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ABSTRACT  

The aim of this paper is to introduce and study the notion of  r-fuzzy Z*-open sets and 

r-fuzzy  Z*-continuity. Some characterizations of these notions are presented. Also, some 

fuzzy  topological operations such as:  r-fuzzy Z*-boundary,  r-fuzzy Z*-border, r-fuzzy  Z*-

exterior, r-fuzzy  Z*-limit point are introduced.  

AMS Subject Classification:  54D10, 54C05, 54C08.  

Keyword:. r-fuzzy Z*-open sets , r-fuzzy Z*-boundary, r-fuzzy Z*-border, r-fuzzy Z*-

exterior, r-fuzzy Z*-limit point, r-fuzzy Z*-nbd and r-fuzzy Z*-continuity.  

INTRODUCTION:  

Chang’s fuzzy topology [5] has been extended by ŝ ostak [23] in fuzzy topology and 

different level of growths have been made in [12, 13, 20]. Various authors [3, 4, 6, 9, 11] 

have developed fuzzy continuity between fuzzy topological space in weaker forms also using 

the idea of fuzzy semi-open sets [3], fuzzy regular open sets [3], fuzzy preopen sets, fuzzy 

strongly semiopen sets [4], fuzzy  -open sets [11], fuzzy  -semiopen sets [2], fuzzy  -

preopen sets [2], fuzzy semi  -preopen sets [26] and fuzzy e-open sets [22]. In the sense of 

Chang [5] fts, Ganguly and Saha [10] developed the idea of fuzzy  -cluster points in fts. In 

the sense of ŝ ostak’s fuzzy topological space, Kim and Park [14] developed r- -cluster 

points and  -closure operators. The weaker forms of fuzzy semi-preopen sets was developed 

by Park et al. [18] than any other from of fuzzy semi-open or fuzzy preopen sets. In 2008, the 

formations of e-open sets, e*-open sets and a-open sets in topological spaces are due to Erdal 

Ekici [[7], [8]]. The same concept developed r-fuzzy topological spaces in [17].  Sobana et al. 

[24] defined r-fuzzy e-open and r-fuzzy e-closed sets in a fuzzy topological space in the sense 

of ŝ ostak. Vadivel et al. [25] introduced r-fuzzy e*-open and r-fuzzy e*-closed sets in a 

fuzzy topological space in the sense of ŝ ostak.  

      In this paper we discuss the concept of r-fuzzy Z*-open sets and r-fuzzy  Z*-continuity. 

Some characterizations of these notions are presented. Also, some fuzzy  topological 

operations such as:  r-fuzzy Z*-boundary,  r-fuzzy Z*-border, r-fuzzy  Z*-exterior, r-fuzzy  

Z*-limit point are introduced.  
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1. PRELIMINARIES:  

Throughout this article, we denote nonempty sets by YX ,  etc., ]1,0[=I   and ].1,0(0 =I . 

For 1 ,   =)(x ,    Xx  A fuzzy point tx  for 0It  is an element of XI  such that  

 

 

=)(ytx {

𝑡      𝑖𝑓     𝑦   𝑖𝑠 𝑒𝑞𝑢𝑎𝑙  𝑡𝑜    𝑥

0     𝑖𝑓       𝑦 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑥.
} 

 

Let )(XtP  denote the set of all fuzzy points in X. A fuzzy point tx  iff    ).(xt    

XI  is quasi-coincident with ν, denoted by q , if Xx  such that 1)()( + xx  . 

 If   is not quasi-coincident with  , we denoted q . If A is a subset of X, we define the 

characteristic function A  on X by  

=)(xt {

1     𝑖𝑓     𝑥 ∈ 𝐴

0     𝑖𝑓     𝑖𝑓     𝑥 𝐴.
All notations and definitions will be standard in the fuzzy 

set theory.  

 Definition 2.2. [23]  

A function IXI →:  is called a fuzzy topology on X if it satisfies the following 

conditions: 

 (1) ,1)1()0( ==   

 (2) ),()( iviivi    for any   ,XI
ii

v 


  

(3) ),21()21( vvvv     for any XI2,1  .  

The pair ),( X  is called a fuzzy topological space or Sˆostak’s fuzzy topological space or 

smooth topological space (for short, fts, sfts, sts).  

Remark 2.3. [21] 

 Let ),( X  be a fts. Then, for every 0Ir ,  })(:{ rXI =   is a Change’s fuzzy 

topology on X. 
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 Theorem 2.4. [21] 

 

 Let ),( X  be a sfts. Then for each 
XI , 0Ir , we define an operator 

XIIXIC → 0:  as follows:  

}.)1(,:{),( rXIrC −=  . 

 For 
XI,  and 0, Isr  , the operator C  satisfies the following conditions:  

(1) ,0),0( =rC   

(2)  ),,( rC    

(3) ),,(),(),( rCrCrC  =  

(4) ),(),( sCrC    if ,sr   

(5) ).,()),,(( rCrrCC  =  

 Theorem 2.5. [21] 

Let ),( X  be a sfts. Then for each 
XI , 0Ir , we define an operator 

XIIXII → 0:  as follows:  

}.)(,:{),( rXIrI =  . 

