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Abstract

This manuscript proposes a generalization of weak convergence and
study of fixed point in a real Hilbert space for quasi-nonexpanding maps.
In this work, we introduce a class of fixed points theorems for nonexpan-
sive mapping and generalized form of nonexpansive mapping under the
Hilbert space. In addition, we obtained under quasi nonexpansive map-
ping weak convergence with respect to Hilbert space by Mann’s Type.
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1 Introduction

A significant area of research in pure as well as applied mathematics is
fixed point theory. The Fixed-Point Theory has many applications in various
fields namely Approximation Theory, Integral Equations, Game Theory, Opti-
mization, Economics, and several others [1]. How to solve nonlinear equations
like Tx = 0 is one of the fundamental issues in mathematics. We can utilise
iterative techniques like Newton methods and its variations to solve these prob-
lems. We must therefore employ approximation techniques because the zeros of
a nonlinear equation cannot be stated in closed forms. Nowadays, we frequently
employ iterative techniques to obtain a system’s approximate solution. The
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general Newton’s method is frequently used approach. Recent advancements in
the solution system have made it possible for us to reach iterative formulae by
employing Taylor’s polynomial, quadrature formulas, and other methods. One
of the powerful and versatile solution technique for solving nonlinear equations
is Fixed point iterative method [2]. Recently many fixed-point results have been
discussed in different type of non-expansive mappings [3, 4].

Let H be any Hilbert space having convex closed subset of K which is non
empty. Now define a continuous mapping S from convex subset K to convex
subset K. A point a € K known as a fixed point of continuous mapping S if
S(a) = a. Additionally, the F(S) denotes the collection of all fixed points for
S. A fixed point’s existence theorems of single-valued nonexpansive mappings
has been studied by a few authors [5]. A mapping T : B — B defined on space
B if is known as nonexpansive mapping || Tu — T¢||< ||u — C||, Vi, ¢ in space
B. A general map T : B — B defined on space B is called quasi-nonexpansive
mapping provided it has fixed point in space B and if 9 € B is fixed point of T,
then ||Tw — 9||< || — 9|,V € B. Thus every nonexpansive mapping becomes
quasi-nonexpansive if it has a minimum one fixed point. A mapping T': B — B
described as being generalised nonexpansive if Yu,?¥ € B and m,n,o > 0, the
mapping T satisfy

17w — TONI< mils— Ol+n Ll — Tull 19 — T} + o {llu — TOl+19 — Ty}
with m + 2n + 20 < 1 [6].

Let B be convex subset of X. For u; € B, define a sequence {u}, -, such that
tnt1 = (1 = Bn)itn + BT 1, where {Bn}zozl is a sequence of positive number
Brn € [a,b] for alln € Nand 0 < a < b < 1. A mapping T : B — B is demiclosed
with respect to w € X if for each sequence {u,} C B and each p € X it follows
from p,, — p and UmT'(p,) = w that p € B and T(u) = w. The set of fixed
point of T is denoted by the abbreviation F(T') [7].

2 Preliminaries

Firstly we introduce some lemmas and definitions.

Definition 2.1 [7] Any Banach space X is called a Hilbert space if there exit
a scalar product defined on space X such that the norm defined in space X is
same as the norm defined by the relation 7 = <7, 7>1/2.

e Let 12 be the set contains the elements of the form 7 = (71, 7o, ....) such that

oo
Irll=>_I7? 2 < oo
=1

e The inner product space (R™, < .,. >) equipped with the induced norm given
by

o 1/2
Irll=< 7,7 >/2= (Z|n,|2> such that (n1,m2,...n,) € R™
i=1
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Definition 2.2 [6] Let H be any Hilbert space, mapping T defined on Hilbert
space H is nonexpansive if

d(TC,T9) < d(¢,0),Y¢,9 € H

Definition 2.3 [6] Let H be any Hilbert space then the mapping T" on Hilbert
space H is quasi nonexpansive if

d(Tp,9) < d(u, 9),Yu € H,¥0 € F(T)

such that mapping T has at least one fixed point.

