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Abstract. In this paper, we establish some stability results for the following

additive-cubic functional equation with an extra term Gf

f(2x + y) + f(2x− y) + Gf (x, y) = 2f(x + y) + 2f(x− y) + 2f(2x) − 4f(x).

in Banach spaces, where Gf is a functional operator of f . Using these, we give

new additive-cubic functional equations and prove their stability.

1. Introduction

In 1940, Ulam [12] raised the following question concerning the stability of group
homomorphisms: “Under what conditions does there is an additive mapping near
an approximately additive mapping between a group and a metric group ? ”
In the next year, Hyers [5] gave a partial solution of Ulam,s problem for the case of
additive mappings. Hyers ’s result, using unbounded Cauchy different, was gener-
alized for additive mappings in [1] and for a linera mapping in [11]. Some stability
results for additive, quardartic and mixed additve-cubic functional equations were
investigated ([2], [3], [4], [6], [7], [8], [9], [10]).

The generalized Hyers–Ulam stability for the mixed additive-cubic functional
equation

(1.1) f(2x+ y) + f(2x− y) = 2f(x+ y) + 2f(x− y) + 2f(2x)− 4f(x)

in quasi-Banach spaces has been investigated by Najati and Eskandani [8]. Func-
tional equation (1.1) is called an additive-cubic functional equation, since the func-
tion f(x) = ax3 + bx is its solution. Every solution of this mixed additive-cubic
functional equation is said to be an additive-cubic mapping.

In this paper, we are interested in what kind of a term Gf (x, y) can be added
to (1.1) while the solution of the new functional equation is also an additive-cubic
funtional equation and the generalized Hyers-Ulam stability for it still holds, where
Gf (x, y) is a functional operator depending on the variables x, y, and function f .
The new functional equation can be written as

(1.2) f(2x+ y) + f(2x− y) +Gf (x, y) = 2f(x+ y) + 2f(x− y) + 2f(2x)− 4f(x).

We give some new functional equations in section 3 as examples of our results and
prove the generalized Hyers-Ulam stability for these.
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2. The generalized Hyers-Ulam stability for (1.2)

Let X be a real normed linear space and Y a real Banach space. For given l ∈ N
and any i ∈ {1, 2, · · ·, l}, let σi : X ×X −→ X be a binary operation such that

σi(rx, ry) = rσi(x, y)

for all x, y ∈ X and all r ∈ R. Also let F : Y l −→ Y be a linear, continuous
function. For a map f : X −→ Y , define

Gf (x, y) = F (f(σ1(x, y)), f(σ2(x, y)), · · ·, f(σl(x, y))).

Throughout this section we always assume that Gf satisfies the following two con-
ditions unless a specific expression for Gf is given.

Condition P1: Suppose that f : X −→ Y is a mapping satisfying f(2x) = 2f(x)
and

(2.1) f(2x+ y) + f(2x− y) +Gf (x, y) = 2f(x+ y) + 2f(x− y)

for all x, y ∈ X. Then f is an additive mapping.

Condition P2: Suppose that f : X −→ Y is a mapping satisfying f(2x) = 8f(x)
and

(2.2) f(2x+ y) + f(2x− y) +Gf (x, y) = 2f(x+ y) + 2f(x− y) + 12f(x)

for all x, y ∈ X. Then f is a cubic mapping.

For any f : X −→ Y , let

fa(x) =
4

3
f(x)− 1

6
f(2x), fc(x) = −1

3
f(x) +

1

6
f(2x)

Now, we prove the following main theorem.

Theorem 2.1. Let Gt be a functional operator satisfying Condition P1 and
Condition P2. Further, suppose that there is a real number λ(λ 6= −1) such that

(2.3) Gt(x, 2x) + 2Gt(x, x)− 2Gt(0, x) = λ[t(4x)− 10t(2x) + 16t(x)]

for all x ∈ X and all mapping t : X −→ Y. Let φ : X2 −→ [0,∞) be a function
such that

(2.4)
∞∑

n=0

2−nφ(2nx, 2ny) <∞

for all x, y ∈ X. Let f : X −→ Y be a mapping such that f(0) = 0 and

‖f(2x+ y) + f(2x− y) +Gf (x, y)

− 2f(x+ y)− 2f(x− y)− 2f(2x) + 4f(x)‖ ≤ φ(x, y)
(2.5)

for all x, y ∈ X. Then there exists an unique additive-cubic mapping F : X −→ Y
such that

‖Fa(x)− fa(x)‖

≤ 1

12|λ+ 1|

∞∑
n=0

2−n[φ(2nx, 2n+1x) + 2φ(2nx, 2nx) + 2φ(0, 2nx)]
(2.6)
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and

‖Fc(x)− fc(x)‖

≤ 1

48|λ+ 1|

∞∑
n=0

2−3n[φ(2nx, 2n+1x) + 2φ(2nx, 2nx) + 2φ(0, 2nx)]
(2.7)

for all x ∈ X.

