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Abstract 

The total Steiner global dominating set 𝑊 in a connected graph 𝐺 is called a minimal total Steiner 

global dominating set of 𝐺 if no proper subset of 𝑊 is a total Steiner global dominating set of 𝐺. 

The upper Steiner hop dominating number 𝛾
𝑠𝑡
 (𝐺) is the maximum cardinality of a minimal total 

Steiner global dominating set of 𝐺. Some general properties satisfied by this concept are studied. 

The upper total Steiner global domination number for certain standard graphs are determined. In 

addition, it is shown that for every pair of integers 𝑎 and 𝑏 with 4 ≤ 𝑎 ≤ 𝑏, there exists a connected 

graph 𝐺 such that  𝛾
𝑠𝑡
(𝐺) = 𝑎 and 𝛾

𝑠𝑡
(𝐺) = 𝑏. 
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1. INTRODUCTION 

By a graph 𝐺 = (𝑉, 𝐸), we mean a finite, undirected connected graph without loops or multiple 

edges. The order and size of 𝐺 are denoted by 𝑛 and 𝑚 respectively. For basic graph theoretic 

terminology, we refer [1]. For every vertex 𝑣 ∈  𝑉, the open neighborhood 𝑁(𝑣) is the set 
{𝑢 ∈ 𝐺/𝑢𝑣 ∈ 𝐸(𝐺)} . The degree, 𝑑𝑒𝑔𝐺 (𝑣), of a vertex 𝑣 of 𝐺 is the number of edges incident with 

it. The degree of a vertex 𝑣 ∈  𝑉 is 𝑑𝑒𝑔(𝑣) =  |𝑁(𝑣)|. If 𝑒 = 𝑢𝑣 is an edge of a graph 𝐺 with 

𝑑𝑒𝑔(𝑢) = 1 and 𝑑𝑒𝑔(𝑣)  > 1, then we call 𝑒 a pendant edge or end edge , 𝑢 a leaf or end vertex 

and 𝑣 a support vertex of 𝑢. The minimum degree of 𝐺, 𝛿(𝐺), is the smallest of the degrees of the 

vertices in 𝐺, and the maximum degree, ∆(𝐺), of 𝐺 is the largest of the degrees of the vertices in 𝐺. 

A vertex that is adjacent to every other vertex in the graph 𝐺 is called universal vertex. The 

distance 𝑑(𝑢, 𝑣) between two vertices 𝑢 and 𝑣 in a connected graph 𝐺 is the length of a shortest 𝑢 −
𝑣  path in 𝐺. The maximum distance between a vertex to all other vertices is considered as the 

eccentricity of vertex. The minimum eccentricity among the vertices of 𝐺 is the radius 𝑟𝑎𝑑𝐺 and 

the maximum eccentricity is its diameter, 𝑑𝑖𝑎𝑚𝐺 of 𝐺. Two vertices 𝑥 and 𝑦 are antipodal if 

𝑑(𝑥, 𝑦) = 𝑑𝑖𝑎𝑚𝐺. For any set S of vertices of 𝐺, the induced subgraph 〈𝑆〉 is the maximal subgraph 
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of 𝐺 with vertex set 𝑆 and 𝐸( 〈𝑆〉) = {𝑢𝑣 ∈ 𝐸(𝐺): 𝑢, 𝑣 ∈ 𝑆}.  A vertex is said to be an extreme vertex 

if the subgraph induced by its neighbor is complete. An end vertex is an extrme vertex. A vertex 𝑣 

in a graph 𝐺 is called a cut-vertex if deleting 𝑣 from 𝐺 increases the number of components of 𝐺. 
An 𝑢 − 𝑣 path of length 𝑑(𝑢, 𝑣) is called an 𝑢 − 𝑣 geodesic.  

