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In this paper, we continue the study of paired double domination in graphs. A paired —
double dominating set of a graph G with no isolated vertex is a double dominating sets of
vertices whose induced subgraph has a perfect matching. We establish Paired double
domination number of Triangular Snake, Alternate Triangular Snake, Double Triangular
Snake, Alternate Double Triangular Snake, diamond — necklace, diamond-bracelet, diamond-

chain and double triangle-chain.
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1 INTRODUCTION

Let G = (V, E) be graph with vertex set V and edge set E. We obtain with some
terminology. For a vertex v of a graph G, the open neighborhood of a vertex veV is N(u) =

{V/uv € E } and closed neighborhood of vertex N[v] = N(v) U {v}.

A subset S € V is a dominating set of G, if for every vertex v e V, [N[v] N's| = 1. The
domination number is the minimum cardinality of a dominating set of G. A subset S of V is
double dominating set of G if for every vertex v e V, |[N[v] N s| = 2, thatis visin S and has

at least one neighbor in S and v is in V-S has at least two neighbors in S [3].

A set S is called paired — dominating set if it dominates V and <SS > contains at least
one perfect matching. A paired —dominating set S with matching M is a dominating set S =
{v1,v2, V3, ..., V31V, } With independent edge set M = {e, ey, ..., e, } where each edge e; joins
two elements of S, that is M is perfect matching of <S> . If v;v, = e; € M, we say that v;
and vy, are paired in in S [5]. A set S is called a paired — double dominating set if it is a double
dominating set and < S > contains at least one perfect matching. The double domination

number y44(G) is the minimum cardinality of double dominating set of G, the paired —
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domination number ¥, (G) is the minimum cardinality of paired dominating set of G and

paired double domination number ¥,4q(G) is the minimum cardinality of a paired double
dominating set of G. A Triangular Snake T,, is obtained from a path uy, u,, us, .... u,_1, Uy by
joining u;and u;,to anew vertex v; for 1 < i < n — 1.That is every edge of a path is replaced
by a triangle C;. An Alternate Triangular Snake A(T,)is obtained from a path
Uq, Uy, Us, ... Uy_q1, Uy by joining u;and u;,4 (alternatively) to a new vertex v; .That is every
alternatively edge of a path is replaced by a triangle C5. A Double Triangular Snake D (T}, ) is
obtained from a path uq,u,, us, .... u,_1, U, by joining u;and u;,to two new vertices v; and

w; 1 <i <n—1. Thatis, adouble triangle snake consists of two triangular snakes that have

a common path. A Double alternate Triangular Snake A(D (T, )) consists of two alternate
triangle snakes that have a common path. That is, double alternate Triangular Snake is obtained
from a path uq, u,, us, .... uy_1, U, by joining u;and u; . to two new vertices v; and w;. For k >
2 an integer, let N} be the connected cubic graph constructed as follows. Take k disjoint copies
D, D,, ... ... , Dy, of a diamond, where V(D;) = {a;, b;, ¢;,d;} and where a;b; is the missing
edge in D; Let N, be obtained from the disjoint union of these k diamonds by adding the edges
{a;bi;,\i € [k — 1]} adding the edge a;b;. We call N, a diamond — necklace with k
diamonds. Fork>1a diamond-bracelet B, with k diamonds is defined as follows. Using our
earlier notation, let Bybe obtained from a diamond-necklace Nj,; with k + 1 diamonds
D;,D,, ... ... ,Di4+1 by removing the diamond Dy, and adding a triangle T with V(T) =
{a, b, c} and adding the edges bb; and aa,. For k > 1, a diamond-chain L, with k diamonds is
defined as follows. Using our earlier notation, let L, be obtained from a diamond-necklace
Ny, with k + 1 diamonds Dy, D, ... ... , Dy, 4 1by removing the diamond Dy, and adding two
disjoint triangles T; and T, and adding an edge joining b, to a vertex of T; and adding an edge
joining a; to a vertex of T,. A double triangle-chain DT, in obtained from a diamond-chain
L, with two diamonds by replacing the two diamonds with two triangles and adding two edges

joining these two triangles.

(2 ifn=2
Theorem 1.1. [7] For any path B, , ¥praa(Py) =1 does not exist if n =3
2 EJ + 2 other wise

Theorem 1.2. [7] For any cycle Cy, Ypraq(Cp)=2 g]

Theorem 1.3. [7] For any path B, ,n#3 , vga(P,) < Vpraa(Py)
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Theorem 1.4. [7] For any cycle C, . ¥aq(Cr) < Vpraa(Cn)

Theorem 1.5. [7] If n = 3k+2 where k € N, theny,,-q4(P,) = Vpraa(Cp)-

2. MAIN RESULTS

n if nis even }

Theorem:2.1 For Triangular Snake T, n = 3, ¥praa(Tn ) = { 41 if nis odd

Proof:

Let V(T )= {uy, uy, us, ... Up_1, Uy, V1, Vg, Vs, ... V1 } be the vertex set of T,, and S
be the yprqq set of T, .

Let Sl = {ul, Uy, U3z, ... Up_1, un} and Sz = {Un_l}.
Case (i) If n is even, then S = §;.Thus < § > contains a P, graph. Hence yp,qq (T, ) = n.

Case (ii) If nis odd, then S = §; U S, .Thus < S > contains a P, graph. Hence y;,-q4(T, ) =
n+1.

