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TOEPLITZ DUALS OF FIBONACCI SEQUENCE SPACES

KULDIP RAJ, SURUCHI PANDOH AND KAVITA SAINI

ABSTRACT. In this paper we introduce and study some classes of almost strongly
convergent difference sequences of Fibonacci numbers defined by a sequence of modulus
functions. We also make an effort to study some topological properties and inclusion
relations between these classes of sequences. Further, we compute toeplitz duals of
theses classes and study matrix transformations on these classes of sequences.

1. INTRODUCTION AND PRELIMINARIES

Let w be the vector space of all real sequences. We shall write ¢, ¢y and [, for the sequence
spaces of all convergent, null and bounded sequences. Moreover, we write bs and cs for
the spaces of all bounded and convergent series, respectively. Also, we use the conventions
that e = (1,1,1,...) and e(™ is the sequence whose only non-zero term is 1 in the nth
place for each n € N.

Let X and Y be two sequence spaces and A = (a,x) be an infinite matrix of real numbers
ank, where n, k € N. Then we say that A defines a matrix transformation from X into Y
and we denote it by writing A : X — Y if for every sequence x = (x) € X, the sequence
Az = {A,(x)} and the A-transform of z is in Y, where

(1.1) An(z) = anpzy (n€N).

k=0
By (X,Y) we denote the class of all matrices A such that A: X — Y. Thus, A € (X,Y)
if and only if the series on the right-hand side of (1.1) converges for each n € N and every
x € X, and we have Ax € Y for all x € X. The matrix domain X4 of an infinite matrix
A in a sequence space X is defined by

(1.2) Xa={ox=(ap) cw: Az € X}

which is a sequence space. By using the matrix domain of a triangle infinite matrix, so
many sequence spaces have recently been defined by several authors, (see [1], [2], [15],
[25]). In the literature, the matrix domain X is called the difference sequence space
whenever X is a normed or paranormed sequence space, where A denotes the backward
difference matrix A = (A,;) and A’ = (A! ) denotes the forward difference matrix (the
transpose of the matrix A), which are defined by

A — (_1)nik7 n_lgklgna
nk = 0 , 0<k<n—-1lork>n

;o _ (=D <k <n41,
nk — 0 , 0<k<nork>n+1
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for all k,n € N respectively. The notion of difference sequence spaces was introduced by
Kizmaz [16], who defined the sequence spaces

X(A)={z=(zx) ew: (v —Tp41) € X}

for X = lo,c and ¢g. The difference space by, consisting of all sequences (z) such that
(xr — xk—1) is in the sequence space [,, was studied in the case 0 < p < 1 by Altay and
Bagar [3] and in the case 1 < p < oo by Bagar and Altay [7] and Colak et al. [9]. Kiriggi
and Bagar [15] have been introduced and studied the generalized difference sequence spaces

X ={x=(x) €w: B(r,s)z € X}

where X denotes any of the spaces I, Ip, ¢ and cp, (1 < p < 00) and B(r, s)x = (sTp—1+
ray) with r, s € R\{0}. Following Kirigci and Bagar [15], Sonmez [31] have been examined
the sequence space X (B) as the set of all sequences whose B(r, s, t)-transforms are in
the space X € {lw,lp, ¢, co}, where B(r,s,t) denotes the triple band matrix B(r,s,t) =
{bnk(r,s,t)} defined by

r, n=k
s, n=k—+1
b5 ) =3 4 = k2

0, otherwise

for all k,n € Nand r,s,t € R\{0}. Also in ([10-13], [26]) authors studied certain difference
sequence spaces.

A B-space is a complete normed space. A topological sequence space in which all co-
ordinate functionals 7y, i (z) = xj, are continuous is called a K-space. A BK-space is
defined as a K-space which is also a B-space, that is, a BK-space is a Banach space
with continuous coordinates. For example, the space [,,(1 < p < 00) is a BK-space with

o0 1
llzll, = (Z |mk|p) " and cg, ¢ and I, are BK-spaces with ||2||oc = sup |zx|. The sequence
k
k=0
space X is said to be solid (see [17, p. 48]) if and only if
X = {(v) € w: I(xy) € X such that |vy| < |24 for all k € N} C X.

A sequence (b,) in a normed space X is called a Schauder basis for X if for every
x € X there is a unique sequence (o) of scalars such that x =) ayby, ie., lim,, ||z —

i apby| = 0.
n=0

The following lemma (known as the Toeplitz Theorem) contains necessary and sufficient
condition for regularity of a matrix.

