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ABSTRACT 

In this paper, we introduce and examine the concept of pentapartitioned neutrosophic 

binary Γ- subsemiring of a crisp Γ-semiring, and exploring some of the properties associated to it. 

Additionally some examples are provided to illustrate the definitions. Moreover, we discuss 

pentapartitioned neutrosophic binary cut of pentapartitioned neutrosophic binary                                   

Γ-subsemirings in a crisp Γ-semiring. 
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1. INTRODUCTION 

 In 1965, Zadeh L.A. [11] proposed the concept of fuzzy sets. As an extension of fuzzy set 

theory, intuitionistic fuzzy set theory was developed by K. Atanassov [2]. In 1998,              

Smarandache F. [9] introduced neutrosophic sets, a concept that generalizes both fuzzy sets and 

intuitionistic sets. Rama Malik & Surapati Pramanik [6] expanded on neutrosophic sets by 

introducing pentapartitioned neutrosophic sets, which assign five membership values to each 

element: true, contradictory, ignorant, unknown and false. Researchers have continued to expand 

on neutrosophic sets. In 2019, Francina Shalini and Remya [4] introduced neutrosophic vague 

binary sets and explored its properties, as well as neutrosophic vague binary BCK/BCI algebra. 

More recently, we [1] developed the Pentapartitioned Neutrosophic Binary Set (PNBS) and 

identified its key characteristics.  

In 1996, M.K. Rao [7,8] extended the concept of semirings by introducing Γ-semirings, 

which also generalize Γ-rings. Y. Bhargavi & Eswarlal [3] investigated the properties of fuzzy      

Γ-semirings, a concept that expands on ternary semirings. Also, Yella Bhargavi & Akbar           

Rezaei [10] introduced the concept of neutrosophic Γ- Semirings. In this paper, an attempt has 

been made to study some  algebraic nature of pentapartitioned neutrosophic binary set under               
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Γ-semirings. Based on this, the concept of pentapartitioned neutrosophic binary Γ- subsemiring of 

a crisp Γ- semiring is introduced and some of its properties are investigated. We also include some 

examples to clarify the definitions. Additionally, pentapartitioned neutrosophic binary cut of 

pentapartitioned neutrosophic binary Γ-subsemirings is formulated. 

2. PRELIMINARIES 

Definition 2.1.  

Let 𝔼 and Γ be two additive commutative semigroups. Then 𝔼 is called Γ-semiring if there 

exists a mapping 𝔼 × Γ × 𝔼 → 𝔼 where images of (𝑢,ζ, 𝑣) to be denoted by 𝑢ζ𝑣 if it satisfies the 

following conditions: for all  𝑢, 𝑣 ,𝑤 ∈ 𝔼;  ζ, λ ∈ Γ. 

(i) 𝑤𝜁(𝑢 + 𝑣) = 𝑤ζ𝑢 + 𝑤ζ𝑣, 

(ii) (𝑢 + 𝑣)ζ𝑤 = 𝑢ζ𝑤+𝑣ζ𝑤, 

(iii) 𝑢(ζ + λ)𝑣= 𝑢ζ𝑣 + 𝑢𝜆𝑣, 

(iv) 𝑢ζ(𝑣𝜆𝑤)=(𝑢ζ𝑣)𝜆𝑤. 

Definition 2.2.  

A nonempty subset 𝐻 of a Γ-semiring 𝔼 is said to be a 𝛤-subsemiring of 𝔼 if (𝐻,+) is a 

sub semigroup of (𝔼,+) and 𝑢ζ𝑤 ∈ 𝐻, for all 𝑢,𝑤 ∈ 𝐻; ζ ∈ Γ. 

Definition 2.3.  

A Neutrosophic set (NS) 𝐴̃ over 𝔼 is defined as follows: 

𝐴̃  = {〈𝑢, 𝜇𝐴̃(𝑢), 𝜈𝐴̃(𝑢), 𝛾𝐴̃(𝑢)〉: 𝑢 ∈ 𝔼}, where 𝜇𝐴̃(𝑢), 𝜈𝐴̃(𝑢), 𝛾𝐴̃(𝑢) are the truth, indeterminant, 

and falsity membership values of each 𝑢 ∈ 𝔼. So, 0 ≤ 𝜇𝐴̃(𝑢) + 𝜈𝐴̃(𝑢) + 𝛾𝐴̃(𝑢) ≤ 3. 

Definition 2.4.  

