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Abstract

We study the analytical properties of the proposed model, focusing on the ex-
istence and uniqueness of solutions. By applying Picard’s iterative method under
relaxed Lipschitz conditions on the nonlinear functions, we establish results without
requiring classical contraction assumptions. In addition, we develop a numerical
scheme based on integral approximations and demonstrate its convergence under
the same set of assumptions.

Our results contribute to the theoretical and numerical understanding of frac-
tional systems with delay, offering a robust approach to modeling real-world phe-
nomena with non-local, nonlinear, and memory-dependent dynamics.

Keywords: Fractional differential equations; Caputo derivative; Riemann-Liouville deriva-
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derivatived.
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1 Introduction

Fractional differential equations (FDESs) offer a versatile mathematical framework for mod-
eling complex dynamic behaviors across diverse scientific fields, including physics, biology,
and engineering. By incorporating fractional derivatives, these equations extend tradi-
tional derivatives, providing a more accurate description of phenomena that are non-local
and non-stationary.

A particularly intriguing and valuable area of research involves the integration of
both Riemann-Liouville and Caputo fractional derivatives in differential equations that
include a delay term. This approach has several scientific and practical advantages, such
as modeling non-local temporal dynamics [11], offering flexibility in representing real-
world phenomena [13, 14], and enabling thorough mathematical analysis and practical
applications in technology and engineering [12].

In this study, we focus on a specific class of FDEs that combine Caputo and Riemann-
Liouville fractional derivatives along with a delay term introduced by Hallaci etal[1]. The
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equation under study is:

Vte [0,T], RtD* “Dég (t) — g(t, @ (t — 1) =£(t @(t —r)),

VteE [—r0], @(t) = p(t), (1.1)
lim t1=*¢pD8¢p (t) = 0, ¢ (0) = ¢o.
t——0

This equation illustrates the intricate connection between fractional calculus, delay dy-
namics, and nonlinearity, making it a key area of interest in both theoretical and applied
mathematics. The incorporation of Caputo and Riemann-Liouville derivatives provides a
robust framework for describing systems with memory and non-local effects [10], while the
delay term captures the time-dependent interactions within the system. In this paper, we
investigate the analytical properties and numerical solutions of this fractional delay dif-
ferential equation. We explore the existence and uniqueness of solutions through Picard’s
iteration method, subject to certain Lipschitz conditions. For the numerical approach,
we apply integration methods to approximate the solutions. Our study aims to enhance
the understanding of fractional calculus and its applications within dynamical systems
theory, advancing the modeling and analytical techniques for complex phenomena. In our
method, we use Picard iteration to establish the existence and uniqueness of solutions un-
der relaxed Lipschitz conditions on f and g avoiding the need for contraction assumptions
as required in previous studies [1, 2, 11, 12]. These conditions are sufficient to ensure the
convergence of the numerical method, thus extending the range of applicable scenarios
and improving the robustness of our model in addressing real-world complexities.

2 Problem position

In this section, we introduce the fractional differential problem to be studied in this paper

and his integral equivalent form. Let f, g : [0, T] X R — R be two continuous functions
with f (t, 0) = g(t, 0) = 0, where T > 0. Our goal is to solve numerically the following
fractional differential equation (FDE) with adelay r >0

Vte [0,T], RtD* ‘Db (t) — g(t, @ (t — 1) =£(t, @(t — 1)),

lim t1=2<pD8e¢p (t) =0, ¢p (0) = o.
t-—0

where 0 <a <1, 1 < 8 <2, ¢ is a given continuous function and ¢ is the unknown
to be found in C°[0, T], R*:D* the Riemann-Liouville fractional derivative is given, for

acln—1,n[,n€EN, by

Vt=> 0, RD*y (t) = 1 & J t(t — s)n—a=1 () (s) ds,

MNn—a)dt"
and “D“ is the Caputo fractional derivative, whiJch is given fora € In—1,n[, n € N by
t

Vt>0, DY (t) = —1 (t — s)"~2=1 7 (s) ds,
Nn—a) o
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where, T is the Euler gamma function defined for o by

| o
MNa) = e~n* dn.
0

let k € R satisfies that |k| < -1 clerly A + k > 0 Hallaci et al. [1] showed that (FDE)
2.1 is equivalent to the following Volterra type integral equation (VIE),

)= @(0)er+1=2"'(0) + k e o e~ t=%)p(s)ds

f<t e-kt=s)(s u)a+6—2 dsf(u, @(u — r))du

r(aig_ ‘ u‘k t- S)(5 u)®-2dsg(u, (u —r))du, YVt € [0, T] (2.2)

- _(ﬁf 0 u
e(t) = o(t), Vte[-r0]

In the next section, we are going to deal directly with the integral version (VIE) of

our problem. Firstly, we show that (FIE) has a unique solution ¢ € C, [0, T] the class of
all continous functions defined on [0, T] with the norm,

Yy € GO, T, |¢| = max |e Ay(t)].

