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ABSTRACT

We have introduced a new family distribution, byusing the beta distribution family throughthe [0,1]
intervaltruncated.A new probability distribution known as a Truncated Pareto Distribution- Lomax
Distribution (Tplm Distribution)isdiscussed, Probability density function,the function of cumulative
distribution,the function of reliabilityand Hazard risk function are presented. Some of these properties
will be derived for this distribution. Such as the rt» moment, the function of characteristic,Expected,
Variance, Kurtosis, Skewness, the function of Shannon entropy. The MSEs is calculated in parameters
estimations, a less MSE can be seen when the default parameter values are small. ($=0.5,6=0.5,§ =0.5,
2A=0.5), for all sample sizes and in all cases MSE decreased with increasing sample size. These results can
be reconciled with statistical theory.

Keywords: Pareto distribution, Lomax distribution, reliability function, Hazard risk function, Shannon
entropy modules.

INTERDICTION

The Pareto distribution is called after the Italian engineer economist and sociologist Vilfredo Pareto [3].
The Lomax distribution also known as the Type Il Pareto distribution is a weighted probability
distribution used in the business world of economics queuing theory actuarial science and Internet traffic
modeling. [6] Named after KS Lomax. It is a modified Pareto distribution so that support starts from zero
[12].

In recent years many researchers have proposed a new distribution." Boshi(2019) defined two methods
for generating probability distributions by combining generalized distributions, namely the generalized
gamma distribution, the exponentialWeibull distribution, the generalized Gompertz distribution, andthe
generalized inverse Weibull distribution "[4]." (2002) Eugene et al,determine the betanormal distribution
(BN) through taking G(x) as the function of cumulative distribution of the normal distribution and
extracting its first moments. "[8]. "In (2017) Abid et al introduce.A new type of continuous distribution
based on the truncated distribution [0,1] by Frechet [1]. (2022) Abid et al [0,1] proposed a truncated Half
logistic-Half logistic distribution and derived several important statistical properties of this distribution
[2].(2024) Muhi et al introduced a new family of continuous distributions called the power function-
LindleyDistribution and production of some important properties of PF-LD [9]. (2022) Hasanain et al
Discuss maximum likelihood and the base estimate of two Parameters The shape parameter § and the
scale parameter 0 of the Lomax-based distribution on three types of loss functions [11].

The pdf of the Pareto distribution (P-D) is given by[13],

Fo) =22  0<x<oo, 6,50 (1)

xB+1
Thecdf of the distribution is given by,
B
Fe)=1-(2) , 0<x<ow, 6,>0 )

Truncated[0, 1]M-QD
Let Q(x) and q(x) be the pdf and cdffor any continuous distribution over the random variable x and let M
(.) and m(.) denote the pdf and cdffor any continuous distribution between [0, o). General formula of the

CDF proposed for this family is based on the writing of M. [6]

_ MIQGI-M[0]
Fmm-0 = ~yimr. )

Now, let M[0] = 0 Then cdfin (3) we get as,
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[Q(x)]
F(X)ry—q = M[lx (4)

And pdf, f (x) — [F (x)] will be,

[Q( )lq (x)
fO) M- -0 —# (5)

Truncated Pareto distribution - QD
Let M(.) and m(.) that mentioned in (4) and (5), (TP-QD) call back (1) and (2) to be cdf and pdf for
positive parameters (>0,0>0). we have M(0)=0 So;

B

MIQ)] =1~ (m) ;L =1-(0)

0
And m[Q(x)] = Q(‘*T
Giving to (4) and (5).The cdf and corresponding pdf for the new distribution arenamed [0,1], TP-QD will
be,

1_(Q?x))ﬂ

F(X)rp—g = @F "’ 0<x <o B,6>0 (6)

9B

and, f(x)rp_g = =T 10F

BoPq(x)

= e 0<x<®,  B8>0 (7)

T PLM Distribution
suppose that Q(x) and q(x) , the Lomax Distribution (LM) with tow positive parameter § and A, cdf and
pdf as[5]

) =7[1+
-8
(x)=1—[1+;] L 0<x<o, 51>0 9)
According to (6), the cdf of new distribution called Tplmdistribution will be,