For a nonempty set 𝑊 of vertices in a connected graph 𝐺, the Steiner distance 𝑑(𝑊) of 𝑊 is 

the minimum size of a connected subgraph of 𝐺 containing 𝑊. Necessarily, each such subgraph is 

a tree and is called a Steiner tree with respect to 𝑊 or a Steiner 𝑊-tree. For a given set 𝑊 ⊆ 𝑉(𝐺), 
there may be more than one Steiner 𝑊 − tree in 𝐺. Let 𝑆(𝑊) denotes the set of vertices that lies in 

Steiner 𝑊 − trees. Let 𝐺 be a connected graph with at least 2 vertices. A set 𝑊 ⊆  𝑉(𝐺) is called a 

Steiner set of 𝐺 if 𝑆(𝑊)  =  𝑉(𝐺). The Steiner number 𝑠(𝐺) is the minimum cardinality of its Steiner 

sets and any Steiner set of cardinality 𝑠(𝐺) is a minimum Steiner set of 𝐺. The Steiner number of a 

graph was studied in [2,4-7,10]. 

A set 𝑆 ⊆ 𝑉(𝐺) is a dominating set of 𝐺 if for every 𝑣 ∈ 𝑉(𝐺)\𝑆 is adjacent to some vertex 

in 𝑆. A dominating set 𝑆 is said to be minimal if no subset of 𝑆 is a dominating set of 𝐺. The minimum 

cardinality of a minimal dominating set of 𝐺 is called the domination number of 𝐺 and is denoted 

by γ(G) . The domination number of a graph was studied in [3]. 

A dominating set is called global dominating set if it is also a dominating set for the graph 

𝐺 and its complement 𝐺̅[8-10]. 

Let 𝐺 be a connected graph with atleast two vertices. A total Steiner set of 𝐺 is a Steiner set 

𝑊 such that subgraph 〈𝑊〉 induced by 𝑊 has no isolated vertex. The minimum caarrdinality of a 

toal Steiner set of 𝐺 is the total Steiner number of 𝐺 and is donated by 𝑠𝑡(𝐺). A total Steiner set of 

cardinality 𝑠𝑡(𝐺) is called 𝑠𝑡-set of 𝐺 or a minimum total Steiner set of 𝐺[5]. 

Let 𝐺 be a graph. A set of vertices 𝑊 in 𝐺 is called Steiner global dominating set or simply a (𝑆, 𝐺𝐷)-
set if 𝑊 is both a Steiner and global dominating set of 𝐺. The minimum cardinality of a Steiner 

global dominating set of 𝐺 is the Steiner global domination number of 𝐺 is denoted by 𝛾̅𝑠(𝐺). A 

(𝑆, 𝐺𝐷)-set of size 𝛾̅𝑠(𝐺) is said to be 𝛾̅𝑠-set [10]. 

In this article we determine the upper total Steiner global domination number for some 

certain standard graphs. This concept helps in network designing like telecommunication networks, 

internet networks and also in transportation plannings, location allocation, shortest route for 

emergency services and helps for solving more real world problems.  

 

The following Theorems are used in the sequel. 

 

Theorem 1.1. [10] Each extreme vertex of a connected graph 𝐺 belongs to every (𝑆, 𝐺𝐷)-set of 

𝐺, if 𝐺 is connected. 

Theorem 1.2 [5] Let 𝐺 is a connected graph and 𝑣 an extreme vertex of 𝐺. Then every total Steiner 

set of 𝐺 contains at least one element of 𝑁(𝑣). 

 

2. The upper total Steiner global dominating number of a graph 

 

Definition 2.1. Let 𝑊 is a 𝛾
𝑠𝑡
 -set of 𝐺. A subset 𝑊 of vertices in a graph 𝐺 is called total Steiner 

global dominating set of 𝐺 if 𝑊 is both total Steiner set and global dominating set of 𝐺. The 
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minimum cardinality of a total Steiner global dominating set of 𝐺 is its total Steiner global 

domination number 𝛾
𝑠𝑡
 (𝐺). A total Steiner global domination set of size 𝛾

𝑠𝑡
 (𝐺) is said to be a 

𝛾
𝑠𝑡
 -set of 𝐺. 

