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Abstract

Newly discovered, incomplete forms of special functions are increasing
the interest of both pure and applied mathematicians. The main pur-
pose of this work is to derive four theorems on partial derivatives with
incomplete Aleph functions of two variables and generalize them up to
r-variables. In addition to these theorems, we also established some novel
formulae on the partial derivatives that play a key role in deriving the
main results in terms of finite sum. Further, we generalize the result and
obtain the finite sum for the incomplete Aleph functions with r-variables.
Here, we also established some particular cases that are in most general
character and including the results given earlier by Buschman and Desh-
pande and may prove significant in numerous interesting situations ap-
pearing in the literature on mathematical analysis, applied mathematics
and mathematical physics.
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1 Introduction and Preliminaries

Recently, Tadesse et al. [7], Kumar et al. [5] and Oli et al. [3] have derived some
results on partial derivatives and fractional order derivatives of multivariate
Aleph function. Earlier to that, Buschman [11, 12] and Deshpande [18, 19] have
generated some important results on partial derivatives of special functions of
one variable, two variables and r-variables.

In the 18th century, some fundamental research was initiated in the field of
special functions when Prym (1877) introduced incomplete gamma functions
that were further studied by several authors. Sdland et al. [10] introduced and
investigated the Aleph function in 1998. In 2020, the incomplete forms of the
Aleph function were introduced by Bansal et al. [8].

The incomplete Aleph function with r-variables [6] defined using the Mellin
Barnes type contour integral as given below:
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Similarly, another form of incomplete Aleph function with r-variables is defined

215 Rahul Sharma et al 214-234



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

21
/
(v) NO,niﬂM,n17m27n2,~»-7mr7nr w W
Pisqi T P, (1) ,4,(1) T, (1) iRy P, () 2, () Ty () i B () : z 7
Zy

— 1 / - Sk
(27Tw)T /L1 /LZ,,,/LT@ (51’527,,,737,73;)]6111[¢k(5k)2k ]dSldSz...dSr,
(2)

where
(1—ar+35_, o sk ) [T, T—a; 435, o sk)

" (s1,82,-..,8 = )
SO ( 122 ’ T’y> fl'rz [Hj:n,+1r(ajz ;:1 O‘;’;)Sk) H?izlr(lfbji‘i’ZZ:l 5;§)Sk)}

Decomposition formula satisfying for incomplete Aleph functions with r-variables
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7 (i=1,...,R), T;00 (i =1,...,R®)) are positive real numbers. The in-
tegral path Lj1.0o is a contour starting from [ — ico to | 4+ ioo and the poles

of F( 5(k) k), J = 1,...,my are separated from those of I'(1 — a; +
>het aj k), j=1,...;,nand I'(1 — cgk) + CJ(»k)skL j=1,...,n% to the left
of the contour L;. The existence conditions for multiple Mellin-Barnes con-
tours (1) can be obtained with the bits of help of multivariable H-function as
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We can reduce incomplete Aleph functions with r-variables defined in (1) or (2)
to the other well-known special functions by establishing values as given below:
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(i) When we set 7, = 7,00 = 1 (k = 1,...,7), the multivariable incomplete
Aleph functions reduce to the multivariable incomplete I-functions [16].

(ii) When we set r = 1, the incomplete Aleph functions with r-variables reduce
to the incomplete Aleph-functions [8, 20, 17].

(iii) When we set r = 1 and 7, = 7,00 = 1 (k = 1,...,r), the multivariable
incomplete Aleph functions reduce to the incomplete I-functions [9, 15].

(iv) By settingy =0 and 7; = 7,6y = 1 (k= 1,...,r), the multivariable incom-
plete Aleph functions reduce to the multivariable I-function defined by Sharma
et al. [4].

(v) By setting y =0, 7, = 7,00 = 1 and R=R® =1 (k= 1,...,r), the multi-
variable incomplete Aleph-functions reduce to the multivariable H-function [14].
(vi) When we set y = 0 and r = 1, the multivariable incomplete Aleph functions
reduce to the Aleph-function [10].

