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ABSTRACT
Let h: P —» Q is a Function, where P is a Group with respectto multiplication and Q be

an Abelian Group with respect to addition. In this article, the mth Order Cauchy Difference
Equation

h m™AP1,p2 ,p3, ... pm-1) = A(Cm+1 (T2 pj))

ATt pj)) + -+ D)mACC1TT™' pj)), YP1, P2, -, Pm+1 € P

j=1 j=1

is discussed, where h(Cr([;Lﬂll pj)) as function of combination r at a time from m objects.

we find solutions of D(M)h = 0 in Free Monoid.
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INTRODUCTION
From [1] we konw that Jenson’s Equation
h(p + q) + h(p - q) = Zh(p) (1.1)

along h(0) = 0, equal to Cauchy’s (Functional) Difference Equation h(p + q) = h(p) + h(q) in R.
Lete € P and 0 € Q are identity.
For h: P—Q, Cauchy Difference Dh, defined by

DOh = h, (1.2)

DWh(b1,b2) = h(b1b2) - h(b1) - h(b2) (1.3)

D(®+Dh(b1,b2,...,bn+2) = DMh(b1,b2,b3...,bn+2)

-Dh(b1,b3,...,bn+2) - DMh(b2,b3,...,bn+2) (1.4)

where D(Wh denoted as Dh. In [20, 21, 10], General Solution of 2rd and 3rdorder CDE discussed
in Free Groups.
In this article, Consider (functional) Cauchy Difference Equation: A2(Cm+1([T™! pj)) =,

ACm (T pj)) + -+ (-DACLTT™* p)) =0 (1.5)

j=1 J=1

= from (1.4) that (1.5) equals Dh = 0.The solution of equation (1.5) define
KerDM™(P,Q) = {h : P — QJh satisfies (1.5)} (1.6)

Remark 1

1. KerDm)(P, Q) is Abelian Group under Addition;
2. Hom(P, Q) < KerD™(P, Q)

2. Properties of Solution for mth Order CDE
Lemma 1 Suppose h € KerD™(P, Q). Then

h(e) = 0, (2.1)
Dh(b1,b2) = O, when b1 =eorb2 =e (2.2)
D®@h(b1,b2,b3) = O, when b1 =eorb2 =eorb3 =e (2.3)

Dm-Dh(b1,...,bm) = O, whenbl=eorb2 =eor...orbm =e (2.4)
D(m-1Dh is Homomorphism w.r.t every variable (2.5)
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h(bm) = mC1h(b) + mC2Dh(b,b) + mC3D®@h(p,p,p) ...+ mCm
Dm-Dh(b, ..., b(m times)) (2.6)
for every b1,...,bm € Pand m € Z.
Proof Putb1 =ein (1.5) = (2.1). Then,
From (2.1) = (2.2)-(2.4)
Dh(b1, e) = h(b1e) - h(b1) - h(e)
=h(b1) - h(b1)

=0
In the same way we get
Dh(e,b2) = 0,

D®@h(e, b2,b3) = h(eb2b3) — h(eb2) — h(eb3) - h(b2b3)+ h(e) + h(b2) + h(b3)= 0

,In the same way we get

D®h(b1,e,b3) =0,

D®h(b1,b2,e) = 0,

Dm-Dh(e,...,bm) = 0,

Dm-Dh(b1,e,...,bm) = 0,

Dm-Dh(b1,...,e) = 0.

Also, by definition of D(m-Dh, we have

Dm-Dh(b1,b2,b3,...,bm+1) = h(b1 ...bm+1) - h(b1 ...bm) - h(b1 ...bm-2bm+1)
—...—h(b1b4 ...bm+1) - h(b2b3 ...bm+1)

+(=1)™ [h(b1) + h(b2b3) + h(b4) + ... + h(bm+1)]
and
Dm-Dh(b1,b2,b4, ..., bm+1) + D-Dh(b1,b3,b4, ..., bm+1)

= h(b1b2b4...bm+1) - h(b1b2b4 ...bm) - h(b1b2b4 ...bm-1bm+1)

-h(b1b4 ...bm+1) —... - h(b2b4 ... bm+1)

+(-1)m [h(b1) + h(b2) + h(b4)... + h(bm+1)]
+h(b1b3b4 ... bm+1) - h(b1b3b4 ... bm) - h(b1b3b4 ...bm)
-h(b1b3b4 ...bm-1bm+1) - ... - h(bib4...bm+1) - h(b3b4 ...bm+1)

