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ABSTRACT

Introduction: The concept of labeling of graph has been introduced in mid-1960. A graph labeling is an
assignment of integers to the nodes or edges or both depends on specific conditions. Many types of graph
labeling techniques have been studied by several authors.

Objectives: Labeling of graphs has remarkable applications in diverse fields like the study of the physical
cosmology, debug circuit design, X-ray, crystallography, astronomy, radar, broadcasting network, secret
sharing, database management, coding theory and much more. Besides these graph labeling techniques
analyze and solve various graph related problems.

Methods: This research paper focuses on Odd-even congruence labeling of different types of graphs.
Assignment of natural numbers as labels for the edges and vertices of a graph based on modular
arithmetic property known as congruence graph labeling.For congruence graph labeling it entails the
assignment of odd integers to vertices and even integers to edges with property of congruence graph
labeling.

Results: This labeling method has been identified on triangular snake graph, ladder graph, coconut tree,
triangular book, friendship graph.

Keywords: Labeling, Congruence labeling, Odd-even congruence labeling, triangular snake graph, ladder
graph, coconut tree, triangular book, friendship graph.

INTRODUCTION

Informative labelling techniques serve the purpose of representing graphs in highly distributed manner.
A graph labeling is an assignment of integers to the vertices or edges or both subject to certain conditions
. An extensive survey of various graph labeling problems is available in [2].In 1967, Rosa [3] published a
pioneering paper on graph labeling problems. Thereafter many types of graph labeling methods have
been studied by several authors. For standard terminology of graph theory, we used [1].

G.Thamizhendhi and K.Kanakambika [4] have introduced Odd-even congruence labeling and they proved
behaviourof several graphs like bipartite graph, comb graph, star graph, graph acquired by connecting
two copies of even cycle C, by a path P, , shadow graph of the path P, and the tensor product of K, &P, as
0dd-even congruence graph. A graph G is said to be Odd-even congruence graph, if vertex and edge set
are assigned by distinct odd and even integers respectively, further f(u,) = f(u,)(mod g(e)) , u, and u,
are adjacent vertices in G. In this paper we investigate the Odd-even congruence labeling of triangular
snake, ladder graph, triangular book, coconut tree graph and tree related graphs.

Preliminaries

Definition 2.1 A Triangular snake T, is obtained from a path uy,u,,us,........ , U, by joining u; and u; ¢
toanewvertexw; for1 <i<n-1

Definition 2.2 A ladder graph [3] is defined by L, X P, where P, is a path with n vertices and X denotes
the cartesian product and K, is a complete graph with two vertices.

Definition 2.3 An open ladder OL,,n > 2 is obtained from two graphs [8]of length n—1 with
V(G) = {u,vi:1 <i<n}and E(G) = {yuj41,VivViz1 : 1 <i<n—1}U {yv;: 2<i<n-—1}

Definition 2.4The triangular book graph B3, for n > 1 is a planar undirected graph [11] having n + 2
vertices v, vy,v1,Vo, . . v, and 2n + 1 edges constructed by n triangles sharing a common edge vyvy,.
Definition 2.5Coconut tree graph is obtained by identifying the central vertex of K; ,, with a pendant
vertex of the path P,.

Definition 2.6F- tree on n + 2 vertices, denoted by F, is obtained from a path P, by attaching exactly two
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pendant vertices of the n — 1 and n'" vertex of P,.
Definition 2.7Y- tree on n + 1 vertices, denoted by Y, is obtained from a path P, by attaching a pendant
vertex of the n™ vertex of P,.

Definition 2.8A bijection defined as h:V - {1,2,......... d}and k:E - {1,2, ......... d — 1} of G is known as
[9] congruence graph, ifh(sp) = h(sq) (mod k(wp)), where d = min{2|V|, 2|E[}
Definition 2.9A bijection h:V - {1,2,......... 2d+ 1} and K:E- {24, ......... 2d} of G is [10] odd-even

congruence graph, ifh(sp) = h(sq) (mod k(wp)), where d = min{2|V], 2|E|}.