In the upcoming sections, we explore three formulas which serve as valuable
tools for solving the theorems of sections 3 and 4. Within section 4, we general-
ized Theorem 1 and obtained the finite sum pertaining to the incomplete Aleph
functions with r-variables. Additionally, some particular cases given by several
authors are also discussed in section 5.

2 Formulas

In this particular section, we have developed three formulas that are intended
to assist in resolving the theorems presented in sections 3 and 4.

The incomplete Aleph function can be expressed with two variables (I Ng { gl }
2
as:
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Similarly, the lower form of the incomplete Aleph function of two variables

(V)Ng{ gl } as follows:
2
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Now, we derived the following formulas for the incomplete Aleph function with
two variables that will be used for the proof of upcoming theorems.

Formula 1: We derive a formula for the incomplete Aleph function with two
variables as follows:
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To prove this formula, substitute s + pr = s (pr € C) and use (3). After
a small simplification, we get the desired result.

Formula 2: For z; = A]* and 22 = AJ?, the partial derivatives of the incom-
plete Aleph function two variables with respect to A1, Ay defined as:

X z X
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Formula 3: For z; = A]™ and 25 = A, 7, the partial derivatives of the
incomplete Aleph function two variables with respect to A, As is as follows:
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Similarly, we can derive all three formulas for the lower form of the incomplete

Aleph function with two variables (7)N5 [ zl ‘ 5),( ] .
2

3 Main Results

In this section, we produce four theorems concerning the partial derivatives of
incomplete Aleph functions with two variables, each having distinct parameters.
Subsequently, we express these functions in terms of finite sums.

If we put z = N € Z* in formula (30) of Erdelyi et al. ([1], P.19), we ob-
tain the result as given:

al = N! T'(e)
ve+N) - ; N-DiT(e+]) ®

where function 1(z) = “Liog [['(2)].
Theorem 1: We derived the partial derivatives of the incomplete Aleph func-
tion with two variables in terms of finite sum for the given values of A; =

]\]17 A2 = N2 as:
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Y, = { ( i Jz 7 1 quj [ (1) ,5( lTTL1’
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)
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Proof: In the first step, express the left-hand side of (9) in the form of the
Mellin-Barnes integral as given in (3). Further, by using the chain rule of
derivatives and result defined in (8), we have

1o} Ay 1 N,
A, (Pl +— +7181> o = §F (Pl +— 5 +’Yls1)

N N 1 Ny
{?ﬁ (pl + 71 +’Y1S1> — (pl — 71 +’Y151>} = §F (,01 + — 3 +’7181>

N (71)L171N1!F (pl — % + ’)/181)
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(10)

L,=1

Similarly, we can write

0 Ao 1 N
ant (5 4 e) oT (oo 3 )
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N- N- 1 Ny
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(11)

Lo=1

Now, we can write the left-hand side of (9) by using the above-given results in
(10) and (11). We have
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=T Yy o
LL N L Ny — L
L,1=0Lp— 1 2 1= 1) ( 2 2)
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)
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N 1) (1)
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Now, consider the incomplete Aleph function with two variables portion of (12)
and for the sake of convenience denote it by T. Thus we can write it as follows

L@
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Now, evaluate the value of Z, (5 1)Z2 7 (5 mpebe)

x T, by using the
formula 1 and formula 3, and after little simplification, we arrive at
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11=0 1o=0
(1) (2) laj:
0,n:m1,m1+2,m2,n2+2 <1 a1;0q 7,00 7Y Qaj;
Pi:qi, T Rip, (1) +2,4,(1) 7,1 s B 1P, 2) 12,4,2) T 2) - R(2) 29
-

o o], [ (waia?) |- Bl 1
,n n ,Di

.31 5(2) (1) (1)
|:7_i (bjia i 75 )m+1,qi:|7|:dj a5j :|1,m17
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2) (2 2
[1 —p2+ % - kz,’Yz], [c§ )7 CJ( )} 1y |:Ti(2) (Cﬂ@),C(Z()z))n 4 p<2>]

(2) <(2) (2) (2)
|:dj 76j LmQ’ |:Ti(2) (dji(2)76ji(2)) — <2>]

By using (13) and change the order of summations in ZL 1 le 0 ! and

(16)

ELz 1 le 20 L2 and inner sums then simplify to Ly = Ly = 1. Consequently,
we get the desired result.

