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ABSTRACT
The main goal of this paper is to explore and characterize new categories of open sets within Minuscule

topological spaces through the Minuscule operations, namely, JRMSO(K), JRMRO(K), MB 0(Q, K), My O(

Q, K), 3RMPO(K)  Ma 0 (Q K), MSL - Closed, MSLA - Closed, and MSLB - Closed. Additionally, certain
relationshipsand characteristics among these sets are examined.

Keywords: Minuscule topological space, 3RMSO

locally closed.

(K), Minuscule a- open,Minuscule 3- open, Minuscule

1. INTRODUCTION

The differences between the two closed subsets dimensional of an n- Euclidean space were investigated
in 1921 by Kuratowski and Sierpinski [5,11]. Implicit within their findings lies the concept of a locally
closed subset within a topological space (Q, K). Drawing from Bourbaki’s work, we define a subset of (Q,
K) as locally closed in Q if itrepresents the intersection of an open subset of Q and a closed subset of Q.
Nearly seven decades later, in 1989, M. Ganster and L.L.Reilly [3]explored a number of hypotheses
regarding the family of locally closed subsets in any given space and examined the relationships between
them. The main objective of this research is to use the Minuscule operations to investigate and
characterise new types of opensets in Minuscule topological spaces. In this paper, we define some weak

forms of opensets and locally closedsets like R MSO(K), Minuscule regular-open, Minuscule 3 -open,
Minuscule y - open, Minuscule pre- open, Minuscule a -open, Minuscule locally closed, Minuscule locally
closed Z , Minuscule locally closed B sets in Minuscule topological space (Q, JR(K) is de-noted by

JRMSO(K), JRMRO(K), MB O0(Q K), My 0(Q, K), JRMPO(K), Ma O( Q, K), MSL - Closed, MsLCA and
MsLCB sets and we investigate severalrelations and characteristics among these subsets.

2. Preliminaries

Definition 2.1 (18). Consider a non-empty finite set U that consists of objects referred to as the
universe. Let R be an equivalence relation on U, which is formallyreferred to as the indiscernibility
relation. Subsequently, the set U is partitioned into disjoint equivalence classes. Elements that are
part of the same equivalence class are considered to be indiscernible from each other. The pair (U,
R) is widely referred to as the approximation space in research papers. Let K be a subset of U.

1. The lower approximation of the set K with respect to the relation R refersto the collection of
objects that can be unambiguously categorized as belonging to K with respect to the conditions
defined by R. This lower approximation can be expressed as HL(K). That s,

Hi(K) = Ukeo{R(K) : R(K) C K}
where R(K) denotes the equivalence class determined by K.
2. The lower minimal approximation:

H #p, (K) th{h’.(h") RK)CK}—K Hi(K)— K
3. The upper approximation of K with respect to R is the set of all objects, which can be possibly
classified as K with respect to R and itis denoted by HU (K). That is,

Hy(K) = Uy AR(K) : RIK)N K # ¢}

4. The upper minimal approximation:
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H ¥y (K) = Uge AB(K) : RIK) K # ¢} — K = Hy(K) - K.
5. Let HL(K) and Hu*(K) be two sets. The symmetric difference of the sets HL(K) and Hu* (K) is
HL(K)A Hu*(K)and it is denoted by,

H(K)AH sy (K) = (HL(K) — H %y (K))J(H * (K) — HL(K))

Definition 2.2 (18). Let U be the universe, R be an equivalence relation U and

3R(K) = {U, ¢, HL(K), HU (K), HL*(K), HU*(K), HL*(K)nHU (K), HL(K)V Hu*(K)}.

Here HL*(K) and HL*(K)VHU (K) is always be ¢. ¢ is always belongs to the topology.So, HL.*(K) and
HL*(K)VHU (K) is neglected.

Then the topology 3R(K) = {U, ¢, HL(K), HU (K), HU*(K), HL(K)V Hu* (K)} whereK SR. 3R(K)
satisfies the subsequent axioms.

(i) U and ¢ € 3R(K)

(ii) The union of the elements of any sub collection of 3R(K) is in 3R(K).

(iii) The intersection of all elements of any finite subcollection of 3R(K) is in aR(K).

