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ABSTRACT
The concept of neutrosophic subring of a ring, is initiated and some examples are discussed. Some of their
properties are mentioned. The characterization of neutrosophic subring of a ring is obtained.
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1. INTRODUCTION

In 1965, Lofti. A. Zadeh [9] introduced the concept of fuzzy sets, where each element of the set had a
degree of membership. Zadeh had initiated fuzzy set theory as a modification of the ordinary set theory.
In 1983, the notion of intuitionstic fuzzy set was introduced by K. Atanassov [1, 2] as a generalization of
fuzzy set, where each element had the degree of membership and non- membership. The notion of
neutrosophic set was initiated by Smarandache [7, 8]. The neutrosophic theory has set up the key stone
for new mathematical theories inducing both the classical and fuzzy concepts.

In classical theory, subrings associated to any ring, play a vital role. On considering this, in this article, we
tried to discuss the algebraic nature of neutrosophic subrings of a ring.

2. Preliminaries
In this segment, the general idea of rings and neutrosophic sets are recalled. Throughout this article, it is
assumed that every ring is commutative and has a multiplicative identity element.

Definition 2.1

Let (R, +, .) be a ring. A non - empty subset S of R is called a subring of R if it satisfies the following
condition:

X, yeS=>x-y,xyeS

Example 2.2
(Z, +,.) is aring.

Definition 2.3

Let X be a non - empty set. A set A = {<x, pa(x), oa(x), va(x)>} is called a Neutrosophic set of X, where x €X
and the mappings pa, oa, va: X 2 [0, 1]. Here pa is called as the membership function; oa is called as the
indeterministic membership function and v, is called as the non-membership function and there is no
restriction on sum of (pa(x), oa(x), va(x)) so 0 < pa(x) + oa(x) +va(x) < 3.

Definition 2.4

Let A be any Neutrosophic set of a set X and A = {<x, pa(x), 0a(x), va(x)>}. Then, (a, B,y) - cutof Ais
defined as the subset {x €X / pa(x) = o; oa(x) < and va (x) <y} of X, wherea € Im i, f € Im o and ye Im v
and the (a, B, y) - cut of A is denoted by Ay g, ,.

3. Neutrosophic subring

Here the concept Neutrosophic subring of a ring is initiated and some examples are discussed. Some of
their properties are established. The characterization of neutrosophic subring of a ring is obtained
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Definition 3.1

A Neutrosophic set A of a ring R, is considered as a Neutrosophic subring of R, if it satisfies the following
conditions: Forall x,y € R,

() pa(x-y) =min{pa(x), pa(y)}

(i) pa(xy)  zmin {pa(x), pa(y)},

(iii) oa(x-y) <min{oa(x), oa(y)}

(iv) oa(xy)  <min{oa(x), oa(y)},

(v) va(x-y) <min{va(x), va(y)}

(vi) va(xy) < min {va(x),va(y)}

Example 3.2
Consider the Neutrosophic set A of a ring (Z, +, .).

) 9if xe<b> ) Aif xe<b> ) 3if xe<b>
M=o 7 5 P16 225 M7 2o ss
Then A is a Neutrosophic subring of Z.

Example 3.3
Consider the Neutrosophic set B of a ring (Z, +, .).

_|Aif xe<4d> _J.9if xe<5> _|.6if xe<5>
W9 z-<4> 2 z-<55 "3 z-<5>

Then B is not a Neutrosophic subring of Z.
Hereafter, A is assumed as any Neutrosophic subring of a ring R.

