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ABSTRACT

The aim of this paper is to introduce and study the notion of r-fuzzy Z*-open sets and
r-fuzzy Z*-continuity. Some characterizations of these notions are presented. Also, some
fuzzy topological operations such as: r-fuzzy Z*-boundary, r-fuzzy Z*-border, r-fuzzy Z*-
exterior, r-fuzzy Z*-limit point are introduced.
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INTRODUCTION:

Chang’s fuzzy topology [5] has been extended by S ostak [23] in fuzzy topology and
different level of growths have been made in [12, 13, 20]. Various authors [3, 4, 6, 9, 11]
have developed fuzzy continuity between fuzzy topological space in weaker forms also using
the idea of fuzzy semi-open sets [3], fuzzy regular open sets [3], fuzzy preopen sets, fuzzy
strongly semiopen sets [4], fuzzy y -open sets [11], fuzzy J -semiopen sets [2], fuzzy O -
preopen sets [2], fuzzy semi O -preopen sets [26] and fuzzy e-open sets [22]. In the sense of
Chang [5] fts, Ganguly and Saha [10] developed the idea of fuzzy ¢ -cluster points in fts. In

the sense of S ostak’s fuzzy topological space, Kim and Park [14] developed r-6 -cluster
points and o -closure operators. The weaker forms of fuzzy semi-preopen sets was developed
by Park et al. [18] than any other from of fuzzy semi-open or fuzzy preopen sets. In 2008, the
formations of e-open sets, e*-open sets and a-open sets in topological spaces are due to Erdal
Ekici [[7], [8]]. The same concept developed r-fuzzy topological spaces in [17]. Sobana et al.
[24] defined r-fuzzy e-open and r-fuzzy e-closed sets in a fuzzy topological space in the sense

of § ostak. Vadivel et al. [25] introduced r-fuzzy e*-open and r-fuzzy e*-closed sets in a
fuzzy topological space in the sense of S ostak.

In this paper we discuss the concept of r-fuzzy Z*-open sets and r-fuzzy Z*-continuity.
Some characterizations of these notions are presented. Also, some fuzzy topological

operations such as: r-fuzzy Z*-boundary, r-fuzzy Z*-border, r-fuzzy Z*-exterior, r-fuzzy
Z*-limit point are introduced.
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1. PRELIMINARIES:

Throughout this article, we denote nonempty sets by X,Y etc., / =[0,1] and /g = (0.1]..

Forael, a(x)=a , VxeX Afuzzy point x; for t € /() is an element of 1% such that

t if y isequal to x

xt(y)=
0 if yisnotequalto x.

Let P;(X) denote the set of all fuzzy points in X. A fuzzy point x; € u iff < pu(x).

uel X s quasi-coincident with v, denoted by uquv , if 3x € X such that u(x)+ov(x) > 1.

If 4 is not quasi-coincident with v, we denoted zqu . If A is a subset of X, we define the

characteristic function y 4 on X by

1 if x€A
x(x)= All notations and definitions will be standard in the fuzzy
0 if if =xeA
set theory.

Definition 2.2. [23]

A function 7: 7% — I is called a fuzzy topology on X if it satisfies the following
conditions:

(1) 7(0) = z(1) =1,

(2) t(Vjervi) =2 Ajert(v;), for any {Vi}ier CIX,

(3) 7(vi Av2) =17(v] AVD), forany v1,vn el X,

The pair (X,7) is called a fuzzy topological space or S"ostak’s fuzzy topological space or

smooth topological space (for short, fts, sfts, sts).

Remark 2.3. [21]

Let (X,7) be a fts. Then, forevery r € Iy, 7={v € I 7(v) 2 r} is a Change’s fuzzy
topology on X.
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Theorem 2.4. [21]

Let (X,7) be a sfts. Then for each p e/ X el 0, we define an operator

9

Cr X xIp —> 1% as follows:

Cr(u,r)=n{ve X cuso,r(l-v)>r}..

For p,voel X and r,s € 1(, the operator C, satisfies the following conditions:
(1) C-(0.7) =0,

(2) AC (4,1),

) Cr (4,1 v Cr(u,r) = Cr(AV u,1),

4) C,(A4,r)<Cr(u,s) if r<s,

(5) Cr(Cr(A,r),r) =Cr(u,r).

Theorem 2.5. [21]

Let (X,7) be a sfts. Then for each p e/ X TE 1, we define an operator

X

I xIg — I as follows:

I (u,r)=vive X cu o, (L) =7y,

For el X and r,s € I, the operator C; satisfies the following conditions:
(D IzA,r) =1,

2) A=1:(4,r),

3) Ir () A () = I7 (A A 1,7,

4 1 (A, r)<I (u,s)ifr=s,

) I Uz (A1), r) =1 (A7),

3360 M. Palanisamy et al 3358-3383



Journal of Computational Analysis and Applications VOL. 33,NO. 7, 2024

10.48047/jocaaa.2024.33.07.88
©) Ir (1~ 2,r)=1-Cr(Ar) yoq CrA-Ar) =1-I1(Ar)

Definition 2.6. [17]

A point x of X is called & -cluster pointof A if I-(C,(U,r),r) A A =¢, for everyopen
set U of X containing x. The set of all 6 -cluster point of A iscalled 6 -closure of A
and is denoted OC, (A4).