Theorem 2: The incomplete Aleph function with two variables in terms of
finite sum for the given values of A; = Ny, As = N> as:

9 0 9 ()nPs |:Zl X6:|
A1=N71, Ao=N>

8/\1 O0As @ |z | Vs
Ni—1Na—1
Nl'Nz Z QZ 1 (OB | 21 | X7 (17)
k1=0 ko— kilko!(N1 — k1)(No — ko) 95 | 22 | Y7 |7

where
P5 :O,n:m1+2,n1,m2+2,n2»
Q5 = pi; ¢ Tis By pioy s oo + 2, 7,005 Ry i) s o) + 2, 7205 Rz,
(1) (2) Lo 1) (2) oA (2)
[ (1) (1) 1 A1) (2) ~(2)
_C- ,C- }177“ s |:7'i(1)7 (Cji(l)?Cji(l))TL1+17p§1):| 5 |:Cj 7Cj :|1,n2’
(
Ti(2) ( (2)7< (2)) 2+1,p<2)] )
Ay (1) (1)
Y |: ]Z?ﬁjz?ﬁz) +1,i:|’[p1i2 ) dj 75] :|1m1’
(1) 2) 5(2)
(d Z“)’aﬂ“)) 1+1,q§1)] Lot 0], [ 95 L,mg7
53
Ti(2) ( ﬂ(z), Jl(z>)mg+1,q§2):|,
(2) 1 @ LA (2)
o G B R YR N
(1) ~(1) (2 ~2
|: _] » S5 i|1,n1 ) |:Ti(1)7 ( jl(mC z(l)) 1+1,p(»1):| ) |:Cj aCj :|1,n2’
|: Ti(2) ( 1(2)7< 1(2)) ot p(2):| )

ces T (bji; ﬁ)aﬁ@)) } ) [Pl — %751] [,01 -5+ k1,51]

- ) |:Ti(1) <d‘§1()1)76§i()1)) 1 q(l):| ) [PZ - %762]a [Pz - % + k2; 62}7

Ti(1)

I

Yr =
m+1,q;

)
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4]

(2) 52 )
T d é .
1 mz’ |: i(2) ( ﬂ<2)7 ]2(2) ——y q(2)

s

Proof: The proof for Theorem 2 follows a similar approach as that used for
Theorem 1.

Theorem 3: A new variant of the partial derivatives of the incomplete Aleph
function with two variables in terms of finite sum for the given values of A; = Ny

as:
i(F)NPe [ 21 | Xs }
aAl e #2 Y8 A1=N;
| M-t
IZ (Mprs | 21| Xo (18)
k‘l N1 kl 6| 22 Yo ’
where

PG :07n:m17n1 +27m27n27
Q6 = pis @i, Ti; Bspioy + 2, ¢00, Ty s R1)s P2 i) Ti s B2y,

Xg = [ahag >’a§>7y} {aj;ag.”,af)L ,[n (aji;ag)’ag)) . }
n n+1,p;

A (1) ~(1) (1 (2) ~(2)
1 o [0, (), 467,

(2) >
7_‘
I i(2) ( jl(z)ag i (2) n2+1,p§2) )

= Ap... 50 52) (1) (1)
Y = {7’ (8857, 8 )quJ,[d LRI
(1) (1) d? @ (2) 52
_Ti“) (djiu),5ji(1))m1+11q§1):| |: ’5 :|1 ,Mma ’ |:T @ <d (2)’5ji<2))m2+17q@(2):|’
(1) (2) LM (2) PNCRPNC)
X9 - |:(11,Oé1 y (g 7y:| |:a]7aj , |: Aji; i jz )n+l,p,»:| )

[1_01+%7’71]7[1_P1+%—kla’}’la[§' 7C]('1:| ’

1711

[ 1 | 2 2
Ti(1), ( 31(1)7(:(1()1))” 1 p(l) 5 [C§ )7C](' )} Lo ) |:7'i(2) (Cﬂ(zwc Z(z)) 2+17p(2):| ;
Yv9:|:~~ (jﬂ/B]z?ﬁfL)

[ 1) (1) 1 1, @
Ti(1) (dﬂ(l),5ji(l))m1+1,q§1)_ y |:dj 76j }1 m2)

2 2
[ﬁ'(?) (d;ﬂ)@’dy(‘i()?))mz-s-l q@):| .