That is, AR(K) is a topology on U called the Minuscule topology on U with respect to K. We call (U, 2R(K))
is a Minuscule topological space. The elements of AR(K) are called Minuscule opensets.

- L The set of Objects
Equivalence classes The Upper minimal approximation l

T The set

v \
P
v
The Lower Approximation The upper approximation

Trimming of Annular Region

Remark 2.3 (18). The basis for the minuscule topological space HL(K) with respectto K is given by
YR(K) = {U, HL(K), HL(K)V Hu* (K)}.

Definition 2.4. If (Q,3R(K) Minuscule topological space with respect to K, whereK € Q and A € Q,
then

1. The intersection of all Minuscule closedsets containing in Z defines the Minuscule closure of the
set Z. It is represented by the symbol Mscl(A). furthermore, the smallest closed set of Z is
Mscl(A).

2. The union of all Minuscule open sets contained in Z defines the Minuscule interior of the set Z. It
is represented by the symbol Msint(A). furthermore,the largest open set of Z is Msint(A).

Properties: [18] If (U,R) is an approximation space and K,L € U, then
1. HL(K) €K < HU (K).

HL(¢) = HU (¢) = ¢ and HL(K) =HU (K)=U

HU (K UL) = HU (K) VHU (L)

HU (K nL) €HU (K) nHU (L)

HL(K UL) 2 HL(K) UHL(L)

HL(K NnL) = HL(K) n HL(L)

SN
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N

HL(K) € HL(L) and HU (K) € HU (L) whenever K €L
8. I-}:‘(K) =d¢

9. H(K)nHU(K) = ¢

10. Hu*(KUL) SHu*(K) UHu* (L)

11. Hu*(K NL) = Hu* (K) NHu* (L)

12. HU (H* (K)) = HL(Hu* (K)) = Hu* (K).
13. H*[K)VHU (K) = HU (K).

3. Weaker Forms of M-Open sets in Minuscule topological spaces

Definition 3.1. A Minuscule topological space (Q, AR(K) and A € Q. Then Z is said to be
Minuscule semiopen if A € Mscl(Msint(A)).

Definition 3.2. A Minuscule topological space (Q, 3AR(K) and A € Q. Then Z is said to be
Minuscule Regular open if Z = Msint(Mscl(A)).

Definition 3.3. A Minuscule topological space (Q, 3R(K) and A € Q. Then Z is said to be
Minuscule (3- open if A € Mscl(Msint(Mscl(A))).

Definition 3.4. A Minuscule topological space (Q, 3R(K) and A € Q. Then Z is said to be
Minuscule y - open if A € Mscl(Msint(A)) UMscl(Msint(Mscl(A)) .

Definition 3.5. A Minuscule topological space (Q,3R(K) and A € Q. Then Z is said to be iR
O(K) if A cMsint(Mscl(A)).

Definition 3.6. A Minuscule topological space (Q, JR(K) and A € Q. Then Z is said to be
Minuscule a- open if A € Msint(Mscl(Msint(A))).

Here sRM50(K), sRMRO(K), MB 0(Q, K), My 0(Q, K),3RMP O (K), Ma 0(Q,
MSO

MP

denotes the JR (K), Minuscule regular-open, Minuscule 3 -open, Minuscule pre-open, Minuscule « -
open subsets of Q respectively.
Definition 3.7. Let (Q, aR(K) be a Minuscule topological space and A < Q. Then Z is said to be

Minuscule preclosed (Minuscule semiclosed, Minuscule B - closed, Minuscule «- closed, Minuscule

regularclosed) if its complement is JRMP O(K] (Minuscule semiopen, Minuscule 8 - open, Minuscule

o- open, Minuscule Regular open) respectively.

Remark 3.8. It is easy to understand the notion JRMSO[K), JRMRO[K), MB O( Q,K), My O(Q,K),JRMP

O(K),MaO(Q,K) from the subsequent examples.

Example 3.9. Let Q = {mxi, ©xj, Wxk, @wxl} with Q/R = {{wxi}, {wxk}, {mxj, ©x1}}.