Proposition 3.4
For any A, pa(1) < pa(x) < pa(0); oa(1) 2 oa(x) = 64(0) and va(1) = va(x) 2 va(0), for all x € R where 0 is the
additive identity and 1 is the multiplicative identity in R.
Proof
Given A is any Neutrosophic subring of a ring R with additive identity 0 and multiplicative identity 1.
To prove pa(1) < pa(x) < pa(0), forallx € R.
Allow x € R be arbitrary. Then,
ua(x) = pa(1.x) 2 min {pa(1), pa(x)} = pa(1) -----=------ > (1)
And  pa(0) = pa(x - x) 2 min {pa(x), pa(x)} 2 pa(x) ---------------- 2 (2)
From (1) and (2), we have pa(1) < pa(x) < pa(0), forallx € R.
To prove oa(1) 2 6a(x) 2 0a(0), forall x € R.
Allow x € R be arbitrary. Then,
ca(x) =oa(1.x) <min{ca(1), ca(x)} < ca(1) ------------- 2> (3)
And  064(0) = ca(x - x) < min {ca(x), 0a(X)} < oA(X) ---------------- - (4)
From (3) and (4), we have ca(1) 2 ca(x) =2 ca(0), forallx € R.
To prove va(1) 2 va(x) 2va(0), forallx € R.
Allow x € R be arbitrary. Then,
va(X) =va(1.x) <min{va(1), va(x)} < va(1) ------------- -2 (5)
And  va(0) =va(x - x) £ min {va(x), va(x)} S va(X) ---------------- - (6)
From (5) and (6), we have va(1) 2 va(x) 2 va(0), forallx € R.

Proposition 3.5
For any A, pa(x) = pa(- x); oa(x) = oa(-x) and va(x) =va(-x), forallx € R.
Proof
Allow A be any Neutrosophic subring of a ring R, Allow x € R be arbitrary. Then,
—X=0+(=%X) =0 = X ---mmmmmmmm e 2> 1)
Now, pa(=x) = na(0-x) 2 min {pa(0), pa(x)} = pa(x) ------ >(2)
Again  pa(x) = pa( - (- x))= pa(-x), by (2)
2 pa(x), by (2)
= pa(x) = pa(-x).
And ca(- x) = 6a(0-x) < min {ca(0), ca(x)} < ca(x) ------- 2> (3)
Again  ca(x) =oa( - (-x))s oa(-x), by (3)
< oa(x), by (3)
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= ca(x) = oa(-x).
And va(- X) = va(0-x) < min {va(0), va(x)} £ Va(X) --------- -2 (4)
Again  va(x) =va( - (- x))<va(-x), by (4)
< va(x), by (4)
= va(x) = va(-x).
Hence pa(x) = pa(- x); oa(x) = oa(- x) and va(x) = va(-x), forall x € R.

Proposition 3.6
Forany A, forallx,y € R,
Ha(x +y) 2 min {pa(x), pa(y)};
oa(x +y) < min {oa(x), oa(y)} and
va(x +y) < min {va(x), va(y)}.
Proof
Allow x, y € R be arbitrary. Then,
x+y=x+(-(-y))=x-(-y)
Now, pa(x +y) = pa(x - (- y)) 2 min {pa(x), pa(-y)}
> min {pa(x), na(y)}, by Proposition 3.5
= pa(x +y) = min {pa(x), ua(y)}, Vxy € R
And, 04(x +y) = 0a(x - (- ¥)) < min {oa(x), 0a(-y)}
< min {oa(x), oa(y)}, by Proposition 3.5
= oa(x+y) <min{oa(x), 0a(y)}, Vx,y € R
And, va(x +y) =va(x - (- y)) < min {va(x), va(- y)}
< min {ua(x), va(y)}, by Proposition 3.5
= va(x +y) <min {va(x),va(y)}, Vx,y €eR

Proposition 3.7
For any A, if pa(x - y) = ua(0), then pa(x) = pa(y) where x,y € R.
Proof
Allowx,y € R.
Assume that pa(x-y) = pa(0) ------- 2> (1)
Here, x=x+0=x+((-y)+y)=(x+(-y))+y=(x-y) +y
= pa(x) = pa((x - y) +y) = min {pa(x - y), na(y)}, by Proposition 3.6
=min {ua(0), ua(y)}, by (1)
= pa(y) -------------- - (2), by Proposition 3.4
Again, y=0+y=(x-x)+(-(-y))=(x-x) - (~y) =x-(x~y)
= ua(y) = malx - (x-y)) 2 min {pa(x), palx - y)}

