid flow of magnetohydrodynamics across a stretched sheet with different thicknesses
is investigated in this work. A detailed explanation of the rate of heat transfer using MHD, melting heat
and viscous dissipation is provided. A hybrid nanofluid can be developed by incorporating SWCNTSs as 1st
nanoparticle and Silver(Ag) as 2 nanoparticle into the base fluid gasoline. To produce solutions using
BVP4C techniques, the governing PDEs of flow are converted into the system of first order ODEs.The
important findings of the present investigations are as follows.

e Velocity f'() enhances with higher values ofg,, @,, B, A while it decays fora, m, M.

e Temperature 8(n) reduces for higher ¢, @,, B, M and Rdand it becomes more intense with Ec.

e The skin friction coefficient decreases with higher values of A.
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e By increasing the values of ¢,,¢,,B,A the cooling process (Nusselt number) may be effectively
managed.

Visual walkthrough Graphical Abstract

Start

1

Physical description for magnetohydrodynamic
ﬁ hybrid nanofluid flows with heat transport over a
stretching sheet with variable thickness

,_
-—)

The ODEs were solved numerically using bvp4c
function in MATLAB

1

—
=
]
e

-

Figure 22. The flow chart shows a step-by-step workflow.

Nomenclature of physical expressions

u,v velocity components

My dynamic viscosity (gasoline oil)

k¢ thermal conductivity (gasoline oil)
Py density (gasoline oil)

Vg kinematic viscosity (gasoline oil)
o thermal diffusivity (gasoline oil)
m behavior index parameter about flow
X,y cartesian coordinates

A velocity ratio parameter

f non-dimensional velocity

0 non dimensional temperature

Ty wall temperature

T surface temperature

Teo ambient temperature

Qw wall heat flux

@, volume fraction (SWCNTs)

¢, volume fraction (Ag)
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heat capacity (solid surface)

Cs
(Cp)f specific heat (gasoline oil)
Pr

Prandtl Number
melting parameter
wall thickness parameter

Uy, U, arbitrary constant

free stream velocity
wall shear stress
stretching velocity
latent heat

CNTs carbon nanotubes

ksl
kSZ

magneto hydrodynamic

Eckert number

Radiation

nanoparticle shape

thermal conductivity (SWCNTSs)
thermal conductivity (Ag)

For nanofluid

Kpr thermal conductivity

Opr thermal diffusivity

(Cp)nf specific heat

Mo dynamic viscosity

Upr kinematic viscosity

(O density

For hybrid nanofluid

Kpns thermal conductivity

Opnf thermal diffusivity

(Cp)hnfspecific heat

My dynamic viscosity

Upnf kinematic viscosity

Pinf density
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