+(-1)m [h(b1) + h(b3) + h(b4) +... + h(bm+1)]
From easy simplification,
D(m-Dh(b1, b2, b3,...,bm+1) - Dt»-Dh(b1, b2, b4, ..., bm+1)
-D(m-Dh(b1,b3,b4,...,bm+1) = DiMh(b1,b2,b3,...,bm+1) =0
== Dm-Dh(,b2,...,bm) is Homomorphism.
Similarly, we can prove Dm-Dh(b1,. b3,...,bm) ,..., D@ Dh(by,...,., bm)and Dm-Dh(b1,...
bm-1,.) are homomorphism.
Hence, which is proved (2.5).
Now Take (2.6).
(2.6) is true for n = 0,1,2 from (2.1) and from Dh Definition.
Assume that (2.6) true for k=m-122, k € N then
h(b™) = h(bbb...b(m times))
=m h(bb...b(m-1 times)) - mCm-2 h(bb...b(m-2 times))
+mDm-3 h(bb...b(m-3 times)) -... + (-1)™m h(b)
+Dm-Jh(b,b,..., b(m times))
=m h(b™1)-mDm-2 h(b™-2) + mDm-3 h(bm-3)
—...+(-1)»m h(b) + Dim-Dh(b, b, ..., b(m times))
=m[(m-1) h(b)+ (m-1)D2 Dh(b,b)+ (m-1)D3 D@h(b, b, b)
+...+(m-1)Dm-1 Dm-2h(b, b, ..., b(m-1 times)]
-mDm-2 [(m-2) h(b)+(m-2)D2 Dh(b,b)+ (m-2)D3 D®@h(b,b,b)
+...+(m-2)Dm-2 Dm-3h(b, b, ..., b(m-2 times)]
+mDm-3 [(m-3) h(b)+ (m-3)D2 Dh(b,b) + (m - 3)D3 D® h(b, b, b)
+...+(m-3)Dm-3 Dm-4h(b, b, ..., b(m-3 times)]
—...+(-1)»m h(b) + Dim-Dh(b, b, ..., b(m times))
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=m h(b)+mD2 Dh(b,b)+mD3 D®h(b,Db,b)
+...+mDm Dm-Dh(b, ..., b(m times))
when we used the definition of D(m-Dh and (2.5) = (2.6) for all m=0.
From (1.4) and (2.1), for any fixed integer m>0, we have
h(b-m) = -m h(b) + -mD2 Dh(b,b) + -mD3 D®h(b, b, b)
+...+ —-mDm D®-Dh(b,..., b(m times))from (2.5) and the above result for m>0. (2.6) is true
for m<0.

Remark 2

The following are pairwise equivalent for h:P— Q:
(i) h € KerDM™(P, Q);

(ii) Dm-Dh(,b2,...,bm) is Homomorphism;
(iii) Dm-Dh(b1,.b3,...,bm) is Homomorphism;

(iv) Dm-Dh(b1,...,., bm) is Homomorphism;
(v) Dm-Dh(bi,...,bn-1,.) is Homomorphism;

Proposition 1 Suppose that h € KerD) (P, Q). Then
h(bT*bY? . b7) = ) [mh(b,)+mD, Dh(b, b)) +
1=j=t

mj mj
+ Z Dh(b l,bh 1) + Z mh mhmjgﬂtz)h(bh, b}z,b}g)

12]‘1{,‘25[ 151‘1{,'2‘:,‘3Ef

-1
+ot Z mymy, ..m; D™ Vh(b; by, ...b;,) (2.7)
1=jy<fp<r<fm=t

for m; € Zandeveryp; €P,j = 1,2,...tsuchthath;, # b;,,,i=12,..,t -1
Proof To prove the Proposition the following lemma used, which was proved in [20]

Lemma 2 The following identity is valid for function h:P-Q and t € N;
h(b,b, ...by) = Emc_:c;nl_«_:hcjgc:-u{jms:Dim_l]h(bhi bj,, ..., b}m) (2.8)
Replace bin (2.8) by b; " we have
My, m mey _ -1 my, . my m;
A(BI™BY b)) = Boner L1sjy <jpecspee D™ ?h(bh‘abh“, by )
The vanish of D™ Yhforn > (m + 1) yields
h(bf’-[b;ﬂg =a ) Elij'e:,[ h( )‘}‘Elijlﬂ_jzeztﬂh (b i b 12)
+Elghqz.:,.35,n Dh(b) ", by % by ) + 4
mjl