2 min {pa(x), pa(0)} --------- = (3), by (1)
But min {pa(x), pa(0)} = pa(x), by Proposition 3.4
(3) = pay) = pa(x) ----------- > 4)

From (2) and (4), we have pa(x) = pa(y)-

Proposition 3.8
For any A, if oa(x - y) = 0a(1), then 6a(X) = 0a(y) where X,y € R.
Proof
Allow x,y € R.
Assume that pa(x-y) = pa(1) ------- 2> (1)
Here, x=x+0=x+((-y)+y)=x+(-y))+y=(x-y) +y
= oa(x) = oa((x - y) +y) < min {oa(x - y), oa(y)}, by Proposition 3.6
=min {oa(1), oa(y)}, by (1)
= oa(y) -------------- - (2), by Proposition 3.4

Again, y=0+y=(x-x)+(-(-y)) = (x-x) - (-y) =x- (x-y)
= oa(y) =oa(x- (x-y)) < min {oa(x), oa(x - y)}

< min {oa(x), oa(1)}, by (1)

= 04(x), by Proposition 3.4
(3) = oa(y) 2 oa(x) ------------ = (3)
From (2) and (3), we have o4(x) = oa(y)
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Proposition 3.9
For any A, if ua(x - y) = va(1), then va(x) = va(y) where x, y € R.

Proposition 3.10
Forany A, pa(x +y) = pa(y) for all x, y € R if and only if pa(x) = pa(0).
Proof
Allow %,y € R be arbitrary.
Assume that pa(x + y) = pa(y), forally € R.
As 0eR, pa(x + 0) = ua(0)
= ua(x) = pa(0)
Conversely, assume that pa(x) = pa(0) ------------- 2> 1)
Now pa(x +y) = min {pa(x), Ha(y)}, by Proposition 3.6
= min {pa(0), pa(y)}, by (1)
= ua(y), by Proposition 3.4
= pa(x+y) = pa(y), forallx,y € R ---------- 2 (2)
Againy=y+0=y+ (x-x)=(y+x)-Xx=(x+y)-X
Hence pa(y) = pa((x +y) - x) =2 min {pa(x +y), ua(x)}
= min{ua(x +y), ua(0)}, by (1)
= ua(x +y), by Proposition 3.4
= Ha(y) = pa(x +y) ---------- 2> (3)
From (2) and (3), we have pa(x + y) = pa(y).

Proposition 3.11
For any A, oa(x +y) = oa(y) for all x, y € Rif and only if oa(x) = oa(1).
Proof
Allow x, y € R be arbitrary. Assume that ca(x +y) = 0a(y), forally € R.
As 0eR, aa(x + 0) = 6a(0)
= 0a(x) = 0a(0)
Conversely, assume that oa(x) = oa(1) ------------- 2> 1)
Now oa(x + y) < min {oa(x), oa(y)}, by Proposition 3.6
=min {04(1), oa(y)}, by (1)
= 0a(y), by Proposition 3.4
= oa(x+y) <0oa(y), forallx,y € R ---------- 2> (2)
Againy=y+0=y+ (x-x)=(y+x)-X=(x+y)-X
Hence oa(y) = oa((x +y) - X) < min {oa(x +y), 0a(x)}
= min{oa(x +y), 0a(0)}, by (1)
= 0a(X +y), by Proposition 3.4
= 0a(y) < OalX + y) - >(3)
From (2) and (3), we have oa(x +y) = oa(y).

Proposition 3.12
Forany A, va(x +y) =va(y) for all x,y € Rif and only if vua(x) = va(1).

Proposition 3.13

For any A, if pa(x) < pa(y) for some x, yeR, then pa(x - y) = pa(x) = pa(y - x).

Proof

Given A is a neutrosophic subring of R.

Allow x,y € R.

