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Abstract

The purpose of this paper is to introduce a new modification of Lupag operators in the
frame of post quantum setting and to investigate their approximation properties. First using
the relations between g-calculus and post quantum calculus, the post quantum analogue of op-
erators constructed will be linear and positive but will not follow Korovkin’s theorem. Hence a
new modification of g-Lupag operators is constructed which will preserve test functions. Based
on these modification of operators, approximation properties have been investigated. Further,
the rate of convergence of operators by mean of modulus of continuity and functions belonging
to the Lipschitz class as well as Peetre’s K-functional are studied.

Keywords and phrases: Lupag operators; Post quantum analogue; ¢ analogue; Peetre’s
K-functional; Korovkin’s type theorem; Convergence theorems.
AMS Subject Classification (2010): 41A10, 41A25, 41A36.

1. INTRODUCTION AND PRELIMINARIES

A. Lupas [17] introduced the linear positive operators at the International Dortmund
Meeting held in Witten (Germany, March, 1995) as follows:

ad mu al
Lnfin) = (1= oy Y P (1) (1)

m
=0

with f : [0,00) — R. If we impose Ly, (u) = u, we get a = 5. Thus operators (1.1) becomes

Lnpi) =2 S U (1) w0, (12)

=0

where (mu); is the rising factorial defined as:

(mu)o =1, (mu); = mu(mu+ 1)(mu+2)---(mu+1-1), 1 >0.
The g-analogue of Lupag operators (1.2) is defined in [26] as:

oo

p(fin) =2 S gy (M) o (13)
=0

1
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2. CONSTRUCTION OF NEW OPERATORS AND AUXILIARY RESULTS

Let us recall certain notations and definitions of (p, ¢)-calculus. Let p > 0, ¢ > 0. For
each non negative integer I, m, m > 1 > 0, the (p, ¢)-integer, (p, ¢)-binomial are defined, as

J_qd
Pot when pgl,
Ul =0 L+ 0 2q 4+ P32 4 b pg 2 gt = JPT whenp=gq#1
ire when p = 1,
J, when p=¢q=1.

where [j], denotes the g-integers and m =0,1,2,---.

The formula for (p, ¢)-binomial expansion is as follows:

m

(m=l)(m—-1-1) -1 | m _ _

(au+bv),', = g D z q 2 [ ! } a™plym !t
1=0 P,

(u+ U);:q = (u+v)(pu+ qv)(pzu + q2v) ... (pmflu + qulv),
1 —wp, =0 —=u)p—qu)p® —¢u)-- (™" —¢" ),

where (p, ¢)-binomial coefficients are defined by

)

Details on (p, ¢)-calculus can be found in [9, 11, 21].

In the case of p = 1, the above notations reduce to g-analogues and one can easily see that
[m]p,q = p™ ' [m]g/p- Mursaleen et al. [21] introduced (p, ¢)-calculus in approximation theory
and constructed post quantum analogue of Bernstein operators. On the other hand Khalid and
Lobiyal defined the (p, q)- analogue of Lupag Bernstein operators in [12] and have shown its
application in computer aided geometric design for construction of Beizer curves and surfaces.
For another applications of extra parameters p in the field of approximation on compact disk,
one can refer [4]. For related literature, one can refer [1, 2, 9, 3, 13, 14, 18, 19, 20, 22, 23, 25, 24]
papers based on ¢ and (p, ¢) integers in approximation theory and CAGD. Motivated by the
above mentioned work, we introduce a new analogue of Lupag operators. The post quantum
analogue of (1.3) are as follows:

Definition 2.1. Let f : [0,00) - R, 0 < ¢ < p < 1 and for any m € N. we define the
(p, ¢)-analogue of Lupas operators as

> ([m],.ou f=m
Mﬁ@mo_z[an§j“m“gﬁf(pm$mﬂ>7uzo (2.1)
=0 p,q° p.q

The operators (2.1) are linear and positive. For p = 1, the operators (2.1) turn out to be
g-Lupag operators defined in (1.3). Next, we prove some auxiliary results for (2.1).
Lemma 2.2. Let0 < g<p<1and m e N. We have

(i) LB9(150) = 1,

(ll) LPa(t;u) = pm_l(z_;)[m]p,qu-ua

2
D42, — u qu qu
(lll) Lm (t 7U/) [m]p,qum_Q(2—p3)[m]p’qu+l + p2m_4(2_p2)[m]p,qu+2 + p2m—4(2_p2)[m]p,qu+2[m]qu :

Proof. we have
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9—[mlp quz mlp,q)i -1

LPA(1;u) = 11
Up.q!

