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Abstract

Here we expose multivariate quantitative approximations of Banach
space valued continuous multivariate functions on a box or RV, N € N,
by the multivariate normalized, quasi-interpolation, Kantorovich type and
quadrature type neural network operators. We treat also the case of ap-
proximation by iterated operators of the last four types. These approx-
imations are derived by establishing multidimensional Jackson type in-
equalities involving the multivariate modulus of continuity of the engaged
function or its high order Fréchet derivatives. Our multivariate operators
are defined by using a multidimensional density function induced by a
general sigmoid function. The approximations are pointwise and uniform.
The related feed-forward neural network is with one hidden layer.
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1 Introduction

The author in [2] and [3], see chapters 2-5, was the first to establish neural net-
work approximations to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliagnet-Euvrard and ”Squashing” types,
by employing the modulus of continuity of the engaged function or its high or-
der derivative, and producing very tight Jackson type inequalities. He treats
there both the univariate and multivariate cases. The defining these operators
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"bell-shaped” and ”squashing” functions are assumed to be of compact sup-
port. Also in [3] he gives the Nth order asymptotic expansion for the error of
weak approximation of these two operators to a special natural class of smooth
functions, see chapters 4-5 there.

For this article the author is motivated by the article [13] of Z. Chen and F.
Cao, also by [4], [5], [6], [7], [8], [9], [10], [11], [12], [15], [16].

The author here performs multivariate general sigmoid function based neural
network approximations to continuous functions over boxes or over the whole
RN, N € N. Also he does iterated approximation. All convergences here are
with rates expressed via the multivariate modulus of continuity of the involved
function or its high order Fréchet derivative and given by very tight multidi-
mensional Jackson type inequalities.

The author here comes up with the ”right” precisely defined multivariate
normalized, quasi-interpolation neural network operators related to boxes or
RY, as well as Kantorovich type and quadrature type related operators on RY.
Our boxes are not necessarily symmetric to the origin. In preparation to prove
our results we establish important properties of the basic multivariate density
function induced by a general sigmoid function and defining our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

Nn(di):ZCjO'(<aj'l’>+bj), :L‘G]RS, SGN,

=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental network
models, the activation function is a general sigmoid function. About neural
networks read [17], [18], [19].

2 Basics

Let h : R — [—1,1] be a general sigmoid function, such that it is strictly
increasing, h(0) = 0, h(—z) = —h(z), h(+o0) = 1, h(—o0) = —1. Also h
is strictly convex over (—oo,0] and striclty concave over [0, +00), with h(?) €
C (R).

We consider the activation function

@[J(x)::i(h(x—l—l)—h(x—l)), z € R, (1)

Asin [11], p. 285, we get that ¢ (—z) = ¢ (z), thus ¢ is an even function. Since
z+1>x—1,then h(z+1)>h(x—1),and ¢ (z) >0, all z € R.
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We see that

Let x > 1, we have that
1
Y (z) = Z(h’(aH—l)—h’(x—l)) <0,

by h’ being strictly decreasing over [0, 400).

Let now 0 < x < 1, then 1 —x >0and 0 < 1 — 2z < 14 z. It holds
h'(x —1)=h'(1 —2) > k' (x+ 1), so that again 1/’ (z) < 0. Consequently v is
stritly decreasing on (0, +00) .

Clearly, 1) is strictly increasing on (—o0,0), and v’ (0) = 0.

See that .
Jim 3 (2) =  (h (00) — h(+00)) =0, 3)

and 1
Jtim 4 (2) = 5 (h(~00) — h(~o0)) =0, (4)

That is the x-axis is the horizontal asymptote on ).
Conclusion, 1 is a bell symmetric function with maximum

h(1)
v (0) =232
‘We need
Theorem 1 We have that
Y px—i)=1, VaeR (5)

i=—00

Proof. As exactly the same as in [11], p. 286 is omitted. m

Theorem 2 It holds -
/ ¥ (z)de = 1. (6)

Proof. Similar to [11], p. 287. It is omitted. m
Thus ¥ (z) is a density function on R.
We give

Theorem 3 Let 0 < a < 1, and n € N with n'=® > 2. It holds

S ¥ (na — k) < (1_h(”27a_2)). (7)
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Notice that (i
1-— 2
L h (e 9)