Let K = {@xi, wxj} € Q, Then iR(K) = {Q, ®, {wxi}, {wxi, ©xj, Wxl}, {®xl}, {®xi, @xl}}and hence the
Minuscule closed sets in Q are Q, @, {wxj, Wxk, Wxl}, {wxk}, {®xi, ©xj, ©xk},{®xj,®xk }. Then,

(i) sRMSO(K)= {Q, @, {wxl}, {wxj, wxk, wxl}, {wxi, wxj}, {wxi}, {wxk xl}, {@xi, xk},
{®xj, wxl}, {©xi, ©xj, ©xK}, {©xj, W=k}, {©xi, ©xk, ©xl}, {©xi, ©xj, X1},
(i) sRMROK)= (@ @, {wxi}, {xi}}
(i) MaO (Q K) ={Q, @, {wxi}, {wxl}, {wxi, ©xj, wxl}, {wxi, wxl}},
(iv) sRMP Ok)= (Q, @, {wxi}, {wxl}, {wxi, wxk, wxI}, {@xi, Bx1}, {@xi, ©xj, Bl}},
(V) MBO (Q K) ={Q, ®, {wxl}, {®xj, wxk, ©xl}, {wxi, ©xj}, {©xi}, {wxk, ©x1}, {©xi, ©xXK},
{®xj, ©xl}, {®xi, ©xj, ©xk}, {©x], ©xk}, {@xi, ©xk, ©xl}, {®xi, ©xj, ©x1},
(Vi) My 0 (Q K) ={Q @, {wxl}, {®x), wxk, ©xl}, {wxi, ©xj}, {®xi}, {©xk, ©x1}, {®xi, ©xk},
{®xj, ©xl}, {®xi, ©xj, ©xk}, {@xj, ©xk}, {©xi, ©xk, ©xl}, {©xi, ©xj, ©x1}.
Here we note that JRMSO(K)doeS not form a topology on Q, Since {@xi, @xj, Wxk} and {wxj, Wxk, @xl} €
JRMSO(K) but {@xi, @xj, wxk} N {®xj, ©xk, ©xl} = {®xj, ©xk} & JRMSO(K)- Similarly, MB O (Q, K) and My
0 (Q, K) does not form a topology on Q, but RMP O(K) andMa O (Q, K) forms a topology in Q.
Example 3.10. Let Q = {vx, vy,vz,vw} with Q/R = {{vx}, {vz}, {vy,vw}}.
Let K = {vx,vy} € Q, Then 3R(K) = {Q, @, {vx}, {vx, vy, vw}, {vw}, {vx, vw}}.Then If P = {vx,vy,vw} then

P is Minuscule open but not JRMRO(K). If S = {vx,vy} then S is JRMSO(K) but not MaO (Q,K).
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If T = {vx,vz,vw} then T is RRMP O(K) but not MaO (Q,K).If V = {vx,vz} then V is JRMSO(K)
but not :«RMRO(K).
IfW = {vxvy,vz} then W is MaO (QK) but not sRMROK)If Y = {vy,vzvw} then Y is MBO (Q,

K) but not 3RMP O(x).
Theorem 3.11. If Z is Minuscule open in (Q,3R(K), then it is Ma O (Q, K).
Proof. Since Z is Minuscule open in Q, Msint(A) = Z. Then Mscl(Msint(A)) =Mscl(A) 2 A. Thatis, A c
Mscl(Msint(A)). Therefore, Msint(A) € Msint(Mscl(A) £ A)).That is, AS Msint(Mscl(Msint(A))).
Thus Z is MaO (Q, K).
Theorem 3.12. In a Minuscule topological space, JRMSO(K) 2 MaO (Q, K). Proof. Let A € MaO (Q,
K), A € Msint(Ms8(Msint(A))) € Mscl(Msint(A)) and hence A €3 MSO(K). O

U

Theorem 3.13. In a Minuscule topological space, :«RMSO(K) cRMPO
JRMP O

(K).Proof. Obvious.

Theorem 3.14. In a Minuscule topological space, (K) 2 MaO (Q, K).Proof. Similar to the

theorem’s proof 3.12.

Remark 3.15. It is not necessary for the aforementioned theorems to be true inconvers
Example 3.16. The aforementioned Theorems 3.11,3.12,3.13, and 3.14, It canbe observed to be
valid generally based on this example.