Herex-y=-(-(x-y))=-(x+y)=-(y-X).

Therefore, pa(x - y) = pa(- (y - X)) = pa(y - x), by Proposition 3.5

Assume that pa(x) < pa(y) ------- 2> (1)

Now pa(x - y) =2 min {pa(x), pa(y)} = pa(x) -------- 2 (2),by (1)

Andx=x+0=x+(-y+y)=(xX-y)+y

Therefore, pa(x) = pa((x - y) + y) = min {pa(x - y), na(y)}, by Proposition 3.6
= pa(x - y) as pa(x) < pa(y)

= Ha(x) 2 pa(x - y) -------- 2> (3)

From (2) and (3), we have pa(x) = pa(x - y)-
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Proposition 3.14

For any A, if 0a(x) > oa(y) for some x, yeR, then o4(x - y) = 6a(X) = 0a(y - X).

Proof

Given A is a neutrosophic subring of R. Allow x, y € R.

Herex-y=-(-(x-y))=-(x+y)=-(y-x).

Therefore, ca(x - y) = oa(- (y - X)) = oa(y - X), by Proposition 3.5

Assume that 6a(x) < 0a(y) ------- 2> 1)

Now 6a(x - y) < min {oa(x), 0a(y)} = 0a(y) < 0a(X) -------- = (2), by (1)

Andx=x+0=x+(-y+y)=(x-y)+y

Therefore, ca(x) = 0a((x - y) +y) < min {oa(x - y), 0a(y)}, by Proposition 3.6
= oa(x - y) as 0a(x) > oa(y)

= 0oa(x) 2 oa(x - y) -------- - (3)

From (2) and (3), we have o4(x) = oa(X - y).

Proposition 3.15
For any A, if va(x) > va(y) for some x, yeR, then va(x - y) = va(x) = va(y - x).

VOL. 33,NO. 5, 2024

Now, the relation between a non - empty subset of a ring and the neutrosophic subring of the ring,
defined in terms of that subset, is established. Then it is also proved that the converse relation is also true.

Theorem 3.16

Let H be any non - empty subset of a ring R, H # R. If A is a neutrosophic subring of R, defined by

s if xeH
m(x) = where s, t1 € [0, 1], 51> t3,

tif xeR~H
and oa(x) = {SZ _if xeH where sy, tz € [0, 1], s2 < tz,
t,if xeR~H
and va(x) = {83 _if xeH where s3, t3 € [0, 1], s3 < t3,
t,if xeR~H

then H is a subring of R.

Proof
Allow H be any non- empty subset of aring R, H # R.
Allow x, y € R be arbitrary.

s if xeH
Consider the functions, pa(x) = i where s, t1 € [0, 1], 51> ty,
tif xeR~H
d0r) s, if xeH . 0.1]
and oa(x) = . where sy, t; € [0, 1], s2 < ta,
t,if xeR~H
s, if xeH
and va(x) = i where s3, t3 € [0, 1], s3 < t3,
t,if xeR~H

Assume that A is a neutrosophic subring of R. Then,
(vii) pa(x-y) 2min {pa(x), pa(y)}

(Viijpa(xy) 2 min {pa(x), na(y)},

(ix) oa(x-y) <min{oa(x), ca(y)}

(x) oa(xy) <min{oa(x), oa(y)},

(xi) va(x-y) <min{va(x),va(y)}

(xii) va(xy) < min {ua(x), va(y)},

forall x,y € R.

To prove H is a subring of R.

Allow a, b € H be arbitrary.

Then, pa(a)=s and ma(b) =s.

Here min {ua(a), pa(b)} = min{s, s} =s

Hence all the values of pa(a - b) and pa(ab) are greater than or equal to s.
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But pa has only two values s and t with s > t.

Therefore, all the values of pa(a - b) and pa(ab) are equal to s.
This implies (a - b) and (ab) € H.

This proves that H is a subring of R.