=0.
n—-+oo 2

Proof. Let x > 1. Thatis 0 <z —1 < x + 1. Applying the mean value
theorem we get

2.0 (&) = ; (8)

for some z — 1 < &<z +1.
Since A’ is strictly decreasing we obtain A’ (§) < b/ (x — 1) and

/
-1
w(x)<%,vle. 9)
Therefore we have
S b (nz— k) = ) b (Inz — ) <

k= —o0 k= —o0

Cnx — k| > ntme nx — k| > ntme
LY weeeMnsi [T We-nde-n-
5 nx <3 Jone, x x =

k= —o00
nx — k| > ntme

5 (ha= DIz ) = 5 Tro0) — b (1= =)

The claim is proved. =

Denote by || the integral part of the number and by [-] the ceiling of the
number.

We further give

Theorem 4 Let z € [a,b] CR and n € N so that [na]| < [nb]. It holds

1 1
b).
Z,&’;”Hnﬂ e — F) < o) V x € [a,b (11)

Proof. As similar to [11], p. 289 is omitted. m

Remark 5 ([11], pp. 290-291)
i) We have that

Lnb)
lim > ¥ (nz—k)#1, (12)
k=[na]

for at least some x € [a,b].
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ii) For large enough n € N we always obtain [na)] < |nb]. Alsoa < £ <b,

iff [na] <k < |nb|.
In general, by Theorem 1, it holds

We introduce

Z (21, ..,xn) = Z (x) := Hw(a:i), = (z1,..,2x) RN, N eN.

It has the properties:
(i) Z(x) >0, VzeRY,
(i)

(oo}

k=—oc0 k1=—00 ko=—00 kn=—0c0

where k := (k1,....,k,) € ZN, ¥ 2 € RV,
hence

(iii)

i Z (nx —k) =1,

k=—o00

VzeRN:neN,
and

(iv)
/RN Z (x)dz =1,

that is Z is a multivariate density function.

Here denote ||z|| := max {|z1], ..., |zn|}, 2 € RV, also set 00 := (00, ...

Z Z(x—k):= Z Z Z Z (1 — ka,

ey TN — kN) = 1,

—00 := (—00, ..., —00) upon the multivariate context, and

[na] := ([na1],..., [nan]),

[nb] := (|nb1], ..., |nbNn]),

where a := (ay, ...,an), b:= (b1,...,bn) .
We obviously see that

[nb] [nb] N
Z Z(nx —k) = Z <H¢(m¢i _ki)> =

k=[na] k=[na] \i=1
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|nb1] [nbn | N |nb;]
Z Z (H’(/J nxt_ i ) H Z ’w(nxt_kt)

ki=[na1] kn=[nan| i=1 \k;=[na;]

For 0 < 8 <1and n €N, a fixed 2 € RV, we have that

Lnb]

Z Z (nx — k) =

k=[na]

[nb] |nb]

Z Z (nx — k) + Z Z (nz — k).

{ k = [nal { k—fW

1% =2l < 55 15 =2l > 5

(19)

(20)

In the last two sums the counting is over disjoint vector sets of k’s, because the

condition ||% - z”oo > niﬁ implies that there exists at least one |% —

where r € {1,..., N}.
(v) As in [10], pp. 379-380, we derive that

Lnb]

(1) 1—h(nt=# -2
Z Z(nx—k) < (n2 ),0<,5<17
{ k= [n(ﬂ
15 =2l > 5
withneN:n' 8 >2 ¢ Hf\il [ai, b;] .
(vi) By Theorem 4 we get that
1 1
0< <

S Znz — k) @)

Ve (HZ 1 [az,bl]), neN.
It is also clear that

(vii)

{ k=—00
1% ==l > 77

0<B<l,neN:n""#>2 zecRVN.
Furthermore it holds

Lnb]
lim Z Z (nx —k) #1,
k=[na]

for at least some z € (Hf\il [a;, bz]) .
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Here (X, ””’v) is a Banach space.

Let f e C (Hf\;l (@i, by 7X) , = (T1,...,ZN) € va:l [ai, b;], n € N such
that [na;] < |nb;|,i=1,...,N.

