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Abstract

A set S of vertices is a geodetic set if I[S] = V(G). The minimum cardinality of a geodetic set
is the geodetic number of G and is denoted by g(G). A set S of vertices in G is a restrained geodetic
set if S is a geodetic set and the subgraph G[V\S] induced by V\S has no isolated vertex. A subset
S € V(@) is said to be a geo chromatic set if S is both a geodetic and a chromatic set if S is both a
geodetic and a chromatic set of G. A subset S € V(G) is a restrained geo chromatic set of G if S is a
geo chromatic set and the subgraph G[V\S] induced by V\S has no isolated vertex. The minimum
cardinality of a restrained geo chromatic number of G and is denoted by yg4,-(G). In this paper, we

determine bounds for it and characterize graphs which realize these bounds for some known graphs.
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1. Introduction

By a graph G = (V, E), we mean a simple undirected connected graph. The order and
size of G are denoted by m and n, respectively. For basic theoretic terminology, we refer to
Harary [1,8]. For any two vertices u and v in a connected graph G, the distance d(x,y) is the
length of a shortest u — v path in G. A u — v path of length d(x, y) is called u — v geodesic
P if v is a vertex of P including the vertices u and v. For any vertex u of G, the eccentricity
of u is defined as e(u) = max{d(u,v);v € V(G)}. The radius r(G) and diameter
diam(G)of G are defined as r(G) = min {e(v); v € V(G)} and diam(G) = max {e(v);v €
V(G)} respectively. The neighborhood of a vertex v is the set N(v) consisting of all vertices
u which are adjacent with v. A vertex v of G is called an extreme vertex of G if the subgraph

induced by its neighbours is complete.

8095 Dr. P. Kamal Devi et al 8095-8102


mailto:kdeviprasad2011@gmail.com

Journal of Computational Analysis and Applications VOL. 33, NO. 8, 2024

10.48047/jocaaa.2024.33.08.438
The closed interval I[x, y] consists of all vertices lying on some u — v geodesic of G

while for § € V(G),I[S] =U,yes I[x,y], A set S of vertices of G is a geodetic set of G if
I[S] =V (G), and the minimum cardinality of a geodetic set of G is the geodetic number
g(G) of G. The geodetic number of a graph and its variants have been studied several authors
in [2,9,10]. A set S of vertices is called chromatic set if S contains all vertices of distinct
colours in G. The chromatic number of G is the chromatic sets in G and is denoted by x(G).
A set S of vertices in G is called a restrained geodetic set of G if S is a geodetic set and the
subgraph G[V\S] induced by V\S has no isolated vertex. The minimum cardinality among all
the restrained geodetic set of G is the restrained geodetic number of G and is denoted by
gr(G). A set S € V(G) is called a geo chromatic set of G if S is both a geodetic set and a

chromatic set of G. It was introduced and studied in [1].

Throughout this paper G denotes a connected graph with at least two vertices.
2. Main Results:
Definition 2.1

A set S of geo chromatic set of G is a restrained geo chromatic set such that the
subgraph induced by V/\S has no isolated vertices. The minimum cardinality of a restrained

geo chromatic number of G and is denoted by )(gr(G). A restrained geo chromatic set of size

)(gr(G) is called Xg,- set of G.

Example 2.2

For the graph G given in Figure 2.1, S = {v,,v;,V,, Vs, v3} 1S @ minimum geo
chromatic set of G. But the subgraph induced by V(G)\S has a isolated vertex. Therefore,

that S is not a restrained geo chromatic set of G.

Now it is it clear that S; = S U {vs} is a minimum restrained geo chromatic set of G.

Hence, x,(G) = |S| = 5 and )(gr(G) = 6.
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Figure 2.1
Here, the restrained geo chromatic number and the geo chromatic number are

different.
Theorem 2.3

Each extreme vertex of a connected graph G belongs to every restrained geo

chromatic set of G.
Proof

Let G be a connected graph and let S be a restrained geo chromatic set of G. Suppose
x € S. Then by Theorem 1.1, that S is not a geodetic set of G. This implies that S is not a
restrained geo chromatic set of G, which is a contradiction. Hence x € S and so every

extreme vertex of G belongs to every restrained geo chromatic set of G.
Theorem 2.4

Let G be any connected graph and if the set of all extreme vertices S of G is a
restrained geo chromatic set of G, then S is the unique minimum restrained geo chromatic of

G.
Proof

Let G be a connected graph and S be the set of all extreme vertices of G, which is a

restrained geo chromatic set of G. Then, )(gr(G) < |S|. But by Theorem 2.3, )(gT(G) > |S|.

Hence, that S is a minimum restrained geo chromatic set of G. Moreover, by Theorem 2.3,
every minimum restrained geo chromatic set contains S and so that S is the unique minimum

restrained geo chromatic set of G.
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Observation 2.5

Let G be a connected graph. Then the following are true.

(1) A minimum restrained geodetic set S of G which is also a chromatic set of G,

then Sisa Xg,- set of G.

