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Abstract

Let G be a non-trivial connected graph with vertex x set V (G). A subset D of V(G) is said to
be a dominating set if all the elements of V-D are adjacent with at least one element in D. A
minimum dominating set is a dominating set with minimum cardinality and its value is
known as its domination number, denoted by y (G). If D’ is a dominating set in V-D is called
the inverse dominating set of G with respect to D. The minimum cardinality taken over all
inverse dominating sets of G is called the inverse domination number denoted by y'. In
this paper we find the inverse domination number to the transformation of Star and Fan
graphs.
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Introduction:

The theory of domination began around 1960. In 1958, Berge formalized this concept. In
1962 O. Ore has used the term dominating set and domination number for the same concept
in Graph Theory. This theory has been used in document summarization and designing
secure for electrical grids. In 1991, the research paper of Kulli and Sigarkanti help to study
the concept of inverse domination. In the chapter we have analysed the inverse domination
number and sets to the transformation of Star and Fan graphs. Also our interest is to find
some relation between the inverse domination number of G and its transformations.

Definition: 1.1

A graph G is an ordered triple (V(G), E(G), W¢) consisting of a non empty set V(G)
of vertices, a set E(G), disjoint from V(G)of edges, and an incidence function W¢ that
associates with each edge of G an unordered pair of (not necessarily distinct) vertices of G. If
e isan edge, u and v are vertices such that ¥(e) = uw, then e is said to join u and v, the
vertices u and v are called the ends of e.

Definition: 1.2

A bipartite graph is one whose vertex set of G can be partitioned in to two subsets X and
Y so that each edge in G has one and in X and other end in Y, Such a partition (X,Y) is called a
bipartition of the graph.

A complete bipartite graph is a simple bipartite graph with bipartition (X,Y) in which each
vertex of X joined to every vertex of Y, if | X| =m and |Y| = n such a graph is denoted by Kmn. A
complete bipartite graph K1 is called a star graph.
Definition: 1.
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In a graph G, a cycle of length k is called k-cycle, a k-cycle is odd or even according as k is odd
or even. A 3-cycle is often called a triangle.

Definition: 1.4

The open neighbourhood of v € (G) is the set of all vertices which are adjacent to v.
Thatis (v) = {u/uv € E(G) and u € V(G)}. The closed neighbourhood of v € (G) is defined
as N[v] = N(v) U {v}, Let S be asubset of V(G) the open neighbourhood of S is defined as
N(S) = {u/uv € E(G) for allv € s} and the closed neighbourhood of S is

N[S] = N(S) U S.
Definition: 1.5

A subsetD of (G) issaid to be a dominating set if the elements of V' — D is adjacent
with at least one element in D. A minimum dominating set in a graph G is a dominating set of
minimum cardinality. The number of elements in the minimum dominating set is called the
domination number. It is denoted by y.

If V — D contains a dominating setD’, than D' is called the inverse dominating set of
G with respect to D. The minimum cardinality taken over all inverse dominating sets of G is
called the inverse domination number denoted by y' .

Definition: 1.6

Let G = ((G), E(G)) be a graph and x, y, z be three variables taking values+ or —.
The transformation graph G*vz is the graph having (G) U E(G) as the vertex set and for
a,B € V(G) UE(G),

a and f are adjacent in G2 if and only if one of the following holds.

Q) a,B € V(G),a and B are adjacent in G if x = +; @ and B are not adjacent in G if

x=-.
(i) a,f € E(G),a and B are adjacent in G if y = +; a and S are not adjacent in G if
y=-
(iii)  ae(G),BeE(G),aand B are incidentin G if z =+; aand B are not incident in
Gifz=—.
Definition: 1.7
The Upper and lower ceiling of x is defined as
] = X if x€N
{ [x+ 1] otherwise
X if x€eN
1l = { Joxen
[x] otherwise
Definition: 1.8

The Friendship/Fan graph is a simple planar graph obtained by set of n triangles
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having a common vertex denoted byFx».That is every pair of distinct adjacent

vertices has exactly one common neighbour. F» containing 2n + 1 vertices and 3n
edges.

Theorem: 1.1

Let Gibe any star graph of order n + 1, [i. e. G1 = K1), G is all positive
transformation of G1[i. e. G = Gi1tt*]theny(G1) = y(G) = 1; y'(G1) = Y (G) = n. Also G1
has a unique dominating and inverse dominating sets but G has 2" inverse dominating sets.