Definition 2.4 [7] The Opial’s condition is crucial for understanding the demi-
closed Ness the nonlinear mappings principle as well as the geometry of spaces
and sequence convergence. Any If Space X meets the requirement of the Opial,
a sequence (, defined on space X converges weakly to any (p € X then

Tim infl|Gy = Goll< lim infl[Gu — [, YC € X and ¢ # Go

Here if we replace the strict inequality < by the inequality < then, we obtain
weak Opial’s condition.

Definition 2.5 [5] Let E C H where H is a Hilbert space and T : E — H is a
map defined from E to Hilbert space H. Then the mapping T is demiclosed at
any s € H if for any corresponding sequence (,, € E the mapping T follow the
condition as:

Con—BEFEandT(, - 9=TH =1

An Opial’s Condition defined on reflexive Banach space X such that F is a
not empty space X closed convex subset containing a nonexpansive mapping
T:FE — X then I —T is demi closed.

Lemma 2.6 [8] Assume a Hilbert space H such that £ € H then S : E —
CB(FE) is called mapping of Condition (A) if

lle — I||= d(p, SV), for all p € H and ¥ € F(s).

Lemma 2.7 [9] Let H be a real Hilbert space and K € H such that a quasi
nonexpansive map from S : H — CB(H) with F(S) nonempty. Then, F(S) is
said to be closed and if S fullfill above Condition (A), then F'(S) is said to be
convex. The mapping S is said to hybrid if

3H(Sp, Sw)® < || — w|*+d(w, Sp)* + d(p, Sw)?, Vp,w € K

Lemma 2.8 [5] Let H be a Hilbert space such that £ € H and S : E — E(FE)
is hybrid mapping. Assume 9,, be a sequence in mapping E such that 9, — ¢
and lim ||9, — yn||= 0 for sequence y,, € SY,,. Then, ¢ € SV.

n—oo
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3 Quasi Nonexpansive Mapping with Respect
to Hilbert Space

Lemma 3.1 Let X be a normed space with a convex subset C' and mapping
T : C' — C defined on space C' be a quasi-nonexpansive mapping. Suppose that
{¢n )2, is a sequence such that ¢; € C. Then, the limit nlgr;oHCn — (|| exists for
each ¢ € F(T).
Proof: We have given that the mapping T is a quasi-nonexpansive mapping.
Hence, we have

[1Cnr1 = Cll= [(n TG + (1 — an)n) — <l
< || TG — CllH+(1 — an) 16 — ClI= 116 =<l

For each ¢ € F(T). Hence, the sequence {||¢, — ¢||},—, is a bounded below and
nonincreasing sequence, so from this we conclude that the limit lim ||¢, — ||
n—oo

exists for each ¢ € F(T).

Lemma 3.2 Let us consider a uniformly convex Hilbert space X, 0 < b < d < 1,
B >0, t, €[b,d and {¢,},—, and {¥,} -, are sequences defined on Hilbert
space X such that

lim sup||(, ||< B, limsup||d,||< B, and lim ||t,¢n + (1 — tn)0n]|= 8
n— o0

then the lim ||, — ¥,||= 0.
n—o0
Lemma 3.3 Let us consider uniformly convex Hilbert space X with a convex
subset C of X and T': C' — C be a quasi-nonexpansive mapping. Assume that
p1 € C and {p, }oo, is a sequence then the limit lim ||, — Tu,||= 0.
n—oo

Proof: Let u be fixed point of quasi-nonexpansive mapping 7. Now, we
know that limit d = lim ||p, — pl|= 0. is well-defined by Lemma 3.1 and

n—oo

lim Sup||Tp, — p||< d Since, ||Twn — pl|< ||pn — p]| for all natural numbers.
n—oo
Additionally, we know that

Jim [l (Tpp — p) + (1= an)(pn = p)l|= m [lpnsr = pl=d

So, from lemma 3.2 we conclude that lim ||Tu, — p,||=0.
n—00

Theorem 3.4 Let us consider a uniformly convex Hilbert space X satisfying
Opial’s condition and C' be a closed subset of Hilbert space X, and mapping
T : C — C be a quasi-non-expansive mapping with I — T demiclosed with
respect to zero. Suppose that (; € C' Then the sequence {(,} -, converges
weakly to some fixed point of quasi-non-expansive mapping 7.