B
i
1-[145]

(6+1)
= ,0<x<o0,  §1>0 (8)

FOrpm =—1—g—— 0sx<e0 , §,6,61>0 (10)
The pdf Tplm distributioncan be obtained, according to (7) as,
08814 "D
O rpim = ol 7 ,0Sx <00 , §,6,61>0 (11)

(1—(a)ﬂ)< -[1+3] )
The reliability function Tplm distribution, itcan be obtained,
R(x)Tplm =1- F(x)Tplm

([“1)

1-@)F
(1 ~[1+ g]_(S)B —g#

a-©"(1-[1+ }]_6>B

The hazard function of Tplm distribution as,

=1-

_ f(x)Tplm
HQ) rpim = RGO 1y
PP —(6+1)
Al1+] —
(1—(e)ﬁ)<1—[1+—] )
4 —9B
. < -1 ] ) )

(1—(9)1?)(1—[1%]_6)3
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_ [(1 —(6)F) (1 -1 +ﬂ_5>ﬁ] _ [(1 ~[1+ ’ﬂ_‘g> _9/3] [ﬁgp 142 Q +1)]
ol V- (b )]

The characteristics of the Tplm distribution are listed as follows.
r-th moment: It is possible to obtain r-t" moment of Tplm distribution

fooo x" f (X) 7pim dx. According to (7). We get,
] 6+1) 1

r
=) L6 = [1
E(Xr)Tplm = x" _5

0 [(1—(9)ﬁ)<1—[1+ ] )
By using the following Formula [10],
(a+w)"=3Y2,CG"a (12)
where ("= (—1) (n ti- 1).

s ~@+1) (x)!
EX Y rpim = f wxr'[ #2C ) ]|dx

a-©"(1-[1+1")
By using the following Formula [10],
1-w)? =32, 1r(bﬂ)u/, lul<1,b>0 ,weget, (13)

dx

p+1

jt )
By ~~@+1) (¥\ g0 1r(B+14)) —Jjé
EXT)rpi :f”xr o720 G (/1) =01 r(g+1) [ + ]
A 1- (")

ﬁ9ﬁ52 20 (5+1)Zoo 1r(B+1+4))

- e P () [ ] e
= [ 1]

Let y == wefind x = y/1 With dx = Ady
This means that ifthelimits of x = 0 then the limits of y = 0 and for x = c0 then y = o0 . We get:

I= f A [0)[L + y17° ] Ady
0

o0

— Ar+1f (y)r+i (1 +y)—j6dy
0
00

— /V-HJ (y)r+i (1 +y)_j5dy
0

[ =1t foo(y)(r+i+1)—1 (1 + y)—(r+i+1)—(j§ —r—i—l)dy
0

)
— /1r+1f (y)(r+i+1)—1 (1 +y)—[(r+i+1)+(j§—r—i—1)]dy
0

Then, we obtain

I=X"Br+i+1,j6—-r—i—1)

Were

B(n,m) = fooo(y)"_1 (1 + y)~™*m)dy, is beta function of second type [7]
Now, substituteﬁlﬁin (14)( ;/J\rlle) git A

EX")rpim = LT C(l (e)i’) GG+ ar¥IB(r4i+1,j6 —r —i—1) (15)

By settingr = 1in (15), we get the mean of X,

gs —(5+1) 1rB+14))
‘39 Z OC Z ]' r(B+1) 12 /- . .
a=@n A*B(i + 2, jé—i—12)

E(X)Tplm =

The Second expectation,
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1 r(B+1+4j)

Beﬁ Z N (5+1)Z]000

! 1 . ,
E(Xz)Tplm = (1_(9)ﬁ) JL r+) /13B(l+3 ]6—1—3)
the Third expectation,
g —(6+1) 1 r(B+1+4j)
EX3 _ﬁe ()C Z} 0}' r(B+1) 143 . 4i5—i—4
( )Tplm - (1 _ (Q)ﬁ) (l + v ) l )
The Fourth expectation,
By ~—(6+1) yoo 1r(B+14))
E(x* _[)’9 2 i=0 G Zf:oj! rB+D 35pi 45 i§—i—5
( )Tplm - (1 _ (Q)ﬁ) (l + vJ l )

So, the mean, variance, the kurtosis and skewness, related measures depending on (15) can be obtained
easily.