We introduce and define the following multivariate linear normalized neural
network operator (z := (z1,...,ZN) € (vazl [a;, bz]))

Zlganna—\ ( ) Z (TLI’ - k)
A’I’L 5 g asny = A’ﬂ 5 = =
(f Z1 .TN) (f JZ) Z]Ean7’a] (nm _ k-)

by nba nb N
ZIEZL_ [nai] Z\l;;: Hnag-\ ZII;; N|'JnaN'| (ljzl ’ kTN) (Hi:l w (TLIL’I - kl))
N nb; ’
Hi:l ( I\;',i=|J'nLLJ ¢ (nxl - kl))

For large enough n € N we always obtain [na;] < |nb;], i = 1,...,N. Also
a; < & < by, iff [na;] < ki < [nbi),i=1,..,N.
When geC (Hl 1 lag, bl]) we define the companion operator

(25)

A (g.0) o i 9 () Z (02— #)
n\g, ) = ZLan (nx—k) .
k=[na]

Clearly Zn is a positive linear operator. We have that
N N
A, (1,z)=1, Vo e (H [ai,bi]> .
i=1

Notice that A, (f) € C (Hfil [a;, b;] ,X) and A, (g) € C (Hl 1 [al,bl]) .
Furthermore it holds

lLenbemﬂ Hf( )H Z (nx — k) - i (”f” :E)
n '\/’ K

27
Zlganna"\ (nm - k) ( )

[An (f,2)ll, <

Ve szil [ai,bi] .
N
Clearly |/, € C (T}, [as, bi)

So, we have that
140 (£, < Aa (151, 12) (28)

Vo eI, fabl, ¥ ne N,V f e C (T, [as,bi], X)
LetceXandgeC(Hl 1[a“bz]) then cgEC’(H2 1[al,bz],X).
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Furthermore it holds

A, (eg, )—cA ,T) VméHal, . (29)

Since A, (1) = 1, we get that
Ap(c)=¢, VceX. (30)

We call A, the companion operator of A,,.
For convinience we call
Lnb)

A (f, @) Zf() (ne — k) =

k=[na]

[nb1 | [nb2 | |nbn | i N
ooy LY f( - N) (Hw(nxi—ki)>, (31)
i=1

ki=[na1] ka=[na2] kn=[nan]

vae (I lasbil).
That is

As (f, @)
An ) = ’
(f LE) Z,Enb[Jnaw (nw _ k‘)

(32)

Ve (Hfil [ai,bi]), n € N.
Hence
A (F2) = £ @) (Sf ) Z (02— B)

A, (f,x) = f () = - : (33)
Sk meﬂ (nz — k)

Consequently we derive

1Au (fr2) — F @), 2 —2 a2 (fe % Z( (34)
n ,.’I/' — X S — , TLI'— s
= GOy o

vae (T1Y, o b))
We will estimate the right hand side of (34).
For the last and others we need

Definition 6 (/11], p. 274) Let M be a convex and compact subset of (RN7 ||~Hp),
p € [1,00], and (X, H||,y) be a Banach space. Let f € C(M,X). We define the

first modulus of continuity of f as

wi (f,0):= sup  [If(x) = F(®)l,, 0<0<diam(M). (35)
x,y€e M :
= yll, <o

360 Anastassiou 353-377



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

If 6 > diam (M), then
wi (f,0) = w1 (f, diam (M) . (36)

Notice wy (f,d) is increasing in 6 > 0. For f € Cp (M, X) (continuous and
bounded functions) wy (f,9) is defined similarly.

Lemma 7 ([11], p. 274) We have w1 (f,6) — 0 asd | 0, iff f € C(M,X),

where M is a convex compact subset of (RY, H||p), p € [1,00].

Clearly we have also: f € Cpy (RN , X ) (uniformly continuous functions),
iff wy (f,0) — 0 as § | 0, where wy is defined similarly to (35). The space
Cp (RN , X ) denotes the continuous and bounded functions on RY.

When f € Cp (RN,X) we define,

B, (f,7) = By (fow1, csn) i= i ! <fb) Z (nx — k) :=

k=—o0

'] oo o) N
ki ko kn
> Y e > (B ([[ven-n). o1
k1=—00 ko=—00 kn=—o0 i=1
neN,VzeRYN, N eN, the multivariate quasi-interpolation neural network

operator.
Also for f € Cp (RN , X ) we define the multivariate Kantorovich type neural

network operator

Cn(f,m) ::Cn(f,mla"'axN) = Z <nN/nf(t)dt>Z(nx_k)_

k=—o0

) o oo < ki+1 kat1 Ent1
n

kq k
k‘N:—OO n

r2 En
klz—tx) kg:—oo n

f (tl, ...,tN) dtl...dtN>

n

N
~ (H ¥ (nx; — m) : (38)

i=1
neN, VaeRN.
Again for f € Cp (RN , X ) , N € N, we define the multivariate neural net-
work operator of quadrature type D, (f,z), n € N, as follows.
Let 0 = (0y,....,05) € NV r = (ry,...,7x) € Zf, Wy = Wy, ry,..ry = 0, such