Definition 2.6. [17]

Aset A is ¢ -closedifand onlyif A =0C;(A,r). The complementofa ¢ -closed set is

said to be & -open [19]. Then 6 -interior of a subset 4 of X is the union of all J -open sets
of X contained in A

Definition 2.8.

X relqp, A is called

b

Let (X,7) be a sfts. Then for each 4 € [
1. r-fuzzy regular open (resp. r-fuzzy regular closed) [ 16] setif A =1,(C;(4,7),7),
(Cr U7 (A,r),r) = A),

2. r-fuzzy a-open (resp. r-fuzzy a-closed) [23] setif A <1 (C;(l(A,r),r),r),
(Cr (U (Cr(A,r),1),r) < A),

3. r-fuzzy «-open (resp. r-fuzzy « -closed) [20] setif A <1 (Cr(I;(A,r),r),r),
(Cr U (Cp(A,r),r),r) < A),

4. r-fuzzy preopen (resp. r-fuzzy preclosed) [20] setif A < 1,(C;(A4,r),r),

(Cr U7 (A,7r),r) <),

5. r-fuzzy ¢ -preopen (resp. r-fuzzy ¢ -preclosed) [24] setif A <1, (6C;(A,7),7),
(Cr (Al (A,r),r) < A),

6. r-fuzzy o -semiopen (resp. r-fuzzy o -preclosed) [26] setif A < C,(d;(A,7),7),
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(]T(é‘cf(ﬂ”r)ar) < /1)7

7. r-fuzzy Z-open (resp. r-fuzzy Z-closed) [17 ] set if
ASCr(ol (A, r),r)v I (Cpr(A,r),r)

(Cz (7 (A,1),r) AN (Cr(4,7),7) < A),

8. r-fuzzy y -open (resp. r-fuzzy y -closed) [24] set if
/I :CT([T(//L’F)JF)VIT(CT()“’F)')’/)

(Ce Uz (A,1),r) A (Cr(4,1),7) < A),

9. r-fuzzy e-open (resp. r-fuzzy e-closed)[24] set if
AL Cr (Ol (A,r),r)Vv I (0C(A,7),7)

(Cr (A (A, 1), )N (OCL (A7), 7)< A),

10. r-fuzzy Z * -open (resp. r-fuzzy Z * -closed) [17] set if
ASCr(Up (A, 1), r)Vv I (OCL(A,1),1)

(Ce Uz (A1), ) AN (6Cr (4,7),1) < 4),
11. r-fuzzy B -open (resp. r-fuzzy S -closed) [1] setif A < Cr (I (Cy(A,7),r),r)
(I (Cz(Cr(4,7),7r),r) < A),
12. r-fuzzy e* -open (resp. r-fuzzy e* -closed) [19] setif A < C, ([ (C;(A,7),7),r)
(I (Cr(Cr(A,7),r),r) < ).

The family of all r-fuzzy regular open (resp. r-fuzzy a-open, r-fuzzy « -open, r -fuzzy
preopen , r-fuzzy o -preopen, r -fuzzy o -semiopen, r -fuzzy Z -open, r -fuzzy y -open, r -
fuzzy e -open, r-fuzzy f -open, r-fuzzye* -open) is denoted by RO(X)(resp. aO(X),
a0(X), PO(X), oPO(X), 65O(X), ZO(X), yO(X), eO(X), PO(X), e*O(X).

Lemma: 2.1 [19]

Let A, 1 be two subsets of (X,7) Then:
(1) A isr-fuzzy o0 -openifand only if A=1,(4,7) ,
2)X-017(A,r) =0C(X\(A,r))and I (X \(4,r)=X-01,(4,r),

3)1(A4,r) <6C(4,r) (resp. 0 1,(A,r) <I;(A4,r))), for any subset 4 of X,

3362 M. Palanisamy et al 3358-3383



Journal of Computational Analysis and Applications VOL. 33,NO. 7, 2024

10.48047/jocaaa.2024.33.07.88
4 0-Co(Avur)=0-Co(Ar)vo-Cr(u,r),
o0-1;(Avur)y=0-1(4,r)vo-1,(ur),

Definition: 2.1

A function f:(X,7) > (Y,0) iscalled r-fuzzy o -continuous [12] (resp. r -fuzzy pre-

continuous [11], r-fuzzy y -continuous [7], r -fuzzy e-continuous [6], r-fuzzy e* -
continuous [19]) if f -1 (A)is r-fuzzy «a-open (resp. r-fuzzy pre open, r-fuzzy y -, r-

fuzzy e-open, r-fuzzy e* -open)in [ X for each A).

3. r-fuzzy Z*-open sets and r-fuzzy Z*-closed
Definition: 3.1

A subset 1 of a topological space (X,7) is said to be:

(1) r-fuzzy Z*-open if A< Cr(I;(A,r))Vv I (0C,(A,r)),
(2) r-fuzzy Z*-closed if 1 (C(A,7r)) AC, (7 (A,r)) < A.