Proof: The proof for Theorem 3 can be obtained using the same method em-
ployed in establishing Theorem 1.

Theorem 4: The partial derivatives of the incomplete Aleph function with

12
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two variables in terms of finite sum for the given values of A; = V; as:

i(F)NP7 [ z1 | X0 ]
81\1 Q7 22 YIO A1=N;

Ni—1
Nyp! 1 MWk | 21 | X1
LS L N S S N 19
2 kZ—O kl'(Nl — kl) Q7 Z2 Y1 ( )
T

where
P =0,n:m1+2,n1, Mo, no,
Q7 = pi, i, 7i; By piny, i + 2, 73005 Ry pi», €, Ty s Ryays

_ (1) (2 L) (2) Ay (2)
XlO - |:0,1,O[1 y O ay:| [ajaaj 7aj :|2,n7 |:TZ (a]lvaji 7aj7; >n+1,p7':| )

[ () (1)} , ( (1)) [(2) (2)}
_CJ 7CJ 1n 17[7}(1)7 jl(l)vgz(l) n1+17p§1) ) |65 aC] 1,n2’

) Q
_Ti(2) 31(2)7 71(2) na+1 p(2)

Yio = [...,n ( J“ﬂ(l) ﬁ i ) } o1 £ %,51]7 [d§1),6§1)} )

m+1,q; 1,may

(1) @) (2) 5(2) (2) 52
i (dji<1)’5ji(1)>m1+1 q(”] ’ {dj 0 L,mz ’ {Tm) ( 3“2)’6]1(2)) 2+1,q§2)} 7

1 2 1 2
= fsaf! o] ol ], [r (ansella?) ],

)

4] e (), | ),

1,

(2) A
Ti(2) (C (2)9 q; (2)) ’
L i Ji 2+171)§2)

Vi = [ ST (bji3 ](-?,ﬁﬁ))mﬂﬂj o= 28], [ — B kL6,

[ (1) s (1) (1) (2) 5(2)
_dj 75j }Lmla {Ti(l) (dﬂ(l)’6ji(1)>m1+1,q§1)] ) [dj 75j }17m2;

(2) 52
Ti@ (djim’aﬁ(” ma+1,q? ]
L g

Proof: The proof for Theorem 4 can be obtained using the same method em-
ployed in establishing Theorem 1.

4 Generalization of Main Result

In this section, we extend the primary outcome established in Theorem 1 to
encompass the incomplete Aleph function considering r-variables (F)Ng[zr] as

13
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follows:

21

H F) 0O,nimi,m1+2,mo,n2+2,...,my,np-+2
aAk pz,quTuRp (02,4, iR P, () 204, Ty () iR ()

Zr
X ) 1 r
Olg ),“.’jg )7y} ,[ —plif“l,’}/l] 5 [(17';a; ),...,C“g' ):| n,

(1) (r) (1) (1) (1) @)
< J“ﬂjl 5 ﬁ ) +1,qi:| s |:d_] 76j ]l,ml 5 |:Ti(1) (dji(l)75ji<1))m1+1’q£1):| )

D) (r) (1~
_Tz (ajzyoéji g o ’7aji ntlp; ) Cj uC] L s | T, Jl(l)ac i (1) - +l7p(1) )

() £(2) @ @)
_dj ’6j :| 1,m2 ’ |:Ti(2) (dﬂ@)’5ﬂ(2)>m2+17q§2):| Y

Ay (r) ~(r) (r) (r)
Bont ol ), (), ]

(r) s(r) (r) 5
{dj 153' ]1 . ) |:Ti(7“) (dji(r) ’ 5ji(7‘))m,.+1,q§”:|

)

Ap=Ny

2 kim0  ko=0 [T [k (Nk — k)]