0 01 62 On
that > w,= Y > . > Wy ppen =1; k€ ZYN and
r=0 r1=07r2=0 rny=0

0 k
O (f) 1= Onbs ks (F) 1= ) w0rf (n * 7:9) -
r=0
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01 02 On
k k k
Z Z Z W rawns | <1+7"1 Rz | T2 ky ) (39)

= = n o mf’n  n 7 n | nlx
where § := ’1,%, ’%)
We set
Dn (fvm) = Dn (f,mla“'axN) = Z 5nk (f)Z(TLEL’—k) = (40)
k=—o0
%) o o N
Z Z Z On ks ko, kone () <H¢(mﬁz - kz)) ;
k1=—o00 ko=—00 kn=—o0 1=1
Yz e RV,

In this article we study the approximation properties of A,, B,,C,, D,
neural network operators and as well of their iterates. That is, the quantitative
pointwise and uniform convergence of these operators to the unit operator I.

3 Multivariate general sigmoid Neural Network
Approximations

Here we present several vectorial neural network approximations to Banach
space valued functions given with rates.
We give

Theorem 8 Let f € C(Hﬁvzl [ai,bi],X>, 0<pB<lze (Hivzl [ai,bi]),
N,n € N with n'=? > 2. Then

1)
40 (f2) = £ @), <
S o (s )@= n 2 st || =
and
J

140 () =71, _ = 2. (42)
We notice that lim A, (f) Il f, pointwise and uniformly.

Above wy is with respect to p = oo and the speed of convergnece is
max (#, (1 —h (nlfﬁ — 2))) .

Proof. As similar to [12] is omitted. m

‘We make

10
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Remark 9 ([11], pp. 263-266) Let (RN, H||p), N € N; where |||, is the Ly-

norm, 1 < p < oo. RN is a Banach space, and (RN)J denotes the j-fold product

space RN x ... x RN endowed with the max-norm [l (gryi = max [z, where
1<A<) b

z:=(x1,...,x) € (RN)j :

Let (X, ||||ﬂ/) be a general Banach space. Then the space Lj := L; ((RN)J ;X)
of all j-multilinear continuous maps g : (RN)j — X, j=1,...,m, is a Banach
space with norm

lg (@)l

—_— 43
Y R

lgll ==1llgll., == sup llg(@)ll, = sup

Hz\l(w)j =1

Let M be a non-empty convex and compact subset of R* and xog € M is fized.

Let O be an open subset of RN : M C O. Let f : O — X be a continuous
function, whose Fréchet derivatives (see [20]) f9) : O — L; = L, ((RN)] ;X)
exist and are continuous for 1 <j <m, m € N.

Call (z — x0) = (x — xg, ..., & — x0) € (RVY, 2 € M.

We will work with f|as.

Then, by Taylor’s formula ([13]), ([20], p. 124), we get

f(x)= i Ik ($o)j('$ — )’ + Ry (x,20), allz € M, (44)
j=0 )

where the remainder is the Riemann integral

1 —u m—1
Ry (z,20) := /0 A-w™ (f("”) (zo + u(x — x0)) — (™ (mo)) (x — x0)" du,

(m—1)!
(45)
here we set fO) (z0) (x — 20)° = f (20) .
We consider
W= w (f(m), h) = sup Hf(m) () — ™ @], (46)
x,yeEM:
le—yll, <h
h > 0.
We obtain
| (7 oo = w0)) = £ @) (& = 20)"| <
£ (o + (@ = w0)) = £ (o) |- llz = ol <
m [wllz—zoll
w ||z — o, [hp-‘ ) (47)
11
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by Lemma 7.1.1, [1], p. 208, where [-] is the ceiling.
Therefore for all x € M (see [1], pp. 121-122):