 

Definition 2.2. A total Steiner global dominating set 𝑊 in a connected graph 𝐺 is called a minimal 

total Steiner global dominating set of 𝐺 if no proper subset of 𝑊 is a total Steiner global 

dominating set of 𝐺. The upper total Steiner global dominating number 𝛾
𝑠𝑡

+
 (𝐺) is the maximum 

cardinality of a minimal total Steiner global dominating set of 𝐺.  

 

Example 2.3. For the graph 𝐺 given in Figure 1, 𝑊1 = {𝑣2, 𝑣3, 𝑣4, 𝑣7, 𝑣8, 𝑣9, 𝑣12, 𝑣13, 𝑣14},𝑊2 =
{𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣9, 𝑣10, 𝑣11, 𝑣12, 𝑣14, 𝑣15} are the minimum total Steiner global dominating 

sets of 𝐺 so that   𝛾
𝑠𝑡
 (𝐺)  = 9 and 𝛾

𝑠𝑡

+
 (𝐺)  = 12. 

 
Figure 1 

 

Observation 2.4 

Let 𝐺 be a connected graph of order 𝑛 ≥ 2. Then  

(a) Each extreme vertex of a graph 𝐺 belongs to every minimal total Steiner global dominating 

set of 𝐺. In particular, each end-vertex of 𝐺 belongs to every minimal total Steiner global 

dominating set of 𝐺. 
(b) Each universal vertex of 𝐺 belongs to every minimal total Steiner global dominating set of 

𝐺. 
(c) Let 𝐺 is a connected graph and 𝑣 an extreme vertex of 𝐺. Then every minimal total Steiner 

global dominating set of 𝐺 contains at least one element of 𝑁(𝑣). 

(d) Let 𝐺 be a connected graph and 𝑣 be a cut vertex of 𝐺. If 𝑊 is a minimal total Steiner 

global dominating set of 𝐺, then every component of 𝐺 − 𝑣 contains as element of 𝑊. 

(e) For a connected graph 𝐺 of order 𝑛 ≥ 2,  2 ≤ 𝛾
𝑠𝑡
 (𝐺) ≤  𝛾

𝑠𝑡

+
 (𝐺)  ≤ 𝑛.  

(f) For a connected graph 𝐺 of order 𝑛 ≥ 2, 𝛾
𝑠𝑡
 (𝐺) if and only if 𝛾

𝑠𝑡

+
 (𝐺)  = 𝑛. 

(g) For the complete bipartite graph 𝐾𝑟+𝑠 (1 ≤ 𝑟 ≤ 𝑠), 𝛾
𝑠𝑡

+
  (𝐺) = 𝑟 + 𝑠.  

 

Theorem 2.5. For the complete graph 𝐾𝑛 (𝑛 ≥ 2), 𝛾
𝑠𝑡

+
  (𝐺) = 𝑛.  

Proof: Let 𝐺 = 𝐾𝑛 be the complete graph of order 𝑛 ≥ 2. Since  𝑊 = 𝑉(𝐺), 𝑊 is a Steiner set of 

𝐺. Since every vertex of 𝐺̅ is isolated vertex, 𝑊 dominates 𝐺 and 𝐺̅. Therefore, 𝑊 is a total Steiner 

global dominating set of 𝐺 and 𝑊 is a minimal total Steiner global dominating set of 𝐺 resulting 

in 𝛾
𝑠𝑡

+
  (𝐺) = 𝑛. 

 

Theorem 2.6. For the path 𝑃𝑛 (𝑛 ≥ 2),  
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𝛾
𝑠𝑡

+
  (𝐺) =

{
 
 

 
 

𝑛 𝑖𝑓 𝑛 = 2 𝑜𝑟 𝑛 = 3
4 𝑖𝑓 𝑛 = 5 𝑜𝑟 𝑛 = 6

5 𝑖𝑓 𝑛 = 7 
2𝑘 + 2 𝑖𝑓 𝑛 = 4𝑘 

2𝑘 + 5 𝑖𝑓 𝑛 = 4𝑘 + 5 𝑜𝑟 4𝑘 + 6 
2𝑘 + 6 𝑖𝑓 𝑛 = 4𝑘 + 7,𝑤ℎ𝑒𝑟𝑒 𝑘 ≥ 1.