Proof:

Let V(G1) = {vi/0 < i <n},E(G1) = {xj/1 <j <n}

with d(uo) = nand d(v;) = 1 foralli <i <n; vov; = xjforallj = 1,2, ..., n
V(G) = {vi; xj/0 < i <n; 1 <j < n}isthevertexsetof G = G1t++ with
(vo) =2n,d(xj)) =n+1,d(w) = 2forall1 <ij<n

(&) =2n+1 with d(vo) =2n.

= N[vo] = V(G).

Hence, D = {vo} is the minimum dominating set of G

=v(G1) =y(G) = ....... (i)

Also, (xi) ={vo; vi; xj/1<j<n&j#i}foralli<i<n and

(vi)) ={uo;xi}foralli<i<n

Hence,

D={X;{X—{uju{x}r1<i<n} {X—{w,uw}U{x,x}:1<ij<n}..;{y—
{xju{wl1<i<n}Y}.... @)

Clearly every setd’ € D’

N[d'] = V(G) is the required minimum inverse dominating set of D with |d'| = n
By clearly y'(G1) = n

=Y(G) =Y (G)=n..... (i)

By equation (a), |D’| = nCo + nC1+ nCz + -+ + nCn

|D'| = 2n.

Hence, Equation (i), (ii), and (iii) completes the proof.
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Theorem: 1.2

Let G1 = Kiand G = Gi++= then y(G) = y'(G) = 2. G has 2n minimum
dominating sets with cardinality two also Ghasat most2(n — 1) inverse dominating sets for
every dominating set d € D(G).

Proof:
Let G1 = K1and G = G1++—

Let V(G1) = {vi/0 < i < n}with d(vo) = n, E(G1) = {xi/1 <i <n} and x; = vov; for all

1<i<n

V(@) ={v;xj/0<i<n1<j<n}

Clearly (wo) = {ui/1<i<n}Nw) ={uoxj/1<j<n&j#i}lforalli<i<n ..Q0)

(x) =V(G) —{wul:1<i<n

Choose D1, D2 and D4, D, such that

D = {(uo, xi); (wy,x)/1<i<n} | . (i)
D' = {(w, x))/ (W), xj) # (wi, xi) €E D:1 < j < nj}

Clearly N[d] = N[d'] = V(G)for all d € D&d’ € D[ by (i)}

from equation (ii) |D| = 2n

Choose

D1 = {(uo,x)/1 <i<n}Dz={(u,x)/1<i<n}

Di'={(w,x)/1<j<n & xj # Xxi € D1}uuuuur... (iii)

D2' = {(uo, x); (wj, x7) / (W), xj) # (i, x1): xj # xi € D2}

Every element of D1" and D>'are the inverse dominating sets ofd: € D1 and

d2 € D2 respectively. From equation (iv) |D1| =n; |D2| =n

= |D| = |D1| 4+ |D2] =2n & |D1| = (n—1);|D2| =2(n—1)

Hence, (n — 1)and 2(n — 1)inverse dominating sets for each dominating set d € D1 and D>
respectively.

Hence, almost 2(n — 1) number of inverse dominating sets for each dominating set
d belongs to D of G.

Hence the proof.
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Theorem: 1.3

Let G1 = Kiand ,G = G1+—* then G has a unique dominating set with cardinality
one and 2" inverse dominating sets with cardinality n.

Proof:

Let V(G1) = {vi/0 < i < n} be the vertex set of G1 with d(vo) = n and
E(G1) = {xi/1 < i < n} where x; = vov; forall 1 <i < n.

V(G) = {v;, xj/0 < i <n, 1< j < n}isthe vertex set of G.

Clearly, (vo) ={v;, xi/1 <i <n}

(v) = {vo,x;} and N(xi) ={vo;vi}forall1<i<n

Choose,

X={w/1<i<n} Y ={xi/1<i<n}

From equation (i), N[uo] = V(G)

Choose

D = {X; (X—{vju{xti1l1<is<nh{X—{viv}Uu{x,x}1<i, <n} }
Y —{xju{vh1<i<n}yvy

Now every element d' € D',N[d'] = V(G)..cuerruens (ii)

Hence, every element of D' is an inverse dominating set of G with cardinality nand
ID|=14+nCi+nC2+--+nCn-1+1=2n

From equation (i), (i), and (iii)

G has a unique dominating set with cardinality one and 2" inverse sets with cardinality n.
Theorem: 1.4

Let G1 = Kiand ,G = G1—*+ then G has,n? +n dominating set and at most n2 +
n— 1 inverse dominating sets with cardinality 2 respectively.

