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Abstract
A Lie point symmetry analysis of a class of higher order difference
equations with variable coefficients is considered and new symmetries
are found. These symmetries are utilized to investigate the existence
of solutions. The results in this paper generalize some results in the
literature.
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1 Introduction

Recently, rational difference equations have become a centre of interest of
many authors, see [1-4]. Many methods have been developed to solve dif-
ference equations in closed form, that is, when every solution can be written
in terms of the initial values and the indexing variable index n only. Among
others, is the Lie symmetry approach used for differential equations. This
differential equations method for difference equations was studied by P. Hy-
don and others (see [5-7, 9-11]). In [6], the author introduced an algorithm
for obtaining symmetries and conservation laws of second-order difference
equations. Now, it is known that these tools can be used to lower the order,
via the invariants of the Lie group of transformations, as it was established
for differential equations.

In this work, we aim to use the Lie symmetry approach to solve the following
difference equations:

Ty
Tpt1 = - ) <1>

k
=0
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where (3, and ~, are real sequences. The definitions and notation in this
paper follow the ones used by Hydon in [6]. Therefore, we will have to shift
the equation £ times and study

Unp

: (2)

Un+k+1 = A
Bn + An H Up+i
i=0

instead.
Our work is a natural generalization of the results by Elabbasy, et. al. [1].
These authors used induction method to give solutions of

: (3)

H
Tny1 =

k
B+vTI] vnti
i=0

where the parameters o, [ and v are non-negative real numbers and the
initial values are positive numbers.

2 Definitions and algorithm

As mentioned earlier, the definitions and notation used in this paper follow
those adopted by Hydon in [6].

Definition 2.1 A parameterized set of point transformations,
I.:x— 2(x;e), (4)

where x = x;, 1 = 1,...,p are continuous variables, is a one-parameter local
Lie group of transformations if the following conditions are satisfied:

1. Ty is the identity map if © = x when ¢ =0
2. T,y = Tup for every a and b sufficiently close to 0

3. Each x; can be represented as a Taylor series (in a neighborhood of
e = 0 that is determined by x ), and therefore

Fi(z:e) =mx +e&i(x) +O(E?),i=1,..,p. (5)
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Consider the k 4 1th-order difference equation

Un4k+1 = Q(“nv Un+1, - - - 7un+k>7 (6)

for some function €2. We shall restrict our attention to Lie point symmetries
where 1, is a function of n and w, only. In other words, we assume that the
Lie point symmetries are of the form

n=n; Up = Uy, + €Q(n, uy,) (7)

and that the analogous prolonged infinitesimal symmetry generator takes the
form

X[k]—ZQ N4 Upgi) = 0 (8)

a n+z

where @ = Q(n,u,,) is referred to as the characteristic. We define the sym-
metry condition as

an+k+1 = Q(n7 ,&7“ an—‘,—l; ) ﬁ”ﬂ-‘rk) (9>

whenever (6) holds. Substituting the Lie point symmetries (7) into the sym-
metry condition (9) leads to the linearized symmetry condition

Q(?’L + k + 1aun+k+1) - X[k]Q = 07 (10)

whenever (6) holds.
One can solve for the characteristic Q(n, u,) using the method of elimination
and thereafter lower the order the difference equation (6) via the canonical

coordinate [8]
du
= 11
= | Qi o

3 Main results

3.1 Symmetries
Consider the k + 1 th-order difference equations of the form (2), i.e.,

Un,

3 .

1=0

Upyht1 = 2 =
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We impose the symmetry condition (10) on (2) to get

k
Q(?’L—{—k—F 1>un+k+1) - ZQ,unHQ(n—i_i?un-&-i) = 07 (12>
=0
where (2, denotes the partial derivative of {2 with respect to y.
The characteristic in (12) takes different arguments and one can eliminate the
undesirable variable by implicit differentiation. In this optic, we differentiate
(12) with respect to u,41 ( keeping Q fixed) and viewing u, o as a function

of Uy, Upy1, ..., Uy and , that is, we act the operator
0 ou, 0 0 Q. 0
[ — i Un+2 _ _ Yhupg (13>
8un-l—l aun—l—l aun—i—Z aun-l—l Q,un+2 aun—i—?
on (12). This yields
- Q,un+1Ql(n + 15 unJrl) + Q,un+1Q/<n + 27 un+2)
(14)

i Q
- 9) — i) Q(n+1i,uny) =0
yUn+iUn+1 Q yUn+iUn+2 y Yn+e) —
=0

s Un+2
which simplifies to
— U1 Un2Q (N + 2, Uny2) + U1 Unp2Q (1 + 1, Ung1) — Up2Q(n + 1, Upnyr)
+ Up1Q(n + 2,Up12) =0 (15)

after a set of rather long calculations. Note that ' stands for the derivative
with respect to the continuous variable. The differentiation of (15) with
respect to u, 1 twice (keeping u, o fixed) leads to