Proof: Let us consider two weakly convergent subsequences {(p, } and {y, }
of sequence {(,} which are weakly convergent to some points ¢ and ¢ in C,
respectively. Since nh_{TéOHCn — T¢n||= 0 by Lemma 3.3 and I — T is demiclosed

with respect to zero such that T¢ = ¢ and T = 9
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Now, put a = lim ||¢, — ¥|| by lemma 3.1. Assume that ¢ # ¢ and consider the
n—oo
fact that ¢y, — ¢ and (y,, — ¥ then from the Opial’s condition we get

a = liminf||{y, — ¢||< liminf||(y, — I||="b,
b= liminfy, — )< L infl Gy, — Cll= o,

Which is a contradiction. Hence ¢ = ¢.

This shows that the above sequence {¢, },- ; has exactly one weak cluster point,

from which we conclude that the sequence {(,} -, converges weakly to some

7 € C. On Repeating the above concept we conclude that Tt = 7. Hence, the
o0 .

sequence {(,},_, converges weakly to some fixed point of T'.

4 Generalized Quasi-Nonexpansive Mapping un-
der Hilbert Space

A map T : H — H defined on Hilbert space H is said to be generalized quasi
nonexpansive mapping if Vu, 9 € C' and m,n, 0 > 0, mapping T satisfies

[Ty =T < mllp = Of|+n{[lp = Tul|+[10 =TI} + o{llp = TI+[[0 = Tull}

with m + 2n + 20 < 1.

Theorem 4.1 Let H be a uniformly convex Hilbert space with a bounded convex
subset C of H. Mapping T be a generalized quasi nonexpansive mapping. Then,
for any small € > 0 there exists a small d(¢) > 0 will be such that for each pair
of points (p, (1 in C with ||T'¢, — (1]|< 0(¢), and for any point ¢ lies on the line
segment joining point (o to point ¢; with [|T¢ — {||< e.

Proof: We have given that the point ( lies on the line segment joining point (3
to point (5. Therefore,

C=10-NG+ A, 0< A< 1.

Now, define f = b+ ¢. Suppose |1 — (2||< (1 — f)/4. Then, for each ¢ lies on
the line segment joining the points (y to (1,

[¢—Gll<e(l—f)/4
IT¢ = (< ITC = TGQIHITEC = Gull+I¢ =<l

therefore, we get

1 =T¢ - TGN< all¢ = Gll+b{lI¢ = T¢l+[¢r — T}
+e{l|¢ = T¢|[+][¢r — T} — | T¢ — Tl

<af¢ = Gll+b{lI¢ = T¢ll+[[¢r — TG}

+ed{l[¢ = TGl+[I¢ — TG}

< (a+ )€ = Gl+bl¢ = TC[+(b+ 2¢)[|¢1 — TG
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hence,
176 = IS 17~ TG =G =l
S(H““)Hc Gl ~ ¢
(1472 )1 - 7a)
and
I~ Cll< 22— Gl 026~ TGS § 4+ rd(e) <

L= f
if 0(e) < (1 — f)e/4.

Therefore, we consider only that couple of points (1,{s which satisfying the
condition ||¢1 — G2||> (1 — f)e/4.

Let dy = diam(C). Then, for A < X5, [|C = Gill= Al[¢2 — 1]l < e(1 — f)/4 and
by the argument, ||T¢ — ¢||< e. Hence, we must consider only A > 6(1 f). If
1=\ < el — f)/4do, then € — Goll= (1 = NGz — Gll< (1 — £)/4do. And,
applying the same argument with (> replacing (3, again we get || T¢ — ||< e.