Mullr —woll, 7 (10— w)™ !
< _ m D
o (o0l < wlle =zl [ [0 | Gt

=, (|l = o], (48)

by a change of variable, where
AR TUED G R
P = —| ————ds = — —jh)" R 4
= [ 3] s = > =i} | veer, @

is a (polynomial) spline function, see [1], p. 210-211.
Also from there we get

D, (1) < ﬂJr't‘erw VteR (50)
= m+ 1) 2m! 8(m—1)! ) ’

with equality true only at t = 0.
Therefore it holds

R e wolly ™z —wolly Rz —woll, Ve M
| R (2, 20) ||, < w (m+1)!h+ oml | 8m—1 J TTEM

(51)
We have found that
Y9 (o) (2 — wo)
f(z) - . <
-3 Ll
¥
m41 m m—1
- h|lz — o
m) p, Hx Z‘o” |z x0||p p 59
wl(f ’ )( T O T om T smon ) < (2
Y x,xg € M.
Here 0 < wy (f(m), h) < 00, by M being compact and f™) being continuous
on M.
One can rewrite (52) as follows:
Zf(]) xo _xo)j -
¥
m—+1 m m—1
- - hl- = ol
(m) h) Il xO” | x0||p p v M. (53
“1 (f ’ ( m+ Ol T 2ml  8mo1p ) e (53)

12
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a pointwise functional inequality on M.

Here (- — x0)’ maps M into (RN)] and it is continuous, also f) (x¢) maps
(RN)J into X and it is continuous. Hence their composition f@) (x) (- — zo)
s continuous from M into X.

Clearly f (-)=>"5~ M € C (M, X), hence Hf () =2 W c
C(M). K
Let {EN}NGN be a sequence of positive linear operators mapping C (M) into
C(M).

Therefore we obtain

7=0

(Jx -—x
Hf N OV ICA TG [ ) P

L To ! T L =T T
w1 (f(m),h) ( N(”( Hl)!h ))( ) ( N(” 5 0!”1’))( 0)
T m—1 Z
h (LN (||é(—mfﬂo|;17)! )) (o) ’ (54)

VNeN,Vaxye M.

Clearly (54) is valid when M = H [a;,b;) and L, = A,,, see (26).

All the above is preparation for the following theorem, where we assume
Fréchet differentiability of functions.

This will be a direct application of Theorem 10.2, [11], pp. 268-270. The
operators A, A, fulfill its assumptions, see (25), (26), (28), (29) and (30).

We present the following high order approximation results.

N
Theorem 10 Let O open subset of (RN, ||-||p>, p € [1,00], such that ] [a;,b;] C
i=1

O C RV, and let (X, ||H7> be a general Banach space. Let m € N and f €

C™(0,X), the space of m-times continuously Fréchet differentiable functions

from O into X. We study the approzimation of f| . Letxg € (H [a;, L])

[ai,bs] =

andr > 0. Then

1)

13
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wn (10 (G (1= 2ol ) ) @) ™) .
el - wty) ) )((An(||-—xo||?“))(xo>)(’"’“)

{(mil)+2+m8rz}, (55)

2) additionally if f9) (zo) =0, j = 1,...,m, we have

1(An (£)) (z0) = [ (o)l <

(m+1) 8
3)
1(An (1)) (20) = f (o), gi;‘ | (4n (59 @) (- = 20)') ) (wo)H7+
wr ( F,r = ol ™)) o)) ™ =
' < (( ( rm'o )> i ) ) ((ﬁn (|| —zo||;”+1)> (x0)>(m+l)
i (57)
1 r mr?
{(m—&- 1) T3 8}
and
4)
Al _ oo =
> 1], 11042 (59 o) = 207)) ] oo fionl
o (f<m>,r (A (1 = 2olly") ) (o) ;ﬂeﬁlw,bi])
rm)! -
[ (=) ol 52 )

ot me?
(m+1) 2 8 |

14
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‘We need

~ N
Lemma 11 The function (An (|| - $0||;n)) (z0) is continuous in xo € <H [a;, b;]

=1
m € N.