Lemma 1.1. (Wilansky, 1984): Matriz A = (ank);x—y s regular if and only if the
following three conditions hold:
(1) There exists M > 0 such that for every n = 1,2, ... the following inequality holds:

o0

Z|ank‘ S M,

k=1

(2) lim ap, =0 for every k =1,2, ...
n—oo

(3) nlLH;oZank =1.
k=1
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The sequence {f,, }52, of Fibonacci numbers is given by the linear recurrence relations
fo=fi=1and f, = fn_1 + fu_2, n > 2. Fibonacci numbers have many interesting
properties and applications in arts, sciences and architecture. For example, the ratio se-
quences of Fibonacci numbers converges to the golden ratio which is important in sciences
and arts. Also, in [18] some basic properties of Fibonacci numbers are given as follows:

n 1
lime— +\/5:

¢ (golden ratio),

n—oo  fp 2
n
Y fi=fara—1(nEN),
k=0
Z 1 converges
— converges,
— Jr

fooifor1— f2=(=1)""t  (n>1) (Cassini formula).
Substituting for f,, 11 in Cassini’s formula yields f2_; + fnfn_1 — f2 = (—1)"*L.

Now, let A = (anx) be an infinite matrix and list the following conditions:

(1.3) sup ank| < 00
neN L
(1.4) lim api =0 for each k € N
n—oo
(1.5) Ja,, € C> lim anr = ap for each k € N
n— o0
(1.6) nh—{go;a”k =0
(1.7) JaeC> nh—{r;o%a"k =«

(1.8) sup Z ‘ Z Ank

keM keK

< 0

where C and H denote the set of all complex numbers and the collection of all finite sub-
sets of N, respectively.

Now, we may give the following lemma on the characterization of the matrix transforma-
tions between some classical sequence spaces.

Lemma 1.2. The following statements hold:

(a) A = (ank) € (co,co) if and only if (1.3) and (1.4) hold.

(b) A= (ank) € (co,¢) if and only if (1.3) and (1.5) hold.

(¢) A= (ank) € (¢c,co) if and only if (1.3), (1.4) and (1.6) hold.

(d) A= (ank) € (c,c) if and only if (1.8), (1.5) and (1.7) hold.

(e) A= (ank) € (co,loo) = (¢,100) if and only if condition (1.8) holds.
(f) A= (ank) € (co,l1) = (¢,l1) if and only if condition (1.8) holds.

Recently, Kara [19] has defined the sequence spaces I,,(E) as follows:

L(F)={zew:Frel,}, (1<p< o)
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where F' = (f,x) is the double band matrix defined by the sequence (f,,) of Fibonacci
numbers as follows

frk = ff—::l, k=n, (k,n € N).
0, 0<k<n—1lork>n

Also, in [20] Kara et al. have characterized some classes of compact operators on the

spaces I,(F) and I (F), where 1 < p < oo.
The inverse F'~! = (g,x) of the Fibonacci matrix F is given by

faa
Ink = frefre1’ OS]CS’I’L, (k‘,TLGN)
0 , k>n

that is,

el e
| Qolviaels ©
- olRo|Boic © ©
TR o o ©
- BRo oo o

OO O OO

It is obvious that the matrix F' is a triangular matrix, that is, fnn # 0 and f, = 0 for
kE>n(n=1,2,3..). Also, it follows by Lemma 1.1 that the method Fis regular.

In [8] Basarir et al. introduce the Fibonacci difference sequence spaces ¢o(F) and ¢(F) as
the set of all sequences whose F-transforms are in the spaces cg and c¢, respectively, i.e.,

cO(F):{x:(xn)ew: lim ( In xn—fnﬂx 1)20},

n—oo fn+1 fn "

and

n—00 \ fp i1 fn

Define the sequence y = (y,,) by the EF-transform of a sequence z = (z,,), i.e.,

c(ﬁ'):{x:(xn)ewzﬂle((ja lim ( Fn xn—fnﬂxn,l) :l},

. To , n=20
(1.9) Yn = Fp(z) = { fﬁlxn_%xn_h n>1 (n € N).
A linear functional L on [, is said to be a Banach limit if it has the following properties:
(1) L(z) > 0if n > 0 (i.e. &, > 0 for all n),
(2) L(e) =1, where e = (1,1, ...),
(3) L(Dx) = L(w),
where the shift operator D is defined by D(z,,) = {zn+1} (see [6]).
Let B be the set of all Banach limits on lo,. A sequence x = (x) € l is said to be almost
convergent if all Banach limits of = (z}) coincide. In [22], it was shown that

5 SR . : :
¢ = {x = (zg) : nh%rrgo - ’; ZTpis exits, uniformly in s}
In ([23], [24]) Maddox defined strongly almost convergent sequences. Recall that a se-
quence x = (xy) is strongly almost convergent if there is a number [ such that

RS . :
lim — g |zk+s — ] =0, uniformly in s.
n—oo n —
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Let X be a linear metric space. A function p : X — R is called paranorm, if

(1) p(xz) >0 for all z € X,

(2) p(—z) =p(z) for all z € X,

(3) p(x +y) < p(z) +p(y) for all z,y € X,

(4) if (A\,) is a sequence of scalars with A\,, = A as n — oo and (z,) is a sequence of
vectors with p(z, —z) — 0 as n — oo, then p(A\,z, — Az) - 0 asn — oo.