(m-1) “‘1 m;
21511-:11{-“‘:1,"5!9 h(bh b j‘ "‘bfm )

Therefore, From (2.6) and (2.5), we have
h(bf””'} =m; h(b)+mbD; Dhib,b)+...+mbDm D™Yh(b,b;...,bj(m times))

@) i p™i p™is) = @
D®h(b;" b, ", b *)=my my m; D®h(b; by, .by,)
(m-1)y (M 5 My MmN\ _ (m-1)
D™ V(b ", b, ", b, ) = my my, ..my D™V (by, by, .., by, )

Jm
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This is (2.7). Hence the proof.

Solution for m*™ order CDE in a Free Monoid
By [18, 24], from the embedding system of Free Monoid into Free Group In this part, Initially, we
find solution of (1.5) for P which is Free Monoid on a onlyone character p.

Theorem 1 Suppose that define Free Monoid P on a single character p. Then h € KerDm)(P, Q)
iff

h(p™) = m h(p) + mD2Dh(p,p) + mD3 D®@h(p, p, p)

+...+ mDm Dm-Dh(p,p,...,p(mtimes)) YmeW (3.1)

Proof =.
Assume that h € KerD™)(P, Q)
From (2.6) ==
h(p™) = m h(p) + mD2Dh(p,p) + mD3 D@h(p, p, p)
+...+ mDm Dm™Dh(p,p,...,p(m times)) Vm e W
<.Take h(p™) = m h(p) +mD2  Dh(p,p) + mD3 D®h(p, p, p)

+...+mDm Dm-Dh(p,p,...,p(m times)) Ym e W
as the dfn.,of hon P =<p >.
To Prove: h € KerD™)(P, Q)
i.e.,, we want to prove that D(m-1h is Homomorphism w.r.t. every variable.
Let

y1=p",y,=p"%,...,Ym = p
be m elements of P.
From (1.4) and (3.1) =

Dtn"Dh(yy, ¥z, - -+, ym) = DO=Dh(prt, pz, ..., pom)
= h(pn1+n2+...+nm) - h(pn1+n2+...+nm,1) - h(pn1+...+nm,2+nm)

— .. —h(prze-rm) + L

+(=1)™ [h(p"1 ) + h(P"2 ) + e + h(pam)]
= M1 h(p) + M1D2 Dh(p,p) +...+ M1Dm D@ Dh(p, p, ..., p(m times))
-M2  h(p)-M2D2 Dh(p,p)-...- M2Dm Dm-Dh(p, p,..., p(m times))
-M3  h(p) -M3D2 Dh(p,p)-...- M3Dm Dm-Dh(p, p, ..., p(m times))
-M4  h(u) -M4D2 Dh(p,p)-...- M4Dm Dm-Dh(p, p,..., p(m times))

+(-1)™n; h(p) +n,D, Dh(p,p) +...+n;D, DDh(p,p,...,p(m times))
+ n, h(p)+n,D, Dh(p,p)+...+n,D,, DmDh(p,p,...,p(m times))

+ n, h(p) + nmD2 Dh(p,p) +... + nmDm DDh(p, p,..., p(m times))

Where M1 =n1 +n2 +...+nm,M2 =n1 +n2 +...+nm-1,M3 =n1 +...+
nm-2 +nm, M4 =n2 +...+nm,.......

From very lengthy calculation, we have

Dm-Dh(prl,pr2 .., pm) = nin, ... N, DO"Dh(P, Py , p(m times))
== Dm™-Dh is Homomorphism w.r.t any variable

Finally, for the Free Monoid P on an alphabet ( P) with |P| = 2,gives solution of (1.5).
Forp€eP

p=p™p™...p™  where p; EP, m;EW (3.2)
1 2 i

Define the functions T, T2, T3, for every fixed u € P and fixed pair of distinct
u,v EP:

T2(p; u, v) = Zj<k,pi=u,pj:v mjmp (3.4)
T3(p; w, v) = Xj>k,pi=u,pj=v Mjmk (3.5)
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along (3.2). By [20, 21], the functions T, T2, T3 are well defined. Also, T, T2, T3 verified the

following:
T(pq;u) = T(p;u) + T(q;v) (3.6)
T,(p; u,v) = T3(p; v, u) (3.7)

Proposition 2 The following assertions true, for any fixed u € P and fixedpair of distinct u,v in P,
(i) T(;u) e KerDm(P, W);

(ii) T2(:; u,v) € KerDm(P, W);

(iii) T3(-; u,v) € KerDm(P, W);

Proof From (3.6), (i) is obviously true.