 For 
XI,  and 0, Isr  , the operator C  satisfies the following conditions:  

(1) ,1),1( =rI   

(2)  ),,( rI    

(3) ),,(),(),( rIrIrI  =  

(4) ),(),( sIrI    if ,sr   

(5) ),,()),,(( rIrrII  =  
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(6) ),(1),1( rCrI  −=−
 and   ),(1),1( rIrC  −=− . 

 

 

Definition 2.6. [17]  

A point x of X is called    -cluster point of      if  ,)),,((  =rrUCI  for everyopen 

set U of X containing x. The set of all     -cluster point of      is called     -closure of    

and is denoted   ).(C  

Definition 2.6. [17]  

A set    is     -closed if and only if   ).,( rC  =    The complement of a   -closed set is 

said to be   -open [19]. Then   -interior of a subset   of X  is the union of all    -open sets 

of X contained in     .    

 

Definition 2.8.  

Let ),( X  be a sfts. Then for each 
XI , 0Ir ,   is called  

1. r-fuzzy regular open (resp. r-fuzzy regular closed) [ 16]  set if ),),,(( rrCI  =  

),)),,(((  =rrIC  

2.  r-fuzzy a-open (resp. r-fuzzy a-closed) [23]  set if ),),),,((( rrrICI    

),)),),,((((  rrrCIC  

3. r-fuzzy  -open (resp. r-fuzzy  -closed) [20]  set if ),),),,((( rrrICI    

),)),),,((((  rrrCIC  

4. r-fuzzy preopen (resp. r-fuzzy preclosed) [20]  set if ),),,(( rrCI    

),)),,(((  rrIC  

5. r-fuzzy  -preopen (resp. r-fuzzy  -preclosed) [24]  set if ),),,(( rrCI    

),)),,(((  rrIC  

6. r-fuzzy  -semiopen (resp. r-fuzzy  -preclosed) [26]  set if ),),,(( rrIC    
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),)),,(((  rrCI  

7. r-fuzzy Z-open (resp. r-fuzzy Z-closed) [17 ]  set if 

)),,(()),,(( rrCIrrIC    

),)),,(()),,(((   rrCIrrIC  

8. r-fuzzy  -open (resp. r-fuzzy  -closed) [24]  set if 

)),,(()),,(( rrCIrrIC  =  

),)),,(()),,(((   rrCIrrIC  

9. r-fuzzy e -open (resp. r-fuzzy e -closed)[24]  set if 

)),,(()),,(( rrCIrrIC    

),)),,(()),,(((   rrCIrrIC  

10. r-fuzzy *Z -open (resp. r-fuzzy *Z -closed) [17]  set if 

)),,(()),,(( rrCIrrIC    

),)),,(()),,(((   rrCIrrIC  

11. r-fuzzy  -open (resp. r-fuzzy  -closed) [1]  set if )),),,((( rrrCIC    

),)),),,((((  rrrCCI  

12. r-fuzzy *e -open (resp. r-fuzzy *e -closed) [19]  set if )),),,((( rrrCIC    

).)),),,((((  rrrCCI  

The family of all r-fuzzy regular open  (resp. r -fuzzy a -open, r -fuzzy -open, r -fuzzy 
preopen , r -fuzzy -preopen, r -fuzzy -semiopen, r -fuzzy Z -open, r -fuzzy -open, r -

fuzzy e -open, r -fuzzy  -open, r -fuzzy *e -open) is denoted by )(XRO (resp. ),(XaO

),(XO ),(XPO ),(XPO ),(XSO ),(XZO ),(XO ),(XeO ),(XO ).(* XOe  

Lemma: 2.1 [19]  

Let ,  be two subsets of  (X, )  Then:  

(1)   is r-fuzzy  -open if and only if   = I ),( r  , 

(2) X -  I ),( r   = )),(\( rXC  and =)),(\( rXI   X -  I ),( r  ,  

(3) I ),( r    C ),( r  (resp.  I ),( r  ),( rI  )), for any subset   of X,  
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(4) ),,(C-),(C-),(C- rrr  =
  

),,(I-),(I-),(I- rrr  =  

  

Definition: 2.1  

A function ),(),(:  YXf →  is called  r -fuzzy  -continuous [12] (resp. r -fuzzy pre-

continuous [11], r -fuzzy   -continuous [7], r -fuzzy e -continuous  [6], r -fuzzy *e  -

continuous [19]) if )(1 −f is  r -fuzzy  -open (resp. r -fuzzy pre open, r -fuzzy   -, r -

fuzzy e -open, r -fuzzy *e  -open) in XI  for each ) .  

3. r-fuzzy Z*-open sets and r-fuzzy  Z*-closed 

Definition: 3.1 

A subset   of a topological space ),( X  is said to be:  

(1) r-fuzzy Z*-open if )),,(()),(( rCIrIC     

(2) r-fuzzy Z*-closed if .)),(()),((   rICrCI  

The family of all r-fuzzy Z*-open (resp. r-fuzzy Z*-closed) fuzzy subsets of a fuzzy 

topological space ),( X  will be as always denoted by Z*O(X) (resp. Z*C(X)).  