Proof:
Let V(G1) = {vi/0 < i < n} withd(vo) = n and

E(G1) = {xj/1 <j <n} where xi = vovi/1 <j <nare the vertex and edge sets of Gi
respectively. where G1 = K1in.

V(G) = {vi,xj/0 < i <n,1<j<n}isthe vertex set of G where G = G1—*+
with d(vo) =n,d(xi)) =n+1andd(v:) =nforali =12, ..,n

(wo) ={xi/1<i<n}Nx) ={vo,vi; xj/1<j<n&i#jlh1<i<n
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LetX ={vi/1<i<n},={xi/1<i<n}

choose = {(vo, vi); (v;,x)/1 < i,j < n}then every elementd € D

N[d] = V(G). Hence every element of Dis the required minimum dominating set with |D| =
n+ n2

Ifd = (vo,vi) € D then, nZ inverse dominating sets......... (1)

in the from (vi,vj):1<ij <n Otherwise if d = (v;,vj) €D then n+n?—1 inverse
dominating sets for every dominating set d € D with cardinality 2.

Hence the proof.
Theorem: 1.5

Let Giis a star graph of order n + 1, G = Gi1*—— then y(G) = y'(G) = 2. Also G has
n — 1 inverse dominating sets for every dominating set d belongsto D of .

Proof:

Let V(G1) = {vi/0 < i < n} be the vertex set of G1 = K1» with d(vo) = n and
E(G1) = {xi/1 <i <n}where x; = vov; forall i = 1,2, ...,n.

V(@) ={vi,xj/0<i<nl<j<n}iwithxi=vow;1<i<n

Choose X = {vi/1 <i<n};Y ={xi/1 <i<nj}Clearly N(vo) =X
(w)=Y—{x}u{vo}forall 1 <i<n;N(xi) =X —{v,vo} forall 1<i<n
Choose D ={(v,x)/1<i<n}......... Q)

Now every element d1, d2 € D

N[d1] = N[dz2] = V(G).

Hence, every element of D is a dominating set of G.

Therefore, for every dominating set

di = (vi,xi);1 < i < nthe remainingn — 1 sets

di = (v, x));j=12,..,n& j # i belongs to D are the inverse dominating set of G with
respect to di € D.

= v(6) =y (G) = 2.

Hence, G has n dominating sets with cardinality two and (n — 1) inverse dominating sets for
each dominating set of G.

Since every pair of (v, xi):1 < i <n are independent in Gand the induced sub graph <
(G) — di > is connected.

Result: 1.5.1
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In any graph G having a isolated vertex then G has no inverse domination.

Theorem: 1.6

Let Guis a star graph of ordern + 1, G = Gi1~+~ then ¢ has nZ dominating sets with
cardinality three and no inverse domination.

Proof:

Let V(G1) = {vi/0 < i < n},

E(G1) = {xi/1 < i < n} are the vertex and edge set of G1 = K1,» respectively.
V(G) = {v,xj/0<i<n1<j<n} withd(vo) =0

LetX ={vi/1<i<n}lY={x/1<i<n}

Clearly [vi] =X UY — {xi}foralli=12,..,n
(x)=XuY—{w}foralli=12..,n

Choose D = {(vo, vi, x1); (vo, vi, v)); (vo, x5, X)) /1 < i,j < n & i # j}
Clearly every element € D, N[d] = V(G).

Hence, every element of d € D is a dominating set of G with

|D| = n+ nCz +nCz = n2.

Since, vo € (G) is an isolated vertex,

By previous result 1:5.1 (i) G has no inverse dominating set.

Theorem: 1.7

Giis a star graph of order n + 1[i. e. G1 = K1xn], G = G1~—tis atransformation graph
then G has n dominating sets with cardinality two and a unique inverse dominating set with
cardinality n .

Proof:

Given G1 = K1, V(G1) = {vi/0 < i < n} with d(vo) =nand

E(G1) ={xi/1 <i < n}wherexi = voviforall 1 <i <n

LetV(G) ={v;, xj/0<i <n,1<j<n}whereG =G1—+
LetX={vi/1<i<n}, Y={xi/1<i<n}

Clearly (xi) = {vo,vi}:1<i<n, N(vo) =Yand N(vi) =X U {x:}forall i
Choose D = {(vo,1:)/1 < i < n} then for every element € , N[d] = V(G)

Therefore, every elementd; = (vo,vi):1<i<n
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is the required minimum dominating set of G with |d| = 2

Now Y is the only set disjoint from d € Dsatisfies [Y] = V(G)
Hence, D' = Y is the required inverse dominating set with |[D'| = .