Theorem 3.17
If H is any subring of a ring R, H # R, then the neutrosophic subset p of R defined by

s if xeH
ma(x) = where s1, t1 € [0, 1], 51> t3,

tif xeR~H
and oa(x) = {Sz if xeH where sz, t2 € [0, 1], s2 < t2,
t,if xeR~H
and va(x) = {SS I xeH where s3, t3 € [0, 1], s3 < t3,
t,if xeR~H
is a neutrosophic subring of R.

Proof
Allow H be any subring of a ring R, H# R.
Consider the neutrosophic subset p of R defined by

s if xeH
m(x) = where s, t1 € [0, 1], 51> t3,

tif xeR~H
and oa(x) = {Sz _if xeH where sy, t; € [0, 1], s2 < ty,
t,if xeR~H
and va(x) = {53 _if xeH where s3, t3 € [0, 1], s3 < t3,
t,if xeR~H

Allow X, y € R be arbitrary.

To prove A is aneutrosophic subring of R.

It is enough to prove that

(1) wa(x-y) =min {pa(x), ua(y)}

(ii) palxy)  zmin {pa(x), pa(y)},

(iii) oa(x-y) <min{oa(x), oa(y)}

(iv) oa(xy)  <min{oa(x), oa(y)},

(v) valx-y) =min{va(x),va(y)}

(vi) va(xy)  <min{va(x), va(y)},

forallx,y € R.

We prove this in three cases:

Case (i): x,ye H

Then, pa(x) =s1, pa(y) = s1

= min {pa(x), ua(y)} = min {sy, s1} = s1.

And 0a(X) =52, 0a(Y) = s2

= min {0a(X), 0a(y)} = min {sy, s2} = s2.

And va(x) = s3,Va(y) = s3

= min {va(x), va(y)} = min {s3, s3} = s3.

Here,x,y € H=x -y, xy € H, since H is a subring of R.

Now, pa(x - y) = s1 = min {pa(x), pa(y)} = pa(x - y) = min {pa(x), na(y)}
Ha(xy) = s1. = min {pa(x), ua(y)} = ma(xy) = min {pa(x), ua(y)}

And o0a(x-y) =s2=min {oa(x), 0a(y)} = oa(x - ¥) < min {ca(x), ca(y)}
oa(xy) = sz = min {oa(x), oa(y)} = oa(xy) < min {oa(x), oa(y)}

And va(x -y) = s3 = min {va(x), Va(y)} = va(Xx - y) < min {va(x), va(y)}
va(xy) = s3.= min {va(x), va(y)} = va(xy) < min {va(x), va(y)}

Then all the inequalities are satisfied in this case.

Case (ii): x,ye R~H

Then, pa(x)=ts, pa(y) =ta
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= min {HA(X). uA(y)} = min {tl, t1} =t1.

And oa(x) =tz, 0a(y) =t2

= min {O'A(X), O'A[y)} =min {tz, tz} = to.

And va(x) = t3,va(y) = t3

= min {va(x), va(y)} = min {t3, t3} = ta.

Here,x,y € H=x -y, xy € H, since H is a subring of R.

Now, pa(x - y) = t1 = min {pa(x), Ha(y)} = pa(x - y) = min {pa(x), pa(y)}
Ha(xy) = ti = min {pa(x), ua(y)} = ualxy) 2 min {pa(x), ua(y)}

And oa(x-y) =t =min {oa(x), 0a(y)} = 0a(x - ¥) < min {oa(x), 0a(y)}
oa(xy) = tz = min {oa(x), oa(y)} = oa(xy) < min {oa(x), ca(y)}

And va(x-y) =tz =min {va(x), Va(y)} = va(x - y) < min {va(x), va(y)}
va(xy) = t3 = min {va(x), va(y)} = va(xy) < min {va(x), va(y)}

Then all the inequalities are satisfied in this case.

Case (iii): xeH,ye R~H

Then, Ha(x) = s1, pa(y) = t1

= min {pa(x), ta(y)} = min {sy, t1} = t1.