Proof. By Lemma 10.3, [11], p. 272. =
We make

Remark 12 By Remark 10.4, [11], p. 273, we get that

| (A (1 = =oll)) (xo)Hm,meiﬁlw <
(e A ) Ko %

forallk=1,...m
We give

Corollary 13 (to Theorem 10, case of m = 1) Then

1)
(A (D) (o) = 7 @), < || (4n (/O 0 (- = 20)) ) o)+

e (10 (A (1= a0l2)) ) ) (A (1= 0l2) ) ) 00

N
N

7,,2
1 -
)
and
2)
R RN
[1can o
s (59 @) = ) o) I
Tlloo,zo€ [] [ai,bi]
i=1
1 ( 9 3
2+ 1) Hg o
g (10 (G (1=l @l
H(E (H-—x ||2>)(x )H% N Lirs (61)
n 0 P 0 oo,woeljl[ai,bi] 4 ’
r > 0.
15

)
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‘We make

Remark 14 We estimate (0 < a <1, m,n € N:nl=% > 2),

S 15 = wol| 0 Z (no — K) 2

e m na (22)

Ay, (||' *$0||oo+1> (o) = L ina (6] <

Zk [na] (n(L'() - k)
L”bj ‘ m—+1
— — 2 Z (nxog — k) =
(w< @)~ kzrn:a] ’ %0
1 [nb] k m+1
—_— — — T Z (nxo — k) +
(W (1) _Z Hn .
k= [nal
& -, < s
L"bj m—+1
(23)
Z Hk—xo Z (nxog—k) p <
n
{ k = [na] OO
& = 2ol > 5w
1 1 1—h(nl=o—2 .
N a(m-+1) + ( ) Hbi ” i )
(@) 2
(where b—a = (by — a1,...,by —an)).

an
N
We have proved that (V xg € H [ai, b;])

Ay (I = woll™) (wo) <
1 1 1—h(nt=™-2) mal
(1/1 (1))]\[ {na(m+1) + ( 9 Hb H =¥ (n)
O<a<l,mneN:nl=>2)
And, consequently it holds
|30 (=20l 2™ @o)|| <

00,20€ [ [ai,bi]
i=1

1 1 1—h(nt~>—
@)~ | 2

16

368

(62)

(63)

2
)> 16— ||m+l} =¢,(n) — 0, asn — +oo.

(65)
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So, we have that ¢, (n) — 0, as n — +oo. Thus, when p € [1,00], from
Theorem 10 we have the convergence to zero in the right hand sides of parts (1),

(2).

Next we estimate H (gn (f(j) (o) (- — xo)j)) (z0)
We have that

Y

Ztan FD (o) (£~ xo)j Z (nxo — k)

(3 19 =) a0 = e B
66
When p =00, j =1,...,m, we obtain 0
‘fm (o) (712 _$O>j < Hfm (“TO)H Hﬁ — 2 J (67)
We further have that
3.5 0 -0 o],
T (L:q a0 () | 200 ‘”) :
SN o I T R
k=[na °°
1 ; LT J B
W Hf( ) (:CO)H (k—%a] Hn — %o . Z (nxg — k)) =
1 ) [nb] k j
skl (B ez
{ 15 = ol < 7=
+ % Hk -z ’ Z (nxg — k) (QSE) (69)
= [na] h
{ 15 = oll > 7=

W 79 @o| {nl N (1 (e _2)) ”ba”;} e

17
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That s '
H (gn (f(j) (o) (- — xo)J)) (mO)HW — 0, as n — o0.

Therefore when p = oo, for j =1,...,m, we have proved:

| (4 (59 @) (= 20)') ) (@0)| <

Y

(W)Y ”fﬂ) o H {W (1_h(n2l_a_2)> b—allio} < (70)

T HWW{W+Cw%ﬂJUWWQ:%W<w

and converges to Z€Ero, as n — Q.

We conclude:

In Theorem 10, the right hand sides of (57) and (58) converge to zero as
n — oo, for any p € [1, 00].

Also in Corollary 13, the right hand sides of (60) and (61) converge to zero
as n — oo, for any p € [1,00].

Conclusion 15 We have proved that the left hand sides of (55), (56), (57),
(58) and (60), (61) converge to zero as n — oo, for p € [1,00]. Consequently
Ay — I (unit operator) pointwise and uniformly, as n — oo, where p € [1,00].
In the presence of initial conditions we achieve a higher speed of convergence,
see (56). Higher speed of convergence happens also to the left hand side of (55).