Remark: 3.1  

The following holds for a fuzzy topological space ),( X  . 

(1) Every r-fuzzy   -open (resp. e-open) set is r-fuzzy  Z*-open, 

 (2) Every r-fuzzy  Z*-open set is r-fuzzy  e*-open.  

But the converse of the a bovine are not necessarily true in general as shown by the following 

examples.  

 

Example: 3.1 

Let   cbaX ,,=  and 
XI ,2,1  defined as follows: 

,7.0)(1,2.0)(1,3.0)(1 === cba 
 

,4.0)(2,8.0)(2,8.0)(2 === cba 
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.6.0)(,7.0)(,8.0)( === cba   

Define fuzzy topology   IXI →=   as follows  

 











































=

=

=

=



=

otherwiseif

if

if

if

if

if

0

,21
3

2

,21
3

2

,2
3

1

,1
2

1

,1,01

)(












 

 

(1)   In     ),( X fuzzy topological spaces with   ,
3

1
0  r    is r-fuzzy Z*-open set form 

1)),(()),(( = rCIrIC 
 

For  ,
3

1
0  r     is not  r-fuzzy e-open set form )).,((( rCIC  

 

(2)   In     ),( X fuzzy topological spaces with   ,
3

1
0  r    is r-fuzzy Z*-open set form 

1)),(()),(( = rCIrIC 
 

For  ,
3

1
0  r     is not  r-fuzzy  -open set form ).),,(()),,(( rrCIrrIC  

 

Example: 3.2
 

Let   cbaX ,,=  and 
XI ,2,1  defined as follows: 

,5.0)(1,4.0)(1,3.0)(1 === cba 
 

,5.0)(2,5.0)(2,6.0)(2 === cba 
 

,4.0)(3,4.0)(3,6.0)(3 === cba   

.4.0)(,4.0)(,6.0)( === cba   
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Define fuzzy topology   IXI →=   as follows  

 











































=

=

=

=



=

otherwiseif

if

if

if

if

if

0

,
2

1

,3
2

1

,2
2

1

,1
2

1

,1,01

)(












 

 

In     ),( X  fuzzy topological spaces with   ,
2

1
0  r    is r-fuzzy e*-open set form 

1)),((( = rCIC 
 

For  ,
3

1
0  r     is not  r-fuzzy Z*-open set form )).,(()),(( rCIrIC    

 

Remark: 3.2  

The following diagram holds for a subset of a space X: 

       Open → -open → semiopen →  -open →  -open 

 

                                                                     Z*-open 

 

 

 -open →a-open →  -preopen →e-open →e*-open  

Proposition: 3.1  

Let ),( X be a fuzzy topological space .Then the r-fuzzy   -closure of a r-fuzzy Z*-open 

fuzzy subset of ),( X  is r-fuzzy  -semiopen.  
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Proof: Let O(X).*Z    Then 

))),,((())),,((()),,(())),,(((),( rrCICrrICCrrCIrrICrC  

=== )),),,((())),,((()),),,((())),,(( rrrCICrrCICrrrCICrrIC 

).),),,((( rrrCIC  Therefore  ),( rC SO(X).  

Lemma: 3.1 

 Let ),( X  be a topological space .Then the following statements are hold. 

 (1) The union of arbitrary r-fuzzy  Z*-open sets is r-fuzzy  Z*-open,  

(2) The intersection of arbitrary r-fuzzy  Z*-closed sets is r-fuzzy  Z*-closed. 

 Proof: (1) It is clear.  

Remark: 3.2  

By the following we show that the intersection of any two r-fuzzy  Z*-open sets is not r-fuzzy  

Z*-open.  

Example: 3.3  

Let   baX ,=  and 
XI2,1,5,4,3,2,1   defined as follows: 

 
,4.0)(1,6.0)(1 == ba 
 

,6.0)(2,3.0)(2 == ba 
 

,8.0)(3,6.0)(3 == ba   

,6.0)(4,4.0)(4 == ba 
 

,2.0)(5,4.0)(5 == ba   

,8.0)(2,4.0)(1 == ba 
 

.6.0)(2,6.0)(1 == ba 
 

Define fuzzy topology   IXI →=   as follows  
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 

 

 






























−=

=



=

.0

211,21,1
2

1

,21,1
2

1

,1,01

)(

otherwiseif

if

if

if







  

 

Since 21  and are 
2

1
-fuzzy Z*-open sets in  ),( X . But 421  =  it is not   

2

1
-fuzzy 

Z*-open sets. 

Definition: 3.2 

 Let ),( X be a topological space. Then:  

(1) The union of all r-fuzzy  Z*-open sets of X contained in   is called the r-fuzzy  Z*-

interior of   and is denoted by  Z*- ),,( rI   

 (2) The intersection of all r-fuzzy  Z*-closed sets of X containing   is called the  r-fuzzy  

Z*-closure of   and is denoted by Z*- ),( rC  . 