A neutrosophic set 𝐴̃  = {〈𝑢, 𝜇𝐴̃(𝑢), 𝜈𝐴̃(𝑢), 𝛾𝐴̃(𝑢)〉: 𝑢 ∈ 𝔼} in a Γ-semiring 𝔼 is called a 

Neutrosophic Γ-subsemiring if it satisfies the following conditions: for any u,v ∈ 𝔼; ζ ∈ Γ  

(i) 𝜇𝐴̃(𝑢 + 𝑣) ≥ 𝜇𝐴̃(𝑢) ∧ 𝜇𝐴̃(𝑣) 
(ii) 𝜈𝐴̃(𝑢 + 𝑣) ≥ 𝜈𝐴̃(𝑢) ∧ 𝜈𝐴̃(𝑣) 
(iii) 𝛾𝐴̃(𝑢 + 𝑣) ≤ 𝛾𝐴̃(𝑢) ∨ 𝛾𝐴̃(𝑣) 
(iv) 𝜇𝐴̃(𝑢ζ𝑣) ≥  𝜇𝐴̃(𝑢) ∧ 𝜇𝐴̃(𝑣) 
(v) 𝜈𝐴̃(𝑢ζ𝑣) ≥  𝜈𝐴̃(𝑢) ∧ 𝜈𝐴̃(𝑣) 

(vi) 𝛾𝐴̃(𝑢ζ𝑣) ≤ 𝛾𝐴̃(𝑢) ∨ 𝛾𝐴̃(𝑣) 

Definition 2.5.  

Let 𝑈 and 𝑉 be two universes of discourse. The Pentapartitioned neutrosophic 

binary set (PNBS) (𝐴̃1, 𝐴̃2) ⊆ (𝔼̃1, 𝔼̃2) is given by  

(𝐴̃1, 𝐴̃2) = {
〈𝑢, 𝜇𝐴1(𝑢), 𝜎𝐴1(𝑢), 𝜗𝐴1(𝑢),𝜙𝐴1(𝑢), 𝛾𝐴1(𝑢)〉,

〈𝑣, 𝜇𝐴2(𝑣), 𝜎𝐴2(𝑣), 𝜗𝐴2(𝑣), 𝜙𝐴2  (𝑣), 𝛾𝐴2(𝑣)〉: 𝑢 ∈ 𝔼̃1, 𝑣 ∈ 𝔼̃2
} 

where 𝜇𝐴̃1(𝑢), 𝜎𝐴̃1(𝑢), 𝜗𝐴̃1(𝑢),𝜙𝐴̃1(𝑢), 𝛾𝐴̃1(𝑢): 𝔼̃1 → [0,1] are the degrees of the 

membership of  truth, contradiction, ignorance, unknown, and falsity membership values  

of 𝑢 ∈ 𝔼̃1 and 𝜇𝐴̃2  (𝑣), 𝜎𝐴̃2  (𝑣), 𝜗𝐴̃2  (𝑣), 𝜙𝐴̃2  (𝑣), 𝛾𝐴̃2  (𝑣): 𝔼̃2 → [0,1] are the degrees  
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of the membership of  truth, contradiction, ignorance, unknown, and falsity membership  

values of 𝑣 ∈ 𝔼̃2 such that 0 ≤ 𝜇𝐴̃1(𝑢) + 𝜎𝐴̃1(𝑢) + 𝜗𝐴̃1(𝑢) + 𝜙𝐴̃1(𝑢) + 𝛾𝐴̃1(𝑢) ≤ 5   and                                                                            

0 ≤ 𝜇𝐴̃2  (𝑣) + 𝜎𝐴̃2  (𝑣) + 𝜗𝐴̃2  (𝑣) + 𝜙𝐴̃2  (𝑣) + 𝛾𝐴̃2  (𝑣) ≤ 5. 

3. MAIN RESULTS 

Definition 3.1.  

Let (𝐴̃1, 𝐴̃2) be a Pentapartitioned Neutrosophic Binary set (PNBS) over 𝔼̃1 and 𝔼̃2 

and Γ be a non empty set. A Pentapartitioned Neutrosophic Binary 𝛤- subsemiring                                        

(PNB 𝛤- subsemiring) is a structure 𝔈(𝐴̃1,𝐴̃2) = (𝔼(𝐴̃1,𝐴̃2), Γ, +,∙) where 𝔼(𝐴̃1,𝐴̃2) = 𝔼 = {𝔼̃1 ∪ 𝔼̃2} 

forms a crisp Γ- semiring to the pentapartitioned neutrosophic binary set (𝐴̃1, 𝐴̃2) 

under the usual binary operation ′ + ′ and ′ ∙ ′ which satisfies the following 𝔈(𝐴̃1,𝐴̃2) 

inequality: for any 𝑢, 𝑣 ∈ 𝔼(𝐴̃1,𝐴̃2) and ζ ∈ Γ, 

(i) PNB(𝐴̃1,𝐴̃2)(𝑢 + 𝑣) ≽ PNB(𝐴̃1,𝐴̃2)(𝑢) ∧ PNB(𝐴̃1,𝐴̃2)(𝑣) 

(ii) PNB(𝐴̃1,𝐴̃2)(𝑢ζ𝑣) ≽ PNB(𝐴̃1,𝐴̃2)(𝑢) ∧ PNB(𝐴̃1,𝐴̃2)(𝑣) for all 𝑢, 𝑣 ∈ 𝔼(𝐴̃1,𝐴̃2) and ζ ∈ Γ. 