The family of all r-fuzzy Z*-open (resp. r-fuzzy Z*-closed) fuzzy subsets of a fuzzy
topological space (X,7) will be as always denoted by Z*O(X) (resp. Z*C(X)).

Remark: 3.1

The following holds for a fuzzy topological space (X,7) .

(1) Every r-fuzzy y -open (resp. e-open) set is r-fuzzy Z*-open,
(2) Every r-fuzzy Z*-open set is r-fuzzy e*-open.

But the converse of the a bovine are not necessarily true in general as shown by the following
examples.

Example: 3.1

X
Let X ={a,b,cf and H1>H2,0 €17 4efined as follows:

U1 (a)=0.3,11(b)=0.2, 41(c)=0.7,

M2 (a)=0.8,ur(b)=0.8,u2(c) =04,
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v(a)=0.8,0v(b)=0.7,0(c) =0.6.

Define fuzzy topology 7 =1 X 51 asfollows

(172 < {0.1}, ]

1

—ifA =

2f V25

1 .

gfﬂv = A2
T(ﬂ,)=< > -

A =40 v 2,

N W

gifﬂ = L] AN 2,
| OZf - otherwise

)

(1) In (X,7)fuzzy topological spaces with 0<r < %, v is r-fuzzy Z*-open set form

A< Co(Ip(ar)V 11 (8C (Ar) =1

For O0<r< %, v isnot r-fuzzy e-open set form A # C, (I (0C;(4,r)).

(2) In (X,7)fuzzy topological spaces with 0 <r < %, v is r-fuzzy Z*-open set form

ASC (U (A, ) VI (Cr(A, 1) =1
For 0<r< %, v isnot r-fuzzy y-open set form A # C,(I(A,7),r)v I (Cr(4,r),r).

Example: 3.2

X
Let X ={a,b,c} and M1 12,7 €17 defined as follows:

H1(a)=0.3,u1(b)=0.4, 11(c)=0.5,
Ho(a)=0.6,ur(b)=0.5,u3(c)=0.5,
u13(a)=0.6,u3(b) =0.4, u3(c) = 0.4,

y(a)=0.6,7(b)=0.4,7(c) =0.4.
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Define fuzzy topology 7 =1 X 51 asfollows

~

(172 = {0.1},

1

—ifAA =

> L] 250

1 .

Elffl = M2,

T(ﬂy) — S 1 -

—ifa = ,

S YA =13
lij‘ﬂ, =0

2 >
| Oif - otherwise]

In (X,7) fuzzy topological spaces with 0 <r < %, y is r-fuzzy e*-open set form

A< Cr(I(6Cr(4,1) =1

For O0<r< %, y isnot r-fuzzy Z*-open set form A # C, (L7 (A,7))Vv I (6C,(A,r)).

Remark: 3.2
The following diagram holds for a subset of a space X:
Open —> a -open —> semiopen —> y -open —> [ -open

A A l

Z*-open

v

0 -open —> a-open —> O -preopen —> e-open —> e*-open
Proposition: 3.1

Let (X,7)be a fuzzy topological space .Then the r-fuzzy o -closure of a r-fuzzy Z*-open
fuzzy subset of (X,7) is r-fuzzy o -semiopen.
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Proof: Let 1 <Z >l<O(X). Then

OC (A, 1)< (CrUr (A, 1), r)V I (0Cr(A,7),r) SOC(Cr (I (A,7),1)) v OC(1(C1(A,7),7))
SOC (U (A1), r))vOC (LI (OCr(A,1),1),r)=0C (I (0Cr(A,7),7)) = OC (I (6C,(A,7),r), 1) =
Cr (0ol (Cr(A,r),r),r). Therefore oC;(A,r) € 6 SO(X).

Lemma: 3.1

Let (X,7) be a topological space .Then the following statements are hold.
(1) The union of arbitrary r-fuzzy Z*-open sets is r-fuzzy Z*-open,

(2) The intersection of arbitrary r-fuzzy Z*-closed sets is r-fuzzy Z*-closed.
Proof: (1) It is clear.

Remark: 3.2

By the following we show that the intersection of any two r-fuzzy Z*-open sets is not r-fuzzy
Z*-open.

Example: 3.3
Let X ={a,b} and gy, 2, 43 14, 571,72 € 1™ efined as follows:
H1(a) =0.6,u1(b) = 0.4,
m2(a)=0.3, 12 (b) = 0.6,
m13(a)=0.6,13(b)=0.8,
H4(a) =0.4, 14(b) = 0.6,
us(a)=0.4,u5(0)=0.2,
71(a)=0.4,72(b) = 0.8,

71(a)=0.6,77(b) = 0.6.

Define fuzzy topology 7 =1 X 57 as follows
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(174 = 10,1}, ]

%ifﬂ = {ﬂl,ﬂl VoD }

1.
Elffl = {u1,u1 A 21— 1 /\,uz}

| Oif - otherwise.

J

Since yjandy) are %-fuzzy Z*-open sets in (X,7). But y1 Ayp = ug itis not %-fuzzy

Z*-open sets.