Theorem: 3.1  

Let  ,    be two subsets of a fuzzy topological space ),( X . Then the following are hold: 

1) Z*- )),,(( rXC  − = ),,(* rIZX −  

2)  Z*- )),,(( rXI  − = ),,(* rCZX −  

3)  If   , then Z*- ),(-*Z),( rCrC    and Z*- ),(-*Z),( rIrI   , 

4) x Z*- ),( rC   if and only if for each a r-fuzzy Z*-open set U contains x, 

 AU  ,  

5) x Z*- ),( rI  if and only if there exist a r-fuzzy Z*-open set W such that x 

Wx , 

6)     is r-fuzzy Z*-open set if and only if ),(-*Z rI  = ,  

7)   is r-fuzzy Z*-closed set if and only if ),(-*Z rC  = ,  

8) ),(-*Z)),,(-*Z(-*Z rCrrCC  =  and ),(-*Z)),,(-*Z(-*Z rIrrII  = , 

9) ),(-*Z),(-*Z),(-*Z rCrCrC    and             

    ),(-*Z),(-*Z),(-*Z rIrIrI   , 

10) ),(-*Z),(-*Z),(-*Z rIrIrI   and    

   ),(-*Z),(-*Z),(-*Z rCrCrC   .  
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Remark: 3.3  

By the following example we show that the inclusion relation in parts (9) and (10) of 

the above theorem cannot be replaced by equality. 

 Example: 3.4  

Let   baX ,=  and 
XI5,4,3,2,1,5,4,3,2,1   defined as follows: 

 
,4.0)(1,5.0)(1 == ba 
 

,5.0)(2,3.0)(2 == ba 
 

,7.0)(2,5.0)(3 == ba   

,5.0)(4,4.0)(4 == ba 
 

,1.0)(5,4.0)(5 == ba   

,7.0)(1,4.0)(1 == ba 
 

,5.0)(2,5.0)(2 == ba 
 

,1.0)(3,3.0)(3 == ba   

.7.0)(4,1.0)(4 == ba 
 

 

Define fuzzy topology   IXI →=   as follows  

 

 

 






























−=

=



=

.0

211,21,1
2

1

,21,1
2

1

,1,01

)(

otherwiseif

if

if

if







  

1. If  21  and are 
2

1
-fuzzy  1)

2

1
,1(-*  =CZ  , 2

1
-fuzzy  2)

2

1
,2(-*  =CZ      

and 

2

1
-fuzzy  1)

2

1
,21(-* = CZ     , 2

1
-fuzzy   )

2

1
,21(-* CZ     2

1
-fuzzy  

)
2

1
,1(-* CZ  

2

1
-fuzzy  ),

2

1
,2(-* CZ  
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2. If  21  and are 
2

1
-fuzzy  1)

2

1
,1(-*  =CZ  , 2

1
-fuzzy  2)

2

1
,2(-*  =CZ      

and  

2

1
-fuzzy  4)

2

1
,21(-*  =CZ     , 2

1
-fuzzy   )

2

1
,21(-* CZ     2

1
-fuzzy  

)
2

1
,1(-* CZ  

2

1
-fuzzy  ),

2

1
,2(-* CZ  

3. If  43  and      then 7.0)(,3.0)(43 === ba   and hence  
2

1
-fuzzy  

 =)
2

1
,3(-* IZ  , 2

1
-fuzzy  4)

2

1
,4(-*  =IZ      and  

2

1
-fuzzy   )

2

1
,21(-* IZ     2

1
-fuzzy  )

2

1
,3(-* IZ  

2

1
-fuzzy  

).
2

1
,4(-* IZ  

 

Theorem: 3.2  

Let  ,   be two fuzzy subsets of a fuzzy topological space ),( X . Then the following are 

hold:  

(1) ),,(-*Z),()),,((-*Z rCrCrrCC  =   

(2) ),,(-*Z),()),,((-*Z rIrIrrII  =  

Proof: (1) 

),(-*Z),(),(-*Z)),,((-*Z)),,((-*Z rCrCrCrrCCrrCC   . 

The other inclusion, ),(-*Z),(),( rCrCrC     which is r-fuzzy Z*-closed. 

Hence, ),(-*Z),()),,((-*Z rCrCrrCC   . Therefore, 

),(-*Z),())),,(((-*Z rCrCrrCC  = , (2) It is follows from (1).  

Theorem: 3.3  

Let ),( X  be a fuzzy topological space and .X  Then   is a r-fuzzy Z*-open set if and 

only if ).,(),( rPCrSI  =   

Proof: It is clear. 

 Proposition: 3.2 

 Let ),( X  be a topological space and .X  Then   is a r-fuzzy Z*-closed set if and only 

if ).,(),( rPIrSC  = . 
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 Proof: It follows from Theorem 3.3. 

 Proposition: 3.3 Let   be a fuzzy subset of a fuzzy topological space ),( X .Then:  

(1) Z*- =),( rC   ),,(),( rPIrSC    

(2) =),(( rPIPC   ).,(),( rPCrSI    

Lemma: 3.2  

Let   be a subset of a topological space ).,( X Then the following are hold: 

 (1)  =),(( rPIPC   ),),,((),( rrICrPI    

(2) =),(( rPCPI   ).),,((),( rrCIrPC    

Proof: (1) By Lemma 2.2 and Proposition 2.1, =)),,(( rrPIPC   

== ))),,(()),,(((),()),),,(((),( rrICrrICrPIrrrPIICrPI    

).),,((),( rrICrPI    

(3) It follows from (1).   