(i)

D2 (4 —  9—[mlp,qu = ([m]p,qu)lpl_m[l]p,q
U D D s T
9—[mlp.qu — ([m Ip.g®) ([M]p,qu + 1)i— 17! ""lpg

= [l]p,qll = 1]p,q!2" [m]p,q

_ —[m]p,qu - ([m}Paqu + 1)l [+1—m
= 2 UIZ U2t P
—0 )

= 27 U i ([m]p,qu + 1)lpl
pt =0 [1]p.q'2"
U

(pmil)(2 - p)([m]P,q“""l) ’

(iii)

o0

2_[m]p,q“ Z ([

=0
[eS]

mlp,qu) P

2l—2m [”12)7(1

[pq2" [m]7

p.q

2l—2m[l]12)}q

_ 9—[mlpqu (Imlp,qu)([m]p,qu+ 1)1-1 P
- ; [l]p gll = 1p,qlal - [ml 4

+ 1 lp21+2 Qm[l + 1]
= 927 [m]p, quuz q'LL

1] p7q'21+1 [m]p.q
2*[7”]:0-,11“71 Z ([m]p,qu + l)l p2l [l + 1]p,q

u
prm? =0 []p.q!2" [mlp.q

B 9—[m]p,qu—1 ui (Im]p,qu+1); p? [pl + q[l]pq]
P~ S T [mlp.g

(Im]p,qu + 1) P!
0 [l]pﬂ!zl [mlp,q

(Im]p,qu + 1), p2lQ[l]p,q
[1]p,q!2" [Mlp,q

2—[m]p,q“_1

= p2m—2 u

M8

l

2*[7”]11-,(1“*1

= p2m—2 u

WK

l

I
=

= I + Ir(say),
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we find that I; and I are

92— [m]p,qu—1 ’U,+1 pSI
Il = u q
prm=? ; [m]p.q
u

[l 22 (2 — p3) [t

WS [mlpqu + 19l
=0 []p.q!2" [mlp.q

2*[m]p,qu*1

I = p2m—2

oo

2*[7”]?41“71([ pqu+1 Z mpqu+2l 1p [l]

pm=2 [Up,qll = 1]p,q'2" [m]p,q
_ 2~ [mlp.av=1(Im], Ju + 1) qui ([m]p,qu + 2)1—1p*
[mlp,qp>™ 2 = (- 1];?41!2[
272 ()], 4 1) “i Mu + 2
- 2m—4 q
[m}p,qp
= qu’ I qu
p2m—4(2 _pz)["“b]m?H-2 p2n—4(2 —p )[m}p,quﬂ[m]nq
On adding I1and I, we get
U qu? qu

LEA(tu) =

+ + .
[m]p.qp?™—2(2 — pg)[m]p,quﬂ p2m—4(2 — pz)[m]p,qU+2 p2m—4(2 — p2)[m]”"‘“+2[m]p,q

The sequence of (p,q)-Lupag operators constructed in (2.1) however do not preserve the test
functions ¢ and ¢2. Hence one can not guarantee approximation via these operators. Therefore,
we construct the modified (p, ¢)- Lupas operators as follows:

Lemma 2.3. Let 0 < g <p<1andméeN. For f:[0,00) = R, we define the (p, q)-analogue
of Lupas operators as:

IPa(fiu) "i Mlp.q) <[[l]”’q ) L u>0. (2.2)

14!
=0 lpqla mp.q

The operators (2.2) are linear and positive. For p = 1, the operators (2.2) turn out to be
g-Lupag operator defined in (1.3).
We shall investigate approximation properties of the operators (2.2). We obtain rate of conver-
gence of the operators via modulus of continuities. We also obtain approximation behaviors of
the operators for functions belonging to Lipschitz spaces.

Lemma 2.4. Let 0 < g <p <1 and m € N. We have
(i) Lha(13u) = 1,
(i) L3 (tu) = u,
(iii) Lfn‘l(ﬂ u) = P p)(m]pqm)[ — + [m]u + quZ.