(i1) A minimum chromatic set of G which is also a restrained geodetic sett of G,

then Sisa Xg, —set of G.

Theorem 2.6

Let G be a connected graph with cut vertices and let S be a restrained geo chromatic

set of G. If x is a cut vertex of G, then every component of G — x contains an element of S.
Proof

Let x be a cut vertex of G and let S be a restrained geo chromatic set of G. Suppose
there exists a component, say G; of G — x such that G; contains no vertices of S. Then by
Theorem 2.3, S contains all the extreme vertices of G. It follows that G; contains no extreme
vertices of G. let y € V' (G,). (This is possible because G is connected). Since S is a restrained
geo chromatic set of G, there exists u,v € S with x is an interval vertex of some u — v
geodesic path P:u = xyx1X3 ...X1 ...X; = v in G. Since x is a cut vertex of G, the u — x
subpath of P and x — v subpath of P both contains y. It follow that P is not a path, which is a

contradiction. Hence, every compact of G — x contains an element of S.
Corollary 2.7

Let G be a connected graph with cut vertices and let S be a restrained geo chromatic

set of G. Then, every branch of G contains an element of S.
Proof

Let G be a connected graph and let S be a restrained geo chromatic set of G. Let x be
a cut vertex of G. Since every branch of G at x is a component of ¢ — x with the vertex x
together all the edges joining at x to V(G;), by Theorem 2.6, we conclude that every branch

of G contains on element of S.
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Theorem 2.8

Let G be any connected graph and let S € V(G) with S is a clique in G. Then S is a
restrained geo chromatic set of G if and only if S = V(G).

Proof

Let G be any connected graph and S € V(G) be a complete subgraph S is a clique in
G. First assume S is a restrained geo chromatic set of G. To prove S = V(G). Suppose on the
contrary, that S # V(G). This means that S c V(G). Let x € V(G)\S. Since the subgraph
induced by S is complete, d(u, v) = 1 for every u, v € S. It follow that x does not lie on a
any geodesic path between any pair of vertices from S. It follows that S is not a restrained
geo chromatic set of G, which is a contradiction. Hence S = V(G). Conversely assume that
S =V(G). The set of all vertices of G form a restrained geo chromatic set of G. Thus, S is a

restrained geo chromatic set of G.
Corollary 2.9

Let G be a non-complete connected graph. Then every restrained geo chromatic set of

G contains at least two non-adjacent vertices.
Proof

Let G be a non-complete connected graph. Since G is non-complete, that G has at
least two non-adjacent vertices. Let S be a restrained geo chromatic set of G. To show that S
contains at least two non-adjacent vertices. If S = V(G), then by hypothesis that S contains at
least two non-adjacent vertices. Now suppose S # V(G). To prove S contains at least two
non-adjacent vertices. Suppose on the contrary that S does not contain any non-adjacent
vertices of G. It follows that the subgraph of G induced by S is complete. Thus S is a clique
in G. So by Theorem 2.8, that S = V(G), which is a contradiction. Hence, every restrained

geo chromatic set of G has at least two non-adjacent vertices.
Theorem 2.10

Let G be any connected graph of order n > 2. Let F be the set of all full degree

vertices of G and S be a restrained geo chromatic set of G. Then, F € S.
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Proof

Let F = {X1, X2, ..., Xkk<n)} be the set of all full degree vertices of G. Then by
definition, every vertices of that F is adjacent to all the vertices of G. Therefore, for a proper
colouring vertices of F receive different colours say ¢y, c5, ..., Cx. Let S be a restrained geo
chromatic set of G. To prove F € S. Suppose F £ S. Without loss of generality, we assume
that x; € S. Since x; receive colour c;, that ¢; colours does not assign any vertices of S. It

follows that S is not a restrained geo chromatic set of G, which is a contradiction. Hence F C

S.
Theorem 2.11

Let G be any connected graph of order n with g(G) = n — 1. Then )(gT(G) =n.

Proof

Let G be a connected graph of order n with g(G) = n — 1. Then by Theorem we

have G = K; + (Kp, U Ky, U ... UK, ), where ny,n,, ..., n, and r are positive integers with
n+ny+--+n.=n—1 Let x € V(Ky). Let S = V(Kp,) UV(Ky,) U ..UV(K, ) be a
geodetic set of G. Since x € S and deg(x) = n — 1, by Theorem 2.10, x in every restrained
geo chromatic set of G. This show that S is not a chromatic set of G and so )(gr(G) > V(G).

Thus, V(G) is the only restrained geo chromatic set of G and so )(gr(G) < n. Hence,

XgT(G) =n.
Theorem 2.12

For any positive integer 2 < a < n, there exists are connected graph G of order n and

)(gr(G) =n.
Proof

For a = n, we take G as the complete graph of n vertices. Then clearly G contains

only the extreme vertices and so by Theorem 2.4, )(gr(G) =n.

For 2 < a < n, we consider the connected graph G as shown in Figure 2.2.
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Figure 2.2

It is clear that the set of all extreme vertices of G form a restrained geo chromatic set

of G and so )(gr(G) = a.
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