 

 

Proof: Let 𝐺 = 𝑃𝑛  be 𝑣1, 𝑣2, … , 𝑣𝑛. 
For 𝑛 = 2 and 𝑛 = 3. Then 𝑊 = 𝑉(𝐺) is the only minimal total Steiner global dominating set of 

𝐺 resulting in 𝛾
𝑠𝑡

+
  (𝐺) = 𝑛. 

Case 1. Let 𝑛 = 5 and 𝑛 = 6. Then 𝑊1 = {𝑣1, 𝑣2, 𝑣𝑛−1, 𝑣𝑛} is the only minimal total Steiner global 

dominating set of 𝐺 resulting in 𝛾
𝑠𝑡

+
 (𝐺) = 4. 

Case 2. Let 𝑛 = 7. Then 𝑊2 = {𝑣1, 𝑣2, 𝑣3, 𝑣6, 𝑣7 } and 𝑊3 = {𝑣1, 𝑣2, 𝑣5, 𝑣6, 𝑣7 }  are the minimal 

total Steiner global dominating set of 𝐺 resulting in 𝛾
𝑠𝑡

+
(𝐺) = 5. 

Case 3. Let 𝑛 = 4𝑘 and 𝑘 ≥ 1. For 𝑘 = 1, then 𝑊4 = {𝑣1, 𝑣2, 𝑣3, 𝑣4 } is the only minimal total 

Steiner global dominating set of 𝐺 resulting in 𝛾
𝑠𝑡

+
(𝐺) = 4. So let 𝑘 ≥ 2, then 𝑊5 =

 {𝑣1, 𝑣2, 𝑣5, 𝑣6… , 𝑣4𝑘−3, 𝑣4𝑘−2} ∪ {𝑣4𝑘−1, 𝑣4𝑘} is a total Steiner global dominating set of 𝐺 

resulting in 𝛾
𝑠𝑡

+
 (𝐺) ≥ 2𝑘 + 2. We demonstrate that 𝑊5 is a minimal total Steiner global 

dominating set of 𝐺. On the contrary, suppose that 𝑊5 is not a minimal total Steiner global 

dominating set of 𝐺. Then there exists a total Steiner global dominating set 𝑊5
′ of 𝐺 such that 

|𝑊5
′| ⊂ 𝑊5. Then there exists a vertex 𝑥 ∈ 𝑊5 such that  𝑥 ∉ 𝑊5

′. If 𝑥 = 𝑣4𝑘−1, then 𝑥 ∉ 𝐼(𝑊5
′), 

which is a contradiction. If 𝑥 ∈ {𝑣1, 𝑣2, 𝑣5, 𝑣6… , 𝑣4𝑘−3, 𝑣4𝑘−2}  ∪ {𝑣4𝑘} then 〈𝑊5
′〉 has isolated 

vertices, which is a contradiction. Therefore 𝑊5
′ is not a total Steiner global dominating set of 𝐺. 

Hence it follows that 𝑊5 is a minimal total Steiner global dominating set of 𝐺 resulting in 

𝛾
𝑠𝑡

+
 (𝐺) ≥ 2𝑘 + 2. Similarly we can demonstrate that another minimal total Steiner global 

dominating set 𝑊6 = {𝑣1, 𝑣2} ∪ {𝑣3, 𝑣4, 𝑣7, 𝑣8, … , 𝑣4𝑘−1, 𝑣4𝑘} is  𝛾
𝑠𝑡

+
− 𝑠𝑒𝑡 of 𝐺. We demonstrate 

that 𝑊6  is a minimal total Steiner global dominating set of 𝐺. On the contrary, suppose that 

𝛾
𝑠𝑡

+
 (𝐺) ≥ 2𝑘 + 3. Then there exists a minimal total Steiner global dominating set 𝑊6

′ of 𝐺 such 

that 𝛾
𝑠𝑡

+
 (𝐺) ≥ |𝑊6

′|  ≥  2𝑘 + 3. Since |𝑊6
′|  ≥  2𝑘 + 3, it follows that 𝑊5,𝑊6 and 𝑊5

′are proper 

subset of 𝑊6
′, which is a contradiction. Hence  𝛾

𝑠𝑡

+
 (𝐺) = 2𝑘 + 2.   