Definition: 3.2

Let (X, A)be a topological space. Then:

(1) The union of all r-fuzzy Z*-open sets of X contained in A is called the r-fuzzy Z*-
interior of 4 and is denoted by Z*- 71 (A, 7),

(2) The intersection of all r-fuzzy Z*-closed sets of X containing A is called the r-fuzzy
Z*-closure of A and is denoted by Z*- C,(4,r).

Theorem: 3.1
Let A, u be two subsets of a fuzzy topological space (X,7) Then the following are hold:
1) Z*-Cp (X = (A,r),= X =Z*1(4,r),
2) Z*1,(X-(4,r),= X-Z*C;(4,r),
3) f A<y, thenZ*-Cr(A,r) S Z*-Cp(u,r) and Z*- 1 (A, r) < Z*-1,(u,r),
4) x €Z*-C;(A,r) if and only if for each a r-fuzzy Z*-open set U contains X,
UnAd#¢ ,
5) x €Z*-1;(A,r)if and only if there exist a r-fuzzy Z*-open set W such that x
xeW<Ai,
6) A isr-fuzzy Z*-open setifand only if A =Z2*-1.(4,r),
7) A isr-fuzzy Z*-closed set if and only if A =Z*-C,(4,r),
8) Z*-Cr(L*-C;(A,r),r)=Z2%-Cr(A,r) and Z*-1(Z*-1 (A, 7r),r)=Z*-1(A,1),
9) Z*-Cr(A,r)vZ*-Cr(u,r)<L*-Cr(AV u,r) and

2¥-1 (A, r)vZ*-1 (u,r)<Z*-1.(AV u,r),

10) Z*-I;(AAp,r) < Z*-1 (A, r) NZ*-1(u,r)and

2*-Cr(ANpu,r) S Z*-Cr(A,r)NL*-Cr(u,r).
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Remark: 3.3

By the following example we show that the inclusion relation in parts (9) and (10) of
the above theorem cannot be replaced by equality.

Example: 3.4
Let X ={a.b} and 41,42 43,24 A5 1. 12 13- 14445 € 1 goined as follows:
A (a)=0.5,41(b) =04,
A2(a)=0.3,12(b)=0.5,
A3(a)=0.5,1(b)=0.7,
A4(a)=0.4,44(b)=0.5,
A5(a)=0.4,A5(b) = 0.1,
w1(@) = 0.4, 4 (b) = 0.7,
u2(a)=0.5, 12 (b) =0.5,
u3(a)=0.3, u3(b) =0.1,

Ha(a)=0.1,u4(b)=0.7.

Define fuzzy topology 7 =1 X 51 asfollows

(174 = 10,1},

1 .
Elf/l = {ul,,ul N2 }
’Z‘(ﬂ/) = < \

1 .
Elfﬂ = {,ul,ul A 2,1 — 10 /\uz}

| OZf - otherwise.

J

1. If pjanduy are %-fuzzy Z*-CT(,ul,%) = U] %-fuzzy Z*-Cr(yz,%) =

and

%-fuzzy Z*-Cr(ulvw,%):l %-fuzzy Z*-Cr(mvw,%)i %-fuzzy

1.1 1
Z*'Cr(#li)v E-fuzzy Z*-Cr(#z,a),
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2. If wandp) are %-fuzzy Z*-Cr (u1,%) =M %-fuzzy Z*-Cr (uz,%) =2
and
1 1 1 1 1
E-fuzzy Z*-Cr (g A 12,5) = A4 E-fuzzy Z*-Cr (g A H2:3)# E-fuzzy
1 1 1
Z*'CT(/ULE)/\ E-fuzzy Z*-Cf(ﬂz,g),

3. If pzandug  then p3z v pgq = p(a)=0.3, u(b) = 0.7 and hence %-fuzzy

1 1 1
Z*'Ir(ﬂ3a5) =9 E-fuzzy Z*-lr(ﬂ4,5) = M4 and

%—fuzzy Z*-IT(,ulvyz,%);t %—fuzzy Z*-IT(y3,%)v %—fuzzy

1
Z*-Ir(u4,5)-

Theorem: 3.2

Let 1, ubetwo fuzzy subsets of a fuzzy topological space (X, 7). Then the following are
hold:

(1) Z*_CT(CT(ZV/U:F)»”) = CT(ZJ')VZ*'CT(A’F),
2) Z*-1; (U (AApu,1), 1) =1 (A, r)NL*-17(A,7),

Proof: (1)

2*-Cr(Cr(A,r),r)v u 2 Z*-C(Cr(A,1),r)v LZ*-Cr(u,r) 2 C (A, r)v Z*-Cr(u,r).
The other inclusion, C7(A,7)v u < Cp(A,r)v Z*-Cr(u,r) which is r-fuzzy Z*-closed.
Hence, Z*-C,(C(A,7),r)v u < Cz(A,r)v Z*-Cr(u,r). Therefore,

2¥-Cr((Cr (A1), r)v 1) =Cr(A,r)vZ*-Cr(p,7), (2) It is follows from (1).
Theorem: 3.3

Let (X,7) be a fuzzy topological space and A < X. Then A is a r-fuzzy Z*-open set if and
only if A =S8I;(4,r)v oPC,(A,r).