Proof. We have
(i)

oo
IPa(lu) =2~ [mmuz p"f“ ~1.
1=0 [p.4'2
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(i)
.4 (4. _ o—[m]pqu — ([mlp.qui [Up.q
ittty = 270 ) S o

_ o—[mlpqu - (Imlp,qw)([m]p,qu + 1)i=1 [p,q
-2 ; [l]p gll = 1]p,q!2" - [mlp.q

o0

- 9- [m]p,qu— IUE qu+1
=0 p7q

= U.

(iii)

2 —[m]p qu o Mp.gt [1]12),11
Lha(t*u) = 27t Zw[m}gq

=0

_  o9—lmlpqu o ([m]p,qw) ([m]p,qu +1)i-1 [l]z%,q
D D A Th - T

=1 p,q

= 2*[m]p,quuz ([m]p,qu :_11)l [+ 1]pq
=0 []p.q'2 [mlp.q

= 9~ [mlpqu-1,, i ([m]p,qu + 1 [p' + q[l]p,q]
e [[]p.q2" [m]p.q
_ 9—[m]p,qu— 1u§: (Imlpqu+1)
e [l
N 9—[mlp,qu—1 o i (Im]p.qu+ 1)ill]pq
[mlp,q =0 [l]p,qml
= I]_ + Ig(Say)
After solving I; and Iy, we get
2*[m]zuq“*1 > u + 1
Il — m P q pl
[m]p.q ;
B U
a (2 - P)([m]p‘unrl)[ ]p,q.
—[mlp,qu—1 u+1) [l]
I, = qu p,q p.q
]p q Z Up, q'Ql

9—[mlp.gu—1 pqu+1 ([m]p,qu + 2)i-1[U]p,q
- eyt ’

[ pyq ]p q[l - 1]17 q'2l
_ 27[m]quu72([m]p7qU + 1)qu Z ([m]py(lu + 2)l
[1]p,q 1=0 [l]p’q!2l
— qu + qu2.
[m]p.q

On adding I1and I, we get

LPA(2y) = mu + + qu?.
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6
Corollary 2.5. Using Lemma 2.4, we get the following central moments.

LPa(t — usu) = 0
LEA((t — u); u)

ot qu® —u? = 6,,(u) (say).

= 2—p)Tmlp,qvtDm], o + [m]p,

Remark 2.6. One can observe that
0, p.q € (0,1),
lim [m],, =
meee 1%61, p=1andqe€ (0,1).
Thus for approximation processes, one need to choose convergent sequences (p,,) and (g, ) such
that for each n, 0 < ¢, < P, < 1 and pp, ¢ — 1 so that [m],,, 4. — 00 as m — oo.

Theorem 2.7. Let f € Cp[0,00) and g, € (0,1), pm € (¢m, 1] such that ¢ — 1, pm — 1,as
m — 0o. Then for each u € [0,00) we have

lim LErt(f;u) = f(u).

n— oo

Proof. By Korovkin’s theorem it is enough to show that

lim Eg;m% "™ u) =u™, m=0,1,2.
m— o0

By Lemma 2.4, it is clear that

lim LPmdm(1;u) = 1
m—r oo

lim LPmdm(1;u) = u

m—00
and
s TPmam (42,0 — T u Gmu 2
Dt () = i o a0y o g T
=’
This completes the proof. O
3. DIRECT RESULTS
Let Cg[0,00) be the space of real-valued continuous and bounded functions f defined on
the interval [0,00). The norm || - || on the space Cg[0,00) is given by
| fll= sup | f(z)].
0<z <00

Let us consider the K-functional as:
Ks(f,8)= inf {| f—s|+3s |},
seW?2

where § > 0 and W2 = {s € Cp[0,00) : 5 ,s € Cp[0,00)}.
Then as in ([4], p. 177, Theorem 2.4), there euists an absolute constant C' > 0 such that

Ks(f,8) < Cuwa(f, V). (3.1)
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Second order modulus of smoothness of f € Cg[0,00) is as follows

WQ(f,\/g): sup sup | f(u+2h) —2f(u+h)+ f(u)|.

0<h<V/3 u€[0,00)

The usual modulus of continuity of f € Cg[0,00) is defined by
w(f,6)= sup  sup | flu+h)—f(u)].