Proof. By (2.5), we have

(2.8) ‖f(x) + f(−x)−Gf (0, x)‖ ≤ φ(0, x),

(2.9) ‖f(3x)− 4f(2x) + 5f(x) +Gf (x, x)‖ ≤ φ(x, x),

and

(2.10) ‖f(4x)− 2f(3x)− 2f(2x)− 2f(−x) + 4f(x) +Gf (x, 2x)‖ ≤ φ(x, 2x)

for all x ∈ X. By (2.3), (2.8), (2.9), and (2.10), we have

(2.11) ‖2−1fa(2x)− fa(x)‖ ≤ 1

12|λ+ 1|
[φ(x, 2x) + 2φ(x, x) + 2φ(0, x)]

for all x ∈ X. By (2.11), for m,n ∈ N ∪ {0} with 0 ≤ m < n, we have

‖2−nfa(2nx)− 2−mfa(2mx)‖

= 2−m‖2−(n−m)fa(2n−m · 2mx)− fa(2mx)‖

≤ 1

12|λ+ 1|

n−1∑
k=m

2−k[φ(2kx, 2k+1x) + 2φ(2kx, 2kx) + 2φ(0, 2kx)]

(2.12)

for all x ∈ X. By (2.12), {2−nfa(2nx)} is a Cauchy sequence in Y and since Y is
a Banach space, there exists a mapping A : X −→ Y such that

A(x) = lim
n→∞

2−nfa(2nx)

for all x ∈ X . Moreover, by (2.12), we have

‖A(x)− fa(x)‖

≤ 1

12|λ+ 1|

∞∑
n=0

2−n[φ(2nx, 2n+1x) + 2φ(2nx, 2nx) + 2φ(0, 2nx)]
(2.13)

for all x ∈ X. By (2.5), we have

‖fa(2x+ y) + fa(2x− y) +Gfa(x, y)− 2fa(x+ y)− 2fa(x− y)

− 2fa(2x) + 4fa(x)‖ ≤ 4

3
φ(x, y) +

1

6
φ(2x, 2y)

(2.14)

for all x, y ∈ X. Replacing x and y by 2nx and 2ny in (2.14), respectively and
deviding (2.5) by 2n, we have

‖2−nfa(2n(2x+ y)) + 2−nfa(2n(2x− y)) + 2−nGfa(2nx, 2ny)

− 2 · 2−nfa(2n(x+ y))− 2 · 2−nfa(2n(x− y))− 2 · 2−nfa(2n+1x)

+ 4 · 2−nfa(2nx)‖ ≤ 4

3
· 2−nφ(2nx, 2ny) +

1

6
· 2−nφ(2n+1x, 2n+1y)
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for all x, y ∈ X. Letting n→∞ in the last inequality, we have

A(2x+ y) +A(2x− y) + lim
n→∞

2−nGfa(2nx, 2ny)

− 2A(x+ y)− 2A(x− y)− 2A(2x) + 4A(x) = 0
(2.15)

for all x, y ∈ X and since F is continuous,

lim
n→∞

2−nGfa(2nx, 2ny)

= lim
n→∞

F (2−nfa(2nσ1(x, y)), 2−nfa(2nσ2(x, y)), · · ·, 2−nfa(2nσl(x, y)))

= GA(x, y)

for all x, y ∈ X. Hence by (2.15), we have

(2.16) A(2x+y)+A(2x−y)+GA(x, y) = 2A(x+y)+2A(x−y)+2A(2x)−4A(x)

for all x, y ∈ X. Relpacing x by 2nx in (2.11) and deviding (2.11) by 2n, we have

‖2−n−1fa(2n · 2x)− 2−nfa(2nx)‖

≤ 2−n

12|λ+ 1|
[φ(2nx, 2n+1x) + 2φ(2nx, 2nx) + 2φ(0, 2nx)]

for all x ∈ X and letting n→∞ in the above inequality, we have

(2.17) A(2x) = 2A(x)

for all x, y ∈ X. By (2.16) and (2.17), A satisfies (2.1). By Condition P1, A is
an additive mapping .