Therefor we get
1 —

4dy
set y = T'¢. Then
ly = Q< ITC = TGI+T¢ — Gl

and

1T¢ = TG< all¢ = CGull+blIC = Cull+[16 = TCl+IG — Té]
+[l[¢ = GlI+IG = TCll+lI¢ = T[]

thus,

(1= b= ITC — GilI< (a+ b+ )¢ — QA +b+ G — T,

and
IT¢ = Gll< NI = Gull+2(1 = )76 = TélI< Al — G2l +26(e) /(1 = f).
similarly,
1T¢ = GlI< (1= NG = Gll+23(e) /(1 = f)
set

20 =A"G -Gl Hy - G),
21 =(1=N"G =Gl (G —y).
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then
64d0(5(6)
< —_—
”ZOH— 1 + 62(1 _ f)3
similarly
64(10(5(6)
<l+4+ ——~.
Hle— + 62(1 _f)3

but we know that
[IAzo + (1 = XN)zy1||= 1.

and H is a Uniformly convex Hilbert space. Hence, if we choose positive §(¢) as
small as possible then, we have ||zp — z1]|< €/do. Thus,

ly = Cll= I = M)y = G) =AM —y) = A1 = N)[[G = Glll20 — 1[I < ).

Hence, for any small ¢ > 0 there exists a small §(¢) > 0 such that for each pair
of points (p, (1 in C with ||T¢, — ¢1]|< 6(¢), and for any point ¢ lies on the line
segment joining point ¢; to point {3 with ||T¢ — {||< e.

5 Weak Convergence of Quasi-Nonexpansive Map-
ping with Respect to Hilbert Space by Mann’s

Type

In 1953, Mann[11] created the standard Mann’s iteration technique. Since
Mann'’s iterative approach for creating fixed points for nonexpansive mapping
has been thoroughly studied by other authors. The typical Mann’s iterative
procedure produces the sequence {1, } as follows:

Hh =veK

Ont1 = (1 = () + T, VR >1

Where < (, > is a sequence lies in 0 to 1. Mann’s Type weak convergence
theorem for quasi-nonexpansive mapping.

For quasi-nonexpansive mapping in Hilbert space, we provide a weak conver-
gence theorem of mann’s kind [11] in this section. Before demonstrating this,
we address several common findings, such as:

Lemma 5.1 Let T be quasi-nonexpansive map defined from closed convex sub-
set C of Hilbert space H to C'. Then, I — T is demiclosed.

Proof: We have given that 7' : C — C be a quasi nonexpansive mapping
defined on Hilbert space H. Then, for any real 7,9 € R we have

ANTEC=TIP+1 = NC = TIP< SITC = 9P+A = 0)¢ - 9> (5.1)
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for all {,9 € C.
Now, suppose ¢, — r and ¥, — T'¢,, — 0. Let us consider

NG = TrP+(1 = NG = TrP< 81T — rP+(1 = )G —7lI*  (5.2)
from these inequalities, we have
TG = G+ G = TrlP+(1 = NGn = TrlP< ST — G+ Go = [P +(1 = 0)[G — rII?
and hence

VTG = GallP+1Gn = TrIP42(TCo = Cay Gu = T1)) + (1= )|Go — T
< O(ITGn = Gall?HlGn = rIP+2(TCh — Gas Gu = Tr)) + (1 = )G — 7|

now, we apply a Hilbert limit x4 on both the sides of the above inequality, then
we have

7M7L(||T<n - Cn||2+||<n - Tr||2+2<T<n — Cns Cn — TT>) + (1 - PY),U'nHCn - TT||2
< 6Mn<||TCn - Cn||2+||Cn - r||2+2<TCn — Cny Cn — TT>> + (1 - 6)Mn||Cn - THQ

and hence
YenllGn = Tr|P4+(1 = NG = TrlP< Spnl|Cn — 71P4+(1 = 8) |G — I

so, we have

finllCn = Tr|2< pnllGn — 712
since,
pallGn = TP HpnliGn — 7+ 7 = Tr|2< pnliGo — 7|
therefore, finally we get
pallGn = vl Hpnllr = TrlPP+2p0 (G — 7, 7 = Tr) < pn|Go — 7|

so, we from all these we get i, ||r — Tr||?< 0 and ||r — Tr||?< 0. Which implies,
Tr = r. Therefore, I — T is demiclosed.