Proof: It is clear.
Proposition: 3.2

Let (X,7) be a topological space and A < X. Then A is a r-fuzzy Z*-closed set if and only
it A=8C;(A,r)AOPI;(A,7)..
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Proof: It follows from Theorem 3.3.

Proposition: 3.3 Let 4 be a fuzzy subset of a fuzzy topological space (X, 4) Then:
(1) Z*- C;(A,r)= SC;(A,r) AOPI;(4,r),

(2) PCL (0PI (A,r)= SI;(A,r) AOPCL(A,r).

Lemma: 3.2

Let A be a subset of a topological space (X, A).Then the following are hold:
(1) PC;(OPI;(A,r)= OPl; (A, r)v Cr(I;(A,r),r),
(2) PI;(0PC,(A,r)= OPCL(A,r) AN (Cr(A,7),7).

Proof: (1) By Lemma 2.2 and Proposition 2.1, PC (0PI (A,7),r) =
OPL (A, r)v Cr (I (0Pl (A,7),1),1r) =Pl (A, )V (Cr (I (A, 1), r) NSCr (U (A,7),7)) =

OPL (A, r)v Cr (I (A,r),7).

(3) It follows from (1).

Proposition: 3.4

Let A be a fuzzy subset of a fuzzy topological space (X,7). Then:

(1) Z*- Cr(A,r)= AV Pl (OPC,(A,r),r),

(2) Z2*- 1, (A,r)= AAPCL(OPl;(A,r),r).

Proof: (1) By Lemma 3.2, Av Pl (6PC;(A,r),r) = AV ((OPCr (A, 1)) A (Cr(A,7),7))
=(AV(OPCL (A, )ALV U (Cr(A,7),1)) =0PCr (A, r)ASCL(A,r) = Z*- C(A,r1).
(2) 1t follows from (1).

Theorem: 3.4

Let 4 be a fuzzy subset of a fuzzy topological space (X, A).Then the following are

equivalent:
(1) 4 is ar-fuzzy Z*-open set,

(2) A< PC,(SPI;(A,r),r),
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(3) there exists U € 6 PO(X) such that U <A < PC,(U,r),

(4) PC;(A,r) = PCy(SPI;(A,r),r).

Proof: (1) —(2). Let A be ar-fuzzy Z*-open set. Then, A = Z *-1,(A,r) and by
Proposition 3.4, A = A A PC; (0PI (A,r),r) and hence , A < PC (0PI (A,r),r).

(3) — (1). Let A < PC;(6PI;(A,r),r). Then by Proposition 3.4,
ASAANPCL(OPl;(A,r),r)=Z*-1;(A,r)and hence A =Z*-1.(A,r) . Thus 4 is r-fuzzy

Z*-open,
(2) = (3). It follows from putting U = 6Pl (4,r),

(3) = (2). Let there exists U € 0PO(X) such that U < PC,(U,r). Since U < 4, then
PC,(U,r) < PC (0PI (A,r),r) therefore A < PC,(U,r)< PC;(OPI;(A,r),r),

(4) <>(4). 1t is clear.
Theorem: 3.5

Let 4 be a fuzzy subset of a fuzzy topological space (X,7). Then the following are

equivalent:

(1) 4 is ar-fuzzy Z*-closed set,

(2) OPI(PC;(A,r),r)< A,

(3) there exists U € SPC(X,r) suchthat Pl (U,r)<A<U,
(4) Pl (A,r)= Pl (6PC,(A,r),r).

Proof: It follows from Theorem 3.4.

Proposition: 3.5 If 1 is a r-fuzzy Z*-open fuzzy subset of a fuzzy topological space (X, 1)
such that A < u < PC;(A,r),then u isr-fuzzy Z*-open.

4. SOME TOPOLOGICAL OPERATIONS.

Definition: 4.1

Let (X,7). be a fuzzy topological space and A < X . Then the r-fuzzy Z*-boundary of 1
(briefly, Z *-b(A,r) is defined by Z*-b(4,r)=Z*-Cr (A, r) NZ*-C(X —(4,1)).
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Theorem: 4.1

If 1 is a fuzzy subsets of a fuzzy topological space (X,7), then the following statement are
hold:

(1) Z*-b(4,r) is r-fuzzy Z*-closed,

(2) Z*-b(A,r)=Z*-C(X —(4,1)),

(3) Z*-b(A,r)=Z*-C (A, r)=Z*-1;(4,r),

4) Z*-bA,r)AZ*-1 (A, 1)=¢,

(5) Z*-b(A,r)ANZ*-I1 (A, r)=2Z%-C(A,7),

(6) Z*-b(Z*-b(A,r),r)<Z*-b(A,r),

(7) Z*-b(Z*-1;(A,r),r) S Z*-b(A,r),

(8) Z*-b(Z*-C,(A,r),r) < Z*-b(4,r),

) Z*-1.(A,r),r)=A—-Z*-b(A,r),

(10) Z*-b((A,r) A(u,r)) < Z*-b(A,r)Vv Z *-b(u,1).

Proof: (1) It is clear.