Case 4(a). Let 𝑛 = 4𝑘 + 5 ( 𝑘 ≥ 1). Then 𝑊7 = {𝑣1, 𝑣2} ∪ {𝑣3, 𝑣4, 𝑣7, 𝑣8… , 𝑣4𝑘−2, 𝑣4𝑘−1, 𝑣4𝑘} . 

Then as in the Case 3, we can demonstrate that 𝑊7 is a 𝛾
𝑠𝑡

+
− 𝑠𝑒𝑡 of 𝐺 resulting in  𝛾

𝑠𝑡

+
 (𝐺) = 2𝑘 +

5.   
Case 4(b). Let 𝑛 = 4𝑘 + 6 ( 𝑘 ≥ 1). Then 𝑊8 = {𝑣1, 𝑣2} ∪ {𝑣4, 𝑣5, 𝑣8, 𝑣9… , 𝑣4𝑘−2, 𝑣4𝑘−1, 𝑣4𝑘}. 

Then as in the Case 3, we can demonstrate that 𝑊8 is a 𝛾
𝑠𝑡

+
− 𝑠𝑒𝑡 of 𝐺 resulting in  𝛾

𝑠𝑡

+
 (𝐺) = 2𝑘 +

5.   
Case 5. Let 𝑛 = 4𝑘 + 7 ( 𝑘 ≥ 1). Then 𝑊9 = {𝑣1, 𝑣2, 𝑣4, 𝑣5, … , 𝑣4𝑘−1, 𝑣4𝑘}. Then as in the Case 

3, we can demonstrate that 𝑊9 is a 𝛾
𝑠𝑡

+
− 𝑠𝑒𝑡 of 𝐺 resulting in  𝛾

𝑠𝑡

+
 (𝐺) = 2𝑘 + 6.   

 

Theorem 2.7. For the cycle 𝐶𝑛 (𝑛 ≥ 3),  
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𝛾
𝑠𝑡

+
 (𝐺) =

{
 
 

 
 

3 𝑖𝑓 𝑛 = 3
4 𝑖𝑓 𝑛 = 4 𝑜𝑟 𝑛 = 6 𝑜𝑟 𝑛 = 8
5 𝑖𝑓 𝑛 = 5 𝑜𝑟 𝑛 = 7 𝑜𝑟 𝑛 = 9 

2𝑘 + 5 𝑖𝑓 𝑛 = 4𝑘 + 6 𝑜𝑟 4𝑘 + 7 𝑜𝑟 𝑛 = 4𝑘 + 8 
2𝑘 + 6 𝑖𝑓 𝑛 = 4𝑘 + 9,𝑤ℎ𝑒𝑟𝑒 𝑘 ≥ 1.

 

Proof: Let 𝐺 = 𝐶𝑛  be 𝑣1, 𝑣2, … , 𝑣𝑛, 𝑣1. 

For 𝑛 = 3, by the result of the complete graph 𝐾𝑛 (𝑛 ≥ 2), 𝛾𝑠𝑡
+
  (𝐺) = 𝑛. Therefore,  𝛾

𝑠𝑡

+
  (𝐺) = 3. 

Case 1(a). For 𝑛 = 4, then 𝑊 = 𝑉(𝐺) is the only minimal total Steiner global dominating set of 

𝐺 resulting in 𝛾
𝑠𝑡

+
 (𝐺) = 4. 

𝐂𝐚𝐬𝐞 𝟏(𝐛). Let 𝑛 = 6. Then every pair of antipodal vertices of 𝐺 is a Steiner set of 𝐺. Since every 

pair of antipodal vertices contains at least one adjacent vertex, resulting in  𝑊2 = {𝑣1, 𝑣2, 𝑣4, 𝑣5} 

is a minimal total Steiner global dominating set of 𝐺 resulting in 𝛾
𝑠𝑡

+
 (𝐺) = 4. 