The function of the Characteristic
characteristic functionof theTplm distribution,can be found from,

(ib)"
Bx(B)rpim = E(e™™) = Z EX")rp—im
0 —(6+1) 1 r(ﬁ+1+;)
brﬁeﬁ 220 G X5
Efl) (1—ww)] TR AB(r i+ 1,6 —r —i— 1)

Shannon Entropy
To get Shannon entropy of Tplm distribution, we firstly define,

o0
_f ln(f(x)Tplm )f(x)Tplm dx
0
Through using the natural logarithm, of the pdfin (11), we get.

n(f ) = n { G -
((1_(9)ﬁ)<1_[” 1]

](+1)

rl

BGB§
= In m (1+5)ln( )+(1+B)ln[1+—]

po’s x
=i Gy |~ A O + @+ Din) = 601+ ln 5]

= { a-oH

\ —8(B + Din(x) + 8(1 + B)In(A)
po’ s

Jln a-omn

l +((1+8)In() + 8(1 + BIn(V) J
By using the following Formula [10],

-1+ &)n(x)+ 6+ 1)ln(A)l

—[((1+8) +6(1+ B)]ln(x)l

In(x) = 22,;’10% x>0 (16)
And, (a + b)" = ¥"_, C*a™*b*® (17)
ﬁgb’ 8 ® (x — 1)+
n(F Oy ) = { (a)ﬁ) —2[6+ 1)+ 6B+ 1)] kZ:o—(X 1)

\

According to (17) and (12), we get

+(6 + 1)In() + §(B + 1)in(A)
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([ poss = o )
R/ S n¢_1\2k+1)-s
ln(l—wW) 2K5+D+6w+1ﬂéoﬂg(1)
ln(f(x)Tplm) = o ==

Z @D yits 4 (5 4+ 1)In@) + 8 (B + DIn(d)
i=0
The Shannon entropy, Tplm distribution can be obtained as:

(ln Lﬂ% 2[6+ 1) + 6B + 1] i i (1 (—1)@k+D)—s
S 1 - (") :

SHTplm = _f 0 f=05=0 f(x)Tplm dx
0
Z @D yits 4 (5 4+ 1)In) + 8 (B + DInR)

i=0

6F 2 © o
[—ln P )2+ 1) - s+ 1) PIPNIC It

- { (1 (Q)B) k=0 s=0 [
|L « (2k+1)f X £ () pppm dx — (8 + 1In(A) — 8(B + D)in(A)
- J
( pokS ® n
{l 1- (9)3) +2[6+1) -8B+ 1)] z z (o (_1)(2k+1)—s
i o \
|

k Z C (2k+1) E(XITY) — (8 + DIn() — S(B + DIn(d)
Were, -

(X"*%) asin (15) with (r = i + t).
Estimation of the Tplm distribution Parameters
we obtain the maximum likelihood estimate (MLE) of the Tplm distribution parameters. Let

X1,Xp,...,X,be a random sample size from the probability functionX~Tplm( B,0,6,4 ) , likelihood
function is,

L(B,0,6,A\X) = ﬁ[f(xi\ﬁ,9,5,/1)]
i=1
e )
(=1 ku —@n(1-[1+ g]_ﬁ)lm)
pors '\ n/ T I \
(o) T[22

A

[1+£]—(6+1)
e (18)

(1—[1+ﬂ_6)

So, log-likelihood function is,

InL(B,6,5,A\X) = nln (JG(H)B)) + 37, 1In

Pl [ _]—(5+1)
LetI =in|—=2~) and I =1In A
(1-0)F) -0\
(-[4]")
Now
Bk i
| =In| —2
1-(9)¥)
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=B n(6) + In(8) In (B) + —In(2) —In(1 — (6)F)

2
1=
(1 - [1 + I] )
=~ +on (1+3)-A+pn (1-]1 +f]_6
A A
Substitute I and Il in (18) we get,

[1 N x]—(1+5)

I =1In s

n[in(B) + B n(6) + In(8) — In(A) — In(1 — (6)#)]