And oa(x) =s2,0a(y) =t2

= min {0a(x), 0a(y)} = min {sy, t2} = s2.

And va(x) = s3,va(y) = t3

= min {va(x), va(y)} = min {s3, t3} = s3.

Here, x,y € H = x -y, xy € H, since H is a subring of R.

Now, pa(x - y) = s1> t1 = min {pa(x), ua(y)} = Ha(x - y) 2 min {pa(x), na(y)}
Ha(xy) = s1> t1=min {pa(x), pa(y)} = pa(xy) 2 min {pa(x), pa(y)}

And o0a(x-y) =s2<tz =min {0a(x), 0a(y)} = ca(x - y) < min {oa(x), oa(y)}
oa(xy) = s2< t2 = min {oa(X), 0a(Y)} = 0a(xy) < min {ca(x), 0a(y)}

And va(x-y) =s3<t3=min {va(x), Va(y)} = va(x - y) < min {va(x), va(y)}
vA(Xy) = s3< t3 = min {va(x), Va(y)} = va(xXy) € min {va(x), va(y)}

Then all the inequalities are satisfied in this case.

Thus p is a neutrosophic subring of R.

Remark 3.18

¥y is the characteristic function of the subset H of R.
lif xeH

That is, ¥y = .
Oif xeR~H

Corollary 3.19

If a non - empty subset H of a ring R, is a subring of R, then ¥y is a neutrosophic subring of R.
Proof

Takesi1=1,t1=0;s,=0, t; = 1; and s3 =0, t3 = 1 in the above theorem.

Then ¥y is a neutrosophic subring of R.

From Theorem 3.16 and Theorem 3.17, we have,

Theorem 3.20
Let H be any non - empty subset of a ring R, H # R. Let A be any neutrosophic subset of R defined by

s if xeH
Ha(x) = where sy, t1 € [0, 1], 51> t3,

tif xeR~H
and oa(x) = {SZ _if xeH where sz, t2 € [0, 1], s2 < t2,
t,if xeR~H
and va(x) = {33 _if xeH where s3, t3 € [0, 1], s3 < ts.
t,if xeR~H

Then p is a neutrosophic subring of R iff H is a subring of R.
Here, the concept of level subring of a ring is introduced. Then the necessary and sufficient condition of a
neutrosophic subset of a ring to be a neutrosophic subring of that ring is obtained.
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Proposition 3.21
For any A, the (a, 3, 7) - cut of A, Aq g, where aelm y, Belm o and yelm v are subrings of R.

Proof

Given p is any neutrosophic subring of R and t € Im p is arbitrary.

Consider the (o, B, y) - cut of A, Ag g,y = {X€R /pa(x) = o, 0a(x) < B, va(x) <v}.
By Proposition 2.4, pa(x) < pa(0), for all xeR.

= na(0) 2 pa(x) 2 o; 0a(0) < 0a(x) < B;Va(0) sva(x) sy

Hence O Aq p,,, forall o, B, .

Thus Aq,p,,# ¢

Allowx,y € Aqp,,- Then,

Ha(X) 2 aand pa(y) 2 o; oa(x) < B, 0a(y) < B, va(x) <75 va(y) £ y----------- 2> 1)
Now pa(x - y) 2 min {pa(x), pa(y)} = o, by (1)

And oa(x - y) < min {oa(x), oa(y)} < B, by (1)

And va(x - y) < min {ua(x), va(y)} <y, by (1)

=>X-Yy € Ag g,y —--mmm- -2 (2)

Again pa(xy) 2 min {pa(x), pa(y)} 2 a, by (1)

And oa(xy) < min {oa(x), ca(y)} < B, by (1)

And va(xy) < min {va(x), va(y)} <7, by (1)

=Xy € Aq,p,y ----m----- -2 (3)

From (2) and (3), we get,

X, Y€ Aa,py = XY, Xy € Ag

Thus the (o, B, y) - cut of A, A, where a € Im i, B € Im 0 and ye Im v are subrings of R.