By (2.3), (2.8), (2.9), and (2.10), we have

(2.18) ‖8−1fc(2x)− fc(x)‖ ≤ 1

48|λ+ 1|
[φ(x, 2x) + 2φ(x, x) + 2φ(0, x)]

for all x ∈ X. By (2.18), for m,n ∈ N ∪ {0} with 0 ≤ m < n, we have

‖2−3nfc(2nx)− 2−3mfc(2
mx)‖

= 2−3m‖2−3(n−m)fc(2
n−m · 2mx)− fc(2mx)‖

≤ 1

48|λ+ 1|

n−1∑
k=m

2−3k[φ(2kx, 2k+1x) + 2φ(2kx, 2kx) + 2φ(0, 2kx)]

(2.19)

for all x ∈ X. By (2.19), {2−3nfc(2nx)} is a Cauchy sequence in Y and since Y is
a Banach space, there exists a mapping C : X −→ Y such that

C(x) = lim
n→∞

2−3nh(2nx)

for all x ∈ X . Moreover, by (2.19), we have

‖C(x)− fc(x)‖

≤ 1

48|λ+ 1|

∞∑
n=0

2−3n[φ(2nx, 2n+1x) + 2φ(2nx, 2nx) + 2φ(0, 2nx)]
(2.20)

for all x ∈ X. By (2.5), we have

‖fc(2x+ y) + fc(2x− y) +Gfc(x, y)− 2fc(x+ y)− 2fc(x− y)

− 2fc(2x) + 4fc(x)‖ ≤ 1

3
φ(x, y) +

1

6
φ(2x, 2y)

(2.21)
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for all x, y ∈ X. Replacing x and y by 2nx and 2ny in (2.21), respectively and
deviding (2.21) by 23n, we have

‖2−3nfc(2n(2x+ y)) + 2−3nfc(2
n(2x− y)) + 2−3nGfc(2nx, 2ny)

− 2 · 2−3nfc(2n(x+ y))− 2 · 2−3nfc(2n(x− y))− 2 · 2−nfc(2n+1x)

+ 4 · 2−3nfc(2nx)‖ ≤ 1

3
· 2−3nφ(2nx, 2ny) +

1

6
· 2−3nφ(2n+1x, 2n+1y)

for all x, y ∈ X. Letting n→∞ in the last inequality, we have

C(2x+ y) + C(2x− y) + lim
n→∞

2−3nGfc(2nx, 2ny)

− 2C(x+ y)− 2C(x− y)− 2C(2x) + 4C(x) = 0
(2.22)

for all x, y ∈ X and since F is continuous,

lim
n→∞

2−3nGfc(2nx, 2ny)

= lim
n→∞

F (2−3nh(2nσ1(x, y)), 2−3nh(2nσ2(x, y)), · · ·, 2−3nh(2nσl(x, y)))

= GC(x, y)

for all x, y ∈ X. Hence by (2.22), we have

(2.23) C(2x+y)+C(2x−y)+GC(x, y) = 2C(x+y)+2C(x−y)+2C(2x)−4C(x)

for all x, y ∈ X. Relpacing x by 2nx in (2.18) and deviding (2.18) by 23n, we have

‖2−3 · 2−3nfc(2n · 2x)− 2−3nfc(2
nx)‖

≤ 2−3n

48|λ+ 1|
[φ(2nx, 2n+1x) + 2φ(2nx, 2nx) + 2φ(0, 2nx)]

for all x ∈ X and letting n→∞ in the above inequality, we have

(2.24) C(2x) = 8C(x)

for all x, y ∈ X. By (2.23) and (2.24), C satisifes (2.2). By Condition P2, C is a
cubic mapping.

Let F = A+C. Then F is an additive-cubic mapping, Fa = A, and Fc = C. By
(2.13) and (2.20), we have (2.6) and (2.7).