A paranorm p for which p(z) = 0 implies = 0 is called total paranorm and the pair
(X, p) is called a total paranormed space. It is well known that the metric of any linear
metric space is given by some total paranorm (see [33], Theorem 10.4.2, pp. 183).

A modulus function is a function f : [0,00) — [0, 00) such that

(1) f(z) =0 if and only if z =0,

(2) f(z+y) < flx)+ f(y), for all 2,y >0,
(3) f is increasing,
(4) f is continuous from the right at 0.

It follows that f must be continuous everywhere on [0, c0). The modulus function may
be bounded or unbounded. For example, if we take f(z) = 77, then f(x) is bounded.
If f(x) = 2P,0 < p < 1 then the modulus function f(x) is unbounded. Subsequently,
modulus functlon has been discussed in ([4], [27], [28], [29], [30]) and references therein.

Let F = (Fy) be a sequence of modulus functions, p = (pg) be any bounded sequence of
positive real numbers and u = (uy) be a sequence of strictly positive real numbers. In this

paper we define the following sequence spaces:
Pk
Tk Tk
ug F ap — T fk—l‘ =0,
k+ k

n

~ . 1
co(F, F,u,p) = {:r (71) Gw'nlggoﬁz

k=1

and

n

n—00 n

- 1
c(F,F,u,p) = {:c: () Ew:3IN€C> lim —

Pk
_ Jem _
L fk 1 fr xk_l” B }

If Fy(z) = z, for all k € N. Then above sequence spaces reduces to co(F,u,p) and
c(F,u,p).

By taking pr = 1 and ug = 1, for all k£ € N, then we get the sequence spaces co(ﬁ,}") and
o(F,F).

With the notation of (1.2), the sequence spaces co(ﬁ',f,u,p) and c(ﬁ',]—", u,p) can be
redefined as follows:

k=1

(1.10) Co(F,]:,u,p) = {co(F,u,p)}p and c(ﬁ,]—',u,p) = {c(F,u,p)} -

The following inequality will be used throughout the paper. If 0 < py < suppy = H,
K = max(1,27-1) then

(1.11) |lak + b [P* < K{|ax["* + [bg[7*}

for all k and ay, b, € C. Also |a|P* < max(1, |a|f) for all a € C.

In this paper, we introduce the sequence spaces co(ﬁ',f,u,p) and c(ﬁ,]—", u,p). We in-
vestigate some topological properties of these new sequence spaces and establish some
inclusion relations between these spaces. Also we determine the a—, 83— and y— duals of
these spaces and construct the matrix transformation of the spaces (CO(F ,Fyu,p), X) and
(¢(F, F,u,p), X), where X denote the spaces loo, f, ¢, fo, o, bs, fs and I.
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2. Some topological properties of the spaces co(ﬁ',]-',u,p) and c(ﬁ’,}",u,p)

Theorem 2.1. Let F = (F}) be a sequence of modulus functions, p = (px) be a bounded
sequence of positive real numbers and u = (uy) be a sequence of strictly positive real
numbers. Then co(F,F,u,p) and c¢(F,F,u,p) are linear spaces over the field R of real

numbers.

Proof. Let & = (x1), y = (yx) € co(F, F,u,p) and A, u € C. Then there exist integers
M)y and N, such that |A] < M) and |p| < N,. Using inequality (1.11) and definition of

modulus function, we have
n

Pk
% Uka’A( — fk+1 ) +,u( fk Yk — fk+1yk 1)’
Pt Fipt fx fe1 Tk
1| f 1 & f f "
<= uF)\’ kxfkﬂx_’ +— ugF ‘ ky*kﬂy—’
n};_kkaka F TR n; kk|H|fk+1k F YL
n T Pk n 1 PE
1 1
< K- up . M), I T — fk+1$ 1) +K*Z ukaNp’i @yk 1‘
(et Jrt1 Tk n i~ f Ix |
Pk 7 Pk
1
< KM Z uka‘fk f’“: ‘ +ENI- uka‘fLyk_fk%yk—l‘
k=1 i

— 0 asn — oo.