Let Q = {wxi, @xj, wxk, wxl} with Q/R = {{wxi}, {wxk}, {wxj, ©xl}}.

Let K = {wxi, mxj} € Q, Then 1R(K) = {Q, ®, {wxi}, {wxi, wxj, wxl}, {wxl},

{®xi, mx1}} and hence the Minuscule closed sets in Q are Q, ®, {wxj, wxk, Wxl},

{wxk}, {wxi, ©xj, ©xk}, {®xj, @xk}}. From the example 3.8 we say that,

1.3RMS0(K) o Ma0 (Q K), Thatis, {Q ®, {wxl}, {wxj, wxk, wxl}, {wxi, wxj},
{wxi}, {wxk, ©xl}, {®xi, ©xKk}, {©xj, ©xl}, {©xi, ©xj, ©xK}, {©x), DK},
{mxi, wxk, ©xl}, {@wxi, ©xj, ©xl} 2 {Q, P, {wxi}, {wxl}, {wxi, ©xj, ©x}, {@xi, ©xI}}.

2.5RMPO () ¢ sRMSO () That is, {Q, ®, {wxil, {wxl}, {®xi, wxk mxl}, {wxi, D1},
{mxi, ©xj, wxl}} € {Q @, {wxl}, {wxj, wxk, wxl}, {wxi, ©xj}, {wxi}, {wxk, ©x1},
{®xi, ©xk}, {©xj, ©xl}, {©xi, ©xj, ©xK}, {©xj, ©xK}, {©xi, ©xk, ©x1}, {©xi, ©Xj, ©x1}.

3. 3RMPO(K) o Ma0 (Q,K) That is, {Q @, {wxi}, {wxl}, {oxi, wxk wxl},
{wxi, wxl}, {wxi, ©xj, ©xl}} 2 {Q, D, {wxi}, {wxl}, {®xi, ©xj, wxl}, {®xi, ©x1}}.

Proposition 3.17. The intersection of ;RMPO(K) and Ma 0 (Q,K) is Ma O ( Q K)open.

Proof. Let A € JRMPO(K) and Y € MaO (Q,K), then A c Msint(Mscl(A), Y c Msint(Mscl(Msint(Y))).
So, ANY c Msint(Mscl(A) N Msint(Mscl(Msint(Y))) € Mscl(Msint(Y). Hence ANY is Minuscule a-
open.[]

Proposition 3.18. The intersection of a MaO (Q, K)-open set and MB O (Q,K)open setis Ma O(
Q, K)-open.

Proof. Similar to the proposition 3.17 proof.

Remark 3.19. It is evident from the following example, that Minuscule a-open is the intersection of
Minuscule (-open and Minuscule a-open.

Example 3.20. Let Q = {wxi, ®xj, @xk, ©xl} with Q/R = {{wxi, ®xj}, {mwxk}, {mxl}}. Let K = {wxi,
wxk} € Q, then 1R(K) = {Q, ®, {wxk}, {wxi, ®xj, wxk}, {®xj}, {wxj, wxk}} and hence the Minuscule closed
setsin Q are Q, @, {wxi, wxj, wxl}, {wxl}, {wxi, Wxk, Wx1}, {®xi, ©xI}}.

let the intersection of MaO (Q,K) NMBO (Q,K) = {Q, ®,{wmxj}

{®xj, wxk, wxl}, {mxj, ©xk}, {©xi, ©xj, Wxk}, {wxk}} N {Q, ¥, {mxj},

{®mxk}, {mxk, ©xl}, {wxi, ©xj}, {®©x), ©xl}, {©xi, ©xK},

{®xj, wxk, ©xl}, {©xi, ©xj, ©xk}, {®xj, ©xKk}, {®xi, ©xk, ©xl}, {©Wxi, ©xj, ©1}} = {Q, P, {©xj},

{®x), ©xk, wxl}, {®xj, ©xk}, {®xi, ©xj, ©xk}, {wxk}} = MaO (Q, K).

Proposition 3.21. The intersection of :«RMSO(K) and MaO (Q, K)-open set is MaO (Q, K)-open.
Proof. similar to the proposition 3.17 proof.