For the uniqueness of F , let H be another additive-cubic mapping with (2.6)
and (2.7). Then Fa and Ha are additive mappings and hence

‖Fa(x)−Ha(x)‖ = 2−k‖Fa(2kx)−Ha(2kx)‖

≤ 1

6|λ+ 1|

∞∑
n=k

2−n[φ(2nx, 2n+1x) + 2φ(2nx, 2nx) + 2φ(0, 2nx)]

for all x ∈ X. Hence, letting k →∞ in the above inequality, we have Fa = Ha and
similarly, we have Fc = Hc. Thus F = H. �

Similarly, we have the following theorem:

Theorem 2.2. Let Gt be a functional operator satisfying Condition P1,
Condition P2, and

(2.25) Gt(x, 0) = −Gt(0, x).
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for all x ∈ X and all mapping t : X −→ Y. Further, suppose that there are real
numbers λ, δ(λ 6= −1) such that

Gt(x, 2x) + 2Gt(x, x)− 2Gt(0, x)

= λ[t(4x)− 10t(2x) + 16t(x)] + δ[f(x) + f(−x)]
(2.26)

for all x ∈ X and all mapping t : X −→ Y. Let φ : X2 −→ [0,∞) be a function with
(2.4). Let f : X −→ Y be a mapping with f(0) = 0 and (2.5). Then there exists
an unique additive-cubic mapping F : X −→ Y such that

‖Fa(x)− fa(x)‖ ≤ 1

12|λ+ 1|

∞∑
n=0

2−n[φ(2nx, 2n+1x)

+ 2φ(2nx, 2nx) + |δ|φ(2nx, 0) + (2 + |δ|)φ(0, 2nx)]

and

‖Fc(x)− fc(x)‖ ≤ 1

48|λ+ 1|

∞∑
n=0

2−3n[φ(2nx, 2n+1x)

+ 2φ(2nx, 2nx) + |δ|φ(2nx, 0) + (2 + |δ|)φ(0, 2nx)]

for all x ∈ X.

Proof. By (2.8) and (2.25), we have

‖f(x) + f(−x)‖ ≤ φ(x, 0) + φ(0, x)

for all x ∈ X, because ‖Gf (x, 0)‖ ≤ φ(x, 0) and Gf (x, 0) = −Gf (0, x). Similar to
the proof of Theorem 2.1, we have

‖(1 + λ)[f(4x)− 10f(2x) + 16f(x)]‖
≤ φ(x, 2x) + 2φ(x, x) + 2φ(0, x) + |δ|‖f(x) + f(−x)‖
≤ φ(x, 2x) + 2φ(x, x) + |δ|φ(x, 0) + (2 + |δ|)φ(0, x)

for all x ∈ X and so we get

‖2−1fa(2x)− fa(x)‖ ≤ 1

12|λ+ 1|
[φ(x, 2x) + 2φ(x, x) + |δ|φ(x, 0) + (2 + |δ|)φ(0, x)]

for all x ∈ X. The rest of this proof is similar to the proof of Theorem 2.1. �

3. Applications

In this section, using Theorem 2.1 and Theorem 2.2, we will prove the generalized
Hyers-Ulam stability for some additive-cubic functional equations.

First, we consider the following functional equation :

(3.1) f(2x+ y) + f(2x− y)− f(4x) = 2f(x+ y) + 2f(x− y)− 8f(2x) + 12f(x).

Theorem 3.1. Let φ : X2 −→ [0,∞) be a function with (2.4). Let f : X −→ Y be
a mapping such that f(0) = 0 and

‖f(2x+ y) + f(2x− y)− f(4x)− 2f(x+ y)− 2f(x− y)

+ 8f(2x)− 12f(x)‖ ≤ φ(x, y)
(3.2)

for all x, y ∈ X. Then there exists an unique additive-cubic mapping F : X −→ Y
such that

(3.3) ‖Fa(x)− fa(x)‖ ≤ 1

24

∞∑
n=0

2−n[φ(2nx, 2n+1x) + 2φ(2nx, 2nx) + 2φ(0, 2nx)]
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and

(3.4) ‖Fc(x)− fc(x)‖ ≤ 1

96

∞∑
n=0

2−3n[φ(2nx, 2n+1x) + 2φ(2nx, 2nx) + 2φ(0, 2nx)]

for all x ∈ X.