Hence the proof.

Theorem: 1.8
LetG =K G=G - then G has ™™ dominating sets with cardinality three and
G hasno invelrse do%inatinglset. :
Proof:
Given G1 = K.

Let V(G1) = {vi/0 < i < n}with d(vo) = 0Oand

E(G1) ={xi/1<i<n}suchthatxi =vovi1<i<n

V(G) = {v;,xj/0 < i <n,1 <j<n} bethe vertex set of G where G = K1n~——
Clearly vo € (G) is an isolated vertex.

LetX = {vi/1<i<n};, ={xi/1<i<n}then

(w)=XUY—{xi} = Nw) =V(G) —{vo,xi}1<i<n

Also(vi, vj)) =V(G) —{vo}:1<ij<n

Choose D = {(vo, vi, v)); (vo, vi, xi);/1 < i,j <n}

then every element d € D,N[d] =V(G) is the required minimum dominating set with
cardinality 3 with

|D|=nCz+n=£n—+u .
2

by result 1.5.1 and equation (i)

vo € (G)is an isolated vertex.

Hence, G has no inverse dominating set.
Hence the proof.

Theorem: 1.9

Let Fx be any fan graph of order 2n + 1 and G = E**+ the (G) =y'(G) =n + 1.
Also G contains4n inverse dominating sets, for every dominating set D of G.

Proof:

Let (Fn) ={vi/0<i<2n}; E(Fn) ={xi,yj/1<i<2n,1<j<n}
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be the vertex and edge set of Fr with d(vo) = 2n,d(v:) = 2;

xXi = vovijj =vyvy, foralli<i<2n1<j<n
(G)={vixjyr/0<i<2n:1<j<2n:1< k <n}WhereG = F++}
with d(vo) =4n; d(vi) = 4; d(xi)) =n+2; d(yj)) =4foralli<i<2n1<j<n
Choose the subset as

X={xj/1<i<2n}; Y={y/1<j<n}; Z={w/1<i<2n}
X1={x2-1/1<i<n}; X2 ={x2/1 <i<n}

Z1={v2i-1/1 <i <n}; Z2 = {u2i/1 < i < n}; W= XU{vo}

Clearly N(vo) = XU Z; N(v2i-1) = {vo, v2i, x2i-1, yi}forall1<i<n
N(v2i) = {vo, v2i-1, X2;, Yi}:1<i<n

N[x2i-1] =X U {vo, v2i-1,yi}: 1 <i<n

N[x2i)] =X U {vo, v2;, yi}: 1 <i<n

N(yi) = {v2i-1, v2i, x2i-1, x2i} foralli=1,2,...,n

Clearly XU {vo} is a complete sub graph of G

Case (i)

Suppose D1 = Z1 U {w/w € W} Then [D1] =V (G) for any w € W is the required minimum
dominating set of G with |D1| =n+1

In this case ,Choose D, = Z2 U{w'/w # w € W} or

D'=YU{w/w #weW},ClearlyN[D] = N[D] = (G)with|D'| = [D'| =n + 1
2 1 2 1 2
andDinND =DiND =¢
1 2

Hence,'and D’ are the inverse dominating sets for the dominating Set D:.
1 2

Since |[W| = 2n + 1; D" and D' together forms 4n inverse dominating sets for a dominating
1 2

set Diof G.

Case (ii)

Suppose D2 =Y U {vo}
In this case D = Z1U{x/x €X} or D’ —Zz U{x/x € X}
clearly D and D are the disjoints subsets of V(G) such then N[D2] = N[D'] = V(G)are the

2
minimum domlnatlng and inverse dominating sets of V(G) with|Dz| = ID’J =n+1 and

4n inverse dominating sets foreveryset D2 € V (G)

In all cases G contains 4n inverse dominating sets for every dominating set D of G
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Theorem: 1.10

Let G be a transformation of the Fan graph F of order 2n + 1[i.e. G = F++~] thenthe
domination and inverse domination numbers of G are 2 and n respectively.

Proof:
By theorem: 1.9

(@) ={vi, xj, yk/1<i<2n;1<j<2n;1<k <n}be the vertex set of G where G =
Frt-.
n

Choose X ={xi/1<i<2n};Z={vi/1<i<2n}andY ={y;/1<j<n}

clearlyY U Z < [vo] and the vertices of X forms a complete subgraph of G.