[un—HQ/(n + 17 un—i—l) - Q(n + 17 un-l—l)]” =0 (16)
after simplification. The solution of (16) is given by
Q (n,uy,) = ayuy, + byu, Inu, + ¢, (17)

for some functions a,, b, and ¢, of n. These functions are obtained by
substituting (17) in (12) and by splitting the resulting equations with respect
to product of shifts of u,, since they are functions of n only. It turns out
that b, = ¢, = 0 and we are left with the following reduced system:

1 D Upyky1 — Ap =0 (18a)

Up .« Uptk Do Qpr tapi2 + o+ Qg+ Qg1 = 0, (18b)
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or equivalently
(p + Qpy1 + Apyo + 0+ Qg = 0. (19)

We have found that

2
a, = exp (kTiz), 1 <s<k. (20)

Thus, the k infinitesimal generators are given by

X = exp (27”18 ) 0 1<s<k. (21)

k1 u"@un’ -

3.2 Reduction and exact solutions

Let

@:m(ﬁﬁﬁ and  Qunun) = (6,)" (22)

To lower the order of (2), we introduce the canonical coordinate defined in

(11). We have

du, 1 0l
5= [ Gy = g (23)

Thanks to (19), we have proved that

X, [(0)"Sn 4 (0)" Sy + -+ ()" S| =0, 1<s<k (24)

So,
'n = (Qs)nsn + (QS)R—HS’VH—I + -+ (98)n+k8’n+k (25>
is an invariant function of X, s =0,1,2,..., k. For convenience, we consider
1

70| = exp{—r,} ==+ (26)

k )
H Un+i
i=0
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k

instead. We choose 7, = 1/ [[ un1; and the reader can readily check that 7,
=0

satisfies

7Zn-‘,—l = ann + An (27)
and that
n—1 n—1
=0 ko=Il+1

Thanks to (26) and (2), we have that

Tn
Untk+1 = 7 1un (29)
n+
and thus
n—1 ~
T(k+1)s+j .
U(k41)n+j :uij-—,]’ J :()717"'7k' (3())
g Tkt 1)stj+1
We have

R (k+1)s+j—1 (k+1)s+j—1 (k+1)s+j—1

w1 To I[I Bu|+ X A I Bk
k1=0 =0 ko=Il+1

Uk+1)n+j —Uj H

L s (btD)std [ (rD)std
- 7| II B+ > A II Bk
k1=0 1=0

ko=Il+1

(k+1)s+j—1 k (k+1)s+j—1 (k+1)s+5—1
(T B +(Hui) s (a1 B
k1=0 =0 =0 ko=I1+1
5 (k+1)s+j k (k+1)s+j5 (k+1)s+j
- I B, +(Hui> s (4T B

k1=0 =0

1=0 ko=l+1
(31)

for j =0,1,..., k. The solution to the sequence {z,} is then given by

(k+1)s+j5—1 (k+1)s+j5—1 (k+1)s+j5—1
n—1 H Bkl +P E N H Bk2
k1=0 =0

H ko=Il+1
Lt Dnetj—k = Ljk o (k+11‘)f+j (’““Z)SH (Hﬁw
= Be | +P Y B
k1=0 ' =0 ka=l+1 2

15 M. Folly-Gbetoula et al 10-21



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

where 5 = 0,1,2,...,k and P = H x_;. In the subsequent sections, we

investigate solutions to special cases of the difference equations.

4 The case when [, and 7, are 1-periodic

In this case, we assume that 8y = §; for all j > 1 and vy = ; for all j > 1.

4.1 The case when () # 1

The solution becomes

k+1)s+ 1—gYft sty
n—1 /8( A (Hl' )W%

. k (k+D)s+j+1
—g pk+1)s+j+1 1-8
=0 ﬁ() + H T 01_60 Yo

1=0

T(k41)n+j—k = Lj—k J=0,1,2,..., k.