  

Proposition: 3.4  

Let be a fuzzy subset of a fuzzy topological space ).,( X Then: 

 (1) Z*- =),( rC   ),),,(( rrPCPI     

(2) Z*- =),( rI   ).),,(( rrPIPC    

Proof: (1) By Lemma 3.2, ))),,(()),((()),,(( rrCIrPCrrPCPI  =  

=== ),(),()))),,(((())),((( rSCrPCrrCIrPC   Z*- ).,( rC   

 (2) It follows from (1).  

Theorem: 3.4  

Let   be a fuzzy subset of a fuzzy topological space ).,( X Then the following are 

equivalent:  

(1)   is a r-fuzzy Z*-open set,  

(2) ),),,(( rrPIPC    
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(3) there exists U  PO(X) such that ),,( rUPCU     

(4) ).),,((),( rrPIPCrPC  =   

Proof: (1) →(2). Let   be a r-fuzzy Z*-open set. Then, ),(-I* rZ  =  and by 

Proposition 3.4, )),,(( rrPIPC  =  and hence , ).),,(( rrPIPC    

(3)  → (1). Let ).),,(( rrPIPC   Then by Proposition 3.4, 

),(-I*)),,(( rZrrPIPC  = and hence ),(-I* rZ  =  . Thus   is r-fuzzy 

Z*-open,  

(2) → (3). It follows from putting ),(PI rU = , 

 (3) → (2). Let there exists )(PO XU   such that ),( rUPCU  . Since U , then  

)),,((),( rrPIPCrUPC    therefore )),,((),( rrPIPCrUPC   ,   

(4) (4). It is clear. 

 Theorem: 3.5  

Let   be a fuzzy subset of a fuzzy  topological space ).,( X  Then the following are 

equivalent: 

 (1)   is a r-fuzzy Z*-closed set,  

(2)  )),,(( rrPCPI , 

 (3) there exists ),( rXPCU   such that  UrUPI   ),( , 

 (4) )),,((),( rrPCPIrPI  = .  

Proof: It follows from Theorem 3.4.  

Proposition: 3.5 If   is a r-fuzzy Z*-open fuzzy subset of a fuzzy topological space ),( X

such that  ),( rPC   , then    is r-fuzzy Z*-open. 

4. SOME TOPOLOGICAL OPERATIONS.  

 

Definition: 4.1 

 Let ).,( X  be a fuzzy topological space and  X . Then the r-fuzzy Z*-boundary of   

(briefly, ),-b(* rZ    is defined by )),((-*),(-*),-b(* rXCZrCZrZ  −= .  
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Theorem: 4.1  

If   is a fuzzy subsets of a fuzzy topological space ),( X , then the following statement are 

hold:  

(1) ),-b(* rZ   is r-fuzzy Z*-closed, 

 (2) )),((-*),-b(* rXCZrZ  −= , 

 (3) ),(-*),(-*),-b(* rIZrCZrZ  −= , 

 (4)  = ),(-*),-b(* rIZrZ , 

 (5) ),(-*),(-*),-b(* rCZrIZrZ  = ,  

(6) ),(-*)),,-b(*-b(* rbZrrZZ   , 

 (7) ),(-*)),,(-I*-b(* rbZrrZZ   , 

 (8) ),(-*)),,(-C*-b(* rbZrrZZ   , 

(9) ),(-*)),,(-I* rbZrrZ  −= ,  

(10) r),-b(*),(-*)),(),-b((*  ZrbZrrZ  .  

Proof: (1) It is clear.  

Theorem: 4.2 

 If   is a fuzzy subset of a fuzzy topological space X, then the following statement are hold: 

 (1)   is a r-fuzzy Z*-open set if and only if ,r),-b(*  = Z   

(2)   is a r-fuzzy Z*-closed set if and only if ,r),-b(*  Z , 

 (3)   is a r-fuzzy Z*-clopen set if and only if ,r),-b(*  =Z   .  

Proof: (1) It follows from Theorem 4.1.  

 

 Definition: 4.2 

r),,(-I*r),-Bd(*  ZZ −= is said to be Z*-border of  . 

 Theorem: 4.2 
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 For a fuzzy subset   of a space X, the following statements hold:  

(1) ,r),-Bd(*  Z  for any X , 

 (2) ),(-*),(-I* rBdZrZ  = , 

 (3)  = ),(-*),(-I* rBdZrZ  ,  

(4)   is r-fuzzy Z*-open if and only if  =),(-* rBdZ  , 

 (5)  =)),,(-I*(-* rrZBdZ  ,  

(6)  =)),,-Bd(*(-* rrZIZ ,  

(7) r),,-Bd(*)),,-Bd(*(-*  ZrrZBdZ =  

 (8) r)).,(-(X-C*),-Bd(*  ZrZ = .  