Proof. Let Gf (x, y) = −f(4x) + 10f(2x)− 16f(x). Then f satisfies (2.5) and

Gt(x, 2x) + 2Gt(x, x)− 2Gt(0, x) = −3[t(4x)− 10t(2x) + 16t(x)]

for all x ∈ X and all mapping t : X −→ Y. If t : X −→ Y is a mapping with
t(2x) = 2t(x) for all x ∈ X and (2.1), then Gt(x, y) = 0 for all x, y ∈ X and
so t is an additive mapping. Hence Gt satifies Condition P1 and similarly Gt

satifies Condition P2. By Theroem 2.1, there is an unique additive-cubic mapping
F : X −→ Y with (3.3) and (3.4). �

Using the above theorem, we have the following corollaries:

Corollary 3.2. Let f : X −→ Y be a mapping. Then f satisfies (3.1) if and only
if f is an additive-cubic mapping.

Ostadbashi and Kazemzadeh [9] investigated the following additive-cubic functi-
nal equation :

f(2x+ y) + f(2x− y)− f(4x)

= 2f(x+ y) + 2f(x− y)− 8f(2x) + 10f(x)− 2f(−x).
(3.5)

Corollary 3.3. Let φ : X2 −→ [0,∞) be a function with (2.4). Let f : X −→ Y
be a mapping such that f(0) = 0 and

‖f(2x+ y) + f(2x− y)− f(4x)− 2f(x+ y)− 2f(x− y)

+ 8f(2x)− 10f(x) + 2f(−x)‖ ≤ φ(x, y)
(3.6)

for all x, y ∈ X. Then there exists an unique additive-cubic mapping F : X −→ Y
such that

(3.7) ‖Fa(x)−fa(x)‖ ≤ 1

24

∞∑
n=0

2−n[φ1(2nx, 2n+1x)+2φ1(2nx, 2nx)+2φ1(0, 2nx)]

and

(3.8) ‖Fc(x)−fc(x)‖ ≤ 1

96

∞∑
n=0

2−3n[φ1(2nx, 2n+1x)+2φ1(2nx, 2nx)+2φ1(0, 2nx)]

for all x ∈ X, where φ1(x, y) = φ(x, y) + φ(0, x).

Proof. By (3.6), we have

‖f(x) + f(−x)‖ ≤ φ(0, x)

for all x ∈ X and hence we have

‖f(2x+ y) + f(2x− y)− f(4x)− 2f(x+ y)− 2f(x− y)

+ 8f(2x)− 12f(x)‖ ≤ φ(x, y) + φ(0, x) = φ1(x, y)

for all x, y ∈ X. By Theorem 3.3, we have the results. �
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Finally, we consider the following new functional equation :

f(2x+ y) + f(2x− y)− 2f(x+ y) + 3f(x− y)− 5f(y − x)

− 10(x) + 14f(y)− 2f(2y) = 0.
(3.9)

Lemma 3.4. Let Gf be a functional operator such that

(3.10) Gf (x, y) = −Gf (y, x)

for all mapping f : X −→ Y and all x, y ∈ X. Then Condition P1 and
Condition P2 hold.

Proof. Suppose that f : X −→ Y is a mapping with f(2x) = 2f(x) and (2.1).
Letting y = 0 in (2.1), we have

(3.11) Gf (x, 0) = 0

for all x ∈ X and by (3.10) and (3.11), we get

Gf (x, 0) = −Gf (0, x) = −[f(x) + f(−x)] = 0

for all x ∈ X. Hence

(3.12) f(−x) = −f(x)

for all x ∈ X. Interchaging x and y in (2.1), by (3.12), we have

(3.13) f(x+ 2y)− f(x− 2y) +Gf (y, x) = 2f(x+ y)− 2f(x− y)

for all x, y ∈ X and by (2.1), (3.10), and (3.13), we have

(3.14) f(2x+ y) + f(2x− y) + f(x+ 2y)− f(x− 2y) = 4f(x+ y)

for all x, y ∈ X. Letting y = −y in (3.14), we have

(3.15) f(2x+ y) + f(2x− y) + f(x− 2y)− f(x+ 2y) = 4f(x− y)

for all x, y ∈ X. By (3.14) and (3.15), we have

(3.16) f(x+ y) + f(x− y) = f(x+ 2y) + f(x− 2y)

for all x, y ∈ X. Letting x = x+ y in (3.16), we get

(3.17) f(x+ 2y) + f(x) = f(x+ 3y) + f(x− y)