Thus \x + py € co(p7 F,u,p). This proves that co(ﬁ,}", u,p) is a linear space. Similarly
we can prove that c(ﬁ,]—", u, p) is a linear space over the real field R. O
Theorem 2.2. Let F = (F},) be a sequence of modulus functions and p = (px) be a bounded
sequence of positive real numbers and u = (uy) be a sequence of strictly positive real
Then CO(F,}',u,p) and C(F,]-',u,p) are paranormed space with the paranorm

$k1” >

Proof Since the proof is similar for the space C(F F,u,p), we consider only the space

numbers.
defined by

n

e

Jr

upFy,

g(x) = sup (i

f

where 0 < pp, <suppp = H, M =max(1,H).

k=1

co(F, F,u,p). Clearly g(—z) = g(x), for all z € co(F,F,u,p). It is trivial that fl{«l:lxk -
f’}:lxk 1 =0, for # = 0. Hence we get g(0) = 0. Since & < 1, using Minkowski’s
inequality, we have
n Pk ﬁ
1 Jr S+ fr fr+1
- ukaK T — !Ekﬂ) + ( k— Yk— 1)’
< kZ:l Jrt1 Tk Jet1 Jr
n Pk ﬁ
< % k i Tk — fir xkfl‘ + ug Fy, L Y — Lﬁ“ykq‘
— frt1 fr fe1 Jr
< % wp Fy| =, — k+1$k—1’ + *Z upFy, k— kHyk 1’ .
Pt fre41 Jr n i~ Jr41 fr

959
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Now it follows that g(z) is subadditive. Finally to check the continuity of scalar multipli-
cation let us take any real number p. By definition of modulus function Fj, we have

1 n
bl;p (n Z
Cp7g(x).

where C, is a positive integer such that |p| < C,. Now, Let p — 0 for any fixed = with
g(x) = 0. By definition for |p| < 1, we have
fres1

(2.1) 72 ka T =

Also for 1 <n < N , taklng p small enough. Since Fj, is continuous, we have

Pk
uka‘ fk Ti — fk+1$k1"| < €.

g(pz)

IN

Pk
<€ forn > N(e).

T ,1‘

n

(2.2) Z

k=1

Jrer1 Ji
Now from equation (2.1) and (2.2), we have

g(pr) = 0 as p — 0.
This completes the proof. O

Theorem 2.3. Let F = (Fy) be a sequence of modulus functions, u = (uy) be a sequence
of strictly positive real numbers. If p = (pr) and ¢ = (q) are bounded sequences of positive
real numbers with 0 < px, < qx < oo for each k, then co(F,F,u,p) C ¢(F, F,u,q).

Proof. Let x € CO(F,]:, u,p). Then
3

n
k=1

This implies that

fr Jr41
uka T —
Jr+1 Ir

Dk
mk_lﬂ — Q0asn — oo.

for sufficiently large values of k. Since F} is increasing and py < g we have

qk n Pk
1 k k 1 k kit1
- upF / Ty — / +1$k71‘ < =D |wF J Ty — L xkfl‘
Pt Jresr Jr n i~ Jr41 i
—> 0Oasn — oo.
Hence x € c(ﬁ7 F,u,q). This completes the proof. O

> 0.

Fi(t

Theorem 2.4. Let F = (Fy) be a sequence of modulus functions and o = tlim %
—00

Then co(F, F,u,p) C co(F,u,p).

Proof. In order to prove that CO(F, F,u,p) C co(ﬁ, u,p). Let o > 0. By definition of g, we
have Fy(t) > o(t), for all t > 0. Since ¢ > 0, we have ¢ < %Fk(t) for all £ > 0.

Let x = (z1) € co(ﬁ7.7-', u, p). Thus, we have
Pk
uka‘ Jr . fk+1xk_lw

Pk n
1 < Jr+1 1
— Ug T — wk—l‘ < — k—
n s [ fk+1 Tk on ,; Jra1 Ir

which implies that © = (zx) € o (F, u,p). This completes the proof. O
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Theorem 2.5. Let F' = (F}) and F" = (F}) are sequences of modulus functions, then
CO(F7‘F/7U7P) N co(ﬁ,}"”,u,p) C CO(F)F/ + ‘Fllauyp)'