0<h<8 u€[0,00)

Theorem 3.1. Let f € Cg[0,00), p,q € (0,1) such that 0 < q¢ < p < 1. Then for every
u € [0,00) we have

| L2 (f1u) — f(u) |< Cwa(f;0m(u)),

where

52 _ U qu 2_ 2
m (1) @ = )Tt D[], . g T T

Proof. Let s € W?. Then from Taylor’s expansion, we get

t

s(t) = s(u) + s (u)(t —u) —|—/ (t —u)s”(u)du, t €[0,A], A>0.

u

Now by Corollary 2.5, we have

L89(s;u) = s(u) + Li¢ ( / (i u)s"(u)du;u) :

@

L (6= w)*u) || 8"

|L8:9(s3u) (53 0) = s(w)]

IN

(t—u)||s"(u)|du;u

)

IN

hence we get

U qu 9 9
L2 (55 u(s; ) — s(u)] <|| s || ( + +qu® —u >
(2 *p)([m]”‘quﬂ)[m]pﬂ [mlp,q

By Lemma 2.3, we have

P 0 —[mlp,qu - ([m]p,qu)i [lp.q
i <2ty Qe (e | g

Thus, we have

L5 (Fiu)l < T LRI ((f = 8)u) = (f = 8)(w) | +IL5(s5u) — s(u)].

After substituting all values, we get

TPaf. ” U qu
Bt = 1) <07 =51+ 15 (G * s )

By taking the infimum on the right hand side over all s € W2, we get

L5 (fy0) = f(w)] < CKa (f,67,(w).
By using the property of K-functional, we have

L5 (f5u) = ()| < Cws (f, 6m(w).
This completes the proof. O

928 Asif Khan 922-933



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

4. POINTWISE ESTIMATES

Theorem 4.1. Let 0 < a <1 and E be any bounded subset of the interval [0,00). If f €
Cpl0,00), is locally Lip(c), i.e., the condition

If(v) = f(u)] < Ev—ul|® veEandue€0,00) (4.1)
holds, then, for each u € [0,00), we have

T () = f)] < 2{6m()® +2(d(u, B)* }, u e [0,00)
where L is a constant depending on o and f and d(u; E) is the distance between v and E defined
by

d(u, B) = inf {|t — ul;t € E} and 8, (u) = LPA((t — u)?;u).
Proof. Let E be the closure of E in [0,1). Then, there exists a point t, € E such that d(u,E) =
|u — to‘.
Using the triangle inequality, we have

|F(t) = fQu)| < |f(8) = f(o)l + [f (o) — f(uw)].

By using (4.1) we get,

Z29(fs0) — ()] < IRO(F(E) — F(to)lsw) + 2 (1 (w) — F(to)]; )
< L{TRT (1t~ to] ) + (Ju— tol 5 w) + Ju — to]* }
< L{Egﬂ(|t—u|a;u)+2|u—t0\a}.

By choosing p = % and ¢ = ﬁ, we get % + é = 1. Then by using Holder’s inequality we get

Lrafin) - Sl < L{TE (- ulrsw)? (L7055 w]F + 2d(wB)° }

IN
jun
— =
ol
33
_Q
N
-
I
£
\.l\')
<
=

IN
jun
— =
(=%}
3
£
[N)
+
L\Z
&
S
&
5

Hence the proof is completed. O

Now, we recall local approximation in terms of « order Lipschitz-type maximal function
given by Lenze [16] as

i~ sy MO =)

~——, u € [0,00) and a € (0, 1]. (4.2)
t#u,t€(0,00) |t - ’LL|

Then we get the next result

Theorem 4.2. Let f € Cp[0,00) and o € (0,1]. Then, for all u € [0,00), we have

Ns)

L (frw) = f@)] < Balf;0) (0m(w)
where 6, (u) is defined in Corollary 2.5.
Proof. We know that
(Lot (Fru) = fw)] - < Diptm () = f(w)l;w).
From equation (4.2), we have
Lo (fiu) = fu)] < @alfsu)Lhyom ([t —ul; ).

From Hélder’s inequality with p = % and g = ﬁ, we have

[Tt (Fr) = f)] < Balfiu) (L (

o3
2

t— u|2;u)) )
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which proves the desired result. O

5. WEIGHTED APPROXIMATION BY LP-4

In this section we shall discuss weighted approximation theorems for the operators Ef,’,;q
on the interval [0, c0).