Set By = v = % where a is a constant. Then the solution reduces to

—1)(k+1) DDt g
(a=1)k+Dsts (H T ) 1—)a*1 a
T(k4+1)n+j—k = LTj—k | |

k Y
=0 (g~ 1)(kHD)sHitl 4 (H»T l) (a i)(kﬂl)sﬂﬂa*l
a

=0

which is equivalent to

k (k+1)s+5—1
ne1 1+ (H .CE_Z') al
n 0

T(k4+1)n+j—k — Tj—ka H k (k+1)s+j '
s=0 1 + (H x_i) a,l

More explicitly, we have
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(k+1)s
xl> S oadl
1=0

(k+1)s+1
x_i) > d

=0

3
L
—_
_I._
YO
e

s
Il
=)

n
T(k+1D)n+1-k = T1—kQ

i
—_
_l’_

I~
o

<.
Il
o

k (k+1)s+1
n-11+ (H SE—i) > od
i=0 1=0

n
T(k+1)n+2-k = T2—kQ H

k (k+1)s+2
s=0 1 + (H x—i) Z al
i=0 1=0

S
I
o

and

k (k+1)s+k—1
n—1 14 (H l’_i> Z al
T(k+1)n = zoa" H = =0

k (k+1)s+k ’
=0 14 (H x@) >ood

1=0 =0

This solution has appeared in [1].

4.1.1 The special case = —1 and k is odd

The solution simplifies to

T(k+1)yn—k — T k(=14 (T kT p1T gy .- T170)%) ",

T(k4+1)n+1-k = $1—k(—1 + ($—k$—k+1$—k+2 .. -$—1$0)%)n,

Tt tynt2—k = To—k(—1 4+ (T_pTops1T g2 . . T_120)%0) ",
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Tpryn—1 = To1(—1 4+ (T_pTp1T—pg2 - - T_120)%0)

n
l’(k+1)n = ‘Qﬁj,k(—l + (iE,kiU,kJrl%,kJrg Ce :L',ll'o)’yo) s

as long as the denominator does not vanish.
However, the solution above can be written in compact form as

_1)itin
(s tyntjh = Tjok (—1 + (TpTop 1T pra - .. T_120)70)

for j=0,1,... k.
This solution has appeared in [1] (See Theorem 9).

k
Remark 4.1 Note that if vo [ x—; = 2, the solution is periodic with period

=0
k+1.

4.1.2 The special case = —1 and k is even

In this case, we have

—~
—_

~—
v

+

<.
+

— =
>
N
~
L
wo| L
&
=

n—1
L(k+1)n+j—k = Lj—k H
s=0 (—1)s+i+1 4

i i (o (1))

s2>0, —1 +
s—j is even h

)

N
I
e
<
_
iR
|
o=
;(f_
+
=

Il B
= =
IS
L
\—/
2
w
dw
w1y
oS
o,
o,
<
Il
o

If 7 is even and n is odd,

k -l K 1252
T(kt1)ntj—k = Tj—k <—1 + 7 H x—z‘) <—1 + H $—z>
i:O By =0
=Ty (—1 + 7 H xz>
=0
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If 5 is odd and n is odd,

n—1

k -1z k L%J*l
T(k+1)n+j—k = Tj—k <—1 + 7 H IE—i) <—1 + H x—i)
i=0 1=0
k
= Tjk <—1 + % HSU1> -
i=0

If 7 is even and n is even,

k —LnT_lJ—l k \_HT_IJ'H
T(k+1)n+j—k = Tj—k <—1 + % H 35@) (—1 + % H xz)
i=0 i=0
=Tj—-
If 5 is odd and n is even,
k —n3t)-1 k L5t +1
Tkt )n+j—k = Tj—k <—1 + % H x—i) <—1 + 7% H $—i)
i=0 i=0
=Tj—-
In summary, and more compactly, the solution is
K (=17t
i | =1+ r_; , if n is odd
Tkt Dntj—k = ¥ ( i il;lo )
Tj_k, if n is even.

This solution has appeared in [1] (See Theorem 8).

4.1.3 The case when [, =1

The solution is given by

1=0

# (L) (0 D+

n—1 1
T(k+1)n+ji—k :x]—kH ) j :0a1727"'7k'

s=0 1 4 (ﬁ x_i) (k+1)s+ 7+ 1)y

1=0

10
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5 Conclusion

We have utilized symmetry analysis to find point symmetries for certain
(k + 1) th-order difference equations. We performed the group reduction of
the equations using one of these symmetries and solutions were given in a
unified manner. Our results generalise those in [1] in the sense that (a) a,
B and v need not necessarily be non-negative integers and (b) the constants
can be replaced with sequences (variable constants).
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