O<t<T
for all positive real number A > 1, Also C, = C([—r, 0]) is endowed with norm
VY eC, [Pl ,= max [(t)].

0<t<T

Secondly, we use numerical integration to build an approximation of ¢.

3 Analytical approach

Our goal in this section is to build acceptable hypotheses in order to obtain a unique
solution u of the following (VIE).

o) = ¢p(0)e* * “'(0) + k § e=kt=9)p(s)d's
415—_ e Kt=s)(s — u)®*6-2 dsf(u, (u — r))du
4+ (16 ‘ u‘k“ =)(s — u)8~2dsg(u, @(u — r))du, YVt € [0,T] (3.1)

- 6-1) 0 u

Changing u — r by u, we get

Foru=0 sou=—r
Foru=t sou=t—r

)= P(0)e ™ +f‘f_f<.0 (0) +k frfe‘k“‘s’w(S)dS

+ aro 1 +,e‘k‘t Ns — p — r)**8=2 dsf(u +r, p(u))du
ool g s — u— s~ dsg(u+r, e(u)dy, ¥ t € [0, T] B2
- F6=1) —-r p+r

) (P(t) = d)(t)/ Vte [_r/ O]
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But, forall t € [—r, 0], ¢(t) = ¢(t), then V t € [0, T]

[t
) = hi(t k —k(t—s) d
o) = h(t)+ o ' ofp)ds
N — e Kt=s)(s —  — r)**6=-2 gsf(u +r, (u))du(3.3)
r(a +8 —J' 1) 91 u+r
1 t—rJ ¢

A e t=s)(s — pu — r)8=2dsg(u+r, p(u))dy,
MB—1) o  u+r
where
1 ol
hit) = ———— e~Kt=)(s — p — r)*0=2 dsf(u + r, (1))

r(a +6 — }-)0 —fr t/,1+r

T eHIs — = 2 dsglurr, pdu (34)
r(6 - 1) —r p+r

+p(0)e ™+ L= (o)

Theorem 3.1
Assume that f and g verify the following Lipshitz proprieties

(H1):3L1>0, VtE [0, T], Vx,x € R |f(t,x) — f(t, X)| < Li1]x — x],
(H2) ;3L >0, YVt € [0, T], Vx,x € R |g(t x) — g(t, x)| < La|x — x].

Then, equation (3.3) admits a unique solution ¢ € Gi[0, T].

Proof. We introduce a Picard sequence {un}hen as Vt € [0, T], Vn =0

o = h(t),
- J- :
n(ﬁ (t) =h(t) + k e—k(t—s) (Pn(S)dS
0
1 S —K(t=s) w62
THa+6-1) , e s—u-n dsf(u + r, n(1))dp
] s
1 J. t—rf t
*re-1 , e Mt=Ns — u — )52 dsg(u + r, @n(u))du,

u+r

(3.5)
For ease of manipulation it is convenient to introduce
Lpn(t) = (Pn(t) - (pn_l(t)/ n= 11 2/ ceey
With
Yo(t) = h(t)

To facilitate the calculations, we assume the following notations:
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Ki(t, u) = ekt~ (s—u—r 672 ds
Hu+r
I P 8-2
— t_ —_
Ka(t, n) = e s - ds
Hu+r

We obtain, Vt € [0, T], Vn = 1, we have

le=Mn(t)] = e (@n+1(t) — nl(t)) |
< ke ™ e M) pn(s) — @n-1(s)|ds
e‘gt / t—r
+r Ki(t, ) |f (i +r, @a(u)) — f(u+r, @n-1(1)) | du
Ma+6 —1) o
4 e At J‘ t—r

— Ka(t, 1) [g (1 +r, @n()) — g (1 + 1, @n-1(u)) |du
e —1) o

Applying the lipschitz condition H1 and H> gives

[t
le™yn(t)] < k | e“k*“‘t"}’ le™™ (@nl(u) — @n-1(1)) ldu
L t—r
. T e MKa(t, 1) [@nlu) — @n-1(u) | dp

Ma+6—1) ,

+ —Lo 7T e MKt 1) l@n(u) — @n-1(u) ldu

rné —1) o
Witho<t<TandO<u<t-—r

I e [
Ki(t, u) = e Mg T s < (s—pu—r*t2%ds

H+r H+r

(t —p— )6t o (T —ret?