Theorem: 4.2

If A is a fuzzy subset of a fuzzy topological space X, then the following statement are hold:
(1) A is ar-fuzzy Z*-open set if and only if A A Z *-b(4,1) = ¢,
(2) A is ar-fuzzy Z*-closed set if and only if Z *-b(A,1) < A4,,
(3) A is ar-fuzzy Z*-clopen set if and only if Z *-b(A,1)=¢, .

Proof: (1) It follows from Theorem 4.1.

Definition: 4.2
Z*-Bd(A,r) = A—Z*-1;(A,1),1s said to be Z*-border of 1.

Theorem: 4.2
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For a fuzzy subset A4 of a space X, the following statements hold:

(1) Z*-Bd(A,r) < A, forany 1< X,

Q) A=Z*-1.(Ar)vZ*-Bd(A,r),

(3) Z*-1.(A,r)AZ*-Bd(A,r)=¢ ,

(4) A is r-fuzzy Z*-open if and only if Z*-Bd(A,r)=¢ ,
(5) Z*-Bd(Z*-1;(A,r).r)=¢ ,

(6) Z*-I.(Z*-Bd(A,r),r) =4,

(7) Z*-Bd(Z *-Bd(A,r),r) = Z *-Bd(A,r),

(8) Z*-Bd(A,r) = AAZ*-Cp(X-(A,1))..

Proof: (6) Let x € Z*-1,(Z*-Bd(A,r),r). Then x € Z*-Bd(4,r). Since,

Z*-Bd(A,r)< A, then x e Z*-1.(Z*-Bd(A,r),r) < Z*-1(A,r). Hence,
xeZ*-1:(A,r)AZ*-Bd(A,r), which contradicts (3). Thus, Z *-1,(Z*-Bd(4,r),r)=¢ ,
8) Z*-Bd(A,r)=A—-Z*-1;(A,r)=A—-(X—(Z*-C, (X -AD))=AAZ*-C (X -1).

Definition: 4.3

Let (X,7) be a topological space and A < X . Then the set X —(Z*-C,(X —A)) is called

the Z*-exterior of 4 and is denoted by Z*-ext(A,7). A point p € X is called a Z*- exterior
point of 4, if'it is a Z*-interior point of X — 4.

Theorem: 4.3

If 2 and p are two fuzzy subsets of a fuzzy topological space (X,7), then the following

statement are hold:

(1) Z*-E;(A,r) is r-fuzzy Z*-open,

2) Z*-E;(A,r)=Z*-1.(X-1),

3) Z*-E(Z*-Ef (A, 1), r)=Z*-1.(Z*-C(A,r),7),
(4) Z*-Er(X-(Z*-E¢(L.1) = Z*-E¢ (A1),

(5) Z*-1; (A1) < Z*-E(Z*-E(4,7),7),

(6) Z*-EL (A, 1)AZ*-b(A,r)=¢ ,
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(7) Z*-Ef (A, 1) v Z*-b(A,r)=Z*-C(X —(4,1)),

(8) {Z*-1;(A,r),Z*-b(A,r) and Z*-E,(A,r)} form a partition of X,
I A< u,then Z*-E (u,1)<Z*-E;(A,7),

(10) Z*-E(¢)= X and Z*-E;(X)= ¢,

(11) Z*-Ef(Av u,r) < Z*-Ep (A, r)v Z*-E;(u,r),

(12) Z*-E(AAu,r)2Z*-E (A, r)ANZ*-E(u,7),

(13) Z*-Ef(Av u,r)<Z*-E(AApu,r).

Proof: It follows from Theorems 3.1 and 4.1.

Remark: 4.1

The inclusion relation in parts (11) and (12) of the above theorem cannot be replaced by
equality as is shown by the following example.

Example: 4.1

Let X = {a,b} and 41,42 43 A4 e X defined as follows:
A (a)=0.3,21(h)=0.4,21(c) =0.5,
A2(a)=0.6,17(b)=0.5,42(c)=0.5,

A3(a) =0.6,43(b) =0.5,13(c) = 0.4,

A4(a) =0.3,24(b) =0.4,44(c) = 0.4,
H1(a)=0.4,11(b)=0.7, u1(c) = 0.5,

12(a)=0.4,up(b)=0.1, up(c) = 0.5.
Define fuzzy topology 7=1 X 57 as follows
(14 < {0.1},

7(A) = - %iffl = {/11,/12,/13,/14 }

Oif - otherwise.

~
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1. If gpand up are %-fuzzy Z*-Er(yl,%) =M %-fuzzy Z*-ET(,uz,%) =)
and

l-fuzzy Z*-E¢(u v uz,l) =0 l-fuzzy Z*-E¢ (v #2,1) # l-fuzzy
2 277 02 2 2
1 1 1
Z*-Er(u,-)v —-fuzzy Z*-Er(up,-),
2 2 2
1 1 1 1
2. If wanduy are E-fuzzy Z*-E; (,ul,z) = U] E-fuzzy Z*-E; (/12,5) =)

and

%-fuzzy Z*-Ez (1 /\/Jz,%) =4 %-fuZZy Z*-Er (1 /\ﬂz,%) # %-fuzzy
1. 1 1
Z*'ET(/JLE)/\ E-fuzzy Z*'ET(/Q,E)-

Definition: 4.4

Let A4 be a fuzzy subset of a fuzzy topological space (X, 7). Then a point p € X is called a
r-fuzzy Z*-limit point of a set 4 < X if every Z*-open set G < X containing p contains a
point of A other than p. The set of all r-fuzzy Z*-limit points of A is called a Z*-derived set
of A and is denoted by Z *-D(4,r).