We give

Corollary 16 (to Theorem 10) Let O open subset of (RN, ||||..), such that
N
H [ai,b;] € O CRY, and let (X [l ) be a general Banach space. Let m € N

and f e C™(0,X), the space of m-times continuously Fréchet differentiable
functions from O into X. We study the approzimation of f| . Let xp €

1] [ai,bi
N =
(H [ai,bi]) and r > 0. Here p; (n) as in (65) and py; (n) as in (70), where
i=1
neEN:n' @ >2 0<a<l,j=1,..,m. Then
1)
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2) additionally, if f9) (x0) =0, j = 1,...,m, we have
(A () (20) = £ (@0, <
wr (.7 (y ()77 )

m—l—l)+§ 8

rm!
3)
4. (1) = 11 H oot = > %
wbil i
wi (£, 7 (py (m) 75 n
- ( 'rm!l ) (1 (”))(’”“) (73)
2
{(m:—l)—'—;—kmg} =:p3(n) — 0, as n — oo.

We continue with

Theorem 17 Let f € Cp (RN,X), 0< B <1 ze RN NneN with
n'=P > 2, wy is for p=oo. Then

1
1B, (1.0) = £ @l < (£ ) + @ =n 0 =) UL = re o),
(74)
)
180 () =111, <22 (). (75)

Given that f € (CU (RN,X) NCg (]RN,X)), we obtain lim B, (f) = f, uni-
formly. The speed of convergence above is max ( =7, (1 — h (nlfﬁ — 2))) .

Proof. As similar to [12] is omitted. m
We give

Theorem 18 Let f € Cp (RV,X), 0 < 8 < 1, z € RN, N,n € N with
n'=8 > 2, wy is for p=oo. Then

1)
I (f.0) = £ @), o (55 4+ 25 )+ = (7 =) A1, | = 0.
(76)
)
G (=11, _ < 2s ). (77)
Given that f € (CU (RN,X) NCg (]RN,X)) , we obtain nILH;OC" (f) = f, uni-
formly.
19
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Proof. As similar to [12] is omitted. m
We also present

Theorem 19 Let f € Cpg (RN7X), 0<pB <1 2eRN NneN with
n'=8 > 2, wy is for p=oo. Then

1)
1Dn (£,2) = @), < w1 (ﬁ "+ nlg)+(1 —h (0= =) If1L | = xa ),
(78)
2
[1Dn 5y = 11| < 2. (79)
Given that | € (CU (RN,X) NCpg (RN,X)) , we obtain nlLII;ODn =1
uniformly.

Proof. As similar to [12] is omitted. m
We make

Definition 20 Let f € Cp (RN,X), N € N, where (X, ||||7) is a Banach

space. We define the general neural network operator

Fo(fox)i= Y b (f)Z(nz—k) =

k=—oc0

Bn(f7$>7 Zflnk(f>:f(%)k7+1
Cn (f,.%‘), if Lok (f) = fon f(t> dt, (80)

Clearly l,,x, (f) is an X-valued bounded linear functional such that ||l (f)]., <

s 7

Hence F), (f) is a bounded linear operator with HHFn (f)||7H < H”f”’YH .
We need > >

Theorem 21 Let f € Cp (RN, X), N > 1. Then F, (f) € Cp (RY,X).
Proof. Very lengthy and as similar to [12] is omitted. m

Remark 22 By (25) it is obvious that H||An (f)”VH < H||fH7H < 0o, and
o0

o0

=

i=1

N
An (f) € C <H [ai,bi] ,X), gZ"U@’fL that f (S C ( [ai,bi] ,X>
i=1 i
Call L,, any of the operators A,, B,,Cy, D,.

20
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Clearly then

ez o[ = 1za @ oo || < [1zaom]| < s,

etc.
Therefore we get

ik )

the contraction property.
Also we see that

lzt ol < 15 ol << {ean | <], o

—~

81)

<|ish] . vren, (82)

I

Here Lk are bounded linear operators.

Notation 23 Here N € N, 0 < 8 < 1. Denote by

@)™, i L, = A,
N = {1, if Ly, = By, Cy, Dy, )

1 .
o B Zan:An, Bn,

¢m)_{i L. if Ly = Co. Dy (%)

N .
Q:: C(}:[l [ai,bi],X> B Zan:An, (86)

C’B ( NyX) ’ ian = Bvucn;Dna
and
N .

Y = il;ll [ai7 bL] ’ Zf L, = Ana (87)

RN7 ifLTL = BnacnaDn-
We give the condensed
Theorem 24 Let f€Q,0< <1,z €Y;n, NN withn'=? >2. Then

(i)
1 (£,2) = £ @), < ex [wr (o ) + (1 =k (0 =2)) [I£1L,]|_] =7 (),
(88)
where wy 18 for p = oo,
and
(i1
[0 () = £1L]| <7 () =0, asn— o0 (89)

For f uniformly continuous and in £ we obtain
lim Ly, (f) = f,

pointwise and uniformly.