a+68—1 a+6—1

I —K(t- 6-2 Ie 6-2
Ka(t, 1) = e Mg s < (s—p—r) ~ds

H+r /J+r

(T — )81

- 6-1
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So that
[ ¢
e ya(t)] < k , le™ (@nlu) — @n-1(w)) ldu
P
_ pla+8-1 t—r A _ _
+ LFLr(LaQT ) e M|@n(u) — @n-1(u)|du
+ LQLLL)B;J tr e~ M | @n(u) — @n-1(u)|du
r(6) )

t

< ke (@) — @n-1(u)) ldu
0]
LAT — r)are= Tt

+ e M| @n(u) — @n-1(u) | du
F(a + B)J, 0
Lo(T —r)f 1t
+ g—( r) e™™ |@n(u) — @n-1(u)|du
r(8) : 0 o1
Le(T — r)*™°~ Lo(T — r)f—t t oA d
< k+ fa+6) + 6 i e ™ |Pn-1(u)|du

By repeating the last inequality n-times we have V t € [0, T],

_ a+6—1 ERPRY:
wallinid (T =" T (3.6)

Hn(t) = K+ +
MNa + 6) r(8) n!

Where

t a+6— f t _ f t
H = kI 1h(0)|ds+ LAT = 1 5 fuar, h(0)|du+ LalT = N " F | g(u+r, h(0)|du.
0 MNa + 6) 0 r(8) 0

=
proving that Yn(t) is uniformly convergent in G[O, T]
n=1

i.e

Vte[0,T]: = Yn(t

=
) = (@n(t) — @n-1(t)) + h(t) = n_lmwwn(t) = @(t). (3.7)
n=0 n=1

To prove that ¢(t) defined by (3.7) satisfies of (3.3), set

@(t) = Pn(t) + Sn(t) (3.8)
From (3.5)
[t
@(t) — Smalt) = h(t)+k o € (@(s) — 8als)) ds
1t e M=) (s — u — 1)@= dsf(u +r, (p(u) — En(1)))du
I'(a+ 6 — 1) 0 MU+
|

1
N —1) o ptr

e~ Kt=s)(s — u — r)8-2dsg(u +r, (1) — Sn(u)))du,

—+
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Applying Theorem 4.1 page 52 from [4], we obtain

im |5.(6)] =0

n—>+oo

To show uniqueness, we assume the existence of another continuous solution of 3.3
denoteddg.

Then, V[0, T]

U N T s

+ t lo(u) — ¢ (u)ldu.
Mo + B) r(8) o

lp(t) —@(t)| =k

We use Lemma 3 from [3] to obtain Vt € [0, T], ¢(t) — ¢ (t) = 0 proving the uniqueness.
[ ]

4 Numerical approach

From the previous section, we understand that if (H1) and (H:) are verified, the system

—kt t

- l—e Klt—s
olt) = ¢lO)e ™+ T o vk, € gls)ds
1 t—=r t

. e Kt=s)(s — u — r)**6-2dsf(u +r, p(u))du
F(a +86 j" 1) j] u+r
1 t—r t
. e Kt=5)(s — u — r)8-2dsg(u+r, @(u))du (4.2)
ré —1) o u+r
admits a unique solution ¢ € G\[—r, T].
The objective of this section is to build a numerical approximation of the exact solution

. For that, we use Nystrém method because of its efficiency to deal with this type of
Volterra equation as show in many previous works [2, 3, 6, 7, 5, 8]. Let us introduce a

subdivision of the interval [—r, T] in the following sense.
For an integer N > 2, we define h = and M € N, such that —r+ (M — 1)h < T <
—r+ Mh let now {t}"-, be a subdivision of [—r, T] such that

ti=—r+ih 0<i<M-—-1,
tv=T.

With this subdivision, we use trapezoidal weights {&}Xogiven by:

h
fo=£,
&=h 1<i<M-1,

év =
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as a numerical integration method. This is the most adequate method with our equation
because it verifies ( see [4]):

> T
VYoeal-rTl, lim M &p(t)—1 o(t)dt =o. (4.3)
=0 -r

the following discrte system

Qi = ti <i=< .
d(t) O0<i<N 4.4
= .
@i = h(t)+k~  &et b, (4.5)
j=0
1 i—N k=i !
+ " o _ B
MNa+8 —1) j-0 g k=j+N §ke ™M (e — t; — r)**O=2f (4 + 1, @)
1 =N k=i !
+ 6— é} Eke_k(ti_tk)(tk —t — r)g(tj +r, (pj) forN+1<i<M
e —1) Jj=0 k=j+N

where, @; = ¢(ti))for0 < i< M.

Unlike system obtained with Nystrom method in [3, 9] the delay term gives us an
explicit numerical systems (4.4)-(4.5) which facilitates the convergence study and pro-
gramming.

To study the convergence of our numerical method, we introduce the discrete error
{AiYV-o as

Ai=@i—@(t), 0=<i<M.