Theorem: 4.4

If 4 and p are two fuzzy subsets of a fuzzy topological space X, then the following
statement are hold:

(DIf A< u,then Z*-D, (A, r)<Z*-Dy(u,r) ,

(2) Z*-Dg(A,r)v Z*-Dy(u,r) S Z*-D(Av p,r)

B) Z*-Dy(AAu,r)<Z*-Dp(A,r)ANZ*-D(u,r),

(4) 4 is ar-fuzzy Z*-closed set if and only if it contains each of its r-fuzzy Z*-limit points,
(5) Z2*-Cr(A,r)=AVZ*-D(A,r).

Proof: It is clear.

Definition: 4.5

A fuzzy subset N of a fuzzy topological space (X,7) is called a r-fuzzy Z*-neighbourhood
(briefly, Z*-nbd) of a point p e X if there exists a r-fuzzy Z*-open set W such that
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peW <N. The class of all r-fuzzy Z*-nbds of pe X is called the r-fuzzy Z*-

neighbourhood system of P and denoted by Z*-Np .
Theorem: 4.5

A fuzzy subset G of a fuzzy topological space X is r-fuzzy Z*-open if and only if it is Z*-
nbd, for every fuzzy point p e G .

Proof: It is clear.
Theorem: 4.6

In a fuzzy topological space (X,7). Let Z*-N p be the Z*-nbd System of a point (X,7).
Then the following statement is hold:

(1) z* -Np is not empty and p belongs to each member of Z * —Np ,
(2) Each fuzzy superset of members of N p belongs to Z*-N,,

(3) Each member N € Z *-N p is a fuzzy superset of a member W € Z *-N po where W is
Z*-nbd of each fuzzy pointp e W .

Proof: Obvious.

5. r-Fuzzy Z*-continuous mappings.

Definition: 5.1

A function f :(X,7) = (Y,0) is called r-fuzzy Z*-continuous if f -1 (y) is r-fuzzy Z*-

open in X for each y € o .

Remark: 5.1. Let f :(X,7) > (Y¥,0) be mapping from a space (X,7) into a space (¥,0),
The following hold:

y —continous

Z*-continous ——» e*-continuous

/

e-continuous
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Now , the following examples show that these implication are not reversible.

Example: 5.1

Let X=Y = {a,b,c} and 41, 1o eIX MO, 13 eIY, U5 € IZ defined as follows:
H1(a) =0.4, 111 (b) = 0.5, 11 (c) = 0.6,

u2(a) =04, 12 (b)=0.5, up(c) =04,

u3(a)=0.6,u3(b) =0.5, u3(c) = 0.4,

Ha(a)=0.4, 1uq(b)=0.5,u4(c) =0.6, us5(a) =0.6, u5(b) = 0.5, us5(c) = 0.4,

Define fuzzy topology r7,0,n=1 X — I as follows
(172 < 0,1},

1
—if =
2f V25

~

z(A) =< N
—ifA =
2lf V2508

| Oif - otherwise|

(12 = {0.1},,
1
> 72 A3
|
Elf/l = 44
o(A) =+ | >
Eifﬂ = 3 14,
1.
Elfﬂ = 43 N 4,
| Oif - otherwise

1i/4 = {0,1},

1.
77(A) =4 5 UA = w5,

Oif - otherwise
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Then the identity mapping id y :(X,7) > (Y,0) 1is %-fuzzy Z *- continuous but not %

. .1 ) 1
-fuzzy y - continuous and id y :(X,7) > (Z,n) is 5 -fuzzy Z *- continuous but not 5"

fuzzy e- continuous

Example: 5.2

X Y
Let X:{a,b,c},Y:{a,b} and g, up,u3 €l M4, 15 He el defined as

follows:

m1(a)=0.3, 11 (b) = 0.6, 1 (c) = 0.6,
u2(a)=0.4, 1 () =0.5, up (c) = 0.6,
u3(a)=0.5,u3(b) =0.5, u3(c) =0.5,
H4(a) = 0.6, 114(b) = 0.6,
us(a)=0.5,u5()=0.5,

He(a)=0.5, ug(b)=0.4.

Define fuzzy topology 7,0=1 X as follows
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z(A) =<

o) =<

(1i/4 = {0.1},

1
—ifA =
2f 250

1
—ifA =
2f A3

| OZf - otherwise|
(1i/2 < {0.1},
1
—IifA =
> - 14,

1
—ifA =
2f A5,

1
— i fA = L
if A2

| Oif" - otherwise)
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Then the identity mapping id y :(X,7) > (Y,0) 1is %—fuzzy e * - continuous but not %—

fuzzy Z *- continuous .

Theorem: 5.1

Let f:(X,7) = (Y,0) be a mapping. Then the following statements are equivalent:

(1) f isr-fuzzy Z *-continuous.