𝐂𝐚𝐬𝐞 𝟏(𝐜). Let 𝑛 = 8. Then, as in the Case 1(b), 𝑊3 = {𝑣1, 𝑣2, 𝑣5, 𝑣6} is a minimal total Steiner 

global dominating set of 𝐺 resulting in 𝛾
𝑠𝑡

+
 (𝐺) = 4. 

Case 2(a). For 𝑛 = 5, then 𝑊 =  𝑉(𝐺)  is the only minimal total Steiner global dominating set of 

𝐺 resulting in 𝛾
𝑠𝑡

+
(𝐺) = 5. 

Case 2(b). Let 𝑛 = 7. Then, as in the Case 1(b), 𝑊4 = {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣7} is a minimal total Steiner 

global dominating set of 𝐺 resulting in 𝛾
𝑠𝑡

+
 (𝐺) = 5. 

Case 2(c). Let 𝑛 = 9. Then, as in the Case 1(b), 𝑊5 = {𝑣1, 𝑣2, 𝑣5, 𝑣6, 𝑣9} is a minimal total Steiner 

global dominating set of 𝐺 resulting in 𝛾
𝑠𝑡

+
 (𝐺) = 5. 

Case 3(a). Let 𝑛 = 4𝑘 + 6 and 𝑘 ≥ 1. Then 𝑊6 = {𝑣1, 𝑣2} ∪
 {𝑣4, 𝑣5, 𝑣8, 𝑣9… , 𝑣4𝑘−6, 𝑣4𝑘−5, 𝑣4𝑘−4, 𝑣4𝑘−3, 𝑣4𝑘−2} is a minimal total Steiner global dominating 

set of 𝐺 resulting in 𝛾
𝑠𝑡

+
 (𝐺) ≥ 2𝑘 + 5. We demonstrate that 𝑊6 is a minimal total Steiner global 

dominating set of 𝐺. On the contrary, suppose that 𝑊6 is not a minimal total Steiner global 

dominating set of 𝐺. Then there exists a total Steiner global dominating set 𝑊6
′ of 𝐺 such that 

|𝑊6
′| ⊂ 𝑊6. Then there exists a vertex 𝑥 ∈ 𝑊6 such that  𝑥 ∉ 𝑊6

′. If 𝑥 = 𝑣4, then 𝑥 ∉ 𝐼(𝑊6
′), 

which is a contradiction. If 𝑥 ∈ {𝑣1, 𝑣2} ∪  {𝑣5, 𝑣8, 𝑣9… , 𝑣4𝑘−6, 𝑣4𝑘−5, 𝑣4𝑘−4, 𝑣4𝑘−3, 𝑣4𝑘−2} then 

〈𝑊6
′〉 has isolated vertices, which is a contradiction. Therefore 𝑊6

′ is not a total Steiner global 

dominating set of 𝐺. Hence it follows that 𝑊5 is a minimal total Steiner global dominating set of 

𝐺 resulting in 𝛾
𝑠𝑡

+
 (𝐺) ≥ 2𝑘 + 5. We demonstrate that 𝑊6  is a minimal total Steiner global 

dominating set of 𝐺. On the contrary, suppose that 𝛾
𝑠𝑡

+
 (𝐺) ≥ 2𝑘 + 6. Then there exists a minimal 

total Steiner global dominating set 𝑊7 of 𝐺 such that 𝛾
𝑠𝑡

+
 (𝐺) ≥ |𝑊7|  ≥  2𝑘 + 6. Since |𝑊7|  ≥

 2𝑘 + 6, it follows that 𝑊6 and 𝑊6
′are proper subset of 𝑊7, which is a contradiction. Hence,  

𝛾
𝑠𝑡

+
 (𝐺) = 2𝑘 + 5.   

Case 3(b): Let 𝑛 = 4𝑘 + 7 ( 𝑘 ≥ 1). Then 𝑊8 = {𝑣1, 𝑣2, 𝑣5, 𝑣6, 𝑣7, 𝑣8,… , 𝑣4𝑘−4, 𝑣4𝑘−3, 𝑣4𝑘} . 