21
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Proof. By Theorems 8, 17, 18, 19. =
Next we do iterated neural network approximation (see also [9]).
We make

Remark 25 Letr € N and L,, as above. We observe that
Lyf—f=Lnf—Ly )+ (L =Ly f) +
(L2 =Ly ) + o+ (Lof = Lof) + (Lnf = ).
Then

e =ai|| =< ieas =zl ||+ izt - 2l +
[ze2s = 2ol |+ et [ = Zas |+ 12ns = 1] =
l2et @ar = ||+ [|12672 @t = D]+ [|lI257° @ = DL

oot |1 L f = DU+ [120f = 71| <7 12as =50 00)

That is

(91)

8

lnzes =g < |izas - 11,
We give

Theorem 26 All here as in Theorem 24 and r € N, 7(n) as in (88). Then
lzns = £lL|| < e o). (92)

So that the speed of convergence to the unit operator of L, is not worse than of
Ly,.

Proof. By (91) and (89). m
We make

Remark 27 Let my,....m, E N:m; <mo < ...<m,,0< g8 <1, fe€Q.
Then ¢ (m1) > ¢ (m2) > ... > p(m,), ¢ as in (85).
Therefore

wi (f, ¢ (m1)) = w1 (f,(m2)) = .. Z wi (f,9 (mr)) - (93)

Assume further that mg_ﬁ >2 4i=1,...,7. Then

(el ) () ag
2 - 2 - 2

T

1-8 _ 2)

22
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Let L,,, as above, i =1,...;7, all of the same kind.
We write

Lun, L,y (--Liny (L m1f))) - f=
Lin, (Li,—y (+-Lingy (L, £))) = L, (Lin—y (--Liny f)) +
Lo, (L, —y (.Liny f)) = Ly, (Lm,,,l (-Lms f)) +
L, (L, (.Ling £)) = Lin, (L, (.Liny f)) + o (95)
L, (L, s f) = Lin, f + Lin, f = | =
Lo, (Limy_y (<Liny)) (Ling f = f) + Ly, (Liy—y (-Ling)) (L f — f) +
Lo, (L, —y (o-Liny)) (L f = f) 4 oo+ Lo, (Liny o f = f) + Ln, f — [

Hence by the triangle inequality property of H””“’H we get
o0
HLmT (Lmr,l ( mo ( mlf - f”"/ S

|Zon, (Lan, s -Lna)) Lo f = D ||+
HLmr (Lmr—l (Lma)) (Lmzf - f)”,y +
HHLWT (Lmr—l ("-Lm4)) (wa,f - f)H"VHoo + ...+

H ||L7”7‘ (Lmqu - f) ||7H + H HLmrf - f||7H
(o) oo
(repeatedly applying (81))

< || f = 11|+ |12

o+ mar = 1|+t

2 st = A1+ 1t = 1] = S 1t =11 00)
=1

That is, we proved

l1Em, (s o Lo ) = 1L | <ZHHL S=1l o

We give

Theorem 28 Let f € Q; N, my,mg,....m, E N:m; <mg < ... <m,, 0<
8 < 1; mg_ﬁ >2,i=1,..,r,z €Y, and let (L, ..., Lim,.) as (Apmy, ey Am,.)
or (Bmys sy Bm,) or (Crmyy ooty Crn) 07 (Dippyy ooy D), p = 00. Then

L, (L, (<oLny (L f))) (2) = f (@)]], <

~

23
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HHLmr (Lmr—l (~~L7nz (Lmlf))) - f”w

oo

S (s =11, <
=1

r

ex Y [ (g m) + (1=n (mi= =2) ) |[if1,]|_] <

ren [wi (fp (m) + (1=h (mi~* =2)) 171, _]- (98)

Clearly, we notice that the speed of convergence to the unit operator of the mul-
tiply iterated operator is not worse than the speed of Ly, .

Proof. Using (97), (93), (94) and (88), (89). m
We continue with

Theorem 29 Let all as in Corollary 16, and r € N. Here p5 (n) is as in (73).
Then

145s = 71| < r{|14ns = 71| < 7es ). (99)
Proof. By (91) and (73). m

Application 30 A typical application of all of our results is when (X, ||||7> =

(C,|]), where C are the complex numbers.
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