RESULTS
Theorem 3.1 The Triangular snake T, is odd -even congruence graph for all n > 2.
Proof:
Let the vertex set of T, be
V(T,) = {vi/1<i<n}u{y/1<i<n-1}
and the edge set be
E(T,) = (w1 /1<i<n—-1}U {yvi;1/1<i<n—-1} U {vjuy; /1 <i<n-1}
Where p; = viju;,q; = Vipu;and 1y = viqV;
With |V| = 2n—1 and |E| =3n—3
ForG= T,,wehaved = min{2(2n—1),2(3n—-3)} ,n>2
= min{(4n — 2), (6n — 6)}

=4n-—2
There exists two independent and disjoint vertex such as
Vi={v vy, ,vi}where1 <i<n
andV, = {u,uy,........... u;}Jwherel1 <i<n-1
Define the bijection function hy: v; - {1,11,31,71,.......... 52" -9} as hy(vq)=1 and
h;(v;) = 5(2"*)) —9for 2<i<n and
h, : u; —» {5,19,47,103,.......... 7(2"*1) —9}ash,(u;)) = 7(2"*1) —9fori > 2 and h,(u;) =5
The edge labeling
si:pi— {4816,.......... 21} as s (p;) =2t for1 <i<n
Syt q > {612,24,.......... ,3(2D}as s,(q) =32 for1<i<n
s;: 1; > {10,20,40,.......... 5(2D}ass;(r;)) =5(R2)for1<i<n
Clearly

s1 (p;)divides |(h1 (v;) — h, (ui))| forl<i<n

s,(q;)divides |(h1 (Viz1) — hy (ui))| forl1<i<n

s3(r)divides (hz (Viz1) — hy (vi)) forl <i<n

Hence the triangular snake (T, ) is odd-even congruence graph for all n > 2.

Example 3.2
Consider the graph (Ty) with |V| = 17 and |E| = 24

Vi V2 Va Va Vs Ve V7 Vs
5 19 47 103 215 439 887 1783

1 10 11 20 31 40 71 80 151 160 31 320 631 640 1271 1280 2551
U1 uz Uz U4 Us Us u7 Us Us

Figure 1. shows that Ty receives odd-even congruence labeling.

Theorem: 3.3 The Graph Ladder L, is an odd even congruence graph.
Proof:

Let G be a graph of Ladder L,

Let V(G) = {u;,v;: 1 < i < n} be the vertices of L,, and

E(T,) = (w1, vivi1 /1<i<n—-1}U {yv,/1<i<n}

Where p; = w;u;11,q; = Uj41V;41 and 1; = v;v;,1 be the edges of L,,.
With [V (G)| = 2n and |E(G)| = 3n — 2 of Ladder L,,.

we have d = min{2(2n),2(3n — 2)}

335 Rituraj et al 334-341



Journal of Computational Analysis and Applications VOL. 33, NO. 5, 2024

=min (4n,6n — 4) = 4n
Label the vertices and edges as follows:
The vertices of L, are labeled as given below.

The function f; : u; = {1,7,31,............... ;2271 —1} as f(u) =227 —1for1<i<n
And f, : v; — {3,15,63,.......cuen.n. 228 —1Yasf(y)=2%—-1,1<i<n

Edges of L, are labeled as follows:

The function s; : p; = {6,24,96,384................ B3R5DHY, si(p) =3R% Hfor1<i<n
Syt q; —{832,128,512,.....cuennnnn. , 22071 5,(q) = 2% for1<i<n

s3: 1, > {12,48,192,768,................ ,3(22)},53(r) =3(2%) for1<i<n

Clearly s;(p;)divides |(f1(ui) - fl(ui+1))| for1<i<n

s, (g)divides |(f; (Ui1) = f2(V141))| for 1<i<n-—2

s3(r;)divides |(f2(vi+1) —f (vl-))| forl<i<n

Hence the ladder (L,,) is an odd-even congruence graph for all n > 2.

Example: 3.4
Considerthe ladder graph (L,,) forn = 8

32767 Us 32768 Vg 65535
24576 49152
8191 Uy B v, 16383
6144 12288
2047 Ug 2048 Ve 4095
1536 3072
511 usg SAe Vs 1023
384 768
127 u, 128 va 255
96 192
31 us e vs 63
24 a8

7 u, 8 vz 15
6 12

1 U, = vi 3

Figure 2. shows that L, admits odd-even congruence labeling.

Corollary: 3.5The open ladder graph OL,, admits odd-even congruence graph for n > 3.
Proof:

Let G be a graph of Open Ladder

Let V(G) = {u;, v;: 1 < i < n}be the vertices of L, and

E(T) = {wwjy,vivig /1<i<n—-1U {yy, /2<i<n—1}

Where p; = wju;41,q; = w;v;for2 <i <n-—1andr; = v;v;4 be the edges of L,,.
Suppose |V(G)| = 2n and |E(G)| = 3n — 4 of open Ladder OL,.

we have d = min{2(2n),2(3n — 4)}

=min (4n,6n — 8) = 4n

Label the vertices and edges are as follows:

The vertices of L, are labeled as given below.