That is for every 𝑢, 𝑣 ∈ 𝔼(𝐴̃1,𝐴̃2) and ζ ∈ Γ, 

(i) 𝜇(𝐴̃1,𝐴̃2)(𝑢 + 𝑣) ≥ 𝜇(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝜇(𝐴̃1,𝐴̃2)(𝑣), 

      𝜎(𝐴̃1,𝐴̃2)(𝑢 + 𝑣) ≥ 𝜎(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝜎(𝐴̃1,𝐴̃2)(𝑣),    

𝜗(𝐴̃1,𝐴̃2)(𝑢 + 𝑣) ≤ 𝜗(𝐴̃1,𝐴̃2)(𝑢) ∨ 𝜗(𝐴̃1,𝐴̃2)(𝑣), 

𝜙(𝐴̃1,𝐴̃2)(𝑢 + 𝑣) ≤ 𝜙(𝐴̃1,𝐴̃2)(𝑢) ∨ 𝜙(𝐴̃1,𝐴̃2)(𝑣) and, 

𝛾(𝐴̃1,𝐴̃2)(𝑢 + 𝑣) ≤ 𝛾(𝐴̃1,𝐴̃2)(𝑢) ∨ 𝛾(𝐴̃1,𝐴̃2)(𝑣).  

(ii) 𝜇(𝐴̃1,𝐴̃2)(𝑢ζ𝑣) ≥ 𝜇(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝜇(𝐴̃1,𝐴̃2)(𝑣), 

𝜎(𝐴̃1,𝐴̃2)(𝑢ζ𝑣) ≥ 𝜎(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝜎(𝐴̃1,𝐴̃2)(𝑣), 

𝜗(𝐴̃1,𝐴̃2)(𝑢ζ𝑣) ≤ 𝜗(𝐴̃1,𝐴̃2)(𝑢) ∨ 𝜗(𝐴̃1,𝐴̃2)(𝑣), 

𝜙(𝐴̃1,𝐴̃2)(𝑢ζ𝑣) ≤ 𝜙(𝐴̃1,𝐴̃2)(𝑢) ∨ 𝜙(𝐴̃1,𝐴̃2)(𝑣) and 

𝛾(𝐴̃1,𝐴̃2)(𝑢ζ𝑣) ≤ 𝛾(𝐴̃1,𝐴̃2)(𝑢) ∨ 𝛾(𝐴̃1,𝐴̃2)(𝑣). 

Throughout this paper, 𝔈(𝐴̃1,𝐴̃2) = (𝔼(𝐴̃1,𝐴̃2), Γ, +,∙) always means an algebraic structure of 

PNB Γ- subsemiring  (𝐴̃1, 𝐴̃2) of a Γ-Semiring 𝔼(𝐴̃1,𝐴̃2). 

Remark 3.2 

(i) In PNB Γ- subsemiring, 𝔼(𝐴̃1,𝐴̃2) = 𝔼̃ is taken as the “union” of elements of 𝔼̃1 and 𝔼̃2. 

(ii) Before implementing the condition 𝔈(𝐴̃1,𝐴̃2), it is necessary to perform a operation (Here 

max, max, min, min, min) on each membership grades of the overlapping elements in the 

universes 𝔼̃1 and 𝔼̃2. This operation will determine the membership grades of the 

combined pentapartitioned neutrosophic binary set, ensuring that the binary effect in 

pentapartitioned neutrosophic sets is effectively represented from a practical perspective. 
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Example 3.3 

Let 𝔼̃1 = {𝑧 ∈ ℂ / 𝐼𝑚(𝑧) ≥ 0} and 𝔼̃2 = {𝑧 ∈ ℂ / 𝐼𝑚(𝑧) ≤ 0} be two universes under 

consideration where 𝐼𝑚(𝑧) represents the imaginary part of 𝑧 and let Γ = {𝑥 ∈ ℤ/𝑥 ≥ 0}. Then 

the combined universes 𝔼̃ = {𝔼̃1 ∪ 𝔼̃2} be the set of complex numbers. Clearly 𝔼̃ and Γ are 

additive commutative semigroup. Define 𝔼̃ × Γ × 𝔼̃ → 𝔼̃ by 𝑢ζ𝑣 usual product of 𝑢, 𝜁, 𝑣 for all 

𝑢, 𝑣 ∈ 𝔼̃, 𝜁 ∈ Γ. Then 𝔼̃ is a Γ- semiring. 