For (ii). Take py, Py, - . ., Pms1 in the Free Monoid P is of the form

_ 1511 512 511
Py = by by by

__ 521 522 Sa1
P2 = byy byy by,

_ 1531 532 53l
Pz = byy byy .. by

_ 5 m=1)1 . S(m=-1)2 Sm=-1)l
Pm-1 = bfm—l)j b{m—nz '"b{m—l}l

_ pSmn g Semz o Sgm)l
Pm = Dy Beamyz = Bam

_ . Sm4a) g S(me+1)2 Sim41)l
Pm+1 = h{m+1]'l IE""|{rn+1]2 '"b{m+1)E

Let Sy = Yuic1j, brisu, b1j=vS1iS1ji S2 = Dazicaj, bai=u, b2j=vS2i52j; S3 = Dai<aj, bai=u, baj=vS1iS3]

S(m—l) = E{m—ijii(m—l}j. bim-1)i=u, b{m—l}j:vS{m—l}Isfm—ljj; Sm = Emir-':mj. bmi=u, bmj:vsmismji

Som+) = E{m+1ji{{m+1]j. bm+1)i=u, bm+1)j=vS(m+1)idm+1)j S12 = X buisu, b2j=v 51i52ji
$13= X bai=u, TR TR 1Y S— Sim-1 = X brimu, b(m-1)j=v S1i(m-1); i

Sim =X bli=u, bmj=t;51i5mj ;51{m+1j =X bli=u, b(m+1)j=v SIES{m+1)_j;

53 =X mai=u, T T J———— Satm-1) = Y baisu, b(m-1)j=v S2:S(m-1);j ;

Som =X bZi=u, bmj=v Szismj ;52(m+1} =X bzi=u, b(m+1)j=v Szrsfmn)ji
................................... Sim-1ym = Y b(m-1)i=u, bmj=vSm-1)i¥mj ;

S(m—l)(mﬂ} = E b{m-1)i=u, h(m+l)j=v5fm—1)i3(m+ljj; Sm{mﬂ] = E bmi=u, b(m+l)j=1:sm|is{m+1jj
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Then
Ta(pipz...pmer; U, v) = S1+ 52+ S3+... +Sm+Sme1) + S12 + S13 + ... + S1me1) +
+Sa3+ ...+ Symey * - - F Sim-1)m *+ Sim-1)(m+1) * Smim+1)
Tz(plpz,..pm;u,\f) = Sl+52 +53 +... ‘I"Sm +512 +513 +... +51m+

+5:3 +... +52m+---+5£m-1]m

T2(p1pz . - . Pim=1)P(me1); U, V) = S1+S2+ S3+ .. + Sim-1) + S(m+1) + 512
+S13 4+ ...+ Sym-1)tS1me1) F S23 . F Someny F - F Sim-1)ime)
Ta(pipz;u, v) = 5.+ 5, + 512
T2(pipa; u, v) = 51+ 55 + 545
T2P1Pm+1 U, V) = S1+ S0y * Syime)
52 + 53+ 533

T2(p2p3; u, v)
Tz[pzpm+1; u, V} =5+ 5[m+1J + 52[m+1]
Tz{pmpmi-l; u, V:' =5S5m+ 5{m+1] + 5m{m+1]
Ta(pi;u,v) = 54
Ta(pz;u,v) = 5;
Ta(pm; u, v) = Sp,
Tz':meli u, V} = Smfl
Therefore, we have

Tapipz...pms1s U, V) = Ta(pipz. .. pmiu, V) = T2(p1. . . Pm-1Pms1; U, V)
— .= Tapz... PmPmer; U, V)

+(=1)" [Tz2(p1; u, v) + Ta(pz; u, v) + ... + Ta(pm-1; U, V)
+T2(pn; U, V) + T2(pmer; u, v)] = 0

Hence (ii) is proved.
Similarly we can prove (iii) or directly from (3.7) we can prove (iii).

CONCLUSION

We studied mt Order Cauchy difference equation and solution has been found in Free Monoid generated
by single and more than 2 character. We can extend this work to the other type Cauchy functional
equations and also we can find the solution for the any functional equations in Free Semi Group and
Different type of Groups.
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