[]
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p  MSOR(X) —1

Myo( Q, X) ==p MBO( Q, X)

=) 3 MPOR(X) J

MROR(X) ==p Minuscule open sets ==p MaO( Q , X)

Figure 2

Corollary 3.22. MaO (Q,K)U MBO (Q, K) = MBO (Q,K).
Remark 3.23. The arbitrary intersection of any MfC (Q, K) s is MBC (Q, K) but the union of two
MBC (Q, K) ’s may not be MBC (Q, K). This can be seen in the example below.

Example 3.24. Let Q = {fip,Nq, hir,As} with Q/R = {{Ap, Aq}, {fir}, {As}}.

Let K = {fip, fir} € Q, Then, 3R(K) = {Q, D, {fx}, {fp, g, fx}, {fq}, {fiq, Frr}}, thesubsets Z ={fiq} and
W = {fip, Ar}are Minuscule B-closedsets but ZUW =

{fp,Fg, frr} is not Minuscule f-closed.

Proposition 3.25. Each MBO (Q, K) and MaC (Q K) is 3RMRC (K). Proof. LetA € Q be a MO (Q
K) set and MaC (Q,K) set. Then A €

Mscl(Msint(Mscl(A))) and Mscl(Msint(Mscl(A))) € A, which implies that Mscl(Msint(Mscl(A))) €A €
Mscl(Msint(Mscl(A))) So,Z =Mscl(Msint(Mscl(A))). L

MRC,
This proves that Z is Minuscule closed, and so it is Minuscule regularclosed (denoted as ar (&)
Corollary 3.26. Each MBC (Q K) and MaO (Q K) is sRMRO(x).

4. Novel forms of LC sets in Minuscule topological spaces

Definition 4.1. A Minuscule topological space (Q, AR(K) and A € Q. Then Z is said to be MsLC if Z
=QNP, where Q is Minuscule open and P is Minuscule closed in Q.

Example 4.2. let Q = {fiq, /B, fy,hs} with Q/R = {{hafip}, {fy}, {H&}}.

Let K = {fio, iy} € Q, Then 3R(K) = {Q, ®, {Aiy}, {ha, 7B, hiy}, {AB}, {B, Aiy}}. The Minuscule closed sets in
Qare Q @, {ha, B, hs}, {hs}, {Aia, hy, A8}, {ha, h8}}. let us take Q = {ha, fip, Ay}, P = {ha, A, 5}, Z= {ha,
hp,} € Q. This implies Z is MsLC.

Definition 4.3. A Minuscule topological space (Q,>R(K) and A € Q. Then Zis said to be
MsLCt-set if Msint(A) = Msint(Mscl(A).

MsLCA-setif Z=Q NP, where Q is Minusculeopen and P is JRMRC[K) inQ

MsLCB- set if Z=Q NP, where Q is Minusculeopen and P isMsLCt-set in Q

MaZ-setif Z=QNP, where Q is Minuscule a-open and P is JRMRC(K) in Q.
MS-setif Z=QNP, where Q is Minuscule semiopen and P is Minusculeclosed in Q.

Proposition 4.4.Let Minuscule topological space (Q,>R(K) and A € Q. Then
Every Minuscule closed set isMsLCt-set.

Every MsLCA set is MS-set.

EveryMsLCt set is MsLCB-set.

Every lRMSO(K) is MS -set.

Every MaZ set is MS-set.

b e

Remark 4.5. The contrary of what is above an argument need not be correct. Theexample provides
a clear understanding of the abovementioned proposition.

Example 4.6. Let Q = {fip, hp, fiy,hs} with Q/R = {{fip},{fAy},{Ap, h&}}.

Let K = {fip,ip} € Q Then 3R(K) = {Q @, {fip}, {fip, Aip, (5}, {8}, {fip, A15}} and hence the
Minuscule closed sets in Q are Q, ®,{fp,fy, s}, {fy}, {fip,Ap, fy},
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{hp Ay}}-
(i) A ={fip} isMsLCt set but not Minuscule closed set.
(i) A ={fp,MB, 75} is MsLCB set but notMsLCt set.
(iii) A ={f} is MS set but not MsLCA set and MaZ set.