Proof. Let z = (x3,) € co(F, F',u,p) Nco(F, F", u,p). Therefore

n [ 1Pk
1
,Z uy Fj, L Tp — fk“sck,l‘ — 0asn — oo.
"= L Fr i
and
1 n [ f f 7 Pk
Z —k — k+1xk_1‘ —> 0 asn — oo.
"= L Fi |
Then we have
f f Pk
k k
55 e | e T\
Pk
1 Jr+1
< upFy T — Tk— ‘
n Pk
Jr frs1
+ K up Fy! k— Jﬂk—1’
{n ,;1 "1 g f
— QOasn — o
P
Thus L Jr fet1
usgz w(F} + FY) xTp — I, Tp—1 — 0 asn — oo.
Therefore = (z1) € co(F, F' + F",u,p) and this completes the proof. O

Theorem 2.6. Let F = (Fy,) and F' = (FY}) be two sequences of modulus functions, then
co(E, F' u,p) C co(F, FoF',u,p).
Proof. Let & = (23) € co(F, F',u,p). Then we have

L T fk“ ” " =0.

fori © f
Let € > 0 and choose 0 > 0 with 0 < ¢ < 1 such that F(t) < e for 0 <t <.

Write gy, = ukF’ and consider

fk T — f’}“xk 1‘

S AP = - SR+ S Rl
k=1 1 2

where the first summation is over y, < ¢ and second summation is over y; > d. Since F},
is continuous, we have

1
2.3 =) [Fi(yn)]s < €
(2.3) . zl:[ k(yr)]PE <€
and for y, > 4§, we use the fact that
Yk
LANPS -
Y < 5 —|— 5
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By the definition, we have for y; > §

Fr(ye) < 2B() %

SRS

(2.4 S IR < mas (1, 2E (D6 ) 3l

2 k

From equation (2.3) and (2.4), we have
co(F, F' u,p) C co(F, FoF',u,p).

This completes the proof. O

Theorem 2.7. The sets co(ﬁ,]-", u,p) and c(ﬁ,]—", u,p) are BK-spaces with the norm

||x||co(ﬁ‘7]:7u7p) = ||"I’1H(;(F7]:7u7p) = ||FI||DO'

Proof. Since (1.10) holds, ¢y and ¢ are the BK-spaces with respect to their natural norms
and the matrix F' is a triangle; Theorem 4.3.12 of Wilansky [33, p.63] gives the fact that the
spaces co(ﬁ, F,u,p) and C(F, F,u,p) are BK-spaces with the given norms. This completes
the proof. a

Remark 2.8. One can easily check that the absolute property does not hold on the spaces
co(F, F,u,p) and c¢(F, F,u,p), that is, ||x||60(l;ﬂ’}-’u’p) % |||£E|HCO(F',]:,u,p) and Hx||c(p’]_-’u’p) +
|||m|HC(F Fou,p) for at least one sequence in the spaces co(F, F,u,p) and c¢(F,F,u,p), and

this shows that co(ﬁ',]:, u,p) and c(ﬁ',]:,u,p) are the sequence spaces of non-absolute
type, where |z| = (Jzg])-

Theorem 2.9. The Fibonacci difference sequence spaces CO(F,]:,u,p) and c(ﬁ',]—',u,p)
of mon-absolute type are linearly isomorphic to the spaces cg and c respectively, i.e.,
co(F, F,p,u) 2 co and c(F, F,p,u) = c.

Proof. To prove this, we should show the existence of a linear bijection between the spaces
co(F, F,u,p) and cy. Consider the transformation T' defined with the notation of (1.9),
from co(F, F,u,p) to ¢o by & — y = Tx. The linearity of T is clear. Further it is trivial
that x = 0 whenever Tx = 0 and hence T is injective.

We assume that y = (yg) € co, for 1 < p < 0o and defined the sequence x = (z) by

k

Z k+1 y;, forall ke N.
fi+1

Then we have

1 n
li —
sz;o{nZ

k=1

2

fiin o fea 4 " — lim o —
up Fy, Zf]fjﬂ fogﬂ ” }—kl_woyk-—()

fk+1
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which shows that xz € co(]:_',}',p, u). Additionally, we have for every z € CO(F,}',p, u)
that

'rl

'fL
k=1

1 n
= sup 72
k=1

keN [TV —

lellcoiirr iy = 0

f Pk
k+1
upF) x_‘
kkf e kl]

firr  frern s 4pk
et Zf]fm fom ”

fk+1

= sup (kal”’“)

kEN
= [[ylloo < oo
Consequently, we see from here that T is surjective and norm preserving. Hence, T is a
linear bijection which shows that the spaces co(F, F,u,p) and ¢q are linearly isomorphic.
It is clear here that if the spaces co(F, F,u,p) and ¢y are respectively replaced by the

spaces C(F',}', u,p) and ¢, then we obtain the fact that C(F,}",p, u) = ¢. This concludes
the proof. O]