Now, we introduce the consistence errors for : N+ 1 < i < 2N,

I ti “"_1
;= e M g(s)ds —  &e" U (1),
0 Jj=0
R f ti—l’f ti
62 = e k=) (s — y — r)@*6-2dsf(u +r, p(u))du
(] u+r
i—N k=i !
- & &GeTMuTW(h — t; — r)* B2 (8 + 1, (1))
Jj=0 k=j+N
R J. ti—r "r ti
8 = e =N s — u — r)6=2dsg(u +r, p(u))du
0 u+r
=N =i !
- & ke KW (e — t; — r)g(t; +r, d(t)) .
j=0 k=j+N

But, for2N +1 < j < M, (T >>r and 7 small enough to obtain M = 2N + 2), the
consistence errors are given by
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f ti -1
61 = e Mi=sp(s)ds —  &elep;,
0 j=0
f t,-—rf ti
52 = e Kt=Ns — u — r)**8-2dsf(u +r, @(u))du
0 u+r
N k=i !
=& Ge W — b — DTt + 1, g(t)
J= =j+
f t,-—rf ti
6 = e k=) s — y — r)8-2dsg(u +r, @(u))du
(0] u+r
N k=i !
- & &e™MTM (e — 6 — gl +r olt) -
j= =j+N

Using (4.3), it is obvious to obtain that

lim max |6 = lim max [68%]=Ilm max [63]
h-—0N+1gi<2n ! h-—0N+1<i<2N ' h-—on+1<i<2n !
= lim max |6 =Ilim max |&
h-—02N+1<ism ' h-—02N+1<ism '
= lim max |&]=0.

h——02N+1<ism '

Also, it is clear that

Theorem 4.1
Supposing that (H1), (H2) hold, then

lim max |Ai| =0.
h——0N<iM

Proof. For all 2N +1 < j < M, we have:
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lail = loi— o (t)]
= |k &e" Ve
Jj=N
1 i—N k=i !
+ & —k(ti—t ) (4, _ . _ pYa+B—2fF(+. .
r(a +8 — 1) J=N J K=j+N Eke (tk tj r) f(t_/ +7, (p,l)
1 —N k=i !
+ &5 —k(ti—te) . 8-2(+. .
J éke (te —t; —r)°~“g(t; + 1, @)
N6 — 1)j=N k=j+N ! ! !
ti
_ k . e—k(t;—s) (p(S)dS
Sord e
_ 1 OO ekt (s — y — r)@*6=2 dsf(u + r, (u))du
F(a +68 — 1) 0 u+r
Joeert o,
o1 T ETrt b ekt s — y — )82 dsg(u + r, p(u))dul
I'(6 - 1) 0 u+r
=
< kh e (lg; — @(t)])
J=N
B2 BN k=i !
+ .
—_—— —k(E=t) (+, _ . _ pya+B-2 , N — £+ .
(@t 6 — 1) s ey © Tt = 4 = N2 41, @) — £t + 1, (6)]
- i |
h? =N ‘k=l :
N M6 — 1) e K=t — t; — r)=2|g(t; + 1, @) — g(t; + 1, @(t}))]
=N k=j+N
+ max [6Y + max |8+ max |8
2N+1s§1\/1 ! aN+1<i=m ! N+1<ism !
< — |A _| + max |8+ max |8+ max |8,
reg) . 7 ons1sizsm ! av+1<ism T an+i<ism !
J=N
Where

= = (kh + h2)(T — r)**6 max{Ly, L>}

Which means, forall 2N < i< M

= i~&—=1

< o= 1Al
r(6)__ =N
r(8)
T6) —= ik, |6 +16]+ 167

Applying Theorem 7.1 page 101 from [4], we obtain forall 2N +1 <i< M,

[(8)
Al <Anm - max_ |6} +  max |6 +
2N <isM 2

3
rB) — = an+15ism n max &),

N
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where
= M —N
A - 1+ =
M r6) — =
But, e
1 r(k+h) (T — )8 Imax{L,L }
- 1 _ 1 2
Anm N [(8)
Then, 1
rk+ (T — ©)**6 1 max{Ly, L2} ~
Anm ~ exp r(8) .

Now, for N + 1 < i < 2N, we use the same previous steps to obtain,

> ~ . .
LU re) . N ler] + PYRRALZ D PYY |61 + PVRRAL L PYY |67 + PYRLALLPYY |&].
j=i—

We use |Ajl =0, i — N < j < N, to achieve the proof. ®

5 Numerical example

We take the same analytical example studied in [1], i.e
1
a=1/2,6=3/2, T=4, f(t, p(t — 2)) = e *p*(t — 2),
5

g(t, ot — 2)) =_1e‘4tsin(<p(t —2)),A=3,k=2,¢(t) = tsin(10t).
4

If we take ¢(t) = tsin(10t), r = 2, the numerical results are presented in figure 1.

0.01

0.005 H

t

Figure 1: ¢(t) = tsin(10t), r=2
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