Let (𝐴̃1, 𝐴̃2) be a 𝑃𝑁𝐵S defined over 𝔼̃ as follows : for any 𝑢 ∈ 𝔼̃1 and 𝑣 ∈ 𝔼̃2, 

 

For 𝑰𝒎(𝒖) = 𝟎  𝑰𝒎(𝒖) ≠ 𝟎  For 𝑰𝒎(𝒗) = 𝟎  𝑰𝒎(𝒗) ≠ 𝟎 

 𝝁𝑨̃𝟏(𝒖) 0.9 0.8 𝝁𝑨̃𝟐(𝒗) 0.7 0.5 

𝝈𝑨̃𝟏(𝒖) 0.5 0.2 𝝈𝑨̃𝟐(𝒗) 0.4 0.15 

𝝑𝑨̃𝟏(𝒖) 0.4 0.6 𝝑𝑨̃𝟐(𝒗) 0.5 0.9 

𝝓𝑨̃𝟏(𝒖) 0.7 0.9 𝝓𝑨̃𝟐(𝒗) 0.1 0.91 

𝜸𝑨̃𝟏(𝒖) 0.3 0.4 𝜸𝑨̃𝟐(𝒗) 0.3 0.6 

         Table (a): Membership values of 𝑢 ∈ 𝔼̃1           Table (b): Membership values of 𝑣 ∈ 𝔼̃2 

The membership grade of the combined 𝑃𝑁𝐵S from Table (a) and (b) is given in Table (c) 

For 𝑰𝒎(𝒘) = 𝟎  𝑰𝒎(𝒘) > 𝟎 𝑰𝒎(𝒘) < 𝟎 

 𝝁(𝑨̃𝟏,𝑨̃𝟐)(𝒘) 0.9 0.8 0.5 

𝝈(𝑨̃𝟏,𝑨̃𝟐)(𝒘) 0.5 0.2 0.15 

𝝑(𝑨̃𝟏,𝑨̃𝟐)(𝒘) 0.4 0.6 0.9 

𝝓(𝑨̃𝟏,𝑨̃𝟐)(𝒘) 0.1 0.9 0.91 

𝜸(𝑨̃𝟏,𝑨̃𝟐)(𝒘) 0.3 0.4 0.6 

                    Table (c): Combined membership values of 𝑤 ∈ 𝔼̃ 

 

From the values of the Table (c), we get (𝐴̃1, 𝐴̃2) is a 𝑃𝑁𝐵 Γ- subsemiring. 

Example 3.4  

Let 𝔼̃1 = {𝑓1 ∶  𝑓1 is an even function with 𝑓1(0) = 0} and 

𝔼̃2 = {𝑓2 ∶  𝑓2 is an even function with 𝑓2(0) ≠ 0}. Then the combined universe 𝔼̃ = {𝔼̃1 ∪ 𝔼̃2} 
be the set of all even functions. And let Γ be the identity function on 𝔼̃. Clearly, 𝔼̃ and Γ are additive 

commutative semigroups. Define the mapping 𝔼̃ × Γ × 𝔼̃ → 𝔼̃ by 𝑓 ∘ 𝑔 ∘ ℎ composition of three 

functions 𝑓, 𝑔, ℎ for all 𝑓, ℎ ∈ 𝔼̃, 𝑔 ∈ Γ. Then 𝔼̃ is a Γ- semiring. 

Let (𝐴̃1, 𝐴̃2) be a 𝑃𝑁𝐵𝑆 defined over 𝔼̃ as follows: 
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For any 𝑓1 ∈ 𝔼̃1:

{
 
 

 
 
𝜇𝐴̃1(𝑓1) = .8

𝜎𝐴̃1(𝑓1) = .6

𝜗𝐴̃1(𝑓1) = .2

𝜙𝐴̃1(𝑓1) = .4

𝛾𝐴̃1(𝑓1) = .3

 and for any 𝑓2 ∈ 𝔼̃2:

{
 
 

 
 
𝜇𝐴̃2(𝑓2) = .6

𝜎𝐴̃2(𝑓2) = .5

𝜗𝐴̃2(𝑓2) = .5

𝜙𝐴̃2(𝑓2) = .7

𝛾𝐴̃2 (𝑓2) = .6

 

From this 𝑃𝑁𝐵𝑆 (𝐴̃1, 𝐴̃2), the combined membership grades of 𝑃𝑁𝐵𝑆 in                  

𝔼̃ = {𝔼̃1 ∪ 𝔼̃2} is given by 

For any 𝑓 ∈ 𝔼: 

{
 
 
 
 
 

 
 
 
 