Now, we give some inclusion relations concerning with the space cg (F, F,u,p) and C(F, F,u,p).
Theorem 2.10. The inclusion co(ﬁ',}', u,p) C c(ﬁ',}', u,p) strictly holds.
Proof. 1t is clear that the inclusion co(ﬁ, F,u,p) C c(ﬁ,]—",u,p) holds. Further, to show

that this inclusion is strict, consider the sequence x = (x) = Z fk“. Then, we obtain

17
(1.9) for all k£ € N that
n — Pk n Pk
1 fk+1 fk+1 R 1 Jr+1
— g ug E g ’ = — g ug
n P fk+ fe = f7 n & F ( fx )

k

ug F (ffﬂ)] — ¢, as k — co. This is to say that F(x) € ¢\co.
k

n

which shows that % Z

k=1
Thus, the sequence z is in the ¢(F, F,u,p) but not in ¢o(F, F,u,p). Hence, the inclusion
co(F, F,u,p) C c(F,F,u,p) is strict. O

Theorem 2.11. The space lo, does not include the spaces CO(F,]:, u,p) and C(F, F,u,p).

Proof. Let us consider the sequence = = (x3) = (f2,). Since fZ,; — oo as k — oo and
F(JU) = ¢ = (1,0,0,...), the sequence z is in the space CQ(F,]:,U,])) but is not in the
space l. This shows that the space I, does not include the space CO(F,]-", u,p) and the
space c(ﬁ,}",u,p), as desired. O

Theorem 2.12. The inclusions cog C co(ﬁ,}", u,p) and ¢ C c(F,]—',u,p) strictly holds.

Proof. Let X = ¢y or c¢. Since the matrix F= (fnk) satisfies the conditions

W o 1 5
SugZifnu Sup(f +f“):2+f=f
ne k

fn+1 fn 2 2’
lim fnk =0,
n—oo

. . L) 1
Jim =t (- ) = 0w
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we conclude by parts (a) and (c) of Lemma 1.2 that (F, F,u,p) € (X, X). This leads that
(F,]—',u,p)x € X for any x € X. Thus, x € X(l;ﬂ’}-yu’p). This shows that X C X(F,}‘,u,p)'

Now, let @ = (xx) = (fZ,1)- Then, it is clear that x € X Fup) \X. This says that the
inclusion X C X(F,}‘,u,p) is strict. O

Theorem 2.13. The spaces co(ﬁ',}', u,p) and C(F,}', u,p) are not solid.

Proof. Consider the sequences r = (r) and s = (sj) defined by rp = f2,, and s, =
(—=1)k*1! for all k € N. Then, it is clear that r € Co(F,]:,u,p) and s € lo. Nevertheless
rs = {(—1)*T1f2,.,} is not in the space co(F,F,u, p), since

Pk
k Tk
*Z uka‘f DM - le(—l)kﬁ?”
Pk
f§:1%ﬂs —1)F 1 fifiyr)|  forall keN.

This shows that the multlphcatlon looco(F F,u,p) of the spaces o, and ¢ (F,}", u,p) is
not a subset of ¢o(F, F,u,p). Hence, the space co(F, F,u,p) is not solid.

It is clear here that if the spaces co(F F,u,p) is replaced by the space c(F F,u,p), then
we obtain the fact c(F7 F,u,p) is not solid. This completes the proof. O

It is known from Theorem 2.3 of Jarrah and Malkowsky [14] that the domain Xt of an
infinite matrix 7" = (¢,x) in a normed sequence space X has a basis if and only if X has
a basis, if T' is a triangle. As a direct consequence of this fact, we have

Corollary 2.14. Define the sequences ¢{=1) = {c,(f been and ™) = {c )}keN for every
fixzed n € N by

k 2
(-1 _ N~ e (n) _
¢, = E - — and ¢ f2

= fitin Fufor B2

{ 0 ,0<k<n-1

Then, the following statements hold:

(a) The sequence {c™M}22 is a basis for the space Co(F,]:, u,p) and every sequence T €
co(E, F,u,p) has a unique representation x = 3., Fy()c™.

(b) The sequence {c™}2 | is a basis for the space c¢(F, F,u,p) and every sequence z =
(zn) € ¢(F,F,u,p) has a unique representation z = lc(=1) + Zn[ﬁn(z) —1]c™) | where
I= lim Fy,(z).

n— oo

3. The a—,5— and y— duals of the spaces CO(F,f,u,p) and c(ﬁ',]—",u,p) and
some matrix transformations
The a—, f— and y— duals of the sequence space X are respectively defined by
X*={a=(ar) €w:azx = (agry) €l forallz = (z;) € X},
XP ={a=(ax) € w:ax = (apzy) € cs for all x = (z3) € X}

and

X7 ={a=(ar) € w:ax = (arxy) € bs for allz = (z3) € X}
In this section, we determine a—, 83— and y— duals of the sequence spaces co(ﬁ'7 F,u,p)and
C(F , F,u,p), and characterize the classes of infinite matrices from the spaces CO(F , Fyu,p)
and C(F,]:,u,p) to the spaces c¢g, ¢, loo, f, f0, s, fs,cs and [;, and from the space f to the
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spaces ¢o(F, F,u,p) and ¢(F, F,u,p).
The following two lemmas are essential for our results.