“ e (r)
(F)NO,n:ml,n1+27m2,n2+2,...,m7.,n,,.+2 A1, 0 "y, 0 7,

Pi: Qi T P, (1) +2,4,(1) 7, (1) s B (1) s 0P, () 258, (r) 5T () - B ()

Zr

1 T 1 T
y] |:a/]7a§ ),...70[; ):|2n7 |:T1 <a]17a§'i)7"'7a§“)

z) :|a[1_p1+1\£1771]7
) n+1,p;

m+1,ql':| ’

N 1) (1)
[1 —P1 + Tl —/f1>’71] ’ |:Cj 7Cj :|1n1 ) |:Ti(1)7 ( Jl(l)vclu))nlJrl p(l):| PR

)

@ <) (1) 1)
|:dj ’5j :| 1,my ’ |:Ti(1) (dji(l)’6ji(1))m1+17‘1§1):| Y

I:l_pr—i_%’,yr]’[]—_pr—i_%_krv’yr];|:C§'r),<]('r):|ln i
(r) 5(r) o
47,

1,m,
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Ti(r) <Cjz(r))c Z(T‘)) 7»+1,p£7-):|

T;i(r) (d(r) (S(T)

(20)
i ﬂ(r))mrﬂ,qlm

Proof: Initially, we express the left-hand side of (20) in the form of the Mellin-
Barnes integral as given in (1). Further, by applying the chain rule of derivatives
and the result defined in (8), we get

0

Aq 1 N1
—7T + — =T + — X
ah, (Pl +7181> an, 2 (/71 5 +7131)

N N 1 Ny
[?ﬁ (P1+21+’7151> _w(P1_21+'7151>:| =§F (Pli 5 +7181)

Ny (*1)L1*1N1!F (Pl — % + ')/151) (21)
A= Lu(Ny = L) (pr = B+ Ly +mis1)
Similarly, we can generalize (21) for 8A T (pr + 25 +yisk) N (k=1,...,r—
k=N

1). And the last term of the sequence is defined below by:

0 A, 1 N,
r e rSr =TI S rSr
OA, <p 2 e ) A=N, 2 (p 2 e )X

N, N, B N,
[1/) <p7“ + 7 + pYrsr) - <pr - 7 + ’Yrsr):| = §F (pr =+ 7 +7r5r>

Z ) lN T (pr - J\;T + ’Y'rsr)
— — L) (pr — B2 + L +vp8)

(22)

Now, we can write the left-hand side of (20) by using the above-given results in
(21) and (22). After a bit of simplification, We have

D (V) Q8 QR (mbatEetet Lo

:2k ZZ

T X
[i=0 L,—0 [Ty Li(Nk — Ly)!

1 (1)

(T)yw0,nmy1,n1+3,...,mp,nr+3 |:(11; Qp 'y,

Pi,qi,Ti Rip, (1) +3,q,(1) +1,7,(1) s B(1y -2, (1) 13,4, () 1,7,y s By

Zr

() W ) N PN N )
oy ,y:| [aj,aj ,...,Oéj :|2,n, |:7'z (a]za ﬂ SPIN ]1 )n+1,pi:| )

. p(1) () (1) (1) (1) (1)
[Ti (bjiHBji yeee 76]’1' >m+l,q,i:| y {dj 753' L - ) |:Ti<1> (dji(1)76ji<1)) +1)q<1):| ’
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[1_P1i%7’71] [ p1+ a,}/l] |:§1)7CJ(1):|
[1_p1+%_L1a71}7"'7[d§‘r)753(‘r)] )

1,m,

’
1,n1

1
Ti(1), ( ]1(1)34-(1()1)) L1 p(l) PRI []- — Pr + A 777"]

(r) 5
Ti(m) (dji(r)76ji(7‘) — q(r) )
r sy

N, (r) ~(r) (r)
L= pr 55, [er G L,nr’ {Tim <Cﬂ<’)’< it ) r+1pl" )} - (23)
[1 — Pr + % - L7'777']

Now, consider the incomplete Aleph function with two variables portion of (23)
and for the sake of convenience denote it by L. So, we can write it as follows:
21

(1)