for all x, y ∈ X and letting x = 2x in (3.16), we get

(3.18) f(2x+ y) + f(2x− y) = 2f(x+ y) + 2f(x− y)

for all x, y ∈ X. Letting y = x+ y in (3.18), we get

(3.19) f(3x+ y) + f(x− y) = 2f(2x+ y)− 2f(y)

for all x, y ∈ X and interchaging x and y in (3.19), we have

(3.20) f(x+ 3y)− f(x− y) = 2f(x+ 2y)− 2f(x)

for all x, y ∈ X. By (3.17) and (3.20), we have

(3.21) f(x+ 2y)− 3f(x) + 2f(x− y) = 0

for all x, y ∈ X. Letting x = x− y in (3.21), we get

(3.22) f(x+ y)− 3f(x− y) + 2f(x− 2y) = 0

for all x, y ∈ X and letting y = −y in (3.22), we get

(3.23) f(x− y)− 3f(x+ y) + 2f(x+ 2y) = 0
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for all x, y ∈ X. By (3.21) and (3.23), we have

f(x+ y) + f(x− y)− 2f(x) = 0

for all x, y ∈ X and hence f is an additive mapping. Thus Condition P1 holds.

(2) Suppose that f : X −→ Y is a mapping with f(2x) = 8f(x) and (2.2).
Similar to (1), we have

Gf (x, 0) = −Gf (0, x) = 0, f(−x) = −f(x)

for all x, y ∈ X. Interchaging x and y in (2.2), we have

(3.24) f(x+ 2y)− f(x− 2y) +Gf (y, x) = 2f(x+ y)− 2f(x− y) + 12f(y)

for all x, y ∈ X and by (2.2), (3.10), and (3.24), we have

(3.25) f(2x+y)+f(2x−y)+f(x+2y)−f(x−2y) = 4f(x+y)+12f(x)+12f(y)

for all x, y ∈ X. Letting y = −y in (3.25), we have

(3.26) f(2x+y)+f(2x−y)+f(x−2y)−f(x+2y) = 4f(x−y)+12f(x)−12f(y)

for all x, y ∈ X. By (3.25) and (3.26), we have

f(2x+ y) + f(2x− y) = 2f(x+ y) + 2f(x− y) + 12f(x)

for all x, y ∈ X and hence f is a cubic mapping. Thus Condition P2 holds. �

Using Lemma 3.4, we investigate solutions and the generalized Hyers-Ulam sta-
bility for (3.9).

Theorem 3.5. Let φ : X2 −→ [0,∞) be a function with (2.4). Let f : X −→ Y be
a mapping such that f(0) = 0 and

‖f(2x+ y) + f(2x− y)− 2f(x+ y) + 3f(x− y)− 5f(y − x)

− 10(x) + 14f(y)− 2f(2y)‖ ≤ φ(x, y)
(3.27)

for all x, y ∈ X. Then there exists an unique additive-cubic mapping F : X −→ Y
such that

‖Fa(x)− fa(x)‖ ≤ 1

12

∞∑
n=0

2−n[φ(2nx, 2n+1x) + 2φ(2nx, 2nx)

+ 5φ(2nx, 0) + 7φ(0, 2nx)]

(3.28)

and

‖Fc(x)− fc(x)‖ ≤ 1

48

∞∑
n=0

2−3n[φ(2nx, 2n+1x) + 2φ(2nx, 2nx)

+ 5φ(2nx, 0) + 7φ(0, 2nx)]

(3.29)

for all x ∈ X.

Proof. Let Gf (x, y) = 5[f(x− y)− f(y − x)]− 14[f(x)− f(y)] + 2[f(2x)− f(2y)].
Then f satisfies (2.5) and

Gt(x, 2x) + 2Gt(x, x)− 2Gt(0, x)

= −2[t(4x)− 10t(2x) + 16t(x)]− 5[f(x) + f(−x)]

for all x ∈ X and all mapping t : X −→ Y. Since Gf satifies (3.10), by Lemma 3.4,
Condition P1 and Condition P2 satisfy. By Theroem 2.2, there is an unique
additive-cubic mapping F : X −→ Y with (3.28) and (3.29). �
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Corollary 3.6. Let f : X −→ Y be a mapping. Then f satisfies (3.9) if and only
if f is an additive-cubic mapping.
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