Theorem 5.2 Let T be quasi-nonexpansive map defined from closed convex
subset C' of Hilbert space H to C' with at least one fixed point i.e. F(T) =
{pe C :Tp=p}and F(T) # (. Let G be a metric protection of Hilbert space
H onto F(T) and {z,} be a real number sequence lies between 0 and 1 such
that nh—>ngo inf x,(1 — x,) > 0. Let (x,,) generates a sequence {p,) such that

Pn+1 = TnPn + (1 - mn)Tp’l’L, n= 17 27 3... ey PL =P € c
then the sequence (p,) converges weakly to a member ¥ of F(T') such that
¥ = lim Gp,.
n— oo
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Proof: : Let ( € F(T) and T be a quasi-nonexpansive mapping defined on
Hilbert space H. Then, we have

lons1 = ClIP=llzpn + (1 = @) Tpn = CIP< @nllpn — I+ — 20| T — ¢I?

< @nllpn = CIPH = z)llon = ¢IP= o — <7

For all natural numbers. Hence, the limit lim ||p,, — (||? exists. So, we can say
n—oo

that the sequence {p,} is bounded.
we also have

P01 = CI2= N|znpn + (1= 20)Tpn — ¢
= @nllpn — (1P = 20) | Tpn — ClP~2n (1 = 20) | Ton — pull?
< Zpllpn — C||2+(1 —xp)|lpn — CHZ_xn(l —x) | Tpn — an2
= llpn = ClIP=2n (1 = 20) I Tpn — pull?

so, we have

(1 —2n) | Tpn — anQS lpn — <H2_||Pn+1 - C”Q

since the limit lim ||p, — ¢||* exists and lim inf x,(1 — z,) > 0, we have
n— oo n—oo

|Tpn — pnl|?*— 0. The above defined sequence {p,} is bounded. Hence, there
exists a subsequence {p,,} of sequence {p,} such that p,, — v. By lemma 5.1,
we obtained a fixed point ¥ € F(T). Similarly, let us assume that {p,,} and
{pn, } are the two sub sequences of sequence {p, } such that p,, — J1andp,, —
¥2. Now, for proving the given theorem we must show that ¥, = J5. we know

Y1, U9 € F(T) and hence, the limits lim ||p, — ¥1]|?> and lim ||p,, — ¥2||? are
n—oo n—o0
exist.
now, Put
a = lim (|pn = 01|>=llpn = 92|1?), for all positive integers.
n—oo
o = 01l =llon — Dal1*= 2(pn, 92 — V1) + (|91~ 02]?
such that p,, — 91 and p,; — U2 then, we get
a = 2(0a, V2 — V1) + [|0h]]*~[92? (5.3)
and
a = 2(0a, P2 — V1) + [|0h]]> = 92? (5.4)

Now, by combining these two equations, we obtain 0 = 2(¢5 — 1, ¥ — 1) and
hence |92 — ¥1]|>= 0. So, we get ¥ = ¥J1. This implies that the sequence {p,}
converges weakly to an fixed point ¢ of F(T).
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Since ||pnt1 — ClI*< ||pn — || for all ¢ € F(T) and n € N and we already see
that the sequence {Gz,} firmly converges to a fixed point g of F(T). From the
property of g we have

<$n - Gzyp, Gopy — y> >0

for all fixed points y € F(T) and n € N. Since the sequence p,, converges to ¢
and the sequence Gz,, converges to g. So, we can say that

(W—g,9—y) >0

for all y € F(T). Putting y = ¥, we get ¢ = J. This means ¥ = lim Gp,.

n—oo
Therefore, the sequence (p,,) converges weakly to a member 9 of F/(T') such that
¥ = lim Gpy,.
n— oo
Conclusion

This article’s objective is to give a common approach for talking about the fixed
point of generalized quasi-nonexpansive mapping and quasi-nonexpansive map-
ping with respect to Hilbert space. The research piece concludes by presenting
a novel approach to examining the fixed-point theorems for quasi-nonexpansive
mapping and its generalized form about Hilbert space.
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