Theorem 3.22: [Characterization Theorem]

A neutrosophic subset A of a ring R, is a neutrosophic subring of R iff, the (a, B, y) - cuts of A, Aq g,,, where
aelmy, B € Imoandye Imv are subrings of R.

Proof

First part is shown Proposition 2.16.

Conversely, assume that (o, , y) - cuts of A, A g, where a € Im 1, § € Im 0 and ye Im v are subrings of R.
Then forall x,y € Aq g,y iff pa(x) 2 a, pa(y) = a; 0a(x) < B, oa(y) < B, va(x) < y; valy) <y
To prove A is a neutrosophic subring of R.

Allow x, y € R be arbitrary.

It is enough to prove that,

() pa(x-y) 2min{pa(x), pa(y)}

(i) palxy)  zmin {pa(x), pa(y)},

(iii) oa(x-y) <min{oa(x), oa(y)}

(iv) oa(xy)  <min{oa(x), oa(y)},

(V) va(x-y) =min{va(x), va(y)}

(vi) va(xy)  <min {va(x), va(y)},

Allow min {pa(x), ua(y)} =r; min {oa(x), oa(y)} =s; min {va(x), va(y)} =t

Now consider min {pa(x), pa(y)} =r

Then Either pa(x) = r and pa(y) = pa(x) =r Or pa(y) =r and pa(x) =2 pa(y) =r

= pa(x)2zrand pa(y)zr

Again, consider min {oa(x), oa(y)} =s

Then Either oa(x) = s and oa(y) < 0a(x) = s Or oa(y) = s and oa(x) < 0a(y) =s

= oa(x)<sand oa(y) <s

Again, consider min {va(x), va(y)} =t

Then Either va(x) = t and va(y) < va(x) =t Orva(y) = tand va(x) <va(y) =t

= vua(x) <tandva(y) <t

Hence pa(x) 2 rand pa(y) 2 r; oa(x) < sand oa(y) <s;va(x) <tandva(y) <t.

=X,y € Ar st

= X-V,Xy € Ays, ., Since Ay, s «. is a subring of R.

=pa(x-y)zrand pa(xy) 2r; oa(x-y)<sandoa(xy)<s;

va(x - y) < tand va(xy) < t-----m-mmemee- > (1)
For (i):
Allow pa(X - y) = 81 =---n-mm--no- > (2)
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To prove Ha(x - y) = min {pa(x), pa(y)}
That is to prove s1=r

Suppose s1 < I. --=---------- 2> (3)

From (2) and (3), we have, ma(x-y)=si<r.

=S mEx-y)<r.
This is a contradiction to (1).
Hencesi 2 r.

Thus pa(x - y) = min {pa(x), pa(y)}-

For (iii):

Allow 0a(x - y) = 52 ------=------ - (4)

To prove oa(x -y) <min {oa(x), oa(y)}
Thatis to prove sy <s

Suppose sz > S, ------------- -2 (5)

From (4) and (5), we have, oA(x-y)=s2>s.

=oalx-y)>s.

This is a contradiction to (1).
Hences; < s.

Thus oa(x - y) < min {oa(x), ca(y)}-

Similarly, we can prove others.
Thus A is a neutrosophic subring of R.

Definition 3.23
Let A be any neutrosophic subring of R; the («, B, y) - cuts of A, A, 3,,, wherea € Im ,f e Imoand ye Imv
are subrings of R. Then the subring (a, B, y) - cut of A, A, ,,, of R is called a level subring of A.

Remark 3.24
Let A be any neutrosophic subset of R. Then A is neutrosophic subring of R; iff the level subrings of A are
subrings of R.

CONCLUSION

The concept of neutrosophic subrings of a ring, are studied with examples. Some of their properties are
also studied. The characterization of neutrosophic subring of a ring is obtained as The neutrosophic
subset of a ring is a neutrosophic subring of the ring; iff the level subrings of the neutrosophic subrings,
are subrings of the ring.
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