Choose D = {(vo, x)/x € X}, then N[d] = V(G) forand € D.

Hence, every ordered pair of vertices in D is the required minimum dominating set of G
Therefore, (G) = 2.

Now we choose another minimum set Y which is disjoint from the element of D such that
N[Y] = (G).

Hence,Y is the inverse dominating set of G with respect to every dominating setd € D
with|Y| = n. Hence, (G) =2 and y'(G) = n.

Theorem: 1.11

Let Fr be any Fan graph of order 2n + land G = F+—+ be a transformation of £, then G
has 2n2 — 2 dominating sets with cardinality three and y'(G) = n + 1. Also G has 4n — 2
inverse dominating sets for every dominating set d € D.

Proof:

Given Fr be a fan graph of order 2n + 1 with

(Fn) = {vi/0 < i < 2n}; E(Fn) = {x2i-1, x2:,yi/1 < i < n}with

(vo) =2n; d(vi) =2; xi=wvoviand yi =vzi-1v2iforall1<i<n

Let (G) = {vi, xj, yx/0<i<2n; 1<j<2n 1<k<n}with

(wo) =4n;d(xi)) =n+1;d(y) =n+1;d(v) =4forall1<i<2n1<j<n
LetX ={xi/1<i<2n}; Y={yj/1<j<n}

Z={vi/1<i<2n}andT = {(x;, xj)/xi, xj € X}.
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Clearly (vo) = X U Z and every pair of verticest e TY € N(¢t) forall t €T

Choose D = {(vo,t)/t € T}.

Clearly every element d € D, (d) = V(G). Hence, every element d € Dis the dominating set
with |d| =3 = (G) = 3.

Also |D| = (2n)2 = 2n2 — n.

Clearly (Y) = V(G) — {vo} and {vo} € N(v:) forall 1<i<n

Hence G has 2n2 — n dominating sets with cardinality 3.

= (G) = 3.

Let D1 = {Y U{xi}/xi € X}iisnotanelementinthe pairt € T

D2 ={Yu{vi}/vie Z}forall1 <i<2n

then every element d:' € D1’ and dz2’ € D2/,

(d1) = N(d2) = V(G) with |di| = |d2]| =n+ 1.

=>¥Y(G) =n+1and

for every element d = (vo, t) where (xi, xj)/xi,xj € X,....... (1)

D1 ={Y U {xx}/1 <k < 2nand xk # xiand xj}&................ (ii)

D2 = {Y U {vi}/vi € Z} are the inverse dominating sets to the dominating set(i)
|D1'| = 2n — 2;|D2'| = 2n.

= |D1'| + |D2'| = 4n— 2.

Hence G has 4n — 2 inverse dominating sets for every dominating set of G.
Hence the proof.

Theorem: 1.12

Let G1 be any Fan graph of order 2n + 1, G in one of the transformation as G = G1* ——then
the domination and inverse domination number of G is two and G has nC2 — 1 number of
inverse dominating sets for every domination set of G.

Proof:

Let (G1) = {vi/0 <i <2n}and E(G1) = {x;,y;/1 <i<2n,1<j<n}
be the vertex and edge set of the Fan graph of order 2n + 1 with

(vo) =2n, xi=voviandy; = vzj—1vz;forall1<i<2n,1<j<n

(@) ={vi, xj, yk/0 < i< 2n,1<j < 2n,1 <k < n}is the vertex set of G where G =
G1t —— .where (vo) = {vi/1 < i < 2n}.
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Since, the edge y« is incident with the vertices v2k-1,2« and adjacent with the
edges x2k-1, and xzk in G1.

Therefore, the vertex yx is adjacent with all the vertices other than vak-1,.2kx2k-1 and x2k

inG.

Hence, (yk) = V(G) — {vak-1,v2kx2k—1 %2k } foralllt < k < n.

LetY = {yx/1 < k < n}

Choose D = {(yi, y))/y: yj € Y} then

every elementd € D, N[d] = V(G) is the required dominating set of G with cardinality 2.

Since D consists of nC2 element; for every element

d = (yi, yj) € D theremaining nCz2 — 1 elementsd' = (y,)) € D and yx =y:and
ve yjare the required inverse dominating set for the dominating set d € D of G.

Hence, (G) =y'(G) = 2 and G has nCz — 1 number of inverse dominating sets for every
dominating set of G.

Hence the proof.
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