Theorem 5.1 (cf. [5, 15]). Let (T),,) be the sequence of linear positive operators from C,,z2[0, c0)
to By,2[0,00) satisfy
lim H Tmﬁli — K ||u2: 0, 1= 0, 1,2.
m—r o0
Then for any function f € C¥,[0,00)
m—r oo
Theorem 5.2 (cf. [6, 7]). Let (¢m) and (pm) be two sequences such that 0 < g, < pm < 1, for
all nand both converge to 1. Then for each function f € C¥,[0,00), we get

lim [ L7 f = f [lu2= 0

Proof. By Theorem 5.1, it is enough to show
lim || me g — Ky llee = 0, 1=0,1,2. (5.1)

m—0o0

By Lemma 2.4 (i) and (ii), it is clear that
I @) =1 e =
I Zhmim (tu) = e = 0

and by Lemma 2.4 (iii), we have

1 qm —1 2
| Lo (8%5u) —u® |l2 = sup (T * )+ (an — D
m ’ -

u€[0,00) 1+ u?

((2 —pm)l[m]pm,qm " [m}Zj,qm) + (gm — 1)

Last inequality means that (5.1) holds for ¢ = 2. By Theorem 5.1, the proof is completed. [

Theorem 5.3. Let g, € (0,1), pm € (q,1] such that ¢, — 1, ppy — 1 as m — oo. Let
f e C]0,00), and its modulus of continuity wqi1(f;9) be defined on [0,d+1] C [0,00). Then,
we have

Lozt (£0) = f ()| cpoa < 6Mp(1+ d2)dm(d) + 2wass (F; /5 (d)),
where §(d) = LES((t = w)% ) = Gy ey + ey T 40° — .

Proof. From ([10] p. 378), for u € [0,d] and t € [0, 00), we have

0= ] < 601501+ )t - w2+ (14 5 w201,

Applying Z‘fﬁq both the sides, we have

LPa (|t — ul;u

Z20(0) = o] < 00070+ TG0 — )+ (14 U Yo ),

Applying Cauchy-Schwarz inequality,for u € [0,d] and ¢ > 0, we get

LB (fru) — f(u)] < q<|< w) — f(u)];u)
< 6Mp(1+d?)IEI((t — u)*u)
+  wat1(fs )<1+§Lp’q((tu)2;u);).
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Thus, from Lemma 2.4, for u € [0, d], we get

LB f3u) = f(u)] < 6Mp(1+d*)6m(d) + was1 (f9) (1 + W)

5
By Choosing § = /d,,(d), we get the required result. O

Now, we prove a theorem to approximate all functions in C¥, Such type of results are
given in [8] for locally integrable functions.

Theorem 5.4. Let 0 < g, < Py < 1 such that ¢y — 1, py — 1 as m — oo. Then for each
function f € C*,[0,00), and a > 1

| Lomam (fiu) — f(u) |

lim  sup =0.
M= ,€[0,00) (1 + u2)a
Proof. Let for any fixed ug > 0,
| Lyt (f50) — f(u) | | Lt (f5w) — f(u) | | Lyt (fru) — f(w) |

IN

sup sup + sup
u€[0,00) (1 + u2)o¢ u<ug (1 + uZ)a uS>ug (1 + ’U,Q)O‘

| Lbptm (1+ 4% 0) |
Lp'rnvqm — 5 =
DLE (1) = F lieomo) + 11 e sup =5 2
| f(u) |

. 5.2
T e 2

Since, | f(u) |< Mf(1+ u?) we have,
| f(u) | My My
< < .
iy (LF W) = 2y (T w2)e T = (L)

Let € > 0, and let us choose ug large then we have

IN

Mf €
— < = 5.3
(1 4+up?)e—t 3 (5:3)
and in view of (2.4), we get,
| LRt (14 25 0) | 1+ u?
1 m = —
I f 1l e (1+u2)e I f llu2 1+ u2)e
S Nl
- (14wt
S Nl
= 1+ up2)o !
€
< - 5.4
< (5.4
By using Theorem 5.3, the first term of inequality (5.2) becomes
~ €
L3 (F) = f Nlfeo,uo) < 5588 m — 00 (5.5)
Hence we get the required proof by combining (5.3)-(5.5)
Epman . —
wp DU~ f)]
u€[0,00) (1 +u )
U
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