 𝜇(𝐴1,𝐴2)(𝑓) = {

. 8 if 𝑓 ∈ 𝔼1

. 6 if 𝑓 ∈ 𝔼2

𝜎(𝐴1,𝐴2)(𝑓) = {
. 6 if 𝑓 ∈ 𝔼1
. 5 if 𝑓 ∈ 𝔼2

𝜗(𝐴1,𝐴2)(𝑓) = {
. 2 if 𝑓 ∈ 𝔼1
. 5 if 𝑓 ∈ 𝔼2

𝜙(𝐴1,𝐴2)(𝑓) = {
. 4 if 𝑓 ∈ 𝔼1
. 7 if 𝑓 ∈ 𝔼2

𝛾(𝐴1,𝐴2)(𝑓) = {
. 3 if 𝑓 ∈ 𝔼1
. 6 if 𝑓 ∈ 𝔼2

 

Therefore, we get (𝐴̃1, 𝐴̃2) is a 𝑃𝑁𝐵 Γ- subsemiring of a crisp Γ-semiring. 

Theorem 3.5 

 Intersection of two PNB Γ- subsemirings in a crisp Γ- semiring 𝔼̃ is also a PNB 

 Γ- subsemiring of a crisp Γ-semiring. 

Proof. 

 Let (𝐴̃1, 𝐴̃2) and (𝐵̃1, 𝐵̃2)  be two PNB Γ- subsemiring of a Γ- semiring 𝔼̃. 

 Let 𝑢, 𝑣 ∈ 𝔼̃ and 𝜁 ∈ Γ.  

𝑃𝑁𝐵(𝐴̃1,𝐴̃2)∩(𝐵̃1,𝐵̃2)(𝑢 + 𝑣) = 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢 + 𝑣) ∧ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑢 + 𝑣)                      

                ≽ (𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑣)) ∧ (𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑣)) 

                = (𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑢)) ∧ (𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑣) ∧ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑣)) 

= 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)∩(𝐵̃1,𝐵̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)∩(𝐵̃1,𝐵̃2)(𝑣)                               

 Also, 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)∩(𝐵̃1,𝐵̃2)(𝑢 ⋅ 𝜁 ⋅ 𝑣) = 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢 ⋅ 𝜁 ⋅ 𝑣) ∧ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑢 ⋅ 𝜁 ⋅ 𝑣) 

                ≽ (𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑣)) ∧ (𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑣)) 

                = (𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑢)) ∧ (𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑣) ∧ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑣)) 

                              = 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)∩(𝐵̃1,𝐵̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)∩(𝐵̃1,𝐵̃2)(𝑣)          for all 𝑢, 𝑣 ∈ 𝔼̃,     𝜁 ∈ Γ  

Therefore, (𝐴̃1, 𝐴̃2) ∩ (𝐵̃1, 𝐵̃2) is also an PNB Γ- subsemiring of a crisp Γ- semiring 𝔼̃. 
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Corollary 3.6 

 Let {(𝐴̃1, 𝐴̃2)𝑖  / 𝑖 ∈ 𝐼} be a family of 𝑃𝑁𝐵 Γ- subsemirings of a crisp Γ- semiring 𝔼̃, then 

⋂ (𝐴̃1, 𝐴̃2)𝑖∈𝐼  is also a 𝑃𝑁𝐵 Γ- subsemiring. 

Theorem 3.7 

 Union of two 𝑃𝑁𝐵 Γ- subsemirings of a crisp Γ-semiring 𝔼̃ is also a 𝑃𝑁𝐵 Γ- subsemiring 

if one is contained in the other. 

Proof. 

 Let (𝐴̃1, 𝐴̃2) and (𝐵̃1, 𝐵̃2) be two 𝑃𝑁𝐵 Γ- subsemirings of a crisp Γ-semiring 𝔼̃ over 𝔼̃1 

and 𝔼̃2 and let (𝐴̃1, 𝐴̃2) ⊆ (𝐵̃1, 𝐵̃2). Let 𝑢, 𝑣 ∈ 𝔼̃ and 𝜁 ∈ Γ. 

Now, 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)∪(𝐵̃1,𝐵̃2)(𝑢 + 𝑣) = 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢 + 𝑣) ∨ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑢 + 𝑣)           

                                                     = 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑢 + 𝑣)                           

                                                     ≽ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑣)  

                  = (𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ∨ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑢)) ∧ (𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑣) ∨ 𝑃𝑁𝐵(𝐵̃1,𝐵̃2)(𝑣)) 

= 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)∪(𝐵̃1,𝐵̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)∪(𝐵̃1,𝐵̃2)(𝑣)                             

Also, by the above similar arguments, it can be easily proved that 

𝑃𝑁𝐵(𝐴̃1,𝐴̃2)∪(𝐵̃1,𝐵̃2)(𝑢 ⋅ 𝜁. 𝑣) = 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)∪(𝐵̃1,𝐵̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)∪(𝐵̃1,𝐵̃2)(𝑣)  ∀𝑢, 𝑣 ∈ 𝔼̃, 𝜁 ∈ Γ 

Therefore, the union of the two 𝑃𝑁𝐵 Γ- subsemirings of a crisp Γ- semiring is also a  

𝑃𝑁𝐵 Γ- subsemiring.  