Theorem 4.7. If Z is MsLCt set if and only if Minuscule semiclosed. Proof. Let Z be a MsLCt set.
Then Msint(A) = Msint(Mscl(A)) and so

Msint(Mscl(A)) = Msint(A) € A. Thus, Z is Minuscule semiclosed. Conversely,let Z be Minuscule
semi closed. Then Msint(Mscl(A)) € Z and Msint(Mscl(A)) < Msint(A). Since Msint(A) c
Msint(Mscl(A)), Msint(A) = Msint(Mscl(A)).

Thus, is MsLCt set. O

Theorem 4.8. If Z is sRMRO(K) iff Z is sRMP O(K) and MsLCt-set.

Proof. Let Z be Minuscule regular open, then it is Minuscule pre-open and by the definition of Minuscule
regular open, Msint(A) = Msint(Mscl(A)). Conversely, Z be Minuscule pre-open and MsLCt -set. Then Z is
Minuscule open and so, Msint(Mscl(A))

= Z. Thus, Z is Minuscule regular open.

Theorem 4.9.1f Z and Y are two MsLCt-set,then ZNY is a MsLCt-set. L]
Proof. Let Z and Y are twoMsLCt-set. Then Msint(A NY) = Msint(A) N
Msint(Y) = Msint(Mscl(A) N Msint(Mscl(Y)). Hence ANY isMsLCt-set.

Theorem 4.10. Let Minuscule topological space (Q, 3R(K) and A € Q. Then the following are
equivalent:
1. Z is Minuscule open.

2. Zis sRMPO(K) and MsLCB-set.
Proof.1 = 2 Let Z bea Minuscule open. Every Minuscule open is Minuscule pre-open and Z = ZU U.
Thus, Zis MsLCB-set.
2= 1 LetZ be a MsLCB-set. Then we haveZ = DNE, where D is Minusculeopen and E is MJL{t-set.
Since Z is Minuscule pre-open, Z ¢ Msint(Mscl(A).
Hence Z = DNE = (DNE)ND c [Msint(Mscl(C)NMsint(E)]ND = D NMsint(E).Therefore, Z is Minuscule
open.

Theorem 4.11. Every MaZ set is JRMSO(K) set.
Proof. Let Z be MaZ set. Then Z = DNE, where D is MaZ open set and

E is Minuscule- regularclosed, E= Mscl(Msint(E)). So, E is lRMSO(K). By
Proposition 3.19, Z is JRMSO(K).

[]
Theorem 4.12. Every MsLCA set is MaZ-set.
Proof. It is Obvious that every Minuscule open Ma-open. -
Theorem 4.13. Every MaZ set is Mf3-set.
Proof. It is Obvious from Theorem 4.11 and it follows from Proposition 3.17. [

Theorem 4.14. Every MsLCA setis MsLCB-set.Proof. Itis Obvious from Proposition 4.4.

Theorem 4.15. Let Minuscule topological space (Q,>R(K) and A € Q. Then,the subsequentD
statements are equivalent.:

1. Z is MsLCA set.

2. 7 is MaZ set and a MsLC.

3. Zis 3RMSO(K) and MsLC.
Proof. 1 = 2 Let Z bea M set, Z = DNE where D is M openset and E is

M- regularclosed. Since every JRMRO

Zis MsLC and MoA-set.
2 = 3 Itis Obvious from the theorems 4.11,4.12 and 4.13.

(K) is M-closed and M-open is Ma-open,
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3 = 1 Let Z be M semi-open and MsLC. Then Z c Mscl(Msint(A)) and Z= D
N Mscl(A), where D is Minuscule open, Mscl(Msint(A)) = Z. Thus, Z is MsLCAset. ]

CONCLUSION
This paper explains the concepts of open sets in Minuscule topological spaces through the Minuscule

operations, namely ;RMSO(K), RMRO(K), MB 0(Q, K), My 0( Q, K), .RMP O (K), Ma 0( Q, K), MSL -
Closed , MSLA - Closed , and MSLB - Closed . Furthermore, various relationships and characteristics
between these sets are investigated.
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