[s (<60 (143~ (1-[1+3]))

i=0
The MLEs §,8, 5 and A are obtained respectively by solving the four nonlinear equations,
n

n
—+nin(8) + ———= (0)F In(6)
anL(B,6,8,2\x) |P nnn (1 - (08 " 1

5 < + Z(—ln (1—[1+%]_6)>l J )

i=0

ng npoF-1 }: 0

InL(B, 86,8 A\X) =

aInL(B,6,6,A\X) _

0 01—
5
dlnL(B, 6,8, A\X) [ ., X178 o x
5 =< <—l . f)_(1 ﬁ)[1+ﬂ Inffl +-)] =0
+_; n( +/1) + (1—[1+ﬂ_6>
z )
A
AnL(B,6,8,2\X) _ . B o[y X! L
A Y a+s XAZX carp [1+2]_5 | :
& ) )

Empirical study

We simulate a data of random variable from Tplm distribution for different sample sizes (30, 60, 150) and
different parameter values, it can be simulated by numerical solution the above nonlinear equations and
the MSE,s are calculated a for parameters estimations .By using MATLAB codes, we obtained the results.
Empirical MSE for the parameter's estimation of Tplm distribution.

Default parameter value Sample Empirical MSE
size
B 0 § | 2 n B 6 ) 1

30 0.001226 0.000858 0.001448 | 0.0001242

0.5 | 60 0.001225 0.000557 0.001483 | 0.000476

0.5 150 0.001031 0.000188 0.001315 | 0.000182
’ 30 0.001355 0.001032 0.01412 0.0001245

1.5 | 60 0.001204 0.000705 0.01677 0.000806

0.5 150 0.001333 0.000431 0.001621 | 0.000521

' 30 0.001354 0.00113 0.02517 0.002160

0.5 | 60 0.001419 0.000905 0.001962 | 0.001008

15 150 0.001345 0.000575 0.001824 | 0.000632

’ 30 0.001742 0.001045 0.002462 | 0.001917

1.5 | 60 0.001475 0.000925 0.001939 | 0.000913

150 0.001259 0.000447 0.001813 | 0.000472

1.5 0.5 |05 |30 0.001623 0.001315 0.002832 | 0.001580
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0.5

60 0001536 | 0.001082 [ 0.002731 | 0.001624
150 0001462 | 0.000721 | 0.001852 | 0.001613

30 0001693 | 0.001427 | 0.002722 | 0.001534

15 | 60 0001673 | 0.001275 | 0.002285 | 0.001364
150 0.001563 | 0.000823 | 0.001834 | 0.001124

30 0001797 | 0.001452 | 0.002685 | 0.001465

05 |60 0001771 | 0.001122 | 0.002234 | 0.001214
i5 150 0.001653 | 0.001167 | 0.001856 | %-001211
30 0001921 | 0.001622 | 0.002721 | 0.001634

15 |60 0001853 | 0.001357 | 0.002354 | 0.001486
150 0001755 | 0.000765 | 0.001818 | 0.000653

In this table you can see:

1- In all cases,the MSE decreases as the sample sizeincreasing. This result is consistent with statistical
theory.
2-  We notice that the lowest MSE when the estimated parameters are small ($=0.5, 6 =0.5, § =0.5,
2A=0.5), and for all sample sizes.
3- Asthe sample size increases, the parameters get closer and closer to the true parameter values.
4-  In all cases, the variance decreases as the sample size increases.
A1 i q
107
B=0s, ¥ =05 8=15 =15
B=03, =05, 8 =05 105
0t p=050=0506=051=05 0.
B=050=056=151=15 p=0.5, b =15, § =15, )=15
it
o
b Py 4
i
—
— — e
$ 45 03 1502 25 3 35 4 45 35S
Figure 1. Graph of pdf of the Tplm Distribution Figure 2. Graph of cdf of the Tplm Distribution
CONCLUSION

In this search, we created a new  continuous distribution, named Tplm distribution,the probability
pdfand cdf, are indicated. In addition to more important statistical properties such as our moment

reli

ability the Shannon entropy of the hazard rate function. A Simulation study of the proposed model are

also explained, in all cases, the variance decreases as the sample size increases.
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