Note:  

The condition mentioned above is sufficient for the union of two 𝑃𝑁𝐵 Γ- subsemirings to 

be considered a 𝑃𝑁𝐵 Γ- subsemiring. However, the example provided below demonstrates that 

this condition is not necessarily required. 

Example 3.8 

  Let us consider a 𝑃𝑁𝐵 Γ- subsemiring (𝐴̃1, 𝐴̃2) of a crisp Γ- semiring 𝔼̃ as specified in 

example: 3.4. Now let us assume another 𝑃𝑁𝐵 Γ- subsemiring (𝐵̃1, 𝐵̃2) of the same crisp Γ- 

semiring 𝔼̃ as follows: 
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𝑓 ∈ 𝔼: 

{
 
 
 
 
 

 
 
 
 
 𝜇(𝐵̃1,𝐵̃2)(𝑓) = {

. 9 if 𝑓 ∈ 𝔼1

. 6 if 𝑓 ∈ 𝔼2

𝜎(𝐵̃1,𝐵̃2)(𝑓) = {
. 6 if 𝑓 ∈ 𝔼1
. 4 if 𝑓 ∈ 𝔼2

𝜗(𝐵̃1,𝐵̃2)(𝑓) = {
. 1 if 𝑓 ∈ 𝔼1
. 6 if 𝑓 ∈ 𝔼2

𝜙(𝐵̃1,𝐵̃2)(𝑓) = {
. 3 if 𝑓 ∈ 𝔼1
. 6 if 𝑓 ∈ 𝔼2

𝛾(𝐵̃1,𝐵̃2)(𝑓) = {
. 1 if 𝑓 ∈ 𝔼1
. 7 if 𝑓 ∈ 𝔼2

 

 It is straightforward to demonstrate that (𝐴̃1, 𝐴̃2) ∪ (𝐵̃1, 𝐵̃2) forms a 𝑃𝑁𝐵 Γ- subsemiring, 

even though neither (𝐴̃1, 𝐴̃2) nor (𝐵̃1, 𝐵̃2) is a subset of the other. 

Definition 3.9 

 Let the PNBS (𝐴̃1, 𝐴̃2) be a 𝑃𝑁𝐵 Γ-subsemiring with structure                                          

𝔈(𝐴̃1,𝐴̃2) = (𝔼(𝐴̃1,𝐴̃2) = (𝔼̃ = {𝔼̃1 ∪ 𝔼̃2}), Γ, +,∙). The membership functions of truth, 

contradiction, ignorance, unknown and falsity of (𝐴̃1, 𝐴̃2) are 𝜇(𝐴̃1,𝐴̃2), 𝜎(𝐴̃1,𝐴̃2), 𝜗(𝐴̃1,𝐴̃2), 𝜙(𝐴̃1,𝐴̃2) 

and 𝛾(𝐴̃1,𝐴̃2) respectively. A pentapartitioned Neutrosophic binary 〈[𝛼𝑖]𝑖=1
5 , [𝛽𝑖]𝑖=1

5 〉-cut or           

PNB 〈[𝛼𝑖]𝑖=1
5 , [𝛽𝑖]𝑖=1

5 〉-cut of 𝔈(𝐴̃1,𝐴̃2) is a crisp subset (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1
5 ,[𝛽𝑖]𝑖=1

5 〉
 of the 𝑃𝑁𝐵𝑆 (𝐴̃1, 𝐴̃2) 

is given by 

(𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1
5 ,[𝛽𝑖]𝑖=1

5 〉
= {𝑢 ∈ 𝔼(𝐴̃1,𝐴̃2): 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ≽ {

[𝛼𝑖]𝑖=1
5       𝑖𝑓 𝑢 ∈ 𝔼̃1         

[𝛽𝑖]𝑖=1
5       𝑖𝑓 𝑢 ∈ 𝔼̃2         

[𝛿𝑖]𝑖=1
5       𝑖𝑓 𝑢 ∈ 𝔼̃1 ∩ 𝔼̃2

} 

Here 𝛿𝑖 = 𝛼𝑖 ∨ 𝛽𝑖 for 𝑖 ≤ 2, and  𝛿𝑖 = 𝛼𝑖 ∧ 𝛽𝑖 for 3 ≤ 𝑖 ≤ 5 with 𝛼𝑖, 𝛽𝑖, 𝛿𝑖 ∈ [0,1] ∀𝑖 