Theorem:2.2  For  Alternate  Triangular ~ Snake  A(T,) n =4, y,raa(A(Ty)) =

{n if nis even }
n+1 if nisodd

Proof:
Let V(A(Tn ))= {ul, Uy, Uz, e - Up_q1, Up, V1, U2, V3, e UH} be the vertex set of A(T},)
2
and S be the y,,qq set of A(T,). LetS; = {uy, Uy Uz, ... Uy_1, Uy} and S, = {UH}
2

Case (i) If n is even, then § = §;.Thus < § > contains a B, graph. Hence ¥prqq (A (T, )) =n.

Case (ii) If n is odd, then S = S;US, . Thus <S> contains a P, graph. Hence
Vprdd(A(Tn)) =n+1.

Theorem:2.3 For Double Triangular Snake D(T,)7n =4,Vpraa(D(T,)) =

{n if nis even }
n+1 if nisodd

Proof:
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Let V(D (T, ))= {ug, uy, Us, o Upy_q, Uy, Vq, Uy, Uz, e Uppq, Wy, Wo, W3, ... Wy _1 } bE
the vertex set of D(T,,) and S be the yp.qq set of D(Ty, ). LetS; =
{u,uy,ug, ... upy_q,uytand S, = {w,_;}.

Case (i) If n is even, then § = §;.Thus < § > contains a B, graph. Hence ¥prqq (D (T, )) =n.

Case (ii) If nis odd, then S = S; U S, .Thus < § > contains a P, ., graph. Hence
Vprdd(D(Tn)) =n+1.

Theorem:2.4 For Double alternate Triangular Snake A(D(T,)) n = 4, Yprad (A (D(T, ))) =

{n if nis even }
n+1 if nisodd

Proof:

Let V(A(D(Tn ))): {ul, uZ, U3, s un_l, un, vl, 172, 173, e vng, W1, Wz, W3, ngJ} be
the vertex set of A(D(T,))and S be the ¥,,qq set of A(D(T,)).

Let Sl = {ul, Uy, Uz, ... Upy_1, un} and SZ = {WlEJ}
2
Case (i) If n is even, then § = §;.Thus < S > contains a P, graph.

Hence Vpraq (A (D (T, ))) =n.

Case (ii) [fnis odd, then S = §; U S, .Thus < § > contains a P, graph.

Hence Ypraq (A(D(Tn))) =n+1.

Theorem:2.5 For a diamond — necklace with k diamonds y,qq(Ny) = 2k
Proof:

Let V(N,) = {ay,ay, ....ag, by, by, ... by, Cq1,Ca, .. Ck,dq,d5, ... di } be avertex set of
N, .Consider the set S = {c;, ¢y, ....Cx, dq,d5, ... di }. Then S is a double dominating set and
< S > has a perfect matching. Thus, S is a Paired double dominating set of N, with cardinality
|S| = 2k. Hence yprqqa(Ny) = 2k.
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Illustration:2.2.1

Ifk = 6, thenS = {Cll Cy,C3,Cy,Cs, Cg, dll dz, d3, d4, d5, d6} .Thus <S>
contains 6 P,graph. Hence yprqq(Ng) = 2 X 6 = 12.

Theorem:2.6 For a diamond — bracelet y,.qq(By) = 2k + 2
Proof:

Let V(By) ={ay,ay,....ax, by, by, ... by,cq1,Cp, .. Ck,dq,do, ... di ,a,b.c} be a
vertex set of By, .Consider the set S = {c;,¢y,....Cx,dq,d, ... di,a,b}. Then S is a double
dominating set and < S > has a perfect matching. Thus, S is a Paired double dominating set of

By with cardinality |S| = 2k + 2. Hence ¥prqqa(By) = 2k + 2.

Illustration:2.2.2

7408 V. ANUSUYA et al 7404-7410



Journal of Computational Analysis and Applications VOL. 33, NO. 8, 2024

10.48047/jocaaa.2024.33.08.392
If k =5,thenS = {c;,cy,C3,C4,Cs,,dq,dy,d3,dy,ds,a,b}. Thus < S > contains 6

P,graph. Hence ¥prqq(Bs) = 2 X 6 = 12.
Theorem:2.7 For a diamond — Chain y,,q4(Lx) = 2k + 4

Proof:

Let V(Lk) = {all az, ....ag, bll bZ) bkl C1,C2y e Cg, dl! dZ! dk yP1,q1 ,rl yP2,92,12 } be a
vertex set of L, .Consider the set S = {cy, ¢y, ....Cx, dq,do, .. A, P1,q1,P2,q2}- Then Sis a
double dominating set and < S > has a perfect matching. Thus, S is a Paired double
dominating set of Lj with cardinality |S| = 2k + 4. Hence ¥prqq(Ly) = 2k + 4.

Illustration:2.2.3

If k=2,thenS = {cy,c5,dy,d5,01,91,P2,92}. Thus < S > contains 4P,graph.
Hence ¥prqq(Lz) = 2 X 4 = 8.

Theorem:2.8 For A double triangle-chain yp.qq(DTy) = 2k + 4

Proof:

Let V(DT,) = {al, Ay, ... Ay, by, by, ... by, Cq, €, . C, dy, doy, .. dk,pl,qllrl,pz,qz,rz} be
a vertex set of DT}, .Consider the set S = {cy, cy, ... C,dy,do, ... di,01,91,P2,92}- Then S

is a double dominating set and < S > has a perfect matching. Thus, S is a Paired double

dominating set of DT} with cardinality |S| = 2k + 4. Hence Vprqa(DTy) = 2k + 4.
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Illustration:2.2.4

DT,

If k=2,thenS = {cy,c5,dy,d5,P1,91,P2,92}. Thus < S > contains 4P,graph.

Hence yprqq(DT,) = 2 X 4 = 8.
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