Proof: (6) Let )),,-Bd(*(-* rrZIZx  . Then ),-Bd(* rZx  . Since, 

 ),-Bd(* rZ , then ),(-I*)),,-Bd(*(-* rZrrZIZx   . Hence, 

),-Bd(*),(-* rZrIZx   , which contradicts (3). Thus,  =)),,-Bd(*(-* rrZIZ  , 

(8) )(-C*)))(-C*((),(-I*),-Bd(*  −=−−−=−= XZXZXrZrZ .  

Definition: 4.3 

 Let ),( X  be a topological space and X . Then the set ))(-C*(  −− XZX  is called 

the Z*-exterior of   and is denoted by Z*-ext( r, ). A point Xp  is called a Z*- exterior 

point of  , if it is a Z*-interior point of −X . 

 Theorem: 4.3 

 If   and   are two fuzzy subsets of a fuzzy topological space ),( X , then the following 

statement are hold: 

 (1) ),(-E* rZ   is r-fuzzy Z*-open,  

(2) )(-I*),(-E*  −= XZrZ ,  

(3) )),,(-C*(-I*)),,(-E*(Z-E* rrZZrrZ  = ,  

(4) ),(-E*))),(-E*(Z-(X-E* rZrZ  = , 

 (5) )),,(-E*(-E*Zr),(-I* rrZZ   ,  

(6)  = ),(-b*Zr),(-E* rZ  ,  
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(7) )),((-C*),(-b*Zr),(-E* rXZrZ  −= , 

 (8) ),(-b*Z,r),(-I*{ rZ   and )},(-E* rZ   form a partition of X,  

(9) If   , then ),(-E*Zr),(-E* rZ   ,  

(10) XZ =)(-E*   and  =)(-E* XZ  ,  

(11) ),(-E*),(-E*Z),(-E* rZrrZ   , 

 (12) ),(-E*),(-E*Z),(-E* rZrrZ   ,  

(13) ),(-E*Z),(-E* rrZ   .  

Proof: It follows from Theorems 3.1 and 4.1. 

 Remark: 4.1 

The inclusion relation in parts (11) and (12) of the above theorem cannot be replaced by 

equality as is shown by the following example.  

Example: 4.1  

Let   baX ,=  and 
XI4,3,2,1   defined as follows: 

 
,5.0)(1,4.0)(1,3.0)(1 === cba 
 

,5.0)(2,5.0)(2,6.0)(2 === cba 
 

,4.0)(3,5.0)(3,6.0)(3 === cba   

,4.0)(4,4.0)(4,3.0)(4 === cba 
 

,5.0)(1,7.0)(1,4.0)(1 === cba 
 

.5.0)(2,1.0)(2,4.0)(2 === cba 
 

Define fuzzy topology   IXI →=   as follows  

 

 



























=



=

.0

,4,3,2,1
2

1

,1,01

)(

otherwiseif

if

if





  
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1. If  1 and 2  are 
2

1
-fuzzy  1)

2

1
,1(-E*  =Z  , 2

1
-fuzzy  2)

2

1
,2(-*  =EZ      

and 

2

1
-fuzzy  0)

2

1
,21(-* = EZ     , 2

1
-fuzzy   )

2

1
,21(-* EZ     2

1
-fuzzy  

)
2

1
,1(-* EZ  

2

1
-fuzzy  ),

2

1
,2(-* EZ  

2. If  21  and are 
2

1
-fuzzy  1)

2

1
,1(-*  =EZ  , 2

1
-fuzzy  2)

2

1
,2(-*  =EZ      

and  

2

1
-fuzzy  4)

2

1
,21(-E*  =Z     , 2

1
-fuzzy   )

2

1
,21(-* EZ     2

1
-fuzzy  

)
2

1
,1(-* EZ  

2

1
-fuzzy  ).

2

1
,2(-* EZ  

Definition: 4.4 

Let   be a fuzzy subset of a fuzzy topological space ),( X . Then a point Xp  is called a 

r-fuzzy Z*-limit point of a set X   if every Z*-open set XG   containing p  contains a 

point of   other than p. The set of all r-fuzzy Z*-limit points of   is called a Z*-derived set 

of   and is denoted by ).,(-D* rZ   

Theorem: 4.4  

If   and   are two fuzzy subsets of a fuzzy topological space X, then the following 

statement are hold:  

(1) If   , then ),(-D*),(-D* rZrZ    ,  

(2) ),(-D*),(-D*),(-D* rZrZrZ   , 

(3) ),(-D*),(-D*),(-D* rZrZrZ   ,  

(4)   is a r-fuzzy Z*-closed set if and only if it contains each of its r-fuzzy Z*-limit points,  

(5) ),(-D*),(-C* rZrZ  = .  

Proof: It is clear. 

      

 Definition: 4.5  

A fuzzy subset N of a fuzzy topological space ),( X  is called a r-fuzzy Z*-neighbourhood 

(briefly, Z*-nbd) of a point Xp  if there exists a r-fuzzy Z*-open set W such that 
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NWp  . The class of all r-fuzzy Z*-nbds of Xp  is called the r-fuzzy  Z*-

neighbourhood system of P and denoted by Z*-Np .  