Lemma 3.1. [8] Let X be any of the spaces co or ¢ and a = (a,) € w, and the matriz
B = (bni) be defined by B, = a, F71, that is

b o= Angnk, OSkSn,
" 0 , k>n

for all k,n € N. Then a € X7 if and only if B € (X,h,).

Lemma 3.2 (5, Theorem 3.1). Let C' = (cui) be defined via a sequence a = (a) € w and
the inverse matrix V = (vnk) of the triangle matriz Z = (z,1) by

n
o = D ik AUk, 0 <k <m,
0 , k>n

for all k,n € N. Then for any sequence space X,

X} ={a=(a) ew:Ce (X,lx)},

Xg ={a=(ay) ew:C e (X,0)}.
Combining Lemmas (1.2), (3.1), and (3.2), we have
Corollary 3.3. Consider the sets dy,ds,ds and d4 defined as follows:

Pk
dy=4qa=(ag) € w: sup upFy, ntl < 00y,
o= S 8 a3 fe,
n 1 n n Pk
dy=qa=(ag) € w:sup — U, jH j < 00 p,
{ (a) neNanZ:l kafk-H
1 n n f Pr
ds=<¢qa=(ag) €w: lim — uF sl j exists for each k € N 3,
3 { ( k) n%oon; R Zkflckarl f
J
n 1 n n Pk
dy=<a=(a;) €w: lim u F) J+1 ; exists p.
4 { w32 a3 e,

Then the following statements hold:

(a) {co(F, Fyu,p)}* = {c(F, Fu,p)}* = di.

(b) {co(F, F,u p)Y =dyNds and {c(F, F,u,p)}? =dy NdsNdy.
(¢) {co(F, Fou,p)}? = {c(F, F u,p)} = da.

Theorem 3.4. Let X = cg or ¢ and Y be an arbitrary subset of w. Then, we have
A= (ank) € (Xz,Y) if and only if

(3.1) D™ = (d") € (X, ¢) for alln € N,
(3.2) D = (dni) € (X,Y),
where

n m 2 Pk

1 7j+1
(m n ug Fy, T 7 Onj ) 0<k<m
dnk) = prt ( Jz:,; Sefrgr )
0 , k>m
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and

oo
J+1 _
Z fk nj

fr+1

dp = ! Z (Uka

k 1

Pk
) for allk,m,n € N.

By changing the roles of the spaces X and X with Y in Theorem 3.4, we have

Theorem 3.5. Suppose that the elements of the infinite matrices A = (ang) and B = (byi)
are connected with the relation

(33) bnk = %Z

k=1

Pk

- OGnk

Uka’ - %an—l,k +

fn+1

for all k,n € N and Y be any given sequence space. Then, A € (Y,X) if and only if
Be (Y, X).

Proof. Let z = (z) € Y. Then, by taking into account the relation (3.3) one can easily
derive the following equality

Sea-3 (13

frt1 In
uka‘— 1k A

P
] )zk for all m,n € N

k=0 k—1 fn ' fn+1
which yields as m — oo that (Bz), = [F(Az)],. Therefore, we conclude that Az € Xz
whenever z € Y if and only if Bz € X whenever z € Y. This completes the proof. O

By fo, f and fs we denote the spaces of almost null and almost convergent sequences and
series respectively. Now, the following two lemmas characterizing the strongly and almost
conservative matrices:

Lemma 3.6. (see [32]) A = (ank) € (f,c) if and only if (1.3), (1.5), and (1.7) hold, and
(3.4) lim " A(ans — ax) =0

n—oo

also holds, where A(any — ag) = ank — o — (A k41 — agy1) for all k,n € N,

Lemma 3.7. (see [21]) A= (ank) € (c, f) if and only if (1.8) holds, and

(3.5) Jap € C> f —limay,, = ag for each fixed k € N,
(3.6) Ja €C3 f—lm)  an = a.
k

Now, we list the following conditions:

(3.7) sup Z ‘di:,z < 00
meN k=0

(3.8) A, € C3 lim d) = dyy for each k,n € N

m—0o0

(3.9) sup Z |dnk| < 00
neN &

(3.10) Jo, € C> lim d,, = oy, for each k € N
n—oo
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(3.11) sup ‘ Z Z dpi| < 00
NKEH ' N kek
()
(3.12) 36, € C> lim ;Odmk = B, foreachn e N
(3.13) JaeC> lim ) du=a
k

It is trivial that Theorem 3.4 and Theorem 3.5 have several consequences. Indeed, com-
bining Theorem 3.4, 3.5 and Lemmas 1.1, 3.6 and 3.7 we derive the following results:

Corollary 3.8. Let A = (ank) be an infinite matriz and a(n, k) = Z ajn for all k,n € N.
=0

Then, the following statements hold: ’

(a) A = (an) € (co(F, F,u,p),co) if and only if (3.7), (3.8), (3.9) hold and (3.10) also

holds with o, = 0 for all k € N.

(b) A = (ank) € (co(F, F,u,p),cso) if and only if (3.7), (3.8), (3.9) hold and (3.10) also

holds with ap, = 0 for all k € N with a(n, k) instead of any.

(¢) A= (ank) € (co(F,F,u,p),c) if and only if (3.7), (3.8), (3.9) and (3.10) hold.

(d) A= (ank) € (co(F,F,u,p),cs) if and only if (3.7), (3.8), (3.9) and (3.10) hold with

a(n, k) instead of ang.

(e) A= (ank) € (co(F,F,u,p),ls) if and only if (3.7), (3.8) and (3.9) hold.

(f) A = (ank) € (co(F, F,u,p),bs) if and only if (3.7), (3.8) and (3.9) hold with a(n, k)

instead of ang.

(9) A= (ank) € (co(F,F,u,p),lr) if and only if (3.7), (3.8) and (3.11) hold.

(h) A = (ans) € (co(F,F,u,p),bv1) if and only if (3.7), (3.8) and (3.11) hold with

Qpk — Qn—1, nstead of any.

Corollary 3.9. Let A = (ang) be an infinite matriz. Then, the following statements hold:
(a) A= (ank) € (c(F, F,u,p),loo) if and only if (3.7), (3.8), (3.9) and (3.12) hold.

(b) A = (ank) € (¢(F, F,u,p),bs) if and only if (3.7), (3.8), (3.9) and (3.12) hold with
a(n, k) instead of any.

(¢c) A = (ank) € (c(F,F,u,p),c) if and only if (3.7), (3.8), (3.9), (3.10), (3.12) and
(3.13) hold.

(d) A = (ank) € (¢(F,F,u,p),cs) if and only if (3.7), (3.8), (3.9), (3.10), (3.12) and
(8.13) hold with a(n, k) instead of an.

(e) A = (ank) € (¢(F,F,u,p),co) if and only if (3.7), (3.8), (3.9) and (3.10) hold with
ap =0 forallk €N, (8.12) and (3.13) also hold with o = 0.

(f) A = (ani) € (c(F,F,u,p),cso) if and only if (3.7), (3.8), (3.9) and (3.10) hold with
ap =0 forallk €N, (3.12) and (3.13) also hold with o = 0 with a(n, k) instead of any.
(9) A= (ank) € (c(F,F,u,p),l) if and only if (3.7), (3.8), (3.11) and (3.12)hold.

(h) A= (ant) € (¢(F, F,u,p),bvy) if and only if (3.7), (3.8), (3.11) and (3.12) hold with
Qpk — Qn—1.% instead of any..

Corollary 3.10. A = (ani) € (c(F,F,u,p), f) if and only if (3.7), (3.8), (3.12) and
(8.13) hold, and (3.9), (3.10) also hold with d instead of ang.

Corollary 3.11. A = (aui) € (¢(F, F,u,p), fo) if and only if (3.7), (3.8), (3.12) and
(3.13) hold, and (3.9), (3.10) also hold with dj, instead of any and oy, =0 for all k € N.
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Corollary 3.12. A = (an) € (¢(F, F,u,p), fs) if and only if (3.7), (3.8), (3.9), (3.10),
(3.12) and (3.13) hold with a(n, k) instead of ani and (3.9), (3.10) also hold with d(n, k)
instead of dn-

Corollary 3.13. A = (an;) € (f,¢(F, F,u,p)) if and only if (1.8), (1.5), (1.7) and (3.8)
hold with by, instead of ank, where b(n, k) is defined by (3.3) .

Corollary 3.14. A = (ani) € (f,co(F, F,u,p)) if and only if (1.3) and (1.7) hold, (1.5)
and (3.8) also hold with by, instead of anr and ag, = 0 for all k € N, where b(n, k) is
defined by (3.5).
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