(2) Foreach x € X and y € o containing f(X), there exists U € Z * O(X) containing x
such that f(w) <y,

(3) The inverse image of each r-fuzzy closed set in Y is r-fuzzy Z *-closed in X,

@ I (Co(f T ) ACr (@ (f TN uarr) < £ 7HCr ()., foreach u< Y,

) SN (o) < Co (L (T ), ) v 1 (8 (f 7 (), )., for each p<Y

(6) If f 1isbijective, then I (f(4,7)) < f(Cr (U (A7), 1))V f(U(6C;(u,7),7)), for each

A<X,

(7)If f 1isbijective, then f(I(Cr(A,7),r) A f(Cr (O (A,7),r)) < Cr(f(4,r)), for each

A<X.
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Proof: (1) <> (2) and (1) <> (3) are obvious,

(3) <> (4). Let u <Y, thenby(3) f_1 (Cz(u,7)) isr-fuzzy Z*-closed. This means

SN () 2 1o (7 )y A Cr @ (F 7 ) r)
> 1 (Co (f 7 ) m) A Cr (T (7 (7))

(4) <> (5). By replacing Y — y instead of x in (4) ,we have

I(Cr (7 W = ). A CL (@ (7 ¥ = ). < £ 7HC, (F = po),r) and therefore

U () < Coe (7 ) ) v 160 (F N,

(5) <> (6). Follows directly by replacing A instead of f -1 (4) in (5) and applying the
bijection of f,

(6) > (7). By complementation of (6) and applying the bijective of f, we have

JU(Cr(X=A),r),r)AN f(Cr(Ol (X =A),r),r) <C(f(X —A),r) .We obtain
the required by replacing A instead of X — 1,

(7) = (1). Let ve o. But @ =Y —v, by (7), we have
FUCr (N @) A FC (S (f @r),m) < Co(fF ) < Cr(@r) = . So
1:(Cr (@A Cr @ (f N, < @) = i @,r) is rfuzzy 2
closed and therefore £ (v,r) € Z * O(X).

Theorem: 5.2.

Let f:(X,7) = (Y,0) be a mapping. Then the following statements are equivalent:

(1) f is Z*-continuous,

) Z*-Co(f ) < f7HC (ur)) |, foreach u <Y,

() f(Z*-Cp(u, 7)) < Cr(f(u,7)) , for each 1 < X',

@) Z*Bdy(f " (wr) < £ 1B (1.r)), foreach u<Y,

(5) f(Z*-Ds(4,r)<C;(f(A,r)), foreach 1 <X,

©) f NI () < Z %1, T (ur)), for cach <Y,
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Proof: (1) — (2). Let #<Y, £ N(C,(u,r)) is Z*-closed in X . Then
7*Co(f Ny <zxCo (N Cr(urm = 17N Cr (),

(2) = (3). Let A< X, then f(1)<Y ,by(2),

S C 2z Co (T ) 2 Z%-Co (A0,

Therefore, C(f(A,7) = £(f N Cy (F(A,r)) 2 F(Z*-Cp(A,1))..

(3) > (1). Let @ <Y be open set. Then, F =Y —w is closed in Y and

@ =x- ).

Hence, by (3), f(Z*-C,f N (F,1) < Cp (f(f~NF, 1) <Co(F,r) = (F,r) thus,

zxCo N F < E,

So, /1 YN(F,m) = X —(fN(@,r) e Z*C(X) and therefore [~ L(w,r) e Z*O(X).,
(4) — (6). Let £ <Y . Then by (4),

7Bl (f ) = £ ) - 251 (T ey < 7N B () =
VTR 0TS T 0TS B A A 7R)

this implies f‘1 I (u,r)<Z*-(f _l(ﬂ, r),

(6) — (4). Let 4 <Y .Thenby (6), f \(I;(u,r) < Z*-(1(f N(1,7))), we have
S -z < 7 ) - N ()

= 7*Bd, (f ) < £V Bd (),

(1) — (5). It is obvious, since f'is Z*-continuous and by (3),
f(Z*-(Cq(u,r)) < Cz(f(A,r)) foreach 1 <X . So,

F(Z*-(Dp(u,r) < f(Z*-Cp(A,r) < Cr (f(4,r)).
(5) > (1). Let v <Y be open set. Then, /' =Y —v isclosed in Y and

i =x-rw.

Hence, by (3), f(Z *(Dz(f " (F,m) < Co(f(f T (F.r) < Co(F.r) = F . Hence,
Z*- (D, (fNF,1) < f7U(F),. By Theorem 4.4, £~V (F)= X — 71 (v) is Z*-closed in

X. Therefore, f -1 (v) 1s Z*-open in X,
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(1) > (6). Let £ <Y .Then f_l (I (u,r)) is Z*-open in X. Thus,
-1 -1 -1
S Uy =251 (7 U () < 251 ( 7 () - Therefore,

SNy <251 (),

(5) — (1). Let 1 <Y be an open set. Then f_1 (v,r) = f_l(]T (v,r) < f_l(Z*-IT (v,7)).

Hence, f -1 (v) i1s Z*-open in X . Therefore, f is Z*-continuous.
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