L = () NO n:miy,n1+3,ma,no2+3 [al; Qq 7,

Pi:qi,Ti; Rip, (1) 3,0, (1) +1,7,(1) 5 RB1y 0P, () 1354, () F 1T ) s By
Zr

() o) (") : M o
eh ’yi| , I:aj’aj ,...7Oéj i|2n, [Tz (ajzyoéjz ,.,.701]‘1' )Tl+1,pi:| )

)

1 r

[1_p1i%771 7[1_P1+%7'Yl]

(1) (1) 1) (1)

)

.y

(1) (1) N,
|:cj 7CJ :|1,7L1 ) |:Ti(1)7 ( ],L(l)vg Z(1)) 1+1,p§1):| 3oty [1 — Pr + 7777‘]7

N (r) s(r) (r)  5(r)
[1 —p1t+ G- Lla')/l] SRR [df 75]‘ L . {Tim (dj:<,,),5j:(,,.))m 1 q(”] )

Ny (r) ()
[1 —prt 5 '77"]7 {Cj 7<j }1,7% ) |:Ti('r') (Cﬂ(r) e 1('")) 1 p(r):| . (24)
[]— —pr+ % *Lraf}/r]

_%(%_pk—Lk)

Now, evaluate the value of [[,_, Z; * x L, by using the generalized
form of formula 1 and 3, and after simplification. We obtain
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(_1)EZ=1(Nk—Lk) H

A )Nk/2+Pk Nk L A(Nk/QPkLk)‘| %

Ny—Ly
k=1 aAk:
(1)
(F)NO,n:ml,n1+2,...,mr,nT+2 Z1 A1;0q "y,
Pi,qi,Tis Bip, (1) $2,0,1) 7,1 5B (1) 5Py () T205m) Ty(r) i B(ry | 29 .

(r) W (r) (oD (r)
o ,y] [aj,ozj ,...,aj ]Q,H, |:Tz (a]zyaji 7-..7Oéji )7L+1,pi:|7

(1) (r)
|:T’i (b]“ jioo /6_” ) +17qi:|a

1 1 1
[1 —P1 + 5 ,’71} ) |:C§ )JCJ( )i|1 - ) |:Ti(1)u ( Jl(1)7<-(1()1)) L1 p(l):| [

(1) (1) n s
|:d] ’6j :|17m1 , |:7'Z‘(1) (dji(l)75ji(1))m1+17q51):| )

N, 2 [ () ~(r) (r)
(L= pr 5] [cj G L,nr’ {Tim ( ﬂ(”’c Z“"’)nﬁl,pﬁ”]

467), 0, [ (422,00

where z, = A, (k=1,...,7).
Now applying the Leibniz formula (15) in (25) and simplify it, we have

—Li Na—Lo r N 7L 'F(N *l)
Z Z Z [H lk ]Iifk—zk—l]:;'r(zk)] 8

11=0 lo=0 =0
L@ ()
0,n:miy,n14+2,....,mp,np+2 z1 1,0 "y, 00 Y|,
PixqiTii R, (1) +2,4,(1) T, (1) s By 3P, () 208, (0) 5T () 5B 29
R
L (1) (r) L (1) ol N
[aj,aj s O o’ Ti (@i 0y a . ,[1—p1+71,71],

{ ( ]Z’B]Z ""’B§:))m+1,Q'i:| 7 [dﬁl)ﬁy)} L’

[1—P1+%—k17’}’1] |:C§'1)7C](‘1)i|1 ’
ni
1) (1)
o]

1,m,

17

230 Rahul Sharma et al 214-234



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

N,
Ti(1) (Cﬂu)»g ,(1>)n +1’p(1):| [1 prt+ = 7'77“]’

1) 51
T;(1) (d 0.
U AR T +17q(l) ’

[1 — Pr + % - kra 77’]7 |:C.§'7l)a Cj(”):| in ) |:Ti(r) (C ‘(7)aC i () )

Ji
) <(r) (r) (r)
[dj ) L . [Tw (dji“‘)’(sjim)mﬁrl q“)}

By using (24) and change the order of summations in ZLk 1 Zlk 0 Pk =
1,...,r) and inner sums then simplify to Ly, = 1 (k = 1,...,r). Finally, we
obtain the desired result.