Then as in the Case 3(a), we can demonstrate that 𝑊8 is a 𝛾
𝑠𝑡

+
− 𝑠𝑒𝑡 of 𝐺 resulting in  𝛾

𝑠𝑡

+
 (𝐺) =

2𝑘 + 5.   
Case 3(c): Let 𝑛 = 4𝑘 + 8 ( 𝑘 ≥ 1). Then 𝑊9 = {𝑣1, 𝑣2} ∪
{𝑣3, 𝑣4, 𝑣8, 𝑣9, … , 𝑣4𝑘−4, 𝑣4𝑘−3, 𝑣4𝑘−2}. Then as in the Case 3(a), we can demonstrate that 𝑊9 is a 

𝛾
𝑠𝑡

+
− 𝑠𝑒𝑡 of 𝐺 resulting in  𝛾

𝑠𝑡

+
 (𝐺) = 2𝑘 + 5.   
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Case 4: Let 𝑛 = 4𝑘 + 9 ( 𝑘 ≥ 1). Then 𝑊10 = {𝑣1, 𝑣2} ∪
{𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣11, 𝑣12, … , 𝑣4𝑘−2, 𝑣4𝑘−1}. Then as in the Case 3(a), we can demonstrate that 𝑊10 is 

a 𝛾
𝑠𝑡

+
− 𝑠𝑒𝑡 of 𝐺 resulting in  𝛾

𝑠𝑡

+
 (𝐺) = 2𝑘 + 6.   

 

Theorem 2.8. Let 𝐺 be a connected graph of order 𝑛 ≥ 2, then 𝛾
𝑠𝑡

+
 (𝐺 ⊙ 𝐾1) = 2𝑛. 

Proof: Let 𝑍 = {𝑧1, 𝑧2, … , 𝑧𝑛} be the set of all end vertices of 𝐺. Then by Theorem1.1 and 1.2, 𝑍 

is the subset of every total Steiner global dominating set of 𝐺 and the adjacent vertices 𝑧𝑖 (1 ≤ 𝑖 ≤

𝑛) belongs to each total Steiner global dominating set of 𝐺 and so 𝛾
𝑠𝑡

+
 (𝐺 ⊙ 𝐾1) ≥ 2𝑛. Hence it 

follows that 𝑊 = 𝑉(𝐺 ⊙ 𝐾1) is the unique total Steiner global dominating set of 𝐺. Therefore, 

𝛾
𝑠𝑡

+
 (𝐺 ⊙ 𝐾1) = 2𝑛. 

 

 

Theorem 2.9. For any positive integers 𝑎 and 𝑏 with 4 ≤ 𝑎 ≤ 𝑏, there exists a connected graph 𝐺 

such that 𝛾
𝑠𝑡
 (𝐺) = 𝑎 and 𝛾

𝑠𝑡

+
 (𝐺) = 𝑏.  

Proof: Let 𝐻 = 𝐾𝑎−3 and 𝐹 = 𝐾𝑏−𝑎+1 with 𝑉(𝐾𝑎−3) = {𝑧1, 𝑧2, … , 𝑧𝑎−3} and 𝑉(𝐾𝑏−𝑎+1) =
{ℎ1, ℎ2, … , ℎ𝑏−𝑎+1}. Let 𝑃: 𝑣1, 𝑣2, 𝑣3, 𝑣4 be a path of order four. Let 𝐺 be a graph obtained from 𝐻 

and 𝐹, by joining each vertex 𝑧𝑖 (1 ≤ 𝑖 ≤ 𝑎 − 3) with 𝑣1 and 𝑣2. Also, by joining each vertex 

ℎ𝑖  (1 ≤ 𝑖 ≤ 𝑏 − 𝑎 + 1) with 𝑣1 and 𝑣4. The graph 𝐺 is shown in Figure 2. 

First, we prove that 𝛾
𝑠𝑡
 (𝐺) = 𝑎. Let  𝑍 = 𝑉(𝐾𝑎−3) is the set of all extreme vertices of 𝐺. 