Theorem: 4.5  

A fuzzy subset G of a fuzzy topological space X is r-fuzzy Z*-open if and only if it is  Z*-

nbd, for every fuzzy point Gp .  

Proof: It is clear.  

Theorem: 4.6 

 In a fuzzy topological space ),( X . Let pNZ -*  be the Z*-nbd System of a point ),( X . 

Then the following statement is hold:  

(1) pNZ -*  is not empty and p   belongs to each member of pNZ -* ,  

(2) Each fuzzy superset of members of pN  belongs to pNZ -* , 

 (3) Each member pNZN -*  is a fuzzy superset of a member pNZW -* , where W is 

Z*-nbd of each fuzzy  point Wp .  

Proof: Obvious.  

5. r-Fuzzy Z*-continuous mappings.  

Definition: 5.1  

A function ),(),(:  YXf →  is called r-fuzzy Z*-continuous if )(1 −f  is r-fuzzy Z*-

open in X for each   . 

 Remark: 5.1. Let ),(),(:  YXf →  be mapping from a space ),( X  into a space ),( Y , 

The following hold: 

− continous   

   

                                                    Z*-continous                           e*-continuous 

e-continuous 
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 Now , the following examples show that these implication are not reversible.  

Example: 5.1  

 

Let   cbaYX ,,==  and  
XI2,1    ,3,2

YI ZI5  defined as follows: 

 
,6.0)(1,5.0)(1,4.0)(1 === cba 
 

,4.0)(2,5.0)(2,4.0)(2 === cba 
 

,4.0)(3,5.0)(3,6.0)(3 === cba 
 

,6.0)(4,5.0)(4,4.0)(4 === cba  ,4.0)(5,5.0)(5,6.0)(5 === cba   

 

Define fuzzy topology   IXI →= ,,   as follows  

 































=

=



=

otherwiseif

if

if

if

0

,2
2

1

,1
2

1

,1,01

)(









 
 











































=

=

=

=



=

otherwiseif

if

if

if

if

if

0

,43
2

1

,43
2

1

,4
2

1

,3
2

1

,,1,01

)(












 

 



























=



=

otherwiseif

if

if

0

,5
2

1

,1,01

)( 



  
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Then the  identity mapping  ),(),(:  YXXid →
 
  is 

2

1
-fuzzy  -*Z  continuous but not  

2

1

-fuzzy  -  continuous and  ),(),(:  ZXXid →  is 
2

1
-fuzzy  -*Z  continuous but not  

2

1
-

fuzzy  -e  continuous 

 

 

Example: 5.2  

Let    },{,,, baYcbaX ==  and  
XI3,2,1    

YI6,5,4   defined as 

follows: 

  
,6.0)(1,6.0)(1,3.0)(1 === cba 
 

,6.0)(2,5.0)(2,4.0)(2 === cba 
 

,5.0)(3,5.0)(3,5.0)(3 === cba 
 

,6.0)(4,6.0)(4 == ba 
 

,5.0)(5,5.0)(5 == ba 
 

.4.0)(6,5.0)(6 == ba   

 

Define fuzzy topology   IXI →= ,   as follows  
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 





































=

=

=



=

otherwiseif

if

if

if

if

0

,3
2

1

,2
2

1

,1
2

1

,1,01

)(











 































=

=



=

otherwiseif

if

if

if

0

,5
2

1

,4
2

1

,1,01

)(









  

Then the  identity mapping  ),(),(:  YXXid →
 
  is 

2

1
-fuzzy  -*e  continuous but not  

2

1
-

fuzzy  -*Z  continuous . 

Theorem: 5.1  

Let ),(),(:  YXf →  be a mapping. Then the following statements are equivalent:  

(1) f  is r-fuzzy *Z -continuous.  

(2) For each Xx  and     containing )(Xf , there exists )(* XOZU  containing x  

such that  )(f ,  

(3) The inverse image of each r-fuzzy closed set in Y  is r-fuzzy *Z -closed in X , 

 (4) )),((1)),,(1(()),),,(1(( rCfrrfICrrrfCI 
−−−

, for each Y ,  

(5) )),,(1(())),,(1((),((1 rrfCIrrfICrIf 
−−−

, for each Y ,  

(6) If f   is bijective, then ))),,((())),,((()),(( rrCIfrrICfrfI   , for each 

X ,  

(7) If f   is bijective, then )),(())),,((())),,((( rfCrrICfrrCIf   , for each 

X .  
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Proof: (1)  (2) and (1)  (3) are obvious, 

 (3)  (4). Let  Y , then by (3) )),((1 rCf 
−

 is r-fuzzy  *Z -closed. This means 

 

))),,(1(())),,(1((

)),,(1(()),,(1((),((1

rrfICrrfCI

rrfICrrfCIrCf





−−

−−−

,  

(4)  (5). By replacing −Y  instead of   in (4) ,we have  

)),((1)),),(1(()),),(1(( rYCfrrYfICrrYfCI  −−−−−−
 and therefore

)),,(1(())),,(1((),((1 rrfCIrrfICrIf 
−−−

,  

(5)  (6). Follows directly by replacing   instead of )(1 −f  in (5) and applying the 

bijection of f , 

 (6)→ (7). By complementation of (6) and applying the bijective of f , we have  

)),(()),),((()),),((( rXfCrrXICfrrXCIf  −−−  .We obtain 

the required by replacing   instead of −X ,  

(7) → (1). Let  . But  −= Y , by (7), we have 

 =−−− ),()),(1())),,(1((())),,(1((( rCrffCrrfICfrrfCIf . So 

),(1)),(1)))),,(1(()))),,(1(( rfrfrrfICrrfCI 
−−−−

 is r-fuzzy *Z -

closed and therefore )(*),(1 XOZrf −  . 