The function f; : u; » {1,7,31,............... ;221 — 1} as f(u) = 2% —1for1<i<n
And f5 : v; > {3,15,63,......ccnn.nl. 22 -1} asf(y) =2%—1,1<i<n

Edges of L, are labeled as follows:

The function s; : p; = {6,24,96,384................ 325D}, s,(p) =3R¥ Hfor1<i<n
Syt q; —{832,128,512,.....cunnnnn. , 2201} 5,(q) = or 227122 for1 <i<n

s3: 1 > {12,48,192,768,................ ,3(229)},53(r) =3(2%) for1<i<n
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Clearly s;(p;)divides |(f1(ui) - fl(ui+1))| for1<i<n

sz (g divides |(fy (1) = fo(u41))| for 1<i<n—2

s3(r;)divides |(f2(vi+1) —f (vl-))| forl<i<n

Hence the open ladder (OL,) is an odd-even congruence graph for all n > 2.
Example: 3.6

Considerthe open ladder graph (OL,) forn = 8

32767 Us g 9Vg 65535
24576 49152
8191 Uy g1 V; 16383

6144 12288
2047  Ug 2048 Vg 4095
ear 3072
511 Us 552 Vs 1023
384 o
127 U i Va 255
96 192
31 us o Vs 63
24 a8
7 U 8 vz 15
6 12
1 ul @ e V1 3

Figure 3. shows that OL, admits odd-even congruence labeling.

Theorem: 3.7The triangular book B3 ,, admits odd-even congruence graph.
Proof:

Let B; ,, be a triangular book.

ThenV(Bs,) = {x,y,z;: 1<i<n}and E(Bs,) = {w,w,q:1<i<n}
Also |V(Bs,)|=n+2and|E(B;,)|=2n+1

Then d =min (2(n + 2),2(2n + 1)) = 2(n + 2)

Define a bijective function @ : V(G) - {1,3,7, ..........,4i + 3} is defined as follows
fG)=1,f(N=3,f(w)=2

B(z;) = 4i+3for1<i<n

The edge labeling k : E(G) — {2,4,6,8, ..........,4i + 2} is defined as
k(w)=4i+2forl1<i<n

k(g))=4i forl1<i<n

Clearly k(w)divides |[f(x) — f(y)| for 1<i<n

k(w;)divides |(f(x) — (zi))| for 1<i<n and

k(g;)divides |(f(y) —B(z))| for 1<i<n

Hence the graph triangular book Bj ,, is an odd-even congruence graph.

Example3.8
Consider a graph G = B3, withn =16
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Figure 4. exhibits the odd-even congruence labeling of the graph triangular book.

Theorem: 3.9Coconut tree CT (m, n) is an odd-even congruence graph.
Proof:
LetV(G) = {ui, y/l<isml<i< n} and the edge set
E(G)={uyv, /1<i<m}u {vv,; /1<i<n-—1} denoted as e ={wv,/1<i<m} and
w, = {4y /1<i<n-1}
Now |V(CT(m,n))| =m+nand |[E(CT(m,n))|=m+n—-1
Then d =min (Z(m +n),2(m+n-— 1))
=2(m+n-1)
Define the bijection f : V(G) — {1,3,7,.........,2™*" — 1} is defined as follows
flu)=2""—1fori1<i<m
fw)=2—1for1<i<n
The edge labeling k : E(G) - {2,4,8,30,62, ..........,2" "1 — 2} is defined as follows
k(e) = 2"ttt —2for1<i<m
k(w) = 2for1<i<n
Clearly k(wp)divides |(f Wis1) = f())| for 1<i<n and
k(e;)divides |(f(ul-) —f(vl))| for1<i<n
Hence the graph coconut tree CT(m, n) is an odd-even congruence graph.

Example: 3.10
Consider a graph G = CT(m,n) withm =7 andn = 4

31 63 127 255 511 1023 2047
u,y us us Us us ug u,
30 62 126 254 510 /1022 04

1 Vi

2

2 ¢ V2

a

7 ® vy

8

15 & v,

Fig 5. shows that Coconut tree graph admits odd-even congruence labeling.