i.e, if 𝑢 ∈ 𝔼̃1, then 

𝜇(𝐴̃1,𝐴̃2) ≥ 𝛼1, 𝜎(𝐴̃1,𝐴̃2) ≥ 𝛼2, 𝜗(𝐴̃1,𝐴̃2) ≥ 𝛼3 , 𝜙(𝐴̃1,𝐴̃2) ≥ 𝛼4, 𝛾(𝐴̃1,𝐴̃2) ≥ 𝛼5 

if 𝑢 ∈ 𝔼̃2, then 

𝜇(𝐴̃1,𝐴̃2) ≥ 𝛽1, 𝜎(𝐴̃1,𝐴̃2) ≥ 𝛽2, 𝜗(𝐴̃1,𝐴̃2) ≥ 𝛽3 , 𝜙(𝐴̃1,𝐴̃2) ≥ 𝛽4, 𝛾(𝐴̃1,𝐴̃2) ≥ 𝛽5 

And if 𝑢 ∈ 𝔼̃1 ∩ 𝔼̃2, then 

𝜇(𝐴̃1,𝐴̃2) ≥ 𝛿1, 𝜎(𝐴̃1,𝐴̃2) ≥ 𝛿2, 𝜗(𝐴̃1,𝐴̃2) ≥ 𝛿3 , 𝜙(𝐴̃1,𝐴̃2) ≥ 𝛿4, 𝛾(𝐴̃1,𝐴̃2) ≥ 𝛿5 

 

Remark 3.10 

(i) (𝐴̃1, 𝐴̃2)〈[0,0,1,1,1],[0,0,1,1,1]〉 = 𝔼(𝐴̃1,𝐴̃2) 

(ii) (𝐴̃1, 𝐴̃2)〈[𝛼𝑖
∗]
𝑖=1

5
,[𝛽𝑖

∗]
𝑖=1

5
〉
⊇ (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1

5 ,[𝛽𝑖]𝑖=1
5 〉

 iff 𝛼𝑖
∗ ≥ 𝛼𝑖, 𝛽𝑖

∗ ≥ 𝛽𝑖 for 𝑖 = 1,2 and 

 𝛼𝑖
∗ ≤ 𝛼𝑖, 𝛽𝑖

∗ ≤ 𝛽𝑖 for 𝑖 = 3,4,5  
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Theorem 3.11 

 If (𝐴̃1, 𝐴̃2) represents a 𝑃𝐵𝑁𝑆 over 𝔼̃1 and 𝔼̃2. Then  (𝐴̃1, 𝐴̃2) is a 𝑃𝑁𝐵 Γ- subsemiring 

𝔈(𝐴̃1,𝐴̃2) of a crisp Γ-semiring 𝔼̃ iff  PNB 〈[𝛼𝑖]𝑖=1
5 , [𝛽𝑖]𝑖=1

5 〉-cut of 𝔈(𝐴̃1,𝐴̃2) is a crisp Γ- subsemiring 

of 𝔼̃ for all 𝛼𝑖, 𝛽𝑖 ∈ [0,1]. 

Proof. 

 Let for any 𝛼𝑖 , 𝛽𝑖 ∈ [0,1], (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1
5 ,[𝛽𝑖]𝑖=1

5 〉
 be a PNB 〈[𝛼𝑖]𝑖=1

5 , [𝛽𝑖]𝑖=1
5 〉-cut of 

(𝐴̃1, 𝐴̃2). For any 𝑢, 𝑣 ∈ (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1
5 ,[𝛽𝑖]𝑖=1

5 〉
, 

𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ≽ {

[𝛼𝑖]𝑖=1
5       𝑖𝑓 𝑢 ∈ 𝔼̃1         

[𝛽𝑖]𝑖=1
5       𝑖𝑓 𝑢 ∈ 𝔼̃2          

[𝛿𝑖]𝑖=1
5       𝑖𝑓 𝑢 ∈ 𝔼̃1 ∩ 𝔼̃2

     and  𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑣) ≽ {

[𝛼𝑖]𝑖=1
5       𝑖𝑓 𝑢 ∈ 𝔼̃1         

[𝛽𝑖]𝑖=1
5       𝑖𝑓 𝑢 ∈ 𝔼̃2         

[𝛿𝑖]𝑖=1
5       𝑖𝑓 𝑢 ∈ 𝔼̃1 ∩ 𝔼̃2

 

 Given that (𝐴̃1, 𝐴̃2) is a 𝑃𝑁𝐵 Γ- subsemiring 𝔈(𝐴̃1,𝐴̃2). Then, 

(i) 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢 + 𝑣) ≽ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑣) 

(ii) 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢ζ𝑣) ≽ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑣)   ∀ 𝑢, 𝑣 ∈ 𝔼̃ and 𝜁 ∈ Γ 