By Theorem 1.1, 𝑍 is a subset of every total Steiner global dominating set of 𝐺 and so 𝛾
𝑠𝑡
 (𝐺) ≥

𝑎 − 3. Since 𝑆(𝑊) ≠ 𝑉(𝐺), 𝑍 is not a total Steiner global dominating set of 𝐺 and so 𝛾
𝑠𝑡
 (𝐺) ≥

𝑎 − 2. It is easily observed that 𝑍 ∪ {𝑥}, 𝑥 ∉ 𝑍 or 𝑍 ∪ {𝑥, 𝑦} 𝑥, 𝑦 ∉ 𝑍 is not a total Steiner global 

dominating set of 𝐺 and so 𝛾
𝑠𝑡
 (𝐺) ≥ 𝑎. Let 𝑊 = 𝑍 ∪ {𝑣1, 𝑣3, 𝑣4}. Then 𝑆(𝑊) = 𝑉(𝐺) and 𝑊 is 

a dominating set in 𝐺 and 𝐺. Hence it follows that 𝑊 is a Steiner global dominating set of 𝐺. Since 
〈𝑊〉 has no isolated vertices. Therefore, 𝑊 is a total Steiner global dominating set of 𝐺 so that 

𝛾
𝑠𝑡
 (𝐺) = 𝑎. 

Next, we prove that 𝛾
𝑠𝑡

+
 (𝐺) = 𝑏. Let 𝑊1 = {𝑣2, 𝑣3} ∪ 𝑍 ∪ 𝑉(𝐾𝑏−𝑎+1). Then 𝑊1 is a total 

Steiner global dominating set of 𝐺. We prove that 𝑊1 is a minimal total Steiner global dominating 

set of 𝐺. On the contrary suppose that 𝑊1 is not a minimal total Steiner global dominating set of 

𝐺. Then there exists a 𝑊2 ⊂ 𝑉(𝐺) such that 𝑊2 is a total Steiner global dominating set of 𝐺 and 

𝑊2 ⊂ 𝑊1. Let 𝑥 ∈  𝑊1 and 𝑥 ∉ 𝑊2. By Observation 2.4 (a), 𝑥 ≠ 𝑧𝑖 (1 ≤ 𝑖 ≤ 𝑎 − 3). If 𝑥 = ℎ𝑖  
for some 𝑖 (1 ≤ 𝑖 ≤ 𝑏 − 𝑎 + 1), then 𝑥 ∉ 𝑆(𝑊2). If 𝑥 is either 𝑣3 or 𝑣4, then 𝑥 ∉ 𝑆(𝑊2). Hence 

it follows that 𝑊2 is not a total Steiner global dominating set of 𝐺, which is a contradiction. 

Therefore, 𝑊1 is a minimal total Steiner global dominating set of 𝐺 and so 𝛾
𝑠𝑡

+
 (𝐺) ≥ 𝑏. We prove 

that 𝛾
𝑠𝑡

+
 (𝐺) = 𝑏. On the contrary suppose that 𝛾

𝑠𝑡

+
 (𝐺) ≥ 𝑏 + 1. Then there exists a minimal total 

Steiner global dominating set of 𝐺 𝑊3 such that |𝑊3| ≥ 𝑏 + 1. Since |𝑉(𝐺)| = 𝑏 + 2, |𝑊3| = 𝑏 +
2. Hence 〈𝑊3〉 is connected which implies 𝑆(𝑊3) = 𝑊3 ≠ 𝑉(𝐺), which is a contradiction. 

Therefore, 𝑊3 is not a minimal total Steiner global dominating set of 𝐺. Hence 𝑊1 is a total Steiner 

global dominating set of 𝐺 so that 𝛾
𝑠𝑡

+
 (𝐺) = 𝑏. 
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Figure 2 

3. CONCLUSION 

In this article, the upper total Steiner global domination number for some standard graphs 

were observed and determined and a realization result is given. This can be extended with other 

parameters of graphs in further studies. 
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