Similarly, We can derive all the theorems for the incomplete Aleph function with
r-variables (VRE[z,] as we derived for MRE[z,] and generalized it also as given
in section 4.

L) )] . (26)

5 Particular Cases

In this part, we discuss some important cases of Theorem 1 which can also
comfortably obtain the results identically to Theorem 2, 3 and 4. Further, if
we assign specific values to the parameters in the incomplete Aleph functions of
two variables then we have the following cases.

5.1 In terms of H-function with two variables
By setting y = 0,7, = 7,00 = Ty =1 and R = RM = R® =1 in Theorem 1,
we get a known result derived by Deshpande [19] as follows:

0 0 P* |: zZ1 X*

:| A1=N1, A2=N>

8A1 (‘3A2 z2 Y
N;j—1Ny—1
N11N2 1 2 XOR* :|
HE' Lo
klz:o kZ Falka! (N1 — k) (N2 — ko) @ { z | Y 27)

where
P*=0,n:mq,n1 +2,mg,ng + 2,
Q" =p,q:pa)+2,91),P@2) +2,902),

X* = {aj;agl),ozgg)}
(.60,

1,n2

1n7 [lfpli%f}/l], |:C§1),C§1):|1n1,[1*[)2:‘:%"72]7
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N (1) 52 1) (1
v = (b 83, B [d, 6]
X = [aj;a§1)>a;'2)i|1n7 [1_p1+%571)7(1_p1+% _k17fylj|a
|:C.§1)’<J(1):|1 ’[17p2+%’72}? [17p2+%7k2772]7 {05*2)’@(‘2)} )

sM

1,n2
*x .31 5(2) (1) (1) (2) £(2)
Y = [bjz, i ,ﬁ :| 5 d‘7 ,(5j j|1’m1 5 |:d‘7 76] j|1’m2 .

m+1,q; [
Similarly, we get more results by setting y = 0,7, = 7,0y = T2 = 1 and
R =RM = R® =1, thus convert Multivariable incomplete Aleph function to
Multivariable H-function in all theorems of section 3.

JdPeP]

}erl,qi 1,mq 1,m2

5.2 In terms of G-function with two variables

By substituting a( ) = (2) ((1) C(2) ﬂﬁ) ﬂ](f) 5(1) 5(2) =1 in the
result 5.1, we can transform that result in G-function [13, 2 14] as follows:

A (1)
0 0 0mmyni+2,manat2 21 (aj)lvn ’ (1 it 71’71) ’ (Cj )’

ON1 OAs PP +2,41)P@)+2:42) | 2 (bj:) d(l)
IV m+1,q I my

(1—p2t42,7), (C§2>>

(47)
1ma A1=N7, A2=N>

Papr k‘l'kg N1 kl)(Ng — kz)

=

. _ Ny _ Ny

0,n:m1,n142,ma,n2+2 z1 (aj)l,n’ [1 p1+ 5 771]7 [1 p1+ 5 — k1,
PP +2,41) P2 T2:42) | 24 (bji)m+1 . (dgl)) 7 )

v 1,m1

wls (@) = o+ 23], [1—p2+%—k2,72]7(0§2))
o Lz | (28)
(+7)
1,mo

J

By putting suitable values to the parameters, we arrived at the known results
given by Buschman and Despande [11, 12, 18].

6 Conclusions

We summed up this analysis by considering the utility and prospective applica-
tions of the newly derived special functions. Several known and novel outcomes
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involving special functions follow as specific cases of our main findings due to
the most fundamental character of the functions involved in the present work.
The significance of our results lies in many fold generality. Because of the gener-
ality of the incomplete Aleph functions with r-variables, on suitable specializing
the various parameters and variables in these functions from our results, we can
establish extensive varieties of useful results, which are expressible in terms of
families of the incomplete H-functions, incomplete generalized hypergeometric
functions, incomplete I-functions, I-function, Aleph function and many more.
This work will remove the constraints of special functions and these results may
be used to solve a variety of problems in mathematical analysis.
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