⇒ Either 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢 + 𝑣) ≽ [𝛼𝑖]𝑖=1
5  or  𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢 + 𝑣) ≽ [𝛽𝑖]𝑖=1

5  

⇒ 𝑢 + 𝑣 ∈ (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1
5 ,[𝛽𝑖]𝑖=1

5 〉
  ∀ 𝑢, 𝑣 ∈ (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1

5 ,[𝛽𝑖]𝑖=1
5 〉

 

 Similarly,  

                            𝑢ζ𝑣 ∈ (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1
5 ,[𝛽𝑖]𝑖=1

5 〉
 for any 𝜁 ∈ Γ and 𝑢, 𝑣 ∈ (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1

5 ,[𝛽𝑖]𝑖=1
5 〉

 

                            ⇒ (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1
5 ,[𝛽𝑖]𝑖=1

5 〉
 is a crisp Γ- subsemiring of 𝔼̃. 

Conversely, let  (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1
5 ,[𝛽𝑖]𝑖=1

5 〉
 is a crisp Γ- subsemiring of 𝔼̃ for each 𝛼𝑖 , 𝛽𝑖 ∈ [0,1]. 

Let 𝑢, 𝑣 ∈ 𝔼̃ such that [𝛼𝑖]𝑖=1
5 = 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑣) 

            ⇒  𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ≽ [𝛼𝑖]𝑖=1
5  and 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑣) ≽ [𝛼𝑖]𝑖=1

5  

            ⇒  𝑢, 𝑣 ∈ (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1
5 ,[𝛽𝑖]𝑖=1

5 〉
 

              ⇒ 𝑢 + 𝑣 ∈ (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1
5 ,[𝛽𝑖]𝑖=1

5 〉
 and 𝑢ζ𝑣 ∈ (𝐴̃1, 𝐴̃2)〈[𝛼𝑖]𝑖=1

5 ,[𝛽𝑖]𝑖=1
5 〉

 

              ⇒ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢 + 𝑣) ≽ [𝛼𝑖]𝑖=1
5  = 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑣) ∀ 𝑢, 𝑣 ∈ 𝔼̃ and 𝜁 ∈ Γ 

Similarly, 

            𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢ζ𝑣) ≽ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑣)   ∀ 𝑢, 𝑣 ∈ 𝔼̃ and 𝜁 ∈ Γ 

Therefore,  (𝐴̃1, 𝐴̃2) is a 𝑃𝑁𝐵 Γ- subsemiring 𝔈(𝐴̃1,𝐴̃2) of a crisp Γ-semiring 𝔼̃. 

Corollary 3.12 

 Let the 𝑃𝑁𝐵 set (𝐴̃1, 𝐴̃2) be a 𝑃𝑁𝐵 Γ- subsemiring  with structure 𝔈(𝐴̃1,𝐴̃2) of a crisp              

Γ-semiring 𝔼̃, then 

𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑛𝑢) ≽ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) for 𝑛 ≥ 2, 𝑛 ∈ 𝑁 
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Proof. 

 To prove: 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑛𝑢) ≽ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢)     -------(1) 

We prove this theorem by applying the method of mathematical induction on 𝑛.  

When 𝑛 = 2, 

 The equation (1) becomes 

𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(2𝑢) = 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢 + 𝑢)                                                           

≽ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢)     

= 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢)                                     

Therefore, the inequality holds true when 𝑛 = 2. 

 Assume that the inequality holds true for 𝑛 = 𝑘 − 1, 

 That is, 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)((𝑘 − 1)𝑢) = 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢)    -------(2) 

 Now, consider 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑘𝑢) = 𝑃𝑁𝐵(𝐴̃1,𝐴̃2) (((𝑘 − 1) + 1)𝑢) 

                      = 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)((𝑘 − 1) 𝑢 + 𝑢) 

                                            = 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)((𝑘 − 1)𝑢) ∧ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) 

                        ≽ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢)            [𝑏𝑦(2)] 

𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑛𝑢) ≽ 𝑃𝑁𝐵(𝐴̃1,𝐴̃2)(𝑢) for 𝑛 ≥ 2, 𝑛 ∈ 𝑁 

CONCLUSION 

 In this paper, we introduced the concept of pentapartitioned neutrosophic binary                       

Γ- subsemiring in a crisp Γ-semiring, extending the pentapartitioned neutrosophic binary set to the 

algebraic structure of Γ-semiring. The key contributions of this paper include the formulation of 

pentapartitioned neutrosophic binary cut of the pentapartitioned neutrosophic binary                          

Γ-semirings and some examples are included to clarify the definitions and theorems. Future 

work will focus on examining additional algebraic properties, like ideals, and homomorphisms in 

the context of pentapartitioned neutrosophic binary Γ- subsemirings and analyzing the 

computational complexity of operations to solve real-world problems. 
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