Theorem: 3.11F-tree FB, n > 3 is an odd even congruence graph.
Proof:

LetV(G) = {u,v,v; /1<i<n-1}

E(G) = {vyvjp1:1<i<n-—1}U{uv,,vv}

where e; = v;v;,1, w; = vv; and w, = uv,
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be the vertex set and edge set of FP,

Also |[V(FB)|=n+2and |[E(FB)|=n+1
Then d =min (Z(n +2),2(n+ 1))

=min ((2n+4),(2n+2)) =2n+2

Define a bijective function f : V(G) - {1,3,7,..........,2n + 3} is defined as follows
fw =3
fw)=1
fw)=2"2—-1for1<i<n
The edge labeling k : E(G) - {6,12,..........,4i + 2} is defined as
k(Wl) =6

k(e)) = 2"2 for1<i<n-1

Clearly k(w,)divides |f (v{) — f (V)|

k(w,)divides |(f(v2) —f(u))| for 1<i<n and
k(e;)divides |(f(v) — f(vi41))| for 1<i<n-—1

Hence F-tree FP, ,n = 3 is an odd even congruence graph.

Example3.12
Consider FP; with |[V| = 8and |[E| =7

3 1
u V'
q [ ]
12 6
128 64 32 16 8
V6 V5 V4 V3 v2 Vl
255 127 63 31 15 7

Fig 6. shows that FP;graph admits odd-even congruence labeling.

Theorem: 3.13Let G be the Graph obtained by identifying a pendant vertex of P, with a leaf of K , then
Gis an odd even congruence graph.

Proof:

LetV(G) = {ui, y/l1<isnl<i< m} and the edge set

EG) = {wy, /1<i<n}u {wu,, /1<i<n}

Where w; = u;u;,1 and e; = uyv;

Now |[V(G)] =m+nand |[E(G)]=m+n—1

Then d =min (Z(m +n),2(m+n— 1))

=min ((2m + 2n),(2m + 2n—2)) = 2m + 2n — 2

Define a labeling f : V(G) - {1,3,7,15,31,63, .........., 2" " — 1} is defined as follows

f(v)= 2" —1for1 <i<m

f(u) = 2'—1for1 <i<n

The edge labeling k : E(G) - {2,4,8,30,62, .........., 2771 — 2} is defined as follows

k(e)) = 2"+l —2for1 <i<m

k(w;) = 2ffor1 <i<n

Clearly k(w;)divides |(f(ui) — f(ui+1))| for 1<i<n and

k(e;)divides |(f(v;) — f(uy))| for 1<i<n

Thus f admits odd even congruence labeling on Gand hence G is an odd even congruence graph.
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Consider the Graph obtained by identifying a pendant vertex of P, with a leaf of K;,, where m = 7 and

n=4

255 511 1023 2047
vy vy Vs Vyq
q
& 2, | %
2\ *| %
2 4 8 16 32 64
u, u, Us A Us Ug U,
1 3 7 15 31 63 127
Figure 7.admits odd even congruence labeling.
Theorem: 3.15 Y- tree is an Odd-even congruence graph.
Proof:
Suppose V(G) = {u,v; /1 <i<n}
E(G) = {v;viy1,vp_qu : 1 <i<n-1}
where e; = v;vj 1, W=Vv,_qu
be the vertex set and edge set of Y-tree.
Also |V(G)| =n+1and|E(G)|] =n
Then d =min {2|V], 2|E|} = min{2(n + 1), 2n}
= 2n
Define a bijective function f : V(G) — {1,3,7,..........,2" "1 — 1} is defined as follows
f(v)=2—-1for1<i<n
f(u) = 2" -1
The edge labeling k : E(G) - {2,4,8, .........., 2} is defined as
k(e)) = 2'for 1<i<n
k(w) = 3x2"1
Clearly k(e;)divides |f(v;;1) —f(v;)] for 1<i<n and
k(w)divides |(f(u) — f(vn_l))|
Hence Y-tree is an odd even congruence graph.
Example: 3.16
Consider the Y-tree graph (Yy) with |[V| =9 and |E| = 8
511
u
384
‘2‘4-8A16‘32‘64 128
Vy V,y V3 Vs Vs Ve V7 Vg
1 3 7 15 31 63 127 255

Figure 8. shows that Yg receives odd-even congruence labeling.
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CONCLUSION

The labelling of graphs is an interesting and vast research area which is very useful and it is extended in
various topics by several people. In this paper we have studied Odd-even congruence labeling behaviour
of triangular snake, ladder graph, triangular book, coconut tree graph and tree related graphs. To derive
similar results for other graph families is an open problem.
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