 Theorem: 5.2. 

 Let ),(),(:  YXf →  be a mapping. Then the following statements are equivalent:  

(1) f  is *Z -continuous, 

 (2) )),((1)),(1(-C* rCfrfZ 
−−

 , for each Y , 

 (3) )),(()),(-C*( rfCrZf   , for each X , 

 (4) )),((1)),(1(-Bd* rBdfrfZ 
−−

, for each Y ,  

(5) )),(()),(-D*( rfCrZf   , for each X ,  

(6) )),((1-I*)),((1 rfZrIf 
−−

, for each Y ,  
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Proof: (1) → (2). Let Y , )),((1 rCf 
−

 is *Z -closed in X . Then 

)),((1))),((1(-C*)),(1(-C* rCfrCfZrfZ 
−=−−

,  

(2) → (3). Let X , then Yf )(  , by (2), 

).,(-C*))),((1(-C*)),((1 rZrffZrCf  −−
 

Therefore, )).,(-C*())),(((1(f )),(( rZfrfCfrfC  − .  

(3) → (1). Let Y  be open set. Then, −= YF  is closed in Y  and

)(1)(1 −−=− fXFf . 

 Hence, by (3), ),(),()),(1(()),((1-C*( rFrFCrFffCrFfZf =−−
  thus, 

),(1()),((1-C* rFfrFfZ −−
 ,  

So, )(*)),(1()),((1 XCZrfXrFf −−=−   and therefore ).(*),(1 XOZrf −  ,  

(4) → (6). Let Y . Then by (4), 

)),((1),(1)),((1

)),((1),(1(-*)),(1)),((1(-Bd*

rIfrfrIf

rBdfrfIZrfrfZ





−−−=−−

=−−−−=−

  

this implies )),,(1-(*),((1 rfZrIf 
−−

 

(6) → (4). Let Y . Then by (6),  ))),,(1(-(I*),((1 rfZrIf 
−−

we have 

)),,((1)),(1(-Bd*

)),((1),(1)),(1(-(I*),(1

rBdfrfZ

rIfrfrfZrf





−−

−−−−−−

, 

 (1) → (5). It is obvious, since f is Z*-continuous and by (3), 

)),(()),(-(*( rfCrCZf    for each X . So, 

)),((),(-*()),(-(*( rfCrCZfrDZf   . 

 (5) → (1). Let Y  be open set. Then, −= YF  is closed in Y and 

)(1)(1 −−=− fXFf . 

 Hence, by (5), FrFCrFffCrFfDZf =−− ),()),(1(()),(1(-(*(  . Hence, 

),(1)),(1(-(D* FfrFfZ −−
 . By Theorem 4.4, )(1)(1 −−=− fXFf  is Z*-closed in 

X. Therefore, )(1 −f  is Z*-open in X,  
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(1) →  (6). Let Y . Then )),((1 rIf 
−

 is Z*-open in X. Thus, 

)),(1(-I*)),((1(-I*)),((1 rfZrIfZrIf 
−−=−

. Therefore, 

)),((1(-I*)),((1 rfZrIf 
−−

,  

(5) → (1). Let Y  be an open set. Then )),(-*(1)),((1),(1 rIZfrIfrf  −−=−
. 

Hence, )(1 −f  is *Z -open in X . Therefore, f   is Z*-continuous.  
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ŝ ostaks Fuzzy Topology (submitted). 

 [18] Jin Han Park and Bu Young Lee, Fuzzy semi-preopen 422 Fuzzy M* -open sets in 

Sostak’s fuzzy topological spaces — 423/423 sets and fuzzy semi-precontinuous mappings, 

Fuzzy Sets and Systems, 67(1994), 395-364. 

[19] A. Prabhu, A. Vadivel and A. Vijayalakshmi, Fuzzy  e* -Continuous and Fuzzy  e*-open 
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 [23] A. S. ŝ ostak, On a fuzzy topological structure, Rend. Circ. Matem. Palermo Ser. II 

11(1985), 89-103.  

[24] D. Sobana, V. Chandrasekar and A. Vadivel, Fuzzy e-open sets in ŝ ostak’s fuzzy 

topological spaces, Int. J. Pure and Appl. Math., 119(9) (2018), 21-29.  

 [25] A. Vadivel, B. Vijayalakshmi and A. Prabhu, Fuzzy e* - open sets in ŝ ostak’s fuzzy 
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